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Abstract

In this thesis we investigate the properties of various Banach function algebras
and uniform algebras. We are particularly interested in regularity of Banach
function algebras and extensions of uniform algebras.

The first chapter contains the background in normed algebras, Banach function
algebras, and uniform algebras which will be required throughout the thesis.

In the second chapter we investigate the classicalisation of certain compact
subsets of the complex plane obtained by deleting a sequence of open disks from a
closed disk. Sets obtained in this manner are called Swiss cheese sets. We give a
new topological proof of the Feinstein—Heath classicalisation theorem along with
similar results. We conclude the chapter with an application of the classicalisation
results. The results in this chapter are joint with H. Yang.

In the third chapter we study Banach function algebras of functions satisfying
a generalised notion of differentiability. These algebras were first investigated by
Bland and Feinstein as a way to describe the completion of certain normed algebras
of complex-differentiable functions. We prove a new version of chain rule in this
setting, generalising a result of Chaobankoh, and use this chain rule to give a new
proof of the quotient rule. We also investigate naturality and homomorphisms
between these algebras.

In the fourth chapter we continue the study of the notion of differentiability from
the third chapter. We investigate a new notion of quasianalyticity in this setting
and prove an analogue of the classical Denjoy-Carleman theorem. We describe
those functions which satisfy a notion of analyticity, and give an application of
these results.

In the fifth chapter we investigate various methods for constructing extensions
of uniform algebras. We study the structure of Cole extensions, introduced by Cole
and later investigated by Dawson, relative to certain projections. We also discuss
a larger class of extensions, which we call generalised Cole extensions, originally

introduced by Cole and Feinstein.

ii



iii

In the final chapter we investigate extensions of derivations from uniform
algebras. We prove that there exists a non-trivial uniform algebra such that every
derivation extends with the same norm to every generalised Cole extension of that
algebra. A non-trivial, weakly amenable uniform algebra satisfies this property.

We also investigate a sequence of extensions of a derivation from the disk algebra.



Acknowledgements

I would like to thank my supervisor, Dr. Joel Feinstein, for his guidance, encour-
agement, and many helpful discussions during the writing of this thesis.

I would like to thank the Engineering and Physical Sciences Research Council
for providing financial support.

[ would like to thank my parents for their encouragement and guidance. Without
their support, none of this would have been possible.

I would like to thank the organisers of the various conferences, workshops, and
meetings [ have attended. These have been thoroughly enjoyable.

Finally, I would like to thank my friends from the School of Mathematical

Sciences and beyond.

v



Contents

Abstract

Acknowledgements

Contents

1 Introduction and basic results

2

3

1.1
1.2
1.3
1.4
1.5
1.6

Outline and major results . . . . . . ..
Notation and background . . . . . . ..
Tensor products . . . . . ... ... ...
Banach algebras . . . . .. . ... ...
Banach function algebras . . . . . . . ..

Uniform algebras . . . . ... ... ...

Abstract Swiss cheeses

2.1
2.2
2.3
24
2.5
2.6
2.7

Abstract Swiss cheese space . . . . . ..
Classicalisation of abstract Swiss cheeses
Controlled classicalisation . . . . .. ..
Annular classicalisation . . . . . . .. ..
Regularity for R(X) . . ... ... ...
Classicalisation of an example of O’Farrell

Open problems and discussion . . . . . .

Algebras of differentiable functions

3.1
3.2
3.3
3.4
3.5
3.6

Paths in the plane . . . . . ... .. ..
Algebras of differentiable functions . . .
Bland—Feinstein algebras . . . . . . . ..
Composition of F-differentiable functions
Bland-Feinstein algebra homomorphisms

Naturality of Bland—Feinstein algebras .

ii

iv

18
19
24
25

28
30
35
42
49
o4
56
61

62
64
68
70
81
84
89



Contents vi

3.7 Open problems and discussion . . . . . . .. ... ... ... .. 97
4 Quasianalyticity and F-quasianalyticity 99
4.1 Quasianalytic Banach function algebras . . . . . . ... ... .. 100
4.2 F-quasianalyticity . . . .. .. ... oo 101
4.3  F-analyticity . . . . ..o o 112
4.4  Sets of quasianalyticity . . . . . . . ..o 118
4.5 Trivial Jensen measures without regularity . . . . . .. . . . .. 123
4.6 Open problems and discussion . . . . . . .. ... ... ... .. 129
5 Extensions of uniform algebras 131
5.1 Direct limits and inverse limits . . . . . . . . .. ... ... ... 132
5.2 Some results for Banach algebras . . . . . ... ... ... ... 135
5.3 Systems of Cole extensions . . . . . . . . .. ... ... ..... 140
5.4 The Shilov boundary for Cole extensions . . . . .. .. ... .. 144
5.5 Properties of Simple Cole extensions . . . . . .. ... .. ... 146
5.6 Generalised Cole extensions . . . . . . . .. ... ... ... .. 151
5.7 Open problems and discussion . . . . . . .. .. .. .. ... .. 158
6 Extensions of derivations 160
6.1 Extensions of derivations . . . . . . ... ... ... ... ... 161
6.2 An interesting dichotomy . . . . . . . ... ... 167
6.3 An example: the disk algebra . . . . ... ... ... 171
6.4 Open problems and discussion . . . . . . .. ... ... ..... 175
A Operator spaces and operator algebras 177
Al Cr-algebras . . . . . . . 177
A.2 Operator spaces and operator algebras . . . . . ... ... ... 178
Bibliography 181
Index of Symbols 189

Index 191



Mathematics may be defined as the subject in which we never know

what we are talking about, nor whether what we are saying is true.
Bertrand Russell Mysticism and Logic (1918)



CHAPTER 1

Introduction and basic results

This chapter contains an outline of the thesis and the major results, along with
the basic definitions, standard results, notations, and conventions that will be
used throughout this thesis. All the definitions and results from this chapter are
standard and, where no explicit reference is given, we refer the reader to standard
texts on Banach algebras [13, 27] for details.

We assume that the reader is familiar with standard results from the following
subjects (references given in brackets): complex analysis ([3, 26, 93]), general
topology ([74]), functional analysis ([5, 25, 94]), measure theory ([60, 93]), rings
and algebras ([14, 53]), and linear algebra.

In this thesis, we label prominent results as either theorems or propositions. We
reserve the former for new results, and the latter for results which are not original
and where a reference is given. Where possible, we provide references for those
lemmas and corollaries which are not original.

Each chapter begins with a short introduction containing historical context
and motivation for the content of that chapter. In addition, we conclude each
chapter with a section containing open problems (and accompanying discussion)
related to that chapter.

1.1 Outline and major results

In this section we give an outline of the thesis and state the major results. These
results are displayed in order of appearance, and are sectioned according to chapter.
We direct the reader to the respective chapter for the terminology and symbols

used in the statement of each theorem.



Chapter 1. Introduction and basic results 2

1.1.1 Chapter 2

Chapter two contains a study of abstract Swiss cheese space. We use the topology
on this space to prove various classicalisation theorems for Swiss cheese sets,
including the Feinstein-Heath theorem.

In Section 2.1 we introduce abstract Swiss cheese space, and prove some ele-
mentary facts about this space. We also introduce some functions and terminology
that will be used throughout the chapter.

In Section 2.2 we give a topological proof of the Feinstein-Heath theorem. This
is achieved by constructing compact subsets Sy C Sy, related to a given abstract
Swiss cheese, of abstract Swiss cheese space. We first prove that all abstract Swiss

cheeses in &7 are semiclassical, thus providing a ‘semiclassicalisation’ theorem.
Theorem 2.2.7. All abstract Swiss cheeses in Sy are semiclassical.

We then show that S; contains only classical abstract Swiss cheeses, from which

we obtain the Feinstein—Heath theorem.
Theorem 2.2.9. All abstract Swiss cheeses in Sy are classical.

Finally we show that, under a mild assumption, we need not consider Sy to

find classical abstract Swiss cheeses.

Theorem 2.2.10. Suppose that int(X4) = 0. Then each abstract Swiss cheese in

Sy s classical.

In Section 2.3 we prove a new classicalisation theorem, which we call the
‘controlled classicalisation’ theorem. Here we place restrictions on the changes that
can be made, thus providing finer control on the resulting classical abstract Swiss

cheese. This is achieved by considering controlling collections.

Theorem 2.3.7. Let I C N be non-empty. Let (K,)ner be a collection of compact
plane sets and let (My,)ner be a collection of positive real numbers. For each
n € 1, let U, = U(K,, M,). Suppose that U, C B(ag,79) and py, (A) < M;/2
for all k € I and suppose that U, N U, = O for all distinct k,¢ € I. Let C be the
controlling collection ((K,,Up,))ner and suppose E(A) C F(C). Then there exists
B = ((bn,sn)) € L4(C) such that Xp \ V(C) = Xa \ V(C) and B is classical.

In Section 2.4 we prove an analogue of the Feinstein—Heath theorem for annular

abstract Swiss cheeses using techniques similar to those in Section 2.2.
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Theorem 2.4.5. Let A be as in Lemma 2.4.3. Then there exists a classical,
annular Swiss cheese B = ((by, $n)) € A with Oann(B) > dann(A) and Xp C X 4.
Moreover, 1o — 2pann(A) < so < rg and r1 < s < 11 + 2pann(4).

In Section 2.5 we investigate the regularity of R(X) where X is obtained from

the union of a family of compact plane sets.

Theorem 2.5.4. Let X be a compact plane set and let E be a countable subset of
X. Let (X,) be a family of compact plane sets such that R(X,) is reqular for all
a and U, intx (X N X,) 2 X\ E. Then R(X) is reqular.

Section 2.6 contains the construction of a classical Swiss cheese to replace an
example due to O’Farrell, and uses the techniques and results developed in the

chapter.

Theorem 2.6.6. Let € > 0. Then there exists a classical abstract Swiss cheese
B = ((by, sn)) with 0 € Xp and p(B) < ¢ and such that R(Xg) is regular and

admits a non-degenerate bounded point derivation of infinite order at 0.

1.1.2 Chapter 3

In Chapter 3 we study algebras of functions that satisfy a generalised notion of
(complex) differentiability, which we call F-differentiation. The main aim in this
chapter is to prove a general version of the chain rule in this setting, and investigate
the properties of these algebras.

In Section 3.1 we recall some definitions and results related to paths in the
complex plane, and in Section 3.2 we recall some definitions related to algebras of
(continuously) complex-differentiable functions on certain subsets of the complex
plane.

In Section 3.3 we provide a short introduction to F-differentiation and Bland—
Feinstein algebras. We then investigate maximal collections of paths; this is the
content of Section 3.3.2. These maximal collections of paths are used to introduce a
notion of compatibility between collections of paths. We prove that these maximal
collections of paths are determined by dense sets of functions, in an appropriate
space. This has some important corollaries. In particular, it allows us to connect

our general version of the chain rule (below) with previous results.

Theorem 3.3.22. Let S C C(X) &, C(X). Then p(S) = p(9).
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In Section 3.4 we give the proof of the general chain rule for F-differentiation,
and list several consequences. For this version of the chain rule we utilise a notion

of compatibility between collections of paths.

Theorem 3.4.2. Let X, Y be a semi-rectifiable compact plane sets, let F be an
effective collection of paths in X, and let G be an effective collection of paths in 'Y .
Let ¢ € Dg) (X) with (X) CY. Suppose that ¢ is F-G-compatible. Then, for all
fe D(gl)(Y), f oy is F-differentiable and (f o ) = (f1N o @),

In section 3.5 we give two further applications of the new chain rule to find
homomorphisms between algebras of F-differentiable functions. The first is for
algebras of n-times F-differentiable functions, and is an immediate consequence of

the Faa di Bruno formula for F-derivatives.

Theorem 3.5.1. Let X, Y be semi-rectifiable compact plane sets and let n € N.
Let F be an effective collection of paths in X, let G be an effective collection of paths
inY, and let p € Dgf)(X). Suppose that ¢(X) CY and that ¢ is F-G-compatible.
Then ¢* is a unital algebra homomorphism from Dgg)(Y) into D(Jf) (X).

The second is for the F-differentiation analogue of Dales—Davie algebras.

Theorem 3.5.3. Let X, Y be semi-rectifiable compact plane sets, let n € N, let
F be an effective collection of paths in X, let G be an effective collection of paths
inY, let M = (M,)2, be a non-analytic algebra sequence, and let ¢ € D§S°> (X).
Suppose that ¢ is F-analytic, that o(X) C Y, and that ¢ is F-G-compatible.

(a) If ¢ satisfies and ||y < 1 then ¢ induces a homomorphism from Dg(Y, M)
into Dx(X, M).

(b) If the sequence (n*M,,/M,1) is bounded and |pY| < 1 then ¢ induces a
homomorphism from Dg(Y, M) into Dx(X, M).

In Section 3.6 we investigate sufficient conditions for algebras of F-differentiable
functions to be natural Banach function algebras. We characterise those collections
of paths F such that the complex conjugate function is F-differentiable and has
constant F-derivative. This gives some sufficient conditions for these algebras to

be natural.

Theorem 3.6.11. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Then Z € Dirl) (X) and 7" is constant on X if
and only if there exists 6 € (—m, | such that, for each v € F, there exists x., € X
with v* C L(z,,0) N X.
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1.1.3 Chapter 4

In Chapter 4 we continue our study of F-differentiable functions. In particular, we
study new notions of quasianalyticity and analyticity for F-differentiation, which
we call F-quasianalyticity and F-analyticity, respectively.

Section 4.1 contains a short survey of quasianalyticity in the theory of Banach
function algebras.

In Section 4.2 we introduce a new notion of quasianalyticity for F-differentiation,

and prove a new version of the classical Denjoy—Carleman theorem in this setting.

Theorem 4.2.7. Let I' : [a,b] — C be an admissible path and let F denote the
collection of all subpaths and reverses of subpaths of I'. Let (M), be a sequence
of positive real numbers such that ¥°°, M-1/" = co. Suppose that f € DS—?O)(F*)
and zy € I'* satisfy

| < My and - f¥(z0) =0 (1.1)

for all k € Ng. Then f(2) =0 for all z € T*.

In Section 4.3 we study the differences between various notions of analyticity.
The next theorem gives an example of a compact set in C and a collection of paths

where these notions of analyticity differ.

Theorem 4.3.4. There exist a simple compact plane set X, an effective collection
of paths F in X, and g € D(foo) (X)) such that g is F-analytic but not analytic.

We then give a characterisation of F-analytic functions in terms of their

behaviour on each of the paths under consideration.

Theorem 4.3.5. Let X be a semi-rectifiable compact plane set, let G be an effective
collection of paths in X, and let g € D(goo)(X) be G-analytic. Then, for each v € G
there exist an open neighbourhood U of v* and an analytic function f : U — C
such that f|v* = g|v*.

In Section 4.4 we study sets of quasianalyticity to determine the relationship
F-quasianalyticity and the collection of paths F. The next theorem asserts that,

in some cases, sets of quasianalyticity are always connected.

Theorem 4.4.5. Let x € X. Suppose that A is a natural Banach function algebra
on X. Then Qa r(x) is a connected subset of X.

We show that sets of quasianalyticity can be used to determine whether an

algebra A is quasianalytic or F-quasianalytic.



Chapter 1. Introduction and basic results 6

Theorem 4.4.6. The algebra A is quasianalytic if and only if, for each v € X,
Qar(x) contains the component of X containing x, and A is F-quasianalytic if

and only if, for each v € X and v € F with x € v*, we have v* C Qa r(x).

We then establish the connection between sets of quasianalyticity relative to a
given collection of paths and to the associated maximal collection of paths. The

next theorem provides the main tool for proving this connection.

Theorem 4.4.10. Let G be an effective collection of paths in X, let E C X, and
let zo € X. Suppose that A C D(goo)(X) and that 1g(f) = tx(f) for all f € A. Then
E is set of A-quasianalyticity for zg with respect to F if and only if E is a set of
A-quasianalyticity for zy with respect to G.

Section 4.5 contains the construction of a classical Swiss cheese set to replace

an example due to Feinstein.

Theorem 4.5.4. There exists a classical abstract Swiss cheese A = ((ap,Ty)) such

that R(X 4) is not reqular and does not admit any non-trivial Jensen measures.

1.1.4 Chapter 5

In Chapter 5 we investigate certain methods for extending uniform algebras. We
begin by exploring the properties of Cole extensions. We then explore a more
general class of extensions which preserve non-triviality of the original algebra.
Section 5.1 contains a brief introduction to direct limits and inverse limits that
will be used throughout the chapter.
In Section 5.2 we prove some facts for Banach algebras and uniform algebras
that we use throughout the chapter. In particular, we investigate the Shilov

boundary for certain uniform algebra extensions.

Theorem 5.2.7. Let A be a uniform algebra on ® 4, let B be a uniform algebra
on ®g, and let 0 : A — B be an isometric, unital algebra homomorphism. Set
T:=0*Pp : g — P4. Suppose that T(I'(B)) C T'(A) and that, for each ¢ € T'(A),
Blr7Y({w}) is uniformly dense in C(771({¢})). Then T'(B) = 77T (A)).

Section 5.3 contains a short introduction to (systems of) Cole extensions, and
in Section 5.4 we provide new proofs for some facts about the Shilov boundary for
Cole extensions.

In Section 5.5 we study simple Cole extensions of a uniform algebra. In

particular, we study the structure of Cole extensions relative to certain projections.
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We first show that every Cole extension admits a projection with some desirable

properties.

Theorem 5.5.2. Let q(t) = fo+ fit + -+ + fo 1t +t" € A[t]. Then there
exists a contractive, unital projection P : A7 — A? such that P(A?) = n*(A) and

P(p,) = 0. Moreover, P is a w*(A)-module homomorphism.

We then state and prove a structure theorem for Cole extensions relative to
certain projections. We prove that, in some cases, we are not required to take

uniform closures when constructing a simple Cole extension.

Theorem 5.5.6. Let X be a compact space, let A be a uniform algebra on X, and
let q(t) € A[t] be a monic polynomial of degree n € N.

(a) Let P € B(A?) be a continuous, unital projection such P(A?) = 7*(A) and
such that P is a w*(A)-module homomorphism. Set Q) == ida« — P. Then

n—1

AT =77 (A) + Q) - m(A).

j=1
(b) Suppose that q(0) is not a zero divisor in A. The following are equivalent.

(i) The function q(0) has no zeros on the Shilov boundary for A.
(ii) The map Ly, € B(C(X?)) given by L, (f) = pef is bounded below on
Al
(iii) The subspace pg -m*(A) is closed in A? for j =0,...,n— 1.

(c) Suppose that q(0) has no zeros on I'(A) and that there exists a continuous,
projection P on A? with P(A?) = 7*(A) such that P is an m;(A)-module
homomorphism and (idae — P)(p)) = p} for j =1,...,n— 1. Then

AT =7"(A) + nz_:p; - (A).

In Section 5.6 we discuss a new class of uniform algebra extensions that are a
generalisation of Cole extensions. In particular, these extensions always preserve
non-triviality of the original algebra. However, in some cases, these new extensions

are Cole extensions.

Theorem 5.6.8. Let X be a compact space, let A be a uniform algebra on X,
and let P € B(A) be a contractive, unital projection. Suppose that ids — P is also
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contractive. Set B := P(A) and set E := ker P. Suppose that B is a uniform
algebra on a compact space Y, that E is a Banach B-bimodule, and that there
exists hg € E such that E = hy - B. Then there exists h € B and an isometric,
unital algebra isomorphism 0 : B¢ — A, where q(t) = t*> — h, such that 0 o T, = idp
and 0(py) = ho.

In Section 5.6.2, we explore the existence and properties of maps from a
generalised Cole extension onto the original algebra. In particular we seek sufficient
conditions for the existence of algebra homomorphisms from the extension onto

the original algebra.

Theorem 5.6.16. Let X, Y be compact spaces, let mx and my be the coordinate
projections from X XY onto X and Y respectively, let Z be a closed subset of
X xY, let A be a uniform algebra on X, let S C C(Z) such that 7% (A) C S, and
let ¢ : X =Y be a continuous function. Set p(x) = (z,¢(x)) (x € X). Suppose
that, for all z € X, we have o(x) € Z and that, for all f € S, we have f o p € A.
Then there exists a contractive, unital algebra homomorphism 6 : C(Z) — C(X)
such that § o 7% (X) = ide(x) and 0(f) = fo @ for all f € C(Z). Moreover, we
have 0(alge(z) S) = A.

1.1.5 Chapter 6

In Chapter 6 we study methods for extending continuous derivations from a
given Banach algebra to a Banach algebra extension. In particular, we study the
extension of derivations via certain projections.

In Section 6.1 we give some general results for extending continuous deriva-
tions. We prove that a continuous homomorphism is not always necessary to find

derivation extensions.

Theorem 6.1.9. Let B C 2 be Banach algebras. Let P be a continuous, unital
projection on A such that P(2) =B and set Q := idy — P. Suppose that P is a
B-module homomorphism, E = Q(2) is a Banach B-bimodule, and Q(E?) = {0}.
Suppose further that there exist bounded B-module homomorphisms o, : £ — B
such that

P(zy) = zy = 6(x)u(y) = p(x)d(y) (1.2)

forall x,y € E. Let Dy € D(*B) and set

Dy=(u"oDiod+ 0" 0oDjopu)/2.
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Then D = P*oD;o P+ Q"o DyoQ is a continuous derivation from 2A into 2A*.

Moreover, for all a € 2, we have

D) [} < IDAIALPIP @) + 1ol QIIIQ(a)])-

In Section 6.2 we show that there is a non-trivial uniform algebra such that
whenever a generalised Cole extension of this algebra is considered, any continuous
derivation that extends must do so without increasing the operator norm. The
proof is established by contradiction, which is obtained by constructing a non-
trivial, weakly amenable uniform algebra. Thus if one can show that for any
non-trivial uniform algebra there exists a generalised Cole extension and a non-
zero, continuous derivation which extends with a strictly larger norm, then this

theorem gives a non-trivial, weakly amenable uniform algebra.

Theorem 6.2.4. There exists a non-trivial uniform algebra A on a compact space
X with the following property: for every D € Do(A) and every uniform algebra
B on a compact space Y, such that B is a generalised Cole extension of A with
associated maps ™ : Y — X and T : C(Y) — C(X), if there exists D € Dy(B)
such that D(x*(£))(x*(g)) = D(f)(g) for all f,g € A then |D|| = |DJ.

In Section 6.3, we consider the construction discussed in the previous section
for the specific case of the disk algebra. In particular, we study a sequence of
continuous derivations—from the disk algebra into its dual—that correspond to
derivations from certain Cole extensions of the disk algebra. In some cases, there
is an algebra homomorphism from the Cole extension onto the original algebra,

which is the content of the following theorem.

Theorem 6.3.6. Let « € C\D, let h = Z — «, and let p(t) = t* — h € A[t]. Then
there exists a contractive, surjective, unital algebra homomorphism 6 : AP — A

with 6 o 7, = id 4.

1.2 Notation and background

We now fix our notation and recall some elementary facts which will be required
throughout this thesis. Throughout this thesis, all linear spaces and algebras are
over C. We also adopt the convention that algebras which are not necessarily
commutative are denoted by the letters 2,8, for example, and we reserve the
letters A, B for commutative algebras. We shall recall the definition of an algebra

in Section 1.2.2 for the convenience of the reader.
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We write N for the set of positive integers, and Ny := N U {0} for the set of
non-negative integers. A subset I of N (or Ny) is an initial segment if, for each
n € I, whenever k € N (or Ny) such that & < n, then k € I. The open unit disk in
the complex plane is denoted D (that is, the set of all complex numbers of modulus
strictly less than one), and the closure, in the standard topology on C, of D is the
closed unit disk denoted by D. The unit circle in C is denoted T.

When using transfinite induction, we sometimes index by ordinals rather than
positive integers. We refer the reader to [68, Chapter 1] for a formal introduction
to ordinals. Let «, 5 be ordinals. We write o < § if o € § (or, equivalently, if
a C ), and we write a < 3 if we also allow for equality. It is standard that the
class of all ordinals is well-ordered with this ordering. The first infinite ordinal will
usually be denoted by w, and the first uncountable ordinal will be denoted by w.
Let k be a fixed ordinal. We write {« : @ < k} for the set of ordinals « such that
a < kK, and (O4)a<s is short-hand for the family of O, where o € {8 : 8 < k}.
The successor of an ordinal « is denoted o + 1.

Let X,Y be sets. We denote the set of all functions from X into Y by Y*. Let
f € YX. We write f|E for the restriction of f to a subset E of X, and, if S C V¥,
we write S|E for the set {f|F : f € S}. The preimage of a subset F of Y under f,
denoted f~1(F), is the set {x € X : f(z) € F}. If Z is another set and ¢ : X — Z
is a function, then ¢* : YZ — Y defined by o*(f) = fo e (f € Y?) is induced
by . By abuse of notation, we shall often use ¢* to mean the restriction to some
subset of YZ. The identity map on X is denoted by idx.

In the special case of Y = C, C¥X is the space of complex-valued functions on
X. Given pointwise operations, C¥ is a commutative algebra. Let f € C*. We
write f for the function given by f(z) = f(z) (x € X).If X is a subset of C, we

shall often write Z for the identity function on X which we call the coordinate

functional.

1.2.1 Topological preliminaries

Throughout this thesis, we say compact space to mean a non-empty, compact,
Hausdorff topological space. We say compact plane set to mean a non-empty,
compact subset of the complex plane C.

Let X be a topological space and let £ C X. We write intx () for the interior
of E relative to X; that is, intx(FE) is the largest open set of X contained in E. If

X = C, we write int(E) for intc(E). We denote the closure of E in X by E. (We
shall specify the topology, or space, in which the closure should be taken if there is
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a risk of ambiguity.) We write Ox F for the boundary of E in X. Again, if £ C C,
we write OF for OcFE.

We denote the set of continuous, complex-valued functions on X by C'(X). Let
E C X and let f € C(X). We write

[flg = sup{lf(2)| : = € E}. (1.3)

We give C'(X) pointwise operations of addition, scalar multiplication, and mul-
tiplication to make C'(X) into a commutative algebra. If X is a compact space,
then C'(X) is a Banach space with the uniform norm |- |y given by (1.3), and
Ifaly < |flxlgly forall f,g € C(X). We write Cy(X) for the subset of C'(X)
consisting of all functions which wvanish at infinity: f € Co(X) if and only if
f € C(X) and, for each € > 0, the set {x € X : |f(x)| > €} is compact in X. If
X is compact, then Cy(X) = C(X). Let f € CX. We write supp f for the closed
support of f, which is the closure in X of the set {z € X : f(z) # 0}.

Let Y be a second topological space, and let ¢ : ¥ — X be a continuous
function. Then ¢* maps C(X) into C(Y). Note that ¢* is linear and satisfies
" (fg) = ¢*(f)e*(g) for all f,g € C(X). If X,Y are compact spaces and ¢ is
surjective, then |p*(f)]y = |f|y for all f € C(X).

Let f: X — R be a function. We say that f is upper-semicontinuous if, for
cach t € R, the set {x € X : f(x) < t} is open in X. We say that f is lower-
semicontinuous if, for each t € R, the set {x € X : f(z) > t} is open in X. Clearly
f is upper-semicontinuous if and only if —f is lower-semicontinuous, and f is
continuous if and only if f is both upper- and lower-semicontinuous. It is standard
that if K is a non-empty compact subset of X, and f is upper-semicontinuous, then
s :=sup{|f(z)| : « € K} is finite and there exists o € K such that |f(z¢)| = s.
An analogous statement holds if f is lower-semicontinuous and the supremum is
replaced by the infimum.

Let (X,d) be a metric space, let z € X, and let r > 0. We write Bx(z,r)
for the open ball, centred at x of radius r in X and we write Bx(z,r) for the
corresponding closed ball. That is, Bx(z,r) = {y € X : d(z,y) < r} and
Bx(z,7) = {y € X : d(x,y) < r}. In the special case where X = C and d is the
usual metric on C, we write B(x,r) for Be(z,r) and B(z,7) for Be(z,r). We also
set B(x,0) := ) and B(x,0) := {2} for each x € C.

Let £ C X be non-empty and let z € X. We write distx (x, E) for the distance
from x to E given by

distx(z, F) = inf{d(z,y) : y € E}.
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Note that distx(z, F) > 0, and distx(z, E) = 0 if and only if x € E. We write
dist(z, E) for distc(z, E) for z € C and E C C.

Let S C C. We say that S is convez if, for each z,w € S and t € [0, 1], we
have tz + (1 — t)w € S. By convention, the empty set is convex. We write conv S
for the smallest convex subset of C which contains S. We write conv S for the
smallest closed convex subset of C which contains S. We call conv S the convex

hull of S, and conv S is the closed convex hull of S.

1.2.2 Algebraic preliminaries

Recall that a (complex) algebra is a (complex) vector space 2 with a multi-
plication 2 x 24 — 2 : (a,b) — ab such that (ab)c = a(bc), (a + b)c = ac + be,
a(b+c) = ab+ ac for all a,b,c € A, and a(ab) = (ca)b = a(ab) for all a,b € U,
a € C. We say that 2 is commutative if ab = ba for all a,b € 2; we say that 2 is
unital if there exists an element 1y # 0 such that aly = 1ga = a for all @ € A. An
element 1y with these properties is necessarily unique, and is called the identity of
2. If A is unital, we shall often identify the complex numbers with the subalgebra
C - 1y :={zly : z € C}, and write 1 rather than 1y for the identity element of 2.

Let 2 be an algebra. A subalgebra of 2 is a linear subspace B of 2 such that
bb' € B for all b, b’ € B. If A is a unital algebra, we say that a subalgebra %8 (of
2) is unital if 1y € B. A left (respectively, right) ideal in 2 is a linear subspace [
of 2 such that ab € I (respectively, ba € I) for all a € 2 and b € I. An ideal in 2
is a linear subspace I which is both a left idea and a right ideal in 2.

Let a € A. We say that a is a zero divisor if there exists b € 2 such that
ab = ba = 0. We say that a is an idempotent if a® = a.

Let X be a vector space and let S C X. We write ling S for the smallest linear
subspace of X containing S; where if S = (), we set ling S = {0}. Let T C X. We
write S + T for the subset {x +y: 2 € S,y € T} of X. If S, T are linear subspaces
of X then S+ T is a linear subspace of X. The (algebraic) direct sum of X and the
vector space ) is denoted X & ).

Let 2 be an algebra and let S C A. We write algg S for the smallest subalgebra
of A containing S. Let 7" C A. We write S - T for the set {st: s € S,t € T}. In

the special case where S = {a} for some a € A, we write a - T for S -T.

Definition 1.2.1. Let 2 be a unital algebra and let a € 2. We say that a is
invertible if there exists a (necessarily unique) element b € 2 such that ab = ba = 1.
In this case, the element b is called the inverse of a and we write a=* = b. We

denote the set of all invertible elements in 2 by inv 2.
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Let A be a unital algebra and let a € 2. The resolvent for a (with respect to
2() is the set

pa(a) ={Ce€C:(a— (1) €invA},
and the spectrum of a (with respect to ) is the set oy(a) = C\ py(a). The
spectral radius of a is vy(a) = sup{|(] : € oy(a)}. It is possible to define the

spectrum for non-unital algebras. However, this is beyond the scope of this thesis.

Definition 1.2.2. Let 2, B be algebras and let 6 : A — B be a function. We
say that 6 is an algebra homomorphism if 6 is linear and 6(ab) = 0(a)é(b) for
all a,b € A. If both 2 and B are unital then we say that 6 is a unital map if

0(1y) = La.

Let 2 be an algebra. A character on 2 is a non-zero, algebra homomorphism
from 2 onto C. The set of all characters on 2 is denoted ®g, which we call the
character space of 2.

If 2 is unital and ¢ € Py then we have ¢(ly) = 1 and p(a) # 0 for each
a € inv A. Moreover, if ¢, 19 € ®y such that ¢ # 1, then there exists a € 2 such
that ¢(a) =0 and ¥(a) = 1.

The following proposition will be useful throughout this thesis.

Proposition 1.2.3 (|27, Proposition 1.5.28]). Let A, B be unital algebras and let
0 : A — B be a unital algebra homomorphism. Then, for each a € A, we have

ox(0(a)) C og(a) and vg(0(a)) < vy(a).
We next define modules over algebras.

Definition 1.2.4. Let 2 be an algebra. A left A-module, respectively right 2A-
module, is a linear space X with an operation Ax X — X, (a, ) — a-x, respectively
(a,x) — x - a, satisfying ab-x = a - (b- z), respectively x - ab = (x - a) - b, for all
a,b € and for all x € X. An 2A-bimodule is a linear space X which is both a left
2(-module and a right 2-module, and such that a- (x-b) = (a-x)-b for all a,b € A
and z € X.

The following definitions are stated only for left 2-modules but, with suitable
modifications, are also valid for right 2-modules and 2-bimodules. Let 2 be an
unital algebra and let X be a left 2l-module. We say that X is unital if 1o - x = x
for all z € X.

A left A-submodule of X is a linear subspace ) of X which is also a left >-module
with respect to the module action inherited from X. Right 2A-submodules and

2A-sub-bimodules similarly.
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Let S C A and T'C X. We write S - T for the set {a-x:a € S,z € T}. In the
special case where S = {a} for some a € 2, we write a - S for {a} - S. Similarly, if
T = {z} for some z € X, we write S -z for S - {z}. Let 9 be a left 2A-submodule
of X. The intersection of all left 2-submodules of X containing 7" is called the
submodule generated by T'.

Definition 1.2.5. Let 2 be an algebra and let X be an 2-bimodule. We say that

X is commutativeif a-x =z -a for all a € A and all z € X.

If 2 is a commutative algebra, then we say 2A-module to mean a commutative
2l-bimodule.

Definition 1.2.6. Let 2l be an algebra, let X, ) be left A-modules, and let
T:X — %2 be a map. We say that T is a left A-module homomorphism if T is
linear and T'(a-z) = a-T(z) for all @ € A and z € X.

We define right 2-module and 2-bimodule homomorphisms similarly. We shall

usually say 2-module homomorphism in place of 2A-bimodule homomorphism.

Definition 1.2.7. Let 2 be an algebra, and let X be a 2-bimodule. A derivation
from 2 into X is a linear map D : A — X such that, for each a,b € 2, we have

D(ab) = a- D(b) + D(a) - b.

We say that a derivation D : 2l — X is inner if there exists zo € X such that

D(a) =a-xy— 1z - a.

Let 2 be an algebra, and let ¢ be a character on 2. A point derivation (on 2)
at o is a linear functional d : A — C such that, for each a,b € 2, we have

d(ab) = @(a)d(b) + d(a)p(b).

We are also interested in higher order point derivations. (It is easy to see that the

following definition generalises the notion of a point derivation.)

Definition 1.2.8. Let 2 be an algebra and let ¢ € ®g. A point derivation of order
n € N (respectively, 0co) at ¢ is a sequence dy, dy, ..., d, (respectively, dy,dy,...)

of linear functionals with dy = ¢, satisfying

dj(ab) = lgidk(a)dj_k(b) (a,b € 2).

for j=1,2,--- ,n (respectively, j = 1,2,...).
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Let d = (d;)}_, be a point derivation of order n at z (where we include the
possibility that n = oo when (d;) is a point derivation of infinite order). We say
that d is non-degenerate if dy # 0.

We refer the reader to [30] (especially Lemma 2.1 and p. 170) for further details,
related results and comments concerning non-degenerate higher point derivations.

The following construction is useful when dealing with derivations.

Proposition 1.2.9. Let A be an algebra, and let X be an 2A-bimodule. Let
B :=A B X. Define the product

(a1,$1> : (ag,l'g) = (alag,al “ X9+ X7 - ag) (al,ag € Ql, 1,22 € %) (14)

on B. Then B is an algebra with this product. Let D : A — X be a derivation,
and let 0 : A — B be given by 6(a) = (a,D(a)) (a € A). Then 0 is an algebra
homomorphism. If A and X are unital, then both B and 0 are unital. If both A

and X are commutative, then B is commutative.

1.2.3 Banach spaces and bounded linear maps

We now fix our notation and terminology regarding normed spaces, Banach spaces,
and bounded linear maps.

Let (X, |- lx), (V.- [ly) be normed spaces. We write X @1 2) for the algebraic
direct sum X @ 9 equipped with the norm [|(z, y)||, := |z[|x + [[ylly- If both X
and ) are Banach spaces, then so is X @1 ). Let S be a subset of X. We write
liny S for the closure in X of liny S.

We denote the space of all bounded (continuous) linear maps from X into )
be B(X;9). We give B(X;92)) the operator norm, which is denoted || - || to make
B(%;9) a normed space. (It should be clear from context when this is the norm
that we are using.) If 9) is a Banach space, then B(X;9)) is a Banach space.

We write B(X) for B(X;X), and we write X* for the dual space of X, given
by B(%;C). It is standard that B(X) is a (non-commutative) unital algebra with
multiplication given by composition, and ||S o T'|| < ||S|||T|| for all S,T € B(%).
(If X is a Hilbert space, then B(X) is a C*-algebra see Appendix A.1.)

The kernel of T € B(X;9)) is denoted by ker T" and the image of T is denoted
T(%X). It is standard that ker 7" is a closed linear subspace of X, and T'(X) is a

linear subspace of 2).
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Definition 1.2.10. Let (X, |- [[3), (D, |- |ly) be normed spaces and T' € B(X;9)).
We say that T is contractive if |T|| < 1, and we say that T is isometric if
1T (z)llyy = [|2|ly for all z € X.

Let X be a normed space and let T € B(X). We say that T is a projection
(on X) if ToT =T. We have ker TNT(X) = {0} and X = T(X) + kerT. Let
S =1idx —T. Then S is also a projection on X, S(X) = kerT', ker S = T'(X). Note
that ||7']] > 1 and [|S]| < 1+ ||T].

Let E be a closed linear subspace of X. We say that E is complemented in X if
there exists a closed linear subspace F' of X such that ENF = {0} and E+ F = X.
Equivalently, there is a projection P € B(X) such that P(X) = E.

Definition 1.2.11. Let (X, |- [[3), (D, |- |ly) be normed spaces and T' € B(X;9)).
We say that T is an open map if there exists C' > 0 such that, for each y € T'(X),
there exists + € X such that T'(z) = y and ||z||, < C|ly|ly. We say that T is a
linear homeomorphism if T is a bijection and 7' is an open map. (Equivalently, T

is an invertible bounded linear map and 7! is also bounded.)

If X and ) are Banach spaces then: every surjective T' € B(X;9)) is an open map
(open mapping theorem); every bijective T € B(X;9)) is a linear homeomorphism
(Banach isomorphism theorem); if 7 : X — 2) is a linear map then 7" is bounded if
and only if {(z, T'(x)) : x € X} is closed in X @ 2 (closed graph theorem).

1.2.4 Measures

In this thesis we say measure to mean a regular, complex Borel measure. We
denote the total variation of a measure pu by |u|, and we write ||u|| for the total
variation norm of p. A probability measure is a positive measure with norm one.

Let X be a locally compact topological space and let © be a measure on X.
We write supp p for the largest closed set E of X such that, for each x € E and
each neighbourhood U of z, we have |u|(U) > 0.

Let x € X. We write §, for the point-mass measure at x; that is, §, is the
measure on X such that 0,(E) = 1if x € F and §,(F) = 0 otherwise, where E is
a Borel set in X.

We refer the reader to [93] for details on measure theory and standard results,
and to [13, 16] and [54] for information on the use of measures in functional

analysis.
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1.2.5 Polynomials

We now recall the definitions, notation, and standard results about polynomials
over a commutative algebra. Throughout this section, let A be a commutative

algebra.

Definition 1.2.12. A polynomial with coefficients in A is a formal sum
ot) =Y b, (1.5)
=0

where t is an indeterminate over A, agt’ = ay, and a; € A for each j € Ny, and all
but finitely many of the a; are zero. We denote the set of all polynomials with

coefficients in A (in the indeterminate ¢) by A[t].

We shall often write ¢ for ¢(t) when we do not refer to the indeterminate
explicitly. Let ¢ be a polynomial with coefficients in A. The largest integer n such
that a,, # 0 is called the degree of ¢, and we denote this n by deg ¢. If A is unital, we
say that ¢ is monic if ageg, = 1. We shall usually write ¢(t) = ag + a1t + - - - + a,t",
where n = deg¢(t), and omit the following terms (which are all zero).

We give Alt] the operations

STait! + 3 bit? = (a; + b))t
j=0 j=0 Jj=0
(Z ajtj> . (Z bjtj> = Z <Z akbj—k> t,
j=0 j=0 j=0 \k=0

o) (Z ajtj> =Y aa;t’,
=0 =0

to make A[t] into a commutative algebra which contains A as a subalgebra. If A
is unital, then so is A[t].

Let B be a second commutative algebra with A C B, and let ¢(t) € A[t]. For
each b € B, we write ¢(b) to mean the element of b obtained by replacing ¢ with b
in ¢(t). The map q(t) — q(b) : A[t] — B is called the evaluation homomorphism.
Indeed this map is an algebra homomorphism. Let ¢(¢) € A[t]. We say that b € B
is a root of ¢ if q(b) = 0.

The following proposition is elementary, and will be used later.

Proposition 1.2.13. Let q(t) € A[t], let a,b € A, and let p(t) == q(t — a). Then
b is a root of p if and only if b+ a is a root of q.
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Let B be a commutative algebra and let # : A — B be an algebra homomorph-
ism. If ¢(t) € A[t] and is given by (1.5), then

palt) i=>_ 0(a;)t’
=0

is an element of B(t]. The map ¢(t) — p,(t) : A[t] — Blt] is an algebra homomorph-
ism. By abuse of notation, we write 8(q)(t) := p,(t) to mean the homomorphism
Alt] — Blt].

More formal introductions to polynomials over rings (algebras) can be found in
numerous texts on abstract algebra. We refer the reader to [27, Section 1.6] for
further details.

1.3 Tensor products

Let Xy,...,Xn, X be vector spaces. An n-linear map T from [[;_; X; into X, is a
map such that, for each k € {1,...,n} and z; € X; for each j € {1,...,n}\ {k},
x> T (21, ..., Tp—1,T, Tht1, - .., L) (z € X;) is a linear map from X, into X.

Definition 1.3.1. Let X;,..., X, be vector spaces. Then the tensor product of
Xy,...,%, is a pair (¢, X), where X is a vector space and ¢ is an n-linear map from
[T7_; X; into X, which satisfies the following universal property: for each vector
space 2) and each n-linear map 7" : [[7_; X — ) there exists a unique linear map
S+ X — 9 such that T'= So. For (z1,...,2,) € [T}, X; we write 1, ® -+ - ®@ 1,
for o(zy,...,2,) € X.

Tensor products are unique up to linear isomorphism and we write ®7_; X; or
X, ®---® X, for the tensor product of the vector spaces X1, ..., X,. We refer the
reader to [27, pp. 26-33] and [13, Chapter VI] for a more detailed discussion of
tensor products.

Let Xy,...,X, be vector spaces and let z € @}_;. Then there exist m € N,
and z;; € X;fori=1,...,mand j = 1,...,n such that

m
z = in,l KL QTjn.
i=1
However, such representations need not be unique.

Proposition 1.3.2 ([27, Proposition 1.3.11]). Let 2,...,2, be algebras and let
U be the vector space @j_; A;. Then there exists a unique product on 2 so that 2
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s an algebra with
(a1®®an)(b1®®bn) :a1b1®---®anbn (ai,bi GQ[Z',Z': 17...,71).

If each U; is commutative then A is commutative; if each 2; is unital then 2 is
unital with identity 1y, @ -+ @ 1y, .

The tensor product of algebras will always be given the above product and

considered as an algebra unless otherwise stated.

1.4 Banach algebras

Let 2 be an algebra, and let || - || be a norm on the underlying vector space of
2. We say that || - || is an algebra norm on 2 if ||ab|| < ||a||||b]| for all a,b € A. If
|| - ||l is an algebra norm on 2, then we say that 2 is a normed algebra. A Banach
algebra is a normed algebra which is also a Banach space. If 2 is a unital algebra,
we usually insist that ||1y]| = 1. However, by moving to an equivalent norm, this
can always be achieved.

Let X be a locally compact, Hausdorff topological space. Then Cy(X) is a
commutative Banach algebra, with pointwise operations and the uniform norm. If
X is a compact space then Cy(X) = C(X) and so C(X) is a commutative, unital
Banach algebra with the uniform norm.

We say that an algebra homomorphism 6 : 2 — B, where 2l and B are normed
algebras, is continuous if 6 is a bounded linear map. We write ||6|| for the operator
norm of 6.

Let 2l be a normed algebra, and let S C . We write algy S for the closure in 2/
of algy S. In other words, algy S is the smallest closed subalgebra of 2l containing
S.

1.4.1 Gelfand theory

Let 2 be a Banach algebra. If ¢ is a character on 2, then ¢ is continuous and
loll < 1. Moreover, if 2 is unital then ||| = 1.

We give @y the relative weak-* topology (from 2(*), which we call the Gelfand
topology, and this makes ®g a locally compact, Hausdorff, topological space (which
may be empty). If 2 is unital, then ®y is compact in the Gelfand topology.

Suppose that ®g is non-empty. For each a € 2, we define the complex-valued

function a on ®y by a(p) = p(a) (p € Py). Clearly a is continuous on Py.
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Definition 1.4.1. Let 2 be a Banach algebra with ®y # (). Then the function
G : A — Cy(Py) : a > ais called the Gelfand transform. We write 2 for the image
of the Gelfand transform; i.e. A = {a: a € A},

Let 21 be a Banach algebra with @y # (). It is standard that G is a continuous
algebra homomorphism with |G| < 1, and if 2 is unital then so is G. Moreover, A
is a subalgebra of Cy(Pg) (but need not be uniformly closed). We say that 2 is
semisimple if G is injective. The kernel of G is N{ker ¢ : ¢ € Py}, which is called
the (Jacobson) radical of 2A.

Note that if A is a commutative, unital Banach algebra then ®,4 is a non-empty
and compact. If, in addition, A is semisimple then v, is an algebra norm on A,

and v4(a) = |alg, for each a € A.

1.4.2 Properties of Banach algebras

We now recall some standard results regarding Banach algebras. The first is
(mostly) part of [27, Theorem 2.3.8]. Statement (a) is sometimes called the
fundamental theorem of Banach algebras, and statement (b) is the spectral radius

formula.
Proposition 1.4.2. Let A be a Banach algebra, and let a € 2.

(a) The spectrum oy(a) is a compact plane set.

(b) We have vy(a) = lim,_oo|la”||"™ = infen|ja||*/".

(¢) We have vy(a) < ||a|.

The second is the (single-variable) holomorphic functional calculus ([27, The-
orem 2.4.4]). This result is stated for commutative unital Banach algebras, but

holds in more generality.

Proposition 1.4.3 (Holomorphic functional calculus). Let A be a commutative,
unital Banach algebra, and let a € A. Let U be an open set in C such that
oala) CU, and let f: U — C be an analytic function. Then there exists a unique
element f(a) in A such that G(f(a)) = f oa. Moreover o4(f(a)) = f(oa(a)), and
Z(a) = a.

In fact, the holomorphic functional calculus is states the that there is a unital
algebra homomorphism from O, into A, where O, ,(,) denotes the family of

germs of analytic functions on o4(a). (See [27, Appendix A.2| for the relevant
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definitions.) We will not require the full strength of the holomorphic functional
calculus in this thesis.

The next result is a consequence of the multi-variable holomorphic functional
calculus, called the Shilov idempotent theorem ([27, Theorem 2.4.33]).

Proposition 1.4.4. Let A be a commutative, unital Banach algebra. Suppose that
K is a non-empty compact and open subset of ® 4. Then there exists a unique

idempotent p € A such that p = xk, where Xk is the characteristic function of K.

Our final result is an automatic continuity result that will be useful to us. The

first statement is [27, Theorem 2.3.3], the second follows from Proposition 1.2.3.

Proposition 1.4.5. Let A be a Banach algebra, let B be a commutative, semisimple
Banach algebra, and let 0 : A — B be an algebra homomorphism. Then 0 is
continuous. If ||bl| 3 = vp(b) for allb € B, then ||6] < 1.

1.4.3 Modules and derivations

We now discuss the theory of Banach modules and derivations. Throughout this

section, let 2 be a Banach algebra.

Definition 1.4.6. A Banach left 2A-module is a Banach space (X, || - ||;) which
is also a left A-module such that |la - ||y < ||la||||z||y. We define Banach right

A-modules and Banach A-bimodules similarly.

Again, we usually say Banach A-module in place of commutative Banach
A-bimodule when A is a commutative Banach algebra.

Before we continue, we note some useful examples of Banach modules.

(a) Suppose that ¢ is a character on 2. Let X := C with the module operation
a-¢=¢(a) (a €A, ¢ €C). Then X is a Banach left 2A-module (or a
commutative A-bimodule). The module X is usually denoted by C,. If 2 is

unital, then C, is unital.

(b) Let 2 be a Banach 2A-bimodule and set X := 2)* with the operations given
by

(@-N)=Ay-a) A-a)(y)=Aa-y) (aeAyeP reX). (16)

Then X is a Banach (-bimodule. If ) is unital 2-bimodule, then X is unital.
The module X is the dual module of ), and we shall usually denoted this
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simply by 2)*. In particular, we can apply this in the case where ) =2(. In

this case, X = A* is commutative if and only if 2 is commutative.

(c) Let B be a second Banach algebra, let X be a Banach left B-module, and let
0 : A — B be an contractive algebra homomorphism. Then X is a Banach
left A-module with the operation a -z = 6(a) -z (a € A, x € X). This
also applies if X is a Banach right *8-module or a Banach 8-bimodule by a
suitable modification to the action. If 2l and B are unital algebras, X is a
unital left B-module, and € is a unital algebra homomorphism, then X is a

unital left A-module with this action.

We are mostly concerned with continuous derivations from 2l into some Banach
2l-bimodule X. Recall that derivation from 2 into X is continuous if it is a bounded

linear map.

Definition 1.4.7. We say that 2 is amenable if, for each Banach 2-bimodule
X, every continuous derivation from 2l into X* is inner. We say that 2 is weakly

amenable if every continuous derivation from 2 into 21* is inner.

In both of the above definitions, the module action is the one given by (1.6).

Note that, if 21 is commutative then 2l is weakly amenable if and only if every
continuous derivation from 2 into A* is necessarily 0.

We denote the set of all continuous derivations from 2 into 2A* by D(2(). By the
above, if 2 is commutative then 2 is weakly amenable if and only if D() = {0}.

Definition 1.4.8. Let d = (d;)}_, be a higher order point derivation of order n
(where we include the possibility that n = oo when (d;)32, is a point derivation of
infinite order). We say that d is continuous if d; is a bounded linear functional for

each j with j <n (or j < oo if n = 00).
The following proposition is a Banach algebra version of Proposition 1.2.9.

Proposition 1.4.9. Let X be a Banach 2A-bimodule. Set B := A &1 X with the
product given by (1.4). Then B is a Banach algebra. Let D : A — X be a
continuous derivation, and let 0 : A — B be the map given by O(a) = (a, D(a))
(a € ). Then 6 is a continuous algebra homomorphism with ||0|| =1+ ||D||. If A
and X are unital, then both B and 0 are unital. If both 2 and X are commutative,

then B is commutative.
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1.4.4 Tensor products

We now introduce some norms on tensor products of normed spaces.

Definition 1.4.10. Let Xq,..., X, be normed spaces. The injective tensor norm,
denoted || - ||, on ®}_; X; is the norm given by
]l :sup{ S Ai(@in) - An(Tin) } (2 € ®%j>
i=1 j=1

where the supremum is taken over all representations >3/ ;1 @ ;2 ® - - @ T,
of z and all \; € X} with [|[\;]| <1 for j =1,...,n. The projective tensor norm,

denoted | - ||, on ®}_; X; is the norm given by

] = mf{znxz-,ln - ||o:z-,n||} ( c ®3€j)
i=1 =1

where the infimum is taken over all representations z = > /", 2,1 @ ;20 @ - - @ X .

Let X1, ..., X, be normed spaces. It is standard that || - ||, is the norm inherited
from the natural embedding of ®}_; X; in the Banach space B(X1,...,X,; C) of all

bounded n-linear maps from [];_; X; into C. The injective tensor product ®?:1%j

n
J=1

@;Zlf{j of Xi,..., X, is the completion of (®7_; X;, - [|,). We shall usually write
¥, ®---® X, for the injective tensor product of X1, ..., %, and write ¥;®---®%,

for the projective tensor product of Xy,...,X,.

of X1,...,X, is the completion of ( X;, |- l.). The projective tensor product

Both the injective tensor norm and the projective tensor norm are cross norms;

i.e. if || - || denotes either the injective or projective tensor norm on ®’_; X; then

[21 @+ @ @]l = Jlza]] - ||z ((xl, cy ) € H3€j>-
j=1

Let 244, ...,2l, be Banach algebras. Then &’_; 2l; is a normed algebra when given
either the injective tensor norm or the projective tensor norm. Moreover, both
®;:191j and @?:lﬂj are Banach algebras.

We now give two elementary properties of the tensor products of Banach

algebras.

Proposition 1.4.11 ([13, Proposition VI.19]). Let A, B be commutative Banach

algebras. Then ® 455 is homeomorphic to ®4 X Pp.
The following is effectively [90, Proposition 1.10.21].

Proposition 1.4.12. Let X,Y be compact spaces. Then there exists an isometric
algebra isomorphism from C(X) @ C(Y) onto C(X x Y).
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1.5 Banach function algebras

We now give the definitions and basic theory of Banach function algebras, which is
the main topic of this thesis. Throughout this section, let X be a compact space.

Let S be a subset of C(X). We say that S separates the points of X if, for
each x,y € X with x # y, there exists f € S such that f(z) # f(y).

Definition 1.5.1. Let A be a subalgebra of C'(X), and let ||-| be an algebra
norm on A. We say that A is a normed function algebra (on X ) if A contains all
constant functions, A separates the points of X, and || f|| > |f|y for all f € A. We
say that A is a Banach function algebra (on X ) if A is a normed function algebra
(on X) and the norm || - || is complete. We say that A is a uniform algebra (on X)

if A is a Banach function algebra (on X) and ||-|| =1-|y.

Note that every commutative, unital, semisimple Banach algebra A can be
identified with a Banach function algebra on ®4 via the Gelfand transform. (Since
A is semisimple, it follows that A separates the points of ® 4.) Also note that, if A
is a uniform algebra on X, then the norm on A is v4, and the Gelfand transform
is isometric. Thus, by Proposition 1.4.2(b), any commutative, unital, semisimple
Banach algebra A such that ||a?| = ||a]|* (a € A) is isometrically isomorphic (via
the Gelfand transform) to a uniform algebra on ® 4.

Let A be a normed function algebra on X. For each x € X, let e, : A — C
be the map given by e,(f) = f(z). Then ¢, is a character on C'(X). The map
x> e, X — &y identifies X with a subset of @ 4. The topology on X agrees
with relative Gelfand topology from ®4. (That is, the map z — &, is continuous.)
Each of the characters ¢, (x € X)) are continuous. We usually identify e, with .
For example, we usually write d is a point derivation on A at x to mean d is a

point derivation on A at €,.

Definition 1.5.2. Let A be a Banach function algebra on X. We say that X is
natural (on X) if, for each ¢ € ® 4, there exists z € X such that ¢ = ¢,.

It is standard that C'(X) is a natural uniform algebra on X.

1.5.1 Regularity

We now discuss regularity for Banach function algebras. Recall that X is a compact

space throughout. For each z € X, we define

J(A):={fcA:zcint f'{0})} M,(A):={fe€A: f(z) =0} =kere,.
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Then both J,(A) and M, (A) are ideals in A, and J,(A) C M,(A). If there is no
risk of ambiguity, we shall write J, for J,(A) and M, for M,(A).

Definition 1.5.3. Let A be a Banach function algebra on X, and let z € X. We
say that z is an R-point (for A) if J, ¢ M, for all y € X \ {z}. We say that x is
a point of continuity (for A)if J, € M, for all y € X \ {x}.

Note that, in [50], points of continuity and R-points were referred to as points

of reqularity of types I and 11, respectively.

Definition 1.5.4. Let A be a Banach function algebra on X. We say that A is
reqular on X if, for each closed set F of X, and each x € X \ E, there is exists
f € Asuch that f(z) =1 and f(E) C {0}. We say that A is normal on X if, for
each pair of closed subsets E, F of X with ENF = (), there exists f € A such
that f(E) C {0} and f(F) C {1}. We say that A is reqular if A is regular on ® 4,

and we say that A is normal if A is normal on @ 4.

Let A be a Banach function algebra on X. It is easy to see that, if K is a
compact subset of X such that each point of K is an R-point, and if y € X \ K
then there exists f € A such that f~'({0}) is a neighbourhood of K in X and
f(y) = 1. In addition, it is standard that A is regular on X if and only if each
point x € X is a point of continuity for A, and this occurs if and only if every
point z € X is an R-point for A. It is also standard that, if A is natural on X,
then A is regular on X if and only if A is normal on X ([27, Proposition 4.1.18]).

Proposition 1.5.5 ([27, Corollary 4.3.10]). Let A be a uniform algebra on X. If

A s normal on X then A is natural on X.

We refer the reader to [50-52] for details on regularity, R-points, and points of

continuity for Banach function algebras.

1.6 Uniform algebras

We now discuss uniform algebras in more detail. We refer the reader to [16, 54, 97]
for further details on the theory of uniform algebras. The following are standard

examples of uniform algebras.

Definition 1.6.1. Let X be a compact plane set. Let Py(X) denote the algebra
of restrictions to X of polynomial functions and let Ry(X) denote the algebra of

restrictions to X of all rational functions with no poles on X. We define P(X) and
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R(X) to be the uniform closure in C'(X) of By(X) and Ry(X), respectively. We
denote by A(X) the algebra of all continuous functions on X which are analytic
on int X.

Let X be a compact plane set. It is easy to see that P(X), R(X), and A(X)

are uniform algebras on X, and that following inclusions hold.
P(X) C R(X) C A(X) C C(X).

It is standard that R(X) and A(X) are natural uniform algebras on X, and P(X) is
natural on X if and only if C\ X is connected; in this case, we have P(X) = R(X).
It is trivial that A(X) = C(X) if and only if int X = 0.

Definition 1.6.2. Let X be a compact space, let A be a uniform algebra on X,
and let o € ®4. A representing measure for ¢ (on X, with respect to A) is a
probability measure p on X such that

o= [ fau  (feA).
For z € X, we say that a representing measure y for e, is trivial if u = 0,.

We use the phrase p is a representing measure for x to mean pu is a representing

measure for e,.

Definition 1.6.3. Let X be a compact space, let A be a uniform algebra on X,
let £ C X, and let x € X. We say that a function f € A peaks on E if f(E) C {1}
and |f(y)] < 1forally € X\ E. We say that E' is a peak set (for A) if there exists
f € A such that f peaks on E. We say that x is a peak point (for A) if {z} is a
peak set. We say that E is a peak set in the weak sense (for A) if there is a family
(E,) of peak sets for A such that F =N, E,. We say that z is a strong boundary
point (for A) (or peak point in the weak sense) if {x} is a peak set in the weak

sense for A.

The set of all strong boundary points for A is denoted I'g(A), and is called the
Choquet boundary for A. It is standard that if X is metrisable then every strong
boundary point is a peak point.

We summarise some properties of strong boundary points in the following (see
[16, Theorem 2.3.4], [27, Theorem 4.3.5] and [97, Theorem 7.18]).

Proposition 1.6.4. Let X be a compact space, let A be a uniform algebra on X,
and let © € X. Then the following are equivalent:
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(a) z € Ty(A);
(b) the unique representing measure for x on X is 0y,

(c) there exists o, 5 € (0,1) with o < 8 such that, for each open neighbourhood U
of x in X, there exists f € A such that |f| <1, f(z) > 3, and \f|X\U < a;

(d) for each open neighbourhood U of x in X, there exists f € A such that
[flx <1, [f(z)] > 3/4, and |f|X\U <1/4.

Let A be a uniform algebra on a compact space X. It is standard that if x € X
is a strong boundary point for A, then there is no non-zero point derivation on A
at x ([27, Corollary 4.3.6]). (In fact, more is true: if z is a strong boundary point
then M, has a bounded approximate identity.)

Definition 1.6.5. Let X be a compact space, let A be a uniform algebra on X,
and let £ C X. We say that E is a boundary for A if, for each f € A, there exists
x € E such that |f(z)| = |f|y. We say that E is a closed boundary for A if E is
closed and F is a boundary for A. The Shilov boundary for A is the intersection
of all closed boundaries for A, and is denoted by I'(A).

Let A be a uniform algebra on a compact space X. It is standard that the

Shilov boundary for A is indeed a closed boundary for A, and that I'o(A) = I'(A).

Definition 1.6.6. Let A be a uniform algebra on compact space X. The essential
set for A is the smallest closed set E of X such that the conditions f € C(X) and
f(E) C {0} imply that f € A. We say that A is essential if X is the essential set
for A.

A uniform algebra A on compact space X with essential set F is trivial if and
only if F = (). In addition, A|F is uniformly closed in C'(F), and

A={feC(X): f|E € AlE}.

For further information regarding peak sets, peak points, and boundaries we
refer the reader to [16, 54, 97]. For further information about the essential set, see

[16, Section 2.8].



CHAPTER 2

Swiss Cheese Sets, Abstract Swiss

Cheeses, and Classicalisation

Swiss cheese sets are compact subsets of the complex plane obtained by deleting a
sequence of open disks from a closed disk. By carefully choosing the centre and
radius of each open disk, we can construct a Swiss cheese set X such that R(X)
has various combinations of properties. If no restrictions are placed on the open
disks, then any compact subset of C can be obtained in this way. We say that a
Swiss cheese set is classical if the sum of the radii of the open disks is finite and
if the open disks and the complement of the closed disk have pairwise disjoint
closures. (This will be made precise in Section 2.1.)

Swiss cheese sets were introduced by Roth [92] (see also [86]), where she gave the
first example of a compact plane set X with int X = () and such that R(X) # A(X).
The Swiss cheese set constructed by Roth is classical in the sense described above.
Swiss cheese sets have also been used extensively in the study of the uniform
algebra R(X). Note that, in much of the literature Swiss cheese sets are referred
to simply as ‘Swiss cheeses’.

There are several examples of Swiss cheese sets which are important in the
theory of uniform algebras: in [85], McKissick constructs a Swiss cheese set X
such that R(X) is regular and non-trivial; in [99], Wermer constructs a Swiss
cheese set X such that and R(X) does not admit any bounded point derivations
but is non-trivial; in [88], O’Farrell constructs a Swiss cheese set X such that
R(X) is regular and admits a bounded point derivation of infinite order. Of these
examples, only Wermer’s construction yields a classical Swiss cheese set. Many
other examples of the use of Swiss cheese sets exist in the literature. A short

survey of these constructions is contained in [48].

28
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Classical Swiss cheeses sets have many desirable properties. A classical Swiss
cheese set is path connected and locally path connected, and hence has no isolated
points. In fact, every classical Swiss cheese set is uniformly regular with constant 7
(see Section 3.1 for the definition) [29]. In [40], Feinstein and Heath note that every
classical Swiss cheese set with empty interior is homeomorphic to the Sierpsinki
carpet, which follows from a theorem of Whyburn [101]. Thus any two classical
Swiss cheese sets which have empty interior are homeomorphic. If X is a classical
Swiss cheese set then the uniform algebra R(X) is essential ([16, p. 163-167], see
also [40, Theorem 1.8]) and X has positive area—a consequence of the Hartogs—
Rosenthal theorem. A direct proof that classical Swiss cheese set has positive area
is also given in [16]. This fact can also be deduced from a theorem of Wesler [100].

It is easy to see that non-classical Swiss cheese sets need not be connected, and
may have many isolated points. For those examples of Swiss cheese sets in the
literature which are not classical, we seek to construct classical Swiss cheese sets
which solve the same problem. (For example, we seek to construct a classical Swiss
cheese set X such that R(X) is regular and non-trivial.) The process of creating
such classical Swiss cheeses is what we call classicalisation.

The first classicalisation result is called the Feinstein-Heath classicalisation
theorem (Corollary 2.2.11), proved by Feinstein and Heath in [40]. Their method
used certain maps between underlying Swiss cheese objects and Zorn’s lemma to
find classical Swiss cheese subsets of certain Swiss cheese sets. Mason later gave
an inductive proof of the Feinstein—Heath theorem [84].

In this chapter we give a topological proof of the Feinstein—Heath classicalisation
theorem, and discuss new techniques for classicalisation of Swiss cheese sets. To
do this, we construct certain compact subsets of what we call abstract Swiss
cheese space (see Definition 2.1.1), and then use certain functions to show that the
desired classical Swiss cheese set exists. We also prove a ‘controlled classicalisation’
theorem where, under some technical assumptions, we only allow open disks which
lie in a certain region to be changed. We then prove an analogue of the Feinstein—
Heath theorem for annular Swiss cheese sets, which are obtained by deleting a
sequence of open disks from a closed annulus. We conclude the chapter with several
results about the regularity of the uniform algebra R(X), and the construction of
a classical Swiss cheese set X such that R(X) is regular and admits a bounded
point derivation of infinite order. That is, we classicalise the example of O’Farrell
mentioned above.

All of the work in this chapter is joint with H. Yang and J. Feinstein, and the

new results are contained in [49]. See also [48], which contains further applications
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of the results from this chapter, and a comparison of the methods used in [40, 84]

and our topological method.

2.1 Abstract Swiss cheese space

In this section, we discuss abstract Swiss cheeses, abstract Swiss cheese space and

various subspaces thereof which were introduced in [49] (see also [48]).
Throughout the chapter, we will work in abstract Swiss cheese space F, where

F = (C x RT)MNo is equipped with the product topology, which makes F into a

metrisable topological space.

Definition 2.1.1. An abstract Swiss cheese is an element A = ((an,7))n>0 in F.

For an abstract Swiss cheese A as above we define the following.

(a) The significant index set of Ais S = {n € N:r, > 0}. We say that A is

finite if S4 is a finite set, otherwise it is infinite.

(b) The associated Swiss cheese set X 4 is given by

X = Blanra)\ (U Blonr)) = Blawro)\ (U Blann). 1)

n=1 neS

(c) We say that A is semiclassical if Y0 r, < 00, 1o > 0 and for all k£ € Sy the
following hold:

(i) B(ak, ) € B(ao,r0);
(ii) whenever ¢ € Sy has ¢ # k, we have B(a, ry) N B(ag, 1) = 0.

(d) We say that A is classical if >0° 1, < 00, 19 > 0 and for all k € S, the
following hold:

(i) B(ag, %) € B(ao,r0);
(ii) whenever ¢ € Sy with ¢ # k, we have B(ak, ) N B(ag,rg) = 0.

(e) We say that A is annular if ag = ay and ro > r; > 0.

We usually write A = ((a,, 7)) for an abstract Swiss cheese and it should be
understood from context that the sequence is indexed by the non-negative integers.
Let X be a Swiss cheese set. We say that X is semiclassical if there exists a
semiclassical abstract Swiss cheese A such that X4 = X, and we say that X is
classical if there exists a classical abstract Swiss cheese A such that X, = X.

We define the following functions on abstract Swiss cheese space.
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Definition 2.1.2. For each o > 1, we define the discrepancy function of order «,
0o o F — [—00,00), by

da(A) =1 — nf:lrf; (A= ((an,m)) € F). (2.2)
The annular discrepancy function San, © F — [—00,00) is given by
Sann(A) == rg — 11 —Qirn (A= ((an, 1)) € F).
n=2
The radius sum function is the map p : F — [0, 00| given by

p(A) = ZT,“ (A= ((an,m)) € F).
n=1
The centre bound function is the map u : F — [0, 00] given by

pw(A) =suplanl, (A= ((an,0)) € F).

ne

Let £ C C. For an abstract Swiss Cheese A = ((ay,r,)) we define Ha(E) to be
the set of n € Sy such that B(ay,,r,) N E # (. The local radius sum function on
E is the function pg : F — [0, 00| given by

pE(A) = Z Tn, (A - ((amrn» S ]:)

nEHA(E)

The annular radius sum function is the map pan, : F — [0, 00] given by
pann(A) = 10 (A= ((an;70)) € F)
n=2

Let N denote the set of all abstract Swiss cheeses A = ((a,,7,)) € F such that
p(A) < oo the sequence (1,)5°; is non-increasing. In addition, for each M > 0
and R > 0, we define the set N (M, R) to be the set of all A = ((an,7,)) € N
such that p(A) < M, and p(A) < R. Throughout this chapter, for each n € Ny,
7t F — (C x R") denotes the projection onto the nth coordinate.

Lemma 2.1.3. Let M, R >0 and let a > 1.

(a) The set N (M, R) is closed in F. Moreover, S C N (M, R) is compact if and
only if S is closed and my(S) C (C x R*") is compact.

(b) For all A= ((an,m)) € N(M, R) we have 1, < R/n for all n € N.

(c) The function 4 : F — [—00,00) is upper-semicontinuous.



Chapter 2. Abstract Swiss cheeses 32

(d) If a > 1 then the function 0,JN (M, R) : N(M,R) — R is continuous.

Proof. (a) We first show that N (M, R) is closed in F. For each m € N, let
AM = ((ai™ (M) be an abstract Swiss cheese in N (M, R). Suppose that
(A™M)) converges to A = ((an,7,)) € F as m — 0o. We show A € N(M, R). Since
convergence is pointwise, for each n € Ny, we have a,, = lim,,, s a%m) € B(O, M)

and r,, = lim,,, r,(@m) € [0, R]. By Fatou’s lemma for series, we have

m—0o0

_\ minf S 0 — (m)
—Zrnglﬂlo%f;rn = liminf p(A"™) < R.

It follows that A € N(M, R) and hence N (M, R) is closed.

Let S C N (M, R). Set T = my(S) x (B(0, M) x [0, R])Y. Then we have S C T.
It is easy to see, by Tychonoff’s theorem, that T is compact if and only if 7y(5) is
compact in C x R, Thus S is compact if and only if 7y(.S) is compact in C x R*
and S is closed in T'.

(b) This is clear.
(c) For each m € N, let A™ = ((a{™ r(™)) € F and suppose that (A™)

converges to A = ((a,,r,)) € F as m — oo. By Fatou’s lemma for series, we have
% r® < Hminf,, e 30, (r™)* so that

n=1"n
da(A) =1§ — Z re > lim sup((r(()m))o‘ - Z(rf{"h“) = lim sup 9, (A™).
ne1 m—oo n—1 m—oo

It follows that d, is upper-semicontinuous on F.

(d) For each m € N, let A™ = ((a{™,r(™)) € N(M, R) and suppose that (A™)
converges and has limit A = ((a,,r,)) € N(M, R). By (b), for each m,n € N, we
have r™ < R/n, and, with a > 1, the series Y.°°,(R/n)® converges. Thus, by

the dominated convergence theorem, we have
0n(A) =15 = 31 = ngn;o(@ém))a ) <r,sm>>a) = i 5,(A).
It follows that |4(A)| < 0o and d, is continuous from N (M, R) to R. O

Note that, if A is a semi-classical or classical abstract Swiss cheese, then mdy(A)
is the area of the Swiss cheese set X 4. Also note that, in the proof of (d), we do not
use the fact that pu(A) < M, so we could relax the conditions to only restrict the
radius sum. The upper-semicontinuity of ¢,, for a > 1, implies that the function
p: F — [0, 00] is lower-semicontinuous; this is also a trivial consequence of Fatou’s
lemma for series.

The following example demonstrates that the discrepancy function of order 1

need not be lower-semicontinuous on N (M, R).



Chapter 2. Abstract Swiss cheeses 33

Example 2.1.4. For each m € N, let A™ = ((a{™ 7)) be the abstract Swiss
cheese such that a(™ = 0 for all n € Ny, r(()m) = 1 and 7™ = 1/2m for each
n=1,2,...,mandr(™ = 0 for all n > m. Then the sequence (A™)>_, converges
to the abstract Swiss cheese A = ((ay,r,)) where a, = 0 for all n € Ny, ro = 1,

and r, = 0 for all n € N so that §;(A) = 1. But, for all m € N, we have

UL | 1

S Ay =1 - — =_,

1 2m 2
Note that A™ € N(1,1) for all m € N, so 6, fails to be continuous on N'(M, R)
for any M, R > 0. ]

We shall often work with abstract Swiss cheeses which do not have any ‘re-

dundant’ disks. We therefore introduce the following terminology.

Definition 2.1.5. Let A = ((a,,7,)) be an abstract Swiss cheese. We say that A
is redundancy-free if, for all k € S, we have B(ay,7) N B(ag, o) # 0 and, for all
0 € Sy with ¢ # k, we have B(ay, ;) € Blag, ).

The following lemma shows that we may restrict our attention to redundancy-

free abstract Swiss cheeses in many cases.

Lemma 2.1.6. Let A = ((an, 7)) € F with p(A) < oo. Then there exists a
redundancy-free abstract Swiss cheese B = ((bn, $,)) € N such that X = X4,
p(A) < oo, B(by,so) = Bl(ag,r0). Moreover, for each subset E of C, we have
p5(B) < pp(A). In particular, p(B) < p(A).

Proof. Since the sum of the radii of A is finite we have r,, — 0 as n — oo, so there
exists an initial segment P of N (possibly equal) such that Sx can be enumerated
as (n;)jep (without repeats) arranged so that (r,,;);cp is non-increasing. For each
j € P, define the set

Ij = {ny: k€ P k> jB(an,rn) CBlan,, )}

Let I = Ujep I;. Let J denote the set of all k € Sy with B(ay, r) N B(ag, ro) = 0.

Let S =S4\ (TUJ), let by = ap and sg = 1. There exists an initial segment Q)
of N (possibly equal) and a bijective function o : @ — S such that (74(,))neq is a
non-increasing (possibly finite) sequence. For each n € N, let b, = ag(n), $n = To(n)
ifne @ and b, =ag, s, =0if n ¢ Q. Let B = ((bn, s,)) be the resulting abstract
Swiss cheese.

We now claim that B has the desired properties. Clearly X, C Xpg. Let
2z € C\ Xy, we show z ¢ Xp. If 2 € C\ B(ag, ro) then we have z € C\ B(by, s0),
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so we can find a minimum m € Ny such that z € B(ay,,, ", ). Then we have
B(an,, 7 n,,) € Blan,, ;) so that m ¢ I; for all j € Ny. It follows that there
exists ¢ € Sp such that z € B(by,s;). Thus z ¢ Xp and X4 = Xp. By the
construction above, it is not hard to see that B is redundancy-free. It is also clear
that pp(B) < pg(A) for any non-empty set £ C C so the result follows. O

Note that the conditions B(bg, s9) = B(ag, o) and p(B) < p(A) together imply
that 61(B) > 61(A).
We now introduce some terminology for constructing new Swiss cheeses by

deleting, inserting, and replacing disks from a given abstract Swiss cheese.
Definition 2.1.7. Let A = ((a,,7,)) be an abstract Swiss cheese.

(a) Let a € C and r > 0 and let m € Ny. We say that an abstract Swiss cheese
B = ((by, s,)) is obtained from A by inserting a disk B(a,r) at index m if,
for each n € Ny with 0 < n < m, we have b, = a,, s, = r,; for each n € Ny

with n > m we have b, = a,,_1, s, = a,_1, and b,, = a, s, = 1.

(b) Let m € Nyg. We say that an abstract Swiss cheese B = ((by, s,,)) is obtained
from A by deleting the disk at index m if, for each n € Ny with 0 < n < m,
we have b, = a,,, s, = r, and for each n € Ny with n > m we have b,, = a1,

Sp — Tn+1 .

(¢) Suppose that A € N. Let a € C and r > 0 and k, ¢ € N with k £ £. We say
that an abstract Swiss cheese B = ((bp, s5,)) is obtained from A by replacing
the disks B(ag, rx), B(ag, r¢) by B(a,r) if B is obtained by deleting the disks
at indices k, ¢ and inserting the disk B(a,r) at the first index such that the

sequence (s,) is non-increasing.

Note that if B is an abstract Swiss cheese obtained by deleting a disk or

replacing a pair of disks from an abstract Swiss cheese A € N, then we also have

BeN.

2.1.1 Geometric Lemmas

The following elementary lemmas will be required throughout the remainder of
the chapter. The first is probably well known, but we have not been able to find a

reference. The proof is omitted.

Lemma 2.1.8. Let z,w € C and r,s € RY, then B(z,r) C B(w, s) if and only if
|z —w| < s—r. Ifr >0, then B(z,r) C C\ B(w, s) if and only if |w — z| > s+ 7.
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The next two lemmas are essentially those used in [40, 84], but including
some additional information distilled from the original proofs. These lemmas are

summarised in Figure 2.1. In the first lemma, we allow for the line segment to be

degenerate.
7 B(a,r) BN
’ e 7 NN
A N N
ro, x \
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(a) Combining open disks. (b) Pulling in the closed disk.

Figure 2.1: Elementary lemmas for combining and pulling in disks.

The first lemma describes a process that we call combining disks.

Lemma 2.1.9. Let ay,a; € C and r,79 > 0. Then there exists a unique pair
(a,r) € Cx RT with B(ay,m1) U B(ag,m2) C B(a,r) such that r is minimal.
Moreover, the point a lies on the line segment joining a1 and as. Suppose further
that B(al, 1) N B(CL27 ro) # (0. Then we have r < 11+ 1o, and equality holds if and
only if B(ay,r1) N B(ag, m2) = 0.

The second lemma describes a process that we call pulling in.

Lemma 2.1.10. Let aj,ay € C and ry > ro > 0 with B(ag,rg) ¢ B(ai,r).
Then there exists a unique pair (a,7) € C x R* with B(a,7) C B(ay,r) and
B(ag,m9) N B(a, r) =0 such that r is mazimal. Moreover, we have r > ri — o and
equality holds if and only if B(az, ) C B(ay,ry).

The cases in which equality holds in Lemmas 2.1.9 and 2.1.10 are illustrated in

Figure 2.2.

2.2 Classicalisation of abstract Swiss cheeses

In this section we give a new, topological proof of the Feinstein—Heath classical-
isation theorem, and several related results. Our methods involve constructing

a non-empty compact subset of abstract Swiss cheese space, on which we can
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(a) Case where equality holds in Lemma (b) Case where equality holds in Lemma
2.1.9. 2.1.10.

Figure 2.2: Extreme cases in the combining and pulling in lemmas.

maximise the discrepancy function of order 1. We use the resulting set of abstract
Swiss cheeses to prove the Feinstein-Heath classicalisation theorem.

We now define a relation on abstract Swiss cheese space.

Definition 2.2.1. Let A = ((a,,,)) and B = ((b,, s,)) be abstract Swiss cheeses.
We say that B is partially above A if B(by, s0) € B(ag, 7o), and, for each n € N,
either B(an,,) € C\ B(by, so), or there exists m € N such that B(a,,r,) C
B (b, Sm), or both.

Note that A is partially above itself and that if B is partially above A then
Xp C X 4. The following example shows that the partially above relation is not a

partial order on abstract Swiss cheese space.

Example 2.2.2. Choose sequences («,) and (8,) of positive real numbers such
that a,,, 8, =& 1 as n — oo and, for eachn € N, 0 < o, < 5, < a1 < 1. Let
A = ((an, 7)) be an abstract Swiss cheese with a,, = 0 for all n € Ny, o = 1 and
rn = ay for all n € N. Let B = ((b,, s,)) be an abstract Swiss cheese b, = 0 for
all n € Ny, so =1 and s,, = 5, for all n € N. Clearly A and B are not the same
abstract Swiss cheese. We claim that A is partially above B and B is partially
above A.

We first note that B(ag, r0) = B(bo, s0). So we need to show that, for all n € N,
there exists m € N such that B(a,,r,) C B(b,, s,,) and, similarly, for all n € N,
there exists m € N such that B(b,, s,) € B(am,, rm). For each n € N, we have

B(anvrn) g B<bn7 Sn) g B(anJrlarnJrl)‘

It follows that A is partially above B and B is partially above A. |
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Remark 2.2.3. In the above, neither A nor B is in N, and p(A) = p(B) = oc.

For the remainder of this section, let A = ((a,,r,)) € N be a redundancy-free
abstract Swiss cheese with p(A) < oo and §;(A) > 0. Let M = p(A) and let
R = p(A). Let S(A) denote the set of all abstract Swiss cheeses B € N (M, R)
such that B is partially above A. We seek to prove that S(A) is compact in F.

This is achieved by means of the following lemmas.

Lemma 2.2.4. For each m € N, let At = ((a™ r(™)) € S(A). There exists a
subsequence (A))°, of (A™) such that, for each k € N, one of the following
holds:

(a) T = 0,’

(my)

(b) |ag — ag r™ vy for alli € N with i > k;

(c) there ezists py € N such that |ay, — az(;:i)

< 7“1(3’;”) —1ry for alli € N with 1 > k.

Proof. We use a diagonalisation argument to construct inductively a sequence

of nested subsequences of (A™)

) and a sequence (pg) of positive integers with
the properties described above. Let k = 1. If r; = 0 then let (A™Y)>_ be
the sequence (A™) and let p; = 1. Otherwise we have 7, > 0. If there are
infinitely many m € N such that |a; — aom | >r+ r(()m) then let (A™V),, be a
subsequence of (A(™)) such that |a; — ao | >+ 7‘0 Y holds for all m € N, and
let p; = 1. Otherwise, for all but finitely many m € N, there exists ¢, € N such
that |a; — ag,’:)\ < rgnn) — 1. Now since A™ € N (M, R) for each m € N, where
such an integer ¢, exists, it must satisfy 1 < ¢,, < R/r;. It follows that there
is at least one integer p such that ¢,, = p for infinitely many m. Set p; = p and
let (At™) be a subsequence of (A™) such that |a; — a{™V| < (™Y —ry for all
m € N.

Let £ € N and suppose that we have constructed the nested subsequences
(A™9),, for j = 1,2,...,k — 1 and positive integers py,...,pr_1. We construct
the subsequence (A™*)),. and p; as follows. If r, = 0 then let (A™"),, be the
sequence (AM#F=1)
lap, — a™| > rp + ™, then let (A™R), be a subsequence of (A™*~1)  such
that |ay — ao | >+ 7“0 *) holds for all m € N, and let p;, = 1. Otherw1se for
all but finitely many m € N, there exists £, € N such that |aj, — azm \ < réf:) — Tk

m, and let pi, = 1. If there are infinitely many m € N such that

Now since A™*) € N(M, R) for each m € N, where such an integer £, exists, it
must satisfy 1 < ¢, < R/rg. It follows that there is at least one integer p such
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that £,,, = p for infinitely many m. Set p, = p and let (A F) be a subsequence of
(At™)) such that |aj, — a{™®| < r{m® — ry for all m € N.

The construction may now proceed. For each i € N, let m; € N such that
Am) = A6 We must verify that (A™)); has the desired properties. Fix k € N.
If r, = 0 then we are done, so suppose not. By our construction, the sequence
(Am))> is a subsequence of (AM#)*_ 5o that either |ay — al™| > ry + r{m)
or |a; — aj(;k’”)\ < r}(,Z“) — 1, for all ¢ € N with ¢ > k. Thus we have constructed a

subsequence (A)); with the desired properties. O
Lemma 2.2.5. The set S(A) is a compact subset of F.

Proof. It is not hard to see that my(S(A)) is compact in C x R* so, by Lemma
2.1.3, it remains only to show that S(A) is closed in N (M, R). For each m € N,
let A™ = ((a{™ (™)) be an abstract Swiss cheese in S(A), and suppose the
sequence (A(™)) converges and has limit B = ((by, s,)) € N(M, R). We need to
show that B € S(A).

Since A € S(A) for each m € N, we have |a™ — ao| < r§™ — ry by Lemma
2.1.8. Letting m — oo, we have |by — ag| < so — ro, and hence B(bo, s9) C B(ao, To).
By Lemma 2.2.4, there exists a subsequence (A™))2, of (A™)) such that, for
each k € N, one of the following holds:

(a) 7 = 0;

(b) lax — al™| > r§™ + 7y for all i € N with i > k;

(c) there exists py € N such that |aj — ag;%)

< rz(;”'i) —r, for all © € N with ¢ > k.

Now since A™ — B as m — oo, it follows that A™) — B as i — oo. Let k € N.
If r, = 0 then B(ag, ) = () so there is nothing to prove. If |a; — a((]mi)| > r(()mi) + 7y
for all i € N with ¢ > k then, taking i — oo, we have |ay — by| > sg + 7% S0
that, by Lemma 2.1.8, we have B(ag, ;) C C\ B(bo, s9). Otherwise, there exists
pr € N such that |a; — az(fk”i) < 7“1()2”1') — 1, for all ¢ € N with 7 > k. In this case,
taking ¢ — oo, we obtain |aj — by, | < s,, — ) so that, by Lemma 2.1.8, we have
B(ag, ) C B(bp,, Sp,)- This concludes the proof. O

The function d; is upper-semicontinuous on the non-empty, compact subset
S(A) of F, so §; attains its maximum value on S(A). Let S; denote the set of
all abstract Swiss cheeses B € S(A) such that §;(B) = max {6;(C) : C € S(A)}.
Then the set S; is non-empty and compact in S(A). Note that, for all B € Sy, we
have 6;(B) > 01(A) > 0. The function 0, is continuous on &;, and so Jy attains
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both minimum and maximum values on S;. Let Sy denote the set of all B € &
such that dy(B) = min{d62(C) : C' € &1}. Then S, is a non-empty, compact subset
of 81, and hence is a non-empty, compact subset of S(A). We seek to prove that
any abstract Swiss cheese B € & is a classical abstract Swiss cheese.

We require the following ‘safe replacement’ lemma.
Lemma 2.2.6. Let B = ((by, 5,)) € S(A).

(a) Suppose that k,{ € Sp with k #  such that B(by, s,) N B(bg,s0) # 0. If
we have B(by, si) N B(by,s¢) # O then there exists B € S(A) such that
01(B') > 61(B). Otherwise, there exists B' € S(A) such that 61(B’) = §1(B)
and d3(B’) < 62(B).

(b) Suppose that k € Sp with s), < s such that B(by, s) € B(bo, s0). If we have
B(bk, sk) € B(bo, o) then there exists B' € S(A) such that 6,(B") > 6,(B).
Otherwise, there ezists B' € S(A) with 61(B’) = §1(B) and §2(B’) < 62(B).

Proof. (a) Let B(b, s) be the open disk obtained by applying Lemma 2.1.9 to the
disks B(bg, sx) and B(by, s¢). Let B' = ((b),, s),)) be obtained by replacing the disks
B (b, sx) and B(by, s¢) by B(b, s).

If B(bg, sk) N B(by, s¢) # 0 then we have s < s + s and so 0,(B’) > 01(B).
Otherwise, we have s = s;, +s¢ and hence s? > s2 +s7. In this case, 6;(B’) = §;(B)
and 92(B’) < 02(B).

We now show that B’ € S(A). Clearly B’ € N by our definition of replacing
disks in an abstract Swiss cheese. Since b lies on the line segment connecting by
and by, it follows that u(B’) < p(B) and since s < s, + s, we have p(B') < p(B).
Thus B € N(M, R). Tt remains to show that B’ is partially above A.

We have B(b)), sh) = B(bo, s0) so that B(b}, si) C B(ao, 7). Fix p € N. Since
B is partially above A, we have either B(ay,r,) € B(by, Sm), for some m € Sg,
or B(ay,r,) € C\ B(by,s0) (or both). If B(a,,r,) € C\ B(by,so) then we also
have B(ay,r,) C C\ B(b), s)). Otherwise, let m € Sg with B(a,,7,) C B(bym, Sm)-
If m = k or m = {, then, with ¢ as the index where B(b, s) was inserted, we
have B(ap,rp) C B(by,s;). If m # k, £, then there exists ¢ € Sp such that
B(b;, s;,) = B(bm, $m). Thus B(a,,r,) € B(b, s;). Hence B’ is partially above A,
and so B’ € S(A) as required.

(b) Let B(b, s) be the closed disk obtained by applying Lemma 2.1.10 to the disks
B (b, so) and B(bg, sr). Let B’ = ((b),, s!)) be the abstract Swiss cheese obtained

by deleting the disks at indices 0 and £ and inserting the disk B(b, s) at index 0. It
is easy to see that B’ € N (M, R) and we have B(b, s) C B(by, sg) by construction.
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If B(bg,sk) € B(bo, o) then we have s > sy — sx so that §;(B) > 01(B).
Otherwise, we have sy = s + s, and s > s? + s7 so that 6,(B’) = 6;(B) and
d2(B') < 92(B).

Fix p € N. Again, we show that B(a,,r,) C C\ B(b,s) or that there exists
q € Sp such that B(a,,r,) C B(b,s;). If r, = 0 then the result is trivial, as
above, so suppose that p € S,. Since B € S(A), we have B(a,,r,) € C\ B(bo, 50)
or we have B(ap,7,) C B(bn, sm) for some m € Sp. If B(a,,7,) € C\ B(bo, 50)
then we also have B(a,,7,) C C\ B(b,s). Let m € Sp and suppose that we
have B(ap,7p) € B(bm,Sm). If m # k then there exists ¢ € Sp such that
B(b;, s;,) = B(bm, sm) and hence B(a,,,) € B(by, s;). If m =k then we now have

B(a,,,) € C\ B(b,s). It follows that B’ is partially above A, and so B’ € S(A)

as required. This concludes the proof. O]

The following theorem about abstract Swiss cheeses in &; is yields a ‘semiclas-
sicalisation’ theorem. See also [48, Theorem 7.3], which was originally proved in
the MSc dissertation of H. Yang.

Theorem 2.2.7. All abstract Swiss cheeses in S; are semiclassical.

Proof. Let B = ((bn,s,)) € Si. Suppose for contradiction that B is not a
semiclassical abstract Swiss cheese. Consider first the case where there are distinct
k.l € Sg with B(bg, sp) N B(by, s¢) # (). By Lemma 2.2.6(a) there exists B’ € S(A)
with 6;(B’) > 6,(B), which is a contradiction.

The remaining case is where there is a k € Sp with B(bg, sx) € B(bo, s0). We
have §;(B) > 01(A) > 0 so that s, < so. By Lemma 2.2.6(b) there exists B’ € S(A)
with 01(B’) > 6;(B), which is a contradiction. O

Remark 2.2.8. By the above theorem, all abstract Swiss cheeses in S;, and hence
in Sy, are semiclassical. Thus the function 7, : S; — RT is the function which
maps an abstract Swiss cheese B to the area of the associated Swiss cheese set Xp.
By this observation, the abstract Swiss cheeses in Sy are obtained by minimising

the value of the area of the associated Swiss cheese sets on S;.

We are now ready to prove the main theorem of this section, which provides

the means for finding classical abstract Swiss cheeses.
Theorem 2.2.9. All abstract Swiss cheeses in Sy are classical.

Proof. Let B = ((bn, Sn)) € Sa. Suppose for contradiction that B is not classical. If
there are distinct k,¢ € Sp with B(b, si) N B(by, 5¢) # 0 then, by Lemma 2.2.6(a),
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there exists B’ € S(A) such that either 6;(B’) > 6,(B) or 6,(B’) = 61(B) and
d2(B’) < 62(B). In either case we obtain a contradiction since B € Ss.
Otherwise there exists k € S with B(bk, si) € B(bo, so). Note that s, < so
since 9;(B) > 0. By Lemma 2.2.6(b) there exists B’ € S(A) such that either
01(B’") > §1(B) or 6;(B’) = 6:(B) and 62(B’) < 62(B). In either case we obtain a

contradiction since B € S,. O

In the next theorem, we show that if X4 has empty interior then we do not

have to minimise d, on S; to find classical abstract Swiss cheeses.

Theorem 2.2.10. Suppose that int(X4) = 0. Then each abstract Swiss cheese in

S is classical.

Proof. Let B = ((bn,sn)) € Si. Then, by Theorem 2.2.7, B is semiclassical.
Suppose, for contradiction, that B is not classical. Then there are two cases
summarised in Figure 2.3. First suppose that there exist distinct k, ¢ € Sp with
B(by, si) N B(by, s¢) # 0. Then by Lemma 2.1.9, since B(by, ;) N B(by, s¢) = 0,
there exists an open disk B(a,r) D B(bg, sk) U B(bs, s¢) with r = s + s4. By
replacing the disks B(by, sx) and B(by, s;) with B(a,r) we obtain a new abstract
Swiss cheese B’ = ((b),,s!,)) such that B’ € S; (following the proof of Lemma
2.2.6). Let p be the index at which the disk B(a,r) was inserted. Since Xp has
empty interior, there exists m € Sp with m # p such that B(a,r) N B(by,, s,n) # 0.
Let ¢ € Sp: be such that B(b;, s;) = B(by, s1m). Note that p # ¢. Applying Lemma
2.2.6(a) to p,q € Spr and B’, we obtain an abstract Swiss cheese B” € S(A) which
has 6;(B”) > 6,(B’). But this is a contradiction.

Now suppose there exists k € Sp with B(b, sp) € B(bo, so). Then, by applying
Lemma 2.1.10, there exists a closed disk B(b, s) contained in B (by, so) \ B(by, si).
By deleting the disks at indices 0 and &k and inserting B(b, s) at index 0, we obtain
a new abstract Swiss cheese B’ = ((b),,s!,)) € S such that 6;(B’) = §;(B) (again
following the proof of Lemma 2.2.6). Since Xp has empty interior, there exists
q € Sp such that B(b,, s;) € B(b,s). Applying Lemma 2.2.6(b) to m and B, we
obtain an abstract Swiss cheese B” € S(A) which has 6,(B”) > 0,(B’). But this is

a contradiction. ]

We now obtain the Feinstein—Heath classicalisation theorem as a corollary of

Theorem 2.2.9, stated below in the language of abstract Swiss cheeses.

Corollary 2.2.11 (Feinstein-Heath theorem). Let Ag = ((a(”, 7)) be an abstract
Swiss cheese with §1(Ag) > 0. Then there exists a classical abstract Swiss cheese
B € F such that Xp C X4, and 6;(B) > §1(Ao).
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(a) Case 1. (b) Case 2.

Figure 2.3: The two cases in the proof of Theorem 2.2.10

Proof. Since 01(Ag) > 0, we have p(Ay) < oo so, by Lemma 2.1.6, there exists a
redundancy-free abstract Swiss cheese A € N such that X4 C X4, u(A4) < oo,
B(ag,79) = B(a(()o),ro ) and such that pg(A) < pr(Ap) for each subset £ C C.
In particular, we have p(A) < p(Ap) (taking, for example, F = C) and hence
01(A) > 01(Ap). Let S(A) be the compact subset of N'(u(A), p(A)), constructed
as above, and let & and Sy be the subsets obtained by maximising the value
of 9 on S(A) and minimising the value of 2 on S, as described above. Let
B € S;. By Theorem 2.2.9, the abstract Swiss cheese B is classical, and we have
01(B) > 01(A) > 61(Ap). Moreover, B is partially above A, so Xp C X4 = Xy4,.
Thus B is the desired abstract Swiss cheese. O

As an immediate corollary of the Feinstein—Heath classicalisation theorem and

the result in [85], after translation and scaling, we obtain the following result from
[40] which will be used later.

Corollary 2.2.12. Lete > 0, let A > 0, and let a € C. There exists a classical
abstract Swiss cheese A = ((an, 1)) with ag = a, ro = A, and p(A) < € such that

R(X4) is non-trivial and regular.

2.3 Controlled classicalisation

In this section we discuss some situations in which it is possible to make a Swiss
cheese classical without changing certain disks. This process we call ‘controlled

classicalisation’.
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Recall that, for £ C C and an abstract Swiss cheese A = ((an,7n)), the set
HA(E) is the set of all n € S, such that B(ay,,r,) N E # 0.

Lemma 2.3.1. Let U C C be a non-empty open set. For each m € Ny, let
A = ((al™ rm™)) € F and suppose that A™ — A = ((an,r,)) € F as m — o0o.
Then py(A) < liminf,, . pr(AM™).

Proof. Since U is open and A™ — A as m — oo, for each k € H,(U) there exists
mo € Ny such that, for all m > mg, we have k € S 4m) and B(a,gm), r,(j”)) NU # 0.
Let x,, denote the characteristic function of H yom)(U)NH4(U). Then y,, converges
pointwise to X = X, @) as m — 00. Since r,gm) — 11, as m — oo for each k, by

Fatou’s lemma for series, we have
=> x(n)r, < limlgio%f; Xom(n)r™) < lim inf pu(A™),
as required. O

For the rest of this section A = ((an,7,)) € N will be a fixed redundancy-free
abstract Swiss cheese. Note that both p(A) and u(A) are finite and r,, < p(A4)/n
for all n € N. We define the (classical) error set of A to be

EA) = | (B(am,rm) N B(an, Tn ) u Y ( (C\ B(ag,r9)) N B(an,rn)).

m,neES neS
m#n

Note that if E(A) C B(ag, o) then B(ay,,r,) € B(ag, 7o) for all n € S4. We aim
to prove that, under suitable conditions, we can classicalise A while leaving many
of the open disks unchanged.

As in Section 2.2, we seek to construct a compact subset of F on which the
function §; can be maximised and then the function d, minimised to give a suitable
classical abstract Swiss cheese.

In the rest of this section, we will frequently need to consider indexed col-
lections of pairs of sets of the following form. Let I C N be non-empty. Let
C = ((Kyu, Up))ner, where each K, is a compact plane set and each U, is an open
set with K,, C U,. We call such an indexed collection a controlling collection
of pairs. In the special case where I has only one member, we say that C is a

controlling pair and write C = (K, U).

Definition 2.3.2. Let C = ((K,,U,))ner be a controlling collection of pairs.
Define

= U, FEC) =K.

nel nel

Let £4(C) denote the set of all B = ((by, s,)) € N (u(A), p(A)) such that:
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(a) for each (K,U) € C we have py(B) < py(A);

(b) B(bo, s0) = B(ag,70);

(c) for all k € Sy with B(ag, ) N V(C) = () there exists ¢ € Sp such that
B(be, s¢) = B(ag, r1);

(d) for each n € I and for all k € S, such that B(ay,r) N U, # 0:

(i) there exists ¢ € Sp with B(bs, s¢) = B(ay, rx); or
(ii) there exists ¢ € Hp(K,) with B(ag,rr) C B(by, s¢).

Note that A € L4(C), and if B € L4(C) then B is partially above A. Thus if
B € L4(C) then Xp C X 4. The properties (a)-(d) reflect the properties we desire
for the final abstract Swiss cheese. We will use the open sets U to bound the error
set F£(A). Under some technical assumptions, conditions (c¢) and (d) ensure that
abstract Swiss cheeses maximising d; in L£4(C) have the property that any open
disk which lies outside V/(C) is the same as an open disk from A.

We first require some preliminary lemmas. The following lemma is probably
well known and can be proved using a Hausdorff metric argument, but we include

an elementary proof for the convenience of the reader.

Lemma 2.3.3. Let K be a compact plane set. Let (z,) be a sequence in C and
(tn) e a sequence in RY. Suppose that B(z,,t,) N K # 0 for all n and z, — z and
tn —t asn — co. Then B(z,t)N K # ().

Proof. For each n € Ny there exists a point w, € B(2,,t,) N K. Now since (w,)
is a sequence in K there is a convergent subsequence (wy,, ) converging to a point
w € K. For each k € Ny, we have w,, € B(znk,tnk) so that |wy,, — zn,| < tn,-
Hence, taking the limit as k — 0o, we have |w — z| < t so that w € B(z,t) N K as
required. O

We now prove that the space £4(C) is a compact subspace of F for an arbitrary

controlling collection of pairs C.

Lemma 2.3.4. Let C = ((K,,U,))ner be a controlling collection of pairs. Then
the set L4(C) C F is compact.

Proof. 1t is clear that mo(L4(C)) = {(ag,70)} is compact in C x R*. By Lemma
2.1.3, we need to show that £4(C) is closed in N (u(A), p(A)). For each m € Ny,
let A = ((a{™), r™M))> € L4(C). Let B = ((by, s,)) and suppose that (A™)
converges to B € N (u(A), p(A)) as m — co. We need to show that B € L4(C).
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By Lemma 2.3.1 we see that B also satisfies (a), and it is immediate that (b)
is also satisfied.

It remains to prove (c) and (d) hold for B. Fix k € S4. First suppose that
B(ag, )NV (C) = 0. Since, for each m € Ny, we have A™ € £,(C) it follows that

for each m there exists an integer ¢, such that B(ay, ) = B((zg:), réz)). Now since

r,im) = r, for each m we have 1 < ¢,,, < p(A)/ry for all m. But then there must
exist an integer 1 < p < p(A)/ry such that ¢, = p infinitely often so we can find a
subsequence (A(™)); such that ¢,,, = p for all j. Since B(ax, ) = B(aémj), r,(cmj))
for all j and A(™) — B, it follows that B(ay, 7)) = B(by, s,). This proves that (c)
holds for B.

Now suppose that B(ag, ) N U # 0 for some (K,U) € C. For each m € Ny
there exists an integer ¢,, such that B(a, ) C B(ag:), réf)) and rén":) > rp. We
choose £, as follows: if in A there is an open disk B(a,r) = B(ay, ;) then we
pick /,, to be the index of that open disk, otherwise we choose ¢,,, to be the index of
an open disk B(a, ) that properly contains B(ay, 7)) and B(a,7)NF(C) # 0. Hence
we have 1 </, < p(A)/ry, for all m and so there exists an integer 1 < p < p(A)/ry
such that ¢,, = p infinitely often. By considering a subsequence we can assume
that £, = p for all m. If B(a{™,r{™) = B(ay,rx) holds for infinitely many
m then there is a subsequence (A™)); such that B(ay, ) = B(a;(,mj), r;(,mj)) for
all j. Since A™) — B as j — oo it follows that B(ag,mx) = B(by,s,). If
B(ax, ) = B(al{™, r{™) for finitely many m then, for infinitely many m, we must
have

B(ay, ) C B(a(m),rg(,m)) and B(a!™,r™) N K # 0.

p p p

Then there exists a subsequence (A™)); such that B(ay, ) C B(aj(omj ), rj(gmj )) and
B(aémj),rémj)) N K # ( for all j. But then B(ax,rx) C B(by, s,) and, by Lemma
2.3.3, we have B(b,, s,) N K # (. This proves that (d) holds for B.

Thus we have proved that B € £4(C) and hence L£4(C) is compact. O

We are interested in those abstract Swiss cheeses B in a space £4(C) on which
the discrepancy function 9; is maximised. These abstract Swiss cheeses have
some desirable properties. Let £%(C) denote the subset of L4(C) of all abstract
Swiss cheeses where d; achieves its maximum. Since £4(C) is non-empty and
compact, £*%(C) is non-empty and compact. Recall that A € N is assumed to be

redundancy-free.

Lemma 2.3.5. Let C == ((K,,U,))ner be a controlling collection of pairs. Let
B = ((bn,sn)) € L4(C). Then B has the following properties.
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(a) If k,0 € Sg with k # { then B(by, sr) # B(bs, s¢).

(b) Let k € Sg. Then there exists { € Sy with B(ag, 1) C B(bg, si). Moreover,
if B(by, 51) N F(C) = 0 then this £ € Sy is unique, and B(by, sx) = B(ag, 7¢).

(¢) Fix ECC. Let Hy .= Hg(F)\ Hg(V(C)) and let Hy := Ha(E)\ Ha(V(C)).
There exists a bijection o : Hi — Hs satisfying the following condition: for
each k € Hy and { € Hy, we have o(k) = ¢ if and only if B(b, sp) = B(aye, s¢).

In particular,

Y su= Y ry

neH; ncHs
Proof. (a) If k,¢ € Sp with k # ¢ such that B(bg, sx) = B(bs, s¢) then we can
obtain an abstract Swiss cheese B’ by deleting the disk at index ¢ which has
01(B’) > 61(B). It is easy to see that B’ € L4(C), which is a contradiction.

(b) Let k € Sp. Assume, for contradiction, there does not exist £ € Sy such that
B(ag, ) € B(bg, sx). Then we can delete the disk at index k from B to obtain an
abstract Swiss cheese B’ which has §,(B’) > 0,(B). It is clear that B’ € L£4(C),
which contradicts the maximality of d;(B). Thus there exists ¢ € S, such that
B(ag,r¢) C B(by, Sk)-

Now suppose, in addition, that B(by, sx) N F(C) = (). We show that the £ € Sy
found above with B(as, 1) C B(by, sx) is unique and satisfies B(ay, 7,) = B(bg, sk).
Assume, for contradiction, that B(ag, 7,) # B(by, sx). Then, since A is redundancy-
free, we must have B(a,, ) # B(by, sg) for all m € S4. We claim that the
abstract Swiss cheese B’ obtained by deleting the disk at index k from B has
B’ € L4(C); this will lead to a contradiction.

Clearly B € N'(u(A), p(A)) and it is also clear that B’ satisfies conditions (a)
and (b) of Definition 2.3.2. Since B(a,, ) # B(bk, si) for all m € Sy, it follows
that 2.3.2(c) remains true for B’. Similarly, since B(by, s,) N F(C) = 0, 2.3.2(d)
remains true for B’. This proves our claim.

But now d;(B’) > §;(B), which contradicts the maximality of §;(B). Thus we
must have B(ag, 77) = B(bg, sr). The uniqueness of ¢ follows from the fact that A

is redundancy-free.

(c) Note that if, for some k € Sp and ¢ € S, B(b, sx) = B(as, 1¢) then k € H,
if and only if ¢ € Hy. Combining this with (b), for each k& € H; there exists a
unique ¢ € Hy such that B(bg, s) = B(as, 7¢). Thus we may define o(k) = ¢ for
such k, ¢. We must show that ¢ is a bijection. By (a), o is injective. Let ¢ € H,.
By 2.3.2(c), there exists k € Sp with B(bg, sp) = B(as, 7). By the remark above,
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k € Hy, and so o(k) = ¢. This proves that o is surjective. It is now immediate

that >=,cy, Sn = Ynem, ™n- This completes the proof. m

In order to obtain a controlled classicalisation theorem, we need to impose
some technical conditions on C. Let K be a compact plane set and let M > 0. We
define U(K, M) = {z € C: dist(z, K) < M}. Clearly U(K, M) is non-empty and
open.

Our next lemma is a ‘safe replacement’ result for controlled classicalisation.

Lemma 2.3.6. Let I C N be non-empty. Let (K,)ner be a collection of compact
plane sets and let (M, )ner be a collection of positive real numbers. For eachn € I,
let U,, == U(K,, M,). Suppose that py, (A) < My/2 and Uy C B(ao,ro) for all
k € I and suppose that U,NU, = O for all distinct k,¢ € I. Let C be the controlling
collection ((K,,Uy,))ner. Let B = ((bn,sn)) € LA(C) and fix m € I. Suppose there
exists k,{ € Sp with k # { such that B(by, sp) K, # 0 and B(by, s;)NB(by, s) # 0.
Then there exists B € L4(C) such that either §,(B’") > §1(B) or 61(B') = 61(B)
and §3(B') < 62(B).

Proof. Let B(b,s) be the disk obtained by the application of Lemma 2.1.9 to
the disks B (b, sx) and B(by, s¢). Let B' = ((bl,,s),)) be an abstract Swiss cheese
obtained from B by replacing the disks at indices k, ¢ with the disk B(b, s). Since
B € L4(C) we have py,, (B) < pu,, (A) < M;,/2, so that s < s, + s, < M, /2.
Since B (b, sx) N K, # 0, we must have B(b, s) C U, and hence B(b,s) N U,, = 0
for all n € I with n # m.

It is clear now that either 6;(B’) > 0,(B), when s < s, + sy, or we have
01(B') = 01(B) and 05(B’) < 92(B), when s = s + S¢, so it remains to show
that B’ € £4(C). By construction, and since B(b, s) C U, and B(b,s) N U,, =
for n € I with n # m, we have B" € N'(u(A), p(A)) and satisfies (a) and (b) in
Definition 2.3.2.

Fix j € Sa. If B(aj,7;) N V(C) = 0, then there exists p € Sg with p # k, £ and
B(by,s,) = B(a;,7;). Hence there exists p’ € Spr such that B(bl,, s,,) = B(a;,r;)
and B’ satisfies (¢) in Definition 2.3.2.

Suppose that B(aj,r;) N V(C) # 0. Let n € I such that B(a;,7;) N U, # 0.
Since B € L4(C), there exists p € Sp such that B(a;,r;) C B(b,,s,), where
equality holds unless B(b,, s,) N K, # (. If p # k,¢, then there exists ¢ € Sp
such that B(b;,s;) = B(b,,sp). Thus B(a;,r;) C B(b,s;) and equality holds if

B(b,, b )NK, = 0. If n # m then we cannot have p = k or p = £ since B(b, s) C U,,

q 7q

and U, NU,, = 0. If n = m and either p = k or p = £, then there exists ¢ € Sp
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such that B(b!,s/) = B(b, s), so that B(a;,r;) C B(V,,s") and B(b',s.) N K,, # 0.

¢ °q ¢ g 0 °q
Moreover, B(b;, s,) NU; = 0 for all i € I with i # m. It follows that B’ satisfies
2.3.2(d) and hence B’ € L4(C). This completes the proof. O

Similar geometric reasoning and induction shows that, under the conditions of

the lemma, given ng,...,n, € Sy and m € [ such that

B(an,,rn,) N K, #0 and B(anjfl,rnjfl) N B(an;,7n,) # 0

for j =2,...,p we have B(bnj,rnj) C U, foreach j =1,...,p.

We are now ready to prove the controlled classicalisation theorem.

Theorem 2.3.7. Let I C N be non-empty. Let (K,)ner be a collection of compact
plane sets and let (M,)n,er be a collection of positive real numbers. For each
n € 1, let U, = U(K,, M,). Suppose that U, C B(ag,79) and py, (A) < My/2
for all k € I and suppose that U, N U, = O for all distinct k,¢ € I. Let C be the
controlling collection ((Kn,Uy))ner and suppose E(A) C F(C). Then there exists
B = ((bn, sn)) € L4(C) such that X\ V(C) = X4\ V(C) and B is classical.

Proof. We know that £%(C) is non-empty and compact so o obtains its minimum
on L%(C). Let B € L£%(C) such that 09 is minimised on £%(C) at B. We first
show that B(by,s;) € B(by,so) for all k € Sp. Let C be the complement of
the disk B(ag,79) = B(bo, s0). Let k € Sp and assume, for contradiction, that
C N B(by, sx) # 0. If there exists u € Sy such that B(ay,r,) = B(by, s) then

0 # B(by, s1) N C = Blay,m,)NC CCNEA) =0,

which is impossible. Otherwise, by Lemma 2.3.5, there exists u € S4 such that
B(ay,r) € B(bg, sk). Since B € L%(C) there exists m € I such that

B(bg, sx) N K, # 0,

and it follows that ]_B(bm,sm) C U, C B(ao,r0), which is a contradiction as
B(ag, 70) = B(bo, o).

We must now show that there do not exist distinct k,¢ € Sg such that we
have B(bg, s;) N B(by, s;) # 0. Suppose, for contradiction, that such a pair ex-
ists. If B(by, s,) N F(C) = 0 and B(by, s¢) N F(C) = § then there exists u,v € Sy
with B(ay,r,) = B(b, sx) and B(a,,r,) = B(b, s¢), which is a contradiction since
E(A) C F(C). Thus at least one of these disks has non-empty intersection with at

least one compact set K.
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We may assume, without loss of generality, that B(by, s) N K, # 0 for some
m € I. Tt follows that s, s, < M,,/2 and B (b, sx) € Uy, and B(bg, s¢) N Uy, # 0.
Let B(b, s) be the open disk obtained by an application of Lemma 2.1.9 to the
disks B(bg, sk) and B(by, s¢). Then, by Lemma 2.3.6, the abstract Swiss cheese
B’ € L4(C) obtained by replacing the disks B (b, si) and B(by, s,) with B(b, s)
has either 0,(B’) > 01(B) or §;(B’) = 01(B) and §3(B’) < d2(B). Both of these
cases are impossible since we assumed that §; was maximised on B and d, was
minimised on B. It follows that no such pair k, ¢ can exist and hence B is classical.

It remains to show that Xp \ V(C) = X4 \ V(C). Note that B € L4(C)
so Xp € Xy, thus Xp \ V(C) € X4\ V(C). Let Uy = (C\ X4)UV(C) and
Ug = (C\ Xp)UV(C). Let z € Up, we show that z € Uu. If z is outside of
B(bo, 50) then it is also outside of B(ag, ) since the closed balls are the same.
If 2 € B(by, s0), then there exists k € Sy such that z € B(by,s;). Note that
B(by, s) N F(C) = (), otherwise B(by, s;) € V(C). By Lemma 2.3.5, there exists
¢ € S such that B(ag,7,) = B(bg, sx). Thus z € B(ay,r¢) and Ug C Uy. It follows
that C\ Ug D C\ Ua and hence X5\ V(C) = X4\ V(C). O

Note here that the classical, abstract Swiss cheese B obtained from this theorem
is an element of £%(C) and therefore satisfies properties (a)—(d) of Definition 2.3.2,
and the conclusion of Lemma 2.3.5 holds for B. Note also that, in contrast to the
Feinstein—Heath classicalisation theorem, d;(B) may be negative here. We can
obtain similar results using transfinite induction.

Taking I to have just one element in Theorem 2.3.7, we obtain the following

corollary.

Corollary 2.3.8. Let K be a compact plane set and let M be a positive real
number. Let U = U(K, M) and let C be the controlling pair (K,U). Suppose that
pu(A) < M and E(A) C K. Then there exists B = ((by, sn)) € L%(C) such that
Xp\U = X4 \U and B is classical.

2.4 Annular classicalisation

In this section we give some results about Swiss cheese like sets obtained by deleting
open disks from a closed annulus, rather than a closed disk. If K is a closed annulus
in the plane, we can write K = B(ag, 7o) \ B(a1,71) for some ay = a; € C and
ro > r1 > 0 real. Recall that an abstract Swiss cheese A = ((an,ry)) is annular if

ap = a; and 0 < 1 < 1g, and let K4 denote the annulus B(ag, r9) \ B(a1,r1). We
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shall usually omit ‘abstract’ from the statement A is an annular abstract Swiss
cheese.

The following lemma is an annular analogue of Lemma 2.1.10. The statement
is presumably well known, but we include the details for the convenience of the

reader.

Lemma 2.4.1. Let a € C and ro > 7, > 0 and let K = B(a,ry) \ B(a,r). Let
be Cand0 < s < (ro—r1)/2 such that B(b,s) NC\ K # 0. Then there exists
b, > 0 such that K' == B(a,7}) \ B(a,r}) € K with K' N B(b,s) =  and

Ty — Ty > 10— 11 — 25.

Proof. Set D = B(b,s). If D C C\ K then there is nothing to prove so suppose
not. Since s < (19 — r1)/2 there are only two possible cases. We must have either
DNB(a,r1)#0or DNC\ B(a,r) # 0.

In the first case, where D N B(a,r;) # 0, let 7y, = ro and 7} = |b — a| + s.
We have [b—a|] >ry —sand |b—a| <7 +s. Hence v} > 7 —s+ s =r; and

ry <ri+2s<ry+ryg—r=reand

/ —_—

ro—ri=ro—(b—al+s)>rg—s—ri—s=rg—ry—2s.

Since for each z € D we have |b—a|—s < |z—a| < |[b—a|+ s it follows immediately
that D C C\ K.
In the second case, where DN C\ B(a,ro) # 0, let vy = |b —a| — s and r] = 7.

We have [b—a| < rg+sand [b—a| >ry—s. Hence 1y < ro+s—s=ryand
/
ro>Tog—S—8>10— (rog—1r1) =11

and so

/ /
ro—ry=1|b—al—s—ry >rog—r; —2s.

Similarly, for all z € D we have [b—a|—s <|z—a|] <|b—a|+sandso D C C\ K.
This completes the proof. O

Let A = ((an, 7)) be an abstract Swiss cheese. Recall that
5ann(A> =To—T1— 2pann(A)a

as defined in Definition 2.1.3. In particular, if d,,,(A) > 0 then we have r¢ > ry.

We aim to prove an analogue of the Feinstein-Heath classicalisation theorem
(Corollary 2.2.11) for annular Swiss cheeses by constructing a suitable compact
subset of F.

The following is an analogue of Lemma 2.1.6 for annular Swiss cheeses.
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Lemma 2.4.2. Let A be an annular Swiss cheese with pan,(A) < co. Then there

exists an annular Swiss cheese B = ((by, sn)) with the following properties:
(a) Pann(B) < pann(A) and p(B) < oo;
(b) Xp = X4 and K = Kg;
(¢) (Sn)n>2 is non-increasing;
(d) for each j € Sp\ {1} we have B(b;,s;) N K # 0;
(e) for each j,k € Sp\ {1} with j # k, we have B(b;, s;) € B(bx, sx);
(f) for each E C C we have pp(B) < pr(A).

Proof. Since the sum of the radii of A is finite we have r, — 0 as n — o0, so there
exists an initial segment P of N (possibly equal) such that S, can be enumerated
as (n;)jep (without repeats) arranged so that (an,,rn,) = (a1,71) and (ry,)jep\ (1}

is non-increasing. For each j € P, define the set
Ij = {ny: k€ Pk > jB(an,rn) CB(an,,,)}

Let I = U,cp ;. Let J denote the set of all k € S, with B(ay, 1) N B(ag, ro) = 0.

Let S =S4\ (I UJ), let by = ag and sy = ry. Note that 1 € S. There exists
an initial segment @) of N (possibly equal) and a bijective function o : ) — S such
that o(1) = 1 and (74(n))ne@\1} is @ non-increasing (possibly finite) sequence. For
each n € Nlet b, = ao(n), Sn = rom) if n € Q and b, = ag, s, =0if n ¢ Q. Let
B = ((bn, sn)) be the resulting abstract Swiss cheese.

We now claim that B has the desired properties. Clearly X4 C Xpg. In addition,
B is annular since A is annular and (b, s1) = (a1,7r1). Let z € C\ X4, we show
2 ¢ Xp. If 2 € C\B(ag, ro) then we have z € C\B(by, 5¢), s0 we can find a minimum
m € Ny such that z € B(ay,,, ", ). Then we have B(ap,,,7,,) € B(an,, ;) so
that m ¢ I; for all j € Ny. It follows that there exists £ € S such that z € B(by, s).
Thus z ¢ Xp and X4 = Xp and K = K4. It is clear that pg(B) < pgp(A) for
any non-empty set £ C C. It is also clear that we must have pann(B) < pann(A).
It is not hard to see that B satisfies the other properties by the construction above.
The result follows. []

Note that, in the previous lemma, Kp = K4 and pan(B) < pann(A) together
imply that duun(B) > dann(A).
For the rest of this section, let A = ((ay,7,)) be an annular Swiss cheese with

Jann(A) > 0, such that p(A) < oo and (7,)2, is non-increasing.
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Lemma 2.4.3. Let A be the family of all B = ((bn, $»)) € F such that
(a) the sequence (sp)n>2 1S non-increasing,
(b) pann(B) < pann(A),
() 1u(B) < u(A),
(d) B is partially above A, and
(e) bp =by = ag, and 19 > s9 > 51 > 11.

Then A is compact in F, each abstract Swiss cheese B € A with dann(B) > 0 is
annular. Moreover, the function dan,| A @ A — R is upper-semicontinuous and the

function 62| A A — R is continuous.

Proof. 1t is easy to see that the family A is pointwise bounded by properties (b),
(c), and (e) so it remains only to prove that A is closed. For each m € Ny, let
A = ((alm) rm)))> e A and suppose that A™ — B € F as m — co. It is
clear that B satisfies (a)—(d) (as in the proof of Lemma 2.2.5). Since convergence
is pointwise, we have by = ag and b; = a;. Since A was annular, it follows that
bo = by.

Since each A™ € A we have ry > r(()m) > r§m) > ry, by taking m — oo we have
ro = So = 81 > T1.

Hence A is closed and pointwise bounded and is therefore compact by Tychonoff’s
theorem.

Let B = ((by, sn)) € A with §ann(B) > 0. Then we have by = by and 6, (B) > 0
and this implies that sy > s; and it follows that B is annular.

The proof that d,,, is upper-semicontinuous is an immediate consequence of
Fatou’s lemma for series, similar to the upper-semicontinuity of d;.

To prove that the restriction of 5 to A is continuous note that, for n € N
with n > 2, we have s2 < pau(B)?/n? for each B = ((bn, s,)) € A. The result
then follows from the dominated convergence theorem as in the proof of Lemma
2.1.3(d). 0

It is clear that A € A and so A is non-empty. For all B € A we also have
Xp C X 4. We require one additional lemma before we prove the main theorem.

The following lemma is the ‘safe replacement’ lemma for annular Swiss cheeses.
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Lemma 2.4.4. Let A be as in Lemma 2.4.3. Let B = ((b,,s,)) € A be an
annular Swiss cheese With Oann(B) > dann(A). Suppose there exists k € Sp \ {1}
such that B(b,s) NC\ Kg # 0. Then there exists B' = ((V,,s)) € A with

nr<n

dann(B') > dann(B). Moreover, if Sapn(B’) = 0ann(B) then d3(B’') < 62(B).

Proof. Let by = b} = byp. As in Lemma 2.4.1, we can find sj > s§ > 0 such that
Kp = B(b),sh) \B(¥,,s)) € Kp, Kg NB(by, s) = 0 and

/ —_—

Sp— 81 > 80 — s1 — 28k

Let by = by and sy = s, if 2 < 0 < k, b, = bpyq and s, = sp4q if k < £, we obtain an
abstract Swiss cheese B" = ((/,, s,)).

From the construction we see that B’ satisfies properties (a), (¢), and (e) in
Lemma 2.4.3. We have

dann(B') = sy — s — 2 i s> 89— 81 — 28, — 2 i Sp + 25K = Gann(B).
n=2 n=2
Since s < 5o and s] > 51 we must have pann(B’) < pann(B) < pann(A4), so (b) is
satisfied.

We now show that B’ is partially above A. Fix j € Sa. If B(ay,s;) lies in
the complement of B(by, sg), then it lies in the complement of B(b, s,) and if
B(a;j,s;) C B(by,s1) then B(aj,s;) € B(l,s}). Suppose there exists m € Sp
such that B(a;,s;) € B(bm,sm). If we have m # k then there exists ¢ € Sp
such that B(b},s;) = B(by, sn), and so B(a;,s;) € B(b),s;). If m = k then
either B(a;,r;) C B(b),s}) or B(a;,s;) lies in the complement of B(b, s;). It
follows that B’ is partially above A, and satisfies 4 and hence B’ € A. Since
Oann (B’) > dann(A) > 0, it follows that B’ is annular.

It remains to show that if dunn(B’) = Oann(B) then 62(B’) < d2(B). Assume that
dann(B’) = dann(B). Then we must have either sy = s + 2s; or 8| = 51+ 2s;. In
the first case we have s2 > (s{,)? +s%, and in the second case we have (s])* > s?+s2.
In either case, we have d2(B’) < d5(B). This completes the proof. O

Note that, as for arbitrary abstract Swiss cheeses, if B is a semiclassical, annular

Swiss cheese then mda(B) is the area of Xp.

Theorem 2.4.5. Let A be as in Lemma 2.4.3. Then there exists a classical,
annular Swiss cheese B = ((by, Sn)) € A with dann(B) > dann(A) and Xp C X 4.
Moreover, 7o — 2pann(A) < so <719 and r1 < s1 < 71 4 2pann(A).
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Proof. Since 6y, is upper semicontinuous on A and A is compact and non-empty,
it follows that §,,, achieves its maximum on A. Let A; denote the non-empty,
compact subset of A on which ,,, is maximised. Then d,, which is continuous on
A1, achieves its minimum. Let A denote the non-empty, compact subset of A;
on which d, is minimised and let B = ((b,, s,,)) € As.

Since dann(B) > dann(A) > 0 it follows that B is annular and Xp C Xj4.
Suppose, for contradiction, that B is non-classical. There are two possible cases.

First suppose there exist k,¢ € Sp \ {1} with & > ¢ and such that k,¢ € Sp
and B(by, s;) N B(by, 5¢) # 0. Then, by Lemma 2.1.9 there exists b € C and s > 0
such that

B(bka Sk) U B(bg,Sg) - B<b75>

and s < sg + s,. Let B = ((b,,s),)) be the abstract Swiss cheese obtained by
deleting the disks at indices k, ¢ from B and inserting the disk B(b, s) at the first
index in N\ {1} such that (s],)7°, is non-increasing. It is easy to see that B’ € A
and

pann(B) > pann(B) — S —S¢+s= pann(B/)a (23)

so that daun(B’) > Jann(B). By the maximality of d,,,(B), equality must hold here
and in (2.3). Thus s = s + s, and s* = (s + 8¢)? > s2 + 57 so that do(B’) < do(B).
This contradicts the minimality of d(B). It follows that no such k, ¢ exist.

Now suppose there exists k& € Sp \ {1} such that B(b,s,) NC\ Kz # 0
and s, > 0. By Lemma 2.4.4 there exists an annular Swiss cheese B’ € A with
Oann (B’) > ann(B) such that, if duu,(B’) = dann(B) then do(B’) < do(B). This is a
contradiction, so no such k can exist. It follows that B is classical.

Since B € A, we have ry > sq > s1 > r1. We also have
S0 — S1 > 5ann<B) > 5ann(A) =To—T1— Zpann(A>

so that
S0 Z ro — 2pann(A) - (Tl — 51) Z ro — 2pann(A)

and s1 < 71 4 2pann(A) — (10 — S0) < 11 + 2pann(A). This completes the proof. [

2.5 Regularity for R(X)

We now discuss some results on the regularity of R(X) for various compact plane

sets X. The following proposition is a special case of [51, Corollary 4.7].
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Proposition 2.5.1. Let X be a compact plane set such that R(X) is not regular.
Let E denote the set of non-R-points for R(X). Then E contains a non-empty

perfect subset. In particular, E is uncountable.

The following proposition, stated in [40], lists some properties of R(X) which

are inherited when a subset of X is considered.
Proposition 2.5.2. Let X and Y be compact plane sets with Y C X.
(a) If R(X) = C(X) then R(Y) =C(Y).

(b) If R(X) does not have any non-zero bounded point derivations then neither
does R(Y).

(¢) If R(X) is regular then so is R(Y).

In this section, we prove some results about regularity of R(X) which we shall
require for the construction in the next section. The following proposition is
essentially [54, Corollary 11.10.3].

Proposition 2.5.3. Let X be a compact plane set and let f € C(X). Suppose
that for each x € X there is a closed neighbourhood N, of x in X such that
fIN: € R(N,). Then f € R(X).

Our main theorem for this section is the following.

Theorem 2.5.4. Let X be a compact plane set and let E be a countable subset of
X. Let (X,) be a family of compact plane sets such that R(X,) is reqular for all
a and Uy intx (X NX,) 2 X\ E. Then R(X) is regular.

Proof. We first show that every point in X'\ £ is an R-point for R(X). Let z € X\ E
and y € X with 2 # y. Then there exists a and 7 > 0 such that B(z,r)N X C X,.
Let 6 < r/3 such that |x — y| > 26. Let F' denote the complement of X N B(z,24)
in B(x,7)N X. Since X NB(xz,r) C X,, R(X NB(x,r)) is regular by Proposition
2.5.2 (and hence normal). Thus there exists a function ¢ € R(X N B(xz,r)) with
g(z) = 0 for all z € X NB(xz,6) and g(z) = 1 for all z € F. Extend g to a
function f € C(X) by setting f(z) = g(z) for all z € (B(z,7)N X) and f(z) =1
for all z € X \ B(x,r). Clearly f satisfies the conditions of Proposition 2.5.3, so
f € R(X). By our choice of §, we have x € U and y € F so f vanishes on a
neighbourhood of z and f(y) = 1, so  is an R-point for R(X).

It follows that R(X) has at most countably many non-R-points. So, by
Proposition 2.5.1, R(X) is regular. O
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Note that we do not assume that X, C X. However, replacing X, by X N X,

does not alter the result. We obtain the following corollaries.

Corollary 2.5.5. Let X be a compact plane set and xo € X. Let (X,) be a family
of compact plane sets such that U, intx (X N X,) = X \ {zo} and R(X,) is reqular
for all a. Then R(X) is regular.

Corollary 2.5.6. Let X, X5 be compact plane sets such that XN Xy is countable.
If R(X1) and R(X2) are regular then R(X; U Xs) is reqular.

2.6 Classicalisation of an example of O’Farrell

In this section we see an application of the results of this chapter. In [88], O’Farrell
modified the construction of McKissick [85] to construct a Swiss cheese set X such
that R(X) is regular and admits a non-degenerate bounded point derivation of
infinite order. However, this Swiss cheese set is not necessarily classical.

Following our general scheme of classicalisation, we construct a classical Swiss
cheese set X such that R(X) is regular and admits a bounded point derivation of
infinite order at one of the points of X.

The first proposition is easily deduced from a theorem of Hallstrom [59], and

some elementary facts about analytic capacity. (See [88].)

Proposition 2.6.1. Let A = ((ay, 7)) be an abstract Swiss cheese, and let v € X 4.
For eachm € N, let K,(x) :={z€ C:27 < |z — x| < 27"}. Suppose that

Z n”pKn(m)(A) < Q.
n=0

Then R(X4) admits bounded point derivation of infinite order at x.

The next proposition is an immediate corollary of Proposition 2.5.2 and Corol-
lary 2.2.12 (see also [85, 88] and [40, Proposition 1.10]).

Proposition 2.6.2. Let by = b, € C, let so > s; > 0, and let € > 0. Then there
ezists an annular Swiss cheese A = ((an, 1)) With pan(A) < €, a; =b; and r; = s,
for 7 =0,1, and such that R(X,) is regular.

We now use a sequence of lemmas to show that we can construct a classical

annular Swiss cheese with the same properties as those in Proposition 2.6.2.
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Lemma 2.6.3. Let \p > Ay > 0 and ,7 > 0 be given and let a € C. There
exists a classical, annular Swiss cheese B = ((by, sn)) with by = by = a such that
Pann(B) <&, Mo <50 < Ao +1n and \y —n < s; < A such that R(Xp) is reqular.

Proof. We may assume that n < A\; and € < 7/2. Let A = ((ay,,,)) be an abstract
Swiss cheese obtained from Proposition 2.6.2 with ag = a1 = a, rg = Ao + 7,
1 = A —n and panm(A) < e and such that R(X,) is regular. By Lemma 2.4.2
we may assume that the sequence (r,)%, is non-increasing. Apply Theorem

2.4.5 to the abstract Swiss cheese A to obtain a classical, annular Swiss cheese
B = ((bp, sn)) with

b(]:bl:a(]:(ll:(l, T0—28§50S7’0, and T1§81§7’1+2€,

such that paun(B) < pann(A4) and Xp C X 4. By Lemma 2.5.2, R(Xp) is regular.
Since 2e < n, we have \g < 59 < A\g+7n and \; —n < sg < A;. This completes the
proof. ]

By instead taking ro = Ag and r; = A\; in the proof of the previous lemma we
see that we could also approximate the desired annulus with a smaller annulus,
rather than a larger annulus as in Lemma 2.6.3.

In the next lemma, we see how to obtain a classical, annular Swiss cheese A
such that R(Xp) is regular with one of the first two radii specified exactly while
prescribing tight bounds on the other.

Lemma 2.6.4. Let \g > Ay > 0 and ,n > 0 be given and let a € C.

(a) There exists a classical, annular Swiss cheese BY = ((bV) s(V)) such that
s(()l) =X, M — 7 < sgl) <\, b(()l) = bgl) = a, pamn(BWY) < €, and such that
R(Xgw) is reqular.

(b) There exists a classical, annular Swiss cheese B® = ((b?),s2))) such that

b = b = a, pan(B®) <&, Ao < s < Ao+, 8P = A1, and such that
R(Xpw) is regular.

Proof. We prove (b); the proof of (a) is similar but easier. We may assume,
without loss of generality, that @ = 0. Let v € (0, A;) to be chosen later. Apply
Lemma 2.6.3 to obtain a classical, annular Swiss cheese A = ((ay,,)) such that
Pann(A) < v/2, Ao <19 < Ao+ and A\ — v <1 < A; and such that R(X4) is

regular.
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For each n > 0 let b®) := \a, /r; and 5% := \;r,,/r;. Then

2) ’Y
Z —)\1 Z T'n

g Qowur’ 72

Set M, == A\1/(A — ) > 1. We have 852) = )\ and 362) > )\ so it remains to show
that s(()z) < Ao + n provided that v is sufficiently small. We have

A
)\0 SS(()2) = —lro <M ~To < M. (/\Q—i-’)/)
1
Since M, — 1 as v — 0, if 7 is small enough then we have Ay < s((]l) < Ao+ 1 and
M,y/2 < e. Clearly R(Xpw) is regular since R(X,) is regular. This completes

the proof of the (b). O

Our final lemma shows that we can obtain this type of annular Swiss cheese

with so and s; precisely prescribed.

Lemma 2.6.5. Let A\g > A1 > 0 and € > 0 be given and let a € C. There exists a
classical, annular Swiss cheese B = ((by, $p)) with by = by = a, sg = o, $1 = A1,
pann(B) < € and such that R(Xg) is regular.

Proof. Let k = (Ao + A1)/2 and let n > 0. By Lemma 2.6.4(a) there exists
a classical, annular Swiss cheese A = ((aV,r®)) such that a$’ = a{" = q,
Pann(AD) < /16, 7Y = X, k—n/4 < Y < k—1/8, and R(X 40)) is regular. By
Lemma 2.6.4(b) there exists a classical, annular Swiss cheese A?) = ((a?,r(2)))
with a(()) = ag2) = a, pamn(A®) < 1/16, TE2) = A, and k < 7“82) < Kk +n/4 such
that R(X 42) is regular.

Let (al¥)),>2 be a sequence containing all elements from the sequences (a{!)),>o,

and (a?),>9 exactly once and let (r{?)), >, be the corresponding sequence con-

taining all elements from the sequences (r("),>2, and (r{?),>5 exactly once. Let

o) = q, a§3) = q and r?) = A, ng) = A, and let A®) = ((a®,r®))) be the
corresponding annular Swiss cheese. Then

aon (AG) <3>< N/
P ZT 1678

Let X := X 4, then we can easily check that X =intx X a) Uintx X4 so, by
Corollary 2.5.6, R(X) is regular.
Choose 7 small enough so that n < (Ag — A\1)/4, /2 < e, and n < A\;. Let

K={zeC:rn—n/d< || <n+n/d),
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and let M :=n/4. Let A= ((an, 7)) € N be obtained by applying Lemma 2.4.2.
Then, for each open U C C, py(A) < py(A®). Tt is now easy to see that A, K
and M satisfy the conditions of Corollary 2.3.8. Note that U := U(K, M) has
UNB(a,r) = 0. Note that X4 = X = X .

Let B = ((bn, sn)) be the classical abstract Swiss cheese obtained by applying
Corollary 2.3.8 to A, K and M. Then B € L% (C), where C is the controlling pair
(K,U). Thus, by Lemma 2.3.5, there exists £ € Sg such that B(bs, s¢) = B(ay, ).
Since the sequence (s,,),>1 is non-increasing and pan, (A) < r1, it follows that ¢ = 1.
It follows that B is annular and has sy = Ao, s1 = A1 and pau(B) < €. Since
R(X4) is regular, by Proposition 2.5.2, R(Xp) is regular. This completes the
proof. O]

We are now ready to construct a classical Swiss cheese set X such that R(X)

is regular and admits a bounded point derivation of infinite order.

Theorem 2.6.6. Let € > 0. Then there exists a classical abstract Swiss cheese
B = ((bn, sn)) with 0 € Xp and p(B) < € and such that R(Xg) is reqular and

admits a non-degenerate bounded point derivation of infinite order at 0.

Proof. We may assume € < 27°. For each n € N, let 7, = (2n) . Note that
Y < . Let AM = ((aV,7(V)) be a classical, annular Swiss cheese, given
by Lemma 2.6.5, such that a(l) =0, pann(AD) < 71273, rél) =1, 7" =271 and
R(X)) is regular, where X; := X ). For each m > 2 let A™ = ((a{™, r(™))
be a classical, annular Swiss cheese, given by Lemma 2.6.5, such that a(m) =0,
Pann(AT™) < 4, 27m 2, 7“(() ™ = (33/32)21—™, r{™ = 2-m and R(X,,) is regular,
where X,, := X 4. Note that, for each m € N, since A is annular we have

For each m € N we have

Tm TYm+1 3 Tm
pann(A(m)> + paHH(A(m+1)) < om+2 T am+3 < §2m+2' (24)

The set {(al™, (™) : m,n € N,n > 2} is countably infinite so we may
enumerate it as a sequence of pairs (a,,r,), so that each pair occurs exactly once.
Let ap == 0 and ry := 1 and let A = ((an,7,)) be the resulting abstract Swiss
cheese. It is clear that 0 € X 4. It is easy to check that

o0

UlntXA m=Xa\{0}

m=1

so that R(X4) is regular by Corollary 2.5.5.
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Using the notation for closed annuli from Section 2.4, for each m € N, let
Wi = K gom) U K gimt1). Then, by (2.4), we see that

P (A) < (3/2)7m27 "2 (2.5)

We also have -
p(A) < D 27" 2y, <e (2.6)

m=1

By an application of Lemma 2.1.6, we may assume that A is redundancy-free and
A € N while preserving X 4, the regularity of R(X4) and the inequalities (2.5)
and (2.6).

For each m € N, let K,,, .= {z € C: (15/16)2™™ < |z| < (17/16)27™} and
M,, = 37, /2™ so that, since 7, < 1, we have

27 L M, <2714 3-27™) < (5/32)27™ (2.7)

For each m € N, define U,,, .= U(K,,, M,,) as in the statement of Theorem 2.3.7,
and let C be the controlling collection ((K,,Uy))nen. By (2.7)

27 37
L C cZlgmm < < 2lgom
U, _{ZE(C 3 _\z|_32 }

and hence U, NU,, = 0 for all m,n € N with m # n. It is clear that E(A) C F(C).
Since U,, C W,,, for each m € N, we see that

pu,. (A) < pw,,(A) < 5

This shows that the sequences (K,,),>1 and (M,),>1 satisfy the conditions of
Theorem 2.3.7.

Applying Theorem 2.3.7 to A, (K,,)n>1 and (M,),>1, there exists an abstract
Swiss cheese B = ((by, s,)) € L5(C) with by =0, so =1, Xp C X4 and p(B) <¢
such that B is classical and X5\ V(C) = X4\ V(C); in particular 0 € Xp. Also, we
have py, (B) < pu,, (A) for each m € N. By Proposition 2.5.2, R(Xp) is regular.

For each m € Ny, let E,, .= {z € C: (3/2)27™"! < |z|] < (3/2)27™}, then
Un C E,, and U; N E,, = 0 for all j # m. For each m € N, let

La(m) == Ha(Em) \ Ha(V(C)), Ip(m) = Hp(En) \ Hp(V(C)).

Note that, pg,, (A) < pw,, (A) < (3/2)1,27™ 2 Since ¢ < 277, it follows that, if
k € Hy,, (A), we have

3 5
B(ay, 1) C {z eC: 12"” <|z| < 42"”} CintE,
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Hence Hu(Ey) = 14(0) and Hp(Ey) = Ip(0) and, for each m > 1, we have
Ix(m) = Ha(Ey) \ Ha(Up) and Ig(m) = Hg(Ey) \ Hp(Uy,). Since B € L%(C)
we see that 3,/ (m) Sn = Yonery(m) oy for all m € N, by Lemma 2.3.5. Hence
pE,(B) = pr,(A) and for m > 1 we have

pE.(B)= Y sutpu.(B)< Y it pu,(A) = pg,(A).

n€lg(m) nela(m)

Since pg, (A) < pw,, (A) < Ym, for each m € N, it now follows that

= < 0.

(oo}
ompm

> m"pp,(B) < Y m"
m=1 m=1
Since each disk meets at most two of the E,,, R(Xp) admits a non-degenerate
bounded point derivation of infinite order at 0 by Proposition 2.6.1. This completes

the proof. n

2.7 Open problems and discussion

We conclude this chapter with a discussion of some open problems. In this section
let X be a compact plane set.

Our first question relates to the algebra R(X).

Question 2.7.1. Suppose that R(X) has no non-zero bounded point derivations.
Must R(X) be regular?

Indeed we do not have enough information even when X is a classical Swiss

cheese set, as constructed by Wermer [99].



CHAPTER 3

Algebras of differentiable

functions

In this chapter, we discuss Banach function algebras consisting of functions which
satisfy a generalised notion of differentiability, which we call F-differentiability.
This notion of differentiability was introduced by Bland and Feinstein in [10] (see
also [9]), and were further investigated by Dales and Feinstein [29]. We investigate
the properties of algebras of F-differentiable functions, and the homomorphisms
between such algebras.

Let X be a perfect compact plane set, and let D(l)(X ) denote the algebra of all
continuously complex-differentiable, complex-valued functions on X. Then D™ (X)
is a normed function algebra on X, which is not complete in general. (We give
the formal definition of these algebras in Section 3.2.) In [28], Dales and Davie
showed that if X is uniformly regular (see Section 3.1) then D®)(X) is a Banach
function algebra on X. In [10], Bland and Feinstein showed that if X has infinitely
many components, then D)(X) is never complete. In [29], Dales and Feinstein
discussed various conditions for D (X) to be complete. They also gave many
examples of sets X such that D! (X) is not complete. Also in [29], Dales and
Feinstein showed that all characters on D) (X) correspond to point evaluation at
points of X. This is valid even if D(Y(X) is not complete, so the characters on
DM (X) are always continuous.

Bland and Feinstein introduced F-differentiation to study the completion of
D (X), which need not be well-behaved. Indeed, Bishop has given an example of
a perfect compact plane set J for which the completion of DM (.J) is not semisimple
(see [29, Example 6.2]). However, in many cases, the completion of DV (X)) can be
realised as a closed subalgebra of an algebra of F-differentiable functions ([10]).

In these cases, the completion of DV(X) is a Banach function algebra. A different

62
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approach to describing the completion of D" (X) is given in [65] using the theory
of unbounded linear operators.

In [10] (see also [29]) Bland and Feinstein showed that the product rule is valid
for F-differentiation, and that F-differentiation generalises (continuous) complex-
differentiation. In his thesis [18], Chaobankoh showed that the quotient rule and,
under some technical assumptions, the chain rule are also valid for F-differentiation.
However, the assumptions required to prove the chain rule are quite restrictive.
Using a result of Honary [66], Chaobankoh showed that the algebra Dsrl)(X ), of
all F-differentiable functions on X is natural if the uniform closure in C(X) of
Dg_p (X) is a natural uniform algebra.

Dales—Davie algebras are normed function algebras consisting of infinitely con-
tinuously (complex) differentiable, complex-valued functions on a perfect compact
subset of the complex plane. These algebras were introduced in [28] by Dales and
Davie, where they investigated quasianalyticity for these algebras (see Chapter 4).
Dales—Davie algebras are not complete or natural function algebras, in general.
Dales and Davie gave some conditions Dales-Davie algebras to be complete and
natural. Their conditions for naturality were slightly generalised in [2] by Abtahi
and Honary.

The algebras D (X, M) were introduced by Bland and Feinstein ([10]), and
are an F-differentiability analogue of the Dales-Davie algebras. Of course the
algebras D (X, M) are always Banach function algebras, though they need not be
natural. Sufficient conditions for D (X, M) to be natural on X are given in [18,
Section 4.3]. This generalises the results of Abtahi and Honary for Dales—Davie
algebras mentioned above.

Chaobankoh [18] discussed some sufficient conditions for a self map ¢ of X to
induce an algebra endomorphism on the algebra D (X, M). (The formal definition
of D(X, M) is given in Section 3.3.1.) These generalise results of Feinstein and
Kamowitz for endomorphisms of Dales—Davie algebras from [42, 43, 70]. Feinstein
and Kamowitz also gave related results for homomorphisms between Dales-Davie
algebras in [44].

This chapter is divided in to seven sections. In the first section, we discuss
paths in the complex plane and path integrals. In the second section we give a
formal introduction to the algebras DY(X) and Dales-Davie algebras. Next we
discuss Bland—Feinstein algebras Dg})(X ) (and D (X, M)) and their properties.
We introduce maximal collections and compatibility. In the fourth section, we
prove a new, general version of the chain rule for F-differentiation using our

notion of compatibility. From this, we give a new proof of the quotient rule, and
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deduce that the Faa di Bruno formula is also valid for F-differentiation. In the
fifth section, we give some sufficient conditions for a map to induce an algebra
homomorphism between algebras of the form D (X, M). In the sixth section,
we give some sufficient conditions for the algebras Dg_})(X ) and D (X, M) to be
natural Banach function algebras on X. We also give several related results. We
conclude the chapter with several open questions a short discussion.

The first five sections of this chapter include the new results from [19].

3.1 Paths in the plane

We begin with a discussion of collections of paths in the complex plane, and some
properties of path integrals. Many of the definitions and results in this section are

standard.

Definition 3.1.1. A path in C is a continuous function v : [a, b] — C, where a < b
are real numbers. Let «y : [a,b] — C be a path. The parameter interval of «y is the
interval [a, b]. The endpoints of v are the points v(a) and ~y(b), which we denote
by v~ and v, respectively. We denote by +v* the image v([a,b]) of . A subpath
of v is a path obtained by restricting v to a non-degenerate, closed subinterval of
[a,b]. If X is a subset of C then we say that v is a path in X if v* C X. We say
that z,y € X are connected by v if v~ =z and v = 4.

We shall say that « is a path when the parameter interval [a, b] is not explicitly
required. We say that v is a Jordan path to mean that v is an injective function.

Let [a,b] be a non-degenerate interval. A partition P of [a,b] is a finite set
{zo,...,2,} Cla,b] with g = a, x, = b and such that z; < x;4; for each
j€{0,1,...,n—1}. If P and P’ are partitions of [a,b] then we say that P’ is
finer than P if P C P'.

Definition 3.1.2. Let v : [a,b] — C be a path and let ¢,d € [a,b] with ¢ < d.

The total variation of v over [c, d] is

n—1

Vi(y) = s%p{Zh(xm) — ()] P = {wo, .. ,xn}}
=0

where the supremum is taken over all partitions P of [c,d]. We say that v is

rectifiable if V*(v) < oo and we write A(7) :== V(v); otherwise it is non-rectifiable.

The length of a rectifiable path is A(v).
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For a detailed discussion of total variation and path length, see [6].

We say that a path 7 is admissible if ~ is rectifiable and contains no constant
subpaths. The following proposition summarises the discussion from [35, pp. 109-
110] (see also [17, Lemma 7.9]).

Proposition 3.1.3. Let v : [a,b] — C b a non-constant rectifiable path. Then
there exists a unique path o : [0, A(y)] — C satisfying o(VE(7y)) = ~(t) (t € [a,b]).

Let v : [a,b] — C be a non-constant rectifiable path. We define the path
length parametrisation v*' : [0, A(y)] — C of 7 to be the unique path satisfying
YPUVEY)) = v(t) (t € [a,b]) given by the above proposition. We define the
normalised path length parametrisation v : [0,1] — C of 7 to be the path such
that y2°(t) = yPL(tA(7y)) for each t € [0, 1]. Tt is clear that vP! and v are necessarily
admissible paths and (yP))* = (y2°)* = y*.

We also recall the following definitions from [10, 28] and [29].

Definition 3.1.4. Let X be a compact plane set. We say that X is reqular at
x € X if there exists a constant C, > 0 such that, for each y € X, there exists a
path v in X with v~ = 2 and vt = y such that A(y) < C,|z — y|. We say that
X is pointwise reqular if X is regular at each x € X. We say that X is uniformly
reqular if there exists a constant C' > 0 such that for all z,y € X there exists a
rectifiable path v in X with v~ = 2 and 4" = y such that A(y) < Clz —y|. We
say that X is semi-rectifiable if the union of the images of all rectifiable, Jordan

paths in X is dense in X.

Let X be a compact plane set. It is easy to see that if X is pointwise regular
then X is semi-rectifiable, and if X is a uniformly regular then X is pointwise
regular. Moreover, if X is pointwise regular and, for each x € X, C, > 0 is the
constant as in Definition 3.1.4 and sup,y C; < oo, then X is uniformly regular.

Each of these conditions imply that X is a perfect compact plane set.

Definition 3.1.5. Let X be a compact plane set. Suppose that z,y € X are
connected a rectifiable path v in X. We define the geodesic distance g(x,y) between
x and y to be inf A(y), where the infimum is taken over all rectifiable paths v in

X connecting x and y.

Let X be a compact plane set. It is standard that, if z,y € X are connected
by a rectifiable path, then there is a rectifiable path v connecting x and y such
that A(vy) = g(z,y) (see, for example, [17]). Such a path is called a geodesic and it
is clear that any geodesic is a Jordan path. We say that X is rectifiably connected
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if for each x,y € X there exists a rectifiable path in X connecting x and y. In
this case, (X, g) is a metric space. We say that X is geodesically bounded if X is
rectifiably connected and there exists M > 0 such that, for all x,y € X, we have
g(z,y) < M.

Definition 3.1.6. Let 7 : [a,b] — C be rectifiable path and let f : [a,b] — C be
a continuous function. The Riemann—Stieltjes integral of f with respect to 7 is the
complex number [ satisfying the following property: for each ¢ > 0, there exists a
partition Py = {to,...,t,} of [a,b] such that, for every partition P = {t,...,t,}

of [a,b] which is finer than P, we have
m—1
I=3 frm)ly(t) — (@) <e
=0

for each choice of 7; € [t},#},,] for j =0,1,...

,m— 1.

We refer the reader to [6] and [26] for definitions and standard results about
Riemann-Stieltjes integrals and path integrals of complex functions. In this thesis,
the Riemann-Stieltjes integrals we consider will always be with respect to a

rectifiable path in C, and we write

Lf(z) dz

for the Riemann-Stieltjes integral of f o, for f € C(~*), with respect to a
rectifiable path ~.

Let [a, b] be a non-degenerate, compact interval in R and let v : [a,b] — C be
a rectifiable path. Then the Riemann-Stieltjes integral with respect to v defines
a linear functional on C([a,b]) and so, by the Riesz representation theorem, is
represented by integration with respect to a measure p on [a,b]. The measure
p satisfies u([e,d]) = v(d) — v(c) for each [c,d] C a,b]; see, for example, [77,
Section 2.3].

Let X, Y be compact spaces, and let ¢ : X — Y be a continuous function. If
is a measure on X, then the formula o, (u)(E) = u(p~'(F)) (E is a Borel set of
Y') defines a measure on Y. This measure is called the pushforward measure. See,
for example, [35, 2.1.2, 2.2.17]. The following proposition is a special case of [35,
Theorem 2.4.18]. (See also [63, 12.45-12.46].)

Proposition 3.1.7. Let X, Y be compact spaces, let u be a finite, positive measure
on X, and let ¢ : X —'Y be a continuous surjection. Let f : Y — R be a Borel

measurable function. Then f o ¢ is Borel measurable and

| (Foo)@) dut) = [ 1) de.(m) @)
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The following lemma will be used implicitly throughout this chapter; the result
is probably well known but we have been unable to find an explicit reference so we

include the details of the proof for the convenience of the reader.

Lemma 3.1.8. Let v : [a,b] — C be a non-constant rectifiable path and let
feCHy*). Then
Lf(z) dz = /plf(z) dz = Lno f(z)dz.

Y

Proof. First suppose that

[yf(z) dz = /wpl f(z)dz. (3.1)

Let ¢ : [0,1] — [0, A(7y)] be the map ¢(t) = tA(y). Then ¢ is a strictly monotonic
increasing bijection from [0, 1] onto [0, A(7)] so that

Aplf(z) dz = /v“" f(z) dz

by [6, Theorem 7.7]. So it remains to show that (3.1) holds.

Let u be the measure on [a, b] such that u([c,d]) = v(d) — v(c) for each non-
degenerate, closed subinterval [c, d] of [a,b]. Then, as described above, integrating
with respect to p yields the Riemann-Stieltjes integral with respect to . Similarly,
let v be the measure on [0, A(y)] such that v([e,d]) = vP!(d) — 7P!(c) for each
non-degenerate, closed subinterval [c,d] of [0, A(7)]. Let ¢ : [a,b] — [0, A(v)] be
the map given by ¢(t) := V!(y). Then ¢ is a monotone increasing, continuous
surjection from [a, b] onto [0, A(7y)]. Let . () be the pushforward measure, given
by

pu(W)(E) = u(e ' (B)) (B C[0,AM))).
We claim that . (p) = v.
To prove the claim, first let [¢, d] be a non-degenerate, closed interval in [0, A(7)].

Then ¢~ !([c,d]) is a non-degenerate, closed interval in [a, ], say [z,y]. Clearly we

have
x=inf{t € [a,b] : p(t) = ¢}, y=sup{t € [a,b]: (t) =d}.
But now, since 7" o ¢ = 7, we have

v([c,d]) = "' (d) — 7" (c) = 7P (p(y)) — 7 (e(x)) = 1(y) — (=),

and

e.(p)([e.d]) = p(e~ ([e,d])) = p([z,y]) = y(y) — ().
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Thus ¢.(1)([¢,d]) = v([e,d]). Tt now follows from the regularity of x and v that
¢«(p1) = v. This proves the claim.

By writing f = fi — fo +i(fs — f1), with f; a positive valued function on v*
(j =1,...,4), and considering the polar decomposition of p, the result now follows

from Proposition 3.1.7. O

Remark 3.1.9. The author is grateful to Dr. Matthias Kurzke for several useful

conversations on path integration and geometric measure theory.

3.2 Algebras of differentiable functions

We begin with some elementary definitions, terminology, and results. Throughout
this section X will be a perfect compact plane set. Let f: X — C be a function
and let zg € X. We say [ is complex differentiable (or just differentiable) at zy if
the limit

, . f(z)—f(zo)
f'(z) = lim 2227 3.2
R >

exists and is finite. We say that f is (complez) differentiable on X (or simply
differentiable on X) if f is differentiable at each point zg € X and we say that
f' (defined by (3.2)) is the derivative of f. We denote the set of all continuous
functions f : X — C which admit a continuous derivative on X by DM (X). For
each n € N with n > 2, we define the spaces D™ (X) inductively by

D™ (X) ={f e DV(X): f e D" Y(X)}. (3.3)

Let n € N. We denote the nth derivative of f € D™ (X) by f™. We adopt the
convention that f(© = f. We equip the set D(")(X ) with pointwise operations
of addition, scalar multiplication and multiplication to make D™ (X) into a

commutative, unital algebra. Furthermore, we give D™ (X) the norm

(f € DM (X)), (3.4)

1l g

to make D™ (X) a normed function algebra on X.

Notation. We denote the algebra of all continuous functions on X with continuous
derivatives on X of all orders by D) (X) = N>, D™ (X).

The following proposition from [10] shows that it is sufficient to investigate the

completeness of the algebra DM (X).
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Proposition 3.2.1. Let n € N and suppose that D" (X) is complete. Then
D®)(X) is complete for each k € N with k > n.

Let X be a perfect compact plane set. In [28], Dales and Davie proved that
DM (X) is complete whenever X is a uniformly regular. However, as noted in
[67] (see also [10]), the proof in [28] is valid if X is only assumed to be pointwise
regular. Bland and Feinstein also proved that the same is true if X is the finite
union of pointwise regular sets, and that if X has infinitely many components then

D™ (X) is incomplete for each n € N.

3.2.1 Dales—Davie algebras

We now discuss Dales—Davie algebras of infinitely differentiable functions, as
introduced in [28]. We first describe some terminology associated with sequences

of positive real numbers.

Definition 3.2.2. Let M = (M,,)72, be a sequence of positive real numbers. We
say that M is an algebra sequence if My =1 and, for each k,n € Ny with £ < n,

M, n
M, _ M, — (k)

We say that M is logarithmically convez (log-convex) if, for each k € N, we have

we have

M} < My Mj4.

Let d(M) = limsup,,_,. (k!/M)'*. We say that M is non-analytic if d(M) = 0
and we say that M is analytic if d(M) > 0.

The following class of algebras were introduced in [28], we call these algebras

Dales—Davie algebras.

Definition 3.2.3. Let X be a perfect compact plane set and let M = (M),

be an algebra sequence. We define
= W]
D(X, M) = {f eDI(X): Y X < oo}
with pointwise operations. We give D (X, M) the norm

o | £(
||f||D(X,M) = Z L

k:)|
X D(X, M
SR (enean)
to make D (X, M) into a normed algebra of functions.

Note that, in general, D(X, M) is not a Banach function algebra; however, if
DM(X) is complete then so is D(X, M).



Chapter 3. Algebras of differentiable functions 70

3.3 Bland—Feinstein algebras

In this section, we discuss a class of algebras introduced by Bland and Feinstein
[10] (see also [29]). In certain cases, these algebras can be viewed as the completion
of the corresponding algebra DM (X).

In the remainder of this chapter we shall make use of various collections of
rectifiable paths in certain compact plane sets. We now give some terminology
associated with such collections.

The following definition is from [29] and generalises the definition of a ‘useful

collection’ as introduced in [10].

Definition 3.3.1. Let X be a compact plane set and let F be a collection of paths
in X. Set F* := {y*: v € F}. We say that F is effective if UF* = X, each path
in F is admissible, and every subpath of a path in F belongs to F. We denote by
F™° the collection {7"° : v € F,~ non-constant}.

Remark 3.3.2. The notation JF* used in this thesis differs from the notation
F(X) used in [10] and [18].

It is clear that if X is a compact plane set and F is a collection of non-constant
rectifiable paths in X then (F"°)* = F*.

We also require the following definition from [29].

Definition 3.3.3. Let X be a compact plane set and let F be an effective collection
of paths in X. We say that X is F-reqular at x € X if there exists a constant
C, > 0 such that for each y € X there exists v € F with v~ =z, v© = y and
A(y) < Cylx — y|. We say that X is F-regular if X is F-regular at each point
x e X.

Let X be a semi-rectifiable compact plane set, let F be an effective collection
of paths in X, and let x € X. It is easy to see that if X is F-regular at z, then X
is regular at z. Consequently, if X is F-regular then X is pointwise regular. Let
A denote the set of all admissible paths in X. Then X is A-regular at x if and

only if X is regular x, and X is A-regular if and only if X is pointwise regular.

3.3.1 F-differentiable functions

We now define F-derivatives and F-differentiable functions, as introduced by Bland
and Feinstein ([10]) and discussed by Dales and Feinstein ([29]).
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Our motivation for the definition of an F-derivative is the fundamental theorem
of calculus for rectifiable paths. A proof of Proposition 3.3.4 by repeated bisection,
due to Allan, is given in [9, Appendix A].

Proposition 3.3.4 (Fundamental theorem of calculus for rectifiable paths). Let
v be a rectifiable path in C and let f € DM (*). Then

A Fl(z)dz = f(v7) = F(v).

We now define F-derivatives and F-differentiable functions on certain compact

plane sets.

Definition 3.3.5. Let X be a perfect compact plane set, let F be a collection of
rectifiable paths in X, and let f € C'(X). A function g € C(X) is an F-derivative
for f if, for each v € F, we have

If f has an F-derivative on X then we say that f is F-differentiable on X. We
denote the set of F-differentiable functions on X by Dg)(X ).

Note that F-derivatives need not be unique in general. The following proposition
summarises various properties of F-derivatives and F-differentiable functions from
[10] and [29].

Proposition 3.3.6. Let X be a semi-rectifiable compact plane set and let F be

an effective collection of paths in X.
(a) If f,g,h € C(X) such that g, h are F-derivatives for f, then g = h.
(b) If f € DY(X) then f' is an F-derivative for f.

(¢) If f1, f2, 91,92 € C(X) such that g, is an F-derivative for fi and gy is an
F-derivative for fo then f1gs + g1fo is an F-derivative for fifs.

(d) If f1, f2, 91,92 € C(X) and o, B € C such that such that g1 is an F-derivative
for f1 and g is an F-derivative for fo then agy + Bgs is an F-derivative for

afi + Bfs.

Given X, F as above and a compact plane set Y such that X C Y, then we see
that Dg})(Y) consists of all extensions f (given by the Tietze extension theorem)
of functions f € Dg)(X ). It is therefore possible to relax the condition that | F*
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be dense in X and consider the more general case where F is effective on [ F*.
This is similar to the situation dealt with in [10]; however, we do not insist that
the collection F contains only Jordan curves. Note that properties (b), (c¢), and
(d) of Proposition 3.3.6 hold even if F is only effective on U F* C X.

The properties (c¢) and (d) above show that Dgcl)(X ) is an algebra (given
pointwise operations), and (b) shows that DV (X) € DY (X).

Let X be a perfect compact plane set and let F be a collection of admissible
paths in X. Set Y := [JF* and suppose that F is an effective collection of paths
in Y. We define the norm

11l 7y = [flx + lgly (3.5)

where f € Dg})(X) and ¢ € C(X) is an F-derivative for f. Note that, by
Proposition 3.3.6(a), (3.5) is well defined.

The following proposition is an immediate consequence of [10, Theorem 4.15]
and [29, Theorem 5.6].

Proposition 3.3.7. Let X be a perfect compact plane set and let F be a collection
of admissible paths in X. SetY = UF* and suppose that F is an effective
collection of paths in'Y. Then (Dg})(X), |-l z1) is a Banach function algebra on
X, and D(J_})(X) contains DV(X) as a subalgebra.

Let X be a perfect compact plane set and let F be an effective collection of
paths in X. In this setting F-derivatives are unique and we shall usually write f[
for the F-derivative of f € Dg})(X ). We adopt the convention that fl% = f.

As in [10], we define the sets Dgg)(X) (for each n € N with n > 2) of n-times
F-differentiable functions on X inductively by

DY(X) = {f e DY(X): fI e DV (X)},

and we write fI"l for the nth F-derivative of f € Dg‘) (X). It follows from the
product rule for F-derivatives (Proposition 3.3.6(c)) that the Leibniz law for nth
F-derivatives of products holds so that DS?)(X ) is an algebra for each n € N. We
give D_(;L) (X) the norm

£l = fx + XM (F € DE(X). (3.6)
=1
The normed algebra (D§?> (X), -l £,,) is also a Banach function algebra on X, as

noted in [10]. We set D(foo)(X) =5, Dg)(X).
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Definition 3.3.8. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Let M = (My)52, be an algebra sequence. We
define the algebra

D%, = { £ € D00 sl = 3 U < ool
k=0

It is easy to see that, with X, F and M as above, (Dz(X, M), || z,,) is a
Banach function algebra on X and D(X, M) C D,(X, M).

We shall refer to the algebras Dgg)(X ) and D(X, M) as Bland-Feinstein
algebras.

It is not known, in general, when the algebras Dﬁ,—fl)(X ) and Dx(X, M) are
natural Banach function algebras, although some sufficient conditions are given in
[18]. We shall revisit this problem in Section 3.6.

3.3.2 Maximal collections

In this section we discuss collections of paths further and investigate when it is
possible to add paths to the collection F without altering the associated algebra
Dg)(X ). We discuss maximal collections of paths and the operations under which
such a collection is closed. Finally, we discuss the compatibility of functions for
given collections of paths, with an aim to prove a new chain rule for F-differentiation.
Unless otherwise stated, all results of this section are new.

Throughout this section we fix a semi-rectifiable compact plane set X and we
denote the collection of all admissible paths in X by A. Let F be an effective
collection of paths in X. We shall often identify the algebra Dg)(X ) with the
subspace Sx of C'(X) @; C(X) containing all pairs (f, g) such that f € DETI)(X)
and ¢ is an F-derivative for f. We begin with a definition.

Definition 3.3.9. Let v be an admissible path in X and let f, g € C(X). We say
that g is the y-derivative for f if, for each subpath o of v, we have

Note that, taking F to be the collection of all subpaths of ~, then g is the
~v-derivative for f if and only if g is an F-derivative for f. The collection F is
effective, so the restriction of F-derivatives to v* are unique so the definition above

is justified.
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Definition 3.3.10. Let S C C(X) &1 C(X). We define
p(S) ={ye A:forall (f,g) €5, gis the y-derivative of f}.

If F is an effective collection of paths in X then we write m(F) for p(Sx). We call

m(F) the mazimal collection associated with F.

The following lemma is immediate from the definition of m(F). Note that
F Cm(F).

Lemma 3.3.11. Let S,T C C(X) @, C(X). If S C T then p(T) C p(S). Let
F.G be effective collections of paths in X. Then Dggf) (X) = Dg)(X). Moreover,
Sy C Sg if and only if m(G) C m(F).

Proof. Clearly, if S C T then we have p(T) C p(95).

We have Dfnl()f)(X) C DW(X) since if f € DS()_F)(X) then, for each v € m(F),
fis a y-derivative of f. In particular this holds whenever v € F, and it follows
that f € DETD (X). On the other hand, it is clear that Dg)(X) C Dl(nl()f) (X). Thus
equality holds.

For the final assertion, if Sz C Sg then m(G) C m(F) by the first assertion.
Now suppose that m(G) C m(F). Let (f,g) € Sz. Then, for each v € m(F), g
is the ~-derivative for f. Since m(G) C m(F), this holds for all v € m(G). Thus
(f,9) € Smg) = Sg and so Sz C Sg. This completes the proof. O

Note that the condition Sy C Sg implies that DSTI)(X) C D(gl)(X). There
reverse inclusion need not hold in general; see Example 3.3.14.

We now consider some operations on paths in C. Let v : [a,0] — C and

2 : [¢,d] — C be paths such that ;" = ~; . We write v, + 72 for the path given by
y(a+2t(b—a)) te[0,1/2),
ylc+ (2t —=1)(d—c)) tell/2,1].

71+72:

We call the path v, + v, the join of v; and ~,. Note that, if v, and 7, are
admissible, then v, + 75 is admissible. The reverse of ~,, denoted by —~, is given
by —71(t) = v1(—t) (t € [=b, —a]). Our notation for joining and reversing paths is

not entirely standard and there are numerous ways to parametrise these paths.

Lemma 3.3.12. Let F be an effective collection of paths in X. Then m(F) has
the following properties:

(a) if v € m(F) then —y € m(F);
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(b) if v € m(F) then 4, 4™ € m(F);
(¢) if y1,7v2 € m(F) such that v =5 then vy + 72 € m(F).

Proof. (a) This is clear from the definitions.
(b) This is Lemma 3.1.8.

(c) This is effectively [10, Theorem 4.5], and follows from the definitions. O

By induction using part (c) of the above, we can join finitely many paths
Y, from F, with 7" = 75, for j = 1,...,n — 1, to obtain the path
7 + -+ + 9, which is in m(F).

The following lemma summarises several additional properties of maximal

collections of paths.

Lemma 3.3.13. Let F,G be effective collections of paths in X. Set A := Dg})(X)
and B = D§(X).

(a) We have m(m(F)) = m(F).

(b) We have p(C(X) @, C(X)) = 0 and, for each S C {(f, fM): f € DW(X)},
we have p(S) = A.

(c) We have Dg_%g(X) C Dg)(X) N D(gl)(X).
(d) We have m(F)Um(G) C m(FUG).

Proof. (a) This is immediate by Lemma 3.3.11.

(b) The first assertion is clear. The second assertion follows immediately from the

fundamental theorem of calculus for rectifiable paths (Proposition 3.3.4).

(c) Let H .= FUG. Clearly AN B consists of all f € C(X) such that there
exists g1,92 € C(X) with (f,91) € Sr and (f,g2) € Sg, and Sy; = SrNSg. Let
S C C(X) ®; C(X) be the subset of all (f,g) € SrUSg with f € AN B. Then
Sy C S. Tt follows that DY (X) € DY(X) n DY) (X).

(d) Let H :== FUG, and let C = D%)(X). Then, by (c), we have C C AN B. It

follows, from Lemma 3.3.11, that we have m(F) C m(H) and m(G) C m(H). Thus
m(F)Um(F) C m(H). O

In general, if (f, g1), (f, g2) € S with g; # go, then we have p(S) = ). Note that
the inclusions in (c¢) and (d) in the above can be strict, as the following example

shows.
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Example 3.3.14. Let X = {z+iy € C: z,y € [0,1]}. Let F be the collection
of all line segment paths in X parallel to the real axis, and let G be the collection
of all line segment paths in X parallel to the imaginary axis. It is easy to see that
Z is both F- and G-differentiable, with F-derivative 1 and G-derivative —1. Thus
7 € Dg})(X )N D(gl)(X ). However, F UG consists of all vertical and horizontal
line segments in X, and it is easy to see that X is m(F U G)-regular. It follows
that Dg_})ug(X) = DW(X) and m(F U G) is the set of all admissible paths in X by
Lemma 3.3.13(b). Thus we have a strict inequality in (c¢) and (d) of Lemma 3.3.13.
In fact, it is not hard to see that if S is the subset of C'(X) @®; C'(X) corresponding
to Dg})(X) N D(gl)(X), then we have p(S) = 0. [ |

Let BVC([0, 1]) denote the set of all continuous, complex-valued functions
of bounded variation on [0,1]. (See, for example, [27, Appendix A.4].) Then
BVC([0,1]) is a linear subspace of C([0,1]). We give BVC([0, 1]) the norm

1 lsveqoay = oy + Vo (f)  (f € BVC([0,1])).

Then, (BVC([0,1]), || [|gyc(po,1)) is & Banach space with this norm (see, for example,
[27, Proposition A.4.14(i)]). Let F be an effective collection of paths in X. Given
a non-constant rectifiable path ~, we have v*° € BVC([0, 1]) so we may consider
sequences of such paths as sequences in BVC([0, 1]). However, the limit of a
convergent sequence in BVC(|0, 1]) may be constant on a non-degenerate subinterval
of [0, 1], so we cannot simply take limits when attempting to find admissible paths.

The following lemma gives us the desired result.

Lemma 3.3.15. Let F be an effective collection of paths in X and let (7,) be
a sequence of paths in m(F). Suppose that (Y2°) is a convergent sequence in

BVC([0, 1]) with limit v € BVC([0,1]). If v is non-constant then v*' € m(F).

Proof. Suppose that v is non-constant. Fix f € Dg) (X) and set

[= [ e dz:/fm(z) bz,  Lo=[ fUz)dz  (neN).

P! T

The proof is completed by showing that I = f(y") — f(77). For each n € N,
we have I, = f(y,") — f(v,) and thus lim, .o I, = f(7v") — f(77). Note that
(yRoyt = 4 and (42°)” =+, . So it remains to prove that I = lim, . I,.

For each n € N, let h,, := fllo~"° and let h := fllo~. Then h,, — h uniformly
as n — oo and hence R = sup,,cy|hal( ) < o0

Let £ > 0 and choose ng € N large enough so that |h, — hj,, < ¢/6R for
all n > ng. Since Vj'(y2° — ) — 0 as n — oo, there exists n; € N such that
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Vi (o — 4) < ¢/6R for all n > ny. Fix n € N larger than both ng and n;. Let
P, be a partition of [0, 1] such that, for every partition P = {xq, ..., 2z, } of [0, 1]

finer that P,, and for any choice of ¢; € [z;,x;41] for 7 =0,1,...,m — 1, we have
m—1 ) €
> ha(t) (n(wi0) = ule) = [ () dz| < .
i=0 n
Now choose a partition Py of [0, 1] such that, for every partition P = {x¢,...,Tm}
of [0, 1] finer than Py and for any choice of t; € [z}, z;41] for j =0,1,...,m —1,
we have ,
— €
3 b)) = 2(w) = [ )z < 2
=0

Fix a partition P = {zo, ..., 2} of [0,1] such that P is finer than both P, and
P, and fix t; € [z;,xj41] for j=0,1,...,m — 1. Let

S () = mz (1) (ay12) — (7))
and let -
= 3 M) () = 3(a)
We have
1S(h ) — mz (1) [(nlyer) — () (v(x]+1)—7(%))]|

Z (t) (1 (511) — v(xm\

< |huloy Z im@m = Tu(2)) = (V(@j41) = 7(x)))|

+ |hn = Al Z v(@jr1) — v(z5)]
< ’hn‘[o,l]vol(%z =) + |hn — h’[o,l]%l(’}/)'
It now follows that |S(hy,v,) — S(h,v)| < €/6 +¢/6 = ¢/3. Thus

£ 9 13
I —Il<-+-4+°=
|1, !<3+3+3 £

so that I, — I as n — oco. This completes the proof. O]

We now use maximal collections to introduce a notion of compatibility of

functions for given collections of paths.
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We will often compose paths with F-differentiable functions. We now prove
that such a composition yields a rectifiable path. The proof is elementary in the
case where ¢ is continuously differentiable and we give the details in the more

general setting.

Lemma 3.3.16. Let F be an effective collection of paths in X. Let ¢ € Dg)(X)
and let v : [a,b] — X be a path in F. If p o~ is non-constant then ¢ o~y is
rectifiable.

Proof. If ¢ o vy is constant then there is nothing to prove, so suppose not. Set
M = |pll|; and let P = {zg,...,7,} be a partition of [a,b]. Set o = o~
and let 7; be the subpath of v obtained by restricting v to [x;,x;41] for each
j€{0,...,n—1}. We have

V(o,P) = T:)|U<$j+1) —o(z;)| = ni% A M (z) dz| < MA().

It follows that A(o) = sup V' (o, P) < MA(7), where the supremum is taken over
all partitions P of [a, b]. This completes the proof. ]

We now introduce our notion of compatibility.

Definition 3.3.17. Let Y be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let G be an effective collection of paths in
Y. Let ¢ € Dg})(X) such that o(X) C Y. We say that ¢ is F-G-compatible if, for
each v € F, either o o is constant or we have (¢ o y)P' € m(G).

Let X,Y be semi-rectifiable compact plane sets and let F be the collection of
all admissible paths in X, and let G be the collection of all admissible paths in Y.
Then, for any ¢ € Dg)(X) with o(X) =Y, ¢ is F-G-compatible. However, given
effective collections F and G on X and Y respectively, a suitable map o : X — Y
need not be F-G-compatible, even if ¢ is continuously differentiable. The following
example gives two collections of paths F and G and a suitable map which is not
F-G-compatible. This example is effectively due to Chaobankoh [18].

Example 3.3.18. Let X = {z+iy € C: 2,y € [0,1]}. Let F be the collection of
all line segment paths in X parallel to the real axis, and let G be the collection of
all line segment paths in X parallel to the imaginary axis. Set ¢(z) ==z (z € X).
Then ¢ : X — X is continuously differentiable on X and ¢(X) = X. Clearly
po~y € F forall v € F. We claim that if v € m(F) then v* € F*, and if v € m(G),
then v* € G*.
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Suppose, towards a contradiction, that there exists v € m(F) with ~* ¢ F*.
Then there exists a subpath o of v such that Imot # Imo~. Let f(x+iy) = 1+1y
so that f € Dg)(X) and fI' = 0. But then we must have

OZ/Uf[l](z)dz:f(aJr) — f(07)=Imo* —Imo~ #0,

which is a contradiction. Thus such a v cannot exist and so v* € F* for all
v € m(F).

Similarly, g(z + iy) = z + i is G-differentiable with G-derivative gl'l = 0. We
arrive at a similar contradiction so that v* € G* for all v € m(G). This proves the
claim.

Thus m(F) Nm(G) = 0 and it follows that ¢ is not F-G-compatible. [ |

We shall often make use of the following collection of paths.

Definition 3.3.19. Let Y be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let ¢ € D(]_})(X) such that p(X) C Y. We
define F,, to be the set {(¢ o y)P': v € F, p o is non-constant }

We summarise the properties of the collection the collections F, in the following

lemma.

Lemma 3.3.20. Let Y be a semi-rectifiable compact plane set, let F be an effective
collection of paths in X, and let ¢ € DSTD (X) such that ¢ is non-constant and
o(X)CY. Let G :=F,. Then

(a) if o(UF*) =UG" then UG* is dense in p(X),
(b) ¢ is F-G-compatible,

(¢) if H is an effective collection of paths in'Y such that G C H then ¢ is
F-H-compatible.

Proof. (a) Note that ¢ is a continuous surjection of X onto ¢(X) and, since J F*
is dense in X, it follows that ¢(|JF*) is dense in ¢(X). Thus JG* is dense in

p(X).

(b) This is clear.

(¢) This follows from (b). O
Note that if F is an effective collection of paths in X such that X is F-regular,

then X is also m(F)-regular, though the converse need not hold. Our next result

is a minor modification of [29, Theorem 7.2].
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Lemma 3.3.21. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Suppose that X is m(F)-reqular. Then

D (X) = DU(x)
and m(F) = A. In particular, if X is F-regular then m(F) = A.

We conclude this section with some results for the collections of paths generated
by the closure of a subset of C(X)@®;C(X). Our key result is the following theorem.

Theorem 3.3.22. Let S C C(X) @y C(X). Then p(S) = p(9).

Proof. By Lemma 3.3.11, we have p(S) C p(S). Let (f.,gn) be a sequence in S
such that (f,,9,) — (f,g) € S as n — oo. Let v € p(S). Then we have

B0 = 1) = [ gn(2)
v
for all n € N. But now f,, — f and g, — ¢ uniformly as n — o0, so

FOF) = f(37) = Tm fu(y*) = fuly") = lim / gn(2) dz = / 9(z) dz.

n—oo n—oo

Thus 7 € p(S). It follows that p(S) C p(S) and this completes the proof. O

The following is an interesting corollary follows immediately from Theorem
3.3.22 and Lemma 3.3.13.

Corollary 3.3.23. Let F be an effective collection of paths in X. Suppose that
DW(X) is dense in Dg})(X). Then m(F) = A.

Combining Corollary 3.3.23 with Lemma 3.3.20 we obtain the following corollary.

Corollary 3.3.24. Let Y be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let G be an effective collection of paths in'Y .
Suppose that DV (Y) is dense in D(gl)(Y). Let f € DETI)(X) such that f(X) CY.
Then f is F-G-compatible.

In particular, in the above, if Ry(Y") is dense in D(gl)(Y), then we have m(F) = A
and f, as in the above, is F-G-compatible.
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3.4 Composition of F-differentiable functions

In this section we discuss the chain rule for F-differentiation. Unless otherwise
stated, the results of this section are all new.

In his thesis, Chaobankoh proved a version of the chain rule ([18, The-
orem 2.3.18]) for F-differentiable functions. (See Corollary 3.4.6 and the following
comments in the present section.) We use a different approach, based on our notion
of compatibility, to obtain a more general result. A similar technique was used by
Chaobankoh to prove that a chain rule for F-differentiation holds when considering
functions of the form f(z) = az+b (where a,b € C), see [18, Theorem 2.3.26]. Note
that the definition effective given in [18] differs from that given in Definition 3.3.1;
however, since we consider m(F), we avoid any problems of consistency.

Our main tool for this section is the following lemma. This is an easy modi-
fication of standard results. We include the details for the convenience of the

reader.

Lemma 3.4.1. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Let ¢ € Dﬁrl) (X) and let v € F. Then, for each
f e Cle(v*)), we have

[(Fop)etizydz= [ fz)d (3.7

g poy

Proof. By Lemma 3.3.16, 0 := ¢ o~ is a rectifiable path so that the integral on the
right hand side of (3.7) exists. Fix f € C(0*) and let € > 0. Set M = || A(7)
and let h:= foo :[a,b] — C. Since h is uniformly continuous, there exists 6 > 0
such that, for each s,t € [a b] with |s —t| < d, we have |h(t) — h(s)| < e/(2M).
Choose a partition Py = {to s 9% of [a, b] such that maxg<j<,_1[tj11 —t;] < 6.
For any partition P = {tq,...,t,} finer than Py and, for each j € {0,...,n — 1},
let 7 ) be the restriction of v to [t;,tj41]. We have

[ (02 = B do| < Glelcd) = 5, (39)

for any s; € [t;,t41] (j =0,1,...,n—1).
Now fix a partition P = {to,...,t,} of [a,b] finer that Py such that, viewing
the integral in the right hand side of (3.7) as a Riemann-Stieltjes integral on [a, b],

we have

(3.9)

(te1) = o(t) = [ f(2)dz| <

9
27

for any choice of s; € [tj,th] (7=0,1,...,n—1).
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We now claim that, for this partition P, we have

(3.10)

z)dz — Z h(sj)(o(tj) —o(t)))] <

DO | ™

for any choice of s; € [t;,t;41] (7 =0,1,...,n —1).

For the remainder of the proof, for each j € {0,...,n — 1}, fix s; € [t;, ;1]
and let S = >""0 h(s;)(o(tjz1) — o(t;))-

By the definition of ¢!, we have

We also have

| flene dz—Zhs] /(p)@](@dz

where T'(P) < /2 as in (3.8). This proves the claim and so (3.10) holds.
But now, by (3.8) and (3.10), we have

2))ltl(2) dz —/Uf(w) dw‘ < % + g =c

This holds for all € > 0 and any choice of the s;, so the result follows. O

We can now state and prove a new version of the chain rule for F-differentiable

functions.

Theorem 3.4.2. Let X,Y be a semi-rectifiable compact plane sets, let F be an
effective collection of paths in X, and let G be an effective collection of paths in'Y .
Let ¢ € Dg) (X) with (X) CY. Suppose that ¢ is F-G-compatible. Then, for all
fe D(gl)(Y), f oy is F-differentiable and (f o ) = (f1N o @),

Proof. Fix f € D(gl)(Y) and v € F. Then, by Lemma 3.4.1, we have

[ o))t (z) dz = [ f1(z)dz

v oy

Since ¢ is F-G-compatible, we have ¢ oy € m(G) and so
) dz = f((pon)t) = fllpo))

oy

But (poy)" = (") and (po~y)” = ¢(y7). Thus f o ¢ is F-differentiable and
has F-derivative (Y o @), This completes the proof. O]
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By applying Theorem 3.4.2 inductively, we obtain the Faa di Bruno formula

for the composition of n-times F-differentiable functions.

Corollary 3.4.3 (Faa di Bruno formula). Let X,Y be a semi-rectifiable compact
plane sets, let F be an effective collection of paths in X, and let G be an effective
collection of paths inY. Fixn € N. Let ¢ € Dg?) (X) with o(X) C Y. Suppose
that ¢ is F-G-compatible. Then, for all f € D(g")(Y), fope DSS)(X) and, for
each k € {1,2,...,n}, we have

W _ Nl B (e
= ay! - -ag!
where the inner sum is over all ay,...,a, € Ng such that a1 + -+ + a, = 7 and

a1+ 2a9 + -+ ka, = k.

We also obtain the quotient rule for F-differentiable functions as a corollary of
Theorem 3.4.2. This was originally proved by Chaobankoh ([18, Lemma 2.3.12,
Theorem 2.3.13]) using a method of repeated bisection.

Corollary 3.4.4. Let X be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let f,g € Dg})(X). Suppose that 0 ¢ g(X).
Then f/g € DS,—_U(X) and

AW gt — plt
(9) B g9

Proof. We first show that h == 1/g € DY(X) and that hl) = —glll/¢2. Since
0 ¢ g(X), the function ¢(z) = 1/z (z € g(X)) is continuous and complex-
differentiable on g(X), i.e. ¢ € DM (g(X)). Let G be the collection of all admissible
paths in g(X). Then we have ¢ € DW(g(X)) € DY (g(X)) and g is F-G-
compatible by Lemma 3.3.20(c). By Theorem 3.4.2, we have p o g € D%)(X) with
(9o ) = (oo g)gll. But ol is just the ordinary complex derivative of ¢ so
that o o g = —1/¢g%. Thus hll = —gll/¢?. The result now follows from the
product rule for F-derivatives, Proposition 3.3.6(c). O

In addition, combining Theorem 3.4.2 with Corollary 3.3.24, we obtain the

following corollary

Corollary 3.4.5. Let X be a semi-rectifiable compact plane set and let F be
an effective collection of paths in X. Let f,g € Dg)(X) such that g(X) C X.
Suppose DU (X) is dense in Dg)(X). Then fog € Dg) (X) and (fM o g)gl is the
F-derivative of f og.
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In particular, we obtain the chain rule as given by Chaobankoh ([18, The-
orem 2.3.18], stated below) when we impose the apparently stronger criteria that

Ro(X) be dense in Dg)(X ). This was originally proved using the quotient rule.

Corollary 3.4.6. Let X be a semi-rectifiable compact plane set and let F be
an effective collection of paths in X. Let f,q € DSTI)(X) such that g(X) C X.
Suppose Ro(X) is dense in DY (X). Then foge DW(X) and (fV o g)g") is the
F-derivative of fog.

3.5 Bland—Feinstein algebra homomorphisms

We now describe sufficient conditions under which a function can induce an algebra
homomorphism Bland-Feinstein algebras, including those Bland-Feinstein algebras
which are analogous to Dales—Davie algebras. All of the results of this section are
new. Note that all algebra homomorphisms between Banach function algebras
are automatically continuous, by Proposition 1.4.5, so we do not mention the
continuity explicitly here.

The first theorem is an immediate consequence of the chain rule and Faa di

Bruno formula for F-derivatives (Corollary 3.4.3).

Theorem 3.5.1. Let X,Y be semi-rectifiable compact plane sets and let n € N.
Let F be an effective collection of paths in X, let G be an effective collection of paths
inY, and let ¢ € DE?)(X). Suppose that ¢(X) CY and that ¢ is F-G-compatible.
Then ¢* is a unital algebra homomorphism from Dgg)(Y) into D(Jf) (X).

In the remainder of the section, we aim to prove a result similar to [44,
Theorem 4] for the algebras D (X, M).

We first define the term F-analytic for infinitely F-differentiable functions.
(See [18, Section 5.5] for a similar definition.) We shall discuss F-analyticity further

in Section 4.3.

Definition 3.5.2. Let X be a semi-rectifiable compact plane set, and let F be an
effective collection of paths in X. Let f € Dgroo)(X ). We say that f is F-analytic if

A\
lim sup ' X < 00

We are now ready to prove the main result of this section. The calculations in
the proof are identical to those in [43] (see also, [18, 42, 70]), but we include the
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details for the convenience of the reader. Note that we do not assume that either

algebra is natural.

Theorem 3.5.3. Let X, Y be semi-rectifiable compact plane sets, let n € N, let
F be an effective collection of paths in X, let G be an effective collection of paths
inY, let M = (M,)2, be a non-analytic algebra sequence, and let p € Dgroo)(X).
Suppose that ¢ is F-analytic, that o(X) C Y, and that ¢ is F-G-compatible.

(a) If o satisfies and ||y < 1 then ¢ induces a homomorphism from Dg (Y, M)
into D (X, M).

(b) If the sequence (n*M,,/M,1) is bounded and |pU| < 1 then ¢ induces a
homomorphism from Dg(Y, M) into Dx(X, M).

Proof. It is clear that, for each f € Dg(Y, M) we have fop € D(foo) (X)) by Corollary
3.4.3. So it remains to show that f o ¢ satisfies ||f o ¢|| < oo in each case.

(a) Suppose that |pll!| < 1 and fix f € Dg(Y, M) and let F := f o . Then, for
each n € N, we have

P =S Y (5 )

|
prr arl. . ap! 5\ !

where the inner sum is taken over all non-negative integers aq, ..., a, such that
ap+as+---+a, =k and a; +2ay + -+ +na, =n.
In the remainder of the proof the inner sum is always be over all non-negative

integers ay, . .., a, such that
a+---+a,=k and a;+2ay+---+na, =n.

We now see that, for each n € N, we have

SRS e\
|F[]|X§Z‘f[kllyza1"” H( X )
Pt [ !

It follows that

0 [n]
L
n=0 Mn

iﬂ}[i,f[k]yyz n! ﬁ(\%f?[]:”)c)aj'

l... |
n—0 n k=0 ai: (o7

Now, by interchanging the order of summation, we have

oo F[n} o) o) ! n 7] a;
S EC oSy () s
n=0 M k=0 n=~k al! T ! :

n — Qp,- j=1
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Hence
|F[n |X |fl~C |Y My, n! n! : "PU”Y N
< k! ) 3.12
Z M, Z Z Zk‘Mal---an!jl;[l ! ( )
Note that the function
> [plil] 271
DI I
=2 |90 |X]

takes the value 0 at 0 and is analytic on a neighbourhood of 0. Choose € € (0, 1)
such that 6 = o] (1 + £, (@] (&) /(] 31) < 1. Since d(M) = 0,
it follows that there exists C' > 0 such that m!/M,, < Ce™ for each m € Ny.

Moreover, since
M, qt_(a=p)
pl My = My,

we have (M, /p!)(q!/M,) < CeP~? for all p,q € Ny with ¢ < p. Thus, by (3.12) and

since a; + - - - + a,, = k, we have

Z |F[n]|X Z ’f[k |Yk' Z ZC n—k n' ‘ ﬁ<|(p[]]|Y>a]

(p>q € N07p S Q)>

san! 52\ !
:oiﬁﬂwij ()
= My an' Jale] gg!
Now, from formula B3 (p. 823) of [1], we have
uy Sy ﬁ( %) (i |¢<m>\xgm>’“
= n! an' i = em!

k
.
|90[1]|X<1+Z| [1| Xg '
— ok

Since 0 < 6 < 1 and since f € Dg(Y, M) it follows that

Ny =My
X <O LA ) )
nz:;) S > i < 00

n k=0 k

Thus F' € Dx(X, M) as required.

(b) Suppose now that ||, <1 and that (n?M,_,/M,) is a bounded sequence.
Let f € Dg(Y, M) and set F = fo¢. We note that (3.11) still holds. Since
d(M) = 0 and (n*M,,_,/M,,) is bounded, there exists constants B,C > 0 such

that | O
M, ¢!
<B No,p < q).
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(This is observed in [43].) Also, since ¢ satisfies sup ey, (|¢!]  /j1)/7 < oo, there
exists D > 0 such that |oV!|, /5! < D7 for each j € Np. Let N be the greatest
integer with N < CD.

Then, by (3.11), we have

Fl

Z | ‘X < S+ Sy,
where
N ) o
> 1 n! LAICElI
S =31, 3 Ly ()
i Yn:k M,, a1!~~~an!j:1 !
and
eV \
S ()
k=N-+1 j=1 J:
We first show 5] is finite. First note that, for the a4, ..., a, under consideration,
we have
()" <%
H — S T
=i\ ! n!

thus, for each k € N, we have

Z Z anll—l(sob \y)
_ Z Z an‘]\? (M |<pMJ )

]l

< iiz : H ‘SO[J]’Y "
_n:k n! &1!"'an!j:1 MJ

Now, again using formula B3 (p. 823) in [1], we see that

Z Z ﬁ(lso !y> ];(Tiso](;;x)k’

which is equal to (||¢]l — ||y )*/k!. It now follows that

k
sl_z’f 1 ol = [l

which is finite.
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It remains to show that S5 is finite. Indeed

Si= 3 |f* IYZ Z

k=N+1 an' =i\ J!
_ i |fk|y |Z Z n! M, n! ﬁ<|@[j]|y>aj
o Me 2 M, k! a!- ap! ;5\ gt
= 1My - <|<Pm|y0j_l>aj
<B k! L )
k%:ﬂ M, Z Z a,! jl;[l Jlki—1

Again using formula B3 (p. 823) from [1], we have

k=N+1

k
| o]
Z lk] 1 ’

7j=1

2 < M,
Since |pVl|/j! < D7 for each j, we have

) k] D & pi-loi-1\*
S <B Y. MWI’;(H 2 )

ponver M ‘90[1”)(]':2 kit

D & Dpi-loi-1\* cD? 1 F
<1+ n Z — ) — <1+ i ) ,
Pt = K [t x k= CD

which can be shown to be bounded in m. It follows that

k
< |fH], cp? o1
S, < B e (1
> | AL R . k—CD)"

k=N+1

and

and, since |pl], < 1, it follows that Sy is finite. This completes the proof. ]

Note that, in the above, D (X, M) and D4 (Y, M) are always Banach function

algebras, so we do not need to make any additional completeness assumptions.

Remark 3.5.4. We do not know whether the assumption that ¢ be F-analytic in
Theorem 3.5.3 is a necessary condition; see the open problems for this chapter
(Section 3.7).

In the case where (n?M,,_,/M,,) is unbounded, the condition that | £, <1 is
no longer be sufficient for ¢* to be a homomorphism from Dg(Y, M) into D (X, M).

The following example is from [44].

Example 3.5.5. Let I = [0, 1], let F be the collection of all admissible paths in
I, and, for each n € N, let M, = (n!)¥2. Then M = (M,)%, is a non-analytic

algebra sequence such that n?M,,_,/M, — oo as n — oco. Moreover, since I is
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uniformly regular, we have D (I, M) = D(I, M), and Dx(I, M) is natural on
I by [27, Theorem 4.4.16(ii)]. Let ¢(t) = (1 + ¢*)/2 (t € I). Then ¢ is an
F-analytic map from I into I, |¢'| < 1, and ¢ is F-F-compatible. However, by
[44, Theorem 3.2], ¢* is not a homomorphism from D (I, M) into D(I,M). W

3.6 Naturality of Bland—Feinstein algebras

In this section we investigate the naturality of Bland—Feinstein algebras as discussed
earlier in this chapter. Unless otherwise stated, all results in this section are new
(and do not appear in [19]).

The naturality of the algebras D™ (X), where X is a perfect compact plane

set, was investigated in [29], where they proved the following.

Proposition 3.6.1 ([29, Theorem 3.1]). Let X be a perfect compact plane set.

Then each character ¢ on DW(X) corresponds to evaluation at a point of X.

Remark 3.6.2. The algebra DM (X) in the above proposition need not be com-
plete, so another consequence of this result is that all characters on D™ (X) are

continuous.

Chaobankoh extended this result to the algebras D™ (X), for each n € N
and where X a perfect compact plane set; see [18, Theorem 4.2.5]. Chaobankoh
also investigated the naturality of the algebras Dg})(X ). Note that if we have
Dg})(X) = DW(X), then Proposition 3.6.1 shows that D(]_})(X) is also natural.
This is the case, for example, if X is F-regular. We wish to obtain results similar
to the above for other Bland-Feinstein algebras. We focus on the algebras Dglf) (X)
at present; the algebras D (X, M) will be considered separately.

Our main tool in this section is the following result due to Chaobankoh ([18,

Theorem 4.3.2]); see also [2] and [66].

Proposition 3.6.3. Let X be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, let n € N, and let A be the uniform closure of
DE?) (X) in C(X). If A is natural on X then DE?)(X) is natural on X.

In the remainder of this section, we give various sufficient conditions for the
uniform closure of a Bland—Feinstein algebra to be natural.

Let F be a collection of paths in C and let £ C C. We denote by F|E the set
of all v € F such that v* C E. Note that F|( = 0.
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Lemma 3.6.4. Let XY be semi-rectifiable compact plane sets with' Y C X, let
F be an effective collection of paths in X, and let G .= F|Y . Suppose that G is an
effective collection of paths in'Y. Then m(G) C m(F)|Y.

Proof. Let S denote the set of all (f,g) € C(X) @, C(X) such that ¢g|Y is the
G-derivative of f|Y. Then we have Sy C S and so, by Lemma 3.3.11, we have
p(S) C p(Sr) = m(F). But now p(S) = m(G) when S is considered as a subset of
C(Y) @1 C(Y). The result follows. O

Note that the condition that G be effective in Y is necessary given the definition
of m(G).

Let X be a compact plane set and let U be a non-empty open set in C such
that U C X. We write A(X,U) for the algebra of all continuous functions f on X
such f|U is analytic. It is standard that A(X,U) is a natural uniform algebra on
X (see [54, Chapter 2]). The proof of the following is an easy modification of the
proof of [10, Lemma 5.3]

Lemma 3.6.5. Let X be a semi-rectifiable compact plane set, let U be a non-empty
open set in C such that U C X, and let F be an effective collection of paths in X.
Then Dg}) (X) CA(X,U) if and only if m(F)|U is the collection of all admissible
paths in U.

Proof. First suppose that DSP(X) C A(X,U). Then, for each f € Dg_p (X), flU
is analytic. Let z € U. There exists r > 0 such that Y := B(z,7) C U and
let G := F|Y. Now each f € Dg)(X) is analytic on a neighbourhood of Y, so
FIY € DO(Y). Tt follows that DS (Y) = DW(Y). By Lemma 3.3.13(b), m(G) is
the set of all admissible paths in Y. By Lemma 3.6.4, we have m(G) C m(F)|Y".
This occurs for all z € U, so m(F) must contain all admissible paths v in C such
that v* C U.

Now suppose that m(F)|U is the collection of all admissible path in U. Let
z € U. Then there exists r > 0 such that Y := B(z,7) C U and let G := F|Y. By
assumption, m(G) is the collection of all admissible paths in Y. But Y is uniformly
regular (which implies that Y is G-regular) so we have D(gl)(Y) = DW(Y). Thus,
for each f € Dg)(X), we have f € D(gl)(Y) = DW(Y) so that f is analytic at 2.
Thus f is analytic on U. It follows that DSTI)(X ) € A(X,U). This completes the
proof. O

From the above we obtain the following immediate corollary.
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Corollary 3.6.6. Let X be a semi-rectifiable compact plane set, let U = int X,
and let F be an effective collection of paths in X. Suppose that U # (). Then
Dg)(X) C A(X) if and only if m(F)|U is the set of all admissible paths in U.

Remark 3.6.7. The ‘if” implication of the above corollary is [10, Lemma 5.3].

Let X be a semi-rectifiable compact plane set such that R(X) = A(X). Let F

be the collection of all admissible paths in X. Then the uniform closure of Dgi)(X )

in C(X) is equal to A(X), and so Dg)(X ) is a natural Banach function algebra.

The following is also gives sufficient conditions for Dﬁrl) (X) to be natural on X.

Lemma 3.6.8. Let X be a semi-rectifiable compact plane set, let F be an effective
collection of paths in X, and let B be the uniform closure of Dg})(X) in C(X).
Suppose that Z € Dg)(X). Then B = C(X). In particular, DS—_I)(X) is a natural

Banach function algebra on X.

Proof. Let A == alg{1,7,7}. Then A C DETI)(X) and A is uniformly dense in
C(X) by the Stone-Weierstrass theorem. Thus B = C'(X) also. The remainder of

the result now follows from Proposition 3.6.3. ]

The following examples shows that it is indeed possible to have Z € D(J_})(X ).

In the these examples, all intervals [a, b] are assumed to be non-degenerate.
Example 3.6.9. Let X .= {x +iy: x,y € [0,1]} and let
F =A{xg+it (t € [a,b]) : 2o € X, [a,b] C[0,1]}.

Then, for each v € F, there exists a non-degenerate, closed interval [a,b] C [0, 1]
such that y(t) = xy + it, for some zy € [0, 1], for each ¢ € [a,b]. We have

b
/—1dz :/ —idt = —ib+ ia = (zo — ib) — (zo — ia).
0% a
It follows that Z € D(T})(X) and 7 = —1. [ |
Example 3.6.10. Let R € (0,1) and let X :={2 € C: R <|z| < 1}. Let
F = {rexpit (t € [a,b]) : 7 € [R,1],[a,b] C [0,27]}.

Fix r € (0,1], and let [a,b] C [0,27]. Then Z = r?/Z on the path ~(t) :== rexpit
(t € [a,b]). Thus Z is complex-differentiable on ~*. Tt follows that Z € Dg)(X ).
Note that Z ¢ DM (X). [ |
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Note that, in the above examples, for each v € m(F) we have v* € F*. We do
not know whether this is a necessary condition for the complex conjugate function
to be F-differentiable. Also note that, in the first example the F-derivative of Z
is a constant, while in the second example the F-derivative of Z is a non-constant
function.

Let 6 € (—m,m| and 2y € C. We denote the set containing all points on the line
through zy which makes the angle 6 with the real axis by L(zo,6). That is,

L(zy,0) = {20+ rexp (if) : r € R}
We can generalise the case in Example 3.6.9 in the following theorem.

Theorem 3.6.11. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Then Z € DETI) (X) and 7" 4s constant on X if
and only if there exists 0 € (—m, | such that, for each v € F, there exists x., € X
with v* C L(z,,0) N X.

Proof. First suppose that Z is F-differentiable and 7" = € C. Let ~v € F such
that 4yt # ~~. Then

7 = [ ad: =l
Y

It follows that o
=T
Y=

so we see immediately that |o| = 1. Moreover,

:Ck’

Arg (77 =77) = Arg (0" = 97) = Ang (T=22) = Arg o).
Set @ = —Arg(a)/2 and z., ;== y~. Then v+ —~~ = |y" — 4 |exp (if) so that
v* C L(z,,6). This holds for all v € F such that v+ # ~y~.

Let v : [a,b] — X be a path in F and suppose that v = 4. Since 7 is
admissible, there is a sequence of subpaths (0,,) of v with o;F — 1" as n — oo,
and such that 0™ # ¢~ and o, = 7~ for each n € N. By the above, we have
of C L(vy~,0). It follows that v* C L(v~, 6).

Now suppose that there exists § € (—, 7| such that, for each v € F, there exists
z, € X with v* C L(x,,0) N X. Let G be the collection of all paths 7 : [a,b] = X
such that v(t) = x, + texp (if) (t € [a,b]) for some z, € X. Clearly every path
v in X such that there exists z, € X with v* C L(x.,,6) has v € m(G). Clearly
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F Cm(G) and so m(F) C m(G). By Lemma 3.3.11, we have D(gl)(X) - DS—_l) (X).
So it is sufficient to show that Z € D’(X) and that ZM is constant on X.
Let g(z) = exp (—2if) (z € X). We show that g is an G-derivative of Z. Let
v : [a,b] = X be a path in G given by v(t) = ., + exp (i0)t (¢ € [a,b]) for some
x, € X. Then we have
/ g(z)dz = /b e Vdt=eb—0a)= (zy + €9) — (z, + €'%a).
v

a

This holds for each path v € G and so g is the G-derivative of Z. This completes
the proof. O

We obtain the following useful corollary of the above theorem and Lemma 3.6.8.

Corollary 3.6.12. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Suppose that there exists 0 € (—m, 7| such that,
for each v € F, there exists x, € X with v* C L(z,,0) N X. Let B denote the
uniform closure of Dsrl)(X) in C(X). Then B=C(X) and Dﬁrl)(X) is a natural

Banach function algebra on X.

We can also attempt to characterise those semi-rectifiable compact plane sets
X and effective collections of paths F in X such that DETI) (X) is natural by means

of the following observation.

Lemma 3.6.13. Let X be a semi-rectifiable compact plane set, let k € N, let F
be an effective collection of paths in X, and let B denote the uniform closure of
Dgf)(X) in C(X). Suppose that B is normal on X. Then Dgf)(X) is a natural

Banach function algebra on X.

Proof. Since B is normal on X, it follows from Proposition 1.5.5 that B is natural

on X. The result follows from Proposition 3.6.3. O

In particular, if Dg)(X ) is a normal Banach function algebra on X then B is
also normal, and so Dg)(X ) is natural by the above.

Certainly it is not true that DSTI)(X ) is always normal on X. For instance,
if Dsrl)(X) C A(X), and X has non-empty interior, then Dsrl)(X) is not regular.
Moreover, in this case, D%)(X ) need not be uniformly dense in A(X) and so it
may not be possible to show that DSTI)(X ) is natural on X.

The following further corollary of Lemma 3.6.13 is of more use to us.

Corollary 3.6.14. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Suppose that R(X) is normal on X. Then, for
each k € N, Dgf)(X) is natural on X .
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Proof. Fix k € N. Let B denote the uniform closure of DS—{C) (X) in C(X). Then
R(X) C B, and it follows that B is normal on X. The result now follows Lemma
3.6.13. O

Remark 3.6.15. Note that the naturality of Dg)(X ) in the above is dependent only

on X, and therefore is true for every effective collection of paths in X.

Of course, if R(X) = C(X) then R(X) is regular, and hence normal, so the
above applies. However, in this case, naturality is given by Proposition 3.6.3. The

following example illustrates an interesting case in the above corollary where we
have R(X) # C(X).

Example 3.6.16. Let A = ((an,7,)) be a classical abstract Swiss cheese such
that R(X,4) is non-trivial and regular; for example, the Swiss cheese set obtained
by Corollary 2.2.12. Set X = X4. Then R(X) is also normal on X. Let F be
an effective collection of paths in X. Then Dg)(X ) is natural on X by Corollary
3.6.14. |

The Swiss cheese set X in the above example is uniformly regular (see, for
example, [29]) so if m(F) is the set of all admissible paths in X, then we have
Dg)(X) = DW(X) and so is natural by Proposition 3.6.1. In fact, in this case, we
have Dg)(X ) € R(X) by [28, Lemma 1.5(iv)]. Similarly, taking the collection F
to be all line segments in X which are parallel to a given line—for example, the
real axis or the imaginary axis—then we see that D%)(X ) is uniformly dense in
C(X) by Corollary 3.6.12, and so is natural on X. (Note that the existence of an
abundance of such line segments is a consequence of an argument of Allard which
shows that a classical Swiss cheese set has positive area, see [16, pp. 163-164].)

In the following example (due to Feinstein), we use some techniques developed
for uniform algebras in [41] by Feinstein and Izzo, to give a classical Swiss cheese
set X and an effective collection of paths in X such that m(F) is not the collection

of all admissible paths in X but Dg)(X ) is natural on X.

Example 3.6.17. Let A = ((a,,1,)) be the classical abstract Swiss cheese, as in
Example 3.6.16, such that R(X4) is regular on X4, and such that int X4 = (). Set
X = X4. For each n € N, let v,(t) = a,, + r,exp (it) (¢t € [0,27]), and let F be
the collection of rectifiable paths consisting of the ~, and all subpaths thereof. It
is easy to see that |JF* is dense in X so that F is an effective collection of paths.
By Corollary 3.6.14, DSTI)(X) is natural on X. We now claim that there exists
fe D(]_l)(X ) such that f is non-constant but fI! is identically zero on X.
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Let ~ be the equivalence relation on X such that x ~ y if and only if either
z,y € X \UF* and x = y, or there exists v € F such that z,y € v*. Let Y be
the quotient space X/ ~; that is, Y is the topological space obtained from X by
contracting the sets 7% (n € N) to a point. By [41, Lemma 2.5], Y is a compact
metric space. Let ¢ : X — Y be the quotient map. Then the map f — fogq
defines a isometric, unital algebra homomorphism from C(Y’) into C'(X) and, for
each f € C(Y), f oq is constant on 7 for each n € N. Let f € C(Y) such that f
is non-constant and let g := f o g € C(X). Then, as above, g is constant on ~ for
eachn € N, and so g € Dg)(X) with gl = 0. But f is non-constant and so g is
non-constant on X \ UF*. It follows that DY (X) # DW(X). ]

Remark 3.6.18. We do not know whether Dgrl) (X) is uniformly dense in C(X) in

this case.

The techniques from [41] can be applied in a slightly more general setting. Let
X be a semi-rectifiable compact plane set, and let F be an effective collection
of paths in X. Suppose that there exists a sequence (v,) of paths in F with the
following properties: 7 N~y = 0 for all j,k € N with j # k; for each 0 € F
there exists k € N with ¢* C 7{; A(v,) — 0 as n — oco. Then we can use the
construction above to find non-constant functions f € DETI) (X) with fI identically

zero on X.

3.6.1 Naturality of the D (X, M)

We now consider the naturality of the algebras D (X, M). Let X be a perfect
compact plane set and let M = (M,,)22, be an algebra sequence. Then we have
Ro(X) C D(X, M) if and only if M is a non-analytic algebra sequence ([28]), so
the condition that M is non-analytic is necessary for the algebras D (X, M) and
D (X, M), where F is an effective collection of paths in X.

We require the following definition from [2] (see also [18]).

Definition 3.6.19. Let M = (M,,)22, be a sequence of positive real numbers. For
each k € N, let P, = My /k! and let

| LS
Ak = Sllp{F)]f H ij},
j=1

where the supremum is taken over all n € N with n > k£ and non-negative integers
ai,...,a, such that a1 +---+a, = k and a; + 2a2 + - - - + na,, = n.
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Let M = (M,)2, be an algebra sequence. It is easy to see that, for each
k € N, we have Ay < 1 (the details are noted in [18, p. 52]). As in [18], we
say that M is naturalisable if limy_, o A,i/k = 0. It was shown in [2] that if M is
naturalisable then M is non-analytic (see also [18]). Our main tool for this section
will the following proposition, due to Chaobankoh [18, Theorem 4.3.6] which is

the D (X, M) analogue of Proposition 3.6.3.

Proposition 3.6.20. Let X be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, let M = (M,), be a naturalisable algebra
sequence, and let B denote the uniform closure in C(X) of Dx(X,M). Then
D (X, M) is natural on X if and only if B is natural on X.

Some of the results for the algebras DETD (X) discussed above are valid for the

algebras D (X, M) too. We summarise these modified results in the following.

Lemma 3.6.21. Let X be a semi-rectifiable compact plane set, let F be a effective
collection of paths in X, let M = (M,)>2, be an algebra sequence, and let B denote
the uniform closure of D £(X, M) in C(X).

(a) For each non-empty open set U C C with U C X, if m(F)|U is the collection
of all admissible paths in U, then we have D (X, M) C A(X,U).

(b) We have Z € Dx(X,M) and ZM is constant on X if and only if there
exists 0 € (—m,m| such that, for each v € F, there exists x., € X with
v C L(z,,0) N X.

Suppose further that M is naturalisable.
(c) If Z € D(X, M) then B=C(X) and Dx(X, M) is natural on X.
(d) If B is normal on X then D (X, M) is natural on X.

Proof. (a) Let U C C be a non-empty open set such that U C X. First note that
D (X, M) C DY(X), so it follows immediately that if D¥)(X) C A(X,U) then
D(X,M)C A(X,U). Thus, if m(F)|U is the collection of all admissible paths in
U then, by Lemma 3.6.5, we have D (X, M) C A(X,U).

(b) Note that, if Z € DY(X) such that 7" is constant, then Z € D (X)
and Z" = 0 for all k € N with & > 2. Thus Z € D,(X,M). But since
DA(X,M)C Dﬁrl)(X), it follows that Z € D (X, M) such that 7" is constant if
and only if the same is true of Dfrl)(X ). The result now follows from Theorem
3.6.11.
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(c) Suppose that Z € Dx(X, M). Set A = alg{1,Z,Z} C D(X,M). Let A be
the uniform closure of A in C(X). Then A C B C C(X). But, by the Stone-
Weierstrass theorem, A = C'(X). Thus B = C(X) and, since M is naturalisable,

the result follows from Proposition 3.6.20.

(d) Suppose that B is normal on X. As in Lemma 3.6.13, B is natural on X.

Since M is naturalisable, the result follows from Proposition 3.6.20. n

Let X be a semi-rectifiable compact plane set, let F be an effective collection of
paths in X, and let M = (M,,)>°, be a naturalisable algebra sequence. Combining
(b) and (c) from the above lemma, gives a result analogous to Corollary 3.6.12 for
the algebras D (X, M).

We have the following analogue of Corollary 3.6.14 for the algebras D (X, M).

Corollary 3.6.22. Let X be a semi-rectifiable compact plane set, let F be a
effective collection of paths in X, and let M = (M,)2, be a naturalisable algebra
sequence. If R(X) is normal on X then D (X, M) is a natural Banach function
algebra on X.

Proof. Let B denote the uniform closure of D (X, M) in C(X). Since M is non-
analytic, we have Ry(X) C D.(X, M) and so R(X) C B C C(X). The proof is
completed by applying Lemma 3.6.21(d). H

Note that the same holds if D (X, M) is assumed to be normal.

3.7 Open problems and discussion

The following problems are related to the content of Chapter 3. Throughout this
section, let X be a semi-rectifiable compact plane set, let A denote the collection
of all admissible paths in X, and let F be an effective collection of paths in X.

The first two problems relate to approximation of paths in C.

Question 3.7.1. Let G denote the set of all rectifiable Jordan paths in X. Do we
have m(G) = A?

First note that G is effective. This answer is certainly affirmative if X is convex.
In general, one can attempt to approximate a rectifiable path by the finite joining

of geodesics in X.

Question 3.7.2. Let I' be an admissible path in C and let G denote the collection
of all subpaths of I'. Does m(G) include all geodesics in ['*?7
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This certainly appears to be true in several simple cases. For example, it
is certainly true if ' is a Jordan path. Similarly, if I' has only finitely many
self-intersections then the above appears to be true; note that, in this case, the
path T" is a finite join of rectifiable Jordan paths.

The next question concerns the existence of homomorphisms between Bland—
Feinstein algebras of the form D (X, M).

Question 3.7.3. Let M = (M,)°, be an algebra sequence, let Y be a semi-
rectifiable compact plane set, and let G be an effective collection of paths in Y.
Let ¢ € DSTOO)(X) with ¢(X) C Y such that ¢ is F-G-compatible. Can we remove
the hypothesis that ¢ be F-analytic in Theorem 3.5.37

Our next questions concern isomorphisms of Bland—Feinstein algebras.

Question 3.7.4. Let Y be a semi-rectifiable compact plane set and let G be an
effective collection of paths in Y. Suppose that ¢ € Dg)(X ) with ¢(X) C Y such
that ¢ is F-G-compatible and ¢ is a bijection. Under what conditions on ¢ is it
automatically true that ¢! € Dg)(Y)?

Question 3.7.5. Let M = (M,)>, be an algebra sequence, let Y be a semi-
rectifiable compact plane set, and let G be an effective collection of paths in Y. Let
Y € D§é’°) (X) with ¢(X) C Y such that ¢ is F-G-compatible. Suppose also that
¢ is bijective and induces a homomorphism ¢* from D¢ (Y, M) into D (X, M).

Under what conditions on ¢ is ¢* an isomorphism?



CHAPTER 4

Quasianalyticity and

F-quasianalyticity

Traditionally, we say that a collection A of infinitely continuously differentiable
functions on R is quasianalytic if every function f in A satisfying f*)(z) = 0
(k € Ny), for some x € R, is f constantly zero. The Denjoy—Carleman theorem
(see [83] and [93, Section 19.6]) gives necessary and sufficient conditions for certain
classes of functions to be quasianalytic. In [28], Dales and Davie gave a new
definition of quasianalyticity for collections of infinitely continuously complex-
differentiable functions defined on a compact plane set. They also gave sufficient
conditions for certain collections of functions to be quasianalytic in this new sense.
However, their results require that the compact plane set has certain properties.

Dales and Davie used the properties of quasianalytic Banach function algebras
to show that there exists a natural Banach function algebra with only countably
many peak points [28, Theorem 2.3]. They also constructed a quasianalytic Banach
function algebra A such that there exists a discontinuous function F' which operates
on A [28, Theorem 3.8]. We refer the reader to [28] for the relevant definitions.

In [37], Feinstein constructed a Swiss cheese set X such that R(X) is not
regular but does not admit any non-trivial Jensen measures. This is achieved by
constructing X so that the interval [ := [—1/2,1/2] is contained in X and the
algebra R(X)|I is quasianalytic but each point x € X \ I is a point of continuity
for R(X). It follows from this that R(X) cannot admit any non-trivial Jensen
measures but is not regular. (See Section 4.5 for the relevant definitions.) Feinstein
and Yang [52] have improved this example by replacing the interval I with a set of
positive area.

Quasianalyticity has also been investigated in [4] and [73]. In the former,

Albrecht and Athar consider Banach function algebras similar to the algebras

99
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D(X, M) but, instead a sequence of positive real numbers, they allow M to be a
sequence of bounded functions from X into [1, 00).

In this chapter, we introduce a notion of F-quasianalyticity for collections
of infinitely F-differentiable functions on certain compact plane sets, and give
new sufficient conditions for such collections to be F-quasianalytic. We prove an
F-differentiation version of the Denjoy—Carleman theorem, which generalises the
results of Dales and Davie. We then discuss several examples to illustrate the
behaviour of F-quasianalytic algebras. Next, we discuss the connections between
several different notions of analyticity, including F-analyticity. In Section 4.4,
we introduce sets of quasianalyticity as a means of investigating the properties
of F-quasianalyticity. We then give the construction of a classical Swiss cheese
set X such that R(X) admits no non-trivial Jensen measures on X but R(X) is
not regular. This improves the example of Feinstein (as above). We conclude the
chapter with several open problems and a discussion.

Parts of this chapter are contained in [47].

4.1 Quasianalytic Banach function algebras

We begin with a discussion of the quasianalytic algebras of functions as defined by
Dales and Davie [28]. The following is our the definition of quasianalyticity that
we consider here. We have adapted the definition given in [28], which could allow

some undesirable cases.

Definition 4.1.1. Let X be a perfect compact plane set and let A C D)(X).

Then A is quasianalytic if, for each zy € X, the conditions
feA and fP(z)=0 (keN)
together imply that f(z) = 0 for all z in the component of X containing 2.

The definition of quasianalyticity given in [28] only requires that the function
f, satisfying the conditions above, vanishes on a proper superset of {zo}.

The following is a sufficient condition for quasianalyticity from [28].

Proposition 4.1.2. Let v be a path in C such that v* is uniformly reqular. Let
f € D™)N(X) and suppose that there exists a log-conver sequence (M), such
that Y323 My /M1 = oo. If there ewists 2y € v* such that f*®)(z) = 0 for all
k € Ny then f(z) =0 for all z € v*.
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Remark 4.1.3. A similar theorem, due to Davie, with the weaker condition that ~

be rectifiable appears in [15].

The following are examples of sequences M = (M,,)5°, that we may wish to
consider. The sequence given by My, = 1 and M,, = n!log2log3---log(n+ 1)
(n = 1,2,...) is non-analytic (i.e. d(M) = 0) and satisfies the conditions in
Proposition 4.1.2. The sequence given by M, = n! (n € Ny) also satisfies the
condition in Proposition 4.1.2 but is analytic (i.e. d(M) > 0). For each o > 1,
the sequence (n!*)>2, does not satisfy the condition in Proposition 4.1.2, but is

non-analytic.

4.2 JF-quasianalyticity

In this section we aim to prove a analogue of Proposition 4.1.2 which can be applied
to the algebras D (X, M) of F-differentiable functions introduced in Section 3.3.
Let X be a semi-rectifiable compact plane set and let F be an effective collection
of paths in X. When considering F-differentiable functions on X, we must restrict
our attention to those points which lie on paths in F as we have little information
about the behaviour of F-derivatives at the other points of X. We introduce the

following notion of F-quasianalyticity.

Definition 4.2.1. Let X be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let A C DSTOO) (X). Then A is F-quasianalytic
if, for each v € F and 2, € 7", the conditions

feA and fH(z)=0 (k=0,1,...),
together imply that f(z) =0 for all z € v*.

In Section 4.4, we examine those subsets of a compact plane set X which
satisfy a similar property to the above relative to a given algebra of functions
A C DY (X).

We shall discuss the relationship between F-quasianalyticity and quasianalyti-
city in more depth in Section 4.2.1, but first we prove some sufficient conditions
for F-quasianalyticity.

For the remainder of the section we fix an admissible path I', and let F denote
the collection of all paths in I which are subpaths of I, or the reverses of subpaths
of I". In fact, since Dg?o)(X )= D;OO}) (X), we could consider F to be the maximal

collection generated by all subpaths of I'. This is not necessary for our proofs.
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We are interested in those sequences M = (M,,)5°, of positive real numbers
satisfying
ST MY = o0 (4.1)
n=1

We write ds for integrals with respect to path length measure. Set D = Dg?o)(F*)
and, for each n € N, set D,, :== Dgl)(F*).

We aim to prove that, for each f € D and 2, € T'*, if [f¥|.. < M, and
f¥(z) = 0, for all k& € Ny, then f is identically zero on I'*. Our method will
follow the proof in [22], of the traditional Denjoy—Carleman theorem, adapted for
F-differentiation.

Note that, unlike Proposition 4.1.2, we do not require that the sequence M

be log-convex. This is achieved by instead working with the greatest log-convex
minorant of M. Moreover, we do not require that I'* be uniformly regular.
Before we can prove the theorem, we first require several lemmas. The first
lemma is a summary of the properties of the log-conver minorant of a sequence of
positive real numbers. We refer the reader to [75, Chapter IV] and [83, Chapter 1]
for details and properties of the log-convex minorant. The properties listed below

are from [22].

Lemma 4.2.2. Let (M,), be a sequence of positive real numbers such that
liminf, . M}/™ = +00. Then there exists a log-convex sequence (MS), and a

strictly increasing sequence (n;)32, of integers with ng = 0 such that:
(a) Mg < My, for all k € Ny;

(b) MY, = M,, for all k € Ny;

(c) for each k € Ny, we have MS/M$,, = M /Mg ., for all j € Ny with

g < J < Npg.

It is easy to see that if a sequence M = (M,,)>2, of positive real numbers satisfies
(4.1) then the log-convex minorant M¢ = (M7),, as given by Lemma 4.2.2; satis-
fies (4.1). Moreover, if M¢ satisfies (4.1) then M¢ satisfies Y02 o M /My, | = 00;
see [75, Chapter IV] for details.

We will require lemmas to prove the main result. The first lemma is standard;

see, for example, [26, Proposition 1.17].

Lemma 4.2.3. Let v € F and let f € Dy. Then

FOO < 1O+ Ay M

e
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Our next lemma is an F-differentiability analogue of [22, Lemma 2].

Lemma 4.2.4. Let v € F, let M > 0, let m € N, and let 0 = . Let
S0y .-y Sm—1 € [0,A(0)] such that 0 < sy < s1 < -++ < Sp1 < A(o). Let
g € D, and suppose that |g" (a(t))| < M for all t € [so, A(7)]. Then, for all
s € (Sm—1, A(7)], we have
" 197 (0 (5m-p-1))I(5 = Smp-1)” M
lg(o() < > . DU+ — (s — so)™.

o p! m!

Proof. Note that, for each a,b € [0, A(y)] with a < b we have A(o|[a,b]) = b — a.
We prove the result by induction on m. If m = 1 then, by Lemma 4.2.3 applied to

a|[so, s], we have

l9(o(s))] < lg(a(s0))| + MA(a[s0, s]) = [g(o(s0))] + M(s = so).

Let m > 1 be an integer and assume that the result holds for m — 1. Since

gV € D,, 4, it follows that, for each s € [s,,_2, A(7)], we have

| P (0 (sm—p-2))|(5 = Sm—p-2)" M m-1
19" (o (s))] < pz%) ol + (= 1)!(5 —s0)"

Fix t € (sp-1,A(7)]. For each j € {1,...,m — 1} let 0; := o|[s;, t]. Then

22 gl (o (8—p—2))|(5 = Sm_p_2)P
/(ml’gm(a(s))ldsg Z g7 (o (8m—p-2))I( p—2) ds

Om—1 p=0 p'
+ . W(S - So)m_l ds. (42)
For each j € {1,...,m — 2}, we have
‘ ‘ t— Sm_i_ J
[ Gmsmtass [ smsaaptas= g
Om—1 Om—j—1

and, by combining (4.3) and (4.2), we obtain

=gl (o (s, 1 — Sy 1 )P
/aml|gm(a(s))]ds < Z:l 1970 (5m—p-1) I(E p-1) + %(t—so)m. (4.4)

p! m!
But now
9] < lg(o(sm-) |+ [ 1g"(o(s)]ds,
Om—1
and combining this with (4.4), we obtain the desired result. O

We now check an easy special case of our result.
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Lemma 4.2.5. Let M = (M,)>2, be a sequence of positive real numbers such
that liminf, o, MY" < co. Let 2y € T, and let f € D with |fM™|,.. < M, and
f¥(20) =0 for all k € Ng. Then f(z) =0 for all z € I'*.

Proof. Fix z € I'*. Let v € F such that v~ = 2, v = 2, and v = vP.. We first
claim that, for each k,n € Ny with £ < n, we have
n—k

()] < M,

n(ﬁijiﬁia GL5)

where s = A(7).

Fix n € Ny. We prove our claim by backwards induction on k£ < n. The case
where k£ = n is trivial. Now assume the claim holds for some k € N with &£ < n.
Let z € v*. We have

A < I [ 178 ds = [159ds,

and applying the claim to |f¥/(¢)|, we have

A4ﬁsnfk+1
(n—k+1)V

A4ﬁ n—k
£ ()] < L = - b=

This proves the claim.

We now see that |f(2)| < M,s"/n! for all n € Ny. Since liminf, ., M}/™ < oo,
there exists R > 0 such that M,, < R™ for infinitely many n € N. Let (ny)%2, be a
strictly increasing sequence in N such that M,, < R"* for all &k € N. Then we have

M, s™* _ (Rs)™

— 0
nk! nk!

1f(2)] <
as k — oo. This holds for all z € T'*, so the result follows. O

Let 0 < a < 1. As in [22], we define BJ(»’O,;) for j, k € Ny with k& > j > 0 as follows.
For each 7 € Ny, let B(g?;-) = 0 and, for each 57 € N, let B](-f"j) = 1. For each j, k € Ny
with k& > j, define B](i)l’k,ﬂ inductively by setting B;kaH = Bﬁlfl + O‘Bg('i)l,k-

Our main tool in the proof of the main theorem is the following lemma. Part
of the proof we provide is derived from the proof of [22, Lemma 1]. We include

the details for the convenience of the reader.

Lemma 4.2.6. Let o € (0,1/2e?). Then there exists a constant K > 0 such that
BJ(-;? < Ka < 1/2 for all j,k € N with j < k. Moreover, for each n € N, we have

(na)"

< 2.
n!

+ 2

Z (G - 1oy
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Proof. Fix C = e?. Define ¢g(x) = 1 (x € R). For each j € N, define
¢;(x) = (Cx/j) (z € R). First note that, for each j,k € N with k > j > 1,
we have (since k7 > (k —1)7 + j(k —1)771)

= gk]
j]
> ?((k — 1) 4 (k= 1))
_ fj(k; — 1) + cU ;ﬁjl (& ;jgjl G €j1)1j—1
0

> ¢k —1)+ ¢j_1(k—1).

¢;(k)

ki1

> ¢i(k—1)+C

From this we deduce that, for each j,k € N with k£ > 5 > 1, we have
¢j-1(F) + ¢;(k = 1) < ¢;(k). (4.6)

We now claim that, for all j, k € N with 7,k > 0 we have
B ker < 05(R)aF +6yma(k = 1)a* ! 4 4 go(k =)ot (i)

We prove the claim by induction on j and k. First, if ; = 0 then we have BJ(-’O,? =0
for all k and so (14) holds for all k& > 0. Also, for each j € N, we have BJ(?) =1
and so (17) holds for all j.
Assume now that (5,,) and (¥71) hold for some j,k € Ny with k > j > 0.
Then
Bj('i)l,k—i-l = Bg(',?c)+1 + O‘Bg(‘j-)l,k
S ¢j_1(l€>04k + ¢j—2(k — ].)Oék_l + -+ ¢0(kf - j + 1>Oék_j+1
+ o5k = 1o’ +¢; 1 (k = 2)a" 4+ go(k —j — 1),
Let i € {0,...,j — 1}. Then, in the above, the coefficient of a*~* is
(ﬁz(k? — Z) + Qbi_l(ki — 11— 1).
Applying (4.6), for each i, we obtain
Bj('i)l,k+1 < gi(k)at + -+ i (k —j+ 1" I 4 go(j —i — 1)
= ¢j(k)a’ + -+ g1 (k —j + 1) 7T o (j —i)ad "

Thus (Tfill) holds. This proves the claim.
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Now, for each j € Ny, we have
B](i)l,j+2 S ¢](] + 1)Oéj+1 + cte + Oé,
and, for each i € {1,...,;}, we have
Cli+1)\* ,
@@+n:<“f)>ge@.
0

Since o < 1/2C, we have

J J
B+1g+2 E o' geag CZO/Sl—C’a

1=0 =0
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Set K = 2e. It is easy to see that, if j,k € Ny with j < k then we have
B(a) < B,E ) . It follows that, for each j, k € Ny with j < k, we have B Y < Ko

and hence we obtain the first claim. To obtain the second claim, note that

a < 1/2e? implies BJ(.:),;) < 2e/2e* < 1/2 for all j,k € N with j < k.

For each k € N, we have k¥ /k! < eF so that

k
e

((k +k‘1)04)k < (kzl) bk < bk,

Since o < 1/4e, for each n € N we have

and so

Since 2 < ((n + 1)/n)™ for all n € N, we have

This completes the proof.
Note that, if a € (0,1/2¢?), then

Bk 2 B3

for all 5, k € Ny with k£ > 7.

(4.7)

We now state and prove our main result. The proof is essentially the one

used in [22], adapted for F-differentiation, and including additional details for the

convenience of the reader.
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Theorem 4.2.7. Let T : [a,b] — C be an admissible path and let F denote the
collection of all subpaths and reverses of subpaths of I'. Let (M), be a sequence
of positive real numbers such that ¥°°, M-'/" = co. Suppose that f € Dg?o)(l“*)
and zo € I'* satisfy

M < My and " (z) =0 (4.8)

for all k € Ng. Then f(z) =0 for all z € T™.

Proof. 1f liminf, . Mé/ " < oo then the result follows from Lemma 4.2.5, so

suppose that liminf, ,,, M!/® = co. By Lemma 4.2.2, there exist a log-convex

%)
n=0

(nj)32 with ng = 0 such that:

sequence (M) of positive real numbers and a strictly increasing sequence

(a) Mg < M, for all k € N;
(b) My, = M,, for all k € Ny;

(c) for each k € Ny, we have MS/Ms, , = Mg /My ., for all j € Ny with

g < J < Nggr-

By the comments following Lemma 4.2.2, we have

oo MC
E " — 0.
C

Let z € I'* and let v € F such that v~ = 25, 7" = z, and o = ~P..

Fix n € N such that n is an element in the sequence (n,)s2,

that 37 M¢/M¢,, > 2e*A(0). Let a = A(0)/(X]_o Mj/Mj,,). Then we have

j
a € (0,1/2¢%) and so, by Lemma 4.2.6, B{®) < 1/2 for all u,v € N with v > u > 0.

Define the points 0 = 29 < 21 < - -+ < x,, < A(0) such that

and such

l']—l’j_l :OéM;;_]/M;;_]_i_l j:1727...7n.
For each j € {0,...,n} we claim that, for each k € Ny, with k <n —j + 1,

W) < B M (te[0,ay). ()

The proof of the claim is by induction on j. Since f*l(¢~) = 0 for each k € Ny,
(*F) holds for all k € Ny with k <n + 1.

Fix j € {1,...,n}. Assume now that (*f,/) holds for all j', k" € Ny with 5/ < j
and ¥ <n—j 4+ 1. Set i :=n — j+ 1. We now prove (*f) holds for each k € Ny
with £ < by backwards induction on k. We first check the base case. Suppose
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that k& = i. If i = n, for some r € Ny, then B](-’aj) =1 and |fil(a(t))] < M; = MY
for all ¢ € [0, z;] by (4.8), and so (x}) holds.
Otherwise, i # n, for all r € Ny, in which case there exists r € Ny such that

n, < i <npy1 <n. Foreach s € [0,2;_4], by (¥/_;) and (4.7), we have
o)) < By ME < B ME = M,

and so it remains to show that |fFl(o(s))| < My for all s € [z;_y,2;].
As in [22], let m == n,41 — i and let R := M; /M, . Note that

jJ—m=n—np1+1>1

and, for each p € Ng with p <m, we have M7 = M, RP. Also, for each £ € N

with n, < /¢ < n,,1, we have ]\4;/]\4;Jrl = R and so z;_, — xj_,—1 = aR for each
p € N with p < m. In particular, MY = MS R™. For each s € [x;_1,7,], by

Nr+1

Lemma 4.2.4 (applied with M = M¢ =M, ., g= fl1 and points s, = 2;_m1yp

Nr41

forp=0,...,m —1), we have

C

[i+p] o —xi )P M
f[z] s))| < Z ARG (zj—p ;>')|(3 Tjp-1) I an!Jrl (5= 2jm)™

g mzzl |f[i+1’](a(a:j7p71))|((p + 1)aR)P MTCW.H
=2 D! m!

(maR)™

and by applying (x;" ;0 1) for each 0 < p <m — 1, we obtain

1B ME (p+DaRY M

/(o (s))] < Z 1P +p)+1p‘ w2+ DoR) + — = (maR)"
m—1 (a) m
=0 P! m!

Since B{?) < 1/2 for all u,v € Ny with v > u > 0, we have

|f[z‘]< (s))] < My (ni (p+1)a)? +2(ma>m>7

2 \;3 p! m!

and so, by Lemma 4.2.6, we have |f!(c(s))| < Mf. This concludes the proof of
the base case k = 1.
Let k € Ny with £ <1 — 1 and assume that (x k+1) holds; i.e.

o) < BYS i1y Mg
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for all ¢ € [0,z;]. Let s € [0,2;]. If s € [0, 2;_1] then, by applying (¥¥_,) and (4.7),
we have

|f[k](0(5))| < B](g)l,n—k-i-lMlg < B§?L)—k+1Mlg'

Thus we may assume that s € [z;_1,x;]. By Lemma 4.2.3, we have

DI < [F (o (w-))] + (25 = 2j) sup{ L o ()] + ¢ € [0, 2]}

Applying (* k“) to the first term and applying (*?71) to the second term we obtain

MTL (634 C
|fM(o(s))] < B )ln k+1Mk+04MC ~ B](n) kM-
n—j+1
Since M* is log-convex and k < n — j, we have Mg _;/MS .. | < Mg/Mg,,, so we

obtain

(o) < ME(B) o +aBj5) ) = BY M.
Thus (*?) holds, and both inductions may now proceed.

Now, by Lemma 4.2.6, there exists a constant K > 0 such that, for all u,v € N
with v > u, we have B,, < oK. Thus |f(o(t))] < KaM, for all t € [0, A(0)].
It follows that f(o(t)) = 0 for all ¢t € [0,A(0)]. In particular, |f(z)] = 0 and
hence f(z) = 0. Since z € I'* was arbitrary, the above holds for all z € I'*. This
completes the proof. O

In the remainder of this chapter we adopt the following convention. Let X be
a semi-rectifiable compact plane set, let F be an effective collection of paths in X,
and let f € Dgroo)(X). If there exists k& € Ny such that |f*|, = 0 then we write

2SI = o

Jj=1

Our first corollary will be used in the next section.

Corollary 4.2.8. Let v be an admissible path in C, let F be an effective collection
of paths in ~*, and let f € D§S°) (v*). Suppose that

ST = oo (4.9)
j=1

If there exists zy € v* such that f¥)(z)) = 0 for all k € Ny then f is identically

zero on y*.



Chapter 4. Quasianalyticity and F-quasianalyticity 110

Proof. We may assume that we have |f¥]|, > 0 for all k € Ny, as the degenerate
case is easily dealt with using, for example, Lemma 4.2.5. For each k € Ny, set
My, = \f[k]h*. By (4.9), the sequence M = (My)32,, satisfies (4.1) and certainly
| fIk] |« < Mj for all k € Ny. Suppose that there exists zy € v such that f¥(z) =0
for all k € Ng. Then, by Theorem 4.2.7, we have f(7*) C {0}. This completes the
proof. O]

Our next corollary asserts the existence of a F-quasianalytic algebra of the
form D (X, M).

Corollary 4.2.9. Let X be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let M = (M,)>, be an algebra sequence
which satisfies (4.1). Then D (X, M) is F-quasianalytic.

Proof. Fix f € Dx(X,M). Then there exists N € N large enough so that
|f¥] < M for all k € Ny with k& > N. If there exists k € Ny such that | f¥]|, =0,
then (4.9) holds, so suppose that |f*l|, > 0 for all k¥ € Np. Then we have

o0 S . oo N _1/4 (e} 1/4
SR 2 ST > 3 M = o

Thus, in either case, f satisfies (4.9). Hence, by Corollary 4.2.8, if there exist
v € F and 2z € v* such that fI¥l(z) = 0 for all k € Ny, then f(y*) C {0}. It
follows that D (X, M) is F-quasianalytic. O

Since D) (X) C Dgroo) (X), Theorem 4.2.7 generalises [28, Theorem 1.11] to

obtain the following.

Corollary 4.2.10. Let M = (M,)>2, be a sequence of positive real numbers
such that Y°°, M-Y/" = co. Let v be an admissible path in C. Suppose that
f € DCIX), fB(y) =0, and |f¥| < My, for k = 0,1,2,.... Then f is

identically zero on ~*.

4.2.1 Quasianalyticity and F-quasianalyticity

We now briefly explain the similarities and differences between F-quasianalyticity
and quasianalyticity (in the sense of Definition 4.1.1). Let X be a pointwise-
regular compact plane set, and let F be the collection of all admissible paths
in X. Then Dg?o)(X ) = D(®)(X) and the notions of F-quasianalyticity and
quasianalyticity coincide. This is not the case in general. In this section, we

give various examples which show that the conditions for F-quasianalyticity and
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the behaviour of functions in a F-quasianalytic algebra depend heavily on the
collection of paths F.

To avoid restricting our attention to those compact plane sets X and collec-
tions F of paths in X such that D(]_})(X) = DW(X), we extend the notion of
quasianalyticity from Definition 4.1.1 to include sets of infinitely F-differentiable

functions.

Definition 4.2.11. Let X be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let A C D§?°) (X). Then A is quasianalytic

if, for each zy € X, the conditions
feA and fM(z)=0 (keNy)
together imply that f(z) = 0 for all z in the component of X containing z.

Let X be a semi-rectifiable compact plane set, let M = (M,,)>°, be an algebra
sequence, and let F be an effective collection of paths in X. If A C D}“)(X )
is quasianalytic then A must be F-quasianalytic. Indeed, if A C Dg?o) (X) is
quasianalytic, f € A, z € X such that z € v* for some v € F, and fFl(2) = 0
for all £ € Ny, then f must vanish on the component of X containing z. This
component certainly contains v*. The converse fails in general. For example,
suppose that UF* # X. In this case, if Dz(X, M) is F-quasianalytic then
D(X, M) need not be quasianalytic.

In the following examples, we illustrate how our notion of F-quasianalyticity

depends on the collection F.

Example 4.2.12. Let F be the collection of paths describing horizontal line
segments in D. For each n € Ny, let M,, = (n!)? and let M = (M,,)>>,. By [76,
Theorem 1], the class D of functions f € D)(D) satisfying | f*¥) |z < C; M, (where
Cr > 0 is a constant depending on f) is quasianalytic if and only if
i 1
n=1infy>, \/ml/k
The sequence M satisfies the condition (4.10), and so the Dales-Davie algebra
D(D, M) is quasianalytic. Let G be the collection of all admissible paths in D.
Then, since D is uniformly regular, we have D(ID, M) = Dg(ID, M). Thus Dg(D, M)
is G-quasianalytic.
On the other hand, by Proposition 4.4.19 and Theorem 4.4.22 of [27], there
exists f € D([—1, 1], M) such that supp f C [-1/2,1/2] and f(0) > 0. Set

~ o (4.10)

g(x +1iy) = f(z) (z+iy € D).
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Then g € D-(D, M) and g is not identically zero but has g*)(z) = 0 for all k € N
whenever z = z + iy has |x| > 1/2. It follows that the algebra D (D, M) is not
F-quasianalytic. |

Example 4.2.13. We define the following collections of paths in ID:

F ={rexpit (t € [a,b]) : r € (0,1],[a,b] C [-7, 7|},
G ={rexpit (r € [a,b]) : t € (—m,7],[a,b] C[0,1]}.

Then both F and G are effective collections of paths in . Note that for each pair
of distinct points z,w € D, there is a pair of paths 71,7, € G such that v; = z,
v =0,7 =0 and 75 = w; that is, any pair of distinct points can be joined
by the combination of a pair of paths in G. The collection F does not have this
property.

Let M = (M), be an algebra sequence which satisfies (4.1). Suppose that
f € Dx(D, M) and z € D such that f*¥/(z5) = 0 for all k € Ny. By Theorem 4.2.7,
the function f must be identically zero on any path v € F such that z5 € v*. In
particular, f vanishes identically on {|zo|expif : 0 € [—7, 7]}. However, f need
not vanish identically on D. For example, consider the function h(z) = (|z|)z
(z € D), where ¢ : [0,1] — [0,1] is a non-zero continuous function such that
Y(ry) = 0 for some 7 € [0,1]. Then h'(2) = ¥(|z|) (z € D) and hence h*(z)) = 0
for all k € Ny if zg = rgexpit for some t € [—7, 7].

On the other hand, let g € Dg(ID, M) and suppose that there exists zop € D
such that gl*/(z) = 0 for all k € Ny. Again, by Theorem 4.2.7, the function g,
and each G-derivative of g, must be identically zero on each path v € G such that
2 € v*. However, this implies that ¢!*(0) = 0 for all k& € Ny and hence g must
vanish identically on D. |

4.3 F-analyticity

We pause to discuss F-analytic functions. Let X be a semi-rectifiable compact
plane set and let F be an effective collection of paths in X. Recall that a function
f € DY (X) is F-analytic if

L\
lim sup X < 00

We say that a function g € D™)(X) is analytic if

g™\
lim sup X < 0.

k—o0
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In this section, we say that g is holomorphic on X if there exists a an open
neighbourhood U of X, and an analytic function h : U — C (that is, h is complex
differentiable on U) such that h|X = g.

In section 3.5 (see also [18]), we showed that F-analyticity of a function
fe D;"O) (X) (along with the relevant compatibility condition and bound on the
norm of f) is sufficient for the map f to induce an algebra homomorphism from
D, (X, M) (where M is a non-analytic algebra sequence). The calculations in
Theorem 3.5.3 are effectively those in [43, 70], where analyticity is used in place
of F-analyticity. (See also [44, 45].) Analyticity also appears in [42] but, in this
paper, the definition of analyticity is what we call holomorphic on X in the present
section.

We wish to illustrate that these notions are quite different for arbitrary compact
plane sets. It is quite easy to see that if g is holomorphic on X then ¢ is analytic,
and if ¢ is analytic then g is F-analytic. (This is independent of the choice of
collection of paths, since D(>)(X) C D(goo) (X) for all effective collections of paths G
in X.) Clearly if D§;’°) (X) = D(*®)(X) then F-analytic and analytic are equivalent.

Suppose that X is pointwise regular, and that g € D(>) (X). If g is analytic
then g is holomorphic on X; this is easily deduced from Lemma 1.5 or Theorem 1.11
of [28], with some suitable modifications. Let G be the collection of all admissible
paths in X. Then D(goo) (X) = D) (X) and so the properties G-analytic, analytic,
and holomorphic on X are equivalent in this case.

We seek an example of a semi-rectifiable compact plane set Y where G-analytic,
analytic, and holomorphic are not equivalent, where G is an effective collection of
paths in Y.

Following [46], we say that a compact plane set X is a simple set if there are
sequences (ay,), (b,) of positive real numbers with b, > a,, > b,11 (n € N) and
a, — 0, b, — 0 as n — oo such that

X ={0}u [jl[an,bn].

If X is a simple set, we let I,, :== [a,, b,] be the closed intervals associated with X.
It is easy to see that any simple compact plane set is semi-rectifiable.

Let X be a simple compact plane set. Then D (X, M) is not complete for any
algebra sequence M (see [9, Theorem 3.10]).

The following lemma is an easy modification of [46, Theorem 4.3]. We include

the details of the proof for the convenience of the reader.



Chapter 4. Quasianalyticity and F-quasianalyticity 114

Lemma 4.3.1. Let M = (M,)2, be an algebra sequence. There exist a simple
compact plane set X, and f € D(X, M) such that f*®(0) =0 for all k € Ny but
f(z) >0 forall x € X \ {0}.

Proof. For each n € N, let I,, == [2/3""11/3"]. Set X = {0} UU,en In- Set g1 =1
on X and, for k € N with k£ > 2, we define inductively

gr(2) =
gr-1(2) ze Ui I

Then, for each n € N, g, is continuous and differentiable on X with derivative 0.
For each z € X \ {0}, the sequence (g,(z)) is eventually constant, and f,(0) — 0
as n — o0o. Let f(z) = lim, o fu(z) (r € X). It is easy to see that, for each

n € N, |
o= Tl = 1£2(0) = 10)] = 55

and so f,, converges uniformly to f as n — oo. Let x € X \ {0}, then f is

constant on a neighbourhood of z, and so f’(x) = 0. It remains to show that f
is differentiable at 0. Let x € X \ {0}. There exists (a unique) k € N such that
x € Iy. It follows that f(x) = fi(x) = 1/4*. Now

fl@) = f0) _ flz) 14" 1 (3)k

r—0 x T 2/3k 2

4

and so f'(0) exists and is equal to 0.
Now we have f € D(®)(X) and f® = 0 for all k € N. It follows that
f € D(X, M) and has the desired properties. O

Remark 4.3.2. Tt is not hard to modify this proof to show what, in fact, every
simple compact plane set X admits a function f which has derivative 0 everywhere
on X but is non-constant on every neighbourhood of 0. To see this, choose a
sequence (¢, ) of positive real numbers such that ¢, /a, — 0 as n — oo (where the
a, are as in the definition of the set X). Then take f,|I, = ¢, for each n, and set
f(0) = 0. Then this function has the desired properties. Some of these details are
noted in the proof of [46, Theorem 4.3].

It is not hard to see that the function f constructed in Lemma 4.3.1 extends to
be analytic on a neighbourhood U of X \ {0}, but we cannot have 0 € U. (Take,
for example, the union of a sequence of open disks, each of which contains exactly
one of the [,,, and use constant functions on each disk.)

The following is an immediate corollary of Lemma 4.3.1.
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Corollary 4.3.3. There exist a simple compact plane set X and f € D) (X)
such that f is analytic but not holomorphic on X.

Let X be a simple compact plane set. The connected subsets of X that are
both open and closed in X are precisely the intervals I,,, and each I, is uniformly
regular. Let G be the collection of all admissible paths in X. Then it is easy to
see that, for each f € D(gl)(X) and n € N, we have f|I,, € D(I,).

We can use techniques similar to those in the proof of Lemma 4.3.1 to prove

the following theorem.

Theorem 4.3.4. There exist a simple compact plane set X, an effective collection
of paths F in X, and g € Dgroo) (X) such that g is F-analytic but not analytic.

Proof. Let C be the Cantor middle-thirds set in [0,1], and let V' = [0,1] \ C.
For each n € N, let I,, := [2/3""1 1/3"], and let ¢, : I, — [0,1] be the function
on(2) = 3"z — 2. Set X = {0} UU,en In. For each n € N, let F, be the
collection of all paths vy in I,, such that v* C ¢, (V). Set F = U;>, F,. It is easy
to see that F is an effective collection of paths in X.

Let ¢ be the Cantor function on [0, 1] such that v is constant on each component
of V. (Such a function is constructed in, for example, [93, pp. 144-145] or [57,
Section 8.15].) For each n € N, set

0u(2) = gl @Woe(@) +1]  (ze L)

and let g be the function on X obtained by setting ¢g(0) = 0 and, for each n € N,
set g|I, = g,. Then g is continuous on X and, for each z € X \ {0} there exists
k € N with =z € I, and so

g(z) —9(0) _ glx) _ 1/4" _1 (3)

r—0 oz T 2/3k 2

4

It follows that ¢ is complex-differentiable at 0. Note that ¢ is not continuously
differentiable on I, for any n. Let v € F. Then there exists k£ € N such that
7 C (V). Since v* must lie in a connected component of ;' (V), it follows
that ¢ is constant on v*. Hence g is F-differentiable, with F-derivative 0. It
follows quickly that g is F-analytic. Since g ¢ D(>)(X), it cannot be analytic (or
holomorphic on X). This completes the proof. O]

The function g constructed in Theorem 4.3.4 also illustrates that we cannot
extend our definitions of F-quasianalyticity to include those points in X which do

not lie on one of the paths in F.
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We now investigate the notion of F-analyticity in further detail. We aim to
show that the restriction to the image of each path in F of an F-analytic function
is actually holomorphic on the image of that path.

Our main result for this section is the following theorem. We dedicate the

remainder of this section to proving this theorem.

Theorem 4.3.5. Let X be a semi-rectifiable compact plane set, let G be an effective
collection of paths in X, and let g € D(goo) (X)) be G-analytic. Then, for each v € G
there exist an open neighbourhood U of v* and an analytic function f : U — C
such that f|v* = g|lv*.

Before we can give the proof, we require some preliminary results. The following
Lemma is possibly well known, although we have not been able to find the statement

in the literature. The proof provided below is due to Langley.

Lemma 4.3.6. Let X be a compact plane set, and let h : X — C be a function.
Suppose that there exist a non-empty indexing set I, a family of open disks D;
(1 € 1), and a family of analytic functions f; : D; — C such that X C U;e; D; and
fil(D; N X) = h|(D; N X). Then there exist an open neighbourhood U of X and
an analytic function g : U — C such that g|X = h.

Proof. The result is trivial if X is finite, so suppose not. There exists a function
p: X — (0,00) such that, for each x € X, B(z,2p(z)) C D; for some i € I. By
compactness, there exists xy,...,7, € X such that X C U, B(x;, p(x;)). For
each j € {1,...,n}, set r; = p(x;). Set e = min{ry,...,r,}/4. By our choice of the
r;, there is an i € I such that B(z;, 2r;) C D; for some i € I. Now, for each y € X,
there exists k € {1,...,n} such that y € B(xy, ), and B(y,e) C B(xy, 2r). For
each k € {1,...,n}, there exists i), € I such that B(xzy,2r;) C D;,.

By compactness, there exist yi,...,y, € X such that X C UL, B(y;,¢).
Relabelling if necessary, let mg be an integer with 1 < my < m such that, for each
1 < j < my, y; is an isolated point of X, and for each my < j < m, y; is not an
isolated point. (If mg = 1, then X has no isolated points. We must have my < m
since X is not finite.)

If mp > 1 then, for 1 < j < myg, let s; := dist(y;, X \ {y;}) > 0 and set
d =min{sy,..., Smy—1}/4. Foreach j € {1,...,mo— 1}, let E; := B(y;,d). Then
the E; (j € {1,...,mo — 1}) are connected open sets in C and have pairwise
disjoint closures. Set F':= 2, E.

Otherwise, if mg =1, set § = 0 and let [ := ().
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For each j € {my,...,m}, set E; := B(z;,e) \ F. Then each of the E;
(j € {1,...,m}) are connected open sets in C and, if j < my, then E; N E, = ()
for k # j. For each j € {1,...,mg — 1}, let g;(2) = h(y,) for z € E;. For each
j € {mo,...,m}, there exists k € {1,...,n} such that B(y;,e) C B(xy, 2r;), and
there exists a corresponding i, € I such that B(xy,2r;) C D;,. Let g; be the
restriction of f;, to E;. Then, for each j € {1,...,m}, g; : E; — C is an analytic
function with ¢;|(E; N X) = h|(E; N X).

It is clear that g; is uniquely defined on E; for each j € {1,...,mo — 1} in the
case where mg > 1.

Fix j € {mg,...,m}. We now claim that g; is uniquely defined on E;.
Let k, ¢ € {1,...,n} such that E; C B(xy,2ry) C D;, and Ey C B(zy,2ry) C D;,.
Then f;, |(E; N X) = h|(E; N X) = f;,|(E; N X). Since £; N X does not contain
any isolated points, y; is a limit point of £, N X, and so f;, |E; = f;,|E; by the
identity principle. This proves the claim.

Let j.k € {1,...,m} such that j # k and E; N Ex # 0. Let ¢ € {1,...,n}
such that y; € B(xy,7¢). We have |y; — yi| < 2¢, and so E; U E, C B(y;,4¢). By
our choice of ¢, we have E; U E, C B(x,2r) C D,,. Thus ¢;|E; = f;,|E; and
k| Ex = fi,|Ex. In particular g;|(E; N Ey) = gi|(E; N Ey).

Let U = UjL, Ej, and let g be the analytic function such that g|FE; = g; for
each j € {1,...,m}. Then g is well defined and analytic on U, and has g|X = h.
This completes the proof. O

Remark 4.3.7. The author is grateful to Dr. Daniel Nicks and Prof. James Langley
for their help with the proof of Lemma 4.3.6, and several useful discussions about

complex function theory.
We also require the following Lemma.
Lemma 4.3.8. Let X be a semi-rectifiable compact plane set, let F be an effective

collection of paths in X, let v € F, and let g € D(foo)(X). Suppose that g s
F-analytic. Then there exists R > 0 such that, for each x € v*, the power series

oo [l (4
halz) =327 )

[
i K

converges on B(x, R) and h,|(B(z, R) N~*) = g|(B(x, R) N y*).

(z — )k (z € B(z, R)) (4.11)

Proof. Since g is F-analytic, there exists C' > 0 such that [g*! S C*E! for all
k € Ny. For each k € Ny, set My, .= C*k!. Then M, < C*k* for each k, and so
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Let R > 0 such that 1/R = limsupk,_)oo(|g[k]|7*/k!)1/k.

Fix x € ~*. Then the Taylor series h, converges on B(z, R) and so h, is
analytic on B(z, R). Moreover, we have h*) (z) = gl¥l(x) for all k € Ny. Let o be
a subpath of v such that ¢* C B(z, R) and = € o*. Set ¢ := g — h,. It is easy
to see that ¢ € DSTOC;)* (0*) and @ll(x) = 0 for all k € Ny. For each k € Ny and
z € B(z, R), we have

) [j](m) ‘
R (2) = g z—x)7F
) =3 -
so that
0 J . > ,
O] <> L e —ap* <ot Sz —aP < Crexp (CR)
j=k (j— k) j=0 J-

It follows that || . < My (1 + exp (CR)) for all k € Ny. This implies that (4.9)
holds for ¢, and hence, by Corollary 4.2.8, p(z) = 0 for all z € o*.

Since o was an arbitrary subpath of v with € ¢* and ¢* C B(x, R), it follows
that h,(z) = g(2) for all z € v* N B(x, R). This completes the proof. O

We may now prove Theorem 4.3.5.

Proof of Theorem 4.3.5. Let v € F. By Lemma 4.3.8, there exists R > 0 such
that, for each x € v*, the power series h, (given by (4.11)) converges on B(z, R)
and h,|(B(z, R) N~v*) = g|(B(z, R) N~v*). For each z € 4%, let D, = B(z, R).
The proof is completed by applying Lemma 4.3.6 to the families {D, : x € v*}
and {h, : x € y*}. O

4.4 Sets of quasianalyticity

We wish to explore the properties of an F-quasianalytic subalgebra of Dg?o)(X ).
To do this, we introduce sets of A-quasianalyticity, which capture the behaviour of
the functions in A. In this section, we fix a semi-rectifiable compact plane set X,
an effective collection F of paths in X, and a subalgebra A of Dg?o)(X ). Unless

otherwise specified, all results in this section are new.

Definition 4.4.1. Let zp € X and let £ C X such that zyg € E. We say that E is
a set of A-quasianalyticity for zy (with respect to F) if E is closed and whenever
f € A such that fl¥l(z)) = 0 for all k € Ny we have fI¥(E) C {0} for all k € Np.
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Note that the sets of A-quasianalyticity depend on the collection of paths F,
as illustrated in the previous section. When there is no risk of ambiguity in the
collection of paths considered, we shall simply say FE is a set of A-quasianalyticity
for zg. This will be the case throughout most of this section.

Let zp € X. Certainly the set {2} is a set of A-quasianalyticity for zo. However,
we are interested in when there is a set of A-quasianalyticity F for zy such that E
is a proper superset of {z}.

The following lemma contains two elementary properties of sets of A-quasi-

analyticity.
Lemma 4.4.2. Let zp € X.

(a) Let (E,) be a family of sets of A-quasianalyticity for zy. Then N, Es is a

set of A-quasianalyticity for zg.

(b) Let (E,)q be a family of sets of A-quasianalyticity for zo. Then U, Eo is a

set of A-quasianalyticity for zg.

Proof. (a) Set K 1=, E4. First note that zy € E, for all a, so K is a non-empty
closed set. Let f € A and suppose that f¥l(z;) = 0 for all k € Ny. Then fI*!
vanishes on E, for all @ and all k € Ny. Thus f*! vanishes on K for each k € N.
Thus K is a set of A-quasianalyticity for z.

(b) Set S := U, E4. Then S is a closed set containing zp. Let f € A and suppose
that f¥(z) = 0 for all k € Ny. Let z € S. Then there exists 3 such that
z € Eg. Since Ej is a set of A-quasianalyticity for zq, we have f*(Ez) C {0} for
all k € Ny. Thus fl¥ vanishes on S for all k& € Ny. It follows that S is a set of
A-quasianalyticity for z. ]

We obtain the following corollary.

Corollary 4.4.3. Let zy € X. Then there exists a unique set of A-quasianalyticity

for zg which is maximal with respect to inclusion.

Proof. Let § denote the collection of all sets of A-quasianalyticity for zy. Certainly
{20} € S so that S is non-empty. Set

K = U S.
By Lemma 4.4.2(b), K € S§. This completes the proof. O

Let zp € X. Let Q4 r(2) to be the largest set of A-quasianalyticity given by

the above corollary. We now investigate the properties of the sets Q4 #(2o).
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Lemma 4.4.4. Let x,y € X. Ify € Qar(x) then Qar(y) C Qar(x).

Proof. Suppose that y € Q4 7(z). Let f € A such that fI*(z) =0 for all k¥ € N.
Then, since y € Q4 7(x), f¥(y) = 0 for all k € Ny. Thus, for each k € Ny, we have
fH(2) =0forall 2 € Qar(y). It follows that Q4 #(y) is a set of A-quasianalyticity
for , and hence Qa r(y) C Qa.r(z). O

Note that, if Q4 #(z) = {z} then the above holds since, in this case, we must
have z = y.

Our first theorem of this section is the following.

Theorem 4.4.5. Let x € X. Suppose that A is a natural Banach function algebra
on X. Then Qar(x) is a connected subset of X.

Proof. Let x € X and let F' be the component of X containing x. We must
show that Q4 r(x) C F. Let y € X \ F, and let F}, denote the component of X
containing y. Fix an open neighbourhood U of F;, in X with UNF = (. We claim
that there exists an subset E of X with F,, C ¥ C U such that E is both open
and closed.

Let ~ be the relation on X such that w ~ z if and only if w, z lie in the same
component of X. Let Y := X/ ~ with the quotient topology, and let 7 : X — Y be
the quotient map. Then Y is a compact, totally disconnected topological space, and
7(U) is an open set containing 7 (F,). Since Y is compact and totally disconnected,
the collection of sets which are both open and close form a base for the topology
on Y. (This fact is mentioned in [27, p. 789]; see also [64, Theorem 2.14].) Thus
there exists a set £y C Y containing 7 (F},), such that £y C 7(U) and E, is both
open and closed. Let E = n71(Ep). Then E is both open and closed, and F C U.
This proves the claim.

Now by the Shilov idempotent theorem (Proposition 1.4.4), there exists an
idempotent f € A such that f(F) C {1} and f(X \ F) C {0}. But then
fH(x) =0 for all k € Ny, but f(y) # 0. It follows that y ¢ Q4 #(x). This holds
for all y € X \ F' and so Q4 r(z) C F as required. O]

We can characterise quasianalyticity and F-quasianalyticity of A in terms of
the sets Q4 7(20)-

Theorem 4.4.6. The algebra A is quasianalytic if and only if, for each v € X,
Qar(x) contains the component of X containing x, and A is F-quasianalytic if
and only if, for each v € X and v € F with x € v*, we have v* C Qa r(x).
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Proof. The first statement is obvious.

Suppose that A is F-quasianalytic. Let zy € [JJF* and suppose there exists
f € Awith f¥(2) =0 for all k € Ng. Let v € F with 2y € 7. Then f(z) = 0 for
all z € v*. But then f*(z) =0 for all z € 4* for all k € Ny. Thus +* is a set of
A-quasianalyticity for zo and so v* C Q4 #(x), as required.

Now suppose that, for each x € |JF*, and each v € F with © € v* we have
v C Qar(xr). Let v € F and let zp € v*. Then v* C Qa4 r(2). Let f € A.
Suppose that f¥(z) = 0 for all k € Ny. Then f¥(z) = 0 for all z € Q4 7(20) and
all k € Ny. In particular, f(z) = 0 for all z € v*. Thus A is F-quasianalytic. [

By combining Theorem 4.4.5 and Theorem 4.4.6 we obtain the following.

Corollary 4.4.7. Suppose that A is a natural Banach function algebra on X.
Then A is quasianalytic if and only if, for each x € X, Qa r(x) is the component

of X containing x.
In fact, if A is F-quasianalytic then more is true.

Lemma 4.4.8. Suppose that A is F-quasianalytic. Let zo € X and v € F. If
YN Qar(zo0) #0 then v* C Qar(20).

Proof. Suppose that v* N Q4 #(z0) # 0. Then there exists © € Q4 r(z0) N y*. Let
f € A and suppose that fll(z,) = 0 for all ¥ € Ny. Then, for all & € Ny, we
have fl¥l(z) = 0. Since A is F-quasianalytic, we have f(z) = 0 for all z € 7*.
Hence flHl(z) = 0 for all k € Ny and z € v*. Thus Qar(2) U~* is a set of
A-quasianalyticity for zy and so Q4 r(20) U~v* C Qa r(2). This completes the
proof. O

Using this property, we can identify those sets E which are candidates for the
sets Qa7 (z0). Let zp € X. Let Qx(zp) denote the set of all closed sets E of X
with the following properties: 2y € F; for each v € F, if v* N E # () then v* C E.
Clearly X € Qx(z) so that Qx(29) is non-empty. Note that Qz(z) does not
depend on the subalgebra of DSTOO)(X ) under consideration.

Lemma 4.4.9. Let zg € A. Let (E,) be a family of sets belonging to Qx(2).
Then N, Eo € Qr(20). In particular, Qr(z) contains a minimum element with

respect to inclusion.

Proof. Let (E,) be a family of sets in Qx(zy). Set K = N, Es. Then K is a
non-empty closed subset of X with zq € K. Let v € F and suppose that v*NK = ().
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Then v* N E, # () for all o, and so v* C E, for all a. Thus v* C K. It follows
that K € Q}‘(Zo).
To show that Qr(zp) contains a minimum element, set K = (| Q#(2). Then

K is the minimum element of Qx(2). O

Let zp € X. It is clear that if zp € X \ UF™* then we have {20} € Qx(zo).
Also, by Lemma 4.4.8, if A is F-quasianalytic then Q4 r(20) € Qr(20). We do
not know when Q4 #(z) is the minimum element of Qz(zy). However, for each
E € Qr(z), if E C Qar(2) then E is a set of A-quasianalyticity for zyp when A
is F-quasianalytic.

Note that, if F'is the component of X containing zy, then F'U~* = F for each
v e F withy*NF # (), and so F € Qr(z). It follows that the minimal element
of Qx(zp) is always connected.

We now establish the relationships between the sets Q4 r(20) and Qag(20)
where A is a subalgebra of both Dsfoo) (X) and D(goo) (X). In particular, we aim to
prove that the sets of A-quasianalyticity with respect to F coincide with the sets
of A-quasianalyticity with respect to m(F).

Let G be an effective collection of paths in X. We write

g DEI(X) = [ O(X)

for the inclusion given by tg(f) = (f, fI1, f,...), where the derivatives are taken

with respect to G. Our final theorem for this section is the following.

Theorem 4.4.10. Let G be an effective collection of paths in X, let E C X, and
let zo € X. Suppose that A C D(goo)(X) and that 1g(f) = tx(f) for all f € A. Then
E is set of A-quasianalyticity for zo with respect to F if and only if E is a set of
A-quasianalyticity for zo with respect to G.

Proof. Suppose that E is a set of A-quasianalyticity for z, with respect to F.
The converse is established by a symmetric argument. Fix f € A. Let (f,) be
the sequence in C'(X) such that f; is the F-derivative for f and, for each k € N,
fra1 is the F-derivative for fi. Let (g,) be the sequence in C'(X) such that g; is
the G-derivative for f and, for each j € N, gx; is the G-derivative for g;. Since
tg(f) = tx(f), it follows that fr = g for all k € N.

Suppose that f(zy) = 0 and, for each k € N, we gx(29) = 0. Then we have
fr(z0) =0 for all k € N. Since F is a set of A-quasianalyticity for zy with respect
to F, it follows that both f and f; (k € N) vanish on E. But then g, vanishes
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on E for all k£ € N. This implies that E is a set of A-quasianalyticity for zo with
respect to G. n

The following example shows that the condition ¢g(f) = tx(f) for all f € A

need not hold in general. We do not know whether this condition is necessary.

Example 4.4.11. Let X = {z +iy : z,y € [0,1]}, let F denote the collection
of all line segments in X which are parallel to the real axis, and let G denote
the collection of all line segments in Y which are parallel to the imaginary axis.
(This is the situation in Example 3.3.18.) Then, by Theorem 3.6.11, the complex
conjugate function Z is both F- and G-differentiable. Let A = alg{1, 7, Z}.
Then A € D£V(X) and A € DS(X). However, 1g(Z) = (Z,—1,0,0,...) and
17 (Z) =(Z,1,0,0,...), and so t5(Z) # 1g(Z). [ ]

From Theorem 4.4.10, we obtain the desired relationship between the sets of

quasianalyticity with respect to F and to m(F).

Corollary 4.4.12. Let E C X and zg € X. Then E is a set of A-quasianalyticity
for zo with respect to m(F) if and only if E is a set of A-quasianalyticity for zo
with respect to F.

Proof. We have D;OO})(X ) = DE(X) so that A C Dmof}) (X). Moreover, since
m(F)-derivatives coincide with F-derivatives, it follows that tmz (f) = tr(f) for
all f € A. Thus the result follows from Theorem 4.4.10. ]

Corollary 4.4.13. Let G be an effective collection of paths in X such that G C F,
let EC X, and let zg € X. If E is a set of A-quasianalyticity for zy with respect
G then E is set of A-quasianalyticity for zy with respect to F.

Proof. Since G C F we have A C DV(X) C D(goo)(X) and 1g(f) = tx(f) for all
f € A. The result follows from Theorem 4.4.10. m

4.5 Trivial Jensen measures without regularity

In this section we construct a classical Swiss cheese set X such that R(X) has no
non-trivial Jensen measures but R(X) is not regular.

We begin with the definition of a Jensen measure.

Definition 4.5.1. Let X be a compact space, let A be a uniform algebra on X,

and let ¢ € 4. A probability measure p on X is a Jensen measure for ¢ (with
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respect to A) if
log (/)] < [ loglfldu  (f € 4).

In the above definition we adopt the convention that log(0) = —oo. Let X, A, ¢
be as in the above definition. It is standard that every Jensen measure for ¢ is a
representing measure for . Moreover, for each ¢ € ®4, there is a Jensen measure
on X for ¢ ([27, Theorem 4.3.9]). Note that, for x € X, the point-mass measure
0, is a Jensen measure for £,. We say that a Jensen measure p on X for ¢, is
trivial if = 0,. We shall often say that u is a Jensen measure for x € X to mean
that p is a Jensen measure of ¢,.

The following is effectively [52, Lemma 3.1].

Lemma 4.5.2. Let X be a compact plane set and let v € X. Suppose that there
exists a neighbourhood U of x in X such that every point in U \ {x} is a point of

continuity. Then x is an R-point.

The following lemma is standard (see, for example, [37]) but we include a short

proof for the convenience of the reader.

Lemma 4.5.3. Let X be a compact space, let A be a uniform algebra on X, and
let x € X. Suppose that x is a point of continuity for A and p is a Jensen measure

for x. Then p is trivial.

Proof. Let K :=supp pU{z}. Suppose, towards a contradiction, that y € K\ {z}.
Since x is a point of continuity for A, there exist f € A and an open neighbourhood
V of y in X, with x ¢ V, such that f(z) = 1 and f(V) C {0}. Then, since
VN K # 0 sothat u(V) > 0and f(V) C {0}, we have

[roglfldu= o0, [ loglfldyu < oo
1% X\V
But p is a Jensen measure, so

0=1log|f(@)| < [ logl|fldu= [ log|fldu+ [ 1og|fldu = —cc.
b X\V v
This is a contradiction, and it follows that K = {z}. Thus g is trivial. O

For further details on Jensen measures, we refer the reader to [16, 27, 54, 55].
In [37], Feinstein gave an example of a non-classical Swiss cheese set which has
the properties described above. We show that there is a classical Swiss cheese set
with these properties; this is the content of the following theorem, which is the

main theorem of this section.
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Theorem 4.5.4. There exists a classical abstract Swiss cheese A = ((an,Tr)) such

that R(X 4) is not regular and does not admit any non-trivial Jensen measures.

Most of the remainder of this section is devoted to the proof of this theorem. We

require some preliminary results. The following proposition is from [52, Lemma 4.1].

Proposition 4.5.5. Let X be a compact plane set, let Y be a non-empty closed
subset of X, and let x € Y. Suppose that no bounded component of C\'Y is
contained in X, and that there exists a non-trivial representing measure i for €,
with respect to R(X) such that supppu CY. Then p is a non-trivial representing
measure for e, with respect to R(Y'), and R(Y) # C(Y').

Note that, if int(X) = @) then the condition on bounded components of C\ YV
is automatically satisfied.

Let X be a compact plane set with intc X = ), let x € X, and let u be a
non-trivial representing measure for €,. Let Y = supp pU{x}. Then, by the above,
we must have R(Y) # C(Y). In particular, as noted in [52], Y must have positive
area. (See also the Hartogs—Rosenthal theorem [54, Corollary 11.8.4].) Combining
these observations with Proposition 4.5.5 gives the following corollary, which we

use below.

Corollary 4.5.6. Let X be a compact plane set with int(X) =0, let E be a closed
subset of X, and let x € E. Suppose that E has area 0, that i is a Jensen measure
for e, with respect to R(X), and p is supported on E. Then p is trivial.

The following is a special case of [52, Lemma 2.1].

Lemma 4.5.7. Let X be a compact plane set and let v € X. Suppose that | is
a non-trivial Jensen measure for x, and let F' be the closed support of . Then,
for ally € F\ {z}, we have J, C M,. Thus x is not a point of continuity and no
point of F'\ {x} is an R-point.

We also require the following lemma, which is possibly known, but we include

details for the convenience of the reader.

Lemma 4.5.8. Let X,Y be compact plane sets with Y C X. Suppose that R(Y")
is reqular. Then each point y € inty (Y) is a point of continuity for R(X).

Proof. Let y € intyx (Y), and let x € X with x # y. Then there exists r > 0 such
that Bx(y,r) C Y. Choose ¢ € (0,7/3) such that |y — 2| > 2. Since R(Y) is
regular, it follows from Proposition 2.5.2(c) that R(Y N B(y,r)) is regular. Set
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E :=Bx(y,r) \ Bx(y,8). Then there exists a function g € R(Y NBx(y,r)) such
that f(y) =1 and f(x) =0 for all z € E. Let f € C(X) be given by f(z) = g(z)
for all z € X NBx(y,r) and f(z) = 0 for all z € X \ Bx(y,r). It follows from
Proposition 2.5.3 that f € R(X) and clearly f vanishes on a neighbourhood of z.
Thus J, € M, (where these are the ideals in R(X)). It follows that y is a point of
continuity for R(X) and so the proof is complete. ]

The following estimates on derivatives are standard. See, for example [52,
Lemma 4.4]. (This result also appears in [37] but with some typographical errors.)

We include a short proof for the convenience of the reader.

Lemma 4.5.9. Let A = ((an,7n))02, be an abstract Swiss cheese, and let z € C.
For eachn € N, let d,, denote the dzstance from B(ay,r,) to z. Letdy = ro—|z—ap|.
Suppose that d,, > 0 for alln € Ng. Then z € X4 and, for all f € Ro(X4) and
k € Ny, we have

o0

9G] < Bl
J=0"3
Proof. Set X := X4, and let U := C\ B(ag, o). For each n € N, let 7, denote
the path describing once clockwise the circle 0B(ay,,r,), and let vy denote the
path describing once anticlockwise the circle 0B (ag, 7). Let f € Ro(X), let Sy be
the set of poles of f, and let £ € Ny. Then there exist ny,...,n,, € N such that
Sy CUUUSL, B(an,, ;). Let I' be the set 75 UUjL; ;.. Note that = ¢ T.
By Cauchy’s integral formula we have

6 = g ([ S X L)

2mi .

We have |¢ — 2| > dp for all ( € 75, and [( — 2| > dy,; forall ¢ € v (j =1,...,m).
Moreover, for each n € Ny, we have A(v,) = 27r,. Thus, applying Lemma 4.2.3,

we have

o rn
|f(k)<z)| < k:!|f|X< —u) +Z1 dk+1> < E!fly E:Odk“’
7 TLJ n= n
and this gives the desired result. O]

We now give the details of the construction.

Lemma 4.5.10. Let 0 < r < 1 be given, let C, denote the circle of radius r centred
at 0, and let e > 0. Then there exists a classical abstract Swiss cheese A = ((an, 7))
such that

(a) p(A) <e, int(Xa) =0, and C, C Xy4,
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(b) there is a dense open subset U of X4 such that X4 \ U has area zero and
each point z € U is a point of continuity for R(X,),

(c) for each f € R(X), we have f|C, € D)(C,) and Zzozllf(k)lgj/k = 00.

Proof. Our abstract Swiss cheese A will be obtained by combining a certain pair of
sequences (A,), (B,) of abstract Swiss cheeses in a suitable way. We first construct
the sequences (4,), (By,).

Choose a positive integer ng large enough so that r+2!7" < 1 and r—2"m0 > (.
As in [52], choose a sequence (7,) of positive real numbers such that, for each

n, k € N, we have

(217054 (log (k + 3))*
on ;

and such that > 7, v, < e. Thus, for each £ € N,

Yo <

[e.e]

3 M < (log (k + 3))*.

n=1

Let A; = ((a\V, 7)) be the classical abstract Swiss cheese obtained from
Corollary 2.2.12 w1th A=r—2""a=0,and ¢ = /2. Let By = ((b{,r))
be the classical abstract Swiss cheese obtained from Proposition 2.6.5 with a = 0,
=1 \=r+2"" ande = /2.

For each k € N with n > 2: let A, = ((a®),7(*))) be the classical abstract Swiss
cheese obtained from Proposition 2.6.5 with \g = r — 227%0~F )\ =y — 2370k
a =0, and £ = y/2; let By = (b, r")) be the classical abstract Swiss cheese
obtained from Proposition 2.6.5 with a = 0, \g = r + 237%0F )\ = p 4 22-n0—k,
and € = /2.

Note that, since R(X4,) and R(Xp,) are regular for all n € N, it follows that
int(X,4,) =0 and int(Xp,) =0 for all n € N.

Let ag = 0 and ro = 1 and let ((a,, r,))5>, be an enumeration (without repeats)
of the set

U {(a™, i), (65, si™)}.
m,neN
n>2
Then A = ((an,rn))5, is an abstract Swiss cheese with C, C X 4. It is not hard
to see that A is classical and p(A) < e. It is clear that int(X4) = 0. Also, for each

n €N, let
L= 0B(ay”,ry") UaB(al”, 1) UaB (b5, s§") U B (B, 1),

and set £ 1= C,UU, E,. Set X := X4 and U := X \ E. It is easy to see that £

is a closed set and that U is a dense open subset of X. Moreover, E has area zero.
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We claim that each point = € U is a point of continuity for R(X). Let z € U.
Then there exists a unique n € N such that either v € X, orx € Xp, . lfz € X4,
set Y = X,,, and if x € Xp, then set Y = Xp_ . By our construction R(Y') is
regular and it is not hard to see that x € intx Y. Thus, by Lemma 4.5.8, x is a
point of continuity for R(X'). This proves the claim.

It remains to show that (c) holds. We first consider functions in Ry(X). Let
2z € C, and let f € Ry(X). For each n € N, let d, the distance from B(ay,,r,)
to C,, and let dy = 1 — r. Since each A, and each B, are classical, and since
C,NXy, =0and C.,NXp, =0 for all n € N, it follows that d,, > 0 for all n € Nj.
By Lemma 4.5.9, for each k € Ny, we have

|f(k)(z)’ < k'Z dk+1‘f|X

J=0"7
Fix m € N. Then there exists a unique n € N such that there exists ¢ € N with
(QyTm) = (aén),ré )) or there exists ¢ € N with (a,, ) = (bén), sé")). In either
case, since A,, and B,, are classical, we have d,, > 237"~  Thus

o0

1 Y
k|zdk+l‘f‘X — k! ’f‘X<dk+l _'_ij)’fﬂ)

Jj=0"j

for each k € Ny. It follows that, for each k£ € Ny, we have

11, < b1 g+ om0+ 3
0

From this we deduce that, for each f € R(X) (not necessarily in Ry(X)), we have
f|C,. € D*)(C,) and the same estimates hold. (For example, note that C, is
uniformly regular, and apply Lemma 3.3.21.)

Now let f € R(X). As in [52], choose N € N so that (log (k + 3))* > 1/di™
for all K € N with k¥ > N. Then we have

IR TEDY ! .
SO T S @)Y leg (5 +3)
and so (c) holds. This completes the proof. O

We are now ready to prove Theorem 4.5.4.

Proof of Theorem 4.5.4. Apply Lemma 4.5.10 with » = 1/2 and € = 1 to obtain
a classical abstract Swiss cheese A which satisfies properties (a)—(c) described in
the statement of the lemma, and let X := X 4. Then, for each f € R(X), we have
f|C, € D)(C,) and

Zlf l/n
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So, by Corollary 4.2.8, if f € R(X) and f*)(z) = 0, for some z € C, and all
k € Ny, then f is identically zero on C,. It follows that no point of C,. can be a
point of continuity for R(X) and therefore R(X) is not regular. It remains to see
that R(X) has no non-trivial Jensen measures on X. By Lemma 4.5.10(b) there is
a dense open subset U of X for which every point z € U is a point of continuity
for R(X) and such that X \ U has area 0. Set £ := X \ U. By Lemma 4.5.2, every
point of U is also an R-point. Let z € C). and let 1 be a Jensen measure for ¢,.
Then since = ¢ U, by Lemma 4.5.7, supppu N U = () and so suppp C E. Since
int(X) = () and the area of F is 0, it follows from Corollary 4.5.6 that x must be
trivial. This completes the proof. ]

Remark 4.5.11. In [37], Feinstein argued that R(X) admits no non-trivial Jensen
measures supported on the interval [—1/2,1/2] by appealing to the theory of
Jensen (fine) interior discussed in [33] and [56]. See also [55].

4.6 Open problems and discussion

We now note some interesting open problems related to the content of this chapter.
In this section, let X be a semi-rectifiable compact plane set, let F be an effective

collection of paths in X, and let M = (M,,)2, be an algebra sequence.
Question 4.6.1. Is the condition (4.1) necessary in Theorem 4.2.77

Question 4.6.2. Let X be a perfect compact plane set such that int X is dense
in X. Does it follow that D(X, M) is quasianalytic if and only if the sequence
(M}/2)2  satisfies (4.1)?

We are also interested in the connection between F-quasianalyticity and m(F)-

quasianalyticity.

Question 4.6.3. Let A be a subalgebra of Dg?o)(X). Suppose that A is F-
quasianalytic. Does it follow that A is m(F)-quasianalytic?

It is easy to see that m(JF)-quasianalyticity implies F-quasianalyticity, so
an affirmative answer to this question would imply that F-quasianalyticity is

equivalent to m(JF)-quasianalyticity.

Question 4.6.4. Let A be a subalgebra of D§§’°> (X) and let zo € X. Suppose that

A is quasianalytic. Is Q4 p(z) the minimum element of Qr(2)?
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This is certainly the case in some simple examples. For instance, in Example
4.4.11, the minimal elements of Qz(zy) consists of the horizontal line segment in
X of maximum length containing zo. If A is an F-quasianalytic subalgebra of
D(foo)(X ) then the sets of A-quasianalyticity also coincide with the horizontal line
segments of maximum length.

Our final problem relates to the content of Section 4.5, and specifically to the

construction used in the proof of Theorem 4.5.4 (Lemma 4.5.10).

Question 4.6.5. Is the uniform algebra R(X4) constructed in Theorem 4.5.4
antisymmetric? If not, can the construction be modified to yield an example with

the same properties and such that R(X4) is antisymmetric?

We refer the reader to [16, 54] for the relevant definitions.

It seems hard, in general, to determine whether R(X) (for a connected compact
plane set X with int X = () is antisymmetric. In [96], Steen gave an example of a
Swiss cheese set X such that R(X) is non-trivial and is not antisymmetric. We
do not know whether the constructions in, for example, [85, 99] yield a compact

plane set X such that R(X) is antisymmetric.



CHAPTER 5

Extensions of uniform algebras

In this chapter we consider various extensions of a uniform algebra. Let 2 be a
Banach algebra. We say that a Banach algebra B is a Banach algebra extension
of 2 if there exists an isometric algebra homomorphism 6 : B8 — 2. If A is a
uniform algebra, then we say that a Banach algebra extension B of 2 is a uniform
algebra extension of A if B is also a uniform algebra and 6 is unital. We are
interested in those uniform algebra extensions which preserve certain properties
of the original algebra. In particular, we seek extensions that preserve properties
such as non-triviality and naturality.

Many of the extensions that we consider are constructed by adjoining roots of
monic polynomials over a given algebra. In [7], Arens and Hoffmann described a
construction for obtaining a Banach algebra extension of a commutative Banach
algebra A by adjoining roots of monic polynomials with coefficients in A. Their
construction has been studied and adapted by several authors. We refer the reader
to [31] for a survey of various methods for constructing Banach algebra extensions.

In his thesis [24], Cole constructed a counter-example to the peak point con-
jecture. This example was obtaining by constructing a uniform algebra extension
B, of a certain uniform algebra A, such that the set {f? : f € B} is dense in
B. Similar constructions, which we now call Cole extensions, have been used in
[37, 38|, for example, to construct various other examples of uniform algebras.
Detailed accounts of the properties of Cole extensions are contained in [32] and
[61]. The connections between Cole extensions and various other constructions can
also be found in [32] (see also [31]).

In this chapter, we discuss Cole extensions and a larger class of uniform algebra
extensions, which includes Cole extensions. In particular, we describe the structure
of a Cole extension, relative to certain projections, and describe some cases where

Cole extensions are equivalent. The theory developed in the present chapter will

131
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be used in Chapter 6. Some of the proofs in this chapter will use results from
operator algebra theory. A brief introduction to operator algebras is provided in
Appendix A for the convenience of the reader.

The first section gives contains a brief introduction to direct and inverse
limits. The second section contains some elementary facts about Banach algebras
and uniform algebras. In particular, we prove a general result about the Shilov
boundary for uniform algebra extensions. We then give the formal definition of
(systems of) Cole extensions, and state some elementary results from the literature.
In Section 5.4 we give a new proof of a result about the Shilov boundary for
Cole extensions. We then study the structure of simple Cole extensions (see
Section 5.3) relative to certain projections. Finally, we describe a more general
class of uniform algebra extension, originally defined by Cole and Feinstein (in a
private communication [23]), and discuss the properties of such extensions. We

conclude the section with some open problems and a short discussion.

5.1 Direct limits and inverse limits

We begin with a discussion of direct and inverse limits in various categories. We
refer the reader to [81] for an introduction to the language of category theory. In
this section we mostly consider four categories: the category of normed algebras;
the category of Banach algebras; the category of uniform algebras; and the category
of compact spaces. In the latter, the morphisms are simply continuous functions,
and isomorphisms are homeomorphisms. In the other categories, the morphisms
are given by continuous algebra homomorphisms. Unless otherwise stated, all
results in this section are standard.

Throughout this section, I will be a non-empty directed set. That is, a set with
a relation < such that, for each 4, 5,k € I, we have 1 <4, 1 < 7 < k implies ¢ < k,
and there exists ¢ € I such that ¢+ < ¢ and j < £. Also, in this section, 7, j, k will be
elements of I. We also use the notation (6; ;);<; for the family {6, ; : ¢,5 € I,i < j}.

Definition 5.1.1. Let C be a category. A direct system is a pair ((O;)ier, (6;5)i<;)
such that O; is an object in C, and, for each 7 < j, 6;; : O; — O, is a morphism
with 0;; = idp, and 0;, = 0,00, ; for all i < j <k.

An inverse system is a pair ((O;);er, (6;,7)i<;) such that O; is an object in C, and,
for each ¢ < j, 0, ; : O; — O; is a morphism with 0, ; = idp, and 0, = 0, j 00, for
alle < 5 <k.

In either case, we call the morphisms 0; ; the connecting maps of the system.
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We shall often consider direct systems in the category of normed algebras,
Banach algebras, and uniform algebras (with continuous algebra homomorphisms
as morphisms). We consider inverse systems in the category of compact spaces
(with continuous maps as morphisms).

We now define a direct limit of a direct system. Discussions of direct limits
can be found in, for example, [78, Section I11.10], or [90, pp. 42-43]. An explicit
construction of a direct limit of a direct system of normed algebras—where the
connecting maps are contractive algebra homomorphisms—is given in the latter.
A more comprehensive discussion of direct limits of topological algebras is given in
Chapters IV and V of [82].

Definition 5.1.2. Let C be a category. Let ((O;)ier, (6;;)i<j) be an direct system
in C. The direct limit of the system ((O;)ier, (6;)i<;) is a pair (O, (0;);er) where
O is an object in C and, for each 7, 0; : O; — O is a morphism with ¢, = 0, 0 0,
for all 7 > i, such that (O, (6;);cs) satisfies the following universal property: for
each object C' € C such that there exists morphisms ¢; : O; — C with 1; = 1; 0 0;
for all i < j, there exists a unique morphism ¢ : O — C' such that ¥; =1 0 6; for
allv € 1.

The map 1, from the above, is the unique map which makes the diagram in
Figure 5.1(a) commute.

We also define an inverse limit of an inverse system. As above, a discussion of
inverse limits can be found in [78] (see also [90, pp. 43-45]). An explicit construction

of the inverse limit of a inverse system of sets is given in [27, Section 1.1].

Definition 5.1.3. Let C be a category. Let ((O;)ier, (0:;)i<;) be an inverse system.
The inverse limit of the system ((O;)ier, (6;)i<;) is a pair (O, (6;);er) such that O
is an object in C and, for each 7, 0, : O — O; is a morphism with 0; = 60, 0 6, ; for
all 7 > i, such that (O, (0;);cr) satisfies the following universal property: for each
object C' € C such that there exists morphisms 1; : C — O; with 1; = ; 00, ; for
all v < j, there exists a unique morphism ¢ : C'— O such that i; = 0; 0 for all
1€ 1.

The map 1, from the above, is the unique map which makes the diagram in
Figure 5.1(b) commute.
It is standard that direct limits and inverse limits, where they exist, are unique

up to isomorphism (in the category in which they are defined).

We now examine some special cases of direct and inverse limits which will be

of use to us. The first summarises the discussion from [90, Chapter 1].
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(a) Direct limit. (b) Inverse limit.

Figure 5.1: Commutative diagrams illustrating the universal property for direct
limits and inverse limits.

Proposition 5.1.4. Let S = ((U;)ier, (0i;)i<j)) be a direct system in the category
of normed algebras. Suppose that limsup,c;]|0; ;|| < co. Then the direct limit of S

exists.

Note that, if each ; (i € I) in the above is a Banach algebra, then the uniform
boundedness principle shows that the direct limit of S exists if, for each i € I,
limsup;¢;||0;;(a)||; for all @ € A; (where |- ||; is the norm on 2;). In particular,
we see that, if S is as in Proposition 5.1.4, and all the connecting maps in S are
isometric, then the direct limit of S exists and the norm |[|6;(a)|| = ||al|; for all
i € I and a € ;. Thus, in this case, the homomorphisms 6; associated with the
direct limit are also isometric.

We also require the following. The statement below is part of a more general

categorical statement about adjoints and limits. See, for example, [81, Chapter V].

Proposition 5.1.5. Let S = ((X;)ier, (mij)i<;) be an inverse system in the cat-
egory of compact spaces. Then the system T = ((C(X;))ier, (7] ;)i<;) is a direct
system in the category of uniform algebras. If (X, (m;)ier) is the inverse limit of S,
then (C(X), (7} )icr) is the direct limit of T

Note that we may consider an direct system of (non-trivial) uniform algebras
A; on the X; in the same way. Also note that the connecting maps 77 ; in 7' (in
the above) are isometric algebra homomorphisms if the connecting maps ; ; in .S
are surjective.

In the remainder of this section we prove the following lemma which will be
useful throughout this chapter. This lemma is effectively contained in the proof of
[32, Theorem 1.4.2.1] or [61, Theorem 3.1.19], and is well known. We include a

proof for the convenience of the reader.
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Lemma 5.1.6. Let S = (()ier, (0ij)i<j) be a direct system in the category of
Banach algebras and suppose that the connecting maps 6, ; are isometric for all
i < j. Let (A, (0;)icr) be the direct limit of S. Suppose that I is totally ordered
and that, for each i < j, T;; : ; — ; is a surjective, contractive linear map such
that T; j 0 0; ; = idy, and, for each k > j, we have T; j o Ty = T;. Then:

(@) ((Mi)ier, (Th5)i<j) is an inverse system of Banach spaces (with contractive

linear maps as morphisms);

(b) for each i € I, there exists a surjective, contractive linear map T; : A — A,
such that T; 0 0; = id4, and T; =T; 00, ; (i < j).

Proof. (a) This clear from our choice of the 7; ;.

(b) We consider the inverse system S in the category of Banach spaces with
contractive linear maps as morphisms. (Clearly the connecting maps are isometric
linear maps.) Fix ¢ € I. We define the maps ¢; (i € I) as follows: for i < ¢, set
@i i= 0, ; for i = £ set @y :=idy,; for ¢ > ¢ set ¢, := T;,. By the assumptions in
the lemma, the maps ¢; satisfy ¢; = ¢; 0 0;; for all ¢ < j. Thus by the universal
property of direct limits, there exists a unique, contractive linear map 7" : A — 2,
such that T; = T o 0; for all : € I. The remaining statements are now clear, and so
(b) is proved. O

For a similar result, see [97, Lemma 19.3].

5.2 Some results for Banach algebras

In this section we give some general results about Banach algebras which we will
require later.

Let X,%) be normed spaces, let £ C 2 be a linear subspace, and let 7" : X — %)
be a linear map. We say that T is bounded below on E' if there exists C' > 0 such
that ||T'(a)|| > C||a|| for all @ € E. Note that if T is bounded below on E, then
T|E is an open map from E into 9).

The following follows immediately from Proposition 2.23 and Corollary 3.43
from [5].

Lemma 5.2.1. Let A be a Banach algebra, let E C 2 be a closed linear subspace,
and let b € A. Let T € B(A) given by either

T(a)=ba or T(a)=ab (a €.
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If T is bounded below on E then T(E) is a closed linear subspace of 2. Suppose
further that b is not a zero divisor in 2. Then T(E) is a closed linear subspace of
A if and only if T is bounded below on E.

We extend this result to give the following corollary. This result is probably

well known but we give details of the proof.

Corollary 5.2.2. Let A be a Banach algebra, let E C 2 be a non-trivial closed
linear subspace, let P be a continuous projection on 2L with P(2) = E, and let
b € A such that b is not a zero-divisor. Let T € B(2A) given by either

T(a)=ba or T(a)=ab (a eA).

Fiz m € N and, for each k € {0,...,m}, let Ey = Z?:o T/(E). Suppose that
(PoT)(a) = 0 for all a € E,,_1, that T is bounded below on E,,, and that
THE)NTHE) = {0} for all j,k € {0,...,m} with j # k. Then T*(E) and Ej
are closed in A for each k € {0,1,...,m}.

Proof. Let C' > 0 be such that ||T'(a)|| > C|a|| for all a € E,,. First note that
E=EyCE C---CEp,

so that T is bounded below on Ej, for each k € {0,...,m}. Thus, for each a € E
and each k € {0,...,m}, we have

IT*(a)]| = C*lall

By Lemma 5.2.1, T*(E) is closed in & for k = 0,...,m. We now prove that E}, is
closed in 2 by induction on k. If k£ = 0 then Ey = E which is closed in 2, so there
is nothing to prove.

Let k € {1,...,m} and assume that Ej_; is closed in 2. By Lemma 5.2.1,
K = T(FEg-1) is a closed linear subspace of Ej. Since (P o T)(a) = 0 for all
a € Ey_1, we have P(x +T(y)) = P(x) = xz for all x € F and y € Ej_1, and
it follows that ||z| < [|P]|||z + T(y)|| for all z € F and y € Ej_;. Let (x,) be
a sequence in F and let (y,) be a sequence in Fjy_;1. Suppose that (z, + T(y,))
converges to some point z € A as n — oco. Then P(z, + T(y,)) converges to
P(z) € Fasn — oo. Thus (T(y,)) = 2z — P(z) as n — oco. Since K is closed,
z — P(z) € K. Thus z € E;, and hence Ej_; is closed in 2.

It now follows by induction that Ej is closed for each k € {0,...,m} and this
completes the proof. O
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5.2.1 Uniform algebras

We now discuss some necessary results which are specific to uniform algebras.
These results are probably well known, but we provide details for the convenience

of the reader. For a similar result, see [71, Theorem 3.5.4].

Lemma 5.2.3. Let X be a compact space, let A be a uniform algebra on X, and
let f € C(X) such that, for all g € A\ {0}, we have fg # 0. The following are

equivalent:
(a) the map g — fg from A into C(X) is bounded below;
(b) f has no zeros on the Shilov boundary of A.

Proof. (a) = (b) By scaling, we may assume that |f|, = 1. Suppose that f
has a zero on I'(A). Let zp € I'(A) be such that f(x¢) = 0. For each n € N, let V,,
be an open neighbourhood of xy such that |f(y)| < 1/4™ for all y € V,,, and let
x, € Vi, be a strong boundary point for A. By Proposition 1.6.4, for each n € N,
there exists g, € A with |g,|, < 1 such that |g,(x,)| > 3/4 and |g,(y)| < 1/4 for
all y € X'\ V,. For each n € N, set h,, = ¢! so that |h,|, <1, |h,(z,)| > (3/4)"
and |h,(y)| < 1/4™ for all y € X \ V.
Let n € N. For each y € V,, we have

Thal0)] < 1)) < =,

and for each y € X \ V,,, we have

1
It follows that |fh,|y < 1/4". But |h,(z,)| > (3/4)" so that |h,|y > 3"|fh,].
This holds for all n € N, and it follows that the map g — fg is not bounded below

on A.

(b) = (a) Suppose that f has no zeros on the I'(4). Set § = inf,cria)|f(x)].
Then 6 > 0 and, for each = € I'(A), we have |f(z)g(x)| > d|g(z)|. It follows
that 6|g(z)| < [fglp4) for each z € T'(A) and hence 6|g|p 4y < [fglpa)- But
\fg]F(A) <|fg|y and ]g]F(A) = |g|y. This completes the proof. ]

We also require the following well-known facts. We include some the details of

the proofs for the convenience of the reader.

Lemma 5.2.4. Let A be a uniform algebra on X, let f € C(X)\ {0}, let g € A,
and let n € N,
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(a) We have f"g =0 if and only if fg = 0.

(b) If the map L} : A — C(X) : b f"h is bounded below then the map
Li:A— C(X):hw fhis bounded below.

(c) If f € A and Ly is bounded below then LY} is bounded below.

Proof. (a) This is clear.

(b) Now suppose that L% is bounded below so that there exists d > 0 such that
|f"h|y > d|h|y for all h € A. Fix h € A. Then we have

dih|x < |f"hlx < |f"Hxl fhlx

Since f # 0, setting d’ := d/|f" |y, we have d'|h|y < |fh|y.

(c) Suppose that the map Ly is bounded below. Then there exists ¢ > 0 such that
|fh|x > c|h|y for all h € A. Fix g € A. Then

MMyl < MNfgly << UMl
Thus L}‘ is bounded below. O

We now prove some results related to the Shilov boundary for uniform algebra
extensions. We shall make repeated use of the following fact, which is also used in

[79] (see also [27, Section. 4.3]).

Lemma 5.2.5. Let A be a uniform algebra on a compact space X and let v € X.
Then x € T'(A) if and only if, for each open neighbourhood U of x, there exist
feAandy U such that |f(y)| = flx and |flx\p < |f]x-

The following lemma is well known (see [79]), but we include the details for

the convenience of the reader.

Lemma 5.2.6. Let X and Y be compact spaces, let A be a uniform algebra on X,
let B be a uniform algebra on'Y, and let w :' Y — X be a continuous map. Suppose
that 7 is isometric. Then I'(A) C n(T'(B)).

Proof. Suppose not so that I'(A) € w(I'(B)). Then there exists z € I'(A) \ 7(I'(B))
and an open neighbourhood U of x in X such that UN#(I'(B)) = 0. Since z € T'(A),
by Lemma 5.2.5, there exist f € A and 2’ € U such that |f(2')] = |f|]y = 1 and
| flx\p < 1. Since 7 is isometric, we have [f| = |7*(f)[,,. But, for each y € I'(B),
we have |7*(f)(y)| = |f(7(y))| < 1 = |7*(f)|y, which is a contradiction. Thus
['(A) C n(T'(B)). O
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Our main theorem for this section is the following, which generalises several
results from Cole extension theory. The remainder of this section is dedicated to

proving this theorem.

Theorem 5.2.7. Let A be a uniform algebra on ® 4, let B be a uniform algebra
on ®g, and let 0 : A — B be an isometric, unital algebra homomorphism. Set
T :=0%Pp : g — P4. Suppose that T(I'(B)) C I'(A) and that, for each ¢ € T'(A),
Bl Y({v}) is uniformly dense in C'(771({¢})). Then T'(B) = 7~ YT (A)).

To prove the theorem we shall require the following lemma. We include the

details for the convenience of the reader.

Lemma 5.2.8. Let X be a compact space, let x € X, let U be an open neighbour-
hood of x in X, and let A be a dense linear subspace of C(X). Then there exists
[ € A such that |f[x <1, [f(z)| > 3/4, and |f|x < 1/4.

Proof. There exists gy € C(X) such that go(z) =1 and |g(y)| < 1 forally € X \U.
Let ng € N large enough so that |gg°[y\;; < 1/8. Set g := g°. Since A is dense in
C(X), there exists g; € A such that |g; — g|y < 1/8. Then we have |g1|, < 9/8
and |g1|y\; < 1/4. Set f:=8g:/9. Then [f|y <1 and |f[x, <1/4. It remains
to show that |f(x)| > 3/4. Indeed |g:1(x) — g(x)| < 1/8 so that |f(x)| > 7/9 > 3/4.
This completes the proof. n

We now ready to prove the theorem.

Proof of Theorem 5.2.7. We must show that 771(I'(A4)) C I'(B).

Let ¢ € T'(A), let E=7"1({¢}), and let » € E. We show that ¢ € T'(B). Fix
an open neighbourhood U of ¥ in ®5. By Lemma 5.2.8, there exists f € B such
that |f|p <1, [f(¥)| > 3/4, and [f|p; < 1/4. Let Uy be an open neighbourhood
of ¢ in ®p such that U; C U, and |f(x)| > 1/2 for all x € U;. For each y € E'\ U,
let U, be an open neighbourhood of x in ® 5 such that, for all x’ € U,, we have
lf(X) — f(x)| < 1/4. By compactness, there exists xi,...,xn, € E such that
E\NU CUj_, Uy, Set V; :=U,, for j=1,...,n, and set V := j_, V;. Note that
VU =0.

Let W := 7(Uy) NN}, 7(V;) so that W is an open neighbourhood of ¢ in ® 4,
and U; C 771(W). By Lemma 5.2.5, there exist ¢ € A and ¢’ € W such that
19(#")| = l9lp, =1 and [g[g ,\y» < 1. By replacing g with g™ for large enough m,
we may assume that |gg .\ < 1/(2[flg,). Set h =0(g) € B.
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Let ¢ € ®p. If 7(¢') ¢ W, then we have |h(¥')] < 1/(2|f]s,) and so
\(hf)(¥')| < 1/2. If 7(¢') € W and ' ¢ U, then we have ¢/ € V. So there exist
j€A{l,...,n} such that ¢’ € V;. It follows that |f(¢') — f(x;)| < 1/4 and

N | —

()W) < F@)] < TFOl+ F @) = FOG)] <

If 7(¢") = ¢ and ¢’ € Uy, then we have |(hf)(¥')| = |f(¥")] > 1/2. It now
follows that {x € ®p : [(hf)(x)| = |hfl|s,} € U. Since U was an arbitrary open
neighbourhood of 1, we have ¢y € I'(B) by Lemma 5.2.5. This concludes the
proof. O

5.3 Systems of Cole extensions

In this section we discuss Cole extensions and systems of Cole extensions. We refer
the reader to [32, 61] for further information and related results. We first recall
the definition and some elementary facts about Cole extensions. Unless otherwise
stated, the results in this section are standard.

Throughout this section, let X be a compact space and let A be a uniform

algebra on X.

Definition 5.3.1. Let U be a family of monic polynomials with coefficients in A.
Set
XY= {(2,6) € X x C” 1 e4(q)(&) =0 (g € U)},

and give XY the product topology. Let p,: XY - C (¢ € U) and 7y : XV — X

be the usual coordinate projections.

The space XY is a compact space (see [24, 31] or [61]) and the continuous
projection my : XY — X induces an isometric algebra homomorphism 7}, from
C(X) into C(XVY) given by 73;(f) = f o for each f € C(X). If there is no risk

of ambiguity, we write 7 in place of 7y in this setting.

Definition 5.3.2. Let U be a family of monic polynomials with coefficients in
A. Let 7 be the projection XV — X as above. We let AU be uniform closure of
™ (A)U{p, : ¢ € U} taken in C(XVY).

We call the pair (AY, XY) the Cole extension of A (with respect to U). We
say that a Cole extension (AY, XY) of A is simple if U = {q} for some monic
polynomial ¢ € A[t]. In this case, we write A9, X9, and 7, for AY, XY and mp,

respectively.
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Definition 5.3.3. Let ¢ € A[t] be a monic polynomial. For each z € X, let A, ;
(7 =1,...,n) be the roots of the polynomial €,(q). For f € C(X9), set

ii f@ ) (zeX). (5.1)

T(f)(x) =

One of the most important features of Cole extensions is that the map T,
defined above, is a surjective, unital linear map from C(X?) onto C'(X), with
|T]| =1 and T o 7* = id¢(x). In fact, T'is an A-module homomorphism when A4
is given the module operations a- g =g-a=7"(a)g (a € A,g € A7) making it a
commutative, unital A-bimodule. In addition, T'(f)(x) € conv f(7—{z}) for each
f € C(Y)and each x € X. The details of this can be found in [31, Theorem 1.4.2.1]
and [61].

Remark 5.3.4. The construction of the map T given in [31] and [61] appear different,
but are equivalent. For another method for constructing the map 7T in the case

where the polynomials are degree 2, see [24].

We sometimes refer to the map T as the averaging map for the extension A9.
The following lemma follows immediately from the definition and properties of the

map 7.

Lemma 5.3.5. Let g be a monic polynomial in A[t] with degq =mn. Let T be the
averaging map for the extension A? and set P := n*oT. Then P is a contractive
unital projection on A? and P(A?) = n*(A). Moreover, P is an w*(A)-module

homomorphism.

Let X be a normed space, let E C X, and let x € X. Recall that disty(z, F) is
defined by

distx(z, E) = ylggllx -y,

and that disty(z, £) = 0 if and only if € E. The following can be distilled from
the proof of [31, Theorem 1.4.2.5].

Proposition 5.3.6. Let g be a monic polynomial in A[t]. Then, for all f € C(X),

we have
diStc(Xq)(ﬂ'*(f), Aq) = diStC(X)(f, A)
In particular, if A is non-trivial then A? is non-trivial.
The following characterisation of a simple Cole extension A? (for some monic

polynomial ¢) in terms of the powers of the coordinate projection p, will be of use to
us. A proof can be found in [31, Proposition 1.3.2.1] (see also [61, Lemma 3.1.14]).
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Proposition 5.3.7. Let q € A[t] be a monic polynomial be a polynomial with
degqg =mn. Then

Al = (g m(A) -pé>,

J=0

where the closure is taken in C(X1).

In the next section, we show that a Cole extension of A with respect to a
family U of monic polynomials can be obtained by repeated simple Cole extensions.
From this, we deduce that many of the properties described above for simple Cole

extensions also hold for other Cole extensions.

5.3.1 Systems of Cole extensions

We now discuss systems of Cole extensions. Throughout this section, we let 7 be a

non-zero ordinal.

Definition 5.3.8. For each o« < 7, let X, be a compact space, let A, be a uniform
algebra on X, and, for each g with o < 8 < 7, let 7, 53 : X3 — X, be a continuous
surjection. We say that ((Xo, 70 ), (Aa))a<p<r is a system of Cole extensions if
each of the following hold:

(a) ((Xa,Ta,8))a<p<r is an inverse system of compact spaces and continuous

functions;

(b) for each a with @ < 7 there exists a family U, of non-constant, monic
polynomials in A,[t] such that (Xq. 1, Aar1) = (XY, AY) and the map

Taatl : Xat+1 — Xq is the continuous surjection as in Definition 5.3.1;

(c) for a non-zero limit ordinal v with v < 7, (X, (Ta,5))a<y is the inverse limit of
the inverse system ((Xo, Ta,5))a<p<y and (A, (7, ,)a<y) is the corresponding

direct limit of the direct system ((Aa, Ta,3))a<s<~-

The pair (X, Ag) is called the base of the system and Ay is the base algebra of the

system.

In the above, taking the direct limit is equivalent to setting

A, = (U W;W(Aa)). (5.2)

a<y

This is noted in [24] and [61].
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We shall often seek to extend a given system of Cole extensions, usually
within an inductive construction. Let S; = ((Xa, Ta.8), Aa)a<p<r be a system
of Cole extensions. Let 6 be an ordinal such that 6 > 7 and suppose that
Ss = ((Yas pa.p); Ba)a<p<s is a system of Cole extensions. We say that S5 extends
S, if, for all o, f with o < 8 < 7, we have (X,, T8, Aa) = (Ya, pas, Aa)-

For example, with S; = ((Xa, Ta8), Aa)a<p<r as above, we can construct a
system of Cole extensions S;11 = ((Xa, Ta3), Aa)a<p<r+1 Which extends S, by
simply choosing a family U of monic polynomials in A,[t] and setting A, = AY,
Xoy1 = XY, w101 = idoxoay) Trre1 @ Xep1 — X, to be a continuous
surjection as in Definition 5.3.1, and, for each o < 7, set o ;41 = Tar © Tr 141

If, for each a < 7, (Aq41, Xas1) is a simple Cole extension of A, then we say
that the system ((Xa, 7a3), Aa)a<p<r is & system of simple Cole extensions. The
following proposition is effectively [61, Lemma 3.1.16].

Recall that, in this section, X is a compact space and A is a uniform algebra
on X.

Proposition 5.3.9. Let U be a family of monic polynomials in Alt]. There exist
an ordinal T, a system of simple Cole extensions ((Xa,Ta8), Aa)a<p<r, and a
homeomorphism ¢ : X, — XY such that ¢* : C(XY) — C(X,) is an isometric
algebra isomorphism with ¢* o wf; = m; ., and such that (Ao, Xo) = (4, X).

The following is a consequence of Proposition 5.3.9 and Lemma 5.1.6.

Corollary 5.3.10. Let U be a family of monic polynomials in A[t]. There exists
a surjective linear map T : C(XV) — C(X) such that |T|| =1, T(AY) = A and
Torn*= idC(X).

Let ((Xa,Ta,8), Aa)a<p<r Dy a system of Cole extensions. Using transfinite
induction, Corollary 5.3.10, and Lemma 5.1.6, we obtain the following proposition.
This is effectively a combination of Theorem 3.1.19(5) and Proposition 3.1.6 from
[61]; the latter is originally due to Dawson [31]. This result can also be obtained
by a direct application of Lemma 5.1.6.

Proposition 5.3.11. Suppose that T is a limit ordinal. Let ((Xa, Ta,8), Aa)a<p<r
be a system of Cole extensions. Let {Tnp5: a < [§ <7} be the collection of bounded
linear maps as above. Then (Aw, Tag)a<p<r S an inverse system of Banach spaces

and bounded linear maps. Moreover, for each o < T, there exists contractive, linear
maps Ty, - : C(X;) = C(X,) such that T, ;(A;) = Aq and T, ; o 7o » = ide(x.,)-
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The following proposition is [32, Proposition 1.3.1.3] and is central to our study

of systems of Cole extensions.

Proposition 5.3.12. Let 7 be a non-zero ordinal and let (X, Ta.8), Aa)a<p<r be
a system of Cole extensions. If Ay is natural on Xy then A, is natural on X, for

each a < 7.

5.4 The Shilov boundary for Cole extensions

It was proved in [32] that if 7 is an ordinal and ((Xa, Ta), Aa)a<p<s IS & system
of Cole extensions then, for each a < 7, we have I'(A,) = 7y 4(I'(Ap)). The
original proof ([32, Section 1.5]) of this result uses [80, Theorem 1.6], which relies

on unpublished work of Bjork. In this section we prove the following result.

Proposition 5.4.1. Let 7 be a non-zero ordinal and let ((Xo, 7o), Aa)a<p<r be
a system of Cole extensions. Then, for each a < 7, we have I'(A,) = w4 (L(Ag)).

We prove the proposition using a sequence of lemmas. The following is stated
in [79], and proved in [32, Lemma 1.5.3.4]. (The proof in the latter is for the
Arens—Hoffmann extension with respect to a monic polynomial ¢ over A. However,

this proof can be easily adapted to obtain the below.)

Lemma 5.4.2. Let X be a compact space, let A be a uniform algebra on X, and
let q(t) € A[t] be monic. If x € X and n;'({x}) = {(z,{;) : j = 1,...,m} for
somem € N and (1, ...,(, € C then there exist pairwise disjoint neighbourhoods
U; of (x,¢;) (7 =1,...,m) in X9 such that 7,(U;) = 7,(Uy) for j =2,...,m and
m, H(m(Uy)) = UjL, Uj.

=1

The following is a modification of [79, Theorem 3.1]. This lemma will act as

our replacement for [80, Theorem 1.6].

Lemma 5.4.3. Let A be a uniform algebra on a compact space X and let q(t) be

a monic polynomial in Alt] of degree n € N. Then T'(A%) = w ' (T'(A)).

Proof. Fix x € X. Then the set K := W;I({x}) consists of finitely many points
(corresponding to the distinct roots of £,(¢)(t)), and so p,(K) is a compact plane set
with only finitely many points. By the Hartogs—Rosenthal theorem (or otherwise),
P(py(K)) = Clp,(K)). The map (p|K)* : Clpy(K)) = C(K) maps Po(py(K)
into A% K, and so A?K is uniformly dense in C'(K'). This holds for each z € X.
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Let T : C(X?) — C(X) be the averaging map for the extension by ¢. Let
(x,{) € T(A?) and fix a neighbourhood W of z in X. As above, let (i,...,(n
denote the distinct roots of the polynomial £,(¢)(t) € CJt] so that

(o)) = {(@.G) 1 = L...om).

Without loss of generality, we may assume that (; = (.

If m = 1 then let V; := 7~ }(W). Otherwise, by Lemma 5.4.2, there are
pairwise disjoint neighbourhoods U; of (z,(;) in X? (j = 1,...,m) such that
7, (m(Uh)) = UjL, Uj and 7y(Uj) = my(Uy) for j =2,...,m. For j € {1,...,m},
let V; := 7~ Y(W) N Uj. Then the V; are pairwise disjoint and open.

In either case, by Lemma 5.2.5 there exist g € A? and (y, A) € V; such that
lg(y, \)| = |g|lx, =1 and |9 xa\1; < 1. Let ng be an integer large enough so that
‘gnO|X¢1\V1 <1/2n.

Let f := T(¢g™) € A. Then, for each z € X \ n(V}) € X \ W, we have
that |f(2)| < 1/2n. Let A1,..., \; denote the distinct roots of the polynomial
e,(q)(t) € CJt], and let u; denotes the multiplicity of the root \; (j = 1,...,k).
Without loss of generality, we may assume that A = \;. We have that

k
> gy, A
Jj=1

If £ =1 then we have |f(y)| = |g(y, A\1)| = 1. Otherwise, we have

_ 1

3

f(y)| > *Ig(y,M I—meIg v, ).

j=2
But since (y, A;) ¢ Vi for j = 2,..., k, it follows that

k
mmzﬂ—izw>i

n 2n? 2n’

In either case, we have y € W such that [f(y)| = [f|yx and [f|y\y < |f[x- Since
W was arbitrary, by Lemma 5.2.5, we have that z € I'(4). This proves that
mq(I(A%)) S T(A).

The result now follows from Theorem 5.2.7. O

We now deal with systems of Cole extensions. The following lemma is from is
[32, Lemma 1.5.2.1].

Lemma 5.4.4. Let X be a compact space, let A be a uniform algebra on X, let F
be a closed subset of X, and let E be a dense subset of A. Suppose that, for each
f € E, there exists x € F such that |f(x)| = |f|x. Then'(A) C F.
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The following is adapted from the limit ordinal case of [32, Proposition 1.5.2.2].

Lemma 5.4.5. Let 7 be a non-zero limit ordinal and let ((Xao, Ta5), Aa)a<p<r be
a system of Cole extensions. Suppose that, for each a < 7, T'(Ay) = mo o (D(Ap)).
Then T(A;) = 7 (T(Ay)).

Proof. We first show that 7y +(I'(Ag)) € T'(A,). Let & € my+(I'(Ag)), and let U be a
basic open neighbourhood of £ in X;. Then there exist a, ..., a, < 7 and open sets
U; € Xa, (j=1,...,n) such that U = }_, 7' .(U;). Set B := max{ai,...,an}.
Note that 5 < 7. Put W := N}, 7, '5(U;). Then W is an open set in Xz and we
have 3 L (W) = U.

Set & = m.(§) and set £ = mz (). Since my, = Mo © T, We have
70,3(§s) = &. By our choice of £, and the assumption that I'(Az) = WOB( (Ap)),
it follows that {z € I'(Ap). By Lemma 5.2.5, there exist (, € W and f € Ag such
that |f((o)| = \f|X =land |f[x,\w < |f\X Let ¢ € w51 ({¢o}). Then we have
752(C) = Go € W s0 that ¢ € U. Put g = 3,(f). Then |g(¢)] = |gly. = 1 and
9[x\v < 1. It now follows from Lemma 5.2.5 that { € I'(A;). Thus we have
o7 (F(A)) C T'(A;).

We must now show that T'(A;) C 75 1(I'(Ap)). Set E = Uqe, 75 -(As). Then E
is a dense subset of A,. Let a < 7 and let f € A,. There exists &, € m(I'(Ay))
such that |f(&.)] = [flx.. Let £ € m 1 ({&}). Then mo-(€) = moa(éa) € T'(Ao).
Also, we have |7, (f)()| = |75, (f)|x. . It follows that, for each f € E, there
exists ¢ € 7,1 (I'(Ag)) such that | f(¢)] = |f|y. . Thus, by Lemma 5.4.4, we have
['(A;) C m4(T'(Ap)). Equality holds and this completes the proof. O

By combining Lemma 5.4.5 and Proposition 5.3.9, we obtain the following

immediate corollary.

Corollary 5.4.6. Let X be a compact space, let A be a uniform algebra on X,

and let U be a non-empty collection of monic polynomials in A[t]. Then we have
[(AY) = 7' ((A)).

Using Lemma 5.4.5 and Corollary 5.4.6, we obtain Proposition 5.4.1 by transfin-

ite induction.

5.5 Properties of Simple Cole extensions

In this section, we discuss the properties of simple Cole extensions of a given

uniform algebra. Unless otherwise stated, all results in this section are new.
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Throughout this section, let X be a compact space and let A be a uniform algebra
on X.
We first aim to prove a theorem about the structure of a simple Cole extension

of a uniform algebra. We require the following lemma.

Lemma 5.5.1. Leth € A, let q(t) be a monic polynomial in Alt], and let n := degq.
Let p(t) = q(t+h). Then there exists an isometric isomorphism 6 : C(X?) — C(X?)
such that 0(p,) = p,, 0 o m; = m,, and P(A7) = AP,

Proof. Let x € X. Let A ,,..., A\, be the roots of the polynomial €,(¢)(¢) in C.
Then, by Proposition 1.2.13, the roots of the polynomial e,(p)(t) are

Let ¢ : X9 — X? be given by p(z,£) = (z,£ — h(z)). By the above ¢ is a bijection
and ¢ 1 (x,¢) = (x,¢ + h(z)). It is also easy to see that ¢ is continuous and
hence is a homeomorphism. It follows that 6 := ¢* is an isometric isomorphism
from C(X?) onto C(X*). Clearly 0(p,) = p,, 0 o m; = 7, and §(A?) = A?. This
completes the proof. O

Our first theorem of this section is the following.

Theorem 5.5.2. Let q(t) = fo+ fit + -+ + fuat™ ' + 1" € A[t]. Then there
exists a contractive, unital projection P : A1 — A% such that P(A?) = n*(A) and

P(p,) = 0. Moreover, P is a 7*(A)-module homomorphism.

Proof. 1t is easy to see, from (5.1) and standard facts about polynomials, that if
fn—1 =0 then T'(p,) = 0. The result follows immediately in this case, so suppose
that f,—1 # 0.

Let h = f,—1/n and set p(t) = q(t — h). By Lemma 5.5.1, there exists an
isometric isomorphism 6 : C(X?) — C'(X?) such that 0(p,) = p,, 0 o 7; = 7, and
6(A?) = A?. We have p(t) = go + g1t + - - - + gn_ot"? + t" so that, for each z € X,
the sum of the roots of the polynomial e,(p)(t) is zero. Let T, : A” — A be the
root averaging map for A?. Then T,(p,) = 0 and % == 7, o T is a contractive,
unital projection from A? into A? with Fy(A?) = 73(A) and Fy(p,) = 0. Set
P =0"10Pyof. It is trivial to show that P is indeed a contractive, unital
projection on A? with P(A?) = 77(A) and P(p,) = 0. It is also easy to see that P

is a 7 (A)-module homomorphism. O
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We have already seen that given a monic polynomial ¢(t) € Alt] of degree

n € N, we have

At = (S m(A) -pé>-

7=0

We now seek to characterise those simple Cole extension in which we are not required
to take any closures in the above. To do this, we will give a new decomposition
of A? and describe those monic polynomials ¢ such that 7*(A) - pg is closed in A9.

We require the following lemmas.

Lemma 5.5.3. Let q(t) be a monic polynomial in Alt] and let x € X. Then
(x,0) € X? if and only if €,(q)(0) = 0.

Proof. We have q(t) = fo+ fit + -+ + fu_1t" ' +t", with fo,..., fn_1 € A and
n = degq. Let x € X. Then

£ @) = [T = Ga) = fol@) + @)t + -+ fua(@)tn™ 417,
7j=1
where (i 4, ..., (no are the roots of €,(q)(t), and
folw) = (<1 T Gy
7j=1

Thus fo(z) = 0 if and only if there is a j € {1,...,n} such that (;, = 0. The

result follows. O

Lemma 5.5.4. Let q(t) € Alt] with q(t) = fo + fit + -+ + fuat" ' +¢". Let
E C X and let F = 7~ *(E). Then p, has no zeros on F if and only if fo has no

zeros on E. In particular p, has no zeros on I'(A?) if and only if fo has no zeros

onT'(A).

Proof. Let x € E. By Lemma 5.5.3, (z,0) € F if and only if fy(z) = 0. Thus p,
has a zero on F' if and only if f; has a zero on FE.

By Proposition 5.4.3, we have I'(A%) = ! (T'(A)). It follows that p, has a zero
on I'(A?) if and only if f; has a zero on I'(A). O

Lemma 5.5.5. Let ¢(t) be a monic polynomial in Alt]. If p, is a zero divisor in

A% then q(0) is a zero divisor in A.

Proof. We have q(t) = fo+ fit + -+ fu_1t" ' +t", with fo,..., fn_1 € A and
n = degq. Suppose that p, is a zero divisor in A9. Then there exists h € A? such
that hp, = 0. Thus, for each (z,¢) € X9, either h(z,£) =0 or £ = 0. In the first
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case, we have h(z,&)m*(fy)(z,€) = 0. In the second case fy(z) = 0, by Lemma
5.5.3, and so 7*(fo)(x,&)h(x, &) = 0. Thus 7*(fy) is a zero divisor on A?. But now

0 =T(m"(fo)h) = foT'(h),

and it follows that fj is a zero divisor in A. (In the above, T' is the averaging map

associated with the extension by ¢.) This completes the proof. O
The next theorem of the section is the following.

Theorem 5.5.6. Let X be a compact space, let A be a uniform algebra on X, and
let q(t) € A[t] be a monic polynomial of degree n € N.

(a) Let P € B(A?) be a continuous, unital projection such P(A?) = n*(A) and
such that P is a 7 (A)-module homomorphism. Set Q) == idas — P. Then

n—1

AT =7 (A) + 3 Q(ph) - 7 (A).

=1
(b) Suppose that q(0) is not a zero divisor in A. The following are equivalent.

(i) The function q(0) has no zeros on the Shilov boundary for A.

(ii) The map Ly, € B(C(X?)) given by Ly, (f) = pgf is bounded below on
Al

(iii) The subspace pé -m*(A) is closed in A? for j =0,...,n—1.

(c) Suppose that q(0) has no zeros on I'(A) and that there exists a continuous,
projection P on A with P(A%) = 7*(A) such that P is an 7;(A)-module

homomorphism and (idae — P)(p}) = p} for j=1,...,n— 1. Then

mzﬂm+§%mwn

Proof. (a) Let P, be as in the statement of the theorem. By Proposition 5.3.7,

we have
n—1

AT =3"7(A) - ph

=0
and clearly A? = P(A%) 4+ Q(A?). Since P(A?) = 7*(A), we have Q(f) = 0 for all
fen(f). Set

E>§fmymw
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Let fo,..., fano1 € ™ (A). Then

Q(fo+ fipg + ...+ fnflpf;’l) = Q(fipg) + .-+ Q(fnflpZ’l)

and, since P is a 7*(A)-module homomorphism, @ is also a 7*(A)-module homo-
morphism. Thus Q(f;p!) = f;Q(p)) for j =1,...,n — 1. It follows that

n—1
oS ) -
=0
and so Q(A?) C E. But now if f € E then P(f) = 0, by the continuity of P, so
that f € Q(A?). Thus Q(AY) = E. This proves (a).

(b) Now suppose that ¢(0) is not a zero divisor in A. By Lemma 5.5.5, p, is not
a zero divisor in A9. We can write ¢(t) = fo + fit + -+ + fn_1t"" ' + 1", where
fos--y fao1 € A, so that ¢(0) = fy. Set ' := 7*(A).

(i) <= (ii) This follows from Lemma 5.5.4 and Lemma 5.2.3.
(ii) = (iii) This is Corollary 5.2.2.

(iti) = (i) Let k € {0,...,n}. Since Ly (F) is closed in A% it follows from
Lemma 5.2.1 that L’;q is bounded below on E. By Lemma 5.2.4, L, is bounded
below on A?. The proof of (b) is complete.

¢) Set ) :=1ids« — P. By (b), L, is bounded below on A?. By (a), we have
Pq

If Q(p]) = p}, for each j, then we have P(p!) = 0 for each j. Thus (Po L, )(f) =0
for each f € Z?;OI pg -m*(A). It is easy to see that, under these conditions, we
have Lj (7*(A)) N Ly (7*(A)) = {0} for each j,k € {0,...,n — 1}. By Corollary
5.2.2, Y070 pl - w*(A) is closed in A%, and (c) follows. O

Remark 5.5.7. The equivalences given in (b) are similar to the main result in [62]
for Arens—Hoffmann extensions of a uniform algebra. Another related result, due

to Arens, appears in [27, Theorem 2.1.20].

We do not know, in general, whether there is a continuous projection P such
that P(p/) =0 for j =1,...,n —1 (with p; and n as in the theorem). However,
if n = 2 then Theorem 5.5.2 gives a projection P such that P(p,) = 0 so, in this

case, we obtain the following corollary.
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Corollary 5.5.8. Let X be a compact space, let A be a uniform algebra on X,
and let q(t) € A[t] be a monic polynomial of degree 2. Suppose that q(0) has no
zeros on I'(A). Then A = 1*(A) + p, - 7*(A).

Remark 5.5.9. By considering symmetric polynomials, it is possible to show that,
for n € N, given the monic polynomial ¢(t) = t" — f, where f € A has no zeros on
['(A), we have A% =Y""] p/ - w*(A). This is beyond the scope of this thesis so we

omit the details.

5.6 Generalised Cole extensions

We now discuss a larger class of uniform algebra extensions which we call generalised
Cole extensions. The following definition is essentially due to Feinstein and Cole
(in [23]).

Definition 5.6.1. Let X,Y be compact spaces, let A be a uniform algebra on
X, and let B be a uniform algebra on Y. We say that B is a generalised Cole

extension of A if the following conditions are satisfied:

(a) there exists a continuous surjection 7 : Y — X which induces an isometric
algebra homomorphism 7* : C(X) — C(Y);

(b) there exists a contractive, unital linear map 7' : C(Y) — C(X) such that
Torn* = idC(X) and T(B) = A.

We say a generalised Cole extension B of A is natural if B is natural on Y if and

only if A is natural on X.

Note that, with 7 and T as in the definition, we automatically have 7*(A) C B.
We do not require that the contractive linear map 7', associated with a generalised
Cole extension, to have any addition properties. The following lemma lists some

additional properties of the map 7.

Lemma 5.6.2. Let XY be compact spaces, let A be a uniform algebra on X, and
let B be a uniform algebra on'Y . Suppose that B is a generalised Cole extension
of A and let w,T be the maps associated with this extension. Then P = 7n*oT is
a contractive, unital projection on C(Y') such that P(B) = w*(A). Moreover, P is
a w(A)-module homomorphism, and T is an A-module homomorphism when B is
given the operation f-g=g¢g-f=7"(f)g (f € A,g € B).
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Proof. We regard B as a commutative, unital Banach A-bimodule with the op-
erations f-g =g f = 7*(f)g. It is clear that P is a contractive, unital linear

operator on B and clearly P(B) = 7*(A). Moreover,
(r*oT)o(r*oT)=n"0o(Tor")oT =n"0T

so that P is a projection. By Lemma A.2.6, P is an A-module homomorphism.
We must now show that 7" is an A-module homomorphism. Let f € A and
g € B. Then P(f-g) = f- P(g). Hence

T(f-P(g)=TP(f-9)=((Tor")oT)(f-9)=T(f"9),

and 7*(f), P(g9) € 7*(A), so that there exists h € A with 7*(h) = P(g). Thus
f-Plg) = 7 (f)r*(h) = 7*(fh) and so T(f - P(g)) = fh. It follows that
T(f-g) = fh. The proof is complete by noting that h = T'(P(g)). O

Remark 5.6.3. The full strength of Lemma A.2.6 is not used in the above, and we
could have instead used a famous result due to Tomiyama to obtain the result.
However, the above proof works if we instead consider projections on B. See

Section 5.7 for a related open problem.

We also require the following lemma, which is effective the same as the proof
of [31, Theorem 1.4.2.5], and is analogous to Proposition 5.3.6. We include the

details of the proof for the convenience of the reader.

Lemma 5.6.4. Let X, Y be compact spaces, let A be a uniform algebra on X, and
let B be a uniform algebra on Y. Suppose that B is a generalised Cole extension of
A and let w,T be the maps associated with this extension. Then, for all f € C(X),

we have

diste) (7°(f), 7*(A)) = distoey (f, A).

Proof. Let f € C(X). On one hand, since 7* is isometric, we have

7 (f) =7 (9)ly = If = 9lx

for all g € A. Since 7*(A) C B, it follows that |f — g| > distey)(7*(f), B) and
so diste(x)(f, A) > disteryy(7*(f), B). On the other hand, since T is contractive,

we have
7 (f) = hly 2 |f = T(h)]x
for all h € B. Since T'(h) € A for all h € B, it follows that

|7 (f) — hly = disto) (f; A).
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Thus disteyy(7*(f), B) > diste(x)(f, A) and equality holds. This completes the
proof. n

The following corollary is central to our study of generalised Cole extensions,

and will be used implicitly throughout this chapter.

Corollary 5.6.5. Let X,Y be compact spaces, let A be a uniform algebra on
X and let B be a uniform algebra on Y. Suppose that B is a generalised Cole

extension of A. If A is non-trivial then B is non-trivial.

Remark 5.6.6. This is related to the fact that a non-trivial uniform algebra on
a compact space X cannot be complemented in C(X). (See, for example, [27,
p. 457].)

Clearly Cole extensions, of a given uniform algebra, are also generalised Cole
extensions of that uniform algebra. The following is an example of a generalised

Cole extension which is not a Cole extension.

Example 5.6.7. Let X be a compact space, and let A be a uniform algebra on X.
Let B := A® A, the injective tensor product of A with itself (see Section 1.4.4).
Then B is a uniform algebra on X x X. Let 7 : X x X — X be the projection
(z,y) — . Then 7* is an isometric, unital algebra embedding from A into B. Fix
Yo € X. Then, for each f € C(X x X), let T(f)(z) = f(z,y) (x € X) for each
f € B. Then T is a surjective, unital linear map from B onto A with ||| =1
and T o7* =id4. (In fact, T is an algebra homomorphism.) So B is a generalised

Cole extension of A. [ |

Before we continue, we demonstrate that, in certain cases, generalised Cole
extensions must in fact be Cole extensions. The proof of the following theorem uses

some operator algebra theory. The necessary facts are contained in Appendix A.

Theorem 5.6.8. Let X be a compact space, let A be a uniform algebra on X,
and let P € B(A) be a contractive, unital projection. Suppose that idg — P is also
contractive. Set B := P(A) and set E := ker P. Suppose that B is a uniform
algebra on a compact space Y, that E is a Banach B-bimodule, and that there
exists hg € E such that E = hg - B. Then there ezists h € B and an isometric,
unital algebra isomorphism 0 : B4 — A, where q(t) = t> — h, such that 6 o T, = idp
and 0(p,) = ho.

Proof. Set Q :=id4 — P. By Proposition A.2.7, we have E? C B. In particular
h% € B. Set h := hi and let ¢ be as in the statement of the theorem. By Proposition
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5.3.7, we have

BY = 1*(B) + p, - m(B).
For each 7*(f1) + p,m*(f2) € BY, let

O(7* (f1) +pgm"(f2)) = f1 + hof.
Clearly 6 is a unital algebra homomorphism from 7*(B) + p, - 7*(B) into A. It is
easy to see that 6(7*(B) + p, - 7*(B)) = B + ho - B and that § o 7* = idp so that
0|7*(B) is a isometric, unital algebra isomorphism from 7*(B) onto B. The map
7 (f1) + P (f2) = 7 (f1) —pgm*(f2) (7*(f1) +pgm*(f2) € B?) defines an isometric

algebra isomorphism on B? (it is the adjoint of the map (z,&) — (x, —¢) from Y4
onto Y9). The map f; + hofo — f1 — hofa (f1 + hofz € A) gives an automorphism
of A, and so is also isometric. Let 7*(f;) + p,m*(f2) € B?. Then
7 (f1) + P (fo)lya = (@ () + g (£2) (7 (f1) = g™ (f2))lyas
and
(7" (f1) + g (f)) (7 (f1) = pam" (f2) = 7" (f1)* — 7" (R)7"(f2)* € 7*(B).
It follows that

(7 (F1) + 2™ (fe)lya = 100" (1)? = 7 (W) (f2)*) ]

Now
O(n*(f1)* =" ()" (£2)°) = fi = B*f5 = (fi + hofo) (fyr — hof2)
and so
6(x*(f1)> = 7" (M7 (f2)*)]x = L1+ hofol’
Thus

7 (1) + 2™ (f2)l3a = 1007 (/1) + Py (f2))] %
so that 6 is isometric. Since B + hg - B is dense in A and 7*(B) + p, - 7*(B) is
dense in BY, 6 extends to a isometric, unital isomorphism from B? onto A. This

completes the proof. O

We do not know to what extent Theorem 5.6.8 generalises to when FE is not
generated by a single element.

The observation that the map fi; + hofs — fi — hofs is isometric is used
in [11] (where it is credited to Feinstein) to show that all projections P on a
uniform algebra A such that both P and id4 — P are contractive are given by
P = (id4 + 0)/2, where 0 is an automorphism of A with § o0 6 = id 4.

Remark 5.6.9. The author is grateful to Prof. David Blecher for several helpful

discussions about operator algebras and projections.
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5.6.1 Systems of generalised Cole extensions

We shall usually consider systems of generalised Cole extensions. Unlike systems
of Cole extensions we must include the existence of the linear maps 7, s in the
definition.

Throughout this section, fix a non-zero ordinal 7.

Definition 5.6.10. Let 7 be a fixed ordinal. A system of generalised Cole exten-
sions is a system ((Xa, Ta5), (Aas Ta.p))a<p<r With the following properties:

(a) for each v < 7, A, is a uniform algebra on X,;
(b) (Xa Ta8)a<p<s is an inverse system of compact spaces and continuous maps;

(c) for each oo < 7, An4q is a generalised Cole extension of A, with associated
maps Tpat1 € B(C(Xat1): C(Xy)) and mqa41 @ Xat1 = Xas

(d) for each a < <~ <7, we have T, =T, 30 Tjs.;
(e) if ¥ < 7 is a limit ordinal then

(i) (X5, (Tay)a<y) is the inverse limit of the inverse system (X, 7o 8)a<g<~s
(ii) (Ay, (7})a<y) is the direct limit of the system ((Aa)a<y, (75 5)a<ps<y)
(iii) for each a <7, T, 5 07}, = ido(x,)-
We say that a system of generalised Cole extensions ((Xa, Ta.8), (Aas Ta.8))a<p<r

is natural if, for each o < 7, A, is natural on X, if and only if Az is natural on
Xp for all 8 < a.

Note that our definition of X, and A,, where v is a limit ordinal, does indeed
yield a generalised Cole extension by Lemma 5.1.6. Note also that (A, 7o g)a<p<r

is an inverse system of Banach spaces with contractive linear maps.

Remark 5.6.11. If ((Xa, 70 s); (Aa, To.8))a<p<r is a system of generalised Cole

extensions then, for each o < 8 < 7, A is a generalised Cole extension A,.

We also introduce the following terminology for extensions of systems of gener-

alised Cole extensions.
Definition 5.6.12. Let o be an ordinal with 7 < ¢. Let
C = ((Xas7ap), (Aas Tap))acpsr and D = ((Ya, pas), (Bas Sap))a<p<o

be systems of generalised Cole extensions. We say that D extends C' if, for all
(67 S 6 S T, We have (Xa77ra,ﬁa Aom Ta,ﬂ) = (Yom Pa,B> Bom SOc,,B)'
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While we do not know sufficient conditions for a generalised Cole extension
to be natural, in general, the following—presumably well-known—lemma shows
that no problems can occur at limit ordinals when constructing natural systems of
generalised Cole extensions. We include the details of the proof for the convenience

of the reader. (In fact, this is an easy modification of [32, Proposition 1.3.1.2].)

Lemma 5.6.13. Let ((Xa, Ta.8), (Ao, Tap))a<p<r be a system of generalised Cole
extensions. Suppose that T is a limit ordinal and, for each o < T, the uniform

algebra A, is natural on X,. Then A, is natural on X, .

Proof. We may assume that 7 is non-zero. Let ¢ € ®4_ and, for each a < 7, set
Yo = o, . Then p, € @4, (o < 7) and so there exists z, € X, such that
Do = €4, for each a < 7. We have that 7, g(x3) = =, for each o < < 7. Indeed,
let « < 3 <7 then 7, . =7} o7, 5 so that

Pa = PO Tr;,‘r =@o (ﬂ-;,T © Tr;,ﬁ) = s ° 7'(';5.

It follows quickly that z, = 7, 5(zs).

Now there exists x, € X, such that m,,(z;) = z, for each a < 7. The
proof is complete by showing that €,. = ¢. Let a < 7 and let f € A,. Then
o(my(f)) = f(xa) = 7 (f)(x;). This holds for all a < 7 and all f € A,. But

since Uy, T, (Aa) is dense in A, it follows that ¢(f) = f(x,) for all f € A,.
This completes the proof. n

5.6.2 Maps back from extensions

In this section we examine maps back from a generalised Cole extension of a
uniform algebra A. By the definition of a generalised Cole extension, there is a
linear contraction from the extension to the original uniform algebra. Of course, it
is likely that there are a large number of choices for such a map. We are particularly
interested in those extensions such that there is an algebra homomorphism onto
the original algebra.

We quickly recall the properties that are required by such a map. Let X,Y be
compact spaces such that there exists a continuous surjection 7 : Y — X. Let A
be a uniform algebra on X and let B be a uniform algebra on Y. We are interested
in those unital linear contractions S : C(Y) — C(X) such that S(B) = A and
Sor* =ide(x).

We begin with the following lemma. The proof is trivial and contained in
Example 5.6.7.
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Lemma 5.6.14. Let X be a compact space and let A be a uniform algebra on
X. LetY = XxX,let B=AXAandletw:Y — X be the coordinate
projection m((x1,x2)) = x1 ((x1,22) € Y). There exists a contractive, surjective,
unital algebra homomorphism T : C(Y') — C(X) such that T o 7* = id¢(x) and
T(B)=A.

We can construct many algebra homomorphisms from the injective tensor
product C(X) @ C(Y) onto C(X). The following lemma gives a method for

constructing such algebra homomorphisms.

Lemma 5.6.15. Let X,Y be compact spaces, let mx and mwy be the coordinate
projections from X XY onto X and Y respectively, let Z be a closed subset of
X XY, andlet p : X =Y be a continuous function. Set p(x) = (x,¢(x)) (x € X).
Suppose that p(x) € Z for all x € X. Then there exists a contractive, unital
algebra homomorphism 0 : C(Z) — C(X) such that 0(f) = fo @ for all f € C(Z),

and 0 o % = ide(x)-

=k

Proof. Set 6y := @*. Then 6, is a contractive, surjective, unital linear map
from C(X x Y) onto C(X) satisfying 0y o 7% = ide(x). Let f € C(Z). Let
fi, fo € C(X xY) be such that f;|Z = f for j = 1,2. Then we have f;o0p = fog,
for j = 1,2, since p(z) € Z for all x € X. Thus we have 6y(f1) = 6o(f2). Set
0 :=0y|C(Z). Then 0 has the desired properties. O

We now wish to refine the above lemma to find those homomorphisms which
have range contained within a given uniform algebra. We obtain the following

theorem.

Theorem 5.6.16. Let X, Y be compact spaces, let mx and wy be the coordinate
projections from X XY onto X and Y respectively, let Z be a closed subset of
X xY, let A be a uniform algebra on X, let S C C(Z) such that 7% (A) C S, and
let ¢ : X =Y be a continuous function. Set p(z) = (z,o(x)) (x € X). Suppose
that, for all v € X, we have ¢(x) € Z and that, for all f € S, we have fop € A.
Then there exists a contractive, unital algebra homomorphism 0 : C(Z) — C(X)
such that § o 7% (X) = ide(x) and 0(f) = fo @ for all f € C(Z). Moreover, we
have 0(algp(z) S) = A.

Proof. Let 6 be a contractive, surjective, unital algebra homomorphism from C(Z)
onto C(X) such that § o 7% = ide(x) given by Lemma 5.6.15. Set B := alg 4 S.
We need only show that 6(B) C A. Since fo@ € A for all f € S, it follows that
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fo@ e Aforall f € algg, S. By continuity, 0(f) € A for all f € B. Since
% (A) C S, it follows that §(B) = A. This completes the proof. O

In the above, if B separates the points of Z then B is a generalised Cole
extension of A.

We also obtain the following corollary.

Corollary 5.6.17. Let X be a compact space, let A be a uniform algebra on X,
and let q(t) be a monic polynomial in A[t]. Suppose that there exists h € A such that
q(h) = 0. Then there exists a contractive, surjective, unital algebra homomorphism
0:C(X9) — C(X) such that (py) = h, 0(A?) = A, and § o 7* = id¢(x)-

Proof. We have A% = algq o {7*(A)U{py}}, and py(z, h(x)) = h(z) forall z € X.
By Corollary 5.6.16, there exists an algebra homomorphism 6 : C(X?) — C(X)
with the desired properties. O]

Let X, A and ¢ be as in the above corollary. If there exists h € C(X) such
that ¢(h) = 0, then the above shows that there is a contractive, surjective, unital
algebra homomorphism 6 : C'(X9) — C(X) such that §(A9) = algyx) (AU {h}).
We refer the reader to [55, Section II1.9] for related results.

5.7 Open problems and discussion

We now discuss some open problems related to the content of this chapter. Through-
out this section let X be a compact space and let A be a uniform algebra on
X.

Our first question is regarding the nature of certain generalised Cole extensions.

Question 5.7.1. Let Y be a compact space and let B be a uniform algebra on
Y. Suppose there exists a continuous surjection 7 : ¥ — X and a contractive,
unital linear map T : B — A such that T o * = id4. Does it follow that B is a

generalised Cole extension of A7

An equivalent question to the above is: does the map T extend to a contractive,
unital map from C(Y) into C(X)?

Question 5.7.2. Let Y be a compact space and let B be a uniform algebra on Y.
Suppose that B is a generalised Cole extension of A and that A is natural on X.
Does it follow that B is natural on Y7



Chapter 5. Extensions of uniform algebras 159

It does not seem likely that the answer to the above is affirmative in general.
However, we do not know any explicit counter-examples.

The following questions concern Cole extensions and generalised Cole extensions.
Below Theorem 5.5.6, we noted that if ¢(t) = t" — h for some h € A, we noted (by
considering symmetric polynomials) that there is a continuous, unital projection
P: A% — A% such that P(p]) =0for j=1,...,n— 1.

Question 5.7.3. Let ¢(t) be a monic polynomial in A[t]. Does there exist a
continuous, unital projection P : A? — A? such that P(pé) =0forj=1,...,n—17

Assume that such a projection P exists, that P is an A-module homomorphism,
and that q(t) = ho + hqt + -+ - + hy,_1t"1 +t". Then elementary calculations show
that we must have P(p]) = —(hg), and

Q) = —pq (w2 () + 75 (ha)py + -+ + 72 (B )Pl ),

If hj # 0 for some j € {1,...,n — 1} then Q(p;) = 0 implies that p, is a zero

divisor and, by Lemma 5.5.5, hg must also be a zero divisor.



CHAPTER 6

Extensions of derivations

In this chapter we discuss the extension of derivations from Banach algebras.
We give results towards an open problem concerning weakly amenable uniform
algebras, which is the motivation for the content of this chapter. Recall, from
Chapter 1, that a Banach algebra 2( is amenable if every continuous derivation
from 2 into a X* is inner (where X is a Banach 2(-bimodule). A Banach algebra 2
is weakly amenable if every continuous derivation from 2l into A* is inner. If 2A is
commutative, then 2l is weakly amenable if every continuous derivation into 2A* is
necessarily zero.

Amenability for Banach algebras was introduced by Johnson [69], where he
proved that the group algebra L'(G), for a locally compact group G, is amenable if
and only if G is amenable. (We refer the reader to [69] for the relevant definitions.)
Weak amenability for commutative Banach algebras was introduced by Bade,
Curtis, and Dales [8]. This definition was later extended to non-commutative
Banach algebras by Johnson. In fact, a commutative Banach algebra A is weakly
amenable if and only if there are no non-zero, continuous derivations from A into
any commutative Banach A-bimodule. (This was given as the definition of weak
amenability in [8].) An alternative characterisation of weak amenability was given
by Grgnbaek [58] via the projective tensor product.

Let A be a uniform algebra on a compact space X. Seinberg [98] showed that
A is amenable if and only if A = C(X) (see also [27, Chapter 5]). The problem
of whether the a uniform algebra A is weakly amenable if and only if A = C(X)
is still open. It is this question which provides the motivation for the content of
this chapter. A survey of known results of amenability and weak amenability for
uniform algebras can be found in [39].

In his thesis [36], Feinstein showed that, for a compact plane set X, if R(X) is

non-trivial then there is a non-zero, continuous derivation from A into a locally

160
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bounded (F')-R(X)-bimodule, thus concluding that R(X) = C(X) if and only if
R(X) is not weakly (F')-amenable. (We refer the reader to [36] for the relevant
definitions.) In [38], Feinstein constructed a non-trivial uniform algebra on a
compact space X such that A is not weakly amenable, but does not admit any
non-zero, bounded point derivations. (See also [48].)

Cole and Feinstein investigated extensions of derivations in an attempt to
construct a non-trivial, weakly amenable uniform algebra. Their strategy was to
find generalised Cole extensions of a uniform algebra such that if a continuous
derivation had an extension then the operator norm of the extension must strictly
increase. If such constructions are possible then, by constructing systems of these
extensions, we can construct a non-trivial, weakly amenable uniform algebra.
Unfortunately, no such constructions are known.

In this chapter, we discuss several results regarding the extension of derivations
from uniform algebras (Section 6.1). We give the details of a construction due
to Cole and Feinstein [23] which leads to an interesting dichotomy (Section 6.2).
We then discuss a specific example of the extension of derivations from the disk
algebra (Section 6.3). We conclude the chapter with some open problems and a

short discussion.

6.1 Extensions of derivations

In this section, we discuss the ways in which we can extend a derivation from a
uniform algebra into its dual to a derivation from a Cole extension of that algebra.
We begin with a lemma which is surely well known, but we have not been able

to find a reference. The proof is trivial and omitted.

Lemma 6.1.1. Let B C A be algebras, let S C A, and let X be a A-bimodule. Let
D : 2 — X be a linear map. Suppose that, for each a,b € S, we have

D(ab) = a- D(b) + D(a) - b.
If ling S =B then D|B is a derivation.

The next lemma extends Lemma 6.1.1 for Banach algebras, and is similar to
[20, Lemma 4.1]. Again this lemma is probably well known but we have not been

able to locate an explicit reference.
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Lemma 6.1.2. Let A be a Banach algebra, let S C A, and let X be a Banach
2-bimodule. Let D € B(;X). Suppose that, for each a,b € S, we have

D(ab) = a- D(b) + D(a) - b.
If ling S is a subalgebra of A and ling S = A then D is a continuous derivation.

Proof. Let B = ling S. By Lemma 6.1.1, D|B is a continuous derivation. Thus D

extends to be a continuous derivation on 2. OJ

The next lemma provides a useful method for extending derivations from one
algebra to another by using algebra homomorphisms and module homomorphisms.

The result is certainly well known. The proof is routine and we omit the details.

Lemma 6.1.3. Let A,B be algebras, let X be an A-bimodule and let %) be a
B-bimodule. Let 0 : A — B be an algebra homomorphism and let T : Y — X be a
linear map. Suppose that T is a A-module homomorphism. Let D : B — ) be a
derivation. Then T o Do : 2 — X is a derivation.

Note that if 2 and B are Banach algebras, X = 2A*, ) =8B* and T' = 6* in

the above, then T is a A-module homomorphism from X into 2).

Remark 6.1.4. In the above, we give 2 the 2-module actions of a -y = 0(a) - y
and y-a =y -0(a) for each y € Y and a € A. These are the module operations
induced by 6.

The following is the continuous analogue of the above. This provides the

simplest means for extending derivations to a Banach algebra extension.

Corollary 6.1.5. Let A,B be Banach algebras, let X be a Banach A-bimodule
and let ) be a Banach B-bimodule. Let 6 : 2 — B be a contractive algebra
homomorphism and let T € B(); X). Suppose that T is a A-module homomorphism.
Let D : B — 9) be a continuous derivation. Then D =T oDof: A — X isa
continuous derivation and | D| < ||T|||0]l||D].

In particular, if || 7] < 1 and ||f|| < 1 then we have ||D|| < ||D|. If, in the
above, X = A", ) = B*, and T" = 6%, then the conditions of this corollary are
automatically satisfied.

We now examine how derivations can be extended to the direct limit of a direct
system of Banach algebras. This following lemma is probably well known; we

include the details for the convenience of the reader.
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Lemma 6.1.6. Let S = ((A;)ier, (0:)i<;) be an direct system in the category of
Banach algebras and suppose that the connecting maps 6, ; are isometric for all
i < j. Let (A, (6;)icr) be the direct limit of S. Let X be a Banach A-bimodule
and suppose that, for each v € I, D; : A; — X is a continuous derivation such

that D; = Dj o 0;; for all i < j. Then there exists a unique continuous derivation
D : A — X such that D; = D o §; for all i € I. Moreover, ||D| = limsup,||D;].

Proof. For each i € I, we give X the module actions of a - x = 6;(a) - z and

r-a=uz-0;(a) (x € X;a €A;). The X is a Banach 2;-module for each i € I.

Set B = A P, X and, for each ¢+ € I, let ¢); : ™A; — B be the map given by

VYi(a) = (0;(a), Di(a)) (a € A;). By Proposition 1.4.9, 98 is a Banach algebra with

multiplication given by (a,z)(d’,2’") = (ad’;a - 2" + x - d) for (a,x), (d’,2') € B.
Let 7,7 € I with ¢ < 7 and let a € ;. Then we have

Yi(a) = (0i(a), Di(a)) = ((0j 0 0;5)(a), (Dj o b;;)(a)) = (¢ o b;;)(a).

This holds for all a € 2;, so we have ¢; = 1; 0 6; ;. The maps 1; (i € I) are
continuous algebra homomorphisms.

By the universal property of direct limits, there exists a unique, continuous
algebra homomorphism ¢ : A — ‘B such that ¢, = ¥ o 6; for all © € I. Let
m : B — X be the natural projection, and set D = 7w o 1. Note also that
D; = mo1; for all i € I. It is not hard to see that D is indeed a derivation and,
since m is contractive, D is continuous.

It is easy to see that, for all i € I, we have ||¢;]] = 1+ ||D;]|. Also, since

the connecting maps 6;; (i < j) and the maps 6; (i € I) are isometric, we have
193]l = Nl 0 Ou5ll < [l45]] (2 < ) and [Js]| <[] (¢ € I). Thus

sup||¢;|| = lim|[+s]| = lim sup||¢ || < [[4]].
iel iel iel

One the other hand, since U,y 0;(2;) is dense in 2(, we cannot have [[1)]| > sup||i);]|.
Thus ||¢|| = sup,e;||¥s||.- It now follows easily that || D|| = limsup,.;||D;||. This
completes the proof. n

Remark 6.1.7. In particular, if all of the norms of the derivations D; in Lemma
6.1.6 are equal, then the unique derivation D given by the lemma has ||D|| = || D;||
forall i € I.

In the remainder of this section, we aim to prove that, under certain technical
assumptions, in order to extend a continuous derivation it is sometimes sufficient

to have a contractive linear map rather than a continuous algebra homomorphism.
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We shall require the following elementary lemma; we include the details for the

convenience of the reader.

Lemma 6.1.8. Let A be an algebra, and let P : L — A be a projection. Suppose
that B := P(2l) is an algebra and that P,Q = idy — P are B-module homomorph-
isms. Set E = Q(2). Suppose further that Q(E?*) = {0}. Then

Q(ax) = P(a)x and Q(za) = xP(a) (x € E,a ).
Proof. Let a € A and let x € E. Then

Qaz) = Q((P(a) + Q(a))z) = Q(P(a)z) + Q(Q(a)x).

But, since Q(a),x € E, we have Q(Q(a)xr) = 0 and, since @ is a B-module
homomorphism, we have Q(P(a)z) = P(a)Q(x) = P(a)x. Thus Q(ax) = P(a)z.
Similarly Q(za) = zP(a). O

The main result of this section is the following theorem.

Theorem 6.1.9. Let B C A be Banach algebras. Let P be a continuous, unital
projection on A such that P(2) =B and set Q = idy — P. Suppose that P is a
B-module homomorphism, E = Q(2) is a Banach B-bimodule, and Q(E?) = {0}.
Suppose further that there exist bounded B-module homomorphisms 0, : £ — B
such that

P(zy) = xy = 6(z)puly) = p(2)d(y) (6.1)
forall x,y € E. Let D; € D(*B) and set

Dy = (u*oDyod+06"0Djopu)/2

Then D = P*o Dy o P+ Q*o Dyo @ is a continuous derivation from 2 into 2A*.

Moreover, for all a € A, we have

ID(a) [} < IDAIALPIP @) + ol QUIQ(a)])-

Proof. The maps u, d, u*,0* are bounded linear maps, and D; is a derivation so
clearly D, is a bounded linear map from £ into E*. By Lemma 6.1.1, it is sufficient
to show that D satisfies the derivation identity on a set S such that 2 = ling S.
In particular, it is sufficient to show that D satisfies the derivation identity on the
set S =B UE. It is clear that D|B is a derivation. The bounds on the norm of

D are immediate.
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Since Q(E?) = {0} we have E* = P(E?) and, by Lemma 6.1.8, we have

0(P(a)r) = 6(Q(ax)), d(xP(a)) = 0(Q(za)), (6.2)
p(P(a)r) = p(Qax)), p(zP(a)) = p(Q(ra)), (6.3)

for all x € F and a € 2.
Let a,b € E and let ¢ € . Then, applying (6.1), we have

D(ab)(c) = D1(P(ab))(P(c)) + Da(Q(ab))(Q(c))
= Dy (ab)(P(c))

= L(Dy(5()u®)(P(©)) + D (1(a)5(5))(P(c))

Now, applying (6.2) and (6.3), we obtain

S D) BP(E)a)) + Di3(@) (P
+ i) ((P(E)) + D
= S(Da () B(@ca))) + Da(3()) (4(Q(bo)
(

)
+ D1(6(b)) (1(Q(ca))) + Di(p(a))(6(Q(bc))))
=(Q" o Dy0Q)(b)(ca) + (Q" o DyoQ)(a)(bc)
Similar, but slightly easier, calculations show that D(ab) = a - D(b) + D(a) - b and

that D(ba) =b- D(a)+ D(b) - a for all a € E and all b € B.
Thus D is a derivation from 2 into 20*. O

D(ab)(c) =

Note that the proof of Theorem 6.1.9 holds without the topological assumptions
(continuity and norm structure) if we replace 8* and 20* with a subspace of the
algebraic dual of B and 2, respectively. (The algebraic dual is the linear space of
all linear functionals.)

We can apply this theorem directly in the case where we adjoin the square

roots of certain functions to obtain the following corollary.

Corollary 6.1.10. Let X be a compact space, let A be a uniform algebra on
X, and let h € A. Set q(t) == t* — h. Suppose that h has no zeros on T'(A).
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Let D € D(A). Then there exists D € D(A?) with D(ﬂ';(f))(ﬂ';(g)) = D(f)(9)
(f,9€4).

Proof. By Theorem 5.5.6, A? = 77(A) + p, - 7;(A) and the bounded linear map
p C(X%) — C(X9), given by u(f) = p,f (f € C(X?)), is bounded below on
A?. (Note also that p is injective.) Let § : p, - A? — A? be the map 6(p,f) = f
(f € A?). It is easy to see that both y and 0 are 7 (A)-module homomorphisms.

By Theorem 5.5.2, there exists a contractive, unital projection P : A? — A?
with P(A?) = m7(A), P(p,) = 0, and P is a m;(A)-module homomorphism. Set

@ = ida« — P. Then @ is a continuous projection and is also a W;(A)—module

homomorphism. Set E = Q(A?). Clearly E* C mi(h) - mi(A) C mi(A).
Let f € A7 Then there exists fi, fo € m;(A) such that f = fi + pyfa.

Moreover, P(f) = fi and Q(f) = pgfa- Let g = po(f1 + pof2) = mg(h)f2 + pofi-
Thus P(g) = 7 (h)f2 and, since P is contractive, |7 (h)fo| xs < |9]xq- We have

19 xa < |Pglxalflxq and, for each (z,£) € X?, we have

(@, &) fo(2, )] < Imy(h) folxa < 19lxa < [Pl xal flxa-

But this implies that, for each (z,&) € X9, we have

1Pq (2, )P (2, €)f (2, )] < [Pyl xal fl 0,

and it follows that |p,|yq|Pefelyxe < [Pglxalflxa- Since [py|yxe # 0, we have
|Q(f)|xe < |f]xe and hence @ is also a contractive projection.

Let ¢ : m;(A) — A be the inverse of the restriction to 7;(A) of 7. Then 1 is
an isometric isomorphism from 77(A) onto A. Set Dy :=¢* o D ot). Then D, is a
continuous derivation from 7} (A) into (7} (A))*.

Let fi1, fo € E. Then there exists hy, hy € A such that f; = hjp, for j = 1,2.
Thus

P(fif2) = fifo = haipshap, = pzhﬂlzy

from which we obtain P(flfg) = ,u(f1)5(f2) = (5(f1),u(f2)
Now, by Theorem 6.1.9, there exists a continuous derivation D : A7 — (A9)*,

which extends D, and such that
DI < 1D < 1D+ [lulllio]).
It is easy to see that D has the desired properties. O

Remark 6.1.11. The author is grateful to Dr. Yemon Choi for several helpful

discussions about derivations and the homology of Banach algebras.
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6.2 An interesting dichotomy

Let A be a commutative Banach algebra. In this section, Dy(A) denotes the
collection of non-zero, continuous derivations from A into A*. In this section we
give the full details of a construction, due to Cole and Feinstein ([23]), that leads
to an interesting dichotomy.

We require the following lemmas. The first is certainly well known; we include

the details for the convenience of the reader (and because it is very nice proof).

Lemma 6.2.1. Let wy be the first uncountable ordinal. Let (T4)a<w, be a net of
positive real numbers such that if a < 8 < wy then o < xg. Then (x4)a<w, does

not converge in [0, 00).

Proof. Suppose, towards a contradiction, that there exists x € [0, 00) such that
ro — x. For each n € N, there exists an ordinal «,, < w; such that, for each
a > ay, we have |z, —z| < 1/n. Set f = sup, ey @,. Then § < w; and, for each
a < wy with > 5 we have |z, — x| < 1/n for all n € N so that z, = x. This is a

contradiction. O
The next lemma is clear.

Lemma 6.2.2. Let X,Y be compact spaces, let A be a uniform algebra on X, and
let B be a uniform algebra on Y. Suppose that B is a generalised Cole extension of
A with associated maps w:Y — X and T : C(Y) — C(X). Let D € D(B). Then
there exists Dy € D(A) such that D(m*(f))(7*(g)) = Do(f)(g) for all f,g € A.

The next lemma provides the construction in this section.

Lemma 6.2.3. Suppose that, for every non-trivial uniform algebra Ay on a compact
space Xg, and each D € Dy(A) there exist a compact space X1 and a uniform

algebra A1 on X1 with the following properties:

(a) Aj is a generalised Cole extension of Ay with associated maps m : X1 — X,

and Ty : C(X1) — C(Xo);

(b) if D € Dy(Ay) such that D(xi(f))(7t(g)) = D(f)(g), for all f,g € Ay, then
1D] > 1D

Let A be a uniform algebra on a compact space X. Then there exists a uniform
algebra B on a compact space Y such that B is a generalised Cole extension of
A, with associated maps w1 Y — X and T : C(Y) — C(X), and such that, for
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each D € Dy(A) and each D € Dy(B), we have D(7*(f))(7*(g)) = D(f)(g), for
all f,g € A, we have ||D|| > ||D|.

Proof. We may assume, without loss of generality, that D(A) # {0}. Fix an ordinal
7 such that there exists a bijection ¥ : {a: @ < 7} — Dy(A). We construct a
system of generalised Cole extensions ((Xa, Ta,8), (Aa, T 3))a<p<r satisfying the
following condition: for each a < 3 < 7, if there exists D € D(Ap)

D(mo5(f))(mo,5(9)) = D(f)lg) (.9 € Ao), (6.4)

where D = 1p(ar) € Dy(Ag), then | D|| > ||D].

Set Xy := X, Ag := A, mp = idx, and T := id¢(x). The condition above
holds for g = 0.

Assume now that, for some ordinal v < 7, we have constructed the system of
generalised Cole extensions ((Xa, 7o ), (Aa; Ta,3))a<p<y satisfying the condition
above. We extend this system as follows.

If v is a successor ordinal, say 7 = 0 + 1, then Aj is a non-trivial uniform
algebra. Let D = 9(6). If there is no D € Dy(As) satistying (6.4) (with 3 = §),
then set X, := X;, A, 1= As, 5, = idx;, and T;, := ido(x;)-

Otherwise, there exists D5 € Dy(As) satisfying (6.4). By the assumptions of
the lemma, there exists a uniform algebra A, on a compact space X, such that

A, is a generalised Cole extension of A, with associated maps 75, : X, — X5 and

Ts. : C(X,) — C(X;) and such that, if D € Dy(A,) such that

D5, (F)(75,(9)) = Ds(f)(9),
for all f, g € Ajs, then | D|| > ||Ds]|.

In either case set m,, = idx,, T,, = idg,) and, for each a < 4, set
Tany 1= Tas 0 M5y and Ty, o := T, 50 T5.. Then ((Xq,Ta8), (Aas Ta,8))a<p<y is the
desired extension of the system of generalised Cole extensions.

If v is a limit ordinal then let (X, (7q,)a<y) be the inverse limit of the
inverse system (Xa, (Ta,5))a<p<y, and let (A, (77, )a<y) be the corresponding
direct limit of direct system (Aa, 7} 5)a<p<y- Set T, = idx, and T, , = idg(x,)-
By Lemma 5.1.6, there exist bounded linear maps T, - : C(X,) = C(X,) (o <)
such that T, (1) = 1, [|[Tayl| = 1, Tay o 7, , = ido(x,), and T, ,(A,) = A, for all
a< 7.

Let a <, let D = 1)(a), and let § = o + 1. If there exists D € Dy(A,) such
that (6.4) holds (with 8 = ), then—by Lemma 6.2.2—there exists Ds € Dy(As)
such that

D(mo,, (f)(70,(9)) = Di(mo,5(f))(m0,5(9)) = D(f)(9),
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for all f,g € Ag. Thus || D|| > || Ds| > || D]

It follows that ((Xa,7as),(AasTas))a<p<y is the desired extension of the
system of generalised Cole extensions.

The induction proceeds and we obtain a system of generalised Cole extensions
(Xa, Tap)s (Aa, Tag))a<p<r satisfying the specified conditions. Let B = A,
Y .= X, 7 := 7w, and T := Tj,. Then B is the desired generalised Cole

extension of A. m
The main result of this section is the following.

Theorem 6.2.4. There exists a non-trivial uniform algebra A on a compact space
X with the following property: for every D € Dy(A) and every uniform algebra
B on a compact space Y, such that B is a generalised Cole extension of A with
associated maps 7Y — X and T : C(Y) — C(X), if there exists D € Dy(B)
such that D(x*())(x*(g)) = D(f)(g) for all f,g € A then |D|| = |DJ.

Proof. Assume, towards a contradiction, that no such uniform algebra exists. In
particular, this implies that there does not exist non-trivial, weakly amenable
uniform algebras. Now, for every non-trivial uniform algebra Ay on a compact
space Xy and every D € Dy(Ay), there exists a uniform algebra A; on a compact
space X satisfying (a) and (b) in Lemma 6.2.3. Let w; denote the first uncountable
ordinal. We apply Lemma 6.2.3 inductively to construct a non-trivial, weakly
amenable uniform algebra, and hence obtain a contradiction. To do this, we
construct a system of generalised Cole extensions ((Xa, 7o), (Aas Ta.8))a<p<w
such that, for each o < wy, if D, € Dy(A,) and De Do(Aqy1) with

D(mg 011 (N)(501(9) = Da(f)(9)  (f,9 € Aa), (6.5)

then ||D|| > || Da|. Fix a non-trivial uniform algebra A, on a compact space X.
Let mop :=idx, and Ty = ide(xy)-

Assume that, for some ordinal v < w;, we have constructed a system of
generalised Cole extensions ((Xo, Ta,5), (Aa, T))a<ps<~ such that, for each o < v,
if D, € Do(Ay) and D € Dy(Aqs1) satisfies (6.5) then || D] > ||Dqal||. We extend
the system as follows.

First suppose that v is a successor ordinal, say v = d+1. Then, by Lemma 6.2.3,
there exists a uniform algebra A, on a compact space X, such that A, is a
generalised Cole extension of Aj, with associated maps 75, : X, — X; and
T5 : C(X,) — C(Xys), and, for each D € Dy(As) and each De Dy(A,) satisfying
(6.5) (with a = §), we have ||D| > ||D|. Set m,, = idx,, T, = ide(x,)
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and, for each a < 9, set m,, = ma5 075, and T, := T,5 0 T5,. Then
(Xa,ma,8), (Aas Tag))a<p<y is the desired extension of the system of generalised
Cole extensions.

Now suppose that v is a limit ordinal. Let (X, (Ta,)a<y) be the inverse limit of
the inverse system (Xa, (Ta,))a<g<y, and let (A, (77, )a<y) be the corresponding
direct limit of direct system (Aq, 7} 5)a<p<y- Set T, 1= idx, and T, , = idg(x,)-
By Lemma 5.1.6, there exist bounded linear maps 7, : C'(X,) = C(X,) (a < %)
such that, for all a < v, we have T, ,(1) = 1, [|[Ta,|| = 1, Tay o, , = ido(x.),
and T, ,(A,) = A,. It is now clear that the system of generalised Cole extensions
(Xa, Ta8)s (Aas Ta g))a<p<y has the desired properties.

The induction may now proceed, and we obtain a system of generalised Cole
extensions ((Xa, Ta.8), (Aa, Tag))a<p<w, With the property described above. We
claim that A, is weakly amenable.

We prove the claim by contradiction. Suppose that D € Dy(A,,). Then, by
Lemma 6.2.2, for each o < wy there exists D, € D(A,) such that

D(mg o, (N (Mo (9)) = Da()(g)  (f,9 € Aa).

Since D is non-zero, there exists an ordinal oy < wy such that D,, € Dy(Aa,). By

the construction, for each ordinal o with ay < a < wy, we have
DI = |1 Datill > (| Dall = (| Day I

In particular, (||Da|)eL,, is a strictly increasing net of positive real numbers
indexed by the ordinals up to the first uncountable ordinal. This net cannot have
a finite limit, by Lemma 6.2.1, so we conclude D cannot be continuous. This is a
contradiction, so no such D can exist. Hence A,, is weakly amenable. This proves

the claim and completes the proof. m

Note that, the above construction yields a non-trivial weakly amenable uniform

algebra. So we obtain the following corollary.
Corollary 6.2.5. Ezxactly one of the following occurs:
(a) there exists a non-trivial, weakly amenable uniform algebra;

(b) there ezists a non-trivial uniform algebra A with D(A) # {0} such that, for
every generalised Cole extension B of A, with associated maps w and T, and
every derivation D € D(A), if there exists a derivation D € D(B) such that

D(w*(f))(7*(9)) = D()(9),
for all f,g € A, then |D|| = ||D|.
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6.3 An example: the disk algebra

In this section we discuss a specific example of the extension of a derivation from
the disk algebra, to the Cole extension of the disk algebra. This example will
illustrate that finding uniform algebra extensions such that derivations extend
with a strictly larger norm is not trivial. In this section A = A(D) is the disk
algebra, and let ¢(t) = t* — Z € A[t] (where Z € A is the coordinate function
z+ 2 (2 € D)). The content of this section is discussed in [23], we give the full
details of the constructions discussed there.

We begin with the following lemma. We include the details for the convenience

of the reader.

Lemma 6.3.1. Let B := alg,{Z*" : n € No} C A. Then A9 is isometrically
isomorphic to A, via the algebra isomorphism 0, and 0(7}(A)) = B.

Proof. Let ¢ : D — D be the map ¢(z) = 22 (z € D). Then ¢ is an analytic,
surjective map and so * is an isometric, unital algebra homomorphism from A
into A, such that ¢p*(A) = B.

The function Z has no zeroes on I'(A) (which is the unit circle T) so, by
Theorem 5.5.6(b), we have p, - 7%(A) = p, - 7*(A) and, by Corollary 5.5.8, we have

q q
At =m(A) +pg -7, (A).
Let 6 : C((D)?) — C(D) be the map given by

0(f)(&) = f(€%.€) (€D, feC((D))).

Clearly 0 o, = ¢*, and 0(p,) = Z, by definition, so that §(A?) C A. In fact, since
A? is polynomially generated by p,, it follows that §(A%) = A. It is easy to see

that 6 is indeed a homomorphism and is isometric. This completes the proof. [

Note that B is not a uniform algebra on D, since it fails to separate the points
of D.

Remark 6.3.2. For a similar result, see [89, Lemma 3.2.9]. Note also that ¢ in the
above is simply the adjoint of the map & — (£2,€) : D — (D).

For the remainder of the section, we write ¢ : A — A for the map f > f o Z2,
and 6 is the isometric algebra isomorphism from Lemma 6.3.1. Let p: A — A be
the function u(f) = fZ (f € A) and let § : u(A) — A be the function 6(Zf) = f
(f € A). Tt is easy to see that both of these maps are well-defined, continuous
B-module homomorphisms such that ||0]| = ||u|| = 1.
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We now consider extensions of derivations from the disk algebra into its dual.
Let P : A — A be the projection given by P = fonfoT o™, and let
@ : A — A be the projection () = idy — P. Let B be as in Lemma 6.3.1. Then
P(A) = B and both P and @ are contractive. It is easy to verify that the maps
1,6, P and @ satisfy the conditions of Theorem 6.1.9, see also Corollary 6.1.10.

The following lemma is an easy consequence of Theorem 6.1.9.

Lemma 6.3.3. Let D : A — A* be a non-zero, continuous derivation. Then

D(u(fr) + Zu(f2))((gr) + Ze(g2)) = D(f1)(g1) + ;(D(Zﬁ)(gﬁ + D(f2)(292)>,

(6.6)
for each f1, fa, 91,90 € A, defines a continuous derivation from A into A* such
that (6 om})* o Do(fo m) = D. Moreover, || D| < |D| < 2|D].

We investigate, in particular, the extensions of the derivation Dy € D(A) given
by Do(f)(g) = f'(0)g(0) for each f,g € A. Clearly Dy is a non-zero, continuous
derivation with || Dy|l = 1.

Let Ag = A. For each n € N, we define the uniform algebras A, = 0(A!_,).
Then A,, = A for all n, and A,,_ is isometrically embedded into A,, as the algebra
B. As in [23], for each n € N, let D,, € D(A) be the map

(f'9)™(0)

Dn(f)(g):m (f,9 € An).

Note that Dy is also of the form above, when n = 0, and that, for each n € Ny,
D,, is a continuous derivation from A into A*. This sequence of derivations is also

investigated in [61, Section 5.6].

Lemma 6.3.4. Fizrn € N. Let D, € D(A) be obtained by applying (6.6) to
D, € D(A). Then D, = Dy, y1.

Proof. Fix n € Ny. Since the polynomials are dense in A and ﬁn, Dy, are linear,
we need only check that D,, and Ds, 1 agree on the powers of Z.

Let j,k € Ny. First note that D, (Z%+1)(Z%*) = D,(Z%)(Z**+') = 0. If j = 0,
then D, (Z%) = 0, since D, is a derivation, so, in the first case, we may assume
that 7 > 0. We have

< N 0  j+k—1#n,
Dy(Z9)(2%) = ——5 (G270 = ¢ 7
(n+1)! A jtk—-1=n
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Similarly,
D, (2241 (721 = ( C 1) 20 () iR () )
(22 = 5 (G D200 + (G2 0)

and it follows that

D~n(22j+1)<22k+1) — 0 j +k 7é n,

2j+1 .
2(jflg+1) jt+k=n
On the other hand, we have
1 L j+k—1#2n+1,

D2n+1(Zj)(Zk) _ (jzj+k—1)(2n+1)(0)

(2n +2)! A jtk—l1=2n+1,

Note that 2n + 1 is odd so that j + k£ must be even. It follows that
Doyt (Z5N)(Z%%) = Doyir(Z7)(Z2%1) = 0,

for all j, k € No. It now follows that D,,(Z7)(Z*) = Dayn1(Z7)(Z¥) for all j, k € Ny
and so D,, = Do, by linearity and continuity. This completes the proof. O]

We now aim to show that, for each n € N, the norm of D, is 1 so that the
derivation Dy extends to the Cole extension A? and the norm is preserved. This is
the content of Proposition 6.3.5, which is due to Michael White. We will give the
details of the proof for the convenience of the reader. Before stating and proving

the result, we first recall some standard facts about Fourier series of disk algebra

functions.
Let f € A. For each n € Z, we define
o 1 27 ) )
fn)yi= oo [ fle)e ™ at
27 Jo

We call f(n) the nth Fourier coefficient of f. By Cauchy’s theorem, we have
f(n) =0 for all n € Z with n < 0, and

. (n)
fy =0

(n€Z,n>0).

By standard results of Fourier series (see, for example, [5, 72, 93]), we have
f(e%) =3 fm)e™  (t € [0,2n])
n=0

and f € (2, where ¢? denotes the Hilbert space of all square-summable complex
sequences and f = (f(n))>>,. We also have f'(n) = inf(n) for all n € Ny. We
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also note that |f|, = |f|z (where T is the unit circle) and || f]|, = || f||, where the
latter norm is taken in L?(T), with respect to the normalised Lebesgue measure
on T. Note also that [|f|l, < |flg.

We can now prove the following.
Proposition 6.3.5 (White). For each n € Ny, we have ||D,|| = 1.

Proof. Fix f,g € A and n € N. We have

(n+1)! =\

ey ORI

1) latn = )]

1F()Ig(n = j)|

INA
INgE

§=0

<
Il
o
3

A
L= L=

— .
Il

<

[ Flla1191l5

Now we have ||, = I1fll; and (|3, = fll, where [[£], gl ave the norms in
L2(T). But now [|f]l, < |f|5 and [lgll, < lglp- Thus || Dy < 1.
The result is proved by observing that D,,(Z"™1)(1) = 1 so that || D,| > 1. O

We now examine the extension of arbitrary derivations from the disk algebra
when we adjoint square roots to a function of the form Z — a (a € C). We shall
demonstrate that if « € C\ D then there is a contractive, surjective, unital algebra
homomorphism 6 : A7 — A such that 6 o m; = id4. The results in the remainder

of this section are all new.

Theorem 6.3.6. Let o € C\D, let h = Z — «, and let p(t) = t> —h € A[t]. Then
there exists a contractive, surjective, unital algebra homomorphism 6 : AP — A

with 6 o 7T; = ldA

Proof. Suppose that & € C\ D. Then Z — « has no zeros on D so that there
exists an analytic function g on D such that g> = Z — a on . Then ¢ extends to
a continuous function § on D so that § € A. By Corollary 5.6.17, there exists a
contractive, surjective, unital algebra homomorphism 6 : A” — A with fom, = id4.

This completes the proof. n

As a consequence of Theorem 6.3.6, Corollary 6.1.10, and Corollary 6.1.5 we

obtain the following.
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Corollary 6.3.7. Let D € D(A), let a € C, and let p(t) = t* — (Z — ). Then
there exists D € D(AP) such that D(f)(g) = D(?T*(f))(ﬂ';(g)) for all f,g € A.
|

o
Moreover, if o € C\'D then D can be chosen such that | D|| = ||D]|.

6.4 Open problems and discussion

In this section, let X be a compact space and let A be a uniform algebra on X.
The first problem is a famous open problem regarding weak amenability of uniform

algebras.

Question 6.4.1. Suppose that A is weakly amenable. Does it follow that A is

trivial?

Our results in Chapter 6 show that an interesting dichotomy exists. Either there
exists a non-trivial, weakly amenable uniform algebra, or there exists a uniform
algebra B such that for every generalised Cole extension of B, every continuous
derivation from B into B* extends to a continuous derivation from the extension,
and this extension is norm preserving.

We do not know whether an integrally closed! uniform algebra (see, for example,
[31]) necessarily has the latter property described above. Indeed, any simple
Cole extension of such a uniform algebra will yield a contractive unital algebra
homomorphism from the Cole extension to the original algebra (Corollary 5.6.17);
thus every derivation extends and norms are preserved. However, this Cole

extension need not be integrally closed.

Question 6.4.2. Let Y be a compact space and let B be a uniform algebra
on Y. Suppose that there is an isometric algebra homomorphism 6 : A — B.
Let D € D(A). When is it true that D extends via # to D € D(B) such that
1Dl = 1 D])?

The results discussed in the present chapter give some special cases of when it
is possible to extend a continuous derivation to the larger uniform algebra. We
do not have sharp estimates for the norm of an extension in general, or have an
example of a derivation which extends with a strictly larger norm.

Let K be the kernel of the map 74 : A® A — A given by a ® b — ab. In [58],
Grgnbzek shows that D(A) is isomorphic to (K/K2)*, where the closure of K? is

Let A be a commutative algebra. We say that A is integrally closed if, for each monic
polynomial ¢(t) € A[t], there exists an element a € A such that g(a) = 0.
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taken in the projective tensor product A @ A. (See also [95].) The following is

essentially a rewording of the previous question.

Question 6.4.3. Let A; be a closed subalgebra of A. Let K; be the kernel of
the map a ® b +— ab: Ay ® Ay — A;, and let K be as above. When is Kl/Fl2

isomorphic to a closed linear subspace of K/K2?

The following question is related to the content of Section 6.3.

Question 6.4.4. Let « € D. Let D : A(D) — A(D)* be the derivation given
by D(f)(g9) = f'(a)g(a) for all f,g € A(D). If we construct a similar sequence
of extensions of A(D) and a sequence of derivations D,, : A(D) — A(D)*, as in

Section 6.3, do we necessarily have || D, || = || D|| for all n € N7

Note that there is a complete characterisation of the derivations from the disk
algebra into its dual (due to Choi and Heath [21]).



APPENDIX A

Operator spaces and operator

algebras

In this section we briefly discuss operator spaces, operator algebras, C*-algebras,
and maps between these objects. We refer the reader to [12, 34, 91] for further
details on operator spaces and operator algebras, and to [27, 87] for details on

C*-algebras.

A.1 (*-algebras

Before we can introduce operator spaces and operator algebras, we must recap

some elementary theory related to C*-algebras.

Definition A.1.1. Let  be an algebra. An involution on 2 is a map -* : A — A
such that (a*)* = a (a € A), (ab)* = b*a* (a,b € A), and (aa + Bb)* = @a* + Bb*
(a,b €A «, € C). An algebra with an involution is called a *-algebra.

Let A be a x-algebra, and let a € A. We say that a* is the adjoint of a. We
say that a is self-adjoint if a* = a. We denote the set of all self-adjoint elements of
A by Usa- A x-subalgebra of 2 is a subalgebra B of 2 such that B is a *-algebra

when given the restricted involution from 2.

Note that, if 21 is unital, then 1} = 1y, and if a € inv2A then (a=1)* = (a*)~L.
Let 2,8 be x-algebras, and let 6 : 2l — B be an algebra homomorphism. We say
that 6 is a x-homomorphism if, for all a € 2, we have 0(a*) = 0(a)*.

Definition A.1.2. Let 2 be a x-algebra. We say that 2l is a Banach *-algebra

if 2 is a Banach algebra such that the involution on 2l is isometric. We say

177
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that 2 is a C*-algebra if A is a Banach x-algebra and, for all a € 2, we have
laa|| = [la*a]| = ||a]*
Let 2 be a C*-algebra. A C*-subalgebra of 2 is a closed subalgebra B such

that B is a C*-algebra when given the restricted involution from .

It is standard that if 2 is a C*-algebra then the norm on 2{ is unique. In addition,
C*-algebras have several useful properties, including the following automatic
continuity result. (See Corollary 3.2.4 and Theorem 3.2.23 of [27].)

Proposition A.1.3. Let 2 and B be C*-algebras, and let § : A — B be a *-
homomorphism. Then 0 is contractive and () is a C*-subalgebra of B. Moreover,

if 0 is injective then 0 is isometric.

Let X be a compact space and let A = C'(X). Then A is a C*-algebra when
given the involution f — f (f € A).
A.2 Operator spaces and operator algebras

Let X be a linear space, and let m,n € N. We denote by M, ,,(¥X) the linear space

of all m x n matrices

11 0 Tin

Tm,1 *°° Tmn
where x;; € X fori = 1,...,m and j = 1,...,n. We shall often write [2; ;]mn
for an element of M, ,,(X) with entries z; ; fori =1,...,mand j=1,...,n. We

write M, (X) == M,, ,(X), and [z, ], for an arbitrary element of M, (X). We shall
often identify X with M, (X). It is easy to see that M, ,(X) is a linear space. We
write M, , == M., ,,(C). We give M,,(C) the (unique) norm by regarding M,, as
B(C™), which we shall always denote by ||a|| for e € M,. (It should be clear from

context which norm we require.)

Definition A.2.1. An (abstract) operator space is pair (X, (|| - ||,,)) consisting of a
linear space X and norms || - ||, on M, (X) (n € N) such that

(a) foralln € N, a, 8 € M, and x € M, (X) we have |jaxp| < || |x],IIB8]
(b) for all m,n € N, x € M,,,(¥X), and y € M,,(X) we have

x 0
[ = max{||x||,,, [l¥ll,.}-
0y

m—+n
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We shall often write X is a operator space and omit the sequence of associated
norms.

It is standard that a C*-algebra 2 automatically inherits an operator space
structure by considering an embedding of 2l into B(H), for some Hilbert space H,
and giving M, (2() the norm from B(#H") for each n € N. (See, for example, [34,
Chapter 2], [12, Chapter 1], or numerous books on C*-algebra theory.)

Definition A.2.2. Let X and 2) be operator spaces, and let T" : X — 2) be
a linear map. We write 7 : M, (X) — M, (2)) for the linear map such that
T ([z;4]n) = [T(2:5)]n for [;;], € M,,(X). We say that T is completely bounded
if

Il = sup{IT™ ()], = x € Ma(%), [|x[l,, < 1,n € N} < o0.

We say that T is completely contractive if each map T™ is a contractive linear
map from M, (X) into M, (2)) (n € N). We say that T is completely isometric if

each map T™ (n € N) is an isometry.

It is standard in the theory of operator spaces that a pair (X, (]/-|,)) is an
operator space if and only if there exist Hilbert spaces H,C and a completely

isometric linear map p : X — B(H; K).

Definition A.2.3. An operator algebra is an operator space 2 which is also a
Banach algebra such that there exist a Hilbert space H and a completely isometric

algebra homomorphism p : A — B(H).

We may regard a uniform algebra as a commutative, unital operator algebra
with a certain choice of matrix norms. In particular, we can use the results from
operator algebra theory in a study of uniform algebras. In the remainder of this
section, we describe various results which will be useful in the study of uniform
algebras.

The first proposition is [34, Proposition 2.2.6].

Proposition A.2.4. Let X be an operator space, let A be a commutative C*-
algebra, and let T' € B(X; A). Then T is completely bounded and ||T| ., = ||T.

In particular, if T' (as above) is contractive then T" is completely contractive.
Note that, if 7" maps X into a uniform algebra A (on a compact space X), then T
maps X into C'(X), and so we can apply the above proposition.

Our second proposition is effectively [12, Corollary 4.2.9].
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Proposition A.2.5. Let 2 be a unital operator algebra, let B be a unital subalgebra
of A, and let P be a completely contractive projection on 2 such that P(2) = B.
Then

P(biaby) = by P(a)by (a € A, by, by €B).

By combining the above propositions, we obtain the following Lemma.

Lemma A.2.6. Let X be a compact space, let A be a uniform algebra on X, let
B be a unital subalgebra of A, and let P be a contractive, unital projection on A
such that P(A) = B. Then

P(blabg) = blp(a)bg (CL c A, bl,bQ € B)
The following proposition is part of [11, Lemma 4.1].

Proposition A.2.7. Let 2 be a unital operator algebra, let P be a unital projection
on A, and let ) = idy — P. Suppose that Q) is completely contractive. Let
C :=ker P. Then C* C P(A).
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