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ABSTRACT

Empirical likelihood is a non-parametric approach to statistical inference
which bears some resemblance to parametric approaches and yet avoids
making parametric assumptions. The aim of this thesis is to develop theo-
retical and computational aspects of empirical likelihood when applied to
data from two different types of non-Euclidean space. The two spaces we
focus on are the sphere, which is an important example of a manifold with
non-Euclidean structure and is the appropriate sample space in directional
statistics; and the 3-Spider, which is an example of a stratified manifold.
The focus is mainly on developing empirical likelihood for a Fréchet mean
in these two settings. Key achievements are: to prove versions of Wilks’
theorem which open the way to the application of methods of inference in-
cluding the construction of confidence regions and hypothesis testing; and

the development of algorithms for performing the computations.
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INTRODUCTION

This chapter reviews the empirical likelihood method and discusses relevant
background literature. Motivations for the developments in the thesis are

explained and the structure and contents of the thesis are outlined.

1.1 MAIN IDEAS OF EMPIRICAL LIKELIHOOD

As a non-parametric statistical inference method, the study of empirical
likelihood has drawn increasing attention to itself since late 1980s. Unlike
parametric statistics, the biggest advantage of empirical likelihood is that
no specific distribution family for the data is assumed. Advances in nu-
merical computation make it easier to evaluate empirical likelihood in a
variety of settings. As |Owen| (2001) stated, empirical likelihood can be re-
garded as a bootstrap method without resampling, and a likelihood method
without parametric assumptions. Empirical likelihood has been applied in
many fields including econometrics and biomedicine. Some applications of
empirical likelihood have been investigated for survival analysis and time
series.

Empirical likelihood is a method based on a likelihood function sup-
ported by the sample. However, how to define empirical likelihood on a
specific space is the key of this method. The asymptotic distribution of the

statistic, based on empirical likelihood, is used for statistical inference.



1.1 MAIN IDEAS OF EMPIRICAL LIKELIHOOD

Wilks| (1938) developed Wilks” theorem to offer an asymptotic distribu-
tion for the log-likelihood ratio statistic in parametric statistics. This theo-
rem is widely used for statistical inference, such as outlining confidence re-
gions and performing the likelihood-ratio test in parametric statistics. Owen
(1988) defined empirical likelihood for the first time in Euclidean space. He
proved that Wilks” theorem holds for empirical likelihood. For a hypothesis
test with sequences of alternative converging to the null hypothesis at a rate

of n7 7

, where 7 is the sample size and r is determined by the alternative
hypothesis, Sugiura| (1973) found the asymptotic non-null distribution of
the log-likelihood ratio statistic at alternatives. We refer to these sequences
of alternatives as local alternatives in Section Therefore, it is of inter-
est to investigate the asymptotic distribution of Wilks’ statistic for empirical
likelihood evaluated at local alternatives.

Following the development of empirical likelihood and Wilks” theorem
in Euclidean space, the question of how to build empirical likelihood and
adapt Wilks” theorem in non-Euclidean spaces has received attention. |Fisher
et al.| (1996) investigated confidence region construction for directional data
by empirical likelihood algorithm. Throughout the thesis, we primarily con-
centrate on two non-Euclidean spaces, the sphere and the 3-Spider; we de-
fine the 3-Spider later in Section

A possible approach to define empirical likelihood with spherical data
is to transform the spherical data from the sphere to some chosen tan-
gent space. In the tangent space, many methods for multivariate analysis
are available, including the empirical likelihood method defined in the Eu-
clidean space. As for local alternatives, we define them by so-called logp
map, where p is an arbitrary point on the sphere; we refer to this later in
Section Then, the asymptotic non-null distribution can be studied by
applying the result in the Euclidean space.

The 3-Spider is a complicated non-Euclidean space. In order to define
empirical likelihood, the folding map and the Fréchet mean on this space

are studied; see Hotz et al. (2013). The folding map connects the 3-Spider
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with the Euclidean space. Therefore, the empirical likelihood method in the
Euclidean space is applied to define empirical likelihood and develop Wilks’
theorem for the 3-Spider.

1.2 LITERATURE REVIEW

Owen (1988) pioneered the work of empirical likelihood, building on ear-
lier ideas of Kalbfleisch and Prentice| (1980) and Thomas and Grunkemeier
(1975). In frequentist statistics, the parametric likelihood function is widely
used for constructing confidence regions and performing hypothesis tests.
Owen (1988) showed that empirical likelihood, a form of non-parametric
likelihood, can be used in similar fashion, but without making any paramet-
ric assumptions. One particularly interesting feature of empirical likelihood
confidence regions is that their shape is determined by the sample and not
by parametric assumptions.

Under mild regularity conditions, Wilks” theorem was first proposed and
proved by Wilks (1938), showing that Wilks” statistic, which is based on the
likelihood ratio function for the mean, has an asymptotic chi-squared distri-
bution. Owenl (1988) used the empirical likelihood ratio function to prove
a non-parametric version of Wilks” theorem. In a later paper, (Owen| (1990)
gave more detail of the proof of Wilks’ theorem for the multivariate mean in
the Euclidean space, and investigated confidence regions for the mean. In
this paper, he also investigated the concavity of the log-empirical likelihood
ratio function for the mean parameter. However, he did not present the full
proof. More extensive accounts have been illustrated and discussed in the
book by Owen (2001)).

With Wilks” theorem, we can perform hypothesis tests. For arbitrary al-
ternative hypotheses close to the null hypothesis, Sugiura (1973) found that
the asymptotic alternative distribution may be degenerate. Local alterna-
tives make up a sequence that the alternative hypotheses converge to the

null hypothesis at a well-chosen rate of the sample size, say —1/2. This con-
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cept was first included by Neyman| (1937) for a local power analysis. Con-
sidering local alternatives, the Wilks’ statistic has an asymptotic non-central
chi-squared distribution.

The motivation for using empirical likelihood rather than parametric like-
lihood may be even greater for data from non-Euclidean spaces, because
there is typically a shortage of convincing and natural parametric models
in non-Euclidean spaces, especially when singularities are present. Thus,
with empirical likelihood well-defined in these spaces, Wilks” theorem still
guides the confidence region construction. Fréchet| (1948) first defined the
so-called Fréchet mean, giving a representative point of the centre for a
cluster of points. It is determined by the choice of distance function. In
the Euclidean space, the usual distance is Euclidean distance, so the Fréchet
mean refers to the Euclidean mean. However, in a non-Euclidean space em-
bedded in a Euclidean space, the Euclidean distance function on this space
determines the extrinsic Fréchet mean.

Fisher et al.|(1996) proposed two pivotal techniques for constructing confi-
dence regions with directional data, one of which is the method of empirical
likelihood. The advantage of empirical likelihood is that the log-empirical
likelihood ratio statistic has an asymptotic chi-squared distribution, and it
does not depend on any unknowns. Their simulation outcome suggests em-
pirical likelihood performs best with bootstrap calibration in all methods
they considered.

In hypothesis testing under local alternatives, resampling for bootstrap
calibration needs to be performed under the null hypothesis. |Amaral et al.
(2007) presented an approach to transform directional data from the alter-
native hypothesis to the null hypothesis. With the transformation of the di-
rectional data, the asymptotic non-null distribution by empirical likelihood
method is obtainable.

Hotz et al.| (2013) developed the central limit theorem (CLT) on a non-
Euclidean space, the open book. In this paper, the distance of any two

arbitrary points is introduced, and hence the definition of the Fréchet mean.
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They found three different cases for the location of the Fréchet mean, which

lead to three different types of central limit theorems (CLTs).

1.3 STRUCTURE AND CONTENT OF THE THESIS

Below are the contents of all following chapters. The motivation for each
chapter is also included.

Chapter [3|states and proves Wilks’ theorem for empirical likelihood, con-
sidering local alternatives. As was proposed by Sugiura|(1973), the paramet-
ric log-likelihood ratio statistic, under local alternatives, has an asymptotic
non-central chi-squared distribution. Our focus is how to prove the theorem
by using a non-parametric method, empirical likelihood, since the empiri-
cal likelihood method only requires very mild assumptions on the form of
the distribution. This results in a non-parametric version of Wilks” theorem.
It is also proved that the log-empirical likelihood is a concave function of
the mean parameter. This result was stated by Owen| (1990), but he did not
provide a full proof.

Chapter [4] develops empirical likelihood on the sphere. As empirical like-
lihood is well-defined in the Euclidean space, we try to find an approach
to connect spherical data with the Euclidean data to make empirical likeli-
hood on the sphere easy to calculate. Considering local alternatives, Wilks’
theorem for empirical likelihood is proved on the sphere. According to the
theorem, the confidence region is constructed and operating characteristics
of this confidence region procedure are examined.

Chapter [5| extends empirical likelihood to another non-Euclidean space,
the 3-Spider. As is illustrated by Hotz et al.| (2013), the Fréchet mean is used
in the 3-Spider. In order to define empirical likelihood in 3-Spider, we use
the folding map to send the 3-Spider data to the Euclidean space. There are
three different cases for the location of the Fréchet mean, and these three

different cases lead to three approaches to Wilks’ theorem for the 3-Spider.
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Similarly to Chapter |4, the confidence region is constructed and operating
characteristics of this confidence region procedure are examined.

Chapter [f] presents conclusions and some ideas for the future work. In
hypothesis testing, whether to use tabular quantiles or bootstrap calibrated
quantiles is discussed, on the basis of numerical work in Chapter |4 and
Chapter [5 Further problems are considered, including how to define se-
quences of local alternatives in the 3-Spider, and how to extend the empiri-

cal likelihood method to other non-Euclidean spaces.



BACKGROUND KNOWLEDGE

This chapter presents the background on the following topics: statistical
inference, empirical likelihood, and notation for statistical analysis on non-
Euclidean spaces used in the thesis. An extensive account of empirical like-
lihood can be found in the work by Owen! (2001).

This chapter is organised as follows. Section |2.1|reviews the mathematical
representation of empirical likelihood and one of its most important theoret-
ical results, Wilks” theorem. In Section the non-central chi-squared dis-
tribution is introduced. The non-central chi-squared distribution appears in
Section where we consider Wilks” theorem under a sequence of local al-
ternatives. In Section [2.4]and Section 2.5} a review of relevant differential ge-
ometry and spherical statistics is presented. In Section a non-Euclidean
space, the 3-Spider, is considered. Some background for phylogenetic tree
data is included in Section the 3-Spider is relevant to this type of data.
Background for measure theory, matrix algebra, and convex optimization
that is required for various proofs throughout the thesis is reviewed in Sec-
tion [2.8] Section [2.9|and Section respectively. The method for graphical
presentation of empirical likelihood against the mean direction parameter

on the sphere is given in Section [2.11



2.1 EMPIRICAL LIKELIHOOD

2.1 EMPIRICAL LIKELIHOOD

In statistics, non-parametric methods of inference are widely used when
the parametric family is not assumed or given. Empirical Likelihood is one
of the modern methods for inference based on a non-parametric likelihood
ratio function defined through the data. Empirical likelihood was first in-
troduced by Owen| (1988, 1990). Hall and La Scala| (1990) showed that an
advantage of empirical likelihood is that the shape of confidence regions
automatically reflects characteristics of the observed dataset. Furthermore,
empirical likelihood behaves like a parametric likelihood in the sense that it
satisties Wilks’ theorem proposed by Wilks| (1938).
Let 14(X) denote the indicator function for a set A, i.e.

1, ifXeA;
14(X) =

0, otherwise.
There is another way to characterize the indicator function with respect

to the set A:

1, ifXeA;
O0x(A) = (2.1.1)

0, otherwise.
Note that 14(X) is a function of X, while dx(A) is a function of sets. For
convenience, throughout the thesis, A shall denote Borel set, while X here
is a point where all the probability is concentrated.
Let Xi, -+, X, denote a random sample in R drawn from the distribu-
tion Py. (Owen (2001, Chapter 3.1) uses indicator functions to define the
empirical distribution function, the empirical measure, and non-parametric

likelihood as follows.

Definition 2.1.1 (Empirical Distribution) Let X3, - , X}, be i.i.d. random vec-

tors. The empirical distribution of X1,Xp,- -+ , Xy, is

Py(A) = % Y bx(A). (2.1.2)
i=1



2.1 EMPIRICAL LIKELIHOOD

In empirical likelihood, we build the model for the distribution P by set-
ting
n
P(A) = Y pidx,(A), (213)
i=1
where A is an arbitrary Borel-measurable subset of R¥, and p; is the weight
of dx,(A) with
O<pisld

and

n
Y ri=1,
i=1
tori =1,2,---,n. This model is built using values of observations in the

sample.

Fori=1,---,n, define the singleton set A; = {X;}. Then, let
pi = P(A;)
= P({Xi})

be the probability mass of X; in a sample from P.

(2.1.4)

For the distribution as in (2.1.3), we assume that the probabilities have
already been summed over any ties. Here, X; and X; are tied, if X; =
X, for i # j. Otherwise, consider the ties in the data, and suppose the
distinct value X; arises n; > 1 times in the sample, with probability pj,
j=1,---,m. Then the probability vector p = (p1,---,pn) is redefined as
p' = (pl, -, Pm), where m is the number of distinct values in the sample.
Thus, we may assume that no ties are present. With a random sample from

a continuous distribution, the sample points are distinct with probability 1.

Example 2.1.1 Let X1, Xy, X3 be three untied observations with probability vector
p = (p1,p2,p3). However, if X, and X3 are tied, then the probability vector
becomes p' = (p1, py) with

P1 =1

P> =p2+ps.
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Definition 2.1.2 (Non-parametric Likelihood) The non-parametric likelihood

of the distribution P is

(2.1.5)

Remark: Recalling a classical Lagrange multiplier optimization problem:
n
max 3
ymax L1y

n
S.t. 2 pi = 1,
i=1

O<pi<li=12---,n
Let
n n
H(Plr"‘zpn/’)’):Hpi"i‘r)’ sz_l .
i=1 i=1
Now, we calculate the gradient:

oH oH oH\ '
Vi purHpL - Pn,y) = (3_191' N ’%'$>

p2p3- - Pnt Y

g P1p3pn+ry ,
pip2- - Pn—1+7Y

and therefore

Vi purH(p1, - pn,7) =0

p2p3---pnt+ v =0

= | pwpspnty=0
pip2- Pa—1+7 =0
<:>P1=P2="'=Pn=%-

The maximal value of L(P) is given by P = P, such that p; = 1 for

i=1,---,n

10



2.1 EMPIRICAL LIKELIHOOD

Definition 2.1.3 (Empirical Likelihood Ratio) Let X1, X>, - -+, X, bei.id. ran-
dom vectors in RX, k > 1, with common distribution Py. Let p; > 0 be as defined
in(21.4),i=1,2,---,n. The empirical likelihood ratio function for the mean is
defined as

n n n
R(u) = max < [[npil YopiXi=p Y pi=1pi>0i=1,-n;,
Probn isn = i=1

(2.1.6)

where y is the so-called mean parameter. Furthermore, the log-empirical likelihood

ratio function for the mean parameter is defined as

pl/"‘ /pn

1

log R(p) = max {
i=1

n n n
=1 i

(2.1.7)

In Chapter |3, we state and prove Wilks’” theorem under a sequence of lo-
cal alternatives for the log-empirical likelihood in the Euclidean set-
ting. In Chapters |4/ and |5| we state and prove analogous results in non-
Euclidean settings. Note that the empirical likelihood ratio is derived from
L(P)/L(P,), where L(P) denotes the non-parametric likelihood function;
see (2.1.5). Given the mean parameter p, the empirical likelihood ratio has
a corresponding maximum. Consider a non-trivial case that 0 < p; < 1,
i=1,2,---,n. Then solving is equivalent to solving the system:

n
I(y) = max Zlognpi,
pro e

n n
subjectto Y _pi=1, Y piXi=p, (2.1.8)
i=1 i=1

O<pi<1,i=12--,n

Using the Lagrange multipliers, we set the objective function as
n T n n
G(p1, -+ pwAo,y) =) lognpi+ Ag (ZP:’XI' —;t) +'y< Y pi— 1)
i=1 i=1 i=1

Pz‘—1>,

22108”Pi+AJZPi(Xi—P’)+’Y<
i ' =l

n
i=1 i=

11



2.1 EMPIRICAL LIKELIHOOD

where Ap € RF and 7 € R are Lagrange Multipliers. Differentiating G with

respect to Ag, v, and p;, i =1,2,--- ,n gives:

oG &

— X —y =

a/\O i=1 pl ' K 0’

G 1

= = . —1=0, and (2.1.9)
5 i;m

oG 1

— =— 4 M (X;—u)+9=0.

o pi T (Xi —p) +y

By summing the third equality in (2.1.9),
n

n aG n
pis— =n+2Ao ) pi(Xi—u)+7)_ pi
=1 Ipi i=1 i=1

1

:n—|—r)/

Finally, substituting v = —n into the third equality in (2.1.9), we have

1

pi = 1A (X —p) (2.1.10)

where A = —%.
In summary, to calculate the log-empirical likelihood I(u) against the
mean parameter y as in (2.1.8), we need to find A to solve

n
Y pi(Xi—p) =0,
i=1
where p; is given by (2.1.10). A solution A is finite if and only if u lies in the
relative interior of the convex hull of X7, X5, - - - , X;. We refer to the relative

interior of a convex hull later in Section

12



2.1 EMPIRICAL LIKELIHOOD

Remark: as is shown in the definition of convex hull in Section ply-
ing in the relative interior of the convex hull of X3, X5, - - - , X}, is equivalent

to finding a set of {p;}";, such that

O<pi<li=12,---,n
n
p=7 pX.
i=1
Thus, as p; shown in (2.1.10), it is equivalent to having finite A.
On the other hand, when u lies outside the relative interior of the convex

hull of X3, Xp, - - - , Xy, it is equivalent to that there is no such a set of {p; T

such that

Thus, A will not be defined, if p; is shown in (2.1.10).
Lastly, when u lies on the boundary of the relative interior of the convex

hull of X3, X5, - - - , X, in order to have
n
p=1y X,
i=1
where } ! ;pi =1and 0 < p; <1, fori =1,2,---,n, there must have at

least one p; = 0,j € {1,2,--- ,n}. Itis equivalent to having ||A| = co in this

case.

2.1.1  Empirical Likelihood for a Multivariate Mean

Corresponding to Definition Owen| (2001) showed that the confidence

region is

n
Cr,n = {Z piXi
i=1

n
=

n
[Trpizrpi=0) pi= 1}
i=1

1

13



2.1 EMPIRICAL LIKELIHOOD

is a convex subset of R¥, where r is a confidence level; see Theorem
below.

Substituting po, the population mean of i.i.d. random vectors Xi, Xp, - - - , X},
into (2.1.7), we define the Wilks’ statistic —2log R (pp). Wilks’" theorem
proves that the Wilks” statistic has an asymptotic chi-squared distribution;

see (Owen| (2001)).

Theorem 2.1 (Wilks” Theorem) Let X1, X>, - - -, X, be independent random vec-
tors in R* with common distribution Py having mean py and positive semi-definite
covariance matrix Vi of rank g > 0. Then C,,, is a convex set and —21og R (po)
converges in distribution to a chi-square random variable with q degrees of freedom,

asn — oo,

2.1.2  Bootstrap Calibration

In statistics, the bootstrap is an important way to assess the uncertainty in
an estimator. Now, we introduce the bootstrap idea proposed by [Efron and
Tibshirani (1994). Let 2" = {x1,x2,---,x,} be a random sample from a
distribution P. If the object of the study is an unknown parameter of the
distribution, say 6 = 0(P), then we consider an estimate of the distribution
tirst by empirical measure based on 2"

N 1 &

Py(A) = ” Z5X,-(A),

i=1

where set A and 6x,(A), i = 1,2,--- ,n are as defined in . Then the
bootstrap estimate of the parameter 0 is § = 8(P,).

Now, we use the bootstrap to estimate quantiles of the distribution of
. We call it bootstrap calibration for quantiles. For convenience, we use
the notation A[«a] for the a-quantiles by bootstrap, where « is the nominal
probability of type I error.

Let 6 denote the estimate based on the original sample and let 0%, A;‘, cee, ég

denote estimators based on B bootstrap samples, selected randomly with

14
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*

replacement from 2. Write éa) < - < é(B) for the ordered values of
07,05, -+ ,05. Then we estimate §[j/(B + 1)] by é;‘ and we estimate §[«] for
other values of « by linear interpolation.

Since Wilks’ theorem for empirical likelihood gives the asymptotic dis-
tribution of the Wilks” statistic, we use bootstrap calibration to calculate
quantiles of the log-empirical likelihood ratio for constructing confidence
regions for the mean, and compare bootstrap calibrated confidence regions

with confidence regions calculated by tabular quantiles in Section and

Section [5.9|

2.2 NON-CENTRAL CHI-SQUARED DISTRIBUTION

Johnson et al| (1994, Chapter 29) gave the definition of non-central chi-
squared distribution by i.i.d. non-zero mean normal random variables. We

shall give the definition as follows.

Definition 2.2.1 (Non-central Chi-squared Distribution) If U, Uy, - - -, U, are
independent standard normal variables, and 61,0, - - - , 0, are constants, then the
distribution of

[4
V= Z(U] + 5]')2
j=1
is called the non-central chi-squared distribution with v degrees of freedom and

non-centrality parameter A = Y7, 5}2, and is written x3(A).

Note that the distribution of V depends on 61,6y, - - - , d, only through the
sum of their squares. Consider a sequence of independent k-dimensional

real Gaussian random vectors {X;}" ,, i.e.
X; ~ Ni(pi, Zi),

where for i = 1,2,---,n, X; has full rank. Then, {Zi_l/ZXi}?zl is a se-
quence of independent N (Z‘.i_l/ zﬂi, I;) random vectors, where I is the k-

dimensional identity matrix. According to Definition we know that
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L XZ-TZZ._lXi is a non-central chi-squared random variable with the non-
centrality parameter
P
Y mi I
i=1

and nk degrees of freedom.

2.3 LOCAL ALTERNATIVES

As is considered by Sugiural (1973), in parametric statistics for hypothesis
tests with an alternative hypothesis close to the null hypothesis, if the alter-
native does not converge to the null hypothesis at some rate, the asymptotic
non-null distribution evaluated under the sequence of alternatives may de-
generate. A choice of the convergence rate is considered as n~1/2 by Sugiura
(1973). According to this idea, for the null hypothesis 6 = 0y, we define the

sequence of local alternatives {6, },>1 as alternative hypotheses, where

0, = 0+ .

Vn

Local alternatives are widely used in local power analysis, which studies
the power function of a hypothesis test in a neighborhood of the null hy-
pothesis. As a useful device, this sequence was first used by Neyman| (1937)
for an asymptotic analysis of the power of a test.

Intuitively, local alternatives are quantities that converge to the parameter
0p. Since the Euclidean space itself is isometric to its tangent space at any
point, #/+/n can be regarded as the image of log, -map evaluated at local

alternatives {6, },>1; we refer to log, -map later in Section
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2.4 DIFFERENTIAL GEOMETRY RESULTS

2.4 DIFFERENTIAL GEOMETRY RESULTS

2.4.1  Tangent Space and Vector Field

In order to evaluate empirical likelihood against the mean direction on the
sphere, we transform the random sample on S¥~! to a sample on a tangent
space. Boothby| (1986, Chapter 2.4 & 4.1) gives the definition of the tangent
space at a point on a manifold. Now, a definition of the space of tangent
vectors attached to a point in a manifold is given.

For an open set U C R¥, C" = C"(U) denotes the collection of functions
f : U — R that have continuous derivatives of order 1,2,---,r on U. As
U C R, it is noted that we refer to all derivatives as partial derivatives

9 f

alexlaazxZ . a“kxk

(Y1, Y2, k),

where « = 25-‘21 a;, ; = 0and (yq,y2,--- ,yx) € U. If f € C" for all r, then
we say f is smooth, or of class C®. We denote by C*(p) the collection of all

C* functions whose domain includes p.

Definition 2.4.1 (Tangent Space at a Point of a Manifold M) Let M denote
a C* manifold of dimension k. and let p € M. We define the tangent space T, M
to M at p to be the set of all operators

Y,,Zy:C(p) > R
satisfying, forall o, p € R, f,g: M — Rand f,g € C®(p), two conditions:
1. Linearity:
Yp(af +Bg) = a(Ypf) + B(Ypg) (2.4.1)
2. Leibniz rule:

Yp(f8) = (Vpf)g(p) + f(p) (Ypg) (2.4.2)
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2.4 DIFFERENTIAL GEOMETRY RESULTS

with the vector space operations in T, M defined by

Yp+Zp)f = Ypf + Zpf,
(aYp)f = a(Ypf).

A tangent vector to M at p is any Y, € Ty M.

Now, we introduce the vector field, which is used to define geodesics.

Definition 2.4.2 (Vector Field) A vector field X of a class C" on M is a function
assigning to each point p € M a vector X, € T, M whose components in the
frames of any local coordinates (U, ¢) are functions of class C" on the domain U of

the coordinates.

2.4.2  Geodesics

In Chapter @ Wilks’ theorem is proved on the sphere S¥~! C R¥. In Defini-
tion we will define local alternatives on S*~1. The distance between
two points on S¥1 is the length of a minimal geodesic between them. We
shall introduce the geodesic as follows; see [Boothby| (1986, Chapter 7.5). Let
p(t) be a t-parametrized curve on the differentiable manifold M C R,
a < t < b, where p(a) and p(b) are two endpoints, and a4,b € R. Let
Y (t) = dp(t)/dt be a vector field along the curve. Suppose p(t) € C2. Then,
dY/dt is obtained by differentiating Y (t) along the curve in R¥. However,
dY/dt may not be tangent to M. Let 7 : RF — Ty M be an orthogonal
project. Thus, we define the covariant derivative, in order to project dY/dt

to a tangent vector.

Definition 2.4.3 (Covariant Derivative) Let 71(dY/dt) be denoted by DY /dt,
and we call it the covariant derivative of the tangent vector field Y on M along the

curve p(t).

Now, we define the geodesic, based on Definition [2.4.3|
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2.4 DIFFERENTIAL GEOMETRY RESULTS

Definition 2.4.4 (Geodesic) The (parametrized) curve p(t) is said to be a geodesic
if its velocity vector is constant (parallel), that is, if it satisfies the condition

Ddp _
giar Y

the equation of a geodesic, for all a < t < b.

Note that the geodesic is not necessarily unique. Take S¥~! as an example:

1. If two endpoints are not antipodal, then those two points partition the
unique great circle generated by these two points into two geodesics,
and one of them has the minimal length. We call it the minimal

geodesic.

2. If two endpoints are antipodal, then any great circle arc connecting
those two points is a geodesic. All of those geodesics have the same

curve length. They are all minimal geodesics.

2.4.3 log-map

A log-map is the inverse map of an exponential map; see Boothby| (1986,
Chapter 7.6). Those two maps are used to connect the manifold M and
its tangent space T, M at p € M. Since the tangent space is isometric
to Euclidean space, a log-map will be an effective tool for transferring the
empirical likelihood on the sphere to its tangent space, as we shall see later.
This can then be used to develop Wilks” theorem. However, for a point
p € M, there possibly exists a point g € M, such that there exist at least
two distinct minimal geodesics from g to p. For example, in S¥1, g is the
antipodal point of p. Thus, in order to define the following maps, we do

not consider points like g.
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2.4 DIFFERENTIAL GEOMETRY RESULTS

Definition 2.4.5 (Exponential Map at u) Let u,v € M and let X, € T, M be
a tangent vector, c(t), t € [0,1], be a parametrized curve on the surface of the

manifold M, such that

Then, the exponential map at u is defined as exp, X, = v. That is, the image of the
tangent vector X is defined to be the point on the unique geodesic determined by

X, where the curve is parametrized as c(1).

Correspondingly, as the inverse map of the exponential map, we give the

definition of the log-map as follows.

Definition 2.4.6 (Logarithm Map) Let u,v € M. Then the log-map uniquely
sends v to V. € T, M, which is the tangent vector having the direction along the

minimal geodesic from u to v. We write, log,v = V.

Definition|2.4.4|implies that ||dc(t)/dt| is constant along the geodesic c(t),
and its length from ¢(0) to ¢(1) is:

1
=4
0

Thus, one property of the log-map and exp-map is that they preserve the

de(t 1
D ae = [ 1xeldt = x| (2.43)
0

distance. In other words, the Euclidean norm of the tangent vector in T, M
equals the distance of the minimal geodesic from u to v. Moreover, L in
(2.4.3) can be used to define the spherical distance from u to v.

Figure and Figure illustrate how the log-map is defined on
§* C R¥. For g € §?, the image of log,, (X) is expressed as:

(o) = (- pog X,

where B = arccos X ' g, and sin 8 = ||(I — popg ) X |-
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Ho Y (po)

B X

Figure 2.4.1: The log-map image of a random vector X on S%, as Y(uo),
observed at the perspective facing to the plane spanned by
uo and X. By the distance-preserve property of log-map,
|Y(po0)|| = dg2(po, X), where dg» denotes the spherical dis-

tance.

Figure 2.4.2: The log-map from S to T}, S? as viewed in R>.

2.5 SPHERICAL STATISTICS RESULTS

The Wilks’ statistic is evaluated either at the population mean as in Theorem
or local alternatives as in Theorem The mean on S*~! depends

on the distance function d(-,-); we refer to this later in (2.5.1) and (2.5.2).
[Fréchet (1948) defined the so-called Fréchet mean, which is induced by a

distance d(-,-). In particular, for the sphere, the Euclidean distance dg(-, )
and the arc length on the surface dg 1 (-, ) determine two different Fréchet

means, respectively labelled as the extrinsic mean and the intrinsic mean.

Fisher et al.| (1993, Chapter 3.2) gave the definition of the mean direction,

which is related to the extrinsic mean on the sphere.
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2.5.1  Mean Direction

We shall define the mean direction in S?, while the definition in S¥, k > 2,
is analogous. Assume S? is embedded in IR3, and consider a collection of
points X1, X5, , X, € S? with the origin at O = (0,0,0), where X; is a
unit vector with polar coordinate (6;, ¢;), and equivalently direction cosines
(xli, xé, xg) = (sin 6; cos ¢;, sin 6; sin ¢;, cos 6;) as a vector. It should be noted
that the angle § between two arbitrary vectors, say Y and Z is given by the

inner product
coséd=Y'Z= Y121 + Y222 + Y323,
where J € [0, 71].

Definition 2.5.1 (Mean Direction) For i = 1,2,--- ,n, X; € S? has direction

cosines (xi,xh, x%4). Let

and let
R* =S} +S}+S3.
The mean direction of X1, Xy, -+ , X, is
(%1, %2, %3) =(51/R,S2/R,S3/R)
=(sin § cos ¢, sin f sin ¢, cos 0),

where (9, ¢) are the polar coordinates of the sample mean direction.

2.5.2 Extrinsic and Intrinsic Mean

Suppose that Q is a random vector on M C R¥. Then, the Fréchet mean of
Q on the manifold M is

po = al;irﬁn / Lz Q)%*dP(Q),
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2.5 SPHERICAL STATISTICS RESULTS

where P(-) is the probability measure on the manifold M, and d(-,-) is the
distance function on M.
Correspondingly, for a random sample Qi, Q>, -, Q, with observed

quantities q1, 42, - -, qn, the sample Fréchet mean of q1,42,--- ,q, on the
manifold M is
M5 = argmin i d(u, qi)z.
ueM =1
When d(-,-) is induced by the Euclidean distance dg(-,-) so M C R, Bhat!
tacharya and Patrangenaru, (2003} 2005) called the Fréchet mean the extrinsic

mean. Thus for M = Sk~1, the extrinsic mean direction of Q on S¥~1 is

Mo = argmin/k1 de(u, Q)%dP(Q). (2.5.1)
peSk—1 S

Remark: for S¥~1 ¢ Rk, let

ElQ)= [, QaP(Q),
and

_ . T i 2

0=(1—popi )| [, de(n QPP(Q)

_ ) )

= o (= mod )5 e (w Q| dP(Q)
where

d
_ ™2 2
(I=popo ) e, Q) \y_m

is the projection of the gradient of the squared distance function onto the

tangent space at . Then, p satisfies

0= | (L= nomy)(mo — Q)AP(Q),
and hence,
0=(I—pom) |,  QIP(Q)
= E[Q] — po(po E[Q])
_ E[Q]
= TEQI

23



2.5 SPHERICAL STATISTICS RESULTS

the extrinsic mean direction. Similarly, the sample extrinsic Fréchet mean
on a sphere turns out to be the sample mean direction.

For the intrinsic mean, if d(-, -) is the metric on Sk=1 labelled as der1(-,),
which is the minimal geodesic length of two points on the surface, we find
a point on the sphere as follows:

mo = argmin [ dge(m, Q)%4P(Q), 252

since dgi—1(-, ) is defined for points on S¥~1. We call it the intrinsic mean.

2.5.3 Local Alternatives on Sk=1

By considering local alternatives, it is possible to derive a more general
version of Wilks” theorem. Through the idea of the log-map, we define local

alternatives on the sphere.

Definition 2.5.2 (Local Alternatives on Sphere) Let k > 2 and let ug denote
the mean direction of a random vector X € SK=1. Then for each n € N, there exists
Un € Sk=1 such that
n k—1
logy, (1n) = 1 € Ty~
where 1 is a given k-dimensional constant vector in the tangent space at pg. We

call {pn}n>1 a sequence of local alternatives.

Note that we write local alternatives as:

Fin = o co8 (Hﬂ) + 0%'

where p, is not antipodal of yy. This will be widely used in the proof of

Theorem

Remark: we define {p,},>1 through the first order derivative to py. In

Euclidean space, it is obvious to see #/+/n is the derivative between pg
and pu,. However, for the sphere, we need T”OSk_l to find the frist order

derivative 7/+/n and then find p, € S*~1, where T,,,S*~1 C R¥.
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2.5.4 Useful Distributions on the Sphere

In Section |4.5| and experiments are based on samples from von Mises-
Fisher distributions and Kent distributions. First we introduce two concepts
in spherical distributions. The unimodal distribution refers to a distribution
with a clear peak (mode) or a most frequent value, while multimodal distri-
butions have more than one peak. Now we introduce these two distribution

in brief.

von Mises-Fisher Distribution

In Mardia and Jupp (2009), a random vector X € SP~1 C R?, with p — 1 di-
mensional von Mises-Fisher distribution M, (y, ), has the following density

function:

K\ P/2-1 1
L e —

where x > 0, ||pu|| =1, and

27
Ij(x) = % /0 cos 0 exp{x cos 6}d6.

It is noted that p is the mean direction and « is called the concentration
parameter. For ¥ > 0, there is a mode at the mean direction y; for x = 0, the
distribution is uniform on SP~1. The larger « is, the more concentrated the

population is around the mean direction.

Kent Distribution

The Kent distribution, denoted by FBs(x, B, T'), was proposed by Kent| (1982)

for a random vector X € 8% C R3. It has the following density function:

fla;x,B,T) = c(x, ) exp{ry x + Bl(72 x)* = (73 x)°]},

where ¥ > 0, B > 0 and a 3 x 3 orthogonal matrix T = {1, 72,73 }-
It is noted that «x is called the concentration parameter, as is explained in
von Mises-Fisher distribution. The ovalness parameter B describe the ellip-

ticity of the population. As is shown by [Fisher et al.| (1993), the greater f is,
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the more the population is away from circular symmetry. This distribution
has two main forms; if ¥/ > 2, Kent distribution is unimodal; if /8 < 2,
the distribution is bimodal. For the matrix I, 7 is the mean direction, 7 is
the major axis and 43 is the minor axis.

In this thesis, we only consider the unimodal Kent distribution, i.e.

k/B = 2.

2.6 MODEL: 3-SPIDER

The 3-Spider is regarded as a space comprising 3 disjoint rays, which share

at a common endpoint; see Hotz et al.|(2013).

Definition 2.6.1 (3-Spider) The 3-Spider is a union of 3 rays, so-called legs,
which only join together by their endpoints. As is shown in Figure the
endpoints of those three rays are glued at the point O, with each leg L; = R>¢, and
L} = Rso, i = 1,2,3. In particular, we call the joined endpoint O the cone point

Lo.

Let 3-Spider space be denoted by SP3. Note that the point where those
three rays join together is a singularity point. This is explained in Section
Now, for any point p € SP3, its coordinate is given as (po, k), where
k = 1,2,3. The second coordinate shows the leg index p has and the first

coordinate, pg > 0, gives the location on L.
Ly L3

O
Ly

Figure 2.6.3: The sketch of 3-Spider, SPs.
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2.6.1 Folding Map on 3-Spider

Similar to the intrinsic distance on the sphere, the distance on the 3-Spider
SP3 is not completely Euclidean. However, the distance is still defined as
the length of the shortest path. For points located on the same leg, the
metric is Euclidean; for points respectively located on different legs, the
shortest path goes through the cone point and we thus define the distance.
In order to define the 3-Spider distance, we first define the so-called folding

map; see Hotz et al.| (2013, Definition 1.2):

Definition 2.6.2 (Folding Map) Let p = (po, k) € SP3 with k € {1,2,3}.
Then, for j € {1,2,3}, define the folding map F; : SP3 — R by

po ifk=j,
Fip = Fi(po, k) = . .
—po ifk#j,

Now, we define the distance on SPs:

Definition 2.6.3 (Distance on SP3) For p = (po,j) and q = (qo, k), define the
3-Spider distance

[po—qol ifk=1],

po+qo ifk#j,

dsp,(p,q) =

2.6.2 Mean on SP3

The object of the research in Chapter [5/is about the statistical behaviour of
the i.i.d. random variables on SP3. Suppose Py is a Borel probability mea-
sure on SP3. Throughout this thesis, we make the following assumptions:
under the measure Py, the squared integral satisfies

dsp,(s,9)%dPy(q) < oo, (2.6.1)
SP;3

27



2.6 MODEL: 3-SPIDER
where s denotes the cone point Ly, and also the nondegeneracy satisfies
Py(L) € (0,1), k=1,2,3. (2.6.2)
Note that the square integrability implies:

B, (5,9)dPo(q) = | d}(0, Fiq)aR
[ Bpsls ndPo(a) = [ d3(0, Fua)dPo(g)

= Jsp, (Feq)?dPy(q) (2.6.3)

<o0.
where k = 1,2, 3.
The square integrability implies integrability, through Lyapunov’s inequal-
ity, as is shown in Corollary To prove this result, we first give Holder

inequality for random variables, as shown in |Chung (2001). Consider a

random variable X with distribution P, i.e. X ~ P, the expectation of X is

Ex[X] = / xdP(x).

Corollary 2.6.1 (Holder’s Inequality for Random Variables) Suppose X, Y are

two random variables, and p,q > 1 such that

1.1
p q
Then,
Exy[XY]| < Exy[IXY]] < {Ex[X[P]} /P {Ey Y]]},
and

{Exy[IX+YIPI}P < Ex[|X[P]VP + Ey[|Y|P]V/P.

Based on Corollary we give an application of Holder’s inequality

for random variables, Lyapunov’s inequality.
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Corollary 2.6.2 (Lyapunov’s Inequality) Suppose Y = 1 with probability 1.
Then, for1 < p < o0

Ex[|X]] < {Ex[|X[P]}"7.
Moreover, for 1 <r < p,
Ex[|IX]"] < {Ex[IX|"}"/".
To prove Lyapunov’s inequality, let s = pr. Then,
Ex[IXI'] < {Ex[IXF]}"”,
and thus
{Ex[IXIT" < {Ex(IXP1},

forl <r<s < oco.

Corollary (Lyapunov’s inequality) now implies that:

dsp,(s,9)dPo(q) Z/SP |Feq|dPo(q)
3
1/2

<( [, (Bayar(a) (264)

<00,

SP3

where k = 1,2, 3.

That is, under our assumption , the expectation of dsp,(s,q) is
bounded under the measure Py. Note that the assumption is used
to define the Fréchet mean on SPs.

Due to the singularity of the cone point on SP3, the folding map is ap-
plied to define the distance on SP3. Thus, recalling the intrinsic mean

on S¥=1, we give the Fréchet mean on SPj:

Definition 2.6.4 (Fréchet Mean on 3-Spider) Let () be a sample space. Let
91,92, ,qn : Q — SP3 be i.i.d. random variables with Borel probability mea-
sure Py. Under the squared integrability and the nondegeneracy

assumptions, the population Fréchet mean b on SP3 is defined as

b= argmin/ dsp,(p,q)%dPo(q).
peSP3 SP3
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Correspondingly, the sample Fréchet mean is given by

n
by = argmin }_ dsp,(p, ;)
peSP3 i=1

Hotz et al.| (2013) shows that there are 3 different cases for the location of
the Fréchet mean on SPj3, according to the behaviour of the first moment.

We give the definition of the first moment as follows.

Definition 2.6.5 (First Moment under the Folding Map) Let g = (go,k), q0 €
R>o and k € {1,2,3}. The first moment of the measure Py on the kth leg Ly,

k=1,2,3, is the real number

mi = [ odBel) = [ (Fa)dPo(g)

where P, = Pyo 1is a Borel probability measure on R, the image space. Further,

define the sample first moment
1. A
mj = E(Sk — ZSi), (2.6.5)

where Sy = Y |Feqil.

i:g; €Ly
The equality (2.6.5) implies that
1 n
A ==Y Fgi.
niz

From (2.6.4), we have
me= [ FadRo(@) < [ [FaldRo(q) < e
0= [, BadRola) < [ Faldpo(o)
Similarly, we also define
Sc= | (Ea)dR(a),
Ly
fork=1,2,3.

Example 2.6.1 (The Fréchet Mean and The First Moments on SP3) Consider
three points respectively on each leg of the 3-Spider: py € Ly, for k = 1,2,3 and

s € Lo. Initially, let these three points have the same distances to the cone point, as
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shown in Figure(left). Then, Sy < Yizk Sis my <0,k =1,2,3, and it is not
hard to see that the cone point is the Fréchet mean. Next as in Figure (centre),

move py gradually away from Lo, until dsp,(s, p1) = dsp,(s, p2) +dsp, (s, p3).
Now, we have S = Sy + Sz, while my = 0, my < 0 and mz < 0. However,
the Fréchet mean is still on the cone point. As Figure (right) shows, we keep
moving p1 on Ly downwards. Now, we find S1 > Sy + S3, while m; > 0, mp < 0

and m3 < 0. Hence, the Fréchet mean is strictly off the cone point.

Ly p2 P3 L3 Ly p2 P3 L3 L P2 P3 L3
PLYLo = {s} p1 4 Lo = {s} . Lo = {s}
1
Ly Ly Ly

Figure 2.6.4: The Fréchet mean on SP;.

As illustrated above, the first moment on each leg varies when moving that
point. Thus, Hotz et al. (2013) summarized the behaviour of the first mo-

ment my, k = 1,2,3, as follows.

Theorem 2.2 Suppose integrability and nondegeneracy hold. Then,
either my < O for all indices k € {1,2,3}, or there is exactly one index j € {1,2,3}

such that mj =0, in which case either:
1. mj > 0, or
2. m] =0.

With Theorem we know the behaviour of my, k = 1,2,3, and thus we

name these three different cases:

Definition 2.6.6 Under integrability and nondegeneracy (2.6.2), we say

that the mean of the measure P on SP3 is either:

1. Sticky if my < 0 for all indices k € {1,2,3}, or
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2. Non-Sticky if m; > 0 for some (unique) j € {1,2,3}, or

3. Partially-Sticky if m; = 0 for some (unique) j € {1,2,3}.

Hotz et al|(2013) presented the asymptotic behaviour of the sample Fréchet
mean b, by the Law of Large Number (LLN). For the sample space () and
for w € Q, denote the random sample by {g1(w), - ,gn(w)}, and the sam-
ple Fréchet mean by by, (w).

Lemma 2.6.1 (Strong Law of Large Numbers) Under the square integrability

2.6.1)),

lim b,(w) = b,

n—o00

with probability 1, where b is unique, and is the population Fréchet mean of the

probability measure P.

Based on Lemma Hotz et al| (2013) proposed the Law of Large
Number on SP3.

Theorem 2.3 (Sticky LLN) Suppose the nondegeneracy assumption holds.

1. If the moment my satisfies my < 0, then there is a random integer N*(w)
such that by(w) ¢ L, for all n > N*(w) holds almost surely. Furthermore,
be¢ L.

2. If the moment m; satisfies m; > 0, then there is a random integer N*(w)
such that b, (w) € L;r forall n > N*(w) holds almost surely. Furthermore,
bell.

3. If the moment m; satisfies m; = 0, then there is a random integer N*(w)
such that b, (w) € L;r forall n > N*(w) holds almost surely. Furthermore,
be Lo.

2.7 PHYLOGENETIC TREE DATA

In biology, the evolutionary ancestry of a set of tips is usually presented

by a phylogenetic tree. These tips are typically referred to species, but can
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also be referred to organisms, genes, or populations; see Baum and Smith
(2013). It is easy to understand that the ancestry in biology is a biological
relation that links parents, or more generally ancestors, and their children,
or descendants. In modern biology, the phylogenetic tree is a useful tool to
visualize evolution for descendants from common ancestors.

Hall (2011, Chapter 1) includes the definition of the phylogenetic tree.
A phylogenetic tree consists of nodes and branches. The branches are the
ancestry sequences through the nodes, i.e. the segments connecting those
nodes. The nodes at the tips of branches stand for the the taxa that exist and
that we can actually examine. There are two types of nodes, internal nodes
and external nodes. The internal nodes represent the ancestral taxa, whose
properties can only be inferred from the existing taxa. As is shown in Figure
taking Subfigure (a) as an example, we observe 7 nodes 0,1,---,6,
with 4 external nodes 2,4,5,6 and 3 internal nodes 0, 1,3, where the node
0 is labelled as the root of the tree. There are two types: internal edges
and external edges. An internal edge connects two internal taxa, while an
external edge connects an internal taxon and an external taxon. Taking
subfigure (a) in Figure as an example again, edges a,c are internal
edges, while edge b is an external edge. Note that the numbers labelled on
the edges refer to the number of changes in a particular sequence along the
branch, and we call those numbers the "lengths" of the edges. If the exact
numbers are not presented, the relative lengths of the edges are drawn in

proportion to the number of changes along the branch.
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2.7 PHYLOGENETIC TREE DATA

Figure 2.7.5: Subfigure (a): an example of a phylogenetic tree on tip set
{2,4,5,6} with root 0 and inner nodes 1,3. "a" and "c" are
two internal edges, and "b" is an external edge. Subfigure (b)
and (c): shrink the internal edge a to 0, and then expand the

internal edge 4’ from 0.

Phylogenetic tree can be written in the form of data to show such relations.

As is shown in Figure the tree can be written as

(Sp:b,54:d):¢,S3:0a)

Figure 2.7.6: An example of expressing phylogenetic tree in the form of

data.

In the explanation of phylogenetic trees, Baum and Smith| (2013) use the

following example. Suppose there were N cards in a row with their suit
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noted. We use suit changing to refer to the biological mutation in genes
or species. Now, M out of N cards changed their suit and the rest N — M
were changed. Consider the average change for each card. From this, Baum
and Smith| (2013)) introduce evolutionary distance: the average number of
changes of suit per card. The numbers in edges of the phylogenetic tree are
labelled with evolutionary distances among generations. Intuitively, every
inner nodes can be regarded as the most recent common ancestor of the
corresponding descendents. For example, as shown in Subfigure (a) of Fig-
ure node 3 is the most recent common ancestor of node 4 and 5. For
internal edges, they give a proportion of the most recent common ancestor
evolve to one of next descendent species with a feature different from an-
other descendent branch. Take Subfigure (a) of Figure as an example
again, if 0 is a certain species of rodent animals, then ¢ can be regarded as
a percentage of the species 0 evolving to a species with a fuzzy tail 1 while
species 6 does not have fuzzy tail. Thus, for a specific set of evolutionary dis-
tances on edges, the phylogenetic tree is uniquely determined. As Figure
shows the property of tree structure changing and the internal edge
length changing for phylogenetic tree data, we can apply the phylogenetic
tree dataset to SP3; we will refer to it later in Section

2.8 MEASURE THEORY RESULTS

In the proof of Theorem a version of Wilks” theorem for empirical likeli-
hood in IRF under local alternatives, we need to apply the dominated conver-
gence theorem, as stated by Chung| (2001, Chapter 3.2). Some useful lemmas
included by (Owen| (2001, Chapter 11) are also adapted to the context of this
thesis. Note that in these lemmas and Theorem we desire the norms
of some key terms to be negligible so that the leading term will asymptoti-
cally decide the distribution of the Wilks’ statistic. We use stochastic orders
to express these terms; see Bishop et al. (2007). Now, we use the notation

(Q), B, P) as a probability space for introducing some measure theory results.
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If the object of the study is a single random variable, then (2 = IR; other-
wise, for a random vector, the probability space is (R¥,o(B¥), P), where
B = {(A1, Ay, -, Ap) A €eBj=12-"-- ,k} and o(B¥) is the o-algebra
generated on B. However, other choices of () are possible, e.g. Q = SK1.
First, the frequently-used types of convergences throughout the thesis are
shown; see Chung| (2001, Chapter 4). Note that a random variable X is a

map X : () = R.

Definition 2.8.1 (Convergence Almost Surely) Let {X,,},>1 be a sequence of
random variables. { X, },>1 converges to a random variable X almost surely, if and

only if there exits a set N € Q with P(N) = 0 such that

Vw € N¢, lim X,(w) = X(w) € (—00,00).

n—o0o

Definition 2.8.2 (Convergence in Probability) The sequence of random vari-
ables {X,},>1 converges to a random variable X in probability, if and only if

forall e >0,

lim P(|X, — X| > ¢€) = 0.

n—00

Definition 2.8.3 (Convergence in Distribution) The sequence of random vari-
ables { Xy, },>1 converges to a random variable X in distribution, if and only if the
corresponding distribution functions { F, },>1 converge to the distribution function

Fof X, ie.
E,(x) — F(x),
as n — oo for all x € R, where x is a continuity point of F.
We use the following notation for the convergences above:
1. Convergence Almost Surely. X, =5 X, as n — co.
2. Convergence in Probability. X, ZN X, as n — oo.

e L D
3. Convergence in Distribution. X,, = X, as n — oo.
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Theorem 2.4 (Dominated Convergence Theorem) X, Y are random variables,

and A is a set in B. For a sequence of random variables { Xy },>1, if lgn Xp =
n (0]

Xas.on A€ BandVn: | X,| <Y as.on A, with / YdP(x) < oo, then
A

lim [ X,dP(x / XdP(x lim X,dP(x).

n—o0 A N—00

Definition 2.8.4 (X, = 0,(by)) Let { X, },>1 be a sequence of random variables

and {by },>1 be a sequence of strictly positive real numbers. We say:
1. Xy = 0p(1) if for every € > 0,

lim P{|X,| <€} =1.

=00
2. Xy = op(by) if
X /by = 0p(1),
or equivalently, X, = byop(1).

Definition 2.8.5 (X, = O,(by)) Let {X;},>1 be a sequence of random variables

and {b, },>1 be a sequence of strictly positive real numbers. We say:

1. X, = Op(1) if for every 17 > O, there exists a constant K(n) and an integer
N(n) such that if n = N(n), then

P{Xul <K(1)} =1 -7

Xn/bn - Op(l),
or equivalently, X,, = b,Op(1).

From the above definitions, we easily get the following result about the

convergence in distribution.

Lemma 2.8.1 Suppose X, B X. Then, 1 Xn|l = Op(1).
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Let u be the population mean of i.i.d. random vectors Xj, X5, - - - , Xj;, and

X =

S

n
X,
i=1
Then, the Central Limit Theorem (CLT) states v/n(X — u) B 7, where Z
is a normal random vector. Then, by the above lemma, ||v/n(X — u)|| =
O,(1). Equivalently, | X — p| = O,(n~1/2). This will be useful later when
establishing bounds of some key terms.
Now, in the proof of Theorem Theorem and related results, we

will adapt the following lemmas in Owen| (2001) to the context of the proof.

Lemma 2.8.2 Let Yy, Y5, -+, Yy be iid. random variables and E(Y?) < co. Let

Z, = max |Y;|. Then Z, = 0,(n'/?).
1<ign

Lemma 2.8.3 LetY;, Yy, -+, Y, bei.id. random variables and suppose that E(Yiz) <

o0. Then
1 3 1/2
2 L7 = 0p ()

Lemma 2.8.4 Let Py be a distribution on R* with mean pg and covariance matrix
Vo of full rank k. Let © be the set of unit vectors in R. Then for X with distribution
Po, ie. X ~ Po,

inf Po(07 (X —puo) >0) >0,

26 o0 (X = r)

2.8.1 Glivenko-Cantelli Theorem

Glivenko-Cantelli theorem for the uniform convergence ranging over a class
of functions is one of the important conclusions in empirical distribution
theory as reported by van der Vaart (1998, Chapter 19.2) and jvan der Vaart
and Wellner| (1996, Chapter 2.8).

For the following definition and theorem, first let {X,},>1 and {X} be

real random vectors.
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Now, we define
1 n
P.f = . Zf(Xl), and
i=1

Pof = / FdP.

(2.8.1)

Recall that P is a class of probability measure on <]Rk,0’(8k)>. Following
van der Vaart and Wellner (1996, Chapter 2.8), we have

Definition 2.8.6 (Glivenko-Cantelli Uniformly in P € P) A class F of mea-

surable functions on a measurable space (]Rk, (T(Bk)> is said to be Glivenko-Cantelli

uniformly in P € ‘P for a given class P of probability measures on (Rk,a(Bk)> if

supP(supsup|me—Pf| > e) — 0,
PeP mzn feF

for every € > 0asn — oo,

Note that

{supsup |Ppf — Pf| > e}

mzn feF
is assumed to be P-measurable. Definition is used for Theorem
Now, we introduce notation used in Glivenko-Cantelli theorem. Suppose

that Q is a probability measure, and » € IN. Then, the L,(Q)-norm is given
by

Ifllgr = (QIFIN". (2.8.2)

Then, we define the L,(Q)-ball of radius € centred at some f € F by

{geFilg—flor<et={geF:(Qlg—fIN"" <e}.

Definition 2.8.7 (Covering Number) Let F be a class of measurable functions,

let Q be a probability measure, r € IN, and let € > 0. Then, the covering number

N(e, 7, L/(Q))

is the minimal number of L,(Q)-balls of radius € needed to cover the set F.
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The Glivenko-Cantelli theorem has been established in many settings. For
example, see Pollard (2012, Chapter 2.4) and van der Vaart (1998, Chapter
19.2). Now, we introduce the version shown by van der Vaart and Wellner
(1996). First, we call F an envelope function of the class F, if |f(x)| < F(x),
for all x and f € F.

Theorem 2.5 (Glivenko-Cantelli Uniformly in P) Let F be a P-measurable
class of functions on a measurable space for every probability measure P in a class
P, and let || - ||g1 be defined as in (2.8.2). Suppose that, for some measurable

envelope function F and a fixed number M,

lim sup PF{F > M} =0,
M=o pep

sup logN(e||F||Q,1,f, Ll(Q)) = o(n), for every e >0,
Q€EQ,

where the supremum is taken over the set Q, of all discrete probability measures
with atoms of size integer multiples of 1/n. Then F is Glivenko-Cantelli uniformly
inPeP.

As van der Vaart and Wellner| (1996) pointed out, VC classes of sets or
functions satisfy the inequality

sup logN(ellFHQ,Lf, LI(Q)) < 0o, (2.8.3)
QeQ,

for the supremum taken over all probability measures Q; we show it for
more detail in Lemma However, we require that VC classes of sets
or functions are suitably measurable. As Bolthausen et al. (2002, Page 401)
explained, for the condition "suitably measurable" to hold, it suffices that
for all f in the class there exists a countable collection G of functions, such
that each f € F is the pointwise limit of a sequence {g }>11in G.

Vapnik and Chervonenkis|(1971) proposed the concept of VC class. Recall-
ing Definition we let N(€||F|[g,1,F,L1(Q)) denote the minimal num-
ber of L;(Q)-ball of radius €||F||o,1 covering the class F. The L;(Q)-balls of

radius €||F||o1 centred at some f € F is

{g€eF:lg—fllor <ellFllg1} ={g € F:Qlg— fl <eQF},
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To find a finite covering number, van der Vaart| (1998, Chapter 19.15) and
van der Vaart and Wellner| (1996, Chapter 2.8) presented that if the class F is
any VC class of functions, then the condition holds for the supremum
taking over all probability measures over Q. Now we introduce VC class as
follows.

For a sample space 2" and a collection C of subsets of Z°, we say C
picks out a certain subset A of the finite set {x1,x2,--- ,x,} C 2, if A =
{x1,x2,- -+ ,x,} N C for some C € C. Using this concept, we say C shatters
{x1,x2, -+, xn} if C picks out each of its 2" subsets. Then, we use the small-
est n for which no set of size n is shattered by C for the VC index V(C) of C.

Now, we define a VC-class of sets as follows.

Definition 2.8.8 (VC Class of Sets) A collection C of measurable sets is called a
VC class if its index V(C) is finite.

Note that, for a set with number of elements no less than V(C), a VC class

of sets picks out less than 2" subsets.

Example 2.8.1 (VC Class of Sets) Let 2 = R, and the finite set be {x1,x}.
Assumea < x1 < b < xp < ¢ < d. Now, let C = {(a, b),(c,d),(b,c),(a,d)}.

Since

we say C shatters {x1,x,}. However, if we add one more point, say x3, such that
a<x3 <b<x<c<x3<d,C cannot shatter {x1,xp,x3}. Then, the VC
index of C is 2.

In the proof of Lemma we aim to prove

Pn<D(6,y)> - PO(D(B,y)) ‘ 1,

sup
DeD

41



2.8 MEASURE THEORY RESULTS

where D(, ) denotes the half-space of RF characterised by 8 and u, D
denotes the collection of the subsets D (60, u) characterised by 6 and u. Sten+
gle and Yukich| (1989) proposed a useful theorem to show that D we are
working on actually is a VC class, so that Theorem [2.5|is applied.

Theorem 2.6 Let P(x1,- -, Xm, Y1, - ,Yn, b1, Ep,ui1, -+ ,ug) = P(x,y,t,u)
be a fixed real polynomial and T and U be fixed semialgebraic subsets of RF and
R9. Then the family of subsets of R™ of the form

W, = {x‘ sup inf P(x,a,t,u) > O}, acR",

is a VC class.

Note that t € T and u € U make Theorem more flexible in different
situation. However, in Lemma we fix t = ty and u = uy, and thus we
do not even need to consider what is called "semialgebraic sets". Therefore,

we simplify Theorem [2.6|and give a corollary of it as follows:

Corollary 2.8.1 Let P(xq,- - ,Xm, Y1, ,Yn) = P(x,y) be a fixed real polyno-
mial. Then the family of subsets of R™ of the form

W, = {x‘P(x,a) > 0}, acRY,
is a VC class.

Next we define VC-class of functions as follows.

Definition 2.8.9 (VC Class of Functions) For a collection F of functions, if the
collection of all subgraphs {(x,t) : f(x) < t}, f € F, forms a VC class of sets in
2 xR, then F is a VC class of functions.

Example 2.8.2 (VC Class of Functions) Let 0 € R, and now consider an indi-

cator function

1, x>0
Tg(x) =
0, otherwise.

Let F = {1y(x)}. Then, it is easy to see the corresponding VC index is 1.
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As van der Vaart (1998) noted, a collection of sets C is a VC class of sets
if and only if the collection of corresponding indicator functions 1¢ forms a

VC class of functions. for C € C. Now, we introduce the lemma that makes

(2-8.3) hold.

Lemma 2.8.5 (Upper Bound for Covering Number) There exists a universal

constant K such that for any VC class F of functions, any r > 1and 0 < e <1,

€

1\"V(F)-1)
sup N(el[Floa, 7, 12(Q) < KV(F)169" ) (1)

It should be noted that the existence of an envelope is a sufficient condi-
tion, but there do exist other variance of this type of result in van der Vaart
and Wellner| (1996) which do not involve the existence of an envelope. The
use of an envelope is convenient here because the functions are indicator

functions and so an envelope exists.

2.8.2 Stieltjes Integral

Stieltjes integral is widely used in statistics. It allows us to integrate with
respect to a function, and the function even does not need to be smooth;
see Jetfreys et al.| (1999, Chapter 1). Consequently, a unified notation can be
used for discrete and continuous distributions.

Let the interval be partitioned by xq,x2, -+, x,, where a < x; < x; <
-+» < x, = b, and let real-valued bounded function f(x) be defined on [a, ).
For the real-valued function g(x), suppose

n—1
sup ) |g(xir1) — g(xi)]
X122, X i1
is bounded, where the supremum is taken over all partitions of [a, b].

Fori =1,2,---,n—1, choose an arbitrary ; € [x;, x;.1]. Let A denote

the largest width of the interval. Write

n—1

Su=Y f(p){g(xit1) —g(xi)}-

i=1
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If S, tends to a unique limit, as A — 0, this limit is defined as a Stieltjes

integral and denoted by

b
| Fds ()
The function g(x) can be a step function; see Dresher (1961), e.g.
1 x>«
8(x) = Iu(x) =
0 x<a.

and if f(x) is continuous at &, then

b
| Foin) = f(w).
If Xj << xjH,then fori=1,2,---,n—1,
g(xiy1) —g(xi) =1, fori=j,
9(xip1) —g(x;) =0, fori#j.

Hence,

Sn = f(le),

where x; < ¢; < xj41. By the continuity of f(x) at x = «, we have

lim f(y;) = f().

n— 00
A—0

Therefore,

T}grgo Sn = f(a),
A—0

independent of the choice of ¢;,i =1,2,--- ,n — 1. Thus,

[ Fn) = fa).

Now, consider a step function

8(x) = gula (%) + &2l (%) + - -+ + gLy, (%),

where ¢ > 0,a < a; < b, i =12,---,nand ¥! ;g = 1. If f(x)is

continuous at a1, a5y, - - , &, then

/abf(x)dg(x) = glf(lxl) —|—g2f((x2) 4+ ... +gnf(06n)

44



2.0 MATRIX ALGEBRA RESULTS

2.9 MATRIX ALGEBRA RESULTS
2.9.1 Eigenvalue Property for Symmetric Matrices

For real symmetric k X k matrices S, it is possible to decompose them using
eigenvalues and eigenvectors via the spectral theorem; see Strang| (1993,
Chapter 6.4).

Recall that a symmetric matrix S has k real eigenvalues A;, i =1,2,--- ,k,

and k orthonormal eigenvectors q1, 42, - -, q-

Theorem 2.7 (Spectral Theorem) Every real symmetric k x k matrix S has the

factorization

S=QAQ '=0QAQ", (2.9.1)

where Ay, - - - , Ay are k real eigenvalues, q1,- - - , q are orthonormal eigenvectors,

A= dillg{)\l, o /)\k}/ Q = [‘11/ qz,- - lqk] and QT = Qil'

Remark: Since Q is orthogonal, we can rewrite (2.9.1) as
A=Q'sQ=Q'sQ.

where A; = qiTSQi/ fori=1,2,--- ,k.

2.9.2  Square Root of a Positive Definite Matrix

Assume that the matrix £ € Mx(R) is symmetric and positive definite.
Then, for example, by Mardia et al,| (1979, Theorem A.6.4), we can write &

as a spectral decomposition
L =SAS',

where S is orthogonal and A = diag{A4, - - -, At} is a diagonal matrix of the

eigenvalues of L.
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It follows that
rl=sA"1sT,
where A~ = diag{1/A1,---,1/A;} is the inverse matrix of A.
Now, define the square root of £~ ! as
x1/2 = gA-1/2gT

where A~V?2 = diag{1/\/Ay,- - ,1//Ax}.
Remark: To verify that Z~1/2 is a matrix square root of £~!, note that
r-1/2
y-1/25-1/2 _ gA-1/2gTgA~1/2gT
=SA™'ST

=x 1

2.9.3 Matrix Calculus

Assume y : R — R is a scalar function of x = (xq,xp- - - ,xn)T € R", and

define the first order derivatives of y as

_ 8_y ;
ax
9y
a_y = axz ,
ox .
9y
L dx,,
and
AN CAN
5~ (52) -
Then its second order derivative is given by
[ 0%y 0%y 0%y 0%y ]
0x10x7 0x10Xy 0x10X3  0Xx10X
2 8]2]/ 8]2]/ 8]2]/ 82yn
Y 1 9x0x; 0x00xy 0x0x3 | 0xp0x
x0T 2021 2022 203 | 20
82]/ 82]/ 82]/ Bzy
| 0x,0x7 0Xx,0X2 0X,0X3  0X,0X;
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If z = (z1,z2--+,2z,) ' is a vector function of x = (x1,x2---,x,) ', then

define the first order derivative as

(021 021 9z 9m ]
dx; 0xp dxz  0xy
B N
ax—z_r: aJC1 axz 8x3 axn
02y 0zy 0z Oz
_8x1 axz 8x3 axn_

2.9.4 Matrix Norm

An important tool throughout the thesis is the Frobenius matrix norm. We
recall the definition of the vector norm and the matrix norm; see Conway
(2013, Chapter 1.1 & 3.2). Let V be a vector space over R. A norm on V is a

map || - || : V — R such that
1. ||x]] > 0forall x € V and ||x|| = 0 if and only if x = 0;
2. |lax|| = |a| - ||x]| foralla € R, x € V;
3- lx+yll < llx]l + [lyll for all x,y € V.

Then, (V, || - ||) is a normed vector space. Note that (IR, || - ||) forms a vector

space with the norm ||x|| = V/xTx, for any x € R, called Euclidean norm.
Now, we define a matrix norm, and then the Frobenius matrix norm.

Note that the vector norm is a special case of Frobenius norm; see Horn

and Johnson (2012, Chapter 5.2 & 5.6) and Meyer| (2000, Chapter 5).

Definition 2.9.1 (General Matrix Norm) A matrix norm is a function || - || from
the set of all real matrices (of all finite orders) into R that satisfies the following

properties.
1. ||A|| = 0and ||A|| = 0 if and only if A = 0.

2. ||wA| = |a| - ||Al| for all scalars a.
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3. ||[A+ BJ| < ||A]| + ||B|| for matrices of the same size.
4. [|AB|| < [|A]-||B].

Definition 2.9.2 (Frobenius Matrix Norm) Let M., (IR) denote the set of m x
n matrices over R. The Frobenius norm of A € My, xn(R) is defined by

1AllF =Y lagl* = Yl Au]? = L 1AL = tr(AT A),

i,j i j
where a;j is the element of A at row i and column j,i=1,--- ,mandj=1,--- ,n;

Aj, denotes the row vector in row i and A,; denotes the column vector in column
J.
Note that the Frobenius matrix norm || - |r is compatible with the Eu-

clidean vector norm || - || by the inequality that for any x € R":
lAx|* =} |Anxl? < Y [ AulPxl® = lAll#]x] (2.9.2)
1 1
Thus, the compatibility condition (2.9.2) implies that
lAB|[ =) l[[AB]|?
j
=) _llAB|?
j
< L llAlEIB|2
]
= |2 Y 1B
j
= ||A|IZIIBIIZ.

Throughout the thesis, we will always use the Frobenius matrix norm for

matrices and we shall use the notation || - || for convenience.
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2.10 CONVEX OPTIMIZATION RESULTS
2.10.1 Relative Interior

In Theorem an assumption is based on the relative interior. [Boyd and
Vandenberghe (2004, Chapter 2.1) gives the definitions of the affine set,
affine hull and the relative interior. Here we use these definitions to de-
fine the convex set, the convex hull, and the relative interior of a convex

set.

Definition 2.10.1 (Convex Sets) A set C C R¥ is convex if for any two distinct

points x1,x, € C and real number a € [0, 1], we have
ax; + (1 —a)xp € C.

Definition 2.10.2 (Convex Hull) The set of all convex combinations of points in

some sets C C R¥ is called the convex hull of C, and denoted conv(C):

;
conv(C) = {01x1+"'+9rxr’x1 T Xr € CIZBi =1,01,---,0, > O}
i=1

Definition 2.10.3 (Relative Interior) Define the relative interior of the set C C

IR, denoted relint(C), as its interior relative to conv(C):
relint(C) = {x € C|B(x,6) Nconv(C) C C for some § > 0},

where B(x,0) = {y||ly — x|| < J}, the closed ball of radius 6 and center x in the

Euclidean norm || - ||.

2.10.2 Separating Hyperplane Theorem

In the proof of Theorem the separating hyperplane theorem, as pro-
posed by Boyd and Vandenberghe| (2004, Chapter 2.5), is also used.

Theorem 2.8 (Separating Hyperplane Theorem) Suppose C and D are non-
empty disjoint convex sets, i.e., CN D = . Then there exist a # 0 and b such
that a'x < bforallx € Cand a'x > b forall x € D.
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We give a corollary of Theorem

Corollary 2.10.1 Let C be a closed convex set and xo ¢ C. Then there exist a

non-zero vector a and real numbers c1 < ¢y such that
uTx >C) >C > aTxo,

forall x € C.

2.11 STEREOGRAPHIC PROJECTION

In Section the log-empirical likelihood ratio against the mean direction
parameter on S2is plotted. In order to present it in a reasonable way, the
mean direction parameters are mapped to a plane through stereographic
projection. First, we denote {(x,y,z) € R : x = 1} as {x = 1} for conve-
nience. Many different maps will map S? onto {x = 1} but with the point
(—1,0,0) removed. Stereographic projection involves associating a point
X = (x,y,z) € 8% with a point Y € {x = 1} by extending the straight ray
passing through (—1,0,0) and X € S? to Y on the plane. As is shown in
Figure we can use the fact that N PRX ~ \ PQY to get
2 2z
= (vt

where ~ indicates that the two triangles are similar, and x € (—1,1].

Figure 2.11.7: The stereographic projection from S? to {x = 1}, where P =
(—1,0,0) is used as the point of projection. Note that Q =
(1,0,0), R = (x,0,0).
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EMPIRICAL LIKELIHOOD IN EUCLIDEAN SPACE

3.1 INTRODUCTION

Empirical likelihood (EL) methods in a Euclidean setting are studied in this
chapter. Empirical likelihood, as a non-parametric method, is widely used
when we know the sample but not the parametric family from which the
sample was drawn. Wilks (1938) first proposed Wilks” theorem for the like-
lihood ratio statistic of parametric models. Owen| (1988) first developed
Wilks” theorem for empirical likelihood, stating that under the null hypoth-
esis, Wilks’ statistic for emipirical likelihood has an asymptotic chi-squared
distribution, as in the parametric case. The proof of Wilks’ theorem for em-
pirical likelihood is presented by Owen| (1990). An interesting extension of
Wilks” theorem for empirical likelihood is to consider the behaviour of Wilks’
statistic under local alternatives. As is shown by Sugiural (1973)), local alter-
natives are sequences of alternative hypotheses that converge to the null
hypothesis at a rate of n™". In this thesis, we choose r = 1/2. These local al-
ternatives make the asymptotic distribution of Wilks’ statistic for empirical
likelihood a non-central chi-squared distribution with a non-centrality pa-
rameter associated with the definition of local alternatives. This chapter will
mainly focus on deriving a general version of Wilks’ theorem for empirical
likelihood, where Wilks’ statistic for empirical likelihood is evaluated under

local alternatives. Then, Wilks’ theorem proved by (Owen (2001, Chapter 11)
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3.2 WILKS' THEOREM UNDER LOCAL ALTERNATIVES

is regarded as a special case of more general form of Wilks” theorem for
empirical likelihood in this chapter.

According to Definition the empirical likelihood ratio is defined as
a function of the mean parameter. Knowing whether such a function is
convex or concave is helpful in various applications of empirical likelihood.
Owen (1990) mentioned the concavity of log-empirical likelihood for the
mean parameter in Euclidean space but does not provide details. However,
in this chapter, we give a full proof of the concavity of empirical likelihood
with respect to the mean parameter.

The sections in this chapter are organized as follows. Section [3.2|gives the
statement of Wilks” theorem for empirical likelihood, considering local alter-
natives. In Section 3.3 several useful lemmas are stated and used later in
the proof of Wilks’ theorem for empirical likelihood under local alternatives.
Then the proof of Wilks” theorem for local alternatives is given in Section
In Section it is proved that the log-empirical likelihood ratio for the
mean parameter is a concave function. The results of previous sections are

summarized in Section

3.2 WILKS THEOREM UNDER LOCAL ALTERNATIVES

Recall the empirical likelihood ratio R(+) as in Definition and the non-
central chi-squared distribution as defined in Definition Theorem
gives the asymptotic distribution of —21log R (po), where g is the popula-
tion mean. Now, for sequences of local alternatives converging to the null
hypothesis at the rate of n71/2, we develop Wilks” Theorem under local al-
ternatives, i.e. finding the asymptotic distribution of —2log R (p,), where

{#n}n>1 denote local alternatives.
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3.3 SOME USEFUL LEMMAS

Theorem 3.1 (Wilks” Theorem under Local Alternatives) Suppose that
X, X1,Xo, -+, X, are k-dimensional i.i.d. random vectors with common distribu-

tion Py, and define

Mo = /]Rk xdPy(x).

Consider the sequence of local alternatives {pn }n>1, such that w, = po +1n//n,
where 1y does not depend on n, and suppose the covariance matrix Cov(X) = X
has full rank k. Then —2log R (p,) converges in distribution to a non-central chi-

squared distribution, with non-centrality parameter n " £~y and degrees of freedom

k.

As Owen| (2001)) states in Theorem the covariance matrix is not neces-
sary to have full rank. The following corollary deals with this case.
Let &% denote the Moore-Penrose inverse of £; see for example Mardia

et al.| (1979) for the definition of Moore-Penrose inverse.

Corollary 3.2.1 Under conditions in Theorem if the covariance matrix has
rank | < k, —2log R (pn) converges in distribution to a non-central chi-squared

distribution, with non-centrality parameter 5" ¥y and degrees of freedom I.

Owenl (2001, Chapter 11) offers the full proof of Theorem We will
use this proof structure to prove Theorem In the proof of Theorem

Lemma Lemma and Lemma are adapted to the context with

local alternatives. Although the structure of our proof is similar to the proof

by (Owen! (2001), some new technical issues arise.

3.3 SOME USEFUL LEMMAS

Following the proof of Theorem 2.1/ by [Owenl (2001, Chapter 11), we will ex-
pand Wilks’ statistic for empirical likelihood evaluated at local alternatives
via Taylor series, including a main term and some remainder terms. How-

ever, for the proof of Theorem some modifications to Owen’s proof are
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3.3 SOME USEFUL LEMMAS

needed, say calculating the bound of some terms, where p is replaced by

Hn-

Considering non-trivial cases, ie. 0 < p; <1,i =1,2,---,n, the expres-
sion implies that, as n — oo, a positive lower bound for the proba-

bility of {0 (X — u) > 0} under the empirical measure is required. Lemma

Lemma and Lemma deal with this problem. Lemma to

Lemma show the bound calculation of crucial parameters in the proof

of Theorem so that the proof will be much shortened and more concise.

Lemma 3.3.1 Let Py be a probability distribution on R¥ with mean pg and covari-
ance matrix Vy, where Vy is assumed to have full rank k. Consider the compact

sets
O=8"1={pecRr: 0] =1} c R, (3.3.1)
and
Bs(po) = {x € R*: [|x — o] <0} C R, (33-2)
where § > 0 is given. Let D denote a class of subsets of R, i.e.

D={D(0,u):0€O,uc Bs(uo)},
(3:3-3)
DO,u)={xecRF:0"T(x—u) >0}

Then,

jnf Po(D) > 0. (33-4)

Remark: sometimes we simply use the notation D to denote D(6, ), where
0 € ® and u € Bs(pp); otherwise, we use the notation D(-,-) for 8 and u

specified.

PROOF.  The proof uses the method of contradiction. If the inequality

does not hold, there exists a sequence {0y, #tm }m>1, such that

P0<D(9mrﬂm)> < % (33-5)
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3.3 SOME USEFUL LEMMAS

The compactness of ® and B;(pg), and therefore the compactness of ® x
Bs(po), implies there exists a convergent subsequence {6 Yz, )}j=1, with

m(j) — oo as j — oo, such that
hm{e i) i)y = {0717, (3-3.6)

for some 0* € @ and u* € Bs(up). It follows that,

LR (e ) T0,05,>0) = 1D (0,1 10)) 7 LxeRb(x—pr) Tor>0) = Lp(or )

as j — oo.

The dominated convergence theorem (Theorem implies that

Py (D((-)*’”*)) — / Do )HD(B*, *)dpo(x)
—/ (O lim 1p g ()”m(j))dPO(x)

]%OO

=li 1 dPp,
iveo (o ey - POty pm) (%)

<him [ (e, g 3P0 (%) (3-3.7)

]%oo Rk

= lim P (D(em(j)'”m(i)))

j—o0

Let

D(6%,p") = {x e RF: (x — ") T0" < 0}
Dy (6%,4") = {x e R¥: (x —u*) 0" = 0}.

Similarly as in (3.3.7), we have
Py <D1(6*,y*)> = 0.
Since

D(6",u*) U D1 (6%, 1) U Dy (6", ") = RY,
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3.3 SOME USEFUL LEMMAS

and those three subsets are disjoint, then
Pb([)z(ﬂ*,y*)> = 1.
Thus,
Var((X - ,u*)TG*> = 0.

However, this contradicts the assumption that the covariance matrix Vj
has full rank k. Therefore, the inequality is proved. [

Lemma is stated under the distribution Py. Following the proof of
Theorem by [Owen| (2001, Chapter 11), we need to adapt Lemma [3.3.1]
under the empirical distribution Py, so that there exists a set of {p;}" ; such
that Y p; = 1 and 0 < p; < 1 in probability, as n — oo. That is also
equivalent to proving that the local alternative y;, is inside the convex hull

of the random sample with probability 1, as n — oo, which is presented in

Lemma 3.3.3

Lemma 3.3.2 Let Py be a probability measures on (]Rk, O'(Bk)). Assume that the
covariance matrix Vy as defined in Lemma has full rank. Let D denote the
subset D(0,u) € D, for all € © and u € Bs(po) as is defined in Lemma

Then there exists a constant ¢ > 0 such that
Py{ inf P,(D) > ¢} — 1,
o1 inf Pu(D) > c}

asn — oo,

PROOF. Recalling (2.8.1), letting

1, ifxeD(6,pn),
ox (D(0,p)) =
0, otherwise,

define

F = {5x(D(6,y)) :0e€0,uc E(S(}uﬂ)}'
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3.3 SOME USEFUL LEMMAS
Then, for f € F

Puf = P, (D(@,;:)), and
Pof = Po(D(6, 1))

It follows that

sup |Puf — Pof| = sup [Py(D) — Po(D)].
feF DeD

For any 0 € © and u € Bs(py), where ® and Bs(pg) are defined by
and respectively, D (6, u) defines a half-space in R¥. Corollary
implies that D is a VC class of sets. Equivalently, F is a VC class of
functions. Lemma implies that for any 0 < € < 1, and any r > 1,
supy N(€[[F|[g1, F, L1(Q)) has a finite upper bound. Now, in order to apply
Theorem we show F is suitably measurable. For any D(6,u), there
exists a sequence of {(0y, #m) }m>1, such that {0, },,>1 and {pm},>1 have

all components rational and

lim 0, = 0,
m—r 00
o =

Then, by the denseness property of rational numbers, it is easy to see that

0x (D (8, pim)) — 6x(D(8, 1)),

pointwise in x, as n — oco.

Hence, for any f € F, each f is the pointwise limit of the correspond-
ing sequence of functions {gm }n>1, and then we find a collection of these
{ gm}n@l, as G. Now, F is suitably measurable, and we have the uniform
convergence

po( sup |Py(D) — Py(D)| > €> 0,
DeD
for every € > 0 as n — co. It follows that

sup |P,(D) — Po(D)| 2 0, (3.3.8)
DeD

57



3.3 SOME USEFUL LEMMAS

as n — oo.
Therefore, given any € > 0 and ¢ > 0, there exists N = N(e, ¢, Py), such
that for all m > N,

p0< sup |Py(D) — Pu(D)| > c) <e
DeD

or, equivalently,

Po( sup [Po(D) = Pa(D)| < ¢) >1—e. (3:3.9)
DeD

From Lemma we can find ¢ > 0 such that

inf Po(D) > 2c > 0.
plp PolD) = 26>

Writing
{w € Q| SQ%P"(D) > c}

as

Ldh Po(D) > ]

for convenience, since D is a set of X (w) as defined in (3.3.3). Then we have

(01> ~{ o (304701 -0 >

;{ inf Py(D) - sup (PO(D) - Pn(D)) > c}

2{ inf R(D) - sup [Po(D) — Po(D)] > c}

Q{zc — sup |Py(D) — Pu(D)| > c}
DeD

=< sup |Py(D) — Py(D)| < c¢.
DeD

Therefore, for all n > N, the inequality (3.3.9) implies that

Po{ inf Py(D) > c} >P0{ sup | P,(D) — Po(D)| < e}

DeD
>1 —e.
Then,
i > 3.
Po{ Bg%Pn(D) > C} — 1, (3.3.10)
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3.3 SOME USEFUL LEMMAS

as n — oo. O

Now, given local alternatives {py },>1 as
pn = po+1y/Vn, (3.3.11)
the results (3.3.4), (3-3.8) and (3.3.10) imply that for any 6 € ©,
2 B (DO1m)) >0
P
sup |Po(D(6, 1) ) — Pa(D(0, 1) )| 5 0,
0O

PO{ Big(gpn(D(e,yn)> > o} 1,

as n — oo,
Note that we are interested in the behaviour of {py },>1, when n — oo, so

we can always find N(6) € N, such that when n > N(9),
o = o+ —= € By(po)-
vn

Lemma 3.3.3 Let X1, X>, -, X}, denote i.i.d. random vectors in R with distri-
bution Py, and consider local alternatives as defined in (3.3.11). Then, py lies in
the interior of the convex hull of Xy, - - - , X, with probability converging to 1, as

n— oo, i.e.
lim Py [ﬂn € int (Conv(Xl,Xz,- . ,Xn))} =1,

n—o0

where int(-) denotes the interior of a set, and

n
Conov(Xy, X, -+, Xn) = {Alxl o A Xyt Ay, A €[0,1], ) A = 1}.

PROOF. Assume p;, is not in the interior of the convex hull of X, - - - , X,.
Recall © as defined in (3.3.1). Corollary implies that for some 6 € ®

there exists some real numbers ¢, > ¢; such that
(-)TXj >0 >0 > BTyn,
forj=1,---,n. Thatis,

BT(Xj—yn) >cy—c1 >0,
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3.3 SOME USEFUL LEMMAS

forj=1,---,n.

Then, for —0 € ©, we have
0" (X;— ) <0,

forj=1,---,n. Thus, we construct D, a class of subsets D (0, p,), where 0

satisfies
0" (X; —pn) <O,
forj=1,---,n. Lemma implies that for the constant ¢ > 0,

as n — oo. Therefore, p, is in the interior of the convex hull of X3, -+, X},
with probability converging to 1. O]

Lemma will be used to bound the remainder term in the expansion
of Wilks’ statistic.

Lemma 3.3.4 If |Y| < ¢, where 0 < ¢ < 1, then
Lo
where
G <B|YP,

and
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3.3 SOME USEFUL LEMMAS

PROOF.  Since 0 < ¢ < 1, then by Taylor expansion,

1
& =|log(1 +Y) —Y+§Y2’
_1 3 1 4 1 5

=l g Y ‘

1 1 1
<]+ -
3 +4 +5 +

1
<FICIA+ YY)
_ 1
3(1—[Y])

1
<o——|YP,
3(1—c)| |

Y]

from which Lemma [3.3.4] follows. ]

Lemma 3.3.5 Let X, Xy, Xy, -+, X, denote k-dimensional i.i.d. random vectors

in R* with mean pg, and suppose
L = Cov(X) (3.3.12)

has full rank. For local alternatives {py },>1 as defined in (3.3.11), write

1 n
Sn = P Z(Xz — ) (X — .un)T- (3-3.13)
i=1
Then,
185+ =27 = 0p(1).
PROOF. Since I is assumed to have full rank k, rewrite S; ! as
S 1=(xZ+s,-x)!
. (3-3-14)
=L V2 (14+272(s, ~ D)z 7?) £
and set

A=x"Y%s, —T)7/?,
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3.3 SOME USEFUL LEMMAS

so that A = A'. We first obtain a bound for ||S, — Z||. Now,

Su = LK = )%= )
1 & 7 7T
:Eizzl(xi_”o_ﬁxxi—ﬂo—ﬁ)

n T -
:%;{(Xi—ﬂo)(Xi—ﬂo)T—(Y—yo)”_n_%(7_’”0)T+%}
:S‘(X—ﬂo):i/—;—%(?( FO)T—F#,

where

§= % i(Xi —0)(X; — o) T = I, (33.15)
and Lemma implies that
IX — poll = Op(n™12).
Since 7 is a constant vector,

Op(n~1/2).

It follows that

18n = Sl = Op(n 1),

and consequently (3.3.15) implies that

Hence,
A]| = |Z712(8, — Z)Z 72| = 0, (1).
Now, consider

(I+A) '=T-A+A>-A%+...
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3.3 SOME USEFUL LEMMAS

Then, we have

- Al
I+ A 1) <~
=0p(1).
Rewrite
s-1ox1l= 2—1/2(1 + A)—lz—l/z _y—12py—12
=X 2((1+A)'A)z" V2
Therefore,
185" = Z7H = 0p(1),
as required. O

Note that Lemma also implies that
15,1 = Op(1).

Lemma 3.3.6 Let local alternatives {p,}n=1 be defined as in (3.3.11), and let Z,
Sy be defined as in Lemma Fori=1,2,--- ,n, write

Y; = AT(Xi — M), (3.3.16)

where A is given in (2.1.10) and satisfies the condition

< Xi— pn
= Of. 3.1
i_zll—i_AT(Xi_,un) k (33 7)
Then,
IAll = Op(n™172). (33.18)
PROOF.  Following the proof structure by Owen (2001, Chapter 11), we
define

Zy = max [|X; — p,

1<isn
1T E (X — ) (X —
S1= Ei; 1+, ’
A =|All6,
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3.3 SOME USEFUL LEMMAS

where 0 € © is a unit vector, and || - || is the Euclidean norm.
Substitute
1 Y;
1+Y; N 14+Y;

into (3.3.17) and then (3.3.17) gives

= 971 i(X — ) — 971 i(x _ﬂn)i
n “ ! n ! 1+Y1

- 1 & (X — ) (X — ) TA
Trv Tl n) (Xi
0' (X —pu,)—6 Z 1Y .

(3-3.19)

Rewrite as

0" (X —u,) = ||A||67 S:0.

Lemma|3.3.2|and [3.3.3|imply that {py, },>1 lie in the convex hull of X;, X5, - - -

with probability approaching 1, as n — co. Consequently,

min (1+Y;) >0,

1<isn

with probability approaching 1, as n — oco. Then, for S, as defined in

(3-3-13), we have

1T & (X — ) (X — ) T
A0 5,0 = o7 &y KT I ) g v
i=1 !

<A@ S10(1 + max Y;)

\\

<[[All6" $18(1+ [|Al1Z;)

=0 (X — ) (1+ 1A Z7). (33-20)
Rearranging (3.3.20) gives
IM(075:0 — 20" (X — ) ) <07 (X — ). (3.3.21)

Now, in order to determine ||A|, we study 0'S,0, Z and || X — || first.
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1. Ay +0p(1) < 075,60 < Ay +0,(1), where A > Ay > 0 are respectively

the largest and smallest eigenvalues of X. This is because the result in

Section implies that
A <0TZO < Ay
By rewriting
0'S,06=0"(S,—X)0+0'x,
Lemma implies that
07 (Sy—X)0 =o0,(1),
so that

Ak +0,(1) < 078,80 < Ay +0p(1). (3.3.22)

2. Z; = O,(n~1/2). This follows from the parts that

Zyy = max || X; — pn|

1<ign

= max || X; —po — /1|

1<ign

< max ||X; — poll + Iyl /v/n,

1<isn
and that Lemma implies that

X — — 1/2.
max || X; —pol| = op (")

Recall

Iyll/ v/ = Op(n~1/2).
Therefore,

Zi = 0,(n'/?). (3.3.23)
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3. The central limit theorem (CLT) and Lemma imply that

IX — poll = Op(n~"/2).
Thus, we have

1X — pnll =X — po + pro — pan|
<[1X = poll + |n — moll
=X — poll + lln/vnl
=0, (n"1?).

It follows that

07 (X — )| = Op(n~1/2). (3.3.24)

Now, returning to ||A||, by substituting (3.3.22), (3.3.23) and (3.3.24) into
(3.3-21), we have

IMI(0,(1) +0p(1)) = Op(n"72).
Consequently,

IAll = Op(n~1/2).

Lemma 3.3.7 Let Y;, i =1, .- ,n, be defined as in Lemma Then,
(i) max |Y;| =0p(1), and

1<isn 1
i ——— = 0,(1).
(if) - mmax vy = Or(l)
PROOF. To prove (i), fori =1,--- ,n,

Yi = AT(XZ' — yn)
BTT]

— 1167 (=) = 2 1),
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3.3 SOME USEFUL LEMMAS

where 0" (X; — o), -+ ,0" (X, — pg) areii.d random variables. Thus, Lemma

2.8.2/implies that

max 07 (X; — io)| = o, (n'/2),

1<i<n
Since ||8|| = 1, and 7 is a constant vector,
0y 1
— =0,n"1?).
‘ \/ﬁ P( )

Now, the equality (3.3.18) implies that
max |Yil = OP(”_UZ)OP(”UZ) + Op(”_l/z)op(”_l/z) = 0p(1).

To prove (ii), we know from Lemma that for any € > 0,

1+Y,>2¢,i=1,2,--- ,n.

That is,
Thus, we have
1 1 1
X iy 21ty Se
Hence,
max L _ Op(1)
1<i<n |1+ Y]]

O

Lemma 3.3.8 Let A be as in (2.1.10). Let Y;, i = 1,2,---,n, be defined as in

Lemma local alternatives {py }n>1 be defined as in and X, Sy, be
defined as in Lemma Then,

A=S1(X—pm)+B (3.3.25)
where
1 Sy H X — pn)Y?
p=— Z; Y (3.3.26)
and

1Bl = op(n~1/2). (3.3.27)
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3.3 SOME USEFUL LEMMAS

PROOF.  As Lemma states, maxj<i<, |Yi| = 0p(1), and thus we can

apply geometric series to the equality (3.3.17) to get

1 ¢ Y?
—— X -Y;
ng ) +1—I—Y) ( 5
3.3.2
1 (Xi — )Y,
- X — _ il
# S /\+1’l§ 1—|—Yz
Hence,
A:Snl(x_ﬂn)_FﬁI
where

Lemma and Lemma give that
I8 =7l = 0,(1),

and

1

. _0,(1).
o iy~ oW

Recalling the proof of Lemma we similarly prove that

—ZIIX — ] < ZHX —mll?,

1:1

where

H = max || X; — py||

1<i<n

=0,(n'’?).

The law of large numbers shows that

1 5
2 L1 = ol = 0,(1)
1=
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3.4 PROOF OF THEOREM 3.1

Then,

1 5

EZHX ,unH

1 21 T
—— Y 1% — moll? - z\f po)| + L1}

i=1

1y Il 7'y
- 1X; — 2_»9 . X — 1
< L {1 = ol =270 - max 16— ol + 7
=0,(1).

Hence, we have
1 ¢ 3 1/2
3 L 1% gl = 0172,
1=

Thus,

. 3
Y X — pall
i=1

:IH

1
S - IA?
1Bl < (IS, - [[Al ' max Trv]

= 0,(n"1/2).

3.4 PROOF OF THEOREM 3.1

The proof will be in the following steps.

Step 1. Use Taylor series to derive expressions of several useful terms, such as

A (3.3.25) and B (3.3.26). Find the term bounds of A and B.

Step 2. Apply Taylor series to Wilks’ statistic to prove the Wilks” theorem.

PROOF OF STEP 1 : Fori = 1,2,---,n, the equality (2.1.10) gives an

expression for p;, in which the Lagrange multiplier A satisfies

1 ¢ (Xi — pn)
nizzll_’_/\—r(xi_ﬂn) G-4-1

g(A) =

The purpose of Wilks” theorem for empirical likelihood is to see the asymp-

totic behaviour of the Wilks’ statistic. Following the proof structure by
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3.4 PROOF OF THEOREM 3.1

Owenl (2001, Chapter 11), we expand (3.4.1) with respect to AT (X; — py)

to get an expression for A.

In this proof, we use notation as defined in (3.3.11), (3.3.12), (3.3.13) and

5319
Lemma and Lemma [3.3.7]show that

IA] = Op(n1/2),
and

max |Yi = max A1 (X; = p)| = 0p(1)-
Thus, we can apply geometric series to derive the expression of A, as is
shown in Lemma
We hope to see the asymptotic behaviour of the Wilks’ statistic for empir-
ical likelihood, which is mainly influenced by the leading term of the ex-

panded Wilks’ statistic. For non-leading terms, we hope their term bounds

are small enough. Lemma shows one non-leading term B with bound

IBIl = 0p(n~1/2).

O
PROOF OF STEP 2 :  Now, we investigate the asymptotic behaviour of
Wilks’ statistic for empirical likelihood. First, by Taylor Theorem,
Lo
log(1+Y) = Yi = 5Yi +¢i. (3-4-2)

Lemma [3.3.7] states that

Y| = 0,(1).
52%>§1|1| 0p(1)

Thus, for all € > 0,
Pr(max |Y;| > €) =0,

1<isn

as n — oQ.
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3.4 PROOF OF THEOREM 3.1

That is, for any ¢ > 0,

Pr(max |Yi| <c) — 1,
1<ign

as n — co.
Lemma implies that

P(|&| < BV’ 1<i<n) =1,

as n — oo, and

1
3(1—c¢)

In addition, Lemma implies that

B =

n

n
> 18 < BIAIP Y 11X — P

i=1 i=1
~1/2 1/2
= Op(n /)3-n-op(n/)

=0p(1).

(3-4-3)

For convenience, we use the notation in (3.3.16) for Y;, i = 1,2,---,n.

Now, we apply (3.4.2) to Wilks’ statistic to get

—2log R(pn) = —2) log(np;)

n
=1

1
n<1 FAT(X; — ;40)>

n
=—2) log|n-
i

=2) log(1+Y))
i=1

n n n
=2) Y- ) Y/ +2) &
i=1 i=1 i=1
n
=20AT (X — pn) —nATSA+2 Y
i=1

=n(X — ) SN (X — ) — BT SuB+2 i Gis
i=1

where
BT S,Bl =n- Op(”_l/z)op(l)op(”_l/z)

=0p(1).
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3.4 PROOF OF THEOREM 3.1

Since

V(X = i) = Ne(—1,E)
SVIE VX — ) B Ne(=2 V2, 1),

applying Lemma to (3.4.4), we have

where

n
Rl = —TlﬁTSnﬁ —|— 2 Z Ci,
i=1

Ry =n(X —pn) " (S —=Z7)(X — pa) + Ry,
[R1| = o0p(1),
IRy| = 0, (1).

O

Note that Owen| (2001) showed (3.4.3) but did not explain in detail as

Lemma [3.3.4] Furthermore, Owen| (1990) stated the result of Theorem
but did not prove it.
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3.5 CONCAVITY OF lgp (1)

3.5 CONCAVITY OF Iy (p)

Let X1,Xo, -+, X, € RF be i.i.d. random vectors. We consider the log-
empirical likelihood for a multivariate mean, which, at a candidate value

# € RK, is defined as the solution to the following optimisation problem:

n
leL(n) = max ) logp;
|

subjectto p;1 >0,---,pn > 0;
n
Y opi=1
i=1

n
and Z piXi=p
=1

(3-5.1)

In this section we prove that Ip; (u) is a concave function of u. As far
as we are aware, Owen (1990) mentioned the concavity result but did not

provide detailed justification.

Theorem 3.2 (Concavity of Iy (u)) Suppose that X, X1,--- , X, € R are i.id.
random vectors from a continuous population with positive definite covariance ma-

trix & = Cov(X). If the sample size n > k + 1, then the log-empirical likelihood
lgL(p) defined in is concave. Specifically:

1. If p lies in the relative interior, as in Definition of the convex hull of
the sample X1, X5, - - - , Xy, then

?lgr (n)
ouopu "

is non-negative definite;
2. Ipr(pu) = —oo otherwise.

Remark: the proof mainly focuses on the case that the dimension of the

relative interior of the convex hull of X, X3, -+, X, is k. Let V be the sub-

73



3.5 CONCAVITY OF lgp (1)

space spanned by X, Xy, - -+, X,. If dim(V) = r < k, there must exist a set
of orthogonal bases of V, written as fi, f»,- - - , f, such that

"
Xi - Zci]‘f]'/ i= 1/2/"' 1
j=1

.
and pu = 2 y]-fj,
j=1

where ciji =12, ,mj=12,---,r1, and wi,j =1,2,---,r, are new real
number components of corresponding vectors. Thus, under this set of bases,

we rewrite the covariance matrix and it will be positive definite.

PROOF. By Definition the empirical likelihood ratio is a function
of the mean parameter . Substitute into Igr (u), and obtain

! 1
lEL( ) = lo ( > —nlogn
! 1:21 S\1+AT (X —n) &

n

log (1 +AT(X; — ;4)) —nlogn,
i=1

where A satisfies
Y
i—1 1 + AT(X,' — ,u)

Xi — ) = O

Since Ig; (u) is a smooth function of u, where u lies in the relative interior
of the convex hull of Xj,-- -, X,, we differentiate gy (u) with respect to u

twice. The first order derivative is given by

() 9lo8 (1+AT(X; =)
op = oy
n 1 oAT
= - A+ T (X )
I—Z11+AT(X1—11)< om ”)
n aAT n
= Z”pzA ou ZnPZ(Xt _V>
i=1 H i3
=nA,

because the second sum is the zero vector due to the constraint

n
Z piXi =p
i—1
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3.5 CONCAVITY OF I (1)
The second order derivative is given by
wop' ) o'
Now, consider the constraint } ;' ; p; = 1 in (2.1.8), and differentiate it with

respect to pu:

a n
Okzﬁ ;Pi—l

1 aaA—T(Xi—#)—A 3.52)
p

= L 2
=1 (1+AT(X1 —F)>

Rearranging the equation (3.5.2)) gives an expression for A as follows,

oAT
i1 p%W(Xi — )
A= T : (3-5-3)
i=1 Pi
Considering the other constraint in (3.5.1) that
n
Y piXi=p
i=1

Differentiating with respect to p:

a n
0%k :a‘u_—r;pi(xi — )
. 8 n Xi — ;u
o' 5 n(l +AT(X; — y))

1 i _(1 +AT(X; —P‘)>Ik —(X;—p) ((Xz _”)T(—;—AT B /\T)

i=1 (1 FAT(X; — y))2

7

(3-5-4)
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3.5 CONCAVITY OF lgp (1)

where I denotes the k x k identity matrix. Now, we substitute (3.5.3)) into
(3.5.4) and then rearrange (3.5.4) to obtain

n 2 T
n L pi(Xi—m)\ oA
Ok =I +n 2 ,Pzz <(Xi —w)(Xi—p)" — (Xi —p)

i=1 =1 sz' op’
n Yiq PZ(X]' - F‘)T
=l +n ZP%((Xi —m)(Xi—p) " —2(X; — )~ L 5
i=1 j=1FPj
K- fap(Xi—m ' aa
l 7:1 P]Z op’
Since
n n n 2(X; —
L1 pi( j ,”)
Y riXi—m - Y =0, (3.5.5)
i=1 i=1 j=1P;
we have

n A .
Ok =L +1 Y p? ((Xi_l/‘)(Xi_P’)T —2(X; — )L
i=1

+< fa p,Z-(X;—ﬂ))( 2 r)?(Xj—ﬂ))T)a_A

o1 P} -1 P} o’
n 4 2(X. —
L1 (X —m)
=Ik+nZP?<(Xi—#)—( e )
i=1 Lj=1P;
-
_ (X‘_”)_( -1 P,Z-(Xj—#)) A
’ 1 P om'’
A
=I; + nAay_T’

where

n
A=Y prrI/,
i=1

?:1 P]Z(Xj - P‘)

Ii=(Xi—p)— 7:1 p]g

The rank of each I';, i = 1,2,---,n, is no larger than 1. Then, for i =

]-/2/’ N,

Rank(T;T;) < 1.
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3.5 CONCAVITY OF lgp (1)

Equality (3.5.5) implies that there exists I';, | € {1,2,---,n}, linearly re-
lated with I;, for i # [. Hence,

Rank(A) < n—1.

Consider Rank(A) < k. Under the assumption n > k+ 1, the k-dimensional
squared matrix A has full rank k, and thus is positive definite with probabil-
ity 1. It follows that dA/du " is negative definite. That is, the second order
derivative of Iy (¢) is negative definite with probability 1if n > k + 1.

For p lying out of the relative interior of the convex hull of X1, X5, - - -, X},
it is easy to know there does not exist {p;} ,, such that }' ; p; = 1, and

0 < p; < 1. Namely, there are two cases:
1. Atleastone 0 < p; <1,i€{1,2,---,n}, and pj =0, for j #i.

2. There is no solution to the empirical likelihood maximisation problem

withp; >0,i=1,--- ,n.

In case 2, by convention, the maximisation problem has solution Ig; (#) =

—o0, and in the first case

and then Ipp (p) = —oo.
Therefore, the theorem is now proved. [
For the analysis of variance, consider random samples from each of pop-
ulations. Let Yij denote the random sample, i =1,--- ,m,j=1,---,n;, and
p; denote the population mean of the ith population. Assume N = ) ;n;.

Within sample i, let

n; n; n;
R(pi) = max {Hnipij 2y pii =1 pi(Y— ) = 0} ,

o, (35.6)
R(ﬂl/ﬂZ/ e /,um) - HR(”I)/
i=1
and define /;(y;) = max 71:1 log pij. The null hypothesis is p1 = - -+ = pp.

For each random sample, we can prove that the mean is inside the convex
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3.6 SUMMARY

hull %n(ii) of Y;; for each i. Under the null hypothesis, ;(#;) is maximised in
%n(ii). Thus, I(p1, -+ -, pim) = Lizq li(pi) is maximised in N7, %n(ii), provided
that N, %n(f) is non-empty. Computationally, it is useful to know the object
has a unique maximum, if it exists.

Remark: Alternatively, Owenl (2001) used another way to approach this
problem:

m N

R(,ulz,uZz' o z,um maX{H NP:]|Pz] 0, 2 sz] =1,
i=1j=1 i=1j=1

sz] ij ,uz =0,1 :1/"'1k-}

(3-5.7)

One difference between (3.5.6) and (3.5.7) is that (3.5.6) uses m probability

vectors but (3.5.7) uses only one probability vector. However, this needs

turther study to identify similarities and differences.

3.6 SUMMARY

In this chapter, we first stated and proved a more general version of Wilks’
theorem for empirical likelihood. Our proof involves modifying the proof
of the standard version of Wilks” theorem given by (Owen| (2001). In Theo-
rem we consider the idea of local alternatives by Sugiural (1973). Local
alternatives are sequences of alternative hypotheses that converge to the
null hypothesis at a rate of n~1/2, where n is the sample size. Then, Wilks’
statistic for empirical likelihood evaluated at those local alternatives has an
asymptotic non-central chi-squared distribution with a non-centrality pa-
rameter associated with how local alternatives are defined.

Next, we continue the work by Owen (1990) that log-empirical likelihood
function of the mean parameter is concave, since Owen|(1990) did not pro-

vide enough detail in the proof of the concavity.
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EMPIRICAL LIKELIHOOD ON THE SPHERE

4.1 INTRODUCTION

The goal of this chapter is extending Wilks” theorem for empirical likeli-
hood for a model in Euclidean space to an important and commonly used
non-Euclidean space, the sphere. Spherical data will be modelled by the em-
pirical likelihood method in this chapter. Spherical data arises naturally in
many scientific fields, especially experimentation and observation in earth
science and astrophysics, which involve measuring directions. As |Fisher
et al| (1993) stated, the spherical data gives the orientation of a straight line
in 3D space. One question which arises in the analysis of spherical data
is which metric to use on the sphere, for example extrinsic or intrinsic. In
order to adapt Wilks” Theorem proposed by Owen! (2001) to the sphere, it
is helpful to find a map which transforms spherical data into a Euclidean
space, such as a tangent space. As is done in Theorem Wilks” theorem
for empirical likelihood is considered to investigate the asymptotic distribu-
tion of Wilks’ statistic under local alternatives. As an important application,
Wilks’ theorem is used to construct confidence regions on the sphere.

The outline of this chapter is as follows. As the initial work, how to
define empirical likelihood on S¥~! is shown in Section Meanwhile, in
Section Wilks’ theorem for empirical likelihood under local alternatives
is presented, including the theorem statement, useful lemmas and the proof

of the theorem. Next, Section |4.4/ describes the algorithm of calculating the
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4.2 EMPIRICAL LIKELITHOOD ON Skil

empirical likelihood against the mean direction parameter on the sphere,
and presents an example. In Section some operating characteristics of
hypothesis testing are examined, including the evaluating the probability of
type I error and the probability of type II error. As an important application
of Wilks’ theorem, confidence regions construction for empirical likelihood
is presented in Section with real data applied. The chapter summary is
presented in Section [4.7]

4.2 EMPIRICAL LIKELITHOOD ON Sk_l

In Euclidean space, we already know how to calculate empirical likelihood
for the mean parameter based on a sample X3, - - -, X;;. However, it is not
easy to characterise the convex hull on the sphere and then evaluate the
empirical likelihood. Nevertheless, the random sample on the sphere can
be transformed into a sample on the Euclidean space by some means.
Recall that the tangent space T,S¥~! as defined in Section where u
is the extrinsic mean direction parameter, is isometric to Euclidean space.
This provides a convenient method for us to evaluate empirical likelihood

for the mean direction parameter p € S¥1.

4.2.1  Empirical Likelihood Ratio for Extrinsic Mean

Suppose u denotes the extrinsic mean direction parameter. There are two

ways to define empirical likelihood on S¥1:

1. Map the random sample on S¥~! to a new sample on T,S*~!. Then

apply the model in Section |2.1to define empirical likelihood.

2. Apply the model in Section [2.1{to i.i.d. random vectors on S¥~1. That
is, consider the mean direction parameter, build the constraints and
define empirical likelihood directly on S*~'. Then, decompose the

random vectors into two components, i.e. the component parallel to
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4.2 EMPIRICAL LIKELITHOOD ON Skil

the mean direction parameter and the component perpendicular to the

mean direction parameter.

Let X, Xy, X, - -+ , X, be i.i.d. random vectors on S¥~1 ¢ R, Ho be the ex-
trinsic mean direction, and {p, },>1 be local alternatives, which are defined

as

where 7 € R¥ is a constant vector.
Remark: as is clarified in Section local alternatives are defined

through the idea of first order derivative. In Euclidean space, local alter-

natives are defined directly as

Pn = pot %, (4.2.2)

since the tangent space Tﬂole is isometric to R¥. However, variables are
constrained on S*~1, instead of free variables in R¥. From the perspective
of derivatives, we prefer defining local alternatives through tangent vectors
as (4.2.1). Although could also be a way to find local alternatives, it
does not satisfy the demand in defining local alternatives through the idea

of derivatives. Thus, we do not consider in Sk-1.

Method 1 to Define Empirical Likelihood Ratio

Now, consider mapping the random sample on S¥~! to the tangent space

TySk_l. As is presented by /Amaral et al.|(2007) in Section assume

p= 9T, (4-2.3)

in Euclidean coordinates and set

k
c=u,
(4.2.4)
b= ("Lll,"l/lZ, ,]/lk 1)T
Then, let
M =[Gy,G,]', (4-2.5)
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4.2 EMPIRICAL LIKELITHOOD ON Skil

where G, = b, and

cle| My —c(|c| + [c|?)71bb T if ¢ # 0;

L=
I, 1 —bb" ifc=0.

That is, there exists a matrix-valued function of b and ¢, and we write:

M = f(p). (4.2.6)

Not only does the matrix M map the random sample on S¥~1 into a new
sample on T,,S k=1, but also decreases the dimension of i.i.d. random vectors
from k to k — 1. If the mean direction parameter is pg, the advantages of the

coordinate matrix M are:

1. The images of the random sample on the sphere are i.i.d. as well;

2. The covariance matrix of the new i.i.d. random vectors can be as-
sumed to have full rank since the coordinate matrix M decreases the

dimension by 1.

We now define the images of i.i.d. random vectors X, X3, - - - , X}, through
the coordinate matrix M. For particular choices of mean direction parame-

ter, po and p,, we find the corresponding matrices My, M,,, and then define

Y, =MyX; e R, i=1,--,n
(4.2.7)
Zi=M,X;e R, i=1,---,n.

Note that Y,Y;,---,Y, are ii.d. random vectors. Since SF1 ¢ RF, we
have tangent spaces TP,OSk_1 C RF and TP,nSk_1 c R Y)Y, -,Y, and
Z,7, - ,Z, are vectors on T,lOSk’1 and T,lnSk’1 but the coordinates are
redefined through maps My, M,,.

Hence, recall the model shown in (2.1.3), the coordinate matrix M = f(u)
as in 1' and define the empirical likelihood ratio on T;,Sk*:

R(p) = max {HnPIsz—lzpl (Xi—p)=0,p;>0,i=1,- }
- A pi=1Y pMX; =0,p;>0,i =1, ,
g (o] £ =1 Eom o0 =001,

(4.2.8)
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4.2 EMPIRICAL LIKELITHOOD ON Skil

where Mu = 0. The log-empirical likelihood ratio on TP,Sk_1 is defined by

n

n
Y.ri=1) piMX;=0,p;>0,i=1,--- ,n}.

i=1 i=1

log R (u) = max {Zlognm
b i

(4.2.9)
Applying the Lagrange Multiplier method in Section to (4.2.9), we

have the optimal solution
1

n (1 + /\TMXi>

pi(p) = ,i=12,---,m, (4.2.10)

where A € RF"! is a Lagrange Multiplier and satisfies the condition that
& MX;

i—zl 1’1(1 + /\TMX,')

= 0;_1. (4.2.11)

Now recall Theorem [3.1] and evaluate Wilks’ statistic for empirical likeli-
hood at py:

n

—2log R(pu) = —2log [ [ npi(pn)
i=1

= —2) lognpi(pn).

n
i=1

Remark: Below is the explanation why the last component is chosen to
construct the matrix as shown in (4.2.4). In order for Method 1 to achieve
the appropriate invariances and equivariances with respect to the original
choice of coordinate system, it is essential to apply a preliminary trans-
formation at the beginning and the inverse of this transformation at the
end. Write the sample as Xj,---, X, in an arbitrary initial coordinate sys-
tem. Then find an orthogonal transformation I' such that the transformed
sample X; =TXj, -, X, = I'X, has extrinsic sample Fréchet mean (equiv-
alently, sample mean direction) given by (0,---,0,1)T. The matrix T can
be found explicitly in terms of the sample mean direction of the X, , Xy
using results from |/Amaral et al.| (2007). Then, if we wish to express the
confidence region in terms of the original coordinate system, we should
apply the inverse transformation T'' to the confidence region. The proce-
dure leads to an equivariant confidence region with respect to the choice of

original coordinate system.
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Method 2 to Define Empirical Likelihood

This method was proposed by Fisher et al.| (1993, Section 3). Recall the

empirical likelihood model in Section [2.1 We use a similar idea to define
n
P(B) = )_ pidx,(B),
i=1

where dx(B) is the indicator function with respect to the set B, as is shown
in Definition and B = AN S ! for an arbitrary Borel set A € o(B¥),
where BX = {(A1, As, -, Ay) - A; € B} and o(BF) is the c-algebra gener-

ated on B¥. Now define the empirical likelihood ratio on S¥~!:

subjectto p;1 >0,---,pn > 0;
n
Y opi=1
i=1

n n
Y piXi/ | ) piXill = p.
i=1 i=1

(4.2.12)

Consider the projection I — pp " to T,S¥~1. Let
Wi = (I—ppu')X;,

fori = 1,2,---,n. Note that Wy,--- ,W,, are i.i.d. k-dimensional random
vectors.

Rewrite fori =1,2,--- ,n,
Xi = Wi+ (X p)
Then,

n n n
Y opiXi=Y piWi+ Y pi(X .
i—1 i—1 i—1
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Hence, rewrite (4.2.12):

subjectto p;1 >0,---,pn > 0;
n
Y pi=1
i=1

n
Y piW; =0.
i=1

(4.2.13)

Remark: These two methods swap the order of
1. Mapping the random sample onto T, S*~};
2. Applying empirical likelihood to the random sample.

However, they both lead to the same result in evaluating the empirical like-
lihood ratio against the mean direction parameter on the sphere S¥~1, if the

matrix M as defined in (4.2.6) is used for coordinate transformation, i.e.
M(I—pp') =M.
The only discrepancies between these two methods are:

1. Method 1 uses the coordinate matrix M for a chosen mean direction
parameter u to decrease the dimension of images of the random sam-
ple by 1, so that in Wilks” theorem for empirical likelihood we can
make the assumption that, for yp, both the covariance matrices of X
and Y as in (4.2.7), i.e. Cov(X) and Cov(Y), have full rank k and k — 1
respectively. However, in method 2, the matrix Iy — up " is a k x k pro-
jection matrix, so that the covariance matrix of W, Cov(W), does not
have full rank, despite the fact that the covariance matrix of X has full

rank.

2. Method 1 is more straightforward, since we firstly transform the ran-
dom sample into a sample in the Euclidean space, then apply the dis-

tribution model as in (2.1.3) and finally define the empirical likelihood
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ratio against the mean direction parameter. The method 2 applies the
distribution model as in to the random sample on S*~! first and
then constructs the constraints in (4.2.12). Through decomposition in
the last constraint of (4.2.12), we only consider the component that is

perpendicular to p.

4.3 WILKS' THEOREM WITH LOCAL ALTERNATIVES ON SF~1

Although the cases for k = 2,3 are of the most practical interest, we shall
consider a general integer k > 2. Now, with empirical likelihood defined
on S*1, we adapt Wilks’ theorem for empirical likelihood to S¥~1, con-
sidering local alternatives. It should be noted that the following theorem
considers S¥~1 embeded in R*. Thus, as shows, the Fréchet mean is

the population mean direction.

4.3.1  Statement of Wilks” Theorem

Theorem 4.1 (Wilks’ Theorem on S*~! under Local Alternatives) Let
X, Xy, -, Xy, be iid. random vectors on SK=1 < RX, with common distribution
Py and common expectation as

x = o xdPy(x). (4.3.1)

Note that the mean direction of Py

14

0= 77
P

Consider again local alternatives {py, },>1, such that

pn = mocos (1) + g ()
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where 1 € RF is a constant vector. Recall Y, Yy, -+ ,Y, and Z,Z4,- - ,Zy as
defined in and My as defined in through po. Assume that the square

matrix of dimension k — 1
L = Cou(Y)

has full rank k — 1. Then, Wilks’ statistic —21log R (uy) as is defined in
converges in distribution to a non-central chi-squared distribution with degree of

freedom k — 1 and non-centrality parameter ||a|*n" My Z~ Moy, as n — c.

Note that Wilks’ theorem for empirical likelihood on S¥—! differs from
Theorem In the proof of Theorem we defined notation associated
with X3, X5, -, Xj;. Similarly, notation associated with Y;,Y,,---,Y, and
Zy,7Z5, - ,7Z, are defined later. However, the concern is whether the results
in Section 3.3|still hold or not in this section. Recall the proof of Theorem
in Chapter 3| Some useful lemmas are presented beforehand to support the
proof later. We still use the proof structure of Theorem [3.1]in this chapter,
but some detail might be adapted for S¥—1.

From the result in Section the Wilks’ statistic evaluated at local al-
ternatives converges to a non-central chi-squared distribution with a non-
centrality parameter, which is associated with the definition of local alterna-
tives. As a result of Owen (2001), Wilks’ theorem for empirical likelihood
(Theorem states that the Wilks’ statistic, for i.i.d. Euclidean random
vectors, evaluated at the population mean, asymptotically converges to a
chi-squared distribution with the non-centrality parameter equal to 0, i.e. a
central chi-squared distribution. That is, we can consider Theorem [2.1| as a
special case of Theorem 3.1} Now, we similarly propose a corollary based on
Theorem The corollary will only focus on evaluating the Wilks” statistic

for the extrinsic mean direction.

Corollary 4.3.1 (Central Wilks’ Theorem on S*~!) Let = 0 in Theorem |4.1
Then, the Wilks” Statistic —21log R (puo) as defined in converges in distribu-

tion to chi-squared distribution with degree of freedom k — 1 as n — oo.
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4.3.2 Rotation on S*1

As is defined in (4.2.6), the coordinate matrix M is introduced as a matrix-
valued function of the mean direction parameter u. We find My, M,, through
Mo, #n. /Amaral et al| (2007, Lemma 2) proposed a way to rotate p;, to po. As

local alternatives {py },>1 on the sphere is defined as

= ocos (1) + g ()

where 7 is a constant vector and " sy = 0, we define an anxillary vector

=t~ pacos (1)
_1 (||11||>
=——sin| —= |,

7]l vn

and then

Figure 4.3.8: The anxillary vector p4.

We define a skew-symmetric matrix A first:

A=ppg —upn’,

_ pon' — g
v
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Thus, there exists a rotation matrix:

§\¥ oy

i=

A) /1! (4.3.2)

Jace{eon () 2o + )

=3

= I} 4+ sin

% (.
( |

%\

such that
Qpn = po- (4-3-3)
Pre-multiplying by M), we obtain
MyQu, = Moy = 0.
Thus,
MoQ = M,. (4-3-4)

To see this, we note that, since M,, of dimension (k — 1) X k has k — 1
mutually orthogonal row vectors and they are orthogonal to ;. That is, we

can find a k x k orthogonal matrix

e
o | M| (P
: M,
2=

Then, applying (4.3.3) to H, we have

mQTl | m
M, Q" M, Q"
which is also an orthogonal matrix. Thus, we know My = M, QT. Now, we

use (4.3.2) and (4.3.4) to rewrite —2log R (u,) into a form with the leading

term associated with Yi,---,Y,; and 5. The detail is shown in the proof of

Theorem [4.1]in Section [4.3.4}
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4.3.3 Some Useful Lemmas

Recalling (4.2.10), we require a non-trivial solution {p;}"_,, such that for
i=12---,n0<p<l,and )} ,pi=1

Lemma 4.3.1 Let X be a random vector on S*=1 C R¥ with probability distribu-
tion Py, and mean direction pg. Suppose the covariance matrix Vo = Cov(X) has

full rank k. Consider compact sets
@=82={0cR":|0] =1} c R,
and
Bs(po) = {p € S5 :arccosu' g < 6} € R,
where 6 > 0 is given. Let D denote a class of subsets of S¥=1, where

D={D(6,u):0€0O,uc Bs(uo)},
D(6,p) = {x e R*: " Mx > 0},

where M is an orthogonal matrix that depends on p, as in (4.2.6). Then,

inf Py(D . 3.
jnf o(D) >0 (4.3.5)

PROOF.  Following the proof of Lemma we argue by contradic-
tion again. If the inequality (4.3.5) does not hold, there exists a sequence

{0, #m } m>1, such that
1
Po(D(Bm,ﬂm)> <

The fact that ® and Bj(pp) are compact implies that there exists a conver-
gent subsequence {0,,,(j), t(j) }j>1 and {0%, u*}, such that

01uj) — 07,

Pn(j) = H

as j — oo.
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Hence, the dominated convergence theorem (Theorem implies that
Po(D(6%, %)) = 0,
and then
Var((M*X)T0*> =0,

where M* = f(u*) as defined in (4.2.6). This contradicts the assumption
that Vj has full rank, and so contradiction proves the inequality (4.3.5). O
It should be noted that Lemma is used for proving Lemma and
Lemma which involves the case of local alternatives. Thus, Bs(pg) is
defined through the idea of arc-length to be consistent with {p, },,>1.
Similar to the proof of Theorem the result in Lemma needs to be

extended to the measure P, in probability.

Lemma 4.3.2 Assume that the covariance matrix Vy, as defined in Lemma [4.3.1}

has full rank. Then there exists a constant ¢ > 0, such that
Py{ inf P,(D) > ¢} — 1,
ol inf Pu(D) > c}
as n — oo.

Note that based on Lemma this lemma is proved by modifying the
proof of Lemma [3.3.2}

Lemma 4.3.3 Let local alternatives {pt, },>1 be defined as in (4.2.1), the coordinate

transforming matrix My, = f(pn) be defined as in (4.2.6), and Z1,2Z5,- - - , Z, be
defined as in (g.2.7). Then, Myup, = O_1 lies in the interior of the convex hull of
Z,,7Zy,- - ,Z,, with probability approaching 1, as n — oo, i.e.

Tim Py [ok_l € int(Conv(Zl,Zz,--- ,zn))} —1,

where int(-) denotes the interior of a set, and

1=

n
COTIU(Zl,ZZ,' o ’Zn) - {Alzl + - /AHZHVLlI' o //\7’1 € [0/1]/ )\i = 1} .
=1
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In Section we define empirical likelihood on the subspace R*~! through
the coordinate transforming matrix M = f(u), where p is the mean direc-
tion parameter. Local alternatives are defined via the idea of log, map.
Under the assumption of antipodal random sample, the log, map is one-
to-one. Thus, we only need to consider whether M, = 0x_1 lies in the
interior of the convex hull of Z;,7,,---,Z,, with probability converging
to 1, as n — oo, in order to have the non-trivial case of {p;}} ;, such that

?:1 pi=1land 0 < p; < 1,1 =1,2,---,n; see the analogous result of
Lemma[3.3.3

The rotation matrix Q, as defined in Section satisfies MyQ = M,,.
Now, we calculate the order of the term Q — I for the proof of Theorem

Lemma 4.3.4 Consider the rotation matrix Q is defined in (4.3.2). Then,

1Q — 1|l = Op(n~12).

PROOF.  From (4.3.2),

Q—Izsin(%)A—l—{cos % }{740740 + || ||2}
T
0

(H\ZJ +0p(n))( [ 11” - m) +0p(n” ){ﬂoyo - |1|M||2}
ZW +B
where
an (1) 1
cos () = 1405007,
IB|| = Op(n1)
Thus,

1Q — 1|l = Op(n~172).
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U
Similar to the proof of Theorem 3.1} in the last step to expand Wilks'’ statis-
tic, we need to know ||S;;! — Z71||. Here, we use Lemma m to calculate

the bound of S, ! — X1

Lemma 4.3.5 Let X, X1, Xy, -+ , X, denote k-dimensional i.i.d. random vectors

on SK=1 C R¥ as in Theorem and suppose
L = Cov(MpX)
has full rank k — 1. Let local alternatives be defined as in (4.2.1), and write
S, = %; M, XXM, . (4.3.6)

n

Then,

IS, =7 = Op(n~172).

PROOF.  Let S, ! be rewritten as in (3.3.14) and set
c=x"%(s,—x)L 2

where C = C' and X is assumed to have full rank k. We wish first to obtain

a bound for ||S, — Z|. Now

1 n
i=1
1 n
= Y MoQX; X, Q" My
i=1
n

1 T
- 1221: (Mo(T+Q - 1)X;) (Mo(I+ Q- 1)X;)
1 n
=5+ 12—1: (MoXiX[ (Q = 1) MJ + Mo(Q — )X, X[ M

+{Mo(Q - DX H{Mo(Q - DX} '),

where
1 ¢ TagT

i=1
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The proof of Lemma implies that
-1/2
1Sn =8Il = Op(n172).

Since ||MyX;|| is bounded for i = 1,2,---,n, we can apply the CLT to

have
IS — || = Op(n~172).
Consequently, we have
I1Sn — Z]| = Op(n~"2).
Hence, the bound of ||C|| satisfies
ICll = 71/2(S, —~ E)E /2] = Oy (n 7).
Now, consider
(I+C)t=1-Cc+C>-C+---,
Therefore, we have

I(T+C)7H = 0,(1).

Rewrite
S;l _yl_ 2—1/2(1 _ C)_12_1/2 _y 12y —12
= 2((1+C0)'c)z V2
Therefore,
IS, ' =71 = Op(n172),
as required. .

Following the proof structure of Theorem we also need bounds for

IA|| and || B||, which are given by Lemma and Lemma
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Lemma 4.3.6 Let X and S, be defined as in Lemma and local alternatives
{#tn}n>1 be defined as in (g.2.1). Fori=1,2,--- ,n, we write

E,=A"M,X;,

where A is given in and satisfies the condition for M.

Then,

IAll = Op(n~172).

(4-3-7)

PROOF. Let Yy, - -+, Y, be defined as in (4.2.7), and let

Y = Y,

S|

n
i=1
Note that
_ 12
E[Y] = ) My-E[X
i=1

=M - E[X]

:M() . /Skl de()

=0,
where P is the distribution of i.i.d. random vectors X7,

rem[4.1] Hence, CLT implies that [|Y|| = O, (n~1/2).
Recalling the proof of Lemma we define

Z=M,X
= MpQX
= MoX +My(Q-1)X
=Y+ My(Q—-DX.

Then, we have

1Z] < 1Y]| + [[Mo(Q — D)X]].
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Since E[X] = « as is shown in Theorem CLT and Lemma imply
that |X — a|| = Op(n1/2) and then || X|| = O,(1). Consequently, Lemma

implies that
|Z|| = Op(n~172).
Following the proof in Lemma and substituting the notation below:

F, = max [[MpQXil,

1<i<n
1 Z (MoQX;)(MoQX;) "
n = 14+ E; !
and S, defined in (4.3.6) into Z;, S1, S, in Lemma we prove that

IAll = Op(n~172).

Lemma 4.3.7 Let E;, i =1,2,-- - ,n, be defined as in Lemma Then
(i) max |E;| = Op(n “V2) and

1<i<n 1
(i) DX T E = 0p(1).
PROOF. To prove (i), fori =1,2,--- ,n,
E; = AT M,X;

= A "MyQX;
= AT (MOXZ- + My(Q — I)XZ->
= 1A (6T MoX; + 0T Mo(Q — I)X; ).
Now,
max |Ej| = [[A]| max 0" MoX; + 0" My(Q — I)X;|
< ||A||(1r2ia<>; 07 MoXi| + max [0 Mo(Q — 1)X] ).

Since 8" MyXq, - -+ ,0" MyX,, are bounded i.i.d. random variables,

max [0 MyX;| = Op(1).

1<isn
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Meanwhile,

max 6" Mo(Q — I)X;| < [|6] - [|Mo]| - [|Q — I|| - | X]|

1<isn
=1-0p(1)0y(n"""?) -1

Therefore, as ||A|| = Op,(n~1/2), we have

Ei| = Op(n~1/2).
fi‘%' il p(n="%)

To prove (ii), we follow the proof in Lemma and then have

1
= 0,(1).
112%|1+Ei| Op(1)

O

Lemma 4.3.8 Let X and S,, be defined as in Lemma local alternatives {py } n>1
be defined as in and E;, i = 1,2,--- ,n, be defined as in Lemma We

have

A=S."M,X+B, (4-3-9)
where
1 i S, 1M, X;E? ( )
ﬁ - n = 1 +EZ 7 4.3.10
and
1Bl = Op(n1).

PROOF.  As Lemma [4.3.7/shows,
max |E;| = O, (n""/2).

1<isn

We apply the formula (3.3.28)) to

n
Y piM,X; =0,
i=1
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and then we have (4.3.9) and (4.3.10).
In order to calculate || B||, we follow the proof structure of Lemma to

have

1 s H{ )
Y IMoQXi | < Y [ Mo QX
i=1

i=1

_a Z{ MoX;) T (MoX;) — 2{Mp(Q — )X;} " MyX;

+{Mo(Q - DX} {Mo(Q — D)X} },

where

H = max || MyQX;l|

1<i<n

< max | MoX;|| + max ||M0( - DX

1<i<n
=0,(1) + op(n—l/z)
=0,(1).

Therefore, we have

1 n
=) IMeQX; [P = 0, (1).
=1

n:;
l

Finally, as ||S, || = O,(1), the norm bound of B is

1B < 1S3 - A% - max

1<<| i

1 n
EZ |MoQX;|?

= Op(nfl).

4.3.4 Proof of Theorem 4.1

The structure of the proof is similar to that of Theorem but with some
technical diferences. In order to avoid the trivial cases that there exists an
index j, such that p; = 0, we require Mupu, = 0 lies in the interior of the
convex hull of Zy,27,, - - - ,Z,, which has been supported by Lemma

The proof is organised as following steps.
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1. Rewrite the formula by substituting the formula (4.3.4).

2. Expand M,, = MyQ by Taylor series for the next step.

3. Expand the Wilks’ statistic using Taylor series, cf. proof of Theorem
B-1

PROOF OF THEOREM 4.1 :

Step 1. Since the formula (4.3.4) shows the relation between matrices My and
M,,, we substitute M,, = MpQ into )} ; piM,X; = 0 to get
n
Y piMoQX; = 0p_;.
i=1
Hence,

1
PE= (1 + ATMoQX;)

1121/2/“'/71/

where A satisfies

i MyQX;
v n(l + A,TMQQXZ')

= Og—1.

Step 2. The matrix Q includes terms cos(||y||/+/n) and sin(||y||/+/n). Apply-

ing Taylor series to Q at 0y, we have

MyQ =M, (Ik + sin (%)A + {cos (%) - 1}{#0#3 + |1|7,7—||Tz})

T _ T

Vn
Moyu, B
=M — % +0p(n71).
(4.3.11)
where
sin (%) = % + Op(n—3/2)’
cos (%) =1+0,(n1).
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Step 3. Lemma shows that

1Al = Op(n~172).

Lemma shows that
A=SM,X+B,

where
6 — 1 i S, 1M, X;E?
n 1+ Ei !

i=1

and
I1Bll = Op(n1).

Now, let Y be defined as in and « be defined as in (4.3.1). Note
that

VIEZT2Y BN (0,1 ),

where X is the covariance matrix of i.i.d. random vectors Y1, Y>---, Y},
as in the statement of Theorem Recalling (4.3.1) and applying the

CLT again, we have

IX — & = Op(n~1/2).
We now expand Wilks’ statistic (cf. proof of Theorem [3.1)):

n
—2log R(pn) =2 _log(1+ ATM,X;)
=1
lTl n n
=2Y ATMX; — Y (ATM X)) (ATMX) T +2) ¢
i=1 i=1 i=1

Note that
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Now, we substitute (4.3.9) and (4.3.11) into —21log R (py):

—2log R(py) =n <7 - —Moly,u37> TS,jl (Y — —MO;WJY> + R4

N Vn
— Mogu! (a+X—a)) "
:n{Y— offHg (& + “)} (Z’1+T>
Vn
— My X —
{y— ofpg (& + w)}+R1
Vn
-
Ay ||auMon} - {7_ HauMon} iR
NG NG
where
T=s,'-x7},
n
Ry=-nB'S,;'B+2) &+r,
i=1
11| =0p(n™1),
IR1| = O, (n~1/2).
Note that
oy lelMon
NG

@[] =0y (n~""2),

_ Moy (X — o)
Jn

IT|| =0y (n™1),

r

Ry =R;+n® ' T® —n®" (Z '+ T)I
—nl" (7' 4+ T)(® -T),
IRa| =0p(n72) +1- 0, (n=12)0p(n7/2)0p (n™1/2)
+1-0,(n"12)0,(1)0,(n1)
1 0p(n71)0p(1) (0p(n71/2) + 0, (n7 1))
=0p(n™12) +0p(n12) + Op(n12) + Op(n~1/?)

=0, (n"1/2).
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Hence, we have
D 2 2 TagTy—1
—2log R(pn) = Xi—1([la|"n” My Z™" Mon),

as n — oQ.

4.4 EMPIRICAL LIKELIHOOD RATIO ALGORITHM

Since statistics are widely used in earth science, now we mainly focus on
S2. The algorithm for calculating the empirical likelihood ratio against the

mean direction parameter is proposed as follows.

Algorithm 1 Empirical Likelihood Ratio Evaluation at Mean Direction Pa-

rameter u on S2.

1. Given a sample on §2. For the mean direction parameter p, find the

2 x 3 coordinate matrix M = f(u), as in (4.2.5).
2. Map the sample from S? onto T,S?.

3. Use the image of the sample in T, S5 to evaluate the empirical likeli-

hood ratio function at (0,0).

Although Algorithm (1] focuses on the case k = 3, the details are similar
when k > 3. Figure shows the empirical likelihood ratio against the
mean direction parameter according to the algorithm above. Note that the
sample is generated from the Von-Mises Fisher distribution with parameter
k = 25, sample size 500, mean direction (1,0,0). Within the convex hull
of the sample, the empirical likelihood ratio is calculated against the mean
parameter. In order to show the graph properly, we use stereographic pro-
jection, as introduced in Section to map the points on S? to the plane
{(x,y,z) € R3|x =1}.
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logELR on the Sphere

-200

-400

-600

-800

Figure 4.4.9: Empirical Likelihood Ratio at the Mean Direction Parameter.

4.5 OPERATING CHARACTERISTICS IN HYPOTHESIS TESTING

In statistical inference, since the power of the test is 1 — Pr(Type II Error),
with the probability of type I error given, the power of the test is increasing
as the sample size increases. In this section, we use quantiles by checking
chi-squared table and bootstrap calibration to calculate probabilities of type
I error and type II error, and we name them tabular probabilities of type I
and II errors and bootstrap calibration probabilities of type I and II errors.

The algorithm for this numerical realization is shown in following steps.

4.5.1  Probability of Type I Error

In the hypothesis testing, we assume the nominal probability of type I error

is a. Suppose the hypothesis test:

Ho:p = po, v.s. Hy = p # o,

and the sample of the test is 27, as observed from ii.d. random vectors

X11X2/ e /Xn-
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Algorithm 2 Hypothesis Testing under Hy

1. Use Algorithm [1|to calculate —21log R (o).

2. [Tabular Method] Find the tabular quantile X%,l—&c' Under Hy, if
—2log R(po) < )(%,17 . accept Ho; otherwise, reject H.

3. Calculate the sample mean direction s = Y/ 1 X;/|| Y14 Xl

4. Generate bootstrap resamples 2™ of size n sampled randomly with
replacement, from the original sample 2. Within each resample 2%,

evaluate W* = —2log R(ps), 1 <i < B.

5. [Bootstrap Calibration Method] Order W,1 < i < B, as W[*” <
- < W[*B]' Find W[*B(lfm)], the bootstrap calibration quantile. If
~210g R (o) < W

(1—a)] ACCEPt Hy; otherwise, reject H.

In order to calculate the probability of type I error, we set up a Monte
Carlo loop to repeat the steps above M times. If the null hypothesis is
accepted A times in Step |2} the tabular probability of type I erroris 1 — A/ M.
If the null hypothesis is accepted A’ times in Step |5} the bootstrap calibration
probability of type I erroris 1 — A’/ M.

Von-Mises Fisher Distribution

Now, for the Monte-Carlo loop, we generate samples from a Von-Mises
Fisher distribution with mean direction (1,0,0), where x = 25,15,5,1 to test
the influence of x on the probability of type I error. In each experiment, the
number of Monte-Carlo runs is 2500. For each Monte-Carlo run, bootstrap
calibration is done for 200 times. Within the hypothesis test, the nominal
probability of type I error is given as &« = 0.05. Note that the sample size
ranges respectively at 10, 15, 25, 50, and 200. Table [2| displays the result of
tabular probability of type I error and B.C. probability of type I error, where

B.C. stands for bootstrap calibration.
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x || Sample Size Tabular « B.C. «
10 0.1748 (0.1201) | 0.0248 (0.0467)
15 0.1204 (0.0840) | 0.0444 (0.0532)
25 25 0.0856 (0.0560) | 0.0560 (0.0460)
50 0.0580 (0.0331) | 0.0508 (0.0311)
200 0.0536 (0.0159) | 0.0564 (0.0163)
10 0.1776 (0.1209) | 0.0256 (0.0256)
15 0.1136 (0.0819) | 0.0508 (0.0567)
15 25 0.0728 (0.0520) | 0.0428 (0.0405)
50 0.0568 (0.0327) | 0.0532 (0.0317)
200 0.0472 (0.0150) | 0.0492 (0.0153)
10 0.1692 (0.1186) | 0.0304 (0.0543)
15 0.1302 (0.0785) | 0.0444 (0.0532)
5 25 0.0688 (0.0506) | 0.0504 (0.0438)
50 0.0524 (0.0315) | 0.0520 (0.0314)
200 0.0520 (0.0157) | 0.0564 (0.0163)
10 0.1484 (0.1124) | 0.0360 (0.0589)
15 0.0920 (0.0746) | 0.0576 (0.0602)
1 25 0.0616 (0.0481) | 0.0500 (0.0436)
50 0.0616 (0.0340) | 0.0604 (0.0337)
200 0.0480 (0.0151) | 0.0500 (0.0154)

Table 2: Tabular probability of type I error and bootstrap calibration proba-
bility of type I error. The standard errors for both probabilities of

type I error are given in brackets.

Note that the standard error of the proportion p is given by
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Here the proportion is substutited by the probability of type I and the stan-

dard error of the probability of type II error is calculated in further investi-

gation..
0.18 m
—=—Tabular «, x = 25
B.C.a, k=25
~  014| . Tabular «, k = 15
e = B.C.a, k=15
i —=— Tabular a, x =5
° 0.1t y BC.a, k=5
£ —=— Tabular o, k = 1
b,; BC. a, k=1
A~ 6-1072 y= —
-
o
2 . 10—2 i | | |
NP S

Sample Size

Figure 4.5.10: Tabular probability of type I error and bootstrap calibration
probability of type I error. Considering the probability of type
I error at sample size 200 does not differ much from that at

sample size 50, they are omitted here.

Observing Table [2} Figure we make the following comments:

1. For small sample sizes, say n < 50, the probability of type I error calcu-
lated by chi-squared tabular quantile is decreasing from a higher level
to the level around o.05, while the probability of type I error evaluated
by bootstrap calibration quantile is increasing from a lower level to the
level around o.05. It suggests probabilities of type I error by tabular
quantiles at small sample sizes lose the accuracy. The probabilities of
type I error evaluated by bootstrap quantiles at small samples sizes

except 10 still behaves well.

2. The outcome suggests that « is a subtle factor that influences the prob-

abilities of type I error. With x decreasing, the probability of type I
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error decreases at small sample sizes before 50. However, this out-
come does not repeat in the experiment with Kent distribution; we
will show it later in Figure Therefore, this question needs more

discussion.

3. In hypothesis test, the null hypothesis is usually carefully constructed.
Then, we do not easily reject the null hypothesis without very strong
evidence that the null hypothesis should be rejected. Thus, from this
idea, we prefer letting the actual probability of type I error slightly
smaller than the nominal probability of type I error, rather than having
a larger actual probability of type I error. From this idea, the quantile
calculated by the bootstrap calibration is more preferable in hypothesis

testing.

Kent Distribution (5-Parameter Fisher-Bingham Distribution)

It is known in Fisher et al. (1993, Chapter 4.3.2 & 4.4.5) that von Mises Fisher
distribution is symmetric about the mean direction. We would like to inves-
tigate what happens to the outcome of the experiments when the distribu-
tion is asymmetric, say Kent distribution. Now, we generate samples from
a Kent distribution with mean direction (1,0,0), where the concentration
parameter x is chosen to be 25, 15, 5, and 1 respectively. Recall that the Kent
distribution is unimodal, if x/B > 2. In this case, the contours of constant
density have ellipse-like symmetry. Thus, we set the ellipticity parameter
B = x/4. In the experiment, the number of Monte-Carlo runs is 2500. For
each Monte-Carlo run, bootstrap calibration is done for 200 times. Within
the hypothesis test, the nominal probability of type I error is given & = 0.05.
The sample size ranges respectively at 10, 15,25, 50, and 200. Table |4/ shows
the result of tabular probability of type I error and B.C. probability of type

I error, where B.C. stands for bootstrap calibration.
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x || Sample Size Tabular « B.C. a
10 0.1736 (0.1198) | 0.0224 (0.0468)
15 0.1092 (0.0805) | 0.0400 (0.0506)
25 25 0.0744 (0.0525) | 0.0484 (0.0429)
50 0.0548 (0.0322) | 0.0440 (0.0290)
200 0.0544 (0.0160) | 0.0520 (0.0157)
10 0.1724 (0.1194) | 0.0320 (0.0557)
15 0.1200 (0.0839) | 0.0420 (0.0518)
15 25 0.0812 (0.0546) | 0.0544 (0.0454)
50 0.0532 (0.0317) | 0.0488 (0.0305)
200 0.0568 (0.0164) | 0.0564 (0.0163)
10 0.1624 (0.1166) | 0.0296 (0.0536)
15 0.1124 (0.0816) | 0.0480 (0.0552)
5 25 0.0768 (0.0533) | 0.0552 (0.0457)
50 0.0584 (0.0332) | 0.0592 (0.0334)
200 0.0516 (0.0156) | 0.0556 (0.0162)
10 0.1644 (0.1172) | 0.0332 (0.0567)
15 0.0920 (0.0746) | 0.0496 (0.0561)
1 25 0.0640 (0.0490) | 0.0536 (0.0450)
50 0.0520 (0.0314) | 0.0556 (0.0324)
200 0.0532 (0.0159) | 0.0556 (0.0162)

Table 4: Tabular probability of type I error and bootstrap calibration proba-
bility of type I error. The standard errors for both probabilities of

type I error are given in brackets.
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018 - —&—Tabular «, x = 25
B.C.a, k =25
- 0.14 8 Tabular «, k = 15
< —= B.C.a, k=15
i 01l | |—=— Tabular «, xk =5
o ' BC.a, k=5
1~ —=— Tabular o, xk =1
E6.102f = = B.C.a, k=1
W 7/2/ —H — x = 0.05
2.1072| .
O | |

| |
So P S
Sample Size

Figure 4.5.11: Tabular probability of type I error and bootstrap calibration
probability of type I error of the test. Considering the proba-
bility of type I error at sample size 200 does not differ much

from that at sample size 50, they are not shown here.

Observing Table [4 Figure we find the same results as those in

von-Mises Fisher distribution experiments except the influence made by «.

4.5.2  Probability of Type 1I Error

Now, we give the algorithm of calculating the tabular probability of type II
error and bootstrap calibration probability of type II error. We assume the
nominal type I error « and a given alternative hypothesis H;. Suppose the

hypothesis test:

H()Zlu:}l(), Z).S.Hliy:]ll,

and the sample of the test %'.
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Algorithm 3 Hypothesis Testing under H;

1. Use Algorithm [1|to calculate —21log R (o).

2. [Tabular Method] Find the tabular quantile X%,l— o I —2log R(mp) <

X% 1_n» accept Hy; otherwise, reject Hy.

3. Find the rotation matrix Q as in (4.3.2) for p; to po. Then, rotate %
to %' by Q. Generate bootstrap resamples #* of size n sampled ran-
domly with replacement from the sample #’. Within each resample

%", evaluate —2log R (po), written as W*,1 < i < B.

4. [Bootstrap Calibration Method] Order W,1 < i < B, as W}, <

1]
- < W[%]. Find Wf%(l_a)], the bootstrap calibration quantile. If
—2log R(po) < W

(B(1—a)]’ accept Hp; otherwise, reject Hy.

In order to calculate the probability of type II error, we set up a Monte
Carlo loop to repeat the steps above M times. If the null hypothesis is
accepted A times in Step [2} the tabular probability of type II error is A/ M.
If the null hypothesis is accepted A’ times in Stepy}, the bootstrap calibration
probability of type II error is A’/ M. Then, the power of the test is Power =
1 — Pr(Type II Error).
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von Mises Fisher Distribution

Now, we conduct Monte-Carlo experiments for probability of type II error,
following Algorithm 3. The sample is respectively generated from a von

Mises Fisher distribution with mean direction p; listed as follows:
1. 1 = (0.9986295,0.052335956,0), the angular distance 0.0524 to (1,0, 0);
2. p1 = (0.9992118,0.039695808, 0), the angular distance 0.0397 to (1,0,0);
3. p1 = (0.9996341,0.027049304, 0), the angular distance 0.0271 to (1,0,0);
4. p1 = (0.99988963,0.014398469, 0), the angular distance 0.0144 to (1,0,0);
5. p1 = (0.9999985,0.001745328, 0), the angular distance 0.0017 to (1,0, 0).

The concentration parameter « is chosen to be 25,15, 5,1 respectively to test
whether x influences the Type II error. In each experiment, the number of
Monte-Carlo runs is 500. For each Monte-Carlo run, bootstrap calibration is
done for 500 times. For the hypothesis testing, the probability of nominal
type I error is given as & = 0.05. For each experiment, the sample size ranges
respectively at 10, 15, 25, 50, and 200. Table |6} Table 8| Table [10]and Table
show the outcome of probability of type II error evaluated by chi-squared
tabular quantile and bootstrap calibration quantile. Note that the standard
errors of the probability of type II error are given in brackets. Figure
Figure Figure and Figure present the outcome for powers

of tests against the choice of these 5 alternative hypotheses.
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Sample Size |Angular Distance| Tabular B.C. B
0.0524 0.076 (0.019) | 0.072 (0.018)
0.0397 0.344 (0.034) | 0.338 (0.033)
200 0.0271 0.624 (0.034) | 0.628 (0.034)
0.0144 0.886 (0.022) | 0.874 (0.023)
0.0017 0.936 (0.017) | 0.948 (0.016)
0.0524 0.656 (0.067) | 0.674 (0.066)
0.0397 0.782 (0.058) | 0.788 (0.058)
50 0.0271 0.866 (0.045) | 0.872 (0.047)
0.0144 0.920 (0.038) | 0.934 (0.035)
0.0017 0.926 (0.037) | 0.936 (0.035)
0.0524 0.768 (0.084) | 0.828 (0.075)
0.0397 0.840 (0.073) | 0.884 (0.064)
25 0.0271 0.900 (0.060) | 0.926 (0.052)
0.0144 0.916 (0.055) | 0.956 (0.041)
0.0017 0.912 (0.057) | 0.946 (0.045)
0.0524 0.762 (0.110) | 0.898 (0.078)
0.0397 0.820 (0.099) | 0.924 (0.068)
15 0.0271 0.860 (0.090) | 0.948 (0.057)
0.0144 0.894 (0.079) | 0.970 (0.044)
0.0017 0.890 (0.081) | 0.950 (0.056)
0.0524 0.716 (0.143) | 0.948 (0.070)
0.0397 0.790 (0.129) | 0.968 (0.056)
10 0.0271 0.808 (0.125) | 0.968 (0.056)
0.0144 0.834 (0.118) | 0.984 (0.040)
0.0017 0.832 (0.118) | 0.962 (0.060)

Table 6: Pr(Type II error), with x = 25.
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Sample Size

Angular Distance

Tabular

B.C. B

0.0524 0.292 (0.032) | 0.302 (0.032)
0.0397 0.498 (0.035) | 0.508 (0.035)
200 0.0271 0.800 (0.028) | 0.800 (0.028)
0.0144 0.894 (0.022) | 0.894 (0.022)
0.0017 0.950 (0.015) | 0.944 (0.016)
0.0524 0.792 (0.057) | 0.818 (0.055)
0.0397 0.824 (0.054) | 0.838 (0.052)
50 0.0271 0.900 (0.042) | 0.898 (0.043)
0.0144 0.944 (0.033) | 0.936 (0.035)
0.0017 0.938 (0.034) | 0.946 (0.032)
0.0524 0.832 (0.075) | 0.872 (0.067)
0.0397 0.864 (0.069) | 0.900 (0.060)
25 0.0271 0.888 (0.063) | 0.918 (0.055)
0.0144 0.922 (0.054) | 0.950 (0.044)
0.0017 0.908 (0.058) | 0.934 (0.050)
0.0524 0.836 (0.096) | 0.934 (0.064)
0.0397 0.838 (0.095) | 0.936 (0.063)
15 0.0271 0.876 (0.085) | 0.956 (0.053)
0.0144 0.918 (0.071) | 0.960 (0.051)
0.0017 0.886 (0.082) | 0.954 (0.054)
0.0524 0.746 (0.138) | 0.954 (0.066)
0.0397 0.806 (0.125) | 0.962 (0.060)
10 0.0271 0.828 (0.119) | 0.974 (0.050)
0.0144 0.848 (0.114) | 0.976 (0.048)
0.0017 0.808 (0.125) | 0.982 (0.042)

Table 8: Pr(Type II error), with x = 15.
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Sample Size |Angular Distance| Tabular B.C. B
0.0524 0.742 (0.031) | 0.740 (0.031)
0.0397 0.866 (0.024) | 0.850 (0.025)
200 0.0271 0.892 (0.022) | 0.888 (0.022)
0.0144 0.950 (0.015) | 0.946 (0.016)
0.0017 0.934 (0.018) | 0.926 (0.019)
0.0524 0.912 (0.040) | 0.914 (0.040)
0.0397 0.924 (0.037) | 0.924 (0.037)
50 0.0271 0.940 (0.034) | 0.948 (0.031)
0.0144 0.930 (0.036) | 0.932 (0.036)
0.0017 0.934 (0.035) | 0.938 (0.034)
0.0524 0.898 (0.061) | 0.924 (0.053)
0.0397 0.914 (0.056) | 0.940 (0.047)
25 0.0271 0.912 (0.057) | 0.946 (0.045)
0.0144 0.952 (0.043) | 0.974 (0.032)
0.0017 0.922 (0.054) | 0.950 (0.044)
0.0524 0.876 (0.085) | 0.950 (0.056)
0.0397 0.902 (0.077) | 0.960 (0.051)
15 0.0271 0.882 (0.083) | 0.946 (0.058)
0.0144 0.874 (0.086) | 0.946 (0.058)
0.0017 0.890 (0.081) | 0.946 (0.058)
0.0524 0.820 (0.121) | 0.972 (0.052)
0.0397 0.792 (0.128) | 0.966 (0.057)
10 0.0271 0.832 (0.118) | 0.980 (0.044)
0.0144 0.834 (0.118) | 0.974 (0.050)
0.0017 0.864 (0.108) | 0.984 (0.040)

Table 10: Pr(Type II error), with ¥ = 5.
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Sample Size |Angular Distance| Tabular B.C. B
0.0524 0.946 (0.016) | 0.948 (0.016)
0.0397 0.948 (0.016) | 0.944 (0.016)
200 0.0271 0.942 (0.017) | 0.944 (0.016)
0.0144 0.952 (0.015) | 0.946 (0.016)
0.0017 0.938 (0.017) | 0.932 (0.018)
0.0524 0.948 (0.031) | 0.946 (0.032)
0.0397 0.948 (0.031) | 0.954 (0.030)
50 0.0271 0.948 (0.031) | 0.946 (0.032)
0.0144 0.938 (0.034) | 0.940 (0.034)
0.0017 0.950 (0.031) | 0.950 (0.031)
0.0524 0.922 (0.054) | 0.940 (0.047)
0.0397 0.948 (0.044) | 0.958 (0.040)
25 0.0271 0.928 (0.052) | 0.940 (0.047)
0.0144 0.922 (0.054) | 0.936 (0.049)
0.0017 0.934 (0.050) | 0.948 (0.044)
0.0524 0.914 (0.072) | 0.944 (0.059)
0.0397 0.906 (0.075) | 0.948 (0.057)
15 0.0271 0.900 (0.077) | 0.946 (0.058)
0.0144 0.928 (0.067) | 0.964 (0.048)
0.0017 0.918 (0.071) | 0.962 (0.049)
0.0524 0.828 (0.119) | 0.964 (0.059)
0.0397 0.852 (0.112) | 0.982 (0.042)
10 0.0271 0.866 (0.108) | 0.982 (0.042)
0.0144 0.866 (0.108) | 0.968 (0.056)
0.0017 0.870 (0.106) | 0.982 (0.042)

Table 12: Pr(Type II error), with x = 1.
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! —&- Tabular Power 200
—=- B.C. Power 200
0.8 | | = Tabular Power 50
B.C. Power 50
0.6 |- | |—= Tabular Power 25
B.C. Power 25
04| | |-= Tabular Power 15
B.C. Power 15
o2l | |- Tabular Power 10
= B.C. Power 10
e 1'?
0 1 2 3 4 5
Alternative Hypotheses H;

Figure 4.5.12: Tabular Powers and B.C. (Bootstrap Calibration) Powers of

the test against alternative hypotheses under different sample
sizes. The parameter x of the distribution is 25 in this experi-

ment.

08 —=-Tabular Power 200
- B.C. Power 200
0.6 | | -=— Tabular Power 50
B.C. Power 50
—=— Tabular Power 25
04| 8 B.C. Power 25
—=— Tabular Power 15
B.C. Power 15
02 | |-~ Tabular Power 10
= B.C. Power 10
0

1 2 3
Alternative Hypotheses H;

Figure 4.5.13: Tabular Powers and B.C. (Bootstrap Calibration) Powers of

the test against alternative hypotheses under different sample
sizes. The parameter x of the distribution is 15 in this experi-

ment.
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—=-Tabular Power 200
—=- B.C. Power 200
—=— Tabular Power 50
B.C. Power 50
—&- Tabular Power 25
B.C. Power 25
—=— Tabular Power 15
B.C. Power 15
—&— Tabular Power 10
= B.C. Power 10

Figure 4.5.14: Tabular Powers and B.C. (Bootstrap Calibration) Powers of

Powers

the test against alternative hypotheses under different sample

sizes. The parameter x of the distribution is 5 in this experi-

ment.
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—=-Tabular Power 200
—=-  B.C. Power 200
—=- Tabular Power 50
B.C. Power 50
—&— Tabular Power 25
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—=— Tabular Power 15
B.C. Power 15
—=— Tabular Power 10
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5

Figure 4.5.15: Tabular Powers and B.C. (Bootstrap Calibration) Powers of

the test against alternative hypotheses under different sample

sizes. The parameter x of the distribution is 1 in this experi-

ment.
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Observing Tables, Figures above, we make following comments:

1. If the actual probability of type I error is too large, the power of the test
loses the accuracy. For example, Figure shows that probabilities
of type I error calculated by the tabular quantile at small sample sizes
are too large, so in Figure and Table [p| the power of type II
error becomes larger at sample size 10 compared with other powers at

larger sample sizes.

2. Under the fixed sample size, powers (both by the tabular quantile and
the bootstrap calibration quantile) have the tendency from a high level
down to a lower level with the alternative hypothesis approaching the
null hypothesis. Since Power = Pr(Reject Hy|H;), when the alterna-
tive hypothesis is leaving the null hypothesis, it is more likely to reject

the null hypothesis.

3. For von Mises Fisher distribution on the sphere, the parameter « deter-
mines how concentrated the sample is. The smaller « is, the closer the
distribution is to a uniform distribution, which has the mean direction
everywhere on S2. For the sample generated from a population close
to a uniform distribution, the probability of type II Error is large no

matter what H; is and no matter what sample size it is. That explains

why the powers in Figure and Figure are small compared
with Figure and Figure

Kent Distribution

Now, we generate samples from Kent distribution with the concentration
parameter k = 25,15, 5,1 respectively, the ellipticity parameter p = x/4 and
the mean direction is (1,0, 0). The alternative hypotheses are the same as the
choices in the experiments with von-Mises Fisher distribution. With Monte-
Carlo simulation 500 times, bootstrap calibration 200 times, and nominal
probability of type I error 0.05, the probability of type II error and the power
of the test are shown in Table [14} Table [16, Table [18] Table [20] and Figure
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Figure Figure Figure Observing these outcome,

we have the same conclusion as that in experiments with von-Mises Fisher

distribution:

1. Probabilities of type I error calculated by the tabular quantile are too
large, when the sample size is too small, say less than 50. Therefore,

the test loses its accuracy, when the sample size is too small.

2. The power of the test increases, when the alternative hypothesis is

away from the null hypothesis.

3. When the concentration parameter « is approaching 0, the distribution
is approaching a uniform distribution, and the probability of type II
error maintains at a high level no matter of the choice of alternative

hypothesis and the sample size.
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Sample Size |Angular Distance| Tabular B.C. B
0.0524 0.084 (0.020) | 0.084 (0.020)
0.0397 0.326 (0.033) | 0.328 (0.033)
200 0.0271 0.630 (0.034) | 0.638 (0.034)
0.0144 0.874 (0.023) | 0.874 (0.023)
0.0017 0.948 (0.016) | 0.942 (0.017)
0.0524 0.610 (0.069) | 0.650 (0.067)
0.0397 0.782 (0.058) | 0.804 (0.056)
50 0.0271 0.900 (0.042) | 0.908 (0.041)
0.0144 0.924 (0.037) | 0.932 (0.036)
0.0017 0.946 (0.032) | 0.948 (0.031)
0.0524 0.792 (0.081) | 0.850 (0.071)
0.0397 0.852 (0.071) | 0.908 (0.058)
25 0.0271 0.874 (0.066) | 0.910 (0.057)
0.0144 0.922 (0.054) | 0.948 (0.044)
0.0017 0.912 (0.057) | 0.940 (0.047)
0.0524 0.776 (0.107) | 0.906 (0.075)
0.0397 0.848 (0.093) | 0.930 (0.066)
15 0.0271 0.872 (0.086) | 0.956 (0.053)
0.0144 0.866 (0.088) | 0.952 (0.055)
0.0017 0.892 (0.080) | 0.964 (0.048)
0.0524 0.766 (0.134) | 0.954 (0.066)
0.0397 0.760 (0.135) | 0.962 (0.060)
10 0.0271 0.802 (0.126) | 0.950 (0.069)
0.0144 0.812 (0.124) | 0.968 (0.056)
0.0017 0.820 (0.121) | 0.976 (0.048)
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Sample Size |Angular Distance| Tabular B.C. B
0.0524 0.308 (0.033) | 0.308 (0.033)
0.0397 0.576 (0.035) | 0.576 (0.035)
200 0.0271 0.790 (0.029) | 0.778 (0.029)
0.0144 0.906 (0.021) | 0.912 (0.020)
0.0017 0.956 (0.015) | 0.956 (0.015)
0.0524 0.782 (0.058) | 0.808 (0.056)
0.0397 0.854 (0.050) | 0.868 (0.048)
50 0.0271 0.880 (0.046) | 0.884 (0.045)
0.0144 0.936 (0.035) | 0.938 (0.034)
0.0017 0.946 (0.032) | 0.944 (0.033)
0.0524 0.814 (0.078) | 0.864 (0.069)
0.0397 0.878 (0.066) | 0.906 (0.058)
25 0.0271 0.892 (0.062) | 0.920 (0.054)
0.0144 0.912 (0.057) | 0.934 (0.050)
0.0017 0.924 (0.053) | 0.940 (0.048)
0.0524 0.832 (0.097) | 0.920 (0.070)
0.0397 0.842 (0.094) | 0.936 (0.063)
15 0.0271 0.840 (0.095) | 0.930 (0.066)
0.0144 0.880 (0.084) | 0.950 (0.056)
0.0017 0.886 (0.082) | 0.946 (0.058)
0.0524 0.754 (0.136) | 0.950 (0.069)
0.0397 0.778 (0.131) | 0.970 (0.054)
10 0.0271 0.810 (0.124) | 0.972 (0.052)
0.0144 0.798 (0.127) | 0.976 (0.048)
0.0017 0.816 (0.123) | 0.966 (0.057)
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Sample Size |Angular Distance| Tabular B.C. B
0.0524 0.756 (0.030) | 0.744 (0.031)
0.0397 0.836 (0.026) | 0.840 (0.026)
200 0.0271 0.906 (0.021) | 0.902 (0.021)
0.0144 0.940 (0.017) | 0.944 (0.016)
0.0017 0.954 (0.015) | 0.948 (0.016)
0.0524 0.922 (0.038) | 0.924 (0.037)
0.0397 0.924 (0.037) | 0.928 (0.037)
50 0.0271 0.934 (0.035) | 0.932 (0.036)
0.0144 0.920 (0.038) | 0.916 (0.039)
0.0017 0.934 (0.035) | 0.938 (0.034)
0.0524 0.888 (0.063) | 0.906 (0.058)
0.0397 0.904 (0.059) | 0.924 (0.053)
25 0.0271 0.938 (0.048) | 0.944 (0.046)
0.0144 0.912 (0.057) | 0.928 (0.052)
0.0017 0.926 (0.052) | 0.940 (0.047)
0.0524 0.884 (0.083) | 0.962 (0.049)
0.0397 0.860 (0.090) | 0.944 (0.059)
15 0.0271 0.896 (0.086) | 0.956 (0.053)
0.0144 0.888 (0.079) | 0.954 (0.054)
0.0017 0.862 (0.089) | 0.924 (0.068)
0.0524 0.826 (0.120) | 0.980 (0.044)
0.0397 0.826 (0.120) | 0.958 (0.063)
10 0.0271 0.818 (0.122) | 0.958 (0.063)
0.0144 0.838 (0.117) | 0.974 (0.050)
0.0017 0.836 (0.117) | 0.968 (0.057)
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Sample Size |Angular Distance| Tabular B.C. B
0.0524 0.920 (0.019) | 0.906 (0.021)
0.0397 0.932 (0.018) | 0.926 (0.019)
200 0.0271 0.952 (0.015) | 0.948 (0.016)
0.0144 0.946 (0.016) | 0.934 (0.018)
0.0017 0.958 (0.014) | 0.954 (0.015)
0.0524 0.932 (0.036) | 0.938 (0.034)
0.0397 0.946 (0.032) | 0.940 (0.034)
50 0.0271 0.948 (0.031) | 0.948 (0.031)
0.0144 0.954 (0.030) | 0.962 (0.027)
0.0017 0.922 (0.038) | 0.926 (0.037)
0.0524 0.940 (0.047) | 0.948 (0.044)
0.0397 0.950 (0.044) | 0.952 (0.043)
25 0.0271 0.930 (0.051) | 0.952 (0.043)
0.0144 0.930 (0.051) | 0.942 (0.047)
0.0017 0.936 (0.049) | 0.940 (0.047)
0.0524 0.920 (0.070) | 0.960 (0.051)
0.0397 0.892 (0.080) | 0.940 (0.061)
15 0.0271 0.900 (0.077) | 0.948 (0.057)
0.0144 0.906 (0.075) | 0.952 (0.055)
0.0017 0.904 (0.076) | 0.948 (0.057)
0.0524 0.854 (0.112) | 0.966 (0.057)
0.0397 0.836 (0.117) | 0.960 (0.062)
10 0.0271 0.860 (0.110) | 0.978 (0.046)
0.0144 0.848 (0.114) | 0.962 (0.060)
0.0017 0.842 (0.115) | 0.962 (0.060)

Table 20: Pr(Type II error), with a Kent distribution of x =1 and g = 1/4.
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! | —&- Tabular Power 200
—=- B.C. Power 200
08¢ —=— Tabular Power 50
B.C. Power 50
£ 06 —=— Tabular Power 25
g B.C. Power 25
£ 04| ~=- Tabular Power 15
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Figure 4.5.16: Tabular Powers and B.C. (Bootstrap Calibration) Powers of
the test against alternative hypotheses under different sample
sizes. The concentration parameter of the Kent distribution «

is 25 and the ellipticity parameter of the Kent distribution p

is 25/4.

08 —&- Tabular Power 200
—=-  B.C. Power 200

0.6 —=- Tabular Power 50
B.C. Power 50

& —=— Tabular Power 25
2041 B.C. Power 25

& —=— Tabular Power 15
B.C. Power 15

021 —s— Tabular Power 10
= B.C. Power 10

0

Alternative Hypotheses H;

Figure 4.5.17: Tabular Powers and B.C. (Bootstrap Calibration) Powers of
the test against alternative hypotheses under different sample
sizes. The concentration parameter of the Kent distribution «

is 15 and the ellipticity parameter of the Kent distribution f

is 15/4.
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Tabular Powers and B.C. (Bootstrap Calibration) Powers of
the test against alternative hypotheses under different sample
sizes. The concentration parameter of the Kent distribution «
is 5 and the ellipticity parameter of the Kent distribution S is
5/4.
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Figure 4.5.19:

1 2 3 4 5
Alternative Hypotheses H;

Tabular Powers and B.C. (Bootstrap Calibration) Powers of
the test against alternative hypotheses under different sample
sizes. The concentration parameter of the Kent distribution «
is 1 and the ellipticity parameter of the Kent distribution S is
1/4.
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46 CONFIDENCE REGION CONSTRUCTION

In hypothesis testing, the confidence region is calculated to show the area
for which a null hypothesis is accepted. Now, we use Algorithm [1/to present
a confidence region on the sphere S?, with confidence level 1 — & given.
Here we use the chi-squared tabular 1 — & quantile and the bootstrap cali-

bration 1 — & quantile; see Algorithm

Example 4.6.1 We generate a sample from the Von-Mises Fisher distribution with
parameter k = 25, sample size 500, mean direction (1,0,0). Let the nominal
probability of type I error &« = 0.05. According to Algorithm |1, we calculate
the coordinates of the contour of the confidence region; see Figure Note
that the red boundary is the contour of the confidence region, calculated through
the chi-squared tabular 1 — a quantile, while the blue boundary is the contour of
the confidence region, calculated through the bootstrap calibration 1 — a quantile.
The green point is the mean direction (1,0,0) of the population. The bootstrap

calibration is based on 500 Monte-Carlo runs.

\

\

Figure 4.6.20: The contour of 95% confidence region.

126



46 CONFIDENCE REGION CONSTRUCTION

Furthermore, we apply the empirical likelihood method to a real dataset
and compare with the confidence region constructed using an existing method.
Creer et al.| (1959) measured the direction of magnetisation in 34 sites at the
Great Whin Sill. Kent| (1982) used the estimates of parameters in FBs (5-
parameter Fisher-Bingham) distribution to construct the confidence region.
In the example, he excluded the sites 32 and 34 in the dataset provided by
Creer et al. (1959), and kept the remaining 32 sites as the sample. Now, we
compare the 95%-confidence region constructed by the empirical likelihood
method with the method by Kent| (1982). It is noted that chi-squared 0.95
quantile and bootstrap calibration 0.95 quantile are respectively used in the

empirical likelihood ratio method to construct confidence regions.

Example 4.6.2 The magnetisation direction dataset are summarised in Fisher et al.

(1993, Appendix Bg). We use

6 =90°+1,
¢ = 360° — D.

to transform the declination (D) and the inclination (I) to the polar coordinate

(0, @). It is noted that the Cartesian coordinates are given by
(cos@,sinf cos ¢, sin B sin ).

The confidence regions are calculated respectively by the methods mentioned above;
see Figure We observe that contours (red and green) of confidence regions
calculated by empirical likelihood are close to each other. The contour (blue) of
confidence region shown by [Kent (1982) still looks similar to other two contours,
although it looks slightly away from other two contours at 50%-level in the zoomed-
in figure. In Figure the black points are the sample; The blue ellipses are
contours of confidence regions by Kent| (1982); The red ellipses are contours of
confidence regions, calculated through the chi-squared tabular quantile, while the
green ellipses are contours of confidence regions, calculated through the bootstrap
calibration quantile. Note that the bootstrap calibration is based on 500 Monte-

Carlo runs.
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4.7 SUMMARY

Note that the method by Kent (1982) depends on parametric assumption
while the empirical likelihood regions are defined non-parametrically. It is
reassuring that they give such similar results in this example though we
would not expect this to necessarily be the case in other examples, if the

parametric assumptions do not hold.

4.7 SUMMARY

This chapter mainly focuses on extending empirical likelihood for a mean
in Euclidean space IR* to a mean direction on the sphere S*1.

First, we define empirical likelihood and local alternatives {p;,},>1 on
S*¥=1. In order to prove an analogue of Theorem [3.1] to this case, we intro-
duce a rotation matrix as in which is a function of the mean direction
#. Then, we give the proof of Wilks’ theorem on S¥~! considering local
alternatives.

Based on Theorem 4.1, we give the algorithm to evaluate the log-empirical
likelihood against the mean direction parameter on S¥~!, and then con-
struct the confidence region for the mean direction. The numerical work
also includes the study of operating characteristics of the empirical likeli-
hood procedures, such as estimating actual probabilities of type I error and
type II error. Both chi-squared tabular quantiles and bootstrap calibration
quantiles are considered. We find the probability of type I error evaluated
under the bootstrap calibration quantile is more satisfactory than that by
the tabular quantile. As for the probability of type II error, the outcome is
much influenced by the probability of type I error when the sample size is

small.
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EMPIRICAL LIKELIHOOD ON 3-SPIDER

5.1 INTRODUCTION

The aim of this chapter is to explore how Wilks” theorem for empirical like-
lihood in a Euclidean setting can be extended to the 3-Spider. The 3-Spider,
denoted by SP3, a non-Euclidean space, consists of three semi-infinite line
segments which meet at a point; see Section As we shall see, empir-
ical likelihood applied to the 3-Spider exhibits some interesting and non-
standard features. Thus, Wilks’ theorem for empirical likelihood defined on
the 3-Spider needs more consideration to understand those non-standard
teatures. Wilks’ theorem for empirical likelihood is an important imple-
ment to construct confidence regions. The 3-Spider is useful as a model for
a certain type of phylogenetic tree data, as will be explained later.

The sections are organised as follows. How to define the empirical likeli-
hood on the 3-Spider is considered first in Section in which the folding
map introduced by |Hotz et al| (2013) is applied to realise the connection
between empirical likelihood on the 3-Spider and empirical likelihood on
Euclidean space. Wilks” theorem for empirical likelihood on the 3-Spider is
given in Section as a main part of this chapter. As we shall see, empiri-
cal likelihood behaves in a non-standard way when the population Fréchet
mean lies on the cone point, the point where the three lines meet. Then, the
proof of Wilks” theorem on the 3-Spider is provided in Section making
use of some technical lemmas in Section In Section we give the

130



5.2 EMPIRICAL LIKELITHOOD ON THE 3-SPIDER

algorithm for calculating the empirical likelihood ratio against the mean pa-
rameter. Section [5.7| presents three cases simulation of empirical likelihood
ratio against the mean parameter, based on locations of the Fréchet mean.
The numerical work for constructing the confidence regions is presented in
Section[5.8] where the dataset used in Section|[5.6]to construct the confidence
region is the phylogenetic tree dataset used in the work by Nye| (2011). The
operating characteristics of hypothesis testing are presented in Section
including investigating the probability of type I error and type II error by

tabular quantiles and bootstrap calibration quantiles.

5.2 EMPIRICAL LIKELIHOOD ON THE 3-SPIDER

As is shown in previous chapters, we first consider how to define empirical

likelihood in SP3. Recall
SP3 =LoU (U_L;)

where L; = R>o, L =R~o,i=1,2,3, and Ly = {0}, the cone point.
For a random sample 41,42, - - , g, on SP3 with common distribution P,

we define

n

P(A) =) pidg,(A), (52.1)
i=1

where A is an arbitrary Borel-measurable subset in SP3, p; > 0 with

,pi=1 and

1, if qi € A;
5%(A) =

0, otherwise.
Now, we define empirical likelihood on SPs.

Let b be the Fréchet mean parameter, which can be either off the cone
point or on the cone point. The empirical likelihood ratio is a function of b.
Let dg(-,-) denote the Euclidean distance, dsp, (-, -) denote the distance on
SPs.
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5.2 EMPIRICAL LIKELITHOOD ON THE 3-SPIDER

Example 5.2.1 Suppose q1 € L and g, € LS. For a chosen folding map Fj,

= dp(Feqr, Fegz), k=1,2;

# dp(Feq1, Frq2), k= 3.

dsp,(q91,92)

That is, in order to calculate dsp,(-,-) by dg (-, -), the folding map needs to be well

chosen. However, if by is the cone point, then

dsp,(bo, q) = de(Fcbo, Freq) = de(0, Feq),

fork=1,2,3.

5.2.1 Empirical Likelihood Ratio when b is off the Cone Point

Let g = (q0,k) € SP3 with index k € {1,2,3}. Then, for j € {1,2,3}, we
recall the folding map F; : SP3 — R is defined as
q0 ifk= j,
Fq = (5.2.2)
—qo ifk#j.
In particular, let by denote the cone point. Then, for folding maps F, k =
1,2,3, we have F.by = 0.
Let q]ﬁ{;;x = maxigi<n Figi, j = 1,2,3. If b is off the cone point, then

be U {LIN(o, Ge) ),

determines a set {p;}!' ;, such that } ' ;p; = land 0 < p; < 1, i =
1,2,--- ,n.

Assume b € L]7L, j € {1,2,3}. There correspondingly exists a set of {p;}" ;
for the images of 41,42, - - -, 4» through the folding map F; such that

n
Y piFiqi = Fb,
i=1
i pl — 1’ (5‘2"3)
i=1

ngigllizllzl'../n‘
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5.2 EMPIRICAL LIKELITHOOD ON THE 3-SPIDER

Example 5.2.2 Assume b € L. We suppose there exists a set of {p;}I_, such

that
n
Y pifigi = Fib,
i=1
n
Y pi=1,
i=1

ngigllizllzl‘../n'

If we use F,, all the sample on Ly and L3 are mapped to R<o, while the sample on

L, are mapped to R>o. Then, for the same set {p;}"_,,
n
Y pibagi # Fab.
i=1

except possibly in exceptional circumstances.

Hence, the empirical likelihood ratio is defined as:
n n n
R(b) = max {ani|pz- >0, pi=1Y piFiqi=Fb,forbe L;}.
Cor =1 i=1 i=1
(5.2.4)

Then, defining R(b) in SP3 is equivalent to defining R(F;b) in R.

5.2.2  Empirical Likelihood Ratio when b is on the Cone Point

We now introduce the following lemma containing a necessary and suffi-
cient condition for the Fréchet mean to be on the cone point, which is useful

for calculating empirical likelihood at the cone point.

Lemma 5.2.1 (Fréchet Mean on the Cone Point) Let let q be a random vari-

able on S'P3 with distribution P. The Fréchet mean is on the cone point if and only
if
FrqdP(q) <0, 2.
sp, TK19P(4) (5.2.5)

for all k = 1,2,3, where the folding map Fy is defined as in Definition
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5.2 EMPIRICAL LIKELITHOOD ON THE 3-SPIDER

PROOF.  Let by denote the cone point of SP3. Suppose that the Fréchet

mean of P is at the cone point, i.e.

by = argmin d b,q)dP(q).
begSP3 5P 3733( q7)dP(q)

Then, for any arbitrary point b; € SP3 and by # by,

/ d%p. (bo, 7)AP(q / . (b1, q)dP(q). (5.2.6)

For folding maps Fy, k = 1,2,3, Ftbp = 0. We use folding maps Fy, k =
1,2, 3, to rewrite (5.2.6).

1. If by € L;r, j € {1,2,3}, then we recall Example |5.2.1/and rewrite the

inequality (5.2.6) as
d%(F:bo, F:q)dP _—/ d%(0, Fiq)dP
/ 3 E( Y0 ]5I) (‘7) Py E( JQ) (Q)

< d%(F;by, F.q)dP(q).
o, @R (Eb1, )P (a)

2. If by ¢ L;r, say by € L, 1 € {1,2,3}/{j}, then we recall Example [5.2.1

again and rewrite the inequality (5.2.6) as

4 (Fbo Fiq)dP(g) = [ d3(Fbo, Fig)dP

/S% e(Fibo Fa)dP(q) = [ dp(Fibo, Fig)dP(q)
= | d3(0,Fq)dP

[, @0, Fig)aP(q)
< d%(Fby, Eiq)dP(q).
|, @(Fib1, Fig)aP(q)

That is, for k = 1,2,3and by € L,

/S . 440, Fa)dP(q / 2 (Euby, Feg)dP(q). (5.2.7)

Then, we calculate the square d% (-, -), rearrange the inequality (5.2.7) and

have

2Fiby [ FadP(q) - (Fbi)* <0. (5.2.8)
SPs3

Now, since Fb; > 0, we rewrite (5.2.8)) as

F.b
Rbi( [ Ra-"51ap() <o (5.2.9)
2
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5.2 EMPIRICAL LIKELITHOOD ON THE 3-SPIDER

Let by approach the cone point. Inequality (5.2.9) gives

FgdP(q) < 0.
sp, Tk (9)

U
Now, consider the Stieltjes integral under step functions; see Section [2.8.2]

Since the empirical distribution function is a step function, we apply the

distribution in (5.2.1)) to (5.2.6) and define the empirical likelihood ratio for

b on the cone point:
n n n
R(b) = max {ani|pi >0, Zpi = 1,Zpi1:jq,- <0,j= 1,2,3}.
Pl %5 i=1 i=1
(5.2.10)
Now, we consider how to evaluate R(b) when b is on the cone point.

There are two possible ways to evaluate R (b) at the cone point:
1. There exists j € {1,2,3}, such that }' | p;Fq; = 0, Xi'y piFkqi < O,
k #j.
2. Fork=1,2,3,Y" ; piFg; <O.

Now, we recall two definitions: the first population moment and the first

sample moment after applying the folding maps F, k =1,2,3,.

mp = F.q)dP(q),

£ = [ ()P()
1N (5.2.11)

i, =— Y Fq;.

My N 1:21 k4qi

Then, we introduce an important lemma as follows, considering possibil-

ities 1 and 2 above when R (b) is evaluated at the cone point.

Lemma 5.2.2 Rewrite as:

n
| = max Zlog np;
i=1
n
subject to Y piFq; <0, k=1,2,3,
i— (5.2.12)

n
Yori=1,
i=1
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Rewrite
s Lloa A
1y = 5(5]' -Y.5), (5.2.13)
where S; = Z Fig;.
iiqiEL]'
Case 1. Suppose there exists j € {1,2,3}, such that 1ir; > 0 and 1y < O, for k # j.
Solving under the folding map F;, i.e.

n

li(s) = max ) _log Np;,

i=1

where j and s are specified by the constraints:

Z pikiqi = s, (5.2.14)
i=1

n

Y opi=1,

i=1

pi?ol izl,"',i’l,

for s = 0 gives the solution to (5.2.10), i.e. I = I;(0).
Case 2. If iy < 0 for k = 1,2, 3, the solution to is

pr=-=pn=_

ie. ]l =0.

PROOEF.

Case 1. Here we assume that there exists j € {1,2,3}, such that M = 0 and
iy < 0, for k # j. First, we know the sample mean of Fiqy, - - -, Fiqn is
non-negative. Now consider two intermediate optimization problems:

n
lj = max Z log np;,
i=1

n
subject to Y piFjg; <0,
i=1 (5.2.15)

n
Yori=1,
i=1
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5.2 EMPIRICAL LIKELITHOOD ON THE 3-SPIDER

and

I¥ = max

: lognp;,

n
=1

1=

n
subject to Y piFjg; =0
i=1

n
Y piFqi <0, k#j (5.2.16)
=1

Z
Y pi=1,
i=1

Now, we use these new intermediate problems (5.2.15) and (5.2.16) to
prove Case 1 of the lemma, following Step 1 and Step 2 below.

Step 1. Use [; to prove I < [;(0). Firstly, the fact that the constraint of

(5.2.12) is more restrictive than that of (5.2.15) implies

1<,

Secondly, Theorem implies that /;(s) is concave with respect

to s. Then, m]- > 0 implies that

argmax;(s) > 0.
s€R

Therefore,
max li(s) = 1;(0).

It follows that

and then

Step 2. Use I} in (5.2.15) to prove | > [;(0). Firstly, since the constraint of
(5.2.16)) is more restrictive than that of (5.2.12)), we have

l]- <L
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Although the constraint of looks more restrictive than that
of at s = 0, they are essentially the same under any non-
negative set of {p;} ,, such that }' ; p; = 1. To see this, we
define
Sp) =} pifiqi 20, k=123
i:q;€Ly
Without losing generality, we let j = 1. Then, as the constraint of

(5.2.16) shows,
n
Y pifagi = S1(p) — S2(p) — Sa(p) = 0.
i=1
Under the same {p;}"_,, changing the folding map to, say F,, will

give us

n

2 piF2qi = Sa2(p) — S1(p) — Sa(p) = —2S3(p) < 0.

That is to say, for k =1,2,3,
n
2 PiFkLIi < 0.
i=1
Thus, the inequalities in the constraints of are redundant.

It follows that the optimization problem (5.2.14) at s = 0 and
1} are equivalent, i.e. l]-(O) = l]?". Then, we have

1> 1;(0).
Finally, we have
I =1;(0).

Case 2. 11 < 0for k = 1,2,3. Thus, we know the sample means of Fq1, - - - , Fiqn
are all negative, for k = 1,2, 3. Now, consider
n
lo = max ) _lognp;
i=1

n
subject to ) p; =1, (5.2.17)
i=1
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The constraints of are more strict than the constraint of (5.2.17).

Hence, we have [ < [.

The Lagrange Multiplier method gives the solution, fori =1,2,--- ,n,
1
pi = o (5.2.18)

The solution (5.2.18) is also a solution to (5.2.12), since the solution fits

the constraint
n
piqul‘ < 0.
i=1
Under this solution,
n
Y lognp; =0,
i=1
which is the maximum that [y can reach. Now, the solution (5.2.18)

also makes [ reach the maximum 0. Hence, fori =1,2,---,n,

1
Pi:E

7

gives the solution to (5.2.12), i.e. [ = 0.

5.3 WILKS THEOREM ON 3-SPIDER

Consider a random sample 41,42, - - - , g, on SP3 with common population

distribution Py and finite variance. Let b, b, be the Fréchet mean and the

sample Fréchet mean on SP3 respectively, where

b = argmin dsp,(b,q)*dPo(q).
besSP; J/SP3

Correspondingly, the sample Fréchet mean is given by

n
by = argmin ) dsp, (b, q:)>%.
beSP3 i=1
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5.3 WILKS' THEOREM ON 3-SPIDER

Let my, 11, j = 1,2,3, be defined as in Definition Now, define Wilks’
statistic in SP3 as —2log R(b), where R(b) is defined as in Section
and Section according to the location of b in SP3. Now, we give Wilks’

Theorem on SP3.
Theorem 5.1 (Wilks” Theorem on 3-Spider) Assume nondegeneracy
Py(L) € (0,1), k=1,2,3. (5.3.1)

1. Sticky Case: Suppose my < 0 forall k € {1,2,3}. There exists a random in-
teger No(w) with probability 1, such that for alln > No(w), —2log R(b) =
0.

2. Non-Sticky Case: Suppose m; > 0, for some j € {1,2,3}. Then,
—21og R(B) 2 x3,
as n — oo.

3. Partially-Sticky Case: Suppose my = 0, for some j € {1,2,3} and write
W(b) = —2log R(D). Then,

(e}

w <0,

Pr [W(b) < w] — F(w) = w =0, (5.3-2)

NI—

\% + %Fv(ZU) w >0,

as n — oo, and where V ~ x3, and Fy(-) denotes the cumulative distribu-
tion function of V. In (5.3.2), pointwise convergence occurs at all points of

continuity of F, i.e. at all points except w = 0.

In the non-sticky case, Wilks” theorem for empirical likelihood takes a
familiar form to that in Euclidean space. However, since the cone point is
the singularity point in SP3, Lemma explains the behaviour of Wilks’
statistic under the sticky case and the partially-sticky case. It is noted that
Theorem [5.1/ can be used to construct the confidence regions for the Fréchet

mean by the empirical likelihood method.
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5.4 TWO USEFUL LEMMAS

The lemmas shown below will be used in the proof of Theorem

Lemma 5.4.1 Assume the non-degeneracy (5.3.1). If there exists j € {1,2,3},
such that the first moment mj = 0, then my <0, k # j.

PROOF.  Define §; = || r, FkaPo(q), k = 1,2,3. Non-degeneracy implies
that S, > 0,k =1,2,3. Then,

0=m; = F.qdP,
m; 5P, i 0(q)

Z/Lj FiqdPo(q) — Z/

FiqdPy(q)
ket o b
=5~ Y Sk

k#j
Hence,
Sk :Sj— Z Sy,
h#jk
<S]+ Z Sh-
hjk

It follows that

m#k

for any k # j. O
Note that Lemma is the population version of the proof in Step 2 of

Case 1 in Lemma
Lemma 5.4.2 Assume the square integrability
Feq)*dPo(q) < oo.
o, (B 2Po(0)

where k = 1,2,3. Let my, . be defined as in . Ifmj <0, for j € {1,2,3},
then

Pr(itj > O happens finitely often) = 1.
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PROOF. By the strong LLN:

lim w; = m;
N—oo ] r

for j € {1,2,3}, holds almost surely.

That is, there exists a null set
A = {w € QJrj(w) > 0 happens infinitely often},

such that P(A) = 0.
Forany w ¢ A,

1\1[1_r>r(1>o fij(w) = mj(w) <0,

i.e.

Pr(rij > 0 happens finitely often) = 1.

5.5 PROOF OF THEOREM 5.1

Now, with lemmas provided in Section we give the proof of Theorem
as follow:

PROOF OF THEOREM 5.1 :  According to the statement in Theorem

we prove the theorem under three different cases: sticky case, non-sticky

case and partially sticky case. Let W(b) = —2logR(b). Thus, W(b) is

Wilks” statistic at the Fréchet mean.

Case 1. Sticky Case. Definition shows that m; < 0, k = 1,2,3. Theorem
implies that the population Fréchet mean is on the cone point.

Lemma [5.4.2| points out that 1i; % m;. The almost surely convergence

implies that there exists a null set A, such that P(A) = 0, and for any

w & A, there are only finite times when iy, > 0, k = 1,2, 3. Now, set

Ni(w) = sup{n € Ny > 0},
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Case 2.

Case 3.

5.5 PROOF OF THEOREM 5.1

i.e. the last time when the event {7y > 0} happens, k =1, 2, 3.

Then, let

No(w) = Ni(w).
o(w) hax k(w)

For n > Np(w), . < 0, k = 1,2,3, and Lemma implies that
W(b)(w) = W(b,)(w) = 0, where b and by, are both on the cone point.

Non-Sticky Case. From Definition we know m; > 0 for some
j € {1,2,3}. Theorem [2.3| implies that the population Fréchet mean

be L;’. Thus, we use (5.2.4) to evaluate W (D).

Under the folding map F, Fiq1,Fiq2,-- - , Fiqn are iid. random vari-

ables with the common finite mean and finite variance.

Since m; = Fib > 0,
W(b) = —2log R(m;),
where —2log R (m;) is Wilks’ statistic in Theorem Hence,
W) 5 i,
as n — co.
Partially-Sticky Case. If m; = 0 for some j € {1,2,3}, then
mj = /S p. FiqdPy(q) =0,

and Lemma implies that my < 0 for k # j. Theorem 2.3 implies

that b is at the cone point.

Let S; be defined as in Lemma Without lossing generality, we
assume j = 1. Thus, S; = Sy + S3, which means the weight on L; is
equal to the weight on other two legs together. Hence, according to

the law of large number, m; < 0, for k # j, implies that
Pr(my > 0,k # j, happens finitely often) = 1.

For mj = 0, we consider two cases:
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1. Pr(m; < 0) — 3, as n — oo.

Under the condition that iy < 0, k = 1,2,3, Both the sample
Fréchet mean and the population Fréchet mean are on the cone

point. Then, Case 2 of Lemma implies that
- 1
Pr(W(b) =0) = Pr({m < 0,k=1,2,3}) — >

as n — oQ.

2. Pr(; > 0) — 3, asn — co.

Recalling §k, k=1,2,3, as in 1' we know, under the condi-
tion that 1i1; > 0, iy < 0, k # j, Case 1 of Lemma implies

that W(b) is evaluated under the folding map F;.

The partially-sticky case mj = 0 implies that qul, e ,qun has
common mean 0. With common finite variance ¢?, CLT implies

that

{m; > 0} 2N,

Vi

(o

where N is the half-normal distribution derived from N(0,c?).

It follows that

nm]z 5
o2 — X1
as n — oo.
Now, write
0, 7’71] <0,

W(b), ;> 0.

The proof of Theorem implies that nnﬁjz. /02 is the leading term
of W, and thus

W(b) = X1/

as n — Q.
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56 ALGORITHM: EMPIRICAL LIKELIHOOD RATIO ON 3-SPIDER

Let V be a Chi-square random variable with one degree of freedom.

Let Fy(-) be its cumulative distribution function. Then,

(

0 w <0,
Pr [W(b) < w| — F(w) = ! w =0,
T+1lR(w) w>0,

\
as n — oo, where pointwise convergence occurs at all points of conti-

nuity of F, i.e. at all points except w = 0.

56 ALGORITHM: EMPIRICAL LIKELTHOOD RATIO ON 3-SPIDER

Following Section and Section we propose an algorithm for eval-
uating the empirical likelihood ratio on SP3 as follows. Suppose we are

given a sample in SP3, 2" = {q1,92, - ,qGn}-

Algorithm 4 Empirical Likelihood Ratio Calculation on 3-Spider

Step 1. For the sample Fréchet mean parameter b € SP3, if b & Ly, go to Step
2;if b € Ly, go to Step 3.

Step 2. Suppose b € L;“, j € {1,2,3}. Solving (5.2.4) with this choice of j gives

the empirical likelihood ratio.
Step 3. Suppose b € Ly, i.e. the cone point. Consider the sample first moments
my, fork =1,2,3:
1. Suppose 1y, < 0, for k = 1,2,3. Then, R(b) = 1.

2. Suppose there exists j such that 771; > 0 and 1y, < 0, for k # j.
R (b) is evaluated by R(0) under the folding map F;.

Following Algorithm [g) we shall in the next two sections conduct experi-

ments:
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5.7 SIMULATION

1. Evaluating the empirical likelihood ratios R(b) for the Fréchet mean

parameter b, to study how to construct confidence regions.

2. Using bootstrap calibration to evaluate the contour of the confidence
region for the Fréchet mean, and to investigate operating characteris-
tics in hypothesis testing, including the probability of type I error and
the probability of type II error. Comparing these probabilities with the

ones calculated by checking chi-squared table, as was done in Section

4.3l

5.7 SIMULATION

Now, we use Algorithm |4.5/in three simulation cases, fully-sticky, partially-
sticky and non-sticky, to calculate empirical likelihood ratio against the

mean parameter on each leg.

5.7.1 Non-Sticky Case

In this simulation, the distribution has such settings:
1. Leg 1, 2 and 3 respectively have proportions 1/2,1/3, and 1/6.

2. From Leg 1 to 3, the distribution is set to be exponential with parame-

ter 1, 2, and 1 respectively.
3. The population Fréchet mean is 1/6 on Leg 1.

The graph of empirical likelihood ratio against the mean parameter on each

leg is shown in Figure The sample Fréchet mean is 0.142.
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Figure 5.7.22: Empirical Likelihood Ratio against Fréchet Mean Parameter
on SP3 (Non-Sticky).

5.7.2  Partially-Sticky Case

In this simulation, the distribution has such settings:

1. Leg 1, 2 and 3 respectively have proportions 1/2,1/4, and 1/4.
2. From Leg 1 to 3, the distribution is set to be exponential with parame-
ter 1, 1, and 1 respectively.
3. The population Fréchet mean is on the cone point.
The graph of empirical likelihood ratio against the mean parameter on each

leg is shown in Figure and Figure As is expected from Theorem
the sample Fréchet mean is either on the cone point or strictly on a
certain leg.
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Figure 5.7.23: Empirical Likelihood Ratio against Fréchet Mean Parameter

on SP3 (Partially-Sticky). The sample Fréchet mean is on the
cone point.
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Figure 5.7.24: Empirical Likelihood Ratio against Fréchet Mean Parameter

on SPj3 (Partially-Sticky). The sample Fréchet mean is away
the cone point.
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5.7.3 Fully-Sticky Case

In this simulation, the distribution has such settings:

1. Leg 1, 2 and 3 respectively have proportions 1/3,1/3, and 1/3.
2. From Leg 1 to 3, the distribution is set to be exponential with parame-
ter 1, 1, and 1 respectively.

3. The population Fréchet mean is on the cone point.

The graph of empirical likelihood ratio against the mean parameter on each

leg is shown in Figure The sample Fréchet mean is on the cone point.

logEL on Leg 1

logEL on Leg 2

logEL onLeg 3

—— SamgleMaan
Pean

-40
o
5092
!

o
40
of

40

60
o)

60

T
A0

T

-1an

e
in
‘ P
10t

-1an

Figure 5.7.25: Empirical Likelihood Ratio against Fréchet Mean Parameter
on SP3 (Fully-Sticky).

5.8 PHYLOGENETIC TREE DATA IN 3-SPIDER

First, we evaluate the empirical likelihood ratio for the Fréchet mean param-

eter on SP3. Instead of simulated data, we use a real dataset, the metazoan
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data in Nye (2011, which includes 106 gene trees from 21 metazoan species.

We first connect the phylogenetic tree data with the points on SP3.

5.8.1 Phylogenetic Tree Data on 3-Spider

As is shown in Subfigure (a) of Figure the phylogenetic tree dataset
is composed of the lengths of internal edges and external edges. Consider
those three types of phylogenetic tree datasets in Figure If the internal
edge a shrinks to 0, then we have a new phylogenetic tree data, as is shown
in Subfigure (b) of Figure Then, extending the internal edge 4’ from 0,
we have another new phylogenetic tree data, as is in Subfigure (c) of Figure
R-7-5

Only considering the internal edges, those three types of phylogenetic
tree data can be allocated to the corresponding locations on SP3: moving
a point from L} to L;F, i # j. It involves the same idea of transforming
Subfigure (a) to Subfigure (c) in Figure Shrinking an internal edge to
zero can be regarded as moving a point to the cone point. Extending the
interior edge gradually from o in another internal edge involves the same
idea of moving the point from the cone point to another leg.

Nye| (2011) used metazoan data for a principal component analysis. We
observe the structure of each tree dataset, and finally find most of the tree
datasets (99 out of 106) have a common feature that “Calb", “Scas" and
“Sklu" stick together. Thus, ignoring tree datasets without that feature, and
treating the tree data with such a feature as the source in Figure we
allocate these 99 tree data onto SP3. Now we apply Algorithm [4} and plot

the log-empirical likelihood against the Fréchet mean parameter as follows.
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Calb Sklu Scas Calb Scas Sklu Scas Sklu Calb
Figure 5.8.26: Only considering tree data with sub-structure above, 99 out of
106 metazoan dataset are divided into 3 clusters and allocated

onto SP3 according to their internal edges.
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Figure 5.8.27: Empirical Likelihood Ratio against Fréchet Mean Parameter

on SP3 (Metazoan). Quantiles are from chi-squared Table.
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Figure 5.8.28: Empirical Likelihood Ratio against Fréchet Mean Parameter

on SP3 (Metazoan). Quantiles are from bootstrap calibration.

It should be noted that in Figure and Figure the phylogenetic

tree data with structures shown in Figure (from left to right in order)
are assigned to Leg 1,2, 3 respectively. In Figure |5.8.27]and |5.8.28| we either

choose quantiles from chi-squared table or calculate bootstrap calibration
quantiles, and then calculate the corresponding log-empirical likelihood ra-
tios log R(b), shown by horizontal lines with different colours. We will
introduce algorithms for calculating bootstrap calibration quantiles in Sec-
tion and then show the quantiles and their corresponding confidence

regions, as a comparison with tabular quantiles and corresponding regions.

5.8.2 Confidence Region Construction

An important application of Wilks” theorem for empirical likelihood is cal-

culating the confidence region for a chosen confidence level. In the 3-Spider,

Theorem [5.1]is used for confidence region construction. Now, we take the

case in Figure[5.8.27 and [5.8.28| as examples, and first explain the following
lines with colours:
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5.8 PHYLOGENETIC TREE DATA IN 3-SPIDER

1. Red Line: the corresponding log R (b) of 0.9 quantile;
2. Blue Line: the corresponding log R(b) of 0.95 quantile;
3. Green Line: the corresponding log R (b) of 0.99 quantile;

4. Purple Line: logR(b) at the cone point under the folding map Fj,
written as [(«q), with the corresponding confidence level a1, where

a1 = 0.99998;

5. Brown Line: log R (b) at the cone point under the folding map F, writ-
ten as I(ay), with the corresponding confidence level aq > ap, where

oy = 1;

6. Orange Line: logR(b) at the cone point under the folding map F;,
written as I(«3), with the corresponding confidence level a, > ag,

where a3 ~ 1.

The intersect points outline the confidence regions. However, the cone
point in SP3 is a singularity point. Confidence regions may be constructed
in a non-standard way. Now, we construct confidences regions as follows.

In this thesis, we are guided by empirical likelihood. The definition of
empirical likelihood at the cone point makes the discontinuity on some legs

at the cone point. Therefore, some confidence regions are non-standard.

For example, in Figure [5.8.27/and [5.8.28| from the purple line and the brown

line, one confidence region point will always stay at the cone point, but the
confidence level increases from aq to a». Then, from the brown line to the

orange line, the confidence region comprises of two intervals, one on L; and

the other one on Ly, as is shown in Figure [5.8.27/and [5.8.28| Note that a1, a»

and aj are too close to each of other two, so another case for the confidence
region construction needs investigating to observe these three confidence
levels.

Now, given a, we construct confidence regions (labelled with green colour)

in a non-sticky case as Figure
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5.8 PHYLOGENETIC TREE DATA IN 3-SPIDER

1. 0 < a < «a;. The confidence regions are constructed in the standard

way, as in Subfigure (a).

2. &1 < & < ap. One confidence region point stays at the cone point, but

the other point is increasing as « increases, as is shown in Subfigure

(b).

3. ap < a < a3. The confidence region now consists of two parts: one

segment in L; and the other segment in L, as Subfigure (c) presents.

4. a3 < a < 1.The confidence region is made up of three parts, with

respectively one interval on each leg; see Subfigure (d).

() (d)

Figure 5.8.29: Confidence Regions Construction for the Fréchet mean on

SP3 in a non-sticky case.

Remark: as is shown in Figure at different levels of confidence, the
confidence region for the Fréchet mean has 4 different forms. For example,
as is shown in Figure let the tree data with these three structures
(from left to right) respectively be assigned to Ly, L, and L3. If we regard

these three structures as three categorization for species shown in Figure
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5.8 PHYLOGENETIC TREE DATA IN 3-SPIDER

the confidence region will provide a straightforward outcome about
which categorization for species is acceptable at a certain confidence level.
It would be interesting to discuss these results with a biologist.

As for the sticky case, the definition of empirical likelihood at the cone
point makes the discontinuity for the cone point to all legs. Now in order to
investigate the confidence region construction in sticky case, the Metazoan
sample is switched to a fully-sticky case. Here for Metazoan phylogenetic
tree data in SP3, we shrink the sample on L; so that the sample Fréchet
mean is strictly on the cone point. Note that shrinking means the sample
on Leg 1 are divided by 4, so that we get a fully-sticky case. As is shown
in Figure the log-empirical likelihood is not continuous at the cone

point on each leg.
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Figure 5.8.30: Empirical Likelihood Ratio against Fréchet Mean Parameter

on SP3, with Metazoan Data shrunk in L;.

In order to calculate the confidence regions, now we explain the following

lines with colours in Figure

1. Red Line: log R(b) at the cone point, written as /(0).
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2. Purple Line: log R(b) at the cone point under the folding map F,
written as I(«1), with the corresponding confidence level a1, where

x1 = 0.514;

3. Brown Line: log R (b) at the cone point under the folding map F,, writ-
ten as I(ay), with the corresponding confidence level a; > ay, where

xy = 0.671;

4. Orange Line: log R(b) at the cone point under the folding map F;,
written as [(x3), with the corresponding confidence level ay; > a3,

where a3 = 0.988.

Now, given a, we construct confidence regions (labelled with green colour)

in a sticky case as Figure

1. 0 < a < a1. The corresponding confidence regions are constructed

within the cone point, i.e. Ly, as Subfigure (a).

2. a1 < & < ap. One confidence region point stays at the cone point, but

the other point is increasing as & increases, as is shown in Subfigure

(b).

3. #p < & < a3. The confidence region now consists of two parts: one

segment in L1 and the other segment in Ly, as Subfigure (c) presents.

4. a3 < a < 1.The confidence region is made up of three parts, with

respectively one interval on each leg; see Subfigure (d).
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() (d)

Figure 5.8.31: Confidence Regions Construction for the Fréchet mean on

SP3 in a sticky case.

Now, we list the steps to build the confidence region C,, for a given a:

Step 1. Use the confidence level « to find the corresponding quantile, either

bootstrap calibration or chi-squared table.

Step 2. Calculate the corresponding log-empirical likelihood ratio.

Step 3. As in the horizontal lines in Figure and calculate the

confidence region C, in SPs.

We have investigated the confidence region construction with the confi-

dence level given. On the other hand, if the confidence region C, is given,

we can also calculate the corresponding confidence level a by reversing the

steps above:

Step 1. For a specific confidence region C,, calculate the log-empirical likeli-

hood ratio of confidence region contour points.

Step 2. Evaluate the Wilks’ statistic for empirical likelihood.
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Step 3. Find the confidence level a either by chi-squared table or bootstrap

calibration.

5.9 NUMERICAL REALIZATION

As is discussed in Section probabilities of type I error and type II error
are calculated by Monte-Carlo and bootstrap calibration, given the nominal
Type I error . Now, we conduct analogous experiments on SP3. Here, we

consider the example that

Ho:b=Foe L.

5.9.1 Probability of Type I Error

First, we give the algorithm to calculate the probability of type I error by
checking chi-squared table and bootstrap calibration. Suppose the hypothe-

sis test is:
H()ZE:E()ELT, ’U.S.Hlig%l;g.

Suppose the sample in this hypothesis testing is 2", sampled under hypoth-

esis Hy.
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Algorithm 5 Hypothesis Testing under Hy (3-Spider)

1. Use Algorithm [g]to calculate —21log R (Bp).

2. [Tabular Method] For a confidence level 1 — «, find the tabular quantile

X%,l— . If —2log R(bo) < X%,l— . accept Hy; otherwise, reject Hy.

3. Generate bootstrap resamples 2" of size N sampled randomly with
replacement from the sample 2". Within each resample 27", evalu-
ate —2log R(b,), where by denotes the sample Fréchet mean of 2,
written as W, 1 <t < B.

4. [Bootstrap Calibration Method] Order W/,1 < t < B, as W[*l] <o K
Wi Find W, _ ), the bootstrap quantile. Then, if —2log R(D) <

ng(l_a”, accept Hp; otherwise, reject Hy.

Now, we use Algorithm [5to calculate the probability of type I error. First,
we set up a Monte Carlo loop to repeat the steps above for M times. If the
null hypothesis is accepted A times in Step [2} the tabular probability of type
I erroris 1 — A/M. If the null hypothesis is accepted A’ times in Step |4 the
bootstrap calibration probability of type I error is 1 — A’/ M.
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Now, we conduct Monte-Carlo experiments for probability of type I error,
following Algorithm 2| The sample is generated with Fréchet mean 9/4 on
L{. In each experiment, the number of Monte-Carlo runs is 500. For each
Monte-Carlo run, bootstrap calibration is done for 500 times. Within each
hypothesis testing, the nominal probability of type I error is given a = 0.05.
For each experiment, the sample size ranges respectively at 10, 20, 50, and
200. Table [22[and Figure presents the result of tabular probability of
type I error and bootstrap calibration probability of type I error.

Sample Size Tabular « B.C. a
10 0.1530 (0.1138) 0.0695 (0.0804)
20 0.1005 (0.0672) 0.0690 (0.0567)
50 0.0595 (0.0335) 0.0545 (0.0321)
200 0.0670 (0.0177) 0.0630 (0.0172)

Table 22: Probability of type I error under the hypothesis test Hy : b =
9/4 wv.s. Hj:b # 9/4 under different sample sizes. The stan-

dard errors of probabilities of type I error are given in brackets.
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Figure 5.9.32: Tabular probability of type I error and bootstrap calibration
probability of type I error of the test under different sample

sizes.

Observing Table 22 and Figure we make the following comments:

1. The outcome suggests that at small sample sizes, i.e. less than 50, the
probability of type I error evaluated by the tabular quantile is much
larger than the nominal probability of type I error 0.05, while the prob-
ability of type I error calculated by the bootstrap calibration quantile is
slightly larger than 0.05. As is the comment in Section bootstrap
calibration probability of type I error is preferable.

2. When the sample size is larger than 50, the probabilities of type I error
calculated both by the tabular quantile and the bootstrap calibration
quantile are close to each other, although from Figure the prob-
ability of type I error evaluated by the tabular quantile is still slightly
larger than that by the bootstrap calibration quantile.

161



5.0 NUMERICAL REALIZATION

5.9.2  Probability of Type II Error

In order to calculate the power of the test, we set the test is:

HQIE:BQ.U.S.Hlil_J:El.

Note that the nominal probability of type I error is &, and we assume

by € L;r, j € {1,2,3}. Now, we list the algorithm to calculate the probability

of type Il error on SP3. Suppose the sample in hypothesis testing is % from

H.

Algorithm 6 Hypothesis Testing under H; (3-Spider)

1.

2.

Use Algorithm [4]to calculate —21log R (o).

[Tabular Method] For a confidence level 1 — «, find the tabular quantile
X%J_ .- Then, if —2log R(by) < X%,l— . accept Hy; otherwise, reject Hy.

. Use the folding map F; to map the sample ¢ from SP3 to R, labelled

as %;. Let each observation in %; be deducted by A = (Fjb; — F;bo), i.e.
v = - .

Generate bootstrap resamples @]* of size N sampled randomly with
replacement from the sample @j’ - Within each resample %, evaluate

—2log R(by), written as W;,1 < t < B.

[Bootstrap Calibration Method] Order Wf,1 <t < B, as W[*l] <o K
Wig)- Find Wi ), the bootstrap quantile. Then, if —2log R(po) <

W[%(l—tx)]’ accept Hy; otherwise, reject Hy.

In order to calculate the power of the test, we set up a Monte Carlo loop

to repeat the steps above for M times. If the null hypothesis is accepted

A times in Step [2 the tabular probability of type II error is A/M. If the
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null hypothesis is accepted A’ times in Step |4, the bootstrap calibration
probability of type II error is A’/ M. Then,

Power = 1 — Pr(Type II Error).

Within each experiment, the sample size ranges respectively at 10, 20, 50
and 200. Without loss of generality, we assume by is 9/4 on L{". In the

experiments, the alternative hypotheses are selected as follows:

1. by =13/4 € L7;
2. by =12/4 € Lf;
3. by =11/4c L;

4. by =10/4 € L].

Table [24] and Figure [5.9.33| show the probabilities of type II error by the

tabular quantile and bootstrap calibration quantile against each alternative

hypothesis under different sample sizes.

11 | |—=—Tabular Power 200
B.C. Power 200

0.8 | + | -= Tabular Power 50
B.C. Power 50

% 0.6 | |—= Tabular Power 20
% 04l | |-= B.C. Power 20

~ —=— Tabular Power 10
021 i B.C. Power 10

O [ |

1 2 3 4
Alternative Hypotheses H;

Figure 5.9.33: Tabular Powers and Bootstrap Calibration (B.C.) Powers of the
test against the alternative hypotheses under different sample

sizes.
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Sample Size by Tabular B.C. B
B 0.244 (0.030) 0.308 (0.033)
oo L2 0.478 (0.035) 0.496 (0.035)
4 0.702 (0.032) 0.952 (0.015)
14—0 0.892 (0.022) 1.000 (0.000)
14_3 0.742 (0.062) 0.984 (0.018)
12 0.808 (0.056) 0.998 (0.006)
0 4 0.848 (0.051) 1.000 (0.000)
14—0 0.914 (0.040) 1.000 (0.000)
14—3 0.828 (0.084) 1.000 (0.000)
i, 14—2 0.880 (0.073) 1.000 (0.000)
% 0.908 (0.065) 1.000 (0.000)
0 0.880 (0.073) 1.000 (0.000)
B 0.830 (0.119) 1.000 (0.000)
. 12 0.882 (0.102) 1.000 (0.000)
% 0.830 (0.119) 1.000 (0.000)
14—0 0.842 (0.115) 1.000 (0.000)

Table 24: Probability of type II error for the hypothesis test Hy : b =
by vs. Hp : b = by # by under different sample sizes. The
standard errors of probabilities of type II error are given in brack-

ets.

Observing the Figure [5.9.33 and Table we make the following com-

ment:

1. Table|5.9/and Figure already suggest for small sample sizes, such
as 10 and 20, the probability of type I error calculated by the tabular

quantile is too large. Then we know the probability of type II error

evaluated by the tabular quantile loses the accuracy.
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2. For large sample sizes, the outcome indicates that the power of the
test decreases when Hj is close to H, since the closer H; is to Hy, the

more likely it is for the type II error to happen.

3. The power line at sample size 200 and 50 shows that the power of the

test increases when the sample size increases.

5.9.3 Application in Phylogenetic Tree Data

Observing Figure|5.8.271and |5.8.28, we find the corresponding log-empirical

likelihood values of the lines for the same colour are close to each other.
Thus, confidence regions are also expected to be similar; see Table The

outcome in Section has shown the similar result for the sample size

over 50.
CR. ) _ _ )
B.C. Confidence Region | Tabular Confidence Region
C.L.
0.9 (0.0613,0.1376) (0.0590,0.1404)
0.95 (0.0544,0.1465) (0.0522,0.1498)
0.99 (0.0407,0.1668) (0.0387,0.1698)

Table 25: The confidence regions for the Fréchet mean, calculated by boot-
strap calibration quantiles and chi-squared tabular quantiles. C.L.:
Confidence Level. C.R.: Confidence Region. B.C.:Bootstrap Cali-

bration.

5.10 SUMMARY

In this chapter, Wilks” theorem is mainly adapted to the non-Euclidean
space, the 3-Spider. First, the log-empirical likelihood ratio function for the
Fréchet mean parameter on the 3-Spider is defined. In this step, the object

of the study is how to evaluate empirical likelihood for the Fréchet mean
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parameter on and off the cone point. The folding map that sends the ran-
dom variable on 3-Spider to Euclidean space is introduced simultaneously
to evaluate empirical likelihood.

Since the cone point in the 3-Spider is a singularity point, there are three
different cases, sticky case, non-sticky case and partially sticky case, for the
locations of Fréchet mean in the 3-Spider, according to Hotz et al. (2013).
Thus, the asymptotic distribution of Wilks’ statistic is investigated follow-
ing these three cases, i.e. Wilks” theorem for empirical likelihood on the
3-Spider.

Based on Wilks’ theorem on the 3-Spider, the algorithm of calculating
the log-empirical likelihood ratio is given. Then, the confidence region is
constructed. We also use a real dataset, the metazoan phylogenetic tree
datasets, to study how to construct the confidence region. Due to the fact
that the cone point is a singularity point, the confidence region on SPj3 is
built in a non-standard way. Operating characteristics in hypothesis testing
are also studied, including the probability of type I error and the probabil-
ity of type II error. We find that with sample size over 50, there is no much
difference for the outcome evaluated by bootstrap calibration quantiles and
chi-squared tabular quantiles; for sample sizes smaller than 50, bootstrap
calibration method is preferable. Other conclusions are similar to conclu-
sions in the study of operating characteristics in hypothesis testing in the

last chapter.
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CONCLUSION AND FURTHER WORK

The aim of this thesis is to explore theoretical and computational aspects of
empirical likelihood when applied to data from different types of spaces. A
key theoretical goal is to provide a version of Wilks” theorem which opens
the way to the application of methods of inference including the construc-
tion of confidence regions and hypothesis testing.

Wilks’ theorems in different spaces and the concavity of the log-empirical
likelihood in IR¥ are presented in Section Conclusions about using em-
pirical likelihood method for constructing confidence regions and operating
characteristics are given in Section In Section further research is dis-

cussed.

6.1 WILKS'  THEOREMS AND CONCAVITY OF IOg—EMPIRICAL LIKELIHOOD

IN RF

First, based on Wilks’ theorem by Owen| (2001)), we consider the idea of local
alternatives by Sugiural (1973) to obtain a more general version of Wilks’
theorem in R¥. Theorem states that Wilks’ statistic evaluated at local
alternatives has an asymptotic non-central chi-squared distribution with a
non-centrality parameter associated with local alternatives.

In order to adapt Wilks’ theorem to S?, we apply tangent spaces at cho-
sen points on S*! to build the connection between empirical likelihood on

S*1 and empirical likelihood on R¥. With a chosen rotation matrix (4.2.6),
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the random vector on S¥1 is transformed to a random vector in R¥~1, un-
der the assumption that the covariance matrix of the random vector has full
rank. Theorem also states that Wilks’ statistic for empirical likelihood
evaluated at local alternatives has an asymptotic non-central chi-squared
distribution with a non-centrality parameter associated with local alterna-
tives.

As for the 3-Spider, SP3, [Hotz et al| (2013) showed that there are three
different cases, sticky case, non-sticky case and partially-sticky case, for the
central limit theorem for the Fréchet mean of the 3-Spider. According to

this, Theorem [5.1] states that

1. In the sticky case, Wilks’ statistic for empirical likelihood evaluated at

population Fréchet mean converges almost surely to 0.

2. In the non-sticky case, Wilks” statistic for empirical likelihood evalu-
ated at population Fréchet mean has an asymptotic chi-squared distri-

bution.

3. In the partially-sticky case, Wilks” statistic for empirical likelihood
evaluated at population Fréchet mean has an asymptotic distribution

which is a mixture of the sticky case and the non-sticky case.

Owen (1990) mentioned the concavity property of the log-empirical like-
lihood for the mean parameter. Theorem [3.2| offers full detail of the proof,
and states that for random vectors Xy,--- , X, € R with covariance matrix
of full rank, if the mean parameter lies in the relative interior of the convex
hull of X3, - - - , X}, the log-empirical likelihood is a concave function of the

mean parameter.
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6.2 SIMULATION STUDY
6.2.1 Confidence Region Construction

One important application of Wilks’ theorem is to construct the confidence
regions for the mean. In Section |4.6/and Section confidence regions are
constructed respectively in $? and SP3. In Section we use the data of
the direction of magnetisation in 34 sites at the Great Whin Sill, collected by
Creer et al. (1959). In Figure we outline the construction of confidence
regions by the empirical likelihood method. Both chi-squared tabular quan-
tiles and bootstrap calibration quantiles are used in evaluating the contours
of the confidence regions. Compared with the confidence region estimated
by Kent (1982), the outcome suggests confidence regions by empirical likeli-
hood method are close to the result by Kent (1982). In Section we use the
metazoan phylogenetic tree data. As Figure and Figure show,
we calculate the confidence regions by the empirical likelihood method in a
non-standard way, since the cone point is the singularity point in SP3. In
the construction of the confidence regions, both chi-squared tabular quan-

tiles and bootstrap calibration quantiles are used for comparison.

6.2.2  Operating Characteristics

Another application is to investigate operating characteristics in hypothe-
sis testing, such as probabilities of type I and II errors by empirical likeli-
hood method, using chi-squared tabular quantiles and bootstrap calibration
quantiles. Experiments in calculating the probability of type I error are con-
ducted first both in Section [4.5| and Section and then experiments in
calculating the probability of type II error with several chosen alternative

hypotheses.
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As for the probability of type I error experiments in Section we find
that when sample size is smaller than 50, the probability of type I error
evaluated by tabular quantile is too large. However, we normally build
the hypothesis test carefully and wish the null hypothesis not to be rejected
easily. That means, for the nominal probability of type I error «, it is better if
the actual probability of type I error is not larger than a by too much. Even
though the probability of type I error by bootstrap calibration quantile at an
extreme case, sample size 10, is slightly above 0.02, it still looks much more
acceptable than that by chi-squared tabular quantiles. For large sample sizes
(= 50), there is no much difference between results by bootstrap calibration
quantiles and chi-squared tabular quantiles.

For the probability of type II error at small sample sizes, since the proba-
bility of type I error by tabular quantile is too large, that makes the power
of the hypothesis test less accurate. As for different choices of alternative
hypotheses, the powers of the tests decrease, when the alternative hypothe-
sis comes closer to the null hypothesis. The concentration parameter x also
influences the power. When x gets closer to 0, the distribution looks more
like an uniform distribution, which has the mean everywhere on the sphere,
the type II error is more likely to happen.

In Section [5.9, we only consider conducting experiments in the non-sticky
case, since we already know the behaviour of Wilks’ statistic in the sticky
case and the partially-sticky case is a boundary case. Observing the out-

come of those experiments, we draw similar conclusions to results in Section

4.5}
6.3 FURTHER RESEARCH

We consider several possible directions for the further study of the empirical
likelihood method. First, one direction is to use the intrinsic distance on

S*=1 in Chapter 4t Second, we can consider local alternatives in SP3. The

third direction is adapting Wilks’ theorem on SP3 to a more complicated
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space, say multi-dimensional open book and Qs; we refer to these spaces

later in

6.3.1 Intrinsic Distance on SK=1

In Chapter |4, we embed S*~! into RF first, and then use Euclidean coordi-
nates for all points on S¥~1, including local alternatives on S*~1.
Now, we can consider points on S¥~1 without Euclidean coordinates. Let

Xy, -+, X, € 81, and define local alternatives {#tn}n>1 as

= expy, (1),

where 7 is a constant vector, and let
Yi(p) = log, X;,

be the image of logﬂ-map, fori =1,2,---,n, where p is the intrinsic mean
parameter.

The proof of Theorem |4.1/ shows the key problem is how to build a con-
nection between Y;(po) and Y;(pn), fori = 1,--- ,n. However, in the proof of
Theorem the rotation matrix in Section solves the above problem.

Now, the question is how to find an approach to solve the above problem,

using the intrinsic distance.

6.3.2 Local Alternatives in SP3

Theorem [3.1)and Theorem |4.1|consider the asymptotic distribution of Wilks’
statistic evaluated at local alternatives. However, in Theorem local alter-
natives are not considered. For example, for the population Fréchet mean b
on the cone point, according to the idea of local alternatives in Section
it is possible that local alternatives {b;, },>1 are located off the cone point.
Thus, it needs more consideration about the asymptotic behaviour of Wilks’

statistic evaluated at local alternatives.
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6.3.3 Open Books and Qs

In this thesis, we only consider two non-Euclidean spaces, the sphere S*~!
and the 3-Spider SPs.
Open Books

As is shown by Hotz et al,| (2013), the 3-Spider is the simplest open book.
Figure |6.3.34] explains the concept of open books.

/LO Ly
Li| Ly | Ls

Figure 6.3.34: Open book of dimension 2 with 4 "pages", which intuitively
looks like an ordinary open book. Generally, the "pages"
would extend to infinity vertically, both up and down, also
away from the spine on each "page". Anologous to 3-Spider,
the spine refers to the cone point, and pages refer to legs in

SPs.

Now, for a general case, let S = R¥1. The closed half-space H+ =

R>o % S denotes the subspace of R¥ = R x S with boundary S.

Definition 6.3.1 (Open Books) The open book O consists of at least 3 pages L;,
forj=1,2,3,---, of dimension k and defined by

Let the spine Lg be identified with the hyperplane H = {0} x S. Thus, the open

book O is the disjoint union

O=LyUL] U---ULE,
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where Ly is the spine and L,j = L\ Lo is the interior of the page, j = 1,2,3,- - -.

Three cases about the location of Fréchet mean also work for open books,
if we only consider the first coordinate of random vectors to define the first
moment as Definition As for non-sticky case, we find Wilks” statis-
tic for empirical likelihood evaluated at the population Fréchet mean has
an asymptotic chi-squared distribution. However, for sticky and partially-
sticky cases, more detail needs to be considered, since we not only consider

the behaviour of the first coordinate but also need to study the behaviour

of the rest coordinates.

s

In Chapter [5, SP3 is a model for phylogenetic tree data with 3 external taxa.
As for the model fitting phylogenetic tree data with 4 external taxa, Qs is
an option in Barden et al|(2013). Qs is another non-Euclidean space as a

union of 5 quadrants sticking to the origin. Each quadrant is a subplane of

IR2. Figure [6.3.35gives a concept of this space.

0
@ p = (up,vp,0)

u

Figure 6.3.35: The space Qs.

According to the structure of Qs, we define the coordinates of points in
Qs in the format of (1, v, w) ". Now, we define dg_(-, -) the distance function
in Q5. As Figure shows, we consider a point off the origin, say y =
(14,0,0)". In order to calculate the distance from u to any other point in

95, we look for the geodesic between those two points. The dark shaded
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area 1, refers to the set of points whose geodesics to u can be directly
expressed as the straight linear segments when the relevant quadrant is
properly folded down into the (u,v)-plane. The light area U/, refers to the
set of points whose geodesics to u can only be expressed as a bent line
through the origin, which intuitively has the same idea as the geodesics in

SP3. In mathematics,

Uy = {x € Qs|dg, (x, 1) = {llxll + [In]I}*},

and 7, is the complementary set of U, in Qs.
Let X1, X5, -+, X, be i.i.d. random vectors in Qs. Fori =1,2,--- ,n, let

X; = (u;,v;, w;). Now, we define

dzgs (Xi, ) |y:(u,v,0)T7$(0,O,O)T
(
(u—u;))?+ (v—20;)% ifw;=0.
(u—u;))?+ (v+w;)? ifw;>0,0=0and —w;/u; < v/u.

(u+w)?>+ (v —v;)> ifw; >0,u=0and —v;/w; > v/u.

el + 11313 if X € Uy.

Then, we define the geodesic from Xj, X3, - - - , X}, to u as follows.
Yi(p) = —%gmd (Ao (Xi, 1)) |y (u,00)T

((ui—u,vi—v) if w; = 0.

(uj —u,—w; —v) ifw; >0,0v=0and —w;/u; <v/u.

(—w; —u,v; —v) ifw; >0,u=0and —v;/w; > v/u.

[1Xi]| -
\—(1—1— Il )7 if X; € U,,.

In order to adapt Wilks’ theorem to Os, we need to define empirical like-
lihood first in Qs. It is expected there are two cases for empirical likelihood,
the Fréchet mean parameter at and off the origin. Then, Wilks’ theorem for

empirical likelihood will mainly discuss the asymptotic behaviour of Wilks

statistic, when the population Fréchet mean is at and off the origin.
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