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Abstract

This thesis intends to provide the reader with a detailed understanding of the

current research into aero-engine bearing chambers, providing a description of their

function and importance to the aerospace industry. The bearing chambers are a

complex component where there is a chaotic mix of oil droplets, splashing, heating

and geometric complexities which makes conventional analysis techniques costly to

implement. The aim of this research is to describe the important physical effects

pertinent to the rotational flow found in bearing chambers within a mathematical

modelling strategy.

In developing a mathematical model of the flow inside a bearing chamber,

it is useful to simplify the geometry. This geometry is a stationary horizontal

cylinder. The model includes effects that are specifically important to the bearing

chamber. These effects can relate to the film’s inertia or internal pressure which are

normally ignored due to the scale of problem under investigation. The proposed

model utilises an averaging method of the governing equations, known as depth-

averaging, which provides a reasonable estimation of the temporally averaged flow

with significant reductions in both time and costs associated with simulations.

This method contains the key mechanisms of the film, as well as introducing a

new effect that has not been previously considered. This is an effect known as

fluid slip, which is typically associated to either; small scale flows, of which the

bearing chamber flows can be, or certain texturing methods which can also induce

this flow behaviour. This phenomenon is investigated under a variety of flow

configurations using the microscopic effects to generate macro scale changes. The

thorough exploration of these changes is the main aim of this thesis.

The model is shown to be a well posed extension to classical lubrication theory,

which includes both wall slip and inertia. The inertial effects lead to a series of

transitional profiles between a stagnating pool and the uniformly distributed film.

The film behaviour with fluid slip was shown to create flow recirculation and to

have multiple steady profiles in a non-unique solution region. The impact of slip

during high levels of inertia is minimal, but in moderate to low levels the imposed

surface slip is significant as a flow control technique.

The effect of fluid slip on the film temperatures is relatively small in com-
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parison to thermal convection, which has a direct effect on temperature. When

thermal convection is of equal or greater strength relative to conduction, there

is a significant increase in the amount of heat contained within the fluid. The

main effect of slip is to accelerate the film, which in turn amplifies the rate of

convection.

The physical characteristics have been thoroughly detailed, with an emphasis on

which values are most important in determining the film profile. Minor variations

in these values can lead to drastic deviation from the expected behaviour and

necessitates a mindfulness of the temporal problem at large.

Importantly, the quantification of the slip condition is discussed in depth. This

includes the range of slip scales that are expected with examples of the structures

thought to produce sustainable slip. The most important findings of this thesis

are contained in the analysis of the different scales of slip on flows which are

characteristic of the bearing chamber.
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Nomenclature

This nomenclature list contains the variables used within this thesis and their

definition, however all necessary terms will be locally defined at their introduction

for the section in which they appear including those denoting functions.

Characteristic Values of the Oil Film

ρ The oil density, in kg/m3.

µ The dynamic viscosity, in Ns/m2.

ν Kinematic viscosity, measured in m2/s.

σ The surface tension coefficient, in N/m.

h0 The characteristic value of the film depth, measured in m.

r0 A characteristic radius of the bearing chamber, in m.

U0 Typical film speeds within the bearing chamber, measured in m/s.

k∗ The oil thermal conductivity, in W/mK.

γ∗ The free surface heat transfer coefficient, in W/Km2.

cp The specific heat capacity of the oil, in J/kgK.

ϕ The thermal diffusivity of the oil, in m2/s.

Dimensional Variables

r∗ Radial coordinate measurement, in m.

θ∗ Azimuthal angle, measured in degrees, ◦.

t∗ Time, measured in s.

g (θ∗, r∗) Gravitational field, acting vertically downwards at 9.81m/s2.
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Nomenclature

h∗ (θ∗, r∗, t∗) Film depth, in m.

u∗r (θ∗, r∗, t∗) Radial velocity component, measured in m/s.

u∗θ (θ∗, r∗, t∗) Azimuthal velocity component, measured in m/s.

τ ∗a Applied surface shear, measured in N/m2.

P ∗ (θ∗, r∗, t∗) Film pressure field as a function of (θ∗, r∗, t∗), measured in N/m2.

P ∗a Atmospheric pressure from core gas flow, measured in N/m2.

κ∗ The dimensional surface curvature of the fluid free surface, mea-

sured in m−1.

l∗s (θ∗) Slip length, measured in m.

ξ∗ Shear rate of fluid, taken as the gradient of the velocity, measured

in s−1.

Π∗ Function used in defining normal to the film free surface.

H∗ Function defining the location of the free surface.

T ∗ (θ∗, r∗, t∗) The film temperature, as a function of (θ∗, r∗, t∗), in ◦C.

T ∗a Temperature of core gas flow, measured in ◦C.

T ∗w The characteristic wall temperature, measured in ◦C and the

hottest part of the chamber.

Dimensionless Variables

y Radial coordinate measurement from the wall, non-dimensional.

s Azimuthal coordinate, measured anti-clockwise from the vertical

downwards and dimensionless.

t Time, as a dimensionless variable.

h (s, y, t) Film height, non-dimensional.

v (s, y, t) Radial velocity field as a dimensionless function of (s, y, t).

u (s, y, t) Azimuthal velocity field as a dimensionless function of (s, y, t).

τa The dimensionless applied surface shear stress.
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Nomenclature

P (s, y, t) Pressure field within the film, as a function of (s, y, t) having been

scaled by the dynamic pressure field.

Pa The non-dimensional atmospheric pressure applied at the free

surface.

κ The surface curvature of the fluid free surface as a dimensionless

function.

ls (s) The non-dimensional slip length as a function of (s) acting on the

wall.

Π The dimensionless factor when defining the normal to the film free

surface.

H A dimensionless function which defines the free surface location.

T (s, y, t) Film temperature field, as a non-dimensional function of (s, y, t).

Ta Dimensionless temperature for the air phase.

Tw Dimensionless wall temperature of the cylinder.

Key Dimensionless Parameters

ε A small parameter, measuring the ratio between the height and

length scales of the film.

Re The Reynolds number, as a measure of the inertial and viscous

forces.

Re∗ The reduced Reynolds number, a scaled version of the Reynolds

number by ε.

λ A measure between the gravitational and viscous forces.

Ca The capillary number, a measure of the surface tension and viscous

drag effects.

Bi The Biot number, as a ratio between the heat transfer external

and internally to the film.

Pe The Péclet number, measuring the ratio of thermal advective and

diffusive effects.

Pe∗ The reduced Péclet number, as a scaled Péclet number by the

small parameter ε.
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Nomenclature

Other Symbols

r̂ Radial unit vector, taken as normal to the cylinder wall.

θ̂ Azimuthal unit vector, taken as tangential to the cylinder wall.

Γ∗ Stress tensor, formed from the summation of
(
r̂, θ̂
)

contributions.

c Domain bunching parameter, with c = 1 creating a near-uniform

domain, and c > 1 creating a clustered mesh.

N Number of nodes within domain, typically in the 1000s.
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Chapter 1

Introduction

1.1 The Role of the Aero-Engine Bearing

Chamber

This thesis is motivated by the oil films that are found in the bearing chambers of

aero-engines. These oil films are used for the dual purpose of being a lubricant

and coolant in the transmission systems. Therefore, the study of a non-isothermal

rotating flow is important for analysing the flows of the bearing chamber.

The efficiency of gas turbine engines may be improved significantly by increasing

the combustion temperature. However, this means the surrounding components

will be substantially hotter unless the cooling systems are able to handle the

additional thermal load. These components include; the rotating parts (e.g.

the engine shafts, gears and bearings), the stationary core and the mounting

components which have been highlighted in figure 1.1.

These roller bearings which align and support the shafts that mount the fan,

compressor and turbine stages of the engine are housed within bearing chambers.

These chambers are used to isolate the oil flow from leaking into other areas of the

aero-engine. This is the structure of the Rolls-Royce Trent series engines, shown

in figure 1.1 and is representative of typical aero-engine configurations.

The oil is used in a self-contained cycle, to be recirculated through the oil fed

bearings of the four typical bearing chambers: located between the High-Pressure

(HP) and Intermediate-Pressure (IP) stages, the tail bearing, the front bearing

and the internal gearbox.

The complete cycle is illustrated in figure 1.2, where the oil feed injection

sites into the bearings have been indicated. The oil leaks out of the bearings

as droplets, which coalesce as a thin film on the enclosing chambers due to the

centrifugal forces. The dispersion of droplets within the rotating airflow is a

chaotic two-phase system, which adds a large amount of mass and momentum into

1
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Figure 1.1: The main supporting structure of a Rolls-Royce Trent series engine.
This photograph is produced with the permission of Rolls-Royce plc, copyright c©
Rolls-Royce plc. 2020.

the film at the surface. The airflow is driven by the high rotation speeds of the

concentric engine shafts and leads to a strong air shear acting on the film surface,

this shearing effect is also known as windage. The closed cycle is created as oil is

drawn through a sump in the chamber base and regenerated through a series of

filters and coolers before being fed back into the bearings. These coolers are heat

exchangers between the heated oil and cold fuel of the aero-engine, preventing the

freezing of and improving the combustion performance of, the fuel while cooling

the oil.

This cooled oil is reintroduced to the bearings and subsequently the chamber

to prevent the excessive heating of the oil by the walls. The temperature of

the airflow through the chamber is somewhere between that of the cooled oil

droplets and the heated chamber walls. The oil and air are contained by several

pressurised seals that create a positive pressure in the chamber. The bulk of the

oil is extracted through the sump, found at the beginning of the scavenge return

system which is depicted in figure 1.2. However, a small amount of oil will leak

through the vents that recycle the airflow and must be separated before it can be

recycled back into the system.

The proximity of the HP-IP chamber to the combustion stage means this

chamber is the hottest of the four chambers, due to the higher burning temperatures

which increases the thermal load of the oil in this chamber. The ability to maintain

2
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Figure 1.2: The closed cycle of oil for the Rolls-Royce Trent 500 engine. This
photograph is produced with the permission of Rolls-Royce plc, copyright c©
Rolls-Royce plc. 2020.
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the oils physical properties are important, however at higher temperatures the

oil is likely to degrade or in severe cases may begin coking or can even ignite.

Avoiding these negative situations is a key concern to engineers, who need to

predict the behaviour of the oil in the chamber to monitor both the temperatures

and residence times of the flow constituents. Therefore, an extended residence

time is likely to accelerate the degradation of the oil, this can shorten the oil life

cycle or lead to more severe issues over time. The cross section of a typical HP-IP

chamber is shown in figure 1.3, showing where the oil droplets may enter and

accumulate on the chamber wall. Interestingly, the concentric hollow design of

the HP-IP chamber also means the two systems can rotate in opposing directions

at a different speeds.

There are various flow structures of oil that can be formed from the escaping

flow off the bearings into the bearing chambers. These can be fast moving filaments,

bubbles of entrapped air within a film, droplets or flowing film across the hot wall

structures. It is this flowing film structure that this work is most interested in.

The oil flow of the bearing chamber necessitates a number of physical effects to

be described, of particular importance is the inertial forces being significant, con-

trary to the classical lubrication theory explanation; shallow films with decreasing

film heights also have increasingly small Reynolds numbers and therefore have

negligible inertia. However, the operating conditions of the aero-engine shafts of

5, 000 RPM to 15, 000 RPM mean film speeds may be sufficient such that inertia

is also significant. This consideration means realistic models should include inertia

to leading order, as the Reynolds numbers of O(100) are feasible, which means

the other consideration of thermal convection may be of leading order due to the

film speed.

The oil films of the chamber vary for each aero-engine design and their operating

speeds; however, the oil is typically only millimetres or micrometres in depth.

At the macro-scale the currently accepted theory is that the velocity of a fluid

in contact with a solid surface will be zero, which is commonly referred to as

the no-slip condition. There is research into flows that are comparable in size or

smaller than those of the bearing chamber where experimental measurements show

the flow is not stationary at the wall. This non-zero velocity is known as fluid slip

and is generally modelled as a partial slip condition. The partial slip condition is

an equation which links the fluid velocity and shear rate at the surface, using a

proportional constant which is known as the slip length. Studies have been able

to measure this slip length in narrow flows. However, these have relied on either

very precise measurements or have been inferred by correlation techniques. These

methods are both susceptible to significant errors as the slip lengths can be just

nanometres in size. However, there are studies which have reported significantly
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Figure 1.3: A cross section view of the bearing chamber, showing the concentric
shafts of the HP and IP systems, where oil droplets coalesce on the wall of the
bearing chamber.
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larger slip lengths for flows which are relatively thick.

This is an area of research that is growing, though experimental studies have

indicated some chemical coatings and structural patterns appear to generate

significant slip. While the exact reason for slip is not currently known, a review

of the background literature suggests that it may be possible to achieve up to

hundreds of micrometres of slip. Many of the treatments typically make the

surface repel the fluid, which is generally water, this repelling effect is believed

to be the cause of fluid slip at the surface. This inherent ability of surfaces to

repel water classifies them as being hydrophobic, while the ability to attract water

means a surface is hydrophilic. Hydrophilic surfaces are not believed to cause slip.

The idea of using hydrophobic surfaces is due to this effect being observed

in nature, specifically the lotus leaf. These leaves have unique properties which

mean they strongly repel water as part of a self-cleaning mechanism and are

deemed to be ultra-hydrophobic. There are numerous similar examples where

engineers have used phenomenon found in nature to influence their designs. This is

because nature has been able to optimise over many generations, creating efficient

structures and effects to evolve and survive. One example is the honeycomb

structure which forms beehives and is found throughout the aerospace sector, this

is due to the structure’s combination of being both light weight and high strength.

The drag reduction that arises due to the pattern and texture of shark scales is

one more instance where natural designs are being studied by researchers.

The surfaces which are most likely to be used in the bearing chamber will be

from micro-structures on the surface. Machining these structures are expected

to be costly due to the methods needed to achieve the precision necessary for

stable slip. Therefore, alternative methods will be needed for commercial use. One

possible method is with additive manufacturing, as it is now possible to fabricate

complex metal components. A recent example of this is from Siemens AG [2], who

were able to create and test a gas turbine engine using turbine blades produced

by additive manufacturing. As the turbine blades are thought to be one of the

most complex and demanding structures in an engine, this achievement marks a

significant milestone for additive manufacturing. It is anticipated that over the

next few decades the technology will continue to progress and it will be possible

to fabricate the surfaces needed to produce fluid slip.

The core idea of this thesis is that the surface of the bearing chamber may

be modified to sustain a large fluid slip. This is likely to involve using additive

manufacturing to construct the chamber so that it incorporates the necessary

intricate designs. However, before funding can be sourced to manufacture these

chambers, it is necessary to determine if slip has a significant effect on the flow

of the bearing chamber as this is not yet known. This thesis is consequently set
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out to begin answering the specific question of if fluid slip has a significant effect

on how the oil flow may act in the bearing chamber. This is completed by using

a dependable model of the oil flow that can reveal the intricate fluid dynamics

and prevailing thermodynamics throughout the chamber to assess how the flow

changes due to slip.

1.2 Aims and Objectives

The aim of this research is to investigate the behaviour of the oil flows found

within the bearing chambers of aeroengines, which allows for the identification of

the pertinent physical effects and model representative flows.

The specific objectives which are presented in this thesis are:

• to develop a model which represents the flow of oil inside the bearing chamber

as a rimming flow.

• to carry out studies with partial slip on the wall and assess the impact on

the fluid dynamics of the flow.

• to assess the changes to the thermodynamics of the thin film when partial

slip acts on the wall.

• to highlight that the value of the characteristic parameters are important

considerations for modelling applications.

• to demonstrate for characteristic values typical for the bearing chamber and

with slip lengths equal to lengths of slip measured in experiments that slip

has a significant impact on the film.

1.3 Methodology of the Thesis

The aero-engine bearing chamber is a multiphase flow of predominantly air and oil,

amongst other constituents, which encompasses numerous complex phenomena

that occur as each phase interacts with each other. This complexity is compounded

in the bearing chamber as the bolts, connectors, seals and the varying speeds

of the shafts also interact with the oil system. The progress of Computational

Fluid Dynamics (CFD) on modelling multiphase flows has been significant since

its commercialisation, whilst geometric features can now be resolved with complex

meshing algorithms. However, these can be time consuming to set up and simulate,

therefore a simple representative case will be used which can swiftly assess the flow

characteristics and addresses this issue. A second concern is that CFD models
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assume all necessary physics have been appropriately included. Although this

thesis explores physical behaviour that has been previously undocumented for

the bearing chamber and rimming flow. Specifically, the physical behaviour at

the interface between the fluid and solid surface is investigated, as studies have

detailed multiple mechanisms that may produce a type of slip behaviour.

The first step in the methodology of this thesis is to make several assumptions

about the oil flow within the bearing chamber, many of these are to make the

modelling strategy easier and to limit the scope of the study. The first assumption

is that the bearing chamber contains a small volume of oil that may coat the

entire chamber walls by a thin film. The second assumption is the inner shaft is

rotating fast enough that the core air flow will be travelling with enough velocity

that it creates a shear force on the oil surface. This force is assumed to be strong

enough that the oil will be driven to completely coat the chamber walls as a thin

film.

The chamber geometry is a very complex structure which includes bearings,

ports and seals. There are ways to detail the chamber with commercial software,

but these complexities make understanding the importance of physical effects

difficult to determine. It is therefore prudent to use a simpler geometry, which

can be described as a stationary horizontal cylinder. The rotating flow inside a

cylinder is commonly referred to as a rimming flow and is therefore the topic of

study in this thesis.

The chambers include a sump to extract the oil that is being continuously

injected into the bearings, however for the work of this thesis neither the sump

nor the oil droplets have been included. While the flows vary axially, for the work

of this thesis there is an assumption of axial homogeneity per unit length. This

means the problem under investigation is only two-dimensional.

There are several physical effects in the flow of oil which are assumed to be

significant, notably these are gravity, hydrostatic pressure, inertia, surface tension

and viscosity. The review of existing literature on thin film models and flows

within the bearing chamber have verified this assumption.

The last assumption is related to how fluid interacts on the cylinder wall and

the investigation into this forms the bulk of this research. At the macro-scale,

this interaction is typically described by the no-slip condition which states that

the velocity of fluids in contact with the surface is zero. However, studies have

indicated that if the layer of fluid is small enough, this description may no longer be

accurate. Another description of this effect is known as the partial slip condition,

where the fluid velocity at the wall is related to the fluid shear by a proportional

constant known as the slip length. There have also been studies on surfaces which

have been treated with specific chemicals or built with certain patterns that may
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produce a similar effect. The surface attributes which create this flow behaviour

have not been fully defined, however experimental results have measured this slip

length. Therefore, the last assumption is either that the size of the flow or that

the design of the chamber walls satisfies the criteria that partial slip will occur.

The mathematical model of the oil film is derived from the conservation of mass,

momentum and energy equations using a two-dimensional cylindrical coordinate

system. The film of oil has two boundaries which are located at the cylinder wall

and the interface between the fluid and air flow. Equations which conserve the

mass, momentum and energy at the air interface have been derived to provide

suitable boundary conditions, along with the kinematic boundary condition at

the interface. Two of the boundary conditions at the wall are the no-penetration

condition and the equation to model the wall temperature. The last boundary

condition describes the flow velocity at the wall, using a generalised Navier slip

model, in this instance velocity is related to the fluid shear rate as defined by

slip length. These equations are non-dimensionalised using appropriately defined

non-dimensional parameters. This includes the capillary, Reynolds and Péclet

numbers which are a common step in developing mathematical models.

The assumption that the walls are coated in a thin layer of oil means the

characteristic height and cylinder radius may be expressed as a small parameter, ε.

Each term of the equations may be expressed as an order of this small parameter,

this allows for terms to be grouped to zero order (leading), first order and even

higher orders of ε. The governing equations may be simplified by taking a thin-film

approximation to retain only leading and first order terms, this approach has

been presented in many studies which have been reviewed in Chapter 2. However,

some higher order terms which may be removed by the thin-film approximation

are necessary effects when modelling the bearing chamber. These effects are

predominantly those of inertia, surface tension and thermal convection. Therefore,

the Reynolds and Péclet numbers which describe the inertial and convective effects

are deemed to be large enough that the terms may be equal to a leading order

term. The higher order terms of surface tension are known to approach values

equal to leading order terms in the presence of surface discontinuities and are

therefore retained in the model. This treatment of the governing equations has

been shown in the study of other flow configurations, including the rimming flow

and planar flow problems which has been reviewed in Chapter 2.

The study of open channel and waterway flows have concluded that inertial

effects are important as the Reynolds number is relatively large. These hydraulic

applications are typically assumed to be either one-dimensional or planar as the

components of the vertical velocity are relatively small. The vertical velocity in

the rimming flow problem is also small as the film is typically smooth. Making
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it sensible to use techniques for hydraulic studies which include inertia to also

include inertia for rimming flows. One of these techniques is the depth-averaging

method and can be used to model high Reynolds number flows. This method uses

the boundaries of the flow, in this case the cylinder wall and interface at the air,

to integrate the governing equations over the entire fluid depth. This reduces the

dimensionality of the governing equations to now being one-dimensional, having

introduced two new variables to replace the temperature and velocity fields. These

variables are known as the mean temperature and flow flux and are the integral

of the temperature and velocity fields across the film depth. While the mean

variables contain no two-dimensional information on either the temperature or

velocity, reconstruction of these fields can be done by an a priori selection of the

field profile. In this thesis the profile is taken to be a parabolic polynomial with a

dependency on the radial distance from the cylinder wall, this is in keeping with

analytical solutions to Stokes flow. The polynomial coefficients are calculated

from the boundary conditions and definitions of the mean flow variables. The

interpreted velocity and temperature fields from the parabolic polynomials may

provide the necessary details to determine the presence of any regions with flow

recirculation or high temperatures.

The mathematical model is implemented in a numerical model by discretising

the spatial domain with a pseudo-spectral method and using an implicit time

stepping scheme. The numerical model is implemented within a specialised pro-

gram within MathWorks MATLAB software package, where the depth-averaged

governing equations are linearized and then solved. The solutions provide approx-

imations to the mean variables and reconstructs the temperature and velocity

fields for a given non-dimensional parameter set ready for analysis.

1.4 Overview of the Thesis

This first Chapter gives a brief overview of the motivations behind the research

and introduces the aims and objectives that have guided this thesis. The key

assumptions which have formed the basis of the work are also outlined, along with

aspects of the methodology which has been used for this study.

Chapter 2 contains the background literature on both experimental and theo-

retical studies on the topic of bearing chamber flows, to help highlight the current

understanding of fluid effects and determine which are most applicable to this

thesis. The wide body of literature on the related area of rimming flows and thin

film models are also reviewed. A review of the lesser explored area of surfaces

which are linked to an effect known as fluid slip is accumulated, where the surfaces

have been treated by either special chemicals or structures.
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The mathematical model of this thesis is formulated in Chapter 3, where the

complex bearing chamber flow has been developed into a time-averaged rotating

flow within a horizontal cylinder. Several non-dimensional parameters are also

introduced to gauge the relative strengths of the various physical effects in fluid

flows and defines the regime the model is intended for. The method of depth-

averaging the governing equations is presented in detail and the numerical method

used to solve the problem is presented with a discussion on both the numerical

validity and testing benchmarks.

The analysis of isothermal films covered in Chapter 4 details a rich variety

of flow scenarios relevant to the wider problem of rimming flows. Chapter 5

contains results and draws some conclusions of the role fluid slip can have in

controlling the temperatures within films coating the cylinder walls, while Chapter

6 analyses flows relevant to the bearing chamber and gives an in-depth overview

of each characteristic value. Chapter 6 additionally sets out the main findings of

this research by assessing the varying levels of slip reported in the background

literature and the corresponding impact these have on the film.

The closing statements of Chapter 7 presents the core conclusions from each

Chapter and gives several potential topics where the work can be expanded in

future studies. The Appendices contains some useful mathematical identities and

the derivation of the boundary conditions at the free surface.
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Chapter 2

Literature Review

The work within this thesis may be applicable to both the aero-engine bearing

chamber application and other related problems of industry. Relevant literature

related to the mathematical formulation and rimming flow problem is categorised

into distinct sections: the modelling of thin-film flows pertinent to rimming flows;

the integral approach from hydraulic theory; thermal effects of thin films; the

role of surface coatings and substrates in flow control and the models of bearing

chambers.

2.1 Current Models of the Bearing Chamber

There is significant research focusing specifically on the films within bearing

chambers. The Karlsruhe Institute of Technology (KIT) in Germany has produced

a quantitative assessment of bearing chamber flows, having conceived a practical

rig that can replicate a broad range of operating conditions experienced in aero-

engines. One of these assessments has been the use of ultrasonic instruments to

locate the film surface in the bearing chamber, where Wittig et al. [3] were able

to measure the film thickness. They found that the film thickness was dependent

upon the speed of the rotating cylinders and was found to be between 0.7mm and

5mm in depth. This measurement technique is useful as it is both non-reactive to

the fluid and may be adapted for other geometries. From readings of thermocouples

spaced throughout the chamber, a model using the finite element method was used

in characterising the heat transfer coefficients of the wall, which may be used to

infer the thermal load within the chamber. The driving force was from a rapidly

rotating shaft concentric to the test chamber, with an operational speed up to

16, 000RPM , which had a gap of 28mm between the rotating and stationary

cylinders according to Glahn and Wittig [4], who used the same apparatus.

The flow of the bearing chamber was monitored by fibre optic laser Doppler

velocimetery by Glahn and Wittig [4], where measurements of all operating
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conditions gave rise to corrective terms which were added to a simple model

of balancing the gravitational and viscous forces. These terms were empirical

correlations which include additional gravitational forces and eddy viscosities when

modelling the laminar and turbulent flows that were reported, which depended

upon the operational conditions. The films were measured to be approximately

2mm in thickness and is additional evidence that the scale of the bearing chamber

films is small. This assessment of the experimental data and models was developed

further in the prediction of heat transfer in a simple mathematical formulation by

several existing models. It is worth noting that this analytical approach was a

good compromise, but under-predicted trends by nearly 40 % of the experimental

data, though further refinement is possible by including correlations of turbulent

Prandtl number, which measures the ratio of momentum and thermal diffusivity.

The work by Rolls-Royce plc is significant in developing the models for oil films

within the bearing chamber, with an integral approach to the bearing chamber

presented by Chew [5] to model the oil films driven by a rapidly rotating inner

cylinder with large Reynolds numbers signifying inertial effects, which improves

on the previous works by Wittig et al. [3] and Glahn and Wittig [4]. The works

of Chew [5], Wittig et al. [3] and Glahn and Wittig [4] all assumed that the

radial pressure gradients within the film are sufficiently small as the small film

thickness means that they can be treated as negligible. The surface tension of

the film at the interface between the fluid and air was treated as being negligible.

The model Chew develops is not completely conclusive due to differences when

evaluated with the experimental data. These differences may be attributed to

the reliance on specific correlations which depend on if the fluid is being treated

as either a laminar or turbulent flow. These corrective factors which describe

the flow are dependent on being in either the laminar or turbulent regimes and

limits the generalisation of the model to all regimes. However, it is possible to

formulate a model which composes a more generalised approach for both laminar

and turbulent flows, shown in the thesis of Kay [6] and developed within this

thesis.

Gorse et al. [7] also used laser Doppler velocimetry and capacitance probes at

the KIT to measure the velocity profiles and film thickness by indirect and direct

measurements respectively. The minimum film thickness reported was 0.5mm and

depended on both the rotation speed of the inner shaft and the volume flow rate

of oil into the chamber and had a maximum thickness of 1.5mm indicating the

films are of micro-scale characteristically. Predictions of the driving shear force

created by the fast air flow over the film was calculated as an assumed constant

value ranging between 2N/m2 and 20N/m2 depending upon the rotation speed

of the rotor.
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A stability analysis used by Noakes et al. [8] was based on the idea that bearing

chamber flows operate at such high speeds that the effect from gravity is negligible.

The results suggest that the axial disturbances in their three-dimensional model

are the most unstable, known as ring instability in their general study of both

rimming and coating flows. They also discussed the difficulty in comparing their

model as the operational regime was yet uncharted for either rimming or coating

flows, most notably for the cylinder size being around 0.1m while the rotational

speed is in excess of 9, 000RPM , giving a cylinder speed of 100m/s.

The first example of using an integral approach for the rimming flow problem

can be found in the works of Chew [5]. A second example can be found in the

works by Farrall et al. [9]. This later integral model compared well with the

experimental data collected by the KIT, where flow profiles were approximated

with a reasonable level of accuracy. The methodology involved a two stage process

which mixed a CFD package to track the dispersion of oil droplets through the

chamber and interaction with the film surface, the results at the interface were

then transferred into a boundary condition for the integral model of the film that

had been developed previously. The two-dimensional model was able to account

for several traits including gravity, surface shear and importantly the transfer of

mass and momentum by impinging oil droplets into the film.

A study on the aero-engine bearing chamber by Guoding et al. [10] created a

distribution function that modelled the momentum transfer and mass deposition

of the oil droplets onto the wall. As expected, with a significant reduction in

the driving force, by reducing the speed of the rotor, the film that was sustained

around the chamber walls shrank substantially. The model predicted larger films

than expected but remained in good agreement with experimental results. The

ability of modelling droplet impacts onto the surface of a coating film was further

explored by Noakes et al. [11], where only mass transfer of droplets was considered

in a continuous droplet distribution into the film surface and no momentum was

imparted into the film. The formation of steep fronts were observed in the steady

state films, where fluid mass is added at an equivalent rate to the extraction

rate, which are associated with hindering the heat transfer of the film, but which

can be suppressed by a smaller Bond number, defined as Bo = ∆ρgL2/σ. This

suppression is due to surface tension acting to smooth the steep fronts, which are

linked to the pools found in rimming flows. If the droplet spatial distribution is

not uniform, and deposits a significant portion of mass on the falling cylinder side,

this leads to a secondary jump in the film profile forming. It may be possible

that strategies can be found to specify the delivery of oil droplets and locate sinks

for extraction in order to eliminate the flow recirculation found in aero-engine

bearing chambers.
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The depth-averaged model by Wang et al. [12] was a single equation where the

continuity and momentum equations had been coupled together in a mathematical

formulation. This model included many physical mechanisms within the film,

most notably, gravity, pressure, surface shear stress, surface tension and the

interaction of droplets. The model compared qualitatively to the work by Chew

[5] in the prediction of film heights and velocities. The model by Wang et al. was

implemented into commercialised CFD codes and was able to reproduce stable,

smooth solutions. A drawback of this was the inability to account for shock and

pool solutions which are stable. This was due to retaining terms that are up to

first order only and simplification of the inertial terms according to Kakimpa et

al. [1].

With a droplet injector opposite to the extraction sump, Chandra et al. [13]

created an acrylic rig to capture the importance of the sump design on the flow

conditions. The importance of the sump was an aspect of the work by Guoding

et al. [10], who had investigated if the sump location or design were important.

The lip attachments that were mounted to the front of the sump were based on

previous models as either sharp or rounded lips, shown in figure 2.1. The sharp

lip is linked to a separation region, which generates flow recirculation within the

outlet channel and inhibits the drainage which also causes a stagnation point

within the chamber, and these are all problematic features in maintaining the oil.

With a curved surface on the underside of the lip, the separation region may be

eliminated, though a stagnation point is present in the region of the tip as the flow

is splintered into either flowing through the outlet channel or the main chamber.

Unfortunately, neither design of the tangential sump was able to eliminate the

recirculating regions from forming, even with a larger outlet channel size, which

showed limitations to the performance. An altogether different design of the

sump which showed promise was presented which reduced the volume of fluid

contained instantaneously within the chamber up to moderate shaft speeds, where

the residence volume may be used as an indication of the chamber performance.

The ability to model the flow within the bearing chamber by thin film models

was furthered by Kay et al. [14] for isothermal and later for non-isothermal films

by Kay et al. [15] in the rimming flows characteristic of the bearing chamber.

The flow was assumed to be axially uniform and the fluid coated the cylinder

walls. Importantly, the full terms of inertia are retained within the thin film

limits due to the assumption that the film will have a moderate Reynolds number.

This is due to the bearing chamber operating conditions and was shown to be

important in their first study. Their later work highlighted the role that thermal

convection plays by including the full thermal convective terms to a leading order

formulation. The addition of droplet effects where mass and momentum were
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Figure 2.1: The typical streamlines around the sharp and rounded sump lips.
Republished with permission of American Society of Mechanical Engineers, from
Scavenge Flow in a Bearing Chamber With Tangential Sump Off-Take, B. Chandra,
S. H. Collicott and J. H. Munson, 135, 3, 2013; permission conveyed through
Copyright Clearance Center, Inc.

transferred to the film were also studied by Kay et al. [16]. They specifically

added the transfer of energy that may occur if the fluid droplets are at a different

temperature as they enter the film. The thin film models of Kay et al. [16] were

found to be a reliable method to capture the average instance of flow within the

rotating flow when driven by air shear, where the chaotic nature of the potentially

turbulent flow is averaged over time. This means that the characteristic flow

values of the subsequent work by Kakimpa et al. [1] will fluctuate throughout

the chamber, which adds complexity in studying the physical phenomena. The

depth-averaged model of Kakimpa et al. [1] was shown to measure well against the

experimental data of Tirumkudulu and Acrivos [17]. However, the use of surface

tension coefficients in some previous works were linked to non-physical waves from

capillary forces to relax the numerical calculations necessary. These surface waves

incur a high computational cost to avoid under-sampling issues related to the

small wavelengths of the capillary waves. This ability to reduce the computational

requirements by depth-averaging is also mentioned in Kakimpa et al. [18], as a

method which is both relatively cheap and rapid in assessing preliminary designs

of bearing chambers and can approximate both the film dynamics and core gas

flow.

Unlike the modern thin film models for bearing chamber flows, Adeniyi et al.

[19] created a model within the ANSYS FLUENT software. The oil input feed was

modelled as both a continuous axial slot and as distinct holes for injection sites on

the outer wall, with nearly complete wetting only occurring in the continuous slot

simulations. If the oil is injected from distinct holes into the chamber, the flow can
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(a) (b)

Figure 2.2: The porous insert (a) and perforated plate (b) used in the experimental
investigation of bearing chamber flows by Chandra and Simmons. This photograph
is produced with the permission of Rolls-Royce plc, copyright c© Rolls-Royce plc.
2020.

be almost half the thickness of the single slot case so it must be considered when

modelling the three-dimensional flow that simplifications for modelling complexity

will no longer represent the real world case of the bearing chamber.

The splattering of oil droplets onto the chamber walls by oil shedding from

the bearings of the aero-engine were validated in computational and experimental

studies by Sun et al. [20]. The droplets of fluid were injected into the chamber

by jetting fluid onto a rotating disk that ejected droplets with both radial and

azimuthal momentum and the film was extracted via a simple sump at the chamber

base. While showing good agreement with the experimental data, the general

formulae were suitable for a number of geometric and operating conditions using

14 criteria to identify the flow.

Chandra and Simmons [21] tested a number of sumps to improve the flow

within the bearing chamber by a measure of the instantaneous residence volume of

fluid for evaluating the sump performance, similar to that of Chandra et al. [13].

An optimised geometry for the sump, similar to the Rolls-Royce AE3007 sump

was targeted in Chandra and Simmons [21] as an option to reduce the volume

of fluid trapped within the chamber. This new sump design is referred to as the

optimised shallow sump. When operating with a rotating inlet distributor which

seeded the chamber with oil droplets, the optimised shallow sump was shown

to be beneficial over a simple sump outlet. However, when using a simple film

generator to create a continuous film around the chamber, the optimised sump

was found to have worse behaviour for the flow than the simple sump according

to the instantaneous residence volumes.

This thesis explores the idea that the chamber may be designed in a way
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that changes the interaction of the oil with the surface. Part of this idea stems

from the knowledge that a porous surface, even in the equivalent scale to the

film thickness may improve the flow dynamics. This was shown by Chandra and

Simmons [21] for a porous insert and offered significant improvements in both

droplet and continuous film generated flows, as shown in figure 2.2. Despite the

porosity and permeability of the insert not being stated, the performance of the

insert showed good overall performance while not being the best for any single

case and covered only a limited area over the outlet. These results show that a

porous material can be beneficial for the chamber and there are suitable materials

which can be used in the bearing chamber. There are several interesting designs

which were explored in this study, one of these was a perforated plate which is

shown in figure 2.2.

2.2 Rimming Flows and Related Studies

This Section describes many of the approaches used by previous authors into

modelling a thin film of fluid. The rotating flow within the cylinder is an important

topic to discuss as they are relevant to the flows in the bearing chamber. This

review starts with the earliest studies which outlined the topic and explores the

wider literature including recent publications.

2.2.1 The Classic Analysis of Rotating Flows

The oil flow within the bearing chamber can be described as a thin fluid film,

with the topic of models for thin films being the focus of a substantial number of

studies in recent decades. The geometry of a partially filled horizontal cylinder

is also representative of the chamber geometry, omitting the intricacies that the

components of the chamber such as the seals and fastenings may add. Accordingly,

the details of modelling strategies for thin fluid films and those of flows around a

horizontal cylinder are examined in this thesis. The distinction between the flow

internal to a cylinder, known as rimming flow and those external to the cylinder,

known as coating flow is appropriate at this point.

A rimming flow problem is described as a volume of fluid within a cylinder

that does not saturate the cylinder, driven by either the rotation of the cylinder

or by shear at the inner interface by an air flow to the extent that fluid may form

a coating layer around the entire inner surface. Dependent upon the strength of

the driving forces and the quantity of fluid contained within a cylinder, there are

typically four recognisable scenarios that may form according to sources including

Chatterjee et al. [22] and Johnson [23]. Examples of these flows have been
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Figure 2.3: Four typical flow profiles found when studying rimming flows which
depend upon the associated driving force, with the stagnant pool in (a), a wetting
flow with significant pooling (b), a transitional flow subject to a surface shock
with capillary ripples (c) and the uniform rimming flow in (d).

portrayed in figure 2.3 and are explained in the following paragraph.

One of the more frequently observed cases is where fluid is evenly dispersed

throughout, creating a film which has a height that is uniform, or relatively

constant around the entire cylinder. These uniform films are typically generated

by either a fast rotation rate of the cylinder or strong shearing force of the airflow

imparted upon the fluid or a compounding combination of both factors and are

shown in part (d) of figure 2.3. However, if the cylinder is stationary or slowly

rotating or there is a stagnating air flow, the fluid will form a pool under the

influence of gravity because the driving strength is insufficient to overcome gravity

and dry out of the cylinder wall occurs, shown in figure 2.3 part (a). Within this

fluid pool, the aspect of a recirculating flow becomes important as the velocity

may turn against the direction of the flow, as shown in figure 2.3. This can be

detrimental in maintaining the conditions of oil in the bearing chambers. Between

these two cases there are other types of films; an example is shown in figure 2.3

part (b). This is where a pool of fluid forms near the cylinder base and a thin

layer of liquid is pulled onto the wall. This is due the airflow or cylinder rotation

drawing fluid from the pool and prevents the chamber from de-wetting. Another

example is when the driving force is stronger, and results in the large fluid body
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appearing on the upstream cylinder wall as in figure 2.3 (c), which will still contain

a degree of either flow reversal or stagnation.

The study of rotating flows that coat the containing walls is prevalent across a

number of industries beyond those of aero-engines, examples of which can be found

in powder rotational moulding using reactive polymers by Agbessi et al. [24],

oscillating tidal water behaviour across sea beds that deposit sand constituents

for sediment infused water flows by Dyakova et al. [25], the synthesis of ceramic

coatings by reactive powders coating the inner surface of steel tubing by Menekse

et al. [26], rotocasting by either reactive or thermoplastic powders by Nguyen

et al. [27], single and continuous multi-shot rotational moulding of polymers by

Oglia et al. [28], cream separators for the production of milk products by Ruschak

and Scriven [29] or in rotating heat pipes by Singaram et al. [30].

The work of Ruschak and Scriven [29] treats the flow around a cylinder as

a solid body rather than a shifting flow. This assumption can be made if the

gravitational effects approach zero, the cylinder radius approaches infinity or if the

cylinder rotation rate tends to infinity and means the fluid is uniform around the

cylinder. However, if the effect of gravity is larger or the cylinder speed slows, the

surface of the flow will start to deviate from the uniform profile. Their work used

a regular perturbation method to deviate from the rigid-body flow to calculate

where the film thickness changes. The location of the maximum thickness was

always found to be on the opposite side of the cylinder to the minimum thickness

and this was in the upper quadrant of the rising side.

However, there are situations where the driving force, typically from the

cylinder rotation means a rigid body approach is not suitable. The earliest work

on flows within a cylinder where they are not treated as a rigid body was done by

Johnson [23]. This work used the lubrication approximation to model the flow,

which implies that the characteristic thickness of the flow is significantly smaller

than the length scale. Johnson derived an equation for rimming flow to O(ε), with

ε being the ratio of film thickness and cylinder radius and is subsequently small.

Though the cylinder is filled with air, Johnson assumed that any effects of this gas

were negligible and made the same assumption about any effects from the flow

inertia or surface tension being negligible. This assumption that inertia is negligible

or very small is a common feature of works using lubrication theory, as the small

ratio between the film thickness and length scale implies that the Reynolds number

is also small. The equation Johnson established was a balance between the effects

of gravity and viscosity in a rotating cylinder partially filled with fluid. This is

commonly known as the flux equation, which determines the volume flux of the

fluid moving within the chamber. The internal hydrostatic pressure within a fluid

will increase with added depth, however the fluid was assumed to be very narrow.
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This assumption means that the pressure difference between the top and bottom

of the film may be negligible, so pressure will be constant within the film. It

could be inferred by the results of the flux equation that reverse flow may occur.

This is because points in the film where flow stagnation occurs were calculated,

although these results were beyond the modelling capabilities of the presented

flux equation.

Prior to the work of Johnson, the paper by Moffatt [31] has been the foundation

for all subsequent studies. Moffatt first presented a lubrication model for a coating

flow around a cylinder which resulted in the flux equation, describing the flow

rate within the cylinder. Instabilities of the flow were shown to evolve into a

series of sections separated by a liquid ring that can carry ”lobes” of fluid along

the axial dimension from the experimental studies of a rotating cylinder. The

previously mentioned flux equation was also arrived at within the lubrication

theory for coating flows, showing a dependence on the rotation rate that leads to

a critical mass which can be sustained in a steady flow. It was also inferred that

with the unstable features of the liquid rings which collect fluid as axial patterns,

as depicted in figure 2.5, that surface tension may play a significant role when

determining their final shape.

The inclusion of inertia in the modelling of rimming flows was presented by Orr

and Scriven [32] who showed a finite element analysis of the governing equations

was an effective modelling strategy. Their work solved the full Navier-Stokes

equations, so they were able to retain the full effects of the inertia of the fluid. The

interaction of the forces is a complex system and suggests that in only limiting

cases can effects be disregarded. The expectation that fluid will drain from a

rotating cylinder when coating the surface if the driving force is reduced was

explored by Preziosi and Joseph [33]. Their work documented some of the known

axial features as mentioned previously, the most notable being in rimming flow

where the entrapped air layer becomes segmented by rings of fluid that cascade

from the cylinder wall. This axial behaviour of fluid collecting along the cylinder

also occurred with coating flows, showing undulations occurring along the cylinder

length.

There are three solutions to the cubic flux equation for the film height for a

given volume flux. Normally, at least one of these solutions will be a real physical

profile that is approximately smooth across the domain. There is another solution

that is likely to be unbounded and non-physical. This solution branch exists

above the local maxima of the film, which is on the lower quadrant of the rising

wall. However, there is an upper limit to maintaining the real physical solution

across the domain and this is related to the volume flux. As the volume flux gets

larger, the smooth physical solution begins to form a local maximum depth on
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the rising wall of the cylinder. The unbounded physical solution also approaches

the bounded physical curve with increasing flux until they eventually connect at

the maximum point of the bounded solution. The value of the volume flux when

this connection happens is referred to as the critical volume flux. While the single

bounded physical solution with the connected unbounded solution is known as

the critical film, the maximum depth of this solution is known as the critical film

height.

If the value of the volume flux is increased beyond this critical value, the

location where the solution branches connect will begin to form a region in the

domain with no physical solution. The size of this region increases with greater

volume flux and two distinct solution branches now exist in the domain. This

presents a significant limitation of lubrication theory in modelling a pool of fluid

in the cylinder as a discontinuous jump is necessary to bridge this region. Films

which have this discontinuous jump are known as a shock solution, which is where

a sharp change in the film height occurs.

While the shock solution was suggested by Johnson [23], O’Brien and Gath [34]

explored the limitation of the shock solution. Their work confirmed the criteria of

Johnson for the locations where the discontinuities occur and developed a simple

expression to be able to determine if a shock were to occur on the film. The

shock solution was linked to the total fluid volume contained within the cylinder.

While some solutions are expected to be non-physical, it was expected that a

shock solution may occur in the lower quadrant on the cylinder wall where fluid

is rising upwards. The existence of a shock solution was also shown by Benilov

et al. [35] in the absence of surface tension, forming a sharp peak on the film

surface. However, the sharp solutions were stabilised by surface tension, acting to

regularise the instability which eliminated any physically meaningless solutions.

The role that surface tension plays in rimming flows is detailed later in this thesis.

Configurations of the possible shock solutions that may occur in rimming

flow are presented by Villegas-Dı́az et al. [36] using kinematic wave theory. The

three configurations are; a shock solution occurring on the lower quadrant of the

falling wall, on the lower quadrant of the rising side or as a dual state where

a shock is present in the lower quadrants of both the rising and falling walls.

The combination of driving factors was the cause of shock locations occurring at

alternate locations of the cylinder.
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2.2.2 Including Significant Internal Pressure Gradients

within Thin Films

A typical assumption when using the lubrication theory is the pressure differential

within the film is negligible due to the film being thin. The study by Tirumkudulu

and Acrivos [17] showed film solutions may have a discontinuous region, this is

where the film height changes abruptly. This discontinuous region is important,

as it means that the assumption that the pressure gradients are small is no

longer valid as there is a jump in the hydrostatic pressure. This jump in the

hydrostatic pressure is predicted to strengthen the back flow that can occur

and was previously discussed by both Moffatt [31] and Johnson [23]. Therefore,

Tirumkudulu and Acrivos retained a simple hydrostatic pressure term with the

thin film approximation to model a pressure jump. This additional term in

the model allowed Tirumkudulu and Acrivos to calculate solutions which were

representative of their own experimental results and the experimental data that

had been presented earlier in the works of Melo [37]. The lubrication model

which is extended to include hydrostatic pressure gradients can form a film profile

with a deep fluid pool around the base of the cylinder, due to gravity. A narrow

film of fluid is drawn from the pool across the cylinder as a complete wetting

flow. Within the deep pool a recirculation zone appears where fluid overturns

against the cylinder rotation. This maintained assumption was that the film is

still sufficiently thin that both inertia and surface tension are still negligible in

the lubrication theory limits.

The lubrication theory models indicate there is a maximum volume of fluid

that can be sustained as a coating or rimming flow. This was first mentioned

by Moffatt [31] where a sharp corner occurs at a maximum local thickness for

a critically loaded cylinder. This peak was absent in the work by Wilson et al.

[38] as a higher order model was shown to have smoothed profiles for the critical

solutions of both rimming and coating flows. The higher order terms, which

included pressure, were dominant over those at leading order in the region of

the sharp peak. These terms lead to a smoothing of the profile, which alter the

critical loading volume to be higher than Moffatt’s. The model formulation with

higher order terms also assumed the surface tension effects were small, while

experimental results have shown surface tension may become significant.

Further to this concept of including hydrostatic pressure as an important force

in modelling rimming flow, Acrivos and Jin [39] investigated the stability of the

extended lubrication equation of Tirumkudulu and Acrivos [17]. While the model

was shown to be stable if surface tension is neglected, if surface tension was to

be included in the extended lubrication model, the films would be more stable to
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two-dimensional disturbances.

An interesting instability was reported by Benilov et al. [40], where unstable

solutions may develop as a perturbation on the film surface, which, due to gravity,

increases the perturbation amplitude until a large size is reached then a drop

of fluid can detach from the film and descend from the cylinder ceiling. These

instabilities are also investigated by Benilov et al. [41] where both azimuthal and

axial hydrostatic pressure terms are included in their model of the lubrication

approximation. The asymptotic analysis of the surface instability can describe

the initial stage of the surface perturbation that forms into detached droplets,

however the limits of the lubrication theory would be broken and invalidated.

The work of Villegas-Dı́az et al. [36] furthered the modelling of rimming flows

within the lubrication theory framework, but rather than only the rotation rate of

the horizontal cylinder acting as a driving force of the flow, a constant surface

traction force may be imposed on the free surface of the fluid. Their analysis

assumed a hydrostatic pressure, with zero pressure at the interface for defining

various combinations of the driving forces, which will be discussed in further detail

later.

2.2.3 Modelling the Presence of Fluid Surface Tension

There are several early studies which have built upon the lubrication theory

model of Johnson [23]. The original models of gravitational and viscous effects

now include the effects of hydrostatic pressure. This has been justified as there

may be a significant change in the film depth, which means these terms are

important. However, for these films where there is a significant change in the

film depth, studies including those by Acrivos and Jin [39] and Benliov et al. [35]

suggest that surface tension may be significant. The analysis by Wilson et al.

[38] also concluded that surface tension effects may be a significant factor in the

experimental results. It is thought that surface tension may be a significant factor

on the stability of flows.

Benilov et al. [40] conducted a harmonic analysis of a lubrication model

which contained higher order terms. While they cite harmonic solutions are not a

completely reliable indicator for solution stability, they reported systems where the

disturbances eventually blew up in a finite time and are therefore unstable. These

unstable solutions behaved in a similar way to the instabilities found in nonlinear

media and were consequently deemed to be explosive in nature. As surface tension

is generally stabilising, Benilov et al. [42] included terms which represented surface

tension and showed that the explosive instabilities were eliminated and solutions

were completely stable. However, some solutions instead became unstable as a
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result of including surface tension for a particular parameter range.

The smoothing of the shock features for a flow which can be driven by both

cylinder rotation or air shear were explored by Villegas-Dı́az et al. [43], using

higher order terms from gravity or surface tension. The three previously mentioned

compositions of shock structures were shown to be smoothed by surface tension,

appearing instead as a sharp front with a narrow trough and peak neighbouring

the pool, these are known as capillary ripples. The strength of the surface tension

coefficient has a profound impact on the flow profiles, with low capillary numbers

leading to an almost smooth film. The higher order gravitational terms were also

shown to provide a stabilising effect for the shock solutions. When the stabilising

effects of surface tension and high order gravity were included, multiple shock

fronts were found to exist in the cylinder. The stability of the film structure

around and above the critical volume flux were also investigated using this model

to find regions where shocks occur. Their findings showed that with only surface

shear a singular shock which may appear anywhere on the film. However, the

multiple shock solutions were limited to existing only in the descending lower

quadrant.

Benilov et al. [44] focused solely on the effects of surface tension extending

the lubrication approximation with the absence of hydrostatic pressure effects.

A dependency on the film volume and weak to zero surface tension created five

characteristic flow types, known as the continuous, shock, near-critical, super

critical and strongly super critical flows where the film height approaches the

cylinder radius in size. While the formulation excluded the hydrostatic pressure

effects that have been used to model flow recirculation as an extension of lubrication

theory, the model was able to predict the thin coating flow and deep pooling fluid

with a recirculating flow. The flow streamlines highlight how the flow drives the

fluid along the cylinder wall and underneath the recirculating region, while in the

shear driven flow of Kay et al. [14] the recirculation region will be underneath the

bulk flow motion as a result of the different driving forces and stationary cylinder.

A three-dimensional analysis on the stability of rimming flows was used by

Aggarwal and Tiwari [45] in the lubrication limits to first order with surface

tension. The undulations known as ”shark’s-teeth” were shown to form as the

flow collapses due to the influence from axial perturbations. If the viscosity of the

fluid is sufficiently high in comparison to the gravitational forces, the film was

shown to be stable due to strong viscous stresses supporting the film.

If surface tension is absent, Benilov et al. [46] state that a stable shock may

only occur in the lower quadrant of the rising wall in a leading order lubrication

approximation analysis. However, if surface tension effects are considered suffi-

ciently strong, the region where a stable shock can form expands as the potential
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region where unstable shocks, which overturn, contracts to a narrower region.

Evans et al. [47] investigated how the effects of gravity, surface tension and

viscosity affected the flow on the outer surface of the rotating cylinder. Their

lubrication theory model showed that surface tension is generally a minor factor

for most of the flow conditions. However, if the rotation speed is either fast

or slow, there is a small localised region where the surface tension effects are

significant. Surface tension was shown to be a crucial force in supporting a mass of

liquid that hangs off the cylinder surface as a pendant shaped droplet. Furthering

their research on coating flows with surface tension, Evans et al. [48] created a

three-dimensional lubrication theory model to explore the axial features of coating

flows. The three-dimensional simulations showed that droplets of fluid form which

are suspended from the underside of the cylinder. These were found at slow

cylinder speeds and were validated against a simple experiment. They also found

several other features including long fingers of entrained fluid.

An important piece of work in the study of rimming flows is presented in the

work of Ashmore et al. [49] who investigated a broad range of flow conditions

analytically. The primary focus was how varying strengths of the surface tension

coefficient will change the profiles of the flow dependant upon the ratio of the

relative strength between those of gravity and viscous forces of the flow. The

classifications of the gravitational to viscous forces were in three distinctive sets,

defined using a parameter λ, which measures the relative strength of gravity to

viscous effects, and the typical profiles if either surface tension or that of first

order gravitational terms or both are included. The most typical class of flow is

where the gravitational and viscous forces are relatively equivalent in strength,

λ 6 2 which results in a predominantly smooth film that is largely uniform in fluid

thickness around the cylinder surface, and therefore surface tension is unimportant

due to the minimal gradients of the surface variation. If the viscous force is weaker,

2 6 λ 6 5, gravitational effects are more notable and result in an accumulation of

fluid toward the cylinder base though a thick film of fluid still coats the chamber.

For an almost inviscid flow, λ > 5, gravity is the dominant factor and here surface

tension is important as there is a strong tendency for fluid to accumulate at the

base of the cylinder. One of the features that arises due to surface tension was

termed the ”dimple” that develops in front of the sudden change in film depth

that occurs at the entrance of the pool, which is a common feature where surface

tension is concerned for smoothing a film against sharp transitions in the film

surface.
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(a) (b)
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Figure 2.4: The axial features known as ”shark’s-teeth”, showing the formation
along the entire cylinder length (a), the transient form (b), the typical cusp
formation and corresponding flow field (c). The swirl patterns captured around
the peak formations were presented by Thoroddsen and Mahdevan, illuminating
the pathlines and vortices in (d). Reprinted by permission from Springer Nature
Customer Service Centre GmbH: Springer Nature, Experiments in Fluids, Experi-
mental study of coating flows in a partially-filled horizontally Rotating cylinder,
S. T. Thoroddsen and L. Mahadevan, 23, 1997. Reprinted from Physics of Fluids,
8, S10, S. T. Thoroddsen and L. Mahadevan, Shark-Teeth Pattern in Coating
Flow Inside a Horizontally Rotating Cylinder, 1996, with the permission of AIP
Publishing.

2.2.4 Introduction of Fluid Inertia in Modelling Strategies

One of the main assumptions for lubrication theory is that the film is sufficiently

thin, which means the Reynolds number that describes the strength of inertia

is characteristically small and may therefore be neglected. This assumption is

typical when the flow is moving slowly because of the cylinder rotation being slow.

This was one of the assumptions used by Moffatt [31], Johnson [23] and Melo

[37]. However, there are situations where the angular velocity and fluid properties

mean the Reynolds numbers are very large. An example of this is found in the

work of Thoroddsen and Mahadevan [50], the high speeds and properties of the

diluted glycerine and water mixture meant Reynolds numbers were calculated in

excess of 20, 000 and inertia is no longer negligible even with the assumption of

the thin film.

Hosoi and Mahadevan [51] derived an asymptotic equation which was able

to model three-dimensional rimming flow. Their work investigated the effects

of including inertia and surface tension with the use of a modified lubrication
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theory, where the higher order terms were retained. The azimuthal velocity was

approximated by a cubic profile and high order polynomial corrections. They

showed that inertia was a significant factor on the shape of the film and instability

onset. They were able to observe local ridge formations which are characteristically

similar to those found in planar flows, which are explored later in Section 2.3. Their

results were in agreement with the results by Thoroddsen and Mahadevan [50],

where it was shown that axial instabilities ultimately developed as a stationary

axial pattern of sharp peaks like those of ”shark’s-teeth”, which are shown in figure

2.4. The destabilising effect of inertia was also shown by Benilov and O’Brien [52]

with a leading order lubrication model. The higher order terms for inertia, surface

tension, gravity and hydrostatic pressure were included as correcting terms. Their

asymptotic expansion of the governing equations and harmonic analysis showed

hydrostatic pressure does not cause instability, while surface tension causes only

weak instability. Inertia was found to always cause instabilities in the flow as

expected due to the non-linear behaviour of inertia. By creating an instability

criterion, it was shown that the instability effect of surface tension is relatively

weak in comparison to inertia. In fact, surface tension may stabilise the flow.

Aggarwal and Tiwari [45] discussed how viscous effects may be able to inhibit the

instabilities. This was shown earlier by Benilov and O’Brien [52], where they found

viscous effects lengthen the characteristic time scale of instability growth. The

instability would take millions of years to develop and is therefore irrelevant. The

parameter space of the stable and unstable regions is dependent on the strength

of inertia, surface tension and the size of the film. It was also found that a thicker

film can be stabilising.

The stabilisation offered by surface tension was further explored by Benilov [53],

as solutions which were unstable due to inertia were stabilised if the wavelength of

the disturbance is short, while if the wavelength is on a similar scale or larger to

the cylinder radius, surface tension acted instead as a destabilising effect. While

surface tension was destabilising under certain conditions, inertia has a stronger

effect on the flow.

Noakes et al. [54] derived a first order model in ε which included both inertial

and surface tension effects for rimming flows and coating flows. Their approach

in using multiple-timescale analysis led to an evolution equation which allows

greater flexibility in both the velocity scaling and parameter regimes. However,

solving these equations was explicitly proposed for future work. This work was

a development on the previous study of Noakes et al. [8], where surface tension

effects had been excluded.

A model to first order was presented by Pougatch and Frigaard [55] for viscous

and gravitational forces, in which leading order terms of surface tension and inertia

28



CHAPTER 2. LITERATURE REVIEW

(a) (b)

(c)

Figure 2.5: Some examples of the other axial variations which were found by
Thoroddsen and Mahadevan, given as; A stable ”fish-like” pattern as the dimples
from ”shark’s-teeth” are extruded into longer axial patterns in (a), equispaced
curtains of fluid around the cylinder in (b) and hydroplaning droplets exiting a
bubbly front shown in (c). Reprinted by permission from Springer Nature Customer
Service Centre GmbH: Springer Nature, Experiments in Fluids, Experimental
study of coating flows in a partially-filled horizontally Rotating cylinder, S. T.
Thoroddsen and L. Mahadevan, 23, 1997.
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were also included in a three-dimensional formulation of flow inside a rotating

cylinder. Contrary to the previously mentioned stabilising effects that surface

tension typically has on inertia, it was found to frequently destabilise the flow.

Equally, while inertia has been typically found to act as a solely destabilising term,

it was counter intuitively stabilising the flow, though this was dependent on the

fluid having a strong surface tension compared to the force of gravity. Features of

the three-dimensional flow included rings of fluid that occur periodically across

the cylinder axis with fluid accumulating on the lower quadrant of the rising wall.

The instability of inertia may be suppressed, if the rotating cylinder is suffi-

ciently small such that the instability can be sufficiently stabilised by surface ten-

sion according to Benilov and Lapin [56], where solutions to the full Navier-Stokes

equations were formulated. This was due to the violation of the requirements

for a lubrication theory model. If the film is smooth, the flow was found to be

unstable, while if a shock was present the disturbances can be absorbed by the

shock.

An idea to include the non-linearity of inertia in rimming flows by using an

integral approach by Kay et al. [14] allowed for a model to span between the

smooth and pooled solutions dependent upon the inertial strength of the film.

Further to the unique solutions presented by the addition of moderate inertia

which satisfies the thin film assumption, a correction factor of surface friction

which reduced the volume flux of fluid if the roughness factor increased as the

flow resistance is also increased.

A parameter map for the onset of the axial features of rimming flows by

Chatterjee et al. [22] presents a series of experimental values and shows a distinct

correlation where four flow types are expected to form. These flows are of

the smooth annular flow, shown as a smooth three-dimensional rimming flow,

a ”shark’s-teeth” flow as shown by Thoroddsen and Mahadevan [50], hanging

pendants of fluid or as a pool of fluid around the cylinder base. The Reynolds

numbers of the problem ranged from 500 to 3, 600 and can be considered moderate

even if the thin film limit is assumed.

2.2.5 Experimental Investigations of Rimming and

Coating Flows

There have been a significant number of works which have focused on creating a

reliable model for the rotating flows which can be found on the internal and external

surfaces of a cylinder. However, these models fundamentally require physical

data to be validated against, so experimental works like that by Thoroddsen and

Mahadevan [57] are invaluable sources of information. The experimental works
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have shown there are three-dimensional flow features which are unique to rimming

flows. An example is the “shark’s-teeth” pattern that was shown by Thoroddsen

and Mahadevan [57], which has been presented in figure 2.4 alongside several other

flow features. Unfortunately, while there have been experimental investigations

for flows where the cylinder rotation is the driving force and for the aero-engine

bearing chamber, there are few rimming flow studies where the flow has been

powered by surface shear of the air interface.

The work by Thoroddsen and Mahadevan [57] was an early work of a slowly

rotating cylinder that was filled with fluid of up to 5.5 % of the cylinder’s volume.

Using a technique to illuminate the flow that had been seeded with microscopic

particles, they showed a recirculation vortex around the axial undulations; where

these undulations were named ”shark’s-teeth”, due to the distinct profiles they

developed. These ”shark’s-teeth” undulations were further explored in detail in

the later paper of Thoroddsen and Mahadevan [50]. This later paper observed that

the frequency and size of the ”shark’s-teeth” were linked to the cylinder rotation

rate and thought to be a feature like the viscous fingering instability which is

connected to surface tension. While these undulations are typically transient and

therefore unstable, the time scales of the transient state were sufficiently long to be

treated as being in a quasi-stable state. In addition to the unique ”shark’s-teeth”

patterns, among several flow features that they reported are the curtains or sheets

that formed axially along the cylinder, an example of this can be found in figure

2.5. These curtains are where fluid cascades from the rising wall into sheets of

fluid which are uniformly spaced in the span wise direction. These sheets are

similar to the fluid curtains reported by Balmer [58]. Interestingly, the sheets of

fluid reported by Balmer were present for a variety of geometric prisms including

the cylinder.

Recently, a study by Chatterjee et al. [22] tested annular flows which may

have a slight inclination. They were able to recreate the classic rimming flow

with a uniform thickness, which in three-dimensions is also known as an annular

flow. By adjusting the cylinder speed, they were able to chart the parameter

space from a stationary pool up until the flow was a smooth annular flow. Profiles

between these two cases showed that pendants formed on the film surface and the

“shark’s-teeth” comparable to those reported by Thoroddsen and Mahadevan [50].

The topic of rotating flows applies to an extensive range of applications, a

review of which can be found in Seiden and Thomas [59] who detail both the

homogeneous liquid flows, diluted and dense particulate flows.

Melo [37] showed that dependent upon the fluid volume contained within a

cylinder and the rotation rate of said cylinder, a series of bumps will develop

on the film from an initial flat front on the film surface. These bumps appear
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as a sinusoidal series along the axial direction that may collapse with adjacent

bumps to create a quasiperiodic pattern along the wave front. This flat wave

front is the shock structure previously described, appearing uniformly in the axial

direction is therefore similar to the two-dimensional flow, but converted into a

full three-dimensional solution accordingly.

2.2.6 Flows Coating the Cylinder Exterior Surface

There is a close relationship between the flow on the outside and on the inside of

a cylinder, though many studies have studied only one type of flow. There are

works which have studied both the internal and external flows in conjunction due

to the similarities between the flow internal and external to the cylinder, these

are the works of Wilson et al. [38], Noakes et al. [54], Lopes et al. [60] and Leslie

et al. [61].

With a lubrication approximation of the flow around a cylinder, Duffy and

Wilson [62] showed that the shock solutions of rimming flows, where a jump in

the film surface occurs, cannot appear on a coating flow. The distinction between

coating and rimming flows are when higher order effects like those of surface

tension are included. The curtain flows, where fluid is continuously fed onto

the cylinder with an equivalent volume of fluid draining from the cylinder, the

stabilising terms of hydrostatic pressure and surface tension are not considered in

their model as higher order terms are absent.

Kelmanson [63] made an asymptotic expansion, which included inertia and

surface tension in a thorough piece of work on the coating flow problem, with

comprehensive review of the supporting literature. As expected of inertia, insta-

bilities of the centrifugal forces caused unstable flows to form above a critical

Reynolds number for the problem. This critical limit of the Reynolds number was

dependent on the value of the surface tension, with a broad spectrum of small

and large surface tension coefficients being considered.

The question of using a patterned rotating cylinder was explored by Sahu and

Kumar [64] wherein a sinusoidal pattern on the exterior of the cylinder influenced

the coating flow around the rotating prism. With an asymptotic expansion, the

solutions admitted profiles where droplets hanging toward the base due to gravity

that correlate to the frequency of the sinusoidal surface profile in the number of

droplets are found. The scale of the rotating cylinder may be an avenue to control

the flow and how the droplets or rings of fluid may form.

The work of Evans et al. [47] detailed the role of balancing the forces, focusing

on the study of the coating flow problem and summarising a number of experimen-

tal systems that have been used for the coating flow problem, where a scope of
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fluids from water to golden syrup or SAE grade 50 engine oil have been sampled.

2.2.7 The Depth-Averaged Method

The Navier-Stokes governing equations are a well known set of differential equations

that are known to be cumbersome when solving analytically. It is therefore usual to

see authors who have used a combination of either mathematical manipulation of

the governing equations to simplify the problem or an approximation method which

will only estimate the flow values. It is possible to directly solve the governing

equations for rimming flow, as in the work by Benilov et al. [46] who investigated

rimming flows with a finite element solver built within the Multiphysics package

of the COMSOL software. While their work neglected inertia, it is possible to

include inertia in most CFD simulations now. However, the non-linearity of inertia

in two and especially in three-dimensional problems are expensive to solve.

The method found in hydraulics theory, known as depth-averaging is based

upon the idea of using mean variables of the flow fields, namely velocity and

temperature to facilitate a reduction of the dimensionality of the problem and

therefore the reduced computational cost previously mentioned. One of the earliest

works on using mean flow values was by Antoine de Chézy who was tasked with

analysing the flow of the Yvette river in France according to Herschel [65]. At this

point in 1775, the Navier-Stokes equations had not been created, so Chézy set

about the task without the familiar conservation of fluid momentum equations,

by using a coefficient as a correctional factor that accounts for frictional effects,

appropriately named the Chézy coefficient. This simplification of the river stream

served to be accurate in the context of modelling the river flow.

A series of equations, called the Saint-Venant equations were derived by the

technique of depth-averaging the Navier-Stokes equations by Adhémar Jean Claude

Barré de Saint-Venant [66], also known as the shallow-water wave equations. This

approach is based on the premise that the film height is significantly smaller than

the length scale of the flow, thereby satisfying the long wavelength approximation.

By integrating the velocity field across the entire fluid depth, a mean flow speed

is created that forms a fundamental part of the depth-averaging method.

The technique of depth averaging the governing equations for fluid flows has

been used for rimming flows and planar flows with the approximation of the

thin film limit. Benney [67] developed the method of using depth-averaging for

planar flows, where a single evolution equation to calculate the film thickness

was constructed under the limitation that the film is thin. This early work has

faced criticisms on how the solutions can predict non-physical wave profiles for an

increasing wave amplitude by Nguyen and Balakotaiah [68] or that singularities
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develop in finite time by Scheid et al. [69].

Gribben et al. [70] used the Pohlhausen technique (a momentum integral

technique to assume the form of the velocity profile) to integrate the velocity field.

This method is applicable to several geometries including vertical planar flows

or around cylinders as a draining coating flow. Their work is an early variant

of the integral approach to the governing equations that were shown to have a

good accuracy for pure hydrodynamic flows. If the flow is non-isothermal, as

is the case in the circuit boards where a planar flow acts as a coolant of the

electrical devices, Recktenwald and Butler [71] solved the momentum and energy

equations and used depth-averaging to present a solvable system of equations

using the mean flux and mean temperatures. The ability to simplify the governing

equations presents a method to improve the performance of CFD software while

maintaining a good accuracy to the flow problem without the excessive cost of

fully solving the Navier-Stokes equations. The use of depth-averaging to analyse

non-isothermal planar flows was also used by Costa and Macedonio [72], where

they were investigating how lava flows propagate following a volcanic eruption.

Their main conclusions were that depth-averaging has the potential to forecast

flows with enough accuracy and importantly, faster than the full three-dimensional

analysis.

The work by Nguyen and Balakotaiah [68] used an integral approach to solve

falling fluid films in comparison to the previous formulations, known as the Shkadov

model, the Kapitza boundary layer model, the Nakaya model and the long wave

equation. These models differ in their treatment of the governing equations; the

Shkadov model uses an integral boundary layer method with a velocity assumption

in deriving a two-equation model, the Kapitza boundary layer model is a first

order boundary layer model of the simplified Navier-Stokes equations, the Nakaya

model is a third order long wave approximation and the long wave equation

model uses a perturbation expansion method to only first order. Their integral

approach creates a mass and momentum equation to be solved as a coupled set of

equations with the mean quantities introduced from integrating the velocity field

and assuming a parabolic profile, and is similar to the formulation of this thesis

and that of Kay [6].

An improvement over the model by Shkadov who introduced the local flow

rate, or mean flux of the film was formulated by Ruyer-Quil and Manneville [73] to

be an adaptable approach for both the non-linear regime and critical behaviours

of inclined planar flows. The ability to introduce the mean flow quantities were

in good agreement with direct numerical simulations and asymptotic analysis of

the complete Navier-Stokes equations. However, limitations gave a finite time

instability that caused solutions to blow up, so a modification was later presented
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by Ruyer-Quil and Manneville [74] with viscous dispersion to map solutions within

the strongly non-linear regime. Their notion was that solutions to fluid flows

can be accurately represented by an approach using only mean values up to an

intermediary Reynolds number.

It is in the thesis of Kay [6] that the technique of depth-averaging the governing

equations can be found in the study of non-isothermal films found within stationary

cylinders. The papers generated during Kay’s PhD in collaboration with Hibberd

and Power [14, 15] are good benchmarks for the capability of using the mean flow

values for solutions to the rimming flow problem.

By capturing the non-linear effects of inertia by depth averaging, Sivapuratha-

rasu et al. [75] found a series of unique surface waves that included two and three

tier solutions on an inclined plane. These structures were not predicted if inertial

terms are absent, showing the need for fuller models to appropriately map the

complex fluid dynamics present even within the thin film limits.

Lopes et al. [60] modelled both rimming and coating flows with the Stokes

equations (assuming no inertial forces) while those of surface tension are kept

with a full expression of the free surface curvature, which is typically reduced by

approximation. Their work uses a gradient dynamics approach to resolve film

profiles with an assumed quadratic velocity profile for the flow, while their work

showed good agreement to solutions of the Stokes equations, completion of the

model to include inertia or three-dimensional effects are still a matter of ongoing

research to be applicable.

A good formulation that applies to inclined planar flows can be found in the

work by Benilov [76] where a parabolic profile is remarkably accurate to those of

solving the Stokes equations both qualitatively and quantitatively. Another type

of depth-averaging technique can be found in the work by Kay et al. [77], where

an inclined planar flow is separated into multiple imaginary fluid films. These

imaginary layers are then integrated across in a similar fashion to that when

depth-averaging, using matching boundary conditions between layers, higher order

profiles can be represented as a series of quadratic profiles which can improve the

models performance.

The integration of the velocity field creates a loss of the information about the

velocity profile, so an a priori use of a suitable equation that may closely match

the typical flow shape is needed. A general expansion polynomial with the thin

film limit is a suitable base, though the order of the polynomial involves knowledge

of previous works and suitability to the problem. A linear profile is known to be

insufficient to model the flow, however there have been studies where a quadratic

profile is sufficient in a number of circumstances. First, if the Reynolds number is

small such that the Navier-Stokes equations can be reduced to those of Stokes
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flow, the flow velocity has an analytical solution that is quadratic in nature, and

has been used by Kay et al. [14] or Sivaouratharasu et al. [75] when including

inertial effects. When using an expression to model surface roughness using the

Chézy model, Kay et al. [14] used a cubic velocity profile while Gribben et al.

[70] used a quartic profile.

2.2.8 The Thermal Effects Found in Thin Films

The fluid system of the aero-engines for this thesis requires non-isothermal films

to be modelled. There is a diverse range of studies which focus on the various

thermal effects of thin films, though some cases are not relevant as they are beyond

the current scope of this thesis. The thermal effects reviewed are summarised

into three distinct sources; thermal convection of the fluid, Marangoni effects

of the surface (localised changes to the surface tension coefficient as a function

of temperature), also known as thermocapillary forces and lastly the role of

thermoviscosity for changing temperatures of the fluid. Two of these thermal

effects are not included in the model, these are the thermoviscous and Marangoni

effects. These assumptions are based on aero-engine oils operating in a stage

where the changes to viscosity with temperature are small and as this Section

shows studies for how to implement Marangoni effects, they are outside the current

scope of work in this thesis.

The draining flow off a horizontal cylinder by Reisfeld and Bankoff [78] showed

that thermocapillary forces amplify the gravitational effects, causing an increase

to the flow drainage on a heated cylinder, while the reverse occurred if the cylinder

was cooled and fluid was confined onto the cylinder. The stabilising role of surface

tension effects from the thermocapillary forces may also be sufficient to overcome

axial disturbances.

The Marangoni stresses that arise by fluctuations of the surface tension for flow

down a vertically inclined cylinder may initiate an unstable flow which can develop

as either droplets or complete film rupture according to Ding et al. [79]. This

limiting factor of the Marangoni effects on the flow stability was also discussed by

Burmistrova [80], where a critical Marangoni number for a sustainable flow was

dependent upon the strength of inertia, however, this model assumed gravity as

negligible.

Leslie et al. [81] developed a mathematical model to include the physical

change that occurs with fluid viscosity if there is a change in the fluid temperature,

modelled as an exponential relationship for the thermoviscosity. Part of their work

included the cylinder being either heated or cooled. When the cylinder was heated,

a thickening of the coating film on the outer surface was found. This is because
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the positive thermoviscosity causes a slowdown of the flow and subsequently

increases the capacity of the fluid loading on the cylinder. The film gets thinner

if the cylinder is actively cooled, due to the increase in the flow velocity as the

inhibition of viscosity is reduced. This change in fluid loading is similar for flows

where gravity is weak and a thick film can be held around the cylinder. A later

comprehensive extension to the study of thermoviscous coating flows also included

rimming flows in the absence of inertial effects by Leslie et al. [82], with short

reviews of the thermal effects also contained within these works by Leslie et al.

[81, 82].

The thesis of Kay [6] focused on both the isothermal and the non-isothermal

effects that occur in rimming flows. This research was the foundation to the paper

by Kay et al. [15], which outlined the role that thermal convective effects have on

the temperature profile. This study was a development of the earlier isothermal

work of Kay et al. [14] where the film of fluid is driven by a strong shear at the

film surface and not the normal rotation of the cylinder. Their work showed that

for classic lubrication theory, (negligible inertia, surface tension and hydrostatic

pressure, meaning the film does not contain any discontinuities), that even strong

thermal convection has a negligible effect on the temperatures as the film is

smooth. However, by retaining the effects of hydrostatic pressure and surface

tension so that pools of fluid can be formed, thermal convection has a significant

effect on the temperature profile. Their depth-averaging technique for the energy

equation was compared with analytical solutions for a planar flow and was found

to be in good agreement with each other. However, there were discrepancies with

the solutions when this was applied to the rimming flow problem.

Kumawat and Tiwari [83] derived a thin film model to first order and included

inertia and Marangoni effects at the surface. Their model included a linear

variation of the surface tension coefficient which was dependent on the surface

temperature and found that for a heated cylinder, a stable film can form due to

the Marangoni effects at the surface. Along with the thermocapillary effects being

able to stabilise against inertia, the surface tension gradients were also stabilising

to axial perturbations. While the region of minimal film depth is dominated by

the forces of gravity and viscous drag, the importance of higher order effects in

local regions is clear.

These Marangoni stresses arose from the gradients of the surface tension due to

the thermocapillarity and variation in surface temperature, while Marangoni forces

can also occur if an insoluble surfactant is present that can lead to a variation

in the concentration which creates these Marangoni stresses, as in the study by

Kumawat and Tiwari [84]. The concept that the isothermal Marangoni stresses

may stabilise the film against the instabilities of inertia was demonstrated, with a
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model for first and leading order thin film approximation of viscosity and gravity

while other terms were taken at first order only. The dampening of the oscillations

from the inertial instability are part of the stabilising effects when Marangoni

stresses are included.

An experiment by Chatterjee et al. [85] was conceived to determine the heat

transfer coefficients for a flow within a horizontal rotating pipe, where an applied

heat flux permeates into the pipe while fluid is cycled axially along the cylinder

by a continuous feed inlet. The heat transfer coefficients were measured to be

between 200W/m2K and 1, 500W/m2K with a dependency on the flow rate of

fluid, heat flux into the pipe and the rotation rate of the cylinder. The speed of

the cylinder was linked to the development of the axial features including smooth

”shark’s-teeth” and pendants which will change the interface and compliments the

mixing of fluid in the cylinder. The experiment was repeated with a pipe that was

slightly inclined at a small angle of between 3 ◦ and 6 ◦ and shown to reduce the

heat transfer coefficient in comparison to those calculated for a horizontal pipe.

This reduction in the heat transfer coefficient to 200W/m2K and 600W/m2K

was attributed to the pool becoming shallower as the inclination is increased

and the contained volume of fluid decreased even with the constant fluid influx

according to Chatterjee et al. [86].

Kumawat and Tiwari [87] explored the stability of a thermoviscous fluid within

a rotating pipe with thermocapillarity for exponential viscosity and linear surface

tension relationships to the film temperature. While their formulation excluded

both inertia and thermal convection, their results showed that a destabilising effect

occurs for higher Marangoni stresses if the cylinder walls are externally heated

and that thermoviscosity also destabilises the film but only when the cylinder is

cooled. The stability of the film for a heated cylinder arises from thermoviscous

forces, and when the cylinder is cooled it is in the thermocapillarity that stability

emanates.

2.3 Notable Contributions into Investigating

Planar Flows

The use of the thin film approximation can be found in many studies which

focused on the rotating flows both internally and externally to a cylinder, there

are also many models with a similar assumption for planar flows. These planar

flows range between a horizontal, vertical and an inclined plate at some degree

between the horizontal and vertical. A review of many of the early works on

these thin planar flows, and some coating flow models, can be found in the work
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of Oron, Davis and Bankoff [88]. This review covers a broad range of topics in

modelling thin films, with developments to include the effects and problems where

surface tension, gravity, thermocapillarity and temperature dependent viscosity

can be relevant. Since this review, many good studies have been published that

investigate a number of effects which are included in this Section. The later review

by Craster and Matar [89] covers a range of biological, engineering, geophysical

and nano to macro scale flows, with a significant number of effects that have been

incorporated in thin film models for both fluid mechanics and thermodynamics.

Many inclined flows can assume the driving force is predominantly due to

gravity pulling on the fluid, however Shuaib et al. [90] investigated the role that a

surface shear has on the developing surface waves with negligible inertia, by solving

the Stokes equations. From an initially steep profile, the wave structures are

shown to relax or compress in width depending on a number of factors, including

both the downstream and upstream conditions and the inclination angle, though

these structures develop transiently and appear as smooth travelling waves over

time. This applied shear that is tangential to the surface is also the origin of flow

in the flat flow of Tang et al. [91], with a constant air shear directly applied to

the film, and requires a velocity condition to become a well posed problem.

The effect of localised heating has been investigated by Miladinova et al. [92],

which causes thermocapillary instability of the film for a film flow down an inclined

plane. The stabilising effect of hydrostatic pressure, as found for rimming flows,

also appears to inhibit the effect of the thermocapillarity. The main effect is

limited to influence the shape of the surface waves by the local change to the

surface tension coefficient. A separate study by Kalliadasis et al. [93] for an

inclined plate showed that Marangoni stresses are balanced by gravity, where a

lower limit of the Marangoni number exists in which solutions are stable, but above

which led to increasingly unstable films. This work also introduces the notion of

the Newton’s law of cooling at the interface between the fluid and air phases. An

inclined planar flow was studied by Kalliadasis et al. [94] using an extension of the

longwave approximation to include both Marangoni effects and moderate Reynolds

numbers of O (1). They used a Shkadov integral-boundary-layer approach with an

assumed parabolic velocity profile. The instability of thermocapillarity is further

confirmed and amplifies the typical hydrodynamic instability, with the angle of

inclination also increasing the film instability. A detailed numerical simulation

of flow behaviour over a prescribed temperature of a local region was used by

Frank [95], using the method of particles to include both Marangoni effects and

thermoviscosity of the fluid when solving the full three-dimensional system of

equations for an inclined surface. The periodic axial undulations that have been

observed experimentally were also captured numerically, with insight into the
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internal flow structures due to the full three-dimensional analysis.

The difference in flow behaviour when including Marangoni stresses is detailed

by Thiele and Knobloch [96], where the Newton’s law of cooling can also be found,

the hydrostatic pressure and gravitational effects are included while the inertial

and evaporative effects of the heated film are negligible. Dependent upon the

inclination angle, the film creates periodic droplets and local film dryout as a

consequence, if the surface is inclined these stationary droplets transition into

a sliding state. Interestingly, if the inclination angle is sufficiently large, the

surface waves that are typical of inclined flows are analogous to those presented

by moderate inertia, though the applicability is limited to a certain range of films.

This formation of droplets was also shown in the work by Liu et al. [97] for flow

down a vertically suspended fibre, as the Marangoni stresses cause the film surface

to break up into droplets that will cascade under the influence of gravity, with the

droplet size being linked to the Marangoni number. The flow down a vertical fibre

was also explored by Ding et al. [79], with confirmation of the droplet formation

and rupture of the film surface by using direct numerical simulations of the heated

film.

The deformation of a film surface by thermocapillarity was investigated by

Kabov et al. [98], where a three-dimensional numerical analysis presented a number

of surface wave formations depending upon the submerged local structures that

directly heat the film. As expected, the Marangoni stresses on the surface due

to the local fluid heating causes a range of waves and ridges to form with an

accompanying trench in the downwards flow that can be detrimental in maintaining

a continuous flow.

The integral approach for falling films was developed by Trevelyan and

Kalliadasis [99], to improve on the integral-boundary-layer approximation of

Kalliadasis et al. [93] for understanding the effect of both thermocapillary effects

by a Galerkin projection of the velocity field which corrects the critical flow limits.

While this work assumes a fixed temperature via a Dirichlet boundary condition,

as with many non-isothermal works, Frank and Kabov [100] defined a heat flux

input into the film instead, under the notion that the fluid temperature at a

heated wall will depend on many factors which are unknown. The numerical

results were shown to be in good agreement with experimental studies where the

axial undulations appear periodic, with a connection to structure width and the

strength of the Marangoni number.

The direct application of either the wall temperature or heat flux by Dirichlet or

Neumann boundary conditions has featured in many works, however Gambaryan-

Roisman [101] developed a long-wave model where the substrate is directly heated

and modelled with a fluctuating thermal conductivity which can represent com-
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posite or graded materials. This fluctuation of the substrate temperature causes

non-uniform temperature gradients at the surface which lead to strong Marangoni

stresses and evaporative effects which deform the film, with the intention being to

create a passively controlled thin film flow.

The heat flux boundary condition is also used by Gatapova and Kabov [102],

where the liquid film is driven downwards on an inclined plane with moderate

Reynolds and Péclet numbers to account for convective effects. The resulting

thermocapillary deformation due to variation in the film surface temperature

causes a thinning of the film downstream of the heated patch and a surface bump

which boarders upstream to the patch. An additional feature is in modelling

the evaporative effects of fluid when subject to heating effects, which drastically

changes the temperatures and Marangoni forces through the film.

The localised heating effect has also been modelled with the lubrication theory

framework, where flow down an inclined plate contacts a narrow heating element

which causes Marangoni stresses at the flow surface which are amplified by the

presence of insoluble surfactants, found in the work by Ding and Wong [103].

These surfactants were able to change the surface tension coefficient of the fluid

to become a stabilising factor, and a means of increasing the surface tension

coefficient beyond the value of the base fluid.

2.4 Surface Coatings and Alternate Substrates

in Flow Control

The true behaviour of a fluid on a solid surface has been studied extensively

since the 18th century, with experimental and theoretical models often in strong

contrast to each other with no consensus on how to describe the boundary condition

appropriately. Typically, the behaviour of how a fluid interacts at solid surfaces

has long been described by the no-slip condition since as early as 1738, where

Daniel Bernoulli linked the velocity of a substrate that supports a fluid flow to

be the fluid velocity according to Lauga et al. [104]. However, Neto et al. [105]

discussed how the engineer Claude-Louis Navier had theorised that a liquid may

slip across a solid surface, while encountering an opposing force to the fluid velocity

that arises from friction and is relative to the surface velocity. The description of

partial slip by Navier was founded upon a quantifying constant known as the slip

length, l∗s which is the distance across the interface for the liquid velocity to be

extrapolated to zero, as in figure 2.6. If the slip length is reported as being 10 µm

in length or longer, it is treated as a large slip for this thesis.

The fluid boundary condition at the surface has been proposed as being one
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Figure 2.6: A representation of the three distinct velocity profiles, obeying the no-
slip condition (a), the partial slip condition (b) and the stagnant layer hypothesis
(c).

of four typical variations; a stagnant layer, a complete surface slip, the partial

slip which we are interested in and the no-slip condition. The description of the

stagnant layer involves a thin layer of fluid connected on the solid surface, allowing

the majority of the fluid mass to slip over the static layer as in figure 2.6.

These competing ideas have been under intense scrutiny since their inception

according to Neto et al. [105], with George Stokes being commissioned by the Royal

Academy of Science to determine the true nature of the interface. The conclusion

was that the no-slip condition of Daniel Bernoulli was eventually favoured over

the partial slip condition of Claude-Louis Navier. To the frustration of Stokes, the

disagreements between theory and experiments hampered his decision and this was

compounded further by the support of the no-slip condition being legitimate in

subsequent years and is the source of its popularity in modern day fluid dynamics.

This acceptance of the no-slip condition is determined by empirical knowledge,

with the experimental techniques required to distinguish the occurrence of slip

being beyond those available for the period. With the rapid rise in technology,

these constraints have been slowly lifted as nanoscale methods have developed to

investigate the phenomena of biological surfaces and fabricate intricate surfaces.

This has revitalised investigations into clarifying the boundary condition of the

fluid and solid interface, with techniques such as microscopic particle image

velocimetry, which captures images of travelling tracers, or surface force apparatus

that gauge drainage forces having been used to calculate liquid slip lengths. A

good review of the available experimental techniques to determine if fluid slip

occurs can be found in the work by Neto et al. [105], with reviews in the advances

to understanding the slip condition within the works of Granick et al. [106] and

Eijkel [107].

Typically, surfaces which have garnered most interest in observing the presence

of fluid slip have been for hydrophobic and hydrophilic surfaces, where for example

the lotus leaf is classified as a hydrophobic surface that repels water. In highly
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precise micro channels down to 1µm with chemical treatments, Choi et al. [108]

had nanometer uncertainties in their equipment for measuring the channel which

were insufficient to measure if slip occurs on the hydrophilic coating, while 30nm

slip lengths were measured on the hydrophobic surface. Cottin-Bizonne et al.

[109] also investigated the hydrophilic and hydrophobic coatings using dynamic

surface force apparatus for water and glycerol, with the no-slip boundary condition

likewise found on their hydrophilic surface. The hydrophobic surface however,

had significant fluid slip, with an observable slip length up to 100nm. They

conjectured that slip is found on hydrophobic surfaces as there will be nano-

bubbles of entrapped air on the surface will reduce the surface contact and lead to

slip. Early work on a hydrophobic surface by Schnell [110] measured a pressure

difference between glass capillary tubes due to treatment by dimethyldichlorosilane

creating a hydrophobic layer.

Molecular dynamic simulations of hydrophilic and hydrophobic surfaces by

Ho et al. [111] showed that fluid slip could occur if hydrophilic surfaces have

been carefully manufactured, easing the migration of water molecules between

adsorption sites on the surface. The associated difficulty of creating these dense

adsorption sites has meant that slip is typically only connected to hydrophobic

surfaces and may largely be coincidental. This notion that a strongly non-wetting

surface of a hydrophobic coating may have a relatively low slip length is mentioned

by Cottin-Bizonne et al. [112], being also associated with the geometric features

of the surface for fluid drag reduction by partial slip.

The full theory of how fluid slip occurs on a solid surface has not been fully

established due to complex interactions at the surface, a good review on the effects

such as surface roughness and wettability and how they are anticipated to cause

fluid slip can be found in Lauga et al. [104].

The influence of surface roughness on the slip length was explored by Bonaccurso

et al. [113], with the molecular scale roughness increasing the degree of slip, which

may be applicable to systems where surface roughness is on an equivalent scale.

The study at a molecular scale is synonymous with fluid slip, with the brief review

by Hu and Granick [114] showing the role that molecular dynamic simulations

have in predicting the onset of fluid slip. Contrary to this, Lauga et al. [104] state

surface roughness will decrease the slip length.

Ajaev [115] designed a solid surface to investigate film rupture, where thin

grooves were mathematically modelled with small pockets of trapped air beneath

a layer of liquid. A limiting factor of the arrangements of the thin grooves

was the instability that developed on films dependent on the groove width and

film thickness, inhibiting their application without a suitably steady film. To

model atomically smooth walls, Priezjev’s [116] work with molecular dynamic
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Figure 2.7: Atomic force microscope measurements of surface roughness (a),
densely packed pillars on a surface (b) and sparsely packed pillars (c) as described
in the work by Lee et al. . The probe radius is given as R, with w denoting the pillar
width, h as the feature height and λ as the frequency of the structure. Reprinted
from Advances in Colloid and Interface Science, 210, T. Lee, E. Charrault and C.
Neto, Interfacial slip on rough, patterned and soft surfaces: A review of experiments
and simulations, 21-38, Copyright 2014, with permission from Elsevier.

simulations showed how a strong fluid shear rate increased the measured slip

length in proportion to the shear increase. Richardson [117] argues that a viscous

fluid flow across a surface will obey the no-slip condition at macroscopic scale

due to surface roughness, concluding how no-slip can be expected at all scales

due to resistive forces to fluid motion. The works of Zhu and Granick [118, 119]

perceive that simple Newtonian fluids will slip on molecularly smooth surfaces,

speculating that bubble nucleation of the surface may be the causing factor for

fluid slippage which will be inhibited by notably rough surfaces. Spikes and

Granick [120] worked with nano to microscale Newtonian liquids using surface

force apparatus on smooth mica surfaces, with the complete wetting of the mica

leading to a slip length in the order of 1µm.

It was speculated by Lee et al. [121], that a super-hydrophobic surface will

lead to significantly longer slip lengths in comparison to hydrophobic surfaces,

and that by altering the surface features with polymer brushes, fluid slip may

occur. The theory of super-hydrophobic surfaces is that gaseous pockets can be

trapped under the liquid layer. A super-hydrophobic coating can consist of a

surface patterned with microscale posts and ridges or chemical coatings, with the

main difference to hydrophobic surfaces being the strength of which they repel

water. These super-hydrophobic surfaces are reputed to have large microscale slip,

and in the works by Ou et al. [122] were reported to have a measured slip length

of 20µm.

The role of micro structures were further shown to develop fluid slip by

Tretheway and Meinhart [123] when 30µm channels were coated with a hydropho-

bic coating of octadecyltrichlorosilane. Changes to the flow velocity indicate a
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slip length of 1µm, due to a 10 % change in the free stream velocity using particle

image velocimetry.

Large scale slip was presented by Nieto et al. [124] for a creeping flow with

both linear and non-linear slip models, where recirculation of the flow can be

completely dampened by a large slip length. Their approach was to use an integral

formulation to include the partial slip condition in their model formulation of

concentric rotating cylinders for Couette flow. The partial slip condition was

the Thompson and Troian non-linear slip model, appropriately named after the

fundamental works of Thompson and Troian [125]. This non-linear condition was

devised by Thompson and Troian from analysis of molecular dynamic simulations

of a Newtonian fluid. Their generalised condition is applicable at shear rates

which are much higher than the maximum allowable shear rate of the Navier slip

condition. Using this Thompson and Troian condition, Nieto et al. were able to

predict flow behaviour which had not been previously reported. Couette flow with

the Thompson and Troian condition has also been explored by Power et al. [126],

with the presented boundary condition forming a significant part of this thesis.

The application of the slip boundary condition has also been presented in the

work of Nieto et al. [127] and Nieto et al. [128] for microscale Couette and planar

flows, with large slip lengths relative to the flow length scales presented. The use

of the Thompson and Troian nonlinear boundary condition was also presented

by Matthews and Hill [129], where the ratio between a flow surface and volume

is significant so surface related effects may be dominant. Their work highlighted

the mathematical formulation of the non-linear condition on three well known

flows of pipe, channel and annulus flows and how they can be obtained with

careful selection of the proportionality constant of the linear slip condition. The

theoretical non-linear slip condition of Thompson and Troian was also used by

Zhoi et al. [130] for nanoscale films. Zhoi et al. showed that the slip length was

dependent on the flow shear rate and the role that fluid shear has on the slip

condition.

The usefulness of slip for lubrication has been previously explored, with an

experimental and numerical analysis by Pit et al. [131] for a hexadecane oil and

stearic acid coated surface in a demonstration of slip for Newtonian fluids to

nanometer scale. Later developments by Pit et al. [132] for hexadecane oil showed

that slip occurs on hydrocarbon surfaces, however increased surface roughness

actually countered slip. In determining nanometer scale surface slip, Baudry et al.

[133] also showed a measurable difference between hydrophobic and hydrophilic

planar surfaces in drainage by surface force apparatus, accounted for by a slip

velocity at the boundary. The surface force apparatus was also used to measure

nanometer scale slip on a smooth hydrophobic surface by Bonaccurso et al. [134].
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Figure 2.8: A design of a super hydrophobic surface to develop large scale surface
slip.

If an idealised super-hydrophobic surface can be fabricated by using trapped

gas pockets to develop large scale slip, as in Ybert et al. [135], the predictions

of possible slip lengths are in excess of 100µm. The idealised structure can be

fabricated by cylindrical pillars around 50nm in diameter spaced 5µm apart that

trap a gas phase to support the liquid flow. The hindering factor for developing

super-hydrophobic surfaces is the stability of the trapped gas due to dissipation

or impregnation of fluid into the air pockets. A design concept for developing a

super-hydrophobic surface that may induce large scale slip is presented by Choi

and Kim [136], where a gas layer between prisms acts to support a liquid film,

described as a nano-turf shown in figure 2.8. The design was tested on the surface

of rotating disks for Couette flow, resulting in slip lengths of 20µm to 50µm

dependent on the working fluid.

Willmott and Tallon [137] used a torsional ultrasonic oscillator to measure the

existence of fluid slip. However, with an experimental accuracy of 60nm, their

results gave confirmation that fluid slip does not occur and is in contradiction to the

previous works cited. Vinogradova [138] reviewed hydrophobic surfaces in support

of the slip condition, posturing that qualitative methods exist that may quantify

the presence of slip. However, three major causes of error are due to the surface

roughness, inhomogeneity and surface tension which may lead to slip disassociation

with hydrophobic surfaces, as shown for example by Richardson [117]. Deviations

from Reynolds theory for liquid drainage between two surfaces can be explained

by fluid slip according to Vinogradova [139], which may originate from a decrease

in viscosity in a layer near to the wall due to nucleation of dissolved gas from

a hydrophobic surface. A model that calculates the hydrodynamic drag force

with a correction factor allowing for slip of a surface is presented by Vinogradova
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Figure 2.9: Suspended water droplets on top of a super-hydrophobic surface, using
narrow ridges spaced 45µm apart which are 15µm wide, with a side view (a) and
top down view in (b) as reported by Rothstein. Republished with permission of
Annual Reviews, Inc., from Slip on Superhydrophobic Surfaces, J. P. Rothstein,
42, 2009; permission conveyed through Copyright Clearance Center, Inc.

[138] and used in many studies to calculate the apparent slip length of a surface,

such as in the work of Craig et al. [140] who used atomic force microscopy to

measure slip lengths of 20nm and showed a discrepancy between experimental

and theoretical results. Measurements of nanoscale slip lengths of 125nm by

Honig et al. [141] showed good correlation between the experimental results using

atomic force microscopy and the model of Vinogradova [138] for gas flows.

A review of super-hydrophobic surfaces and the benefits to fluid systems, an

example being fluid transport being enhanced by a reduction in the drag coefficient,

is given by Rothstein [142]. This review further confirms the concept that surface

roughness and material hydrophobicity are linked in the creation of liquid slip at

large scale, where the fluid is suspended upon a gas and connected by the surface

peaks as shown in figure 2.9.

While the majority of the previously mentioned works focused on water and

oils for the working fluid, Churaev et al. [143] studied the slip phenomena for

mercury within thin capillary tubes. The predicted flow rate of the micro tubes

differed by 10 % when corrected for a partial slip condition with a length of 70nm

to the measured rates. The work of Maali and Bhushan [144] gives a short review

of super hydrophobic surfaces and provides measurements of slip effects, where

20µm of surface slip has been calculated from a fluid drag reduction of 40 %.

2.4.1 The Modelling of Air Lubricated Bearings

Similarities are found between modelling liquid films and studies of gases, where

there is a comparable length scale to the small parameter of the thin film ap-

proximation, known as the Knudsen number according to Bailey et al. [145].
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The Knudsen number is defined as the ratio between the mean free path of the

gas molecules and the characteristic length scale of the problem, outlining when

important effects of the flow regime must be considered.

The separation between the static and rotating components of the stator and

rotor in turbo machinery by thrust bearings is an example where the thin film

approximation can be used to simplify the governing equations, as in the work of

Bailey et al. [145]. The theory suggests that for a gas flow across a wall, a portion

of molecules are reflected off the surface which creates a slipping flow on a scale

comparable to the mean free path. The inclusion of slip was found to decrease

the spacing between the rotor and stator as the film thickness reduces due to slip.

This work was extended from planar thrust bearings to coned bearings, where

slip also reduced the fluid thickness and gap of the bearing Bailey et al. [146]. A

review of the slip condition for gas flows can be found in the work of Bailey et al.

[147].

The use of air as a lubricating fluid of micro bearings produces an environment

where slip may occur, with a length scale similar to the mean free path, Maureau

et al. [148] show that slip can prevent fluid recirculation with increasing flow

velocity.

In a similar vein to these air-lubricated bearings, Aurelian et al. [149] inves-

tigated hydrodynamic journal bearings with surface texturing and coatings to

develop wall slip. The numerical study calculated slip lengths of 1.3µm that may

reduce power loss of the bearings, showing the beneficial role slip may have on

liquid systems. Barber et al. [150] construct the Maxwell definition of slip for a

cylindrical geometry (the Maxwell slip condition defines a slip velocity relative

to the mean free path), where the fluid drag is reduced by stronger slip. While,

for Couette flow a comparison between the Maxwell model and an alternative

model was tested by Myong et al. [151], where the alternative model was able to

correctly predict the velocity fields inversion (reverse flow). The paper by Seo and

Ducker [152] details how the Maxwell slip condition may alter gas flows and finds

slip increases with fluid temperature, up to 590nm, which may be otherwise used

in flow control where geometry and fluids are fixed. The Maxwell’s boundary slip

condition is popular in studies of gas flows, such as Yuhong et al. [153] or Zhang

et al. [154] who reviewed slip models applied to gas flows. The idea that flows

can be altered by selectively treating surfaces to create fluid slipping surfaces is a

key application where the slip condition may be important according to Seo and

Ducker [152].

With planar flows, observations on molecularly smooth plates by Bowles

and Ducker [155] showed how gas may slip across a surface by up to 480nm,

greater than the calculated slip observed over rough materials using atomic force
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microscopy.

2.4.2 Porous Substrates and the Matching Boundary

Conditions

The micro and nano structures, such as those of ridges or pillars previously have

been significant features in creating hydrophobic surfaces that may lead to fluid

slip and in a similar way micro pores found in porous materials may lead to fluid

slip according to Javadpour et al. [156]. These micro pores have an apparent

slip length of 250nm for liquid flow through a shale matrix, which increases the

apparent permeability of the porous matrix. This observation of fluid slip with

porous materials connects well to the studies that aimed to correlate fluid flow

across porous substrates and formulate a suitable mathematical expression of the

boundary condition. The key parameters in measuring porous materials are the

permeability and porosity, where the porosity is given as the ratio between the

volume of empty space and volume of solid material and the permeability equates

to the resistance of fluid to flow through the material.

The concept of fluid moving across a porous material can be found in engi-

neering applications, such as providing passive flow control, thermal insulation

or in porous bearings. While the fluid flow within a porous matrix may be de-

scribed by the well known Darcy or Brinkmann equations depending upon the flow

parameters and free fluid may be described by a variation of the Navier-Stokes

equations, the coupling of these equations is not as clearly defined, similar to the

understanding of fluid slip at a solid surface. This is because the flow velocity will

not be zero at the interface of the porous and free fluid regions, as flow can occur

within the substrate.

Alazmi and Vafai [157] analyse five different interface conditions, including

the well known Beavers and Joseph condition by Beavers and Joseph [158]. These

conditions, are grouped into either a slip or no-slip category by Alazmi and Vafai

[157], where slip acts as a proportionality constant to determine the velocity

across the surface, using zero for the no-slip limit. For a porous cylinder, the fluid

velocity at the interface of the porous material and free fluid will be greater than

zero, similar to the partial slip condition described in Section 2.4.

The Beavers and Joseph condition, developed by Beavers and Joseph [158], is

one of the more popular mathematical expressions for the boundary condition,

examples being; the work of Zuo and Hoi [159] to couple the Navier-Stokes and

Darcy flow, the experimental work of Taylor [160] whose results agreed well with

those predicted, the work by Das et al. [161] to model groundwater hydrodynamics

with good correlation to experimental results or in de Socio et al. [162] for flow
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across a permeable slab. A model which coupled Stokes and Darcy flows was done

by Shan and Zheng [163], where they used a partitioned time stepping algorithm

to solve an uncoupled Stokes and Darcy sub-physics and sub-domain for each

time step. Ross [164] derived a slip boundary condition in modelling a flow with

negligible inertia across an isotropic medium, with similarities to that of the

Beavers and Joseph condition.

A review of the Beavers and Joseph boundary condition by Auriault [165]

who includes some of the alternatives and drawbacks to the Beavers and Joseph

condition. The work of Nield [166] also provides context for the Beavers and

Joseph boundary condition, noting that the no-slip condition has been previously

used to describe flow across a porous surface in contrast to recent works where

the interface velocity is greater than zero. Jones [167] offers a modification to

the Beavers and Joseph condition, to represent the fluid slip across a spherical

boundary in a more general structure.

Matching conditions were presented by Valdes-Parada et al. [168], which

coupled the governing equations of each region directly with a stress jump across

the interface. The two domain approach with matching conditions was in good

agreement for the bulk flow, but lost information around the interface. Jager

and Mikelic [169] provide a rigorous approach in the justification of Saffman’s

modification of the Beavers and Joseph slip condition by scaling with the perme-

ability tensor rather than the permeability, with the velocity field approximately

satisfying that of the Beavers and Joseph condition.

According to the study by Tan et al. [170], the porosity is linked to the

coefficient of surface slip. High porosity materials have a larger slip length

coefficient, as the inhibiting impact from the porous structure is weakened. The

connection between porous and surface slip conditions is reported by Berg et

al. [171], who observed 0.7µm of slip at the interface, with a list of previously

quantified slip coefficients from nanometer to micrometer lengths.

An experiment of fluid flow across a series of perpendicular rods to create

a permeable insert showed a high velocity at the interface of up to 40 % of the

unimpeded flow speed due to slip, similarly a slower velocity of 13 % was calculated

for a smaller porosity ratio by Nair and Sameen [172].

A slip length across a porous wall was measured to be between 0.024µm and

0.063µm by Chun-Yuan and Qin-Feng [173] for a porous surface coated with

hydrophobic nano particles to induce surface slip and increase the flow capacity.

The benefit of porous media on fluid flows is explored by Bruneau and Mortazavi

[174], where drag reduction of up to 40 % was achieved by strategic placement of

porous layers for flow around a solid body. Their model used a simple stress jump

condition to model the flow behaviour, with the alternative Beavers and Joseph
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condition also being mentioned.

2.5 Chapter Summary

This Chapter provides a review of the extensive background literature on the

analysis of bearing chamber flows, with both experimental and theoretical studies

detailing how oil flows behave within the chamber. The understanding and

capabilities of modelling flow within bearing chambers has advanced to the stage

where droplet impacts and three-dimensional analysis can be simulated. However,

this analysis is computationally costly and if the relevant physics are not included

the models will deviate from the real chamber. To reduce the computational cost,

thin film models are typically used to give quick assessments of flow patterns,

which are akin to rimming flows.

For bearing chambers, the necessary physical effects to be modelled are outlined

within this Chapter from the literature. The viscous and gravitational effects are

the most important effects of the rotating flows and are fundamental in all types

of flow. The effects of hydrostatic pressure and surface tension have shown to

be relatively significant in local regions where there are sudden changes in film

depth, therefore these effects will also be included in the model. The speed of

the fluid within the chamber is very high and indicates inertia will be significant,

with studies having demonstrated that models including inertia have different film

profiles. Therefore, the model will need to include moderate inertial effects to

be suitable to represent the bearing chamber. There are several methods which

can include all these effects in a thin film rimming flow model. However, the

depth-averaging approach was shown to be an economical and robust method of

formulating the Navier-Stokes equations and has consequently been used in this

thesis.

The assessment of literature in both thin film models and bearing chambers

flows has identified areas where there is insufficient knowledge from either a

physical or mathematical viewpoint. Specifically, this relates to the small scales

involved in the bearing chamber flows and there is a significant lack of studies

into how the fluid will interact with the chamber wall.

From the literature of the fluid to surface interactions at small scales, it is

strongly indicated that liquids will slip across a surface. At this time, a compre-

hensive understanding of the exact causes of slip has not been fully established

and there has been difficulty in directly measuring this effect. However, the

experimental evidence from the chemical coatings and structural patterns in the

literature predict patterns may cause up to 200µm of slip.

The coupling of the slip condition to the rimming flow problem has not been
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explored in any previous work and there is a distinct lack of knowledge on how this

will alter the film performance. This research consequently explores the effects

slip has on the film shapes and temperature profiles, determining the merits of

developing surfaces which cause slip for bearing chambers and to some extent fills

this gap in the knowledge.
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Mathematical Formulation

This Chapter presents the modelling strategies used within this thesis to include

the higher order effects that have been discussed in Chapter 2 and are intended to

be an accurate representation of the conditions expected in the bearing chamber.

This Chapter consists of the governing equations, which are given in a more

generalised form, alongside the boundary conditions which describe the fluid

interactions at the chamber wall and the core air phase. These equations are then

written in terms of the cylindrical coordinate system being used to represent a

geometrically simplified chamber as a horizontal cylinder with axial uniformity

resulting in a two-dimensional flow. In typical fashion when developing numerical

models, the equations are scaled by a set of characteristic values and expressed

by non-dimensional parameters which retain the important higher order effects

including those of inertia and convection. This provides a readily solvable system

of equations, which includes complex non-linear terms.

The governing equations are integrated across the film as a method to reduce

the complexity by lowering the problem dimensionality, leading to four integro-

differential equations which need to be solved. The final model of four governing

equations is developed from the a priori selection of field profiles which are solvable

by any typical numerical method, with the specific method used in this thesis

described in section 3.7, based on a type of spectral method. The advantage

of this model is the dramatic cost reduction in calculating film profiles, as full

scale CFD models may take weeks on a high performance computer, while these

equations can be solved within hours.
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3.1 Introduction to the Two-Phase Governing

and Boundary Equations

In considering the walls of the bearing chamber as a smooth solid surface, a film

of liquid is assumed to fully coat the entire interior surface as shown in figure 3.1.

The film only partially fills the cylinder volume. The chamber is modelled as a

horizontal stationary cylinder to avoid the complexities that are present in the

physical chamber such as bolts or seals which are beyond the scope of this thesis.

These may be included in more conventional computational fluid dynamic models

with high fidelity meshing strategies.

The equations introduced in this section are independent of the coordinate

system of the bearing chamber geometry, which is introduced later in section

3.2. The oil film found within the bearing chamber is treated as a generalised

incompressible Newtonian fluid, where the fluid density is denoted by ρ, the

dynamic viscosity µ, where the kinematic viscosity is ν = µ/ρ and thermal

diffusivity ϕ = k∗/ρcp, with the thermal conductivity and specific heat capacity of

the fluid given as k∗ and cp respectively. All of the fluid properties are treated as

being constant values irrespective of the film conditions such as the temperature or

pressure, as most aero-engine oils properties are essentially isothermal at operating

conditions. The partially filled cylinder means that a phase of gas is found internal

to the liquid phase with respect to the cylinder radius. In a bearing chamber

operation, the fluid phase is accelerated from an otherwise stationary flow by the

rotation of the concentric shafts and kept at a constant temperature T ∗a , where

the use of superscript ∗ denotes a dimensional variable. The terms n∗ and l∗ are

known as the surface normal and surface tangential unit vectors, which are defined

for a given coordinate system.

Assuming the high windage caused by the shaft rotation in the chamber

maintains a constant air phase velocity, an applied constant surface shear stress,

τ ∗a is prescribed on the fluid at the interface between the air and fluid phases, where

the pressure of the air phase at the interface is given as P ∗a as the atmospheric

pressure.

The film is described by the Navier-Stokes equations and conservation of

energy equation, shown as the continuity equation (3.1), Navier-Stokes momentum

equation (3.2) and balance of energy equation of (3.3) where there is no internal

heat generation.
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∇∗ · u∗ = 0, (3.1)

D∗ (u∗)

D∗t∗
= −1

ρ
∇∗P ∗ + ν∇∗2u∗ + g∗, (3.2)

D∗ (T ∗)

D∗t∗
=

k∗

ρcp
∇∗2T ∗, (3.3)

where the variables u∗ and T ∗ denote the velocity and temperature fields within

the film, while the pressure field within the film is given as P ∗. The gradient,

divergence and Laplacian operators of ∇∗, ∇∗· and ∇∗2 are functions of the

coordinate geometry, with the gravitational field, g∗ also being a function of the

coordinate system. The convective derivative term is defined, for a given function

χ∗ as

D∗χ∗

D∗t∗
→ ∂χ∗

∂t∗
+ u∗ · ∇∗χ∗. (3.4)

If a fluid flow is considered to only partially fill the domain that is being investi-

gated, the surface of the liquid phase must be maintained and is typically treated

as a material surface where particles at the surface are bound on the surface,

shown as

D∗

D∗t∗
(ψ∗) =

D∗

D∗t∗
(r∗ − r0 + h∗) = 0, (3.5)

where ψ∗ ≡ 0 and (3.5) being the well known kinematic condition of an interface.

As there is no droplet behaviour being considered within the core air flow, the

evaluation of the boundary conditions to ensure that the mass, momentum and

energy of the fluid interface are mostly well described, and with Γ∗ij being stress

tensor, with the internal and external tensors being defined as Γ∗ij and Γ∗aij

respectively, are given as

u∗ = U∗, (3.6)(
Γ∗ij − Γ∗aij

)
= −σκ∗ni, (3.7)

k∗∇∗T ∗ · n∗ = γ∗ (T ∗a − T ∗) . (3.8)

These equations introduce the variables of κ∗ as the function of surface curvature

as κ∗ = ∇∗ · n∗, σ is a constant surface tension coefficient of the fluid, the

interface speed being defined by U∗, and γ∗ is the heat transfer coefficient between

the air and liquid phases of the interface, assuming a constant temperature T ∗a ,

irrespective of the heat flux. The derivation of these boundary conditions can be
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found in Appendix B.

The boundary conditions at the wall are generally well known. Regarding

the tangential flow velocity there is the typical no-slip condition which defines

the tangential velocity at the wall. This is usually zero for the no-slip condition.

There is also the no-penetration condition, which states the radial velocity at the

wall must reduce to zero because the surface is impermeable. Finally, there needs

to be an equation which defines the thermal condition of the fluid at the wall; this

can either be directly defining the fluid temperature at the wall or specifying the

rate of heat entering the fluid. For this thesis, the wall boundary conditions are

given as

u∗ · l∗ = ±l∗s ξ̇, (3.9)

u∗ · n∗ = 0, (3.10)

T∗ = T ∗w. (3.11)

The slip boundary condition of (3.9) follows the assumption that the wall has

been treated to create large slip in a manner similar to those outlined in Chapter 2.

The shear rate of the fluid is given as ξ̇ and is similar to the conditions proposed

by Nieto et al. [124], Lee et al. [121] and Ou et al. [122]. The temperature

of the cylinder wall is denoted by T ∗w and is assumed to be hotter than the air

temperature T ∗a .

The equations presented in this section may be applied to a number of problems

and geometries, though following the cylindrical coordinate identities which are

given in the Appendix A, the flow equations are given in a cylindrical coordinate

system as detailed in section 3.2.

3.2 The Rimming Flow Equations in Cylindrical

Coordinates

In developing the mathematical model for the rotating flows similar to those found

in the bearing chamber, a polar coordinate system for a stationary cylinder is

introduced, with the azimuthal angle, θ∗ measuring positively in an anticlockwise

direction from the base as shown in figure 3.1. The cylinder has a typical radius

which is defined as r0 and the radial distance measured from the center is denoted

by r∗. The film of fluid is described with both velocity and temperature fields,

denoted by u∗ and T ∗ respectively, while time is represented by t∗. The fluid is

exposed to an atmospheric pressure from the core airflow within the chamber,
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Figure 3.1: Two-dimensional representation of bearing chamber and cylindrical
coordinate system.

given as P ∗a which acts on the film surface while the pressure field within the fluid

is given by P ∗. When investigating the non-isothermal films, it is important to

describe the thermal conductivity of the fluid denoted with k∗ and the specific

heat capacity, cp.

As introduced in section 3.1, the fluid is governed by the Navier-Stokes momen-

tum, continuity and energy balance equations, with the gravitational field of the

chamber, g∗, in the chosen coordinate system is given as g∗ = (g cos θ∗,−g sin θ∗).

The unit tangential and unit normal vectors of the fluid surface are defined as

l∗ = l∗r r̂+ l∗θ θ̂ and n∗ = n∗r r̂+n∗θθ̂ respectively (r̂ and θ̂ are the radial and azimuthal

unit vectors. The coefficients of the unit vectors l∗r , l
∗
θ , n

∗
r and n∗θ can be found in

Appendix A). The velocity field for the film is given as both azimuthal and radial

components as u∗ = u∗θθ̂ + u∗r r̂. Expressing the momentum equation of (3.2) into

the cylindrical coordinates as illustrated in figure 3.1 leads to the separation of

this governing equation into two components, defined as the radial momentum

equation

ρ

[
∂u∗r
∂t∗

+ u∗r
∂u∗r
∂r∗

+
u∗θ
r∗
∂u∗r
∂θ∗
− u∗2θ

r∗

]
= −∂P

∗

∂r∗

+ µ

[
∂2u∗r
∂r∗2

+
1

r∗
∂u∗r
∂r∗

+
1

r∗2
∂2u∗r
∂θ∗2

− u∗r
r∗2
− 2

r∗2
∂u∗θ
∂θ∗

]
+ ρg cos θ∗, (3.12)

and the azimuthal momentum equation
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ρ

[
∂u∗θ
∂t∗

+ u∗r
∂u∗θ
∂r∗

+
u∗θ
r∗
∂u∗θ
∂θ∗

+
u∗θu

∗
r

r∗

]
= − 1

r∗
∂P ∗

∂θ∗

+ µ

[
∂2u∗θ
∂r∗2

+
1

r∗
∂u∗θ
∂r∗

+
1

r∗2
∂2u∗θ
∂θ∗2

− u∗θ
r∗2

+
2

r∗2
∂u∗r
∂θ∗

]
− ρg sin θ∗. (3.13)

By expressing both the conservation of mass, or continuity equation (3.1) and the

conservation of thermal energy equations (3.3) within the coordinate system, they

may be written as

∂u∗r
∂r∗

+
u∗r
r∗

+
1

r∗
∂u∗θ
∂θ∗

= 0, (3.14)

and

∂T∗
∂t∗

+ u∗r
∂T ∗

∂r∗
+
u∗θ
r∗
∂T ∗

∂θ∗
= k∗

[
∂2T ∗

∂r∗2
+

1

r∗
∂T ∗

∂r∗
+

1

r∗2
∂2T ∗

∂θ∗2

]
. (3.15)

Between the film and stationary cylinder, there is an interface located at r∗ = r0

which requires conditions to describe the dynamics of the flow and thermal

interactions of the fluid and wall as in (3.10) and (3.11) are imposed directly onto

the fluid in the coordinate system as

u∗r = 0, (3.16)

and

T ∗ = T ∗w. (3.17)

The boundary condition to describe the azimuthal velocity arises from (3.9), which

acts along the entire interface of the cylinder wall and fluid. The fluid shear,

denoted by ξ̇ is related to the fluid velocity at the wall by a proportional constant,

known as the slip length, l∗s . This slip length is equivalent to defining the apparent

depth of penetration of the velocity field into the wall, as shown in figure 2.6. The

fluid shear, ξ̇ at r∗ = r0 on the solid wall is

ξ̇ =
1

r∗
∂u∗r
∂θ∗

+ r∗
∂

∂r∗

(
u∗θ
r∗

)
, (3.18)

therefore, substitution of (3.18) into (3.9) and suitable use of the no-penetration

condition of (3.16) leads to the equation for the azimuthal velocity on the cylinder

as
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u∗θ = −l∗s
[
∂u∗θ
∂r∗
− u∗θ
r∗

]
. (3.19)

With a cylinder that is only partially filled with fluid, the kinematic condition of

(3.5) is expressed in the cylindrical coordinate system as

∂h∗

∂t∗
+ u∗r +

u∗θ
r∗
∂h∗

∂θ∗
= 0. (3.20)

If the film is expected to experience a temperature difference across the surfaces

of the fluid, such as between the heated fluid and cooled airflow, the generalized

Newton’s law of cooling as found in the works of Ding et al. [79] or Kay et al.

[15] and given in (3.8) relates the heat flux of the interface to the temperature

difference across the interface as

k∗
(
∂T ∗

∂r∗
+

1

H∗2
∂h∗

∂θ∗
∂T ∗

∂θ∗

)
= − γ

∗

Π∗
(T ∗a − T ∗) , (3.21)

following the identities established within Appendix A.

With the stress tensors of the airflow and fluid, Γ∗aij and Γ∗ij given in Appendix

B and detailed in the works by Kay et al. [14, 15] or Williams et al. [175] with

an applied air shear, the conservation of momentum at the interface leads to the

normal pressure and tangential shear stress equations

P ∗a = −σκ∗ + P ∗ − 2µΠ∗2

[
∂u∗r
∂r∗

+

(
∂u∗θ
∂r∗
− u∗θ
r∗

+
1

r∗
∂u∗r
∂θ∗

)
1

H∗
∂h∗

∂θ∗

+

(
1

r∗
∂u∗θ
∂θ∗

+
u∗r
r∗

)(
1

H∗
∂h∗

∂θ∗

)2
]
, (3.22)

τ ∗a
Π∗2

= µ

[(
∂u∗θ
∂r∗
− u∗θ
r∗

+
1

r∗
∂u∗r
∂θ∗

)(
−1−

(
1

H∗
∂h∗

∂θ∗

)2
)

+
2

H∗
∂h∗

∂θ∗

(
−∂u

∗
r

∂r∗
+

1

r∗
∂u∗θ
∂θ∗

+
u∗r
r∗

)]
. (3.23)

The surface tension, σ acts relative to the film surface curvature, κ∗ that is

calculated from the divergence of the normal vector of the film interface, which is

κ∗ =
∂n∗r
∂r∗

+
n∗r
r∗

+
1

r∗
∂n∗θ
∂θ∗

. (3.24)

Expressing the normal vectors, the surface curvature at r∗ = r0 − h∗ is written as
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κ∗ = −Π∗

r∗
+

Π∗3

r∗4

(
∂h∗

∂θ∗

)2
∂2h∗

∂θ∗2
+

Π∗3

r∗5

(
∂h∗

∂θ∗

)4

− Π∗

r∗3

(
∂h∗

∂θ∗

)2

− Π∗

r∗2
∂2h∗

∂θ∗2
. (3.25)

An important parameter from the works of Ashmore et al. [49], that has been used

as a small parameter is the filling fraction, A that quantifies the volume of fluid

within the chamber and ensures that a consistent volume of fluid is investigated

is found from the integral of the fluid volume across the domain

A =
1

πr0

π∫
−π

(
h∗ − h∗2

2r0

)
dθ∗. (3.26)

3.3 Scaling into a Non-Dimensional System

It is typical in developing mathematical models to remove the dimensions of the

posed problem, therefore the equations are scaled from their physical representation

into a more appropriate non-dimensional system. To do this, characteristic values

are introduced which define typical values for the size of the cylinder radius that

is analogous to the bearing chamber and film thickness, which are denoted as r0

and h0 respectively, while the film has a characteristic speed of the flow which is

given as U0. The coordinate system introduced in section 3.2 is transformed into

a new system, which is defined as the new azimuthal location for θ∗ = s while

the radial coordinate is given by r∗ = r0 [1− εy], where the introduced variable y

measures the radial distance from the wall. We introduce a new non-dimensional

parameter known as the film aspect ratio,

ε =
h0
r0
, (3.27)

which acts as a small parameter to aid in simplifying the mathematical problem by

the thin-film assumption described in section 3.4. In order to retain the pressure

field within the fluid, an effect which is expected to be important when sharp

gradients are found in the film, the pressure P ∗ is scaled by the dynamic pressure

of ρU2
0 . The inclusion of hydrostatic pressure effects are outlined in the works

of Tirumkudulu and Acrivos [17], Ashmore et al. [49] and in the later works of

Kay et al. [15]. These sharp gradients within the film are linked to regions in

which stagnation or pooling of the working fluid occurs and are typically due to

an insufficiently driven flow being overcome by gravitational effects. Alongside

the non-dimensionalisation of the coordinate system and pressure fields, the

components of the velocity field are scaled so that the radial velocity is scaled by

u∗r = −εU0v and the azimuthal component is scaled with u∗θ = U0u. A number
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of other scalings are introduced to non-dimensionalise the remaining variables

introduced in section 3.2, and are given as

t∗ = r0t/U0, κ∗ = κ/r0, l∗s = lsh0,

h∗ = h0h, τ ∗a = τµU0/h0, H∗ = Hr0. (3.28)

The slip length is a measure of the velocity field’s impingement into the cylinder

wall, and is therefore aptly scaled by the characteristic film height and infers that

for a microscale film thickness, the slip length is therefore also microscale in size.

In the work by Kakimpa et al. [1] who investigated bearing chamber films, the

characteristic film is of several mm in thickness and if ls = 0.1, the physical slip

length corresponds to approximately l∗s ∼ 100µm.

The temperature field is non-dimensionalised by a characteristic temperature

which is assumed to be the hottest point of the system, and is typically the

temperature of the chamber wall temperature as being heated to a constant

temperature.

These dimensional characteristic values can be collected into a set of dimen-

sionless parameters that are useful in defining the conditions of the flow, one of

the most notable is in the Reynolds number, Re, defined as

Re =
ρU0h0
µ

=
Inertial Forces

V iscous Forces
. (3.29)

When including the effects of surface tension, it is typical to use either the capillary

number, Ca, or Weber number to non-dimensionalise the surface tension coefficient

σ. In this work the capillary number is

Ca =
µU0

σ
=

V iscosity

Surface Tension
, (3.30)

and measures the viscous to surface tension effects. In determining the importance

of the gravitational forces, λ is introduced as a scale of the gravitational to viscous

forces as

λ =
ρg (h0)

2

µU0

=
Gravity

V iscosity
, (3.31)

which can be described as Re/Fr, with Fr given as the Froude number, defined

as the ratio of inertia and gravity,

Fr =
U2
0

gh0
=
Inertial Forces

Gravity
. (3.32)

In addition to the previous non-dimensional parameters which govern the isother-
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mal flow, two more dimensionless parameters are defined to determine the thermo-

dynamic properties of the film, these are the ratio between the heat transfer from

convection of the fluid motion to that of conduction, known as the Péclet number

Pe =
ρcpU0h0
k∗

=
Advective Heat Transfer

Diffusive Heat Transfer
, (3.33)

and Biot number, B which relates the surface heat transfer rate to the conduction

within the film, defined as

B =
h0γ

∗

k∗
=
External Convective Heat Transfer

Internal Conductive Heat Transfer
. (3.34)

By substitution of the newly introduced dimensionless variables and parameters,

the continuity equation (3.14) can be written in dimensionless form as

∂v

∂y
[1− εy]− εv +

∂u

∂s
= 0, (3.35)

while the Navier-Stokes momentum equations of the radial and azimuthal compo-

nents of (3.12) and (3.13) are expressed as the dimensionless radial momentum

equation of

εRe

[
−ε2∂v

∂t
− ε2v∂v

∂y
− ε2u

[1− εy]

∂v

∂s
− εu2

[1− εy]

]
= εRe

∂P

∂y
− ε2∂

2v

∂y2

+
ε3

[1− εy]

∂v

∂y
− ε4 1

[1− εy]2
∂2v

∂s2
+

ε4v

[1− εy]2
− 2ε3

[1− εy]2
∂u

∂s
+ ελ cos s, (3.36)

and the azimuthal momentum equation

εRe

[
∂u

∂t
+ v

∂u

∂y
+

u

[1− εy]

∂u

∂s
− ε uv

[1− εy]

]
= −εRe 1

[1− εy]

∂P

∂s
+
∂2u

∂y2

− ε

[1− εy]

∂u

∂y
+

ε2

[1− εy]2
∂2u

∂s2
− ε2u

[1− εy]2
− 2ε3

[1− εy]2
∂v

∂s
− λ sin s. (3.37)

The energy equation of (3.15) is written as

εPe

[
∂T

∂t
+ v

∂T

∂y
+

u

[1− εy]

∂T

∂s

]
=
∂2T

∂y2
− ε

[1− εy]

∂T

∂y
+

ε2

[1− εy]2
∂2T

∂s2
. (3.38)

The dimensionless boundary conditions at the free surface, now given at the

location of y = h of the kinematic surface condition of (3.20) and Newton’s law

of cooling (3.21) are
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∂h

∂t
− v +

u

H

∂h

∂s
= 0, (3.39)

∂T

∂y
− ε2

H2

∂h

∂s

∂T

∂s
=
B

Π
(Ta − T ) , (3.40)

where the dimensionless values of Π and H are given as

Π =

(
1 +

(
εh′

1− εh

)2
)−1/2

, (3.41)

H =1− εh. (3.42)

Acting at the interface between the fluid and air phases, the components of the

stress condition of (3.22) and (3.23) are written in dimensionless terms as

Pa = − ε

ReCa
κ+ P − 2Π2

Re

[
ε
∂v

∂y
−
(
∂u

∂y
+

εu

[1− εy]
+

ε2

[1− εy]

∂v

∂s

)
ε

H

∂h

∂s

+

(
ε3

[1− εy]

∂u

∂s
− ε4v

[1− εy]

)(
1

H

∂h

∂s

)2
]
, (3.43)

τ

Π2
=

[(
−∂u
∂y
− εu

[1− εy]
− ε2

[1− εy]

∂v

∂s

)(
−1−

(
ε

H

∂h

∂s

)2
)

+
2ε

H

∂h

∂s

(
−ε∂v

∂y
+

ε

[1− εy]

∂u

∂s
− ε2v

[1− εy]

)]
, (3.44)

and curvature of the interface between the fluid and air flow, given by the function

of (3.25) is non-dimensionalised as

κ =
Π

1− εh

[
− 1 +

ε3Π2

(1− εh)3

(
∂h

∂s

)2
∂2h

∂s2
+

ε4Π2

(1− εh)4

(
∂h

∂s

)4

− ε2

(1− εh)2

(
∂h

∂s

)2

− ε

(1− εh)

∂2h

∂s2

]
. (3.45)

The equation of the filling fraction for the film of (3.26) is given as
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πA = ε

π∫
−π

(
h− εh2

2

)
ds, (3.46)

while the boundary conditions on the cylinder wall at y = 0 of (3.17), (3.16)

and (3.19) for the prescribed wall temperature, no-penetration condition and slip

boundary condition are also non-dimensionalised as

T = Tw, (3.47)

v = 0, (3.48)

u = ls

[
∂u

∂y
+

εu

[1− εy]

]
. (3.49)

3.4 The Thin Film Approximation

In the bearing chambers of interest, the chamber is typically much larger in

size than the oil film thickness found to coat the interior walls. Therefore, the

characteristic radius r0 of the cylinder is similar in size to that presented by

Kakimpa et al. [1] and a film thickness is assumed to satisfy ε � 1, known as

the thin film assumption. Along with the thin film approximation, the typical

assumption is that many effects are likely to be negligible, notably those of inertia

and thermal convection. However, situations arise where these assumptions are

no longer suitable as the removed terms from the governing equations may be

dominant in local regions. One example is in the highly sheared flows found in

aero-engines according to Kay et al. [15] or Kakimpa et al. [1], where modest

values of inertia and thermal convection may be found. In the interest of retaining

the effects of moderate inertial and convective forces, the following regime is

proposed

ε� 1, εRe ∼ O (1) ,

λ ∼ O (1) , εPe ∼ O (1) . (3.50)

As rimming flows are mainly a balance between the gravitational and viscous

forces across the domain, the value of λ is therefore assumed to be leading order,

λ ∼ O (1). The remaining terms approach zero, including those of inertia with

ε� 1 when taken to O (1), and forms the framework of the classical lubrication

modelling for rimming flows, such as the work of Johnson [23]. Along with the

removal of inertial terms, due to the assumed thickness of the film being sufficiently
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narrow so that the inertial effects are negligible, the assumption of ε� 1 reduces

the radial momentum equation of (3.36) to provide a function of the film pressure

that is a constant. This constant pressure field is inadequate due to the hydrostatic

effects within pooling films according to the work by Acrivos and Jin [39], where

sharp pressure fluctuations are expected near locations with sudden variations

in the film height which elevate the pressure terms to leading order locally. The

terms of first order O (ε) must be included to incorporate the O (ε) gravitational

terms in the formulation of the model so that the hydrostatic pressure gradients

are retained. The inclusion of O (ε) terms is to maintain consistency in modelling,

and includes those of inertia at first order. The terms of higher order than O (ε),

found in the lateral thermal diffusion, at O (ε2) and those of surface tension at

O (ε3) are due to the elevated spatial derivative terms only in local regions of

sharp gradients, promoting these terms to be significant as either h′ or T̄ ′ are no

longer insignificant, with the prime ′ denoting a derivative with respect to s.

In this regime, the continuity equation of (3.35) is given exactly as

∂v

∂y
[1− εy]− εv +

∂u

∂s
= 0, (3.51)

while the radial and azimuthal momentum equations (3.36) and (3.37) are reduced

to

εRe

[
− εu2

[1− εy]

]
= εRe

∂P

∂y
+ ελ cos s+O

(
ε2, ε3Re

)
, (3.52)

εRe

[
∂u

∂t
+ v

∂u

∂y
+

u

[1− εy]

∂u

∂s
− ε uv

[1− εy]

]
= −εRe 1

[1− εy]

∂P

∂s

+
∂2u

∂y2
− ε

[1− εy]

∂u

∂y
+

ε2

[1− εy]2
∂2u

∂s2
− ε2u

[1− εy]2
− λ sin s+O

(
ε2, ε3Re

)
.

(3.53)

The energy equation of (3.38) is also given exactly as

εPe

[
∂T

∂t
+ v

∂T

∂y
+

u

[1− εy]

∂T

∂s

]
=

∂2T

∂y2
− ε

[1− εy]

∂T

∂y
// +

ε2

[1− εy]2
∂2T

∂s2
.

(3.54)

The boundary conditions at the cylinder surface of (3.47) and (3.48) remain

identical for the thin film assumption, while the partial slip condition of (3.49) is

reduced to become
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u = ls

[
∂u

∂y
+ εu

]
+O

(
ε2
)
. (3.55)

Similarly, by following the thin film approximation the free surface boundary

conditions of the heat transfer equation (3.40) and kinematic condition at the free

surface (3.39) yield

∂T

∂y
= B (Ta − T ) +O

(
ε2
)
, (3.56)

∂h

∂t
(1− εh)− v (1− εh) + u

∂h

∂s
= O

(
ε2
)
, (3.57)

where the value of Π can be approximated to Π ≈ 1 with a negative power binomial

series, as Π will be multiplied by ε later in the formulation so all higher order

terms have been neglected. The surface curvature (3.45) is also approximated

by the thin film approximation and binomial expansion as κ = −1− ε (h′′ + h),

where the retention of εh′′ term is due to this term becoming considerable in

developing pool or shock solutions according to Kay et al. [14], Ashmore et al.

[49] and Benilov et al. [44]. This h′′ will become a third order spatial derivative

and is expected to act as the stabilizing surface tension term from the normal

stress boundary condition (3.43), which in the thin film limit becomes

Pa ≈ −
εκ

ReCa
+ P. (3.58)

The driving shear force from the tangential stress condition (3.44), following the

thin film limit is written as

τ ≈ ∂u

∂y
+ εu, (3.59)

while the thin film approximation of (3.46) is simply

πA = ε

π∫
−π

h ds+O
(
ε2
)
. (3.60)

By calculating the filling fraction A, continuity of the film mass can be ensured

when using a steady-state solver as a fixed volume of fluid can be safeguarded.
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3.5 Depth-Averaging of the Governing

Equations

The governing and boundary equations have been simplified by the thin film

approximation, however there is another technique to aid in further simplifying

the governing equations which involves the integration of the governing equations

to reduce the dimensionality of the problem. This process is known as depth-

averaging, and introduces a new type of quantity commonly called the mean field

variables, good examples of which may be found in Nguyen and Balakotaiah [68]

or Benilov [76] in the study of planar flows. The idea of integrating the equations

is that by reducing the problem dimensionality, the computational costs associated

with solving the governing equations are also reduced. This technique, known as

depth-averaging or integral boundary layer method has been previously used in

the exploration of rimming flows, see the works of Kakimpa et al. [1], Kay et al.

[14] or Kay et al. [15].

The integration of (3.51) across the film from y = 0 to y = h gives the

depth-averaged continuity equation

(1− εh)
∂h

∂t
+
∂q

∂s
= O

(
ε2
)
, (3.61)

where we have introduced one of the new mean film variables, denoted by q as a

dimensionless volume flux per axial unit length of the cylinder, and can also be

found in other works such as Moffatt [31] or Ashmore et al. [49] and is given as

h∫
0

u dy = q. (3.62)

The radial momentum equation (3.52) is not integrated across the film depth, as

an equation to model the variation in pressure through the film is still required.

It is possible to integrate (3.52) and express this as a function which defines the

pressure distribution radially across the film, this is given as

P (y) = ε

h∫
0

u2 dy − ε
y∫

0

u2 dy + Pa +
ε

ReCa
κ+

λ cos s [h− y]

Re
, (3.63)

where the normal stress condition of (3.58) is used to evaluate the integration

constant. A useful identity can be formed from the continuity equation (3.51) and

is given as
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∂

∂y
([1− εy] vu) + u

∂u

∂s
= (1− εy) v

∂u

∂y
. (3.64)

Using the pressure function of (3.63), the derivative function of (3.64), the

normal stress condition (3.58) and kinematic condition (3.39), the depth-averaged

azimuthal momentum equation of (3.53) can be evaluated with use of Leibniz

rule of integration, and is henceforward referred to as the momentum equation is

expressed as

Inertia︷ ︸︸ ︷
εRe

[
∂
∂t

∫ h
0

[(1− εy)u] dy + ∂
∂s

∫ h
0
u2 dy − ε

∫ h
0
uv dy

]
=

Inertia︷ ︸︸ ︷
−ε2Re

[
∂
∂s

∫ h
0

∫ h
0
u2 dy dy − ∂

∂s

∫ h
0

∫ y
0
u2 dy dy

]
+

Surface Tension︷ ︸︸ ︷
ε3

Ca

[
h∂

3h
∂s3

+ h∂h
∂s

]
−ε
[
λ cos sh∂h

∂s
− λ sin sh

2

2

]
︸ ︷︷ ︸

Hydrostatic Pressure

+
[
∂u
∂y
− εy ∂u

∂y

]h
0︸ ︷︷ ︸

Viscosity

−
[
h− εh2

2

]
λ sin︸ ︷︷ ︸

Gravity

. (3.65)

The surface tension terms from (3.63) are retained, including those which are

now at O (ε3), as mentioned in Kay et al. [14] or Kakimpa et al. [1], due to

their reported stabilising effects, notably on the short wavelength perturbations

that may occur when obtaining numerical solutions. With the substitution of the

boundary conditions and functions prevalent on the various forces acting on the

flow, (3.65) shows the contributions of the forces that have been added from the

viscous and gravitational balance, with those of the pressure gradients, surface

tension and inertia. The radial velocity, v can be inferred from the azimuthal

velocity by integrating equation (3.51), leading to v as a function of the azimuthal

velocity,

v = − ∂

∂s

∫
u dy. (3.66)

With the introduction of the volume flux, q as a mean parameter to represent the

velocity field, the temperature field can also be expressed by the mean variable T̄

which is defined as

T̄ =
1

h

h∫
0

T dy, (3.67)

and is known as the mean film temperature, and is equivalent to the volume

averaged temperature per axial unit length. Therefore, by integrating across the

film depth, the depth-averaged energy equation of (3.54) is
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εPe

 ∂
∂t

h∫
0

[(1− εy)T ] dy +
∂

∂s

h∫
0

uT dy

 =

[
(1− εy)

∂T

∂y

]h
0

+ ε2
∂2

∂s2

h∫
0

T dy − ε2T ∂
2h

∂s2
− 2ε2

∂T

∂s

∂h

∂s
, (3.68)

where the left hand side is the thermal convective terms and right hand side are

thermal diffusive terms. The method of depth-averaging presents a useful technique

for including complex non-linear terms like those of inertia and convection in a

leading order model, by using mean parameters to eliminate some of the difficulty

associated with solving the velocity fields with the non-linear inertial terms in

numerical models. The caveat to this improvement in reducing the complexity

of solving the Navier-Stokes equations is that while the velocity or temperature

fields may be selected by a priori functions, the accuracy is reduced as a cost of

not solving the full two-dimensional Navier-Stokes and energy equations.

3.6 Introducing Polynomial Functions for

Velocity and Temperature

At this stage, the model has been reduced to a set of one-dimensional integro-

differential equations, the depth-averaging method has substituted the velocity

and temperature fields for mean values in the equations. However, it is helpful

to observe flow recirculation and where high temperatures will occur to prevent

oil degradation in the bearing chamber. Therefore, a method to approximate the

velocity and temperature profiles is presented in this section by using a general

leading and first order polynomial function which is defined as

u =
1∑
j=0

εjuj =u0 + εu1, (3.69)

T =
1∑
j=0

εjT j =T 0 + εT 1. (3.70)

The model is only given to O (ε2), so the fields functions are required to be only

to O (1) and O (ε).

The order of the polynomial used in the literature has ranged from a quartic of

Gribben et al. [70], a cubic of Kay et al. [14] or a quadratic expression as in Kay
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Figure 3.2: A demonstration of a quadratic function modelling complex recircula-
tion regions of the velocity field for a typical pooling film. The red lines denote the
calculated azimuthal velocity profile at each blue point, having been normalised
to the maximum film velocity.

et al. [14] and Sivapuratharasu et al. [75] or Benilov [76]. In this work, quadratic

profiles have been chosen as a suitable function to represent the temperature

and velocity fields. This is because solutions to the Navier-Stokes equations with

negligible inertia, known as Stokes flow, have analytical solutions with a parabolic

profile. This quadratic assumption of the velocity profile is also found to be

sufficient in modelling flow recirculation, with the azimuthal velocity components

represented in figure 3.2 for a typical pooling film.

The O (1) and O (ε) coefficients of the quadratic profiles for velocity and

temperature are

uj =
2∑
i=0

ajiy
i =aj0 + aj1y + aj2y

2, (3.71)

T j =
2∑
i=0

bjiy
i =bj0 + bj1y + bj2y

2. (3.72)

To evaluate the velocity polynomial, these coefficients may be found by establishing

and solving a set of simultaneous equations which can be posed by the boundary

conditions of (3.59) and (3.55) and the definition of the volume flux (3.62) at

both leading and first order. At leading order, these equations are
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u = ls

[
∂u0

∂y

]
, (3.73)

τ =
∂u0

∂y
, (3.74)

q =

h∫
0

u0 dy, (3.75)

while to first order they are given as

u1 = ls

[
∂u1

∂y
+ u0

]
, (3.76)

0 =
∂u1

∂y
+ u0 + u1, (3.77)

0 =

h∫
0

u1 dy. (3.78)

The velocity coefficients, aji to leading order of j = 0 can therefore be expressed

as functions of τ , q, h and ls as

a00 =
ls (6q − τh2)
2h2 + 6lsh

, (3.79)

a01 =
6q − τh2

2h2 + 6lsh
, (3.80)

a02 =
3τh3 + 6lsτh− 6q

4h3 + 12lsh2
, (3.81)

and the first order coefficients with j = 1

a10 =
ls (τh3 + 6qh+ 36lsq)

8 (h+ 3ls)
2 , (3.82)

a11 =
τh4 + 4τh3ls + 12τh2l2s + 6qh2 + 12qhls − 72ql2s

8h (h+ 3ls)
2 , (3.83)

a12 = −3τh3 + 18τh2ls + 36τhl2s + 18qh+ 72qls
16 (h2 + 3lsh) (h+ 3ls)

. (3.84)

In a similar method of obtaining the coefficients to the velocity profile, the

temperature coefficients are also solved by posing leading and first order expressions

of the thermal conditions at the free surface (3.56) and at the wall (3.47), along
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with the mean temperature definition (3.67), which at leading order is

T 0 = Tw, (3.85)

B
(
Ta − T 0

)
=
∂T 0

∂y
, (3.86)

with the mean temperature definition to create the three simultaneous equations

hT̄ =

h∫
0

T 0 dy, (3.87)

which are then solved to give the coefficients of bji for i = 0 as

b00 = Tw (3.88)

b01 = −12Tw − 12T̄ + 2BTah− 6BT̄h+ 4BTwh

Bh2 + 4h
(3.89)

b02 =
6Tw − 6T̄ + 3BTah− 6BT̄h+ 3BTwh

h (Bh2 + 4h)
. (3.90)

At a first order approximation, the thermal equations are

T 1 = 0, (3.91)

−BT 1 =
∂T 1

∂y
, (3.92)

0 =

h∫
0

T 1 dy, (3.93)

which are solved to give the coefficients to O(ε)

b10 = b11 = b12 = 0, (3.94)

and therefore leads to T 1 = 0.

Having defined the radial velocity in terms of the azimuthal velocity components

in (3.66), it is appropriate to substitute (3.69) and the calculated coefficients of

aji from (3.79), (3.80) and (3.81) to obtain the leading order radial velocity

v0 = − ∂

∂s

(
a00
)
y − ∂

∂s

(
a01
) y2

2
− ∂

∂s

(
a02
) y3

3
. (3.95)

The terms which are higher than O (ε0) are shown to be raised to O (ε2) in (3.65)
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and are therefore assumed to be negligible as part of the thin film limit (3.50).

The derivative terms in (3.95) may be resolved analytically, previously shown in

the work of Kay et al. [15]. However, they may also be resolved numerically and

this is detailed later in section 3.7.

The momentum equation of (3.65) contains a number of integrals with functions

of u and v, while the energy equation (3.68) also contains integrals of u and T

that all need evaluating. Therefore, in accordance with (3.50), the momentum

integrals can be expressed as leading and first order integrals:

h∫
0

u2 dy =

h∫
0

(
u0
)2

dy + 2ε

h∫
0

(
u0u1

)
dy +O

(
ε2
)
,

(3.96)

h∫
0

uv dy =

h∫
0

(
u0v0

)
dy +O (ε) , (3.97)

h∫
0

h∫
0

u2 dy dy −
h∫

0

y∫
0

u2 dy dy =

h∫
0

y
(
u0
)2

dy +O (ε) , (3.98)

and, by using the velocity coefficients previously calculated for u and v, these

integrals are written as a number of functions, named as L0, J0, J1, H1, H2, H3

and P 0

h∫
0

(
yu0
)
dy = L0, (3.99)

h∫
0

(
u0
)2

dy + 2ε

h∫
0

(
u0u1

)2
dy = J0 + εJ1, (3.100)

−ε
h∫

0

u0v0 dy =
∂a00
∂s

H1 +
∂a01
∂s

H2 +
∂a02
∂s

H3, (3.101)

h∫
0

y
(
u0
)2

dy = P 0, (3.102)

with the derivative terms being given as functions D0 and D1 and evaluated as[
∂u0

∂y
+ ε

∂u1

∂y
− εy∂u

0

∂y

]h
0

= D0 + εD1. (3.103)
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These coefficients from (3.99) - (3.103) are functions which are dependent on the

unknowns h and q

L0 = a00
h2

2
+ a00

h3

3
+ a00

h4

4
, (3.104)

J0 =
(
a00
)2
h+

(
a01
)2 h3

3
+
(
a02
)2 h5

5
+
(
a00a

0
1

)
h2 + 2

(
a00a

0
2

) h3
3

+
(
a01a

0
2

) h4
2
, (3.105)

J1 =
(
a00a

1
0

)
h+

(
a01a

1
0

) h2
2

+
(
a02a

1
0

) h3
3

+
(
a00a

1
1

) h2
2

+
(
a01a

1
1

) h3
3

+
(
a02a

1
1

) h4
4

+
(
a00a

1
2

) h3
3

+
(
a01a

1
2

) h4
4

+
(
a02a

1
2

) h5
5

(3.106)

H1 = a00
h2

2
+ a01

h3

3
+ a02

h4

4
, (3.107)

H2 = a00
h3

6
+ a01

h4

8
+ a02

h5

10
, (3.108)

H3 = a00
h4

12
+ a00

h5

15
+ a00

h6

18
, (3.109)

P 0 =
(
a00
)2 h2

2
+
(
a01
)2 h4

4
+
(
a02
)2 h6

6
+ 2

(
a00a

0
1

) h3
3

+
(
a00a

0
2

) h4
2

+ 2
(
a01a

0
2

) h5
5
, (3.110)

D0 = 2a02h, (3.111)

D1 = 2a12h− a01h− 2a02h
2. (3.112)

The momentum equation of (3.65) may therefore be written

εRe

[
∂q

∂t
− ε∂L

0

∂t
+
∂J0

∂s
+ ε

∂J1

∂s
+
∂a00
∂s

H1 +
∂a01
∂s

H2 +
∂a02
∂s

H3 + ε
∂P 0

∂s

]
=

ε3

Ca

[
h
∂3h

∂s3
+ h

∂h

∂s

]
− ελ cos sh

∂h

∂s
+D0 + εD1 −

[
h− εh2

]
λ sin s. (3.113)

The integrals found within the energy equation (3.68) may also be expressed to

leading and first order
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h∫
0

uT dy =

h∫
0

(
u0T 0

)
dy + ε

h∫
0

(
u1T 0

)
dy +O

(
ε2
)
,

[
(1− εy)

∂T

∂y

]h
0

=

[
∂T 0

∂y
+ ε

∂T 1

∂y
− εy∂T

0

∂y

]h
0

+O
(
ε2
)
,

ε2T
∂2h

∂s2
+ 2ε2

∂T

∂s

∂h

∂s
= ε2T 0∂

2h

∂s2
+ 2ε2

∂T 0

∂s

∂h

∂s
+O

(
ε3
)
. (3.114)

These integral expressions can be expressed as functions of the temperature and

velocity coefficients aji and bji , and are given as Q0, F 0, F 1, M0 and M1,

h∫
0

(
yT 0

)
dy = Q0,

h∫
0

(
u0T 0

)
dy + ε

h∫
0

(
u1T 0

)
dy = F 0 + εF 1,

[
∂T 0

∂y
+ ε

∂T 1

∂y
− εy∂T

0

∂y

]h
0

= M0 + εM1. (3.115)

These functions will be dependent on the unknown variables h, q and T̄ as

Q0 = b00
h2

2
+ b01

h3

3
+ b02

h4

4
, (3.116)

F 0 =
(
a00b

0
0

)
h+

(
a01b

0
0

) h2
2

+
(
a02b

0
0

) h3
3

+
(
a00b

0
1

) h2
2

+
(
a01b

0
1

) h3
3

+
(
a02b

0
1

) h4
4

+
(
a00b

0
2

) h3
3

+
(
a01b

0
2

) h4
4

+
(
a02b

0
2

) h5
5
, (3.117)

F 1 =
(
a10b

0
0

)
h+

(
a11b

0
0

) h2
2

+
(
a12b

0
0

) h3
3

+
(
a10b

0
1

) h2
2

+
(
a11b

0
1

) h3
3

+
(
a12b

0
1

) h4
4

+
(
a10b

0
2

) h3
3

+
(
a11b

0
2

) h4
4

+
(
a12b

0
2

) h5
5
, (3.118)

M0 = 2b02h, (3.119)

M1 = 2b12h− b01h− 2b02h
2. (3.120)

The energy equation (3.68) is then written as

75



CHAPTER 3. MATHEMATICAL FORMULATION

εPe

[
∂

∂t

(
hT̄
)
− ε∂Q

0

∂t
+
∂F 0

∂s
+ ε

∂F 1

∂s

]
=

M0 + εM1 + ε2
∂2

∂s2
(
hT̄
)
− ε2T 0|h

∂2h

∂s2
− 2ε2

∂T 0|h
∂s

∂h

∂s
. (3.121)

The mathematical derivation of the depth-averaged governing equations have now

been completed. The model includes many physical effects found in a bearing

chamber, such as inertia and includes the important partial slip boundary condition

on the cylinder wall.

3.7 Numerical Methods

This section details procedures which have been used to solve the mathematical

model developed in this Chapter, represented by the continuity(3.61), energy

(3.121) and momentum (3.113) equations. This system of equations contains

spatial and temporal derivatives, therefore methods to discretise these derivatives

are necessary to obtain solutions to the unknown variables, h (s, t), q (s, t) and

T̄ (s, t). The techniques used to discretise the domain and time into small portions

are given in this section.

3.7.1 Spatial Discretisation

There are numerous methods to approximate spatial derivatives, one of the

most familiar will be the finite difference method. The main aspect of spatial

discretisation is to disperse nodes throughout the domain. These nodes contain

solution information and can be homogenously distributed. However, for this

thesis a pseudo-spectral method has been used due to its high level of accuracy.

The key difference between these two methods is finite difference acts on a narrow

spatial region of these nodes while spectral methods are a global scheme and use

every node. The pseudo-spectral method used in this thesis is based on Fourier

transforms, creating differentiation matrices which can be directly applied to the

derivative functions. The book Spectral Methods in MATLAB by Trefethen [176]

goes into detail about spectral methods, offering valuable specifics about practical

implementation in the MathWorks MATLAB software package.

The advantage of using the Fourier spectral method is that while the cost

of solving with a dense matrix is greater than with a sparse matrix, the rate of

convergence is significantly faster. This is shown in figure 3.3, where a fourth-order

finite difference approximation is compared to the Fourier spectral method in
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Figure 3.3: The numerical convergence of a fourth order finite difference scheme
in red and the numerical scheme of this thesis in black in approximating the
derivative of ecos(x).

approximating the derivative of ecos(x). It is clear that the fourth-order finite

difference approximation has a convergence rate of only O(N−4), necessitating a

high N count to achieve a good level of accuracy. However, the convergence of the

spectral method is much greater, typically to O(N−m), with the value of m being

dependent upon the function smoothness and order of approximation. Therefore,

fewer nodes are necessary to achieve equal or greater accuracy in approximating

derivative functions.

As depth-averaging has made the problem one-dimensional, only the azimuthal

direction needs to be discretised, so nodes only need to be distributed in s ∈ [−π, π].

The initial Fourier differentiation matrices place a defined number of nodes, N

in the temporary domain of η ∈ [−1, 1]. This mesh can be transformed with

stretching functions, for this thesis a hyperbolic sine function has been used,

however other functions which are relevant to the problem being solved may be

used. The hyperbolic sine function was chosen for its characteristic of clustering

nodes in the domain centre to help capture the film profiles accurately and is

given as

f (η) =
π sinh (cη/π)

sinh (c)
. (3.122)

The meshing parameter, c is introduced to control the distribution of nodes

within s ∈ [−π, π]. As the meshing parameter gets larger, c > 1, the nodes are

increasingly clustered symmetrically towards the domain centre. To create a

uniformly distributed mesh, the meshing parameter must be set to c = 1. In

most cases, the meshing parameter has been set to 1.3 to improve the node
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clustering where capillary ripples form. With the mesh transformed onto s ∈
[−π, π], the differentiation matrices need to be transformed onto the domain. The

transformation method is outlined by Boyd [177], with the general transformation

functions given as

d

ds
=

1

f

[
d

dη

]
, (3.123)

d2

ds2
=

1

f 3

[
ḟ
d2

dη2
− f̈ d

dη

]
, (3.124)

d3

ds3
=

1

f 5

[(
ḟ
)2 d3

dη3
−
(

3ḟ f̈
)2 d2

dη2
+

(
3
(
f̈
)2
−
(
ḟ

...
f
)) d

dη

]
. (3.125)

The functions ḟ , f̈ and
...
f being defined as the derivatives of f (η) with respect to

η. The Fourier spectral method works on periodic domains, so with the ends of

the cylindrical domain defined as

h (−π) = h (π) , q (−π) = q (π) , T̄ (−π) = T̄ (π) , (3.126)

the periodicity requirement is satisfied neatly.

A second transformation has been applied to the domain, using a shifting

parameter, β, therefore the domain centre can be moved to be higher up either

side of the cylinder wall. This transformation is only utilised in Chapter 6, to

improve the mesh resolution around waves with particularly small wavelengths.

The transformation function is given as

f (s+ β) = f (s) + β. (3.127)

The spacing between each node remains the same, as the shift is a linear transition,

therefore it is not necessary to transform the differential matrices with respect to

β as ḟ(s+ β) = 1 and f̈(s+ β) ≡
...
f (s+ β) ≡ 0.

With the domain now split into small sections, the integral of the filling fraction

equation (3.60) needs to be approximated. For this thesis, the trapezium rule has

been used and is defined as

A =
ε

π

∫ π

−π
h ds =

ε

2π

N∑
i=1

(hi + hi+1) ∆si. (3.128)

This equation can be used to ensure a steady-state film, the rate of convergence

is O (N−2) and necessitates a high number of nodes to achieve a good level of

accuracy.
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3.7.2 Temporal Discretisation

The temporal derivatives may be approximated by dividing the time into discrete

steps, ∆t and approximating the next step in the solution. This can be used to

march the solution forward in time to simulate transient solutions. There are

explicit and implicit methods to express the time derivative, for this thesis a first

order implicit method has been used, where

φn+1 − φn

∆t
= F (φ). (3.129)

The implicit method is always stable for any value of ∆t. However, small values of

∆t are required to capture the fluid motion accurately and is typically monitored

by the Courant number, which is defined as

C =
u∆t

∆s
≤ Cmax. (3.130)

The implicit method means larger values of Cmax can be tolerated, but for the

work in this thesis the time step size is typically ∆t ≤ 0.01.

3.7.3 Programming the Algorithms

The numerical algorithms to approximate the governing equations may be im-

plemented in any programming language. For this thesis, this has been the

MathWorks software package MATLAB. These programs are typically referred to

as solvers and are split into two types, the steady-state and transient solvers. The

first assumes the flow has reached a steady situation while the second marches

the solution in time and is not necessarily steady.

These solvers require several equations to determine several unknown variables

(h, q and T̄ ), the number needed is dependent on if either the steady or transient

solver is being used. Both steady and transient solvers solve the momentum

equation (3.113) at each node. Therefore, there are N number of equations to

be solved. For the steady solver, the filling fraction equation (3.128) presents

only 1 equation which needs to be solved for the domain, whilst the continuity

equation (3.61) needs to be solved at every node and is an additional N equations.

The energy equation (3.121) also needs to be solved at every node for the film’s

thermodynamics, so is N equations to be solved.

The steady state solver gives solutions to h and T̄ at each node and a single

value of q for the domain, which is N + 1 unknowns for the isothermal model and

2N + 1 for the non-isothermal model. The transient solver gives solutions for h, q

and T̄ at each node, which is 2N unknowns for the isothermal model and 3N for

the non-isothermal model.
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These solvers have been developed in purposefully built MATLAB scripts,

where solutions to the non-linear equations are approximated with the inbuilt

non-linear function solver fsolve. There are many criteria and options available to

calculate the solutions, where the aim is to minimise the equation residuals so

that

F
(
φi
)
← 0. (3.131)

This is done by starting with an initial solution value, φ0 which is used to calculate

a better approximation within fsolve, giving the solution φ1. This is repeated

until the φi solution satisfies (3.131).

3.7.4 Computational Resources

The algorithms of this thesis were performed on a Windows 7 64-bit operating

system using the MathWorks software package MATLAB versions R2017b and

R2019a. The processor was an Intel Xeon E5-1620 v3 (8 Cores) CPU running

at 3.50GHz with 32Gb of RAM. The time for each simulation was dependent

upon the number of nodes, N being used in the simulation, but each simulation

typically took several minutes. However, for the work in Chapter 6 the very large

mesh of N = 5, 000 took several hours to run until a steady solution was obtained.

A standard floating-point number incurs some rounding when being processed

by a computer, normally these are described as a single precision or double

precision number. A single precision number is broken into 3 parts, the sign (1

bit), the exponent (8 bits) and the remaining 23 bits are used for the fraction.

For a double precision number, the first 12 bits store the sign and exponent

information, while the remaining 52 bits store a greater amount of information

on the fractional part. This means that a single floating-point number has an

accuracy of only 6 to 9 significant figures, while the double floating-point precision

has an accuracy of 15 to 17 significant figures. The default setting of MATLAB is

to use double precision for storing floating-point values using 8 bytes of data per

number.

3.7.5 Solver Convergence

The computer model has two types of criteria that must be adhered to in order

to determine solutions. The two criteria are as follows, monitoring the transient

solver to determine when it is steady. Secondly, when the iterative procedures

can be stopped. The first criteria determines if the solution of the transient solver

may be assumed to be steady, this is done by checking the absolute error between
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the solution values at time step i and i− 1. If this error is lower than the specified

threshold of 1e−10, the solution is determined to be steady.

The criteria to stop the iterations of fsolve encompasses two main parts, these

are the maximum number of iterations that may be performed and the difference

between iteration steps. The maximum number of iterations that can be performed

for the steady solver is N ∗ 20. For example, if N = 1, 000, there may be up to

20, 000 iterations until the solver stops iterating and the solution has failed to

converge. The second part measures the change in the solution between iteration

steps, where the absolute difference between solutions at each node must be lower

than the limit of 1e−20. There are additional settings which have been changed

from the default values of fsolve to ensure these criteria will be met. All the

results presented in this thesis have either met the convergence criteria outlined

in this sub-section or is explicitly stated.

3.8 Chapter Summary

In this Chapter, a set of integral equations which represents the conservation of

mass, momentum and energy has been derived from the Navier-Stokes equations

for a rimming flow. The review of literature concluded that hydrostatic pressure

and surface tension are both important physical effects for rimming flows, while

the inclusion of inertia and thermal convection are considered important for the

high-speed flows found within the bearing chamber. By applying a thin film

approximation to the governing equations, these effects may all be retained within

the model, especially those of inertia and convection as moderate Reynolds and

Péclet numbers are permitted. Notably, the derivation in this thesis includes the

partial slip boundary condition to assess how slip changes the film profiles.

This method of depth-averaging means that the surface boundary conditions

may be directly applied to the governing equations, while also introducing a

set of mean flow values which replace the full temperature and velocity fields.

This technique also reduces the spatially two-dimensional problem into only one-

dimension, greatly simplifying the non-linear equations which need to be solved.

The full velocity and temperature profiles will be reconstructed from the mean

values by an a priori selection of polynomials which represent the complete profile.

The model of this Chapter is approximated by a pseudo-spectral method using

a clustered domain discretisation which can be used to increase the node density

in areas of interest. While there are relevant validation studies which are presented

at the beginning of each Chapter, the criteria in determining solver convergence

and mesh independence of the steady-state and transient solvers are outlined.

These are determined to be appropriate in minimising numerical error.
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Chapter 4

Isothermal Thin Film Rimming

Flow Driven by Surface Shear

The work in this Chapter has been published in the peer reviewed journal paper

of Nicholson et al. [178], though Section 4.7 has not yet been published. The

content of this Chapter primarily focuses on the fluid dynamics of the proposed

model, using the dimensionless parameters to thoroughly analyse the role that

fluid slip has on the developing film profiles. The initial focus is on the change to

the classical lubrication theory and fundamental changes due to slip occurring

within the cylinder and how including higher order effects can develop solutions

that do not exist in lubrication theory.

The flow is assumed to be isothermal in this Chapter, so the governing equations

of the flow are (3.113), (3.61) and (3.128). Each section investigates flows where

one parameter is typically dominant, such as gravitational or inertial effects, in

addition detailing how slip lengths of different sizes effect the flow. With inclusion

of inertia equal to leading order effects, the investigation into moderate Reynolds

numbers has been performed using both a proportional filling fraction, A and a

constant filling fraction to investigate how the flow changes when inertia and fluid

slip interact.

4.1 Film Profiles within Classical Lubrication

Theory Framework

This Section focuses on the classical lubrication theory limit, which within ε � 1

leads to a gravity - viscosity balance in the film with all other forces (inertia,

surface tension, pressure gradients) neglected. In this case the governing equation

of (3.53) with the partial slip boundary condition reduces to:
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h3
λ sin s

3
− h2

(τ
2
− lsλ sin s

)
− hlsτ + q = 0. (4.1)

This equation is important as the additional forces which are neglected can

be considered as perturbations, so that a lot about the film behaviour can be

determined from it. It is also algebraic rather than differential so can be analysed

simply. Analysis of (4.1) was first carried out by Moffatt [31] and later by Johnson

[23] for the case of a rotating cylinder with no-slip conditions. By exploiting the

boundedness of the sine function they determined that the film flow was separated

into three regimes corresponding to flows below, at and above a critical value of

height and flow rate (flux) which correspond to the values of h and q at s = π/2.

Upon treating λ and τ as constant values, the depressed cubic equation (4.1) is

readily solvable with the slip condition included, and the critical values are:

hc =
τ − 2lsλ

2λ
+

√
τ 2 + 4l2sλ

2

2λ
, (4.2)

qc = −h3c
λ

3
+ h2c

(τ
t
− lsλ

)
+ hclsτ. (4.3)

Typically, the critical flux qc is used as the parameter to distinguish between the

regimes, though hc can also be appropriate. With a no-slip boundary condition

(ls = 0), (4.3) yields the well-known critical film flux for a shear driven flow of

qc = τ 3/ (6λ)2 and the critical film height hc = τ/λ which was reported by Kay et

al. [14], Williams et al. [175], Williams [179] and Villegas-Dı́az et al. [36]. An

asymptotic analysis for an increasing slip length demonstrates that the critical

film height tends towards hc = τ/2λ and the critical flux approaches qc = ∞
in an idealized model where there is no surface shear due to infinite slip. The

three distinct classifications of film profiles for a specified film flux are termed as

sub-critical, critical and super-critical, defined as:

1. Sub-Critical Case, q < qc. Two branches of real and positive solutions

exist. One branch represents a completely wetting solution across the entire

domain, in which the cylinder is completely coated in fluid. The second

branch represents a non-physical solution in the region 0 ≤ s ≤ π, with an

unbounded film height at the limits of this region.

2. Critical Case, q = qc. The previously mentioned two branches converge at

the point s = π/2, forming a completely wetting solution branch connected

to an unbounded solution that exists within 0 ≤ s ≤ π. At this value of the

film flux, the film height forms a peak known as the critical film height, hc

and provides the maximum fluid loading for a continuous profile under the
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Slip length, Film height, Film flux, Filling fraction,
ls hc qc Ac
0 1 0.1667 0.1258

0.001 0.999 0.1667 0.1256
0.01 0.9901 0.1667 0.1238
0.1 0.9099 0.171 0.1088
1 0.6180 0.3484 0.0682
...

...
...

...
∞ 0.5 ∞ 0.0561

Table 4.1: The effects of increasing slip length, ls on the critical film values, hc, qc
and Ac.

lubrication approximation, defined as the critical filling fraction, Ac.

3. Super-Critical Case, q > qc. No solutions exist in this regime where fluid

completely coats the cylinder’s internal surface for classical lubrication

theory. Two solution branches exist with a disconnected region located

around s = π/2 in which no real and positive film solution can exist.

Inclusion of higher order effects has been shown to bridge this discontinuous

region outside of the typical lubrication theory assumptions.

Within these classifications, a single physical solution exists in the region

s ∈ [−π, 0], while for s ∈ [0, π], the solution is dependent upon the ratio of q/qc

with physical, unbounded or discontinuous solutions existing. These classical

lubrication theory solutions are shown in figure 4.2 along with film profiles where

inertial effects are assumed to be equal to leading order terms and is shown to

form a fully coated rimming flow.

The variation in critical values with increasing slip lengths are given in table 4.1.

As the slip length increases, the effects on the critical film values asymptotically

approach their limiting values. The inclusion of a wall slip is found to limit the

maximum sustainable filling fraction to half of the value in a no-slip case. It should

be noted that for a fixed filling fraction A or film flux q, an increasing slip length

ls alters the transition from sub-critical to super-critical cases, as discussed in the

next Section. It is shown that the diminishing critical film height hc becomes is

significant when ls ∼ O (ε), as shown in figure 4.1 (a), closely matching the trend

for the critical fill fraction Ac, as shown in figure 4.1 (c). In contrast, the film flux

is shown to exponentially increase with ls in figure 4.1 (b).
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Figure 4.1: The effect of slip length, ls on the critical film values under classical
lubrication theory, as calculated from (4.1) with hc in (a), qc in (b) and Ac in (c).
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4.2 Film Profiles in Comparison to Classical Lu-

brication Theory

In accordance with classical lubrication theory, the existence of fully coating

flows beyond q > qc are introduced by higher order effects when taking surface

tension to be of first order, such that ε3/Ca ∼ O (ε). This provides a smoothing

effect, bridging across the non-physical solution region in the super-critical profile

as detailed by Benilov et al. [44] and Kay et al. [14]. This smoothing means

physical solutions for a completely wetting film can be found even when the film is

within the defined super-critical realm, as shown in figure 4.2 (c), whereas classical

lubrication theory predicts a non-physical region. The presence of solutions

within the super-critical class allows for the presence of shock-type solutions to be

explored. This is categorised by a film profile that occurs on the smooth solution

with a peak, typically located on the cylinders rising side that connects to the

unbounded solution found in sub-critical cases as in figure 4.2 (a). The addition

of inertial effects has smoothed the peak film height, shown at the critical film

profile of figure 4.2 (b), with the solution branches intersecting.

4.3 Stronger Gravitational Effects with

Negligible Inertia

In treating the inertial effects as negligible, films with filling fractions equating to

A > Ac are explored. For flow driven by the cylinder rotation, Ashmore et al. [49]

studied the effect of gravity-dominated solutions in the formation of pooling films.

They varied the equivalent parameter of λ for the ratio of gravitational to viscous

forces. Next, the effect of gravity on film profiles with slip are studied. At the

first instance, the slip values are chosen to be small to obtain film heights which

are comparable to those by Ashmore et al. [49]. As noted previously, increasing λ

transitions the film profile from a smooth rimming flow towards a deepening pool

solution at the cylinder base. In accounting for the differences of rotational and

shear driven flow, the film profiles in figure 4.3 were found to be comparable to

Ashmore et al. [49] for both high and low gravitational effects.

When the gravitational effects are weak (λ = 1− 2), the film is shown to

spread relatively uniformly across the cylinder, as in figure 4.3. When λ > 5

however, we observe a solution pooling deeply at the bottom, where much of

the film coating the cylinder becomes very thin. Therefore, the effect of slip is

expected to be substantial in the latter case. In the next Section we will investigate

how an increasing slip length influences the transition from a smooth profile to a
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Figure 4.2: The three possible regimes of sub-critical (a), critical (b) and super-
critical (c) film profiles for; λ = 1, τ = 1, ls = 0, Re∗ = 30, ε = 10−2, Ca = 10−3.
The unbounded solutions are shown in parts (a) and (b), while the non-physical
region is shown in part (c). With dotted lines indicating solutions to (4.1) and
solid lines as solutions to the coupled equations of (3.113), (3.61) and (3.60).
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Figure 4.3: Profiles for increasing gravitational forces for; τ = 1, ε = 0.1,
Re∗ = 10−3, Ca = 0.1, A = 0.1 and ls = 0.01. With the coloured lines given as
orange for λ = 1, blue for λ = 2, black for λ = 3, green for λ = 5 and red for
λ = 10.

pooling solution.

Typically, when there are higher film heights around the cylinder base; the

solutions are known as pooling films. These films will have a recirculation region,

which is shown in figure 4.4 and matches the film profile of figure 4.3 (b) with λ = 3.

The bulk of moving fluid from the thin region is driven over the recirculation

region by the applied air shear at the surface.

4.4 The Balancing of Slip and Gravity

We will now look at how the transition between smooth and deeply pooled solutions

(presented in figure 4.3) are affected by the slip length. The film profiles for slip

lengths up to O (1) are summarised within figure 4.5. With an equal balance of

gravitational to viscous forces (λ = 1), shown in figure 4.5 (a), the film profile

shows minor changes between ls = 0.01 and ls = 0.1. We observe a slight thinning

of the film outside of 0 < s < π, with the fluid mass accumulating into a raised

peak observed at s = π/2. When the slip length increases towards a near drag free

setting of ls = 1, a substantial thinning of the film is observed, with a reduction

of the thickness up to half of that reported with ls = 0.01, and a significant

deepening of the film for 0 < s < π/2, highlighting the importance of surface

effects at ls ∼ O (1).

Figure 4.5 (b) shows the same collection of film profiles with different ls, but

with a relatively stronger gravitational force (λ = 2). Here, we obtain a pooled
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Figure 4.4: Streamlines of pooled and smooth solutions, for λ = 1 in (a) and λ = 3
in (b), showing the fluid recirculation of the solutions presented in figure 4.3.
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Figure 4.5: Changes to gravity dominate flows due to slip, for ε = 0.01, Re∗ = 0,
Ca = 10−3, A = 0.1. Where λ is 1 in (a), 2 in (b), 5 in (c) and 10 in (d). Coloured
lines represent ls = 0.01 in blue, ls = 0.1 in green and ls = 1 in red.
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solution for all slip lengths, however increasing ls results in a significant thinning

of the film in areas of uniform film height (for −π/4 > s and s > π/2). The

pooling of fluid within the domain is attributed to the fixed filling fraction, thereby

resembling a pooling solution even at low gravitational forces. In Section 4.1,

the largest changes to critical film values are found around O (ε), with figure 4.5

(a)− (b) demonstrating a significant divergence from the previous profiles as ls

transitions beyond O (ε). Larger slip lengths furthers the thinning of the flow

profile and leads to a large pool within the weak gravity regime. It is within the

limit of Re∗ � 1 and λ ≤ 5 that the most significant effects of wall slip are

found, where even small slip lengths of ls ∼ O (h∗) result in significant pooling

and thinning of the flow.

For very large λ, the subsequents effect of ls are shown to diminish. At λ = 10,

even the longer slip lengths of ls ∼ O (1) create negligible changes in the film

profile. This is due to the overwhelmingly strong gravitational forces affecting the

flow, which results in exceedingly low film heights across the domain outside of

the pool found at −1 < s < 1.

The filling fraction is fixed so that A > Ac means all cases were a super-critical

film, which were possible due to surface tension, allowing for deeply pooled and

shock formations to exist.

4.5 Transitioning to Smooth Solutions with

Inertia

It is within the realm of A > Ac that the most interesting features can be explored

for solutions subject to inertia undefined by lubrication theory. Previous studies

have highlighted the effects of increased inertia with the no-slip condition, rich

features on film solutions are presented by Kay et al.[14] and Benilov and O’Brien

[52]. In exploring the parameter space of the reduced Reynolds number, Re∗

and corresponding film flux, q, differences due to the addition of slip at varying

lengths can be evaluated against the no-slip condition, as encapsulated in figure

4.6. The influence of slip length on the critical filling fraction Ac means that when

maintaining the necessary ratio of A/Ac for comparable results on the flux ratio

q/qc, the volume of fluid A reduces between the no-slip and partial slip profiles.

It is possible to summarise the typical behaviour of a rimming flow with a

no-slip condition on the wall when maintaining a filling fraction of A > Ac for

several distinct levels of inertia as depicted in figure 4.7 (which are comparable

in shape to the films with a slip length of ls = 0.01, shown in figure 4.9). If the

inertial effects are relatively weak, e.g. Re∗ = 0.01, what is typically referred to as
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a pooling film develops, shown in figure 4.7 (a). In this pooling film a recirculation

region can be found with an adjacent hump that arises as a consequence of surface

tension which stabilises the film. Moreover, the solutions that exist within the

limit q/qc < 1 of figure 4.6 will all contain a pool of fluid on the rising cylinder

wall, shown in either figure 4.7 (a) or figure 4.8 (b). Stronger inertial effects will

lead to the eventual smoothing of the flow into a uniform profile, see the profile of

figure 4.7 (f) with Re∗ = 100.

However, as Re∗ increases through low to moderate values, the solitary hump

grows in the region ahead of the sharp front until the area is dominated by small

wavelength disturbances as a consequence of surface tension. These surface waves

grow rapidly in amplitude with Re∗ until they are eventually suppressed due to

the dominating effects of inertia. These small wavelength disturbances, identified

as capillary waves, are most prominent for Re∗ = 5 and 10, see figure 4.7 (c)

and (d). There is a limitation in (3.50) that may be breached with high Re∗,

unless the film remains smooth so that h′ � 1. This means inertia has a limited

effect on the film as the inertial terms are dependent on h′. The capillary waves

are known to be an effect of the additional surface tension terms that ensure

solution stability. However, these capillary ripples can pose a challenging problem

to resolve numerically, for example their high frequency may lead to issues with

under-sampling.

The possibility of smoothed solutions for super-critical filling fractions arises

from the levelling of the supplementary inertial terms, therefore satisfying (3.50)

as the film mass is almost uniformly distributed across the domain. By imposing

slip on the cylinder wall, ls = 0.01, the parameter space changes. For small lengths

of ls, the solutions at each stage of the parameter space have very small differences

which are shown in figure 4.9 for ls = 0.01.

The profile for a large slip flow with ls = 0.2 and Re∗ = 0.01 is proportional

to the no-slip case, with a deep pool being found on the rising cylinder side and

is within the regime of q/qc < 1, as depicted in figure 4.8 (a). While containing

a steep front, akin to a shock solution, areas of recirculation form on the rising

cylinder side within a pool, similar to those of figure 4.4. By increasing Re∗, the

depth of the pool diminishes as fluid is spread across a larger portion of the rising

cylinder wall and the capillary waves are more apparent in front of the pool. As

Re∗ → 5, a number of small capillary ripples are found but are much smaller

than those previously found to stabilise the film as Re∗ increases above 1.80, see

figure 4.8 (c).

At Re∗ = 10, the film has become smooth due to the large slip reducing

the strength of inertia needed to smooth the film, as shown in figure 4.8 (d).

Previously, this was a shock solution with significant rippling of the surface for
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Figure 4.7: The effect of inertia on the slip boundary condition from figure 4.6,
for τ = 1, λ = 1, Ca = 10−3, ε = 10−2 and A/Ac = 1.073. With Re∗ = 0.01 in
(a), Re∗ = 1.8 in (b), (c) with Re∗ = 5, (d) with Re∗ = 10, Re∗ = 15 in (e) and
(f) with Re∗ = 100 for ls = 0.
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Figure 4.8: Effect of the slip boundary condition and inertia with ls = 0.2 from
figure 4.6. Where the reduced Reynolds number of (a) is Re∗ = 0.01, (b) with
Re∗ = 1.8, (c) with Re∗ = 5, (d) with Re∗ = 10 and Re∗ = 20 and Re∗ = 100 in
(e) and (f). With τ = 1, λ = 1, Ca = 10−3, ε = 10−2 and A/Ac = 1.073.

smaller slip lengths. The almost uniform rimming flow of figure 4.8 (f), ensures

that h′ � 1, therefore (3.50) is satisfied and subsequent increases to inertia have

minimal effect. For Re∗ > 20, by including inertia, smooth solutions to exist

for q/qc > 1 which is contrary to classical lubrication theory’s detached solution

branches. Equally, film profiles have been found where the flux ratio is in the

sub-critical regime, q/qc < 1 even though the volume is larger than the the critical

filling fraction, A > Ac, this is due to the inertial terms.

With large slip, the point where the film surpasses the critical flux limit of

q = qc is found to be almost double the Re∗ of the equivalent point for the

no-slip case. However, this comes with an increase in the transition across the

intermediate range between the pooled and smoothed film. This means the films

become smoother much earlier in the parameter regime if slip is present. It also

means that with the faster transition the formation of significant capillary ripples
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are found at much lower values of Re∗, as shown by figure 4.6. This presents an

interesting case where the increased inertial effects are restricted in their ability

to smooth the pool solution initially. Therefore, larger inertial effects are required

to raise the fluid along the cylinder wall and begin the eventual removal of the

capillary ripples. While the transition to super-critical flow occurs at a much

lower Re∗ due to the increase in flux being faster with slip for increasing Re∗, this

is only accurate for Re∗ ≤ 10. At higher Re∗ the rate of increase to q/qc slows

above Re∗ > 50 as the smoothing from stronger inertia is drastically diminished

as the film is already smooth. The overall trends on the pooled, shock and smooth

solutions are typically unchanged in appearance, notably as inertial smoothing

becomes the dominant mechanism for Re∗ > 20. There are only minor ripples in

all cases, which dissipate shortly thereafter. With larger slip lengths, capillary

ripple formations are significantly harder to resolve numerically.

This flow behaviour indicates that up to moderate inertia the no-slip flows

have a larger fluid flux around the cylinder and there is a small region in the

parameter space where flows subject to slip have a larger flux. The over-arching

characteristic is that as inertia increases for each value of Re∗ which is shown in

figure 4.9, the pool becoming smoothed into a uniform film has been consistently

observed for all slip lengths. However, there is an ability to control the flow rate

presented by incorporating a surface that may slip and is shown by the different

profiles in figure 4.6. This highlights a benefit of the slip boundary condition in

forming a levelled profile, which is not subjected to recirculation regions if inertia

is weak. Slip could therefore be used to avoid problems where prolonged exposure

due to flow recirculation in the chamber will leads to a deterioration of the oil

properties.

With the fixed ratio of fluid volume to the critical volume of A/Ac = 1.073

and relatively large slip length of ls = 0.2, the initial film where Re∗ = 0.01 is

substantially shallower than that for the no-slip case, as in figure 4.9 (a). The

features are predominantly similar, where surface tension is the cause of a single

shallow trough appearing in front of the sharp increase in the film profile which

still corresponds to a recirculating pool. As the strength of inertia increases, the

capillary ripples are distinct at Re∗ = 1 in front of the deeper pool in figure 4.9

(b). Unlike in the no-slip case, the solutions to the cubic equation of (4.1) show

the film is still in a sub-critical regime. The flow still has a small recirculation

region within the pool towards the cylinder wall. However, at Re∗ = 5 this region

of fluid pooling no longer exists, as shown in figure 4.9 (c). Instead, the fluid

has a largely equal depth around the cylinder, with a slight thickening on the

rising cylinder wall. The film is not smooth though, as the capillary waves from

surface tension effects are still distinct around the thicker portion of the film but
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Figure 4.9: The changing film profiles due to fluid slip at different levels of
inertia as detailed in figure 4.6, where the parameters are given as τ = 1, λ = 1,
Ca = 10−3, ε = 10−2 and A/Ac = 1.073. The values of Re∗ are; 0.01 in (a), 1.8 in
(b), 5 in (c), 10 in (d), 15 in (e) and 100 in (f). The slip lengths are given by the
coloured lines; red for ls = 0, green for ls = 0.01, blue for ls = 0.1 and orange for
ls = 0.2.
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are at a significantly smaller amplitude. These ripples are gone from the surface

by Re∗ = 10 when ls ≥ 0.1 and the films can be treated as smooth, see figure

4.9 (d). The disappearance of these small wavelength ripples notably occurs at a

much lower Re∗ than if the cylinder wall has an assumed no slip condition. If the

inertial forces are significant, the forces within the film are predominantly those

of inertia and those from gravity and viscosity can be assumed as negligible and

the film has a constant fluid depth, figure 4.9 (e).

From figure 4.9 (a), as the length of slip is increased it is clear that while

the volume of fluid contained within the film is comparable when ls = 0 and

ls = 0.01, as the slip length increases by an order of magnitude the change in fluid

volume is more apparent, see figure 4.9 (f). As expected of a film that contains a

super-critical volume of fluid which is balanced between gravitational and viscous

effects, a pool of fluid forms for each case of ls, shown in figure 4.9 (a). The

larger capillary ripples and the number of visible ripples are becoming distinct at

Re∗ = 1, but the film profiles are still comparable in shape across the majority of

the domain. However, when Re∗ = 5, up to moderate slip lengths of ls = 0.1 the

films are still qualitatively comparable in shape, with a sharp ridge on the rising

wall that is preceded by a number of capillary ripples. With ls = 0.2, the profile

no longer has the ridge of the pool and has been mostly smoothed by inertial

forces with traces of the capillarity on the lower side of the rising wall.

The smoothing of the film for lower ls values is shown at higher Re∗ values

in figure 4.9 (d), with the film that corresponds to ls = 0.1 now having a profile

similar to that where ls = 0.2 with a slightly thicker region on the rising cylinder

wall. The films for ls = 0.01 and 0 have a much thicker region near the middle of

the rising wall and large amplitude short wavelength ripples ahead of this region.

At Re∗ = 20, there are some trace elements of the surface tension effects with

small capillary ripples for the lower values of ls but the films are essentially smooth

and the main difference is in the volume of fluid contained within the cylinder for

each ls.

4.6 Determining the Presence of Non-Unique

Solution Branches

By the inclusion of high order surface terms into (3.113), a region within a

parameter space has been shown to contain non-unique solutions by Kay et al.

[14]. Their added wall friction factor highlighted novel characteristics of the flow

dynamics, having employed a cubic polynomial for improvements in the depth-

averaging method. In a similar fashion, the implementation of a slip boundary
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condition was explored across a parameter space, shown in figure 4.10.

Next, solutions for varying filling fraction A/Ac are investigated with a fixed

Reynolds number, where non-unique solutions exist for a flow with wall slip, while

the no-slip flow solution remains unique for the same parameters. An initial profile

of a fixed low filling fraction, passed through the steady-state solver achieves a

smooth rimming flow profile shown in figure 4.11 (a). When the filling fraction is

increased from zero, the smooth solution develops toward the critical flux ratio

q = qc at point (b) which is shown in figure 4.11 with fluid pooling on the lower

rising side of the cylinder. By raising the filling fraction, transitioning above

q > qc and A > Ac, as shown in figure 4.10 shows further fluid accumulating on

the rising cylinder wall in figure 4.11 (c). This development can be understood by

the smooth solution profile connecting the bounded and unbounded solutions from

lubrication theory of (4.1) for the sub-critical classification of, q < qc. Subsequent

increments of the filling fraction lead to a minor reduction in the fluid flux for

film profiles which remain consistently within the sub-critical classification. The

increased fluid within the domain accumulates within a deepening pool at the

lower half of the rising cylinder wall, captured in figure 4.11 (d), and further

addition to the filling fraction leads to capillary ripples becoming more prevalent.

This parameter space for no-slip contains only one unique solution for any A/Ac.

The hump for the no-slip parameter space is enlarged with the inclusion of low

reduced Reynolds numbers. Next, we will retrace the filling fraction-space with

a high slip length, ls = 0.5. The profile at low filling fraction is shown in figure

4.12 (e), and is very similar to the no-slip profile for the same A/Ac of figure 4.11.

The profiles approaching A = Ac bear similarities, beyond which the parameter

space of figure 4.10 and subsequent profiles differ considerably. When increasing

the filling fraction above the critical (A/Ac > 1), the flux ratio q/qc increases

towards a maximum attainable value, for which the profile is shown in figure 4.12

(g). Careful adjustment of the filling fraction then leads to a reduction in the

fluid flux to figure 4.12 (h), beyond which solutions have failed to converge with

increases in the filling fraction.

Enforced reduction to the flux allows for a parameter space to be explored

between figure 4.12 (h) and figure 4.12 (j) with the steady state solver for a defined

flux rather than filling fraction, this allows the filling fraction to be recalculated.

Beyond figure 4.12 (j), increases to the filling fraction lead to accumulation of

the extra fluid pooling on the rising cylinder wall exhibited in figure 4.12 (k)

comparable to the no-slip scenario with larger filling fractions (Fig 4.11 (d)), the

observed shock structure experiences substantial short wavelength formations in

advance of the shock front located on the rising side of the cylinder. This parameter

space shows a region of defined filling fractions which lead to multiple solution
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Figure 4.10: Parameter space q/qc against A/Ac for smooth solutions transitioning
to deep pooling solutions with wall slip. For; Re∗ = 1, τ = 1, λ = 1, Ca = 10−3,
ε = 10−2. With ls = 0 coloured in blue and dashed red representing ls = 0.5.
The films at each point can be found in figure 4.11 and figure 4.12 for the no-slip
and slip cases respectively. The insert is the magnification of the slip line for
s ∈ [0.9, 1.1].
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Figure 4.11: Film profiles of results represented in figure 4.10 for no-slip, detailing
the transition films of points (a), (b), (c) and (d).
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profiles attainable, defined by the non-unique region between 1 < A/Ac < 1.2

shown in figure 4.10. The rimming flow profile presented in figure 4.12 (i) was

found to be stable, indeed between solutions figure 4.12 (h), and figure 4.12 (j),

and all solutions in the parameter space appeared to be stable following analysis

by the transient solver. This is in agreement with the theory on the location of

shock solution stability, shown in Villegas-Dı́az et al. [36], where fluid on the

rising cylinder side is stable when on the lower cylinder section.

The use of slip means the maximum attainable flux ratio is increased and a

larger fluid filling fraction ratio is required before reaching the same transition

region between the smooth and shock solutions as the no-slip case. The onset

of capillary ripples is more profound across the entire parameter range for slip,

exhibited between figure 4.12 (g) and figure 4.12 (k) unlike the no-slip results.

Both slip and no-slip cases experience a flux reduction, located at the transitional

region where the smooth film transforms into a shock film. The accumulation of

fluid in the lower cylinder as a deepening shock solution provides the reduction

in fluid flux required for maintaining a smooth rimming flow. The non-unique

region reported by Kay et al. [14] when implementing a wall friction factor also

shows that surface effects may develop this non-unique solution region. Therefore,

this non-unique solution region is not surprising.

4.7 The Effect of Larger Slip Lengths on a Con-

trolled Fluid Volume with Increasing Reynolds

Numbers

In the previous Sections 4.5 and 4.6, the filling fraction A was defined in relation

to the critical filling fraction Ac which is dependent on the slip length for the

chamber walls. This Section retains a constant filling fraction, A to quantify how

the flow can be changed with longer slip lengths.

For a filling fraction A fixed at 0.0135, there may be enough fluid contained

within the cylinder for a recirculating pool to develop. The formation of a pool

assumes that neither the inertial forces or viscous forces can prevent the fluid

from pooling, this is shown in figure 4.13 (a) for Re∗ = 0.01 and ls = 0. The

damping of surface tension against the increase in film depth is shown as a small

dimple in front of the pool, but in figure 4.13 (b) this dimple is larger as surface

tension acts against the increased inertia of Re∗ = 1.8. The pool is also shallower,

though there is no significant change to the film outside of the pool, therefore the

displaced fluid is spread around the cylinder as a wider pool ending higher up on

the rising wall. There is a development of strong capillary ripples, shown with the
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Figure 4.12: Profiles from figure 4.10 with ls = 0.5, for the films at points (e), (f),
(g), (h), (i), (j) and (k).
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Figure 4.13: The effect of increasing Re∗ on a fixed filling fraction A = 0.013494
with the no-slip condition. With τ = 1, λ = 1, Ca = 10−3 and ε = 10−2. The
reduced Reynolds number of each panel is given as; 0.01 in (a), 1.8 in (b), 5 in
(c), 10 in (d), 15 in (e) and 20 in (f).

beginning of small wavelength surface ripples in figure 4.13 to stabilise the flow

against the larger inertial effects of Re∗ = 5. The pool has been elongated further

up the rising wall as fluid is moved from the pool and the height has reduced

accordingly. At Re∗ = 10, the size of the recirculating pool has diminished, with

the film now approaching a more uniform height in figure 4.13 (d). The strong

capillary ripples have propagated across even more of the chamber preceding the

pool, which allows for these stable films when transitioning between those of weak

and moderate inertia.

The larger reduced Reynolds number, Re∗ = 15 in figure 4.13 (e) shows

that the pool has been completely removed from the cylinder as a result of the

heightened inertial force. However the film is not completely smooth, as small

amplitude waves are apparent on the film surface in the region of s ∈ [0, 1.5].

These waves are a consequence of the capillary waves dissipating as the need for
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strong stabilising effects in the film are no longer required. Finally in (f) of figure

4.13, the film profile appears to be equivalent to the viscous dominant flow with

Re∗ = 20, due to the higher inertial effects eliminating both the capillary ripples

and pool. The film cannot be considered as uniform due to the thickening of the

film on the rising wall which is due to the gravitational pull on the film, which

also creates the thinner region as fluid is accelerated down the falling wall.

The features of the flow for the range of Reynolds numbers implemented are

largely similar when there is a modest slip length defined, such as ls = 0.01 in

figure 4.14, moving from the pooled film to the eventual smooth film at Re∗ = 20.

There is a deeper pool of the film initially in figure 4.14 as the introduction of fluid

slip has caused a shedding of fluid around the chamber, which accumulates into

this deeper pool with a stronger recirculation zone. As the Reynolds number is

increased to 1.8 and 5, the pool of figure 4.14 is consistently deeper than those of

figure 4.13, with the small dimples related to surface tension being predominantly

similar in shape and wavelength. At Re∗ = 10, the surface waves are comparable

in wavelength to those of figure 4.13, however the amplitude of these waves is

larger due to the deeper pool and associated film thinning due to slip.

At a moderate level of inertia corresponding to Re∗ = 20 in (f), the film

is indistinct from the previous profiles of figure 4.13, as the inertial forces have

smoothed the pool into a more uniform film. The slight thinning and thickening

of the film is once more due to gravity. In the profile in figure 4.14 (e) which

corresponds to Re∗ = 15, the surface waves that are linked to the capillary waves

are larger in amplitude with ls = 0.01 acting on the cylinder wall. However, the

main differences between the no-slip and slip of ls = 0.01 is the deeper pool and

the amplitude of the capillary ripples, but they are mainly comparable for the

change to the Reynolds number.

If the cylinder has been made so that it may support a large slip length of

ls = 0.1 to act on the fluid, the results for the film profiles in figure 4.15 are vastly

different to those of either figure 4.13 or figure 4.14. This larger slip length has

had a dramatic impact on the depth of the fluid pool, shown in figure 4.15 (a)

where the pool is almost 40 % larger than a pool with no-slip. The cause of this

deeper pool is that a large volume of fluid which is lost from the cylinder walls

drains into the pool and therefore has a more substantial size than that of figure

4.14 (a) where ls = 0.01, with a minimum film which is almost 20 % shallower.

Once more as the Reynolds number increases, the initially deep pool of Re∗ = 0.01

is smoothed in the direction of the core rotation, this is shown as a wider pool

which spreads higher up the rising wall in figure 4.14 (b). The amplitude of the

capillary ripples in front of the pool is increased with the presence of slip, and

shown to be considerably larger in figure 4.15 (c) for Re∗ = 5. These surface waves
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Figure 4.14: The effect of moderate slip length, ls = 0.01 for a fixed filling fraction
A = 0.013494 for increasing Re∗. In each panel, the reduced Reynolds number is
given as 0.01, 1.8, 5, 10, 15 and 20 in (a), (b), (c), (d), (e) and (f) respectively.
The remaining flow parameters are; τ = 1, λ = 1, Ca = 10−3 and ε = 10−2.
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Figure 4.15: Effect of inertia for a constant filling fraction A = 0.013494 with
large slip, ls = 0.1 condition. Where the parameters are given as λ = 1, τ = 1,
ε = 10−2 and Ca = 10−3. With Re∗ = 0.01 in (a), (b) Re∗ = 1.8, Re∗ = 5 in
(c), Re∗ = 10 in (d), Re∗ = 15 in (e) and Re∗ = 20 in (f). The red line in (d)
indicating an unstable solution.
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are the result of stabilising the now much larger gradient in the film surface due

to the deeper pool. With all cases for Re∗ ≤ 5 in figure 4.15, the recirculation

region is much larger and stronger as a result of the greater volume of fluid within

the pool.

As the inertial effects increase, the role of surface tension in creating a stable

film is shown by the significant surface waves being present across a larger area

of the cylinder. The film with Re∗ = 10 in figure 4.15 (d) can be considered an

unstable solution. This is an issue due to the numerical solver failing to converge

to a steady-state solution within a reasonable iteration limit from the previous

solution of (c). This is likely due to the surface tension creating large ripples.

While the larger ripples are expected, an even higher mesh resolution and increased

iteration count than previously used in this thesis were found to be insufficient.

This does not infer a stable solution does not exist in this parameter range, but the

ability to find a solution using the current methodology would require a significant

venture which is largely unreasonable as the solution is a transition between the

pooling and smoother solutions of (c) and (e).

With the stronger presence of inertia for Re∗ ≥ 15 in figure 4.15 (e), the film

can be treated as a smooth solution, similar to those previous for ls = 0.01 and

ls = 0 once Re∗ = 20 in figures 4.13 and 4.14. However the distinction is that

these smooth films occur far earlier when increasing the inertial strength which is

attributed solely to the slip condition, which also moves the position of the film

maxima around the cylinder, occurring at a higher point in the cylinder due to

the faster fluid velocity as a result of slip.

4.8 Chapter Summary

The thin film model developed in Chapter 3 is thoroughly explored in this Chapter

in the context of isothermal flows. There is a key interest in determining the role

that partial slip has on the rimming flow problem, which is established to be a

gap within the current literature.

In the classical lubrication theory model of gravity and viscosity, the slip

boundary condition is found to change the cubic flux equation limits. The critical

film height, which is the maximum sustainable height for a given shear rate, reduces

with longer slip. An asymptotic analysis shows this critical height approaches

τ/2λ, which is half the height when excluding slip. At a fundamental level slip

will reduce the volume of fluid that can be sustained on the cylinder walls.

The validity of the numerical model has been compared to previous works,

most notably those of Ashmore et al. [49] and Kay et al. [14]. The model

significantly agrees with the literature, accurately capturing the different profiles
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when there is either strong gravitational or inertial effects.

Under the stronger force of gravity, the fluid develops an increasingly deeper

pool with a growing recirculation region. With the addition of slip, a thinning of

the outer bounds of the domain occurs and causes these pools to be even deeper.

When slip has a comparable length to the film depth, there is an extreme case

of fluid draining from the cylinder walls, this causes what was a smooth film to

collapse into a pool. However, when gravity is sufficiently large, the impact that

moderate slip has on the film is reduced substantially.

When modelling strong inertial effects, the pooling solution can be dampened

into a smooth solution at very high Reynolds numbers. At this level of inertia,

there is little difference between films with no-slip and slip, while at low to

moderate Reynolds numbers this is not the case. Notably, by including surface

slip the capillary waves on the film surface at a given Reynolds number may be

amplified. This amplification is also combined with the earlier onset of these

capillary ripples at weaker inertial states, which is related to the length of slip on

the cylinder walls. However, by including slip, the level of inertia necessary to

cause smooth films and avoid capillary waves altogether is substantially lower.

When there is no slip, the parameter space of fluid volume to fluid flux

encompasses purely unique solutions for any given volume of fluid. By modelling

fluid slip, this is no longer the case and a non-unique solution region is found.

This non-unique solution region is found to contain three simultaneously feasible

and steady solutions which are wholly stable according to both the steady-state

and transient solvers.

It is apparent that when including fluid slip, the thinning of the film profile

towards the domain boundaries is significant. This may be detrimental to the

bearing chamber as this causes larger volumes of fluid to accumulate into bigger

recirculation regions. However, this development can be countered by lowering

the volume of fluid within the chamber.
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Chapter 5

Surface Driven Non-Isothermal

Thin Film Rimming Flow

This Chapter investigates how fluid slip at the cylinder wall effects the thermal

profiles of rimming flows. As reducing the film temperatures is an important

way to avoid oil degradation which may occur within the bearing chamber. The

oil properties will be dependent on the engine specification, the manufacturer of

the oil and how long the oil has been in use. The walls of the bearing chamber

and the air flow will also change temperature over time, due to the operating

conditions. However, for this thesis the assumption is that the net heat transfer

into the air and cylinder is zero. This means the cylinder walls and air remain at a

constant temperature and allows for steady results to be modelled. In the bearing

chamber, the air will be continuously cycled through the oil system. Therefore,

the air flow in this model has been assumed to be colder than the metal chamber.

With this assumption, the thermodynamics are thoroughly studied using the

dimensionless parameters of the depth-averaged model from Chapter 3, where

the primary focus has been to determine the thermodynamic changes caused by

fluid slip. A significant portion of the work contained in this Chapter has been

compiled and submitted to the Journal of Fluid Mechanics, see Nicholson et al.

[180].

As the flow through the bearing chamber Is thought to have high Péclet

numbers, the model allows for strong thermal convection effects to be included

when solving (3.121). The model has been derived so that the convective terms

may be equivalent to a leading order term for moderate Péclet numbers.

This investigation focuses on the three distinct flow cases of the smooth, shock

and pooling films. However, results have found that the film temperatures are

sensitive to the Biot number, which defines the heat transfer coefficient of the

surface to the thermal conductivity of the fluid. Therefore, a Biot number which

creates significant thermal gradients across the film has been assumed so that the
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temperature scalings are suitable for analysis. The effect of longer slip lengths has

been explored with several Péclet numbers which range from low to moderate for

films which are smooth and pooling. The effect of slip has also been studied across

the combined parameter space of inertia and thermal convection. The inertial

effects lead to the formation of several transitional films which exist between

a smooth and pooling film which were previously shown in Chapter 4. These

transitional films have unique film profiles which affect the thermal structures

within the film. The aim is to show the role that surface slip may have on film

temperatures and how it may improve the thermal performance of the bearing

chamber.

5.1 Outlining the Non-Isothermal Model with-

out Slip

In order to study the thermodynamics of the rimming flows when fluid slip occurs

on the cylinder walls, it is beneficial to characterise the three most common flow

configurations which will be studied. These are known as a smooth film (a), a

shock film (d) and a pooling film (g) of figure 5.1. These films have a very low

Biot number, B = 10−10, meaning the cold airflow in the cylinder is insulated

from the heated oil. This insulation effect is shown in figure 5.1 panels (c), (f)

and (i), where the film temperature is approximately equal to the applied wall

temperature of Tw = 1.

The smooth film, also known as a uniform film due to its consistent depth, is

where a film coats the cylinder surface and the flow travels in either a clockwise

or counterclockwise direction. There is no stationary or reverse flow and there

may be a slightly thicker region, which is found on the rising cylinder wall due

to gravity. A shock profile is when there is a larger volume of fluid within the

chamber and is when the driving force is too weak to maintain a uniform film.

The fluid still flows in one direction around the cylinder, however there is now a

stagnation point within the film. The main feature which characterises a shock

film is the steep front where h′ � 1, as shown in figure 5.1 (e). The main feature

of the pooling film is the fluid back-flow, also known as a recirculation region,

that forms because of the gravitational effects on the large fluid volume. The fluid

volume is larger than the previous two cases and the driving force cannot support

the fluid flowing in one direction around the cylinder. This recirculation and large

fluid volume which accumulates around the cylinder base is shown in figure 5.1

(h). There is a narrow film which is pulled from the pool due to the driving shear

force. This narrow film is largely uniform in depth with the flow moving in one
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Figure 5.1: The typical film profiles for smooth (a), shock (d) and pooling (g)
solutions using parameters from table 5.1. The temperature bar shows the uniform
temperatures across all of these films. The velocity streamlines of each film show
when recirculation occurs in panels (b), (e) and (h). The film profiles and the film
temperatures have been plotted into a cylindrical representation in (c), (f) and
(i) for each flow respectively.

direction around the cylinder. The remaining results of this Chapter focus on

these flows which are characterized by the parameters detailed in table 5.1.

The presence of fluid slip and the inclusion of inertia are important features of

this work as film profiles are different than those found with classical lubrication

theory of rimming flows. The classical approach leads to a set of limiting critical

values, known as the critical filling fraction, Ac and critical film flux qc which were

detailed in Chapter 4. The retention of inertial terms that may be equivalent to

leading order terms with large Reynolds numbers in the model mean a variety of

solutions can be found. However, when inertial effects are significant there is a

limit as part of (3.50) for h′ where h′ � 1. The films with strong inertia have

been detailed in the previous Chapter 4, along with the effects of partial slip for

isothermal films. The critical values are shown to be modified with the addition

of surface slip and a method of maintaining consistency for film comparisons is

required to investigate the thermal effects.
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Profile ε Re∗ Ca τ λ ls A
Smooth 10−2 1 10−1 1 1 0 - 0.5 0.88ε or 0.75Ac
Shock 10−2 10−2 10−3 1 1 0.1 1.1492ε
Pool 10−1 0.1 - 10 10−1 1 1 0 - 0.5 1.987ε or 1.576Ac

Table 5.1: Parameters for establishing a smooth or pooled solution.

There are two variations to determine the volume of fluid in the cylinder using

the filling fraction. The first defines a specific ratio of A/Ac for a given set of

parameters and is used to determine if the fluid volume will lead to either smooth

or pool profiles to form. The second uses a constant value for the filling fraction,

A to define the three film types. This second method means the films with longer

slip lengths can be compared to show changes in both the film and temperature

profiles.

This Section outlines the requirements in defining one of the three rimming

flow profiles so that a comparison of the film profiles and mean temperatures can

be completed. The rest of this Chapter examines the thermodynamic changes

that different parameter regimes have, with a specific focus on slip.

5.2 Impact of the Surface Heat Transfer

Coefficient and Slip Length on Film

Temperatures

The role of the free surface heat transfer rate, or the Biot number has been

explored for both the smooth and pooled films. The flows have been simulated

using the parameters in table 5.1 and with the second filling fraction constraint.

The flow has been modelled as conduction dominant, with Pe∗ = 0.01. The films

are subjected to higher heat transfer rates at the free surface with films where

there is no-slip and a moderate slip length at the wall.

With a low Biot number of B = 0.01, the temperature of the film is approxi-

mately equal, shown in figure 5.2 (a) where there is no variation across the film

depth. By increasing the heat transfer coefficient of the film surface, temperature

gradients develop across the film as heat is more easily transferred to the air, this

is shown in figure 5.2 (c). For larger Biot numbers, the film temperature reduces

as the film transfers more heat to the surrounding air. This is shown in figure 5.2

(e) with the mean temperature profiles for several Biot numbers.

With the addition of partial slip, the thermal profile is largely equivalent to

the profiles with no-slip. This is due to the temperature profile being conduction
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Figure 5.2: The effect of different surface heat transfer rates and slip lengths on
smooth and pooling films with weak thermal convection has been explored in this
Section. In the first column ls = 0 and ls = 0.1 for the second. Panels (a) and
(b) are with B = 0.01 while panels (c) and (d) have B = 0.1 respectively. The
mean temperature lines in (e) and (f) are coloured for each Biot number and
represented as; B = 100 with red, B = 10−1 in green, B = 10−2 with blue and
B = 10−6 with orange.

dominant, though the minimum temperature is lower (1 %) with slip as the film is

slightly thicker by around 10 %. This increase in depth inhibits the heat transfer

by conduction, the larger film depth is shown in figure 5.2 (d).

When the film is pooling and the Biot number is low, the temperature is nearly

constant across the film. This is shown in figure 5.3 (a) and (b) where there is

no-slip and a moderate length of slip. However, there is a slight colder region at

the pool surface as the distance between the free surface and wall is large. When

the heat transfer rate of the free surface is higher, there is a greater amount of

cooling that occurs at the surface of the pool. There is still a thin layer of fluid

around the cylinder which is roughly equal in temperature. With slip, the film is

found to be much thinner across the majority of the cylinder compared to the

no-slip case, this can be as much as 20 % which is shown in part (b) of figure 5.3.

The pool is also much deeper as the fluid accumulates at the base due to the
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Figure 5.3: Panels (a) and (b) are with no-slip and for B = 0.01 and B = 0.1
respectively, while the second row is with ls = 0.1 with the same Biot numbers.
The Biot numbers of the last row of panels are; red is B = 100, green represents
B = 10−1, blue shows B = 10−2 and B = 10−6 is given by orange for the mean
temperature T̄ .

reduced volume entrained around the cylinder, this depth increase is almost 10 %.

The thermal changes with the different Biot numbers match closely between the

slip and no-slip cases. However, the minimum temperature of the pool is lower

due to this change in fluid depth when slip is present.

The effect of slip length on the mean temperatures for two Biot numbers of

B = 0.01 and B = 0.1 for smooth and pooling films is shown in figure 5.4. For

these profiles the first fluid volume constraint has been used, so the ratio of A/Ac

has been kept constant for the smooth (a, b), and pooled films (c, d). The volume

of fluid reduces for each film as the slip length increases, as Ac decreases with slip.

For smooth solutions, small slip lengths give only minor variations on the mean

temperatures, T̄ , while large slip lengths show the mean temperature features are

enhanced, with the dip in smooth solutions being noticeably amplified in figure

5.4 (b). The longer slip lengths have higher mean temperatures across the film in

comparison to flows with no-slip.
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Figure 5.4: The influence of slip length, ls on the fixed volume smooth films of
(a) and (b), and on the pooled films (c) and (d) for Biot numbers B = 0.01 and
B = 0.1 in (a), (c) and (b), (d) respectively. The slip lengths are indicated by the
coloured lines; ls = 0 in red, ls = 10−2 in green, ls = 10−1 by blue and ls = 5×10−1

with orange.

This behaviour has also been found for the pooled films with the peak and

troughs in the mean temperature profiles being amplified. There is also a widening

of the thermal features, which means they occur over a larger width of the domain.

For the remainder of this thesis, a Biot number of B = 0.1 has been used to

provide a large thermal gradient so that the changes in temperatures of the film

can be observed.

5.3 Influence of Convection on the Thermal

Profiles

The strength of thermal convection through the film has been small in Sections 5.1

and 5.2, with Pe∗ � 1. However, convection was shown to be important by Kay

et al. [15], so the Péclet number is increased so that thermal convection within

the film becomes significant. A constant filling fraction is used in this Section for

the smooth and pooling films, so the changes to the temperature profiles can be

studied with different Péclet numbers and lengths of slip.

The smooth films, where q < qc are found to be largely independent of the

effects of thermal convection. This is because the azimuthal gradient is small

and thermal convection is dependent on h′ � 1, which is shown in (3.68). This
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Figure 5.5: The role of convection on smooth films, the first column is for ls = 0
and ls = 0.1 in the second column. Panels (a) - (c) are with Pe∗ = 0.01, row two
for Pe∗ = 1, row three for Pe∗ = 5 and the last row by Pe∗ = 10. The third
column is the mean temperatures for various slip lengths, with ls = 0 given in red,
ls = 10−2 in green, ls = 10−1 in blue and ls = 5× 10−1 coloured orange.

is confirmed by the temperature profiles in figure 5.5, where the temperature is

shown to change with strong thermal convection at Pe∗ ≥ 5. With partial slip

on the chamber wall, the smooth solutions show several changes in temperature

with convection. This is shown in figure 5.5 for a moderate slip length of ls = 0.1.

These changes are a reduction in mean temperature at the thickest film and an

increase in the thinnest part, shown in the mean temperature profiles of figure 5.5.

Contrary to the independence of smooth films to convection, the temperatures

in the pooling films are found to be strongly affected by thermal convection. With

a constant filling fraction of A = 1.982ε, a comparison of the film profiles and

temperature fields is presented with partial slip acting on the wall and when there

is no-slip.

When the flow has a low Péclet number, the conduction is dominant, meaning

the temperature is found to reduce as the radial distance from the wall increases.

This creates a cold region at the surface of the pool, shown in figure 5.6. When
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Figure 5.6: The role of convection on pooled films, the first column of panels
are with ls = 0 while ls = 0.1 is for the second column of panels. The first row
are for Pe∗ = 0.01, the second row with Pe∗ = 1, the third row is with Pe∗ = 5
and Pe∗ = 10 in panels (j), (k) and (l). The mean temperatures for various slip
lengths in the third column are given by; red for ls = 0, green for ls = 10−2,
ls = 10−1 by blue and orange for ls = 5× 10−1.

the strength of convection increases, the cooled region at the pool surface is moved

up higher on the rising wall. There is also significant heating at the front of the

pool, which rapidly propagates throughout most of the pool. This is shown for

Pe∗ ≥ 1 in figure 5.6.

The transition to hotter pools as Pe∗ increases also causes a second peak in the

mean temperature profile to develop as heat enters the pool. This is shown in the

mean temperature profiles in figure 5.6 (i), where this second peak is significant.

The initial hump in the mean temperatures arises due to the capillary forces

creating a small dimple ahead of the pool entrance, which is located near s = 0,

this is shown in panel (c) of figure 5.6 (c). There is a conduction dominant region

outside of the pool irrespective of the Péclet number. Which is in the narrow

thin film coating the cylinder, like the smooth profiles. The narrow film has small

azimuthal gradients and is therefore independent of convection.

The film temperatures are very similar with a moderate slip length, though

118



CHAPTER 5. SURFACE DRIVEN NON-ISOTHERMAL THIN FILM
RIMMING FLOW

the pool is deeper by as much as 9.4 %. This is because fluid has been drained

from the thin coating region around the cylinder. This deeper pool has reduced

the minimum film temperature by approximately 1 %, with the deeper and colder

pool shown in figure 5.6 (c).

The cooler region at the pool surface is an important feature of the thermal

profiles, this is shown in figure 5.6 (a). This region is found to be moved by

the effects of including moderate fluid slip effects at the cylinder wall, which is

shown in figure 5.6 (b). However this is clear when the effects of moderate thermal

convection are included, noticeably when Pe∗ = 1 and Pe∗ = 5 the colder fluid is

higher up the cylinder wall. This is shown in panels (e) and (h) of figure 5.6. As

convection increases, the temperature of the fluid at the entrance to the pool has

been found to increase if there is no-slip. This temperature increase is found to be

greater as the thermal convection effects combine with effects from slip to make

the pool entrance hotter, which is shown in figure 5.6 (h) and (k). This increase

in temperature of the pool also causes the colder region to reduce in size and is

clearly shown between the panels of (j) and (k) with Pe∗ = 10 in figure 5.6.

The convection independent flow outside of the pool combines with the changes

to the cooled region, to create greater thermal gradients, this is shown in the

mean temperature profiles of figure 5.6 (i). Along with the heating effects from

slip, the minimum film temperatures are also much lower in comparison to the

temperatures with no-slip. When the convective effects are equal or stronger than

conduction with Pe∗ > 1, the film temperatures at the surface of the deepest

part of the pool are much higher as the cooled region has moved around further

due to slip, shown in figure 5.6 (f, i, l).

5.4 Combined Effect of Inertia and Convection

on Temperatures both with and without

Slip

With the influence of thermal convection established, the effects of inertia on

pooling films are investigated. The pooling films are studied as smooth films,

which are typically thin conduction dominant flows with little variation from fluid

slip. The reduced Reynolds number is gradually increased from an initially low

value of Re∗ = 0.01 until the inertial terms may be equivalent to leading order

terms. Initially the films are equal to those that were previously detailed in Section

5.3 where a deep pool forms. Most of the thermal effects will be concentrated

within the pool and the immediately adjacent region leading out of the pool.

Irrespective of the thermal properties of the film, the profiles of the film
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follow a clear pattern regarding inertial effects for the constant filling fraction

of A = 1.987ε. The film profile starts as a deep pool when there is low inertia,

shown for Re∗ = 0.01 in figure 5.7 (a). A large scale smoothing effect of the film

surface happens with moderate inertia, this is shown for Re∗ = 1, in figure 5.7 (b).

This smoothing leads to a reduction in the pool depth that can be measured and

causes an increase in the thickness of the film trailing from the pool. These films

have capillary ripples at the surface as surface tension stabilises the films, these

ripples are clearly shown for Re∗ = 5 in panel (c) of figure 5.7 and form in front

of the bulk fluid contained within the pool. These surface ripples are amplified

considerably as inertia gets stronger, shown in figure 5.7 (d) with Re∗ = 10. The

pool depth also reduces with inertia and the trailing region becomes thickened

by the smoothing effect of stronger inertia. If the inertial effects are very strong

when Re∗ = 100, the films are nearly uniform in height. These are equivalent to a

thicker variation of the smooth solutions where there are only small azimuthal

gradients, these are shown in figure 5.7 (e). These strong inertial effects assumes

h′� 1 from (3.50) and the smooth solutions satisfies this condition. These trends

are shown for each row of figures 5.7 and 5.8, while only the Péclet number is

varied for each column.

In flows where the thermal conduction is the dominant force, the temperatures

within the films are dependent on the radial distance from the cylinder wall. This

is characterised by the flows with Pe∗ = 0.01 in panels (a, b, c, d, e) of figure 5.7.

The radial temperature gradients of each of these films are found to be independent

from inertial effects, which is best shown in panel (d) of figure 5.7. There are

small temperature variations in the azimuthal direction, which are proportional

to the variations in the free surface. The effect of inertia has been to reduce the

maximum film depth and cause the capillary ripples to form from surface tension

effects. While the film surface has changed, the radial temperature gradients have

remained the same between panels (a) and (e) of figure 5.7.

When the fluid is pooling around the cylinder base, the temperature within the

pool will increase with increasing Pe∗ while the cooled region will advance up the

rising cylinder wall. This was shown in Section 5.3 and is shown for Re∗ = 0.1 in

panels (a, f, k, p). If the inertial effects are comparable to the viscous effects with

Re∗ = 1, the film profile is similar to the flow with Re∗ = 0.1. The film profile still

resembles a pooling solution and the changes to film temperatures with thermal

convection are similar. The pool becomes heated with stronger convection and

the location and volume of the cooled fluid are changed.

With inertia at a moderate level and convection equal to conduction, corre-

sponding to Re∗ = 5 and Pe∗ = 1, a small ripple in the temperature of the film is

found. This ripple matches the waves on the surface, which are shown in figure 5.7
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(h). This is also found with stronger convection as the temperature more closely

resembles the film surface, shown in parts (m) and (r) of figure 5.7. The cooled

region is convected up the cylinder wall where the bulk of the fluid has pooled.

This pool of fluid would be lower in the cylinder if inertia were negligible.

There are big differences between the films in parts (c) and (m) of figure 5.7.

The film shows a significant heating effect from convection which occurs in the

bulk of the fluid. The temperature profile also matches the surface waves as the

fluid temperature close to the wall varies significantly in the region with capillary

ripples. While this is found when Re∗ = 10 and Pe∗ ≥ 1, this is not found if

Pe∗ < 1.

The film has a uniform depth across the domain with very strong inertia,

shown in figure 5.7 (e, j, o, t) where Re∗ = 100. These uniform films have lost the

temperature changes that come with thermal convection. These films are thicker

variation of the smooth films where the azimuthal gradients are zero, so they are

independent from convection.

The effects of moderate slip in combination with inertia and convection have

been explored with the same filling fraction used for the films with no-slip of

figure 5.7. These films are presented in figure 5.8. The main difference between

the films with weak inertia is that the pool is significantly deeper by 9.6 %. This

deeper pool is a result of the depth of fluid around most of the cylinder being

much thinner. The minimum film thickness has reduced by 20 % due to the slip at

the cylinder surface. These differences are shown in figure 5.8 (a) when compared

to figure 5.7 (a). With weak thermal convection the films with and without slip

are similar. However, the deeper pool means the temperatures at the surface are

lower by 1 % as the cooling effects of the air flow increase.

With fluid slip on the cylinder, the film profiles at each Reynolds number are

like those with no-slip. As inertia increases, the pool also becomes smoothed,

this is shown in figure 5.8 (b) with Re∗ = 1. The maximum film height with

Re∗ = 1 with slip is approximately the same as the height when there is no-slip

and Re∗ = 0.1, shown in figure 5.7 (a). At moderate inertia, the film surface has

features which are very similar to those described for no slip, when the reduced

Reynolds numbers is between 5 and 10. However, the amplitude and frequency of

the capillary ripples at the surface are now higher due to the slip condition. This

change is clearly shown in figure 5.8 (d) where the number of observable ripples

has doubled. With a Reynolds number of 100, the film becomes dominated by

inertial effects which causes significant smoothing. The large fluid slip of ls = 0.1

has no change on the film temperatures of the films with strong inertia as the

films have a uniform depth around the cylinder. These inertia dominant films

have a temperature profile which solely depends on the radial distance from the
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Figure 5.7: Inertial and thermal convection on pooling films, for the no-slip case.
The Péclet number, Pe∗ is given as 0.01, 1, 5 and 10 for columns one, two three and
four respectively. The magnitude of inertia by the Reynolds number, Re∗ = 0.1
in row one, Re∗ = 1 for row two, Re∗ = 5 for row three and Re∗ = 10 in row four.
The last row of panels are for Re∗ = 100.
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Figure 5.8: Inertial and thermal convection on pooling films, for ls = 0.1 and
A = 1.987ε. The Reynolds number of row one is Re∗ = 0.1, increasing to
Re∗ = 100 in the last row, row two has Re∗ = 1, row three is with Re∗ = 5 and
row four has Re∗ = 10. The Péclet number, Pe∗ increases between each column,
from 0.01, to 10, with columns two and three having Pe∗ = 1 and Pe∗ = 5
respectively.

wall, which are shown in figure 5.8 (e, j, o, t).

The temperature gradients across the film when conduction is dominant are

similar for every Reynolds number, shown in the first column of figure 5.8. The

effect of slip in creating a deeper pool which has a colder region is an important

feature to observe when convective effects increase. When the convective effects

are equal to conduction at Pe∗ = 1, this colder cool region near the peak of the

film is moved higher up the rising wall. This effect was also found when there is

no-slip, though the minimum temperature of the films with slip is lower. The film

is shallower around much of the cylinder with slip on the walls, which causes the

surface temperatures for most of the film to be higher. This is clear in panels (g)

of figure 5.8 in comparison to panel (g) of figure 5.7, where the only parameter

difference is that slip is acting on the wall. The stronger effect of convection with
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Pe∗ = 1 is found to causes the cold tips at the surface of the capillary ripples

to move closer to the pool which is shown in figure 5.8 (i). This effect has been

amplified by slip, moving the cold surface further than if there was no-slip.

When the effects of convection are several times stronger than conduction, the

cooler region is even higher up the rising wall with slip and the Péclet number is

5. This is shown in figure 5.8 where Re∗ ≤ 5. With a Reynolds number which is

higher than 5, the cooler region with slip remains colder though there is a clear

difference in the internal temperatures. The temperatures fluctuations beneath

the capillary ripples have a greater amplitude with slip, shown in figure 5.8 (n)

where the temperature gradients reflect the film surface gradients.

Many of the unique changes that occur with thermal convection have been

detailed with no-slip and slip Pe∗ = 5 in figures 5.7 and 5.8 respectively. The cold

region that is found at the surface of the pool has diminished in size and moved

location, while the film has increased temperature for most Re∗. The exception

to this has been when Re∗ = 100 as the films with and without slip are identical,

shown in figure 5.8 parts (p, q, r, s) and figure 5.7 parts (p, q, r, s).

The changes that come with very strong convection at Pe∗ = 10 have already

been shown with weaker convection, though the effects detailed at each stage are

greater, as shown in the last column of figure 5.8. Interestingly, the differences in

the film temperatures between the no-slip and slip solutions are smaller. This is

because thermal convection has become the dominant effect for the temperatures.

The thermal gradients within the film are much larger around the pool and leads

to greater variation in the mean temperatures, as shown in figure 5.8 (p). However,

these variations lead to simulated mean temperatures, T̄ which are higher than

expected within the film.

The effect where slip causes the film speed u to be faster means that the

thermal convective terms which are connected to the film velocity are amplified.

These terms are shown in (3.121) and lead to the larger movement of the cold

regions in comparison to those with no-slip.

The mean temperature profiles provide a quantitative comparison between

the films where there is slip and no-slip. The effects of thermal convection and

inertia on the mean temperatures are presented in figure 5.9. When the viscous

effects are stronger than the inertial effects, the greatest difference in the mean

temperatures are found when ls = 0 and ls = 0.1 are found. This is shown in the

first row of mean temperature profiles of figure 5.9 where Re∗ ≤ 1.

The azimuthal gradients in the mean temperatures, T̄ have been increased with

slip, this is clear with stronger convection in parts (k) and (p) of figure 5.9 where

Pe∗ ≥ 5. However, these bigger gradients have been connected to difficulties in

calculating the internal film temperatures accurately. This difficulty is because
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Figure 5.9: Comparing the role of slip on the mean temperature fields from figure
5.7 and figure 5.8, for ls = 0 in blue and ls = 0.1 in red. The increasing inertia
between each row from Re∗ = 0.1 to Re∗ = 100 and Péclet number from Pe∗ and
Pe∗ = 10 are equal to figures 5.7 and 5.8.
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the mean temperature, T̄ may be discontinuous across the domain s. This is

because there may be local variations in the film temperature in steady-state

flows. However, the definition for the mean temperature T̄ appears to be best for

flows with smaller azimuthal gradients. This is because the flow flux is thought to

be an accurate representation of the mean velocity. While the flow flux is also a

continuous function throughout the domain s, for a steady-state film the value

of q must be constant across the domain. This is because the volume of fluid

flowing from one area of the domain must be equal to the volume of fluid in any

other area. However, the temperature distribution in one area of the domain does

not have to be the same as another area. This is mainly when there are large

changes in the depth of the film. Therefore, it may be possible that a higher order

polynomial used to approximate the temperature profile may be more accurate.

As the additional terms may provide the necessary flexibility with film profile

variations that the local temperature effects can be determined accurately.

Overall, the change in temperatures with Re∗ and Pe∗ can be summarised

with the following features; there is a narrowing of the wide trough for Re∗ ≤ 1

as convection increases, the thermal ripples found at Re∗ = 5 and Re∗ = 10 are

larger with convection and the films Re∗ = 100 are independent of convection.

This behaviour is found for flows where there is slip and no-slip and have been

shown in figure 5.9. There is also a clear difference in the film temperatures for

flows where there is slip. This is mainly the amplifying effects that slip has on the

convective effects, which have been shown in figure 5.8 in comparison to figure 5.7.

5.5 Development of Shock Solutions with

Inertial and Thermal Convective Effects

With the influence of thermal convection and inertial forces detailed for a pooled

film, a smaller fluid volume of A = 0.011ε leads to a shock type flow with

moderate slip, ls = 0.1. This steady state film is at the precipice of developing

into a recirculating pool for the applied surface shear while still maintaining

unidirectional flow. The reduced Reynolds numbers, Re∗ = 0.1 in figure 5.10 (a, b)

or Re∗ = 1 in (d, e) show a typical shock front at s∈ [0, 2] in the form of large h′.

The capillary ripples from surface tension that counter rising instabilities from

inertia, similar to those of the pooled solution are noticeable in front of the steep

pool at Re∗ = 5 of figure 5.10 (g) and (h). This sharp front is largely smoothed

at Re∗ = 10 in figure 5.10 (j, k). The key thermal difference between those of

shock and pooled films is the smooth films occur at a lower Re∗, therefore become

independent of convection due to the film being smooth. Otherwise, the increase
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Figure 5.10: The shock solution, with the Péclet number Pe∗ = 0.1 in column
one and Pe∗ = 10 in column two while the mean temperatures for several Péclet
numbers are in panels (c), (f), (i) and (l). The Reynolds number for each row is
given as 0.1, 1, 5, 10 and 100 respectively. The varying Péclet numbers in column
three are coloured as Pe∗ = 0.1 in red, Pe∗ = 1 in green, Pe∗ = 5 in blue and
Pe∗ = 5 coloured in orange.
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Figure 5.11: The step functions for defining the rising red, central orange and
falling blue wall locally heated sections.

to thermal convection reflects the observations outlined previously in Section 5.4.

5.6 Localised Thermal Effects Across a Heated

Patch

The prescribed wall temperature on the fluid boundary in (3.47) has been changed

to a non-uniform temperature function for this Section. A hyperbolic tangent

function has been used to create a smooth step profile where the temperature can

be higher in a small area of the cylinder, this is given as

Tw = 1/2 (Tm − TM) [1− tanh (−k [|s+ δ| − L])] + TM , (5.1)

where we define Tm as the minimum cylinder wall temperature and TM as the

maximum wall temperature to create a hotter patch on the wall. The transfor-

mation region between Tm and TM is controlled by the parameter k, where the

imposed wall temperature Tw appears as a sharp step function as k → ∞. To

allow for an asymmetric wall temperature in the chamber, δ acts to shift the patch

around the domain and L defines the half length of the patch, such that the patch

is found at −L + δ < s < L + δ for L = π/3. The transition parameter set to

k = 10 creates a smooth step function, which ensures a smooth introduction of

a localized heating on the film. By assuming Tm > Ta, a positive temperature

gradient between the air and cylinder is maintained which draws heat from the

cylinder and across the film.
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Figure 5.12: Thermal convection and partial slip on the rising wall heated patch,
with Pe∗ given in increments of 0.1, 1, 5 and 10 for each row from top down
respectively. The temperature profiles in column one are for no-slip and column
two for ls = 0.1. The third column is the cylindrically mapped temperature
profiles with ls = 0.1.

5.6.1 Heating a Section of the Rising Wall

With the heated patch defined by Tm = 0.6 and TM = 1, we cause the rising

wall to experience a local heating by setting δ = −π/3, as shown in figure 5.11,

to investigate how convection and partial slip alter the film profiles and thermal

solutions. In a conductive flow, solutions for Pe∗ = 0.1 in figure 5.12 (a) represent

a large heated region in proximity to the patch that exhibits sharp temperature

gradients, with minor thermal spreading from the heated region due to conduction.

As convection is increased (figure 5.12 (b)), there is a spreading of the heat away

from the patch. Whilst the colder thin coating film is conveyed across the pool,

leading to a reduction in the proportion of heated fluid within the pool.

These effects are further emphasized with stronger convection, shown in parts

129



CHAPTER 5. SURFACE DRIVEN NON-ISOTHERMAL THIN FILM
RIMMING FLOW

(c) and (d). The presence of slip on the surface using the same filling fraction

results in the thinning as shown previously, leading to the deeper pool of fluid.

The increased velocity of the fluid at the wall is found to intensify the convection

of the fluid and enhances the cooling of the pool by the core airflow. This is also

coupled with greater spreading of the heat within the pool and away from the

patch, which is shown by reductions in both the temperatures within the film in

figure 5.12 (g). More evidence of this effect with stronger convection is shown in

part (h) of figure 5.12 where slip has caused the heated region to shrink in size.

5.6.2 Films Being Heated at the Falling Wall

Upon relocating the heated patch around the cylinder and away from the pool,

setting δ = π/3, another view of convection within the film is obtained in figure

5.13. In the conduction dominant solutions of (a), there is minimal permeation

of the heat away from the patch with a small spread due to slip in (e). As the

convective forces are increased, a spreading of heated fluid into and across the

pooled region away from the patch occurs as in figure 5.13 (g). However, with

the heated patch being located predominantly under the thinner portion of the

film, that is near uniform, the small azimuthal gradients mean thermal convection

is not as important as in the pool. The hot regions near to the patch, shown

between Pe∗ = 0.1 in (a) and Pe∗ = 10 in (d) around the region of s < 0 are

largely similar, unlike in the rising wall scenario. The increased fluid velocity at

the cylinder surface due to partial slip enhances the spreading of heated fluid

across the pool, see part (g) and (h) in comparison to (c) and (d) respectively. The

main heated region for T > 0.9 in the thin section of the film remains unaffected

by either slip or thermal convection.

5.6.3 Symmetrical Heating at the Cylinder Base

A symmetrical cylinder with a heated region which is centered about s = 0 has

the patch located within both the pool and thin coating film, as shown by figure

5.14 where δ = 0. The influence of convection is comparable for the heating of

both the rising and falling wall locations of figure 5.12 and figure 5.13. There is

a difference in the thin heated region in front of the pool when there is strong

thermal convection, where heat is spread further away from the patch, shown

in figure 5.14 (c) and (d) with Pe∗ > 1. The addition of slip causes the heat

to permeate further in the film, shown in panels (g) and (h). There is also a

noticeable increase in the pool temperature for stronger convection and slip. This

leads to a sharp change in the mean temperatures shown in the steep rise about

s = 2.
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Figure 5.13: The falling wall heated patch with increasing thermal convection and
partial slip. The temperature profiles in panels (a) - (d) are for no-slip and panels
(e) - (h) for ls = 0.1. The increasing thermal convection down each row is given
by Pe∗ = 0.1, 1, 5 and 10 respectively with the slip solutions reconstructed as
cylindrical flow in column three.

131



CHAPTER 5. SURFACE DRIVEN NON-ISOTHERMAL THIN FILM
RIMMING FLOW

-3 0 3

s

0

1

h

3

2

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(j)

(k)

(l)

0.5

1.0

In
c
re

a
s
in

g
 P

e
*

No-slip Slip

0.9

0.8

0.7

0.6

T

Figure 5.14: The localised heating of the cylinder base, the reconstructed cylinders
in panels (m) - (p) are with ls = 0.1. The Péclet number increases across columns
one to four at intervals Pe∗ = 0.1, Pe∗ = 1, Pe∗ = 5 and Pe∗ = 10 respectively.
The no-slip condition has been applied for panels (a) - (d) while panels (e) - (h)
have a partial slip condition with ls = 0.1.
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5.6.4 Localised Heating Effects on the Mean

Temperatures

In this Section the location of the heated patch has been quantitatively compared

using the mean temperature profiles. The location of the hotter patch has been

found to strongly determine how much thermal convection can change the film

temperatures.

The difference to the temperature fields in all three locations with Pe∗ = 0.1

show the differences between the no-slip and slip cases are small, as shown in

figure 5.15. However, with stronger convective effects, the effect of slip is clearly

shown in figure 5.15. As convection is increased, the cooling of the film is shown

with the reduction in the mean temperature with Pe∗ = 1 in panel (d). This is

complemented by the increase to the film thickness which changes the volume of

fluid being represented by the mean temperature. Slip also heightens the drop in

mean temperature before creating a secondary spike around the pool exit, shown

in mean temperature in figure 5.15 (i).

The effect of slip however, can be clearly shown as an amplification of the

overall effect that thermal convection has on the film temperature, shown in figure

5.15.

5.7 Chapter Summary

This Chapter details many of the thermal features that are a result of fluid slip on

the cylinder walls and how these effects can combine with the effects of thermal

convection. Having described the changes in film profiles due to slip previously, the

changes to internal temperatures are explored using the depth-averaged model of

Chapter 3. A caveat to this study is the assumption that there is a sufficiently high

heat transfer rate from the film surface into the air, otherwise the film reaches the

wall temperature and there is no discernible variation in the fluid temperatures.

The results have shown that when the film has a uniform depth around the

cylinder, in most instances there is negligible changes to the temperature profiles

with stronger convective or slipping effects.

If the film is not uniform in depth, the changes to temperature with stronger

convection is significant. First, the average temperature increases with convection

and second, the fluid contained within the pool increases in temperature sharply.

With moderate inertial effects within the model, the transitional film profiles out-

lined in Chapter 4 have also been investigated for different strengths of convection.

These findings are in good agreement with the previous studies and have been

used to validate the depth-averaged model.
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Figure 5.15: The effect of thermal convection and partial slip on the rising wall
heated patch, with Pe∗ given in increments of 0.1, 1, 5 and 10 for each row. The
columns represent the rising, central and falling wall scenarios respectively. The
temperature profiles in row one are for no-slip and row two for ls = 0.1. The mean
temperature profiles are for no-slip red and ls = 0.1 blue.
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There are no direct changes to the fluid temperature as a result of including

slip on the cylinder walls in flows where conduction is the main thermal effect.

But the first finding of this Chapter has shown that slip alters the film structures;

these are significant enough to elicit changes to the film temperatures. For the

pooling film, the addition of slip causes a reduction of fluid volume around most

of the cylinder which causes the pool to become deeper. With this increase in

depth, the surface of the pool is much colder because it is now located further

away from the cylinder walls.

While the first finding is applicable predominantly for a conduction dominant

flow, when there is moderate convection the minimum temperature within the

pool is lower for all cases when considering slip. With moderate convection, the

cooled region at the pooled surface is pushed further up the rising wall as a direct

consequence of slip. This is the second finding of this Chapter, where slip is an

amplifier to the effects of thermal convection. This finding is further detailed with

flow over a localised heating element located in several sections of the cylinder.

The effect of slip and convection are shown to move heat from the narrow film

around the chamber and into the pool. This presents an interesting characteristic

of fluid slip where heat can be moved out of the narrow film when combined with

convection.

With moderate inertia, the presence of partial slip causes the capillary waves

to be larger and this changes the internal temperatures of the film. These larger

surface waves cause a greater variation in the internal temperatures to match the

new surface profile.

When the film is not a smooth profile and there is strong thermal convection,

the model predicts large fluctuations in the film temperature. There are instances

where these fluctuations are not accurately represented by the mean temperature

and cause the results to become inaccurate. This inaccuracy is not found with the

flow flux, as the variation to the flux must approach zero across the domain for

steady solutions. However, the definition for the mean temperature means there

can be variation and becomes a problem if the change is large enough.

The effect of convection is shown to be substantial, however the changes to

temperature profiles by slip, while relatively minor could be used to ensure heat

is adequately displaced throughout the film.
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Chapter 6

Physical Applications and

Comparative Films

This Chapter focuses on the set of characteristic values which are typical for an aero-

engine bearing chamber. The previous Chapters have explored the mathematical

model using different parameter regimes; however, this Chapter looks specifically

at the characteristic values. Part of this Chapter has investigated a similar model

in the literature for rimming flows, where the differences between each model have

been thoroughly detailed. The remainder of the Chapter looks at each physical

characteristic, such as the fluid density or viscosity to show their importance in

determining the flow profiles. This Chapter also presents the most important part

of this research, where physical slip lengths have been investigated and shown to

have a significant effect on the film profile.

6.1 Modelling the Physical Flow Features and

Chamber Conditions

The depth-averaged mathematical model of Chapter 3 has been explored for

isothermal films in Chapter 4. However, this study used the six dimensionless

parameters which determine the flows separately. This is an ideal case in studying

a single physical effect and how it may change the film profile, such as the change

with larger reduced Reynolds number Re∗. These dimensionless parameters were

detailed in Chapter 3, though they are repeated here for convenience
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ε =
h0
r0
, ls =

l∗s
h0
,

Re∗ =
ρU0 (h0)

2

µr0
,

ε3

Ca
=

σ (h0)
3

µU0 (r0)
3 ,

λ =
ρg (h0)

2

µU0

, τ =
τ ∗ah0
µU0

. (6.1)

The characteristic values which define each parameter is important, as it is

clear from (6.1) that many of the dimensionless parameters will change a the

characteristic value changes. An example of this is the cylinder radius r0, which

does not change each parameter proportionally. It is therefore useful in the

modelling of the flow through the bearing chamber, that characteristic values

which are representative of the physical system are used and detail how the film

will change with each one. An analysis by Kakimpa et al. [1] focused on these

characteristic values for the flow inside a bearing chamber in their work on thin

film models. Therefore, the first portion of this Chapter is aimed at replicating the

flows that were presented by Kakimpa et al. [1]. The oil of the bearing chamber

has a density which is similar to water at 930 kg/m3, while the dynamic viscosity

is approximately five times higher at 4.83× 10−3. The inner shaft speeds of the

aero-engines may be in excess of 16, 000RPM , meaning if the shaft is 0.1m in

diameter the surface speed will be over 80m/s. There are other studies which

provide values for the bearing chamber flow, such as the work by Gorse et al. [7]

who gave measurements of the oil film to be up to 1.5mm at maximum. Chew

[5] also provides a set of oil properties and measurements of the bearing chamber

which are similar to those of Kakimpa et al. [1].

The remainder of this Chapter aims to demonstrate how important these

characteristic values are in determining the type of film profile that will appear

within the chamber. The contributions of each physical effect in the model are

shown in the azimuthal momentum equation (3.65) in Chapter 3 and for the

readers ease is presented here again as
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. (6.2)

The fluid properties, the conditions within the chamber and the size of the cylinder

have all been investigated separately. The purpose of this is to determine how

the flow profiles change in relation to a specific parameter, an example is how

the flow may change if the fluid density was to be either higher or lower than the

typical aero-engine oil. The aim is to show how important these time averaged

flow parameters can be and to be mindful in selecting them.

It is beneficial to display where the effects of gravity, hydrostatic pressure,

inertia, surface tension and viscosity are important. Therefore, a new figure is

introduced which shows the total contribution of each force in the momentum

equation. The terms of each effect in (3.113) have been summed together for the

values of h and q at each node within the domain. As the early works on studying

rimming flows in the literature have shown, the film is mainly a balance between

those of viscosity and gravity. Nevertheless, the films in these figures emphasise

there are flows when these additional effects must be considered.

The investigation of the slip boundary condition is also an important part of

this Chapter. This is because a number of slip lengths up to 200µm from the

supporting literature of Chapter 2 have been analysed to determine their unique

effects on the flow.

6.2 Comparative Study to Existing Rimming

Flows

There are many flow configurations that can be found in the current literature of

rimming flows, where the flow is driven by either the cylinder rotation or by an

imposed air shear. The results of Kakimpa et al. [1] are most suitable due to the

shared bearing chamber topic and shear driven flow. The physical values used by

Kakimpa et al. [1] to characterise the flow of aero-engine oil have been collated

in table 6.1. The previous Chapters used a different approach where the relative

strengths of each component were changed using a generalised fluid rather than
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Profile h0 r0 U0 µ σ τ ∗a ρ
(m) (mm) (m/s) (Ns/m2) (N/m) (N/m2) (kg/m3)

Smooth 0.55 0.11 0.512 4.83× 10−3 0.0245 9 930
0.5

Pool 0.7 0.11 0.109 4.83× 10−3 0.0245 1.5 930
0.5

Table 6.1: Key dimensional film parameters as described by Kakimpa et al. [1] to
create a smooth or pooling film.

exact physical values.

The Eulerian thin-film model derived by Kakimpa et al. [1] was used to show

the damping effect of surface tension has been artificially inflated beyond what

is physically suitable for the oil. The surface tension coefficients of the oil found

in bearing chambers is expected to be a constant around σ = 0.0245N/m. The

surface tension coefficient, σ has been considered a constant in this thesis and in

the work by Kakimpa et al. [1]. However, there will be temperature gradients at

the surface and this will create thermocapillary effects which means this value

is not constant across the oil surface in the bearing chamber. There are models

which link the surface tension coefficient to the liquid temperature at the surface,

though including the thermocapillary effects are outside the scope for this thesis.

There have been endeavours in using linear relationships to modify the surface

tension coefficient with temperature, such as the work by Kumawat and Tiwari

[84].

The spectral method and steady state solver developed in Section 3.7 solve

the governing equations using non-dimensional terms. These non-dimensional

parameters are summarised as (6.1). It is therefore possible to use the values found

in the parameter table 6.1 to calculate the corresponding dimensionless terms,

which can be found in table 6.2. While there are the three distinct rimming flow

solutions of a smooth, shock or pooled film, only the solutions of the smooth and

pooled films have been studied for this thesis. This is because the narrow spacing

between the nodes which is stated by Kakimpa et al. [1] to capture the capillary

ripples means that the simulation time is exceedingly long for the pseudo-spectral

method. A different clustering function may be used to drastically reduce this

computational cost; however, the aim of this Section is to compare the models

and validate the work of this Chapter.

The added challenge for finding physical solutions using parameters that are

representative of the bearing chamber is the formation of capillary ripples. These

ripples are a consequence of the smoothing effects from surface tension. However,

Kakimpa et al. [1] stated the surface tension coefficients of previous studies was
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Profile ε Re∗ Ca τ λ A
Smooth 5× 10−3 0.2711 0.1009 2.002 1.116 5.6× 10−3

0.004946
Pool 6.364× 10−3 0.2449 0.02149 1.944 8.491 8.926× 10−3

0.001053

Table 6.2: Dimensionless parameters table for establishing either a smooth or
pooled solution according to table 6.1.

too large, so the wavelength of these ripples were too long. A high node density

is therefore required for these smaller wavelengths so that the spacing between

each node is less than 0.14mm. The calculated capillary number with the lower

surface tension coefficient is almost two orders of magnitude smaller than those of

previous Chapters, meaning the smoothing from surface tension is significantly

weaker. The ability to cluster nodes using the pseudo-spectral method is shown to

significantly reduce the mesh size. However, a uniformly distributed mesh requires

approximately 5, 000 nodes to have ∆s ≤ 0.14mm and the full differentiation

matrix takes longer to simulate. This has been discussed in detail in Section 3.7

and is detailed later in Section 6.2.2.

6.2.1 Obtaining Smooth Rimming Flows

The smooth film is likely to be the most common flow in the bearing chamber

due to the very strong driving force of the airflow. The forces within the smooth

flow are mainly those from viscosity and gravity. The air shear, τ ∗a is given as a

constant 9N/m2 in table 6.2 and is due to the internal shaft rotating at upwards

of 16, 000RPM . This strong air shear is able to support a large volume of fluid

A = 1.125ε in a nearly even distribution of the chamber, shown in figure 6.1.

While these films are smooth, there is a slight thickening that is found as the

gravitational forces are in opposition to the flow direction on the lower portion of

the rising wall. This negative force is shown in figure 6.2, along with the positive

viscous forces that maintain the flow around the chamber. Directly opposite to

the thicker area of the film, the effects from gravity have reversed and the film

thins. This is caused by the film on the falling wall accelerating with gravity and

being impeded by viscous effects. There are relatively minor effects from inertia

around the cylinder base and top, shown in figure 6.2. The effects from inertia are

linked to the small changes in the film height, as the inertial terms correlate to h′.

The results of a smooth film with σ = 0.0245N/m are in good agreement

with those of Kakimpa et al. [1], shown in figure 6.1. Though, there is a deeper

hump on the rising wall which has caused the film to be shallower film on the
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Figure 6.1: The film height profiles of the smooth film found in the work of
Kakimpa et al. [1] and those calculated with the current model for a range of
surface tension coefficients using the parameters of table 6.2. The blue line is with
σ = 0.0245N/m and σ = 0.5N/m is in red (which is perfectly under the blue
line), while those of Kakimpa et al. are denoted by �.

falling walls. These differences are thought to be linked to the representation of

inertial terms and a wall shear model used by Kakimpa et al. [1]. However, for

a smooth film the changes in inertial terms will not be significant. An imposed

wall shear would impede the rotating flow and that may be the cause for fluid

to accumulate on the rising wall. The details of the wall shear model were not

provided, so the connection of the profile differences and the wall shear model can

only be conjectured. It does highlight the importance that surface effects have on

the film profile.

The surface tension effects have been added to thin film models as they create

stabilising effects in the presence of sharp discontinuous jumps in the film height.

However, there is no significant change in the film profile for any of surface tension

coefficients that have been simulated, these films are shown in figure 6.1 where

σ is between 0.5N/m and 0.0245N/m. These films are all identical as surface

tension has no effect on the smooth films. This is further shown in the forces

across the domain being equal. The forces from viscosity and gravity are the

strongest of the effects being modelled, shown by figure 6.2.

These smooth films are thoroughly investigated later in this Chapter with a

range of characteristic values. Part of this later work is to determine the effect

that fluid slip will have on the film profiles using slip length values from l∗s = 0m

for the no-slip case up to l∗s = 0.0002m, or 200µm. These correspond to some of
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Figure 6.2: The calculated forces within the films when σ = 0.0245N/m and
σ = 0.5N/m in (a) and (b) respectively. The contributing forces are denoted by
blue for gravity, green for viscosity, red for inertia, orange for surface tension and
black for hydrostatic pressure, which is consistently used throughout this Chapter.
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the largest slip lengths that have been reported in the literature.

6.2.2 Development of Deep Recirculating Pools

The flow within a horizontal cylinder will typically develop as a pool if a large

volume of fluid is contained within the cylinder. With a low surface tension

coefficient of σ = 0.0245N/m, Kakimpa et al. [1] determined it was necessary for

∆s ≤ 0.14mm to capture the film surface. Therefore, a uniform node spacing

and dense mesh of N = 5, 000 have been used to capture the surface profile unless

otherwise stated. The method for obtaining solutions with the weaker surface

tension coefficient has been to use a continuation approach, where solutions with

higher value of σ have been used for an initial value of the film. This method

greatly reduced the number of iterations required to calculate solutions.

There are two film profiles that have been designated as pooling films by

Kakimpa et al. [1], these have been replicated in figure 6.3. When surface tension

effects act to smooth the film, there is a small surface ripple that can be found at

both the entrance and exit of the pool. If the surface tension coefficient is small,

there are no ripples around the pool.

With the dimensional parameters defined in table 6.1, the reduced Reynolds

number is calculated as Re∗ = 0.34491. Kakimpa et al. [1] specified the Reynolds

number to be Re = 54.4 which is different to the calculated value, therefore the

Reynolds number has been artificially modified. The results show that for an

initially strong surface coefficient of σ = 0.5N/m, a pooling film will develop and

is shown in figure 6.3. The pool is created as liquid accumulates under the strong

gravitational pull, as λ = 8.491 the effects of gravity are over 8 times larger than

the viscous effects. This strong gravity significantly impedes the flow around the

cylinder, however the viscous forces ensure that de-wetting does not occur. The

viscous effects draw a narrow film from the pool that coats the entire chamber,

depicted in figure 6.4.

Analysis of the forces around the cylinder show that gravity and viscosity are

the most dominant effects, shown by figure 6.4. However, there is also a significant

contribution from inertial effects throughout the pool due to the sharp fluctuations

in h. The higher surface tension coefficient of σ = 0.5N/m increases the smoothing

effect of the film. This smoothing effect can be found in the transition around the

pool becoming more gradual and the sharp rise in hydrostatic pressure effects due

to the pool also occurs over a larger region. As the hydrostatic pressure effects

are closely linked to the film gradients, the narrower region indicates a sharper

surface transition. The development of a dimple at the rear of the pool is also

due to surface tension.

143



CHAPTER 6. PHYSICAL APPLICATIONS AND COMPARATIVE FILMS

-3 -2 -1 0 1 2 3
0

1

2

3

4

5

6

h

s

-0.5 -0.4 -0.3

0.0

0.5

1.0

0.4 0.5 0.6 0.7

0

1

2

Figure 6.3: A comparison between the films by Kakimpa et al. [1], denoted
in orange for σ = 0.5N/m and blue for σ = 0.0245N/m and the film profiles
calculated using the parameters of table 6.2. Where the surface tension coefficients
for σ = 0.5N/m in green and σ = 0.0245N/m in red. Close up of film height
profiles preceding the fluid pool, highlighting the differences between the range of
σ values tested.

The solutions of Kakimpa et al. [1] and the solutions of this thesis appear very

different in size, shown in figure 6.3. However, the volume of fluid in each solution

are equal and the parameters of each flow are also equal. The differences have

been explored thoroughly and can be attributed to three likely factors which are

now detailed. One of these reasons is the filling fraction ratio, A was interpolated

directly from the published figures and is very sensitive to changes. This may

result in widely differing film profiles. However, studies using a number of different

filling fractions close to the value of A = 8.926× 10−3 have indicated this is not

the case. It is therefore believed that the accuracy of the filling fraction is unlikely

to be the main difference. This was not an issue in Section 6.2.1 as the smooth

film is easier to interpolate.

As mentioned in Section 6.2.1, the mathematical model for inertial effects is

different between the equations in this thesis and those of Kakimpa et al. [1]. This

is clear as the centrifugal inertial effects and centrifugal pressure terms have not

been retained in the model by Kakimpa et al. [1]. The pooling film contains flow

recirculation and therefore modest radial velocities. Therefore, the centrifugal

terms will be non-zero and may be significant within the thin-film approximation.

By removing these terms from the model of this thesis, the influence that the

centrifugal terms have on the film profiles is shown in figure 6.5. The films are

largely comparable in shape, though the model with full inertial effects causes
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Figure 6.4: The forces found within the films for σ = 0.0245N/m in (a) and
σ = 0.5N/m in (b), from the films of figure 6.1. The lines are calculated for
inertia, viscosity, hydrostatic pressure, surface tension and gravity, given as red,
green, black, orange and blue respectively.
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the pool to appear slightly lower on the rising wall. The spike in the absolute

percentage error between the films is due to this movement.

The film profiles are similar as the inertial terms from the radial momentum

and the azimuthal momentum equations counter-balance each other, shown in

figure 6.6. However, these forces are not fully balanced and leads to an increase

in the total force that comes from inertia.

From the analysis of the filling fraction and inertial effects, it is surmised that

the submodel of the wall shear stress condition which was used by Kakimpa et

al. [1] is likely to be the main difference between the models. Unfortunately, this

factor cannot be quantified as the model and coefficients are unknown, but the

effects of this wall shear on the film profiles may be inferred. If there is a wall

surface shear acting in opposition to the flow direction it will inhibit the flow

around the cylinder. This will combine with the effects of gravity and should

cause the film to drain from the cylinder walls. Therefore, a deeper pool will

develop as less fluid is contained on the walls. This seems to be the most probable

cause for the differences in the film profiles.

As the continuation method gradually alters the surface tension coefficient

from 0.5N/m to 0.0245N/m, several intermediate films are created for each film.

These films are shown in figure 6.7. The overall shape of these films is similar

for each value of σ and it is only in the features around the pool where there is

any variation. One of these differences is in the width of the pool increasing with

smaller σ as the compressive effects of surface tension reduce. The volume of fluid

within the pool has been maintained as the maximum depth of the pool decreases.

There is another difference for the four different surface tension coefficients

which can be found upon closer inspection of the pool front and rear regions,

shown in figure 6.8. In front of the pool, the higher surface tension effects prevent

the film from having a steep front. This causes the pool to widen so that it

can accommodate a smoother transition and is also found at the pool exit, the

pool also returns to the underlying narrow flow at a higher position on the wall.

The film profiles with weaker surface tension display more drastic variations in

both the steepness of the front and narrowness of the pool. The actual volume of

displaced fluid is relatively minor between σ = 0.5N/m and σ = 0.0245N/m. The

requirement for a smaller node spacing if the surface tension coefficient is small

means the simulation time increases. However, it is relatively cheap to increase

the surface tension coefficient and reduce the time required to approximate the

film profiles. The thin-film models are designed to be a faster alternative to full

CFD analysis and the differences between surface tension coefficients are largely

inconsequential when considering the final film profile.

Next, the benefits of the numerical method in this thesis is investigated for a
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Figure 6.5: The effect of adding centrifugal effects from inertia and pressure on the
film profile for σ = 0.0245N/m in (a), where the full inertial effects are plotted in
red and the simplified inertial terms are coloured in blue. The absolute percentage
error between the films with and without centrifugal effects is given in (b).

147



CHAPTER 6. PHYSICAL APPLICATIONS AND COMPARATIVE FILMS

s

N
o
r
m

a
li
s
e
d
 F

o
r
c
e

-3 -2 -1 0 1 2 3

-1.0

-0.5

0.0

0.5

1.0

Figure 6.6: The calculated contributions of inertia in the pooling film of figure 6.5,
having been normalised to only the inertial effects. The red line gives the total
inertial contribution, orange gives the contribution for the convective terms, blue
and green are for the centrifugal pressure and the centrifugal inertial contributions
respectively.
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Figure 6.7: How the pooling film changes depending on the surface tension
coefficients, where σ = 0.0245N/m is given by blue, σ = 0.1N/m in green,
σ = 0.3N/m with orange and σ = 0.5N/m with red. These films are closely
investigated in figure 6.8.
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Figure 6.8: Close views at the film in front of and receding from the fluid pool of
figure 6.7 in part (a) and (b) respectively to highlight the effect of surface tension,
for blue with σ = 0.0245N/m, green as σ = 0.1N/m, orange for σ = 0.3N/m
and σ = 0.5N/m in red.
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Figure 6.9: A comparison of the obtained solutions between the numerical solver
using an upwind and a central difference method in gradient calculations. Where
the upwind solutions to σ = 0.5N/m and σ = 0.0245N/m are given by red and
orange lines, and solutions using the central scheme are given as dashed green and
blue lines.

pooling film. The non-linear iterative solver available in the fsolve of MathWorks

MATLAB has several in-built options that can be adjusted. This includes several

methods available in estimating the Jacobian matrix and how the linearization of

the equations is implemented. Up to this point, all solutions have used the default

option that is recommended by MathWorks to estimate the Jacobian matrix. This

is an upwind approach to estimate the gradients for each value, which means

the variable gradients are only evaluated once. The results obtained throughout

this thesis have been consistent with this method. However, it is possible to

use a central approximation to create the Jacobian matrix, but this doubles the

number of evaluations required to create the Jacobian matrix for each iteration.

A comparison of the upwind and central methods has been completed for pooling

films with σ = 0.5N/m and σ = 0.0245N/m. The results from both methods for

each film are presented in figure 6.9.

As expected, the films from both methods are computationally identical.

This is confirmed by the absolute percentage error between solutions from both

method with σ = 0.5N/m and 0.0245N/m being negligible and is shown in figure

6.10. Though the central method is typically more accurate, the single gradient

evaluation of the forward method is suitable. This means that time to obtain

solutions can be reduced by using the upwind method and is an important aspect

of all computer models to reduce on simulation time.
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Figure 6.10: The absolute percentage error between the upwind and central
differencing schemes of Matlab’s fsolve for calculating the pooling film. The red
line denotes the error in the results for σ = 0.5N/m and the blue line is for
σ = 0.0245N/m.

Another advantageous feature of the numerical method is the ability to use

non-uniform mesh distributions. This means that a grid refinement can be made

for regions of specific interest. The bunching parameter that was defined in Section

3.7 can create a uniform mesh with c = 1. To ensure that ∆s ≤ 0.14mm, the

minimum mesh size was N = 4, 938. The mesh is only approximately uniform, as

there is a discrepancy in the mesh which causes a non-uniform spacing connected

to numerically approximating trigonometric functions. This discrepancy is shown

in figure 6.11.

The area around the base of the cylinder has the greatest changes in the film

surface and therefore requires the highest concentration of nodes. This is because

both the pool and small wavelength capillary ripples forms here. This area of

interest has been highlighted in figure 6.11.

A non-uniform domain can be created by setting the bunching parameter, c to

be 2.5. This clustered domain has a centre spacing ∆s that is approximately 4

times smaller than the outer edges, this is shown in figure 6.11. However, the pool

is not centred exactly around s = 0 while the domain is centred around s = 0. It is

useful to transform the domain so that the pool centre will align with the domain

centre. In Section 3.7, a linear transformation of the domain was implemented

using β. This transformation does not require the differential matrices to change

as the spacings between each node remains constant. By setting β = 0.15, the

domain becomes centred around s = 0.15 which is approximately the pool centre

and the domain is now s ∈ [−π + 0.15, π + 0.15].
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The mesh now has 3, 750 nodes in comparison to the 4, 938 nodes of the

uniform mesh, which is a reduction in the mesh size of approximately 20 %. This

means there are 9 million cells fewer in the differentiation matrices that are N ×N
in size. Therefore, with the global method using a full matrix there are 9 million

fewer calculations at each iteration of the non-linear solver. This has a significant

reduction in the simulation time.

A comparison of the film profiles using this concentrated mesh and the uniform

mesh have found that the solutions are identical. These films are shown in figure

6.11, with details of the node spacing around the domain. The periodic domain

means that the start and end points of each mesh are different, the solution profiles

are the same and have been offset with β = 0.15.

The mathematical and numerical models in this thesis have been able to

calculate solutions that are accurate in simulating a pooling film. The changes to

the depth and width of the pool with the different surface tension coefficient value

of σ = 0.0245N/m are close to the films of Kakimpa et al. [1]. The differences

between this thesis and the film profiles by Kakimpa et al. have been detailed

thoroughly. The hyperbolic sine function used to cluster the nodes in the domain

has been beneficial with significant computational savings. However, there are

alternative functions that may redistribute the nodes more effectively and can be

used for other domains. The pseudo-spectral method in this thesis is advantageous

as it may use a non-uniform mesh for simulating rimming flows.

6.3 Smooth Solutions with a Strong Driving

Shear

This Section focuses on changing the parameters used by Kakimpa et al. [1] for

smooth films and details which parameters are important when simulating steady

films. The smooth solution has been chosen as it is likely that the flow in the

bearing chamber is smooth. There is also the issue of gravitational effects being

dominant for pooling films, so changes in the characteristic values will have little

effect. While the lower surface tension coefficient of 0.0245N/m may be more

realistic of the aeroengine oil, σ = 0.5N/m has been used unless clearly stated

otherwise to reduce the numerical costs in simulating each film.

6.3.1 Importance of Fluid Density on Attainable Films

The film is driven by a very strong surface shear, τ ∗a = 9N/m2 which creates

a smooth film. The density of the oil found in aero-engines is ρ = 930 kg/m3,

however this will change with the oil temperature during the engine operation.
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Figure 6.11: The uniform and centrally clustered meshes, showing the obtained
solutions for the pooling film in (a), with orange for the uniform mesh while blue
is on the clustered mesh. The spacing between each node across the domain is
shown in (b), where orange is for N = 5, 000 and blue is for N = 3, 750.
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Figure 6.12: The influence of the fluid density, ρ on the smooth solution charac-
terised by table 6.2. The solution profiles for each value of the fluid density is
given as orange for 730 kg/m3, blue for 930 kg/m3, black for 950 kg/m3, green for
1000 kg/m3 and red for 1500 kg/m3.

If the fluid density changes, the effect of gravity can be either strengthened or

weakened. In the context of fluid densities; water has a density of 1000 kg/m3,

some organic hydrocarbons have a significantly higher density of 1500 kg/m3 and

there some that have a much lower density, such as petrol at 700 kg/m3. Flows

have been simulated using several fluid densities across this range of 1500 kg/m3

and 700 kg/m3.

The effect of gravity is severely weaker with a density of 700 kg/m3. This

causes the film to be thinner around s = 1.5, this is shown in figure 6.12. This

thinning is due to the gravitational pull that impeded the flow around the cylinder

being smaller. There is also a thickening at s = −1.5, where the accelerating

effects from gravity have reduced. These changes in the gravitational forces are

shown in figure 6.13 and means the film has a more uniform depth.

In contrast to the smoother film, if the fluid has a higher density there is a

thickening of the film on the rising wall. This is because the force from gravity

increases with density. There is an equal reduction in the fluid depth at s = −1.5,

as the film speed increases due to the positive pull of gravity, as shown in figure

6.13.

The effect of density on the film profile and the change in internal forces are

small. This is due to the high shear rate τ ∗a , which drives the fluid to form a

smooth film.
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Figure 6.13: With inertia, hydrostatic pressure, surface tension, viscosity and
gravity plotted as red, black, orange, green and blue respectively, the change in
forces from figure 6.12 with different values of ρ, with 700 kg/m3 in (a), 930 kg/m3

in (b) and 1500 kg/m3 in (c).
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Figure 6.14: The resulting film profiles for various film speeds, denoted by U0

of the smooth film, with orange for 0.1305m/s, blue at 0.261m/s, black having
U0 = 0.512m/s, green with U0 = 1.024m/s and red for 2m/s.

6.3.2 Solutions with Changing Film Speeds

The oil film speed of the bearing chamber is around 0.1305m/s and is an interesting

characteristic parameter to study. This is because it would be expected that

as the film speed reduces, a coating flow would no longer be sustainable. This

is due to the film travelling so slowly that gravity will cause the film to de-wet

the surface. However, the non-dimensional parameters Re∗, λ, τ and Ca that

define the four fundamental parameters are all linearly dependent on the film’s

characteristic velocity, U0, as shown in (6.1). Therefore, as U0 changes, all of the

non-dimensional parameters change proportionally.

The film profiles for high and low speeds are identical, even with speeds

of U0 = 2m/s. These films are shown in figure 6.14 which agrees with the

mathematical behaviour of the dimensionless parameters. The balance of forces

within each film are predominantly those from gravity and viscosity, shown in

figure 6.15 for speeds of 0.1305m/s, 0.512m/s and 2m/s. As there are no changes

to the film profiles, changes to U0 are not investigated further.

6.3.3 How Viscosity Affects the Observable Film Profiles

The oils for aero-engines are specifically chosen to reduce component friction so

the viscosity is low. However, if the viscosity is too large the frictional losses

would increase to overcome the additional fluid friction. Therefore, the oil has a

high viscosity in comparison to water at µ = 0.00483Ns/m2 as it will help reduce
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Figure 6.15: The effective forces of figure 6.14, with inertia (red), hydrostatic
pressure (black), viscosity (green), gravity (blue) and surface tension (orange).
The characteristic velocities of each panel are 0.1305m/s in (a), 0.512m/s in (b),
and 2m/s for (c).
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Figure 6.16: The film profiles that develop with changes to the fluid viscosity µ for a
smooth solution, with 0.001Ns/m2 in orange, 0.002Ns/m2 in blue, 0.00483Ns/m2

in black, 0.0075Ns/m2 in green and red for 0.01Ns/m2.

wear in the bearings.

A higher viscosity will reduce the effects of inertia, surface tension and the

driving shear of the film. The effects of gravity will also reduce with higher

viscosity. However, the relatively weaker driving shear is found to still maintain

a smooth profile, shown in figure 6.16 with µ = 0.001Ns/m2. As effects reduce

with larger viscosity values, when viscosity is weaker the opposite is found. There

is a significant increase to the inertial effects across the entire domain with lower

µ, shown in 6.17. However, the difference in film profiles is minor even though

the change in forces is significant.

6.3.4 Film Profiles with Varying Characteristic Film

Heights

The study of films with the thin film approximation requires the characteristic

film height, h0 to be significantly smaller than the cylinder radius r0. The non-

dimensional parameters that determine the flow behaviour are all dependent on

h0, with the only exception being the capillary number. One of the roles of the

characteristic film height is to determine the fill fraction A. If h0 changes, the

calculated filling fraction of each film will no longer be consistent if A is kept

constant, therefore the equation is now expressed as
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Figure 6.17: The contributing forces found for changes to the fluid viscosity of
figure 6.16, specifically those of 0.001Ns/m2 in (a), 0.00483Ns/m2 in (b) and
0.01Ns/m2 for (c). The lines represent the effect of inertia, viscosity, gravity,
hydrostatic pressure, and surface tension calculated at each node, given as red,
green, blue, black and orange.
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h0 (m) A λ Re∗ ε τ
1× 10−5 1.02× 10−4 3.69× 10−4 8.96× 10−5 9.09× 10−5 3.6× 10−2

5× 10−5 5.11× 10−4 9.22× 10−3 2.24× 10−3 4.55× 10−4 1.8× 10−2

5.5× 10−4 5.63× 10−3 1.12× 100 2.71× 10−1 5× 10−3 2× 100

7× 10−4 7.16× 10−3 1.81× 100 4.39× 10−1 6.36× 10−3 2.6× 100

1× 10−3 1.23× 10−2 3.69× 100 8.96× 10−1 9.09× 10−3 3.6× 100

1× 10−2 1.02× 10−1 3.69× 102 8.96× 101 9.09× 10−2 3.6× 101

Table 6.3: The dimensionless parameters and calculated filling fractions for
changing h0 to establish a smooth solution which is consistent in volume to those
presented in table 6.2.

A =
ε

π

∫ π

−π
h ds, (6.3)

∴
Aπ

ε
=

∫ π

−π
h ds = constant, (6.4)

This new equation ensures a consistent volume between each film and is used

if h0 or r0 change. The new values of the filling fraction are presented in table

6.3, along with the other dimensionless parameters for the different values of h0.

A smooth film has been found for all film values of h0 which were tested, with

h0 as small as 10µm as shown in figure 6.18. As the characteristic film height

reduces, the film profiles became more uniform in depth across the domain. This

is because the value of λ is proportional to the square of the film height (h0)
2,

so the effect of gravity within the cylinder is reduced significantly with smaller

values of h0. The changes in gravity and viscosity mean the forces are equal on

the rising and falling walls and is why the film is smooth, shown by figure 6.19.

In all the cases, where h0 ≤ 1mm, the film can be considered smooth.

However, there is a region of the film which has become much deeper with larger

film heights. This increase in depth is more apparent with h0 = 1mm, where the

surface has a much larger gradient across the domain. This is because the effect

of gravity has a quadratic growth with larger h0, which acts to impede the flow

up the rising wall. There is also an increase in the inertial effects, which is due to

inertia being a gradient determined force, shown in figure 6.19.

There was a limit to the size of h0 that was able to be simulated. This is

because as λ increases at second order, the effect of gravity becomes much stronger

than viscosity. This creates a pooling film. The small parameter term ε also

changes significantly and has a large impact on the surface tension effects. The

smoothing that occurs as a result from surface tension is a third order term in

ε, so the changes to h0 can lead to very strong surface tension effects around
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Figure 6.18: With changes to the characteristic film height h0, the resulting film
profiles and shown for 1mm in red, 0.7mm in green, 0.55mm in black, blue for
0.05mm and 0.01mm as orange.

the pool. This increase in surface capillarity and gravitational effects has caused

difficulty in calculating stable films with large values of h0.

6.3.5 Effects of Cylinder Size on Film Profiles

The cylinder radius is an important value in the thin film approximation, only

appearing in the dimensionless parameter ε. The thin film approximation assumes

that ε � 1, so the smallest cylinder size is limited by the film depth of h0 =

0.55mm. Therefore, cylinders as small as 10mm and as large as 1m have been

simulated. The consistency between films must be maintained for each film with

different cylinder radii. Therefore, the method for adjusting the filling fraction

in the previous Section has been used to calculate the filling fraction of several

cylinders. These are presented in table 6.4 along with the reduced Reynolds

numbers and values of ε.

A broad range of cylinder sizes have been studied, but because r0 only appears

in first order terms or higher the effect on the film profiles is small. This is shown

in figure 6.20 where the films are all smooth. The viscous and gravitational forces

are the strongest effects within all of the films, see figure 6.21.

When the cylinder is smaller, the first order effects become stronger as r0

reduces. Specifically, the inertial and surface tension effects are found to be

significantly stronger though they are normally large only when the film is not

smooth. The very small surface gradients where the fluid is slightly deeper have
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Figure 6.19: The effective force of inertia (in red), gravity (in blue), viscosity (in
green), hydrostatic pressure (in black) and surface tension (in orange) for the films
where h0 = 0.01mm in (a), h0 = 0.55mm in panel (b) and h0 = 1mm in (c).
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r0 (m) A Re∗ ε
1× 10−4 6.1875× 100 2.982× 103 5.5× 101

1× 10−3 6.187× 10−1 2.982× 102 5.5× 100

1× 10−2 6.188× 10−2 2.982× 101 5.5× 10−1

5× 10−2 1.238× 10−2 2.982× 100 5.5× 10−2

1.1× 10−1 5.625× 10−3 2.711× 10−1 5× 10−3

5× 10−1 1.238× 10−3 2.982× 10−2 5.5× 10−4

1× 100 6.188× 10−4 2.982× 10−3 5.5× 10−5

Table 6.4: The changed non-dimensional parameters for establishing a smooth
solution which are dependent upon r0, with the remaining parameters given in
table 6.2.
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Figure 6.20: The influence that the cylinder radius, r0 has on the smooth solutions,
for r0 = 1m represented by the orange, 0.5m in blue, 0.11m in black, r0 = 0.05m
with the green line and 0.01m with red.

163



CHAPTER 6. PHYSICAL APPLICATIONS AND COMPARATIVE FILMS

been amplified by the larger dimensionless parameters and these terms are now

significant, even though the film is relatively smooth, shown in figure 6.21.

6.3.6 How the Driving Surface Shear Affects Flow

Rotation

The constant air shear τ ∗a is large in comparison to the other parameters, where

λ is normally equal to τ . A stronger τ leads to films that have a more uniform

profile around the cylinder, as the stronger driving force will accelerate the flow

and remove any surface variation. If the surface shear is stronger at the film

surface the film has a more uniform depth around the chamber which is shown in

figure 6.22.

It is therefore beneficial to observe the film behaviour with weaker shear

rates. This may happen in the bearing chamber if the shaft speed slows and

the gravitational effects become significant. If the driving shear is halved to

τ ∗a = 4.5N/m2, the film remains smooth. However, the peak is sharper and the

change in forces are almost linear in figure 6.23. This shows the film is close to

pooling as the force reversal is more sudden, indicating reverse-flow will occur if

τ ∗a is reduced further.

With τ ∗a ≤ 3N/m2, the driving shear can no longer overcome gravity to create

a smooth film and a pool will develop with a sharp jump on the film surface. As

the driving shear reduces, the pool deepens as fluid is pulled from the walls and

into the pool by gravity. However, unlike the pool type solutions of Section 6.2

where gravitational effects are strong, the driving shear still smooths the receding

film from the pool.

There is an increase in inertial effects with large τ ∗a , as the fluid velocity u will

be faster due to the higher shear rate. This accelerates the film and increases

the calculated inertial force. When the film is a pool with weak surface shear,

the forces within the film fluctuate more. The hydrostatic pressure effects have

become significant due to the sudden change in film depth and there are significant

surface tension effects which smooth the film surface. The peak in gravitational

effects is counterbalanced by a rise in the viscous forces. There is also a negative

contribution from the hydrostatic pressure terms at both the pool peak and

receding regions towards the pool exit.

The value of the driving shear force is important as it determines if a smooth

film or a pool will form. The driving shear is a strong force which keeps the film

smooth in most cases. Therefore, the shear force τ ∗a is reduced to 4.5N/m2 in

Section 6.4. The film will be smooth, but it will be much easier to change the

film profile with different parameters.
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Figure 6.21: A graph detailing the forces found within the fluid film for the
cylinder radius, r0, where (a) is for 0.01m, (b) for 0.11m and in (c), r0 = 1m.
The relevant forces are given as hydrostatic pressure in black, surface tension in
orange, gravity and viscosity in blue and green respectively and inertia in red.

165



CHAPTER 6. PHYSICAL APPLICATIONS AND COMPARATIVE FILMS

-3 -2 -1 0 1 2 3

0

1

2

3

4

5

h

s

Figure 6.22: Effect of the applied driving shear force τ ∗a at the surface, and the
sensitivity the film profiles to the strength of the driving surface shear with a fixed
fluid volume. Where τ ∗a = 2N/m2 in orange, 3N/m2 in blue, black for 4.5N/m2,
green for 9N/m2 and 18N/m2 is in red.

6.3.7 How Slip Effects a Strongly Driven Film

This thesis has focused on determining the effect that fluid slip on the cylinder

wall will have on the film profiles of rimming flows. The current literature on

fluid slip has reported slip lengths from 0µm up to 200µm. However, the films in

this Chapter so far have assumed there is no-slip on the cylinder wall. Therefore,

several flows have been simulated with slip lengths founding in the literature to

determine the size of slip necessary to have a significant effect on the film.

For a small slip length of 10µm, the maximum depth of the film is increased.

This increase in depth of the film is caused by the flow accelerating as the velocity

is no longer zero at the cylinder wall. This causes the falling wall to be drained of

fluid which accrues on the rising wall. The volume of fluid required for the given

shear rate and viscous effects are lower because of slip. This increase in depth

is small but this size of slip is thought to be readily attainable with the current

knowledge contained in the literature.

This increased depth with slip is also found with l∗s = 50µm. The depth

is further increased on the rising wall while the falling wall has shown a bigger

decrease in film thickness. As slip increases up to the largest length of 200µm,

the thickening and thinning of the film which occurs on diametrically opposite

sides are magnified. Though the changes to the film profiles appear to be minor,

this has also been the case for most of the results in this Section. However, the

analysis of the internal forces within the film show that with larger slip lengths,
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Figure 6.23: Forces for changing τ ∗a . With inertia in red, gravity in blue, viscosity
in green, hydrostatic pressure in black and surface tension in orange. Where (a),
(b), (c) and (d) are for solutions to τ ∗a = 2N/m2, 4.5N/m2, 9N/m2 and 18N/m2.
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Figure 6.24: The importance of the slip length, measured in m on the film profile
of the strongly driven flow. The lines correspond to no-slip red, l∗s = 0.00001m =
10µm in green, l∗s = 0.00005m = 50µm in black, l∗s = 0.0001m = 100µm in blue
and l∗s = 0.0002m = 200µm is depicted in orange.

the faster film velocities u have made the effects of inertia stronger.

The change in flow velocity with slip also changes the location where the

maximum fluid depth is found. This movement is because the faster film will

require a greater amount of deceleration from gravity for the film to slow down

and develop into this hump on the rising wall.

This Section has observed minimal changes for any of the parameters due to

the strong surface shear rate applied at the surface and was also found for the

increase in slip length. However, the changes in the film profiles and the internal

forces with slip suggest that if the surface shear rate was to be weaker, slip would

cause a significant change in the film. This is shown in Section 6.4.

6.4 A Weakly Driven Film without Fluid

Pooling

The high surface shear in Section 6.3 meant that the changes in film profiles with

different characteristic values was small. The solutions were mostly smooth films.

But it was shown in Section 6.3.6 that with a smaller driving shear force, the

smooth film is close to developing into a pool and there are significant variations

to the internal forces within the domain. This Section investigates the role of each

characteristic value to determine how the flow will change when the air shear is

168



CHAPTER 6. PHYSICAL APPLICATIONS AND COMPARATIVE FILMS

N
o
rm

a
li
s
e
d
 F

o
rc

e

s

-3 -2 -1 0 1 2 3

-1.0

-0.5

0.0

0.5

1.0

(a)

(b)

(c)

Figure 6.25: The effect of the five modelled forces of gravity (in blue), hydrostatic
pressure (in black), inertia (in red), surface tension (in orange) and viscosity (in
green) found in the films of figure 6.24. With l∗s = 0µm in (a), l∗s = 50µm in (b)
and l∗s = 200µm in (c).
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Figure 6.26: The effect of the surface tension coefficient, σ on the film profiles
when a lower driving shear force of τ ∗a = 4.5N/m2, depicted for σ = 0.0245N/m
in orange, 0.25N/m in blue, 0.5N/m in black, 0.75N/m in green and 1N/m in
red.

weaker at τ ∗a = 4.5N/m2.

6.4.1 Surface Stabilisation for Various Surface Tension

Coefficients

As the driving shear has been reduced, the film peak has a sharper tip at the

maximum depth. The film has a larger h′ and means that the effect of surface

tension is stronger on the film surface. Previously, changes in the surface tension

coefficient had no change on the film surface, shown in figure 6.1. However, this is

no longer the case with the weaker surface shear rate of τ ∗a = 4.5N/m2, shown in

figure 6.26.

With the lowest surface tension coefficient, the maximum film depth is larger.

This is because the smoothing effect from surface tension which would prevent the

sharp tip is weaker. This higher peak also has a sharper point in the film as the

inversion of the gravity and viscous forces occur over a smaller region of s, shown

in figure 6.27. A very large surface tension coefficient causes the film surface to

be smoother but is a relatively small change in the profile.

The change in σ is minor but is important when capillary ripples form. The

lower surface tension coefficient of σ = 0.0245N/m will hindered the ability to

obtain stable solutions and increases the required simulation time of each film.

Therefore, the remainder of this Section uses σ = 0.5N/m which improves the
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Figure 6.27: The typical forces found within a rimming flow, consisting of viscosity
(green), surface tension (orange), inertia (red), hydrostatic pressure (black) and
gravity (blue). The different panels represent new values of the surface tension
coefficient, for σ = 0.0245N/m in (a), σ = 0.5N/m in (b) and σ = 1N/m in (c)
as shown in figure 6.26.
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Figure 6.28: The effect of fluid density on the films now that a weaker driving
shear force acts on the surface. The densities are equal to those of figure 6.12,
with ρ = 700 kg/m3 given in orange, ρ = 930 kg/m3 in blue, 950 kg/m3 coloured
black, 1000 kg/m3 in green and 1500 kg/m3 in red.

numerical stability.

6.4.2 Importance of Fluid Density in Determining the

Film Profile

Previously, the fluid density was found to have little effect on the film profiles

unless the density was very high. By reducing driving shear force, this is no

longer the case and density is now important. If the fluid density is reduced, the

gravitational effects are decreased as the lighter fluid means the viscous effects

are more dominant. This creates a more uniform film in the chamber, which is

shown in figure 6.28.

When the fluid density is higher, there is a considerable change in the film

behaviour. This was found for a small increase to the fluid density from 930 kg/m3

to 950 kg/m3 where the film developed into a narrow pool just before the middle

of the rising wall. This accumulated fluid forms from the small reduction in the

film height outside of the pool. There are capillary ripples that precede the pool

due to surface tension smoothing. At large fluid densities the volume of fluid

within the pool increases drastically with the effect of gravity and increases the

film’s maximum depth.

The uniform films are desirable for the bearing chamber as they lack any flow

recirculation. However, a 2 % change in density can cause the smooth film to
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Figure 6.29: The developing forces within the films of figure 6.28 for increasing
density, ρ, for ρ = 700 kg/m3, 930 kg/m3 and 1500 kg/m3 in (a), (b) and (c)
respectively. The coloured lines depict the effective value of gravity, hydrostatic
pressure, inertia, surface tension and viscosity as blue, black, red, orange and green
colours respectively.

173



CHAPTER 6. PHYSICAL APPLICATIONS AND COMPARATIVE FILMS

-3 -2 -1 0 1 2 3

0.0

0.5

1.0

1.5

h

s

Figure 6.30: Profiles for changes to the fluid viscosity µ, with parameters de-
fined in table 6.2 but the driving shear force is only 4.5N/m2. With orange
for 0.001Ns/m2, blue for 0.002Ns/m2, black for 0.00483Ns/m2, green for
0.0075Ns/m2 and red for 0.01Ns/m2.

collapse into a pool and the higher order effects are now significant, as shown in

figure 6.29.

6.4.3 The Effect of Viscosity with Weak Surface Shear

The fluid viscosity was found to have no significant change to the film profiles in

Section 6.3. However, this was due to the strong air shear which is now weaker

at τ ∗a = 4.5N/m. The larger viscosity is found to have little change on the

film surface and is because most of the parameters are inversely proportional to

viscosity, shown in figure 6.30. This is also shown in figure 6.31 where the forces

are zero in the domain, with the exception of gravity and viscosity. The film

is found to be unchanged with µ ≥ 0.002Ns/m2. If the viscosity is large with

µ � 0.01Ns/m2, the effects of gravity will reduce and the flow will appear as a

solid body due to the large viscous effects.

With µ = 0.001Ns/m2, the film has become smoother and the location of

the maximum film depth is higher up the cylinder wall. This smoother film is

attributed to the increase in inertia, shown in figure 6.17. This strong inertial effect

reduces the fluid deceleration from gravity and the film is therefore smoother.

The characteristic value of µ has a linear relationship with the definitions of

Re∗, Ca, λ and τ in (6.1). A pooled film may appear at very low values of µ, but

this may be lower than any physical fluid. Therefore, the fluid viscosity is not a
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Figure 6.31: Outlines of five key forces found within the film profiles of figure
6.30, for changing dynamic viscosity, µ. With (a) mapping the forces for µ =
0.001Ns/m2, (b) for µ = 0.00483Ns/m2 and µ = 0.01Ns/m2 in (c). The five
forces are denoted by the coloured lines, as surface tension in orange, inertia in
red, gravity in blue, hydrostatic pressure in black and viscosity in green.
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Figure 6.32: The effect of h0 for the smooth solution defined in table 6.2 using
the lower shear force of τ ∗a = 4.5N/m2. With the characteristic film heights h0
given by a green line for 0.7mm, black for 0.55mm, blue for 0.05mm and orange
for h0 = 0.01mm.

significant characteristic for determining the flow.

6.4.4 Effect of Characteristic Thickness on Stable Film

Structures

The method used in Section 6.3 to recalculate the filling fraction with changes

in the film height has been used to ensure consistent fluid volumes for each film.

These are presented in table 6.3.

The smaller film thicknesses reduce the values of the non-dimensional pa-

rameters of (6.1). The reduction in most of the higher order effects has a small

impact on the film profile, specifically Re∗, τ and ε3/Ca. However, the quadratic

dependency in λ means the viscous effects are equal to or stronger than gravity

with h0 ≤ 0.05mm. This is shown with the smooth films in figure 6.32, which

have a uniform depth due to viscosity. The forces are symmetrical about the

cylinder base with the viscous and gravitational effects on the rising and falling

walls being equal, as shown in figure 6.33.

A larger characteristic height of h0 ≥ 0.55mm leads to stronger gravitational

effects which drains the fluid from the chamber walls. This creates a large pool

in the cylinder which is shown in figure 6.32. The larger film height also reduces

the effective shear rate acting on the film and a pool forms with a film height of

h0 = 0.7mm, which is lower than the previous Section where a pool will only form
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at very large film depths. Another effect of increasing h0 is the change in higher

order terms as the value of ε increases. The pooled films feature a prominent

surface wave preceding the pool and is due to the surface tension terms being an

O (ε3) term. The reason the film develops a pool is a significant volume of fluid is

pulled from the wall by gravity, where there has been a reduction of over 40 % in

the minimum thickness for h0 between 0.7mm and 0.1mm, shown in figure 6.32.

The effect of surface tension is almost equal in strength to either viscosity

or gravity in the local region around s = 0.5 where the capillary ripples form.

Larger values of h0 were investigated, however a stable film was not found with

the current method. This has been because the iterative solver failed to converge

to a stable solution.

6.4.5 Variation to the Cylinder Radius and Resulting

Solutions

The film profiles for several cylinders have been simulated with the weaker surface

shear of τ ∗a = 4.5N/m. The filling fractions used for each film are presented

in table 6.4 using the adjusted filling fraction equation to ensure an equal fluid

volume for each film.

The effect of different sizes of cylinder are found to have minor changes in the

film profiles. However, an interesting change has been found when the cylinder

radius r0 is very small. The smaller diameter cylinders have a shallower minimum

depth and this fluid accumulates on the rising wall in an increasingly deeper and

wider region. The wider pool is due to the increase in inertial and surface tension

effects with the changes to ε and leads to a smoothing of the pool. This smoothing

from surface tension occurs over a large area of the domain, when it is normally

a localised effect in the surface waves in front of the pool. When the cylinder is

large, the main change is the reduction in the effect of higher order terms. This is

shown in figure 6.35 where the reduction in inertia at r0 = 1m means the effect is

now zero.

While there are some changes to the film, the size of the cylinder is not found

to be significant in determining the film profile. This is because the size of cylinder

required to significantly change the flow is not realistic for the aero-engine bearing

chambers.
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Figure 6.33: The forces of the key films defined as h0 = 0.01mm, h0 = 0.55mm
and h0 = 0.7mm shown in (a), (b) and (c) respectively as films from figure 6.32.
The calculated forces are shown in red (inertia), blue (gravity), green (viscosity),
black (hydrostatic pressure) and orange (surface tension).
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Figure 6.34: The changes to the film profiles with different cylinder radii, r0 using
τ ∗a = 4.5N/m2 and the other parameters of table 6.2, where red is for r0 = 0.01m,
green for 0.05m, black for 0.11m, blue for r0 = 0.5m and orange for r0 = 1m.

6.4.6 The Effect of the Slip Condition on the Weakly

Supported Film

The addition of both low and moderate slip lengths were shown to have only

subtle changes to the thin films that develop in the cylinder in Section 6.3. This

is contrary to most of the results shown in this thesis, where moderate slip has a

significant impact on the film profile. If the driving shear is reduced, the effect of

fluid slip is substantial. The case where there is no-slip establishes the control

case of the expected film profiles. When the slip length of the cylinder is relatively

small at l∗s = 10µm, the smooth surface no longer exists. Instead, this has been

replaced by a small pool in the chamber that is found high up on the rising wall.

The fluid on the walls of the chamber has been thinned as a result of the slip

condition. The creation of a pool may be thought of as a negative aspect for

creating a bearing chamber which generates fluid slip. However, this pool only

forms as the volume of fluid in the cylinder has not changed from the no-slip case.

This thinning of the film continues as the length of fluid slip increases up to

the maximum value of l∗s = 200µm. This large slip length has been reported

in the literature and has the thinnest film by over 30 %. The volume of fluid

contained within the recirculation region has increased because of this thinning

and the pool is much larger in width and depth. This would be a negative feature

in maintaining oil properties.

However, it must be understood that this negativity is because the volume of
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Figure 6.35: Visualisation of the forces found within films where r0 = 0.01m,
r0 = 0.11m and r0 = 1m in panels (a), (b) and (c) respectively for the films of
figure 6.34, where the coloured lines are given as black for hydrostatic pressure,
blue for gravity, green for viscosity, red for inertia and orange for surface tension.
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Figure 6.36: The effect that longer slip lengths, including the no-slip condition,
have on the resulting film profiles. Where the parameters are defined in table 6.2
with the reduced shear rate of τ ∗a = 4.5N/m2, with l∗s = 0µm in red, l∗s = 10µm
in green, l∗s = 50µm in black, l∗s = 100µm in blue and the largest slip length of
200µm in orange.

fluid has been kept constant. If fluid slip was to be created on the chamber walls,

the amount of oil in the bearing chamber could be reduced to prevent this deeper

pool. Interestingly, the increased fluid velocity at the wall reduces the amount

of fluid needed to maintain a coated cylinder. This effect may also be used to

encourage fluid to flow out of the chamber and into a sump.

Fundamentally, this finding is arguably the most important of the research

in this thesis. These results have shown that slip has a dramatic effect of the

film and may be exploited for the bearing chamber. The current knowledge on

surfaces where fluid will slip is associated to either the use of chemical coatings

that cause a hydrophobic effect or the use of small structures to create pockets of

trapped air. The stability of these surfaces for long operating cycles, such as the

bearing chamber, is not currently known. However, the use of surface structures

seems to create the longest slip lengths and are likely to be the most reliable for

the bearing chamber. This assumes that the pockets of air are stable during the

various operating conditions and would require further research before commercial

use. However, the effect of even small fluid slip is clearly substantial in some

situations for rimming flows. It may be possible to modify the bearing chamber

to have surfaces which can slip which will improve the oil flow through the system

and therefore increase the efficiency of the engine.
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Figure 6.37: The forces found within the film profiles of figure 6.36, for the no-slip
case in (a), l∗s = 50µm in (b) and l∗s = 200µm in (c). The forces are represented
as surface tension in orange, viscosity in green, inertia in red, gravity in blue and
hydrostatic pressure in black.
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6.5 Chapter Summary

This Chapter details the importance of the physical parameters used to portray

the bearing chamber and features the most significant finding of this thesis. The

developed model is shown to be in good agreement with an alternative Eulerian

thin-film model of Kakimpa et al. [1]. While there are some differences between

the film profiles, these differences have been thoroughly explored and the two

most probable causes have been identified. The first difference is the model of this

thesis includes centrifugal inertia effects, while the study by Kakimpa et al. [1]

excluded this effect. One of the findings in this Chapter is the centrifugal effects

are not insignificant, especially when a recirculating pool occurs. Secondly, the

Eulerian thin-film model includes a wall shear sub-model. This shear impedes

the flow and causes the thickness around the cylinder to reduce, subsequently a

deeper pool forms.

The numerical model is shown to be advantageous in solving the rimming flow

problem, with the pseudo-spectral method being able to cluster nodes, which is

particularly beneficial for resolving the capillary waves. The numerical method is

also useful for other problems, especially for approximating continuous variables

or if node clustering is needed, as there are numerous clustering functions which

may be used.

The importance of the time-averaged characteristic values of the film are

detailed in this Chapter, presenting a variety of films that form as a result of these

parameters. The system of non-dimensional coefficients of Chapter 3 causes some

parameters to be of greater importance; most notably the fluid density, applied

surface shear coefficient and film height are key in determining if a smooth or

pooling film forms. If there is a very strong surface shear inside the cylinder, only

the characteristic film depth has a significant effect on the flow profile. There is,

however, a slight change in the film with long slip lengths.

With a moderate shear rate applied to the film surface, the main finding of

this research is presented for the effect of partial slip on the cylinder. Using slip

lengths which have been documented in the background literature, the originally

smooth film collapses and forms a deepening pool as slip increases. Even small

slip lengths of 10 µm cause a significant change in the fluid dynamics of the

problem, showing that modifications to the chamber surface that produce slip will

be significant. This result, above all others in this thesis highlights the importance

of developing surfaces which can cause fluid slip, resulting in substantial changes

to the fluid profiles for the bearing chamber problem.
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Conclusions

This Chapter details the conclusions that are drawn throughout this thesis, along

with suggestions on future works that may be undertaken to develop the novel

contributions further.

The work of Chapter 2 presents a review of the current literature on the flows

found within aero-engine bearing chambers. As well as the background literature

on rimming flows which is frequently used as a comparable problem in similar

studies. The previous findings have indicated that hydrostatic pressure, inertia

and thermal convection are all important effects in modelling the thin films of

the chamber. A review of the literature on fluid behaviour at very small scales

has highlighted the idea that fluid may slip across a surface, an effect which

can also be generated when using certain surfaces. There is a distinct lack of

understanding on how these effects can have an impact at larger scales, especially

those of rimming flows, this thesis aims to investigate the implications these may

have for aero-engines, of which this thesis covers.

An approach to include the key effects highlighted from the literature has

been developed for a two-dimensional flow around a horizontal cylinder, taking

a depth-averaged method to reduce the equation dimensionality, a technique

commonly associated with hydraulic theory. The resulting continuity, momentum

and energy equations are presented in terms of mean values of the velocity,

temperature and film height. Internal details of the flow are removed during

depth-averaging, necessitating an a priori approximation of the complete flow

velocity and temperature fields, which are calculated by quadratic functions. The

fluid slip effect is included as a generalised Navier slip condition, with the results

of the model shown to agree with previous studies without slip and has been

inspected in detail.

An important result has been found in classical lubrication theory, where the

imposed surface slip has substantially altered the mathematical limits, crucially,

the maximum possible thickness that can be supported within the cylinder reduces
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in correlation to longer slip lengths. A feature that occurs under adequately

strong gravity is flow recirculation, which is strengthened with larger slip from

the chamber wall. This strengthening arises when a significant volume of fluid is

drained from the cylinder, as the driving shear force is unable to maintain the

film’s structure. As the volume of fluid is fixed, a deeper pool develops at the

base. This shows one of main findings of this study where macro scale effects are

observed because of micro scale slip lengths.

By including moderate inertia in the model formulation, the pool and smooth

film types are connected by several transitional profiles with increasing inertia.

These profiles typically have several capillary waves as a result of the surface

tension terms which have been retained in the model. These surface waves are

found to be larger across the transitional regime in the presence of slip, however

the transition into smooth films appear at a lower Reynolds numbers and is

another major finding from this thesis. Another significant finding is the existence

of a non-unique solution branch in the parameter space for a given set of flow

parameters, while typically the parameter space has only unique solutions in the

absence of slip.

The film’s internal temperatures are closely connected to the ease at which

heat can transfer to the cold air flow, which is a significant limitation on the

temperature as low heat transfer rates act as an insulating layer. The key effect

of stronger thermal convection is to increase the temperature within a pool profile.

A novel and important finding is how the effect of convection becomes amplified

with greater fluid slip lengths, which is a consequence of the faster fluid velocities

due to the non-zero velocity at the cylinder surface. When surface slip is present,

the pool sees a greater amount of heat contained within, this is amplified by the

cool surface region being moved around the cylinder and closer to the pool exit.

The transitional films as a result of including moderate inertia cause large

regions of the film to be dominated by surface waves, these lead to a series of

small peaks which each have a cool tip. The increase in amplitude of these surface

waves by fluid slip mean these peaks are now colder, there is also a greater volume

of fluid located on the rising wall which also has a colder film surface. Slip effects

the thermal dynamics of the rimming flow and may be useful to engineers when

designing aero-engine bearing chambers. This is further demonstrated when a

local heating effect is being modelled where these effects are captured in detail,

where slip has caused a cooling of the narrow film in front of the pool which is

independent of thermal convective effects.

The method of depth-averaging the energy equation introduces a mean temper-

ature function, from which the internal temperatures are reconstructed. In certain

situations where there should be sudden fluctuations in the internal temperatures,
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these changes are not always captured accurately in the mean temperature. This

is because the depth-averaging method works best on constant variables, like the

volume flux, whereas the mean temperature will vary across the domain. This

may become a concern when there is strong thermal convection, weak inertial

effects and a large volume of fluid inside the cylinder. This is an area for further

improvement, with possible approaches detailed later in the thesis.

The numerical method has shown to be effective in accurately capturing small

wavelength capillary effects, being compared in detail against similar models with

surface tension coefficients which are representative of hydraulic oils. The Fourier

spectral method in this thesis was modified with a clustering function to capture

the surface waves around pooling films, though a different clustering function can

be applied for other problems to help capture local effects. A detailed analysis

showed that with moderate inertia, the centrifugal effects noticeably changes the

fluid behaviour and is an important finding of this thesis.

The work of this thesis has detailed that there is no direct change in film

temperatures as a result of fluid slip, although the changes to the velocities brought

about by slip do help disperse heat through the film. It can therefore be suggested

that slip is a secondary thermal effect, especially in comparison to convection or

conduction. Fundamentally, it has been shown that even micro scale slip lengths

have a dramatic impact on the fluid regime across a range of conditions. These

changes are typically associated to a significant amount of both thinning and

thickening of the film, emphasising the ability of boundary slip to control fluid

flows. While the exact method of causing slip is not described in this thesis,

several recommendations are offered later as avenues for engineers to achieve slip

behaviour. Crucially, the ability to influence the large scale fluid behaviour by slip

in the rimming flow problem presents an exciting aspect for engineers to include

when designing bearing chambers.

Future Endeavours

This research has identified several areas for further experimental and theoretical

investigations into the rimming flow problem and understanding and developing

fluid slip.

The main idea of this thesis is that small scale surface features are important,

these are typically chemical treatments or small geometric features as detailed

in the literature. Therefore, the first recommendation is to perform a series of

experimental investigations of a simple rimming flow problem to validate the

effects of slip, where a rotating inner cylinder will create the necessary driving

shear for fluid to coat the chamber. A series of inserts can then be used to test
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different chemical and geometric patterns to determine which method will induce

the largest fluid slip for the various hydraulic oils. These film profiles can be

measured and compared to the steady profiles of this thesis to validate the use

of slip to change the flow behaviour. The main aim will be to develop a stable

platform for large scale slip that can be applied in the design of bearing chambers.

The behaviour of fluid slip is also found for flows over a porous material, which

was touched upon in the supporting literature. Therefore, the second recommen-

dation is to perform both experimental and numerical analysis of rimming flows

where the cylinder walls have an attached layer of porous material which is infused

with fluid. The use of porous materials has already been used in the context

of bearing chambers by Chandra and Simmons [21] and will avoid some of the

complex issues associated with sustaining fluid slip throughout an aero-engine life

cycle.

The ability to include the mass and momentum transfer of the droplets in

bearing chambers has been studied using boundary conditions. Normally the

added mass from droplets is extracted from the cylinder by a simple radial velocity

condition, where fluid is drawn out under the influence of gravity, however this

can create a recirculation region adjacent to the sump. The third suggestion

is to therefore develop a numerical model of the droplet impacts with a porous

region around the sump, this may prevent recirculation regions from forming by

controlling the flow. The porous region will also act as a slipping surface, which

has been shown to change the film structure which may be used to improve the

drainage from the cylinder. A later study could include thermal effects with the

energy transfer of droplets into the film and the thermal effects of flow through a

porous medium, which is expected to substantially change the fluid temperatures

that has yet been studied.

The last recommendation is to extend the mathematical model of depth-

averaging to include axial variations in completely modelling the three-dimensional

problem. This is anticipated to be a substantial cost reduction and simplification

of the rimming flow problem in comparison to full CFD analysis, meaning the

unique flow features such as the “shark’s-teeth” can be found with the model and

is a tantalising prospect for the aero-space industry.
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Appendix A

Cylindrical Coordinate Identities

In this Appendix, a number of useful identities are given in correspondence to the

cylindrical coordinate system outlined in Section 3.2.

The dimensional gradient, divergence and Laplacian operators in cylindrical

coordinates, for u∗ = r̂u∗r + θ̂u∗θ are

∇∗u∗ = r̂
∂u∗

∂r∗
+

θ̂

r∗
∂u∗

∂θ∗
, (A.1)

∇∗ · u∗ =
1

r∗
∂

∂r∗
(r∗v∗) +

1

r∗
∂

∂θ∗
(u∗) , (A.2)

∇∗2u∗ =

[
∂2u∗r
∂r∗2

+
1

r∗
∂u∗r
∂r∗

+
1

r∗2
∂2u∗r
∂θ∗2

− u∗r
r∗2
− 2

r∗2
∂u∗θ
∂θ∗

]
r̂

+

[
∂2u∗θ
∂r∗2

+
1

r∗
∂u∗θ
∂r∗

+
1

r∗2
∂2u∗θ
∂θ∗2

− u∗θ
r∗2

+
2

r∗2
∂u∗r
∂θ∗

]
θ̂. (A.3)

The fluid contained within the cylinder has a unit tangential vector of the interface,

defined by l∗ = lrr̂ + lθθ̂ at the fluid interface, where the definitions of l∗r and l∗θ
are

l∗r = −Π∗

H∗
∂h∗

∂θ∗
, (A.4)

l∗θ = Π∗. (A.5)

The components of Π∗ and H∗ at the interface are given as

Π∗ =

{
1 +

(
1

H∗
∂h∗

∂θ∗

)2
}−1/2

, (A.6)

and
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H∗ = r0 − h∗. (A.7)

The unit normal vector of the interface, composed as n∗ = nrr̂+ nθθ̂ is given with

the components of

n∗r = −l∗θ = −Π∗, (A.8)

and

n∗θ = −l∗r = −Π∗

H∗
∂h∗

∂θ∗
. (A.9)

With the coordinate system being defined in parts of r and θ, the typical stress

tensor of the coordinate system is

Γ∗ij = −Pδij + 2µeij, (A.10)

with i, j = r, θ, δij acting as the Dirac delta function and with tensor functions

given as

err =
∂u∗r
∂r∗

, (A.11)

eθθ =
1

r∗
∂u∗θ
∂θ∗

+
u∗r
r∗
, (A.12)

2erθ = r∗
∂

∂r∗

(
u∗θ
r∗

)
+

1

r∗
∂u∗r
∂θ∗

. (A.13)
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Appendix B

The Free Surface Boundary

Conditions

The equations of conservation at the two phase interface between the fluid and

air are derived in this Appendix, notably those to ensure the energy, mass and

momentum of fluid is maintained at the boundary. The current work has used

an interface where there is no transfer of droplets into the fluid phase. However,

these equations can be readily derived to account for the transfer of droplet mass

and momentum and can be found in the works of Kay [6] and Williams [179].

The addition of energy transfer by droplets at an energy level different to the film

can be found in the work of Kay [6]. Within this Appendix, all equations and

variables have dimensions, with ∗ denoting a dimensional variable in most cases.

To derive the conservation equations at the interface, a typical pillbox volume

(where two distinct phases are encapsulated in adjoining boxes) is imagined to

overlap the interface, as in figure B.1. With half of the volume within the pillbox

contained within the continuous film around the chamber, and half within the

core airflow (where droplets were included in Williams [179] and Kay [6]). The

volumes denoted by Ve (t) and VI (t) are for the internal and external volumes of

the pillbox respectively, with the pillbox thickness given as δ. The internal and

external volumes have surface normals ñ∗j pointing outwards from the interface.

The interface also has an outwardly pointing normal n∗j which is directed towards

the core air flow.

B.1 Conservation of Interface Mass

To ensure that fluid mass is conserved at the interface, an integral expression of

the convective derivatives of working fluid mass of both volumes of the pillbox,

described in figure B.1 should be zero. This is given as
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Figure B.1: A pillbox volume which encompasses a volume within and external to
the film interface.

D∗

D∗t∗

∫
VI(t)

ρI dV = 0, (B.1)

D∗

D∗t∗

∫
VE(t)

ρE dV = 0, (B.2)

where the internal and external densities of fluid are given as ρI and ρE respectively.

The fluid mass is the integral expressions. As the core airflow is assumed to be

devoid of any fluid or droplets, an integral expression of only the internal pillbox

volume is necessary in describing the conservation of fluid mass. This assumes that

the volume of fluid in the cylinder is constant over time. The integral expression of

the internal volume can be altered by the use of the Reynolds Transport theorem,

which eloquently states that for a given quantity P defined within a volume V

that

D∗

D∗t∗

∫
V (t)

P dV =

∫
V (t)

∂P

∂t∗
dV +

∫
V (t)

∂Pu∗j
∂xj

dV, (B.3)

with the fluid velocity denoted by u∗j . The internal volume expression may be

expressed as

d

dt∗

∫
VI(t)

ρI dV +

∫
VI(t)

∂
(
ρIu

∗
j

)
∂xj

dV = 0. (B.4)

The divergence theorem states that for the general quantity P and volume surface

S that
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∫
V (t)

∂P

∂xj
dV =

∫
S(t)

Pn∗j dS. (B.5)

Therefore, with the surface bounding the internal volume, denoted by SI , the

integral of the differential can instead be expressed as∫
VI(t)

∂ρI
∂t∗

dV +

∫
SI(t)

(
ρIu

∗
j

)
ñ∗j dS = 0. (B.6)

For the pillbox thickness of δ, the limit of δ → 0 can be used to change the size

of volume VI . With an infinitesimal thickness, it is reasonable to infer that the

volume integral will vanish as the volume of the pillbox reduces, therefore

lim
δ→0

(∫
VI(t)

ρI dV

)
= 0. (B.7)

This means that the conservation of mass equation for the internal volume of the

pillbox may be expressed as contributions from only the internal volume surface∫
SI(t)

(
ρIu

∗
j

)
ñ∗j dS = 0. (B.8)

The conservation of mass for the internal volume may be expressed as functions of

the interface surface, Sint instead of the internal volume surface SI . The interface

normal of n∗j is replaced by the volume normal ñ∗j and the equation is given as∫
Sint(t)

ρI
(
U∗j − u∗Ij

)
n∗j dS = 0, (B.9)

where the velocity Uj, is the speed at the interface. The length of the interface is

arbitrarily defined here, but leads to the velocity within the film being equal to

that at the interface. The the conservation of liquid mass at the boundary may

therefore be written as

u∗Ij = U∗j . (B.10)

Following this same procedure for the external volume will derive the external

velocity at the interface as u∗Ej = U∗j .

B.2 Conservation of Momentum at the

Interface

Having established the conservation of fluid mass between the core airflow and

film at the free surface in figure B.1. The same pillbox in figure B.1 can be used to

192



APPENDIX B. THE FREE SURFACE BOUNDARY CONDITIONS

ensure that momentum is conserved at the interface. With the absence of liquid

or droplets in the core gas flow within the cylinder, the airflow is assumed to be

moving at a constant rate which imparts a surface shear on the fluid. There is

also the atmospheric pressure P ∗a , from the airflow that acts on the interface.

The total momentum of the internal and the external volume are composed

from the forces arising from gravity and viscosity (i.e. as the summation of body

and surface forces respectively that act on the body). Looking at the volume

outside of the film VE and volume internal to the film VI , the conservation of

momentum is defined as

D∗

D∗t∗

∫
VE(t)

ρEu
∗
i dV =

∫
VE(t)

ρEgi dV +

∫
VE(t)

∂Γ∗Eij
∂xj

dV +

∫
VE(t)

∂Γ̃∗Eij
∂xj

dV,

(B.11)

D∗

D∗t∗

∫
VI(t)

ρIu
∗
i dV =

∫
VI(t)

ρIgi dV +

∫
VI(t)

∂Γ∗Iij
∂xj

dV +

∫
VI(t)

∂Γ̃∗Iij
∂xj

dV. (B.12)

The new terms introduced are the stress tensors, with Γ∗Eij and Γ∗Iij being the

external and internal stress tensors respectively. The external stress tensor is

the stress of the air phase, now written as Γ∗aij and the internal tensor is the

stress tensor of the film, now written as Γ∗ij . The limits of the stress tensors when

approaching the interface from the internal and external volumes are given as Γ̃∗ij

and Γ̃∗aij respectively.

Using the Reynolds Transport theorem, as outlined in equation (B.3), these

integro-differential equations may be expressed as

∫
VE(t)

∂ (ρEu
∗
i )

∂t∗
dV +

∫
VE(t)

∂
(
ρEu

∗
iu
∗
j

)
∂xj

dV =

∫
VE(t)

ρEgi dV +

∫
VE(t)

∂Γ∗aij
∂xj

dV

+

∫
VE(t)

∂Γ̃∗aij
∂xj

dV, (B.13)∫
VI(t)

∂ (ρIu
∗
i )

∂t∗
dV +

∫
VI(t)

∂
(
ρIu

∗
iu
∗
j

)
∂xj

dV =

∫
VI(t)

ρIgi dV +

∫
VI(t)

∂Γ∗ij
∂xj

dV

+

∫
VI(t)

∂Γ̃ij
∂xj

dV, (B.14)

The Divergence theorem may be used to express the volume integrals as surface

integrals as shown in (B.5). The spatial derivatives may be expressed as functions

of the surfaces, which gives the momentum equations as
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∫
VE(t)

∂ (ρEu
∗
i )

∂t∗
dV +

∫
SE(t)

(
ρEu

∗
iu
∗
j

)
ñ∗j dS =

∫
VE(t)

ρEgi dV +

∫
SE(t)

(
Γ∗aij

)
ñ∗j dS

+

∫
SE(t)

(
Γ̃∗aij

)
ñ∗j dS, (B.15)∫

VI(t)

∂ (ρIu
∗
i )

∂t∗
dV +

∫
SI(t)

(
ρIu

∗
iu
∗
j

)
ñ∗j dS =

∫
VI(t)

ρIgi dV +

∫
SI(t)

(
Γ∗ij
)
ñ∗j dS

+

∫
SI(t)

(
Γ̃∗ij

)
ñ∗j dS. (B.16)

The normals of the internal and external volumes may be expressed with the

surface normals as

u∗iu
∗
j ñ
∗
j =u∗Ei

(
u∗Ejn

∗
j − U∗j n∗j

)
(B.17)

u∗iu
∗
j ñ
∗
j =u∗Ii

(
U∗j n

∗
j − u∗Ijn∗j

)
(B.18)

though, with equation (B.10), u∗iu
∗
jn
∗
j − u∗iU∗j n∗j = 0. The stress terms may also

be expressed as functions of the interface surface as

∫
SE(t)

(
Γ∗aij

)
ñ∗j dS +

∫
SE(t)

(
Γ̃∗aij

)
ñ∗j dS =

∫
Sint(t)

Γ∗aijn
∗
j dS

−
∫
Sint(t)

Γ̃∗aijn
∗
j dS (B.19)∫

SI(t)

(
Γ∗ij
)
ñ∗j dS +

∫
SI(t)

(
Γ̃∗ij

)
ñ∗j dS =−

∫
Sint(t)

Γ∗ijn
∗
j dS

+

∫
Sint(t)

Γ̃∗ijn
∗
j dS. (B.20)

The substitution of these stress tensor integrals and velocity definitions into the

momentum conservation equations leads to

∫
VE(t)

∂ (ρEu
∗
i )

∂t∗
dV =

∫
VE(t)

ρEgi dV +

∫
Sint(t)

(
Γ∗aij − Γ̃∗aij

)
n∗j dS, (B.21)∫

VI(t)

∂ (ρIu
∗
i )

∂t∗
dV =

∫
VI(t)

ρIgi dV +

∫
Sint(t)

(
Γ̃∗ij − Γ∗ij

)
n∗j dS. (B.22)

By taking the limit of δ → 0, as shown previously when deriving the conservation

of mass, the volume integrals are shown to diminish for both internal and external

volumes. This means that
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lim
δ→0

(∫
VE(t)

∂ (ρEu
∗
i )

∂t∗
dV ;

∫
VE(t)

ρEgi dV

)
= 0, (B.23)

lim
δ→0

(∫
VI(t)

∂ (ρEu
∗
i )

∂t∗
dV ;

∫
VI(t)

ρEgi dV

)
= 0. (B.24)

Therefore, the conservation of momentum equations for the external and internal

volumes are expressed as contributions from only the stress tensors,

lim
δ→0

(∫
Sint(t)

(
Γ̃∗aij − Γ∗aij

)
n∗j dS

)
= 0, (B.25)

lim
δ→0

(∫
Sint(t)

(
Γ∗ij − Γ̃∗ij

)
n∗j dS

)
= 0. (B.26)

At this stage, the internal and external equations are combined. Meaning the

equation will represent the contributions at the interface from the internal and

external stress components. This ensures the momentum is conserved both

internally and externally and is given as

(
Γ̃∗aij − Γ̃∗ij

)
n∗j +

(
Γ∗ij − Γ∗aij

)
n∗j = 0. (B.27)

The limiting stress tensors may be expressed with the Young-Laplace model for

surface tension,
(

Γ̃∗aij − Γ̃∗ij

)
n∗j = σκ∗n∗i , where κ∗ is the surface curvature and

σ is the surface tension coefficient. The conservation of momentum equation is

defined as

(
Γ∗ij − Γ∗aij

)
n∗j = −σκ∗n∗i . (B.28)

The expansion of this equation into its tangential and normal components is in

Section B.4, using the definitions of the internal and external stress tensors from

Appendix A.

B.3 Conservation of Energy at the Interface

If the film found in the chamber is subjected to a temperature differential between

the wall and core airflow, it is necessary to ensure the energy at the interface is

conserved. For a given volume V , the conservation of thermal energy is defined as

∫
V (t)

∂ (ρcpT
∗)

∂t∗
dV +

∫
V (t)

∂
(
ρcpT

∗u∗j
)

∂xj
dV −

∫
V (t)

φ∗ dV = 0; (B.29)
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where φ∗ is the net heat flux into the volume. This equation is applied to the

pillbox volumes of figure B.1, which leads to

∫
VE(t)

∂ (ρEcpT
∗)

∂t∗
dV +

∫
VE(t)

∂
(
ρEcpT

∗u∗j
)

∂xj
dV −

∫
VE(t)

φ∗E dV = 0, (B.30)∫
VI(t)

∂ (ρIcpT
∗)

∂t∗
dV +

∫
VI(t)

∂
(
ρIcpT

∗u∗j
)

∂xj
dV −

∫
VI(t)

φ∗I dV = 0. (B.31)

Using the Divergence theorem (B.5), the spatial integrals are expressed as integrals

of the bounding surfaces of the internal and external volumes

∫
VE(t)

∂ (ρEcpT
∗)

∂t∗
dV +

∫
SE(t)

(
ρEcpT

∗u∗j
)
ñ∗j dS −

∫
SE(t)

φ∗E dS = 0, (B.32)∫
VI(t)

∂ (ρIcpT
∗)

∂t∗
dV +

∫
SI(t)

(
ρIcpT

∗u∗j
)
ñ∗j dS −

∫
SI(t)

φ∗I dS = 0. (B.33)

These equations can be thought of as a balance of the change to thermal energy over

time, ρcpT
∗, the thermal energy which is convected across the volume boundary,

ρcpT
∗u∗j ñ

∗
j and the energy which is radiated across the boundary, φ∗. Similar to

Sections B.1 and B.2, the integrals of the volume surfaces, SI and SE are expressed

in terms of the interface surface Sint as∫
VE(t)

∂ (ρEcpT
∗)

∂t∗
dV +

∫
Sint(t)

(
ρEcpT

∗ (u∗Ej − U∗j ))n∗j dS
−
∫
Sint(t)

(
φ∗E − φ̃∗E

)
dS = 0, (B.34)∫

VI(t)

∂ (ρIcpT
∗)

∂t∗
dV −

∫
Sint(t)

(
ρIcpT

∗ (U∗j − u∗Ij))n∗j dS
−
∫
Sint(t)

(
φ̃∗I − φ∗I

)
dS = 0. (B.35)

Two new parameters have been introduced at this stage. These are the limiting

values of both the internal and external heat flux, given as φ̃∗I and φ̃∗E and are

relatively similar to the limiting stresses of Section B.2 when approaching the

interface. The conservation of mass (B.10) defines the velocity within each volume

is equal to the interface velocity, u∗Ej = u∗Ij = U∗j , which cancels the integrals with(
u∗Ej − U∗j

)
and

(
U∗j − u∗Ij

)
.

The thickness of the pillbox volumes is also assumed to be infinitesimal, so

that
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lim
δ→0

(∫
VE(t)

∂ (ρEcpT
∗)

∂t∗

)
= 0, (B.36)

lim
δ→0

(∫
VI(t)

∂ (ρIcpT
∗)

∂t∗

)
= 0, (B.37)

The remaining integral terms of the internal and external volumes are given as

∫
Sint(t)

(
φ∗E − φ̃∗E

)
dS = 0, (B.38)∫

Sint(t)

(
φ̃∗I − φ∗I

)
dS = 0. (B.39)

These integral terms are valid for an arbitrary length of the interface. The

equations are combined together to give

(
φ̃∗E − φ̃∗I

)
+ (φ∗I − φ∗E) = 0. (B.40)

The internal and external heat flux limits of φ̃∗E and φ̃∗I vanish, as the assumption

is there there is no heat generation capability in the interface. The external heat

flux φ∗E may be defined as the heat flux from convection at the fluid surface,

given as φ∗I = γ∗ (T ∗a − T ∗). The heat transfer coefficient at the surfaces γ∗, is the

proportional constant value the temperature difference of the fluid at the surface

T ∗ and the temperature of the air T ∗a . Within the film, the internal heat flux is

given as φ∗E = k∗∇∗T ∗ ·n∗, which is the Fourier law of conduction within the fluid.

Therefore, the conservation of energy equation at the film free surface is defined as

k∗∇∗T ∗ · n∗ = γ∗ (T ∗a − T ∗) . (B.41)

B.4 Expansion of Stress Boundary Condition

The conservation of momentum at the fluid and air phases (B.28) is expressed in

terms of Newtonian stress tensors which are internal to the film Γ∗Iij and external

to the film Γ∗Eij. These may be evaluated to form a set of boundary conditions at

the film surface. A constant applied surface shear acts on the interface, τ ∗a so the

external stress tensor is given as Γ∗aijn
∗
j = −PEδijn∗j + τ ∗a l

∗
i and the internal stress

tensor is defined as Γ∗ijn
∗
j = −PIδijn∗j + 2µeijn

∗
j .

Several new terms have been introduced at this stage, the Dirac δ function, or

Knronecker delta function states that if i = j then δij = 1, otherwise δij = 0. For

the cylindrical coordinate system used in this thesis, the exponents are given as
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functions which are dependent on (i, j) = (r, θ)

err =
∂u∗r
∂r∗

,

eθθ =
1

r∗
∂u∗θ
∂θ∗

+
u∗r
r∗
,

2erθ = r∗
∂

∂r∗

(
u∗θ
r∗

)
+

1

r∗
∂u∗r
∂θ∗

.

The conservation of momentum equation of the interface (B.28) may be separated

into normal and tangential forms. This can be done by using the normal, n∗i and

tangential, l∗i vectors of the surface. The normal component of the conservation

of momentum is

(
Γ∗aij − Γ∗ij

)
n∗jn

∗
i = −σκ∗, (B.42)

with n∗in
∗
i = 1. The tangential component is

(
Γ∗aij − Γ∗ij

)
n∗j l
∗
i = 0, (B.43)

with n∗i l
∗
i = 0. The definitions of the stress tensors mean the normal internal

stresses of Γ∗ij may be calculated by using a summation convention of the separate

components. These components are defined as

Γ∗rrn
∗
rn
∗
r = −P ∗I n∗rn∗r + 2µ

{
∂u∗r
∂r∗

}
Π∗2, (B.44)

Γ∗rθn
∗
θn
∗
r = −µ

{
r∗

∂

∂r∗

(
u∗θ
r∗

)
+

1

r∗
∂u∗r
∂θ∗

}(
1

r∗
∂h∗

∂θ∗

)
Π∗2, (B.45)

Γ∗θrn
∗
rn
∗
θ = −µ

{
r∗

∂

∂r∗

(
u∗θ
r∗

)
+

1

r∗
∂u∗r
∂θ∗

}(
1

r∗
∂h∗

∂θ∗

)
Π∗2, (B.46)

Γ∗θθn
∗
θn
∗
θ = −P ∗I n∗θn∗θ + 2µ

{
1

r∗
∂u∗θ
∂θ∗

+
u∗r
r∗

}(
1

r∗
∂h∗

∂θ∗

)2

Π∗2. (B.47)

These may be summed into i = θ and i = r components and then combined

together to give the normal stress of the internal stress tensor, defined as

Γ∗ijn
∗
jn
∗
i = −P ∗I + 2µ

{(
1

r∗
∂u∗θ
∂θ∗

+
u∗r
r∗

)(
1

r∗
∂h∗

∂θ∗

)2

+
∂u∗r
∂r∗

−
(
∂u∗θ
∂r∗
− u∗θ
r∗

+
1

r∗
∂u∗r
∂θ∗

)(
1

r∗
∂h∗

∂θ∗

)}
Π∗2. (B.48)
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Following this same procedure for summing the tensor components, the tangential

stress of the internal stress tensor is given as

Γ∗ijn
∗
j l
∗
i = µ

{(
∂u∗θ
∂r∗
− u∗θ
r∗

+
1

r∗
∂u∗r
∂θ∗

)(
1

r∗
∂h∗

∂θ∗

)2

−
(
r∗

∂

∂r∗

(
u∗θ
r∗

)
+

1

r∗
∂u∗r
∂θ∗

)

+ 2

(
1

r∗
∂u∗θ
∂θ∗

+
u∗r
r∗
− ∂u∗r
∂r∗

)(
1

r∗
∂h∗

∂θ∗

)}
Π∗2. (B.49)

The external stress tensors follow a similar procedure. However, as the fluid only

exists within the internal volumes, the stress tensors are expressed as the pressure

at the interface Pa and the applied air shear τ ∗a for the normal and tangential

components respectively

Γ∗aijn
∗
jn
∗
i = −P ∗a , (B.50)

Γ∗aijn
∗
j l
∗
i = τ ∗a . (B.51)

Having defined the normal and tangential components from both the internal and

external volumes of figure B.1, the normal stress condition is given as

P ∗a − P ∗ + 2µ

{(
1

r∗
∂u∗θ
∂θ∗

+
u∗r
r∗

)(
1

r∗
∂h∗

∂θ∗

)2

+
∂u∗r
∂r∗

−
(
∂u∗θ
∂r∗
− u∗θ
r∗

+
1

r∗
∂u∗r
∂θ∗

)(
1

r∗
∂h∗

∂θ∗

)}
Π∗2 = −σκ∗, (B.52)

and the tangential stress boundary condition is

τ ∗a + µ

{(
∂u∗θ
∂r∗
− u∗θ
r∗

+
1

r∗
∂u∗r
∂θ∗

)(
1

r∗
∂h∗

∂θ∗

)2

−
(
r∗

∂

∂r∗

(
u∗θ
r∗

)
+

1

r∗
∂u∗r
∂θ∗

)

+ 2

(
1

r∗
∂u∗θ
∂θ∗

+
u∗r
r∗
− ∂u∗r
∂r∗

)(
1

r∗
∂h∗r

∂θ∗

)}
Π∗2 = 0. (B.53)
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