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Abstract

In this thesis we investigate the properties of various Banach function algebras
and uniform algebras. We are particularly interested in regularity of Banach
function algebras and extensions of uniform algebras.

The first chapter contains the background in normed algebras, Banach function
algebras, and uniform algebras which will be required throughout the thesis.

In the second chapter we investigate the classicalisation of certain compact
subsets of the complex plane obtained by deleting a sequence of open disks from a
closed disk. Sets obtained in this manner are called Swiss cheese sets. We give a
new topological proof of the Feinstein–Heath classicalisation theorem along with
similar results. We conclude the chapter with an application of the classicalisation
results. The results in this chapter are joint with H. Yang.

In the third chapter we study Banach function algebras of functions satisfying
a generalised notion of differentiability. These algebras were first investigated by
Bland and Feinstein as a way to describe the completion of certain normed algebras
of complex-differentiable functions. We prove a new version of chain rule in this
setting, generalising a result of Chaobankoh, and use this chain rule to give a new
proof of the quotient rule. We also investigate naturality and homomorphisms
between these algebras.

In the fourth chapter we continue the study of the notion of differentiability from
the third chapter. We investigate a new notion of quasianalyticity in this setting
and prove an analogue of the classical Denjoy–Carleman theorem. We describe
those functions which satisfy a notion of analyticity, and give an application of
these results.

In the fifth chapter we investigate various methods for constructing extensions
of uniform algebras. We study the structure of Cole extensions, introduced by Cole
and later investigated by Dawson, relative to certain projections. We also discuss
a larger class of extensions, which we call generalised Cole extensions, originally
introduced by Cole and Feinstein.
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In the final chapter we investigate extensions of derivations from uniform
algebras. We prove that there exists a non-trivial uniform algebra such that every
derivation extends with the same norm to every generalised Cole extension of that
algebra. A non-trivial, weakly amenable uniform algebra satisfies this property.
We also investigate a sequence of extensions of a derivation from the disk algebra.
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Mathematics may be defined as the subject in which we never know
what we are talking about, nor whether what we are saying is true.

Bertrand Russell Mysticism and Logic (1918)



Chapter 1

Introduction and basic results

This chapter contains an outline of the thesis and the major results, along with
the basic definitions, standard results, notations, and conventions that will be
used throughout this thesis. All the definitions and results from this chapter are
standard and, where no explicit reference is given, we refer the reader to standard
texts on Banach algebras [13, 27] for details.

We assume that the reader is familiar with standard results from the following
subjects (references given in brackets): complex analysis ([3, 26, 93]), general
topology ([74]), functional analysis ([5, 25, 94]), measure theory ([60, 93]), rings
and algebras ([14, 53]), and linear algebra.

In this thesis, we label prominent results as either theorems or propositions. We
reserve the former for new results, and the latter for results which are not original
and where a reference is given. Where possible, we provide references for those
lemmas and corollaries which are not original.

Each chapter begins with a short introduction containing historical context
and motivation for the content of that chapter. In addition, we conclude each
chapter with a section containing open problems (and accompanying discussion)
related to that chapter.

1.1 Outline and major results

In this section we give an outline of the thesis and state the major results. These
results are displayed in order of appearance, and are sectioned according to chapter.
We direct the reader to the respective chapter for the terminology and symbols
used in the statement of each theorem.
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1.1.1 Chapter 2

Chapter two contains a study of abstract Swiss cheese space. We use the topology
on this space to prove various classicalisation theorems for Swiss cheese sets,
including the Feinstein–Heath theorem.

In Section 2.1 we introduce abstract Swiss cheese space, and prove some ele-
mentary facts about this space. We also introduce some functions and terminology
that will be used throughout the chapter.

In Section 2.2 we give a topological proof of the Feinstein–Heath theorem. This
is achieved by constructing compact subsets S2 ⊆ S1, related to a given abstract
Swiss cheese, of abstract Swiss cheese space. We first prove that all abstract Swiss
cheeses in S1 are semiclassical, thus providing a ‘semiclassicalisation’ theorem.

Theorem 2.2.7. All abstract Swiss cheeses in S1 are semiclassical.

We then show that S2 contains only classical abstract Swiss cheeses, from which
we obtain the Feinstein–Heath theorem.

Theorem 2.2.9. All abstract Swiss cheeses in S2 are classical.

Finally we show that, under a mild assumption, we need not consider S2 to
find classical abstract Swiss cheeses.

Theorem 2.2.10. Suppose that int(XA) = ∅. Then each abstract Swiss cheese in
S1 is classical.

In Section 2.3 we prove a new classicalisation theorem, which we call the
‘controlled classicalisation’ theorem. Here we place restrictions on the changes that
can be made, thus providing finer control on the resulting classical abstract Swiss
cheese. This is achieved by considering controlling collections.

Theorem 2.3.7. Let I ⊆ N be non-empty. Let (Kn)n∈I be a collection of compact
plane sets and let (Mn)n∈I be a collection of positive real numbers. For each
n ∈ I, let Un := U(Kn,Mn). Suppose that Uk ⊆ B(a0, r0) and ρUk(A) < Mk/2
for all k ∈ I and suppose that Uk ∩ U` = ∅ for all distinct k, ` ∈ I. Let C be the
controlling collection ((Kn, Un))n∈I and suppose E(A) ⊆ F (C). Then there exists
B = ((bn, sn)) ∈ L∗A(C) such that XB \ V (C) = XA \ V (C) and B is classical.

In Section 2.4 we prove an analogue of the Feinstein–Heath theorem for annular
abstract Swiss cheeses using techniques similar to those in Section 2.2.
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Theorem 2.4.5. Let A be as in Lemma 2.4.3. Then there exists a classical,
annular Swiss cheese B = ((bn, sn)) ∈ A with δann(B) ≥ δann(A) and XB ⊆ XA.
Moreover, r0 − 2ρann(A) ≤ s0 ≤ r0 and r1 ≤ s1 ≤ r1 + 2ρann(A).

In Section 2.5 we investigate the regularity of R(X) where X is obtained from
the union of a family of compact plane sets.

Theorem 2.5.4. Let X be a compact plane set and let E be a countable subset of
X. Let (Xα) be a family of compact plane sets such that R(Xα) is regular for all
α and ⋃α intX (X ∩Xα) ⊇ X \ E. Then R(X) is regular.

Section 2.6 contains the construction of a classical Swiss cheese to replace an
example due to O’Farrell, and uses the techniques and results developed in the
chapter.

Theorem 2.6.6. Let ε > 0. Then there exists a classical abstract Swiss cheese
B = ((bn, sn)) with 0 ∈ XB and ρ(B) < ε and such that R(XB) is regular and
admits a non-degenerate bounded point derivation of infinite order at 0.

1.1.2 Chapter 3

In Chapter 3 we study algebras of functions that satisfy a generalised notion of
(complex) differentiability, which we call F -differentiation. The main aim in this
chapter is to prove a general version of the chain rule in this setting, and investigate
the properties of these algebras.

In Section 3.1 we recall some definitions and results related to paths in the
complex plane, and in Section 3.2 we recall some definitions related to algebras of
(continuously) complex-differentiable functions on certain subsets of the complex
plane.

In Section 3.3 we provide a short introduction to F -differentiation and Bland–
Feinstein algebras. We then investigate maximal collections of paths; this is the
content of Section 3.3.2. These maximal collections of paths are used to introduce a
notion of compatibility between collections of paths. We prove that these maximal
collections of paths are determined by dense sets of functions, in an appropriate
space. This has some important corollaries. In particular, it allows us to connect
our general version of the chain rule (below) with previous results.

Theorem 3.3.22. Let S ⊆ C(X)⊕1 C(X). Then p(S) = p(S).
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In Section 3.4 we give the proof of the general chain rule for F -differentiation,
and list several consequences. For this version of the chain rule we utilise a notion
of compatibility between collections of paths.

Theorem 3.4.2. Let X, Y be a semi-rectifiable compact plane sets, let F be an
effective collection of paths in X, and let G be an effective collection of paths in Y .
Let ϕ ∈ D(1)

F (X) with ϕ(X) ⊆ Y . Suppose that ϕ is F-G-compatible. Then, for all
f ∈ D(1)

G (Y ), f ◦ ϕ is F-differentiable and (f ◦ ϕ)[1] = (f [1] ◦ ϕ)ϕ[1].

In section 3.5 we give two further applications of the new chain rule to find
homomorphisms between algebras of F-differentiable functions. The first is for
algebras of n-times F -differentiable functions, and is an immediate consequence of
the Faà di Bruno formula for F -derivatives.

Theorem 3.5.1. Let X, Y be semi-rectifiable compact plane sets and let n ∈ N.
Let F be an effective collection of paths in X, let G be an effective collection of paths
in Y , and let ϕ ∈ D(n)

F (X). Suppose that ϕ(X) ⊆ Y and that ϕ is F-G-compatible.
Then ϕ∗ is a unital algebra homomorphism from D(n)

F (Y ) into D(n)
F (X).

The second is for the F -differentiation analogue of Dales–Davie algebras.

Theorem 3.5.3. Let X, Y be semi-rectifiable compact plane sets, let n ∈ N, let
F be an effective collection of paths in X, let G be an effective collection of paths
in Y , let M = (Mn)∞n=0 be a non-analytic algebra sequence, and let ϕ ∈ D(∞)

F (X).
Suppose that ϕ is F-analytic, that ϕ(X) ⊆ Y , and that ϕ is F-G-compatible.

(a) If ϕ satisfies and |ϕ[1]|X < 1 then ϕ induces a homomorphism from DG(Y,M)
into DF(X,M).

(b) If the sequence (n2Mn/Mn+1) is bounded and |ϕ[1]|X ≤ 1 then ϕ induces a
homomorphism from DG(Y,M) into DF(X,M).

In Section 3.6 we investigate sufficient conditions for algebras of F -differentiable
functions to be natural Banach function algebras. We characterise those collections
of paths F such that the complex conjugate function is F -differentiable and has
constant F -derivative. This gives some sufficient conditions for these algebras to
be natural.

Theorem 3.6.11. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Then Z ∈ D(1)

F (X) and Z [1] is constant on X if
and only if there exists θ ∈ (−π, π] such that, for each γ ∈ F , there exists xγ ∈ X
with γ∗ ⊆ L(xγ, θ) ∩X.
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1.1.3 Chapter 4

In Chapter 4 we continue our study of F -differentiable functions. In particular, we
study new notions of quasianalyticity and analyticity for F -differentiation, which
we call F -quasianalyticity and F -analyticity, respectively.

Section 4.1 contains a short survey of quasianalyticity in the theory of Banach
function algebras.

In Section 4.2 we introduce a new notion of quasianalyticity for F -differentiation,
and prove a new version of the classical Denjoy–Carleman theorem in this setting.

Theorem 4.2.7. Let Γ : [a, b] → C be an admissible path and let F denote the
collection of all subpaths and reverses of subpaths of Γ. Let (Mn)∞n=0 be a sequence
of positive real numbers such that ∑∞n=1 M

−1/n
n =∞. Suppose that f ∈ D(∞)

F (Γ∗)
and z0 ∈ Γ∗ satisfy

|f [k]|Γ∗ ≤Mk and f [k](z0) = 0 (1.1)

for all k ∈ N0. Then f(z) = 0 for all z ∈ Γ∗.

In Section 4.3 we study the differences between various notions of analyticity.
The next theorem gives an example of a compact set in C and a collection of paths
where these notions of analyticity differ.

Theorem 4.3.4. There exist a simple compact plane set X, an effective collection
of paths F in X, and g ∈ D(∞)

F (X) such that g is F-analytic but not analytic.

We then give a characterisation of F-analytic functions in terms of their
behaviour on each of the paths under consideration.

Theorem 4.3.5. Let X be a semi-rectifiable compact plane set, let G be an effective
collection of paths in X, and let g ∈ D(∞)

G (X) be G-analytic. Then, for each γ ∈ G
there exist an open neighbourhood U of γ∗ and an analytic function f : U → C
such that f |γ∗ = g|γ∗.

In Section 4.4 we study sets of quasianalyticity to determine the relationship
F -quasianalyticity and the collection of paths F . The next theorem asserts that,
in some cases, sets of quasianalyticity are always connected.

Theorem 4.4.5. Let x ∈ X. Suppose that A is a natural Banach function algebra
on X. Then QA,F(x) is a connected subset of X.

We show that sets of quasianalyticity can be used to determine whether an
algebra A is quasianalytic or F -quasianalytic.
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Theorem 4.4.6. The algebra A is quasianalytic if and only if, for each x ∈ X,
QA,F(x) contains the component of X containing x, and A is F-quasianalytic if
and only if, for each x ∈ X and γ ∈ F with x ∈ γ∗, we have γ∗ ⊆ QA,F(x).

We then establish the connection between sets of quasianalyticity relative to a
given collection of paths and to the associated maximal collection of paths. The
next theorem provides the main tool for proving this connection.

Theorem 4.4.10. Let G be an effective collection of paths in X, let E ⊆ X, and
let z0 ∈ X. Suppose that A ⊆ D(∞)

G (X) and that ιG(f) = ιF(f) for all f ∈ A. Then
E is set of A-quasianalyticity for z0 with respect to F if and only if E is a set of
A-quasianalyticity for z0 with respect to G.

Section 4.5 contains the construction of a classical Swiss cheese set to replace
an example due to Feinstein.

Theorem 4.5.4. There exists a classical abstract Swiss cheese A = ((an, rn)) such
that R(XA) is not regular and does not admit any non-trivial Jensen measures.

1.1.4 Chapter 5

In Chapter 5 we investigate certain methods for extending uniform algebras. We
begin by exploring the properties of Cole extensions. We then explore a more
general class of extensions which preserve non-triviality of the original algebra.

Section 5.1 contains a brief introduction to direct limits and inverse limits that
will be used throughout the chapter.

In Section 5.2 we prove some facts for Banach algebras and uniform algebras
that we use throughout the chapter. In particular, we investigate the Shilov
boundary for certain uniform algebra extensions.

Theorem 5.2.7. Let A be a uniform algebra on ΦA, let B be a uniform algebra
on ΦB, and let θ : A → B be an isometric, unital algebra homomorphism. Set
τ := θ∗|ΦB : ΦB → ΦA. Suppose that τ(Γ(B)) ⊆ Γ(A) and that, for each ψ ∈ Γ(A),
B|τ−1({ψ}) is uniformly dense in C(τ−1({ψ})). Then Γ(B) = τ−1(Γ(A)).

Section 5.3 contains a short introduction to (systems of) Cole extensions, and
in Section 5.4 we provide new proofs for some facts about the Shilov boundary for
Cole extensions.

In Section 5.5 we study simple Cole extensions of a uniform algebra. In
particular, we study the structure of Cole extensions relative to certain projections.
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We first show that every Cole extension admits a projection with some desirable
properties.

Theorem 5.5.2. Let q(t) = f0 + f1t + · · · + fn−1t
n−1 + tn ∈ A[t]. Then there

exists a contractive, unital projection P : Aq → Aq such that P (Aq) = π∗(A) and
P (pq) = 0. Moreover, P is a π∗(A)-module homomorphism.

We then state and prove a structure theorem for Cole extensions relative to
certain projections. We prove that, in some cases, we are not required to take
uniform closures when constructing a simple Cole extension.

Theorem 5.5.6. Let X be a compact space, let A be a uniform algebra on X, and
let q(t) ∈ A[t] be a monic polynomial of degree n ∈ N.

(a) Let P ∈ B(Aq) be a continuous, unital projection such P (Aq) = π∗(A) and
such that P is a π∗(A)-module homomorphism. Set Q := idAq − P . Then

Aq = π∗(A) +
n−1∑
j=1

Q(pjq) · π∗(A).

(b) Suppose that q(0) is not a zero divisor in A. The following are equivalent.

(i) The function q(0) has no zeros on the Shilov boundary for A.

(ii) The map Lpq ∈ B(C(Xq)) given by Lpq(f) = pqf is bounded below on
Aq.

(iii) The subspace pjq · π∗(A) is closed in Aq for j = 0, . . . , n− 1.

(c) Suppose that q(0) has no zeros on Γ(A) and that there exists a continuous,
projection P on Aq with P (Aq) = π∗(A) such that P is an π∗q(A)-module
homomorphism and (idAq − P )(pjq) = pjq for j = 1, . . . , n− 1. Then

Aq = π∗(A) +
n−1∑
j=1

pjq · π∗(A).

In Section 5.6 we discuss a new class of uniform algebra extensions that are a
generalisation of Cole extensions. In particular, these extensions always preserve
non-triviality of the original algebra. However, in some cases, these new extensions
are Cole extensions.

Theorem 5.6.8. Let X be a compact space, let A be a uniform algebra on X,
and let P ∈ B(A) be a contractive, unital projection. Suppose that idA − P is also
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contractive. Set B := P (A) and set E := kerP . Suppose that B is a uniform
algebra on a compact space Y , that E is a Banach B-bimodule, and that there
exists h0 ∈ E such that E = h0 ·B. Then there exists h ∈ B and an isometric,
unital algebra isomorphism θ : Bq → A, where q(t) = t2−h, such that θ ◦ π∗q = idB
and θ(pq) = h0.

In Section 5.6.2, we explore the existence and properties of maps from a
generalised Cole extension onto the original algebra. In particular we seek sufficient
conditions for the existence of algebra homomorphisms from the extension onto
the original algebra.

Theorem 5.6.16. Let X, Y be compact spaces, let πX and πY be the coordinate
projections from X × Y onto X and Y respectively, let Z be a closed subset of
X × Y , let A be a uniform algebra on X, let S ⊆ C(Z) such that π∗X(A) ⊆ S, and
let ϕ : X → Y be a continuous function. Set ϕ̃(x) = (x, ϕ(x)) (x ∈ X). Suppose
that, for all x ∈ X, we have ϕ̃(x) ∈ Z and that, for all f ∈ S, we have f ◦ ϕ̃ ∈ A.
Then there exists a contractive, unital algebra homomorphism θ : C(Z)→ C(X)
such that θ ◦ π∗X(X) = idC(X) and θ(f) = f ◦ ϕ̃ for all f ∈ C(Z). Moreover, we
have θ(algC(Z) S) = A.

1.1.5 Chapter 6

In Chapter 6 we study methods for extending continuous derivations from a
given Banach algebra to a Banach algebra extension. In particular, we study the
extension of derivations via certain projections.

In Section 6.1 we give some general results for extending continuous deriva-
tions. We prove that a continuous homomorphism is not always necessary to find
derivation extensions.

Theorem 6.1.9. Let B ⊆ A be Banach algebras. Let P be a continuous, unital
projection on A such that P (A) = B and set Q := idA − P . Suppose that P is a
B-module homomorphism, E := Q(A) is a Banach B-bimodule, and Q(E2) = {0}.
Suppose further that there exist bounded B-module homomorphisms δ, µ : E → B

such that
P (xy) = xy = δ(x)µ(y) = µ(x)δ(y) (1.2)

for all x, y ∈ E. Let D1 ∈ D(B) and set

D2 = (µ∗ ◦D1 ◦ δ + δ∗ ◦D1 ◦ µ)/2.
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Then D := P ∗ ◦D1 ◦ P +Q∗ ◦D2 ◦Q is a continuous derivation from A into A∗.
Moreover, for all a ∈ A, we have

‖D(a)‖ ≤ ‖D1‖(‖P‖‖P (a)‖+ ‖δ‖‖µ‖‖Q‖‖Q(a)‖).

In Section 6.2 we show that there is a non-trivial uniform algebra such that
whenever a generalised Cole extension of this algebra is considered, any continuous
derivation that extends must do so without increasing the operator norm. The
proof is established by contradiction, which is obtained by constructing a non-
trivial, weakly amenable uniform algebra. Thus if one can show that for any
non-trivial uniform algebra there exists a generalised Cole extension and a non-
zero, continuous derivation which extends with a strictly larger norm, then this
theorem gives a non-trivial, weakly amenable uniform algebra.

Theorem 6.2.4. There exists a non-trivial uniform algebra A on a compact space
X with the following property: for every D ∈ D0(A) and every uniform algebra
B on a compact space Y , such that B is a generalised Cole extension of A with
associated maps π : Y → X and T : C(Y ) → C(X), if there exists D̃ ∈ D0(B)
such that D̃(π∗(f))(π∗(g)) = D(f)(g) for all f, g ∈ A then ‖D̃‖ = ‖D‖.

In Section 6.3, we consider the construction discussed in the previous section
for the specific case of the disk algebra. In particular, we study a sequence of
continuous derivations—from the disk algebra into its dual—that correspond to
derivations from certain Cole extensions of the disk algebra. In some cases, there
is an algebra homomorphism from the Cole extension onto the original algebra,
which is the content of the following theorem.

Theorem 6.3.6. Let α ∈ C \D, let h = Z −α, and let ρ(t) = t2−h ∈ A[t]. Then
there exists a contractive, surjective, unital algebra homomorphism θ : Aρ → A

with θ ◦ π∗ρ = idA.

1.2 Notation and background

We now fix our notation and recall some elementary facts which will be required
throughout this thesis. Throughout this thesis, all linear spaces and algebras are
over C. We also adopt the convention that algebras which are not necessarily
commutative are denoted by the letters A,B, for example, and we reserve the
letters A,B for commutative algebras. We shall recall the definition of an algebra
in Section 1.2.2 for the convenience of the reader.
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We write N for the set of positive integers, and N0 := N ∪ {0} for the set of
non-negative integers. A subset I of N (or N0) is an initial segment if, for each
n ∈ I, whenever k ∈ N (or N0) such that k ≤ n, then k ∈ I. The open unit disk in
the complex plane is denoted D (that is, the set of all complex numbers of modulus
strictly less than one), and the closure, in the standard topology on C, of D is the
closed unit disk denoted by D. The unit circle in C is denoted T.

When using transfinite induction, we sometimes index by ordinals rather than
positive integers. We refer the reader to [68, Chapter 1] for a formal introduction
to ordinals. Let α, β be ordinals. We write α < β if α ∈ β (or, equivalently, if
α ⊂ β), and we write α ≤ β if we also allow for equality. It is standard that the
class of all ordinals is well-ordered with this ordering. The first infinite ordinal will
usually be denoted by ω, and the first uncountable ordinal will be denoted by ω1.
Let κ be a fixed ordinal. We write {α : α ≤ κ} for the set of ordinals α such that
α ≤ κ, and (Oα)α≤κ is short-hand for the family of Oα where α ∈ {β : β ≤ κ}.
The successor of an ordinal α is denoted α + 1.

Let X, Y be sets. We denote the set of all functions from X into Y by Y X . Let
f ∈ Y X . We write f |E for the restriction of f to a subset E of X, and, if S ⊆ Y X ,
we write S|E for the set {f |E : f ∈ S}. The preimage of a subset F of Y under f ,
denoted f−1(F ), is the set {x ∈ X : f(x) ∈ F}. If Z is another set and ϕ : X → Z

is a function, then ϕ∗ : Y Z → Y X defined by ϕ∗(f) = f ◦ ϕ (f ∈ Y Z) is induced
by ϕ. By abuse of notation, we shall often use ϕ∗ to mean the restriction to some
subset of Y Z . The identity map on X is denoted by idX .

In the special case of Y = C, CX is the space of complex-valued functions on
X. Given pointwise operations, CX is a commutative algebra. Let f ∈ CX . We
write f for the function given by f(x) = f(x) (x ∈ X).If X is a subset of C, we
shall often write Z for the identity function on X which we call the coordinate
functional.

1.2.1 Topological preliminaries

Throughout this thesis, we say compact space to mean a non-empty, compact,
Hausdorff topological space. We say compact plane set to mean a non-empty,
compact subset of the complex plane C.

Let X be a topological space and let E ⊆ X. We write intX(E) for the interior
of E relative to X; that is, intX(E) is the largest open set of X contained in E. If
X = C, we write int(E) for intC(E). We denote the closure of E in X by E. (We
shall specify the topology, or space, in which the closure should be taken if there is
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a risk of ambiguity.) We write ∂XE for the boundary of E in X. Again, if E ⊆ C,
we write ∂E for ∂CE.

We denote the set of continuous, complex-valued functions on X by C(X). Let
E ⊆ X and let f ∈ C(X). We write

|f |E := sup{|f(x)| : x ∈ E}. (1.3)

We give C(X) pointwise operations of addition, scalar multiplication, and mul-
tiplication to make C(X) into a commutative algebra. If X is a compact space,
then C(X) is a Banach space with the uniform norm | · |X given by (1.3), and
|fg|X ≤ |f |X |g|X for all f, g ∈ C(X). We write C0(X) for the subset of C(X)
consisting of all functions which vanish at infinity: f ∈ C0(X) if and only if
f ∈ C(X) and, for each ε > 0, the set {x ∈ X : |f(x)| ≥ ε} is compact in X. If
X is compact, then C0(X) = C(X). Let f ∈ CX . We write supp f for the closed
support of f , which is the closure in X of the set {x ∈ X : f(x) 6= 0}.

Let Y be a second topological space, and let ϕ : Y → X be a continuous
function. Then ϕ∗ maps C(X) into C(Y ). Note that ϕ∗ is linear and satisfies
ϕ∗(fg) = ϕ∗(f)ϕ∗(g) for all f, g ∈ C(X). If X, Y are compact spaces and ϕ is
surjective, then |ϕ∗(f)|Y = |f |X for all f ∈ C(X).

Let f : X → R be a function. We say that f is upper-semicontinuous if, for
each t ∈ R, the set {x ∈ X : f(x) < t} is open in X. We say that f is lower-
semicontinuous if, for each t ∈ R, the set {x ∈ X : f(x) > t} is open in X. Clearly
f is upper-semicontinuous if and only if −f is lower-semicontinuous, and f is
continuous if and only if f is both upper- and lower-semicontinuous. It is standard
that if K is a non-empty compact subset of X, and f is upper-semicontinuous, then
s := sup{|f(x)| : x ∈ K} is finite and there exists x0 ∈ K such that |f(x0)| = s.
An analogous statement holds if f is lower-semicontinuous and the supremum is
replaced by the infimum.

Let (X, d) be a metric space, let x ∈ X, and let r > 0. We write BX(x, r)
for the open ball, centred at x of radius r in X and we write B̄X(x, r) for the
corresponding closed ball. That is, BX(x, r) := {y ∈ X : d(x, y) < r} and
B̄X(x, r) := {y ∈ X : d(x, y) ≤ r}. In the special case where X = C and d is the
usual metric on C, we write B(x, r) for BC(x, r) and B̄(x, r) for B̄C(x, r). We also
set B(x, 0) := ∅ and B̄(x, 0) := {x} for each x ∈ C.

Let E ⊆ X be non-empty and let x ∈ X. We write distX(x,E) for the distance
from x to E given by

distX(x,E) = inf{d(x, y) : y ∈ E}.
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Note that distX(x,E) ≥ 0, and distX(x,E) = 0 if and only if x ∈ E. We write
dist(z, E) for distC(z, E) for z ∈ C and E ⊆ C.

Let S ⊆ C. We say that S is convex if, for each z, w ∈ S and t ∈ [0, 1], we
have tz + (1− t)w ∈ S. By convention, the empty set is convex. We write convS
for the smallest convex subset of C which contains S. We write convS for the
smallest closed convex subset of C which contains S. We call convS the convex
hull of S, and convS is the closed convex hull of S.

1.2.2 Algebraic preliminaries

Recall that a (complex) algebra is a (complex) vector space A with a multi-
plication A × A → A : (a, b) 7→ ab such that (ab)c = a(bc), (a+ b)c = ac+ bc,
a(b+ c) = ab+ ac for all a, b, c ∈ A, and α(ab) = (αa)b = a(αb) for all a, b ∈ A,
α ∈ C. We say that A is commutative if ab = ba for all a, b ∈ A; we say that A is
unital if there exists an element 1A 6= 0 such that a1A = 1Aa = a for all a ∈ A. An
element 1A with these properties is necessarily unique, and is called the identity of
A. If A is unital, we shall often identify the complex numbers with the subalgebra
C · 1A := {z1A : z ∈ C}, and write 1 rather than 1A for the identity element of A.

Let A be an algebra. A subalgebra of A is a linear subspace B of A such that
bb′ ∈ B for all b, b′ ∈ B. If A is a unital algebra, we say that a subalgebra B (of
A) is unital if 1A ∈ B. A left (respectively, right) ideal in A is a linear subspace I
of A such that ab ∈ I (respectively, ba ∈ I) for all a ∈ A and b ∈ I. An ideal in A

is a linear subspace I which is both a left idea and a right ideal in A.
Let a ∈ A. We say that a is a zero divisor if there exists b ∈ A such that

ab = ba = 0. We say that a is an idempotent if a2 = a.
Let X be a vector space and let S ⊆ X. We write linX S for the smallest linear

subspace of X containing S; where if S = ∅, we set linX S = {0}. Let T ⊆ X. We
write S + T for the subset {x+ y : x ∈ S, y ∈ T} of X. If S, T are linear subspaces
of X then S + T is a linear subspace of X. The (algebraic) direct sum of X and the
vector space Y is denoted X⊕Y.

Let A be an algebra and let S ⊆ A. We write algA S for the smallest subalgebra
of A containing S. Let T ⊆ A. We write S · T for the set {st : s ∈ S, t ∈ T}. In
the special case where S = {a} for some a ∈ A, we write a · T for S · T .

Definition 1.2.1. Let A be a unital algebra and let a ∈ A. We say that a is
invertible if there exists a (necessarily unique) element b ∈ A such that ab = ba = 1.
In this case, the element b is called the inverse of a and we write a−1 = b. We
denote the set of all invertible elements in A by invA.
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Let A be a unital algebra and let a ∈ A. The resolvent for a (with respect to
A) is the set

ρA(a) := {ζ ∈ C : (a− ζ1) ∈ invA},

and the spectrum of a (with respect to A) is the set σA(a) := C \ ρA(a). The
spectral radius of a is νA(a) := sup{|ζ| : ζ ∈ σA(a)}. It is possible to define the
spectrum for non-unital algebras. However, this is beyond the scope of this thesis.

Definition 1.2.2. Let A,B be algebras and let θ : A → B be a function. We
say that θ is an algebra homomorphism if θ is linear and θ(ab) = θ(a)θ(b) for
all a, b ∈ A. If both A and B are unital then we say that θ is a unital map if
θ(1A) = 1B.

Let A be an algebra. A character on A is a non-zero, algebra homomorphism
from A onto C. The set of all characters on A is denoted ΦA, which we call the
character space of A.

If A is unital and ϕ ∈ ΦA then we have ϕ(1A) = 1 and ϕ(a) 6= 0 for each
a ∈ invA. Moreover, if ϕ, ψ ∈ ΦA such that ϕ 6= ψ, then there exists a ∈ A such
that ϕ(a) = 0 and ψ(a) = 1.

The following proposition will be useful throughout this thesis.

Proposition 1.2.3 ([27, Proposition 1.5.28]). Let A,B be unital algebras and let
θ : A → B be a unital algebra homomorphism. Then, for each a ∈ A, we have
σB(θ(a)) ⊆ σA(a) and νB(θ(a)) ≤ νA(a).

We next define modules over algebras.

Definition 1.2.4. Let A be an algebra. A left A-module, respectively right A-
module, is a linear space X with an operation A×X→ X, (a, x) 7→ a·x, respectively
(a, x) 7→ x · a, satisfying ab · x = a · (b · x), respectively x · ab = (x · a) · b, for all
a, b ∈ A and for all x ∈ X. An A-bimodule is a linear space X which is both a left
A-module and a right A-module, and such that a · (x · b) = (a · x) · b for all a, b ∈ A

and x ∈ X.

The following definitions are stated only for left A-modules but, with suitable
modifications, are also valid for right A-modules and A-bimodules. Let A be an
unital algebra and let X be a left A-module. We say that X is unital if 1A · x = x

for all x ∈ X.
A left A-submodule of X is a linear subspace Y of X which is also a left A-module

with respect to the module action inherited from X. Right A-submodules and
A-sub-bimodules similarly.
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Let S ⊆ A and T ⊆ X. We write S · T for the set {a · x : a ∈ S, x ∈ T}. In the
special case where S = {a} for some a ∈ A, we write a · S for {a} · S. Similarly, if
T = {x} for some x ∈ X, we write S · x for S · {x}. Let Y be a left A-submodule
of X. The intersection of all left A-submodules of X containing T is called the
submodule generated by T .

Definition 1.2.5. Let A be an algebra and let X be an A-bimodule. We say that
X is commutative if a · x = x · a for all a ∈ A and all x ∈ X.

If A is a commutative algebra, then we say A-module to mean a commutative
A-bimodule.

Definition 1.2.6. Let A be an algebra, let X, Y be left A-modules, and let
T : X→ Y be a map. We say that T is a left A-module homomorphism if T is
linear and T (a · x) = a · T (x) for all a ∈ A and x ∈ X.

We define right A-module and A-bimodule homomorphisms similarly. We shall
usually say A-module homomorphism in place of A-bimodule homomorphism.

Definition 1.2.7. Let A be an algebra, and let X be a A-bimodule. A derivation
from A into X is a linear map D : A→ X such that, for each a, b ∈ A, we have

D(ab) = a ·D(b) +D(a) · b.

We say that a derivation D : A → X is inner if there exists x0 ∈ X such that
D(a) = a · x0 − x0 · a.

Let A be an algebra, and let ϕ be a character on A. A point derivation (on A)
at ϕ is a linear functional d : A→ C such that, for each a, b ∈ A, we have

d(ab) = ϕ(a)d(b) + d(a)ϕ(b).

We are also interested in higher order point derivations. (It is easy to see that the
following definition generalises the notion of a point derivation.)

Definition 1.2.8. Let A be an algebra and let ϕ ∈ ΦA. A point derivation of order
n ∈ N (respectively, ∞) at ϕ is a sequence d0, d1, . . . , dn (respectively, d0, d1, . . . )
of linear functionals with d0 = ϕ, satisfying

dj(ab) =
j∑

k=0
dk(a)dj−k(b) (a, b ∈ A),

for j = 1, 2, · · · , n (respectively, j = 1, 2, . . . ).
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Let d = (dj)nj=0 be a point derivation of order n at x (where we include the
possibility that n =∞ when (dj) is a point derivation of infinite order). We say
that d is non-degenerate if d1 6= 0.

We refer the reader to [30] (especially Lemma 2.1 and p. 170) for further details,
related results and comments concerning non-degenerate higher point derivations.

The following construction is useful when dealing with derivations.

Proposition 1.2.9. Let A be an algebra, and let X be an A-bimodule. Let
B := A⊕ X. Define the product

(a1, x1) · (a2, x2) = (a1a2, a1 · x2 + x1 · a2) (a1, a2 ∈ A, x1, x2 ∈ X) (1.4)

on B. Then B is an algebra with this product. Let D : A→ X be a derivation,
and let θ : A → B be given by θ(a) = (a,D(a)) (a ∈ A). Then θ is an algebra
homomorphism. If A and X are unital, then both B and θ are unital. If both A

and X are commutative, then B is commutative.

1.2.3 Banach spaces and bounded linear maps

We now fix our notation and terminology regarding normed spaces, Banach spaces,
and bounded linear maps.

Let (X, ‖ · ‖X), (Y, ‖ · ‖Y) be normed spaces. We write X⊕1 Y for the algebraic
direct sum X ⊕Y equipped with the norm ‖(x, y)‖1 := ‖x‖X + ‖y‖Y. If both X

and Y are Banach spaces, then so is X⊕1 Y. Let S be a subset of X. We write
linX S for the closure in X of linX S.

We denote the space of all bounded (continuous) linear maps from X into Y

be B(X;Y). We give B(X;Y) the operator norm, which is denoted ‖ · ‖ to make
B(X;Y) a normed space. (It should be clear from context when this is the norm
that we are using.) If Y is a Banach space, then B(X;Y) is a Banach space.

We write B(X) for B(X;X), and we write X∗ for the dual space of X, given
by B(X;C). It is standard that B(X) is a (non-commutative) unital algebra with
multiplication given by composition, and ‖S ◦ T‖ ≤ ‖S‖‖T‖ for all S, T ∈ B(X).
(If X is a Hilbert space, then B(X) is a C∗-algebra see Appendix A.1.)

The kernel of T ∈ B(X;Y) is denoted by kerT and the image of T is denoted
T (X). It is standard that kerT is a closed linear subspace of X, and T (X) is a
linear subspace of Y.
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Definition 1.2.10. Let (X, ‖ · ‖X), (Y, ‖ · ‖Y) be normed spaces and T ∈ B(X;Y).
We say that T is contractive if ‖T‖ ≤ 1, and we say that T is isometric if
‖T (x)‖Y = ‖x‖X for all x ∈ X.

Let X be a normed space and let T ∈ B(X). We say that T is a projection
(on X) if T ◦ T = T . We have kerT ∩ T (X) = {0} and X = T (X) + kerT . Let
S = idX − T . Then S is also a projection on X, S(X) = kerT , kerS = T (X). Note
that ‖T‖ ≥ 1 and ‖S‖ ≤ 1 + ‖T‖.

Let E be a closed linear subspace of X. We say that E is complemented in X if
there exists a closed linear subspace F of X such that E ∩F = {0} and E+F = X.
Equivalently, there is a projection P ∈ B(X) such that P (X) = E.

Definition 1.2.11. Let (X, ‖ · ‖X), (Y, ‖ · ‖Y) be normed spaces and T ∈ B(X;Y).
We say that T is an open map if there exists C > 0 such that, for each y ∈ T (X),
there exists x ∈ X such that T (x) = y and ‖x‖X ≤ C‖y‖X. We say that T is a
linear homeomorphism if T is a bijection and T is an open map. (Equivalently, T
is an invertible bounded linear map and T−1 is also bounded.)

If X andY are Banach spaces then: every surjective T ∈ B(X;Y) is an open map
(open mapping theorem); every bijective T ∈ B(X;Y) is a linear homeomorphism
(Banach isomorphism theorem); if T : X→ Y is a linear map then T is bounded if
and only if {(x, T (x)) : x ∈ X} is closed in X⊕1 Y (closed graph theorem).

1.2.4 Measures

In this thesis we say measure to mean a regular, complex Borel measure. We
denote the total variation of a measure µ by |µ|, and we write ‖µ‖ for the total
variation norm of µ. A probability measure is a positive measure with norm one.

Let X be a locally compact topological space and let µ be a measure on X.
We write suppµ for the largest closed set E of X such that, for each x ∈ E and
each neighbourhood U of x, we have |µ|(U) > 0.

Let x ∈ X. We write δx for the point-mass measure at x; that is, δx is the
measure on X such that δx(E) = 1 if x ∈ E and δx(E) = 0 otherwise, where E is
a Borel set in X.

We refer the reader to [93] for details on measure theory and standard results,
and to [13, 16] and [54] for information on the use of measures in functional
analysis.
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1.2.5 Polynomials

We now recall the definitions, notation, and standard results about polynomials
over a commutative algebra. Throughout this section, let A be a commutative
algebra.

Definition 1.2.12. A polynomial with coefficients in A is a formal sum

q(t) :=
∞∑
j=0

ajt
j, (1.5)

where t is an indeterminate over A, a0t
0 = a0, and aj ∈ A for each j ∈ N0, and all

but finitely many of the aj are zero. We denote the set of all polynomials with
coefficients in A (in the indeterminate t) by A[t].

We shall often write q for q(t) when we do not refer to the indeterminate
explicitly. Let q be a polynomial with coefficients in A. The largest integer n such
that an 6= 0 is called the degree of q, and we denote this n by deg q. If A is unital, we
say that q is monic if adeg q = 1. We shall usually write q(t) = a0 + a1t+ · · ·+ ant

n,
where n = deg q(t), and omit the following terms (which are all zero).

We give A[t] the operations

∞∑
j=0

ajt
j +

∞∑
j=0

bjt
j :=

∞∑
j=0

(aj + bj)tj,
( ∞∑
j=0

ajt
j

)
·
( ∞∑
j=0

bjt
j

)
:=

∞∑
j=0

( j∑
k=0

akbj−k

)
tj,

α

( ∞∑
j=0

ajt
j

)
:=

∞∑
j=0

αajt
j,

to make A[t] into a commutative algebra which contains A as a subalgebra. If A
is unital, then so is A[t].

Let B be a second commutative algebra with A ⊆ B, and let q(t) ∈ A[t]. For
each b ∈ B, we write q(b) to mean the element of b obtained by replacing t with b
in q(t). The map q(t) 7→ q(b) : A[t]→ B is called the evaluation homomorphism.
Indeed this map is an algebra homomorphism. Let q(t) ∈ A[t]. We say that b ∈ B
is a root of q if q(b) = 0.

The following proposition is elementary, and will be used later.

Proposition 1.2.13. Let q(t) ∈ A[t], let a, b ∈ A, and let ρ(t) := q(t− a). Then
b is a root of ρ if and only if b+ a is a root of q.
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Let B be a commutative algebra and let θ : A→ B be an algebra homomorph-
ism. If q(t) ∈ A[t] and is given by (1.5), then

ρq(t) :=
∞∑
j=0

θ(aj)tj

is an element of B[t]. The map q(t) 7→ ρq(t) : A[t]→ B[t] is an algebra homomorph-
ism. By abuse of notation, we write θ(q)(t) := ρq(t) to mean the homomorphism
A[t]→ B[t].

More formal introductions to polynomials over rings (algebras) can be found in
numerous texts on abstract algebra. We refer the reader to [27, Section 1.6] for
further details.

1.3 Tensor products

Let X1, . . . ,Xn,X be vector spaces. An n-linear map T from ∏n
j=1 Xj into X, is a

map such that, for each k ∈ {1, . . . , n} and xj ∈ Xj for each j ∈ {1, . . . , n} \ {k},
x 7→ T (x1, . . . , xk−1, x, xk+1, . . . , xn) (x ∈ Xj) is a linear map from Xj into X.

Definition 1.3.1. Let X1, . . . ,Xn be vector spaces. Then the tensor product of
X1, . . . ,Xn is a pair (ι,X), where X is a vector space and ι is an n-linear map from∏n
j=1 Xj into X, which satisfies the following universal property: for each vector

space Y and each n-linear map T : ∏n
j=1 X→ Y there exists a unique linear map

S : X→ Y such that T = S ◦ ι. For (x1, . . . , xn) ∈ ∏n
j=1 Xj we write x1 ⊗ · · · ⊗ xn

for ι(x1, . . . , xn) ∈ X.

Tensor products are unique up to linear isomorphism and we write ⊗n
j=1 Xj or

X1 ⊗ · · · ⊗Xn for the tensor product of the vector spaces X1, . . . ,Xn. We refer the
reader to [27, pp. 26–33] and [13, Chapter VI] for a more detailed discussion of
tensor products.

Let X1, . . . ,Xn be vector spaces and let z ∈ ⊗n
j=1. Then there exist m ∈ N,

and xi,j ∈ Xj for i = 1, . . . ,m and j = 1, . . . , n such that

z =
m∑
i=1

xi,1 ⊗ xi,2 ⊗ · · · ⊗ xi,n.

However, such representations need not be unique.

Proposition 1.3.2 ([27, Proposition 1.3.11]). Let A1, . . . ,An be algebras and let
A be the vector space ⊗n

j=1 Aj. Then there exists a unique product on A so that A
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is an algebra with

(a1 ⊗ · · · ⊗ an)(b1 ⊗ · · · ⊗ bn) = a1b1 ⊗ · · · ⊗ anbn (ai, bi ∈ Ai, i = 1, . . . , n).

If each Ai is commutative then A is commutative; if each Ai is unital then A is
unital with identity 1A1 ⊗ · · · ⊗ 1An.

The tensor product of algebras will always be given the above product and
considered as an algebra unless otherwise stated.

1.4 Banach algebras

Let A be an algebra, and let ‖ · ‖ be a norm on the underlying vector space of
A. We say that ‖ · ‖ is an algebra norm on A if ‖ab‖ ≤ ‖a‖‖b‖ for all a, b ∈ A. If
‖ · ‖ is an algebra norm on A, then we say that A is a normed algebra. A Banach
algebra is a normed algebra which is also a Banach space. If A is a unital algebra,
we usually insist that ‖1A‖ = 1. However, by moving to an equivalent norm, this
can always be achieved.

Let X be a locally compact, Hausdorff topological space. Then C0(X) is a
commutative Banach algebra, with pointwise operations and the uniform norm. If
X is a compact space then C0(X) = C(X) and so C(X) is a commutative, unital
Banach algebra with the uniform norm.

We say that an algebra homomorphism θ : A→ B, where A and B are normed
algebras, is continuous if θ is a bounded linear map. We write ‖θ‖ for the operator
norm of θ.

Let A be a normed algebra, and let S ⊆ A. We write algA S for the closure in A

of algA S. In other words, algA S is the smallest closed subalgebra of A containing
S.

1.4.1 Gelfand theory

Let A be a Banach algebra. If ϕ is a character on A, then ϕ is continuous and
‖ϕ‖ ≤ 1. Moreover, if A is unital then ‖ϕ‖ = 1.

We give ΦA the relative weak-∗ topology (from A∗), which we call the Gelfand
topology, and this makes ΦA a locally compact, Hausdorff, topological space (which
may be empty). If A is unital, then ΦA is compact in the Gelfand topology.

Suppose that ΦA is non-empty. For each a ∈ A, we define the complex-valued
function â on ΦA by â(ϕ) := ϕ(a) (ϕ ∈ ΦA). Clearly â is continuous on ΦA.
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Definition 1.4.1. Let A be a Banach algebra with ΦA 6= ∅. Then the function
G : A→ C0(ΦA) : a 7→ â is called the Gelfand transform. We write Â for the image
of the Gelfand transform; i.e. Â = {â : a ∈ A}.

Let A be a Banach algebra with ΦA 6= ∅. It is standard that G is a continuous
algebra homomorphism with ‖G‖ ≤ 1, and if A is unital then so is G. Moreover, Â
is a subalgebra of C0(ΦA) (but need not be uniformly closed). We say that A is
semisimple if G is injective. The kernel of G is ⋂{kerϕ : ϕ ∈ ΦA}, which is called
the (Jacobson) radical of A.

Note that if A is a commutative, unital Banach algebra then ΦA is a non-empty
and compact. If, in addition, A is semisimple then νA is an algebra norm on A,
and νA(a) = |â|ΦA for each a ∈ A.

1.4.2 Properties of Banach algebras

We now recall some standard results regarding Banach algebras. The first is
(mostly) part of [27, Theorem 2.3.8]. Statement (a) is sometimes called the
fundamental theorem of Banach algebras, and statement (b) is the spectral radius
formula.

Proposition 1.4.2. Let A be a Banach algebra, and let a ∈ A.

(a) The spectrum σA(a) is a compact plane set.

(b) We have νA(a) = limn→∞‖an‖1/n = infn∈N‖an‖1/n.

(c) We have νA(a) ≤ ‖a‖.

The second is the (single-variable) holomorphic functional calculus ([27, The-
orem 2.4.4]). This result is stated for commutative unital Banach algebras, but
holds in more generality.

Proposition 1.4.3 (Holomorphic functional calculus). Let A be a commutative,
unital Banach algebra, and let a ∈ A. Let U be an open set in C such that
σA(a) ⊆ U , and let f : U → C be an analytic function. Then there exists a unique
element f(a) in A such that G(f(a)) = f ◦ â. Moreover σA(f(a)) = f(σA(a)), and
Z(a) = a.

In fact, the holomorphic functional calculus is states the that there is a unital
algebra homomorphism from OσA(a) into A, where OσA(a) denotes the family of
germs of analytic functions on σA(a). (See [27, Appendix A.2] for the relevant
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definitions.) We will not require the full strength of the holomorphic functional
calculus in this thesis.

The next result is a consequence of the multi-variable holomorphic functional
calculus, called the Shilov idempotent theorem ([27, Theorem 2.4.33]).

Proposition 1.4.4. Let A be a commutative, unital Banach algebra. Suppose that
K is a non-empty compact and open subset of ΦA. Then there exists a unique
idempotent p ∈ A such that p̂ = χK, where χK is the characteristic function of K.

Our final result is an automatic continuity result that will be useful to us. The
first statement is [27, Theorem 2.3.3], the second follows from Proposition 1.2.3.

Proposition 1.4.5. Let A be a Banach algebra, let B be a commutative, semisimple
Banach algebra, and let θ : A → B be an algebra homomorphism. Then θ is
continuous. If ‖b‖B = νB(b) for all b ∈ B, then ‖θ‖ ≤ 1.

1.4.3 Modules and derivations

We now discuss the theory of Banach modules and derivations. Throughout this
section, let A be a Banach algebra.

Definition 1.4.6. A Banach left A-module is a Banach space (X, ‖ · ‖X) which
is also a left A-module such that ‖a · x‖X ≤ ‖a‖‖x‖X. We define Banach right
A-modules and Banach A-bimodules similarly.

Again, we usually say Banach A-module in place of commutative Banach
A-bimodule when A is a commutative Banach algebra.

Before we continue, we note some useful examples of Banach modules.

(a) Suppose that ϕ is a character on A. Let X := C with the module operation
a · ζ = ϕ(a)ζ (a ∈ A, ζ ∈ C). Then X is a Banach left A-module (or a
commutative A-bimodule). The module X is usually denoted by Cϕ. If A is
unital, then Cϕ is unital.

(b) Let Y be a Banach A-bimodule and set X := Y∗ with the operations given
by

(a · λ)(y) = λ(y · a) (λ · a)(y) = λ(a · y) (a ∈ A, y ∈ Y, λ ∈ X). (1.6)

Then X is a Banach A-bimodule. If Y is unital A-bimodule, then X is unital.
The module X is the dual module of Y, and we shall usually denoted this
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simply by Y∗. In particular, we can apply this in the case where Y = A. In
this case, X = A∗ is commutative if and only if A is commutative.

(c) Let B be a second Banach algebra, let X be a Banach left B-module, and let
θ : A→ B be an contractive algebra homomorphism. Then X is a Banach
left A-module with the operation a · x = θ(a) · x (a ∈ A, x ∈ X). This
also applies if X is a Banach right B-module or a Banach B-bimodule by a
suitable modification to the action. If A and B are unital algebras, X is a
unital left B-module, and θ is a unital algebra homomorphism, then X is a
unital left A-module with this action.

We are mostly concerned with continuous derivations from A into some Banach
A-bimodule X. Recall that derivation from A into X is continuous if it is a bounded
linear map.

Definition 1.4.7. We say that A is amenable if, for each Banach A-bimodule
X, every continuous derivation from A into X∗ is inner. We say that A is weakly
amenable if every continuous derivation from A into A∗ is inner.

In both of the above definitions, the module action is the one given by (1.6).
Note that, if A is commutative then A is weakly amenable if and only if every

continuous derivation from A into A∗ is necessarily 0.
We denote the set of all continuous derivations from A into A∗ by D(A). By the

above, if A is commutative then A is weakly amenable if and only if D(A) = {0}.

Definition 1.4.8. Let d = (dj)nj=0 be a higher order point derivation of order n
(where we include the possibility that n =∞ when (dj)∞j=0 is a point derivation of
infinite order). We say that d is continuous if dj is a bounded linear functional for
each j with j ≤ n (or j <∞ if n =∞).

The following proposition is a Banach algebra version of Proposition 1.2.9.

Proposition 1.4.9. Let X be a Banach A-bimodule. Set B := A ⊕1 X with the
product given by (1.4). Then B is a Banach algebra. Let D : A → X be a
continuous derivation, and let θ : A → B be the map given by θ(a) = (a,D(a))
(a ∈ A). Then θ is a continuous algebra homomorphism with ‖θ‖ = 1 + ‖D‖. If A
and X are unital, then both B and θ are unital. If both A and X are commutative,
then B is commutative.
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1.4.4 Tensor products

We now introduce some norms on tensor products of normed spaces.

Definition 1.4.10. Let X1, . . . ,Xn be normed spaces. The injective tensor norm,
denoted ‖ · ‖ε, on

⊗n
j=1 Xj is the norm given by

‖z‖ε = sup
{∣∣∣∣∣

m∑
i=1

λ1(xi,1) · · ·λn(xi,n)
∣∣∣∣∣
} (

z ∈
n⊗
j=1

Xj

)

where the supremum is taken over all representations ∑m
i=1 xi,1 ⊗ xi,2 ⊗ · · · ⊗ xi,n

of z and all λj ∈ X∗j with ‖λj‖ ≤ 1 for j = 1, . . . , n. The projective tensor norm,
denoted ‖ · ‖π, on

⊗n
j=1 Xj is the norm given by

‖z‖π = inf
{

m∑
i=1
‖xi,1‖ · · · ‖xi,n‖

} (
z ∈

n⊗
j=1

Xj

)

where the infimum is taken over all representations z = ∑m
i=1 xi,1⊗ xi,2⊗ · · · ⊗ xi,n.

Let X1, . . . ,Xn be normed spaces. It is standard that ‖ · ‖ε is the norm inherited
from the natural embedding of⊗n

j=1 Xj in the Banach space B(X1, . . . ,Xn;C) of all
bounded n-linear maps from ∏n

j=1 Xj into C. The injective tensor product ⊗̌n

j=1Xj

of X1, . . . ,Xn is the completion of (⊗n
j=1 Xj, ‖ · ‖ε). The projective tensor product⊗̂n

j=1Xj of X1, . . . ,Xn is the completion of (⊗n
j=1 Xj, ‖ · ‖π). We shall usually write

X1 ⊗̌ · · · ⊗̌ Xn for the injective tensor product of X1, . . . ,Xn, and write X1⊗̂· · ·⊗̂Xn

for the projective tensor product of X1, . . . ,Xn.
Both the injective tensor norm and the projective tensor norm are cross norms;

i.e. if ‖ · ‖ denotes either the injective or projective tensor norm on ⊗n
j=1 Xj then

‖x1 ⊗ · · · ⊗ xn‖ = ‖x1‖ · · · ‖xn‖
(

(x1, . . . , xn) ∈
n∏
j=1

Xj

)
.

Let A1, . . . ,An be Banach algebras. Then ⊗n
j=1 Aj is a normed algebra when given

either the injective tensor norm or the projective tensor norm. Moreover, both⊗̌n

j=1Aj and
⊗̂n

j=1Aj are Banach algebras.
We now give two elementary properties of the tensor products of Banach

algebras.

Proposition 1.4.11 ([13, Proposition VI.19]). Let A,B be commutative Banach
algebras. Then ΦA⊗̂B is homeomorphic to ΦA × ΦB.

The following is effectively [90, Proposition 1.10.21].

Proposition 1.4.12. Let X, Y be compact spaces. Then there exists an isometric
algebra isomorphism from C(X) ⊗̌ C(Y ) onto C(X × Y ).
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1.5 Banach function algebras

We now give the definitions and basic theory of Banach function algebras, which is
the main topic of this thesis. Throughout this section, let X be a compact space.

Let S be a subset of C(X). We say that S separates the points of X if, for
each x, y ∈ X with x 6= y, there exists f ∈ S such that f(x) 6= f(y).

Definition 1.5.1. Let A be a subalgebra of C(X), and let ‖ · ‖ be an algebra
norm on A. We say that A is a normed function algebra (on X) if A contains all
constant functions, A separates the points of X, and ‖f‖ ≥ |f |X for all f ∈ A. We
say that A is a Banach function algebra (on X) if A is a normed function algebra
(on X) and the norm ‖ · ‖ is complete. We say that A is a uniform algebra (on X)
if A is a Banach function algebra (on X) and ‖ · ‖ = | · |X .

Note that every commutative, unital, semisimple Banach algebra A can be
identified with a Banach function algebra on ΦA via the Gelfand transform. (Since
A is semisimple, it follows that Â separates the points of ΦA.) Also note that, if A
is a uniform algebra on X, then the norm on A is νA, and the Gelfand transform
is isometric. Thus, by Proposition 1.4.2(b), any commutative, unital, semisimple
Banach algebra A such that ‖a2‖ = ‖a‖2 (a ∈ A) is isometrically isomorphic (via
the Gelfand transform) to a uniform algebra on ΦA.

Let A be a normed function algebra on X. For each x ∈ X, let εx : A → C
be the map given by εx(f) = f(x). Then εx is a character on C(X). The map
x 7→ εx : X → ΦA identifies X with a subset of ΦA. The topology on X agrees
with relative Gelfand topology from ΦA. (That is, the map x 7→ εx is continuous.)
Each of the characters εx (x ∈ X) are continuous. We usually identify εx with x.
For example, we usually write d is a point derivation on A at x to mean d is a
point derivation on A at εx.

Definition 1.5.2. Let A be a Banach function algebra on X. We say that X is
natural (on X) if, for each ϕ ∈ ΦA, there exists x ∈ X such that ϕ = εx.

It is standard that C(X) is a natural uniform algebra on X.

1.5.1 Regularity

We now discuss regularity for Banach function algebras. Recall that X is a compact
space throughout. For each x ∈ X, we define

Jx(A) := {f ∈ A : x ∈ int f−1({0})} Mx(A) := {f ∈ A : f(x) = 0} = ker εx.
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Then both Jx(A) and Mx(A) are ideals in A, and Jx(A) ⊆Mx(A). If there is no
risk of ambiguity, we shall write Jx for Jx(A) and Mx for Mx(A).

Definition 1.5.3. Let A be a Banach function algebra on X, and let x ∈ X. We
say that x is an R-point (for A) if Jx *My for all y ∈ X \ {x}. We say that x is
a point of continuity (for A) if Jy *Mx for all y ∈ X \ {x}.

Note that, in [50], points of continuity and R-points were referred to as points
of regularity of types I and II, respectively.

Definition 1.5.4. Let A be a Banach function algebra on X. We say that A is
regular on X if, for each closed set E of X, and each x ∈ X \ E, there is exists
f ∈ A such that f(x) = 1 and f(E) ⊆ {0}. We say that A is normal on X if, for
each pair of closed subsets E,F of X with E ∩ F = ∅, there exists f ∈ A such
that f(E) ⊆ {0} and f(F ) ⊆ {1}. We say that A is regular if Â is regular on ΦA,
and we say that A is normal if Â is normal on ΦA.

Let A be a Banach function algebra on X. It is easy to see that, if K is a
compact subset of X such that each point of K is an R-point, and if y ∈ X \K
then there exists f ∈ A such that f−1({0}) is a neighbourhood of K in X and
f(y) = 1. In addition, it is standard that A is regular on X if and only if each
point x ∈ X is a point of continuity for A, and this occurs if and only if every
point x ∈ X is an R-point for A. It is also standard that, if A is natural on X,
then A is regular on X if and only if A is normal on X ([27, Proposition 4.1.18]).

Proposition 1.5.5 ([27, Corollary 4.3.10]). Let A be a uniform algebra on X. If
A is normal on X then A is natural on X.

We refer the reader to [50–52] for details on regularity, R-points, and points of
continuity for Banach function algebras.

1.6 Uniform algebras

We now discuss uniform algebras in more detail. We refer the reader to [16, 54, 97]
for further details on the theory of uniform algebras. The following are standard
examples of uniform algebras.

Definition 1.6.1. Let X be a compact plane set. Let P0(X) denote the algebra
of restrictions to X of polynomial functions and let R0(X) denote the algebra of
restrictions to X of all rational functions with no poles on X. We define P (X) and
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R(X) to be the uniform closure in C(X) of P0(X) and R0(X), respectively. We
denote by A(X) the algebra of all continuous functions on X which are analytic
on intX.

Let X be a compact plane set. It is easy to see that P (X), R(X), and A(X)
are uniform algebras on X, and that following inclusions hold.

P (X) ⊆ R(X) ⊆ A(X) ⊆ C(X).

It is standard that R(X) and A(X) are natural uniform algebras on X, and P (X) is
natural on X if and only if C\X is connected; in this case, we have P (X) = R(X).
It is trivial that A(X) = C(X) if and only if intX = ∅.

Definition 1.6.2. Let X be a compact space, let A be a uniform algebra on X,
and let ϕ ∈ ΦA. A representing measure for ϕ (on X, with respect to A) is a
probability measure µ on X such that

ϕ(f) =
∫
X
f dµ (f ∈ A).

For x ∈ X, we say that a representing measure µ for εx is trivial if µ = δx.

We use the phrase µ is a representing measure for x to mean µ is a representing
measure for εx.

Definition 1.6.3. Let X be a compact space, let A be a uniform algebra on X,
let E ⊆ X, and let x ∈ X. We say that a function f ∈ A peaks on E if f(E) ⊆ {1}
and |f(y)| < 1 for all y ∈ X \E. We say that E is a peak set (for A) if there exists
f ∈ A such that f peaks on E. We say that x is a peak point (for A) if {x} is a
peak set. We say that E is a peak set in the weak sense (for A) if there is a family
(Eα) of peak sets for A such that E = ⋂

αEα. We say that x is a strong boundary
point (for A) (or peak point in the weak sense) if {x} is a peak set in the weak
sense for A.

The set of all strong boundary points for A is denoted Γ0(A), and is called the
Choquet boundary for A. It is standard that if X is metrisable then every strong
boundary point is a peak point.

We summarise some properties of strong boundary points in the following (see
[16, Theorem 2.3.4], [27, Theorem 4.3.5] and [97, Theorem 7.18]).

Proposition 1.6.4. Let X be a compact space, let A be a uniform algebra on X,
and let x ∈ X. Then the following are equivalent:
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(a) x ∈ Γ0(A);

(b) the unique representing measure for x on X is δx;

(c) there exists α, β ∈ (0, 1) with α < β such that, for each open neighbourhood U
of x in X, there exists f ∈ A such that |f |X ≤ 1, f(x) > β, and |f |X\U < α;

(d) for each open neighbourhood U of x in X, there exists f ∈ A such that
|f |X ≤ 1, |f(x)| > 3/4, and |f |X\U < 1/4.

Let A be a uniform algebra on a compact space X. It is standard that if x ∈ X
is a strong boundary point for A, then there is no non-zero point derivation on A
at x ([27, Corollary 4.3.6]). (In fact, more is true: if x is a strong boundary point
then Mx has a bounded approximate identity.)

Definition 1.6.5. Let X be a compact space, let A be a uniform algebra on X,
and let E ⊆ X. We say that E is a boundary for A if, for each f ∈ A, there exists
x ∈ E such that |f(x)| = |f |X . We say that E is a closed boundary for A if E is
closed and E is a boundary for A. The Shilov boundary for A is the intersection
of all closed boundaries for A, and is denoted by Γ(A).

Let A be a uniform algebra on a compact space X. It is standard that the
Shilov boundary for A is indeed a closed boundary for A, and that Γ0(A) = Γ(A).

Definition 1.6.6. Let A be a uniform algebra on compact space X. The essential
set for A is the smallest closed set E of X such that the conditions f ∈ C(X) and
f(E) ⊆ {0} imply that f ∈ A. We say that A is essential if X is the essential set
for A.

A uniform algebra A on compact space X with essential set E is trivial if and
only if E = ∅. In addition, A|E is uniformly closed in C(E), and

A = {f ∈ C(X) : f |E ∈ A|E}.

For further information regarding peak sets, peak points, and boundaries we
refer the reader to [16, 54, 97]. For further information about the essential set, see
[16, Section 2.8].



Chapter 2

Swiss Cheese Sets, Abstract Swiss
Cheeses, and Classicalisation

Swiss cheese sets are compact subsets of the complex plane obtained by deleting a
sequence of open disks from a closed disk. By carefully choosing the centre and
radius of each open disk, we can construct a Swiss cheese set X such that R(X)
has various combinations of properties. If no restrictions are placed on the open
disks, then any compact subset of C can be obtained in this way. We say that a
Swiss cheese set is classical if the sum of the radii of the open disks is finite and
if the open disks and the complement of the closed disk have pairwise disjoint
closures. (This will be made precise in Section 2.1.)

Swiss cheese sets were introduced by Roth [92] (see also [86]), where she gave the
first example of a compact plane set X with intX = ∅ and such that R(X) 6= A(X).
The Swiss cheese set constructed by Roth is classical in the sense described above.
Swiss cheese sets have also been used extensively in the study of the uniform
algebra R(X). Note that, in much of the literature Swiss cheese sets are referred
to simply as ‘Swiss cheeses’.

There are several examples of Swiss cheese sets which are important in the
theory of uniform algebras: in [85], McKissick constructs a Swiss cheese set X
such that R(X) is regular and non-trivial; in [99], Wermer constructs a Swiss
cheese set X such that and R(X) does not admit any bounded point derivations
but is non-trivial; in [88], O’Farrell constructs a Swiss cheese set X such that
R(X) is regular and admits a bounded point derivation of infinite order. Of these
examples, only Wermer’s construction yields a classical Swiss cheese set. Many
other examples of the use of Swiss cheese sets exist in the literature. A short
survey of these constructions is contained in [48].

28
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Classical Swiss cheeses sets have many desirable properties. A classical Swiss
cheese set is path connected and locally path connected, and hence has no isolated
points. In fact, every classical Swiss cheese set is uniformly regular with constant π
(see Section 3.1 for the definition) [29]. In [40], Feinstein and Heath note that every
classical Swiss cheese set with empty interior is homeomorphic to the Sierpsińki
carpet, which follows from a theorem of Whyburn [101]. Thus any two classical
Swiss cheese sets which have empty interior are homeomorphic. If X is a classical
Swiss cheese set then the uniform algebra R(X) is essential ([16, p. 163–167], see
also [40, Theorem 1.8]) and X has positive area—a consequence of the Hartogs–
Rosenthal theorem. A direct proof that classical Swiss cheese set has positive area
is also given in [16]. This fact can also be deduced from a theorem of Wesler [100].

It is easy to see that non-classical Swiss cheese sets need not be connected, and
may have many isolated points. For those examples of Swiss cheese sets in the
literature which are not classical, we seek to construct classical Swiss cheese sets
which solve the same problem. (For example, we seek to construct a classical Swiss
cheese set X such that R(X) is regular and non-trivial.) The process of creating
such classical Swiss cheeses is what we call classicalisation.

The first classicalisation result is called the Feinstein–Heath classicalisation
theorem (Corollary 2.2.11), proved by Feinstein and Heath in [40]. Their method
used certain maps between underlying Swiss cheese objects and Zorn’s lemma to
find classical Swiss cheese subsets of certain Swiss cheese sets. Mason later gave
an inductive proof of the Feinstein–Heath theorem [84].

In this chapter we give a topological proof of the Feinstein–Heath classicalisation
theorem, and discuss new techniques for classicalisation of Swiss cheese sets. To
do this, we construct certain compact subsets of what we call abstract Swiss
cheese space (see Definition 2.1.1), and then use certain functions to show that the
desired classical Swiss cheese set exists. We also prove a ‘controlled classicalisation’
theorem where, under some technical assumptions, we only allow open disks which
lie in a certain region to be changed. We then prove an analogue of the Feinstein–
Heath theorem for annular Swiss cheese sets, which are obtained by deleting a
sequence of open disks from a closed annulus. We conclude the chapter with several
results about the regularity of the uniform algebra R(X), and the construction of
a classical Swiss cheese set X such that R(X) is regular and admits a bounded
point derivation of infinite order. That is, we classicalise the example of O’Farrell
mentioned above.

All of the work in this chapter is joint with H. Yang and J. Feinstein, and the
new results are contained in [49]. See also [48], which contains further applications
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of the results from this chapter, and a comparison of the methods used in [40, 84]
and our topological method.

2.1 Abstract Swiss cheese space

In this section, we discuss abstract Swiss cheeses, abstract Swiss cheese space and
various subspaces thereof which were introduced in [49] (see also [48]).

Throughout the chapter, we will work in abstract Swiss cheese space F , where
F = (C × R+)N0 is equipped with the product topology, which makes F into a
metrisable topological space.

Definition 2.1.1. An abstract Swiss cheese is an element A = ((an, rn))n≥0 in F .
For an abstract Swiss cheese A as above we define the following.

(a) The significant index set of A is SA := {n ∈ N : rn > 0}. We say that A is
finite if SA is a finite set, otherwise it is infinite.

(b) The associated Swiss cheese set XA is given by

XA := B̄(a0, r0) \
( ∞⋃
n=1

B(an, rn)
)

= B̄(a0, r0) \
( ⋃
n∈SA

B(an, rn)
)
. (2.1)

(c) We say that A is semiclassical if ∑∞n=1 rn <∞, r0 > 0 and for all k ∈ SA the
following hold:

(i) B(ak, rk) ⊆ B(a0, r0);

(ii) whenever ` ∈ SA has ` 6= k, we have B(ak, rk) ∩ B(a`, r`) = ∅.

(d) We say that A is classical if ∑∞n=1 rn < ∞, r0 > 0 and for all k ∈ SA the
following hold:

(i) B̄(ak, rk) ⊆ B(a0, r0);

(ii) whenever ` ∈ SA with ` 6= k, we have B̄(ak, rk) ∩ B̄(a`, r`) = ∅.

(e) We say that A is annular if a0 = a1 and r0 > r1 > 0.

We usually write A = ((an, rn)) for an abstract Swiss cheese and it should be
understood from context that the sequence is indexed by the non-negative integers.
Let X be a Swiss cheese set. We say that X is semiclassical if there exists a
semiclassical abstract Swiss cheese A such that XA = X, and we say that X is
classical if there exists a classical abstract Swiss cheese A such that XA = X.

We define the following functions on abstract Swiss cheese space.
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Definition 2.1.2. For each α ≥ 1, we define the discrepancy function of order α,
δα : F → [−∞,∞), by

δα(A) := rα0 −
∞∑
n=1

rαn (A = ((an, rn)) ∈ F). (2.2)

The annular discrepancy function δann : F → [−∞,∞) is given by

δann(A) := r0 − r1 − 2
∞∑
n=2

rn (A = ((an, rn)) ∈ F).

The radius sum function is the map ρ : F → [0,∞] given by

ρ(A) :=
∞∑
n=1

rn, (A = ((an, rn)) ∈ F).

The centre bound function is the map µ : F → [0,∞] given by

µ(A) := sup
n∈N
|an|, (A = ((an, rn)) ∈ F).

Let E ⊆ C. For an abstract Swiss Cheese A = ((an, rn)) we define HA(E) to be
the set of n ∈ SA such that B̄(an, rn) ∩ E 6= ∅. The local radius sum function on
E is the function ρE : F → [0,∞] given by

ρE(A) :=
∑

n∈HA(E)
rn, (A = ((an, rn)) ∈ F).

The annular radius sum function is the map ρann : F → [0,∞] given by

ρann(A) :=
∞∑
n=2

rn (A = ((an, rn)) ∈ F)

Let N denote the set of all abstract Swiss cheeses A = ((an, rn)) ∈ F such that
ρ(A) < ∞ the sequence (rn)∞n=1 is non-increasing. In addition, for each M > 0
and R > 0, we define the set N (M,R) to be the set of all A = ((an, rn)) ∈ N
such that µ(A) ≤ M , and ρ(A) ≤ R. Throughout this chapter, for each n ∈ N0,
πn : F → (C× R+) denotes the projection onto the nth coordinate.

Lemma 2.1.3. Let M,R > 0 and let α ≥ 1.

(a) The set N (M,R) is closed in F . Moreover, S ⊆ N (M,R) is compact if and
only if S is closed and π0(S) ⊆ (C× R+) is compact.

(b) For all A = ((an, rn)) ∈ N (M,R) we have rn ≤ R/n for all n ∈ N.

(c) The function δα : F → [−∞,∞) is upper-semicontinuous.
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(d) If α > 1 then the function δα|N (M,R) : N (M,R)→ R is continuous.

Proof. (a) We first show that N (M,R) is closed in F . For each m ∈ N, let
A(m) = ((a(m)

n , r(m)
n )) be an abstract Swiss cheese in N (M,R). Suppose that

(A(m)) converges to A = ((an, rn)) ∈ F as m→∞. We show A ∈ N (M,R). Since
convergence is pointwise, for each n ∈ N0, we have an = limm→∞ a

(m)
n ∈ B̄(0,M)

and rn = limm→∞ r
(m)
n ∈ [0, R]. By Fatou’s lemma for series, we have

ρ(A) =
∞∑
n=1

rn ≤ lim inf
m→∞

∞∑
n=1

r(m)
n = lim inf

m→∞
ρ(A(m)) ≤ R.

It follows that A ∈ N (M,R) and hence N (M,R) is closed.
Let S ⊆ N (M,R). Set T := π0(S)× (B̄(0,M)× [0, R])N. Then we have S ⊆ T .

It is easy to see, by Tychonoff’s theorem, that T is compact if and only if π0(S) is
compact in C× R+. Thus S is compact if and only if π0(S) is compact in C× R+

and S is closed in T .

(b) This is clear.

(c) For each m ∈ N, let A(m) = ((a(m)
n , r(m)

n )) ∈ F and suppose that (A(m))
converges to A = ((an, rn)) ∈ F as m→∞. By Fatou’s lemma for series, we have∑∞
n=1 r

α
n ≤ lim infm→∞

∑∞
n=1(r(m)

n )α so that

δα(A) = rα0 −
∞∑
n=1

rαn ≥ lim sup
m→∞

(
(r(m)

0 )α −
∞∑
n=1

(r(m)
n )α

)
= lim sup

m→∞
δα(A(m)).

It follows that δα is upper-semicontinuous on F .

(d) For each m ∈ N, let A(m) = ((a(m)
n , r(m)

n )) ∈ N (M,R) and suppose that (A(m))
converges and has limit A = ((an, rn)) ∈ N (M,R). By (b), for each m,n ∈ N, we
have r(m)

n ≤ R/n, and, with α > 1, the series ∑∞n=1(R/n)α converges. Thus, by
the dominated convergence theorem, we have

δα(A) = rα0 −
∞∑
n=1

rαn = lim
m→∞

(
(r(m)

0 )α −
∞∑
n=1

(r(m)
n )α

)
= lim

m→∞
δα(A(m)).

It follows that |δα(A)| <∞ and δα is continuous from N (M,R) to R.

Note that, if A is a semi-classical or classical abstract Swiss cheese, then πδ2(A)
is the area of the Swiss cheese set XA. Also note that, in the proof of (d), we do not
use the fact that µ(A) ≤M , so we could relax the conditions to only restrict the
radius sum. The upper-semicontinuity of δα, for α ≥ 1, implies that the function
ρ : F → [0,∞] is lower-semicontinuous; this is also a trivial consequence of Fatou’s
lemma for series.

The following example demonstrates that the discrepancy function of order 1
need not be lower-semicontinuous on N (M,R).
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Example 2.1.4. For each m ∈ N, let A(m) = ((a(m)
n , r(m)

n )) be the abstract Swiss
cheese such that a(m)

n = 0 for all n ∈ N0, r(m)
0 = 1 and r(m)

n = 1/2m for each
n = 1, 2, . . . ,m and r(m)

n = 0 for all n > m. Then the sequence (A(m))∞m=1 converges
to the abstract Swiss cheese A = ((an, rn)) where an = 0 for all n ∈ N0, r0 = 1,
and rn = 0 for all n ∈ N so that δ1(A) = 1. But, for all m ∈ N, we have

δ1(A(m)) = 1−
m∑
n=1

1
2m = 1

2 .

Note that A(m) ∈ N (1, 1) for all m ∈ N, so δ1 fails to be continuous on N (M,R)
for any M,R > 0. �

We shall often work with abstract Swiss cheeses which do not have any ‘re-
dundant’ disks. We therefore introduce the following terminology.

Definition 2.1.5. Let A = ((an, rn)) be an abstract Swiss cheese. We say that A
is redundancy-free if, for all k ∈ SA, we have B(ak, rk) ∩ B̄(a0, r0) 6= ∅ and, for all
` ∈ SA with ` 6= k, we have B(ak, rk) * B(a`, r`).

The following lemma shows that we may restrict our attention to redundancy-
free abstract Swiss cheeses in many cases.

Lemma 2.1.6. Let A = ((an, rn)) ∈ F with ρ(A) < ∞. Then there exists a
redundancy-free abstract Swiss cheese B = ((bn, sn)) ∈ N such that XB = XA,
µ(A) < ∞, B̄(b0, s0) = B̄(a0, r0). Moreover, for each subset E of C, we have
ρE(B) ≤ ρE(A). In particular, ρ(B) ≤ ρ(A).

Proof. Since the sum of the radii of A is finite we have rn → 0 as n→∞, so there
exists an initial segment P of N (possibly equal) such that SA can be enumerated
as (nj)j∈P (without repeats) arranged so that (rnj)j∈P is non-increasing. For each
j ∈ P , define the set

Ij := {nk : k ∈ P, k > j,B(ank , rnk) ⊆ B(anj , rnj)}.

Let I = ⋃
j∈P Ij. Let J denote the set of all k ∈ SA with B(ak, rk) ∩ B̄(a0, r0) = ∅.

Let S = SA \ (I ∪J), let b0 = a0 and s0 = r0. There exists an initial segment Q
of N (possibly equal) and a bijective function σ : Q→ S such that (rσ(n))n∈Q is a
non-increasing (possibly finite) sequence. For each n ∈ N, let bn = aσ(n), sn = rσ(n)

if n ∈ Q and bn = a0, sn = 0 if n /∈ Q. Let B = ((bn, sn)) be the resulting abstract
Swiss cheese.

We now claim that B has the desired properties. Clearly XA ⊆ XB. Let
z ∈ C \XA, we show z /∈ XB. If z ∈ C \ B̄(a0, r0) then we have z ∈ C \ B̄(b0, s0),
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so we can find a minimum m ∈ N0 such that z ∈ B(anm , rnm). Then we have
B(anm , rnm) * B(anj , rnj) so that m /∈ Ij for all j ∈ N0. It follows that there
exists ` ∈ SB such that z ∈ B(b`, s`). Thus z /∈ XB and XA = XB. By the
construction above, it is not hard to see that B is redundancy-free. It is also clear
that ρE(B) ≤ ρE(A) for any non-empty set E ⊆ C so the result follows.

Note that the conditions B̄(b0, s0) = B̄(a0, r0) and ρ(B) ≤ ρ(A) together imply
that δ1(B) ≥ δ1(A).

We now introduce some terminology for constructing new Swiss cheeses by
deleting, inserting, and replacing disks from a given abstract Swiss cheese.

Definition 2.1.7. Let A = ((an, rn)) be an abstract Swiss cheese.

(a) Let a ∈ C and r > 0 and let m ∈ N0. We say that an abstract Swiss cheese
B = ((bn, sn)) is obtained from A by inserting a disk B(a, r) at index m if,
for each n ∈ N0 with 0 ≤ n < m, we have bn = an, sn = rn; for each n ∈ N0

with n > m we have bn = an−1, sn = an−1, and bm = a, sm = r.

(b) Let m ∈ N0. We say that an abstract Swiss cheese B = ((bn, sn)) is obtained
from A by deleting the disk at index m if, for each n ∈ N0 with 0 ≤ n < m,
we have bn = an, sn = rn and for each n ∈ N0 with n ≥ m we have bn = an+1,
sn = rn+1.

(c) Suppose that A ∈ N . Let a ∈ C and r > 0 and k, ` ∈ N with k 6= `. We say
that an abstract Swiss cheese B = ((bn, sn)) is obtained from A by replacing
the disks B(ak, rk),B(a`, r`) by B(a, r) if B is obtained by deleting the disks
at indices k, ` and inserting the disk B(a, r) at the first index such that the
sequence (sn) is non-increasing.

Note that if B is an abstract Swiss cheese obtained by deleting a disk or
replacing a pair of disks from an abstract Swiss cheese A ∈ N , then we also have
B ∈ N .

2.1.1 Geometric Lemmas

The following elementary lemmas will be required throughout the remainder of
the chapter. The first is probably well known, but we have not been able to find a
reference. The proof is omitted.

Lemma 2.1.8. Let z, w ∈ C and r, s ∈ R+, then B̄(z, r) ⊆ B̄(w, s) if and only if
|z −w| ≤ s− r. If r > 0, then B(z, r) ⊆ C \ B̄(w, s) if and only if |w− z| ≥ s+ r.
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The next two lemmas are essentially those used in [40, 84], but including
some additional information distilled from the original proofs. These lemmas are
summarised in Figure 2.1. In the first lemma, we allow for the line segment to be
degenerate.

B(a1, r1)
B(a2, r2)

B(a, r)

(a) Combining open disks.

B̄(a, r) B(a2, r2)

B̄(a1, r1)

(b) Pulling in the closed disk.

Figure 2.1: Elementary lemmas for combining and pulling in disks.

The first lemma describes a process that we call combining disks.

Lemma 2.1.9. Let a1, a2 ∈ C and r1, r2 > 0. Then there exists a unique pair
(a, r) ∈ C × R+ with B(a1, r1) ∪ B(a2, r2) ⊆ B(a, r) such that r is minimal.
Moreover, the point a lies on the line segment joining a1 and a2. Suppose further
that B̄(a1, r1) ∩ B̄(a2, r2) 6= ∅. Then we have r ≤ r1 + r2, and equality holds if and
only if B(a1, r1) ∩ B(a2, r2) = ∅.

The second lemma describes a process that we call pulling in.

Lemma 2.1.10. Let a1, a2 ∈ C and r1 > r2 > 0 with B̄(a2, r2) * B(a1, r1).
Then there exists a unique pair (a, r) ∈ C × R+ with B̄(a, r) ⊆ B̄(a1, r1) and
B(a2, r2)∩ B̄(a, r) = ∅ such that r is maximal. Moreover, we have r ≥ r1 − r2 and
equality holds if and only if B(a2, r2) ⊆ B(a1, r1).

The cases in which equality holds in Lemmas 2.1.9 and 2.1.10 are illustrated in
Figure 2.2.

2.2 Classicalisation of abstract Swiss cheeses

In this section we give a new, topological proof of the Feinstein–Heath classical-
isation theorem, and several related results. Our methods involve constructing
a non-empty compact subset of abstract Swiss cheese space, on which we can
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B(a1, r1) B(a2, r2)

B(a, r)

(a) Case where equality holds in Lemma
2.1.9.

B̄(a, r)

B̄(a1, r1)

B(a2, r2)

(b) Case where equality holds in Lemma
2.1.10.

Figure 2.2: Extreme cases in the combining and pulling in lemmas.

maximise the discrepancy function of order 1. We use the resulting set of abstract
Swiss cheeses to prove the Feinstein–Heath classicalisation theorem.

We now define a relation on abstract Swiss cheese space.

Definition 2.2.1. Let A = ((an, rn)) and B = ((bn, sn)) be abstract Swiss cheeses.
We say that B is partially above A if B̄(b0, s0) ⊆ B̄(a0, r0), and, for each n ∈ N,
either B(an, rn) ⊆ C \ B̄(b0, s0), or there exists m ∈ N such that B(an, rn) ⊆
B(bm, sm), or both.

Note that A is partially above itself and that if B is partially above A then
XB ⊆ XA. The following example shows that the partially above relation is not a
partial order on abstract Swiss cheese space.

Example 2.2.2. Choose sequences (αn) and (βn) of positive real numbers such
that αn, βn → 1 as n → ∞ and, for each n ∈ N, 0 < αn < βn < αn+1 < 1. Let
A = ((an, rn)) be an abstract Swiss cheese with an = 0 for all n ∈ N0, r0 = 1 and
rn = αn for all n ∈ N. Let B = ((bn, sn)) be an abstract Swiss cheese bn = 0 for
all n ∈ N0, s0 = 1 and sn = βn for all n ∈ N. Clearly A and B are not the same
abstract Swiss cheese. We claim that A is partially above B and B is partially
above A.

We first note that B̄(a0, r0) = B̄(b0, s0). So we need to show that, for all n ∈ N,
there exists m ∈ N such that B(an, rn) ⊆ B(bm, sm) and, similarly, for all n ∈ N,
there exists m ∈ N such that B(bn, sn) ⊆ B(am, rm). For each n ∈ N, we have

B(an, rn) ⊆ B(bn, sn) ⊆ B(an+1, rn+1).

It follows that A is partially above B and B is partially above A. �
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Remark 2.2.3. In the above, neither A nor B is in N , and ρ(A) = ρ(B) =∞.

For the remainder of this section, let A = ((an, rn)) ∈ N be a redundancy-free
abstract Swiss cheese with µ(A) < ∞ and δ1(A) > 0. Let M := µ(A) and let
R := ρ(A). Let S(A) denote the set of all abstract Swiss cheeses B ∈ N (M,R)
such that B is partially above A. We seek to prove that S(A) is compact in F .
This is achieved by means of the following lemmas.

Lemma 2.2.4. For each m ∈ N, let A(m) = ((a(m)
n , r(m)

n )) ∈ S(A). There exists a
subsequence (A(mi))∞i=1 of (A(m)) such that, for each k ∈ N, one of the following
holds:

(a) rk = 0;

(b) |ak − a(mi)
0 | ≥ r

(mi)
0 + rk for all i ∈ N with i ≥ k;

(c) there exists pk ∈ N such that |ak−a(mi)
pk
| ≤ r(mi)

pk
− rk for all i ∈ N with i ≥ k.

Proof. We use a diagonalisation argument to construct inductively a sequence
of nested subsequences of (A(m)) and a sequence (pk) of positive integers with
the properties described above. Let k = 1. If r1 = 0 then let (A(m,1))∞m=1 be
the sequence (A(m)) and let p1 = 1. Otherwise we have r1 > 0. If there are
infinitely many m ∈ N such that |a1 − a(m)

0 | ≥ r1 + r
(m)
0 , then let (A(m,1))m be a

subsequence of (A(m)) such that |a1− a(m,1)
0 | ≥ r1 + r

(m,1)
0 holds for all m ∈ N, and

let p1 = 1. Otherwise, for all but finitely many m ∈ N, there exists `m ∈ N such
that |a1 − a(m)

`m
| ≤ r

(m)
`m
− r1. Now since A(m) ∈ N (M,R) for each m ∈ N, where

such an integer `m exists, it must satisfy 1 ≤ `m ≤ R/r1. It follows that there
is at least one integer p such that `m = p for infinitely many m. Set p1 = p and
let (A(m,1)) be a subsequence of (A(m)) such that |a1 − a(m,1)

p1 | ≤ r(m,1)
p1 − r1 for all

m ∈ N.
Let k ∈ N and suppose that we have constructed the nested subsequences

(Am,j)m for j = 1, 2, . . . , k − 1 and positive integers p1, . . . , pk−1. We construct
the subsequence (A(m,k))m and pk as follows. If rk = 0 then let (A(m,k))m be the
sequence (A(m,k−1))m, and let pk = 1. If there are infinitely many m ∈ N such that
|ak − a(m)

0 | ≥ rk + r
(m)
0 , then let (A(m,k))m be a subsequence of (A(m,k−1))m such

that |ak − a(m,k)
0 | ≥ rk + r

(m,k)
0 holds for all m ∈ N, and let pk = 1. Otherwise, for

all but finitely many m ∈ N, there exists `m ∈ N such that |ak − a(m)
`m
| ≤ r

(m)
`m
− rk.

Now since A(m,k) ∈ N (M,R) for each m ∈ N, where such an integer `m exists, it
must satisfy 1 ≤ `m ≤ R/rk. It follows that there is at least one integer p such
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that `m = p for infinitely many m. Set pk = p and let (A(m,k)) be a subsequence of
(A(m)) such that |ak − a(m,k)

pk
| ≤ r(m,k)

pk
− rk for all m ∈ N.

The construction may now proceed. For each i ∈ N, let mi ∈ N such that
A(mi) = A(i,i). We must verify that (A(mi))i has the desired properties. Fix k ∈ N.
If rk = 0 then we are done, so suppose not. By our construction, the sequence
(A(mi))∞i=k is a subsequence of (A(m,k))∞m=1 so that either |ak − a(mi)

0 | ≥ rk + r
(mi)
0

or |a1 − a(mi)
pk
| ≤ r(mi)

pk
− rk for all i ∈ N with i ≥ k. Thus we have constructed a

subsequence (A(mi))i with the desired properties.

Lemma 2.2.5. The set S(A) is a compact subset of F .

Proof. It is not hard to see that π0(S(A)) is compact in C × R+ so, by Lemma
2.1.3, it remains only to show that S(A) is closed in N (M,R). For each m ∈ N,
let A(m) = ((a(m)

n , r(m)
n )) be an abstract Swiss cheese in S(A), and suppose the

sequence (A(m)) converges and has limit B = ((bn, sn)) ∈ N (M,R). We need to
show that B ∈ S(A).

Since A(m) ∈ S(A) for each m ∈ N, we have |a(m)
0 − a0| ≤ r

(m)
0 − r0 by Lemma

2.1.8. Letting m→∞, we have |b0−a0| ≤ s0− r0, and hence B̄(b0, s0) ⊆ B̄(a0, r0).
By Lemma 2.2.4, there exists a subsequence (A(mi))∞i=1 of (A(m)) such that, for
each k ∈ N, one of the following holds:

(a) rk = 0;

(b) |ak − a(mi)
0 | ≥ r

(mi)
0 + rk for all i ∈ N with i ≥ k;

(c) there exists pk ∈ N such that |ak−a(mi)
pk
| ≤ r(mi)

pk
− rk for all i ∈ N with i ≥ k.

Now since A(m) → B as m→∞, it follows that A(mi) → B as i→∞. Let k ∈ N.
If rk = 0 then B(ak, rk) = ∅ so there is nothing to prove. If |ak−a(mi)

0 | ≥ r
(mi)
0 + rk

for all i ∈ N with i ≥ k then, taking i → ∞, we have |ak − b0| ≥ s0 + rk so
that, by Lemma 2.1.8, we have B(ak, rk) ⊆ C \ B(b0, s0). Otherwise, there exists
pk ∈ N such that |ak − a(mi)

pk
| ≤ r(mi)

pk
− rk for all i ∈ N with i ≥ k. In this case,

taking i→∞, we obtain |ak − bpk | ≤ spk − rk so that, by Lemma 2.1.8, we have
B(ak, rk) ⊆ B(bpk , spk). This concludes the proof.

The function δ1 is upper-semicontinuous on the non-empty, compact subset
S(A) of F , so δ1 attains its maximum value on S(A). Let S1 denote the set of
all abstract Swiss cheeses B ∈ S(A) such that δ1(B) = max {δ1(C) : C ∈ S(A)}.
Then the set S1 is non-empty and compact in S(A). Note that, for all B ∈ S1, we
have δ1(B) ≥ δ1(A) > 0. The function δ2 is continuous on S1, and so δ2 attains
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both minimum and maximum values on S1. Let S2 denote the set of all B ∈ S1

such that δ2(B) = min {δ2(C) : C ∈ S1}. Then S2 is a non-empty, compact subset
of S1, and hence is a non-empty, compact subset of S(A). We seek to prove that
any abstract Swiss cheese B ∈ S2 is a classical abstract Swiss cheese.

We require the following ‘safe replacement’ lemma.

Lemma 2.2.6. Let B = ((bn, sn)) ∈ S(A).

(a) Suppose that k, ` ∈ SB with k 6= ` such that B̄(bk, sk) ∩ B̄(b`, s`) 6= ∅. If
we have B(bk, sk) ∩ B(b`, s`) 6= ∅ then there exists B′ ∈ S(A) such that
δ1(B′) > δ1(B). Otherwise, there exists B′ ∈ S(A) such that δ1(B′) = δ1(B)
and δ2(B′) < δ2(B).

(b) Suppose that k ∈ SB with sk < s0 such that B̄(bk, sk) * B(b0, s0). If we have
B(bk, sk) * B(b0, s0) then there exists B′ ∈ S(A) such that δ1(B′) > δ1(B).
Otherwise, there exists B′ ∈ S(A) with δ1(B′) = δ1(B) and δ2(B′) < δ2(B).

Proof. (a) Let B(b, s) be the open disk obtained by applying Lemma 2.1.9 to the
disks B(bk, sk) and B(b`, s`). Let B′ = ((b′n, s′n)) be obtained by replacing the disks
B(bk, sk) and B(b`, s`) by B(b, s).

If B(bk, sk) ∩ B(b`, s`) 6= ∅ then we have s < sk + s` and so δ1(B′) > δ1(B).
Otherwise, we have s = sk + s` and hence s2 > s2

k + s2
` . In this case, δ1(B′) = δ1(B)

and δ2(B′) < δ2(B).
We now show that B′ ∈ S(A). Clearly B′ ∈ N by our definition of replacing

disks in an abstract Swiss cheese. Since b lies on the line segment connecting bk
and b`, it follows that µ(B′) ≤ µ(B) and since s ≤ sk + s` we have ρ(B′) ≤ ρ(B).
Thus B′ ∈ N (M,R). It remains to show that B′ is partially above A.

We have B̄(b′0, s′0) = B̄(b0, s0) so that B̄(b′0, s′0) ⊆ B(a0, r0). Fix p ∈ N. Since
B is partially above A, we have either B(ap, rp) ⊆ B(bm, sm), for some m ∈ SB,
or B(ap, rp) ⊆ C \ B̄(b0, s0) (or both). If B(ap, rp) ⊆ C \ B̄(b0, s0) then we also
have B(ap, rp) ⊆ C \ B̄(b′0, s′0). Otherwise, let m ∈ SB with B(ap, rp) ⊆ B(bm, sm).
If m = k or m = `, then, with q as the index where B(b, s) was inserted, we
have B(ap, rp) ⊆ B(b′q, s′q). If m 6= k, `, then there exists q ∈ SB′ such that
B(b′q, s′q) = B(bm, sm). Thus B(ap, rp) ⊆ B(b′q, s′q). Hence B′ is partially above A,
and so B′ ∈ S(A) as required.

(b) Let B̄(b, s) be the closed disk obtained by applying Lemma 2.1.10 to the disks
B(b0, s0) and B(bk, sk). Let B′ = ((b′n, s′n) be the abstract Swiss cheese obtained
by deleting the disks at indices 0 and k and inserting the disk B̄(b, s) at index 0. It
is easy to see that B′ ∈ N (M,R) and we have B(b, s) ⊆ B(b0, s0) by construction.
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If B(bk, sk) * B(b0, s0) then we have s > s0 − sk so that δ1(B′) > δ1(B).
Otherwise, we have s0 = s + sk and s2

0 > s2 + s2
k so that δ1(B′) = δ1(B) and

δ2(B′) < δ2(B).
Fix p ∈ N. Again, we show that B(ap, rp) ⊆ C \ B̄(b, s) or that there exists

q ∈ SB′ such that B(ap, rp) ⊆ B(b′q, s′q). If rp = 0 then the result is trivial, as
above, so suppose that p ∈ SA. Since B ∈ S(A), we have B(ap, rp) ⊆ C \ B̄(b0, s0)
or we have B(ap, rp) ⊆ B(bm, sm) for some m ∈ SB. If B(ap, rp) ⊆ C \ B̄(b0, s0)
then we also have B(ap, rp) ⊆ C \ B̄(b, s). Let m ∈ SB and suppose that we
have B(ap, rp) ⊆ B(bm, sm). If m 6= k then there exists q ∈ SB′ such that
B(b′q, s′q) = B(bm, sm) and hence B(ap, rp) ⊆ B(b′q, s′q). If m = k then we now have
B(ap, rp) ⊆ C \ B̄(b, s). It follows that B′ is partially above A, and so B′ ∈ S(A)
as required. This concludes the proof.

The following theorem about abstract Swiss cheeses in S1 is yields a ‘semiclas-
sicalisation’ theorem. See also [48, Theorem 7.3], which was originally proved in
the MSc dissertation of H. Yang.

Theorem 2.2.7. All abstract Swiss cheeses in S1 are semiclassical.

Proof. Let B = ((bn, sn)) ∈ S1. Suppose for contradiction that B is not a
semiclassical abstract Swiss cheese. Consider first the case where there are distinct
k, ` ∈ SB with B(bk, sk)∩B(b`, s`) 6= ∅. By Lemma 2.2.6(a) there exists B′ ∈ S(A)
with δ1(B′) > δ1(B), which is a contradiction.

The remaining case is where there is a k ∈ SB with B(bk, sk) * B(b0, s0). We
have δ1(B) ≥ δ1(A) > 0 so that sk < s0. By Lemma 2.2.6(b) there exists B′ ∈ S(A)
with δ1(B′) > δ1(B), which is a contradiction.

Remark 2.2.8. By the above theorem, all abstract Swiss cheeses in S1, and hence
in S2, are semiclassical. Thus the function πδ2 : S1 → R+ is the function which
maps an abstract Swiss cheese B to the area of the associated Swiss cheese set XB.
By this observation, the abstract Swiss cheeses in S2 are obtained by minimising
the value of the area of the associated Swiss cheese sets on S1.

We are now ready to prove the main theorem of this section, which provides
the means for finding classical abstract Swiss cheeses.

Theorem 2.2.9. All abstract Swiss cheeses in S2 are classical.

Proof. Let B = ((bn, sn)) ∈ S2. Suppose for contradiction that B is not classical. If
there are distinct k, ` ∈ SB with B̄(bk, sk) ∩ B̄(b`, s`) 6= ∅ then, by Lemma 2.2.6(a),
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there exists B′ ∈ S(A) such that either δ1(B′) > δ1(B) or δ1(B′) = δ1(B) and
δ2(B′) < δ2(B). In either case we obtain a contradiction since B ∈ S2.

Otherwise there exists k ∈ SB with B̄(bk, sk) * B(b0, s0). Note that sk < s0

since δ1(B) > 0. By Lemma 2.2.6(b) there exists B′ ∈ S(A) such that either
δ1(B′) > δ1(B) or δ1(B′) = δ1(B) and δ2(B′) < δ2(B). In either case we obtain a
contradiction since B ∈ S2.

In the next theorem, we show that if XA has empty interior then we do not
have to minimise δ2 on S1 to find classical abstract Swiss cheeses.

Theorem 2.2.10. Suppose that int(XA) = ∅. Then each abstract Swiss cheese in
S1 is classical.

Proof. Let B = ((bn, sn)) ∈ S1. Then, by Theorem 2.2.7, B is semiclassical.
Suppose, for contradiction, that B is not classical. Then there are two cases
summarised in Figure 2.3. First suppose that there exist distinct k, ` ∈ SB with
B̄(bk, sk) ∩ B̄(b`, s`) 6= ∅. Then by Lemma 2.1.9, since B(bk, sk) ∩ B(b`, s`) = ∅,
there exists an open disk B(a, r) ⊇ B(bk, sk) ∪ B(b`, s`) with r = sk + s`. By
replacing the disks B(bk, sk) and B(b`, s`) with B(a, r) we obtain a new abstract
Swiss cheese B′ = ((b′n, s′n)) such that B′ ∈ S1 (following the proof of Lemma
2.2.6). Let p be the index at which the disk B(a, r) was inserted. Since XB has
empty interior, there exists m ∈ SB with m 6= p such that B(a, r) ∩ B(bm, sm) 6= ∅.
Let q ∈ SB′ be such that B(b′q, s′q) = B(bm, sm). Note that p 6= q. Applying Lemma
2.2.6(a) to p, q ∈ SB′ and B′, we obtain an abstract Swiss cheese B′′ ∈ S(A) which
has δ1(B′′) > δ1(B′). But this is a contradiction.

Now suppose there exists k ∈ SB with B̄(bk, sk) * B(b0, s0). Then, by applying
Lemma 2.1.10, there exists a closed disk B̄(b, s) contained in B̄(b0, s0) \ B(bk, sk).
By deleting the disks at indices 0 and k and inserting B(b, s) at index 0, we obtain
a new abstract Swiss cheese B′ = ((b′n, s′n)) ∈ S1 such that δ1(B′) = δ1(B) (again
following the proof of Lemma 2.2.6). Since XB has empty interior, there exists
q ∈ SB′ such that B(bq, sq) * B̄(b, s). Applying Lemma 2.2.6(b) to m and B′, we
obtain an abstract Swiss cheese B′′ ∈ S(A) which has δ1(B′′) > δ1(B′). But this is
a contradiction.

We now obtain the Feinstein–Heath classicalisation theorem as a corollary of
Theorem 2.2.9, stated below in the language of abstract Swiss cheeses.

Corollary 2.2.11 (Feinstein–Heath theorem). Let A0 = ((a(0)
n , r(0)

n )) be an abstract
Swiss cheese with δ1(A0) > 0. Then there exists a classical abstract Swiss cheese
B ∈ F such that XB ⊆ XA0 and δ1(B) ≥ δ1(A0).
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B(b`, s`) B(bk, sk)

B(a, r)

B(b′q, s′q)

(a) Case 1.

B̄(b0, s0)

B(bk, sk)

B̄(b, s)

B(b′q, s′q)

(b) Case 2.

Figure 2.3: The two cases in the proof of Theorem 2.2.10

Proof. Since δ1(A0) > 0, we have ρ(A0) <∞ so, by Lemma 2.1.6, there exists a
redundancy-free abstract Swiss cheese A ∈ N such that XA ⊆ XA0 , µ(A) < ∞,
B̄(a0, r0) = B̄(a(0)

0 , r
(0)
0 ) and such that ρE(A) ≤ ρE(A0) for each subset E ⊆ C.

In particular, we have ρ(A) ≤ ρ(A0) (taking, for example, E = C) and hence
δ1(A) ≥ δ1(A0). Let S(A) be the compact subset of N (µ(A), ρ(A)), constructed
as above, and let S1 and S2 be the subsets obtained by maximising the value
of δ1 on S(A) and minimising the value of δ2 on S1, as described above. Let
B ∈ S2. By Theorem 2.2.9, the abstract Swiss cheese B is classical, and we have
δ1(B) ≥ δ1(A) ≥ δ1(A0). Moreover, B is partially above A, so XB ⊆ XA = XA0 .
Thus B is the desired abstract Swiss cheese.

As an immediate corollary of the Feinstein–Heath classicalisation theorem and
the result in [85], after translation and scaling, we obtain the following result from
[40] which will be used later.

Corollary 2.2.12. Let ε > 0, let λ > 0, and let a ∈ C. There exists a classical
abstract Swiss cheese A = ((an, rn)) with a0 = a, r0 = λ, and ρ(A) < ε such that
R(XA) is non-trivial and regular.

2.3 Controlled classicalisation

In this section we discuss some situations in which it is possible to make a Swiss
cheese classical without changing certain disks. This process we call ‘controlled
classicalisation’.



Chapter 2. Abstract Swiss cheeses 43

Recall that, for E ⊆ C and an abstract Swiss cheese A = ((an, rn)), the set
HA(E) is the set of all n ∈ SA such that B̄(an, rn) ∩ E 6= ∅.

Lemma 2.3.1. Let U ⊆ C be a non-empty open set. For each m ∈ N0, let
A(m) = ((a(m)

n , r(m)
n )) ∈ F and suppose that A(m) → A = ((an, rn)) ∈ F as m→∞.

Then ρU(A) ≤ lim infm→∞ ρU(A(m)).

Proof. Since U is open and A(m) → A as m→∞, for each k ∈ HA(U) there exists
m0 ∈ N0 such that, for all m ≥ m0, we have k ∈ SA(m) and B̄(a(m)

k , r
(m)
k ) ∩ U 6= ∅.

Let χm denote the characteristic function of HA(m)(U)∩HA(U). Then χm converges
pointwise to χ := χHA(U) as m → ∞. Since r(m)

k → rk as m → ∞ for each k, by
Fatou’s lemma for series, we have

ρU(A) =
∞∑
n=1

χ(n)rn ≤ lim inf
m→∞

∞∑
n=1

χm(n)r(m)
n ≤ lim inf

m→∞
ρU(A(m)),

as required.

For the rest of this section A = ((an, rn)) ∈ N will be a fixed redundancy-free
abstract Swiss cheese. Note that both ρ(A) and µ(A) are finite and rn ≤ ρ(A)/n
for all n ∈ N. We define the (classical) error set of A to be

E(A) :=
⋃

m,n∈SA
m 6=n

(
B̄(am, rm) ∩ B̄(an, rn)

)
∪

⋃
n∈SA

(
(C \ B(a0, r0)) ∩ B̄(an, rn)

)
.

Note that if E(A) ⊆ B(a0, r0) then B̄(an, rn) ⊆ B(a0, r0) for all n ∈ SA. We aim
to prove that, under suitable conditions, we can classicalise A while leaving many
of the open disks unchanged.

As in Section 2.2, we seek to construct a compact subset of F on which the
function δ1 can be maximised and then the function δ2 minimised to give a suitable
classical abstract Swiss cheese.

In the rest of this section, we will frequently need to consider indexed col-
lections of pairs of sets of the following form. Let I ⊆ N be non-empty. Let
C = ((Kn, Un))n∈I , where each Kn is a compact plane set and each Un is an open
set with Kn ⊆ Un. We call such an indexed collection a controlling collection
of pairs. In the special case where I has only one member, we say that C is a
controlling pair and write C = (K,U).

Definition 2.3.2. Let C = ((Kn, Un))n∈I be a controlling collection of pairs.
Define

V (C) :=
⋃
n∈I

Un, F (C) :=
⋃
n∈I

Kn.

Let LA(C) denote the set of all B = ((bn, sn)) ∈ N (µ(A), ρ(A)) such that:
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(a) for each (K,U) ∈ C we have ρU(B) ≤ ρU(A);

(b) B̄(b0, s0) = B̄(a0, r0);

(c) for all k ∈ SA with B̄(ak, rk) ∩ V (C) = ∅ there exists ` ∈ SB such that
B(b`, s`) = B(ak, rk);

(d) for each n ∈ I and for all k ∈ SA such that B̄(ak, rk) ∩ Un 6= ∅:

(i) there exists ` ∈ SB with B(b`, s`) = B(ak, rk); or

(ii) there exists ` ∈ HB(Kn) with B(ak, rk) ⊆ B(b`, s`).

Note that A ∈ LA(C), and if B ∈ LA(C) then B is partially above A. Thus if
B ∈ LA(C) then XB ⊆ XA. The properties (a)–(d) reflect the properties we desire
for the final abstract Swiss cheese. We will use the open sets U to bound the error
set E(A). Under some technical assumptions, conditions (c) and (d) ensure that
abstract Swiss cheeses maximising δ1 in LA(C) have the property that any open
disk which lies outside V (C) is the same as an open disk from A.

We first require some preliminary lemmas. The following lemma is probably
well known and can be proved using a Hausdorff metric argument, but we include
an elementary proof for the convenience of the reader.

Lemma 2.3.3. Let K be a compact plane set. Let (zn) be a sequence in C and
(tn) be a sequence in R+. Suppose that B̄(zn, tn)∩K 6= ∅ for all n and zn → z and
tn → t as n→∞. Then B̄(z, t) ∩K 6= ∅.

Proof. For each n ∈ N0 there exists a point wn ∈ B̄(zn, tn) ∩K. Now since (wn)
is a sequence in K there is a convergent subsequence (wnk) converging to a point
w ∈ K. For each k ∈ N0, we have wnk ∈ B̄(znk , tnk) so that |wnk − znk | ≤ tnk .
Hence, taking the limit as k →∞, we have |w − z| ≤ t so that w ∈ B̄(z, t) ∩K as
required.

We now prove that the space LA(C) is a compact subspace of F for an arbitrary
controlling collection of pairs C.

Lemma 2.3.4. Let C := ((Kn, Un))n∈I be a controlling collection of pairs. Then
the set LA(C) ⊆ F is compact.

Proof. It is clear that π0(LA(C)) = {(a0, r0)} is compact in C× R+. By Lemma
2.1.3, we need to show that LA(C) is closed in N (µ(A), ρ(A)). For each m ∈ N0,
let A(m) = ((a(m)

n , r(m)
n ))∞n=0 ∈ LA(C). Let B = ((bn, sn)) and suppose that (A(m))

converges to B ∈ N (µ(A), ρ(A)) as m→∞. We need to show that B ∈ LA(C).
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By Lemma 2.3.1 we see that B also satisfies (a), and it is immediate that (b)
is also satisfied.

It remains to prove (c) and (d) hold for B. Fix k ∈ SA. First suppose that
B̄(ak, rk)∩V (C) = ∅. Since, for each m ∈ N0, we have A(m) ∈ LA(C) it follows that
for each m there exists an integer `m such that B(ak, rk) = B(a(m)

`m
, r

(m)
`m

). Now since
r

(m)
k = rk for each m we have 1 ≤ `m ≤ ρ(A)/rk for all m. But then there must
exist an integer 1 ≤ p ≤ ρ(A)/rk such that `k = p infinitely often so we can find a
subsequence (A(mj))j such that `mj = p for all j. Since B(ak, rk) = B(a(mj)

k , r
(mj)
k )

for all j and A(mj) → B, it follows that B(ak, rk) = B(bp, sp). This proves that (c)
holds for B.

Now suppose that B̄(ak, rk) ∩ U 6= ∅ for some (K,U) ∈ C. For each m ∈ N0

there exists an integer `m such that B(ak, rk) ⊆ B(a(m)
`m
, r

(m)
`m

) and r(m)
`m
≥ rk. We

choose `m as follows: if in A(m) there is an open disk B(a, r) = B(ak, rk) then we
pick `m to be the index of that open disk, otherwise we choose `m to be the index of
an open disk B(a, r) that properly contains B(ak, rk) and B̄(a, r)∩F (C) 6= ∅. Hence
we have 1 ≤ `m ≤ ρ(A)/rk for all m and so there exists an integer 1 ≤ p ≤ ρ(A)/rk
such that `m = p infinitely often. By considering a subsequence we can assume
that `m = p for all m. If B(a(m)

p , r(m)
p ) = B(ak, rk) holds for infinitely many

m then there is a subsequence (A(mj))j such that B(ak, rk) = B(a(mj)
p , r

(mj)
p ) for

all j. Since A(mj) → B as j → ∞ it follows that B(ak, rk) = B(bp, sp). If
B(ak, rk) = B(a(m)

p , r(m)
p ) for finitely many m then, for infinitely many m, we must

have
B(ak, rk) ⊆ B(a(m)

p , r(m)
p ) and B̄(a(m)

p , r(m)
p ) ∩K 6= ∅.

Then there exists a subsequence (A(mj))j such that B(ak, rk) ⊆ B(a(mj)
p , r

(mj)
p ) and

B̄(a(mj)
p , r

(mj)
p ) ∩K 6= ∅ for all j. But then B(ak, rk) ⊆ B(bp, sp) and, by Lemma

2.3.3, we have B̄(bp, sp) ∩K 6= ∅. This proves that (d) holds for B.
Thus we have proved that B ∈ LA(C) and hence LA(C) is compact.

We are interested in those abstract Swiss cheeses B in a space LA(C) on which
the discrepancy function δ1 is maximised. These abstract Swiss cheeses have
some desirable properties. Let L∗A(C) denote the subset of LA(C) of all abstract
Swiss cheeses where δ1 achieves its maximum. Since LA(C) is non-empty and
compact, L∗A(C) is non-empty and compact. Recall that A ∈ N is assumed to be
redundancy-free.

Lemma 2.3.5. Let C := ((Kn, Un))n∈I be a controlling collection of pairs. Let
B = ((bn, sn)) ∈ L∗A(C). Then B has the following properties.
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(a) If k, ` ∈ SB with k 6= ` then B(bk, sk) 6= B(b`, s`).

(b) Let k ∈ SB. Then there exists ` ∈ SA with B(a`, r`) ⊆ B(bk, sk). Moreover,
if B̄(bk, sk) ∩ F (C) = ∅ then this ` ∈ SA is unique, and B(bk, sk) = B(a`, r`).

(c) Fix E ⊆ C. Let H1 := HB(E) \HB(V (C)) and let H2 := HA(E) \HA(V (C)).
There exists a bijection σ : H1 → H2 satisfying the following condition: for
each k ∈ H1 and ` ∈ H2, we have σ(k) = ` if and only if B(bk, sk) = B(a`, s`).
In particular, ∑

n∈H1

sn =
∑
n∈H2

rn.

Proof. (a) If k, ` ∈ SB with k 6= ` such that B(bk, sk) = B(b`, s`) then we can
obtain an abstract Swiss cheese B′ by deleting the disk at index ` which has
δ1(B′) > δ1(B). It is easy to see that B′ ∈ LA(C), which is a contradiction.

(b) Let k ∈ SB. Assume, for contradiction, there does not exist ` ∈ SA such that
B(a`, r`) ⊆ B(bk, sk). Then we can delete the disk at index k from B to obtain an
abstract Swiss cheese B′ which has δ1(B′) > δ1(B). It is clear that B′ ∈ LA(C),
which contradicts the maximality of δ1(B). Thus there exists ` ∈ SA such that
B(a`, r`) ⊆ B(bk, sk).

Now suppose, in addition, that B̄(bk, sk) ∩ F (C) = ∅. We show that the ` ∈ SA
found above with B(a`, r`) ⊆ B(bk, sk) is unique and satisfies B(a`, r`) = B(bk, sk).
Assume, for contradiction, that B(a`, r`) 6= B(bk, sk). Then, since A is redundancy-
free, we must have B(am, rm) 6= B(bk, sk) for all m ∈ SA. We claim that the
abstract Swiss cheese B′ obtained by deleting the disk at index k from B has
B′ ∈ LA(C); this will lead to a contradiction.

Clearly B′ ∈ N (µ(A), ρ(A)) and it is also clear that B′ satisfies conditions (a)
and (b) of Definition 2.3.2. Since B(am, rm) 6= B(bk, sk) for all m ∈ SA, it follows
that 2.3.2(c) remains true for B′. Similarly, since B̄(bk, sk) ∩ F (C) = ∅, 2.3.2(d)
remains true for B′. This proves our claim.

But now δ1(B′) > δ1(B), which contradicts the maximality of δ1(B). Thus we
must have B(a`, r`) = B(bk, sk). The uniqueness of ` follows from the fact that A
is redundancy-free.

(c) Note that if, for some k ∈ SB and ` ∈ SA, B(bk, sk) = B(a`, r`) then k ∈ H1

if and only if ` ∈ H2. Combining this with (b), for each k ∈ H1 there exists a
unique ` ∈ H2 such that B(bk, sk) = B(a`, r`). Thus we may define σ(k) = ` for
such k, `. We must show that σ is a bijection. By (a), σ is injective. Let ` ∈ H2.
By 2.3.2(c), there exists k ∈ SB with B(bk, sk) = B(a`, r`). By the remark above,
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k ∈ H1, and so σ(k) = `. This proves that σ is surjective. It is now immediate
that ∑n∈H1 sn = ∑

n∈H2 rn. This completes the proof.

In order to obtain a controlled classicalisation theorem, we need to impose
some technical conditions on C. Let K be a compact plane set and let M > 0. We
define U(K,M) := {z ∈ C : dist(z,K) < M}. Clearly U(K,M) is non-empty and
open.

Our next lemma is a ‘safe replacement’ result for controlled classicalisation.

Lemma 2.3.6. Let I ⊆ N be non-empty. Let (Kn)n∈I be a collection of compact
plane sets and let (Mn)n∈I be a collection of positive real numbers. For each n ∈ I,
let Un := U(Kn,Mn). Suppose that ρUk(A) < Mk/2 and Uk ⊆ B(a0, r0) for all
k ∈ I and suppose that Uk∩U` = ∅ for all distinct k, ` ∈ I. Let C be the controlling
collection ((Kn, Un))n∈I . Let B = ((bn, sn)) ∈ LA(C) and fix m ∈ I. Suppose there
exists k, ` ∈ SB with k 6= ` such that B̄(bk, sk)∩Km 6= ∅ and B̄(bk, sk)∩B̄(b`, s`) 6= ∅.
Then there exists B′ ∈ LA(C) such that either δ1(B′) > δ1(B) or δ1(B′) = δ1(B)
and δ2(B′) < δ2(B).

Proof. Let B(b, s) be the disk obtained by the application of Lemma 2.1.9 to
the disks B(bk, sk) and B(b`, s`). Let B′ = ((b′n, s′n)) be an abstract Swiss cheese
obtained from B by replacing the disks at indices k, ` with the disk B(b, s). Since
B ∈ LA(C) we have ρUm(B) ≤ ρUm(A) < Mm/2, so that s ≤ sk + s` < Mm/2.
Since B̄(bk, sk) ∩Km 6= ∅, we must have B̄(b, s) ⊆ Um and hence B̄(b, s) ∩ Un = ∅
for all n ∈ I with n 6= m.

It is clear now that either δ1(B′) > δ1(B), when s < sk + s`, or we have
δ1(B′) = δ1(B) and δ2(B′) < δ2(B), when s = sk + s`, so it remains to show
that B′ ∈ LA(C). By construction, and since B̄(b, s) ⊆ Um and B̄(b, s) ∩ Un = ∅
for n ∈ I with n 6= m, we have B′ ∈ N (µ(A), ρ(A)) and satisfies (a) and (b) in
Definition 2.3.2.

Fix j ∈ SA. If B̄(aj, rj) ∩ V (C) = ∅, then there exists p ∈ SB with p 6= k, ` and
B(bp, sp) = B(aj, rj). Hence there exists p′ ∈ SB′ such that B(b′p′ , s′p′) = B(aj, rj)
and B′ satisfies (c) in Definition 2.3.2.

Suppose that B̄(aj, rj) ∩ V (C) 6= ∅. Let n ∈ I such that B̄(aj, rj) ∩ Un 6= ∅.
Since B ∈ LA(C), there exists p ∈ SB such that B(aj, rj) ⊆ B(bp, sp), where
equality holds unless B̄(bp, sp) ∩ Kn 6= ∅. If p 6= k, `, then there exists q ∈ SB′
such that B(b′q, s′q) = B(bp, sp). Thus B(aj, rj) ⊆ B(b′q, s′q) and equality holds if
B̄(b′q, b′q)∩Kn = ∅. If n 6= m then we cannot have p = k or p = ` since B̄(b, s) ⊆ Um

and Un ∩ Um = ∅. If n = m and either p = k or p = `, then there exists q ∈ SB′
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such that B(b′q, s′q) = B(b, s), so that B(aj, rj) ⊆ B(b′q, s′q) and B̄(b′q, s′q) ∩Kn 6= ∅.
Moreover, B̄(b′q, s′q) ∩ Ui = ∅ for all i ∈ I with i 6= m. It follows that B′ satisfies
2.3.2(d) and hence B′ ∈ LA(C). This completes the proof.

Similar geometric reasoning and induction shows that, under the conditions of
the lemma, given n1, . . . , np ∈ SA and m ∈ I such that

B̄(an1 , rn1) ∩Km 6= ∅ and B̄(anj−1 , rnj−1) ∩ B̄(anj , rnj) 6= ∅

for j = 2, . . . , p we have B̄(bnj , rnj) ⊆ Um for each j = 1, . . . , p.
We are now ready to prove the controlled classicalisation theorem.

Theorem 2.3.7. Let I ⊆ N be non-empty. Let (Kn)n∈I be a collection of compact
plane sets and let (Mn)n∈I be a collection of positive real numbers. For each
n ∈ I, let Un := U(Kn,Mn). Suppose that Uk ⊆ B(a0, r0) and ρUk(A) < Mk/2
for all k ∈ I and suppose that Uk ∩ U` = ∅ for all distinct k, ` ∈ I. Let C be the
controlling collection ((Kn, Un))n∈I and suppose E(A) ⊆ F (C). Then there exists
B = ((bn, sn)) ∈ L∗A(C) such that XB \ V (C) = XA \ V (C) and B is classical.

Proof. We know that L∗A(C) is non-empty and compact so δ2 obtains its minimum
on L∗A(C). Let B ∈ L∗A(C) such that δ2 is minimised on L∗A(C) at B. We first
show that B̄(bk, sk) ⊆ B(b0, s0) for all k ∈ SB. Let C be the complement of
the disk B(a0, r0) = B(b0, s0). Let k ∈ SB and assume, for contradiction, that
C ∩ B̄(bk, sk) 6= ∅. If there exists u ∈ SA such that B(au, ru) = B(bk, sk) then

∅ 6= B̄(bk, sk) ∩ C = B̄(au, ru) ∩ C ⊆ C ∩ E(A) = ∅,

which is impossible. Otherwise, by Lemma 2.3.5, there exists u ∈ SA such that
B(au, ru) ⊆ B(bk, sk). Since B ∈ L∗A(C) there exists m ∈ I such that

B̄(bk, sk) ∩Km 6= ∅,

and it follows that B̄(bm, sm) ⊆ Um ⊆ B(a0, r0), which is a contradiction as
B(a0, r0) = B(b0, s0).

We must now show that there do not exist distinct k, ` ∈ SB such that we
have B̄(bk, sk) ∩ B̄(b`, s`) 6= ∅. Suppose, for contradiction, that such a pair ex-
ists. If B̄(bk, sk) ∩ F (C) = ∅ and B̄(b`, s`) ∩ F (C) = ∅ then there exists u, v ∈ SA
with B(au, ru) = B(bk, sk) and B(av, rv) = B(b`, s`), which is a contradiction since
E(A) ⊆ F (C). Thus at least one of these disks has non-empty intersection with at
least one compact set Km.
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We may assume, without loss of generality, that B(bk, sk) ∩Km 6= ∅ for some
m ∈ I. It follows that sk, s` < Mm/2 and B̄(bk, sk) ⊆ Um and B̄(b`, s`) ∩ Um 6= ∅.
Let B(b, s) be the open disk obtained by an application of Lemma 2.1.9 to the
disks B(bk, sk) and B(b`, s`). Then, by Lemma 2.3.6, the abstract Swiss cheese
B′ ∈ LA(C) obtained by replacing the disks B(bk, sk) and B(b`, s`) with B(b, s)
has either δ1(B′) > δ1(B) or δ1(B′) = δ1(B) and δ2(B′) < δ2(B). Both of these
cases are impossible since we assumed that δ1 was maximised on B and δ2 was
minimised on B. It follows that no such pair k, ` can exist and hence B is classical.

It remains to show that XB \ V (C) = XA \ V (C). Note that B ∈ LA(C)
so XB ⊆ XA, thus XB \ V (C) ⊆ XA \ V (C). Let UA := (C \ XA) ∪ V (C) and
UB := (C \ XB) ∪ V (C). Let z ∈ UB, we show that z ∈ UA. If z is outside of
B̄(b0, s0) then it is also outside of B̄(a0, r0) since the closed balls are the same.
If z ∈ B̄(b0, s0), then there exists k ∈ SB such that z ∈ B(bk, sk). Note that
B̄(bk, sk) ∩ F (C) = ∅, otherwise B̄(bk, sk) ⊆ V (C). By Lemma 2.3.5, there exists
` ∈ SA such that B(a`, r`) = B(bk, sk). Thus z ∈ B(a`, r`) and UB ⊆ UA. It follows
that C \ UB ⊇ C \ UA and hence XB \ V (C) = XA \ V (C).

Note here that the classical, abstract Swiss cheese B obtained from this theorem
is an element of L∗A(C) and therefore satisfies properties (a)–(d) of Definition 2.3.2,
and the conclusion of Lemma 2.3.5 holds for B. Note also that, in contrast to the
Feinstein–Heath classicalisation theorem, δ1(B) may be negative here. We can
obtain similar results using transfinite induction.

Taking I to have just one element in Theorem 2.3.7, we obtain the following
corollary.

Corollary 2.3.8. Let K be a compact plane set and let M be a positive real
number. Let U = U(K,M) and let C be the controlling pair (K,U). Suppose that
ρU(A) < M and E(A) ⊆ K. Then there exists B = ((bn, sn)) ∈ L∗A(C) such that
XB \ U = XA \ U and B is classical.

2.4 Annular classicalisation

In this section we give some results about Swiss cheese like sets obtained by deleting
open disks from a closed annulus, rather than a closed disk. If K is a closed annulus
in the plane, we can write K = B̄(a0, r0) \ B(a1, r1) for some a0 = a1 ∈ C and
r0 > r1 > 0 real. Recall that an abstract Swiss cheese A = ((an, rn)) is annular if
a0 = a1 and 0 < r1 < r0, and let KA denote the annulus B̄(a0, r0) \ B(a1, r1). We
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shall usually omit ‘abstract’ from the statement A is an annular abstract Swiss
cheese.

The following lemma is an annular analogue of Lemma 2.1.10. The statement
is presumably well known, but we include the details for the convenience of the
reader.

Lemma 2.4.1. Let a ∈ C and r0 > r1 > 0 and let K := B̄(a, r0) \ B(a, r1). Let
b ∈ C and 0 < s < (r0 − r1)/2 such that B̄(b, s) ∩ C \K 6= ∅. Then there exists
r′0, r

′
1 > 0 such that K ′ := B̄(a, r′0) \ B(a, r′1) ⊆ K with K ′ ∩ B(b, s) = ∅ and

r′0 − r′1 ≥ r0 − r1 − 2s.

Proof. Set D = B(b, s). If D ⊆ C \K then there is nothing to prove so suppose
not. Since s < (r0 − r1)/2 there are only two possible cases. We must have either
D ∩ B̄(a, r1) 6= ∅ or D ∩ C \ B(a, r0) 6= ∅.

In the first case, where D̄ ∩ B̄(a, r1) 6= ∅, let r′0 = r0 and r′1 = |b − a| + s.
We have |b − a| > r1 − s and |b − a| ≤ r1 + s. Hence r′1 > r1 − s + s = r1 and
r′1 ≤ r1 + 2s < r1 + r0 − r1 = r0 and

r′0 − r′1 = r0 − (|b− a|+ s) ≥ r0 − s− r1 − s = r0 − r1 − 2s.

Since for each z ∈ D we have |b−a|−s < |z−a| < |b−a|+s it follows immediately
that D ⊆ C \K.

In the second case, where D ∩C \B(a, r0) 6= ∅, let r′0 = |b− a| − s and r′1 = r1.
We have |b− a| < r0 + s and |b− a| ≥ r0 − s. Hence r′0 < r0 + s− s = r0 and

r′0 > r0 − s− s > r0 − (r0 − r1) = r1

and so
r′0 − r′1 = |b− a| − s− r1 ≥ r0 − r1 − 2s.

Similarly, for all z ∈ D we have |b−a|− s < |z−a| < |b−a|+ s and so D ⊆ C\K.
This completes the proof.

Let A = ((an, rn)) be an abstract Swiss cheese. Recall that

δann(A) = r0 − r1 − 2ρann(A),

as defined in Definition 2.1.3. In particular, if δann(A) > 0 then we have r0 > r1.
We aim to prove an analogue of the Feinstein–Heath classicalisation theorem

(Corollary 2.2.11) for annular Swiss cheeses by constructing a suitable compact
subset of F .

The following is an analogue of Lemma 2.1.6 for annular Swiss cheeses.
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Lemma 2.4.2. Let A be an annular Swiss cheese with ρann(A) <∞. Then there
exists an annular Swiss cheese B = ((bn, sn)) with the following properties:

(a) ρann(B) ≤ ρann(A) and µ(B) <∞;

(b) XB = XA and KB = KA;

(c) (sn)n≥2 is non-increasing;

(d) for each j ∈ SB \ {1} we have B(bj, sj) ∩KB 6= ∅;

(e) for each j, k ∈ SB \ {1} with j 6= k, we have B(bj, sj) * B(bk, sk);

(f) for each E ⊆ C we have ρE(B) ≤ ρE(A).

Proof. Since the sum of the radii of A is finite we have rn → 0 as n→∞, so there
exists an initial segment P of N (possibly equal) such that SA can be enumerated
as (nj)j∈P (without repeats) arranged so that (an1 , rn1) = (a1, r1) and (rnj)j∈P\{1}
is non-increasing. For each j ∈ P , define the set

Ij := {nk : k ∈ P, k > j,B(ank , rnk) ⊆ B(anj , rnj)}.

Let I = ⋃
j∈P Ij. Let J denote the set of all k ∈ SA with B(ak, rk) ∩ B̄(a0, r0) = ∅.

Let S = SA \ (I ∪ J), let b0 = a0 and s0 = r0. Note that 1 ∈ S. There exists
an initial segment Q of N (possibly equal) and a bijective function σ : Q→ S such
that σ(1) = 1 and (rσ(n))n∈Q\{1} is a non-increasing (possibly finite) sequence. For
each n ∈ N let bn = aσ(n), sn = rσ(n) if n ∈ Q and bn = a0, sn = 0 if n /∈ Q. Let
B = ((bn, sn)) be the resulting abstract Swiss cheese.

We now claim that B has the desired properties. Clearly XA ⊆ XB. In addition,
B is annular since A is annular and (b1, s1) = (a1, r1). Let z ∈ C \XA, we show
z /∈ XB. If z ∈ C\B̄(a0, r0) then we have z ∈ C\B̄(b0, s0), so we can find a minimum
m ∈ N0 such that z ∈ B(anm , rnm). Then we have B(anm , rnm) * B(anj , rnj) so
thatm /∈ Ij for all j ∈ N0. It follows that there exists ` ∈ SB such that z ∈ B(b`, s`).
Thus z /∈ XB and XA = XB and KB = KA. It is clear that ρE(B) ≤ ρE(A) for
any non-empty set E ⊆ C. It is also clear that we must have ρann(B) ≤ ρann(A).
It is not hard to see that B satisfies the other properties by the construction above.
The result follows.

Note that, in the previous lemma, KB = KA and ρann(B) ≤ ρann(A) together
imply that δann(B) ≥ δann(A).

For the rest of this section, let A = ((an, rn)) be an annular Swiss cheese with
δann(A) > 0, such that µ(A) <∞ and (rn)∞n=2 is non-increasing.
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Lemma 2.4.3. Let A be the family of all B = ((bn, sn)) ∈ F such that

(a) the sequence (sn)n≥2 is non-increasing,

(b) ρann(B) ≤ ρann(A),

(c) µ(B) ≤ µ(A),

(d) B is partially above A, and

(e) b0 = b1 = a0, and r0 ≥ s0 ≥ s1 ≥ r1.

Then A is compact in F , each abstract Swiss cheese B ∈ A with δann(B) > 0 is
annular. Moreover, the function δann|A : A → R is upper-semicontinuous and the
function δ2|A : A → R is continuous.

Proof. It is easy to see that the family A is pointwise bounded by properties (b),
(c), and (e) so it remains only to prove that A is closed. For each m ∈ N0, let
A(m) = ((a(m)

n , r(m)
n ))∞n=0 ∈ A and suppose that A(m) → B ∈ F as m → ∞. It is

clear that B satisfies (a)–(d) (as in the proof of Lemma 2.2.5). Since convergence
is pointwise, we have b0 = a0 and b1 = a1. Since A was annular, it follows that
b0 = b1.

Since each A(m) ∈ A we have r0 ≥ r
(m)
0 ≥ r

(m)
1 ≥ r1, by taking m→∞ we have

r0 ≥ s0 ≥ s1 ≥ r1.

Hence A is closed and pointwise bounded and is therefore compact by Tychonoff’s
theorem.

Let B = ((bn, sn)) ∈ A with δann(B) > 0. Then we have b0 = b1 and δann(B) > 0
and this implies that s0 > s1 and it follows that B is annular.

The proof that δann is upper-semicontinuous is an immediate consequence of
Fatou’s lemma for series, similar to the upper-semicontinuity of δ1.

To prove that the restriction of δ2 to A is continuous note that, for n ∈ N
with n ≥ 2, we have s2

n ≤ ρann(B)2/n2 for each B = ((bn, sn)) ∈ A. The result
then follows from the dominated convergence theorem as in the proof of Lemma
2.1.3(d).

It is clear that A ∈ A and so A is non-empty. For all B ∈ A we also have
XB ⊆ XA. We require one additional lemma before we prove the main theorem.
The following lemma is the ‘safe replacement’ lemma for annular Swiss cheeses.
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Lemma 2.4.4. Let A be as in Lemma 2.4.3. Let B = ((bn, sn)) ∈ A be an
annular Swiss cheese with δann(B) ≥ δann(A). Suppose there exists k ∈ SB \ {1}
such that B̄(bk, sk) ∩ C \KB 6= ∅. Then there exists B′ = ((b′n, s′n)) ∈ A with
δann(B′) ≥ δann(B). Moreover, if δann(B′) = δann(B) then δ2(B′) < δ2(B).

Proof. Let b′0 = b′1 = b0. As in Lemma 2.4.1, we can find s′0 > s′1 > 0 such that
KB′ := B̄(b′0, s′0) \ B(b′1, s′1) ⊆ KB, KB′ ∩ B(bk, sk) = ∅ and

s′0 − s′1 ≥ s0 − s1 − 2sk.

Let b′` = b` and s′` = s` if 2 ≤ ` < k, b′` = b`+1 and s′` = s`+1 if k < `, we obtain an
abstract Swiss cheese B′ = ((b′n, s′n)).

From the construction we see that B′ satisfies properties (a), (c), and (e) in
Lemma 2.4.3. We have

δann(B′) = s′0 − s′1 − 2
∞∑
n=2

s′n ≥ s0 − s1 − 2sk − 2
∞∑
n=2

sn + 2sk = δann(B).

Since s′0 ≤ s0 and s′1 ≥ s1 we must have ρann(B′) ≤ ρann(B) ≤ ρann(A), so (b) is
satisfied.

We now show that B′ is partially above A. Fix j ∈ SA. If B(aj, sj) lies in
the complement of B(b0, s0), then it lies in the complement of B(b′0, s′0) and if
B(aj, sj) ⊆ B(b1, s1) then B(aj, sj) ⊆ B(b′1, s′1). Suppose there exists m ∈ SB

such that B(aj, sj) ⊆ B(bm, sm). If we have m 6= k then there exists ` ∈ SB′

such that B(b′`, s′`) = B(bm, sm), and so B(aj, sj) ⊆ B(b′`, s′`). If m = k then
either B(aj, rj) ⊆ B(b′1, s′1) or B(aj, sj) lies in the complement of B(b′0, s′0). It
follows that B′ is partially above A, and satisfies 4 and hence B′ ∈ A. Since
δann(B′) ≥ δann(A) > 0, it follows that B′ is annular.

It remains to show that if δann(B′) = δann(B) then δ2(B′) < δ2(B). Assume that
δann(B′) = δann(B). Then we must have either s0 = s′0 + 2sk or s′1 = s1 + 2sk. In
the first case we have s2

0 > (s′0)2 +s2
k, and in the second case we have (s′1)2 > s2

1 +s2
k.

In either case, we have δ2(B′) < δ2(B). This completes the proof.

Note that, as for arbitrary abstract Swiss cheeses, if B is a semiclassical, annular
Swiss cheese then πδ2(B) is the area of XB.

Theorem 2.4.5. Let A be as in Lemma 2.4.3. Then there exists a classical,
annular Swiss cheese B = ((bn, sn)) ∈ A with δann(B) ≥ δann(A) and XB ⊆ XA.
Moreover, r0 − 2ρann(A) ≤ s0 ≤ r0 and r1 ≤ s1 ≤ r1 + 2ρann(A).
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Proof. Since δann is upper semicontinuous on A and A is compact and non-empty,
it follows that δann achieves its maximum on A. Let A1 denote the non-empty,
compact subset of A on which δann is maximised. Then δ2, which is continuous on
A1, achieves its minimum. Let A2 denote the non-empty, compact subset of A1

on which δ2 is minimised and let B = ((bn, sn)) ∈ A2.
Since δann(B) ≥ δann(A) > 0 it follows that B is annular and XB ⊆ XA.

Suppose, for contradiction, that B is non-classical. There are two possible cases.
First suppose there exist k, ` ∈ SB \ {1} with k > ` and such that k, ` ∈ SB

and B̄(bk, sk) ∩ B̄(b`, s`) 6= ∅. Then, by Lemma 2.1.9 there exists b ∈ C and s > 0
such that

B(bk, sk) ∪ B(b`, s`) ⊆ B(b, s)

and s ≤ sk + s`. Let B′ = ((b′n, s′n)) be the abstract Swiss cheese obtained by
deleting the disks at indices k, ` from B and inserting the disk B(b, s) at the first
index in N \ {1} such that (s′n)∞n=2 is non-increasing. It is easy to see that B′ ∈ A
and

ρann(B) ≥ ρann(B)− sk − s` + s = ρann(B′), (2.3)

so that δann(B′) ≥ δann(B). By the maximality of δann(B), equality must hold here
and in (2.3). Thus s = sk + s` and s2 = (sk + s`)2 > s2

k + s2
` so that δ2(B′) < δ2(B).

This contradicts the minimality of δ2(B). It follows that no such k, ` exist.
Now suppose there exists k ∈ SB \ {1} such that B̄(bk, sk) ∩ C \KB 6= ∅

and sk > 0. By Lemma 2.4.4 there exists an annular Swiss cheese B′ ∈ A with
δann(B′) ≥ δann(B) such that, if δann(B′) = δann(B) then δ2(B′) < δ2(B). This is a
contradiction, so no such k can exist. It follows that B is classical.

Since B ∈ A, we have r0 ≥ s0 ≥ s1 ≥ r1. We also have

s0 − s1 ≥ δann(B) ≥ δann(A) = r0 − r1 − 2ρann(A)

so that
s0 ≥ r0 − 2ρann(A)− (r1 − s1) ≥ r0 − 2ρann(A)

and s1 ≤ r1 + 2ρann(A)− (r0 − s0) ≤ r1 + 2ρann(A). This completes the proof.

2.5 Regularity for R(X)

We now discuss some results on the regularity of R(X) for various compact plane
sets X. The following proposition is a special case of [51, Corollary 4.7].
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Proposition 2.5.1. Let X be a compact plane set such that R(X) is not regular.
Let E denote the set of non-R-points for R(X). Then E contains a non-empty
perfect subset. In particular, E is uncountable.

The following proposition, stated in [40], lists some properties of R(X) which
are inherited when a subset of X is considered.

Proposition 2.5.2. Let X and Y be compact plane sets with Y ⊆ X.

(a) If R(X) = C(X) then R(Y ) = C(Y ).

(b) If R(X) does not have any non-zero bounded point derivations then neither
does R(Y ).

(c) If R(X) is regular then so is R(Y ).

In this section, we prove some results about regularity of R(X) which we shall
require for the construction in the next section. The following proposition is
essentially [54, Corollary II.10.3].

Proposition 2.5.3. Let X be a compact plane set and let f ∈ C(X). Suppose
that for each x ∈ X there is a closed neighbourhood Nx of x in X such that
f |Nx ∈ R(Nx). Then f ∈ R(X).

Our main theorem for this section is the following.

Theorem 2.5.4. Let X be a compact plane set and let E be a countable subset of
X. Let (Xα) be a family of compact plane sets such that R(Xα) is regular for all
α and ⋃α intX (X ∩Xα) ⊇ X \ E. Then R(X) is regular.

Proof. We first show that every point inX\E is anR-point forR(X). Let x ∈ X\E
and y ∈ X with x 6= y. Then there exists α and r > 0 such that B̄(x, r)∩X ⊆ Xα.
Let δ < r/3 such that |x− y| > 2δ. Let F denote the complement of X ∩ B(x, 2δ)
in B̄(x, r) ∩X. Since X ∩ B̄(x, r) ⊆ Xα, R(X ∩ B̄(x, r)) is regular by Proposition
2.5.2 (and hence normal). Thus there exists a function g ∈ R(X ∩ B̄(x, r)) with
g(z) = 0 for all z ∈ X ∩ B̄(x, δ) and g(z) = 1 for all z ∈ F . Extend g to a
function f ∈ C(X) by setting f(z) = g(z) for all z ∈ (B̄(x, r) ∩X) and f(z) = 1
for all z ∈ X \ B̄(x, r). Clearly f satisfies the conditions of Proposition 2.5.3, so
f ∈ R(X). By our choice of δ, we have x ∈ U and y ∈ F so f vanishes on a
neighbourhood of x and f(y) = 1, so x is an R-point for R(X).

It follows that R(X) has at most countably many non-R-points. So, by
Proposition 2.5.1, R(X) is regular.
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Note that we do not assume that Xα ⊆ X. However, replacing Xα by X ∩Xα

does not alter the result. We obtain the following corollaries.

Corollary 2.5.5. Let X be a compact plane set and x0 ∈ X. Let (Xα) be a family
of compact plane sets such that ⋃α intX(X ∩Xα) = X \ {x0} and R(Xα) is regular
for all α. Then R(X) is regular.

Corollary 2.5.6. Let X1, X2 be compact plane sets such that X1∩X2 is countable.
If R(X1) and R(X2) are regular then R(X1 ∪X2) is regular.

2.6 Classicalisation of an example of O’Farrell

In this section we see an application of the results of this chapter. In [88], O’Farrell
modified the construction of McKissick [85] to construct a Swiss cheese set X such
that R(X) is regular and admits a non-degenerate bounded point derivation of
infinite order. However, this Swiss cheese set is not necessarily classical.

Following our general scheme of classicalisation, we construct a classical Swiss
cheese set X such that R(X) is regular and admits a bounded point derivation of
infinite order at one of the points of X.

The first proposition is easily deduced from a theorem of Hallstrom [59], and
some elementary facts about analytic capacity. (See [88].)

Proposition 2.6.1. Let A = ((an, rn)) be an abstract Swiss cheese, and let x ∈ XA.
For each n ∈ N, let Kn(x) := {z ∈ C : 2−1−n ≤ |z − x| ≤ 2−n}. Suppose that

∞∑
n=0

nnρKn(x)(A) <∞.

Then R(XA) admits bounded point derivation of infinite order at x.

The next proposition is an immediate corollary of Proposition 2.5.2 and Corol-
lary 2.2.12 (see also [85, 88] and [40, Proposition 1.10]).

Proposition 2.6.2. Let b0 = b1 ∈ C, let s0 > s1 > 0, and let ε > 0. Then there
exists an annular Swiss cheese A = ((an, rn)) with ρann(A) < ε, aj = bj and rj = sj

for j = 0, 1, and such that R(XA) is regular.

We now use a sequence of lemmas to show that we can construct a classical
annular Swiss cheese with the same properties as those in Proposition 2.6.2.
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Lemma 2.6.3. Let λ0 > λ1 > 0 and ε, η > 0 be given and let a ∈ C. There
exists a classical, annular Swiss cheese B = ((bn, sn)) with b0 = b1 = a such that
ρann(B) < ε, λ0 ≤ s0 ≤ λ0 + η and λ1 − η ≤ s1 ≤ λ1 such that R(XB) is regular.

Proof. We may assume that η < λ1 and ε ≤ η/2. Let A = ((an, rn)) be an abstract
Swiss cheese obtained from Proposition 2.6.2 with a0 = a1 = a, r0 = λ0 + η,
r1 = λ1 − η and ρann(A) < ε and such that R(XA) is regular. By Lemma 2.4.2,
we may assume that the sequence (rn)∞n=2 is non-increasing. Apply Theorem
2.4.5 to the abstract Swiss cheese A to obtain a classical, annular Swiss cheese
B = ((bn, sn)) with

b0 = b1 = a0 = a1 = a, r0 − 2ε ≤ s0 ≤ r0, and r1 ≤ s1 ≤ r1 + 2ε,

such that ρann(B) ≤ ρann(A) and XB ⊆ XA. By Lemma 2.5.2, R(XB) is regular.
Since 2ε ≤ η, we have λ0 ≤ s0 ≤ λ0 + η and λ1 − η ≤ s0 ≤ λ1. This completes the
proof.

By instead taking r0 = λ0 and r1 = λ1 in the proof of the previous lemma we
see that we could also approximate the desired annulus with a smaller annulus,
rather than a larger annulus as in Lemma 2.6.3.

In the next lemma, we see how to obtain a classical, annular Swiss cheese A
such that R(XB) is regular with one of the first two radii specified exactly while
prescribing tight bounds on the other.

Lemma 2.6.4. Let λ0 > λ1 > 0 and ε, η > 0 be given and let a ∈ C.

(a) There exists a classical, annular Swiss cheese B(1) = ((b(1)
n , s(1)

n )) such that
s

(1)
0 = λ0, λ1 − η ≤ s

(1)
1 ≤ λ1, b(1)

0 = b
(1)
1 = a, ρann(B(1)) < ε, and such that

R(XB(1)) is regular.

(b) There exists a classical, annular Swiss cheese B(2) = ((b(2)
n , s(2)

n )) such that
b

(2)
0 = b

(2)
1 = a, ρann(B(2)) < ε, λ0 ≤ s

(2)
0 ≤ λ0 + η, s(2)

1 = λ1, and such that
R(XB(2)) is regular.

Proof. We prove (b); the proof of (a) is similar but easier. We may assume,
without loss of generality, that a = 0. Let γ ∈ (0, λ1) to be chosen later. Apply
Lemma 2.6.3 to obtain a classical, annular Swiss cheese A = ((an, rn)) such that
ρann(A) < γ/2, λ0 ≤ r0 ≤ λ0 + γ and λ1 − γ ≤ r1 ≤ λ1 and such that R(XA) is
regular.
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For each n ≥ 0 let b(2)
n := λ1an/r1 and s(2)

n := λ1rn/r1. Then
∞∑
n=2

s(2)
n ≤

λ1

λ1 − γ

∞∑
n=2

rn <
λ1

λ1 − γ
γ

2 .

Set Mγ := λ1/(λ1 − γ) > 1. We have s(2)
1 = λ1 and s(2)

0 ≥ λ0 so it remains to show
that s(2)

0 ≤ λ0 + η provided that γ is sufficiently small. We have

λ0 ≤ s
(2)
0 = λ1

r1
r0 ≤Mγr0 ≤Mγ(λ0 + γ).

Since Mγ → 1 as γ → 0, if γ is small enough then we have λ0 ≤ s
(1)
0 ≤ λ0 + η and

Mγγ/2 < ε. Clearly R(XB(2)) is regular since R(XA) is regular. This completes
the proof of the (b).

Our final lemma shows that we can obtain this type of annular Swiss cheese
with s0 and s1 precisely prescribed.

Lemma 2.6.5. Let λ0 > λ1 > 0 and ε > 0 be given and let a ∈ C. There exists a
classical, annular Swiss cheese B = ((bn, sn)) with b0 = b1 = a, s0 = λ0, s1 = λ1,
ρann(B) < ε and such that R(XB) is regular.

Proof. Let κ = (λ0 + λ1)/2 and let η > 0. By Lemma 2.6.4(a) there exists
a classical, annular Swiss cheese A(1) = ((a(1)

n , r(1)
n )) such that a(1)

0 = a
(1)
1 = a,

ρann(A(1)) < η/16, r(1)
0 = λ0, κ− η/4 ≤ r

(1)
1 ≤ κ− η/8, and R(XA(1)) is regular. By

Lemma 2.6.4(b) there exists a classical, annular Swiss cheese A(2) = ((a(2)
n , r(2)

n ))
with a

(2)
0 = a

(2)
1 = a, ρann(A(2)) < η/16, r(2)

1 = λ1, and κ ≤ r
(2)
0 ≤ κ + η/4 such

that R(XA(2)) is regular.
Let (a(3)

n )n≥2 be a sequence containing all elements from the sequences (a(1)
n )n≥2,

and (a(2)
n )n≥2 exactly once and let (r(3)

n )n≥2 be the corresponding sequence con-
taining all elements from the sequences (r(1)

n )n≥2, and (r(2)
n )n≥2 exactly once. Let

a
(3)
0 := a, a(3)

1 := a and r
(3)
0 := λ0, r(3)

1 := λ1, and let A(3) = ((a(3)
n , r(3)

n )) be the
corresponding annular Swiss cheese. Then

ρann(A(3)) =
∞∑
n=2

r(3)
n <

η

16 + η

16 = η

8 .

Let X := XA(3) , then we can easily check that X = intX XA(1) ∪ intX XA(2) so, by
Corollary 2.5.6, R(X) is regular.

Choose η small enough so that η < (λ0 − λ1)/4, η/2 < ε, and η < λ1. Let

K := {z ∈ C : κ− η/4 ≤ |z| ≤ κ+ η/4},
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and let M := η/4. Let A = ((an, rn)) ∈ N be obtained by applying Lemma 2.4.2.
Then, for each open U ⊆ C, ρU(A) ≤ ρU(A(3)). It is now easy to see that A,K
and M satisfy the conditions of Corollary 2.3.8. Note that U := U(K,M) has
U ∩ B̄(a1, r1) = ∅. Note that XA = X = XA(3) .

Let B = ((bn, sn)) be the classical abstract Swiss cheese obtained by applying
Corollary 2.3.8 to A,K and M . Then B ∈ L∗A(C), where C is the controlling pair
(K,U). Thus, by Lemma 2.3.5, there exists ` ∈ SB such that B(b`, s`) = B(a1, r1).
Since the sequence (sn)n≥1 is non-increasing and ρann(A) < r1, it follows that ` = 1.
It follows that B is annular and has s0 = λ0, s1 = λ1 and ρann(B) < ε. Since
R(XA) is regular, by Proposition 2.5.2, R(XB) is regular. This completes the
proof.

We are now ready to construct a classical Swiss cheese set X such that R(X)
is regular and admits a bounded point derivation of infinite order.

Theorem 2.6.6. Let ε > 0. Then there exists a classical abstract Swiss cheese
B = ((bn, sn)) with 0 ∈ XB and ρ(B) < ε and such that R(XB) is regular and
admits a non-degenerate bounded point derivation of infinite order at 0.

Proof. We may assume ε < 2−5. For each n ∈ N, let γn = (2n)−nε. Note that∑∞
n=1 γn < ε. Let A(1) = ((a(1)

n , r(1)
n )) be a classical, annular Swiss cheese, given

by Lemma 2.6.5, such that a(1)
0 = 0, ρann(A(1)) < γ12−3, r(1)

0 = 1, r(1)
1 = 2−1, and

R(X1) is regular, where X1 := XA(1) . For each m ≥ 2 let A(m) = ((a(m)
n , r(m)

n ))
be a classical, annular Swiss cheese, given by Lemma 2.6.5, such that a(m)

0 = 0,
ρann(A(m)) < γm2−m−2, r(m)

0 = (33/32)21−m, r(m)
1 = 2−m, and R(Xm) is regular,

where Xm := XA(m) . Note that, for each m ∈ N, since A(m) is annular we have
a

(m)
1 = 0.
For each m ∈ N we have

ρann(A(m)) + ρann(A(m+1)) ≤ γm
2m+2 + γm+1

2m+3 <
3
2
γm

2m+2 . (2.4)

The set {(a(m)
n , r(m)

n ) : m,n ∈ N, n ≥ 2} is countably infinite so we may
enumerate it as a sequence of pairs (an, rn), so that each pair occurs exactly once.
Let a0 := 0 and r0 := 1 and let A = ((an, rn)) be the resulting abstract Swiss
cheese. It is clear that 0 ∈ XA. It is easy to check that

∞⋃
m=1

intXA Xm = XA \ {0}

so that R(XA) is regular by Corollary 2.5.5.
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Using the notation for closed annuli from Section 2.4, for each m ∈ N, let
Wm = KA(m) ∪KA(m+1) . Then, by (2.4), we see that

ρWm(A) < (3/2)γm2−m−2. (2.5)

We also have
ρ(A) <

∞∑
m=1

2−m−2γm < ε. (2.6)

By an application of Lemma 2.1.6, we may assume that A is redundancy-free and
A ∈ N while preserving XA, the regularity of R(XA) and the inequalities (2.5)
and (2.6).

For each m ∈ N, let Km := {z ∈ C : (15/16)2−m ≤ |z| ≤ (17/16)2−m} and
Mm = 3γm/2m+2 so that, since γm < 1, we have

2−m−4 +Mm < 2−m−4(1 + 3 · 2−m) ≤ (5/32)2−m. (2.7)

For each m ∈ N, define Um := U(Km,Mm) as in the statement of Theorem 2.3.7,
and let C be the controlling collection ((Kn, Un))n∈N. By (2.7)

Um ⊆
{
z ∈ C : 27

322−m ≤ |z| ≤ 37
322−m

}

and hence Um ∩Un = ∅ for all m,n ∈ N with m 6= n. It is clear that E(A) ⊆ F (C).
Since Um ⊆ Wm, for each m ∈ N, we see that

ρUm(A) ≤ ρWm(A) < 3
2
γm

2m+2

This shows that the sequences (Kn)n≥1 and (Mn)n≥1 satisfy the conditions of
Theorem 2.3.7.

Applying Theorem 2.3.7 to A, (Kn)n≥1 and (Mn)n≥1, there exists an abstract
Swiss cheese B = ((bn, sn)) ∈ L∗A(C) with b0 = 0, s0 = 1, XB ⊆ XA and ρ(B) < ε

such that B is classical and XB \V (C) = XA \V (C); in particular 0 ∈ XB. Also, we
have ρUm(B) ≤ ρUm(A) for each m ∈ N. By Proposition 2.5.2, R(XB) is regular.

For each m ∈ N0, let Em := {z ∈ C : (3/2)2−m−1 ≤ |z| ≤ (3/2)2−m}, then
Um ⊆ Em and Uj ∩ Em = ∅ for all j 6= m. For each m ∈ N, let

IA(m) := HA(Em) \HA(V (C)), IB(m) := HB(Em) \HB(V (C)).

Note that, ρEm(A) ≤ ρWm(A) < (3/2)γm2−m−2. Since ε < 2−5, it follows that, if
k ∈ HUm(A), we have

B̄(ak, rk) ⊆
{
z ∈ C : 3

42−m < |z| < 5
42−m

}
⊆ intEm
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Hence HA(E0) = IA(0) and HB(E0) = IB(0) and, for each m ≥ 1, we have
IA(m) = HA(Em) \HA(Um) and IB(m) = HB(Em) \HB(Um). Since B ∈ L∗A(C)
we see that ∑n∈IB(m) sn = ∑

n∈IA(m) rn, for all m ∈ N, by Lemma 2.3.5. Hence
ρE0(B) = ρE0(A) and for m ≥ 1 we have

ρEm(B) =
∑

n∈IB(m)
sn + ρUm(B) ≤

∑
n∈IA(m)

rn + ρUm(A) = ρEm(A).

Since ρEm(A) ≤ ρWm(A) < γm, for each m ∈ N, it now follows that
∞∑
m=1

mmρEm(B) ≤
∞∑
m=1

mm ε

2mmm
= ε <∞.

Since each disk meets at most two of the Em, R(XB) admits a non-degenerate
bounded point derivation of infinite order at 0 by Proposition 2.6.1. This completes
the proof.

2.7 Open problems and discussion

We conclude this chapter with a discussion of some open problems. In this section
let X be a compact plane set.

Our first question relates to the algebra R(X).

Question 2.7.1. Suppose that R(X) has no non-zero bounded point derivations.
Must R(X) be regular?

Indeed we do not have enough information even when X is a classical Swiss
cheese set, as constructed by Wermer [99].



Chapter 3

Algebras of differentiable
functions

In this chapter, we discuss Banach function algebras consisting of functions which
satisfy a generalised notion of differentiability, which we call F-differentiability.
This notion of differentiability was introduced by Bland and Feinstein in [10] (see
also [9]), and were further investigated by Dales and Feinstein [29]. We investigate
the properties of algebras of F -differentiable functions, and the homomorphisms
between such algebras.

Let X be a perfect compact plane set, and let D(1)(X) denote the algebra of all
continuously complex-differentiable, complex-valued functions on X. Then D(1)(X)
is a normed function algebra on X, which is not complete in general. (We give
the formal definition of these algebras in Section 3.2.) In [28], Dales and Davie
showed that if X is uniformly regular (see Section 3.1) then D(1)(X) is a Banach
function algebra on X. In [10], Bland and Feinstein showed that if X has infinitely
many components, then D(1)(X) is never complete. In [29], Dales and Feinstein
discussed various conditions for D(1)(X) to be complete. They also gave many
examples of sets X such that D(1)(X) is not complete. Also in [29], Dales and
Feinstein showed that all characters on D(1)(X) correspond to point evaluation at
points of X. This is valid even if D(1)(X) is not complete, so the characters on
D(1)(X) are always continuous.

Bland and Feinstein introduced F-differentiation to study the completion of
D(1)(X), which need not be well-behaved. Indeed, Bishop has given an example of
a perfect compact plane set J for which the completion of D(1)(J) is not semisimple
(see [29, Example 6.2]). However, in many cases, the completion of D(1)(X) can be
realised as a closed subalgebra of an algebra of F-differentiable functions ([10]).
In these cases, the completion of D(1)(X) is a Banach function algebra. A different

62
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approach to describing the completion of D(1)(X) is given in [65] using the theory
of unbounded linear operators.

In [10] (see also [29]) Bland and Feinstein showed that the product rule is valid
for F -differentiation, and that F -differentiation generalises (continuous) complex-
differentiation. In his thesis [18], Chaobankoh showed that the quotient rule and,
under some technical assumptions, the chain rule are also valid for F -differentiation.
However, the assumptions required to prove the chain rule are quite restrictive.
Using a result of Honary [66], Chaobankoh showed that the algebra D(1)

F (X), of
all F-differentiable functions on X, is natural if the uniform closure in C(X) of
D(1)
F (X) is a natural uniform algebra.
Dales–Davie algebras are normed function algebras consisting of infinitely con-

tinuously (complex) differentiable, complex-valued functions on a perfect compact
subset of the complex plane. These algebras were introduced in [28] by Dales and
Davie, where they investigated quasianalyticity for these algebras (see Chapter 4).
Dales–Davie algebras are not complete or natural function algebras, in general.
Dales and Davie gave some conditions Dales–Davie algebras to be complete and
natural. Their conditions for naturality were slightly generalised in [2] by Abtahi
and Honary.

The algebras DF(X,M) were introduced by Bland and Feinstein ([10]), and
are an F-differentiability analogue of the Dales–Davie algebras. Of course the
algebras DF(X,M) are always Banach function algebras, though they need not be
natural. Sufficient conditions for DF(X,M) to be natural on X are given in [18,
Section 4.3]. This generalises the results of Abtahi and Honary for Dales–Davie
algebras mentioned above.

Chaobankoh [18] discussed some sufficient conditions for a self map ϕ of X to
induce an algebra endomorphism on the algebra DF(X,M). (The formal definition
of DF(X,M) is given in Section 3.3.1.) These generalise results of Feinstein and
Kamowitz for endomorphisms of Dales–Davie algebras from [42, 43, 70]. Feinstein
and Kamowitz also gave related results for homomorphisms between Dales–Davie
algebras in [44].

This chapter is divided in to seven sections. In the first section, we discuss
paths in the complex plane and path integrals. In the second section we give a
formal introduction to the algebras D(1)(X) and Dales–Davie algebras. Next we
discuss Bland–Feinstein algebras D(1)

F (X) (and DF(X,M)) and their properties.
We introduce maximal collections and compatibility. In the fourth section, we
prove a new, general version of the chain rule for F-differentiation using our
notion of compatibility. From this, we give a new proof of the quotient rule, and
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deduce that the Faà di Bruno formula is also valid for F-differentiation. In the
fifth section, we give some sufficient conditions for a map to induce an algebra
homomorphism between algebras of the form DF(X,M). In the sixth section,
we give some sufficient conditions for the algebras D(1)

F (X) and DF(X,M) to be
natural Banach function algebras on X. We also give several related results. We
conclude the chapter with several open questions a short discussion.

The first five sections of this chapter include the new results from [19].

3.1 Paths in the plane

We begin with a discussion of collections of paths in the complex plane, and some
properties of path integrals. Many of the definitions and results in this section are
standard.

Definition 3.1.1. A path in C is a continuous function γ : [a, b]→ C, where a < b

are real numbers. Let γ : [a, b]→ C be a path. The parameter interval of γ is the
interval [a, b]. The endpoints of γ are the points γ(a) and γ(b), which we denote
by γ− and γ+, respectively. We denote by γ∗ the image γ([a, b]) of γ. A subpath
of γ is a path obtained by restricting γ to a non-degenerate, closed subinterval of
[a, b]. If X is a subset of C then we say that γ is a path in X if γ∗ ⊆ X. We say
that x, y ∈ X are connected by γ if γ− = x and γ+ = y.

We shall say that γ is a path when the parameter interval [a, b] is not explicitly
required. We say that γ is a Jordan path to mean that γ is an injective function.

Let [a, b] be a non-degenerate interval. A partition P of [a, b] is a finite set
{x0, . . . , xn} ⊆ [a, b] with x0 = a, xn = b and such that xj < xj+1 for each
j ∈ {0, 1, . . . , n− 1}. If P and P ′ are partitions of [a, b] then we say that P ′ is
finer than P if P ⊆ P ′.

Definition 3.1.2. Let γ : [a, b] → C be a path and let c, d ∈ [a, b] with c < d.
The total variation of γ over [c, d] is

V d
c (γ) := sup

P


n−1∑
j=0
|γ(xj+1)− γ(xj)| : P = {x0, . . . , xn}


where the supremum is taken over all partitions P of [c, d]. We say that γ is
rectifiable if V b

a (γ) <∞ and we write Λ(γ) := V b
a (γ); otherwise it is non-rectifiable.

The length of a rectifiable path is Λ(γ).
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For a detailed discussion of total variation and path length, see [6].
We say that a path γ is admissible if γ is rectifiable and contains no constant

subpaths. The following proposition summarises the discussion from [35, pp. 109–
110] (see also [17, Lemma 7.9]).

Proposition 3.1.3. Let γ : [a, b] → C b a non-constant rectifiable path. Then
there exists a unique path σ : [0,Λ(γ)]→ C satisfying σ(V t

a (γ)) = γ(t) (t ∈ [a, b]).

Let γ : [a, b] → C be a non-constant rectifiable path. We define the path
length parametrisation γpl : [0,Λ(γ)] → C of γ to be the unique path satisfying
γpl(V t

a (γ)) = γ(t) (t ∈ [a, b]) given by the above proposition. We define the
normalised path length parametrisation γno : [0, 1]→ C of γ to be the path such
that γno(t) = γpl(tΛ(γ)) for each t ∈ [0, 1]. It is clear that γpl and γno are necessarily
admissible paths and (γpl)∗ = (γno)∗ = γ∗.

We also recall the following definitions from [10, 28] and [29].

Definition 3.1.4. Let X be a compact plane set. We say that X is regular at
x ∈ X if there exists a constant Cx > 0 such that, for each y ∈ X, there exists a
path γ in X with γ− = x and γ+ = y such that Λ(γ) ≤ Cx|x − y|. We say that
X is pointwise regular if X is regular at each x ∈ X. We say that X is uniformly
regular if there exists a constant C > 0 such that for all x, y ∈ X there exists a
rectifiable path γ in X with γ− = x and γ+ = y such that Λ(γ) ≤ C|x− y|. We
say that X is semi-rectifiable if the union of the images of all rectifiable, Jordan
paths in X is dense in X.

Let X be a compact plane set. It is easy to see that if X is pointwise regular
then X is semi-rectifiable, and if X is a uniformly regular then X is pointwise
regular. Moreover, if X is pointwise regular and, for each x ∈ X, Cx > 0 is the
constant as in Definition 3.1.4 and supx∈X Cx <∞, then X is uniformly regular.
Each of these conditions imply that X is a perfect compact plane set.

Definition 3.1.5. Let X be a compact plane set. Suppose that x, y ∈ X are
connected a rectifiable path γ in X. We define the geodesic distance g(x, y) between
x and y to be inf Λ(γ), where the infimum is taken over all rectifiable paths γ in
X connecting x and y.

Let X be a compact plane set. It is standard that, if x, y ∈ X are connected
by a rectifiable path, then there is a rectifiable path γ connecting x and y such
that Λ(γ) = g(x, y) (see, for example, [17]). Such a path is called a geodesic and it
is clear that any geodesic is a Jordan path. We say that X is rectifiably connected
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if for each x, y ∈ X there exists a rectifiable path in X connecting x and y. In
this case, (X, g) is a metric space. We say that X is geodesically bounded if X is
rectifiably connected and there exists M > 0 such that, for all x, y ∈ X, we have
g(x, y) ≤M .

Definition 3.1.6. Let γ : [a, b]→ C be rectifiable path and let f : [a, b]→ C be
a continuous function. The Riemann–Stieltjes integral of f with respect to γ is the
complex number I satisfying the following property: for each ε > 0, there exists a
partition P0 = {t0, . . . , tn} of [a, b] such that, for every partition P = {t′0, . . . , t′m}
of [a, b] which is finer than P0, we have∣∣∣∣∣I −

m−1∑
j=0

f(τj)[γ(t′j+1)− γ(t′j)]
∣∣∣∣∣ < ε

for each choice of τj ∈ [t′j, t′j+1] for j = 0, 1, . . . ,m− 1.

We refer the reader to [6] and [26] for definitions and standard results about
Riemann-Stieltjes integrals and path integrals of complex functions. In this thesis,
the Riemann-Stieltjes integrals we consider will always be with respect to a
rectifiable path in C, and we write ∫

γ
f(z) dz

for the Riemann-Stieltjes integral of f ◦ γ, for f ∈ C(γ∗), with respect to a
rectifiable path γ.

Let [a, b] be a non-degenerate, compact interval in R and let γ : [a, b]→ C be
a rectifiable path. Then the Riemann-Stieltjes integral with respect to γ defines
a linear functional on C([a, b]) and so, by the Riesz representation theorem, is
represented by integration with respect to a measure µ on [a, b]. The measure
µ satisfies µ([c, d]) = γ(d) − γ(c) for each [c, d] ⊆ [a, b]; see, for example, [77,
Section 2.3].

Let X, Y be compact spaces, and let ϕ : X → Y be a continuous function. If µ
is a measure on X, then the formula ϕ∗(µ)(E) = µ(ϕ−1(E)) (E is a Borel set of
Y ) defines a measure on Y . This measure is called the pushforward measure. See,
for example, [35, 2.1.2, 2.2.17]. The following proposition is a special case of [35,
Theorem 2.4.18]. (See also [63, 12.45–12.46].)

Proposition 3.1.7. Let X, Y be compact spaces, let µ be a finite, positive measure
on X, and let ϕ : X → Y be a continuous surjection. Let f : Y → R be a Borel
measurable function. Then f ◦ ϕ is Borel measurable and∫

X
(f ◦ ϕ)(x) dµ(x) =

∫
Y
f(y) d(ϕ∗(µ))(y).
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The following lemma will be used implicitly throughout this chapter; the result
is probably well known but we have been unable to find an explicit reference so we
include the details of the proof for the convenience of the reader.

Lemma 3.1.8. Let γ : [a, b] → C be a non-constant rectifiable path and let
f ∈ C(γ∗). Then ∫

γ
f(z) dz =

∫
γpl
f(z) dz =

∫
γno

f(z) dz.

Proof. First suppose that ∫
γ
f(z) dz =

∫
γpl
f(z) dz. (3.1)

Let ϕ : [0, 1]→ [0,Λ(γ)] be the map ϕ(t) = tΛ(γ). Then ϕ is a strictly monotonic
increasing bijection from [0, 1] onto [0,Λ(γ)] so that∫

γpl
f(z) dz =

∫
γno

f(z) dz

by [6, Theorem 7.7]. So it remains to show that (3.1) holds.
Let µ be the measure on [a, b] such that µ([c, d]) = γ(d)− γ(c) for each non-

degenerate, closed subinterval [c, d] of [a, b]. Then, as described above, integrating
with respect to µ yields the Riemann-Stieltjes integral with respect to γ. Similarly,
let ν be the measure on [0,Λ(γ)] such that ν([c, d]) = γpl(d) − γpl(c) for each
non-degenerate, closed subinterval [c, d] of [0,Λ(γ)]. Let ϕ : [a, b]→ [0,Λ(γ)] be
the map given by ϕ(t) := V t

a (γ). Then ϕ is a monotone increasing, continuous
surjection from [a, b] onto [0,Λ(γ)]. Let ϕ∗(µ) be the pushforward measure, given
by

ϕ∗(µ)(E) = µ(ϕ−1(E)) (E ⊆ [0,Λ(γ)]).

We claim that ϕ∗(µ) = ν.
To prove the claim, first let [c, d] be a non-degenerate, closed interval in [0,Λ(γ)].

Then ϕ−1([c, d]) is a non-degenerate, closed interval in [a, b], say [x, y]. Clearly we
have

x = inf{t ∈ [a, b] : ϕ(t) = c}, y = sup{t ∈ [a, b] : ϕ(t) = d}.

But now, since γpl ◦ ϕ = γ, we have

ν([c, d]) = γpl(d)− γpl(c) = γpl(ϕ(y))− γpl(ϕ(x)) = γ(y)− γ(x),

and
ϕ∗(µ)([c, d]) = µ(ϕ−1([c, d])) = µ([x, y]) = γ(y)− γ(x).
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Thus ϕ∗(µ)([c, d]) = ν([c, d]). It now follows from the regularity of µ and ν that
ϕ∗(µ) = ν. This proves the claim.

By writing f = f1 − f2 + i(f3 − f4), with fj a positive valued function on γ∗

(j = 1, . . . , 4), and considering the polar decomposition of µ, the result now follows
from Proposition 3.1.7.

Remark 3.1.9. The author is grateful to Dr. Matthias Kurzke for several useful
conversations on path integration and geometric measure theory.

3.2 Algebras of differentiable functions

We begin with some elementary definitions, terminology, and results. Throughout
this section X will be a perfect compact plane set. Let f : X → C be a function
and let z0 ∈ X. We say f is complex differentiable (or just differentiable) at z0 if
the limit

f ′(z0) := lim
z→z0

z∈X\{z0}

f(z)− f(z0)
z − z0

(3.2)

exists and is finite. We say that f is (complex) differentiable on X (or simply
differentiable on X) if f is differentiable at each point z0 ∈ X and we say that
f ′ (defined by (3.2)) is the derivative of f . We denote the set of all continuous
functions f : X → C which admit a continuous derivative on X by D(1)(X). For
each n ∈ N with n ≥ 2, we define the spaces D(n)(X) inductively by

D(n)(X) = {f ∈ D(1)(X) : f ′ ∈ D(n−1)(X)}. (3.3)

Let n ∈ N. We denote the nth derivative of f ∈ D(n)(X) by f (n). We adopt the
convention that f (0) = f . We equip the set D(n)(X) with pointwise operations
of addition, scalar multiplication and multiplication to make D(n)(X) into a
commutative, unital algebra. Furthermore, we give D(n)(X) the norm

‖f‖D(n)(X) :=
n∑
j=0

|f (j)|X
j! (f ∈ D(n)(X)), (3.4)

to make D(n)(X) a normed function algebra on X.

Notation. We denote the algebra of all continuous functions on X with continuous
derivatives on X of all orders by D(∞)(X) = ⋂∞

n=1 D(n)(X).

The following proposition from [10] shows that it is sufficient to investigate the
completeness of the algebra D(1)(X).
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Proposition 3.2.1. Let n ∈ N and suppose that D(n)(X) is complete. Then
D(k)(X) is complete for each k ∈ N with k ≥ n.

Let X be a perfect compact plane set. In [28], Dales and Davie proved that
D(1)(X) is complete whenever X is a uniformly regular. However, as noted in
[67] (see also [10]), the proof in [28] is valid if X is only assumed to be pointwise
regular. Bland and Feinstein also proved that the same is true if X is the finite
union of pointwise regular sets, and that if X has infinitely many components then
D(n)(X) is incomplete for each n ∈ N.

3.2.1 Dales–Davie algebras

We now discuss Dales–Davie algebras of infinitely differentiable functions, as
introduced in [28]. We first describe some terminology associated with sequences
of positive real numbers.

Definition 3.2.2. Let M = (Mn)∞n=0 be a sequence of positive real numbers. We
say that M is an algebra sequence if M0 = 1 and, for each k, n ∈ N0 with k ≤ n,
we have

Mn

Mn−kMk

≥
(
n

k

)
.

We say that M is logarithmically convex (log-convex) if, for each k ∈ N, we have

M2
k ≤Mk−1Mk+1.

Let d(M) = lim supk→∞(k!/Mk)1/k. We say that M is non-analytic if d(M) = 0
and we say that M is analytic if d(M) > 0.

The following class of algebras were introduced in [28], we call these algebras
Dales–Davie algebras.

Definition 3.2.3. Let X be a perfect compact plane set and let M = (Mn)∞n=0

be an algebra sequence. We define

D(X,M) :=
{
f ∈ D(∞)(X) :

∞∑
k=0

|f (k)|X
Mk

<∞
}

with pointwise operations. We give D(X,M) the norm

‖f‖D(X,M) :=
∞∑
k=0

|f (k)|X
Mk

(f ∈ D(X,M)),

to make D(X,M) into a normed algebra of functions.

Note that, in general, D(X,M) is not a Banach function algebra; however, if
D(1)(X) is complete then so is D(X,M).



Chapter 3. Algebras of differentiable functions 70

3.3 Bland–Feinstein algebras

In this section, we discuss a class of algebras introduced by Bland and Feinstein
[10] (see also [29]). In certain cases, these algebras can be viewed as the completion
of the corresponding algebra D(1)(X).

In the remainder of this chapter we shall make use of various collections of
rectifiable paths in certain compact plane sets. We now give some terminology
associated with such collections.

The following definition is from [29] and generalises the definition of a ‘useful
collection’ as introduced in [10].

Definition 3.3.1. Let X be a compact plane set and let F be a collection of paths
in X. Set F∗ := {γ∗ : γ ∈ F}. We say that F is effective if ⋃F∗ = X, each path
in F is admissible, and every subpath of a path in F belongs to F . We denote by
Fno the collection {γno : γ ∈ F , γ non-constant}.

Remark 3.3.2. The notation ⋃F∗ used in this thesis differs from the notation
F(X) used in [10] and [18].

It is clear that if X is a compact plane set and F is a collection of non-constant
rectifiable paths in X then (Fno)∗ = F∗.

We also require the following definition from [29].

Definition 3.3.3. LetX be a compact plane set and let F be an effective collection
of paths in X. We say that X is F-regular at x ∈ X if there exists a constant
Cx > 0 such that for each y ∈ X there exists γ ∈ F with γ− = x, γ+ = y and
Λ(γ) ≤ Cx|x − y|. We say that X is F-regular if X is F-regular at each point
x ∈ X.

Let X be a semi-rectifiable compact plane set, let F be an effective collection
of paths in X, and let x ∈ X. It is easy to see that if X is F -regular at x, then X
is regular at x. Consequently, if X is F -regular then X is pointwise regular. Let
A denote the set of all admissible paths in X. Then X is A-regular at x if and
only if X is regular x, and X is A-regular if and only if X is pointwise regular.

3.3.1 F-differentiable functions

We now define F -derivatives and F -differentiable functions, as introduced by Bland
and Feinstein ([10]) and discussed by Dales and Feinstein ([29]).
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Our motivation for the definition of an F -derivative is the fundamental theorem
of calculus for rectifiable paths. A proof of Proposition 3.3.4 by repeated bisection,
due to Allan, is given in [9, Appendix A].

Proposition 3.3.4 (Fundamental theorem of calculus for rectifiable paths). Let
γ be a rectifiable path in C and let f ∈ D(1)(γ∗). Then∫

γ
f ′(z) dz = f(γ+)− f(γ−).

We now define F -derivatives and F -differentiable functions on certain compact
plane sets.

Definition 3.3.5. Let X be a perfect compact plane set, let F be a collection of
rectifiable paths in X, and let f ∈ C(X). A function g ∈ C(X) is an F-derivative
for f if, for each γ ∈ F , we have∫

γ
g(z) dz = f(γ+)− f(γ−).

If f has an F-derivative on X then we say that f is F-differentiable on X. We
denote the set of F -differentiable functions on X by D(1)

F (X).

Note that F -derivatives need not be unique in general. The following proposition
summarises various properties of F -derivatives and F -differentiable functions from
[10] and [29].

Proposition 3.3.6. Let X be a semi-rectifiable compact plane set and let F be
an effective collection of paths in X.

(a) If f, g, h ∈ C(X) such that g, h are F-derivatives for f , then g = h.

(b) If f ∈ D(1)(X) then f ′ is an F-derivative for f .

(c) If f1, f2, g1, g2 ∈ C(X) such that g1 is an F-derivative for f1 and g2 is an
F-derivative for f2 then f1g2 + g1f2 is an F-derivative for f1f2.

(d) If f1, f2, g1, g2 ∈ C(X) and α, β ∈ C such that such that g1 is an F-derivative
for f1 and g2 is an F-derivative for f2 then αg1 + βg2 is an F-derivative for
αf1 + βf2.

Given X, F as above and a compact plane set Y such that X ⊆ Y , then we see
that D(1)

F (Y ) consists of all extensions f̃ (given by the Tietze extension theorem)
of functions f ∈ D(1)

F (X). It is therefore possible to relax the condition that ⋃F∗
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be dense in X and consider the more general case where F is effective on ⋃F∗.
This is similar to the situation dealt with in [10]; however, we do not insist that
the collection F contains only Jordan curves. Note that properties (b), (c), and
(d) of Proposition 3.3.6 hold even if F is only effective on ⋃F∗ ⊂ X.

The properties (c) and (d) above show that D(1)
F (X) is an algebra (given

pointwise operations), and (b) shows that D(1)(X) ⊆ D(1)
F (X).

Let X be a perfect compact plane set and let F be a collection of admissible
paths in X. Set Y := ⋃F∗ and suppose that F is an effective collection of paths
in Y . We define the norm

‖f‖F ,1 := |f |X + |g|Y (3.5)

where f ∈ D(1)
F (X) and g ∈ C(X) is an F-derivative for f . Note that, by

Proposition 3.3.6(a), (3.5) is well defined.
The following proposition is an immediate consequence of [10, Theorem 4.15]

and [29, Theorem 5.6].

Proposition 3.3.7. Let X be a perfect compact plane set and let F be a collection
of admissible paths in X. Set Y := ⋃F∗ and suppose that F is an effective
collection of paths in Y . Then (D(1)

F (X), ‖ · ‖F ,1) is a Banach function algebra on
X, and D(1)

F (X) contains D(1)(X) as a subalgebra.

Let X be a perfect compact plane set and let F be an effective collection of
paths in X. In this setting F -derivatives are unique and we shall usually write f [1]

for the F -derivative of f ∈ D(1)
F (X). We adopt the convention that f [0] = f .

As in [10], we define the sets D(n)
F (X) (for each n ∈ N with n ≥ 2) of n-times

F -differentiable functions on X inductively by

D(n)
F (X) = {f ∈ D(1)

F (X) : f [1] ∈ D(n−1)
F (X)},

and we write f [n] for the nth F-derivative of f ∈ D(n)
F (X). It follows from the

product rule for F -derivatives (Proposition 3.3.6(c)) that the Leibniz law for nth
F -derivatives of products holds so that D(n)

F (X) is an algebra for each n ∈ N . We
give D(n)

F (X) the norm

‖f‖F ,n := |f |X +
n∑
j=1
|f [j]|⋃F∗ (f ∈ D(n)

F (X)). (3.6)

The normed algebra (D(n)
F (X), ‖ · ‖F ,n) is also a Banach function algebra on X, as

noted in [10]. We set D(∞)
F (X) := ⋂∞

j=1 D(j)
F (X).
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Definition 3.3.8. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Let M = (Mk)∞k=0 be an algebra sequence. We
define the algebra

DF(X,M) :=
{
f ∈ D(∞)

F (X) : ‖f‖F ,M :=
∞∑
k=0

|f [k]|X
Mk

<∞
}
.

It is easy to see that, with X, F and M as above, (DF(X,M), ‖ · ‖F ,M) is a
Banach function algebra on X and D(X,M) ⊆ DF(X,M).

We shall refer to the algebras D(n)
F (X) and DF(X,M) as Bland–Feinstein

algebras.
It is not known, in general, when the algebras D(n)

F (X) and DF(X,M) are
natural Banach function algebras, although some sufficient conditions are given in
[18]. We shall revisit this problem in Section 3.6.

3.3.2 Maximal collections

In this section we discuss collections of paths further and investigate when it is
possible to add paths to the collection F without altering the associated algebra
D(1)
F (X). We discuss maximal collections of paths and the operations under which

such a collection is closed. Finally, we discuss the compatibility of functions for
given collections of paths, with an aim to prove a new chain rule for F -differentiation.
Unless otherwise stated, all results of this section are new.

Throughout this section we fix a semi-rectifiable compact plane set X and we
denote the collection of all admissible paths in X by A. Let F be an effective
collection of paths in X. We shall often identify the algebra D(1)

F (X) with the
subspace SF of C(X) ⊕1 C(X) containing all pairs (f, g) such that f ∈ D(1)

F (X)
and g is an F -derivative for f . We begin with a definition.

Definition 3.3.9. Let γ be an admissible path in X and let f, g ∈ C(X). We say
that g is the γ-derivative for f if, for each subpath σ of γ, we have∫

σ
g(z) dz = f(σ+)− f(σ−).

Note that, taking F to be the collection of all subpaths of γ, then g is the
γ-derivative for f if and only if g is an F-derivative for f . The collection F is
effective, so the restriction of F -derivatives to γ∗ are unique so the definition above
is justified.
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Definition 3.3.10. Let S ⊆ C(X)⊕1 C(X). We define

p(S) := {γ ∈ A : for all (f, g) ∈ S, g is the γ-derivative of f}.

If F is an effective collection of paths in X then we write m(F) for p(SF). We call
m(F) the maximal collection associated with F .

The following lemma is immediate from the definition of m(F). Note that
F ⊆ m(F).

Lemma 3.3.11. Let S, T ⊆ C(X) ⊕1 C(X). If S ⊆ T then p(T ) ⊆ p(S). Let
F ,G be effective collections of paths in X. Then D(1)

m(F)(X) = D(1)
F (X). Moreover,

SF ⊆ SG if and only if m(G) ⊆ m(F).

Proof. Clearly, if S ⊆ T then we have p(T ) ⊆ p(S).
We have D(1)

m(F)(X) ⊆ D(1)
F (X) since if f ∈ D(1)

m(F)(X) then, for each γ ∈ m(F),
f [1] is a γ-derivative of f . In particular this holds whenever γ ∈ F , and it follows
that f ∈ D(1)

F (X). On the other hand, it is clear that D(1)
F (X) ⊆ D(1)

m(F)(X). Thus
equality holds.

For the final assertion, if SF ⊆ SG then m(G) ⊆ m(F) by the first assertion.
Now suppose that m(G) ⊆ m(F). Let (f, g) ∈ SF . Then, for each γ ∈ m(F), g
is the γ-derivative for f . Since m(G) ⊆ m(F), this holds for all γ ∈ m(G). Thus
(f, g) ∈ Sm(G) = SG and so SF ⊆ SG. This completes the proof.

Note that the condition SF ⊆ SG implies that D(1)
F (X) ⊆ D(1)

G (X). There
reverse inclusion need not hold in general; see Example 3.3.14.

We now consider some operations on paths in C. Let γ1 : [a, b] → C and
γ2 : [c, d]→ C be paths such that γ+

1 = γ−2 . We write γ1u γ2 for the path given by

γ1 u γ2 =

γ1(a+ 2t(b− a)) t ∈ [0, 1/2),

γ2(c+ (2t− 1)(d− c)) t ∈ [1/2, 1].

We call the path γ1 u γ2 the join of γ1 and γ2. Note that, if γ1 and γ2 are
admissible, then γ1 u γ2 is admissible. The reverse of γ1, denoted by −γ1, is given
by −γ1(t) = γ1(−t) (t ∈ [−b,−a]). Our notation for joining and reversing paths is
not entirely standard and there are numerous ways to parametrise these paths.

Lemma 3.3.12. Let F be an effective collection of paths in X. Then m(F) has
the following properties:

(a) if γ ∈ m(F) then −γ ∈ m(F);
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(b) if γ ∈ m(F) then γpl, γno ∈ m(F);

(c) if γ1, γ2 ∈ m(F) such that γ+
1 = γ−2 then γ1 u γ2 ∈ m(F).

Proof. (a) This is clear from the definitions.

(b) This is Lemma 3.1.8.

(c) This is effectively [10, Theorem 4.5], and follows from the definitions.

By induction using part (c) of the above, we can join finitely many paths
γ1, . . . , γn from F , with γ+

j = γ−j+1 for j = 1, . . . , n − 1, to obtain the path
γ1 u · · ·u γn which is in m(F).

The following lemma summarises several additional properties of maximal
collections of paths.

Lemma 3.3.13. Let F ,G be effective collections of paths in X. Set A := D(1)
F (X)

and B := D(1)
G (X).

(a) We have m(m(F)) = m(F).

(b) We have p(C(X)⊕1 C(X)) = ∅ and, for each S ⊆ {(f, f (1)) : f ∈ D(1)(X)},
we have p(S) = A.

(c) We have D(1)
F∪G(X) ⊆ D(1)

F (X) ∩D(1)
G (X).

(d) We have m(F) ∪m(G) ⊆ m(F ∪ G).

Proof. (a) This is immediate by Lemma 3.3.11.

(b) The first assertion is clear. The second assertion follows immediately from the
fundamental theorem of calculus for rectifiable paths (Proposition 3.3.4).

(c) Let H := F ∪ G. Clearly A ∩ B consists of all f ∈ C(X) such that there
exists g1, g2 ∈ C(X) with (f, g1) ∈ SF and (f, g2) ∈ SG, and SH = SF ∩ SG. Let
S ⊆ C(X)⊕1 C(X) be the subset of all (f, g) ∈ SF ∪ SG with f ∈ A ∩ B. Then
SH ⊆ S. It follows that D(1)

H (X) ⊆ D(1)
F (X) ∩D(1)

G (X).

(d) Let H := F ∪ G, and let C := D(1)
H (X). Then, by (c), we have C ⊆ A ∩B. It

follows, from Lemma 3.3.11, that we have m(F) ⊆ m(H) and m(G) ⊆ m(H). Thus
m(F) ∪m(F) ⊆ m(H).

In general, if (f, g1), (f, g2) ∈ S with g1 6= g2, then we have p(S) = ∅. Note that
the inclusions in (c) and (d) in the above can be strict, as the following example
shows.
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Example 3.3.14. Let X := {x + iy ∈ C : x, y ∈ [0, 1]}. Let F be the collection
of all line segment paths in X parallel to the real axis, and let G be the collection
of all line segment paths in X parallel to the imaginary axis. It is easy to see that
Z is both F - and G-differentiable, with F -derivative 1 and G-derivative −1. Thus
Z ∈ D(1)

F (X) ∩ D(1)
G (X). However, F ∪ G consists of all vertical and horizontal

line segments in X, and it is easy to see that X is m(F ∪ G)-regular. It follows
that D(1)

F∪G(X) = D(1)(X) and m(F ∪ G) is the set of all admissible paths in X by
Lemma 3.3.13(b). Thus we have a strict inequality in (c) and (d) of Lemma 3.3.13.
In fact, it is not hard to see that if S is the subset of C(X)⊕1C(X) corresponding
to D(1)

F (X) ∩D(1)
G (X), then we have p(S) = ∅. �

Let BVC([0, 1]) denote the set of all continuous, complex-valued functions
of bounded variation on [0, 1]. (See, for example, [27, Appendix A.4].) Then
BVC([0, 1]) is a linear subspace of C([0, 1]). We give BVC([0, 1]) the norm

‖f‖BVC([0,1]) := |f |[0,1] + V 1
0 (f) (f ∈ BVC([0, 1])).

Then, (BVC([0, 1]), ‖ · ‖BVC([0,1])) is a Banach space with this norm (see, for example,
[27, Proposition A.4.14(i)]). Let F be an effective collection of paths in X. Given
a non-constant rectifiable path γ, we have γno ∈ BVC([0, 1]) so we may consider
sequences of such paths as sequences in BVC([0, 1]). However, the limit of a
convergent sequence in BVC([0, 1]) may be constant on a non-degenerate subinterval
of [0, 1], so we cannot simply take limits when attempting to find admissible paths.
The following lemma gives us the desired result.

Lemma 3.3.15. Let F be an effective collection of paths in X and let (γn) be
a sequence of paths in m(F). Suppose that (γno

n ) is a convergent sequence in
BVC([0, 1]) with limit γ ∈ BVC([0, 1]). If γ is non-constant then γpl ∈ m(F).

Proof. Suppose that γ is non-constant. Fix f ∈ D(1)
F (X) and set

I :=
∫
γpl
f [1](z) dz =

∫
γ
f [1](z) dz, In :=

∫
γno
n

f [1](z) dz (n ∈ N).

The proof is completed by showing that I = f(γ+) − f(γ−). For each n ∈ N,
we have In = f(γ+

n ) − f(γ−n ) and thus limn→∞ In = f(γ+) − f(γ−). Note that
(γno
n )+ = γ+

n and (γno
n )− = γ−n . So it remains to prove that I = limn→∞ In.

For each n ∈ N, let hn := f [1] ◦γno
n and let h := f [1] ◦γ. Then hn → h uniformly

as n→∞ and hence R := supn∈N|hn|[0,1] <∞.
Let ε > 0 and choose n0 ∈ N large enough so that |hn − h|[0,1] < ε/6R for

all n ≥ n0. Since V 1
0 (γno

n − γ) → 0 as n → ∞, there exists n1 ∈ N such that
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V 1
0 (γno

n − γ) < ε/6R for all n ≥ n1. Fix n ∈ N larger than both n0 and n1. Let
Pn be a partition of [0, 1] such that, for every partition P = {x0, . . . , xm} of [0, 1]
finer that Pn and for any choice of tj ∈ [xj, xj+1] for j = 0, 1, . . . ,m− 1, we have∣∣∣∣∣

m−1∑
j=0

hn(tj)(γn(xj+1)− γn(xj))−
∫
γn
f [1](z) dz

∣∣∣∣∣ < ε

3 .

Now choose a partition P0 of [0, 1] such that, for every partition P = {x0, . . . , xm}
of [0, 1] finer than P0 and for any choice of tj ∈ [xj, xj+1] for j = 0, 1, . . . ,m− 1,
we have ∣∣∣∣∣

m−1∑
j=0

h(tj)(γ(xj+1)− γ(xj))−
∫
γ
f [1](z) dz

∣∣∣∣∣ < ε

3 .

Fix a partition P = {x0, . . . , xm} of [0, 1] such that P is finer than both P0 and
Pn and fix tj ∈ [xj, xj+1] for j = 0, 1, . . . ,m− 1. Let

S(hn, γn) :=
m−1∑
j=0

hn(tj)(γn(xj+1)− γn(xj))

and let
S(h, γ) :=

m−1∑
j=0

h(tj)(γ(xj+1)− γ(xj)).

We have

|S(hn, γn)− S(h, γ)| ≤
∣∣∣∣∣
m−1∑
j=0

hn(tj)
[
(γn(xj+1)− γn(xj))− (γ(xj+1)− γ(xj))

]∣∣∣∣∣
+
∣∣∣∣∣
m−1∑
j=0

(hn(tj)− h(tj))(γ(xj+1)− γ(xj))
∣∣∣∣∣

≤ |hn|[0,1]

m−1∑
j=0

∣∣∣(γn(xj+1)− γn(xj))− (γ(xj+1)− γ(xj))
∣∣∣

+ |hn − h|[0,1]

m−1∑
j=0
|γ(xj+1)− γ(xj)|

≤ |hn|[0,1]V
1

0 (γn − γ) + |hn − h|[0,1]V
1

0 (γ).

It now follows that |S(hn, γn)− S(h, γ)| < ε/6 + ε/6 = ε/3. Thus

|In − I| <
ε

3 + ε

3 + ε

3 = ε

so that In → I as n→∞. This completes the proof.

We now use maximal collections to introduce a notion of compatibility of
functions for given collections of paths.
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We will often compose paths with F-differentiable functions. We now prove
that such a composition yields a rectifiable path. The proof is elementary in the
case where ϕ is continuously differentiable and we give the details in the more
general setting.

Lemma 3.3.16. Let F be an effective collection of paths in X. Let ϕ ∈ D(1)
F (X)

and let γ : [a, b] → X be a path in F . If ϕ ◦ γ is non-constant then ϕ ◦ γ is
rectifiable.

Proof. If ϕ ◦ γ is constant then there is nothing to prove, so suppose not. Set
M := |ϕ[1]|X and let P = {x0, . . . , xn} be a partition of [a, b]. Set σ := ϕ ◦ γ
and let γj be the subpath of γ obtained by restricting γ to [xj, xj+1] for each
j ∈ {0, . . . , n− 1}. We have

V (σ,P) :=
n−1∑
j=0
|σ(xj+1)− σ(xj)| =

n−1∑
j=0

∣∣∣∣∫
γj
ϕ[1](z) dz

∣∣∣∣ ≤MΛ(γ).

It follows that Λ(σ) = supV (σ,P) ≤MΛ(γ), where the supremum is taken over
all partitions P of [a, b]. This completes the proof.

We now introduce our notion of compatibility.

Definition 3.3.17. Let Y be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let G be an effective collection of paths in
Y . Let ϕ ∈ D(1)

F (X) such that ϕ(X) ⊆ Y . We say that ϕ is F-G-compatible if, for
each γ ∈ F , either ϕ ◦ γ is constant or we have (ϕ ◦ γ)pl ∈ m(G).

Let X, Y be semi-rectifiable compact plane sets and let F be the collection of
all admissible paths in X, and let G be the collection of all admissible paths in Y .
Then, for any ϕ ∈ D(1)

F (X) with ϕ(X) = Y , ϕ is F -G-compatible. However, given
effective collections F and G on X and Y respectively, a suitable map ϕ : X → Y

need not be F -G-compatible, even if ϕ is continuously differentiable. The following
example gives two collections of paths F and G and a suitable map which is not
F -G-compatible. This example is effectively due to Chaobankoh [18].

Example 3.3.18. Let X := {x+ iy ∈ C : x, y ∈ [0, 1]}. Let F be the collection of
all line segment paths in X parallel to the real axis, and let G be the collection of
all line segment paths in X parallel to the imaginary axis. Set ϕ(z) := z (z ∈ X).
Then ϕ : X → X is continuously differentiable on X and ϕ(X) = X. Clearly
ϕ◦γ ∈ F for all γ ∈ F . We claim that if γ ∈ m(F) then γ∗ ∈ F∗, and if γ ∈ m(G),
then γ∗ ∈ G∗.
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Suppose, towards a contradiction, that there exists γ ∈ m(F) with γ∗ /∈ F∗.
Then there exists a subpath σ of γ such that Im σ+ 6= Im σ−. Let f(x+iy) = 1+iy
so that f ∈ D(1)

F (X) and f [1] = 0. But then we must have

0 =
∫
σ
f [1](z) dz = f(σ+)− f(σ−) = Im σ+ − Im σ− 6= 0,

which is a contradiction. Thus such a γ cannot exist and so γ∗ ∈ F∗ for all
γ ∈ m(F).

Similarly, g(x+ iy) = x+ i is G-differentiable with G-derivative g[1] = 0. We
arrive at a similar contradiction so that γ∗ ∈ G∗ for all γ ∈ m(G). This proves the
claim.

Thus m(F) ∩m(G) = ∅ and it follows that ϕ is not F -G-compatible. �

We shall often make use of the following collection of paths.

Definition 3.3.19. Let Y be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let ϕ ∈ D(1)

F (X) such that ϕ(X) ⊆ Y . We
define Fϕ to be the set {(ϕ ◦ γ)pl : γ ∈ F , ϕ ◦ γ is non-constant}

We summarise the properties of the collection the collections Fϕ in the following
lemma.

Lemma 3.3.20. Let Y be a semi-rectifiable compact plane set, let F be an effective
collection of paths in X, and let ϕ ∈ D(1)

F (X) such that ϕ is non-constant and
ϕ(X) ⊆ Y . Let G := Fϕ. Then

(a) if ϕ(⋃F∗) = ⋃G∗ then ⋃G∗ is dense in ϕ(X),

(b) ϕ is F-G-compatible,

(c) if H is an effective collection of paths in Y such that G ⊆ H then ϕ is
F-H-compatible.

Proof. (a) Note that ϕ is a continuous surjection of X onto ϕ(X) and, since ⋃F∗
is dense in X, it follows that ϕ(⋃F∗) is dense in ϕ(X). Thus ⋃G∗ is dense in
ϕ(X).

(b) This is clear.

(c) This follows from (b).

Note that if F is an effective collection of paths in X such that X is F -regular,
then X is also m(F)-regular, though the converse need not hold. Our next result
is a minor modification of [29, Theorem 7.2].
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Lemma 3.3.21. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Suppose that X is m(F)-regular. Then

D(1)
F (X) = D(1)(X)

and m(F) = A. In particular, if X is F-regular then m(F) = A.

We conclude this section with some results for the collections of paths generated
by the closure of a subset of C(X)⊕1C(X). Our key result is the following theorem.

Theorem 3.3.22. Let S ⊆ C(X)⊕1 C(X). Then p(S) = p(S).

Proof. By Lemma 3.3.11, we have p(S) ⊆ p(S). Let (fn, gn) be a sequence in S
such that (fn, gn)→ (f, g) ∈ S as n→∞. Let γ ∈ p(S). Then we have

fn(γ+)− fn(γ−) =
∫
γ
gn(z) dz,

for all n ∈ N. But now fn → f and gn → g uniformly as n→∞, so

f(γ+)− f(γ−) = lim
n→∞

fn(γ+)− fn(γ−) = lim
n→∞

∫
γ
gn(z) dz =

∫
γ
g(z) dz.

Thus γ ∈ p(S). It follows that p(S) ⊆ p(S) and this completes the proof.

The following is an interesting corollary follows immediately from Theorem
3.3.22 and Lemma 3.3.13.

Corollary 3.3.23. Let F be an effective collection of paths in X. Suppose that
D(1)(X) is dense in D(1)

F (X). Then m(F) = A.

Combining Corollary 3.3.23 with Lemma 3.3.20 we obtain the following corollary.

Corollary 3.3.24. Let Y be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let G be an effective collection of paths in Y .
Suppose that D(1)(Y ) is dense in D(1)

G (Y ). Let f ∈ D(1)
F (X) such that f(X) ⊆ Y .

Then f is F-G-compatible.

In particular, in the above, if R0(Y ) is dense in D(1)
G (Y ), then we have m(F) = A

and f , as in the above, is F -G-compatible.
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3.4 Composition of F-differentiable functions

In this section we discuss the chain rule for F-differentiation. Unless otherwise
stated, the results of this section are all new.

In his thesis, Chaobankoh proved a version of the chain rule ([18, The-
orem 2.3.18]) for F -differentiable functions. (See Corollary 3.4.6 and the following
comments in the present section.) We use a different approach, based on our notion
of compatibility, to obtain a more general result. A similar technique was used by
Chaobankoh to prove that a chain rule for F -differentiation holds when considering
functions of the form f(z) = az+b (where a, b ∈ C), see [18, Theorem 2.3.26]. Note
that the definition effective given in [18] differs from that given in Definition 3.3.1;
however, since we consider m(F), we avoid any problems of consistency.

Our main tool for this section is the following lemma. This is an easy modi-
fication of standard results. We include the details for the convenience of the
reader.

Lemma 3.4.1. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Let ϕ ∈ D(1)

F (X) and let γ ∈ F . Then, for each
f ∈ C(ϕ(γ∗)), we have ∫

γ
(f ◦ ϕ)ϕ[1](z) dz =

∫
ϕ◦γ

f(z) dz. (3.7)

Proof. By Lemma 3.3.16, σ := ϕ ◦ γ is a rectifiable path so that the integral on the
right hand side of (3.7) exists. Fix f ∈ C(σ∗) and let ε > 0. Set M := |ϕ[1]|XΛ(γ)
and let h := f ◦ σ : [a, b]→ C. Since h is uniformly continuous, there exists δ > 0
such that, for each s, t ∈ [a, b] with |s − t| < δ, we have |h(t) − h(s)| < ε/(2M).
Choose a partition P0 = {t(0)

0 , . . . , t(0)
m } of [a, b] such that max0≤j≤n−1|tj+1− tj| < δ.

For any partition P = {t0, . . . , tn} finer than P0 and, for each j ∈ {0, . . . , n− 1},
let γ(P)

j be the restriction of γ to [tj, tj+1]. We have

T (P) :=
∣∣∣∣n−1∑
j=0

∫
γ

(P)
j

(f(ϕ(z))− h(sj))ϕ[1](z) dz
∣∣∣∣ < ε

2M |ϕ
[1]|XΛ(γ) = ε

2 , (3.8)

for any sj ∈ [tj, tj+1] (j = 0, 1, . . . , n− 1).
Now fix a partition P = {t0, . . . , tn} of [a, b] finer that P0 such that, viewing

the integral in the right hand side of (3.7) as a Riemann-Stieltjes integral on [a, b],
we have ∣∣∣∣n−1∑

j=0
h(sj)(σ(tj+1)− σ(tj))−

∫
σ
f(z) dz

∣∣∣∣ < ε

2 , (3.9)

for any choice of sj ∈ [tj, tj+1] (j = 0, 1, . . . , n− 1).
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We now claim that, for this partition P , we have
∣∣∣∣∫
γ
f(ϕ(z))ϕ[1](z) dz −

n−1∑
j=0

h(sj)(σ(tj+1)− σ(tj))
∣∣∣∣ < ε

2 (3.10)

for any choice of sj ∈ [tj, tj+1] (j = 0, 1, . . . , n− 1).
For the remainder of the proof, for each j ∈ {0, . . . , n − 1}, fix sj ∈ [tj, tj+1]

and let S := ∑n−1
j=0 h(sj)(σ(tj+1)− σ(tj)).

By the definition of ϕ[1], we have

m−1∑
j=0

h(sj)
∫
γ

(P)
j

ϕ[1](z) dz = S.

We also have∣∣∣∣∫
γ
f(ϕ(z))ϕ[1](z) dz −

n−1∑
j=0

h(sj)
∫
γ

(P)
j

ϕ[1](z) dz
∣∣∣∣ = T (P),

where T (P) < ε/2 as in (3.8). This proves the claim and so (3.10) holds.
But now, by (3.8) and (3.10), we have∣∣∣∣∫

γ
f(ϕ(z))ϕ[1](z) dz −

∫
σ
f(w) dw

∣∣∣∣ < ε

2 + ε

2 = ε.

This holds for all ε > 0 and any choice of the sj, so the result follows.

We can now state and prove a new version of the chain rule for F -differentiable
functions.

Theorem 3.4.2. Let X, Y be a semi-rectifiable compact plane sets, let F be an
effective collection of paths in X, and let G be an effective collection of paths in Y .
Let ϕ ∈ D(1)

F (X) with ϕ(X) ⊆ Y . Suppose that ϕ is F-G-compatible. Then, for all
f ∈ D(1)

G (Y ), f ◦ ϕ is F-differentiable and (f ◦ ϕ)[1] = (f [1] ◦ ϕ)ϕ[1].

Proof. Fix f ∈ D(1)
G (Y ) and γ ∈ F . Then, by Lemma 3.4.1, we have∫

γ
(f [1] ◦ ϕ)(z)ϕ[1](z) dz =

∫
ϕ◦γ

f [1](z) dz.

Since ϕ is F -G-compatible, we have ϕ ◦ γ ∈ m(G) and so∫
ϕ◦γ

f [1](z) dz = f((ϕ ◦ γ)+)− f((ϕ ◦ γ)−).

But (ϕ ◦ γ)+ = ϕ(γ+) and (ϕ ◦ γ)− = ϕ(γ−). Thus f ◦ ϕ is F-differentiable and
has F -derivative (f [1] ◦ ϕ)ϕ[1]. This completes the proof.
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By applying Theorem 3.4.2 inductively, we obtain the Faà di Bruno formula
for the composition of n-times F -differentiable functions.

Corollary 3.4.3 (Faà di Bruno formula). Let X, Y be a semi-rectifiable compact
plane sets, let F be an effective collection of paths in X, and let G be an effective
collection of paths in Y . Fix n ∈ N. Let ϕ ∈ D(n)

F (X) with ϕ(X) ⊆ Y . Suppose
that ϕ is F-G-compatible. Then, for all f ∈ D(n)

G (Y ), f ◦ ϕ ∈ D(n)
F (X) and, for

each k ∈ {1, 2, . . . , n}, we have

(f ◦ ϕ)[k] =
k∑
i=0

(f [i] ◦ ϕ)
∑ k!

a1! · · · ak!

k∏
j=1

(
ϕ[j]

j!

)aj
,

where the inner sum is over all a1, . . . , ak ∈ N0 such that a1 + · · · + ak = i and
a1 + 2a2 + · · ·+ kak = k.

We also obtain the quotient rule for F -differentiable functions as a corollary of
Theorem 3.4.2. This was originally proved by Chaobankoh ([18, Lemma 2.3.12,
Theorem 2.3.13]) using a method of repeated bisection.

Corollary 3.4.4. Let X be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let f, g ∈ D(1)

F (X). Suppose that 0 /∈ g(X).
Then f/g ∈ D(1)

F (X) and (
f

g

)[1]

= gf [1] − fg[1]

g2 .

Proof. We first show that h := 1/g ∈ D(1)
F (X) and that h[1] = −g[1]/g2. Since

0 /∈ g(X), the function ϕ(z) := 1/z (z ∈ g(X)) is continuous and complex-
differentiable on g(X), i.e. ϕ ∈ D(1)(g(X)). Let G be the collection of all admissible
paths in g(X). Then we have ϕ ∈ D(1)(g(X)) ⊆ D(1)

G (g(X)) and g is F-G-
compatible by Lemma 3.3.20(c). By Theorem 3.4.2, we have ϕ ◦ g ∈ D(1)

F (X) with
(ϕ ◦ g)[1] = (ϕ[1] ◦ g)g[1]. But ϕ[1] is just the ordinary complex derivative of ϕ so
that ϕ[1] ◦ g = −1/g2. Thus h[1] = −g[1]/g2. The result now follows from the
product rule for F -derivatives, Proposition 3.3.6(c).

In addition, combining Theorem 3.4.2 with Corollary 3.3.24, we obtain the
following corollary

Corollary 3.4.5. Let X be a semi-rectifiable compact plane set and let F be
an effective collection of paths in X. Let f, g ∈ D(1)

F (X) such that g(X) ⊆ X.
Suppose D(1)(X) is dense in D(1)

F (X). Then f ◦ g ∈ D(1)
F (X) and (f [1] ◦ g)g[1] is the

F-derivative of f ◦ g.
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In particular, we obtain the chain rule as given by Chaobankoh ([18, The-
orem 2.3.18], stated below) when we impose the apparently stronger criteria that
R0(X) be dense in D(1)

F (X). This was originally proved using the quotient rule.

Corollary 3.4.6. Let X be a semi-rectifiable compact plane set and let F be
an effective collection of paths in X. Let f, g ∈ D(1)

F (X) such that g(X) ⊆ X.
Suppose R0(X) is dense in D(1)

F (X). Then f ◦ g ∈ D(1)
F (X) and (f [1] ◦ g)g[1] is the

F-derivative of f ◦ g.

3.5 Bland–Feinstein algebra homomorphisms

We now describe sufficient conditions under which a function can induce an algebra
homomorphism Bland–Feinstein algebras, including those Bland–Feinstein algebras
which are analogous to Dales–Davie algebras. All of the results of this section are
new. Note that all algebra homomorphisms between Banach function algebras
are automatically continuous, by Proposition 1.4.5, so we do not mention the
continuity explicitly here.

The first theorem is an immediate consequence of the chain rule and Faà di
Bruno formula for F -derivatives (Corollary 3.4.3).

Theorem 3.5.1. Let X, Y be semi-rectifiable compact plane sets and let n ∈ N.
Let F be an effective collection of paths in X, let G be an effective collection of paths
in Y , and let ϕ ∈ D(n)

F (X). Suppose that ϕ(X) ⊆ Y and that ϕ is F-G-compatible.
Then ϕ∗ is a unital algebra homomorphism from D(n)

F (Y ) into D(n)
F (X).

In the remainder of the section, we aim to prove a result similar to [44,
Theorem 4] for the algebras DF(X,M).

We first define the term F-analytic for infinitely F-differentiable functions.
(See [18, Section 5.5] for a similar definition.) We shall discuss F -analyticity further
in Section 4.3.

Definition 3.5.2. Let X be a semi-rectifiable compact plane set, and let F be an
effective collection of paths in X. Let f ∈ D(∞)

F (X). We say that f is F-analytic if

lim sup
k→∞

(
|f [k]|X
k!

)1/k

<∞

We are now ready to prove the main result of this section. The calculations in
the proof are identical to those in [43] (see also, [18, 42, 70]), but we include the
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details for the convenience of the reader. Note that we do not assume that either
algebra is natural.

Theorem 3.5.3. Let X, Y be semi-rectifiable compact plane sets, let n ∈ N, let
F be an effective collection of paths in X, let G be an effective collection of paths
in Y , let M = (Mn)∞n=0 be a non-analytic algebra sequence, and let ϕ ∈ D(∞)

F (X).
Suppose that ϕ is F-analytic, that ϕ(X) ⊆ Y , and that ϕ is F-G-compatible.

(a) If ϕ satisfies and |ϕ[1]|X < 1 then ϕ induces a homomorphism from DG(Y,M)
into DF(X,M).

(b) If the sequence (n2Mn/Mn+1) is bounded and |ϕ[1]|X ≤ 1 then ϕ induces a
homomorphism from DG(Y,M) into DF(X,M).

Proof. It is clear that, for each f ∈ DG(Y,M) we have f ◦ϕ ∈ D(∞)
F (X) by Corollary

3.4.3. So it remains to show that f ◦ ϕ satisfies ‖f ◦ ϕ‖ <∞ in each case.

(a) Suppose that |ϕ[1]|X < 1 and fix f ∈ DG(Y,M) and let F := f ◦ ϕ. Then, for
each n ∈ N, we have

F [n] =
n∑
k=0

(f [k] ◦ ϕ)
∑ n!

a1! . . . an!

n∏
j=1

(
ϕ[j]

j!

)aj

where the inner sum is taken over all non-negative integers a1, . . . , an such that
a1 + a2 + · · ·+ an = k and a1 + 2a2 + · · ·+ nan = n.

In the remainder of the proof the inner sum is always be over all non-negative
integers a1, . . . , an such that

a1 + · · ·+ an = k and a1 + 2a2 + · · ·+ nan = n.

We now see that, for each n ∈ N, we have

|F [n]|X ≤
n∑
k=0
|f [k]|Y

∑ n!
a1! · · · an!

n∏
j=1

(
|ϕ[j]|X
j!

)aj
.

It follows that
∞∑
n=0

|F [n]|X
Mn

≤
∞∑
n=0

1
Mn

n∑
k=0
|f [k]|Y

∑ n!
a1! · · · an!

n∏
j=1

(
|ϕ[j]|X
j!

)aj
.

Now, by interchanging the order of summation, we have
∞∑
n=0

|F [n]|X
Mn

≤
∞∑
k=0
|f [k]|Y

∞∑
n=k

Mn

∑ n!
a1! · · · an!

n∏
j=1

(
|ϕ[j]|Y
j!

)aj
. (3.11)
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Hence
∞∑
n=0

|F [n]|X
Mn

≤
∞∑
k=0

|f [k]|Y
Mk

k!
∞∑
n=k

1
n!
∑Mk

k!
n!
Mn

n!
a1! · · · an!

n∏
j=1

(
|ϕ[j]|Y
j!

)aj
. (3.12)

Note that the function
z 7→

∞∑
j=2

|ϕ[j]|Xzj−1

|ϕ[1]|Xj!

takes the value 0 at 0 and is analytic on a neighbourhood of 0. Choose ε ∈ (0, 1)
such that δ := |ϕ[1]|X(1 + ∑∞

j=2(|ϕ[j]|Xεj−1)/(|ϕ[1]|Xj!)) < 1. Since d(M) = 0,
it follows that there exists C > 0 such that m!/Mm < Cεm for each m ∈ N0.
Moreover, since

Mp

p!
q!
Mq

≤ (q − p)!
Mq−p

(p, q ∈ N0, p ≤ q),

we have (Mp/p!)(q!/Mq) ≤ Cεp−q for all p, q ∈ N0 with q ≤ p. Thus, by (3.12) and
since a1 + · · ·+ an = k, we have

∞∑
n=0

|F [n]|X
Mn

≤
∞∑
k=0

|f [k]|Y
Mk

k!
∞∑
n=k

1
n!
∑

Cεn−k
n!

a1! · · · an!

n∏
j=1

(
|ϕ[j]|Y
j!

)aj

= C
∞∑
k=0

|f [k]|Y
Mk

k!
∞∑
n=k

εn

n!
∑ n!

a1! · · · an!

n∏
j=1

(
|ϕ[j]|Y
εj!

)aj
.

Now, from formula B3 (p. 823) of [1], we have

k!
∞∑
n=k

εn

n!
∑ n!

a1! · · · an!

n∏
j=1

(
|ϕ[j]|Y
εj!

)aj
=
( ∞∑
m=1

|ϕ(m)|X
εm! εm

)k

= |ϕ[1]|kX

(
1 +

∞∑
m=2

|ϕ(m)|X
|ϕ[1]|Xm!ε

m−1
)k

= δk

Since 0 < δ < 1 and since f ∈ DG(Y,M) it follows that

∞∑
n=0

|F [n]|X
Mn

≤ C
∞∑
k=0

|f [k]|Y
Mk

δk <∞.

Thus F ∈ DF(X,M) as required.

(b) Suppose now that |ϕ[1]|X ≤ 1 and that (n2Mn−1/Mn) is a bounded sequence.
Let f ∈ DG(Y,M) and set F := f ◦ ϕ. We note that (3.11) still holds. Since
d(M) = 0 and (n2Mn−1/Mn) is bounded, there exists constants B,C > 0 such
that

Mp

p!
q!
Mq

≤ B
(
C

p

)q−p
(p, q ∈ N0, p ≤ q).
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(This is observed in [43].) Also, since ϕ satisfies supj∈N0(|ϕ[j]|X/j!)1/j <∞, there
exists D > 0 such that |ϕ[j]|X/j! ≤ Dj for each j ∈ N0. Let N be the greatest
integer with N ≤ CD.

Then, by (3.11), we have

∞∑
n=0

|F [n]|X
Mn

≤ S1 + S2,

where

S1 =
N∑
k=0
|f [k]|Y

∞∑
n=k

1
Mn

∑ n!
a1! · · · an!

n∏
j=1

(
|ϕ[j]|Y
j!

)aj
,

and

S2 =
∞∑

k=N+1
|f [k]|Y

∞∑
n=k

1
Mn

∑ n!
a1! · · · an!

n∏
j=1

(
|ϕ[j]|Y
j!

)aj
.

We first show S1 is finite. First note that, for the a1, . . . , an under consideration,
we have

n∏
j=1

(
Mj

j!

)aj
≤ Mn

n! ,

thus, for each k ∈ N, we have

∞∑
n=k

1
Mn

∑ n!
a1! · · · an!

n∏
j=1

(
|ϕ[j]|Y
j!

)aj

=
∞∑
n=k

1
n!
∑ n!

a1! · · · an!
n!
Mn

n∏
j=1

(
Mj

j!
|ϕ[j]|Y
Mj

)aj

≤
∞∑
n=k

1
n!
∑ n!

a1! · · · an!

n∏
j=1

(
|ϕ[j]|Y
Mj

)aj
.

Now, again using formula B3 (p. 823) in [1], we see that

∞∑
n=k

1
n!
∑ n!

a1! · · · an!

n∏
j=1

(
|ϕ[j]|Y
Mj

)aj
= 1
k!

 ∞∑
m=1

|ϕ(m)|X
Mm

k,
which is equal to (‖ϕ‖ − |ϕ|X)k/k!. It now follows that

S1 ≤
N∑
k=0

|f [k]|Y
k! (‖ϕ‖ − |ϕ|X)k,

which is finite.
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It remains to show that S2 is finite. Indeed

S2 =
∞∑

k=N+1
|f [k]|Y

∞∑
n=k

1
Mn

∑ n!
a1! · · · an!

n∏
j=1

(
|ϕ[j]|Y
j!

)aj

=
∞∑

k=N+1

|f [k]|Y
Mk

k!
∞∑
n=k

1
n!
∑ n!

Mn

Mk

k!
n!

a1! · · · an!

n∏
j=1

(
|ϕ[j]|Y
j!

)aj

≤ B
∞∑

k=N+1

|f [k]|Y
Mk

k!
∞∑
n=k

1
n!
∑ n!

a1! · · · an!

n∏
j=1

(
|ϕ[j]|YCj−1

j!kj−1

)aj
.

Again using formula B3 (p. 823) from [1], we have

S2 ≤ B
∞∑

k=N+1

|f [k]|Y
Mk

 ∞∑
j=1

|ϕ[j]|XCj−1

j!kj−1

k.
Since |ϕ[j]|/j! < Dj for each j, we have

S2 ≤ B
∞∑

k=N+1

|f [k]|Y
Mk

|ϕ[1]|kX

(
1 + D

|ϕ[1]|X

∞∑
j=2

Dj−1Cj−1

kj−1

)k
,

and (
1 + D

|ϕ[1]|X

∞∑
j=2

Dj−1Cj−1

kj−1

)k
=
(

1 + CD2

|ϕ[1]|X
1

k − CD

)k
,

which can be shown to be bounded in m. It follows that

S2 ≤ B
∞∑

k=N+1

|f [k]|Y
Mk

|ϕ[1]|kX

(
1 + CD2

|ϕ[1]|X
1

k − CD

)k
,

and, since |ϕ[1]|X ≤ 1, it follows that S2 is finite. This completes the proof.

Note that, in the above, DF(X,M) and DG(Y,M) are always Banach function
algebras, so we do not need to make any additional completeness assumptions.

Remark 3.5.4. We do not know whether the assumption that ϕ be F -analytic in
Theorem 3.5.3 is a necessary condition; see the open problems for this chapter
(Section 3.7).

In the case where (n2Mn−1/Mn) is unbounded, the condition that |f [1]|X ≤ 1 is
no longer be sufficient for ϕ∗ to be a homomorphism from DG(Y,M) into DF(X,M).
The following example is from [44].

Example 3.5.5. Let I = [0, 1], let F be the collection of all admissible paths in
I, and, for each n ∈ N, let Mn = (n!)3/2. Then M = (Mn)∞n=0 is a non-analytic
algebra sequence such that n2Mn−1/Mn → ∞ as n → ∞. Moreover, since I is
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uniformly regular, we have DF(I,M) = D(I,M), and DF(I,M) is natural on
I by [27, Theorem 4.4.16(ii)]. Let ϕ(t) := (1 + t2)/2 (t ∈ I). Then ϕ is an
F -analytic map from I into I, |ϕ′|X ≤ 1, and ϕ is F -F -compatible. However, by
[44, Theorem 3.2], ϕ∗ is not a homomorphism from DF(I,M) into DF(I,M). �

3.6 Naturality of Bland–Feinstein algebras

In this section we investigate the naturality of Bland–Feinstein algebras as discussed
earlier in this chapter. Unless otherwise stated, all results in this section are new
(and do not appear in [19]).

The naturality of the algebras D(1)(X), where X is a perfect compact plane
set, was investigated in [29], where they proved the following.

Proposition 3.6.1 ([29, Theorem 3.1]). Let X be a perfect compact plane set.
Then each character ϕ on D(1)(X) corresponds to evaluation at a point of X.

Remark 3.6.2. The algebra D(1)(X) in the above proposition need not be com-
plete, so another consequence of this result is that all characters on D(1)(X) are
continuous.

Chaobankoh extended this result to the algebras D(n)(X), for each n ∈ N
and where X a perfect compact plane set; see [18, Theorem 4.2.5]. Chaobankoh
also investigated the naturality of the algebras D(1)

F (X). Note that if we have
D(1)
F (X) = D(1)(X), then Proposition 3.6.1 shows that D(1)

F (X) is also natural.
This is the case, for example, if X is F -regular. We wish to obtain results similar
to the above for other Bland–Feinstein algebras. We focus on the algebras D(k)

F (X)
at present; the algebras DF(X,M) will be considered separately.

Our main tool in this section is the following result due to Chaobankoh ([18,
Theorem 4.3.2]); see also [2] and [66].

Proposition 3.6.3. Let X be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, let n ∈ N, and let A be the uniform closure of
D(n)
F (X) in C(X). If A is natural on X then D(n)

F (X) is natural on X.

In the remainder of this section, we give various sufficient conditions for the
uniform closure of a Bland–Feinstein algebra to be natural.

Let F be a collection of paths in C and let E ⊆ C. We denote by F|E the set
of all γ ∈ F such that γ∗ ⊆ E. Note that F|∅ = ∅.
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Lemma 3.6.4. Let X, Y be semi-rectifiable compact plane sets with Y ⊆ X, let
F be an effective collection of paths in X, and let G := F|Y . Suppose that G is an
effective collection of paths in Y . Then m(G) ⊆ m(F)|Y .

Proof. Let S denote the set of all (f, g) ∈ C(X) ⊕1 C(X) such that g|Y is the
G-derivative of f |Y . Then we have SF ⊆ S and so, by Lemma 3.3.11, we have
p(S) ⊆ p(SF) = m(F). But now p(S) = m(G) when S is considered as a subset of
C(Y )⊕1 C(Y ). The result follows.

Note that the condition that G be effective in Y is necessary given the definition
of m(G).

Let X be a compact plane set and let U be a non-empty open set in C such
that U ⊆ X. We write A(X,U) for the algebra of all continuous functions f on X
such f |U is analytic. It is standard that A(X,U) is a natural uniform algebra on
X (see [54, Chapter 2]). The proof of the following is an easy modification of the
proof of [10, Lemma 5.3]

Lemma 3.6.5. Let X be a semi-rectifiable compact plane set, let U be a non-empty
open set in C such that U ⊆ X, and let F be an effective collection of paths in X.
Then D(1)

F (X) ⊆ A(X,U) if and only if m(F)|U is the collection of all admissible
paths in U .

Proof. First suppose that D(1)
F (X) ⊆ A(X,U). Then, for each f ∈ D(1)

F (X), f |U
is analytic. Let z ∈ U . There exists r > 0 such that Y := B̄(z, r) ⊆ U and
let G := F|Y . Now each f ∈ D(1)

F (X) is analytic on a neighbourhood of Y , so
f |Y ∈ D(1)(Y ). It follows that D(1)

G (Y ) = D(1)(Y ). By Lemma 3.3.13(b), m(G) is
the set of all admissible paths in Y . By Lemma 3.6.4, we have m(G) ⊆ m(F)|Y .
This occurs for all z ∈ U , so m(F) must contain all admissible paths γ in C such
that γ∗ ⊆ U .

Now suppose that m(F)|U is the collection of all admissible path in U . Let
z ∈ U . Then there exists r > 0 such that Y := B̄(z, r) ⊆ U and let G := F|Y . By
assumption, m(G) is the collection of all admissible paths in Y . But Y is uniformly
regular (which implies that Y is G-regular) so we have D(1)

G (Y ) = D(1)(Y ). Thus,
for each f ∈ D(1)

F (X), we have f ∈ D(1)
G (Y ) = D(1)(Y ) so that f is analytic at z.

Thus f is analytic on U . It follows that D(1)
F (X) ⊆ A(X,U). This completes the

proof.

From the above we obtain the following immediate corollary.
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Corollary 3.6.6. Let X be a semi-rectifiable compact plane set, let U := intX,
and let F be an effective collection of paths in X. Suppose that U 6= ∅. Then
D(1)
F (X) ⊆ A(X) if and only if m(F)|U is the set of all admissible paths in U .

Remark 3.6.7. The ‘if’ implication of the above corollary is [10, Lemma 5.3].

Let X be a semi-rectifiable compact plane set such that R(X) = A(X). Let F
be the collection of all admissible paths in X. Then the uniform closure of D(1)

F (X)
in C(X) is equal to A(X), and so D(1)

F (X) is a natural Banach function algebra.
The following is also gives sufficient conditions for D(1)

F (X) to be natural on X.

Lemma 3.6.8. Let X be a semi-rectifiable compact plane set, let F be an effective
collection of paths in X, and let B be the uniform closure of D(1)

F (X) in C(X).
Suppose that Z ∈ D(1)

F (X). Then B = C(X). In particular, D(1)
F (X) is a natural

Banach function algebra on X.

Proof. Let A := alg{1, Z, Z}. Then A ⊆ D(1)
F (X) and A is uniformly dense in

C(X) by the Stone–Weierstrass theorem. Thus B = C(X) also. The remainder of
the result now follows from Proposition 3.6.3.

The following examples shows that it is indeed possible to have Z ∈ D(1)
F (X).

In the these examples, all intervals [a, b] are assumed to be non-degenerate.

Example 3.6.9. Let X := {x+ iy : x, y ∈ [0, 1]} and let

F := {x0 + it (t ∈ [a, b]) : x0 ∈ X, [a, b] ⊆ [0, 1]}.

Then, for each γ ∈ F , there exists a non-degenerate, closed interval [a, b] ⊆ [0, 1]
such that γ(t) = x0 + it, for some x0 ∈ [0, 1], for each t ∈ [a, b]. We have

∫
γ
−1 dz =

∫ b

a
−i dt = −ib+ ia = (x0 − ib)− (x0 − ia).

It follows that Z ∈ D(1)
F (X) and Z [1] = −1. �

Example 3.6.10. Let R ∈ (0, 1) and let X := {z ∈ C : R ≤ |z| ≤ 1}. Let

F := {r exp it (t ∈ [a, b]) : r ∈ [R, 1], [a, b] ⊆ [0, 2π]}.

Fix r ∈ (0, 1], and let [a, b] ⊆ [0, 2π]. Then Z = r2/Z on the path γ(t) := r exp it
(t ∈ [a, b]). Thus Z is complex-differentiable on γ∗. It follows that Z ∈ D(1)

F (X).
Note that Z /∈ D(1)(X). �
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Note that, in the above examples, for each γ ∈ m(F) we have γ∗ ∈ F∗. We do
not know whether this is a necessary condition for the complex conjugate function
to be F -differentiable. Also note that, in the first example the F -derivative of Z
is a constant, while in the second example the F -derivative of Z is a non-constant
function.

Let θ ∈ (−π, π] and z0 ∈ C. We denote the set containing all points on the line
through z0 which makes the angle θ with the real axis by L(z0, θ). That is,

L(z0, θ) = {z0 + r exp (iθ) : r ∈ R}

We can generalise the case in Example 3.6.9 in the following theorem.

Theorem 3.6.11. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Then Z ∈ D(1)

F (X) and Z [1] is constant on X if
and only if there exists θ ∈ (−π, π] such that, for each γ ∈ F , there exists xγ ∈ X
with γ∗ ⊆ L(xγ, θ) ∩X.

Proof. First suppose that Z is F -differentiable and Z [1] = α ∈ C. Let γ ∈ F such
that γ+ 6= γ−. Then

γ+ − γ− =
∫
γ
α dz = α(γ+ − γ−).

It follows that
γ+ − γ−
γ+ − γ−

= α,

so we see immediately that |α| = 1. Moreover,

Arg (γ+ − γ−)− Arg (γ+ − γ−) = Arg
(
γ+ − γ−
γ+ − γ−

)
= Arg (α).

Set θ = −Arg (α)/2 and xγ := γ−. Then γ+ − γ− = |γ+ − γ−| exp (iθ) so that
γ∗ ⊆ L(xγ, θ). This holds for all γ ∈ F such that γ+ 6= γ−.

Let γ : [a, b] → X be a path in F and suppose that γ+ = γ−. Since γ is
admissible, there is a sequence of subpaths (σn) of γ with σ+

n → γ+ as n→∞,
and such that σ+ 6= σ− and σ−n = γ− for each n ∈ N. By the above, we have
σ∗n ⊆ L(γ−, θ). It follows that γ∗ ⊆ L(γ−, θ).

Now suppose that there exists θ ∈ (−π, π] such that, for each γ ∈ F , there exists
xγ ∈ X with γ∗ ⊆ L(xγ, θ) ∩X. Let G be the collection of all paths γ : [a, b]→ X

such that γ(t) = xγ + t exp (iθ) (t ∈ [a, b]) for some xγ ∈ X. Clearly every path
γ in X such that there exists xγ ∈ X with γ∗ ⊆ L(xγ, θ) has γ ∈ m(G). Clearly
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F ⊆ m(G) and so m(F) ⊆ m(G). By Lemma 3.3.11, we have D(1)
G (X) ⊆ D(1)

F (X).
So it is sufficient to show that Z ∈ D(1)

G (X) and that Z [1] is constant on X.
Let g(z) = exp (−2iθ) (z ∈ X). We show that g is an G-derivative of Z. Let

γ : [a, b] → X be a path in G given by γ(t) = xγ + exp (iθ)t (t ∈ [a, b]) for some
xγ ∈ X. Then we have∫

γ
g(z) dz =

∫ b

a
e−iθ dt = e−iθ(b− a) = (xγ + eiθb)− (xγ + eiθa).

This holds for each path γ ∈ G and so g is the G-derivative of Z. This completes
the proof.

We obtain the following useful corollary of the above theorem and Lemma 3.6.8.

Corollary 3.6.12. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Suppose that there exists θ ∈ (−π, π] such that,
for each γ ∈ F , there exists xγ ∈ X with γ∗ ⊆ L(xγ, θ) ∩ X. Let B denote the
uniform closure of D(1)

F (X) in C(X). Then B = C(X) and D(1)
F (X) is a natural

Banach function algebra on X.

We can also attempt to characterise those semi-rectifiable compact plane sets
X and effective collections of paths F in X such that D(1)

F (X) is natural by means
of the following observation.

Lemma 3.6.13. Let X be a semi-rectifiable compact plane set, let k ∈ N, let F
be an effective collection of paths in X, and let B denote the uniform closure of
D(k)
F (X) in C(X). Suppose that B is normal on X. Then D(k)

F (X) is a natural
Banach function algebra on X.

Proof. Since B is normal on X, it follows from Proposition 1.5.5 that B is natural
on X. The result follows from Proposition 3.6.3.

In particular, if D(1)
F (X) is a normal Banach function algebra on X then B is

also normal, and so D(1)
F (X) is natural by the above.

Certainly it is not true that D(1)
F (X) is always normal on X. For instance,

if D(1)
F (X) ⊆ A(X), and X has non-empty interior, then D(1)

F (X) is not regular.
Moreover, in this case, D(1)

F (X) need not be uniformly dense in A(X) and so it
may not be possible to show that D(1)

F (X) is natural on X.
The following further corollary of Lemma 3.6.13 is of more use to us.

Corollary 3.6.14. Let X be a semi-rectifiable compact plane set and let F be an
effective collection of paths in X. Suppose that R(X) is normal on X. Then, for
each k ∈ N, D(k)

F (X) is natural on X.
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Proof. Fix k ∈ N. Let B denote the uniform closure of D(k)
F (X) in C(X). Then

R(X) ⊆ B, and it follows that B is normal on X. The result now follows Lemma
3.6.13.

Remark 3.6.15. Note that the naturality of D(1)
F (X) in the above is dependent only

on X, and therefore is true for every effective collection of paths in X.

Of course, if R(X) = C(X) then R(X) is regular, and hence normal, so the
above applies. However, in this case, naturality is given by Proposition 3.6.3. The
following example illustrates an interesting case in the above corollary where we
have R(X) 6= C(X).

Example 3.6.16. Let A = ((an, rn)) be a classical abstract Swiss cheese such
that R(XA) is non-trivial and regular; for example, the Swiss cheese set obtained
by Corollary 2.2.12. Set X := XA. Then R(X) is also normal on X. Let F be
an effective collection of paths in X. Then D(1)

F (X) is natural on X by Corollary
3.6.14. �

The Swiss cheese set X in the above example is uniformly regular (see, for
example, [29]) so if m(F) is the set of all admissible paths in X, then we have
D(1)
F (X) = D(1)(X) and so is natural by Proposition 3.6.1. In fact, in this case, we

have D(1)
F (X) ⊆ R(X) by [28, Lemma 1.5(iv)]. Similarly, taking the collection F

to be all line segments in X which are parallel to a given line—for example, the
real axis or the imaginary axis—then we see that D(1)

F (X) is uniformly dense in
C(X) by Corollary 3.6.12, and so is natural on X. (Note that the existence of an
abundance of such line segments is a consequence of an argument of Allard which
shows that a classical Swiss cheese set has positive area, see [16, pp. 163-164].)

In the following example (due to Feinstein), we use some techniques developed
for uniform algebras in [41] by Feinstein and Izzo, to give a classical Swiss cheese
set X and an effective collection of paths in X such that m(F) is not the collection
of all admissible paths in X but D(1)

F (X) is natural on X.

Example 3.6.17. Let A = ((an, rn)) be the classical abstract Swiss cheese, as in
Example 3.6.16, such that R(XA) is regular on XA, and such that intXA = ∅. Set
X := XA. For each n ∈ N, let γn(t) = an + rn exp (it) (t ∈ [0, 2π]), and let F be
the collection of rectifiable paths consisting of the γn and all subpaths thereof. It
is easy to see that ⋃F∗ is dense in X so that F is an effective collection of paths.
By Corollary 3.6.14, D(1)

F (X) is natural on X. We now claim that there exists
f ∈ D(1)

F (X) such that f is non-constant but f [1] is identically zero on X.
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Let ∼ be the equivalence relation on X such that x ∼ y if and only if either
x, y ∈ X \ ⋃F∗ and x = y, or there exists γ ∈ F such that x, y ∈ γ∗. Let Y be
the quotient space X/ ∼; that is, Y is the topological space obtained from X by
contracting the sets γ∗n (n ∈ N) to a point. By [41, Lemma 2.5], Y is a compact
metric space. Let q : X → Y be the quotient map. Then the map f 7→ f ◦ q
defines a isometric, unital algebra homomorphism from C(Y ) into C(X) and, for
each f ∈ C(Y ), f ◦ q is constant on γ∗n for each n ∈ N. Let f ∈ C(Y ) such that f
is non-constant and let g := f ◦ q ∈ C(X). Then, as above, g is constant on γ∗n for
each n ∈ N, and so g ∈ D(1)

F (X) with g[1] = 0. But f is non-constant and so g is
non-constant on X \ ⋃F∗. It follows that D(1)

F (X) 6= D(1)(X). �

Remark 3.6.18. We do not know whether D(1)
F (X) is uniformly dense in C(X) in

this case.

The techniques from [41] can be applied in a slightly more general setting. Let
X be a semi-rectifiable compact plane set, and let F be an effective collection
of paths in X. Suppose that there exists a sequence (γn) of paths in F with the
following properties: γ∗j ∩ γ∗k = ∅ for all j, k ∈ N with j 6= k; for each σ ∈ F
there exists k ∈ N with σ∗ ⊆ γ∗k; Λ(γn) → 0 as n → ∞. Then we can use the
construction above to find non-constant functions f ∈ D(1)

F (X) with f [1] identically
zero on X.

3.6.1 Naturality of the DF(X,M)

We now consider the naturality of the algebras DF(X,M). Let X be a perfect
compact plane set and let M = (Mn)∞n=0 be an algebra sequence. Then we have
R0(X) ⊆ D(X,M) if and only if M is a non-analytic algebra sequence ([28]), so
the condition that M is non-analytic is necessary for the algebras D(X,M) and
DF(X,M), where F is an effective collection of paths in X.

We require the following definition from [2] (see also [18]).

Definition 3.6.19. Let M = (Mn)∞n=0 be a sequence of positive real numbers. For
each k ∈ N, let Pk = Mk/k! and let

Ak = sup
{

1
Pk

n∏
j=1

P
aj
j

}
,

where the supremum is taken over all n ∈ N with n ≥ k and non-negative integers
a1, . . . , an such that a1 + · · ·+ an = k and a1 + 2a2 + · · ·+ nan = n.
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Let M = (Mn)∞n=0 be an algebra sequence. It is easy to see that, for each
k ∈ N, we have Ak ≤ 1 (the details are noted in [18, p. 52]). As in [18], we
say that M is naturalisable if limk→∞A

1/k
k = 0. It was shown in [2] that if M is

naturalisable then M is non-analytic (see also [18]). Our main tool for this section
will the following proposition, due to Chaobankoh [18, Theorem 4.3.6] which is
the DF(X,M) analogue of Proposition 3.6.3.

Proposition 3.6.20. Let X be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, let M = (Mn)∞n=0 be a naturalisable algebra
sequence, and let B denote the uniform closure in C(X) of DF(X,M). Then
DF(X,M) is natural on X if and only if B is natural on X.

Some of the results for the algebras D(1)
F (X) discussed above are valid for the

algebras DF(X,M) too. We summarise these modified results in the following.

Lemma 3.6.21. Let X be a semi-rectifiable compact plane set, let F be a effective
collection of paths in X, let M = (Mn)∞n=0 be an algebra sequence, and let B denote
the uniform closure of DF(X,M) in C(X).

(a) For each non-empty open set U ⊆ C with U ⊆ X, if m(F)|U is the collection
of all admissible paths in U , then we have DF(X,M) ⊆ A(X,U).

(b) We have Z ∈ DF(X,M) and Z
[1] is constant on X if and only if there

exists θ ∈ (−π, π] such that, for each γ ∈ F , there exists xγ ∈ X with
γ∗ ⊆ L(xγ, θ) ∩X.

Suppose further that M is naturalisable.

(c) If Z ∈ DF(X,M) then B = C(X) and DF(X,M) is natural on X.

(d) If B is normal on X then DF(X,M) is natural on X.

Proof. (a) Let U ⊆ C be a non-empty open set such that U ⊆ X. First note that
DF(X,M) ⊆ D(1)

F (X), so it follows immediately that if D(1)
F (X) ⊆ A(X,U) then

DF(X,M) ⊆ A(X,U). Thus, if m(F)|U is the collection of all admissible paths in
U then, by Lemma 3.6.5, we have DF(X,M) ⊆ A(X,U).

(b) Note that, if Z ∈ D(1)
F (X) such that Z [1] is constant, then Z ∈ D(∞)

F (X)
and Z

[k] = 0 for all k ∈ N with k ≥ 2. Thus Z ∈ DF(X,M). But since
DF(X,M) ⊆ D(1)

F (X), it follows that Z ∈ DF(X,M) such that Z [1] is constant if
and only if the same is true of D(1)

F (X). The result now follows from Theorem
3.6.11.
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(c) Suppose that Z ∈ DF(X,M). Set A := alg{1, Z, Z} ⊆ DF(X,M). Let A be
the uniform closure of A in C(X). Then A ⊆ B ⊆ C(X). But, by the Stone–
Weierstrass theorem, A = C(X). Thus B = C(X) and, since M is naturalisable,
the result follows from Proposition 3.6.20.

(d) Suppose that B is normal on X. As in Lemma 3.6.13, B is natural on X.
Since M is naturalisable, the result follows from Proposition 3.6.20.

Let X be a semi-rectifiable compact plane set, let F be an effective collection of
paths in X, and let M = (Mn)∞n=0 be a naturalisable algebra sequence. Combining
(b) and (c) from the above lemma, gives a result analogous to Corollary 3.6.12 for
the algebras DF(X,M).

We have the following analogue of Corollary 3.6.14 for the algebras DF(X,M).

Corollary 3.6.22. Let X be a semi-rectifiable compact plane set, let F be a
effective collection of paths in X, and let M = (Mn)∞n=0 be a naturalisable algebra
sequence. If R(X) is normal on X then DF(X,M) is a natural Banach function
algebra on X.

Proof. Let B denote the uniform closure of DF(X,M) in C(X). Since M is non-
analytic, we have R0(X) ⊆ DF(X,M) and so R(X) ⊆ B ⊆ C(X). The proof is
completed by applying Lemma 3.6.21(d).

Note that the same holds if DF(X,M) is assumed to be normal.

3.7 Open problems and discussion

The following problems are related to the content of Chapter 3. Throughout this
section, let X be a semi-rectifiable compact plane set, let A denote the collection
of all admissible paths in X, and let F be an effective collection of paths in X.

The first two problems relate to approximation of paths in C.

Question 3.7.1. Let G denote the set of all rectifiable Jordan paths in X. Do we
have m(G) = A?

First note that G is effective. This answer is certainly affirmative if X is convex.
In general, one can attempt to approximate a rectifiable path by the finite joining
of geodesics in X.

Question 3.7.2. Let Γ be an admissible path in C and let G denote the collection
of all subpaths of Γ. Does m(G) include all geodesics in Γ∗?
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This certainly appears to be true in several simple cases. For example, it
is certainly true if Γ is a Jordan path. Similarly, if Γ has only finitely many
self-intersections then the above appears to be true; note that, in this case, the
path Γ is a finite join of rectifiable Jordan paths.

The next question concerns the existence of homomorphisms between Bland–
Feinstein algebras of the form DF(X,M).

Question 3.7.3. Let M = (Mn)∞n=0 be an algebra sequence, let Y be a semi-
rectifiable compact plane set, and let G be an effective collection of paths in Y .
Let ϕ ∈ D(∞)

F (X) with ϕ(X) ⊆ Y such that ϕ is F -G-compatible. Can we remove
the hypothesis that ϕ be F -analytic in Theorem 3.5.3?

Our next questions concern isomorphisms of Bland–Feinstein algebras.

Question 3.7.4. Let Y be a semi-rectifiable compact plane set and let G be an
effective collection of paths in Y . Suppose that ϕ ∈ D(1)

F (X) with ϕ(X) ⊆ Y such
that ϕ is F-G-compatible and ϕ is a bijection. Under what conditions on ϕ is it
automatically true that ϕ−1 ∈ D(1)

G (Y )?

Question 3.7.5. Let M = (Mn)∞n=0 be an algebra sequence, let Y be a semi-
rectifiable compact plane set, and let G be an effective collection of paths in Y . Let
ϕ ∈ D(∞)

F (X) with ϕ(X) ⊆ Y such that ϕ is F-G-compatible. Suppose also that
ϕ is bijective and induces a homomorphism ϕ∗ from DG(Y,M) into DF(X,M).
Under what conditions on ϕ is ϕ∗ an isomorphism?



Chapter 4

Quasianalyticity and
F-quasianalyticity

Traditionally, we say that a collection A of infinitely continuously differentiable
functions on R is quasianalytic if every function f in A satisfying f (k)(x) = 0
(k ∈ N0), for some x ∈ R, is f constantly zero. The Denjoy–Carleman theorem
(see [83] and [93, Section 19.6]) gives necessary and sufficient conditions for certain
classes of functions to be quasianalytic. In [28], Dales and Davie gave a new
definition of quasianalyticity for collections of infinitely continuously complex-
differentiable functions defined on a compact plane set. They also gave sufficient
conditions for certain collections of functions to be quasianalytic in this new sense.
However, their results require that the compact plane set has certain properties.

Dales and Davie used the properties of quasianalytic Banach function algebras
to show that there exists a natural Banach function algebra with only countably
many peak points [28, Theorem 2.3]. They also constructed a quasianalytic Banach
function algebra A such that there exists a discontinuous function F which operates
on A [28, Theorem 3.8]. We refer the reader to [28] for the relevant definitions.

In [37], Feinstein constructed a Swiss cheese set X such that R(X) is not
regular but does not admit any non-trivial Jensen measures. This is achieved by
constructing X so that the interval I := [−1/2, 1/2] is contained in X and the
algebra R(X)|I is quasianalytic but each point x ∈ X \ I is a point of continuity
for R(X). It follows from this that R(X) cannot admit any non-trivial Jensen
measures but is not regular. (See Section 4.5 for the relevant definitions.) Feinstein
and Yang [52] have improved this example by replacing the interval I with a set of
positive area.

Quasianalyticity has also been investigated in [4] and [73]. In the former,
Albrecht and Athar consider Banach function algebras similar to the algebras

99
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D(X,M) but, instead a sequence of positive real numbers, they allow M to be a
sequence of bounded functions from X into [1,∞).

In this chapter, we introduce a notion of F-quasianalyticity for collections
of infinitely F-differentiable functions on certain compact plane sets, and give
new sufficient conditions for such collections to be F -quasianalytic. We prove an
F -differentiation version of the Denjoy–Carleman theorem, which generalises the
results of Dales and Davie. We then discuss several examples to illustrate the
behaviour of F -quasianalytic algebras. Next, we discuss the connections between
several different notions of analyticity, including F-analyticity. In Section 4.4,
we introduce sets of quasianalyticity as a means of investigating the properties
of F-quasianalyticity. We then give the construction of a classical Swiss cheese
set X such that R(X) admits no non-trivial Jensen measures on X but R(X) is
not regular. This improves the example of Feinstein (as above). We conclude the
chapter with several open problems and a discussion.

Parts of this chapter are contained in [47].

4.1 Quasianalytic Banach function algebras

We begin with a discussion of the quasianalytic algebras of functions as defined by
Dales and Davie [28]. The following is our the definition of quasianalyticity that
we consider here. We have adapted the definition given in [28], which could allow
some undesirable cases.

Definition 4.1.1. Let X be a perfect compact plane set and let A ⊆ D(∞)(X).
Then A is quasianalytic if, for each z0 ∈ X, the conditions

f ∈ A and f (k)(z0) = 0 (k ∈ N0)

together imply that f(z) = 0 for all z in the component of X containing z0.

The definition of quasianalyticity given in [28] only requires that the function
f , satisfying the conditions above, vanishes on a proper superset of {z0}.

The following is a sufficient condition for quasianalyticity from [28].

Proposition 4.1.2. Let γ be a path in C such that γ∗ is uniformly regular. Let
f ∈ D(∞)(X) and suppose that there exists a log-convex sequence (Mk)∞k=0 such
that ∑∞k=0Mk/Mk+1 = ∞. If there exists z0 ∈ γ∗ such that f (k)(z0) = 0 for all
k ∈ N0 then f(z) = 0 for all z ∈ γ∗.
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Remark 4.1.3. A similar theorem, due to Davie, with the weaker condition that γ
be rectifiable appears in [15].

The following are examples of sequences M = (Mn)∞n=0 that we may wish to
consider. The sequence given by M0 = 1 and Mn = n! log 2 log 3 · · · log (n+ 1)
(n = 1, 2, . . . ) is non-analytic (i.e. d(M) = 0) and satisfies the conditions in
Proposition 4.1.2. The sequence given by Mn = n! (n ∈ N0) also satisfies the
condition in Proposition 4.1.2 but is analytic (i.e. d(M) > 0). For each α > 1,
the sequence (n!α)∞n=0 does not satisfy the condition in Proposition 4.1.2, but is
non-analytic.

4.2 F-quasianalyticity

In this section we aim to prove a analogue of Proposition 4.1.2 which can be applied
to the algebras DF(X,M) of F -differentiable functions introduced in Section 3.3.
Let X be a semi-rectifiable compact plane set and let F be an effective collection
of paths in X. When considering F -differentiable functions on X, we must restrict
our attention to those points which lie on paths in F as we have little information
about the behaviour of F -derivatives at the other points of X. We introduce the
following notion of F -quasianalyticity.

Definition 4.2.1. Let X be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let A ⊆ D(∞)

F (X). Then A is F-quasianalytic
if, for each γ ∈ F and z0 ∈ γ∗, the conditions

f ∈ A and f [k](z0) = 0 (k = 0, 1, . . . ),

together imply that f(z) = 0 for all z ∈ γ∗.

In Section 4.4, we examine those subsets of a compact plane set X which
satisfy a similar property to the above relative to a given algebra of functions
A ⊆ D(∞)

F (X).
We shall discuss the relationship between F -quasianalyticity and quasianalyti-

city in more depth in Section 4.2.1, but first we prove some sufficient conditions
for F -quasianalyticity.

For the remainder of the section we fix an admissible path Γ, and let F denote
the collection of all paths in Γ∗ which are subpaths of Γ, or the reverses of subpaths
of Γ. In fact, since D(∞)

F (X) = D(∞)
m(F)(X), we could consider F to be the maximal

collection generated by all subpaths of Γ. This is not necessary for our proofs.
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We are interested in those sequences M = (Mn)∞n=0 of positive real numbers
satisfying

∞∑
n=1

M−1/n
n =∞. (4.1)

We write ds for integrals with respect to path length measure. Set D := D(∞)
F (Γ∗)

and, for each n ∈ N, set Dn := D(n)
F (Γ∗).

We aim to prove that, for each f ∈ D and z0 ∈ Γ∗, if |f [k]|Γ∗ ≤ Mk and
f [k](z0) = 0, for all k ∈ N0, then f is identically zero on Γ∗. Our method will
follow the proof in [22], of the traditional Denjoy–Carleman theorem, adapted for
F -differentiation.

Note that, unlike Proposition 4.1.2, we do not require that the sequence M
be log-convex. This is achieved by instead working with the greatest log-convex
minorant of M . Moreover, we do not require that Γ∗ be uniformly regular.

Before we can prove the theorem, we first require several lemmas. The first
lemma is a summary of the properties of the log-convex minorant of a sequence of
positive real numbers. We refer the reader to [75, Chapter IV] and [83, Chapter 1]
for details and properties of the log-convex minorant. The properties listed below
are from [22].

Lemma 4.2.2. Let (Mn)∞n=0 be a sequence of positive real numbers such that
lim infn→∞M1/n

n = +∞. Then there exists a log-convex sequence (M c
n)∞n=0 and a

strictly increasing sequence (nj)∞j=0 of integers with n0 = 0 such that:

(a) M c
k ≤Mk for all k ∈ N0;

(b) M c
nk

= Mnk for all k ∈ N0;

(c) for each k ∈ N0, we have M c
j /M

c
j+1 = M c

nk
/M c

nk+1 for all j ∈ N0 with
nk ≤ j < nk+1.

It is easy to see that if a sequenceM = (Mn)∞n=0 of positive real numbers satisfies
(4.1) then the log-convex minorant M c = (M c

n)∞n=0, as given by Lemma 4.2.2, satis-
fies (4.1). Moreover, if M c satisfies (4.1) then M c satisfies ∑∞n=0 M

c
n/M

c
n+1 =∞;

see [75, Chapter IV] for details.
We will require lemmas to prove the main result. The first lemma is standard;

see, for example, [26, Proposition 1.17].

Lemma 4.2.3. Let γ ∈ F and let f ∈ D1. Then

|f(γ+)| ≤ |f(γ−)|+ Λ(γ)|f [1]|γ∗ .
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Our next lemma is an F -differentiability analogue of [22, Lemma 2].

Lemma 4.2.4. Let γ ∈ F , let M > 0, let m ∈ N, and let σ = γpl. Let
s0, . . . , sm−1 ∈ [0,Λ(σ)] such that 0 ≤ s0 < s1 < · · · < sm−1 < Λ(σ). Let
g ∈ Dm and suppose that |g[m](σ(t))| ≤ M for all t ∈ [s0,Λ(γ)]. Then, for all
s ∈ (sm−1,Λ(γ)], we have

|g(σ(s))| ≤
m−1∑
p=0

|g[p](σ(sm−p−1))|(s− sm−p−1)p
p! + M

m! (s− s0)m.

Proof. Note that, for each a, b ∈ [0,Λ(γ)] with a < b we have Λ(σ|[a, b]) = b− a.
We prove the result by induction on m. If m = 1 then, by Lemma 4.2.3 applied to
σ|[s0, s], we have

|g(σ(s))| ≤ |g(σ(s0))|+MΛ(σ|[s0, s]) = |g(σ(s0))|+M(s− s0).

Let m > 1 be an integer and assume that the result holds for m − 1. Since
g[1] ∈ Dm−1, it follows that, for each s ∈ [sm−2,Λ(γ)], we have

|g[1](σ(s))| ≤
m−2∑
p=0

|g[p+1](σ(sm−p−2))|(s− sm−p−2)p
p! + M

(m− 1)!(s− s0)m−1.

Fix t ∈ (sm−1,Λ(γ)]. For each j ∈ {1, . . . ,m− 1} let σj := σ|[sj, t]. Then

∫
σm−1
|g[1](σ(s))| ds ≤

∫
σm−1

m−2∑
p=0

|g[p+1](σ(sm−p−2))|(s− sm−p−2)p
p! ds

+
∫
σm−1

M

(m− 1)!(s− s0)m−1 ds. (4.2)

For each j ∈ {1, . . . ,m− 2}, we have
∫
σm−1

(s− sm−j−1)j−1 ds ≤
∫
σm−j−1

(s− sm−j−1)j−1 ds = (t− sm−j−1)j
j

, (4.3)

and, by combining (4.3) and (4.2), we obtain
∫
σm−1
|g[1](σ(s))| ds ≤

m−1∑
p=1

|g[p](σ(sm−p−1))|(t− sm−p−1)p
p! + M

m! (t− s0)m. (4.4)

But now
|g(σ(t))| ≤ |g(σ(sm−1))|+

∫
σm−1
|g[1](σ(s))| ds,

and combining this with (4.4), we obtain the desired result.

We now check an easy special case of our result.
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Lemma 4.2.5. Let M = (Mn)∞n=0 be a sequence of positive real numbers such
that lim infn→∞M1/n

n < ∞. Let z0 ∈ Γ∗, and let f ∈ D with |f [k]|Γ∗ ≤ Mk and
f [k](z0) = 0 for all k ∈ N0. Then f(z) = 0 for all z ∈ Γ∗.

Proof. Fix z ∈ Γ∗. Let γ ∈ F such that γ− = z0, γ+ = z, and γ = γpl. We first
claim that, for each k, n ∈ N0 with k ≤ n, we have

|f [k](z)| ≤Mn
sn−k

(n− k)! , (4.5)

where s = Λ(γ).
Fix n ∈ N0. We prove our claim by backwards induction on k ≤ n. The case

where k = n is trivial. Now assume the claim holds for some k ∈ N with k ≤ n.
Let z ∈ γ∗. We have

|f [k−1](z)| ≤ |f [k−1](γ+)|+
∫
γ
|f [k]|γ∗ ds =

∫
γ
|f [k]|γ∗ ds,

and applying the claim to |f [k](ζ)|, we have

|f [k−1](z)| ≤
∫
γ

Mns
n−k

(n− k)! ds = Mns
n−k+1

(n− k + 1)! .

This proves the claim.
We now see that |f(z)| ≤Mns

n/n! for all n ∈ N0. Since lim infn→∞M1/n
n <∞,

there exists R > 0 such that Mn < Rn for infinitely many n ∈ N. Let (nk)∞k=1 be a
strictly increasing sequence in N such that Mnk < Rnk for all k ∈ N. Then we have

|f(z)| ≤ Mnks
nk

nk!
<

(Rs)nk
nk!

→ 0

as k →∞. This holds for all z ∈ Γ∗, so the result follows.

Let 0 < α < 1. As in [22], we define B(α)
j,k for j, k ∈ N0 with k ≥ j ≥ 0 as follows.

For each j ∈ N0, let B(α)
0,j = 0 and, for each j ∈ N, let B(α)

j,j = 1. For each j, k ∈ N0

with k > j, define B(α)
j+1,k+1 inductively by setting B(α)

j+1,k+1 = B
(α)
j,k+1 + αB

(α)
j+1,k.

Our main tool in the proof of the main theorem is the following lemma. Part
of the proof we provide is derived from the proof of [22, Lemma 1]. We include
the details for the convenience of the reader.

Lemma 4.2.6. Let α ∈ (0, 1/2e2). Then there exists a constant K > 0 such that
B

(α)
j,k ≤ Kα < 1/2 for all j, k ∈ N with j < k. Moreover, for each n ∈ N, we have

n−1∑
j=0

((j + 1)α)j
j! + 2(nα)n

n! < 2.
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Proof. Fix C = e2. Define φ0(x) := 1 (x ∈ R). For each j ∈ N, define
φj(x) := (Cx/j)j (x ∈ R). First note that, for each j, k ∈ N with k ≥ j > 1,
we have (since kj ≥ (k − 1)j + j(k − 1)j−1)

φj(k) = Cj

jj
kj

≥ Cj

jj

(
(k − 1)j + j(k − 1)j−1

)
= Cj

jj
(k − 1)j + C

(j − 1)j−1

jj−1
(k − 1)j−1

kj−1
Cj−1

(j − 1)j−1k
j−1

≥ φj(k − 1) + C
(j − 1)j−1

jj−1
(k − 1)k−1

kk−1 φj−1(k)

≥ φj(k − 1) + φj−1(k − 1).

From this we deduce that, for each j, k ∈ N with k ≥ j ≥ 1, we have

φj−1(k) + φj(k − 1) ≤ φj(k). (4.6)

We now claim that, for all j, k ∈ N with j, k ≥ 0 we have

B
(α)
j+1,k+1 ≤ φj(k)αk + φj−1(k − 1)αk−1 + · · ·+ φ0(k − j)αk−j. (†kj )

We prove the claim by induction on j and k. First, if j = 0 then we have B(α)
j,k = 0

for all k and so (†k0) holds for all k ≥ 0. Also, for each j ∈ N, we have B(α)
j,j = 1

and so (†jj) holds for all j.
Assume now that (†kj+1) and (†k+1

j ) hold for some j, k ∈ N0 with k ≥ j ≥ 0.
Then

B
(α)
j+1,k+1 = B

(α)
j,k+1 + αB

(α)
j+1,k

≤ φj−1(k)αk + φj−2(k − 1)αk−1 + · · ·+ φ0(k − j + 1)αk−j+1

+ φj(k − 1)αk + φj−1(k − 2)αk−1 + · · ·+ φ0(k − j − 1)αk−j.

Let i ∈ {0, . . . , j − 1}. Then, in the above, the coefficient of αk−i is

φi(k − i) + φi−1(k − i− 1).

Applying (4.6), for each i, we obtain

B
(α)
j+1,k+1 ≤ φj(k)αk + · · ·+ φ1(k − j + 1)αk−j+1 + φ0(j − i− 1)αj−i

= φj(k)αk + · · ·+ φ1(k − j + 1)αk−j+1 + φ0(j − i)αj−i.

Thus (†k+1
j+1) holds. This proves the claim.
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Now, for each j ∈ N0, we have

B
(α)
j+1,j+2 ≤ φj(j + 1)αj+1 + · · ·+ α,

and, for each i ∈ {1, . . . , j}, we have

φi(i+ 1) =
(
C(i+ 1)

i

)i
≤ eCi.

Since α < 1/2C, we have

B
(α)
j+1,j+2 ≤

j∑
i=0

φi(i+ 1)αi+1 ≤ eα
j∑
i=0

Ciαi ≤ eα
1− Cα < 2eα.

Set K = 2e. It is easy to see that, if j, k ∈ N0 with j < k then we have
B

(α)
j,k ≤ B

(α)
k−1,k. It follows that, for each j, k ∈ N0 with j < k, we have B(α)

j,k ≤ Kα

and hence we obtain the first claim. To obtain the second claim, note that
α < 1/2e2 implies B(α)

j,k < 2e/2e2 < 1/2 for all j, k ∈ N with j < k.
For each k ∈ N, we have kk/k! ≤ ek so that

k! ≥
(
k

e

)k
,

and so
((k + 1)α)k

k! ≤
(
k + 1
k

)k
αkek ≤ αkek+1.

Since α < 1/4e, for each n ∈ N we have
n∑
j=0

((j + 1)α)j
j! <

n∑
j=0

e
4j ≤

1
2 + e

3

(
1− 1

4n

)
< 2.

Since 2 ≤ ((n+ 1)/n)n for all n ∈ N, we have
n−1∑
j=0

((j + 1)α)j
j! + 2(nα)n

n! ≤
n∑
j=0

((j + 1)α)j
j! < 2.

This completes the proof.

Note that, if α ∈ (0, 1/2e2), then

B
(α)
j+1,k+1 ≥ B

(α)
j,k+1 (4.7)

for all j, k ∈ N0 with k ≥ j.
We now state and prove our main result. The proof is essentially the one

used in [22], adapted for F -differentiation, and including additional details for the
convenience of the reader.
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Theorem 4.2.7. Let Γ : [a, b] → C be an admissible path and let F denote the
collection of all subpaths and reverses of subpaths of Γ. Let (Mn)∞n=0 be a sequence
of positive real numbers such that ∑∞n=1 M

−1/n
n =∞. Suppose that f ∈ D(∞)

F (Γ∗)
and z0 ∈ Γ∗ satisfy

|f [k]|Γ∗ ≤Mk and f [k](z0) = 0 (4.8)

for all k ∈ N0. Then f(z) = 0 for all z ∈ Γ∗.

Proof. If lim infn→∞M1/n
n < ∞ then the result follows from Lemma 4.2.5, so

suppose that lim infn→∞M1/n
n = ∞. By Lemma 4.2.2, there exist a log-convex

sequence (M c
n)∞n=0 of positive real numbers and a strictly increasing sequence

(nj)∞j=0 with n0 = 0 such that:

(a) M c
k ≤Mk for all k ∈ N0;

(b) M c
nk

= Mnk for all k ∈ N0;

(c) for each k ∈ N0, we have M c
j /M

c
j+1 = M c

nk
/M c

nk+1 for all j ∈ N0 with
nk ≤ j < nk+1.

By the comments following Lemma 4.2.2, we have
∞∑
n=0

M c
n

M c
n+1

=∞.

Let z ∈ Γ∗ and let γ ∈ F such that γ− = z0, γ+ = z, and σ = γpl.
Fix n ∈ N such that n is an element in the sequence (np)∞p=0 and such

that ∑n
j=0M

c
j /M

c
j+1 > 2e2Λ(σ). Let α := Λ(σ)/(∑n

j=0M
c
j /M

c
j+1). Then we have

α ∈ (0, 1/2e2) and so, by Lemma 4.2.6, B(α)
u,v < 1/2 for all u, v ∈ N with v > u > 0.

Define the points 0 = x0 < x1 < · · · < xn ≤ Λ(σ) such that

xj − xj−1 = αM c
n−j/M

c
n−j+1 j = 1, 2, . . . , n.

For each j ∈ {0, . . . , n} we claim that, for each k ∈ N0, with k ≤ n− j + 1,

|f [k](σ(t))| ≤ B
(α)
j,n−k+1M

c
k (t ∈ [0, xj]). (∗kj )

The proof of the claim is by induction on j. Since f [k](σ−) = 0 for each k ∈ N0,
(∗k0) holds for all k ∈ N0 with k ≤ n+ 1.

Fix j ∈ {1, . . . , n}. Assume now that (∗k′j′ ) holds for all j′, k′ ∈ N0 with j′ < j

and k′ ≤ n− j′ + 1. Set i := n− j + 1. We now prove (∗kj ) holds for each k ∈ N0

with k ≤ i by backwards induction on k. We first check the base case. Suppose
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that k = i. If i = nr for some r ∈ N0, then B(α)
j,j = 1 and |f [i](σ(t))| ≤ Mi = M c

i

for all t ∈ [0, xj] by (4.8), and so (∗kj ) holds.
Otherwise, i 6= nr for all r ∈ N0, in which case there exists r ∈ N0 such that

nr < i < nr+1 ≤ n. For each s ∈ [0, xj−1], by (∗ij−1) and (4.7), we have

|f [i](σ(s))| ≤ B
(α)
j−1,jM

c
i ≤ B

(α)
j,j M

c
i = M c

i ,

and so it remains to show that |f [i](σ(s))| ≤M c
i for all s ∈ [xj−1, xj].

As in [22], let m := nr+1 − i and let R := M c
nr/M

c
nr+1. Note that

j −m = n− nr+1 + 1 ≥ 1

and, for each p ∈ N0 with p ≤ m, we have M c
i = M c

i+pR
p. Also, for each ` ∈ N

with nr ≤ ` < nr+1, we have M c
` /M

c
`+1 = R and so xj−p − xj−p−1 = αR for each

p ∈ N with p ≤ m. In particular, M c
i = M c

nr+1R
m. For each s ∈ [xj−1, xj], by

Lemma 4.2.4 (applied with M = M c
nr+1 = Mnr+1 , g = f [i] and points sp = xj−m+p

for p = 0, . . . ,m− 1), we have

|f [i](σ(s))| ≤
m−1∑
p=0

|f [i+p](σ(xj−p−1))|(s− xj−p−1)p
p! +

M c
nr+1

m! (s− xj−m)m

≤
m−1∑
p=0

|f [i+p](σ(xj−p−1))|((p+ 1)αR)p
p! +

M c
nr+1

m! (mαR)m

and by applying (∗i+pj−p−1) for each 0 ≤ p ≤ m− 1, we obtain

|f [i](σ(s))| ≤
m−1∑
p=0

B
(α)
j−1−p,n−(i+p)+1M

c
i+p((p+ 1)αR)p

p! +
M c

nr+1

m! (mαR)m

= M c
i

(
m−1∑
p=0

B
(α)
j−1−p,j−p((p+ 1)α)p

p! + (mα)m
m!

)
,

Since B(α)
u,v < 1/2 for all u, v ∈ N0 with v > u > 0, we have

|f [i](σ(s))| ≤ M c
i

2

(
m−1∑
p=0

((p+ 1)α)p
p! + 2(mα)m

m!

)
,

and so, by Lemma 4.2.6, we have |f [i](σ(s))| < M c
i . This concludes the proof of

the base case k = i.
Let k ∈ N0 with k ≤ i− 1 and assume that (∗k+1

j ) holds; i.e.

|f [k+1](σ(t))| ≤ B
(α)
j,n−(k+1)+1M

c
k+1



Chapter 4. Quasianalyticity and F -quasianalyticity 109

for all t ∈ [0, xj ]. Let s ∈ [0, xj ]. If s ∈ [0, xj−1] then, by applying (∗kj−1) and (4.7),
we have

|f [k](σ(s))| ≤ B
(α)
j−1,n−k+1M

c
k ≤ B

(α)
j,n−k+1M

c
k .

Thus we may assume that s ∈ [xj−1, xj]. By Lemma 4.2.3, we have

|f [k](σ(s))| ≤ |f [k](σ(xj−1))|+ (xj − xj−1) sup{|f [k+1](σ(t))| : t ∈ [xj−1, xj]}.

Applying (∗k+1
j ) to the first term and applying (∗kj−1) to the second term we obtain

|f [k](σ(s))| ≤ B
(α)
j−1,n−k+1M

c
k + α

M c
n−j

M c
n−j+1

B
(α)
j,n−kM

c
k+1.

Since M c is log-convex and k ≤ n− j, we have M c
n−j/M

c
n−j+1 ≤M c

k/M
c
k+1, so we

obtain
|f [k](σ(s))| ≤M c

k(B(α)
j−1,n−k+1 + αB

(α)
j,n−k) = B

(α)
j,n−k+1M

c
k .

Thus (∗kj ) holds, and both inductions may now proceed.

Now, by Lemma 4.2.6, there exists a constant K > 0 such that, for all u, v ∈ N
with v > u, we have Bu,v < αK. Thus |f(σ(t))| ≤ KαM0 for all t ∈ [0,Λ(σ)].
It follows that f(σ(t)) = 0 for all t ∈ [0,Λ(σ)]. In particular, |f(z)| = 0 and
hence f(z) = 0. Since z ∈ Γ∗ was arbitrary, the above holds for all z ∈ Γ∗. This
completes the proof.

In the remainder of this chapter we adopt the following convention. Let X be
a semi-rectifiable compact plane set, let F be an effective collection of paths in X,
and let f ∈ D(∞)

F (X). If there exists k ∈ N0 such that |f [k]|X = 0 then we write

∞∑
j=1
|f [j]|−1/j

X =∞.

Our first corollary will be used in the next section.

Corollary 4.2.8. Let γ be an admissible path in C, let F be an effective collection
of paths in γ∗, and let f ∈ D(∞)

F (γ∗). Suppose that

∞∑
j=1
|f [j]|−1/j =∞. (4.9)

If there exists z0 ∈ γ∗ such that f [k](z0) = 0 for all k ∈ N0 then f is identically
zero on γ∗.
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Proof. We may assume that we have |f [k]|X > 0 for all k ∈ N0, as the degenerate
case is easily dealt with using, for example, Lemma 4.2.5. For each k ∈ N0, set
Mk = |f [k]|γ∗ . By (4.9), the sequence M = (Mk)∞k=0 satisfies (4.1) and certainly
|f [k]|γ∗ ≤Mk for all k ∈ N0. Suppose that there exists z0 ∈ γ∗ such that f [k](z0) = 0
for all k ∈ N0. Then, by Theorem 4.2.7, we have f(γ∗) ⊆ {0}. This completes the
proof.

Our next corollary asserts the existence of a F-quasianalytic algebra of the
form DF(X,M).

Corollary 4.2.9. Let X be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let M = (Mn)∞n=0 be an algebra sequence
which satisfies (4.1). Then DF(X,M) is F-quasianalytic.

Proof. Fix f ∈ DF(X,M). Then there exists N ∈ N large enough so that
|f [k]|X ≤Mk for all k ∈ N0 with k ≥ N . If there exists k ∈ N0 such that |f [k]|X = 0,
then (4.9) holds, so suppose that |f [k]|X > 0 for all k ∈ N0. Then we have

∞∑
j=1
|f [j]|−1/j

X ≥
∞∑
j=N
|f [j]|−1/j

X ≥
∞∑
j=N

M
−1/j
j =∞.

Thus, in either case, f satisfies (4.9). Hence, by Corollary 4.2.8, if there exist
γ ∈ F and z0 ∈ γ∗ such that f [k](z0) = 0 for all k ∈ N0, then f(γ∗) ⊆ {0}. It
follows that DF(X,M) is F -quasianalytic.

Since D(∞)(X) ⊆ D(∞)
F (X), Theorem 4.2.7 generalises [28, Theorem 1.11] to

obtain the following.

Corollary 4.2.10. Let M = (Mn)∞n=0 be a sequence of positive real numbers
such that ∑∞n=1M

−1/n
n = ∞. Let γ be an admissible path in C. Suppose that

f ∈ D(∞)(X), f (k)(γ−) = 0, and |f (k)| ≤ Mk for k = 0, 1, 2, . . . . Then f is
identically zero on γ∗.

4.2.1 Quasianalyticity and F-quasianalyticity

We now briefly explain the similarities and differences between F -quasianalyticity
and quasianalyticity (in the sense of Definition 4.1.1). Let X be a pointwise-
regular compact plane set, and let F be the collection of all admissible paths
in X. Then D(∞)

F (X) = D(∞)(X) and the notions of F-quasianalyticity and
quasianalyticity coincide. This is not the case in general. In this section, we
give various examples which show that the conditions for F -quasianalyticity and
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the behaviour of functions in a F-quasianalytic algebra depend heavily on the
collection of paths F .

To avoid restricting our attention to those compact plane sets X and collec-
tions F of paths in X such that D(1)

F (X) = D(1)(X), we extend the notion of
quasianalyticity from Definition 4.1.1 to include sets of infinitely F -differentiable
functions.

Definition 4.2.11. Let X be a semi-rectifiable compact plane set, let F be an
effective collection of paths in X, and let A ⊆ D(∞)

F (X). Then A is quasianalytic
if, for each z0 ∈ X, the conditions

f ∈ A and f [k](z0) = 0 (k ∈ N0)

together imply that f(z) = 0 for all z in the component of X containing z0.

Let X be a semi-rectifiable compact plane set, let M = (Mn)∞n=0 be an algebra
sequence, and let F be an effective collection of paths in X. If A ⊆ D(∞)

F (X)
is quasianalytic then A must be F-quasianalytic. Indeed, if A ⊆ D(∞)

F (X) is
quasianalytic, f ∈ A, z ∈ X such that z ∈ γ∗ for some γ ∈ F , and f [k](z) = 0
for all k ∈ N0, then f must vanish on the component of X containing z. This
component certainly contains γ∗. The converse fails in general. For example,
suppose that ⋃F∗ 6= X. In this case, if DF(X,M) is F-quasianalytic then
D(X,M) need not be quasianalytic.

In the following examples, we illustrate how our notion of F -quasianalyticity
depends on the collection F .

Example 4.2.12. Let F be the collection of paths describing horizontal line
segments in D. For each n ∈ N0, let Mn = (n!)2 and let M = (Mn)∞n=0. By [76,
Theorem 1], the class D of functions f ∈ D(∞)(D) satisfying |f (k)|D ≤ CfMk (where
Cf > 0 is a constant depending on f) is quasianalytic if and only if

∞∑
n=1

1
infk≥n

√
Mk

1/k =∞. (4.10)

The sequence M satisfies the condition (4.10), and so the Dales–Davie algebra
D(D,M) is quasianalytic. Let G be the collection of all admissible paths in D.
Then, since D is uniformly regular, we have D(D,M) = DG(D,M). Thus DG(D,M)
is G-quasianalytic.

On the other hand, by Proposition 4.4.19 and Theorem 4.4.22 of [27], there
exists f ∈ D([−1, 1],M) such that supp f ⊆ [−1/2, 1/2] and f(0) > 0. Set

g(x+ iy) := f(x) (x+ iy ∈ D).
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Then g ∈ DF(D,M) and g is not identically zero but has g(k)(z) = 0 for all k ∈ N0

whenever z = x + iy has |x| ≥ 1/2. It follows that the algebra DF(D,M) is not
F -quasianalytic. �

Example 4.2.13. We define the following collections of paths in D:

F := {r exp it (t ∈ [a, b]) : r ∈ (0, 1], [a, b] ⊆ [−π, π]},

G := {r exp it (r ∈ [a, b]) : t ∈ (−π, π], [a, b] ⊆ [0, 1]}.

Then both F and G are effective collections of paths in D. Note that for each pair
of distinct points z, w ∈ D, there is a pair of paths γ1, γ2 ∈ G such that γ−1 = z,
γ+

1 = 0, γ−2 = 0 and γ+
2 = w; that is, any pair of distinct points can be joined

by the combination of a pair of paths in G. The collection F does not have this
property.

Let M = (Mk)∞k=0 be an algebra sequence which satisfies (4.1). Suppose that
f ∈ DF(D,M) and z0 ∈ D such that f [k](z0) = 0 for all k ∈ N0. By Theorem 4.2.7,
the function f must be identically zero on any path γ ∈ F such that z0 ∈ γ∗. In
particular, f vanishes identically on {|z0| exp iθ : θ ∈ [−π, π]}. However, f need
not vanish identically on D. For example, consider the function h(z) = ψ(|z|)z
(z ∈ D), where ψ : [0, 1] → [0, 1] is a non-zero continuous function such that
ψ(r0) = 0 for some r0 ∈ [0, 1]. Then h[1](z) = ψ(|z|) (z ∈ D) and hence h[k](z0) = 0
for all k ∈ N0 if z0 = r0 exp it for some t ∈ [−π, π].

On the other hand, let g ∈ DG(D,M) and suppose that there exists z0 ∈ D
such that g[k](z0) = 0 for all k ∈ N0. Again, by Theorem 4.2.7, the function g,
and each G-derivative of g, must be identically zero on each path γ ∈ G such that
z0 ∈ γ∗. However, this implies that g[k](0) = 0 for all k ∈ N0 and hence g must
vanish identically on D. �

4.3 F-analyticity

We pause to discuss F-analytic functions. Let X be a semi-rectifiable compact
plane set and let F be an effective collection of paths in X. Recall that a function
f ∈ D(∞)

F (X) is F -analytic if

lim sup
k→∞

(
|f [k]|X
k!

)1/k

<∞.

We say that a function g ∈ D(∞)(X) is analytic if

lim sup
k→∞

(
|g(k)|X
k!

)1/k

<∞.
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In this section, we say that g is holomorphic on X if there exists a an open
neighbourhood U of X, and an analytic function h : U → C (that is, h is complex
differentiable on U) such that h|X = g.

In section 3.5 (see also [18]), we showed that F-analyticity of a function
f ∈ D(∞)

F (X) (along with the relevant compatibility condition and bound on the
norm of f) is sufficient for the map f to induce an algebra homomorphism from
DF(X,M) (where M is a non-analytic algebra sequence). The calculations in
Theorem 3.5.3 are effectively those in [43, 70], where analyticity is used in place
of F-analyticity. (See also [44, 45].) Analyticity also appears in [42] but, in this
paper, the definition of analyticity is what we call holomorphic on X in the present
section.

We wish to illustrate that these notions are quite different for arbitrary compact
plane sets. It is quite easy to see that if g is holomorphic on X then g is analytic,
and if g is analytic then g is F-analytic. (This is independent of the choice of
collection of paths, since D(∞)(X) ⊆ D(∞)

G (X) for all effective collections of paths G
in X.) Clearly if D(∞)

F (X) = D(∞)(X) then F -analytic and analytic are equivalent.
Suppose that X is pointwise regular, and that g ∈ D(∞)(X). If g is analytic

then g is holomorphic on X; this is easily deduced from Lemma 1.5 or Theorem 1.11
of [28], with some suitable modifications. Let G be the collection of all admissible
paths in X. Then D(∞)

G (X) = D(∞)(X) and so the properties G-analytic, analytic,
and holomorphic on X are equivalent in this case.

We seek an example of a semi-rectifiable compact plane set Y where G-analytic,
analytic, and holomorphic are not equivalent, where G is an effective collection of
paths in Y .

Following [46], we say that a compact plane set X is a simple set if there are
sequences (an), (bn) of positive real numbers with bn > an > bn+1 (n ∈ N) and
an → 0, bn → 0 as n→∞ such that

X = {0} ∪
∞⋃
n=1

[an, bn].

If X is a simple set, we let In := [an, bn] be the closed intervals associated with X.
It is easy to see that any simple compact plane set is semi-rectifiable.

Let X be a simple compact plane set. Then D(X,M) is not complete for any
algebra sequence M (see [9, Theorem 3.10]).

The following lemma is an easy modification of [46, Theorem 4.3]. We include
the details of the proof for the convenience of the reader.
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Lemma 4.3.1. Let M = (Mn)∞n=0 be an algebra sequence. There exist a simple
compact plane set X, and f ∈ D(X,M) such that f (k)(0) = 0 for all k ∈ N0 but
f(x) > 0 for all x ∈ X \ {0}.

Proof. For each n ∈ N, let In := [2/3n+1, 1/3n]. Set X := {0}∪⋃n∈N In. Set g1 = 1
on X and, for k ∈ N with k ≥ 2, we define inductively

gk(z) =


1

4k+1 z ∈ {0} ∪ ⋃∞j=k Ij,
gk−1(z) z ∈ ⋃k−1

j=1 Ij.

Then, for each n ∈ N, gn is continuous and differentiable on X with derivative 0.
For each x ∈ X \ {0}, the sequence (gn(x)) is eventually constant, and fn(0)→ 0
as n → ∞. Let f(x) := limn→∞ fn(x) (x ∈ X). It is easy to see that, for each
n ∈ N,

|fn − f |X = |fn(0)− f(0)| = 1
4n+1

and so fn converges uniformly to f as n → ∞. Let x ∈ X \ {0}, then f is
constant on a neighbourhood of x, and so f ′(x) = 0. It remains to show that f
is differentiable at 0. Let x ∈ X \ {0}. There exists (a unique) k ∈ N such that
x ∈ Ik. It follows that f(x) = fk(x) = 1/4k. Now

f(x)− f(0)
x− 0 = f(x)

x
≤ 1/4k

2/3k = 1
2

(
3
4

)k
,

and so f ′(0) exists and is equal to 0.
Now we have f ∈ D(∞)(X) and f (k) = 0 for all k ∈ N. It follows that

f ∈ D(X,M) and has the desired properties.

Remark 4.3.2. It is not hard to modify this proof to show what, in fact, every
simple compact plane set X admits a function f which has derivative 0 everywhere
on X but is non-constant on every neighbourhood of 0. To see this, choose a
sequence (cn) of positive real numbers such that cn/an → 0 as n→∞ (where the
an are as in the definition of the set X). Then take fn|In = cn for each n, and set
f(0) = 0. Then this function has the desired properties. Some of these details are
noted in the proof of [46, Theorem 4.3].

It is not hard to see that the function f constructed in Lemma 4.3.1 extends to
be analytic on a neighbourhood U of X \ {0}, but we cannot have 0 ∈ U . (Take,
for example, the union of a sequence of open disks, each of which contains exactly
one of the In, and use constant functions on each disk.)

The following is an immediate corollary of Lemma 4.3.1.
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Corollary 4.3.3. There exist a simple compact plane set X and f ∈ D(∞)(X)
such that f is analytic but not holomorphic on X.

Let X be a simple compact plane set. The connected subsets of X that are
both open and closed in X are precisely the intervals In, and each In is uniformly
regular. Let G be the collection of all admissible paths in X. Then it is easy to
see that, for each f ∈ D(1)

G (X) and n ∈ N, we have f |In ∈ D(1)(In).
We can use techniques similar to those in the proof of Lemma 4.3.1 to prove

the following theorem.

Theorem 4.3.4. There exist a simple compact plane set X, an effective collection
of paths F in X, and g ∈ D(∞)

F (X) such that g is F-analytic but not analytic.

Proof. Let C be the Cantor middle-thirds set in [0, 1], and let V = [0, 1] \ C.
For each n ∈ N, let In := [2/3n+1, 1/3n], and let ϕn : In → [0, 1] be the function
ϕn(z) := 3n+1z − 2. Set X := {0} ∪ ⋃n∈N In. For each n ∈ N, let Fn be the
collection of all paths γ in In such that γ∗ ⊆ ϕ−1

n (V ). Set F := ⋃∞
n=1Fn. It is easy

to see that F is an effective collection of paths in X.
Let ψ be the Cantor function on [0, 1] such that ψ is constant on each component

of V . (Such a function is constructed in, for example, [93, pp. 144–145] or [57,
Section 8.15].) For each n ∈ N, set

gn(z) := 1
4n+2

[
(ψ ◦ ϕn)(z) + 1

]
(z ∈ In),

and let g be the function on X obtained by setting g(0) = 0 and, for each n ∈ N,
set g|In = gn. Then g is continuous on X and, for each x ∈ X \ {0} there exists
k ∈ N with x ∈ Ik and so

g(x)− g(0)
x− 0 = g(x)

x
≤ 1/4k

2/3k = 1
2

(
3
4

)k
.

It follows that g is complex-differentiable at 0. Note that g is not continuously
differentiable on In for any n. Let γ ∈ F . Then there exists k ∈ N such that
γ∗ ⊆ ϕ−1

k (V ). Since γ∗ must lie in a connected component of ϕ−1
k (V ), it follows

that g is constant on γ∗. Hence g is F-differentiable, with F-derivative 0. It
follows quickly that g is F -analytic. Since g /∈ D(∞)(X), it cannot be analytic (or
holomorphic on X). This completes the proof.

The function g constructed in Theorem 4.3.4 also illustrates that we cannot
extend our definitions of F -quasianalyticity to include those points in X which do
not lie on one of the paths in F .
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We now investigate the notion of F-analyticity in further detail. We aim to
show that the restriction to the image of each path in F of an F -analytic function
is actually holomorphic on the image of that path.

Our main result for this section is the following theorem. We dedicate the
remainder of this section to proving this theorem.

Theorem 4.3.5. Let X be a semi-rectifiable compact plane set, let G be an effective
collection of paths in X, and let g ∈ D(∞)

G (X) be G-analytic. Then, for each γ ∈ G
there exist an open neighbourhood U of γ∗ and an analytic function f : U → C
such that f |γ∗ = g|γ∗.

Before we can give the proof, we require some preliminary results. The following
Lemma is possibly well known, although we have not been able to find the statement
in the literature. The proof provided below is due to Langley.

Lemma 4.3.6. Let X be a compact plane set, and let h : X → C be a function.
Suppose that there exist a non-empty indexing set I, a family of open disks Di

(i ∈ I), and a family of analytic functions fi : Di → C such that X ⊆ ⋃i∈I Di and
fi|(Di ∩X) = h|(Di ∩X). Then there exist an open neighbourhood U of X and
an analytic function g : U → C such that g|X = h.

Proof. The result is trivial if X is finite, so suppose not. There exists a function
ρ : X → (0,∞) such that, for each x ∈ X, B(x, 2ρ(x)) ⊆ Di for some i ∈ I. By
compactness, there exists x1, . . . , xn ∈ X such that X ⊆ ⋃nj=1 B(xj, ρ(xj)). For
each j ∈ {1, . . . , n}, set rj = ρ(xj). Set ε = min{r1, . . . , rn}/4. By our choice of the
rj , there is an i ∈ I such that B(xj, 2rj) ⊆ Di for some i ∈ I. Now, for each y ∈ X,
there exists k ∈ {1, . . . , n} such that y ∈ B(xk, rk), and B(y, ε) ⊆ B(xk, 2rk). For
each k ∈ {1, . . . , n}, there exists ik ∈ I such that B(xk, 2rk) ⊆ Dik .

By compactness, there exist y1, . . . , ym ∈ X such that X ⊆ ⋃m
j=1 B(yj, ε).

Relabelling if necessary, let m0 be an integer with 1 ≤ m0 < m such that, for each
1 ≤ j < m0, yj is an isolated point of X, and for each m0 ≤ j ≤ m, yj is not an
isolated point. (If m0 = 1, then X has no isolated points. We must have m0 < m

since X is not finite.)
If m0 > 1 then, for 1 ≤ j < m0, let sj := dist(yj, X \ {yj}) > 0 and set

δ = min{s1, . . . , sm0−1}/4. For each j ∈ {1, . . . ,m0 − 1}, let Ej := B(yj, δ). Then
the Ej (j ∈ {1, . . . ,m0 − 1}) are connected open sets in C and have pairwise
disjoint closures. Set F := ⋃m0

j=1Ej.
Otherwise, if m0 = 1, set δ = 0 and let F := ∅.
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For each j ∈ {m0, . . . ,m}, set Ej := B(xj, ε) \ F . Then each of the Ej
(j ∈ {1, . . . ,m}) are connected open sets in C and, if j < m0, then Ej ∩ Ek = ∅
for k 6= j. For each j ∈ {1, . . . ,m0 − 1}, let gj(z) = h(yj) for z ∈ Ej. For each
j ∈ {m0, . . . ,m}, there exists k ∈ {1, . . . , n} such that B(yj, ε) ⊆ B(xk, 2rk), and
there exists a corresponding ik ∈ I such that B(xk, 2rk) ⊆ Dik . Let gj be the
restriction of fik to Ej. Then, for each j ∈ {1, . . . ,m}, gj : Ej → C is an analytic
function with gj|(Ej ∩X) = h|(Ej ∩X).

It is clear that gj is uniquely defined on Ej for each j ∈ {1, . . . ,m0 − 1} in the
case where m0 > 1.

Fix j ∈ {m0, . . . ,m}. We now claim that gj is uniquely defined on Ej.
Let k, ` ∈ {1, . . . , n} such that Ej ⊆ B(xk, 2rk) ⊆ Dik and E` ⊆ B(x`, 2r`) ⊆ Di` .
Then fik |(Ej ∩X) = h|(Ej ∩X) = fi` |(Ej ∩X). Since Ej ∩X does not contain
any isolated points, yj is a limit point of Ej ∩X, and so fik |Ej = fi` |Ej by the
identity principle. This proves the claim.

Let j, k ∈ {1, . . . ,m} such that j 6= k and Ej ∩ Ek 6= ∅. Let ` ∈ {1, . . . , n}
such that yj ∈ B(x`, r`). We have |yj − yk| < 2ε, and so Ej ∪ Ek ⊆ B(yj, 4ε). By
our choice of ε, we have Ej ∪ E` ⊆ B(x`, 2r`) ⊆ Di` . Thus gj|Ej = fi` |Ej and
gk|Ek = fi` |Ek. In particular gj|(Ej ∩ Ek) = gk|(Ej ∩ Ek).

Let U = ⋃m
j=1Ej, and let g be the analytic function such that g|Ej = gj for

each j ∈ {1, . . . ,m}. Then g is well defined and analytic on U , and has g|X = h.
This completes the proof.

Remark 4.3.7. The author is grateful to Dr. Daniel Nicks and Prof. James Langley
for their help with the proof of Lemma 4.3.6, and several useful discussions about
complex function theory.

We also require the following Lemma.

Lemma 4.3.8. Let X be a semi-rectifiable compact plane set, let F be an effective
collection of paths in X, let γ ∈ F , and let g ∈ D(∞)

F (X). Suppose that g is
F-analytic. Then there exists R > 0 such that, for each x ∈ γ∗, the power series

hx(z) :=
∞∑
k=0

f [n](x)
k! (z − x)k (z ∈ B(x,R)) (4.11)

converges on B(x,R) and hx|(B(x,R) ∩ γ∗) = g|(B(x,R) ∩ γ∗).

Proof. Since g is F-analytic, there exists C > 0 such that |g[k]|γ∗ ≤ Ckk! for all
k ∈ N0. For each k ∈ N0, set Mk := Ckk!. Then Mk ≤ Ckkk for each k, and so

∞∑
j=1

1
M

1/j
j

≥
∞∑
j=1

1
Cj

=∞.
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Let R > 0 such that 1/R = lim supk→∞(|g[k]|γ∗/k!)1/k.
Fix x ∈ γ∗. Then the Taylor series hx converges on B(x,R) and so hx is

analytic on B(x,R). Moreover, we have h(k)
x (x) = g[k](x) for all k ∈ N0. Let σ be

a subpath of γ such that σ∗ ⊆ B(x,R) and x ∈ σ∗. Set ϕ := g − hx. It is easy
to see that ϕ ∈ D(∞)

F|σ∗(σ∗) and ϕ[k](x) = 0 for all k ∈ N0. For each k ∈ N0 and
z ∈ B(x,R), we have

h(k)
x (z) =

∞∑
j=k

g[j](x)
(j − k)!(z − x)j−k

so that

|h(k)
x (z)| ≤

∞∑
j=k

Cj

(j − k)! |z − x|
j−k ≤ Ck

∞∑
j=0

Cj

j! |z − x|
j ≤ Ck exp (CR).

It follows that |ϕ[k]|σ∗ ≤Mk(1 + exp (CR)) for all k ∈ N0. This implies that (4.9)
holds for ϕ, and hence, by Corollary 4.2.8, ϕ(z) = 0 for all z ∈ σ∗.

Since σ was an arbitrary subpath of γ with x ∈ σ∗ and σ∗ ⊆ B(x,R), it follows
that hx(z) = g(z) for all z ∈ γ∗ ∩ B(x,R). This completes the proof.

We may now prove Theorem 4.3.5.

Proof of Theorem 4.3.5. Let γ ∈ F . By Lemma 4.3.8, there exists R > 0 such
that, for each x ∈ γ∗, the power series hx (given by (4.11)) converges on B(x,R)
and hx|(B(x,R) ∩ γ∗) = g|(B(x,R) ∩ γ∗). For each x ∈ γ∗, let Dx := B(x,R).
The proof is completed by applying Lemma 4.3.6 to the families {Dx : x ∈ γ∗}
and {hx : x ∈ γ∗}.

4.4 Sets of quasianalyticity

We wish to explore the properties of an F-quasianalytic subalgebra of D(∞)
F (X).

To do this, we introduce sets of A-quasianalyticity, which capture the behaviour of
the functions in A. In this section, we fix a semi-rectifiable compact plane set X,
an effective collection F of paths in X, and a subalgebra A of D(∞)

F (X). Unless
otherwise specified, all results in this section are new.

Definition 4.4.1. Let z0 ∈ X and let E ⊆ X such that z0 ∈ E. We say that E is
a set of A-quasianalyticity for z0 (with respect to F) if E is closed and whenever
f ∈ A such that f [k](z0) = 0 for all k ∈ N0 we have f [k](E) ⊆ {0} for all k ∈ N0.
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Note that the sets of A-quasianalyticity depend on the collection of paths F ,
as illustrated in the previous section. When there is no risk of ambiguity in the
collection of paths considered, we shall simply say E is a set of A-quasianalyticity
for z0. This will be the case throughout most of this section.

Let z0 ∈ X. Certainly the set {z0} is a set of A-quasianalyticity for z0. However,
we are interested in when there is a set of A-quasianalyticity E for z0 such that E
is a proper superset of {z0}.

The following lemma contains two elementary properties of sets of A-quasi-
analyticity.

Lemma 4.4.2. Let z0 ∈ X.

(a) Let (Eα) be a family of sets of A-quasianalyticity for z0. Then ⋂αEα is a
set of A-quasianalyticity for z0.

(b) Let (Eα)α be a family of sets of A-quasianalyticity for z0. Then
⋃
αEα is a

set of A-quasianalyticity for z0.

Proof. (a) Set K := ⋂
αEα. First note that z0 ∈ Eα for all α, so K is a non-empty

closed set. Let f ∈ A and suppose that f [k](z0) = 0 for all k ∈ N0. Then f [k]

vanishes on Eα for all α and all k ∈ N0. Thus f [k] vanishes on K for each k ∈ N0.
Thus K is a set of A-quasianalyticity for z0.

(b) Set S := ⋃
αEα. Then S is a closed set containing z0. Let f ∈ A and suppose

that f [k](z0) = 0 for all k ∈ N0. Let z ∈ S. Then there exists β such that
z ∈ Eβ. Since Eβ is a set of A-quasianalyticity for z0, we have f [k](Eβ) ⊆ {0} for
all k ∈ N0. Thus f [k] vanishes on S for all k ∈ N0. It follows that S is a set of
A-quasianalyticity for z0.

We obtain the following corollary.

Corollary 4.4.3. Let z0 ∈ X. Then there exists a unique set of A-quasianalyticity
for z0 which is maximal with respect to inclusion.

Proof. Let S denote the collection of all sets of A-quasianalyticity for z0. Certainly
{z0} ∈ S so that S is non-empty. Set

K :=
⋃
S.

By Lemma 4.4.2(b), K ∈ S. This completes the proof.

Let z0 ∈ X. Let QA,F(z0) to be the largest set of A-quasianalyticity given by
the above corollary. We now investigate the properties of the sets QA,F(z0).
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Lemma 4.4.4. Let x, y ∈ X. If y ∈ QA,F(x) then QA,F(y) ⊆ QA,F(x).

Proof. Suppose that y ∈ QA,F(x). Let f ∈ A such that f [k](x) = 0 for all k ∈ N0.
Then, since y ∈ QA,F(x), f [k](y) = 0 for all k ∈ N0. Thus, for each k ∈ N0, we have
f [k](z) = 0 for all z ∈ QA,F(y). It follows that QA,F(y) is a set of A-quasianalyticity
for x, and hence QA,F(y) ⊆ QA,F(x).

Note that, if QA,F(x) = {x} then the above holds since, in this case, we must
have x = y.

Our first theorem of this section is the following.

Theorem 4.4.5. Let x ∈ X. Suppose that A is a natural Banach function algebra
on X. Then QA,F(x) is a connected subset of X.

Proof. Let x ∈ X and let F be the component of X containing x. We must
show that QA,F(x) ⊆ F . Let y ∈ X \ F , and let Fy denote the component of X
containing y. Fix an open neighbourhood U of Fy in X with U ∩F = ∅. We claim
that there exists an subset E of X with Fy ⊆ E ⊆ U such that E is both open
and closed.

Let ∼ be the relation on X such that w ∼ z if and only if w, z lie in the same
component of X. Let Y := X/ ∼ with the quotient topology, and let π : X → Y be
the quotient map. Then Y is a compact, totally disconnected topological space, and
π(U) is an open set containing π(Fy). Since Y is compact and totally disconnected,
the collection of sets which are both open and close form a base for the topology
on Y . (This fact is mentioned in [27, p. 789]; see also [64, Theorem 2.14].) Thus
there exists a set E0 ⊆ Y containing π(Fy), such that E0 ⊆ π(U) and E0 is both
open and closed. Let E = π−1(E0). Then E is both open and closed, and E ⊆ U .
This proves the claim.

Now by the Shilov idempotent theorem (Proposition 1.4.4), there exists an
idempotent f ∈ A such that f(E) ⊆ {1} and f(X \ E) ⊆ {0}. But then
f [k](x) = 0 for all k ∈ N0, but f(y) 6= 0. It follows that y /∈ QA,F(x). This holds
for all y ∈ X \ F and so QA,F(x) ⊆ F as required.

We can characterise quasianalyticity and F -quasianalyticity of A in terms of
the sets QA,F(z0).

Theorem 4.4.6. The algebra A is quasianalytic if and only if, for each x ∈ X,
QA,F(x) contains the component of X containing x, and A is F-quasianalytic if
and only if, for each x ∈ X and γ ∈ F with x ∈ γ∗, we have γ∗ ⊆ QA,F(x).
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Proof. The first statement is obvious.
Suppose that A is F-quasianalytic. Let z0 ∈

⋃F∗ and suppose there exists
f ∈ A with f [k](z0) = 0 for all k ∈ N0. Let γ ∈ F with z0 ∈ γ. Then f(z) = 0 for
all z ∈ γ∗. But then f [k](z) = 0 for all z ∈ γ∗ for all k ∈ N0. Thus γ∗ is a set of
A-quasianalyticity for z0 and so γ∗ ⊆ QA,F(x), as required.

Now suppose that, for each x ∈ ⋃F∗, and each γ ∈ F with x ∈ γ∗ we have
γ∗ ⊆ QA,F(x). Let γ ∈ F and let z0 ∈ γ∗. Then γ∗ ⊆ QA,F(z0). Let f ∈ A.
Suppose that f [k](z0) = 0 for all k ∈ N0. Then f [k](z) = 0 for all z ∈ QA,F(z0) and
all k ∈ N0. In particular, f(z) = 0 for all z ∈ γ∗. Thus A is F -quasianalytic.

By combining Theorem 4.4.5 and Theorem 4.4.6 we obtain the following.

Corollary 4.4.7. Suppose that A is a natural Banach function algebra on X.
Then A is quasianalytic if and only if, for each x ∈ X, QA,F(x) is the component
of X containing x.

In fact, if A is F -quasianalytic then more is true.

Lemma 4.4.8. Suppose that A is F-quasianalytic. Let z0 ∈ X and γ ∈ F . If
γ∗ ∩QA,F(z0) 6= ∅ then γ∗ ⊆ QA,F(z0).

Proof. Suppose that γ∗ ∩QA,F(z0) 6= ∅. Then there exists x ∈ QA,F(z0) ∩ γ∗. Let
f ∈ A and suppose that f [k](z0) = 0 for all k ∈ N0. Then, for all k ∈ N0, we
have f [k](x) = 0. Since A is F-quasianalytic, we have f(z) = 0 for all z ∈ γ∗.
Hence f [k](z) = 0 for all k ∈ N0 and z ∈ γ∗. Thus QA,F(z0) ∪ γ∗ is a set of
A-quasianalyticity for z0 and so QA,F(z0) ∪ γ∗ ⊆ QA,F(z0). This completes the
proof.

Using this property, we can identify those sets E which are candidates for the
sets QA,F(z0). Let z0 ∈ X. Let QF(z0) denote the set of all closed sets E of X
with the following properties: z0 ∈ E; for each γ ∈ F , if γ∗ ∩ E 6= ∅ then γ∗ ⊆ E.
Clearly X ∈ QF(z0) so that QF(z0) is non-empty. Note that QF(z0) does not
depend on the subalgebra of D(∞)

F (X) under consideration.

Lemma 4.4.9. Let z0 ∈ A. Let (Eα) be a family of sets belonging to QF(z0).
Then ⋂αEα ∈ QF(z0). In particular, QF(z0) contains a minimum element with
respect to inclusion.

Proof. Let (Eα) be a family of sets in QF(z0). Set K := ⋂
αEα. Then K is a

non-empty closed subset of X with z0 ∈ K. Let γ ∈ F and suppose that γ∗∩K 6= ∅.
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Then γ∗ ∩ Eα 6= ∅ for all α, and so γ∗ ⊆ Eα for all α. Thus γ∗ ⊆ K. It follows
that K ∈ QF(z0).

To show that QF(z0) contains a minimum element, set K = ⋂QF(z0). Then
K is the minimum element of QF(z0).

Let z0 ∈ X. It is clear that if z0 ∈ X \ ⋃F∗ then we have {z0} ∈ QF(z0).
Also, by Lemma 4.4.8, if A is F-quasianalytic then QA,F(z0) ∈ QF(z0). We do
not know when QA,F(z0) is the minimum element of QF(z0). However, for each
E ∈ QF(z0), if E ⊆ QA,F(z0) then E is a set of A-quasianalyticity for z0 when A
is F -quasianalytic.

Note that, if F is the component of X containing z0, then F ∪ γ∗ = F for each
γ ∈ F with γ∗ ∩ F 6= ∅, and so F ∈ QF(z0). It follows that the minimal element
of QF(z0) is always connected.

We now establish the relationships between the sets QA,F(z0) and QA,G(z0)
where A is a subalgebra of both D(∞)

F (X) and D(∞)
G (X). In particular, we aim to

prove that the sets of A-quasianalyticity with respect to F coincide with the sets
of A-quasianalyticity with respect to m(F).

Let G be an effective collection of paths in X. We write

ιG : D(∞)
G (X)→

∞∏
n=0

C(X)

for the inclusion given by ιG(f) = (f, f [1], f [2], . . . ), where the derivatives are taken
with respect to G. Our final theorem for this section is the following.

Theorem 4.4.10. Let G be an effective collection of paths in X, let E ⊆ X, and
let z0 ∈ X. Suppose that A ⊆ D(∞)

G (X) and that ιG(f) = ιF(f) for all f ∈ A. Then
E is set of A-quasianalyticity for z0 with respect to F if and only if E is a set of
A-quasianalyticity for z0 with respect to G.

Proof. Suppose that E is a set of A-quasianalyticity for z0 with respect to F .
The converse is established by a symmetric argument. Fix f ∈ A. Let (fn) be
the sequence in C(X) such that f1 is the F -derivative for f and, for each k ∈ N,
fk+1 is the F -derivative for fk. Let (gn) be the sequence in C(X) such that g1 is
the G-derivative for f and, for each j ∈ N, gk+1 is the G-derivative for gk. Since
ιG(f) = ιF(f), it follows that fk = gk for all k ∈ N.

Suppose that f(z0) = 0 and, for each k ∈ N, we gk(z0) = 0. Then we have
fk(z0) = 0 for all k ∈ N. Since E is a set of A-quasianalyticity for z0 with respect
to F , it follows that both f and fk (k ∈ N) vanish on E. But then gk vanishes
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on E for all k ∈ N. This implies that E is a set of A-quasianalyticity for z0 with
respect to G.

The following example shows that the condition ιG(f) = ιF(f) for all f ∈ A
need not hold in general. We do not know whether this condition is necessary.

Example 4.4.11. Let X := {x + iy : x, y ∈ [0, 1]}, let F denote the collection
of all line segments in X which are parallel to the real axis, and let G denote
the collection of all line segments in Y which are parallel to the imaginary axis.
(This is the situation in Example 3.3.18.) Then, by Theorem 3.6.11, the complex
conjugate function Z is both F- and G-differentiable. Let A = alg{1, Z, Z}.
Then A ⊆ D(∞)

F (X) and A ⊆ D(∞)
G (X). However, ιG(Z) = (Z,−1, 0, 0, . . . ) and

ιF(Z) = (Z, 1, 0, 0, . . . ), and so ιF(Z) 6= ιG(Z). �

From Theorem 4.4.10, we obtain the desired relationship between the sets of
quasianalyticity with respect to F and to m(F).

Corollary 4.4.12. Let E ⊆ X and z0 ∈ X. Then E is a set of A-quasianalyticity
for z0 with respect to m(F) if and only if E is a set of A-quasianalyticity for z0

with respect to F .

Proof. We have D(∞)
m(F)(X) = D(∞)

F (X) so that A ⊆ D(∞)
m(F)(X). Moreover, since

m(F)-derivatives coincide with F -derivatives, it follows that ιm(F)(f) = ιF(f) for
all f ∈ A. Thus the result follows from Theorem 4.4.10.

Corollary 4.4.13. Let G be an effective collection of paths in X such that G ⊆ F ,
let E ⊆ X, and let z0 ∈ X. If E is a set of A-quasianalyticity for z0 with respect
G then E is set of A-quasianalyticity for z0 with respect to F .

Proof. Since G ⊆ F we have A ⊆ D(∞)
F (X) ⊆ D(∞)

G (X) and ιG(f) = ιF(f) for all
f ∈ A. The result follows from Theorem 4.4.10.

4.5 Trivial Jensen measures without regularity

In this section we construct a classical Swiss cheese set X such that R(X) has no
non-trivial Jensen measures but R(X) is not regular.

We begin with the definition of a Jensen measure.

Definition 4.5.1. Let X be a compact space, let A be a uniform algebra on X,
and let ϕ ∈ ΦA. A probability measure µ on X is a Jensen measure for ϕ (with
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respect to A) if
log |ϕ(f)| ≤

∫
X

log |f | dµ (f ∈ A).

In the above definition we adopt the convention that log(0) = −∞. Let X,A, ϕ
be as in the above definition. It is standard that every Jensen measure for ϕ is a
representing measure for ϕ. Moreover, for each ϕ ∈ ΦA, there is a Jensen measure
on X for ϕ ([27, Theorem 4.3.9]). Note that, for x ∈ X, the point-mass measure
δx is a Jensen measure for εx. We say that a Jensen measure µ on X for εx is
trivial if µ = δx. We shall often say that µ is a Jensen measure for x ∈ X to mean
that µ is a Jensen measure of εx.

The following is effectively [52, Lemma 3.1].

Lemma 4.5.2. Let X be a compact plane set and let x ∈ X. Suppose that there
exists a neighbourhood U of x in X such that every point in U \ {x} is a point of
continuity. Then x is an R-point.

The following lemma is standard (see, for example, [37]) but we include a short
proof for the convenience of the reader.

Lemma 4.5.3. Let X be a compact space, let A be a uniform algebra on X, and
let x ∈ X. Suppose that x is a point of continuity for A and µ is a Jensen measure
for x. Then µ is trivial.

Proof. Let K := suppµ∪{x}. Suppose, towards a contradiction, that y ∈ K \{x}.
Since x is a point of continuity for A, there exist f ∈ A and an open neighbourhood
V of y in X, with x /∈ V , such that f(x) = 1 and f(V ) ⊆ {0}. Then, since
V ∩K 6= ∅ so that µ(V ) > 0 and f(V ) ⊆ {0}, we have∫

V
log |f | dµ = −∞,

∫
X\V

log |f | dµ <∞.

But µ is a Jensen measure, so

0 = log |f(x)| ≤
∫
X

log |f | dµ =
∫
X\V

log |f | dµ+
∫
V

log |f | dµ = −∞.

This is a contradiction, and it follows that K = {x}. Thus µ is trivial.

For further details on Jensen measures, we refer the reader to [16, 27, 54, 55].
In [37], Feinstein gave an example of a non-classical Swiss cheese set which has

the properties described above. We show that there is a classical Swiss cheese set
with these properties; this is the content of the following theorem, which is the
main theorem of this section.
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Theorem 4.5.4. There exists a classical abstract Swiss cheese A = ((an, rn)) such
that R(XA) is not regular and does not admit any non-trivial Jensen measures.

Most of the remainder of this section is devoted to the proof of this theorem. We
require some preliminary results. The following proposition is from [52, Lemma 4.1].

Proposition 4.5.5. Let X be a compact plane set, let Y be a non-empty closed
subset of X, and let x ∈ Y . Suppose that no bounded component of C \ Y is
contained in X, and that there exists a non-trivial representing measure µ for εx
with respect to R(X) such that suppµ ⊆ Y . Then µ is a non-trivial representing
measure for εx with respect to R(Y ), and R(Y ) 6= C(Y ).

Note that, if int(X) = ∅ then the condition on bounded components of C \ Y
is automatically satisfied.

Let X be a compact plane set with intCX = ∅, let x ∈ X, and let µ be a
non-trivial representing measure for εx. Let Y = suppµ∪{x}. Then, by the above,
we must have R(Y ) 6= C(Y ). In particular, as noted in [52], Y must have positive
area. (See also the Hartogs–Rosenthal theorem [54, Corollary II.8.4].) Combining
these observations with Proposition 4.5.5 gives the following corollary, which we
use below.

Corollary 4.5.6. Let X be a compact plane set with int(X) = ∅, let E be a closed
subset of X, and let x ∈ E. Suppose that E has area 0, that µ is a Jensen measure
for εx with respect to R(X), and µ is supported on E. Then µ is trivial.

The following is a special case of [52, Lemma 2.1].

Lemma 4.5.7. Let X be a compact plane set and let x ∈ X. Suppose that µ is
a non-trivial Jensen measure for x, and let F be the closed support of µ. Then,
for all y ∈ F \ {x}, we have Jy ⊆Mx. Thus x is not a point of continuity and no
point of F \ {x} is an R-point.

We also require the following lemma, which is possibly known, but we include
details for the convenience of the reader.

Lemma 4.5.8. Let X, Y be compact plane sets with Y ⊆ X. Suppose that R(Y )
is regular. Then each point y ∈ intX (Y ) is a point of continuity for R(X).

Proof. Let y ∈ intX (Y ), and let x ∈ X with x 6= y. Then there exists r > 0 such
that B̄X(y, r) ⊆ Y . Choose δ ∈ (0, r/3) such that |y − x| > 2δ. Since R(Y ) is
regular, it follows from Proposition 2.5.2(c) that R(Y ∩ B̄(y, r)) is regular. Set
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E := B̄X(y, r) \ BX(y, δ). Then there exists a function g ∈ R(Y ∩ B̄X(y, r)) such
that f(y) = 1 and f(x) = 0 for all x ∈ E. Let f ∈ C(X) be given by f(z) = g(z)
for all z ∈ X ∩ B̄X(y, r) and f(z) = 0 for all z ∈ X \ B̄X(y, r). It follows from
Proposition 2.5.3 that f ∈ R(X) and clearly f vanishes on a neighbourhood of x.
Thus Jx *My (where these are the ideals in R(X)). It follows that y is a point of
continuity for R(X) and so the proof is complete.

The following estimates on derivatives are standard. See, for example [52,
Lemma 4.4]. (This result also appears in [37] but with some typographical errors.)
We include a short proof for the convenience of the reader.

Lemma 4.5.9. Let A = ((an, rn))∞n=1 be an abstract Swiss cheese, and let z ∈ C.
For each n ∈ N, let dn denote the distance from B(an, rn) to z. Let d0 = r0−|z−a0|.
Suppose that dn > 0 for all n ∈ N0. Then z ∈ XA and, for all f ∈ R0(XA) and
k ∈ N0, we have

|f (k)(z)| ≤ k!
∞∑
j=0

rj

dk+1
j

|f |XA .

Proof. Set X := XA, and let U := C \ B̄(a0, r0). For each n ∈ N, let γn denote
the path describing once clockwise the circle ∂B(an, rn), and let γ0 denote the
path describing once anticlockwise the circle ∂B(a0, r0). Let f ∈ R0(X), let Sf be
the set of poles of f , and let k ∈ N0. Then there exist n1, . . . , nm ∈ N such that
Sf ⊆ U ∪ ⋃mj=1 B(anj , rnj). Let Γ be the set γ∗0 ∪

⋃m
j=1 γ

∗
nj
. Note that z /∈ Γ.

By Cauchy’s integral formula we have

f (k)(z) = k!
2πi

(∫
γ0

f(ζ)
(ζ − z)k+1 dζ +

m∑
j=1

∫
γnj

f(ζ)
(ζ − z)k+1 dζ

)
.

We have |ζ − z| ≥ d0 for all ζ ∈ γ∗0 , and |ζ − z| ≥ dnj for all ζ ∈ γ∗nj (j = 1, . . . ,m).
Moreover, for each n ∈ N0, we have Λ(γn) = 2πrn. Thus, applying Lemma 4.2.3,
we have

|f (k)(z)| ≤ k!|f |X

(
r0

dk+1
0

+
m∑
j=1

rnj
dk+1
nj

)
≤ k!|f |X

∞∑
n=0

rn
dk+1
n

,

and this gives the desired result.

We now give the details of the construction.

Lemma 4.5.10. Let 0 < r < 1 be given, let Cr denote the circle of radius r centred
at 0, and let ε > 0. Then there exists a classical abstract Swiss cheese A = ((an, rn))
such that

(a) ρ(A) < ε, int(XA) = ∅, and Cr ⊆ XA,
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(b) there is a dense open subset U of XA such that XA \ U has area zero and
each point z ∈ U is a point of continuity for R(XA),

(c) for each f ∈ R(X), we have f |Cr ∈ D(∞)(Cr) and ∑∞k=1|f (k)|−1/k
Cr

=∞.

Proof. Our abstract Swiss cheese A will be obtained by combining a certain pair of
sequences (An), (Bn) of abstract Swiss cheeses in a suitable way. We first construct
the sequences (An), (Bn).

Choose a positive integer n0 large enough so that r+21−n0 < 1 and r−21−n0 > 0.
As in [52], choose a sequence (γn) of positive real numbers such that, for each
n, k ∈ N, we have

γn ≤
(21−n0−n)k+1(log (k + 3))k

2n ,

and such that ∑∞n=1 γn < ε. Thus, for each k ∈ N,
∞∑
n=1

γn
(21−n0−n)k+1 ≤ (log (k + 3))k.

Let A1 = ((a(1)
n , r(1)

n )) be the classical abstract Swiss cheese obtained from
Corollary 2.2.12 with λ0 = r − 21−n0 , a = 0, and ε = γ1/2. Let B1 = ((b(1)

n , r(1)
n ))

be the classical abstract Swiss cheese obtained from Proposition 2.6.5 with a = 0,
λ0 = 1, λ1 = r + 21−n0 , and ε = γ1/2.

For each k ∈ N with n ≥ 2: let Ak = ((a(k)
n , r(k)

n )) be the classical abstract Swiss
cheese obtained from Proposition 2.6.5 with λ0 = r − 22−n0−k, λ1 = r − 23−n0−k,
a = 0, and ε = γk/2; let Bk = ((b(k)

n , r(k)
n )) be the classical abstract Swiss cheese

obtained from Proposition 2.6.5 with a = 0, λ0 = r + 23−n0−k, λ1 = r + 22−n0−k,
and ε = γk/2.

Note that, since R(XAn) and R(XBn) are regular for all n ∈ N, it follows that
int(XAn) = ∅ and int(XBn) = ∅ for all n ∈ N.

Let a0 = 0 and r0 = 1 and let ((an, rn))∞n=1 be an enumeration (without repeats)
of the set ⋃

m,n∈N
n≥2

{(a(m)
n , r(m)

n ), (b(m)
n , s(m)

n )}.

Then A = ((an, rn))∞n=0 is an abstract Swiss cheese with Cr ⊆ XA. It is not hard
to see that A is classical and ρ(A) < ε. It is clear that int(XA) = ∅. Also, for each
n ∈ N, let

En := ∂B(a(n)
0 , r

(n)
0 ) ∪ ∂B(a(n)

1 , r
(n)
1 ) ∪ ∂B(b(n)

0 , s
(n)
0 ) ∪ ∂B(b(n)

1 , s
(n)
1 ),

and set E := Cr ∪
⋃∞
n=1En. Set X := XA and U := X \E. It is easy to see that E

is a closed set and that U is a dense open subset of X. Moreover, E has area zero.
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We claim that each point x ∈ U is a point of continuity for R(X). Let x ∈ U .
Then there exists a unique n ∈ N such that either x ∈ XAn or x ∈ XBn . If x ∈ XAn ,
set Y = XAn , and if x ∈ XBn then set Y = XBn . By our construction R(Y ) is
regular and it is not hard to see that x ∈ intX Y . Thus, by Lemma 4.5.8, x is a
point of continuity for R(X). This proves the claim.

It remains to show that (c) holds. We first consider functions in R0(X). Let
z ∈ Cr and let f ∈ R0(X). For each n ∈ N, let dn the distance from B̄(an, rn)
to Cr, and let d0 = 1 − r. Since each An and each Bn are classical, and since
Cr ∩XAn = ∅ and Cr ∩XBn = ∅ for all n ∈ N, it follows that dn > 0 for all n ∈ N0.
By Lemma 4.5.9, for each k ∈ N0, we have

|f (k)(z)| ≤ k!
∞∑
j=0

rj

dk+1
j

|f |X .

Fix m ∈ N. Then there exists a unique n ∈ N such that there exists ` ∈ N with
(am, rm) = (a(n)

` , r
(n)
` ) or there exists ` ∈ N with (am, rm) = (b(n)

` , s
(n)
` ). In either

case, since An and Bn are classical, we have dm > 23−n0−m. Thus

k!
∞∑
j=0

rj

dk+1
j

|f |X ≤ k!|f |X

(
1

dk+1
0

+
∞∑
j=1

γj
(21−n0−j)k+1

)
.

for each k ∈ N0. It follows that, for each k ∈ N0, we have

|f (k)|Cr ≤ k!|f |X

(
1

dk+1
0

+ (log (k + 3))k
)
.

From this we deduce that, for each f ∈ R(X) (not necessarily in R0(X)), we have
f |Cr ∈ D(∞)(Cr) and the same estimates hold. (For example, note that Cr is
uniformly regular, and apply Lemma 3.3.21.)

Now let f ∈ R(X). As in [52], choose N ∈ N so that (log (k + 3))k ≥ 1/dk+1
0

for all k ∈ N with k ≥ N . Then we have
∞∑
j=1

1
|f (j)|1/jCr

≥
∞∑
j=N

1
(2|f |X)1/jj log (j + 3) =∞,

and so (c) holds. This completes the proof.

We are now ready to prove Theorem 4.5.4.

Proof of Theorem 4.5.4. Apply Lemma 4.5.10 with r = 1/2 and ε = 1 to obtain
a classical abstract Swiss cheese A which satisfies properties (a)–(c) described in
the statement of the lemma, and let X := XA. Then, for each f ∈ R(X), we have
f |Cr ∈ D(∞)(Cr) and

∞∑
n=1
|f (n)|−1/n

Cr
=∞.
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So, by Corollary 4.2.8, if f ∈ R(X) and f (k)(z) = 0, for some z ∈ Cr and all
k ∈ N0, then f is identically zero on Cr. It follows that no point of Cr can be a
point of continuity for R(X) and therefore R(X) is not regular. It remains to see
that R(X) has no non-trivial Jensen measures on X. By Lemma 4.5.10(b) there is
a dense open subset U of X for which every point z ∈ U is a point of continuity
for R(X) and such that X \U has area 0. Set E := X \U . By Lemma 4.5.2, every
point of U is also an R-point. Let x ∈ Cr and let µ be a Jensen measure for εx.
Then since x /∈ U , by Lemma 4.5.7, suppµ ∩ U = ∅ and so suppµ ⊆ E. Since
int(X) = ∅ and the area of E is 0, it follows from Corollary 4.5.6 that µ must be
trivial. This completes the proof.

Remark 4.5.11. In [37], Feinstein argued that R(X) admits no non-trivial Jensen
measures supported on the interval [−1/2, 1/2] by appealing to the theory of
Jensen (fine) interior discussed in [33] and [56]. See also [55].

4.6 Open problems and discussion

We now note some interesting open problems related to the content of this chapter.
In this section, let X be a semi-rectifiable compact plane set, let F be an effective
collection of paths in X, and let M = (Mn)∞n=0 be an algebra sequence.

Question 4.6.1. Is the condition (4.1) necessary in Theorem 4.2.7?

Question 4.6.2. Let X be a perfect compact plane set such that intX is dense
in X. Does it follow that D(X,M) is quasianalytic if and only if the sequence
(M1/2

n )∞n=0 satisfies (4.1)?

We are also interested in the connection between F -quasianalyticity and m(F)-
quasianalyticity.

Question 4.6.3. Let A be a subalgebra of D(∞)
F (X). Suppose that A is F-

quasianalytic. Does it follow that A is m(F)-quasianalytic?

It is easy to see that m(F)-quasianalyticity implies F-quasianalyticity, so
an affirmative answer to this question would imply that F-quasianalyticity is
equivalent to m(F)-quasianalyticity.

Question 4.6.4. Let A be a subalgebra of D(∞)
F (X) and let z0 ∈ X. Suppose that

A is quasianalytic. Is QA,F (z0) the minimum element of QF(z0)?
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This is certainly the case in some simple examples. For instance, in Example
4.4.11, the minimal elements of QF(z0) consists of the horizontal line segment in
X of maximum length containing z0. If A is an F-quasianalytic subalgebra of
D(∞)
F (X) then the sets of A-quasianalyticity also coincide with the horizontal line

segments of maximum length.
Our final problem relates to the content of Section 4.5, and specifically to the

construction used in the proof of Theorem 4.5.4 (Lemma 4.5.10).

Question 4.6.5. Is the uniform algebra R(XA) constructed in Theorem 4.5.4
antisymmetric? If not, can the construction be modified to yield an example with
the same properties and such that R(XA) is antisymmetric?

We refer the reader to [16, 54] for the relevant definitions.
It seems hard, in general, to determine whether R(X) (for a connected compact

plane set X with intX = ∅) is antisymmetric. In [96], Steen gave an example of a
Swiss cheese set X such that R(X) is non-trivial and is not antisymmetric. We
do not know whether the constructions in, for example, [85, 99] yield a compact
plane set X such that R(X) is antisymmetric.



Chapter 5

Extensions of uniform algebras

In this chapter we consider various extensions of a uniform algebra. Let A be a
Banach algebra. We say that a Banach algebra B is a Banach algebra extension
of A if there exists an isometric algebra homomorphism θ : B → A. If A is a
uniform algebra, then we say that a Banach algebra extension B of A is a uniform
algebra extension of A if B is also a uniform algebra and θ is unital. We are
interested in those uniform algebra extensions which preserve certain properties
of the original algebra. In particular, we seek extensions that preserve properties
such as non-triviality and naturality.

Many of the extensions that we consider are constructed by adjoining roots of
monic polynomials over a given algebra. In [7], Arens and Hoffmann described a
construction for obtaining a Banach algebra extension of a commutative Banach
algebra A by adjoining roots of monic polynomials with coefficients in A. Their
construction has been studied and adapted by several authors. We refer the reader
to [31] for a survey of various methods for constructing Banach algebra extensions.

In his thesis [24], Cole constructed a counter-example to the peak point con-
jecture. This example was obtaining by constructing a uniform algebra extension
B, of a certain uniform algebra A, such that the set {f 2 : f ∈ B} is dense in
B. Similar constructions, which we now call Cole extensions, have been used in
[37, 38], for example, to construct various other examples of uniform algebras.
Detailed accounts of the properties of Cole extensions are contained in [32] and
[61]. The connections between Cole extensions and various other constructions can
also be found in [32] (see also [31]).

In this chapter, we discuss Cole extensions and a larger class of uniform algebra
extensions, which includes Cole extensions. In particular, we describe the structure
of a Cole extension, relative to certain projections, and describe some cases where
Cole extensions are equivalent. The theory developed in the present chapter will

131
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be used in Chapter 6. Some of the proofs in this chapter will use results from
operator algebra theory. A brief introduction to operator algebras is provided in
Appendix A for the convenience of the reader.

The first section gives contains a brief introduction to direct and inverse
limits. The second section contains some elementary facts about Banach algebras
and uniform algebras. In particular, we prove a general result about the Shilov
boundary for uniform algebra extensions. We then give the formal definition of
(systems of) Cole extensions, and state some elementary results from the literature.
In Section 5.4 we give a new proof of a result about the Shilov boundary for
Cole extensions. We then study the structure of simple Cole extensions (see
Section 5.3) relative to certain projections. Finally, we describe a more general
class of uniform algebra extension, originally defined by Cole and Feinstein (in a
private communication [23]), and discuss the properties of such extensions. We
conclude the section with some open problems and a short discussion.

5.1 Direct limits and inverse limits

We begin with a discussion of direct and inverse limits in various categories. We
refer the reader to [81] for an introduction to the language of category theory. In
this section we mostly consider four categories: the category of normed algebras;
the category of Banach algebras; the category of uniform algebras; and the category
of compact spaces. In the latter, the morphisms are simply continuous functions,
and isomorphisms are homeomorphisms. In the other categories, the morphisms
are given by continuous algebra homomorphisms. Unless otherwise stated, all
results in this section are standard.

Throughout this section, I will be a non-empty directed set. That is, a set with
a relation ≤ such that, for each i, j, k ∈ I, we have i ≤ i, i ≤ j ≤ k implies i ≤ k,
and there exists ` ∈ I such that i ≤ ` and j ≤ `. Also, in this section, i, j, k will be
elements of I. We also use the notation (θi,j)i≤j for the family {θi,j : i, j ∈ I, i ≤ j}.

Definition 5.1.1. Let C be a category. A direct system is a pair ((Oi)i∈I , (θi,j)i≤j)
such that Oi is an object in C, and, for each i ≤ j, θi,j : Oi → Oj is a morphism
with θi,i = idOi and θi,k = θj,k ◦ θi,j for all i ≤ j ≤ k.

An inverse system is a pair ((Oi)i∈I , (θi,j)i≤j) such that Oi is an object in C, and,
for each i ≤ j, θi,j : Oj → Oi is a morphism with θi,i = idOi and θi,k = θi,j ◦ θj,k for
all i ≤ j ≤ k.

In either case, we call the morphisms θi,j the connecting maps of the system.
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We shall often consider direct systems in the category of normed algebras,
Banach algebras, and uniform algebras (with continuous algebra homomorphisms
as morphisms). We consider inverse systems in the category of compact spaces
(with continuous maps as morphisms).

We now define a direct limit of a direct system. Discussions of direct limits
can be found in, for example, [78, Section III.10], or [90, pp. 42–43]. An explicit
construction of a direct limit of a direct system of normed algebras—where the
connecting maps are contractive algebra homomorphisms—is given in the latter.
A more comprehensive discussion of direct limits of topological algebras is given in
Chapters IV and V of [82].

Definition 5.1.2. Let C be a category. Let ((Oi)i∈I , (θi,j)i≤j) be an direct system
in C. The direct limit of the system ((Oi)i∈I , (θi,j)i≤j) is a pair (O, (θi)i∈I) where
O is an object in C and, for each i, θi : Oi → O is a morphism with θi = θj ◦ θi,j
for all j ≥ i, such that (O, (θi)i∈I) satisfies the following universal property: for
each object C ∈ C such that there exists morphisms ψi : Oi → C with ψi = ψj ◦ θi,j
for all i ≤ j, there exists a unique morphism ψ : O → C such that ψi = ψ ◦ θi for
all i ∈ I.

The map ψ, from the above, is the unique map which makes the diagram in
Figure 5.1(a) commute.

We also define an inverse limit of an inverse system. As above, a discussion of
inverse limits can be found in [78] (see also [90, pp. 43–45]). An explicit construction
of the inverse limit of a inverse system of sets is given in [27, Section 1.1].

Definition 5.1.3. Let C be a category. Let ((Oi)i∈I , (θi,j)i≤j) be an inverse system.
The inverse limit of the system ((Oi)i∈I , (θi,j)i≤j) is a pair (O, (θi)i∈I) such that O
is an object in C and, for each i, θi : O → Oi is a morphism with θj = θi ◦ θi,j for
all j ≥ i, such that (O, (θi)i∈I) satisfies the following universal property: for each
object C ∈ C such that there exists morphisms ψi : C → Oi with ψj = ψi ◦ θi,j for
all i ≤ j, there exists a unique morphism ψ : C → O such that ψi = θi ◦ ψ for all
i ∈ I.

The map ψ, from the above, is the unique map which makes the diagram in
Figure 5.1(b) commute.

It is standard that direct limits and inverse limits, where they exist, are unique
up to isomorphism (in the category in which they are defined).

We now examine some special cases of direct and inverse limits which will be
of use to us. The first summarises the discussion from [90, Chapter 1].
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C

O

Oi Oj

θi,j

θi θj

ψi ψj
ψ

(a) Direct limit.

C

O

Oi Oj

θi,j

θi θj

ψi ψj
ψ

(b) Inverse limit.

Figure 5.1: Commutative diagrams illustrating the universal property for direct
limits and inverse limits.

Proposition 5.1.4. Let S = ((Ai)i∈I , (θi,j)i≤j)) be a direct system in the category
of normed algebras. Suppose that lim supi∈I‖θi,j‖ <∞. Then the direct limit of S
exists.

Note that, if each Ai (i ∈ I) in the above is a Banach algebra, then the uniform
boundedness principle shows that the direct limit of S exists if, for each i ∈ I,
lim supj∈I‖θi,j(a)‖j for all a ∈ Ai (where ‖ · ‖j is the norm on Aj). In particular,
we see that, if S is as in Proposition 5.1.4, and all the connecting maps in S are
isometric, then the direct limit of S exists and the norm ‖θi(a)‖ = ‖a‖i for all
i ∈ I and a ∈ Ai. Thus, in this case, the homomorphisms θi associated with the
direct limit are also isometric.

We also require the following. The statement below is part of a more general
categorical statement about adjoints and limits. See, for example, [81, Chapter V].

Proposition 5.1.5. Let S = ((Xi)i∈I , (πi,j)i≤j) be an inverse system in the cat-
egory of compact spaces. Then the system T = ((C(Xi))i∈I , (π∗i,j)i≤j) is a direct
system in the category of uniform algebras. If (X, (πi)i∈I) is the inverse limit of S,
then (C(X), (π∗i )i∈I) is the direct limit of T .

Note that we may consider an direct system of (non-trivial) uniform algebras
Ai on the Xi in the same way. Also note that the connecting maps π∗i,j in T (in
the above) are isometric algebra homomorphisms if the connecting maps πi,j in S
are surjective.

In the remainder of this section we prove the following lemma which will be
useful throughout this chapter. This lemma is effectively contained in the proof of
[32, Theorem 1.4.2.1] or [61, Theorem 3.1.19], and is well known. We include a
proof for the convenience of the reader.
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Lemma 5.1.6. Let S = ((Ai)i∈I , (θi,j)i≤j) be a direct system in the category of
Banach algebras and suppose that the connecting maps θi,j are isometric for all
i ≤ j. Let (A, (θi)i∈I) be the direct limit of S. Suppose that I is totally ordered
and that, for each i ≤ j, Ti,j : Aj → Ai is a surjective, contractive linear map such
that Ti,j ◦ θi,j = idAi and, for each k ≥ j, we have Ti,j ◦ Tj,k = Ti,k. Then:

(a) ((Ai)i∈I , (Ti,j)i≤j) is an inverse system of Banach spaces (with contractive
linear maps as morphisms);

(b) for each i ∈ I, there exists a surjective, contractive linear map Ti : A→ Ai

such that Ti ◦ θi = idAi and Ti = Tj ◦ θi,j (i ≤ j).

Proof. (a) This clear from our choice of the Ti,j.

(b) We consider the inverse system S in the category of Banach spaces with
contractive linear maps as morphisms. (Clearly the connecting maps are isometric
linear maps.) Fix ` ∈ I. We define the maps ϕi (i ∈ I) as follows: for i < `, set
ϕi := θi,`; for i = ` set ϕ` := idA` ; for i > ` set ϕ` := Ti,`. By the assumptions in
the lemma, the maps ϕi satisfy ϕi = ϕj ◦ θi,j for all i ≤ j. Thus by the universal
property of direct limits, there exists a unique, contractive linear map T : A→ A`

such that Ti = T ◦ θi for all i ∈ I. The remaining statements are now clear, and so
(b) is proved.

For a similar result, see [97, Lemma 19.3].

5.2 Some results for Banach algebras

In this section we give some general results about Banach algebras which we will
require later.

Let X,Y be normed spaces, let E ⊆ A be a linear subspace, and let T : X→ Y

be a linear map. We say that T is bounded below on E if there exists C > 0 such
that ‖T (a)‖ ≥ C‖a‖ for all a ∈ E. Note that if T is bounded below on E, then
T |E is an open map from E into Y.

The following follows immediately from Proposition 2.23 and Corollary 3.43
from [5].

Lemma 5.2.1. Let A be a Banach algebra, let E ⊆ A be a closed linear subspace,
and let b ∈ A. Let T ∈ B(A) given by either

T (a) = ba or T (a) = ab (a ∈ A).
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If T is bounded below on E then T (E) is a closed linear subspace of A. Suppose
further that b is not a zero divisor in A. Then T (E) is a closed linear subspace of
A if and only if T is bounded below on E.

We extend this result to give the following corollary. This result is probably
well known but we give details of the proof.

Corollary 5.2.2. Let A be a Banach algebra, let E ⊆ A be a non-trivial closed
linear subspace, let P be a continuous projection on A with P (A) = E, and let
b ∈ A such that b is not a zero-divisor. Let T ∈ B(A) given by either

T (a) = ba or T (a) = ab (a ∈ A).

Fix m ∈ N and, for each k ∈ {0, . . . ,m}, let Ek = ∑k
j=0 T

j(E). Suppose that
(P ◦ T )(a) = 0 for all a ∈ Em−1, that T is bounded below on Em, and that
T j(E) ∩ T k(E) = {0} for all j, k ∈ {0, . . . ,m} with j 6= k. Then T k(E) and Ek
are closed in A for each k ∈ {0, 1, . . . ,m}.

Proof. Let C > 0 be such that ‖T (a)‖ ≥ C‖a‖ for all a ∈ Em. First note that

E = E0 ⊆ E1 ⊆ · · · ⊆ Em,

so that T is bounded below on Ek for each k ∈ {0, . . . ,m}. Thus, for each a ∈ E
and each k ∈ {0, . . . ,m}, we have

‖T k(a)‖ ≥ Ck‖a‖.

By Lemma 5.2.1, T k(E) is closed in A for k = 0, . . . ,m. We now prove that Ek is
closed in A by induction on k. If k = 0 then E0 = E which is closed in A, so there
is nothing to prove.

Let k ∈ {1, . . . ,m} and assume that Ek−1 is closed in A. By Lemma 5.2.1,
K = T (Ek−1) is a closed linear subspace of Ek. Since (P ◦ T )(a) = 0 for all
a ∈ Ek−1, we have P (x + T (y)) = P (x) = x for all x ∈ E and y ∈ Ek−1, and
it follows that ‖x‖ ≤ ‖P‖‖x + T (y)‖ for all x ∈ E and y ∈ Ek−1. Let (xn) be
a sequence in E and let (yn) be a sequence in Ek−1. Suppose that (xn + T (yn))
converges to some point z ∈ A as n → ∞. Then P (xn + T (yn)) converges to
P (z) ∈ E as n → ∞. Thus (T (yn)) → z − P (z) as n → ∞. Since K is closed,
z − P (z) ∈ K. Thus z ∈ Ek and hence Ek−1 is closed in A.

It now follows by induction that Ek is closed for each k ∈ {0, . . . ,m} and this
completes the proof.
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5.2.1 Uniform algebras

We now discuss some necessary results which are specific to uniform algebras.
These results are probably well known, but we provide details for the convenience
of the reader. For a similar result, see [71, Theorem 3.5.4].

Lemma 5.2.3. Let X be a compact space, let A be a uniform algebra on X, and
let f ∈ C(X) such that, for all g ∈ A \ {0}, we have fg 6= 0. The following are
equivalent:

(a) the map g 7→ fg from A into C(X) is bounded below;

(b) f has no zeros on the Shilov boundary of A.

Proof. (a) =⇒ (b) By scaling, we may assume that |f |X = 1. Suppose that f
has a zero on Γ(A). Let x0 ∈ Γ(A) be such that f(x0) = 0. For each n ∈ N, let Vn
be an open neighbourhood of x0 such that |f(y)| < 1/4n for all y ∈ Vn, and let
xn ∈ Vn be a strong boundary point for A. By Proposition 1.6.4, for each n ∈ N,
there exists gn ∈ A with |gn|X ≤ 1 such that |gn(xn)| > 3/4 and |gn(y)| < 1/4 for
all y ∈ X \ Vn. For each n ∈ N, set hn = gnn so that |hn|X ≤ 1, |hn(xn)| > (3/4)n

and |hn(y)| < 1/4n for all y ∈ X \ Vn.
Let n ∈ N. For each y ∈ Vn we have

|fhn(y)| ≤ |f(y)| < 1
4n ,

and for each y ∈ X \ Vn, we have

|fhn(y)| ≤ |hn(y)| < 1
4n .

It follows that |fhn|X ≤ 1/4n. But |hn(xn)| > (3/4)n so that |hn|X ≥ 3n|fhn|.
This holds for all n ∈ N, and it follows that the map g 7→ fg is not bounded below
on A.

(b) =⇒ (a) Suppose that f has no zeros on the Γ(A). Set δ = infx∈Γ(A)|f(x)|.
Then δ > 0 and, for each x ∈ Γ(A), we have |f(x)g(x)| ≥ δ|g(x)|. It follows
that δ|g(x)| ≤ |fg|Γ(A) for each x ∈ Γ(A) and hence δ|g|Γ(A) ≤ |fg|Γ(A). But
|fg|Γ(A) ≤ |fg|X and |g|Γ(A) = |g|X . This completes the proof.

We also require the following well-known facts. We include some the details of
the proofs for the convenience of the reader.

Lemma 5.2.4. Let A be a uniform algebra on X, let f ∈ C(X) \ {0}, let g ∈ A,
and let n ∈ N.
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(a) We have fng = 0 if and only if fg = 0.

(b) If the map Lnf : A → C(X) : h 7→ fnh is bounded below then the map
Lf : A→ C(X) : h 7→ fh is bounded below.

(c) If f ∈ A and Lf is bounded below then Lnf is bounded below.

Proof. (a) This is clear.

(b) Now suppose that Lnf is bounded below so that there exists d > 0 such that
|fnh|X ≥ d|h|X for all h ∈ A. Fix h ∈ A. Then we have

d|h|X ≤ |f
nh|X ≤ |f

n−1|X |fh|X .

Since f 6= 0, setting d′ := d/|fn−1|X , we have d′|h|X ≤ |fh|X .

(c) Suppose that the map Lf is bounded below. Then there exists c > 0 such that
|fh|X ≥ c|h|X for all h ∈ A. Fix g ∈ A. Then

cn|g|X ≤ cn−1|fg|X ≤ · · · ≤ |f
ng|X .

Thus Lnf is bounded below.

We now prove some results related to the Shilov boundary for uniform algebra
extensions. We shall make repeated use of the following fact, which is also used in
[79] (see also [27, Section. 4.3]).

Lemma 5.2.5. Let A be a uniform algebra on a compact space X and let x ∈ X.
Then x ∈ Γ(A) if and only if, for each open neighbourhood U of x, there exist
f ∈ A and y ∈ U such that |f(y)| = |f |X and |f |X\U < |f |X .

The following lemma is well known (see [79]), but we include the details for
the convenience of the reader.

Lemma 5.2.6. Let X and Y be compact spaces, let A be a uniform algebra on X,
let B be a uniform algebra on Y , and let π : Y → X be a continuous map. Suppose
that π∗ is isometric. Then Γ(A) ⊆ π(Γ(B)).

Proof. Suppose not so that Γ(A) * π(Γ(B)). Then there exists x ∈ Γ(A)\π(Γ(B))
and an open neighbourhood U of x inX such that U∩π(Γ(B)) = ∅. Since x ∈ Γ(A),
by Lemma 5.2.5, there exist f ∈ A and x′ ∈ U such that |f(x′)| = |f |X = 1 and
|f |X\U < 1. Since π∗ is isometric, we have |f |X = |π∗(f)|Y . But, for each y ∈ Γ(B),
we have |π∗(f)(y)| = |f(π(y))| < 1 = |π∗(f)|Y , which is a contradiction. Thus
Γ(A) ⊆ π(Γ(B)).
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Our main theorem for this section is the following, which generalises several
results from Cole extension theory. The remainder of this section is dedicated to
proving this theorem.

Theorem 5.2.7. Let A be a uniform algebra on ΦA, let B be a uniform algebra
on ΦB, and let θ : A → B be an isometric, unital algebra homomorphism. Set
τ := θ∗|ΦB : ΦB → ΦA. Suppose that τ(Γ(B)) ⊆ Γ(A) and that, for each ψ ∈ Γ(A),
B|τ−1({ψ}) is uniformly dense in C(τ−1({ψ})). Then Γ(B) = τ−1(Γ(A)).

To prove the theorem we shall require the following lemma. We include the
details for the convenience of the reader.

Lemma 5.2.8. Let X be a compact space, let x ∈ X, let U be an open neighbour-
hood of x in X, and let A be a dense linear subspace of C(X). Then there exists
f ∈ A such that |f |X ≤ 1, |f(x)| > 3/4, and |f |X\U < 1/4.

Proof. There exists g0 ∈ C(X) such that g0(x) = 1 and |g(y)| < 1 for all y ∈ X \U .
Let n0 ∈ N large enough so that |gn0

0 |X\U < 1/8. Set g := gn0
0 . Since A is dense in

C(X), there exists g1 ∈ A such that |g1 − g|X < 1/8. Then we have |g1|X < 9/8
and |g1|X\U < 1/4. Set f := 8g1/9. Then |f |X ≤ 1 and |f |X\U < 1/4. It remains
to show that |f(x)| > 3/4. Indeed |g1(x)− g(x)| < 1/8 so that |f(x)| > 7/9 > 3/4.
This completes the proof.

We now ready to prove the theorem.

Proof of Theorem 5.2.7. We must show that τ−1(Γ(A)) ⊆ Γ(B).
Let ϕ ∈ Γ(A), let E = τ−1({ϕ}), and let ψ ∈ E. We show that ψ ∈ Γ(B). Fix

an open neighbourhood U of ψ in ΦB. By Lemma 5.2.8, there exists f ∈ B such
that |f |E ≤ 1, |f(ψ)| > 3/4, and |f |E\U < 1/4. Let U1 be an open neighbourhood
of ψ in ΦB such that U1 ⊆ U , and |f(χ)| > 1/2 for all χ ∈ U1. For each χ ∈ E \U ,
let Uχ be an open neighbourhood of χ in ΦB such that, for all χ′ ∈ Uχ, we have
|f(χ′) − f(χ)| < 1/4. By compactness, there exists χ1, . . . , χn ∈ E such that
E \ U ⊆ ⋃nj=1 Uχj . Set Vj := Uχj for j = 1, . . . , n, and set V := ⋃n

j=1 Vj . Note that
V ∩ U1 = ∅.

Let W := τ(U1) ∩ ⋂nj=1 τ(Vj) so that W is an open neighbourhood of ϕ in ΦA,
and U1 ⊆ τ−1(W ). By Lemma 5.2.5, there exist g ∈ A and ϕ′ ∈ W such that
|g(ϕ′)| = |g|ΦA = 1 and |g|ΦA\W < 1. By replacing g with gm for large enough m,
we may assume that |g|ΦA\W < 1/(2|f |ΦB). Set h = θ(g) ∈ B.
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Let ψ′ ∈ ΦB. If τ(ψ′) /∈ W , then we have |h(ψ′)| < 1/(2|f |ΦB) and so
|(hf)(ψ′)| ≤ 1/2. If τ(ψ′) ∈ W and ψ′ /∈ U , then we have ψ′ ∈ V . So there exist
j ∈ {1, . . . , n} such that ψ′ ∈ Vj. It follows that |f(ψ′)− f(χj)| < 1/4 and

|(hf)(ψ′)| ≤ |f(ψ′)| ≤ |f(χj)|+ |f(ψ′)− f(χj)| ≤
1
2 .

If τ(ψ′) = ϕ′ and ψ′ ∈ U1, then we have |(hf)(ψ′)| = |f(ψ′)| > 1/2. It now
follows that {χ ∈ ΦB : |(hf)(χ)| = |hf |ΦB} ⊆ U . Since U was an arbitrary open
neighbourhood of ψ, we have ψ ∈ Γ(B) by Lemma 5.2.5. This concludes the
proof.

5.3 Systems of Cole extensions

In this section we discuss Cole extensions and systems of Cole extensions. We refer
the reader to [32, 61] for further information and related results. We first recall
the definition and some elementary facts about Cole extensions. Unless otherwise
stated, the results in this section are standard.

Throughout this section, let X be a compact space and let A be a uniform
algebra on X.

Definition 5.3.1. Let U be a family of monic polynomials with coefficients in A.
Set

XU := {(x, ξ) ∈ X × CU : εx(q)(ξq) = 0 (q ∈ U)},

and give XU the product topology. Let pq : XU → C (q ∈ U) and πU : XU → X

be the usual coordinate projections.

The space XU is a compact space (see [24, 31] or [61]) and the continuous
projection πU : XU → X induces an isometric algebra homomorphism π∗U from
C(X) into C(XU) given by π∗U(f) = f ◦ π for each f ∈ C(X). If there is no risk
of ambiguity, we write π in place of πU in this setting.

Definition 5.3.2. Let U be a family of monic polynomials with coefficients in
A. Let π be the projection XU → X as above. We let AU be uniform closure of
π∗(A) ∪ {pq : q ∈ U} taken in C(XU).

We call the pair (AU , XU) the Cole extension of A (with respect to U). We
say that a Cole extension (AU , XU) of A is simple if U = {q} for some monic
polynomial q ∈ A[t]. In this case, we write Aq, Xq, and πq for AU , XU , and πU ,
respectively.
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Definition 5.3.3. Let q ∈ A[t] be a monic polynomial. For each x ∈ X, let λx,j
(j = 1, . . . , n) be the roots of the polynomial εx(q). For f ∈ C(Xq), set

T (f)(x) := 1
n

n∑
j=1

f(x, λx,j) (x ∈ X). (5.1)

One of the most important features of Cole extensions is that the map T ,
defined above, is a surjective, unital linear map from C(Xq) onto C(X), with
‖T‖ = 1 and T ◦ π∗ = idC(X). In fact, T is an A-module homomorphism when Aq

is given the module operations a · g = g · a = π∗(a)g (a ∈ A, g ∈ Aq) making it a
commutative, unital A-bimodule. In addition, T (f)(x) ∈ conv f(π−1{x}) for each
f ∈ C(Y ) and each x ∈ X. The details of this can be found in [31, Theorem 1.4.2.1]
and [61].

Remark 5.3.4. The construction of the map T given in [31] and [61] appear different,
but are equivalent. For another method for constructing the map T in the case
where the polynomials are degree 2, see [24].

We sometimes refer to the map T as the averaging map for the extension Aq.
The following lemma follows immediately from the definition and properties of the
map T .

Lemma 5.3.5. Let q be a monic polynomial in A[t] with deg q = n. Let T be the
averaging map for the extension Aq and set P := π∗ ◦ T . Then P is a contractive
unital projection on Aq and P (Aq) = π∗(A). Moreover, P is an π∗(A)-module
homomorphism.

Let X be a normed space, let E ⊆ X, and let x ∈ X. Recall that distX(x,E) is
defined by

distX(x,E) = inf
y∈E
‖x− y‖,

and that distX(x,E) = 0 if and only if x ∈ E. The following can be distilled from
the proof of [31, Theorem 1.4.2.5].

Proposition 5.3.6. Let q be a monic polynomial in A[t]. Then, for all f ∈ C(X),
we have

distC(Xq)(π∗(f), Aq) = distC(X)(f, A).

In particular, if A is non-trivial then Aq is non-trivial.

The following characterisation of a simple Cole extension Aq (for some monic
polynomial q) in terms of the powers of the coordinate projection pq will be of use to
us. A proof can be found in [31, Proposition 1.3.2.1] (see also [61, Lemma 3.1.14]).
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Proposition 5.3.7. Let q ∈ A[t] be a monic polynomial be a polynomial with
deg q = n. Then

Aq =
(
n−1∑
j=0

π∗(A) · pjq
)
,

where the closure is taken in C(Xq).

In the next section, we show that a Cole extension of A with respect to a
family U of monic polynomials can be obtained by repeated simple Cole extensions.
From this, we deduce that many of the properties described above for simple Cole
extensions also hold for other Cole extensions.

5.3.1 Systems of Cole extensions

We now discuss systems of Cole extensions. Throughout this section, we let τ be a
non-zero ordinal.

Definition 5.3.8. For each α ≤ τ , let Xα be a compact space, let Aα be a uniform
algebra on Xα and, for each β with α ≤ β ≤ τ , let πα,β : Xβ → Xα be a continuous
surjection. We say that ((Xα, πα,β), (Aα))α≤β≤τ is a system of Cole extensions if
each of the following hold:

(a) ((Xα, πα,β))α≤β≤τ is an inverse system of compact spaces and continuous
functions;

(b) for each α with α < τ there exists a family Uα of non-constant, monic
polynomials in Aα[t] such that (Xα+1, Aα+1) = (XUα

α , AUαα ) and the map
πα,α+1 : Xα+1 → Xα is the continuous surjection as in Definition 5.3.1;

(c) for a non-zero limit ordinal γ with γ ≤ τ , (Xγ, (πα,γ))α<γ is the inverse limit of
the inverse system ((Xα, πα,β))α≤β<γ and (Aγ, (π∗α,γ)α<γ) is the corresponding
direct limit of the direct system ((Aα, πα,β))α≤β<γ.

The pair (X0, A0) is called the base of the system and A0 is the base algebra of the
system.

In the above, taking the direct limit is equivalent to setting

Aγ =
( ⋃
α<γ

π∗α,γ(Aα)
)
. (5.2)

This is noted in [24] and [61].



Chapter 5. Extensions of uniform algebras 143

We shall often seek to extend a given system of Cole extensions, usually
within an inductive construction. Let Sτ = ((Xα, πα,β), Aα)α≤β≤τ be a system
of Cole extensions. Let δ be an ordinal such that δ ≥ τ and suppose that
Sδ = ((Yα, ρα,β), Bα)α≤β≤δ is a system of Cole extensions. We say that Sδ extends
Sτ if, for all α, β with α ≤ β ≤ τ , we have (Xα, πα,β, Aα) = (Yα, ρα,β, Aα).

For example, with Sτ = ((Xα, πα,β), Aα)α≤β≤τ as above, we can construct a
system of Cole extensions Sτ+1 = ((Xα, πα,β), Aα)α≤β≤τ+1 which extends Sτ by
simply choosing a family U of monic polynomials in Aτ [t] and setting Aτ+1 := AUτ ,
Xτ+1 := XU

τ , πτ+1,τ+1 := idC(Xτ+1), πτ,τ+1 : Xτ+1 → Xτ to be a continuous
surjection as in Definition 5.3.1, and, for each α ≤ τ , set πα,τ+1 := πα,τ ◦ πτ,τ+1.

If, for each α < τ , (Aα+1, Xα+1) is a simple Cole extension of A, then we say
that the system ((Xα, πα,β), Aα)α≤β≤τ is a system of simple Cole extensions. The
following proposition is effectively [61, Lemma 3.1.16].

Recall that, in this section, X is a compact space and A is a uniform algebra
on X.

Proposition 5.3.9. Let U be a family of monic polynomials in A[t]. There exist
an ordinal τ , a system of simple Cole extensions ((Xα, πα,β), Aα)α≤β≤τ , and a
homeomorphism ϕ : Xτ → XU such that ϕ∗ : C(XU) → C(Xτ ) is an isometric
algebra isomorphism with ϕ∗ ◦ π∗U = π∗0,τ , and such that (A0, X0) = (A,X).

The following is a consequence of Proposition 5.3.9 and Lemma 5.1.6.

Corollary 5.3.10. Let U be a family of monic polynomials in A[t]. There exists
a surjective linear map T : C(XU)→ C(X) such that ‖T‖ = 1, T (AU) = A and
T ◦ π∗ = idC(X).

Let ((Xα, πα,β), Aα)α≤β≤τ by a system of Cole extensions. Using transfinite
induction, Corollary 5.3.10, and Lemma 5.1.6, we obtain the following proposition.
This is effectively a combination of Theorem 3.1.19(5) and Proposition 3.1.6 from
[61]; the latter is originally due to Dawson [31]. This result can also be obtained
by a direct application of Lemma 5.1.6.

Proposition 5.3.11. Suppose that τ is a limit ordinal. Let ((Xα, πα,β), Aα)α≤β≤τ
be a system of Cole extensions. Let {Tα,β : α ≤ β ≤ τ} be the collection of bounded
linear maps as above. Then (Aα, Tα,β)α≤β<τ is an inverse system of Banach spaces
and bounded linear maps. Moreover, for each α < τ , there exists contractive, linear
maps Tα,τ : C(Xτ )→ C(Xα) such that Tα,τ (Aτ ) = Aα and Tα,τ ◦ πα,τ = idC(Xα).
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The following proposition is [32, Proposition 1.3.1.3] and is central to our study
of systems of Cole extensions.

Proposition 5.3.12. Let τ be a non-zero ordinal and let ((Xα, πα,β), Aα)α≤β≤τ be
a system of Cole extensions. If A0 is natural on X0 then Aα is natural on Xα for
each α ≤ τ .

5.4 The Shilov boundary for Cole extensions

It was proved in [32] that if τ is an ordinal and ((Xα, πα,β), Aα)α≤β≤τ is a system
of Cole extensions then, for each α ≤ τ , we have Γ(Aα) = π−1

0,α(Γ(A0)). The
original proof ([32, Section 1.5]) of this result uses [80, Theorem 1.6], which relies
on unpublished work of Björk. In this section we prove the following result.

Proposition 5.4.1. Let τ be a non-zero ordinal and let ((Xα, πα,β), Aα)α≤β≤τ be
a system of Cole extensions. Then, for each α ≤ τ , we have Γ(Aα) = π−1

0,α(Γ(A0)).

We prove the proposition using a sequence of lemmas. The following is stated
in [79], and proved in [32, Lemma 1.5.3.4]. (The proof in the latter is for the
Arens–Hoffmann extension with respect to a monic polynomial q over A. However,
this proof can be easily adapted to obtain the below.)

Lemma 5.4.2. Let X be a compact space, let A be a uniform algebra on X, and
let q(t) ∈ A[t] be monic. If x ∈ X and π−1

q ({x}) = {(x, ζj) : j = 1, . . . ,m} for
some m ∈ N and ζ1, . . . , ζm ∈ C then there exist pairwise disjoint neighbourhoods
Uj of (x, ζj) (j = 1, . . . ,m) in Xq such that πq(Uj) = πq(U1) for j = 2, . . . ,m and
π−1
q (π(U1)) = ⋃m

j=1 Uj.

The following is a modification of [79, Theorem 3.1]. This lemma will act as
our replacement for [80, Theorem 1.6].

Lemma 5.4.3. Let A be a uniform algebra on a compact space X and let q(t) be
a monic polynomial in A[t] of degree n ∈ N. Then Γ(Aq) = π−1

q (Γ(A)).

Proof. Fix x ∈ X. Then the set K := π−1
q ({x}) consists of finitely many points

(corresponding to the distinct roots of εx(q)(t)), and so pq(K) is a compact plane set
with only finitely many points. By the Hartogs–Rosenthal theorem (or otherwise),
P (pq(K)) = C(pq(K)). The map (pq|K)∗ : C(pq(K)) → C(K) maps P0(pq(K))
into Aq|K, and so Aq|K is uniformly dense in C(K). This holds for each x ∈ X.
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Let T : C(Xq) → C(X) be the averaging map for the extension by q. Let
(x, ζ) ∈ Γ(Aq) and fix a neighbourhood W of x in X. As above, let ζ1, . . . , ζm

denote the distinct roots of the polynomial εx(q)(t) ∈ C[t] so that

π−1
q ({x}) = {(x, ζj) : j = 1, . . . ,m}.

Without loss of generality, we may assume that ζ1 = ζ.
If m = 1 then let V1 := π−1(W ). Otherwise, by Lemma 5.4.2, there are

pairwise disjoint neighbourhoods Uj of (x, ζj) in Xq (j = 1, . . . ,m) such that
π−1
q (π(U1)) = ⋃m

j=1 Uj and πq(Uj) = πq(U1) for j = 2, . . . ,m. For j ∈ {1, . . . ,m},
let Vj := π−1(W ) ∩ Uj. Then the Vj are pairwise disjoint and open.

In either case, by Lemma 5.2.5 there exist g ∈ Aq and (y, λ) ∈ V1 such that
|g(y, λ)| = |g|Xq = 1 and |g|Xq\V1

< 1. Let n0 be an integer large enough so that
|gn0|Xq\V1

< 1/2n.
Let f := T (gn0) ∈ A. Then, for each z ∈ X \ π(V1) ⊆ X \ W , we have

that |f(z)| < 1/2n. Let λ1, . . . , λk denote the distinct roots of the polynomial
εy(q)(t) ∈ C[t], and let µj denotes the multiplicity of the root λj (j = 1, . . . , k).
Without loss of generality, we may assume that λ = λ1. We have that

f(y) = 1
n

k∑
j=1

µjg(y, λj).

If k = 1 then we have |f(y)| = |g(y, λ1)| = 1. Otherwise, we have

|f(y)| ≥ µ1

n
|g(y, λ1)| − 1

n

k∑
j=2

µj|g(y, λj)|.

But since (y, λj) /∈ V1 for j = 2, . . . , k, it follows that

|f(y)| ≥ µ1

n
− 1

2n2

k∑
j=2

µj >
1

2n.

In either case, we have y ∈ W such that |f(y)| = |f |X and |f |X\W < |f |X . Since
W was arbitrary, by Lemma 5.2.5, we have that x ∈ Γ(A). This proves that
πq(Γ(Aq)) ⊆ Γ(A).

The result now follows from Theorem 5.2.7.

We now deal with systems of Cole extensions. The following lemma is from is
[32, Lemma 1.5.2.1].

Lemma 5.4.4. Let X be a compact space, let A be a uniform algebra on X, let F
be a closed subset of X, and let E be a dense subset of A. Suppose that, for each
f ∈ E, there exists x ∈ F such that |f(x)| = |f |X . Then Γ(A) ⊆ F .
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The following is adapted from the limit ordinal case of [32, Proposition 1.5.2.2].

Lemma 5.4.5. Let τ be a non-zero limit ordinal and let ((Xα, πα,β), Aα)α≤β≤τ be
a system of Cole extensions. Suppose that, for each α < τ , Γ(Aα) = π−1

0,α(Γ(A0)).
Then Γ(Aτ ) = π−1

0,τ (Γ(A0)).

Proof. We first show that π−1
0,τ (Γ(A0)) ⊆ Γ(Aτ ). Let ξ ∈ π−1

0,τ (Γ(A0)), and let U be a
basic open neighbourhood of ξ inXτ . Then there exist α1, . . . , αn < τ and open sets
Uj ⊆ Xαj (j = 1, . . . , n) such that U = ⋂n

j=1 π
−1
αj ,τ

(Uj). Set β := max{α1, . . . , αn}.
Note that β < τ . Put W := ⋂n

j=1 π
−1
αj ,β

(Uj). Then W is an open set in Xβ and we
have π−1

β,τ (W ) = U .
Set ξ0 := π0,τ (ξ) and set ξβ := πβ,τ (ξ). Since π0,τ = π0,β ◦ πβ,τ , we have

π0,β(ξβ) = ξ0. By our choice of ξ, and the assumption that Γ(Aβ) = π−1
0,β(Γ(A0)),

it follows that ξβ ∈ Γ(Aβ). By Lemma 5.2.5, there exist ζ0 ∈ W and f ∈ Aβ such
that |f(ζ0)| = |f |Xβ = 1 and |f |Xβ\W < |f |Xβ . Let ζ ∈ π

−1
β,τ ({ζ0}). Then we have

πβ,τ (ζ) = ζ0 ∈ W so that ζ ∈ U . Put g := π∗β,τ (f). Then |g(ζ)| = |g|Xτ = 1 and
|g|Xτ\U < 1. It now follows from Lemma 5.2.5 that ξ ∈ Γ(Aτ ). Thus we have
π−1

0,τ (Γ(A0)) ⊆ Γ(Aτ ).
We must now show that Γ(Aτ ) ⊆ π−1

0,τ (Γ(A0)). Set E = ⋃
α<τ π

∗
α,τ (Aα). Then E

is a dense subset of Aτ . Let α < τ and let f ∈ Aα. There exists ξα ∈ π−1
0,α(Γ(A0))

such that |f(ξα)| = |f |Xα . Let ξ ∈ π−1
α,τ ({ξα}). Then π0,τ (ξ) = π0,α(ξα) ∈ Γ(A0).

Also, we have |π∗α,τ (f)(ξ)| = |π∗α,τ (f)|Xτ . It follows that, for each f ∈ E, there
exists ζ ∈ π−1

0,τ (Γ(A0)) such that |f(ζ)| = |f |Xτ . Thus, by Lemma 5.4.4, we have
Γ(Aτ ) ⊆ π−1

0,τ (Γ(A0)). Equality holds and this completes the proof.

By combining Lemma 5.4.5 and Proposition 5.3.9, we obtain the following
immediate corollary.

Corollary 5.4.6. Let X be a compact space, let A be a uniform algebra on X,
and let U be a non-empty collection of monic polynomials in A[t]. Then we have
Γ(AU) = π−1

U (Γ(A)).

Using Lemma 5.4.5 and Corollary 5.4.6, we obtain Proposition 5.4.1 by transfin-
ite induction.

5.5 Properties of Simple Cole extensions

In this section, we discuss the properties of simple Cole extensions of a given
uniform algebra. Unless otherwise stated, all results in this section are new.
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Throughout this section, let X be a compact space and let A be a uniform algebra
on X.

We first aim to prove a theorem about the structure of a simple Cole extension
of a uniform algebra. We require the following lemma.

Lemma 5.5.1. Let h ∈ A, let q(t) be a monic polynomial in A[t], and let n := deg q.
Let ρ(t) = q(t+h). Then there exists an isometric isomorphism θ : C(Xq)→ C(Xρ)
such that θ(pq) = pρ, θ ◦ π∗q = π∗ρ, and P (Aq) = Aρ.

Proof. Let x ∈ X. Let λ1,x, . . . , λn,x be the roots of the polynomial εx(q)(t) in C.
Then, by Proposition 1.2.13, the roots of the polynomial εx(ρ)(t) are

λ1,x − h(x), . . . , λn,x − h(x).

Let ϕ : Xq → Xρ be given by ϕ(x, ξ) = (x, ξ−h(x)). By the above ϕ is a bijection
and ϕ−1(x, ζ) = (x, ζ + h(x)). It is also easy to see that ϕ is continuous and
hence is a homeomorphism. It follows that θ := ϕ∗ is an isometric isomorphism
from C(Xq) onto C(Xρ). Clearly θ(pq) = pρ, θ ◦ π∗q = π∗ρ, and θ(Aq) = Aρ. This
completes the proof.

Our first theorem of this section is the following.

Theorem 5.5.2. Let q(t) = f0 + f1t + · · · + fn−1t
n−1 + tn ∈ A[t]. Then there

exists a contractive, unital projection P : Aq → Aq such that P (Aq) = π∗(A) and
P (pq) = 0. Moreover, P is a π∗(A)-module homomorphism.

Proof. It is easy to see, from (5.1) and standard facts about polynomials, that if
fn−1 = 0 then T (pq) = 0. The result follows immediately in this case, so suppose
that fn−1 6= 0.

Let h = fn−1/n and set ρ(t) = q(t − h). By Lemma 5.5.1, there exists an
isometric isomorphism θ : C(Xq)→ C(Xρ) such that θ(pq) = pρ, θ ◦ π∗q = π∗ρ and
θ(Aq) = Aρ. We have ρ(t) = g0 + g1t+ · · ·+ gn−2t

n−2 + tn so that, for each x ∈ X,
the sum of the roots of the polynomial εx(ρ)(t) is zero. Let Tρ : Aρ → A be the
root averaging map for Aρ. Then Tρ(pρ) = 0 and P0 := π∗ρ ◦ T is a contractive,
unital projection from Aρ into Aρ with P0(Aρ) = π∗ρ(A) and P0(pρ) = 0. Set
P = θ−1 ◦ P0 ◦ θ. It is trivial to show that P is indeed a contractive, unital
projection on Aq with P (Aq) = π∗q (A) and P (pq) = 0. It is also easy to see that P
is a π∗q (A)-module homomorphism.
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We have already seen that given a monic polynomial q(t) ∈ A[t] of degree
n ∈ N, we have

Aq =
(
n−1∑
j=0

π∗(A) · pjq
)
.

We now seek to characterise those simple Cole extension in which we are not required
to take any closures in the above. To do this, we will give a new decomposition
of Aq and describe those monic polynomials q such that π∗(A) · pjq is closed in Aq.
We require the following lemmas.

Lemma 5.5.3. Let q(t) be a monic polynomial in A[t] and let x ∈ X. Then
(x, 0) ∈ Xq if and only if εx(q)(0) = 0.

Proof. We have q(t) = f0 + f1t + · · · + fn−1t
n−1 + tn, with f0, . . . , fn−1 ∈ A and

n = deg q. Let x ∈ X. Then

εx(q)(t) =
n∏
j=1

(t− ζj,x) = f0(x) + f1(x)t+ · · ·+ fn−1(x)tn−1 + tn,

where ζ1,x, . . . , ζn,x are the roots of εx(q)(t), and

f0(x) = (−1)n
n∏
j=1

ζj,x.

Thus f0(x) = 0 if and only if there is a j ∈ {1, . . . , n} such that ζj,x = 0. The
result follows.

Lemma 5.5.4. Let q(t) ∈ A[t] with q(t) = f0 + f1t + · · · + fn−1t
n−1 + tn. Let

E ⊆ X and let F = π−1(E). Then pq has no zeros on F if and only if f0 has no
zeros on E. In particular pq has no zeros on Γ(Aq) if and only if f0 has no zeros
on Γ(A).

Proof. Let x ∈ E. By Lemma 5.5.3, (x, 0) ∈ F if and only if f0(x) = 0. Thus pq
has a zero on F if and only if f0 has a zero on E.

By Proposition 5.4.3, we have Γ(Aq) = π−1
q (Γ(A)). It follows that pq has a zero

on Γ(Aq) if and only if f0 has a zero on Γ(A).

Lemma 5.5.5. Let q(t) be a monic polynomial in A[t]. If pq is a zero divisor in
Aq then q(0) is a zero divisor in A.

Proof. We have q(t) = f0 + f1t + · · · + fn−1t
n−1 + tn, with f0, . . . , fn−1 ∈ A and

n = deg q. Suppose that pq is a zero divisor in Aq. Then there exists h ∈ Aq such
that hpq = 0. Thus, for each (x, ξ) ∈ Xq, either h(x, ξ) = 0 or ξ = 0. In the first
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case, we have h(x, ξ)π∗(f0)(x, ξ) = 0. In the second case f0(x) = 0, by Lemma
5.5.3, and so π∗(f0)(x, ξ)h(x, ξ) = 0. Thus π∗(f0) is a zero divisor on Aq. But now

0 = T (π∗(f0)h) = f0T (h),

and it follows that f0 is a zero divisor in A. (In the above, T is the averaging map
associated with the extension by q.) This completes the proof.

The next theorem of the section is the following.

Theorem 5.5.6. Let X be a compact space, let A be a uniform algebra on X, and
let q(t) ∈ A[t] be a monic polynomial of degree n ∈ N.

(a) Let P ∈ B(Aq) be a continuous, unital projection such P (Aq) = π∗(A) and
such that P is a π∗(A)-module homomorphism. Set Q := idAq − P . Then

Aq = π∗(A) +
n−1∑
j=1

Q(pjq) · π∗(A).

(b) Suppose that q(0) is not a zero divisor in A. The following are equivalent.

(i) The function q(0) has no zeros on the Shilov boundary for A.

(ii) The map Lpq ∈ B(C(Xq)) given by Lpq(f) = pqf is bounded below on
Aq.

(iii) The subspace pjq · π∗(A) is closed in Aq for j = 0, . . . , n− 1.

(c) Suppose that q(0) has no zeros on Γ(A) and that there exists a continuous,
projection P on Aq with P (Aq) = π∗(A) such that P is an π∗q(A)-module
homomorphism and (idAq − P )(pjq) = pjq for j = 1, . . . , n− 1. Then

Aq = π∗(A) +
n−1∑
j=1

pjq · π∗(A).

Proof. (a) Let P,Q be as in the statement of the theorem. By Proposition 5.3.7,
we have

Aq =
n−1∑
j=0

π∗(A) · pjq.

and clearly Aq = P (Aq) +Q(Aq). Since P (Aq) = π∗(A), we have Q(f) = 0 for all
f ∈ π∗(f). Set

E :=
n−1∑
j=1

π∗(A) ·Q(pjq)
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Let f0, . . . , fn−1 ∈ π∗(A). Then

Q(f0 + f1pq + . . .+ fn−1p
n−1
q ) = Q(f1pq) + . . .+Q(fn−1p

n−1
q )

and, since P is a π∗(A)-module homomorphism, Q is also a π∗(A)-module homo-
morphism. Thus Q(fjpjq) = fjQ(pjq) for j = 1, . . . , n− 1. It follows that

Q

(
n−1∑
j=0

π∗(A) · pjq
)

= E

and so Q(Aq) ⊆ E. But now if f ∈ E then P (f) = 0, by the continuity of P , so
that f ∈ Q(Aq). Thus Q(Aq) = E. This proves (a).

(b) Now suppose that q(0) is not a zero divisor in A. By Lemma 5.5.5, pq is not
a zero divisor in Aq. We can write q(t) = f0 + f1t + · · · + fn−1t

n−1 + tn, where
f0, . . . , fn−1 ∈ A, so that q(0) = f0. Set F := π∗(A).

(i) ⇐⇒ (ii) This follows from Lemma 5.5.4 and Lemma 5.2.3.

(ii) =⇒ (iii) This is Corollary 5.2.2.

(iii) =⇒ (ii) Let k ∈ {0, . . . , n}. Since Lkpq(F ) is closed in Aq, it follows from
Lemma 5.2.1 that Lkpq is bounded below on E. By Lemma 5.2.4, Lpq is bounded
below on Aq. The proof of (b) is complete.

(c) Set Q := idAq − P . By (b), Lpq is bounded below on Aq. By (a), we have

Aq = π∗(A) +
n−1∑
j=1

Q(pjq) · π∗(A).

If Q(pjq) = pjq for each j, then we have P (pjq) = 0 for each j. Thus (P ◦Lpq)(f) = 0
for each f ∈ ∑n−1

j=0 p
j
q · π∗(A). It is easy to see that, under these conditions, we

have Ljpq(π∗(A)) ∩ Lkpq(π∗(A)) = {0} for each j, k ∈ {0, . . . , n− 1}. By Corollary
5.2.2, ∑n−1

j=0 p
j
q · π∗(A) is closed in Aq, and (c) follows.

Remark 5.5.7. The equivalences given in (b) are similar to the main result in [62]
for Arens–Hoffmann extensions of a uniform algebra. Another related result, due
to Arens, appears in [27, Theorem 2.1.20].

We do not know, in general, whether there is a continuous projection P such
that P (pjq) = 0 for j = 1, . . . , n− 1 (with pq and n as in the theorem). However,
if n = 2 then Theorem 5.5.2 gives a projection P such that P (pq) = 0 so, in this
case, we obtain the following corollary.
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Corollary 5.5.8. Let X be a compact space, let A be a uniform algebra on X,
and let q(t) ∈ A[t] be a monic polynomial of degree 2. Suppose that q(0) has no
zeros on Γ(A). Then Aq = π∗(A) + pq · π∗(A).

Remark 5.5.9. By considering symmetric polynomials, it is possible to show that,
for n ∈ N, given the monic polynomial q(t) = tn − f , where f ∈ A has no zeros on
Γ(A), we have Aq = ∑n−1

j=0 p
j
q · π∗(A). This is beyond the scope of this thesis so we

omit the details.

5.6 Generalised Cole extensions

We now discuss a larger class of uniform algebra extensions which we call generalised
Cole extensions. The following definition is essentially due to Feinstein and Cole
(in [23]).

Definition 5.6.1. Let X, Y be compact spaces, let A be a uniform algebra on
X, and let B be a uniform algebra on Y . We say that B is a generalised Cole
extension of A if the following conditions are satisfied:

(a) there exists a continuous surjection π : Y → X which induces an isometric
algebra homomorphism π∗ : C(X)→ C(Y );

(b) there exists a contractive, unital linear map T : C(Y ) → C(X) such that
T ◦ π∗ = idC(X) and T (B) = A.

We say a generalised Cole extension B of A is natural if B is natural on Y if and
only if A is natural on X.

Note that, with π and T as in the definition, we automatically have π∗(A) ⊆ B.
We do not require that the contractive linear map T , associated with a generalised
Cole extension, to have any addition properties. The following lemma lists some
additional properties of the map T .

Lemma 5.6.2. Let X, Y be compact spaces, let A be a uniform algebra on X, and
let B be a uniform algebra on Y . Suppose that B is a generalised Cole extension
of A and let π, T be the maps associated with this extension. Then P := π∗ ◦ T is
a contractive, unital projection on C(Y ) such that P (B) = π∗(A). Moreover, P is
a π(A)-module homomorphism, and T is an A-module homomorphism when B is
given the operation f · g = g · f = π∗(f)g (f ∈ A, g ∈ B).
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Proof. We regard B as a commutative, unital Banach A-bimodule with the op-
erations f · g = g · f = π∗(f)g. It is clear that P is a contractive, unital linear
operator on B and clearly P (B) = π∗(A). Moreover,

(π∗ ◦ T ) ◦ (π∗ ◦ T ) = π∗ ◦ (T ◦ π∗) ◦ T = π∗ ◦ T

so that P is a projection. By Lemma A.2.6, P is an A-module homomorphism.
We must now show that T is an A-module homomorphism. Let f ∈ A and

g ∈ B. Then P (f · g) = f · P (g). Hence

T (f · P (g)) = T (P (f · g)) = ((T ◦ π∗) ◦ T )(f · g) = T (f · g),

and π∗(f), P (g) ∈ π∗(A), so that there exists h ∈ A with π∗(h) = P (g). Thus
f · P (g) = π∗(f)π∗(h) = π∗(fh) and so T (f · P (g)) = fh. It follows that
T (f · g) = fh. The proof is complete by noting that h = T (P (g)).

Remark 5.6.3. The full strength of Lemma A.2.6 is not used in the above, and we
could have instead used a famous result due to Tomiyama to obtain the result.
However, the above proof works if we instead consider projections on B. See
Section 5.7 for a related open problem.

We also require the following lemma, which is effective the same as the proof
of [31, Theorem 1.4.2.5], and is analogous to Proposition 5.3.6. We include the
details of the proof for the convenience of the reader.

Lemma 5.6.4. Let X, Y be compact spaces, let A be a uniform algebra on X, and
let B be a uniform algebra on Y . Suppose that B is a generalised Cole extension of
A and let π, T be the maps associated with this extension. Then, for all f ∈ C(X),
we have

distC(Y )(π∗(f), π∗(A)) = distC(X)(f, A).

Proof. Let f ∈ C(X). On one hand, since π∗ is isometric, we have

|π∗(f)− π∗(g)|Y = |f − g|X

for all g ∈ A. Since π∗(A) ⊆ B, it follows that |f − g|X ≥ distC(Y )(π∗(f), B) and
so distC(X)(f, A) ≥ distC(Y )(π∗(f), B). On the other hand, since T is contractive,
we have

|π∗(f)− h|Y ≥ |f − T (h)|X
for all h ∈ B. Since T (h) ∈ A for all h ∈ B, it follows that

|π∗(f)− h|Y ≥ distC(X)(f, A).
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Thus distC(Y )(π∗(f), B) ≥ distC(X)(f, A) and equality holds. This completes the
proof.

The following corollary is central to our study of generalised Cole extensions,
and will be used implicitly throughout this chapter.

Corollary 5.6.5. Let X, Y be compact spaces, let A be a uniform algebra on
X and let B be a uniform algebra on Y . Suppose that B is a generalised Cole
extension of A. If A is non-trivial then B is non-trivial.

Remark 5.6.6. This is related to the fact that a non-trivial uniform algebra on
a compact space X cannot be complemented in C(X). (See, for example, [27,
p. 457].)

Clearly Cole extensions, of a given uniform algebra, are also generalised Cole
extensions of that uniform algebra. The following is an example of a generalised
Cole extension which is not a Cole extension.

Example 5.6.7. Let X be a compact space, and let A be a uniform algebra on X.
Let B := A ⊗̌ A, the injective tensor product of A with itself (see Section 1.4.4).
Then B is a uniform algebra on X ×X. Let π : X ×X → X be the projection
(x, y) 7→ x. Then π∗ is an isometric, unital algebra embedding from A into B. Fix
y0 ∈ X. Then, for each f ∈ C(X ×X), let T (f)(x) = f(x, y0) (x ∈ X) for each
f ∈ B. Then T is a surjective, unital linear map from B onto A with ‖T‖ = 1
and T ◦ π∗ = idA. (In fact, T is an algebra homomorphism.) So B is a generalised
Cole extension of A. �

Before we continue, we demonstrate that, in certain cases, generalised Cole
extensions must in fact be Cole extensions. The proof of the following theorem uses
some operator algebra theory. The necessary facts are contained in Appendix A.

Theorem 5.6.8. Let X be a compact space, let A be a uniform algebra on X,
and let P ∈ B(A) be a contractive, unital projection. Suppose that idA − P is also
contractive. Set B := P (A) and set E := kerP . Suppose that B is a uniform
algebra on a compact space Y , that E is a Banach B-bimodule, and that there
exists h0 ∈ E such that E = h0 ·B. Then there exists h ∈ B and an isometric,
unital algebra isomorphism θ : Bq → A, where q(t) = t2−h, such that θ ◦ π∗q = idB
and θ(pq) = h0.

Proof. Set Q := idA − P . By Proposition A.2.7, we have E2 ⊆ B. In particular
h2

0 ∈ B. Set h := h2
0 and let q be as in the statement of the theorem. By Proposition
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5.3.7, we have
Bq = π∗(B) + pq · π∗(B).

For each π∗(f1) + pqπ
∗(f2) ∈ Bq, let

θ(π∗(f1) + pqπ
∗(f2)) = f1 + h0f2.

Clearly θ is a unital algebra homomorphism from π∗(B) + pq · π∗(B) into A. It is
easy to see that θ(π∗(B) + pq · π∗(B)) = B + h0 ·B and that θ ◦ π∗ = idB so that
θ|π∗(B) is a isometric, unital algebra isomorphism from π∗(B) onto B. The map
π∗(f1)+pqπ∗(f2) 7→ π∗(f1)−pqπ∗(f2) (π∗(f1)+pqπ∗(f2) ∈ Bq) defines an isometric
algebra isomorphism on Bq (it is the adjoint of the map (x, ξ) 7→ (x,−ξ) from Y q

onto Y q). The map f1 + h0f2 7→ f1 − h0f2 (f1 + h0f2 ∈ A) gives an automorphism
of A, and so is also isometric. Let π∗(f1) + pqπ

∗(f2) ∈ Bq. Then

|π∗(f1) + pqπ
∗(f2)|2Y q = |(π∗(f1) + pqπ

∗(f2))(π∗(f1)− pqπ∗(f2))|Y q ,

and

(π∗(f1) + pqπ
∗(f2))(π∗(f1)− pqπ∗(f2)) = π∗(f1)2 − π∗(h)π∗(f2)2 ∈ π∗(B).

It follows that

|π∗(f1) + pqπ
∗(f2)|2Y q = |θ(π∗(f1)2 − π∗(h)π∗(f2)2)|X .

Now

θ(π∗(f1)2 − π∗(h)π∗(f2)2) = f 2
1 − h2f 2

2 = (f1 + h0f2)(f1 − h0f2)

and so
|θ(π∗(f1)2 − π∗(h)π∗(f2)2)|X = |f1 + h0f2|2X .

Thus
|π∗(f1) + pqπ

∗(f2)|2Y q = |θ(π∗(f1) + pqπ
∗(f2))|2X

so that θ is isometric. Since B + h0 · B is dense in A and π∗(B) + pq · π∗(B) is
dense in Bq, θ extends to a isometric, unital isomorphism from Bq onto A. This
completes the proof.

We do not know to what extent Theorem 5.6.8 generalises to when E is not
generated by a single element.

The observation that the map f1 + h0f2 7→ f1 − h0f2 is isometric is used
in [11] (where it is credited to Feinstein) to show that all projections P on a
uniform algebra A such that both P and idA − P are contractive are given by
P = (idA + θ)/2, where θ is an automorphism of A with θ ◦ θ = idA.

Remark 5.6.9. The author is grateful to Prof. David Blecher for several helpful
discussions about operator algebras and projections.
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5.6.1 Systems of generalised Cole extensions

We shall usually consider systems of generalised Cole extensions. Unlike systems
of Cole extensions we must include the existence of the linear maps Tα,β in the
definition.

Throughout this section, fix a non-zero ordinal τ .

Definition 5.6.10. Let τ be a fixed ordinal. A system of generalised Cole exten-
sions is a system ((Xα, πα,β), (Aα, Tα,β))α≤β≤τ with the following properties:

(a) for each α ≤ τ , Aα is a uniform algebra on Xα;

(b) (Xα, πα,β)α≤β≤τ is an inverse system of compact spaces and continuous maps;

(c) for each α < τ , Aα+1 is a generalised Cole extension of Aα with associated
maps Tα,α+1 ∈ B(C(Xα+1);C(Xα)) and πα,α+1 : Xα+1 → Xα;

(d) for each α ≤ β ≤ γ ≤ τ , we have Tα,γ = Tα,β ◦ Tβ,γ;

(e) if γ ≤ τ is a limit ordinal then

(i) (Xγ, (πα,γ)α<γ) is the inverse limit of the inverse system (Xα, πα,β)α≤β<γ ,

(ii) (Aγ, (π∗α)α<γ) is the direct limit of the system ((Aα)α<γ, (π∗α,β)α≤β<γ),

(iii) for each α < γ, Tα,γ ◦ π∗α,γ = idC(Xα).

We say that a system of generalised Cole extensions ((Xα, πα,β), (Aα, Tα,β))α≤β≤τ
is natural if, for each α ≤ τ , Aα is natural on Xα if and only if Aβ is natural on
Xβ for all β < α.

Note that our definition of Xγ and Aγ , where γ is a limit ordinal, does indeed
yield a generalised Cole extension by Lemma 5.1.6. Note also that (Aα, Tα,β)α≤β≤τ
is an inverse system of Banach spaces with contractive linear maps.

Remark 5.6.11. If ((Xα, πα,β), (Aα, Tα,β))α≤β≤τ is a system of generalised Cole
extensions then, for each α ≤ β ≤ τ , Aβ is a generalised Cole extension Aα.

We also introduce the following terminology for extensions of systems of gener-
alised Cole extensions.

Definition 5.6.12. Let σ be an ordinal with τ ≤ σ. Let

C = ((Xα, πα,β), (Aα, Tα,β))α≤β≤τ and D = ((Yα, ρα,β), (Bα, Sα,β))α≤β≤σ

be systems of generalised Cole extensions. We say that D extends C if, for all
α ≤ β ≤ τ , we have (Xα, πα,β, Aα, Tα,β) = (Yα, ρα,β, Bα, Sα,β).
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While we do not know sufficient conditions for a generalised Cole extension
to be natural, in general, the following—presumably well-known—lemma shows
that no problems can occur at limit ordinals when constructing natural systems of
generalised Cole extensions. We include the details of the proof for the convenience
of the reader. (In fact, this is an easy modification of [32, Proposition 1.3.1.2].)

Lemma 5.6.13. Let ((Xα, πα,β), (Aα, Tα,β))α≤β≤τ be a system of generalised Cole
extensions. Suppose that τ is a limit ordinal and, for each α < τ , the uniform
algebra Aα is natural on Xα. Then Aτ is natural on Xτ .

Proof. We may assume that τ is non-zero. Let ϕ ∈ ΦAτ and, for each α < τ , set
ϕα := ϕ ◦ π∗α,τ . Then ϕα ∈ ΦAα (α < τ) and so there exists xα ∈ Xα such that
ϕα = εxα for each α < τ . We have that πα,β(xβ) = xα for each α ≤ β < τ . Indeed,
let α ≤ β < τ then π∗α,τ = π∗β,τ ◦ π∗α,β so that

ϕα = ϕ ◦ π∗α,τ = ϕ ◦ (π∗β,τ ◦ π∗α,β) = ϕβ ◦ π∗α,β.

It follows quickly that xα = πα,β(xβ).
Now there exists xτ ∈ Xτ such that πα,τ (xτ ) = xα for each α < τ . The

proof is complete by showing that εxτ = ϕ. Let α < τ and let f ∈ Aα. Then
ϕ(π∗α,τ (f)) = f(xα) = π∗α,τ (f)(xτ ). This holds for all α < τ and all f ∈ Aα. But
since ⋃α<τ π∗α,τ (Aα) is dense in Aτ , it follows that ϕ(f) = f(xτ ) for all f ∈ Aτ .
This completes the proof.

5.6.2 Maps back from extensions

In this section we examine maps back from a generalised Cole extension of a
uniform algebra A. By the definition of a generalised Cole extension, there is a
linear contraction from the extension to the original uniform algebra. Of course, it
is likely that there are a large number of choices for such a map. We are particularly
interested in those extensions such that there is an algebra homomorphism onto
the original algebra.

We quickly recall the properties that are required by such a map. Let X, Y be
compact spaces such that there exists a continuous surjection π : Y → X. Let A
be a uniform algebra on X and let B be a uniform algebra on Y . We are interested
in those unital linear contractions S : C(Y ) → C(X) such that S(B) = A and
S ◦ π∗ = idC(X).

We begin with the following lemma. The proof is trivial and contained in
Example 5.6.7.
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Lemma 5.6.14. Let X be a compact space and let A be a uniform algebra on
X. Let Y = X × X, let B = A ⊗̌ A and let π : Y → X be the coordinate
projection π((x1, x2)) = x1 ((x1, x2) ∈ Y ). There exists a contractive, surjective,
unital algebra homomorphism T : C(Y ) → C(X) such that T ◦ π∗ = idC(X) and
T (B) = A.

We can construct many algebra homomorphisms from the injective tensor
product C(X) ⊗̌ C(Y ) onto C(X). The following lemma gives a method for
constructing such algebra homomorphisms.

Lemma 5.6.15. Let X, Y be compact spaces, let πX and πY be the coordinate
projections from X × Y onto X and Y respectively, let Z be a closed subset of
X×Y , and let ϕ : X → Y be a continuous function. Set ϕ̃(x) = (x, ϕ(x)) (x ∈ X).
Suppose that ϕ̃(x) ∈ Z for all x ∈ X. Then there exists a contractive, unital
algebra homomorphism θ : C(Z)→ C(X) such that θ(f) = f ◦ ϕ̃ for all f ∈ C(Z),
and θ ◦ π∗X = idC(X).

Proof. Set θ0 := ϕ̃∗. Then θ0 is a contractive, surjective, unital linear map
from C(X × Y ) onto C(X) satisfying θ0 ◦ π∗X = idC(X). Let f ∈ C(Z). Let
f1, f2 ∈ C(X ×Y ) be such that fj|Z = f for j = 1, 2. Then we have fj ◦ ϕ̃ = f ◦ ϕ̃,
for j = 1, 2, since ϕ̃(x) ∈ Z for all x ∈ X. Thus we have θ0(f1) = θ0(f2). Set
θ := θ0|C(Z). Then θ has the desired properties.

We now wish to refine the above lemma to find those homomorphisms which
have range contained within a given uniform algebra. We obtain the following
theorem.

Theorem 5.6.16. Let X, Y be compact spaces, let πX and πY be the coordinate
projections from X × Y onto X and Y respectively, let Z be a closed subset of
X × Y , let A be a uniform algebra on X, let S ⊆ C(Z) such that π∗X(A) ⊆ S, and
let ϕ : X → Y be a continuous function. Set ϕ̃(x) = (x, ϕ(x)) (x ∈ X). Suppose
that, for all x ∈ X, we have ϕ̃(x) ∈ Z and that, for all f ∈ S, we have f ◦ ϕ̃ ∈ A.
Then there exists a contractive, unital algebra homomorphism θ : C(Z)→ C(X)
such that θ ◦ π∗X(X) = idC(X) and θ(f) = f ◦ ϕ̃ for all f ∈ C(Z). Moreover, we
have θ(algC(Z) S) = A.

Proof. Let θ be a contractive, surjective, unital algebra homomorphism from C(Z)
onto C(X) such that θ ◦ π∗X = idC(X) given by Lemma 5.6.15. Set B := algC(Z) S.
We need only show that θ(B) ⊆ A. Since f ◦ ϕ̃ ∈ A for all f ∈ S, it follows that
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f ◦ ϕ̃ ∈ A for all f ∈ algC(Z) S. By continuity, θ(f) ∈ A for all f ∈ B. Since
π∗X(A) ⊆ S, it follows that θ(B) = A. This completes the proof.

In the above, if B separates the points of Z then B is a generalised Cole
extension of A.

We also obtain the following corollary.

Corollary 5.6.17. Let X be a compact space, let A be a uniform algebra on X,
and let q(t) be a monic polynomial in A[t]. Suppose that there exists h ∈ A such that
q(h) = 0. Then there exists a contractive, surjective, unital algebra homomorphism
θ : C(Xq)→ C(X) such that θ(pq) = h, θ(Aq) = A, and θ ◦ π∗ = idC(X).

Proof. We have Aq = algC(Xq){π∗(A)∪{pq}}, and pq(x, h(x)) = h(x) for all x ∈ X.
By Corollary 5.6.16, there exists an algebra homomorphism θ : C(Xq) → C(X)
with the desired properties.

Let X, A and q be as in the above corollary. If there exists h ∈ C(X) such
that q(h) = 0, then the above shows that there is a contractive, surjective, unital
algebra homomorphism θ : C(Xq) → C(X) such that θ(Aq) = algC(X)(A ∪ {h}).
We refer the reader to [55, Section III.9] for related results.

5.7 Open problems and discussion

We now discuss some open problems related to the content of this chapter. Through-
out this section let X be a compact space and let A be a uniform algebra on
X.

Our first question is regarding the nature of certain generalised Cole extensions.

Question 5.7.1. Let Y be a compact space and let B be a uniform algebra on
Y . Suppose there exists a continuous surjection π : Y → X and a contractive,
unital linear map T : B → A such that T ◦ π∗ = idA. Does it follow that B is a
generalised Cole extension of A?

An equivalent question to the above is: does the map T extend to a contractive,
unital map from C(Y ) into C(X)?

Question 5.7.2. Let Y be a compact space and let B be a uniform algebra on Y .
Suppose that B is a generalised Cole extension of A and that A is natural on X.
Does it follow that B is natural on Y ?
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It does not seem likely that the answer to the above is affirmative in general.
However, we do not know any explicit counter-examples.

The following questions concern Cole extensions and generalised Cole extensions.
Below Theorem 5.5.6, we noted that if q(t) = tn − h for some h ∈ A, we noted (by
considering symmetric polynomials) that there is a continuous, unital projection
P : Aq → Aq such that P (pjq) = 0 for j = 1, . . . , n− 1.

Question 5.7.3. Let q(t) be a monic polynomial in A[t]. Does there exist a
continuous, unital projection P : Aq → Aq such that P (pjq) = 0 for j = 1, . . . , n−1?

Assume that such a projection P exists, that P is an A-module homomorphism,
and that q(t) = h0 + h1t+ · · ·+ hn−1t

n−1 + tn. Then elementary calculations show
that we must have P (pnq ) = −π∗q (h0), and

Q(pnq ) = −pq(π∗q (h1) + π∗q (h2)pq + · · ·+ π∗q (hn−1)pn−2
q ).

If hj 6= 0 for some j ∈ {1, . . . , n − 1} then Q(pnq ) = 0 implies that pq is a zero
divisor and, by Lemma 5.5.5, h0 must also be a zero divisor.



Chapter 6

Extensions of derivations

In this chapter we discuss the extension of derivations from Banach algebras.
We give results towards an open problem concerning weakly amenable uniform
algebras, which is the motivation for the content of this chapter. Recall, from
Chapter 1, that a Banach algebra A is amenable if every continuous derivation
from A into a X∗ is inner (where X is a Banach A-bimodule). A Banach algebra A

is weakly amenable if every continuous derivation from A into A∗ is inner. If A is
commutative, then A is weakly amenable if every continuous derivation into A∗ is
necessarily zero.

Amenability for Banach algebras was introduced by Johnson [69], where he
proved that the group algebra L1(G), for a locally compact group G, is amenable if
and only if G is amenable. (We refer the reader to [69] for the relevant definitions.)
Weak amenability for commutative Banach algebras was introduced by Bade,
Curtis, and Dales [8]. This definition was later extended to non-commutative
Banach algebras by Johnson. In fact, a commutative Banach algebra A is weakly
amenable if and only if there are no non-zero, continuous derivations from A into
any commutative Banach A-bimodule. (This was given as the definition of weak
amenability in [8].) An alternative characterisation of weak amenability was given
by Grønbæk [58] via the projective tensor product.

Let A be a uniform algebra on a compact space X. Šĕınberg [98] showed that
A is amenable if and only if A = C(X) (see also [27, Chapter 5]). The problem
of whether the a uniform algebra A is weakly amenable if and only if A = C(X)
is still open. It is this question which provides the motivation for the content of
this chapter. A survey of known results of amenability and weak amenability for
uniform algebras can be found in [39].

In his thesis [36], Feinstein showed that, for a compact plane set X, if R(X) is
non-trivial then there is a non-zero, continuous derivation from A into a locally

160
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bounded (F )-R(X)-bimodule, thus concluding that R(X) = C(X) if and only if
R(X) is not weakly (F )-amenable. (We refer the reader to [36] for the relevant
definitions.) In [38], Feinstein constructed a non-trivial uniform algebra on a
compact space X such that A is not weakly amenable, but does not admit any
non-zero, bounded point derivations. (See also [48].)

Cole and Feinstein investigated extensions of derivations in an attempt to
construct a non-trivial, weakly amenable uniform algebra. Their strategy was to
find generalised Cole extensions of a uniform algebra such that if a continuous
derivation had an extension then the operator norm of the extension must strictly
increase. If such constructions are possible then, by constructing systems of these
extensions, we can construct a non-trivial, weakly amenable uniform algebra.
Unfortunately, no such constructions are known.

In this chapter, we discuss several results regarding the extension of derivations
from uniform algebras (Section 6.1). We give the details of a construction due
to Cole and Feinstein [23] which leads to an interesting dichotomy (Section 6.2).
We then discuss a specific example of the extension of derivations from the disk
algebra (Section 6.3). We conclude the chapter with some open problems and a
short discussion.

6.1 Extensions of derivations

In this section, we discuss the ways in which we can extend a derivation from a
uniform algebra into its dual to a derivation from a Cole extension of that algebra.

We begin with a lemma which is surely well known, but we have not been able
to find a reference. The proof is trivial and omitted.

Lemma 6.1.1. Let B ⊆ A be algebras, let S ⊆ A, and let X be a A-bimodule. Let
D : A→ X be a linear map. Suppose that, for each a, b ∈ S, we have

D(ab) = a ·D(b) +D(a) · b.

If linA S = B then D|B is a derivation.

The next lemma extends Lemma 6.1.1 for Banach algebras, and is similar to
[20, Lemma 4.1]. Again this lemma is probably well known but we have not been
able to locate an explicit reference.
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Lemma 6.1.2. Let A be a Banach algebra, let S ⊆ A, and let X be a Banach
A-bimodule. Let D ∈ B(A;X). Suppose that, for each a, b ∈ S, we have

D(ab) = a ·D(b) +D(a) · b.

If linA S is a subalgebra of A and linA S = A then D is a continuous derivation.

Proof. Let B = linA S. By Lemma 6.1.1, D|B is a continuous derivation. Thus D
extends to be a continuous derivation on A.

The next lemma provides a useful method for extending derivations from one
algebra to another by using algebra homomorphisms and module homomorphisms.
The result is certainly well known. The proof is routine and we omit the details.

Lemma 6.1.3. Let A,B be algebras, let X be an A-bimodule and let Y be a
B-bimodule. Let θ : A→ B be an algebra homomorphism and let T : Y→ X be a
linear map. Suppose that T is a A-module homomorphism. Let D : B→ Y be a
derivation. Then T ◦D ◦ θ : A→ X is a derivation.

Note that if A and B are Banach algebras, X = A∗, Y = B∗ and T = θ∗ in
the above, then T is a A-module homomorphism from X into Y.

Remark 6.1.4. In the above, we give Y the A-module actions of a · y = θ(a) · y
and y · a = y · θ(a) for each y ∈ Y and a ∈ A. These are the module operations
induced by θ.

The following is the continuous analogue of the above. This provides the
simplest means for extending derivations to a Banach algebra extension.

Corollary 6.1.5. Let A,B be Banach algebras, let X be a Banach A-bimodule
and let Y be a Banach B-bimodule. Let θ : A → B be a contractive algebra
homomorphism and let T ∈ B(Y;X). Suppose that T is a A-module homomorphism.
Let D : B → Y be a continuous derivation. Then D̃ := T ◦D ◦ θ : A → X is a
continuous derivation and ‖D̃‖ ≤ ‖T‖‖θ‖‖D‖.

In particular, if ‖T‖ ≤ 1 and ‖θ‖ ≤ 1 then we have ‖D̃‖ ≤ ‖D‖. If, in the
above, X = A∗, Y = B∗, and T = θ∗, then the conditions of this corollary are
automatically satisfied.

We now examine how derivations can be extended to the direct limit of a direct
system of Banach algebras. This following lemma is probably well known; we
include the details for the convenience of the reader.
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Lemma 6.1.6. Let S = ((Ai)i∈I , (θi,j)i≤j) be an direct system in the category of
Banach algebras and suppose that the connecting maps θi,j are isometric for all
i ≤ j. Let (A, (θi)i∈I) be the direct limit of S. Let X be a Banach A-bimodule
and suppose that, for each i ∈ I, Di : Ai → X is a continuous derivation such
that Di = Dj ◦ θi,j for all i ≤ j. Then there exists a unique continuous derivation
D : A→ X such that Di = D ◦ θi for all i ∈ I. Moreover, ‖D‖ = lim supi‖Di‖.

Proof. For each i ∈ I, we give X the module actions of a · x = θi(a) · x and
x · a = x · θi(a) (x ∈ X, a ∈ Ai). The X is a Banach Ai-module for each i ∈ I.
Set B := A ⊕1 X and, for each i ∈ I, let ψi : Ai → B be the map given by
ψi(a) = (θi(a), Di(a)) (a ∈ Ai). By Proposition 1.4.9, B is a Banach algebra with
multiplication given by (a, x)(a′, x′) = (aa′, a · x′ + x · a′) for (a, x), (a′, x′) ∈ B.

Let i, j ∈ I with i ≤ j and let a ∈ Ai. Then we have

ψi(a) = (θi(a), Di(a)) = ((θj ◦ θi,j)(a), (Dj ◦ θi,j)(a)) = (ψj ◦ θi,j)(a).

This holds for all a ∈ Ai, so we have ψi = ψj ◦ θi,j. The maps ψi (i ∈ I) are
continuous algebra homomorphisms.

By the universal property of direct limits, there exists a unique, continuous
algebra homomorphism ψ : A → B such that ψi = ψ ◦ θi for all i ∈ I. Let
π : B → X be the natural projection, and set D = π ◦ ψ. Note also that
Di = π ◦ ψi for all i ∈ I. It is not hard to see that D is indeed a derivation and,
since π is contractive, D is continuous.

It is easy to see that, for all i ∈ I, we have ‖ψi‖ = 1 + ‖Di‖. Also, since
the connecting maps θi,j (i ≤ j) and the maps θi (i ∈ I) are isometric, we have
‖ψi‖ = ‖ψj ◦ θi,j‖ ≤ ‖ψj‖ (i ≤ j) and ‖ψi‖ ≤ ‖ψ‖ (i ∈ I). Thus

sup
i∈I
‖ψi‖ = lim

i∈I
‖ψi‖ = lim sup

i∈I
‖ψi‖ ≤ ‖ψ‖.

One the other hand, since ⋃i∈I θi(Ai) is dense in A, we cannot have ‖ψ‖ > sup‖ψi‖.
Thus ‖ψ‖ = supi∈I‖ψi‖. It now follows easily that ‖D‖ = lim supi∈I‖Di‖. This
completes the proof.

Remark 6.1.7. In particular, if all of the norms of the derivations Di in Lemma
6.1.6 are equal, then the unique derivation D given by the lemma has ‖D‖ = ‖Di‖
for all i ∈ I.

In the remainder of this section, we aim to prove that, under certain technical
assumptions, in order to extend a continuous derivation it is sometimes sufficient
to have a contractive linear map rather than a continuous algebra homomorphism.
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We shall require the following elementary lemma; we include the details for the
convenience of the reader.

Lemma 6.1.8. Let A be an algebra, and let P : A→ A be a projection. Suppose
that B := P (A) is an algebra and that P,Q := idA − P are B-module homomorph-
isms. Set E := Q(A). Suppose further that Q(E2) = {0}. Then

Q(ax) = P (a)x and Q(xa) = xP (a) (x ∈ E, a ∈ A).

Proof. Let a ∈ A and let x ∈ E. Then

Q(ax) = Q((P (a) +Q(a))x) = Q(P (a)x) +Q(Q(a)x).

But, since Q(a), x ∈ E, we have Q(Q(a)x) = 0 and, since Q is a B-module
homomorphism, we have Q(P (a)x) = P (a)Q(x) = P (a)x. Thus Q(ax) = P (a)x.
Similarly Q(xa) = xP (a).

The main result of this section is the following theorem.

Theorem 6.1.9. Let B ⊆ A be Banach algebras. Let P be a continuous, unital
projection on A such that P (A) = B and set Q := idA − P . Suppose that P is a
B-module homomorphism, E := Q(A) is a Banach B-bimodule, and Q(E2) = {0}.
Suppose further that there exist bounded B-module homomorphisms δ, µ : E → B

such that
P (xy) = xy = δ(x)µ(y) = µ(x)δ(y) (6.1)

for all x, y ∈ E. Let D1 ∈ D(B) and set

D2 = (µ∗ ◦D1 ◦ δ + δ∗ ◦D1 ◦ µ)/2.

Then D := P ∗ ◦D1 ◦ P +Q∗ ◦D2 ◦Q is a continuous derivation from A into A∗.
Moreover, for all a ∈ A, we have

‖D(a)‖ ≤ ‖D1‖(‖P‖‖P (a)‖+ ‖δ‖‖µ‖‖Q‖‖Q(a)‖).

Proof. The maps µ, δ, µ∗, δ∗ are bounded linear maps, and D1 is a derivation so
clearly D2 is a bounded linear map from E into E∗. By Lemma 6.1.1, it is sufficient
to show that D satisfies the derivation identity on a set S such that A = linA S.
In particular, it is sufficient to show that D satisfies the derivation identity on the
set S = B ∪ E. It is clear that D|B is a derivation. The bounds on the norm of
D are immediate.
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Since Q(E2) = {0} we have E2 = P (E2) and, by Lemma 6.1.8, we have

δ(P (a)x) = δ(Q(ax)), δ(xP (a)) = δ(Q(xa)), (6.2)

µ(P (a)x) = µ(Q(ax)), µ(xP (a)) = µ(Q(xa)), (6.3)

for all x ∈ E and a ∈ A.
Let a, b ∈ E and let c ∈ A. Then, applying (6.1), we have

D(ab)(c) = D1(P (ab))(P (c)) +D2(Q(ab))(Q(c))

= D1(ab)(P (c))

= 1
2(D1(δ(a)µ(b))(P (c)) +D1(µ(a)δ(b))(P (c)))

= 1
2(δ(a) ·D1(µ(b))(P (c)) +D1(δ(a))(P (c)) · µ(b)

+ µ(a) ·D1(δ(b))(P (c)) +D1(µ(a))(P (c)) · δ(b))

= 1
2(D1(µ(b))(δ(P (c)a)) +D1(δ(a))(µ(bP (c)))

+D1(δ(b))(µ(P (c)a)) +D1(µ(a))(δ(bP (c)))).

Now, applying (6.2) and (6.3), we obtain

D(ab)(c) = 1
2(D1(µ(b))(δ(P (c)a)) +D1(δ(a))(µ(bP (c)))

+D1(δ(b))(µ(P (c)a)) +D1(µ(a))(δ(bP (c))))

= 1
2(D1(µ(b))(δ(Q(ca))) +D1(δ(a))(µ(Q(bc)))

+D1(δ(b))(µ(Q(ca))) +D1(µ(a))(δ(Q(bc))))

= (Q∗ ◦D2 ◦Q)(b)(ca) + (Q∗ ◦D2 ◦Q)(a)(bc)

Similar, but slightly easier, calculations show that D(ab) = a ·D(b) +D(a) · b and
that D(ba) = b ·D(a) +D(b) · a for all a ∈ E and all b ∈ B.

Thus D is a derivation from A into A∗.

Note that the proof of Theorem 6.1.9 holds without the topological assumptions
(continuity and norm structure) if we replace B∗ and A∗ with a subspace of the
algebraic dual of B and A, respectively. (The algebraic dual is the linear space of
all linear functionals.)

We can apply this theorem directly in the case where we adjoin the square
roots of certain functions to obtain the following corollary.

Corollary 6.1.10. Let X be a compact space, let A be a uniform algebra on
X, and let h ∈ A. Set q(t) := t2 − h. Suppose that h has no zeros on Γ(A).
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Let D ∈ D(A). Then there exists D̃ ∈ D(Aq) with D̃(π∗q(f))(π∗q(g)) = D(f)(g)
(f, g ∈ A).

Proof. By Theorem 5.5.6, Aq = π∗q(A) + pq · π∗q(A) and the bounded linear map
µ : C(Xq) → C(Xq), given by µ(f) = pqf (f ∈ C(Xq)), is bounded below on
Aq. (Note also that µ is injective.) Let δ : pq · Aq → Aq be the map δ(pqf) = f

(f ∈ Aq). It is easy to see that both µ and δ are π∗q (A)-module homomorphisms.
By Theorem 5.5.2, there exists a contractive, unital projection P : Aq → Aq

with P (Aq) = π∗q(A), P (pq) = 0, and P is a π∗q(A)-module homomorphism. Set
Q := idAq − P . Then Q is a continuous projection and is also a π∗q(A)-module
homomorphism. Set E := Q(Aq). Clearly E2 ⊆ π∗q (h) · π∗q (A) ⊆ π∗q (A).

Let f ∈ Aq. Then there exists f1, f2 ∈ π∗q(A) such that f = f1 + pqf2.
Moreover, P (f) = f1 and Q(f) = pqf2. Let g := pq(f1 + pqf2) = π∗q(h)f2 + pqf1.
Thus P (g) = π∗q(h)f2 and, since P is contractive, |π∗q(h)f2|Xq ≤ |g|Xq . We have
|g|Xq ≤ |pq|Xq |f |Xq and, for each (x, ξ) ∈ Xq, we have

|p2
q(x, ξ)f2(x, ξ)| ≤ |π∗q (h)f2|Xq ≤ |g|Xq ≤ |pq|Xq |f |Xq .

But this implies that, for each (x, ξ) ∈ Xq, we have

|pq(x, ξ)||pq(x, ξ)f(x, ξ)| ≤ |pq|Xq |f |Xq ,

and it follows that |pq|Xq |pqf2|Xq ≤ |pq|Xq |f |Xq . Since |pq|Xq 6= 0, we have
|Q(f)|Xq ≤ |f |Xq and hence Q is also a contractive projection.

Let ψ : π∗q (A)→ A be the inverse of the restriction to π∗q (A) of π∗q . Then ψ is
an isometric isomorphism from π∗q (A) onto A. Set D1 := ψ∗ ◦D ◦ ψ. Then D1 is a
continuous derivation from π∗q (A) into (π∗q (A))∗.

Let f1, f2 ∈ E. Then there exists h1, h2 ∈ A such that fj = hjpq for j = 1, 2.
Thus

P (f1f2) = f1f2 = h1pqh2pq = p2
qh1h2,

from which we obtain P (f1f2) = µ(f1)δ(f2) = δ(f1)µ(f2).
Now, by Theorem 6.1.9, there exists a continuous derivation D̃ : Aq → (Aq)∗,

which extends D1, and such that

‖D‖ ≤ ‖D̃‖ ≤ ‖D‖(1 + ‖µ‖‖δ‖).

It is easy to see that D̃ has the desired properties.

Remark 6.1.11. The author is grateful to Dr. Yemon Choi for several helpful
discussions about derivations and the homology of Banach algebras.
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6.2 An interesting dichotomy

Let A be a commutative Banach algebra. In this section, D0(A) denotes the
collection of non-zero, continuous derivations from A into A∗. In this section we
give the full details of a construction, due to Cole and Feinstein ([23]), that leads
to an interesting dichotomy.

We require the following lemmas. The first is certainly well known; we include
the details for the convenience of the reader (and because it is very nice proof).

Lemma 6.2.1. Let ω1 be the first uncountable ordinal. Let (xα)α<ω1 be a net of
positive real numbers such that if α < β < ω1 then xα < xβ. Then (xα)α<ω1 does
not converge in [0,∞).

Proof. Suppose, towards a contradiction, that there exists x ∈ [0,∞) such that
xα → x. For each n ∈ N, there exists an ordinal αn < ω1 such that, for each
α ≥ αn, we have |xα − x| < 1/n. Set β = supn∈N αn. Then β < ω1 and, for each
α < ω1 with α ≥ β we have |xα − x| < 1/n for all n ∈ N so that xα = x. This is a
contradiction.

The next lemma is clear.

Lemma 6.2.2. Let X, Y be compact spaces, let A be a uniform algebra on X, and
let B be a uniform algebra on Y . Suppose that B is a generalised Cole extension of
A with associated maps π : Y → X and T : C(Y )→ C(X). Let D ∈ D(B). Then
there exists D0 ∈ D(A) such that D(π∗(f))(π∗(g)) = D0(f)(g) for all f, g ∈ A.

The next lemma provides the construction in this section.

Lemma 6.2.3. Suppose that, for every non-trivial uniform algebra A0 on a compact
space X0, and each D ∈ D0(A) there exist a compact space X1 and a uniform
algebra A1 on X1 with the following properties:

(a) A1 is a generalised Cole extension of A0 with associated maps π1 : X1 → X0

and T1 : C(X1)→ C(X0);

(b) if D̃ ∈ D0(A1) such that D̃(π∗1(f))(π∗1(g)) = D(f)(g), for all f, g ∈ A0, then
‖D̃‖ > ‖D‖.

Let A be a uniform algebra on a compact space X. Then there exists a uniform
algebra B on a compact space Y such that B is a generalised Cole extension of
A, with associated maps π : Y → X and T : C(Y ) → C(X), and such that, for
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each D ∈ D0(A) and each D̃ ∈ D0(B), we have D̃(π∗(f))(π∗(g)) = D(f)(g), for
all f, g ∈ A, we have ‖D̃‖ > ‖D‖.

Proof. We may assume, without loss of generality, that D(A) 6= {0}. Fix an ordinal
τ such that there exists a bijection ψ : {α : α < τ} → D0(A). We construct a
system of generalised Cole extensions ((Xα, πα,β), (Aα, Tα,β))α≤β≤τ satisfying the
following condition: for each α < β ≤ τ , if there exists D̃ ∈ D(Aβ)

D̃(π∗0,β(f))(π∗0,β(g)) = D(f)(g) (f, g ∈ A0), (6.4)

where D = ψ(α) ∈ D0(A0), then ‖D̃‖ > ‖D‖.
Set X0 := X, A0 := A, π0,0 := idX , and T0,0 := idC(X). The condition above

holds for β = 0.
Assume now that, for some ordinal γ ≤ τ , we have constructed the system of

generalised Cole extensions ((Xα, πα,β), (Aα, Tα,β))α≤β<γ satisfying the condition
above. We extend this system as follows.

If γ is a successor ordinal, say γ = δ + 1, then Aδ is a non-trivial uniform
algebra. Let D = ψ(δ). If there is no D̃ ∈ D0(Aδ) satisfying (6.4) (with β = δ),
then set Xγ := Xδ, Aγ := Aδ, πδ,γ := idXδ , and Tδ,γ := idC(Xδ).

Otherwise, there exists Dδ ∈ D0(Aδ) satisfying (6.4). By the assumptions of
the lemma, there exists a uniform algebra Aγ on a compact space Xγ such that
Aγ is a generalised Cole extension of Aδ, with associated maps πδ,γ : Xγ → Xδ and
Tδ,γ : C(Xγ)→ C(Xδ) and such that, if D̃ ∈ D0(Aγ) such that

D̃(π∗δ,γ(f))(π∗δ,γ(g)) = Dδ(f)(g),

for all f, g ∈ Aδ, then ‖D̃‖ > ‖Dδ‖.
In either case set πγ,γ := idXγ , Tγ,γ := idC(Xγ) and, for each α < δ, set

πα,γ := πα,δ ◦ πδ,γ and Tα,γ := Tα,δ ◦ Tδ,γ. Then ((Xα, πα,β), (Aα, Tα,β))α≤β≤γ is the
desired extension of the system of generalised Cole extensions.

If γ is a limit ordinal then let (Xγ, (πα,γ)α<γ) be the inverse limit of the
inverse system (Xα, (πα,β))α≤β<γ, and let (Aγ, (π∗α,γ)α<γ) be the corresponding
direct limit of direct system (Aα, π∗α,β)α≤β<γ. Set πγ,γ := idXγ and Tγ,γ := idC(Xγ).
By Lemma 5.1.6, there exist bounded linear maps Tα,γ : C(Xγ)→ C(Xα) (α < γ)
such that Tα,γ(1) = 1, ‖Tα,γ‖ = 1, Tα,γ ◦ π∗α,γ = idC(Xα), and Tα,γ(Aγ) = Aα for all
α < γ.

Let α < γ, let D = ψ(α), and let δ = α + 1. If there exists D̃ ∈ D0(Aγ) such
that (6.4) holds (with β = γ), then—by Lemma 6.2.2—there exists Dδ ∈ D0(Aδ)
such that

D̃(π∗0,γ(f))(π∗0,γ(g)) = Dδ(π∗0,δ(f))(π∗0,δ(g)) = D(f)(g),
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for all f, g ∈ A0. Thus ‖D̃‖ ≥ ‖Dδ‖ > ‖D‖.
It follows that ((Xα, πα,β), (Aα, Tα,β))α≤β≤γ is the desired extension of the

system of generalised Cole extensions.
The induction proceeds and we obtain a system of generalised Cole extensions

((Xα, πα,β), (Aα, Tα,β))α≤β≤τ satisfying the specified conditions. Let B := Aτ ,
Y := Xτ , π := π0,τ , and T := T0,τ . Then B is the desired generalised Cole
extension of A.

The main result of this section is the following.

Theorem 6.2.4. There exists a non-trivial uniform algebra A on a compact space
X with the following property: for every D ∈ D0(A) and every uniform algebra
B on a compact space Y , such that B is a generalised Cole extension of A with
associated maps π : Y → X and T : C(Y ) → C(X), if there exists D̃ ∈ D0(B)
such that D̃(π∗(f))(π∗(g)) = D(f)(g) for all f, g ∈ A then ‖D̃‖ = ‖D‖.

Proof. Assume, towards a contradiction, that no such uniform algebra exists. In
particular, this implies that there does not exist non-trivial, weakly amenable
uniform algebras. Now, for every non-trivial uniform algebra A0 on a compact
space X0 and every D ∈ D0(A0), there exists a uniform algebra A1 on a compact
space X1 satisfying (a) and (b) in Lemma 6.2.3. Let ω1 denote the first uncountable
ordinal. We apply Lemma 6.2.3 inductively to construct a non-trivial, weakly
amenable uniform algebra, and hence obtain a contradiction. To do this, we
construct a system of generalised Cole extensions ((Xα, πα,β), (Aα, Tα,β))α≤β≤ω1

such that, for each α < ω1, if Dα ∈ D0(Aα) and D̃ ∈ D0(Aα+1) with

D̃(π∗α,α+1(f))(π∗α,α+1(g)) = Dα(f)(g) (f, g ∈ Aα), (6.5)

then ‖D̃‖ > ‖Dα‖. Fix a non-trivial uniform algebra A0 on a compact space X0.
Let π0,0 := idX0 and T0,0 := idC(X0).

Assume that, for some ordinal γ ≤ ω1, we have constructed a system of
generalised Cole extensions ((Xα, πα,β), (Aα, Tα,β))α≤β<γ such that, for each α < γ,
if Dα ∈ D0(Aα) and D̃ ∈ D0(Aα+1) satisfies (6.5) then ‖D̃‖ > ‖Dα‖. We extend
the system as follows.

First suppose that γ is a successor ordinal, say γ = δ+1. Then, by Lemma 6.2.3,
there exists a uniform algebra Aγ on a compact space Xγ such that Aγ is a
generalised Cole extension of Aδ, with associated maps πδ,γ : Xγ → Xδ and
Tδ,γ : C(Xγ)→ C(Xδ), and, for each D ∈ D0(Aδ) and each D̃ ∈ D0(Aγ) satisfying
(6.5) (with α = δ), we have ‖D̃‖ > ‖D‖. Set πγ,γ := idXγ , Tγ,γ := idC(Xγ)
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and, for each α < δ, set πα,γ := πα,δ ◦ πδ,γ and Tα,γ := Tα,δ ◦ Tδ,γ. Then
((Xα, πα,β), (Aα, Tα,β))α≤β≤γ is the desired extension of the system of generalised
Cole extensions.

Now suppose that γ is a limit ordinal. Let (Xγ, (πα,γ)α<γ) be the inverse limit of
the inverse system (Xα, (πα,β))α≤β<γ , and let (Aγ, (π∗α,γ)α<γ) be the corresponding
direct limit of direct system (Aα, π∗α,β)α≤β<γ. Set πγ,γ := idXγ and Tγ,γ := idC(Xγ).
By Lemma 5.1.6, there exist bounded linear maps Tα,γ : C(Xγ)→ C(Xα) (α < γ)
such that, for all α < γ, we have Tα,γ(1) = 1, ‖Tα,γ‖ = 1, Tα,γ ◦ π∗α,γ = idC(Xα),
and Tα,γ(Aγ) = Aα. It is now clear that the system of generalised Cole extensions
((Xα, πα,β), (Aα, Tα,β))α≤β≤γ has the desired properties.

The induction may now proceed, and we obtain a system of generalised Cole
extensions ((Xα, πα,β), (Aα, Tα,β))α≤β≤ω1 with the property described above. We
claim that Aω1 is weakly amenable.

We prove the claim by contradiction. Suppose that D ∈ D0(Aω1). Then, by
Lemma 6.2.2, for each α < ω1 there exists Dα ∈ D(Aα) such that

D(π∗α,ω1(f))(π∗α,ω1(g)) = Dα(f)(g) (f, g ∈ Aα).

Since D is non-zero, there exists an ordinal α0 < ω1 such that Dα0 ∈ D0(Aα0). By
the construction, for each ordinal α with α0 ≤ α < ω1, we have

‖D‖ ≥ ‖Dα+1‖ > ‖Dα‖ ≥ ‖Dα0‖.

In particular, (‖Dα‖)ω1
α=α0 is a strictly increasing net of positive real numbers

indexed by the ordinals up to the first uncountable ordinal. This net cannot have
a finite limit, by Lemma 6.2.1, so we conclude D cannot be continuous. This is a
contradiction, so no such D can exist. Hence Aω1 is weakly amenable. This proves
the claim and completes the proof.

Note that, the above construction yields a non-trivial weakly amenable uniform
algebra. So we obtain the following corollary.

Corollary 6.2.5. Exactly one of the following occurs:

(a) there exists a non-trivial, weakly amenable uniform algebra;

(b) there exists a non-trivial uniform algebra A with D(A) 6= {0} such that, for
every generalised Cole extension B of A, with associated maps π and T , and
every derivation D ∈ D(A), if there exists a derivation D̃ ∈ D(B) such that

D̃(π∗(f))(π∗(g)) = D(f)(g),

for all f, g ∈ A, then ‖D̃‖ = ‖D‖.
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6.3 An example: the disk algebra

In this section we discuss a specific example of the extension of a derivation from
the disk algebra, to the Cole extension of the disk algebra. This example will
illustrate that finding uniform algebra extensions such that derivations extend
with a strictly larger norm is not trivial. In this section A = A(D) is the disk
algebra, and let q(t) = t2 − Z ∈ A[t] (where Z ∈ A is the coordinate function
z 7→ z (z ∈ D)). The content of this section is discussed in [23], we give the full
details of the constructions discussed there.

We begin with the following lemma. We include the details for the convenience
of the reader.

Lemma 6.3.1. Let B := algA{Z2n : n ∈ N0} ⊆ A. Then Aq is isometrically
isomorphic to A, via the algebra isomorphism θ, and θ(π∗q (A)) = B.

Proof. Let ϕ : D → D be the map ϕ(z) = z2 (z ∈ D). Then ϕ is an analytic,
surjective map and so ϕ∗ is an isometric, unital algebra homomorphism from A

into A, such that ϕ∗(A) = B.
The function Z has no zeroes on Γ(A) (which is the unit circle T) so, by

Theorem 5.5.6(b), we have pq · π∗q (A) = pq · π∗q (A) and, by Corollary 5.5.8, we have

Aq = π∗q (A) + pq · π∗q (A).

Let θ : C((D)q)→ C(D) be the map given by

θ(f)(ξ) = f(ξ2, ξ) (ξ ∈ D, f ∈ C((D)q)).

Clearly θ ◦ π∗q = ϕ∗, and θ(pq) = Z, by definition, so that θ(Aq) ⊆ A. In fact, since
Aq is polynomially generated by pq, it follows that θ(Aq) = A. It is easy to see
that θ is indeed a homomorphism and is isometric. This completes the proof.

Note that B is not a uniform algebra on D, since it fails to separate the points
of D.

Remark 6.3.2. For a similar result, see [89, Lemma 3.2.9]. Note also that θ in the
above is simply the adjoint of the map ξ 7→ (ξ2, ξ) : D→ (D)q.

For the remainder of the section, we write ι : A→ A for the map f 7→ f ◦ Z2,
and θ is the isometric algebra isomorphism from Lemma 6.3.1. Let µ : A→ A be
the function µ(f) = fZ (f ∈ A) and let δ : µ(A)→ A be the function δ(Zf) = f

(f ∈ A). It is easy to see that both of these maps are well-defined, continuous
B-module homomorphisms such that ‖δ‖ = ‖µ‖ = 1.
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We now consider extensions of derivations from the disk algebra into its dual.
Let P : A → A be the projection given by P = θ ◦ π∗q ◦ T ◦ θ−1, and let

Q : A → A be the projection Q = idA − P . Let B be as in Lemma 6.3.1. Then
P (A) = B and both P and Q are contractive. It is easy to verify that the maps
µ, δ, P and Q satisfy the conditions of Theorem 6.1.9, see also Corollary 6.1.10.
The following lemma is an easy consequence of Theorem 6.1.9.

Lemma 6.3.3. Let D : A→ A∗ be a non-zero, continuous derivation. Then

D̃(ι(f1) + Zι(f2))(ι(g1) + Zι(g2)) := D(f1)(g1) + 1
2

(
D(Zf2)(g2) +D(f2)(Zg2)

)
,

(6.6)
for each f1, f2, g1, g2 ∈ A, defines a continuous derivation from A into A∗ such
that (θ ◦ π∗q )∗ ◦ D̃ ◦ (θ ◦ π∗q ) = D. Moreover, ‖D‖ ≤ ‖D̃‖ ≤ 2‖D‖.

We investigate, in particular, the extensions of the derivation D0 ∈ D(A) given
by D0(f)(g) = f ′(0)g(0) for each f, g ∈ A. Clearly D0 is a non-zero, continuous
derivation with ‖D0‖ = 1.

Let A0 = A. For each n ∈ N, we define the uniform algebras An = θ(Aqn−1).
Then An = A for all n, and An−1 is isometrically embedded into An as the algebra
B. As in [23], for each n ∈ N, let Dn ∈ D(A) be the map

Dn(f)(g) = (f ′g)(n)(0)
(n+ 1)! (f, g ∈ An).

Note that D0 is also of the form above, when n = 0, and that, for each n ∈ N0,
Dn is a continuous derivation from A into A∗. This sequence of derivations is also
investigated in [61, Section 5.6].

Lemma 6.3.4. Fix n ∈ N. Let D̃n ∈ D(A) be obtained by applying (6.6) to
Dn ∈ D(A). Then D̃n = D2n+1.

Proof. Fix n ∈ N0. Since the polynomials are dense in A and D̃n, D2n+1 are linear,
we need only check that D̃n and D2n+1 agree on the powers of Z.

Let j, k ∈ N0. First note that D̃n(Z2j+1)(Z2k) = D̃n(Z2j)(Z2k+1) = 0. If j = 0,
then D̃n(Z2j) = 0, since D̃n is a derivation, so, in the first case, we may assume
that j > 0. We have

D̃n(Z2j)(Z2k) = 1
(n+ 1)!(jZ

j+k−1)(n)(0) =

0 j + k − 1 6= n,

j
j+k j + k − 1 = n.
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Similarly,

D̃n(Z2j+1)(Z2k+1) = 1
2(n+ 1)!

(
((j + 1)Zj+k)(n)(0) + (jZj+k)(n)(0)

)
and it follows that

D̃n(Z2j+1)(Z2k+1) =

0 j + k 6= n,

2j+1
2(j+k+1) j + k = n.

On the other hand, we have

D2n+1(Zj)(Zk) = 1
(2n+ 2)!(jZ

j+k−1)(2n+1)(0) =

0 j + k − 1 6= 2n+ 1,
j

j+k j + k − 1 = 2n+ 1.

Note that 2n+ 1 is odd so that j + k must be even. It follows that

D2n+1(Z2j+1)(Z2k) = D2n+1(Z2j)(Z2k+1) = 0,

for all j, k ∈ N0. It now follows that D̃n(Zj)(Zk) = D2n+1(Zj)(Zk) for all j, k ∈ N0

and so D̃n = D2n+1 by linearity and continuity. This completes the proof.

We now aim to show that, for each n ∈ N, the norm of Dn is 1 so that the
derivation D0 extends to the Cole extension Aq and the norm is preserved. This is
the content of Proposition 6.3.5, which is due to Michael White. We will give the
details of the proof for the convenience of the reader. Before stating and proving
the result, we first recall some standard facts about Fourier series of disk algebra
functions.

Let f ∈ A. For each n ∈ Z, we define

f̂(n) := 1
2π

∫ 2π

0
f(eit)e−int dt.

We call f̂(n) the nth Fourier coefficient of f . By Cauchy’s theorem, we have
f̂(n) = 0 for all n ∈ Z with n < 0, and

f̂(n) = f (n)(0)
n! (n ∈ Z, n ≥ 0).

By standard results of Fourier series (see, for example, [5, 72, 93]), we have

f(eit) =
∞∑
n=0

f̂(n)eint (t ∈ [0, 2π])

and f̂ ∈ `2, where `2 denotes the Hilbert space of all square-summable complex
sequences and f̂ = (f̂(n))∞n=0. We also have f̂ ′(n) = inf̂(n) for all n ∈ N0. We
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also note that |f |T = |f |D (where T is the unit circle) and ‖f̂‖2 = ‖f‖2 where the
latter norm is taken in L2(T), with respect to the normalised Lebesgue measure
on T. Note also that ‖f‖2 ≤ |f |T.

We can now prove the following.

Proposition 6.3.5 (White). For each n ∈ N0, we have ‖Dn‖ = 1.

Proof. Fix f, g ∈ A and n ∈ N. We have∣∣∣∣∣(f ′g)(n)(0)
(n+ 1)!

∣∣∣∣∣ =
∣∣∣∣∣ 1
(n+ 1)!

n∑
j=0

(
n

j

)
(f ′)(j)(0)g(n−j)(0)

∣∣∣∣∣
≤

n∑
j=0

∣∣∣∣∣ 1
(n+ 1)j! (f

′)(j)(0)
∣∣∣∣∣
∣∣∣∣∣ 1
(n− j)!g

(n−j)(0)
∣∣∣∣∣

=
n∑
j=0

j

n+ 1 |f̂(j)||ĝ(n− j)|

≤
n∑
j=0
|f̂(j)||ĝ(n− j)|

≤ ‖f̂‖2‖ĝ‖2.

Now we have ‖f̂‖2 = ‖f‖2 and ‖ĝ‖2 = ‖f‖2, where ‖f‖2, ‖g‖2 are the norms in
L2(T). But now ‖f‖2 ≤ |f |D and ‖g‖2 ≤ |g|D. Thus ‖Dn‖ ≤ 1.

The result is proved by observing that Dn(Zn+1)(1) = 1 so that ‖Dn‖ ≥ 1.

We now examine the extension of arbitrary derivations from the disk algebra
when we adjoint square roots to a function of the form Z − α (α ∈ C). We shall
demonstrate that if α ∈ C \D then there is a contractive, surjective, unital algebra
homomorphism θ : Aq → A such that θ ◦ π∗q = idA. The results in the remainder
of this section are all new.

Theorem 6.3.6. Let α ∈ C \D, let h = Z −α, and let ρ(t) = t2−h ∈ A[t]. Then
there exists a contractive, surjective, unital algebra homomorphism θ : Aρ → A

with θ ◦ π∗ρ = idA.

Proof. Suppose that α ∈ C \ D. Then Z − α has no zeros on D so that there
exists an analytic function g on D such that g2 = Z − α on D. Then g extends to
a continuous function g̃ on D so that g̃ ∈ A. By Corollary 5.6.17, there exists a
contractive, surjective, unital algebra homomorphism θ : Aρ → A with θ ◦π∗ρ = idA.
This completes the proof.

As a consequence of Theorem 6.3.6, Corollary 6.1.10, and Corollary 6.1.5 we
obtain the following.
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Corollary 6.3.7. Let D ∈ D(A), let α ∈ C, and let ρ(t) = t2 − (Z − α). Then
there exists D̃ ∈ D(Aρ) such that D(f)(g) = D̃(π∗ρ(f))(π∗ρ(g)) for all f, g ∈ A.

Moreover, if α ∈ C \ D then D̃ can be chosen such that ‖D̃‖ = ‖D‖.

6.4 Open problems and discussion

In this section, let X be a compact space and let A be a uniform algebra on X.
The first problem is a famous open problem regarding weak amenability of uniform
algebras.

Question 6.4.1. Suppose that A is weakly amenable. Does it follow that A is
trivial?

Our results in Chapter 6 show that an interesting dichotomy exists. Either there
exists a non-trivial, weakly amenable uniform algebra, or there exists a uniform
algebra B such that for every generalised Cole extension of B, every continuous
derivation from B into B∗ extends to a continuous derivation from the extension,
and this extension is norm preserving.

We do not know whether an integrally closed1 uniform algebra (see, for example,
[31]) necessarily has the latter property described above. Indeed, any simple
Cole extension of such a uniform algebra will yield a contractive unital algebra
homomorphism from the Cole extension to the original algebra (Corollary 5.6.17);
thus every derivation extends and norms are preserved. However, this Cole
extension need not be integrally closed.

Question 6.4.2. Let Y be a compact space and let B be a uniform algebra
on Y . Suppose that there is an isometric algebra homomorphism θ : A → B.
Let D ∈ D(A). When is it true that D extends via θ to D̃ ∈ D(B) such that
‖D̃‖ = ‖D‖?

The results discussed in the present chapter give some special cases of when it
is possible to extend a continuous derivation to the larger uniform algebra. We
do not have sharp estimates for the norm of an extension in general, or have an
example of a derivation which extends with a strictly larger norm.

Let K be the kernel of the map πA : A ⊗̂ A→ A given by a⊗ b 7→ ab. In [58],
Grønbæk shows that D(A) is isomorphic to (K/K2)∗, where the closure of K2 is

1Let A be a commutative algebra. We say that A is integrally closed if, for each monic
polynomial q(t) ∈ A[t], there exists an element a ∈ A such that q(a) = 0.
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taken in the projective tensor product A ⊗̂ A. (See also [95].) The following is
essentially a rewording of the previous question.

Question 6.4.3. Let A1 be a closed subalgebra of A. Let K1 be the kernel of
the map a ⊗ b 7→ ab : A1 ⊗̂ A1 → A1, and let K be as above. When is K1/K2

1

isomorphic to a closed linear subspace of K/K2?

The following question is related to the content of Section 6.3.

Question 6.4.4. Let α ∈ D. Let D : A(D) → A(D)∗ be the derivation given
by D(f)(g) = f ′(α)g(α) for all f, g ∈ A(D). If we construct a similar sequence
of extensions of A(D) and a sequence of derivations Dn : A(D)→ A(D)∗, as in
Section 6.3, do we necessarily have ‖Dn‖ = ‖D‖ for all n ∈ N?

Note that there is a complete characterisation of the derivations from the disk
algebra into its dual (due to Choi and Heath [21]).



Appendix A

Operator spaces and operator
algebras

In this section we briefly discuss operator spaces, operator algebras, C∗-algebras,
and maps between these objects. We refer the reader to [12, 34, 91] for further
details on operator spaces and operator algebras, and to [27, 87] for details on
C∗-algebras.

A.1 C∗-algebras

Before we can introduce operator spaces and operator algebras, we must recap
some elementary theory related to C∗-algebras.

Definition A.1.1. Let A be an algebra. An involution on A is a map ·∗ : A→ A

such that (a∗)∗ = a (a ∈ A), (ab)∗ = b∗a∗ (a, b ∈ A), and (αa+ βb)∗ = αa∗ + βb∗

(a, b ∈ A, α, β ∈ C). An algebra with an involution is called a ∗-algebra.
Let A be a ∗-algebra, and let a ∈ A. We say that a∗ is the adjoint of a. We

say that a is self-adjoint if a∗ = a. We denote the set of all self-adjoint elements of
A by Asa. A ∗-subalgebra of A is a subalgebra B of A such that B is a ∗-algebra
when given the restricted involution from A.

Note that, if A is unital, then 1∗A = 1A, and if a ∈ invA then (a−1)∗ = (a∗)−1.
Let A,B be ∗-algebras, and let θ : A→ B be an algebra homomorphism. We say
that θ is a ∗-homomorphism if, for all a ∈ A, we have θ(a∗) = θ(a)∗.

Definition A.1.2. Let A be a ∗-algebra. We say that A is a Banach ∗-algebra
if A is a Banach algebra such that the involution on A is isometric. We say

177
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that A is a C∗-algebra if A is a Banach ∗-algebra and, for all a ∈ A, we have
‖aa∗‖ = ‖a∗a‖ = ‖a‖2.

Let A be a C∗-algebra. A C∗-subalgebra of A is a closed subalgebra B such
that B is a C∗-algebra when given the restricted involution from A.

It is standard that if A is a C∗-algebra then the norm on A is unique. In addition,
C∗-algebras have several useful properties, including the following automatic
continuity result. (See Corollary 3.2.4 and Theorem 3.2.23 of [27].)

Proposition A.1.3. Let A and B be C∗-algebras, and let θ : A → B be a ∗-
homomorphism. Then θ is contractive and θ(A) is a C∗-subalgebra of B. Moreover,
if θ is injective then θ is isometric.

Let X be a compact space and let A = C(X). Then A is a C∗-algebra when
given the involution f 7→ f (f ∈ A).

A.2 Operator spaces and operator algebras

Let X be a linear space, and let m,n ∈ N. We denote by Mm,n(X) the linear space
of all m× n matrices 

x1,1 · · · x1,n
... . . . ...

xm,1 · · · xm,n


where xi,j ∈ X for i = 1, . . . ,m and j = 1, . . . , n. We shall often write [xi,j]m,n
for an element of Mm,n(X) with entries xi,j for i = 1, . . . ,m and j = 1, . . . , n. We
write Mn(X) := Mn,n(X), and [xi,j]n for an arbitrary element of Mn(X). We shall
often identify X with M1(X). It is easy to see that Mm,n(X) is a linear space. We
write Mm,n := Mm,n(C). We give Mn(C) the (unique) norm by regarding Mn as
B(Cn), which we shall always denote by ‖α‖ for α ∈Mn. (It should be clear from
context which norm we require.)

Definition A.2.1. An (abstract) operator space is pair (X, (‖ · ‖n)) consisting of a
linear space X and norms ‖ · ‖n on Mn(X) (n ∈ N) such that

(a) for all n ∈ N, α,β ∈Mn, and x ∈Mn(X) we have ‖αxβ‖ ≤ ‖α‖‖x‖n‖β‖,

(b) for all m,n ∈ N, x ∈Mm(X), and y ∈Mn(X) we have∥∥∥∥∥∥
x 0

0 y

∥∥∥∥∥∥
m+n

= max{‖x‖m, ‖y‖n}.
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We shall often write X is a operator space and omit the sequence of associated
norms.

It is standard that a C∗-algebra A automatically inherits an operator space
structure by considering an embedding of A into B(H), for some Hilbert space H,
and giving Mn(A) the norm from B(Hn) for each n ∈ N. (See, for example, [34,
Chapter 2], [12, Chapter 1], or numerous books on C∗-algebra theory.)

Definition A.2.2. Let X and Y be operator spaces, and let T : X → Y be
a linear map. We write T (n) : Mn(X) → Mn(Y) for the linear map such that
T (n)([xi,j]n) = [T (xi,j)]n for [xi,j]n ∈Mn(X). We say that T is completely bounded
if

‖T‖cb := sup{‖T (n)(x)‖n : x ∈Mn(X), ‖x‖n ≤ 1, n ∈ N} <∞.

We say that T is completely contractive if each map T (n) is a contractive linear
map from Mn(X) into Mn(Y) (n ∈ N). We say that T is completely isometric if
each map T (n) (n ∈ N) is an isometry.

It is standard in the theory of operator spaces that a pair (X, (‖ · ‖n)) is an
operator space if and only if there exist Hilbert spaces H,K and a completely
isometric linear map ρ : X→ B(H;K).

Definition A.2.3. An operator algebra is an operator space A which is also a
Banach algebra such that there exist a Hilbert space H and a completely isometric
algebra homomorphism ρ : A→ B(H).

We may regard a uniform algebra as a commutative, unital operator algebra
with a certain choice of matrix norms. In particular, we can use the results from
operator algebra theory in a study of uniform algebras. In the remainder of this
section, we describe various results which will be useful in the study of uniform
algebras.

The first proposition is [34, Proposition 2.2.6].

Proposition A.2.4. Let X be an operator space, let A be a commutative C∗-
algebra, and let T ∈ B(X;A). Then T is completely bounded and ‖T‖cb = ‖T‖.

In particular, if T (as above) is contractive then T is completely contractive.
Note that, if T maps X into a uniform algebra A (on a compact space X), then T
maps X into C(X), and so we can apply the above proposition.

Our second proposition is effectively [12, Corollary 4.2.9].
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Proposition A.2.5. Let A be a unital operator algebra, let B be a unital subalgebra
of A, and let P be a completely contractive projection on A such that P (A) = B.
Then

P (b1ab2) = b1P (a)b2 (a ∈ A, b1, b2 ∈ B).

By combining the above propositions, we obtain the following Lemma.

Lemma A.2.6. Let X be a compact space, let A be a uniform algebra on X, let
B be a unital subalgebra of A, and let P be a contractive, unital projection on A
such that P (A) = B. Then

P (b1ab2) = b1P (a)b2 (a ∈ A, b1, b2 ∈ B).

The following proposition is part of [11, Lemma 4.1].

Proposition A.2.7. Let A be a unital operator algebra, let P be a unital projection
on A, and let Q := idA − P . Suppose that Q is completely contractive. Let
C := kerP . Then C2 ⊆ P (A).



Bibliography

[1] M. Abramowitz and I. A. Stegun. Handbook of mathematical functions with
formulas, graphs, and mathematical tables, volume 55 of National Bureau of
Standards Applied Mathematics Series. For sale by the Superintendent of
Documents, U.S. Government Printing Office, Washington, D.C., 1964.

[2] M. Abtahi and T. G. Honary. On the maximal ideal space of Dales-Davie al-
gebras of infinitely differentiable functions. Bull. Lond. Math. Soc., 39(6):940–
948, 2007.

[3] L. V. Ahlfors. Complex analysis. McGraw-Hill Book Co., New York, third
edition, 1978. International Series in Pure and Applied Mathematics.

[4] E. Albrecht and T. Athar. Regularity criteria for Banach function algebras.
J. Operator Theory, 70(1):75–107, 2013.

[5] G. R. Allan. Introduction to Banach spaces and algebras, volume 20 of Oxford
Graduate Texts in Mathematics. Oxford University Press, Oxford, 2011.

[6] T. M. Apostol. Mathematical analysis. Addison-Wesley Publishing Co.,
Reading, Mass.-London-Don Mills, Ont., second edition, 1974.

[7] R. Arens and K. Hoffmann. Algebraic extension of normed algebras. Proc.
Amer. Math. Soc., 7:203–210, 1956.

[8] W. G. Bade, P. C. Curtis, Jr., and H. G. Dales. Amenability and weak
amenability for Beurling and Lipschitz algebras. Proc. London Math. Soc.
(3), 55(2):359–377, 1987.

[9] W. J. Bland. Banach function algebras and their properties. PhD thesis,
University of Nottingham, 2001.

[10] W. J. Bland and J. F. Feinstein. Completions of normed algebras of differen-
tiable functions. Studia Math., 170(1):89–111, 2005.

181



Bibliography 182

[11] D. Blecher and M. Neal. Completely contractive projections on operator
algebras. Pacific J. Math., 283(2):289–324, 2016.

[12] D. P. Blecher and C. Le Merdy. Operator algebras and their modules—
an operator space approach, volume 30 of London Mathematical Society
Monographs. New Series. The Clarendon Press, Oxford University Press,
Oxford, 2004. Oxford Science Publications.

[13] F. F. Bonsall and J. Duncan. Complete normed algebras. Springer-Verlag,
New York, 1973. Ergebnisse der Mathematik und ihrer Grenzgebiete, Band
80.

[14] N. Bourbaki. Algebra. II. Chapters 4–7. Elements of Mathematics (Berlin).
Springer-Verlag, Berlin, 1990. Translated from the French by P. M. Cohn
and J. Howie.

[15] J. E. Brennan. Approximation in the mean by polynomials on non-
Carathéodory domains. Ark. Mat., 15(1):117–168, 1977.

[16] A. Browder. Introduction to function algebras. W. A. Benjamin, Inc., New
York-Amsterdam, 1969.

[17] A. Browder. Mathematical analysis. Undergraduate Texts in Mathematics.
Springer-Verlag, New York, 1996. An introduction.

[18] T. Chaobankoh. Endomorphisms of Banach function algebras. PhD thesis,
University of Nottingham, 2012.

[19] T. Chaobankoh, J. F. Feinstein, and S. Morley. The chain rule for F-
differentiation. Irish Math. Soc. Bull., 77:19–34, 2016.

[20] Y. Choi and M. Ghandehari. Weak and cyclic amenability for Fourier
algebras of connected Lie groups. J. Funct. Anal., 266(11):6501–6530, 2014.

[21] Y. Choi and M. J. Heath. Characterizing derivations from the disk algebra
to its dual. Proc. Amer. Math. Soc., 139(3):1073–1080, 2011.

[22] P. J. Cohen. A simple proof of the Denjoy-Carleman theorem. Amer. Math.
Monthly, 75:26–31, 1968.

[23] B. Cole and J. F. Feinstein. Definitions, conjectures and results related to
discussions in Brown. private communication, 2009.



Bibliography 183

[24] B. J. Cole. One-point parts and the peak point conjecture. PhD thesis, Yale
University, 1968.

[25] J. Conway. A course in functional analysis. Springer-Verlag, New York,
1990.

[26] J. B. Conway. Functions of one complex variable, volume 11 of Graduate
Texts in Mathematics. Springer-Verlag, New York, second edition, 1978.

[27] H. G. Dales. Banach algebras and automatic continuity, volume 24 of London
Mathematical Society Monographs. New Series. The Clarendon Press Oxford
University Press, New York, 2000.

[28] H. G. Dales and A. M. Davie. Quasianalytic Banach function algebras. J.
Functional Analysis, 13:28–50, 1973.

[29] H. G. Dales and J. F. Feinstein. Normed algebras of differentiable functions
on compact plane sets. Indian J. Pure Appl. Math., 41(1):153–187, 2010.

[30] H. G. Dales and J. P. McClure. Higher point derivations on commutative
Banach algebras. I. J. Functional Analysis, 26(2):166–189, 1977.

[31] T. Dawson. A survey of algebraic extensions of commutative, unital normed
algebras. Contemporary Mathematics, 328:157–170, 2003.

[32] T. W. Dawson. Extensions of Normed Algebras. PhD thesis, Unversity of
Nottingham, 2003.

[33] A. Debiard and B. Gaveau. Potentiel fin et algèbres de fonctions analytiques.
I. J. Functional Analysis, 16:289–304, 1974.

[34] E. G. Effros and Z.-J. Ruan. Operator spaces, volume 23 of London Math-
ematical Society Monographs. New Series. The Clarendon Press, Oxford
University Press, New York, 2000.

[35] H. Federer. Geometric measure theory. Die Grundlehren der mathematischen
Wissenschaften, Band 153. Springer-Verlag New York Inc., New York, 1969.

[36] J. F. Feinstein. Derivations from Banach function algebras. PhD thesis,
University of Leeds, 1989.

[37] J. F. Feinstein. Trivial Jensen measures without regularity. Studia Math.,
148(1):67–74, 2001.



Bibliography 184

[38] J. F. Feinstein. A counterexample to a conjecture of S. E. Morris. Proc.
Amer. Math. Soc., 132(8):2389–2397, 2004.

[39] J. F. Feinstein and M. J. Heath. Regularity and amenability conditions for
uniform algebras. In Function spaces, volume 435 of Contemp. Math., pages
159–169. Amer. Math. Soc., Providence, RI, 2007.

[40] J. F. Feinstein and M. J. Heath. Swiss cheeses, rational approximation and
universal plane curves. Studia Math., 196(3):289–306, 2010.

[41] J. F. Feinstein and A. J. Izzo. A General Method for Constructing Essential
Uniform Algebras. ArXiv e-prints, 2015, 1512.08069.

[42] J. F. Feinstein and H. Kamowitz. Endomorphisms of Banach algebras of
infinitely differentiable functions on compact plane sets. J. Funct. Anal.,
173(1):61–73, 2000.

[43] J. F. Feinstein and H. Kamowitz. Compact endomorphisms of Banach
algebras of infinitely differentiable functions. J. London Math. Soc. (2),
69(2):489–502, 2004.

[44] J. F. Feinstein and H. Kamowitz. Compact homomorphisms between Dales-
Davie algebras. In Banach algebras and their applications, volume 363 of
Contemp. Math., pages 81–87. Amer. Math. Soc., Providence, RI, 2004.

[45] J. F. Feinstein and H. Kamowitz. Quasicompact and Riesz endomorphisms
of Banach algebras. J. Funct. Anal., 225(2):427–438, 2005.

[46] J. F. Feinstein, H. Lande, and A. G. O’Farrell. Approximation and extension
in normed spaces of infinitely differentiable functions. J. London Math. Soc.
(2), 54(3):541–556, 1996.

[47] J. F. Feinstein and S. Morley. Quasianalyticity in certain Banach function
algebras. Studia Math., 238(2):133–153, 2017.

[48] J. F. Feinstein, S. Morley, and H. Yang. Swiss cheeses and their applications.
In Function spaces in analysis, volume 645 of Contemp. Math., pages 99–118.
Amer. Math. Soc., Providence, RI, 2015.

[49] J. F. Feinstein, S. Morley, and H. Yang. Abstract Swiss cheese space and
classicalisation of Swiss cheeses. J. Math. Anal. Appl., 438(1):119–141, 2016.



Bibliography 185

[50] J. F. Feinstein and R. Mortini. Partial regularity and t-analytic sets for
Banach function algebras. Math. Z., 271(1-2):139–155, 2012.

[51] J. F. Feinstein and D. W. B. Somerset. Non-regularity for Banach function
algebras. Studia Math., 141(1):53–68, 2000.

[52] J. F. Feinstein and H. Yang. Regularity points and Jensen measures for
R(X). Studia Math., 235(1):1–15, 2016.

[53] J. Fraleigh. A first course in abstract algebra. Addison-Wesley, Boston, 2003.

[54] T. W. Gamelin. Uniform algebras. Prentice-Hall Inc., Englewood Cliffs, N.
J., 1969.

[55] T. W. Gamelin. Uniform algebras and Jensen measures, volume 32 of
London Mathematical Society Lecture Note Series. Cambridge University
Press, Cambridge-New York, 1978.

[56] T. W. Gamelin and T. J. Lyons. Jensen measures for R(K). J. London
Math. Soc. (2), 27(2):317–330, 1983.

[57] B. R. Gelbaum and J. M. H. Olmsted. Counterexamples in analysis. Dover
Publications, Inc., Mineola, NY, 2003. Corrected reprint of the second (1965)
edition.

[58] N. Grønbæk. A characterization of weakly amenable Banach algebras. Studia
Math., 94(2):149–162, 1989.

[59] A. P. Hallstrom. On bounded point derivations and analytic capacity. J.
Functional Analysis, 4:153–165, 1969.

[60] P. R. Halmos. Measure Theory. D. Van Nostrand Company, Inc., New York,
N. Y., 1950.

[61] M. J. Heath. Bounded derivations from Banach algebras. PhD thesis,
University of Nottingham, 2008.

[62] G. A. Heuer and J. A. Lindberg, Jr. Algebraic extensions of continuous
function algebras. Proc. Amer. Math. Soc., 14:337–342, 1963.

[63] E. Hewitt and K. Stromberg. Real and abstract analysis. A modern treatment
of the theory of functions of a real variable. Springer-Verlag, New York, 1965.



Bibliography 186

[64] J. G. Hocking and G. S. Young. Topology. Dover Publications Inc., New
York, 1988.

[65] H. Hoffmann. Normed algebras of differentiable functions on compact plane
sets: completeness and semisimple completions. Studia Math., 207(1):19–45,
2011.

[66] T. G. Honary. Relations between Banach function algebras and their uniform
closures. Proc. Amer. Math. Soc., 109(2):337–342, 1990.

[67] T. G. Honary and H. Mahyar. Approximation in Lipschitz algebras of
infinitely differentiable functions. Bull. Korean Math. Soc., 36(4):629–636,
1999.

[68] T. Jech. Set theory. Springer Monographs in Mathematics. Springer-Verlag,
Berlin, 2003. The third millennium edition, revised and expanded.

[69] B. E. Johnson. Cohomology in Banach algebras. American Mathematical
Society, Providence, R.I., 1972. Memoirs of the American Mathematical
Society, No. 127.

[70] H. Kamowitz. Endomorphisms of Banach algebras of infinitely differentiable
functions. In Banach algebras ’97 (Blaubeuren), pages 273–285. de Gruyter,
Berlin, 1998.

[71] E. Kaniuth. A course in commutative Banach algebras, volume 246 of
Graduate Texts in Mathematics. Springer, New York, 2009.

[72] Y. Katznelson. An introduction to harmonic analysis. Cambridge Math-
ematical Library. Cambridge University Press, Cambridge, third edition,
2004.

[73] K. Kellay and M. Zarrabi. Normality, non-quasianalyticity and invariant
subspaces. J. Operator Theory, 46(2):221–250, 2001.

[74] J. L. Kelley. General Topology. Van Nostrand, New York, 1955.

[75] P. Koosis. The logarithmic integral. I, volume 12 of Cambridge Studies
in Advanced Mathematics. Cambridge University Press, Cambridge, 1998.
Corrected reprint of the 1988 original.

[76] B. I. Korenbljum. Quasianalytic classes of functions in a circle. Dokl. Akad.
Nauk SSSR, 164:36–39, 1965.



Bibliography 187

[77] S. G. Krantz and H. R. Parks. Geometric integration theory. Cornerstones.
Birkhäuser Boston, Inc., Boston, MA, 2008.

[78] S. Lang. Algebra, volume 211 of Graduate Texts in Mathematics. Springer-
Verlag, New York, third edition, 2002.

[79] J. A. Lindberg, Jr. Algebraic extensions of commutative Banach algebras.
Pacific J. Math., 14:559–583, 1964.

[80] J. A. Lindberg, Jr. Integral extensions of commutative Banach algebras.
Canad. J. Math., 25:673–686, 1973.

[81] S. Mac Lane. Categories for the working mathematician, volume 5 of Graduate
Texts in Mathematics. Springer-Verlag, New York, second edition, 1998.

[82] A. Mallios. Topological algebras. Selected topics, volume 124 of North-
Holland Mathematics Studies. North-Holland Publishing Co., Amsterdam,
1986. Notas de Matemática [Mathematical Notes], 109.

[83] S. Mandelbrojt. Séries adhérentes, régularisation des suites, applications.
Gauthier-Villars, Paris, 1952.

[84] J. W. D. Mason. An inductive proof of the Feinstein-Heath Swiss cheese
“classicalisation” theorem. Proc. Amer. Math. Soc., 138(12):4423–4432, 2010.

[85] R. McKissick. A nontrivial normal sup norm algebra. Bull. Amer. Math.
Soc., 69:391–395, 1963.

[86] S. N. Mergelyan. Uniform approximations of functions of a complex variable.
Uspehi Matem. Nauk (N.S.), 7(2(48)):31–122, 1952.

[87] G. J. Murphy. C∗-algebras and operator theory. Academic Press, Inc., Boston,
MA, 1990.

[88] A. G. O’Farrell. A regular uniform algebra with a continuous point derivation
of infinite order. Bull. London Math. Soc., 11(1):41–44, 1979.

[89] T. Oliver. Extensions of endomorphisms of Banach algebras. PhD thesis,
The University of Nottingham, 2005.

[90] T. W. Palmer. Banach algebras and the general theory of ∗-algebras. Vol. I,
volume 49 of Encyclopedia of Mathematics and its Applications. Cambridge
University Press, Cambridge, 1994. Algebras and Banach algebras.



Bibliography 188

[91] V. Paulsen. Completely bounded maps and operator algebras, volume 78 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge, 2002.

[92] A. Roth. Approximationseigenschaften und Strahlengrenzwerte meromorpher
und ganzer Funktionen. Comment. Math. Helv., 11(1):77–125, 1938.

[93] W. Rudin. Real and complex analysis. McGraw-Hill Book Co., New York,
third edition, 1987.

[94] W. Rudin. Functional analysis. International Series in Pure and Applied
Mathematics. McGraw-Hill Inc., New York, second edition, 1991.

[95] V. Runde. A functorial approach to weak amenability for commutative
Banach algebras. Glasgow Math. J., 34(2):241–251, 1992.

[96] L. A. Steen. On uniform approximation by rational functions. Proc. Amer.
Math. Soc., 17:1007–1011, 1966.

[97] E. L. Stout. The theory of uniform algebras. Bogden & Quigley, Inc.,
Tarrytown-on-Hudson, N. Y., 1971.
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