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Abstract

Deep learning has become a popular area of research due to the high expressivity and
scalability of neural networks, which make them powerful tools for solving many types
of problems. Alongside these developments, problems related to Perron-Frobenius
operators (or transfer operators) have been extensively studied and applied across
various fields. Developing neural network methods for these operators would offer

significant advantages, particularly in solving complex or high-dimensional problems.

This thesis aims to develop a deep-learning framework for solving problems related
to these operators and partial differential equations (PDEs). Specifically, we develop
neural network methods to approximate solutions to Neumann series and invariant
density problems involving the Perron-Frobenius operator. The core methodologies
investigated in this study include physics-informed neural networks (PINNs), vari-
ational PINNs (VPINNs), and robust VPINNs (RVPINNs). We further aim to design
an adaptive version of the RVPINN framework for PDEs to improve the convergence

rate by adaptively refining the test-space mesh.

The first major contribution of this study involves the Neumann series of non-
expansive Perron-Frobenius operators. We use PINNs and RVPINNs to approximate
solutions in their strong and variational forms, respectively. We provide a priori error
estimates for quasi-minimizers of the associated loss functions. We present some nu-
merical results for 1D, 2D, and high-dimensional examples to show the performance of
our methods. We also demonstrate the applicability of our methods by approximating
interior densities in a two-cavity system.

In the context of invariant density problems, we introduce three loss functions for
approximating Perron-Frobenius invariant densities. These loss functions are specific-
ally designed to enforce the constraints from the maximum entropy method (MEM).

Furthermore, we derive the analytical gradients when using a two-layer rectified linear



iii

unit (ReLU) neural network to improve computational speed. We demonstrate the
efficacy of our method through 1D examples, highlighting its ability to approximate
invariant densities where traditional discretization techniques might be inefficient.

Finally, we establish theoretical and practical adaptive strategies for the RVPINN
framework. We present upper bounds for approximation errors based on the RVPINN
loss function and prove the equivalence between these bounds. We then develop adapt-
ive algorithms guided by a Riesz discrepancy indicator and provide their convergence
results. Furthermore, we propose a computable refinement indicator and prove that,
under the saturation assumption, it serves as a reliable and efficient error estimator
for the discrepancy between the discrete and continuous Riesz representatives. We
demonstrate the effectiveness of the proposed methodology by solving three problems:
a Poisson equation on a square domain with a smooth solution, an elliptic interface
problem with a discontinuous coefficient, and a Poisson equation on an L-shaped

domain with a singular solution.
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Chapter 1

Introduction

In the era of high-performance computing, the application of artificial neural networks
to scientific computing is one of the significant areas of interest within deep learning
research. Developing neural network frameworks for PDEs and problems related to
transfer operators offers an alternative to traditional numerical methods. This chapter
provides the essential concepts, outlines the objectives of this thesis, and points out

our contributions.

1.1 Background

Deep learning has been a research subject for a long time. One of the most popular
algorithms in this field is the artificial neural network or neural network. The main
idea of a neural network is to create complex structures by connecting many simple
functions together. Because neural networks have high expressivity [50] and scalab-
ility [81], they are a powerful tool for solving many types of problems. Moreover,
the neural network approach allows us to solve mathematical problems by using
the advantages of data, which is known as a data-driven method. Several neural
network frameworks have gained popularity for solving integro-differential equations
(7,117,158, 180,199,/107], most notably physics-informed neural networks (PINNs) [84],
variational PINNs (VPINNs) [58], and robust VPINNs (RVPINNs) [87]. Beyond
these methods, operator-learning frameworks such as deep operator networks (Dee-
pONets) [72] and Fourier neural operators [66] have been proposed to learn mappings

between infinite-dimensional function spaces.
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The statistical properties of dynamical systems play an important role in provid-
ing information about a system’s behavior. These properties have received significant
interest over recent decades [40,46], particularly in systems exhibiting chaotic be-
havior [25,64]. One possible approach to studying the statistical behavior of these
systems is by analyzing the evolution of densities using the transfer operator known
as the Perron-Frobenius operator. This operator has been applied to various fields
of research, including engineering [51,/104], earth sciences [44], and atmospheric sci-
ences [97,98].

One interesting problem involving the Perron-Frobenius operator is finding the
steady state, which represents the accumulated density function after infinitely many
iterations. This density can be expressed as the Neumann series of the operator
[86,94]. Another important problem is finding an invariant density of the operator. It
describes the long-term statistical distribution of orbits in a dynamical system, cap-
turing how trajectories are distributed in phase space regardless of their initial condi-
tions [64]. These two problems strongly motivate our study of the Perron-Frobenius

operator.

1.2 Aims and scope

The objective of this research is to develop a deep-learning framework for solving
problems related to the Perron-Frobenius operator and PDEs. Specifically, we aim to
develop neural network methods to approximate solutions to Neumann series problems
and to approximate invariant densities involving the Perron-Frobenius operator. The
core methodologies investigated in this study include PINNs, VPINNs, and RVPINNs.
We further aim to design an adaptive version of the RVPINN framework for PDEs to

improve the convergence rate by adaptively refining the test-space mesh.

1.3 Main contributions

Our main contributions are as follows:
Neural network methods for Perron-Frobenius Neumann series: We es-

tablish an abstract setting for non-expansive Perron-Frobenius operators mapping
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from LP spaces to themselves. We state the strong form and variational form for the
Neumann series problems. We ensure the well-posedness of the variational formu-
lation in L? and LP spaces by verifying the assumptions of Lax-Milgram Theorem
and Banach-Necas-Babtska Theorem, respectively. We apply PINNs and RVPINNs
for solving these problems in the strong form and variational form, respectively. We
present a priori error estimates of our methods in terms of quasi-minimizers of the loss
function. We use natural modification of the local Fortin’s condition to analyze the
error for RVPINNs. We show the performance of our methods using several one and
two dimensional dynamical systems, including the tent map, the boundary map in a
circular domain, and the standard map. We compare our methods against a fixed-
grid-based method and the truncated sum of Neumann series. Moreover, we show
an application in approximating interior densities in a two-cavity system. Finally, we
show some numerical results for high-dimensional problems with N-coupled standard

maps.

Neural network methods for Perron-Frobenius invariant densities: We
define the loss function based on the optimization problem of the maximum entropy
method (MEM). To link our method with a data-driven approach, we approximate
the integration in our loss function using the Gauss-Kronrod integration. We train the
neural network to minimize this loss function, calling the method the deep maximum
entropy method (DMEM). Given that our method relies on constraints, we analyze
the impact of the number of constraints on the accuracy of our algorithm. We also
propose two new loss functions for invariant density problems to overcome the lim-
itations of the previous approach: one replaces the entropy term with a quadratic
term, and the other omits the entropy term altogether. Since a loss function relies
on integration approximations, we improve the training process by computing the
exact integration. Without the entropy term, we can compute the exact gradient for
shallow neural networks with ReLLU activation functions. We show that training the
neural network without gradient approximation improves the method’s performance

in terms of training time.

Test-space adaptive RVPINNs: We derive upper bounds for the approxima-
tion error in terms of the RVPINN loss function and the discrepancy between two Riesz

representatives. We then establish convergence results by considering key factors such
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as the approximation capacity of neural networks, the efficiency of nonlinear solvers,
and the quality of the discrete test spaces. Furthermore, we develop a test-space ad-
aptive RVPINN algorithm for PDEs and introduce a computable refinement indicator
based on the Riesz representatives of two nested test spaces. Under the saturation
assumption, we demonstrate that this indicator serves as a reliable and efficient er-
ror estimator for the discrepancy between discrete and continuous representations.
To validate our approach, we apply the method to Poisson equations and interface
problems with smooth, kinked, and singular solutions. Finally, we evaluate the per-
formance of our adaptive RVPINN approach by comparing it to the standard finite

element method (FEM) using equivalent meshes and test spaces.

1.4 Thesis overview

The structure of this thesis is as follows. In Chapter [2| we review fundamental topics
in deep learning, including neural network architectures and the optimization meth-
ods used for training. We discuss their applications to PDEs, which serve as the
inspiration for our approaches. We also cover relevant error estimation theory. In
Chapter [3, we provide the motivation for studying Perron-Frobenius operators and
describe their application in ray-tracing methods. We discuss the abstract setting of
these operators and their adjoints, the Koopman operators. Two key problems are
introduced: the Neumann series problem and the invariant density problem, along
with illustrative examples. Furthermore, we review classical numerical methods for
solving them, such as Ulam’s method, the Galerkin and Petrov-Galerkin methods,
and the maximum entropy method. Chapter [4|focuses on neural network methods for
Neumann series problems. The content in this chapter is based on our work [100] pub-
lished in the Computer Methods in Applied Mechanics and Engineering (CMAME)
journal. Chapter [5| presents neural network methods for solving invariant density
problems, followed by numerical results and discussion. Chapter [0 introduces the
test-space adaptive RVPINNs. Finally, Chapter [7| summarizes conclusions and gives

possible directions for extensions.



Chapter 2

Neural Networks and Applications

in Scientific Computing

2.1 Introduction

Artificial neural networks or neural networks are mathematical models inspired by
the learning process of the human biological brain. Structurally, a neural network
consists of multiple layers, where the inputs are passed sequentially from one layer to
the next layer. Each layer is composed of neurons, which act as processing units that
transform input data through nonlinear functions [52].

Neural networks have been successfully applied to many tasks, including classi-
fication [62], pattern recognition [53], and natural language processing [31]. In re-
cent decades, they have also become a tool for solving partial differential equations
(PDEs) [20,58,/59/,84,87,(93,107]. Due to the universal approximation property [54./65]
(see Page 7), high expressivityﬂ [50], and scalability [81] of these models, neural net-
works have gained popularity across many scientific research fields. Generally, the
parameters of a neural network are optimized to minimize a loss function specific to
the problem at hand. This is achieved by applying suitable optimization methods to
identify the optimal weight and bias parameters.

In this chapter, we describe the mathematical structure of neural networks and

the common activation functions used in their construction. We also discuss popular

!The expressivity of a neural network is its ability to represent complex, nonlinear functions. It

is determined by architectural parameters such as depth, width, and activation functions.
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Figure 2.1: Diagram of a three-layer neural network.

optimization algorithms used for training. Furthermore, we review the use of neural
networks for solving PDEs, specifically focusing on physics-informed neural networks
(PINNS), Variational PINNs (VPINNs), and Robust VPINNs (RVPINNs). Finally, we

present theoretical results regarding the analysis of loss functions and error estimation.

2.2 Neural networks

Neural networks are constructed from the composition of an input layer, several hidden
layers, and an output layer. Each hidden layer consists of a linear transformation
followed by a nonlinear activation function. Let W* and b’ denote the weight matrix
and the bias vector of the i—th layer, respectively. Furthermore, let ¢* : R — R be
the activation function associated with the ¢—th layer. The component-wise extension

o' :R" — R" is defined by:
o'(x) =o' (z1,...,1,) = (6" (21),...,0" ().
The i—th layer of the neural network can be expressed as:
P'(x) = o' (W'x + b'). (2.1)

The number of neurons in the i-th layer corresponds to the dimension of the output
of that layer. In the output layer, we may use the same structure as the hidden layers

or omit the activation function, depending on the specific problem.
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An L—layer neural network consists of one input layer, L — 1 hidden layers, and

an output layer. So an L—layer neural network is written as the composition:

ug(x) = ¢t o gt o -0 9l (x) (2.2)
=Wt . . a*(W e (W'x +b') +b?)... +bh), (2.3)

where § = {W! b! ... , WL bl} represents the set of all trainable parameters. We
assume that the dimension of the matrices and vectors in Equation (2.3 are com-
patible for matrix multiplications and vector addition. As an example, a three-layer

neural network is shown in Figure and is given by:
ug(x) = o*(W3a*(W?a*(W'x + b') + b?) + b?). (2.4)

Neural networks are effective as approximators because they can represent any
continuous function on a compact subset of R™, provided appropriate activation func-
tions are used. This result is known as the universal approximation theorem [54}65].
For a more comprehensive discussion on the foundation of deep learning, we refer the

reader to [52].

2.3 Activation functions

As discussed in the previous section, activation functions are essential components
of neural networks that introduce nonlinearity into the model. Without these non-
linear mappings, a multi-layer neural network would simply reduce to a single linear
transformation. In this section, we provide examples of widely used activation func-
tions [49], including the ReLU, sigmoid, and softplus functions.

A primary choice in modern deep learning is the rectified linear unit (ReLU). The

ReLLU function ReLLU : R — R is defined as:

0 ifx <0,
ReLU(z) := max(0,z) =
x ifx>0.

More generally, we can define the power-ReLLU function ReLU" for n =0,1,2,... as:

0 ifx <0,
ReLU"(z) :=
" if x> 0.
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Note that ReLU" corresponds to a Heaviside step function. A smooth version of this

step function is the sigmoid function ¢ : R — R defined by:

1
1+e2

o(z) =

The sigmoid function is differentiable everywhere, with the derivative given by
o' (z) =o(x)(1 — o(x)).

Another important smooth activation function is the softplus function, defined as:
Softplus(z) := In(1 + €%).

Notably, the derivative of the softplus function is exactly the sigmoid function. Other
commonly used activation functions in scientific computing include the hyperbolic

tangent (tanh) and trigonometric functions.

2.4 Optimization methods

To determine the optimal parameters for a neural network, we must solve an optim-
ization problem. This involves finding a set of parameters 6 that minimize a specific
objective function, often referred to as a cost function or loss function.

Suppose we have a training set of N points X = {21 R? with corresponding
target values Y = {y(z”)}Y,. A standard choice for the loss function is the mean
squared error (MSE), which measures the average squared difference between the

network’s prediction ug(z®) and the exact value y(z®):

1 & .
L(up; X) = ; y(@)[*. (2.5)

Other commonly used loss functions include the mean absolute error and cross-entropy
loss.

These optimization problems are typically solved using gradient-based iterative
methods. The required gradients are efficiently computed via automatic differen-
tiation [6], finite difference method [89], and other related techniques. Below, we

briefly review the optimization algorithms used in this work.
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2.4.1 Gradient descent method

The gradient descent (GD) method [24] is an iterative procedure that updates the
parameters € in the direction of the steepest descent of the loss function £. The

update rule is given by

Or+1 = O — Vo L(ug,; X),

where 17 > 0 denotes the learning rate (or step size). The process continues until the

gradient vanishes, converging to a local minimum of L.

2.4.2 Stochastic gradient descent method

Stochastic gradient descent (SGD) [52] is a widely used extension of gradient descent,
particularly suitable for large datasets. Instead of using the entire dataset X =
{zW}N | to compute the gradient, SGD randomly selects a small subset (a mini-
batch) X = {x)}m - C X of size m < N at each iteration. The parameters are

then updated as:
9k+1 = ek - T]veﬁ(uek’ X)7

where 17 > 0 is the learning rate. This reduces the computational cost per iteration

to O(m), making it faster for deep learning applications.

2.4.3 Adam

The adaptive moment estimation (Adam) optimizer [60] is an extension of SGD that
adaptively adjusts learning rates for each parameter. It utilizes estimates of both
the first moment and the second moment of the gradients. Due to advantages of
momentum and root mean square propagation techniques, Adam typically converges
faster and exhibits more stability than standard SGD, making it one of the most

popular choices for training neural networks.

2.4.4 BFGS method

The Broyden-Fletcher-Goldfarb-Shanno (BFGS) method [106] is an iterative algorithm

used for solving unconstrained nonlinear optimization problems. Unlike first-order
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methods (GD and SGD), BFGS approximates the inverse Hessian matrix to incor-
porate second-order curvature information without the heavy cost of computing the
true Hessian or its inverse, leading to a computational complexity of O(n?). In prac-
tice, the limited-memory BFGS (L-BFGS) variant is also applied for neural networks
as it reduces memory requirements. These methods often achieve superlinear conver-

gence |106], making them efficient for optimization problems.

2.5 Neural networks in scientific computing

The application of neural networks to scientific computing has gained significant trac-
tion, with numerous studies exploring their potential to solve mathematical problems.
To provide context of our work, we review key methodologies for solving PDEs using

neural networks, as these provide the foundation for our operator-based approaches.

2.5.1 PINNs

A prominent example of applying neural networks into PDEs is the physics-informed

neural network (PINN) [84]. This is typically used to solve PDEs of the form:

Gu(z) = f(z), z€QCR" (2.6)
u(z) = h(z), ze€df (2.7)

where G is a term containing differential operators and w is the unknown solution.
In this framework, the solution u is approximated by a neural network wuy. The
parameters 6 are learned by minimizing a loss function that penalizes the residual of

the PDE and the boundary conditions:

Lonexe(ue) = [ Gt = ey + X [ (1~ by,

oN

where A > 0 is a penalty parameter used to balance the two terms, and Guy — f is in
some Hilbert space H(2). The first term is usually evaluated at a set of collocation
points within the domain €2, while the second term ensures the boundary conditions

are satisfied.
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2.5.2 VPINNs

An alternative approach is the variational physics-informed neural network (VPINN)
[58]. Instead of minimizing the strong-form residual, this method solves PDEs in
their variational (weak) form. This is achieved by multiplying Equation by
test functions vy, for k = 1,2,..., K, and integrating over the domain. The discrete

variational problem is stated as:

(Gu, vk)LQ(Q) = (f, Uk)LQ(Q) , k=12,....K
u(z) = h(z), x€ N

where (-, +)12(q) denotes the L? inner product. The loss function of VPINNs is then

defined based on the variational residual:
| X
Lypinns(ug) = K Z | (Guo, vi) p2(q) — (fs 00) 120 >+ )\/m(ue — h)*ds.
k=1

The approximate solution ug« is obtained by identifying the parameter set 6* that

best satisfies the variational constraints. This is formulated as:

0" = argmin Lypnns(0).
9

2.5.3 RVPINNSs

The robust variational physics-informed neural network (RVPINN) [87] is a framework
designed to overcome the stability issues sometimes found in standard VPINNs. It
is formulated to solve operator equations, such as the Poisson problem or transport
equations, by treating the loss function as a residual-based error estimator.

In this approach, we seek to approximate the solution v with a neural network wug

by solving the variational problem:
r(ug,v) = l(v) — b(ug,v) =0, Yv eV,

where b(+,-) is a bilinear form and [() is a linear functional. The robustness comes
from the definition of the loss function, which is defined as the dual norm of the

residual:

2
r(ug, v
ERVPINNS(UQ) = HT(UH, )”%/' = ( sup ( ’ )>

0£veV HU”V
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In practice, this supremum is computed over a discrete test space Vi, C V. By using

the Riesz representation theorem, the loss can be calculated as

Lryveiens(tg) = [|dr(uo) I3,

where ¢ (ug) is the discrete Riesz representative of the residual in the test space.
Details on deriving this formulation, along with the loss function including neural
network constraints (see Equation (6.12))), are presented in Section [6.2.2] This struc-
ture ensures that the loss function is equivalent to the true error, up to the remainder
term, meaning the training process is naturally guided toward the exact solution with

high stability.

2.5.4 Deep Ritz

The last example we will explain in detail here is the Deep Ritz Method [107], which
is an algorithm for solving PDEs in a variational form. As an example, the variational

form of the problem ({2.6))-(2.7) with Gu = Au and h = 0 is the following:

ueH

min /Q (%]Vu(x)]Q - f(a:)u(a:)) da

u(z) =0, z€df,

where H is the set of trial functions. To solve this problem, the Deep Ritz Method
approximates a function u by a neural network uy with the ReLU? activation function.

The loss function is defined by

Lrit,(ug) = /Q <%Wua(l’)’2 - f(ﬂﬂ)ue(l’)) dx + A/a (ug)*ds

Q

and the SGD is used to find the optimal parameter 6* that minimizes Lrj,(ug).

There are other applications of neural networks such as Integrable Deep Neural
Networks used for predicting the free energy from derivative data |99], the r-adaptive
neural network method to solve PDEs [80], a neural network used as a control variable
to solve PDEs in the weak form |17], neural networks for inverse problems for PDEs [7],

etc.
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2.6 Analysis of loss functions

We denote M,, as the set of real-valued neural networks with n parameters, based on

the architecture described in (12.3)):
M, = {ug:R* = R | § € R"}. (2.8)

It is known that M, is neither a linear, closed, nor convex subset of L?(2) [83].
Although we have an infimum of a loss function £ on M,,, the minimizer in M, may
not exist [17]. To study numerical analysis related to neural networks, it is worth

mentioning a relaxed definition of minimizer, called a quasi-minimizer (cf. [17]).

Definition 2.6.1. Let £ : U — R be a loss function. Let §,, > 0 and M, C U. A

function ug- € M,, is said to be a quasi-minimizer of L if

L(ug-) < inf L(ug) + dy. (2.9)

ugEMp
Note that a quasi-minimizer always exists when the infimum exists, e.g., when
the loss function is bounded from below. The following theorem (cf. [17, Theorem
2.A]) provides the error estimate for some loss functions. Before that, let us give a

definition of a Gateaux derivative.

Definition 2.6.2. Let X and Y be Banach spaces and let j : X — Y. A function j
is said to be Gateaux differentiable if there is a bounded linear operator j/, : X — Y

such that

s—0 S

The operator j, is called the Gateauzr derivative of j at u.

Theorem 2.6.1. Let L : X — R be a loss function. Assume that L is Gateaux
differentiable with the derivative L' : X — X* being Lipschitz continuous, i.e., there

18 a constant C' > 0 such that

1£, = £

x < Cllu—v|x, Yu,veX.

Furthermore, assume that L s strongly convez, 1.e., there is a constant v > 0 such
that

(Ll = Lhu—1) g x 2 Allu— ok, Yuve X,

Then, the following hold true:
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1. L has a unique minimizer u € X, which satisfies: L. =0 in X*
2. For any subset M,, C X, L has a quasi-minimizer 4, € M, that satisfies .

3. Any quasi-minimizer u, in M, satisfies the following quasi-optimal error es-

timate:

C 25, \ /2
O—Tpllx < = inf ||@—u,|*>+ =2 .
Xy

'-)/ Un€EMn

Remark 2.6.1. Theorem holds (cf. |17]) for the loss functions of the PINNs
and Deep Ritz method.
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Chapter 3

Perron-Frobenius Operators and

Related Problems

3.1 Introduction

Perron-Frobenius operators, also known as transfer operators, play an important role
in the study of dynamical systems, impacting not only pure mathematical problems
but also real-world applications. A prominent example is the engineering challenge of
tracking vibrational energy within a car body [86]. In this context, ray-tracing meth-
ods are employed to model energy propagation through complex domains. The energy
movement is represented by rays, and the evolution of their densities is described by
the Perron-Frobenius operator.

Numerical methods are required to solve equations involving Perron-Frobenius
operators, as these problems are often too challenging to solve analytically. A classical
approach is Ulam’s method [101], which approximates the Perron-Frobenius operator
using piecewise-constant functions. Specifically, Ulam’s method is a Galerkin method
that projects the operator onto a subspace spanned by characteristic functions on
a partition of the domain. Another numerical approach, proposed by Ding [37], is
the mazimum entropy method (MEM). This is an optimization method based on the
concept of entropy. This method was originally studied to approximate an invariant
density for one dimensional spaces. Then it has recently been developed for higher-
dimensional systems [56]. Many studies have focused on improving the accuracy of

MEM and addressing other operator-related problems (see [11}38,39]).



Figure 3.1: Ray trajectory in circular domain.

In this chapter, we first illustrate how ray-tracing in a circular domain leads to the
Perron-Frobenius operator. We then establish an abstract setting for these operators
and define two problems that we aim to solve: the Neumann series problem and the
invariant density problem. We present examples of one-dimensional (1D) and two-
dimensional (2D) dynamical systems, along with their steady states and invariant
densities. These examples will serve as test cases for the numerical experiments for the
methods developed in later chapters. Finally, we review classical numerical methods
for solving these problems, including Ulam’s method, Galerkin and Petrov-Galerkin

methods, the maximum entropy method, and the minimum energy method.

3.2 From ray tracing to Perron-Frobenius operator

To give an example of Perron-Frobenius operators, we consider a ray trajectory in a
circular domain. The positions of rays can be described by the coordinate (¢, ), as

shown in Figure |3.1| where

e © € [0,27) is the polar angle, describing the origin point of the ray on the

boundary,
e Y € (—%,%) is the angle between the normal line of the circle and the ray,

describing the ray direction.

The phase space is given by € := [0,27) x (=7, %) and the phase map S : Q@ — Q

describing the receiving coordinates from a ray trajectory leaving (¢, ) is given by

S(p, ) = (e +m—2¢ mod 2m,1p) =: (S1(p, ), S2(p, 1))
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Figure 3.2: Evolution of a ray density in a circular domain.

This map includes the ray reflection under the specular law of reflection, the angle of
reflection is equal to the angle of incidence.

Given (¢, 1) € Q, a sequence (g, Vo), S(wo, Vo), S* (o, %), - . . is called a ray
trajectory starting at (¢o,%0). To study several ray trajectories at the same time, it
is convenient to study them via their distribution, called a density. A ray density is a
function f : © — [0, 00|, typically belonging to the space L'(Q), which describes the
distribution of trajectories over the domain €2.

The density fy for a single ray at (g, 1) is defined by

Jolp, ) = 6[p — wol - 8] — o),

where 0 is the Dirac delta distribution. To study the evolution of the density f, under
the map S, we can see that after applying the map S, the distribution f; evolves to

Fi(p, 1) = 6[p — Sy (o, v0)] - 8]0 — Sa(0,100)]
: /0 8l — Su(¢ 0] - 8 — Sae 0] - Ol — ol - 0 — oldd

g
In general, if f, is the density at the n'* step of applying S, the density at the (n+1)%"
step is given by

far1(p, ) = /

jus
2

27
/0 5l — Su(e )] - S — o, )] - Fulids )

vl

The operator P mapping f, — f,11 given by the above equation is the so-called

Perron-Frobenius operator, i.e.,

™

P = [

s
2

/0 "Slo — S1( )] - 516 — Sales )] - £ A (3.1)
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Figure shows an example of the initial density

folo ) = cos?(p) cos?(2¢), /2 < o <3m/2 and — /4 < < /4, (32)

0, elsewhere,

and the density after mapping by the operator P. Note that Perron-Frobenius oper-

ators can be defined in a similar manner in other domains [96].

3.3 Perron-Frobenius operators

After introducing the Perron-Frobenius operator for the boundary map on a circular
domain, we are now ready to provide a general definition of Perron-Frobenius op-
erators. This generalization requires some background in measure theory. For the

necessary results concerning measure theory and Lebesgue integration, the reader is

referred to Appendix and [A.2]
Let Q be a bounded subset of RY, d > 1. Let (Q,, 1) denote a measure space

where B is a Borel sigma-algebra and p is the Lebesgue measure. For any f € L'(Q),

we define a measure 1y with respect to p by

ui(A) = [ pan A€,

Let S : Q — Q be a map describing a discrete-time dynamical system:
Tpt1 = S(xy).

Suppose that S is nonsingular with respect to u, i.e., u(S7'(A)) =0 for all A € B
with p(A) = 0. We also define a measure v satisfying

vi(A) :/ fdp, AcB.
s5-1(4)

Since S is nonsingular with respect to p, u(A) = 0 implies u(S~1(A)) = 0, and hence
vi(A) = 0. So vy is absolutely continuous with respect to . By Radon-Nikodym

theorem, there exists a unique function g € L*(2) such that

vi(A) :/Agd,u, Ae’B.

By extending the mapping f — g, the Perron-Frobenius operator P is defined by the

operator P : L}(Q) — L'(€) such that

(€)
/Pfd,u:/ fdu, Ae€B. (3.3)
A S-1(A)
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It is well-known that the Perron-Frobenius operator P is lineaifl} positivd’] and non-

expansivdﬂ
In the one-dimensional case, where (2 is the closed interval [a,b] and A = [a, z| for

a <z < b, Equation (3.3) becomes

[ Pres= [ g 3.4)

Differentiating both sides we obtain an explicit form of the Perron-Frobenius operator:

d
Pf(r) =+ /5 oy O (3.5)

In general, if S is invertible and S™! is nonsingular, then we have
Pf(x) = f(S7(x))|Js-1], (3.6)

where |Jg-1| is the determinant of the Jacobian matrix of S~ [64].
We note that the Perron-Frobenius operator in Equation (3.1)) satisfies Equation
(3.3). Indeed, through the change of variable (21, 22) := S(¢’,¢’), we obtain

Aﬁﬁx%wwwit/fAwﬂw—&wmmmw—&wmwkumwmww

-1
_ /S—l(A) / /OQW 5l — 2]8[r — 2] f (21, 20)dzrdzad
/

g
N /Sl(A)

(0, ¥)dp.
Before discussing the Neumann series and invariant density problems in the fol-

[SERVTR

27
/ Sl — 21]0[ — 2] f(S™ (21, 22))| g1 (21, 22)|dz1dzad
0

lowing sections, we introduce the Koopman operator, as its properties are essential
to our methods. For a given map S, the Koopman operator K : L®(2) — L*>(9) is
defined by:

Kg:=gol.

The Koopman operator K is the adjoint of the Perron-Frobenius operator P in the

following sense:
[P o= [ 1-as)in (3.7
Q Q

YP(ALf1+ Aaf2) = MPf14+ AP fo for A\, A2 € R and fi, fo € L*(Q).
2pf>0if f>0.
BIPfllr <[ fllpe-
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for any f € L'(Q) and g € L*>(Q2). While P describes the evolution of densities,
IC describes the evolution of observable functions. For more detailed properties of

Perron-Frobenius and Koopman operators, we refer the reader to [61,/64,90].

3.4 Neumann series problems

Since the evolution of densities can be described by Perron-Frobenius operators, prob-
lems related to ray densities can be formulated as equations involving these operators.
Assume that an initial density fy represents the proportion of energy emitted from
a source on the boundary of the domain. If the source emits energy continuously
and the energy is reduced by a factor a € (0, 1) after each collision, the accumulated
densities will converge to a steady state. This steady state can be expressed as a

series involving the Perron-Frobenius operator:
u = fo+aPfo+a?Pify+... (3.8)

This is known as the Neumann series of Perron-Frobenius operator. Finding the total

density u in (3.8)) is equivalent to solving the following equation:
u— a’Pu = f.
In practice, we can approximate u by using a truncated sum:
uy = fo+aPfo+ P fo+...+ VPV fo,
where N is chosen to be sufficiently large.

Remark 3.4.1. To incorporate more realistic energy losses, the scalar damping para-
meter o may be replaced by a weight function a : Q@ — [0,00) that varies along

individual trajectories.

In the following, we present several examples of 1D and 2D dynamical systems
along with their corresponding Perron-Frobenius operators. Examples of 1D systems
include the map derived from cuboid cavities and the tent map. For 2D systems, we
include the boundary map in a circular domain discussed previously, as well as the

standard map, which is a well-known dynamical system with coexisting chaotic and
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integrable dynamics. We will use these examples in Chapter [} where we develop
neural network methods to solve Neumann series problems.
Example 3.1: Cuboid cavities

Consider a 3D cuboid cavity of unit length. Let py be the source density emitted
perpendicularly from the left wall at * = 0. The ray density propagating from the
left boundary (z = 0) toward the right boundary (z = 1) is given by:

fi(z) = e Pt )p 0 n=0,1,2,.... (3.9)

After reflecting from the right wall, the density traveling back towards x = 0 is
described by:
i) =ePCn=2)po n=1,2,..., (3.10)

where n represents the number of reflections at the opposite sides and S > 0 denotes
the dissipation rate [5]. For a single round-trip through the cavity, the resulting spatial
density is:

folz) = (e +e P Npy, 0<z <1

Let p, denote the ray density at the left wall after n reflections at the right wall.
The discrete dynamical system describing ray densities at the left wall is governed
by pni1 = € % p,. Thus, the Perron-Frobenius operator for this system is defined as

Ppn = pn and o = e~2%. This leads to a spatial density at the n'* time step:
falz) = (P e p, . 0<z <L

The steady state at the left wall can be directly evaluated using a geometric series:

_ _ -28 —48 ___Po
Poo—zopn—ﬂo+€ pPo +e€ Po+-~—m-
Therefore, the final spatial steady state is given by:
Frola) = —LL_(e7F= 4 =B22)y (3.11)

1—e28
Example 3.2: Tent map

The tent map [64] is a classic example of a continuous, piecewise-linear function

that exhibits chaotic dynamics. The tent map S : [0, 1] — [0, 1] is defined as:
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By applying the general formulation of the Perron-Frobenius operator on closed in-

terval (3.5)), the operator associated with the tent map can be derived as:

Pflx) = %f (g) + %f (1 - g) : (3.12)

Example 3.3: Circular domains
Let the phase space be denoted by €2 := [0,27) x (=7, 7). Recall that the phase

map for a circular domain is the function S : Q — €2 defined by:

S(e, ) = (o +m —21,1),

with its inverse map given by:

ST, ) = (o — 7+ 20, 9),

where the first component of both maps is computed modulo 27. Note that the
determinant of the Jacobian matrix of the inverse map is |Jg-1(p, ¢)| = 1. According

to Equation (3.6)), the Perron-Frobenius operator is defined as:

where the first component is understood to be modulo 27.
Example 3.4: Standard map

The standard map [82] is a mathematical model used to study chaotic behavior in
dynamical systems. It is a discrete-time dynamical system that exhibits a transition
from regular to chaotic motion, making it a popular example in the theory of Hamilto-
nian chaos. The standard map S is a mapping of the phase space [0,27) x [0, 27)
onto itself, defined by:

S(0,p) = (6 +p+ Ksin(d),p + K sin(6)),
and its inverse map is given by:
SH0,p) = (0 — p,p — Ksin(d — p)),

where each component in both maps is computed modulo 27w. The parameter K is

the parameter that controls the amount of chaos in the system.
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Note that the determinant of the Jacobian matrix satisfies |Jg-1(0,p)| = 1. Ac-
cording to Equation , the Perron-Frobenius operator associated with the standard
map is defined by:

Pf(0,p) = f(0 —p,p— Ksin(0 —p)),

where each component is computed modulo 2.

Figures [3.3] and show the evolution of accumulated densities for the circular
boundary map and the standard map (with K = 2.4), respectively. The initial dens-

ities for the boundary map is defined in (3.2), while for the standard map, it is given

by:

cos?(26) cos?(2p), 3m/4 <0 <5r/4 and 37/4 < p < 57 /4,
f0(97p) =

0, elsewhere.

Note that the initial densities in both cases belong to L*(2) and the L?-norm of the
truncation error, ||u — uy||zz, is bounded by o™ | fo|lr2/(1 — «). As the dissipation
factor a approaches 1, the steady state u (approximated here by the truncated sum
U1000), becomes more complex. This behavior is illustrated in Figure for varying

values of .

3.5 Invariant density problems

While the Neumann series describes the accumulation of density, we are often inter-
ested in a distribution that remains unchanged as the system evolves over time. This
leads us to the concept of an invariant density, which represents a fixed point of the
Perron-Frobenius operator.

We define the set of all possible density functions as:
D:={fecLYQ): f>0and|f|; =1} (3.13)

A function f € D is called an invariant density of the Perron-Frobenius operator P

if it satisfies the fixed-point equation:

Pf=.

Note that an invariant density is an eigenfunction of P corresponding to the ei-

genvalue of 1. The existence of such a density f implies the existence of an associated
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invariant measure p¢ defined by:

jy(4) = /A fdu, AeB,

This measure is invariant under the map S in the sense that us(S™1(A)) = p(A) for
all A € B [63, Theorem 4.1.1]. The concept of an invariant measure has applications
in many fields of sciences (see [40, Chapter 9] for examples).

The existence of an invariant density f € D for a given dynamical system is fun-
damentally linked to the expansion and regularity properties of the transformation S.
For a class of one-dimensional systems known as piecewise expanding maps, existence

is established by the Lasota-Yorke Theorem [40, Theorem 5.2.1].

Theorem 3.5.1 (Lasota-Yorke Theorem). If a map S : [0,1] — [0,1] satisfies the

following conditions:

1. There is a partition 0 = ag < a; < ... < a, = 1 of the interval [0,1] such
that for each i = 1,2,...,r the restriction of S to the interval (a;_1,a;) is a

C?-function.
2. There is a constant X > 1 such that |S'(x)| > X for x # a;,i =0,1,...,r.

3. There is a constant ¢ such that S”(z)/[S"(z)]* < ¢ forx # a;,i=0,1,...,r.
Then the corresponding Perron-Frobenius operator has at least one tnvariant density.

While the Lasota-Yorke Theorem guarantees existence, it does not ensure that
the invariant density is unique. Uniqueness is a consequence of the ergodicity of the
system. A map S is said to be ergodic if every set A € B such that S7}(A4) = A
has the property that either p(A) = 0 or u(2\A) = 0. If the map S is ergodic, the
associated Perron-Frobenius operator has at most one invariant density [64, Theorem
4.2.2].

A stronger condition, exactness, also guarantees uniqueness. A piecewise expand-
ing map is considered ezact if it is topologically transitive, meaning that any subset of
() with positive measure eventually expands to cover the entire domain under repeated
iterations of S. In such cases, the system is indecomposable; it cannot be partitioned
into multiple independent invariant subsystems. Consequently, the Perron-Frobenius
operator P possesses a unique invariant density. The following theorem provides a

uniqueness of invariant density [64, Theorem 6.2.2].
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Examples Phase maps Invariant densities
2
T, 0<2<V2-1
1.1 Sl(.%) = 1:22 fl(x) = ﬂ(lj—xQ)
2 \/§ —1 S X S 1
2, 0<e <] :
1.2 So(x) = e fo(x) = (==
5o 3sTsl

Table 3.1: Phase maps and their invariant densities (1D).

Theorem 3.5.2. Let S : [0,1] — [0,1] satisfy conditions of Theorem and

S(ai—1,a;) = (0,1) for alli =1,2,...,7. Then the associated Perron-Frobenius oper-

ator P has a unique invariant density f* € D such that Pf* = f* and
lim ||P"f — f*|lpx =0 forall f € D.
n—oo

In addition, if a map 7T is exact, the uniqueness of the invariant density is preserved
for any topologically conjugate map S. This is ensured by the following theorem [64,
Theorem 6.5.2].

Theorem 3.5.3. Let T : [0,1] — [0,1] be a measurable, nonsingular transformation
and let f* € D be a given density. Let S : [0,1] — [0,1] be given by S =g 'oTog,
where i

o) = [ Py <o,
Then T is exact if and only if f* is a unique invariant density of the Perron-Frobenius

operator P with respect to S and
lim ||P"f — f*|l;r =0 forall f € D.
n—oo

Several examples of 1D and 2D dynamical systems, along with their invariant
densities [37,[56], are presented in Table and , respectively. We can verify
that the maps Si(x) and Sy(z) satisfy conditions of Theorem [3.5.2 Furthermore,
the dyadic transformation V;(y) and the tent map Us(z) also satisfy these conditions.
Thus, the existence and uniqueness of their invariant densities are guaranteed. For the
logistic map S3(z), the uniqueness of the invariant density is established via Theorem
using 7" as the tent map (cf. [64, p. 167]). The invariant densities for the two-

dimensional systems in Table follow from the theory of product transformations.
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Examples | Phase maps S;(z,y) = (U;(x),V;(y)) | Invariant densities
Ui(z) = 4x(1 — 2)
21 [ E——
Vi(y) =2y mod 1 r/ole)
(
2x, 0<z< %
UQ([L’) =
— L 1<
2.2 }2(1 ), z<esl fz.y) = aip
T, 0<y<j
Valy) =q ’
1y 1
\2_;/7 3 S Yy S 1
1 13} "/? 1
Us(z) (§—2| ~3 ) + 3
__ 48(z—1/2)?
- 2, 0<y<V2-1 o) = s
Valw) =4
s, V2-1<y<1

Table 3.2: Phase maps and their invariant densities (2D).

Since each 2D map S;(x,y) = (Ui(x),Vi(y)) is composed of two independent one-
dimensional maps, the unique joint invariant density is simply the product of their
invariant densities. As an example, a detailed verification showing that f3(x) is the

invariant density for the logistic map S3(z) is provided in Appendix [B]

3.6 Existing methods

In this section, we review several numerical methods for approximating the solutions
of invariant density and Neumann series problems. These include Ulam’s method,
the Galerkin and Petrov-Galerkin methods, the maximum entropy method, and the

minimum energy method.

3.6.1 Ulam’s method

Ulam’s method [61] is a technique for discretizing the Perron-Frobenius operator based
on a Galerkin projection onto a subspace of step functions. The approach begins by
partitioning the state space 2 into k disjoint subsets (often called boxes or cells),
denoted by By, ...,B. For each subset B;, we define the characteristic function Xg,.

The collection of these functions {Xg,}*_, serves as a basis for a finite-dimensional
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subspace of L'(Q). The discretized Perron-Frobenius operator is represented by a
matrix P, = [pi;]exr Where

i = p(S~'(By) NBy)
Y 1(B;) '

Here, p;; represents the fraction of the measure of box B, that is mapped into box
B; under the transformation S. In practice, these coefficients can be estimated by
sampling n test points {xz(l)}le uniformly within each box B;. The entry p;; is then

approximated by the proportion of points whose images under S fall into B;:

RS 0
Dij R E;XBJ.(S(@ ). (3.14)

Using this discretization, an invariant density is approximated by the function f :=
Zle fiXm, where the vector of coefficients f = (fy, fa, ..., fx)T is a fixed point of the
matrix, satisfying P.f = f. Detailed discussions on the convergence conditions and
error rates of Ulam’s method for certain classes of mappings can be found in [7§]
and [40, Chapter 7]. Furthermore, Neumann series problems can be solved via the
matrix equation (I —aPy)fs = fy, where I}, is the k x k identity matrix and « € (0, 1)

is the damping parameter [27].

3.6.2 Galerkin and Petrov-Galerkin methods

The Galerkin method is a technique to approximate the solution of an operator equa-
tion as a linear combination of basis functions. While it is commonly used for solving
PDEs in Hilbert spaces, it is also applied to discretize Perron-Frobenius operators [61].

To apply this method, we consider the solution u, representing the Neumann series
or the invariant density, to be an element of the Hilbert space V := L*(Q). We then
define a finite-dimensional subspace Vy; C V spanned by a basis {g1,...,9m}. Let
b:V xV — R be a bilinear form and [ : V' — R be a bounded linear functional. The

original variational problem is formulated as follows:
Find u € V such that b(u,v) =Il(v) Yv e V.

We then approximate the solution v € V by a function uy, € Vi, that satisfies the

Galerkin condition:

Find uy, € Vi such that b(unr, var) = Lvar) Yo € Vg
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The specific definitions of b and [ depend on the problem being addressed:

e Neumann series problems:
b(u,v) ::/(u—aPu)vd,u and [(v) ::/fgvdu.
Q Q
e Invariant density problems:

b(u,v) = /Q(Pu —w)vdp  and  I(v) :=0.

By substituting uy; = Z]]Vil c;g; into the Galerkin condition, the problem reduces to
solving a system of linear equations for the coefficients c;.

The well-posedness of these variational problems is grounded on classical results
from functional analysis. In particular, the Laz—Milgram theorem |42 Section 6.2]
guarantees the existence and uniqueness of a solution whenever the bilinear form and

linear functional satisfy certain boundedness and coercivity conditions:

Theorem 3.6.1 (Lax-Milgram Theorem). Let V' be a Hilbert space with the norm
|- [lv. Let b:V xV — R be a bilinear form and 1 : V — R be a linear functional.

Suppose the following conditions hold:
1. Boundedness of b: There exists a constant ¢, > 0 such that

[b(u, V)| < collullvlvflv Va0 V.

2. Boundedness of . There exists a constant ¢; > 0 such that

W) < alvlly veeV.

3. Coercivity of b: There exists a constant ¢ > 0 such that

b(u,v) > c|lul|? Yue V.

Then, there exists a unique solution w € V' to the variational problem:

Find w € V such that b(u,v) =1(v) Vv e V.
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When the solution is in a Banach space U := LP(Q)), for 1 < p < oo, the test space
1 1

V' is typically chosen as the dual space L?(f2), where — + — = 1. In this setting, we
p q

define a variational formulation by choosing a finite-dimensional trial space Uy, C U

and a test space Vj; C V. To solve the original variational problem:
Find w € U such that b(u,v) =1(v) Yv €V, (3.15)
we approximate u with a function uy, € Uy, that satisfies the discrete condition:
Find uy; € Uy such that b(uy, var) = Lvy) Yoy € V.

This approach is known as the Petrov-Galerkin method. The well-posedness of this
variational formulation is ensured by the Banach-Necas-Babuska Theorem (91}, p. 15],

which generalizes the Lax-Milgram theorem to settings where the trial and test spaces

differ.

Theorem 3.6.2 (Banach-Necas-Babiiska Theorem). Let U be a Banach space and
V' be a reflexive Banach space with norms || - || and || - ||v, respectively. Suppose
b:UxXxV — R is a bilinear form andl : V — R is a linear functional. If the following

conditions hold:

1. Boundedness of b: There exists ¢, > 0 such that

[b(u, )| < ellulloflvlly Ve e UwveV.

2. Boundedness of l: There exists ¢; > 0 such that

W) < ealvlly VeeV.

3. Inf-sup stability: There exists ¢ > 0 such that

sup b(u,v)

> cl|ully Vu e U.
0£vEV vy

4. Adjoint injectivity: For any v € V, if b(u,v) =0 for all u € U, then v = 0.
Then, there exists a unique solution uw € U to the variational problem:

Find w € U such that b(u,v) =1(v) Vv e V.
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3.6.3 Maximum entropy method

In this section, we describe the mazimum entropy method (MEM) for approximating
invariant densities. To illustrate the method in one dimension, we restrict the domain

to Q = [0,1]. For a nonnegative density function f € D (see (3.13)), the entropy is

defined as: 1
[ t@m sy

The fundamental principle of MEM is to maximize this entropy subject to constraints
derived from the physical system. Following the approach in [37], we apply this
method to find the invariant density of the Perron-Frobenius operator.

Let S : [0,1] — [0, 1] be a nonsingular transformation such that the corresponding

Perron-Frobenius operator P has an invariant density f*, satisfying
Pf=f". (3.16)

To obtain the necessary constraints, we multiply (3.16) by test functions z", for

n=1,2,..., and integrate over the domain:

/pf . ndx_/ P n=12,... (3.17)

Using the duality property from Equation (3.7]), we obtain:

1 1
/ [ (x)S(x)"dx = / fH(x)x"dz, n=1,2,...
0 0

This provides a set of constraints for the invariant density:

/Of*(x)[.r”—S(a:)”]dm:O, n=12... (3.18)

Conversely, if f* solves Equation (3.18)), then Equation (3.17) also holds true. In
addition, Equation (3.17) is always true for n = 0. Since for any ¢ € L'([0,1]),
fol Y(x)-2"dr =0 Vn=0,1,2,... implies ©» = 0, we obtain that f* is the invariant
density.

In practice, we choose a finite number of constraints N, and solve the following

optimization problem:
1
maximize : —/ f(z)In f(x)dx (3.19)
0

subject to:  co(f) = /1 flz)de —1=0 (3.20)
0

:AVMW—&Mm=ai=L%~Wa (3.21)
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The solution fy, to this problem, which serves as an approximation of the invariant

density f*, is in the form:

exp (L0 anla” — S(@)")
fol exp (ij;l A x™ — S(x)”]) dz’
where the coefficients a, € R are determined by the constraints (3.20)-(3.21). See [64]

In.(x) = (3.22)

for the details of the proof for the general maximum entropy method.
If the entropy of the invariant density H(f*) > —oo, then fy, converges to f* as

N. — 00. Moreover, the approximation error [37] is bounded by:

| fv, — e < Ey, efve/?,

where

Ne
1+lnf*—2an[x"—5(x)"] : (al...aNc)TERNC}.
n=1

ENC = inf {

This means that the approximation error depends on the L> distance between the

Lo

function 1+In f* and the subspace spanned by {x—S(z),z*>—S(x)?, ..., 2Ne—S(z)N}.
To improve numerical stability, we can replace the monomials ™ by orthogonal

polynomials p,, such as Chebyshev polynomials [39]. This leads to the modified

constraints:
1
maximize : — / f(z)In f(x)dx (3.23)
0
1
subject to:  ¢o(f) := / f(z)dx—1=0 (3.24)
0

c(f) = /01 f(@)[pi(x) — pi(S(x))]de =0, i=1,2,...,N.. (3.25)
The solution fy, to this problem is in the form
exp (00, @nlpa(2) = palS(2))])
Jy exp (20 anlpa(@) = pa(S(@))]) da
where a,, € R satisfying the constraints —.

fn(r) = : (3.26)

3.6.4 Minimum energy method

The entropy functional H (f) can be replaced by a quadratic energy functional E(f) :=
1
3 fol [f(x)]*dz [15]. This alternative approach was studied in [14], where characteristic
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functions over a partitioned domain were used as generating functions. Instead of
maximizing entropy, we can consider the problem of minimizing the energy functional.
We prove the following theorem, which provides a result for this quadratic case that

is analogous to the MEM result.

Theorem 3.6.3. Let f : [0,1] — R be a density function and let {g;}2<, be a set of

test functions on [0,1]. Consider the following optimization problem:

minimize : /o [f (z)]2dx (3.27)
subject to: co(f) = /o flz)de —1=0 (3.28)

1
alf) = / F@)g(@)de =0, i=1,2. . N. (329
0
The solution to this problem is given by a function fy, of the form:
Nc
fn.(z) = a0+ Z a;gi(x), (3.30)
i=1

where the coefficients a; are chosen such that fy. satisfies the constraints —
13.29).

Proof. To prove that fy, is the minimizer, we show that for any function f satisfying

the constraints (3.28)-(3.29)), the following inequality holds:
1 1
[ @rar [ i @pds
0 0
First, we multiply Equation (3.30) by fn,(z) and integrate over the domain:
1 Ne 1
[ Unede=a+ Y a [ v @nla)d.
Applying the constraints ¢;(fy,) = 0,i =1,..., N., we obtain
1
o= [ Uw.la)Pd.
0

Now, let f be any function satisfying the constraints (3.28))-(3.29)). Using the fact that
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u? > 2uv — v?, and setting u = f(x) and v = fn_ (z), we integrate over the domain:

/O s > 2 / ) o)~ / ' (@)

:2/01f(:c)

= 2@0/01 f(x)d + Q:VZZ%/OI f(@)gi(x)d —/ [fx (@) d

ag + éaigi(:c)] dr — /Ol[ch(:c)]de
=20 [ Un o)t
=2 [l [ Ui

- [ ra.

This completes the proof that fu, is the minimizer of the energy functional.
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Chapter 4

Neural Network Methods for

Perron-Frobenius Neumann Series

4.1 Introduction

Perron-Frobenius operators, also known as transfer operators, play an important role
in capturing behaviors of dynamical systems. These operators have been applied to
various fields of research, including engineering [51,[104], earth sciences [44], and atmo-
spheric sciences [97,98]. Another viewpoint to describe system behaviors is studying
observables using Koopman operators, which are the adjoints of Perron-Frobenius
operators. While Koopman operators track the evolution of functions on the state
space, Perron-Frobenius operators describe statistical behavior through the evolution
of densities [61]. These operators provide linear representations of (nonlinear) dy-
namical systems, which are important for estimating the long-term system behavior
and prediction of future states [57].

One particularly interesting problem associated with Perron-Frobenius operators
is finding their Neumann series when applied to a given initial density. The solution
to this problem corresponds to the accumulated density in the long-time limit, conver-
ging toward the stationary density. This problem is closely related to the dynamical
energy analysis approach [96] used to determine wave energy distributions in the
high-frequency regime, which has a direct application in finding equilibrium energy

distributions [86,94]. A classical approach for approximating solutions to problems in-

This chapter is based on our work originally published in [100]
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volving such operators is Ulam’s method [101], which approximates Perron-Frobenius
operators by projecting them onto a subspace spanned by characteristic functions (a
space of piecewise constant functions). However, without additional effort, fixed-grid-
based methods, including Ulam’s method, are known to have limitations, particularly

in handling irregularities, and the convergence rate is relatively low [13].

In recent years, neural networks have been applied more and more to improve
the approximate solution of various mathematical problems (see [20}58,59, 84,87,
93,/107] for examples), including problems in dynamical systems (see [3,43,68,79,
88,/108] for examples). Among these methods, Physics-Informed Neural Networks
(PINNs) [84] and various versions of Variational PINNs (VPINNs) [58,59,[87] have
gained popularity for solving equations involving operators, such as partial differential
equations (PDEs). PINNs were developed to generate neural network functions to
approximate solutions by minimizing a loss function based on the PDE residual.
Similar methods can be found in [17,121]. VPINNs were introduced in [58], aiming
to solve PDEs in variational forms, with further studies presented in [8/9]. Robust
VPINNs (RVPINNs) were developed to give a stable version of VPINNs by minimizing
a loss function based on the discrete dual norm of the residual of the variational
equation. Throughout this work, we use the terms PINNs and RVPINNs to refer to
neural networks that encode equations describing systems by minimizing the residual

of the equations in their strong and variational forms, respectively.

Neural networks offer several advantages for approximating solutions, including
high expressivity [50], handling complex domains |32], and scalability to high-dimensional
problems [81]. Several papers have used neural networks to learn operators in dynam-
ical systems. For example, the authors of the seminal work [73] have proposed a deep
learning framework to learn a finite-dimensional approximation of Koopman oper-
ators. However, few papers have been dedicated to studying neural networks for
problems involving Perron-Frobenius operators. Applying neural networks to solve
problems related to Perron-Frobenius operators, in particular Neumann series prob-
lems, would be beneficial for approximating irregular solutions or addressing high-

dimensional spaces.

In this chapter, we propose and analyze neural network methods for approximating

solutions to Neumann series problems for Perron-Frobenius operators with an initial
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density in LP, where 1 < p < oo, considering both their strong and variational forms.
Our primary focus is on Perron-Frobenius operators that are non-expansive under the
LP-norm with a constant damping parameter in (0, 1). For consistency and simplicity,

we present most results for solutions in L? but also provide details for solutions in L.

The main contributions of this work are as follows. We define an abstract set-
ting for non-expansive Perron-Frobenius operators from L? to LP. We establish the
well-posedness of the variational formulation in L? and LP settings. We propose
neural network methods for solving Neumann series problems based on PINNs and
RVPINNSs. A key advantage of the RVPINNs approach is that it does not require the
inverse map of the underlying dynamical system, as highlighted in Remark [4.3.1] To
derive a priori error estimates for the proposed methods, we recall the concepts of
neural network function manifolds and quasi-minimizers presented in [17]. The local
Fortin’s condition modified from [87] is required to analyze the RVPINNs method. We
implement the proposed methods for approximating the Neumann series of Perron-
Frobenius operators associated with the tent map, the boundary map in a circular
domain, and the standard map to show the performance of our methods. We also
demonstrate the applicability of our methods by approximating interior densities in
a two-cavity system. We compare our methods against a fixed-grid-based approach

and the truncated sum of Neumann series.

The chapter is organized as follows. In section [£.2] we introduce Perron-Frobenius
operators, state our assumptions, present Neumann series problems in both strong
and variational forms, and provide the well-posedness of the variational problems
when solutions are in L?. We also review fixed-grid-based methods, including Ulam’s
method, and provide an associated error estimate. Section [4.3] describes neural net-
work frameworks, including our proposed methods for approximating solutions, focus-
ing on PINNs and RVPINNs. Section [£.4]is devoted to the analysis of these methods.
Section presents numerical examples. Section [4.6] shows conclusions and possible
extensions. Appendix[C.I|provides the well-posedness of the variational problem when
solutions are in LP. Appendix shows the equivalent form of the RVPINNs loss
function. Appendix develops error estimate proofs for PINNs and RVPINNs.
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4.2 Abstract framework

Let € be a bounded subset of R?, d > 1, and S : Q — 2 be a map describing a discrete
dynamical system. Given a measure space (€2, B, u) where B is a Borel sigma-algebra

and g is the Lebesgue measure, the Perron-Frobenius operator associated with S is

defined as the linear operator P : L'(Q) — L'(€) such that

/ Pfdu = / fdu, VAeBNfeLNQ). (4.1)
A S—1(A)

In the special case where €2 = [a, ] is a closed interval, the Perron-Frobenius operator

P can be expressed explicitly (see Equation (3.5])) as:

d
Pfr) =+ /S oy 0 (4.2)

It is well-known that the Perron-Frobenius operator P is non-expansive under
the L'-norm, ie., |Pf|z < ||fllz for all f € LY(Q). For simplicity} we consider
densities f in LP(Q), where 1 < p < oo, which is a subspace of L'(2). So, we need
additional assumptions on the Perron-Frobenius operator for defining our problem in

LP-setting. In this chapter, we make the following assumptions:
(A1) Density functions f are nonnegative functions in U := LP(€2) with 1 < p < o0,

(A2) P is non-expansive under the U—norm, i.e., for all f € U,

1P fllo < I fllo-

Remark 4.2.1. The assumption (A2) is equivalent to stating that P : U — U is a

bounded operator with operator norm ||P| < 1.

Remark 4.2.2. The assumption (A2) holds in many dynamical systems. For in-
stance, if S is an invertible nonsingular transformation, the Perron-Frobenius operator

P associated with S is given by

Pf(z) = f(S ' (2))|Jg-1], forzeQ,

LLP(Q) (with 1 < p < o0o) has convenient properties for analysis such as reflexivity and strict

convexity, but these properties do not hold in L' (Q2) [77].
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where |Jg-1| denotes the Jacobian determinant of the inverse map S~ (cf. [64, Co-
rollary 3.2.1.]). Therefore, if |Jg-1| < 1, P satisfies the assumption (A2). Indeed, by

applying the change of variable, we obtain
» 1/p
Pl = ([ ()" s

< ([usnysaa) = ([ ra) =i

4.2.1 Neumann series problem

We are interested in approximating the solution of the following problem: Given a

nonnegative function fy € U, find u € U satistying
u— aPu = fo, (4.3)

where 0 < o < 1 is a damping parameter. This is equivalent to finding the Neumann

series expressed as

u= fo+aPfo+ PP+ . (4.4)

Remark 4.2.3. In applications, the Neumann series represents the equilibrium
energy distribution resulting from a continuous injection of the initial energy distri-
bution fy into the system, with energy reduced by a factor a: each time it reaches the
boundary. In a more general setting, the damping parameter o can be replaced by
a suitable weight function a : Q@ — [0,00). This would mean more realistic energy

losses for individual trajectories.

4.2.2 Variational problem

The variational version of problem (4.3)) is the following:
Find u € U such that b(u,v) =Il(v) Vv €V, (4.5)

where V' is the dual space of U, b(-,-) and [(-) are a bilinear form on U x V and a

linear functional on V', respectively, defined by

b(u,v) = /ﬂ(u—oﬂ?u)vdu and [(v) ::/ﬂfovdu. (4.6)
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Remark 4.2.4. The bilinear form b(-,-) defined in (4.6 can be written in terms of
the associated Koopman operatorﬂ K, by applying the duality identityEL as follows:
b(u,v) = / u(v — akv)dpu. (4.7)
Q
This form will be used to reformulate the RVPINNS loss function in Remark .31

When U =V = L?(Q), the variational problem (4.5)-(4.6] satisfies the conditions
of the Lax-Milgram Theorem, ensuring the existence and uniqueness of the solution.

The details regarding the well-posedness for U = LP(2) and V = L%(Q), where

1 1
1< p,q < oo with — + — =1, are provided in |C.1
b q

Theorem 4.2.1 (Well-posedness of variational problem in L?). Given U = V =
L?(Q), the variational problem satisfies the following.

1. Boundedness of b: |b(u,v)] < (14 a)||ul|rz||v]|rz, Vu,v € L*(Q),
2. Boundedness of 1: [l(v)| < || follzzllv]z2, Vv e L*(Q),
3. Coercivity: b(u,u) > (1 — a)|ul|2,, Vue L*(Q).

Hence, it has a unique solution.

Proof. 1. Boundedness of b: For any u,v € L?*(2), by using the Cauchy-Schwarz

inequality, the triangle inequality, and the assumption (A2), we have

|b(u, v)| =

/(u - aPu)vd,u‘ < / |(u — aPu)vldp < |ju — aPul|rz||v]| L2
Q Q
< ([lullz2 + al[Pull2) lv][ 2 < (1 + @) Jull 2 [[v]| 2.
2. Boundedness of I: Since fo,v € L*(Q), by using the Cauchy-Schwarz inequality,

l(v)] =

3. Coercivity: For any u € L?(Q), by using the Cauchy-Schwarz inequality and

/ fovdu‘ < follzzlollze.
Q

the assumption (A2), we have
b(u,u) = /(u — aPu)udp = / u?dp — oz/(Pu)ud,u
Q Q Q
> [lullzz — alPullcallull: > [Jullz> — allullz> = (1= a)Jullz..

]

2The Koopman operator associated with the map S is defined by Kv = vo S.
1 1
3Let 1 < p,¢q < oo with , + p =1. If P: LP(Q) — LP(Q) is the Perron-Frobenius operator and
K : L) — L9(Q) is the associated Koopman operator, then [, (Pu)vdu = [, u(Kv)dpu.



43
4.2.3 Fixed-grid-based method

Let U = V = L*). A classical way for solving problem (4.5 is to discretize

the problem based on Galerkin projections. To do that, we first consider a finite-

dimensional subspace V), C V with a basis {g1,...,9m}. Next, we seek uy € Vi
such that
b(unr, gm) = U(gm) Ym € {1,2,..., M}, (4.8)
M
where b(-,-) and [(-) are defined in 1) Then, as uy € Vi, we write uy = > Crgr
k=1

where ¢ is a coefficient associated to g,. Finally, we solve the system of equations:

M
ch/(gk—a(ng))gmduz/fogmdu, m=1,2,..., M.
k=1 Q Q

Solving this system is equivalent to solving the matrix equation Ac = b, where the
matrix entries of A are given by a,,, = fQ (9x — a(Pgr)) gmdp and the components of

the vector b are by, = [, fogmdp.

Remark 4.2.5. If the domain (2 is partitioned into M subdomains w1, ...,w)y and
gm s chosen to be the normalized characteristic function on a subdomain w,,, which
forms an orthonormal basis of V};, the fixed-grid-based method is equivalent to the so-
called Ulam’s method [101]. The matrix equation is equivalent to (I — aPys)c = b,

where I, is the M x M identity matrix and P, is the matrix representation of P

given by PM = [pmk]MXM with

p(S™H(wm) Nwy)
f(wr) '

Pmk =
The following theorem shows an error estimate for the fixed-grid-based method.

Theorem 4.2.2. Let uys € Vyy be the solution of problem (@ and u be the solution
of problem for U=V = L*). We have

inf ||u— vy L2

— <
HU UMHL? T 1 — o vmeVy

Proof. For any v,,, € Vi, by using coercivity, Galerkin orthogonality, and the bounded-
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ness of b, we have

1
[om = warllze < T——b(vm = warr, v — unr)

1

= 1—a [0(V — U, Uy — ung) + b — Upg, Uy — Upg)]
1

=7= ab(vm — Uy Vpy, — Upp)

1+ o

< 7o llvm = ullpeflom — warllz=.

—

Dividing both sides by ||v,, — w2 yields

1
lom — e < 7o

| v — ul| 2.
—«

Applying the triangle inequality, we have

[ = unrllzz < llu = vmllz + lom —uarllz2

1+«
< lu = vmllre + = llvm — ullz2
-«
"= v
= U — V|| 2.
1 -« o
Taking the infimum over all possible v, € V), yields the theorem. O]

Remark 4.2.6. In the case where V), is the space of piecewise-linear finite elements

defined on a mesh of size h, the error bound for a solution u in the Sobolev space H>

is of order O(h?) (cf. |1, Theorem 1.5]).

4.3 Neural network framework

To approximate the solution of or , we use a neural network uy of the form
given in (2.3)). Here, the output layer uses the identity map as its activation function.
Recall that M,, is the set of neural network functions with n parameters (see (2.8)),
and assume that () # M,, C U. We aim to find uy € M,, such that ug ~ u where u is
the solution of or . To do that, we train the neural network to minimize a

loss function using some optimization methods, such as the BFGS method or Adam

(see Section [2.4).

4.3.1 PINNs

To approximate the solution of problem (4.3)) for U = LP(Q) with 1 < p < oo, we

follow the PINNs method by using a loss function defined in terms of the residual of
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the equation. The loss function is given by:

;CPINNS<UJ9) = ||f0 — Uyp + aPUHHU. (49)
The approximate solution of (4.3)) is obtained by solving the optimization problem:

Find ug- € M,, such that 0" = argmin Lpinns(ug)- (4.10)
OERs

4.3.2 RVPINNSs

For a given discrete space Vj; C V', we consider the following Petrov-Galerkin type

discretization of (4.5)):
Find up € M,, such that b(ug, var) = l(vay) Yo € V. (4.11)

We follow the RVPINNs method to approximate the solution of problem (4.11)) for
U= LP(Q) with 1 < p < oo by defining a loss function based on the discrete dual

norm of the variational equation residual. The loss function is given by:

[(vpr) — b(ug, v
£RVPINNS(UH) = sup ( M) ( M)
O#UIWGVJW HUMHV

(4.12)
The approximate solution of (4.11)) is obtained by solving the optimization problem:

Find ug- € M,, such that 0" = argmin Lrypinns(tg)- (4.13)
[25:8

In practical settings, where U = V = L?(Q) and V}, is a finite-dimensional subspace

of L?(Q2) with an orthonormal basis {g,,}»_,, the RVPINNs loss function can be

m=1>

expressed in the following equivalent form:

M

Lrvpinns(ug) = Z </Q(f0 — up + aPu@)gmdu) 2- (4.14)

m=1

The equivalence between these two forms is shown in It is worth noting that

computing these loss functions requires numerical integration methods.

Remark 4.3.1. Using the bilinear form (4.7)), we can reformulate the loss function
(4.14) to eliminate the composition between the Perron-Frobenius operator P and
the neural network uy. This reformulation avoids the need for the inverse map S~!

associated with the operator P, and instead only requires the forward map S for
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evaluating the Koopman operator X applied to the predefined test functions g,,. The
resulting RVPINNS loss function is given by:

M 2
LRVPINNs<u0) = Z (/ foGm — Ue(gm - OéICQm)dM) .
m=1 Q

Remark 4.3.2. The loss functions in and are slightly different from
the original PINNs and RVPINNs formulations (see Section [2.5), respectively. In
particular, we do not square the residual norm in order to ensure consistency with
the theoretical results presented in Section [4.4], which are based on the norm, instead
of the square of the norm. While one can train based on these loss functions, one can
improve training convergence by considering the square of the norm and implement

a Least Squares system in the last layer of neural networks [103].

The following section presents a priori error estimates for PINNs and RVPINNS.

4.4 Analysis of methods

For the error analysis of the neural network approximations in this section, we use

the concept of a quasi-minimizer (see Definition [2.6.1]).

4.4.1 Error estimate for PINNs

Theorem 4.4.1. Let 9, > 0 and ug- € M,, be a quasi-minimizer of satisfying

. If u 1s the solution of , we have

14+« O,
< inf —

||lu — wp

Proof. See details of the proof in O

4.4.2 Error estimate for RVPINNs

To obtain a reliable error bound for the RVPINNs method, we need the following
assumption.

Local Fortin’s conditionﬁ: Let 0, > 0 and ug- € M,, be a quasi-minimizer

4Ttem 1 of this condition has been modified from Assumption 1 in [87], as we will derive an a
priori error estimate for RVPINNs in terms of the infimum over M? %, which is a more natural

form compared to the infimum over span(M? %) used in [87].
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of Lrvpinns satisfying (2.9). There exists R > 0 such that for all 6 € B(6*, R), an

operator Il : V' — V), and 6-independent constant C; > 0, satisfying:

1. b(ugs — ug,v —yv) =0, Yv eV,

2. HH@UHV < Cn”vuv, Yo € V,

where B(0*, R) is an open ball of center §* and radius R, with respect to a given norm

of R". We denote M%"# := {uy € M,, : 0 € B(0*,R)}.

Theorem 4.4.2. Let §,, > 0 and ug- € M,, be a quasi-minimizer of satisfying
. If the local Fortin’s condition is satisfied, we have

2(1+ a)C : C
luw — ug- ||y < <1+Q> inf ||lu—wl|ly + ( 1 >5n.
e uge M E l—«a
Proof. See details of the proof in O

Remark 4.4.1. The set of two-layer (one-hidden-layer) neural networks M, with
ReLU activation function is equivalent to the set of continuous piecewise-linear func-
tions with free knots. Therefore, for smooth solutions in H?, both fixed-grid and
neural network approximations can achieve a convergence rate of O(n2), however
for non-smooth solutions in H?, fixed-grid-based methods have a limited rate of con-
vergence O(n~*) while free-knot splines can achieve the optimal rate O(n™?), see

e.g., [36].

Remark 4.4.2. Theorem [4.4.1| and [4.4.2] propose the approximation error of the

neural network when a quasi-minimizer is attained. However, achieving such a quasi-
minimizer in practice may be challenging: It requires solving non-convex optimization
problems up to a desired tolerance, and would need nontrivial reliable stopping criteria

for the training algorithm. This area of research has been largely unexplored.

4.5 Numerical examples

In this section, we show the performance of PINNs and RVPINNs for Neumann series
problems by applying them to various 1D and 2D dynamical systems. We focus
on systems where Perron-Frobenius operators are non-expansive under the L?-norm.
Throughout this work, we use the ReLLU function (ReLU(z) = max(z,0)) as an ac-
tivation function of neural networks, and hat functions as basis functions in the fixed-

grid-based method, so both approaches generate piecewise-linear approximations.
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4.5.1 1D dynamical systems

We consider the dynamical system described by the tent map, which is a simple,
continuous, piecewise-linear function exhibiting chaotic behavior. The tent map S :

[0,1] — [0, 1] is defined as:

—_

2z, x€l0,3),
2—-2z, zelz1].

S(x) =

N |—=

By applying equation (4.2)), the Perron-Frobenius operator associated with the tent

map can be derived in the form of
1 /zx 1 T
P =5/ (5)+3/ (1-3): (4.15)

and we can verify that it is non-expansive under the L?-norm. Indeed,
1 2
1 /x 1 x
it = [ (56(5)+5/(1-3)) @

< [ ) r (- g)de= [ P@a =i

Because it is challenging to obtain analytical solutions of , we design our
examples in reverse order: We specify a desired solution and then determine the
corresponding initial density. This approach allows us to create well-defined test
cases. For the Perron-Frobenius operator P given in , we implement PINNs
and RVPINNs to approximate two types of solutions:

1. A smooth solution ul!l(x) = exp(z),
2. A singular solution ul(z) = 1 + 271/3.

To construct the initial densities féﬂ corresponding to these solutions, we substitute

the desired solution u!! into (4.3) and derive the following initial densities:

1. fél} (x) = exp(z) — %exp (g) - %exp (1 — g),

9 _ a /"B« x\—1/3
2, fo”(x)z(1—a)+x1/3—§(§) _5(1_5) .

We note that f(gl] and f(?] are nonnegative when o < 2/(1 +¢) and o < 2/(1 + v/2),
respectively.
To show the performance of the PINNs approach, we apply it to approximate the

solution ull. In the loss function || we use the corresponding initial density f(gll,
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(a) PINNs approximation and solution (b) Relative L?-error v.s. degree of freedom

Figure 4.1: PINNs approximation for u!Y with av = 0.5.

set the damping parameter to o = 0.5, and use the Perron-Frobenius operator P as
defined in (4.15). The neural network architecture consists of a single hidden layer

with n neurons and the ReLLU activation function, i.e.,

n
ugp(x) := Z c;ReLU(w;x + bj) + co, (4.16)
j=1

where c¢j, w;, b; € R are trainable parameters. The neural network parameters are not
initialized randomly, but deterministically following [69,70]. The initialized neural
network represents a piecewise-linear approximation over a uniform partition of [0, 1]
into n subintervals, with the outer parameters ¢; chosen to minimize the PINNs loss
function (by solving the linear Galerkin system, see [69, Eq. (7.1)]). To approximate
the integral in the loss function, we use a 101-point Gauss-Kronrod quadrature ruleE|.
We train the neural network using the BEGS algorithm[| to minimize the loss function.
We note that the choice of optimization algorithm plays a crucial role in the
training process. In particular, for the 1D examples considered here, a fixed-grid
initialization is available, allowing the neural network parameters to be initialized
near a minimizer. Therefore, we employ the BFGS method to achieve faster and

more reliable convergence than ADAM.

A 101-point Gauss-Kronrod quadrature rule is employed because it provides high-order accuracy
for the integral. Numerical experiments showed that increasing the number of quadrature points
beyond 101 produced negligible changes in the loss value. Thus, the choice of 101 points represents

a compromise between quadrature accuracy and training cost.
5The BFGS solver is paired with the line search algorithm and the optimization terminates when

the gradient infinity norm drops below 1075.
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Figure 4.2: PINNs approximation for u/? with oo = 0.5.

We compare PINNs with the fixed-grid-based method. In the latter approach, the
domain is partitioned into n equal-length subintervals, and hat functions defined over
these intervals are used as basis functions.

Figure (a) shows the PINNs approximation using the neural network with
n = 32 neurons, which presents a good approximation to the solution. Figure 4.1
(b) demonstrates the relative L%-errors, ||[u — ug||z2/||u|/z2, for both PINNs and the
fixed-grid-based method, plotted against the number of degrees of freedom (3n + 1
for a neural network with n neurons and n for the fixed-grid-based method with n
basis functions). The slopes of the two curves are approximately —2, confirming that
the convergence rate is O(n~?), as expected for continuous piecewise-linear approx-
imations (see Remark [4.2.6).

In addition, we consider the singular solution w. In the PINNs approach, we
use an n-neuron neural network as defined in . The inner parameters w; and b,
are initialized to generate breakpoints at (k/n)%, for k = 1,2,... ,n while the outer
parameters c¢; are chosen to minimize the PINNs loss function for the given inner
parameters. Since the target function is singular, we use a finer quadrature rule with
1001 points to improve integration accuracy.

As an example, Figure (a) shows PINNs with 8 neurons (25 degrees of free-
dom) and the fixed-grid-based approximation using 32 intervals. Furthermore, Figure
(b) illustrates that the relative L-errors for PINNs are smaller than that of the

fixed-grid-based method once the number of degrees of freedom is greater than 10,
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Degree of freedom Fixed-grid ~ PINNs

7—13 0.164 0.715
13 - 25 0.166 1.249
25 —49 0.167 0.634
49 — 97 0.167 0.767
97 — 193 0.167 0.483
193 — 385 0.167 0.480

Table 4.1: Experimental orders of convergence of the fixed-grid-based method and

PINNSs for different numbers of degrees of freedom.

highlighting their superior approximation capability. Table reports the experi-
mental order of convergence (EOC) corresponding to Figure (b). The EOC for
the fixed-grid-based method is approximately 1/6, consistent with the theoretical con-
vergence rate O(n~'/%) for a uniform grid, based on a Sobolev embedding argument
as discussed in |76, Example 5.8]. Additionally, as expected for a neural network
method, the EOC for PINNs shows a higher convergence rate.

In an idealized setting with perfect training, one would expect a convergence
rate of order 2, which is optimal for free-knot piecewise-linear approximations of
ul? [36, p. 104]. In practice, however, achieving this rate requires the breakpoints
to cluster extremely close to the singularity, which is challenging since numerical
round-off errors can make the neural network unstable. As a result, while standard
training procedures can yield improved convergence rates compared with the fixed-
grid-based method, they are typically insufficient to achieve the optimal O(n~2) rate
in this example. We refer to the recent work [22] where special training algorithms
are proposed involving adaptive neuron strategies and which can further increase the
rate towards the optimal one.

The RVPINNs method provides an alternative approach for approximating solu-
tions to Neumann series problems. We use the same neural network structure as the
PINNs examples. The domain is partitioned into eight equal-length intervals, with
the test functions chosen as normalized characteristic functions over these intervals.
Figures[1.3] (a) and [4.3] (b) illustrate that the trained 32-neuron neural networks, using

the RVPINNs method, generate accurate approximations for both examples.
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Figure 4.3: RVPINNs approximation for the tent map example.
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Figure 4.4: The discrepancy between the loss function computed using different num-

bers of quadrature points and the true value of the loss function for u.

Since our implementation relies on numerical integration using the Gauss-Kronrod
quadrature rule, we examine the discrepancy between the loss function computed with
¢ quadrature points and that obtained using the adaptive Gauss-Kronrod quadrature
rule, which we treat as the exact value (with an error tolerance below 107%). As shown
in Figure [4.4] the approximation error in the loss function decreases as the number of

quadrature points increases.

Remark 4.5.1. A comparison between neural network methods and fixed-grid-based
methods using higher-order polynomials would require a different activation function
(e.g., ReLUQ) to produce higher-degree piecewise polynomial approximations, and is

beyond the scope of this work.

Remark 4.5.2. The training of PINNs and RVPINNs involves solving a nonlinear
optimization problem, whose computational cost is typically higher than that of the

fixed-grid-based approach. In practice, a trade-off between accuracy and computa-



Figure 4.5: Diagram of a ray trajectory in a circular domain. The boundary map S;

sends (p, 1)) to the new ray coordinates (¢', ).

tional time should be considered when applying the proposed methods. Nevertheless,
a comparison of computational times is out of the scope of this work, as neither

approach has been optimized for computational efficiency.

4.5.2 2D dynamical systems

In this section, we show the performance of PINNs and RVPINNs on 2D examples. We
consider the boundary map in a circular domain and the standard map. We compare
the numerical results with the N-term truncated sum, used as the “exact” Neumann
series u in (4.4). The L2-error of the truncated sum is bounded by oV 1| fol| 12 /(1 —a).

In a circular domain, the position and direction of rays can be described using
coordinates (p, 1), where ¢ € [0, 27) represents the position on the boundary, given by
the polar angle, and ¢ € (—7, §) denotes the direction of the reflected ray, measured

as the angle between the inward-pointing normal vector and the outgoing ray (see

Figure [4.5). Define the phase space as Q := [0,27) x (=%, 5). The boundary map

T 2073

Sy : 2 — Q giving the coordinates of the next intersection is defined by

Si(p,¥) = (p+m—2¢ mod 2m,1),
and its inverse map is
Syt e, ) = (¢ —m+2¢ mod 27,1)).

The standard map is a mathematical model used to study chaotic behavior in

dynamical systems. It is a discrete-time dynamical system that exhibits a transition
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from regular to chaotic motion, making it a popular example in the study of chaos

theory. The standard map S5 is a mapping from [0, 27) x [0, 27) to itself defined by
So(6,p) = (0 4+ p+ Ksin(#) mod 2w, p+ Ksin(f) mod 27),
and its inverse map is
S;10,p) = (0 —p mod 27w, p — Ksin(f —p) mod 27),

where K is a parameter that controls the amount of chaos in the system. In this
work, we use K = 2.4.

Note that the boundary map and the standard map satisfy Remark with
g
Pf=foS "

We implement PINNs and RVPINNSs to approximate the solution of and ,

= 1, so the Perron-Frobenius operators associated with S; are in the form

respectively, for the Perron-Frobenius operator associated with the boundary map.
We set the damping parameter o = 0.5. The initial density is given by fo(@, ) =
cos® () cos?(21) for m/2 < ¢ < 37/2 and —7/4 < 1) < w/4, and 0 elsewhere. Since
fo is bounded and compactly supported, we have f, € L?(Q). For RVPINNs, we
partition the domain into 8 x 8 equal-sized cells, denoted as wy,...,wss, and define
gm as the normalized characteristic function on w,,. We use a two-layer (one-hidden-

layer) neural network, 32 neurons, and the ReLLU activation function, i.e.,

32
up(z,y) = Z cheLU(wj(.l)x + wf)y +b;) + co,
j=1

(1)
where ¢;, w;

, w](?), b; € R are trainable parameters. We approximate double integrals
in PINNs and RVPINNSs loss functions using a 101-point Gauss-Kronrod quadrature
rule for each variable. After training the neural network using Adam optimizelﬂ7
we obtain approximations that closely match the truncated sum of with 1,000
terms (“exact” solution), as shown in Figures and . Despite using a relatively
small neural network, it achieves a good approximation. As shown in Figure [4.8] the

absolute errors remain below 0.2 for PINNs and 0.25 for RVPINNs throughout the

domain.

"The Adam optimizer is configured with an initial learning rate of n = 0.001, and exponential
decay rates of 51 = 0.9 and B2 = 0.999. Training is run for up to 10,000 and 50,000 epochs for
PINNs and RVPINNS, respectively.
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Figure 4.6: PINNs approximation for the boundary map example with a = 0.5.
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Figure 4.8: Pointwise absolute errors for the boundary map example.

In the 2D setting and higher-dimensional examples that follow, we adopt the Adam
optimizer due to its memory efficiency when handling a large number of parameters.
In addition, its adaptive momentum helps avoiding entrapment in local minima. For
better results, one may consider more advanced optimization techniques or hybrid

approaches that combine multiple optimizers (see [102] for example).
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Figure 4.9: (a) A classical phase space showing the distribution of trajectories of the
standard map. (b) Initial density. (c) - (d) The truncated sums with 1,000 terms

using o = 0.5 and a = 0.9, respectively.

We also apply PINNs and RVPINNs to the standard map example, where the
initial density is given by fo(f,p) = cos?(26)cos®(2p) for 3w/4 < 6 < 5m/4 and
3n/4 < p < br/4, and 0 elsewhere. Because fj is bounded with compact support,
we have fo € L*()). As « increases, Neumann series for the standard map example
become more complex, as shown in Figure 4.9 To make neural networks converge
to complex solutions faster, we employ a continuation technique: training the neural
network to approximate solutions for small «, then using the resulting model as an
initialization for training with larger a. We train neural networks following the same
approach described above. For the three-layer architecture, each hidden layer contains
32 neurons with the ReLLU activation function. Figure shows the approximate
solutions obtained with PINNs for different values of o. Similar results were observed
for RVPINNSs, which are therefore omitted for brevity. These results demonstrate that
PINNs and RVPINNs can capture the key features of solutions. Moreover, deeper

neural networks yield better results due to their greater expressivity.
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Figure 4.10: Solutions for the standard map example with o = 0.5 (left) and o = 0.9
(right) computed by the truncated sum with 1,000 terms and PINNs approximations.
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Figure 4.11: Two-cavity system: I'; and I's are the boundaries of pentagons X; and
X, respectively. When a ray lies in X, its arclength s is measured anticlockwise from
point A along the boundary I';. When a ray lies in X5, its arclength s is defined as
s = s+ |I'y|, where s’ is the anticlockwise distance from point B along the boundary

[y (cf. [26]).

4.5.3 Application: Interior densities in a two-cavity system

Our proposed methods generate approximate functions for stationary boundary dens-
ities when S is a boundary map. These boundary densities can then be used to
compute the corresponding interior densities. In this section, we demonstrate applic-
ations of PINNs for approximating a stationary density within a complex domain.

Specifically, we consider a two-cavity system as considered in [4}26].

The phase-space coordinates on the boundary are denoted by (s, p), where s rep-
resents the arclength along the boundary and p is the tangential component of the
momentum vector (See Figure [4.11). Let Q2 = (I'; UT;) x (—1,1) be the phase space,
and define the associated boundary map as a billiard map S : @ — Q. It is well
known that the billiard map is invertible almost everywhere, except at corner points
where the reflection is not defined. Moreover, it is a Hamiltonian system [33], which
implies that it preserves phase-space volume; equivalently, its Jacobian determinant
is equal to one. Using Remark the Perron-Frobenius operator can be written
as Pf=foS L
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Figure 4.12: An example of a ray trajectory in the two-cavity system. Its trajectory

lengthlsl:l1+l2—|—+lg

Assume that the ray source is located on the third boundary segment of I';. The
corresponding initial boundary density is defined as fo(s,p) = (1 — p?)sin(n(s —
1.214)/0.936) for 1.214 < s < 2.150 and —1 < p < 1, and 0 elsewhere. The damping
along each trajectory is modeled by the function a(l) = exp(—0.51), where [ denotes
the trajectory length (see Figure .

Once the stationary boundary density u(s,p) is obtained, the corresponding in-

terior density can be computed by projecting v onto the interior domain X; via the

mappingﬁ

cos(v(rs,))

qu‘(T) = /I“ u(37ps) dS, (4.17)

where 7 € X; denotes a point inside the cavity (in Cartesian coordinates), rs is the

| — 7]

Cartesian coordinate corresponding to the boundary point s € I';, and v(rs, ) is the
angle between the inward-pointing normal vector at s and the direction vector from
rs to 7.

For the numerical results, Figure shows the approximate stationary interior
densities computed using , where u denotes the stationary boundary densities
obtained from the truncated sum (“exact” solution), PINNs with two-layer and three-

layer architectures, and the fixed-grid-based method. For PINNs, each hidden layer of

8In this formulation, damping is not included in the equation, as the projection is intended only

for visualization.
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Figure 4.13: Approximate stationary interior densities of the two-cavity system.

the neural networks contains 64 neurons with the ReLLU activation function. For the
fixed-grid-based method, we use piecewise linear “hat” functions defined on an 16 x 16
uniform grid as basis functions. This is an intended choice to compare this method
with the two-layer (one-hidden-layer) neural network in terms of nearly identical de-
grees of freedom (256 and 257 parameters, respectively). In both approaches, we

generate continuous, piecewise linear approximations.

As shown in Figure [£.13] the fixed-grid-based method cannot give fine details
in the density distribution within the left pentagon, and the densities in the right
pentagon exhibit noticeable deviations from the solution. In contrast, the two-layer
neural network captures the main feature of the solution compared to the truncated
sum. The three-layer neural network provides a more accurate approximation than

the two-layer architecture. Overall, PINNs outperform the fixed-grid-based method.
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4.5.4 High-dimensional problems

A primary advantage of neural network methods is their applicability to solve high-
dimensional problems, where traditional Galerkin-type methods become impractical.
To demonstrate this, we consider a system of N-coupled standard maps. The forward

dynamics for n =1,..., N (with zy41 = x1) are defined by [71],
K . B :

Pl = Pn + — sin 2wz, + —[sin 27 (zp 1 — x,) + sin 2w (2,1 — )] mod 1
27 2m

r=x,+p, modl

n

The corresponding inverse map, Sy' : [0, 1]?Y — [0, 1]V, is defined by

S]Ql(xlhplh s 7',17/]\77p§\7) = <x17p17 s ,l’N,pN),
where
T, =2, —pl, mod 1
Pn = P, — — sin 27w, — ﬁ[sin 27 (Tpy1 — Tp) + 8027 (201 — )] mod 1.
2m 2m

The N-coupled standard map belongs to the class of symplectic coupled map lattices.
As a consequence of its symplectic structure, the map is volume-preserving, and the
determinant of its Jacobian matrix is 1 [34]. Consequently, by Remark [1.2.2] the
Perron-Frobenius operator is in the form Pf = f o Sy’

In our numerical experiments, we fix the parameters at K = 2.4 and = 0.1. To
validate the method across varying dimensions (N = 1,2,3,4,5,10), we set a target

solution
N

u(zy,prs..., TN, pN) = 1+ H sin(7zy, ) sin(7py).

n=1

The corresponding initial density is derived as fo = u — au(Sy").

We employ PINNs approach to solve with @ = 0.5. The neural networks
consist of fully connected layers with 128 neurons per layer and use the ReLU ac-
tivation function. The integral appearing in the loss function is approximated via
10,000-point Monte Carlo integrationﬂ, and the training process is carried out using

the Adam optimizeﬂ for 200,000 epochs.

9In high dimensions, the computational cost of Gauss-Kronrod quadrature grows exponentially,
whereas Monte Carlo’s convergence rate is dimension-independent. Therefore, Monte Carlo provides

a better accuracy-to-cost trade-off for high-dimensional PINNs.
10The Adam optimizer is initialized with exponential decay rates of 8; = 0.9 and 83 = 0.999. The

learning rate is set to n = 0.001 and reduced by a factor of 0.95 every 2,000 epochs.
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Dimension (2N)  # Layers Degree of freedom  Relative L*-error
2 5 50,049 4.728 x 1074
4 6 66,817 1.765 x 1073
6 7 83,585 1.457 x 1073
8 8 100,353 1.226 x 1073
10 9 117,121 8.307 x 1074
20 22 333,057 1.382 x 10~*

Table 4.2: Relative L%-error for high-dimensional problems.

Table 4.2 reports the relative L*-error, ||u—ugl|z2/||u| 12, evaluated using a Monte
Carlo quadrature with 1,000,000 samples, together with details on the number of
neural network layers and degrees of freedom. The results indicate that neural net-
works achieve approximation error below 1% for high-dimensional problems. For visu-
alization, Figure [4.14] shows the first two components of the neural network approx-
imation for the 5-coupled standard map and compares them with the exact solution,

along with the associated absolute error.
4.6 Conclusions

In this chapter, we investigated Neumann series problems associated with non-expansive
Perron-Frobenius operators under the LP-norm, with a focus on the L2-setting. We
established the well-posedness of the corresponding variational formulations in L? by
showing that they satisfy the conditions of the Lax-Milgram theorem, thereby ensur-
ing the existence and uniqueness of the solution. We proposed two neural network
methods for approximating solutions of Neumann series problems. PINNs were em-
ployed to approximate solutions in their strong form, while RVPINNs were used to
approximate solutions in the corresponding variational problems. Additionally, we
provided error estimates for both methods in terms of quasi-minimizers. Numer-
ical experiments demonstrated that both methods are effective for solving Neumann
series problems and outperform the standard fixed-grid-based method in terms of ap-
proximation error they can reached under the same number of degrees of freedom.
Furthermore, we applied PINNs to approximate solutions of Neumann series problems

in high dimensional settings.
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for the 10-dimensional example.

Further extensions of this work include comparisons between our methods, using

different activation functions, and alternative approaches such as Galerkin methods

with quadratic polynomials or spectral methods based on Chebyshev series. In ad-

dition, the theoretical results in this chapter, such as a priori error estimates based

on the local Fortin’s condition, could be applied to establish reliable error bounds for

solving PDEs with neural networks.
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Chapter 5

Neural Network Methods for
Perron-Frobenius Invariant

Densities

5.1 Introduction

The study of dynamical systems often focuses on the evolution of probability distribu-
tions rather than individual trajectories. Fundamental to this statistical perspective
is the Perron-Frobenius operator, a linear operator that describes how an initial dens-
ity is pushed forward by the system’s map. The invariant density (the fixed point of
this operator) is an important concept, as it characterizes the long-term, steady-state
behavior of the system and allows for the calculation of physical observables through
ergodic averages [92)].

In Chapter [3] we explored several classical numerical methods for approximat-
ing these invariant densities, such as Ulam’s method [61] and the maximum entropy
method (MEM) [37,39]. While these techniques are effective for simple systems, they
often rely on a fixed discretization of the state space or fixed solution form based on
the optimization constraints. These methods may require a very fine mesh to capture
sharp peaks or singularity in the density.

To address these limitations, neural networks offer a highly flexible alternative [50]
for function approximation. Even in one dimension, the mesh-free nature of neural

networks allows them to adaptively capture the geometry of the invariant density.
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As universal approximators [65], they can represent complex, non-linear features with
sufficient parameters. Their differentiability also allows us to incorporate the operator
equations or constraints into the learning process, moving toward a physics-informed
approximation.

The main contributions of this chapter are as follows. First, we introduce three
frameworks that utilize neural network architectures to approximate one-dimensional
Perron-Frobenius invariant densities. We provide a detailed construction of specific
loss functions designed to enforce the constraints from the MEM. Furthermore, we
derive the analytical gradients for a two-layer neural network with ReLU activation
functions to enhance computational efficiency. Finally, we demonstrate the efficacy of
our method through a series of 1D benchmarks, highlighting its ability to approximate

invariant densities where traditional discretization techniques might be inefficient.

The remainder of this chapter is organized as follows. In Section [5.2] we introduce
three neural network-based approaches for approximating invariant densities: the first
is based on the MEM, the second replaces the entropy term with a quadratic term,
and the third omits the entropy term entirely. Within this section, we derive the ana-
lytical gradients for the resulting loss functions and discuss a strategy for initializing
weights and biases in two-layer neural networks using ReLLU activation functions. In
Section [5.3] we apply the proposed methodologies to several 1D dynamical systems.
We investigate the sensitivity of the model’s accuracy to the number of constraints. In
addition, we compare the performance of our methods against the MEM and Ulam’s
method. Furthermore, we demonstrate the computational advantages of using ana-
lytical gradients (exact integration) by comparing training durations against those
required using Gauss-Kronrod integration. Finally, Section summarizes our find-

ings and outlines possible directions for future research.

5.2 Methods for finding invariant densities

In this section, we propose neural network methods based on three different loss
functions to approximate invariant densities. Throughout this chapter, we restrict
our study to one-dimensional problems on Q = [0, 1], where we can exploit analytical

gradients of the loss functions to improve accuracy and training speed. Extending this
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framework to higher-dimensional problems presents a promising direction for further

research.

5.2.1 Approach 1: deep maximum entropy method (DMEM)

To develop a deep learning methodology for finding invariant densities, we represent
the density using a neural network wgy, assuming that ug(z) > 0 for all x in the
domain. We then transform the constrained optimization problem ([3.23)) - (3.25]) into

the minimization of the following loss function:

ctw) o= ([ wiore 1) +Z( [ ) st )

—{—)\/0 up(z) Inug(z)dz, (5.1)

where A > 0 is a regularization parameter and p; denotes the Chebyshev polynomial
of degree k. In this formulation, the first term ensures that the neural network satisfies
the unit norm condition , the second term incorporates the N, constraints of
the MEM , and the final term seeks to minimize the negative entropy, which is
equivalent to maximizing the entropy in (3.23)).

Note that the loss function defined in Equation ({5.1]) has some practical challenges:

1. The output of the neural network uy must remain positive across the entire
domain throughout training, as the entropy term involves a logarithm. This

restricts the choice of neural network architectures and activation functions.

2. Calculating the exact gradient of the loss function is difficult, even for shallow

neural networks, due to the presence of the entropy term.
To address these challenges, we propose two alternative strategies:
1. Replacing the entropy functional with a quadratic energy term.
2. Omitting the entropy term to simplify the loss function.

The details of these approaches are discussed in the following sections.
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5.2.2 Approach 2: quadratic energy minimization

To address the challenges posed by the logarithmic term in the entropy function, we
approximate the negative entropy with a quadratic integral. This approach is justified
by the Taylor expansion of the entropy integrand. Let g(f) := fIn f. We compute

its first two derivatives:

J(f)=1+Inf and g”(f)z%

We then construct the second-order Taylor polynomials for g(f) around f = 1:

9(F) ~ o)+ () = 1)+ 56" = 1P =04 (F = Db 5 (f ~ 1P = o~ 0.

This shows that minimizing the entropy functional fo x)In f(z)dz is approximately
equivalent to minimizing the quadratic energy functional fo [f(z)]?dz, provided that
f(z) is close to the uniform distribution (the constant function f = 1). However, if
the density f deviates significantly from this constant function, the quadratic term
cannot effectively replace the entropy.

In this approach, we replace the entropy term in the loss function (5.1) with a

quadratic energy term. The modified loss function is defined as:

)= ( [ty - 1) v Z ([ et0) - mtste >>]ue<x>da:)2

—i—)\/o (ug(x))” dx (5.2)

=: L1(ug) + Z Lo 1, (ug) + ALs(up). (5.3)
=1

A significant advantage of this approach is that it removes the positive constraint

required by the logarithm, allowing for flexibility in the neural network architecture.

Analytical gradients

Since a two-layer (single-hidden-layer) neural network with a non-polynomial activ-
ation function can approximate any continuous function [65|, we employ a shallow

neural network with N,, neurons and the ReLU activation function:

Up ZdReLU (wz + ) chgzﬁ] (5.4)

7=1
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where 0 = {/,w/, i/ : j = 1,2,...,N,} denotes the set of trainable parameters.
Assuming that py o S is integrable for k = 1,2, ..., N,, the piecewise linear nature of

the ReLLU function allows us to compute the exact gradient of the loss function.

To compute the integral of the neural network ug, we first consider the individual

hidden units ¢‘(z) = ReLU(w'z + b"). This unit can be written explicitly as:

. . wix + b, wr+b >0
ReLU(w'z + b') = 4 ' (5.5)
0, w'z + 0 < 0.

The integral of (5.5)) and its gradients with respect to the weights and biases are

analytically tractable:

I q , 1.2 749 i .
/ ¢'(z)dw = / w'z + bide = lw; + b%} - w?(f — ") +b'(a—p)
0 p

p
o 1 ; q2 _ p2
awi/o ¢'(x)dx = 5

o [t

where the integration limits p and ¢ represent the intersection of the support of the

ReLU unit with the unit interval [0, 1]:

p

min|max(—0'/w*,0),1], w* >0
kst 00 -
0, w' <0
\
(
1, w' >0
q= (5.7)
\max[min(—bi/wi, 1),0], w'<O0.

Given the linear structure of uy in the form of (5.4]), we can compute its integral

/O1 up(z)dr = Z]in;cj /O1 ¢ (x)d.

We then derive the exact expressions for the gradients of each component of the loss

function defined in Equation (/5.3)).
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First term

The gradients of the first loss term £, are calculated via the chain rule:

a‘iiﬁl - ( /0 o) — 1) /0 1 éiluo(x)dx
— 2 (/01 ug(x)da — 1) 01 ¢ (x)d

%ﬁl - ( /0 o) — 1) aii Olug(x)dx
=2 (/01 up(x)da: — 1) Czaii /01 ¢ (x)da

;;A =2 (/01 up(x)da: — 1) 8861' /01 ug () da:
=2 (/01 up(x)da: — 1) Cia(zz' /01 ¢ (x)da

Second term

Consider the second term Lo, of the loss function ([5.2)), using the expansion of ugy

in ((5.4), we have:

Lot = ( | Inel) - (S(a)us(o)ie

Note that

| o) = mu(S@I6 e = [ nte) = pu(Sta)lwta + v,

where p and ¢ are given in Equations (5.6)) and (5.7)). The gradients of Ly are:

L= Zcﬂ / [pk<x>—pk<s<x>>w<x>dx> ([ ) - mustalo'ara
0

oLy =2 Zc? | nte) =ttt <x>dx> ¢ [ ) - miste e

O a2 Zd / [pi(a) —pk<s<w>>J¢f<x>da:> / Ipe(@) — pe(S())]da.
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Third term

The energy term L3 involves the interaction between pairs of neurons ¢* and ¢’.

The integrals of their product are:

1 q
| o@e@n = [ @i+ v)wie + ¥)da
0 p
= /q (ijizzc2 + (Wb 4 W' )z + bjbi) dz

wiw® 3 3 wib' + wit?
- (¢ —p°) + 5

/01 W(w)aijz(bz(:c)dx = /pq(wjx + V) adx
{wjxi)’ bij}q

(¢* = p*) + V' (¢ —p)

5 T3

wl b
:-5@3—ﬁ)+§ﬂf—p5

1 q
/OW(:C)aii(bi(:c)d:c:/p wz + b dx

{wsz

q

—i—bjx}
2
p
w’ 2 2 j
=< (@ =) + V(g —p).

Here, p and ¢ denote the boundaries of intersection of the supports for ¢* and ¢’:

p = max{min[max(—b'/w’,0), 1], min[max(—¥ /w’,0),1]},¢ = 1, if w' > 0,w’ >0
p = min[max(—b’/w’, 0), 1], ¢ = max[min(—b' /w’, 1), 0], if w' > 0,w7 <0,p<gq
p = min[max(—b'/w",0),1], ¢ = max[min(—b’ /w’, 1), 0], if w' < 0,uw’ >0,p<gq
p = 0, ¢ = min{max[min(—b'/w’, 1), 0], max[min(—¥ /w’, 1), 0]}, if w' < 0,uw’ <0.

If none of these conditions are met, the integrals vanish to zero. Note that
Nn 2 N N
o) = (L)) =33 oewsin
i=1 j=1 i=1
Thus, the term L3 can be written in the form:
N Ny

Lafun) = [ (i) e =303 0 [ G

=1 i=1
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The gradients of L3 are then given by:

0 ! 0
%Egz/o ng(:c)-aciu(;(:c)d:c
1 .
=2 - ¢'(x)d
| @) ey

zzzncﬂ‘/o & (2)6 (2)da

0 ! 0
8wi£3 _/o 2ug(x) - awiug(m)dx

—/0 u@(x)-cawigb(x) x

Nn 1
i j j 0 i
=2 ;cﬂ/o O (2)5 o' (x)dx

0 ! 0
8bi£3 —/0 2ug(T) - abiue(:c)d:v

= /1 2ug(z) - ¢! 0 ¢ (z)dx
. b

N 1
i j j 9 i
=2 ;cﬂ/o W(m)abiqﬁ(x)dx.

Finally, the exact gradient of £ in (5.2)) with respect to ¢!, w’ and b’ is obtained
by summing the gradients of the individual components using the linearity of partial

derivatives and the gradients of each term shown above.

5.2.3 Approach 3: VPINNSs

We observe that the constraints in the MEM are conceptually similar to the variational
formulations used in solving PDEs. By focusing strictly on these constraints, we can
construct a VPINN framework (cf. Section specifically for invariant density
problems. The resulting loss function omits the regularization term and is defined as:

2

L(ug) == (/Olug(x)dx - 1)2 +kN§ (/Ol[pk(a:) —pk(S(x))]UQ(x)dx) . (58)

A key advantage of this approach is that the exact gradients of the loss function
can be computed analytically using the derivations presented in the previous section.
This formulation also avoids the need for the quadratic term, which may not reliably

approximate the entropy. In this context, the set of Chebyshev polynomials serves as
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a discrete test space for the variational formulation of the invariant density problem.
Defining the terms b(u,v) := fol[v(x) — v(S(2))|u(z)dr and I(v) := 0 allows the
problem to be solved without requiring the entropy maximization condition, as seen
in . Although further study into how different test spaces affect the neural
network approximation could be pursued, this work focuses on Chebyshev polynomials

to facilitate a direct comparison with the MEM and other established approaches.

Initialization of weights and biases

Proper initialization of weights and biases is important for accelerating the conver-
gence of the training process. For the neural network architecture defined in (5.4)), we

initialize the hidden layer parameters by letting w’ = 1, and & = —j/(N, + 1). To

oL
Oct

initialize the output coefficients ¢!, we solve the optimality condition = 0, where

L is the loss function defined in (5.8)). Expanding this derivative, we obtain:

([ e 1) ([ L)
+ 22 ([ eto) = petsoutarie) ([ ipeto) = pe(sutarir) o

Substituting uy from Equation (5.4), this condition becomes:
S ([ o) ([ 200
303 ([ o) - misnieons) ([ nto) - mistonis o)

= /o ¢'(z)dx

This system is equivalent to the matrix equation Ac = d where the components of

the matrix A and vector d are given by:

Aij = (/1 ¢j(:x)d:r> (/1 gb"(:v)dx)
+Z (/ [Pk (= (S(2))]¢ (x dx) (/ [pi(z (S(z ))]W(ﬂﬁ)dw)
d; :/0 & (x)de

Remark 5.2.1. Minimizing these loss functions requires solving a nonlinear optimiza-

tion problem, which generally incurs a higher computational cost than Ulam’s method
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or the maximum entropy approach. Consequently, practical applications demand a
balance between precision and runtime. However, evaluating computational speed
falls outside the scope of this study, as none of the implementations were optimized

for performance.

5.3 Numerical results

In this section, we present the numerical results for our deep learning methodologies
in approximating invariant densities. We analyze the effect of varying the number of
constraints on the accuracy of the approximation. We also compare the performance
of our method with Ulam’s method and the MEM. Additionally, we show the per-
formance of the exact integration approach. To evaluate the accuracy of the neural

network approximation ug, we compute the pointwise absolute error as:
e(x) = ug(x) — u(z)],

where u represents the exact invariant density. Additionally, we compute the mean

absolute error (MAE), defined as:

MAE ;:/0 g () — ()| dz.

In our experiments, the MAE is approximated using the Gauss-Kronrod quadrature

rule with 1,001 nodes.

5.3.1 Effect of the number of constraints in DMEM

According to the methods proposed in Section [5.2] we need to choose the number
of constraints in our loss function before training the neural network. Consistent
with the theory of the MEM, the model’s accuracy is expected to improve as more
constraints are incorporated. We investigate this effect using Approach 1 in Section
b2l

The model is implemented as a two-layer neural network with 10 neurons per
hidden layer. We employ a combination of tanh and softplus activation functions as
follows:

ug(x) = Softplus(W? tanh(W'z + b') + b?). (5.9)
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Figure 5.1: DMEM results for Example 1.1 in Table from Section .

The parameters of the neural network are initialized randomly, and the integral
terms in the loss function (5.1) are computed using the 101-point Gauss-Kronrod
quadrature rule. We set the regularization parameter to A\ = 0.01. We train the
neural network using the gradient descent method with a learning rate n = 0.01 to
minimize the loss function for N, € {1,2,...,8}. Automatic differentiation [6] is used
to compute gradients of the loss functions.

We apply DMEM to approximate the invariant density for Example 1.1 in Table
[B.1] After 50,000 training iterations, the resulting approximations are shown in Figure
(a). As we can see, increasing the number of constraints leads to a more accurate
approximation of the final results. In addition, the corresponding pointwise absolute
error and mean absolute error, shown in Figures (b)-(c), indicate that the error
tends to decrease as the number of constraints increases. These results suggest that

adding more constraints improves the accuracy of our model.
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Figure 5.3: Loss plots for DMEM.

5.3.2 DMEM vs. MEM

To demonstrate the performance of our proposed method, we compare the DMEM
with the results of the MEM. The MEM approximation functions, as presented in [37],

for the three examples listed in Table [3.1] using four constraints are given by:

f1 (x) :1.0186—3.6989(1—51 (2))+8.6626(x2—S1(x)2)—10.3795(23 —S1 ()3)+4.8509(x* — 51 (x)%)
f2<x) :1.067677.9865(:1:752(x))+20.2337(:v2752(:1:)2)724.1849(13752(1)3)+11.0712(:v4752(:1:)4)

fg(:v) :1.0936—3.9716(30—5'3(x))+23.3166(z2—Sg(x)Q)—4D,4357(:c3—53(x)3)+22.0177(x4—S3(x)4) _

For the DMEM, we use a three-layer neural network defined as:

ug(x) = softplus(W?softplus(W? tanh(W'z + b') + b*) + b*). (5.10)

We train the neural network using the procedure described in Section for 10,000
iterations. The mean absolute errors for both methods are shown in Table 5.1l The
results indicate that the DMEM outperforms the traditional MEM across all three
examples. This demonstrates the effectiveness of our deep learning approach in ap-

proximating invariant densities with higher accuracy compared to the MEM. This
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Example DMEM MEM

1.1 0.0301  0.0447
1.2 0.0225  0.1270
1.3 0.2734  0.3176

Table 5.1: Mean absolute errors of DMEM and MEM for three examples in Table .

improvement comes from the high expressivity of neural networks compared to the
fixed form of the MEM solution. The corresponding plots of the approximations for
both methods, along with their exact invariant densities, are shown in Figures [5.2
These visualizations further confirm the improved performance of DMEM, as the ap-
proximations are closer to the exact invariant densities. The loss plots in Figure 5.3

illustrate the convergence of our training process.

5.3.3 Numerical results and discussion for Approach 2

In this section, we examine the results for Approach 2, where we replace the en-
tropy term by the quadratic energy term. Note that the analytical solution to the
optimization problem — is a linear combination of the form (3.30]) where
gi(z) = pi(z) — p;(S(x)). For the three examples in Table [3.1] we present these
analytical invariant densities for varying numbers of constraints in Figure [5.4]

For the numerical implementation, we use a two-layer neural network with ReLLU
activation functions, as the piecewise-linear nature of ReLLU is well-suited for comput-
ing exact gradients of the loss function given by Equation (5.2]). The hidden layer size
is set to 20 neurons for Examples 1.1 and 1.2, and increased to 30 neurons for Example
1.3 to accommodate the higher complexity of the solution. The training process of the
neural network is conducted using the BFGS methodﬂ This second-order optimizer
is chosen for its better convergence properties in shallow neural network optimization
compared to first-order methods.

In the training process, we employ exact gradients as derived in Section [5.2.2)
and terminate the training when the gradient norm falls below 1078, As illustrated

in Figure [5.5] the neural networks generate piecewise-linear approximations of the

!The BFGS solver is paired with the line search algorithm.
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Figure 5.5: Neural networks approximations using Approach 2.

analytical solutions. However, the results indicate that this approach fails to provide
a good approximation of the true invariant density. This issue arises because the
quadratic approximation of the entropy functional only works well for density func-
tions that are nearly uniform (constant). Since the true invariant densities in these
examples are non-uniform, the quadratic term cannot serve as a robust substitute for
the entropy term. Consequently, we turn to the other approach, which yields a better

approximation.

5.3.4 Effect of the number of constraints for Approach 3

In this section, we present numerical results for Approach 3, which utilize a VPINN
framework. In this approach, we use the same neural network architecture and op-
timization procedure detailed in Section [5.3.3] The loss function used is defined in
Equation ([5.8)).

Figures [5.6| shows the approximated invariant densities for different numbers of
constraints N.. Figures[5.7illustrates the mean absolute errors against different num-
bers of constraints. These results indicate that the VPINN approach achieves higher

accuracy as the number of constraints (test functions) increases.
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Figure 5.7: Mean absolute errors of neural network approximations of invariant dens-

ities.

Example | VPINNs | MEM

1.1 0.0077 0.0447
1.2 0.0112 0.1270
1.3 0.3043 0.3176

Table 5.2: Mean absolute errors for VPINNs and MEM.

5.3.5 VPINNs vs. MEM

We compare the proposed VPINN method with the MEM using N. = 4 constraints
for both approaches. The VPINN implementation uses the same setting detailed in
Section [5.3.4, As summarized in Table [5.2] the mean absolute errors produced by
VPINNSs are lower than those of the MEM across all three examples. These results
indicate that the VPINN framework provides a more accurate approximation of the

invariant densities, outperforming the MEM.
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Figure 5.8: Approximation of the invariant densities using VPINNs v.s. MEM.
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Figure 5.9: Loss plot of VPINNs method with N, = 4.

The approximation plots comparing both methods against the exact invariant
densities are presented in Figures Additionally, the loss plots during the training

process, shown in Figure |5.9, illustrate the convergence of optimization process.

5.3.6 VPINNSs vs. Ulam’s method

To further validate our approach, we compare the VPINN method against Ulam’s
method. In the VPINN framework, we use N, = 6 constraints in the loss function
. To balance a comparison between the number of breakpoints in shallow neural
networks and the discretization resolution of Ulam’s method, we set the number of
sub-intervals in Ulam’s partition to match the number of neurons in our hidden layers.
Specifically, we use 20 neurons (and 20 sub-intervals) for Examples 1.1 and 1.2, and
30 neurons (and 30 sub-intervals) for Example 1.3. Other settings are the same as
described in Section [£.3.4]

The transition matrix entries for Ulam’s method are computed using with
n = 1,000. As shown in Table [5.3] the mean absolute errors for VPINN method are

lower than those obtained via Ulam’s method across all three examples, indicating
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Example | VPINNs | Ulam

1.1 0.0067 0.0276
1.2 0.0080 0.0362
1.3 0.2130 0.2178

Table 5.3: Mean absolute errors of VPINNs and Ulam’s method.
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Figure 5.10: Invariant density approximations using VPINNs and Ulam’s method.
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Figure 5.11: Loss plots of VPINNs method with N, = 6.

that the VPINN approach is more effective to capture the invariant densities than
a piecewise-constant discretization of Ulam’s method. The approximation plots for

both methods and the loss plots for the neural network training are shown in Figures

and [5.11], respectively.

5.3.7 VPINNSs: Gauss-Kronrod vs. exact integration

Finally, we conduct a performance comparison between the VPINNs method using
101-point Gauss-Kronrod integration versus the exact integration approach. The
neural network architecture and other settings remain consistent with those detailed

in in Section £.3.6
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Training Time (seconds) MAE
Examples
Gauss-Kronrod Exact Gauss-Kronrod Exact
1.1 25 1 0.0151 0.0067
1.2 28 1 0.0134 0.0080
1.3 117 4 0.2892 0.2164

Table 5.4: Training time and MAE for VPINNs method.

Table [5.4] shows that the training time for the exact integration approach is sig-
nificantly lower than those for the Gauss-Kronrod integration. This result highlights
the efficiency of utilizing analytical gradients. In addition, the mean absolute errors
for using exact integration are smaller than those using Gauss-Kronrod quadrature

rule.

5.4 Conclusions

In this chapter, we developed and analyzed three loss functions for approximating
the invariant densities of Perron-Frobenius operators, based on the maximum entropy
method, minimum energy method, and VPINN approach.

We found that the mean absolute error decreases as more constraints are added to
the loss function. Furthermore, we compared our DMEM with the MEM using four
constraints and found that our DMEM method outperforms the MEM. This confirms
that the high expressivity of neural networks allows for a more flexible and accurate
fit than the fixed functional form required by the classical MEM.

Replacing the logarithmic entropy term with a quadratic energy term, or omitting
it entirely, simplifies the loss function and facilitates the use of exact gradients. These
approaches allow us to freely adjust the form of neural networks and derive analytical
gradients for two-layer neural networks with ReLU activation functions.

However, the quadratic approach (Approach 2) was less effective. We found that
the quadratic approximation is only reliable for densities that remain close to a uni-
form distribution. In contrast, the VPINN-based formulation (Approach 3) was suc-
cessful. By focusing on the variational constraints, this approach effectively treats the

invariant density problem within the modern VPINN framework. Notably, the use
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of exact integration within the VPINN framework resulted in much shorter training
times compared to the Gauss-Kronrod integration, without losing any approximation
quality.

There are several directions for possible extensions from this chapter. First, ap-
plying these methods, especially the VPINN approach, to two dimensional or higher-
dimensional dynamical systems is a natural next step. Second, a more detailed in-
vestigation into the optimal selection of basis functions for VPINN approach could
help balance computational cost and accuracy. Finally, it would be valuable to con-
duct a comparative study between our neural network approach and classical Galerkin
methods using piecewise-linear basis functions to further highlight the advantages of

mesh-free deep learning techniques.
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Chapter 6

Test-Space Adaptive RVPINNSs

6.1 Introduction

Deep learning methodologies have been widely applied to various areas of scientific
computing over the past decade (see, for example, [2,1967,93100,/107]). One popular
application in this area is the use of neural networks to approximate solutions of partial
differential equations (PDEs). This line of research gained significant attention with
the introduction of physics-informed neural networks (PINNs) [84] in 2019. The
idea of PINNs is to generate data for the training by incorporating physical laws,
expressed as PDEs. The neural network is trained using this data, which is on a
mesh-free set of collocation points sampled from the physical domain and its boundary.
PINNs have been successfully applied to a broad range of problems, including fluid
dynamics [20}74], wave propagation [85], and inverse problems [|28]. However, a caveat
of this method is that it employs a strong-form residual to approximate the solution,
whereas for many PDEs, the solution is only meaningful in a variational sensd’l In
addition, the mesh-free nature of PINNs is not always an advantage, as approximating
solutions in complex scenarios, such as singular solutions or with steep gradients, can
lead to convergence issues due to an improper balance between loss terms [45], making
training too expensive or impractical.

As an alternative to the strong-form residual, variational PINNs (VPINNs) [58]
and hp-VPINNs [59] were introduced to solve PDEs in their weak forms. While these

!Examples include the Poisson equation with a Dirac delta source term, Poisson problems with

rough data, and elliptic equations with discontinuous coefficients (cf. [42]).
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approaches align with weak solutions, they depend on the choice of basis functions
and, consequently, their loss functions may not be robust with respect to the true
error. Subsequently, robust VPINNs (RVPINNs) [87] were proposed to overcome
these limitations. In this framework, the loss function is defined through a discrete
Riesz representative of the residual. This construction ensures that the loss function
acts as a reliable and efficient estimator for the true error up to a remainder term,
which depends on the neural network approximation and the discretization of the test
space. When standard FEM functions are used as test functions, the underlying mesh
provides a natural framework for adaptive refinement that improves approximation

quality.

An analysis of the quadrature rules and piecewise-polynomial degrees of the test
space for VPINNs was conducted in [9], highlighting the critical role of test func-
tions and numerical integration on the error decay rate. Several adaptive strategies
for VPINNs have been developed, incorporating error estimators to guide test-space
refinements. To address the dependence on the choice of basis functions, Berrone
et al. [10] proposed a mesh-free approach in which the test-space mesh is no longer
required. Instead, an a posteriori error estimator is employed to enrich the test space
by incorporating new test functions. Additionally, Hu et al. [55] introduced an error
estimator for stationary Navier-Stokes equations to guide adaptive mesh refinement
within the VPINN framework. A rigorous a posteriori analysis was carried out in [45],
with applications to adaptive refinement for neural network approximations. Beyond
test space refinement, adaptive sampling of collocation points based on PDE resid-
uals [47,148,(95,/109] has been studied to enhance the numerical accuracy of PINNs.
These adaptive strategies aim to improve accuracy and convergence rates for neural
network-based PDE solvers, particularly when approximating solutions with singu-

larities and sharp gradients.

In RVPINNSs, robustness is granted only if the remainder is kept under control.
In practice, this means that for a fixed mesh, continued training drives the neural
network toward a solution determined by the discrete test space, rather than the true
solution of the continuous variational formulation. If the mesh is too coarse, it might
not be enough to control the true error during the full training. A fully robust control

can be obtained by incorporating a computable upper bound for the remainder into
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the loss [45]. However, this implies a major training cost as a natural consequence of
including additional terms to the loss function. Another way to ensure full control is
to use a sufficiently fine mesh; however, this becomes impractical in complex scenarios

involving singularities or steep gradients.

We aim to accelerate convergence for RVPINNs in these complex problems. We
extend the RVPINN framework with an adaptive test-space refinement strategy. This
approach ensures robust training throughout this process without incorporating extra
control terms into the loss function. The loss function is formulated in terms of the
discrete Riesz representative of the variational residual, maintaining consistency with
the original RVPINN methodology. The boundary term, when necessary, is defined by
the trace norm of the boundary residual, following the approach in [45]. To ensure that
the discrete Riesz representative accurately approximates its continuous counterpart
for a given neural network approximation, we monitor the discrepancy between the
discrete and continuous Riesz representatives during training and refine the mesh
whenever this discrepancy exceeds a prescribed tolerance. The refinement indicator is
based on the local difference between the discrete Riesz representatives computed in

the original test space and in an enriched test space with a higher polynomial degree.

The main contributions of this chapter are as follows. We present upper bounds for
approximation errors based on the RVPINN loss function and prove the equivalence
between these error bounds. Moreover, we develop theoretical adaptive algorithms for
RVPINNSs and provide their convergence results. We propose a computable refinement
indicator derived from two discrete Riesz representatives associated with two nested
test spaces. We show that, under the saturation assumption [1, Section 5.2], this
indicator is a reliable and efficient error estimator for the discrepancy between the
discrete and continuous Riesz representatives. Furthermore, we introduce a practical
adaptive RVPINN algorithm driven by this refinement indicator. We demonstrate the
effectiveness of the proposed method by solving a Poisson problem on a square domain
with a smooth solution, an elliptic interface problem with a discontinuous coefficient,
and a Poisson equation on an L-shaped domain with a singular solution. To evaluate
the performance of our adaptive approach, we compare our adaptive RVPINNSs to the

standard finite element method (FEM) on identical mesh and test space settings.
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The remainder of this chapter is structured as follows. In Section [6.2] we describe
the variational problem of PDEs and the neural network framework used throughout
this work. We review the standard RVPINN methodology and discuss the loss function
for the problems where the boundary conditions are not strongly imposed on the test
space. Section [6.3| provides two types of error estimates and prove their equivalence.
In Section [6.4] we introduce a theoretical adaptive algorithm and derive its error
estimates. These results guarantee convergence of the neural network training with
RVPINNSs using the proposed adaptive strategy under certain conditions. In Section
6.5, we present the refinement indicator proposed for the adaptive framework. In
Section [6.6], we develop a practical algorithm for the test-space adaptive RVPINNs.
Section introduces the model problems used for numerical results. Section
details and discusses the numerical experiments validating the proposed methodology.
Section [6.9| summarizes the conclusions obtained from this work and outlines possible

directions for future research.

6.2 RVPINNSs for PDEs

6.2.1 Abstract framework

Let U and V be Hilbert spaces equipped with norms |- || and || ||y, respectively. Let
V" denote the dual space of V. We consider a PDE problem that admits the following

variational formulation:
Find v € U such that b(u,v) =1(v), Vv eV, (6.1)

where b(-,-) is a bilinear form in U x V and [(-) € V' is a bounded linear functional

satisfying the following assumptions:

1. Boundedness of b(-,-): there is a constant g > 0 such that
b(w, v) < pllwlullolly VweUv eV, (6.2)

2. Inf-sup stability: there is a constant o > 0 such that

b(w, v)
sup
0£veV HUHV

> aljw|y Yw e U, (6.3)



38

3. Adjoint injectivity:

b(w,v) =0 Yw e U = v =0. (6.4)

Under these assumptions, Problem ([6.1)) admits a unique solution u € U by the
Banach—Necas—Babtuska Theorem. Furthermore, the conditions (6.3) and (6.4) are

well-known to imply the adjoint inf-sup condition (see, e.g., |35, Theorem 1]):

b
wp H0)

> allvlly, VvelV. (6.5)
0£wel ||7~UHU

Let (-, -)y be the inner product inducing the norm || - ||y and define the dual norm
of V' by
[(v)
11l := sup : (6.6)
0#veV HU”V

For any w € U, we define r(w,-) := [(-) — b(w,-) € V' as the variational residual
with respect to w. According to the Riesz-Fréchet representation theorem (see |18,

Theorem 5.5]), there exists a unique Riesz representative ¢(w) € V such that:
(P(w),v)y =r(w,v), YveV, and [o(w)|v = r(w,-)[v- (6.7)

As a consequence of the boundedness of b(-,-) and the inf-sup stability, the following

inequality can be proven:

o)y < llu=wily < S low)ly. (6.5)

Inequality implies that ||¢(w)]]y is a robust estimator of the true error ||u—w||y.

6.2.2 Neural Network framework and loss function

To approximate the solution to Problem ([6.1]), we employ a deep neural network u,
of the form given in (2.3). Here, # € R™ denotes the vector of trainable weights
and biases, and the output layer uses an identity activation function. The optimal
parameters ¢ are identified by minimizing a suitable loss functional through training
via iterative optimization. We recall the set of all functions representable by this
neural network architecture as M, (see (2.8])), which we assume to be a subset of the

trial space U.
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Let Vj, = span{e, }"*, be a finite-dimensional subspace of V. The discrete Riesz
representative of the residual r(uy,-) with respect to Vj is the function ¢y (uy) € Vi
satisfying

(Dr(ug),vp)y = r(ug,vp), YVup € Vi (6.9)

It follows immediately that the discrete dual norm of the residual is equal to the

V-norm of its discrete Riesz representative. Indeed,

T(Ug, Vg gbk Ug ), Vg
s, Yy = sup Tt g @sle) vy 0 (610)
0Fv, €V ||Uk||V 07£vL €V “UkHV

Moreover, a straightforward computation shows that the norm of the discrete Riesz
representative provides a lower bound for the approximation error. That is, one has

1
;HCbk(uO)HV < |Ju — ugllv- (6.11)

The main idea behind RVPINNS is to formulate the loss function using the norm of
the discrete Riesz representative (|6.10|) of the residual corresponding to ug. Following

[87], the loss is defined as:

Ly (ug) == || dr(ug) I3 + C(up), (6.12)

where C'(-) imposes constraints on the neural network (e.g., data interpolation). As
a consequence of the linearity of the residual r(ug, -), and of the inner product (-,)y,

the discrete Riesz representative ¢y (ug) can be written as

Ni,
(ug) =D 19(n)pn, (6.13)
n=1
with coefficients ny(n) € R. Substituting (6.13]) into (6.9) yields the linear system
Gy = Tok, (6.14)

where 1y is the vector of coefficients ny(n), Gy the (f-independent) symmetric and
positive definite Gram matrix Gg(n,m) = (@m, ©n)v, and rgy is the vector with
entries rg,(n) = r(ug, pn), n =1,..., Ni. From (6.13)) and the definitions of G}, and
79k, the norm of the discrete Riesz representative satisfies

1or(u) |5 = (9 (o), dr(uo))v = rgxGy ' ro. (6.15)

Hence, the loss functional (6.12) can be equivalently written as

,Ck(UQ) = ’l"gjkGlzl'l"ng + C(UQ) (616)
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For simplicity, throughout this chapter, we assume that the loss function L (ug) has

O(UQ) =0.

6.2.3 Two residuals

In the previous section, we considered RVPINNs with a single variational formulation.
However, for many PDEs where boundary conditions cannot be strongly imposed
within the trial space, we may need to treat the boundary conditions as a separate
variational form and include them directly into the loss function. In this section, we
consider a weak formulation in which the PDE is defined by two variational forms:
one acting on the domain 2 and another on its boundary I' := 0f).

Let Vi and Vi be two vector spaces, and define the product space V' := Vi x Vp.

We consider the following variational problem: Find u € U such that:

’I“Q(U,’UQ) = lQ(UQ) — bQ(U,UQ) =0 Youg € Va,

rr(u,vr) := Ip(vr) — br(u,vr) =0 Vor € Vr,

where bg(+,-) and br(+,-) are bounded bilinear forms, and lo(-) and Ip(-) are bounded
linear functionals. We can combine these two forms into the following variational

formulation:
Find u € U such that r(u,v) = rq(u,vq) + rr(u,vr) =0 Vv = (vg,vr) € V.

To apply the RVPINN framework, we let Vi := span{p?}™ and VI := span{el }M+ |

be discrete subspaces of Vi, and Vr, respectively. The loss function is then defined as:

Ly (ug) = |6y (uo) 13, + 10k (uo) 3., (6.17)

where ¢ (up) and ¢f (ug) are discrete Riesz representatives of the residuals ro(ug, -)
and 7 (ug, -), respectively (see (6.9)). This formulation is computationally equivalent
to:

Li(ug) = (r53) " (GE) "' riix + (r.) " (GL) g, (6.18)

where 7§, and 74, are vectors with entries 7. (n) = rq(ug, ¢)), and rj,(m) =
rr(ug, ¢L,). Here, G§t and GE denote the corresponding Gram matrices for the domain

and boundary test spaces.
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6.3 Error estimates

For a given neural network approximation ug, we let ¢(uy) € V' denote the (continu-

ous) Riesz representative (see (6.7))) associated with ug defined by
(p(ug),v)y = r(ug,v) YveV. (6.19)

In addition, we recall the discrete Riesz representative ¢y (ug) with respect to Vi, C V/
(see (6.9))). In this section, we discuss two types of error estimates: the first is based
on a residual remainder term, while the second relies on the discretization error of the

Riesz representative.

6.3.1 Two estimates

As shown in [45], suppose there exists an operator I : V' — Vj, and a constant

Chr, > 0 such that ||IIyv||y < Cr,||v||v for all v € V. Then,

[9(uo)llv < Cu, || dx(ue) lv + R (u — ue),

b(u — ug, v — I v
( ’ ) is a residual remainder associated with

where Ry (u—up) := sup
OveV [o]lv
the discrete space V. Applying , we obtain the following upper bound:

[ = wglly < = (Cu, || on(ug)[[v + Ri(u = up)) - (6.20)

1
o
Alternatively, by using Inequality and the triangle inequality, we derive an

upper bound for the true error:

o~ uslly < oG}l < — (el + o) — delua)llv). (621

Inequality (6.21]) highlights that bounding the error between the trained neural

network ug and the exact solution v depends on two ingredients:

1. Optimization convergence: The training process must successfully minimize the
discrete dual norm, ensuring that ||¢x(ug)||y is small. This reflects the qual-
ity of the nonlinear solver (e.g. Adam [60]) in finding a near-optimal discrete

minimizer.

2. Accuracy of the discrete test space: The discrete test space Vj;, must be rich
enough to ensure that the discrete Riesz representative ¢y (ug) is a faithful ap-

proximation of the continuous one, ¢(uy).
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6.3.2 Equivalence of two error estimates

In this section, we establish the equivalence between the error estimate based on

the remainder term, ||¢x(ug)||v + Ri(u — up), and the estimate based on the Riesz
representative error, ||@x(ug)||v + [|d(ug) — ¢ (ug)||v-

Lemma 6.3.1. Let u be the exact solution to (6.1) and ug be a neural network approz-
imation. Let ¢p(ug) and ¢r(ug) be the continuous and discrete Riesz representatives of

the residual, as defined in (6.19)) and , respectively. For any v € V and a given
operator Il : V- — Vi, the following identity holds:

(P(up) — Pr(ug),v)y = blu — ug, v — v) — (Pr(ug),v — o)y . (6.22)

Proof. By decomposing the inner product, using the definition of Riesz representatives
¢d(ug) and ¢ (ug), utilizing the definition of the residual r(ug,-), and applying the

bilinearity of b(-, ), we obtain

(P(ug) — dr(ug), v)v = (P(ug), v)v — (P (up),v — yv)v — (Pr(ug), Iv)v
= r(ug,v) — (¢r(us), v — yv)y — r(ug, zv)
b(u — ug,v) — (Pr(ug), v — v)y — blu — ug, xv)

b(u — ug, v — xv) — (Pr(ug), v — Hxv)y. O

Proposition 6.3.1. Let u be the exact solution to (6.1) and uy be a neural network
approximation. Let ¢(ug) and ¢y (uy) be the continuous and discrete Riesz represent-
atives of the residual, as defined in and , respectively. For a given operator
Iy : V — Vi, let Dy, := ||I — IIg||. Then, the following inequalities hold:

[¢(ue) — dx(uo)llv + l|Px(uo)llv < Ri(u —up) + (1 + D) dr(ue) v, (6.23)
and

Ri(u = ug) + [|on(ug)llv < [|$(us) = druo)llv + (1 + Dy, )| dn(ug)llv.  (6.24)

Proof. By the Cauchy-Schwarz inequality and the property of the operator norm for

I — II;, we have

(P (ug), v — pv)y < o (ug)|lv|lv — Tgvlly < D, [[n(ug)[|v[|v]lv- (6.25)
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Applying Lemma [6.3.1], Equation (6.27]), and the definition of Rx(u — ug), we obtain

llo(ug) — Pr(ug)l|v = sup (d(ug) — Pr(ug),v)v

0#£veV ]|y
< sup b(u — ug,v — Iv) + sup (¢ (ug), v — xv)y
OrveV vy OveV [vlv

< Ri(u — ug) + D, ||dr(ug)||v-

Adding ||¢x(ug)|lv to both sides yields (6.23]).
Conversely, starting from the definition of Ry (u — uy) and applying Lemma m

and Equation (6.25)), we have

b(u — ug, v — )

Ri(u—ug) = sup

0vEV [vllv
< swp (¢(U9)—¢k(ue)av)v+ sup (Pr(ug), v — xv)y
0£vEV |v]|v 0£veV vl

< ||¢(ug) — dr(up)llv + Du,llon(us)]v-

Adding [|éx(ug)||v to both sides yields (6.24)). O

Although the V-norm of the (continuous) Riesz representative provides a robust
estimate of the true error in the U-norm (see (6.8)), replacing ¢(ug) with the discrete
Riesz representative ¢y (ug) does not, in general, yield an analogous result. The error
estimates in and show that minimizing ||¢x(ug)||v does not necessarily
minimize the true error when the remainder term dominates. If the mesh underlying
the discrete test space Vj is too coarse, a reduction in the loss functional Ly (ug)
does not necessarily guarantee a decrease in the true error. In practice, this issue
can be observed after some training iterations: the loss decreases while the true
residual norm—and consequently the true approximation error—stagnates (see [87, Fig.
3]). On the other hand, using excessively fine test-space mesh from the beginning is
computationally expensive, as it requires a large number of quadrature points and
slows down the training process.

To address these issues, the neural network should be trained initially using a
coarse test-space mesh, which is computationally inexpensive, and then refined ad-
aptively whenever the loss becomes sufficiently small. The mesh refinement ensures
that the remainder term decreases as the test space is enriched, allowing continued

training of the neural network under the updated loss function.
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6.4 Theoretical adaptivity strategy

In this section, we analyze a theoretical adaptivity strategy designed to guarantee
the convergence of neural network approximations within the RVPINN framework.
We first discuss an idealized setting where the approximation error can be bounded
within a prescribed tolerance. We then consider an adaptivity strategy based on the

assumption that the trained neural network does not increase the Riesz discrepancy.

6.4.1 Idealized adaptivity strategy

Inequality (6.21)) shows that the true error can be upper bounded by two quantities:
the discretization error of the test space and the minimized loss over that space.
Therefore, convergence to the solution is ensured if the Riesz discrepancy ng(ug) =

|p(ug) — Pr(ug)||v is kept under control via test-space refinement, while the discrete

loss \/ Ly (ug) = ||¢x(ug)|]y is minimized through training.
Given an initial mesh 7Ty, ¢ > 0, and 0 < § < 1. Let ug be an initial neural
network. We initialize 7 := 7o and u), := ugo. An idealized algorithm sets k := 1

and iterates:

€p = O0€k_1
For:= 1,2,...,N
T = ADAPT(T ul', er)
up, = LEARN(T}, ujw, ex)
End for
7_k0+1 =Ty s Ugers = g

k< k+1.

Here, the ADAPT process uses the trained neural network ué;l as prior knowledge

to refine the initial mesh 7,2 and obtain 7;' such that
p(upe") = b7 (ug v < e, (6.26)

where (/57:(%;1) is the discrete Riesz representative of r(u’.',-) with respect to T

ok >

The LEARN process uses the refined mesh 7, as an input and trains the neural
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network ugk over this mesh to obtain u;k such that

l¢7: (uge) v < € (6.27)

Proposition 6.4.1 (Error bound for idealized strategy). Let u be the solution to
(6.1) and let N = oo. Assuming that u}, — uge as i — 0o, we obtain:

2
lu — ugr||o < =0%e.
o)
Proof. Applying Equation ((6.21]), we obtain:

1
= ugello < = (llém (upe)llv + 19use) = dra(uge)llv) . (6:28)

By assumption, both ué;l and uék converge to ugr as ¢ — oo. Taking the limit in

Equations (6.26) and (6.27) and substituting the results into Equation (6.28), we
obtain

2
lu — ugr ||y < —e.
a

Finally, using the relation €, = Je,_; recursively yields €, = 6%¢;, which completes

the proof. 0

Although this proposition guarantees convergence to the solution when N = oo,
the development of a practical algorithm to ensure such convergence requires further
study. Alternatively, we propose a sequentially adaptive strategy, where NV = 1, under
the assumption that the Riesz discrepancy decreases after training, a behavior that
is observed empirically in later sections. The following section details this adaptive

algorithm and its corresponding theoretical results.

6.4.2 Sequential adaptivity strategy

Given an initial mesh 7y, parameters ¢ > 0 and 0 < § < 1, and an initial neural
network ugo satisfying /Lo(ugo) < €, a sequential adaptivity algorithm sets k := 1

and iterates:
€ = 0€p_1
77g = ADAPT(E,M Ugk-1, Ek)
Ugk = LEARN(%, Ugk—1, Ek,’)

k< k+1.
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Here, the ADAPT process refines the current mesh 7;_; to produce the refined
mesh 7 such that the Riesz discrepancy satisfies ny(uge-1) < €x. The LEARN process
trains the neural network wugr-1 on the mesh 7; by minimizing the loss function £;, to
obtain the neural network gy« such that \/W < €.

The following proposition establishes the optimality of the algorithm, assuming
that the neural network ugy. obtained after training does not increase the Riesz dis-

crepancy compared to the pre-trained state ugr—1, i.e., m(ugr) < nx(ugr—1).

Proposition 6.4.2 (Error bound for sequential strategy). Let u be the solution to
(6.1) and wgx € Unn be the neural network obtained at the kth iteration of the

sequential algorithm. If n(ugr) < 1y (uge-1), then the following bound holds:

2

Hu — 'LLngU S —(skﬁo,

Q@
where « is the constant in Equation (6.3)).
Proof. By the assumption of this proposition and the ADAPT condition, we obtain

16 (uge) — dr(ugr)llv = ni(uge) < ni(uge—1) < €.
Furthermore, the LEARN condition ensures that
[[on (ugr)[lv < .

Applying these two inequalities to the error bound in Equation (6.21]) with uy = ugk

yields

1 2
lu — ugr |l < —(ex + €) = a5k€0,

Q

which completes the proof. O]

In practice, training a neural network using a sufficiently fine mesh drives the
approximation toward a minimizer of the variational residual rather than the exact
solution u. Consequently, we analyze the error of the trained neural network by
considering the best-in-class approximation, which minimizes the continuous residual
norm. Since the set of neural networks M,, is neither a linear, closed, nor convex
subset of U, a unique minimizer of ||¢(ug)||y may not exist within M,, [83]. To

account for this, we evaluate the approximation error by considering a quasi-minimizer

of \/Lx() = |6()[|lv (cf. Definition [2.6.1).
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Theorem 6.4.1. Let uy be a quasi-minimizer of |¢(-)||v defined in Definition (2.6.1)),
and let u be the exact solution to Problem . Assume that ugs € M, is the
neural network obtained at the kth iteration of the sequential algorithm and ng(ugr) <
Ni(ugr-1). Then, we have
1 ) "
lug — ugr|lv < - <“91é1ﬂ£s llu — uglly + 9, + 26 60> ,
where p and o are the constants from FEquations and , respectively.

Proof. Starting from the adjoint inf-sup condition in Equation (6.5)), utilizing the lin-

earity of the bilinear form b(-, ), and using the definition of the Riesz representatives,

we have:
1 b(ug — 1 ) —
|ug — ugr|ly < — sup (%—ue’“’v) — = sup r(ug,v) — r(ugr,v)
& 0#£veV ||U||v Q 0£veV ||U||v
1 (A(ug) — plugr),v)y 1
=5 S = |l p(uz) — P(uge)||v-
Q 0£veV |lv]|v a

Applying the triangle inequality, we obtain:

1
lug = ugrlle < = (llo(ug)lly + llé(ugr) — dulug)llv + llon(uge)v)-

Using the definition of a quasi-minimizer of ||¢(-)||y and substituting the LEARN and
ADAPT conditions, we obtain:

L/,
lug — uor||u < > (91;1]1{? ld(ug)|lv + dn + QGk) .

Finally, applying Equation completes the proof. ]

Remark 6.4.1. Theorem demonstrates that the adaptive algorithm can guide
the neural network toward a quasi-minimizer when the neural network architecture
is sufficiently deep or wide to ensure that the error of the best approximation is very

small.

6.5 Refinement indicator

We note that standard RVPINNs might reach a performance plateau because, after
some training iterations, the discrete Riesz representative in the finite-dimensional test
space V}, fails to adequately approximate the exact Riesz representative in the infinite-

dimensional test space V. To make the discrepancy ni(ug) = ||d(ug) — dr(ug)|v
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small, the discrete test space V;, must be sufficiently rich. However, training a neural
network using an excessively refined test space from the beginning is computationally
expensive. While one could use uniform refinement once the loss reaches a target
level, a more efficient approach is adaptive refinement. By employing an appropriate
refinement indicator, we can enrich the test space only where necessary, maintaining
accuracy without incurring unnecessary computational costs.

We define a computable refinement indicator that acts as a surrogate for the
discrepancy between the continuous and discrete Riesz representatives. Specifically,
we introduce a two-level refinement criterion that compares Riesz representatives from
two discrete test spaces. Let V, C ‘7;€ C V be two nested discrete spaces, where V
is the original test space (based on some polynomial order) and V,, is an enriched
space (for example, by using higher-order polynomials or a finer subgrid). We denote
the discrete Riesz representatives associated with Vi and Vi as ¢x(ug) and ¢y (ug),
respectively. Let Tx be the (triangular) mesh associated with these spaces, and let
T € Ti denote an element (triangle) in the mesh. For each element 7', we compute

the local discrepancy indicator:

R(T) = N dr(ug) = drluo) [¥r. (6.29)

This indicator measures the local difference between the two discrete Riesz represent-
atives and identifies regions where the test space Vj; needs further enrichment.

The following theorem shows that the global estimator defined by:

w(Th) = on(ug) = drlug)llv = [ D 3 (T) (6.30)

TET,

is equivalent to the true discrepancy ||¢(ug) — ¢r(ug)||v. This holds under a standard
saturation assumption [1, Section 5.2], which assumes that the enriched Riesz repres-
entative qgk(ue) is a better approximation of the continuous representative ¢(uy) than
¢r(ug), This equivalence establishes the reliability and efficiency of ¢ as a refinement

indicator for the adaptive process.

Theorem 6.5.1 (Equivalence of the two-level indicator). Suppose the saturation as-

sumption holds: there exists a constant € [0,1) such that

¢(ug) — di(ug)lly < Bllé(uo) — di(ug)lly-
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Then, the global refinement indicator satisfies the following two-sided bound:

16k (ua) — dr(ug) v < [[$(uo) — d(ug) v < \/1;_—52”@(“0) — P (uo)|lv-

Proof. Lower bound: Using Galerkin orthogonality (¢x(ug) — ¢(ug),v)y = 0 for all
v €V, and by the Cauchy-Schwarz inequality, we have

165 (ug) — i (u) I} = (Di (1) — Bi (o), Pr(ug) — Pi(u))v
= (o) — B(up), P (g) — dk(up))v
+ (¢ (ug) — Gi(us), bi(ug) — di(ug))v
< 0+ [|6(ug) — dr(uo)|[v || k(o) — di (o) v

By canceling, we obtain the desired lower bound.

Upper bound: Expanding and using Galerkin orthogonality, we have

~

6 (ue) — r(uo)ll3 = llp(us) — drluo)ll3 + 2(d(ug) — Pr(up), dro(ue) — dr(uo))v
+ (|G (ug) — drluo) I}
= || ¢(ug) — dr(uo) It + b (ue) — di(uo) |3

Applying the saturation assumption gives
16(ug) = S (uo) I§ < B2l b(ug) — Br(uo)[I5 + [0 (ug) — Pr(uo) I3

Rearranging yields /1 — 52|é(ug) — ¢r(ug)||v < ||dx(ug) — dr(ug)||y which completes
the proof. O

Remark 6.5.1. One could use an a posteriori error estimator for the remainder term
Ri(u — ug) as a refinement indicator. In [45], this estimator is an additional term in

the RVPINN loss function.

In case of using two residuals (see Section|6.2.3)), we compute two local discrepancy
indicators to account for domain and boundary errors. For an element T, these

indicators are defined as:
i3 o(T) = |6 (uo) — & (wo) 1 (1, (6.31)

(1) = (|6 (uo) — & (o) I3 (1), (6.32)
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where ¢2(ug) and ¢F (ug) are the discrete Riesz representatives with respect to the en-
riched test spaces VkQ D V& and ‘A/kr D V', respectively. Finally, the global estimator
is defined by:

w(Te) = [ (Bo(T) +21(T)). (6.33)

TeTy

6.6 Practical adaptivity strategy

In this section, we provide a practical algorithm for the adaptivity strategy in Section
[6.4.2] The adaptive procedure is based on the standard - SOLVE-ESTIMATE-MARK-
REFINE structure in the classical adaptive finite element method (AFEM) loop [29).
We integrate these processes into the sequential adaptivity strategy in Section [6.4.2]
We use 1x(7Tx) as a computable error estimator for 7y (ug). We assume that the neural
network architecture possesses sufficient expressive power to the solution and the
nonlinear optimizer (e.g. Adam) effectively minimizes the loss function.

Let 7y be an initial mesh of the domain, and let 7, denote the mesh after k
refinement steps. We define V}, as the discrete test space associated with 7y, typically
constructed using low-order polynomials. Let £; be the corresponding loss function
defined in , and let ugr be the neural network approximation associated with
L.

Given an initial mesh 7, a starting tolerance €y € (0, 00), scaling factors dy,04 €
(0,1), and marking parameter v € (0,1], we initially train the neural network to
obtain wugo such that \/m < €p. The adaptive loop sets k := 1 and proceeds as

follows:

1. ﬁ = ADAPT(E_l, Ugk—1, (55160)
{kal(T>}Te77€,1 = ESTIMATE(E,h u,gkfl)
My = MARK({%A(T)}TGT,C,U’Y)

Tie1 = REFINE(T5_1, Mj,_1)

2. uge = LEARN(T, ugr—1, 6% ¢o)

Ugk—1 = SOLVE(%, 'Ufgk—l)

3. k+—k+1.
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The adaptive algorithm proceeds through four main steps during iteration (k):

ESTIMATE: For a predefined test space Vj_; (based on some polynomial order)
on the current mesh 7,_;, we construct an enriched test space ‘A/k_l (typically by
increasing the polynomial order) such that Vi_; C Vi1 C V. We then compute
the discrete Riesz representatives ¢p_1(ugr—1) and ék,l(ugk_l) with respect to these
spaces. For each element T' € 7T,_1, we calculate the local discrepancy indicator
i2_1(T) as defined in (6.29). In cases involving two variational forms, we evaluate the
domain indicator ¢;_; o(7) and the boundary indicator ¢;_, p(T") according to

and (6:32).

MARK: We apply the Dorfler marking criterion [41] to identify the elements that
account for the largest portion of the discrepancy. In particular, for a given marking

parameter v € (0, 1], we find a smallest subset of elements Mj,_; C Tj_; such that:

S Eam =y Y L) (6:34)

TEM}C,1 TE77C71

In cases involving two variational forms, we follow a separate marking strategy for the

domain 2 and the boundary I'. Let M | and ML _, be the smallest subsets of marked

elements using indicators ¢, o(T') and ¢f_, p(T') from (6.31]) and (6.32), respectively.

To maintain a balance between the two regions, we define m = min(|M$ |, ML _,])
and select the m elements from each subset with the largest local discrepancies. These

selected elements are then combined to form the final set of marked elements M;_;.

REFINE: We refine the marked elements in Mj_; using a conforming refine-
ment scheme to generate a finer mesh 7;_;. We then compute the global estimator
te—1(Tp—1) in or (6.33). If tf_1(Ti—1) > 6% €0, we repeat ESTIMATE and MARK
procedures to further enrich the test space. Otherwise, this mesh defines an enriched

test space mesh 7 for the next level.

SOLVE: We train the neural network on the current mesh 7 by minimizing the
loss function £, using Adam optimizer [60]. This process is repeated until we obtain

the neural network uge such that /Ly (ugr) < d%¢.

The algorithm for test-space adaptive RVPINNS is described in Algorithm [I]
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Algorithm 1 Adaptive training algorithm.
ReqUire: Ugo, 767%7 '607 €0, 5L76A777 K eN

1: fork=1to K do

2: while Lk—l(ﬁ—l) > 511260 do

3: Compute {tg—1(T) }reT,_,-
4: Identify marked elements M _;.
5: Refine 7;_; and update Vj,_;.

6: end while

7. Set Tj as the refined mesh and V} as the associated test space.
8 while \/Ly(ug—1) > d%e do

9: Update 0%~ (one step of the nonlinear solver).

10:  end while

11:  Set ugr as the optimized neural network.

12: end for

13: return Optimized neural network wugyx.

Remark 6.6.1. The SOLVE step of the proposed methods involves training the
neural network, making it computationally more expensive than the SOLVE step in
the standard AFEM. Applying these techniques in practice requires balancing accur-
acy against runtime. However, runtime comparisons are omitted here, as none of the

methods were optimized for computational efficiency.

6.7 Model problems

In this section, we consider three two-dimensional PDEs with different degrees of reg-
ularity: a Poisson problem with a Dirichlet boundary condition featuring a smooth
solution, an elliptic interface problem with a discontinuous diffusion coefficient ex-
hibiting a kink solution, and a Poisson problem on an L-shaped domain possessing
a corner singularity. The notation in Appendix [A] will be used throughout the sub-

sequent sections.
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6.7.1 Poisson problem with a smooth solution

Let Q = (0,1)% be a square domain. We consider the following Poisson problem: find

u such that

—Au=f in €,
(6.35)

u=0 onl,

where the function f € L?(Q) is defined as f(z,y) = 27 sin(7rx) sin(7y). This prob-
lem admits a smooth solution u(x,y) = sin(7x) sin(7y). The variational formulation

of (6.35) is to find u € HJ () such that
T'(’LL,U) = (f, U)LQ(Q) — (Vu, VU)Lz(Q;Rz) =0 Yve H&(Q) (636)

The well-posedness of this problem is guaranteed by the Lax-Milgram theorem (cf. |42}
Section 6.2]).

6.7.2 Elliptic interface problem with a kink solution

Let Q = (—1,1)? be a square domain. We consider an elliptic interface problem: find

u such that
—V - (aVu) = f inQ,
(6.37)
u=g¢g onl,
where a is a piecewise-constant diffusion coefficient. In polar coordinates (p, ), a is

defined as

ai, p<po
a(p,) =
az, p = pPo,

with p = /224 y? and py = 7/6.28. The functions f and g are given in polar
coordinates by f(p, 1) = —9p and

go) =2+ (i - i) . (6.38)

a2

The exact solution to this problem [105] is

u(p, 1) = _; (6.39)
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In our experiment, we set a; = 1 and as = 5. The variational formulation of (6.37) is
to find uw € H'(2) such that w = g on T and

r(u,v) = (f,v)12(0) — (aVu, Vv)120r2) =0 Yo € Hy(Q). (6.40)

Given a lifting w € H'(Q) such that w|p = g, the existence and uniqueness of @ €
H}(Q) such that 7(@ + w,v) = 0, or equivalently r(@,v) = —r(w,v) for all v € H}(Q)
follow from the Lax-Milgram theorem. By defining u := @ +w € H'(Q), we establish

the well-posedness of the variational problem ((6.40)).

6.7.3 Poisson problem with a singular solution

Let © := (—1,1)%\(—1,0]? be an L-shaped domain. We consider the Laplace equation

(Poisson problem with zero source term): find u such that

—Au=0 1in Q,
(6.41)

u=g¢g onl,

where ¢ is defined in polar coordinates (p, ) as g(p,¢) = p**sin(3(r — ¢)). The
exact solution to this problem is u(p, ) = g(p, ), which can be expressed in Cartesian

coordinates as:
2
w(z,y) = va?+ y?sin (§<7T — atan2(y, x))) : (6.42)

where atan2 denotes the four-quadrant inverse tangent. Note that the solution exhib-
its a corner singularity at the origin (0,0), where the gradient becomes unbounded
as (x,y) — (0,0), and belongs to the fractional Sobolev space H*/37¢(Q) for every
e >0 [75].

The variational formulation of is stated as follows: Find u € H'() such

that
ro(u,v) == (Vu, Vo)2qprz =0 Vo € Hy(S), (6.43)
rr(u,v) == ((g —u)|r,v)p =0 Vv € H(div; Q).
We note that the condition rr(u,v) = 0 for all v € H(div;{2) enforces the boundary
condition ulr = ¢ in the sense of HY2(I'). Given a lifting w € H'(Q) such that
w|r = g, the existence and uniqueness of @ € H}(Q) such that ro(a + w,v) = 0,
or equivalently rq(,v) = —ro(w,v) for all v € H(Q2) follow from the Lax-Milgram

theorem. By defining u := @+ w € H'(f2), we establish the existence and uniqueness

of the solution v € H'(Q) to (6.43).
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6.8 Numerical results

In this section, we demonstrate the performance of our adaptive strategy using model
problems in Section [6.7, We analyze the convergence rates achieved by our approach

and compare them against FEM using the same test spaces and meshes.

6.8.1 Smooth solution

We consider the variational problem and approximate the solution u using a
neural network uy(x,y) = x(1—2)y(1—y)ue(z, y), where @y is a six-layer, fully connec-
ted architecture with hyperbolic tangent activation functions, where each hidden layer
contains 64 neurons. This ensures that the neural network vanishes on the boundary.
The domain (2 is initially partitioned into 32 uniform triangular elements to form the
starting mesh 7, as shown in Figure (a). For the test space, we choose a space
Vi :=P(Tx) € HY(Q). The corresponding loss function is defined as in (6.16]).

To implement Algorithm [T} we set ¢g = 0.5,0;, = d4 = 0.95, and K = 120. We
compute integrals using a four-point quadrature rule per element. For training, we
employ the Adam optimizelﬂ as a nonlinear solver with an adaptive learning rate,
initialized at 0.0005 and decayed by a factor of 0.9 every 1,000 iterations. We employ
the refinement indicator defined in and choose the enriched test space as Vi =
PZ(7:.). We refine all marked elements by the Dorfler marking criterion with v = 0.2.

Figure (b) illustrates the refined mesh, consisting of 448 elements. Figure
(a) demonstrates that the H' error, ||u — ug| g1 (), and the square root of the loss
coincide throughout the training process. This alignment confirms that controlling the
discrepancy between two Riesz representatives enhances the robustness of the training.
Furthermore, we evaluate the performance of the adaptive RVPINN algorithm by
comparing it to a FEM implementation utilizing the same discrete test space and
mesh configurations. This comparison is based on the H'-norm of the true error.
In Figure (b), the convergence rate of the neural network approximation for this
example is approximately 3, significantly outperforming the optimal adaptive FEM
rate of 0.5 (cf. |23]). This superior performance is attributed to the high-expressivity

of the neural network, which effectively approximates the smooth solution.

2The Adam optimizer is configured with exponential decay rates of 8; = 0.9 and 3, = 0.999.
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Figure 6.1: Test-space meshes for a smooth solution.
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Figure 6.2: Results for the Poisson problem on a square domain.

Figure [6.3]illustrates the relationship between the square root of the loss function
and the refinement indicator as they reach the specified tolerances 65ey and &% e,
respectively. While mesh refinement initially increases the loss due to the expansion of
the discrete test space, it simultaneously reduces the refinement indicator. Conversely,
training the neural network minimizes the loss and generally tends to reduce the
refinement indicator, although this reduction is not strictly guaranteed. Empirically,
training the neural network using Algorithm [I| ensures a consistent reduction in the

true error.
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Figure 6.3: H'-error, square root of the loss, and refinement indicator vs. dimension

of test space for smooth solution.

6.8.2 Kink solution

We consider the variational problem and approximate the solution u using a
neural network ug(z,y) = (1 — 22)(1 — y*)ug(z,y) + g(x,y), where @y is a six-layer,
fully connected architecture with hyperbolic tangent activation functions, where each
hidden layer contains 64 neurons, and g(z,y) is the Cartesian-coordinate function of
the polar-coordinate function in (6.38)). This ensures that the boundary condition is
strongly imposed into the neural network. The domain €2 is initially partitioned into
32 uniform triangular elements to form the starting mesh 7. For the test space, we
choose a discrete space Vj, := P§(Tx) € Hy(€2). The corresponding loss function is
defined as in (6.16). We set K = 50 and utilize the training process and adaptive

criteria as described in the previous section.

Figure (a) displays the neural network approximation, which is compared to
the reference solution provided in Figure (b). The pointwise absolute er-
rors are shown in Figure (c). It is evident that the neural network approximates
the solution with high precision, maintaining absolute errors below 3 x 1072 through
out the entire domain. Figure (d) illustrates the final mesh, which consists of
4750 elements. As expected, the adaptive refinement is concentrated along the cir-
cular interface where the diffusion coefficient is discontinuous and the solution lacks

smoothness.
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Figure 6.4: Results for the interface problem.

Figure (a) demonstrates that the error in the energy norm, [|a'/*V (u—ug)||r2(0),
and the square root of the loss function remain generally parallel throughout the
training process. As shown in Figure (b), the observed convergence rate is ap-
proximately 0.5, aligning with the optimal rate typically achieved by adaptive FEM.
It highlights the performance of the proposed adaptive algorithm, which empirically
achieves convergence rates that are competitive with, or superior to, those of standard

adaptive FEM.

6.8.3 Singular solution

We consider the variational problem (6.43]) and approximate the solution u using a
neural network uy. The neural network uy is a six-layer, fully connected architecture

with hyperbolic tangent activation functions, where each hidden layer contains 64
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Figure 6.5: Results for kink solution.
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Figure 6.6: Test-space meshes for a singular solution.

neurons. The domain 2 is initially partitioned into 24 uniform triangular elements
to form the starting mesh 7, as shown in Figure (a). For the volume test space,
we choose a discrete space Vi := Py(Tx) C HE(Q). For the boundary test space,
we utilize the Raviart-Thomas space of order 1, V;' := RT'(7}), which is a finite-
dimensional subspace of H(div;(2). The loss function is defined in (6.18]).

We set K = 70 and utilize the training process as described in the previous section.
We employ the refinement indicators defined in and . The enriched test
spaces are chosen as Vi@ := P2(T;) and V' := RT?(7;). At each level, all marked

elements are refined by the Dorfler marking criterion with v = 0.2.
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Figure 6.7: Results for the Poisson problem on an L-shaped domain.

Figure (b) illustrates the refined mesh, consisting of 324 elements. As ex-
pected, the adaptive refinement is concentrated around the singularity at the origin
(0,0). Figure[6.7] (a) displays the neural network approximation, while Figure (b)
provides the reference solution for comparison. The pointwise absolute errors
are shown in Figure (c). It is evident that the neural network approximates the
solution with high precision, maintaining absolute errors below 3 x 1073 across the
domain. Figure (d) shows the relationship between the square root of the loss
and the H'-norm error. The two curves remain nearly parallel throughout the train-
ing process, demonstrating the robustness of the loss. However, after about 10,000
epochs, they begin to diverge slightly. This discrepancy arises from integration error,
since refinement is applied only to the test space mesh. One possible approach to
overcome this issue is to use separate meshes: one for the trial space, ensuring more

accurate integration, and another for the test space, dedicated to adaptive refinement.
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Figure 6.8: Results for a singular solution.

Figure (a) shows the behavior of the square root of the loss function and
the refinement indicator as they approach the specified tolerances d%ey and §%e,
respectively. Consistent with the observations for the smooth solution (Figure ,
the mesh refinement initially increases the loss value, while simultaneously decreases
the refinement indicator. In contrast, neural network training minimizes the loss and
generally leads to a decrease in the indicator. Empirical results confirm that utilizing

Algorithm (1] yields a reliable reduction in the true error.

Figure (b) displays the H'-norm error for both adaptive RVPINN method and
the FEM against the dimension of the discrete test space. The results demonstrate
that adaptive RVPINNSs significantly enhance the accuracy of the approximation.
Notably, when dim(V},) > 40, the H'-norm error of the adaptive RVPINNs is smaller
than that of the FEM. Moreover, the adaptive RVPINNs exhibits a convergence rate
of approximately 1.5, which outperforms 0.5 rate for the adaptive FEM using con-
tinuous piecewise linear test functions. This superior performance is due to the high
expressivity of the neural network architecture and the effectiveness of the refinement
indicator. However, the exact convergence rate requires further theoretical analysis.
It is likely to depend on the neural network architecture, including factors such as

depth, width, and activation functions.
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Figure 6.9: Results for ;, = 0.95 and 4 = 0.9.

6.8.4 Balance of training and refining

To investigate the importance of balancing between optimization and discretization,
we study the interaction between the RVPINN loss and the refinement indicator in
the singular solution example. Specifically, we compare two scenarios: one prioritizing
mesh refinement over training (6, > d4) and another prioritizing excessive training

over refinement (0, < d4).

Figure illustrates the case where 6, = 0.95 and 64 = 0.9. In this setting, the
refinement indicator is reduced more aggressively than the loss. While this ensures
the robustness of the test space, the short training duration on each mesh leads to
suboptimal convergence rate. Although the convergence rate remains approximately
0.5, matching the theoretical rate for adaptive FEM, however, the H! error may not
beat the adaptive FEM due to the insufficient minimization of the neural network

residual.

Conversely, Figure shows the results for o, = 0.9 and 64 = 0.95. Here,
the neural network is trained excessively on relatively coarse mesh. This results in
computational waste, as further training does not improve the approximation accuracy
once the test space discretization error becomes the dominant factor. Furthermore, if
the refinement indicator is not sufficiently small, the true error cannot be effectively

controlled leading to instability in convergence.
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Figure 6.10: Results for 6;, = 0.9 and 64 = 0.95.

Our numerical evidence suggests that a balanced approach, specifically setting
0r, = 04, provides a stable and efficient trade-off between minimizing the variational

loss and enriching the discrete test space.

6.9 Conclusions

In this chapter, we established an upper bound for neural network approximation
errors based on Riesz discrepancy and proved its equivalence to the bound based on
the residual remainder term. We identified the error between the discrete and con-
tinuous Riesz representatives as a factor to ensure robustness during training with the
RVPINN loss function. Furthermore, we introduced idealized and sequential adaptiv-
ity strategies. We established their convergence results and proved an error estimate
for a quasi-minimizer of the residual norm. Our analysis demonstrated that conver-
gence depends on three primary pillars: the Riesz discrepancy, the approximability of
the neural network, and the efficiency of the nonlinear optimizer in minimizing the loss
function. We introduced a refinement indicator to minimize the Riesz discrepancy.
This led to the development of the test-space adaptive RVPINN framework, which re-
fines the test-space mesh to enhance the accuracy of the discrete Riesz representative

in approximating its exact counterpart associated with the variational residual.
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We validated the effectiveness of this framework using Poisson problems with
smooth and singular solutions and an elliptic interface problem with a kink solution.
Numerical results demonstrated that the proposed adaptive approach significantly
outperforms the adaptive FEM in terms of the true error. Moreover, we obtained
a better convergence rate compared to the adaptive FEM. Furthermore, the results
indicated that the proposed method maintains a correlation between the loss function
and the true error throughout the training process, demonstrating the robustness of
the adaptive strategy.

Potential extensions of this work include developing adaptive strategies that ex-
tend the idealized setting by using, for instance, a truncated inner loop (N < o)
to guarantee convergence. In addition, since numerical examples demonstrate that
the adaptive process can yield convergence rates superior to those of adaptive FEM,
further investigation into the optimal rates for neural network approximations would

provide a more comprehensive understanding of the method.
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Chapter 7

Conclusions and Future Directions

In this thesis, we have developed, analyzed, and validated a suite of deep-learning-
based methodologies for solving Perron-Frobenius operator equations and partial dif-
ferential equations (PDEs), specifically focusing on Neumann series, invariant dens-
ities, and test-space adaptivity. The research progressed from fundamental neural
network applications in PDEs and the theory of Perron-Frobenius operators to the
development of neural network frameworks for Neumann series and invariant densities
of Perron-Frobenius operators and extensions of RVPINNs for PDEs with adaptivity.
These methodologies highlight the advantages of neural networks in approximating

singular and high-dimensional solutions.

For Neumann series problems, we investigated the approximation of Neumann
series associated with non-expansive Perron-Frobenius operators. By establishing
the well-posedness of the variational formulations via the Lax-Milgram theorem, we
provided a rigorous foundation for our numerical implementations. Our findings
demonstrated that both PINNs (for strong forms) and RVPINNs (for variational
forms) are effective in solving Neumann series problems. Numerical experiments
confirmed that neural networks outperform standard fixed-grid methods for prob-
lems exhibiting singular solutions. They asymptotically achieve lower approximation
errors with the same number of degrees of freedom. Furthermore, we successfully
demonstrated the effectiveness of PINNs to overcome the high-dimensional Neumann

series problems. These results have been published in the CMAME journal [100].

The second major contribution of this work involved the approximation of invari-

ant densities. We benchmarked the deep maximum entropy method (DMEM) and
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VPINN formulations against classical approaches like the maximum entropy method
(MEM) and Ulam’s method. Key insights included: Neural networks offer super-
ior flexibility compared to the rigid functional forms of traditional MEM, leading to
higher accuracy. Moreover, the derivation of analytical gradients and the use of exact
integration within the VPINN framework reduced training times compared to using
Gauss-Kronrod integration. While quadratic energy functionals simplify the loss land-
scape, they are not effective for non-uniform densities. The VPINN approach remains
the most robust choice for invariant density problems.

Finally, we addressed the challenges of training neural networks using the RVPINN
approach to approximate singular and non-smooth solutions of PDEs. We estab-
lished theoretical upper bounds for approximation errors and identified the discrep-
ancy between discrete and continuous Riesz representatives as an important factor for
robustness. We developed a test-space adaptive framework that refines the test-space
mesh to control this discrepancy. When applied to Poisson problems with smooth
and singular solutions, our adaptive RVPINN not only outperformed adaptive FEM
in the H'-error but also exhibited a superior convergence rate and maintained a
strong correlation between the loss function and actual error. Similarly, for the inter-
face problem, the energy norm error for adaptive RVPINNs was lower than that of
adaptive FEM, while achieving a comparable convergence rate.

While this thesis has addressed several key challenges, it also opens several prom-
ising avenues for future research. The methodologies developed here, particularly the
VPINN framework for invariant densities would offer significant potential for multi-
dimensional dynamical systems. Applying this approach to high dimension densities
would further highlight the mesh-free advantages of deep learning in systems where
traditional discretization becomes computationally challenging. Future studies could
benefit from a broader comparative analysis. This includes evaluating the impact of
various activation functions and benchmarking against alternative high-order meth-
ods, such as spectral methods based on Chebyshev series or Galerkin methods utilizing
higher-order polynomials. The a priori error estimates established in this work, par-
ticularly those based on local Fortin’s conditions require further study to fully benefit
the theoretical analysis. Further study of these results could lead to more reliable

deep learning solvers for engineering and physics applications.
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Appendix A

Fundamental Knowledge

A.1 Measure theory
Definition A.1.1. A collection 8 of subsets of a set X is a g-algebra on X if

1. X e B,

2. for each set A that belongs to B, the set X\ A belongs to B,

3. for each finite or infinite sequence {A;} C B, the union U;A; belongs to B.
Definition A.1.2. A function pu: B — [0, o0] is called a measure if

L u® =0

2. if {A;} C B is a finite or infinite sequence of pairwise disjoint sets, then

(Ui A) = 37 u(Ai).

Definition A.1.3. If B is a o-algebra of subsets of X and p is a measure on ‘B, then

(X,*B, u) is called a measure space. Each set in B is called a measurable set.

Definition A.1.4. A measure space (X, B, ) is called o-finite if there is a sequence

{Ar} C B such that X = U2, Ay, and u(Ag) < oo for all k.

Definition A.1.5. A measure space (X, B, ) is called finite if ;(X) < co. In partic-
ular, if u(X) =1, it is called a probability space.

The most natural o-algebra for X C R is the Borel o-algebra.
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Definition A.1.6. A Borel o-algebra is the smallest o-algebra containing intervals. A

unique measure p of Borel o-algebra is called the Borel measure such that u([a,b]) =

b—a.

Definition A.1.7. Let (X,9B) be a measurable space, and let x and v be positive
measures on (X,%). Then v is absolutely continuous with respect to p if each set
A that belongs to B and satisfies u(A) = 0 also satisfies ¥(A) = 0. One sometimes

writes v < p to indicate that v is absolutely continuous with respect to pu.

A.2 Lebesgue integration

In this section, we let (X,B,u) be a measure space, and denote that f*(z) =
max (0, f(z)) and f~(x) = max(0,—f(x)). A property is true almost everywhere

(a.e.) if it is true except for a subset having measure zero.

Definition A.2.1. A function f : X — R is measurable if f~1(A) € B for every

interval A C R.

Definition A.2.2. The characteristic function of a set A is x4 defined by

1, €A
0, =z ¢A.

xa(z) =

Definition A.2.3. Let {A;} C B be a set of disjoint subsets of X. The Lebesgue

integral of a simple function ¥ of the form

U(x) = Z a;xa,(x).

is defined as

/X‘Ifdﬂ = ain(Ay)

i=1
Definition A.2.4. Let f : X — R be a nonnegative bounded measurable function,

and {g,} be a sequence of simple functions converging uniformly to f. The Lebesgue

/fdu = lim /gndu
X n— o0 X

integral of f is defined by
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Definition A.2.5. Let f : X — R be a nonnegative unbounded measurable function.

Define
flz), f0< f(z) <M

fu(z) =
M, if M < f(x).
Then the Lebesgue integral of f is defined by

[ f@dni= i [ e

M—o0

Definition A.2.6. Let f : X — R be a measurable function. The Lebesgue integral

of f is defined as
[ sdui= [ rran= [
X X X

if at least one of the terms [, f*dpu, [, f~du is finite.

Definition A.2.7. A function f is called integrable if both [, fTdu and [, f~du are
finite.

Definition A.2.8. Let A € B. The Lebesgue integral of f over A is defined by

/Afdu 3:/Xf'XAdN-

Remark A.2.1. If f is a bounded function on a closed interval [a, b] and p is a Borel

measure, the Lebesgue integral and the Riemann integral are the same, i.e.,

b
- fdp = / f(z)dz.

Theorem A.2.1 (Change of variables). Let Q@ C R? be an open set and S : Q — R?

be a one-to-one differentiable mapping with non-vanishing Jacobian Js. Then

/ uduz/(u05)|Js|du
5(Q) Q

for any continuous functionu : S(2) — R? such that their support {x € S(Q) : u(z) # 0}

is a compact subset of S(§2).

Theorem A.2.2 (Lebesgue dominated convergence theorem [64]). Let f,g: X — R
be measurable functions and f, : X — R be measurable functions such that |f,(z)| <
g(x) and {f,(x)} converges to f(x) almost everywhere. If g is integrable, then f and

fn are also integrable and

lim fnd,u:/fdu.
X X

n—o0
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Corollary A.2.1 ([64]). For every integrable function f, there is a sequence of simple

functions
Fala) = 3 N Xa(0)
such that Z
lim fo(e) = f(2) ae. and |falo) < |f(@).

n—o0

Thus, by the Lebesque dominated convergence theorem, we have

lim fnd,u:/fdu.
X X

n—o0

Theorem A.2.3 (Radon-Nikodym Theorem [30]). Let (X, B) be a measurable space,
and let p and v be o—finite measures on (X,B). If v is absolutely continuous with
respect to p, then there is B-measurable function g : X — [0,00) such that v(A) =
fA gdp hold for each A € B. The function g is unique up to pu—almost everywhere
equality.

Definition A.2.9. Let p be a real number such that 1 < p < co. The LP(X) space is

a family of all measurable functions f satisfying

JUCRIEES

il = [ / |f<as>|pdu] v

Theorem A.2.4 (Riesz-Fisher). The space LP for 1 < p < 0o is a Banach space.

The norm of f is defined as

Definition A.2.10. The L*>(X) space is a family of all bounded a.e. measurable

functions f, i.e., there is some M > 0, called an essential upper bound, for which
|f(z)| <M for almost all z € X,

The norm of f, || f||z=, is defined to be the infimum of the essential upper bounds for
f.

Theorem A.2.5 (Holder’s Inequality). Let 1 < p < oo and q be the conjugate of p,
i.e., %—i—% =1. If f € L?(X) and g € LY(X), then their product f - g is integrable over

X and
/X F - gl < [ llellglon



121

The special case of Holder’s Inequality when p = q = 2 is called Cauchy-Schwarz
Inequality.

Proposition A.2.1. Let f,g € LP(X) and o € R. Then

L flaflize = ol - 1 Fllze
2. 1f +glle < W fllee + gl r-

Proposition A.2.2. If (X,B, ) is a finite measure space and 1 < p; < py < 00,
then

||f||Lp1 < C”f“Lpz for every f € L

where ¢ is a constant depends on p(X). This implies LP> C L.

A.3 Product space
Let (X1,B1, p1), ..., (X4, By, pg) be measure spaces. Define
X=X; x - x Xy, (A.1)
B to be the smallest o-algebra containing all sets of the form
Ay x - x Ay, A €eBi=1,...,d (A.2)

and

p(Ar X oo x Ag) = i (Ar) - pa(Ag). (A.3)

Theorem A.3.1. For X,*B and p defined by Equations - , there ezists a

unique extension of  to a measure defined on *B.

Definition A.3.1. The measure space guaranteed by Theorem is called the

product space. The measure p is called the product measure.

Theorem A.3.2 (Fubini’s Theorem). Let (X,B, u) be the product space formed by
(X1, 81, p1) and (Xo,Bo, p2). Assume f: X — R be a p integrable function. Then

flso 1, ()
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A.4 Vector spaces and Hilbert spaces

This section reviews the basic concepts of vector spaces, Hilbert spaces, and the Riesz

representation theorem. For further details, we refer the reader to |16, Chapter 2].

Definition A.4.1. A linear form (also known as linear functional) on a vector space

V' is a mapping [ : V' — R such that
L l(v4+w)=1lw)+l(w) Yo,weV
2. l(aw) = al(v) VYaeRveV.

Definition A.4.2. A bilinear form on a vector space V is a mapping b: V xV — R

such that each of the maps v — b(v, w) and w — b(v,w) is a linear form on V.

Definition A.4.3. Let V be a vector space over R. An inner product on V is a

bilinear form (-,-)y : V x V' — R such that
1. (v,w)y = (w,v)y Yv,w €V (symmetric)
2. (v,v)y >0 Yv eV (positive)
3. (v,v)y #0 Vv # 0 (definite).
The inner product induces a natural norm |jully = /(u, w)y.

Definition A.4.4. A vector space V' together with an inner product (-,-)y defined

on it is called an inner product space.

Definition A.4.5. Given a vector space V', a norm || - ||y is a function from V' to the

non-negative real numbers such that

L. |lv|ly =0 if and only if v =0

2. Jlav|ly = lofl|v|ly VaeRveV

3. [Jv+wl|ly < |v|lv + ||Jw|ly Vv,w €V (the triangle inequality).
A norm induces a distance, or metric, d(v, w) = ||[v — w||y for v,w € V.

Definition A.4.6. A normed space is a vector space V' endowed with the metric

().
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Definition A.4.7. For a normed space V', a Cauchy sequence is a sequence {v;} of

elements of V' such that ||v; — vg||y — 0 as j,k — oo.

Definition A.4.8. A normed space V is complete if every Cauchy sequence {v;} has

alimit v € V, ie., |lv —v,|ly = 0as j = oo.
Definition A.4.9. A Banach space is a complete normed space.

Definition A.4.10. A Hilbert space H is an inner product space that is complete

with respect to the metric induced by its norm || - || 5.

Definition A.4.11. A linear functional [ is bounded if there is a finite constant C

such that |I(v)| < C|v|ly Vv e V.

Definition A.4.12. Let V be a vector space. The dual space V' is the space of

bounded linear functionals on V.

Proposition A.4.1. For a bounded linear functional [ on a Banach space B, the

following dual norm is always finite:

l(v
s o= sup A0
0+£vEB lv]|

Theorem A.4.1 (Riesz Representation Theorem). Let H be a real Hilbert space and

let | € H'. Then there exists a unique element ¢ € H such that
l(v) = (¢,v)g YveEH. (A4)
Furthermore, we have ||¢||lg = ||| 5

The Riesz representation theorem guarantees that every bounded linear functional

can be uniquely identified with an element within the space itself.

A.5 Sobolev spaces

This section reviews the foundational concept of Sobolev spaces. For further details,
we refer the reader to [16, Chapter 1] and [12, Chapter 2].
To formalize the concept of weak or variational solutions to partial differential

equations (PDEs), classical derivatives must be generalized using weak derivatives.
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A.5.1 Weak derivatives

Let Q C R be an open domain, and let C*(Q2) denote the space of infinitely differen-

tiable functions in Q. Let o := (v, .. .,aq) be a multi-index of order || = 3°% | a;.

Definition A.5.1. For ¢ € C*(1), the usual partial derivative
a (5] 8 aq ¢
81’1 8Id

Definition A.5.2. Let C2°(Q2) denote the space of infinitely differentiable functions

is denoted by D%¢.

with compact support in €.
Definition A.5.3. The set of locally integrable functions is denoted by

Ll

loc

(Q):={f:feLYK) Vcompact K C Q}.

Definition A.5.4. Let u,v € L} _(Q). We say that v is the a-th weak derivative of

u, denoted as D%u = v, if

/de:c—( )|a|/QuDa¢dx Vo € C2(Q). (A.5)

A.5.2 Sobolev spaces and norms

Definition A.5.5. For an integer £ > 0 and 1 < p < oo, the Sobolev space W*P(Q)
consists of all functions u € LP(2) whose weak derivatives up to order k also belong

to LP(Q2). That is
WHEP(Q) == {u € L(Q) : D*u € LP(Q) for all |a| < k}.

When p = 2, the Sobolev space forms a Hilbert space, conventionally denoted as
HY(Q) .= W¥2(Q). The inner product and corresponding norm on H*(Q) are defined

as:

(u, V) (o Z/DauD%dx 0] vy = A/ (0, 0) HE (.- (A.6)

la|<k
In particular, H*(Q) := {v € L3(Q) : Vv € L*(;R%)} is the Sobolev space of

functions with square-integrable first-order weak derivatives, equipped with the norm

[0l 1) = \/||v|| o+ IVUliqpe Yo € H'(Q).
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A.5.3 Vector-valued function spaces

Let Q C R? for d > 1. Let L?(92;R?) denote the space of vector-valued functions

whose components are in L*(2), equipped with the inner product:

(V, W) r2(qray = / v-wdp Yv,w € L*(;RY)
Q

and the induced norm:
1/2
Msoms = ([ IvlPan) v e @R
Q
We also define the space:
H(div; Q) := {v € L*(Q;RY) : V- v € L}(Q)},
equipped with the inner product:
(v, W)H(divi0) = (V, W) 2qray + (V- Vv, V- W)2q) Vv, w € H(div; Q),
and the induced norm:
) ) 1/2 .
[Vle@ivie) == (HVHLQ(Q;Rd) +(V- V||L2(Q)) Vv € H(div; Q).

For u € H'(Q), the trace u|r is defined in the dual space (H(div;2))" via the gener-

alized Green’s identity:
(ulp, v)p == (V- v,u)p2) + (v, V) 2(rey - Vv € H(div; ),

where (-, ) is the dual paring between (H(div; €2))" and H(div; ©2). The corresponding
trace space is defined as HY/?(T') := {u|r : u € H*(Q)}, which is equipped with the
trace norm:

all1or = sup VI gy e HY2(I).
0#veH(div;) HVHH(diV;Q)

For brevity, we denote ||ul|1/2,r in place of |[ulp||1/2r for any v € H'(Q?). Furthermore,

let
HY(Q) = {ve H(Q) :v|r =0}

be the subspace of functions with vanishing trace, equipped with the inner product
(v,w) gy = (Vv, Vw) 2(qre) and the associated energy norm [|[vf| g1 := [|Vv|[z2(qra)-
We denote by C°(Q) the space of functions that are continuous over the closed domain

Q.
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A.5.4 Raviart—Thomas spaces

Given a partition of the domain €2 into polygonal elements, a conforming approx-
imation of H'(Q) is a space of continuous functions defined by a finite number of
parameters (or degrees of freedom). The last condition is usually met by using a
space of piecewise polynomial functions.

For triangular elements, it is usual and convenient to use piecewise polynomial
functions on T'. We denote PP(T) the space of polynomials of total degree at most p.
The space of continuous piecewise polynomials of degree p defined over 7, that vanish

on the boundary I is given by:
PH(Tx) := {v € C°(Q) : v|r € PP(T) VT € Ty, v|r = 0}. (A7)
We also define polynomial spaces on the edges of the elements
EP(OT) := {v :v € L*(3T),v|., € P’(e;) V edges e; of T}.

On a triangular element 7' C R?, the Raviart-Thomas space of order p (cf. [12, Section

2.3.1)) is defined by
RT?(T) := {p € (P"(T))" +xP*(T)) : p-n € E*(9T)},

where x € T and n is the normal direction to 9T. The global Raviart-Thomas space

over the mesh 7 is constructed by

RT?(Tx) = {q € H(div,Q) : q|r € RTY(T) VT € T;}. (A.8)

A.6 Adaptive finite element method

A finite element approximation of a PDE in a variational form is to find uy, € V;, C V
such that
b(uk,vk) = l(Uk) Yo, € Vi,

where b(-, -) is a bilinear form on V' x V and [(-) € V' is the bounded linear functional
corresponding to the underlying PDE. To resolve localized features, singularities, or
sharp gradients without unnecessarily increasing the computational cost, an adaptive

finite element method (AFEM) [29] is employed.
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Let Vj be the continuous piecewise polynomial finite element space associated with
the triangulation 7. Starting from an initial triangulation 7y, the adaptive loop sets

k := 0 and iterates the following procedures:

SOLVE — ESTIMATE — MARK — REFINE.

The SOLVE step computes the discrete finite element solution u; on the mesh 7.
Next, the ESTIMATE step computes the local error indicators n(ug, T') for each T' €
T, derived from the global a posteriori error estimator n(uy, Tg) := (ETeTk n?(ug, T)) 12
The MARK step then selects the elements exhibiting the largest error indicators. A

common approach is Dérfler marking, which identifies a minimal subset M, C T

satisfying
Z 0 (ug, T) > Z n*(ug, T) for a chosen threshold v € (0, 1]. (A.9)
TeM, TeTy

Finally, the REFINE step subdivides the elements in M, (along with necessary neigh-
boring elements to maintain mesh conformity, e.g., via newest vertex bisection) to
generate a finer mesh 7T,;. The index k is then increased, and the adaptive loop

repeats until a specified error tolerance or the maximum iteration count is reached.

A.7 Automatic differentiation

In neural network training, derivative evaluations must be computationally efficient.
Automatic Differentiation (AD) [6] achieves this by evaluating derivatives up to ma-
chine precision without the truncation errors of numerical differentiation or the ex-

pression explosion of symbolic differentiation.

AD decomposes mathematical functions into a computational graph composed
of intermediate variables and elementary operations (+, —, X, <+, sin, exp, etc.), and
systematically applies the chain rule. A computational graph is defined by a directed
acyclic graph (DAG) G = (V, E), where V is the set of intermediate variables and
E is the set of directed edges representing operational dependencies. AD operates

primarily in forward and reverse modes.
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A.7.1 Forward mode

Forward mode computes the derivative of all intermediate variables with respect to a
single independent input variable simultaneously with the evaluation of the function.

For a function f : R™ — R™, every intermediate variable v; is paired with a tangent

(dual) variable defined as: ©; = g;fj where z; is the specific input variable of interest.

Forward mode is computationally efficient for functions where n < m, as a single

forward pass evaluates derivatives with respect to one input across all outputs.

A.7.2 Reverse mode

Reverse mode (often called backpropagation in deep learning contexts) evaluates de-
rivatives in reverse order of the function’s execution graph. It proceeds in two phases:
a forward pass that computes and stores all intermediate node values, followed by a
backward pass that computes gradients. For a scalar function f : R” — R, reverse

of

mode defines an adjoint variable v; for each intermediate variable v; as: v; = 5.
K2

We define the computational graph as a DAG where directed edges (j,7) repres-
ent operational dependencies, i.e., variable v; directly depends on v;. Let S(j) =
{i](j,7) € E} denote the set of immediate successor nodes that directly depend on
v;. By applying the multivariable chain rule backward through the graph, the adjoint

of node j is accumulated via:

Reverse mode evaluates the gradient of a scalar output with respect to all n parameters
in a single backward pass, making it the standard choice for functions f : R* — R

where n > 1, such as neural network loss functions.
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Appendix B

Invariant Density of Logistic Map

The logistic map S, is given by S,.(z) := rz(1 — z). We will show that

1

1
fa(x) = ;m

is the invariant density of the dynamical system with the logistic map at r = 4 [90].

It is straightforward to show that f; satisfies the equation

Pf4($) = f4($),

where P is the Perron-Frobenius of this dynamical system defined by

d
Pf(x):= o /341([0@]) f(s)ds.

Indeed,
/54‘1([0,31) f(s)ds = /Oé(l_M) f(s)ds + /;Hm) f(s)ds.
So
Plix) = fi (%(1_m>)%(%(1_m>)
-5 (50+vT=2) £ (50+vI=0)

B 4\/11——93 <f4 (%(1 - m)) + /i (%(1 + M)»

) yll—ir (o 75)

T Va(l—a)

Thus, f; is the invariant density.
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Appendix C

Proofs for Chapter 4

C.1 Well-posedness of variational problem

In the following, we show that the variational problem ({4.5)) satisfies the assumptions
of Banach-Necas-Babuska Theorem, so the existence and uniqueness of the solution

are verified.

Theorem C.1.1 (Well-posedness of variational problem in L? — L% spaces). If U =
1 1

LP(Q2) and V = L%(Q), where 1 < p,q < 0o and — + — = 1. The variational problem
p

q
satisfies the following:
1. Boundedness of b: |b(u,v)| < (1 + a)||ul|ze||v||e, Vu € LP(Q),v € LI(Q),

2. Boundedness of I: |l(v)| < || follze||v||ze, Vv € LI(Q),

3. Inf-sup stability:  sup ﬁ(;ﬁ’”) > (1 —a)|ullze, Yue LP(Q),
0#veLa(Q) " E

4. Adjoint injectivity: b(u,v) =0 VYu € LP(Q)) = v =0.
Hence, the variational problem has a unique solution.

Proof. 1. Boundedness of b: For u € LP(§2) and v € L1(£2), by using Hélder’s inequal-

ity, the triangle inequality, and the assumption (A2), we have

[b(u, v)| =

/(u — ozPu)vd,u‘ < / |(u — aPu)vldp < ||u — aPul|pr||v]| 2a
Q Q

< (lulle + alPulle) ([0l < (1 + a)f|ull e [|v]|o-
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2. Boundedness of [: Since fo € LP(Q2),v € L), by using Hélder’s inequality,

we have

1)) = ‘ / fovdu' < ol llolon

3. Inf-sup stability: For u € L?(Q), by substituting v = (u — aPu)P~! € LI(Q),

and using the reverse triangle inequality and assumption (A2), we have

b u — o’Pu)vd
sup (u,v) = sup Jo Judy
0£veL4(Q) [v]| o 0£veLa(Q) [v]| 2o
Jou—aPu)dy |lu— aPullf,
Tl = aPu)p e |u— aPulB

= [lu = aPullr > fJullr = a[[Pullr = (1 = @) Jul|»-

4. Adjoint injectivity: Let v € L1(2) and assume that b(u,v) =0 Yu € LP(Q).
By choosing u = v? ! € LP(Q), and using Holder’s inequality and the assumption

(A2), we have

0= /(vq_1 — aPv? Hudp = / vidp — a/(qu_l)vd,u
Q Q Q

> |[vllZe = alPo* Hpollvlize > vl — allo® o llvll 2o

= [[ollfs = allollZ o lle = (1 = @)llo] L.

Hence, ||v||z« =0, i.e., v =0. O

C.2 Equivalent form of RVPINNSs loss function
For ug € M,, C LP(Q2) and vy € Vs C L9(Q2), we define
r(ug, var) = U(var) — b(ug, var).
Suppose that gy € V), is the solution of the following problem:
(JM(gg),vM)L,,ﬂLq = r(ug,vpr), for all vy € Vi, (C.1)

where (-, ) r».q denotes the duality pairing and Jj is the duality map on a subspace
Vir defined by Jus(g) = llgll32 9] 'sign(g) (see [77]). The following expressions are

equivalent:
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l(var) — b(ug, var)

1.  sup )
0#£vp €V H/UMHL(I
b(u — ug,vpr) . .
2. sup ———— = where wu is the solution of problem (4.5)),
0Avpm €V ||UM||L‘1
3. 1 Tae (o)l o-

Indeed, the equivalence of 1. and 2. follows from b(u,vys) = l(vy) Your € Vi and

the linearity of b. The equivalence of 1. and 3. follows from

sup  Hoar) = bletoonr) r{ug, vr)
0#var €V ||UM||L¢1 0£vpr€Vr ||'UM||Lq
<JM(§9)7 /UM>LP L4
0#vn €V llvarllLa 1734 (o) || o

where the second equality follows from ((C.1)) and the third one from the fact that
vy = Ju(ge) is the supremizer.

Thus, the RVPINNS loss function can be written in three different forms:

l(var) — b(ug, var)

1. Lrypinns(ug) = sup ;
0#£vp €V ||'UM||Lq
blu — ug,v
2. ERVPINNS(“G) = sup Ma
0FAvpr €V ||UM||L‘1

3. Lrveinns(ug) = || Jar(Go)ll e

Now, consider the case where u is the solution of the variational problem (4.5]) with
U=V =1L*Q), and ug € M,, C L*(Q). Let Vs be a finite-dimensional subspace of
L?(Q) with an orthonormal basis {g,...,ga}. In this setting, the duality pairing in
corresponds to the L%inner product, and the duality map Jy;(gg) is the Riesz
representation in Vy; of r(ug, ). Suppose that gg € Vi is the solution of the following

Galerkin problem:

(g0, vp) 2 = 1(ug,var), for all vy € Vi

Since gy € Vi, it can be written as

M
go = Z@mgm, where a,, € R,m=1,2,..., M. (C.2)

m=1

For each m € {1,2,..., M}, we compute the coefficients «a,, by

Qm = <gﬁagm>L2 = T(ueagm)-
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Substituting these into (C.2), we obtain

M

9o = Z T’(U@, gm)gm

m=1

Taking the L?-norm on both sides, we have

M

190l 2 = Zr2(u9,gm).

m=1

Thus, the RVPINNS loss function for solutions in L?(£2) is

M

Lrvpinns(ug) = Z </Q(f0 —ug + &Pue)gmdu) :

m=1

C.3 Error estimate proofs for PINNs and RVPINNs

Proof of Theorem [4.4.1]
For arbitrary uy € M, by using the assumption (A2), the reverse triangle in-

equality, the definition of a quasi-minimizer, and the triangle inequality, we have

(1 = a)llu —up-[|zr < lJu = ugellr — [|P(u = up)|

< [[(w = ug-) = aP(u —up-)| v

= || fo — ue+ + aPug-|| s
<||fo — uo + aPug||r + 6n
= [|(u — ug) — aP(u — up)|[rr + 0,

r + O

e + af|P(u — ug~)

< |l — up

< (1+ a)||u — ugl|zr + On-

Dividing by 1 — a and taking the infimum over all possible uy € M,, yields the
theorem.
In RVPINNS, the local Fortin’s condition provides the following result, which is

necessary for proving Theorem [4.4.2]

Lemma C.3.1. Let 6, > 0 and ug« € M,, be a quasi-minimizer of satisfying
. If the local Fortin’s condition is satisfied, it holds:

( sup bl = UG’UM)> , Yug € MR,

0Avp €V UM HLq

|ugs — ug||Lr <

—
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Proof. By using the local Fortin’s condition and the inf-sup stability in Theorem

we have

b(ug« — ug, vpr) b(ugs — ug, Iyv)

sup > sup
0£var EVir UM | s 0£vELa(Q) yv|| e
b(ug« — ug, v)
= sup —
ozvera@)  |1lov| e
1 b *
> _—  sup (ug g, V)
Chn 0£vEL4(R) V|| La
S —
Ugx — U .
= o e ollLr
. : Cn .
Multiplying both sides by 1—a yields the lemma. O]
-«
Proof of Theorem £.4.2]

For any ug € MY F by using the triangle inequality, Lemma the definition

of a quasi-minimizer, and the boundedness of b(-, ), we have

|w— g [|Lr < [lug- — upllLr + |lu — uol|Lr
C b(ug« — ug,v
< ( sup (ug b M)> + ||lu — ug|| e
1 — a \ozopyevy Ul za
C b(u — blu — ugs
< i ( sup (U UG;UM) + sup (U Ug ,UM)>
1 -« 0#vpr €Var HUMHLq 0Avm €V ||UM| La
+ HU — u9||LP
C b(u — ug, v
< A (2 sup M—i—%) + || — ugl| e
l-a 0Avm €V HUMHL‘I
2C &
< 2O ()= ol + (2 )6t = vl

. QCH C(H
= (1+ 1_@(1+a)> lu — ugl|Lr + <1—a) On.-

Taking the infimum over all possible uy € M?"f yields the theorem.
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Appendix D

Additional Results for Neumann

Series Problems

To approximate the solution u € L*(2) of (4.3 using the neural network ug, we can

consider the PINNs loss function in the form of the L?-norm squared of the residual:

£ (up) :—/Q(u@—ozpug—fo)Qdu. (D.1)

Then we initialize weights and biases of a two-layer neural network with ReLLU activ-

ation function before the training process.

D.1 Initializing weights and biases

For one-dimensional problems, we start by considering a two-layer neural network,

N,, neurons, and the ReLU activation function, i.e.,

ZcﬂReLU (wiz + b) ch (D.2)
7j=1
We initialize the weights and biases of the hidden layer as follows: w’/ = 1, and
¥V =—j/(N+1),for j=1,2,...,N,. To initialize ¢/, we solve the equation gf =0,
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which leads to the following steps:

0 0
2/Q (ug — aPug — fo) (%ue — aaciPue) dpu=0
Nn

/Q (Zw — JaPy) - fo) (¢ — aP)du = 0

j=1

Q

icj @ =P — aPeyin = [ (& =P fud.
This is equivalent t]o the matrix equation Ac = d where,
Ay = [ (69 = aP&)(& - P
= [ (68— aPo) fud

For two-dimensional problems, we consider a two-layer neural network, N, = 2N

neurons, and ReLLU activation function, given by:

2N 2N
ug(z,y) = Z IReLU (wiz + why + V) = Z I (x,y). (D.3)
j=1 j=1

Consider a rectangular domain T, < © < ZTmax, Ymin < Y < Ymax, With lengths

L, = ZTmax — Tmin a0d Ly = Ymax — Ymin. We initialize the weights and biases of

the hidden layer to generate a mesh on the domain. For ¢ = 1,2,..., N, we set
wt = E—Z,wé = —1, and ' = Ypax — ?VL—LZ Fori = N+ 1,N +2,...,2N, we set
wi = é—z,wg =1, and b = —ymin — 2L@}\'f(j:1N ). To initialize ¢!, we solve the equation

% = 0 in the same manner as described above.

D.2 Analysis

We now proceed with the analysis of the loss function (D.1)). We will verify that
it is Lipschitz continuous and strongly convex. This allows us to establish an error

estimate for a quasi-minimizer of this loss function.

Theorem D.2.1. Let M,, C L*(2) be the set of neural networks of n parameters.
Let P be the Perron-Frobenius operator associated with a map S : Q0 — € such that
S is invertible and |Pf|rz < ||fllze Vf € L*(), and let fo € L*(Q) be an initial
density. Assume that 0 < a < 1. The loss function L : L*(Q) — R is defined by:

L(ug) = /Q (ug — aPug — fo)* dpu.
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Then the assumptions of Theorem |2.6.1|(Lipschitz continuity and strong convexity)
hold true.

Proof. The Gateaux derivative of £ at u is computed by
L(u+ sv) — L(u)

L, (v) = lim
w s—0 S
— lim Jo (u+sv—aP(u+ sv) — fo)? dp — Jo (u—aPu— fo)? dpu
s—0 S
. Jo (2u =+ sv = 20Pu — asPv — 2 fo) (sv — asPv) dp
= lim
s—0 S

:2/Q(u—0477u—f0) (v —aPv)dpu.

Lipschitz continuity: For all uy, us,v € L*(2), using Cauchy-Schwarz inequality and
Proposition [A.2.T] we obtain

/ (11 — 1) — aP(uy — up)) (v — aPv) dps
Q
< (up — ug) — aP(ug — ug)||r2||v — aPvl| 2
< (lur — uallr2 4+ a||P(ur — u2)||22) ([0l 2 + | Po||12)

< (14 @)?||ug — us|r2[|v] 22
So,

L., — L. |2« = sup

[oll L2=1

2/Q ((ug —ug) — aP(ug — ug)) (v — aPv) du
< 2(1 4+ @)?|luy — ugl| .

Strong convexity: For all uy, us € L?(Q), using the fact that |[u—v||p2 > ||u| 2 —|v] e,

we obtain

(Lo = Loyt —u2) o, 1n =2 /Q ((u1 — u2) — aP(ur — u2)) (w1 — u) — aP(ur — us)) dp
= 2||(u1 — ug) — aP(uy — ug)||3»
> 2(1 — )2 (w1 — u2)|| 2.

Thus, the loss function £ is Lipschitz continuous and strongly convex. O

Corollary D.2.1. Under the conditions of Theorem[D.2.1], statements 1-3 of Theorem
hold true with C' = 2(1 + a)* and v = 2(1 — a)?.

Proof. The results of Theorem are the assumptions of Theorem [2.6.1 O
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