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ABSTRACT

Existing software for CNC filament winding of fibre reinforced plastics has been
linked to typical finite element codes by automating the generation of finite element
models of filament wound components. The algorithms required for this process have
been created and encoded as computer programs. The program FILFEM I generates
models of components manufactured using the CADFIL I CAD/CAM system for the
filament winding of axisymmetric components. The suite of programs named
FILFEM 1I achieves the same objective for non-axisymmetric components
manufactured using CADFIL II although its method of operation is quite different
from that of FILFEM 1. FILFEM I has been tested by automatically generating
models of a pinched cylindrical filament-wound tube manufactured from glass-
reinforced polyester resin. The results from these models generally compared well
with results obtained from experiments and from an analytical solution extended by
the author from work by Calladine. However, the validity of a comparison with
experiment depends upon the accuracy of the material properties assumed in the

analyses.

The material property values required for the analyses were investigated
experimentally. Tests based upon pinched rings and a modified split-disc method are
described together with more conventional tests of material properties. A method is
presented for the determination of unidirectional material properties from the
experimentally-measured properties of laminates. Difficulties in obtaining consistent
results were attributed to problems with the quality of the specimens, inadequacies in
the orthotropic model of material behaviour, and to material damage occurring during

the experiments.

In order to provide a test component for FILFEM I, a number of filament wound
elbows were manufactured although some problems with winding quality remain. The
fibre paths files used in manufacturing the elbows were used to test the operation of

FILFEM II and further work including experimental verification is proposed.
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NOMENCLATURE

Because of the considerable variety of types of engineering analysis covered in this

thesis, a number of symbols take different meanings depending upon context. Such

symbols are also identified locally within each context to avoid ambiguity. Separate

lists of nomenclature are given in Appendices A and F owing to the specialised nature
of the theory contained in those appendices.

Conventions
a A

{A)

[A]

[AY

(A1

[{A] [B]]
[C] (D)
(0]

fx)

@), fx)

2

(S]

scalar values

a column vector or array with elements A,
a matrix with elements A,

transpose of matrix [A] where A7, = A;

inverse of matrix [A]
Matrix partitioned into sub-matrices [A], [B], [C] and [D]}

null matrix

a function of x

first and second derivatives of f(x) with respect to x
mean value of x

off-axis property matrix

Co-ordinate and axis systems

X,z
X, 0, z

x,r0
&
X, Y Z
A B C
1,2

right-handed orthogonal Cartesian co-ordinates; reference directions for
a laminate lying in the x-y plane

reference directions for a cylindrical laminated
circumferential and through-thickness)

shell (axial,
cylindrical polar co-ordinates

parametric co-ordinates of an isoparametric finite element

linear axes of filament winding machine

rotational axes of filament winding machine

material principal directions (axes parallel and perpendicular to fibre
direction within a lamina)



Symbols

- O T >

[ %)

U, u, etc.

{w)

wedge

Wy, W,

A
[A],(B1,ID]
B
C

(€]
D

Xiil

radius of a cylindrical shell
bandwidth (width of fibre tow laid on mandrel)

constant in a linear equation; constant in Ting and Yuan’s solution to
the pinched cylinder problem: ¢ = [3(1-Vv*)]"(a/0)'?

diameter of mandrel
takes its usual mathematical meaning = 2.718

difference between theoretical and measured value of Young’s modulus
for specimen i

integer indices

modulus of an elastic foundation or of an analogous system; an integer
index

length of a curved member

an integer; band pattern number; order of highest valid term in a series
an integer; number of a harmonic in a Fourier series; number of plies
pressure

force distributed around a circumferential line

radius; radial position; correlation coefficient

curvilinear distance

thickness

nodal displacements of a finite element

radial deflection of a cylindrical shell; deflection of a beam; width
system of deflections and slopes of a beam

width of edge region of a shell

vertical and horizontal radial deflections of a cylindrical shell subjected
to a vertical pinching load

through-thickness position within a laminate measured from mid-
surface

cross-sectional area; a scalar constant
sub-matrices (partitions) of laminate stiffness matrix

flexural rigidity of a beam or analogous system; a scalar constant

a scalar constant
flexibility matrix of an elastic system

flexural rigidity of an isotropic shell = EF/[12(1-v¥)



L.L,

(M)

(N}

-

S

&

[ad, [BI,
(BT, 8]

Xiv
flexural rigidity of an orthotropic shell
Young’s modulus
flexural rigidity of a member
fibre mass ratio (proportion by mass of fibre in a composite)
sum of squares of f;; concentrated force on a beam or analogous system
system of forces and moments applied to a system
shear modulus
scalar constant
constants ensuring consistency of units in equations (C.3)—(C.5)
stiffness matrix of an elastic system
distances of ends of a cylindrical shell measured from load position
bending moment

system of bending and twisting stress couples applied to a laminate
(moment per unit of laminate width)

tensile force; number of items in a set or series

system of direct and shear stress resultants applied to a laminate (force
per unit of laminate width)

pinching load

dummy force

on-axis stiffness matrix of a composite lamina under plane stress
off-axis stiffness matrix of a composite lamina under plane stress
radius of a ring or curved beam

statistical quantities e.g. S,, = Xx* - Nx*

on-axis compliance of a composite lamina under plane stress
off-axis compliance of a composite lamina under plane stress
matrix used in the off-axis transformation of [S] and [Q]

strain energy of an elastic system

volume; shear force

volume fraction of fibre in a composite

vessel weight

function for calculating Young’s modulus of a many-layered laminate

sub-matrices (partitions) of laminate compliance matrix

[[al [m] ) [[A] w]]'
[BI" (3] [B] (D]



£, Y
{e)

{x}

J b € ©

Superscripts
0

XV

horizontal diameter change of a vertically-pinched ring

direct and shear strains (engineering definition of shear strain)
system of mid-surface strains of a laminate

system of curvatures and twists of a laminate

angular position; winding angle; slope of a beam

decay parameter for beam on elastic foundation or analogous system
Poisson’s ratio of an isotropic material

Poisson’s ratio of an orthotropic material = —€,/¢,

parametric co-ordinates; constants in the Halpin-Tsai equations (5.1)(a-
d)

density

direct and shear stresses

ply angle; nodal rotation

angular position around a quadrant
gradient of a line

total potential energy

relating to the mid-surface of a laminate

Subscripts (where not explicitly defined above)

xNyz

relating to global Cartesian directions; relating to reference directions
on a laminate lying in the x-y plane (similarly for axis systems 1-2,
x-0-z etc.)

relating to in-plane shear

subscripts of an array, matrix or set of values
relating to an element in an elastic system
inside

relating to fibre material

relating to matrix material

outside

Other subscripts in the form of text are assumed to be self-explanatory.
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GLOSSARY

ABAQUS

anisotropic

band pattern number

bandwidth

CAD/CAM

CADFIL I, CADFIL II®

A finite element analysis system marketed by Hibbitt,

Karlsson and Sorensen Inc.'”

Having material properties (e.g. Young’s modulus)
which are different in all directions in which they are

measured.

A value related to the manner in which an axisymmetric
component is wound with a repeating pattern. If
successive windings of fibre are laid immediately
adjacent to each other, the band pattern number is unity.
If, for example, every third winding of fibre lies
adjacent to the original fibre, the band pattern number

would be three (Fig. 2.4 (a)-(c)).

Width of fibre tow when laid onto mandrel during

winding.

Computer aided design/computer aided manufacture.

A pair of CAD/CAM systems for filament winding
based upon work by Young’ and Shearing'® and
marketed by Crescent Consultants Limited, Nottingham.
CADFIL® is a registered trade mark of this consultancy.
CADFIL 1 is applicable to axisymmetric filament-wound
components, and CADFIL II is applicable to non-

axisymmetric components.



CLT

CNC

filament winding

FILFEM I, FILFEM 11

finite element analysis

FORTRAN, FORTRAN77

xvil
Classical lamination theory. A mathematical model

relating to plates assembled from rigidly-connected

layers or laminae made from orthotropic materials.

Computer numerical control. A description applied to
a machine tool (including a filament winding machine)
where the movements of the slides are controlled by a
dedicated microcomputer. The instructions are supplied
in the form of a file of commands and co-ordinate data

known as a part-program.

A manufacturing process for fibrous composite materials
in which a continuous tow or roving of fibre is
impregnated with resin and wound onto a mandrel. The

resin is then cured.

A pair of programs for linking the CADFIL I and
CADFIL II filament winding systems to finite element
analysis systems such as PAFEC and ABAQUS.

A computer-based technique used primarily for the
structural analysis of complex components by
discretising them into simpler entities known as

elements.

An abbreviation of FORmula TRANslation. A high-
level computer language for mathematical applications,
widely used by engineers and scientists. FORTRAN77
is the version of the language standardised in 1977 and

is for practical purposes the standard version in use in
1993.



GRP

mandrel

NAG

orthotropic

PAFEC

Xviil
Glass reinforced plastic. One of the most common types
of composite material. It is readily manufactured by

filament winding.

A former onto which the fibre is wound. It may be
removable (e.g. a smooth cylinder), may form a
permanent part of the filament-wound structure (e.g. it
may be the metallic liner of a pressure vessel) or may
be destroyed in situ by washing or dissolving to leave a

hollow filament-wound component.

Numerical Algorithms Group. This organisation
maintains several libraries of subroutines including the
NAG FORTRAN library'", which consists of several
thousand ready-written FORTRAN subroutines for
achieving specific mathematical, statistical or numerical

tasks e.g. matrix inversion or equation solution.

Having material properties which are symmetrical about
three orthogonal planes. Orthotropy is a special case of
anisotropy. Special orthotropy is the situation where the
principal directions of the material correspond to the
reference directions of the specimen e.g. the loading
directions. General orthotropy is the situation where the
material is arbitrarily orientated with respect to the
reference directions and the symmetry in the behaviour

is not therefore immediately apparent.

Program for Automatic Finite Element Calculations. A
finite element analysis system originally developed
within the Department of Mechanical Engineering at the

University of Nottingham. It is now marketed by
PAFEC Limited™.



part-program

ply

ply angle

progression factor

QuickBasic

roving

tow

voidage

winding angle

Xix
A data file of machine control instructions for a CNC

machine tool.

A layer in a laminate.

The angle of the fibre direction within a ply to a

specified reference direction on the specimen.

A scale factor applied to the angular positions of points
defining the payout eye path around an axisymmetric
mandrel so that successive windings of fibre are laid

side-by-side in an orderly manner.

A structured version of BASIC (a language intended
primarily for microcomputers) with some similarities to
FORTRAN. It is designed for use with IBM-compatible
personal computers and is produced by Microsoft Ltd.
It includes facilities to communicate with interfaces such
as data collection cards, and unlike many versions of

BASIC it can be compiled to produce machine code.

A bundle or string of continuous filaments.

The resin-impregnated fibre which is laid onto the

mandrel during winding.

The presence and degree of gaps in the composite
material caused by incomplete impregnation of the fibres

by the resin.

The angle of the fibre to a meridian on the mandrel

(equal to the angle to the axis of a cylindrical mandrel).



CHAPTER 1: INTRODUCTION

1.1 Background and overview of thesis

Polymeric-matrix fibre composites have become an important family of engineering
materials, particularly because they provide the opportunity to tailor the material
properties to suit the application by careful choice of fibre, matrix and manufacturing
method. One of the commonest composite materials encountered in engineering is
glass-reinforced polyester resin.  Although in its hand-manufactured randomly
reinforced form it has relatively little strength or stiffness, more sophisticated
manufacturing techniques such as filament winding result in a directional composite
with a high fibre content and advantageous strength and stiffness in the direction of

the fibres.

In the filament winding process, a continuous roving or bundle of glass fibre filaments
is impregnated with a liquid resin before being wound under tension onto a former or
mandrel (Fig. 1.1). A practical limitation upon the process is that to avoid slippage
the fibre must be laid on, or close to, a geodesic path; in other words it must follow
the shortest possible route over the surface of the mandrel. The fibre is placed by
means of a payout eye for which the path must be carefully chosen to lie on a series
of tangents extended from the fibre path (Fig. 1.2). When complete coverage of the
mandrel has been achieved, the resin is cured to form a laminated composite with a
high proportion of fibres. The properties of this composite are highly directional
(anisotropic) within the plane of the laminate and are highly dependent upon the
details of the manufacturing process. Structures with advantageous strength-to-weight
and stiffness-to-weight ratios can be manufactured if the fibres are placed in a suitable
direction to withstand the applied loads, although manufacturing considerations greatly

restrict the choice of feasible winding patterns.
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Filament winding has been established for many years. One of the earliest
applications was in pressure vessels for rocketry, the development work for which
began in the 1940s'. A brief literature review on the history of the process is included
in Chapter 2. Filament winding was traditionally performed using machines controlled
by a variety of mechanical linkages and mechanisms’. However, the advent of
computer numerical control (CNC) technology has resulted in the development of
machines with much greater flexibility, opening up the possibility of manufacturing
components with complex shapes. Accurate specification of payout eye movement in
terms of a CNC part-program is necessary and manual teaching of this data is
extremely tedious for complex fibre paths. However, CAD/CAM software (e.g.
CADFIL) has been developed at the University of Nottingham and elsewhere to
generate the CNC part-program data from theoretically-computed fibre paths. This
technology is now well established for the manufacture of axisymmetric components
such as pressure vessels. For the manufacture of non-axisymmetric components such
as tee-pieces and cranked arms, user-specific development work is still required when
developing new components. A more detailed description of the CNC filament |

winding process is included in Chapter 2.

It has already been mentioned that the composite material produced by filament
winding is both anisotropic and highly dependent upon the manufacturing process.
More accurately, it consists of an orthotropic laminate whose thickness, lamination
sequence and ply directions vary continuously over the surface of the mandrel. A
photograph of a simple filament-wound test component is given in Fig. 1.3(a) and the
alternating lamination sequence is highlighted in Fig. 1.3(b). This alternation is
caused by the interweaving of successive windings of fibre, giving an over-and-under
pattern which is repeated every time the mandrel is given a complete coverage of
fibre. It may therefore be clearly seen that the actual structure of even a simple
component is somewhat complex, making structural analysis a difficult task. In
certain simple situations it is feasible to perform a structural analysis of a filament-
wound component using classical methods, and Chapter 3 includes a review of the
literature in this area as well as an overview of the mechanics of directional composite

materials. The complex geometries of many practical components, together with the
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complexity of material properties and their inhomogeneity, makes classical analysis
impractical in many situations. Thus it is often necessary to resort to numerical
methods such as finite element analysis if the designer is to be able to carry out a

satisfactory assessment of his chosen design.

Finite element (FE) methods have evolved in parallel with the development of digital
computers, and have been regarded as an established engineering tool since the 1970s.
Numerous commercially available finite element codes now exist, and most general-
purpose FE codes include facilities for the analysis of laminated orthotropic materials.
The problem in applying these systems to filament-wound components, especially
those of complex geometry, is that the amount of input data required is extremely
large. Much of this data relates to the laminate structure, i.e. to the material
directions, thicknesses and lamination sequences. Various mesh generation packages
are available but these are intended for modelling conventional isotropic components
and do not include facilities for generating the data defining the laminate structure.
For relatively simple components it is feasible to create a finite element model
manually and Chapter 4 includes a review of publications relating to work of this
kind. Also included in Chapter 4 are an overview of the finite element method, a
discussion on the availability of FE codes for the analysis of composites, and some

details of the finite element types used in this thesis.

Although the volume of data required for the FE analysis of avf:omplex filament
wound structure is very large, most of it can be calculated from the data created
within the fibre path generation and CNC part-program generation processes. Little
work has been published on this data conversion/model generation process, and it is
the principal aim of this thesis to describe the creation of a useful link between CNC
filament winding and finite element analysis. This takes the form of a pair of FE
model generation systems dedicated to filament wound structures. The challenge in
this area of the project lay in devising suitable logic for automatically constructing a
model adequately representing the complex filament-wound structure based upon the
available data. The kinds of data defining the axisymmetric and non-axisymmetric

structures were quite different, especially regarding the volume of data involved. The
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algorithms required to create the two types of FE models were therefore entirely
dissimilar in philosophy. Both of these systems have been successfully encoded and
a more detailed description of the operation of these will be given in Chapter 6. The
system for axisymmetric structures (FILFEM 1) has been developed to a reasonable
degree of completion; experience gained in its use is outlined in Chapter 7 and will
be referred to again in this chapter. The equivalent system for non-axisymmetric
structures (FILFEM II) has been completed to a basic level of operation, laying the

foundations for a substantial programme of further development and testing work.

Although reliable values of material properties were required for use in conjunction
with the automatically-generated FE models, it was found that no such information
was readily available for the material under consideration. It was therefore necessary
to undertake a programme of materials testing in an attempt to characterise the
behaviour of the glass-polyester composite commonly manufactured by filament
winding. A full account of this experimental programme is given in Chapter 5. This
programme included the development of two'simple tests to provide independent
measurements of the elastic properties of samples cut from filament-wound cylindrical
components. The errors made in modelling both of these load cases have been
examined in detail. Difficulties were encountered in obtaining consistent results
especially for the properties of angle-wound specimens. This was attributed to the fact
that the linear elastic orthotropic material model assumed both by classical theory and
the FE systems provides an adequate representation of the composite’s behaviour only
under ideal conditions of small strain. In an attempt to overcome this problem, a
technique was developed for working backwards and fitting the apparent unidirectional
properties of the material to the observed laminate behaviour. Some of the
unidirectional properties thus obtained were clearly unrealistic in value but calculations
performed with them gave excellent prediction of component stiffness when applied

to a nominally axisymmetric component.

In order to gain practical experience of the model generation system for axisymmetric
components, and to assess the usefulness of the results obtained, a simple specimen

and loadcase were use as the basis for the comparison of experimental and FE results.
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The test case consisted of a modification of the well-known pinched cylinder problem,
made more complex by the use of a laminated tube with varying winding angle and
lamination sequence over its surface. Various FE models were tested against the
experimental behaviour of the component by measuring diametral deflections per unit
load. As already mentioned, the FE results obtained using the best-fitted
unidirectional properties showed excellent agreement with experimental data, although
caution is recommended in the interpretation of these results because of the difficulties
encountered in obtaining satisfactory material property data for the analysis. The
experiment, the FE models and the results are all presented in Chapter 7. To provide
further data for comparison, an existing analytical solution to the pinched cylinder
problem was extended to cover the problem in hand by assuming various
simplifications to the true structure of the cylinder. This analytical solution is outlined
in Chapter 7 and presented in more detail in Appendix J. Excellent agreement was
obtained between the analytical results and those for the most closely comparable FE

model.

The creation of a system for the automatic finite element modelling of non-
axisymmetric structures has already been described, and Chapter 8 lays the
foundations for further work to develop this system in the light of experimental
results. An elbow-shaped pipe was chosen to form a suitable non-axisymmetric test
component, and existing filament winding CNC technology was extended to make it
possible to create part-programs for the manufacture of this component. A number
of elbows were made and although there is still scope for improvement in
manufacturing techniques the basis of the procedure is now well established. The
fibre paths used for winding these elbows were used as the input data during the

initial testing of the FILFEM II model generation system.

It will be observed by the reader that although both finite element analysis and
filament winding are established technology and have been applied together for many
years, the main objective of this thesis is the construction of a firm link between the
appropriate automated systems where such links were previously few and tenuous.

In more general terms the purpose of this thesis is to establish interfaces between
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existing items of work in the areas of mechanics of solids, computational methods,
manufacturing engineering and materials testing, and to bridge gaps in available

knowledge and technology by means of new work where appropriate.

1.2 Summary of objectives

The objectives of this investigation have been discussed in general terms, and it is
instructive at this stage to present a more specific list of the areas of work to be
addressed.

1.2.1 To develop approaches, logic and mathematical techniques to achieve
automatic finite element model generation for filament wound structures
manufactured with the aid of the CADFIL CAD/CAM systems for filament

winding.

1.2.2 To encode the techniques specified in section 1.2.1 as programs so as to
form practical engineering design tools. The input to these programs should
be data obtained from CADFIL defining the filament wound structure, and
the output should be a file defining the finite element model in a form

suitable for analysis by an existing finite element code e.g. PAFEC.

1.2.3 To characterise the elastic properties of a typical filament-wound composite

material. This stage may include the development of new tests and analysis

techniques.

1.2.4 To obtain experience of using the design tools specified in section 1.2.2
and, where possible, to perform experiments upon components for
comparison with the results obtained from the automatically-generated finite
element models. This will involve the design and manufacture of
appropriate filament wound components and will make use of the material

property data discussed in section 1.2.3.
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Wet-out system
(impregnation of
fibre with resin)

Fibre tension
control system

Typical fibre
path on mandrel

dry fibre g Machine spindle

with chuck

Fig. 1.1: Schematic diagram of CNC filament winding process. (Machine slides
providing X-Y-Z movement of payout eye are omitted for clarity).

Payout eye path
relative to
mandrel

Current position
of payout eye

Mandrel

Tangent to fibre path

Fibre path on
mandrel

Fig. 1.2: Determination of payout eye path. Tangents to the fibre path are
exte.n.ded clear of the mandrel by an appropriate distance to give payout eye
position; the locus of such points give the payout eye path relative to the mandrel.



(a) Photograph of filament-wound demonstration component

(b) Diagram highlighting the alternating lamination sequence visible in (a) above

Fig. 1.3: Alternating lamination sequence on a nominally-axisymmetric filament-
wound component



CHAPTER 2 : CAD/CAM FOR FILAMENT WINDING

2.1 Introduction

This chapter begins with a brief overview of the literature on the history of filament
winding including recent literature not included in earlier surveys referenced. A
description of the filament winding process is presented from the particular viewpoint
of CNC filament winding, and an overview is given of the CADFIL systems which
generate the CNC machine data for axisymmetric and non-axisymmetric components.
It is these systems which have formed the foundation for the work to be described
later in this thesis. A brief description of the filament winding facilities available at

Nottingham conclude the chapter.
2.2 A brief history of filament winding

The evolution of filament winding can be traced over many years although accounts
differ on its precise origin. Rosato and Grove' refer to programmes of research on
filament-wound composite vessels, especially those for rocketry applications, dating
back to the 1940s, while Wiltshire? dates the development of the winding of glass-
epoxy composite vessels to 1951-1953, and presents a comprehensive patent history
of the process. Munro® attributes the introduction of filament winding to
M.W. Kellogg in 1947. Wilson* states that the winding process was first
demonstrated in 1948 by the Hercules Corporation in the manufacture of a rocket
nozzle, and provides a comprehensive history of the process up to 1989. Edwards®
provides a literature review of many aspects of the process including an account of
its history up to 1985, making particular use of references 1 and 2 and including a
considerable amount of literature on the commercial aspects of the process. This
literature review will not be further duplicated here. Munro’® provides a survey of
more recent developments with particular reference to the kind of CNC techniques

which are to be described in this chapter and to robotic filament winding.
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Traditional filament winding methods were implemented using winding machines
whose operation was based on the use of mechanical linkages and mechanisms’ to
create the required winding paths. Such methods still provide a simple and effective
means of manufacture of high-volume components with simple winding patterns®.
These production methods restricted the application of filament winding to
axisymmetric components such as pressure vessels®. However, Rosato and Grove
illustrate a winding machine controlled by punched tape, and by the late 1970s CNC
technology was being applied to filament winding machines*. This made feasible the
construction of machines where the payout eye was no longer constrained in its
movements by the limitations of mechanical linkages. This freedom made it possible
to consider the manufacture of complex non-axisymmetric components using filament

winding.

During 1982-1985 Edwards® conducted a feasibility study into the manufacture of
complex components using CNC filament winding. Although his attempts to
manufacture highly complex components (such as an automobile wishbone) were
unsuccessful, numerous simpler geometries were successfully wound. This study laid
the foundations for subsequent work on CNC filament winding at the University of
Nottingham.  Young’ developed a CAD/CAM program (AXCAD) for the
computational prediction of geodesic and friction-controlled paths on axisymmetric
components of arbitrary shape and the processing of these paths to give CNC part-
programs; this software has since been further developed and marketed under licence
as the CADFIL® system®’. Shearing further developed the computation of
geodesic and friction-controlled paths for application to non-axisymmetric components;
this software has similarly been developed and marketed under the name CADFIL
118!, Related studies have concentrated on the use of robotics in the winding of

complex components'>",

The University of Nottingham has not been alone in developing CAD systems for
filament winding. =~ CADFIBER'“", CADMAC'*!'™® and ARIANNAY all
appear to have similar capabilities to the CADFIL systems although only limited
information has been published on the application of these packages to the
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manufacture of real components. Vogt and Taylor*® describe the creation of geodesic
and nearly-geodesic (friction-controlled) fibre paths on axisymmetric and non-
axisymmetric components, the latter being defined by spline surfaces. Other work has

been published on the analytical determination of winding paths for complex

components®'.

2.3  Qutline of the CNC filament winding process

Rosato and Grove' provide a thorough background to the filament winding process but
it is instructive to outline the CNC implementation of the technique. A typical CNC
filament winding machine is shown in diagrammatic form in Fig. 2.1, and the process

is represented in simplified form in Fig. 1.1.

Dry fibre is supplied in the form of spools which are mounted within a system which
unwinds the fibre rovings so as to maintain a constant tension. Closed-loop feedback
control of the tension is usually provided. The fibre is drawn through a wet-out
system which impregnates it with liquid resin. The fibre then passes through a payout
eye which moves in a path clear of the rotating mandrel onto which the fibre is to be
wound. If the fibre is to remain on the mandrel without slipping it must be laid along
the shortest distance over the surface of the mandrel, known as a geodesic path: to
achieve this pattern it is necessary to move the payout eye in such a path that the fibre
is always tangential to the desired geodesic path at the point where it contacts the
mandrel (Fig. 1.2). In practice it is possible to depart slightly from the true geodesic

path by making use of the friction between the fibre and the mandrel surface.

Where the machine is controlled using CNC technology, up to six axes of movement
X, Y, Z, A, B and C, illustrated in Fig. 2.1) are normally available for numerical
control. One of these (A) is normally the mandrel rotation, and the payout eye is
usually given two or three translational axes (X-Z). Usually, rotation of the payout
eye is restricted to one axis (B) but a wrist-like action (C) is occasionally encountered.

Control of the machine is usually achieved by using a standard CNC controller for

machine tool applications.
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2.4 Review of the capabilities of the CADFIL systems

2.4.1 CADFIL for axisymmetric components (henceforward referred to as

CADFIL I)®

The CADFIL I system is designed to run on an IBM-compatible personal

computer and is used for creating the fibre paths (and hence the CNC machine

control data) for the manufacture of axisymmetric filament-wound components.

The system consists of two main programs each of which carries out a number

of tasks. The first of these carries out fibre path and payout eye generation and

covers the following tasks.

€]

(b)

©

Mandrel definition. The geometry of the axisymmetric mandrel is defined
in terms of a series of points which form its generator (meridional
section). The co-ordinates of these points are stored in a file. They are

used to create a surface model of the mandrel using triangular facets.

Fibre path generation. A starting position and starting angle for the fibre
are defined by the user and the fibre path is projected over the surface
under the control of the user. The default setting is that the fibre follows
a geodesic path over the surface, but a variable amount of frictional
steering is available so that significant departures may be made from the
geodesic path assuming fibre slippage does not occur in reality. The path
is stored in a data file as a sequence of co-ordinate positions. A typical

fibre path created in CADFIL 1 is illustrated in Fig. 2.2.

Payout eye path generation. The required clearance of the payout eye
from the mandrel is entered, and the path of the payout eye is computed
from the fibre path. For each point on the payout eye path, this is
achieved by extending the line defining the direction of a typical region
of the fibre from its point of tangency with the mandrel to the point where
it clears the mandrel by the appropriate distance (Fig. 1.2). The payout

eye path is the locus of a series of such points, and the co-ordinates of
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these are stored in a file. A typical payout eye path created within
CADFIL 1, plotted in relation to the mandrel, is given in Fig. 2.3. In

practice the mandrel rotates and the payout eye path moves back and forth

to trace this path around the mandrel.

The second program carries out the post-processing of the payout eye paths and

includes the following tasks.

(a)

®)

Closure of payout eye path. In principle, the payout eye path is modified
to give a regularly-repeating fibre path for which successive windings will
lie side by side (Fig. 2.4 (a) and (b)). This is achieved by scaling the
rotational movement of the mandrel relative to the payout eye, the scale
factor being a value close to unity known as the progression factor. In
practice, the mismatch between successive fibre paths may be such that
it is preferable instead for every third winding (for example) to lie
adjacent to the original one (Fig. 2.4(c)). This procedure is adopted to
avoid excessive alteration to the original fibre path and hence to minimise
the risk of fibre slippage. The resulting order of rotational symmetry in
the fibre path and laminate structure is known as the band pattem number;

in these examples it is 1 and 3 respectively.

Generation of CNC control data. This stage must take account of the
absolute position of the machine’s co-ordinate datum, the units of
measurement employed by the machine, and the axes of the machine
(displacement of payout eye and rotation of mandrel and payout eye)
which are available and required. The resulting set of data is expressed

as a file of CNC control commands known as a part-program.

2.42 CADFIL II*

The process of generating filament winding data for non-axisymmetric

components is considerably more complex than for axisymmetric components.

The software has been developed primarily as a consultancy tool rather than as
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a marketable product and hence some customisation of the coding is required

for particular applications. The larger volume of data involved also means that

greater computing power is required to implement the program: workstations

such as the Apollo are recommended. The stages of operation of the system are

as follows:

(a)

(b

(©)

(d)

(e)

Mandrel surface definition. The geometry of the mandrel is discretised
into plane facets defined in terms of corner co-ordinates which are stored
in a data file. The generation of this data generally requires the user to

write a short special-purpose program.

Fibre path generation. This is achieved in two stages. A "template” fibre
is created as a geodesic or friction-steered path, and this is used to create
a "family" of fibres which are spaced an equal distance apart on the
surface of the mandrel. The fibre family is stored as a sequence of point

co-ordinates in a file.

Replication and linking. Each fibre family may be replicated by reflection
in any planes of symmetry which exist on the mandrel. These fibre paths
must then be assembled into an appropriate sequence (with appropriate
transition paths to link the ends of the fibre paths) so that they can be

wound without breaking the fibre.

Payout eye path generation. The payout eye is constrained to move on a
surface explicitly defined in terms of geometrical entities (cylinders,
cones, ellipsoids, spheres etc.) which stands clear of the mandrel and is

known as a control surface.

CNC control data generation. The payout eye data is post-processed to
give the machine co-ordinate data required to achieve the laying of the

fibre onto the mandrel. This set of data is stored as a CNC part-program.
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Chapter 8 describes the manufacture of a non-axisymmetric filament-

wound component using CADFIL II and may be regarded as a case study

illustrating the above process.

2.43  Definition of structures produced using CADFIL

It is noteworthy that, in the case of both CADFIL systems, the component
structure is almost completely defined by the information contained in the
winding data files, provided that full details of the material (constitutive
properties and the cross-sectional area of the impregnated roving) are available.
However, the extraction of this component definition had not been attempted
until now, and it is the objective of this thesis to establish a procedure for
achieving this task so that numerical modelling of the filament-wound structure

for stress/strain analysis now becomes feasible.
2.5 Filament winding facilities

A Pultrex Modwind 1S-5NC 5-axis CNC filament winding machine fitted with a GE
FANUC 11M control system is available to the author. This machine is illustrated in
Fig. 2.5 and its main features may be identified from Fig. 2.1. A data link to an IBM-
compatible personal computer enables CNC part-programs to be loaded from diskette
into controller memory. A variety of tooling has been built up for this machine
including payout eyes and mandrels. A comprehensive description of the machine was
given by Edwards®; although the current FANUC controller was fitted after this
account was written the remainder of the description is valid and repetition here is

unnecessary.

A smaller, 3-axis machine described by Brown'’ was originally built for use in a

robotic filament winding cell; it is currently being used for development work by

Hagq®. Although this machine will be ideally suited to the manufacture of small
axisymmetric components, manufacture of specimens for this investigation was carried
out the Pultrex machine which may be regarded as a fully-developed and established

system similar to many industrial installations.
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2.6 Conclusions

It has been demonstrated that the filament winding process is long-established and the
CNC implementation of the process is now mature technology for simple
(axisymmetric) components. Software for generating the data required for CNC
filament winding is well-established for axisymmetric components. Equivalent
software for non-axisymmetric components is also available. An important feature
of programs of this kind is their ability to produce accurate definitions of the fibre
paths with which a component is wound. This ability to define fibre path data is
crucial to the automatic finite element modelling of filament-wound components and

this connection will be explored in detail in Chapter 6.
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Fig. 2.1: Schematic diagram of a typical CNC filament winding machine (Pultrex Modwind 18-5NC; drawing adapted from Edwards’)
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Fig. 2.3: Payout eye path required to lay fibre shown in Fig. 2.2
(Payout eye movement is shown relative to mandrel).
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(a) Laying of successive windings of fibre adjacent to each other
(diagram simplified for clarity: only left-to-right path of fibre is shown)

(b) Section through (a): winding sequence for a band pattern number of 1

1
Sy

(c) One possible winding sequence for a band pattern number of 3

Fig. 2.4: Use of various winding sequences to achieve a smooth build-up of fibre
(adapted from reference 22)
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CHAPTER 3: CLASSICAL STRESS ANALYSIS OF FILAMENT-WOUND
STRUCTURES

3.1 Introduction

The accurate stress analysis of filament-wound structures is both necessary and
potentially difficult. One reason for the difficulty is the orthotropic behaviour of the
filament-wound material from which they are made. Another reason is the continuous
variation of the material thickness, orientation and lamination sequence over the
surface of the structure. The need for stress analysis is discussed, and an overview
of the behaviour of anisotropic and orthotropic materials and laminates is given. A
survey is then presented which describes some of the classical structural analysis
techniques which have been applied to composite laminates in general and to filament-

wound structures in particular.
3.2 The need for accurate stress analysis of filament-wound structures

One of the primary advantages of filament-wound structures is that they can exhibit
very favourable strength-to-weight and stiffness-to-weight ratios compared with
conventional all-metallic structures. These properties can only be fully exploited if
methods of structural analysis are available to allow the tailoring of the component
design to service duty, taking account of the important constraint of manufacturing
feasibility. It is necessary to avoid either unacceptable risk of failure or, conversely,
over-engineering so as to negate the advantages of the material properties. Structural
analysis of filament-wound components is a particular problem because the material
generally behaves in an anisotropic (or, more precisely, orthotropic) manner;
techniques for modelling this behaviour are well established and it is essential to gain

an understanding of these before attempting the analysis of orthotropic components.
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3.3 Modelling of orthotropic materials and laminates

Composite materials, especially filament-wound fibre-reinforced plastics, differ from
conventional engineering materials (such as metals) in possessing material properties
which are not isotropic. Whereas the elastic behaviour of isotropic materials can be
described using only two elastic constants (the Young’s modulus and the Poisson’s
ratio), a truly anisotropic material requires (in general) 21 independent elastic
constants to form the symmetric square matrix which relates the six components of
stress to the six components of strain. This model represents the most general case
and in many practical situations the structure of the material (which may, for instance,
be made from unidirectionally-aligned fibres) will possess one or more planes of
symmetry. The most common assumption is that the material is symmetrical about
three mutually perpendicular planes, and such a material (which is said to be
orthotropic) can be described in terms of nine independent elastic constants.
Furthermore, a subset of orthotropy known as transverse isotropy can be defined using
only five independent constants. This applies to a material whose properties are
uniform within a specified plane, typically that normal to the fibre direction. The full
constitutive relations which describe anisotropy and its subsets form standard

bookwork for which numerous references (e.g. Jones?®) exist.

For thin shell applications (such as those to be considered in this thesis) it is often
useful to simplify the three-dimensional stress-strain relationships to consider only a
plane-stress state. There are now only four independent elastic constants; these four
independent quantities can be expressed in various forms namely the terms in the
compliance matrix [S], the terms in the material stiffness matrix [Q]=[S]", or as

orthotropic engineering constants. Hooke’s law for a plane-stress situation may be

expressed as:
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or altemmatively:

where: Q9 =__ ' . Q, =_ 2 _
5, 0, 90, 0 e, 1-v,vy 1-v,v,
O, = le Q, 0 £, 0. = vi,E, - VZIEI
iz 0 0 Q,|Un " 1-v,v, 1-v,v,
O = Gy, (3.2)

These equations have been expressed in terms of engineering definitions of strain and
use the contracted subscript notation commonly used by engineers rather than the full

tensorial notation sometimes used in mathematical discussions.

The above relationships apply where the (1,2) axis system for the stresses and strains
corresponds to the principal axes of the material. Where the stresses and strains are
expressed in an x-y axis system orientated at angle ¢ to the material’s axis system, the
off-axis compliance and stiffness matrices [S] and [(Q] are obtained by the fourth-rank

tensor transformation of [S] and [Q] respectively:
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The term generally orthotropic is sometimes used to describe the off-axis behaviour
of an orthotropic material, to distinguish from its specially orthotropic behaviour when

the loading axis system coincides with the material principal directions.

Structures made from composite materials often consist of laminates assembled from

layers with off-axis principal directions, and these generally exhibit coupling between
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different modes of deformation. The behaviour of laminates is frequently modelled
using classical lamination theory (CLT). This gives a relationship between the mid-
surface strains {€°) and curvature and twist {x} of a laminated orthotropic plate and
the forces (N} and couples {M} per unit of plate width required to cause these
deformations. CLT for a laminate with n layers, referred to a global x-y co-ordinate

system may be expressed as:

Nx Au Al2 Am Bn Blz an 82
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where: ,
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and where z is the position of the top or bottom surface of each layer measured with

respect to the mid-surface of the laminate.

Similarly: {e"}= (@] (B] {[N]} here. | 1€ 181] _ 14) B]| 36
K (BT (3} \M] “LiprT 81 181 (D)

Of particular interest within this thesis are regular antisymmetric angle-ply laminates.
These have an even number of similar plies or layers. The orientation of each ply in
the sequence (measured relative to the axis of the specimen of laminate) alternates in
sign but remains constant in value. This is the laminate structure which is laid during
the filament winding of an axisymmetric component, provided that a single winding
pattern is used for the whole process. As discussed in Chapter 1, the lamination
sequence varies over the surface of the component (Figs. 1.3(a) and (b)). For an
antisymmetric laminate, A,=A,,=B,,=B,,=B,,=B =D 1s=D =0, i.e. there is no coupling
between tension and shear, bending and tension, shearing and twisting or bending and
twisting. Coupling does exist between other pairs of modes. For example, coupling
between tension and twisting is illustrated in Fig. 3.1(a) and (b)); this effect tends to

zero as the number of layers becomes large (Fig. 3.1(c)).
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The derivation of CLT?* makes the Kirchhoff-Love assumption that normal sections
through the shell thickness remain normal and undeformed, whereas there will in
practice be transverse shear stresses and strains including interlaminar shear stresses.
Additionally, the through-thickness stress has been assumed to be negligible but in
extreme situations of bending such stresses can cause delamination®. For the
purpose of calculating strains and deflections, CLT provides a useful and relatively
simple first approximation which is sufficient for many practical engineering
situations, but considerable work has been performed to model the true behaviour of
laminated plates and shells more accurately. For instance, Ambartsumyan®,
Kaprellian, Rogers and Spencer®, and Pipes and Pagano®®~° present analyses of
laminated flat plates; some of these references include the determination of stresses
not obtainable from CLT. Spencer et al*, Whitney and Sun®, Reddy®, Widera
et al®* and Cai et al®* all present analyses of cylindrical or doubly curved
laminated shells. These theories are generally extremely complex and are listed above
for completeness. Since this kind of work is of limited relevance to the main
objective of the thesis, no attempt has been made to incorporate these theories into the
analysis of the simple loadcases presented here. All these complex theories assume
the composite material to be linear elastic in behaviour, and rigorous theoretical
models based upon these theories would still be subject to disagreement with
experimental results if the behaviour of the real composite material were to depart

significantly from the ideal.
3.4 Classical stress analysis of filament-wound components

Finite element solutions are becoming increasingly important in engineering and FE
is the only realistic approach to the stress analysis of filament-wound components of
complex geometry. However, it is instructive to examine the stress analysis
techniques applied to spherical, spheroidal and cylindrical geometries and to compare
these with the finite element approaches to similar problems described in Chapter 4.
These analytical methods demonstrate the kind of analytical techniques applied by
engineers to filament-wound structures and make use of design, optimisation and

failure criteria which may be applicable to finite element analyses. In addition to
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providing important background information for the designer of filament-wound
vessels and structures, these papers provide alternatives to a full FE analysis which

may be useful to verify such an analysis or avoid the need for it.

3.4.1 Spherical and spheroidal structures

The most significant work in this area appears to be due to Gerstle® who
examined the case of a filament-wound internally-pressurised spherical vessel.
This consisted of a thin ductile metal bladder or liner wound with an elastic
composite material in a pattern assumed to give quasi-isotropic (transversely
isotropic) material properties. The on-axis stiffness properties of the composite
were predicted using the rule-of-mixtures® for E, and v,, and using equations due
to Whitney®” and Foye®. These properties were then integrated around all
possible orientations to give averaged tensile and shear properties for a quasi-
isotropic laminate. Equilibrium and compatibility, as applied by Love* to a
sphere, were used to determine the behaviour of the vessel as the bladder passed
through the stages of elasticity and partial and full yield. The strength of the
assembly was assessed using three failure criteria: maximum stress, maximum
strain, and two versions of a criterion based upon radial and tangential strength
due to Norris and Ashkenazi®?. It was concluded that good radial compressive
strength and a high volume fraction of fibre were important in obtaining a vessel

with a high burst pressure.

Comparison of theoretical results with experimental data®® showed excellent
correlation (within a few percent or better) for strain vs. pressure during a burst
test, but relatively poor correlation (not quantified) for bursting pressure
calculated theoretically from the material strength properties. However, it was
found that the maximum stress and maximum strain at failure were both, for a
given material, largely independent of vessel geometry. It was suggested
therefore that such experimentally determined values of strain at failure should be
used with the maximum strain criterion. The analysis was then extended to
include a design optimisation of "vessel efficiency" = pV/W (where p=pressure,

V=volume, W=vessel weight) as a function of design proportions, enabling the



27

designer to choose the best configuration for a given bladder/composite material

combination.

Gerstle and Moss* applied the theory outlined above to thick-walled spherical
vessels designed to withstand very high pressures, and demonstrated the benefits
of using two distinct materials for the composite wrapping: a strong but compliant
composite (e.g. Kevlar/epoxy) over-wound with a stiffer, slightly weaker material

(e.g. carbon fibre/epoxy).

Gerstle’s model® was applied by Guess*’ to a practical problem, a spherical
pressure vessel manufactured from a thin seamless electroformed copper liner
with a stainless steel filling tube and overwrapped with a quasi-isotropic
Kevlar 49/epoxy composite. The calculations were performed in two stages:
Gerstle’s model was used to calculate nominal values of stress and strain, and a
finite element model was used to take account of the stress concentrations around
the filling stem. The calculated values of stress and strain were found to be in
good agreement when considering the region of the vessel away from the filling
tube. Details of the material properties and finite element formulations are not

given.

Lewis* presents a literature survey on manufacturing methods and strength
analysis for lined spherical pressure vessels. He describes and gives the
properties for the materials used for the liner and the wrapping, and describes
current manufacturing techniques including the choice of winding patterns
(uniaxial multiangular and delta-axisymmetric) and the various types of removable
mandrel. Some applications of filament-wound pressure vessels are listed. The
spherical elastic-plastic shell theory due to Gerstle® and Love*' is quoted. The
strength and life-prediction aspects of the vessels are then examined and it is
stated that such a vessel may initially withstand the applied stress but eventually
fail in a stress-rupture or creep-rupture mode. Finally, the subject of damage
measurement is examined and a number of damage accumulation models of
spherical pressure vessels are described. These are compared with experimental

results and are found to give generally good correlation.
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Martin*’ describes a method of optimising the geometry of a filament-wound
pressure vessel, given prescribed values of two important dimensions of the vessel
(radius of the polar opening and length of the vessel). The objective function for
this optimisation was again pV/W and the constraints included the use of the Tsai-
Hill failure criterion*’. The shape of the meridian of the vessel was approximated
by a B-spline curve, and the fibre stresses were evaluated using membrane theory
and laminate theory. The thickness distribution due to the winding pattern was
taken into account. Considerable weight savings were achieved with the
optimised design compared with the original shape, the weight/volume ratio being

reduced by a factor of six during the optimisation.

3.4.2 Cylindrical structures

In most of the above analyses, the behaviour of the composite material was
assumed to be quasi-isotropic because the chosen winding pattern gave a uniform
distribution of fibre directions over the surface. This is not generally the case
with cylindrical structures where a helical path is normally used, resulting in an
antisymmetric angle-ply laminate. Netting analysis* is often used to show that
the optimal winding angle for a closed-ended cylinder under internal pressure is
154.7°. However, for situations where such simplifications are inappropriate
(such as thick-walled cylinders and situations involving edge-moment effects),
conventional thin- and thick-shell theory must be extended to this orthotropic

situation.

Moss* extended Gerstle’s® analysis of metallic-lined composite spheres to cover
filament-reinforced cylindrical tubes. Plane-strain analysis was employed, the
Tresca yield criterion was used for the metallic liner (assumed to be elastic-
perfectly plastic) and the maximum strain failure criterion was used for the

filament-wound composite wrapping.

Hoa, Ouelette and Sankar* used classical lamination theory (simplified by the
omission of bending terms) applied to membrane stress resultants to predict the

strains in the cylindrical portion of a +54.7° filament-wound vessel. Agreement
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between theory and experiment was variable, errors being typically a few percent

but much more serious (approaching 40%) in the worst case. No results were

predicted or quoted in this paper for the non-cylindrical portions of the vessel.

A more complete analysis of the behaviour of axisymmetric vessels is offered by
Padovec®, who follows the conventional route of considering discontinuity
bending stresses in shells of revolution in addition to membrane stresses. The
vessel is assumed to consist of a cylindrical barrel with a domed end-closure,
there being five alternative shapes presented for the latter. These five do not,
surprisingly, include a torispherical end. Padovec begins by outlining the tensile
and flexural behaviour of an antisymmetric angle-ply laminate using (in a
different notation from that familiarly employed) the principles underlying
orthotropic transformation and classical lamination theory. He then analyses the
membrane stresses and strains in the cylindrical barrel and in the alternative
patterns of end-closure. The bending theory for the cylindrical shell is an
orthotropic version of the theory presented by Hetenyi’?, and that for the domed
end is similarly based upon the work of Geckeler™. The incompatibility between
the deflections and slopes of the cylinder and dome under membrane action alone

is counteracted by the presence of shear forces and bending moments at the

discontinuity in the vessel geometry.

A similar kind of analysis is performed by Highton and Soden™ to understand
the behaviour of a flange-ended test specimen design for characterising the
multiaxial strength characteristics of filament-wound GRP. Once again the
structure is analyzed using an orthotropic extension of the cylindrical shell theory
presented by Hetenyi®”, treating the filament-wound composite as either a
homogeneous orthotropic material of averaged properties, or as a laminate. The
specimen took the form of a thin filament-wound tube, the central portion (the
gauge length) of which had a constant wall thickness. The ends were reinforced
with a thick layer of circumferential windings which tapered to zero thickness
towards the central portion of the tube. At the ends of the specimen, split cast

aluminium alloy flanges were assembled around the reinforced tube and bonded
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in place. The stress distribution in the specimen was modelled using orthotropic

shell theory in two different ways:

(@) The structure was considered as a series of long, rigidly-connected
(contiguous) tubes of sufficient length that the discontinuity stresses at their
junctions did not interact. The aim of this exercise was to obtain a rate of
change of wall thickness which would not result in excessive direct axial
or interlaminar shear stress. The flanges and hubs were treated as rings
with rigid cross-sections and were designed with just sufficient flexibility

to avoid high stresses in the reinforced GRP tube due to rigid clamping.

(b) Once a design had been chosen, it was checked using a more rigorous
computer-based analysis which split the specimen into a series of finite-
length tubes, each of which was treated as a short beam on an elastic
foundation. In this case, classical lamination theory was used to obtain the

properties of each tube cross-section.

For a simple isotropic test case, model (b) was found to be in good agreement
with established theory® relating to tapered flanged joints, and in reasonable
agreement (errors of typically 30%) with the approximate analysis (a) when
comparing values of shear force and bending moment. The models were then
applied to the specimen geometry and some minor modifications were made to
the gauge length/reinforcement transition to avoid high values of discontinuity

stress.

It may be observed that the method used by Padovec® and Highton and Soden™
for calculating the laminate flexural rigidity differs slightly from that suggested
by the author in Chapter 5 and Appendix B (section B.3.2.) These authors take
the flexural rigidity of a laminated shell D, in the x-direction to be D,, — B,,Y/A,,.
This calculation of D, ignores the tendency of an antisymmetrically laminated
cylinder to undergo shear strain (and hence twisting as if under torsion) when

subjected to an axisymmetric edge moment. The present author has a personal
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preference for the following alternative, since it avoids the artificial constraint on
this mode of deformation:
o

D, = 2 _ 3.7
5,8, - &,

11722

In practice the difference in numerical values is likely to be small for many-
layered laminates. Typical cases examined were an 8-layered antisymmetric
laminate with ply angles of £30°, +45° and +60°. The values of D, obtained from
equation (3.7) were smaller by 1.9%, 1.75% and 0.95% respectively'.

3.5 Discussion: usefulness and limitations of classical analysis

The work reviewed in this chapter illustrates the kind of analysis that can be achieved
using classical techniques. In particular it introduces some of the approaches adopted
in the analysis of cylinders and rings in Chapter 5, especially the orthotropic
extensions™* to the well-known cylindrical shell theory presented by Hetenyi*’. The

work of Gerstle, Guess and Moss384344:4549

would be of particular use for the validation
of techniques for modelling metallic-lined spherical and cylindrical vessels before the

application of such techniques to more complex geometries.

2.8 mm thick, 8-layered antisymmetric laminate with the following
unidirectional material properties: E, = 46000 MNm?, E, = 8000 MNm?,
G,, = 5000 MNm?, v,, = 0.3. Summary of results:

Ply angle Flexural rigidity D, (N) Percentage
X s difference
D,=D,, - B,, /An Dx‘_‘szz/(suazz'slz )
+30° 575480 564610 -1.889
|| 145° 364650 358260 -1.753
“ +60° 222380 220270 -0.949
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The references reviewed relate primarily to the analysis of filament-wound vessels of
very simple geometry, taking account of the orthotropic or anisotropic behaviour of
the composite material and the elastic-plastic behaviour of the liner where used. Even
in this apparently simple situation the analysis becomes very complex and it would
be quite impractical to regard the derivation of such analyses as a routine approach
to engineering stress analysis problems. It would be almost impossible to write
equations to carry out accurately the stress analysis of filament-wound components of
complex geometries such as elbows and tee-pieces. It is therefore necessary to
consider alternative methods of stress analysis which are both more accessible to the
practical engineer and more suitable for complex geometries and winding patterns.
Finite element analysis is such a tool and will be described next, both in general terms

and with particular reference to filament-wound components.
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(a) Two-layered (b) Laminate twists in (c) As number of layers
antisymmetric angle- uniaxial tension, i.e. becomes large,
ply laminate there is coupling tension/twist
between tension and coupling vanishes
twisting and laminate acts as
homogeneous

orthotropic material

Fig. 3.1: The phenomenon of coupling between tension and twisting
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CHAPTER 4: THE FINITE ELEMENT METHOD AND ITS APPLICATION
TO FILAMENT-WOUND STRUCTURES

4.1 Introduction

The complex geometries encountered in engineering components prohibit the use of
exact analytical solutions to provide numerical answers. The finite element method
is a powerful numerical technique for solving engineering problems in the field of
structural mechanics by discretising a continuous system into a large number of finite
regions. Each region is easily modelled mathematically breaking the initial calculation
down into many simpler problems. The simultaneous solution of these problems
requires the use of a digital computer. The FE method utilises various branches of
engineering mathematics dating back over 200 years. Its evolution can be traced back
to aeronautical applications of matrix methods in the 1940s, but has only been
developed as a system since 1960 as the facilities for its implementation have become
available. Various historical accounts of the method may be consulted**”’. From
the mid-1970s onwards the number of commercially-available FE systems has
proliferated and the method has become generally accepted as an engineering tool.
Two of these systems (PAFEC and ABAQUS) are available within the Department of

Mechanical Engineering.

Finite element theory has evolved into a complex branch of engineering mathematics
and computing and it would be quite inappropriate to include a comprehensive account
of the technique here. A number of such accounts are available, notably that by
Zienkiewicz and Taylor®. The approach adopted in this chapter is to present a
largely descriptive statement of the finite element method. For further reference, a
detailed statement of the mathematical framework used for elements using an

isoparametric formulation®*

is given in Appendix A. A review of two areas of
literature is presented. Firstly the application of FE stress analysis to filament-wound
structures, particularly pressure vessels, is described. Secondly, a review is presented

of the published formulations of laminated orthotropic elements suitable for analysis
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of filament-wound structures. Mention is made of the practical capabilities of
commercially-available FE systems in the analysis of filament-wound structures.

Finally, descriptive outlines are presented for four types of element used in the work

described in this thesis.
4.2 Brief overview of finite element theory: isoparametric elements

The finite regions or elements, which approximate to the true component geometry,
take different forms depending upon the geometry of the component to be modelled.
Of particular interest in this thesis are thin shell and axisymmetric elements. Each
element is defined in terms of points in space (nodes) which are linked in a specified
pattern or order (the topology of the element). Each node possesses certain degrees
of freedom (DOFs); in the context of structural analysis these are linear and rotational
displacements. These displacements are related to the forces applied to the element
by a stiffness matrix which may be calculated from element geometry and material

properties. The stiffness matrices for the elements may then be used to assemble the

stiffness matrix for the structure.

This thesis makes particular use of elements based on an isoparametric formulation®®.
This means that the polynomial functions (known as shape functions) used to
interpolate both the co-ordinate positions and the variables (e.g. displacements) over
the element are of the same form as each other. These functions also relate the true
geometry of the element to that of a fictitious parent element by means of a mapping
(Fig. 4.1) and it is within the domain of the parent element that the calculation of the
element stiffness matrix takes place. This is achieved by integrating the strain energy
over the volume of the element using Gaussian quadrature®’. This is a form of
numerical integration consisting of the weighted summation of the integrand evaluated
at Gauss points. These are sampling points whose positions are inherently defined
within the integration method. Differentiating the strain energy with respect to
displacement gives the element stiffness. The concepts of shape functions,
isoparametric mapping and integration of strain energy are outlined in section A.2 of

Appendix A. The contribution of each element to the stiffness of the system is added
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during the assembly of the global stiffness matrix. This matrix is used to calculate

the displacements of the structure from the applied forces and the restraints.

4.3 Finite element stress analysis of filament-wound structures

FE analysis of filament-wound structures has been performed since the advent of the
method. Most of the available literature relates to traditional applications of filament

winding such as pressure vessels.

4.3.1 Filament-wound spheres with metallic liners

Chen and Clewlow® describe the finite element analysis of a metallic spherical
pressure vessel reinforced with filament-wound Kevlar/epoxy. The liner is
assumed to have a bilinear (elastic/strain hardening) characteristic, is designed to
yield or autofrettage during initial overpressurisation, and is intended to carry a
portion of the pressure load. The design criteria therefore include the
requirements that the compressive stress in the liner after autofrettage should not
exceed the value necessary to cause buckling, and should not exceed the yield
stress to avoid low cycle fatigue failure. The filament-wound material is assumed
to consist of angle-wound orthotropic laminae rigidly coupled in balanced pairs
so that the coupling between tension and shear (as observed in the global
directions) is eliminated. This analysis is extended to cover balanced multi-layer

composites.

The geometrical expressions relating equatorial winding angles to thickness and
local winding angle are stated, and were used as the basis for determining the
fibre buildup and hence the vessel thickness profile. However, no attempt was
made to force the finite element boundaries to coincide with the fibre layer
boundaries when generating the FE mesh. Indeed, for reasons of limited program
capacity, it was necessary for groups of elements in the membrane-loaded parts
of the structure to be assigned average material properties. A particular feature
of this analysis was that slip elements were incorporated between the composite

and the liner to simulate non-adhesion.
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The structural analysis was carried out by means of an in-house FE program
ABS5U (particular to Aerojet Manufacturing Company of California, USA) for
axisymmetric bodies having cylindrically anisotropic material properties, and the
data for this program was generated using three pre-processors. The results of the
FE analysis were post-processed to calculate the residual stresses in the liner and
the operating strain range of the liner, and to predict the burst pressure. The

failure criterion used was that of maximum effective strain.

Knight® gives a detailed account of the use of a finite element program to
analyze the stresses in a metallic sphere reinforced with Kevlar 49/epoxy wound
in the delta-axisymmetric pattern. An existing FE program written by
Wilson®® was modified to cope with three-dimensionally orthotropic material
properties and to increase its element capacity. As with the analysis by Chen and
Clewlow®?, the material properties of each pair of laminae (of opposite
orientation) are modelled by considering the equivalent properties of a material
formed by closely coupling .the two laminae. No attempt was made to generate
a mesh for which the element boundaries coincided with the boundaries between
the layers of windings. Lamina stresses were found by transforming the strains
calculated by the FE package to the local directions of the fibres. The results
from a typical case study are presented; it is claimed that the predicted burst
pressure (based upon the maximum fibre stress criterion) was within 4% of the

experimental average burst pressure.

In a later paper, Knight® applies the Weibull statistical failure theory” to
filament-reinforced spheres. This failure criterion is especially suited to brittle
materials. The finite element analysis was used in conjunction with this criterion
to predict the failure pressure of two vessels described by Gerstle and Guess®,
The predicted failure pressure of 400 MPa agreed well with the measured failure
pressures of 365 MPa and 370 MPa.

9

Leavesley and Knight®™ describe a finite element model of the loss of

strength caused in a filament-wound structure by the buckling during manufacture
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of the fibres in the inner layers under the compressive influence of the outer
layers. Unlike Knight's earlier models this involved the positioning of the
element boundaries to coincide with the boundaries of the different layers. The
filament winding process is simulated by the progressive "switching-on" of the
material properties of each successive layer. This is achieved by changing the
modulus of the element in two stages from an initial very small value, via an
intermediate value during the winding process, to the true value of the composite
material. When the average strain along a fibre path becomes compressive, it is
judged that the layer will have lost much of its strength and stiffness; when the
stress in an element becomes compressive its material properties are changed to
an isotropic set of values which ignore the longitudinal reinforcement effect of the
fibre (i.e. the transverse stiffness properties are applied to all directions). It
should be observed that the elements used in this analysis appear to be highly
distorted in many cases. Axisymmetric quadrilateral isoparametric elements were
used, with the thickness transitions using these same elements collapsed to

triangular form.

4.3.2 Finite element analysis of filament-wound cylindrical vessels, tubes and
miscellaneous structures
Knoell” describes the COMTANK system, intended as a user-friendly and
largely foolproof method of designing filament-wound vessels. This takes basic
design shape data and wrap angles and performs a simple netting analysis to
provide a first estimate of the required number of fibre wraps. The design is then
automatically encoded as a finite element model. COMTANK is dedicated to two
basic shapes, oblate spheroids and dome-ended cylinders. The stresses in each
ply of the laminate are found from the stress resultants that exist at a point in the
vessel wall. The vessel is modelled as an orthotropic laminated thin shell of
revolution™, and the material properties are stored in tabular form for linear
interpolation between values of wrap angle. It was stated that no experimental

data was available for comparison with the computed results.
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Rizzo and Vicario” used finite element analysis to examine the influence of
specimen dimensions upon the accuracy of tests using filament-wound tubes to
characterise laminate properties. Various quantitative conclusions were drawn
regarding the effects of thickness/diameter and length/diameter ratios and the helix
angle upon stress distributions and test accuracy. The finite element program
used was unusual in its ability to take account of general anisotropy in an

axisymmetric situation.

Hardy and Malik™ describe an optimisation procedure for laminated structural
members. The structual analysis within this procedure is based upon the PAFEC
finite element system and the optimisation algorithm is defined in the paper. The
objective function and constraints for the optimisation can be defined as
appropriate. It is not clear from the paper precisely how the execution of the FE
program was coupled to that of the optimisation program, but a description is
given of how the data is transferred by means of files. The optimisation program
generates the FE data input file by means of a package-specific pre-processor
routine, and the FE package output routines are modified to create output in a
standard format. Two simple case studies are presented to illustrate this

procedure.

A later paper” by the above authors applies a similar philosophy to the optimal
design of filament-wound dome-ended cylindrical pressure vessels consisting of
a metallic liner overwrapped with planar-wound and hoop-wound composite.
Axisymmetric finite elements was used. Again, PAFEC was used as the finite
element system and the optimisation was performed using a NAG'# subroutine.
The data generation routines included a simulation of the filament winding
process to establish material directions, thicknesses and properties, although it is
not stated that any manufacturing data was produced. The objective (as with the
vessel optimisations described earlier) was to maximise the vessel efficiency, the
variables in this case being the thicknesses of the composite and the metallic liner
and the choice of materials. A typical case study is presented, although no

experimental results are included for comparison.



40
Li et al”® describe the modelling of a filament-wound tube made from glass-
epoxy subjected to transverse crushing by a spherical indenter. Large-deflection
analysis was implemented using ABAQUS and load-deflection characteristics
were obtained which agreed within 15-20% with experimental data. No attempt

was made to model the alternating lamination sequence of the tube since this was

stated to be a difficult task.

Eckold and Wells'*"® describe the finite element analysis of some simple
axisymmetric filament-wound components. The components were analysed using
data prepared automatically from the CADMAC filament winding system. In
both cases, the FE results are compared with strains measured experimentally,
revealing differences ranging from a few percent to 100% or more. Overall
stiffness of a filament-wound bellows was overestimated by 50% although this
result was considered to be a reasonably good comparison. These two papers
provide the only evidence of a link being established between a filament winding
CAD/CAM system and a finite element analysis system. The need for this kind

of link is explored in section 4.5 and is discussed in greater detail in Chapter 6.

4.3.3 Discussion of literature on the analysis of filament-wound structures

It may be seen that the application of finite element analysis to filament-wound
structures is far from new, and that a substantial quantity of work has been
published on the subject. Because details of each analysis are generally specific
to the FE code used by a particular establishment and because a complete
specification of the analysis would be voluminous, most of the papers described
do not present a sufficiently complete definition of the solution to enable an
outsider to replicate the results. The main benefit of this literature is therefore in
demonstrating what can be achieved and in providing guidance on the approaches
which have been found to be useful. It should be noted however that computing
power has developed to a very large degree since much of this work was
performed, greatly easing the restrictions upon the size and complexity of analysis
task which is feasible.
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4.4 Finite element formulations suitable for filament-wound structures

A number of authors have described the formulation of finite elements for the analysis
of laminated and orthotropic composites. These are usually developments of
formulations for isotropic elements®>”. Although all the elements used in this
investigation are those commercially available within the ABAQUS and PAFEC FE
codes, it is instructive to examine the variety of element formulations which have been
published to address the need for the analysis of structures such as those manufactured

by filament winding.

An example is the element presented by Knight®® which is closely based upon an
axisymmetric element formulation described in an early paper by Wilson®. In their
original form, these elements are stated by Knight to have modelled a material with
transverse isotropy in the radial/meridional plane, although Knight extended the

clements to allow full orthotropy.

Dong’? presents the formulation for a simple laminated shell of revolution element
capable of modelling non-axisymmetric loadcases constructed from Fourier series. A

number of comparisons with analytical solutions show excellent agreement.

Panda and Natarajan’’ describe the formulation of a finite element capable of
modelling doubly-curved laminated shells of revolution. The element is based upon
an isotropic superparametric element formulated by Ahmad, Irons and Zienkiewicz™.
This element has four degrees of freedom at each node (three translations and one
rotation, the latter being in the axial-radial plane). The assumptions made include
Kirchhoff’s hypothesis that normal stress through the thickness of the element is
negligible. Gaussian integration is used to find the contribution to element stiffness
of each layer in the laminate. Numerical tests of the element against exact solutions
to cylindrical shell problems by Pagano and Whitney” give results which are at

worst about 7% in error and in other cases indistinguishable from the exact solution.
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Natarajan, Hoa and Sankar® build upon this work to formulate an element designed
primarily for examining the strain and stress patterns near the nozzle-cylinder shell
intersections of filament-reinforced plastic vessels. A 20-noded 3-dimensional finite
element is used for this purpose. Gaussian integration on a layer-by-layer basis is
again used. A note of caution is sounded against the careless use of symmetry in
modelling filament-wound structures; this is illustrated using the example of a
filament-wound cylinder which was helically symmetric rather than axisymmetric, and
tended to twist under axisymmetric loading. If such a structure is modelled as a
quadrant the calculated results will be incorrect. The same formulation of element is
presented in greater detail using different notation and with slightly altered verification
examples in a paper by Hoa, Yu and Sankar®. Such an element would be of use in
modelling a complex structure such as a thick-walled filament-wound tee-piece if

suitable elements are not commercially available.

Knight and Rogers®**®* describe the formulation and use of a finite element
which covers the entire thickness of a filament-wound axisymmetric structure by using
several integration points in each layer. Linear variation of displacement is assumed
in the in-plane direction, while the polynomial order modelling the through-thickness
variation of displacements is selected by the user and may be high to model variation
through different layers. Since Gaussian quadrature is not suitable for this situation,
rectangular integration is used. This type of element is claimed to reduce by 75% the
amount of computer time required to solve a typical problem. The authors explore the
accuracy of the element when applied to the modelling of a number of single-layer
and multi-layer isotropic and orthotropic cylinders, and show that the accuracy is in
the order of 3%,

A number of laminated orthotropic elements have been formulated by Chen, Yang et
al™**" for use on a microcomputer. These consist of a symmetrically laminated

beam element, a symmetrically laminated plate element, and three laminated plate

clements.
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A recent book by Ochoa and Reddy® on the FE analysis of composite laminates
provides an overview of the mechanics of composite materials and describes a variety
of FE formulations including comparisons with benchmark results. The practical

problems of modelling filament-wound structures are not addressed, however.

4.5 Commercial availability of finite element systems for stress analysis of

composites

Many of the above references were written when finite element packages were at an
early stage of development. There is now a proliferation of powerful finite element
packages available for lease or purchase; some of these are general purpose packages,
others have specific capabilities in specialised areas. Most of the general purpose FE
systems have the capability to model laminated orthotropic components with varying
degrees of sophistication, and a number of reviews of the available software for this
application have been conducted. In 1982 Griffin® presented a list of selection
criteria and described the capabilities of eleven packages then available but did not

make any particular recommendations. The packages reviewed included PAFEC and
ABAQUS.

More recently (1992) Taig has presented a report on the capabilities of a sample of
commercial FE packages for analysis of laminated composites. He gives a detailed
review of the requirements of such systems and makes particular reference to the
difficulties of setting up accurate FE models of filament-wound components and
laminated structures™; this is because the thickness and fibre orientation are heavily
dependent upon the practicalities of the manufacturing process. He concludes that
none of the packages tested takes these constraints into consideration; however, it is
the writer’s opinion that the FILFEM system to be described in this thesis provides
many of the capabilities to overcome the shortcomings outlined by Taig. In addition
to the software review, Taig proposes a number of benchmark problems with which
composite capabilities in FE packages may be evaluated, and presents the test results
obtained from the various packages tested. Surprisingly, these packages included
PAFEC but not ABAQUS. No specific recommendations are made regarding the
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optimum package, although P/COMPOSITE and ANSYS appear to fare best in his

review.
4.6 Finite element types used in this thesis

Four main types of elements have been used in this investigation and will be described
in outline. The first three are implemented in the PAFEC finite element system; the
last is implemented in the ABAQUS system. As a practical example of the
isoparametric concept, the full formulation of the first of these elements is presented

in Appendix A (Section A.3).

4.6.1 Axisymmetric isoparametric quadrilateral Fourier element available in
PAFEC*
This may be visualised as an annulus consisting of the solid of revolution of a
quadrilateral with curvilinear sides (defined using 8 nodes). In their simplest
form these elements are subjected to axisymmetric loading and have two
translational degrees of freedom u, and u, per node (Fig. 4.2). However, an
interesting and useful variation on this element is that which permits the use of
loads which vary in a sinusoidal manner around the circumference of the
structure. By this means any loadcase which varies arbitrarily around the
circumference may be synthesised using a Fourier series of sinusoidally varying
loads. The elements for this application are of similar geometry but possess 3
degrees of freedom u, u, and u, per node. The formulation of this version of the
element is given in Section A.3 of Appendix A. It is understood that elements
with similar capability have been coded for the ABAQUS system but problems
with their non-linear capabilities mean that only the low-order Fourier elements

have been released at the time of writing.

4.6.2 Ahmad's eight-noded thick shell element implemented in PAFEC*****
This element models a region (of curvilinear quadrilateral shape) of a doubly
curved shell of significant thickness as an assembly of infinitely thin

isoparametric membranes which are constrained to shear in a uniform manner at
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the nodes. The element may alternatively be regarded as a 20-noded brick
element with the surplus degrees of freedom eliminated by constraints. Three
translational degrees of freedom u,, u, and u, and two out-of-plane rotations
(about uniquely defined local directions) exist at each node. The assumption of
uniform shear through the element thickness clearly disobeys equilibrium locally
(shear stress at the top and bottom surfaces must actually be zero) and hence the
element stiffness matrix includes a correction factor of 1.2 on the through-

thickness shear stiffness terms. A six-noded curvilinear triangle is also available.

The Ahmad thick-shell element is given orthotropic capability in PAFEC, and it
is necessary to transform the orthotropic properties of each layer to give the (off-
axis) orthotropic properties in terms of the element’s local axis system. This is
performed at each Gauss integration point, although the transformation is only
defined once for each element. Therefore if the element’s curvature is severe the
transformed material axes will not be even approximately coplanar with the

element surface at the Gauss points, and in practice warnings will be flagged by
PAFEC.

4.6.3 The semi-Loof thin shell element implemented in PAFEC

This element also models an eight-noded region of a doubly curved shell but
through-thickness shear deformation is neglected. Three translational degrees of
freedom are defined per node. Eight additional nodes are defined within the
element coding and are placed part way along each side of the element (actually
at the integration points required for 2-point Gaussian integration along an
element side). These are termed Loof nodes in honour of H.W. Loof who first
used such nodes. A central node is also internally defined. At each Loof node
a single rotation (about an axis along the element edge) is defined. The reduced
number of degrees of freedom is obtained by the application of various constraints
to the complete system of degrees of freedom. These include the use of discrete

Kirchhoff constraints (constraint to zero shear at a set of specific points) at the
Loof nodes.
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The formulation of the semi-Loof element is complex. The definitive account of
its evolution and formulation is given by its originator Irons™, and a full listing
of one version of his coding for this element is available®. A triangular version
of the semi-Loof element also exists”. It is worth mentioning that the PAFEC
system makes use of Irons’s original FORTRAN code with little modification
other than that of suitable interfacing to the PAFEC architecture”. PAFEC

extends the capability of the elements to cover laminated orthotropic shells.

It should be mentioned that although the user of the element within the PAFEC
package need not be concerned with the existence or location of the Loof nodes,
it is necessary to be aware of the manner in which the rotational degrees of
freedom are represented within PAFEC’s data structure. They are arbitrarily
assigned to the ¢, and ¢, freedoms at the mid-side nodes, although they are in no
way to be regarded as rotations about the x or y axes. This means that great care
must be taken in assigning rotational constraints to the mid-side nodes. A side
effect of tile arrangement of the rotational degrees of freedom is that there is no
rotational connectivity of corner nodes”; therefore there will be a spurious

localised hinging effect where a normal load is applied to a comer node
(Fig. 4.3).

It is noted from the PAFEC Data Preparation Manual® that this element can
give over-stiff results in inextensional situations (i.e. where bending is the
predominant form of deformation). An example of such a situation is the
pinching of a thin cylindrical tube. This poor behaviour can be largely overcome

by the use of reduced integration.

4.6.4 Thin shell elements used in ABAQUS'™

A number of doubly-curved thin shell finite elements are used in ABAQUS, of
which two are used in this thesis. One of these is a three-noded triangular shell
element (type STRI3S). This is a "true" (classical) thin shell in which the
(discrete) Kirchhoff assumption of non-deformable normals is applied

algebraically, in this case along element boundaries. The other element is a four-
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noded quadrilateral which is one of a family of shear flexible shell elements based
upon an isoparametric formulation. The four-noded quadrilateral uses reduced
integration. The discrete Kirchhoff constraint is applied numerically at points
within or at the edge of the element (for instance at points on the element edge
spaced as Gauss points) using penalty methods; this makes the elements suitable
for thin shell applications without risk of numerical problems. In the case of both
of these elements, Simpson’s rule is used for the through-thickness integration
(five-point integration is the default for single layer shells, three points per layer
are the default for laminated shells). The formulations of both types of elements
are very complex and will not be summarised here; in addition to the
mathematical description in the ABAQUS theory manual'® a more descriptive

outline of the elements and their applications is available'®.

Although the formulations of the two types of elements are based upon different
philosophies their method of use, and the active degrees of freedom they possess,
are identical. At each node there are five DOFs. These consist of three
displacements and two out-of-plane rotations. Six degrees of freedom are
activated where necessary, i.e. where rotational restraints are specified, where
moment loads are applied, where 6-DOF elements are attached, where non-unique

normals exist (i.e. shells meet at a cusp) or where multi-point constraints are

applied.
4.7 Conclusions

The finite element method has been described and a considerable variety of its
existing applications to filament-wound structures have been reviewed. Besides the
literature on actual analyses, several papers on the formulations of suitable finite
elements have been examined. The availability of relevant commercial FE codes has
also been discussed. Mention has been made of a recent review of the finite element
analysis of composites which has reinforced the need for a link between the FE data
input process and the manufacturing processes for laminated composites. One

example of such a link has been found. Finally, the discussion of FE methods and
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codes has been put into context by introducing the elements which will be encountered
in Chapters 6 and 7; these chapters describe the automatic generation of FE meshes

and the results obtained from them.

Although the nature of many of the papers reviewed makes it difficult to draw firm
conclusions or extract specific items of theory, it is clear that much ingenious work
has been performed in the application of finite element analysis to filament-wound
composites. While these analyses extend in complexity far beyond the simple linear
elastic test case described in Chapter 7, they illustrate the kind of advanced analyses
for which the meshes automatically generated by FILFEM I and possibly FILFEM II
might eventually be used.
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Fig. 4.2: Axisymmetric isoparametric element showing degrees of freedom at one
node

Fig. 4.3: Lack of slope continuity at corner nodes in semi-Loof elements: slope
continuity exists only at Loof nodes (x) (after Irons*)
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CHAPTER 5: EXPERIMENTAL DETERMINATION OF ELASTIC
PROPERTIES OF FILAMENT-WOUND GRP

5.1 Overview of chapter

This chapter begins with a brief review of some of the methods available for both the
theoretical calculation and the experimental determination of the elastic properties of
composite materials. The need is highlighted for a simple, cost-effective test of
material properties and two such tests are described with results, along with the results
of two more conventional tests for comparison. All four tests were found to give
results for angle-ply laminate behaviour which differ by varying amounts from those
predicted from conventional orthotropic theories. The most satisfactory explanation
proposed for these differences is that the orthotropic material model is of limited
accuracy despite its usefulness as a simple approximation. In particular, very
significant non-linearities and permanent changes in properties are observed in some
laminates when strains of 2000pe are exceeded. Finally, an attempt is made to obtain
the unidirectional orthotropic material properties from the laminate properties by a
best-fitting procedure, and the resulting properties are found to predict accurately the
observed stiffness of the filament-wound laminate despite being at variance with

typical estimates of the unidirectional properties.

5.2 Background

If a structural analysis of a filament-wound component is to be undertaken, it is
essential that the material properties are satisfactorily understood. The properties of
directional composites such as those produced by filament winding have already been
examined from a theoretical viewpoint in Chapter 3, with particular reference to the
linear elastic orthotropic model of material behaviour. The properties which define
the behaviour of such a material may either be evaluated experimentally from
specimens of the composite material, or predicted theoretically from the properties of

the fibre and matrix and the proportions in which they are combined in the composite.
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Jones® reviews the theoretical methods of predicting properties of composites and
makes particular reference to the Halpin-Tsai equations. These are simple empirical
equations which are fitted to more complex analytical models of the structure of fibres

within the composite, and may be stated as follows.

E = EV +E(1-V) (@)
vV, = VvV . +v (1-V) b)
1+&nV
and: M . _.___g..T_]__‘. (c)
M 1 -nV,
M/M) -1
where: n = (_'/.._TZ__ (d)
M/M ) +E 5.1
in which M = E, G, or v, for composite
M, = fibre property E, G, or v,
M, = matrix property E_, G_or v,
V. = fibre volume fraction

(proportion of composite by volume)

The constant § takes different values for the calculations of E,, G,, and v,;. For E,
and G, the values of 2 and 1 are often used respectively although the values of § may
be chosen to fit empirical data.

Eckold'® presents a comprehensive literature survey on the failure criteria for
composite materials and also includes a review of available methods of predicting and
measuring the elastic properties of orthotropic materials. Experimental methods such
as those described by Whitney'™ and Kavanagh'® are of interest. Jones®
discusses the problems associated with the testing of composite materials and
discusses some experimental techniques with particular reference to the measurement
of shear moduli. Weatherby'® presents an experimental investigation into the elastic
properties and strength of glass-reinforced polyester, including much data on elastic
properties of angle-ply laminates and a review of failure criteria. This data exhibited
a great deal of scatter in the measured values. Weatherby concentrated on the
measurement of elastic properties of flat laminates which were wound onto a flat plate
and cured in a press. A variety of experimental methods was used for testing these

specimens. The methods included the use of tensile and compressive tests on flat
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coupons and use of the two-rail shear test?®>. One of the problems of Weatherby’s
approach is that the manufacturing method of the specimens does not closely represent
the manufacturing method of the actual components, since the latter rely upon the
tension in the fibre to achieve a compacted laminate structure during winding and
cure. By contrast, hydrostatic methods of testing oil-filled filament-wound tubes
enable uniaxial and biaxial loading to be achieved in a genuine filament-wound
structure but are messy and require the availability of hydraulic test equipment.
Suitable equipment is not readily available to the author and as a result, two simple
cost-effective tests were developed which require a minimum of apparatus other than

the use of standard materials-testing equipment.
5.3 The pinched ring or proving ring test

This test arose from a suggestion by Dr V. Middleton and is intended as a means of
obtaining the flexural properties of a laminate. Reddy and Reid'” have used the
concept of a pinched ring for the determination of the yield stress in metals and it is
understood that a similar test has also been applied by these researchers to the
determination of failure-related properties in composites'®. However, the author
believes it provides a very simple method of measuring elastic properties and the
following discussion includes an analysis of its capabilities and sources of error. The
experimental basis behind the method is that a thin ring of the specimen material is
compressed diametrally between two flat plates and the change in its transverse

diameter is measured and related to the compressing force.

5.3.1 Theory

In its simplest form the analysis of a pinched ring is a textbook application of
Castigliano’s method. If the ring is very thin compared with its radius R, the only
significant mode of deformation is flexure (the effects of shear deformation and
longitudinal compression being negligible). It may be shown that for small
deflections caused by a load P, the change in diameter perpendicular to the

loading direction (Fig. 5.1) is given by:
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5 - EE(E - l) (5.2)
FR.\ & 2

If the ring section is narrow compared with its thickness ¢ its flexural rigidity may
be calculated using beam theory, i.e. flexural rigidity F.R. = EI. A more complete
analysis, taking account of the effects of compression and shear and the effects
of beam curvature, yields the following formula (of which Equation (5.2) is a

simplification):

v T BT 2 2AE T 2GA

PR (2 1 PR 8 4] 1.2PR (5.3)
- + 1 - + +
T TAR?

In practical cases it is prudent to make the ring wide enough that edge
imperfections may be neglected, and this leads to a problem in applying the above
formulae. This is because the ring is too wide to ignore the self-restraint (which
occurs in wide plates and shells) against anticlastic curvature but not wide enough
to be considered infinite. The following method of correction was suggested by
Dr J.J. Webster. The results obtained for the isotropic case are identical to those
due to Lamb'®. However, this derivation was carried out independently of that
by Lamb, is much simpler and is easily extended to model the orthotropic
situation. At the edges of the ring, the absence of restraining moment (which
would prevent anticlastic curvature) may be considered as the superposition of a
negative moment onto the restraining moment existing away from the edges.
According to classical cylindrical shell theory''® this effect will die away over
a distance related to the constant A= (k/4D)" where k = Et/R? is the radial
stiffness per unit area of the shell and D = Ef/[12(1-v?] is its flexural rigidity
per unit width. It may be shown that the contribution to circumferential moment
from this decaying edge moment is the same as that due to a constant moment

acting over a width w,,,, for a ring of finite width w:

w 2 1 [coshlw - coslw] (5.4)

ed; rul Y .
g Al sinhAw + sinAw

The outermost bands of the ring of width w,,,. are therefore assumed to have no

restraint against anticlastic curvature whereas the remainder of the ring is assumed
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to be subject to this restraint; the total flexural rigidity is assumed to be the sum

of the rigidities of the three sections.

Et?

chge 1 2

F.R.

o w 2w )— B (5.5)
=20 -v)

It is convenient now to define an effective second moment of area of the ring
cross-section Iy = [2w,,,, — (W — 2w, )/(1-v?)]F/12 which takes account of the
increased flexural rigidity of the (inboard) region of the ring assumed to be fully
restrained. Equation (5.5) may now be used in Equation (5.2) by expressing the
flexural rigidity F.R. as EI 5 It is also possible to extend the model of the edge
effects to consider the more general case where the ring is assumed to be
homogeneous and specially orthotropic and the following expressions are derived

in Sections B.1 and B.2 of Appendix B:

PR*(2 1 PR 8 2PI1,, 1.2PR
= — — - + 1 - + +
nAE.R 2G, A (5.6)

- 3
where: I. = |2w,  + w__2_w°_"Ei L (5.7
¢ 1-v,ve |12

with w,,,. defined in equation (5.4) and A for the orthotropic case defined as:

E R?%t?

X

- ‘J Eg 3(1-VVy) (58)

The values of E,, E, Ve and v (for a many-layered laminate treated as a
homogeneous orthotropic material) are obtained from the off-axis compliances of

the unidirectional composite using a method described in Appendix B (Section
B.3):
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E, = —% _ @ Ey = —=% _  ®
nSs = Sie S1286 = S
v, = _snsos = 1652 © and v, = - 1295 = S1652 )
x0 - = - 8x - - )
Si1Se = Sie S2S6 = Sa 5.9

where (in this instance) the angle of the fibres to_the axial or meridional (x)

direction is used as the transformation angle when obtaining the off-axis

compliances using equation (3.4)(a).

The theory described above treats the laminated ring as being made from an
equivalent homogeneous orthotropic material. An alternative approach to the
calculation of F.R. for Equation (5.2) uses the same method of correction for edge
effects but employs classical lamination theory. In this case the flexural rigidities
(with and without restraint against anticlastic curvature) and the radial stiffness
of the laminated shell are obtained directly from the laminate compliance matrix.

The following results are obtained in Section B.4. of Appendix B:

2 )
FR. = Z7c o (w-2w, )| 20 (5.10)
O 5,8, - 8,

where w, ., is obtained using Equation (5.4) from the following value of A:

4
A - 8, (8,,8,, - &) .11)
4R%5,, (o, 8., - B3)

and where:
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It was considered instructive to examine the relative significance of the four terms
on the RHS of Equation (5.6) and to compare these with the results obtained from
classical lamination theory. The values of the terms were calculated for a set of
laminated rings of typical dimensions' and a variety of ply angles made from
material with a representative set of properties (included in Table 5.1). These
results are presented in Table 5.2. This analysis is also presented graphically
‘(Fig. 5.2) in percentage form, illustrating the relative magnitude of the errors
introduced by simplifying the model of the pinched ring. The worst errors
(approximately 2%) occur for ply angles (to the direction of bending) of +25°
These errors are mainly due to the artificial restraints against coupling effects
which are applied when modelling the laminate as a homogeneous material. It
was considered that errors of this magnitude are likely to be acceptable when

compared with the practical scatter encountered in experimental results relating

to composites.

Inner diameter = 112mm, thickness = 2.8mm, width = 30mm, number of
plies = 8.
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5.3.2 The use of pinched rings in the determination of elastic properties

It may be observed from Table 5.2 that, for practical filament-wound rings, the
homogeneous model with edge correction (taking account only of flexural
deformation) agrees closely with more complex models. It may also be observed
that if an estimate of /. is calculated using Equation (5.7) together with assumed
values of elastic properties, the simplified form of Equation (5.6) may be
differentiated and re-arranged to give a revised estimate of the laminate

circumferential Young’s modulus in terms of the deflection per unit load:

2 1
3 1
g, - R\r 2 (5.14)
Te d®)
dpP

If an accurate value of Eq4 is to be calculated it is therefore necessary that /4
should be estimated accurately from the assumed values of elastic properties. A
sensitivity analysis has therefore been performed to establish the significance of
errors in the assumed properties. A typical set of dimensions and properties was
chosen and I, was calculated for the range of ply angles 0° — 90°. The
calculation was repeated with each of the elastic moduli and v,, altered in turn by
+10%. The results of this sensitivity analysi§ are plotted in Figs. 5.3 and 5.4; it
will be observed that the effects upon I, of 10% errors in estimated elastic
moduli E, and G,, are typically 1-1.5%; however, the sensitivity to errors in E,
and v,, is very much less. The errors in I, caused by inaccurate estimates of
elastic moduli become insignificant where the ply angle approaches 0° or 90°
(unidirectional material) and are at their worst for ply angles of around £35°—45°.
Even a radical change in the estimated value of E, to a very low value (typical
of that chosen by curve-fitting in Section 5.8) results in a change in /,; of
approximately 2% at worst. (Fig. 5.3). It may be concluded that if realistic values
of elastic properties are estimated, the use of proving rings provides a very simple
and reasonably robust method of measuring actual values of Young’s moduli of

unidirectional and laminated composites.
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5.3.3 Design of specimens

The dimensions and construction of the specimens were chosen as a compromise
between the assumptions that the laminate was many-layered and thin with respect
to its radius, and also took account of the availability of an existing mandrel for
winding. The width of the rings (approximately 30mm) was chosen to be
sufficiently narrow that a number of specimens could be cut from each tube
manufactured. However, it appears reasonable to assume that they are sufficiently
wide that any edge imperfections would have little effect on the stiffness of the

ring.

The material chosen for the experimental investigations in this project was Silenka
E-Glass rovings''' (2400 TEX) reinforced with Scott Bader Crystic 272
isophthalic polyester resin''>. The resin was used in conjunction with Scott
Bader Catalyst Powder B (dibenzoyl pefoxide dispersed in di-cyclohexyl
phthalate). This is by far the most common fibre/matrix combination used at
Nottingham since the materials are readily available, economical and
straightforward in use. It was chosen for this project for these reasons and
because experimental data on its material properties had already been collected
during an earlier project'®, providing a set of data for comparison with any

properties measured during this investigation.

5.3.4 Manufacture of Specimens

Specimens were wound on the Pultrex filament winding machine to the nominal
winding angles of £30°, +45°, £60°, £75° and 90°. An attempt was made to wind
specimens to £15° but it was clear that the laminate was of poor quality (twisting
or spinning of the fibre was taking place resulting in a rounded rather than flat

tow) and would not have been representative of the normal laminate quality.

Considerable experimentation took place in establishing a good process method.
Initial attempts produced rings which were cracked, delaminated and poorly
wetted-out; the final method of manufacture included the use of Melinex mould-
release film (rather than PVA or Wiirtz'” release agents), newer batches of

resin and hardener (old materials are more viscous and appear not to permeate the
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roving adequately), painting of the mandrel with a layer of resin before winding,
and the use of a diamond saw (driven by an air turbine) for slicing the specimens.
The resulting specimens were of greatly improved quality compared with earlier
rings. However, the appearance of the composite was still milky rather than
clear. While this will be due in part to the differing refractive indices of the fibre
and matrix, it is suspected that other reasons may be incomplete wetting-through
of the fibre bundle and/or incomplete dissolution of the protective size on the
fibres. There is a certain amount of voidage in the composite which becomes
apparent when it is examined under a scanning electron microscope (Fig. 5.5).
It may be concluded that although the specimens used were of the best quality
available to the author, there is considerable room for improvement in the

integrity of the composite and work is being planned to tackle this problem.

Two different mandrels were used. All of the specimens with nominal winding
angles of 90° and 175° and some of the specimens with a nominal winding angle
of +60° specimens were wound on a split cylindrical mandrel of 112mm diameter
with flanged ends. This mandrel presented no problems in winding steep angles;
the small change in fibre direction required to reverse the helix direction of the
fibre at the mandrel ends was easily achieved by frictional steering. For shallow
winding angles (£45° or less) the large change in fibre direction would have
required far more space on the mandrel than was available. For this purpose a
dome-ended cylindrical mandrel of the same diameter was manufactured. The
domes provide a curved surface over which a geodesic path can reverse the helix

direction of the fibre without problems.

The filament winding CNC part-programs were generated using the CADFIL 1
system. The post-processing options were chosen to make four of the machine
axes active (X, Y, A and B; see Fig. 2.1). Where possible, a band-pattern number
of 1 was used for the winding pattern, since this minimises the number of times
the lamination sequence alternates around the mandrel. The mandrel was given
four complete sets of windings or covers. Since each cover corresponds to two
layers of opposite ply orientation (corresponding in turn to the outward and return

movements of the payout eye along the mandrel) the resulting structure was an
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eight-layered antisymmetric laminate. The nominally circumferential (hoop)
windings give a $89.2° laminate which is very close to being a unidirectional
material. A list of all sets of specimens, and the programs, winding parameters

and names, is given in Table 5.3. The winding of a typical specimen with £60°

nominal winding angle is shown in Fig. 5.6.

The wet-out parameters were kept constant for all the main series of specimens;
the values were: machine speed 100%, fibre back tension setting 20psi

(corresponding to a tension of 10N), doctor blade setting 0.20mm.

The turnaround regions covering the domed ends of the mandrel were removed
where necessary by sawing them off with a turbine-driven diamond saw, and the
tube was removed from the mandrel. The tube was sliced into rings by lining
with plaster (to avoid tearing on breakthrough); again the diamond saw was used
(Fig. 5.7).

5.3.5 Test apparatus

A diagram showing the experiment is shown in Fig. 5.8 and photograph in
Fig. 5.9. The basic test equipment consisted of Instron 1193 and 1195 universal
testing machines modified to provide direct electrical output of load cell amplifier
signal and fitted with a SOkN tension and compression load cell. This load cell
was the most sensitive compression cell available. The rings were compressed
between a pair of platens. To maximise the sensitivity of the machine, a Solartron
digital voltmeter sensitive to 0.01 mV was used to monitor the load cell amplifier
output. Sensitivity to 0.1 N was available by use of the 1kN range on the load
cell amplifier in conjunction with the DVM. Further resolution was made
impractical by electrical noise on the signal. Calibration was achieved electrically
using features available in the load cell circuitry. Checks of the resulting
accuracy using calibration weights gave varying errors of approximately 1-2%.
The reading at zero load was found to drift typically by 0.3N (sometimes of up

to I1N) during some tests.
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Deflections were measured using dial test indicators mounted on magnetic stands.
These were set to within 1mm of the centre height of the rings and aligned as

accurately as possible with each other using a straightedge. Sensitivity of the

gauges was 0.005mm if care was taken.

5.3.6 Test procedure

The apparatus was connected up, alignment of the dial gauges was checked and
the apparatus switched on and allowed to warm up for at least an hour. The load
cell was calibrated electrically immediately before the first test and at intervals
during a laboratory session, a small amount of sensitivity drift (typically 0.1%)
being apparent. Checks with calibration weights were carried out on initial setup

to ensure that no significant calibration errors were present.

Cured polyester resin is believed to have a tendency to absorb moisture from the
air, so every effort was made to keep the specimens in a dry atmosphere before
use. Where possible they were stored in a desiccator for approximately five days,

otherwise they were kept in a warm oven (40°C) for a similar period before being

allowed to cool before the test.

Each ring was carefully aligned in the test rig and was initially loaded to cause
around 3mm total diametral deflection in the transverse direction. The load was
left in place for approximately one minute then removed; it was found that this
pre-loading procedure helped to reduce the amount of hysteresis in the load-
deflection graphs. For reasons that will be discussed in Section 5.7.6, the author
now believes this procedure to have been misguided and if similar experiments

are to be performed a monotonically increasing loading procedure is to be
preferred.

The load cell circuitry was then zeroed and the load-deflection characteristics
measured by incrementally increasing the load on the ring and measuring the
horizontal deflections using the dial gauges. It was found that the viscoelasticity

of the rings caused some time-dependent drift (typically IN) in the readings of
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load, and this was largely overcome by slightly overshooting each load setting
before backing off and taking the reading. Full load varied between the different

ring specifications, but generally corresponded to a diametral deflection totalling

2-3mm,

The dimensions and masses of each ring were measured. Slight variations in
thickness inevitably occurred around and across each ring in addition to the
surface irregularities caused by the bundled nature of the fibres. A number of
measurements were therefore taken of both the peak thickness (using a
micrometer with a ball anvil on the inside and a flat anvil on the outside of the
ring) and the trough thickness (using a two-ball micrometer for the hoop wound
specimens which had no sharp changes in thickness, and a point micrometer for
the angle-wound specimens where narrow troughs did occur). The fibre content
of each specimen was estimated using a bumoff procedure based upon
BS2782'".

5.3.7 Processing of data

To minimise the effects of experimental scatter it was considered advisable to test
a substantial number of specimens, and the correspondingly large amount of
experimental data justified the writing of a considerable amount of data analysis
software. The function of each program is described in Section C.2 of Appendix
G; it is sufficient here to state that the programs perform various calculations
upon the measured dimensions and theoretical winding angle, perform a linear
regression upon the displacement-load data, calculate the circumferential Young’s
modulus of the ring using equation (5.14), and perform a normalisation of these
calculated values of Young’s modulus to take account of variations in fibre
content. The normalisation process makes use of the Halpin-Tsai equations®
(equations (5.1)(a—d)) and assumes the fibre and matrix properties listed in
Table 5.4. The output from this suite of programs is a list of data points (one for
each specimen) of Young’s modulus and ply angle.
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5.3.8 Results of pinched ring experiments

It will be readily appreciated that the volume of results obtained from the
programme of materials testing exceeds that which can reasonably be included in
this thesis. Sample observations are presented in Appendix D and the results

calculated from these will be summarised in this chapter.

Figs D.1 to D.5 (in Appendix D) illustrate how the transverse diameter of the
rings change with varying load. It will be observed that for the rings with
winding angles of +£30°, £45° and $60° there is significant hysteresis visible in the
results, although for the rings with steeper winding angles (75° — hoop) this is

much less apparent.

The results of the pinched ring experiments are summarised in Table 5.5 and are
included in Fig. 5.10 as a scatter plot of Young’s modulus vs. ply angle. A word
of warning is necessary here: the ply angle of the laminate, measured with respect
to the loading direction, should not be confused with the Winding angle measured
with respect to the winding machine axis. For axially-loaded tubes they are
equal; for all other specimens their sum is 90°. It will immediately be noted that
for ply angles of 60° the values of Young’s modulus estimated using this
experimental method are very low compared with the kind of values that might
have been expected from typical unidirectional properties (such as those estimated
from the work of Weatherby or using the Halpin-Tsai equations (5.1)) given in
Table 5.1. No satisfactory explanation was forthcoming for these results and it
was decided to design another testing procedure which could be performed upon

the same specimens to verify or refute the results obtained.
The roller-assisted split disc method

5.4.1 Background
A well-established method for determining the ultimate tensile stress of filament-
wound composite materials involves the tensile testing of ring-shaped specimens

using a pair of dee-shaped half-mandrels which are pulled apart.. These
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specimens are often known as NOL (Naval Ordnance Laboratory) rings. This
method is formalised in the standard ANSI/ASTM D2290'"*, which also covers
the testing of ring-shaped specimens made from thermoplastic tube. Although the
method is unsuitable for the determination of stress-strain properties''® it was
realised that if friction between the ring and the two halves of the split disc (the

"dees") could be reduced to a low level, such an application would be feasible.

5.4.2 Description of method

A partly-sectioned view of the rig is shown in Fig. 5.11, and a photograph in
Fig. 5.12. The basic design of the rig closely follows that defined in the standard
D2290-76'* for the testing of thermoplastic tubes, but with an important
difference. Instead of the dees being made a close fit directly into the ring, they
are manufactured so that a set of needle rollers (manufactured in this instance
from silver steel) may be inserted between the ring and the dees. Thus the ring
becomes the outer race and the dees become the inner race of a needle roller
bearing, conceptually reducing the friction between ring and dees to a negligible
value. In practice it will be realised that Hertzian deformation of the rollers and
surfaces (along with the fact that the composite material is not perfectly elastic),
together with irregularities on the surface of the composite, will mean that the
effective friction, though small, will not be as small as in a true needle roller
bearing. In addition, there is of course no “rolling element" effect in the
transverse direction so there may be some frictional restraint against the Poisson’s
ratio effect. In order to reduce frictioﬁal effects the specimens were sprayed with

"Sprayflon" PTFE spray and allowed to dry before use.

The dimensions of the rings were chosen so that a satisfactory number of
specimens could be obtained from tubes wound upon an existing mandrel; the
diameter of the mandrel (including mould release film) was 112.1mm and the

width of rings chosen was 30mm (identical to those used for the pinched ring

tests).
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5.4.3 Theoretical justification and accuracy of method

It is commonly assumed that the traditional method of inducing circumferential
stress into a thin cylindrical shell (namely internal hydrostatic pressurisation, with
pistons restraining the pressurised fluid) will induce an almost uniform strain
throughout the thickness of the shell. This assumption was examined
geometrically and it was found that, for a cylinder of the dimensions under
consideration (diameter 112mm, thickness 2.8mm) the ratio of circumferential
strain at the inside surface to that on the outside is 1.05 (refer to Appendix E).
By contrast, the split disc method described here produces uniform circumferential

strain throughout the cross-section of the ring.

It was considered necessary to calculate the localised bending effects due to the
separation of the dees as the load is applied. If the curvature of the specimen is
neglected, it may be considered as a beam of known flexural rigidity and
subjected to a known tension, mounted on an elastic foundation consisting of the
rollers which are closely spaced and in line contact with the beam. It can be

shown (Appendix F) using contact mechanics''’ together with beam-on-elastic-

foundation theory''®

that the errors due to localised effects will become very
small over a distance of approximately 14mm from the split line, and die away
to a negligible value approximately 19mm from the split line; this is borne out
by the fact that over most of the circumference the burnishing effect of the rollers
on the lubricant-sprayed surface appeared to be of similar degree at all points

away from the split line.

The validity of the comparison between the flexural and tensile experiments
should be explained in the light of the well-known tendency for antisymmetric
angle-ply laminates to twist under tensile loading. This effect was discussed in
Section 3.3 and illustrated in Fig. 3.1. This behaviour is described mathematically
using classical lamination theory by the fact that the terms B¢, B, Bs; and B, are
non-zero for an antisymmetric angle-ply laminate. If the laminate is subjected to
restraint against twisting while being loaded (instead of being subjected to a

purely tensile load) the modulus of the material will appear to be greater than that
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measured without the restraint. As the number of pairs of layers becomes large,
the tendency to twist (and the effect of the restraint) decreases to zero; it would
be found that a laminate with very many thin layers under pure tension would
give the same results as for a laminate with a few thick layers subjected to a
restraint against twisting. In the roller-assisted split disc method, the specimen
is held (by its own tension) into a twist-free cylindrical form; thus the laminate

is fully restrained against twist and behaves as a many-layered laminate.

Under flexural loading, an antisymmetric angle-ply laminate does not exhibit any
tendency to twist (8,5, 85, O and &, are all zero); it does exhibit a slight
tendency to deform in an in-plane shearing mode (once again, B¢, By, Bs; and e,
are non-zero). This degree of freedom is not restrained in the proving ring
experiment and so the results are not (in theory) identical to those which would
be obtained from a many-layered laminate; however calculations suggest that the
effect is negligible (e.g. 1.4% difference for a +30° laminate with typical
orthotropic properties and 8 layers) compared with the kind of scatter typically

observed in measurements on composite materials.

5.4.4 Apparatus
An Instron 1193 universal testing machine was used to provide the load; the load-
measuring arrangements were identical to those used for the pinched ring tests

except that a 25kN load cell (fitted with a universal joint linkage) was used.

A low-cost solution to the datalogging requirements was found by constructing
a simple IBM-PC-based datalogger including data collection hardware
manufactured by CIL and Amplicon. Some additional circuitry was manufactured
containing the bridge completion resistors and shunt calibration resistors, and a
large program (ALPHALOG) was written in Microsoft QuickBasic to provide
control and data handling (Fig. 5.13). This system fulfilled all the requirements
of the experiments and included facilities for programmable gauge supply voltages
and very simple and rapid calibration; no problems were encountered in its use

for the split disc and axial compression experiments. Throughout the
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experiments, the three-wire method'” was used to connect the gauges into
quarter-bridge circuits. The bridges were balanced with high-stability 120€2
resistors. An important feature of the system was that power was supplied to the
strain gauges only while a reading was being taken, minimising the heat generated
within the gauge. This precaution is particularly necessary with non-metallic
specimens including GRP because of their poor thermal conductivity, since large

spurious readings can be caused by thermal drift.

5.4.5 Procedure
In all cases, the rings were stored either in a desiccator or a warm oven for

several days prior to testing so as to avoid the presence of excessive moisture in

the material.

Strain was measured using electrical resistance strain gauges mounted on the outer
surface of the specimen. Gauges were applied both in the circumferential
direction and in the meridional direction so as to be able to estimate both E4 and
Vo Polyester-backed gauges manufactured by TML'*® were used. Gauges of
type FLA-30-11 (30mm gauge length) were used in the circumferential direction,
giving sufficient length to minimise the effects of localised inhomogeneities; the
transverse gauges were of type FLA-10-11 (10mm gauge length) to fit within the
width of the specimen. The thermal characteristics of the gauges were arbitrarily
chosen to match those of mild steel; it would not have been feasible to choose
gauges to match the thermal characteristics of the variety of laminates under
consideration. The effects of thermal drift were therefore minimised by
energising the gauges only when necessary for reading, and by carrying out the
tests in a temperature-controlled room. After considerable experimentation the
decision was taken to use Loctite Multibond 330 acrylic adhesive with Loctite
738 activator'*'. Care was taken when carrying out the experiments to orientate
the specimen so that the strain gauges were well away (typically 20mm) from the

split line to avoid any localised bending effects.
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The split disc apparatus was partially dismantled by removing the shackles and
unscrewing the cover plates from one side of the dees. The specimen was then
placed over the dees and a piece of card placed in the split line. The rollers were
placed one-by-one in the annular gap between the dees and the specimen, the card
forming a means of preventing the rollers from chasing around the annular gap.
When all the rollers had been inserted the cover plates were screwed back into

place and the rig assembled in its shackles.

The split disc apparatus was loaded by placing it in the Instron machine; universal
joints and ball joints were used above and below the apparatus to ensure that it
was loaded in pure tension without any transverse bending moments. Electrical

connections to the datalogger were made at this stage.

The specimens were loaded incrementally until a maximum strain of around
3000 pe was measured. Because filament-wound GRP exhibits considerable
viscoelasticity, especially when wound as an angle-ply laminate, a deliberate
policy was adopted of avershooting. the value of load for each reading. This
helped to bring the material nearer to its steady-state condition and reduce the
amount of viscoelastic relaxation of the load during the reading of the gauges.
The procedure adopted (which in retrospect was probably misguided) was that the
rings were loaded and unloaded at least once before the readings were taken.
This bedded the rings into position in the rig and also appeared to reduce the
amount of hysteresis in the readings; the explanation for this will be discussed in
Section 5.7.6.

5.4.6 Results

Typical graphs of strain vs. load are presented in Figs. D6 — D10 (Appendix D).
Linear regression on the results was performed, although the points in the graphs
corresponding to the taking-up of slack were ignored for the purposes of the
regression. Data processing programs written in FORTRAN are described in
Section C3 of Appendix C, and the results of the calculations are summarised in

Table 5.6. The transverse strains are used to estimate the Poisson’s ratio of the
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angle-ply laminates in Table 5.7. A graph of the normalised values of Young’s
modulus vs. ply angle is presented in Fig. 5.14, and a graph of Poisson’s ratio vs.

ply angle is presented in Fig. 5.15.
Axial compression tests

5.5:.1 Description of test

Because of the practical difficulties of manufacturing filament-wound tubes with
very shallow winding angles, an alternative method of loading was devised for
obtaining properties of the laminate for ply angles approaching +90°. This
involved subjecting filament-wound tubes to uniform axial compression to
measure values of compressive Young’s Moduli. Some overlap was provided
between the ply angles covered by the split disc and axial compression to enable
the estimated values of moduli to be compared. Specimens wound at nominal
angles of $60°, £75° and 90° (hoop) were manufactured, and gauges of type
FLA-30-11 were bonded to the specimen (using Loctite 330/738'*') in an axial

direction and (in the case of the hoop-wound specimens) a circumferential

direction.

To ensure that the axial load was applied as concentrically as practically possible,
machined end plates were manufactured which enabled the specimen to be loaded
between centres, i.e. between conical anvils, in the Instron machine. A sectional
view of the apparatus is shown in Fig. 5.16 and a photograph in Fig. 5.17. The
specimen length (110mm) was chosen so that any transverse restraint provided by
the plates would have negligible effect upon the strains observed in the central

region of the specimen. Winding details are summarised in Table 5.8.

5.5.2 Procedure and results

The specimens were incrementally loaded to 20kN using the procedure already
described for the split disc specimens; full load corresponded to strains of
typically 2000-3000 pe. Typical graphs of strain vs. load are presented in
Appendix D (figs. D.11 - D.13). The data was processed using FORTRAN
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programs described in Section C.4 of Appendix C, and the results are summarised
in Table 5.9. The calculation of Poisson’s ratio for the hoop wound specimens
is included in Table 5.7. Young’s modulus and Poisson’s ratio are plotted along

with the results of the split disc tests in Figs 5.14 and 5.15.

5.6 Discussion of results from direct loading tests (split disc and axial

compression)

The overall trends shown by these results are in good agreement with the results
obtained by Weatherby'® and by the author in Section 5.3. However, a number of
differences are may be observed. Firstly, it may be observed by comparing Figs. 5.10
and 5.14 that the Young’s moduli of the split disc (tension) specimens for ply angles
of +60° have even lower values than those calculated from the pinched ring tests; by
contrast, for the same ply angle the Young’s moduli from the compression tests are
considerably higher in value. An equally unexpected result is that the +75°
compression specimens show considerably lower values of Young’s moduli than the

hoop wound (90°) specimens (Fig. 5.14).

It was observed from the results from the hoop-wound specimens that a small amount
of shearing appeared to have occurred between the gauges and the specimens; this was
observed as slight negative "hysteresis" with the unloading curve recording smaller
strains than the loading curve. This is clearly visible on Figs D.10 (a and b) in
Appendix D. This effect was attributed to the use of stale adhesive but was

considered to have an insignificant effect upon the gradient of the straight line fitted

to the recorded points.

Some surprising results emerging from the split disc tests are those relating to the ply
angles of 0° (measurement of E,) and £15°. The Young’s Moduli (50-61 GNm™)
measured for the nominal ply angle of 0° are considerably higher than the value of E,
predicted from fibre and matrix properties via the Halpin-Tsai equations (46 GNm™).
Similarly the Young’s moduli measured for the £15° laminate (43-45 GNm™) are not

as far below than the predicted value of E, as might be expected from classical theory.
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Errors in assumed fibre properties have been discounted since E-glass has consistent
properties even between different manufacturers. Errors in matrix properties would
have little effect upon E,. Errors in the values of fibre fraction measured by the
burnoff test appear unlikely since very similar values were estimated by independent
means described in Appendix C (Section C.2.1). Experimental error remained a
possibility and verification of these results using a more conventional test of Eg

appeared desirable.

At this stage the results suggested either that the tensile transverse Young’s modulus
of filament-wound GRP was very much lower under practical situations than
conventional estimates (such as those obtained by Weatherby'® and those obtained by
direct loading in compression) would suggest, or that classical orthotropic theory
provided a poor prediction of the behaviour of laminates with ply angles approaching
90°. No more rigorous explanation was found until close to the end of the
investigation when the opportunity arose to perform a more conventional test of
material properties, namely the open-ended pressure test. The opportunity to perform
this test arose from discussions with Mr P.D.W. Soden at UMIST regarding the
unexpected results obtained from the pinched ring test. The pressure test also

provided an opportunity to verify some of the other unexpected results obtained.

5.7 Open-ended pressure test

5.7.1 Description and sources of error

The objective of this experiment is to produce within the walls of a thin tube-
shaped specimen a purely circumferential stress by means of hydraulic pressure.
The test is often referred to as the open-ended burst test but the term pressure test
is used in this context since specimen failure was not generally sought. The
hydraulic fluid is retained within the specimen by pistons in its ends; these pistons
are assumed to provide a frictionless seal (Fig. 5.18). Radial stress (numerically
equal to the pressure) and the effects of the finite value of wall thickness
contribute to small errors in the stresses and strains calculated using simple

theory;, some of these errors have already been discussed in Section 5.4.3.
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Average values of stress are easily calculated knowing specimen dimensions and
hydraulic pressure, and strains are measured using electrical resistance strain

gauges.

In practice the pistons are a sliding fit in the ends of the specimens and the seal
is provided by means of O-rings. Under conditions of zero hydraulic pressure the
forces required to overcome friction between piston and specimen are small (a
few tens of Newtons) but when the system is pressurised the friction forces are
likely to be higher as the O-ring is pressed against the inside surface of the
specimen with a contact pressure of the same order of magnitude as the hydraulic
pressure. However, if the pistons and rings are well-lubricated then the
coefficient of friction is likely to be low (less than 0.1). Since the area of contact
of the O-ring with the specimen is likely to be (at worst) only around 10% of the
piston area, it seems reasonable to assume that any end-load applied to the

specimen will only be in the order of 1% of the force opposed by the piston.

5.7.2 Manufacture of specimens

The specimens were manufactured, as in previous cases, using the 5-axis filament
winding machine and the same programs as previously for the ply angles down
to £30°. Although earlier attempts had clearly shown the manufacture of +15°
specimens to be impractical with the available equipment, a successful attempt
was made to manufacture +20° specimens although the winding quality was
noticeably more uneven than for the higher values of winding angle and
successive fibres needed to be more closely spaced to avoid gaps between fibres.
The winding details are summarised in Table 5.10. The end regions of the
specimens were heavily reinforced with circumferential fibres to prevent excessive
change in diameter of the tube with consequent piston leakage. Diameter change

under pressure was thus limited to around 0.03mm, a figure easily accommodated

by the O-ring seals.
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The same fibre and resin were used as for the earlier specimens but the process
parameters were changed slightly since the wound material was judged to be
excessively "dry" in appearance: the doctor blade setting was opened up from
0.2mm to 0.32mm, causing the composite to be slightly more resin-rich than that

produced on previous occasions.

Four strain gauges of type FLA-30-11 were bonded to each specimen (two
circumferential, two axial). Two strain gauges on each specimen (one in each
direction) were bonded using freshly-purchased Loctite 330/738''; the others were
bonded using a two-part epoxy strain gauge adhesive (TML EA2'?) necessitating
clamping the gauges onto the specimens (using G-clamps and wooden saddles
with closed-cell sponge as a clamping medium) during the curing of the adhesive.
The use of the two types of adhesive provided a verification that the suspected
shearing of the Loctite adhesive was of no practical significance for fresh
adhesive, while saving considerable time compared with using the EA2 adhesive

for all the gauges.

Because of the potentially hostile environment of hydraulic fluid, all gauges were
protected with a coating of TML N2 neoprene rubber'”. Fig. 5.19 shows a

typical set of strain gauges bonded to the specimen and protected with this
coating.

5.7.3 Apparatus

The experiment was carried within the laboratories of the Applied Mechanics
Division of the Department of Mechanical Engineering, UMIST, Manchester,
where a rig exists for open-ended pressure testing to be carried out. A
photograph of a typical specimen in the rig is shown in Fig. 5.20. The pistons
with O-rings were manufactured to a general design recommended by UMIST.
The rig provided axial restraint for the pistons. The hydraulic pressure was
supplied by means of a manually-operated pump and was measured with a
pressure transducer which was calibrated immediately before the experiment using

a dead-weight calibration rig. The experimental readings of pressure and strain
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were recorded automatically on a Schlumberger Orion 3530 datalogging system;

output was obtained in the form of hard copy.

5.7.4 Procedure

Because of the size of the specimens and the need to transport them to
Manchester it was not feasible to store them in a desiccator or an oven as had
been possible with the earlier specimens. Each specimen was assembled with
both pistons and filled with Shell Tellus hydraulic oil (grade 37). The assembly
was placed in the loading rig with the lower piston supported on a flat platen and
the upper piston centrally loaded by means of a steel ball placed in a countersunk
hole. The hydraulic supply and transducer were connected to the specimen and
the datalogger leads soldered onto the gauge terminal pads. The datalogger was
supplied with the calibration constant of the pressure transducer and the gauge
factor of the gauges (2.12 in all cases) and was programmed to record readings
of strain and pressure whenever the pressure changed by a certain increment
(typically 5 or 10 psi depending upon the specimen). The pressure was applied
slowly by manual pumping until the desired level of strain (typically 2000 p€) and
was then released by means of a bleed valve. All but one of the specimens were
subjected to at least two tests; the test on one specimen ended in failure of the

gauges on the specimen due to errors in operating the rig.

The thicknesses of the specimens were measured using a dial caliper. This has
one approximately spherical anvil and one roller anvil, making the measurement
of peak thickness very simple; a second spherical anvil was improvised so that
trough thicknesses could also be measured. The resin-rich nature of the
specimens meant that none (except to some extent the £20° specimens) had any
sharp fluctuations in thickness, enabling a two-ball measurement system to be
justified for estimating the trough thicknesses. Errors inherent in the dial caliper
were estimated at 30.02mm, an insignificant figure compared with the variation
in material thickness of typically 0.15 mm. Bumoff tests''* were carried out upon

the specimens to determine the fibre content of the composite.
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5.7.5 Results

The observations of pressure and strain were entered manually into a spreadsheet
on a personal computer from the datalogger printout and the pressures were
converted from Imperial units (psi) to bar. The results were then transferred to
the ICL. VME mainframe computer where they were processed using FORTRAN
programs described in Appendix C (Section C.5). The strain-pressure relationship
was calculated using two alternative rules: the first was a linear regression of the
points corresponding to increasing load in the first test on each specimen
(concentrating on the approximately linear region of the strain-pressure curve if
significant non-linearities occurred); the second was a linear regression on the

results for the whole of a subsequent loading cycle.

The results of the calculations of Young's modulus are presented in Tables 5.11
and 5.12 and included in Figs. 5.14 and 5.21; the calculations of Poisson’s ratio
are presented in Table 5.13 and included in Fig. 5.15. These results should be

interpreted in the light of the following discussion.

5.7.6 Discussion of open-ended pressure test results

The results from the open-ended pressure tests are in good general agreement with
other comparable results including those from reference 106 and Sections 5.3, 5.4
and 5.5. Where the results of the open-ended pressure tests (for the repeated
loading cycle) overlap with the split disc results, it is found that agreement is
generally close at least for the ply angles up to +45° (Fig. 5.14). The values from
the pressure test are a few percent greater and this is largely explained by the fact
that the circumferential strain at the outer surfaces of the tubes is 5% lower than
at the inner surface and hence 2.5% lower than the average circumferential strain.
Calculations based upon strains accurately measured at the outside will therefore
overestimate Eg by 2.5%. Surprise was expressed in Section 5.5 at the high
values of circumferential Young’s modulus measured using the split-disc method,
especially those relating to ply angles of 0° and £15°. While the results from the
pressure tests do not offer an explanation of these results they do suggest that

experimental error was not the cause. The reason for the discrepancies in the
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earlier estimates of Young’s moduli for laminates with high values of ply angle
(>45°) became apparent to the author during the processing of the results of the
open-ended pressure tests. It was noticed that although the results obtained for
the specimens wound at £60° and £75° (ply angles of +30° and +15° respectively)
were repeatable within a few percent between successive tests, very significant
changes were found between the results of successive tests on the remaining
specimens (especially those with winding angles of £30° and +20°). Examination
of the strain-pressure graphs for these specimens revealed that even fairly
moderate values of strain such as 2000 pe (which are insufficient to cause
departures from linearity for laminates with smaller values of ply angle) cause not
only nonlinearity but a permanent change in elastic properties of laminates with
large ply angles. This change in properties is observed on the strain-pressure
graphs as a large hysteresis loop. Within these, the points corresponding to
loading lie close to a line with significantly different gradient from those
corresponding to unloading. Repeated cycling of the load will result in an
asymptotic set of elastic properties being approached but these will correspond to
a much more compliant material than existed before loading took place. Thus the
properties measured by the pinched ring and split disc tests were probably
realistic estimates of the properties of a material following repeated flexural and
tensile loading but were quite inaccurate estimates of the properties of the
material under its first monotonically-increasing loading cycle. The non-linearity
of the material behaviour under such an increasing load is vividly illustrated (as
a conventional plot of stress vs. strain) in Fig. 5.22. Strain levels in the pinched
rings reach peaks of around +4000 pe at the loads and +900 pe at each side, so
material damage will occur locally in the regions of the loads leading to some
degree of hinging. It is suggested that inherent weaknesses in the material
(discussed in Section 5.3.4) may be partly responsible for the ease with which
material damage occurs. The mechanism of this damage has not been
investigated but it is likely to consist of matrix micro-cracking or degradation of
the fibre/matrix bond. It may be concluded that the cycling of the load in the
proving ring, split disc and axial compression tests prior to the measurement of
the material properties was misguided even though it did result in improved

linearity and reduced hysteresis in the results.
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The next section discusses an attempt to use the properties of the angle-ply
laminates to obtain estimates of the properties of the unidirectional composite
material. It is noteworthy that unidirectional properties fitted to the results
obtained from the first test on each of the open-ended pressure specimens are the
only ones which have realistic values as well as yielding predicted values of

laminate properties which are a close fit to the experimental values.
Fitting of theoretical equations to experimental data

5.8.1 Theory

It has been shown in Section 5.3 that if a laminated proving ring has many layers
and is therefore assumed to have homogeneous specially orthotropic properties,
the circumferential Young’s modulus E, may be calculated from the stiffness and
dimensions of the ring. Eg may also be calculated from the off-axis compliance
matrix of the unidirectional compos§tc. Equations (3.4)(a) and (b) are normally
used to calculate the off-axis properties of a composite from an assumed (or
previously-estimated) set of on-axis material properties, but on this occasion an
attempt has been made to calculate these properties from the behaviour of the
angle-ply laminated rings. It was considered that inadequacies in the assumptions
underlying equations (3.4), and in particular the use of unidirectional test data as
the basis of laminate calculations, might be a significant source of error when
these equations are invoked during a finite element analysis. To overcome this
problem it was decided to obtain the values of the material properties which are
known to give the correct values of in-plane Young’s modulus for the laminate,

even if the values obtained do not precisely agree with those measured in uniaxial

tests.

To achieve this, it was noted that the circumferential Young’s modulus of the
filament-wound rings may be expressed as a non-linear function &of the four on-

axis compliances and the ply angle to the circumferential direction ¢:
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Thus for every individual ring i, a function f; may be defined which (if the value

of E, agrees precisely with the theoretical value) will be equal to zero:
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Where E, is measured experimentally, it will not be precisely equal to the
function & (because of experimental error and inadequacies in the theory) and

hence the function f, known as the residual, will take a small but finite value.

Experimental data may be made available which will give the measured values
of E, for a large number of rings having a variety of winding angles. There may
therefore be stated a large number of simultaneous nonlinear equations in four
unknowns (the compliances S;), and the algorithm for finding the optimal solution
is to choose the combination of S; such that the sum of squares of the residuals

is minimised:

Minimise F(S,;,S,;, 5,0, S6) = X [£:(S,1» S13 Sy Se6)1* where m 2 n (5.17)
i=]
This is achieved using the subroutine EO4GEF in the NAG FORTRAN
library'®; this is an implementation of a modified Gauss-Newton algorithm for

finding an unconstrained minimum of a sum of squares of m nonlinear functions

in n variables where m=n.

In the example under consideration, it was found that the system of simultaneous
equations was ill-conditioned with respect to the variable §,,, i.e. small errors or
discrepancies in the supplied data will lead to drastic variations in the "optimised"
value of §,, This problem was overcome by making use of the fact that

S1,=-V,,3,, and choosing a value for v,, from existing data (such as tensile tests).
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It was found the actual value of v,, chosen made no significant difference to the

optimised values of the three remaining independent variables.

Although the method described was derived independently by the author, a recent
paper by Al-Salehi et al'*® describes methods for fitting linear and non-linear
material models to the behaviour of laminates. This paper includes a review of
the (very limited) literature relevant to their technique but there is no duplication
of the method described above.

5.8.2 Results
The normalised values of Young’s modulus obtained from the pinched ring, split
disc/axial compression and open-ended pressure test were all used (separately) as
the input data for fitting of unidirectional properties. The results of the fitting are
tabulated in Table 5.1 for comparison with the “nominal” properties assumed for
the sensitivity analysis. The fitted properties were used in turn to predict the
.theoretical relationships between ply angle and laminate Young’s modulus for
each set of data (using equation (5.9)(a)) and these curves are superimposed on
Figs. 5.10, 5.14 and 5.21. Similarly, a theoretical relationship for Poisson’s ratio
is superimposed upon Fig. 5.15. The results relating to a number of pinched ring
specimens were omitted from the input data to the fitting procedure. In some
cases this was because the results were found to lie well away from the overall
trend and caused problems in the convergence of the fitting procedure. In other

cases the rings were inaccurately manufactured and hence unrepresentative.

5.8.3 Discussion of results obtained from fitting procedure

The fitting procedure appears to perform its task effectively and to produce useful
results. The only major problem encountered was the ill-conditioning with
respect to S,, and this was overcome by applying a constraint to this value. With
this problem solved, it was found that a curve could be fitted to most sets of data
without difficulty. Some editing of outlying data was sometimes necessary to

achieve satisfactory convergence to realistic results.
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Some differences are observed between the properties fitted to the different sets
of data. It will be observed that the values of longitudinal Young’s modulus E,
calculated during the optimisation vary with a range of about 20%. The flexural
(pinched ring) tests yield results for E, which are lower than those from the tests
based upon tensile stress (the split disc and pressure tests). This would appear
to be because the compressive longitudinal Young’s modulus of the composite in
question is known to be considerably less than the tensile modulus'®. The
apparent value of E, measured in flexure will lie approximately midway between
these values. The values of E, fitted to the split disc and pressure test data agree
closely with each other but are rather higher than expected. The problem of high
measured values of E, has already been discussed in Sections 5.6 and 5.7.6 and

no further explanation is apparent.

It may be observed from Fig. 5.21 that the theoretical curve fitted to the points
from the open-ended pressure specimens subjected to monotonically-increasing
pressure fits passes through all the relevant clusters of points. This contrasts with
the curves fitted to the other sets of data (Figs. 5.10 and 5.14) where the best-fit
curves do not folloW so closely the data to which they have been fitted. Despite
the high value of E, obtained from the pressure tests, this suggests that if the
material is tested in a manner which allows its behaviour to remain linear,

satisfactory prediction of laminate behaviour can be obtained from the orthotropic

material model.

The theoretical curve of Poisson’s ratio fitted to the split disc and axial
compression test data may be seen to agree closely with all the available
measured values except in two cases (Fig. 5.15). Of particular interest is that the
data for v,, directly measured from the axial compression tests lies well away
from the curve; this is because the measured values of v,, and v,, (averages
0.1952 and 0.1105) are in quite a different ratio from the measured values of E,
and E, (averages 54849 MNm™ and 15136 MNm™ respectively). By contrast, the
orthotropic material model defined in equation (3.1) assumes these ratios to be

equal. These specimens appeared to behave in a much more linear manner than
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most of the angle-ply specimens and would be expected to exhibit good
agreement with theory. Disagreement between the theoretical curve and the
measured data is also observed for a ply angle of +30°. No explanation can be
found for these discrepancies except that the orthotropic material model is

unreliable for the material under test.

The values of transverse Young’s modulus E, fitted to the different sets of data
varied from around 2582.9 MNm™ (pinched ring) to around 15398 MNm™? (open-
ended pressure test). The reason for this is that the pinched ring tests included
repeated loading causing some degree of material damage whereas the values
fitted to the open-ended pressure test results are based upon the initial loading

cycle before any change in material properties has occurred.

5.9 Conclusions

Two loadcases have been developed as tests of material properties by means of
enhancements to the experimental and analytical techniques involved. Analysis has
shown that (for a well-behaved material) the errors inherent in the methods are limited
to a few percent. Experimental results obtained, however, show a considerable degree
of scatter and non-linearity. There is some disagreement between the results obtained
using the different methods and some clear inconsistencies with the orthotropic
material model. It may be concluded that filament-wound glass-reinforced polyester
resin obeys the overall trends predicted by classical theory. However there is
sufficient disagreement within the results to suggest that for future projects involving
theoretical modelling a more well-behaved (linear elastic) material should be chosen
for the experimental aspects of the work. It is suggested that epoxy resins (for
example) should be examined to find a matrix material which satisfies both the need

for linear elastic behaviour and for ease of use in filament winding.

Of particular interest to the industrialist is the need for adequate and consistent
product quality. The ease with which material damage occurs, and the appearance of

the specimens, suggests that specimen quality was barely acceptable despite
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considerable effort to avoid problems. Work currently being planned to improve the
relevant areas of manufacturing quality is therefore likely to be of considerable

benefit.



Table 5.1: Unidirectional orthotropic properties: nominal values, values calculated using Halpin-Tsai equations and values

fitted to experimental data

2 =0.2

and values used Halpin-Tsai equations for
units for sensitivity 78% fibre by mass
analyses ] .

E,using§ = | E,using§

—
Nominal Theoretical values from

Estimated from

Weatherby'®

(for 73-75%

fibre by mass)

Unidirectional properties fitted to results for
angle-ply laminates (normalised to 78% fibre by mass)

——

Pinched ring
tests

Split disc &
axial compression
tests

Open-ended
pressure tests

E, (MNm™) 46891.1 46891.1 28500-49000 44592.8 54105.5 55265.2
E, (MNm™) 10000 15945.2 9512.8 8000-12000 25829 11219.9 15398.6

H G, (MNm™) 5000% 4679.3 4679.3 5000 51378 2740.3 4135.7
Via 03 0.28011== _2:38011 0.32 _ 0.3 (assumed) 0.1952% 0.1952%

T The value of 0.1952 was obtained from the directly-measured values of strain for the hoop-wound split disc specimens, the raw values
being normalised to 78% and averaged. It was then assumed during the fitting of the unidirectional properties to the laminate data.

1 This value was also used for Gy, for the error analysis in Fig. 5.2 and Table 5.2.
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Table 5.2: Comparison of terms in equation (5.6) for orthotropic pinched ring

Ply angle
(tdegrees)

Effect on transverse diametral deflection 8, (mm) for load W=IN Total

WR?3

FR

=

(homogeneous)

FR from
Eq.(5.10) (CLT)

1-—
T

2AE,

(effect
of axial
compression)

WR ( 8

J

2WI,,

nA2E,R
(effect of

curvature on
flexural

rigidity)

1.2WR
2G, A

(shear
deformation)

deflection
of homo-

geneous ring
0, (mm)

0.00932 0.00932 0.174 x 10 0.009392

H 10 0.009881 0.00982 -0.00001 0.186 x 10°® 0.000082 0.009891
I 20 0.011759 0.011594 -0.00001 0.235 x 10°® 0.000082 0.011662
30 0.01578 0.015541 -0.00002 0.346 x 10°® 0.000082 0.015604

40 0.023138 0.022894 -0.00003 0.523 x 108 0.000082 0.022947

50 0.032968 0.032811 -0.00004 0.697 x 10°® 0.000082 0.032853

L' 60 0.041104 0.041046 -0.00005 0.803 x 10°® 0.000082 0.04108
70 0.045281 0.045268 -0.00005 0.848 x 10°® 0.000082 0.045299

80 0.046715 0.046713 -0.00005 0.861 x 10°® 0.000082 0.046743

90 0.047003 0.047003 -0.00005 0.864 x 10°® 0.000082 0.047032
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Table 5.3: Details of winding patterns and mandrels for pinched ring/roller-assisted split disc specimens

[ mm
Nominal | Progr'n

Nominal winding Mandrel type Part program Winding | Bandwidth | Band Total Cycles
angle (and specimen All cases: name diameter factor angle (mm) pattern | number per
numbers) 2112mm without film of mesh (degrees) No. of cover
(2deg) @112.1mm with film {(mm) ] cycles (nom’l)
(before applying
I progression factor) |
30 Dome-ended DCYL112M.PRG 114.8 09918 +30.14 45 2 282 70 W
45 Dome-ended DCYL112F.PRG 114.8 1.0188 +45.135 45 1 228 57
specnsd4 & 5 Split SPLTCYLS.PRG 114.5 1.0292 +59.57 45 1 160 40
60
f spec’n 7 Dome-ended DCYL112Q.PRG 114.8 0.9768 +60.66 45 1 160 40
I[ 75 Split SPLTCYL7.PRG 114.5 1.0268 175.19 45 1 80 20
" 90 Split SPLITCYL.HOP n/a 90 nom’l 50
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Table 5.4: Fibre and matrix properties assumed for Halpin-Tsai calculations (including normalisation)

Component of composite material Fibre

ﬂ Matrix

Name of component material E-glass |

Scott Bader Crystic 272 polyester resin

Material properties Value Source of value Value Source of value
ﬁ Young's modulus (MNm™) 73000 | Silenka data sheet 3500 Scott Bader data sheet
Poisson’s ratio 022 Vetrotex data sheet 0.38 Average for polyester resin from
Banks'*
12 Scott Bader data sheet

Il Specific gravity (no units) = density (g cm™) 2.56 Fibreglass Ltd data sheet

—
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Table 5.5: Observations and results from tests on pinched rings

e
% Fibre

—
Young’s modulus (MNm-2) normalised to

Nominal | Specimen Ring Width Avenge Mid-surf. | True Ply angle Defl. per Raw
winding number number (mm) thickness dia. winding to circumf'1 (by mass) | unit load Young's 78% fibre (by mass) with 95% conf. limits
angle (mm) (mm) angle direction (mm/N) modulus Best fit Lower limit | Upper limit
(2deg) (4deg) (2deg) (MNm™)
e = —
Hoop 5 1 315 248 11458 89.204 0.796 77.46 0.01448 438704 443533 44170.3 44537.8
5 3 31.45 2.442 114.542 89.204 0.796 77.46 0.01496 44500.7 44990.5 44810.8 45141.4
| 5 4 31.15 2.426 114.526 89.204 0.796 77.46 0.01507 454724 459729 45820.9 46125.9
5 5 31.36 2.453 114.553 89.204 0.796 71.46 0.01492 44162.9 44649 44499.9 44829.3
6 2 30.8 2.521 114.621 89.204 0.796 76.58 0.01433 43216 44479.4 44324.7 44666.4
6 7 29.75 2.528 114.628 89.205 0.795 76.58 0.01473 431845 44447 43998.8 44935
7 1 31.15 2.421 114.521 89.204 0.796 7791 0.01482 46520.1 46605 46448.3 46762.8
7 2 31.3 2.427 114527 89.204 0.796 7191 0.01468 463992 46483.9 46326.1 46642.7
7 3 31.1 2.422 114.522 89.204 0.796 7791 0.0151 45676 45759.4 45578.2 45972.5
7 4 31.3 2.44 114.54 89.204 0.796 7791 0.01505 445549 44636.2 44458.9 44785
h 7 5 31.07 2.406 114.506 89.204 0.796 T1.91 0.01558 45181.8 45264.3 45061.8 45497.9
7 6 30.35 2.378 114.478 89.203 0.797 71.91 0.0155 48124.2 48212 47995.2 48430.7
7 7 30.55 2.432 114.532 89.204 0.796 71.91 0.01518 45703 457864 45576.2 45998.5
13 1 30.235 2.524 114.624 89.205 0.795 76.08 0.0148 42482.6 441714 43845.6 444719
13 2 30.335 2.549 114.649 89.205 0.795 76.08 0.01458 41757 43417 43209.6 43596.4
13 5 29.97 2.497 114.597 89.204 0.796 76.08 0.01542 424548 441425 43355.3 44959
13 6 30.44 2.564 114.664 89.205 0.795 76.08 0.01473 40486.3 42095.8 41925 42239.2
13 7 29.55 2.551 114.651 89.205 0.795 76.08 0.01536 40603.7 422179 41999.1 424389
13 8 30.275 2.54 114.64 89.205 0.795 76.08 0.01541 39999.1 41589.2 41401.1 41806.3
14 1 28.65 2.476 114.576 89.204 0.796 7691 0.01625 432129 44179 439357 44397.6
14 2 2.75 2.452 114.552 89.204 0.796 76.91 0.01565 44450.2 45444 45299.2 45618.9
14 4 30.3 2.487 114587 89.204 0.796 76.91 0.01533 42735.5 43690.9 434924 43920.1
14 7 30.3 2.517 114.617 89.204 0.796 76.91 0.01523 415306 42459.1 42182.1 42711.5
14 8 30.27 2.495 114.595 89.204 0.796 76.91 0.01484 43776.6 44755.3 44575.1 44961.3
75 1 2 30.94 2.741 114.841 75.601 14.399 T1.65 0.01183 40054.2 40354.7 40185 40560.5
1 3 31.28 2.732 114.832 75.6 14.4 T1.65 0.01259 37576.3 37858.3 37324.7 38407.3
1 4 31.02 213 114.813 75.598 14.402 77.65 0.01229 39622 39919.3 39597.1 40246.7
i 5 31.23 2.751 114.851 75.602 14.398 77.65 0.01202 38634.1 38924 38698.6 39152
2 1 30.24 2.781 114.881 75.606 14.394 79.04 0.01228 37868.5 37035.2 36825.2 37278
2 2 30.2 2.686 114.786 75.595 14.405 79.04 0.01269 40607.5 39713.8 39526.9 39902.5
2 3 30.42 2.681 114.781 75.594 14.406 79.04 0.0126 40815.9 39917.6 39665.8 40204.7
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Table 5.5 (cont)

True Ply angle % Fibre Defl. per | Raw Young’s modulus (MNm™) nomalised to
winding to circumf’l | (by mass) | unit load Young's 78% fibre (by mass) with 95% conf. limits
angle direction mm/N) | modulus g o Lower limit I Upper Limit
(2deg) (2deg) (MNm™)
2 4 114.785 75.595 14.405 79.04 0.01249 41372.8 404623 40300.9 40657.6
2 5 114.739 75.589 14.411 79.04 0.01286 42031.5 411064 40915.5 41299.1
60 4 2 30.98 2.876 114.976 60.387 29.613 78.717 0.01232 31476.9 30826.9 30383 31309.7
4 3 30.92 2.691 114.791 60.348 29.652 78.77 0.01757 26758.6 26205.6 25593.8 26831.8
4 4 29.18 2.687 114.787 60.347 29.653 78.77 0.01922 26215.4 25673.6 25214.5 26149.9
4 5 29.17 2.723 114.823 60.354 29.646 78.77 0.01918 252976 247749 24268.8 25289.1
5 2 31.14 2.852 114.952 60.382 29.618 7195 0.01458 27086.2 27122.6 26737.5 27499.8
5 3 31.1 2.692 114.792 60.348 29.652 77.95 0.01806 25836.7 258715 25310.8 26457.5
5 4 31.01 2.713 114.813 60.352 29.648 77.95 0.01767 25908.9 25943.8 25341.5 26575.4
5 b 31.18 2.756 114.856 60.362 29.638 71.95 0.01569 21728 27760.1 27188.2 28374.9
7 3 30.34 2.779 114.879 60.099 29.901 76.45 0.01837 23819.1 248233 24542.7 25124.1
7 4 30.18 2.724 114.824 60.087 29.913 76.45 0.01849 25207.4 262703 25906.1 26645.1
7 5 30.27 2.753 114.853 60.094 29.906 76.45 0.01893 23806.5 24810.2 24499.6 25128.8
7 6 30.29 2.761 114.861 60.095 29.905 76.45 0.01936 23068.1 24040.7 23661.7 24419
7 7 30.35 2.767 114.867 60.097 29.903 76.45 0.01931 22933.5 239004 23415.3 24405.9
7 8 30.33 2.761 114.861 60.095 29.905 76.45 0.01963 22717 23674.8 23341.8 24017.3
7 9 30.37 2.771 114.871 60.097 29.903 76.45 0.01907 23109.1 24083.4 23600.7 24599.3
7 10 30.15 2.79 114.89 60.101 29.899 76.45 0.01964 22184.8 23120 22681.2 23564
45 2 2 30.42 2.883 114.983 45.714 44.286 76.08 0.02418 16283.6 17340.9 17010.2 17684.6
2 3 30.175 2.82 114.92 45.699 44.301 76.08 0.02601 16270.1 17326.6 16828.5 17855.3
2 4 30.4 2.791 114.891 45.691 44.309 76.08 0.03033 14238.8 15163.5 14717.1 15637.8
2 5 30.3 2.806 114.906 45.695 44.305 76.08 0.02906 14695.7 15650 15185 16138.7
2 6 30.33 2.842 114.942 45.704 44.296 76.08 0.02873 143215 15251.5 148434 15682.8
2 7 30.23 2.812 114.912 45.696 44.304 76.08 0.03027 14062.4 14975.6 14524 5 15450.2
2 8 30.425 2.851 114.951 45.706 44.294 76.08 0.02774 14645.7 15596.7 15202 16006.4
2 9 30.26 2.847 114.947 45.705 44.295 76.08 0.02828 14517.5 15460.2 15019.4 15921.8
3 2 30.32 2.894 114.994 45.717 44.283 75.61 0.02572 15204.7 16433.5 15943.8 16954.2
3 4 30.385 2.759 114.859 45.683 44.317 75.61 0.02973 15016.3 16230.2 15656.2 16853.8
3 5 30.36 2.763 114.863 45.684 44.316 75.61 0.02992 14874.7 16077.2 15562.1 16627.3
3 7 30.31 2.774 114.874 45.687 44.313 75.61 0.02932 150393 16255 15776.1 16763.9
3 8 30.32 2.766 ] 114.866 45.685 44.315 75.61 0.02833 15686.2 16954.3 16460.4 174723
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Table 5.5 (cont)

[ Specimen | Ring Width Average Mid-surf. | True Plyangle | % Fibre | Defl. per | Raw Young's modulus (MNm™2) normalised to
number number (mm) thickness dia. winding to circumf’l | (by mass) | unit load Young"s 78% fibre (by mass) with 95% conf. limits
(mm) (mm) angle direction (mm/N) | modulus "R gy Lower Limit | Upper Limit
(deg) (&deg) MNm™)
— P —————— —
3 9 30.23 2.807 114.907 45.695 44,305 75.61 0.02883 14839.2 16038.7 15558.4 16555.5
3 10 30.325 2.885 114.985 45.715 44.285 75.61 0.02655 14856.6 16057.3 15616.2 16517.7
3 11 30.29 2.946 115.046 45.73 44.27 75.61 0.02227 16718.4 18069.3 17900.5 18249.6
30 1 2 3034 2.784 114.884 29.954 60.046 7131 0.1242 3714.5 3805.3 3444.2 4250.9
1 3 3022 2.764 114.864 29.949 60.051 71.31 0.11923 3967.8 4064.7 3596.6 4672.9
t 5 30.325 2.802 114.902 29.958 60.042 71.31 0.13137 3449 3533.3 31324 4051.7
1 6 30.38 2.796 114.89 29.956 60.044 7131 0.10239 4443.9 45525 4065.3 5172.3
1 7 30.34 2.79 114.89 29.955 60.045 7131 0.10113 4513.7 4644.5 4183.6 5219.4
1 8 30.29 2.7717 114.877 29.952 60.048 71.31 0.09879 4712.5 4827.6 4434.4 5297.3
1 10 30.235 2.792 114.892 29.955 60.045 .31 0.09039 5081.1 5205.2 4815.8 5663.9
1 11 30.33 2.769 114.869 29.95 60.05 7131 0.08035 5833.9 5976.4 5585.1 6426
1 12 28.4 2.79 114.89 29.955 60.045 7131 0.06004 8202.7 8403.1 7956.5 8904.4
2 1 28.51 2.752 114.852 29.947 60.053 77.26 0.06057 8424.4 8645.1 8241.1 9090.9
2 2 30.33 2.747 114.847 29.946 60.054 T71.26 0.06618 72479 7437.8 7069.2 7848
2 3 30.27 2.746 114.846 29.945 60,055 71.26 0.07137 6742.4 6919 6500.1 7394.6
2 5 30.29 2757 114.857 29.948 60.052 71.26 0.07517 6323.6 6489.3 6089.9 6944.8
2 6 30.345 2.747 114.847 29.946 60.054 71.26 0.06878 6970.1 7152.7 61272 7634.4
2 7 30.4 2.774 114.874 29.951 60.049 71.26 0.06864 6176.7 6954.2 6601.3 7348.2
2 3 3033 2.776 114.876 29.952 60.048 77.26 0.07186 6475.9 6645.6 6289.4 7045.6
2 10 30.19 2.755 114.855 29.947 60.053 71.26 0.08008 5969.8 6126.2 5715.1 6601
IL 2 11 30.32 2.768 114.868 29.95 60.05 T1.26 0.07234 6489 6659 6287 7078.8
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Table 5.6: Observations and results from tests on rings subjected to roller-assisted split disc test

-;; Fibre

Raw

Ring Width Avenage Mid-surf. True Ply angle to Strain per Young’s modulus (MNm™2) nomalised to
number (mm) thickness dia. (mm) winding circumf’1 (by mass) | unit Joad Young's 78% fibre (by mass) with 95% conf. limits
(mm) angle | direction (ekN) | modulus  [TRERT T Tower imit | Upper limit
(2deg) (tdeg) ] (MNm™?)
5 29.97 2.497 114.597 89.204 0.796 76.08 120.291 55543.1 577511 56750 58788.2
132.022 50607.9 52619.8 51609.8 53669.9
13 6 30.44 2.564 114.664 89.205 0.795 76.08 121.404 52768.6 54866.4 54055 55702.4
132.399 48386.1 50309.6 49875.2 50751.8
13 7 29.55 2.551 114.651 89.205 0.795 76.08 127.313 52098.9 54170 53697.8 54650.6
138.103 48028.5 49937.8 49328.9 50562
14 4 30.3 2.487 114.587 89.204 0.796 76.91 121.177 54755.9 55980.1 55436.6 56534.3
123.377 53779.4 54981.7 53988.4 56015
14 7 30.3 2517 114.617 89.204 0.796 7691 118.648 55256.6 564919 55421.5 57604.5
109.189 60043.3 61385.7 60533.1 62262.6
I 75 1 3 31.28 2.732 114.832 756 144 71.65 136.682 42806.7 431279 43014.5 43241.9
131.478 44501 448349 44716.2 44954.3
1 4 31.02 213 114.813 75.598 14.402 77.65 133.563 44482.7 44816.5 44723.6 44909.8
131.986 45014.3 45352.1 45171.3 45534.3
2 3 30.42 2.681 114.781 75.594 14.406 79.04 134.376 45624 44619.9 44513.6 44726.7
140.307 43695.4 42733.7 42670.3 42791.3
60 4 4 29.18 2.687 114.787 60.347 29.653 78.77 230.081 27716.4 27143.6 26063 28317.7
231.088 27595.6 27025.3 25875.8 28281.8
5 3 31.1 2.692 114.792 60.348 29.652 7195 214.94 27785.4 27822.8 26937.4 28768.4
213.779 27936.4 27974 27019.6 28998.3
7 6 30.29 2.761 114.861 60.095 29.905 76.45 253.282 23604.7 24599.9 23666.1 25610.5
284.087 21045.2 21932.5 20690 23333.7
45 2 6 30.33 2.842 114942 45.704 44.296 76.08 725.108 7999.6 8519.1 7353.5 10123.9
699.636 8290.9 8829.3 7650.5 10437.4
3 5 30.36 2.763 114.863 45.684 44316 75.61 611.75 9743.5 10531.2 9480.6 11843.5
632.945 9417.2 10178.5 9187.7 11408.7
3 7 30.31 2774 114.874 45.687 44313 75.61 632.424 9403.1 10163.2 9040.9 11603.7
i 524,541 11337 12253.5 11097.3 13678.5
“ 30 1 6 30.38 2.796 114.896 29.956 60.044 7131 2157.649 2728.1 2794.8 2524.5 3129.8
2264361 | 2599.6 2663.1 2402.7 2986.7
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Table 5.6 (cont.)

—
Ring Width Avenage Mid-surf. True Ply angle to | % Fibre Strain per | Raw Young's modulus (MNm?) nommalised to
number (mm) thickness dia. (mm) winding circumfl (by mass) | unit load Young's 78% fibre (by mass) with 95% conf. limits
(mm) angle direction (ekN) | modulus  [TR IRy Lower limit | Upper limit
(1deg) (deg) (MNm%)
. -
7 3034 2.79 114.89 29.955 60.045 731 1926.664 3065.8 3140.7 2811.7 3556.9
2233.839 2644.2 2708.8 2430.1 3059.9
3 30.27 2.746 114.846 29.945 60.055 T1.26 1149.619 5232.4 5369.5 5021.9 5768.9
1516.8 3965.8 4069.7 3790.2 4393.8
6 30.345 2.747 114.847 29.946 60.054 77.26 923.157 6497.5 6667.7 6194 7220
2697.598 223.6 2281.9 2014.6 2630.7
— — —

16
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Table 5.7: Calculation of Poisson’s ratio for rings subjected to roller-assisted
split disc test and tubes subjected to axial compression

Specimen Ply Longitudinal strain €, Transverse strain €, Poisson’s
description angle per unit load per unit load ratio v,, of
and section to load (ue kN™) (ue kN7 laminated

(£ deg.) composite
Measured | Average | Mcasured | Average | Raw | Norm'd
130° no. 1 2157.649 -566.833
ring 6 60.044 2264.361 | 2211.01 | .1150.548 | -858.69 | 0.388 0.387
30° no. 1 1926.664 -721.534
ring 7 60.045 2233.839 | 2080.25 | -1105.069 | -913.30 | 0439 | 0437
430° no. 2 1149.619 -607.616
ring 3 60.055 1516.800 | 1333.21 -489.442 -548.53 | 0411 0.409
1 %30°no.2 923.167 -472.050
ring 6 60.054 2697.598 | 181038 | .703.587 -587.82 | 0325 | 0.324
$45° no. 2 725.108 -486.123
ring 6 44.296 699.636 71237 -533.223 -509.67 | 0.716 | 0.704
+45° no. 3 611.750 -389.312
ring 5 44316 632.945 622.35 -370.512 -37991 | 0610 | 0.597
$45° no. 3 632.424 -474.181
ring7 .| 44313 524.541 578.48 -289.991 -382.09 | 0.661 | 0.647
+60° no. 4 230.081 -137.724
ring 4 29.653 231.088 230.58 -136.617 -137.17 | 0.595 0.602
+60° no. 5 ' 214.940 -106.093
ring 3 29.652 213.779 214.36 -128.613 -117.35 | 0.547 | 0.548
+60° no. 7 253.282 -176.452
ring 6 29.905 284.087 268.68 -182.416 -179.43 | 0.668 | 0.655
175° no. 1 136.682 -45.600
“ ring 3 14.400 131.478 134.08 44207 4490 | 0335 0.334
175° no. 1 133.563 -41.779
ring 4 14.402 131.986 132.77 -44.336 4306 | 0324 | 0.323
+75° no. 2 134.376 -44.297
ring 3 14.406 140.307 137.34 45877 4509 ] 0328 | 0.333
il Hoop spec. 120.291 -26.191
no.13 ring 5 0.796 132.022 126.16 220.195 -23.19 0.184 0.181
Hoop spec. 121.404 -27.808
no.13 ring 6 0.795 132.340 126.87 -26.905 -27.36 | 0216 0.213
Hoop spec. 127.313 -26.603
no.13 ring 7 0.795 138.103 13271 -21.987 -24.30 0.183 0.180
Hoop spec. 121.177 -22.465
|| no.14 ring 4 0.796 123.377 122.28 -24.579 -23.52 | 0.192 0.190
|| Hoop spec. 118.648 -28.513
no. 14 ring 7 0.796 109.189 113.92 -20.244 -24.38 0.214 0.212
Hoop tube -73.831 9.210
no. 1 sect. 2 89.204 275708 -74.77 9.321 9.27 0.124 0.124
Hoop tube -81.595 8.365
no. 2 sect. 1 89.203 -75.117 -78.36 6.965 1.67 0.098 0.097
=ﬂ===$==w




Table 5.8: Details of winding patterns and mandrels for compression specimens

Nominal B Mandrel type Part program Nominal Progr'n Winding Bandwidth Band Total Cycles
winding All cases: name diameter factor angle (mm) pattemn number per
angle @112mm without film of mesh (degrees) of cover
(tdeg) 2112.1mm with film {mm) cycles (nominal)
(before applying
progression factor)
60 Dome-ended DCYL112Q.PRG 114.5 0.9768 +60.66 45 1 160 40
75 Dome-ended DCYL75A.PRG 114.5 1.0033 +75.11 4.5 1 80 20
90 Split SPLITCYL.HOP n/a 90.0 nom’l 5.0
— e ——
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Table 5.9: Observations and results from tests on tubes subjected to axial compression

[ Tube Tube Width Average Mid-sudf. True winding angle = % Fibre Stnain per | Raw Young's modulus (MNm %) normalised to
winding specimen | section (mm) thickness dia (mm) ply angle to meridional | (by mass) | unit load Young's 78% fibre (by mass) with 95% conf. limits
angle number number (mm) direction (tdeg) (ekN) | modulus Best fit Lower limit | Upper limit

114.525 72.439 15822.2 15870.1 157912 15949.7
74.13 15461.3 15508.1 15399.9 15617.7
1 2 109.62 2.452 114,552 89.204 7791 73.831 15349.2 15395.7 153079 15484.4
75.708 14968.7 15014 14884.9 15145.5
2 1 109.83 2.369 114.469 89.203 78.97 81.595 14385.9 13913.2 13700.6 14132.5
75.117 15626.3 15112.9 14988.6 15239.3
75 1 1 110.05 2.577 114.677 75.142 79.35 139.832 7702.9 7344 7030.5 7686.6
131.008 8221.7 7838.6 7506 8202.2
1 2 109.55 2.606 114.706 75.145 79.35 121.093 8793.7 8384 8049.6 8747.3
H 122.303 8706.7 8301 7959.8 86729
1 3 109.96 2.615 114.715 75.146 79.35 119.955 8845.8 8433.6 8067.4 8834.7
118.118 8983.5 8564.9 8204 8959
1 4 109.865 2.586 114.686 75.143 79.35 114.614 9364.3 8028 8612.3 92617.7
114.31 9389.2 8951.7 8666.1 9256.7
60 1 1 110.04 2.682 114.782 60.078 71.84 82.185 12581.3 12652.7 12256.9 13074.9
94.066 10992.2 11054.6 10649.4 11491.9
1 2 109.76 2.67 114.77 60.076 77.84 89.927 11551 11616.6 11248.4 12009.7
89.699 11580.3 11646 11293.3 12021.5
1 3 109.975 2.687 114.787 60.079 77.84 90.158 11446.8 11511.8 11197.1 11844.8
92.284 11183.1 11246.6 10949.8 11559.8
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Table 5.10: Details of winding patterns and mandrels for open-ended pressure specimens

— —
Nominal Mandrel type Part program Nominal Progr'n Winding Bandwidth Band Total Cycles
winding All cases: name diameter factor angle (mm) pattern number per
angle D112mm of mesh (degrees) of cover
(xdeg) (no film used) {(mm) cycles (nominal)
(before applying
4 progression factor)
20 Dome-ended DCYL20.PRG 114.8 1.0099 +20.51 35 3 400 100
30 Dome-ended DCYL112M.PRG 114.8 0.9918 +30.14 45 2 282 70
45 Dome-ended DCYL112F.PRG 114.8 1.0188 445.135 45 I 228 57
I 60 Dome-ended DCYL112Q.PRG 114.8 0.9768 +60.66 45 1 160 40
" 75 Dome-ended DCYL75A.PRG 114.8 1.0033 175.11 4.5 1 80 20

S6



Table 5.11: Observations and results from pressure tubes for initial (monotonically increasing) loading

Pressure Nominal Average " Mid-surface | True I;ly angleto { % Fibre Strain per Raw Young-’ s modulus (MNm?) nommalised to 78%
tube winding thickness diameter winding cicumf1 (by mass) unit Young's fibre (by mass) with 95% conf.limits
specmen ::g::) (mm) (mm) :ﬁz) f;;:')m e bar’) m‘:“f:) Best fit Lower limit | Upper limit
8 20 3.713 115.713 20.846 69.154 7494 135.26 111505 12317.3 1 16_5.0.8 13061.5
136.481 11050.7 12207 11647.5 12823
10 20 4.072 116.072 20.905 69.095 7031 122 361 11239.2 14126.1 13953.8 14303.2
121.368 11331.2 14241.7 14076.7 14410.6
30 2.948 114.948 29.967 60.033 7223 154.963 12258.4 147179 13578.1 16066.3
6 30 2.851 114.851 29.947 60.053 74.68 172.644 113773 127022 12097.3 13370.6
169.337 11599.5 129503 12411.3 13538.1
2 45 2919 114.919 45.698 44.302 7417 205.688 9327.1 10535.1 9747.6 11461.1
185.273 10354.8 116959 10908.4 12606
7 45 2.911 114.911 45.696 44304 74.31.° 140.963 13647.1 15350 14859 15874.9
142.226 13525.9 152137 14720.2 15741.5
3 60 2.788 114.788 60.079 29921 76.1 71.352 25967.1 273114 27042.8 27585.2
78.76 25502.9 268231 26519.4 271342
9 60 3.032 115.032 60.132 29.868 72.13 71.618 25789.1 29982.5 29724 30258.1
72.888 25339.8 29460.2 29197.4 297273
4 75 2.942 114.942 75.174 14.826 72.14 44.798 42490 481493 48091.3 48207.5
45935 414383 469576 46800.6 471165
5 75 2,938 114.938 75.186 14814 71.68 45.434 419523 48007.2 47958.6 48055.9
45.963 41469.4 474546 47349.6 47561.3
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Table 5.12: Observations and results from pressure tubes for repeated loading cycle

_—

Pressure Nominal Average Mid-surface | True PlyTgle to | % Fibre (by | Strain per Raw Young’s-t.nodulus (MNm™?) nommalised to

tube winding thickness diameter winding cicumf’l mass) unit Young's 78% fibre (by mass) with 95% conf.limits
s ::ﬂ:) (mm) (mm) gﬂ:) ?:‘:::n)m e bar) ?;:;‘:"f:) Best fit Lower limit | Upper limit

20 3713 15713 | 20846 69.154 7494 | 314806 4790.9 5292.2 4049.5 7635.6

282.578 5337.3 5895.8 4498.4 8552.9

10 20 4.072 116.072 20.905 69.095 7031 130.335 10551.6 13261.9 12878.3 13669.2

,r 126.359 10883.6 13679.1 13363 14010.8

6 30 2.851 114.851 29.947 60.053 74.68 315522 6225.3 6950.2 6406.7 7594.5

288.502 6808.4 7601.2 7062.1 8229.5

2 45 2.919 114919 45.698 44.302 74.17 172.007 11153.4 125979 11788.1 13527.3

157.724 12163.4 13738.8 13028.7 14530.8

7 45 2911 114.911 45.696 44304 74.31 140.435 13698.4 15407.7 147399 16139.1

142.015 13546 152363 14600.4 15930.3

3 60 2.788 114.788 60.079 29.921 76.1 73.078 27485.8 28908.7 28570.5 29255

74.141 27091.7 28494.2 281258 28872.4

9 60 3.032 115.032 60.132 29.868 7213 69.284 26657.9 30992.6 30708 312829

70.015 26379.6 30669 303303 310149

4 75 2.942 114.942 75.174 14.826 72.14 44.804 424843 481429 48073.2 48211.8

46.152 412434 46736.7 46610.5 46864.6

5 75 2.938 114.938 75.174 14.826 7168 45.121 422433 48340.8 48296.8 48385.8

45.663 417419 47767 477178 47817.2

&
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Table 5.13: Calculation of Poisson’s ratio for open-ended pressure tube specimens

86

Pressure tube Nominal Ply angle to | Circumferential strain €, Meridional strain £x Poisson’s ratio vOx
specimen winding circumf’] per unit pressure per unit pressure of laminated composite
number angle direction (pe dar™) (pe bar™)
(tdeg) (2deg) Measured Average Measured Average Raw Normalised

8 20 69.154 135.260 135.871 -21.793 -21.995 0.162 0.161
136.481 -22.196

10 20 69.095 122.361 121.865 -20.123 -20.205 0.166 0.162
121.368 -20.286

1 30 60.033 154.963 154.963 -41.311 -41.886 0.270 0.263

-42.461

6 30 60.053 172.644 170.991 -49.532 -48.252 0.282 0.278
169.337 -46.971

2 45 44,302 205.688 195.481 -129.868 -124.348 0.636 0.616
185.273 -118.827

7 45 44,304 140.963 141.595 -88.423 -89.201 0.630 0.611
142.226 -89.979

3 60 29.921 717.352 78.056 -55.703 -55.287 0.708 0.691
78.76 -54.87

9 60 29.868 71.618 72.253 -47.983 -49.505 0.685 0.644
72.888 -51.026

4 75 14.826 44.798 45.367 -19.179 -18.822 0.415 0.391
45.935 -18.465

5 75 14.826 45.434 45.699 -17.434 -18.310 0.401 0.376
45963 -19.186
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Fig. 5.1: Ring subjected to vertical pinching load P undergoing change 3, in
transverse (horizontal) diameter

Effects not modelled by thin homogeneous ring in pure flexure
--= Additional flexibility of laminated ring

««« Effect of membrane strain

=== Effect of correction for curvature of beam

- = Effect of shear deformation of ring section

— Total of effects ignored by simple theory

25

2.0

1.5

1.0 _}/ a )
—~?-§§s \.\
.’ S \,
05 / \% A
: / ~~ .
/ kS ~,
K [ ..
/ Bt

Percentage change in deflection per unit load

; e ——————+
0.0 e, o
-05
0 30 60 90
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Fig. 5.2: Effects of simplifications made in modelling of laminated orthotropic
pinched ring
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Fig. 5.3: Sensitivity analysis: Changes in effective second moment of area I of
ring specimen caused by changes in assumed values of unidirectional
material properties E, and E,. Assumed properties appear in Table 5.1.
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Fig. 5.5: Scanning electron micrograph: cross-section through typical filament-
wound ring specimen showing voidage. Micrograph courtesy of J. Lowe.
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Fig. 5.7: Slicing of typical specimen (+30° winding angle) into rings using a

diamond saw driven by an air turbine
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Fig. 5.8: Diagram illustrating apparatus for measuring changes in transverse
diameter of ring under pinching load



104

Fig. 5.9: Photograph illustrating apparatus for measuring changes in transverse
diameter of ring under pinching load
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50

- Normalised Young's moduli estimated using pinched ring test
+ Measured values used to fit properties
X Measured values rejected from fitting
—-= Theoretical curve calc’ed from unidirectional properties fitted to points |.

40—

Young's moduius /GNm*
i

n
o
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Ply angle of laminate /degrees

Fig. 5.10: Young’s Moduli (normalised to 78% fibre by mass, estimated from

pinched ring tests) vs. ply angle of specimens with respect to direction
of bending stress
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Fig. 5.11: Part-sectioned view of roller-assisted split disc apparatus
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Fig. 5.12: Photograph of roller-assisted split disc apparatus
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Fig. 5.14: Young’s Moduli (normalised to 78% fibre by mass, estimated from

split disc and axial compression tests) vs. ply angle of specimens with

respect to direction of applied stress. Pressure test results are shown
for comparison.
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0.8 | X Open-ended pressure tests (monotonically increasing pressure)
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Fig. 5.15: Poisson’s ratio (normalised to 78% fibre by mass, estimated from

experimental data) vs. ply angle of specimens with respect to direction
of applied stress
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Fig. 5.16: Section through axial compression apparatus
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Fig. 5.17: Photograph of axial compression apparatus
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Fig. 5.18: Open-ended pressure test specimen showing end pistons
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Fig. 5.19: Strain gauges on open-ended pressure specimen, showing protective
rubber coating



115

-ended pressure test apparatus showing specimen

Fig. 5.20: Photograph of open

in place
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Young's moduli normalised from open-ended pressure tests
+ Estimated from data for monotonically increasing pressure
X Estimated from data for repeated loading cycle
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Fig. 5.21: Young’s moduli (normalised to 78% fibre by mass, estimated from

open-ended pressure tests) vs. ply angle of specimens with respect to
circumferential stress direction
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Fig. 5.22: Graph of stress vs. strain for laminate with ply angle of +60° to

direction of loading (Open-ended pressure tube specimen 1 with
winding angle +30°)
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CHAPTER 6: DESCRIPTION OF FILFEM: THE CADFIL/FINITE ELEMENT
LINK

6.1 Introduction

It has already been established that a serious obstacle to finite element analysis of
filament-wound structures is the large numerical task involved in the preparation of
the data defining an accurate finite element model, the exact structure of a component
being heavily dependent upon the manufacturing process. This chapter describes work
performed to investigate and develop methods for automating this data preparation
task. They make use of the existing data generated within the CAD/CAM systems for
generating the CNC part-program data for the winding process. The algorithms,
geometry and numerical methods have been derived and selected as required and have
been encoded as two separate model generation systems. FILFEM I automatically
generates models of nominally axisymmetric components designed and manufactured
using CADFIL 1. FILFEM II (written to a basic level of completion with a view to
considerable further development) achieves the same objective for non-axisymmetric

components created using CADFIL II but requires a very different approach.
6.2 Existing links between filament winding CAD/CAM and FE systems

The CADFIL systems for filament winding have already been outlined together with
a mention of other systems with broadly similar objectives and capabilities. It is clear
that the link between filament winding CAD/CAM software and commercial FE codes
has already been considered by other workers although little has been presented in the
way of achieved results. Menges and Effing'* proposed a link between CADFIBER
and ABAQUS but have presented no implementation of this suggestion. DiVita et
al'? presented the mathematical theory required for a CAD/CAM system for non-
axisymmetric filament winding. Their ARIANNA program'” used this theory but was
not named in this reference. They also presented the results of a finite element

analysis of a simple (hypothetical) non-axisymmetric filament-wound component.
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However, no indication was given that the mesh-generation was automatically linked
to the ARIANNA program. The lamination sequence was simplified and assumed to

be symmetrical.

Only one clear example of the establishment of a link between filament winding
CAD/CAM software and an FE code has been found. This link was described by
Wells and Eckold'*'®, who presented two different examples of how an axisymmetric
filament-wound structure could be modelled using PAFEC with wall thickness and
material stiffness values predicted from the data within the CADMAC system. It
would appear that the models assumed the material to be homogeneous and that no
account was taken of true laminate structure. It is understood'? that some limited
work was performed to extend this link to cope with non-axisymmetric components;

however, nothing to this effect has been published.

Existing applications of finite element analysis to filament-wound structures have been
explored in Chapter 4, together with existing element formulations especially
applicable to these structures. This thesis does not describe either a new application
of finite element analysis or the development of new element formulations. However,
in forming a link between finite element analysis and CAD/CAM for filament
winding, especially with respect to non-axisymmetric components, this work appears

to be covering territory which is largely unexplored or unpublished.
6.3 FILFEM I: link between CADFIL I and FE systems

The aim of this work was set early in the project and may be summarised as being to
identify, derive, develop and encode methods of automatically creating finite element
models of filament-wound structures formed on axisymmetric mandrels. In practice
this requires the design of a computer program capable of processing the appropriate
data files from the CADFIL I system with the purpose of creating an FE model of the
structure in the form of a PAFEC or ABAQUS input data file. In addition to the aim

of establishing a useful engineering tool in the form of a model-generation system, it
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was intended to gain experience of the usefulness of the available FE systems in the

stress or strain analysis of complex laminated structures.

6.3.1 Background: the problems of alternating lamination sequence and the
turnaround region

It is necessary to elaborate upon the detailed structure of axisymmetric
components outlined in Chapter 1. An axisymmetric mandrel is wound with fibre
by moving the payout eye in a repeated end-to-end movement as the mandrel
rotates. This lays fibres with alternating positive and negative winding angles.
These are normally laid side-by-side in a neatly repeating manner but this results
in the component being divided into regions of alternating lamination sequence.
It is not a practical manufacturing proposition to avoid this pattern by reversing
the winding direction during the payout eye return strokes, although this could be
achieved for test purposes with the aid of special end fixtures. This alternating
structure presents the stress analyst with a dilemma. The true structure can be
modelled involving considerable data preparation effort. Alternatively, the
structure can be simplified by ignoring the alternation and possibly simplified still
further using homogeneous orthotropic axisymmetric elements. All the published
analyses found by the author use simplified models, mainly using the last
approach. For many-layered laminates this will be a valid simplification.
However, for laminates with few layers (for example 2, 4 or 6) the coupling
effects describes in Chapter 3 become significant and this could affect the validity
of a simplified analysis. It was considered therefore that if a three-dimensional
analysis of a structure is to be undertaken (if, for instance, complex non-
axisymmetric loads are applied), the correct lamination sequence should be
modelled if at all possible. An algorithm for modelling this effect has been
developed enabling FILFEM 1 to achieve this objective.

Another practical problem facing the stress analyst is the simulation of end
regions of the component where the fibre reverses its helix angle. Close to the
ends the fibre builds up in thickness as the winding angle becomes steep and

approaches 90°. At the extreme ends of the component the fibres follow a



121

circumferential path and they will be laid on top of each other as far as the
inevitable slippage will allow. The result is a thick buildup of fibre resembling
a piece of rope wrapped around the end of the mandrel (Figs 6.1(a) and (b)). The
geometry and dimensions of this region are difficult to predict theoretically. The
calculations of thickness (based upon tow area, winding angle and component
radius) give excellent results elsewhere but an infinite value at turnaround. Since
the turnaround region is often cut off the finished component or is lightly

stressed, no attempt has been made to pursue the accurate modelling of this

region of filament-wound components.

6.3.2 Inputs and outputs of FILFEM |

The FILFEM 1 system will be first described in terms of its inputs and outputs,

before describing its operation in greater detail in Section 6.3.3. The input data

it requires are as follows:

(@) The mandrel geometry file. This is the definition of the mandrel surface
based upon that used within CADFIL I, but with additional information

defining cone angles at the mandrel ends and where cusps occur.

(b) The fibre path file. This defines the locus of points defining the fibre path
generated within CADFIL. These points are defined in terms of their

Cartesian coordinates.

(c) Material property data. This set of data includes fibre and matrix densities

as well as elastic properties. The composite properties can be specified if

required.

(d) Miscellaneous data. This information relates primarily to the processing of
the fibre path to produce the CNC part-program, and includes the number
of windings to give complete mandrel coverage, the number of covers, the

progression factor and the fibre fraction of the composite (by mass).
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Future development of FILFEM I would benefit from the establishment of a more
satisfactory interface with CADFIL I so that the miscellaneous items in (d) above

can be transferred automatically rather than manually.

The output from FILFEM I is a PAFEC or ABAQUS input file. Its contents are

as follows.

(a) The component geometry is defined in terms of node coordinates and
element topology. The component may be modelled using either an
axisymmetric mesh (suitable for many-layered vessels) or as a mesh of
triangular or quadrilateral curved shell elements. The latter can represent
the continuously-varying lamination sequence over the structure but require

greater memory and processing time to analyse.

(b) The material fibre direction, lamination sequences and thicknesses are
obtained by numerical analysis of the input data and incorporated in the
model definition. The equivalent homogeneous material properties of the

laminated structure are also calculated if an axisymmetric model is being

generated.

Boundary conditions such as loads and restraints, together with program control
information defining the type of analysis, are edited manually into the FE input

file since these items of data cannot be inferred from the component structure.

6.3.3 Description and operation of FILFEM I

In addition to the logic required, most of the theory utilised in FILFEM 1 is that
of numerical analysis and three-dimensional geometry. A complete description
of the operation of the program, including all methods of operation of all the
subroutines, is given in a report by the author'”’. Duplication of these details
would be inappropriate here and instead  a step-by-step description of the main

features of program operation is presented. The letters denoting each stage can

be cross-referenced to the flow chart in Fig. 6.2.
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The program is initialised. This includes the initialisation of the numerous

arrays and the naming of the various input and output files.

The mandrel definition is read from the mandrel geometry file as a series
of x-r co-ordinates, and a cubic spline curve'® (or a series of such curves)
is fitted through these to represent each smoothly-curved region of the
mandrel profile. This spline curve is used later in the program to ensure

accurate placement of the nodes defining the FE model.

The fibre path is read and processed. CADFIL bases its winding program
generation on the simulation of the winding of a single piece of fibre over
a three-dimensional surface model of the axisymmetric structure. The
Cartesian co-ordinates of points along this fibre path are read into FILFEM

and converted into x-r-8 polar co-ordinates.

Fibre closure is performed. It will be ‘appreciated that the fibre path
projected over the surface model in CADFIL I will not normally form a
closed loop (Fig. 6.3). In Section 2.4.1 and Fig. 2.4 it was described how
the CADFIL post-processing software compensates for this by multiplying
the mandrel rotation by a progression factor close to unity so that
successive payout eye paths will lay a repeating pattern of adjacent fibres.
A slightly different fibre closure process occurs in FILFEM 1. The turning
points of the fibre path with respect to axial and/or radial position are
found. This is achieved by finding the turning points of quadratic curves
fitted (using a least-squares technique) to the five points in the region of
each turmnaround. The 6-co-ordinates of the points on the fibre are then
scaled by a progression factor so that the new positions of the turnarounds
subtend exactly 180° or an exact fraction thereof. This results in a path
which can be repeated to form a closed loop. This process is illustrated in
Fig. 6.4; for easec of illustration the diagram shows the adjustment for

closure of a complete cycle of the fibre rather than the adjustment of half
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a cycle between turnarounds. The identification of this repeating pattern is

necessary if the alternating lamination sequence is to be modelled.

It should be noted that this method of predicting the boundaries between the
regions of alternating lamination sequence is a good approximation rather
than an exact prediction. Strictly speaking, the regions of alternating
lamination sequence should be defined by the edges of the first and last
winding of fibre. These edges are coincident if complete coverage of the
mandrel has been achieved. This boundary does not form an exactly
closed loop but includes a deliberate mismatch equal to the width of the
fibre roving (the bandwidth) so that successive fibres are laid side-by-side
(Fig. 2.4(a) and (b)). In practice, this mismatch is hidden in the turnaround
region and is not detectable by eye. The placing of the boundaries in the
model will therefore be subject to a slight error averaging half the
bandwidth. This distance is small in many applications (typically 2mm)
and is comﬁarablc with practical limitations upon the accuracy of fibre
placement. In the author’s opinion this simplification to the true structure

will have no practical significance.

The exact operation of the program now changes depending upon whether the
component is to be modelled with a three-dimensional mesh (using thin shell
elements) or with an axisymmetric mesh (using axisymmetric isoparametric

clements). For three-dimensional meshes the sequence is designated E-1.

E  The following method was developed for simulating the pattern formed by
the areas of alternating lamination sequence. The co-ordinates of the points
on the fibre path are adjusted to lie on the mandrel surface defined by the
cubic spline function, and any serious discrepancies are noted. The fibre
path is divided into regions each subtending a known fraction of full circle
around the mandrel. This angle is actually /m where m is the band pattern
number defined in section 2.4.1. Fig. 6.5 illustrates this process. The points

on the fibre dividing these regions are found by fitting a quadratic
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parametric equation to the fibre path and finding the intersection of this
curve with the appropriate meridian. Enough information is now defined
to divide the component into regions of uniform lamination sequence
(Fig. 6.6). The boundaries between the regions on the component are
represented by boundaries between regions of elements on the model. In
practice, further subdivision of the fibre takes place to create refinement of
the mesh within these regions of constant lamination sequence, and typical

meshes illustrating this are described in Chapter 7 (Figs. 7.17 and 7.18).

In order to reduce the effects of any interpolation error, the points obtained
in E are fitted to the mandrel surface defined in terms of the cubic spline
curve. Any movement of the points is carried out normal to the mandrel
surface. The procedure to perform this was developed by the author and
involves using the Newton-Raphson method to solve a quintic equation in
axial position x. The coefficients of the quintic are formed from the x-r co-
ordinatcs of the point to be fitted, and from the coefficients defining the

relevant region of the cubic spline curve.

A first approximation to the winding angle at each point of interest along
the fibre is obtained by differentiating a quadratic fitted to the x-6 co-
ordinates of points on the fibre. This winding angle is then used (in
conjunction with the cross-sectional area of the wet tow of fibres) to

calculate the thickness of the wound fibre.

At this stage there exists within the computer memory a set of points which
are (in effect) the projections of the node positions on to the mandrel
surface. There also exists at each point a value of thickness and fibre
direction. It is a straightforward task to obtain from this information the
co-ordinates of a set of nodes placed at mid-surface, and to connect these
nodes with elements. Less straightforward is the incorporation of an
algorithm which aligns the appropriate element boundaries as closely as

possible with the boundaries between the regions of uniform lamination
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sequence. This includes the use of triangular shell elements as “fill-in"
elements along the helical borders between the regions. The use of thin
shell elements becomes inappropriate as the turnaround regions of the
composite are approached (the triangular elements would be geometrically
distorted and all elements would be excessively thick) and meshing is
therefore suspended when the winding angle exceeds 75° to the meridian.
An attempt was made to use three-dimensional wedge elements to simulate
the turnaround region but this was not pursued because of difficulties in

predicting the shape of the turnaround.

I The element definitions include reference to material property definitions
and these include a ply-by-ply listing of the fibre orientations and ply
thicknesses. These take full account of the alternating stacking sequences
on the specimen. The algorithm to predict the alternation of the stacking
sequence within the different regions actually occurs twice in the PAFEC
model generation subroutine in order to create a material property definition
which accurately matches the material definition list. The ABAQUS model
generation subroutine closely follows the methods used for the PAFEC

subroutine but the data is created in a sequence appropriate to the different
layout of the ABAQUS input file.

If the generation of an axisymmetric finite element model was chosen, a simpler
mesh generation sequence was adopted. This is designated in Fig. 6.2 by the
letters J-M.

J A first approximation to the ply angle and laminate thickness are calculated

at each point defining the original fibre path.

K  There is now no need to create elements whose boundaries coincide with
those of regions on the specimen surface. Instead the rule has been used
that the mesh will have a constant node spacing at the inner surface. This

is achieved using a technique developed by the author which interpolates
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the position of each new node quadratically by performing a line integral
of distance along the fitted parabola. Any interpolation error is then
eliminated by fitting this point to the mandrel surface defined by the cubic
spline function; this process also involves the calculation of the normal to

the mandrel at each node.

L  The thickness and winding angle at each node are interpolated linearly from
the values calculated in J. The value of thickness at each (inner surface)
node is used to create the remaining nodes (at the mid-surface and outer

surface) required to define the axisymmetric quadrilateral elements.

M  The material properties of the material are assumed to be orthotropic but
homogeneous; no attempt is made to model the laminate on a layer-by-layer
basis. Accordingly, a set of equivalent homogeneous properties is
calculated based upon formulae of similar form to equations (5.9)(a-d). All
this information is written to the FE input data file.

The modelling of a very simple structure (a pinched cylinder) using both the
three-dimensional and the axisymmetric (Fourier element) models will be
described in Chapter 7.

6.3.4 Programming aspects of FILFEM |

The FILFEMI system was written to demonstrate the automatic modelling process
and as a useful engineering tool, rather than as a programming exercise. However,
efforts have been made to ensure that good computing practice has been followed
where possible by the use of well-structured code and ample commenting.
Unnecessary writing of code was avoided by the incorporation of cubic spline
facilities modified from programs by Conte and De Boor'>® and existing curve-
fitting subroutines written by Crescent Consultants Limited®. A few individual
lines of code from CADFIL I were also incorporated into the program. The
program, like most of the FORTRAN programs used for this thesis, was

developed on the University’'s ICL VME mainframe computer system. It is
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intended that a final version of the program could be implemented upon a
personal computer. It is suggested that this development could be undertaken at

the same time as the development of an improved interface with CADFIL 1.

Development of a strategy for automatic modelling of non-axisymmetric

filament-wound structures: the FILFEM II system

6.4.1 Background and scope of work

The aims of the thesis include the achievement of a link between both of the
CADFIL systems and the available FE codes. It was apparent in the planning of
the project that the creation of a system to link CADFIL II to the FE systems
would not be a trivial exercise. This is because of the complexity of non-
axisymmetric filament-wound structures and hence the need to make appropriate
assumptions in simplifying the structure and to test these assumptions
experimentally. It is quite possible that these difficulties lie behind the lack of

published material on the automatic modelling of non-axisymmetric filament-

wound structures.

The objective was therefore set of establishing a strategy or methodology forming
the basis of a link between CADFIL II and an FE system (e.g. PAFEC). This
work consisted of the identification and/or derivation of the appropriate
mathematical techniques and logic to analyse the data available from CADFIL II
and to create the FE models. This strategy has been established and has been
encoded as the FILFEM 1I program. This program is in running order and its
basic operation has been tested. The strategy and program form the foundation
of a substantial programme of possible future work; this includes the testing of
typical meshes against experimental data, refinement of some of the simplifying

assumptions incorporated in the strategy, and development of the software to

provide a useful design tool.
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6.4.2 Problems inherent in modelling non-axisymmetric filament-wound structures
To illustrate this study and to provide suitable test data, a relatively simple
filament-wound structure was chosen for manufacture and analysis. The chosen
geometry, a 90° elbow-shaped circular-section pipe, was one which had not
previously been manufactured at the University of Nottingham and despite its
simplicity it illustrates some of the main difficulties both in manufacture and

modelling. A full account of its manufacture is given in Chapter 8.

One of the main problems in modelling components of this type is the very
complex laminate structure. In components wound using CADFIL I, fibre paths
run parallel over the mandrel surface forming a wide ribbon of fibres (Fig. 6.7).
This ribbon is likely in many structures to cross over itself, overlap and
interweave several times giving a laminate structure which cannot be predicted
by simple rules. An added complication is that several different families of fibres
are used to provide complete and even coverage of the mandrel as far as possible.
Two families of fibres are normally wound simultaneously as the payout eye
moves back and forth along the mandrel. The resulting pattern is sufficiently
complex that it is quite impracticable to match the element boundaries to the
boundaries between regions of differing lamination sequence, and also difficult

to predict the exact lamination sequence.

6.4.3 Simplifications assumed in modelling non-axisymmetric filament-wound
structures
In order to provide a starting point in solving an apparently intractable problem,

the following simplifications were adopted.

(a) Pairs of fibre families wound simultaneously will form a woven or under-
and-over pattern of the kind described in Section 6.3.1, giving an alternating
lamination sequence in some regions. For simplicity in modelling an
arbitrary fixed lamination sequence is assumed for each pair of fibre
families. When a series of such pairs of fibre families is wound, the result

will be a many-layered laminate. The positions within the laminate of the
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set of plies relating to each pair of fibre families will be specified correctly
in the model. However, the sequence of plies within this set is modelled
arbitrarily and will not necessarily be correct. This simplification will
therefore alter slightly (typically by a distance equal to one ply thickness)
the positions of the relevant plies with respect to the laminate’s mid-surface.
Classical laminate theory (equation (3.5)) suggests that this change in the
values of z will slightly affect the coupling and bending behaviour
represented by B;; and D;; and will not affect the in-plane behaviour (4;) at
all.

The following simplification ' was suggested by A.P. Priestley of Crescent
Consultants Limited. Where a family of fibres only overlaps part of an
element, these fibres are assumed to be averaged or spread more thinly over
the whole of the element. This simplification has no basis in theory and
will inevitably affect the accuracy of the finite element model. However,
it does provide a route through a shortcoming common to both PAFEC and

ABAQUS, since neither of these packages can model ply thickness

variations within an element.

6.4.4 Programs comprising FILFEM II: overview, inputs and outputs

The model-generation strategy which forms the basis of FILFEM 1I is

implemented as a suite of three programs. The method of operation of the model-

generation process is summarised in Sections 6.4.4.1-6.4.4.3 in terms of the

operation of each program. Complete details of the operation of the system are

given in a report by the author'®,

6.4.4.1. Purpose and operation of MESHGEN program

This program creates the node and topology data forming the basis of the
finite element model. The nodes are defined in terms of their projections
on to the mandrel surface, i.e. no account is taken of the thickness of the
composite material at this stage of the modelling process. The input to this
program is a data file (Appendix G) defining the dimensions of the
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component. The component shape is then built up node by node from its
geometrical features; these are defined parametrically within the code of the
MESHGEN program. The output is a mesh definition file containing the
node co-ordinates and normals, the topology of the elements and the
element attachment data for each node. An abridged example of such a file

is presented in Appendix H.

At present, the MESHGEN program is component-specific, a specialised
program being required for each generic component such as the elbow-
shaped duct created by this version of the program. This component
consists of two straight cylindrical shanks joined by a toroidal sector. The
centreline of the duct is defined as two lines joined by an arc, and at
intervals along the centreline a series of circles of nodes is defined
(Fig. 6.8) in terms of node number and co-ordinates and written to the file.
The node numbers are then used to define elements in terms of element

topology, the ABAQUS topology convention being used (Fig. 6.9).

The concepts, operation and FORTRAN programming of MESHGEN are
very straightforward and this description is included for completeness. The
program includes a small amount of code imported from a data conversion
program written by Crescent Consultants Limited. A flowchart of
MESHGEN is given in Fig. 6.10.

It is envisaged that any computer-literate engineer should have no difficulty
in customising MESHGEN to cope with many alternative component
geometries. Some components such as the filament-wound tee piece require
a less straightforward mesh-generation algorithm than the elbow and some
further work will be required here in the future. It is possible, for instance,
that mandrel geometry could be imported from commercially-available
surface modelling software. A straightforward option would be to use an
existing general-purpose mesh generation system such as FEMGEN" in
lieu of MESHGEN to create the node and topology data required within
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FILFEM II. It would be a simple data conversion and sorting exercise to

rearrange this information into a format compatible with FILFEM IL

6.4.4.2. Purpose and operation of MODELGEN program
This program forms the core of FILFEM II. It implements the logic and
geometry required to define the laminate structure within the FE model

using the data from the filament winding process.

The main inputs to MODELGEN are:

a) the mesh definition file created by MESHGEN

b) the list of fibre families required to wind the component, together with
other data including the number of times the winding pattern is repeated
and data relating to the composite material itself

¢) CADFIL II data files containing the loci of points defining the families
of fibre paths.

The output from MODELGEN is a file which contains:

a) the ply angles, thicknesses and number of layers within each element
b) the node co-ordinates defined at the mid-surface of the laminate

¢) the surface normal vectors at each node, carried over from the mesh

definition file

d) the element topology, carried over from the mesh definition file.

An abbreviated version of a file produced by MODELGEN is given in
Appendix I. It may be seen that although the file contains all the
information required to construct an FE model, it is created in a neutral
format, i.e. one which is not specific to any particular FE package. The
conversion of the data to the format required by a given FE package is
described in Section 6.4.4.3.

The model generation strategy operates by identifying which fibres pass

over each element. This is achieved by erecting a box of planes to enclose
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the element and using vector geometry to identify which fibres penetrate
this box. It will be appreciated that fibres generally exist as families
(Fig. 6.7) and each family of parallel fibres may pass more than once over
a given element. A fairly involved search algorithm was therefore
developed to categorise the various fibres crossing an element into the
various separate plies within the laminate sequence. When determining the
fibre direction for each ply, it is also necessary to choose the most
representative region of fibre within each fibre family when it enters a
given element. The logic for achieving the model generation is presented
in simplified form in Fig. 6.11; the logic and geometry are described in full

in reference 129.

Care has been taken to use good programming practice in encoding the
MODELGEN program since it is intended as a foundation for further
development work. Unnecessary code-writing was avoided by the use of
existing vector arithmetic subroutines wriiten by Crescent Consultants
Limited. The only significant programming-related problem encountered
was that the searching of the very large amount of fibre path data required
the use of large arrays. For this reason, the computer’s random access
memory (RAM) capacity was only just large enough to cope. Retrieving
the fibre path data from disc as required rather than storing it continuously
in RAM would alleviate this problem but would make program execution

slow.

The correct execution of MODELGEN has been tested using the fibre path
data used in the manufacture of the elbow described in Chapter 8.

Suggestions for more rigorous testing of the FILFEM II system are given

in Section 6.6.2.

6.4.4.3. Purpose and operation of FEDATGEN program
FE packages require data input in a format which is specific to each

package, and it is the purpose of FEDATGEN to convert the neutral-format



134
output of MODELGEN to the format required for FE data input. The
version of FEDATGEN developed to date is compatible only with PAFEC

but it would be simple to develop equivalent programs to provide data input

for other FE codes such as ABAQUS.

The program is very straightforward in its operation, its function being
purely that of data conversion and formatting. One characteristic of the
PAFEC input data format is that ply orientations are specified in terms of
the rotations of the global axis system. FEDATGEN includes a subroutine
which obtains these angles from the direction cosine vectors of the principal
material directions. Each ply of the laminate must be specified explicitly
in the definition of the laminate, so if the lamination sequence forms a
repeating pattern the sequence is written to the FE data file the appropriate
number of times. A flowchart of FEDATGEN is shown in Fig. 6.12, and
a typical mesh generated using FILFEM II is plotted in Fig. 6.13.

6.5 Discussion

Work has been carried out to link both of the CADFIL systems to typical finite
element codes. Some detailed algorithms have been developed to achieve this, and
these form the basis of the FILFEM model generation systems. Although the aims of
FILFEM I and FILFEM II are superficially similar, their methods of operation are
very different. FILFEM I accurately models the alternating lamination sequence of
the nominally-axisymmetric filament-wound component. Only a minimal amount of
information is available to define- this structure since only a single fibre path is
explicitly defined by CADFIL 1. The details of the structure are therefore re-created
by the logic of the FILFEM I program. By contrast, CADFIL II defines each fibre
path separately and a very large amount of data is searched to extract the required
information before sorting this information into a useful form. It is believed that most
of the algorithms required to achieve these tasks form original work since little
evidence can be found to suggest that similar objectives have been achieved

clsewhere. The only aspect of the FILFEM systems which appears to overlap
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significantly with earlier work is in the generation of meshes using axisymmetric

shells because the CADMAC'®!® system developed at Harwell included this facility.

6.6 Recommendations for further work

The FILFEM systems are intended to be used eventually as practical design tools, and

this thesis describes the original work of establishing the theoretical basis of these

tools. A certain amount of refinement, development and testing of these tools will be

required if they are to be used in a working environment.

6.6.1 Further work suggested for FILFEM |

(a)

(b)

©

Both the thin shell and axisymmetric models can be generated at present
only for a single fibre pattern. Practical components, especially pressure
vessels, usually include several winding patterns. This is to ensure
complete coverage and to provide a structure with fibre angles appropriately
cho.sen for supporting the required loads. It will require a certain amount
of development work to extend FILFEM I to take account of multiple
patterns. Such an extension should be straightforward for axisymmetric
models but for the thin shell models it is difficult to imagine how the
accurate representation of the lamination sequences could be extended to

cover the complexities of a multi-pattern vessel.

No satisfactory account is taken of the fibre build-up at the turnaround
regions of the vessel, and wall thickness calculations near these regions
show signs of inaccuracy. Some development work is required, probably
to find empirical methods which give realistic practical predictions of

component shape.

Practical experience needs to be gained of FILFEM I in use. Some
experience has already been gained and this is described in detail in

Chapter 7. Further work on specimens with more complex geometries and
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on real components would be of benefit in developing a practical design

tool.

The software has been written piecemeal and although a maintainable
modular format has been adopted, a certain amount of rationalisation and
software engineering would be beneficial. The user interface is currently
somewhat basic and would benefit from development. Work is also
required on both CADFIL I and FILFEM 1 to improve the interface

between these packages or even to integrate them into a single system.

6.6.2 Further work suggested for FILFEM 1]

(a)

(b)

(c)

This system currently exists largely as a testbed for the non-axisymmetric
model-generation strategy which has been developed. Considerable further
development would be beneficial to increase its versatility both in terms of
the kind of components that can be modelled and in terms of its ability to
function with FE systems other than PAFEC. Links with existing
commercially-available surface modelling software and general-purpose

mesh generation systems should be considered for development.

A more rigorous search algorithm should be developed to simulate the
sequence of laying each fibre and hence to provide a more accurate
prediction of lamination sequence. Such a search would be in addition to
the family-by-family search currently used for detecting the presence of
fibres. The aim in developing FILFEM II and its underlying strategy was
to lay the foundations for further work rather than to attempt a complete
solution to the non-axisymmetric model-generation problem, and this area
of development is typical of the kind of tasks that could form a continuation

project.

Because of the simplifications made to structures when automatically
modelling them using FILFEM 1I, it is essential that experimental

experience is gained to evaluate the usefulness of these automatically-
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generated models. The assumptions and simplifications made in generating
the models can then be refined in the light of the results obtained.
Chapter 8 describes the manufacture of a filament-wound elbow and this
work would form the foundation for an experimental programme to evaluate
models such as the one illustrated in Fig. 6.13. It appears likely that the
amount of work involved in such an investigation would be substantial.
Such a programme of work would be able to make use of existing
equipment for the in-plane and out-of-plane bending of tubular components

and the elbow was designed to be compatible with this apparatus.



(b)

Fig. 6.1: Turnaround regions on two typical filament-wound components
showing rope-like buildup of material where fibres run
circumferentially
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Fig. 6.2: Flowchart of program FILFEM 1
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Fibre path does not
form a continuous loop

Fig. 6.3: Fibre path forming an open loop around a typical mandrel (dome-
ended cylinder)

Relative angular positions

of all points on fibre path are
scaled by progression factor to
close the fibre path into a loop

Fig. 6.4: Fibre path modified by application of a "progression factor" to form
a closed loop
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Fibre intersects
meridian at
turnaround

Meridians orientated
at spacing of w radians

Fig. 6.5: Intersection of fibre with appropriate meridians predicts positions of
turnaround and crossover points (Band pattern = m = 1, hence spacing
of meridians = nt/m = & radians)

Fig. 6.6: Alternating lamination sequence built up using crossover points
predicted in Fig. 6.5



Fig. 6.7: A "family" of fibres over the surface of an elbow-shaped mandrel
(simplified from plot of CADFIL II simulation)
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Fig. 6.8: Generation of nodes forming elbow-shaped duct using program
MESHGEN
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Fig. 6.9: Element topology convention used within ABAQUS and adopted for
FILFEM II neutral file
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Fig. 6.10: Flowchart of program MESHGEN



READ INPUT DATA
FROM FILE

A

144

A

DEFINE BOX
AROUND ELEMENT

NEXT
ELEMENT

SEARCH FOR
POSSIBLE
INTERSECTION OF
FIBRE WITH ELEMENT

DOES FIBRE

FIND MOST
REPRESENTATIVE
REGION OF FIBRE
IN ELEMENT BOX

Y

I Y

ANY MORE
lNTERSECTlONS

SORT INTERSECTIONS
INTO GROUPS

\

NEXT
INTER-
SECno

NEXT

FIBRE

1

CHOOSE FIBRE
PASSING CLOSEST
TO ELEMENT

1

INTERPOLATE
PARABOLICALLY TO
FIND DIRECTION

NEXT
INTER—
SECTION

1

CALCULATE
THICKNESS OF
LAMINA

ANY MORE
INTERS!;C’HONS

ANY MORE
FIBRE l;AMIUES

NEXT
FIBRE

e

FIND TOTAL
ELEMENT THICKNESS

ANY MORE
ELEM?ENTS

NEXT
NODE

Y

MOVE NODE
TO MID—-SURFACE

!

WRITE NODE
DETALS TO
NEUTRAL FILE

ANY MORE
NODES
ki

1

|

READ ELEMENT
TOPOLOGY

i

FAMILY

NEXT
ELEMENT

WRITE ELEMENT
AND FIBRE DATA
TO FILE

Fig. 6.11: Simplified flowchart of program MODELGEN



[ enter AE names |

1
| orenmEs |
I

ENTER JOB NAME
AND TITLE

!

WRITE TITLE AND
HEADER FOR NODES

f

COPY NODE DATA
FROM NEUTRAL FILE
T0 F.E FLE

t

WRITE HEADER FOR
ELEMENT TOPOLOGY

Y

145

4
READ ELEMENT DATA |

!
SELECT
ELEMENT TYPE
!

WRITE ELEMENT
NUMBER, TYPE AND
TOPOLOGY TO
F.E. ALE

t

SKIP_LINES
RELATING TO
INDIVIDUAL LAYERS

REWIND NEUTRAL
FILE_AND GO TO
START OF
ELEMENT DATA

WRITE  LAMINATE
HEADINGS TO
F.E. ALE

{

A

{

INMAUSE
THICKNESS

!

READ TOPOLOGY
AND NUMBER
OF LAYERS

t

—

:

1

READ LAYER
THICKNESS AND
ORIENTATION

!

ALUGN RBRE AXIS
SYSTEM WITH
ELEMENT

ROTATION
>10 DEG REQUIRED
?

PRINT WARNING
T0 F.E. FULE

1

A

FIND THE THREE
ROTATIONS TO
DEFINE FIBRE
AXIS SYSTEM

1

ADD TO TOTAL
THICKNESS OF
LAMINATION
SEQUENCE

ANY MORE
LAYERS

N

MULTIPLY
THICKNESS 8Y
NUMBER OF
TIMES TO REPEAT

A

WRITE THICKNESS
AND ORIENTATION
TO F.E FILE

NEXT
REPETITION
OF
SEQUENCE

NEXT

ELEMENT

Fig. 6.12: Flowchart of program FEDATGEN

MORE
TWMES TQ’ REPEAT

ANY MORE
ELEMENTS
?

READ MATERIAL
PROPERTY DATA

i

WRITE MATERIAL
DATA TO F.E. FLE




146

tion program

Fig. 6.13: Typical mesh created using the FILFEM II model genera
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CHAPTER 7: THEORETICAL, COMPUTATIONAL AND EXPERIMENTAL
MODELLING OF A PINCHED ORTHOTROPIC CYLINDER

7.1 Introduction

In earlier chapters the scene has been set for the linking of the CAD/CAM filament
winding process to existing finite element codes, with the aim of performing structural
analysis of filament-wound components with a minimum of data preparation effort.
The FILFEM software for achieving this link was described in Chapter 6, and it is the
aim of this chapter to outline some practical experience gained in the use of this
software. Manufacture and testing of a simple filament-wound cylindrical specimen
has been undertaken, along with modelling of the test with the aid of FILFEM 1. The
objective is not to present a verification of the formulations of the elements used but
rather to show that meshes generated using FILFEM I can be used to obtain realistic
results when applied to a practical situation, namely the pinched cylinder problem.
Various finite element models have been used and compared with experimental results,
and a simple analytical model has also been developed to provide a further
comparison. This chapter includes a description of the background to the analytical
model, manufacture of the specimen using the CADFIL I software, the experimental
testing of the specimen, and the use of a variety of finite element models generated
using FILFEM I to model the situation.

7.2 Choice of specimen and load case

It was decided to tackle a component where the geometry could be defined as
precisely as possible and to load it in a manner where the boundary conditions could
be applied simply and reliably. The pinched cylinder problem was chosen since it
provides a combined stress system, primarily bending and tension/compression. This
is a reasonably challenging modelling task making use of a loadcase which is

experimentally straightforward. In addition it is a problem for which a simple but
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realistic analytical solution exists which can be extended to model the orthotropic and

laminated situation.
7.3 Theory of the pinched cylinder problem

The pinched cylinder problem is well-known as an exercise in shell theory, and has
been used by a variety of workers (e.g. Ashwell and Sabir'’') as a benchmark for
the testing of shell finite elements. It involves the determination of change in
diameter of a cylindrical tube of finite length when subjected to a concentrated
pinching load across a diameter (Fig. 7.1). Various alternative boundary conditions

at the cylinder ends may be assumed.

Existing solutions all rely upon the modelling of the pinching load using a Fourier
series. It is simple to show'’ that a pinching load P across a cylinder may be
represented as a Fourier series of sinusoidally-varying loads acting on a band of

infinitesimal width around the circumference of the cylinder (Fig. 7.2):

4@ = g, + I q,cos6n (7.1)

ne=l

where ¢(0) is the load per unit of circumferential length at angular position 6, g, =
PIx, q, = 0 (n odd), q, = 2P/n (n even and positive). A graphical representation of
this synthesis of a pinching load is given in Fig. 7.3.

The simplest solution to the problem of a pinched cylinder with free ends is quoted
by Timoshenko and Woinowski-Krieger'®2, It uses Rayleigh’s energy method and
assumes that the deformations of the cylinder are purely inextensional (i.e. there are
no membrane strains). For a cylinder pinched at its mid-length this solution yields
results identical to those for a wide pinched ring (equation(5.2)); edge effects and any
local dimpling of the shell under the load are ignored. This solution is useful only
where circumferential bending is the only significant mode of deformation. Ashwell
and Sabir'”! calculate a benchmark solution for a short, very thin cylinder based upon

the solution in reference 132 corrected for edge effects using theory due to
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Ashwell?*'* extending the analysis by Lamb'®. For longer cylinders, membrane
strains become significant and more sophisticated solutions are required. One such
solution, due to Ting and Yuan'?, is based upon shell theory, namely the complete
Donnell shell equation'* for the radial displacement w of a cylindrical shell (radius

a, thickness f) under distributed load g:

Vo « 1201 -v)d'w 20w _ 13d'w _ 12(1-V?) Vig =0 (7.2)
at? oJx* a®d8® atoet Et?

where x and 6 are the axial and circumferential co-ordinates on the shell surface. This
equation is solved by specifying g to be a Fourier series of sinusoidally-varying radial
loads acting around the circumference of the cylinder. This solution does not readily
lend itself to extension to the orthotropic case, at any rate not by extending the
original derivation. This derivation is based upon identifying a rigorous solution of
the complete Donnell equation then neglecting terms found to be insignificant. For
an infinitely long cylinder pinched with load P between points (0,0) and (0,x), Ting

and Yuan’s solution may be presented in the following form:

_ P « (2cYec 1 e A | 9
w_(|x].0) 5 Yy (TX_I(I_._(cos(lnlxl) sin(A,_ |x|)}e " cosn

n=2,4 n -n )"

4 172 2 _1\y»
where: ¢ = {3(1-v?) (ﬁ) and A =2 "D
t

2ac (7.3)

Strictly speaking, the series is only accurate for nec because the assumption that
(n/c)<1 was made in truncating various expansions encountered in the derivation of
equation (7.3). If one ignores localised edge effects of the kind discussed in
Section 5.3.1, deflections may be calculated for a finite-length cylinder of with ends
at x=L, and x=-L, by the superposition of additional terms, with constants H,_,, chosen

to satisfy the boundary conditions at the cylinder ends (for instance, 3*w/dx? = 3*w/ox’

= 0 for free ends):

mec

w(x,0) = w_(1,0) + Y {[H,,cosA, (L, -x)] + H,cos I\, (L, -x)]]e *“cosnd

n=24

+ [Hy,co8[A, (L, +x)] + H, sin[A, (L, +x)]]e 'ML'"’cosnO} (7.4)
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In presenting an alternative solution to the pinched cylinder problem, Calladine'”’
reverts to the use of Rayleigh’s method. In this instance the contributions to strain
energy due to axial membrane strain and circumferential bending are considered. The
published version of Calladine’s theory assumes that circumferential and shear
membrane strain are constrained to zero. Once again a Fourier series of loads is
assumed, and for each Fourier harmonic an expression for the total potential energy
is found. It is observed that for each harmonic this expression is analogous to the
corresponding expression for a beam on an elastic foundation, the analogy being

expressed as the equivalence of the following quantities:

Quantity (referred to Symbol Equivalent quantity for pinched
beam on elastic cylinder problem
foundation problem) | Used | Used by
in this | Hetenyi®
chapter
Deflection w y w, cos nf
Beam flexural B El ,
rigidity B = nEta
" (1 -v)nt
Foundation modulus - .
(force per unit k k k= rEt’(n®-1)
length per unit 1201 -v¥)a’
deflection)
Concentrated load F P F, cos n@ = 2P cos n@
on beam forevenn 2 2
Decay parameter A A
(derived from ok o2 a2 v
k and B) A= |on o= (12 D)
4B, 48a°¢

It is now a simple matter to construct an analogous beam-on-elastic-foundation
problem and to select the appropriate solution from Hetenyi’s catalogue of results®.
For each Fourier component of the load, Q,, B,, k, and A, may be evaluated and
inserted into the chosen solution and the Fourier component of the deformations

evaluated. For instance, the deformation of a cylinder of infinite length may be

expressed as:
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m < (a/n'?

w (x.0) = Y 2"k cos@, bx]) + sin(h, |x])]e *Meos n®
n=2.4 n

7.5)

The terms of the series start to become inaccurate for n = (a/t)'? when the strain
energy used in meridional bending becomes significant. In the author’s experience,
the difference between the deflections predicted by the theories of Calladine and Ting

and Yuan is typically in the order of one percent.

The assumption that circumferential membrane strain is constrained to zero appears
intuitively to be an unrealistic one and is responsible for the 1/(1-v®) factor in the
formula for B,. Calladine states that a more complex derivation shows that the
analogue can be improved by the elimination of this term. A, may now be re-
calculated and inserted into equation (7.5). The author has observed that if this is
achieved, the result is almost precisely equivalent to Ting and Yuan’s theory
summarised in Equation (7.3), the only discrepancy being a slight difference in the
rule for the validity of the high-order terms. Similarly, the corresponding
modifications to Calladine’s results for finite-length pinched cylinders can be re-
arranged into the form of Ting and Yuan's general solution, equation (7.4).

Surprisingly, Calladine makes no reference to Ting and Yuan’s solution.

The theory and derivation presented by Calladine are especially useful because they
are easily extended to cover the orthotropic case; the main steps of achieving this

extension are presented in Section J.2 of Appendix J and the following expressions are
obtained:

B = k=
"= v Int 12(1-v, v, )a?

nE ta? RE 3 (n?-1) 1 Eg(n?-12n* (1.6)
k= —— and &, = | 2 A3E a0 (a-c)

It would be of interest to investigate whether the adaptation of Calladine’s theory to
that of Ting and Yuan could be extended to consider the homogenous orthotropic case,
for instance by the elimination of the 1/(1-v,gV,,) factor in the expression for B,, and

additional work would be required here to check the validity of such an approach.
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It may be observed that the expressions for B, and k, in Calladine’s original theory
include the factors Et/(1-v?) and Er'/12(1-v?), with equivalent orthotropic quantities
appearing in equations (7.6)(a-c). It is tempting to extend the theory to cover the
behaviour of laminates by making appropriate substitutions for these shell section
stiffnesses using classical lamination theory. Some suggestions are outlined in
Section J.4 of Appendix J, along with results in Section J.7 which show good
agreement with an appropriate FE solution. However, such intuitive modifications
should be regarded as useful engineering approximations rather than rigorous

engineering mechanics.

Although analytical solutions of this kind are apparently only useful for a cylinder
with uniform properties along its length, it is possible to extend the orthotropic
Calladine solution to analyse a cylinder with varying properties (Fig. 7.4(a)). This is
achieved by discretising the cylinder into a series of short rigidly-linked (contiguous)
homogeneous cylinders each with uniform properties (Fig. 7.4(b)). This system is
modelled (using Calladine’s analogy) as a ;:ontiguous series of elastically mounted
beams each with different flexural rigidity and foundation modulus (Fig. 7.4(c)). It
is then a matter of linear algebra to enforce equilibrium and compatibility between the
beams'** and hence to find the behaviour of the whole system under the appropriate
load case. The matrix displacement method"® was used to achieve this solution,
which was then applied to the pinched cylinder problem. The theory underlying this
solution, and a description of the computer program used to implement it, are
presented in sections J.3 and J.5 respectively of Appendix J. Results obtained from
this model are included in Fig. 7.23 and will be discussed in Section 7.9. This
approach is similar to that adopted by Highton and Soden™ to the problem of
axisymmetric loading of non-uniform filament-wound tubes (Section 3.4.2) but the

application of this approach and its implementation are different. .

7.4 Selection of specimen dimensions and structure

The inside diameter of the cylinder was originally chosen as 76.2 mm (3") to be

compatible with some existing loading equipment, although no advantage was
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eventually taken of this compatibility. The length was chosen to be several times the
diameter of the tube (approximately 6 times) to minimise the influence of edge effects
upon the accuracy of the analytical solution. The winding pattern (4 layers, band
pattern number of 1) was chosen to provide a laminate structure with significant
coupling between bending and tension, enabling some degree of evaluation to be made
of the effects of accurate and simplified modelling of the lamination sequence whilst

retaining reasonable robustness of the specimen.

The winding pattern was developed using CADFIL I; to facilitate removal of the
specimen the turnaround of the fibre was achieved on the cylindrical portion of the
mandrel using frictional steering. The fibre path (as originally generated, before
processing to give complete coverage) is shown in Fig. 7.5. The winding angle was
arbitrarily chosen to be approximately £45° halfway along the specimen, gradually
increasing in value as the turnaround regions were approached. The value of winding
angle at the points where the turnaround regions were cut off was approximately £65°
The distribution of winding anglé along the specimen is given in Fig. 7.6; this data
was calculated within FILFEM 1 from the CADFIL I fibre path data.

The specimen was manufactured by filament-winding directly onto an aluminium
mandrel. The same materials were used as were described in Chapter 5 (Scott Bader
Crystic 272 polyester resin with catalyst powder B''2, Silenka 2400 TEX E-glass
rovings''). Several coats of aqueous release agent (Wiirtz PAT-607/PCM'?’) were
used to avoid adhesion of the resin to the mandrel. The completed specimen was
cured in an oven and was removed from the mandrel by sliding axially. The
turnaround regions were cut off manually using a diamond-edged circular saw; the
exact positions of the sawcuts were chosen to maximise the length of the cylinder
without encroaching upon the distorted winding pattern of the turnaround regions.
The dimensions of the cylinder are shown in Fig. 7.7; this also specifies the locations

of the points at which the change in diameter is measured.
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7.5 Apparatus

The equipment used was an Instron 1195 universal testing machine with load
measurement being achieved using the Instron’s SOkN load cell on the lowest (1kN
FSD) range. Sensitivity and calibration have already been discussed in Section 5.3.5.
The usual arrangement of jaws or grips was replaced with a pair of cylindrical anvils
of approximate diameter 25mm. A diagram showing the method of loading is given
in Fig. 7.8, and a general view of the apparatus is shown in Fig. 7.9. Fig. 7.10 shows

the specimen in position in the Instron machine.
7.6 Dimensional measurement techniques

Earlier attempts to perform a pinched cylinder exercise with similar filament-wound

tubes had made use of a 75-100mm micrometer to measure the change in diameter of

the tube at various marked points on the specimen. The advantages of this method
are 'as follows.

a) It is simple and cheap; the only capital equipment required was an existing
micrometer, in comparison with automated measurement techniques using (for
example) linear variable differential transformers (LVDTs).

b) It is potentially very accurate: there are none of the calibration problems

associated with remote-sensing devices such as LVDTs.

However, the following drawbacks were experienced.

a) The method is tedious, each test taking several hours. The main problem
associated with this characteristic was that viscoelastic creep and relaxation of the
specimen became significant within the set of readings relating to any particular
value of load.

b) It proved difficult to obtain consistent micrometer readings across a filament-

wound GRP tube because of surface irregularities.

Drawback (a) was alleviated by the deliberate use of overshoot in the loading cycle

(see below). Drawback (b) was overcome by attaching small mild steel cups to the
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surface of the specimen at the points of interest; these acted as locations in which the
anvils of an improvised ball micrometer could rest, giving a repeatable position for
the micrometer. The positions of the cups are specified in Fig. 7.7 and were chosen
to coincide with crossover points on the winding pattern. This enabled accurate
comparison to take place between positions on the specimen and on the FE model.
Rapid-setting epoxy adhesive was used to bond the cups to the specimen. Fig. 7.11

shows the finished specimen and Fig. 7.12 illustrates one of the micrometer cups.

Although the FILFEM system automatically calculates the thickness of the structure
at every node, it was considered important to measure the actual thicknesses of the
specimen in case serious errors persisted in the results and required investigation.
Accordingly, a simple thickness measurement rig was manufactured; this consisted of
a dial test indicator and a cantilevered anvil and is illustrated in Fig. 7.13. It was
estimated that errors due to the flexibility of the cantilever bar were typically 0.01-
0.02mm and that the total error due to this source and to misalignment of the anvils
was typically 0.05 mm. This was judged to be insignificant in view of the thickness
~ variations of the specimen due to the irregular nature of the filament-wound surface.
The thickness of the cylinder was measured at 25mm intervals along four meridians
on the cylinder. These thickness measurements are plotted against axial position in
Fig. 7.14, along with the thicknesses calculated within the FILFEM program. It may
be seen that despite the considerable scatter in the individual measurements of
thickness there is good agreement between the mean readings and the calculated
thicknesses except at the ends where the measured thicknesses are a few percent
greater than those calculated. One possible source of this error is the finite width of
the flattened rovings since this invalidates the thickness calculation method at steep
winding angles. Another possible source of this error is fibre slippage as the friction-

controlled fibre path approaches the turnaround.

7.7 Experimental procedure

The equipment was switched on and allowed to warm up for several hours before

calibration. The specimen was placed in the machine so that point contact took place
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between the specimen and the anvils at the desired position. In preliminary
experiments it was decided to place rubber pads between the anvils and the specimen
to avoid damage at the contact points, but it was discovered in practice that the
viscoelasticity of the rubber led to load relaxation during the tests. It was also found
using experiments with FE models that significant errors could be introduced if the
pads were to spread the load over too large a contact area. As an extreme example,
differences in deflection ranging between 7% and 30% were found for a pinching load
spread over an approximately square area subtending an angle of 45° on a simple
isotropic cylinder when compared with corresponding results for a point-loaded model.
Accordingly, for the final experiments the rubber pads were omitted leading to very
small contact areas only a few millimetres across. It was found necessary to place a
layer of masking tape over the anvils to increase the friction between the contacting

surfaces and hence to discourage the specimen from slipping at low levels of load.

Before taking readings, the specimen was subjected to several load cycles up to a
maximum of 300N and back to zero in an attempt to reduce hysteresis effects during
the actual test of deflections vs. load, although for reasons outlined in Chapter $ this
procedure was probably misguided. The specimen was then loaded up to SON and
hence in increments of 25N up to a maximum of 300N and back to SON and zero. At
each load increment the diameter across each pair of micrometer cups was measured
using a ball-anvil micrometer. The readings at 25N were omitted as the cylinder
tended to slip at low values of load. Two sets of readings were taken using this
method. The first (Test 1) involved straightforward incremental loading and unloading
according to the above procedure with only slight overshoot when setting each load
value. The second (Test 2) involved significant and deliberate overshoot (of typically
10N per reading) in a successful attempt to reduce the effects of viscoelasticity and
hysteresis upon the nominally elastic load-deflection characteristics. The readings of
load and deflection for the two tests are given in Tables 7.1 and 7.2, and the results
of a linear regression on the observations are given in Tables 7.3 and 7.4. Typical
graphs of diametral deflection vs. load are presented in Figs. 7.15 and 7.16. A
program very similar to CORREL (described in Section C.2.2 of Appendix C) was

used for carrying out the linear regression analysis.
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On completion of the tests it was observed that there was visible delamination damage
to the specimen covering an irregular patch approximately 10mm in diameter in the

region where each roller had made contact. This patch did not necessarily correspond

to the actual area of contact. No other damage was visible.

When no further tests were required, the cylinder was sliced for fibre mass fraction
measurements. Three such measurements were made using a burnoff procedure based
upon BS2782: Part 10: Method 1002'*. The values obtained were 75.86%, 74.35%,
76.11%, which average to 75.44%.

It may be seen from Figs. 7.15 and 7.16 that there is some scatter and hysteresis,
although it would appear to be reasonable to fit a straight line through the
experimental points in each case. The two different procedures for load application
gave results with differing degrees of hysteresis and non-linearity but with no
significant differences in the gradients calculated by the linear regression. It is results

from the second test which will be compared with the theoretical and finite element

results.
7.8 Finite element models

The models of the cylinder dimensions and laminate structure were all based upon
data files generated within FILFEM 1. In all cases however, modifications were made
by editing the data in order to remove unwanted parts of the structure, to refine the
mesh locally around the loading and restraining points, to select alternative element
formulations, to set the values of material properﬁcs and to add boundary conditions
and program control commands. In all cases but one, the material properties used
were those fitted to the flexural (pinched ring) results in Chapter S, normalised to a
fibre content of 75.44%. These properties are presented in Table 7.5 and were used
because they represented material behaviour in the experimental situation most closely
matching the system being modelled. The bending strains in the pinched cylinder

situation are comparable with those in the pinched rings, being typically 1150 pe at
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the positions (0, +1/2) rising to a large (theoretically infinite) value at the loading and

restraining points.

7.8.1 ABAQUS thin shell models

These are based upon two meshes, with 24 and 32 elements respectively around
the circumference of the cylinder. Two meshes were used to confirm that the
meshes under consideration were adequately refined. In both cases, the ends of
the mesh were modified (by deletion of unwanted elements and redefinition of the
end nodes) to coincide with the true positions of the cylinder ends after removal
of the turnaround sections. In all cases, curved thin shell elements S4RS
(quadrilateral) and STRI3S (triangular) elements are used. The undeformed
shapes of the meshes are illustrated in Figs. 7.17 and 7.18. The element edges

are represented as straight lines due to the limitations of the graphical output
facilities.

The boundary conditions were added manually and were as follows. Restraint
against translation in all three directions was provided at the support point for the
cylinder; vertical movement only was permitted at the loading point. The
cylinder was restrained against rigid body rotation (about the line of action of the
load) by applying a restraint against transverse movement to a point at one end
of the cylinder. The boundary conditions are included in Fig. 7.18.

No attempt was made to utilise the symmetry of the mesh. This was because
although the pattern of element boundaries is symmetrical about the plane z=0,
the element properties are antisymmetric about this plane and hence there is no
overall symmetry of structural behaviour about this plane; attempts to impose
such symmetry would lead to spurious restraints upon the coupling effects present
in this laminated structure. The apparent rotational symmetry of the mesh
structure about a diameter perpendicular to the line of action of the load is only

approximate and is dependent upon the winding pattern used in manufacture.
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Two variations were made upon the model with 32 elements around the cylinder.
One of these models was edited to represent a uniform lamination sequence rather
than an alternating one. The other model includes the alternating lamination
sequence but uses the material properties calculated using the Halpin-Tsai
equations (equations (5.1) (a-d)) for the appropriate fibre content (Table 7.5).
These properties were used as an alternative to the best-fit properties used

elsewhere.

The models were run without difficulty. A typical plot of the deformed shape of
the mesh is shown in Fig 7.19. The deflection results from all models were
processed to give changes in vertical and horizontal diameter at node positions

along the cylinder. The results are compared with the experimental results (test
2) in Fig. 7.20.

7.8.2 PAFEC thin shell and thick shell models

The mesh structure and boundary conditions are equivalent to those represented
in the ABAQUS model with 32 elements around the cylinder. As with the
ABAQUS models, the PAFEC data files were automatically generated then edited
manually. Three models were used, each using a different set of element
formulations within the PAFEC element library. The elements used were the
Ahmad thick-shell elements 46215 (quadrilateral) and 46115 (triangular) and the
equivalent semi-Loof thin shell elements 43215 and 43115, with the 43215
elements used in both their full (9-point) integration and reduced (4-point)

integration formulations. In all cases the material properties used were those

fitted to experimental flexural data.

The models were run without major difficulties, although some warnings were
flagged for all three models. Some of these related to elements in the regions of
mesh refinement where there is just sufficient distortion of element shape to merit
a warning. More seriously it was noted for all three models that ill-conditioning
(difficulty in achieving a numerically stable solution) was suspected in the region

of the restraint against rigid-body rotation. A typical cause of ill-conditioning is
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a major variation in the stiffness of different parts of a structure although such
variations are not obvious to the writer in this instance. An attempt was made to
alleviate the problem using alternative restraints against rigid-body rotation but
this only caused more warnings of this type to be flagged. While some degree
of caution should be exercised in examination of the results in these
circumstances, no spurious or unexpected deflections were observed in the
relevant region and it is the writer’s belief that no significant problem exists. The
deflections from these models are compared with the experimental results (Test
2) in Fig. 7.21.

7.8.3 PAFEC axisymmetric Fourier model

It has already been described in Section 7.3 how a Fourier series of sinusoidally-
varying radial loads can be used to construct a pinching load on a cylinder, and
this technique may be used in conjunction with the axisymmetric Fourier elements
available within PAFEC. If these are used, it is_ncccssary to simplify the
laminate structure by representing it as an equivalent homogeneous orthotropic
material with properties defined by equations (5.9)(a-d). In making this
simplification it is necessary to assume that the laminate has many layers and
hence that the coupling effects present in the laminate become negligible. An
antisymmetric laminate with four layers is a poor candidate for this simplification;
however, the problem has been modelled in this way as a demonstration of the
application of FILFEM I to axisymmetric meshes and as a comparison with the
analytical solution to the pinched cylinder problem for\ which the same

assumptions may be made.

Once again the finite element model is based upon a file generated by FILFEM
I, in this case the equivalent orthotropic properties of the laminate are
automatically calculated within FILFEM I based upon the supplied unidirectional
material properties (in this case, the values fitted to experimental flexural data).
The level of mesh refinement was chosen to preserve a reasonable aspect ratio to
the elements, and no convergence checks on mesh refinement have been

performed. The maximum aspect ratio (ratio of element edge lengths) was
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approximately 2.8:1 for this mesh; the ideal ratio is 1:1 but wamings are not
given below a ratio of 5:1. The file defining the FE model was edited to remove
unwanted parts of the structure and to add boundary conditions. The mesh used
for the analysis of the problem is shown in Fig. 7.22. The plot is misleading as
it would appear that the cylinder is stepped rather than of having the smooth
profile shown in Fig. 7.14; this is due to the limited resolution of the graphical

output facilities.

The loading on these elements is defined as the total load per circumference for
n=0 and g,x for n=2...c where ¢, is defined in equation (7.1); therefore the values
of load specified in the FE data file are 2P for n = 0, 2, 4. A
restraint against axial movement was provided at the point of application of the
load. The finite element model was run separately for each harmonic in the
Fourier series. The vertical displacements w, are obtained by summing the terms

in the series; the horizontal displacements w, are obtained by adding and
subtracting alternate terms:

wV

WO + M’2 + W4 + W6 .o (7.7)
and w, = w, -w, +Ww, - w ..

These radial displacements are multiplied by 2 to give change in diametral
measurements, and are compared with experimental results in Fig. 7.23. Also
presented in Fig. 7.23 are equivalent results obtained by the orthotropic extension
to Calladine’s ﬁfnchcd cylinder solution described in Appendix J (sections J.2 and
J.3).

7.9 Discussion

It may be seen that, with the exception of the results obtained from the axisymmetric
mesh, all the finite element models based upon the material properties fitted to
experimental flexural data agree within a few per percent with the experimental results
for the pinched cylinder. It will be observed that they also agree closely with each
other. In particular, it may be noted that the refinement of the ABAQUS mesh from
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24 elements to 32 elements around the cylinder alters the results typically by 2%; this
suggests that the results have converged to an acceptable degree. It is also noted that
accurate representation of lamination sequence alters the results by even less (typically
1%) compared with an otherwise identical mesh which assumes the lamination
sequence to be uniform. The PAFEC thick shell elements and the semi-Loof elements
with full integration agree within about 2% with each other but are typically 5-12%
over-stiff compared with the experimental results; the reduced-integration semi-Loof
elements give results almost identical to the ABAQUS thin shell elements, are around
3% more flexible than the same elements with full integration, and are within 3-6%

of the experimental results.

It should be noted that the accuracy of material properties used in any structural
analysis are crucial to the validity of its comparison with experimental data.
Considerable difficulties were encountered in obtaining consistent material property
data and these problems were discussed in Chapter 5. FE analyses carried out using
properties obtained by alternative means will give results with differing levels of
agreement with experimental data. For example, if the material properties predicted
from the Halpin-Tsai equations are used, the disagreement between FE results and

experimental results increases to around 15% using the ABAQUS thin shell elements.

It is predictable that the axisymmetric Fourier elements will lead to inaccurate results
for this particular problem because of the simplifications made when modelling the
four-layered laminate as a homogeneous material; the predicted deflections are smaller
than those measured experimentally by typically 10%. However, the results from
these elements are in close agreement (differences of between 2% and 4%) with those
from the analytical solution. Agreement between these two solutions is to be expected

since they both assume that the same simplification is made to the laminate structure.

It should be noted that the thickness and winding angle data for the analytical solution
was prepared using a version of FILFEM I modified to write these data to a file. The
analytical solution does not, therefore, provide independent verification that these

values have been correctly processed within FILFEM 1. However, close agreement
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was observed between the predicted and measured wall thicknesses of the specimen
except near fibre turnaround. This in tum suggests that the winding angles used in

predicting wall thickness are also correctly predicted.

7.10 Conclusions

An analytical solution has been obtained to the problem of a pinched filament wound
t:ylinder, and various suggestions have been made for refinement to this solution. The
FILFEM I mesh generator has been successfully used to model this situation, and a
number of different models created with it have all yiclded results which agree
reasonably well between themselves and with experimental data. The results from two
of the thin shell element models (ABAQUS thin shell, PAFEC semi-Loof with
reduced integration) agree closely with each other and are closest to the experimental
results. Simplification of the model to ignore the variations in lamination sequence
over the component made no significant difference to the results obtained from this
analysis. The results from the axisymmetric finite element mesh agree closely with
another set of results which they are most likely to be comparable, namely the results
of the analytical solution to the problem of the pinched cylinder with equivalent

homogenous orthotropic material properties.

It may be concluded that FILFEM I provides an effective method of generating the
vast majority of the data required to model nominally-axisymmetric filament-wound
structures using a variety of different types of mesh, although a ﬁwcratc amount of
manual effort is required in adapting the data to model the actual component and load
case under consideration. Some improvements may need to be made in the calculation

of wall thickness in the region of the fibre turnaround.



Table 7.1: Diametral measurements of filament wound cylinder under pinching load: test 1

Measurement point number: table gives micrometer reading (mm) for each value of pinching load

Losd (N)
1 2 3 4 5 6 7 8 9 10 11 12 13

0.000 101.455 101.155 101.345 101.200 100.820 100.895 100.235 100.495 100.530 100.725 100.835 99.505 101.145
50.000 101.385 101.255 101.220 101.340 100.575 101.085 100.499 100.240 100.755 100.565 101.010 99.470 101.255
75.000 101.350 101.275 7101.420 101.420 100.450 101.200 100.635 100.095 100.895 100.480 101.100 99.415 101.250
100.000 101.310 101.295 101.040 101.500 100.310 101.295 100.735 99.965 101.000 100.380 101.180 99.380 101.335
125.000 101.240 101.350 100.945 101.580 100.170 101.450 100.865 99.830 101.130 100.300 101.255 99.350 101.345
150.000 101.220 101.400 100.875 101.635 100.010 101.580 101.000 99.680 101.230 100.200 101.310 99.290 101.370
175.000 101.150 101.430 100.790 101.740 99.885 101.685 101.140 99.535 101.385 100.125 101.450 99.235 101.435
200.000 101.125 101.480 100.700 101.840 99.750 101.860 101.280 99.400 101.510 100.045 101.510 99.200 101.480
225.000 101.090 101.520 100.615 101.915 99.600 101.975 101.420 95.250 101.630 99.940 101.625 99.150 101.520
250.000 101.035 101.565 100.500 102.010 99.440 102.105 101.535 99.105 101.775 99.835 101.735 99.100 101.535
275.000 100.995 101.610 100.410 102.105 99.270 102.190 101.725 98.925 101.925 99.750 101.830 99.040 101.625
300.000 100.950 101.635 100.320 102.195 99.105 102.285 101.900 ;8.750 102.085 99.650 101.910 99.000 101.655
275.000 100.985 101.605 100.360 102.140 99.215 102.280 101.775 98.875 101.980 99.710 101.840 99.040 101.610
250.000 101.025 101.570 100.440 102.065 99.330 102.190 101.660 99.000 101.855 99.790 101.750 99.070 101.580
225.000 101.070 7101.645 100.540 101.985 99.440 102.075 101.550 99.115 101.720 99.870 101.680 99.110 101.540
200.000 101.105 101.515 100.615 101.910 99.600 101.944 101.415 99.240 101.620 99.955 101.610 99.145 101.495
175.000 101.130 101.465 100.690 101.835 9.725 101.830 101.290 99.380 101.500 100.035 101.535 99.185 101.470
150.000 101.180 101.440 100.755 101.760 99.840 101.705 101.155 99.520 101.385 100.125 101.440 99.240 101.435
125.000 101.220 101.400 100.845 101.665 99.980 101.580 101.010 99.665 101.250 100.200 101.340 99.285 101.390
100.000 101.265 101.355 100.930 101.590 100.100 101.470 100.920 99.780 101.150 100.285 101.293 99.315 101.350
75.000 101.295 101.300 101.015 101.530 100.265 101.340 100.765 99.925 101.000 100.355 101.195 99.355 101.300
50.000 101.340 101.270 101.070 101.435 100.380 101.220 100.640 100.040 100.910 100.445 101.110 99.395 101.250
0.000 7101.210 101.185 101.245 101.235 100.620 100.950 100.350 100.325 100.590 100.615 100.915 99.460 101.175

? indicates measurements where a recording error may have occurred; these points are omitted from the linear regression
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Table 7.2: Diametral measurements of filament wound cylinder under pinching load: test 2

Measurement point number: table gives micrometer reading (mm) for each value of pinching load
Lowd ® i 2 8 9 10 11 12 13
e e e

0 101.400 101.210 101.235 101.270 100.950 100.385 100.295 100.625 100.605 100.944 99.475 101.160
50 101.360 101.270 101.100 101.410 100.425 101.170 100.575 100.110 100.845 100.480 101.085 99.420 101,245
75 101.310 101.295 101.035 101.495 100.295 101.300 100.710 99.980 100.965 100.400 101.160 99.370 101.295
100 101.265 101.340 100.980 101.560 100.185 101.415 100.845 99.860 101.075 100.330 101.235 99.355 101.300
125 101.230 101.370 100.905 101.640 100.050 101.500 100.935 99.730 101.185 100.260 101.295 99.300 101.345
150 101.180 101.425 100.820 101.705 99.930 101.640 101.090 99.595 101.315 100.150 101.395 99.260 101.395
175 101.140 101.455 100.740 101.800 99.800 101.770 101.215 99.460 101.425 100.090 101.485 99.225 101.455
200 101.100 101.495 100.660 101.890 99.640 101.895 101.350 99.340 7101.560 100.010 101.555 99.160 101.500
225 101.065 101.530 100.570 101.970 99.500 102.020 101.495 99.180 101.695 99.900 101.655 99.120 101.525
250 101.030 101.575 100.465 102.060 99.345 102.160 101.645 99.035 101.810 99.820 101.720 99.085 101.545
275 100.975 101.625 100.370 102.145 99.180 102.285 101.795 98.885 101.975 99.725 101.815 99.045 101.610
300 100.935 101.650 100.290 102.230 99.060 102.435 101.935 98.695 102.110 99.635 101.915 99.000 101.640
275 100.975 101.630 100.360 102.170 99.160 102.320 101.805 98.850 101.995 99.718 101.865 99.040 101.620
250 7101.005 101.595 100.455 102.090 99.300 102.205 101.695 98.970 101.855 99.795 101.755 99.070 101.595
225 101.050 101.550 100.515 102.015 9.425 102.090 101.525 99.075 101.770 99.870 101.695 9.115 101.540
200 101.085 101515 100.600 101.940 99.550 101.970 101.435 99.235 101.640 99.950 101.605 99.140 101.520
175 101.120 101.460 100.680 101.850 99.690 101.860 101.285 99.350 101.515 100.035 101.525 99.180 101.475
150 101.140 101.420 100.730 101.750 99.825 101.735 101.175 99.490 101.400 100.105 101.455 99.225 101.420
125 101.205 101.395 100.840 101.690 99.965 101.610 101.035 99.640 101.270 100.185 101.350 99.275 101.365
100 101.240 101.350 100.935 101.595 100.095 101.475 100.900 99.790 101.145 100.290 101.265 99.320 101.340
75 101.290 101.295 101.010 101.520 100.230 101.355 100.775 99.920 101.010 100.375 101.200 99.350 101.300
50 101.330 101.270 101.090 101.445 100.365 101.230 100.650 100.050 100.880 100.445 101.090 99.390 101.265
24 101415 101.185 101.245 101.255 100.590 100.925 100.340 100.260 100.600 100.585 100.920 99.460 101.155

? indicates measurements where a recording error may have occurred; these points are omitted from the linear regression
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Table 7.3: Linear regression data for cylinder pinching test 1

Measurement point number

1 2 3 | s | s 7 8 9 10 1 12 13
Gradient 0.00167 0.00157 | -0.00328 0.00326 000543 | 0.00482 0.00527 0.0055 0.00500 -0.00342 0.00344 0.00168 | 000162
(mmN™)
y-intercept 101.447 101.176 101.303 101.220 100.746 100.917 100.295 100.421 100.568 100.675 100.880 99.508 101.165
(mm)
935% confidence limits on gradient
Upper (mmN-") 0.00157 0.00166 { -0.00302 0.00347 -0.00500 0.00514 0.00562 -0.00510 0.00529 -0.00319 0.00367 000153 | 000172
Lower (mmN"") 0.00176 0.00147 | 0.00354 0.00304 0.00586 0.00449 0.00492 0.00590 0.00470 -0.00365 0.00321 000182 | 0.00152
Correlation 0993 0.9%92 0.986 0.990 0985 0.989 0.989 0987 0.992 0.989 0.989 -0.982 0.991
coefficient
— —————
Table 7.4: Linear regression data for cylinder pinching test 2
" nt point
1 2 3 4 5 6 7 8 9 10 11 12 13
Gradient 0.00160 0.00157 0.00320 0.00326 -0.00529 0.00495 0.00528 -0.00532 0.00497 -0.00325 0.00330 -0.00161 0.00164
(mmN)
y-intercept 101.414 101.188 101.261 101.258 100.652 100.945 100.340 100.335 100.610 100.622 100.925 99.482 101.165
(mm)
95% confidence limits on gradient
Upper (mmN-) 0.00153 0.00162 | -0.00307 0.00336 -0.00507 0.00513 0.00545 -0.00509 000514 | -0.00313 0.00341 000153 | 000172
Lower mmN™) |  -0.00167 0.00152 | -0.00334 0.00315 -0.00550 0.00477 0.00510 £0.00555 0.00480 -0.00337 0.00318 | -0.00168 | 0.00156
Comrelation 0996 0.998 0.99 0.997 099 0.997 0.997 £0.995 0.997 0.997 0.997 0.995 0.994
coefficient

991
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Table 7.5: Material properties used for model definition

Property Calculated from Halpin- Properties from flexural
Tsai equations for 75.44% (proving ring) data
fibre by mass normalised to 75.44% fibre
E, (MNm™) 44514.54 4233192
E, (MNm™) 8770.27 (using £=0.2) 2381.27
I G, MNm?) 4271.25 4689.741
Via 0.2856 0.30482

T This value was also used as the value of through-thickness shear modulus for the
PAFEC thick shell and axisymmetric models
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End conditions

specified: Pinching load
usually free P

Thin cylindrical
elastic tube

Fig. 7.1: The pinched cylinder problem

Fig. 72: A sinusoidally-varying radial load around the circumference of a
cylinder (after Calladine'")
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(@) q,=Pl2n (b) g, cos20 = (P/r) cos20
(c) q, cosd40 = (P/r) cos40 (d) Fourier series summed to n=6
(e) Fourier series summed to n=20 (f) Infinite summation (point loads)

Fig. 7.3: Synthesis of pinching load using a Fourier series of sinusoidally-varying
radial loads (N.B. (d)-(f) are not drawn to scale)
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P

(a) Cylindrical tube with continuously-varying thickness and properties,
subjected to a pinching load

v, ) Al

W’ < y

P

(b) Cylinder in (a) discretised into a series of uniform cylindrical tubes with
different thicknesses and properties

Y F,cosén
a=24..
—_ —

SISISTTTIIITIIIITINISIIEISSS

(c) Series of contiguous beams-on-elastic-foundations, analogous to (b)

Fig. 7.4: Modelling of pinched cylindrical shell with continuously-varying

thickness and properties, using Calladine’s beam-on-elastic-foundation
analogy
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o

Fig. 7.5: Fibre path used for winding cylindrical specimen on dome-ended
mandrel. Hlustration shows fibre path as generated within CADFIL I,
prior to processing of path to give complete coverage of mandrel.
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Winding angle /degrees
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0 T | T 1 T T T T
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Axial position /mm

Fig. 7.6: Distribution of winding angle along length of cylinder (predicted from
CADFIL 1 data using FILFEM I).



172

, Turnaround
Start of Measurement region
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Fig. 7.7: Dimensions of cylinder and locations of measurement points

Loaded in Instron machine

Measurement
Points

Steel rollers

Fig. 7.8: Method of pinching cylinder, showing roller-shaped anvils
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Fig. 7.9: Instron universal testing machine showing cylinder in position.
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.

Fig. 7.10: Filament wound cylinder in position in Instron machine.

"y 3 4% T J, ey Lol P I R Vo ‘ DL P %, \} g St

Fig. 7.11: Finished filament-wound cylinder with micrometer cups attached



Fig. 7.12: Detail of locating cup for ball-anvil micrometer, attached at each
measurement point

Fig. 7.13: Apparatus for measuring wall thickness of filament wound cylinder
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e Average of wall thickness measurements
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Fig. 7.14: Measured and calculated thicknesses of filament wound cylinder
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Fig. 7.15: Variation of vertical diameter measurement with load for measurement
point 1 (N.B. Measured vertical diameter includes dimensions of
measurement cups and micrometer ball anvils).
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Fig. 7.16: Variation of horizontal diameter measurement with load for
measurement point 6



Fig. 7.17: ABAQUS mesh with 24 elements around circumference of cylinder

Restrain in directions 1 and 3

1,2and 3

Fig. 7.18: ABAQUS mesh with 32 elements around circumference of cylinder,
showing boundary conditions.
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Fig. 7.19: Displaced shape of a typical mesh (ABAQUS mesh with 24 elements
around circumference of cylinder)



180

10

9 Changes in vertical and horizontal diameter
— ABAQUS: 24 thin shell elements around cylinder
------- ABAQUS: 32 thin shell elements around cylinder

8- --- ABAQUS: 32 elements, uniform lamination sequence
— ABAQUS: 32 elements, properties from H-T equation

7 e Experimental results

6_

Change in horizontal diameter

Change in diameter per unit load /umN'

-9 Change in vertical diameter

| 1 1 ] ) 1 | |
0 50 100 150 200 250 300 350 400 450
Position along cylinder /mm

Fig. 7.20: Comparison of deflections predicted by ABAQUS thin shell models
with experimental results
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Changes in vertical and horizontal diameter
-——- PAFEC semi-Loof elements (full integration)
8- --- PAFEC semi-Loof elements (reduced integration)
------- PAFEC thick shell elements
7] ® Experimental resuits
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Fig. 7.21: Comparison of deflections predicted by PAFEC shell models with

experimental results
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(a) Complete axisymmetric model (represented as a half-section through cylinder)

(b) Detail of R.H. end of axisymmetric model

Fig. 7.22: PAFEC mesh of axisymmetric Fourier quadrilateral elements
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10
9 —
Changes in vertical and horizontal diameter
84 | PAFEC axisymmetric Fourier elements
-— Homogeneous orthotropic extension to Calladine’s solution
7] ® Experimental results
6—

Change in horizontal diameter

Change in diameter per unit load /umN'

-9 Change in vertical diameter

T 1 | I | L 1 i
0 50 100 150 200 250 300 350 400 450

Position along cylinder /mm

Fig. 7.23: Comparison of deflections predicted by PAFEC axisymmetric model
with analytical solution and experimental resuits.
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CHAPTER 8: COMPUTER AIDED FILAMENT WINDING OF AN ELBOW-
SHAPED PIPE

8.1 Introduction

This chapter describes the various stages in the design and manufacture of a non-
axisymmetric component. It is included because the data generated was used as the
test data for FILFEM II (described in Chapter 6). The work also forms a necessary
foundation for further work if the project is to be continued to include experimental

verification of meshes generated using FILFEM I1.

In the work described in this chapter, use is made of the existing CADFIL II system
for the computer-aided filament winding of non-axisymmetric components. An
overview of this system was given in Chapter 2 (Section 2.4). This is the first time
that CADFIL II has been used for winding an elbow-shaped component and
- limitations were found in the existing software. Although no work was carried out by
the author on the fibre path generation aspects of CADFIL II, it was necessary to
develop modified methods for processing the fibre paths in order to obtain feasible
winding programs for the CNC winding machine.

The complete process of manufacturing the elbow (including full details of the
software modifications and technical procedures) is described in a report'? and is
too extensive to describe fully in this thesis. This chapter, however, contains an
overview of the process, and begins by examining the various objectives of
manufacturing the elbow. The manufacturing process is then described in three main
stages. The first of these is the theoretical stage of design and winding data. The
second stage is the manufacture of the mandrel and a description of tooling required.
The final stage is the winding and curing of the elbow itself. Practical problems
encountered in the manufacture of the elbow are then discussed, and the chapter

concludes by reviewing the work which has been achieved.
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8.2 Background and objectives

It will be recalled from Chapter 6 that a strategy or procedure has been developed for
the automatic generation of finite element models of components manufactured with
the aid of CADFIL II, and that this strategy has been encoded for trial purposes as a
suite of programs named FILFEM II. Because of the simplifications made in
modelling the very complex structure of the components, it will clearly be necessary
to perform an experimental assessment of the usefulness of the automatically-
generated finite element models. It will probably be necessary to undertake further
development work upon the strategy underlying FILFEM II in the light of the
experimental results obtained. Time constraints have meant that such a programme
of development work will need to form the basis of a subsequent project. It was
however necessary to define a typical component suitable for modelling using
FILFEM II. Design and manufacture of this component were carried out with the aim

of using similar components for experimental testing at a later date.

The design and manufacture of the component had two further objectives besides
providing a set of test data for FILFEM II and a test component for its experimental
validation. One of these objectives was for the author to gain experience of the non-
axisymmetric filament winding process, with particular reference to the generation of
fibre paths within CADFIL II and of the techniques involved in converting these paths
to CNC part-programs. The other objective was to establish the software to facilitate

the manufacture of elbow-shaped components not previously attempted using the
CADFIL II system.

8.3 Design, fibre path generation and CNC program generation

8.3.1 Choice of dimensions for filament-wound elbow

The dimensions of the elbow were chosen initially to provide some compatibility
with existing experimental apparatus for the testing of tubular joints. This
resulted in the choice of a bore of 3" (76.2mm); the shank length was chosen so

as to give some degree of isolation from end effects according to St Venant’s
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principle. For this reason shank length was made approximately equal to twice
the tube diameter, the assumption being made that end effects would become
small at a distance of approximately one diameter away from the ends. The tube
centreline radius was chosen arbitrarily to give approximately the same
proportions as the existing filament-wound tee pieces (i.e. the inner radius of the
torus is made approximately equal to the bore). The exact dimensions were
chosen so that the toroidal section of the elbow pattern could be manufactured
from 12" diameter aluminium stock. Fig. 8.1 shows the dimensions of the

mandrel.

8.3.2 Generation of fibre paths and CNC programs
The stages in the computer-aided filament winding of non-axisymmetric
components using CADFIL II has already been described in Section 2.3.2, and the

following description should be read in conjunction with that section.

(@) Mandrel surface definition. For the purpose of generating the fibre paths
the mandrel surface was defined as a data file of node co-ordinates, from
which CADFIL II creates a surface model of rectangular elements. This

data file was created using a program very similar to MESHGEN described
in Section 6.4.4.1.

(b) Fibre path generation. The existing CADFIL II software, running on an
Apollo workstation, was used to create the paths of the fibres on the surface
of the mandrel. The aim was to build up a sequence of fibre path families
(such as that illustrated in Fig. 6.7) which give as far as possible an even
and complete coverage of the mandrel. To avoid unnecessary fibre
generation effort, fibres were replicated by taking account of mandrel

symmetry (refer to next paragraph) to provide complete coverage.

(c) Fibre path replication and linking. Each family of fibre paths was used to
produce three more families by reflecting in the planes shown in Fig. 8.2.

In order to provide a continues fibre path, fibres wound in the same
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direction around the mandrel were joined at the ends by a path such as that
shown in Fig. 8.3, made up of helical extensions to the fibre path joined by
a circular arc. Similar paths are used to secure the fibre before winding
begins and after it finishes. An existing end-linking program was modified
by the author to achieve this. In practice the circular fibre tightens around
the shaft which protrudes from the end of the mandrel, but the end linking
path illustrated is a satisfactory assumption for the purpose of generating the
payout eye path. Slippage is avoided at the ends of the mandrel by the use
of pinned end-caps (Fig. 8.4) which locate the fibre as it is laid.

Payout eye path generation. The payout eye path is created by extending
a tangent to the fibre path from the mandrel surface and finding its
intersection with a control surface which is defined to be clear of the
mandrel. Existing control surface models were found to be inadequate and
the software was modified to provide a control surface consisting of a series
of intersecting conical and cylindrical ducts (Fig. 8.5). Madification was
also made to the rules governing the co-ordinate transformations applied to
the payout eye position. These are related to the orientation of the mandrel
to the winding machine at any instant during the winding, and hence define
the position of the payout eye in terms of an absolute (stationary) co-
ordinate system. The rule chosen was that the mandrel and payout eye
maintained the fibre within a plane of constant slope relative to the Y-axis.
This strategy was found necessary to prevent the payoﬁt eye from fouling

the mandrel or the end shafts during winding.

As an illustration, Fig. 8.6 shows a single winding of fibre consisting of two
fibre paths linked as shown in Fig. 8.3. Fig. 8.7 shows the payout eye path
required to wind this pattern, plotted relative to a stationary mandrel.

Fig. 8.8 shows the absolute movement of the payout eye.
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(e) CNC part-program generation. An existing post-processing program was
used, with only minor modifications, to translate the absolute payout eye

and mandrel positions into machine control instructions.

Manufacture of washable mandrel and associated tooling

8.4.1 The need for a removable mandrel, and selection from available methods
It will be readily appreciated that an elbow-shaped filament-wound component
cannot be slid off its mandrel in the same way as a cylinder. Therefore it was
necessary to create a mandrel which could not only be located accurately and
positively in the winding machine but could also be removed from inside the
elbow, possibly by destroying it in situ. Rosato and Grove' describe some of the
options available for removable mandrels, as does Edwards’ who presents a
review of the limited amount of literature available on the subject. Wilson*
describes some recent incremental developments in mandrel technology. One of
the options considered for this application was a multi-part metal mandrel which
could be dismantled from within the elbow, although this would have been very
complex to design and use. Another option was to make the mandrel from low
melting point alloy, but this would have been very heavy unless some means were
found to make it hollow. The melting temperature of the metal would be chosen
to be above the cure temperature of the resin otherwise it would melt out during
the cure cycle. Eventually the concept of a washable or soluble mandrel was
chosen since this technology had already been used in the Department for the
manufacture of axisymmetric components. Ludur Wash-Away plaster'’ was

chosen as being a close substitute for the Paraplast washable plaster used

previously.

8.4.2 Manufacture of pattern

Before a washable mandrel could be made it was necessary to manufacture a
mould and this in turn required the existence of an accurate pattern. This was
manufactured from a number of aluminium components. The curved (toroidal)

region of the elbow was assembled from two quadrants of a semi-toroidal ring
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machined from round stock on a profiling lathe. These were bonded back-to-back
using epoxy adhesive and the assembly was machined to give orthogonal end
faces. The shanks of the elbow were made from aluminium tube and attached to
the toroidal section using end discs with spigots. The whole pattern was
assembled using epoxy adhesive with some screw reinforcement. As well as
being used in mould manufacture, the pattern acted as a robust dummy mandrel
for dry (resin-free) trial winding during fibre path development. End shafts
protruding from the shanks provided a means of location of the mandrel in the

machine.

8.4.3 Manufacture of mould for plaster mandrel

Some experimentation was involved in the evolution of the mould. The first
mould followed existing practice by using soft plasticised vinyl rubber cast around
the mandrel within a split wooden box. However, the plaster castings produced

exhibited severe dimensional instability and distortion which was attributed to the

compliant nature of the mould material.

A rigid two-part mould was manufactured from slate-filled epoxy resin and this
gave promising results despite the occurrence of a crack during mould
manufacture.  Finally, a four-part mould (Fig. 8.9) was professionally
manufactured from GRP and this gave satisfactory results. Some room for
improvement exists in the mould filling arrangement which is at present via a

single filler hole.

8.4.4 Manufacture of steel-reinforced plaster mandrel

The casting of the mandrel is essentially a simple process, during which a steel
reinforcement structure is incorporated into the mandrel. This structure is
necessary because the mandrel assembly is subjected to significant loads during
winding and curing due to fibre tension, self weight and inertia. Unlike mandrels
for axisymmetric components and many non-axisymmetric components such as
tee-pieces and gently curved cranked arms, the elbow mandrel cannot be cast

around a single straight shaft. The straight shanks of the elbow are joined by a
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curved region and it was the author’s opinion that it would be unwise to rely
upon the strength of this region if it were made entirely from plaster. It was
therefore decided to include in the plaster casting a dismountable elbow-shaped
steel assembly. This consisted of two end shafts (co-axial with the cylindrical
shanks of the elbow) linked by a mitre-shaped steel block into which the shafts
screwed. The result was a steel structure which provided a strong framework for
the mandrel yet was easily dismantled by unscrewing the shafts before washing
out the plaster. The steel reinforcement, along with other tooling used in the

manufacture of the elbow, is illustrated in Fig. 8.10.

The mould was greased with petroleum jelly and assembled around the steel
reinforcement (Fig. 8.11). The mould was then filled with the slurry of mixed
plaster which was compacted within the mould with the aid of a vibrating table.
The plaster was allowed to set in the mould which was then progressively
dismantled, allowing the plaster to dry out in a warm oven at 45°C. Flash was
removed from the plaster casting and the surface sealed using 'Araldite mould
release agents QZ11 (wax) and QZ19 (polyvinyl alcohol)'*.

8.4.5 Additional tooling

Before loading into the winding machine, a number of other items of tooling were
used or fited. Pinned end turmaround caps (intended to catch the fibres to
prevent slippage during turnaround) were assembled onto the end shafts at this
stage. The mandrel was held via its end shafts in the winding machine using 45°
cranked arms and these were assembled with the aid of a wooden jig (Fig. 8.12)

so that the axis of rotation of the mandrel was correctly located.

An additional item of tooling was used during loading of the mandrel into the
machine and during curing. This was a brace which clamped around the end
shaft of the elbow, converting it into a rigid A-frame structure to reduce further
the effects of shock and cyclic loading during handling and curing. The brace is

illustrated in Fig. 8.10 along with the other tooling already described.
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8.5 Winding, curing and mandrel removal

8.5.1 The winding process

The elbow assembly was loaded into the machine and positioned relative to the
machine datums using a steel rule and a spirit level. The brace was removed and
winding of the various fibre patterns proceeded in the appropriate sequence. The
fibre was cut and the winding sequence re-started whenever the direction of
rotation of the mandrel changed between successive fibre patterns. A circular
ceramic payout eye was used in preference to the roller-shaped eye used for
winding the axisymmetric specimens; although this slightly reduced the flatness
of the fibre tow, it eliminated the need for payout eye axis rotation and hence
reduced the memory requirements for the winding part-programs. The smaller
size of the payout eye also made it possible to approach the mandrel closely
without danger of collision. The winding process and materials were otherwise
identical to that used for the axisymmetric specimens. Fig. 8.13 shows the
winding of an elbow. In the manufacture of a specimen using wet fibre on a
white plaster mandrel the fibre is virtually invisible. The photograph therefore

shows a black-painted dummy mandrel being wound with dry fibre to give a clear
view of the fibre paths.

8.5.2 Curing and mandrel removal

On completion of the winding process, the brace was fitted to the elbow
assembly. The assembly was then transferred to a curing oven which was fitted
with a rotisserie to ensure even curing and to avoid dripping and running of the

resin. A counterweighted arm was added to the assembly to minimise imbalance

and speed variations.

It was necessary to ensure that the mandrel was thoroughly heated throughout its
volume since this caused a chemical change in the plaster (calcining) necessary
for satisfactory disintegration during washout. In practice the elbow was cured
for 2 hours at 120°C before the turnaround regions were removed by sawing and

the end shafts were unscrewed. The elbow was then post-cured at 120°C for 12
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hours to calcine the plaster. After cooling, the plaster was removed with the aid
of a high-pressure water jet, leaving the mitre block free to be removed. A
typical finished elbow is shown in Fig. 8.14. The tumaround fibres were removed

from the end caps after digestion of the resin in a suitable agent such as

Stironol'#*

elbow.

. The end caps could then be re-used for the manufacture of another

8.6 Discussion

The software-related challenges of filament winding an elbow were eventually
overcome with complete success in that full mandrel coverage could be achieved
without collision. Three elbows were wound with apparent success, despite some
minor practical difficulties relating to the rotisserie drive. However, a number of
problems remain and these will need to be addressed if further use is to be made of
the elbow-winding techniques described in this chapter. The most serious relates to
the usefulness of the windiﬁg pattern from a structural viewpoint. The variety of
feasible paths which can be wound upon an elbow is surprisingly limited. A path
which appears quite practical (Fig. 8.15(a)) may require payout eye movements which
are impractical because of clashes with the mandrel (e.g. Fig. 8.15(b)). Attempts to
wind at shallow angles along one of the shanks can lead to nearly-axial paths along
the opposite shank (Fig. 8.16) or to paths which will tend to lift from the toroidal
region of the mandrel (Fig. 8.17). The fibre paths used for the test elbows were
wound at approximately +75° on the shanks and none of these problems was
encountered. However, these patterns did result in a weak spot on the outside of the
toroidal region (Fig. 8.18) where the fibres ran almost parallel to each other giving a
material which was very weak in the transverse direction. The area where this
occurred happened to be the thinnest part of the structure. Two elbows were produced
with this set of paths and both of them exhibited lines of opacity in this region. This
opacity appears to be due to matrix micro-cracking. It is possible that this cracking
was due to thermal movement of the plaster, steel and composite during curing. If an

elbow is to be used as a test specimen for verification of the meshes produced using
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FILFEM 11, it will be essential to investigate these problems and overcome any

weaknesses as far as possible.

8.7 Conclusions

It may be concluded that although some refinement to the details of the process are
still required, the attempt to manufacture a filament-wound elbow has been largely
successful and has produced a number of benefits. The task of manufacturing the
elbows has involved the creation of some useful enhancements to the filament winding
software which will form an essential foundation for further manufacture of structures
of this kind. It has also provided a useful set of fibre path data which was used in the
development of FILFEM II. Although no experimental testing of the elbows has taken
place, these fibre paths have formed the set of test data which was essential in
demonstrating the usefulness of the search algorithms and vector geometry used in
FILFEM II. Finally, it has provided the author with a challenging and beneficial
learning exercise. This has covered all the aspects of non-axisymmetric filament

winding from path generation via fibre path processing to the practical aspects and

problems of manufacture.
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Fig. 8.2: Planes of symmetry used for replication of fibre paths
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Fig. 8.4: End cap used to prevent fibre slippage at turnaround
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Mandrel

Control surface

Fig. 8.5: Control surface used to calculate payout eye position

Fig. 8.6: A pair of fibre paths (second fibre path obtained by reflection in x=0)
linked using helical and circular end paths to form a single winding of
fibre. Also includes circular and helical paths for starting and finishing
winding.
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Fig. 8.7: Payout eye path required to wind fibre as shown in Fig. 8.6. Path is
shown relative to the mandrel.

Machine axis
system

Fig. 8.8: Actual path of payout eye, as seen by a stationary observer. The final
movement of the eye takes it clear of the mandrel.



Fig. 8.9: Four-part GRP mould used for casting of plaster mandrels
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Fig. 8.10: Tooling used for manufacture of filament-wound elbow
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Fig. 8.11: GRP mould partially assembled, also showing steel reinforcements
(shafts and mitre block)

Fig. 8.12: Wooden jig used for assembly of mandrel and tooling
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Fig. 8.13: Dry winding of an elbow on a dummy mandrel to demonstrate fibre
paths

Fig. 8.14: Typical finished elbow after removal of turnaround regions and
washing-out of plaster mandrel
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(a) Example of a non-feasible fibre path. The problem is caused by the centremost
turn whose tangent projects back into the mandrel without leaving the control surface.

(b) Payout eye path calculated for non-feasible fibre path. Note how the payout eye
would have to pass through the mandrel. Other non-feasible paths may require payout
eye movements which are less extreme but still impractical.

Fig. 8.15: A non-feasible fibre path and the impractical payout eye path it
requires
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Fig. 8.16: A geodesic fibre path which becomes nearly-axial on one of the shanks
of the elbow

Fibre lifts from
surface of mandrel
and follows a straight
line through space.
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Fig. 8.17: A geodesic fibre path which would lift from the mandrel surface if
winding were attempted



S . u : h-ﬁ’ R B S e
Weak part of filament-wound elbow. The fibres are seen to be almost
circumferential leading to a material which is very weak in its transverse
direction. Also visible are lines of opacity suggesting poor integrity of the
composite material.
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CHAPTER 9: DISCUSSION, CONCLUSIONS AND RECOMMENDATIONS
FOR FURTHER WORK

9.1 Introduction

This chapter aims to review the work that has been described in this thesis and to
compare it with the objectives set at the start of the project. The content of the work
and its usefulness will be discussed, and the main conclusions from the work will be

listed. Finally, areas for further work will be identified.

9.2 Review of original objectives

The objectives of the project were discussed in general terms in Section 1.1 and were
itemised in Section 1.2. The main objectives may be summarised as the creation,
implementation and experimental testing of an engineering tool which consists of an
interface between two existing areas of technology. These areas are the computer-
aided filament winding of composite materials, and the finite element analysis of
structures. Both of these areas of technology have reached the level of maturity at
which they are being packaged commercially by appropriate producers. Finite element
analysis of filament wound composite components is far from being a new process,
but a serious obstacle to its routine use especially for complex components is the
continuous variation of the laminate structure of a component over its surface. This
makes it prohibitively time-consuming to create manually an accurate finite element
model of the structure. This obstacle has been largely overcome by the work
described in this thesis. This work enables a reasonably accurate finite element model
of an axisymmetric filament wound component (or a slightly simplified model of a

non-axisymmetric component) to be created with a minimum of manual effort.

An example may be used to illustrate the potential savings in data generation time.
The thin shell FE models of the pinched cylinder were defined by files containing
typically between 5000 and 15000 lines of data. Conventional model generation
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systems are inappropriate to the automation of this task since they cannot generate a
description of the laminate structure. This description accounts for a large proportion
of the data defining the model. The manual effort which would be required to
calculate such a volume of data can easily be imagined. By contrast, it took only a
few minutes to generate each data file automatically using FILFEM 1. Approximately
two hours of extra effort were required to edit the models to include boundary
conditions and mesh refinement and to remove the unwanted parts of the structure i.e.
the turnaround regions. However, these tasks were still quite small when judged
against the complexity of the models. The generation of non-axisymmetric test
meshes using FILFEM II was similarly straightforward. The only published evidence
that a link of this kind has been achieved by other researchers relates to the simplést
of cases, namely the automatic generation of an axisymmetric model of a component
wound on an axisymmetric model'®'®. In this thesis two much more versatile links
have been described which can be used to generate axisymmetric and non-

axisymmetric models of a variety of filament-wound structures.

The application of the FILFEM I program to the pinched cylinder problem has shown
that the accurate modelling of the alternating lamination sequence had no significant
effect upon the deflections obtained when these results were compared with a similar
model assuming a uniform lamination sequence. Such results suggest that the
simplified model is adequate for most engineering purposes. The close prediction of
the true structure provided by FILFEM I may therefore not always be necessary.
However, extraction of stresses on a ply-by-ply basis can be achieved within the finite
element programs and requires data correctly defining the lamination sequence.
Accurate modelling of the laminate structure is particularly desirable in a research
situation, and previous researchers have been discouraged from achieving this because
of the difficulty of the task”. FILFEM I eliminates this source of difficulty and

makes accurate modelling a much simpler task.

When the project was originally conceived, it had been hoped that it would be
possible to take the development of both the axisymmetric (FILFEM I) and non-
axisymmetric (FILFEM II) filament winding/finite element link programs to a high
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level of completion and testing. In practice, so much time has been spent in
identifying and avoiding practical obstacles that this has been achieved only partially.
FILFEM I requires further enhancements (itemised in Section 8.3) and experimental

verification of the models generated by FILFEM II will require considerable further

work.

9.3 Discussion of results and achievement

9.3.1 The FILFEM programs

The most tangible and immediately useful work to be produced in this project is
the software, primarily the FILFEM programs. However, it should be clearly
understood that these programs merely provide the packaging for the original
work which is the main subject of this thesis. Before any piece of code could be
written it was necessary to gain an understanding of the kinds of structures to be
modelled, the data required to define them and the possibilities for extracting
these definitions from the data availab]é within the CADFIL systems. It was then
necessary to formulate the logical sequence of tasks required to achieve this data

conversion and to derive or identify the mathematical or geometrical content of
each of these tasks.

The challenges involved in creating FILFEM I and FILFEM II were very
different. FILFEM I made particular use of curve-fitting and numerical analysis
to predict thicknesses, winding angles and lamination scqucnécs from a series of
points on a single fibre path and to construct a finite element mesh to coincide
with the naturally-occurring pattern of alternating lamination sequence on the
filament-wound component. FILFEM Il faced the opposite problem of extracting
similar information from an extremely large amount of data where every fibre
within a repeating sequence is defined separately. This required the creation of
a fairly involved search algorithm to identify the data relevant to each element in
turn, and made heavy use of vector arithmetic in the sorting of this data and the

extraction of the required numerical values.
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In practice, many of the ideas were formulated, coded into the programs, and
tested for effectiveness in a step-by-step manner. The language used
(FORTRANT77) was entirely adequate for the implementation of the systems and
the task of coding the algorithms was very straightforward. It will be appreciated
therefore that the main effort required in the creation of the CADFIL/FE links lay
not in the task of coding the FILFEM programs but in the analysis of each task
to be performed, the formulation of the approach to each task and the detailed
breakdown of this approach into individual operations. It should also be noted
that every effort was made to avoid unnecessary duplication of work, by making
use of existing code for specific tasks wherever possible. In particular, the cubic

spline calculations, the curve-fitting and the vector algebra were all carried out

using imported code.

9.3.2 Experimental verification of FE results and investigation of material
properties
It was realised at an early stage that a satisfactory evaluation of typical
automatically-generated FE meshes would involve experimental testing of
components manufactured using the CADFIL systems. This necessarily involved
the characterisation of the properties of the composite material involved.
E-glass/polyester had been chosen because of its common use in practical
applications, its ease of manufacture, its ready availability and its low cost; in
retrospect it was found not to be an ideal material for elastic experimental work.
A comprehensive programme of work described in Chaptér S was aimed at
measuring its elastic properties when assembled into an angle-ply laminate. This
produced results for laminate behaviour which were in poor agreement with
established theory. The reasons for this poor agreement can be summarised as
very significant non-linearity and permanent changes in constitutive behaviour due
largely to material damage. These matters were discussed more fully in
Chapter 5 and were only properly understood towards the end of the project when
the investigation of alternative materials was not a realistic option. It is
noteworthy that the standard textbooks on the mechanics of composite materials

(e.g. reference 25) concentrate on the assumed linear elastic behaviour of
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directional composites and make little reference to the practical effects of the non-
linear behaviour encountered in real materials. It was for this reason that the
linearity of the material was not given sufficient consideration during its selection.
The problem of poor prediction of laminate properties was partially overcome by
the development of a technique for calculating the unidirectional material
properties which gave predicted laminate properties most closely fitting the
observed behaviour of the laminated specimens. When this data was used as the
basis for modelling the behaviour of the filament-wound pinched cylinder,
excellent agreement was obtained between the results from the FE models and the
experimental data. However, some caution must be exercised in the interpretation
of this good agreement, since the best-fit unidirectional properties included an
unrealistically low value of transverse Young’s modulus E;. A more rigorous
verification of the results obtained from the automatically-generated meshes would
require the specimens to be made from a composite material with constitutive

behaviour much closer to the linear elastic orthotropic model.

In performing the material property characterisation experiments, a number of
materials tests were used. Two of these, namely the pinched ring and the roller-
assisted split disc tests, appear to be original to this work at least as far as the
determination of elastic properties of filament-wound composites is concerned.
The analysis of the errors in these tests also appears to be new work, as does the
fitting of unidirectional properties to the behaviour of laminated specimens. The
method of correcting for edge effects in the pinched ring specimens is simple and
was derived from first principles by the author; although equivalent results for an
isotropic shell already exist'®, no evidence has been found of any edge correction

work relating to orthotropic or laminated pinched rings or similar structures.

The practical experience of FILFEM I was based upon the problem of a pinched
filament-wound cylinder with varying winding angle and wall thickness, and no
analytical solution to this kind of problem could be found in the literature.
Calladine’s solution to the isotropic pinched cylinder problem (which includes a

solution to the orthotropic problem by inference but not explicitly) was extended
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in a fairly straightforward manner by the author to cover the practical problem,
by making further use of Calladine’s analogy with the beam-on-elastic-foundation
problem. It would appear that despite its simplicity this work breaks new ground.
Since the search for an analytical solution to the pinched cylinder problem formed
something of a digression from the main work described in this thesis, the more

mathematically involved aspects of this work have not been fully explored.

Conclusions

9.4.1 The logic and geometry have been identified, and where necessary derived,
to provide a link between existing codes for computer-aided filament
winding (CADFIL) and finite element analysis (ABAQUS and PAFEC).
This link has been achieved both for axisymmetric and non-axisymmetric
winding and the two versions of the link have been implemented as items

of FORTRAN software named FILFEM I and FILFEM II.

9.4.2 The CADFIL/FE link for axisymmetric filament winding (FILFEM 1) has
been tested by modelling a filament-wound cylindrical tube under a
pinching load. A test mesh of a filament-wound elbow has been generated
using FILFEM IL. The experience gained in these exercises has
demonstrated the effectiveness and time-saving potential of the FILFEM

software.

9.4.3 The use of an accurate representation of the variations in laminate structure
was found to have little effect upon the thin shell finite element predictions
of deflection in the pinched cylinder problem when compared with a model
assuming uniform lamination seduencc. The difference between these
results was approximately 1%. Larger differences (typically 10%) were
found between these results and the results obtained by assuming an

axisymmetic structure with homogeneous orthotropic properties.
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9.4.4 An existing solution to the pinched cylinder problem has been successfully
extended to model a pinched filament-wound cylinder with varying winding
angle and wall thickness. This model represented the cylinder wall as a
homogenous orthotropic material although suggestions for a solution taking
account of the laminate structure have also been made. Close agreement
has been obtained with finite element results for which similar assumptions

are made.

9.4.5 A programme of work has been carried out to characterise the behaviour of
filament-wound glass-reinforced polyester resin, and two new tests have
been devised to achieve this. These were described in sections 5.2 and 5.3.
The behaviour of both unidirectional and laminated material has been

investigated.

9.4.6 A technique was developed to determine the unidirectional material
properties from the observed laminate behaviour and the results from this
fitting exercise were in some disagreement with the values which would
have been expected. In particular, the value of transverse Young’s modulus
(E,) obtained from flexural tests was 2582.9 MNm which is only 25% of
typical values obtained from other sources. This discrepancy was
eventually ascribed to the severe non-linearity of the material behaviour and
in particular to the permanent changes in behaviour of the material when its

structure becomes damaged.

9.4.7 When the best-fitted values of unidirectional properties obtained from
flexural tests were used in conjunction with the automatically-generated
finite element models of the pinched cylinder problem, excellent agreement

(within a few percent) was obtained between the predicted and measured
deflections.

9.4.8 Existing filament-winding techniques for non-axisymmetric filament
winding have been enhanced to include the manufacture of elbow-shaped
pipes.
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9.5 Recommendations for further work

Although the original aims of the project have largely been satisfied, there inevitably
remain a number of items for which work is still outstanding. Many of these have
arisen because particular areas of work have proved to be more complex than

expected.

9.5.1 It has already been explained that the material used for specimen
manufacture was not ideally suited to experimental verification of linear
elastic models, and that the problems were understood too late in the project
to permit repetition of the experimental work described with a more
appropriate material. However, should any further experimental verification
work be undertaken, it will be necessary first to choose an appropriate
combination of fibre and resin materials. This should be not only
acceptably linear and elastic in its constitutive behaviour, but also
étraightforward to use for filament winding. The elastic properties of epoxy
resins have been widely exploited for a variety of experimental stress
analysis techniques. It is therefore suggested that this family of materials
should be investigated in order to find a formulation suitable for this
application. It will then be necessary to characterise its behaviour of the
resulting composite using some or all of the methods described in

Chapter 5.

9.5.2 A typical model created using FILFEM II will need to be tested against the
experimental behaviour of the corresponding structure. While the filament-
wound elbow described in Chapter 8 would appear to be a satisfactory
structure for this exercise, it is likely that improved fibre paths will need to
be generated in order to overcome the weaknesses inherent in the present
winding pattern. A considerable amount of apparatus for the testing of
tubular joints already exists as a result of other work being undertaken
within the Department. The elbow has been designed to be compatible with
this apparatus. It would be beneficial therefore if account could be taken

of this equipment in designing the experiments.
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9.5.3 It is likely that modifications and refinements will need to be made to the
logic and geometry underlying FILFEM 1I in the light of experimental
verifications.  Although the FILFEM programs themselves are to be
regarded primarily as testbeds of the algorithms developed during this
project, it is likely that they will be exploited as practical engineering tools
and there is room for improvement in the quality of the user interface and
the standard of software maintainability. It is also likely that they could be
integrated more closely into the relevant parts of the CADFIL software.

9.5.4 There is scope for further work in the derivation of analytical solutions to
the pinched orthotropic cylinder problem. In particular, further work is
required to investigate whether Ting and Yuan’s solution can be extended
to cover the orthotropic situation. Any investigation of this would probably

benefit from making use of Calladine’s approach to the pinched cylinder

problem.

9.5.5 Further work is required to produce a satisfactory model of the build-up of
fibre in the turnaround regions of components manufactured using CADFIL
I. The effects of this inadequacy in FILFEM I were largely avoided in the
experimental verification since these regions were sawn off the specimen.
The thickness predictions for the end regions were less accurate than the
predictions towards the middle of the cylinder. Since the shape of the
turnaround region is largely governed by practical considerations such as
fibre slippage, it is suggested that experimental work will be required to

establish a set of rules for predicting the turnaround shape.

9.5.6 It was observed that all the filament-wound components were milky in
appearance rather than clear, and some problems with delamination and lack
of fibre bonding were encountered during initial trial winding sessions. It
is also apparent from electron micrographs that there is a certain amount of
voidage in the composite material. It would appear that wetting-out and

penetration of the resin into the fibres is inadequate. Further work is
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currently being planned to investigate this general area and hence to

improve the integrity of the composite material.
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APPENDIX A: OVERVIEW OF FINITE ELEMENT THEORY AND
FORMULATIONS OF SOME SIMPLE ELEMENTS

A.1 Nomenclature

Because of the highly specialised nature of finite element theory it is considered
necessary to include a list of the nomenclature used in this overview. In a few cases

the meaning of the symbols differs from that used elsewhere in the thesis for less

specialised applications.

A.1.1 Conventions

{} denotes a column array or column vector of quantities

[] denotes a matrix of numbers or sub-matrices

[0]  denotes a null matrix, typically forming a partition of a larger matrix

*

prime denotes coefficients of the quadrature terms in a Fourier series.

A.1.2 Symbols

{F} column vector of forces applied to a system

[K] stiffness matrix of a system

{u}  column vector of displacements of a system

(#,,), amplitude of mth harmonic of u, relating to node 1 of element
o, T direct and shear stresses

€,y direct and shear engineering strains

U strain energy

I1 total potential energy

Vv volume

h thickness of element

X, y, z global Cartesian co-ordinates

E,n curvilinear co-ordinates used in isoparametric mapping

N, shape function relating to the ith node
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[P(E,n)] row matrix of powers of £ and N forming interpolation polynomial

L

{a)
[A]
[A¥]
1
(B]
(D]
E,v

A.l13

e €IC.

partitioned matrix with sub-matrices [P(§,1))] forming the leading
diagonal

column vector of coefficients for interpolation polynomial

matrix relating {a} to nodal quantities e.g. displacements {u)}
partitioned matrix with sub-matrices [A]"' forming the leading diagonal
the determinant of the Jacobian matrix [J]

matrix relating strains to interpolated displacements

material constitutive matrix

Young’s modulus and Poisson’s ratio of isotropic material

Subscripts
relating to element
relating to the mth harmonic of a Fourier series

relating to displacement u, etc.
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A.2 A brief overview of finite element theory with reference to isoparametric

elements

The following account is presented as a statement of the mathematical framework into
which the formulations of certain individual elements fit, with particular reference to
structural analysis. The theory is covered to varying degrees of depth and complexity
in a variety of manuals and texts including reference 58. The following descriptions
refer especially to the relevant sections of the PAFEC theory manual®® and the
NAFEMS primer®.

The trivial representation of Hooke’s law for a single degree-of-freedom (DOF)
system may be extended to multiple DOF systems by the representation of the forces

{F}, deflections {u} and stiffnesses {K} in matrix form:

%!
1]
x
kel
=
=

*N2 o (F) = KW B

L
e
.

S
: »
~
==

Where a continuous system or structure is discretised into individual elements, the
global stiffness matrix is formed by summing the contributions to the stiffness of the

structure of the stiffness matrices for each element.

The stiffness matrix for each element may be obtained by applying the principle of
minimum total potential energy. The total potential energy (denoted []) of an elastic

element under external loading may be calculated as:

N = U, - {(u){F} = L) [Kl{u) - («)(F} (A2)

where U, is the strain energy of the element. The element displacements {«,} which

occur in practice are those which minimise the total potential energy of the system.

orl oU,

-{F) = [K - (F) = A3
3] S (F) = [K]{u} - (F} =0 (A3)
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In order to obtain an expression for strain energy it is necessary to integrate the

expression for strain energy per unit volume over the whole volume of the element:

£

X

U, = % f[cx o, 1 .46 dV = .;_ f {c)"{e} dV (A4)
volume ‘ny volume

The evaluation of strain energy is now examined with particular reference to
isoparametric elements™®, a suitably straightforward example being an isoparametric
quadrilateral element. This will be assumed to lie in the x-y plane and to have a
thickness A, and to undergo stresses only in the x-y plane (plane stress assumption).
In such elements a curvilinear co-ordinate system (€,1) is defined such that the corner
nodes have the (§,1) co-ordinates (21,%1). The (x,y) node co-ordinates and the nodal
variables are interpolated over the element using polynomials N(£.n) known as shape
functions. Isoparametric elements use shape functions for the interpolation of the
nodal variables which are identical to those used for the node co-ordinates. Elements
which interpolate using a higher order of shape function for the node co-ordinates than
for the nodal variables are called superparametric elements. A shape function has the
property of having a value of unity at one of the nodes positions in (1) space, and

a value of zero at the other nodes. For example the shape function
1
N, = _Z(l +U+m(A-E-m)

takes the value 1 at (=1,n=1) and is zero at the other nodes. By summation of eight
such shape functions weighted by the x-coordinates of each of the eight nodes an

interpolation polynomial may be expressed which gives the x-coordinate at any point

Em):

8
Y NEx,

i=l

axl + aﬂg * u’dn + aﬂgn + ax5§2 + u’mnz + ax7§7»n + axse-'nz

=
"

il
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axl

. . axl
or in matrix form: x

[1 En & & n® &né&n’)

axB

[PEMe,) ()
[PEM{,) )

(A5)

and similarly: y

The true shape of the element in the (x,y) domain may be regarded as being mapped
onto the square "parent element” with the corner nodes (x1,11) in the (§,n) domain
(Fig. 4.1).

A square matrix [A], which is the assembly of the row matrices [P(E,n)] for all nodal
values of £ and 1, can be defined as follows:

{x,} = [A]{e,} and hence (o} (A1 (>} (@

similarly: (o)) (A1 {y,) (b)

(A.6)

where {x.} and {y.} are vectors containing the nodal x and y co-ordinates. Similarly
if the nodal displacements are defined as column vectors {u,} and {u,} and the

constants in the interpolation polynomials are {a,} and {a,,} then

He, b (e )1 = [A1" [{u,), (u,)] (A7)

It is now necessary to obtain an expression for the stresses and strains in the element.

The engineering definitions of strain reduce (in the limiting case of small strains) to:

ou ou ou ou (A.8)
= ol = ) b = iy y
“ca @ &5 O L2 ©

The partial derivatives of u, and u, are expressed as partial derivatives of the
interpolating polynomials for these displacements, for which the constants {c, } and

{a,,} are calculated using equation (A.7).
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arEm

ox
€ {a, }
(e) = H -l o ff'“”[ ]
Yy {a )
- A[PEM] JPEM)] ?

ay ox |
[ l A9
APEN] g (A.9)
= 41 (u,_)
= [0] JPEM) [|lA17 (0] xe
9 (0] (A1"]|(u,)
APEM] APEN)]

| dy ox
(B1IA *1{u,)

The matrix [P(§,n)] cannot be differentiated directly with respect to x and y; use is

made of the chain rule for partial derivatives:

o[PE.N)] d[PEm)]
b . 5 (A.10)
d[PE.n)] o[P(E)]
oy an
ox dy
where: [J] = gg ?)E , known as the Jacobian matrix
X 0y
on on

It is necessary to define the stresses in terms of the strain:

{6} = (Dl{e) (A.1D)

The material constitutive matrix [D] may take various forms; for the plane stress

assumption and for an isotropic material it is given by:
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1 v 0
o = _Elvi oo (A.12)
l-VZ 1
0 0 7(1 -V)

The integral in equation (A.4) may now be re-stated, substituting for {G} and {€}
using the expressions obtained in equations (A.6) - (A.11):

U, = 1 [ )TATIBTIDIBIA] (1,1 dV (A.13)
volume

Before the integral in equation (A.13) may be evaluated it is necessary to expand the
volume integral fdV (giving [f h dx dy) and it is convenient to change the variables
from x and y to the curvilinear co-ordinates € and 1. It will also be noted that the
terms h, {u_.} and [A¥*] are constants which may be taken out of the integration. The

strain energy expression now reads:

11
U, = shiu)T(A *]’[ f ﬁB]T[D] (B] Llldédn}[A qu) A4
-1-1

The substitution changes the limits of integration to the convenient values of 11 (the
nodal co-ordinate values of the parent element). This change requires the introduction
of the term |J| which is the determinant of the Jacobian matrix. This may be

regarded as a scale factor relating the areas of the element as plotted in the two co-

ordinate systems.

Differentiation of equation (A.14) with respect to {w,} and substitution into

equation (A.3) may be shown to yield an expression for the element stiffness matrix:
11
(K = h(A«T|[ [(BIT(DIIB1|1/1|dEdn [Ax] (A.15)
-t -1

Integrals between the limits of £1 may easily be evaluated using the numerical

technique of Gaussian quadrature®', which involves the weighted summation of the
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kernel of the integral evaluated at "Gauss Points”". The number of Gauss points
required to integrate a polynomial exactly depends upon the order of the polynomial.
It is sometimes advantageous to use a lower order of Gaussian quadrature than the
order of interpolation polynomial would suggest ("reduced integration") to avoid the
tendency for some elements to give misleadingly “over-stiff” results if integrated

exactly.

The element stiffness matrices may be assembled into the global stiffness matrix [K]
by the addition of matrix terms relating the nodal variables at individual pairs of
nodes, and restraints applied to the appropriate degrees of freedom. The deflections
{u} under a given set of loads [F] may now be found by solving the set of
simultaneous equations [K]{u}={F)}. Normally, the stiffness matrix consists mainly
of zeros, i.e. it is sparsely populated; it is also symmetric. Provided that the
numbering sequence of the degrees of freedom is appropriately chosen, the non-zero
entries all lie close to the leading diagonal of the matrix, which is said to be banded.
The simultaneous equations are solved using methods such as Gaussian elimination
and Cholesky factorisation'**'*” rather than matrix inversion. Suitable
implementations of these methods can take advantage of the symmetric, sparse and
banded nature of the stiffness matrix in order to minimise the amount of computation
required for the solution. A method known as frontal solution'*’ is often used with
Gaussian elimination; this combines the assembly of the stiffness matrix with the first
stage of the solution. Strains are found by differentiation of the interpolation

polynomials for deflection, and hence stresses are found using the constitutive relation
(A.11).

A.3 Example of a formulation of an element used in this project: thick shell of

revolution element (axisymmetric isoparametric quadrilateral®!)

This element models axisymmetric structures of finite thickness, but has the useful

feature of being able to analyse non-axisymmetric loadcases on these structures. For

the most straightforward load case (axisymmetric loading), it is adequate to formulate

an element which is merely a variation on the isoparametric quadrilateral, the stress-
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displacement relationships being modified accordingly. However, for the case where
a non-axisymmetric load case is synthesised using a Fourier series of sinusoidally
varying loads, a three-dimensional extension of the isoparametric theory is required.
Since the axisymmetric loadcase is actually a special case of the more general (non-

axisymmetric) situation, only the latter will be described in detail.

Axisymmetric elements with different numbers of nodes are available in PAFEC, but
(for ease of comparison with Section A.2) the 8-noded axisymmetric quadrilateral will
be described. These elements possess three (translational) degrees of freedom per
node; these nodes may be considered to exist on a generator plane which is rotated
about the x-axis. For the purposes of this discussion the cylindrical polar co-ordinate
system will be given the axis names x, r and 0 and the displacements will be termed
u,, u,and uy. Each of these varies with axial, radial and circumferential position and

may be represented using a Fourier series:

u(r® = u, + Y (u (x.r)cosmd + u,(x.r)sinmb) (@)

m=1

0 mz'l(um(x,r)cosmﬂ + U, (x,r)sinmd) (b A16)

u (x,r,0)

"
=
+

Uy, + E(uh(x,r) sinm@ + ug,(x,r)cosm8)  (c)

me=l

uy(x,r,0)

Because there is no coupling between different harmonics or phases of each
component we are able to consider in isolation the terms which relate to a single
harmonic component m. As in the plane stress element discussed earlier, a pair of
curvilinear axes & and m are defined within the element and the displacement
amplitudes u,,, u, and u,, are interpolated from the nodal values of these

amplitudes using the concept of shape functions to construct polynomials.

The triaxial strain state in an axisymmetric body may be expressed in terms of the

partial derivatives of the displacements u,, u, and ug with respect to x, r and 0. If the
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displacements are expressed using the chosen terms in the Fourier series with

amplitudes expressed in terms of the polynomial interpolations between nodal

displacements, an equation analogous to equation (A.9) is obtained:

(41"

(01

ou, W
ox
ou,
: 3
r 10Uy u,
_Jsl ] ree |
e} = Y,QL dug 1 0u, U
Yo or Tr i r
Yxr 1 au‘ aue
o r 08 ox
du, . du,
| 9 o
APEW o 9
[0] .aﬁgfﬂ [0]
[0] [P (5..-71)] MIP (§J’l)]
= r r [0]
[0] _m[PEN)] d[PEW]_[PEM)
r or r
_mPEN)] (0] d[PEM]
r ox
| or ox
= [Bll[A*]{u,,)

(0]
(A}

(0]

(0]
[0} |
Z

(A.17)

where the column vector (u,,.} is formed from the displacement components u,,, at

each node in tumn, followed by u,,, and u,,,. The derivatives of [P(€,n)] with respect

to x and r are obtained using the Jacobian in a similar manner as in equation (A.10).

The material stress-strain relation used for isotropic elements is the standard triaxial

expression of Hooke’s Law:
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o)
Gr
O,
{o} = Wr:}
tex
Atxr

1 vil-v) vil-v) O 0 0
1 vil-v) 0 0 0 ¢ )
1 0 0 0 e
1-2v

. _Ba-v) T 00 |lsl

(1+v)(1-2v) (1 -2v) €

2(1 -v) i"‘

. (1-2v) €.

symmetric )
= [Dl{c} (A.18)

For orthotropic materials it is necessary to apply the appropriate transformations to the
orthotropic material constitutive matrix to obtain the [D] matrix for the global x, r, ©
system. This is achieved using a fourth-rank tensor transformation; account must be
taken of the fact that the constitutive equations and the [D] matrix are expressed in

terms of engineering strains rather than mathematical strains.

It is now a simple matter to calculate the stiffness matrix for the element using the

same procedure as before:

11 x
(k) = [A+) | | [BYIDIB] 1| dEania=] (A.19)

-l -1 -x
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APPENDIX B: DEFLECTION OF A CIRCULAR RING OF MEDIUM WIDTH
UNDER A PINCHING LOAD

B.1

Compensation for edge effects and restraint against anticlastic curvature

B.1.1 Problem definition

When a ring is very narrow it may be safely assumed that it will flex
circumferentially with no restraint against anticlastic curvature. When the ring
is very wide (i.e. when it is a long cylinder) the effects of restraint against
anticlastic curvature are virtually constant along the cylinder and the edge
effects may be neglected. For a short cylinder or ring of medium width, the
edge effects are significant. The aim of this appendix is to calculate the

transverse change in diameter of such a ring when subjected to a pinching load.

B.1.2 Approach to solution

Visualise restraint against anticlastic curvature as being provided by a
meridional stress couple which is uniform along any given meridian. This
couple is negated at the edges by an equal and opposite stress couple which
decays according to the theory of cylindrical shells presented by Hetenyi'". The
total stiffness of the shell may be determined by integrating the applied
(circumferential) bending moment or stress couple across the width of the ring,

which may be assumed to be bent to the same radius of curvature at every point

across its width.

The situation may be simplified by assuming that a certain width of ring section
adjacent to each edge experiences no restraint against anticlastic curvature, the
remainder of the ring experiencing full restraint. It is necessary to determine the
width which must be assumed so that the simplified model provides the correct
total value of flexural ngidity.
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B.1.3 Analysis
Co-ordinate system (Fig. B.1): x = axial (meridional) direction
0 = circumferential direction
z = through-thickness direction
Changes of curvature in meridional and circumferential directions are K, and K,

respectively.

Assume thin ring of radius R and thickness ¢ is made from a homogeneous
specially orthotropic material with in-plane properties E,, Eg, V,q, Vg, and G 4 in

the usual notation.

. . va va
For an orthotropic material: —— = =
x ]

For plate or shell of thickness ¢ under stress couple M,:

o, = 12M z/7 at distance z from the mid-surface, also €, = zK, etc.

For general case of plane stress:

Gx GO
eX = —E- - VG.A'_
x Ee (B.1)
Gx 60
= va— = ZKx
E.r EX
Et?
Muitiplying by _E_’3 and defining D _= ul :
12z 12(1 -v,gv,,)
c,t’ C,t* Et*
= Vx9 = Mx - VxeMe = Kx
122 122 12 (B.2)
= Dx(l _VxOVBx) Kx
. E.t’
Similarly: My - vy M_ = Dy(1 -v 4V, )X, where D, = (B.3)

1201 -V_,v,.)
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Consider restraint against anticlastic curvature K, in an infinitely-wide cylindrical

shell. This is provided by a transverse stress couple M, which appears when a

circumferential stress couple M, is applied:

k =20 o M

X X

vaMO
hence from equation (B.3): My - v, v M, = M (1-v_v,)

= Dy(1- VxOVOX)KO

s My = Dgxy (B.4)
and M, = v DX, (B.5)

X

A cylindrical shell of finite width is now considered. A stress couple in the
circumferential *direction is applied so that the shell bends with a uniform
change of curvature of K, across the whole width. If anticlastic curvature were
zero a constant stress couple Dgk, would have to be present across the whole
width. In practice this may be assumed to be negated at both free edges by an
equal and opposite stress couple which is applied at the edges. Making use of the
beam-on-elastic-foundation analogy for a .cylindrical shell presented by
Hetenyi''® together with his results for a short beam'*, the couple is found to
decay away from the edges of the ring (Fig. B.2). The net value of transverse

couple M, is now zero at the edges, increasing towards the mid-width of the

ring.
_ _ 1 sinhAx cosA(w -x) +coshix sinA(w-Xx)

Net M, = VX°D°K°[1 SinhAw + SinAw {+ sinhA(w -x) coshx + coshA(w -x)sinkx)
(B.6)

where x is measured from one edge of the ring, and where:

4
A o= | Be 30" VaVed) (B.7)
Ex R 2,2

Equation (B.6) is now inserted into (B.3) which is rearranged to give:
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X
]

0 De(l _Vxevex)‘ce * vaMx

Dy(1 -V, gVg,) Ky + V, gV, DoKy

VarVieDa¥e sinhAx cosA(w - x) +coshAx sinA(w -x)
sinhAw +siniw | +sinhA(w - x) cosAx +coshA(w -x) sinAx

D xll- Ve Vor sinhAx cosA(w - x) +coshAx sinA(w - x)
o%e sinhiw + siniw | + SinhA(w =x) cosAx + coshA(w - x) sinAx

(B.8)

A simplified model of the situation is now introduced. It is assumed that the
shell consists of three regions: two edge bands of width w,,. where no
anticlastic restraint is present (M, = 0), and the remainder of the shell where full
restraint exists (Fig. B.2). w,, is chosen so that the values of total bending
moment applied to the true and simplified systems are equal for equal curvature
change x,.

The stiffness per unit width for the different regions of the simplified model are
as follows:

0<x< Wegge and (w —wme) Sx<sw M, Dy(1 -V 4V, )K,

Wege SX S (Wow ) M, = Dy,

M, is now integrated over the width of the ring for the two models and the

results are equated:

y O _ V.eVex sinhAx cosA(w -x) +coshAx sinA(w -x)
J;Modx - J;De KS[I SinhAw +sinhw {+ sinhA(w -x) cosAx + coshA(w -x) sinAx dr
= IDe(l = V,oVe,) KgdX + f Dyxydx + f Dg(1 - v,4v,, ) Kgdx
x=0 X, XEW W

fDelcedx -2 IDOVOIV oKgdx making use of symmetry
=0 x=0 (B.g)
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Equation (B.9) is rearranged by subtracting the term jDe"edx = wDyK, and

x=0

dividing throughout by DgV Vg Kg:

2w

edge

&
—
&

f

} 1 sinhAx cosA(w -x) + coshAx sinA(w -x) } dx
sinhw +siniw |+ sinhA(w -x) cosAx + coshA(w -x) sinAx

x=0

_ | coshAx cosAM(w -x) - coshA(w-x) coshx [*
A(sinhAw +sinAw) o

_ 2 [coshkw - COSAw ]

A| sinhAw + sinAw (B.10)
1| coshAw - cosAw
Th - 1 (B.11)
G l[ sinhAw + sinAw ]
Total flexural rigidity (F.R.) of section:
FR 1 w w W‘W~ w
Ro=— [Mydx = [D(1-vgvp)ds + [ Dydx + [ Dy(1-v,4¥,,)dx
Kﬂ x=0 x=0 XEW o XEW W,
2Ew, L e Ew-2w,) e
= — - LW
ewedge 12 O(W edge 12(1 _Vxevex)
w-2w
= EJl, where I, ={2w, + — e
1= VeVe (B.12)

B.2 Transverse deflection of pinched ring with orthotropic material properties

Consider a quadrant of a ring with the above dimensions and section properties under

loads P/2, Q and M, (Fig. B.3). At point X the bending moment M, tensile force N
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and shear force V are:

M = M, + %(1 -cosy) + ORsiny
= ;;:cos\y + Qsiny (B.13)(a-c)

Vv = _:i’:sin\y - Qcosy

The conventional expression'® for strain energy U in a curved beam under
combined loading is extended to include the orthotropic situation. In this case the
flexural rigidity FR. = El .. The shape factor F is a correction factor relating to the
shear strain energy of the structure. It arises because simple theory assumes a uniform
shear stress distribution in a beam whereas the true distribution has a parabolic profile.

The value of F is assumed to be 6/5 as for an isotropic rectangular beam.

<
I

{ 2 i 2 ! 2
o (M (N MN L FVE
JIFR. J| 2AE, AER J2AG,,

s T
R R N? MN FR
— My + - + _.._..fvzd\y
2Eele,,of AEQJ( 3 "R ' ¥ * 346,

0

Mir M PR 1p2 2 2p2
- _R | Mo MPR(x _\\emor+ PR (35-5) . POR?  Q'R’n
EJgo |l 4 2 |2 32 4 8
L 1 -P’nR_Q’xR+P2R+PM0_M0Q_PQR |
AE,| 32 8 4 2 4
. FR[Px PQ Q'
AG, 32 4 8 (B.14)

If quadrant forms part of a symmetrical ring there is no rotation at either end, and Q

becomes a dummy load of zero value. The restraint against end rotation is enforced
U
=0 .

0

using Castigliano’s theorem by choosing M, so that
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M

0

o pr(l-1).20R _ Pla | 20l (B.15)
2 =n n AR TAR

The change in transverse diameter of the ring §, may then be calculated.

=2
30,

PR(2 1), PR (,_8), 2Pla | PFR (B.16)
Ejdg\m 2) 24E, ®A’E,R  2AG,

B.3 Derivation of equivalent orthotropic material properties for a many-layered

angle-ply laminate

Assume the laminate to be made up of a large number of plies in balanced pairs, i.e.
each ply having an angle ¢ to the direction x of the load is rigidly constrained by a
similar ply of orientation -¢ to undergo zero shear strain when subjected to a tensile
load. This constraint may be simulated by application of equal and opposite shear
stresses T, applied to the two plies. Since the laminate has many layers (Fig. 3.1) it
is assumed that there is no freedom to twist so the shear constraint may be rigorously
applied.

The off-axis behaviour of each ply is modelled by equation (3.3)(a) where the off-axis
compliance matrix [S_] is defined by equation (3.4)(a). As a result of a stress G,
applied to the laminate, it undergoes longitudinal and transverse strains €, and €,
Since 6,=0, a reduced version of (3.3)(a) may be written:

€ - -
x S S ox Ox S —s Ex

- _|| -.|6 o - —1-_ 66 16 (B.l?)
Yy Sie Ses T, T, S,.S
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c S,
Setting y_ =0 and rearranging gives: X =E =__% ___ (B.18)
N e " 5,5.-S.
’ %06~ e

& _ S, Syl o C, _ 1 See Sy || (B.19)
Yo Sis Ses Ty Ty S12566 =$1652 |-S16 Sia Yo
. . . cx S.66
Setting Y, =0 and rearranging gives: 1= o —o (B.20)
g, S12S66 B Sloszo

Hence: v = -2 = —M (B.21)
7 & §;1§«; Slfs
S S o _c o (B.22)
S 5.5, -§
Similarly: E = % __ and v, = == == (a&b)
51256 =S S22566 - S

Provided a consistent definition of ¢ is observed in the definition of [S-'.] using equation

(3.4)(a), this type of analysis can be applied to many-layered laminates defined in

other axis systems to obtain (for example) Eg, Vg,

B.4 Derivation of flexural rigidities D, and D, and decay parameter A using

classical lamination theory

The derivation of equation (B.7) giving A for the homogeneous orthotropic cylinder
is a simple extension of the derivation for isotropic cylinders. However, A may also
be derived from the section properties obtained using classical lamination theory.

It will be assumed that the antisymmetric angle-ply laminate may be described in

terms of its compliance matrix defined as follows:



m
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W all 0'I2 0 0 O B|61 r Nx W
a, o, 0 0 0 B,IlIN,
L_ 0 0 s Bm st 0 ‘Nxo
) 0 0 Bl6 8ll 812 0 Mx
0 0 B, o, 6, O M,

J [P B O 0 0 3flM,

where: [

[a] ([B]
[BI" (3]

|

(N}
{M)

{€°)
{x}

.| |

}-.

(B.23)

|

[a] (B]
(BT (8]

I

[{A] (B]
(B] (D]

B.4.1 Derivation of meridional and circumferential flexural rigidities D, and Dy

It is assumed that under a distributed meridional stress couple M, the cylindrical

shell constrains itself to undergo zero circumferential (anticlastic) curvature by

means of an unknown stress couple M,. The stress couple M, required to cause

unit

compliance matrix:

meridional curvature is obtained by inverting a reduced laminate

| [5” 5,,] M, . Mi { [522 -5, || %
K, o, 9, M, M, 8"822-5?2 -5, 8, L9
S
. if X, =0 then Mo oD -_ % _ (B.24)
K t5,5, - &
x 122 12
« e 8Il
similarly D, = —_— (B.25)
3,9, - 12

11722

In the simpler case where no restraint against anticlastic curvature exists (at a

free edge, for instance) the circumferential flexural rigidity is Dg = 1/8,,. Thus

the medium width ring may be modelled as possessing the following flexural

rigidity:

- wedge

Flexural rigidity (F.R.)
22

To determine w,,,, using equation (B.

)
+ (w-2w ki

edge’ | s « a2
’ [811822 - 8?2

11) it is first necessary to calculate A.

] (B.26)
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B.4.2 Derivation of decay parameter A

This is calculated from A = (k/4D,)"* where k is the radial stiffness of the shell
per unit area and D, is the flexural rigidity defined above. By axial symmetry
it may assumed that the cylindrical shell constrains itself (by means of an
unknown twisting couple M,¢) so that the twist K4 of the shell surface is zero
if the shell is subjected to internal pressure, despite the tendency of an
antisymmetric laminate to twist under direct loading. This constraint may be

applied by inverting a reduced compliance matrix for the laminate:

€ _ [an B%:| N Ne 1 O By €

& =
Bas e

2 |-
K MXQ Mxo an 866 = BZG B26 azz K 0 (B.27)

x0

The radial deflection 8, may be expressed as €gR and the internal pressure p as

No/R. Hence if K4 is set to zero in equation (B.27) the radial stiffness & per unit

area is:

= 2o M S (8.28)

(

8’ eORz Rz(azzsw - ng)

The decay parameter A may now be calculated:

4
A = ) ko _ O (8,8, - 812) (B.29)
J 4D, 4R28, (0,8, - Bl
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Fig. B.1. Co-ordinate system for analysis of medium-width pinched ring

Cross-section through ring ? Q

showing anticlastic curvature

Transverse moment required
to oppose anticlastic curvature

Decaying moment negates

restraining moment at edges '
Net transverse moment (zero

at edge, provides some /\

restraint in central region)

Slmpllﬁﬁd distribution of No restraint Full restraint No restraint
transverse moments
Wtdgt Wfdxf

bl |

Fig. B.2. Transverse moments present in a medium-width ring in flexure
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Fig. B.3: One quadrant of ring showing loads and dimensions
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APPENDIX C: DATA ANALYSIS SOFTWARE FOR MATERIALS TESTING

C.1 Introduction

It is well known that the properties of composite materials are subject to considerable
scatter. In order to increase confidence in the results obtained it was necessary to test
a substantial number of specimens, and the corresponding quantity of experimental
data justified the writing of a considerable amount of data analysis software. The
main programs used for processing a typical set of experimental results (the pinched
ring test results) will be described in some detail and illustrated with flowcharts.
Variations upon these programs were used for processing the results from the split
disc, axial compression and open-ended pressure tests and these modified programs

will be described largely in terms of any significant variations from the "parent”

programs.
C.2 Data analysis software for pinched ring test results

C.2.1 Program MEASUR (Fig. C.1)

This program performs calculations relating to the measured dimensions and
masses of the rings. It includes a number of calculations relating to the theory
of filament winding. These are based cither on simple geometry or basic physics

and have been extended by the author from formulae in common use at Crescent
Consultants Ltd*%,

The fibre and matrix material properties are read from a material data file; these

properties are used in the fibre mass ratio calculations.

The input data for MEASUR is read from a data file, and begins with a

description of the set of rings together with data (including winding process data

from CADFIL I) which is common to these rings. The width measurements, a
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sample of thickness measurements (both for peak and trough thickness), the

burnoff results (fibre content by mass) and the masses of each ring are then read

in succession.

The mean peak and trough thicknesses are calculated, along with the standard
deviations of each. The average thickness of the ring, as used in all subsequent

calculations, is the mean of the mean peak and trough thicknesses.

It must be realised that the values of winding angle 8 and bandwidth b read from
the CADFIL 1 package are those assumed before the application of the
progression factor, and it is therefore necessary to correct for this modification

(and for any deviations from the assumed values of diameter).

0,., = tan'|wnd_ , xPF. x Duis (C.1
nominal
p = nd,_, cosO,_., (C2)
Ncycles
where: 6_, = winding angle assumed during fibre path generation
0,.. = winding angle corrected for mandrel diameter and progression factor
P.F. = progression factor calculated by post-processor
d ... = diameter of fibre generation mesh
d ., = mid-surface diameter of rings
b = actual bandwidth

N = number of bands per repeated cycle

For the specimens wound in a nominally circumferential (hoop) direction the
bandwidth is accurately known and is equal to the helix pitch of the winding and

a different formula is used to determine the winding angle:

] LI (C3)

actual b

Although the fibre content by mass was measured for each set of rings using a

burnoff procedure based upon BS2782: Part 10: Method 1002'", an alternative
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method of calculating this value is to estimate the amount of glass fibre contained
within an individual ring and compare this with the measured mass. For an

angle-wound specimen the calculation is as follows:

2N xTExx le

total
K, cos Ouml m

F.M.R.

ring

where:  F.M.R. fibre mass ratio (fibre content of composite by mass)

TEX = mass per unit length of dry fibre (g/km)
w = width of ring (mm)

m.. = mass of ring (g)

K, = constant = 10° for units as given (C.4)
N, = total number of bands wound onto specimen ‘

The corresponding formula for hoop-wound specimens is:
EMR = % %ouNie  TEX
bmn'ng l(I (C'S)

where N, .. = number of layers in laminate

The fibre content may also be estimated from the measured thickness of the
laminate; the cross-sectional area of the impregnated tow is calculated and then

used to calculated the proportion of fibre by volume, and hence (knowing the
densities of fibre and matrix) the proportion by mass.

A = 5 (C.6)
Nlayets
-1
K,A 1
FMR. = |1 + p x - (CD
" TEX p,
where: A = cross-sectional area of impregnated tow
p, = density of fibre material (g/cm°)
p,, = density of matrix material (g/cm?)
K, = constant = 10° for given set of units

The constants K, and K, arise because the experimental measurements are

normally taken in a set of units which are not dimensionally consistent.
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Two output files are produced: one contains details of the means and standard
deviations for the thicknesses, and the other contains the various estimates of fibre
content and summarises the dimensional data for the specimens (length, mean

thickness, winding angle and mid-surface diameter).

C.2.2 Program CORREL (Fig. C.2)

This program takes the manually-recorded data relating ring deflections to applied
load and performs a least-squares linear regression analysis, giving the estimated
value (and the 95% confidence limits) of the deflection per unit load of the ring.
In addition, it re-tabulates in neater form the input data, and plots the data

graphically for on-screen examination or hard-copy output.

This program and its derivatives make use of well-known linear regression
methods described in a variety of texts such as those by Chatfield" and
’Chou's'. This theory is presented in the conventional notation relating to a
dependent variable y expressed in terms of an independent variable x.
Throughout the data processing exercise the load was chosen as the independent
variable x. The decision to choose this convention was based upon the fact that
linear regression minimises the sum of squares of errors in y and neglects errors
in x. It is the author’s belief that random errors in the measured values of load
are likely to be less significant than the strain readings obtained from strain
gauges since the latter are particularly sensitive to thermal effects and electrical
interference. For consistency this convention has been applied also to the analysis

of the pinched ring data although the dial indicator readings are not sensitive to

these sources of error.

The data relating to each ring is read from the appropriate file and for each of the
N values of load the total diametral deflection is calculated. The appropriate

summations are performed to give Xx, Xx%, Yy, Xy* and Xxy, and the mean
values of x and y are calculated:

- _ Xx
X =

- _ Ty g
N (a) y i (®) (C.8)
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The constants S, S, and S, and hence the gradient and intercept, are calculated.

S
A = 2 C.8
5 (C.8)
c =y - xA (C9)
where S, = Xxy - Nxy
S, = Xx?-Nx?
A = gradient of best straight line
(= diametral deflection per unit load)
¢ = Yy-intercept of line

A measure of the proportionality of the two variables is given by the correlation

coefficient r:

S

r = 2 _

S.S (C.11)

xx Yy

where S Yy* - Ny? §,and S, as above

To find the 95% confidence limits on the gradient, it is first necessary to evaluate

the residual standard deviation &:

5 = Syy - ASle (C.12)
N-2
The Student’s ¢ statistic for a 2-tailed 95% confidence band is found using the
NAG'®? FORTRAN function GO1CAF for a 1-tailed probability of 0.975 and N-2

degrees of freedom. This value is then used to calculate the confidence limits on

the gradient:

t (4]

_ 0.975,N-2
Awr‘ ower = A T -_J—S-'——_

The data points, best straight line and lines representing the upper and lower

(C.13)

confidence limits on gradient passing through (x,y) are all plotted on a graph
which is written to a data file for viewing or hard plotting. This is achieved

using the SIMPLEPLOT library'® available on the University’'s ICL VME
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system. For the purpose of this thesis, simplified graphs were plotted using the
UNIRAS library'® available on the ICL DRS 6000 (Unicom) system.

C.2.3 Program ORTHPROV (Fig. C.3.)
This program calculates the circumferential Young’s modulus E, of the angle-ply

laminated composite using the theory outlined in sections 5.3.1 and 5.3.2 and

derived in sections B.1 and B.2 of Appendix B.

Before E, can be calculated from the experimental data it is necessary first to
have estimates of E,, E,, Vg, and v,q for use in equation (5.8). These values were
calculated using equations (3.4)(a) and (5.9)(a-d) making use of typical estimates
of material properties (such as those obtained from Weatherby'®).

Weager the distance over which the edge effects are considered, is calculated using
equation (5.4) and hence the effective second moment of area /., of the ring
section is calculated using equation (5.7). Finally, the circumferential Young’s
modulus may be calculated from the experimental data using equation (5.14).

This is performed using both the best estimate of the deflection per unit load and
the 95% confidence limits on this value.

C.2.4 Program NORMAL (Fig. C.4)
This program is used to normalise the calculated values of Young’s modulus with
respect to the fibre content of the composite. The normalisation process is carried

out on the best estimate of Young’s modulus obtained from the program

ORTHPROV and also on the 95% confidence limits on the Young’s modulus.

The Halpin-Tsai equations’ (equation (5.1) (a-d)) and equations (3.4)(a) and
(5.9)(a-d) are used to calculate estimated values of E, both for the measured value
of fibre content by mass of each specimen (as obtained from the burnoff tests'™)
and for the nominal value of 78% (typical of the fibre content of the hoop-wound
specimens). The measured values of E, are then scaled by the ratio of these

calculated values. It is accepted that the Halpin-Tsai equations do not give a
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precise representation of material properties but they were used for simplicity and
because it was felt to be essential to make some effort towards normalisation.
Various values of the constant € were tried in calculating E, but the difference in

normalised values was quite insignificant, being approximately IMNm2,

C.2.5 Program TRANSFIT (Fig. C.5.)

This program optimises the values of on-axis properties describing a
unidirectional composite so that the theoretical variation of Young’s modulus with
ply angle (for a many-layered angle-ply laminate) is fitted to experimentally-
measured properties of the laminated specimens. The theoretical relationship
consists of an equation of similar form to equation (B.18). The curve-fitting is
achieved using the NAG FORTRAN library'? subroutine EO4GEF which is
designed to solve a set of N non-linear simultaneous equations. In this case the
variables are the values of on-axis compliance S,;, S,;, Sy and Sg of the
unidirectional composite, and the constants in the ith equation depend upon the
measured value of Young’s modulus of the ith laminated specimen ((E,); for the

pinched rings) and its ply angle ¢, The equations may be stated as:

“(E) =0 where §,,, S,,, S,, and S, are functions of (C.14)
8% Sir Sy Sy S and ¢, and i =1 .. N

Ses

c o by )
196 ~ 16
The first stage in solving these equations is to set up the constants required in
each of the simultaneous equations, and to store them in COMMON memory so
that they may be accessed repeatedly. This is achieved in the subroutine
COMFIL which reads the measured circumferential Young’s modulus and the
winding angle for each ring i from the edited output of the program ORTHPROV,
and stores the powers of (sin@), and (cos@); along with the circumferential

Young’s modulus (Eg),. The constant &t and the chosen value of Poisson's ratio

V,, are also stored in COMMON memory.

A set of functions f(S,,, S;. S22 Ses) is defined in equations (5.15) and (5.16). It
is necessary when using EO4GEF to define a subroutine LSFUN2 which

calculates the value of the each of the functions f; for any given set of values of
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compliances. It should be noted that to avoid ill-conditioning it was necessary
to express f; as a function of only 3 independent variables, §,, being treated as
-v,,3,, for calculating both f; and its derivatives. In detail, the functions f; are

calculated using the following equations:

f(85,0 8 8g) = =——=——x - (E) (C.15)
S1Se = Sie
.ST" etc. are obtained by substituting -v,,§,, for §,, and expanding equation (3.4)(a):
.ST“ = §,cos'd - 2V, S, sin"dpcos’d + Sisin’pcos’p + S,,sin‘d (C.16)
S, = 28, sin cos’p - S (sinpcos’d - sin*pcost) (a-c)
-66 = 4(1+2v,,)S, sinpcos’ + 45, sin’dpcos’ + S (sin'd +cos'd - 2sin’¢cos’)

The Jacobian matrix is also required. This is the matrix of partial derivatives of
the functions f; with respect to each of the variables. The components of the

Jacobian matrix are:

- - S, -[9S,- oS, - _= 3
(S”S“-S_li)..l - Ses "S“+ 66Sn -2§ —-lj (C.17)
it

L/ s, 7| 9S, aS, * a8
asj“ ( nSoo_Slez)z
where j, k = 1, 2, 6 and:
S, as, as,
—1 = cos*¢ -2v,,sin?¢ cos? —L = sin* —— = sin’¢cos®
3. cos’¢ - 2v ,sin“¢pcos‘p ., sin‘¢ 3, in‘¢cos’d
a5, as a5,
—— = 2sin¢cos’ 16 _ 43 16 _ o3
3, ¢cos'd T 2 sin’dp cosd 35, sin"¢ cosd
+2v,,(sin¢cos’¢ - sin*pcosd) - sindcos’d
J - so2 2 a§66 .2 2 3565 - oind 4
% = 4sin’pcos’Pp(1+2v,,) = = 4sin*pcos’d ® sin‘d +cos’d
- 2sin*¢cos’p
(C.18)
(a-c)
(d-f)

(g-1)
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The NAG subroutine EO4GEF, when called by the main program TRANSFIT,
makes repeated calls to LSFUN2 and optimises the independent variables so that
the sum of the squares of f; is minimised. If the optimisation is successful, the
resulting values of compliance are used to calculate the moduli E,, E, and G,,.
If the optimisation is unsuccessful (for instance, if the solution to the
simultaneous equations has not converged after a reasonable number of iterations)

a diagnostic message is printed.

One of the problems encountered in using the EO4GEF subroutine was that it was
incapable of correctly optimising against variables with very small numerical
values (e.g. compliance, with values such as 2 x 10%). This problem was
overcome by scaling the whole problem by a factor of 10° so that the numerical

values are in a more reasonable range.
C.3 Data processing software for split disc test results

The programs used for processing these results follow closely the structure of those
used for processing the pinched ring results although varying degrees of modification
were required. Since the specimens were the identical ones used for the pinched ring

tests, the output from program MEASUR is used without alteration.

C.3.1 Program CORRELSG (Fig. C.2)

This program closely follows the program CORREL. The only significant
alteration is that it includes the facility to confine the linear regression to points
lying within a certain band of loads. The rejected points are marked on the
graphs with a different type of symbol from those accepted for the linear
regression. The linear regression gives values of strain per unit load for each
individual gauge. Differences from CORREL also exist in the details of the

output file format.
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C.3.2 Program YOUNGMOD
This program replaces ORTHRING as the program in which the values of

Young’s modulus are calculated from the flexibility data and the ring dimensions.

The Young’s modulus is estimated from the strain per unit load for each ring:

-1
de
E, = [2x10‘°wt_°i|
dp (C.19)
where: E, = circumferential Young's modulus (MNm ™)
w = width of ring (mm)
t = mean thickness of ring (mm)
de
7};’. = gradient of strain-force graph (uekN ™)

C.3.3 Program NORMALSG

This program is identical to NORMAL except for minor alterations to the output
file headings.

C.3.4 Program POISNORM

This program is similar in concept to NORMAL etc. but is aimed at normalising
the values of Poisson’s ratio. An equation of similar form to equation (B.21) is
used as for calculating the theoretical values of Poisson’s ratio from the estimated

unidirectional properties.
C.4 Data processing software for axial compression specimens

This closely follows that used for the split disc specimens. The following modified

programs are used.

C.4.1 Program YOUNGCOMP
This is identical to YOUNGMOD except for the formula used for calculating

Young’s modulus:
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X

-1
de
P

E = [lO”ndt hl
d

where: E,_ = meridional (axial) Young’s modulus (MNm ) (C.20)
d = mid-surface diameter of tube (mm)
t = thickness of tube (mm)
de . -
dl: = meridional (axial) strain per unit load (ueN ")

C.4.2 Program NORMALSGC

This differs from NORMAL only in the fact that the laminate ply angles are
measured with respect to the meridional (axial) direction rather than the
circumferential (hoop) direction. The ply angle convention for the axial
compression specimen data was manually altered when the output data from
NORMALSGC was combined with the split disc data for curve-fitting.

C.5 Data processing software for open-ended pressure specimens

This follows closely the software used for the pinched ring and split disc tests, the
main difference being that no attempt was made to calculate the fibre content of the
specimen using the specimen mass, and therefore all sections of the program and data
structure relating to specimen mass are omitted from the corresponding programs
MEASURPT, YOUNGPT and NORMALPT and TRNSFTPT. Program CORRELPT
differs from CORREL only in the printout headings. The only significant change in
the software is the formula used in YOUNGPT for the calculation of Young’s

modulus:
10° d..
Eo = de
212
dp

where: E, = circumferential Young’s modulus (MNm %)
d inner diameter of tube
thickness of tube

t
de

d—pe = gradient of strain-pressure graph (pe bar ')
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Fig. C.1.: Structure of programs MEASUR etc. for processing specimen
dimensions
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Fig. C.2.: Structure of programs CORREL, CORRELSG etc. performing linear

regression on deflection/strain data (dotted regions omitted from
program CORREL)
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Fig. C.3.: Structure of program ORTHPROYV for estimating the circumferential
Young’s modulus of a pinched ring from deflection/load gradient
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Fig. C.5.: Structure of programs TRANSFIT etc. for estimating unidirectional
material properties from angle-ply laminate data.
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APPENDIX D: TYPICAL OBSERVATIONS FROM TESTS OF MATERIAL
PROPERTIES, SUMMARISED IN GRAPHICAL FORM
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Fig. D.1: Variation of measured transverse diameter with load for pinched ring
specimen with £30° winding (plies £60° to direction of bending stress):
specimen 2 ring 6
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Fig. D.3: Variation of measured transverse diameter with load for pinched ring

specimen with £60° winding (plies +30° to direction of bending stress):

specimen 7 ring 4
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Fig. D.4: Variation of measured transverse diameter with load for pinched ring
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bending stress): specimen 7 ring §
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Fig. D.7: Variation of strain with load for split-disc specimen with £45° winding angle
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APPENDIX E: STRAIN DISTRIBUTIONS IN OPEN-ENDED PRESSURE
SPECIMENS AND ROLLER-ASSISTED SPLIT DISC SPECIMENS

E.1 Strain distribution in an open-ended pressure specimen

It is assumed that tube expands radially by a distance & with negligible change in
thickness (Fig. E.1). Typical inner and outer radii of the tube are r, = 56 mm, r, =

58.8 mm. The ratio of internal to external strains is calculated:

.9 _8 . (& _ ro _ 588 _
() == and (), == - = 2= = =105 E D)

i [ _(-e_ex ri

i.e. there is a 5% variation in strain from the inside to the outside of the cylinder.
E.2 Strain distribution in roller-assisted split disc specimen

It is assumed that the change in thickness of the specimen is negligible, and that a

portion of the specimen subtends an angle 0 around the dee (Fig. E.2). As the ring

is stretched to subtend an angle 6 + 86, the inner and outer radii remain constant. The

inner and outer surfaces increase in length by r,00 and r,80 respectively, hence the

strains at the inner and outer surfaces are equal:
r,50 56

r,00 50
€ =5 =5 ™M & <55

i 0

(E.2)
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Under
pressure

Before application
of pressure

Fig. E.1: Cylindrical shell under internal pressure, assuming change in thickness
to be negligible compared with radial movement

| Portion of
' ring specimen

T 088

50

Fig. E.2: Portion of ring specimen being stretched around dee in roller-assisted

split disc experiment (rollers omitted for clarity, change in thickness
assumed to be negligible)
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APPENDIX F: ESTIMATION OF ERRORS DUE TO LOCALISED BENDING

OF ROLLER-ASSISTED SPLIT DISC SPECIMENS

F.1 Nomenclature for analysis of split disc specimen

For the purpose of this analysis, the following nomenclature is defined; some of the

symbols take a different meaning from that which is used elsewhere in the thesis

because of the specialised nature of the analysis. The nomenclature is categorised

according to its main area of application in the following analysis. Commonly-used

symbols (E, I etc.) take their usual meanings.

E.1.1

a;

-~ T

3

F.1.2

Symbols used primarily in contact mechanics calculations

half-width of contact region i

diameter of roller (equal to roller spacing)

contact load per unit length of contact region

thickness of ring

width of ring

equivalent modulus of contact region i between (in general) dissimilar
materials under plane-strain conditions

total contact load on each roller

radius of a contacting surface (e.g. dee) identified by subscript
equivalent radius of contacting surfaces at contact region i
circumferential tension in ring

relative movement between reference points on structure or dimensional

change of a component due to contact effects

Subscripts used primarily in contact mechanics calculations

relating to dee
relating to ring, especially to transverse compressive properties of GRP

(assumed to be isotropic for contact mechanics calculations)

relating to roller
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s relating to properties of steel
1 relating to roller/ring interface
2 relating to roller/dee interface

F.1.3 Symbols used primarily in beam-on-elastic-foundation analysis
x position along "beam" from loading point

A cross-sectional area of ring

M bending moment in "beam" consisting of ring cross-section
R, mid-surface radius of ring

o decay factor (degree of localisation of bending effects)

B periodicity of oscillations of bending effects

0 an angle; slope of "beam" due to applied load

F.1.4 Subscripts used primarily in beam-on-elastic-foundation analysis

x, 6 relating to meridional and circumferential orthotropic properties of GRP
ring (used for evaluation of flexural rigidity)

0 relating to end of "beam" (x=0).

Other subscripts in the form of text are assumed to be self-explanatory.

F.2 Problem definition

When the ring specimen in the roller-assisted split disc rig undergoes strain, the "inner
race” (formed by the dees) ceases to be circular as the dees move apart. Localised
bending effects therefore occur in the region of the split line (Fig. F.1) and it is

necessary to establish the severity and extent of these effects.

F.3 Approach to solution

The ring is treated as a beam on an elastic foundation composed of the needle rollers
(Fig. F.2). The foundation modulus of the bed of needle rollers (linearised to consider
only small perturbations of loading under the maximum-load conditions) is found

using a contact mechanics approach. The "elastic foundation" is considered as a
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continuum, although the periodicity of the deflections of the ring is found to be of the

same order of magnitude as the roller spacing and hence the results of this calculation

can only be considered as very approximate.

F.4 Assumptions and simplification

F4.1.

F.4.2

F.4.3

F.4.4

F.4.5

F.4.6.

In order to utilise existing solutions, and because this calculation is
intended as no more than a first approximation to the true situation, it was
decided to treat the filament-wound ring as being jsotropic for the purpose
of the contact calculations. The Young’s modulus is assumed to be
approximately equal to its transverse Young’s modulus, and a Poisson’s

ration of 0.3 is also assumed.

The reference points (between which the relative movement of beam and

foundation is defined) were chosen as the mid-surface of the ring and the

centre of the dee. The deformation of the dee contributes very little to the

total movement and the latter reference point was chosen to simplify the

analysis.

The beam (i.e. the ring) is assumed to be thin and no shear deformation
is considered. This makes the analysis manageable but is likely to lead
to significant inaccuracies since the periodicity of the deformations is of

similar magnitude to the beam thickness.

The ring is treated (in the contact analysis) as an elastic half-space since
its thickness is approximately 45 times greater than the width of its

contact with the roller.

The rollers, ring and dee are assumed to be sufficiently deep that plane

strain conditions apply in the analysis of contact.

The circumferential tension is assumed to maintain contact forces between
the ring, rollers and dee which are sufficiently large to prevent the ring

from lifting clear of the rollers. It should be noted that the rollers cannot
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provide a net inward force on the ring, and the beam-on-elastic-foundation

analysis considers small perturbations of the contact forces about their

nominal value.

F.5 Data

Inner radius of ring =R,
Radius of roller =R,
Radius of dee =R,
Thickness of ring =t
Width of ring =w

= -56.05 mm (negative < concave surface)

1.525 mm
54.525 mm

2.8 mm

30 mm

Assume transverse (meridional) Young’s modulus of ring = E, = E, = 10000 MNm?

Circumferential Young’s modulus of ring = E; = 50000 MNm™

Assume major Poisson’s ratio of ring = vg, = v, = 0.3

Young’s modulus of steel = E, = 207000 MNm?

Poisson’s ratio of steel = v, = 0.3

Maximum load applied to apparatus = 20 kN.

F.6 Analysis

F.6.1 Equivalent moduli and radii

Using conventional contact mechanics notation'"’, equivalent values of plane-

strain modulus and surface radius are defined (Fig. F.3).

Rollerfring  E
interface:

= 1.5676 mm

= 10.483x 10*MNm 2

(C.1)

(C.2)
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Roller/dee interface: E;, =
2(1-v))
ES
E
= " _ = 11374x10°MN/m? (&)
2(1-v})
C4
R, = ' _ = 14823mm 4
1.1
Rr Rd
F.6.2 Contact force per unit length of roller
Refer to Fig. F.4.
T = 10000N if total load on apparatus is 20kN.
R
P = 2Tsind = 2T__'_ = 2x10000x 220
2 R,+R 53 +1.525 ‘
= 559.38N
. P 559.38
p = load per unit length of contact = — = "
pe w 30 (C.6)
= 18.646 N/mm
F.6.3 Widths of contact areas
Refer to Fig. F.5.
4pR 4pR
a, = P < 0.05958mm; a, = P2 - 001759mm (g%;

nE’ nE;
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F.6.4 Relative movement of components under load
Refer to Fig. F.6. Movement between mid-thickness of ring and centre of dee

under load per unit length p is given by:

B = B * Ao + 4, Where: (C.8)
A .. = change in diameter of roller across contacting surfaces
2p(1-V}) (4R, 4R,
= In +Inj—— | -1
xE, | |4 a, (C.9)
C
2p(1-V] nE,’
- __’ff_E_l In|2R | L
n
s L k 1
A,. = change in radius of dee at contacting surface
(
1-v} 4
= _’fi_‘ﬁl 2In —1_21 -1
RE, L a,
\ (C.10)
-
,
1-v nE,
L ASTu 2 P PYSN IS I
nE 5
L\
A, = change in half-thickness of ring from
contacting surface to mid-surface
[ (
2 2L
= |2 = (C.11)
mE, | 4 v,
[ (
1-v) RE/
=£(_.E_L)2lnt..&__f_ -Inp - Ve
mE, | \ R, 1-v,
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dA dA dA dA.
toal] = otler) + %l + ™8 = Jinearised flexibility of system
dp |, dp |, dp|, dp|
p
2(1-V: RE,’ E;
=_(__lln2Rt_l + In| 2R, = -Inp -2
nE, R, R,
1-v? nE;,
( ) 21n 2R, | —2 |-1np -2
nE, R,
1-v, nE,’ v
AV | ornf e | ZEC -lnp - P -1
nEP 4R, | -V,
= 2290 x 10* mm?N forgivennumerical values (C.12)

dA “
o 2290X107 _ 4 03010 mm/N

for 30mm wide rollers and ring:
dp 30 (C.13)

F.6.5 Modelling of ring as beam on elastic foundation'"®

The foundation modulus of the "bed" of rollers is calculated, treating the structure

as a continuum:

ko= 9P 1 . ! = 42959Nmm= (C.14)

dA,,, 4 7.63x107¢x 3.05

T

Flexural rigidity of beam is calculated assuming full restraint against anticlastic

curvature is provided by the rollers:

Egwt® 50 x 10° x 30 x 2.8°

FR. = = = 2794 6 2
T3 -vovD) ) % 10° Nmm
1211 -03 x 0.3 x10 x310
50x 10 (C.15)

Hetenyi''® shows that, for a tensioned beam on an elastic foundation with an end

moment M,, the moment M at a distance x from the end is given by:
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M = Moﬁ%e "’“’[(30t2 -B)BcosPx - (o? -3B2)asian]

(C.16)

Substituting F.R. for E/ in original equations'® for o and P:

kK T 3 kT I
4FR. 4FR 2d J4FR. 7FER. (a&b)

0.2507mm™ 0.2471mm ™

R
t

In this example M can be found to decay to 1% of M, over a distance of x =

18.4mm, and not to exceed 5% of M, beyond x = 8.3 mm.

F.6.6 End slope and moment

Under a total load of 20kN, the ring specimen will undergo a strain of:

g, = _L_ = 10000 = 2381x 107 = 2381pe (C.18)
AE, 30 x 2.8 x 50x 10°

and hence the dees will move apart by & R,,,, €& = Tt X 57.45 x 2.381 x 10° =
0.429mm.

Because of symmetry, the ring must retain zero slope at the original split line
even though the dees (and their centres of curvature) have moved away from this.
It is assumed that contact with the dees extends as far as the original location of
split line (Fig. F.7); the slope 6, of the ring at this point (with respect to the dee)
must be 3.727 x 107 rad. Hetenyi''® shows that the slope 0 of a tensioned beam
on an elastic foundation (under an end moment M,) is given by:

M, 1 1

= e [2aBcosPx - (a? - B?)sin (C.19

T3 F P [2aBcosBx - (a? - B*)sinBx] )

Substituting F.R. for EI and setting x = 0 and 6 = 6, yields:
F.R.(3a’ - p*)9,

M, = — = 2648 Nmm (C.20)
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F.6.7 Stresses and strains due to localised bending moment

At the edge of the dee the maximum bending stress is given by:

s = + M _ | 6x2648

" = +£67.55Nmm (C.21)
wt? 30 x 2.8?

Hence the maximum bending strain (assuming zero anticlastic curvature and

therefore plane strain) is:
Oy (1 -V gVv,,)

= = 87 = 1.327x10% = 1327pe (C.22)
(2]

This corresponds to an error of 55.7% on strain due to circumferential tension
alone; it can be shown that this error due to localised bending will decay to 2%
at 14.4mm from the edge of the dee and becomes negligible (<0.5%) beyond
19mm from the edge.

F.7 Conclusions

It will have been observed that the periodicity of "ripples” around the ring caused by
the localised bending at the split line is comparable with the spacing of the rollers and
hence the above analysis is indeed only a very crude approximation to the real
situation. However, the results obtained suggest that the effects of this bending are
sufficiently localised that the accuracy of the strain gauge readings will not be
significantly affected provided the specimens are positioned with the gauges at a

reasonable distance (say 20mm or more) from the split line.
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Ring distorts
at and near split
/ line as dees move

apart

/

Dees Bending effects

(rollers omitted die away with

for clarity) increasing
distance from
split line

Fig. F.1: Localised distortion of ring on split disc apparatus

Ring Beam

Rollers .
Ded Elastic foundation

Fig. F.2: Ring supported on closely-spaced rollers is modelled as an elastically-

mounted beam; contact mechanics is used to determine foundation
modulus
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Fig. F.3: Radii of contacting surfaces

Roller

Dee

0 = 4wn-_39 _

Vv 4x54.525
3.05
54.525

=

Fig. F.4: Calculation of contact force P Fig. F.5: Widths of contact regions
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A, = change
of this

dimension

Fig. F.6: Reference distance for total deflection of ring/roller/dee system

ﬁ

0.429mm

1 57.54mm

Fig. F.7: End slope 9, of ring at split line (separation of dees greatly exaggerated)
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APPENDIX G: DATA FILE FOR INPUT TO PROGRAM MESHGEN

*R.ELBOWMESH

90.0
76.2
112.5
158.15
158.15
79.099
16

6

6

8

File pame for output of mesh
Angle change of elbow
Diameter of duct

curvature of centreline

of first parallel section

of second parallel section

of centreline intersection from axis
of elements around duct

*elements” along lst parallel section
vglements” along 2nd parallel gection
"elements” along curve

Reference may be made to Fig. 8.1 which specifies the elbow dimensions.
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APPENDIX H: MESH DEFINITION FILE PRODUCED BY MESHGEN FOR
INPUT TO MODELGEN

1312 Number of nodes
1 -164.438 139.220 0.000 0.707107 0.707107 0.000000
2 -164.955 138.703 7.433 0.693520 0.693520 0.195090
3 -166.488 137.169 14.580 0.653281 0.653281 0.382683
4 -168.978 134.680 21.167 0.587938 0.587938 0.555570
5 -172.328 131.329 26.941 0.500000 0.500000 0.707107
Node no. Co-ordinates Normal vectors
1310 168.978 134.680 -21.167 -0.587938 0.587938 -0.555570
1311 166.488 137.169 -14.580 -0.653281 0.653281 -0.382683
1312 164.955 138.703 -7.433 -0.693520 0.693520 -0.195090
320 Number of elements
1 8 1 3 67 65 2 35 66 33
2 8 3 5 69 67 4 37 68 35
3 8 5 7 71 69 6 39 70 37
4 8 7 9 73 71 8 41 72 39
Element No. of Element topology
number nodes
316 8 1239 1241 1305 1303 1240 1273 1304 1271
317 8 1241 1243 1307 1305 1242 1275 1306 1273
318 8 1243 1245 1309 1307 1244 1277 1308 1275
319 8 1245 1247 1311 1309 1246 1279 1310 1277
320 8 1247 1217 1281 1311 1248 1249 1312 1279
1312 Number of nodes
1 2 1 16
2 1 1
3 2 1 2
4 1 2
Node No. of Element numbers
number elements
attached
1308 1 318
1309 2 318 319
1310 1 319
1311 2 319 320
1312 1 320



APPENDIX I: NEUTRAL FILE CREATED BY MODELGEN FOR USE BY FEDATGEN

1312 Number of nodes
1 -162.684 140.974
2 ~-163.234 140.424
3 -164.805 138.852
4 -167.407 136.251
5 -170.960 132.697
Node Co-ordinates
number
1307 180.296 123.362
1308 175.310 128.348
1309 170.960 132.697
1310 167.407 136.251
1311 164.805 138.852
1312 163.234 140.424
320 Number of elements
1 8 4 8
1 0.338745 0.05059
2 0.000300 -0.40388
3 0.341089 0.31694
4 0.083914 -0.18192
S 0.115814 0.06910
6 0.198653 -0.38935
7 0.048310 0.37529
8 0.113703 -0.13167

0.000
7.917
15.566
22.651
28.876

-37.838
-34.009
-28.876
-22.651
-15.566

-7.917

1 3
~-0.31698
0.15005
-0.05054
0.43058
-0.33355
0.13299
-0.11665
0.38822

0.70711
0.69352
0.65328
0.58794
0.50000

~-0.27060
-0.39285
-0.50000
-0.58794
-0.65328
-0.69352

65 2
0.94708
0.90242

-0.94710
-0.88403
0.94020
0.91144
-0.91954
-0.91211

W 30 U W

w
(8]

0.70711
0.69352
0.65328
0.58794
0.50000

Normal vector

0.27060
0.39285
0.50000
0.58794
0.65328
0.69352

66

33

0.00000
0.19509
0.38268
0.55557
0.70711

0.92388
0.83147
0.70711
0.55557
0.38268
0.19509

0.69352 0.69352

0.19507

96¢
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2 6 4 8 3 5 69 67 4 37 68 35 0.58795 0.58795 0.55555
1 0.318681 -0.19503 -0.56351 0.80276 1
2 0.348323 0.56326 0.19536 -0.80285 3
3 0.186368 0.11748 0.61745 -0.77779 4
4 0.169800 -0.17336 -0.57926 0.79650 5

Layer Layer Direction cosines of fibre Fibre

number thickness family

Element Number Times Number Topology Element normal vector
number of to of nodes
layers repeat

319 6 4 8 1245 1247 1311 1309 1246 1279 1310 1277 -0.58795 0.58795 -0.55555
1 0.186368 -0.11748 0.61745 0.77779 1
2 0.348323 -0.56326 0.19536 0.80285 2
3 0.318681 0.19503 ~-0.56351 -0.80276 4
4 0.039233 -0.10373 0.62633 0.77263 5
S 0.273326 0.62733 -0.10216 -0.77202 i
6 0.169800 0.17336 -0.57926 -0.79650 8

320 8 4 8 1247 1217 1281 1311 1248 1249 1312 1279 -0.69352 0.69352 -0.19507
1 0.083914 0.18192 0.43058 0.88403 1
2 0.341089 -0.31694 -0.05054 0.94710 2
3 0.000300 0.40388 0.15005 -0.90242 3
4 0.338745 -0.05059 -0.31698 -0.94708 4
5 0.113703 0.13167 0.38822 0.9%91211 5
6 0.048310 -0.37529 -0.11665 0.91954 6
7 0.198653 0.38935 0.13299 -0.91144 7
8 0.115814 -0.06910 -0.33355 -0.94020 8
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APPENDIX J: ANALYTICAL SOLUTION TO PROBLEM OF PINCHED
ORTHOTROPIC CYLINDRICAL TUBE

J.1 Introduction to orthotropic solution to the pinched cylinder problem

The theory underlying this solution closely follows Calladine’s approach'”’ to the
traditional problem of the isotropic pinched cylinder. No originality is claimed for the
orthotropic extension to this theory; indeed, Calladine mentions the ease with which
it is achieved but does not present any results or derivation. However, no evidence
has been found that Calladine’s solution has been applied to filament-wound cylinders
with varying winding angle. The derivation of the isotropic version of the theory is
presented by Calladine in a very complete form and duplication of much of the

background theory is considered unnecessary in this context.

The basis of the solution is Rayleigh's method. This relies upon the estimation of a
suitable deflected shape from which the strain energy and hence the total potential
energy are calculated. In this case the expression for potential energy is found to be
of identical form to that relating to a beam on an elastic foundation. This analogy is
between these situations is exploited so as to apply standard solutions to the problem

under consideration.
J.2 Derivation of orthotropic extension to Calladine’s solution

A thin cylindrical shell of radius a and wall thickness ¢ is assumed to be made from

a specially orthotropic material. Under a general state of membrane stresses, the strain

energy per unit area is given by:

1
U = 10, e _tc _tt
membrane 2 + 2 eﬂ + 2 ‘{:9
1 E:t 0 o, 0 1 E.t

- 3T__@:(e,+ve,ee)e, + 21—-V——(ee V,Ed)Eg + -G ot (00’

= t 0
= mxe_v_)[E,(ef)z +E (€0 + Zv&Exsfeo] + itGﬁ(ﬂ’e)z

ar d.1)
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where x and 0 are defined as the axial and circumferential directions respectively.

Similarly, the strain energy per unit area due to bending and twisting is given by:

Umm= _;..M,Kx + _;.MOKO + .;.M K

20 X0
E¢? E.t3 G,t?
= ! l (KJ*VQKKO)K,\' + : 2 (K9+v19KX)K9+ -l = K:e
212(1=-v v, ) 212(1-v_v,.) 2 12
10 0x %0 0x
t? 2 2 Got’
= Ex, +E +2E v, x + 'V
24(1 -VJOVQK)[ * ok e 'Ke] 24 0.2)

Calladine makes the assumption that only €,° and ¥, contribute significantly to the

strain energy except in the case of high harmonics of the deformation. He shows that

if a trial function for the nth harmonic of radial deformation w is w,(x)cosn@ then the

significant components of strain and change of curvature are:
o _ a

" ‘ z- J.3
€ = n’w' ()cosn® and ¥, = .Sl.a_zl_)_w_(x)cosnﬂ (a) an(d (g)

Inserting these into the equations-(J.1) and (J.2) yields an approximate expression for

the strain energy per unit area of the shell:

E 2
= 9 cos2n® W (x))
2(1-vgvy) n*
Eot3 (n2-1)
24(1-vyv,) a*

totad
Jg.4)

+ cos?nB(w, (x))?

Calladine demonstrates for the case of the pinched cylinder that the assumption
regarding the significant modes of deformation is valid except for high harmonics of
the deformation, and that inaccuracies in equation (J.4) become significant for

n>(al/f)'? as the assumption ceases to be valid.

If a sinusoidally varying load per unit circumference g, cos 70 is applied at x=0 to a
cylindrical shell with its ends at x=L, and x=-L,, the potential energy (per unit
circumference) due to the load is —q,w,(0) cos n® (where q, = 2P/na for n = 2, 4...

for the pinched cylinder problem). The remainder of the potential energy is due to the
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strain energy considered in equation (J.4). Integrating over the length and

circumference of the cylinder, the total potential energy is:

n = _E_'_“ Ra f(w”(x)z)dx
1 = VoV,
(J.5)
E.* (n?-1) ra

+
12(1-vyv,) a°

f(w (®))dx - naq,w,0)
where the function w,(x) minimises the total potential energy of the system. This

expression is analogous to that for a beam of flexural rigidity B on an elastic

foundation of modulus £ under a point load F at x=0:
LI Ll
= 2 [ ydr + £ [(wooydr - Fu() (1.6)
2 1, 2 2

It is therefore possible to use existing results for beams on elastic foundations® to find

the function w,(x) by making use of the following substitutions:

Quantity (referred to Symbeol Equwalent quantnty for
1  beam on elastic . pinched orthotropic cylinder
foundation problem) | Used in this | Used b}'z problem
appendix Hetenyi®
|
Deflection w y w, cos no
Beam flexural B El B - nE ta®
rigidity (1 -vv Int
| Foundation modulus v ,
(force per unit k k [ = nE (n*-1)
length per unit "12(1-vgv,)a’
deflection) 976
Concentrated load F P F, cos nB = 2P cos n@
on beam forevenn 22
Decay parameter A A ‘1 k
(derived from A, = | ——
k and B) N\ 4B,
Y| Egt2nt(n2 -1y
N 48E a°®
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The general form of the solution to problems of this type is:

w (x) =A e coshx +B e sinkx +C,e ™coshx +D, e sindhx (.7)

where A, ... D, are found using boundary conditions. For instance, at the free ends
of a cylinder w,”(x) = w,®fx) =0. The solution to the pinched cylinder problem is
obtained by summing the Fourier series of deflection components and may be

expressed in the form:

wx8) = Y w(x)cosnb

ne2 4.

3.8

J.3 Solution for pinched filament-wound cylinder with varying winding angle

This problem differs from the simple case of a pinched orthotropic cylinder with

uniform properties. The main differences are as follows:

(a) The cylinder walls take the form of an antisymmetric laminate rather than a
homogeneous orthotropic material. This is difficult to solve rigorously but can
be simplified by assuming the laminate to have many layers (thus eliminating
coupling effects between tension and twisting etc.). An approximate or intuitive
approach to the problem of a laminated cylinder with few layers is suggested in

Section J.4.

(b) Assuming the laminate to be many-layered, its axial and circumferential Young’s

moduli will change with axial position if the winding angle varies.

(c) The wall thickness, and hence the mid-surface radius of the cylinder, will vary

with axial position if the winding angle varies.

The approach to this problem was outlined in Chapter 7, and consists of discretising
the cylinder into a series of shorter cylindrical elements (Fig. 7.4(a) and (b)), each
with different values of orthotropic material properties, radius and thickness. It is then

a simple matter to treat each of these as a short elastically-mounted beam using
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Calladine’s analogy. These are considered to be rigidly fastened end-to-end ensuring
continuity of deflection and slope (Fig. 7.4(c)) in the manner suggested by Hetenyi'*®
for problems of this type. Working within the notation of the beam analogy, a
flexibility matrix [C], may be defined for each element. This relates the vector of end
deflections and slopes {w], to the vector of end forces and moments {F},, using

conventions shown in Fig. J.1:

Cll CIZ Cl] CH Fl wl
CZI C22 CZS C?A Ml eI
. or: [Cl, = (F) {w), .9)
CJI C32 C33 C34 F2 w2
Cll C42 C43 C“ M2 e2

e e

The components of [C], are as follows™*:

2 sinhAJcoshAd - sinAlcosAl

C C —_
" » k sinh’A! - sin’A
_ _ 2A? sinh?Ad + sin?Al
Cu=Co=Co="Cu = k sinh®AJ - sin?AJ
C. =C. = 42} sinhA/ coshA + sinA\J cosA/
»oou k sinh’M - sin? M (1.10)
C.=C. = 2A sinhAlcosA! - sinAlcoshA/
KR ] ~ 3
k sinh’Al - sin®Ad
C. =C. = 4)* sinhM cosM + sinAJ coshA/
u 2 - — —
k sinh®A - sin®M

422 sinhAlsinAJ
k sinh’Ad - sin?AJ

The flexibility matrix [C]. may be inverted to give the element stiffness matrix [K],:

(K] {w), = (F}, where [K], = [y’ Jd.11)

The stiffness matrix for the whole system may now be assembled from the element
stiffness matrices. This assembly process links the elemental beams so that continuity
of deflection and slope exists at each junction or node, and enables the net force on
each junction to be calculated for a given set of deflections and slopes. As an

example (Fig. J.2) two elements may be assembled into a system represented by the
following equation:
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K, K, &y,  «®y, o o |w] [
K (Ky), K3, (K., 0 0 9, M,
Ky), Ky, Ky, +K)), K+ Ky, Ky, KD, [jw,{ _ WFz,
(Kll)l (K42)| (K43)1+ (K2l)2 (K“)l* (K22)2 (K13)2 (Kl4)2 92 B M2
0 0 Ky, K), Ky, (K, [|wy F,
L 0 0 (Ku)z (K4z)2 (K43)2 (Ku)z ] \93 J kMsl
or: [K]{w} = {F} (J.12)
where (K,); (j.k=1...4) represent the components of the stiffness matrix [K] for the ith
element. (K,); = (K,), i.e. [K] is symmetric, since [C], and hence also [K], are
symmetric.

In practice, it is the force matrix which is known and the deflections and slopes which
are required; equation (J.12) must therefore be solved using matrix inversion or

otherwise:

(w}) = [K]"{F) J.13)

Having solved the problem for the beam-on-elastic-foundation, the solution to the
cylinder problem is solved by analogy for each of the Fourier components of the load.
The deflections for each Fourier component are then summed to give the deflections

when subjected to a pinching load.
J.4 Extensions to Calladine’s solution

In the original solution to the problem of a pinched isotropic cylinder, the value of B,
is given as mEt/[(1-v)n']. Calladine states, without presenting a detailed
justification, that the solution can be improved by omission of the term (1-v?). This
corresponds to a relaxation of the assumption that g, is constrained to be zero. The
author has noted that this modified result is equivalent to the solution due to Ting and
Yuan'®. Further work would be required to investigate whether a similar extension

can be made to cover the case of the orthotropic cylinder.
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Calladine’s expressions for B, and k, for the isotropic problem include the terms
Et/(1-v*) and EP/[12(1-v*)] respectively. These may be recognised as the section
moduli of a plate or shell under tension (with a restraint against transverse strain) and
under bending. Intuition suggests that is possible to substitute equivalent expressions
for the behaviour of a laminated plate or shell if suitable assumptions are made
regarding the freedom of the laminate to distort due to the effect of coupling. For
example, it is necessary in calculating B, to calculate the tensile stiffness of the
laminate in the axial (x) direction and one possible assumption is that the structure of
the cylinder restrains the laminate against twisting. In addition, Calladine assumes
that transverse (circumferential) membrane strain is constrained to be zero. Defining
the laminate behaviour in terms of equation (5.13), the term Et/(1-v?) may be replaced
with A;,. A similar process may be applied to the calculation of k,, when it is
necessary to calculate the flexural rigidity of the laminated shell in the circumferential
direction. Assuming that the shell experiences restraint against anticlastic curvature
but is free to distort in shear, Ef/[12(1-v?) may be replaced with §,,/(3,,5,,-8,,2).
These suggested substitutions are to be regarded as rules-of-thumb rather than as
accurate theory, and it is likely that in reality no degree of freedom will be either fully
restrained or completely free. Typical results from the homogeneous orthotropic and
laminated orthotropic extensions to Calladine’s theory will be presented in section J.7

and compared with relevant finite element solutions.
1.5 Implementation of solution using a FORTRAN program

Practical implementation of this solution requires the use of a computer to handle the
matrix algebra, and a FORTRAN program has been written to achieve this. A
flowchart of the program is shown in Fig. J.3. Two methods are used for calculating
the deflected shape of the cylinder, namely the homogeneous orthotropic extension to
Calladine’s solution (derived in Sections J.2 and J.3), and the modifications to this
methods based upon classical lamination theory (suggested in Section J.4 ). In both
cases the Fourier series of deflections was summed to 10 terms (n=2...20). Although
the terms of order 6 and above are inaccurate the effects of these terms (and hence

any errors due to them) are confined to a region approximately 30 millimetres either
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side of the point of loading. Omission of these higher-order terms leads to a spurious

localised bulge or notch in the transverse (horizontal) diameter as well as a blunted

pinching effect on the vertical diameter.

The linear algebra is implemented using the appropriate subroutines from the NAG
library. Advantage is taken of the fact that all the matrices are symmetrical, and
subroutine FO1ACF is used to obtain the inverse of the laminate stiffness matrix and
the element flexibility matrix as accurately as the machine precision will allow.
Advantage is also taken of the banded nature of the system stiffness matrix, enabling

subroutine FO4ACF to be used for solving equation (J.12).
J.6 Comparison of approach with finite element method

This piecewise implementation of Calladine’s solution has clear similarities with the
finite element method, especially with regard to the assembly of element stiffness
matrix components into a global stiffness matrix. It is an application of matrix
displacement method'® which is one of the techniques from which finite element
analysis evolved. However, there are some important differences between this

solution and the operation of typical finite element systems.

(a) The element formulation used in this solution inherently includes restraints in the
form of the elastic foundation, in contrast with many types of finite element
which require appropriate restraints to be applied to the system. For the problem
under consideration, the boundary conditions are that both ends of the cylinder

are free and hence no additional restraints need to be applied to the system.

(b) Most finite element formulations are approximate, being based upon linear or
polynomial interpolation of displacements etc. within the element. However,
Hetenyi’s solutions to the beam-on-elastic-foundation problem may be assumed
to be exact, and hence the formulation of each beam-on-elastic-foundation
clement is also exact. The accuracy of the solution to the problem of the

contiguous elastically-mounted beam is therefore limited only by the numerical
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accuracy of the computer and the equation-solving algorithms. However, the
solution to the pinched cylinder problem as presented here is not exact; this is
because Calladine’s analogy is only approximate, and because discretisation of the
continuously varying properties of the cylinder inevitably introduces errors. In
principle it would be possible to re-formulate the elemental beams to consider
continuously varying beam stiffness and foundation modulus'®. However,
problems of this kind are mathematically complex, and such work was not

considered to be justified in this context.
J.7 Comparison of results with relevant FE results

Fig. J.4 shows comparison of the results from the computer program with the results
of comparable finite element solutions. The FE solution chosen for comparison with
the homogeneous orthotropic Calladine solution is the PAFEC model using
axisymmetric Fourier elements, since both these solutions assume the laminate
structure to have many layers and hence ignore the coupling effects. The FE solution
chosen for comparison with the classical lamination theory extension to Calladine’s
solution is from the ABAQUS model with uniform lamination sequence. In all cases
the unidirectional material properties assumed are those fitted to the flexural data;
these are presented in Table 7.5. It is observed that the homogeneous orthotropic
solution is in close agreement (typically within 2%) with the results from the
axisymmetric PAFEC model. The results from the laminated extension to Calladine’s

theory yields results similarly close to those from the ABAQUS thin shell model.

J.8 Conclusions

The work presented in this appendix provides a useful comparison with the finite
element solutions obtained via the FILFEM I automatic model-generation system, and
close agreement has been obtained between the results of these two approaches.
However, Calladine’s solution (and solutions based upon it) relate primarily to a
simple specimen and a loading situation which is of academic interest rather than

common practical application. By contrast, FILFEM I can generate models for
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complex axisymmetric structures, and capabilities of the available FE codes provide
the main limitation upon the kinds of problems that can be solved for a given
structure. Additional work is required to consider further extensions to Calladine’s
solution if more realistic assumptions are to be made in the derivation of analytical
solutions to the pinched orthotropic cylinder and laminated cylinder problems. Should
other test problems be tackled with FILFEM-generated models, it may be possible to
follow a similar approach in deriving analytical solutions to provide comparison with
the FE results obtained.
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Fig. J.1: Sign convention used in definition of beam-on-elastic-foundation

flexibility matrix

F F,
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Fig. J.2: System of two beams on elastic foundations rigidly joined end-to-end,

showing loads applied to system
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Fig. J.3: Flow chart showing operation of PINCYL program
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Fig. J.4: Comparison of results from PINCYL program compared with relevant

finite element results



