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Abstract

Deep learning has become a popular area of research due to the high expressivity and

scalability of neural networks, which make them powerful tools for solving many types

of problems. Alongside these developments, problems related to Perron-Frobenius

operators (or transfer operators) have been extensively studied and applied across

various fields. Developing neural network methods for these operators would offer

significant advantages, particularly in solving complex or high-dimensional problems.

This thesis aims to develop a deep-learning framework for solving problems related

to these operators and partial differential equations (PDEs). Specifically, we develop

neural network methods to approximate solutions to Neumann series and invariant

density problems involving the Perron-Frobenius operator. The core methodologies

investigated in this study include physics-informed neural networks (PINNs), vari-

ational PINNs (VPINNs), and robust VPINNs (RVPINNs). We further aim to design

an adaptive version of the RVPINN framework for PDEs to improve the convergence

rate by adaptively refining the test-space mesh.

The first major contribution of this study involves the Neumann series of non-

expansive Perron-Frobenius operators. We use PINNs and RVPINNs to approximate

solutions in their strong and variational forms, respectively. We provide a priori error

estimates for quasi-minimizers of the associated loss functions. We present some nu-

merical results for 1D, 2D, and high-dimensional examples to show the performance of

our methods. We also demonstrate the applicability of our methods by approximating

interior densities in a two-cavity system.

In the context of invariant density problems, we introduce three loss functions for

approximating Perron-Frobenius invariant densities. These loss functions are specific-

ally designed to enforce the constraints from the maximum entropy method (MEM).

Furthermore, we derive the analytical gradients when using a two-layer rectified linear
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unit (ReLU) neural network to improve computational speed. We demonstrate the

efficacy of our method through 1D examples, highlighting its ability to approximate

invariant densities where traditional discretization techniques might be inefficient.

Finally, we establish theoretical and practical adaptive strategies for the RVPINN

framework. We present upper bounds for approximation errors based on the RVPINN

loss function and prove the equivalence between these bounds. We then develop adapt-

ive algorithms guided by a Riesz discrepancy indicator and provide their convergence

results. Furthermore, we propose a computable refinement indicator and prove that,

under the saturation assumption, it serves as a reliable and efficient error estimator

for the discrepancy between the discrete and continuous Riesz representatives. We

demonstrate the effectiveness of the proposed methodology by solving three problems:

a Poisson equation on a square domain with a smooth solution, an elliptic interface

problem with a discontinuous coefficient, and a Poisson equation on an L-shaped

domain with a singular solution.
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Chapter 1

Introduction

In the era of high-performance computing, the application of artificial neural networks

to scientific computing is one of the significant areas of interest within deep learning

research. Developing neural network frameworks for PDEs and problems related to

transfer operators offers an alternative to traditional numerical methods. This chapter

provides the essential concepts, outlines the objectives of this thesis, and points out

our contributions.

1.1 Background

Deep learning has been a research subject for a long time. One of the most popular

algorithms in this field is the artificial neural network or neural network. The main

idea of a neural network is to create complex structures by connecting many simple

functions together. Because neural networks have high expressivity [50] and scalab-

ility [81], they are a powerful tool for solving many types of problems. Moreover,

the neural network approach allows us to solve mathematical problems by using

the advantages of data, which is known as a data-driven method. Several neural

network frameworks have gained popularity for solving integro-differential equations

[7, 17, 58, 80, 99, 107], most notably physics-informed neural networks (PINNs) [84],

variational PINNs (VPINNs) [58], and robust VPINNs (RVPINNs) [87]. Beyond

these methods, operator-learning frameworks such as deep operator networks (Dee-

pONets) [72] and Fourier neural operators [66] have been proposed to learn mappings

between infinite-dimensional function spaces.
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The statistical properties of dynamical systems play an important role in provid-

ing information about a system’s behavior. These properties have received significant

interest over recent decades [40, 46], particularly in systems exhibiting chaotic be-

havior [25, 64]. One possible approach to studying the statistical behavior of these

systems is by analyzing the evolution of densities using the transfer operator known

as the Perron-Frobenius operator. This operator has been applied to various fields

of research, including engineering [51, 104], earth sciences [44], and atmospheric sci-

ences [97, 98].

One interesting problem involving the Perron-Frobenius operator is finding the

steady state, which represents the accumulated density function after infinitely many

iterations. This density can be expressed as the Neumann series of the operator

[86,94]. Another important problem is finding an invariant density of the operator. It

describes the long-term statistical distribution of orbits in a dynamical system, cap-

turing how trajectories are distributed in phase space regardless of their initial condi-

tions [64]. These two problems strongly motivate our study of the Perron-Frobenius

operator.

1.2 Aims and scope

The objective of this research is to develop a deep-learning framework for solving

problems related to the Perron-Frobenius operator and PDEs. Specifically, we aim to

develop neural network methods to approximate solutions to Neumann series problems

and to approximate invariant densities involving the Perron-Frobenius operator. The

core methodologies investigated in this study include PINNs, VPINNs, and RVPINNs.

We further aim to design an adaptive version of the RVPINN framework for PDEs to

improve the convergence rate by adaptively refining the test-space mesh.

1.3 Main contributions

Our main contributions are as follows:

Neural network methods for Perron-Frobenius Neumann series: We es-

tablish an abstract setting for non-expansive Perron-Frobenius operators mapping
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from Lp spaces to themselves. We state the strong form and variational form for the

Neumann series problems. We ensure the well-posedness of the variational formu-

lation in L2 and Lp spaces by verifying the assumptions of Lax-Milgram Theorem

and Banach-Nečas-Babǔska Theorem, respectively. We apply PINNs and RVPINNs

for solving these problems in the strong form and variational form, respectively. We

present a priori error estimates of our methods in terms of quasi-minimizers of the loss

function. We use natural modification of the local Fortin’s condition to analyze the

error for RVPINNs. We show the performance of our methods using several one and

two dimensional dynamical systems, including the tent map, the boundary map in a

circular domain, and the standard map. We compare our methods against a fixed-

grid-based method and the truncated sum of Neumann series. Moreover, we show

an application in approximating interior densities in a two-cavity system. Finally, we

show some numerical results for high-dimensional problems with N -coupled standard

maps.

Neural network methods for Perron-Frobenius invariant densities: We

define the loss function based on the optimization problem of the maximum entropy

method (MEM). To link our method with a data-driven approach, we approximate

the integration in our loss function using the Gauss-Kronrod integration. We train the

neural network to minimize this loss function, calling the method the deep maximum

entropy method (DMEM). Given that our method relies on constraints, we analyze

the impact of the number of constraints on the accuracy of our algorithm. We also

propose two new loss functions for invariant density problems to overcome the lim-

itations of the previous approach: one replaces the entropy term with a quadratic

term, and the other omits the entropy term altogether. Since a loss function relies

on integration approximations, we improve the training process by computing the

exact integration. Without the entropy term, we can compute the exact gradient for

shallow neural networks with ReLU activation functions. We show that training the

neural network without gradient approximation improves the method’s performance

in terms of training time.

Test-space adaptive RVPINNs: We derive upper bounds for the approxima-

tion error in terms of the RVPINN loss function and the discrepancy between two Riesz

representatives. We then establish convergence results by considering key factors such
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as the approximation capacity of neural networks, the efficiency of nonlinear solvers,

and the quality of the discrete test spaces. Furthermore, we develop a test-space ad-

aptive RVPINN algorithm for PDEs and introduce a computable refinement indicator

based on the Riesz representatives of two nested test spaces. Under the saturation

assumption, we demonstrate that this indicator serves as a reliable and efficient er-

ror estimator for the discrepancy between discrete and continuous representations.

To validate our approach, we apply the method to Poisson equations and interface

problems with smooth, kinked, and singular solutions. Finally, we evaluate the per-

formance of our adaptive RVPINN approach by comparing it to the standard finite

element method (FEM) using equivalent meshes and test spaces.

1.4 Thesis overview

The structure of this thesis is as follows. In Chapter 2 we review fundamental topics

in deep learning, including neural network architectures and the optimization meth-

ods used for training. We discuss their applications to PDEs, which serve as the

inspiration for our approaches. We also cover relevant error estimation theory. In

Chapter 3, we provide the motivation for studying Perron-Frobenius operators and

describe their application in ray-tracing methods. We discuss the abstract setting of

these operators and their adjoints, the Koopman operators. Two key problems are

introduced: the Neumann series problem and the invariant density problem, along

with illustrative examples. Furthermore, we review classical numerical methods for

solving them, such as Ulam’s method, the Galerkin and Petrov-Galerkin methods,

and the maximum entropy method. Chapter 4 focuses on neural network methods for

Neumann series problems. The content in this chapter is based on our work [100] pub-

lished in the Computer Methods in Applied Mechanics and Engineering (CMAME)

journal. Chapter 5 presents neural network methods for solving invariant density

problems, followed by numerical results and discussion. Chapter 6 introduces the

test-space adaptive RVPINNs. Finally, Chapter 7 summarizes conclusions and gives

possible directions for extensions.
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Chapter 2

Neural Networks and Applications

in Scientific Computing

2.1 Introduction

Artificial neural networks or neural networks are mathematical models inspired by

the learning process of the human biological brain. Structurally, a neural network

consists of multiple layers, where the inputs are passed sequentially from one layer to

the next layer. Each layer is composed of neurons, which act as processing units that

transform input data through nonlinear functions [52].

Neural networks have been successfully applied to many tasks, including classi-

fication [62], pattern recognition [53], and natural language processing [31]. In re-

cent decades, they have also become a tool for solving partial differential equations

(PDEs) [20,58,59,84,87,93,107]. Due to the universal approximation property [54,65]

(see Page 7), high expressivity1 [50], and scalability [81] of these models, neural net-

works have gained popularity across many scientific research fields. Generally, the

parameters of a neural network are optimized to minimize a loss function specific to

the problem at hand. This is achieved by applying suitable optimization methods to

identify the optimal weight and bias parameters.

In this chapter, we describe the mathematical structure of neural networks and

the common activation functions used in their construction. We also discuss popular

1The expressivity of a neural network is its ability to represent complex, nonlinear functions. It

is determined by architectural parameters such as depth, width, and activation functions.
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Layer 0

(Input

layer)

Layer 3

(Output

layer)

Layer 1 Layer 2

Figure 2.1: Diagram of a three-layer neural network.

optimization algorithms used for training. Furthermore, we review the use of neural

networks for solving PDEs, specifically focusing on physics-informed neural networks

(PINNs), Variational PINNs (VPINNs), and Robust VPINNs (RVPINNs). Finally, we

present theoretical results regarding the analysis of loss functions and error estimation.

2.2 Neural networks

Neural networks are constructed from the composition of an input layer, several hidden

layers, and an output layer. Each hidden layer consists of a linear transformation

followed by a nonlinear activation function. Let W i and bi denote the weight matrix

and the bias vector of the i−th layer, respectively. Furthermore, let σi : R → R be

the activation function associated with the i−th layer. The component-wise extension

σi : Rn → Rn is defined by:

σi(x) = σi(x1, . . . , xn) = (σi(x1), . . . , σ
i(xn)).

The i−th layer of the neural network can be expressed as:

ϕi(x) := σi(W ix+ bi). (2.1)

The number of neurons in the i-th layer corresponds to the dimension of the output

of that layer. In the output layer, we may use the same structure as the hidden layers

or omit the activation function, depending on the specific problem.
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An L−layer neural network consists of one input layer, L − 1 hidden layers, and

an output layer. So an L−layer neural network is written as the composition:

uθ(x) = ϕL ◦ ϕL−1 ◦ · · · ◦ ϕ1(x) (2.2)

= σL(WL . . .σ2(W 2σ1(W 1x+ b1) + b2) . . .+ bL), (2.3)

where θ = {W 1,b1, . . . ,WL,bL} represents the set of all trainable parameters. We

assume that the dimension of the matrices and vectors in Equation (2.3) are com-

patible for matrix multiplications and vector addition. As an example, a three-layer

neural network is shown in Figure 2.1 and is given by:

uθ(x) = σ3(W 3σ2(W 2σ1(W 1x+ b1) + b2) + b3). (2.4)

Neural networks are effective as approximators because they can represent any

continuous function on a compact subset of Rn, provided appropriate activation func-

tions are used. This result is known as the universal approximation theorem [54,65].

For a more comprehensive discussion on the foundation of deep learning, we refer the

reader to [52].

2.3 Activation functions

As discussed in the previous section, activation functions are essential components

of neural networks that introduce nonlinearity into the model. Without these non-

linear mappings, a multi-layer neural network would simply reduce to a single linear

transformation. In this section, we provide examples of widely used activation func-

tions [49], including the ReLU, sigmoid, and softplus functions.

A primary choice in modern deep learning is the rectified linear unit (ReLU). The

ReLU function ReLU : R→ R is defined as:

ReLU(x) := max(0, x) =

0 if x ≤ 0,

x if x > 0.

More generally, we can define the power-ReLU function ReLUn for n = 0, 1, 2, . . . as:

ReLUn(x) :=

 0 if x ≤ 0,

xn if x > 0.
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Note that ReLU0 corresponds to a Heaviside step function. A smooth version of this

step function is the sigmoid function σ : R→ R defined by:

σ(x) :=
1

1 + e−x
.

The sigmoid function is differentiable everywhere, with the derivative given by

σ′(x) = σ(x)(1− σ(x)).

Another important smooth activation function is the softplus function, defined as:

Softplus(x) := ln(1 + ex).

Notably, the derivative of the softplus function is exactly the sigmoid function. Other

commonly used activation functions in scientific computing include the hyperbolic

tangent (tanh) and trigonometric functions.

2.4 Optimization methods

To determine the optimal parameters for a neural network, we must solve an optim-

ization problem. This involves finding a set of parameters θ that minimize a specific

objective function, often referred to as a cost function or loss function.

Suppose we have a training set ofN pointsX = {x(i)}Ni=1 ⊂ Rd, with corresponding

target values Y = {y(x(i))}Ni=1. A standard choice for the loss function is the mean

squared error (MSE), which measures the average squared difference between the

network’s prediction uθ(x
(i)) and the exact value y(x(i)):

L(uθ;X) =
1

N

N∑
i=1

∣∣uθ(x(i))− y(x(i))∣∣2 . (2.5)

Other commonly used loss functions include the mean absolute error and cross-entropy

loss.

These optimization problems are typically solved using gradient-based iterative

methods. The required gradients are efficiently computed via automatic differen-

tiation [6], finite difference method [89], and other related techniques. Below, we

briefly review the optimization algorithms used in this work.
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2.4.1 Gradient descent method

The gradient descent (GD) method [24] is an iterative procedure that updates the

parameters θ in the direction of the steepest descent of the loss function L. The

update rule is given by

θk+1 = θk − η∇θL(uθk ;X),

where η > 0 denotes the learning rate (or step size). The process continues until the

gradient vanishes, converging to a local minimum of L.

2.4.2 Stochastic gradient descent method

Stochastic gradient descent (SGD) [52] is a widely used extension of gradient descent,

particularly suitable for large datasets. Instead of using the entire dataset X =

{x(i)}Ni=1 to compute the gradient, SGD randomly selects a small subset (a mini-

batch) X̃ = {x(ik)}mk=1 ⊂ X of size m ≪ N at each iteration. The parameters are

then updated as:

θk+1 = θk − η∇θL(uθk ; X̃),

where η > 0 is the learning rate. This reduces the computational cost per iteration

to O(m), making it faster for deep learning applications.

2.4.3 Adam

The adaptive moment estimation (Adam) optimizer [60] is an extension of SGD that

adaptively adjusts learning rates for each parameter. It utilizes estimates of both

the first moment and the second moment of the gradients. Due to advantages of

momentum and root mean square propagation techniques, Adam typically converges

faster and exhibits more stability than standard SGD, making it one of the most

popular choices for training neural networks.

2.4.4 BFGS method

The Broyden-Fletcher-Goldfarb-Shanno (BFGS) method [106] is an iterative algorithm

used for solving unconstrained nonlinear optimization problems. Unlike first-order



10

methods (GD and SGD), BFGS approximates the inverse Hessian matrix to incor-

porate second-order curvature information without the heavy cost of computing the

true Hessian or its inverse, leading to a computational complexity of O(n2). In prac-

tice, the limited-memory BFGS (L-BFGS) variant is also applied for neural networks

as it reduces memory requirements. These methods often achieve superlinear conver-

gence [106], making them efficient for optimization problems.

2.5 Neural networks in scientific computing

The application of neural networks to scientific computing has gained significant trac-

tion, with numerous studies exploring their potential to solve mathematical problems.

To provide context of our work, we review key methodologies for solving PDEs using

neural networks, as these provide the foundation for our operator-based approaches.

2.5.1 PINNs

A prominent example of applying neural networks into PDEs is the physics-informed

neural network (PINN) [84]. This is typically used to solve PDEs of the form:

Gu(x) = f(x), x ∈ Ω ⊂ Rn (2.6)

u(x) = h(x), x ∈ ∂Ω (2.7)

where G is a term containing differential operators and u is the unknown solution.

In this framework, the solution u is approximated by a neural network uθ. The

parameters θ are learned by minimizing a loss function that penalizes the residual of

the PDE and the boundary conditions:

LPINNs(uθ) := ∥Guθ − f∥2H(Ω) + λ

∫
∂Ω

(uθ − h)2ds,

where λ > 0 is a penalty parameter used to balance the two terms, and Guθ − f is in

some Hilbert space H(Ω). The first term is usually evaluated at a set of collocation

points within the domain Ω, while the second term ensures the boundary conditions

are satisfied.
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2.5.2 VPINNs

An alternative approach is the variational physics-informed neural network (VPINN)

[58]. Instead of minimizing the strong-form residual, this method solves PDEs in

their variational (weak) form. This is achieved by multiplying Equation (2.6) by

test functions vk, for k = 1, 2, . . . , K, and integrating over the domain. The discrete

variational problem is stated as:

(Gu, vk)L2(Ω) = (f, vk)L2(Ω) , k = 1, 2, . . . , K

u(x) = h(x), x ∈ ∂Ω

where (·, ·)L2(Ω) denotes the L2 inner product. The loss function of VPINNs is then

defined based on the variational residual:

LVPINNs(uθ) :=
1

K

K∑
k=1

| (Guθ, vk)L2(Ω) − (f, vk)L2(Ω) |
2 + λ

∫
∂Ω

(uθ − h)2ds.

The approximate solution uθ∗ is obtained by identifying the parameter set θ∗ that

best satisfies the variational constraints. This is formulated as:

θ∗ = argmin
θ
LVPINNs(θ).

2.5.3 RVPINNs

The robust variational physics-informed neural network (RVPINN) [87] is a framework

designed to overcome the stability issues sometimes found in standard VPINNs. It

is formulated to solve operator equations, such as the Poisson problem or transport

equations, by treating the loss function as a residual-based error estimator.

In this approach, we seek to approximate the solution u with a neural network uθ

by solving the variational problem:

r(uθ, v) = l(v)− b(uθ, v) = 0, ∀v ∈ V,

where b(·, ·) is a bilinear form and l(·) is a linear functional. The robustness comes

from the definition of the loss function, which is defined as the dual norm of the

residual:

LRVPINNs(uθ) := ∥r(uθ, ·)∥2V ′ =

(
sup

0̸=v∈V

r(uθ, v)

∥v∥V

)2

.
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In practice, this supremum is computed over a discrete test space Vk ⊂ V . By using

the Riesz representation theorem, the loss can be calculated as

LRVPINNs(uθ) = ∥ϕk(uθ)∥2V ,

where ϕk(uθ) is the discrete Riesz representative of the residual in the test space.

Details on deriving this formulation, along with the loss function including neural

network constraints (see Equation (6.12)), are presented in Section 6.2.2. This struc-

ture ensures that the loss function is equivalent to the true error, up to the remainder

term, meaning the training process is naturally guided toward the exact solution with

high stability.

2.5.4 Deep Ritz

The last example we will explain in detail here is the Deep Ritz Method [107], which

is an algorithm for solving PDEs in a variational form. As an example, the variational

form of the problem (2.6)-(2.7) with Gu = ∆u and h = 0 is the following:

min
u∈H

∫
Ω

(
1

2
|∇u(x)|2 − f(x)u(x)

)
dx

u(x) = 0, x ∈ ∂Ω,

where H is the set of trial functions. To solve this problem, the Deep Ritz Method

approximates a function u by a neural network uθ with the ReLU3 activation function.

The loss function is defined by

LRitz(uθ) :=

∫
Ω

(
1

2
|∇uθ(x)|2 − f(x)uθ(x)

)
dx+ λ

∫
∂Ω

(uθ)
2ds

and the SGD is used to find the optimal parameter θ∗ that minimizes LRitz(uθ).

There are other applications of neural networks such as Integrable Deep Neural

Networks used for predicting the free energy from derivative data [99], the r-adaptive

neural network method to solve PDEs [80], a neural network used as a control variable

to solve PDEs in the weak form [17], neural networks for inverse problems for PDEs [7],

etc.
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2.6 Analysis of loss functions

We denoteMn as the set of real-valued neural networks with n parameters, based on

the architecture described in (2.3):

Mn := {uθ : Rd → R | θ ∈ Rn}. (2.8)

It is known that Mn is neither a linear, closed, nor convex subset of L2(Ω) [83].

Although we have an infimum of a loss function L onMn, the minimizer inMn may

not exist [17]. To study numerical analysis related to neural networks, it is worth

mentioning a relaxed definition of minimizer, called a quasi-minimizer (cf. [17]).

Definition 2.6.1. Let L : U → R be a loss function. Let δn > 0 and Mn ⊂ U . A

function uθ∗ ∈Mn is said to be a quasi-minimizer of L if

L(uθ∗) ≤ inf
uθ∈Mn

L(uθ) + δn. (2.9)

Note that a quasi-minimizer always exists when the infimum exists, e.g., when

the loss function is bounded from below. The following theorem (cf. [17, Theorem

2.A]) provides the error estimate for some loss functions. Before that, let us give a

definition of a Gâteaux derivative.

Definition 2.6.2. Let X and Y be Banach spaces and let j : X → Y . A function j

is said to be Gâteaux differentiable if there is a bounded linear operator j′u : X → Y

such that

j′u(v) = lim
s→0

j(u+ sv)− j(u)
s

.

The operator j′u is called the Gâteaux derivative of j at u.

Theorem 2.6.1. Let L : X → R be a loss function. Assume that L is Gâteaux

differentiable with the derivative L′ : X → X∗ being Lipschitz continuous, i.e., there

is a constant C > 0 such that

∥L′
u − L′

v∥X∗ ≤ C∥u− v∥X , ∀u, v ∈ X.

Furthermore, assume that L is strongly convex, i.e., there is a constant γ > 0 such

that

⟨L′
u − L′

v, u− v⟩X∗,X ≥ γ∥u− v∥2X , ∀u, v ∈ X.

Then, the following hold true:
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1. L has a unique minimizer ū ∈ X, which satisfies: L′
ū = 0 in X∗

2. For any subsetMn ⊂ X, L has a quasi-minimizer ūn ∈Mn that satisfies (2.9).

3. Any quasi-minimizer ūn in Mn satisfies the following quasi-optimal error es-

timate:

∥ū− ūn∥X ≤
(
C

γ
inf

un∈Mn

∥ū− un∥2X +
2δn
γ

)1/2

.

Remark 2.6.1. Theorem 2.6.1 holds (cf. [17]) for the loss functions of the PINNs

and Deep Ritz method.
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Chapter 3

Perron-Frobenius Operators and

Related Problems

3.1 Introduction

Perron-Frobenius operators, also known as transfer operators, play an important role

in the study of dynamical systems, impacting not only pure mathematical problems

but also real-world applications. A prominent example is the engineering challenge of

tracking vibrational energy within a car body [86]. In this context, ray-tracing meth-

ods are employed to model energy propagation through complex domains. The energy

movement is represented by rays, and the evolution of their densities is described by

the Perron-Frobenius operator.

Numerical methods are required to solve equations involving Perron-Frobenius

operators, as these problems are often too challenging to solve analytically. A classical

approach is Ulam’s method [101], which approximates the Perron-Frobenius operator

using piecewise-constant functions. Specifically, Ulam’s method is a Galerkin method

that projects the operator onto a subspace spanned by characteristic functions on

a partition of the domain. Another numerical approach, proposed by Ding [37], is

the maximum entropy method (MEM). This is an optimization method based on the

concept of entropy. This method was originally studied to approximate an invariant

density for one dimensional spaces. Then it has recently been developed for higher-

dimensional systems [56]. Many studies have focused on improving the accuracy of

MEM and addressing other operator-related problems (see [11,38,39]).
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φ
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ψ′

φ′

Figure 3.1: Ray trajectory in circular domain.

In this chapter, we first illustrate how ray-tracing in a circular domain leads to the

Perron-Frobenius operator. We then establish an abstract setting for these operators

and define two problems that we aim to solve: the Neumann series problem and the

invariant density problem. We present examples of one-dimensional (1D) and two-

dimensional (2D) dynamical systems, along with their steady states and invariant

densities. These examples will serve as test cases for the numerical experiments for the

methods developed in later chapters. Finally, we review classical numerical methods

for solving these problems, including Ulam’s method, Galerkin and Petrov-Galerkin

methods, the maximum entropy method, and the minimum energy method.

3.2 From ray tracing to Perron-Frobenius operator

To give an example of Perron-Frobenius operators, we consider a ray trajectory in a

circular domain. The positions of rays can be described by the coordinate (φ, ψ), as

shown in Figure 3.1, where

• φ ∈ [0, 2π) is the polar angle, describing the origin point of the ray on the

boundary,

• ψ ∈ (−π
2
, π
2
) is the angle between the normal line of the circle and the ray,

describing the ray direction.

The phase space is given by Ω := [0, 2π)× (−π
2
, π
2
) and the phase map S : Ω→ Ω

describing the receiving coordinates from a ray trajectory leaving (φ, ψ) is given by

S(φ, ψ) = (φ+ π − 2ψ mod 2π, ψ) =: (S1(φ, ψ), S2(φ, ψ)).
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(a) The initial density f0 (b) The density Pf0.

Figure 3.2: Evolution of a ray density in a circular domain.

This map includes the ray reflection under the specular law of reflection, the angle of

reflection is equal to the angle of incidence.

Given (φ0, ψ0) ∈ Ω, a sequence (φ0, ψ0), S(φ0, ψ0), S
2(φ0, ψ0), . . . is called a ray

trajectory starting at (φ0, ψ0). To study several ray trajectories at the same time, it

is convenient to study them via their distribution, called a density. A ray density is a

function f : Ω → [0,∞], typically belonging to the space L1(Ω), which describes the

distribution of trajectories over the domain Ω.

The density f0 for a single ray at (φ0, ψ0) is defined by

f0(φ, ψ) = δ[φ− φ0] · δ[ψ − ψ0],

where δ is the Dirac delta distribution. To study the evolution of the density f0 under

the map S, we can see that after applying the map S, the distribution f0 evolves to

f1(φ, ψ) = δ[φ− S1(φ0, ψ0)] · δ[ψ − S2(φ0, ψ0)]

=

∫ π
2

−π
2

∫ 2π

0

δ[φ− S1(φ
′, ψ′)] · δ[ψ − S2(φ

′, ψ′)] · δ[φ′ − φ0] · δ[ψ′ − ψ0]dφ
′dψ′.

In general, if fn is the density at the nth step of applying S, the density at the (n+1)th

step is given by

fn+1(φ, ψ) =

∫ π
2

−π
2

∫ 2π

0

δ[φ− S1(φ
′, ψ′)] · δ[ψ − S2(φ

′, ψ′)] · fn(φ′, ψ′)dφ′dψ′.

The operator P mapping fn 7→ fn+1 given by the above equation is the so-called

Perron-Frobenius operator, i.e.,

(Pf)(φ, ψ) =
∫ π

2

−π
2

∫ 2π

0

δ[φ− S1(φ
′, ψ′)] · δ[ψ − S2(φ

′, ψ′)] · f(φ′, ψ′)dφ′dψ′. (3.1)
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Figure 3.2 shows an example of the initial density

f0(φ, ψ) =

cos2(φ) cos2(2ψ), π/2 < φ < 3π/2 and − π/4 < ψ < π/4,

0, elsewhere,

(3.2)

and the density after mapping by the operator P . Note that Perron-Frobenius oper-

ators can be defined in a similar manner in other domains [96].

3.3 Perron-Frobenius operators

After introducing the Perron-Frobenius operator for the boundary map on a circular

domain, we are now ready to provide a general definition of Perron-Frobenius op-

erators. This generalization requires some background in measure theory. For the

necessary results concerning measure theory and Lebesgue integration, the reader is

referred to Appendix A.1 and A.2.

Let Ω be a bounded subset of Rd, d ≥ 1. Let (Ω,B, µ) denote a measure space

where B is a Borel sigma-algebra and µ is the Lebesgue measure. For any f ∈ L1(Ω),

we define a measure µf with respect to µ by

µf (A) =

∫
A

fdµ, A ∈ B.

Let S : Ω→ Ω be a map describing a discrete-time dynamical system:

xn+1 = S(xn).

Suppose that S is nonsingular with respect to µ, i.e., µ(S−1(A)) = 0 for all A ∈ B

with µ(A) = 0. We also define a measure νf satisfying

νf (A) =

∫
S−1(A)

fdµ, A ∈ B.

Since S is nonsingular with respect to µ, µ(A) = 0 implies µ(S−1(A)) = 0, and hence

νf (A) = 0. So νf is absolutely continuous with respect to µ. By Radon-Nikodym

theorem, there exists a unique function g ∈ L1(Ω) such that

νf (A) =

∫
A

gdµ, A ∈ B.

By extending the mapping f 7→ g, the Perron-Frobenius operator P is defined by the

operator P : L1(Ω)→ L1(Ω) such that∫
A

Pfdµ =

∫
S−1(A)

fdµ, A ∈ B. (3.3)



19

It is well-known that the Perron-Frobenius operator P is linear1, positive2 and non-

expansive3.

In the one-dimensional case, where Ω is the closed interval [a, b] and A = [a, x] for

a ≤ x ≤ b, Equation (3.3) becomes∫ x

a

Pf(s)ds =
∫
S−1([a,x])

f(s)ds. (3.4)

Differentiating both sides we obtain an explicit form of the Perron-Frobenius operator:

Pf(x) = d

dx

∫
S−1([a,x])

f(s)ds. (3.5)

In general, if S is invertible and S−1 is nonsingular, then we have

Pf(x) = f(S−1(x))|JS−1 |, (3.6)

where |JS−1 | is the determinant of the Jacobian matrix of S−1 [64].

We note that the Perron-Frobenius operator in Equation (3.1) satisfies Equation

(3.3). Indeed, through the change of variable (z1, z2) := S(φ′, ψ′), we obtain∫
A

(Pf)(φ, ψ)dµ =

∫
A

∫ π
2

−π
2

∫ 2π

0

δ[φ− S1(φ
′, ψ′)]δ[ψ − S2(φ

′, ψ′)]f(φ′, ψ′)dφ′dψ′dµ

=

∫
A

∫ π
2

−π
2

∫ 2π

0

δ[φ− z1]δ[ψ − z2]f(S−1(z1, z2))|JS−1(z1, z2)|dz1dz2dµ

=

∫
S−1(A)

∫ π
2

−π
2

∫ 2π

0

δ[φ− z1]δ[ψ − z2]f(z1, z2)dz1dz2dµ

=

∫
S−1(A)

f(φ, ψ)dµ.

Before discussing the Neumann series and invariant density problems in the fol-

lowing sections, we introduce the Koopman operator, as its properties are essential

to our methods. For a given map S, the Koopman operator K : L∞(Ω) → L∞(Ω) is

defined by:

Kg := g ◦ S.

The Koopman operator K is the adjoint of the Perron-Frobenius operator P in the

following sense: ∫
Ω

(Pf) · gdµ =

∫
Ω

f · g(S)dµ (3.7)

1P(λ1f1 + λ2f2) = λ1Pf1 + λ2Pf2 for λ1, λ2 ∈ R and f1, f2 ∈ L1(Ω).
2Pf ≥ 0 if f ≥ 0.
3∥Pf∥L1 ≤ ∥f∥L1 .
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for any f ∈ L1(Ω) and g ∈ L∞(Ω). While P describes the evolution of densities,

K describes the evolution of observable functions. For more detailed properties of

Perron-Frobenius and Koopman operators, we refer the reader to [61,64,90].

3.4 Neumann series problems

Since the evolution of densities can be described by Perron-Frobenius operators, prob-

lems related to ray densities can be formulated as equations involving these operators.

Assume that an initial density f0 represents the proportion of energy emitted from

a source on the boundary of the domain. If the source emits energy continuously

and the energy is reduced by a factor α ∈ (0, 1) after each collision, the accumulated

densities will converge to a steady state. This steady state can be expressed as a

series involving the Perron-Frobenius operator:

u := f0 + αPf0 + α2P2f0 + . . . (3.8)

This is known as the Neumann series of Perron-Frobenius operator. Finding the total

density u in (3.8) is equivalent to solving the following equation:

u− αPu = f0.

In practice, we can approximate u by using a truncated sum:

uN := f0 + αPf0 + α2P2f0 + . . .+ αNPNf0,

where N is chosen to be sufficiently large.

Remark 3.4.1. To incorporate more realistic energy losses, the scalar damping para-

meter α may be replaced by a weight function α : Ω → [0,∞) that varies along

individual trajectories.

In the following, we present several examples of 1D and 2D dynamical systems

along with their corresponding Perron-Frobenius operators. Examples of 1D systems

include the map derived from cuboid cavities and the tent map. For 2D systems, we

include the boundary map in a circular domain discussed previously, as well as the

standard map, which is a well-known dynamical system with coexisting chaotic and
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integrable dynamics. We will use these examples in Chapter 4, where we develop

neural network methods to solve Neumann series problems.

Example 3.1: Cuboid cavities

Consider a 3D cuboid cavity of unit length. Let ρ0 be the source density emitted

perpendicularly from the left wall at x = 0. The ray density propagating from the

left boundary (x = 0) toward the right boundary (x = 1) is given by:

fn
+(x) = e−β(2n+x)ρ0, n = 0, 1, 2, . . . . (3.9)

After reflecting from the right wall, the density traveling back towards x = 0 is

described by:

fn
−(x) = e−β(2n−x)ρ0, n = 1, 2, . . . , (3.10)

where n represents the number of reflections at the opposite sides and β > 0 denotes

the dissipation rate [5]. For a single round-trip through the cavity, the resulting spatial

density is:

f0(x) = (e−βx + e−β(2−x))ρ0, 0 < x < 1.

Let ρn denote the ray density at the left wall after n reflections at the right wall.

The discrete dynamical system describing ray densities at the left wall is governed

by ρn+1 = e−2βρn. Thus, the Perron-Frobenius operator for this system is defined as

Pρn = ρn and α = e−2β. This leads to a spatial density at the nth time step:

fn(x) = (e−βx + e−β(2−x))ρn, 0 < x < 1.

The steady state at the left wall can be directly evaluated using a geometric series:

ρ∞ =
∞∑
n=0

ρn = ρ0 + e−2βρ0 + e−4βρ0 + . . . =
ρ0

1− e−2β
.

Therefore, the final spatial steady state is given by:

f∞(x) =
ρ0

1− e−2β
(e−βx + e−β(2−x)). (3.11)

Example 3.2: Tent map

The tent map [64] is a classic example of a continuous, piecewise-linear function

that exhibits chaotic dynamics. The tent map S : [0, 1]→ [0, 1] is defined as:

S(x) =

 2x, x ∈ [0, 1
2
),

2− 2x, x ∈ [1
2
, 1].
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By applying the general formulation of the Perron-Frobenius operator on closed in-

terval (3.5), the operator associated with the tent map can be derived as:

Pf(x) = 1

2
f
(x
2

)
+

1

2
f
(
1− x

2

)
. (3.12)

Example 3.3: Circular domains

Let the phase space be denoted by Ω := [0, 2π) × (−π
2
, π
2
). Recall that the phase

map for a circular domain is the function S : Ω→ Ω defined by:

S(φ, ψ) = (φ+ π − 2ψ, ψ),

with its inverse map given by:

S−1(φ, ψ) = (φ− π + 2ψ, ψ),

where the first component of both maps is computed modulo 2π. Note that the

determinant of the Jacobian matrix of the inverse map is |JS−1(φ, ψ)| = 1. According

to Equation (3.6), the Perron-Frobenius operator is defined as:

Pf(φ, ψ) = f(φ− π + 2ψ, ψ),

where the first component is understood to be modulo 2π.

Example 3.4: Standard map

The standard map [82] is a mathematical model used to study chaotic behavior in

dynamical systems. It is a discrete-time dynamical system that exhibits a transition

from regular to chaotic motion, making it a popular example in the theory of Hamilto-

nian chaos. The standard map S is a mapping of the phase space [0, 2π) × [0, 2π)

onto itself, defined by:

S(θ, p) = (θ + p+K sin(θ), p+K sin(θ)),

and its inverse map is given by:

S−1(θ, p) = (θ − p, p−K sin(θ − p)),

where each component in both maps is computed modulo 2π. The parameter K is

the parameter that controls the amount of chaos in the system.
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Note that the determinant of the Jacobian matrix satisfies |JS−1(θ, p)| = 1. Ac-

cording to Equation (3.6), the Perron-Frobenius operator associated with the standard

map is defined by:

Pf(θ, p) = f(θ − p, p−K sin(θ − p)),

where each component is computed modulo 2π.

Figures 3.3 and 3.4 show the evolution of accumulated densities for the circular

boundary map and the standard map (with K = 2.4), respectively. The initial dens-

ities for the boundary map is defined in (3.2), while for the standard map, it is given

by:

f0(θ, p) =

cos2(2θ) cos2(2p), 3π/4 < θ < 5π/4 and 3π/4 < p < 5π/4,

0, elsewhere.

Note that the initial densities in both cases belong to L2(Ω) and the L2-norm of the

truncation error, ∥u− uN∥L2 , is bounded by αN+1∥f0∥L2/(1− α). As the dissipation

factor α approaches 1, the steady state u (approximated here by the truncated sum

u1000), becomes more complex. This behavior is illustrated in Figure 3.5 for varying

values of α.

3.5 Invariant density problems

While the Neumann series describes the accumulation of density, we are often inter-

ested in a distribution that remains unchanged as the system evolves over time. This

leads us to the concept of an invariant density, which represents a fixed point of the

Perron-Frobenius operator.

We define the set of all possible density functions as:

D := {f ∈ L1(Ω) : f ≥ 0 and ∥f∥L1 = 1}. (3.13)

A function f ∈ D is called an invariant density of the Perron-Frobenius operator P

if it satisfies the fixed-point equation:

Pf = f.

Note that an invariant density is an eigenfunction of P corresponding to the ei-

genvalue of 1. The existence of such a density f implies the existence of an associated
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(a) u0 (b) u1

(c) u2 (d) u3

(e) u4 (f) u10

(g) u100 (h) u1000

Figure 3.3: Accumulated densities in a circular domain with α = 0.95.
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(a) u0 (b) u1

(c) u2 (d) u3

(e) u4 (f) u10

(g) u100 (h) u1000

Figure 3.4: Accumulated densities of the standard map with K = 2.4 and α = 0.99.
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(a) α = 0.3 (b) α = 0.3

(c) α = 0.6 (d) α = 0.6

(e) α = 0.9 (f) α = 0.9

(g) α = 0.99 (h) α = 0.99

Figure 3.5: 2D (left) and 3D (right) steady states for the standard map with K = 2.4

varying values of α.
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invariant measure µf defined by:

µf (A) =

∫
A

fdµ, A ∈ B.

This measure is invariant under the map S in the sense that µf (S
−1(A)) = µ(A) for

all A ∈ B [63, Theorem 4.1.1]. The concept of an invariant measure has applications

in many fields of sciences (see [40, Chapter 9] for examples).

The existence of an invariant density f ∈ D for a given dynamical system is fun-

damentally linked to the expansion and regularity properties of the transformation S.

For a class of one-dimensional systems known as piecewise expanding maps, existence

is established by the Lasota-Yorke Theorem [40, Theorem 5.2.1].

Theorem 3.5.1 (Lasota-Yorke Theorem). If a map S : [0, 1] → [0, 1] satisfies the

following conditions:

1. There is a partition 0 = a0 < a1 < . . . < ar = 1 of the interval [0, 1] such

that for each i = 1, 2, . . . , r the restriction of S to the interval (ai−1, ai) is a

C2-function.

2. There is a constant λ > 1 such that |S ′(x)| ≥ λ for x ̸= ai, i = 0, 1, . . . , r.

3. There is a constant c such that S ′′(x)/[S ′(x)]2 ≤ c for x ̸= ai, i = 0, 1, . . . , r.

Then the corresponding Perron-Frobenius operator has at least one invariant density.

While the Lasota-Yorke Theorem guarantees existence, it does not ensure that

the invariant density is unique. Uniqueness is a consequence of the ergodicity of the

system. A map S is said to be ergodic if every set A ∈ B such that S−1(A) = A

has the property that either µ(A) = 0 or µ(Ω\A) = 0. If the map S is ergodic, the

associated Perron-Frobenius operator has at most one invariant density [64, Theorem

4.2.2].

A stronger condition, exactness, also guarantees uniqueness. A piecewise expand-

ing map is considered exact if it is topologically transitive, meaning that any subset of

Ω with positive measure eventually expands to cover the entire domain under repeated

iterations of S. In such cases, the system is indecomposable; it cannot be partitioned

into multiple independent invariant subsystems. Consequently, the Perron-Frobenius

operator P possesses a unique invariant density. The following theorem provides a

uniqueness of invariant density [64, Theorem 6.2.2].
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Examples Phase maps Invariant densities

1.1 S1(x) =

 2x
1−x2 , 0 ≤ x ≤

√
2− 1

1−x2

2x
,
√
2− 1 ≤ x ≤ 1

f1(x) =
4

π(1+x2)

1.2 S2(x) =

 2x
1−x

, 0 ≤ x ≤ 1
3

1−x
2x
, 1

3
≤ x ≤ 1

f2(x) =
2

(1+x)2

1.3 S3(x) = 4x(1− x) f3(x) =
1

π
√

x(1−x)

Table 3.1: Phase maps and their invariant densities (1D).

Theorem 3.5.2. Let S : [0, 1] → [0, 1] satisfy conditions of Theorem 3.5.1 and

S(ai−1, ai) = (0, 1) for all i = 1, 2, . . . , r. Then the associated Perron-Frobenius oper-

ator P has a unique invariant density f ∗ ∈ D such that Pf ∗ = f ∗ and

lim
n→∞

∥Pnf − f ∗∥L1 = 0 for all f ∈ D.

In addition, if a map T is exact, the uniqueness of the invariant density is preserved

for any topologically conjugate map S. This is ensured by the following theorem [64,

Theorem 6.5.2].

Theorem 3.5.3. Let T : [0, 1] → [0, 1] be a measurable, nonsingular transformation

and let f ∗ ∈ D be a given density. Let S : [0, 1]→ [0, 1] be given by S = g−1 ◦ T ◦ g,

where

g(x) =

∫ x

0

f ∗(y)dy, 0 < x < 1.

Then T is exact if and only if f ∗ is a unique invariant density of the Perron-Frobenius

operator P with respect to S and

lim
n→∞

∥Pnf − f ∗∥L1 = 0 for all f ∈ D.

Several examples of 1D and 2D dynamical systems, along with their invariant

densities [37, 56], are presented in Table 3.1 and 3.2, respectively. We can verify

that the maps S1(x) and S2(x) satisfy conditions of Theorem 3.5.2. Furthermore,

the dyadic transformation V1(y) and the tent map U2(x) also satisfy these conditions.

Thus, the existence and uniqueness of their invariant densities are guaranteed. For the

logistic map S3(x), the uniqueness of the invariant density is established via Theorem

3.5.3 using T as the tent map (cf. [64, p. 167]). The invariant densities for the two-

dimensional systems in Table 3.2 follow from the theory of product transformations.
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Examples Phase maps Si(x, y) = (Ui(x), Vi(y)) Invariant densities

2.1
U1(x) = 4x(1− x)

V1(y) = 2y mod 1
f1(x, y) =

1

π
√

x(1−x)

2.2

U2(x) =

2x, 0 ≤ x ≤ 1
2

2(1− x), 1
2
≤ x ≤ 1

V2(y) =


2y
1−y

, 0 ≤ y ≤ 1
3

1−y
2y
, 1

3
≤ y ≤ 1

f2(x, y) =
2

(1+y)2

2.3

U3(x) =
(

1
8
− 2

∣∣x− 1
2

∣∣3)1/3 + 1
2

V3(y) =


2y

1−y2
, 0 ≤ y ≤

√
2− 1

1−y2

2y
,
√
2− 1 ≤ y ≤ 1

f3(x, y) =
48(x−1/2)2

π(1+y2)

Table 3.2: Phase maps and their invariant densities (2D).

Since each 2D map Si(x, y) = (Ui(x), Vi(y)) is composed of two independent one-

dimensional maps, the unique joint invariant density is simply the product of their

invariant densities. As an example, a detailed verification showing that f3(x) is the

invariant density for the logistic map S3(x) is provided in Appendix B.

3.6 Existing methods

In this section, we review several numerical methods for approximating the solutions

of invariant density and Neumann series problems. These include Ulam’s method,

the Galerkin and Petrov-Galerkin methods, the maximum entropy method, and the

minimum energy method.

3.6.1 Ulam’s method

Ulam’s method [61] is a technique for discretizing the Perron-Frobenius operator based

on a Galerkin projection onto a subspace of step functions. The approach begins by

partitioning the state space Ω into k disjoint subsets (often called boxes or cells),

denoted by B1, . . . ,Bk. For each subset Bi, we define the characteristic function χBi
.

The collection of these functions {χBi
}ki=1 serves as a basis for a finite-dimensional
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subspace of L1(Ω). The discretized Perron-Frobenius operator is represented by a

matrix Pk = [pij]k×k where

pij =
µ(S−1(Bj) ∩ Bi)

µ(Bi)
.

Here, pij represents the fraction of the measure of box Bi that is mapped into box

Bj under the transformation S. In practice, these coefficients can be estimated by

sampling n test points {x(l)i }nl=1 uniformly within each box Bi. The entry pij is then

approximated by the proportion of points whose images under S fall into Bj:

pij ≈
1

n

n∑
l=1

χBj
(S(x

(l)
i )). (3.14)

Using this discretization, an invariant density is approximated by the function f :=∑k
i=1 fiχBi

where the vector of coefficients f = (f1, f2, . . . , fk)
T is a fixed point of the

matrix, satisfying Pkf = f . Detailed discussions on the convergence conditions and

error rates of Ulam’s method for certain classes of mappings can be found in [78]

and [40, Chapter 7]. Furthermore, Neumann series problems can be solved via the

matrix equation (Ik−αPk)f∞ = f0, where Ik is the k×k identity matrix and α ∈ (0, 1)

is the damping parameter [27].

3.6.2 Galerkin and Petrov-Galerkin methods

The Galerkin method is a technique to approximate the solution of an operator equa-

tion as a linear combination of basis functions. While it is commonly used for solving

PDEs in Hilbert spaces, it is also applied to discretize Perron-Frobenius operators [61].

To apply this method, we consider the solution u, representing the Neumann series

or the invariant density, to be an element of the Hilbert space V := L2(Ω). We then

define a finite-dimensional subspace VM ⊂ V spanned by a basis {g1, . . . , gM}. Let

b : V × V → R be a bilinear form and l : V → R be a bounded linear functional. The

original variational problem is formulated as follows:

Find u ∈ V such that b(u, v) = l(v) ∀v ∈ V.

We then approximate the solution u ∈ V by a function uM ∈ VM that satisfies the

Galerkin condition:

Find uM ∈ VM such that b(uM , vM) = l(vM) ∀vM ∈ VM .
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The specific definitions of b and l depend on the problem being addressed:

• Neumann series problems:

b(u, v) :=

∫
Ω

(u− αPu)vdµ and l(v) :=

∫
Ω

f0vdµ.

• Invariant density problems:

b(u, v) :=

∫
Ω

(Pu− u)vdµ and l(v) := 0.

By substituting uM =
∑M

j=1 cjgj into the Galerkin condition, the problem reduces to

solving a system of linear equations for the coefficients cj.

The well-posedness of these variational problems is grounded on classical results

from functional analysis. In particular, the Lax–Milgram theorem [42, Section 6.2]

guarantees the existence and uniqueness of a solution whenever the bilinear form and

linear functional satisfy certain boundedness and coercivity conditions:

Theorem 3.6.1 (Lax-Milgram Theorem). Let V be a Hilbert space with the norm

∥ · ∥V . Let b : V × V → R be a bilinear form and l : V → R be a linear functional.

Suppose the following conditions hold:

1. Boundedness of b: There exists a constant cb > 0 such that

|b(u, v)| ≤ cb∥u∥V ∥v∥V ∀u, v ∈ V.

2. Boundedness of l: There exists a constant cl > 0 such that

|l(v)| ≤ cl∥v∥V ∀v ∈ V.

3. Coercivity of b: There exists a constant c > 0 such that

b(u, v) ≥ c∥u∥2V ∀u ∈ V.

Then, there exists a unique solution u ∈ V to the variational problem:

Find u ∈ V such that b(u, v) = l(v) ∀v ∈ V.
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When the solution is in a Banach space U := Lp(Ω), for 1 < p <∞, the test space

V is typically chosen as the dual space Lq(Ω), where
1

p
+

1

q
= 1. In this setting, we

define a variational formulation by choosing a finite-dimensional trial space UM ⊂ U

and a test space VM ⊂ V . To solve the original variational problem:

Find u ∈ U such that b(u, v) = l(v) ∀v ∈ V, (3.15)

we approximate u with a function uM ∈ UM that satisfies the discrete condition:

Find uM ∈ UM such that b(uM , vM) = l(vM) ∀vM ∈ VM .

This approach is known as the Petrov-Galerkin method. The well-posedness of this

variational formulation is ensured by the Banach-Nečas-Babǔska Theorem [91, p. 15],

which generalizes the Lax-Milgram theorem to settings where the trial and test spaces

differ.

Theorem 3.6.2 (Banach-Nečas-Babǔska Theorem). Let U be a Banach space and

V be a reflexive Banach space with norms ∥ · ∥U and ∥ · ∥V , respectively. Suppose

b : U×V → R is a bilinear form and l : V → R is a linear functional. If the following

conditions hold:

1. Boundedness of b: There exists cb > 0 such that

|b(u, v)| ≤ cb∥u∥U∥v∥V ∀u ∈ U, v ∈ V.

2. Boundedness of l: There exists cl > 0 such that

|l(v)| ≤ cl∥v∥V ∀v ∈ V.

3. Inf-sup stability: There exists c > 0 such that

sup
0̸=v∈V

b(u, v)

∥v∥V
≥ c∥u∥U ∀u ∈ U.

4. Adjoint injectivity: For any v ∈ V , if b(u, v) = 0 for all u ∈ U , then v = 0.

Then, there exists a unique solution u ∈ U to the variational problem:

Find u ∈ U such that b(u, v) = l(v) ∀v ∈ V.
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3.6.3 Maximum entropy method

In this section, we describe the maximum entropy method (MEM) for approximating

invariant densities. To illustrate the method in one dimension, we restrict the domain

to Ω = [0, 1]. For a nonnegative density function f ∈ D (see (3.13)), the entropy is

defined as:

H(f) := −
∫ 1

0

f(x) ln f(x)dx.

The fundamental principle of MEM is to maximize this entropy subject to constraints

derived from the physical system. Following the approach in [37], we apply this

method to find the invariant density of the Perron-Frobenius operator.

Let S : [0, 1]→ [0, 1] be a nonsingular transformation such that the corresponding

Perron-Frobenius operator P has an invariant density f ∗, satisfying

Pf ∗ = f ∗. (3.16)

To obtain the necessary constraints, we multiply (3.16) by test functions xn, for

n = 1, 2, . . ., and integrate over the domain:∫ 1

0

Pf ∗(x) · xndx =

∫ 1

0

f ∗(x) · xndx, n = 1, 2, . . . (3.17)

Using the duality property from Equation (3.7), we obtain:∫ 1

0

f ∗(x)S(x)ndx =

∫ 1

0

f ∗(x)xndx, n = 1, 2, . . .

This provides a set of constraints for the invariant density:∫ 1

0

f ∗(x)[xn − S(x)n]dx = 0, n = 1, 2, . . . (3.18)

Conversely, if f ∗ solves Equation (3.18), then Equation (3.17) also holds true. In

addition, Equation (3.17) is always true for n = 0. Since for any ψ ∈ L1([0, 1]),∫ 1

0
ψ(x) · xndx = 0 ∀n = 0, 1, 2, . . . implies ψ = 0, we obtain that f ∗ is the invariant

density.

In practice, we choose a finite number of constraints Nc and solve the following

optimization problem:

maximize : −
∫ 1

0

f(x) ln f(x)dx (3.19)

subject to : c0(f) :=

∫ 1

0

f(x)dx− 1 = 0 (3.20)

ci(f) :=

∫ 1

0

f(x)[xi − S(x)i]dx = 0, i = 1, 2, . . . , Nc. (3.21)
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The solution fNc to this problem, which serves as an approximation of the invariant

density f ∗, is in the form:

fNc(x) =
exp

(∑Nc

n=1 an[x
n − S(x)n]

)
∫ 1

0
exp

(∑Nc

n=1 an[x
n − S(x)n]

)
dx
, (3.22)

where the coefficients an ∈ R are determined by the constraints (3.20)-(3.21). See [64]

for the details of the proof for the general maximum entropy method.

If the entropy of the invariant density H(f ∗) > −∞, then fNc converges to f ∗ as

Nc →∞. Moreover, the approximation error [37] is bounded by:

∥fNc − f ∗∥L1 ≤ ENce
ENc/2,

where

ENc = inf

{∥∥∥∥∥1 + ln f ∗ −
Nc∑
n=1

an[x
n − S(x)n]

∥∥∥∥∥
L∞

: (a1 . . . aNc)
T ∈ RNc

}
.

This means that the approximation error depends on the L∞ distance between the

function 1+ln f ∗ and the subspace spanned by {x−S(x), x2−S(x)2, . . . , xNc−S(x)Nc}.

To improve numerical stability, we can replace the monomials xn by orthogonal

polynomials pn, such as Chebyshev polynomials [39]. This leads to the modified

constraints:

maximize : −
∫ 1

0

f(x) ln f(x)dx (3.23)

subject to : c0(f) :=

∫ 1

0

f(x)dx− 1 = 0 (3.24)

ci(f) :=

∫ 1

0

f(x)[pi(x)− pi(S(x))]dx = 0, i = 1, 2, . . . , Nc. (3.25)

The solution fNc to this problem is in the form

fNc(x) =
exp

(∑Nc

n=1 an[pn(x)− pn(S(x))]
)

∫ 1

0
exp

(∑Nc

n=1 an[pn(x)− pn(S(x))]
)
dx
, (3.26)

where an ∈ R satisfying the constraints (3.24)-(3.25).

3.6.4 Minimum energy method

The entropy functionalH(f) can be replaced by a quadratic energy functional E(f) :=
1

2

∫ 1

0
[f(x)]2dx [15]. This alternative approach was studied in [14], where characteristic
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functions over a partitioned domain were used as generating functions. Instead of

maximizing entropy, we can consider the problem of minimizing the energy functional.

We prove the following theorem, which provides a result for this quadratic case that

is analogous to the MEM result.

Theorem 3.6.3. Let f : [0, 1] → R be a density function and let {gi}Nc
i=1 be a set of

test functions on [0, 1]. Consider the following optimization problem:

minimize :

∫ 1

0

[f(x)]2dx (3.27)

subject to : c0(f) :=

∫ 1

0

f(x)dx− 1 = 0 (3.28)

ci(f) :=

∫ 1

0

f(x)gi(x)dx = 0, i = 1, 2, . . . , Nc. (3.29)

The solution to this problem is given by a function fNc of the form:

fNc(x) = a0 +
Nc∑
i=1

aigi(x), (3.30)

where the coefficients ai are chosen such that fNc satisfies the constraints (3.28)-

(3.29).

Proof. To prove that fNc is the minimizer, we show that for any function f satisfying

the constraints (3.28)-(3.29), the following inequality holds:

∫ 1

0

[f(x)]2dx ≥
∫ 1

0

[fNc(x)]
2dx.

First, we multiply Equation (3.30) by fNc(x) and integrate over the domain:

∫ 1

0

[fNc(x)]
2dx = a0 +

Nc∑
i=1

ai

∫ 1

0

fNc(x)gi(x)dx.

Applying the constraints ci(fNc) = 0, i = 1, . . . , Nc, we obtain

a0 =

∫ 1

0

[fNc(x)]
2dx.

Now, let f be any function satisfying the constraints (3.28)-(3.29). Using the fact that
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u2 ≥ 2uv − v2, and setting u = f(x) and v = fNc(x), we integrate over the domain:∫ 1

0

[f(x)]2dx ≥ 2

∫ 1

0

f(x)fNc(x)dx−
∫ 1

0

[fNc(x)]
2dx

= 2

∫ 1

0

f(x)

[
a0 +

Nc∑
i=1

aigi(x)

]
dx−

∫ 1

0

[fNc(x)]
2dx

= 2a0

∫ 1

0

f(x)dx+ 2
Nc∑
i=1

ai

∫ 1

0

f(x)gi(x)dx−
∫ 1

0

[fNc(x)]
2dx

= 2a0 −
∫ 1

0

[fNc(x)]
2dx

= 2

∫ 1

0

[fNc(x)]
2dx−

∫ 1

0

[fNc(x)]
2dx

=

∫ 1

0

[fNc(x)]
2dx.

This completes the proof that fNc is the minimizer of the energy functional.
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Chapter 4

Neural Network Methods for

Perron-Frobenius Neumann Series

4.1 Introduction

Perron-Frobenius operators, also known as transfer operators, play an important role

in capturing behaviors of dynamical systems. These operators have been applied to

various fields of research, including engineering [51,104], earth sciences [44], and atmo-

spheric sciences [97, 98]. Another viewpoint to describe system behaviors is studying

observables using Koopman operators, which are the adjoints of Perron-Frobenius

operators. While Koopman operators track the evolution of functions on the state

space, Perron-Frobenius operators describe statistical behavior through the evolution

of densities [61]. These operators provide linear representations of (nonlinear) dy-

namical systems, which are important for estimating the long-term system behavior

and prediction of future states [57].

One particularly interesting problem associated with Perron-Frobenius operators

is finding their Neumann series when applied to a given initial density. The solution

to this problem corresponds to the accumulated density in the long-time limit, conver-

ging toward the stationary density. This problem is closely related to the dynamical

energy analysis approach [96] used to determine wave energy distributions in the

high-frequency regime, which has a direct application in finding equilibrium energy

distributions [86,94]. A classical approach for approximating solutions to problems in-

This chapter is based on our work originally published in [100]
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volving such operators is Ulam’s method [101], which approximates Perron-Frobenius

operators by projecting them onto a subspace spanned by characteristic functions (a

space of piecewise constant functions). However, without additional effort, fixed-grid-

based methods, including Ulam’s method, are known to have limitations, particularly

in handling irregularities, and the convergence rate is relatively low [13].

In recent years, neural networks have been applied more and more to improve

the approximate solution of various mathematical problems (see [20, 58, 59, 84, 87,

93, 107] for examples), including problems in dynamical systems (see [3, 43, 68, 79,

88, 108] for examples). Among these methods, Physics-Informed Neural Networks

(PINNs) [84] and various versions of Variational PINNs (VPINNs) [58, 59, 87] have

gained popularity for solving equations involving operators, such as partial differential

equations (PDEs). PINNs were developed to generate neural network functions to

approximate solutions by minimizing a loss function based on the PDE residual.

Similar methods can be found in [17, 21]. VPINNs were introduced in [58], aiming

to solve PDEs in variational forms, with further studies presented in [8, 9]. Robust

VPINNs (RVPINNs) were developed to give a stable version of VPINNs by minimizing

a loss function based on the discrete dual norm of the residual of the variational

equation. Throughout this work, we use the terms PINNs and RVPINNs to refer to

neural networks that encode equations describing systems by minimizing the residual

of the equations in their strong and variational forms, respectively.

Neural networks offer several advantages for approximating solutions, including

high expressivity [50], handling complex domains [32], and scalability to high-dimensional

problems [81]. Several papers have used neural networks to learn operators in dynam-

ical systems. For example, the authors of the seminal work [73] have proposed a deep

learning framework to learn a finite-dimensional approximation of Koopman oper-

ators. However, few papers have been dedicated to studying neural networks for

problems involving Perron-Frobenius operators. Applying neural networks to solve

problems related to Perron-Frobenius operators, in particular Neumann series prob-

lems, would be beneficial for approximating irregular solutions or addressing high-

dimensional spaces.

In this chapter, we propose and analyze neural network methods for approximating

solutions to Neumann series problems for Perron-Frobenius operators with an initial
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density in Lp, where 1 < p <∞, considering both their strong and variational forms.

Our primary focus is on Perron-Frobenius operators that are non-expansive under the

Lp-norm with a constant damping parameter in (0, 1). For consistency and simplicity,

we present most results for solutions in L2 but also provide details for solutions in Lp.

The main contributions of this work are as follows. We define an abstract set-

ting for non-expansive Perron-Frobenius operators from Lp to Lp. We establish the

well-posedness of the variational formulation in L2 and Lp settings. We propose

neural network methods for solving Neumann series problems based on PINNs and

RVPINNs. A key advantage of the RVPINNs approach is that it does not require the

inverse map of the underlying dynamical system, as highlighted in Remark 4.3.1. To

derive a priori error estimates for the proposed methods, we recall the concepts of

neural network function manifolds and quasi-minimizers presented in [17]. The local

Fortin’s condition modified from [87] is required to analyze the RVPINNs method. We

implement the proposed methods for approximating the Neumann series of Perron-

Frobenius operators associated with the tent map, the boundary map in a circular

domain, and the standard map to show the performance of our methods. We also

demonstrate the applicability of our methods by approximating interior densities in

a two-cavity system. We compare our methods against a fixed-grid-based approach

and the truncated sum of Neumann series.

The chapter is organized as follows. In section 4.2, we introduce Perron-Frobenius

operators, state our assumptions, present Neumann series problems in both strong

and variational forms, and provide the well-posedness of the variational problems

when solutions are in L2. We also review fixed-grid-based methods, including Ulam’s

method, and provide an associated error estimate. Section 4.3 describes neural net-

work frameworks, including our proposed methods for approximating solutions, focus-

ing on PINNs and RVPINNs. Section 4.4 is devoted to the analysis of these methods.

Section 4.5 presents numerical examples. Section 4.6 shows conclusions and possible

extensions. Appendix C.1 provides the well-posedness of the variational problem when

solutions are in Lp. Appendix C.2 shows the equivalent form of the RVPINNs loss

function. Appendix C.3 develops error estimate proofs for PINNs and RVPINNs.
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4.2 Abstract framework

Let Ω be a bounded subset of Rd, d ≥ 1, and S : Ω→ Ω be a map describing a discrete

dynamical system. Given a measure space (Ω,B, µ) where B is a Borel sigma-algebra

and µ is the Lebesgue measure, the Perron-Frobenius operator associated with S is

defined as the linear operator P : L1(Ω)→ L1(Ω) such that∫
A

Pfdµ =

∫
S−1(A)

fdµ, ∀A ∈ B,∀f ∈ L1(Ω). (4.1)

In the special case where Ω = [a, b] is a closed interval, the Perron-Frobenius operator

P can be expressed explicitly (see Equation (3.5)) as:

Pf(x) = d

dx

∫
S−1([a,x])

f(s)ds. (4.2)

It is well-known that the Perron-Frobenius operator P is non-expansive under

the L1-norm, i.e., ∥Pf∥L1 ≤ ∥f∥L1 for all f ∈ L1(Ω). For simplicity1, we consider

densities f in Lp(Ω), where 1 < p < ∞, which is a subspace of L1(Ω). So, we need

additional assumptions on the Perron-Frobenius operator for defining our problem in

Lp-setting. In this chapter, we make the following assumptions:

(A1) Density functions f are nonnegative functions in U := Lp(Ω) with 1 < p <∞,

(A2) P is non-expansive under the U−norm, i.e., for all f ∈ U ,

∥Pf∥U ≤ ∥f∥U .

Remark 4.2.1. The assumption (A2) is equivalent to stating that P : U → U is a

bounded operator with operator norm ∥P∥ ≤ 1.

Remark 4.2.2. The assumption (A2) holds in many dynamical systems. For in-

stance, if S is an invertible nonsingular transformation, the Perron-Frobenius operator

P associated with S is given by

Pf(x) = f(S−1(x)) |JS−1| , for x ∈ Ω,

1Lp(Ω) (with 1 < p < ∞) has convenient properties for analysis such as reflexivity and strict

convexity, but these properties do not hold in L1(Ω) [77].
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where |JS−1 | denotes the Jacobian determinant of the inverse map S−1 (cf. [64, Co-

rollary 3.2.1.]). Therefore, if |JS−1| ≤ 1, P satisfies the assumption (A2). Indeed, by

applying the change of variable, we obtain

∥Pf∥U =

(∫
Ω

(
f(S−1)

)p |JS−1 |p dµ
)1/p

≤
(∫

Ω

(
f(S−1)

)p |JS−1 | dµ
)1/p

=

(∫
S−1(Ω)

fpdµ

)1/p

= ∥f∥U .

4.2.1 Neumann series problem

We are interested in approximating the solution of the following problem: Given a

nonnegative function f0 ∈ U , find u ∈ U satisfying

u− αPu = f0, (4.3)

where 0 < α < 1 is a damping parameter. This is equivalent to finding the Neumann

series expressed as

u = f0 + αPf0 + α2P2f0 + · · · . (4.4)

Remark 4.2.3. In applications, the Neumann series (4.4) represents the equilibrium

energy distribution resulting from a continuous injection of the initial energy distri-

bution f0 into the system, with energy reduced by a factor α each time it reaches the

boundary. In a more general setting, the damping parameter α can be replaced by

a suitable weight function α : Ω → [0,∞). This would mean more realistic energy

losses for individual trajectories.

4.2.2 Variational problem

The variational version of problem (4.3) is the following:

Find u ∈ U such that b(u, v) = l(v) ∀v ∈ V, (4.5)

where V is the dual space of U , b(·, ·) and l(·) are a bilinear form on U × V and a

linear functional on V , respectively, defined by

b(u, v) :=

∫
Ω

(u− αPu)vdµ and l(v) :=

∫
Ω

f0vdµ. (4.6)
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Remark 4.2.4. The bilinear form b(·, ·) defined in (4.6) can be written in terms of

the associated Koopman operator2 K, by applying the duality identity3, as follows:

b(u, v) :=

∫
Ω

u(v − αKv)dµ. (4.7)

This form will be used to reformulate the RVPINNs loss function in Remark 4.3.1.

When U = V = L2(Ω), the variational problem (4.5)-(4.6) satisfies the conditions

of the Lax-Milgram Theorem, ensuring the existence and uniqueness of the solution.

The details regarding the well-posedness for U = Lp(Ω) and V = Lq(Ω), where

1 < p, q <∞ with
1

p
+

1

q
= 1, are provided in C.1.

Theorem 4.2.1 (Well-posedness of variational problem in L2). Given U = V =

L2(Ω), the variational problem (4.5) satisfies the following.

1. Boundedness of b: |b(u, v)| ≤ (1 + α)∥u∥L2∥v∥L2 , ∀u, v ∈ L2(Ω),

2. Boundedness of l: |l(v)| ≤ ∥f0∥L2∥v∥L2 , ∀v ∈ L2(Ω),

3. Coercivity: b(u, u) ≥ (1− α)∥u∥2L2 , ∀u ∈ L2(Ω).

Hence, it has a unique solution.

Proof. 1. Boundedness of b: For any u, v ∈ L2(Ω), by using the Cauchy-Schwarz

inequality, the triangle inequality, and the assumption (A2), we have

|b(u, v)| =
∣∣∣∣∫

Ω

(u− αPu)vdµ
∣∣∣∣ ≤ ∫

Ω

|(u− αPu)v|dµ ≤ ∥u− αPu∥L2∥v∥L2

≤ (∥u∥L2 + α∥Pu∥L2) ∥v∥L2 ≤ (1 + α)∥u∥L2∥v∥L2 .

2. Boundedness of l: Since f0, v ∈ L2(Ω), by using the Cauchy-Schwarz inequality,

|l(v)| =
∣∣∣∣∫

Ω

f0vdµ

∣∣∣∣ ≤ ∥f0∥L2∥v∥L2 .

3. Coercivity: For any u ∈ L2(Ω), by using the Cauchy-Schwarz inequality and

the assumption (A2), we have

b(u, u) =

∫
Ω

(u− αPu)udµ =

∫
Ω

u2dµ− α
∫
Ω

(Pu)udµ

≥ ∥u∥2L2 − α∥Pu∥L2∥u∥L2 ≥ ∥u∥2L2 − α∥u∥2L2 = (1− α)∥u∥2L2 .

2The Koopman operator associated with the map S is defined by Kv = v ◦ S.
3Let 1 < p, q <∞ with

1

p
+

1

q
= 1. If P : Lp(Ω)→ Lp(Ω) is the Perron-Frobenius operator and

K : Lq(Ω)→ Lq(Ω) is the associated Koopman operator, then
∫
Ω
(Pu)vdµ =

∫
Ω
u(Kv)dµ.
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4.2.3 Fixed-grid-based method

Let U = V = L2(Ω). A classical way for solving problem (4.5) is to discretize

the problem based on Galerkin projections. To do that, we first consider a finite-

dimensional subspace VM ⊂ V with a basis {g1, . . . , gM}. Next, we seek uM ∈ VM

such that

b(uM , gm) = l(gm) ∀m ∈ {1, 2, . . . ,M}, (4.8)

where b(·, ·) and l(·) are defined in (4.6). Then, as uM ∈ VM , we write uM =
M∑
k=1

ckgk

where ck is a coefficient associated to gk. Finally, we solve the system of equations:

M∑
k=1

ck

∫
Ω

(gk − α(Pgk)) gmdµ =

∫
Ω

f0gmdµ, m = 1, 2, . . . ,M.

Solving this system is equivalent to solving the matrix equation Ac = b, where the

matrix entries of A are given by amk =
∫
Ω
(gk − α(Pgk)) gmdµ and the components of

the vector b are bm =
∫
Ω
f0gmdµ.

Remark 4.2.5. If the domain Ω is partitioned into M subdomains ω1, . . . , ωM and

gm is chosen to be the normalized characteristic function on a subdomain ωm, which

forms an orthonormal basis of VM , the fixed-grid-based method is equivalent to the so-

called Ulam’s method [101]. The matrix equation is equivalent to (IM − αPM)c = b,

where IM is the M ×M identity matrix and PM is the matrix representation of P

given by PM = [pmk]M×M with

pmk =
µ(S−1(ωm) ∩ ωk)

µ(ωk)
.

The following theorem shows an error estimate for the fixed-grid-based method.

Theorem 4.2.2. Let uM ∈ VM be the solution of problem (4.8) and u be the solution

of problem (4.5) for U = V = L2(Ω). We have

∥u− uM∥L2 ≤ 2

1− α
inf

vm∈VM

∥u− vm∥L2 .

Proof. For any vm ∈ VM , by using coercivity, Galerkin orthogonality, and the bounded-
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ness of b, we have

∥vm − uM∥2L2 ≤
1

1− α
b(vm − uM , vm − uM)

=
1

1− α
[b(vm − u, vm − uM) + b(u− uM , vm − uM)]

=
1

1− α
b(vm − u, vm − uM)

≤ 1 + α

1− α
∥vm − u∥L2∥vm − uM∥L2 .

Dividing both sides by ∥vm − uM∥L2 yields

∥vm − uM∥L2 ≤ 1 + α

1− α
∥vm − u∥L2 .

Applying the triangle inequality, we have

∥u− uM∥L2 ≤ ∥u− vm∥L2 + ∥vm − uM∥L2

≤ ∥u− vm∥L2 +
1 + α

1− α
∥vm − u∥L2

=
2

1− α
∥u− vm∥L2 .

Taking the infimum over all possible vm ∈ VM yields the theorem.

Remark 4.2.6. In the case where VM is the space of piecewise-linear finite elements

defined on a mesh of size h, the error bound for a solution u in the Sobolev space H2

is of order O(h2) (cf. [1, Theorem 1.5]).

4.3 Neural network framework

To approximate the solution of (4.3) or (4.5), we use a neural network uθ of the form

given in (2.3). Here, the output layer uses the identity map as its activation function.

Recall thatMn is the set of neural network functions with n parameters (see (2.8)),

and assume that ∅ ̸=Mn ⊂ U . We aim to find uθ ∈Mn such that uθ ≈ u where u is

the solution of (4.3) or (4.5). To do that, we train the neural network to minimize a

loss function using some optimization methods, such as the BFGS method or Adam

(see Section 2.4).

4.3.1 PINNs

To approximate the solution of problem (4.3) for U = Lp(Ω) with 1 < p < ∞, we

follow the PINNs method by using a loss function defined in terms of the residual of
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the equation. The loss function is given by:

LPINNs(uθ) := ∥f0 − uθ + αPuθ∥U . (4.9)

The approximate solution of (4.3) is obtained by solving the optimization problem:

Find uθ∗ ∈Mn such that θ∗ = argmin
θ∈Rs

LPINNs(uθ). (4.10)

4.3.2 RVPINNs

For a given discrete space VM ⊂ V , we consider the following Petrov-Galerkin type

discretization of (4.5):

Find uθ ∈Mn such that b(uθ, vM) = l(vM) ∀vM ∈ VM . (4.11)

We follow the RVPINNs method to approximate the solution of problem (4.11) for

U = Lp(Ω) with 1 < p < ∞ by defining a loss function based on the discrete dual

norm of the variational equation residual. The loss function is given by:

LRVPINNs(uθ) := sup
0̸=vM∈VM

l(vM)− b(uθ, vM)

∥vM∥V
. (4.12)

The approximate solution of (4.11) is obtained by solving the optimization problem:

Find uθ∗ ∈Mn such that θ∗ = argmin
θ∈Rs

LRVPINNs(uθ). (4.13)

In practical settings, where U = V = L2(Ω) and VM is a finite-dimensional subspace

of L2(Ω) with an orthonormal basis {gm}Mm=1, the RVPINNs loss function can be

expressed in the following equivalent form:

LRVPINNs(uθ) =

√√√√ M∑
m=1

(∫
Ω

(f0 − uθ + αPuθ)gmdµ
)2

. (4.14)

The equivalence between these two forms is shown in C.2. It is worth noting that

computing these loss functions requires numerical integration methods.

Remark 4.3.1. Using the bilinear form (4.7), we can reformulate the loss function

(4.14) to eliminate the composition between the Perron-Frobenius operator P and

the neural network uθ. This reformulation avoids the need for the inverse map S−1

associated with the operator P , and instead only requires the forward map S for
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evaluating the Koopman operator K applied to the predefined test functions gm. The

resulting RVPINNs loss function is given by:

LRVPINNs(uθ) =

√√√√ M∑
m=1

(∫
Ω

f0gm − uθ(gm − αKgm)dµ
)2

.

Remark 4.3.2. The loss functions in (4.9) and (4.12) are slightly different from

the original PINNs and RVPINNs formulations (see Section 2.5), respectively. In

particular, we do not square the residual norm in order to ensure consistency with

the theoretical results presented in Section 4.4, which are based on the norm, instead

of the square of the norm. While one can train based on these loss functions, one can

improve training convergence by considering the square of the norm and implement

a Least Squares system in the last layer of neural networks [103].

The following section presents a priori error estimates for PINNs and RVPINNs.

4.4 Analysis of methods

For the error analysis of the neural network approximations in this section, we use

the concept of a quasi-minimizer (see Definition 2.6.1).

4.4.1 Error estimate for PINNs

Theorem 4.4.1. Let δn > 0 and uθ∗ ∈ Mn be a quasi-minimizer of (4.9) satisfying

(2.9). If u is the solution of (4.3), we have

∥u− uθ∗∥U ≤
(
1 + α

1− α

)
inf

uθ∈Mn

∥u− uθ∥U +
δn

1− α
.

Proof. See details of the proof in C.3.

4.4.2 Error estimate for RVPINNs

To obtain a reliable error bound for the RVPINNs method, we need the following

assumption.

Local Fortin’s condition4: Let δn > 0 and uθ∗ ∈ Mn be a quasi-minimizer

4Item 1 of this condition has been modified from Assumption 1 in [87], as we will derive an a

priori error estimate for RVPINNs in terms of the infimum over Mθ∗,R
n , which is a more natural

form compared to the infimum over span(Mθ∗,R
n ) used in [87].
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of LRVPINNs satisfying (2.9). There exists R > 0 such that for all θ ∈ B(θ∗, R), an

operator Πθ : V → VM and θ-independent constant CΠ > 0, satisfying:

1. b(uθ∗ − uθ, v − Πθv) = 0, ∀v ∈ V,

2. ∥Πθv∥V ≤ CΠ∥v∥V , ∀v ∈ V,

where B(θ∗, R) is an open ball of center θ∗ and radius R, with respect to a given norm

of Rn. We denoteMθ∗,R
n := {uθ ∈Mn : θ ∈ B(θ∗, R)}.

Theorem 4.4.2. Let δn > 0 and uθ∗ ∈Mn be a quasi-minimizer of (4.12) satisfying

(2.9). If the local Fortin’s condition is satisfied, we have

∥u− uθ∗∥U ≤
(
1 +

2(1 + α)CΠ

1− α

)
inf

uθ∈Mθ∗,R
n

∥u− uθ∥U +

(
CΠ

1− α

)
δn.

Proof. See details of the proof in C.3.

Remark 4.4.1. The set of two-layer (one-hidden-layer) neural networks Mn with

ReLU activation function is equivalent to the set of continuous piecewise-linear func-

tions with free knots. Therefore, for smooth solutions in H2, both fixed-grid and

neural network approximations can achieve a convergence rate of O(n−2), however

for non-smooth solutions in Hs, fixed-grid-based methods have a limited rate of con-

vergence O(n−s) while free-knot splines can achieve the optimal rate O(n−2), see

e.g., [36].

Remark 4.4.2. Theorem 4.4.1 and 4.4.2 propose the approximation error of the

neural network when a quasi-minimizer is attained. However, achieving such a quasi-

minimizer in practice may be challenging: It requires solving non-convex optimization

problems up to a desired tolerance, and would need nontrivial reliable stopping criteria

for the training algorithm. This area of research has been largely unexplored.

4.5 Numerical examples

In this section, we show the performance of PINNs and RVPINNs for Neumann series

problems by applying them to various 1D and 2D dynamical systems. We focus

on systems where Perron-Frobenius operators are non-expansive under the L2-norm.

Throughout this work, we use the ReLU function (ReLU(x) = max(x, 0)) as an ac-

tivation function of neural networks, and hat functions as basis functions in the fixed-

grid-based method, so both approaches generate piecewise-linear approximations.
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4.5.1 1D dynamical systems

We consider the dynamical system described by the tent map, which is a simple,

continuous, piecewise-linear function exhibiting chaotic behavior. The tent map S :

[0, 1]→ [0, 1] is defined as:

S(x) =

 2x, x ∈ [0, 1
2
),

2− 2x, x ∈ [1
2
, 1].

By applying equation (4.2), the Perron-Frobenius operator associated with the tent

map can be derived in the form of

Pf(x) = 1

2
f
(x
2

)
+

1

2
f
(
1− x

2

)
, (4.15)

and we can verify that it is non-expansive under the L2-norm. Indeed,

∥Pf∥2L2 =

∫ 1

0

(
1

2
f
(x
2

)
+

1

2
f
(
1− x

2

))2

dx

≤ 1

2

∫ 1

0

f 2
(x
2

)
+ f 2

(
1− x

2

)
dx =

∫ 1

0

f 2(x)dx = ∥f∥2L2 .

Because it is challenging to obtain analytical solutions of (4.3), we design our

examples in reverse order: We specify a desired solution and then determine the

corresponding initial density. This approach allows us to create well-defined test

cases. For the Perron-Frobenius operator P given in (4.15), we implement PINNs

and RVPINNs to approximate two types of solutions:

1. A smooth solution u[1](x) = exp(x),

2. A singular solution u[2](x) = 1 + x−1/3.

To construct the initial densities f
[i]
0 corresponding to these solutions, we substitute

the desired solution u[i] into (4.3) and derive the following initial densities:

1. f
[1]
0 (x) = exp(x)− α

2
exp

(x
2

)
− α

2
exp

(
1− x

2

)
,

2. f
[2]
0 (x) = (1− α) + x−1/3 − α

2

(x
2

)−1/3

− α

2

(
1− x

2

)−1/3

.

We note that f
[1]
0 and f

[2]
0 are nonnegative when α ≤ 2/(1 + e) and α ≤ 2/(1 + 3

√
2),

respectively.

To show the performance of the PINNs approach, we apply it to approximate the

solution u[1]. In the loss function (4.9), we use the corresponding initial density f
[1]
0 ,
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(a) PINNs approximation and solution (b) Relative L2-error v.s. degree of freedom

Figure 4.1: PINNs approximation for u[1] with α = 0.5.

set the damping parameter to α = 0.5, and use the Perron-Frobenius operator P as

defined in (4.15). The neural network architecture consists of a single hidden layer

with n neurons and the ReLU activation function, i.e.,

uθ(x) :=
n∑

j=1

cjReLU(wjx+ bj) + c0, (4.16)

where cj, wj, bj ∈ R are trainable parameters. The neural network parameters are not

initialized randomly, but deterministically following [69, 70]. The initialized neural

network represents a piecewise-linear approximation over a uniform partition of [0, 1]

into n subintervals, with the outer parameters cj chosen to minimize the PINNs loss

function (by solving the linear Galerkin system, see [69, Eq. (7.1)]). To approximate

the integral in the loss function, we use a 101-point Gauss-Kronrod quadrature rule5.

We train the neural network using the BFGS algorithm6 to minimize the loss function.

We note that the choice of optimization algorithm plays a crucial role in the

training process. In particular, for the 1D examples considered here, a fixed-grid

initialization is available, allowing the neural network parameters to be initialized

near a minimizer. Therefore, we employ the BFGS method to achieve faster and

more reliable convergence than ADAM.

5A 101-point Gauss–Kronrod quadrature rule is employed because it provides high-order accuracy

for the integral. Numerical experiments showed that increasing the number of quadrature points

beyond 101 produced negligible changes in the loss value. Thus, the choice of 101 points represents

a compromise between quadrature accuracy and training cost.
6The BFGS solver is paired with the line search algorithm and the optimization terminates when

the gradient infinity norm drops below 10−8.
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(a) PINNs approximation, fixed-grid approx-

imation and solution.

(b) Relative L2-error comparison. The cor-

responding experimental orders of conver-

gence are reported in Table 4.1.

Figure 4.2: PINNs approximation for u[2] with α = 0.5.

We compare PINNs with the fixed-grid-based method. In the latter approach, the

domain is partitioned into n equal-length subintervals, and hat functions defined over

these intervals are used as basis functions.

Figure 4.1 (a) shows the PINNs approximation using the neural network with

n = 32 neurons, which presents a good approximation to the solution. Figure 4.1

(b) demonstrates the relative L2-errors, ∥u − uθ∥L2/∥u∥L2 , for both PINNs and the

fixed-grid-based method, plotted against the number of degrees of freedom (3n + 1

for a neural network with n neurons and n for the fixed-grid-based method with n

basis functions). The slopes of the two curves are approximately −2, confirming that

the convergence rate is O(n−2), as expected for continuous piecewise-linear approx-

imations (see Remark 4.2.6).

In addition, we consider the singular solution u[2]. In the PINNs approach, we

use an n-neuron neural network as defined in (4.16). The inner parameters wj and bj

are initialized to generate breakpoints at (k/n)6, for k = 1, 2, . . . , n while the outer

parameters cj are chosen to minimize the PINNs loss function for the given inner

parameters. Since the target function is singular, we use a finer quadrature rule with

1001 points to improve integration accuracy.

As an example, Figure 4.2 (a) shows PINNs with 8 neurons (25 degrees of free-

dom) and the fixed-grid-based approximation using 32 intervals. Furthermore, Figure

4.2 (b) illustrates that the relative L2-errors for PINNs are smaller than that of the

fixed-grid-based method once the number of degrees of freedom is greater than 10,
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Degree of freedom Fixed-grid PINNs

7− 13 0.164 0.715

13− 25 0.166 1.249

25− 49 0.167 0.634

49− 97 0.167 0.767

97− 193 0.167 0.483

193− 385 0.167 0.480

Table 4.1: Experimental orders of convergence of the fixed-grid-based method and

PINNs for different numbers of degrees of freedom.

highlighting their superior approximation capability. Table 4.1 reports the experi-

mental order of convergence (EOC) corresponding to Figure 4.2 (b). The EOC for

the fixed-grid-based method is approximately 1/6, consistent with the theoretical con-

vergence rate O(n−1/6) for a uniform grid, based on a Sobolev embedding argument

as discussed in [76, Example 5.8]. Additionally, as expected for a neural network

method, the EOC for PINNs shows a higher convergence rate.

In an idealized setting with perfect training, one would expect a convergence

rate of order 2, which is optimal for free-knot piecewise-linear approximations of

u[2] [36, p. 104]. In practice, however, achieving this rate requires the breakpoints

to cluster extremely close to the singularity, which is challenging since numerical

round-off errors can make the neural network unstable. As a result, while standard

training procedures can yield improved convergence rates compared with the fixed-

grid-based method, they are typically insufficient to achieve the optimal O(n−2) rate

in this example. We refer to the recent work [22] where special training algorithms

are proposed involving adaptive neuron strategies and which can further increase the

rate towards the optimal one.

The RVPINNs method provides an alternative approach for approximating solu-

tions to Neumann series problems. We use the same neural network structure as the

PINNs examples. The domain is partitioned into eight equal-length intervals, with

the test functions chosen as normalized characteristic functions over these intervals.

Figures 4.3 (a) and 4.3 (b) illustrate that the trained 32-neuron neural networks, using

the RVPINNs method, generate accurate approximations for both examples.
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(a) RVPINNs approximation for u[1] (b) RVPINNs approximation for u[2]

Figure 4.3: RVPINNs approximation for the tent map example.

Figure 4.4: The discrepancy between the loss function computed using different num-

bers of quadrature points and the true value of the loss function for u[1].

Since our implementation relies on numerical integration using the Gauss-Kronrod

quadrature rule, we examine the discrepancy between the loss function computed with

q quadrature points and that obtained using the adaptive Gauss-Kronrod quadrature

rule, which we treat as the exact value (with an error tolerance below 10−8). As shown

in Figure 4.4, the approximation error in the loss function decreases as the number of

quadrature points increases.

Remark 4.5.1. A comparison between neural network methods and fixed-grid-based

methods using higher-order polynomials would require a different activation function

(e.g., ReLU2) to produce higher-degree piecewise polynomial approximations, and is

beyond the scope of this work.

Remark 4.5.2. The training of PINNs and RVPINNs involves solving a nonlinear

optimization problem, whose computational cost is typically higher than that of the

fixed-grid-based approach. In practice, a trade-off between accuracy and computa-
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φ

ψ

ψ′

φ′ (φ, ψ)

(φ′, ψ′)

Figure 4.5: Diagram of a ray trajectory in a circular domain. The boundary map S1

sends (φ, ψ) to the new ray coordinates (φ′, ψ′).

tional time should be considered when applying the proposed methods. Nevertheless,

a comparison of computational times is out of the scope of this work, as neither

approach has been optimized for computational efficiency.

4.5.2 2D dynamical systems

In this section, we show the performance of PINNs and RVPINNs on 2D examples. We

consider the boundary map in a circular domain and the standard map. We compare

the numerical results with the N -term truncated sum, used as the “exact” Neumann

series u in (4.4). The L2-error of the truncated sum is bounded by αN+1∥f0∥L2/(1−α).

In a circular domain, the position and direction of rays can be described using

coordinates (φ, ψ), where φ ∈ [0, 2π) represents the position on the boundary, given by

the polar angle, and ψ ∈ (−π
2
, π
2
) denotes the direction of the reflected ray, measured

as the angle between the inward-pointing normal vector and the outgoing ray (see

Figure 4.5). Define the phase space as Ω := [0, 2π) × (−π
2
, π
2
). The boundary map

S1 : Ω→ Ω giving the coordinates of the next intersection is defined by

S1(φ, ψ) = (φ+ π − 2ψ mod 2π, ψ),

and its inverse map is

S−1
1 (φ, ψ) = (φ− π + 2ψ mod 2π, ψ).

The standard map is a mathematical model used to study chaotic behavior in

dynamical systems. It is a discrete-time dynamical system that exhibits a transition
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from regular to chaotic motion, making it a popular example in the study of chaos

theory. The standard map S2 is a mapping from [0, 2π)× [0, 2π) to itself defined by

S2(θ, p) = (θ + p+K sin(θ) mod 2π, p+K sin(θ) mod 2π),

and its inverse map is

S−1
2 (θ, p) = (θ − p mod 2π, p−K sin(θ − p) mod 2π),

where K is a parameter that controls the amount of chaos in the system. In this

work, we use K = 2.4.

Note that the boundary map and the standard map satisfy Remark 4.2.2 with∣∣∣JS−1
i

∣∣∣ = 1, so the Perron-Frobenius operators associated with Si are in the form

Pf = f ◦ S−1
i .

We implement PINNs and RVPINNs to approximate the solution of (4.3) and (4.5),

respectively, for the Perron-Frobenius operator associated with the boundary map.

We set the damping parameter α = 0.5. The initial density is given by f0(φ, ψ) =

cos2(φ) cos2(2ψ) for π/2 < φ < 3π/2 and −π/4 < ψ < π/4, and 0 elsewhere. Since

f0 is bounded and compactly supported, we have f0 ∈ L2(Ω). For RVPINNs, we

partition the domain into 8 × 8 equal-sized cells, denoted as ω1, . . . , ω64, and define

gm as the normalized characteristic function on ωm. We use a two-layer (one-hidden-

layer) neural network, 32 neurons, and the ReLU activation function, i.e.,

uθ(x, y) :=
32∑
j=1

cjReLU(w
(1)
j x+ w

(2)
j y + bj) + c0,

where cj, w
(1)
j , w

(2)
j , bj ∈ R are trainable parameters. We approximate double integrals

in PINNs and RVPINNs loss functions using a 101-point Gauss-Kronrod quadrature

rule for each variable. After training the neural network using Adam optimizer7,

we obtain approximations that closely match the truncated sum of (4.4) with 1,000

terms (“exact” solution), as shown in Figures 4.6 and 4.7. Despite using a relatively

small neural network, it achieves a good approximation. As shown in Figure 4.8, the

absolute errors remain below 0.2 for PINNs and 0.25 for RVPINNs throughout the

domain.
7The Adam optimizer is configured with an initial learning rate of η = 0.001, and exponential

decay rates of β1 = 0.9 and β2 = 0.999. Training is run for up to 10,000 and 50,000 epochs for

PINNs and RVPINNs, respectively.
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(a) 2D plot of the truncated sum with 1,000

terms

(b) 3D plot of the truncated sum with

1,000 terms

(c) 2D plot of PINNs approximation (d) 3D plot of PINNs approximation

(e) 2D plot of PINNs approximation with

straight lines representing the affine trans-

formations in the hidden layer

(f) Loss plot

Figure 4.6: PINNs approximation for the boundary map example with α = 0.5.
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(a) 2D plot of RVPINNs approximation (b) 3D plot of RVPINNs approximation

(c) 2D plot of RVPINNs approximation

with straight lines representing the affine

transformations in the hidden layer

(d) Loss plot

Figure 4.7: RVPINNs approximation for the boundary map example.

(a) Pointwise absolute error of PINNs (b) Pointwise absolute error of RVPINNs

Figure 4.8: Pointwise absolute errors for the boundary map example.

In the 2D setting and higher-dimensional examples that follow, we adopt the Adam

optimizer due to its memory efficiency when handling a large number of parameters.

In addition, its adaptive momentum helps avoiding entrapment in local minima. For

better results, one may consider more advanced optimization techniques or hybrid

approaches that combine multiple optimizers (see [102] for example).
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(a) Classical phase space (b) Initial density

(c) α = 0.5 (d) α = 0.9

Figure 4.9: (a) A classical phase space showing the distribution of trajectories of the

standard map. (b) Initial density. (c) - (d) The truncated sums with 1,000 terms

using α = 0.5 and α = 0.9, respectively.

We also apply PINNs and RVPINNs to the standard map example, where the

initial density is given by f0(θ, p) = cos2(2θ) cos2(2p) for 3π/4 < θ < 5π/4 and

3π/4 < p < 5π/4, and 0 elsewhere. Because f0 is bounded with compact support,

we have f0 ∈ L2(Ω). As α increases, Neumann series for the standard map example

become more complex, as shown in Figure 4.9. To make neural networks converge

to complex solutions faster, we employ a continuation technique: training the neural

network to approximate solutions for small α, then using the resulting model as an

initialization for training with larger α. We train neural networks following the same

approach described above. For the three-layer architecture, each hidden layer contains

32 neurons with the ReLU activation function. Figure 4.10 shows the approximate

solutions obtained with PINNs for different values of α. Similar results were observed

for RVPINNs, which are therefore omitted for brevity. These results demonstrate that

PINNs and RVPINNs can capture the key features of solutions. Moreover, deeper

neural networks yield better results due to their greater expressivity.
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(a) Truncated sum (b) Truncated sum

(c) Two-layer neural network (d) Two-layer neural network

(e) Three-layer neural network (f) Three-layer neural network

Figure 4.10: Solutions for the standard map example with α = 0.5 (left) and α = 0.9

(right) computed by the truncated sum with 1,000 terms and PINNs approximations.
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s
p

s′
A

B

Γ1

Γ2

X1
X2

Figure 4.11: Two-cavity system: Γ1 and Γ2 are the boundaries of pentagons X1 and

X2, respectively. When a ray lies in X1, its arclength s is measured anticlockwise from

point A along the boundary Γ1. When a ray lies in X2, its arclength s is defined as

s = s′ + |Γ1|, where s′ is the anticlockwise distance from point B along the boundary

Γ2 (cf. [26]).

4.5.3 Application: Interior densities in a two-cavity system

Our proposed methods generate approximate functions for stationary boundary dens-

ities when S is a boundary map. These boundary densities can then be used to

compute the corresponding interior densities. In this section, we demonstrate applic-

ations of PINNs for approximating a stationary density within a complex domain.

Specifically, we consider a two-cavity system as considered in [4, 26].

The phase-space coordinates on the boundary are denoted by (s, p), where s rep-

resents the arclength along the boundary and p is the tangential component of the

momentum vector (See Figure 4.11). Let Ω = (Γ1 ∪Γ2)× (−1, 1) be the phase space,

and define the associated boundary map as a billiard map S : Ω → Ω. It is well

known that the billiard map is invertible almost everywhere, except at corner points

where the reflection is not defined. Moreover, it is a Hamiltonian system [33], which

implies that it preserves phase-space volume; equivalently, its Jacobian determinant

is equal to one. Using Remark 4.2.2, the Perron-Frobenius operator can be written

as Pf = f ◦ S−1.
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Γ1

Γ2
l1

l2

l3

l4

l5

l6
l7

l8

Figure 4.12: An example of a ray trajectory in the two-cavity system. Its trajectory

length is l = l1 + l2 + . . .+ l8.

Assume that the ray source is located on the third boundary segment of Γ1. The

corresponding initial boundary density is defined as f0(s, p) = (1 − p2) sin(π(s −

1.214)/0.936) for 1.214 < s < 2.150 and −1 < p < 1, and 0 elsewhere. The damping

along each trajectory is modeled by the function α(l) = exp(−0.5l), where l denotes

the trajectory length (see Figure 4.12).

Once the stationary boundary density u(s, p) is obtained, the corresponding in-

terior density can be computed by projecting u onto the interior domain Xi via the

mapping8

uXi
(r) =

∫
Γi

u(s, ps)
cos(ν(rs, r))

|r − rs|
ds, (4.17)

where r ∈ Xi denotes a point inside the cavity (in Cartesian coordinates), rs is the

Cartesian coordinate corresponding to the boundary point s ∈ Γi, and ν(rs, r) is the

angle between the inward-pointing normal vector at s and the direction vector from

rs to r.

For the numerical results, Figure 4.13 shows the approximate stationary interior

densities computed using (4.17), where u denotes the stationary boundary densities

obtained from the truncated sum (“exact” solution), PINNs with two-layer and three-

layer architectures, and the fixed-grid-based method. For PINNs, each hidden layer of

8In this formulation, damping is not included in the equation, as the projection is intended only

for visualization.
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(a) Truncated sum (b) Fixed-grid-based method

(c) PINNs with two-layer neural network (d) PINNs with three-layer neural network

Figure 4.13: Approximate stationary interior densities of the two-cavity system.

the neural networks contains 64 neurons with the ReLU activation function. For the

fixed-grid-based method, we use piecewise linear “hat” functions defined on an 16×16

uniform grid as basis functions. This is an intended choice to compare this method

with the two-layer (one-hidden-layer) neural network in terms of nearly identical de-

grees of freedom (256 and 257 parameters, respectively). In both approaches, we

generate continuous, piecewise linear approximations.

As shown in Figure 4.13, the fixed-grid-based method cannot give fine details

in the density distribution within the left pentagon, and the densities in the right

pentagon exhibit noticeable deviations from the solution. In contrast, the two-layer

neural network captures the main feature of the solution compared to the truncated

sum. The three-layer neural network provides a more accurate approximation than

the two-layer architecture. Overall, PINNs outperform the fixed-grid-based method.
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4.5.4 High-dimensional problems

A primary advantage of neural network methods is their applicability to solve high-

dimensional problems, where traditional Galerkin-type methods become impractical.

To demonstrate this, we consider a system of N -coupled standard maps. The forward

dynamics for n = 1, . . . , N (with xN+1 = x1) are defined by [71],

p′n = pn +
K

2π
sin 2πxn +

β

2π
[sin 2π(xn+1 − xn) + sin 2π(xn−1 − xn)] mod 1

x′n = xn + p′n mod 1

The corresponding inverse map, S−1
N : [0, 1]2N → [0, 1]2N , is defined by

S−1
N (x′1, p

′
1, . . . , x

′
N , p

′
N) := (x1, p1, . . . , xN , pN),

where

xn = x′n − p′n mod 1

pn = p′n −
K

2π
sin 2πxn −

β

2π
[sin 2π(xn+1 − xn) + sin 2π(xn−1 − xn)] mod 1.

The N -coupled standard map belongs to the class of symplectic coupled map lattices.

As a consequence of its symplectic structure, the map is volume-preserving, and the

determinant of its Jacobian matrix is 1 [34]. Consequently, by Remark 4.2.2, the

Perron-Frobenius operator is in the form Pf = f ◦ S−1
N .

In our numerical experiments, we fix the parameters at K = 2.4 and β = 0.1. To

validate the method across varying dimensions (N = 1, 2, 3, 4, 5, 10), we set a target

solution

u(x1, p1, . . . , xN , pN) = 1 +
N∏

n=1

sin(πxn) sin(πpn).

The corresponding initial density is derived as f0 = u− αu(S−1
N ).

We employ PINNs approach to solve (4.3) with α = 0.5. The neural networks

consist of fully connected layers with 128 neurons per layer and use the ReLU ac-

tivation function. The integral appearing in the loss function is approximated via

10,000-point Monte Carlo integration9, and the training process is carried out using

the Adam optimizer10 for 200,000 epochs.

9In high dimensions, the computational cost of Gauss–Kronrod quadrature grows exponentially,

whereas Monte Carlo’s convergence rate is dimension-independent. Therefore, Monte Carlo provides

a better accuracy-to-cost trade-off for high-dimensional PINNs.
10The Adam optimizer is initialized with exponential decay rates of β1 = 0.9 and β2 = 0.999. The

learning rate is set to η = 0.001 and reduced by a factor of 0.95 every 2,000 epochs.
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Dimension (2N) # Layers Degree of freedom Relative L2-error

2 5 50,049 4.728× 10−4

4 6 66,817 1.765× 10−3

6 7 83,585 1.457× 10−3

8 8 100,353 1.226× 10−3

10 9 117,121 8.307× 10−4

20 22 333,057 1.382× 10−4

Table 4.2: Relative L2-error for high-dimensional problems.

Table 4.2 reports the relative L2-error, ∥u−uθ∥L2/∥u∥L2 , evaluated using a Monte

Carlo quadrature with 1,000,000 samples, together with details on the number of

neural network layers and degrees of freedom. The results indicate that neural net-

works achieve approximation error below 1% for high-dimensional problems. For visu-

alization, Figure 4.14 shows the first two components of the neural network approx-

imation for the 5-coupled standard map and compares them with the exact solution,

along with the associated absolute error.

4.6 Conclusions

In this chapter, we investigated Neumann series problems associated with non-expansive

Perron-Frobenius operators under the Lp-norm, with a focus on the L2-setting. We

established the well-posedness of the corresponding variational formulations in L2 by

showing that they satisfy the conditions of the Lax-Milgram theorem, thereby ensur-

ing the existence and uniqueness of the solution. We proposed two neural network

methods for approximating solutions of Neumann series problems. PINNs were em-

ployed to approximate solutions in their strong form, while RVPINNs were used to

approximate solutions in the corresponding variational problems. Additionally, we

provided error estimates for both methods in terms of quasi-minimizers. Numer-

ical experiments demonstrated that both methods are effective for solving Neumann

series problems and outperform the standard fixed-grid-based method in terms of ap-

proximation error they can reached under the same number of degrees of freedom.

Furthermore, we applied PINNs to approximate solutions of Neumann series problems

in high dimensional settings.
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(a) u(x1, p1, 0.5, . . . , 0.5) (b) uθ(x1, p1, 0.5, . . . , 0.5)

(c) uθ(x1, 0.5, 0.5, . . . , 0.5) and

u(x1, 0.5, 0.5, . . . , 0.5)

(d) Absolute error

Figure 4.14: Exact solution u, PINNs approximation uθ, and absolute error |u − uθ|

for the 10-dimensional example.

Further extensions of this work include comparisons between our methods, using

different activation functions, and alternative approaches such as Galerkin methods

with quadratic polynomials or spectral methods based on Chebyshev series. In ad-

dition, the theoretical results in this chapter, such as a priori error estimates based

on the local Fortin’s condition, could be applied to establish reliable error bounds for

solving PDEs with neural networks.
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Chapter 5

Neural Network Methods for

Perron-Frobenius Invariant

Densities

5.1 Introduction

The study of dynamical systems often focuses on the evolution of probability distribu-

tions rather than individual trajectories. Fundamental to this statistical perspective

is the Perron-Frobenius operator, a linear operator that describes how an initial dens-

ity is pushed forward by the system’s map. The invariant density (the fixed point of

this operator) is an important concept, as it characterizes the long-term, steady-state

behavior of the system and allows for the calculation of physical observables through

ergodic averages [92].

In Chapter 3, we explored several classical numerical methods for approximat-

ing these invariant densities, such as Ulam’s method [61] and the maximum entropy

method (MEM) [37,39]. While these techniques are effective for simple systems, they

often rely on a fixed discretization of the state space or fixed solution form based on

the optimization constraints. These methods may require a very fine mesh to capture

sharp peaks or singularity in the density.

To address these limitations, neural networks offer a highly flexible alternative [50]

for function approximation. Even in one dimension, the mesh-free nature of neural

networks allows them to adaptively capture the geometry of the invariant density.
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As universal approximators [65], they can represent complex, non-linear features with

sufficient parameters. Their differentiability also allows us to incorporate the operator

equations or constraints into the learning process, moving toward a physics-informed

approximation.

The main contributions of this chapter are as follows. First, we introduce three

frameworks that utilize neural network architectures to approximate one-dimensional

Perron-Frobenius invariant densities. We provide a detailed construction of specific

loss functions designed to enforce the constraints from the MEM. Furthermore, we

derive the analytical gradients for a two-layer neural network with ReLU activation

functions to enhance computational efficiency. Finally, we demonstrate the efficacy of

our method through a series of 1D benchmarks, highlighting its ability to approximate

invariant densities where traditional discretization techniques might be inefficient.

The remainder of this chapter is organized as follows. In Section 5.2, we introduce

three neural network-based approaches for approximating invariant densities: the first

is based on the MEM, the second replaces the entropy term with a quadratic term,

and the third omits the entropy term entirely. Within this section, we derive the ana-

lytical gradients for the resulting loss functions and discuss a strategy for initializing

weights and biases in two-layer neural networks using ReLU activation functions. In

Section 5.3, we apply the proposed methodologies to several 1D dynamical systems.

We investigate the sensitivity of the model’s accuracy to the number of constraints. In

addition, we compare the performance of our methods against the MEM and Ulam’s

method. Furthermore, we demonstrate the computational advantages of using ana-

lytical gradients (exact integration) by comparing training durations against those

required using Gauss-Kronrod integration. Finally, Section 5.4 summarizes our find-

ings and outlines possible directions for future research.

5.2 Methods for finding invariant densities

In this section, we propose neural network methods based on three different loss

functions to approximate invariant densities. Throughout this chapter, we restrict

our study to one-dimensional problems on Ω = [0, 1], where we can exploit analytical

gradients of the loss functions to improve accuracy and training speed. Extending this
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framework to higher-dimensional problems presents a promising direction for further

research.

5.2.1 Approach 1: deep maximum entropy method (DMEM)

To develop a deep learning methodology for finding invariant densities, we represent

the density using a neural network uθ, assuming that uθ(x) > 0 for all x in the

domain. We then transform the constrained optimization problem (3.23) - (3.25) into

the minimization of the following loss function:

L(uθ) :=
(∫ 1

0

uθ(x)dx− 1

)2

+
Nc∑
k=1

(∫ 1

0

[pk(x)− pk(S(x))]uθ(x)dx
)2

+ λ

∫ 1

0

uθ(x) lnuθ(x)dx, (5.1)

where λ > 0 is a regularization parameter and pk denotes the Chebyshev polynomial

of degree k. In this formulation, the first term ensures that the neural network satisfies

the unit norm condition (3.24), the second term incorporates the Nc constraints of

the MEM (3.25), and the final term seeks to minimize the negative entropy, which is

equivalent to maximizing the entropy in (3.23).

Note that the loss function defined in Equation (5.1) has some practical challenges:

1. The output of the neural network uθ must remain positive across the entire

domain throughout training, as the entropy term involves a logarithm. This

restricts the choice of neural network architectures and activation functions.

2. Calculating the exact gradient of the loss function is difficult, even for shallow

neural networks, due to the presence of the entropy term.

To address these challenges, we propose two alternative strategies:

1. Replacing the entropy functional with a quadratic energy term.

2. Omitting the entropy term to simplify the loss function.

The details of these approaches are discussed in the following sections.
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5.2.2 Approach 2: quadratic energy minimization

To address the challenges posed by the logarithmic term in the entropy function, we

approximate the negative entropy with a quadratic integral. This approach is justified

by the Taylor expansion of the entropy integrand. Let g(f) := f ln f . We compute

its first two derivatives:

g′(f) = 1 + ln f and g′′(f) =
1

f
.

We then construct the second-order Taylor polynomials for g(f) around f = 1:

g(f) ≈ g(1) + g′(1)(f − 1) +
1

2
g′′(1)(f − 1)2 = 0 + (f − 1) +

1

2
(f − 1)2 =

1

2
f 2 − 1

2
.

This shows that minimizing the entropy functional
∫ 1

0
f(x) ln f(x)dx is approximately

equivalent to minimizing the quadratic energy functional
∫ 1

0
[f(x)]2dx, provided that

f(x) is close to the uniform distribution (the constant function f = 1). However, if

the density f deviates significantly from this constant function, the quadratic term

cannot effectively replace the entropy.

In this approach, we replace the entropy term in the loss function (5.1) with a

quadratic energy term. The modified loss function is defined as:

L(uθ) :=
(∫ 1

0

uθ(x)dx− 1

)2

+
Nc∑
k=1

(∫ 1

0

[pk(x)− pk(S(x))]uθ(x)dx
)2

+ λ

∫ 1

0

(uθ(x))
2 dx (5.2)

=: L1(uθ) +
Nc∑
k=1

L2,k(uθ) + λL3(uθ). (5.3)

A significant advantage of this approach is that it removes the positive constraint

required by the logarithm, allowing for flexibility in the neural network architecture.

Analytical gradients

Since a two-layer (single-hidden-layer) neural network with a non-polynomial activ-

ation function can approximate any continuous function [65], we employ a shallow

neural network with Nn neurons and the ReLU activation function:

uθ(x) :=
Nn∑
j=1

cjReLU(wjx+ bj) =:
Nn∑
j=1

cjϕj(x), (5.4)
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where θ := {cj, wj, bj : j = 1, 2, . . . , Nn} denotes the set of trainable parameters.

Assuming that pk ◦ S is integrable for k = 1, 2, . . . , Nc, the piecewise linear nature of

the ReLU function allows us to compute the exact gradient of the loss function.

To compute the integral of the neural network uθ, we first consider the individual

hidden units ϕi(x) = ReLU(wix+ bi). This unit can be written explicitly as:

ReLU(wix+ bi) =

wix+ bi, wix+ bi > 0

0, wix+ bi ≤ 0.
(5.5)

The integral of (5.5) and its gradients with respect to the weights and biases are

analytically tractable:

∫ 1

0

ϕi(x)dx =

∫ q

p

wix+ bidx =

[
wix2

2
+ bix

]q
p

=
wi

2
(q2 − p2) + bi(q − p)

∂

∂wi

∫ 1

0

ϕi(x)dx =
q2 − p2

2

∂

∂bi

∫ 1

0

ϕi(x)dx = q − p,

where the integration limits p and q represent the intersection of the support of the

ReLU unit with the unit interval [0, 1]:

p =

min[max(−bi/wi, 0), 1], wi > 0

0, wi ≤ 0

(5.6)

q =

1, wi ≥ 0

max[min(−bi/wi, 1), 0], wi < 0.

(5.7)

Given the linear structure of uθ in the form of (5.4), we can compute its integral

∫ 1

0

uθ(x)dx =
Nn∑
j=1

cj
∫ 1

0

ϕj(x)dx.

We then derive the exact expressions for the gradients of each component of the loss

function defined in Equation (5.3).
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First term

The gradients of the first loss term L1 are calculated via the chain rule:

∂

∂ci
L1 = 2

(∫ 1

0

uθ(x)dx− 1

)∫ 1

0

∂

∂ci
uθ(x)dx

= 2

(∫ 1

0

uθ(x)dx− 1

)∫ 1

0

ϕi(x)dx

∂

∂wi
L1 = 2

(∫ 1

0

uθ(x)dx− 1

)
∂

∂wi

∫ 1

0

uθ(x)dx

= 2

(∫ 1

0

uθ(x)dx− 1

)
ci

∂

∂wi

∫ 1

0

ϕi(x)dx

∂

∂bi
L1 = 2

(∫ 1

0

uθ(x)dx− 1

)
∂

∂bi

∫ 1

0

uθ(x)dx

= 2

(∫ 1

0

uθ(x)dx− 1

)
ci
∂

∂bi

∫ 1

0

ϕi(x)dx.

Second term

Consider the second term L2,k of the loss function (5.2), using the expansion of uθ

in (5.4), we have:

L2,k(uθ) =

(∫ 1

0

[pk(x)− pk(S(x))]uθ(x)dx
)2

=

(
Nn∑
i=1

ci
∫ 1

0

[pk(x)− pk(S(x))]ϕi(x)dx

)2

.

Note that

∫ 1

0

[pk(x)− pk(S(x))]ϕi(x)dx =

∫ q

p

[pk(x)− pk(S(x))](wix+ bi)dx,

where p and q are given in Equations (5.6) and (5.7). The gradients of L2,k are:

∂

∂ci
L2,k = 2

(
Nn∑
j=1

cj
∫ 1

0

[pk(x)− pk(S(x))]ϕj(x)dx

)(∫ 1

0

[pk(x)− pk(S(x))]ϕi(x)dx

)
∂

∂wi
L2,k = 2

(
Nn∑
j=1

cj
∫ 1

0

[pk(x)− pk(S(x))]ϕj(x)dx

)
ci
∫ q

p

[pk(x)− pk(S(x))]x dx

∂

∂bi
L2,k = 2

(
Nn∑
j=1

cj
∫ 1

0

[pk(x)− pk(S(x))]ϕj(x)dx

)
ci
∫ q

p

[pk(x)− pk(S(x))]dx.
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Third term

The energy term L3 involves the interaction between pairs of neurons ϕi and ϕj.

The integrals of their product are:

∫ 1

0

ϕj(x)ϕi(x)dx =

∫ q

p

(wjx+ bj)(wix+ bi)dx

=

∫ q

p

(
wjwix2 + (wjbi + wibj)x+ bjbi

)
dx

=
wjwi

3
(q3 − p3) + wjbi + wibj

2
(q2 − p2) + bjbi(q − p)∫ 1

0

ϕj(x)
∂

∂wi
ϕi(x)dx =

∫ q

p

(wjx+ bj)xdx

=

[
wjx3

3
+
bjx2

2

]q
p

=
wj

3
(q3 − p3) + bj

2
(q2 − p2)∫ 1

0

ϕj(x)
∂

∂bi
ϕi(x)dx =

∫ q

p

wjx+ bjdx

=

[
wjx2

2
+ bjx

]q
p

=
wj

2
(q2 − p2) + bj(q − p).

Here, p and q denote the boundaries of intersection of the supports for ϕi and ϕj:

p = max{min[max(−bi/wi, 0), 1],min[max(−bj/wj, 0), 1]}, q = 1, if wi > 0, wj > 0

p = min[max(−bi/wi, 0), 1], q = max[min(−bj/wj, 1), 0], if wi > 0, wj < 0, p < q

p = min[max(−bi/wi, 0), 1], q = max[min(−bj/wj, 1), 0], if wi < 0, wj > 0, p < q

p = 0, q = min{max[min(−bi/wi, 1), 0],max[min(−bj/wj, 1), 0]}, if wi < 0, wj < 0.

If none of these conditions are met, the integrals vanish to zero. Note that

(uθ(x))
2 =

(
Nn∑
i=1

ciϕi(x)

)2

=
Nn∑
j=1

Nn∑
i=1

cjciϕj(x)ϕi(x).

Thus, the term L3 can be written in the form:

L3(uθ) =

∫ 1

0

(uθ(x))
2 dx =

Nn∑
j=1

Nn∑
i=1

cjci
∫ 1

0

ϕj(x)ϕi(x)dx.
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The gradients of L3 are then given by:

∂

∂ci
L3 =

∫ 1

0

2uθ(x) ·
∂

∂ci
uθ(x)dx

= 2

∫ 1

0

uθ(x) · ϕi(x)dx

= 2
Nn∑
j=1

cj
∫ 1

0

ϕj(x)ϕi(x)dx

∂

∂wi
L3 =

∫ 1

0

2uθ(x) ·
∂

∂wi
uθ(x)dx

=

∫ 1

0

2uθ(x) · ci
∂

∂wi
ϕi(x)dx

= 2ci
Nn∑
j=1

cj
∫ 1

0

ϕj(x)
∂

∂wi
ϕi(x)dx

∂

∂bi
L3 =

∫ 1

0

2uθ(x) ·
∂

∂bi
uθ(x)dx

=

∫ 1

0

2uθ(x) · ci
∂

∂bi
ϕi(x)dx

= 2ci
Nn∑
j=1

cj
∫ 1

0

ϕj(x)
∂

∂bi
ϕi(x)dx.

Finally, the exact gradient of L in (5.2) with respect to ci, wi and bi is obtained

by summing the gradients of the individual components using the linearity of partial

derivatives and the gradients of each term shown above.

5.2.3 Approach 3: VPINNs

We observe that the constraints in the MEM are conceptually similar to the variational

formulations used in solving PDEs. By focusing strictly on these constraints, we can

construct a VPINN framework (cf. Section 2.5.2) specifically for invariant density

problems. The resulting loss function omits the regularization term and is defined as:

L(uθ) :=
(∫ 1

0

uθ(x)dx− 1

)2

+
Nc∑
k=1

(∫ 1

0

[pk(x)− pk(S(x))]uθ(x)dx
)2

. (5.8)

A key advantage of this approach is that the exact gradients of the loss function

can be computed analytically using the derivations presented in the previous section.

This formulation also avoids the need for the quadratic term, which may not reliably

approximate the entropy. In this context, the set of Chebyshev polynomials serves as
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a discrete test space for the variational formulation of the invariant density problem.

Defining the terms b(u, v) :=
∫ 1

0
[v(x) − v(S(x))]u(x)dx and l(v) := 0 allows the

problem to be solved without requiring the entropy maximization condition, as seen

in (3.19). Although further study into how different test spaces affect the neural

network approximation could be pursued, this work focuses on Chebyshev polynomials

to facilitate a direct comparison with the MEM and other established approaches.

Initialization of weights and biases

Proper initialization of weights and biases is important for accelerating the conver-

gence of the training process. For the neural network architecture defined in (5.4), we

initialize the hidden layer parameters by letting wj = 1, and bj = −j/(Nc + 1). To

initialize the output coefficients ci, we solve the optimality condition ∂L
∂ci

= 0, where

L is the loss function defined in (5.8). Expanding this derivative, we obtain:

2

(∫ 1

0

uθ(x)dx− 1

)(∫ 1

0

∂

∂ci
uθ(x)dx

)
+ 2

Nc∑
k=1

(∫ 1

0

[pk(x)− pk(S(x))]uθ(x)dx
)(∫ 1

0

∂

∂ci
[pk(x)− pk(S(x))]uθ(x)dx

)
= 0.

Substituting uθ from Equation (5.4), this condition becomes:

Nn∑
j=1

cj
(∫ 1

0

ϕj(x)dx

)(∫ 1

0

ϕi(x)dx

)

+
Nn∑
j=1

cj
Nc∑
k=1

(∫ 1

0

[pk(x)− pk(S(x))]ϕj(x)dx

)(∫ 1

0

[pk(x)− pk(S(x))]ϕi(x)dx

)
=

∫ 1

0

ϕi(x)dx.

This system is equivalent to the matrix equation Ac = d where the components of

the matrix A and vector d are given by:

Aij =

(∫ 1

0

ϕj(x)dx

)(∫ 1

0

ϕi(x)dx

)
+

Nc∑
k=1

(∫ 1

0

[pk(x)− pk(S(x))]ϕj(x)dx

)(∫ 1

0

[pk(x)− pk(S(x))]ϕi(x)dx

)
di =

∫ 1

0

ϕi(x)dx.

Remark 5.2.1. Minimizing these loss functions requires solving a nonlinear optimiza-

tion problem, which generally incurs a higher computational cost than Ulam’s method
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or the maximum entropy approach. Consequently, practical applications demand a

balance between precision and runtime. However, evaluating computational speed

falls outside the scope of this study, as none of the implementations were optimized

for performance.

5.3 Numerical results

In this section, we present the numerical results for our deep learning methodologies

in approximating invariant densities. We analyze the effect of varying the number of

constraints on the accuracy of the approximation. We also compare the performance

of our method with Ulam’s method and the MEM. Additionally, we show the per-

formance of the exact integration approach. To evaluate the accuracy of the neural

network approximation uθ, we compute the pointwise absolute error as:

e(x) := |uθ(x)− u(x)|,

where u represents the exact invariant density. Additionally, we compute the mean

absolute error (MAE), defined as:

MAE :=

∫ 1

0

|uθ(x)− u(x)|dx.

In our experiments, the MAE is approximated using the Gauss-Kronrod quadrature

rule with 1,001 nodes.

5.3.1 Effect of the number of constraints in DMEM

According to the methods proposed in Section 5.2, we need to choose the number

of constraints in our loss function before training the neural network. Consistent

with the theory of the MEM, the model’s accuracy is expected to improve as more

constraints are incorporated. We investigate this effect using Approach 1 in Section

5.2.1.

The model is implemented as a two-layer neural network with 10 neurons per

hidden layer. We employ a combination of tanh and softplus activation functions as

follows:

uθ(x) = Softplus(W 2 tanh(W 1x+ b1) + b2). (5.9)
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(a) Exact invariant density and neural network approxima-

tions using different numbers of constraints Nc.

(b) Pointwise absolute error (c) Mean absolute error

Figure 5.1: DMEM results for Example 1.1 in Table 3.1 from Section 3.5.

The parameters of the neural network are initialized randomly, and the integral

terms in the loss function (5.1) are computed using the 101-point Gauss-Kronrod

quadrature rule. We set the regularization parameter to λ = 0.01. We train the

neural network using the gradient descent method with a learning rate η = 0.01 to

minimize the loss function for Nc ∈ {1, 2, . . . , 8}. Automatic differentiation [6] is used

to compute gradients of the loss functions.

We apply DMEM to approximate the invariant density for Example 1.1 in Table

3.1. After 50,000 training iterations, the resulting approximations are shown in Figure

5.1 (a). As we can see, increasing the number of constraints leads to a more accurate

approximation of the final results. In addition, the corresponding pointwise absolute

error and mean absolute error, shown in Figures 5.1 (b)-(c), indicate that the error

tends to decrease as the number of constraints increases. These results suggest that

adding more constraints improves the accuracy of our model.
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(a) Example 1.1 (b) Example 1.2 (c) Example 1.3

Figure 5.2: Approximations of the invariant densities using DMEM and MEM.

(a) Example 1.1 (b) Example 1.2 (c) Example 1.3

Figure 5.3: Loss plots for DMEM.

5.3.2 DMEM vs. MEM

To demonstrate the performance of our proposed method, we compare the DMEM

with the results of the MEM. The MEM approximation functions, as presented in [37],

for the three examples listed in Table 3.1 using four constraints are given by:

f̃1(x) =1.018e−3.6989(x−S1(x))+8.6626(x2−S1(x)2)−10.3795(x3−S1(x)3)+4.8509(x4−S1(x)4)

f̃2(x) =1.067e−7.9865(x−S2(x))+20.2337(x2−S2(x)2)−24.1849(x3−S2(x)3)+11.0712(x4−S2(x)4)

f̃3(x) =1.093e−3.9716(x−S3(x))+23.3166(x2−S3(x)2)−40.4357(x3−S3(x)3)+22.0177(x4−S3(x)4).

For the DMEM, we use a three-layer neural network defined as:

uθ(x) = softplus(W 3softplus(W 2 tanh(W 1x+ b1) + b2) + b3). (5.10)

We train the neural network using the procedure described in Section 5.3.1 for 10,000

iterations. The mean absolute errors for both methods are shown in Table 5.1. The

results indicate that the DMEM outperforms the traditional MEM across all three

examples. This demonstrates the effectiveness of our deep learning approach in ap-

proximating invariant densities with higher accuracy compared to the MEM. This



77

Example DMEM MEM

1.1 0.0301 0.0447

1.2 0.0225 0.1270

1.3 0.2734 0.3176

Table 5.1: Mean absolute errors of DMEM and MEM for three examples in Table 3.1.

improvement comes from the high expressivity of neural networks compared to the

fixed form of the MEM solution. The corresponding plots of the approximations for

both methods, along with their exact invariant densities, are shown in Figures 5.2.

These visualizations further confirm the improved performance of DMEM, as the ap-

proximations are closer to the exact invariant densities. The loss plots in Figure 5.3

illustrate the convergence of our training process.

5.3.3 Numerical results and discussion for Approach 2

In this section, we examine the results for Approach 2, where we replace the en-

tropy term by the quadratic energy term. Note that the analytical solution to the

optimization problem (3.27)-(3.29) is a linear combination of the form (3.30) where

gi(x) = pi(x) − pi(S(x)). For the three examples in Table 3.1, we present these

analytical invariant densities for varying numbers of constraints in Figure 5.4.

For the numerical implementation, we use a two-layer neural network with ReLU

activation functions, as the piecewise-linear nature of ReLU is well-suited for comput-

ing exact gradients of the loss function given by Equation (5.2). The hidden layer size

is set to 20 neurons for Examples 1.1 and 1.2, and increased to 30 neurons for Example

1.3 to accommodate the higher complexity of the solution. The training process of the

neural network is conducted using the BFGS method1. This second-order optimizer

is chosen for its better convergence properties in shallow neural network optimization

compared to first-order methods.

In the training process, we employ exact gradients as derived in Section 5.2.2,

and terminate the training when the gradient norm falls below 10−8. As illustrated

in Figure 5.5, the neural networks generate piecewise-linear approximations of the

1The BFGS solver is paired with the line search algorithm.
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(a) Example 1.1 (b) Example 1.2 (c) Example 1.3

Figure 5.4: Analytical solutions of the optimization problem (3.27)-(3.29).

(a) Example 1.1 (b) Example 1.2 (c) Example 1.3

Figure 5.5: Neural networks approximations using Approach 2.

analytical solutions. However, the results indicate that this approach fails to provide

a good approximation of the true invariant density. This issue arises because the

quadratic approximation of the entropy functional only works well for density func-

tions that are nearly uniform (constant). Since the true invariant densities in these

examples are non-uniform, the quadratic term cannot serve as a robust substitute for

the entropy term. Consequently, we turn to the other approach, which yields a better

approximation.

5.3.4 Effect of the number of constraints for Approach 3

In this section, we present numerical results for Approach 3, which utilize a VPINN

framework. In this approach, we use the same neural network architecture and op-

timization procedure detailed in Section 5.3.3. The loss function used is defined in

Equation (5.8).

Figures 5.6 shows the approximated invariant densities for different numbers of

constraints Nc. Figures 5.7 illustrates the mean absolute errors against different num-

bers of constraints. These results indicate that the VPINN approach achieves higher

accuracy as the number of constraints (test functions) increases.
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(a) Example 1.1 (b) Example 1.2 (c) Example 1.3

Figure 5.6: Approximation of invariant densities using Approach 3 (VPINNs).

(a) Example 1.1 (b) Example 1.2 (c) Example 1.3

Figure 5.7: Mean absolute errors of neural network approximations of invariant dens-

ities.

Example VPINNs MEM

1.1 0.0077 0.0447

1.2 0.0112 0.1270

1.3 0.3043 0.3176

Table 5.2: Mean absolute errors for VPINNs and MEM.

5.3.5 VPINNs vs. MEM

We compare the proposed VPINN method with the MEM using Nc = 4 constraints

for both approaches. The VPINN implementation uses the same setting detailed in

Section 5.3.4. As summarized in Table 5.2, the mean absolute errors produced by

VPINNs are lower than those of the MEM across all three examples. These results

indicate that the VPINN framework provides a more accurate approximation of the

invariant densities, outperforming the MEM.
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(a) Example 1.1 (b) Example 1.2 (c) Example 1.3

Figure 5.8: Approximation of the invariant densities using VPINNs v.s. MEM.

(a) Example 1.1 (b) Example 1.2 (c) Example 1.3

Figure 5.9: Loss plot of VPINNs method with Nc = 4.

The approximation plots comparing both methods against the exact invariant

densities are presented in Figures 5.8. Additionally, the loss plots during the training

process, shown in Figure 5.9, illustrate the convergence of optimization process.

5.3.6 VPINNs vs. Ulam’s method

To further validate our approach, we compare the VPINN method against Ulam’s

method. In the VPINN framework, we use Nc = 6 constraints in the loss function

(5.8). To balance a comparison between the number of breakpoints in shallow neural

networks and the discretization resolution of Ulam’s method, we set the number of

sub-intervals in Ulam’s partition to match the number of neurons in our hidden layers.

Specifically, we use 20 neurons (and 20 sub-intervals) for Examples 1.1 and 1.2, and

30 neurons (and 30 sub-intervals) for Example 1.3. Other settings are the same as

described in Section 5.3.4.

The transition matrix entries for Ulam’s method are computed using (3.14) with

n = 1,000. As shown in Table 5.3, the mean absolute errors for VPINN method are

lower than those obtained via Ulam’s method across all three examples, indicating
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Example VPINNs Ulam

1.1 0.0067 0.0276

1.2 0.0080 0.0362

1.3 0.2130 0.2178

Table 5.3: Mean absolute errors of VPINNs and Ulam’s method.

(a) Example 1.1 (b) Example 1.2 (c) Example 1.3

Figure 5.10: Invariant density approximations using VPINNs and Ulam’s method.

(a) Example 1.1 (b) Example 1.2 (c) Example 1.3

Figure 5.11: Loss plots of VPINNs method with Nc = 6.

that the VPINN approach is more effective to capture the invariant densities than

a piecewise-constant discretization of Ulam’s method. The approximation plots for

both methods and the loss plots for the neural network training are shown in Figures

5.10 and 5.11, respectively.

5.3.7 VPINNs: Gauss-Kronrod vs. exact integration

Finally, we conduct a performance comparison between the VPINNs method using

101-point Gauss-Kronrod integration versus the exact integration approach. The

neural network architecture and other settings remain consistent with those detailed

in in Section 5.3.6.
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Examples
Training Time (seconds) MAE

Gauss-Kronrod Exact Gauss-Kronrod Exact

1.1 25 1 0.0151 0.0067

1.2 28 1 0.0134 0.0080

1.3 117 4 0.2892 0.2164

Table 5.4: Training time and MAE for VPINNs method.

Table 5.4 shows that the training time for the exact integration approach is sig-

nificantly lower than those for the Gauss-Kronrod integration. This result highlights

the efficiency of utilizing analytical gradients. In addition, the mean absolute errors

for using exact integration are smaller than those using Gauss-Kronrod quadrature

rule.

5.4 Conclusions

In this chapter, we developed and analyzed three loss functions for approximating

the invariant densities of Perron-Frobenius operators, based on the maximum entropy

method, minimum energy method, and VPINN approach.

We found that the mean absolute error decreases as more constraints are added to

the loss function. Furthermore, we compared our DMEM with the MEM using four

constraints and found that our DMEM method outperforms the MEM. This confirms

that the high expressivity of neural networks allows for a more flexible and accurate

fit than the fixed functional form required by the classical MEM.

Replacing the logarithmic entropy term with a quadratic energy term, or omitting

it entirely, simplifies the loss function and facilitates the use of exact gradients. These

approaches allow us to freely adjust the form of neural networks and derive analytical

gradients for two-layer neural networks with ReLU activation functions.

However, the quadratic approach (Approach 2) was less effective. We found that

the quadratic approximation is only reliable for densities that remain close to a uni-

form distribution. In contrast, the VPINN-based formulation (Approach 3) was suc-

cessful. By focusing on the variational constraints, this approach effectively treats the

invariant density problem within the modern VPINN framework. Notably, the use



83

of exact integration within the VPINN framework resulted in much shorter training

times compared to the Gauss-Kronrod integration, without losing any approximation

quality.

There are several directions for possible extensions from this chapter. First, ap-

plying these methods, especially the VPINN approach, to two dimensional or higher-

dimensional dynamical systems is a natural next step. Second, a more detailed in-

vestigation into the optimal selection of basis functions for VPINN approach could

help balance computational cost and accuracy. Finally, it would be valuable to con-

duct a comparative study between our neural network approach and classical Galerkin

methods using piecewise-linear basis functions to further highlight the advantages of

mesh-free deep learning techniques.
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Chapter 6

Test-Space Adaptive RVPINNs

6.1 Introduction

Deep learning methodologies have been widely applied to various areas of scientific

computing over the past decade (see, for example, [2,19,67,93,100,107]). One popular

application in this area is the use of neural networks to approximate solutions of partial

differential equations (PDEs). This line of research gained significant attention with

the introduction of physics-informed neural networks (PINNs) [84] in 2019. The

idea of PINNs is to generate data for the training by incorporating physical laws,

expressed as PDEs. The neural network is trained using this data, which is on a

mesh-free set of collocation points sampled from the physical domain and its boundary.

PINNs have been successfully applied to a broad range of problems, including fluid

dynamics [20,74], wave propagation [85], and inverse problems [28]. However, a caveat

of this method is that it employs a strong-form residual to approximate the solution,

whereas for many PDEs, the solution is only meaningful in a variational sense1. In

addition, the mesh-free nature of PINNs is not always an advantage, as approximating

solutions in complex scenarios, such as singular solutions or with steep gradients, can

lead to convergence issues due to an improper balance between loss terms [45], making

training too expensive or impractical.

As an alternative to the strong-form residual, variational PINNs (VPINNs) [58]

and hp-VPINNs [59] were introduced to solve PDEs in their weak forms. While these

1Examples include the Poisson equation with a Dirac delta source term, Poisson problems with

rough data, and elliptic equations with discontinuous coefficients (cf. [42]).
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approaches align with weak solutions, they depend on the choice of basis functions

and, consequently, their loss functions may not be robust with respect to the true

error. Subsequently, robust VPINNs (RVPINNs) [87] were proposed to overcome

these limitations. In this framework, the loss function is defined through a discrete

Riesz representative of the residual. This construction ensures that the loss function

acts as a reliable and efficient estimator for the true error up to a remainder term,

which depends on the neural network approximation and the discretization of the test

space. When standard FEM functions are used as test functions, the underlying mesh

provides a natural framework for adaptive refinement that improves approximation

quality.

An analysis of the quadrature rules and piecewise-polynomial degrees of the test

space for VPINNs was conducted in [9], highlighting the critical role of test func-

tions and numerical integration on the error decay rate. Several adaptive strategies

for VPINNs have been developed, incorporating error estimators to guide test-space

refinements. To address the dependence on the choice of basis functions, Berrone

et al. [10] proposed a mesh-free approach in which the test-space mesh is no longer

required. Instead, an a posteriori error estimator is employed to enrich the test space

by incorporating new test functions. Additionally, Hu et al. [55] introduced an error

estimator for stationary Navier-Stokes equations to guide adaptive mesh refinement

within the VPINN framework. A rigorous a posteriori analysis was carried out in [45],

with applications to adaptive refinement for neural network approximations. Beyond

test space refinement, adaptive sampling of collocation points based on PDE resid-

uals [47, 48, 95, 109] has been studied to enhance the numerical accuracy of PINNs.

These adaptive strategies aim to improve accuracy and convergence rates for neural

network-based PDE solvers, particularly when approximating solutions with singu-

larities and sharp gradients.

In RVPINNs, robustness is granted only if the remainder is kept under control.

In practice, this means that for a fixed mesh, continued training drives the neural

network toward a solution determined by the discrete test space, rather than the true

solution of the continuous variational formulation. If the mesh is too coarse, it might

not be enough to control the true error during the full training. A fully robust control

can be obtained by incorporating a computable upper bound for the remainder into
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the loss [45]. However, this implies a major training cost as a natural consequence of

including additional terms to the loss function. Another way to ensure full control is

to use a sufficiently fine mesh; however, this becomes impractical in complex scenarios

involving singularities or steep gradients.

We aim to accelerate convergence for RVPINNs in these complex problems. We

extend the RVPINN framework with an adaptive test-space refinement strategy. This

approach ensures robust training throughout this process without incorporating extra

control terms into the loss function. The loss function is formulated in terms of the

discrete Riesz representative of the variational residual, maintaining consistency with

the original RVPINN methodology. The boundary term, when necessary, is defined by

the trace norm of the boundary residual, following the approach in [45]. To ensure that

the discrete Riesz representative accurately approximates its continuous counterpart

for a given neural network approximation, we monitor the discrepancy between the

discrete and continuous Riesz representatives during training and refine the mesh

whenever this discrepancy exceeds a prescribed tolerance. The refinement indicator is

based on the local difference between the discrete Riesz representatives computed in

the original test space and in an enriched test space with a higher polynomial degree.

The main contributions of this chapter are as follows. We present upper bounds for

approximation errors based on the RVPINN loss function and prove the equivalence

between these error bounds. Moreover, we develop theoretical adaptive algorithms for

RVPINNs and provide their convergence results. We propose a computable refinement

indicator derived from two discrete Riesz representatives associated with two nested

test spaces. We show that, under the saturation assumption [1, Section 5.2], this

indicator is a reliable and efficient error estimator for the discrepancy between the

discrete and continuous Riesz representatives. Furthermore, we introduce a practical

adaptive RVPINN algorithm driven by this refinement indicator. We demonstrate the

effectiveness of the proposed method by solving a Poisson problem on a square domain

with a smooth solution, an elliptic interface problem with a discontinuous coefficient,

and a Poisson equation on an L-shaped domain with a singular solution. To evaluate

the performance of our adaptive approach, we compare our adaptive RVPINNs to the

standard finite element method (FEM) on identical mesh and test space settings.
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The remainder of this chapter is structured as follows. In Section 6.2, we describe

the variational problem of PDEs and the neural network framework used throughout

this work. We review the standard RVPINNmethodology and discuss the loss function

for the problems where the boundary conditions are not strongly imposed on the test

space. Section 6.3 provides two types of error estimates and prove their equivalence.

In Section 6.4, we introduce a theoretical adaptive algorithm and derive its error

estimates. These results guarantee convergence of the neural network training with

RVPINNs using the proposed adaptive strategy under certain conditions. In Section

6.5, we present the refinement indicator proposed for the adaptive framework. In

Section 6.6, we develop a practical algorithm for the test-space adaptive RVPINNs.

Section 6.7 introduces the model problems used for numerical results. Section 6.8

details and discusses the numerical experiments validating the proposed methodology.

Section 6.9 summarizes the conclusions obtained from this work and outlines possible

directions for future research.

6.2 RVPINNs for PDEs

6.2.1 Abstract framework

Let U and V be Hilbert spaces equipped with norms ∥·∥U and ∥·∥V , respectively. Let

V ′ denote the dual space of V . We consider a PDE problem that admits the following

variational formulation:

Find u ∈ U such that b(u, v) = l(v), ∀v ∈ V, (6.1)

where b(·, ·) is a bilinear form in U × V and l(·) ∈ V ′ is a bounded linear functional

satisfying the following assumptions:

1. Boundedness of b(·, ·): there is a constant µ > 0 such that

b(w, v) ≤ µ∥w∥U∥v∥V ∀w ∈ U, v ∈ V, (6.2)

2. Inf-sup stability: there is a constant α > 0 such that

sup
0̸=v∈V

b(w, v)

∥v∥V
≥ α∥w∥U ∀w ∈ U, (6.3)
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3. Adjoint injectivity:

b(w, v) = 0 ∀w ∈ U =⇒ v = 0. (6.4)

Under these assumptions, Problem (6.1) admits a unique solution u ∈ U by the

Banach–Nečas–Babǔska Theorem. Furthermore, the conditions (6.3) and (6.4) are

well-known to imply the adjoint inf-sup condition (see, e.g., [35, Theorem 1]):

sup
0̸=w∈U

b(w, v)

∥w∥U
≥ α∥v∥V , ∀ v ∈ V. (6.5)

Let (·, ·)V be the inner product inducing the norm ∥ · ∥V and define the dual norm

of V ′ by

∥l(·)∥V ′ := sup
0̸=v∈V

l(v)

∥v∥V
. (6.6)

For any w ∈ U , we define r(w, ·) := l(·) − b(w, ·) ∈ V ′ as the variational residual

with respect to w. According to the Riesz-Fréchet representation theorem (see [18,

Theorem 5.5]), there exists a unique Riesz representative ϕ(w) ∈ V such that:

(ϕ(w), v)V = r(w, v), ∀ v ∈ V, and ∥ϕ(w)∥V = ∥r(w, ·)∥V ′ . (6.7)

As a consequence of the boundedness of b(·, ·) and the inf-sup stability, the following

inequality can be proven:

1

µ
∥ϕ(w)∥V ≤ ∥u− w∥U ≤

1

α
∥ϕ(w)∥V . (6.8)

Inequality (6.8) implies that ∥ϕ(w)∥V is a robust estimator of the true error ∥u−w∥U .

6.2.2 Neural Network framework and loss function

To approximate the solution to Problem (6.1), we employ a deep neural network uθ

of the form given in (2.3). Here, θ ∈ Rn denotes the vector of trainable weights

and biases, and the output layer uses an identity activation function. The optimal

parameters θ are identified by minimizing a suitable loss functional through training

via iterative optimization. We recall the set of all functions representable by this

neural network architecture asMn (see (2.8)), which we assume to be a subset of the

trial space U .
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Let Vk = span{φn}Nk
n=1 be a finite-dimensional subspace of V . The discrete Riesz

representative of the residual r(uθ, ·) with respect to Vk is the function ϕk(uθ) ∈ Vk
satisfying

(ϕk(uθ), vk)V = r(uθ, vk), ∀ vk ∈ Vk. (6.9)

It follows immediately that the discrete dual norm of the residual is equal to the

V -norm of its discrete Riesz representative. Indeed,

∥r(uθ, ·)∥V ′
k
= sup

0̸=vk∈Vk

r(uθ, vk)

∥vk∥V
= sup

0̸=vk∈Vk

(ϕk(uθ), vk)V
∥vk∥V

= ∥ϕk(uθ)∥V . (6.10)

Moreover, a straightforward computation shows that the norm of the discrete Riesz

representative provides a lower bound for the approximation error. That is, one has

1

µ
∥ϕk(uθ)∥V ≤ ∥u− uθ∥U . (6.11)

The main idea behind RVPINNs is to formulate the loss function using the norm of

the discrete Riesz representative (6.10) of the residual corresponding to uθ. Following

[87], the loss is defined as:

Lk (uθ) := ∥ϕk(uθ)∥2V + C(uθ), (6.12)

where C(·) imposes constraints on the neural network (e.g., data interpolation). As

a consequence of the linearity of the residual r(uθ, ·), and of the inner product (·, ·)V ,

the discrete Riesz representative ϕk(uθ) can be written as

ϕk(uθ) :=

Nk∑
n=1

ηθ(n)φn, (6.13)

with coefficients ηθ(n) ∈ R. Substituting (6.13) into (6.9) yields the linear system

Gkηθ = rθ,k, (6.14)

where ηθ is the vector of coefficients ηθ(n), Gk the (θ-independent) symmetric and

positive definite Gram matrix Gk(n,m) = (φm, φn)V , and rθ,k is the vector with

entries rθ,k(n) = r(uθ, φn), n = 1, . . . , Nk. From (6.13) and the definitions of Gk and

rθ,k, the norm of the discrete Riesz representative satisfies

∥ϕk(uθ)∥2V = (ϕk(uθ), ϕk(uθ))V = rT
θ,kG

−1
k rθ,k. (6.15)

Hence, the loss functional (6.12) can be equivalently written as

Lk(uθ) = rT
θ,kG

−1
k rθ,k + C(uθ). (6.16)
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For simplicity, throughout this chapter, we assume that the loss function Lk(uθ) has

C(uθ) = 0.

6.2.3 Two residuals

In the previous section, we considered RVPINNs with a single variational formulation.

However, for many PDEs where boundary conditions cannot be strongly imposed

within the trial space, we may need to treat the boundary conditions as a separate

variational form and include them directly into the loss function. In this section, we

consider a weak formulation in which the PDE is defined by two variational forms:

one acting on the domain Ω and another on its boundary Γ := ∂Ω.

Let VΩ and VΓ be two vector spaces, and define the product space V := VΩ × VΓ.

We consider the following variational problem: Find u ∈ U such that:

rΩ(u, vΩ) := lΩ(vΩ)− bΩ(u, vΩ) = 0 ∀vΩ ∈ VΩ,

rΓ(u, vΓ) := lΓ(vΓ)− bΓ(u, vΓ) = 0 ∀vΓ ∈ VΓ,

where bΩ(·, ·) and bΓ(·, ·) are bounded bilinear forms, and lΩ(·) and lΓ(·) are bounded

linear functionals. We can combine these two forms into the following variational

formulation:

Find u ∈ U such that r(u, v) := rΩ(u, vΩ) + rΓ(u, vΓ) = 0 ∀v = (vΩ, vΓ) ∈ V.

To apply the RVPINN framework, we let V Ω
k := span{φΩ

n}
Nk
n=1 and V

Γ
k := span{φΓ

m}
Mk
m=1

be discrete subspaces of VΩ and VΓ, respectively. The loss function is then defined as:

Lk (uθ) := ∥ϕΩ
k (uθ)∥2VΩ

+ ∥ϕΓ
k (uθ)∥2VΓ

, (6.17)

where ϕΩ
k (uθ) and ϕΓ

k (uθ) are discrete Riesz representatives of the residuals rΩ(uθ, ·)

and rΓ(uθ, ·), respectively (see (6.9)). This formulation is computationally equivalent

to:

Lk(uθ) = (rΩ
θ,k)

T (GΩ
k )

−1rΩ
θ,k + (rΓ

θ,k)
T (GΓ

k )
−1rΓ

θ,k, (6.18)

where rΩ
θ,k and rΓ

θ,k are vectors with entries rΩ
θ,k(n) = rΩ(uθ, φ

Ω
n ), and rΓ

θ,k(m) =

rΓ(uθ, φ
Γ
m). Here, G

Ω
k and GΓ

k denote the corresponding Gram matrices for the domain

and boundary test spaces.
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6.3 Error estimates

For a given neural network approximation uθ, we let ϕ(uθ) ∈ V denote the (continu-

ous) Riesz representative (see (6.7)) associated with uθ defined by

(ϕ(uθ), v)V = r(uθ, v) ∀v ∈ V. (6.19)

In addition, we recall the discrete Riesz representative ϕk(uθ) with respect to Vk ⊂ V

(see (6.9)). In this section, we discuss two types of error estimates: the first is based

on a residual remainder term, while the second relies on the discretization error of the

Riesz representative.

6.3.1 Two estimates

As shown in [45], suppose there exists an operator Πk : V → Vk and a constant

CΠk
> 0 such that ∥Πkv∥V ≤ CΠk

∥v∥V for all v ∈ V . Then,

∥ϕ(uθ)∥V ≤ CΠk
∥ϕk(uθ)∥V +Rk(u− uθ),

where Rk(u−uθ) := sup
0̸=v∈V

b(u− uθ, v − Πkv)

∥v∥V
is a residual remainder associated with

the discrete space Vk. Applying (6.8), we obtain the following upper bound:

∥u− uθ∥U ≤
1

α
(CΠk

∥ϕk(uθ)∥V +Rk(u− uθ)) . (6.20)

Alternatively, by using Inequality (6.8) and the triangle inequality, we derive an

upper bound for the true error:

∥u− uθ∥U ≤
1

α
∥ϕ(uθ)∥V ≤

1

α
(∥ϕk(uθ)∥V + ∥ϕ(uθ)− ϕk(uθ)∥V ) . (6.21)

Inequality (6.21) highlights that bounding the error between the trained neural

network uθ and the exact solution u depends on two ingredients:

1. Optimization convergence: The training process must successfully minimize the

discrete dual norm, ensuring that ∥ϕk(uθ)∥V is small. This reflects the qual-

ity of the nonlinear solver (e.g. Adam [60]) in finding a near-optimal discrete

minimizer.

2. Accuracy of the discrete test space: The discrete test space Vk must be rich

enough to ensure that the discrete Riesz representative ϕk(uθ) is a faithful ap-

proximation of the continuous one, ϕ(uθ).
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6.3.2 Equivalence of two error estimates

In this section, we establish the equivalence between the error estimate based on

the remainder term, ∥ϕk(uθ)∥V + Rk(u − uθ), and the estimate based on the Riesz

representative error, ∥ϕk(uθ)∥V + ∥ϕ(uθ)− ϕk(uθ)∥V .

Lemma 6.3.1. Let u be the exact solution to (6.1) and uθ be a neural network approx-

imation. Let ϕ(uθ) and ϕk(uθ) be the continuous and discrete Riesz representatives of

the residual, as defined in (6.19) and (6.9), respectively. For any v ∈ V and a given

operator Πk : V → Vk, the following identity holds:

(ϕ(uθ)− ϕk(uθ), v)V = b(u− uθ, v − Πkv)− (ϕk(uθ), v − Πkv)V . (6.22)

Proof. By decomposing the inner product, using the definition of Riesz representatives

ϕ(uθ) and ϕk(uθ), utilizing the definition of the residual r(uθ, ·), and applying the

bilinearity of b(·, ·), we obtain

(ϕ(uθ)− ϕk(uθ), v)V = (ϕ(uθ), v)V − (ϕk(uθ), v − Πkv)V − (ϕk(uθ),Πkv)V

= r(uθ, v)− (ϕk(uθ), v − Πkv)V − r(uθ,Πkv)

= b(u− uθ, v)− (ϕk(uθ), v − Πkv)V − b(u− uθ,Πkv)

= b(u− uθ, v − Πkv)− (ϕk(uθ), v − Πkv)V .

Proposition 6.3.1. Let u be the exact solution to (6.1) and uθ be a neural network

approximation. Let ϕ(uθ) and ϕk(uθ) be the continuous and discrete Riesz represent-

atives of the residual, as defined in (6.19) and (6.9), respectively. For a given operator

Πk : V → Vk, let DΠk
:= ∥I − Πk∥. Then, the following inequalities hold:

∥ϕ(uθ)− ϕk(uθ)∥V + ∥ϕk(uθ)∥V ≤ Rk(u− uθ) + (1 +DΠk
)∥ϕk(uθ)∥V , (6.23)

and

Rk(u− uθ) + ∥ϕk(uθ)∥V ≤ ∥ϕ(uθ)− ϕk(uθ)∥V + (1 +DΠk
)∥ϕk(uθ)∥V . (6.24)

Proof. By the Cauchy-Schwarz inequality and the property of the operator norm for

I − Πk, we have

(ϕk(uθ), v − Πkv)V ≤ ∥ϕk(uθ)∥V ∥v − Πkv∥V ≤ DΠk
∥ϕk(uθ)∥V ∥v∥V . (6.25)
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Applying Lemma 6.3.1, Equation (6.25), and the definition of Rk(u− uθ), we obtain

∥ϕ(uθ)− ϕk(uθ)∥V = sup
0̸=v∈V

(ϕ(uθ)− ϕk(uθ), v)V
∥v∥V

≤ sup
0̸=v∈V

b(u− uθ, v − Πkv)

∥v∥V
+ sup

0̸=v∈V

(ϕk(uθ), v − Πkv)V
∥v∥V

≤ Rk(u− uθ) +DΠk
∥ϕk(uθ)∥V .

Adding ∥ϕk(uθ)∥V to both sides yields (6.23).

Conversely, starting from the definition of Rk(u− uθ) and applying Lemma 6.3.1

and Equation (6.25), we have

Rk(u− uθ) = sup
0̸=v∈V

b(u− uθ, v − Πkv)

∥v∥V

≤ sup
0̸=v∈V

(ϕ(uθ)− ϕk(uθ), v)V
∥v∥V

+ sup
0̸=v∈V

(ϕk(uθ), v − Πkv)V
∥v∥V

≤ ∥ϕ(uθ)− ϕk(uθ)∥V +DΠk
∥ϕk(uθ)∥V .

Adding ∥ϕk(uθ)∥V to both sides yields (6.24).

Although the V -norm of the (continuous) Riesz representative provides a robust

estimate of the true error in the U -norm (see (6.8)), replacing ϕ(uθ) with the discrete

Riesz representative ϕk(uθ) does not, in general, yield an analogous result. The error

estimates in (6.20) and (6.21) show that minimizing ∥ϕk(uθ)∥V does not necessarily

minimize the true error when the remainder term dominates. If the mesh underlying

the discrete test space Vk is too coarse, a reduction in the loss functional Lk(uθ)

does not necessarily guarantee a decrease in the true error. In practice, this issue

can be observed after some training iterations: the loss decreases while the true

residual norm–and consequently the true approximation error–stagnates (see [87, Fig.

3]). On the other hand, using excessively fine test-space mesh from the beginning is

computationally expensive, as it requires a large number of quadrature points and

slows down the training process.

To address these issues, the neural network should be trained initially using a

coarse test-space mesh, which is computationally inexpensive, and then refined ad-

aptively whenever the loss becomes sufficiently small. The mesh refinement ensures

that the remainder term decreases as the test space is enriched, allowing continued

training of the neural network under the updated loss function.
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6.4 Theoretical adaptivity strategy

In this section, we analyze a theoretical adaptivity strategy designed to guarantee

the convergence of neural network approximations within the RVPINN framework.

We first discuss an idealized setting where the approximation error can be bounded

within a prescribed tolerance. We then consider an adaptivity strategy based on the

assumption that the trained neural network does not increase the Riesz discrepancy.

6.4.1 Idealized adaptivity strategy

Inequality (6.21) shows that the true error can be upper bounded by two quantities:

the discretization error of the test space and the minimized loss over that space.

Therefore, convergence to the solution is ensured if the Riesz discrepancy ηk(uθ) :=

∥ϕ(uθ)− ϕk(uθ)∥V is kept under control via test-space refinement, while the discrete

loss
√
Lk(uθ) = ∥ϕk(uθ)∥V is minimized through training.

Given an initial mesh T0, ϵ0 > 0, and 0 < δ < 1. Let uθ0 be an initial neural

network. We initialize T 0
1 := T0 and u0θ1 := uθ0 . An idealized algorithm sets k := 1

and iterates:

ϵk = δϵk−1

For i = 1, 2, . . . , N

T i
k = ADAPT(T 0

k , u
i−1
θk
, ϵk)

uiθk = LEARN(T i
k , u

0
θk , ϵk)

End for

T 0
k+1 := T N

k , u0θk+1 := uNθk

k ← k + 1.

Here, the ADAPT process uses the trained neural network ui−1
θk

as prior knowledge

to refine the initial mesh T 0
k and obtain T i

k such that

∥ϕ(ui−1
θk

)− ϕT i
k
(ui−1

θk
)∥V ≤ ϵk, (6.26)

where ϕT i
k
(ui−1

θk
) is the discrete Riesz representative of r(ui−1

θk
, ·) with respect to T i

k .

The LEARN process uses the refined mesh T i
k as an input and trains the neural
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network u0
θk

over this mesh to obtain ui
θk

such that

∥ϕT i
k
(uiθk)∥V ≤ ϵk. (6.27)

Proposition 6.4.1 (Error bound for idealized strategy). Let u be the solution to

(6.1) and let N =∞. Assuming that ui
θk
→ uθk as i→∞, we obtain:

∥u− uθk∥U ≤
2

α
δkϵ0.

Proof. Applying Equation (6.21), we obtain:

∥u− uθk∥U ≤
1

α

(
∥ϕT N

k
(uθk)∥V + ∥ϕ(uθk)− ϕT N

k
(uθk)∥V

)
. (6.28)

By assumption, both ui−1
θk

and ui
θk

converge to uθk as i → ∞. Taking the limit in

Equations (6.26) and (6.27) and substituting the results into Equation (6.28), we

obtain

∥u− uθk∥U ≤
2

α
ϵk.

Finally, using the relation ϵk = δϵk−1 recursively yields ϵk = δkϵ0, which completes

the proof.

Although this proposition guarantees convergence to the solution when N = ∞,

the development of a practical algorithm to ensure such convergence requires further

study. Alternatively, we propose a sequentially adaptive strategy, where N = 1, under

the assumption that the Riesz discrepancy decreases after training, a behavior that

is observed empirically in later sections. The following section details this adaptive

algorithm and its corresponding theoretical results.

6.4.2 Sequential adaptivity strategy

Given an initial mesh T0, parameters ϵ0 > 0 and 0 < δ < 1, and an initial neural

network uθ0 satisfying
√
L0(uθ0) ≤ ϵ0, a sequential adaptivity algorithm sets k := 1

and iterates:

ϵk = δϵk−1

Tk = ADAPT(Tk−1, uθk−1 , ϵk)

uθk = LEARN(Tk, uθk−1 , ϵk)

k ← k + 1.
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Here, the ADAPT process refines the current mesh Tk−1 to produce the refined

mesh Tk such that the Riesz discrepancy satisfies ηk(uθk−1) ≤ ϵk. The LEARN process

trains the neural network uθk−1 on the mesh Tk by minimizing the loss function Lk to

obtain the neural network uθk such that
√
Lk(uθk) ≤ ϵk.

The following proposition establishes the optimality of the algorithm, assuming

that the neural network uθk obtained after training does not increase the Riesz dis-

crepancy compared to the pre-trained state uθk−1 , i.e., ηk(uθk) ≤ ηk(uθk−1).

Proposition 6.4.2 (Error bound for sequential strategy). Let u be the solution to

(6.1) and uθk ∈ UNN be the neural network obtained at the kth iteration of the

sequential algorithm. If ηk(uθk) ≤ ηk(uθk−1), then the following bound holds:

∥u− uθk∥U ≤
2

α
δkϵ0,

where α is the constant in Equation (6.3).

Proof. By the assumption of this proposition and the ADAPT condition, we obtain

∥ϕ(uθk)− ϕk(uθk)∥V = ηk(uθk) ≤ ηk(uθk−1) ≤ ϵk.

Furthermore, the LEARN condition ensures that

∥ϕk(uθk)∥V ≤ ϵk.

Applying these two inequalities to the error bound in Equation (6.21) with uθ = uθk

yields

∥u− uθk∥U ≤
1

α
(ϵk + ϵk) =

2

α
δkϵ0,

which completes the proof.

In practice, training a neural network using a sufficiently fine mesh drives the

approximation toward a minimizer of the variational residual rather than the exact

solution u. Consequently, we analyze the error of the trained neural network by

considering the best-in-class approximation, which minimizes the continuous residual

norm. Since the set of neural networks Mn is neither a linear, closed, nor convex

subset of U , a unique minimizer of ∥ϕ(uθ)∥V may not exist within Mn [83]. To

account for this, we evaluate the approximation error by considering a quasi-minimizer

of
√
Lk(·) = ∥ϕ(·)∥V (cf. Definition 2.6.1).
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Theorem 6.4.1. Let uθ̃ be a quasi-minimizer of ∥ϕ(·)∥V defined in Definition (2.6.1),

and let u be the exact solution to Problem (6.1). Assume that uθk ∈ Mn is the

neural network obtained at the kth iteration of the sequential algorithm and ηk(uθk) ≤

ηk(uθk−1). Then, we have

∥uθ̃ − uθk∥U ≤
1

α

(
µ inf

θ∈Rs
∥u− uθ∥U + δn + 2δkϵ0

)
,

where µ and α are the constants from Equations (6.2) and (6.3), respectively.

Proof. Starting from the adjoint inf-sup condition in Equation (6.5), utilizing the lin-

earity of the bilinear form b(·, ·), and using the definition of the Riesz representatives,

we have:

∥uθ̃ − uθk∥U ≤
1

α
sup

0̸=v∈V

b(uθ̃ − uθk , v)
∥v∥V

=
1

α
sup

0̸=v∈V

r(uθ̃, v)− r(uθk , v)
∥v∥V

=
1

α
sup

0̸=v∈V

(ϕ(uθ̃)− ϕ(uθk), v)V
∥v∥V

=
1

α
∥ϕ(uθ̃)− ϕ(uθk)∥V .

Applying the triangle inequality, we obtain:

∥uθ̃ − uθk∥U ≤
1

α
(∥ϕ(uθ̃)∥V + ∥ϕ(uθk)− ϕk(uθk)∥V + ∥ϕk(uθk)∥V ) .

Using the definition of a quasi-minimizer of ∥ϕ(·)∥V and substituting the LEARN and

ADAPT conditions, we obtain:

∥uθ̃ − uθk∥U ≤
1

α

(
inf
θ∈Rs
∥ϕ(uθ)∥V + δn + 2ϵk

)
.

Finally, applying Equation (6.8) completes the proof.

Remark 6.4.1. Theorem 6.4.1 demonstrates that the adaptive algorithm can guide

the neural network toward a quasi-minimizer when the neural network architecture

is sufficiently deep or wide to ensure that the error of the best approximation is very

small.

6.5 Refinement indicator

We note that standard RVPINNs might reach a performance plateau because, after

some training iterations, the discrete Riesz representative in the finite-dimensional test

space Vk fails to adequately approximate the exact Riesz representative in the infinite-

dimensional test space V . To make the discrepancy ηk(uθ) = ∥ϕ(uθ) − ϕk(uθ)∥V
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small, the discrete test space Vk must be sufficiently rich. However, training a neural

network using an excessively refined test space from the beginning is computationally

expensive. While one could use uniform refinement once the loss reaches a target

level, a more efficient approach is adaptive refinement. By employing an appropriate

refinement indicator, we can enrich the test space only where necessary, maintaining

accuracy without incurring unnecessary computational costs.

We define a computable refinement indicator that acts as a surrogate for the

discrepancy between the continuous and discrete Riesz representatives. Specifically,

we introduce a two-level refinement criterion that compares Riesz representatives from

two discrete test spaces. Let Vk ⊂ V̂k ⊂ V be two nested discrete spaces, where Vk

is the original test space (based on some polynomial order) and V̂k is an enriched

space (for example, by using higher-order polynomials or a finer subgrid). We denote

the discrete Riesz representatives associated with Vk and V̂k as ϕk(uθ) and ϕ̂k(uθ),

respectively. Let Tk be the (triangular) mesh associated with these spaces, and let

T ∈ Tk denote an element (triangle) in the mesh. For each element T , we compute

the local discrepancy indicator:

ι2k(T ) := ∥ϕ̂k(uθ)− ϕk(uθ)∥2V (T ). (6.29)

This indicator measures the local difference between the two discrete Riesz represent-

atives and identifies regions where the test space Vk needs further enrichment.

The following theorem shows that the global estimator defined by:

ιk(Tk) := ∥ϕ̂k(uθ)− ϕk(uθ)∥V =

√∑
T∈Tk

ι2k(T ) (6.30)

is equivalent to the true discrepancy ∥ϕ(uθ)−ϕk(uθ)∥V . This holds under a standard

saturation assumption [1, Section 5.2], which assumes that the enriched Riesz repres-

entative ϕ̂k(uθ) is a better approximation of the continuous representative ϕ(uθ) than

ϕk(uθ), This equivalence establishes the reliability and efficiency of ιk as a refinement

indicator for the adaptive process.

Theorem 6.5.1 (Equivalence of the two-level indicator). Suppose the saturation as-

sumption holds: there exists a constant β ∈ [0, 1) such that

∥ϕ(uθ)− ϕ̂k(uθ)∥V ≤ β∥ϕ(uθ)− ϕk(uθ)∥V .
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Then, the global refinement indicator satisfies the following two-sided bound:

∥ϕ̂k(uθ)− ϕk(uθ)∥V ≤ ∥ϕ(uθ)− ϕk(uθ)∥V ≤
1√

1− β2
∥ϕ̂k(uθ)− ϕk(uθ)∥V .

Proof. Lower bound: Using Galerkin orthogonality (ϕ̂k(uθ) − ϕ(uθ), v)V = 0 for all

v ∈ V̂k, and by the Cauchy-Schwarz inequality, we have

∥ϕ̂k(uθ)− ϕk(uθ)∥2V = (ϕ̂k(uθ)− ϕk(uθ), ϕ̂k(uθ)− ϕk(uθ))V

= (ϕ̂k(uθ)− ϕ(uθ), ϕ̂k(uθ)− ϕk(uθ))V

+ (ϕ(uθ)− ϕk(uθ), ϕ̂k(uθ)− ϕk(uθ))V

≤ 0 + ∥ϕ(uθ)− ϕk(uθ)∥V ∥ϕ̂k(uθ)− ϕk(uθ)∥V .

By canceling, we obtain the desired lower bound.

Upper bound: Expanding and using Galerkin orthogonality, we have

∥ϕ(uθ)− ϕk(uθ)∥2V = ∥ϕ(uθ)− ϕ̂k(uθ)∥2V + 2(ϕ(uθ)− ϕ̂k(uθ), ϕ̂k(uθ)− ϕk(uθ))V

+ ∥ϕ̂k(uθ)− ϕk(uθ)∥2V

= ∥ϕ(uθ)− ϕ̂k(uθ)∥2V + ∥ϕ̂k(uθ)− ϕk(uθ)∥2V .

Applying the saturation assumption gives

∥ϕ(uθ)− ϕk(uθ)∥2V ≤ β2∥ϕ(uθ)− ϕk(uθ)∥2V + ∥ϕ̂k(uθ)− ϕk(uθ)∥2V .

Rearranging yields
√

1− β2∥ϕ(uθ)−ϕk(uθ)∥V ≤ ∥ϕ̂k(uθ)−ϕk(uθ)∥V which completes

the proof.

Remark 6.5.1. One could use an a posteriori error estimator for the remainder term

Rk(u− uθ) as a refinement indicator. In [45], this estimator is an additional term in

the RVPINN loss function.

In case of using two residuals (see Section 6.2.3), we compute two local discrepancy

indicators to account for domain and boundary errors. For an element T , these

indicators are defined as:

ι2k,Ω(T ) := ∥ϕ̂Ω
k (uθ)− ϕΩ

k (uθ)∥2V (T ), (6.31)

ι2k,Γ(T ) := ∥ϕ̂Γ
k (uθ)− ϕΓ

k (uθ)∥2V (T ), (6.32)
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where ϕ̂Ω
k (uθ) and ϕ̂

Γ
k (uθ) are the discrete Riesz representatives with respect to the en-

riched test spaces V̂ Ω
k ⊃ V Ω

k and V̂ Γ
k ⊃ V Γ

k , respectively. Finally, the global estimator

is defined by:

ιk(Tk) :=
√∑

T∈Tk

(
ι2k,Ω(T ) + ι2k,Γ(T )

)
. (6.33)

6.6 Practical adaptivity strategy

In this section, we provide a practical algorithm for the adaptivity strategy in Section

6.4.2. The adaptive procedure is based on the standard - SOLVE-ESTIMATE-MARK-

REFINE structure in the classical adaptive finite element method (AFEM) loop [29].

We integrate these processes into the sequential adaptivity strategy in Section 6.4.2.

We use ιk(Tk) as a computable error estimator for ηk(uθ). We assume that the neural

network architecture possesses sufficient expressive power to the solution and the

nonlinear optimizer (e.g. Adam) effectively minimizes the loss function.

Let T0 be an initial mesh of the domain, and let Tk denote the mesh after k

refinement steps. We define Vk as the discrete test space associated with Tk, typically

constructed using low-order polynomials. Let Lk be the corresponding loss function

defined in (6.18), and let uθk be the neural network approximation associated with

Lk.

Given an initial mesh T0, a starting tolerance ϵ0 ∈ (0,∞), scaling factors δL, δA ∈

(0, 1), and marking parameter γ ∈ (0, 1], we initially train the neural network to

obtain uθ0 such that
√
L0(uθ0) ≤ ϵ0. The adaptive loop sets k := 1 and proceeds as

follows:

1. Tk = ADAPT(Tk−1, uθk−1 , δkAϵ0)

{ιk−1(T )}T∈Tk−1
= ESTIMATE(Tk−1, uθk−1)

Mk−1 = MARK({ιk−1(T )}T∈Tk−1
, γ)

Tk−1 = REFINE(Tk−1,Mk−1)

2. uθk = LEARN(Tk, uθk−1 , δkLϵ0)

uθk−1 = SOLVE(Tk, uθk−1)

3. k ← k + 1.
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The adaptive algorithm proceeds through four main steps during iteration (k):

ESTIMATE: For a predefined test space Vk−1 (based on some polynomial order)

on the current mesh Tk−1, we construct an enriched test space V̂k−1 (typically by

increasing the polynomial order) such that Vk−1 ⊂ V̂k−1 ⊂ V . We then compute

the discrete Riesz representatives ϕk−1(uθk−1) and ϕ̂k−1(uθk−1) with respect to these

spaces. For each element T ∈ Tk−1, we calculate the local discrepancy indicator

ι2k−1(T ) as defined in (6.29). In cases involving two variational forms, we evaluate the

domain indicator ι2k−1,Ω(T ) and the boundary indicator ι2k−1,Γ(T ) according to (6.31)

and (6.32).

MARK: We apply the Dörfler marking criterion [41] to identify the elements that

account for the largest portion of the discrepancy. In particular, for a given marking

parameter γ ∈ (0, 1], we find a smallest subset of elementsMk−1 ⊂ Tk−1 such that:

∑
T∈Mk−1

ι2k−1(T ) ≥ γ
∑

T∈Tk−1

ι2k−1(T ). (6.34)

In cases involving two variational forms, we follow a separate marking strategy for the

domain Ω and the boundary Γ. LetMΩ
k−1 andMΓ

k−1 be the smallest subsets of marked

elements using indicators ι2k−1,Ω(T ) and ι
2
k−1,Γ(T ) from (6.31) and (6.32), respectively.

To maintain a balance between the two regions, we define m = min(|MΩ
k−1|, |MΓ

k−1|)

and select them elements from each subset with the largest local discrepancies. These

selected elements are then combined to form the final set of marked elementsMk−1.

REFINE: We refine the marked elements in Mk−1 using a conforming refine-

ment scheme to generate a finer mesh Tk−1. We then compute the global estimator

ιk−1(Tk−1) in (6.30) or (6.33). If ιk−1(Tk−1) > δkAϵ0, we repeat ESTIMATE and MARK

procedures to further enrich the test space. Otherwise, this mesh defines an enriched

test space mesh Tk for the next level.

SOLVE: We train the neural network on the current mesh Tk by minimizing the

loss function Lk using Adam optimizer [60]. This process is repeated until we obtain

the neural network uθk such that
√
Lk(uθk) ≤ δkLϵ0.

The algorithm for test-space adaptive RVPINNs is described in Algorithm 1.
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Algorithm 1 Adaptive training algorithm.

Require: uθ0 , T0,V0, L0, ϵ0, δL, δA, γ, K ∈ N

1: for k = 1 to K do

2: while ιk−1(Tk−1) > δkAϵ0 do

3: Compute {ιk−1(T )}T∈Tk−1
.

4: Identify marked elementsMk−1.

5: Refine Tk−1 and update Vk−1.

6: end while

7: Set Tk as the refined mesh and Vk as the associated test space.

8: while
√
Lk(uθk−1) > δkLϵ0 do

9: Update θk−1 (one step of the nonlinear solver).

10: end while

11: Set uθk as the optimized neural network.

12: end for

13: return Optimized neural network uθK .

Remark 6.6.1. The SOLVE step of the proposed methods involves training the

neural network, making it computationally more expensive than the SOLVE step in

the standard AFEM. Applying these techniques in practice requires balancing accur-

acy against runtime. However, runtime comparisons are omitted here, as none of the

methods were optimized for computational efficiency.

6.7 Model problems

In this section, we consider three two-dimensional PDEs with different degrees of reg-

ularity: a Poisson problem with a Dirichlet boundary condition featuring a smooth

solution, an elliptic interface problem with a discontinuous diffusion coefficient ex-

hibiting a kink solution, and a Poisson problem on an L-shaped domain possessing

a corner singularity. The notation in Appendix A will be used throughout the sub-

sequent sections.



103

6.7.1 Poisson problem with a smooth solution

Let Ω = (0, 1)2 be a square domain. We consider the following Poisson problem: find

u such that −∆u = f in Ω,

u = 0 on Γ,
(6.35)

where the function f ∈ L2(Ω) is defined as f(x, y) = 2π2 sin(πx) sin(πy). This prob-

lem admits a smooth solution u(x, y) = sin(πx) sin(πy). The variational formulation

of (6.35) is to find u ∈ H1
0 (Ω) such that

r(u, v) := (f, v)L2(Ω) − (∇u,∇v)L2(Ω;R2) = 0 ∀v ∈ H1
0 (Ω). (6.36)

The well-posedness of this problem is guaranteed by the Lax-Milgram theorem (cf. [42,

Section 6.2]).

6.7.2 Elliptic interface problem with a kink solution

Let Ω = (−1, 1)2 be a square domain. We consider an elliptic interface problem: find

u such that −∇ · (a∇u) = f in Ω,

u = g on Γ,
(6.37)

where a is a piecewise-constant diffusion coefficient. In polar coordinates (ρ, ψ), a is

defined as

a(ρ, ψ) =

a1, ρ < ρ0

a2, ρ ≥ ρ0,

with ρ =
√
x2 + y2 and ρ0 = π/6.28. The functions f and g are given in polar

coordinates by f(ρ, ψ) = −9ρ and

g(ρ, ψ) =
ρ3

a2
+

(
1

a1
− 1

a2

)
ρ30. (6.38)

The exact solution to this problem [105] is

u(ρ, ψ) =


ρ3

a1
, ρ < ρ0

ρ3

a2
+
(

1
a1
− 1

a2

)
ρ30, ρ ≥ ρ0.

(6.39)
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In our experiment, we set a1 = 1 and a2 = 5. The variational formulation of (6.37) is

to find u ∈ H1(Ω) such that u = g on Γ and

r(u, v) := (f, v)L2(Ω) − (a∇u,∇v)L2(Ω;R2) = 0 ∀v ∈ H1
0 (Ω). (6.40)

Given a lifting w ∈ H1(Ω) such that w|Γ = g, the existence and uniqueness of ũ ∈

H1
0 (Ω) such that r(ũ+w, v) = 0, or equivalently r(ũ, v) = −r(w, v) for all v ∈ H1

0 (Ω)

follow from the Lax-Milgram theorem. By defining u := ũ+w ∈ H1(Ω), we establish

the well-posedness of the variational problem (6.40).

6.7.3 Poisson problem with a singular solution

Let Ω := (−1, 1)2\(−1, 0]2 be an L-shaped domain. We consider the Laplace equation

(Poisson problem with zero source term): find u such that−∆u = 0 in Ω,

u = g on Γ,
(6.41)

where g is defined in polar coordinates (ρ, ψ) as g(ρ, ψ) = ρ2/3 sin(2
3
(π − ψ)). The

exact solution to this problem is u(ρ, ψ) = g(ρ, ψ), which can be expressed in Cartesian

coordinates as:

u(x, y) = 3
√
x2 + y2 sin

(
2

3
(π − atan2(y, x))

)
, (6.42)

where atan2 denotes the four-quadrant inverse tangent. Note that the solution exhib-

its a corner singularity at the origin (0, 0), where the gradient becomes unbounded

as (x, y) → (0, 0), and belongs to the fractional Sobolev space H5/3−ϵ(Ω) for every

ϵ > 0 [75].

The variational formulation of (6.41) is stated as follows: Find u ∈ H1(Ω) such

that

rΩ(u, v) := (∇u,∇v)L2(Ω;R2) = 0 ∀v ∈ H1
0 (Ω),

rΓ(u,v) := ⟨(g − u)|Γ,v⟩Γ = 0 ∀v ∈ H(div; Ω).
(6.43)

We note that the condition rΓ(u,v) = 0 for all v ∈ H(div; Ω) enforces the boundary

condition u|Γ = g in the sense of H1/2(Γ). Given a lifting w ∈ H1(Ω) such that

w|Γ = g, the existence and uniqueness of ũ ∈ H1
0 (Ω) such that rΩ(ũ + w, v) = 0,

or equivalently rΩ(ũ, v) = −rΩ(w, v) for all v ∈ H1
0 (Ω) follow from the Lax-Milgram

theorem. By defining u := ũ+w ∈ H1(Ω), we establish the existence and uniqueness

of the solution u ∈ H1(Ω) to (6.43).
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6.8 Numerical results

In this section, we demonstrate the performance of our adaptive strategy using model

problems in Section 6.7. We analyze the convergence rates achieved by our approach

and compare them against FEM using the same test spaces and meshes.

6.8.1 Smooth solution

We consider the variational problem (6.36) and approximate the solution u using a

neural network uθ(x, y) = x(1−x)y(1−y)ūθ(x, y), where ūθ is a six-layer, fully connec-

ted architecture with hyperbolic tangent activation functions, where each hidden layer

contains 64 neurons. This ensures that the neural network vanishes on the boundary.

The domain Ω is initially partitioned into 32 uniform triangular elements to form the

starting mesh T0 as shown in Figure 6.1 (a). For the test space, we choose a space

Vk := P1
0(Tk) ⊂ H1

0 (Ω). The corresponding loss function is defined as in (6.16).

To implement Algorithm 1, we set ϵ0 = 0.5, δL = δA = 0.95, and K = 120. We

compute integrals using a four-point quadrature rule per element. For training, we

employ the Adam optimizer2 as a nonlinear solver with an adaptive learning rate,

initialized at 0.0005 and decayed by a factor of 0.9 every 1,000 iterations. We employ

the refinement indicator defined in (6.29) and choose the enriched test space as V̂k :=

P2
0(Tk). We refine all marked elements by the Dörfler marking criterion with γ = 0.2.

Figure 6.1 (b) illustrates the refined mesh, consisting of 448 elements. Figure 6.2

(a) demonstrates that the H1 error, ∥u − uθ∥H1(Ω), and the square root of the loss

coincide throughout the training process. This alignment confirms that controlling the

discrepancy between two Riesz representatives enhances the robustness of the training.

Furthermore, we evaluate the performance of the adaptive RVPINN algorithm by

comparing it to a FEM implementation utilizing the same discrete test space and

mesh configurations. This comparison is based on the H1-norm of the true error.

In Figure 6.2 (b), the convergence rate of the neural network approximation for this

example is approximately 3, significantly outperforming the optimal adaptive FEM

rate of 0.5 (cf. [23]). This superior performance is attributed to the high-expressivity

of the neural network, which effectively approximates the smooth solution.

2The Adam optimizer is configured with exponential decay rates of β1 = 0.9 and β2 = 0.999.
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(a) Initial mesh (32 elements) (b) Refined mesh (448 elements)

Figure 6.1: Test-space meshes for a smooth solution.

(a) H1-error and square root of the loss vs.

epochs

(b) H1-error vs. dimension of test space

Figure 6.2: Results for the Poisson problem on a square domain.

Figure 6.3 illustrates the relationship between the square root of the loss function

and the refinement indicator as they reach the specified tolerances δkLϵ0 and δkAϵ0,

respectively. While mesh refinement initially increases the loss due to the expansion of

the discrete test space, it simultaneously reduces the refinement indicator. Conversely,

training the neural network minimizes the loss and generally tends to reduce the

refinement indicator, although this reduction is not strictly guaranteed. Empirically,

training the neural network using Algorithm 1 ensures a consistent reduction in the

true error.
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Figure 6.3: H1-error, square root of the loss, and refinement indicator vs. dimension

of test space for smooth solution.

6.8.2 Kink solution

We consider the variational problem (6.40) and approximate the solution u using a

neural network uθ(x, y) = (1 − x2)(1 − y2)ūθ(x, y) + g(x, y), where ūθ is a six-layer,

fully connected architecture with hyperbolic tangent activation functions, where each

hidden layer contains 64 neurons, and g(x, y) is the Cartesian-coordinate function of

the polar-coordinate function in (6.38). This ensures that the boundary condition is

strongly imposed into the neural network. The domain Ω is initially partitioned into

32 uniform triangular elements to form the starting mesh T0. For the test space, we

choose a discrete space Vk := P1
0(Tk) ⊂ H1

0 (Ω). The corresponding loss function is

defined as in (6.16). We set K = 50 and utilize the training process and adaptive

criteria as described in the previous section.

Figure 6.4 (a) displays the neural network approximation, which is compared to

the reference solution (6.39) provided in Figure 6.4 (b). The pointwise absolute er-

rors are shown in Figure 6.4 (c). It is evident that the neural network approximates

the solution with high precision, maintaining absolute errors below 3× 10−3 through

out the entire domain. Figure 6.4 (d) illustrates the final mesh, which consists of

4750 elements. As expected, the adaptive refinement is concentrated along the cir-

cular interface where the diffusion coefficient is discontinuous and the solution lacks

smoothness.



108

(a) Neural network approximation (b) Exact solution

(c) Pointwise absolute error (d) Refined mesh (4750 elements)

Figure 6.4: Results for the interface problem.

Figure 6.5 (a) demonstrates that the error in the energy norm, ∥a1/2∇(u−uθ)∥L2(Ω),

and the square root of the loss function remain generally parallel throughout the

training process. As shown in Figure 6.5 (b), the observed convergence rate is ap-

proximately 0.5, aligning with the optimal rate typically achieved by adaptive FEM.

It highlights the performance of the proposed adaptive algorithm, which empirically

achieves convergence rates that are competitive with, or superior to, those of standard

adaptive FEM.

6.8.3 Singular solution

We consider the variational problem (6.43) and approximate the solution u using a

neural network uθ. The neural network uθ is a six-layer, fully connected architecture

with hyperbolic tangent activation functions, where each hidden layer contains 64
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(a) Error in energy norm and square root

of the loss vs. epochs

(b) Error in energy norm vs. dimension of

test space

Figure 6.5: Results for kink solution.

(a) Initial mesh (24 elements) (b) Refined mesh (324 elements)

Figure 6.6: Test-space meshes for a singular solution.

neurons. The domain Ω is initially partitioned into 24 uniform triangular elements

to form the starting mesh T0 as shown in Figure 6.6 (a). For the volume test space,

we choose a discrete space V Ω
k := P1

0(Tk) ⊂ H1
0 (Ω). For the boundary test space,

we utilize the Raviart-Thomas space of order 1, V Γ
k := RT1(Tk), which is a finite-

dimensional subspace of H(div; Ω). The loss function is defined in (6.18).

We setK = 70 and utilize the training process as described in the previous section.

We employ the refinement indicators defined in (6.31) and (6.32). The enriched test

spaces are chosen as V̂ Ω
k := P2

0(Tk) and V̂ Γ
k := RT2(Tk). At each level, all marked

elements are refined by the Dörfler marking criterion with γ = 0.2.
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(a) Neural network approximation (b) Exact solution

(c) Pointwise absolute error (d) H1-error and square root of the loss

vs. epochs

Figure 6.7: Results for the Poisson problem on an L-shaped domain.

Figure 6.6 (b) illustrates the refined mesh, consisting of 324 elements. As ex-

pected, the adaptive refinement is concentrated around the singularity at the origin

(0, 0). Figure 6.7 (a) displays the neural network approximation, while Figure 6.7 (b)

provides the reference solution (6.42) for comparison. The pointwise absolute errors

are shown in Figure 6.7 (c). It is evident that the neural network approximates the

solution with high precision, maintaining absolute errors below 3 × 10−3 across the

domain. Figure 6.7 (d) shows the relationship between the square root of the loss

and the H1-norm error. The two curves remain nearly parallel throughout the train-

ing process, demonstrating the robustness of the loss. However, after about 10,000

epochs, they begin to diverge slightly. This discrepancy arises from integration error,

since refinement is applied only to the test space mesh. One possible approach to

overcome this issue is to use separate meshes: one for the trial space, ensuring more

accurate integration, and another for the test space, dedicated to adaptive refinement.
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(a) H1-error, square root of the loss, and refine-

ment indicator vs. dimension of test space

(b) H1-error for FEM and adaptive RVPINNs vs.

dimension of test space.

Figure 6.8: Results for a singular solution.

Figure 6.8 (a) shows the behavior of the square root of the loss function and

the refinement indicator as they approach the specified tolerances δkLϵ0 and δkAϵ0,

respectively. Consistent with the observations for the smooth solution (Figure 6.3),

the mesh refinement initially increases the loss value, while simultaneously decreases

the refinement indicator. In contrast, neural network training minimizes the loss and

generally leads to a decrease in the indicator. Empirical results confirm that utilizing

Algorithm 1 yields a reliable reduction in the true error.

Figure 6.8 (b) displays the H1-norm error for both adaptive RVPINN method and

the FEM against the dimension of the discrete test space. The results demonstrate

that adaptive RVPINNs significantly enhance the accuracy of the approximation.

Notably, when dim(Vk) > 40, the H1-norm error of the adaptive RVPINNs is smaller

than that of the FEM. Moreover, the adaptive RVPINNs exhibits a convergence rate

of approximately 1.5, which outperforms 0.5 rate for the adaptive FEM using con-

tinuous piecewise linear test functions. This superior performance is due to the high

expressivity of the neural network architecture and the effectiveness of the refinement

indicator. However, the exact convergence rate requires further theoretical analysis.

It is likely to depend on the neural network architecture, including factors such as

depth, width, and activation functions.
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(a) H1-error vs. dimension of test space (b) H1-error and loss vs. the number of

epochs

Figure 6.9: Results for δL = 0.95 and δA = 0.9.

6.8.4 Balance of training and refining

To investigate the importance of balancing between optimization and discretization,

we study the interaction between the RVPINN loss and the refinement indicator in

the singular solution example. Specifically, we compare two scenarios: one prioritizing

mesh refinement over training (δL > δA) and another prioritizing excessive training

over refinement (δL < δA).

Figure 6.9 illustrates the case where δL = 0.95 and δA = 0.9. In this setting, the

refinement indicator is reduced more aggressively than the loss. While this ensures

the robustness of the test space, the short training duration on each mesh leads to

suboptimal convergence rate. Although the convergence rate remains approximately

0.5, matching the theoretical rate for adaptive FEM, however, the H1 error may not

beat the adaptive FEM due to the insufficient minimization of the neural network

residual.

Conversely, Figure 6.10 shows the results for δL = 0.9 and δA = 0.95. Here,

the neural network is trained excessively on relatively coarse mesh. This results in

computational waste, as further training does not improve the approximation accuracy

once the test space discretization error becomes the dominant factor. Furthermore, if

the refinement indicator is not sufficiently small, the true error cannot be effectively

controlled leading to instability in convergence.
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(a) H1-error vs. dimension of test space (b) H1-error and loss vs. the number of

epochs

Figure 6.10: Results for δL = 0.9 and δA = 0.95.

Our numerical evidence suggests that a balanced approach, specifically setting

δL = δA, provides a stable and efficient trade-off between minimizing the variational

loss and enriching the discrete test space.

6.9 Conclusions

In this chapter, we established an upper bound for neural network approximation

errors based on Riesz discrepancy and proved its equivalence to the bound based on

the residual remainder term. We identified the error between the discrete and con-

tinuous Riesz representatives as a factor to ensure robustness during training with the

RVPINN loss function. Furthermore, we introduced idealized and sequential adaptiv-

ity strategies. We established their convergence results and proved an error estimate

for a quasi-minimizer of the residual norm. Our analysis demonstrated that conver-

gence depends on three primary pillars: the Riesz discrepancy, the approximability of

the neural network, and the efficiency of the nonlinear optimizer in minimizing the loss

function. We introduced a refinement indicator to minimize the Riesz discrepancy.

This led to the development of the test-space adaptive RVPINN framework, which re-

fines the test-space mesh to enhance the accuracy of the discrete Riesz representative

in approximating its exact counterpart associated with the variational residual.
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We validated the effectiveness of this framework using Poisson problems with

smooth and singular solutions and an elliptic interface problem with a kink solution.

Numerical results demonstrated that the proposed adaptive approach significantly

outperforms the adaptive FEM in terms of the true error. Moreover, we obtained

a better convergence rate compared to the adaptive FEM. Furthermore, the results

indicated that the proposed method maintains a correlation between the loss function

and the true error throughout the training process, demonstrating the robustness of

the adaptive strategy.

Potential extensions of this work include developing adaptive strategies that ex-

tend the idealized setting by using, for instance, a truncated inner loop (N < ∞)

to guarantee convergence. In addition, since numerical examples demonstrate that

the adaptive process can yield convergence rates superior to those of adaptive FEM,

further investigation into the optimal rates for neural network approximations would

provide a more comprehensive understanding of the method.
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Chapter 7

Conclusions and Future Directions

In this thesis, we have developed, analyzed, and validated a suite of deep-learning-

based methodologies for solving Perron-Frobenius operator equations and partial dif-

ferential equations (PDEs), specifically focusing on Neumann series, invariant dens-

ities, and test-space adaptivity. The research progressed from fundamental neural

network applications in PDEs and the theory of Perron-Frobenius operators to the

development of neural network frameworks for Neumann series and invariant densities

of Perron-Frobenius operators and extensions of RVPINNs for PDEs with adaptivity.

These methodologies highlight the advantages of neural networks in approximating

singular and high-dimensional solutions.

For Neumann series problems, we investigated the approximation of Neumann

series associated with non-expansive Perron-Frobenius operators. By establishing

the well-posedness of the variational formulations via the Lax-Milgram theorem, we

provided a rigorous foundation for our numerical implementations. Our findings

demonstrated that both PINNs (for strong forms) and RVPINNs (for variational

forms) are effective in solving Neumann series problems. Numerical experiments

confirmed that neural networks outperform standard fixed-grid methods for prob-

lems exhibiting singular solutions. They asymptotically achieve lower approximation

errors with the same number of degrees of freedom. Furthermore, we successfully

demonstrated the effectiveness of PINNs to overcome the high-dimensional Neumann

series problems. These results have been published in the CMAME journal [100].

The second major contribution of this work involved the approximation of invari-

ant densities. We benchmarked the deep maximum entropy method (DMEM) and
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VPINN formulations against classical approaches like the maximum entropy method

(MEM) and Ulam’s method. Key insights included: Neural networks offer super-

ior flexibility compared to the rigid functional forms of traditional MEM, leading to

higher accuracy. Moreover, the derivation of analytical gradients and the use of exact

integration within the VPINN framework reduced training times compared to using

Gauss-Kronrod integration. While quadratic energy functionals simplify the loss land-

scape, they are not effective for non-uniform densities. The VPINN approach remains

the most robust choice for invariant density problems.

Finally, we addressed the challenges of training neural networks using the RVPINN

approach to approximate singular and non-smooth solutions of PDEs. We estab-

lished theoretical upper bounds for approximation errors and identified the discrep-

ancy between discrete and continuous Riesz representatives as an important factor for

robustness. We developed a test-space adaptive framework that refines the test-space

mesh to control this discrepancy. When applied to Poisson problems with smooth

and singular solutions, our adaptive RVPINN not only outperformed adaptive FEM

in the H1-error but also exhibited a superior convergence rate and maintained a

strong correlation between the loss function and actual error. Similarly, for the inter-

face problem, the energy norm error for adaptive RVPINNs was lower than that of

adaptive FEM, while achieving a comparable convergence rate.

While this thesis has addressed several key challenges, it also opens several prom-

ising avenues for future research. The methodologies developed here, particularly the

VPINN framework for invariant densities would offer significant potential for multi-

dimensional dynamical systems. Applying this approach to high dimension densities

would further highlight the mesh-free advantages of deep learning in systems where

traditional discretization becomes computationally challenging. Future studies could

benefit from a broader comparative analysis. This includes evaluating the impact of

various activation functions and benchmarking against alternative high-order meth-

ods, such as spectral methods based on Chebyshev series or Galerkin methods utilizing

higher-order polynomials. The a priori error estimates established in this work, par-

ticularly those based on local Fortin’s conditions require further study to fully benefit

the theoretical analysis. Further study of these results could lead to more reliable

deep learning solvers for engineering and physics applications.
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Appendix A

Fundamental Knowledge

A.1 Measure theory

Definition A.1.1. A collection B of subsets of a set X is a σ-algebra on X if

1. X ∈ B,

2. for each set A that belongs to B, the set X\A belongs to B,

3. for each finite or infinite sequence {Ai} ⊂ B, the union ∪iAi belongs to B.

Definition A.1.2. A function µ : B→ [0,∞] is called a measure if

1. µ(∅) = 0

2. if {Ai} ⊂ B is a finite or infinite sequence of pairwise disjoint sets, then

µ(∪iAi) =
∑

i µ(Ai).

Definition A.1.3. If B is a σ-algebra of subsets of X and µ is a measure on B, then

(X,B, µ) is called a measure space. Each set in B is called a measurable set.

Definition A.1.4. A measure space (X,B, µ) is called σ-finite if there is a sequence

{Ak} ⊂ B such that X = ∪∞k=1Ak and µ(Ak) <∞ for all k.

Definition A.1.5. A measure space (X,B, µ) is called finite if µ(X) <∞. In partic-

ular, if µ(X) = 1, it is called a probability space.

The most natural σ-algebra for X ⊂ R is the Borel σ-algebra.
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Definition A.1.6. A Borel σ-algebra is the smallest σ-algebra containing intervals. A

unique measure µ of Borel σ-algebra is called the Borel measure such that µ([a, b]) =

b− a.

Definition A.1.7. Let (X,B) be a measurable space, and let µ and ν be positive

measures on (X,B). Then ν is absolutely continuous with respect to µ if each set

A that belongs to B and satisfies µ(A) = 0 also satisfies ν(A) = 0. One sometimes

writes ν ≪ µ to indicate that ν is absolutely continuous with respect to µ.

A.2 Lebesgue integration

In this section, we let (X,B, µ) be a measure space, and denote that f+(x) =

max(0, f(x)) and f−(x) = max(0,−f(x)). A property is true almost everywhere

(a.e.) if it is true except for a subset having measure zero.

Definition A.2.1. A function f : X → R is measurable if f−1(A) ∈ B for every

interval A ⊂ R.

Definition A.2.2. The characteristic function of a set A is χA defined by

χA(x) :=

1, x ∈ A

0, x /∈ A.

Definition A.2.3. Let {Ai} ⊂ B be a set of disjoint subsets of X. The Lebesgue

integral of a simple function Ψ of the form

Ψ(x) :=
n∑

i=1

aiχAi
(x).

is defined as ∫
X
Ψdµ :=

n∑
i=1

aiµ(Ai)

Definition A.2.4. Let f : X → R be a nonnegative bounded measurable function,

and {gn} be a sequence of simple functions converging uniformly to f . The Lebesgue

integral of f is defined by ∫
X
fdµ := lim

n→∞

∫
X
gndµ
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Definition A.2.5. Let f : X→ R be a nonnegative unbounded measurable function.

Define

fM(x) :=

f(x), if 0 ≤ f(x) ≤M

M, if M < f(x).

Then the Lebesgue integral of f is defined by∫
X
f(x)dµ := lim

M→∞

∫
X
fM(x)dµ.

Definition A.2.6. Let f : X→ R be a measurable function. The Lebesgue integral

of f is defined as ∫
X
fdµ :=

∫
X
f+dµ−

∫
X
f−dµ

if at least one of the terms
∫
X f

+dµ,
∫
X f

−dµ is finite.

Definition A.2.7. A function f is called integrable if both
∫
X f

+dµ and
∫
X f

−dµ are

finite.

Definition A.2.8. Let A ∈ B. The Lebesgue integral of f over A is defined by∫
A

fdµ :=

∫
X
f · χAdµ.

Remark A.2.1. If f is a bounded function on a closed interval [a, b] and µ is a Borel

measure, the Lebesgue integral and the Riemann integral are the same, i.e.,∫
[a,b]

fdµ =

∫ b

a

f(x)dx.

Theorem A.2.1 (Change of variables). Let Ω ⊂ Rd be an open set and S : Ω→ Rd

be a one-to-one differentiable mapping with non-vanishing Jacobian JS. Then∫
S(Ω)

udµ =

∫
Ω

(u ◦ S)|JS|dµ

for any continuous function u : S(Ω)→ Rd such that their support {x ∈ S(Ω) : u(x) ̸= 0}

is a compact subset of S(Ω).

Theorem A.2.2 (Lebesgue dominated convergence theorem [64]). Let f, g : X → R

be measurable functions and fn : X→ R be measurable functions such that |fn(x)| ≤

g(x) and {fn(x)} converges to f(x) almost everywhere. If g is integrable, then f and

fn are also integrable and

lim
n→∞

∫
X
fndµ =

∫
X
fdµ.
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Corollary A.2.1 ( [64]). For every integrable function f , there is a sequence of simple

functions

fn(x) =
∑
i

λi,nχAi,n(x)

such that

lim
n→∞

fn(x) = f(x) a.e. and |fn(x)| ≤ |f(x)|.

Thus, by the Lebesgue dominated convergence theorem, we have

lim
n→∞

∫
X
fndµ =

∫
X
fdµ.

Theorem A.2.3 (Radon-Nikodym Theorem [30]). Let (X,B) be a measurable space,

and let µ and ν be σ−finite measures on (X,B). If ν is absolutely continuous with

respect to µ, then there is B-measurable function g : X → [0,∞) such that ν(A) =∫
A
gdµ hold for each A ∈ B. The function g is unique up to µ−almost everywhere

equality.

Definition A.2.9. Let p be a real number such that 1 ≤ p <∞. The Lp(X) space is

a family of all measurable functions f satisfying∫
X
|f(x)|pdµ <∞.

The norm of f is defined as

∥f∥Lp :=

[∫
X
|f(x)|pdµ

]1/p
.

Theorem A.2.4 (Riesz-Fisher). The space Lp for 1 ≤ p <∞ is a Banach space.

Definition A.2.10. The L∞(X) space is a family of all bounded a.e. measurable

functions f , i.e., there is some M ≥ 0, called an essential upper bound, for which

|f(x)| ≤M for almost all x ∈ X.

The norm of f , ∥f∥L∞ , is defined to be the infimum of the essential upper bounds for

f .

Theorem A.2.5 (Hölder’s Inequality). Let 1 < p < ∞ and q be the conjugate of p,

i.e., 1
p
+ 1

q
= 1. If f ∈ Lp(X) and g ∈ Lq(X), then their product f · g is integrable over

X and ∫
X
|f · g|dµ ≤ ∥f∥Lp∥g∥Lq .
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The special case of Holder’s Inequality when p = q = 2 is called Cauchy-Schwarz

Inequality.

Proposition A.2.1. Let f, g ∈ Lp(X) and α ∈ R. Then

1. ∥αf∥Lp = |α| · ∥f∥Lp

2. ∥f + g∥Lp ≤ ∥f∥Lp + ∥g∥Lp .

Proposition A.2.2. If (X,B, µ) is a finite measure space and 1 ≤ p1 < p2 ≤ ∞,

then

∥f∥Lp1 ≤ c∥f∥Lp2 for every f ∈ Lp2

where c is a constant depends on µ(X). This implies Lp2 ⊂ Lp1 .

A.3 Product space

Let (X1,B1, µ1), . . . , (Xd,Bd, µd) be measure spaces. Define

X = X1 × · · · × Xd, (A.1)

B to be the smallest σ-algebra containing all sets of the form

A1 × · · · × Ad, Ai ∈ Bi, i = 1, . . . , d (A.2)

and

µ(A1 × · · · × Ad) = µ1(A1) · · ·µd(Ad). (A.3)

Theorem A.3.1. For X,B and µ defined by Equations (A.1) - (A.3), there exists a

unique extension of µ to a measure defined on B.

Definition A.3.1. The measure space guaranteed by Theorem A.3.1 is called the

product space. The measure µ is called the product measure.

Theorem A.3.2 (Fubini’s Theorem). Let (X,B, µ) be the product space formed by

(X1,B1, µ1) and (X2,B2, µ2). Assume f : X→ R be a µ integrable function. Then∫∫
X
fdµ =

∫
X1

(∫
X2

fdµ2

)
dµ1.
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A.4 Vector spaces and Hilbert spaces

This section reviews the basic concepts of vector spaces, Hilbert spaces, and the Riesz

representation theorem. For further details, we refer the reader to [16, Chapter 2].

Definition A.4.1. A linear form (also known as linear functional) on a vector space

V is a mapping l : V → R such that

1. l(v + w) = l(v) + l(w) ∀v, w ∈ V

2. l(αv) = αl(v) ∀α ∈ R, v ∈ V .

Definition A.4.2. A bilinear form on a vector space V is a mapping b : V × V → R

such that each of the maps v 7→ b(v, w) and w 7→ b(v, w) is a linear form on V .

Definition A.4.3. Let V be a vector space over R. An inner product on V is a

bilinear form (·, ·)V : V × V → R such that

1. (v, w)V = (w, v)V ∀v, w ∈ V (symmetric)

2. (v, v)V ≥ 0 ∀v ∈ V (positive)

3. (v, v)V ̸= 0 ∀v ̸= 0 (definite).

The inner product induces a natural norm ∥u∥V =
√

(u, u)V .

Definition A.4.4. A vector space V together with an inner product (·, ·)V defined

on it is called an inner product space.

Definition A.4.5. Given a vector space V , a norm ∥ · ∥V is a function from V to the

non-negative real numbers such that

1. ∥v∥V = 0 if and only if v = 0

2. ∥αv∥V = |α|∥v∥V ∀α ∈ R, v ∈ V

3. ∥v + w∥V ≤ ∥v∥V + ∥w∥V ∀v, w ∈ V (the triangle inequality).

A norm induces a distance, or metric, d(v, w) = ∥v − w∥V for v, w ∈ V .

Definition A.4.6. A normed space is a vector space V endowed with the metric

d(·, ·).
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Definition A.4.7. For a normed space V , a Cauchy sequence is a sequence {vj} of

elements of V such that ∥vj − vk∥V → 0 as j, k →∞.

Definition A.4.8. A normed space V is complete if every Cauchy sequence {vj} has

a limit v ∈ V , i.e., ∥v − vj∥V → 0 as j →∞.

Definition A.4.9. A Banach space is a complete normed space.

Definition A.4.10. A Hilbert space H is an inner product space that is complete

with respect to the metric induced by its norm ∥ · ∥H .

Definition A.4.11. A linear functional l is bounded if there is a finite constant C

such that |l(v)| ≤ C∥v∥V ∀v ∈ V .

Definition A.4.12. Let V be a vector space. The dual space V ′ is the space of

bounded linear functionals on V .

Proposition A.4.1. For a bounded linear functional l on a Banach space B, the

following dual norm is always finite:

∥l∥B′ := sup
0̸=v∈B

l(v)

∥v∥B
.

Theorem A.4.1 (Riesz Representation Theorem). Let H be a real Hilbert space and

let l ∈ H ′. Then there exists a unique element ϕ ∈ H such that

l(v) = (ϕ, v)H ∀v ∈ H. (A.4)

Furthermore, we have ∥ϕ∥H = ∥l∥H′.

The Riesz representation theorem guarantees that every bounded linear functional

can be uniquely identified with an element within the space itself.

A.5 Sobolev spaces

This section reviews the foundational concept of Sobolev spaces. For further details,

we refer the reader to [16, Chapter 1] and [12, Chapter 2].

To formalize the concept of weak or variational solutions to partial differential

equations (PDEs), classical derivatives must be generalized using weak derivatives.
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A.5.1 Weak derivatives

Let Ω ⊂ Rd be an open domain, and let C∞(Ω) denote the space of infinitely differen-

tiable functions in Ω. Let α := (α1, . . . , αd) be a multi-index of order |α| =
∑d

i=1 αi.

Definition A.5.1. For ϕ ∈ C∞(Ω), the usual partial derivative(
∂

∂x1

)α1

· · ·
(

∂

∂xd

)αd

ϕ

is denoted by Dαϕ.

Definition A.5.2. Let C∞
c (Ω) denote the space of infinitely differentiable functions

with compact support in Ω.

Definition A.5.3. The set of locally integrable functions is denoted by

L1
loc(Ω) := {f : f ∈ L1(K) ∀ compact K ⊂ Ω}.

Definition A.5.4. Let u, v ∈ L1
loc(Ω). We say that v is the α-th weak derivative of

u, denoted as Dαu = v, if∫
Ω

v ϕ dx = (−1)|α|
∫
Ω

uDαϕ dx ∀ϕ ∈ C∞
c (Ω). (A.5)

A.5.2 Sobolev spaces and norms

Definition A.5.5. For an integer k ≥ 0 and 1 ≤ p ≤ ∞, the Sobolev space W k,p(Ω)

consists of all functions u ∈ Lp(Ω) whose weak derivatives up to order k also belong

to Lp(Ω). That is

W k,p(Ω) := {u ∈ Lp(Ω) : Dαu ∈ Lp(Ω) for all |α| ≤ k} .

When p = 2, the Sobolev space forms a Hilbert space, conventionally denoted as

Hk(Ω) := W k,2(Ω). The inner product and corresponding norm on Hk(Ω) are defined

as:

(u, v)Hk(Ω) =
∑
|α|≤k

∫
Ω

DαuDαv dx, ∥v∥Hk(Ω) =
√

(v, v)Hk(Ω). (A.6)

In particular, H1(Ω) := {v ∈ L2(Ω) : ∇v ∈ L2(Ω;Rd)} is the Sobolev space of

functions with square-integrable first-order weak derivatives, equipped with the norm

∥v∥H1(Ω) :=
√
∥v∥2L2(Ω) + ∥∇v∥2L2(Ω;Rd)

∀v ∈ H1(Ω).
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A.5.3 Vector-valued function spaces

Let Ω ⊂ Rd for d ≥ 1. Let L2(Ω;Rd) denote the space of vector-valued functions

whose components are in L2(Ω), equipped with the inner product:

(v,w)L2(Ω;Rd) :=

∫
Ω

v ·wdµ ∀v,w ∈ L2(Ω;Rd)

and the induced norm:

∥v∥L2(Ω;Rd) :=

(∫
Ω

∥v∥2dµ
)1/2

∀v ∈ L2(Ω;Rd).

We also define the space:

H(div; Ω) := {v ∈ L2(Ω;Rd) : ∇ · v ∈ L2(Ω)},

equipped with the inner product:

(v,w)H(div;Ω) := (v,w)L2(Ω;Rd) + (∇ · v,∇ ·w)L2(Ω) ∀v,w ∈ H(div; Ω),

and the induced norm:

∥v∥H(div;Ω) :=
(
∥v∥2L2(Ω;Rd) + ∥∇ · v∥

2
L2(Ω)

)1/2
∀v ∈ H(div; Ω).

For u ∈ H1(Ω), the trace u|Γ is defined in the dual space (H(div; Ω))′ via the gener-

alized Green’s identity:

⟨u|Γ,v⟩Γ := (∇ · v, u)L2(Ω) + (v,∇u)L2(Ω;Rd) ∀v ∈ H(div; Ω),

where ⟨·, ·⟩Γ is the dual paring between (H(div; Ω))′ andH(div; Ω). The corresponding

trace space is defined as H1/2(Γ) := {u|Γ : u ∈ H1(Ω)}, which is equipped with the

trace norm:

∥û∥1/2,Γ = sup
0̸=v∈H(div;Ω)

⟨û,v⟩Γ
∥v∥H(div;Ω)

∀û ∈ H1/2(Γ).

For brevity, we denote ∥u∥1/2,Γ in place of ∥u|Γ∥1/2,Γ for any u ∈ H1(Ω). Furthermore,

let

H1
0 (Ω) := {v ∈ H1(Ω) : v|Γ = 0}

be the subspace of functions with vanishing trace, equipped with the inner product

(v, w)H1
0
:= (∇v,∇w)L2(Ω;Rd) and the associated energy norm ∥v∥H1

0
:= ∥∇v∥L2(Ω;Rd).

We denote by C0(Ω̄) the space of functions that are continuous over the closed domain

Ω̄.
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A.5.4 Raviart–Thomas spaces

Given a partition of the domain Ω into polygonal elements, a conforming approx-

imation of H1(Ω) is a space of continuous functions defined by a finite number of

parameters (or degrees of freedom). The last condition is usually met by using a

space of piecewise polynomial functions.

For triangular elements, it is usual and convenient to use piecewise polynomial

functions on T . We denote Pp(T ) the space of polynomials of total degree at most p.

The space of continuous piecewise polynomials of degree p defined over Tk that vanish

on the boundary Γ is given by:

Pp
0(Tk) := {v ∈ C0(Ω̄) : v|T ∈ Pp(T ) ∀T ∈ Tk, v|Γ = 0}. (A.7)

We also define polynomial spaces on the edges of the elements

Ep(∂T ) := {v : v ∈ L2(∂T ), v|ei ∈ Pp(ei) ∀ edges ei of T}.

On a triangular element T ⊂ Rd, the Raviart-Thomas space of order p (cf. [12, Section

2.3.1]) is defined by

RTp(T ) := {p ∈ ((Pp(T ))d + xPp(T )) : p · n ∈ Ep(∂T )},

where x ∈ T and n is the normal direction to ∂T . The global Raviart–Thomas space

over the mesh Tk is constructed by

RTp(Tk) = {q ∈ H(div,Ω) : q|T ∈ RTp(T ) ∀T ∈ Tk} . (A.8)

A.6 Adaptive finite element method

A finite element approximation of a PDE in a variational form is to find uk ∈ Vk ⊂ V

such that

b(uk, vk) = l(vk) ∀vk ∈ Vk,

where b(·, ·) is a bilinear form on V ×V and l(·) ∈ V ′ is the bounded linear functional

corresponding to the underlying PDE. To resolve localized features, singularities, or

sharp gradients without unnecessarily increasing the computational cost, an adaptive

finite element method (AFEM) [29] is employed.
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Let Vk be the continuous piecewise polynomial finite element space associated with

the triangulation Tk. Starting from an initial triangulation T0, the adaptive loop sets

k := 0 and iterates the following procedures:

SOLVE −→ ESTIMATE −→ MARK −→ REFINE.

The SOLVE step computes the discrete finite element solution uk on the mesh Tk.

Next, the ESTIMATE step computes the local error indicators η(uk, T ) for each T ∈

Tk, derived from the global a posteriori error estimator η(uk, Tk) :=
(∑

T∈Tk η
2(uk, T )

)1/2
.

The MARK step then selects the elements exhibiting the largest error indicators. A

common approach is Dörfler marking, which identifies a minimal subset Mk ⊂ Tk
satisfying

∑
T∈Mk

η2(uk, T ) ≥ γ
∑
T∈Tk

η2(uk, T ) for a chosen threshold γ ∈ (0, 1]. (A.9)

Finally, the REFINE step subdivides the elements inMk (along with necessary neigh-

boring elements to maintain mesh conformity, e.g., via newest vertex bisection) to

generate a finer mesh Tk+1. The index k is then increased, and the adaptive loop

repeats until a specified error tolerance or the maximum iteration count is reached.

A.7 Automatic differentiation

In neural network training, derivative evaluations must be computationally efficient.

Automatic Differentiation (AD) [6] achieves this by evaluating derivatives up to ma-

chine precision without the truncation errors of numerical differentiation or the ex-

pression explosion of symbolic differentiation.

AD decomposes mathematical functions into a computational graph composed

of intermediate variables and elementary operations (+,−,×,÷, sin, exp, etc.), and

systematically applies the chain rule. A computational graph is defined by a directed

acyclic graph (DAG) G = (V,E), where V is the set of intermediate variables and

E is the set of directed edges representing operational dependencies. AD operates

primarily in forward and reverse modes.
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A.7.1 Forward mode

Forward mode computes the derivative of all intermediate variables with respect to a

single independent input variable simultaneously with the evaluation of the function.

For a function f : Rn → Rm, every intermediate variable vi is paired with a tangent

(dual) variable defined as: v̇i =
∂vi
∂xj

where xj is the specific input variable of interest.

Forward mode is computationally efficient for functions where n ≪ m, as a single

forward pass evaluates derivatives with respect to one input across all outputs.

A.7.2 Reverse mode

Reverse mode (often called backpropagation in deep learning contexts) evaluates de-

rivatives in reverse order of the function’s execution graph. It proceeds in two phases:

a forward pass that computes and stores all intermediate node values, followed by a

backward pass that computes gradients. For a scalar function f : Rn → R, reverse

mode defines an adjoint variable v̄i for each intermediate variable vi as: v̄i =
∂f
∂vi

.

We define the computational graph as a DAG where directed edges (j, i) repres-

ent operational dependencies, i.e., variable vi directly depends on vj. Let S(j) =

{i | (j, i) ∈ E} denote the set of immediate successor nodes that directly depend on

vj. By applying the multivariable chain rule backward through the graph, the adjoint

of node j is accumulated via:

v̄j =
∑
i∈S(j)

v̄i
∂vi
∂vj

.

Reverse mode evaluates the gradient of a scalar output with respect to all n parameters

in a single backward pass, making it the standard choice for functions f : Rn → R

where n≫ 1, such as neural network loss functions.



129

Appendix B

Invariant Density of Logistic Map

The logistic map Sr is given by Sr(x) := rx(1− x). We will show that

f4(x) =
1

π

1√
x(1− x)

is the invariant density of the dynamical system with the logistic map at r = 4 [90].

It is straightforward to show that f4 satisfies the equation

Pf4(x) = f4(x),

where P is the Perron-Frobenius of this dynamical system defined by

Pf(x) := d

dx

∫
S−1
4 ([0,x])

f(s)ds.

Indeed, ∫
S−1
4 ([0,x])

f(s)ds =

∫ 1
2
(1−

√
1−x)

0

f(s)ds+

∫ 1

1
2
(1+

√
1−x)

f(s)ds.

So

Pf4(x) = f4

(
1

2
(1−

√
1− x)

)
d

dx

(
1

2
(1−

√
1− x)

)
− f4

(
1

2
(1 +

√
1− x)

)
d

dx

(
1

2
(1 +

√
1− x)

)
=

1

4
√
1− x

(
f4

(
1

2
(1−

√
1− x)

)
+ f4

(
1

2
(1 +

√
1− x)

))
=

1

4
√
1− x

(
2

π
√
x
+

2

π
√
x

)
=

1

π

1√
x(1− x)

.

Thus, f4 is the invariant density.
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Appendix C

Proofs for Chapter 4

C.1 Well-posedness of variational problem

In the following, we show that the variational problem (4.5) satisfies the assumptions

of Banach-Nečas-Babǔska Theorem, so the existence and uniqueness of the solution

are verified.

Theorem C.1.1 (Well-posedness of variational problem in Lp − Lq spaces). If U =

Lp(Ω) and V = Lq(Ω), where 1 < p, q <∞ and
1

p
+

1

q
= 1. The variational problem

(4.5) satisfies the following:

1. Boundedness of b: |b(u, v)| ≤ (1 + α)∥u∥Lp∥v∥Lq , ∀u ∈ Lp(Ω), v ∈ Lq(Ω),

2. Boundedness of l: |l(v)| ≤ ∥f0∥Lp∥v∥Lq , ∀v ∈ Lq(Ω),

3. Inf-sup stability: sup
0̸=v∈Lq(Ω)

b(u,v)
∥v∥Lq

≥ (1− α)∥u∥Lp , ∀u ∈ Lp(Ω),

4. Adjoint injectivity: b(u, v) = 0 ∀u ∈ Lp(Ω) =⇒ v = 0.

Hence, the variational problem (4.5) has a unique solution.

Proof. 1. Boundedness of b: For u ∈ Lp(Ω) and v ∈ Lq(Ω), by using Hölder’s inequal-

ity, the triangle inequality, and the assumption (A2), we have

|b(u, v)| =
∣∣∣∣∫

Ω

(u− αPu)vdµ
∣∣∣∣ ≤ ∫

Ω

|(u− αPu)v|dµ ≤ ∥u− αPu∥Lp∥v∥Lq

≤ (∥u∥Lp + α∥Pu∥Lp) ∥v∥Lq ≤ (1 + α)∥u∥Lp∥v∥Lq .
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2. Boundedness of l: Since f0 ∈ Lp(Ω), v ∈ Lq(Ω), by using Hölder’s inequality,

we have

|l(v)| =
∣∣∣∣∫

Ω

f0vdµ

∣∣∣∣ ≤ ∥f0∥Lp∥v∥Lq .

3. Inf-sup stability: For u ∈ Lp(Ω), by substituting v = (u − αPu)p−1 ∈ Lq(Ω),

and using the reverse triangle inequality and assumption (A2), we have

sup
0̸=v∈Lq(Ω)

b(u, v)

∥v∥Lq

= sup
0̸=v∈Lq(Ω)

∫
Ω
(u− αPu)vdµ
∥v∥Lq

≥
∫
Ω
(u− αPu)pdµ

∥(u− αPu)p−1∥Lq

=
∥u− αPu∥pLp

∥u− αPu∥p/qLp

= ∥u− αPu∥Lp ≥ ∥u∥Lp − α∥Pu∥Lp ≥ (1− α)∥u∥Lp .

4. Adjoint injectivity: Let v ∈ Lq(Ω) and assume that b(u, v) = 0 ∀u ∈ Lp(Ω).

By choosing u = vq−1 ∈ Lp(Ω), and using Hölder’s inequality and the assumption

(A2), we have

0 =

∫
Ω

(vq−1 − αPvq−1)vdµ =

∫
Ω

vqdµ− α
∫
Ω

(Pvq−1)vdµ

≥ ∥v∥qLq − α∥Pvq−1∥Lp∥v∥Lq ≥ ∥v∥qLq − α∥vq−1∥Lp∥v∥Lq

= ∥v∥qLq − α∥v∥q/pLq ∥v∥Lq = (1− α)∥v∥qLq .

Hence, ∥v∥Lq = 0, i.e., v = 0.

C.2 Equivalent form of RVPINNs loss function

For uθ ∈Mn ⊂ Lp(Ω) and vM ∈ VM ⊂ Lq(Ω), we define

r(uθ, vM) := l(vM)− b(uθ, vM).

Suppose that g̃θ ∈ VM is the solution of the following problem:

⟨JM(g̃θ), vM⟩Lp,Lq = r(uθ, vM), for all vM ∈ VM , (C.1)

where ⟨·, ·⟩Lp,Lq denotes the duality pairing and JM is the duality map on a subspace

VM defined by JM(g) = ∥g∥2−q
Lq |g|q−1sign(g) (see [77]). The following expressions are

equivalent:
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1. sup
0̸=vM∈VM

l(vM)− b(uθ, vM)

∥vM∥Lq

,

2. sup
0̸=vM∈VM

b(u− uθ, vM)

∥vM∥Lq

, where u is the solution of problem (4.5),

3. ∥JM(g̃θ)∥Lp .

Indeed, the equivalence of 1. and 2. follows from b(u, vM) = l(vM) ∀vM ∈ VM and

the linearity of b. The equivalence of 1. and 3. follows from

sup
0̸=vM∈VM

l(vM)− b(uθ, vM)

∥vM∥Lq

= sup
0̸=vM∈VM

r(uθ, vM)

∥vM∥Lq

= sup
0̸=vM∈VM

⟨JM(g̃θ), vM⟩Lp,Lq

∥vM∥Lq

= ∥JM(g̃θ)∥Lp ,

where the second equality follows from (C.1) and the third one from the fact that

vM = JM(g̃θ) is the supremizer.

Thus, the RVPINNs loss function can be written in three different forms:

1. LRVPINNs(uθ) = sup
0̸=vM∈VM

l(vM)− b(uθ, vM)

∥vM∥Lq

,

2. LRVPINNs(uθ) = sup
0̸=vM∈VM

b(u− uθ, vM)

∥vM∥Lq

,

3. LRVPINNs(uθ) = ∥JM(g̃θ)∥Lp .

Now, consider the case where u is the solution of the variational problem (4.5) with

U = V = L2(Ω), and uθ ∈ Mn ⊂ L2(Ω). Let VM be a finite-dimensional subspace of

L2(Ω) with an orthonormal basis {g1, . . . , gM}. In this setting, the duality pairing in

(C.1) corresponds to the L2-inner product, and the duality map JM(g̃θ) is the Riesz

representation in VM of r(uθ, ·). Suppose that gθ ∈ VM is the solution of the following

Galerkin problem:

⟨gθ, vM⟩L2 = r(uθ, vM), for all vM ∈ VM .

Since gθ ∈ VM , it can be written as

gθ =
M∑

m=1

αmgm, where αm ∈ R,m = 1, 2, . . . ,M. (C.2)

For each m ∈ {1, 2, . . . ,M}, we compute the coefficients αm by

αm = ⟨gθ, gm⟩L2 = r(uθ, gm).
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Substituting these into (C.2), we obtain

gθ =
M∑

m=1

r(uθ, gm)gm.

Taking the L2-norm on both sides, we have

∥gθ∥L2 =

√√√√ M∑
m=1

r2(uθ, gm).

Thus, the RVPINNs loss function for solutions in L2(Ω) is

LRVPINNs(uθ) =

√√√√ M∑
m=1

(∫
Ω

(f0 − uθ + αPuθ)gmdµ
)2

.

C.3 Error estimate proofs for PINNs and RVPINNs

Proof of Theorem 4.4.1

For arbitrary uθ ∈ Mn, by using the assumption (A2), the reverse triangle in-

equality, the definition of a quasi-minimizer, and the triangle inequality, we have

(1− α)∥u− uθ∗∥Lp ≤ ∥u− uθ∗∥Lp − α∥P(u− uθ∗)∥Lp

≤ ∥(u− uθ∗)− αP(u− uθ∗)∥Lp

= ∥f0 − uθ∗ + αPuθ∗∥Lp

≤ ∥f0 − uθ + αPuθ∥Lp + δn

= ∥(u− uθ)− αP(u− uθ)∥Lp + δn

≤ ∥u− uθ∗∥Lp + α∥P(u− uθ∗)∥Lp + δn

≤ (1 + α)∥u− uθ∥Lp + δn.

Dividing by 1 − α and taking the infimum over all possible uθ ∈ Mn yields the

theorem.

In RVPINNs, the local Fortin’s condition provides the following result, which is

necessary for proving Theorem 4.4.2.

Lemma C.3.1. Let δn > 0 and uθ∗ ∈ Mn be a quasi-minimizer of (4.12) satisfying

(2.9). If the local Fortin’s condition is satisfied, it holds:

∥uθ∗ − uθ∥Lp ≤ CΠ

1− α

(
sup

0̸=vM∈VM

b(uθ∗ − uθ, vM)

∥vM∥Lq

)
, ∀uθ ∈Mθ∗,R

n .
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Proof. By using the local Fortin’s condition and the inf-sup stability in Theorem

C.1.1, we have

sup
0̸=vM∈VM

b(uθ∗ − uθ, vM)

∥vM∥Lq

≥ sup
0̸=v∈Lq(Ω)

b(uθ∗ − uθ,Πθv)

∥Πθv∥Lq

= sup
0̸=v∈Lq(Ω)

b(uθ∗ − uθ, v)
∥Πθv∥Lq

≥ 1

CΠ

sup
0̸=v∈Lq(Ω)

b(uθ∗ − uθ, v)
∥v∥Lq

≥ 1− α
CΠ

∥uθ∗ − uθ∥Lp .

Multiplying both sides by
CΠ

1− α
yields the lemma.

Proof of Theorem 4.4.2

For any uθ ∈Mθ∗,R
n , by using the triangle inequality, Lemma C.3.1, the definition

of a quasi-minimizer, and the boundedness of b(·, ·), we have

∥u− uθ∗∥Lp ≤ ∥uθ∗ − uθ∥Lp + ∥u− uθ∥Lp

≤ CΠ

1− α

(
sup

0̸=vM∈VM

b(uθ∗ − uθ, vM)

∥vM∥Lq

)
+ ∥u− uθ∥Lp

≤ CΠ

1− α

(
sup

0̸=vM∈VM

b(u− uθ, vM)

∥vM∥Lq

+ sup
0̸=vM∈VM

b(u− uθ∗ , vM)

∥vM∥Lq

)
+ ∥u− uθ∥Lp

≤ CΠ

1− α

(
2 sup
0̸=vM∈VM

b(u− uθ, vM)

∥vM∥Lq

+ δn

)
+ ∥u− uθ∥Lp

≤ 2CΠ

1− α
(1 + α)∥u− uθ∥Lp +

(
CΠ

1− α

)
δn + ∥u− uθ∥Lp

=

(
1 +

2CΠ

1− α
(1 + α)

)
∥u− uθ∥Lp +

(
CΠ

1− α

)
δn.

Taking the infimum over all possible uθ ∈Mθ∗,R
n yields the theorem.
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Appendix D

Additional Results for Neumann

Series Problems

To approximate the solution u ∈ L2(Ω) of (4.3) using the neural network uθ, we can

consider the PINNs loss function in the form of the L2-norm squared of the residual:

L(uθ) :=
∫
Ω

(uθ − αPuθ − f0)2 dµ. (D.1)

Then we initialize weights and biases of a two-layer neural network with ReLU activ-

ation function before the training process.

D.1 Initializing weights and biases

For one-dimensional problems, we start by considering a two-layer neural network,

Nn neurons, and the ReLU activation function, i.e.,

uθ(x) =
Nn∑
j=1

cjReLU(wjx+ bj) =:
Nn∑
j=1

cjϕj(x). (D.2)

We initialize the weights and biases of the hidden layer as follows: wj = 1, and

bj = −j/(N + 1), for j = 1, 2, . . . , Nn. To initialize cj, we solve the equation ∂L
∂cj

= 0,
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which leads to the following steps:

2

∫
Ω

(uθ − αPuθ − f0)
(
∂

∂ci
uθ − α

∂

∂ci
Puθ

)
dµ = 0∫

Ω

(
Nn∑
j=1

(cjϕj − cjαPϕj)− f0

)
(ϕi − αPϕi)dµ = 0

Nn∑
j=1

cj
∫
Ω

(ϕj − αPϕj)(ϕi − αPϕi)dµ =

∫
Ω

(ϕi − αPϕi)f0dµ.

This is equivalent to the matrix equation Ac = d where,

Aij =

∫
Ω

(ϕj − αPϕj)(ϕi − αPϕi)dµ

di =

∫
Ω

(ϕi − αPϕi)f0dµ.

For two-dimensional problems, we consider a two-layer neural network, Nn = 2N

neurons, and ReLU activation function, given by:

uθ(x, y) =
2N∑
j=1

cjReLU(wj
1x+ wj

2y + bj) =:
2N∑
j=1

cjϕj(x, y). (D.3)

Consider a rectangular domain xmin < x < xmax, ymin < y < ymax, with lengths

Lx = xmax − xmin and Ly = ymax − ymin. We initialize the weights and biases of

the hidden layer to generate a mesh on the domain. For i = 1, 2, . . . , N , we set

wi
1 = Ly

Lx
, wi

2 = −1, and bi = ymax − 2Ly ·i
N+1

. For i = N + 1, N + 2, . . . , 2N , we set

wi
1 = Ly

Lx
, wi

2 = 1, and bi = −ymin − 2Ly ·(i−N)

N+1
. To initialize ci, we solve the equation

∂L
∂ci

= 0 in the same manner as described above.

D.2 Analysis

We now proceed with the analysis of the loss function (D.1). We will verify that

it is Lipschitz continuous and strongly convex. This allows us to establish an error

estimate for a quasi-minimizer of this loss function.

Theorem D.2.1. Let Mn ⊂ L2(Ω) be the set of neural networks of n parameters.

Let P be the Perron-Frobenius operator associated with a map S : Ω → Ω such that

S is invertible and ∥Pf∥L2 ≤ ∥f∥L2 ∀f ∈ L2(Ω), and let f0 ∈ L2(Ω) be an initial

density. Assume that 0 < α < 1. The loss function L : L2(Ω)→ R is defined by:

L(uθ) :=
∫
Ω

(uθ − αPuθ − f0)2 dµ.
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Then the assumptions of Theorem 2.6.1(Lipschitz continuity and strong convexity)

hold true.

Proof. The Gâteaux derivative of L at u is computed by

L′
u(v) = lim

s→0

L(u+ sv)− L(u)
s

= lim
s→0

∫
Ω
(u+ sv − αP(u+ sv)− f0)2 dµ−

∫
Ω
(u− αPu− f0)2 dµ

s

= lim
s→0

∫
Ω
(2u+ sv − 2αPu− αsPv − 2f0) (sv − αsPv) dµ

s

= 2

∫
Ω

(u− αPu− f0) (v − αPv) dµ.

Lipschitz continuity: For all u1, u2, v ∈ L2(Ω), using Cauchy-Schwarz inequality and

Proposition A.2.1, we obtain∣∣∣∣∫
Ω

((u1 − u2)− αP(u1 − u2)) (v − αPv) dµ
∣∣∣∣

≤ ∥(u1 − u2)− αP(u1 − u2)∥L2∥v − αPv∥L2

≤ (∥u1 − u2∥L2 + α∥P(u1 − u2)∥L2) (∥v∥L2 + α∥Pv∥L2)

≤ (1 + α)2∥u1 − u2∥L2∥v∥L2 .

So,

∥L′
u1
− L′

u2
∥(L2)∗ = sup

∥v∥L2=1

∣∣∣∣2∫
Ω

((u1 − u2)− αP(u1 − u2)) (v − αPv) dµ
∣∣∣∣

≤ 2(1 + α)2∥u1 − u2∥L2 .

Strong convexity: For all u1, u2 ∈ L2(Ω), using the fact that ∥u−v∥L2 ≥ ∥u∥L2−∥v∥L2 ,

we obtain〈
L′

u1
− L′

u2
, u1 − u2

〉
(L2)∗,L2 = 2

∫
Ω

((u1 − u2)− αP(u1 − u2)) ((u1 − u2)− αP(u1 − u2)) dµ

= 2∥(u1 − u2)− αP(u1 − u2)∥2L2

≥ 2(1− α)2∥(u1 − u2)∥2L2 .

Thus, the loss function L is Lipschitz continuous and strongly convex.

Corollary D.2.1. Under the conditions of Theorem D.2.1, statements 1-3 of Theorem

2.6.1 hold true with C = 2(1 + α)2 and γ = 2(1− α)2.

Proof. The results of Theorem D.2.1 are the assumptions of Theorem 2.6.1.
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[24] A. Cauchy et al. Méthode générale pour la résolution des systemes d’équations

simultanées. Comp. Rend. Sci. Paris, 25(1847):536–538, 1847. URL: https:

//cs.uwaterloo.ca/~y328yu/classics/cauchy-en.pdf. 9

[25] K.-S. Chan and H. Tong. Chaos: a statistical perspective. Springer Science &

Business Media, 2013. 2

[26] D. Chappell, S. Giani, and G. Tanner. Dynamical energy analysis for built-

up acoustic systems at high frequencies. The Journal of the Acoustical Soci-

ety of America, 130(3):1420–1429, 2011. URL: https://doi.org/10.1121/1.

3621041. 59

[27] D. Chappell, M. Richter, G. Tanner, O. Bandtlow, W. Just, and J. Slipantschuk.

Ray-tracing the Ulam way. In International Conference on Integral Methods in

Science and Engineering, pages 95–101. Springer, 2022. URL: https://doi.

org/10.1007/978-3-031-34099-4_8. 30

[28] Y. Chen, L. Lu, G. E. Karniadakis, and L. Dal Negro. Physics-informed neural

networks for inverse problems in nano-optics and metamaterials. Optics express,

28(8):11618–11633, 2020. URL: https://doi.org/10.1364/OE.384875. 84

[29] A. Cohen, R. DeVore, and R. H. Nochetto. Convergence rates of AFEM with

H-1 data. Foundations of Computational Mathematics, 12(5):671–718, 2012.

URL: https://doi.org/10.1007/s10208-012-9120-1. 100, 126

[30] D. L. Cohn. Measure theory, volume 1. Springer, 2013. URL: https://doi.

org/10.1007/978-1-4614-6956-8. 120

[31] R. Collobert and J. Weston. A unified architecture for natural language pro-

cessing: Deep neural networks with multitask learning. In Proceedings of the

25th international conference on Machine learning, pages 160–167, 2008. URL:

https://doi.org/10.1145/1390156.1390177. 5

[32] S. Cuomo, V. S. Di Cola, F. Giampaolo, G. Rozza, M. Raissi, and F. Piccialli.

Scientific machine learning through physics–informed neural networks: Where

we are and what’s next. Journal of Scientific Computing, 92(3):88, 2022. URL:

https://doi.org/10.1007/s10915-022-01939-z. 38

https://cs.uwaterloo.ca/~y328yu/classics/cauchy-en.pdf
https://cs.uwaterloo.ca/~y328yu/classics/cauchy-en.pdf
https://doi.org/10.1121/1.3621041
https://doi.org/10.1121/1.3621041
https://doi.org/10.1007/978-3-031-34099-4_8
https://doi.org/10.1007/978-3-031-34099-4_8
https://doi.org/10.1364/OE.384875
https://doi.org/10.1007/s10208-012-9120-1
https://doi.org/10.1007/978-1-4614-6956-8
https://doi.org/10.1007/978-1-4614-6956-8
https://doi.org/10.1145/1390156.1390177
https://doi.org/10.1007/s10915-022-01939-z


142

[33] P. Cvitanovic, R. Artuso, R. Mainieri, G. Tanner, and G. Vattay. Chaos: clas-

sical and quantum. 2025. URL: https://chaosbook.org/. 59

[34] L. C. de Souza, M. R. Sales, J. D. Szezech Jr, R. L. Viana, I. L. Caldas, and

M. da Silva Baptista. Pattern formation in symplectic coupled map lattices.

Chaos, Solitons & Fractals, 200:117057, 2025. URL: https://doi.org/10.

1016/j.chaos.2025.117057. 62
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