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Abstract

This research is concerned with the application of random fields to model material hetero-

geneity with implications on the usage of the stochastic finite element method to evaluate

structural reliability. In particular, there is extensive consideration of the relationship

between the effective modulus of elasticity of randomly heterogeneous timber beams

and the underlying lognormal random field of elastic modulus. Under Euler-Bernoulli

beam theory, the effective elastic modulus is shown to be a weighted harmonic mean and

weighting functions are provided for a number of important loading conditions. Addi-

tionally, analytical expressions are derived for the moments of both the displacement and

effective elastic modulus of the beam. In the case of multi-dimensional heterogeneity, a

generalised weighted mean meta-model is introduced for the effective property of hetero-

geneous materials and a novel function optimisation algorithm is utilised to optimise the

weighting function of this meta-model to the results of both one and two-dimensional

finite element models with insights into the sensitivity of the effective property to both

spatial weighting and minima of the random field of elastic modulus. Finally, the infer-

ence of the parameters of a random field model from effective local and global moduli

of elasticity is considered and it is shown that the use of the midpoint approximation

results in large epistemic biases which likely leads to underestimation of the variability

of heterogeneous materials.
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Chapter 1

Introduction

The research presented by this thesis can be broadly placed within the discipline of

reliability engineering which is a research area concerned with quantifying the probability

of failure of engineering systems. Reliability engineering is motivated by a desire to

inform decision making and manage risk with the intention of maximising the safety,

sustainability and economic viability of the engineering system under consideration. It

should be noted that a large range of different engineering systems fall within the scope

of reliability engineering including transportation, energy and water networks; however,

this thesis is primarily concerned with the subdiscipline of structural reliability which

considers the probability of mechanical failure of constructed assets such as buildings,

embankment dams and bridges resulting from uncertainties regarding loading, geometry

and material properties. It is important to recognise that probabilistic approaches are

becoming increasingly important for the analysis of structural systems in the face of the

uncertainty arising from both changing environmental conditions and an increasingly

interconnected world. Furthermore, the continuing development of modern computation

is resulting in increasingly large datasets, in addition to the processing power necessary to

analyse this data, and this implies that sophisticated methods for reliability engineering

that were previously infeasible are becoming available.

The selection of an appropriate probabilistic model is essential to achieve an accurate

quantification of the risk associated with engineering systems. In general, there are two

approaches to obtain, and subsequently infer the parameters of, these probabilistic mod-

els which are respectively known as the data driven and first principles approaches. The
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data driven approach selects a statistical model, or pool of candidate statistical models,

a priori and then optimises the model parameters to a historical dataset. For instance,

the frequency of an event such as an earthquake can be modelled using a Poisson point

process whose rate parameter is estimated on the basis of the historical frequency of

earthquakes within the region and the associated extent of structural collapse can be

estimated based on records of building damage. The data driven approach is useful

under the condition that a sufficiently large dataset is available and that the recorded

past occurrences of the phenomena are predictive of its future frequency and intensity.

However, in the case of rare events with low frequency, such as large magnitude earth-

quakes, or phenomena whose past is not predictive of their future, such as floods due to

changing environmental conditions, then caution should be exercised in the use of purely

data driven approaches.

The alternative approach to structural reliability is to adopt the first principles approach

which utilises probabilistic models that are derived from fundamental physical laws that

govern the structural system. The advantage of this approach is that the probabilistic

model is not selected a priori, a source of considerable subjectivity, and that the predictive

power of the first principles model is dependent on the accuracy of the physical laws

rather than the availability of historical data. Furthermore, the first principles approach

is useful to evaluate system reliability against rare events that, whilst having adequately

large consequences as to pose a significant risk, have sufficiently low frequency that there

is no record of their occurrence in the historical dataset. It is suggested that a balanced

approach to structural reliability that takes advantage of the strengths of both methods

is obtained through the combination of the first principles and data driven approaches

with the objective of either optimising the parameters of a derived physical model to

a suitable dataset or, alternatively, validating a data driven model through verification

against physical first principles.

The research direction pursued within this thesis is to adopt a physics-based probabilis-

tic model to quantify the structural reliability associated with randomly heterogeneous

materials. This is motivated by the fact that all materials are to some extent heteroge-

neous with uncertainty associated with their physical properties and, consequently, there

is always a risk that a material will not perform in the way that is expected. In order

to mitigate against this, engineers seek an approach to structural design that minimises

this risk to an acceptable level. The traditional approach is to perform a determinis-
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tic analysis that models the material as homogeneous with mechanical properties given

by a representative value and to address uncertainty through the use of safety factors.

Unfortunately, this deterministic approach is subject to a number of disadvantages: the

first disadvantage is that there is no consideration of probability of failure since ho-

mogeneous materials do not fail under stresses below their representative strength; the

second disadvantage is that this theory does not account for heterogeneous behaviour

such as the differential settlement of soil or the non-symmetrical bending of beams; the

third disadvantage is that the use of safety factors may result in over-design since this

approach to account for the spatial variation of material properties is overly simplistic.

This motivates the development of structural design methods that account for material

heterogeneity in a more sophisticated manner in order to produce increasingly reliable,

sustainable and economical structures.

One of the most important physical models for structures composed of randomly het-

erogeneous materials is the stochastic finite element method which utilises random field

theory to model the stochastic spatial variation of material properties. This can be

considered a first principles approach to structural reliability since the distribution of

macroscale structural behaviour is not assumed but rather arises as a physical conse-

quence of the random field that models the microscale distribution of material proper-

ties. It is important to note that the accuracy of the stochastic finite element method

is dependent on the degree to which the random field model suitably represents the in-

nate spatial variation of material properties. One criticism of considerable weight is that

random fields model heterogeneity as a continuous function which it may be argued is

an inappropriate representation of many heterogeneous materials, such as soil and tim-

ber, since their microstructure is binary with any point in the material being associated

with either a solid or a void. This issue is resolved by Ostoja-Starzewski (2008) through

the rationale that the random field constitutes a mesoscale continuum approximation to

the heterogeneous material that is obtained by passing a moving average window over

its binary microstructure as illustrated in Figure 1.1. The advantage of the continuous

mesoscale model of heterogeneity is that this representation is compatible with contin-

uum mechanical models thereby facilitating structural analysis and, provided that the

size of the moving average window is sufficiently small, the use of the mesoscale contin-

uum approximation renders a suitably accurate representation of material heterogeneity.
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(a) (b) (c)

Figure 1.1: Representations of the material at different scales: (a) macrostructure, (b)

mesoscale continuum approximation and (c) binary microstructure.

An additional factor affecting the accuracy of the stochastic finite element method, in

addition to the mesoscale continuum approximation, is the uncertainty associated with

the inferences of the parameters of the random field model. A significant source of in-

ferential uncertainty is that material properties are experimentally determined over a

non-zero sample volume of the material and, consequently, these experimentally deter-

mined material properties are effective properties of the material given by some type

of average over the sample volume. The relationship between the effective properties,

which describe material behaviour at the macroscale, and the random field model, which

describes mesoscale material behaviour, is not well understood and as a result of this

traditional inferential methodologies have resorted to treating the average-type effective

properties as point samples of the random field. The typical approach is to approxi-

mate effective properties as point samples located at the centroid of the sample volume

through an approach known as the midpoint approximation (Kiureghian and Ke, 1988).

In particular, the usage of this approximation is investigated within this thesis since it is

considered to be a source of substantial epistemic uncertainty that potentially causes the

stochastic finite element method to be an unconservative approach to quantify structural

reliability.

It is the contribution of this thesis to specifically consider the relationship between the

effective elastic modulus in bending of randomly heterogeneous timber beams and the

underlying random field of elastic modulus known as the stiffness profile. The consider-

ation of timber is important since this material offers a sustainable alternative to other

commonly used construction materials; however, the adoption of this material within

the construction industry is limited by the variability of its material properties. Conse-
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quently, the development of structural reliability methods that account for this variability

are critical to the production of sustainable timber structures. Furthermore, the consid-

eration of timber beams is also motivated by the availability of a 4-point bending dataset

from Sousa et al. (2014) which enables the investigation of the uncertainty associated

with fitting the random field model to experimental data. The first consideration in

examining the relationship between the effective elastic modulus and the stiffness pro-

file is the determination of the nature of the average that the effective elastic modulus

constitutes over the sample volume and this is known as the predictive forward problem.

The second consideration is the investigation of appropriate inferential methodologies to

estimate the parameters of the stiffness profile from experimentally determined effective

properties and this is known as the inferential inverse problem which is discussed in

further detail in the following section.

1.1 Meta-problem framework

This section presents the meta-problem framework which provides a structure to under-

stand the general contributions of this thesis relating to the problems of prediction and

inference associated with the experimentally determined effective properties of random

field models. However, prior to the presentation of this framework, it is useful to first

introduce the mathematical notation adopted within this thesis to describe randomly

heterogeneous materials. An arbitrary spatially distributed random material property is

notated Z(x) where x is a spatial index parameter; however, for specific material proper-

ties such as either elastic modulus or strength then the random field is notated as E(x)

or f(x) respectively. A real one-dimensional random field Z(x) can be formally defined

as a function that maps the following two measurable spaces (Sudret and Kiureghian,

2000):

Z(x) : (Q,F , P ) 7→ R (1.1)

where Q is the sample space i.e. the set of all possible outcomes, F is a σ-algebra

on Q containing the events to be considered, P is a probability measure returning the

probability of each event and R is the set of real numbers which is the range of Z(x).

However, within this thesis it is often the case that the range of Z(x) is restricted to the
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positive real numbers R+ since non-positive values are not physically realisable for many

properties of interest such as either elastic modulus or strength. The effective property

Z∗ of the random field Z(x) over a sample volume Ω is given by:

Z∗ = H(Z(x)) (1.2)

where H(.) is the homogenisation function that takes the material property Z that varies

with the spatial parameter x and returns a spatially constant material property Z∗ that

is equivalent to the random field Z(x) over the sample volume Ω.

The meta-problem framework that is presented in this section is divided into two over-

arching themes which respectively relate to the problems of prediction and inference.

The problem of prediction is concerned with determination of the effective property Z∗

of the random field Z(x) which requires consideration of the homogenisation function

H. In contrast, the problem of inference is concerned with estimation of the statistical

properties of the random field Z(x) from its effective properties Z∗ which involves con-

sideration of the inverse homogenisation function H−1. The problems of prediction and

inference can be considered in both the stochastic case of a random material property

Z(x) and in the deterministic case of a single realisation Z(x, q) of the random field Z(x)

for a single point q in the sample space q ∈ Q. It should be noted that in the case that

the variation in material properties is deterministic Z(x, q) then the associated effective

property will also be deterministic Z∗(q). In total, the meta-problem framework consists

of four meta-problems: the first two meta-problems consider the problem of prediction

whilst the last two meta-problems consider the problem of inference.

Meta-problem 1 – deterministic prediction

This meta-problem is concerned with prediction of the effective property Z∗ of a realisa-

tion Z(x, q) of the random field. Meta-problem 1 – deterministic prediction is notated:

Z(x, q) −→ Z∗(q) (1.3)

where the direction of the arrow −→ denotes that predictions of the deterministic ef-

fective property Z∗(q) are to be made given the realisation Z(x, q). The meta-problem
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of deterministic prediction is important since it considers prediction of the macroscale

behaviour of a structure composed of a heterogeneous material given its deterministic

mesoscale variation Z(x, q). This meta-problem is considered extensively in the one-

dimensional case in the first half of Chapter 3 – Theory of heterogeneous beams and the

two-dimensional case is considered in Chapter 4 – Meta-modelling of effective properties.

This meta-problem is presented first since it is the simplest of the four meta-problems

and, furthermore, it is through an understanding of this meta-problem that approaches

can be developed to the later meta-problems associated with prediction in the stochastic

case.

Meta-problem 2 – stochastic prediction

This meta-problem is concerned with prediction of the distribution of the effective prop-

erty Z∗ of the random field Z(x). Meta-problem 2 – stochastic prediction is notated:

Z(x) −→ Z∗ (1.4)

In contrast to meta-problem 1 – deterministic prediction, this meta-problem considers

prediction of the effective property Z∗ in the stochastic case. This meta-problem is

considered extensively in the one-dimensional case in the second half of Chapter 3 –

Theory of heterogeneous beams where it is observed that the relationship between the

effective elastic modulus E∗ and the stochastic stiffness profile E(x) is non-analytical

and, therefore, the homogenisation function H can not be determined exactly. As a

result of this, the exact distribution of the effective elastic modulus E∗ is intractable

and, consequently, the adopted approach is to approximate the moments of the effective

elastic modulus E∗ through a quasi-analytical theory of heterogeneous beams.

Meta-problem 3 – stochastic inference

The meta-problem is concerned with inferring the distribution of a random field Z(x)

from its effective property Z∗. Meta-problem 3 – stochastic inference is notated:

Z∗ −→ Z(x) (1.5)

where −→ denotes that inferences about the parameters of the random field Z(x) are
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to be made given the distribution of the effective property Z∗. It is noted that the

process of inference is associated with significantly greater uncertainty than the process of

prediction. This is because the determination of the distribution of the random field Z(x)

from the distribution of the effective property Z∗ is an ill-posed problem with no unique

solution for the inverse homogenisation function H−1. This meta-problem is considered

most extensively in Chapter 5 – Inference from effective properties which details the

quantification of uncertainty associated with random field parameters estimated from

the experimental dataset of Sousa et al. (2014) under the midpoint approximation.

Meta-problem 4 – deterministic inference

This meta-problem is concerned with the inference of a realisation Z(x, q) of a random

field from its effective property Z∗(x, q). Meta-problem 4 – deterministic inference is

notated:

Z∗(q) −→ Z(x, q) (1.6)

The importance of this meta-problem is that, in contrast to meta-problem 3 – stochastic

inference, this meta-problem is concerned with the inference of a deterministic material

profile Z(x, q) that has actually occurred rather than the ensemble of possibilities of the

stiffness profile that the random field Z(x) represents. This meta-problem is primarily

considered at the end of Chapter 2 – Random fields: Theory, estimation and simula-

tion as well as Chapter 5 – Inference from effective properties. This meta-problem is

considered after meta-problem 3 – stochastic inference since the accurate inference of a

realisation of the material property profile depends on the parameters of the random

field describing central tendency, scale and smoothness.

1.2 Thesis overview and scope

This section presents an overview of each chapter of the thesis and provides commentary

on the scope of the analysis contained within that chapter with reference to the meta-

problem framework developed in the previous section.
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Chapter 1 – Introduction

This chapter contains an introduction to reliability analysis with particular consideration

of the structural risk associated with assets constructed from heterogeneous materials.

The data driven and first principles approaches to probabilistic modelling are considered

with an evaluation of the relative benefits and disadvantages of each approach. The use

of the stochastic finite element method is scrutinised with respect to its evaluation of the

structural risk associated with heterogeneous materials including examination of both

the mesoscale continuum approximation, as well as, inferential difficulties that arise from

the estimation of the parameters of the random field model under the midpoint approx-

imation. Finally, the meta-problem framework is presented and commentary is provided

as to the manner by which this thesis addresses each meta-problem with reference to the

relevant chapters.

Chapter 2 – Random fields: Theory, estimation and simulation

This chapter outlines the theory of random fields including an explanation of concepts

relating to marginal distributions, stationarity and mean square properties. The second

moment structure of random fields is also considered with extensive discussion of both

covariance and spectral density functions. Furthermore, inferential methodologies for the

estimation of random field parameters are presented including method of moments and

maximum likelihood estimation with consideration of the numerical formulation of these

estimators for the case of multiple realisations. Additionally, the simulation techniques of

covariance matrix decomposition (CMD) and the fast Fourier transform method (FFT)

are investigated and it is verified that CMD is the most efficient method for the simulation

of a high number of realisations of a small to medium sized random field whilst FFT is

the most efficient method for the simulation of a large random field. Finally, it is noted

that the numerical techniques discussed in this chapter for the estimation and simulation

of random fields have been implemented in the Matlab toolbox RFbox1.

Chapter 3 – Theory of heterogeneous beams

This chapter presents the theory of heterogeneous beams under Euler-Bernoulli beam

theory for the case of both a deterministic and stochastic stiffness profile. The work

of Bechtel (1985) is extended to show that effective elastic modulus can be formulated
1Matlab toolbox: RFbox https://github.com/jackpiercebrown/RFbox
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as a weighted harmonic mean for any point along the beam including the derivation of

weighting functions for a number of important loading conditions. In the case of a de-

terministic stiffness profile, an equation is presented for both the deflection and effective

property of a beam under 3-point loading with linear variation in elastic modulus. In the

stochastic case, analytical expressions are derived for the first two moments of deflection

and quasi-analytical expressions are derived for first two moments of the effective elastic

modulus under the approximation that displacement is lognormally distributed. Finally,

it is verified that the quasi-analytical expressions for the mean and variance of effec-

tive elastic modulus show good agreement with the results of a stochastic finite element

model.

Chapter 4 – Meta-modelling of effective properties

This chapter presents an extension to the one-dimensional theory of heterogeneous

beams, as presented in Chapter 3, to the case of multidimensional heterogeneity. This

is achieved through the development of a generalised weighted mean meta-model with

applicability to both average-type effective properties, such as elastic modulus, as well

as extreme-type effective properties such as strength. Furthermore, the acceptance-

rejection functional optimisation algorithm of Bocchini and Deodatis (2008) is extended

and utilised to optimise the weighting function of the meta-model. In the one-dimensional

case, convergence of the weighting functions to the analytical solution derived by Bechtel

(1985) is verified and the error associated with the arithmetic, geometric and harmonic

meta-models is quantified. In the two dimensional-case, the meta-models are trained

to a plane-stress stochastic finite element model and it is shown that the effective elas-

tic modulus of a beam with two-dimensional heterogeneity is bound by the harmonic

and geometric means with additional insights into the spatial weighting of this effective

property.

Chapter 5 – Inference from effective properties

This chapter considers the inference of the parameters of a random field model from ex-

perimentally determined effective properties. A detailed analysis is conducted into local

and global test procedures according to BS EN 408:2010 including derivation of weighting

functions for the local and global elastic moduli. A lognormal random field model is fitted

to the experimental dataset of Sousa et al. (2014) using method of moment estimators

under the midpoint approximation with commentary on the assessment of stationarity
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as well as the selection of the marginal distribution. The values of the estimated pa-

rameters of the random field, namely the location, scale and correlation parameters, are

reported and an uncertainty quantification is performed, based on Pierce-Brown et al.

(2018), in order to quantify the epistemic and aleatoric uncertainty associated with these

parameter estimates. Finally, it is shown that random fields inferred under the midpoint

approximation likely underestimate material heterogeneity.

Chapter 6 – Conclusion

This chapter provides an overview of the general conclusions of each chapter of the thesis

with reference to the meta-problem framework. The analytical, numerical and inferential

insights of the thesis into the relationship between the effective modulus of elasticity

and the random field of elastic modulus are summarised. In particular, conclusions

are provided on the applicability of random fields to model material heterogeneity with

implications on the usage of the stochastic finite element method to evaluate structural

reliability. Finally, recommendations are made, based on the limitations identified within

this thesis, for further research with a view to increasing the adoption, accessibility and

accuracy of the stochastic finite element method as a means to quantify the risk and

reliability of structures composed of randomly heterogeneous materials.

Bibliography and Appendices

References are provided throughout this thesis to relevant literature in order to support

a particular point under consideration or, alternatively, to provide a source of additional

information relating to a particular subject. The citations for each chapter are compiled

into a single bibliography at the end of this thesis which has been sorted alphabetically

by the surname of the first author. In order to improve the readability of this thesis,

the derivation of a pertinent result is often omitted from the argument at hand through

the provision of a reference to one of three appendices and the calculations within these

appendices have been ordered chronologically according the order in which they are

referenced.
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Chapter 2

Random fields: Theory, estimation

and simulation

2.1 Introduction

Random processes and their multidimensional counterparts, known as random fields,

are widely used to mathematically model the stochastic variation of a number spatio-

temporal phenomena including the spatial variation of material properties (Hajek, 2015,

p. 103). The convention adopted within this chapter is to notate a random process as

Z(x) where the index variable x belongs to a subset of one-dimensional space x ∈ D ⊂ R1

where D is the domain of the random process Z(x). The variability of the material at

any point xi in the domain xi ∈ D is modelled with a single random variable Z(xi) and

the collection of these random variables is known as a random process Z(x) = {Z(xi) :

xi ∈ D}. The higher dimensional counterpart to a random process, a two-dimensional

random field, is notated Z(x, y) where the index variables (x, y) belongs to a subset of

two-dimensional space (x, y) ∈ D ⊂ R2. Furthermore, it is noted that a random field

of arbitrary dimension n can be obtained by taking the domain to be a subset of n-

dimensional space D ⊂ Rn. However, only one Z(x) or two-dimensional Z(x, y) random

fields are explicitly considered within this thesis. Furthermore, it is noted that it is

seldom useful to distinguish between random processes and fields therefore these terms

tend to be interchanged freely.
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The majority of the theory of random fields introduced within this chapter is presented

for the case of a one-dimensional random process Z(x); however, in general it is possible

to extend this theory to the higher dimensional cases without difficulty unless explic-

itly stated otherwise. An additional comment on notation is that if the state space

of Z(x) is discrete then Z(x) is referred to as a discrete-valued random process and

if the state space is continuous then Z(x) is referred to as a continuous-valued ran-

dom process. Furthermore, if the index set x is discrete then Z(x) is referred to as

a discrete-space random process and if x is continuous then Z(x) is referred to as a

continuous-space random process. It is noted that, in the case that the random field

Z(x) is discrete-space, then Z(x) can be equivalently represented by a random column

vector Z = [Z(x1), Z(x2), . . . , Z(xJ)]ᵀ where the number of random variables J is finite.

This thesis primarily considers continuous-space models for material properties, however,

it is observed later in this chapter that it is often necessary to approximate a continuous-

space model with a discrete-space approximation for the purposes of simulation.

It is conventional that every random variable Z(xi) in the domain D is distributed

according to the same probability density function f(Z(x, q)) which is known as the

marginal distribution of the random process Z(x). The process Z(x) is then customarily

referred to by its marginal distribution; for example, if every point xi in the domain

D is associated with a normally distributed random variable then Z(x) is known as a

Gaussian process. It is noted that Gaussian processes are popular in many disciplines

due to a number of convenient properties inherited from the normal distribution (Fenton

and Griffiths, 2008, p. 93): firstly, every linear combination of samples from a Gaussian

process has a joint normal distribution; secondly, any linear transformation of a Gaussian

process is also a Gaussian process; thirdly, a Gaussian process is completely defined by

its first two statistical moments. The first moment of a random process Z(x) is described

by the mean µ(x) which is given by:

µ(x) = E[Z(x)] (2.1)

where E[.] is the expected value operator. In the case that the random process Z(x)

is discrete-space then the first moment can be represented by a mean vector µ =

[µ(x1), µ(x2), . . . , µ(xJ)]ᵀ.
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The second moment of a random process Z(x) can be completely represented by the

covariance function C(xi, xj) that describes the joint variability of the random variables

Z(xi) and Z(xj) where xi and xj are two points in the domain D. The covariance

function C(xi, xj) is given by:

C(xi, xj) = Cov [Z(xi), Z(xj)] (2.2)

= E[(Z(xi)− µ(xi))(Z(xj)− µ(xj))] (2.3)

The magnitude of the covariance function C(xi, xj) can be difficult to interpret and

consequently it is convenient to instead work with its normalisation, the correlation

function ρ(xi, xj) with range −1 ≤ ρ ≤ 1, that describes the degree of linear dependence

between Z(xi) and Z(xj). The correlation function ρ(xi, xj) is given by:

ρ(xi, xj) =
C(xi, xj)

σ(xi)σ(xj)
(2.4)

where σ(x) is the standard deviation of the random variable Z(x) given by:

σ(x) =
√

Var[Z(x)] =

√
E[(Z(x)− µ(x))2] (2.5)

Additionally, if the random process Z(x) is discrete-space then its second moment struc-

ture can be represented with a covariance matrix C given by:

C =


C(x1, x1) C(x2, x1) . . . C(xJ , x1)

C(x1, x2) C(x2, x2) . . . C(xJ , x2)
...

... . . .
...

C(x1, xJ) C(x2, xJ) . . . C(xJ , xJ)

 (2.6)

It is noted that a covariance matrix C is valid if it is both symmetric and positive

semidefinite whilst a covariance function C(xi, xj) is only valid if it is positive definite.

The positive semidefiniteness of a symmetric matrix, such as the covariance matrix C,

can be verified by ensuring its eigenvalues Λi are non-negative Λi ≥ 0 (Rasmussen and

Williams, 2006, p. 80).
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The fourth convenient property of Gaussian processes is that the joint probability density

function f(.) of a discrete-space process Z with mean vector µ and covariance matrix

C is analytically given by:

f(Z(q)) = (2π det (C))−
1
2 exp

(
(Z(q)− µ)ᵀC−1 (Z(q)− µ)

)
(2.7)

where: Z(q) is a realisation of the discrete-space process Z,

det (C) is the determinant of the covariance matrix C,

exp(.) is the exponential function.

2.2 Stationarity

The stationarity of a random process is an important consideration since it describes

the regularity of the distribution of the random process over space. A random process

Z(x) is said to be stationary if it is invariant to translations in the spatial input space

x. Furthermore, a random process Z(x) is said to be strongly stationary, also known as

strictly stationary, if its probability density function f(Z) is invariant under an arbitrary

translation h (Chilès and Delfiner, 2012, p. 16):

f(Z(x1 + h), Z(x2 + h), . . . , Z(xJ + h)) = f(Z(x1), Z(x2), . . . , Z(xJ)) (2.8)

The property of strong stationarity implies that all of the statistical moments of Z(x) are

invariant to translations in the input space and, consequently, the statistical moments

are constant with x.

A process Z(x) is said to be weakly stationary, also known as wide-sense stationary,

if only its first and second moments are invariant to translations in the input space

x (Rasmussen and Williams, 2006). This implies that the mean is spatially constant

µ(x) = µ and that the covariance function C(xi, xj) is only dependent on the relative

separation of points s = xi − xj :

C(|s|) = C(|xi − xj |) = C(xi, xj) (2.9)
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The stationarity of the covariance function also implies that the variance of the process is

constant σ2(x) = σ2. Therefore, the correlation function of a second-moment stationary

process is given by:

ρ(|s|) =
C(|s|)
σ2

=
C(|s|)
C(0)

(2.10)

In the case of a Gaussian process, it is useful to note that the property of weak stationarity

also implies strong stationarity. The property of weak stationarity is also referred to

as homogeneity (Yaglom, 1962); however, this terminology is not pursued here since a

stationary process has the potential to be confused with a process whose realisations

are constant-valued. The property of weak stationarity is an important characteristic

for many simulation and estimation techniques; consequently, it is of interest to obtain

a weakly stationary process from its nonstationary counterpart. A process Z(x) with

nonstationary mean µ(x) and variance σ2(x) can be transformed into a process Z ′(x)

with stationary mean and variance through (Vanmarcke, 1988, p. 182):

Z ′(x) =
Z(x)− µ(x)

σ(x)
(2.11)

The operations of subtracting the mean µ(x) and dividing by the standard deviation

σ(x) are referred to as detrending and normalising respectively. It is important to note

that the operations of detrending and normalising are not sufficient to yield a weakly

stationary process in the case that the correlation function ρ(xi, xj) is nonstationary.

Figure 2.1 shows a realisation of a stationary random process Z(x) with a Gaussian

marginal distribution f(Z) along with an illustration of the location parameter µ, scale

parameter σ and a correlation parameter θ known as the correlation length which is

introduced in Section 2.4.
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Figure 2.1: Single realisation of the random field Z(x) whose marginal distribution

f(Z) is shown on the left-hand side with location parameter µ, scale parameter σ and

correlation parameter θ shown for illustrative purposes.

2.3 Mean square properties

The continuity and differentiability of random fields is an important consideration for

a number of simulation and estimation techniques. It is noted that the properties of

the random field and its realisations are determined by the behaviour of the covariance

function at the origin (Paciorek, 2003, p. 33). The mean square properties of the random

field are considered since it is difficult to determine the properties of realisations of the

random field directly. However, it should be noted that whilst mean square properties

are easy to determine, there is no simple relationship between the covariance function

and the realisations of an arbitrary random process (Stein, 1999, p. 20). Fortunately, in

the case of a Gaussian process that is separable as defined by Doob (1997, p. 51), mean

square properties do imply sample path properties.

A random process Z(x) is mean square continuous if (Yaglom, 1962, p. 22):

lim
h→0

E
[
|Z(x+ h)− Z(x)|2

]
= 0 (2.12)

A necessary and sufficient condition for mean square continuity is that the covariance

function C(s) is continuous at the origin s = 0. It is important to note that whilst
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mean square continuity is a necessary condition for continuity of the realisations of the

random process Z(x) it is not a sufficient condition. However, mean square continuity

does imply continuity of realisations in the case of a separable Gaussian process.

A random process Z(x) is mean square differentiable if (Chilès and Delfiner, 2012, p. 60):

lim
h→0

E
[
Z(x+ h)− Z(x)

h
− Ż(x)

]
= 0 (2.13)

were Ż(x) is the mean square derivative of the random process Z(x). A necessary and

sufficient condition for mean square differentiability is that the second derivative C̈ of

the covariance function exists at the origin. This implies that the the derivative of the

covariance function is zero at the origin Ċ(0) = 0 since the covariance function C(s)

is an even function. It is worth emphasising again that mean square properties do not

generally imply sample path properties and, consequently, mean square differentiability

does not imply differentiability of realisations for an arbitrary random process. However,

mean square continuity does imply continuity of realisations in the case that the random

process is both Gaussian and separable.

2.4 Common covariance and correlation functions

In the consideration of the second moment structure of a random process, the case of sta-

tistical independence may superficially appear to be the simplest concrete construction

of a stochastic process. However, it is observed in this section that the use of an un-

correlated process is unpragmatic for many applications of interest. Consider the white

noise process which is a stationary random process ZN(x) given by an uncountably in-

finite set of independent mean-zero random variables {ZN(x1), ZN(x2), . . . , ZN(xJ)} on

the domain D with variance σ2. The correlation function ρN(xi, xj) of white noise can

be taken to be the Kronecker delta function (Arfken et al., 2013):

ρN(s) =


1 if s = 0

0 if s 6= 0

(2.14)

where s = xi − xj . White noise is usually defined as being wide-sense stationary with
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constant variance σ2 and, consequently, its covariance function CN(s) is given by:

CN(s) =


σ2 if s = 0

0 if s 6= 0

(2.15)

The singular behaviour of this covariance function at the origin means that realisations of

the white noise process ZN(x) are neither continuous nor differentiable. The Kronecker

delta definition of white noise has been adopted by many authors (Box et al., 2016, p. 48),

however, it should be noted that processes with this covariance function have been shown

to be unmeasurable (Kallianpur, 1980, p. 10). The property of non-measurability implies

that the integral of Kronecker delta white noise is undefined which is problematic since

the integral of white noise is sought for many applications such as the modelling of

Brownian motion. This issue of non-measurability can be avoided by instead defining

the covariance function of white noise as the Dirac delta function. However, the variance

σ2 of a process with the Dirac delta covariance function cannot be considered to be finite

and this can be heuristically understood by considering the following loose definition of

the Dirac delta function δ(s) (Desoer and Kuh, 1969, p. 31):

CN(s) = δ(s) =


+∞, s = 0

0, s 6= 0

(2.16)

subject to the requirement that δ(s) satisfies:

∫ ∞
−∞

δ(s) = 1 (2.17)

In order that the correlation function is one at the origin ρN(0) = 1 then the variance σ2
N

of Dirac delta white noise cannot be finite. It is important to note that the Dirac delta

function is not formally defined as a function but rather as a distribution or a measure

(Fenton and Griffiths, 2008, p. 104); however, the heuristic definition given above does

provide insights into the difficulty of defining the seemingly trivial case of an uncorrelated

random process in the spatial domain D. It is noted that a more rigorous definition

of Dirac delta white noise is obtained through its frequency domain representation as

detailed in Section 2.5. In conclusion, whilst the case of Kronecker delta white noise does

19



not form a profitable basis for a theory of random fields due its lack of measurability,

the case of Dirac delta white noise is more fruitful since many finite variance processes

can be defined as the integral of this infinite variance process.

The process ZW (t) is known as the Wiener process and models Brownian motion which

is the phenomena associated with the random movement of a particle suspended in a

fluid (Wiener, 1923). Within the context of Brownian motion, the index set t describes

the evolution of the system ZW (t) with time. It is useful to note that the Wiener process

ZW (t) is often used to model the integral of Gaussian white noise (defined with the Dirac

delta function):

ZW (t) =

∫ t

0
ZN(x) dx (2.18)

The properties of the Wiener process are that: it is a second-moment non-stationary

Gaussian process with zero-mean µW = 0, non-stationary variance σ2
W = t and a non-

stationary correlation function ρW (ti, tj); its increments are independent and Gaussian;

its expected future value is given by the current value of the process and processes

with this property are known as martingales (Le Gall, 2013, p. 49); it is mean-square

continuous with continuous realisations (Wiener, 1923).

The covariance function CW (ti, tj) of the Wiener process ZW (t) is given by:

CW (ti, tj) = min(ti, tj) (2.19)

The correlation function ρW (ti, tj) of the Wiener process ZW (t) is given by:

ρW (ti, tj) =
min(ti, tj)√

titj
(2.20)

The non-stationarity of the Wiener process suggests that it is a good model for sys-

tems whose uncertainty increases with the index parameter, however, it is noted that

stationary models are preferred as a starting point for modelling the spatial variation in

material properties unless there is significant evidence of non-stationarity.

There are a number of popular correlation functions for the spatial modelling of material
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properties. The first is known as theGaussian or squared-exponential correlation function

(Rasmussen and Williams, 2006) and is given by:

ρG(s) = exp

(
−π
(s
θ

)2
)

(2.21)

where θ is a correlation parameter known as the correlation length (Fenton and Grif-

fiths, 2008, p. 103) or scale of fluctuation and is defined by Vanmarcke (1988, p. 14) as

satisfying the following integral of the correlation function:

θ =

∫ ∞
−∞

ρ(s) ds = 2

∫ ∞
0

ρ(s) ds (2.22)

Fenton and Griffiths (2008, p. 103) note that this definition is only for strictly non-

negative correlation functions 0 ≤ ρ(s) ≤ 1 and, consequently, the correlation length

is not well-defined for periodic correlation functions such as the sinusoidal correlation

function which is a popular correlation function for modelling the autocorrelation struc-

ture of wind generated ocean waves since it has range −1 ≤ ρ(s) ≤ 1 (Latta and Bailie,

1968). Furthermore, it should be noted that the correlation length can not truly be de-

fined independently of the correlation function that is parametrises since fitting different

correlation functions to the same data results in different estimations of the correlation

length θ.

An intuitive interpretation of the correlation length θ is that it is the distance within

which the process exhibits significant self-correlation and beyond which the self-correlation

becomes insignificant (Fenton and Griffiths, 2008, p. 103). Heuristically, the correlation

length describes the smoothness of a process where a large correlation length renders a

smooth process whilst a small correlation length renders a rough process. In the limiting

case, as θ →∞, the process becomes homogeneous and, as θ → 0, the process becomes

the infinitely rough Kronecker delta white noise process. Figure 2.2 illustrates the effect

of varying the correlation length on the realisations of a random process ZG(x) with

the Gaussian correlation function ρG(s). It can be seen that the process with the small

correlation length (θ = 0.01L) exhibits substantial high frequency oscillation whilst, in

comparison, the process with the large correlation length (θ = 0.2L) exhibits substantial

low frequency oscillations. Additionally, it is noted that all of the realisations of the

random process are smooth since ρ̇G(0) = 0 and this has led to the criticism that this
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correlation function produces realisations which are not sufficiently rough to be realistic

of the true variation in material properties (Stein, 1999, p. 30).

x

0 L

Z
G
(x
)

θ = 0.01L
θ = 0.05L
θ = 0.2L

Figure 2.2: Three realisations of a random process ZG(x) with the Gaussian correlation

function ρG(s) parametrised with correlation lengths θ = 0.01L, 0.05L and 0.2L.

A popular correlation function that produces non-smooth realisations is the Markov or

exponential correlation function (Rasmussen and Williams, 2006, p. 85):

ρM(s) = exp

(
−2|s|

θ

)
(2.23)

This correlation function is also referred to in the literature as the Ornstein-Uhlenbeck

correlation function since it was originally derived by Uhlenbeck and Ornstein (1930)

to describe the velocity of a massive Brownian particle under the influence of friction.

A process with this correlation function is said to be Markovian since the future of the

process depends only on the current state and is independent of any previous states

(Fenton and Griffiths, 2008, p. 110). A stationary process with this correlation function

is not a martingale since the future expected value of the process is closer to the mean

than the current state and, consequently, this process is said to exhibit mean-reversion.

An important consideration is that the derivative of the Markov correlation function is

discontinuous at s = 0 and, as a result of this, a process with this correlation function is

not mean square differentiable since ρ̇M(0) 6= 0.
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It is observed that the exponential and squared-exponential correlation function can

be generalised into a correlation function ρP (s) of arbitrary power λ which is given by

(Rasmussen and Williams, 2006, p. 86):

ρP (s) = exp

(
−C

(
|s|
θ

)λ)
if 0 ≤ λ < 2 (2.24)

It is noted that if the correlation length θ is required to satisfy the integration requirement

of Vanmarcke (1988), as given by Equation 2.22, then the constant C is given by (see

Appendix A.1):

C =

(
1

2Γ (1 + λ−1)

)−λ
(2.25)

where Γ(.) is the Gamma function.

A common approach to construct a correlated random process is to take an unweighed

moving arithmetic average over the Dirac delta white noise process:

ZT (x) =
1

θ

∫ x+θ/2

x−θ/2
ZN(t) dt (2.26)

The correlation function ρT (s) of the process ZT (s) is known as the triangular correlation

function and is given by:

ρT (s) =


1− |s|

θ
if |s| ≤ θ

0 if |s| ≥ θ
(2.27)

The derivative of the triangular correlation function ρ̇T (s) is discontinuous at both the

origin s = 0 and at separations equalling the correlation length s = θ. Additionally,

in contrast to both the Markov ρM(s) and Gaussian ρG(s) correlation functions, points

separated by a distance greater than the correlation length s > θ are statistically indepen-

dent. Figure 2.3 shows a comparison of the Markov ρM(s), Gaussian ρG(s) and triangular

ρT (s) correlation functions. It is observed that initially the Markov correlation function
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falls off the quickest, followed by the triangular correlation function with the Gaussian

correlation function exhibiting the highest initial correlation. For medium separations,

the triangular correlation function exhibits the highest correlation whilst the Markov

and Gaussian correlation functions are approximately equal. For large separations, the

Markov correlation function has the highest correlation, the Gaussian correlation func-

tion has lower correlation and, finally, the triangular function has zero correlation.

s/θ
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

ρ
(s
)

0

0.2

0.4
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0.8

1
ρM (s)
ρG(s)
ρT (s)

Figure 2.3: Variation of the Markov ρM(s), Gaussian ρG(s) and triangular ρT (s) corre-

lation functions with spatial separation s normalised by the correlation length θ.

Figure 2.4 shows three realisations associated with the Markov ρM(s), Gaussian ρG(s)

and triangular ρT (s) correlation functions that have all been parametrised with the same

correlation length θ = 0.1L for the purposes of visual comparison. The Markov-correlated

process ZM(x) has the greatest short-scale variability and the smallest long-scale vari-

ability, in comparison, the Gaussian-correlated process ZG(x) has the greatest long-scale

variability and the smallest short-scale variability and, finally, the triangular-correlated

process ZT (x) has the greatest medium-range correlations. It should be noted that the

consideration of correlation functions within this section has not been exhaustive; for

alternative correlation functions consider the polynomial decaying (Fenton and Griffiths,

2008), rational quadratic (Rasmussen and Williams, 2006), spherical (Cressie, 1993)

and fractional Gaussian noise correlation functions (Mandelbrot and Van Ness, 1968).

However, this thesis will restrict its consideration to solely the Markov, Gaussian and

Triangular correlation functions and their higher dimensional extensions.
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Figure 2.4: Realisation of the Markov-correlated ZM(x), Gaussian-correlated ZG(x) and

triangular-correlation ZT (x) Gaussian processes with constant standard deviation and

correlation length.

2.4.1 Higher-dimensional correlation functions

The definition of a two-dimensional random field Z(x, y) requires that the correlation

functions defined in the previous section be extended to the multidimensional case. This

is not a trivial task since a correlation function that is positive definite in R1 may not

be positive definite in R2. One example of this is the triangular correlation function

ρT (s) which is not valid in any dimension higher than one (Cressie, 1993, p. 22) and this

has unfortunately resulted in researchers occasionally fitting invalid covariance functions

that run the risk of yielding negative variances. The simplest approach to obtain a

two-dimensional correlation function is to take the product of the two orthogonal one-

dimensional correlation functions as follows (Fenton and Griffiths, 2008, p. 118):

ρX,Y (sX , sY ) = ρX(sX) · ρY (sY ) (2.28)

where sX and sY are the spatial separations in the x and y-directions respectively. In
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order to avoid an unnecessarily cluttered notation, the subscript of these correlation

functions is dropped since the input arguments provide sufficient clarity with regards

to the spatial direction of the correlation function. Correlation functions that can be

decomposed according to Equation 2.28 are known as separable. The two-dimensional

separable extension of the Gaussian correlation function is given by:

ρG(sX , sY ) = exp

(
−π

[(
sX
θX

)2

+

(
sY
θY

)2
])

(2.29)

where θX and θY are the correlation lengths in the x and y-direction respectively. It

is noted that this correlation function corresponds to the `2-norm over the correlation

length adjusted domain. Figure 2.5 illustrates the `2-norm Gaussian correlation function

in the cases of (a) equal correlation lengths and (b) unequal correlation lengths. In the

case of equal correlation lengths θX = θY , this correlation function is said to be isotropic

since it is invariant to rotations in the input space (Fenton and Griffiths, 2008, p. 118).

In the case of unequal correlation lengths θX 6= θY , this correlation function is said to be

ellipsoidal since contours of constant correlation form ellipses in R2. Additionally, it is

observed that the continuity of the derivative of the one-dimensional Gaussian correlation

function is also preserved in its two-dimensional `2-norm extension.
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Figure 2.5: `2-norm Gaussian correlation function in R2.

The separable two-dimensional Markov correlation function is given by:

ρM(sX , sY ) = exp

(
−2

(
|sX |
θX

+
|sY |
θY

))
(2.30)
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This correlation function corresponds to an `1-norm over the correlation length adjusted

domain and hence is referred to as the `1-norm Markov correlation function. Figure 2.6

illustrates the `1-norm Markov correlation function in the case of (a) equal correlation

lengths and (b) unequal correlation lengths. It is observed that this correlation function

is non-differentiable both at the origin and along lines corresponding to sX = 0 and

sY = 0. Furthermore, it can be seen that, even in the case of equal correlation lengths,

correlations are strongest along the orthogonal coordinate directions due to the `1-norm.

The lack of isotropy in the case of equal correlation lengths θX = θY is difficult to

justify since it implies dependency of the correlation structure on the arbitrarily chosen

orthogonal coordinate directions x and y. As a result of this, the use of correlation

functions that correspond to the `1-norm in R2 is not pursued further.
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Figure 2.6: `1-norm Markov correlation function in R2.

An ellipsoidal non-separable two-dimensional Markov correlation function can be pro-

duced by taking the `2-norm over the correlation length adjusted domain:

ρM(sX , sY ) = exp

−2

√(
sX
θX

)2

+

(
sY
θY

)2
 (2.31)

Figure 2.7 illustrates the `2-norm Markov correlation function in the case of (a) equal

correlation lengths and (b) unequal correlation lengths. It is observed in the case of

equal correlation lengths that this correlation function is isotropic and, consequently, it is

preferred to the `1-norm Markov correlation function for the modelling of heterogeneous

materials. Additionally, it can be seen that similar to its one-dimensional counterpart,

this correlation function is only non-differentiable at the origin; however, it is important
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to note that the Markovian property exhibited in one-dimensional space does not hold

for higher dimensions (Fenton and Griffiths, 2008, p. 123).
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Figure 2.7: `2-norm Markov correlation function in R2.

Figure 2.8 shows two realisations of a two-dimensional random field Z(x, y) with the (a)

`2-norm Markov correlation function and the (b) `2-norm Gaussian correlation function.

It is observed that the higher dimensional Markov correlation function is associated with

rough non-differentiable realisations due to the non-existence of the second derivative C̈M

of the Markov correlation function at the origin whilst, in comparison, the Gaussian cor-

relation function generates smooth realisations due the existence of C̈G(0). Additionally,

it should be noted that all of the higher dimensional correlation functions considered

in this section are quadrant symmetric since ρ(sX , sY ) = ρ(−sX , sY ) = ρ(sX ,−sY ) =

ρ(−sX ,−sY ). Finally, the only higher dimensional case considered in this section is the

two-dimensional case; however, it is noted that an ellipsoidal correlation function in Rn

can be formed by taking the `2-norm over the correlation length adjusted domain in the

n-spatial dimensions.
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(a) `2-norm Markov correlation function (b) `2-norm Gaussian correlation function

Figure 2.8: Realisations of a two-dimensional random field Z(x, y) with θX = 0.1L and

θY = 0.5H.

2.5 Spectral representation

In the context of random field theory, spectral representation refers specifically to the

decomposition of a random field Z(x) into a basis consisting of independent orthogonal

sinusoidal functions (Stefanou, 2009). In contrast, decomposition with respect to other

orthogonal basis functions are referred to differently, for instance, decomposition into

eigenfunctions is known as the Karhunen-Loève expansion (Loève, 1978). In the spectral

representation, the second moment structure of the random process Z(x) is expressed

in terms of the two-sided spectral density function S(f) where f is a frequency index

parameter. It is noted that the spectral density function S(f) is the frequency domain

equivalent to the covariance function C(s).

The decomposition of a weakly-stationary mean-square-continuous mean-zero Gaussian

process Z(x) into sinusoids of random amplitude and phase angle was first given by Rice

(1944):

Z(x) =

∞∑
m=0

Cm cos(fmx+ φm) (2.32)

where φm is a uniformly distributed phase angle on the interval [0, 2π] and Cm is an
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amplitude coefficient that is often defined deterministically as being equal to (Shinozuka

and Jan, 1972):

Cm =
√

2S(fm)∆f (2.33)

where ∆f is the size of the frequency interval that approaches zero in the limit ∆f → 0

as the number of sinusoids becomes large m → ∞. The formulation of the spectral

representation as an infinite summation is considered here since it is more intuitively

understood, however, a rigorous definition of the spectral representation in terms of a

Fourier-Stieltjes integral can be found in Yaglom (1962, p. 37).

The spectral representation given by Equation 2.32 can be written equivalently as (Rice,

1944, p. 287):

Z(x) =
∞∑
m=0

[Am sin (fmx) +Bm cos (fmx)] (2.34)

where the amplitudes Am and Bm are mean-zero normally distributed random variables

whose variance is given by:

E
[
A2
m

]
= E

[
B2
m

]
= S(fm)∆f (2.35)

The two-sided spectral density function S(f) and the covariance-function C(s) are re-

lated through the Wiener-Khinchin theorem and are expressed as the following Fourier

transform pairs:

C(s) =

∫ ∞
0

S(f) cos(fs) df (2.36)

S(f) =
1

2π

∫ ∞
0

C(s) cos(fs) ds (2.37)

Fenton and Griffiths (2008, p. 97) note that since the spectral density function S(f) is

an even function S(f) = S(−f) then it is convenient to instead work with the one-sided

spectral density function G(f):
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G(f) = 2S(f) if f ≥ 0 (2.38)

In the case that the process Z(x) is weakly stationary, the Wiener-Khinchin transforms

can be expressed as:

G(f) =
2σ2

π

∫ ∞
0

ρ(s) cos(fs) ds (2.39)

ρ(s) =
1

σ2

∫ ∞
0

G(f) cos(fs) df (2.40)

From a heuristic perspective, the spectral density function G(f) describes how the vari-

ance σ2 of the random process Z(x) is distributed with respect to each frequency f . A

smooth process, where θ is large compared to the domain D, has its power concentrated

in the low frequencies whilst a rough process, where θ is small compared to the domain

D, has its power concentrated in the high frequencies. The total variance of the process

is then given by the summation over the whole frequency spectrum:

σ2 =

∫ ∞
−∞

S(f) df = 2

∫ ∞
0

G(f) df (2.41)

The spectral representation of a two-dimensional random field Z(x, y) is given by (Shi-

nozuka and Deodatis, 1996):

Z(x, y) =

∞∑
n=0

∞∑
m=0

Cm,n cos(fmx+ fny + φm,n) (2.42)

=

∞∑
n=0

∞∑
m=0

[Am,n sin (fmx+ fny) +Bm,n cos (fmx+ fny)] (2.43)

where the deterministic amplitude Cm is given by (Shinozuka and Deodatis, 1996):

Cm,n =
√
G(fm, fn)∆fm∆fn (2.44)

31



and the random amplitudes Am,n and Bm,n are normally distributed with mean-zero and

variance given by:

E
[
A2
m,n

]
= E

[
B2
m,n

]
=
G(fm, fn)∆fm∆fn

2
(2.45)

Finally, it is noted that the two-dimensional one-sided spectral density functionG(fX , fX)

is given by the Fourier transform of the respective two-dimensional correlation function

ρ(sX , sY ):

G(fX , fY ) =

(
2

πσ

)2 ∫ ∞
0

∫ ∞
0

ρ(sX , sY ) cos(fXsX) cos(fY sY ) dsX dsY (2.46)

2.5.1 Common spectral density functions

This section presents the spectral density functions associated with a number of the

correlation functions presented in Section 2.4. The spectral representation is an especially

useful representation for random processes that do not posses a finite second moment

such as Dirac delta white noise ZN(x) whose spectral density function GN is given by

the Fourier transform of the Dirac delta function:

GN(f) = G0 if f ≥ 0 (2.47)

where G0 is the value of the spectral density function at the origin known as the white

noise intensity. The spectral density function is uniform across all frequencies and it is

in this sense that the variance of Dirac delta correlated white noise can be understood

to be infinite:

σ2
N = 2

∫ ∞
0

GN(f) df =∞ (2.48)

For finite variance processes, it is useful to define the intercept of the spectral density

function at the origin as (Fenton and Griffiths, 2008, p. 103):
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G0 = G(0) =
σ2θ

π
(2.49)

The spectral density function GM(f) associated with the Markov covariance function

CM(s) is given by:

GM(f) =
G0

1 + (θf/2)2
if f ≥ 0 (2.50)

It is noted that the Markov spectral density function GM(f), unlike the Markov co-

variance function CM(s), is continuous at the origin and of rational quadratic form

(Rasmussen and Williams, 2006, p. 86).

The spectral density function GG(f) associated with the Gaussian covariance function

CG(s) is given by:

GG(f) = G0 exp

(
−θ

2f2

4π

)
if f ≥ 0 (2.51)

It is observed that the Gaussian spectral density function GG(f) is of the same squared

exponential form as its associated covariance function CG(s).

The spectral density function GT (f) associated with the triangular covariance function

CT (s) is given by:

GT (f) = G0

[
sinc

(
f θ

2

)]2

if f ≥ 0 (2.52)

where sinc(.) is given by:

sinc

(
f θ

2

)
=

2 sin(fθ/2)

fθ
(2.53)

It is noted that the triangular covariance function ρT (s) is linear and non-differentiable at

both s = 0 and s = θ; however, in contrast the triangular spectral density function GT (f)

is of trigonometric form and everywhere differentiable. One numerical consideration
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associated with the triangular spectral density function is that it needs to be ensured

that GT (0) = G0 since the following limit is difficult to obtain numerically:

lim
f→0

sinc

(
fθ

2

)
= 1 (2.54)

Figure 2.9 shows that initially the Markov spectral density function GM(f) decreases the

quickest and hence has greater high frequency content which characterise the roughness

of its realisations. In comparison, the Gaussian spectral density function GG(f) initially

decreases the slowest and hence has greater low frequency content which characterises

the smoothness of its realisations. Additionally, the triangular spectral density function

GT (f) initially decreases faster than GG(f) but not as quickly as GM(f), however, unlike

either GG(f) or GM(f) this function is not strictly monotonically decreasing and exhibits

oscillatory behaviour that is attributed to the discontinuity of ρT (s) at a separation

equalling the correlation length s = θ.
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Figure 2.9: A comparison of the white noise G0(f), Markov GM(f), Gaussian GG(f)

and triangular GT (f) spectral density functions against frequency f in radians (σ = 1,

θ = 1).

2.5.2 Higher-dimensional spectral density functions

Higher-dimensional spectral functions can be obtained from the higher-dimensional co-

variance function in Section 2.4 through the relationship given by Equation 2.46. In the
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case of the `2-norm two-dimensional Markov correlation function, the equivalent spectral

density function is given by:

GM (fX , fY ) =
σ2θXθY

2π

[
1 +

(
θXfX

2

)2

+

(
θY fY

2

)2
] 3

2

(2.55)

In the case of the `2-norm two-dimensional Gaussian correlation function, the equivalent

spectral density function is given by:

GG(fX , fY ) =
σ2θXθY
π2

exp

(
−θ

2
Xf

2
X + θ2

Y f
2
Y

4π

)
(2.56)

The two-dimensional realisations shown in Figure 2.8 (a) and (b) were generated through

the spectral representation of a random field with the two-dimensional `2-norm Markov

and `2-norm Gaussian spectral density functions respectively through a simulation method

known as the Fast Fourier transform method which is detailed in Section 2.13.

2.6 Non-Gaussian processes

So far this chapter has only considered Gaussian processes, however, for many phenom-

ena non-positive values are not physically admissible and, consequently, the use of a

marginal normal distribution may be inappropriate. Therefore, it is of interest to ob-

tain a random process Z(x) with an arbitrary non-Gaussian marginal distribution. This

can be achieved through translation theory (Grigoriu, 1995) whereby a random process

Z(x) with marginal cumulative density function F (.) is obtained through the following

transformation of an underlying Gaussian process Z(x):

Z(x) = F−1 (F (Z(x))) (2.57)

where F (.) is the cumulative distribution function of the normal distribution. However,

it is important to note that this transformation alters the statistical moments of Z(x)

and, consequently, it is necessary to back-configure the parameters µ, σ, ρ(s) such that
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the non-Gaussian process Z(x) has the desired statistical moments. Finding a general

relationship between Gaussian and non-Gaussian statistical moments is challenging and

has led to the development of algorithms to match the Gaussian and non-Gaussian

spectral density functions (Shields et al., 2011, Bocchini and Deodatis, 2008). However,

it is useful to note that if the random process Z(x) has a lognormal marginal distribution

then these relationships are analytically tractable. This is due to the simplicity of the

following relationship between a lognormal random process Z(x) with mean µ, variance

σ2 and correlation function ρ(s) and the underlying normal Z(x):

Z(x) = exp (Z(x)) (2.58)

The statistics of the non-Gaussian process Z(x) are given by (Vanmarcke, 1988, p. 54):

µ = exp

(
µ+

1

2
σ2

)
(2.59)

σ2 =
(
exp(σ2ρ(s)− 1)

)
exp

(
2µ+ σ2

)
(2.60)

ρ(s) =
exp

(
σ2ρ(s)

)
− 1

exp(σ2)− 1
(2.61)

Consequently, in order to obtain a lognormal process with statistics µ, σ, ρ(s) the statis-

tics of Gaussian process Z(x) are back-configured according to:

µ = ln

(
µ

(
1 +

σ2

µ2

)− 1
2

)
(2.62)

σ2 = ln

(
1 +

σ2

µ2

)
(2.63)

ρ(s) =
ln
[(

exp
(
σ2
)
− 1
)
ρ(s) + 1

]
σ2

(2.64)

Figure 2.10 shows the effect of exponentiation on a Markov correlation function ρ(s) of

a Gaussian process Z(x) for varying desired coefficients of variation cv of the obtained

lognormal process Z(x). It is observed that, for small coefficients of variation cv of the

36



lognormal process Z(x), the error induced in the correlation structure caused by not

back-configuring the correlation function ρ(s) of the Gaussian process Z(x) is small.
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Figure 2.10: Effect of exponentiation on the Markov correlation function ρ(s) of an

underlying Gaussian process Z(x) for four different coefficients of variation cv of the

obtained lognormal process Z(x).

2.7 Overview of estimation

The use of random field models to quantify the risk associated with heterogeneous mate-

rials requires that the random field parameters Φ = {µ, σ, θ} are accurately inferred from

experimental data. The quality of these inferences depends on the choice of estimation

methodology which in turn affects the accuracy of the quantification of risk achieved

through the usage of the random field model. This section considers the application of

two frequentist techniques namely the method of moments (MM) and maximum like-

lihood estimation (MLE) in order to infer the parameters Φ of a random field. The

literature on the estimation of random field parameters has primarily focussed on infer-

ence from a single realisation of the random field as elucidated by the following quote:

“In geotechnical engineering, we generally only have one ‘experiment’ — our

planet as we see it. Rather than showing variability over an ensemble, our

one realization shows variability over space.” (Fenton and Griffiths, 2008,

p. 180)
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In contrast to the previous focus of the literature on the case of a single realisation,

this thesis considers the theory of estimation for the more general case of multiple re-

alisations of the random field. This is motivated by the fact that this thesis considers

the application of random fields to timber wherein each tree of the same species can be

considered a distinct realisation of the same underlying random process. In the case of a

single realisation, a concept of great importance is ergodicity which describes the ability

to make inferences from a single realisation of infinite extent (Fenton and Griffiths, 2008,

p. 180). However, ergodicity is also an important consideration for the case of multiple

realisations since it affects the number of realisations required to achieve an ensemble

that is representative of the variability of the random field.

In the formal mathematical definition, a random process Z(x) is ergodic if a particular

probabilistic descriptor can be deduced from a realisation of infinite extent. A realisation

is said to be of infinite extent if the volume |D| of the domain is taken in the following

limit D → ∞ where this limit is to be understood in the mean square sense (Chilès

and Delfiner, 2012, p. 20). The particular probabilistic descriptor is usually taken to be

the mean, however, ergodicity can also be considered with respect to other probabilistic

descriptors such as covariance. A random process Z(x) is mean-ergodic if (Chilès and

Delfiner, 2012, p. 19):

lim
D→∞

1

|D|

∫
D
Z(x, q) dx = µ (2.65)

A sufficient condition for a process to be ergodic in mean is that as the separation

between points in the domain becomes large s→∞ then these points become statistically

independent i.e. their covariance becomes zero C(s) → 0 (Adler and Taylor, 2007,

p. 145). An example of a process that is not mean-ergodic is the Wiener process and this

can be explained by recalling that this process is a martingale. In contrast, a process

such as white noise is not only ergodic but micro-ergodic since its statistical properties

can be deduced from infinite sampling density over a finite domain (Chilès and Delfiner,

2012, p. 22). It is useful to note that if a process is ergodic then it is also strongly

stationary, however, the converse is not necessarily true and an example of this is the

process with constant-valued realisations (Cressie, 1993, p. 57).

At this point it important to note that the consideration of realisations of infinite extent
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is not pragmatic since, in practice, samples of realisations can only be obtained over

a finite domain. Consequently, it is useful to introduce a heuristic concept known as

reasonable ergodicity which describes whether the correlation of the realisation over the

sampling domain is sufficiently negligible in order that samples can be considered to

be reasonably statistically independent. If the correlations over the sampling domain

are significant then estimations of the random field parameters, especially the scale and

correlation parameters, may be subject to substantial uncertainty. The assessment of

whether a process is reasonably ergodic over the domain requires the determination of

whether a trend exists within the data. This requires significant engineering judgement

and can not be determined with absolute confidence; however, if a trend is observed

then it needs to be determined whether this trend is due to a trend in the mean µ(x)

or should instead be attributed to the covariance structure C(s) of the random field

(Cressie, 1993, p. 25). If the observed trend is attributed to a non-stationary mean

µ(x) then the process can be considered to be reasonably ergodic and the data should

be detrended prior to estimates of the covariance structure. However, if the observed

trend is attributed to the covariance structure of the process then the process can not

be considered to be reasonably ergodic and, consequently, parameter estimates may be

subject to substantial uncertainty.

Finally, it should be recognised that conventional inferential methodologies consider the

data points to constitute samples of the random field at a single point in space. How-

ever, as discussed in Chapter 1, experimentally determined material properties are in fact

effective material properties determined over a non-zero sample volume. Thus, experi-

mentally determined material properties are averages over the sample volume and can,

at best, only be approximated as samples of the random field at a single point in space.

This discrepancy between the point scale characteristics of the random field model and

the macroscale nature of experimentally determined material properties is not addressed

within this chapter, however, this discrepancy is considered extensively in Chapter 5 –

Inference from effective properties. This chapter is instead focussed on the extension of

conventional methodologies for estimation, such as method of moments and maximum

likelihood estimation, to the case of multiple realisations.
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2.8 Method of moments estimation

The estimation technique known as method of moments involves estimating population

moments from the samples then solving equations for the parameters of interest (Devore,

2012, p. 256). The benefit of this approach is that it is simple and fast, however, it

should be noted that the derived estimators can often be biased. Consequently, method

of moments is often a suitable approach to obtain an initial approximation to a parameter

value in the case that other methods are intractable (Casella and Berger, 2002, p. 312).

For the case of a Gaussian random process, the parameters µ and σ are simply given

by the sample mean and variance, however, determination of the correlation parameter

θ is more complex since it requires the derivation of a relationship between the sample

correlation function ρ̂(s) and the analytical correlation function ρ(s) to be fitted.

Consider a stationary Gaussian process Z(x) with R realisations where each realisation

Zr has been sampled at J equispaced spatial locations. One approach to estimate the

mean µ and variance σ2 from these samples is to use the following classical estimators:

µ̂ =
1

JR

R∑
r=1

J∑
j=1

Zr(xj) (2.66)

σ̂2 =
1

JR

R∑
r=1

J∑
j=1

(Zr(xj)− µ̂)2 (2.67)

The estimator for the variance σ2 is biased since the denominator is not R(J − 1),

however, this biased estimator is preferred over the unbiased estimator since it ensures

positive semidefinite covariance matrices (Fenton, 1999). These classical estimators yield

acceptable results if the samples are reasonably ergodic or if samples from many realisa-

tions are available, however, in the case of a limited number of realisations that are not

reasonably ergodic then these classical estimators may perform poorly. It is possible to

derive improved estimators that depend on the correlation structure, as shown in Section

2.9, however it is noted that many authors continue to use the classical estimators due

to their simplicity (Lloret-Cabot et al., 2014),.

The second-moment structure of the random process Z(x) can be estimated using the

sample covariance function also known as the covariogram (Cressie, 1993, p. 67). This
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approach requires that the spatial locations at which the process Z(x) has been sampled

to be equispaced so that the correlation at the kth spatial separation sk can be esti-

mated. The usual estimate of the covariance function, adapted for the case of multiple

realisations, is given by (Box et al., 2016, p. 31):

Ĉ(sk) =
1

JR

R∑
r=1

J−k∑
j=1

(Zr(xj)− µ̂) (Zr(xj+k)− µ̂) for k = 0, 1, . . . ,K (2.68)

It is noted that the use of a variable denominator, given by R(J − k), is not pursued

here due to issues with non-positive definiteness (Jenkins and Watts, 1968, p. 182). The

sample correlation function, also known as the correlogram, is given by (Montegomery

et al., 2008, p. 30):

ρ̂(sk) =
Ĉ(sk)

Ĉ(s0)
(2.69)

where Ĉ(s0) = σ̂2. The correlation parameter θ is estimated through regression by

considering the error between the sample correlation function ρ̂(s, θ) and the theoretical

correlation function ρ(s, θ) to be fitted:

ε(θ) =
1

k

k∑
j=1

(ρ̂(sj |θ)− ρ(sj |θ))2 (2.70)

The method of moments estimate of the correlation length θ is obtained by finding the

value of θ that minimises the error function ε(θ):

θ̂ = argmin ε(θ) (2.71)

The minimisation of the error function ε(θ) is often approached numerically due to the

non-linear form of many theoretical correlation functions. In the case that there are

many theoretical correlation models to be selected between, the regression procedure is

repeated for each correlation function and the correlation function with the lowest error

ε is selected.
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2.8.1 Efficient computation of the sample correlation function

For a large number of realisations R or spatial sampling locations J , the computation

of the sample correlation function given by Equation 2.68 can become computationally

expensive. Consequently, it is useful to consider an efficient method to compute the

sample correlation function ρ̂(s) through the use of Fourier transforms. The correlation

function of a weakly stationary mean-zero random process Z(x) can be defined as the

cross-correlation of Z(x) with itself at lag s (Papoulis, 1962, p. 242):

ρ(s) = Z(s) ∗ Z(−s) =

∫ ∞
−∞

Z(x)Z(x− s) dx (2.72)

where Z(s) is the complex conjugate of Z(s) and ∗ is the convolution operator. This

definition of the theoretical correlation function ρ(s) can be utilised to develop a com-

putationally efficient method to compute the sample correlation function ρ̂(s) through

the use of the convolution theorem which states that the Fourier transform of convolu-

tion is equal the pointwise product of Fourier transforms: F {f ∗ g} = F {f} · F {g}.

Consequently, the correlation function ρ(s) can be expressed as:

ρ(s) = F−1
{
F{Z(s)} · F{Z(s)}

}
(2.73)

If the J samples of a single realisation Zr(xj) are formulated as the following column

vector:

Zr =


Zr(x1)

Zr(x2)
...

Zr(xJ)

 (2.74)

then the vectorised sample correlation function ρ̂ of the single realisation Zr(xj) can be

computed efficiently through (Press et al., 1997, p. 538):

ρ̂ = F−1
{
F{Zr − µ̂} ◦ F{Zr − µ̂}

}
(2.75)
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where ◦ is the entrywise product also known as the Hadamard product (Horn and John-

son, 2013, p. 371). Note that the sample mean is subtracted from the sample vector Zr

in the above expression since Equation 2.73 is only valid for mean-zero random processes.

It is of interest to consider the efficient computation of the sample correlation function

ρ̂ for the case of multiple realisations; in the case that there is an equal sized column

vector of samples Zr for each realisation then the matrix of samples is given by:

Z′ =
[
Z1 Z2 . . . ZR

]
(2.76)

Additionally, the Fourier operator is defined for matrix inputs such that:

F(Z′) =
[
F(Z1) F(Z2) . . . F(ZR)

]
(2.77)

It is observed that since the discrete Fourier transform is a linear operator, the aver-

aging associated with the outer summation in Equation 2.68 can be applied within the

frequency domain. Consequently, the vectorised sample correlation function ρ̂ for the

case of multiple realisations is given by:

ρ̂ = F−1

{(
F{Z′ − µ̂} ◦ F{Z′ − µ̂}

) 1

R

}
(2.78)

where 1 is a column vector with R entries all equal to one.

The limitation of the method of moments approach to compute the second moment

structure of the random process Z(x) is that the observations of each realisation are

required to be equispaced. However, it is often the case that observations are either

irregularly spaced or that there are an inconsistent number of observations for each

realisation; consequently, it is of interest to pursue a more flexible approach for the

inference of model parameters which is known as maximum likelihood estimation.
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2.9 Maximum likelihood estimation

This section considers a frequentist estimation technique known as maximum likelihood

estimation (MLE) which is an alternative to the method of moment approach considered

in the previous section. MLE makes use of the likelihood function L(Z|Φ) that describes

the probability of samples Z given a vector of parameter values Φ = {µ, σ, θ}. The

maximum likelihood estimate of the vector of parameters Φ is given by (Hogg et al.,

2013, p. 323):

Φ̂ = argmaxL(Z|Φ) (2.79)

Consequently, MLE finds the vector of parameters Φ̂ = {µ̂, σ̂, θ̂} that gives the samples

Z the maximum probability of occurring (Casella and Berger, 2002, p. 316). One of the

key advantages of maximum likelihood estimators are their asymptotic properties which

are the properties of the estimator as the number of samples grows large n → ∞ (De-

vore, 2012, p. 262). Under certain regularity conditions (Hogg et al., 2013, p. 322), these

asymptotic properties are: the MLE are consistent; the MLE are efficient and constitute

the minimum variance unbiased estimator since the variance of the estimator approaches

the Cramér-Rao lower bound (Hogg et al., 2013, p. 327); finally, the MLE are approxi-

mately unbiased and normally distributed about the true parameter values. However, it

should be noted that for small sample sizes the MLE are neither unbiased nor minimum

variance and, in certain circumstances, method of moment estimators may be superior

(Hosking and Wallis, 1987). A disadvantage of the maximum likelihood approach is that

the likelihood may be computationally expensive to evaluate or intractable requiring

that the likelihood be approximated numerically. Furthermore, for certain distributions

the partial derivatives of the likelihood function can not be obtained in closed analytical

form requiring the use of numerical optimisation algorithms to find the arguments that

maximise the likelihood function (Devore, 2012, p. 261). One example of a distribution

for which all of the partial derivatives can not be obtained analytically are Gaussian

processes since it is not possible, in the general case, to calculate a partial derivative

with respect to the correlation parameter θ.

In the case that the n samples are from a single realisation Zr of a Gaussian random

process Z(x), the likelihood function L(Zr) is simply equal to the multivariate normal
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probability density function given by Equation 2.7:

L(Zr) = f(Zr) = (2π)−
n
2 det(Cr)

− 1
2 exp

(
(Zr − µr)ᵀC−1

r (Zr − µr)
)

(2.80)

where Cr and µr are the covariance matrix and mean vector of Zr respectively. If the

process Z(x) is weakly stationary then the likelihood function is given by:

L(Zr) =
(
2πσ2

)−n
2 det(ρr)

− 1
2 exp

(
(Zr − µ1r)

ᵀρ−1
r (Zr − µ1r)

2σ2

)
(2.81)

It is noted that the likelihood tends to be vanishing and consequently it is preferable to

instead consider the log-likelihood function (Fenton, 1999):

logL(Zr) = −n
2

log(2π)− n

2
log(σ2)− 1

2
log(det(ρr))−

(Zr − µ1r)
ᵀρ−1

r (Zr − µ1r)

2σ2

(2.82)

where the constant −n
2 log(2π) may be neglected since it does not affect the location

of the maximum of logL(Zr). Assuming that the likelihood function is unimodal with

derivative zero only at the maximum, an estimator for the location parameter µ can be

derived by taking the partial derivative of the log-likelihood function with respect to µ,

setting it equal to zero and rearranging to give (Fenton, 1999):

µ̂ =
1ᵀ
rρ−1

r Zr

1Tr ρ
−1
r 1r

(2.83)

This estimator is equal to the classical mean estimator when there is no correlation

between samples i.e. when ρr = I where I is the identity matrix. However, as the

correlation between samples increases this estimator has reduced variance compared to

the classical estimator of the mean. An estimator for the variance σ2 is obtained by

taking a partial derivative of the log-likelihood function with respect to σ2, setting it

equal to zero and rearranging to give (Fenton, 1999):

σ̂2 =
1

n
(Zr − µ̂r1r)Tρ−1

r Zr (2.84)
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This estimator for variance is a substantial improvement over the classical estimator of

variance in the case that samples are correlated. Closed formed estimators for both the

location µ and scale parameter σ have been presented, however, the partial derivative

with respect to the correlation parameter θ can not always be obtained since closed form

solutions for the derivative of the determinant of the correlation matrix do not always

exist (Fenton and Griffiths, 2008, p. 197). Instead, numerical optimisation is used to

find the value of the correlation parameter θ that maximises the log-likelihood function.

It is important to note that the expressions for µ̂ and σ̂, given by Equations 2.83 and

2.84, give the maximum likelihood estimates of µ and σ for each θi and, consequently,

optimisation of the likelihood function reduces to numerical optimisation of a single

parameter namely the correlation parameter θ.

The theory of maximum likelihood estimation for Gaussian processes presented above is

only for the case of samples belonging to a single realisation, however, it is of interest to

consider the case of samples belonging to an ensemble of realisations Z. Two methods

are considered for extending the MLE theory presented above to the case of multiple

realisations. The first approach is to note that the likelihood of the ensemble Z is

simply given by the product of their individual likelihoods:

L(Z|Φ) =

R∏
r=1

f(Zr) (2.85)

or in the case of log-likelihood by the summation of their individual log-likelihoods:

logL(Z|Φ) =

R∑
r=1

log f(Zr) (2.86)

where Zr is the rth realisation of the random field belonging to the ensemble Z. The

approach would then be to take partial derivatives of this expression for log-likelihood

and attempt to derive expressions for µ̂ and σ̂. The second approach, and the approach

pursued here, is to vectorise the R realisations into a single column vector given by:

46



Z =


Z1

Z2

...

ZR

 (2.87)

with global correlation matrix ρ given by:

ρ =


ρ1 0 . . . 0

0 ρ2 . . . 0
...

...
. . .

...

0 0 . . . ρR

 (2.88)

where ρr is the correlation matrix of the rth realisation Zr.

Let a and b denote the solutions to the following system of linear equations:

ρa = Z (2.89)

ρb = 1 (2.90)

where 1 is a column vector of ones with size equal to Z. The maximum likelihood

estimates of the mean and standard deviation inferred from the global sample vector Z

of the random field are given by:

µ̂ =
1Ta

1Tb
(2.91)

σ̂ =
1

n
(Z − µ̂1)Ta (2.92)

where n is the total number of samples in Z. The maximum likelihood estimate θ̂ =

argmax logL(Z|θ) is then obtained through numerical optimisation of the log-likelihood

function given by:

logL(Z|θ) = −n
2

log(σ̂2)− 1

2
log(det(ρ(θ)))− (Z − µ̂1)Tρ(θ)−1(Z − µ̂1)

2σ̂2
(2.93)
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In the case of a large number of realisations, the direct computation of the solutions a

and b is computationally expensive and should be avoided by taking advantage of the

sparse and symmetric nature of the global correlation matrix ρ. Note that the following

manipulations are based on elementary linear algebra and the properties of determinants

(Axler, 1997). It is observed that since the global correlation matrix ρ is a block diagonal

matrix then its inverse is equal to the inverse of each of its elements:

ρ−1 =


ρ1 0 · · · 0

0 ρ2 · · · 0
...

...
. . .

...

0 0 · · · ρR



−1

=


ρ−1

1 0 · · · 0

0 ρ−1
2 · · · 0

...
...

. . .
...

0 0 · · · ρ−1
R

 . (2.94)

Furthermore, since the system of equations corresponding to each local correlation matrix

ρr are independent then the solutions, a and b, to the linear system of equations are

given by:

a = ρ−1Z =


ρ−1

1 Z1

ρ−1
2 Z2

...

ρ−1
R ZR

 (2.95)

b = ρ−11 =


ρ−1

1 11

ρ−1
2 12

...

ρ−1
R 1R

 (2.96)

where 1r is the rth column vector of ones with size equal to rth realisation Zr. Note that

for computational reasons, the solution to this linear system of equations should be found

through Gaussian elimination rather than through direct computation of the inverse of

the correlation matrix ρr. A further numerical consideration is that the determinant of a

large correlation matrix ρ can be so large that it can not be represented accurately using

single or double precision and, therefore, the direct computation of the determinant of

ρ should be avoided. It is noted that the global correlation matrix ρ is a block diagonal

matrix and, consequently, its determinant is given by:
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det (ρ) =

R∏
r=1

det(ρr) (2.97)

Similarly, the log determinant of the global correlation matrix ρ is given by:

log(det (ρ)) =

R∑
r=1

log(det(ρr)) (2.98)

Additionally, in the case that the correlation matrices are equal ρ1 = ρ2 = · · · = ρR

(i.e. the realisations have all been sampled at the same spatial locations) then the log-

determinant is given by log(det(ρ)) = R log(|ρ1|). Furthermore, it can be shown that

the log-determinant of a matrix does not need to be computed directly provided that

the matrix permits the following Cholesky decomposition (Wicklin, 2012):

ρr = ψψᵀ (2.99)

where ψ is a lower triangular square matrix. It should be recognised that Cholesky

decomposition requires a positive definite matrix which is a stronger condition than that

satisfied by correlation matrices which are only required to be positive semidefinite. The

log-determinant of the correlation matrix ρr is given by:

log(det(ρr)) = log(det(ψψᵀ)) (2.100)

= log(det(ψ) det(ψᵀ)) (2.101)

= log(det(ψ)2) (2.102)

= 2 log(det(ψ)) (2.103)

Observing that the determinant of a lower triangular matrix ψ is simply given by the

product of its diagonal elements ψi,i and, consequently, the log-determinant of the cor-

relation matrix ρr is given by:

49



log(det(ρr)) = 2 log

(
I∏
i=1

ψi,i

)
(2.104)

= 2

I∑
i=1

logψi,i (2.105)

Therefore, it has been shown that the log-determinant of the correlation matrix ρr, and

similarly the global correlation matrix ρ given by Equation 2.98, can be obtained without

direct computation of the determinant through the use of Cholesky decomposition. It

is important to recognise that the advantage of this approach is that it offers both

greater computational efficiency and numerical stability over direct computation of the

log-determinant.

2.10 Kriging

Kriging is an interpolation method that aims to estimate the value of a realisation of a

random process at a location different from those that it has been sampled at. In the case

that the random process is Gaussian, it is observed that the kriging estimator is both

unbiased and the minimum variance estimator (Journel and Huijbregts, 1978, p. 304).

This method of interpolation was used by its namesake, Krige (1951), to predict the

spatial distribution of gold-ore and, within the context of geostatistics, its mathematical

basis was formalised by Matheron (1973). However, it should be recognised that this

interpolation technique has a long history: it was first developed by Kolmogrov (1941)

and Wiener (1964) and has been referred to by many names including Gaussian process

regression (Rasmussen and Williams, 2006, p. 30) and time series forecasting (Box et al.,

2016, p. 129).

The advantage of kriging over other interpolation techniques such as cubic splines (Press

et al., 1997, p. 107) is that the kriging estimator takes into account the expected value

and correlation structure of the samples through the use of random field models. This

section only considers the case of simple kriging, which assumes that the parameters of

the random field are both constant and known, however, for more sophisticated imple-

mentations such as kriging with an unknown constant mean, known as ordinary kriging,

or kriging with an unknown non-stationary polynomial mean, known as universal krig-
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ing, refer to Fenton and Griffiths (2008, p. 130). The kriging estimate Ẑ of a realisation

at location xi is given by:

Ẑ(xi) = µ1 + βᵀ
i (Z − µ1) (2.106)

where 1 is a column vector of ones with size equal to Z, βi is a column vector that weights

the detrended value of the samples Z and Z is a column vector of the observations of

the realisation sampled at spatial locations xα:

Z = Z(xα) =


Z(x1)

Z(x2)
...

Z(xJ)

 (2.107)

The values of the vector βi, containing the coefficients βi,j , that minimises the variance

of the error of the estimator at location xi is given by:

βi = C−1bi (2.108)

where C is the covariance matrix of Z and bi is a vector of covariances between the

samples Z and the value to be estimated Z(xi):

bi =


Cov(Z(xi), Z(x1))

Cov(Z(xi), Z(x2)
...

Cov(Z(xi), Z(xJ)

 (2.109)

The above equations consider the kriging estimate of the realisation at a single point

xi, however, it is often the case in practice that a kriging estimate Ẑ is desired at many

spatial locations {x1, . . . , xI}. This can be achieved by concatenating the vectors of

covariances bi for every ith point to be predicted into a single matrix given by:
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b =
[
b1 b2 . . . bI

]
(2.110)

where b is a J by I matrix where J is the number of samples and I is the number of

locations that an estimate of the realisation is desired at. Similar to Equation 2.108, the

spatial weights β are given by:

β = C−1b (2.111)

where β is also a J by I matrix. Similar to Equation 2.106, the column vector of

predictions Ẑ = {Ẑ(x1), . . . , Ẑ(xI)} is given by:

Ẑ = µ1 + βᵀ (Z − µ1) (2.112)

Figure 2.11 shows the effect that the choice of correlation length θ has on the kriging

estimate Ẑ(x) of samples Z for the Markov correlation function ρM(s). It is noted that

the kriging estimate depends on the mean parameter which has arbitrarily been taken

to be µ = 7. It is also noted that the kriging estimate is independent of the scale

parameter σ. The scale parameter σ only affects the confidence intervals associated with

the kriging estimate since the kriging estimate is, in effect, an expected value calculation.

It is observed that as the correlation length is taken in the limit θ →∞ then the kriging

interpolation using the Markov correlation function approaches linear interpolation and,

as θ → 0, the kriging interpolation increasingly regresses towards the mean µ = 7. In the

case of extrapolation, the kriging estimate tends asymptotically towards the mean and

the rate at which this occurs decreases as the value of the correlation length θ increases.

Figure 2.12 shows the effect of the choice of correlation length θ on the kriging estimate

Ẑ(x) of samples Z for the Gaussian correlation function ρG(s). The kriging estimate

shown in Figure 2.12 is significantly different than the kriging estimate shown in Figure

2.11 despite identical random field parameters and, consequently, it is concluded that the

choice of correlation function has a large influence on the kriging estimate. In particular,

the derivative of the Gaussian kriging estimate is continuous at sampling locations xα

whilst the derivative of the Markov kriging estimate is discontinuous at xα and this is

attributed to the fact that the derivative of the Gaussian correlation function ρG(s) is
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continuous at the origin whilst the derivative of the Markov correlation function ρM(s)

is not. It should be noted that in general the kriging estimate Ẑ(x) is less variable than

a typical realisation of Z(x) since the kriging estimate is effectively an average over the

set of all possible realisations of Z(x).
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Figure 2.11: Variation of the kriging estimate Ẑ(x) with the Markov correlation function

ρM(s) for four different values of the correlation length θ.
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Figure 2.12: Variation of the kriging estimate Ẑ(x) with the Gaussian correlation func-

tion ρG(s) for four different values of the correlation length θ.
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2.10.1 Kriging variance

It is desirable to quantify the uncertainty associated with the kriging interpolation Ẑ(x)

and this can be achieved through consideration of kriging error ε = Ẑ(x) − Z(x). For

Gaussian processes, the error ε is normally distributed with mean zero and variance given

by (Fenton and Griffiths, 2008, p. 129):

σ2
ε(xi) = Var

[
Z(xi)− Ẑ(xi)

]
(2.113)

= σ2 − βᵀ
iCβi (2.114)

= σ2 − βᵀ
i bi (2.115)

The kriging error ε is homoscedastic since its variance σ2
ε only depends on the covari-

ance structure, and not on the values, of the conditioning data (Chilès and Delfiner,

2012, p. 161). Consequently, in the case that the process is Gaussian, the confidence

intervals based on the kriging standard deviation σε constitute conditional confidence

intervals. Furthermore, since the error ε is normally distributed then the approximate

95% confidence intervals are given by:

[
Ẑ(x)− 2σε(x), Ẑ(x) + 2σε(x)

]
(2.116)

If the kriging variance is required not only at a single location xi, but rather at a number

of locations {x1, . . . , xI}, then it is an observation of this thesis that the column vector

σ2
ε = {σ2

ε(x1), . . . , σ2
ε(xI)} is given by:

σ2
ε = σ21− 1βᵀb (2.117)

Figure 2.13 shows the 95% confidence intervals associated with the kriging estimate

Ẑ(x) of the samples Z with the Gaussian correlation function ρG(s) and random field

parameters µ = 7, σ = 0.5, θ = 2. It is observed that extrapolation is associated

with the largest uncertainty and, as the distance from the kriging estimate Z(xi) to

the nearest sample Zj becomes large, the kriging variance approaches the variance of

the random field σ2
ε → σ2. Furthermore, it is observed that the interpolation between
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samples is associated with moderate uncertainty that decreases to zero as the location

of the kriging estimate approaches the location of a sample. It is useful to note that in

the kriging methodology considered here, namely simple kriging, the uncertainty in the

data is assumed to be zero; however, for kriging methodologies that takes into account

experimental error consider noisy kriging (Picheny and Ginsbourger, 2014).

Figure 2.13: Kriging estimate Ẑ(x) of samples Z with 95% confidence intervals shown

in grey (Gaussian correlation function ρG(s), µ = 7, σ = 0.5, θ = 2).

2.10.2 Conditional random fields

The theory of kriging is not only useful for estimation but can also be utilised for the

efficient simulation of conditional random fields. The simulation of conditional random

fields is useful to quantify the uncertainty associated with samples of a random process

Z = Z(xα) located at spatial locations xa. A conditional random field ZC(x) is a

random field whose realisations always take the same values at the spatial locations

x = xα. Realisations of a conditional random field ZC(x) are given by (Journel and

Huijbregts, 1978, p. 495):

ZC(x) = ZU(x) + ZK(x)− ZKU(x) (2.118)

where: ZU(x) is an unconditional realisation of the random field,

ZK(x) is the simple kriging estimate of the samples Z,
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ZKU(x) is the simple kriging estimate of the values of ZU(xa).

Figure 2.14 shows three realisations of a conditional random field ZC(x) whose realisa-

tions have fixed values at spatial locations xα. It is observed that the realisations remain

roughly within the 95% confidence intervals illustrated in Figure 2.13. Furthermore, it is

worth recognising that the kriging interpolation and variance can be intuitively thought

of as equivalent to simulating an infinite number of conditional realisations through the

sample points and then computing the mean and variance of this ensemble respectively.

The remainder of this chapter presents and evaluates methods to simulate the uncondi-

tional realisations of a random field.
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Figure 2.14: Three realisations of a conditional random field ZC(x) whose realisations

take the same values Z at spatial locations xα.

2.11 Overview of simulation

The simulation of random fields requires the discretisation of a continuous random field

Z(x) into a discrete-space approximation given by a random vector Z and it should be

noted that the accuracy of this approximation is dependent on the choice of discretisa-

tion method. Sudret and Kiureghian (2000, p. 9) identify three types of discretisation

methods for random fields namely point discretisation, average discretisation and series

expansion. In both point and average discretisation methods, the domain D is subdi-

vided into a finite number of elements Ω = {Ω1,Ω2, . . . ,ΩN} and the field Z(x) is then
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approximated in each element Ωi as:

Zi =

∫
Ωi

ω(x)Z(x) dΩi (2.119)

where ω(x) is the spatial weighting function. The random vector Z that approximates

Z(x) is then given by:

Z =
[
Z1 Z2 . . . ZN

]ᵀ
(2.120)

The point discretisation method considered in this thesis is the midpoint method which

approximates the field in each element using as random variable Zi equal to the value

of the field at the centroid xc of the element as follows (Sudret and Kiureghian, 2000,

p. 10):

Zi = Z(xc), xc ∈ Ωi (2.121)

The midpoint method is equivalent to taking the weighting function ω(x) in Equation

2.119 to be the Dirac delta function δ(x− xc) so that a point sample at the centroid xc

is obtained. The advantage of the midpoint method is its simplicity, however, it should

be noted that the midpoint method has been shown to over-represent the variability of

the random field in each element Ωi (Kiureghian and Ke, 1988). This motivates the use

of spatial average methods, such as the method proposed by Vanmarcke and Grigoriu

(1983), where the weighting function ω(x) that is taken to be uniform over the element

Ωi. The advantage of spatial average methods is that they better represent the variability

of the random field; however, the disadvantage is that the determination of the correct

type of average can be complex especially for the non-linear averages associated with

many types of effective properties.

The final discretisation technique, known as the series expansion method, decomposes

the random field with respect to orthogonal basis functions and this expansion is then

truncated in order to render a discretised approximation to the continuous random field.

This thesis adopts a unified approach to discretisation under the midpoint approximation

and, consequently, the orthogonal basis functions are only evaluated at the centroids of
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the element Ωi. This approach promotes consistency between the discretisation methods,

however, it should be noted that this approach does not take full advantage of series

expansion methods which are detailed further in Sudret and Kiureghian (2000). The

truncated series expansion of the random field Z(x) in each element is given by:

Zi =
M−1∑
m=0

ωm(x)Zm(x) (2.122)

The effect of truncating the expansion at m = M − 1 is that the variance of the random

field is artificially decreased and it should be recognised that the extent of reduction of

variance depends on the magnitude of M . It is noted that this reduction in variance is

to some extent compensated by the over-representation of variability associated with the

midpoint approximation. Figure 2.15 shows a comparison of local average and midpoint

discretisation methods for a single realisation of a random field. The use of local average

discretisation is not considered further within this thesis, instead this thesis focusses

on two methods to simulate random fields under the midpoint approximation namely

covariance matrix decomposition and the fast Fourier transform method.

Ω1 Ω2 Ω3 Ω4 Ω5 ... ΩN

Z
(x
)

realisation of Z(x)
average discretisation
point discretisation

Figure 2.15: Illustrative comparison of local average and midpoint discretisation of a

single realisation of the random field Z(x) discretised into N elements Ωi.
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2.12 Covariance matrix decomposition method

A method to simulate a random column vector Z consisting of N normally distributed

random variables with mean µ, standard deviation σ and correlation matrix ρ was first

presented by Scheuer and Stoller (1962). This method later came to be known as the

covariance matrix decomposition (CMD) method and is based on the following decom-

position of the random vector Z (Fenton, 1994):

Z = µ+ σψξ (2.123)

where ξ is a column vector of N uncorrelated mean-zero, unit variance normal random

variables and ψ is an N by N matrix that satisfies the following decomposition of the

correlation matrix ρ:

ρ = ψψᵀ (2.124)

The effect of multiplying the column vector of independent normal random variables ξ

by the square matrix ψ is to introduce statistical dependency according to the desired

correlation structure. A verification that the random vector Z has the desired statistical

properties can be found in Appendix A.3. Two methods are considered to obtain the

matrix ψ: the first method utilises Cholesky decomposition whilst the second method

utilises eigendecomposition. In the Cholesky implementation of CMD, the square matrix

ψ is obtained as a real lower triangular matrix through a modified from of Gaussian

elimination. In comparison, the eigendecomposition implementation is based on the

following decomposition of of ρ (Zhang and Ellingwood, 1994):

ρ = V ΛV −1 (2.125)

where V is a square N×N matrix whose ith column is the eigenvector Vi of ρ and Λ is a

diagonal matrix whose elements are the corresponding eigenvalues. Since Λ is a diagonal

matrix then it can be factorised such that the correlation matrix ρ is given by:
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ρ = V
√

Λ
√

ΛV
−1

(2.126)

where
√

Λ is simply given by the pointwise square root of each of the diagonal entries of

Λ. The desired square matrix ψ is then given by:

ψ = V
√

Λ (2.127)

It has been observed that the eigendecomposition implementation of CMD is closely

related to the Karhunen-Loève expansion of a random field under the midpoint approx-

imation (Zhang and Ellingwood, 1994). Additionally, the simulation of realisations of a

two-dimensional random field can be achieved through CMD by vectorising the discre-

tised two-dimensional field into a single column vector Z as discussed in Section 2.7. A

numerical issue that often occurs with certain covariance functions, such as the Gaus-

sian correlation function ρG(s), is that the correlation between neighbouring points in

the covariance matrix becomes one due to numerical round-off errors and this renders the

computed covariance matrix invalid since it is not positive semi-definite (Fenton and Grif-

fiths, 2008, p. 111). This problem is resolved through the method proposed by Higham

(2002) that finds the so-called nearest correlation matrix through the minimisation of

the Frobenius norm.

2.13 Fast Fourier transform method

The spectral representation of a random field is of great utility since it implies that reali-

sations of the random field can be simulated through the summation of random sinusoids

provided that the sinusoidal expansion is suitability truncated and that the frequency

spectrum is suitably discretised. If this method is implemented in conjunction with fast

Fourier transform (FFT) algorithms (Cooley and Tukey, 1965) then random field reali-

sations can be simulated with great computational efficiency. However, the disadvantage

of the FFT method is that both the spatial and frequency domains must be discretised

into an equal number of elements and that the number of elements must be equal to a

power of 2. Section 2.5 presents two equivalent spectral representations of a stochastic

process Z(x) namely the random phase angle and random amplitude formulations. In
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the limiting case, as the number of sinusoids becomes large M → ∞, then these repre-

sentations are equal; however, in the case that the spectral representation is truncated

then these formulations can no longer be said to be equal. Consequently, the discrete

spectra approximation Z̄(x) ≈ Z(x) is associated with different errors and computational

costs depending on whether the random phase angle or random amplitude formulation

is adopted. The random phase angle formulation is the most popular representation

(Stefanou, 2009), however, it is an observation of this section that this representation

is associated with several fundamental limitations. The discretised random phase angle

formulation is given by a truncation of Equation 2.32:

Z̄(xj) =
√

2
M−1∑
m=0

√
G(fm)∆f cos(fmxj + φm) (2.128)

where: M is the number of sinusoidal terms,

G(fm) is the one-sided spectral density function at frequency fm,

∆f is the non-zero interval of frequency discretisation,

φm is a uniform random variable on [0, 2π].

In order to take advantage of FFT algorithms, the random phase angle formulation can

be rewritten using Euler’s formula as (see Appendix A.2):

Z̄(xj) = Re

{
√

2

M−1∑
m=0

√
G(fm)∆f eiφmeifmxj

}
(2.129)

where Re{.} is the real part operator. The discretised random amplitude formulation is

given by a truncation of Equation 2.34:

Z̄(xj) =
M−1∑
m=0

[Am cos(fmxj) +Bm sin(fmxj)] (2.130)

where the random amplitudes, Am and Bm, are mean-zero random variables. It is useful

to note that the random amplitude formulation can similarly be written into a form

suitable to take advantage of FFT algorithms (see Appendix A.2):
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Z̄(xj) = Re

{
M∑
m=0

(Am − iBm)eifmxj

}
(2.131)

In both the random phase angle and random amplitude formulations the spectral density

function is discretised into M components. As a result of this, the truncated spectral

density function G(fm) is only defined for 0 ≤ m < M and, consequently, G(fM )

is undefined. It is observed that it is useful to define the truncated spectral density

function periodically so that G(fm) = G(fm+M ) and, consequently, this implies that

G(fM ) = G(f0). This simplifies the definition of the variances of the random amplitudes,

Am and Bm, which are given by:

E
[
A2
m

]
=


1
2G(fm)∆f if m = 0

1
4 [G(fm) +G(fM−m)] ∆f if m = 1, . . . , M2 − 1

G(fm) if m = M
2

(2.132)

E
[
B2
m

]
=


0 if m = 0, M2

1
4 [G(fm) +G(fM−m)] ∆f if m = 1, . . . , M2 − 1

(2.133)

The variances of Am and Bm are identical except at the edge point m = 0 and midpoint

m = M/2. At the midpoint, the variance of Am is doubled whilst at the edge point

and midpoint the variance of Bm is zero. The random amplitudes, Am and Bm, do not

need to be generated over the whole domain due to the following symmetry conditions

(noting the antisymmetry relationship for Bm):

Am = AM−m

Bm = −BM−m

 if
M

2
< m < M (2.134)

Figure 2.16 shows the symmetry conditions of the random amplitudes, Am and Bm, in

one-dimensional space R1 where the filled circles indicate points at which the random

amplitudes need to be generated and the hollow circles where they are given by symmetry.

It has been observed that the covariance structure of random fields generated using the

fast Fourier transform technique are always symmetric about the mid-lines of the field
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(Fenton, 1994). This problem is resolved by generating a field twice as larger as desired

and only keeping the first half.

0 M/2 M − 1
m

Figure 2.16: Illustration of the symmetries of the random amplitudes, Am and Bm, in R1

where filled circles indicates the random amplitudes to be generated and hollow circles

indicate random amplitudes given by symmetry.

The random phase angle formulation, given by Equation 2.128, and the random ampli-

tude formulation, given by Equation 2.130, both have comparative advantages and dis-

advantages. The advantage of the random amplitude formulation is that the realisations

are strongly ergodic (Grigoriu, 1993) which implies that all realisations are ergodic. How-

ever, in comparison, realisations of the random amplitude formulation are only weakly

ergodic which implies that only some realisations are ergodic. In practical terms, the

effect of this is that the deterministic coefficient formulation converges more rapidly to

the desired statistics (Fenton, 1990, p. 15). A further advantage of the random phase

angle formulation is that it is less computationally expensive since only half the number

of random variables are required to be simulated for each realisation in comparison to the

random amplitude formulation. However, the disadvantage of the random phase angle

formulation is that the simulated realisations have an artificial lower and upper bound

since the absolute value of the realisations is subject to the following inequality:

|Z(xj)| ≤
√

2
M−1∑
m=0

√
G(fm)∆f (2.135)

Furthermore, an additional disadvantage of the random phase angle formulation is that

the marginal distribution of the realisations is only approximately Gaussian for a large

numberM of sinusoidal terms (Grigoriu, 1993). In conclusion, if computational efficiency

is prioritised then the random phase angle formulation is recommended; however, if

accuracy is prioritised, as is the case within this thesis, then the random amplitude

formulation should be pursued. Finally, it is worth briefly considering the effects of

discretisation on the accuracy of the simulated realisations. If the spatial domain [0, L]
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is discretised into J points then the spatial interval of discretisation ∆x is given by:

∆x =
L

J − 1
(2.136)

Since space and frequency are discretised equally M = J then the frequency interval ∆f

is given by (Fenton, 1994):

∆f =
2π

J∆x
=

2π(J − 1)

JL
≈ 2π

L
(2.137)

It is observed that the frequency interval ∆f is approximately independent of the degree

of discretisation J . This implies that the size of the domain L needs to be sufficiently

large in order that a sufficiently fine discretisation of the spectral density function is

achieved. If the domain is not sufficiently large then the spectral density function will

be coarsely discretised resulting in distortion of the correlation structure. Consequently,

it may be necessary to generate a field with domain L larger than required and discard

the excess. A further consideration is the frequency beyond which the spectral density

is neglected, known as the cut-off frequency fU , which is given by:

fU = ∆f(J − 1) ≈ 2π(J − 1)

L
(2.138)

The effect of increasing the size of the domain L, without an approximately equal increase

in the degree of discretisation J , is to decrease the cut-off frequency fU . This may

lead to an excessive truncation of the spectral density function which, in turn, results

in decreased variance of the simulated realisations. Consequently, in order to achieve

accurate simulation with the fast Fourier transform method, it needs to be ensured that

the field is both sufficiently large with an adequately high degree of discretisation.

2.13.1 Two-dimensional implementation

The same approach to use fast Fourier transform algorithms to efficiently generate re-

alisations of a random process Z(x) through its spectral representation can be utilised

to efficiently generate realisations of a random field Z(x, y). The truncation of the two-
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dimensional random phase angle formulation is not considered here, however, details

of its implementation can be found in Shinozuka and Deodatis (1996). The discretised

random amplitude spectral representation of a random field Z(x, y) is given by the trun-

cation of Equation 2.43:

Z̄(xj , yk) =
N−1∑
n=0

M−1∑
m=0

[Am,n cos(fmxj + fnyk) +Bm,n cos(fmxj + fnyk)] (2.139)

This can be rewritten in a form suitable for the use of fast Fourier transform algorithms

using Euler’s formula (see Appendix A.2):

Z̄(xj , yk) = Re

{
N−1∑
n=0

eifnyk
M−1∑
m=0

(Am,n − iBm,n)eifmxj

}
(2.140)

Similar to the one-dimensional case, it is noted that simplified expressions for the vari-

ances of the random amplitudes, Am,n and Bm,n, are obtained by defining the trun-

cated spectral density function periodically such that G(fm, fn) = G(fm+M , fn) =

G(fm, fn+N ). The variances of the mean-zero normally distributed random amplitudes,

Am,n and Bm,n, are given by:

E
[
A2
m,n

]
=


∆fm∆fnG(fm, fn) if m = 0, M2 and n = 0, N2
∆fm∆fn

8
[G(fm, fn) +G(fM−m, fn) +G(fm, fN−n) +G(fM−m, fN−n)] otherwise

(2.141)

E
[
B2
m,n

]
=


0 if m = 0, M2 and n = 0, N2
∆fm∆fn

8
[G(fm, fn) +G(fM−m, fn) +G(fm, fN−n) +G(fM−m, fN−n)] otherwise

(2.142)

The variance of Am,n and Bm,n are identical except at the corner points (m = 0, M2 and

n = 0, N2 ) where the variance of Am,n is doubled and the variance of Bm,n is zero. If

the spectral density function is quadrant symmetric, the random amplitudes have two

symmetry lines at m = M/2 and n = N/2. Consequently, the random amplitudes

exhibit the following horizontal symmetries:
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Am,n = AM−m,n

Bm,n = BM−m,n

 if
M

2
< m < M,

N

2
< n < N (2.143)

and the following vertical symmetries (noting the antisymmetry relationship for Bm,n):

Am,n = Am,N−n

Bm,n = −Bm,N−n

 if
M

2
< m < M,

N

2
< n < N (2.144)

Only the case of quadrant symmetric spectral density functions, as presented in Subsec-

tion 2.4.1, have been considered here, however, for the case of a non-quadrant symmetric

spectral density function consider Fenton (1994). The symmetries of the random am-

plitudes are illustrated in Figure 2.17 where the lines of symmetry are shown as dashed

lines, the filled circles indicate the points at which the random amplitudes are to be gen-

erated and the hollow circles indicate the random amplitudes that are given by symmetry.

Similar to the one-dimensional case, the covariance structure of the field is symmetric

about the midlines and, consequently, a field four times as large as is required is to be

generated and the excess discarded.

66



m

n

0
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2

M − 1

N

2

N − 1

Figure 2.17: Symmetries of random amplitudes, Am,n and Bm,n, of a quadrant symmetric

random field where lines of symmetry are shown as dashed lines, filled circles indicate

random amplitudes to be generated and hollow circles indicate random amplitudes given

by symmetry.
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2.14 Evaluation of simulation methods

This section presents the results of a computer experiment designed to evaluate the com-

putational performance of the simulation methods presented within this chapter. The

methods that are compared are the Cholesky and eigendecomposition implementations

of covariance matrix decomposition (CMD) as well as the random amplitude implemen-

tation of the fast Fourier transform (FFT) method. The analysis has been performed

on a PC with an i3-4150 CPU and 16 GB of ram and the results are only valid for the

specific implementation of the CMD and FFT algorithms in the Matlab toolbox RFbox.

Figure 2.18 shows the computational time t in seconds to generate realisations of a ran-

dom field consisting of NΩ = 1000 elements against the number of realisations NR for all

three simulation methods. The FFT method has a negligible initial cost whilst the CMD

methods have significant initial costs associated with the decomposition of the covariance

matrix. It is observed that the initial cost, for the case of NΩ = 1000 elements, is sub-

stantially larger for the eigendecomposition implementation of CMD in comparison to

the Cholesky implementation. As the number of simulated realisations NR increases, the

computational cost associated with all simulation methods increases linearly where the

gradients of the Cholesky and eigendecomposition implementations of CMD are approx-

imately equal whilst the gradient of FFT is higher. It is concluded that as the required

number of realisations of the random field increases, the relative computational efficiency

of CMD compared to FFT increases. Consequently, if a large number of realisations are

to be generated then CMD is the most computationally efficient simulation method.

Figure 2.19 shows a logarithmic plot of the computational time t in seconds to generate

NR = 1000 realisations of a random field against number of elements NΩ for all three

simulation methods. It is observed that if the field consists of a small number of elements

NΩ then the Cholesky and eigendecomposition implementations of CMD are significantly

more efficient than FFT. However, as the size of the field increases the computational

cost of FFT scales linearly with the number of elements NΩ whilst the computational

cost associated with both implements of the CMD method increases non-linearly. It is

concluded that the rapid increase in computational cost associated with CMD, especially

the eigendecomposition implementation, implies that this method is unsuitable for the

simulation of large random fields.

In the evaluation of simulation methods, it is important to consider the computational
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Figure 2.18: Computational time t in seconds to generate NR realisations of a random

field consisting of NΩ = 1000 elements for the three simulation methods.

efficiency and accuracy of each method. The most efficient method for the simulation of

small to medium sized random fields is CMD, however, both implementations of CMD

suffer from faster than linear scaling of computational cost t with the number of elements

NΩ. It is observed that the eigendecomposition implementation of CMD is computa-

tionally inferior to the Cholesky implementation; however, eigendecomposition may be

advantageous in the case of near singular covariance matrices for which the Cholesky

algorithm would be unstable and produce inaccurate results (Straka et al., 2013). For

the simulation of large random fields, FFT is more computationally efficient due to the

linear scaling of the computational cost t with the number of elements NΩ. However,

the disadvantages of FFT are that the representation of the covariance structure of the

random field is less accurate due to the discretisation of the spectral density function

and that the accurate simulation of lognormal random processes requires matching of

the spectral density functions (Shields et al., 2011). Finally, it should be noted that in

the two-dimensional case, the computational cost associated with FFT is doubled due

to the requirement that a field approximately four times larger than desired is generated

whereas in the one-dimensional case only a field twice as large is required.
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Figure 2.19: Logarithmic computational time t in seconds to generate NR = 1000 reali-

sations of a random field consisting of NΩ elements for the three simulation methods.

2.15 Conclusion

This chapter has presented and developed upon the theory of random fields relating to

their analytical properties, methodologies to estimate their parameters and techniques

to simulate their realisations. In particular, the contribution of this chapter has been

to present the theory of random fields with a focus on the situation where samples of

multiple realisations are available. The case of multiple realisations has not received

in much attention within the literature since random fields have primarily been applied

within the geotechnical domain for which there is only a single realisation namely the

Earth. However, the application of random fields to timber requires a more general

approach since each tree of a species is considered to be a different realisation of the

same stochastic process. The key achievements of this chapter are summarised as:

• A wide range of correlation functions have been considered with respect to the prop-

erties of their sample paths, higher-dimensional extensions and equivalent spectral

representations in the frequency domain. It has been recommended that the use

of white noise processes within a structural context is not to be pursued due to
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issues with measurability as recognised by Kallianpur (1980). Additionally, an an-

alytical closed form expression for the constant of the generalised power function

parametrised with the correlation length as defined by Vanmarcke (2015) has been

presented.

• The theory for the estimation of random fields has been presented including tech-

niques to infer the parameters of a random field, such as method of moments and

maximum likelihood estimation, as well as the technique of kriging which estimates

the value of a realisation at an unobserved location. Furthermore, analysis has

been presented with regards to the efficient computation of the sample correlation

function using Fourier transforms and the efficient computation of the likelihood

function for the case of multiple realisations.

• The theory for the simulation of random fields has been presented including discus-

sion of discretisation methods with particular reference to the simulation techniques

of covariance matrix decomposition and the fast Fourier transform method. A pe-

riodic definition of the discretised spectral density function has been introduced

and an evaluation of the three simulation methods has been presented including

recommendations on when each method should be utilised with respect to both

computational cost and accuracy.

The techniques presented in this chapter relating to estimation and simulation have been

implemented in the Matlab toolbox RFbox. The theory of random fields presented within

this chapter, in conjunction with this toolbox, is used in the following chapters of this

thesis to analyse the behaviour of randomly heterogeneous beams.
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Chapter 3

Theory of heterogeneous beams

3.1 Introduction

A beam is a slender structural element that offers resistance to applied load through

flexure which induces shear forces and bending moments within the beam resulting in

internal stresses and strains that are in equilibrium with the external forces. The flexural

rigidity of a beam is a material property that is related to the magnitude of resistance

offered by the beam whilst undergoing flexural deformation during bending. A beam

is considered heterogeneous if its flexural rigidity is not spatially constant but rather a

function of position v along the length of the beam. There are many causes of variation

in flexural rigidity, however, this variation can fundamentally be attributed to either

irregularity of the cross-section, leading to non-constant area moment of inertia I or to

spatially varying material properties leading to non-constant modulus of elasticity. In

the case of steel beams, a common cause of variation in flexural rigidity is the inclusion of

web-openings which provide access for services such as pipelines and air conditioning and

cause a fluctuating second moment of area I (Redwood and Cho, 1993). An additional

cause of variable second moment of area I are tapered beam profiles which are utilised

since less steel can be used in regions with low internal bending moment leading to both

financial and weight savings.

A less visually apparent, yet equally significant, source of variation in flexural rigidity is

the use of heterogeneous materials with non-constant material properties in the construc-

tion of beams. Many commonly used materials for the construction of beams are highly
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heterogeneous such as concrete, a composite of fine and coarse aggregates combined with

cement (Mosley et al., 2007), and timber which a severely anisotropic naturally produced

composite grown for the purposes of the tree rather than a material optimised for beam

performance (Porteous and Kermani, 2007). The uncertain material properties associ-

ated with these heterogeneous materials can pose a significant risk and, consequently,

approaches have been developed to mitigate the risk associated with the heterogeneity

of these materials. In the case of concrete, the proportion of aggregates is carefully

controlled and vibratory techniques are used to ensure correct aggregate distribution in

order to mitigate against the occurrence of a dangerous degree of inhomogeneity. In the

case of timber, beams are graded into structural classes based on the effective modulus

of elasticity and this ensures that the beam has sufficient flexural characteristics prior

to structural usage.

In the consideration of the causes of beam heterogeneity, it is important to not only

consider innate factors relating to cross-section design or choice of material but also the

influence of environmental factors over time. For instance, the resistance of timber to

flexural deflection is known to be significantly affected by atmospheric moisture content

as well as the load-duration effect (Köhler and Svensson, 2011). Furthermore, the ex-

posure of a beam to non-uniform environmental conditions can be a significant cause of

heterogeneity; for example, a steel beam exposed to high temperatures caused by fire can

lead to non-uniform reduction in the modulus of elasticity (Kodur and Dwaikat, 2009).

Additionally, the flexural rigidity of reinforced concrete beams can be non-uniformly

degraded over time through corrosion resulting from either carbonation or chlorine at-

tack which leads to oxidation of the steel reinforcement and the formation of rust. It

is observed that the effect that corrosion of steel rebar has on flexural rigidity is often

modelled through the local reduction of beam cross-section (Coronelli and Gambarova,

2004, Stewart, 2009). However, it should be recognised that rust has a greater volume

than steel and, consequently, corrosion is not associated with a change in cross-section

but rather a change in material properties. This demonstrates that variation in flexural

rigidity can to a large extent be modelled through the variation of either elastic modulus

E and/or second moment of area I and that these properties are largely interchange-

able for the purposes of analysis. For reasons of simplicity, this chapter only considers

variation in elastic modulus E since this is the material property that has principally

been considered within random field modelling of beams (Kline et al., 1986, Taylor and

Bender, 1991, Wang and Foschi, 1992). However, it should be noted that the results
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presented within this chapter equally apply to the effect that variation of the second

moment of area I has on flexural rigidity.

There has been extensive research to quantify the risk associated with heterogeneous

beams, however, this research has mostly relied on the stochastic finite element method

(Stefanou, 2009) to analyse the behaviour of: cantilevers (Vanmarcke and Grigoriu,

1983, Spanos and Ghanem, 1989, Ishida, 2001); simply supported beams under 3-point

(García and Rosales, 2017, Sasikumar et al., 2014), 4-point (Kandler and Füssl, 2017,

Casciati and Domaneschi, 2007) and uniformly distributed loading (Wang and Foschi,

1992, Chang and Chang, 1994); as well as the heterogeneous tensile behaviour of can-

tilevers (Füssl et al., 2016). Additionally, there has been some limited consideration of

the analytical behaviour of stochastic beams namely the second order characteristics of

the displacement profile (Arwade and Deodatis, 2011, Shen et al., 2014, Elishakoff et al.,

1995), moments of vibration (Kukla and Owczarek, 2005, Grigoriu, 2015) as well as

analysis under the assumption of periodic heterogeneity (Buannic and Cartraud, 2001).

The research direction adopted within this chapter is to develop an analytical approach to

heterogeneous beam behaviour based on the formulation of the effective elastic modulus

of Euler-Bernoulli beams as a weighted harmonic mean. This result was first presented

by Bechtel (1985), however, this contribution has received relatively little attention in the

intermediary years. It is shown in this chapter that the manipulation of this formulation

yields an elegant approach to the formidable challenge associated with the analysis of

randomly heterogeneous beams. This research is motivated by the following quote:

“Even for the simplest structural configurations such as beams whose elastic

properties may be viewed as realizations of a one-dimensional stationary

random process, the challenge to the analyst is formidable.” (Vanmarcke

and Grigoriu, 1983)

The specific case considered by Bechtel (1985) was the midspan deflection of an Euler-

Bernoulli beam under 3-point loading. The contribution of this chapter is to extend

this theory by formulating the effective elastic modulus at any point along the beam

as a weighted harmonic mean for the case of 3-point, 4-point and uniformly distributed

loading conditions. The weighting functions corresponding to each of these loading con-

ditions are derived and it is then shown how the variance of displacement of a randomly
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heterogeneous beam is given by an expression which integrates over these weighting

functions.

It is of interest to consider how the contributions of this chapter fit into the wider litera-

ture on mean field homogenisation theory which is concerned with the prediction of the

macroscale behaviour of systems with microscale variation. It is noted that mean field

theory originated within statistical physics, however, it has since found wide application

in a range of disciplines including computer science, statistics and communication theory

(Opper and Saad, 2007). The theory is concerned with the development of multi-scale

methods that substitute an average, known as an effective property, in order to simplify

systems that exhibit scale dependent behaviour such as partial differential equations with

rapidly oscillating coefficients which are often used to model the mechanical behaviour

of heterogeneous materials (Pavliotis and Stuart, 2007). In particular, mean field theory

is interested in the determination of representative volume elements which are determin-

istic continuum equivalents to the microscale variability of materials. It is noted that

the determination of representative volume elements is achieved through asymptotic ho-

mogenisation which assumes that if the volume of the element is sufficiently large then, in

the limiting case as L/θ →∞, the material properties become deterministic (Bakhvalov

and Panasenko, 1989). However, Ostoja-Starzewski (2006) states that in practice this

assumption may be hard to justify since it assumes that the microscale heterogeneity is

periodic thereby facilitating what is known as separation of scales so that the scale of

microscale heterogeneity may be considered small in comparison to the size of the vol-

ume element. In the case that separation of scales can not be justified, the alternative is

to instead consider statistical volume elements which are randomly distributed effective

material properties corresponding to the homogenisation of non-periodic microstructure

(Ostoja-Starzewski and Wang, 1999). Within this context, it is important to note that

the effective material properties considered within this thesis are statistical volume ele-

ments that are variable for any particular realisation of the stiffness profile rather than

representative volume elements.

To provide an overview, this chapter is primarily concerned with the meta-problems

of prediction, in particular, the prediction of the displacement U and effective modu-

lus of elasticity E∗ of an Euler-Bernoulli beam with a stochastic stiffness profile E(v).

In Section 3.2, a single realisation of elastic modulus E(v, q) is considered and the de-

termination of the corresponding deterministic displacement profile U(x, q) and effective
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elastic modulus E∗(x, q) is detailed including the derivation of the spatial weighting func-

tion ω(v). In Section 3.3, an ensemble of stiffness profiles E(v) is considered including

the derivation of analytical expressions for the moments of the stochastic displacement

profile U(x) and quasi-analytical moments of the random effective elastic modulus E∗(x).

In Section 3.4, a sensitivity analysis is performed investigating the variation of the mo-

ments of displacement U , and the effective elastic modulus E∗, with the distance x along

a simply supported beam as well as the variation of these moments with the coefficient

of variation cv and correlation length θ of the stiffness profile E(v). Finally, the key

contributions of this chapter are summarised in Section 3.5 and recommendations are

made for the direction of future research.

3.2 Deterministic effective properties

Within the context of the meta-problem framework outlined in Chapter 1, this section

considers meta-problem 1 – deterministic prediction:

E(v, q) −→ U(x, q) −→ E∗(x, q) (3.1)

where E(v, q) is a realisation of the one-dimensional random field E(v) for a single

point q in the sample space q ∈ Q and U(x, q) is the observed deterministic vertical

displacement of the beam from which the deterministic effective elastic modulus E∗(x, q)

is calculated. It is shown in this section how the effective elastic modulus E∗(x, q) can be

formulated as a weighted harmonic mean which facilitates the analytical computation of

the displacement U(x, q) of a heterogeneous beam. In order to simplify the notation, the

parameter q is dropped when it is sufficiently from context that only a single realisation

of the random field is under consideration.

The fundamental result of this section is to show that, for a range of different loading

conditions, the effective elastic modulus E∗ of an Euler-Bernoulli beam can be formulated

as a weighed harmonic mean:

E∗(x) =

(∫ L

0
ω(v|x) · E(v)−1 dv

)−1

(3.2)
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where (.)−1 denotes the pointwise reciprocal such that E(v)−1 =
{
vi ∈ D| 1

E(vi)

}
where

D is the domain of the integration D = [0, L] with L being the length of the beam. The

weighting function ω(v|x) expresses the dependency of displacement U , at position x,

on the elastic modulus E, at position v, and satisfies the following property:

∫ L

0
ω(v|x) dv = 1 (3.3)

where the units of the weighting function ω(v|x) are given by the reciprocal of the units

of the domain D so that the right-hand side of this equation is dimensionless. It is

important to note that Euler-Bernoulli beam theory neglects the effects of shear and,

consequently, the weighting functions derived in this chapter, as well as the resulting

analysis, only strictly apply to slender beams for which the negligence of shear effects is

reasonable.

The Euler-Bernoulli equation relates the second derivative of vertical displacement U to

the internal bending moment M as follows:

d2U(x)

dx2
=
M(x)

E(x)I
(3.4)

where E is the modulus of elasticity and I is the second moment of area which is assumed

to be constant within this thesis. It is noted that the traditional method to obtain the

vertical deflection U of the beam is the method of double integration. Before continuing

further, it is useful to make a remark on the notation adopted within this chapter for the

description of variation along the length of the beam. Vertical deflection U and effective

elastic modulus E∗ are parametrised with the variable x and the bending moment M ,

elastic modulus E and the derived weighting functions ω are parametrised with the

variable v. The utility of this notation is that the dependency of the vertical deflection

U , or the effective elastic modulus E∗, at a point x can be expressed in terms of the

modulus of elasticity E at any point v along the span. To further complicate the issue,

it is good practice to avoid writing multiple integrals as integrals of the same variable

and, consequently, the first integral associated with Equation 3.4 is with respect to the

parameter u whilst the second integral is with respect to the parameter v.

The first derivative of displacement is obtained through the standard integration of
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Equation 3.4:

dU(x)

dx
=

1

I

∫ x

0

M(u)

E(u)
du+ C (3.5)

where C is the first constant of integration and the limits of this indefinite integral are

associated with the variable change discussed above. The first derivative of displacement

has a useful physical interpretation as the slope of the beam at any position x. The

standard method of integration is then repeated to obtain the vertical deflection U(x)

of the beam as follows:

U(x) =
1

I

∫ x

0

∫ u

0

M(v)

E(v)
dv du+ Cx+D (3.6)

where D is the second constant of integration. For the case of a simply supported beam,

the constants of integration are determined by the following boundary conditions:

U |x=0 = 0 =⇒ D = 0 (3.7)

U |x=L = 0 =⇒ C = − 1

LI

∫ L

0

∫ u

0

M(v)

E(v)
dv du (3.8)

Substituting these expressions for the constants of integration, C and D, into Equation

3.6 gives:

U(x) =
1

I

∫ x

0

∫ u

0

M(v)

E(v)
dv du− x

LI

∫ L

0

∫ u

0

M(v)

E(v)
dv du (3.9)

Through an interchange of the order of integration, the double integral is reduced to a

single integral (see appendix B.1):

U(x) =
1

I

∫ x

0

M(v)(x− v)

E(v)
dv − x

LI

∫ L

0

M(v)(L− v)

E(v)
dv (3.10)

The analysis of the displacement of a simply supported beam continues with the consid-

eration of three expressions for bending moment M(v) corresponding to 3-point M3(v),

78



4-point M4(v) and uniformly distributed M0(v) loading. It is shown in this section how

the weighting functions associated with each of these loading conditions can be derived

through the formulation of the effective elastic modulus E∗ as a weighted harmonic

mean. Furthermore, the steps of algebraic manipulation are shown explicitly for the case

of 3-point loading so that the method by which the weighting function is derived can be

understood thereby facilitating the repetition of this calculation for other loading and

boundary conditions of interest.

3.2.1 Three-point loading

The 3-point bending test, as shown in Figure 3.1, is used extensively to evaluate the

flexural properties of materials such as rigid plastics (BS EN 178:2010), biomaterials

(Temenoff and Mikos, 2008) and timber (Johansson, 2003). In particular, the machine

grading of timber utilises a continuous rolling flatwise implementation of the 3-point

bending test (Porteous and Kermani, 2007, p. 12) and, consequently, the effective elas-

tic modulus E∗ is not constant but instead varies with the spatial parameter x. The

advantage of the 3-point bending test is that it is simple to implement since it only

requires the application of a single point load, however, this test has been criticised for

the highly non-uniform stress distribution induced by the single point load which leads

to an effective elastic modulus E∗3 that is not particularly representative of the whole

span stiffness profile E(v).

P

L/2 L/2

x

U(x)

v

Figure 3.1: One-dimensional model of a simply supported beam of length L under 3-point

loading of magnitude P resulting in vertical displacement U(x).

The bending moment M3(v) induced by the 3-point load of magnitude P is given by:
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M3(v) =


−Pv

2
if 0 ≤ v ≤ L

2

−P (L− v)

2
if
L

2
≤ v ≤ L

(3.11)

The equation for bending moment M3(v) is a piecewise function whose domain is split

into subdomains at the midspan v = L/2 due to the point load. Substituting the

expression for bending moment under 3-point loading M3(v) into the expression for the

deflection U(x) of a simply supported beam, given by Equation 3.10, and considering

the case of 0 ≤ x ≤ L/2 gives:

U(x) =
1

I

∫ x

0
−Pv(x− v)

2E(v)
dv − x

LI

(∫ L/2

0
−Pv(L− v)

2E(v)
dv +

∫ L

L/2
−P (L− v)2

2E(v)
dv

)
(3.12)

=
P

2I

(∫ x

0
−v(x− v)

E(v)
dv +

∫ L/2

0

xv(L− v)

LE(v)
dv +

∫ L

L/2

x(L− v)2

LE(v)
dv

)
(3.13)

Splitting the interval of integration of the middle term so that the domains of integration

of each term do not overlap gives:

U(x) =
P

I

(∫ x

0
−vL(x− v)

LE(v)
dv +

∫ x

0

xv(L− v)

LE(v)
dv

+

∫ L/2

x

xv(L− v)

LE(v)
dv +

∫ L

L/2

x(L− v)2

LE(v)
dv

) (3.14)

Noting that xv(L− v)− vL(x− v) = v2(L− x), the first and second terms combine to

give:

U(x) =
P

2LI

(∫ x

0

v2(L− x)

E(v)
dv +

∫ L/2

x

xv(L− v)

E(v)
dv +

∫ L

L/2

x(L− v)2

E(v)
dv

)
(3.15)

It is important to note that this expression for vertical displacement U(x) is only valid

for 0 ≤ x ≤ L/2 with the other case L/2 ≤ x ≤ L being given by (see Appendix B.2):
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U(x) =
P

2LI

(∫ L/2

0

v2(L− x)

E(v)
dv +

∫ x

L/2

v(L− v)(L− x)

E(v)
dv +

∫ L

x

x(L− v)2

E(v)
dv

)
(3.16)

Thus, an expression for the vertical deflection of a heterogeneous beam at any point x

in the domain D = [0, L] is given through the consideration of Equations 3.15 – 3.16. In

order to obtain an expression for the 3-point effective elastic modulus E∗3(x), this result

must be combined with an equivalent expression for deflection under homogeneous beam

theory. The deflection U of a beam, for 0 ≤ x ≤ L/2, under 3-point loading with

constant modulus of elasticity E∗3(x) is given by:

U(x) =
Px
(
3L2 − 4x2

)
48E∗3(x)I

(3.17)

An expression for the effective modulus of elasticity E∗3(x) is obtained through a change

in the subject of the equation:

E∗3(x) =
Px
(
3L2 − 4x2

)
48U(x) I

(3.18)

Substituting the expression for displacement U(x) for 0 ≤ x ≤ L/2, given by Equation

3.15, into this expression for the effective elastic modulus E∗3(x) and simplifying gives:

E∗3(x) =
xL
(
3L2 − 4x2

)
24

(∫ x

0

v2(L− x)

E(v)
dv +

∫ L/2

x

xv(L− v)

E(v)
dv +

∫ L

L/2

x(L− v)2

E(v)
dv

) (3.19)

The variables P and I cancel due to the independence of the effective modulus of elasticity

from either the load P or the second moment of area I. It can now be seen that the

3-point effective elastic modulus E∗3(x) is of the form of a weighted harmonic mean given

by:

E∗3(x) =

(∫ L

0
ω3(v|x) · E(v)−1 dv

)−1

(3.20)

where ω3(v|x) is the 3-point weighting function which, for 0 ≤ x ≤ L/2, is given by:
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ω3(v|x) =



24v2(L− x)

xL(3L2 − 4x2)
if 0 ≤ v ≤ x

24v(L− v)

L(3L2 − 4x2)
if x ≤ v ≤ L

2

24(L− v)2

L(3L2 − 4x2)
if
L

2
≤ v ≤ L

(3.21)

It is noted that the case of L/2 ≤ x ≤ L can be obtained via symmetry through the

substitution of L − x in place of x in Equation 3.21. Figure 3.2 illustrates the 3-point

weighting function ω3(v|x) for six different locations x of displacement U . It is observed

that the 3-point weighting function ω3(v|x) is unimodal and always attains a maximum

at midspan independent of the point x at which deflection is observed. Consequently, it is

concluded that the 3-point effective elastic modulus E∗3(x) is always most representative

of the midspan stiffness of the beam. Furthermore, it can be seen, for any x, that as

v → 0 then ω3 → 0 and, consequently, it is concluded that the stiffness of the beam near

the supports always has a negligible contribution to both the displacement U and the

effective elastic modulus E∗3(x). Finally, it is noted that the derivative of the weighting

function ω3(v|x) is discontinuous at the midspan v = L/2 and the point v = x at which

deflection U is observed.

v (m)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

ω
3
(v
|x
)
(m

-1
)

0

0.5

1

1.5

2

2.5

3
x = 0.5 m
x = 0.4 m
x = 0.3 m
x = 0.2 m
x = 0.1 m
x → 0 m

Figure 3.2: 3-point weighting function ω3(v|x) against position v along the beam for six

different points x of observed deflection (L = 1 m).
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3.2.2 Uniformly distributed loading

It is useful to recognise that all loads are to some extent distributed loads, however,

when the size of the distribution is small in comparison to the length of the beam then

the distributed load can reasonably be approximated as a point load. For example, it

is often appropriate to model the load imparted by a secondary beam onto a primary

beam as a point load corresponding to the 3-point loading condition. Whilst this is a

reasonable approximation in the majority of cases, it should be noted that this may

not always result in a sufficiently accurate stress distribution which motivates the direct

consideration of distributed loads. In particular, this chapter only considers the case of

uniformly distributed loading (UDL) over the whole length of the beam, as shown in

Figure 3.3, which results from sources of loading such as self-weight or slab loading.

ψ

L

x

U(x)

v

Figure 3.3: One-dimensional model of a simply supported beam of length L under uni-

formly distributed loading of magnitude ψ resulting in vertical displacement U(x).

The bending moment M0(v) resulting from the UDL of magnitude ψ is given by:

M0(v) =
ψv(L− v)

2
(3.22)

and the associated UDL weighting function ω0(v|x) for the case of 0 ≤ x ≤ L is given

by (see Appendix B.3):

ω0(v|x) =


12(L− v)v2

xL(L2 + xL− x2)
if 0 ≤ v ≤ x

12(L− v)2v

L(L− x)(L2 + xL− x2)
if x ≤ v ≤ L

(3.23)

Figure 3.4 illustrates the UDL weighting function ω0(v|x) for six different points x of
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observed displacement U . In the case that L/3 ≤ x ≤ 2L/3, the UDL weighting func-

tion ω0(v|x) attains a maximum at the point at which deflection U is observed v = x.

However, in the case that stiffness is observed near to the supports, as either x < L/3

or x > 2L/3, then the maximum is attained at either v = L/3 or v = 2L/3 respectively.

The varying location of maximum weighting associated with the UDL weighting func-

tion ω0(v|x) is in contrast with the constant location of the maximum of the 3-point

weighting function ω3(v|x) which is always located midspan v = L/2. A further contrast

between the UDL ω0(v|x) and 3-point ω3(v|x) weighting functions is that the gradient

of ω0(v|x) has at most a single discontinuity whilst the gradient of ω3(v|x) has two dis-

continuities. However, the similarities between the UDL ω0(v|x) and 3-point ω3(v|x)

weighting functions include the fact that they are both unimodal and that as v → 0 then

ω → 0. Finally, it is useful to note that the shape of the weighting function is invariant

to changes in the length L of the beam; however, the weighting function must scale so

that its integral over the length of the beam remains equal to one.

v (m)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

ω
0
(v
|x
)
(m

-1
)
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1

1.5

2

2.5

3
x = 0.5 m
x = 0.4 m
x = 0.3 m
x = 0.2 m
x = 0.1 m
x → 0 m

Figure 3.4: Variation of the UDL weighting function ω0(v|x) against position v along

the beam for six points x of observed deflection U (L = 1 m).

3.2.3 Comparison of loading conditions

This subsection contains a comparison of the 3-point, 4-point and UDL bending tests

in terms of the dependency of the effective elastic modulus on the underlying stiffness

profile E(v) as quantified by the weighting functions ω(v|x). It is noted that the methods

to experimentally determine the effective elastic modulus E∗, through either 3-point
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(Johansson, 2003) or 4-point loading (BS EN 408:2010), exclusively consider the midspan

effective elastic modulus E∗c = E∗(xc). The importance of the midspan displacement of

a simply supported beam under symmetrical loading is that, under homogeneous theory,

this is the location of maximum deflection and, under heterogeneous theory, this is the

point for which the weighting functions are symmetric.

The 3-point weighting function ω3(v|xc) for midspan deflection U3(xc) is given by:

ω3(v|xc) =


12v2

L3
if 0 ≤ v ≤ L

2
12(L− v)2

L3
if
L

2
≤ v ≤ L

(3.24)

The UDL weighting function ω0(v|xc) for midspan deflection U0(xc) is given by:

ω0(v|xc) =


96(L− v)v2

5L4
if 0 ≤ v ≤ L

2
96(L− v)2v

5L4
if
L

2
≤ v ≤ L

(3.25)

Another loading condition of great importance is 4-point bending which is the standard

test for the static grading of timber according to BS EN 408:2010. Figure 3.5 shows an

illustration of the four-point loading set-up with two point loads of magnitude P/2 at the

ternary points v = L/3 and v = 2L/3. The advantage of the 4-point being test is that

the central region of the beam is placed under a constant bending moment resulting in

an effective elastic modulus E∗4 which is more representative of the whole span stiffness

profile in comparison to the 3-point bending test.

P/2 P/2

L/3 L/3 L/3

L/2

U(xc)

v

Figure 3.5: One-dimensional model of a simply supported beam of length L undergoing

4-point bending with two loads of magnitude P/2 which results in vertical midspan

displacement U(xc).

The bending moment M4(v) associated with 4-point loading is given by:
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M4(v) =


−Pv

2
if 0 ≤ v ≤ L

3

−PL
6

if
L

3
≤ v ≤ 2L

3

−P (L− v)

2
if

2L

3
≤ v ≤ L

(3.26)

The 4-point weighting function ω4(v|xc) for midspan deflection U4(xc) is given by (see

Appendix B.4):

ω4(v|xc) =



324v2

23L3
if 0 ≤ v ≤ L

3
108vL

23L3
if
L

3
≤ v ≤ L

2
108(L− v)L

23L3
if
L

2
≤ v ≤ 2L

3
324(L− v)2

23L3
if

2L

3
≤ v ≤ L

(3.27)

Figure 3.6 shows a comparison between the 3-point ω3(v|xc), 4-point ω4(v|xc) and UDL

ω0(v|xc) weighting functions. In terms of the midspan v = L/2, the 3-point weighting

function ω3 assigns the highest weighting of 3.00 m-1 and the 4-point weighting function

ω4 assigns the lowest weighting of 2.35 m-1 with the UDL weighting function ω0 assigning

an intermediate weight of 2.40 m-1. This order is reversed at the ternary points, v = L/3

and v = 2L/3, with the 4-point weighting function ω4 assigning the highest weighting of

1.57 m-1, followed by the UDL weighting function ω0 assigning an intermediate weighting

of 1.42 m-1 with the 3-point ω3 assigning the lowest weighting of 1.33 m-1. In conclusion,

if it is desired that the effective elastic modulus E∗ be most representative of midspan

stiffness then the 3-point bending test is recommended; however, if an effective elastic

modulus that is most representative of the whole stiffness profile of E(v) is desired then

the 4-point bending test is recommended. Finally it is noted that the UDL bending test

offers a comparable alternative to the 4-point bending test with respect to the spatial

weighting over the stiffness profile E(v).
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Figure 3.6: Comparison between the 3-point ω3(v|xc), 4-point ω4(v|xc) and UDL ω0(v|xc)

weighting functions for midspan deflection U(xc) (L = 1 m).

3.2.4 Analytical benchmark

Benchmarks have been used extensively to verify the performance of finite element models

and ensure numerical convergence to the analytical solution (Huebner et al., 2001, Bursi

and Jaspart, 1997, Sze et al., 2004). An analytical benchmark is introduced here for

the case of a simply supported beam under 3-point loading with linear variation of

elastic modulus along the length of the beam. The reason for the consideration of linear

variation in elastic modulus is that it is the simplest example of a heterogeneous beam. In

particular, the contribution of this subsection is to present a novel analytical expression

for the displacement profile and midspan effective elastic modulus of a simply supported

beam with linear variation in stiffness under 3-point loading.

The linear stiffness profile of the benchmark heterogeneous is given by:

E(v) = E0 +
(EL − E0) v

L
if 0 ≤ v ≤ L (3.28)

where E0 is the value of elastic modulus at the left-hand pin support and EL is the value

of elastic modulus at the right-hand roller support. The integrals in the expression for the

displacement of an Euler-Bernoulli beam under 3-point loading, given by Equation 3.15

– 3.16, have been evaluated analytically using the software Wolfram Mathematica 10.4
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developed by Wolfram Research. This integration is performed under the assumption

that the following variables are subsets of the positive real numbers x, v, L,E0, EL ∈

R+ as well as the assumption that the stiffness profile is strictly increasing EL > E0.

However, the assumption that the stiffness profile is strictly increasing is only a trivial

limitation since the case of E0 = EL is given by homogeneous theory and the case of

E0 > EL is given by symmetry. It is observed that since the equation for the 3-point

bending moment M3(v), given by Equation 3.11, is split into two cases at the midspan

v = vc = L/2 then the equation of deflection U(x) is similarly subdivided. For an

Euler-Bernoulli beam under 3-point loading with linear variation in elastic modulus, the

displacement profile U(x) for the case of 0 ≤ x ≤ L/2 is given by:

U(x) =
LP

8E3
LI

[
4E2

0L
2 ln

(
ELx

E0L
+ 1

)
− 4E2

0Lx ln

(
L(2E0 + EL)

2(E0L+ ELx)

)
− 4E2

0Lx ln

(
ELx

E0L
+ 1

)
− 4E0ELLx

− 4E0ELLx ln

(
L(2E0 + EL)

E0L+ ELx

)
+ E0ELLx ln(16)

+ 8Lx(E0 + EL)2 tanh−1

(
EL

4E0 + 3EL

)
− E2

LLx− 2E2
Lx

2

]
(3.29)

where ln(.) is the natural logarithm and tanh−1(.) is the inverse hyperbolic tangent

function. The displacement profile U(x) for the case of L/2 ≤ x ≤ L is given by:

U(x) = − LP

8E3
LI

2

[
4E2

0Lx ln

(
E0L+ ELx

E0L+ ELL

)
+ 8E2

0L(x− L) tanh−1

(
EL

4E0 + EL

)
+ 4E2

LLx ln

(
E0L+ ELx

E0L+ ELL

)
+ 4E0ELL

2 − 4E0ELLx

− 4E0L(E0 + EL)(L− x) ln

(
L(2E0 + EL)

2(E0L+ ELx)

)
+ 8E0ELLx ln

(
E0L+ ELx

E0L+ ELL

)
+ E2

LL
2 + E2

LLx− 2E2
Lx

2

]
(3.30)

In addition to obtaining the analytical deflection profile from the weighted harmonic

mean formulation, it is also possible to obtain an analytical expression for the effective

elastic modulus E∗. The midspan effective property E∗c = E∗(xc) of an Euler-Bernoulli

beam under 3-point loading, obtained by evaluating Equation 3.19, is given by:
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E∗c =
(E0 − EL)3

3

[
E2

0

(
ln(16)− 4 ln

(
E0 + EL

E0

)
− 2

)
+ E2

L

(
8 tanh−1

(
E0 − EL

E0 + 3EL

)
+ 2

)]
(3.31)

According to homogeneous theory, the equation of displacement is a cubic equation and,

consequently, it is of interest to investigate the extent to which the displacement profile

U(x) of a heterogeneous beam deviates from this cubic equation. Figure 3.7 shows the

displacement profiles associated with four different heterogeneity ratios EL/E0 that, in

order to facilitate comparison, have been normalised by dividing the displacement profile

U(x) by its maximum value max[U(x)]. As the stiffness towards the right-hand support

EL increases, the location of maximum deflection deviates from midspan towards the left-

hand support. However, even for large heterogeneity ratios EL/E0 the deviation of the

location of maximum deflection from the midspan is small and, consequently, the location

of maximum displacement is considered to be in a stable equilibrium (Synge and Griffith,

1949, p. 216). It is worth noting that current grading procedures only consider midspan

displacement and do not take into account the location of maximum displacement. It is

suggested that through consideration of the whole displacement profile using techniques

such as computer vision (Olsson et al., 2013), that more accurate inferences on the

stiffness profile of heterogeneous beams can be made.
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Figure 3.7: Deviation of the displacement profile U(x) from a cubic equation as the

heterogeneity ratio EL/E0 increases from the homogeneous case EL/E0 = 1 to the highly

heterogeneous case EL/E0 = 100.
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3.2.5 Finite element model

This subsection details the development of a finite element model (FEM) of a heteroge-

neous beam and the verification of this model against the benchmark presented in the

previous section. Finite element modelling is a numerical technique, frequently utilised

within engineering disciplines, to obtain approximate solutions to boundary value prob-

lems for partial differential equations through the discretisation of the domain D into a

finite number of elements Ω = {Ω1, . . . ,ΩN}. The approach adopted within this chap-

ter is to model the heterogeneous beams as a set of interconnected homogeneous beams

thereby reducing the continuous variation in elastic modulus to a discrete idealisation

that is accessible to numerical solution. Through the consideration of an approximation

to the linear elastic constitutive equation based on the weak-form of Euler-Bernoulli the-

ory, the local stiffness matrix Ki of the ith homogeneous beam element is given by the

following symmetric square matrix (Zienkiewicz and Taylor, 2005, p. 294):

Ki = EiI



12

L3
i

6

L2
i

− 12

L3
i

6

L2
i

6

L2
i

4

Li
− 6

L2
i

2

Li

− 12

L3
i

− 6

L2
i

12

L3
i

− 6

L2
i

6

L2
i

2

Li
− 6

L2
i

4

Li


(3.32)

where Ei and Li are the elastic modulus and length of the ith homogeneous beam element

Ωi respectively and I is the second moment of area which is treated as constant within

this thesis. The stiffness matrix of the entire assemblage is obtained through the direct

stiffness method which constructs the global stiffness matrix K through the summation

of the local stiffness matrices Ki to a square matrix of zeroes with size equal to the

number of degrees of freedom of the entire structure (Bathe, 1996, p. 151). Due to

the sequential connection of the elements, the global stiffness matrix K is given by the

following diagonal matrix:
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K =


K1 0 . . . 0

0 K2 . . . 0
...

...
. . .

...

0 0 . . . KN

 (3.33)

It should be noted that structural beam elements with cubic interpolation functions

are exact within the context of Euler-Bernoulli beam theory (Bathe, 1996, p. 153) and,

consequently, the local stiffness matrix Ki given by Equation 3.32 is exact if the beam

is homogeneous. However for the case of a heterogeneous beam, the finite element

model is associated with an error resulting from the approximation of the stiffness profile

E(v) with a piecewise constant function E(v) that has discontinuities at the element

boundaries as shown in Figure 3.8.
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Figure 3.8: Piecewise constant approximation E(v) to the stiffness profile E(v) for N = 5

elements (L = 1 m).

Prior to the application of boundary conditions, the global stiffness matrixK is singular

and can not be inverted. The approach to apply the boundary conditions, given by

Equations 3.7 – 3.8, is the method of reduction which involves deleting the appropri-

ate rows and columns of the global stiffness matrix associated with zero displacement

(Zienkiewicz and Taylor, 2005). The response quantity of vertical displacement U is

then given under linear elastic theory by:
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U = K−1F (3.34)

For computational reasons, it is recommended that the inverse of the stiffness matrix K

is not obtained directly but rather that the linear system F = KU is solved through the

use of an iterative solver, such as the SPIKE algorithm (Polizzi and Sameh, 2006), which

is less computationally expensive and more accurate. Furthermore, direct construction

of the global stiffness matrixK should be avoided since handling sparse matrices is both

computationally expensive and an inefficient usage of computer memory. Instead, the

global stiffness matrix K should be stored as a skyline matrix (Felippa, 1975) which

takes advantage of both the symmetry and sparsity of the global stiffness matrix K.

A numerical investigation has been performed to investigate the effect that the number

of elements N has on the accuracy of the numerical displacement profile U(x) obtained

by the finite element model in comparison to the exact displacement profile U(x) given

by Equations 3.29 – 3.30. Figure 3.9 shows the maximum absolute percentage error

MAPE[.] of the numerical displacement profile U(x) against the number N of finite

elements. It is observed that for a discretisation greater than N = 100, the error in

the numerical displacement profile U(x) obtained through the finite element model is

negligible and, consequently, it is concluded that a discretisation of the order N > 100

suitably discretises the linear stiffness profile E(v).
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Figure 3.9: Maximum absolute percentage error of the FEM displacement profile U(x)

against the number of finite elements N .
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3.3 Random effective properties

Within the context of the meta-problem framework, as outlined in Chapter 1, this section

considers meta-problem 2 – stochastic prediction:

E(v) −→ U(x) −→ E∗(x) (3.35)

where E(v) is a one-dimensional random field, U(x) is the random displacement profile

and E∗(x) is the random effective elastic modulus. It has been shown in subsection 3.2.4

that, for a deterministic stiffness profile E(v, q), it is possible to analytically compute the

corresponding deterministic displacement profile U(x, q) and effective elastic modulus

E∗(x, q). In the case that the stiffness profile E(v) is randomly distributed, it is not

possible to find the full distribution of either the displacement profile U(x) or the effective

modulus of elasticity E∗(x). However, it is the observation of this thesis that if the

distribution of the stiffness profile E(v) is closed under the reciprocal operation then the

moments of displacement U(x) can be obtained analytically. In theory, it is possible to

obtain an expression for the nth moment of displacement U(x); however, expressions are

only derived for the first two moments of U(x) and then, under the approximation that

U(x) is lognormally distributed, quasi-analytical expressions are derived for the first two

moments of E∗(x).

The choice of marginal distribution of the stiffness profile E(v) has a significant effect

on the extent to which the moments of displacement U(x) are tractable. A popular

model for stiffness profiles E(v) has been Gaussian processes due to the useful analytical

properties associated with the normal distribution. However, the choice of the normal

distribution to model properties such as elastic modulus is problematic since displace-

ment is proportional to the reciprocal of elastic modulus:

U ∝ 1

E
(3.36)

It is noted that if the marginal distribution of E(v) has non-zero probability that the

elastic modulus is zero E = 0 then the reciprocal process E(v)−1 will not have finite

moments (Robert, 1991). If E(v)−1 does not have finite moments then neither will
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the displacement profile U(x) nor the effective property E∗(x). Consequently, it is the

recommendation of this thesis that the marginal distribution of properties such as elastic

modulus be defined so that there is zero probability of non-positive values. Furthermore,

if the analytical moments of displacement U(x) are desired then it is recommended that

the marginal distribution of E(v) is chosen such that it is closed under the reciprocal

operation. A random variable X is considered closed under the reciprocal operation if

X and 1/X have the same distribution. It is useful to note that a random variable that

is closed under the reciprocal operation can be obtained through the exponentiation of

any symmetrically distributed variable Y where symmetrically distributed implies that

Y and −Y have the same distribution. A convenient choice for a process that is closed

under the reciprocal operation is the lognormal process E(v) which is given by:

E(v) = exp (E(v)) (3.37)

where E(v) is the underlying Gaussian process with mean µ, variance σ2 and correlation

function ρ(vi, vj). The stiffness profile E(v) with mean µ, variance σ2 and correlation

function ρ(vi, vj) is lognormally distributed according to:

E(v) ∼ LN (µ, σ2ρ(vi, vj)) (3.38)

Therefore, the reciprocal process E(v)−1 is given by:

E(v)−1 = exp (−E(v)) (3.39)

It is important to note that taking the negative of a random variable only the changes

the sign of its expected value and does not change its second moment structure. Con-

sequently, the Gaussian process −E(v) that underlies the reciprocal process E(v)−1 is

distributed according to:

− E(v) ∼ N
(
−µ, σ2ρ(vi, vj)

)
(3.40)

Thus, the reciprocal lognormal process E(v)−1 is distributed according to:
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E(v)−1 ∼ LN
(
−µ, σ2ρ(vi, vj)

)
(3.41)

It is observed that the reciprocal operation alters the first two moments of the lognormal

process E(v). The mean and variance of the reciprocal process E(v)−1 are respectively

given by (see Appendix B.5):

E[E(v)−1] =
µ2 + σ2

µ3
(3.42)

Var[E(v)−1] =
σ2
(
µ2 + σ2

)2
µ8

(3.43)

However, it is important to note that the correlation structure of the stiffness profile

E(v) and its reciprocal E(v)−1 are identical and that this preservation of correlation

structure is a useful property that is exploited to compute the analytical moments of

displacement U(x). Figure 3.10 shows a single realisation of the lognormal process E(v)

(with units of GPa) and its reciprocal E(v)−1 (with units of GPa−1) with identical

correlation structures.
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Figure 3.10: A single realisation of the lognormal process E(v) (with units of GPa) and

the associated realisation of the reciprocal process E(v)−1 (with units of GPa−1).
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3.3.1 Analytical moments of displacement

The deflection U(x) of a heterogeneous beam is simply given through the substitution

of the effective elastic modulus E∗(x) into the homogeneous equation for deflection. For

the case of a simply supported beam under 3-point loading, the deflection U3(x) is given

by:

U3(x) =


Px
(
3L2 − 4x2

)
48E∗3(x)I

if 0 ≤ x ≤ L

2

P (L− x)(4x2 − 8xL+ L2)

48E∗3(x)I
if
L

2
≤ x ≤ L

(3.44)

Let U∗(x) denote the zero-variance displacement profile that is obtained as the variance

of E(v) is taken to zero σ2 → 0 i.e. as the realisations of the random process E(v) become

spatially constant. In this limiting case, the realisations E(v, q) of the stiffness profile

are deterministic whose value is simply given by the mean value of the random field

E(v, q) = E[E(v)] = µ. Similarly in the case of homogeneous realisations, the effective

elastic modulus E∗ is simply equal to the constant value of the realisations E∗ = µ.

Let η(x) denote a scale factor which is given by:

η(x) = U∗(x) · µ (3.45)

The utility of defining this scale factor η(x) is that the expressions for the moments of

U(x) derived in this section are generalised for any loading or boundary conditions. In

the case of 3-point loading, the scale factor η3(x) is given by:

η3(x) =


Px
(
3L2 − 4x2

)
48I

if 0 ≤ x ≤ L

2
P (L− x)(4x2 − 8xL+ L2)

48I
if
L

2
≤ x ≤ L

(3.46)

Noting that the deflection U(x) of any heterogeneous beam is given by:

U(x) = η(x) · E∗(x)−1 (3.47)

96



Substituting the expression for the effective elastic modulus E∗ formulated as a weighted

harmonic mean, given by Equation 3.2, into the above expression for displacement U(x)

gives:

U(x) = η(x)

∫ L

0
ω(v|x) · E(v)−1 dv (3.48)

It is desirable to obtain the full distribution of displacement U(x); however, it is well

known that the sum of lognormal random variables is neither lognormally distributed nor

has a closed form distribution (Beaulieu and Xie, 2004). In spite of this, the moments

of U(x) can be calculated analytically and, as previously noted, this subsection presents

results for the mean and variance of U(x). It should be observed that in the case

that the scale factor η(x) and the weighting function ω(v|x) are symmetric about the

midspan then the moments of displacement are also similarly symmetric. Although, it

is important to note that this does not imply that any realisation of the displacement

profile U(x, q) is symmetric.

Taking the expected value of Equation 3.48, the first moment of displacement U(x) is

given by:

E [U ] = E
[
η(x)

∫ L

0
ω(v) · E(v)−1 dv

]
(3.49)

= η(x)

∫ L

0
ω(v) · E

[
E(v)−1

]
dv (3.50)

The expected value of the reciprocal process E(v)−1, given in Equation 3.42, is indepen-

dent of the spatial parameter v so can be removed from the integral as follows:

E [U(x)] = η(x)

(
µ2 + σ2

µ3

)∫ L

0
ω(v) dv (3.51)

As stated in section 3.2, the weighting function ω(v) satisfies the property that
∫ L

0 ω(v) dv =

1 and, therefore, the expected value of displacement E [U(x)] is simply given by a multiple

of the scale factor η(x):
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E [U(x)] = η(x)

(
µ2 + σ2

µ3

)
(3.52)

Consequently, it is observed that the expected value of displacement U(x) is indepen-

dent of the correlation structure of E(v). Parametrising the above expression with the

coefficient of variation cv = σ/µ yields:

E [U(x)] =
η(x)

µ

(
1 + c2

v

)
(3.53)

=
(
1 + c2

v

)
U∗(x) (3.54)

It is shown that for non-zero variance of the stiffness profile σ2 > 0 that the expected

value of displacement U(x) is greater than the zero-variance displacement profile U∗(x)

and that the magnitude of this increase depends on the coefficient of variation cv of the

stiffness profile E(v). The reason that the expected value of displacement E [U(x)] of

a heterogeneous beam is not equal to the zero-variance displacement profile U∗(x) is

because the effective elastic modulus E∗ is a harmonic mean which is disproportionately

sensitive to low values of elastic modulus. If the effective property E∗ were given by an

arithmetic mean then the expected value of displacement would be equal to the zero-

variance displacement profile U∗(x).

The variance of displacement U(x) is expressed as:

Var [U(x)] = E
[
U(x)2

]
− E [U(x)]2 (3.55)

where E
[
U(x)2

]
is given by:

E
[
U(x)2

]
=

(
η(x)

∫ L

0
ω(v)E

[
E(v)−1

]
dv

)(
η(x)

∫ L

0
ω(u)E

[
E(u)−1

]
du

)
(3.56)

= η(x)2

∫ L

0

∫ L

0
ω(v)ω(u)E

[
E(v)−1

]
E
[
E(u)−1

]
dv du (3.57)

and E [U(x)]2 is given by:
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E [U(x)]2 = η(x)2

∫ L

0

∫ L

0
E
[
ω(v)ω(u)E(v)−1E(u)−1

]
dv du (3.58)

= η(x)2

∫ L

0

∫ L

0
ω(v)ω(u)E

[
E(v)−1E(u)−1

]
dv du (3.59)

Substituting Equation 3.57 and 3.59 into Equation 3.55 gives:

Var [U(x)] = η(x)2

∫ L

0

∫ L

0
ω(v)ω(u)

(
E
[
E(v)−1

]
E
[
E(u)−1

]
− E

[
E(v)−1E(u)−1

])
dv du

(3.60)

= η(x)2

∫ L

0

∫ L

0
ω(v)ω(u) Cov

[
E(v)−1, E(u)−1

]
dv du (3.61)

If the stiffness profile E(v) is strictly stationary then the reciprocal process E(v)−1 is also

strictly stationary with covariance function given by C(|v−u|) = Cov
[
E(v)−1, E(u)−1

]
=

Var
[
E(v)−1

]
ρ(|v−u|) and, consequently, the variance of displacement Var[U(x)] is given

by:

Var [U(x)] = η(x)2 Var
[
E(v)−1

] ∫ L

0

∫ L

0
ω(v)ω(u) ρ(|v − u|) dv du (3.62)

= η(x)2

(
σ2
(
µ2 + σ2

)2
µ8

)∫ L

0

∫ L

0
ω(v)ω(u) ρ(|v − u|) dv du (3.63)

This expression for Var [U(x)] consists of the multiplication of three elements namely

the square of the scale factor η(x), the variance of the reciprocal process Var[E(x)−1]

given by Equation 3.43 and, finally, a double integral of two instances of the weighting

function ω(.) that are multiplied by the correlation function ρ(|v − u|).

3.3.2 Stochastic finite element model

It is important to note that only the moments of the displacement profile U(x) can be

obtained analytically and, consequently, numerical methods are required in order to ob-

tain full distribution of U(x). This is achieved through the development of a stochastic

finite element model (SFEM) that combines the deterministic finite element model in
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Subsection 3.2.5 with the Monte Carlo method (Robert and Casella, 2004). A numer-

ical approximation U(x) to the distribution of displacement U(x) is obtained through

repeated experimental involving: the simulation of a realisation of the stiffness profile

E(v, q); the determination of deterministic displacement profiles U(x, q) that correspond

to the realisations of the stiffness profile E(v, q); the determination of the effective elastic

modulus E∗(x, q) corresponding to the deterministic displacement profile U(x, q); finally,

through repeated experimental runs an ensemble of realisations E(v, q) that sufficiently

approximates the random field E(v) is obtained thereby suitably approximating the full

distribution of U(x) with an ensembles of realisations U(x, q) of the displacement pro-

file. Only the traditional implementation of the Monte Carlo method is pursued here

rather than importance sampling techniques such as Markov Chain Monte Carlo (Hast-

ings, 1970) since these techniques utilise correlated sequential samples which leads to

difficulties in parallelisation.

The deterministic convergence study in Chapter 3.2.5 can not be used to directly verify

the stochastic case and, consequently, a second convergence study is performed to assess

the influence of the number of finite elements N on the accuracy of the numerical approx-

imation U(x) to the displacement profile U(x). It is observed that the mean of U(x),

given by Equation 3.52, is independent of the discretion of heterogeneity and, hence,

convergence is only considered with respect to the variance of U(x). It is noted that

the double integral in the expression for the variance of displacement, given by Equa-

tion 3.63, is evaluated numerically using the tiled quadrature method (Shampine, 2008).

Figure 3.11 shows the maximum absolute percentage error in the finite element solution

against the number of elements N . It can be seen that, similar to the deterministic con-

vergence study in subsection 3.2.4, that a discretisation of N > 100 elements provides

suitable discretisation of the stochastic stiffness profile E(v). It is also important to note

that the variance of the finite element displacement profile U(x) converges from above

which implies that under-discretisation of the stiffness profile E(v) is associated with an

overprediction of the variance of displacement U(x).
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Figure 3.11: Maximum absolute percentage error in the variance of displacement Var[U ]

against the number of finite elements N .

3.3.3 Quasi-analytical moments of the effective elastic modulus

The method to obtain expressions for the first two moments of the effective elastic

modulus E∗ begins with the observation that E∗ is proportional to the reciprocal of

displacement U :

E∗(x) = η(x) · U(x)−1 (3.64)

Unfortunately, the full distribution of U(x) is not available analytically and, conse-

quently, the moments of the effective elastic modulus E∗ can not be determined exactly.

The approach adopted is to derive quasi-analytical expressions for the moments of E∗

by approximating displacement U as lognormally distributed and to once again take

advantage of the fact that the lognormal distribution is closed under the reciprocal oper-

ation. The error associated with the quasi-analytical expressions for the moments of the

effective elastic modulus E∗, due to the approximation of displacement U as lognormal,

is investigated in the following section.

Displacement U(x) is approximately lognormally distributed according to:
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U(x)
approx∼ LN (µU(x), σ2

U(x)) (3.65)

where the underlying normal parameters µU(x) and σ2
U(x) are given through method of

moments as (Devore, 2012, p. 239):

µU(x) = ln

 E [U(x)]√
1 + Var [U(x)] · E [U(x)]−2

 (3.66)

σ2
U(x) = ln

(
1 +

Var [U(x)]

E [U(x)]2

)
(3.67)

where E [U(x)] and Var [U(x)] are given by Equations 3.52 and 3.63 respectively.

The reciprocal of displacement U(x)−1 is approximately lognormally distributed accord-

ing to:

U(x)−1 approx∼ LN (−µU(x), σ2
U(x)) (3.68)

Consequently, through the consideration of Equation 3.64 it is apparent that the effective

elastic modulus E∗ is approximately lognormally distributed according to:

E∗(x)
approx∼ LN (−µU(x) + ln[η(x)], σ2

U(x)) (3.69)

The quasi-analytical mean of the effective elastic modulus E∗ is given by:

E [E∗(x)] ≈ exp

(
−µU(x) + ln[η(x)] +

1

2
σ2
U(x)

)
(3.70)

The quasi-analytical variance of the effective elastic modulus E∗ is given by:

Var [E∗(x)] ≈ η(x)2
(
exp[σ2

U(x)]− 1
)

exp
(
−2µU(x) + σ2

U(x)
)

(3.71)

102



3.4 Sensitivity analyses

This section contains three sensitivity analyses which investigate the variation of the mo-

ments of displacement U and the effective elastic modulus E∗ with respect to a number

of parameters. The first sensitivity analysis investigates the variation of these moments

with respect to the position x along the beam, the second with the correlation length

θ and the third with the coefficient of variation cv of the stiffness profile E(v). In

particular, the variation of these moments are considered for a simply supported beam

under 3-point loading for three different correlation functions of the stiffness profile E(v)

namely the Markov ρM(s), Gaussian ρG(s) and triangular ρT (s) correlation functions.

The (quasi)-analytical moments associated with the Markov, Gaussian and triangular-

correlated stiffness profiles are respectively denoted EM(v), EG(v), ET (v) whilst the

moments computed through the SFEM are respectively denoted EM(v), EG(v), ET (v)

where the bar indicates that the stiffness profile has been discretised in accordance with

the finite elements. The benefit of comparing the quasi-analytical and SFEM approaches

is two fold: firstly, for the moments of U , this comparison serves to validate the perfor-

mance of the stochastic finite element model and secondly, for the moments of E∗, this

comparison provides a means to assess the accuracy of the approximate quasi-analytical

expressions derived in Subsection 3.3.3. The value of the parameters of the heteroge-

neous beam utilised in the following sensitivity analyses are detailed in Table 3.1 and

it is noted that the discretisation parameters only apply to the stochastic finite element

model.

3.4.1 Variation of moments along the beam

Figure 3.12 shows that the variance of displacement Var[U ] increases from zero at the

supports and is maximised at midspan for all three correlation functions. In particular,

it is observed that the variance is greatest for the Gaussian correlation function ρG(s),

followed by the triangular correlation function ρT (s) and, finally, the variance is lowest

for the Markov correlation function ρM(s). Good agreement is observed between the

stochastic finite element method and the analytical solution, given by Equation 3.63,

which verifies that the degree of discretisation N = 2 × 102 and the number of Monte

Carlo simulations R = 1× 106 is sufficient to obtain accurate predictions of the variance

of displacement. It is useful to note that the variance of displacement Var[U ] shares the
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properties of the zero-variance profile U∗(x) of being both symmetric about the midspan

x = L/2 as well as being first-derivative continuous.

It is informative to not only consider the variance of displacement Var[U ] but also the

coefficient of variation CV[U ]. The utility of the coefficient of variation is that it controls

for the increase in mean displacement E[U(x)] thus providing insights into the relative

variability of displacement U . The coefficient of variation of displacement is given by:

CV [U(x)] =

√
Var[U(x)]

|E[U(x)]|
(3.72)

where |.| is the absolute value operator. Figure 3.13 shows the variation in the coefficient

of variation of displacement CV [U ] against the position x along the beam. It is observed

that CV [U ] is maximised at the midspan for all three correlation functions, however,

the relative increase in CV [U ] towards the midspan is small compared to the increase

observed for Var [U ] as shown in Figure 3.12. Based on the analysis contained within this

section, it is concluded that the increase in the variability of displacement is attributable

to both the increase in the expected value of displacement E[U ] and, to a lesser extent,

Table 3.1: Parameter values for the sensitivity analyses.

Parameter name Symbol Value Units

Random field parameters

Location parameter µ 12.0 GPa

Scale parameter σ 3.6 GPa

Coefficient of variation cv 0.3 –

Correlation length θ 1.0 m

Structural parameters

Beam length L 1.0 m

Second moment of area I 3.7× 10−7 m4

Load P 104 N

Discretisation parameters

Beam discretisation N 200 –

Number of runs R 106 –
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Figure 3.12: Variance of displacement Var[U ] against the distance x along the beam.

the increase in relative variability as quantified by the coefficient of variation CV[U ].

Additionally, it shown that the coefficient of variation of displacement CV [U ] is, for all

three correlation functions, smaller than the coefficient of variation cv of the stiffness

profile E(v) due to the fact that the effective elastic modulus E∗ is a harmonic mean

which averages, and hence reduces the variability, of the stiffness profile E(v). Finally,

it can be seen that the limiting value of CV [U ] is non-zero at the supports (i.e. as

x → 0 and x → L) and it noted that this behaviour is similar to the behaviour of the

well-known sinc(x) function as x→ 0 (see Subsection 2.5.1).

Figure 3.14 shows how the expected value of the effective modulus of elasticity Mean[E∗]

varies with the distance x along the beam. The expected value of the effective elastic

modulus E[E∗] is always lower than the expected value of the stiffness profile E[E(v)] =

12 GPa and this is due to the effective elastic modulus E∗ being given by a harmonic

mean which tends towards minima. It is observed that calculating the effective property

E∗ based on the midspan displacement x = L/2 maximises its expected value whilst

calculating E∗ from displacement near the supports minimises its expected value and

it is important that this is taken into account when comparing different procedures to

calculate the effective elastic modulus E∗. For instance, it has been suggested that in the

case of 4-point bending that the effective property E∗ be calculated based on the average

of displacement under both loads (Bechtel, 2007). It is concluded that this method of

calculating the effective elastic modulus E∗ will reduce its expected in comparison to the

traditional calculation based solely on midspan displacement.
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Figure 3.13: Coefficient of variation of displacement CV[U ] against the distance x along
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Figure 3.14: Mean of the effective elastic modulus Mean[E∗] against the distance x along

the beam.
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Figure 3.15: Variance of the effective elastic modulus Var[E∗] against the distance x

along the beam.

Figure 3.15 shows how the variance of the effective elastic modulus Var[E∗] varies with

distance x along the beam. It can be seen, similar to the expected value of the effective

elastic modulus E[E∗], that the variance of the effective elastic modulus Var[E∗] is also

maximised midspan. It is observed by inspection that the estimate of Var[E∗] associated

with the quasi-analytical approach {EM(v), EG(v), ET (v)} exhibits a small positive bias

compared to the more accurate estimates associated with the stochastic finite element

model {EM(v), EG(v), ET (v)}. This small positive bias is primarily attributed to the

error induced through the approximation of displacement U as being lognormally dis-

tributed. Finally, it is concluded that for heterogeneous beams with parameters similar

to those detailed in Table 3.1, this error is small thus validating that the quasi-analytical

theory developed in subsection 3.3.3 is a reasonable approximation of the moments of

the effective elastic modulus E∗.

For all of the moments of displacement U and the effective elastic modulus E∗ con-

sidered in this section, the value of the moment is always maximal for the Gaussian

correlation function ρG(s), lower for the triangular correlation function ρT (s) and mini-

mal for the Markov correlation function ρM(s) in spite of all three correlation functions

being parametrised by the same correlation length θ = 1 m. An explanation for this phe-

nomena is obtained by considering that, as shown in Figure 2.3, the Gaussian correlation

function ρG(s) has the greatest short-range correlation, the triangular correlation func-

tion ρT (s) has the greatest mid-range correlation and the Markov correlation function
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ρM(s) has the greatest long-range correlation. It is concluded that since heterogeneous

beam behaviour appears to be dominated by short-range correlation then the Gaussian-

correlated stiffness profile EG(v) results in macroscale beam behaviour that would be

associated with a triangular-correlated stiffness profile ET (v) with a greater correlation

length or a Markov-correlated stiffness profile EM(v) with an even greater correlation

length.

3.4.2 Variation of moments with the correlation length

This subsection presents the results of a sensitivity analysis investigating how the mo-

ments of midspan displacement Uc = U(xc) and the midspan effective elastic modulus

E∗c = E∗(xc) vary with the correlation length θ of the stiffness profile E(v). The pa-

rameter values of this sensitivity analysis are once again given by Table 3.1; however,

instead of a constant correlation length, the effect of varying the correlation length θ on

the interval (0, 1] is analysed. It is important to recognise that the expected value of

midspan displacement E[Uc], given by Equation 3.52, is independent of the correlation

length θ and, consequently, the expected value of midspan displacement E[Uc] is not con-

sidered within this sensitivity analysis. Figure 3.16 shows the variation in the variance

of midspan displacement Var[Uc] with the correlation length θ. It is observed that as

the beam becomes increasingly homogeneous, θ →∞, the variance of midspan displace-

ment Var[Uc] increases for all of the correlation functions and, as θ → 0, the variance

of midspan displacement Var[Uc] approaches zero due to the statistical homogeneity of

Kronecker delta correlated white noise. Finally, the variance of midspan displacement of

the heterogeneous beam is lowest for the Markov correlation function ρM(s) and highest

for the Gaussian correlation function ρG(s) with the triangular correlation function ρT (s)

resulting in similar beam behaviour up to a correlation length of θ = 0.3 m.

Figure 3.17 shows that the mean of the midspan effective elastic modulus Mean[E∗c ]

increases with the correlation length θ for all three correlation functions. This func-

tion is concave since its second derivative is negative and, consequently, as the beam

becomes increasingly heterogeneous, θ → ∞, the magnitude of the relative increase in

the expected value of the effective elastic modulus Mean[E∗] reduces. Furthermore, as

the beam becomes increasingly heterogeneous, θ → 0, the expected value of the effective

elastic modulus Mean[E∗] approaches a lower-bound ELB[E∗c ] that appears to be well
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Figure 3.16: Variance of midspan displacement Var[Uc] against the correlation length θ.

approximated by:

ELB[E∗c ] ≈ µ

1 + c2
v

(3.73)

where cv is the coefficient of variation of the lognormal stiffness profile E(v). Additionally,

it is important to recognise that the behaviour of the stiffness profile E(v) at zero-

correlation length θ = 0 is not well-defined. This is due to the stiffness profile E(v)

becoming the white noise process with the Kronecker Delta correlation function whose

integral is undefined (see Section 2.4) and, consequently, the mean of the effective elastic

modulus E[E∗c ] at zero correlation length θ → 0 has not been evaluated nor plotted.

Figure 3.18 shows the variance of the midspan effective elastic modulus Var[E∗c ] against

the correlation length θ of the stiffness profile E(v). It is observed that the variance

of the midspan effective elastic modulus Var[E∗c ] increases with the correlation length

θ and in the limiting case, as θ → ∞, the variance of the effective elastic modulus

approaches the variance of the random field Var[E∗c ] → σ2. It can be seen that the

estimate of the variance of the midspan effective elastic modulus Var[E∗c ] associated

with the quasi-analytical moments {EM(v), EG(v), ET (v)} systematically underpredicts

the true variance of the midspan effective elastic modulus compared to the estimates

obtained through the SFEM {EM(v), EG(v), ET (v)}. In addition to the systematic

uncertainty associated with the quasi-analytical moments, it is also worth considering
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Figure 3.17: Mean of the midspan effective elastic modulus Mean[E∗c ] against the corre-

lation length θ.

the statistical uncertainty associated with the limited sample size associated with the

Monte Carlo method. It is observed, for a fixed sample size R = 1 × 106, that as the

correlation length θ increases then the accuracy of the estimate of the variance of the

effective elastic modulus reduces since the realisations associated with a large correlation

length θ are less ergodic.

3.4.3 Variation of moments with the coefficient of variation

This subsection contains a sensitivity analysis investigating how the moments of midspan

displacement Uc and the midspan effective elastic modulus E∗c vary with the coefficient

of variation cv of the stiffness profile E(v). The parameters are identical to those given

by Table 3.1, however, instead of a constant coefficient of variation cv, the effect of

varying cv on the interval (0, 1] is analysed. Figure 3.19 shows that the mean of midspan

displacement Mean[Uc] increases with the coefficient of variation cv and that this increase

is independent of the type of correlation function. This increase in the expected value of

midspan displacement Mean[Uc] is due to the effective elastic modulus E∗ being given

by a harmonic mean which is disproportionately sensitive to weak zones of the stiffness

profile E(v). In the limiting case as the coefficient of variation approaches zero, cv → 0,

then the expected value of midspan displacement approaches the midspan displacement

of the zero-variance profile E[Uc]→ U∗(xc).
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Figure 3.18: Variance of the midspan effective elastic modulus Var[E∗c ] against the cor-

relation length θ.
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Figure 3.20: Coefficient of variation of midspan displacement CV[Uc] against the coeffi-

cient of variation cv of the stiffness profile E(v).

Figure 3.20 shows the coefficient of variation of midspan displacement CV[Uc] against

the coefficient of variation cv of the stiffness profile E(v). It is observed that, for all cor-

relation functions, the coefficient of variation of midspan displacement CV[Uc] increases

linearly with the coefficient of variation cv of the stiffness profile E(v) with a gradient of

slightly less than one. The fact that the coefficient of variation of midspan displacement

CV[Uc] is always less than the coefficient of variation cv of the stiffness profile E(v) is

due to the fact that the effective elastic modulus E∗ is a harmonic mean which acts to

average over, and hence reduce the variability of, the stiffness profile E(v). This reduc-

tion in variability is dependent on the correlation structure of the stiffness profile with

the reduction being the greatest in the case of the Markov-correlated process EM(v) and

smallest in the case of the Gaussian-correlated process EG(v).

Figure 3.21 shows how the mean of the midspan effective elastic modulus Mean[E∗c ]

varies with the coefficient of variation cv of the stiffness profile E(v). It can be seen that

as the heterogeneity of the beam increases, cv →∞, the expected value of the effective

elastic modulus decreases to zero and as the beam becomes increasingly homogeneous,

cv → 0, the expected value of the effective elastic modulus approaches the expected value

of the random field Mean[E∗c ]→ E[E(v)] = 12 GPa. Furthermore, it is observed that an

increase in the coefficient of variation cv also leads to an increase in the epistemic error

associated with the quasi-analytical moments {EM(v), EG(v), ET (v)} which results in the

quasi-analytical moments over-predicting Mean[E∗c ] for all three correlation functions.
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Figure 3.21: Mean of the midspan effective elastic modulus Mean[E∗c ] against the coef-

ficient of variation cv of the stiffness profile E(v).

This is explained by considering that as the coefficient of variation of the lognormally

distributed variables increases their summation increasingly deviates from the lognormal

distribution and, consequently, the accuracy of the quasi-analytical moments decreases.

Figure 3.22 shows the coefficient of variation of the midspan effective elastic modulus

CV[E∗c ] against the coefficient of variation cv of the stiffness profile E(v). It is observed

that the coefficient of variation of the midspan effective elastic modulus E∗c increases

approximately linearly with the coefficient of variation cv. Similar to the relationship

observed in Figure 3.20, the gradient is less than one due to the reduction in vari-

ability resulting from the averaging associated with the effective elastic modulus E∗.

However unlike the relationship observed in Figure 3.20, the quasi-analytical moments

{EM(v), EG(v), ET (v)} are not exact and, as the coefficient of variation cv becomes large,

the quasi-analytical moments increasingly over-predict the coefficient of variation of the

effective elastic modulus CV[E∗c ] in comparison to the moments obtained through the

stochastic finite element model {EM(v), EG(v), ET (v)}. However, the magnitude of this

over-prediction is small thus validating the accuracy of the quasi-analytical theory de-

veloped in Section 3.3 for most coefficients of variation of timber observed in practice

which typically tend to be within the range 0.2 – 0.4 (Thelandersson, 2003).
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Figure 3.22: Coefficient of variation of the midspan effective elastic modulus CV[E∗c ]

against the coefficient of variation cv of the stiffness profile E(v).

3.4.4 Limitations

The theory of heterogeneous beams as presented in this chapter is subject to a number of

limitations which include: restriction of the analysis to the case of Euler-Bernoulli beams

thus neglecting the contributions of shear effects to displacement and the consideration of

only the first and second moments of displacement U(x) rather than its full distribution.

This limitation is due to the fact that the full distribution of U(x) can not be obtained

through analytical methods and, consequently, if consideration of the full distribution of

U(x) is required then the use of numerical methods such as the stochastic finite element

method is necessary. Figure 3.23 shows the mean and 95% confidence intervals of the

displacement profile U(x) as well as the zero-variance profile U∗(x) obtained through the

stochastic finite element model of a heterogeneous beam whose parameters are given by

Table 3.1. It can be seen that the mean displacement profile Mean[U(x)] is 9% greater

than the zero-variance profile U∗(x) as a result of the factor (1 + c2
v) in Equation 3.54.

One limitation of the quasi-analytical theory developed in this chapter is that it may not

be suitable for the simulation of confidence intervals which depend heavily on the tails of

the distribution. If confidence intervals are to be determined then it is recommended that

this be achieved through numerical methods such as the stochastic finite element method.

Finally, in spite of the limitations identified here, it is concluded that the quasi-analytical

theory developed within this chapter has great utility for engineering calculations that

depend on the moments of either displacement U or the effective elastic modulus E∗.
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Figure 3.23: Mean displacement profile Mean[U(x)], zero-variance displacement profile

U∗(x) and 95% confidence intervals against distance x along the beam.

3.5 Conclusion

This chapter has developed a novel theory of heterogeneous beams based on the formula-

tion of the effective elastic modulus as a weighted harmonic mean. The key achievements

of this chapter are summarised as:

• The formulation of the effective elastic modulus at any point along a heterogeneous

Euler-Bernoulli beam as a weighted harmonic mean with weighting functions de-

rived for the 3-point, 4-point and uniformly distributed loading conditions. The

properties of these weighting functions have been analysed with insights into the

relationship between the effective elastic modulus E∗ and the stiffness profile E(v).

Finally, analytical expressions have been obtained for both the displacement and

effective elastic modulus of a beam under 3-point loading with linear variation in

elastic modulus and these analytical expressions have been used as a benchmark

to evaluate a finite element model.

• Analytical expressions have been derived for the first two moments of displacement

and quasi-analytical expressions for the effective elastic modulus of a randomly

heterogeneous beam with a lognormally distributed stiffness profile E(v). These

quasi-analytical moments have been validated against a stochastic finite element

model in a series of sensitivity analyses investigating the behaviour of randomly

heterogeneous beams with respect to the location x of displacement U along the
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beam, as well as, the correlation length θ and coefficient of variation cv of the

stiffness profile E(v).

The following suggestions are made for future research based on the quasi-analytical

theory of heterogeneous beam developed in this chapter:

• This chapter has only considered the case of a simply supported beam and, con-

sequently, it is of interest to investigate the dependency of the effective elastic

modulus on the support conditions of the beam. It is noted that an understanding

of the influence of the flexibility of the joints would be relevant to the risk analy-

sis of large structures consisting of numerous jointed heterogeneous elements. In

particular, it is suggested that the quasi-analytical theory developed within this

chapter could be used to mitigate against the large computational cost associated

with the analysis of such large structures.

• Expressions have only be obtained for the first two moments of displacement and,

consequently, it is of interest to extend the theory of heterogeneous beams through

the derivation of a general expression for the nth moment of displacement. More-

over, the theory can be further generalised by deriving a general expression for the

weighting function ω(v) in terms of the internal bending moment M(v). These

developments would facilitate the analytical theory of heterogeneous beams as a

computationally efficient and exact alternative to stochastic finite element mod-

elling for the purposes of reliability analysis.

The theory of heterogeneous beams, developed using the theory of random fields pre-

sented in Chapter 2, forms the basis for the higher-dimensional analysis of the effective

properties of heterogeneous beams detailed in the remainder of this thesis. In Chapter 4,

the problem of approximating the relationship between the higher-dimensional effective

modulus of elasticity E∗ and the underlying stiffness field E(x, y) is considered including

the optimisation of two-dimensional weighting functions. Finally, Chapter 5 considers

the problem of inferring the parameters of a two-dimensional random field E(x, y) from

experimentally determined effective moduli in order to model the spatial variation of

elastic modulus.
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Chapter 4

Meta-modelling of effective

properties

4.1 Introduction

The development of methodologies to determine effective material properties is impor-

tant to disciplines of engineering concerned with the analysis of materials that exhibit

a significant degree of heterogeneity. The utility of effective properties is that they de-

scribe the property of a homogeneous region that is equivalent to a heterogeneous region

of a material. The process of substituting an equivalent homogeneous region is known as

homogenisation or upscaling and has been investigated extensively within the discipline

of reservoir engineering which is a field of research primarily concerned with predicting

the effective permeability of randomly porous media with the aim of accurately fore-

casting the production of a petroleum reservoir (Brown and Vasilyeva, 2016). It should

be noted that this chapter draws upon many of the concepts developed within reser-

voir engineering and demonstrates how the methodologies to analyse porous media can

be adapted to determine the effective modulus of elasticity of randomly heterogeneous

beams. In particular, the research contained within this chapter is motivated by the

following quote:

“One of the most pervasive problems in the description of an heterogeneous

medium is the problem of averaging from one scale to another. A medium
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property is observed at one scale on a particular support (volume) of mea-

surement, but the value of that property ‘averaged’ over a different volume

size at a different location is needed” (Journel et al., 1986)

It is of interest to consider higher dimensional heterogeneity, as modelled by random

fields, since many heterogeneous materials such as soil, concrete and timber have me-

chanical properties that are variable in all three spatial dimensions and, consequently,

one-dimensional random processes may be an inadequate approximation of such phe-

nomena. It has been shown in Chapter 3 that the effective elastic modulus of an Euler-

Bernoulli beam is given exactly by a weighted harmonic mean; however, the extension

of this theory beyond the one-dimensional case is inhibited by the fact that the relation-

ship between a multidimensional field, describing the variation in a material property,

and the effective property, describing the macroscale behaviour of that material, is not

analytical. The approach adopted within this chapter to overcome the non-analytical

nature of higher-dimensional effective properties is to utilise meta-models, also known

as surrogate models (Sudret, 2012), which offer an approximate approach to the prob-

lem of upscaling. It is important that the meta-model is carefully selected since the

meta-model needs to be simple enough in order to function as a meta-model, however,

the meta-model should not be so simple as to fail to appropriately model the nature of

the phenomena. A novel contribution of this chapter is to introduce a meta-model for

the effective properties of heterogeneous materials of the form of a weighted generalised

mean thereby extending the analysis contained within Chapter 3 as well as drawing on

concepts from the research field of reservoir engineering.

Meta-models have also been extensively applied within the discipline of structural relia-

bility in order to model the relationship between the input and output of probabilistic

models (Sudret, 2012). It is noted that the primary motivation for the use of these

meta-models has been to mitigate against the high computational cost associated with

repeated calls to numerical methods such as the stochastic finite element method (Wang

and Shan, 2007). In particular, commonly used parametric meta-models include polyno-

mial models, polynomial chaos expansions (Choi et al., 2004) and kriging models (Sacks

et al., 2004, Gaspar et al., 2014) and it has been observed that first order reliability

methods (Hasofer and Lind, 1974) are in fact linear polynomial meta-models. In ad-

dition to parametric meta-models, there has also been extensive use of non-parametric

meta-models in order to predict the reliability of constructed assets such as heteroge-
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neous cohesive slopes (Chok et al., 2016) and concrete structures with uncertain material

properties (Most and Bucher, 2007) through the training of artificial neural networks to

the output of finite element models.

The research direction adopted within this chapter is to utilise analytical parametric

meta-models to model the relationship between the realisations of a random field and

the associated effective properties. It is suggested that there are significant advantages

beyond a mere reduction in computational cost that motivate the use of meta-models to

compute the effective property of realisations of a random field. In particular, analyt-

ical meta-models have the potential to offer conceptual insights into research questions

concerning the sensitivity of the effective property to extrema of the material field, as

well as, the relative spatial importance of different regions in the domain to the effective

property. For instance, Le et al. (2015) utilised the stochastic finite element method

to analyse the behaviour of heterogeneous slopes and observed by inspection that the

permeability at the surface of the embankment has the greatest contribution to the effec-

tive permeability. However, the problem with non-analytical methods such as the finite

element method is that these methods often function as a black-box which, in spite of

being an invaluable tool for solving intractable mechanics problems, inhibits explicit in-

vestigation of the relationship between model inputs and outputs. This motivates the

use of analytical meta-models in order to explicitly characterise the opaque behaviour

of these numerical methods thereby offering a quantitative post hoc interpretation of

the relationship between the effective property and the realisation of the random field

(Montavon et al., 2018).

A secondary motivation for the use of analytical meta-models is that their useful prop-

erties facilitate analysis of both the input and output quantities. For instance, it has

been shown in Chapter 3 that analytical expressions for the moments of displacement

can be obtained through manipulation of the weighted harmonic mean formulation of

the effective elastic modulus of an Euler-Bernoulli beam. Furthermore, this type of an-

alytical formulation provides a framework to obtain the model input from its output

through inversion which is the process of inferring a stiffness profile from its experimen-

tally determined effective properties. Within the discipline of heterogeneous mechanics,

the problem of inversion has previously been approached through finite element mod-

elling (Maniatty et al., 1989) in a procedure that has come to be known as the inverse

finite element method (Kefal et al., 2017). In particular, one advantage of the analytical
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meta-models introduced in the following section is that they permit an approach to the

problem of inversion through Fourier deconvolution (Bracewell, 2000). Finally, it should

be noted that extensive discussion of the application of such inversion methodologies is

beyond the scope of this chapter; however, for further information on the inversion of

effective modulus of elasticity to recover the stiffness profile consider Foschi (1987), Lam

et al. (1991) and Pope and Matthews (1995).

Within the context of the meta-problem framework outlined in Chapter 1, this chapter

is primarily concerned with developing an approximate approach to meta-problem 1 –

deterministic prediction in the multi-dimensional case:

Z(x, y, q)
approx−−−−→ Z∗(q) (4.1)

where Z(x, y, q) is a deterministic field describing the spatial variation of material prop-

erties, Z∗(q) is the deterministic effective property and these two quantities are ap-

proximately related using a meta-model. However, it is important to note that the

development of an approximate analytical meta-modelling approach to meta-problem 1

– deterministic prediction also lends itself to the development of analytical approaches to

both meta-problem 2 – stochastic prediction, since the meta-model enables the analytical

calculation of moments of displacement, and to meta-problem 4 – deterministic inference

since the meta-model facilitates an analytical approach to the problem of inversion. It

should be noted that in this chapter the effective property Z∗ is spatially constant, lo-

cated at midspan, and that both the random field Z(.) and the weighting function ω(.)

are parametrised with the spatial parameters {x, y, z} rather than the spatial parameter

v utilised in Chapter 3.

This chapter can be roughly divided into two halves: the first half presents a class of

meta-models for the effective properties of heterogeneous structures as well as an al-

gorithm to optimise these meta-models to the output of a finite element model and

the second half presents an investigation into the application of these meta-models to

analyse heterogeneous beam behaviour. In total, this chapter consists of seven sections:

the first section is introduction which contains this chapter overview; the second section

is mean meta-models which presents the generalised weighted mean meta-model with

specific consideration of arithmetic, geometric and harmonic means; the third section
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is functional optimisation which presents a novel gradient-free functional optimisation

algorithm, investigates its convergence on a benchmark problem and makes parameter

recommendations to optimise algorithm performance; the fourth section is three-point

flexural test which provides an overview of a multidimensional quasi-analytical model for

the effective property of a beam under 3-point loading; the fifth section is one-dimensional

meta-modelling which investigates the application of the functional optimisation algo-

rithm to optimise the meta-models to the results of a 1D finite element model; the sixth

section is two-dimensional meta-modelling which investigates the application of the func-

tional optimisation algorithm to optimise the meta-models to the results of a 2D finite

element model; finally, the seventh section is conclusion which provides an overview of

the contribution of this chapter and makes recommendations for future research into the

meta-modelling of effective properties.

4.2 Mean meta-models

Analytical mean meta-models have been used extensively within the research field of

reservoir engineering to model the effective permeability of rock formations. In particu-

lar, the most commonly used models have been the arithmetic, geometric and harmonic

means which are collectively referred to as the Pythagorean means (King, 1987). Ad-

ditionally, it is useful to note that these three means can be generalised into a single

mean of arbitrary power and that this generalised mean meta-model offers greater pre-

dictive power due to its variable sensitivity to extrema of the underlying field (Journel

et al., 1986). Furthermore, it is also desirable that these meta-models account for spatial

weighting since it has been observed, in flow problems, that the value of the material

property at some points in the domain has been found to have a greater contribution to

the effective property. For instance, details of an investigation into the varying spatial

dependency of the effective permeability of a well on the field of permeability for the

case of a harmonic mean can be found in Oliver (1990) and Desbarats (1992). It is a

novel contribution of this thesis to present an expression for a meta-model suitable for

modelling the effective properties of multidimensional randomly heterogeneous beams.

The generalised weighted mean meta-model for the effective property Z∗ of a material

whose properties vary in three-spatial dimensions Z(x, y, z) is presented in integral form

as:
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Z∗ =

(∫
D
ω(x, y, z) · Z(x, y, z)m dV

)m
(4.2)

where D is the domain of integration, ω(x, y, z) is the weighting function, m is the

power of the mean and dV is a differential volume element. In order to satisfy the

traditional definition of a mean, the weighting function ω(x, y, z) should satisfy the

following integration requirement:

∫
D
ω(x, y, z) dV = 1 (4.3)

Observing that the right-hand side of this equation is dimensionless, it is noted that the

units of the weighting function ω(x, y, z) are given by the reciprocal of the units of the

domain D.

The power m controls the extent to which the meta-model for the effective property Z∗

tends towards the extrema of the random field Z(x, y, z). As m increases, the effective

property Z∗ tends towards the maxima of the random field Z(x, y, z) and, asm decreases,

Z∗ tends towards the minima of Z(x, y, z). In the limiting case, asm→ −∞, the effective

property Z∗ is equal to the minima of Z(x, y, z) which is useful for modelling minima-type

effective properties such as the strength of a brittle material. When the power m = 1,

the effective property Z∗ is the arithmetic mean Z∗A of the random field Z(x, y, z), as

m → 0 then Z∗ tends to the geometric mean Z∗G of Z(x, y, z) and when m = −1 then

Z∗ is the harmonic mean Z∗H of Z(x, y, z). It is the observation of Cardwell and Parsons

(1945) that average-type effective properties, such as permeability, are bounded by the

harmonic and arithmetic mean. Consequently, in the case that −1 ≤ m ≤ 1, the effective

property models average-type effective properties such as permeability, elastic modulus

and electrical conductivity. Finally, it is important to note that this chapter will only

consider the case of average-type effective properties given by the three Pythagorean

means rather than effective properties with an arbitrary power m. This is because the

simultaneous optimisation of both the power m and the weighting function ω(x, y, z) is

beyond the scope of this research and, therefore, only the optimisation of the weighting

function ω(x, y, z) is pursued within this chapter.

The arithmetic mean (m = 1) can be considered the simplest of the three Pythagorean

means since the relationship between the effective property Z∗ and the random field

122



Z(x, y, z) is linear. The weighted arithmetic mean Z∗A is given by:

Z∗A =

∫
D
ωA(x, y, z) · Z(x, y, z) dV (4.4)

This meta-model is an exact model for material properties such as effective density, as

well as the idealised case of effective permeability where heterogeneity is solely perpen-

dicular to the direction of flow which is known as a series system (Fuchs et al., 2013).

However due to the simplicity and attractive analytical properties of this linear system,

the arithmetic mean Z∗A has also been used to model non-arithmetic effective properties,

such as effective elastic modulus, in a parallel system (Bulleit and Chapman, 2004). If

the integration requirement of the weighting function is met
∫
D ω(x, y, z) dV = 1 then,

in the case that the random field Z(x, y, z) has a finite stationary expected value, the

arithmetic mean Z∗A has the useful property of mean preservation since the expected

value of the effective property Z∗A is equal to the expected value of the random field

E[Z∗A] = E[Z(x, y, z)]. However, the property of mean preservation inhibits the use of this

meta-model for properties that are dominated by low values, such as modulus of elasticity,

since these properties do not exhibit mean preservation E[Z∗] < E[Z(x, y, z)]. It is the

novel observation of this thesis that this limitation can be overcome by relaxing the inte-

gration requirement of the weighting function ω(x, y, z) such that
∫
D ωA(x, y, z) dV < 1.

This facilitates the use of the arithmetic mean Z∗A to model geometric or harmonic ef-

fective properties without the risk of systematically overpredicting the true value of the

effective property.

The harmonic mean (m = −1) is a non-linear model for the relationship between the

effective property Z∗ and the material property Z(x, y, z). The weighted harmonic mean

Z∗H is given by:

Z∗H =

(∫
D
ωH(x, y, z) · Z(x, y, z)−1 dV

)−1

(4.5)

where (.)−1 does not signify the inverse of the function, but rather the pointwise recip-

rocal such that Z(x)−1 = {xi ∈ D|Z(xi)
−1}. The harmonic mean Z∗H exactly models

effective permeability where heterogeneity is solely parallel to the direction of flow (Fuchs

et al., 2013) and has been shown, in Chapter 3, to exactly model the effective elastic

modulus of an Euler-Bernoulli beam. The harmonic mean Z∗H is more strongly influenced
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by minima than the arithmetic mean and, consequently, does not exhibit the property

of mean preservation since the expected value of the harmonic meta-model Z∗H is lower

than the expected value of the random field E[Z∗H ] < E[Z(x, y, z)].

The final Pythagorean mean is the geometric mean Z∗G which is obtained by taking the

limit m→ 0 in the generalised power mean meta-model. The weighted geometric mean

Z∗G is given by:

Z∗G = exp

(∫
D
ωG(x, y, z) · lnZ(x, y, z) dV

)
(4.6)

It is useful to note that if all the weighting functions are equal ωA = ωG = ωH and

Z(x, y, z) denotes a set with at least two non-equal values then the following inequality

holds for the Pythagorean means: Z∗H < Z∗G < Z∗A (Xia et al., 1999). Therefore, the

geometric model Z∗G can be considered an intermediary between the harmonic Z∗H and

arithmetic Z∗A means since it is affected by minima to a greater degree than Z∗A but not to

the extent that Z∗H is affected by minima. It has been suggested that the geometric mean

is the best model for effective permeability in the case of multidimensional heterogeneity

with spatial variation both parallel and perpendicular to flow since, similar to the one-

dimensional case, the effective property Z∗ tends towards minima values however, unlike

the one-dimensional case, the flow can avoid regions of low permeability therefore the

sensitivity to minima is reduced (Matheron, 1968).

An additional factor to consider in the choice between the Pythagorean means is that

the geometric and harmonic models are only well-defined for the case that both the

random field of the material property Z(x, y, z) and the weighting function ω(x, y, z) are

strictly positive. Thus, the geometric and harmonic means are appropriate models for

many strictly positive mechanical properties such as permeability, electrical resistivity

and elastic modulus. However for properties that take negative values, or for noisy

measurements of strictly positive properties, the arithmetic model Z∗A is recommended

due to its robustness to both negative values as well as values close to zero. Finally, all

of the mean models have been presented for the 3D case, however, the 1D and 2D cases

can easily be obtained by taking the weighting function ω(x, y, z) and the random field

Z(x, y, z) as constant in the y or z-direction as required.
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4.3 Functional optimisation

This section presents a novel functional optimisation algorithm suitable for the optimi-

sation of the weighting function of the generalised mean meta-model. The objective of

mathematical optimisation is to find the input argument that minimises or maximises

the output of a function. This section considers the optimisation of a particular type

of function known as a functional which, in simplest terms, can be described as a func-

tion whose input argument is also a function. Consequently, the objective of functional

optimisation is to find an optimal input function that minimises the functional. The

history of functional optimisation began with calculus of variations which is an analyt-

ical approach used to solve problems such as the Brachistochrone problem, as well as,

the so-called ‘heavy-chain’ problems (Gelfand and Fomin, 1963). Following the advent

of modern computation, numerical approaches to gradient-based functional optimisa-

tion have been developed (Dreyfus, 1962) in a field of research that is now known as

optimal control theory (Bryson, 1996). In this chapter, an algorithm that treats the

functional to be minimised as a black box is sought and, consequently, a derivative free

approach is pursued. In particular, an algorithm is developed as an extension to the

acceptance-rejection perturbation algorithm proposed by Bocchini and Deodatis (2008)

wherein the perturbations are no longer of deterministic shape with random sign but

rather realisations of a random field.

4.3.1 Algorithm overview

Let f̄(x) denote the optimal function that minimises the error functional ε(f(x)). The

objective of the algorithm is to obtain an approximation f̂(x) to the optimal function

f̄(x) through an iterative acceptance-rejection approach. At each step of the algorithm,

a new approximation f̂p(x) is proposed to the current iteration of the approximation

f̂i(x) such that:

f̂p(x) = f̂i(x) + ξ(x) (4.7)

where ξ(x) is a random perturbation. If the proposed function f̂p(x) decreases the error

functional i.e. if ε(f̂p(x)) < ε(f̂i(x)) then the perturbation is accepted:
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f̂i+1(x) = f̂p(x) (4.8)

Otherwise, the perturbation is rejected:

f̂i+1(x) = f̂i(x) (4.9)

At the initialisation of the algorithm, an initial approximation f̂0(x) to the optimal

function f̄(x) is required. If a priori information about the form of f̄(x) is available then

this can be included in the specification of the initial approximation f̂0(x), otherwise,

if a priori information about f̄(x) is unavailable then the initial approximation f̂0(x)

can be taken to be uniform and located at the best estimate of the centroid of f̄(x).

Additionally, it should be noted that the perturbations ξ(x) are of arbitrary form, for

instance Bocchini and Deodatis (2008) took the perturbations to be of Gaussian form:

ξ(x) = α exp

[
−(x− x0)2

β2

]
(4.10)

where α, β and x0 are the amplitude, scale and location parameters respectively. Boc-

chini and Deodatis (2008) took α as a constant with random sign, β2 = 40 and x0 as

uniformly distributed on the domain D over which the approximation f̂(x) is to be op-

timised. The disadvantage of taking the perturbations ξ(x) to be of Gaussian form is

that they are of constant symmetric shape and constitute a solely positive or negative

modification to the current iteration of the approximation f̂i(x). It is a contribution of

this thesis to propose a novel acceptance-rejection algorithm that is more robust and

overcomes these limitations by taking these perturbations ξ(x) to be realisations of a

Gaussian random field:

ξ(x) ∼ N (µξ, σ
2
ξρξ(s)) (4.11)

where µξ, σξ and ρξ(s) are the mean, standard deviation and correlation function of the

random field perturbations respectively. If it is desired that the approximation f̂(x) is

smooth, then it is recommended that the correlation function of the perturbations ρξ(s)

is given by the Gaussian correlation function:
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ρξ(s) = exp

(
−π
(
s

θξ

)2
)

(4.12)

where θξ is the correlation length and s is the absolute separation between two points.

4.3.2 Optimisation investigation

This section evaluates the performance of the novel functional acceptance-rejection op-

timisation algorithm on a benchmark problem. In particular, the convergence charac-

teristics of the algorithm are evaluated and recommendations are made on the selection

of the parameters of the random field perturbations. In this optimisation investigation,

the benchmark function and hence the optimal function f̄(x) to iteratively approximate

is given by:

f̄(x) =
sin(11x) + cos(19x) + cos(29x)

3
(4.13)

where optimisation is only considered over the domain x ∈ D = [0, 1] which is discretised

into N equispaced points. The error functional ε(f(x)), and hence the function to

minimise, is given by the mean square error (MSE) between the approximation f̂(x) and

the optimal function f̄(x):

ε(f̂(x)) = MSE[f̂(x)] =
1

N

N∑
i=1

(
f̂(xi)− f̄(xi)

)2
(4.14)

Table 4.1 shows the parameter values of the random field perturbations ξ(x) and the value

of the initial approximation f̂0(x) utilised for the optimisation investigation. For fastest

convergence, the uniform initial function f̂0(x) should be located at the centroid of the

optimal function f̄(x), however, f̂0(x) has been deliberately offset to −0.8 to investigate

optimisation under suboptimal conditions. The number of elements N that are used to

discretise the approximation f̂(x) does not significantly affect algorithm convergence and

has arbitrarily been taken equal to 103. Additionally, it is noted that the perturbation

parameters, namely the number of perturbations Rξ as well as the location µξ, scale σξ

and correlation θξ parameters, have been selected based on rules of thumb presented at

the end of this section. Furthermore, the effect of varying the perturbation parameters
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from those given in Table 4.1 on the convergence of the acceptance-rejection functional

optimisation algorithm is investigated through sensitivity analyses contained within this

section.

Table 4.1: Parameter values selected for the convergence study of the functional optimi-

sation algorithm.

Parameter name Symbol Value

Uniform initial approximation f̂0(x) −0.8

Discretisation of the domain N 103

Number of perturbations Rξ 105

Location parameter µξ 0

Scale parameter σξ 0.01

Correlation length θξ 0.1

Figure 4.1 shows the convergence of the approximation f̂(x) to the optimal function

f̄(x) as the number of perturbations increases from (a) Rξ = 100 to (d) Rξ = 105. The

convergence of f̂(x) to f̄(x) can be roughly divided into two stages: the first is a coarse

adjustment phase, observed in subfigures (a) to (c), and the second is the fine adjustment

phase, observed is subfigures (c) to (d). The coarse adjustment phase is primarily con-

cerned with vertically translating the initial approximation f̂0(x) to the centroid of f̄(x)

whilst the fine adjustment phase is concerned with adapting the approximation f̂(x)

to closely match the shape of f̄(x). However, it should be noted that even during the

early stages Rξ = 100 of the coarse adjustment phase, the approximation f̂(x) already

shows evidence of beginning to adopt the minima and maxima pattern of f̄(x) which

is indicative of fine scale optimisation. Consequently, the coarse and fine adjustment

phases should not be considered absolutely distinct stages, but rather a framework for

understanding the convergence of the algorithm. It is evident by inspection that for

Rξ = 105 perturbations, good agreement has been achieved between the approximation

f̂105(x) and the optimal function f̄(x). However, two systematic inaccuracies in the ap-

proximation f̂105(x) should be elucidated: firstly, at the local minima and maxima there

is evidence of overshooting which is attributed to the influence of the correlation length

θξ in excessively smoothing f̂(x) and, secondly, the optimisation of f̂(x) at the bound-

aries of the domain is less accurate since the value of the function outside the domain

cannot penalise, and thereby constrain, the derivative of f̂(x).
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Figure 4.1: Convergence of the approximation f̂(x) to the benchmark optimal function

f̄(x) for a varying number Rξ of random field perturbations.
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In addition to the acknowledgement of the positive performance of the optimisation al-

gorithm on the benchmark problem, as illustrated in Figure 4.1, a word of caution is

required with regards to two major limitations of the functional optimisation algorithm.

The first limitation is that the algorithm is extremely sensitive to local minima of the

error functional ε(f(x)) and can only reasonably be expected to approximate a locally

optimal function f̄(x). This is because the algorithm only accepts perturbations that

strictly minimise the error functional ε(f(x)) and, consequently, the algorithm has no

ability to escape local minima in order to find a global minima. The second limitation

is that the parameters of the random field perturbations have a significant affect on

the accuracy of the approximation f̂(x) obtained within a finite number Rξ of pertur-

bations. In order to investigate this limitation, a number of sensitivity analyses have

been performed to analyse the dependency of convergence of the functional optimisation

algorithm on the parameters of the random field perturbations and the results of these

sensitivity analyses are contained at the end of this section. In particular, the influence

of taking the standard deviation σξ and the correlation length θξ to be one order of

magnitude smaller and greater than the values specified in Table 4.1 is investigated.

Figure 4.2 shows the rate of convergence of the approximation f̂(x) to the optimal

function f̄(x) for Rξ = 105 perturbations with a small σξ = 0.001, medium σξ = 0.01

and large standard deviation σξ = 0.1. It is evident that the large standard deviation σξ

= 0.1 results in fast convergence during the coarse adjustment phase, however, the large

standard deviation appears to then inhibit fine-scale adjustment since the perturbations

are too large to be accepted at a suitable rate. In contrast, the small standard deviation

σξ = 0.001 results in slower convergence during the coarse adjustment phase, however,

the rate of convergence is consistent and, for a large number of perturbations Rξ = 105,

the best convergence is achieved. Additionally, in comparison to the small σξ = 0.001 and

large σξ = 0.1 standard deviation, the intermediary standard deviation σξ = 0.01 offers

acceptable convergence during both the coarse-scale and fine-scale adjustment phases.

Finally, it is concluded that the optimal choice of the scale parameter σξ depends on the

number of perturbations Rξ that are proposed since if Rξ = 102 then σξ = 0.1 offers

the best convergence, whilst if Rξ = 104 then σξ = 0.01 offers the best convergence and,

lastly, if Rξ = 105 then σξ = 0.001 offers the best convergence.

130



Rξ

100 101 102 103 104 105

M
S
E
[f̂
(x
)]

10−6

10−5

10−4

10−3

10−2

10−1

100

σξ = 0.1
σξ = 0.01
σξ = 0.001

Figure 4.2: Mean square error MSE between the approximation f̂(x) and the optimal

function f̄(x) against number of perturbations Rξ for three different values of the stan-

dard deviation σξ.

On the basis of the sensitivity analysis conducted to investigate the dependency of con-

vergence of the functional optimisation algorithm on the scale parameter σξ, it is recom-

mended that if an estimate of the range of the optimal function χ̂ ≈ max[f̂(x)]−min[f̂(x)]

is available then the following rule of thumb can be utilised to select the scale parameter

σξ of the perturbations:

σξ =
χ̂

B
√
Rξ

(4.15)

where the root B can typically be taken to be equal to 2. However, it is useful to note

that faster convergence can be achieved by taking B > 2 at the expense of fine-scale

adjustment or, alternatively, more accurate fine-scale adjustment can be achieved by

taking B < 2 at the expense of the rate of coarse-scale adjustment.

In addition to consideration of the scale parameter σξ, the rate of convergence of the

algorithm with respect to the correlation parameter θξ is also investigated. Figure 4.3

shows the optimised approximation f̂(x) for Rξ = 105 perturbations with the small

correlation length θξ = 0.005. It is observed that the choice of the correlation length
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θξ not only affects the rate of convergence, but also has a significant impact of the

final optimised shape of f̂(x). Additionally, it is noted that this correlation length θξ is

unsuitably small and results in an overfitted approximation f̂(x) that, whilst following

the general trend of the optimal function f̄(x), exhibits highly oscillatory behaviour. In

the case that an overly rough final approximation is obtained, two solutions are suggested

to rectify this issue: firstly, the optimisation could be repeated with a larger correlation

length in order to impose sufficient regularity on the optimised approximation f̂(x) or,

secondly, a moving average of the optimised approximation f̂(x) could be taken since

f̂(x) oscillates around the optimal function f̄(x).
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Figure 4.3: Convergence of the approximation f̂(x) to the optimal function f̄(x) for

Rξ = 105 perturbations with an unsuitably small correlation length θξ = 0.005.

Figure 4.4 shows the optimised approximation f̂(x) for Rξ = 105 perturbations with a

large correlation length θξ = 0.5. It is observed that this correlation length is unsuitably

large since it results in an underfitted optimised approximation f̂(x) that is too smooth

to capture the detailed variation of f̄(x). It is evident that choosing a correlation length

that is either too small or too large has a negative effect on the approximation f̂(x).

However, it should be recognised that the overfitting phenomena associated with an

unsuitably small correlation length is more easily detected than the underfitting phe-

nomena associated with an unsuitably large correlation length. For instance, it would

be easy to believe that the optimised function f̂(x) in Figure 4.4 had converged to the

optimal function if the true optimal function f̄(x) were not known. Consequently, it is

recommended in the choice of the correlation length θξ that, in the face of uncertainty,
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a small correlation length should be favoured since problems in convergence are more

easily detected.
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Figure 4.4: Convergence of the approximation f̂(x) to the optimal function f(x) for

Rξ = 105 perturbations with an unsuitably large correlation length θξ = 0.5.

Figure 4.5 shows the rate of convergence of the approximation f̂(x) to the optimal

function f̄(x) for Rξ = 105 perturbations with a small θξ = 0.005, medium θξ = 0.05

and large θξ = 0.5 correlation length. It is evident that a large correlation length θξ = 0.5

results in initially faster convergence (i.e. for less than Rξ = 103 perturbations), however

for a large number of perturbations Rξ = 105, the error remaining after optimisation is

significant and this is due to the approximation f̂(x) underfitting the optimal function

f̄(x) as shown in Figure 4.4. In contrast, the small correlation length θξ = 0.005 results in

slower convergence initially, although, a better fit is ultimately achieved for Rξ > 3×103

perturbations despite the issue of over-fitting as shown in Figure 4.3. However, the

convergence achieved for Rξ > 103 perturbations with a medium correlation length

θξ = 0.05 is superior to the convergence achieved for either the small θξ = 0.005 or

large θξ = 0.5 correlation lengths. Finally, it is observed that whilst the choice of the

standard deviation σξ is based on the desired rate of convergence during both the coarse

and fine-scale adjustment phases, in comparison, the choice of the correlation length θξ

is constrained by the fundamental smoothness of the optimal function f̄(x). This is

because the value of θξ does not just affect the convergence rate of the algorithm but

also the optimised shape of f̂(x). Consequently, it is concluded that the convergence

of the functional optimisation algorithm is highly sensitive to the choice of correlation
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length θξ.
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Figure 4.5: Mean square error MSE between the approximation f̂(x) and the optimal

function f̄(x) against the number of perturbations Rξ for three different values of the

correlation length θξ.

On the basis of the sensitivity analysis conducted to investigate the dependency of con-

vergence on the correlation length θξ, it is recommended that if an estimate of the

number of maxima N̂max and minima N̂min of the optimal function f(x) is available

then the following rule of thumb can be used to select the correlation length θξ of the

perturbations:

θξ =
L

C
(
N̂max + N̂min

) (4.16)

where L is the size of the domain D over which the approximation f̂(x) is to be optimised

and C is a constant whose value is selected to mitigate against underfitting. In order to

provide sufficient protection against overfitting, it is recommended to take the constant

such that C ≥ 2, however, if underfitting is not a significant concern then the constant

can be taken such that C = 1.

The investigation contained within this section into the performance of the functional
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optimisation algorithm for different values of the standard deviation σξ and correlation

length θξ demonstrates the sensitivity of the algorithm to the parameters of the random

field perturbations. During the coarse adjustment phase, it is clear that perturbations

with a large standard deviation σξ are optimal, however, as the algorithm progresses

into the fine adjustment phase, perturbations with a small standard deviation σξ are

required. It is suggested that the performance of the functional optimisation algorithm

could be improved by making the algorithm adaptive with respect to the scale parameter

σξ by setting a target acceptance rate and, if too few perturbations are being accepted,

then σξ is to be decreased, otherwise, if too many perturbations are being accepted then

σξ is to be increased. An investigation would be required to identify a rule of thumb

for the optimal acceptance rate of perturbations, however, for other algorithms such as

Metropolis-Hastings Markov Chain Monte Carlo an acceptance rate of 0.234 has been

suggested (Roberts and Rosenthal, 2001). Finally, it is noted that adaptation with re-

spect to the correlation length θξ is challenging since the optimal choice of this parameter

depends on the intrinsic smoothness of the optimal function f̄(x) and does not solely

depend on the desired rate of convergence. It is suggested that an adaptive algorithm for

the correlation length θξ would need to make inferences about the smoothness of f̄(x)

based on the iterations of the approximation f̂i(x). This can be achieved by estimating

the number of local minima and maxima of f̂i(x) and using Equation 4.16 to adaptively

select the correlation length θξ of the random field perturbations.

4.4 Three-point flexural test

It has been found in Chapter 3 that the effective elastic modulus of a one-dimensional

heterogeneous beam is given exactly by a harmonic mean with a quadratic weighting

function. The contribution of the remainder of this chapter is to consider the case of

a two-dimensional beam with heterogeneity in both the x and y-directions for which

analytical expressions for the effective elastic modulus E∗ are not readily available thus

motivating the use of meta-models. Consequently, the weighted mean meta-models for

effective properties, developed in Section 4.2, as well as the functional optimisation

algorithm to optimise the weighting functions of these meta-models, developed in Section

4.3, are applied to the case of a simply supported beam under 3-point loading as shown

in Figure 4.6. It is noted that three-point beam bending is an excellent problem for the
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application of the weighted mean meta-models since the effective elastic modulus of a

beam exhibits a strong spatial dependency which is to be quantified through optimisation

of the weighting function to the results of the finite element model. Furthermore, in the

one-dimensional case, it is possible to evaluate convergence of the harmonic meta-model

to the analytical solution and, additionally, in the case of arithmetic and geometric means

it is possible to investigate the effect of modelling a harmonic system using non-harmonic

means. In the two-dimensional case, the effective property can only be accurately found

by a finite element model and, consequently, the advantage of meta-models is that they

provide conceptual insights into the relationship between the effective elastic modulus

and the random field of elastic modulus.

P

L/2 L/2

H
U

x

y

Figure 4.6: Idealised model of a simply supported beam of length L and cross-section

height H under 3-point loading of magnitude P resulting in midspan vertical displace-

ment U .

Under Euler-Bernoulli theory, the midspan displacement U of simply supported beam

under 3-point loading is given by:

U =
PL3

48E∗I
(4.17)

where P is the midspan point load, L is the length of the beam, I is the second moment

of area of the cross-section and E∗ is the effective modulus of elasticity. In the case

that the elastic modulus E only varies longitudinally in the x-direction then the effective

elastic modulus E∗ is given by (Bechtel, 1985):

E∗ =

(∫ L

0
ωX(x) · E(x)−1 dx

)−1

(4.18)

where ωX(x) is the weighting function in the x-direction that is given by:
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ωX(x) =


12x2

L3
if 0 ≤ x ≤ L

2
12(L− x)2

L3
if
L

2
≤ x ≤ L

(4.19)

This result was further extended by Bechtel (1985) to the case where elastic modulus

E also varies transversely in the y-direction. However, it is important to note that this

higher-dimensional extension is still under the assumption of one-dimensional behaviour

since it is assumed that the neutral axis is at the centroid of the beam and that plane

sections remain plane. Consequently, the expression for the 2D effective elastic modulus

is not analytical but rather quasi-analytical and is given by:

E∗AH =

(∫ L

0
ωX

(∫ H

0
ωY (y) · E(x, y) dy

)−1

dx

)−1

(4.20)

where ωY (y) is the weighting function in the y-direction that is given by:

ωY (y) =
12
(
y − H

2

)2
H3

if 0 ≤ y ≤ H (4.21)

The weighting function ωY (y) assigns zero weight to the vertical centroid of the beam

and quadratically increases towards the top and bottom of the beam section. It should

be recognised that the neutral axis of a heterogeneous beam is distinct from its vertical

centroid. Finally, the reason that this quasi-analytical effective property is notated E∗AH

is that it is a hybrid model consisting of an arithmetic mean E∗A in the y-direction and

a harmonic mean E∗H in the x-direction.

4.5 One-dimensional meta-modelling

The stochastic finite element model detailed in Chapter 3 has been utilised within this

section to investigate the application of the mean meta-models to a one-dimensional

heterogeneous beam under 3-point loading. It is noted that only two beam elements are

required in the homogeneous case to obtain the exact midspan deflection of a beam under

3-point loading (Zienkiewicz and Taylor, 2005). However, a larger number of elements

N = 1000 are utilised in the heterogeneous case in order to appropriately discretise the
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stiffness profile E(x) which is modelled as a lognormal random process with mean µ =

12 GPa, standard deviation σ = 3.6 GPa and the exponential correlation function:

ρ(sX) = exp

(
−2|sX |

θX

)
(4.22)

where θX = 0.6 m. It is noted that these parameter values have been chosen as plausible

values for the along-grain elastic modulus of timber in agreement with values reported

in the literature (Bulleit and Chapman, 2004, Füssl et al., 2016). The exponential

correlation function has been selected since it produces non-smooth realisations which,

in comparison to differentiable realisations, is a more realistic model for the variation of

physical properties (Stein, 1999). In total R = 1000 realisations of the random process

E(x) have been generated using the covariance matrix decomposition method detailed

in Chapter 2 and, for each realisation, an effective property E∗ has been obtained using

the finite element model. For illustrative purposes, a single realisation of the stiffness

profile is shown in Figure 4.7 along with its computed effective property E∗ = 11.1 GPa

as calculated by the finite element model.
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Figure 4.7: A single realisation of the lognormal stiffness profile E(x) and its effective

property E∗ = 11.1 GPa as calculated by the 1D finite element model.

The remainder of this section considers the optimisation of the meta-models to the results

of the 1D finite element model with examination of both the rate of convergence and

accuracy of the predicted effective properties. The training dataset consisted of RT = 20
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realisations of the stiffness profile E(x) and their associated effective properties E∗ whilst

the remainder of the dataset RS = 980 has been used to evaluate the performance

of the meta-models. In the case of 3-point bending, there are two specific details to

consider regarding the application of the functional optimisation algorithm to optimise

the weighting functions of the meta-models. The first detail to consider is that since

the beam is symmetric about the midspan x = L/2 then the weighting function must

also be similarly symmetric ω(x) = ω(L − x) for 0 ≤ x ≤ L/2 and, therefore, only half

the number of weights N need to be optimised. The second detail to consider is that

the functional optimisation algorithm has the possibility to propose a perturbation that

results in a negative value for the weighting function ω(x) at some point in the domain.

This is undesirable since negative weights are not physically meaningful and, furthermore,

the geometric and harmonic meta-models are ill-behaved for negative inputs. However,

rejecting perturbations that result in a negative weighting interferes with the convergence

of the optimisation algorithm since it may be necessary to converge to a zero-weighting

from below. Consequently, the adopted approach is to allow the weighting function

ω(x) to attain negative values; however, when evaluating the meta-model, any negative

weights should be treated as being equal to zero. The parameters of the functional

optimisation algorithm, as well as the parameters of the one-dimensional stochastic finite

element model, are shown in Table 4.2.

The selected error function between the effective elastic modulus predicted by the meta-

models {E∗A, E∗G, E∗H} and the finite element model E∗1D is the mean square error since this

error function penalises outliers more strongly than alternatives such as the maximum

absolute percentage error (Hyndman and Koehler, 2006). Figure 4.8 shows how the error

decreases for each meta-model as the number of perturbations Nξ increases up to 105. It

is observed, for the initial uniform weighting function ω0, that the harmonic model E∗H

has the smallest error, the geometric model E∗G has a larger error whilst the arithmetic

model E∗A has the largest error. The functional optimisation algorithm optimises the

geometric model E∗G slower than the other meta-models and this is attributed to the fact

that, for consistency, a constant perturbation standard deviation σξ has been used to

optimise all of the meta-models despite the fact that the geometric model E∗G requires

smaller perturbations due to the exponential and logarithmic functions in Equation 4.6.

It is observed that after Rξ perturbations, the mean square error has been reduced by

96.4%, 98.2% and 91.3% for the arithmetic E∗A, geometric E∗G and harmonic E∗H meta-

models respectively. The relative decrease in error is the smallest for the harmonic model
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Table 4.2: Parameter values for the optimisation of the meta-models to the 1D finite

element model.

Parameter name Symbol Value Units

Structural parameters

Beam length L 2 m

Second moment of area I 5× 10−6 m4

Load P 10 kN

Beam discretisation N 1000 −

Stiffness parameters

Mean of stiffness profile µ 12.0 GPa

Standard deviation of stiffness profile σ 3.6 GPa

Correlation length of stiffness profile θX 0.6 m

Optimisation parameters

Number of finite element solves R 106 −

Size of training dataset RT 20 −

Size of testing data RS 980 −

Number of perturbations Rξ 105 −

Uniform initial function ω0 0.5 −

Perturbation parameters

Perturbation discretisation Nξ 500 −

Mean of perturbations µξ 0 m−1

Standard deviation of perturbations σξ 0.1 m−1

Correlation length of perturbations θξ 2 m
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since it does not undergo the coarse adjustment phase due to the fact that its expected

value already closely matches that of the effective elastic modulus E∗1D.

Rξ
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Figure 4.8: Mean square error MSE between the arithmetic E∗A, geometric E∗G, har-

monic E∗H meta-models and the one-dimensional effective elastic modulus E∗1D against

the number of perturbations Rξ.

Figure 4.9 shows the optimised arithmetic ωA(x), geometric ωG(x) and harmonic ωH(x)

weighting functions compared to the exact weighting function ωX(x) derived by Bechtel

(1985). It is observed that all the weighting functions assign maximum weighting to the

midspan stiffness and a low weighting to the stiffness near the supports of the beam. In

particular, close agreement is observed between the exact weighting function ωX(x) and

weighting function of the harmonic meta-model ωH(x) confirming that the functional

optimisation algorithm has converged to the exact solution. Additionally, it is noted

that the elastic modulus near the supports has no contribution to the effective stiffness

of the beam since as x → 0 then the bending moment M → 0 and, consequently, it is

asserted that the correct weighting at the supports should be zero. The failure of the

arithmetic ωA(x) and geometric ωG(x) weighting functions to assign zero weighting to

the stiffness near the supports is attributed to, as previously identified in Section 4.3, the

poor performance of the functional optimisation algorithm at the edges of the domain.
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Figure 4.9: Initial ω0(x), arithmetic ωA(x), geometric ωG(x) and harmonic ωH(x) weight-

ing functions of the meta-models for Rξ = 105 perturbations compared to the exact

weighting function ωX(x) derived by Bechtel (1985).

The performance of the three meta-models {E∗A, E∗G, E∗H} is evaluated by comparing

their prediction of the effective properties to the testing dataset of effective properties

E∗1D obtained by the 1D finite element model. Two different performance metrics are con-

sidered, namely the coefficient of determination r2 and the normalised root mean square

error (NRMSE), in order to quantify the residual error of the meta-models remaining

after optimisation. The normalised root mean square error, given as a percentage, is

considered instead of the mean square error (MSE) since it is more easily interpreted. In

addition, two other quantities are reported namely the integral of the optimised weighting

function over the domain D (denoted
∫
ω(x) dx) and the resulting percentage change in

the expected value of the meta-model compared to if the weighting function integrated to

one (denoted ∆E). It should be noted that the coefficient of determination r2 is given by

the square of Pearson’s correlation coefficient and is a useful performance metric since it

quantifies the predictive power of a meta-model independent of its expected value which

is dependent on the integral of its weighting function.

Table 4.3 shows the performance metrics of the 1D arithmetic E∗A, geometric E∗G and

harmonic E∗H meta-models optimised on the training dataset of NT = 20 finite element

solves and evaluated on the testing dataset of NS = 980 finite element solves. It is

observed that the arithmetic meta-model E∗A is the worst performing meta-model with
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respect to the two performance metrics, r2 and NRMSE, and this poor performance is

attributed to the inability of E∗A to suitably model the sensitivity of the effective prop-

erty E∗1D to minima. In order that the expected value of the arithmetic meta-model E∗A

suitably matches the expected value of the effective property E∗1D, the integral of the

weighting function ωA(x) has decreased by 4.7% which causes an equivalent reduction in

the expected value of E∗A. In comparison, the geometric meta-model E∗G offers superior

predictive power as quantified by both r2 and NMRSE and this is due to its increased

tendency towards minima which more accurately models the 1D effective property E∗1D.

Furthermore, similar to the optimised arithmetic weight function ωA(x), the integral of

the optimised geometric weighting function ωG(x) has also decreased. However, it should

be noted that a small decrease in the integral of the geometric weighting function ωG(x)

causes a large decrease in expected value due to the exponential and logarithmic func-

tion in the expression for the geometric mean E∗G (see Equation 4.6). Finally, the error

associated with the optimised harmonic meta-model E∗H is negligible with respect to the

two performance metrics, r2 and NRMSE, confirming that the functional optimisation

algorithm has converged to the true solution. In conclusion, it is evident that the choice

of power m and the resulting tendency towards minima has a significant effect on the

accuracy of the generalised mean meta-model. However, it has also been shown that the

error induced by the choice of a non-exact power m can be mitigated through the relax-

ation of the integration requirement of the weighting function ω(x) and this facilitates

the use of the arithmetic meta-model Z∗A to model non-arithmetic effective properties

thereby taking advantage of its useful analytical properties as outlined in Section 4.1.

Table 4.3: Performance metrics of the 1D meta-models.

Meta-model r2 NRMSE (%)
∫
ω(x) dV ∆E (%)

E∗A 0.968 3.40 0.953 −4.66

E∗G 0.992 1.66 0.999 −2.28

E∗H 1.000 0.01 1.000 −0.09
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4.6 Two-dimensional meta-modelling

The determination of the effective elastic modulus of a two-dimensional heterogeneous

beam requires the use of numerical techniques such as the finite element method. How-

ever, it should be noted that there is no software available to perform higher-dimensional

stochastic finite element analysis of heterogeneous beams. Consequently, the adopted ap-

proach was to develop a deterministic model in the finite element software ABAQUS 6.14

developed by Dassault Systèmes and then to repeatedly sample this model through the

Monte Carlo method. The beam was meshed using NX = 150 elements in the x-direction

and NY = 30 elements in y-direction for a total of 4500 plane stress quadrilateral ele-

ments with quadratic interpolation and reduced integration. It should be recognised that

the development of a finite element model is more complex in the higher-dimensional case

due to a number of issues that arise when considering higher-dimensional beam behaviour

such as the occurrence of stress concentrations under the point load. The issue of stress

concentrations was resolved through the introduction of steel plates of width 30 mm and

height 10 mm under the point load and above the supports (see Figure 4.10). Addition-

ally, it was decided that the beam section beyond the supports (as shown by the shaded

sections in Figure 4.10) should not be modelled since this region has a negligible contri-

bution to displacement U which was measured at the centroid of the bottom surface of

the beam.
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Figure 4.10: Two-dimensional model of 3-point bending with steel plates under the load

and above the supports in order to reduce local indentation (shaded beam sections not

modelled due to negligible contribution to beam stiffness).

In order to investigate the relationship between one and two-dimensional heterogeneous

beam behaviour, it is desired that the displacement associated with the 2D finite element

model closely match the displacement of its 1D counterpart. The introduction of the

steel plates had the desired effect of reducing local stress concentrations and preventing

local indentation in accordance with BS EN 408:2010. However, the steel plates have
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the secondary effect of both converting the point load into a distributed load and also

extending the support conditions which causes a decrease in displacement thereby causing

an increase in the value of the effective property E∗2D. However, this phenomena is to

some extent counteracted by the fact that the 2D model includes the effects of shear

which is neglected by the 1D model and acts to increase displacement.

The selected standard BS EN 408:2010 requires that the steel plates are of a length

no greater than half the depth of the beam which in this specific case corresponds to

a length less than 50 mm. A sensitivity analysis was performed to find the length of

the plates that minimises the difference between the midspan displacement U of the

1D and 2D finite element models. In the deterministic case of constant modulus of

elasticity E0 = 12 GPa, the 1D model with parameters in Table 4.4 predicted a midspan

displacement of U1D = 27.7776 mm. The 2D model with plates of length 30 mm and

parameters in Table 4.2 predicted a midspan displacement of U2D = 27.7775 mm. The

percentage difference of 0.001% between the 1D and 2D finite element models in the

deterministic homogeneous case suggests that the effect of introducing the plates, which

act to decrease displacement, and the inclusion of the effects of shear, which act to

increase displacement, have cancelled out resulting in a negligible difference between the

finite element models of different dimension.

It has been shown in the deterministic case that good agreement is achieved between

the 1D and 2D finite element models and the next step is to examine the agreement in

the stochastic case. In particular, it is noted that in the case of random heterogeneity

it is more difficult to achieve equivalence between models of different dimension. The

parameters of the 2D random field are equal to those of the 1D random field with mean

µ = 12 GPa, standard deviation σ = 3.6 GPa and higher dimensional correlation function

given by the anisotropic Markov correlation function:

ρ(sX , sY ) = exp

−2

√(
sX
θX

)2

+

(
sX
θY

)2
 (4.23)

where θX = 0.6 m and θY = 0.1 m are the correlation lengths in the x and y-direction

respectively. The anisotropic correlation structure has stronger correlations in the lon-

gitudinal direction and this is shown in Figure 4.11 which illustrates a single realisation

of the lognormal random field.
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Table 4.4: Parameter values of the deterministic 2D finite element model.

Parameter name Symbol Value Units

Beam parameters

Beam length L 2.00 m

Beam height H 0.10 m

Beam width W 0.06 m

Load P 10 kN

Elastic modulus of beam E0 12 GPa

Poisson’s ratio of beam vp 0.3 −

Discretisation in x-direction NX 200 −

Discretisation in y-direction NY 50 −

Element type CPS8R

Plate parameters

Plate length Lp 0.03 m

Plate height Hp 0.01 m

Elastic modulus of plates Ep 210 GPa

Poisson’s ratio of plates vp 0.2 −

Figure 4.11: Central quarter of a single realisation of the random field E(x, y) and its

effective property E∗ = 11.90 GPa as computed by the 2D finite element model.
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A total of 1000 realisations of the 2D random field, with parameters given by Table 4.5,

were generated using the MATLAB toolbox RFbox through the fast Fourier transform

method. For each realisation, a corresponding ABAQUS input file (extension: .inp)

was written using a script in Python wherein each element in the mesh was assigned a

different value of elastic modulus corresponding to the spatial variation of the realisation

of the random field. Each input file was submitted to the ABAQUS explicit solver

which returns the corresponding output file (extension: .odb) containing the output

quantities such as displacements, stresses and strains corresponding to that particular

realisation of the random field. Each of the output files were read and the midspan

displacement extracted using the Python module odbAccess which is included in the

Python 2.7 interpreter in the ABAQUS 6.14 directory. A total of R = 1000 runs were

performed with an average solve time of 24.8s for each realisation of the random field on

a desktop PC with an i3-4150 CPU and 16 GB of ram. The midspan displacement data

was then post-processed in MATLAB and the 2D effective elastic modulus E∗2D for each

realisation was calculated for comparison with the 1D counterparts E∗1D as computed by

the 1D finite element model.

Table 4.5: Parameter values of the 2D random field of elastic modulus.

Parameter name Symbol Value Units

Mean µ 12.0 GPa

Standard deviation σ 3.6 GPa

Correlation length in x-direction θX 0.6 m

Correlation length in y-direction θY 0.1 m

Discretisation in x-direction NX 200 −

Discretisation in y-direction NY 50 −

Number of realisations R 103 −

Figure 4.12 shows a comparison between the distribution of the one-dimensional E∗1D and

two-dimensional E∗2D effective elastic moduli obtained by the stochastic finite element

models (SFEM) whilst Table 4.6 shows the sample mean and variance of the effective

elastic moduli, E∗1D and E∗2D, in comparison to the mean and variance of the random field

E(x, y). It is observed by inspection that both the 1D and 2D SFEM predict similar

distributions for the effective elastic modulus, however, it is worthwhile to comment on

147

https://github.com/jackpiercebrown/RFbox


some systematic differences between these distributions of the effective property. The

mean of the effective properties, E∗1D and E∗2D, are both lower than the mean of the

random field E(x, y) and this is attributed to the non-arithmetic nature of effective elastic

modulus E∗, as well as, its sensitivity to local minima of the random field E(x, y). The

reduction in expected value is less pronounced in the 2D case since the stress pathways

can avoid regions of low stiffness analogous to the way in which flow avoids regions of low

permeability (Matheron, 1968). Additionally, it is noted that the reduction in expected

value of the effective property increases as the heterogeneity of the beam increases i.e.

as the ratio of the correlation length to the length of the domain θ/L decreases. The

phenomena of the expected value of the effective property decreasing with the size of

the sample has long been recognised for the case of strength and is known as the size

effect (Weibull, 1939). However, it is important to recognise that the phenomena of

size effect also applies to effective modulus of elasticity; albeit to a lesser degree that

it applies to effective strength. The reason that the effect is more pronounced in the

case of strength is because strength is a minima-type effective property corresponding

to a large negative power m in the generalised mean meta-model whilst effective elastic

modulus is an average-type effective property corresponding to a power in the range of

−1 ≤ m ≤ 1.

The variance of the effective properties, E∗1D and E∗2D, are lower than the variance of

the random field E(x, y). This is due to the fact that the effective modulus of elasticity

is an average-type effective property which smooths, and hence reduces the variability

of, the random field E(x, y). It is important to note that in the case that the field

is homogeneous in the y-direction (θY → ∞) that the 1D and 2D random fields are

equivalent and, consequently, the effect of taking the field as heterogeneous in the y-

direction (θY 6= ∞) results in the divergence between E∗1D and E∗2D. It is observed

in the 2D case that this extra dimension of variability (θY 6= ∞) further reduces the

variability of the effective property E∗2D. This is because the 2D effective elastic modulus

E∗2D constitutes an average over a larger statistical region and, as the number of random

variables being averaged increases, variability in that average decreases. However, it is

noted that, in contrast to the reduction in expected value, the reduced variability of

the effective elastic modulus E∗ has long been recognised by researchers (Bulleit and

Chapman, 2004). In conclusion, the difference between the distribution of the 1D and

2D effective properties demonstrates that achieving equivalence between stochastic finite

element models of different dimensions is challenging and warrants further investigation.
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Figure 4.12: Distribution of the effective elastic moduli E∗1D and E∗2D obtained by the 1D

and 2D stochastic finite element models respectively.

Table 4.6: Statistics of the effective elastic moduli.

Statistic E(x, y) E∗1D E∗2D

µ̂ 12.00 11.35 11.50

σ̂ 3.60 2.16 1.77

The remainder of this section considers the optimisation of the arithmetic E∗A, geometric

E∗G and harmonic E∗H meta-models to the training dataset of 2D finite element solves and

the assessment of the performance of these meta-models on a separate testing dataset.

Optimisation of the weighting functions ω(x, y) of the two-dimensional meta-models

requires adaptation of the functional optimisation algorithm, as presented in Section

4.3, to the multidimensional case by taking the perturbations to be realisations of a

2D random field ξ(x, y). Furthermore, it is noted that optimisation over the additional

spatial dimension is significantly more challenging due to the extra degree of freedom

and, consequently, two strategies are adopted to mitigate against this: firstly, the size

of the training dataset is increased to RT = 100 solves of the 2D finite element model

and, secondly, an informative initial weighting function is adopted instead of the uniform

initial weighting function used in Section 4.5. This informative initial weighting function
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is given by the point-wise multiplication of the quasi-analytical weighting functions,

ωX(x) and ωY (y), as detailed in Section 4.4. Consequently, the 2D initial weighting

function ω0(x, y) is given by:

ω0(x, y) = ωX(x) · ωY (y) =


144x2

(
y − H

2

)2
L3H3

if 0 ≤ x ≤ L

2

144 (L− x)2 (y − H
2

)2
L3H3

if
L

2
≤ x ≤ L

(4.24)

It is useful to note that since
∫ L

0 ωX(x) dx = 1 and
∫ H

0 ωY (y) dy = 1 then similarly∫ L
0

∫ H
0 ω0(x, y) dx dy = 1.

The full details of the parameters of the functional optimisation algorithm used to opti-

mise the meta-models to the output of the 2D finite element models are shown in Table

4.7. These parameters are similar to the 1D optimisation parameters shown in Table

4.2, however, a smaller scale parameter σξ of the perturbations has been selected since

optimisation begins from an informative initial function which does not require large

perturbations. As a rule of thumb, the correlation lengths of the random field pertur-

bations, θX,ξ and θY ,ξ, have been respectively taken equal to the length L and H of the

beam.

Figure 4.13 shows the decrease in the mean square error MSE between the arithmetic

E∗A, geometric E∗G, harmonic E∗H meta-models and the training dataset of the effective

property E∗2D as the number of proposed perturbations Rξ increases. The coarse and fine

tuning stages associated with the acceptance-rejection functional optimisation algorithm

are distinctly visible for both the harmonic E∗H and arithmetic E∗A meta-models. It is

observed that the optimisation algorithm achieves large reductions in mean square error

of 85% and 37% for both the arithmetic E∗A and harmonic E∗H meta-models respectively

whilst, in comparison, the geometric model achieves an error reduction of only 6%.

This is due to the geometric model E∗G already closely matching the expected value of

the effective property E∗2D and, as a consequence of this, it does not undergo the coarse

adjustment stage. However, an alternative explanation for the lack of optimisation of the

geometric weighting function ωG(x, y) during the fine adjustment stage is that ωG(x, y) is

already close to optimal or that, similar to the one-dimensional case, the geometric model

E∗G requires perturbations with a smaller scale parameter σξ than utilised. It is also useful

to note that, prior to optimisation, the best performing meta-model was the geometric
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Table 4.7: Parameters for the 2D finite element model and optimisation of the meta-

models.

Parameter name Symbol Value Units

Optimisation parameters

Number of finite element solves R 1000 −

Size of training dataset RT 100 −

Size of testing dataset RS 900 −

Number of perturbations Rξ 105 −

Perturbations parameters

Discretisation in x-direction NX 100 −

Discretisation in y-direction NY 50 −

Location parameter µξ 0 m−1

Scale parameter σξ 0.01 m−1

Correlation length in x-direction θX,ξ 2.0 m

Correlation length in y-direction θY ,ξ 0.1 m

mean E∗G and this is in agreement with existing theory that suggests the geometric

mean is the best model for heterogeneous two-dimensional behaviour (Matheron, 1968).

However, the results indicate that the optimised harmonic mean meta-model E∗H , not

subject to the requirement that its weighting function integrate to one, achieves superior

performance in modelling the effective elastic modulus of randomly heterogeneous two-

dimensional beams.

Table 4.8 details the coefficient of determination r2, normalised root mean square error

NRMSE, integral of the weighting function
∫
ω(x, y) dx dy and change in the expected

value ∆E of the four meta-models {E∗A, E∗G, E∗H , E∗AH} where E∗AH is the unoptimised

hybrid model discussed in Section 4.4. The coefficient of determination r2, which is a

metric of performance independent of the expected value of the meta-model, shows that

the harmonic mean E∗H slightly outperforms both the geometric E∗G and hybrid E∗AH

meta-models whilst the arithmetic meta-model E∗A performs weakly due to its lack of

sensitivity to minima values. In addition, the NRMSE shows that the harmonic mean

E∗H is the best performing meta-model, follow by the geometric mean E∗G, with both

the arithmetic E∗A and hybrid mean E∗AH performing poorly. The large error associated
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Figure 4.13: Mean square error MSE between the arithmetic E∗A, geometric E∗G, har-

monic E∗H meta-models and the two-dimensional effective elastic modulus E∗2D against

the number of perturbations Rξ.

with the arithmetic mean E∗A is due to its insensitivity to minima, however, in contrast

the performance metric r2 demonstrates that the hybrid model E∗AH has appropriate

sensitivity to minima. The large NRMSE associated with the hybrid model E∗AH pro-

posed by Bechtel (1985) is due to the fact that the weighting function ωAH has not been

optimised so that its accuracy can be evaluated and, consequently, E∗AH systematically

over-predicts the effective property E∗2D. Additionally, it is noted that the meta-model

with the greatest change in its expected value, resulting from the change in the inte-

gral of its weighting function, is the arithmetic model E∗A. Finally, it is observed that

the harmonic meta-model increased its expected value whilst the geometric meta-model

decreased its expected value and this suggests that the effective elastic modulus of a

slender two-dimensional beam is bound by the harmonic and geometric mean.

Figure 4.14 shows the weighting function ωH(x, y) of the optimised harmonic mean E∗H

which is the best performing meta-model. It is observed that the effective elastic mod-

ulus E∗2D is most dependent on the stiffness at the top and bottom of the midspan

cross-section. This is in agreement with both the conventional theory on the stress dis-

tribution of slender beams, as well as, the initial weighting function ω0(x, y) obtained

by Bechtel (1985) under quasi-analytical theory. Unlike the initial weighting function
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Table 4.8: Performance metrics of the 2D meta-models.

Meta-model r2 NRMSE (%)
∫
ω(x, y) dV ∆E (%)

E∗A 0.982 2.04 0.961 −4.07

E∗G 0.996 0.97 0.999 −0.91

E∗H 0.997 0.84 0.979 +2.10

E∗AH 0.995 2.17 1.000 0

ω0(x, y), the harmonic weighting function ωH(x, y) includes the effect of shear since it

has been optimised to the results of the two-dimensional finite element model. How-

ever, in spite of accounting for the effects of shear, the stiffness at both the neutral

axis and the supports has negligible contribution to the effective property and this is

attributed to the fact that a slender beam has been modelled with length twenty times

depth. It is noted that the maximum value of elastic modulus occurs under the point

load, with a weighting of 42.4 m−2, whilst another local maxima occurs at the point

at which midspan deflection is observed with a weighting of 40.4 m−2. In conclusion,

the contribution of this chapter has been to numerically investigate the quasi-analytical

theory of Bechtel (1985) with insights into the sensitivity of the effective elastic modulus

of a two-dimensional beam to minima including an assessment of the influence of spatial

weighting.

Figure 4.14: Optimised 2D spatial weighting function ωH(x, y) of the harmonic mean

meta-model E∗H which models the effective elastic modulus E2D of a simply supported

beam under 3-point loading.

A final remark should be made to acknowledge that the analysis performed in this chapter

to investigate the meta-modelling of the effective properties of heterogeneous beams has

been subject to a number of methodological limitations. One of these limitations is that
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only the discrete cases of the arithmetic (m = 1), geometric (m → 0) and harmonic

(m = −1) means have been considered. It is recommended that this limitation can

be alleviated by further developing the theory of meta-modelling so that the power m

in the generalised mean meta-model is taken to be a continuous variable that is also

optimised to the results of the finite element model. Another limitation of this research

has been the sensitivity of the optimisation algorithm to local minima and this implies

that it is not known whether the 2D weighting function ωH(x, y) shown in Figure 4.14 is

a global minima of the error function or merely a local minima. Furthermore, it should

be recognised that although the functional optimisation algorithm significantly reduced

the mean square error of the 2D meta-models, the residual error of less than 1% in

the case of the harmonic mean E∗H cannot be said to be negligible. In fact, this error is

considered to be fundamental since it is not expected to be significantly reduced by either

increasing the size of the training dataset or by proposing more perturbations. This is

because the generalised weighted mean meta-model, as proposed in Section 4.2, does

not account for the so-called interconnectedness of the random field (Torquato, 2002).

The property of interconnectedness describes the degree to which minima join together

to form weak-zones which have a greater effect on the effective property than if the

minima were spatially dispersed. It is noted that the interconnectedness of permeability

fields of porous media has been analysed extensively within the research discipline of

reservoir engineering using Percolation theory (Masihi et al., 2016) and it is suggested

that the generalised weighted mean meta-models developed within this chapter should

be extended to account for interconnectedness in order to more accurately predict the

effective properties of randomly heterogeneous materials.

4.7 Conclusion

This chapter has contributed to the development of the theory of meta-models for the

effective properties of heterogeneous materials with particular consideration of the ef-

fective modulus of elasticity of heterogeneous beams under 3-point loading. The key

achievements of this chapter are summarised as:

• The introduction of a generalised weighted mean meta-model for the effective prop-

erties of heterogeneous materials with the capability to model the varying sensitiv-
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ity of the effective property to minima of the random field, as well as, accounting

for the effect of spatial weighting. In particular, commentary has been provided

on the application of mean meta-models for the case of the three Pythagorean

means with reference to relevant literature within the research field of reservoir

engineering.

• An extension of the acceptance-rejection perturbation algorithm proposed by Boc-

chini and Deodatis (2008) has been presented where the form of the perturbations

is longer deterministic but rather stochastic given by realisations of a random field.

This algorithm has been evaluated on a benchmark problem and recommendations

have been made for the parameters of the random field perturbations based on an

investigation into the convergence characteristics of the algorithm.

• The analytical meta-models have been optimised to a training dataset from both

1D and 2D stochastic finite element models of a heterogeneous beam under 3-point

loading. In the 1D case, it has been confirmed that the functional optimisation

function converges to the analytical weighting function and, in the 2D case, in-

sights have been obtained into the relationship between the effective property of

a heterogeneous two-dimensional beam and the underlying random field of elastic

modulus.

The following suggestions are made for future research into the meta-modelling of the

effective properties of heterogeneous materials with a view to alleviating some of the

methodological limitations identified within this chapter:

• Only three powers of the generalised weighted mean meta-model have been consid-

ered corresponding to the arithmetic (m = 1), geometric (m → 0) and harmonic

(m = −1) means under the relaxation of the requirement that the weighting func-

tions integrate to one. It is recommended that future research should consider the

development of a methodology that permits the simultaneous optimisation of both

the power m and the weighting function ω in order to develop meta-models with

increased predictive power.

• The functional optimisation algorithm developed in this chapter treats the param-

eters (µξ, σξ, θξ) of the random field perturbations as constants to be selected a

priori. Future research should consider the development of an adaptive functional
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optimisation algorithm based on the recommendations at the end of Section 4.3

wherein the parameters of the perturbations are continually tuned to improve the

numerical efficiency and accuracy of the optimisation algorithm.

• In the one-dimensional case, the error associated with the harmonic meta-model

became negligible with sufficient optimisation, however, in the two-dimensional

case, the error associated with the harmonic meta-model could not be reduced

below 0.8%. In order to further decrease the error associated with the multidimen-

sional meta-models, it is recommended that future research extends the generalised

weighting mean meta-model to account for the interconnectedness of the random

field using percolation theory as discussed in Journel et al. (1986).
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Chapter 5

Inference from effective properties

5.1 Introduction

This chapter considers the statistical inference of the parameters of a random field model

from experimentally determined material properties which are in fact effective proper-

ties of the material since they are determined over a non-zero sample volume. The

motivation for the use of probabilistic models is that they facilitate the quantification

of risk associated with the uncertain mechanical properties of heterogeneous materials.

In particular, the advantage of random field models is that they provide a more accu-

rate representation of the spatial variation of the mechanical properties of heterogeneous

structures in comparison to current engineering design methods which are based on an

elementary structural theory that intrinsically assumes material homogeneity (Isaksson,

2003). However, a major difficulty encountered in the probabilistic modelling of het-

erogeneous materials is that structural behaviour is scale dependent and, consequently,

material properties that are experimentally determined at one scale are not necessarily

representative of the distribution of material behaviour at another scale. Within this

context, it should be recognised that the importance of random field models is that they

function as a scale-invariant intermediary that mediates between effective material be-

haviour at different scales. This is because the distribution of the effective property can

be determined at any scale from the random field model through the use of Monte Carlo

methods in conjunction with a physics-based forward simulator such as the stochastic

finite element method. However, it is important to recognise that the accuracy of the
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reliability analysis depends on the uncertainty associated with the inferential methodol-

ogy used to estimate the parameters of the random field in conjunction with the degree

to which the effective properties are representative of the underlying distribution of the

material property.

The problem of obtaining samples that are representative of the underlying spatial dis-

tribution of a material property is complicated by two key factors: the first factor is that

only a limited number of effective properties can be determined since the determination

of mechanical properties is both time consuming as well as financially expensive and

this results in aleatoric uncertainty due to limited sample size; the second factor is that

experimentally determined material properties are not point samples of the random field

but rather effective properties that are determined over a non-zero sample volume of the

material and, consequently, these experimentally determined material properties are not

directly statistically representative of the random field which is a source of significant

epistemic uncertainty. Furthermore, it should be noted that whilst aleatoric uncertainty

can be reduced by increasing the sample size, reduction in epistemic uncertainty requires

the development of more sophisticated inferential methodologies. The extent to which

effective average-type properties of materials are statistically representative of the un-

derlying random field depends on a number of factors including: the sensitivity of the

average to minima of the random field; the extent to which the average exhibits spatial

weighting; the size of the sample volume over which the effective property is determined

relative to the scale of heterogeneity of the material. Consequently, it is noted that there

is potential for large uncertainty associated with the inference of random fields from

effective properties and that this motivates an investigation to quantify the uncertainty

associated with the parameter estimates of the random field. Finally, it is noted that

the analysis in this chapter is inspired by the following quote:

“So how do we relate local (possibly geometric) average measurements to the

point-scale characteristics of our theoretical random field? The simple answer

is that in practice so far we do not.” (Fenton and Griffiths, 2008, p. 183)

The effective property that is primarily considered within this chapter is the effective

modulus of elasticity of timber beams, however, there is also some minor consideration

of the effective strength of timber. The decision to consider the material properties of

timber is based on a desire to quantify the reliability of both new and heritage timber
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structures in addition to the availability of the experimental dataset obtained by Sousa

et al. (2014). The benefit of considering the specific case of effective elastic modulus

corresponding to an experimental dataset, rather than an abstract effective property,

is that this facilitates the investigation of a number of practical issues that arise when

fitting a random field model such as the selection of marginal distribution, assessment

of stationarity and the treatment of anomalous data. Furthermore, the contribution of

this chapter is to provide insights into two different methods to determine the effective

elastic modulus of timber in accordance with BS EN 408:2010 which are the so-called

local and global procedures. Finally, it is observed that the local and global moduli of

elasticity can be formulated under Euler-Bernoulli beam theory as weighted harmonic

means and that analysis of these formulations provides a theoretical explanation for the

experimentally observed differences between these effective elastic moduli.

The most common approaches within the literature to infer the parameters of a random

field model make use of frequentist approaches such as either method of moments or max-

imum likelihood estimation (Fenton, 1999). It is useful to note that frequentist inference

is usually performed under the midpoint approximation which treats the effective prop-

erty, an average over the sample volume, as a point sample of the random field located

at the centroid of the sample volume. It is argued within this chapter that the mid-

point approximation introduces significant epistemic bias into the parameter estimates

of the random field and that these biases should be quantified since they may lead to

an unconservative calculation of risk. Unfortunately, accurate determination of the epis-

temic bias is complicated by the fact that the uncertainty associated with the parameter

estimates depends on the true parameters of the random field which are unknown and

need to be inferred. The approach adopted within this chapter is to perform a computer

experiment involving the simulation of random field realisations, whose parameters are

given by the method of moment estimators under the midpoint approximation, and to

analyse the discrepancy between the simulated and experimentally determined effective

properties in order to gain insights into inferential uncertainty. It should be recognised

that this computer experiment to quantify uncertainty is an important development on

previous research that has not taken into account that the effective modulus of elasticity

is a non-arithmetic mean (Bulleit and Chapman, 2004). Consequently, this approach

is the first step towards an improved inferential methodology for the estimation of the

parameters of a random field from experimentally determined material properties.
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In order to clearly define the scope of this chapter, it is useful to consider the meta-

problem framework detailed in Chapter 1 and, additionally, particular consideration

should be given to the meta-problems that are addressed by this chapter in relation

to the meta-problems addressed by previous chapters. The first half of this thesis has

principally been concerned with the predictive meta-problems, for instance Chapter 3

considered meta-problem 1 – deterministic prediction and meta-problem 2 – stochastic

prediction in the one-dimensional case, whilst Chapter 4 considered meta-problem 1 –

deterministic prediction for the case of multidimensional heterogeneity. It is important

that the prediction meta-problems have been considered first since an understanding of

the forward prediction process, which tends to be well-defined, is critical to developing an

approach to the reverse process of inference which, similar to many inversion problems,

tends to be ill-defined. In particular, this chapter is concerned with problems of inference

with a specific focus on meta-problem 3 – stochastic inference which is the problem of

inferring the parameters of a random field from experimentally determined effective

properties. However, this chapter also has important implications on meta-problem 4 –

deterministic inference due to the fact that the accurate inference of a realisation depends

on the parameters of the random field since these parameters dictate the expected value,

variability and smoothness of the realisations.

This chapter consists of six sections in total: the first section is introduction which

contains this overview of the chapter; the second section is probabilistic modelling of

timber which considers the literature on the probabilistic modelling of the mechanical

properties of timber; the third section is determination of the effective elastic modulus of

timber which provides an overview of the experimental procedure to determine the local

and global elastic moduli including analytical expressions for the weighting functions of

these effective elastic moduli; the fourth section is analysis of experimental data which

investigates estimation of the parameters of a random field model from experimental data

under the midpoint approximation; the fifth section is uncertainty quantification which

details the results of the computer experiment to quantify the aleatoric and epistemic

uncertainty associated with the parameter estimates and comments on whether the local

or global moduli of elasticity are superior for the estimation of random field parameters;

the sixth and final section is conclusion which summarises the main contributions of this

chapter and provides recommendations for future work.
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5.2 Probabilistic modelling of timber

Timber is a sawn wood product that is used as a structural construction material and

offers a natural alternative to more commonly used materials such as concrete or steel.

This biological material has an excellent strength to weight ratio and good flexural resis-

tance which means that it is well suited for usage as a flexural beam. Furthermore, the

key advantages of timber over man-made materials are its environmentally sustainable

characteristics as well as its aesthetic appeal. However, in the consideration of timber as

a structural material it is important to recognise that wood is grown to meet the needs

of the tree and is not optimised for use within construction. In particular, the natural

formation of timber results in a number of disadvantages that are associated with its

sensitivities to both environmental factors and defects such as knots. This motivates the

adoption of a reliability based approach to the structural design of timber with a view

to managing the risk associated with its uncertain mechanical properties.

In order to evaluate the risk associated with using timber as a structural material, it is

important to identify the hazards that are associated with this material and this begins

with consideration of the microstructure of wood. At the cellular level, wood consists of

an irregular random honeycomb of long thin tubular fibres that are primarily orientated

parallel to the trunk of the tree which is known as the along-grain direction (Astley et al.,

1997). Additionally, the material that forms the cell wall is a natural fibre composite

consisting of cellulose, the fibre, and lignin which is the matrix (Desch and Dinwoodie,

1996, p. 17). It should be recognised that the tubular microstructure of wood results in

highly anisotropic material properties with against-grain material properties being sig-

nificantly inferior to along-grain properties. For instance, the tension strength of timber

has been found to be 30–50 times smaller perpendicular to the grain than in the along-

fibre direction and the elastic modulus perpendicular to the grain has been found to be

50–80 times smaller than the elastic modulus parallel to the grain (Thelandersson, 2003,

p. 19-20). These anisotropic qualities cause timber to perform well in flexure; however,

the performance of timber in shear is poor and this explains the reason why the majority

of failures of timber observed in practice have resulted from tension perpendicular to the

grain which has caused the timber to split along planes parallel to the fibre orientation.

Furthermore, it is noted that the tensile failure of timber is associated with rupture of

the cell walls resulting in extremely brittle material behaviour (Hoffmeyer, 2003, p. 141).
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In comparison, the compressive failure of timber is associated with a gradual folding

of the cell walls resulting in more ductile material behaviour. Consequently, the effec-

tive tensile strength of timber is considered to be extremely sensitive to minima of the

strength field and this can be modelled using the generalised mean meta-model (see

Chapter 4) by taking the power m → −∞. Furthermore, the reduced sensitivity of the

effective compressive strength of timber to minima can be similarly modelled using the

generalised mean meta-model by taking the power such that −∞ < m < −1.

Other hazards associated with timber that result from the biological nature of the mi-

crostructure of wood are its sensitivities to a number of environmental factors such as

moisture, fire and decay. The cell wall of wood is porous to allow the tree to transport

water and nutrients which, despite being a beneficial property for the tree, is a dis-

tinct disadvantage for the structural material of timber since this porosity causes high

sensitivity to atmospheric moisture. In particular, the mechanical properties of timber

are adversely affected as the moisture content increases up to the fibre saturation point

and, consequently, timber is typically dried before use in order to mitigate against this

(Porteous and Kermani, 2007, p. 9). It is also important to recognise that wood based

products are primarily composed of cellulose and lignin which are combustible and, con-

sequently, wood based products often require treatment with flame-retardant chemicals

(Porteous and Kermani, 2007, p. 47). Finally, timber is vulnerable to decay resulting

from attack by fungi, insects or molluscs which can be mitigated against through the use

of treatments such as tar oil, organic solvents or water borne preservatives (McKenzie

and Zhang, 2007, p. 10).

In addition to the sensitivities associated with the biological microstructure of wood,

timber also has a number of defects relating to the macroscale formation of the structure

of the tree. The most severe type of defect associated with timber are knots (Johansson,

2003, p. 26) which are formed when wood fibres are redirected to form an efficient

structural connection between the trunk and a branch of the tree (Thelandersson, 2003,

p. 15). However, when the trunk is sawn to produce the structural material of timber,

these knots transform from an asset into a severe liability. This is because the presence of

knots alters the orientation of the tubular microstructure, a phenomena known as grain

deviation, which results in large decreases in strength and stiffness due to the severely

anisotropic properties of timber. The magnitude of the decrease in mechanical properties

depends on a number of factors including the size of the knot, or cluster of knots, and
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whether the knot is alive or enclosed (McKenzie and Zhang, 2007, p. 4). Furthermore,

the sensitivity of timber to knots has been identified as the most dominant factor in

the structural performance of timber and it has been observed through experimental

investigation that the failure of timber occurs at knots in 95% (Schniewind and Lyon,

1971) and 91% of cases (Johansson et al., 1998). Consequently, it is evident that in the

majority of cases the effective strength of timber is determined by the presence of knots,

however, in a minority of cases it should be recognised that the determining factor is the

variability of sections of wood without knots which are known as clear wood.

In order to manage the risk associated with the hazards of timber identified within this

section it is desirable to make use of probabilistic methods. One approach is to prob-

abilistically model the intervariability of timber which is the variability of the effective

strength f∗ or stiffness E∗ between members. A significant cause of the intervariabil-

ity of timber is the sensitivity of wood to random defects; for instance, the presence of

knots implies that the expected effective strength f∗ of an element decreases with its

size since a large element has an increased chance of having a critical defect and this

phenomena has traditionally been modelled using weakest link theory (Weibull, 1939).

===note that the occurrence and magnitude of these defects is random which results in

considerable uncertainty as to the strength of any particular timber member. In practice,

the approach to mitigate against this uncertainty is to sort each member into a strength

class prior to structural usage on the basis of the prediction of the effective strength f∗ of

that particular member. Unfortunately, the direct determination of effective strength f∗

involves destruction of the sample itself and, consequently, effective strength is predicted

through highly correlated properties, known as indicating properties, which can instead

be obtained non-destructively. One example of an indicating property is the number,

position and size of knots which can be determined on the basis of a visual assessment

in accordance with BS EN 14081:2005. However, this chapter primarily considers the

indicating property of effective elastic modulus which typically has a coefficient of de-

termination with effective strength in the range of 0.51–0.73 (Johansson, 2003, p. 25).

Furthermore, whilst there are many methods to determine the effective elastic modulus

E∗, such as machine grading and vibration testing, this chapter considers the static de-

termination of E∗ through a 4-point bending testing in accordance with BS EN 408:2010.

It should be noted that many distributions have been used to model the intervariability

of timber including normal, lognormal and Weibull distributions (Isaksson, 2003). How-

ever, the disadvantage of directly modelling intervariability is that the distribution of
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the material property is scale-dependent and this motivates the probabilistic modelling

of the scale-invariant material profile itself.

The probabilistic modelling of the intravariability of timber is concerned with modelling

the variability of strength f(x) or stiffness E(x) within the member itself. A model for

intravariability that has drawn significant attention is the weak-zone model (Riberholt

and Madsen, 1979) that has been utilised and further developed by many authors to

model the sensitivity of timber to defects (Isaksson, 2003, Köhler et al., 2007, Fink

and Kohler, 2014). Figure 5.1 shows a timber beam with knots and illustrates the

hypothetical variation and weak-zone model of the strength profile. The weak-zone

model treats the strength of clear wood as constant and models strength decreases as

solely resulting from the presence of defects such as knots. The occurrence of these

knots is modelled as a Poisson point process with constant intensity and the strength of

the weak-zone is typically modelled as lognormally or Weibull distributed. Additionally,

the assumption that clear wood has constant material properties can also be found in a

recently developed automatic grading procedure that utilises the fact that irregularities

in wood result in different light scatterings, known as the tracheid effect (Nyström, 2003),

in order to automatically detect grain direction thereby inferring the decrease in material

properties associated with grain deviation (Olsson et al., 2013). One line of conceptual

investigation that is pursued within this chapter is consideration of the extent to which

the weak-zone model is not only an appropriate model for the strength profile f(x)

but also the stiffness profile E(x). This is because these material properties are highly

correlated and it is conjectured here that the correlation at the mesoscale between the

material profiles, f(x) and E(x), is even greater than that observed at the macro-scale

between the effective properties, f∗ and E∗.

A major limitation of the weak-zone model is the assumption that all variability in the

mechanical properties of timber can be attributed to the presence of defects since clear

wood is assumed to have constant material properties. It is important to recognise that

this assumption is not supported by experimental research which has found the properties

of clear wood to be variable with significant coefficients of variation (Zhu et al., 2001,

Xavier et al., 2007, 2009, Dill-Langer et al., 2003). The negligence of the variability of

clear wood means that the marginal distribution of the material property has an imposed

upper bound associated with truncation of the right-tail of the distribution and this is

arguably not representative of the true variation of material properties. On the basis
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(a) Timber beam with knots
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(c) Weak-zone model of the spatial variation of the strength profile f(x)

Figure 5.1: Two alternative representations of the spatial variation of the one-dimensional

strength profile f(x) of a timber beam with knots.

of the formulation of the effective property in terms of a generalised power mean (see

Chapter 4), it is argued that the weak-zone model is most appropriate for the tensile

strength of timber since this is brittle material behaviour without stress redistribution

and, consequently, the left-tail of the distribution associated with minima is the dominant

factor. However, it is asserted that the weak-zone model is less appropriate for the

compressive strength of timber since this is a ductile failure mechanism that facilitates the

redistribution of stress to strong zones associated with the right-tail of the distribution

and this phenomena is not accounted for by the weak-zone model. Finally, it is contended

that the weak-zone model is an inappropriate model for elastic modulus since, despite
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having a tendency towards minima, it is not affected by minima to nearly the same extent

as effective strength and, consequently, the variability of clear wood must be considered

as a non-negligible cause of variation in the effective elastic modulus.

An alternative model for the intravariability of timber is the random field which, in

contrast to the weak-zone model, treats the variation in material properties as continuous.

Random field models have been used by many authors to model the intravariability of

both the elastic modulus (Vanmarcke and Grigoriu, 1983, García and Rosales, 2017, Shen

et al., 2014, Füssl et al., 2016, Kukla and Owczarek, 2005) and strength of randomly

heterogeneous beams (Köhler et al., 2007, Sasikumar et al., 2014, Moshtaghin et al.,

2016). The advantages of random field models over the weak-zone model are, firstly,

that the continuous realisations of the random field are a more accurate representation

of the real variation in the material properties of timber and, secondly, that it is possible

to arbitrarily specify the marginal distribution so that the right-tail variation of the

material properties of clear wood is not neglected. However, the utilisation of random

field models is not without its difficulties since careful consideration is required of two

key issues relating to both the heterogeneity of timber and the methodologies to infer

the parameters of the random field.

The first issue is whether a continuous model is appropriate to model the heterogeneity

of timber which can be considered to be a discrete phenomena that occurs at two distinct

scales. At the microscale, the structure of timber consists of long thin tubes primarily ori-

entated in the along-grain direction where any point in the material corresponds to either

a solid or a void. The discrepancy between the discrete nature of this microscale hetero-

geneity and the continuity of the random field model is resolved through the mesoscale

continuum approximation proposed by Ostoja-Starzewski and Wang (1999) which con-

siders the random field model to be the result of passing of an averaging window over

the underlying binary structure. At the macroscale, the heterogeneity of timber can to

a large extent be attributed to knots which are a discrete phenomena associated with

the formation of the branches of the tree and, consequently, it is important to consider

whether it is appropriate to represent this phenomena with a continuous model. The

approach adopted by some authors has been to restrict their random field model to only

apply to the case of clear wood (Moshtaghin et al., 2016). However, it is suggested here

that the mesoscale continuum approximation can be utilised to not only average over bi-

nary microscale heterogeneity, but also to average over discrete macroscale heterogeneity
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resulting from the presence of knots. This is because, provided that the magnitude of

the minima associated with the knot is appropriately modelled, the effect of averaging

over macroscale variation using the mesoscale continuum approximation is to reduce the

gradient around the knots and, consequently, the use of the mesoscale continuum ap-

proximation is conservative since the capacity for stress redistribution is underestimated.

The second issue associated with the application of random field models is the accurate

determination of the random field parameters. In particular, it is noted that this prob-

lem is more complex in the two-dimensional case since the anisotropic nature of wood

requires the estimation of two distinct correlation parameters, along and against-grain

correlation lengths, in order to appropriately model the anisotropic heterogeneity of tim-

ber. In an ideal scenario, it would be desirable to utilise an inferential methodology

that estimates the value of these parameters so that the likelihood of the observed data

is maximised. However, since the likelihood function associated with effective elastic

moduli is intractable, the approach used herein is to instead rely on method of moments

estimators. A further issue is the incompatibility between the inferential requirement for

point observations of the underlying random field and the reality that material properties

can only be measured over a non-zero volume. This issue is often resolved through the

use of the midpoint approximation (Kiureghian and Ke, 1988) which has been utilised

by researchers for the cases of tensile loading (Brandner and Schickhofer, 2014), 3-point

(Arwade et al., 2009) and 4-point bending (Sousa et al., 2016) as well as machine grading

(Lam et al., 1994, Kline et al., 1986). The midpoint approximation treats the effective

property E∗, obtained over the sample volume, as a point observation of the random

field E(x) at the centroid xc of the sample volume. Figure 5.2 illustrates the error

ε = E(xc) − E∗ that results from usage of the midpoint approximation. It is one of

the contributions of this chapter to conduct an uncertainty analysis that quantifies the

epistemic and aleatoric uncertainty associated with the midpoint approximation and to

propose an improved inferential methodology that utilises approximate Bayesian com-

putation in order to obtain the joint posterior distribution on the parameter estimates.
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Figure 5.2: Midpoint approximation error ε between a realisation of the stiffness profile

E(x) and its effective property E∗.

5.3 Determination of the effective elastic modulus of timber

The determination of the effective elastic modulus E∗ of timber is not only important

for assessment of the serviceability limit state but also the ultimate limit state due to

its correlation with the effective strength f∗ of timber. The standard considered within

this thesis to determine the effective elastic modulus E∗ is BS EN 408:2010 which details

the test procedure for the static four-point bending of a simply supported beam, as

illustrated in Figure 5.3, and specifies two different methods for calculating the effective

elastic modulus E∗. The first method determines an effective property, known as the

local modulus of elasticity E∗l , which is based on the local displacement Ul given by the

relative midspan displacement of the beam with respect to the displacements at either

side of a centrally placed displacement gauge of length 5H where H is the height of

the beam. The benefit of local displacement Ul is that it does not include displacement

due to shear, however, the disadvantages are that the magnitude of displacement is

smaller, leading to greater relative measurement error, and that the associated effective

property E∗l is not representative of the bending stiffness of the whole span but rather

a small region located between the loading pins. The second method determines an

effective property, known as the global modulus of elasticity E∗g , based on the global

displacement Ug given by the absolute midspan displacement. The benefit of the global
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elastic modulus E∗g is that it is an average over, and hence representative of, the stiffness

of the whole span; however, the disadvantage is that the global elastic modulus E∗g is

based on the global displacement Ug which includes the effects of both shear and local

indentation.

P/2 P/2

a L/6 L/6 a

L

5H

H

Ug

Ul

x

Figure 5.3: Set-up of the 4-point bending test according to BS EN 408:2010 with local

Ul and global Ug displacement for the calculation of the local E∗l and global E∗g effective

moduli of elasticity respectively.

According to BS EN 408:2010, the expression for the local modulus of elasticity E∗l is

given by:

E∗l =
25aH2P

16IUl
(5.1)

where I is the second moment of area of the beam. Similarly, the expression for the

global modulus of elasticity E∗g is given by:

E∗g =
Pa(3L2 − 4a2)

48IUg
(5.2)

where the shear modulus G has been taken to be infinite so that the contribution of shear

to the global displacement Ug is neglected. It should be noted that BS EN 408:2010

requires that the distance a from the support to the load satisfy the following inequality:

3L

10
≤ a ≤ 5L

14
(5.3)
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It is of importance to obtain an effective modulus of elasticity E∗ that is most repre-

sentative of in situ structural behaviour. This is because over-estimation of the effective

property leads to under-design of the structure, which is unsafe due to the risk of struc-

tural failure; however, on the other hand, under-estimation leads to over-design which is

both unsustainable and uneconomic. As a consequence, there has been extensive discus-

sion and experimental investigation into the difference between the local E∗l and global

E∗g elastic moduli (Boström, 1999, Solli, 2000). In particular, the experimental investi-

gation conducted by Nocetti et al. (2013) has shown that the local elastic modulus E∗l
has a higher mean and standard deviation than the global elastic modulus E∗g . It is the

objective of the remainder of this section to develop a theoretical explanation for these

experimental observations through consideration of the weighting functions, ωl(x) and

ωg(x), of the local E∗l and global E∗g effective elastic moduli respectively.

As shown in Chapter 3, the effective elastic modulus of an Euler-Bernoulli beam is given

by a weighted harmonic mean:

E∗ =

(∫ L

0
ω(x) · E(x)−1 dx

)−1

(5.4)

In the case of the global modulus of elasticity E∗g , the weighting function ωg(x) is given

by (see Appendix C.1):

ωg(x) =



12x2

a(3L2 − 4a2)
if 0 ≤ x ≤ a

12x

3L2 − 4a2
if a ≤ x ≤ L

2
12(L− x)

3L2 − 4a2
if
L

2
≤ x ≤ L− a

12(L− x)2

a(3L2 − 4a2)
if L− a ≤ x ≤ L

(5.5)

Similarly, noting that the distance from the left support to the left-side of the displace-

ment gauge is given by (10a+L)/12, that the length of the displacement gauge is given

by 5(L− 2a)/6 and that the distance from the left support to the right-side of the dis-

placement gauge is given by (11L − 10a)/12, then the weighting function ωl(x) for the

local effective elastic modulus E∗l is given by (see Appendix C.2):
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ωl(x) =



0 if 0 ≤ x ≤ 10a+ L

12
12(12x− 10a− L)

25(L− 2a)2
if

10a+ L

12
≤ x ≤ L

2

12(11L− 10a− 12x)

25(L− 2a)2
if
L

2
≤ x ≤ 11L− 10a

12

0 if
11L− 10a

12
≤ x ≤ L

(5.6)

Figure 5.4 shows a plot of the local ωl(x) and global ωg(x) weighting functions for three

different values of the distance a from the supports to the point load. It can be seen

that both weighting functions monotonically increase towards, and attain a maximum

at, the midspan x = L/2. However, the global weighting function ωg(x) is zero only at

the supports whilst the local weighting function ωl(x) assigns a weighting of zero to all

values of the stiffness profile E(x) outside of the displacement gauge. It is observed that

between the loading points, both the local ωl(x) and global ωg(x) weighting functions are

linear whilst, beyond the loading points, the global weighting function ωg(x) is quadratic.

Ridley-Ellis et al. (2009) produced a plot similar to Figure 5.4 through a numerical

experiment which investigates the influence of a single weak-zone on the effective local E∗l
and global E∗g moduli of elasticity. It is noted that the close resemblance between these

figures is due to the fact that the numerical experiment conducted by Ridley-Ellis et al.

(2009) utilised a one-dimensional finite element model which, in effect, approximates the

analytical weighting functions given by Equations 5.5 – 5.6.

x (m)
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ω
(x
)
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ωl(x) [a = 0.30 m]
ωl(x) [a = 0.33 m]
ωl(x) [a = 0.36 m]
ωg(x) [a = 0.30 m]
ωg(x) [a = 0.33 m]
ωg(x) [a = 0.36 m]

Figure 5.4: Local ωl(x) and global ωg(x) weighting functions for three different values of

the distance a from the supports to the point load (L = 1 m).
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The experimentally observed differences between the local E∗l and global E∗g elastic

moduli can be explained through consideration of their respective weighting functions.

Firstly, it is important to observe that the local elastic modulus E∗l constitutes an average

over a smaller statistical region and hence is less representative of whole span stiffness

than the global elastic modulus E∗g . The observation of Nocetti et al. (2013) that the

expected value of E∗l is higher than the expected value of E∗g is explained by considering

that, whilst both effective properties E∗l and E∗g are harmonic means that tend towards

minima, only the global effective property E∗g will be affected by minima of the stiffness

profile E(x) outside of the displacement gauge. Similarly, the observation that the

variance of E∗l is higher than the variance of E∗g is explained by considering that since E∗g

is an average over a greater statistical region it will have lower variance since the average

of a greater number of variables is less variable. In addition to explaining experimental

observations, it is also possible to understand the effect of varying the distance a from

the support to the load on the effective property E∗ through analysis of the weighting

functions. It is observed, as a increases, that both elastic moduli, E∗l and E∗g , become

less representative of whole span stiffness which causes an increase in both the expected

value and variance of the effective elastic moduli. However, it is important to recognise

that the relative increase in the expected value and variance is greatest for the local

effective property E∗l which is significantly more sensitive to variation in the distance a

than the global effective property E∗g .

5.4 Analysis of experimental data

This section details the utilisation of method of moment estimators to infer the pa-

rameters of a random field model from a 4-point bending dataset detailed in Sousa

et al. (2014). The experimental investigation involved sawing 16 old chestnut beams

(300 × 15 × 3 cm) into 48 boards (300 × 4 × 3 cm) and then sequentially determining

local E∗l and global E∗g elastic moduli over seven segments of each board. It should be

noted that the sawing process resulted in a loss of 3 cm of section height from each beam

leading to 1.5 cm of vertical separation between the boards as shown in Figure 5.5 (b).

For each board, 4-point bending tests were performed over 60 cm spans centred over the

NS = 7 segments (as shown in Figure 5.5 (c)) and it is noted that the overlap between

each bending test and its neighbour was at least 20 cm. For the first and final bending
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test, the domain was offset by 2 cm to allow sufficient space for the insertion of steel

plates under the supports in order to reduce local indentation. The length of the dis-

placement gauge for the local elastic modulus E∗l was 20 cm, the inter-pin distance was

24 cm and the distance from the support to the point load was a = 18 cm. Additionally,

it is noted that during testing one of the boards broke meaning that effective elastic

moduli could not be determined for that particular segment and, consequently, a total

of 335 samples of both the local E∗l and global E∗g were determined.

300
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4
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(a)

(b)

(c)

Figure 5.5: Illustration of the experimental procedure (all units in cm) where (a) illus-

trates the whole beam, (b) beam subdivided into boards and (c) domains of the local

elastic moduli ( ), domains of the global elastic moduli ( ) and the locations

of the midpoint approximation ( ).

Figure 5.6 shows the marginal distribution of the local E∗l and global E∗g elastic moduli

of the boards and Table 5.1 shows their sample statistics including mean µ̂, standard

deviation σ̂ and skewness γ̂. It is observed that the distribution of the local effective

elastic modulus E∗l has both increased expected value and variance compared to the

global effective elastic modulus E∗g which agrees with both the experimental observations

of Nocetti et al. (2013) and the analysis of the weighting functions presented in the

previous section. Additionally, it can be seen that the distribution of the local elastic

modulus E∗l is approximately symmetric whilst the distribution of the global elastic

modulus E∗g is moderately negatively skewed. A maximum value of 32.3 GPa is observed

on the right tail of the distribution of the local modulus of elasticity E∗l and it has

been investigated whether this value was an experimental anomaly that has potentially

resulted from an incorrect test procedure. Based on an investigation of the adjacent
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segments and global modulus of elasticity over the same section, this maximum has

been found to be reflective of the true variability of the old chestnut beams and is not

considered to be an anomaly. It is noted that caution should be exercised in the dismissal

of anomalous values since this leads to a decrease in the estimate of the variability of

the distribution which could lead to the under-design of timber structures.

Figure 5.6: Histogram of the experimentally determined local E∗l and global E∗g moduli

of elasticity.

Table 5.1: Sample statistics of the local E∗l and global E∗g elastic moduli.

Test µ̂ (GPa) σ̂ (GPa) γ̂

E∗l 12.91 3.92 0.15

E∗g 11.66 2.65 −0.79

5.4.1 Marginal distribution

One of the first considerations when fitting a random field model is whether the distri-

bution is stationary with respect to the specified spatial dimensions. The stationarity of

the marginal distribution of the effective elastic moduli is assessed by inspection of the

spatial plots of the mean trend and confidence intervals computed from the empirical

cumulative distribution function using linear interpolation. Figure 5.8 shows the varia-

tion with the along-grain x-direction of the mean and 90% confidence intervals of both
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the local E∗l and global E∗g elastic moduli. It can be seen that there is moderate spatial

variation in the mean and confidence intervals for both moduli of elasticity. The problem

of whether any apparent trends are systematic in nature or merely random fluctuations

is one of the fundamental challenges associated with the inference of random fields. It is

noted by Fenton (1999) that, in the face of uncertainty, the conservative approach is to

attribute any apparent trends to random fluctuations since this leads to a higher estimate

of variability. Consequently, the variations in the mean and 90% confidence intervals are

attributed to random fluctuations resulting from limited statistical certainty rather than

the result of a deterministic trend and, therefore, both the local E∗l and global E∗g elastic

moduli are modelled as stationary in the x-direction.

(a) local modulus of elasticity E∗
l

(a) global modulus of elasticity E∗
g

Figure 5.8: Plot of the spatial variation in the mean and 90% confidence intervals of

both effective elastic moduli with the along-grain x-direction.
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In addition to consideration of the stationarity of the marginal distribution for seven lags

in the x-direction, the stationarity of both effective elastic moduli is also considered for

three lags in the y-direction. Figure 5.9 shows plots of the spatial variation in the mean

and 90% confidence intervals of both the local E∗l and global E∗g elastic moduli in the

against-grain y-direction. A visual assessment suggests that in the y-direction there is

a slight negative trend in the mean and a slight positive trend in the variance for both

E∗l and E∗g . However, as a result of the limited number of lags associated with the y-

direction, in addition to the weakness of the trend, it is not possible to determine whether

this is a random fluctuation resulting from statistical uncertainty or a systematic trend.

Consequently, since the inclusion of a trend could lead to an unconservative estimate of

variance, the marginal distribution of both E∗l and E∗g are modelled as fully stationary

in both in the x and y-directions.

(a) local modulus of elasticity E∗l (b) global modulus of elasticity E∗g

Figure 5.9: Spatial variation in the mean and 90% confidence intervals of both effective

elastic moduli with the against-grain y-direction.

Following the determination that a stationary random field appropriately models both

the local E∗l and global E∗g moduli of elasticity, the next consideration is the choice

of marginal distribution. Two distributions are considered, namely the lognormal and

Weibull distribution, whose parameters are found through maximum likelihood estima-

tion under the assumption of statistical independence. Figure 5.10 shows histograms of

the marginal distribution of the effective elastic moduli with fitted lognormal and Weibull

distributions whilst Table 5.2 details the null hypothesis test and the Anderson-Darling

test statistic for both fitted distributions. The null hypothesis H0 was rejected at the
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5% significance level for both distributions fitted to both effective properties and it is

noted that the Anderson-Darling test statistic A2 is significantly lower for the Weibull

distribution in comparison to the lognormal distribution. This is because the lognormal

distribution has a strictly positive skewness whilst the Weibull distribution can have ei-

ther a positive or negative skewness (Jiang and Murthy, 2011). As a consequence of this,

the Weibull distribution more accurately models the moderate negative skewness of the

global elastic modulus E∗g and the approximate symmetry of the local elastic modulus

E∗l . In contrast, the fitted lognormal distribution poorly models both the mode and the

right tail of both effective elastic moduli. Unfortunately, simulation of a random pro-

cess with a specified correlation structure and an arbitrary marginal distribution, such

as the Weibull distribution, requires the use of the Fast Fourier transform simulation

method (Grigoriu, 1995) including numerical determination of the underlying Gaussian

spectral density function (Shields et al., 2011). Therefore, in order to avoid these techni-

cal complications, the lognormal marginal distribution is selected due to the availability

of analytic relationships between the statistics of the underlying normal and the trans-

formed distribution (Vanmarcke, 1988). It is noted that the error induced by the use of

the lognormal distribution instead of the Weibull distribution is discussed in Subsection

5.5.4. Finally, it is noted that the realisations of the lognormal random field have been

simulated using the covariance matrix decomposition method (see Chapter 2).
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Figure 5.10: Histograms of the marginal distribution of the effective moduli of elasticity

with fitted lognormal and Weibull distributions.
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Table 5.2: Null hypothesis test H0 at 5% significance level and Anderson-Darling test

statistic A2 for distributions fit to both the local E∗l and global E∗g moduli of elasticity.

Test
Lognormal Weibull

Reject H0 A2 Reject H0 A2

E∗l 1 8.34 1 1.84

E∗g 1 13.5 1 1.54

5.4.2 Correlation structure

Following the specification of the marginal distribution, the next step is to specify the

correlation structure thus defining the full joint distribution of the random field. The

selected two-dimensional correlation function has separate correlation lengths in the

along-grain x and against-grain y-directions in order to model the anisotropic nature of

the timber microstructure as discussed in Section 5.2. The selected correlation function

is the two-dimensional anisotropic Markov correlation function given by:

ρ(sX , sY ) = exp

−2

√(
sX
θX

)2

+

(
sY
θY

)2
 (5.7)

where sX and sY are the separation of points, θX and θY are the correlation lengths, in the

x and y-directions respectively. By considering spatial separation only in the x-direction

(sY = 0), the two-dimensional correlation function simplifies to the one-dimensional

Markov correlation function:

ρX(sX) = exp

(
−2|sX |

θX

)
(5.8)

An estimate θ̂X of the correlation length in the x-direction is found by first computing

the sample correlation function ρ̂(sX), known as the correlogram (Cressie, 1993), and

then a non-linear least squares algorithm is used to find the value of the correlation

length θX that minimises the misfit ε between the theoretical correlation function ρ(sX)

and the sample correlation ρ̂(sX). The misfit ε is given by the weighted square error:
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ε =

NS−1∑
k=0

wk

(
ρX(sk)− ρ̂X(sk)

)2
(5.9)

where wk is the weight associated with the kth lag sk of the correlation function. These

weights are often taken to be uniform (Lloret-Cabot et al., 2014); however, it is the

suggestion of this thesis that it should be taken into account that the sample correlation

at higher lags is associated with fewer observations which results in greater uncertainty.

Consequently, the approach pursued here is to weight the correlation estimate at the

kth lag according to the number of samples associated with that lag. In addition, a

simpler estimate of the correlation structure is also considered that is only based on the

lag-1 correlation ρ̂1 since it is less computationally expensive to numerically quantify the

uncertainty associated with this estimate in comparison to the estimate based on the full

correlation structure associated with NS lags. This is because a non-linear optimisation

algorithm is not required to obtain the correlation length, instead, the lag-1 estimate θ̂

of the correlation length is given by:

θ̂ = − 2L∗

ln (ρ̂1)
(5.10)

where L∗ is the separation between the midpoints of the board segments given by L∗ = 40

cm.

Figure 5.11 shows the sample correlation function ρ̂l(sX) for the local modulus of elas-

ticity E∗l as well as fitted full and lag-1 theoretical correlation functions ρl(sX) in the

along-grain x-direction. It is observed that the correlation in the x-direction initially

exhibits rapid decay, however, the correlation associated with higher lags does not ap-

pear to settle to zero. The correlation not decaying to zero is a property of long-memory

processes (Beran et al., 2013), also known as fractal processes (Mandelbrot and Van

Ness, 1968), and it is noted that these processes are associated with infinite variance and

correlation length. However, the determination of whether this is evidence of a fractal

process is beyond the scope of this research and, consequently, the value of correlation

associated with the higher lags is treated as a random fluctuation resulting from the

limited sample size. It is observed that since the lag-1 theoretical correlation function

ρ̂l(sX) [lag-1] does not take into account the correlation observed at higher lags its value

is lower than the full theoretical correlation function ρ̂l(sX) [full]. As detailed in Table
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5.3, the estimate of the correlation length θ̂X of the local elastic modulus E∗l in the

x-direction obtained from the lag-1 estimate of the correlation structure is 10.6% lower

than the estimate obtained from the full autocorrelation structure.
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Figure 5.11: Sample correlation function ρ̂l(sX) for the local modulus of elasticity E∗l
against separation sX in the along-grain x-direction with fitted full and lag-1 theoretical

correlation functions ρl(sX).

Figure 5.12 shows that the sample correlation function ρ̂g(sX) for the global modulus

of elasticity E∗g with fitted full and lag-1 correlation functions ρg(sX) in the along-grain

x-direction. It is observed that, in the x-direction, the correlations associated with the

global elastic modulus E∗g are higher than those associated with the local elastic modulus

E∗l . This is attributed to the global weighting function ωg(x) being more uniform over

the domain, thereby averaging over a larger statistical region, which results in increased

smoothing of the stiffness profile E(x) thus inflating the measured correlation. Similar

to the local elastic modulus E∗l , the estimate of the correlation length θ̂X of the global

elastic modulus E∗g in the x-direction obtained from the lag-1 estimate of the correla-

tion structure is 20.4% lower than the estimate obtained from the full autocorrelation

structure.

The procedure to obtain estimates of the along-grain correlation length θX can be re-

peated to obtain estimates of the against-grain correlation length θY by considering

separation only in the y-direction (sX = 0). Figure 5.13 shows that the sample correla-

tion functions ρ̂(sY ) for the local E∗l and global E∗g moduli of elasticity with fitted full

and lag-1 correlation functions ρ(sY ) in the against-grain y-direction. It is observed that
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Figure 5.12: Sample correlation function ρ̂g(sX) for the global modulus of elasticity E∗g

against separation sX in the along-grain x-direction with fitted full and lag-1 theoretical

correlation functions ρg(sX).

there is much greater agreement between the estimates of the correlation structure of the

local E∗l and global E∗g elastic moduli in the y-direction in comparison to the correlation

estimates in the x-direction. Furthermore, there is also greater agreement between lag-

1 and full autocorrelation estimates which is partly attributed to the greater statistical

certainty associated with the larger number of observations of each lag in the y-direction.
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(a) local modulus of elasticity E∗l
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Figure 5.13: Sample correlation functions ρ̂(sY ) for both moduli of elasticity in the

against-grain y-direction with fitted full and lag-1 theoretical correlation functions ρ(sY ).
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Table 5.3: Correlation length estimates inferred from the local E∗l and global E∗g elastic

moduli.

Test
θ̂X (cm) θ̂Y (cm)

full lag-1 full lag-1

E∗l 61.6 55.1 9.9 10.0

E∗g 97.8 77.8 9.7 9.7

5.5 Uncertainty quantification

This section considers the quantification of the uncertainty associated with the param-

eters of the random field model inferred from the experimental dataset of Sousa et al.

(2014) as detailed in the previous section. The motivation for this uncertainty quan-

tification is that it is suggested, based on a qualitative analysis of the formulation of

the effective property as a weighted harmonic mean in Section 5.3, that the parameter

estimates are subject to large systematic biases due to the use of the midpoint approxima-

tion. In particular, it is noted that computer experiments utilising mathematical models

can be used to simulate physical experiments for a fraction of both the financial cost

and time investment (Sacks et al., 2004). As a result of this, computer experimentation

offers a viable method to quantify the uncertainty associated with an experimental pro-

cedure for which physical reproduction would be uneconomic. The traditional problem

considered within uncertainty quantification is to calculate the variability in the output

for a given variability in the input and this is known as forward uncertainty quantifi-

cation. However, an alternative problem is inverse uncertainty quantification which is

the process of deducing the variability in the input of a model from known variability

in the output (Wua et al., 2018). The approach to inverse uncertainty quantification

adopted within this section is to perform a computer experiment to gain insights into

the variability of the input, the vector random field parameters Φ = {µ, σ, θX , θY }, from

the output, the vector of effective properties E∗.

The computer experiment has been designed to closely replicate the experimental proce-

dure of Sousa et al. (2014) with the boards modelled as one-dimensional Euler-Bernoulli

beams. It should be recognised that the computer experiment contained within this

chapter is subject to a number of limitations; for instance, quantification of the un-
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certainty in the against-grain correlation length θ̂Y is neglected in order to reduce the

computational burden associated with the two-dimensional case. Realisations of the

lognormal random field are generated using the covariance matrix decomposition simu-

lation method (see Chapter 2) with NX = 360 elements in the along-grain x-direction

and NY = 3 elements in the against-grain y-direction which represents the three boards

that the beam is sawn into and, consequently, the elastic modulus of each board is mod-

elled by a one-dimensional random process. It is important that the stiffness profiles of

the boards belonging to the same beam are cross-correlated since treating the boards as

statistically independent would artificially decrease the aleatoric uncertainty. Once the

stiffness profiles have been simulated for each board, the next step is to sequentially cal-

culate the local and global elastic moduli over the NS = 7 segments using the harmonic

mean formulation and weighting functions detailed in Section 5.3 thereby replicating the

experimental procedure conducted by Sousa et al. (2014). For illustrative purposes, a

single realisation of the stiffness profile E(x) of one of the boards is shown in Figure 5.14

along with the calculated local E∗l and global E∗g elastic moduli.
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Figure 5.14: A realisation of the lognormal stiffness profile E(x) with local E∗l and global

E∗g elastic moduli with the associated averaging region and location of the midpoint

approximation indicated by a circle.

The Monte Carlo method is used to estimate the distributions of the parameter esti-

mates inferred from the effective elastic moduli and then, additionally, to quantify the
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associated aleatoric and epistemic uncertainty. The statistics of these distributions are

referred to as meta-statistics in order to distinguish them from the statistics of the ran-

dom field. In total, four meta-statistics are reported for each parameter estimate: two

of which are raw and two of which are normalised. The first raw meta-statistic is the

sample mean Mean[.] and it is useful to note that the deviation of this meta-statistic

from the true value of the parameters (µ = 12.91 GPa, σ = 3.92 GPa, θX = 55.1 cm) is a

measure of the epistemic uncertainty. The second raw meta-statistic is the sample stan-

dard deviation Std[.] which quantifies the aleatoric uncertainty in each of the parameter

estimates of the random field. The aleatoric uncertainty is due to a number of factors

including the non-ergodicity of the realisations of the lognormal stiffness profile E(x) as

well as the limited number of boards NB that have been sampled. The first normalised

meta-statistic is the percentage bias Bias[.] which is given by:

Bias [µ̂] =
100%

R

R∑
r=1

(
µ̂r − µ
µ

)
(5.11)

where R is the number of runs of the simulated experiment, µ̂r is the parameter esti-

mate associated with the rth simulation and µ is the true value of the parameter. The

meta-statistic Bias[.] is reported in order to facilitate comparison of the epistemic un-

certainty between different parameter estimates. However, it should be recognised that

the estimate given by the meta-statistic Bias[.] consists of bias due to both the midpoint

approximation, as well as, the bias associated with the method of moment estimators

presented in Section 5.2. The second normalised meta-statistic is the maximum absolute

percentage error MAPE[.] which is given by:

MAPE [µ̂] =
100%

R

R∑
r=1

∣∣∣∣ µ̂r − µµ

∣∣∣∣ (5.12)

The utility of this meta-statistic is that it evaluates the total uncertainty resulting from

the combination of both aleatoric and epistemic uncertainty. The following section

presents the results of the computer experiment, with parameters in Table 5.4, that

quantifies the uncertainty in the estimates of the location µ̂, scale σ̂ and correlation

parameter θ̂X . The meta-statistics are reported for each parameter of the random field

inferred from both the local and global elastic moduli. In addition, the meta-statistics of

the parameter estimates inferred directly from the stiffness profile E(x) are also reported
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since the bias in these estimates is only due to the method of moment estimators and,

consequently, this enables assessment of the proportion of bias that is due to the method

of moment estimators in comparison to the bias resulting from use of the midpoint

approximation.

Table 5.4: Parameter values of the computer experiment to quantify uncertainty.

Parameter Symbol Value Units

Experimental parameters

Number of runs R 106 −

Number of beams NM 16 −

Number of boards NB 48 −

Number of segments NS 7 −

Span length L0 60 cm

Separation between segment midpoints L∗ 40 cm

Distance from support to load a 18 cm

Gauge length L1 20 cm

Load P 10 kN

Board parameters

Board length L 300 cm

Board height H 4 cm

Board width W 7 cm

Area moment of inertia I 37 cm4

Random field parameters

Mean of elastic modulus µ 12.91 GPa

Standard deviation of elastic modulus σ 3.92 GPa

Correlation length in x-direction θX 55.1 cm

Correlation length in y-direction θY 10.0 cm

Discretisation in x-direction NX 360 −

Discretisation in y-direction NY 3 −
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5.5.1 Distribution of the location parameter

Figure 5.15 shows the distribution of the location parameter estimate µ̂ obtained from

each of the tests whilst Table 5.5 details the four associated meta-statistics. It is noted

that the bias in the location parameter estimate µ̂ estimated directly from the stiffness

profile E(x) has been found to be negligible despite the sample mean not being an

unbiased estimator for correlated samples. Additionally, it is observed that both the

local E∗l and global E∗g effective properties have decreased expected value compared

to the stiffness profile E(x) which has an expected value of µ = 12.91 GPa. This is

explained by considering that both effective elastic moduli, E∗l and E∗g , are given by

harmonic means which tend towards the least element of a set and, consequently, these

effective properties are disproportionately affected by regions of low stiffness which act

to decrease their expected value. Furthermore, it has been found that the decrease in

expected value of the location parameter estimate µ̂ is smaller in the case of the local

elastic modulus E∗l . This is because weak-zones near the supports do not affect the local

elastic modulus E∗l however, in comparison, these weak zones do affect the global elastic

modulus E∗g .

It is observed that the estimates of the location parameter estimate µ̂ inferred from the

local E∗l and global E∗g elastic moduli both have a similar variance. In particular, it

is noted that the aleatoric uncertainty associated with the location parameter estimate

µ̂ is similar to the base aleatoric uncertainty associated with direct inferences from the

stiffness profile E(x). This is due to the fact that the variability of the arithmetic

mean of a set of random variables is not significantly different than the variability of

the harmonic mean of the same set. Additionally, it is observed that the standard

deviation, as quantified by the meta-statistic Std[.], is slightly greater for the local elastic

modulus E∗l since it is an average over a smaller region of the stiffness profile E(x)

of the beam in comparison to the global elastic modulus E∗g and, as the number of

random variables decreases, the variability of that average increases. The meta-statistic

MAPE[.] for each of the tests {E(x), E∗l , E
∗
g} shows that the epistemic uncertainty due

to the midpoint approximation is of a similar magnitude relative to the magnitude of

the aleatoric uncertainty associated the experimental set-up as detailed in Table 5.4.
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Figure 5.15: Distribution of the location parameter estimate µ̂ inferred from the local

elastic moduli E∗l , global elastic moduli E∗g and the base stiffness profile E(x).

Table 5.5: Meta-statistics of the location parameter estimate µ̂.

Test
Mean[µ̂] Std[µ̂] Bias[µ̂] MAPE[µ̂]

(GPa) (GPa) (%) (%)

E(x) 12.91 0.231 0.00 1.43

E∗l 12.77 0.248 −1.07 1.77

E∗g 12.57 0.233 −2.64 2.76
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5.5.2 Distribution of the scale parameter

Figure 5.16 shows the distribution of the scale parameter estimate σ̂ obtained from each

of the tests whilst Table 5.6 details the four associated meta-statistics. It is observed

that the estimates of the scale parameter σ̂ obtained from the local E∗l and global E∗g

effective properties underestimate the true variability of the stiffness profile E(x). This

is potentially unconservative since underestimation of the scale parameter of the stiffness

profile E(x) results in the beam being modelled as inappropriately homogeneous which

leads to under-design. Similar to the location parameter estimate µ̂, the bias in the scale

parameter estimate σ̂ is negative and the magnitude of the reduction in the expected

value is once again greatest for inferences from the global elastic modulus E∗g . However,

it should be noted that the relative reduction in expected value is significantly greater

for the scale parameter estimate σ̂ than it is for the location parameter estimate µ̂. In

addition, the meta-statistic Bias[.] shows that the estimator of standard deviation is

negatively biased for the stiffness profile E(v) and, consequently, it is concluded that

the estimator of the standard deviation has a negative bias of approximately 0.26%.

Therefore, approximately 0.26 percentage points of the bias associated with the elastic

moduli, E∗l and E∗g , results from estimator bias and cannot be attributed to usage of the

midpoint approximation.

It is observed that there is not a significant variation between the meta-statistic Std[.]

associated with each test {E(x), E∗l , E
∗
g} and, consequently, it is concluded that estimat-

ing the location µ and scale σ parameters of the stiffness profile E(x) from its effective

properties does not result in significant increases in aleatoric uncertainty. Additionally,

in contrast to the location parameter estimate, the meta-statistic MAPE[.] shows that

the epistemic uncertainty associated with the scale parameter estimate σ̂ is significantly

greater than the aleatoric uncertainty. In conclusion, the parameter estimates of the

location µ̂ and scale σ̂ parameters both experience a reduction in expected value when

estimated from the effective properties. However, it should be noted that whilst under-

estimation of the location parameter µ leads to over-design, in contrast, underestimation

of the scale parameter σ leads to under-design since the material is modelled as being

unsuitably homogeneous. In particular, identification of these epistemic biases moti-

vates the development of improved inferential methodologies to estimate the random

field parameters so that the stochastic finite element model accurately quantifies the risk

associated with heterogeneous structures.

188



σ̂ (GPa)
2.5 3 3.5 4 4.5

P
(σ̂

)

0

0.5

1

1.5

2

2.5

3
E(x)

E∗

l

E∗

g

Figure 5.16: Distribution of the scale parameter estimate σ̂ inferred from the local elastic

moduli E∗l , global elastic moduli E∗g and the base stiffness profile E(x).

Table 5.6: Meta-statistics of the scale parameter estimate σ̂.

Test
Mean[σ̂] Std[σ̂] Bias[σ̂] MAPE[σ̂]

(GPa) (GPa) (%) (%)

E(x) 3.91 0.162 −0.25 3.3

E∗l 3.61 0.195 −7.82 8.1

E∗g 3.15 0.170 −19.73 19.7
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5.5.3 Distribution of the correlation parameter

Figure 5.17 shows the distribution of the correlation parameter estimate θ̂X obtained from

each of the tests whilst Table 5.7 details the associated meta-statistics. It is observed that

the correlation parameter estimates θ̂X obtained from effective properties, E∗l and E∗g ,

exhibit large positive epistemic biases in contrast to the negative biases observed for both

the location µ̂ and scale σ̂ parameter estimates. In particular, it is noted that the increase

in the expected value is greatest for the correlation parameter estimate θ̂X inferred from

the global elastic modulus E∗g . This is because the global elastic modulus E∗g is an average

over a larger statistical region which results in a greater smoothing of the stiffness profile

E(x) thus inflating the measured correlation. Additionally, the meta-statistic Bias[.]

associated with the correlation parameter estimate θ̂ directly inferred from the base

stiffness profile E(x) indicates that the lag-1 estimator of the correlation length, given

by Equation 5.10, has a negative bias of approximately 1%. The small magnitude of this

underestimation suggests that the lag-1 estimator is a good estimator of the correlation

length θX provided the number of samples is sufficiently large. However, the negative

bias of this estimator implies that the inflation of correlation associated with inferences

from the effective properties is greater, by approximately a single percentage point, than

that suggested by the Bias[.] meta-statistic in Table 5.7.

It is observed that the aleatoric uncertainty associated with the correlation length es-

timate θ̂X inferred under the midpoint approximation from the effective elastic moduli,

E∗l and E∗g , is significantly higher than the base aleatoric uncertainty associated with

direct inference of the correlation length θX from the stiffness profile E(x). This is to be

expected since the estimator of the sample correlation function, given by Equation 2.69,

depends on estimates of both the location µ̂ and scale parameter σ̂ and, consequently, the

uncertainty associated with these parameter estimates is propagated into the estimate

of the correlation length θX . In addition, the MAPE meta-statistic shows that both the

aleatoric and epistemic uncertainties have a similar contribution to the total uncertainty

associated with the correlation length estimate θ̂X . It is concluded that the correlation

structure of the effective elastic moduli, E∗l and E∗g , is not necessarily representative of

the correlation structure of the stiffness profile E(x). Furthermore, it has been identified

that the correlation parameter θX inferred from the effective elastic moduli is system-

atically over-estimated; however, it should be noted that it is not possible to make a

general conclusion on whether this overestimation leads to under or over-design.
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Figure 5.17: Distribution of the correlation parameter estimate θ̂X inferred from the

local elastic moduli E∗l , global elastic moduli E∗g and the base stiffness profile E(x).

Table 5.7: Meta-statistics of the correlation parameter estimate θ̂X .

Test
Mean[θ̂X ] Std[θ̂X ] Bias[θ̂X ] MAPE[θ̂X ]

(m) (m) (%) (%)

E(x) 54.9 3.57 −0.4 5.2

E∗l 61.2 10.10 11.0 16.8

E∗g 84.5 12.15 53.4 53.4
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5.5.4 Discussion of results

The conclusions of the computer experiment conducted to quantify uncertainty are that

the estimation of random field parameters from the experimentally determined local E∗l
and global E∗g elastic moduli under the midpoint approximation results in minor nega-

tive epistemic bias in the location parameter estimate µ̂, moderate negative epistemic

bias in the scale parameter estimate σ̂ and large positive epistemic bias in the corre-

lation parameter estimate θ̂X . Furthermore, the aleatoric uncertainty associated with

the location µ̂ and scale σ̂ parameter estimates inferred from the effective properties has

been found to be only slightly increased in comparison to the base aleatoric uncertainty.

In contrast, the aleatoric uncertainty associated with the correlation length estimate θ̂X

inferred from the effective properties has been found to be significantly greater than the

base aleatoric uncertainty. Additionally, the sign of the epistemic bias in the parameter

estimates has been found to be consistent for both the local E∗l and global E∗g moduli of

elasticity and it is noted that the magnitude of all the meta-statistics is always greater

for the global elastic modulus E∗g in comparison to the local elastic modulus E∗l . As a

result of this, it is concluded that the utilisation of the midpoint approximation is less

appropriate for the global elastic modulus E∗g and more appropriate for the local elastic

modulus E∗l due to the central concentration of the local weighting function ωl(x).

It is important to recognise that the computer experiment detailed in this section, as

well as the associated uncertainty quantification, has been subject to a large number

of limitations including: the introduction aleatoric uncertainty into the quantification

of uncertainty through the use of Monte Carlo simulation; the effect of shear and in-

dentation on the global elastic modulus E∗g have been neglected; in order to reduce the

computational burden, the parameters of the underlying distribution have been assumed

based on estimates obtained under the midpoint approximation; only the lag-1 correla-

tion has been considered instead of the full autocorrelation structure; the random field

has been approximated with a discretised representation suitable for simulation; exper-

imental error has been neglected and has instead been attributed to the variability of

the random field. The result of these limitations is that the quantification of uncer-

tainty cannot be treated as exact, however, this does not discredit the general insights

yielded by the computer experiment into the uncertainty associated with the inference

of the random field parameters from experimentally determined effective properties. In

particular, it is noted that this approach is a significant advance on previous research
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that has been under the assumption that the effective elastic modulus of a beam is an

unweighed arithmetic mean (Bulleit and Chapman, 2004) which neither accounts for the

disproportionate contribution of zones of low stiffness to effective modulus of elasticity

nor the influence of spatial weighting associated with bending tests.

Additionally, it should be recognised that the poor fit of the lognormal distribution is

expected to have decreased the accuracy of the distributions of the parameter estimates

presented in this section, however, it should be noted that the use of the lognormal

distribution has no implications on the on the accuracy of the parameter estimates

reported in Section 5.4. Finally, it should be noted that the computer experiment has

only been run for one set of random field parameters (µ = 12.91 GPa, σ = 3.92 GPa,

θX = 55.1 cm); however, it is expected that the trends are expected to hold for different

parameter values with the magnitude of the trend increasing with the heterogeneity

of the beam i.e. as either the scale parameter σ increases or as the correlation ratio

θX/L decreases. Furthermore, the observation that the midpoint approximation is most

appropriate for the local effective property E∗l should be treated with caution since

the smaller epistemic error associated with the local effective property E∗l is still of a

significant magnitude. In conclusion, it has been identified that random field parameters

inferred under the midpoint approximation are subject to large epistemic biases and

likely underestimate the true variability of material properties.

5.6 Conclusion

This chapter has investigated the inference of the parameters of a random field from

experimentally determined effective properties with specific consideration of the effective

elastic moduli of timber. The key achievements of this chapter are summarised as:

• A literature review on the probabilistic modelling of timber has been conducted

with consideration of the risk associated with the mechanical properties of tim-

ber resulting from its sensitivities to environmental conditions and defects such as

knots. Furthermore, the experimentally determined differences between the local

and global effective elastic moduli have been discussed and an analytical explana-

tion for these differences has been developed based on an analysis of the local and

global weighting functions derived under Euler-Bernoulli beam theory.
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• A lognormal random field model has been fitted to the experimental four-point

dataset of Sousa et al. (2016) using method of moment estimators under the mid-

point approximation and the estimates for the location, scale and correlation pa-

rameters have been reported. In particular, there has been extensive consideration

of stationarity, regression of the sample correlation function and the selection of

the marginal distribution with insights into the choice between the lognormal and

Weibull distributions.

• A computer experiment has been performed to quantify the uncertainty associ-

ated with the parameter estimates of the random field model obtained under the

midpoint approximation. It is concluded that the location and scale parameters

are systematically underestimated whilst the correlation parameter is systemati-

cally overestimated. Moreover, it has been found that the location parameter is

associated with small aleatoric certainty, the scale parameter estimate is associ-

ated with moderate aleatoric uncertainty and the correlation parameter estimate

is associated with large aleatoric uncertainty.

In conclusion, random fields are an attractive probabilistic model for the spatial variation

of material properties, however, additional research is required to further develop and

verify methodologies to accurately infer their parameters from experimentally determined

material properties.
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Chapter 6

Conclusion

This thesis has considered the application of random fields to model the effective property

of materials with spatially stochastic mechanical properties. This is important since the

suitability of random field models to model material heterogeneity has implications on

the accuracy of the quantification of structural reliability obtained through the stochas-

tic finite element method. There has been extensive investigation of the relationship

between the effective elastic modulus of a simply supported timber beam and the log-

normal stiffness profile. The main research topic that has been investigated within this

thesis is the extent to which the effective property is sensitive to minima of the ran-

dom field of elastic modulus and determination of the influence of spatial weighting. It

is noted that the investigation of this research topic has led to the development of an

analytical approach to determine the moments of displacement of an Euler-Bernoulli

beam and a quasi-analytical approach to determine the moments of the effective elastic

modulus. In the one-dimensional case, the accuracy of these quasi-analytical moments

has been evaluated against a stochastic finite element model and, in the two-dimensional

case, an acceptance-rejection perturbation algorithm has been developed to optimise a

weighted mean meta-model to the results of a stochastic finite element model in order

to approximate the higher-dimensional effective modulus of elasticity. Furthermore, a

computer experiment has been conducted to quantify the uncertainty associated with

the random field parameter estimates inferred from experimentally determined effective

properties. Finally, it is suggested that the identification of large epistemic uncertainty

in the parameter estimates motivates the development of improved inferential method-

ologies.

195



6.1 General conclusions

The objective of this section is to present the general conclusions of this thesis with

respect to three key criteria namely the analytical, numerical and inferential insights

into the effective properties of randomly heterogeneous beams. These insights lay the

foundation for the development of an increasingly sophisticated theory of heterogeneous

beams and, in order to alleviate some of the methodological limitations associated with

these insights, recommendations are made in Section 6.2 for further research.

Analytical insights

This thesis has considered the development of a theory to describe the relationship

between the effective properties of a material and the underlying random field that

models the continuous variation of material properties. The approach adopted in the

one-dimensional case was to analytically derive this relationship and it has been shown,

in the first half of Chapter 3, that the effective elastic modulus of an Euler-Bernoulli

beam can be formulated as a weighted harmonic mean. The weighting function of this

harmonic mean has been derived for a number of important loading conditions of a

simply supported beam including 3-point, 4-point and uniformly distributed loading.

Furthermore, expressions are also presented in Chapter 5 for the weighting functions of

the local and global moduli of elasticity determined in compliance with BS EN 408:2010.

Additionally, it has been shown in the second half of Chapter 3 that the weighted mean

formulation of the effective elastic modulus facilitates the derivation of analytical ex-

pressions for the first two moments of deflection and quasi-analytical expressions for

the first two moments of the effective elastic modulus of an Euler-Bernoulli beam with

a lognormally distributed stiffness profile. Finally, analytical contributions have been

achieved in Chapter 2 to the general theory of random fields including the derivation of

the constant of the power correlation function as well as the periodic definition of the

discretised spectral density function.

Numerical insights

It has been observed in Chapter 4 that, in the multidimensional case, the relationship

between the effective property and the random field of the material property is not an-

alytical and, consequently, this necessitates the use of numerical methods. One of the
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numerical techniques considered within this thesis is the stochastic finite element method,

however, the disadvantage of this approach is that it may be prohibitively computation-

ally expensive for large models especially when implemented using Monte Carlo methods.

In Chapter 4, a generalised mean meta-model has been introduced for the effective prop-

erties of randomly heterogeneous materials that, when optimised on a small number of

finite element solves, offers a computationally efficient surrogate to accurately predict

the effective elastic modulus of heterogeneous materials. An additional benefit of this

meta-model is that it provides insights into research questions concerning the sensitivity

of the effective elastic modulus to both spatial weighting and minima of the stiffness field

and it noted that these insights could not have been obtained through the stochastic fi-

nite element method due to its opaque black-box nature. Furthermore, in the second half

of Chapter 3, a one-dimensional stochastic finite element model has been used to show,

for low coefficients of variation of the stiffness profile, that the quasi-analytical theory of

heterogeneous beams closely approximates the numerically determined moments of the

effective elastic modulus. Finally, Chapter 2 contained an evaluation of the numerical ef-

ficiency of three different simulation methods with conclusions on which method is most

efficient, as well as containing useful observations on the efficient numerical computation

of the likelihood of samples from a multivariate Gaussian distribution.

Inferential insights

Inferential insights have been provided throughout this thesis on the suitability of random

fields to model material heterogeneity including a discussion on a range of topics such

as the mesoscale continuum approximation and the choice of marginal distribution with

specific attention given to the material properties of timber. In Chapter 2, frequentist

estimation using either method of moments or maximum likelihood estimation has been

considered including adaptation of these estimators to the case of multiple realisations.

In particular, this thesis has extensively considered the discrepancy between the fact that

traditional inferential methodologies assume point samples of the random field and the

reality that effective material properties are experimentally determined over a non-zero

sample volume. It has been identified that this discrepancy is typically resolved through

the use of the midpoint approximation and, based on the computer experiment detailed

in Chapter 5, it has been demonstrated that this approximation is a source of significant

epistemic bias. Specifically, it has been shown that typically the location parameter of

the random field model is slightly underestimated, that the scale parameter is moderately
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underestimated and that the correlation parameter is greatly overestimated. This implies

that caution should be exercised with regards to parameter values inferred under these

methodologies since it will lead to the material being modelled as more homogeneous than

it truly is. It is recommended that a future research topic of considerable importance is

the development of inferential methodologies that avoid the epistemic error associated

with the midpoint approximation as well as quantifying aleatoric uncertainty.

6.2 Recommendations for further research

This section contains recommendations for research to the further develop the theory of

the effective properties of heterogeneous beams and overcome the methodological limita-

tions identified within this thesis. In particular, two key areas of research are prioritised

for further development and recommended as subjects of future research. The first key

area is the development of improved analytical expressions for the relationship between

the effective properties of a material and the underlying random field model and the sec-

ond key area is the development of improved inferential methodologies for the estimation

of random field parameters from experimentally determined effective properties.

Improved analytical expressions

The motivation for the development of improved analytical expressions is that an analyt-

ical theory of heterogeneous beams is less computationally expensive, more accurate and

offers greater insight in comparison to numerical methods. In Chapter 3, a procedure

has been outlined for the derivation of weighting functions through the manipulation of

the Euler-Bernoulli beam equation. However, it should be noted that the limitation of

this approach is that the derivation must be repeated for each boundary and loading

condition of interest. In order to further develop the theory of heterogeneous beams, it

is desirable that a general expression is derived for the weighting function of an Euler-

Bernoulli beam under arbitrary loading and boundary conditions in terms of an integral

of the bending moment. In addition, it is noted that Chapter 3 contains useful expres-

sions for the first two moments of displacement of an Euler-Bernoulli beam in terms

of the weighting functions and a scale factor. It is suggested that this result could be

further strengthened by deriving an expression, in terms of the weighting functions, for

the nth moment of displacement of an Euler-Bernoulli beam with arbitrary boundary
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conditions. Finally, in Chapter 4, a generalised weighted mean meta-model has been

developed for the effective properties of randomly heterogeneous materials. However, it

has been identified that a key limitation of this meta-model is that it fails to account

for the interconnectedness of the underlying random field and it is recommend that the

generalised weighted mean meta-model can be improved through the introduction of

a factor that accounts for interconnectedness in accordance with Percolation theory as

discussed at the end of Chapter 4.

Improved inferential methodologies

It has been shown in Chapter 5 that the traditional approach to estimate the parameters

of a random field from experimentally determined effective properties through the use

of method of moment estimators under the midpoint approximation results in signifi-

cant epistemic bias. It is recommended that future research focus on the development

of improved inferential methodologies that avoid the use of the midpoint approxima-

tion and account for inferential uncertainty under a Bayesian framework. In particular,

it is suggested that the inferential methodology employ the technique of approximate

Bayesian computation in order to avoid issues relating to the intractability of the like-

lihood function associated with experimentally determined material properties such as

the effective modulus of elasticity. In particular, it is suggested that the proposed infer-

ential methodology sample parameter values from the joint prior distribution, simulate

realisations of the random field, determine the associated effective properties through

a forward simulator and, finally, obtain samples from the posterior distribution based

on an acceptance criteria which compares summary statistics of the simulated effective

properties to summary statistics of the experimentally determined effective properties.

The major advantage of this proposed Bayesian inferential methodology is that it would

facilitate the scale-dependent reliability analysis of heterogeneous structures through the

posterior predictive so that the quantification of risk accounts for inferential uncertainty.
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Appendix A

Calculations for Chapter 2

A.1 Constant of the power correlation function

The power correlation function is given by:

ρP (s) = exp

(
−C

(
|s|
θ

)λ)
if C, λ, θ > 0 (A.1)

It is of interest to derive an expression for the constant C. If the correlation length θ is

to satisfy the definition provided by Vanmarcke (1988) then the following requirement

must be met:

2

∫ ∞
0

ρP (s) ds = θ (A.2)

2

∫ ∞
0

exp

(
−C

(
|s|
θ

)λ)
ds = θ (A.3)

The following identity relating the integral of the exponential function to the Gamma

function Γ(.) is used to evaluate this integral:

∫ ∞
0

tue−t dt = Γ(1 + u) (A.4)

Making use of the following substitutions:
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t = C
(s
θ

)λ
(A.5)

u = θ
( x
C

)λ−1

(A.6)

ds =
θ

λCλ−1 t
λ−1−1 (A.7)

The integral of the exponential function is then given by:

∫ ∞
0

exp

(
−C

(
|s|
θ

)λ)
ds = C−λ

−1
θΓ(1 + λ−1) (A.8)

Substituting this result into Equation A.3 and manipulating yields the desired expression

for the constant C:

2C−λ
−1
θΓ(1 + λ−1) = θ (A.9)

C−λ
−1

=
1

2Γ(1 + λ−1)
(A.10)

C =

(
1

2Γ (1 + λ−1)

)−λ
(A.11)

A.2 Spectral representations for FFT

This section contains the derivation of the computational forms, suitable for the fast

Fourier transform (FFT) algorithm, of the 1D and 2D spectral representations of a

random field. It is noted that these manipulations are based on Euler’s formula:

eix = cosx+ i sinx (A.12)

Re
{
eix
}

= cosx (A.13)

where Re{.} is the real part operator.

The manipulation of a random process Z(x) with the random phase angle representation

into a form suitable for the FFT algorithm is given by:
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Z(xj) =

M−1∑
m=0

Cm cos(fmxj + φm) (A.14)

= Re

{
M−1∑
m=0

Cme
ifmxj

}
(A.15)

The manipulation of a random process Z(x) with the random amplitude representation

into a form suitable for the FFT algorithm is given by:

Z(xj) =
M−1∑
m=0

(Am cos(fmxj) +Bm sin(fmxj)) (A.16)

= Re

{
M−1∑
m=0

(Am − iBm)(cos(fmxj) + i sin(fmxj)

}
(A.17)

= Re

{
M−1∑
m=0

(Am − iBm)eifmxj

}
(A.18)

The manipulation of a random field Z(x, y) with the random amplitude representation

into a form suitable for the FFT algorithm is given by:

Z(xj , yk) =
N−1∑
n=0

M−1∑
m=0

(Am,n cos(fmxj + fnyk) +Bm,n cos(fmxj + fnyk)) (A.19)

= Re

{
N−1∑
n=0

M−1∑
m=0

(Am,n − iBm,n)ei(fmxj+fnyk)

}
(A.20)

= Re

{
N−1∑
n=0

M−1∑
m=0

(Am,n − iBm,n)eifmxjeifnyk

}
(A.21)

= Re

{
N−1∑
n=0

eifnyk
M−1∑
m=0

(Am,n − iBm,n)eifmxj

}
(A.22)

A.3 Statistical properties of CMD

The covariance matrix decomposition (CMD) method decomposes the random vector Z

according to Z = µ+ σψξ. The expected value of Z can be shown to be given by µ as

follows:
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E [Z] = E [µ+ σψξ] (A.23)

= E [µ] + E [σψξ] (A.24)

= E [µ] + σψE [ξ] (A.25)

= µ (A.26)

The covariance of Z can be shown to be given by Σ as follows:

E[(Z − µ)(ZT − µ)]] = E[(σψξ)(σψξ)T ] (A.27)

= E[σ2ψξξᵀψᵀ] (A.28)

= σ2ψE[ξξᵀ]ψ (A.29)

Noting that since ψ is a column vector of independent mean-zero unit variance normal

random variables then E[ξξᵀ] = I where I is the identity matrix and thus:

E[(Z − µ)(ZT − µ)]] = σ2ψIψᵀ (A.30)

= σ2ρ (A.31)

= Σ (A.32)
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Appendix B

Calculations for Chapter 3

B.1 Interchange of the order of integration

An interchange in the order of integration is useful to reduce multiple integrals into a

simpler integral. The displacement of a simply supported beam is given by the following

double integral:

U(x) =
1

I

∫ x=u

0=u

∫ u=v

0=v

M(v)

E(v)
dv du− x

LI

∫ L=u

0=u

∫ u=v

0=v

M(v)

E(v)
dv du (B.1)

Figure B.1 illustrates the domains of integration for the first term of Equation B.1. The

domains of integration of the second term are identical except that the upper limits are

given by u = L and v = L instead of u = x and v = x respectively.

Through the use of Fubini’s theorem, the order of integration can be changed in the

iterated integral such that:

U(x) =
1

I

∫ x=v

0=v

∫ x=u

v=u

M(v)

E(v)
dudv − x

LI

∫ L=v

0=v

∫ L=u

v=u

M(v)

E(v)
dudv (B.2)

Figure B.2 illustrates the exchanged domains of integration for the first-term of Equation

B.2. Similarly, the domains of integration of the second term are identical except that

the upper limits are given by u = L and v = L instead of u = x and v = x respectively.
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v = 0 v = x
u = 0

u = x

v = u

v

u

Figure B.1: Domain of integration for the first-term of Equation B.1.

v = 0 v = x
u = 0

u = x

u = v

v

u

Figure B.2: Domain of integration for the first-term of Equation B.2.

The double integral is then reduced to a single integral through the following evaluation

of the inner integral of both the first and second term:

U(x) =
1

I

∫ x

0

M(v)

E(v)

∫ x

v
dudv − x

LI

∫ L

0

M(v)

E(v)

∫ L

v
dudv (B.3)

=
1

I

∫ x

0

M(v)(x− v)

E(v)
dv − x

LI

∫ L

0

M(v)(L− v)

E(v)
dv (B.4)

B.2 Equation of deflection for three-point loading

Substituting the 3-point bending momentM3(v) given by Equation 3.11 into the equation

for the displacement of a simply supported beam given by Equation 3.10 and assuming
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the location of displacement x is in the second half of the beam L/2 ≤ x ≤ L gives:

U(x) =
P

2I

(∫ L/2

0
−v(x− v)

E(v)
dv +

∫ x

L/2
−(L− v)(x− v)

E(v)
dv

− x

L

[∫ L/2

0
−v(L− v)

E(v)
dv +

∫ L

L/2
−(L− v)2

E(v)
dv

]) (B.5)

Expanding the brackets gives:

U(x) =
P

2I

(∫ L/2

0
−v(x− v)

E(v)
dv +

∫ x

L/2
−(L− v)(x− v)

E(v)
dv

+

∫ L/2

0

xv(L− v)

LE(v)
dv +

∫ L

L/2

x(L− v)2

LE(v)
dv

) (B.6)

Splitting the domain of integration of the fourth term in agreement with the domains of

integration of the second term and ensuring all terms have a common denominator of

LE(v) gives:

U(x) =
P

2LI

(∫ L/2

0
− Lv(x− v)

LE(v)
dv −

∫ x

L/2

L(L− v)(x− v)

LE(v)
dv +

∫ L/2

0

xv(L− v)

LE(v)
dv

+

∫ x

L/2

x(L− v)2

LE(v)
dv +

∫ L

x

x(L− v)2

LE(v)
dv

)
(B.7)

Noting that xv(L − v) − Lv(x − v) = v2(L − x) and x(L − v)2 − L(L − v)(x − v) =

v(L−v)(L−x) and combining terms with the same domains of integration in the second

half of the beam L/2 ≤ x ≤ L gives the desired expression for displacement U(x):

U(x) =
P

2LI

(∫ L/2

0

v2(L− x)

E(v)
dv +

∫ x

L/2

v(L− v)(L− x)

E(v)
dv +

∫ L

x

x(L− v)2

E(v)
dv

)
(B.8)
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B.3 Weighting function for uniformly distributed loading

Substitution the equation for the bending moment resulting from uniformly distributed

loading of magnitude ψ, given by Equation 3.22, into the equation for the deflection of

a simply supported beam, given by Equation 3.10, gives:

U(x) =
1

I

∫ x

0

ψv(L− v)(x− v)

2E(v)
dv − x

LI

∫ L

0

ψv(L− v)2

2E(v)
dv (B.9)

Spitting the domain of integration of the second term in agreement with the domain of

integration of the first term and factoring out ψ/I gives:

U(x) =
ψ

I

[∫ x

0

v(L− v)(x− v)

2E(v)
dv − x

L

∫ x

0

v(L− v)2

2E(v)
dv − x

L

∫ L

x

v(L− v)2

2E(v)
dv

]

(B.10)

=
ψ

I

[∫ x

0

vL(L− v)(x− v)

2LE(v)
dv −

∫ x

0

xv(L− v)2

2LE(v)
dv −

∫ L

x

xv(L− v)2

2LE(v)
dv

]
(B.11)

Noting that vL(L− v)(x− v)− xv(L− v)2 = −v2(L− v)(L− x) and combining terms

with the same domains of integration gives:

U(x) =
ψ

I

[
−
∫ x

0

v2(L− v)(L− x)

2LE(v)
dv − x

L

∫ L

x

v(L− v)2

2E(v)
dv

]
(B.12)

Under the assumption that the beam is homogeneous with constant modulus of elasticity

E∗0(x), the displacement U(x) is given by:

U(x) =
ψx(L3 − 2Lx2 + x3)

24E∗0(x)I
(B.13)

An equation for the effective property E∗0(x) is obtained in terms of displacement U(x)

by changing the subject of the equation:
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E∗0(x) =
ψx(L3 − 2Lx2 + x3)

24U(x)I
(B.14)

Substituting the equation for deflection U(x) into this equation gives:

E∗0(x) =
x
(
L3 − 2Lx2 + x3

)
24

[∫ x

0

v2(L− v)(L− x)

2LE(v)
dv −

∫ L

x

xv(L− v)2

2LE(v)
dv

] (B.15)

The effective property E∗0(x) for a simply supported beam under uniformly distributed

loading is then expressed as a weighted harmonic mean:

E∗0(x) =

(∫ L

0
ω0(v|x) · E(v)−1 dv

)−1

(B.16)

where the weighting function ω0(v|x) is given by:

ω0(v|x) =


12(L− v)v2

Lx(L2 + Lx− x2)
if 0 ≤ x ≤ v

12(L− v)2v

L(L− x)(L2 + Lx− x2)
if v ≤ x ≤ L

(B.17)

B.4 Weighting function for four-point loading

An expression for midspan deflection U of a simply supported beam is obtained by

substituting x = L/2 into Equation 3.10:

U(L/2) =
1

I

∫ L/2

0

M(v)(L/2− v)

E(v)
dv − 1

2I

∫ L

0

M(v)(L− v)

E(v)
dv (B.18)

Substituting the expression for the bending momentM4(v), given by Equation 3.26, into

the expression for the midspan displacement, given by Equation B.18, gives:

U4 =
P

I

[
−
∫ L/3

0

2v(L/2− v)

4E(v)
dv −

∫ L/2

L/3

2L(L/2− v)

12E(v)
dv

+

∫ L/3

0

v(L− v)

4E(v)
dv +

∫ 2L/3

L/3

L(L− v)

12E(v)
dv +

∫ L

2L/3

(L− v)2

4E(v)
dv

] (B.19)
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Combining terms with similar domains of integration and simplifying gives:

U4 =
P

I

[ ∫ L/3

0

v2

4E(v)
dv +

∫ L/2

L/3

Lv

12E(v)
dv

+

∫ 2L/3

L/2

L(L− v)

12E(v)
dv +

∫ L

2L/3

(L− v)2

4E(v)
dv

] (B.20)

Under the assumption that the beam is homogeneous with constant modulus of elasticity

E∗4 , the midspan displacement is given by:

U4 =
23L3P

648IE∗4
(B.21)

An equation for the effective property E∗4 is obtained in terms of midspan displacement

U4 by changing the subject of Equation B.21:

E∗4 =
23L3P

648IU4
(B.22)

Substituting the equation for displacement given by Equation B.20 into the expression

for the effective property given by Equation B.22 yields:

E∗4 =
23L3

648

(∫ L/3

0

v2

4E(v)
dv +

∫ L/2

L/3

Lv

12E(v)
dv +

∫ 2L/3

L/2

L(L− v)

12E(v)
dv +

∫ L

2L/3

(L− v)2

4E(v)
dv

)
(B.23)

The effective elastic modulus E∗4 for four-point bending is then expressed as a weighted

harmonic mean:

E∗4 =

(∫ L

0
ω4(v) · E(v)−1 dv

)−1

(B.24)

where the weighting function ω4(v) is given by:
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ω4(v) =



324v2

23L3
if 0 ≤ v ≤ L

3
108v

23L2
if
L

3
≤ v ≤ L

2
108(L− v)

23L2
if
L

2
≤ v ≤ 2L

3
324(L− v)2

23L3
if

2L

3
≤ v ≤ L

(B.25)

B.5 Moments of the reciprocal of a lognormal random vari-

able

Let X be lognormally distributed random variable X ∼ lnN (µN , σ
2
N) with expected

value given by µ = E[X] and variance given by σ2 = Var[X]. The mean µN and variance

σ2
N of the underlying normal distribution are given by:

µN = ln

 µ√
1 + σ2

µ2

 (B.26)

σ2
N = ln

(
1 +

σ2

µ2

)
(B.27)

Let Y be lognormally distributed given by the reciprocal of X:

Y =
1

X
∼ lnN (−µN , σ2

N) (B.28)

with expected value given by:

µY = E[Y ] = exp

(
−µN +

σ2
N

2

)
(B.29)

and variance given by:

σ2
Y = Var[Y ] =

(
exp(σ2

N)− 1
)

exp(−2µN + σ2
N) (B.30)
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An expression for the expected value of the reciprocal random variable Y can be obtained

in terms of µ and σ by substituting Equations B.26 and B.27 into Equation B.29:

µY = exp

− ln

 µ√
1 + σ2

µ2

+
ln
(

1 + σ2

µ2

)
2

 (B.31)

= exp

ln


√

1 + σ2

µ2

µ

+ ln

(√
1 +

σ2

µ2

) (B.32)

= exp

(
ln

(
1 + σ2

µ2

µ

))
(B.33)

=
µ2 + σ2

µ3
(B.34)

Similarly, an equation for the variance of the reciprocal random variable Y can be ob-

tained by substituting Equations B.26 and B.27 into Equation B.30:

σ2
Y =

[
exp

(
ln

(
1 +

σ2

µ2

))
− 1

]
exp

−2 ln

 µ√
1 + σ2

µ2

+ ln

(
1 +

σ2

µ2

) (B.35)

=
σ2

µ2
exp

(
ln

(
1 + σ2

µ2

µ2

)
+ ln

(
1 +

σ2

µ2

))
(B.36)

=
σ2

µ2
exp

(
ln

(
1 + 2σ

2

µ2
+ σ4

µ4

µ2

))
(B.37)

=
σ2

µ2

(
µ4 + 2σ2µ2 + σ4

µ6

)
(B.38)

=
σ2
(
µ2 + σ2

)2
µ8

(B.39)
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Appendix C

Calculations for Chapter 5

C.1 Weighting function for the global modulus of elasticity

Figure C.1 illustrates the experimental setup for the determination of local and global

effective properties according to BS EN 408:2010. The calculation of the global effective

property E∗g is based solely on midspan displacement U(xc) whilst the local effective

property E∗l is calculated based on the local midspan displacement Ul which is given by

the magnitude of midspan displacement U(xc) relative to the displacements either side

of the displacement gauge namely U(xl) and U(xr).

P/2 P/2

a L− 2a a

U(xc)U(xl) U(xr)

x, v

xl = (10a+ L)/12

xc = L/2

xr = (11L− 10a)/12

Figure C.1: Locations of displacement for the calculation of the local E∗l and global E∗g

effective elastic moduli.

The internal bending moment for four-point loading as shown in Figure C.1 is given by:
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M4(v) =


−Pv

2
if 0 ≤ v ≤ a

−Pa
2

if a ≤ v ≤ L− a

−P (L− v)

2
if L− a ≤ v ≤ L

(C.1)

Substituting the 4-point bending momentM4(v) given by Equation C.1 into the equation

for the displacement of a simply supported beam given by Equation 3.10 and taking the

location of displacement to be in the middle sector of the beam a ≤ x ≤ L− a gives:

U4(x) =
1

I

[
−
∫ a

0

Pv(x− v)

2E(v)
dv −

∫ x

a

Pa(x− v)

2E(v)
dv

+
x

L

(∫ a

0

Pv(L− v)

2E(v)
dv +

∫ L−a

a

Pa(L− v)

2E(v)
dv +

∫ L

L−a

P (L− v)2

2E(v)
dv

)]
(C.2)

Expanding the bracket, factoring out P and making the denominators of all the terms

equal to 2LE(v) gives:

U4(x) =
P

I

[
−
∫ a

0

vL(x− v)

2LE(v)
dv −

∫ x

a

aL(x− v)

2LE(v)
dv +

∫ a

0

xv(L− v)

2LE(v)
dv

+

∫ L−a

a

ax(L− v)

2LE(v)
dv +

∫ L

L−a

x(L− v)2

2LE(v)
dv

] (C.3)

Noting that xv(L − v) − vL(x − v) = v2(L − x) and combing the first and third term

which have the same domains of integration yields:

U4(x) =
P

I

[∫ a

0

v2(L− x)

2LE(v)
dv +

∫ x

a

av(L− x)

2LE(v)
dv

+

∫ L−a

x

ax(L− v)

2LE(v)
dv +

∫ L

L−a

x(L− v)2

2LE(v)
dv

] (C.4)

An expression for midspan displacement U4(xc) is obtained by substituting x = xc = L/2

into Equation C.4 as follows:
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U4(xc) =
P

I

[∫ a

0

v2

4E(v)
dv +

∫ L/2

a

av

4E(v)
dv

+

∫ L−a

L/2

a(L− v)

4E(v)
dv +

∫ L

L−a

(L− v)2

4E(v)
dv

] (C.5)

In the case of a homogeneous beam with constant modulus of elasticity E∗g then midspan

displacement is given by:

U4(xc) =
Pa(3L2 − 4a2)

48E∗gI
(C.6)

An expression for the global effective property E∗g is obtained by rearranging the subject

of the equation:

E∗g =
Pa(3L2 − 4a2)

48U4(xc)I
(C.7)

Substituting the expression for midspan displacement U4(xc) given by Equation C.5 into

the expression for the effective property E∗g given by C.7 gives:

E∗g =
a(3L2 − 4a2)

48

(∫ a

0

v2

4E(v)
dv +

∫ L/2

a

av

4E(v)
dv +

∫ L−a

L/2

a(L− v)

4E(v)
dv +

∫ L

L−a

(L− v)2

4E(v)
dv

)
(C.8)

The global effective property E∗g is then expressed as a weighted harmonic mean:

E∗g =

(∫ L

0
ωg(v) · E(v)−1 dv

)−1

(C.9)

where the global weighting function ωg(v) is given by:
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ωg(v) =



12v2

a(3L2 − 4a2)
if 0 ≤ v ≤ a

12v)

3L2 − 4a2
if a ≤ v ≤ L/2

12(L− v)

3L2 − 4a2
if L/2 ≤ v ≤ L− a

12(L− v)2

a(3L2 − 4a2)
if L− a ≤ v ≤ L

(C.10)

C.2 Weighting function for the local modulus of elasticity

This appendix contains a derivation of an expression for the weighting function ωl(v)

of the local modulus of elasticity continuing the analysis from Appendix C.1. The first

step is to consider expressions for the displacement at the left U(xl) and right U(xr)

of the strain gauge. An expression for the displacement U(xl) at the left-side of the

displacement gauge is obtained by evaluating Equation C.4 at x = xl = (10a + L)/12

giving:

U(xl) =
P

I

[∫ a

0

23v2

72E(v)
dv +

∫ xl

a

23vL

216E(v)
dv

+

∫ 2L/3

xl

13L(L− v)

216E(v)
dv +

∫ L

2L/3

13(L− v)2

72E(v)
dv

] (C.11)

An expression for the displacement U(xr) at the right-side of the displacement gauge is

obtained by evaluating Equation C.4 at x = xr = (11L− 10a)/12 giving:

U(xr) =
P

I

[∫ a

0

13v2

72E(v)
dv +

∫ xr

a

13vL

216E(v)
dv

+

∫ L−a

xr

23L(L− v)

216E(v)
dv +

∫ L

L−a

23(L− v)2

72E(v)
dv

] (C.12)

The local displacement Ul is given by BS EN 408:2010 as follows:

Ul = U(xc)−
(
U(xl) + U(xr)

2

)
(C.13)
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Substituting the expressions for midspan displacement U(xc) given by Equation C.5,

displacement at the left-side of the strain gauge U(xl) given by Equation C.11 and

displacement at the right-side of the strain gauge U(xr) given by Equation C.12 into the

expression for local displacement Ul gives:

Ul =
P

I

[∫ a

0

v2

4E(v)
dv +

∫ L/2

a

av

4E(v)
dv +

∫ L−a

L/2

a(L− v)

4E(v)
dv +

∫ L

L−a

(L− v)2

4E(v)
dv

−
∫ a

0

23v2

144E(v)
dv −

∫ xl

a

23vL

432E(v)
dv −

∫ 2L/3

xl

13L(L− v)

432E(v)
dv −

∫ L

2L/3

13(L− v)2

144E(v)
dv

−
∫ a

0

13v2

144E(v)
dv −

∫ xr

a

13vL

432E(v)
dv −

∫ L−a

xr

23L(L− v)

432E(v)
dv −

∫ L

L−a

23(L− v)2

144E(v)
dv

]
(C.14)

In order that there is no overlap between the domains of integration of different terms,

the integrals are split in compliance with the six domains of integration shown in Figure

C.2.

v

0 a xl L/2 xr L− a L

1 2 3 4 5 6

Figure C.2: Six domains of integration associated with Equation C.14.

It is noted that the terms associated with integrals over domains 1, 2, 5 and 6 cancel with

the remaining terms corresponding to integrals over domains 3 and 4. Consequently, the

equation of local displacement Ul given by Equation C.14 simplifies to give:

Ul =
P

I

[∫ L/2

xl

a(12v − 10a− L)

48E(v)
dv +

∫ xr

L/2

a(11L− 10a− 12v)

48E(v)
dv

]
(C.15)

Under the assumption that the beam is homogeneous with constant modulus of elasticity

E∗l then local displacement Ul is given by:

Ul =
25Pa(L− 2a)2

576E∗l I
(C.16)

An expression for the effective property E∗l is given by the following change of subject:
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E∗l =
25Pa(L− 2a)2

576Ul I
(C.17)

Substituting the expression for displacement Ul given by Equation C.15 into the expres-

sion for the effective property E∗l gives (noting that a, P and I cancel):

E∗l =
25(L− 2a)2

12

[∫ L/2

xl

12v − 10a− L
E(v)

dv +

∫ xr

L/2

11L− 10a− 12v

E(v)
dv

] (C.18)

The effective property E∗l is then expressed as a weighted harmonic mean:

E∗l =

(∫ L

0
ωl(v) · E(v)−1 dv

)−1

(C.19)

where the weighting function ωl(v) is given by:

ωl(v) =



0 if 0 ≤ v ≤ xl
12(12v − 10a− L)

25(L− 2a)2
if xl ≤ v ≤ L/2

12(11L− 10a− 12v)

25(L− 2a)2
if L/2 ≤ v ≤ xr

0 if xr ≤ v ≤ L

(C.20)
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