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Abstract

Adelic (and idelic) structures can be associated to algebraic and arithmetic
varieties, and an adelic geometry can be developed as a bridge between
algebraic geometry and arithmetic geometry. We study in detail adelic
geometry in dimension one and two. In particular, such a theory can be seen
as a generalisation of the theory of algebraic and arithmetic line bundles, so
the result is a novel approach to intersection theory. The construction process
of adelic objects is “from local to global” and it endows such objects with
natural topologies. One of the main richnesses of adelic geometry is given by
the topological interactions between adelic structures, and a deep study of
them in the case of arithmetic surfaces might be crucial to the solution to
higher number theory open problems.



Acknowledgements

Writing this Ph.D. thesis was for me a quite unique process which made me
face my own deepest feelings. Even if the outcome bears only my name, it
is important to recall that I wasn’t alone, in fact a few people, directly or
indirectly, have been of great support. With my great pleasure, I will thank
them.

My supervisor, Prof. Ivan B. Fesenko, has been the main guidance:
he introduced me to the main topics of this thesis and his suggestions or
comments have always been precious. I particularly appreciated how much
“mathematical freedom” he gave to me.

The numerous and interesting discussions with my colleague and friend
Weronika Czerniawska have been the source of many ideas (some of them
still to be developed).

I'm very grateful to my two examiners Prof. Fedor Bogomolov and Prof.
Nikolaos Diamantis for the time they invested in reading my thesis and their
helpful comments.

A special thanks go to the members of my family: Tonino, Patrizia and
Luigi for their imperishable affection and (in)direct support, even from far.

With my dear friend Marco Panato' we were the protagonists of many
adventures and he has been the main source of “evasion” during the last two
years of my Ph.D. programme.

At last but not least I would like to thank Andrea de Luca for his enlight-
ening opinions and my old friends from Catanzaro who are a second family
for me.

'Keep It Mello.
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Alezander Grothendieck?
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Chapter 0O

Introduction

0.1 Adelic theory as a geometric theory

If we want to solve an analytic problem on (Q, | -|) (where | - | is the usual
euclidean absolute value), it is advisable to embed @ in its completion R
with respect to | - |. In this way we can take advantage of the completeness
properties of R and the discreteness of QQ inside R. Any other absolute value
on Q is given by the p-adic absolute value | - |, for any prime p, so it makes
sense to embed Q discretely in its completion Q, with respect to | -|,. The
above argument can be easily generalized for any number field K, and adeles
were introduced in 1930s by Chevalley in order to “globalize” the analytic
theory on K. In other words, the aim was to consider simultaneously all
the completions of K with respect all possible places!. It is not very useful
to study simply the product Hp K, of all completions because the resulting
space is “too big” and it doesn’t have the correct topological properties. For
any place p let O, be the closed unit ball in K, then the ring of adeles is
defined as a subset of [ ], Kj, namely:

AK = H/ Kp
p

/
where H is the restricted products with respect to the family of additive
subgroups:
{Oy: pis non-archimedean} .
Note that for archimedean places, the unit ball is not an additive subgroup.
The most important features of A g were well described in [60] and consist

la place p is an equivalence class of absolute values on K where two absolute values
are declared equivalent if they generate the same topology.
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mainly in the fact that Ay is a locally compact additive group (so it admits
a Haar measure), K is discrete in Ak, and the quotient Ag /K is compact.
Moreover the Pontryagin dual A}, has a very simple description and Ay &
A

Remark 0.1. Note the analogies and also the differences between the properties
mentioned above with respect to the corresponding “local” properties related
to the embeddings K C K,.

The multiplicative version of the adelic theory is the idelic theory, and
the group of ideles attached to K is defined as:

!/
X X
Ax=1] &,
p
where the restricted product is taken with respect to the subgroups

O, ={r € Oy: |z|, =1}.

In this case O, has a group structure also in the archimedean case.

But a number field K can be seen as the function field of the nonsingular
arithmetic curve B = Spec O, and we know that there is a bijection between
points of the completed curve B in the sense of Arakelov geometry and places
of K. Therefore the adelic ring attached to K can be described in a more
geometric way related to B:

Ap:= ] K= Ax

beB

where K, is still the local field attached to the point b. So, classical adelic
theory can be deduced from 1-dimensional arithmetic geometry. We can
adopt a similar approach but starting from 1-dimensional algebraic geometry:
fix a nonsingular algebraic projective curve X over a perfect field k with
function field denoted by k(X); then to each point x € X we can associate a
non-archimedean local field K, with its valuation ring denoted by O,. The
adelic ring associated to X is then:

AX = H/ Kx
zeX

but in this case it is not a locally compact additive group. Each K, is a locally
linearly compact k-vector space (or a 1-Tate space), therefore A x is again
locally linearly compact and one can show similarly to the arithmetic case
that: k(X) is discrete in Ay, the quotient Ax/k(X) is a linearly compact

b}



k-vector space and Ay is self dual. In other words, from a topological point
of view, the passage from arithmetic theory to algebraic theory implies that
we substitute the theory of compactness of groups with the theory of linear
compactness of vector spaces. In both arithmetic and geometric 1-dimensional
case, adelic and idelic theory give a generalization of the intersection theory
(i.e. the theory of degree of divisors):

o Ideles can be easily seen as a generalization of line bundles (resp.
Arakelov line bundles), so it is natural to give an extension of the
theory of divisors (resp. Arakelov divisors) from an idelic point of view.

« For an algebraic curve X and any divisor D € Div(X) we can define
an adelic subspace Ax(D) C Ax and an adelic complex Ax (D). The
cohomology of Ax (D) is equal to the usual Zariski cohomology H*(D),
therefore we can give an interpretation of deg(D) in terms of the
characteristic of Ax (D) which will be called the adelic characteristic.
For an arithmetic curve B = Spec O we cannot define a complex
Az (D) associated to an Arakelov divisor D, since for archimedean
points closed unit balls are not additive groups. However, one can
recover the Arakelov degree of D as the product of volumes (with
respect to scaled Haar measures) of certain closed balls in K.

The above theory remains valid also in the case of singular curves, because
by normalization we can always reduce to the nonsingular case.

The first attempt to construct a 2-dimensional adelic/idelic theory from 2-
dimensional geometry was partially made in [49], but only in the algebraic case,
in positive characteristic, and with several mistakes. Let’s fix a nonsingular,
projective surface (X, Ox) over a perfect field k, then to each “flag” = € y
made of a closed point x inside an integral curve y C X we can associate
the ring K, which will be a 2-dimensional local field if y is nonsingular at
x, or a finite product of 2-dimensional local fields if we have a singularity.
Note how the geometric dimension of X matches the “dimension” of the ring
K, ,, and this happens roughly speaking because for a flag x € y (assuming
that x is a nonsingular point of y) we have two distinct levels of discrete
valuations: there is the discrete valuation associated to the containment x € y
and the discrete valuation associated to y C X. In any case K, is obtained
through a process of successive localisations and completions starting with
Ox s. By the symbol O, , we denote the product of valuation rings inside
K,,. It is possible to perform a “double restricted product”: first over all
points ranging on a fixed curve and then over all curves in X, in order to



obtain the 2-dimensional adelic ring:

— I KewC [] K-

TEY reyY

yCX yCX
The topology on K, , can be defined canonically thanks to the construction
by completions and localisations, and by starting with the standard m,-
adic topology on Ox,. But here it is important to recall that abstract
2-dimensional local fields don’t have a standard topology in general. Then
the topology on A x can be defined canonically. Moreover, it turns out (see
remark 3.21) that A x is the restricted product of 2-Tate spaces (i.e. k-vector
spaces of the form V((¢)) where V is a 1-Tate space). For 2-dimensional
local fields with the same structure of K, , there is a well known theory of
differential forms and residues (see [63]); one can globalise the constructions in
order to obtain a k-character £ : A x — k associated to a rational differential
form w € Q mn and the differential pairing:

deAXxAX — k
(a,8) = &(ap).

In [19] it is shown that: & induces the self duality of Ay, the subspace
A x /k(X)?t is linearly compact (orthogonal spaces are calculated with respect
to d,) and k(X) is discrete in Ax. One can define important subrings of
K, , in the following way:

/\

K / N \ K
N\ / il
J

where:

e 0, = 5; It is a Noetherian, complete, regular, local, domain of
dimension 2 with maximal ideal m,.

o K :=FracQ,.



e K, =k(X)O, C K.
O, = @ It is a complete DVR with maximal ideal @
e K, :=FracO,. It is a complete valuation field with valuation ring O,.

Again such constructions can be globalised in order to get important subspaces
of A X-
Apig = Ax; A i=AxN H Ouy;

TEY
yCX
Ap=Ax N[ Ke: Ar=Axn ][ 0u; An:=Axn ][] Ky;
zeX reX yCX
Al :AXﬂHOy, AO :]C(X)

yCX

whose containments relations are shown below:

By using all subspaces A, it is possible to define an idelic complex A% and an
adelic complex Ax (D) associated to a divisor D € Div(X). The cohomology
of such complexes can be calculated by geometric methods thanks to the
following important results:

H'(A%) 2 H'(X,0%), (0.1)

H'(Ax(D)) = HY(D). (0.2)

Again, both idelic and adelic theory give an extension of the intersection
theory on X:

» The idelic complex assumes the following detailed form:

0

ds di,
Ax A QA DA —— Aj @ Agp @ Ay —— Agyy



and it can be shown that the space ker(dk) is a generalization of
the group Div(X) since there is a surjective map ker(d’) — Div(X).
Moreover the intersection pairing on Div(X) can be extended to a
pairing on ker(dl).

« The characteristic of the complex Ax (D) can be used to redefine the
intersection pairing between two divisors in terms of adeles, even without
using isomorphism (0.2). Such a theory gives an alternative approach
to the Riemann-Roch theorem for algebraic surfaces.

The adelic theory associated to an arithmetic surface X — B = Spec O
(K is a number field and K (X) is the function field of X') is more complicated
and less developed. Locally, the rings K, , have a completely different strucure
as 2-dimensional local fields depending whether y is horizontal or vertical.
Moreover, there was the global issue of interpreting the archimedean data
of the completed surface X := X U[J, X, in an adelic and idelic way. The
correct definition of the “full” (or completed) ring of adeles A ¢ has been
given only recently in [18]. Roughly speaking it involves the adelic rings A x,
of the fibres at infinity X,, but counted twice:

A;=Ax @ H (Ax, @ Ax,)

O'GBJ

The topology of A g is easily inherited from the canonical topologies imposed

on K, ,, but in this case, we cannot say anything about the “compactness

theory” involved, so far. The following schematization clarifies the issue:

1-dimensional theory:

o Algebraic geometry: Ax is the restricted product of 1-Tate spaces
(and also a 1-Tate space).

o Arithmetic geometry: Ag is locally compact.
2-dimensional theory:

o Algebraic geometry: Ax is the restricted product of 2-Tate spaces.

o Arithmetic geometry: 77 .

The problem is given mainly by the rings K, , associated to vertical curves,
because they are products of mixed characteristic 2-dimensional local fields.



So, even if we have a well developed local theory of differential forms and
residues related to K, (see [44]) and a global differential pairing, we are not
able to prove that A ¢ is self dual and that K (X) is discrete in A ¢.
Thanks to the projection ker(dk) — Div(X) it is possible to extend the
Deligne pairing
[[,]] : Div(X) x Div(X) — Pic(B)

to an idelic pairing
(, ), : ker(d}) x ker(dl) — Pic(B).
Moreover there is a surjective map:
(A%, & A%,) 25— ZG(X,)

where S is an adequately defined subset of Ay @& A% and ZG(X,) is the
vector space of Green functions on X, with integer orders. Through such
a map we can give an extension of the x-product between Green functions
to an idelic *-product denoted by *;. By putting together (, ), and *; it is
possible to define an idelic extension of the Arakelov intersection number
on X. On the other hand, an adelic extension of the Arakelov intersection
pairing has still to be found. One of the key features of adelic approach to
Arakelov_intersection is to get a more symmetric vision of the completed
surface X: in the current Arakelov geometry there is big discrepancy in the
treatment of archimedean and non-archimedean data, whereas at the level of
complete adelic objects there are (and we expect) more symmetries such as
full reciprocity laws, adelic self-duality etc etc...

It is fundamental to recall that in the framework of 2-dimensional adelic
theory it is possible to define also another “smaller” adelic ring with different
adelic structure, called the ring of analytic adeles (see [18] or [11]). Such a
ring, together with all its substructures, is closely related to the theory of
0-cycles, moreover there is an integration theory for it and it is involved the
study of the 2-dimensional {-function. The ongoing work [16] (see also [11]
for a nice summary) uses the interplay between A ¢ and analytic adeles to
attack BSD-conjecture. A key point for a positive outcome of this approach
will be to find a proof for the discreteness of K (X) in A .

Remark 0.2. In [4] Beilinson shortly described how to attach a n-dimensional
adelic theory to any n-dimensional Noetherian scheme in a very abstract
functorial way. Reworks and clarifications of this approach are [27] and [45,
8]. In particular in [45, 8.4 and 8.5] it is proved that for dimensions 1 and 2
our explicit theory agrees with Beilinson theory of adeles.
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0.2 Main results and future work

This thesis gives a detailed description of the adelic theory summarized in
section 0.1. The new main results are the followings:

(a)

The definition of the idelic Deligne pairing

(,), : ker(dy) x ker(dy) — Pic(B) .

extending the Deligne pairing (see subsection 3.3.4). The key point is
to globalise Kato’s local symbol for 2-dimensional local fields containing
a local field (see [30] or [36]), which is the generalisation of the usual
tame symbol for valuation fields. In the geometric framework given by
an arithmetic surface ¢ : X — B, Kato’s symbol translates into a skew
symmetric, bilinear map:

(5 oy Ky X Ky — K

where p(z) =b € B and x € y C X. Roughly speaking, by composing
it with the complete valuation v, on Kj and by summing over all flags
x € y such that p(z) = b, we show that we obtain a well defined integer
ny. By repeating the argument for each b € B we obtain a divisor
> per M[b]. At this point we prove that such a pairing descends to the
Deligne pairing thanks to the projection ker(d% ) — Div(X).

The idelic description of Green functions, the product *; which is the
idelic extension of the x-product and the idelic interpretation of the
Arakelov intersection number (see subsection 3.3.5). The key point here
is to understand that in the product A% @ A% one factor “represents”
meromorphic sections of line bundles on the Riemann surface X,. The
other factor is used to define hermitian products on such line bundles.
Then it is enough to recall that any Green function with integer orders
can be obtained from hermitian line bundles (see subsection D.1.3). The
product %; is obtained by lifting properties of Green functions to ideles.
Finally, we put together *; and the idelic pairing (, ), defined in (a) in
order to obtain the idelic version of the Arakelov intersection number.

New functorial properties of adeles with respect to: morphisms between
algebraic surfaces, fibred surfaces over a curve, embedding of a curve
in a surface (see section 3.2.6). In particular we show how adeles and
related structures “pullback” with respect to morphisms.

11



(d) In subsection 3.3.2 we define the full ring of adeles A ¢ for arithmetic
surfaces without using the lifting maps mentioned in [18]. Moreover, in
subsection 3.3.3 we give the reciprocity law around archimedean points
(see theorem 3.60(2)).

(e) The idelic interpretation of the intersection pairing on algebraic surfaces
given in subsection 3.2.7 is different from that defined in [49]. In
particular we relate it to the idelic complex A%.

Moreover appendices C and D form a detailed introductory course? to Arakelov
geometry in dimension 1 and 2. In particular D contains an explicit presenta-
tion of the Deligne pairing, fixing the mistakes contained in [43].

Some open questions were listed in [19, 5]:

1. Study functorial properties of the adelic complex with respect
to morphisms of surfaces and their applications. Extend the
argument in this paper to the case of a quasi-coherent sheaf
(...) Find an adelic proof of the Noether formula and the
Hodge index theorem.

(..)

3. On arithmetic extension. Let S — Spec Oy be a regular
proper scheme of relative dimension one, k a number field
(...) Tt is a fundamental problem to find an analogue Ag of
the adelic complex in the arithmetic case and an extension
of the adelic Euler characteristic, which gives in particular
an adelic description of the Arakelov intersection index and
another proof of the Faltings Euler characteristic theorem

()

Note that (c) partially answers to 1, moreover (a) and (b) partially solve
the “multiplicative version” of problem 3.

Future work will focus on a deeper study of the adelic theory for an
arithmetic surface X — Spec Og; in particular:

(7) We still don’t know how to properly define the subspaces 1/4\* of Ag =
Ap12. These should be the arithmetic versions of A, C Ao and they
should lead to the arithmetic adelic and idelic complexes A¢ and .A)X?.

The schematic part of each 1/4\* will be obviously A,, but it is not clear
what to do with the archimedean bits.

2Those appendices are the result of some lectures that the author of this thesis gave in
2017/2018 at the university of Nottingham.
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(it) Prove that A ¢ is self dual and that K (X) is discrete in A (conjectures
3.62 and 3.63).

(771) Find an adelic interpretation of the Arakelov intersection pairing. If
we think in complete analogy to the arithmetic 1-dimensional case,
it is unlikely to find a complex of the type Ag(D) associated to an
Arakelov divisor. On the other hand we will need some “analytic tool”
(for arithmetic curves we employed measure theory) which will be the
“arithmetic version” of the geometric adelic characteristic:

1-dimensional adelic intersection theory:

o Algebraic geometry: We define the complex Ax (D) and we use its
characteristic x (Ax(D)).

o Arithmetic geometry: The Arakelov degree of D is the “volume”
of a subset of Ag

2-dimensional adelic intersection theory:

 Algebraic geometry: We define the complex Ax (D) and we use its
characteristic x (Ax(D)).

o Arithmetic geometry: 77 .

0.3 How to read this thesis

Each chapter contains its own introduction and a list of the main refer-
ences. The thesis contains a big appendices sections which should be used as
prerequisite material.

Proofs of known results are in general referred with precision to the
appropriate references but an exception to this policy is made in three cases:
when the proofs are somehow constructive, so the reader can benefit from
a detailed exposition; when we think that the existing proofs are not clear;
when proofs are omitted in the literature (folklore results). Another exception
is made for appendices C and D where most of the known proofs are presented
in great detail.

Theorems, propositions, definitions, lemmas, examples, remarks and con-
jectures are numbered with the same increasing counter by chapters. Figures

13



and equations have different increasing counters also numbered by chapters.
In particular when we want to refer to some equation, we put the referring
number between round brackets.

Basic notations. All rings are considered commutative and unitary. When
we pick a point x in a scheme X we generally mean a closed point if not
otherwise specified, also all sums ) _ are meant to be “over all closed points
of X”. The cardinality of a set T is denoted as #(T"). If F' is a field, then
F doesn’t denote the algebraic closure. A Dedekind scheme S is a normal
locally Noetherian scheme of dimension 0 or 1. For a morphisms of schemes
f X — S, the schematic preimage of s € S is X,. Sheaves are denoted
with the “mathscr” latey font; particular the structure sheaf of a scheme X
is Ox (note the difference with the font O). If X is a variety over a field k,
then the function field of X is denoted by k(X). If K is a number field and
X — Spec Ok is an integral scheme over the ring of integers O, then the
function field of X is denoted by K (X). Finally it is important to point out
that the letter K will denote different mathematical objects in this thesis
(and in different contexts), so the reader should check at the beginning of
each section its specific meaning from time to time.

14



Chapter 1

Local theory

The theory of adeles is a globalisation of the theory of higher local fields.
Subsection 1.1 provides a brief introduction to abstract higher local fields
just from an algebraic point of view. In section 1.2 we focus on the case
when all residue fields have the same characteristic, in any dimension'. We
will see that higher local fields of this kind come from algebraic geometry of
varieties over perfect fields. In section 1.3 we study the 2-dimensional mixed
characteristic case in a particular occurrence that we denote as “arithmetic”
(this terminology is not standard). Such a restriction is not coincidental, but
it allows us to deal exactly with the 2-dimensional local fields arising from
2-dimensional arithmetic geometry.

Main references. An elementary introduction to higher local fields can be
found in [45]; for more specific results see [20]. Section 1.2 is inspired to [63]
and results of section 1.3 can be found in [44, 2], [36] and [30].

1.1 Higher local fields

Let’s recall the definition of local field:

Definition 1.1. A local field (or a 1-dimensional local field) F', is one of the
fields listed below:

(1) F =R endowed with the usual real absolute value| - |.

(2) F = C endowed with the usual complex absolute value || - ||.

'We are interested just in dimension < 2, but in this case case the theory can be quickly
presented for a generic dimension n with no harm.
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(3) F is a complete discrete valuation field (the valuation is surjective)
such that the residue field F is a perfect field. The valuation ring of
F' is denoted as Op and its maximal ideal is pr. Moreover if v is the
valuation on F, then the absolute value is given by |z|, := ¢~*®), where
q = #(F) if F is a finite field, and ¢ = e := exp(1) otherwise.

If F is of type (1) or (2), it is an archimedean local field otherwise it is a non-
archimedean local field. A local field is topologized with the topology induced
by the absolute value. A morphism between local fields is a continuous field
homomorphism.

Remark 1.2. According to our definition, a non-archimedean local field en-
dowed with its natural topology is in general not locally compact.

Remember that if F' is a non-archimedean local field there exists only one
surjective complete valuation on it (see [45, Theorem 1.4]).

A higher local field is a simple generalization of definition 1.1: given a
complete discrete valuation field F', it might happen that the residue field
FU) .= F is again a complete discrete valuation field; by taking one more
time the residue field we have the field F®. In other words, a complete
discrete valuation field might originate a potentially infinite sequence of fields
{F®};50 such that F© = F and FO+Y) = F@_ Each F® is called the i-th
residue field.

Definition 1.3. A n-dimensional local field, for n > 2, is a complete discrete
valuation field F' admitting sequence of residue fields {F®},., such that
F=1 ig a local field. If F("=Y is an archimedean local field, then F is called
archimedean, otherwise we say that F' is non-archimedean. F has mixed

characteristic if char(F') # char(F').

Ezample 1.4. The simplest n-dimensional local field is the field of iterated
Laurent series over a perfect field K:

F=K((t)) .. ((t)) .

If f=>a;t) € F,witha; € K((t1))...((tn-1)), we have the complete dis-
crete valuation defined by v(f) = min{j: a; # 0}. The valuation ring is Op =
K((t) ... ((ta=1))[[tn]] and the residue field is FM = K((t1))... ((tn-1)).
Clearly F™ = K. When n = 2, the elements of K((¢;))((t;)) are the formal
power series _, ; a; jtit) such that a;; = 0 when the indexes i and j are
chosen in the following way: let’s plot the couples (j,4) as a lattice on the
plane, then we select a semiplane like the one which is not coloured in figure
1.1. The coordinate j is bounded from right, whereas the coordinate i is
bounded from above by a descending staircase line.
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a;j =0

Figure 1.1: A cartesian diagram showing the lattice of couples (3, 7) correspond-
ing to the coefficients a;; of a power series in Y, - a;;t1th € K((t1))((t2))-

Remark 1.5. The above definition of dimension for a n-dimensional local field
might seem quite counter-intuitive, indeed a n-dimensional local field can also
be a m-dimensional local field for m # n. For instance F' = K((¢1)) ... ((t,))
is m~dimensional for any m = 1,...,n. For our purposes it will be clear
from the context which dimension we want to take in account. Often it is
convenient to consider the maximum amongst all possible dimensions (when
it exists).

Remark 1.6. Note in the case of archimedean n-dimensional local fields the
n-th residue field doesn’t exist.

Let’s give a less trivial example of higher local field:

Example 1.7. Let (K, vk) be a non-archimedean local field and consider the
following set of (double) formal series:

K{t}} = {j;oo ait’: aj € K, irj;va(aj) > —00, jgr_noo a; = O}
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Addition and multiplication in K{{t}} are defined in the following way:

Z ajtj + Z bjtj = Z (Clj + bj)lfj (11)
j=—00 j=—00 j=—00
i at! - i bit! = i (i (ajbz'j)tj> (1.2)
j=—00 Jj=—00 i=—00 \j=—00

and K{{t}} become a field. We can also define the following discrete
valuation v on K{{t}}:

v ( Z ajtj> = inf vk (a;) (1.3)

. J
j=—00

It is not difficult to verify that v is a well defined valuation, and moreover that
equations (1.1) and (1.3) are not just formal expressions but truly convergent
series in K{{t}} with the topology generated by v. Let’s now analyse the
structure of F' = K{{t}} as valuation field:

Or = { i ijtj S K{{t}} a; € OK}

j=—o00

pr= { Y ) € K{{th:q; € PK}

j=—o00

Consider the surjective homomorphism:
T Op — K((t))
2t = ) at

where clearly @; is the natural image of a; in K. Now it is evident that 7
induces an isomorphism F 2 K((¢)). In other words F has a structure of
2-dimensional local field such that F(") = K((t)) and F® = K. Clearly such
a construction can be iterated several times to get the field:

K{{t 3} {{ta}} -

For example if K = Q,, then K{{t}} is a 2-dimensional local field of mixed
characteristic.

Remember that we have the following classical classification theorem for

local fields:
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Theorem 1.8 (Classification theorem for local fields). Let F' be a local field:
(1) When F is archimedean, then FF =R or F' = C.

(2) When F is not archimedean there are two cases:

(2a) If char F = char F, then F = F((t)).
(2b) If char F # char F = p, then F is isomorphic to K, which denotes

a finite extension of Q.
Proof. (1) is true just by definition. For (2) see for example [21, I1.5]. O

Such a classification can be extended for higher local fields, in particular
any n-dimensional local field can be obtained by “combining” the higher local
fields presented in examples 1.4 and 1.7:

Theorem 1.9 (Classification theorem for n-dimensional local fields). Let F
be a n-dimensional local field with n > 2.

(1) If char F' = char F") = ... = char F"™V then
F2=F (). ()
and F=V s isomorphic to one of the four fields listed in theorem 1.8.

(2) Ifr € {2,3,...n} is the unique number such that char F("~") 2 char F("~+1) =
p, then:

(2a) When r # n, F is isomorphic to a finite extension of:

Kty - At 3 () - ((tr)) -

(2b) Whenr = n (i.e. in the mized characteristic case), F is isomorphic
to a finite extension of:

K {t )} {ta )}

Proof. See [45, Theorem 2.18]. O

In this text we will focus mainly on 2-dimensional local fields, so let’s give
a table with all possible 2-dimensional local fields by using the classification
theorem:
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2-dimensional local fields
Geometric Arithmetic Archimedean
(07070>7 (07p7p) (O’O7p)
(p,p,p)
K((t1))((t2)) finite extension | K,((t)) C((t)) or
with K perfect | of K, {{t}} R((t))
(1.4)

For a non-archimedean local field (F,v), we have the notion of local
parameter w which is any generator of the maximal ideal pg, or equivalently
any element such that v(w) = 1. Clearly we have the (recursive) generalization
for n-dimensional local fields.

Definition 1.10. Let F' be a non-archimedean n-dimensional local field, then
a sequence of local parameters for F' is a n-tuple (wy,...,w,) € F x ... X F
satisfying the following properties:

e w, is a local parameter for F'.

o (wi,...,wp-1) € Op X...x Op and the sequence of natural projections
(@1, ...,@n_1) is a sequence of local parameters for the residue field F'.

One can obtain a sequence of local parameters, by applying the following
algorithm: choose any local parameter for F»~1_ then pick any of its liftings
in F, this will be w;. Choose choose any local parameter for F(*~2 then
pick any of its liftings in F', this will be w5, etc.

Let’s give another definition that will be useful later:

Definition 1.11. Let F' be a n-dimensional local field and put (’);9) = I,
then we define recursively the j-th valuation ring (for j > 1):

(9;2) = {x €eOp:T € (9%_1)}

It is clear that (’)}1) = Op. For the algebraic properties of (’)}j) the reader can
check [45, 3.
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1.2 F=K((t1))...((t,)) over k

In this section we will heavily use the theory of semi-topological rings and

their related structures. All the preliminary material is covered in appendix
E.

1.2.1 Topology

The topology of higher dimensional fields is a delicate matter, especially in
the equal characteristic case (see [8] or [45, 4] for a summary), because in
general there is no canonical way to define it.

The first problem consists in defining a reasonable topology on higher local
fields of the form K((t1))...((t,)) where K is a generic field. Consider for
example R((¢)) and suppose that R is endowed with a topology of ST ring,
then we have an ind-pro description in STring

t"R[[t
R()) = Ly RI1) =ty o

which gives a structure of ST ring on R((¢)) as described in appendix E.
The crucial point in the above process is the choice of the topology on R,
indeed if we endow R with the discrete topology, we get the discrete valuation
topology on R((¢)), on the other hand if we start with the Euclidean topology
on R we obtain a completely different topological structure on R((¢)). In
the former case we are considering R((t)) as a 1-dimensional local field, in
the latter situation R((¢)) has a 2-dimensional structure. Both possibilities
are legitimate, and in general “the geometry” will guide us. By the way, we
decide to make a temporary choice; the following convention will always hold
if not otherwise specified:

K((t)) is a ST ring endowed with the ind-pro topology where the starting
topology on K is discrete.

Once that we have fixed a topology on K ((t)), we can iterate the ind-pro
procedure in order to get a ST ring structure on K ((¢1))...((¢,)). That’s not
the end of the story; by the classification theorem, for any non-archimedean
n-dimensional local field F, such that char F' = char FV) = ... = char F™,
we have an algebraic isomorphism

FFO((#)... (),

and one might think about transferring the topology described above from
F™((t1))...((t,)) to F. That is a bad idea, in fact Yekutieli in [63] showed
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that the resulting topology on F' would depend on the choice of the isomor-
phism. We want to put this issue of the choice of the isomorphism under the
carpet, and by following [63] we slightly restrict the category of higher local
fields. Since higher local fields of the type K ((¢1))...((¢,)) arise naturally
from algebraic varieties over a field, we can fix a field k (trivially topologized)
and carry it in any definition.

Definition 1.12. A n-dimensional local field over a field k is a n-dimensional
local field F' satisfying the following properties:

(1) There is a ring homomorphism &k — Ol([,?).

(2) The field extension k& < F™ induced by the ring homomorphism of
property (1) is finite.

A morphism of n-dimensional local fields over k is a homomorphism of k-
algebras ¢ : F' — L which is also a homomorphism of n-dimensional local
fields. The category of n-dimensional local fields over & is denoted by LF" (k).

Definition 1.13. A topological n-dimensional local field over a field k is a
n-dimensional local field F' over k satisfying the following properties:

(T') F has a structure of ST ring.

(P) There exists a bijection

F2F"((t)... ((t))

which is an isomorphism of: k-algebras, higher valuation fields and ST
rings. This map is called a parametrization of F.

A morphism of topological n-dimensional local fields over k is a continuous
homomorphism of k-algebras ¢ : FF — L which is also a homomorphism of
n-dimensional local fields. The category of topological n-dimensional local
fields over k is denoted by TLF" (k).

Remark 1.14. In the above definition (7") stands for topology and (P) for
parametrization. In particular (P) requires particular attention, indeed note
that we only ask for the existence of a parameterization of F', we are not
fixing it.

If we assume that the base field k is perfect, then for any object in
F € TLF"(k) it is possible to find parametrizations in a very simple way.
This phenomenon is a consequence of the following well known commutative
algebra result which is a version of the Cohen structure theorem:
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Theorem 1.15. Fix a perfect field k. Let A be a complete local ring which
is also a k-algebra and let L be the residue field of A, then there exists a
morphism of k-algebras o : L — A that is a section of the canonical projection
m: A — L. Moreover, if k — L is a finite extension, then such a section o is
unique.

Proof. See [64, Theorem 1.1]. O

Corollary 1.16. Let k be a perfect field and let F' be a n-dimensional local
field over k. Then there exists a unique k-homorphism op : F — (’);?)

which is a section of the canonical projection (’)gl) — F0),

Proof. Let’s proceed by induction. For n =1 we apply directly theorem 1.15.
By simplicity put F = FU and suppose that the thesis is true for the
(n — 1)-dimensional local field F', which means that there exists the unique

section:
n—1)

O'FZF( F® ey (9%1_1).

Then we have the following commutative diagram in the category of k-algebras:

F <y 00D o

where o is the unique section of Op — F obtained thanks to theorem 1.15.
Let’s put op := 0 o 05; clearly op(F™) C (’)Ef) and moreover it is easy to
verify that op is the unique section of (’);?) — P, O

Definition 1.17. Let k be a perfect field and consider F' € LF"(k). The
k-homomorpism op : F(™ — (9?) of corollary 1.16 is called the canonical
lifting of F™.

Theorem 1.18. Let k be a perfect field and consider F' € TLF" (k). For any
sequence of uniformizer parameters (wy ..., w,) on F, the canonical lifting
op: FM Ol([,?) extends uniquely to a parameterization - FT((t))) ... ((t,)) —
F such that ¥(t;) = w; for anyi=1... n.

Proof. 1t is a consequence of [63, Corollary 2.1.19]. m

Proposition 1.19. Let F € TLF" (k) with k perfect. Then the parametriza-
tions of F' are in bijection with all possible sequences of uniformizer parameters

for F.
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Proof. Given a sequence of uniformizer parameters (w;...,w,), we can
associate a parametrization in a unique way thanks to theorem 1.18. Vicev-
ersa given a parametrization p : F™((t))...((t,)) — F, it is evident that
(p(t1),...,p(t,)) is the unique sequence of local parameters giving p. O

Consider the functor unt : TLF"(k) — LF" (k) which maps an object on
itself but forgetting the topology, then the next theorem summarizes the issue
of the non-unicity of the topology on a higher local field of equal characteristic:

Theorem 1.20. In general unt : TLF" (k) — LF"(k) is not injective on
objects, but it is an equivalence of categories when n =1 or when char(k) > 0.

Proof. To show that the functor is not injective on objects one can use [64,
Example 3.13]. The assertion about n = 1 is a well know fact, whereas for
the case char(k) > 0 see [63, Proposition 2.1.21]. O

1.2.2 Differential forms and residues

Fix a perfect field k, fix an element F' € TLF"(k) and remember the definition
of the module of m-differential forms Q?{Zep introduced in appendix E.2. For
1-dimensional complete valuation fields, Tate in [59] defined an abstract notion
of residue; here we present the generalization of this notion of residue for
fields isomorphic to K((t1)) ... ((t,)) (for a more comprehensive and general
approach see [63]).

Let’s fix L = K((t1))...((t,)) € TLF"(k) (in other words K |k is a finite
extension and the parametrization is the identity), then we have a nice explicit
expression of th P

Proposition 1.21. There is a unique isomorphism

QP = Ldty + ... + Ldt,

1 . . . . .
In other words QL’f,fp is a n-dimensional L-vector space. As immediate conse-
quence we have that:

j,Sep ~v
Opre @ Ldt, A A

1<i1<..<i<n

Proof. Let’s consider the continuous k-derivation:

0
g L — L
Z CthZL —> Zj(ljtzl_l
j=m j=m
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with a; € L. A usual we put 3 af = -2(f). Then for any 0 < i < n we

Ot
define mductlvely
0
L — L
ot;
0
Sopi o Yo
j=zm ]>m

Clearly the map

d:L — Ldt;+...+ Ldt,
0 8
fdt1+ /

oty 8 at, U

f =
is a continuous k-derivation. By the basic properties of derivations, any
other continuous k-derivation d' : L — M (where M is a T2 semi-topological
module) should be of the form:
of

of —d't; +...+ =dt,

df = Ot ot

It means that Ldt; + ...+ Ldt, satisfies the universal property of the module
of separated differential forms. n

By propositions 1.21 and 1.19, for any sequence of uniformizer parameters

(w1,...,w,) and any w € Q?‘S:p, we can write w = adw; A ... A dw, for
a= Z .. 0@ ... EF. (1.5)

The following theorem introduces the higher residue in TLF"(k):

Theorem 1.22. Let F' € TLF"(k), then there exists a k-linear homomor-
phism
resp|k : QFUjp — k

satisfying the following properties:

(1) It is continuous.

(2) For any sequence of uniformizer parameters (ws,...,w,) and any a €
Fn).
res awi .. ) =
Flk ( ! " ) {O otherwise.

25



(3) If F — L is a finite extension of fields in TLE"(k), then:

resr, = resppp o Irpp .

res ‘T reSF\k(bw), then the

(4) For anyb € F and w € Q?flfp, define (b, w)
maps

Q?F]jp s RV

w = <'7 w>res

P (o)
b= (D) e
are algebraic and topological isomorphisms.
Moreover the map resp, is uniquely defined by properties (1) and (2).

Proof. Tt is a particular occurence of the theory developed in [63, 2.4]. See
also [64, Remark 5.5]. O

It is evident from properties (1) and (2) of theorem 1.22 that respy; is the
map:

respl - QZ’ﬁfp — k

w = Tl"F(n)|k(CL_17_17_._7_1).

where w = adwi A ... \dw, and the power series a is expressed as in equation
1.5.

Fix a nonzero differential form w € Q":>°P:

Flk >
Q?fsp given by b — bw is an isomorphism of ST vector spaces, so the dual
map

the homomorphism p,, : F' —

o (o) > P
Foe few)

is again in isomorphism of ST vector spaces. It follows that the composition:

n,sep v e \Y
F— (QF“C > - F
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which is given explicitely by b+ resp(- bw), induces a self duality for the
k-vector space F'. This means that for any choice of a nonzero differential
form w, the k-character:

Vo F — k

v o= respp(vw)

is a standard character for F' (see definition F.8).

1.3 Arithmetic 2-dimensional local fields over
a local field

In the previous section we analysed the structure of higher local fields of the
type K((t1))...((tn)) (over a base field k), so by the classification theorem
we know that the only remaining case to be studied consists of higher local
fields of the type F' = K,{{t1}}... {{t.}((t,+1))((t:n)). In this section, by
simplicity and for geometric purposes, we focus just on a particular case. We
assume that F' is a 2-dimensional local field such that:

o char F = 0 and char F® = p.

« Fis endowed with a ST-ring topology and there exists a mixed charac-
teristic local field K with a fixed embedding K <— F' of ST-rings (K
has the discrete valuation ring topology).

In this case we say that I is an arithmetic 2-dimensional local field over K
(look at table 1.4). The presence of the local field K inside F' comes from the
theory of arithmetic surfaces and it will be explained in section 3.3. In this
section we will also introduce the Kato symbol:

(,)F‘KZFXXFX%KX

which is the generalization of the usual tame symbol (see definition G.1).

1.3.1 Equal characteristic

Let F be an arithmetic 2-dimensional local field such that char F = 0.

Definition 1.23. The coefficient field of F' (with respect to K ) is the algebraic
closure of K inside F' and it is denoted as kp.
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The coefficient field kg is a finite extension of K and moreover F' = kp. In
particular F' = kp((t)). The local field K carries the usual discrete valuation
topology and kp is endowed with the finite product topology, so we can put on
kr((t)) the ind/pro-topology or equivalently the P-topology (see proposition
E.11). However, this is not enough to define a canonical topology on F,
because, as we noticed in the previous section, the result will depend on
the choice of the isomorphism F' = kp((t)). We again have the concept of
parametrization

Definition 1.24. A parametrization for F' is a fixed isomorphism F' = kg((t))
of higher valuation fields and ST-rings.

Let’s put L := kp((t)), it is a semi-topological K-algebra, so we can define

the module of separated differential forms QlLf’ . and by using the same proof

of proposition 1.21, we can show that Qi"sf(p = Ldt. We define the residue
map for L relative to K to be the K-linear homomorphism:

1
resL|K:QL’|S[e<p - K

W TrkF\K(a—l)

where w = adt and a =
resz|x is continuous.

ism a;jt? € L. Tt is straightforward to see that

Definition 1.25. If p : F — L is a parametrization for F' and p : Q;T;p —

Q}:’f;p is the induced homomorphism, then we define:

~ 1
resF|K = I'eSL|K op: QF:T;(p — K.

Proposition 1.26. The map respjx doesn’t depend on the choice of the
parametrization.

Proof. Tt is an easy calculation. See [44, pages 14-15] for details. O

Remark 1.27. Tt is important to emphasize how the theory developed for F' so
far resembles exactly the theory of a local field of the type F((t)) introduced
in section 1.2. The crucial difference is that here K and F carry a non-trivial
topology, which is the reason why F' is considered as 2-dimensional local field.

The valuation field F' is naturally endowed with the usual tame symbol
(, )rp: F*x F* — kj, so we can obtain the Kato symbol (or two dimensional
tame symbol) by simply composing it with the field norm map:

Definition 1.28. The Kato symbol for F' (with respect to K) is given by:

(s )Pk s Negig o (4 )p s F* X F* — K™
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1.3.2 Mixed characteristic

Now we assume that F' is an arithmetic 2-dimensional local field of mixed
characteristic. By the classification theorem Q, is contained in F' and we

have the notion of constant field of F' which replaces the one of coefficient
field:

Definition 1.29. The constant field of F' is the algebraic closure of Q, in I,
and it is denoted by kp.

Remark 1.30. Note that the definition of the constant field doesn’t depend on
K so it makes sense for any 2-dimensional local field of mixed characteristic.
Of course it might happen that K = Q,.

Since K is a finite extension of Q, (by the 1-dimensional classification
theorem), we know that kr is an intermediate field between K and F. The
constant field kr is a finite extension of Q, (so also a finite extension of K).

Definition 1.31. We say that an arithmetic 2-dimensional local field of
mixed characteristic F' is standard if there is a kg isomorpshism F' = kp{{t}}.
When an isomorphism is given, we say that we have fixed a parametrization

of F.

We will study standard fields first and extend any result for a generic F
thanks to the following result:

Proposition 1.32. There exists a standard field L contained in F' such that:
[F: L] <oo, kp=kp and FF = L.

Proof. See [44, Lemma 2.14] O

So, from now on in this subsection we fix L to be a standard field contained
in F' with the properties described in proposition 1.32. Clearly we have the
following field extensions that need to be kept always in mind (we mark the
finite extensions with the superscript f):

Q Kk, =kr CL2k{{t)} I F. (1.6)

Now we define a topology on kp{{t}}; in [38] it is shown that we can transfer
such a topology to L without any dependence on the choice of the parametriza-
tion. Then we endow F' with the finite product topology which will be called
the canonical topology of F.

Remark 1.33. We recall one more time that in characteristic 0, elements of
TLF"(k) don’t have a canonical topology in general (theorem 1.20).
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An open basis at 0 for ky{{t}} is given by subsets of the form:
Z Uit; = {Z a;t; € kIL{{t}} a; € Uz}
i€l

where {U,}icz is a family of open neighborhoods of 0 in kj satisfying the
following properties:

(1) For any integer 7, there exists an index j such that pj C U; for any
P> 7.
(i1) (Niez Us contains a power of py, .

We need a notion of residue map for F' and its construction will be similar
to the equal characteristic case, in particular we will go through the following
steps:

+ Define the residue map for L = k. {{t}}.
« See that it is independent from any parametrization of a standard field.
« Extend the residue map for any arithmetic 2-dimensional local field F'.

» See that the construction doesn’t depend on the choice of the standard

field L.
First of all we need to study the module of separated differential forms
Qi
Proposition 1.34. Qif?ft}}m = kp{{t}}dt.
Proof. See [44, Lemma 2.18|. O

Now the residue map for kz{{t}} can be easily defined in the following
way:

1,se
rese geplk g K
w — —Try, x(ay)

where w = adt and a = )" a;t/ € L. It is straightforward to check that the
residue is K-linear and continuous.

Remark 1.35. The presence of the minus sign in the definition of resy, g1
has a geometric meaning. We will see in section 3.3 that 2-dimensional
local fields of equal characteristic arise on horizontal curves on arithmetic
surfaces, whereas 2-dimensional local fields of mixed characteristic are related
to vertical curves. So, intuitively the minus sign in the residue map remembers
of the “change of orientation” of such curves.
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Definition 1.36. Let L be any standard field. If p : L — k {{t}} is a
parametrization for L and p : QIL"S;? — Q,lgf?tm x 1s the induced homomor-
phism, then we define:

~ 1,se
TeSp |k 1= T€Sk, (1)K OD : QL‘Kp — K.

Proposition 1.37. Let L be any standard field, then the map resy x doesn’t
depend on the parametrization of L.

Proof. See [44, Proposition 2.19]. O

Finally we can use the trace map to extend the residue to F"

Definition 1.38. Let F' be any arithmetic 2-dimensional local field of mixed
characteristic, then:

resp|g = resyg o Irpyp : F' = K

where L is any standard field contained in F' with the properties described
by proposition 1.32.

Proposition 1.39. The residue map on F' doesn’t depend on the choice of
the standard field L inside F.

Proof. See [44, Lemma 2.21]. O

Kato symbol. Finally, we want to define the Kato symbol for F' and the
strategy is the usual one: we start from k;{{t}} and we extend our arguments
to F' by checking that everything is independent from parametrizations and
from the choice of the standard fields. We will heavily use some K-theoretic
notions developed in appendix G.1.

Fix just for the moment L = kp{{t}}, then we define:

{ -~ — res(LQ) -~

N,
(o + L x L™ b R (L) —— Ra(L) =5 Ky(ky) = k) —H5 K

(1.7)

where:

« {, } is the natural projection arising from the definition of K5(L) (see
proposition G.2).

o The morphism Ks(L) — I?Q(L) is the map given by the construction of
K5 (L) as projective limit (see equation (G.3)).
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. reS(Lz) is the higher Kato residue map constructed in theorem G.11. Note

that K 1(kr) = k because kg, is already complete.
Moreover by simplicity we use the following notation:

~ —res<2>
0y« Kao(L) —— Ro(L) —=L kX (18)

)

Remark 1.40. [36] gives an explicit description of res(L2 which involves winding

numbers.

Definition 1.41. Let L be a generic standard field and fix a parametrization:
p: L — kp{{t}} then we define:

Ny 1k

Ok, 1t
(D L% x L =15 Ko(D) 2292 Rk i) 22 , KX

and we put O 1= O, fuyy © Ka(p).

Proposition 1.42. Let L be a standard field, then the definition of (, )k
doesn’t depend on the parametrization of L.

Proof. See [36, Corollary 3.7]. O

At this point we are ready to give the general definition of the Kato
symbol:

Definition 1.43. Let F' an arithmetic 2-dimensional local field and let L be
a standard field contained in F', then the Kato symbol for F' (with respect to
K) is given by:

Ko (N
(et P P =Bl g ()20

o Ny, 1k
L L>K><

KQ(L) > k’z

(1.9)

Proposition 1.44. The definition of (, )pix doesn’t depend on the choice of
L inside F'.

Proof. See [30, Proposition 3. O
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Chapter 2

One-dimensional adelic
geometry

In this chapter we give a detailed account of one dimensional adelic theory in
relation with geometry. The material is essentially known, but here it will
presented such in way that it will be a guideline for the 2-dimensional theory.
It means that the path we will take in order to develop the 2-dimensional
theory will be, as much as possible, the direct generalization of what is written
here.

Subsection 2.1.1 relates the local theory of chapter 1 to one-dimensional
schemes. We will fix a field K to be either an algebraic function field of one
variable over a perfect field £ or a number field and in subsection 2.1.2 we
introduce the abstract concept of adelic line bundle associated to K. Here
the important point is that we don’t distinguish the two cases when K is
a function field (i.e. algebraic geometry) or a number field (i.e. arithmetic
geometry). Such an approach doesn’t have a direct 2-dimensional extension.
Afterwords, we globalize the local theory, but in sections 2.2 and 2.3 we
separate respectively the algebraic theory from the arithmetic theory. For
algebraic curves every piece of information we need is already in the geometric
picture; on the other hand for arithmetic curves (i.e. spectra of orders) we have
to deal inevitably with archimedean absolute values and Arakelov geometry.
This modus operandi will be adopted also later in the 2-dimensional case,
where again we will need to split the global theory.

Main references. A classical introduction to adelic theory is given in [52],
which is basically a revisitation of Tate’s thesis [60]. The concept of adelic
line bundles appears in [9, 2] for other purposes. Moreover [19, 0] gives a very
quick overview of the adelic theory in relation to algebraic curves.
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2.1 General definitions

2.1.1 Local data on schemes of dimension one

Let (X, Ox) be a Noetherian and integral scheme of dimension 1 with function
field K. In this short section we explain how to attach the objects K, and
O, to each closed points of X: the former will be a finite direct product
of discrete valuation fields and the latter a finite direct product of discrete
valuation rings. -

Fix a closed point z € X, then the completion Ox, with respect its
unique maximal ideal p, is a Noetherian lociliing (not necessarily a domain)

of dimension 1 with maximal ideal p, := p, & x,z- Let’s look at the properties
of the homomorphism:

o: Spech\x — Spec Ox

induced by the inclusion Ox , — ﬁ;

Proposition 2.1. ¢71(0) := {q € 6‘/’);; o(q) = qN Ox, = 0} is the set of
all minimal prime ideals of Ox . This in particular implies that ¢~(0) has

finite cardinality.

Proof. Tt is equivalent to show that ¢~1(0) is the set of all prime ideals of
height 0. To do this we will use the going-down property for the ring extension

Ox. C ﬁXm which in particular says that if q € ﬁ’Xz is a prime such that
qN Ox . = P, then ht(q) > ht(p,).

If g is a prime of height 0, then ht(¢(q)) = 0, but this means that ¢(q) =
since O, is a domain. Vice versa assume that q € ¢~*(0), if ht(q) = 1, then

q would be the maximal ideal of Ox , implying that ¢(q) # 0. Therefore it
has to be ht(q) = 0. O

From the previous proposition it follows that for any q € ¢—*(0)

Kyq:= <a)q = Frac (@/q) :

But there is more:

Proposition 2.2. K, , is a complete discrete valuation field whose ring of in-
tegers is given by Oy q 1= (@/q) (here by ~ we denote the normalization,).

Furthermore the residue field FW is a finite extension of k(x).
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Proof. 5); /q is a Noetherian local domain such that
dim (@/q) — dim (E;) “ht(q) = 1.

Moreover it is also complete (with respect the topology induced by its maximal
ideal). It follows that the integral closure O, 4 is a complete DVR with fraction
field K, 4. By Nagata theorem ([7, Ch. IX, 4, n.2, theorem 2]) we know that
g;/q is a Japanese ring ([7, Ch.IX, 4, n.2, def.1]), so in particular O, 4 is a
finite g)(\x/ g-module. This implies that K, is a finite extension of:

(0x/a) [ (Fufa) = OxafP = Oxafpe = k(z).
]

Each K, 4 is endowed with the natural topology induced by the complete
discrete valuation and remember that such topology can be defined also by
using the constructions (C') and (L) described in example E.17. Now we can
define the following rings attached to x:

K,= [] Kug (2.1)

0, = H Org- (2.2)
a€p~1(0)

Clearly we put the product topology on K, and the subspace topology on
O,.
When 5); is a domain we say that X is unbranched at x, in particular X is
unbranched at its non-singular points since the property of being a regular
local ring is stable under completions ([57, 15.39.4]) and regular local rings are
domains ([57, 10.105.2]). By the way, it may happen that X is unbranched at
singular points, and the example is given by cusps. If X is unbranched at =z,
then by proposition 2.1 we can conclude that direct products of equations (2.1)
and (2.2) are actually made of a single factor; so K, is a discrete valuation
field and O, is its valuation ring. Moreover in this case K, = k(z).

Remark 2.3. Let N : X — X be the normalization of X such that N’} (z) =
{1,...7,}, then with some commutative algebra arguments one can show

that: )
0.,= ] (@,\x/q)wgﬂﬁ/}z\@-
1=1

q€6~1(0)
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2.1.2 Adelic line bundles

The field K here is either an algebraic function field of one variable over a
perfect field k& or a number field. A place on K is an equivalence relation of
absolute values on K, and remember that two absolute values are equivalent
if they generate the same topology. With the symbol P(K) we indicate all
places on K which are trivial on k* (when k is present, otherwise P(K) is the
set of all places)!. The completion of K with respect to a place b € P(K) is
denoted as K. We assume that all discrete valuations on K, are normalized
i.e. surjective onto Z. Let’s fix a canonical representative for each place
b € P(K) in the following way:

o If b is non-archimedean and v, is the unique complete discrete valuation
on Kj we choose the following absolute values:

o=

where ¢, is a constant defined in the following way:

C[#E) HE) <
@ {e =exp(l) otherwise (2:3)

 If b is archimedean, then K is a number field and we make the choice
explained in appendix C.1.

Let’s recall the notion of normed vector space over a generic field (F,| - |)
endowed with an absolute value:

Definition 2.4. Let (F|-|) be a field endowed with an absolute value and let
V' be a F-vector space. A norm on V' is a function || - || : V — R, satisfying
the following properties:

e ||z|| = 0 if and only if 2 = 0.
e |laz|| = |al|z|| for any a € F and x € V.
Nz +yll < el + [yl for any 2,y € V.
Definition 2.5. An adelic vector space over K, is a couple
Ex = (B Al [ls}oepi))

such that F is a K-vector space and || - ||, is a norm on the vector space
E, .= E ®k K, over (K, |- |p), satisfying the following properties:

!The property of being trivial on k is shared by all the absolute values representing
the same place.
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o If b is non-archimedean, then || - ||, satisfies the ultrametric triangle
inequality, namely

|z + ylly < max{]|z[[y + [lz][p} Va,y € Ep.

» For any z € E'\ {0}, ||z ® 1||, = 1 for all but finitely many b € P(K).

By simplicity, if € E, we put x = x ® 1 € Ej, when it is clear from the
context and we consider £ C Ej,.

A morphism between two adelic vector spaces ¢ : E4 — FE 4 is given by
a homomorphism of vector spaces ¢ : E — E’ and the collection of induced
homomorphisms v, : E, — Ej given by 2 ® 1 +— ¢(x) ® 1 for any x € E.

Definition 2.6. ¢ : E4 — FE/; is an isometry of adelic vector spaces if
the underlying homomorphism between K-vector spaces v : F — E’ is an
isomorphism and moreover vy, : E, — Ej is an isometry for any b € P(K).
The isometry relation between adelic bundles is indicated simply by the
symbol =.

In order to define the concept of adelic line bundle we need the general
notion of purity for a normed vector space. Let (V.|| - ||) be a normed vector
space over a field (F,| - |), then we can define another norm on V' in the
following way:

l|z||o :=inf{|t|: t € F, ||z]] < |t|}. (2.4)

Clearly it holds that ||z|| < ||z||, for any x € V.

Definition 2.7. A normed vector space (V|| -||) over (F,|-|) is said pure if
||z|| = ||z||o for any = € V.

Definition 2.8. An adelic line bundle over K is an adelic K-vector space
La=(L,{]|-]|p}) of dimension 1 such that (L, ||-||s) is pure for all b € P(K).

Remark 2.9. In general an adelic vector bundle of rank r is more than an
adelic vector E 4 space of dimension r with the purity condition at each place,
indeed we also require that Ej has an orthonormal basis for all but finitely
many b.

Definition 2.10. Let L4 be an adelic line bundle, then we can define the
adelic realization of Ly as

AK(LA) = H/ Lb = H/(L ®K Kb)

where the restricted product is taken over the unit balls

B(Li,1) = {y € Ly: llylls < 1}.
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Given two adelic line bundles Ls = (L, {|| - ||p}») and Ly = (L', {|| - |} }»)
we can construct the adelic line bundle

La® Ly :=Lap L' A{ll-1h@]l})
where || - || ® || - ||} is the norm on L, ® L} = (L ®x L), defined by
@y = |lzlollylls-
It is easy to see that adelic line bundles form a group with the identity element

given by Ky = (K, {| - |s}).

Definition 2.11. The group of adelic line bundles modulo the isometry
relation is called the adelic Picard group and it is denoted by APic(K).

Let L4 be an adelic line bundle on K, for any nonzero s € L we want to
define the order of s at b € P(K). At any place b, by the purity of L, we can
find? an element w, € Ly, such that ||wp||, = 1. We can write in a unique way
s = wpay with ap € K. Define

ordy(s) := vp(ay)
it has two important properties:

« For all but finitely many b € P(K) we have that ord,(s) = 0. This is
true because for all but finitely places ||s||, = 1, hence ||, = 1.

« ordy(s) is independent from the choice of w,. Indeed let wj be another
element such that ||w;||, = 1, then w, = pwy, for p, € Ky and |pf, = 1.
It follows that s = wjupay and v, () = vp(w).

2.2 Algebraic curves

We have defined the local data attached to any point of a one dimensional
scheme, now it’s time to “glue” this data and get the adelic ring,.

Notation. In this section we fix a perfect field k and a k-scheme X which
is Noetherian, geometrically integral and of dimension 1. The function field of
X is K = k(X) and of course it is an algebraic function field of one variable
over k. We will call all the schemes, which have the same properties of X,
simply algebraic curves over k.

2Note that since archimedean places of F are discrete, the “inf” of equation 2.4 is a
actually a “min”, for any place b.
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2.2.1 Adeles

First of all note that we have two inclusions: k — K:&q and k — Ox, C K, 4,
so K, 4 is a discrete valuation field of equal characteristic and char K, ; =
char ?x,q = char k. The ring K, considered with its natural topology of finite
product of discrete valuation fields; it is locally compact only when k = F,.
For a generic k£ we just know that K, is a locally linearly compact k-vector
space (and also a topological ring), such that O, a linearly locally compact
open subspace (see example F.6 and proposition F.4(5)).

Definition 2.12. The adelic ring of X is defined as:

AX = H/ Kx

zeX

!
where H is the restricted product, in the category of locally linearly compact
vector spaces, with respect to the subspaces O,.

If X is singular and X is its normalization, then by remark 2.3 we can
deduce that Ax = Ag. This means that we can basically work just with

regular curves, on which we have the big advantage that K, = Fracg)(,\x

and O, = E; In this case, for a choice of local parameter @ we have an
isomorphism K, = k(z)((w)).

The following theorem is the key link between classical theory of adeles
and geometric theory of adeles:

Theorem 2.13. Assume that X is reqular. There is a bijection between the
closed points of X and P(K).

Proof. For each closed point z € X', the ring O, is a DVR since z is
nonsingular; hence we have a place on K = FracOx,. Let z,y € X’ two
distinct points, by the Riemann-Roch theorem it is possible to find an element
f € K* such that v,(f) > 0 and v,(f) < 0; this implies that = and y give
different places on the field K.

It remains to show the surjectivity of the map. Since K is an algebraic function
field over k, each place p on K which is trivial on k is non-archimedean (See
21, T, 1.2]), so it arises from a discrete valuation v : K — Z such that
v(k*) = 0. Let O, be the valuation ring of v, since k* C O,, we have the
following commutative diagram of schemes where the construction of the
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arrows is straightforward:

Spec K ——— X

l l (2.5)

Spec O, —— Spec F' .

Now we apply the valuative criterion of properness ([37, pag. 106]) to deduce
that the morphism ¢ of diagram (2.5) extends to a morphism z : Spec O, — X.
Moreover ¢ induces a local and ring embedding;:

ﬁX,x — (Ov)pv = Ova

so by a property of valuation rings (See [37, lemma 3.24]) which says that
valuation rings in K are maximal under the relation of domination amongst
local rings contained in K, we have Ox , = O,. We can conclude that v, and
v define the same topology on K. O]

Let’s assume the following convention if not otherwise specified:

X is a regular curve, otherwise we can consider its normalization X. Moreover
we always identify the set of closed points of X and P(K).

When k = F,, then K is a global field of finite characteristic and all places are
trivial on [F,. It follows that A x is exactly the classical ring of adeles usually
denoted by Ak. So, the geometric approach to adeles described here extends
the classical theory from global fields of finite characteristic, to function fields
of one variable over any perfect field k.

Now we use the theory of differential forms developed in section 1.2.2
applied to the valuation fields K,. For any z € X let’s put by commodity:

1. 1,sep
Q, = QKWVC,

res, 1= IeSk, |k Qi — k.

Clearly we have a (nontrivial) composition of maps

Qe = e = U (2.6)
where Q}qk is the usual K-vector space of rational differential forms on X.
But by [37, Def. 6.1.14 and Prop. 6.1.15] we know that Q}(lk has dimension
1, hence we can conclude that equation 2.6 gives an embedding Q}q L QL.

For any n = fdw € Q. we can define the valuation v,(n) := v,(f), where
vz (f) is the usual complete discrete valuation in K. It is straightforward to
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check that the value v,(n) is well defined independently from the choice of
the uniformizer w.

The following theorem is a classical result, often presented for curves over
algebraically closed fields:

Theorem 2.14 (1D reciprocity law). Let w € Q.. then

Z res,(w) =0.

Proof. See [59, Corollary of theorem 3]. ]

Lemma 2.15. Fix a nonzero rational differential form w € Q}ﬂk, then for
any x € X we have that’

0L = {res, (- bw): v,(b) > —v,(w)}.

Proof. In chapter 1 we showed that the map 9 := res,(-w) : K, — k is a
standard character, so in particular any other k-character of K, is of the form
Wy := res, (- bw) for b € K.

Let b € K, such that v,(b) > v,(w), then for any a € O,: 1y(a) = res,(abw),
but:

vz (abw) = vgp(a) + vy (b) + vp(w) > ve(a) — vp(w) + vp(w) > 0;

hence ¢(a) = 0 and one inclusion is proved.
Vice versa assume that b is such that v,(b) < —v,(w) then v, (bw) =r < 0 if
a=w " e O, then ¢p(a) # 0. O

The following theorem is the generalization of the classical duality result
for adeles.

Theorem 2.16. Fiz a nonzero rational differential form Q}qk and consider
the map:

YAy — k
(ag)s + Z res, (a,w) .
zeX

Then Y* is a standard character for Ax. In particular Ax is self dual.

3For the notation “A” see appendix F.
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Proof. We show that any k-character of Ax is of the form ¢ (- ) for a
uniquely determined element 5 € A x, the rest of the proof will follow easily
by using theorem F.13 which in particular says that

Ay = { Z Vi, € K and 1, € OF for all but finitely many x} .

rzeX'’

We know that v, = res, (- b,w) for a unique b, € K, and for all but finitely
many z vg(b,) > —v,(w) (see lemma 2.15). The classical product formula
says that v,(w) = 0 for all but finitely many x, hence b, € O, for all but
finitely many = and we conclude that 8 = (b,), € Ax. ]

Definition 2.17. Fix a nonzero rational differential form w € Q}q ,» then the
standard character ¢¥* of theorem 2.16 gives a so called global differential
pairing (associated to w) on A x:

dy :Ax xAx — k
(o, B) — Y“(af) = Z res, (. f.w) .

zeX

It is straightforward to notice that d,, is bilinear, continuous and symmetric.

2.2.2 Adelic complexes

We want to show that invertible sheaves (up to isomorphism) on X correspond
exactly to adelic line bundles on K (up to isometry).

Let .Z be a locally free sheaf of rank r over X (since X is noetherian .Z is
coherent), if 7 is the generic point of X then .Z, is a r-dimensional K-vector
space. First of all, for any x € X put:

Kx(g) = ogfﬂn KK Kx - (gx ®ﬁx’z K) KK Kz - gx ®6’X7z Kx>

O (L) = L @y Oxr.

We are mostly interested in the case when £ is an invertible sheaf,
therefore from now on we assume that r = 1. If e, is a local O ,-basis at
x for %, then any nonzero element t € K,(.£) can be written as t = e,a,,
with a, € K, and its norm can be defined in the following way:

HtHw = ’am|r .

Since two basis at x of £, differ by an element in Oy, we deduce that || - [,
is well defined independently from the choice of e,. Fix a nonzero rational
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section s € .Z, then we can find an element a € K and a collection of local
Ox -basis {l, }zex of £, such that s = [,a (note that now a is the same at
each x). By [37, Lemma 7.2.5] we know that a € O, for all but finitely
many z, therefore .}, is an adelic vector space. Finally, the purity condition is
trivially true, so .Z;, is an adelic line bundle. With the above metric structure
given on K, (%) we have that

0,(L) = {t € K (Z): ||t|l. <1}

It is important to understand in detail what is the local metric structure
associated the invertible sheaf @'x (D) for a divisor D = >~ _ n,[z] € Div(X).
Consider D as a Cartier divisor and assume that f, is a local equation of D
at , then

K.(Ox(D)) = f;'Ox, R0y, Ko = K, .

Pick the element f,! as Ox ,-basis of f;'O0x,, the any t € K,(Ox(D))
can be written as t = f,'(f,t), and we conclude that ||t||, = |fe|z [t].. Now
remember the relation, n, = v,(f, '), then we get the following explicit
expression for the norm on K,(Ox(D)):

-l =™ -z (2.7)

where the constant ¢, was defined in equation (2.3).
The following theorem gives the equivalence between invertible sheaves
and adelic line bundles:

Theorem 2.18. Pic(X) = APic(K).

Proof. To any line bundle . we associate the adelic line bundle (.Z, || |+)
as explained above. Let’s find the inverse of such a map. Let (L, || ||.) be an
adelic line bundle, then for any open set U C X we define:

L) ={teL:||t]. <1, Vze U} .

Clearly ., is a sheaf of Ox-modules. Choose any s € L, then on V :=
X\ {z1,...2,} by the general properties of adelic vector spaces we have that
||s||l= = 1; it means that for ¢t € £ (V) we can write t = as for o € K and
such that ||t||, = |a|, <1 for any € V. The last condition actually implies
that a € Ox (V). We can clearly cover X with subspaces constructed like V',
and this shows that .Z7, is a line bundle. Finally it is straightforward to check
that we have constructed the inverse map we were looking for. O]
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The adelic realization (see definition 2.10) of the adelic line bundle .%,
associated to an invertible sheaf .Z is:

Ax(2) = [ K2)

zeX

where the restricted product is taken with respect to the rings O,(.%). For
¥ = Ox we obtain Ax(Ox) = Ay, so we have recovered the usual adelic
ring attached to X. The vector space ), is diagonally embedded in A x(Z)
with the identity morphism, moreover let’s define the space

Ax(2)(0) = [] 0.(2),

zeX

then we get following adelic complex:
Ax(Z): 0= 2,0 Ax(ZL)(0) = Ax(Z) =0 (2.8)
with the main map given by

(Sv (a:c)a:) — (3 - Oéx)x .

Let D =3 .y n.lz] € Div(X) and let .Z = Ox (D). Consider an expression
D = (f;,U;) as Cartier divisor, we obtain the idelic point ap = ( fi’_ml)x €A%,
where for each # € X’ we can choose any (f;, U;) such that = € U;. Then it is
evident that

Ax(ﬁx(D)) = O./DAX = AX .

Furthermore thanks to equation (2.7):

AX(D) = AX(ﬁX(D»(O) = {(t$)$: ||tm||x < 1} = {(tx):c: Ux<ta:)a: > _nm}'

Proposition 2.19. Fix a nonzero rational differential form w € Q}qk, and

denote with (w) € Div(X) the divisor associated to w. Then for any divisor
D € Div(X) we have that

Ax(D)* = Ax((w) - D)
Proof. This is an easy generalization of lemma 2.15. [

In other words the adelic complex Ax(Ox (D)) is exactly the adelic com-
plex
Ax(D): 05> K®Ax(D)—Ax =0 (2.9)
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defined in [19]. When D = 0 we put simply Ax := Ax(0), and since
Ax(0) =II,cx Ou, we obtain

Ax - 0—>K@HO$—>AX—>O (2.10)

zeX
The cohomology groups of the complex Ax (D) are the following ones:
H°(Ax(D)) = KNAx(D); H'(Ax(D))=Ax/(K+ Ax(D)).
We want to prove that the cohomology of Ax (D) is equal to the cohomology

associated to the sheaf Ox (D).

Lemma 2.20. Assume that [K : k(t)] = m, then we have the following
algebraic and topological isomorphism:

Ay = A]P’}ﬂ Qk(t) K= @ AP}C

i=1
Proof. See [10, Ch II, 14]. O

The following theorem is fundamental and it is the generalization of the
classical version proved in Tate’s thesis in the case when K is a global field.
Here we give the proof in the case of the function field K and the locally
linearly compact space Ax.

Theorem 2.21. Consider K C Ax with the diagonal embedding, then the
following statements are true:

(1) K is discrete in Ax.
(2) The quotient Ax /K is a linearly compact k-vector space.
(3) K = K+ with respect to the differential pairing of definition 2.17.

Proof. Thanks to 2.20 we can assume that X = P} and K = k(t), then the
general result will follow easily.
(1) Let co be the point at infinity of P} and consider the divisor —D,, = —[o0].
Let’s check that

KNAx(—Dy) =0, (2.11)

this would be enough to conclude that K is discrete in Ax. Suppose that
fe KNAx(—Dy) and f # 0, then:

e v (f) > 01ie. |f|l. <1 when x # o0
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¢ Uso(f) > 1ie |floo < é < 1 where the constant c,, was defined in
equation (2.3).

The above items and the product formula imply the following contradiction:

1=]]Ifl.<1.

reX

Thus we can conclude that equation (2.11) holds.
(2) To prove this point we need two substeps:

(2a) Ax(—Ds) is linearly compact.
(20) Ax = K @ Ax(—D).

(2a) Note that Ax(—Dy) = @A x(0) where o = () is any element such
that v, (ay,) = 0 for x # 00, and v (@) = 1. Therefore we have a surjective
continuous homomorphism:

Aot Ax(0) = Ax(—Dy)
B = ap

which implies (thanks to proposition F.4(2)) that Ax(—D.) is linearly
compact.

(2b) The prime ideals of K are in bijective correspondence with a set of
irreducible polynomials in k(t), therefore just by simplicity we will write
p(t) € Spec K if p(t) is a chosen generator for a prime ideal p € Spec K. Thus
any adelic element o = (), € Ax can be written as:

& = ((ap(t))p(t)ESpecKa aw) ;
moreover remember how the valuations on each K are defined:

Uo(t) (Dizm Aipp(t)') = m
Voo (ZQm >‘i,ooti> =-m

for m € Z. The strategy is the following: for any o € A x we find an element
v € K such that @« — 7 € Ax(—D4); and this v will be the sum of two
elements § and ¢’ that we are going to construct. For any p(t) € Spec K
consider the following two objects

oz;(t) = Z )‘i,p(t)p(t>i7

i<—1
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gi= Y . (2.12)

p(t)eSpec K

Note that the sum of equation (2.12) is well defined thanks to the adelic
condition. For any irreducible polynomial ¢(¢) € Spec K we have:

Vg(r) (g (t) = 0) = vgqey | () — Aypy) — Z A | 20,
p(t)#q(t)

hence for any point z € X'\ oo, a, — § € O,. Now suppose that

Qoo = 0= Ainot',
>m
then consider ¢ = Y7~ Xioot” € K[[t]], then v (o — & —¢) > 1. Since k[t] is
dense in k[[t]], there exists ¢’ € k[t] such that:

Voo (Qloo — 0 — ') > Voo (oo — 6 — €) .
With such a choice of ¢ we conclude that v = § + ¢’ € K and moreover:
o vy(ay, —0 — &) >0 when z # oo.
¢ Uoo(oo — 0 —0") > 1.

This means that « — v € Ax(—D«) as we wanted.

Finally we use use (2b) to ensure that Ax/K = A x(—Dy), furthermore (2a)
implies that A x/K is linearly compact.

(3) By the residue formula it follows immediately that K- O K. Moreover
K+ = (Ax/K)V is discrete since by (2) Ax/K is linearly compact (see
proposition F.9); therefore also the quotient K+/K turns out to be discrete.
On the other hand:

(Ax/K)/(K+/K) = Ax /K™

is a T2 space because K is closed?, hence K*/K is closed in the linearly
compact space A x /K (we are using (2)). By proposition F.4(1) we conclude
that K+ /K is linearly compact and discrete, so it is a finite dimensional
k-vector space by proposition F.4(3). Suppose that dimj, K+ /K = m, then
dimg K+/K =1 < m and we have:

l 00
KYYK=][K=]]k
=1 =1

4Remember that the quotient G/H of two topological groups is T2 is and only if H is
closed in G
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thus the only possibility to obtain dimj, K*/K < oo is [ = 0 which means
Kt =K. O

At this point we are ready to prove the main result regarding the adelic
complex:

Theorem 2.22. For any divisor D = 3" _\ n,[z] € Div(X) and any i > 0
we have the following isomorphism of k-vector spaces:

H'(D) = H'(Ax(D))

where H'(D) := H'(X, Ox (D)) and H'(Ax (D)) is the i-th cohomology group
of the adelic complex (2.9).

Proof. For i > 2 it is straightforward to notice that H (D) = H'(Ax (D)) = 0.
The case ¢ = 0 is described in the following equation:

H°(Ax(D)) = KNAx(D) ={f € K: v,(f) > —n,} = H(D).

So it remains to prove only the case ¢ = 1. Remember that by Serre’s duality
we have H'(D) = H°((w) — D)*, where * is the operation of taking the
algebraic dual of a k-vector space, then by using the already proven case of
1 =0 we get:

HY(D) = H'((w) — D) = H*(Ax((w) — D)) = (K N Ax((w) — D))"
It follows that (K N Ax((w) — D))* is finite dimensional over k, so
(KNAx((w) = D))"= (KNAx((w) = D))"

Now thanks to proposition 2.19, proposition F.11 and theorem 2.21 we obtain:

HY(D) = Ax((w) = D))" = (KN Ax(D)")" = Ay /(KN Ax (D))" =

= Ay /(KT + Ax(D)™) = Ax /(K + Ax(D)).

Finally if we show that K + Ax(D) is closed in A x, we obtain the required
isomorphism H!(D) = H'(Ax(D)). Consider K N Ax(D), it is of finite
dimension over k and discrete, so it is linearly compact by proposition F.4(4).
This means that KN Ax(D) is closed in A x(D) (because the latter is linearly
compact too). The isomorphism:

(K + Ax(D))/K = Ax(D)/(KNAx(D))

48



implies that (K + Ax(D))/K is linearly compact, hence it is closed in Ax/K
(which is linearly compact). Therefore

(Ax/K)/((K+Ax(D))/K) = Ax/(K + Ax(D))
is a T2 topological space and we can conclude that K + A x(D) is closed in
Ax. ]

Remark 2.23. A first immediate consequence of theorem 2.22 is the adelic
interpretation of the genus of X:

g(X) = dimy(H'(0)) = dim(H'(Ax(0))) = dimp(Ax /(K + Ax(0)))

One can also define the idelic complex A% attached to X (in this case
there is no dependence on the chosen divisor):

Ay: 0> K @ Ax(0)* — AY —0
(f,(aw)e) = (faz').

Remark 2.24. Note that the idelic complex is well defined because Oy is a
multiplicative group for any = € X', therefore Ax(0)* is a subgroup of A%.

The cohomology of A% is given by
HY(AY) = K*NAx(0); HY(AY) = AS/K*Ax(0)*.
Theorem 2.25. For any @ > 0 we have the following isomorphism of groups:
HY(X,0%) = H'(AY).
In particular A% /Ax(0)* = Div(X) and H'(A%) = CI(X).

Proof. Clearly we have to check just the cases i = 0 and 7 = 1. The former
one is trivial:

HY(A%) = K*nAx(0)* = () 0%, =H(X,0%) =k
reX

Now construct the map:
p: A% — Div(X)
(az)s — Z vz () [2] (2.13)

reX
which is: well defined, evidently surjective and with kernel given by

Ax(0)*=JJ or.
zeX'’

It follows that A% /A x(0)* = Div(X) and H'(A%) = CI(X) ¢ H(X, 0%).
[
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2.2.3 Functoriality: adeles and morphisms of curves

Let’s fix a surjective morphism ¢ : X — Y of algebraic curves over k, not
necessarily regular, then we want to study how the adelic rings of X and Y
are related through the map . The usual properties of morphisms of schemes
will guide us, indeed we know that for any fixed closed point § = ¢(Z) there
is a local injective homomorphism of rings @7 : Oyy — Ox 3. We now want
to show how the local maps ¢ “glue together” to a morphisms of ST-rings

gOaiAy—>Ax.

The local homomorphism ¢ induces a commutative diagram (with continuous
maps with respect to the obvious topologies):

—— 1/} —
Ovy — Oxz

b

Pz

Now let g any minimal prime ideal of 5); and let’s put ¢(q) := ¥ 7'(q), then
by localisation we obtain in a canonical way a continuous homomorphism:

(Ovg)o@ = (Oxz)q
which, with the notation of subsection 2.1.1 is a homomorphism:
Prq: Ky = Keg-

such that ¢z 4(k(Y)) C k(X).
By using the notation of proposition 2.1 for the map ¢; : Spec Oy; —
Spec Oy 5 let’s put

Prq Ky = H Kgp — Kzg
pedy ' (0)

Bo)y = Pz4(Be))

so we can define:

QO:E@ . Kg — K@
B = (@%,q (B))qeqbgl(O)
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Moreover we have

and finally we obtain

The homomorphism ¢® clearly induces by restriction a continuous homo-
morphism:
gDa : Ay — A X
as expected. When ¢ is also flat, the pullback of divisors ¢* : Div(Y) —
Div(X) is well defined and we have the following important proposition:

Proposition 2.26. Assume that ¢ is flat and fix a divisor D € Div(Y'). Let
©*D € Div(X) be the pullback of D, then the map ¢ : Ay — Ax induces by
restriction a morphism ¢%(D) : Ay (D) — Ax(¢*D).

Proof. For any closed point x € X let’s put y := p(x) and let D =3y ny[y].
By definition of the pullback of a divisor we have:

©*D = Z CxlyNylT] |

rzeX

where if ¢, is a local parameter of Oy, then ey, := v (o7 (t,)) € Ox,; is the
ramification index at z. Now let o, € K, such that m := v,(c,) > —n,, then
we can write oy, = uty where u € (’); and we have:

o (ay) = ™ (ut]') = o7 ()™ (£,)™.

It follows that v, (o (ay)) = €qzym > —eg,n,. The above argument implies
that if (o), € Ay (D), then ¢*((ay),) € Ax(¢*D). O

Under the hypotheses of proposition 2.26 we can easily conclude that
there is the following homomorphism of complexes:

Ay (D): 0 —— k(YY)D Ay(D) > Ay > 0
lsoa@p“ lso“
Ax(¢*D): 0 —— k(X)® Ax(p*D) > Ax > 0.
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2.2.4 Idelic and adelic interpretation of the degree of
a divisor

For algebraic curves the “intersection theory” is related simply to the concept

of degree of a divisor; in this subsection we will see how to re-interpret it by

means of ideles and adeles. As an application of the adelic point of view we

will derive the classical Riemann-Roch theorem.

In equation 2.13 we defined the projection map p : A% — Div(X), so
basically we can see ideles as a generalization of divisors on a curve.

Definition 2.27. The idelic degree is the map:
ideg: Ay — Z
(az)a + Y valag)[k(x) : K]

reX’

which descends to a map ideg : H'(A%) — Z.

It is easy to check that it the correct definition since we have the following
commutative diagram:

Ax

S
de

Div(X) —2% Z

which in turns induces the following commutative diagram:

H'(AX)
lg ideg
. deg
Pic(X) Z

This completes the idelic interpretation of the degree of a divisor; on the
other hand the adelic interpretation is a bit more involved. Let’s start with a
very general proposition involving locally linearly compact vector spaces:

Proposition 2.28. Let V' be a locally linearly compact k-vector space and
let Lo(V') be the set of open locally compact subspaces. Then there exists a
unique map:

wy : Lo(V) x Lo(V) — Z
(A,B) — wy(A,B)

satisfying the following conditions:
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(1) wy (A, B) +wy(B,C) =wy(A,C) for any A, B,C € Lo(V).

(2) If A D B, then wy (A, B) = [A : Bl where we use the following notation

Proof. Let’s define:
wy(A,B):=[A: ANB|p—[B: AN Blg;

it is easy to check that this map verifies conditions (1) and (2), so let’s
check the unicity. Let w’ be another map satisfying (1) and (2), then for any
C e AN B and C € Lo(V) we have:

w'(A,B) =w'(A,C) —w'(B,C)=[A:Cl;, — [B:C)y =
=[A:ANBly+[ANB:Cly—[B: ANB],—[ANB:C)x =wy(A4,B).
[

We can give an alternative expression of the map wy if we fix a closed
subspace T'C V. For any A, B € Lo(V) put:

wr(A, B) := wyr((A+T)/T,(B+T)/T)
wi(A, B) :==wr(TNATNB)
(remember that V/T and T are again locally linearly compact) then the map:
(A, B) := wy(A, B) + w(A, B)

satisfies the two conditions of theorem 2.28 on V and we can conclude that
w = Wy .

Definition 2.29. Let D € Div(X), then the adelic degree of D is:
adeg(D) := wy (Ax(D), Ax(0))

The characteristic of the adelic complex Ax (D) is defined in the following
way (it is the usual definition of characteristic of a complex in commutative
algebra):

X(Ax(D)) =) (=1)'h'(Ax(D)) = h°(Ax(D)) — h'(Ax(D)).

1>0

where h'(Ax (D)) = dimy(H*(Ax(D)). The adelic Riemann-Roch theorem is
a formula connecting the values of adeg(D) and x(Ax(D)):
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Theorem 2.30 (Adelic Riemann-Roch). For any divisor D on X we have:
adeg(D) = x(Ax(D)) — x(Ax(0))
Proof. Consider the closed k-subspace K C Ay, then:
adeg(D) = wi (Ax(D), Ax(0)) + wi(Ax(D), Ax(0)) =
= —wa/k(Ax/K,(Ax(D)+ K)/K) +wa,/x(Ax/K, (Ax(0) + K)/K)+
+IUK(AX(D) N K, 0) — U)K(Ax(O) N K, O) .
But:
(Ax/K)/((Ax(D) + K)/K) = Ag/(Ax(D) + K) = H'(Ax(D)),
Ax(D)NK = H' (Ax(D)).
In other words the above expression of adeg(D) becomes:
adeg(D) = —hl(Ax(D)) + hl(Ax(O)) + hO(Ax(D)) — hO(Ax(O)) =
= X(Ax (D)) — x(Ax(0)) .
O

Finally we want to show that the adelic degree coincides with the usual
degree of a divisor, and this will give a proof of the Riemann-Roch theorem
based just on the adelic theory .

Lemma 2.31. If D, D' € Div(X) and D > D', then:
[Ax(D) : Ax (D" = deg(D) — deg(D").

Proof. Suppose that D = %" _\ n,[z], we work by induction on deg(D) —
deg(D’). When it is 0, then everything is trivial, so let’s prove the basis of
induction in the case deg(D) — deg(D’) = 1. It means that D = D' + [z] for
a point z € X; then let’s define a map:

i Ax(D'+[2]) = k(2)
(ax>x — Oéz,fnzfl

where

a, = Zamwi € k(z)(w)) .

i>m
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Note that we are fixing a uniformizer parameter w on K,. It is easy to
verify that 1) is surjective and moreover its kernel is A y(D’), thus we get an
isomorphism A x(D)/Ax(D’) = k(z) which implies the following equalities:

[Ax (D) : Ax(D)]k = [k(2) : k] = deg([2]) = deg(D) — deg(D").

Suppose now that the lemma is true for deg(D) — deg(D’) = n, then if
deg(D) — deg(D’) = n + 1 we can always find a divisor D" such that:

« D)< D"<D.
 deg(D") — deg(D') = n.
+ deg(D) — deg(D") = 1.

Then we obtain:

deg(D) — deg(D') = deg(D) = deg(D") + deg(D") — deg(D’) =

[Ax(D): Ax(D")le + [Ax(D") : Ax(D')]k = [Ax(D) : Ax(D')]y..

Proposition 2.32. Let D € Div(X), then adeg(D) = deg(D).

Proof. First of let’s write denote with D~ the negative part of the divisor D,
and note that D > 0 > D~. Then we have

adeg(D) = wy(Ax(D),Ax(0)) =
=wy(Ax(D),Ax(D7)) —wy(Ax(0),Ax(D7)) =
= [Ax(D) : Ax(D7)]k — [Ax(0) : Ax(D7)] =
—(lem- 231 qeg(D) — deg(D™) — deg(0) + deg(D~) = deg(D) .
O

By the adelic Riemann-Roch theorem and proposition 2.32, for any divisor
D on X we obtain the formula:

deg(D) = x(Ax (D)) — x(Ax(0)).
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2.3 Arithmetic curves

For a number field K, the classical adelic ring Ax can be interpreted as
an object attached to the arithmetic scheme X = Spec Og. But there is
substantial difference with respect to the geometric case, in fact the result of
theorem 2.13, is no longer true in this setting. The archimedean places on
K don’t correspond to any geometric data on the scheme X, so in order to
restore the correspondence between the arithmetic of K and the geometry of
X, we have to work in the setting of Arakelov geometry, where we complete
X to X by including the so called “archimedean points”.

Notations. In this section we fix a number field K whose ring of integers
is denoted by Og. Our prototype of (possibly singular) “arithmetic curve’
will be B = Spec A, where A C Ok is an order of K. The normalization of
X is clearly Spec Ok and as we did in the previous section, we will see that
by the purpose of adelic theory it is always enough to work with Spec Og.
Appendix C is a prerequisite for this section.

Y

2.3.1 Adeles

For each closed point b of B = Spec A we consider the ring K defined in
section 1 (a sum of complete valuation fields). Moreover for any embedding
o : A <= C up to conjugation, we define K, to be R or C (depending on
whether o is real or complex) and the choice of the absolute value | - |, on
K, is made like in appendix C. As usual we denote with B, the set of
archimedean points of B i.e. the set of complex embeddings of A up to the
conjugation relation and moreover we set B = B U B.,. Clearly (0) is the
unique non-closed point of B and with the notation b € B we allow z to be
either a point of the scheme B or an archimedean point. Note that for any
be B\ (0) the additive group K, is linearly compact.

Definition 2.33. The adelic ring of B is defined as:

!/
where H is the restricted product, in the category of locally compact groups,
with respect to the subgroups Q.

Remark 2.34. By simplicity we will often denote Az as Ax. Moreover for
obvious reasons we identify the set of places P(K) with B\ (0).
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By definition, A contains an integral basis of K|Q, then all the complex
embeddings of O arise from the complex embedding of A, so by using remark
2.3, it is evident that Az AS <O . For this reason from now on, if not
otherwise specified we w1ll COHSldeI‘ B = Spec Og. Under this assumption
Ky is a complete discrete valuation field and for b non-archimedean Oy, is its
valuation ring.

The theory of duality and pairings on A5 is simpler than the geometric
theory, since we don’t need to deal with differential forms and local linear
compactness. It is enough to use the classical Pontryagin duality theory for
locally compact groups; each field K, is self dual with respect to a standard
character ¢ : Kj, — C* which can be defined in the following way (see [52,
Exercise 7.1]):

o If b is archimedean, then ¢(a) = e —2miTrg k() for any a € K.

o If b is non-archimedean then Kj is a finite extension of Q, for a prime
p. If for any a € K, can write Trg,|q,(a) = Zj>m a;p’, then let’s put:

Un(a) = EZn e

Theorem 2.35. The map:

(@) = Y Wlaw).

beP(K)

is a standard character for the locally compact group Agz. In particular Ag is

self dual.
Proof. See [52, Lemma 5.3 and Theorem 5.4]. O

Definition 2.36. The standard character ¢° of theorem 2.35 gives a so called
global pairing on A g:
d: AE X AE - C*
(a,8) = af)= Y Uylawp).

beP(K)

It is straightforward to notice that d is continuous and symmetric.

The topological interplay between K (with its diagonal embedding) and
A 5 is similar to geometric case (see theorem 2.21). Linear compactness is
just replaced by usual compactness of groups:
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Theorem 2.37. Consider K C Ag with the diagonal embedding, then the
following statements are true:

(1) K is discrete in Ag.
(2) The quotient Agz/K is compact k-vector space.
(3) K = K+ with respect to the pairing of definition 2.56.

Proof. See [52, Theorem 5.11] for (1) and (2). The proof of (3) is similar to
2.21(3). 0

Note that unit discs in R and C are not groups, so we don’t have any
adelic complex. By the way unit circles are multiplicative groups, so:

A0 =[O
beB
is a subgroup of A% and we have a well defined arithmetic idelic complex
AL 0= K @ Ap(0)" — AZ—0
(f; (aw)s) = (fay ')

2.3.2 Idelic and adelic interpretation of the Arakelov
degree

As we did for algebraic curves, we can give an interpretation of the Arakelov

degree of a divisors in terms of ideles and adeles. The idelic version will be

very simple and natural, whereas for the adelic version there is a bit of work

to do, and in this case measure theory is involved.
First of all we define surjective morphism:

ﬁ:A}X§ —  Diva,(B)
(ap)y X (@0)s = > vp(ap)[p] + D 2vg(a)[o]

peB 0€Bx
then we have the idelic version of the degree:
Definition 2.38. The Arakelov idelic degree is the map:
idegy, : Ay — R
1
(ap)p X (ao)a = Z Up(ap) IOg m(p) + 5 Z 60’00(0[0)
peB’ 0€Bx

which descends to a map ideg,, : H'(A%) — R.
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The idelic description of the Arakelov degree is now complete, since we
have the following commutative diagram:

X
Ajg

~ idegAr
p

Diva,(B) —245 R

which in turns induces:

ideg
Pica,(B) —4% R

In order to describe the adelic theory, we have to study adelic line bundles
on the number field K. On algebraic curves, invertible sheaves correspond to
adelic line bundles, now we expect the arithmetic version of this correspon-
dence, that should involve hermitian invertible Ox-modules (see C.2) and
adelic line bundles. First of all we show how to define an adelic line bundle
on K by starting from an hermitian invertible Ox-module (L, {hy},). The
underline K-vector space is L ®q, K, moreover for any b € P(K) the norms
on K,(L) := L ®¢, K, are defined in the following way:

o If b is non-archimedean, consider a Og-basis w of L, then any element
of t € Ky(L) can be written uniquely as ¢t = wa with a € Kj;. Then we
put

1]y := lalo ,

and of course this definition is independent from the choice of w.

o If b = 0 is archimedean, then on K (L) = L ® _C we consider the
norm induced by the hermitian product h,.

By the classical product formula it is easy to see that for any nonzero
v € L®o, K, ||n]| =1 for all but finitely many b € P(K); moreover the
purity condition obvious. By commodity we give a name to the unit ball in
Kb(L)Z

Op(L) :={t € Ky(L): ||t|]p < 1}.

As we did in the case of geometric curves, we want to find explicitly the
metrics on the hermitian invertible Ox-module (€g(D), {e* hg,},) arising
from the Arakelov divisor D = >, 5 n[b]. The very easy calculation
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follows directly from the definition of &g(D) (like in the geometric case),
indeed K,(0p(D)) = K, and we get:

- lo =, ™1 o
Theorem 2.39. Picy,(B) = APic(B).
Proof. Tt is an easy modification of the proof of theorem 2.18. O

So far the theory seems completely parallel to the adelic theory on algebraic
curves, but this is exactly the point where we can find a big conceptual
difference. There is no straightforward way to define an adelic subspace
AB(D) for a fixed Arakelov divisor D and this happens because of the
presence of archimedean points o € B,. In fact the balls O, (L) C K, (L) are
not additive subgroups as we mentioned earlier. So, if we decided to proceed
like in the geometric case and we tried to define a “naive version” of Az(D),
we would simply get a subset of Ag; but this is clearly not enough to get an
adelic complex and an adelic cohomology.

Even without the adelic complex, we can obtain and adelic interpretation of
the degree of an Arakelov divisor by using the Haar measures on Kj. First of
all, for any place b let’s fix a Haar measure i, on Kj:

« If b=p € B, p, is the Haar measure such that p,(0,) = 1.
e Ifb =0 € By we put p, = % where )\ is the complex Lebesgue measure.

The product p := [], i is a Haar measure on the adelic ring A 5, but here

we consider the function
= H Hp - H po
p o

acting on each measurable set [[, Uy C A g in the following way:

1 (H Ub> = Hﬂp(Up) : HHJ(UU)%
b p o

Let L4 be an adelic line bundle and fix a local basis w, such that |[w||, = 1
for any vector space L;; this choice gives an isomorphism L, = K, which
induces a function i on L4. Then we define the degree of L4 to be:

deg(Ly) :=logpn H Oy(L

beB
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It is straightforward to verify that deg(L4) doesn’t depend from the choice of
(wp)p and moreover that it is constant on isometric classes of adelic line bundles.
In other words we have a well defined map deg : APic — R. Finally let’s
check that if D =3 n,[p] + >, a,[o] is an Arakelov divisor, the Arakelov

degree of D coincides with the degree of the adelic line bundle L4(D) that
we define as the adelic line bundle associated to the hermitian invertible

Ok-module (Og(D),{e* ho,}s):

degLA(ﬁ)zlogﬁ H(’)b(L) —

beB

= log i <H{:13 € Ky N(p) "z, <1} [[{z € C: e 2] < 1}) =

p

= log (H (™ 0p) - [[ 1o ({z € C: 2] < ea(,})eg> _
i o

log (H N(p)™ - H ee"a") = Z ny log N(p) + Z €sty = deg(D).
p o

p g
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Chapter 3

Two-dimensional adelic
geometry

In this chapter adelic theory is generalized to the 2-dimensional case. Section
3.1 relates 2-dimensional local theory to schemes of dimension 2. Then
similarly to chapter 2 we consider two distinct cases:

o Adeles on algebraic surfaces. We describe in detail the structure of the
adelic ring and of its subspaces in subsections 3.2.1 and 3.2.2. Duality
results of subsection 3.2.3 follow basically from the explicit relationship
between the 2-dimensional adelic ring and the adelic rings associated
to curves on a surface (see proposition 3.17). After introducing adelic
complexes (subsection 3.2.4) and explaining the link between 0-cicles
and adeles (subsection 3.2.5), we deal with the property of adeles with
respect to morphisms (subsection 3.2.6). In particular we will see that
adeles “pullback”. The last two subsections extend intersection theory
respectively in a idelic and adelic way.

o Adeles on arithmetic surfaces. A detailed description of the local data
is given in subsection 3.3.1. Here, the important point is that the
nature of the local data changes dramatically between vertical curves
and horizontal curves. We will see that for vertical curves we will have
less explicit constructions because 2-dimensional local fields of mixed
characteristic are involved. The definition of the adelic ring and residues
will involve archimedean local and global data, in particular we will
appeal to the 1-dimensional adelic ring of Riemann surfaces (the fibres
at infinity). Idelic extensions of Deligne pairing and *-product between
Green functions are developed and merged together to obtain the idelic
Arakelov intersection pairing (subsections 3.3.4 and 3.3.5).
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Main references. The theory of 2-dimensional adeles on algebraic surfaces
has been partially introduced by Parshin in [49], but his global theory deals
with non-completed adeles. The link between ideles and classical intersection
theory is partially studied in [50]. A complete text for adeles on algebraic
surfaces is [19]. The only text containing the correct concept of (full) adeles
on arithmetic surfaces is [18].

3.1 Local data on schemes of dimension two

Let (X, Ox) be a Noetherian, integral and regular scheme of dimension 2 and
let K be the function field of X. As we did in section 2.1.1, we construct
the local data necessary for the definition of the adelic ring of X. In the
1-dimensional case we attached a complete valuation field to each nonsingular
point, here on the other hand we work with 2-dimensional valuation fields.
However, the situation on X is more complicated (even if we are considering
just the case of a regular scheme), since for each closed point z the inclusion
x € Y in any integral curve Y C X “carries” a one dimensional valuation field
that should be taken in account. So, instead of taking the closed points of X
as “set of parameters”, we consider the set of all possible flags x € Y C X
where z is a closed point of X contained in an integral curve Y.

From now on a curve Y on X will always be an integral curve and its
unique generic point will be denoted with the letter y. By simplicity we will
often identify Y with its generic point y, which means that by an abuse of
language and notation we will use sentences like “let y C X be a curve on
X..7 or “let x € y C X be aflagon X...”. In other words y is considered as
a scheme or as a point depending on the context.

Definition 3.1. Fix a closed point x € X, then:

e O, := Ox,. It is a Noetherian, complete, regular, local, domain of
dimension 2 with maximal ideal m,.

+ K :=FracO,.
« K, := KO, C K. Notice that this is not a field.
For a curve y C X we put:
¢ O, = ﬁ/x\ ,- It is a complete DVR with maximal ideal m,,.

« K, :=FracO,. It is a complete valuation field with valuation ring O,.
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Fix a flag x € y C X, then we have a surjective local homomorphism
Ox 5 — O, with kernel p, , induced by the closed embedding y C X (note
that p, , is a prime ideal of height 1).

Remark 3.2. Obviously Ox ,/p,. = 0,., and by working with open affine
neighbourhoods of x one can show that (& va)py L= Ox . Moreover if Ky is
the function field of Y, we have the following isomorphisms:

Ky = Frac 0, , = Frac(Ox . /py.) =

= (ﬁX,x)pyyx /py,z (ﬁX,x)py’m = ﬁX,y/my = k(y) :

So the residue field at the point y is identified with the function field of the
curve Y.

The inclusion Ox , C O, induces a morphism of schemes ¢ : Spec O, —
Spec Ox , and we define the local branches of y at x as the elements of the set

y(z) =@ (pye) = {3 €SpecOp: 3N Oxp =Pya } -

If y(x) contains only an element, we say that y is unbranched at x.
/\/ X
\y

-

8

L/I; y(z)

Figure 3.1: Informally the local branches of y at z can be depicted in the following way:
consider a small neighbourhood of z, then each distinct “piece of y” that we see passing
through x corresponds to a local branch 3. In this particular case y has a simple node at =,
so 2 local branches at x.
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Remark 3.3. If x is a cusp point on y, one can show that y unbranched at x.

Definition 3.4. Let 3 € y(x) be a local branch of a curve y at point x, then
let’s define the field

K, ; = Frac (@) i

in other words: we localise O, at the prime ideal 3, then we complete it at its
maximal/id\eal and finally we take the fraction field. By convenience we put
O,; = (Oﬂf)a‘

The proof of the following proposition relies on some basic commutative
algebra results about localisations, completions and normalisations. It is the
“2-dimensional version” of proposition 2.2.

Proposition 3.5. Let x € y C X be a flag and let 3 € y(x). Then K, is

a 2-dimensional valuation field such that Ok, = O,; and KQ%) is a finite

extension of k(x).
Proof. First of all ht3 > htp,, = 1, but if ht3 = 2 then 3 is the maximal
ideal of O, and we have that 3 N Ox, = m,, a contradiction. Therefore

ht3 =1 and dim (O,), = 1. It follows that @ is a Noetherian, complete,
local, domain of dimension 1, i.e. a complete DVR which is the valuation
ring of the complete discrete valuation field K, ;. The residue field of K, ; is
by definition:

K = (0,),/3(0,), = Frac (0,/3) .

Note that O,/3 is a Noetherian, complete, local domain of dimension 1 (in
general we may los lose the regularity by passmg to the quotient). Consider the

normalisation O, / 3 of O, /3; the domain O, / 3 is obviously normal and again
Noetherian and complete. Moreover by Nagata theorem (see [7, Ch. IX, 4,

no 2, Theorem 2]) O, /3 is a Japanese ring, therefore in particular O, /3 is a
finite O, /3-module. Now [15, Corollary 7.6] implies that O,/3 is also local,

and by summing up all the listed property we can conclude that O, /3 is a

complete DVR with fraction field Frac (O, /3). This proves that K%) is a
complete valuation field.
It remains to show only that the second residue field K 5) is a ﬁnite extension

of k(x). By definition Kéz is the residue field of the local ring Ox/;,, but we

already know that O, / 3 is a finite O, /3-module, so K& 3) is a finite extension
of:

(0./3) [ (my/3) = Oy /m, = Ox,/m, = k().
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Definition 3.6. Let z € y C X be a flag and let 3 € y(z), then we put
E,, = K and k,(z) == K.

Ky, D O, :=0k, > oY

’ 53 zc,g

Moreover:
H K Z,3 z, H O Z,3
3€y(z) 3€y(z)
= I E-s. = I &t
3€y(w) 3€y(w)

So, in perfect analogy with the one dimensional case, to any complete flag
x € y C X we have associated a ring K, , which is a product of 2-dimensional
valuation field.

Remark 3.7. If y is nonsingular at z, then K, is a 2-dimensional valuation
field and k;(z) = k(z).

At this stage we don’t know much about the structure of K, since it
depends heavily on the nature of X, in particular whether X is an algebraic
surface or an arithmetic surface. Despite this lack of information, we can
still define a canonical topology on K, ; by using the theory developed in
appendix E. But keep in mind that this is a very peculiar occurrence, in fact
remember from chapter 1 that the topology on 2-dimensional local fields is
in general not canonical. Let’s endow O , with the m,-adic topology with
respect to its maximal ideal, then we construct the canonical topology with
the following steps explained at the end of appendix E.1:

Ox B 0, = g; BUSON (Oy); B @ BUSOIN K, , = Frac (@) .

(3.1)
Then K, is endowed with the product topology and it is a ST-ring.
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3.2 Algebraic surfaces

In this section we fix a perfect field k& (endowed with the discrete topology)
and a 2-dimensional k-scheme X which is: of finite type (over k), Noetherian,
geometrically integral and regular. We say that X is a (nonsingular) surface
over k and moreover we denote its function field by k(X).

3.2.1 Structure of K, ;

Let’s keep the general notations introduced in section 3.1, then for any flag
x € y C X we have a ST ring K, , which is a sum of 2-dimensional local
fields K, ;. Let’s take a closer look to their structure.

The field K, ; is endowed with a natural k-algebra structure given by
the canonical embedding ¢ : & — O,; C K, induced by the morphism
X — Speck. It means that K, is a two dimensional local field of equal
characteristic.

Oy K.,
] ]

O, Koy

0, 0, K, K,
"\ /

k(X)
]
k k

Now we show that the image of the morphism k — O, is actually contained
in the rank 2 valuation ring 052;,) : there is a proper inclusion m C E,;, but
E,; is the fraction field of Op, ; which implies that (k) Og,,. In other
words (k) C (9;(35) :

So far we know that K, , is an object of LF?(k) satisfying the condition
(T) of definition 1.13, but it is not immediately evident that K, , € TLF?(k)
since we need the condition (P).

Proposition 3.8. K, is a two dimensional topological local field over k.

Proof. See [63, Proposition 3.3.6], but keep in mind that adeles in [63] are
introduced as functors. O
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Let’s choose a sequence of local parameters (wy, ws) for K, ;, by theorem
1.18 this implies that we are fixing a parametrization:

Koy = ks (2) (1)) ((12)) = Eay (1)) (3.2)

such that @, — ¢; and @y — t3. Now we show that the choice of wy (the
uniformizer parameter for the valuation on K, ;) can be made in a nice way.

Remark 3.9. Remember from commutative algebra the following chain of
implications:

(A regular local) = (A a UFD) = (Any prime p s.t. ht(p) = 1 is principal) .

So, Ox, is a UFD and p,, is principal, but also O, is a UFD and j; is
principal.

Proposition 3.10. Let p,, = (w,) for w, € Ox ., then we can choose the
uniformizer parameter for K, to be w,.

Proof. We show that w, generates the maximal ideal of O, ;. First of all we

notice that the ring Ox ,/w,0x , = Oy, is reduced, and this implies that

5\“ = 0, /w,O, is reduced too. By remark 3.9 w, has a unique factorization

Wy =DP1...Pm in Oy, and all the pis are distinct prime elements thanks to

the fact that O,/w,O, is reduced. Again remark 3.9 implies that 3 = (p;)
J(l

for some index j. Any element of 3(0,); can be written as 2= with b ¢ 3 but:

pja Di---Pm wya

b P1---Dj-1Pj41---Pmb  P1...Pj_1Pjt1---Pmb

Since py ... pj_1Pj41 - - - Pmb & 3, we can conclude that w, generates the prime
ideal 3(0,); of (O,);. O

Corollary 3.11. If w, is a uniformizer parameter for the complete valuation
field K, then it is a uniformizer parameter for K, ;.

Proof. 1t follows from proposition 3.10 and the fact that (Ox ,),, , = Ox,. O

Pz,y

Remark 3.12. Fix a flag x € y C X. The local homomorphism Ox , — 0, ,
induces a local homomorphism O, — &, , which gives a bijective corre-

spondence between the ideals in y(x) and the minimal prime ideals of @
Moreover E, , = H;,ey(x) E, ; is exactly the one dimensional object associated
to the inclusion x € y that we have defined in the previous chapter. Hence
the adelic ring of the curve y is recovered in the following way:

Ay =[] E.y-

TEY
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Proposition 3.13. Let’s denote with v, the valuation of K, ; and with v,
the valuation of K,. Then the restriction of v.; to K, is equal to v,.

Proof. By remark 3.12 we deduce that E, ; contains k(y), which is in turns
the residue field of K, so the claims follows directly from corollary 3.11. [

3.2.2 Adeles

The adelic ring Ax will be the result of a “glueing” of the local data
{K,y}zeycx where the couple (z,y) runs amongst all flags in X. The glueing
procedure will be described precisely, but roughly speaking we will define the
k-vector space A x inside the big product of rings

Ax C H K%y

T€Y,
yCX

as a sort of “double restricted product”.

First “restricted product”: the adelic spaces Az(f) and A,. In this
paragraph we fix a curve y C X, and denote with J,, the Jacobson radical
of Oyy.

Definition 3.14. Let’s put:

(Ogy)aey € H Opy: V8 >0, azy € O, + 33,

Aéo) = zE€Y

for all but finitely many x € y.

then for any r € Z
AV =AY C [ Koy -

] Y
Tey
(r) (r+1) (r) _
Clearly Ay” D Ay " and [, Ay’ = 0. Moreover we define
Ay = AP
rel

Remark 3.15. We have the inclusion A, C [[,¢, K:y, therefore we can
interpret A, as a “restricted product” of the rings K, , for y fixed and = € y.

Thus we can write: .
Ay = H Koy
ey

!/
where H here is just a piece of notation without any formal meaning.
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Let’s associate a notational symbol to the following assumption:

For every x € y and 3 € y(x) we fix a sequence of local
parameters (twy,wsz) on K, ; (ws is a uniformizer of
K, ;). Furthemore, thanks to corollary 3.11 we choose
wy = w, where w, is a local parameter for K.

Remember that assumption ¢ induces the identifications K, ; = k(x);((t1))((t2))
and E,, = k;(z)((t1)). Moreover when y is regular at z, then J,, is the
maximal ideal of O, ,. Let’s give a nice explicit description of Ag(,r) and A,
under the conditions imposed by ¢ and the hypothesis that y is a regular
curve:

Lemma 3.16. Let y be a reqular curve and assume that the condition § is
valid. For any r € 7, Agf) is equal to the following ring:

=20 = {(axyy)xey € HKW: Qg satisfies the following conditions (%) and (**)}

TeyY

(%) gy € B ELy[[ta]].

(k%) Assume that:

Qgy = tg Z Fz,ité with Fz’i < Em’y ’

1>0

then for any fized index i the sequence (I'y;)zey € A, (here A, is the
adelic ring of the curve y defined in chapter 2). In other words for all
but finitely many x € y we have that I'y; € Og, .

Proof. Inclusion Agf) - Eg(f). Let’s start with r = 0, the general case will
follow trivially. Consider an element (o y)zey, then clearly (x) is true because
Opy = Ey[[t2]]. Suppose that a,, = Y .o, Ty ith, then there exists a unique
decomposition: -

Uy =Y Ouith+ Y Apits € 0, + O,y

120 >0

where ©,, € k(z)[[t:]] = Og,,, As; € tflk(a:)[tfl] C E,y\ Og,,, and
I'yi=0,;+A,;;. Now fix an index h > 0, then the set

Spi={r €y: App # 0}
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is finite, indeed note that O, +3; , = Og, ,[[ta]] + 15, [[t2]], thus if Ay, # 0,
then gy & Oy —|—3h+1 In other words if for infinitely many = € y we had that
x h = 0, then for the same points oy, € O, + JhH against the definition of

A . We have shown that for all but finitely many » € y, I';; = ©,; € Og,,
Wthh is equivalent to say that (I'y;).ey € Ay

The case when r # 0 follows easily from the fact that m ( ) = ”(T).

Inclusion Eg(f) C Az(f) . As above it is enough to write the proof for r = 0. Let

(g y)wey € =", then for any index i > 0 define:

T, := {m cy: Iy, & OEl-,yHtﬂ]} 5

by the property (xx) T; is a finite set. Now fix an index h > 0 then for all
rEY\ U?;llTi, (i.e. for all but finitely many = € y) it holds that I',; = ©,;
when ¢ < h, which means that

=30ty + Y Aty € 0, + 3

i>0 i>h

[]

Proposition 3.17. Let y be a reqular curve and assume that the condition
is valid. For any r € Z, Al = t"Ay[[t]] as rings (here t is simply a variable).

In particular A, = A,((t)) and AlD ~ AL [t])

Proof. By lemma 3.16 we have the equality Ag) = =, and the map =} —
t"A,[[t]] is given in the following way and it is well defined:

(g )aey = (tTZF“tZ> ") (Tai)rey
TE

i>0 ” i>0
It is routine check to show that is is a ring isomorphism. O]

Remark 3.18. Proposition 3.17 is true also when y is a singular curve. The
proof is based on a slightly modified version of lemma 3.16; the only difference
consists in the fact that if € y is singular then K, , = HgEy(x) K, ; is a sum
of 2-dimensional valuation fields and J, , is the sum of the maximal ideals of
K, ;. Here we restricted the proof to the case of nonsingular curves just by
simplicity of notations.

On the product []

endow each Az(f) and A, with the subspace topology which gives a structure of
ST k-algebras. An equivalent way to topologize these spaces consists in giving
the ind-pro topology to A,((t)) (remember that the ring of one dimensional
adeles is a ST ring), and then using proposition 3.17.

vey Kay we take the product topology, thus we can
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Remark 3.19. In other words the algebraic isomorphism of proposition 3.17
becomes an isomorphism of ST k-algebras.

Second “restricted product”: the adelic space A x. The construction
of A, can be seen as a way to take the restricted product of [[,., Ku,
The final step in order to construct the ring of adeles Ax is to take the
restricted product of the groups A, over all the curves in X with respect to

the subgroups Aéo).
Definition 3.20.

Ay = {(By)ycx € H A, B, € A?SO) for all but finitely many y} C H K, .

yCX T€yY,
yCX

In a more suggestive way, we write by commodity

Ay = H// K@y

TEY
yCX
"
where the symbol H 7 is just a piece of notation which remembers that we
are taking a “double restricted product”.

In order to topologize A x we need to recall the description of the restricted
product, by means of categorical limits, for linearly topologized groups. Let
{G;}icr a set of linearly topologized groups and for any i let H; C G; be a
closed subgroup® endowed with the subspace topology. We denote the family
of finite subsets of I as Py(I); it forms a directed set with the relation J C J'.

For any J € Py(I) define
GJ = HGZ X HHZ,
ieJ idJ

if J C J' the identity in each factor induces an embedding G; < G/, thus
we have a direct system {G;}, and it is easy to see that

H/Gi :@Gja
3 J

!/
where H (5, is the usual restricted product of the G; with respect to the
subgroups H;. At this point, on each G; we put the product topology and
/
H G, is endowed with the linear direct limit topology.

'Recall that for linear topologies open subgroups are closed.
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By definition A x is the restricted product of the groups A, with respect

to the subgroups A;O) for any y C X. Therefore we endow Ax with the
topology described above. It follows that A x is again a ST k-algebra.

Remark 3.21. By proposition 3.17 and remark 3.18 A x is simply the restricted
product of the rings A, ((¢)) with respect to A,[[t]], for y ranging over all the
curves in X.

We can embed diagonally k(X)) inside the big product [[zey K,,,; but for
yCX

any y C X we have the inclusion k(X) C K, and moreover if f € k(X), then

f € Ox, for all but finitely many curves. These facts imply that k£(X) C Ax.

Remark 3.22. It is fundamental to notice that the abstract definition of A x
makes sense even if X is just a Noetherian, integral and regular scheme of
dimension 2 and not a surface over k.

3.2.3 Residues

Fix a flag ¢ € y C X and let 3 be a local branch of y at . Let’s put by
simplicity:

1 ._ (lsep 2 ._ 0Ol 1 Jj o J
Qw,z T QKxa:y'k, Qm = Qz,z NG Qw,y - @36?4(76)9:1:,3 )

x73 ’
— .02
resy ; i=Tresg, |k, =k,
res; , 1= E res, ; Qi’y — k.
zey(z)

It is easy to see that Qi(x)uc — Q2. C Q2 . Since the residue map is
independent from parametrization, for any K, ;, in this subsection we can fix a
parametrization K, ; = k;(x)((t1))((t2)); so we can consider the identifications:

Qi,a = dedtl A\ dtz , 9525731 — Kaz,ydtl A dtQ )

Residues satisfy some local properties ([49, Proposition 2]), but the most
important global feature is given by the 2-dimensional geometric reciprocity
laws. It is the two dimensional version of theorem 2.14.

Theorem 3.23 (2D geometric reciprocity laws). Let w € QZ(X)W then:

(1) For any fized curve y C X, > . res;,(w) =0.

TEY

(2) For any fized closed point x € X, >
over all curves containing x.

o 1682y (W) = 0, where the sum is

Proof. See [49, prop. 7]. O]
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For a fixed nonzero rational 2-form w € Qi( Xk consider the map:

gw Ay — k
(tgy) zey Z res; , (wa ) -
yCX rey
yCX

First of all let’s check that the sum in the definition of £ is finite. Assume
w = fdty A dty; for all but finitely many curves y C X we have that f &€
Ox,y C Oy, (for all x € y) and also (ayy)zey € Al therefore we don’t have
to worry about the summation of residues over curves. It remains to show
that for a fixed curve y C X, the sum Zmey res, ,(wa,,) is actually finite.
By simplicity assume that y is nonsingular, then we have:

gy = Z [,ith with T,y € k(z)[[t1]] for all but finitely many z € y

P>

f= Z bith, with b; € k(y) and b € k(x)[[t,]] for all but finitely many z € y
j=m

It follows that the coefficient of degree (—1,—1) of wa,, is 0 for all but

finitely many x € y.

At this point we want to show that £“ is a standard k-character for the
ST k-algebra Ax (i.e. it is continuous and it induces the self duality of the
adelic ring. See definition F.8). In order to do this we need some preliminary
notions and lemmas extending results, which are true for a linearly locally
compact vector space V', to V((t)).

Remark 3.24. Fix a locally linearly compact vector space V over k, in literature
is it often called a 1-Tate space. A 2-Tate space is a vector space isomorphic
to V((t)); a concrete example is A, = A, ((t)). Of course, by induction one
can give the notion of a n-Tate space and it is natural to conjecture that
the n-dimensional adelic ring on a scheme over k is the restricted product of
n-Tate spaces.

Definition 3.25. Let V be a ST k-algebra and let £ € V((¢))" be a nontrivial
character. The conductor of £ is

Ce := min {z €Z:Ee (tiV[[t]])A}

(See appendix F for the definition of the symbol #).

Lemma 3.26. Let V be a ST k-algebra endowed with a standard k-character.
Then V((t)) has a standard k-character with conductor equal to 0.
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Proof. Let € be a standard character of V. First of all let’s find explicitly a
nontrivial k-character of V'((¢)) which has conductor equal to 0. Consider:
VV((L) -k

Zazz — gal)

>m

It is obviously k-linear and continuous.

Let ¢» € V((t))Y, we want to show that that there exists a uniquely determined
a € V((t)) such that ¢ = ¢2. Assume that ¢y, = 4, for any b € V the map
b+ 1(bt""1) defines a k-character on V' that by hypothesis is equal to &,, for
a uniquely determined ag € V. So consider the k-character:

V(@) = () — Y (wagt™) for x € V((1)),

it is easy to verify that ¢! (¢*~'V[[¢]]) = 0. Iterating the above argument, for
any j > 1 one finds a uniquely determined a; € V' such that

J
¢j+1 (33) = TW(;U) — wo(a?ajt—i—&-j) — ¢(x) . ¢0 (a: Z aht—i-i-h)
h=0
is a k-character trivial on tiflfjv[[t]], By taking the limit for j — oo we

obtain:
0= lim Vi (x) = P(x) — ¢° (:CZ aht”h) :

h>0

So we put a =Y, apt”"" and it follows that ¥ (x) = ¥°(za).
We prove that the map a +— ¥? is closed. To do this, it is enough to show
that for any s € Z there exists an integer r < s such that:

Vv = {Ya € V()" a e VIH]} D (#"V([H])*

Suppose by contradiction that for any r < s we can find an k-character
=48, € ("V[[t]])* such that @, & Py Le. ar & t°V[[t]]. Then

lim ¢, =0

T——00

which means that lim,_, . «, = 0, against the construction of the sequence
{a, },. O
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Lemma 3.27. Let {V;};cr be a family of locally linearly compact vector spaces
which are also ST k-algebras. Assume that any V; has a standard character,
then the following map is an isomorphism:

[Tvio - (H’v;«t»)

(Vi) = Z (0

Where:

o The restricted product on the left is taken with respect to the closed
additive subgroups Vi[[t]]*.

o The restricted product on the right is taken with respect to the closed
additive subgroups V;|[t]].

Proof. Tt follows from lemma 3.26 and a modified version of theorem F.13. [

Theorem 3.28. Fixz a nonzero rational 2-form w € Qz(x)\k and a curve
y C X, then the map

€A, - k
TEY

is a standard k-character for A,. In particular it follows that A, is self dual.

Proof. Suppose that w = fdt; A dts and let’s consider the k-vector space
A,((t))). Moreover let dt € Q}g(y” . be a rational differential form on y, then
by theorem 2.16 we know that ¢% : A, — k is a standard character on the
one-dimensional ring of adeles. By lemma 3.26 and proposition 3.17 (see also
remark 3.19) the following composition of maps from A, to k gives a standard
k-character:

Ay D ag, = <Z Fmtg) = gy f = (Z F;’it’é) = Y (T ey t' >
TE€Y €Y

i>m i>m >0

= (T, ) =Y res, (I, _,dt) €k,
ey
where res, is the one dimensional residue map on £, ,. On the other hand it
is evident that the above map is equal to & since in each component roughly
speaking takes the monomial coefficient of order (—1, —1) of the 2-form wa,
(remember that there is also the trace in the explicit definition of res, ,). O
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Theorem 3.29. Fiz a nonzero rational 2-form w € Qi(xww then the map

& Ax — k
(Otgy) zey +—> Z res; , (wa ) ,
yCX rey
yCX

s a standard k-character for Ax. In particular it follows that A x is self dual.

Proof. The following chain of algebraic and topological isomorphisms hold
thanks to lemma 3.27 and theorem 3.28:

Ay = (H,Ay((t))> = [T Ay = [T A1) = Ax.

yCX yCX yCX
[

Definition 3.30. Fix a nonzero rational differential 2-form w € Qi( X))k then
we have the global differential pairing (associated to w) on A x:

dy, :Ax xAxy — k
(a,B) = &(apf) = Z res; , (afw) .

TEeY
yCX

It is starightfoward to notice that d,, is bilinear, continuous and symmetric.

3.2.4 Adelic complexes

We now introduce some important subspaces in order to construct the adelic
complexes associated to the surface X. Here the definitions are made “by
hands” , but such subspaces can bee recovered as a particular case of the
general theory of Beilinson adeles (see [45, 8]). First of all let’s consider the
following diagonal embeddings:

K, C [ Koy K, C]]EKey.

Yyo3r TEY

so we can consider:

[T c I Kew []5vC ][ Eew-

reX z€yY yCcX €Y
yCX yCX

Let’s define:
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Aoz == Ax;  Ap:=AxN H Ouy = H Aéo) = H Ay [[t]];

;CGEI( yCX yCcX
AOQ::AXOHKz; Ag:ZAXﬂH(Qx; Am::AXﬂHKy;
zeX reX yCX
Al :AxﬂHOy, AO :k’(X)
yCX

The containment relations are depicted in the following diagram:

Ao
A — Az $—— A

A//]\\

> A12 < A2

And we have the adelic complex of k-vector spaces:

Ax Ao ® A & A d—0> A @ Age ® Aro 4 > Aoz

(a()aalaa?) —_ (ao — ai,az — Qg, a1 — GQ)

(ap1, apg, 12) ——— ap1 + a2 + aia.

(3.3)
It D=3 cxnyly] is a divisor of X we can define the vector subspace

Ax(D):= [T A™.
yCX

Note that Ax(D) is a well defined subspace of Ay because n, = 0 for all but
finitely many y.

Proposition 3.31. For any D =}, _ ny[y] € Div(X), we have the equality:

AX(D) = {(am) zey € Axl vx75(a$73) > —ny}

3€y(z)

where vy 5 is the valuation on K ;.

78



Proof. 1t is enough to use property (x) of lemma 3.16 (in the case of possibly
singular curves). O

Let’s define the adelic subspaces
A12(D) = A012 N Ax(D) = AX(D) .

A1(D) :== Apn NAx(D); Ax(D) = Ape N Ax(D);

in order to get the complex

dj, dp,
./4)(<D) : A() D Al(D) D AQ(D) — Aol D A02 D Alg(D) — Aglg (34)

such that the maps are the same of those in equation (3.3). Furthermore note
that .AX = Ax(O)

The following proposition describes the behaviour of the subspaces A, (D)
with respect to the pairing d,,.

Proposition 3.32. Fiz a nonzero rational 2-form w € Qz(x)\k and a divisor
D € Div(X):

(1) Alg(D)l = Am((&)) — D), A(J)'l = A()l, A(J)'Q = AOQ. Moreover A()l, AOQ
and Ay are closed in Agia.

(2) Ai=A;NAy for0<i<2 i<jandi<k.
(3) Each of A and A.(D) and any of their sums is closed in Ag1o. Moreover:
Aé = Ao + Aoz,
Ai(D)* = Agi + Aip((w) = D), Ax(D)*" = Age + Arz((w) = D).
Proof. See [19, 2, Theorem (4),(5),(6)]. O

The following theorem is the 2-dimensional version of theorem 2.21:

Theorem 3.33. k(X) = A is discrete in Ax and the quotient Ax /AL =
Ax /(Ao + Ao2) is a linearly compact k-vector space.

Proof. See [19, 3, Theorem (2)]. O

The main property of the adelic complex Ax (D) is described by the
following crucial theorem which says that the adelic cohomology computes
the usual sheaf cohomology on X relative to Ox (D).

Theorem 3.34. Let D € Div(X), then H'(D) = H’(Ax (D)) for any j > 0.
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Proof. This is a special case of [27, 4.2], which proves that adelic cohomology
coincides with Zariski cohomology in any dimension. O]

There is also the idelic version of complex (3.3):

1

40 d
X X X X X X X X X X
A% — -
jat A @ AT @ A Af @AY D AL Az
—1 —1 1
(Cl(), ay, a2) ? (aoal ) aQCLO 9 a1a2 )

(0017 o2, CL12) —————— Q01Q02012

(3.5)

whose cohomology is closely related to the geometry of X as well.

Theorem 3.35. H/ (X, 0%) = HI(A%) for any j > 0. In particular we have
the isomorphism Pic(X) = H'(A%).

Proof. We have to show the following equalities:

(i) HO(A%) = k.

(i) H'(A%) = Pic(X).

(i17) H*(A%) = 0.
(i) Clearly H°(A%) = kerd?, = k*.
(7ii) Note that

H2(A><) _ A(>)<12
X/ = X X
AG AR AL

For any a,; € K., we can write a,; = w;’”‘b:,;,3 where w, is the uniformizer

parameter of K, (see corollary 3.11) and b, ; € Oy ,. Therefore Ay, = Agy ATy
and H?*(A%) = 0.
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(17) Let’s consider the following diagram with exact rows:

(Cl01> o2, a12> — ao1

a — > (1,a,a)

(3.6)
0 —— AHNAY, —— ker(dy) —— Af > 0
a |
0 > AS y im(d%) —— AFAY —— 0

By applying the snake lemma we get the exact sequence:

Ay
Ag AY

0 —— H'(AY) ——

Now define a map:
Po1 - A(>)<1 — DIV(X)
(Goy)ay — Z Uy (@) (Y]

yCX

and by composing it with m; we obtain the following commutative diagram
which completes the proof:

ker(d') —— A}, —2— Div(X)

l | l (3.7)

HY(AS) —— AfOA = Pic(X).

R

3.2.5 Ks-adeles

In appendix G.1 we introduced some notions of K-theory for fields and local
rings. In particular, for any 2-dimensional local field K, ; we have the r-th
K-group K,(K,;). It is possible to “glue together” all this data to get an
adelic object. The only non trivial and interesting case for our 2-dimensional
investigation is the one related to Ky(K, ;), so we will define the concept of
Ks-adeles.
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We will try to make definitions as similar as possible to those in subsection
3.2.2. First of all, for any flag x € y C X let’s put:

= [ Ka(Key); Ka(Ony) = [] Ka(Ouy).
3€y() 3€y(x)

Moreover fix a curve y C X; remember that K5(O,) C K(K,) and that we
have a map ¢, : Ky(K,) — Ks(K,,) induced by the embedding K, — K, .
Let’s define

(zy)ey € H Ko(Kay): Vs > 0 agy € 1y(K2(0y)) - K2(Or,y73;,y)
Kg(Ay) = TEY

for all but finitely many nonsingular points z € y

(AP = [ K2(0uy)

TEY
Definition 3.36. The group of Ks-adeles is defined as:

Ky(Ayx) = { Jycx € H Ky(Ay): b, € KQ(A (0) ) for all but finitely many y}

yCX

Clearly also the embedding K, — K, , induces a map at the level of K,
groups t, @ Ko(K,) = Ky(K,,). We consider the diagonal embeddings:

K,)) C HKZ(Kx,y)v Ly(K2(Ky)) C HK2(Kx7y)
TeyYy Yoz
which in turns give the inclusions:

[ (KoL) € ] Ka(Key) s [ w(Ea(Ky) € [] Ka(Kay) -

zeX €y yCX €Y
yCX yCX

We can repeat the same constructions to get the maps 2 : K»(O,) = Ko(K,,)
and 1) : Ky(0,) = K3(K,,) with the relative dlagonal embeddings. At this
point we can define the Ks-adelic subspaces.

Ks(Ang) == Ka(Ax);  Ky(Ag) = Ky(Ax) N H K3(0,y);

Ky(Ag) = FKo(Ax)N ] ta(Ka(KL)) 5 Ka(A) = Ko(Ax)N ][] (K2(02))
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Ky(Agr) = K2(AX)QH b (Ka(Ky));  Ka(Ay) = K2(AX)WH Ly (K2(0y)) ;

yCX yCX
KQ(A()) = KQ(K) .
We obtain the K5 adelic complex.

KQ(A)() .

1

5)(
Ky (Ap) & Ka(Ar) & Ka(As) 2, Ky(Ap) & Ko(Ane) @ Ka(An) —— Ka(Apia)

(ag, a1, az) » (apay ', asag ™t aray ")

((1017 Qp2, a12) f > (01002012

Remark 3.37. Note that if in the above constructions we use K; instead of
K5 we obtain exactly the idelic theory.

Ideles (i.e. Kj-adeles) are closely related to divisors on the surface X, in
particular H'(A%) = Pic(X). Now we are going to explain how Kj-adeles
are closely related to 0-cycles on X in a very similar way.

The map U — K5(U) for any open set U C X is a presheaf of abelian
group and we denote with Ky(X) its sheafification, then we have the following
fundamental theorem:

Theorem 3.38. For j = 0,1 we have the isomorphism HI(Ky(Ax)) =
HI(KCo(X)) and moreover H?(Ky(Ax)) = CH*(X).

Proof. Fix a flag x € y C X. The function field k(X)) is a discrete valuation
field with residue field k(y) and the latter is a gain a discrete valuation field
with residue field k;(z). We can use the Milnor boundary maps and the
functoriality of K5 to obtain the following chain of morphisms:

82 1o} 1

Ky(k(X)) —2— Ky(k(y) —2— Ko(ky(a)) ey

Ko(k(x))

which leads to the following complex, which is called the Gersten complex on
X (or cousin complex):

K> (k(X)) — ][ Kik(y) — ] Ko(k(x)) (3-8)

yCX zeX
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It is a well known result ([51, 7, Theorems 5.6, 5.11]) that the Gersten complex
and the complex H?(X,Ko(X)) are quasi isomorphic. It means that it is
enough to show the result for the Gersten complex. Consider the following
big diagram:

Ko (k(X)) > [ Ka(k(w) [ Kolk(x))

& sz %T

Ky(k(X)) x K3(Aq) x Ko(Ay) —— Ko(Apr) X Ka(Ap) X Ko(A12) —— Ko(Ao2)

¢1A ¢2T ¢3T

K5(Ar) x Ka(Ay) —————— Ky(A1) x Ky(Apa) x Ky(Arp) —— ker(¢3)
(3.9)

where maps are defined in the following way:

wl : KQ([{?(X)) X KQ(Al) X KQ(AQ) — KQ([{?(X))
(a,b,¢) — a

o+ Ka(Ag) X Ka(Ag) x Ka(A) = [ Kilk(y))

yCX

(a,b,c) = [] o)

yCX

where 0y 1= Ky(K,) = K;(k(y)) is the Milnor boundary map.

V3 Ko(Amz) — H Ko(k(z))

< (3.10)
<Z(%,y, bw,y)sﬂ,y)

Yo

({asy, bry});gg( = H

b1 Ka(Ar) x Ky(As) — Ka(k(X)) x Ka(Ay) x Ky(Ag)
(a,b) — (1,a,b)

And finally ¢9 = id and ¢3 = id.
Now see [48, Theorem 3] for a detailed analysis of complex 3.9 and for a
proof that the two rows on the top are quasi-isomorphic. O
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3.2.6 Functoriality

As we did in the one-dimensional case, in this subsection we study the
functorial properties of adeles with respect to morphisms. Clearly, due to
the local nature of morphism between schemes, we expect a contravariant
behaviour of adeles, this means adeles naturally pull back (see the analogy
with invertible sheaves). Let’s fix our surface X, then we will focus on three
cases:

» A surjective morphism ¢ : X — Z between nonsingular surfaces. This
situation was partially studied by Parshin in [49], but he considered
only rational adeles and he didn’t put much care in the case of curves
with singular points.

+ A fibred surface ¢ : X — C over a nonsingular curve. Osipov in [4§]
considered adeles on a fibered surface, but he was interested mainly in
the “pushforward of adelic objects”. We'll see that such an approach is
very useful for the idelic intersection theory.

« A closed embedding y C X of a nonsingular integral curve into a
nonsingular surface. In [19] some relations between A;/k(y) and a
variation of the adelic complex Ax are used for purposes of adelic
intersection theory.

Morphism between surfaces. Let’s fix a surjective morphism ¢ : X — 7
between non singular surfaces over a perfect field k. Fix a flag z € y C X; if
©(Z) € () is not a flag on Z, then we define immediately

QO%@ : H Kz,w — Ki«’g
we? (3.11)
Ay ) 26w, 0
( ’ )wGCZ
where clearly w runs over all integral curves in Z. Now let’s assume that
zZ=p(@) € w = f(y) C Zis a flag; in other words we have the following
situation:
T € yg—>X
I
z € w——1Z7
There is a local homomorphism gpf : Oz — Ox ; which is injective thanks to
the surjectivity of ¢; such a map will be the starting point for the construction
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of the required homomorphism ¢® : A, — A x. We will proceed by steps, and
the first thing to notice is that, by the property of completions, gojf induces a
continuous homomorphism ¢, : O; — Oz. Now consider the commutative
diagram given by the contravariant functor Spec( )

Spec(1)

Spec Oz ———— Spec O3

| |

Spec(<p

Spec Ox 3z — Spec Oy ;
Pick 3 € §(%) C Spec Oz, then we put by simplicity:

¢(3) == Spec(11)(3) € wW(Z) C Spec(O;)

where ¢(3) is contained in w(2) because of the following commutative diagram:

Oz < Ox i > Ui
[ |
O; < > Oy 5 » Opz

We can construct a map

(P (Oé)cp(a) - (O:i)z
a 1 (a)
b )

and it is immediate to verify that i is well defined and continuous with
respect the local ring topologies. By passing again to completions, we have a
continuous homomorphism between discrete valuation rings:

@Z)g : Oé,cp(z,) — 05;’3 .

Clearly ker(¢3) is a prime ideal, and since O, ;) has Krull dimension 1, we
can only have ker(¢3) = 0 or ker(t3) is equal to the maximal ideal of O, ;)
But the latter option implies that the image of 3 would be isomorphic to the
residue field of O, ,(;), and by a moment of reflection about the construction
of 13 we can conclude that this is not possible. In other words 3 is injective
and it induces a continuous homomorphism:

Pz Kzpp) = Ka;
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The following big diagram summarizes all the steps we needed in order to
obtain ¢z ;, and it is important to notice how it is again a process which
alternates “completion” and “localisation” arguments:

90:2,5
Kz ) — Kz,

J

O: ©(3) L Oz

J

J #
vz
Oz; —— Ox;

Now we can define
<P§7;,3 Kz = H K:y — Kz
uew(z)
(az,u)uew(z) = @m(a%w(a))
which in turns induces the morphism
Pig - Kg’w — Kj,g
Az (903:,3(42@))36@(2)

At this point we are ready to (re)define the homomorphism ¢ .

gO;?’g : H Kz,w — K{tg

e (3.12)
(a%w)zew, —> (pj,g(ag’@)
wCZ

Note that thanks to equations (3.11) and (3.12) we have a consistent definition
of ¢} ; in all possible cases, so we can put

o ] Kew = ] Ko

zew, ey,
wCZ yCX
/
(Az0)z€w, > <g0 ((az,w)zew,)>
wCZ Y wCZ TeY,
yCX
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Example 3.39. Let’s assume that ¢ : X — Z is the blow-up at a point z € Z
with exceptional curve L. Moreover put

H ]Jz,y = Soa H Kz,w C H Kx,y

TEY, zZEwW, €Y,
yCX wCZ yCX

Then by the well known properties of blow-ups we have the following equalities:

| 0 ify=1L
Y Ky fy#Landax¢ynlL

So, the only nontrivial case for I, , is when y # L and x € y N L.

By construction (and by the surjectivity of ¢), each local map ¢;; has
the following properties:

« 01,(k(2)) C k(X).
» 0:;(0z) C Oz and @;,(K3) C K;.

s 0:;(0p) € Oy and p;;(Ky) € Ky. Here it is useful to remember that
ﬁ_}gg = (ﬁx@)pg,i and ﬁz,ﬁ, = (ﬁz}g)pw’ .

* s sends the maximal ideal of O; ;) into the maximal ideal of O ;.

Therefore it is not difficult to see that the homomorphism ¢® induces by
restriction a map:
QOQ : AZ — AX

and a homomorphism of adelic complexes ¢* : Ay, — Ax. By abuse of
notation we have used the symbol ¢* many times to denote different, but
closely related, maps, by the way its meaning will be clear from the context.

Remember that when ¢ is a flat morphism it is possible to pullback
divisors, so it is interesting to study the relationship between A x(¢*(D)) and
Az(D) for any D € Div(Z).

Proposition 3.40. Assume that ¢ is flat and fix a divisor D € Div(Z), then
the homomorphism ¢® : Ay — Ax induces by restriction a homomorphism

(D) : Ag(D) = Ax(¥"(D)).

Proof. The strategy is very similar to the one-dimensional case because
we use proposition 3.31 to express Az(D) and Ax(¢*(D)). Assume that
D=3, cznwlw], then:

" (D) = Z EylwNuw Y]

yCX,
yi—>w
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where the sum is over all integral curves y C X mapped by ¢ to integral
curves w C Z. Let z = ¢(x) € w = ¢(y), u = ¢(3) € w(z) and let t,, be
a local parameter for 0 ,, then by definition the ramification index at y is
Cylw = vy(gof(tw)). Moreover consider a,, € K, such that m := v, (a,,) >

—ny, then we can write o, = gty with g € OF, since we can take t,, as

local parameter of K, (see corollary 3.11). Clearly we have:

@x,g(o‘z,u) = ()096,3(9)(10%3 (tw)m )

but v, , restricted to K, is equal to v,, (see proposition 3.13), therefore we
can conclude that

(O (@x,g(az,u)) = €yl > —CylwNw -

The above argument easily implies the claim by looking at products over all
flags. [l

From proposition 3.40 it follows that ¢® induces a homomorphism of

complexes (D) : Az(D) = Ax(¢*(D)).

Fibred surfaces. Let ¢ : X — C be a surjective morphism onto a nonsin-
gular projective curve over a perfect field k and as usual fix a flag z € y C X
such that ¢(Z) = ¢ € C. Then we have a local and injective homomorphism
¢l Ocs — Ox ; which induces the commutative diagram:

The map 6; is again injective, and to see it one can repeat the same argument
used in previous paragraph to show that 13 is injective. It follows that we
can induce an homomorphism:

0y : Kz — K = Frac O; .
Let 3 € y(Z), then K. C K3, so 6, gives naturally a homomorphism
pzy Ko = Kij
which induces in turn:
vrg: Ke — Kzg
az = (pz,(0%))se5)
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Finally we get the required homomorphism

o[ K = ] Keo

CGC I€y7
yCX

clc — /z cl)xrey,
(ac)eec = (Bly(ac))sey

which maps k(C) into k(X) and by restriction gives the required homo-
morphism of ST- rings ¢® : Ac — Ax. The one-dimensional adelic com-
plex is shorter than the two-dimensional one, but note that y;,(k(C)Oz) C
k(X)O; = K;, therefore we have a well defined homomorphism:

0" k(C) o [[O. = An=Axn]] K.

ceC rzeX
(fv (ac)c) = Qoa(f - (ac)c)

and we have an homomorphism of adelic complexes

Ax
Il
Ax Ay B A1 B Ay —— Aot @ Apa ® A1a —— Apio
a]\ T (0 aa O)T G’T (313)
© i ®
Ao 0 —— k() e []o. —— Ac.

ceC

Again we have a nice behaviour of ¢* with respect to pullback of divisors,
when ¢° is flat:

Proposition 3.41. Assume that ¢ is flat and fiz a divisor D € Div(C'), then
the homomorphism ¢ : Ac — Ax induces by restriction a homomorphism

¢ (D) - Ac(D) = Ax(¢"(D)).
Proof. Assume D = ) _.nc[c], then ¢*(D) = > ycx, eyenely]. Fix a flag
y—c

x € y C X such that f(z) = f(y) = ¢, and consider the embedding ¢, ,, :
Oxa = Ox,y. It is easy to see that ¢ff = 1,, 0 ¢# and this actually implies
that @7 is the restriction of ¢, to Ox,, if 3 € y(x). At this point we can
conclude the proof by using the same strategy used in the proof of proposition
3.40. =

Once again the homomorphism ¢® induces a homomorphism of complexes

9" (D) : Ac(D) = Ax(¢*(D)).

90



Curves inside surfaces. Fix a nonsingular curve 5 : ¥ — X inside a
nonsingular surface X. For any x € g, let p, . be the unique local branch of
y at x, then we have the canonical residue map:

Tog : Oeg = Eug

that restricted respectively to O, and Oy gives the following canonical homo-
morphisms:

Toglo, 1 On = Oy (3.14)
Teglo, : O — k() (3.15)

Now we can define the map:

jal H Oz,y — HEx’g

yCX

(ry)ey = (Trg(Qeg))sey
that, again, by restriction gives homomorphism of ST-rings:

jaIAm:AxﬂHOLy—)Ag

z€y,
yCX

The map j* together with equations (3.14) and (3.15) induces the following
homomorphism of adelic complexes:

Ax
I
Ax Ay B A1 B Ay —— Ayt @ Apa ® A2 —— Apio
lja l l l (3.16)

TEY

where the nontrivial vertical arrows are defined as:

Ag® A @ Ay 3 (a0, a1, 00) = (§%(n), j(a)) € k(7) @ [[ G

TEY

A1 @ Aoz @ Aiz 3 (a1, g2, 12) — j%(aq2) € Ay

Remark 3.42. Note that both diagrams (3.13) and (3.16) relate the adelic
complex a of surface and the adelic complex of a curve. But the latter is
shorter than the former, so we need to add a zero on its left or on its right.
When the curve is the codomain of the main morphism, we added a zero on
the left; when the curve is the domain we added a zero on the right.
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3.2.7 Idelic intersection theory

In subsection 2.2.4 we gave a very simple idelic interpretation of the degree
of a divisor on a curve C'. The fundamental ingredients where the following
two maps:

+ A surjective homomorphism pe : AS — Div(C).
+ A notion of “degree” at levels of ideles ideg : Af — Z.

which induce the following two commutative diagrams:
A HY(AZ)

lpc W l% Yqi
deg de

Div(C) —= Z Pic(C) —25 Z

In the case of a surface X, intersection theory can be described in the
following simple way:

Div(X) x Div(X) —— Z

|

CHY(X) x CHY(X)

The idelic interpretation of the intersection theory consists in constructing
a commutative diagram:

ker(dL) x ker(dl) —— Ky(Ax)

r N, e

s 7

Div(X) x Div(X)
I

CH'(X) x CH*(X)

where:
« d! is the map of the idelic complex (3.5).
« The map p : ker(d) — Div(X) is defined as:

pi=poom : ker(d,) — Div(X) (3.18)
(. B,07157Y) = Z vy () (Y] (3.19)
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Remember that the maps po; : Ay, — Div(X) and m; : ker(dy) — Aj
were defined in the proof of theorem 3.35.

Clearly the main point is to define properly the maps denoted with the
question mark.

We start to work locally at a fixed flag € y C X, and then we extend the
argument globally. Let 3 € y(x) a local branch, then we have the following
maps:

(:)as

K,,) —2=5 BX 2, 7, (3.20)

x75

R

where:

« By using the notation of appendix G.1, {, } is the symbol map and
Op; = 0O, is the boundary map. Remember that the composition
Oz301{,}=(,)xk,, is just the tame symbol associated to the complete
discrete valuation field K, ;.

o Uyy = [k;(2) k]vg(ﬁlz,), where Ug(glz,) is the complete discrete valuation on
E,;.

o Weput (, )p; :=0s300,501{, }: Ky x K, — Z.

By using finite “sums” over all local branches in y(z), diagram (3.20) can be

extended for K ,:

( ’ )Iay::Z",Gy(z)( ’ )1'13

({ 7})3 (

D2,y =(82.3) Vo= T s
K;y X sz’y _— KQ Kz,y) ? 2 5> E;;’y s > Z (321)

Now we study the main properties of the 2-dimensional symbol (, ),,. The
first thing to notice is that it is closely related to residues and differentials:

Proposition 3.43. Let a,b € K, ;, then

d db
res, ; <Za A ?> = (a,b)y; -
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In particular if x is a non singular point on a curve y and a,b € K, ,, then

d db
res, <_a A €> = (a,b)yy -

a

Proof. Clearly it is enough to show a proof just of the first equation. Consider
the identification K, ; = k;(z)((u))((t)) then for m,n € Z we can write

a=1t"(ap+ art +axt> +...) for ag € k;()((u))™;

b=1t"(by+ byt + bot® + .. ) for by € l{;z(x)((u))X
So we have:

da  mt™dt +t™(dag + d(at) + d(agt®) +...)
tm(ag + art + agt? + ...) B

dt + dao —+ d(alt) -+ d(a2t2) + ...

t a0+a1t—i—a2t2—|—...

If we put
1

(I0—|-(Z1t—|-a2t2—|—...

where obviously ay = a—lo, then we obtain

a0+a1t+a2t2+...::

d dt d
aa = m + (Z ajtj> d (apt”) = 7%—%00—1— “higher terms” . (3.22)
k>0 \j>0
In the same way we can show that:
db dt  db
=T b_o + “higher terms” (3.23)
0

By using equations (3.22) and (3.23)we obtain the following expression:

da  db dt dby dag dag dby dt
resp; | — AN — | =reS;; | — N | m— —n—rn = TeS;; n——m-—| A —
a b t bo Qo ao bo
(3.24)
But again if
ag = u’“gﬁ)(“‘))(ao +ogu+ au® +...)  for ay € ky(z)";

bo = w3 ®0) (By + Byu+ Bau® +...)  for By € ky(x);
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then we can write

d

o _ vél)(ag)—u + “higher terms”
Qg ’ u

dbo 1y, d

u
— + “higher terms”
u

bO = Ua(m (bo)

At this point equation (3.24) assumes the following very simple form:

da db al
resg (; A ?) = Trké(x”k(nvg;(ao) - mvg;(bo)) = [k;(z) : k] vg(cla) (é) =

Finally note that

n n
a ag

== g + “higher terms” € k;(z)[[u, t]]*
0

therefore we can conclude that

da db ———
res, ; <; A ?> = [k;(z) : k] Ugg ((—1) a”b—m) = (a,0)y;-

Proposition 3.44. The pairing (, )y s a skew-symmetric bilinear form on
K. satisfying the following properties:

x7y

(1) If r,s € K, then Z(r,s)x,y = 0.
Yo

(2) Ifr,s € K, then Z(r,s)my =0.
TEY

(3) Ifr,s € OF,, then (r,8)zy = 0.

Proof. (3) is obvious from definitions. For (1) and (2) see [50, Proposition
1. O

Let’s go back to the undetermined maps of diagram (3.17). Consider

0= (o, B0 B0, b = (7,8, 161) € ker(dh) C A%y ® Ay @ A% and put;
0 : ker(dy) x ker(dL) — Ky(Ax)

3.25

(,0) = (Yo Boa}) (829)

ey,
yCX
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02 : KQ(AX) — 7
¢ Y 0y Oy (cay) (3.26)

xey:
yCX

Definition 3.45. The composition
(,); =000 : ker(d) x ker(dy,) — Z

Can be written explicitly in the following way

(a, b>i = Z(%c,ya 5x,y)x,y (3.27)

ey,
yCX

and it is called the idelic intersection pairing.

Note that the sums in equations (3.26) and (3.27) are finite because of
idelic restricted product and proposition 3.44(3).

Theorem 3.46. The pairing ( , ), satisfies the following properties:
(1) It is bilinear and symmetric.

(2) Let a,b,a’,b € ker(dL) such that p(a) = p(a’) and p(b) = p(V'), then
(a,b);, = (a’,V'),.

(3) It descends naturally to a pairing H'(A%) x H'(A%) — Z.
Proof. Let’s fix a = (o, B,a71371), b= (7,5,7v 167! € ker(dY).
(1) Bilinearity is clear by construction so we have to prove just symmetry.

o 1
For any flag © € y we have that: a% E Oy, and v, y5 € Oy, so by
proposition 3.44(3) we have that:

-1 1
OZZ( xyﬁxy77xy xy) =

ey,
yCX
= Z (Cays Yoy )ay + Z (Qays Ozy )y + Z (Boy Voy)oy + Z (Bory: Oy)ay =
TE€Y, TEyY, rey, Tey,
yCX yCcX yCX yCX
Yy (zmx,y,w ) o)y (a), + 3 (z /aa))
yCX TCyY zeX \y>z

() (3)
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Note that in the above equalities we have used the the skew symmetry of
the symbol (, )., to write (Buy, Voy)sy = —(Vay Boy)ey- Now, both the
summations (i) and (¢7) are equal to 0 thanks to 3.44(1) and 3.44(2), so the
claim is proved.

(2) Let o' = (o/,3,(a/)"HB)7Y) and O = (v/,d,(7)"H()). Since
p(a) = p(a’) and p(b) = p(V'), then v (azy) = v,(a ) and v, (Yzy) = vy (7;.,)-
This means that v, , = foyVey and o}, = goyQuy for foy, g., € O (for
any x € y). Then we have the following chain of equalities which depends on
claim (1):

<a,v bl)z = Z(f:v,y’)/m,ya ﬁ;,y)x,y = Z(fx,w 6;;,y)az,y + Z(/ya:,ya ﬁclc,y)x,y =

z€y, zEy, z€y,
yCX yCX yCX
= Z(fm,ya ﬁy/r,y)%y +(d',b), = Z(fw,yvﬁé,y):r,y +(b,d), =
TEY, Tey,
yCcX yCX
= Z(fm,ya 5;,y):v,y + Z(gx,ya%yv Ozy)ay =
rey, ey,
yCcX yCcX
= Z(fw,ya 6;,y>37,y + Z(gz,yv Ozy)ay + Z(O‘z,yv Ouy)ay =
Ty, ey, ey,
yCcX yCcX yCX
= Z(f:r,yv ﬁé,y)%;/ + Z(gw,yv Ozy)zy + (@, b); -
TEY, rey,
yCX yCX
N ~~ o N g

0 (i)
We have to show that the terms (i) and (i7) in the last line are 0. Since
(0)7 ()7 € OX,, we have:

z,y Ty’
0= Z<fa:,ya (a,);gl;(ﬁl);,gly)xy = Z(fz,zh Oé;,y)ar,y + Z(f$7y’ ﬂ;@)x,y B
2 = ey,
yCcX yCcX vex
prop. 3~44(2) g Z(f:p Yo B;: y)x Y-
ey, ’
yCX

For (i7) the argument is the same.
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(3) Let a,b € im(d%). It means that a = rs™!, 8 = tr7!, v = w1
§=zutforrue Al = K*, s,v€ A and t,z € AS. So:

(a,b); = Z( wglﬁtﬂUyT )x,y =

rey,
yCX
_ § ’ § : -1 § : -1 § :
- (U, tm,y)x,y+ <U7T )x,y"— :ch’twy ,y+ ,y? (3 28)
z€Yy, €y, €y, z€y,
yCcX yCcX yCX yCcX

Now it is enough to use proposition 3.44, as we did previously, to show
that each term of equation (3.28) is 0.
m

The following lemma allows to calculate the local intersection index
i.(D, E) of two divisors in terms of valuations:

Lemma 3.47. Assume that X is an Noetherian, integral, reqular scheme
of dimension 2. Let D, E two prime divisors on X and let v € DNE a
nonsingular point for both D and E. Moreover let d,, e, € Ox , be the local
equations at x of D and E respectively. Then we have the equality:

1)\
Vb (&) = is(D, B)
where US% 1 B — Z is the one dimensional valuation and €; € E }, is the
natural projection through the map O, p — E;D.

Proof. Put y = D and v = US)D. First of all notice that Ox , C O ,, therefore
€, € U, and it is the image on the natural map Ox, — 0,, C k(y). We

o OX .«
X’“ , but we know that 0, , = 5 g)’(‘ ,
x T

have to show that v(e;) = length,, Ty
thus
Ox » Oy

length,, d é ) = length,, , —6’ =v(ey).

]

Lemma 3.48. Assume that X is an Noetherian, integral, reqular scheme
of dimension 2. Let D,E two prime divisors on X and let x € DN E a
nonsingular point for both D and E. Moreover let d,, e, € Ox , be the local
equations at x of D and E respectively. Then we have the equality:

vip(@) = ia(D, E)
where vg})
natural projection through the map O, p — E;D.

1 B p — Z is the one dimensional valuation and e; € E |, is the
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Proof. Puty =D andv = v( ) First of all notice that Ox . C Ox,, therefore
e, € 0, and it is the i 1mage on the natural map Oy, — 0, C k(y). We

have to show that v(e;) = length,, (ﬁX but we know that 0, , = O

de.ex m’
thus
Xz vz -
length,, e length,, =0, v(eg) .
m
There is another simpler expression for the pairing (, ).:
- Z Oéxzy7 y acy Z(a%lﬂ /Yx,y)%y + Z(am,lﬂ 6%2/)90,1/ =
ey, Tey, rey,
yCX yCX yCX (3 29)
Prop 3.44 2) O + Z axy’ 7y) Ty = <b a> —= <a[7 b>’L
Z'Gy,
yCX
More in detail, thanks to equation (3.29) we can write:
<G, b>z = Z _51711 ((ax,y7ﬁ>/x7y6x7y)Kz,y) =
ey,
X
e ~ (3.30)
= > v (@an)ey (02) = 2 (00 (2303)
TEY, xTEY,
yCcX yCX

where in the last line we used the fact that v,, = (vs;);ey@) extends the
valuation v, on K,.

Theorem 3.49. If a,b € ker(d) such that D = p(a) and E = p(b) are two
nonsingular prime divisors on X which meet transversally, then: {(a,b), = D.E

Proof. Let a = (o, 8,a7'87), b= (7,0, '071). By theorem 3.46(2) we can
choose d,, € K, in the following way: 0,, =1if z ¢ DN E and 6,, = t;*,
where t, € Ox, is the local equation of E at z, if z € D N E. Note that
vy(ag,) =0if y # D and vp(a, p) = 1 since p(a) = D, therefore by using
equation (3.30) we obtain:

(@,8); = 3 T (Tobdob) -

zeD

But v, D € Of and (5 p € Ox ., therefore

<a7b>izzax,D (%«D) vaD ( a:D) :

zeD zeD
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Note that > _, 7. p <7$_ b) is the degree of a principal divisor on the

curve D, so it is 0 and thanks to the choice of 0, , we can write:
(@,0);= Y Tup(ta)= > [k(x):k]=D.E
z€DNE 2€DNE

where in the last equation we used lemma 3.48 and the hypothesis of transver-
sal intersection between D and FE. O

The following corollary says that the idelic representation of the intersec-
tion pairing is now complete:

Corollary 3.50. Diagram (3.17) is commutative.
Proof. For any two divisors D, E € Div(X) define the pairing:
O(D,E) = (d\,V),

for a choice of @', b € ker(dY) such that p(a’) = D and p(b') = E. By theorem
3.46(2) © is well defined and moreover by 3.46(1), 3.46(3) and 3.49 we can
conclude that ©(D, E) = D.E. Thus for any a,b € ker(dk) we have that:

(a,b), = O(p(a), p(b)) = p(a).p(b) .

3.2.8 Adelic intersection theory

We saw in section 2.2.4 that for algebraic curves it is possible to express the
degree of a divisor D in terms of the characteristic of the one dimensional
adelic complex:

deg(D) = x(Ax (D)) — x(Ax(0))

Similarly for the algebraic surface X we have the notion of adelic intersection
number

Definition 3.51. Let D, E' € Div(X), the adelic intersection number is:
[D, Elq = x(Ax(0)) = x(Ax(=D)) = x(Ax (= E)) — x(Ax (=D — E)).
Thanks to definition D.40 and theorem 3.34 it is evident to notice that
[D,E|, = [D, E] (3.31)

which means that the adelic intersection number actually calculates the
ordinary intersection number.
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In [19, 4], equality (3.31) is proved without using theorem 3.34 about
cohomology. The proof uses only the moving lemma, 1-dimensional adelic
theory and the following important relationship between the 2-dimensional
complex and the 1-dimensional adelic complex:

Proposition 3.52. Let C' C X be an integral curve and let D be a divisor
not containing C' in its support, then:

X(Ax(D)) = x(Ax(D = C)) + x(Ac(Dlo))

where Ac(D|c) is the one dimensional complex on the curve C relative to the
restricted divisor D|c € Div(C).

Proof. See [19, 4, lemma]. O

Let IC be the canonical divisor of X then the adelic Riemann-Roch theorem
is given by the following equality (true by equation (3.31)):

=D, D—K] = x(Ax(0)) = x(Ax (D)) = x(Ax (K= D)) = x(Ax(K)) . (3.32)

By applying theorem 3.34 and Serre’s duality to equation 3.32 we get the
usual Riemann-Roch formula for surfaces.

3.3 Arithmetic surfaces

In this section we fix a number field K and an arithmetic surface ¢ : X —
B = Spec Og. We use the notation of appendix D. The goal is to develop
an adelic theory on X which extends Arakelov geometry. As usual, our
philosophical guideline will be the 1-dimensional theory (see section 2.3) and
we will see that the main differences with the adelic theory for algebraic
surfaces will be of two types:

» Local: the 2-dimensional local field attached to a flag v € y C X will
be of different nature with respect to geometric case. In fact here we
have to distinguish between vertical and horizontal curves and in the
former case we will deal with mixed characteristic higher local fields.

* Global: the central object involved in the study of Arakelov geometry
is the completed surface X, so we have to improve the definition of the
adelic ring and work with the ring of completed adeles denoted by A g,
making sure that we include the fibres at infinity in the whole picture
(note the analogy with the one dimensional case).
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3.3.1 The “double nature” of K, ;

Let’s fix a flag € y C X, and let 3 € y(x), then the two dimensional local
field K, ; with its topology which can be formally constructed exactly as
described in section 3.1, indeed as hypotheses we needed just a Noetherian
and regular scheme of dimension 2. On the other hand, all the considerations
about the structure of K, ; are completely different from subsection 3.2.1,
since we are not in the category TLF?(k) anymore. We distinguish two cases:

y is a vertical curve. If p(y) = b € B, then y is a projective curve
over the finite field k(b); we assume that k(b) has characteristic p. K,
has characteristic 0 since we have the embeddings Q C K C K(X) C K,
and the residue field E, ; has characteristic p since k(b) C k(y) C E,;. We
conclude that K, is a two dimensional local field of type (0, p, p) and by the
classification theorem we have that K, ; is a finite extension of K,{{t}} where
K, is a finite extension of Q,.

y is a horizontal curve. In this case K, ; has still characteristic 0, but we
have the embedding K C k(y) given by the surjective map y — B; therefore
E, ; has characteristic 0. Moreover, if ¢(z) = b, the local homomorphism
©# : Opy — Ox, induces a field embedding k(b) C k(z) and this implies
that k;(x) has characteristic p. We conclude that K, ; is a two dimensional
local field of type (0,0,p) and by the classification theorem we have that
K,y = K,((1)).

If p(x) = b we have an induced embedding K, — K, ; (see subsection
2.2.3) for details, so we can conclude that K, ; is an arithmetic 2-dimensional
local field over K, and we can apply the local theory developed in section 1.3.
The topology on K, ; is the usual one obtained by the process (3.1).

Note that in the geometric case propositions 3.10, 3.13 and corollary 3.11
didn’t depend on any parametrization, therefore they remain true also for the
field K, ; described here (in both cases). The construction of the ST-rings
K, , and O,, works in the usual way, so they are obtained by summing K, ;
and O, for 3 € y(z).

3.3.2 Adeles

One might think that a reasonable definition of the adelic ring A ¢ can
be just Ax & HaeBw A x_, where: Ay is the adelic ring attached to the
2-dimensional scheme X (see remark 3.22) and Ay, is the one-dimensional
adelic ring associated to the Riemann surface X,. But this construction would
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be wrong. When we add a fibre at infinity X, to the picture, we have to take
in account all possible flags on the completed surface X: a point p € X, can
be seen also as an “intersection point” between a completed horizontal curve
and X,.

Let y be a curve on X, if y is vertical then §y = y, if y is horizontal, in this
section, by ¥ we mean:

where y, = ¢i(y) € Div(X,); by simplicity we also put ¥ = UseB. Yo,
so we have the decomposition 7 = y U y,,. Note that the definition of ¥
is coherent with the notion of completed divisor given in appendix D. Any
point p € X, lies on a completed horizontal curve 3y because we have the
map ¢, : X, - Xx C X and points of the generic fibre Xx are in bijective
correspondence with horizontal curves. With the above wrong definition of
A, we totally forget about the flags of the type p € ¥ C X where y is
horizontal and p € X, but we only add the flags of the type p € X, C X to
the usual geometric picture.

X
X Xs
. [£
dy
B
@ °
n o

Figure 3.2: A visual example where y, is made of two points (marked on the curve X,).
For any point p € X, we put
K, , = Frac (ﬁme) .

In other words K, , is a complete discrete valuation field isomorphic to C((t))
and we endow it with the complete discrete valuation topology. The valuation
ring of K, is O,, = C[[t]] and E,, = C is the residue field.
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Remark 3.53. Note that K, , is an archimedean 2-dimensional local field, but
we insist on considering it as a 1-dimensional local field when topology is
involved.

From now on, a curve on X will be always a completed curve 7, and a
point x € 7 can be also a point lying on some “part at infinity” y, (when y is
horizontal), if not explicitly said otherwise. If p € § and p € y,,, we put

Ky = Kpo, Opy = Opo, Epy = Epy;
for any other point x € y we have:
Kig=Kyy, Org =04y, Evg:=E,,, kzlx)=k,(z).

We are going to define a new adelic ring A x which will be a subspace of the
big product [[zey, Ku5-
gCX

Remark 3.54. In the product Hme@ K,y we will find 3 different types of
gCX
2-dimensional local field: the onesy described in subsection 3.3.1 and fields of

the type C((¢)). Moreover note that all the 2-dimensional valuation fields
described in table 1.4 (i.e. all possible 2-dimensional valuation fields) arise
from algebraic surfaces or arithmetic surfaces. This means that the theory of
higher local fields in dimension 2 is a “geometric theory”.

Definition 3.55. for any completed curve y let’s put:

Again Ay can be thought as a first restricted product performed on the
completed curve 77 and we can use the notation:

Ay =[] Koy
TEY

We have a topology on A,, therefore we can endow Ay with the product
topology. Like the geometric case we need a second restricted product
running on all completed curves.
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Definition 3.56. The modified version of Ax which takes in account the
completed curve is:

Ay = <ﬁ?)yc)? € H Ay: By € A(yo) for all but finitely many y » C H K,y

yc)A( zE?A,
gCX
And we also introduce the formal notation

KX _ H// Kx@

xeg
yCcX

The topology on Ay is the restricted topology of the additive groups Ay with
respect to A(go).
Definition 3.57. The adelic ring attached to the completed surface X is
A)A( = KX D H AXG
UeBoo

where clearly each Ay is the adelic ring attached to the Riemann surface
X,. The topology on A g is the product topology.

The following proposition establishes a nice relationship between A ¢ and

Ax.
Proposition 3.58. The following equality holds:

Ag=Ax @ H (Ax, ® Ax,)

O’EBU

Proof. Let a € Ax, then it can be decomposed in the following way:

Q= (ay)yCX X (ap,cr)pEXa,
O‘GBoo

where:
e a, € Ay forally C X and a, € Az(,o) for all but finitely many y.

« For any fixed o we have a,, € K,, and a,, € O, for all but finitely
many p € X,.
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This means that « € Ay € Ax ® [1,c5, Ax,, so obviously

A; CAx @ H (Ax, ®Ax,).

O'EBO

Vice versa, let « € Ax &[] Ax, then:

oc€Bo

Q= (ay)ycX X (ap,a)peXm

0E€EDBoso

where a, and a,, , satisfy the conditions listed above. Since each ¢, : X, — X
is surjective and points of Xx correspond to horizontal curves on X, we can
write easily:

a = (ay)ycx X (ap,a)pg)éa, = (ay)ycx X ((ap,o)peyw)yoocxm = (aﬂ>yc)? €Ax.
g 0o

]

3.3.3 Residues

We want to define spaces of differential forms and residues attached to the
arithmetic surface X. We distinguish two cases:

(1) Fixaflagz €y C X:

(la) If x € X we assume 3 € y(x) and ¢(x) = b € B and we define the
following spaces and residues maps:

1 ._ (Olsep 1 . 1 .
0l =0, 0l @ ol

3€Y(w)

. .0 . 1 X
res; ; 1= Yy o resg, J|K, Qr,a — C~,
res; g 1= H resy; Qi’y — C*.

3€Y(z)

Where ¢y : K, — C* is the standard character on K (see appendix
G.2).

(1b) If x = p € y,, then:
0=, = Q27

Kp,o|C’
0 . 0Ol X
resyy = P, oresy 1, — C*.

Where in the last line, res,, is the one dimensional residue on
the Riemann surface X, at the point p and ¢? : C — C* is the
standard character of C.
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(2) Fix a flag p € X, then:

resy,x, = U9 o (—resy,) 1 Q , — C*.

Remark 3.59. The choice of the minus sign in the definition of res, x, is
coherent with the main theory if we consider X, as a legit vertical curve on
X. See remark 1.35.

By the universal property of the module of differential forms we have
a canonical map Q}{( XK Q) 5 therefore by abuse of notation, we can
consider an element w € Q}(( XK @S an element lying in Q}c@‘ Moreover, by
base change we know that Q<1C(X[,)|<C = Q}((X)lK Rk (x) C(X,), so again we have
a canonical composition map:

Q}((X)\K — Q(%J(XU)\(C - lem

and when clear from the context we can consider w € Q%(( X)|K &S an element
lying in Qzlw. In other words, it always makes sense to take a residue of a
“rational” differential form w € Q}(( X)|K for flags in X and in X.

Residues on arithmetic surfaces satisfy some global properties very similar
to those described in theorem 3.23.

Theorem 3.60 (2D arithmetic reciprocity laws). Let w € Q}{(X)‘K then:

(1) Let x € X, then []

gou TSz p(w) = 1.

(2) Letp € X,, then res, x,(w) - [ I35, respg(w) = 1.

(3) Lety C X be a vertical curve or §j = X, for some 0 € B, then
erg resr@(w) =1

(4) Lety € X be a horizontal curve, then [] res, 7(w) = 1.

TEY
Proof. See [46, 2.4], [46, 3] and [46, 5] for (1),(3) and (4) respectively. In the
archimedean case of (3) it is enough to use the 1-dimensional reciprocity law.

(2) For any fixed p € X,, there is exactly one horizontal curve 3 € X “passing
by” p. Therefore

res, x, (w) - H res,;(w) =

yop

= res, x, (w) res,z(w) = O (— res, »(w)) - wo(respp(w)) =1.
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Remark 3.61. Note that statements (1) and (2) of theorem 3.60 describe
reciprocity laws around a point, whereas statements (3) and (4) describe
reciprocity laws for a fixed curve. Archimedean data are taken in account
without any special treatment: points on X, are considered as points of X
and achimedean fibres are considered as vertical curves on X.

Fix a rational differential form w € Q}(( XK let’s define the map:

¢ Ag — C*
(asg)rey, X (apo)pexs, = | [ reseg(wacg) [ respo(wa,s).  (3.33)
ycX 7€ Boo TE€Y, PEXo,
gc)? OeBoo

Conjecture 3.62. Fix w € Q}((X)|K? then £“ is a standard character of A ¢,
so in particular A g is self dual.

Conjecture 3.63. K(X) is discrete in A .

3.3.4 Idelic Deligne pairing

We saw in appendix D that there is no intersection theory for arithmetic
surfaces, if we consider just scheme theory, but the intersection pairing is
partially substituted by the Deligne pairing. The aim of this section is to
give an idelic extension of the Deligne pairing for our arithmetic surface
¢ : X — B. In this subsection we won’t use the completion of X and B at
all, so we will deal with the standard idelic theory for schemes. First of all
let’s see how the Deligne pairing can be lifted to a pairing at the level of
divisors on X and with target in Pic(B):

Proposition 3.64. There exists a unique pairing
[[, ]]: Div(X) x Div(X) — Pic(B)
satisfying the following properties:
(1) It is bilinear and symmetric.
(2) It descends to the Deligne pairing.
(,): Pic(X) x Pic(X) — Pic(B)
(3) If D, E € Div(X) are two divisors with no common components then

[[D, E] is equal to the class of the divisor (D, E) in Pic(B) (here the
bracket (, ) is the one defined in D.55). In other words:

[D.EN= ) k) : k(e(2))]ie(D, E) [p(2)] € Pic(B) .

zeDNE
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Proof. For any D, E € Div(X) it is enough to put:
[D, E)] := (0x(D), Ox(E))

where on the right hand side we have the Deligne pairing between invertible
sheaves. Uniqueness follows from properties (1)-(3) and the moving lemma.
O

At this point we will try to work in complete analogy to the geometric
case and we will use the Kato symbol defined in section 1.3 to obtain the map,
denoted below with a question mark, which makes the following diagram
commutative:

ker(dL) x ker(d%) A%

lep
?

Div(X) x Div(X) L (3.34)

| T3

Pic(X) x Pic(X) — s Pie(B) = CH!(B)

As usual, fix a flag € y with 3 € y(x) and assume that ¢(z) = b, then we
define
(7 )2773 = (’ )Kw,3|Kb : Kﬁié X Kmxvﬁ - KbX

where (, )k, |k, is the Kato symbol defined in section 1.3. Remember that
depending on whether y is horizontal or vertical, we have a different expression
for (, ),;. Then we put:

(, )x,y = H (s )3673 : K:;iy X K;y - Kbx

3€y(z)

Proposition 3.65. The pairing (, ), is a skew-symmetric bilinear form on
K. satisfying the following properties:

x7y

(1) Letr,s € K, then for all but finitely many curves y containing x we

have that (r, s),, =1 and moreover [ ] (1, 8)sy = 1.

(2) Lety be a vertical curve and let s,t € K, then for all but finitely many
x € y we have that (r, )., =1 and moreover [[,c (1, 8)zy = 1.

Proof. Skew symmetry and bilinearity are clear. See [36, Theorem 4.3] for
(1); note that in [36] the proof is made for r, s € K(X), but it is easy to see
that it actually works also for r,s € KX. See [36, Theorem 5.1] for (2). O
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Definition 3.66. The idelic Deligne pairing

(, )¢ ker(d.) x ker(d.) — CH(B)

is given by:
(r,s) = (r,s), ==Y _my(r,s)[b] € CH'(B) (3.35)
beB
such that:
ny(r, s) = Z b (Vays Bay)ay) (3.36)
9659);1;7

for r = (o, 8,a7187Y), s = (v,0,77167') € ker(d}) and where v, is the
complete discrete valuation on Kj. It is crucial to emphasize the fact the we
consider Y, ny(r, s)[b] in its linear equivalence class in CH'(B) and not

just as a divisor. By simplicity of notation we avoid to mention the canonical
map Div(B) — CH*(B).

We have to show that definition 3.66 makes sense: for any b € B we have to
check that the sum in equation (3.36) is finite. Thanks to the adelic restricted
product, for all but finitely many flags x € y we have that 7., 8., € OF,.
If y is horizontal we know that (, )., is trivial on O}, x O ; if y is vertical,
then (, )., restricts to a map Oy, x Oy, — Oy and v(Oy) = 0. Again
thanks to the adelic restricted product it follows that n,(r, s) = 0 for all but
finitely many b € B.

Remark 3.67. For any b € B we have the following decomposition for the big
product (3.36):

Z Up ((7 )x,y) = Z Up ((v )Z’,y) + Z Ub ((7 )ﬂmy)

z€Xp, yCXp, z€Xp,
Yo I rey Yo,
y horiz.

We put (, ), as the undetermined function in diagram (3.34) and we have
the following fundamental result:

Theorem 3.68. Consider the notation of diagram (3.84). The pairing (, ),
satisfies the following properties:

(1) It is bilinear and symmetric.

(2) Let r,s,7',s" € ker(dk) such that p(r) = p(r') and p(s) = p(s'), then

<T7 S>i = <T/7 3/>i‘

(3) It descends naturally to a pairing H'(A%) x H'(A%) — Pic(B).

110



Proof. Let’s fix r = (o, 8, a7 1371), s = (7,8,77 1071 € ker(d); moreover we
can fix b € B and work componentwise.
(1) Bilinearity is clear. We will show that as elements of Div(B) we have
(r,s), = (s,r), + (f) with f € K*.

For any flag = € y: o, 8, € OF, and 7,0, € O, so we have that:

y Ty T,y
0= u (058 1oa0r)ea) =
€ Xy,
Y3
= Z U (g Vay)ay) + Z Us((Qay, Ozy)ay) +
zeXy, 2EXp,
N PN ) (3.37)

(%) (i7)

+ Z Ub((Bays Yoy )wy) + Z Ub((Brys O,y )ay) -

[EGXb, meXb,
yST Yy
NS

S

~~ g

(dit) (iv)
Now we analyze in detail the underbraced terms in equation (3.37): for (i)
we have the following decomposition thanks to remark 3.67:

(4) = Z Ub((Qa s Vg )ry) + Z Ub((Qays Vg ) =

yCXb, .Z‘EXb,
TEY yo 1,
y horiz.
(prop.3.65(2)) _
=0+ O ((Qays Vo)) -
zeX, Yo,
y horiz.

By definition we have that (i) = ny(s,r) and (iit) = —ny(r, s). Finally:

(iv) = Z Z(g@y?gw)w _(prop.3.65(1)) )

zeXy Y3

By substituting in equation (3.37) we conclude that

my(r,s) = my(s,7) + Y (g Vo)) - (3.38)

€ Xy,

y9$7

y horiz.
Let y be an horizontal curve and let € y such that ¢(z) = b, then the
coefficient field of K, is k(y),. The two dimensional valuation v, ; extends
the valuation v, on k(y) and moreover that the norm Ny, &, extends Ny k-
It follows that (, )., extends the one dimensional tame symbol

(s )y == Ny o (5 i) Ky x K = k(y) — K™

Yy
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This means that for any two elements u,v € K,, where y is horizontal, we
have that:
(U, 0)zy = (u,v), € K

for any = € y. Therefore we can rewrite equation (3.38):

np(r,8) = n(s,7) + Y 0((Qagy Vo)) - (3-39)

y horiz.

Let’'s put f = [], poriz. (Qays Va)y € K™, then equation (3.39) implies the
following equality:

<Ta S>z‘ = <S) T>Z‘ + va(f)[b] = <Sa T>i + (f) .
beB
(2) Let ' = («, 3, ()71 (B)7Y) and s = (v/,8,(7/)"H()). Since
p(r) = p(r') and p(s) = p(s'), then v,(az,) = vy(a} ) and vy(vay) = vy(7,,)-
This means that 7, , = foyVey and o ) = goyQzy for foy, guy € O (for any
x € y). Then we have the following chain of equalities depending on what we
showed in claim (1):

nb(rla 3/) = Z Ub((fx,y’}/x,yv 5;;,y)x,y) =

r€Xy,
Yo
= Z ((f:vwﬁalcy)wy) + Z Ub((%,yvﬁglx,y)w,y) =
CL'EXb, IEXIN
y>T EE?

= > 0l(fogs Bry)ag) (') = D 0u((fos Bry V) Fn(s, 1) Fup(f) =

ZBGXb, ZGXb,
ek EE?
= D 0((fes o)) + Y 06((9yuiys Oa)a) + 0s(f) = (%)
CL'EXb, xeXb?
yST Y3
Where f € K*.
() = Z Ub((fm,yvﬁé,y)x,w"‘ Z Ub((Ga.ys Oay )z )+ Z Ub((Qyys Oy )ay) H0n(f) =
€ Xy, yCXp, € Xy,
EkY TEY Yoz
= Z Ub((fa,y: Bclvy)my) + Z Ub((9z,y» Oz )ay) +100(r, 5) + vb(fg) -
zeé(m xeé(m
Yo Yo r

) (i5)



Note that in the last line we used the fact that n,(s,r) = ny(r, s) + vy(g) for
g € K*. We have to show that the terms (i) and (ii) are valuations at b of
elements of K. Since ('), (8), € Ox,, we have:

T,y
0= ou((fry: (@)ry(B)zn)ay) =
€ Xy,
Yoz
= Z Ub((fa:,yvagc,y)x,y) + Z Ub((fx,ywﬁé,y)m,y) =
reXy, €Xy,
Yo yo
h) + Z Ub((fz,yvﬁés,y)x,y>‘
yCEXb,
TE€yY

with = [, o, (fay @G y)y € K. For (i) the argument is similar.

(3) Let r,s € im(d%). It means that o = Im™, B = tI7', v = w1,
§=zutforlbue Al = K(X)*, m,v € A and ¢,z € AS. So:

np(r,s) = Z vb((uvgi,twl_l)w) =

€ Xy,
Yo
= Z 0p((U, tay)ay) + Z up((u, lil)r,y)"‘
€ Xy, € Xy, (340)
Yo Yoz
+ Z Ub ;cy’ )+ Z Ub(( ;r_gl;?l 1)%2}) .
z€Xp, zEXp,
Yo Yoz

Now it is enough to appeal to one of the arguments previously used to conclude
that each summand of equation (3.40) is either 0 or of the form v,(f) for

f € K*. It means that (r,s), = 0 in CH'(B). O
We want to give an alternative formula for the coefficient n,(r, s). Notice
that:
_va Oé:ryafyxy ) >_
z€Xp,
=k
= Z Ub((Oays Vo)) + Z U ((Qay: Oay)ay) =
IEEXb, IEEXb,
/ERY yo
= Ub(f) + Z Ub((ax,lh 5x,y)x,y) = Ub(f) + nb($> T) = Ub(fg) + nb(ﬁ S)
z€Xy,
Yo I

(3.41)
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for f,g € K*. Therefore, we can also express:

my(r,s) = — Y 0p((Qaiys VayOr)ay) - (3.42)

JTGXb,
Y3

In particular if y is a horizontal curve:

— (@ a7 e) = vlew)on (N, (50021)) - (343)

The following algebraic geometry lemma is fundamental in order to understand
the relationship between (r, s), and Deligne pairing.

Lemma 3.69. Let X, C X the fiber over b € B and assume that X, has at
least two irreducible components. If D C X, is an integral curve, then there

exists a divisor D' ~ D such that D' doesn’t have components contained in
Xy

Proof. Consider I' running amongst all irreducible components of X, then
put

S= |JTnD).
I'cX,
T'#£D

By the moving lemma we can find D’ ~ D not passing by S. It is clear by the
definition of S that D’ cannot have vertical components contained in X,. [J

Theorem 3.70. If r,s € ker(dk) such that D = p(r) and E = p(s) are
two nonsingular prime divisors on X with no common components, then
{r.s); = [[D, EI].

Proof. Fix r = (o, 8,771, s = (v,0,77167'). We want to show that it is
enough to restrict to the case when either D or E is horizontal. In any case,
by theorem 3.68(2) we always choose 0, in the following way: ¢,, = 1 if
r ¢ DNE and é,, =t,"', where t, € Ox, is the local equation of E at z, if
r € DNE. Forany y # D, a,, € O, since p(a) = D, therefore:

ny(r, s) = — Z vb((ax,p,'y;}jé;}j)xﬁ). (3.44)
J?EDﬂXb
If DC X, and F C X with b # V/, then by proposition 3.65(2) and the

choice of ¢, , we have:

my(r,s) == Y (w0 Vop)ep) = 0. (3.45)

xeDﬁXb

114



So in such a particular case (r,s), = [[D, E]] = 0.
If D, E € X, we can apply lemma 3.69 and find a divisor D’ = zj n;l'; ~ D
such that I'; ¢ Xj. Clearly

Bl =Y (. B

therefore from now on we can restrict our calculation to the case where
either D or F is horizontal. By symmetry we can fix D to be horizontal
and we denote with K (D) its function field. In this case we have an explicit
expression given by equation (3.43):

ny(r,s) = Z (3 (NK(D)Z|Kb (7;}3%)) = Z Vp (NK(D)lK (7;1Dtac>> =

z€DNX, £€DNX,
= > o (Vewnm (25)) + D w (Ve (7)) -
2€DNX, z€DNENX,

Now by the theory of extensions of valuation fields (see [21, 11(2.5)]), we know
that if v, := US)D is the valuation on K (D),, then:

@) k)] ° Nk (D).l K -

Therefore we obtain:

mr,s) = 0 (@) kO (0) + D k@) s kO (E)

reDNXy reDNENX,
(3.46)

Put by simplicity f = v, b € K(D)*, consider the restricted morphism of
arithmetic curves ¢ : D — B and the principal divisor (f) € Princ(D), then:

e((N)) =) ( > k@) k(b)]vx(f)> 6]

Moreover v, (E) = i,(D, F) by lemma 3.48. Equation 3.46 implies that in
Div(B) we have the following equality:

(r,s); = @.((f) + [[D, E]].

But by [37, 7 Remark 2.19] we know that ¢.((f)) = (Nx )k (f)) € Princ(B),
so the proof is complete. O

We obtained the idelic representation of Deligne pairing:
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Corollary 3.71. Diagram (3.34) is commutative.
Proof. For any two divisors D, E € Div(X) define the pairing:
O(D, E) := <7ﬂ,7 Sl)i

for a choice of 7', s’ € ker(dY) such that p(r') = D and p(s’) = E. By theorem
3.68(2) © is well defined and moreover by 3.68(1), 3.68(3) and 3.70 we can
conclude that ©(D, E) = D.E. Thus for any a,b € ker(d}) we have that:

(r,s); = O(p(r),p(s)) = p(r).p(s) .
0

3.3.5 Idelic interpretation of Arakelov intersection the-
ory

In this section we will deal with complex analytic theory for Riemann surfaces

and we will use the notation introduced in appendix D.

The contribution at infinity to the Arakelov intersection pairing is given
by the s-product between Green functions, so the next step in our theory
is to find an idelic description of it. The infinity part of the full adelic ring
Ax ®J],ep, (Ax, ®Ax,) is given by Ax, @ Ax, (for each o), so by working
in complete analogy with the previous work, we want to find a surjective map:

(A% ®A%) DS > ZG(X,)
where S is an adequate subset of Ay © A% still to be determined and

ZG(X,) is the vector space of Green functions on X, with integer orders.

Remark 3.72. First of all let’s introduce a notation. For any a = (a,) € Ax,,
with a(z) we denote the projection of a, onto the residue field C (when it is
well defined).

Let F(X,,R)" be the set of functions f: U C X, — R whose domain U
is the whole X, minus a finite set of points, then we have the following map:

0:A% x Al — F(X,R)
(a,b) +— —log(baa) := [x — —log <b(x)a(a:)@>]

where a(x) denotes the complex conjugate. Note that ZG(X,) C F(X,,R),
then put

G(A%,) :=={(a,b) € O (ZG(X,)): vy(a,) = ord%(0(a,b)), Vz € X,}.

116



We get the map:
To = Olgaz,): G(A%,) = ZG(X,).
Proposition 3.73. The map 7, is surjective.

Proof. Let g € ZG(X,), by proposition D.17, there exist a C*° hermitian
invertible sheaf (.Z, h) on X and a meromorphic section s = {(s;,U;)} of .Z
such that we can write:

g = —log(h(s,s)).
We can choose a € Ay such that a(z) = s(z) (when s(z) is well defined)
and v, (a,) = ord,(s) for any x € X,. Now we can write

g(x) = —log(hs(a(z), a(x))) .

Since z — h,(2Z) is a complex absolute value, we have h,(2%Z) = w,2Z with
w, € C. Let’s choose b = (b,) € A such that b(z) = w,, then

g(w) = ~ log (b(x)a(z)a(z) )

The fact that v,(a,) = ordS(g) follows directly from the fact that for any
hermitian metric h and meromorphic section s we have the equality:

div®(—log(h(s,s))) = div(s) .
(See proposition D.14) O

So far we have the idelic description of Green functions with integer orders
thanks to the projection m,. Now let’s fix a Kéhler fundamental form €2, on X,
and consider G (A%,) = N ZGE (X)), G (A%,) = 1, (ZG™ (X,)).
For pairs (a, 8) € G (A% )x G (A% ) such that div®((m,(a)) and div¥(m,(53))
have no common components we want to find a product « *; 5 such that the
following equality holds:

UI\

(7o ( —— ax; 0 =7, (a) * 1,(0)

As a consequence of the symmetry of the x-product we will get also the
symmetry of *;. For any o = (a,b) € G% (A% ) let’s put:

¢(a) = elxo loslbaa) s
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Definition 3.74. Let a = (a,b),3 = (¢c,d) € G (A%, ), then the idelic
x-product is defined as:

axif == Y ule,) log (b(x)alx)a(@)é() ) +Hog(§(a) ideg(c)+log(€(8)) ideg(a)

ZBEXU

Proposition 3.75. («, §) € G% (A% ) x G (A% ) such that div¥((m,(a))
and div® (1,(B)) have no common component; then a *; f = my() * 7y ().

Proof. Put g1 = 7,(a) and g2 = m,(f), then by proposition D.22 we can
write g1 = g10 + ¢ and go = go0 + ¢2 for, g1, 920 € G(?" (X5), 1 = log(&(a))
and co = log(£(B)). An easy calculation shows that:

g1 % g2 = Z ordg (g20)910(%) + &1 Z ordg (g20) + ¢2 Z ordy (g10) -

r€X, r€Xy z€Xs

Then it is enough to note the following equalities:
ordg (g1,0) = ordy (g1) = va(as) ,

ordy(g20) = ordg (g2) = va(ca)

g10(2) = g1(w) — log(€()) = —log(b(z)a(x)a(z)) —log(¢(a)) .
[l

Let’s write an element a € AL = AL @ [[,cp (A% @® A% ) in the
following way:
a=ayx X (ay)s

with ax € A% and a, € A @© AX , then we have a surjective map:
prker(dl) o [[GAY) — Div(X) s @G(X,)

a=ayxy X (ay)s (p(ozx),Zm,(ozg)Xa)

where p : ker(dY) — Div(X) is the usual projection on usual divisors and
Te 1 G(A%,) = G(X,) is the projection on Green functions.

Definition 3.76. Let’s put

Div (A;{) =p ' (Diva(X, Q) ,
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and let o, § € Div <A)X?> such that (p(a),p(B)) € T a, then the idelic Arakelov
intersection pairing is given by:

a.f = deg ((ax, fx),;) + % Zé‘o Qy *i By

where deg is the usual degree of line bundles, (, ), is the idelic Deligne pairing
and «, *; B, is the idelic *-product.

We have to check that definition 3.76 gives the correct extension of the
Arakelov pairing.

Theorem 3.77. Let o, € Div (A;{) such that p(a) = D and p(p) = E,

with (ﬁ,E) € Tar, then a.f = D.E. In other words the idelic Arakelov
intersection pairing extends to a pairing:

. >< . ><
Div <A2> x Div <A2> - R
and the following diagram is commutative:
. >< . ><
Div <A2> x Div <A2>

lﬁxﬁ

DiVAr(X) X DiVAr(X) —3 R

Proof. 1t follows easily from the definitions. O
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Appendix A

Complex differential geometry

This appendix is a short introduction to complex differential geometry. The
reader is assumed to be familiar with real differential geometry and sheaf
theory.

A.1 Complex manifolds and tangent spaces

There are two equivalent approaches to complex manifolds: “by charts” and
“by sheaves”. The former is very useful when one has to perform local explicit
computation, whereas the latter gives general results is a very elegant and
compact way. We will use indistinctly both approaches without any further
specification since the setting will be clear from the context. Let’s just recall
the definition which employs sheaf theory:

Definition A.1 (complex manifold “by sheaves”). Let (M, &)yr) be a locally
C-ringed space such that M is T2 and second countable. Then it is a n-
dimensional complex manifold if there exists an open covering M = |J, U;
such that for every index i there exist an open subspace ¥ C C" and an
isomorphism of locally C-ringed spaces:

(Ui, Oulv,) = (Y, 7).
Here 02! is te sheaf of holomorphic functions on Y.

A n-dimensional complex manifold M is in the obvious way a real manifold
of dimension 2n, in particular at each point p € M, the real tangent space T,,M

is a R-vector space of dimension 2n. If {8% e ai , ai R, ai } is
11p ZTn Ip’ OY1 lp Yn Ip
a real basis for 7,,M, then the maps:
0 = 0
@xj P (93/] p
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9
y;

induce an almost complex structure I on T}, M, i.e. an endomorphism such that
I? = —id. Now consider the complezified tangent space (T,M )¢ := T,M ®r C
which has complex dimension 2n, and let’s extend I by linearity on (7,M)c.
The eigenvectors of I : (T,M )¢ — (T, M )¢ are i and —i, and their eigenspaces
are called respectively T,M"? and T,M"! (they are both complex vector
spaces of dimension n); note that T,M0 = T,M%!. Clearly we have the
direct decomposition:

0

_8_%

p p

(T,M)c = (T,M)"* & (T,M)"" . (A.1)

antiholomorphic tangent space. Moreover, if we put %L) =
J

and a%j‘p = %‘p + iﬁ%j|p, then

9 9
T,MYO =( —|,...,5—
P <821p aan>

0 0
T,M% = ( —|,..., —
P <8zlp aznp>

The complezified cotangent space is (T,M*)c = (T,M)g and we have the
decomposition

(T,M")c = (TpM*)l’O ©® (TPJM*)O’1 . (A.2)

where if {dx1|p,...dz.|p, dyilp, - - - dysl,} is the dual basis for T, M* and we
put dz;|, := dz;|, + dyjlp, dz;|, == dz;|, — dyj|,, then:

(TPM*)I’O = (dz1|p, ..., dznlp) ,

(T,M*)%t = {dz|p, . . ., dZulp) -

From now on we fix a n-dimensional complex manifold M.

A.2 Holomorphic vector bundles and locally
free sheaves

Definition A.2. A holomorphic vector bundle of rank r over M is a complex
manifold E equipped with a holomorphic surjective morphism 7 : £ — M
satisfying the following conditions:
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« For any point p € M, the fibre E, := 7~ !(z) is a complex vector space
of dimension 7.

« For any point x € M, there exsist an open neighborhood U and a
biholomorphic map ¢y : 7~ H(U) — U x C" such that the followind
diagram is commutative:

T s U x C"

\/

where 7 is the projection on the first component. The couple (U, ¢r)
is called trivialization chart.

« The restriction ¢y : E, — {z} x C" is an isomorphism of complex
vector spaces.

A holomorphic [resp. C*] section of E is a holomorphic [resp. C°°] map
s: M — E such that mos = id. Two holomorphic vector bundles 7 : E — M
and 7’ : E — M are isomorphic if there is a biholomorphic map ¢ : £ — E’
such that 7’ o 8 = 7. A holomorphic vector bundle of rank 1 is called a line
bundle.

Definition A.3. A C* complex vector bundle, or by simplicity a complex
vector bundle, is the same object described in definition A.2, but where we
substitute the word “holomorphic” with “C*°”.

Ezample A.4. The spaces (TM)"0 = | | ¢, (T,M)"°, (TM)" := | ] ), (T,M)%!
and their duals have a unique structure of holomorphic vector bundles over
M (of rank n). (M) is called the holomorphic tangent bundle.

If (U,¢p) and (V, ¢v) are two trivialization charts of 7 : £ — M such
that U NV # (), there is a holomorphic map ¢ : U NV — GL(C, r), satisfying
the following property: the composition

pyogy  (UNV)xC — (UNV)xC"

arising by the commutative diagram

UNV)xC <2 m{(UNV) 25 (UNV) x C
unv
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is given by

dv o ¢y (z,v) = (z,t(z)v).
The map ¢t : U NV — GL(C, r) is called transition map relative to U and V.
Suppose that {(U,, ¢o)} is a set of trivialization charts such that M = |, U,
moreover we denote with ¢,5 : U,NUs — GL(C, r) the transition map relative
to U, and Ug. Then it is not difficult to show that for any three indices
a, B, we have the so called cocycle relation:

tapOtpy =tay, onU,NUgNU, (A.3)
Viceversa suppose on M we give the following glueing data:
+ An open cover M =, U,.

« Set of holomorphic maps {tas : Uy N Us — GL(C, 1)}, 4 satistying the
cocycle relation (A.3).

Then there is a vector bundle or rank r 7 : £ — M with trivialization charts
{(Uq;s ¢a)} such that the transition maps are the functions ¢,3. The total

space L' is given by:
Eo— |_| U, x C" .

where we say that (z,v), ~ (y,w)s if 2 =y and w = t,p(x)v. Two glueing
data {tas} {t,s} on a fixed open cover M = |J, U, are called equivalent if
there is a collection of holomorphic maps {\, : U, — GL(C,r)} such that
tag = /\at;ﬁ/\gl. Equivalent glueing data define isomorphic vector bundles.
In other words a set of transition maps on a open covering (up to equivalence)
satisfying the cocycle relation determines univocally (up to isomorphism) a
holomorphic vector bundle.

Definition A.5. A C* hermitian vector bundle (E,h) is a holomorphic
vector bundle 7 : E — M equipped with a collection h = {h;},epm of
hermitian inner products h, : E, X E, — C such that for any couple of local
holomorphic sections s,t: U C M — FE, the map:

h(s,t): U — C
r = hy(s(x),t(x))

is C* on U. The collection h = {h,},cn is an hermitian metric on E.
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Remark A.6. A hermitian inner product h, : E, x E, — C is a positive
definite bilinear map h, : E, x E, — C. But we have an isomorphism of
vector spaces

E*®E, — B(E,, E,;C)
m&n [(’UJU) = 771(1))772(10)] .
Therefore an hermitian metric h on E can be described as a C* section:

h:M — E*QF
z = hy

such that h,(n,n) > 0 for any © € M and any n # 0.

Remark A.7. Any holomorphic vector bundle admits a C'*° hermitian metric
(see [28, Proposition 4.1.4]).

If we consider a complex manifold (M, &)) in the category of locally
C-ringed spaces then the equivalent object of an holomorphic vector bundle
of rank 7 is a locally free &);-module of rank r. Now we briefly establish this
correspondence: suppose that & is a locally free sheaf of rank r, then for any
xr € M we put

= (g)m/mxéax =& Q0px c=C

so B =],y Frand m: E — M is given by m(s,) = . Since & is locally
free, there is an open covering M = J,, U, such that &y, = O};; moreover
fix a local basis {b7,...,0} of & over U, then the structure of holomorphic
vector bundle on E is induced by the following commutative diagram (for
each «):

1 U) =] erﬁ » U, x C"
Se = MBS+ A, 2 Onse )

\,/

Vice versa, given a holomorphic vector bundle 7 : £ — M then the locally
free sheaf is given by:

EU):={s:U — E : s is holomorphic and 7o s = id} .

Namely & is the sheaf of the holomorphic local sections of E.
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Remark A.8. In this text we will deal mostly with the case r = 1, where we
have the correspondence between line bundles and invertible sheaves.

Clearly there is the equivalent of the definition A.5 in the category of
sheaves.

Definition A.9. A C* hermitian locally free Oyr-module is a couple (&, h)
where, & is a locally free &)p-module and h = {h,},cp is a collection of

hermitian inner products h, : E, x E, — C (remember that E, := @ﬁﬂme éaz)
such that for any open set U C M and any two elements s,t € &(U), the
map
h(s,t): U — C
v o= ha(s(x),t(z))
is C'°. Here by the notations s(z) and #(z) we mean the canonical images of

s and t in E,. The collection h = {h, }.enr is called an hermitian metric on

.

Clearly any locally free &');-module admits an hermitian metric thanks to
remark A.7.

A.3 Differential forms

A C*= differential form of bidegree (p,q), or simply a (p,q)-differential form is
a C'*° section of the complex vector bundle:

/\M = N\TM) o \(TM)

On the other hand the C* sections of A\*(TM*)¢ are the C* (complex)
k-differential forms. Since equation (A.2) holds, then we have a canonical
isomorphism of vector bundles:

Pyq k
P AM=N\TM ).
ptq=k
Therefore, on a chart, a (p, ¢)-form can be written as:
W = Z Wiq, ..., Ipydlseees jqdzil VANPIRAN dZip VAN d2j1 VANRAY deq <A4)

i1 <. <ip
i1<...<Jq
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where the coefficients w;, . i, ..., are C° functions on the chart. Let’s

introduce the multi-index notations:
1= (il,...,ipi ’il <... Sip>,

J = (jl,...,jqijlg...gjq),
dzp :=dz, N... Ndz, for I = (iy,...1ip),
dzy:=dz; N...Ndz;, for J = (ji,...7q),

Moreover let’s indicate with |I| and |.J| the length of the sequences I and J
respectively. Then equation (A.4) can be written in the following compact
form:

W = Z a)["]dZ]/\dZ].
[|=p,|J|=q

A complex manifold is always orientable, and we fix an orientation on M,
therefore one can define the integral of a (n,n)-form w. By simplicity we
assume that w = fdz; A...Adz, ANdZ ... Ndz, is a compactly supported on
a chart with domain U C M, then the integral can be generalized to any w
by using the partition of unity. If f = o + ¢ with a and § C'* functions on
M, then

w=(=20)"(a+if)dzy A... Ndx, Ndyy A ... \dys,.
Let’s define the real 2n-forms
R(w) :=adey Ao Ndey, Ndyy A ... AN dy,,

Xw) :=Pdry A... Ndxy, Ndyy A ... AN dy,,

at this point | yw can be defined by using the integration theory on real
manifolds:

[ o=ar [ @) +isn =2 ([ me+i [ sw).

The C* local sections of a complex vector bundle define a sheaf, hence
we have the following sheaves of C-vector spaces:

gPUU) = {C™ differential forms of bidegree (p,q) on U},
% (U) .= {C> k-differential forms on U} .

Let’s define the operators:

9 API(U) — of/PH(U),
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9 dPI(U) = P (U),
d=0+08: A"(U) - (V) @ a/P(U),

such that, locally on a chart we have

n
Ow
Ow =0 E w[’JdZ[/\dZJ = E E aLJdZT/\dZ[/\dZJ,
Z
H|=p,|J|=q [|=p,|J|=q r=1 "
" Ow
Ow =27 E wLJdZ[/\dZ] = E E a_Lszr/\dZ[/\dZ],
Z
1I|=p,|J|=¢ |=p,|J|=q r=1 "

Proposition A.10. The following properties hold: 0?=0,0°=0,00+00 =
0. In particular also d* = (0 + 9)* = 0.

Proof. Tt is enough to do the calculation locally and use the properties of the
wedge product. O

Let’s fix any p € {0,...,n}, then we have the following complex of
C-vector spaces

e Qyp,q—l(U) L) APA(U) i) Q{p,q+1(U) - ...
Define B
ZPUU) = {w e FPUU): d(w) = 0}

then we have the Dolbeaut cohomology groups
: _ZPUU)
ng(U) = ( )/3(42%13,(1—1((]))

Clearly H5*(U) = 0if ¢ > n and moreover by convention we put d(=/»°(U)) =
0. The elements of Hg’O(U) are the holomorphic p-forms on U and locally
they can be written as w = Z| I=p wrdzr with w; holomorphic function.

Other important operators on differential forms which are worth mention-
ing are the followings:

1 _
d° = 4—2(8 —0): ZPUU) — szfp“’q(U) @ ﬂp’q“(U) (A.5)
T
dd° = 2185 L /PUU) — /P (D) (A.6)
T
Remark A.11. The normalization -= in the definition of d¢ is not standard

4
and in the literature one may find many variants.
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A.4 Hermitian and Kahler manifolds

Definition A.12. An hermitian manifold is a couple (M, h) where M is a
complex manifold and A is an hermitian metric on the holomorphic tangent
bundle TM'P. Sometimes we simply say that h is an hermitian metric on M.

By using remark A.6 we locally can write:

h= Y hpdzy®dz

J<n,k<n

where hjj, is a C* function and for any € M the matrix (hjx(x));r is
hermitian and positive definite. The fundamental form associated to h is the
(1, 1)-form which is defined locally by

Q= % 3" hdz Adz,
Jj<n,k<n
note that thanks to the properties of hj it follows that Q = Q (i.e.  is real)
Remark A.13. An hermitian manifold is often indicated as the couple (M, €2).
Definition A.14. An hermitian metric A on M with fundamental form € is

called a Kahler metric if dQ2 = 0, in this case €2 is called a Kdahler form. An
hermitian manifold is a Kdhler manifold if it admits a Kéhler metric.

Remark A.15. On a Riemann surface an hermitian metric is always Kélher
because the exterior derivative of a (1, 1)-form is always zero.

The following theorem says that an hermitian metric is Kéhler if and only
if it is “euclidean at the first order”.

Theorem A.16. An hermitian metric h with fundamental form 2 is Kdhler
if and only if for each point x € M there is a holomorphic chart (U,z =

(21,...,2n)) centred in x such that on U:
1
Q= 3 Z wirdzj Ndzy  with wiy = dj + o(|2]?)
j<n, k<n

where 0, = 1 if j = k and 0;;, = 0 otherwise.
Proof. See cite[Theorem 4.8]Dema. O

Remember that if (w,n) € AP M x A" M, then w An € AP M, in

particular
kp,kq

= wAL A AwE /\M
—_——

k-times
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Let (M, 2) be an hermitian manifold; let’s define the (n,n)-form
av .= lQ"
n!

which is called the hermitian volume element.

Remark A.17. Here the notation dV is purely symbolic, we are not claiming
that this is the exterior derivative of a form V.

For any integer 1 < r < n and any point p € M there is a hermitian
product:

() NBM)e x N(TM)e > C
such that

(Wi A Aweym A A ), = det((hy (W)l rlp)) k) -

This induces naturally a map

() NTM e x N(TM*)e — C=(M).
Given a (p, ¢)-form n € A"? M there is a unique (n — g, n — p)-form, that we
denote as %1, such that
p,q
wAF) = (w,n)dV for any w € /\M
This defines the so called Hodge star operator:

n—q,n—p

*:KM% /\ M

n o= 1
At this point we can define some additional operators for differential forms:
O = — % Ok : I U) — P (U),
O = — % Ok : I U) — P71 (U),
d* = —xdx: ZPIU) — PN U) & P H(U),
Ay := 00"+ 070 : P U) — oP1(U),
Ag:= 00"+ 00 : PI(U) — ™(U),
Ay = dd* + d*d : %p’q(U) — PN @ P U) @ P U).
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The operators Ay, Az and A, are called respectively 0-laplacian, O-laplacian
and d-laplacian. Moreover for any open set U C M we can define the spaces:;

HEUU) == {n € &PUU): Dy(n) =0},
HENWU) == {n € &P9(U): As(n) =0},
HEWU) = {n € a™I(U): Aa(n) =0},

which are respectively the spaces of d-harmonic forms, O-harmonic forms
and d-harmonic forms.
When M is compact the map:

[P aPI(M) — C
i = [

defines an hermitian inner product.

Theorem A.18 (Hodge’s theorem). If M is a compact hermitian manifold
then the following statements hold for any p,q:

(1) ’Hg’q s a finite dimensional complex vector space. In particular there
exists the orthogonal projection P5* : o/P4(M) — HE* (M)

(2) There is a unique operator Gz : /P M) — /PI(M) such that:
(2.1) Gg(’Hg’q) =0, 0G5 = G350 and "Gy = G50".
Proof. See [25, 0.6, “Hodge Thoerem”]. O

Corollary A.19. Let (M, Q) be a compact hermitian manifold. If [,, fQ" =
for a function f € C®(M), then there is g € C°(M) such that f = Az(g).

Proof. First of all one shows that the map:

f=

is the orthogonal projection Pg’o : C®(M) — H%O(M) = C. Then by
property (2.2) of theorem A.18:

Ju F
Ju

By putting g := G5(f) the corollary is proved. O]

+AsGa(f) = f-

131



Finally, as a consequence of Hodge theorem we get the following useful
proposition which relates the d-Laplacian and the operator 00 when M is
compact and Kéhler

Proposition A.20. Let (M,) be a compact Kdhler manifold, then:
Ag(f)Q" = —nidd(f) AQ™ 1 for f € C(M).

Proof. See [43, proposition 1.37]. ]

A.5 Linear connections and curvature

In this subsection we consider M with its C'"* structure and not the holo-
morphic one, in other words we work on the ringed space (M, <), where &/
is the sheaf of complex valued C* functions on M. Let & be a locally free
a7/-modules on M of rank r and let’s define the sheaf of C* differential forms
with values in &

APUE) = A @y E

Moreover let’s put

dHE) = P @),

pt+q=k
E* (&)= 7*(8).
k
Clearly &/%(&) = &. One can show that for any open set U:
d*(E)U) = MU) @y E(U).

Any element n € &/%(&)(U) can be written as a finite sum 7 = YW ® s;
for w; € *(U) and s; € °(&)(U). Moreover if £ € &/"(U) then

Enn = (EAw)®s; € M (8)U).

J

Definition A.21. A (linear) connection on & is a C-linear map of sheaves:
V:E*&)— E*(&)
which satisfies the following two conditions:
« If we still denote with V the restriction V| x(s), then

Vo5 (&) = AHE).
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« For any w € @*(U) and s € &°(&)(U), the following Leibniz rule
holds:
Viw®s) =dw®s+ (—1)wAV(s).

.....

then by the Leibniz rule applied in the case k = 0:

V(s)=V (Z fj%’) = dei ®e; + [iV(e:) (A.7)

for some functions f; € & (U). But V(e;) = >77_, 0i; ® e; for 0;; € /' (U),
hence by substituting in equation (A.7) and by changing the indexes we
obtain the local explicit expression of V:

r

V(s) = Z (dfj + Z fﬂij) Qe (A.8)

j=1

The matrix of 1-forms (6,;) is called the connection matriz on U, it obviously
depends on the choice of the local basis {e;}, but it is not difficult to study
how it changes under a different choice. Here the important point is that a
connection V can be determined entirely from the data {e;} and (6;;).

Remark A.22. A connection V on & can be used to calculate the “derivative
along a fixed direction” of global sections s € I'(«7°(&)). Indeed let’s fix a
C* vector field Y : M — T Mg, it will be the direction of derivation, then
the covariant derivative along Y is the map:

Vy :T(#°(&)) — T(F°&))
s — V()Y

The element V(s)Y is defined by means contraction of tensor fields, that is if
V(s) =, w; ®s; for w; € (&), then

V(s)Y = Z(ij)sj
J
where w;Y € C*°(M) is such that (w;Y)(x) = w;.(Yz).
The local expression (A.8) of the connection operator implies that any
C® vector bundle admits a linear connection, but if & is hermitian and V

satisfies certain compatibility conditions there is a unique connection on &.
Let’s define two operators:

D+ API(E) = APTH(E)
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given by Jg(w ® 8) 1= 0w ® s for w € @P4(U) and s € &U). If (&,h) is

hermitian consider
{,}: ,@/k(@“’) ®dj(£) N

defined by {w ® s,n @t} := h(s,t)w A 7.

Definition A.23. Let & = (&,h) be an hermitian locally free sheaf. A
connection V on & is called compatible or an h-connection if the following
conditions are satisfied:

« Consider the map V : &%(&) —» &1(&) = (&) & &% (&) which
can be obviuosly decomposed in a sum V1 + V% We require that
VO’I = gg

« For any n € &*(&) and € € A¥(&):
d{n,€} ={V(n),&} + (=1)"{n, V(€)}

Theorem A.24. If & = (&,h) is an hermitian locally free </ -module, then
there exists a unique h-connection on & .

Proof. See [25, 0.5, “Metrics...”]. O

Remark A.25. From now on if V is a connection on an hermitian locally free
sheaf, we will tacitly assume that it is the h-connection.

Definition A.26. Let V be a connection on &. The map
V2 &) D (&) D FE)

is called the curvature of V.

A connection is only C-linear, but the next proposition show that its
curvature is 7-linear.

Proposition A.27. The curvature V* : &%(&) — /*(&) is a morphism of
& -modules.

Proof. Let f € &/(U) and s € &°(&)(U):
VA(fs) = V(df @ s+ [V(s)) = V(df @s) + V(fV(s)) =

Cf®s—df @ V(s) +df @ V(s) + fV3(s) = fV*(s).
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If we restrict our attention on global sections we have that
V? € Homes () (D(#°(8), T(%(6))) 2 T(6) @ I'(?) @ (&) =

~(*) @ ([(€)@D(&)Y).

We have defined V? as a map of sheaves but by abuse of notations we
consider it also as an element of I'(«7?) ® (I'(&) @ T'(&£)Y). When & = £ is a
line bundle, then T'(&) @ I'(¥)Y = &, hence V? € I'(«/?) which means that
the curvature can be thought as a global 2-form © attached to .Z and V; we
will cat it the curvature form.

Definition A.28. If (Z, h) is an hermitian line bundle on M, the curvature
form of £ with respect to the h-connection is denoted with the symbol

(L, h).

A.6 First Chern class

Given two invertible sheaves on a complex manifold (M, &), a fundamental
issue is to establish whether they are isomorphic. This problem can be
attacked by introducing the concept of first Chern class.

With the symbol H*(M,.#) we denote the sheaf cohomology and if G is
a group, then G is the locally constant sheaf on M induced by G. H} (M, G)
is the singular cohomology on M with coefficients in G. We will use some
well known results relating the various cohomologies on M:

« H(M,Z) = H*(M,Z) .
o Hip(M,R) = H*(M,R) (De Rham theorem).
From the fundamental exact sequence of sheaves
0—-2Z—0—0"—=0

we get a homomorphism ¢ : H'(M, 0*) — H*(M,Z) which can be viewed
as a morphism § : Pic,(M) — H}(M,Z) where Pic,(M) is the group of
isomorphic invertible sheaves on M up to isomorphism. If we consider
the natural morphism H}(M,Z) — H*(M,R), then the map ¢ induces the
following homomorphism of groups:

¢, : Pic,(M) — HEgr(M,R)
Z — Cl(.;g).
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Definition A.29. The element ¢;(.%) is called the first Chern class of £ .
Furthermore the degree of £ is deg(.Z) = [y c1(2).

The following important result says that the first Chern class can be
explicitly calculated from any connection on .Z, in other words we have an
effective way to check whether two invertible sheaves are isomorphic.

Proposition A.30. Let £ an invertible sheaf and let © be the curvature
form of £ with respect to any connection V. Then:

l
=[5,
Proof. See [25, 1.1 “Chern classes...”]. O

Remark A.31 (First Chern class in algebraic geometry). If (X, Ox) is an
integral scheme and . is an invertible sheaves on .Z, the first Chern class of
& denoted as ¢;(.£) € CH'(X) is the image of . under the isomorphism
Pic(X) — CH'(X). Unfortunately the notation is the same, but the two
different notions of first Chern classes are closely related. In subsection D.1.2
this relation is made explicit in the case of Riemann Surfaces.
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Appendix B

Divisors on schemes

Basic scheme theory is assumed to be a prerequisite to read this thesis. In this
appendix we just present some crucial topics about divisors. On a scheme X
one can define two types of divisors: Cartier divisors and Weil divisors. The
former have a local nature and they don’t require any further assumption on
X, the latter are more intuitive but X must fulfill some regularity conditions.
In many cases Cartier divisors and Weil divisors coincide.

B.1 Cartier divisors

First of all we need generalize the concept of the function field when X is not
an integral scheme.

Definition B.1. Let X be a scheme, then for every open set U C X we put:
Rx(U) :={se Ox(U): s, is not a zero divisor of Ox ., YVx € U } .

Then we define the presheaf of Ox-algebras J£y such that for any open set
UCX
H(U) :=Rx(U) Ox(U).

The sheaf of stalks of meromorphic functions £ is the sheafification of 5.
A meromorphic function on X is an element f € H°(X, #x).

Remark B.2. One might notice that J#x could have been defined in a more
natural way as Frac (0x(U)) for every open set U. This construction would
be wrong and the main obstruction is that the natural restriction map would
be in general not well defined. Indeed the homomorphic image of a an element
which is not a zero divisor can become a zero divisor. See [32] for more details
about the construction of .
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Ay and JFx have the following properties (see [37, 7.1.1]):
(7) If U is an affine open then 5 (U) = Frac (Ox(U)).
(43) For every open set U the natural homomorpshism £y (U) = [[cy H#x o
is injective.

Note that property (i) implies that the sheafification morphism 2y — H#x
is injective, therefore from now we can assume that &y C J#x as sheaves of
O'x-algebras.

Proposition B.3. If X is an integral scheme and K 1is its function field,
then Hx is isomorphic to the constant sheaf given by U — K for every open
set U.

Proof. Omitted. m

Definition B.4. The (abelian) group of Cartier divisor on X is:
Div(X) := H° (X, 4y | 0%)

and an element D € Div(X) is called a Cartier divisor.

Even if the operation in Div(X) is the multiplication we write it in an
additive manner, therefore if Dy, Dy € Div(X), the notations Dy £ Dy make
perfect sense.

Definition B.5. The subgroup of principal Cartier divisors is the image of
the natural homomorphism:

H° (X,6¢) — H (X, 7/ 0%) .

The quotient group of Cartier divisors modulo the subgroups of principal
Cartier divisors is denoted as CaCl(X). In particular if Dy, Dy € Div(X)
and D; — D, is principal we say that D, and D, are linearly equivalent; in
symbols Dy ~ Ds.

Definition B.6. The monoid of effective Cartier divisors is the image of the
natural map

H° (X, (AN 0Ox)/0%) — H (X, 2/ 0%) .

and it is indicated as Div, (X). When D is an effective Cartier divisor we
write by simplicity D > 0.

The following remark about the sheafification of a presheaf is crucial in
order to give an explicit presentation of Cartier divisors:
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Remark B.7. Suppose that .# is a separated sheaf on a topological space.
The sheafification .# T is explicitly given by:

()zer € H F,: Yy € U, 3 an open neighbourhood U, C U
ﬂ—‘r(U) = zelU
and a section f € F(U,) such that f, = a, Vz € U,

By taking all the couples (U,, f) of the above definition and by changing the
indexes for clarity of notations, it is evident that to each element t € Z#*(U)
we can associate a collection of couples {(U;, fi)}i, satisfying the following
properties:

« U =J,;U; is an open cover.
. fie Z(U,).

o filvinv, = filuinu, for every 4, j. It is important to point out that this
condition is true because .# is separated.

We say that two collections {(U;, f;)}: and {(V}, g;)}; satisfying the above
two conditions are equivalent if fi|y,nv; = gjlu.ny; for any 4, 7. So, to each
collection {(U;, fi)} we can associate an element ¢ := (f; ,)zev € F7(U), and
this assignment is well defined up to the equivalence relation.
In other words any section ¢t € #*(U) in the sheafification can be pre-
sented uniquely (up to equivalence) as a collection of “compatible local data”
{(U;, fi)}-

The quotient presheaf of two sheaves of abelian groups is always separated,
in particular the presheaf defined by

U 2 (U)) 6% (U)

is separated. Therefore thanks to remark B.7 a Cartier divisor can be given
as a collection D = {(Uj, f)}:, satisfying the following properties:

(edl) X =|J,U; is an open covering.
(ced2) f, € A (U)).

(cd3) Silvio, € 0% (U, NUj) for every i, j.

filvynu,
Moreover two collections {(U;, fi)}: and {(V}, g;)}; satistying the above prop-
MU e gR(U N ) for ev-
ery i,j. It is evident that D € Div(X) is principal when D = (X, f) for

f € H° (X, #{); on the other hand D is effective when D = {(Uj, f;)}; and
condition (cd2) is replaced by: (cd2’) f; € Ox(U;) N K5 (U;) for every i.

erties represent the same Cartier divisor if
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Definition B.8. Given a Cartier divisor D = {(U,, f;)} we can define the
following glueing data of sheaves on the open covering X = J, U;:

o Fi = f1O0x|y, is sheaf of Ox|y,-modules over Uj.

o i - Filu,ou, = Fluinu, is an isomorphism of sheaves defined as:
0ij(U) : Zilvov,(U) — Fluou, (U)
a N a
filu filv

for every open set U C U; N U;.

The glueing conditions are easily verified, therefore the sheaves .%; glue to a
unique invertible sheaf denoted as Ox (D).

Remark B.9. As an exercise one can verify that the above definition of Ox (D)
is independent from the choice of the local data {(U;, f;)} for D.

Let’s keep the notation of the above definition and consider a point z € X,
then there exists a certain U; such that = € U;, and we have the equality
Ox (D), = (fi_l)x Ox .. Note that D = {(U,, fi)}: is an effective Cartier
divisor if and only if Ox(—D) is a sheaf of ideals if Oy and in this case
Ox(—D)y = (fi)2Ox.» where (fi), € Ox . is called a local equation of D at x.
If we don’t write explicitly the local data of an effective Cartier divisor D, a
local equation of D at a point x is simply a generator for the principal ideal

ﬁx(—D)z Of ﬁX,z-

Definition B.10. Let .# be a sheaf of &x-modules on X, then we define
the sheaf
Hx(F) =F Qo Hx

A meromorphic section of F is an element of H(X, #x(%F)).

Remark B.11. Note that #x(.%) is the sheafification of the presheaf given
by U+ Rx(U)"1.Z (U) for every open set U.

Proposition B.12. if X is an integral scheme with generic point n and %
is a quasi-coherent sheaf, then JHx(F) is isomorphic to the constant sheaf
giwen by U — Z, for every open set U.

Proof. Omitted. []
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Let .Z be an invertible sheaf on an integral scheme X and consider a
non-zero meromorphic section s € H(X, #x(.£)); we want to show that s
defines a Cartier divisor.

Let X = J, U; an open covering such that 2|y, = e;Ox|y,, for e; € L (U;),
then

SlUi S HO(Ui, e;O0x

U Qoxly, K) = €0x(Ui) ®ox ) K

and one can write s|y, = e; ® f; with f; € K. Moreover f; # 0 for every 1,
because otherwise we would have s|y, = 0 and since #x(.Z) is isomorphic
to a constant sheaf (see proposition B.12) this would imply s = 0 against
the assumptions. Therefore it is evident that the data {(U;, f;)}; defines a
Cartier divisor.

Definition B.13. Let .Z be an invertible sheaf on an integral scheme X
and let s € H(X, #x (%)) be a nonzero meromorphic section. The Cartier
divisor associated to s in the way showed above is denoted as div(s).

It is worth mentioning that Ox(div(s)) = ., indeed for any open set
U C U; we have the map

[iloOx(U) — ZLU) = e|luOx(U)

a
fi|U

An invertible sheaf may not have nonzero global sections but the existence of
nonzero meromorphic section is guaranteed by the following proposition.

= elu-a

Proposition B.14. Let .Z be an invertible sheaf on an integral scheme X,
then there exists a nonzero meromorphic section of £ .

Proof. Let X = |J,U; an open covering such that 2|y, = €;0x|y,, for
e; € Z(U;). We first show that #x(.Z)|y, is a flasque sheaf for every i.
Indeed let U C V' be two open set contained in U; and consider an element
eily @ f € Hx(L)(U), then obviously e;|y ® f € #x (V) is such that:

(eilve Hlv=elve f.

Since Hx (L) is flasque, then we can find nonzero elements s; € #x (L) (U;)
such that s;|v,nu;, = s;|v,nv; for every 4, j. Finally, all the elements s; glue to
a nonzero global section s € HY(X, #x(Z)). O
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B.2 Weil divisors

In this section we fix a Noetherian integral n-dimensional scheme X with
function field denoted by K.

Definition B.15. A k-cycle on X is a finite formal sum:

> nylY]

YeXx (k)

where n; € Z and the Y’s range over the set of all closed integral k-dimensional
subschemes of X (such a set is denoted by X (k)). A prime k-cycle is a k-cycle
of the form [Y] for Y € X®). Clearly k-cycles form an abelian group that we
indicate by the symbol Z, X. When k = n— 1 then we say that Z,_; X (which
is often denoted by Z'X) is the group of Weil Divisors on X. A Weil divisor
it is said positive if all the coefficients in the formal sum are non-negative.

If Y is a prime Weil divisor then we have a well defined discrete valuation
vy on K.

Definition B.16. A principal Weil divisor is a Weil divisor of the type:

(H)= > w(HY] for feK*.

yex(n—1)

The quotient of Z,,_1 X with the subgroup of principal Weil divisors is
denoted by CH'(X). Two Weil divisors are said linearly equivalent if they
have the same class in CH'(X).

When X is a regular scheme we can identify Weil divisors and Cartier
divisors, thanks to the following theorem:

Theorem B.17. Let X be also a reqular scheme, then Div(X) = Z, 1 X and
CaCl(X) = CH'(X).

Proof. See [37, proposition 7.2.16]. ]

So, from now on we can simply use Div(X) to denote Weil divisors. If
D =3, ny[Y] € Div(X) and Y = {y} then mult, (D) := ny-.

For general morphisms of schemes f : X — S Weil divisors and cycles
don’t have nice properties of pullback and push-forward, but if we add some
hypotheses on f, then the situation is different.
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Proper push-forward of cycles. If f is a proper map, then for any prime
k-cycle [Y] € X® we have that f(Y) is an integral closed subscheme of S
such that dim f(Y") < k. Let Ky be the function field of Y and let Ky the
function field of f(Y'), then we put:

o if dim f(Y) < &,
deg(Y/1(¥)) := {[Ky : Ky if dim f(Y) =k

Thus the push-forward of [Y] is defined as:
fY] = deg(Y/F(Y))[F(Y)]
By Z-linearity we can extend f, to a group homomorphism f, : Z, X — Z,.S.

Flat pullback of cycles. Assume that f is flat of relative dimension m,
then for any prime k-cycle [Y] € S® we put:

P =Y € ZpemX

again by Z-bilinearity this extends to a homomorphism f*: 7,5 — Zp. X
Roughly speaking the pullback of cycles “preserves the codimensions”, thus
we have a well defined homomorphism f* : Div(S) — Div(X). We define the
ramification index of f at x to be:

ﬁX,m

Ca|f(x) ‘= lengthﬁxjw —mf( O ,

Then it can be shown (see [37, Exercise 7.2.3(b)]), that the following explicit
equation hold for D € Div(S):

f*D = Z €x‘f(x) multf(x)(D){T}

zeT

where:

T::{xEX: dim {z} =n — 1 and dimm:n—m—l}.
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Appendix C

Arakelov geometry in
dimension one

Arakelov geometry in dimension 1 is a geometric viewpoint of basic algebraic
number theory.

Let X be a regular projective curve over a finite field I, and let K be
its function field, then there is a bijection between the closed points of X
and the places of K. This means that we can study the geometry of X by
using arithmetic properties of K and vice versa. This perfect correspondence
between arithmetic and geometry apparently seems to disappear for purely
arithmetic objects. Fix our prototype of arithmetic curve, which is B =
Spec O where Og is the ring of integers of a number field K; notice that
there are more places of K than closed points in B. The archimedean places
of K cannot be recovered from B, so in order to solve this issue, we formally
complete B with points corresponding to the missing archimedean places. We
obtain a new space B which is not a scheme anymore.

On an arithmetic surface we will find both arithmetic curves (the horizontal
ones) and algebraic curves (the vertical ones, including the fibers at infinity).
Such curves may admit singularities, for this reason we have to enlarge a bit
the arithmetic theory to take in account the singularities. The prototype of
(possibly) singular arithmetic curve is B = Spec A where A C Og is an order
of K and the goal of this section is to develop the basic tools for a geometric
theory on B.

We assume that the reader is familiar with basics notions of algebraic
number theory at the level of [47, LII].

Notation. We fix a number field K such that [K : Q] = d. Ok is the ring
of integers of K and we fix A C Ok to be an order of K. A is in particular
a one-dimensional, Notherian integral domain whose field of fractions is K.
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When A = Ok, then it is clearly a Dedekind domain and it also called the
maximal order of K. We put B = Spec A, and the crucial point to keep in
mind is that for p € B, the local ring &g, = A, may not be a DVR.

C.1 Arakelov divisors

Recall that for any nonzero ideal a C A, the quotient A/a has finite cardinality,
so we can define the norm function:

N(a) := #(A/a)

that turns out to be multiplicative (with respect to the product of two ideals).
By definition we put 91(0) = 0. For any element p € B the function:

ord, : K* — Z
g —  length, (Ay/fAp) — length, (Ap/gAy)

is a well defined group homomorphism (see [37, pag. 258-260]) and when A,
is a DVR then ord, is actually a discrete valuation that is denoted as v,.

A place of K is an equivalence class of absolute values on K (two absolute
values are equivalent if they generate the same topology). The set of field
embeddings of K in C, here denoted as C¥, has cardinality d = r, + 27,
where 7 is the number of real embeddings and 27, is the number of complex
embeddings. Let’s introduce the following equivalence relation ~ on CX:

o~71 ifandonlyif o=7or7=0.

The quotient set By, := CK /~ has cardinality r + s. Define the completion
of B to be the set B := BU B..

Remark C.1. When A = Ok we have a bijective correspondence (see [47, 11
§8] for details):
{Places on K } <+ B\ {0}.

For the non-archimedean place associated to p € B we choose the repre-
sentative

[y 2= )0

Moreover:

« For any real embedding 7 : K — R we consider the absolute value:
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where on the right hand side we mean the usual absolute value on R.
In this case we define the real valuation associated to 7 as

UT(') = _10g| ’ |T

« For any couple of conjugate embeddings 0,7 : K — C we choose:

|- lo = 10()]

where on the right hand side we have the usual absolute value on C*.
Note that | - |, doesn’t depend on the choice of o, since its conjugate &
gives the same absolute value. The associated real valuation is

UJ(') = _1Og| ’ |O’ .

From now on we always fix a set of representatives in B, (as explained above
this choice doesn’t affect the set of canonical absolute values). Therefore B,
is simply a set of d = r; + r3 embeddings intended as points at infinity of B.

Furthermore, let’s introduce a very important constant, associated to each
0 € By, which will be used throughout the whole text:

{1 if o is real
€y 1=

2 if o is complex .

Now we are going to prove the product formula for orders and we need the
following general lemma:

Lemma C.2. Let M be a finitely generated free Z-module and let ¢ : M — M
be an injective Z-homomorphism. Then #(M/o(M)) = | det(¢)|.

Proof. See [43, Lemma 3.4]. O

Theorem C.3 (Product formula for orders). Let f € K*, then |f|, =1 for
all but finitely many p € B and

I I1 1y =1. (C.1)

peB 0EBs

Clearly equation (C.1) can be rewritten in the following way:

[T T 1fle=1. (C2)

peB oceCK

'Many authors in this case take the square of the complex absolute value to keep track
of the fact that point at infinity induced by |- |, is “complex”, so roughly speaking “of
order two”. We will fix this by using the coefficient 2 when necessary.
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Proof. We can restrict the proof to the case f € A\ {0}. Consider the
injective Z-homomorphism ¢; : A — A given by a — af. By using Galois
theory (See [41, Theorem I11.8.12]) we know that det(¢y) = [[,ccx o(f), so
thanks to lemma C.2 we can write:

N(fA) = #(A/fA) = |det(¢p)| = ] le(H)l = T I/l

oeCK oeCK

Now in order to conclude the proof we have to show only that

#(A/fA) = T[] #(A/p)" S (C.3)

peB

where the right hand side of equation (C.3) is a actually a finite product.
Thanks to the Chinese remainder theorem ([47, Proposition 1.12.3]) we know

that
AlfA=ED A/ fA,

peEB

where the direct sum on the right hand side is finite. Note that, for any p,
A,/ fA, is an Artinian A,-module, and suppose that it has a composition

series:
0=My S M S...C Moq,5) = Ap/fA,.

For any j = 0,...,ord,(f), the composition factor M;;/M; is a simple
Ap-module, hence
M1 /M; = Ay /pA, = Alp.

We can conclude that #(A,/fA,) = #(A/p)°" %) so equation C.3 is proved.
[

Definition C.4. The group of Arakelov divisors on B is:
Diva,(B) := Div(B) @ R(5=)

where R(B=) is the free R-module with basis B.. So, any D € Diva,(B) is a

formal sum:
D=>"mlpl+ > alo] (C4)

peB 0€EBso

where [p] and [o] are just symbols, n, € Z and o, € R. Consider f € K*,
the Arakelov divisor:

()= ordy (Nl + > 20,(f)[0] (C.5)

peB 0EBso
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is called a Principal Arakelov divisor, moreover we put (0) := 0. The subgroup
of principal Arakelov divisors is denoted as Princa,(B) and the quotient

DiVAr(B)
1 -
CHA(B) := Princy, (B)

is called the (first) Arakelov Chow group of B.
We have the notion of degree for Arakelov divisors:

Definition C.5. If D is given as in equation (C.4), then:

~ 1
degy, (D) = Z ny logN(p) + 5 Z €5y -

peB 0E€Bs

If A # Og, then it is not a Dedekind domain, in particular the set of
fractional ideals of A is not a group and the unique factorization of fractional

ideals fails. For this reason we restrict our attention to invertible ideals of A

which are those fractional ideals a admitting the inverse a=! (i.e. aa™! = A).

Invertible ideals have a nice characterization:

Proposition C.6. A fractional ideal a of A is invertible if and only if, for
any p € B, aA, is a fractional principal ideal of A,.

Proof. See [47, Proposition 1.12.4]. ]

Thus for any invertible ideal a of A we have that aA, = a,A, for some
a, € K and we can define the following Arakelov divisor without components
at infinity:

a=)" —ordy(ay)fp]

peB
It is evident that @ is independent from the choices of the generators a.

Proposition C.7. The degree of a principal Arakelov divisor is 0.

Proof. 1t is a straightforward application of the product formula (theorem

—

C.3), indeed if (f) is given by equation (C.5), then:

dega () = 3 ordy(f)logN(p) + > e, loglo(f)| =

peB 0€EBs

= —log (Hlf!p- 11 If!f;’> =0.

peB 0€EBso
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It follows that the Arakelov degree descends to a well defined homomor-
phism to the quotient:

deg,, : CHL,(B) = R.

C.2 Picard-Arakelov group

The usual (non-Arakelov) Chow group CH'(B) can be identified with the
Picard group Pic(B). In this section we want to define the group Pica,(B)
which will be an enlargement of Pic(B) and moreover will be isomorphic to
CH},(B). A useful simplification of the theory is due to the fact that B is
an affine scheme, indeed the following theorem says that instead of working
with invertible sheaves, it is enough to consider just the A-modules of global
sections.

Theorem C.8. Let R be a ring. The category of coherent sheaves on Z =
Spec R is equivalent to the category of finitely generated R-modules.

Proof. We just write down the definition of the functor on objects, all the
details can be found in [53, §4].

Let .# be a quasi coherent sheaf on Z, then we associate the R-module of
global sections M = H°(Z,.#). Vice versa let M be a finitely generated
R-module and consider it as a constant sheaf on Z, then we associate the
sheaf .# = M, where M is the usual ~-construction of a sheaf by starting
from an R-module (see [37, 5.1.2]). O

Let’s recall some notions from commutative algebra:

Proposition C.9. Let R be a ring and let M be a finitely generated R-module,
then the following are equivalent:

(1) M is projective.
(2) M, is a free Ry,-module for any p € Spec R and the map
Spec R 2 p — dimy,) (M ®g k(p)) = 1kg, (M,)
1s locally constant.

Proof. See [57, Lemma 10,77.2]. O

In our particular case, R = A is an integral domain, so B is connected
and the aforementioned local dimension map for a projective A-module is
constant. Therefore the following definition makes sense:
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Definition C.10. The rank of a finitely generated projective A-module is
dimypy M ®4 k(p) for any choice of p € B (also p = 0).

Definition C.11. An invertible A-module is a finitely generated projective
A-module of rank 1.

Let R be any ring, then the support of an R-module M is defined as
supp(M) := {p € Spec R: M, # 0}

and it turns out to be a finite set for A = R; this will be an important
property.

Lemma C.12. Let R be any ring, let M be a finitely generated R-module
and let p € Spec R. M, =0 if and only if Anng(M) Z p.

Proof. Suppose that b € Anng(M) \ p, then bm = 0 ¥Ym € M which means
that M, = 0. Vice versa let {my,...,m;} a set of generators for M, M, =0
implies that we can find b; € R\ p such that b;m; =0 for all : = 1,... ,m.
Now consider b = byby . ..b;, then b € Anng(M) \ p. O

Proposition C.13. Let M be a finitely generated module over a Noetherian
ring R and assume that supp(M) is contained in the set of maximal ideals of
R, then supp(M) is a finite set. In particular if A = R, then supp(M) is a
finite set.

Proof. Since all ideals in supp(M) are maximal in R, then they are all minimal
in supp(M). By lemma C.12 supp(M) is the set of minimal prime ideals
containing Anng (M), so supp(M) corresponds to the minimal prime ideals
of R/ Anng(M). The claim follows from the fact that Noetherian rings admit
only finitely many minimal prime ideals. 0

From now on we identify Pic(B) with the group of invertible A-modules
up to isomorphism. The identity element is the isomorphism class of A and
the operation is the tensor product. Given any divisor D = Zp ny[p] on B,
the associated invertible A-module can be obtained simply as

Op(D) = {f € K*: ordy(f) > —ny, Vp € B} U{0}

Let L € Pic(B), the following argument shows how any nonzero element
s € L ®y K can be seen as “a rational section”, indeed it generates a divisor
div(s) € Div(B) such that Og(div(s)) = L. For any p € supp(L) we can
choose a nonzero element w, € L, such that L, = wyA,. Therefore we
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can write s = wyf, for f, € K (here we got rid of the tensor product by
commodity). Let’s define

ord (s) = ord,(fp) %f p € supp(L)

0 if p & supp(L).

It is easy to see that ord,(s) doesn’t depend from the choice of wy, indeed
assume that w;, is another basis such that wy = aw, and w, = Buwy; this implies
immediately a8 = 1 and ordy(cr) = 0. By proposition C.13 the following
divisor is well defined:

div(s) := Zordp(s)[p] € Div(B).

peB

Proposition C.14. Let L be an invertible A-module and let s € L @4 K
such that s # 0. Then Og(div(s)) = L.

Proof. Define the map:

Hs:ﬁB(div(s)) — L®AK
f—= fs

First of all we show that the image is contained L. Choose a local A,-basis
wy for Ly, and write s = w, f,. At each prime we have ¢t := fs = w,ff, (when
p ¢ supp(L) everything is 0), but ord,(ff,) > 0, so t € L, for any p € B.
This implies that ¢t € L, indeed suppose by contradiction that ¢ ¢ L, then
the ideal a := {r € A: rt € L} is proper. Let q be a prime containing a, then
t € Ly, thus there exists a ¢ q such that at € L. We have found an element
a € a such that a ¢ q and this is a contradiction with the fact that a C q.

The map 6y is evidently an injective homomorphism, so it remains to check
that it is surjective on L. Let t € L, since L ® 4 K has dimension 1 we can
write ¢t = fs for f € K, hence at each p we have t = w, f, f where f,f has to
be an element of A,. This is equivalent to say that ord,(f) > —ord,(f,) =
—ord,(s). O

Invertible A-modules keep track just of the ordinary divisors on B and
they don’t give any information about the archimedean data on B. We need
an enriched notion of invertible A-modules:

Definition C.15. An hermitian invertible A-module is a couple (L, {h, }scB..)
where L is an invertible A-module and h, is an hermitian inner product on
the complex one dimensional vector space L, := L ®% C = (L ®4 K) ®% C.
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Remark C.16. If M is a K-module and we construct M ®% C, then C is
considered a K-vector space with the multiplication induced by the field
embedding o. In other words a - v = o(a)v for any a € K and v € C. A pure
tensor of M ®% C is denoted as m ®7 v.

For any 0 € B, the tensor product induces a functor from the category of
A-modules to the category of C-vector spaces which acts on objects as L — L.
On the other hand if v : L — L’ is a homomorphism of A-modules, we have a
homomorphism of C-vector spaces ¢, : L, — L’ given by x ®7 1 — 9(x) ®7 1.

Definition C.17. Two hermitian invertible A-modules (L, {h,},) and (L', {h. },)
are isometric if there exists an isomorphism of A-modules ¢ : L — L’ such
that 1, : L, — L/ is an isometry of C-vector spaces for any o € B,..

If L = (L,{he}s) is an hermitian invertible A-module, then any nonzero
s € L ®4 K induces an Arakelov divisor:

div(s) := div(s) + > —~log (h,(s ®° 1,5 @ 1)) [0] € Divas(B). (C.6)

—

Remark C.18. When L = A, and f € K, then div(f) = (f) and m =(f).

Definition C.19. The Picard-Arakelov group on E, denoted by Pica,(B) is
the group of isometry classes of hermitian invertible A-modules.

Let L be an invertible A-module contained in K, then we define the
canonical metric on L, as ho,(z,y) = o(x)o(y). Then the identity element
of Pica,(B) is given by the isometry class of A = (A, {hg,}). The operation
between two hermitian invertible A-modules L = (L, {h,}) and L’ = (L', {h.})
is defined in the following way:

Lol = (Loal {h, @h,},)
where h, ® b, : (L®4 L"), — R is defined as:
he @ B (1L @15, 1s @ 1) = hy (11, Io)R, (14, 1) .

Moreover from any Arakelov divisor D = D43, aslo] =32, nyp]+>_, aslo]
we define an hermitian invertible A-module in the following way:

D~ (05(D),{e " ho, }s) - (C.7)

Now we can prove the fundamental result of this subsection:

Theorem C.20. CH}, (B) = Picy,(B).
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Proof. Let’s consider the map W : Diva,(B) — Pica,(B) induced by equation
C.7. It is easy to verify that U is a group homomorphism, so let’s show that

—

ker(¥) = Princa,(B). Let (f) € Princa,(B), for f € K, then W((f)) is the

isometry class of
(A A1 floho, } ) (C.8)

and it is evident that there is an isometry between the above hermitian A-
module and (A, {h,}) induced by the multiplication by f~!. Vice versa if
(D) is isometric to (O, {ho,}), the usual isomorphism CH'(B) 2 Pic(B)
forces \I/(lA)) to be as in equation (C.8) for some f € K.

Finally let’s show the surjectivity. Take an hermitian invertible A-module
(L,{hs}), and consider a nonzero element s € L ®4 K, then we show that

—

U(div(s)) = (Op(div(s)), {h,(s ®7 1,5 @ 1)hg, } o)

is isometric to (L,{h,}). By looking at the proof of proposition C.14 we
know that the isomorphism Op(div(s)) — L is given by f + fs. This map
induces the required isometry at the archimedean points, indeed any element
of Op(div(s)), of the type f®7 1 (where f is inside K) is sent to fs®71 € L,
and moreover for any other element f’ ®7 1:

ho(fs@71, f's®71) = hy(s@71,sQ71)a(f)o(f') = hy(s®71, 507 1)ho, (f, [').

]

C.3 Arithmetic Riemann-Roch theorem

The Riemann-Roch theorem for projective curves is a powerful tools which
allows to calculate the dimension of the vector space H(.Z) of global sections
of any invertible sheaf. In the arithmetic case, Riemann-Roch theorem involves
the calculation of volumes related to an hermitian invertible A-module L.

For any o € B, let’s denote with K, the completion of K with respect
the absolute value | - |,; hence K, = R or K, = C depending whether o is a
real or a complex embedding. The product Vg := [] K, is a real vector
space of dimension d = [K : Q] and given the map

0€Bso

jA — W
a = ja)=(o(a))s

it is a well known fact that j(A) is a lattice of Vg. From now on we will
omit any reference to the map j and by abuse of notation we will identify
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A with j(A) so we will consider A C Vg as a lattice of Vg. Lets fix for the
entire subsection an hermitian invertible A-module L = (L, {h,},) and for
an element x € L\ {0} lets define the injective A-homomorphism

my:A — L

a — ar,

It is straightforward to notice that, as we did for A, L can be embedded in
the d-dimensional real vector space Vi(L) = [[,cp. L ®% K, thanks to the
map | — (I ®7 1),. Clearly A is considered an hermitian A-module with its
canonical hermitian structure and Vg(A) = Vg. On the vector space V(L)
we now fix a norm and a measure. Each hermitian product h, on L, induces
in the obvious way a norm || - ||, on the real vector space L ®% K, so we can
define the following norm on the whole Vg(L) :

|- Mlsup = sup {[[ - [0} -

0€Bs

The (closed) unit ball with respect to || - ||sup is denoted by B‘l/m( 1) and it is
simply the product of the units balls in each L ®% K,. The following notion
will be very useful later:

Definition C.21. The set of small sections of L is
H(L) := {x € L: |[z]|sup < 1} = LN By,
Let’s define the measure p := [[, A, on Vk(L) where ), is the Lebesgue
measure on L ®% K, (constructed by using the norm || - ||,)-
Lemma C.22. For any x € L\ {0}, the quotient L/Ax has finite cardinality.

Proof. The quotient L/Az is a finitely generated torsion A-module, so it is a
finitely generated module over a quotient of A, which is a finite ring. O

Proposition C.23. L is a lattice in Vg(L).

Proof. We need to show that L is discrete, so it is enough to show that for any
compact set C' C Vg(L), the intersection L N C' is finite. Let v € LN C and
assume that #(L/Ax) = r (we are using lemma C.22), then rv € Az N rC.
Now note that rC'is compact and Az is a lattice in Vg (L), thus AzNrC is finite.
We can conclude that LNC' cannot be infinite, otherwise r(LNC') C (AzNrC)
would be infinite too. ]
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Definition C.24. The volume of an invertible A-module L is defined as the
volume of the lattice L. In other words:

vol(L) := p.(Vr(L)/L)

where i, is the pushforward measure on the quotient Vg (L)/L.
Remark C.25. If T is the fundamental region of the lattice L, recall that the
volume of L can be also calculated as u(T).

Now we are going to define the Arakelov characteristic of L and the degree

of L; the arithmetic Riemann-roch theorem will relate these two notions.

Definition C.26. The Arakelov characteristic of L is:

Xar(L) := —log(vol(L)) .
Definition C.27. Let x € L\ {0}, then the Arakelov degree of L is:

#(L/Ax) )
[oes., [z @7 1le

Thanks to lemma C.22 we already know that #(L/Az) is a finite number,

but we still have to prove that deg(L) is independent on the choice of x. First

of all let’s see a way to rewrite the degree deg, (L); we will use the fact that
for a finitely generated A-module we have the following isomorphism (See [43,

Lemma 1.6]):
M =P M,,

peEB

degy, (L) := log (

so in particular when M has finite cardinality

#(0) = [T #(0y) = T t(p)ensanto

peB peB

At this point if we consider z € L\ {0} as an element of L ®4 K, we can
write:

deg, (L) = log(#(L/A2) + Y —¢,loglle @ 1|, =

O'EBoo
1
= length,, ((L/Ax),) log N(p) + 5 D =6 log(he(z @7 1,287 1)), =
peB 0€Bo
1
= ZlengthAp(Lp/xAp) log MN(p) + 3 Z —eylog(he(z @7 1,2 @7 1)), =
peB 0€Bso
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- degy, (07

For any other y € L\ {0} we can write y = fz for f € K*, thus:

o~ o —

log (ngi(ﬁ; fgg) 1|yga) — deg,, (dWD = deg,,((f))+degy, (div(;p)) _

= deg ((E(?)) = deg,, (L)

Theorem C.28 (Arithmetic Riemann-Roch theorem). deg,, (L) = log (VOI(A)>.
In particular the following equation holds:

Xar(L) = deg (L) + xar(A) -

Proof. For any x € L\ {0} consider the short exact sequence:
0—Ax —- L — L/Ax — 0,

and using a bit of theory of lattices it is easy to see that
vol(Az) = vol(L) - #(L/Ax) . (C.9)

Now let’s denote with A/ and A\’ the Lebesgue measures respectively on
A®y K, and Ar ®4 K,. Moreover (), is the pushforward measure with
respect to the map m, == m, ®° 1 : AR, K, - Ar ®4 K,. Note that
m, sends the unit ball onto the ball of radius ||z ®” 1||,, thus the following
relationship between measures holds:

Ay = (o) - [z @7 1|7
Hence, at this point we can conclude that equation (C.9) becomes:
vol(A) - [ llz ® 1|y = vol(L) - #(L/Axz).
0€Bx

]

We conclude the chapter explaining the relationship between the arithmetic
Riemann-Roch theorem and Arakelov divisors. In particular we will see how
it is possible to deduce some propositions similar to those that we have in
algebraic geometry for divisors on projective curves.

Let’s fix an Arakelov divisor D = > _pny[p] + > 5 aolo] and let L=
(Op(D),{e"*ho,},), where obviously L = Og(D), the hermitian invertible
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A-module associated to D. For any nonzero s € L ®4 K we have that

~

degy, (D) = degy, (@) and moreover there is a € A\ {0} such that
as € L, so:

degy,(D) = degy, (div(s)) = degy, (div(as)) = degy, (L)

In other words the definition of degree for elements Picy,(B) is the right one
since it corresponds perfectly to the degree in Diva,(B). In classical algebraic
geometry, for a divisor D = > n,[z] on a projective curve X over k, we have
the important notion of H°(D) which is the vector space of global sections of
the invertible sheaf &'x(D); explicitly it can be written as:

H°(D)={f € K(X)*: ord,(f) > —n, Vz € X'} U{0}.

Now we give the equivalent arithmetic notion of H°(D) for an Arakelov divisor
just by emulating the geometric case:

H(D) :={f e K*: ord,(f) > —ny, Vp € B, 2v,(f) > —a, Yo € By }U{0}.

One should immediately notice that the condition 2v,(f) > —a, is equivalent
to say |f|, < e? and archimedean balls are not closed under the addition;
it means that H O(ZA)) is not an additive group but just a set. By looking at
the explicit construction of L given by the equation (C.7) it is easy to see
that H°(D) = H°(L). In algebraic geometry the Riemann-Roch theorem is a
powerful tool which allows to give an estimation of h°(D) := dim,(H°(D)),

in particular we have the inequality:
h?(D) > deg(D) + x(O%x).

In our case the define ho(ﬁ) .= log #(H°(D)) and we now show how a result
of Minkoswki theory of lattices and the arithmetic Riemann-Roch theorem

give a lower bound for 2°(D). In particular we will use the following classical
result:

Proposition C.29. Let V' be a real normed vector space of dimension d
endowed with an Haar measure . Moreover let A be a lattice in'V and C C V
a convex, bounded and symmetric subset. Then the following inequality holds:

1(C)
vol(A)

#(CNA)>277

Furthermore, if C' is closed, then the above inequality is strict.
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Proof. See [43, Corollary 2.2]. O

The immediate consequence is that:
hY(D) = log #(H(L)) = log # (LN B%/R(L)) > log 2~ 4log it (B%/R(L))—log(vol(L)) =

__(thm. C.28) log 9—d +log (B\l/R(L)) + degAr(lA?) + XAr(A) .

Note that .
H (BXI/R(L)> = H e H ez?,

o compl. oreal.

thus if ry is the number of complex embeddings of K up to conjugation we
get the following inequality:

~ ~ 1 7TT2
0
h°(D) > dega, (D) + xar(A4) + 3 Z €, + log (§> :

UGBoo
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Appendix D

Arakelov geometry in
dimension two

This appendix is a first introduction to Arakelov geometry for arithmetic
surfaces. It can be seen as a rework and extension of the original Arakelov
papers [2] and [1]. A particular emphasis is placed on giving an intuitive
explanation of the Arakelov intersection pairing. We don’t include any
discussion about Faltings-Riemann-Roch theorem because it is not needed in
the main part of this thesis and its complete presentation (and proof) would
be quite lengthy; however good references are [43], [34] and [12].

D.1 Preliminaries on Riemann surfaces

In the first two subsections we give a quick review about some topics regarding
Riemann surfaces, the main references are [25] and [40]. Subsection D.1.3
covers in detail the theory of Greeen functions that is of crucial importance
in Arakelov geometry.

D.1.1 Divisors and holomorphic line bundles

Let’s explain the link between holomorphic line bundles, invertible sheaves
and divisors on a compact Riemann surface. We will work in the framework of
1-dimensional complex manifolds, but remember that this theory is related to
the scheme theory of non-singular projective curves thanks to Serre’s GAGA.

Let’s fix a compact Riemann surface (X, &) where € is the sheaf of
holomorphic functions on X. The sheaf of regular functions on X is &x and
clearly we have Ox C 0. Let .# be the sheaf of meromorphic functions on
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X; for any f € #(X)* we can associate a divisor

(f) =) ordy(f)[z]

zeX

where ord,(f) = min{j: a; # 0} if 37, a;27 is the Laurent expansion around

x of f in some holomorphic chart centred in x!. Let’s sketch how we can

identify Div(X) with H°(X, .#*/0*). An element of HY(X, .#*/0*) is
a collection {(f.,Us)}a where f, € A4 (U,), {Us}a is an open cover of X
and }c—‘; € 0*(U, NUg)?. Hence given {(fa,Us)}a, we can define the divisor

D =3 .y ng[zr] such that n, = ord,(f.) if * € U,. Note that the fact that

% € 0*(U, N Ug) implies that D is well defined. Vice versa, given a divisor

D = ny[z1] + ... + n.[z,] with n; # 0, we can find an atlas {(U;, z;)}; of X
such that z; € U; for any ¢ = 1,...,r and z; € U; if 7 # j. For any index ¢
consider the function f; : U; — C defined as
o= =z
j=1

it is clear that the collection {(f;, U;)}; is an element of HY(X, .4 /0™).

The group of invertible sheaves on (X, &) modulo the isomorphism re-
lation is denoted by Pic(X); and it is obviously identified with the group
of holomorphic line bundles up to isomorphism. As in the case of invertible

sheaves on schemes, we give the definition of a meromorphic section of an
invertible sheaf . on X:

Definition D.1. A meromorphic section of £ is an element of H*(X, ¥ Q¢4 ).

Let X = U, U. be an open covering such that Z|y, = b,0|y, for
bo € Z(U,). Then, any nonzero meromorphic section s of .Z can be given as
a collection of compatible elements {g,b,}o Where g, € .#(U,). Note that
for any couple of indexes «, 8 we have that ‘;—g € 0(U,NUg)*. Let’s put

ord,(s) :=ord, (g.) ifze€U,.

It is easy to show that this is a well defined equation, namely ord,(s) is
independent from the open set U, containing = and from the basis b,. The
finite subset of X such that ord,(s) # 0 is called the support of s and it is
denoted by supp(s). So, we have the divisor associated to s:

div(s) := Z ord,(s)[x] .
zeX
'Remember that ord,(f) is independent from the chosen chart for the Laurent expan-
sion.
2See appendix B to see why an element of H(X,.# > /0*) has this form.
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Remark D.2. For all but finitely many points x € X we have that s, € .Z,,
so at these points is well defined the map s — s(z) € £, /m,.%, = C.

Remark D.3. Let s be a meromorphic section of .Z and let (L, ) the holo-
morphic line bundle associated to .£. Then s can be interpreted as a map
s : X — L such that:

e mos =1id.

« For any trivialization chart (U, ¢/), the composition myopyos|y : U — C
is meromorphic (remember that my : U x C — C is the projection on
the second component).

To each divisor D = )" _\ n,[z] € Div(X) we can associate an invertible
sheaf & (D) defined as follows for any open set U C X:

OD)U) ={fe#U): ordy(f)+n, >0 VeeU}U{0}.

If D = {(fa,Ua)}a, the sheaf &(D) is the glueing of the sheaves f; 10|y, .
Thus we have a map Div(X) — Pic(X);, whose image is the set of invertible
sheaves admitting a meromorphic section (up to isomorphism). This is clear
by noticing that the meromorphic functions f, € .#(U,) give a meromorphic
section which will be denoted as 1p. The fundamental result is that invertible
sheaves on X always admits nonzero meromorphic sections (see the appendix
B for the equivalent result in the algebraic setting).

Theorem D.4. Any invertible sheaf £ on (X, 0) admits a nonzero mero-
morphic section.

Proof. Let p € X be a fixed point and consider the divisor m|p] for some
integer m > 0. Moreover let C", the skyscraper sheaf concentrated in p with
value C™. Now we describe how to obtain a surjective map of sheaves

p: L ®q O0(mlp]) = Cp .

It is enough to give a “good” collection of homomorphisms {@,}.cx on the
stalks, then the reader can verify that this collection originates a morphism of
sheaves. First of all fix a holomorphic chart (V] z) centred in p and a local basis
b for £ around p, then construct ¢, as follows: ¢, = 0 if x # p, otherwise
©0p(by ® fp) = (s, ...,a_1) where > .. ;2" is the Laurent expression of
f, around p. The following sequence of sheaves on X turns out to be exact:

0= .2 = L& 0(mlp]) = Cjy — 0.
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By using the long exact cohomology sequence we get another exact sequence:
HY(X, % ®¢ O(m[p])) — C™ — H'(X,L).

If we choose m > h'(X, L), then C® — H'(X, L) has nontrivial kernel,
therefore H(X, £ ®¢ O(m[p])) contains a nonzero element. Finally, since

HY(X,Z ®¢ O(mlp))) C H(X, & ®¢ M),
the theorem is proved. O

Corollary D.5. The following sequence of abelian groups is exact:
0—-C*— #(X)* — Div(X) — Pic(X), — 0.

Proof. The only nontrivial thing to show is the surjectivity of Div(X) —
Pic(X)p, but this follows from theorem D.4. O

In particular Pic(X);, = Pic(X), which means that any holomorphic line
bundle is algebraic.

D.1.2 Currents

In this subsection we allow the Riemann surface X to be noncompact. Here
we show how differential forms and divisors define currents on X. For our
purposes we don’t need the full generality of the theory of distributions and
currents on complex manifolds, by the way keep in mind that this theory is
essential in order to study Arakelov geometry on arithmetic varieties of any
dimension ([55] and [43]).

Let’s fix p,q € {0,1} and denote with 277 the sheaf of compactly supported
C* (p, q)-differential forms on X (when X is compact, then PP = o/P9).

Definition D.6. The C-vector space of currents of bidegree (p,q) is the
algebraic dual of 2'7P174(X), which we denote as (Z2'P179(X))*. In other
words a current of bidegree (p, q) (or simply a (p, ¢)-current) on X is a C-linear
map:

U g PI(X) 5 C

We can also define the “derivatives” of a (p, ¢)-current ¥ in the following
way.

« OV is a (1, g)-current defined as 0V (n) :

(=1)7w(an).
« OV is a (p, 1)-current defined as OU(n) := (—1)?¥(dn).
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« OOV is the composition of the above two derivatives and it is necessarily

a (1,1)-current which can be written as 90U (g) = (—1)®P+*YW(ddg) for
any g € C*(X).

Now we want to describe some very important currents on X arising from
global differential forms and divisors. If w is a global (p, ¢)-differential form
on X which locally can be expressed by means of locally integrable functions
(for example w € &/P9(X)), then the (p,q)-current induced by w is:

W] : 2 PI(X)

—- C
n /w/\n.
X

For any f € C*(X), the operator 99 applied on [f] has the following
explicit form:

091f1(g) = —11(00g) = / 1909 = / f0dg.

Proposition D.7. Let f be a O function on X, then 00[f] = [00f].

Proof. We have to show that for any compactly supported C* function g on

X we have the equality
/ fagg:/g85f.
X b's

First of all notice that:

d(g0f) =dg N Of + gdOf = dg A Of + g(0+0)0f =dg AOf + godf .

d(f0g) = df NOg + fdOg = df NOg+ f(O+ 0)0g = df Ndg — fOg,

At this point consider the submanifold Y = supp(g) € X; ¢ is 0 on the
boundary dY. By Stoke’s theorem we get:

o:/{)ygaf:/yd(gaf):/xd(gﬁf)

and similarly 0 = d(f0dg). Therefore we can conclude

/Xgaaf:—/ng/\af:—/x(agAaf+8g/\af):

—/XagAaf:/XWA@gz/deAag:/Xf@ag-
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Consider a real divisor of X

D =" \[z] € Div(X)z = Div(X) @z R,

zeX

then the (1,1)-current induced by D is:

[D]: 2°°(X) — C

g~ 9(D)=> Aglx)

zeX

If D = [p|] for a point p € X, then the current induced by D is denoted by 6,
and it is the Dirac distribution concentrated in p.

The Poincare-Lelong formula shows a nice relation between the Laplacian
of a current “originated” by a meromorphic function f € .Z(X)* and the
current induced by the divisor (f). Remember that dd® := 3-90.

Theorem D.8 (Poincare-Lelong formula). Let f be a nonzero meromorphic
function on X then:

dd°flog | fI*) = [(f)] -
Equivalently, for any g € 2°°(X) we have:

/X log | f|>dd(g) = G((f))-

Proof. See [14, 111.2.15]. O

The following theorem generalizes the Poincare-Lelong formula for mero-
morphic sections of hermitian invertible sheaves (recall the definition of the
curvature form O(Z, h) given in appendix A.5):

Theorem D.9 (Poincare-Lelong formula for meromorpic sections). Let (£, h)
be a C'*° hermitian invertible sheaf on X and let s be a nonzero meromorphic
section of £, then?:

dd[log(h(s, s))] = [div(s)] — 21[9(3, h)]. (D.1)

™

Equivalently for any g € 2°°(X) we have:

1

/X log(h(s,s))dd(g) = g(div(s)) — — [ gO(Z,h) (D.2)

2 Jx

3Recall that the map h(s, s) is defined as = +— h,(s(x), s(z)).
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Proof. See [14, pag. 271]. O

Corollary D.10. Let s be a meromorphic section of (£, h), then on X \
supp(s) we have the equality ©(L, h) = —00log(h(s, s)).

Proof. Apply theorem D.9 on the Riemann surface U = X \ supp(s) to get the
equation of currents d0[log(h(s, s))] = —[©(Z, h)]. Proposition D.7 implies
that [00log(h(s,s))] = —[O(Z, h)] which is equivalent to
[001og(h(s,s)) +O(ZL,h)] =0.

It remains to show that if w is a (1,1)-form on U such that [w] = 0, then
w = 0. Suppose that w # 0; without loosing generality we can assume the
existence of an open set V' inside the support of w such that w = f(z,z)dzAdz
on V with R(f) > 0 and J(f) > 0. Now let C' be any non empty closed set

of V and let g be the smooth bump function for C' supported in V', then
evidently fU gw # 0. O

Since O(.Z, h) is defined on the whole X, we can extend —d9log(h(s, s))
on X as well. Thus, from now on we consider the equality of differential forms
O(LZ, h) = —0dlog(h(s,s)) on X, for any meromorphic section s.

Theorem D.9 relates the two different notions of first Chern class on X,
since the class of div(s) in CH'(X) is the “geometric” first Chern class of .%
(see remark A.31). In particular for ¢ = 1 equation (D.2) becomes

deg(div(s)) = % /X O(L, h) = deg(L)

s0, the degree maps on CH'(X) and on Pic;,(X) coincide as expected.

D.1.3 Green functions

Definition D.11. A Green function on X isamap g : U C X — R satisfying
the following properties:

(1) U=X\{z1,...,2,} forre N.
(2) g is a C* function on U.

(3) For any point x € X there exist a real number a € R and a C'* function
u on an open neighborhood of x such that the equality:

g=alog|z]* +u

holds in an open (punctured) neighborhhod of x contained in a holo-
morphic chart (V) z) centred in x.
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Proposition D.12. Let g be a Green function on X and fix a point x € X.
Then the number a € R arising in condition (3) of definition D.11 depends
only on the point x and it is uniquely defined.

Proof. First we check the independence on the chosen holomorphic chart. By
hypothesis we know that inside (V, z) we have g = alog|z|? + u; we want to
show that inside any other holomorphic chart (V’,w) centred in = we can
write

g = alog |w|? +

where u' is a C°° map around x. The function zw™! is bihomolorphic in a

neighborhood of 0 and such that zw™'(0) = 0. Tt follows that on an open
set W C VNV’ we have the equality z = wf(w), where f is a holomorphic
function on a neighborhood of 0 such that f(0) # 0. Then

g=alog|z]” +u = alog|wf(w)|* + u=alog|w|> + (alog|f(w)|* + u)
where alog |f(w)]* + u is C* around z.
In order to prove that a is uniquely defined by z, it is enough to show that if
A and A’ are two open neighborhood of = contained in a chart (V) z) such
that:

g=alog|z|>+u on A

g="blog|z|* +u on A’

then a = b. But on AN A’ we have the equality (a — b)log|z|> = v —u
which is true only when a — b = 0, otherwise we would have that v’ — u is
a C° continuation of (a — b)log|z|? at z. This is impossible since 71im(a -
—x
b)log |2(t)|* = —o0. O
Proposition D.12 ensures that the following definition makes sense:

Definition D.13. Let g be a Green function on X such that around a point
z € X it can be written as g = alog|z|> + u. Then we put ord$(g) := —a
and we call it the Green order of g at x.

Clearly ord%(g) # 0 if and only if = is a point out from the domain of g,
i.e. only at a finite number of points. The Green functions on X form a real
vector space G(X), and for any ¢,¢ € G(X)

ord9(\g) = Aord%(g) for any A € R,

ordS (g + ¢') = ordS (g) + ord$ (¢') .
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Let’s denote with Div(X)g := Div(X) ®z R the vector space of R divisors on
X, then we have a R-linear map:

Proposition D.14. Let (£, h) be a C* hermitian invertible sheaf on X,
and let s be a nonzero meromorphic section of £, then the map —log(h(s, s))
is a Green function on X such that div®(—log(h(s,s))) = div(s).

Proof. The meromorphic section s is given by a collection {gab,}o Where:
X = U, is a trivialization covering for .Z, g, € #x(U,) and b, € Z(U,) is
a local basis on U,. The map —log(h(s, s)) given by z — — log(h.(s(z), s(z)))
is well defined and C'* on a set of the type U = X \ {z1,...,2,}. If 2 € U,
then we can find a holomorphic chart (V) z) chart centred in z such that
V C U, and go|vy = 2*f(z) where a € Z and f is a holomorphic function
around 0 such that f(0) # 0. It follows that on V' we have

h(s,s) = h(gaba; gaba) = h(z"f(2)ba, 2°f(2)ba) =
= |Z|2a h(f(Z)bm f(z)ba) = |Z|2au
where u := h(f(2)ba, f(2)by) is C*° around = and u(z) # 0. Hence locally
—log(h(s, s)) = —alog|z|* — logu

and this shows that —log(h(s, s)) is a Green function.
Moreover it is clear from the local analysis that a = ord,(s). Since div(s) =
> sex ord.(s)[z], then we have div®(—log(h(s, s))) = div(s). O

The following result is an immediate consequence of proposition D.14:
Proposition D.15. The map div® : G(X) — Div(X)g is surjective.

Proof. Let D = 37 | Aj[z;] € Div(X)g, then for each j there exists a

meromorphic section s; of Ox([z;]) such that div(s;) = [z;]. By proposition
D .14 it follows that

div® (— Z A log(h(s;, sj))> =D.

Let’s define a very important subspace of ZG(X):
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Definition D.16. The vector space of Green functions with integer orders
on X is:
ZG(X):={g€e G(X): ord{(g) € Z Vx € X}

The next result shows that any Green function which induces a divisor on
X is actually of the form —log(h(s, s)) for some meromorphic section s of a
C* hermitian invertible sheaf (£, h).

Proposition D.17. Let g € ZG(X) , then there exist a C* hermitian
invertible sheaf (£, h) on X and a meromorphic section s of £ such that

9g== 10g<h(87 S))

Proof. Let div®(g) = D € Div(X) and let’s choose an hermitian metric i’ on
Ox (D). If s is a meromorphic section of Ox (D), then by proposition D.14

div®(—log(h/(s,s))) = div(s) = D. (D.3)

Consider the Green function f = g+ log(h'(s, s)), then divé(f) =D —D =0
by equation (D.3), which means that f is a C*° function on X. Hence if we
put

hy =e TR,

then h = {h;}.ex is a C* hermitian metric on Ox (D). Finally, for any
x € X it holds that:

—log(ha(s(x),s(z))) = —log (e 7™l (s(x),s(x))) =
= [f(x) —log(h,(s(x),s(x))) =
= g(x).

If f: X — C is any function, then we define:

In particular 1(D) = deg(D) for any D € Div(X)g. If g € G(X), then dd“(g)
is locally written as

dd“(g) = %85(alog |22 + u)

but 90log(|z|?) = 00log(2z) = 0, namely dd°(g) € «/“'(X). This means
that we can always integrate the (1, 1)-form dd°(g) on the whole X.
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Remark D.18. Note that if g € G(X), then [, dd°(g) is a real number.

Theorem D.19 (Poincare-Lelong formula for Green functions). Let g be a
Green function on X, then the following equality of currents holds:

dd°[g] + [div¥(g)] = [dd°(g)] .

Equivalently for any C* function f we have:

/X gdd=(f) + F(div® / Fdd(g

Proof. X can be covered by a finite number of charts {(Uj;, 2;)} for j =
1,...,m such that on U; we have g = a;log|z;|* + u; where u; is a C*®
function. Furthermore we can choose the charts in a way that if p € X is
a point such that ord?(g) # 0 then p is a center of some chart (Uj, z;). Let
{1;} be a C* partition of the unity relative to the covering {U;}, then for
any f € C*°(X) by the “chain rule” applied on dd® we have:

dd°[ip;g](f) = dd°[g](v; f) — dd°[f () (D.4)

But on the other hand

dd’[g)(¢; f) = dd°[a;log |2* + u;) (s ) = dd’[a;log | 2| (v f) + dd°[uy] (¥, f) -
(D.5)
By the Poicare-Lelong formula applied to the Riemann surface U;

dd’lalog |2[*)(4;f) = 5 F((25)) = ¥;f(— dive(g)).

Moreover by proposition D.7 and the fact that dd°(log|z|*) = 0 we deduce
the following expression for dd[u;|(¢; f):

dd’[w] (5 f) = [dd*(w;)](;f) = [dd*(a;log |=]* +uy)](v;f) =

= [dd*(9))(¢; ) = [dd"(¢;9)](f) — [dd*(4)](fg) -

Now the new values of dd[alog |z|?|(¢; f) and dd°[u;](1; f) can be substituted
in equation (D.5) to get:

dd°lg) (i f) = i (= div¥(9)) + [dd*(t59))(f) — [dd“()))(fg) . (D6)

Then we substitute equation (D.6) in equation (D.4), in order to obtain:

dd°;)(f) = G;f (= div¥(g)) + [dd(1;9)] (f) — [dd°(;)](fg) — dd“[fg] ((%Uj))-
D.7

169



Finally:
dd°[g)(f) = dd° [Z wjg] () = D dd*[q)(f) =
= Ui f(—div¥(g)) + Z [dd(39))(f) = D_ldd*()](fg) = 3 dd’[fg) (¥5)

‘%“J)’%‘m’
(D.8)
Let’s analyze all the sums in equation (D.8):
(i)
Z i f(—dive Z > ord{(g)ey(x) f(x) =
= - Zordi’ 9)f() D v(w) = = 3 ordf (9)f(x) = —F(div¥(g))..
(i)
> _ldd (;9)(f) = [ddc (Z wjg)] (f) = [dd*(9)](/)-
)
S wlso) =3 [ foadvy) = [ foar (Z wj) -
= [ foarq) -
(iv)

S el - /fgdd () =

Therefore equation (D.8) become

dd°lg)(f) = = F(div9(9)) + [dd*(9))(f)

and the proof is complete. O]
Corollary D.20. For any g € G(X):

deg (div9(g)) = /dec(g).
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Proof. Use the Poincare-Lelong formula for Green functions with f =1. O

From now on, in this subsection we fix a Kahler fundamental form 2 on
X such that [ « £ = 1. By proposition A.20 for any Green function g on X
we have

4 (g) = 5 -As(9)02, (D.9)

so in particular Ay(g) is a C*° function on X. In practice we have a map
Ay G(X)— C™(X).
Let’s define the two linear subspaces of G(X):

GY(X) = {g € G(X): As(g) is constant}

GI(X) = {g € G*(X): /X 40 = 0}

ZG%(X) = ZG(X) N G*(X)

ZGY(X) = ZG(X) N GX)
Theorem D.21. The map div® laox) ¢ GH(X) — Div(X)g is an isomor-
phism.

Proof. Assume that ¢ € G$(X) and div®(g) = 0. This means that g €
C*(X). By equation (D.9) there is a constant o € C such that dd°(g) = af2
and corollary D.20 says that

0 = deg(dive(q)) :/ dd°(g) — /XaQ .

X

The equality dd°(g) = 0 means that ¢ is harmonic, so by using the maximum
principle for harmonic functions on Riemann surfaces, we deduce that g € R.
On the other hand [ + 982 =0, so we conclude that g = 0. This shows that
the map div® |eo(x) Is injective.

Let D € Div(X) € R, then by proposition D.15 there exists a Green function
g1 € G(X) such that div®(g;) = D. Let’s put

f = Aslgr) - /X As(g)Q.

Then
/x = /X Balg1)St = /X As(g)R=0.
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By corollary A.19 there exists u € C°°(X) such that Ag(u) = f. Now put
g2 = g1 —u € G(X), then

B() = Aalor) = afu) = [ Bslane.
X
namely g, € G*(X). Finally if
9= 9 —/ 9282 € G(X)
X

it follows that Az(g) is a constant and [, gQ = 0, so g € G¢(X). Furthermore
div©(g) = div® (g1 —u— / g2§2> =div¥(¢g1) = D,
X

and this hows that div® |lao(x) 18 surjective. O

Proposition D.22. For any g € G*(X) there exists a unique decomposition
g=go+cforg € GX) and c € R.

Proof. Such a decomposition exists, indeed put go := g— [, gQ and ¢ := [ g<.
Consider two different decompositions

g=go+c=gy+c.

By integrating ¢ we conclude that ¢ = ¢ and gy = gj. ]
Definition D.23. The inverse map of div® ’G{}( x) 1s denoted as:

GY:Div(X)e — GI(X)

D — G%(D)
and we can define the following function:
(X xX)\Axyx — R
(p.a) = %.q) = G"[p)(a)

where Axyx denotes the diagonal subset of X x X.

By construction ¢ is C* in the variable ¢, but, as we will see soon
(corollary D.28), ¢ turns out to be symmetric, therefore it is C*°. Since
¢ (p,-) € GHX) C GUX), then dd*(¢*(p,-)) = af for a constant o € C,
but

1= deg (%)) = [ (6" ) = [ a0 =a.
X

X
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Hence aa =1 and
1 (g% (p, ) = Q. (D.10)

Thus, amongst all Green functions, those of the form ¢(p,-) satisfy the
Poisson differential equation (D.10). this feature will be very useful for
intersection theory.

Another important property is that for any fixed p € X:

| 0= [ aa-o (D.11)

because G([p]) € GE(X).

Remark D.24. ¢ can be defined as the unique function on (X x X)\ Axxx
with values in R satisfying the following properties:

(1) Around any point p € X we can write ¢**(p,-) = —log |2|> + u, where z
is a chart centred in p and u is C*°.

(2) dd“(¢°(p,)) = .
(3) [y 9" (p,)2=0.

This is how Arakelov defined ¢ in [2] and [1]. In the literature ¢ is usually
called the Green function of X (with respect to )*. Here we used a different
approach (and notations), indeed ¢ was constructed directly by using the
isomorphism Div(X)g = GE(X).

Definition D.25. Let g1, g, € G(X) such that div®(g,) and div®(g,) have
no common components then the x-product between g, and g, is the real
number:

gwm:&@ﬁ@»ﬁ/wwwm
X

Remark D.26. Tt is necessary to assume that div®(g;) and div®(g,) have no
common components otherwise g1 (div(gs)) wouldn’t be well defined.

The following theorem is crucial for the whole Arakelov theory; it says
that the x-product is commutative.

Theorem D.27. Let g1, g, € G(X) such that div®(g,) and div®(gy) have no
common components, then g, * go = go * gy.

4 Actually the conditions which uniquely define ¢ in [2] and [1] are slightly different
from the ones listed here, and moreover they may vary in other references. For instance it
is common to find different constants for the differential Poisson equation, or the Green
function might be defined as G = exp(g®). Of course these discrepancies are fixed when
the Green function is applied for intersection theory.
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Proof. The strategy consists in performing the calculation of g; * g5 and go * g;
by using smooth modified versions of g; and g, then the thesis will follow by
a limit process.

Let {x1,...,2,} and {y1,...,ys} the set of singular points respectively of
g1 and go. Around each x; consider an open neighborhood D(x;,d) which is
the homeomorphic preimage, through a local chart z, of a small open disk in
C of center z(z;) and radius 0. D(y;,0) is defined in the same way. Consider
the following data:

e Define A4 := X\ U,_, D(2;,6) and Uy := X \ J;_, D(2,0/2). Let p§
be a smooth bump function for A; supported in Uy; moreover g° := plg,
and W := dd°(g, — ¢3).

« Define Ay := X \UJ;_, D(vi, ) and Uy := X \U;_, D(v;,0/2). Let p3 be
a smooth bump function for A, supported in Us; moreover g3 := p5go
and wi 1= dd°(gs — ¢3).

Note that g;-s is a smooth function and w? is a smooth C'*° form, for j =1, 2.

.. )

o

Figure D.1: The diagram represents the value of g¢ on its domain: on the dark grey
region we have the equality g = gi; on the light grey annuli 0 < ¢¢ < g; and on the white
discs g2 = 0.

Let’s calculate the following integral for any smooth function f on X:

6 c o c( .0\ __(prop.D.7) c . d 7.c
[ = [ adte ~ [ gartg =rron [ garin) - [ gzdcf D<f1>2.)
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Figure D.2: The diagram represents the value of w) on its domain: on the white region

we have the equality wj = 0; on the light grey annuli 0 < w§ < 1 and on the white discs
5

wy = 1.

Notice that (lsirr(l] g?(:v) = g;(z) for any = nonsingular, so by taking the limit
H

for 6 — 0 in equation (D.12) we obtain:

hm/ fwy = / fdd*(g2) _/ Godde(f) =1L F(divE(gy)) . (D.13)
=0 Jx X X
Similarly we get
lim / fub = F(dive(q). (D.14)
=0 Jx
Put by simplicity wy := dd®(g1), wa := dd®(g>) and consider the function:

a(5)Z/ngddc(gg)z/xggddc(gf)-

By the first equality we have

aﬁz/ﬁwwaz/ﬁwrw@:/ﬁw—/ﬁ@,
X X X X

but remember that supp(w3) € 5, D(vi,d) and supp(¢) € X\U,_, D(x,0/2),

so if we choose 7 < 6 we have the equality [, gjw = [, g{wj. By using

equation (D.13) with f = g we have:
i a(6) = [ gls— [ glf = [ gus — gl(iv(g2)) =
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_ /X giws — G1(divE (ga))

In the same way we can show that

lim a(6) = /X godd‘(g7) = /X a1 — Ga(div¥(gr)) ,

6—0

therefore we get the equality

/ G103 + Ga(div(g1)) = / gawn + Gi(divE (gs))
b's X
which is exactly gs * g1 = g1 * ¢o. ]

Corollary D.28. ¢°(p,q) = ¢"(q,p) for any p # q.
Proof. By using the properties of the elements in G, it is easy to verify that

G ) * G%([d]) = ¢° (v, q);  G°([g]) * GX([p]) = 9" (g, p) -

Hence the conclusion follows immediately from theorem D.27. O

Note that for any three different points p, q,t € X and coefficients a,b € R
we have that:

G (alp] + bla)) = G2 ([t]) = aG*([p]) * G"([t]) + bG" (la]) = G"([1]) -

Therefore if D=3 _\a,[p] and E'= 3" _ by[g] are two real divisors of X
with no common components, then it is customary to define:

¢4D,E) := Zapbqgﬂ(p, q). (D.15)
P7q

Remark D.29. The important point to emphasize here is that for Green
functions g, go € G, i.e. coming from some real divisors on X, the integral
appearing in gy * go vanishes. This means that for such kind of Green functions,
the nature of the x-product is “less analytic”, indeed it depends only on the
value of g; or g, at a finite set of points.

We conclude the presentation of the general theory of Green functions
by explaining how ¢ can be used to compute the “pseudo-inverse” of the
O-Laplacian. First of all consider the function Ag : C*°(X) — C*°(X), thanks
to proposition A.20 its kernel is exactly the set of harmonic functions on X,
that is C. On the other hand if we define

C5(X) = {f € C™(X): /XfQ —0}.
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we have a direct decomposition C*°(X) = C & CF(X), thus the restriction
Agleg o) : CF(X) = C=(X) (D.16)
is injective. Fix a function f € CF(X), we want to show that the map:

P — g% (Bs()Q) Vpe X

2m
where [¢*(p, -)] denotes a current, is again f. this will imply that we have an
effective way to compute f when Ag(f) is given. In other words we invert the
restricted 0-Laplacian described in equation (D.16). Here the computation:

i[gﬂ(p, N(A(f)Q2) = % /X gﬂ([p])Ag(f)Q _ (prop. A.20)

2T
- /X G (p))00(f) = ~5-001G((P](f) = ~dd’[G" ()] (f) = P
— —[dd G (P))(S) + [dvE G ENI(f) = - /X Fdd(G([p])) + £ (p) =
- —c/Xfmf(p) — ().

D.1.4 Admissible hermitian invertible sheaves

In this subsection we explain how hermitian invertible sheaves on the Riemann
surface (X, &) are related to Green functions. Fix on X a Khaler form (2
such that [ + §2 = 1 and moreover recall that by invertible sheaf on X we
mean a holomorphic invertible sheaf.

Definition D.30. Let .Z be an invertible sheaf on X, a C'* hermitian metric
h on £ is said admissible (with respect to ) if there exists a € R such
that 5-O(Z, h) = aQ. A C* hermitian invertible sheaf (£, k) on X is said

admissible if h is admissible.

Clearly any positive real multiple of an admissible metric is again admissi-
ble, but the viceversa is also true thanks to the second part of the following
theorem.

Theorem D.31. Any invertible sheaf £ on X has an admissible metric with
respect to Q). Moreover if h and h' are two admissible metric, then there is a

constant b € R~g such that h = bh' (obviously bh' = {bh}.ex ).
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Proof. Let hy be any C* hermitian metric on . and let s be a nonzero
meromorphic section of .Z. By proposition D.14 —log(hy(s,s)) is a Green
function such that ord(—log(hy(s,s)) = div(s). By theorem D.21 there
exists g € GS(X) such that div®(g) = div(s). Consider the Green function
f =g +1log(hi(s,s)), then div¥(f) = 0. If we put

hi=e'h
then
o= 0L, h) = dd(~ og(h(s, ) = dd*( f—log(hn(s,5)) = dd(g) = 5 Ag(0)92.

But Aj(g) is constant, therefore h is admissible with respect to €.
Let h and A’ be two admissible C* hermitian metrics and consider the C'*°
function

1 =1log(h(s,s)) —log(h'(s,s)). (D.17)

Since the two hermitian metrics are both admissible then
1 1
dd°(f') = ——O(Z,h) + —O6(Z,h) =rQ
27 27

for a real constant r. By using theorem D.9:

/X %@(X,h):deg(div(s))z /X %@@%,h’),

hence r = [, rQ = [, dd°(f") = 0. In other words f’ is harmonic, so f’ € R.
Finally equation (D.17) implies that h = (e/")h/ an we put b = ef". O

Corollary D.32. Let h and ' be two admissible metrics on an invertible
sheaf £. Then (£, h) and (£, 1) are isometric.

Proof. By theorem D.31 b’ = bh with b € R, | so for any open set U C X is
is enough to consider the map \/LB idy : L(U) —» Z(U).

Now we show that given a divisor D € Div(X) there is a canonical choice
of an admissible C'* metric on &(D).

Proposition D.33. Let’s fiz a nonzero meromorphic section sy of O(D) such
that div(sg) = D. Then there exists a unique admissible C*° metric h$} on
O (D) satisfying the following property:

— log(h$(s0, 50)) = GH(D). (D.18)
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Proof. Let hy be any C* hermitian metric on & (D). Define
f=G%(D) +log(hu(s0, 50))

then exactly as in the proof of theorem D.31 one shows that f is C*° and
that h := e /h; is an admissible metric. Furthermore we have the equality
—log(h$(s0, 50)) = G*(D). By the second part of theorem D.31 any other
admissible metric for ¢(D) has the form h' = bh$} for b € R.g, hence

—log (N (so, 80)) # G*(D). O

The metric A%} depends on both D and the meromorphic section sg, so
we have to fix a canonical choice of sg.

Definition D.34. Let D € Div(X) and fix sy = 1p. The metric h$} arising
uniquely from proposition D.33 is called the canonical metric of (D) with
respect to €.

The canonical metric hy := Al on the trivial sheaf & is evidently given

by: L
ho(s(z), t(x)) = s(x)t(x)

where t(x) is the usual conjugation in C. For any nonzero meromorphic
function f € .#* it is easy to obtain the explicit expression of the canonical

metric on O((f)) = f~10.

Proposition D.35. Let (f) be a nonzero principal divisor on X then the
canonical metric hy := h%) 1S given by:

hy(f~"s, f71) = ho(s, )
where hg := h{} is the canonical metric associated to the zero divisor.

Proof. Consider the Green function — log |f|?, since 99(—log|f|*) = 0 we
have that —log|f|> € G(X). Moreover by theorem D.8 we know that:

/X ~log | fPQ = deg((f)) = 0.

thus by proposition D.22 we know that G*((f)) = —log|f|?>. We have to
show that hy satisfies the condition expressed by equation (D.18):

—log(hy(1,1)) = —log(hs(f 7 f, f 1)) = —log (If1*) = G"((f))-
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D.2 Arakelov intersection theory

D.2.1 Prologue

Roughly speaking, the aim of the intersection theory on a two dimensional flat
S-scheme X — S is to count the number of intersection points, considered with
their multiplicities, between two Weil divisors on X (up to linear equivalence).
Obviously we need to impose some conditions on X, but the crucial fact is
that the nature of the base scheme S affects dramatically the approach to
the whole intersection theory. This leads to an important distinction between
algebraic geometry and arithmetic geometry; indeed, if S = Speck then
we have the classical intersection theory on algebraic surfaces, on the other
hand if S = Spec Ok for a number field K, we have to introduce Arakelov
intersection theory. In this prologue we first review some basic facts about
intersection theory on algebraic surfaces, then we highlight the motivations
that necessitate a novel approach in the arithmetic setting.

Let’s start by recalling the notion of local intersection number which is
well defined in a very general setting. So, just for now let X be a regular,
integral scheme of dimension 2, then consider the set

YT :={(D,FE) € Div(X) x Div(X): D and E have no common components },

and note that if (D;, E;) € T with j = 1,2, then (D + Dy, By + E5) € 1.

Definition D.36. Let (D, E) € T such that D and E are both effective,
then for any closed point x € X we put:

i.(D,E) = lengthﬁxyz Ox./(Ox(—=D), + Ox(—E),) .
This is called the local intersection number of D and E at x.

Remark D.37. i,(D, E) is a well defined non-negative integer as consequence
of an easy result of commutative algebra [37, Proposition 7.1.25].

The local intersection number assigns the multiplicity of the intersection at
each point of X, and the following basic result summarizes its naive properties.

Proposition D.38. Let (E,D) € T and (E;,D;) € T with j = 1,2 such
that all the divisors are effective, then

(1) ia(D, E) = ia(E, D).

2
(2) ia(D1 + Dy, By + Ey) = Y ia(Dj, Ey).

jk=1
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(3) i.(D, E) # 0 if and only if x € Supp(D) N Supp(F).
(4) Ifvx € E, i,(D, E) = mult,(D|g).
Proof. (1) and (3) are obvious. For (2) and (4) see [37, lemma 9.1.4]. O

Any divisor D € Div(X) can be written in a unique way as D = D, — D_
where both D, and D_ are effective and if (D, E) € T, then (Dy,Ey) € Y.
We can use definition D.36 in order to have the local intersection at x of D
and E when (D, F) is any element of T (so not necessarily effective):

io(D,E) = iy(Dy, Ey) —in(Dy, E_) —in(D_, E+) +in(D_, E_).

Now that the local intersection is defined, we would like to globalize this
concept by putting all together this local data to get the intersection number.
Our goal is to describe also the intersection between two divisors with common
components and more importantly we want the intersection number to be
invariant up to linear equivalence of divisors. In the framework of algebraic
geometry this is a relatively simple task.

Assume that X is a regular, integral, projective surface over a field k& and
let D and E two effective divisors on on X such that (D, E) € T, then for
any € X consider the k-vector space

Oprgs = Oxy/ (Ox(=D), + Ox(—E),) ,

then, by [37, Exercise 7.1.6 (d)] we have that dimy Opng . = i.(D, E)[k(x) :
k|. Let’s construct the sheaf of k-vector spaces &png by the following rule:

U Opnp(U) = H OpnE -

The intersection number between D and E can be very naturally defined as
D.E = dim H*(X, Oprg) - (D.19)

It is precisely the sum of all local intersection numbers scaled by a factor
depending on the field extensions k C k(z); obviously when k is algebraically
closed D.FE coincides with the naive notion of intersection number, indeed it
is simply the sum of all local data. Notice that

dimy H°(X, Opnr) = Xi(OpnE)

since skyscraper sheaves have nonzero cohomology only in degree 0. Further-
more the following result is of key importance.
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Proposition D.39. Let X be a regqular, integral, projective surface over a
field k and let (D, E) € Y. Then there is an exact sequence of sheaves

O%ﬁx(—D—E)%ﬁx(—D>@ﬁx<—E>—>ﬁX—>ﬁDmE—>0 (DQO)

Proof. See the classical text [3, Lemma 1.5] where the proof is made when X
a complex surface. However it can be easily generalized to our case. O]

Consider the exact sequence in equation D.20 and put:
f:O0x(—=D)® Ox(—F) — Ox,
9:0x = Opng,
and ¢ = im(f) = ker(g). Then we get the following two short exact sequences:
0= Ox(—D — E) = Ox(-D)& Ox(-E) L9 > 0; (D.21)

By the properties of the Euler-Poincare characteristic for short exact sequences
we get:

Xk(Ox(=D) @ Ox(—FE)) = x(Ox(=D — E)) + xx(¥)
Xe(Ox) = xx(¥) + x1(OprE)

so, in other words

Xi(Opne) = xu(Ox) = xu(Ox(=D)) = xe(Ox(=E)) + x1(Ox (=D — E)) .
(D.23)
At this point, in order to obtain our goal let’s use the correspondence between
divisors and invertible sheaves. For any &, .# € Pic(X), guided by equation
(D.23) define the pairing

LM = x1(Ox) = xi(LT) = xa( A+ X (LT @0 M)
It is not difficult to show that the map

Pic(X) x Pic(X) — Z
&z, M) — LM

is well defined (i.e. .Z..# invariant up to isomorphism of invertible sheaves),
symmetric and Z-bilinear (for the last claim see [3, Lemma 1.6 and Fact 1.7] ).
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Definition D.40. For any two divisor D, E € Div(X), the intersection
pairing is defined as:

Note that it coincides with equation (D.19) when (D, E) € T and they are
both effective. Furthermore it is important to underline the obvious fact that
the intersection pairing descends trivially to a pairing CH'(X) x CH'(X) — Z
since any two linearly equivalent divisors induce isomorphic invertible sheaves.
Remark D.41. The above procedure is not the common one for introducing
intersection theory on surfaces. Usually, the intersection number is first
defined for distinct integral curves and then extended to all divisors by using
the moving lemma.

The description of the intersection pairing for algebraic surfaces is now
complete, and it is evident that relies heavily on the structure of the base
scheme S = Speck. A moment of reflection will show that it is not possible
to have any decent intersection theory when S = Spec Ok, and the reason is
due to the existence of horizontal divisors. Let be X be a regular, integral,
projective surface flat over S and suppose that we have well defined bilinear
and symmetric intersection pairing on Div(X). Consider a closed point
s =p €S, if we K* is the generator of p then we have an equality
of divisors [s|] = (w). In other words [s] is principal, so also the fibre X
is a principal vertical divisor on X. Now Let D an irreducible horizontal
divisor on X, then certainly D meets X, which means D.X; > 0 because
our phantomatic intersection pairing should count the number of intersection
points with multiplicity. Thus, for any other divisor F € Div(X) we obtain

D.E < D.(E+X,), (D.24)

but E ~ (E + X;) since X is principal by construction. The issue can be
solved by claiming that what we see on the surface X is not the entire picture,
in particular there exists a notion of “intersection at infinity” that we don’t
see in the framework of scheme theory. If we consider this intersection at
infinity, the inequality (D.24) should become an equality.

This kind of problems was has been faced several times in geometry, and
they have always been solved with the same approach that should be clear
from the following two examples:

FExample D.42. The fist example is one dimensional, and it was analysed in
detail in chapter 1. We needed to add formally the archimedean points B,
to B in order to preserve the correspondence between points and places. In
the new space B we were able to define a notion of divisor and a notion of
degree stable under linear equivalence.
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Example D.43. The second example is more classical and involves the formu-
lation of the plane projective geometry. In this case the original problem was
to find the “intersection at infinity” of two parallel lines in R?, and it was
inspired by the notion of vanishing point in the graphic art. The solution
consists in adding formally the line at infinity to the ordinary real plane to
get the projective plane PZ. In this new space any two lines meet and in
particular the lines that were parallel before, now will meet on the line at
infinity.

The general idea behind Arakelov intersection theory on X is the same of
the above examples, we want to complete our scheme X with some new data
which will be interpreted as “the data at infinity”. So, we formally add some
curves at infinity to the scheme X and we get a new completed space (which is
not a scheme) X. Here we define an extended notion of divisors, the Arakelov
divisors, and we construct a reasonable intersection theory. In particular
the new curves at infinity, artificially introduced, will be a particular case of
Arakelov divisors.

Below we fix some notations that will be used in the remaining part of
the chapter:

Notations. B = SpecOy for a number field K, and regarding B the
notations imposed in chapter 1 are valid. ¢ : X — B is a B-scheme satisfying
the following properties:

« X is two dimensional, integral, and regular. The generic point of X is
n and the function field of X is denoted by K(X).

«  is proper and flat.

« The generic fibre, denoted by Xk, is a geometrically integral, smooth,
projective curve over K.

We say that X is an arithmetic surface over B.

Remark D.44. In the literature there is no accordance on a universal definition
of arithmetic surface, so the reader can be find several slightly different
definitions.

Thanks to [37, Theorem 8.3.16] it follows that ¢ is a projective morphism,
so in particular also X is projective (see [37, Definition 3.1.12] for a simplified
notion of projective morphism which is enough in our setting). Let’s recall a
useful result which characterize all points of dimension 1 in X:

Proposition D.45. If x is a closed point of the curve Xk, then m s a
horizontal (prime) divisor in X. Vice versa if D is a prime divisor on X,
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then either D C X, for a closed point b € B or D = {x} where = is a closed
point of Xk.

Proof. See [37, Proposition 8.3.4]. O

D.2.2 Arakelov divisors

For any o € B, consider the base change diagram:

X, =X xg SpecC —— SpecC
ltpo lSpeccr (D25)
X d » B .

By the properties of the fibred product it turns out that X, — SpecC is a
complex integral® regular projective curve. By simplicity we identify X, with
the set of closed points X, (C), therefore by abuse of notation we will say
that X, is a compact Riemann surface “lying” on the archimedean point o.
It will be clear from the context when we want to consider X, as scheme or
as Riemann surface.

Remark D.46. Diagram (D.25) arises from the following rather obvious com-
mutative diagram:
Xy — SpecC

lﬂ lSpec o

¢o | X — Spec K

[

X — B

where ¢ : O — K is the natural embedding and the map f is surjective. In
other words ¢, maps surjectively X, on the curve Xg. Since the morphisms ¢
and o are both flat and flatness is preserved after base change we can conclude
that ¢, is flat. In particular it is possible to pullback Cartier divisors from
X to X, through ¢,.

With the notation X , we indicate the “completed surface”

X:=XuU U x..

O'EBO'

Notice that X is simply formal object which does not live in the category of
schemes, therefore we have to use different theoretical tools respectively on X

SIntegrality is a consequence of the geometrical integrality of X .
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and on the Riemann surfaces X,. Furthermore, on each Riemann surface X,
we fix a Kahler form , such that fXg Q, =1, and we put Q := {Q }oen. -
For any divisor D € Div(X), D, := ¢:D € Div(X,) denotes its pullback
through ¢, .

Consider the additive group G(X) := ®,cp, G(X,) and its subgroup,
depending on Q, G(X,Q) = @, .5 G (X,). By commodity we write
any element of G(X) (or of G(X,(2)) as a finite formal linear combination
Y 0 9o Xs for g, € G(X) (or g, € G(X,Q)).

Definition D.47. The group of Arakelov divisors on X is:

Diva (X, Q) = { (D,Zgg)Q,) € Div(X) x G(X,Q): div¥(g,) = DG} :

We often denote the element (0, X,) € Diva, (X, Q) simply with the symbol
Xy
It is important to understand the geometry lying behind the above ap-

parently mysterious definition. Fix an Arakelov divisor (D, ¢,X,), by
theorem D.21 and proposition D.22 we can write

9o =G (Dy) + g (D.26)

where a, € R is uniquely determined. Figure D.3 highlights the fact that D,,
which is a finite set of points on X, can been interpreted as the “prolongation”
of D on the curve X,; thus, it makes sense to define the Arakelov divisor

D= (D,ZQQ“(DU)XC,> € Diva, (X, Q)

which will be called completion of D in X. By equation (D.26) we have the
following unique decomposition of (D, ) ¢,X,) in Diva,(X):

(D, > gng> =D+ o X, (D.27)

where the linear combination ) «a,X, can be evidently read as a “real
divisor” on X with support made of curves at infinity. In perfect analogy
with the usual notion of divisor, equation (D.27) tells us that an Arakelov
divisor can be interpreted as a formal linear combination of “curves” in X ,
such that the coefficients of the curves at infinity are in R. The presence of
this real coefficients underlines once again the fact that the curves at infinity
have an analytic nature.
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Remark D.48. As one may expect, if F is a vertical divisor on X, then F = E.

From the above discussion we recover the original definition of the group
of Arakelov divisors given in [2] and [1]:

Proposition D.49. There is an isomorphism of groups:
Diva, (X, Q) = Div(X) @ RE=)

Proof. Thanks to equation (D.27) we can define the isomorphism:

(D, ZgUXU> — D+ Zaa[a] )

Xo'l XU2

e
—~
e
N~—
Q
-
Q
)

Figure D.3: A schematization of an arithmetic surfaces ¢ : X — B such that By, =
{01, 02} (for instance B = SpecZ[i]). X} is a vertical divisor over the closed point b, D is a
horizontal divisor such that D,, and D,, are prime divisors respectively on X,, and X,,.

Now we want to introduce the concept of principal Arakelov divisor, in
other words we want to define an Arakelov divisor associated to an element
of K(X). Recall that K(X) is also the function field of X, so the morphism
Yo+ Xy = X induces a field embedding

o K(X) — C(X,).

For any rational function f € K(X) we put by simplicity f, := ¢#(f).
Moreover let &, be the sheaf of regular functions on X,, then as usual f,
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can be identified with a holomorphic map X, — C at all but finitely many
points: B

P fop = fop €k(p)=C
Then it is easy to see that —log | f»|? is a Green function on X, such that
00(—log |f,|*) = 0, therefore —log |f,|* € G (X,).

Proposition D.50. Let f € K(X)*, then div®(—log|f,|?) = (f)s, where
(f)o is the pullback of the principal divisor (f).

Proof. Fix a point p € X,, let x = ¢, (p) and consider f as a rational function
on Xg. If w, is a local parameter in 0,, and w is a local parameter in
Ox, x, then

. a# w) )V
fo = wrE@ROy forue 6,,.

This implies that ordf(—log|f(,|2) = vy(p¥(@))v.(f), but vy(p¥(w)) is
precisely the ramification index ey, ,, hence ordf(— log | f+%) = ep, pva(f).
So, we finally have:

divG(—log /%) = Z €00V () ()Pl = (f)o -

pEXo

Now the following definition makes sense:

Definition D.51. Let f € K(X)* be a rational function. It induces an
Arakelov divisor in the following way:

[

(f) = ((f%Z—log\fg!?XU) € Diva: (X, Q).

The group .
Princa, (X, Q) = {( fl:fe K(X)}

is called the group of principal Arakelov divisor and CH} (X, Q) := giixg—%

is the Arakelov Chow group. Two Arakelov divisor are said linearly equivalent
if they are contained in the same class in CH}, (X, Q).

—

Moreover for any principal Arakelov divisor (f) we get the following
decomposition:

(/Jc\)zm—l—;(/xa—log]ngQU) X, .
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D.2.3 Finite intersection and Deligne pairing

It is clear from the definitions that an intersection pairing

(D,; gng> . <E,;lgxg>

between two Arakelov divisors should be composed by two parts: the first
one is an intersection number between D and E, and this will be called the
finite intersection; the second one deals with the terms at infinity given by
the Green functions. In this subsection we describe the finite intersection.

Definition D.52. Let (D, E) be an element of T, then we define the 0-cycle
on X given by:

i(D,E):= > i.(D,E)al,

zeX(0)
where here [z] is a shorthand of [{x}].

Remark D.53. The sum in definition D.52 is finite because if D and E
are effective without common components, then i,(D, E) = mult,(D|g)
(proposition D.38(4)) and there is only a finite number of points on E at
which the divisor D|g has nonzero multiplicity.

Proposition D.54. If (D, E),(D;, E;) € T with j = 1,2, then the following
properties hold for i(D, E):

« i(D,FE)=1i(E,D) (simmetry).

2

e i(Dy+ Dy, By + E5) = Z i(D;, Ex,) (bilinearity) .

7,k=1
Proof. 1t follows immediately from proposition D.38. ]
Definition D.55. We have the symmetric and bilinear pairing on Y:
T — Div(B)
(D,E) — (D, E)

where

(D, B) = ¢ui(D,E) = ) _[k(@) : k(p())] (D, E) [p(@)].

zeX
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SThen the finite intersection number of D and E is:
D.E :=degy, ((D,E)) .
Clearly also the map (D, E) — D.FE is symmetric and bilinear.
Remark D.56. The pairing (D, E) — (D, E) is still well defined if in place of

the base scheme B we use any irreducible Dedekind scheme S.

Let T' be a prime divisor of X with generic point v and consider a
nonzero rational function f € K(X)* such that (f) and I" have no common
components, then define Np(f) € K* in the following way:

__J Nkayk(flr) if I'is horizontal
Ne(f) = { 1 if ' is vertical

where Ng )k is the usual field norm and f|r is defined as follows: since
(f) and I' have no common components it follows that v,(f) = 0, that is
f € 0%, So flr, is the natural image of f in k(y) = K(I'). At this point for
any D = ). n,I'; € Div(X) such that D and (f) have no common components
we have:

Np(f) = wa)"i €K~

Since K(X) is the function field of any open subscheme U C X and of
Xk we can restrict the operator N,.(-) to U and to Xg.

Proposition D.57. Let f € K(X)* and let D € Div(X) such that (f) and
D have no common components, then the following claims hold:

(1) Let U € X be an open subscheme, then Np,(f) = Np(f).

(2) Npix, (f) = Np(f), where the left hand side is the one-dimensional
operator defined in equation (G.2).

Proof. In both items we can restrict to the case when D =T is an irreducible
horizontal divisor.

(1) The function fields and the generic points of I' and T'|;; coincide, so the
claim follows trivially.

(2) Let v € Xk be the generic point of T', it is a closed point of Xy such that
k() = K(I'). By the bare definitions we can check the required equality. [

Proposition D.58. Let f € K(X)* and let D € Div(X) a divisor such that
D and (f) have no common components, then

(D,(f)) = (Np(f)) € Princ(B).

SIn this case we see (D, E) as an Arakelov divisor on B without components at infinity.
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Proof. See [43, Proposition 4.3]. O

Remark D.59. The Arakelov degree of an element of Princ(B) is not 0, so it
is very important to point out that D.(f) # 0. On the other hand one cannot
expect that intersection number to be 0, since in the prologue we said clearly
that there is no way to define an intersection number on X invariant up to
linear equivalence.

Now we interpret the pairing (D, E) (remember that we have to assume
that D and E have no common components) in terms of invertible sheaves.
We decide to work in a bit more general context, so, instead of B, as base
scheme we consider any irreducible Dedekind scheme S. The morphism
w : X — S still have all the properties listed at the end of section D.2.1. For
any pair of invertible sheaves . and .Z on X we construct an invertible

sheaf (£, #) on S in a way that the map (&, #) — (&, #), called the
Deligne pairing, induces a well defined bilinear pairing

(-,) : Pic(X) x Pic(X) — Pic(S).

Remark D.60. The pairing was introduced by Deligne in [13] where he de-
scribes very shortly and without details how to obtain it. Here, by following
the beautiful book [43] we construct the Deligne pairing in all details. By the
way, be aware that [43], in this point, contains some mistakes.

The construction is a bit involved and we divide it in two steps:
Step 1. Definition of the K-vector space (£, 4 ).

Consider the sets:

D|x, and E|x, have no
Ti = {(D,E) € Div(X) x Div(X) :  common components (as },
divisors on X)

S = (Lm) [ and m are nonzero meromorphic sections of £
K:=4q,m): and .# such that (div(l),div(m)) € Tk

Note that T is just the set of couple of divisors with no common horizontal
components. Now we define some vector spaces over K.

Vo= K&K

namely V is the free K-vector space over Y.

W= {(11,m) = Nawomia, (F) - (L) £ € K(X)*, (1m), (f1,m) € S}
(D.28)
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T = {(l7gm) - Ndiv(l)\XK (g) ’ (lv m): g & K(X)X’ (lvm)’ <l7gm) € EK}
(D.29)
Note that the above “N,(-)” is the one-dimensional operator of definition
G.2 considered on the curve Xg.

Remark D.61. Naiv(m)x, (f) and Naivq)x, (9) are well defined since (I, m),
(flym), (I,gm) € Xk, so div(m)|x, and (f) have no common components.
The same holds for div(l)|x, and (g).

Define the free vector spaces W := K"W") and T := KT): moreover put

which is considered as a constant sheaf (of K-vector spaces) over X. The nat-
ural image of any element (I,m) € X C V in (&, A ), is denoted as (I, m) .

Proposition D.62. (.Z,.#), is a one-dimensional vector space over K.

Proof. Fix (ly, mg) € Xk, then for any (I,m) € Xk there are two elements
fo, 90 € K(X)* such that | = fyly, m = gomo and moreover:

((f0)7 (g()))? ((fo)v div<m0))7 ((g())’div(lO)) € TK
By equations (D.28) and (D.29), in (.Z, .#), we can write:

<l>m>K = <f010>90m0>1< = [fo, 90 Ndiv(m0)|XK (fo) Ndiv(lo)|XK (90) (Lo, m0>K-
(D.30)
where, in order to simplify the notations, we put [fo, go] := N(s,)(go) intended
as operation on the curve Xg. This shows that (£, #),. has dimension at
most 1 over K. Define the homomorphism of K-vector spaces:

6.V - K

such that
0(l,m) := [ango]Ndiv(mo)\xK (fO)Ndiv(lo)|XK (90) -
Note that 0 is nontrivial, so surjective, since 6(ly, my) = 1. Now by using the

Weil reciprocity law (corollary G.9) we prove that 6 descends to a nontrivial
morphism 0 : (£, A ), — K, indeed for f,g € K(X)*:

0(fl,m) = [ffo: 9ol Naivimo)x,. (f fo) Naiv(io)ix, (90) =

£, 90] [fo: Go] Nativ(mo)|x,. (f) Netivimo)|x. (fo) Naiviio)lx, (90) =
= [90, f] Naiv(mo)l . (f) 01, m) =

= Ndiv(m)\xK (f)o(l,m).
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Similarly it holds that

0(17 gm) = Ndiv(l)\xK (g) 6(17 m)

In other words equation D.30 can we written as:

<l> m>K = §<<lv m)K) <lOv m0>K

hence, by the nontriviality of § we conclude that (#, .#), has dimension
1. O

Step 2. Definition of (&, ).
Let U C S be a non-empty open subset and denote with Xy the schematic
inverse image of U with respect to . We clearly have a flat map Xy — U,
so we define:

D|x, and E|x, have no }

Ty := {(D,E) € Div(X) x Div(X) :  common components (as
divisors on Xp)

[ and m are nonzero meromorphic sections
Sy =4 (1 ) of & and .# such that
v m) (div(1),div(m)) € Ty and

(div(D)| x,, div(m)|x,) is effective on U

Moreover notice that that Xy C Y. We define a sheaf of &g-modules 7 on
X given by:
ﬂ|U = ﬁs‘U(EU) .

Finally consider the morphism of sheaves: ® : &/ — (&, #),- which sends
(I,m) € ¥y to (I, m) - and define
A
(&, M) = /ker(CI))'

The canonical image of (I,m) € ¥y in &7 (U) is denoted as (I, m),;.

Proposition D.63. Let (I,m) € Xy such that (div(l)|x,,div(m)|x,) =0 €
Div(U). Then for any (I';m') € ¥y there exists an element a € Os(U) such
that (I',m/); = a(l,m),.

Proof. There are two elements f,g € K(X)* such that I’ = fl, m' = gm and
moreover:

(), (9)), ((f), div(m)), ((9),div(l)) € Tk .
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Hence by using proposition D.58:

(div()] ey div(m') ) = () div(D s (9)]xp div(m)|x,,) =
— (Dl @Dl + (Dl div(m) ) + (v (D) (9) s, ) +0 =
= (N(fﬂXU (9)) + <NdiV(m)|XU (f)) + (Ndiv(me (9>> =

= (N(f)\xU (9) Naivim)|x, (f) N, (9)> -

Since (div(l")|x,,div(m')|x,) is effective, then

a = Np)\x, (9) Naivim)lx, (F) Nl (9) € Os(U).

On the other hand

(", m) ¢ = [f, 9] Naivim)1x . (F) Nativ(wy x, (9) (1) e

therefore by proposition D.57 we can conclude that:

<l/a m/>U = N(f)|XU (g)Ndiv(m)|xU (f)Ndiv(l)|XU (g) <l7m>U =a <lvm>U :
]

We are ready to show that (&, .#) is an invertible sheaf on S. By
proposition D.62 (&, ) is nonzero; now assume . = Ox (D), # = Ox(E)
and fix a point sg € S. By the moving lemma we can find a divisor D’
such that D' ~ D and D’ doesn’t have components in X;,. Suppose that
xi,... T, are the intersection points of D' and X, by applying again the
moving lemma we can find a divisor E’ such that: E' ~ E, E' and D" + X,
have no common components, and F doesn’t pass by x1,...,z,,. Consider
the finite subset of S

C:={seS:DNENX,#0}

and note that its complement U := S\ C' has the following properties: sy € U
and (D'|y, E'|y) = 0. At this point any two meromorphic sections of &
and .# corresponding respectively to the divisors D’ and E’ will satisfy
the hypothesis of proposition D.63 on U. This implies that (&, .#) is an
invertible sheaf.

Theorem D.64. The Deligne pairing (£, #) — (L, ) satisfies the prop-
erties listed below. We assume that £ and # are two invertible sheaves on

X.
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(1)

(2)

(3)

If #' and L' are two invertible shaves such that £ = <" and M =
M, then (L, M) = (L', M.

The induced map Pic(X) x Pic(X) — Pic(S) is bilinear and symmetric.
By abuse of notation, this map will be also called the Deligne pairing.

Let I and m be two nonzero meromorphic sections of £ and M , respec-
tiely, such that div(l) and div(m) have no common components. Then,
there exists a nonzero meromorphic section (l,m) with the following
properties:

(7) Iibff,g € K(X)* such that (div(fl),div(m)), (div(l),div(gm)) € T,
then:
(f1,m) = Naiv(m) (f) (I, m)

<l7 gm) = Ndiv(l) (g) <l7 m>
(13) There is an isomorphism of invertible sheaves
(L, M) = Os((div(l), div(m)))

where the brackets (-,-) on the right hand side indicate the pairing
between divisors. Moreover, under the above isomorphism (I, m)
corresponds to 1(aiv(1),divim))- In particular:

div({l,m)) = (div(l), div(m)) .

Let 1 : 8" — S be a flat morphism between irreducible Dedekind schemes
and consider the following canonical base change diagram:

X =X x5 —215 ¢

s b

X —*— 5.

Then:
V(L A)) = (L), [ (A))

as invertible sheaves on S’.

Proof. See [43, Theorem 4.7]. O

Remark D.65. Note that when S = Speck for any field £ (in other words X
is an algebraic curve), then (£, .#) is just a one dimensional k-vector space.
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D.2.4 Arakelov intersection number

All the necessary tools for Arakelov intersection pairing. The plan is to give
the abstract definition and properties first; then we will recover a geometric
interpretation in terms of the decomposition given by equation (D.27).

Before going straight to the formal theory, it is good to see a motivational
example:

Example D.66. In section D.2.1 we explained that the crucial point of Arakelov
theory is to define the intersection at infinity of two horizontal divisors, in
this example we will try to guess how we can achieve this goal. We will see
later in this subsection how the formal definition matches perfectly our guess.
Fix 0 € B, ad consider the situation depicted in figure D.4: suppose that
D. E € Div(X) are two different prime horizontal divisors such that D, = [p]
and E, = [¢| as divisors on X,. We want to find a number, that we denote
(just here) as (D.FE),, which makes sense as “intersection number” on the
curve at infinity X,. By proposition D.45, D = {zp} and E = {zg}, where

X X,
Xk
£ E, =q]
D, = [p]

I

—— - e —— — —

(0) 4

Figure D.4: D and E are two horizontal divisors. We already know how to deal with

their finite intersection (in this case a point), but need an intersection number on X,.

xp,xp € Xk are two different points (since D and E are different divisors).
This implies that [p] and [g] are distinct because ¢, (p) = xp and ¢, (p) = TE.
In other words D and E will never “physically” meet on X,. But we could at
least “measure” how much [p] and [g] are close to each other and then interpret
this measure as the intersection number at infinity. For the point p € X
we have the Green function G%([p]) = ¢(p,-) which satisfies the Poisson
equation dd(g(p,-)) = , so in analogy with physics we can imagine g% (p, -)
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as a gravitational (or electric) potential on X arising by a punctiform source
situated in p. Since around p we can write ¢%(p,q) = —log|z(q)|* + u(q),
note that ¢*(p, q) is a very big positive real number when ¢ is close to p. This
means that g (p, q) is a reasonable choice for measuring the closeness of [p]
and [¢g|, and we can put

1
= —¢,0" (p,q) .

(D-E)y =5

where factor %eg is just an arbitrary normalization which will make some

formulae nicer. By extending this reasoning to all divisors of T, we expect
the intersection pairing between D and E to be:

DE=DE+- Zegg (D, E,). (D.31)

Proposition D.67. Let D, E be two finite divisors on X with no common
components, then for any o € By the divisors D, and E, on X, have no
common components.

Proof. Example D.66 contains the proof in the case when D and E are prime
and horizontal. The proof for the general case follows trivially. O

Let’s denote as YT, C Diva, (X, Q) X Diva, (X, Q) the set of couples of
Arakelov divisors with no common components on X, then we can define the
Arakelov intersection pairing on Y z.:

Definition D.68. Let D := (D,Y, 9,X,),E = (E,Y,1,X,) be two
Arakelov divisors such that (13, E) € T4, (in other words D, E € T). Thanks
to proposition D.67 we can define an Arakelov divisor on B: 7

<f), E>Ar = (D,E)+ g, #l,[0] €Diva(B)

where (D, E) is the finite intersection defined in the previous subsection and
* is the product between Green functions defined in subsection D.1.3. The
Arakelov intersection number of D and E is:

. I 1
D.E = deg,, <<D, E>A) —DE+3Y e g kly €R.

The following proposition summarizes some properties:

"Note that we assume D and E to have no common components in order to ensure
that the *-product between green functions is well defined for any o € By.
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Proposition D.69. Let (ZA?, E), (D\], E;) € Ta, with j = 1,2, then
(1) D.E = E.D (symmetry).
(2) (Dy + Dy).(Ey + E5) = Z?,k:l Z);E; (Z-bilinearity).

(3) IfD = (D,>, 9-X,) and f € K(X)* such that (D, (f)) € T, then

—

<13, (/f\)>Ar — (Np(f)) € Princa,(B).

In particular lA?(/f\) =0.

Proof. (1) and (2) follow immediately from the properties of the finite inter-
section and the *-product.

(3) By proposition D.58 we already know that (D, (f)) = (Np(f)) so let’s
concentrate our attention on the divisors at infinity. For o € B, write

D, =" ny,[p|, then:

—log|fsPx g, = —log|fo[2(divC(g,)) + /de%—logrfmga:
= —log|f,2(D) = 3" —nlog | fa(p)* =
pe);a
= —log | [] (£>())™
pEXs

Now note that f,(p) = N,(f,) (see defintion G.2), therefore we found the
equality:

—log|fy[* ¥ g = —log |Np, (f,)I" -
Let x € Xk be a point where f is defined and suppose that p € X, is such
that x = ¢7(p). Remember that f,(p) = f(z) ®" 1 € k(x) @% C, then by a
simple calculation with a basis of the finite extension k(z)|K we have that:

Np(fo) = O(Nx(f))

which in turn implies the equality

Np,(fs) = o(Np(f))-

By summarizing, we have shown that —log | f,|** g, = —2log |oc(Np(f))| and
we finally obtain:

(D.(D),, = Wol) + 3 206(Nn())lo] = (No(F)).
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We finally can show the main feature of the Arakelov intersection number:
it can be extended to an intersection pairing on the whole Diva, (X, 2) and
induces a natural intersection pairing on CHy, (X, ).

Proposition D.70. The Arakelov intersection number extends to any two
Arakelov divisors in Diva, (X, Q) X Diva, (X, Q) and moreover descends natu-
rally to pairing on CH (X, Q) x CH}, (X, ).

Proof. Let D := (D, > o 9o X,) and E := (E, > o loX,) be any two Arakelov
divisors. By the moving lemma we can find a rational function f € K(X)*

such that D+ (f) and E have no common components, so (D + (/f\), E) € Tar.
We define: L L

D.E:=(D+ (f)).E
and we have to show that the intersection number doesn’t depend on the

choice of f. Let f' € K(X)* another rational function such that D + (f’)
and E have no common components then by proposition D.69:

—

(D+(M)-E~(D+(f)E={f/f)E=0.

Finally, the intersection number descends to CH} (X, ) x CH}, (X, Q) im-
mediately by the definition. m

Now we interpret the Arakelov intersection pairing in a more geometric
way by using the decomposition given in equation (D.27). Fix two Arakelov
divisors D, E € Y4,, then we can write

D=D+)» a,X,= (D,ZQQ”(DJ)XU) + (o,zaaxg> :

E=FE+) B,X,= (E > QQ"(EU)XU> + (0, > @,Xa> .

In order to find explicitly D.E , by bilinearity and symmetry of the intersection
pairing it is enough to understand how calculate the following three terms:

(i) D.E; namely the intersection of two completed divisors (see example
D.66).

(ii) D.(0,Y, B,X,); namely the intersection between a completed divisor
and a divisor at infinity. Clearly (0,)  a,X,).E is obtained in the
same way.
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(i13) (0,>, @6X,).(0,>, B,X,); that is the intersection of divisors com-
posed only by curves at infinity.

For (i) let’s evaluate G% (D,) * G% (E,). By the bare definition of the
x-product and ¢

G (D,) % 6% (Ey) = g% (Dy Ex) + / dde (G (D,)) G (E,)

o

but since G% (D,),G% (E,) € G (X,), it is straightforward to verify that
the integral on the right hand side is 0. Therefore we get:

— 1 Q
D.E=D.E+ > g™ (Do, E,) . (D.32)

Note how this result matches perfectly equation (D.31). To calculate (ii) we
need G (D,) * By:

gﬂa (Do)*ﬂa = ﬁa*gﬂg (DJ) = B deg(Dg)—i—/ dde(ﬂd)gﬂa (DU> =[5 deg(Dg) )

X

thus we obtain

1

D.0,> B, X,) = 3 > €oBr deg(D,). (D.33)

o

Finally (7i) is trivial since o, * 8, = 0 and we have:
0. a,X,).(0,> " B,X,) =0. (D.34)

Remark D.71. Arakelov originally introduced the intersection pairing by
distinguishing the three different cases (i), (i), (¢i7) and by giving the equa-
tions (D.32), (D.33) and (D.34) as definitions. Here we recovered Arakelov’s
approach from a more abstract definition.

D.2.5 Picard-Arakelov group and Deligne-Arakelov pair-
ing
So far we have enlarged the group Div(X) to the group Diva, (X, ), now we
want to enlarge the Picard group Pic(X) to get the desired isomorphism with
CHj, (X, Q).
The first step consists in considering the right notion of hermitian invertible
sheaf on X, and as we did in the previous sections we will use the pullback
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properties of the maps ¢,. If £ is an invertible sheaf on X then its pullback
Z, = ;2 is an invertible sheaf over X,. Let s € ., be a meromorphic
section of £, then the natural embedding %, — & ®% ) C(X,) induces
the meromorphic section s, := s ®’ 1 of .Z,.

Definition D.72. An hermitian invertible sheaf on Xisa couple
Z = (gv {hU}UEBoo)

such that % is an invertible sheaf on L X and h, is a €™ hermitian metric
on the pullback sheaf .Z,. Moreover .Z is called admissible if each h, is an
admissible metric.

For inverible sheaves on X, the natural notion of equivalence relation
is the isomorphism. For hermitian invertible sheaves on X some metrics
at infinity are involved so we need an equivalence relation which includes
isometries at infinity.

Definition D.73. Let .Z = (&, {h,}o) and &' = (£ {I.},) be two
invertible herimitan sheaves on X. They are said isometric if there is an
isomorphism of sheaves ¢ : £ — £’ such that for any o € B, the map
given by the pullback ¢, : (£, hy) — (Z2, hl) is an isometry of hermitian
sheaves on X, .

Note that hermitian invertible sheaves on X still form a group with respect
to the following operation:

(Z{ho}ts) @ (L' {ho}e) = (£ © L {he @ M5 }o) -

The identity element is Ox = (Ox,{ho,},) where hg, is the canonical metric
on the trivial divisor &.
Definition D.74. The Picard-Arakelov group on X , denoted by Pica, (X, ),
is the group of isometry classes of hermitian invertible sheaves on X.

Let & = (Z,{hs}) be an invertible hermitian sheaf and fix a mero-

morphic section s of .Z; then —log(hy(ss,5,)) € G (X,) and moreover
divE(—1log(he (54, 55))) = dlv( ), for r any 0 € Boo. These facts were proved in

subsection D.2.2 in the case & = ﬁX and s = f € K(X), so rather obvious
modifications of those arguments work for the general situation. Thus we can
construct the Arakelov divisor associated to s:

div(s) = (div(s) S (~log(h, (sg,sg))xg) _
= div(s) Z(/ —log(h (sa,sc,))90> X, .
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Theorem D.75. CH} (X, ) 2 Pica, (X, Q).

Proof. First of all we have to define a map Divy, (X, Q) — Pica, (X, Q). For
any divisor D € Div(X) consider the pullback D, € Div(X,) and endow the
invertible sheaf &,(D,) with its canonical admissible metric hp, = h%‘: . So
we can define the map ©:

Divar(X, Q) 3 D+ Y e X, (Ox(D), {e*hp,},) € Pica:(X,Q)

where of course on the right hand side we take the equivalence class of isometry.
It is easy to check that it is a morphism of groups, so let’s show that its kernel

is Princy, (X, Q). If (f) € Princa, (X, ), then:

(N =T+ deg((f)o)Xs,

so © sends (f) to the isometric class of (Ox((f)),{e " hy,},) which the
same class of the identity element thanks to proposition D.35. Viceversa if
(Z,{hs},) is isometric to (Ox,{ho,},), then by the usual theory of finite
divisors we have that £ = Ox((f)) for f € K(X). The metrics h, and
e “hy are both admissible on %, thus by corollary D.32 we have an
isometry between (.2, {h,},) and (£, {e " hy,},). This shows that ker © C
Princa, (X, Q).

Finally, we have to show the surjectivity of ©. Let (£, {h,},) an admissible
hermitian sheaf, then consider a meromorphic section s of .Z and let D =
div(s). For any ¢ we have the pullback meromorphic section s, of .Z, such

that %, = 0,(div(s,)). Consider the Arakelov divisor:

D= (div(s), > —log(ho(s., SU))XJ> € Diva (X, Q),

g

its image through O is:
(g, {eiaghpg}a) c PiCAr(X, Q)

But for any o, e *hp, and h, are both admissible metrics on the same
invertible sheaf .Z,; this implies that (.Z,, h,) and (%, e~ *"hp,) are isometric
thanks to corollary D.32. We can conclude that @(ﬁ) and (£, {h,},) are
isometric. N

In subsection D.2.1 we have introduced intersection theory on an algebraic
surface by defining a pairing between invertible sheaves, now we want to show
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that the same approach is possible in the case of Arakelov intersection theory.
In other words we want to define a pairing;:

(, ) : Picar(X, Q) x Pica(X,Q) — Pica,(B)

such that if D, E € Diva,(X) and Z and .Z are the associated hermitian
invertible sheaves, then:

degy, ((Z,#))) = D.E

For obvious reason we will call pairing ((, )) the Deligne-Arakelov pairing.®

Let C' be a compact Riemann surface and fix two hermitian invertible
sheaves (&, hy), (A ,h.4) on it, then we are going to define an hermitian
inner product on the one dimensional C-vector space (£, .#) (here we
mean the usual Deligne pairing in the one dimensional case), involving the
metrics hy and h_,. Let [ and m be two meromorphic sections of . and
A respectively such that div(l) and div(m) have no common components.
Consider the element (I,m) € (&, .#) constructed in theorem D.64 (here
remark D.65 is crucial), then let’s define:

h<f/,///> (<l7 m> ) <la m>) = 6(_ log h.sz (1)) (log h.z (m,m)) (D35)

where on the right hand side we have the usual x-product between Green
functions. Clearly we can extend equation (D.35) to an hermitian inner
product h(¢ 4y on the whole (&, ), but still we have to show that equation
(D.35) doesn’t depend on the choice of the meromorphic sections [ and m.
Let’s start with the following lemma which gives an explicit description of
the x-product in a special case:

Lemma D.76. Let ¢ € C(C)* and g € G(C), then:
IOg |¢| *g = lOg |NdiVG(g)(¢)|

Proof. Put D = div¥(g) = > ajlz;] with a; # 0 for any j, then by definition:

log |6] * g = log [9](D) + /C dd“(log |¢])g = log |o|(D)

The last equality follows from directly by the fact that dd“(log|¢|) = 0. But
now

—_—

log [](D) =) a;log|¢(z;)] = log

J

= log [Np(9)|.

H ¢(x;)™

8Be aware that this terminology is not used in the literature.
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Let " and m' any other two meromorphic sections of .Z and .# such that
div(l") and div(m’) have no common components, then there are f,t € C(C)*
such that I’ = fl and m’ = tm. At this point we obtain:

(—loghy(l',1')x(log hay(m',m')) = (= log he(l,1)~log | f|*)*(log by (m, m)+log t]*) =
= (—log hy(1,1))*(log he(m,m))—(log hy(l,1))xlog |t|*—(log h.e(m, m))xlog | f|*+
. log |f|2 % lOg |t|2 :lem. D.76
= (—loghg(l,1)) * (log he(m,m)) + log <Hf7 9| Naiv(m) (D) Naiv) (m)f)
However, let’s recall that by construction:
(l’,m’} = [f7 g]Ndiv(m)(l)Ndiv(l)(m) (l,m) )

thus

higy((U,m!) (1) m')) = |[f, 9]]\7cuv(m)(l)Ndiv(l)(m)\2 hiz.ay({l,m), (l,m))

and the claim is proved. We now have a way to put an hermitian product on
the result of the 1-dimensional Deligne pairing for a Riemann surface.

Let’s go back to our completed arithmetic surface X, for any &, .# €
Pica,(X) let’s define the element (£, .#)) € Pica,(B):

(2, ) = (L M) hiz.n)
where:
« (L, M) € Pic(B) is the 2-dimensional Deligne pairing.

* hiy, ) is the collection of metrics on {(Z, .#), }sep., defined in the
following way: by the properties of Deligne pairing with respect to base
change we know that (&, %) = (£, #,); on the latter vector space
we impose the hermitian inner product h(g, 4, defined in equation

(D.35).

It remains to show the relation between Deligne-Arakelov pairing and
Arakelov intersection number:

Proposition D.77. Let D and E be two Arakelov divisors and let Z and
A the two associated elements in Pica,.(X), respectively. Then

degy, (<<§, %») —D.E
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Proof. Let | and m be two meromorphic sections of . and .# such that
div(l) and div(m) have no common components. Then

D.E = div(l).div(m) = div(1). div(m)+
% —loghy, (ly,ly)) * (—1ogh 4, (Mmy, my)) .

But:

div(l).div(m) = deg, ((Z, A)) = deg,, (div (I, m))

and we can conclude that

~ ~ . 1
D.E = degy, (div (I, m)) = B) Z —€glog iz, ) ((L,m)  (l,m)) =

[

— degy, (div (I, m) ) = dega, ((Z. 7)) .
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Appendix E

Semi-topological algebraic
structures

E.1 Basic notions

Definition E.1. A topological abelian group (G, 1) is linearly topologized
(or has a linear topology) if there is a local basis at 0 made of subgroups. A
morphism between linearly topologized groups is a continuous homomorphism.
The category of linearly topologized group is denoted by LTADb.

Proposition E.2. Let G be an abelian group and fix a non-empty collection
of subgroups F = {U;}icr. If G is endowed with the topology T generated by
{z + U;}icr zec, then it becomes a linearly topologized group.

Proof. First we show that G is a topological group: we want the inversion
t: G — G and the sum o : G X G — G to be continuous. We check this for
the subbase {x + U, }ics zec. Obviously . (U; +z) = U; — 2 € 7. Then we
prove that the following equality holds:

o Uit a) = | JWi+y) x Ui+ 2 - ).

yeG

The inclusion D is evident, so let (z,2') € 071 (U; + z), then z = u + (z — 2')
for u € U;. If we write 2/ =0+ x — (z — 2/) and we put y = =z — 2’ we finally
get (2,2') = (u+y,0+2—y) €U +y) x{U+z—y).

For the last statement consider the family

B:={U € 7: U is finite intersection of elements of F} .

Then B is a local basis at 0 made of subgroups. O]
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Definition E.3. The linear topology on an abelian group G obtained from
a family of subgroups {U,}ics, as it is described in proposition E.2, is called
the linear topology generated by {U;}icr.

In this setting, concepts like initial and final topologies are well defined.
Let G be an abelian group and consider some homomorphisms of groups
{¢a : G — Ha}, and {5 : Hg — G}, where the H, and Hg are all linearly
topologized. The initial linear topology on G with respect to {¢q4},, is the
linear topology generated by

{03 (Va): Vo € H, is an open subgroup}a .

This is the coarsest linear topology which makes all the ¢, continuous.
The final linear topology on G with respect to {¢B}5 is the linear topology
generated by

{U C G: U is a subgroup and wﬁ_l(U) is open for any (3} .

This is the finest linear topology which makes all the 13 continuous.

Proposition E.4. LTADb is an additive category and moreover it admits
wnverse and direct limats.

Proof. The nontrivial statements are those involving the categorical limits.
In particular @ZGZ and lingj are the usual limits in the category of groups,
endowed respectively with the inital and final linear topology.

Remark E.5. By commodity, in the category of linearly topologized groups,
we call the limits @ZGZ and liganj respectively linear inverse limit and

linear direct limit.

Definition E.6. A ST ring (ST stands for semi-topological) is a ring A
endowed with a topology satisfying the following two properties:

« (A, 4) is a linearly topologized abelian group.
« For any a € A the map A\, : A — A, such that \,(z) = ax, is continuous.

A morphism of ST rings is a continuous homomorphisms of rings. The
category of ST rings is denoted as STRing. Moreover B is a ST A-algebra if
there is a morphism of ST rings ¢ : A — B. The category of ST A-algebras
is A-STAlg.

Proposition E.7. STRing and A-STAlg admit inverse and direct limits.
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Proof. We show it only for rings. Let A =l m A; be the usual inverse limit in
the category of rings and topologize its additive structure by taking the linear
inverse limit topology. Thus we have the coarsest linear topology on (A, +)
such that the projections 7; : A — A; are continuous. Assume that A, is
the multiplication by (..., a;,a;11,...) in A and consider the composition:

Ay
A 4T A;, given by
xr = ( Ty L1,y - - ) — ( QT Ay 1541 - ) = a;T; .

Since mj 0 A,y (%) = Aq; 0 Tj(), we can conclude that 7; 0 A, is continuous.
Finally if 7 (V}) C A is an element in the subbase of A, then A )( )
is open in A.

Let A = h&l A; be the usual direct limit in the category of rings and
topologize its additive structure by taking the linear direct limit topology.
Thus we have the finest linear topology on (A, +) such that the maps ¢; :
A; — A are continuous. Let’s denote with p,;; : A; — A; the continuous
homomorpshims in the directed set {A; };; moreover Ay .y is the multiplication
in A= (L;4) /N for the ﬁxed element [(j,a)] where a € A;. Note that the

composition: A; — A A, given by
x = (4 2)] = [k pyn(a) ()] -

is continuous. Thus if U C A is open, then ¢! < bl (U)) is open and by

al
definition of final linear topology we can conclude that Agla}(U ) is open in

A. ]

In the next definition we describe how we can carry the structure of ST
ring from A to the ring of Laurent power series A((t)).

Definition E.8. Let A be a ST ring, clearly there is an isomorphism:

VA o om
Al A

which induces a (finite) product topology on t,ﬁf[f[f[][]t , then in STRing we
consider

A((t)) = lim ¢ A[[t]] = in tfﬁg{]{]“

We call this topology the ind/pro-topology on A((t)).
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Note that for any r € Z, t"A[[t]] = lﬁlm thﬂéL[Xt[][}t]]

(infinite) product topology of A, hence the following result is quite straight-
forward:

is endowed with the

Proposition E.9. Let A be a ST ring which is a T1 space. The subring
t™A[[t]] is closed in A((t)) for any m € Z.

Proof. It is enough to show that for any r < m, t"™A[[t]] is closed in t" A[[t]].

Since t"A[[t]] is endowed with the product topology given by [], .y A, then
t™A[[t]] as subset of t" A[[t]] can identified as:
{0} x {0} x...x{0}x ] A
ey i>m—r
which is evidently closed. O]

There is also an explicit way to define the topology on A((t)) by giving
directly a local basis at 0:

Definition E.10. Let A be a ST ring and let {U; };cz be a family of open
subgroups of A such that there exists r € Z for which U; = A when ¢ > r;

then: ZUﬂfi :: {Zaiti € A((t): a; € Ui}

i€z
is a local basis at 0 and the induced topology on A((t)) is called the P-topology.
Proposition E.11. The ind/pro-topology and the P-topology are equal.

Proof. Let ) .., U;t" an element of the basis at 0 of the P-topology. Then
for any r € Z, the intersection t"A[[t]] N Y, , Ust" is open in t"A[[t]] because
of the definition of open sets in the product topology. Hence the P-topology
is coarser then the ind/pro-topology.

Vice versa let U be an open subgroup of A((¢)) for the ind/pro-topology, then
t"A[[t]] N U is open in t"A[[t]] and we can write

t"A[[t]| N U = Z Uit" where U; = A when i >> 7.

i>r

By using the fact that U = J,,(U Nt"A[[t]]) we can conclude that U is an
element of the local basis of the P-topology. m

If A has the discrete topology, then we recover on A((t)) the topology
which has {t" A[[t]] },ez as local basis at 0; hence in this particular case A((t))
is a topological ring. Let’s give a quick proof: each t"A[[t]] is clearly open
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because singletons are open in A. Assume by contradiction that for an open
set U there is no t"A[[t]] containing it; it means that for any » > 0 we can
find z, € t"A[[t]] \ U. Since lim,_,o =, = 0, we conclude that A((t)) \ U is
not closed against the assumption on U. We want to emphasize the fact that
when A = F'is a field endowed the discrete topology, then F((7)) has the
usual topology of complete valuation field.

Remark E.12. From now on we always assume that A((¢)) is topologized with
the ind/pro or P-topology if A is a ST ring.

Definition E.13. Let A be a ST ring. A ST A-module is an A-module
satisfying the following properties:

e M is a linearly topologized abelian group.

« Foranya € Aand any m € M themaps \M : M — M and p,, : A - M
such that \,(z) = ax and p,,(xz) = xm are continuous.

A morphism of ST modules is a continuous homomorphism of A-modules. If
A is a ST field then M is called a ST vector space.

Given a ST A-module M, the subset {0} is a submodule because of the
continuity of \,, therefore we define

MP .= M/{0}

which is again a ST A-module if endowed with the quotient topology.

Proposition E.14. Let A be a ST ring, and M an A-module. If M 1is
endowed with the final linear topology with respect to the group homomorphisms
Pm A — M, then M is a ST A-module

Proof. See [63, pag. 17]. O

Definition E.15. The topology on M described in proposition E.14 is called
the fine A-module topology.

Now we present the crucial part of this very general theory. Given a ST
ring A, we describe two procedures called (C) and (L) that give canonical
topologies of ST rings respectively on l'glr A/yp" and A, for any prime ideal
p C A. We need the following lemma:

Lemma E.16. Let ¢ : A — B be a ring homomorphism where A is a ST
ring. Consider B as an A-module endowed with the fine A-module topology,
then B is a ST ring.

Proof. [63, Proposition 1.2.9.(b)]. O
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(C') For any r > 0 we put on A/p” the fine A-module topology, so by lemma,
E.16 A/p” is a ST ring. By proposition E.7 we can endow Jm, A/p"
with a structure of ST ring.

(L) Ay is naturally an A-module, so we endow it with the fine A-module
topology. Again by lemma E.16 we conclude that A, is a ST ring.

Example E.17. Let (A,m) be a DVR endowed with the m-adic topology. We

show that the topology in Frac(A) obtained as it follows is the usual complete
discrete valuation topology.

A FI'aC(;{)
First of all note that the fine A-module topology on A/m” is the discrete
topology, therefore with (C') we obtain the usual m-adic topology on A =

Jm A/m", and we denote the valuation on A with the letter v.

-~

The topology on Frac(A) is the finest linear topology such that the maps

i A = FI'aC(;{\)
r — bx

-~

are continuous for any b € Frac(A). Assume that m = tA, then we first show
that for any r € Z the set t"A C Frac(A) is open. We need to check that
p, L(t"A) is open in A for any b. For b= 0 it is trivial, so let’s assume b # 0:

~ N~ m’ U0 if > (D)
—1/y4r — [ 4r—v(d) _ 111\ ur=wv
py (17A) (t A) n4 { A if r < v(b)

-~

Thus we get a sequence of open sets in Frac(A):
LDETMADETADETIAD L

which is a local basis at 0. In particular it is the same local basis of the
topology induced by the valuation v.

E.2 Differential forms

We want to conclude the chapter by giving the essential notions regarding a
modified version of differential forms on a ST K-algebra A (a comprehensive
presentation can be found in [63, 1.5]). In this subsection we allow K to be
any field endowed with a ST ring topology. The usual A-module of Kéahler
differentials Qzl‘ll , is not very useful because it might be “too big”. The
following example clarifies this point:
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Ezample E.18. Let A = K[t] be the ring of polynomials over K, then Q) ; =
Adt, but if we consider B = K[[t]] then Qp, is not a finitely generated
B-module.

Therefore, we want to find a reasonable quotient of QlA‘ ; With finite rank
over S when A = L((t1))...((ts)), for a finite extension L|K. The topology
of this new vector space that we are going to construct will be inherited from
the topology of Q}4|K‘ So let’s first explain how to topologize Q}4|K‘

Definition E.19. Let M and N be two ST A-modules, then the topology
on M ®4 N is the finest linear topology such that the following maps are
continuous for any m € M and n € N:

A N — M@y N
T = mQx

M — M®sgN
r — TXn
Let Ti(A) :== D,,50 Tk (A) where TR (A) == A®r A®k ... ®x A is the
m-fold tensor product, and moreover as usual consider Qfl =N\ th .

Let’s consider the A-Algebra Qi\u{ = @mzo Q%K and define the following
homomorphism of A-algebras:

D ARATR(A) — Qi
ToRT1®...R0x, — xodri N...Ndz,
It is surjective, therefore if we endow A® 4 Tj (A) with the (iterated) topology
constructed by definition E.19, then we can put on Qj“ ;- the topology induced
by the quotient topology on %{;}M). Each Q% 5 has the subspace topology.

Proposition E.20. Qj"K is a ST A-algebra and each Q’X'K is a ST A-module.

Moreover, the topology on Qixu( is the finest topology such that the following
homomorphisms are continuous for any a € A:

Mod: A — Q}W(
r — adr,

Pdat A — Qi”K
r — fdx.

Proof. See [63, Lemma 1.5.2]. O
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At this point we are ready for the “correct” definition of differential forms
over A:

Definition E.21. The module of separated differential forms of A over K is a
T2 semi-topological A-module Qi{r;{p endowed with a continuous K-derivation

d: A— QZTE) satisfying the following universal property: for any 72 semi-
topological A-module M and continuous K-derivation d’ : A — M the map
obtained by composition with d

Homi{)m(ﬂi{‘&?, M) — Der2™(A, M)
is bijective.
We have an explicit expression for the module of differential forms:

Proposition E.22. The A-module (QQ‘K)SQP endowed with the natural K-
derivation d : A — Q}4|K — (Q}4|K)Sep satisfies the universal property described
in definition F.21.

Proof. Omitted. O]

So, from now on we can use the identification:

17
QU = (Ol

and clearly we have the obvious notations:

m
m,sep . __ 1,sep
Vi = NGRS

AlK
*,Sep . m,sep
O = @QM .

m>0
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Appendix F

Locally linearly compact vector
spaces

In this section we fix a base field £ which is endowed with the discrete
topology. A topological k-vector space V' is an k-vector space endowed with a
T2 topology such that the vector spaces operations are continuous as functions
of two variables. A topological vector space is obviously a topological group
with respect to the addition.

Definition F.1. A topological vector space (V, ) is linearly topologized (or
has a linear topology) if there is a local basis at 0 made of linear subspaces.

Clearly a linearly topologized vector space is also a linearly topologized
abelian group with respect to the addition. All open subspaces of a lin-
early topologized vector space V are also closed and moreover if V is finite
dimensional, then it must be discrete.

Definition F.2. Let V' be a linearly topologized k-vector space; then it is
said linearly compact if one of the following equivalent conditions holds:

(1) For any filter of the form:
{Hi=W +v:veVand W CV is a closed vector subspace};
we have (), H; # 0.
(2) V is complete and all its open vector subspaces have finite codimension.

(3) V = Hm_ Vi where {Vi}i is an inverse system of finite dimensional
k-vector spaces all endowed with the discrete topology.

Remark F.3. A proof of the equivalence of the conditions in definition F.2
can be found in [5, Proposition 24.4].
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Linear compactness is a weaker condition that usual compactness, but
some important properties induced by compactness have the corresponding
version for linear compactness:

Proposition F.4. The following statements hold:

(1) A closed linear subspace of a linearly compact vector space is again
linearly compact.

(2) If H is a closed linear subspace of a linearly compact vector space V
then V/H is linearly compact.

(3) A discrete linearly compact vector space is finite dimensional.
(4) A finite dimensional vector space is linearly compact.

(5) The arbitrary product of linearly compact vector spaces is again linearly
compact.

(6) The class of linearly compact vector spaces is closed under taking inverse
limats.

Proof. See [33, 10.9]. O

We also have the “local” version of linear compactness:

Definition F.5. A linearly topologized k-vector space V is called locally
linearly compact if it contains an open linearly compact subspace.

Example F.6. Let k C L be a finite extension and let r € Z, then the k-vector
space
L[]
t"Ll[t]] = lim —————
W= 8 e 1]

is linearly compact thanks to proposition F.2.(4). In other words if we
topologize L((t)) with the ind/pro-topology we can conclude that it is locally
linearly compact.

Definition F.7. Let V be a linearly topologized k-vector space, then we
define its dual as:
VY := Hom{*™(V, k).

an element of V'V is called k-character. We endow V'V with the linearly
compact-open topology, which is a linear topology.
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For any subset S C V, let’s put:
2= {E e VY g(8) = 0}
She={veV:£&w)=0, VEe S°}.
Clearly S C S22 and the moreover family
{U”: U CV is open and linearly compact subspace}

forms a fundamental system of neighborhoods at 0 for the topology on V.

Definition F.8. Let V' be a linearly topologized k-vector space. If V is
algebraically and topologically isomorphic to V'V, then we say that V is self
dual. If V is a ST k-algebra and £ € V'V is a nontrivial k-character, then for
any a € V the map

& Vo= k
x = &(ax)

is a k-character too because the product for a fixed element is continuous in
V. If the map

induces a self duality, we say that & is a standard k-character.

Proposition F.9. IfV is discrete then V'V is linearly compact.
Proof. See [61, Theorem 25.14]. O

The Pontryagin duality for locally compact groups is replaced by the
Lefschetz duality in the theory of locally linearly compact vector spaces:

Theorem F.10 (Lefschetz duality). Let V' be a locally linearly compact
k-vector space, then the following statements hold:
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(6) If W is a closed linear subspace of V', then:

(6a) There is an algebraic and topological isomorphism (V/W )Y = W4,

(6b) There is an algebraic and topological isomorphism VY /W& = WV,
Proof. For 1,2,3,6 See [61, 25].
(4) Consider the continuous pairing:

(,): VYV — k
(&5) = (& 5)=£(s),

then

S4 = r-]{s}A = ﬂker(-,s> ,

seSs seSs

so S* is closed.

(5) W22 is a closed subspace containing W. Let C' = W, then by using
proposition F.4.(2) we know that V/C' is locally linearly compact so by (3)
we have

V/C = (V/O)'Y. (F.1)

Let a € V' \ C, then by equation (F.1) there exists an element ¢ € (V/C)Y
such that £(C' 4 a) # 0. If we lift £ to a character £ € V'V, we can conclude
that ¢ has the following properties:

e LECE C W
« £(a) #0.
In other words a € V' \ W44, O

Now we assume that V' is a locally linearly compact k-vector space and
a ST k-algebra admitting a standard k-character ¢°. The we have the
continuous and symmetric pairing given by:

d: VXV — k
(v,w) = P(vw) = Py(w) = Py(v).

For any subset S C V' we put:
St={veV:dS) =0},

so by the self duality of V' induced by ), for any subspace W C V we have
the isomorphisms W+ = W% and W+ = W22,
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Proposition F.11. Let V' be a locally linearly compact k-vector space and a
ST k-algebra admitting a standard k-character; moreover let W, Wy, Wy CV
be closed subspaces. The following statements hold:

1) Wt =W. More in general, if W is any linear subspace, W++ =W,

(1)
(2) (V/W)Y =W
(3) V/Wt =W,
(4)

4) Win Wik = (W + W)t
(5) (Wi +Wi) = (W N W)L

Proof. (1),(2) and (3) follow immediately from theorem F.10.
(4) If v € Wi N W5, then d(v, Wy + W) = d(v, W;) + d(v, W) = 0, so one
inclusion is proved. Vice versa assume that v € (W, +Ws)+, then d(v, W;) = 0
for ¢ = 1,2, so we have also the other inclusion.
(5)

(Wit + Wih) =0 (Wi + W)= =0 (W n ).

]

In the category of locally compact group we have a well defined notion of
restricted product. We introduce now the restricted product in the category
of locally linearly compact vector spaces.

Definition F.12. Let I be a set of indexes and let I, C I a finite subset
(possibly empty). Fix a family of locally linearly compact k-vector spaces
{Vi}ier and for any i € I\ I let H; C V; be an open linearly compact
subspace. The restricted product of the V; with respect to the H; is defined
as:

H,Vi = {(UZ)Z € HVi: v; € H; for all but finitely many i € I\ Ioo} )

il i€l

!
The topology on H - V; is the usual restricted product topology and by
F.4 we can conclude that it is again a linearly locally compact k-vector space.

Let V be a locally linearly compact vector space and let H be a compact
open subspace; the quotient V/H is discrete, so (V/H)Y = H* is linearly
compact in V' by proposition F.9. Hence If {V;},c; and {H;}iep s, is the
given data for a restricted product, it makes sense to consider the restricted
product:
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ITv

iel
with respect to the subspaces H? (remember that V'V is again locally linearly
compact thanks to F.10.(2)). Like in the case of locally compact groups we
have a very naive description for the dual of a restricted product:
Theorem F.13. Let H/iel Vi be a restricted product of linearly locally com-
pact k-vector spaces with respect to a family of open compact subspaces {H,;};.
Consider the restricted product H/id V¥ with respect to {HP}, then the map:

)

v - (v)

iel el

(i) = Z (0
s an isomorphism of topological vector spaces.

Proof. Just modify the proof of [52, Theorem 5-4] which is made in the
category of locally compact abelian groups. O
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Appendix G

Selected topics

G.1 “Ad hoc” K-theory

Algebraic K-theory is a very wide subject with a long history. It can be
approached in many different ways and several links can be build between all
approaches (see for example [56]). This appendix is not a short introduction
to algebraic K-theory, but just a mere collection of definition and notations
needed in this text.

Definition G.1. Let G be an abelian group, and fix an integer > 1. A
r-Steinberg map is an homomorphism of Z-modules f : (F*)® — G such
that f(aq,...,a,) = 0 whenever there exist two indexes i, j such that i # j
and a; +a; = 1.

Let’s denote with St(r) the category whose objects are the r-Steinberg

maps f : (F*)% — G and the morphisms are the commutative diagrams:

FX®T—>G
l/

where ¢ is a group homomorphism.

Proposition G.2. The category St(r) has the initial object.

Proof. We construct the initial objects by hands. Let’s define

K (F):=F"®z...@F* /S

T tlmes
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where S is the (multiplicative) subgroup generated by the following set:
{sm®...®a,: a;+a; =1 for some i # j}.

The natural image of a pure tensor a; ® ... ® a, in K,.(F') is denoted by
{ai,...,a,}. Clearly we have an induced map:
{}: (F9)% — K.(F)
(ay,...,a,) — {a1,...,a,}

At this point it is straightforward to see that { } : (F*)%® — K,(F) is the
initial object for St(r). O

Definition G.3. For r = 0 we put Ky(F') := Z and in general we call the
group K, (F) constructed in proposition G.2 the r-th K-group of F'. Note
that K1(F) = F*. The map { } : (F*)% — K,(F) is called the r-th symbol
map and in the cases r = 0,1 it is just the identity.

Remark G.4. The groups introduced in definitons G.3 are usually called
Milnor K-groups and the standard notation is KM. However in this text we
can simplify the notation.

The construction K,.( ) is functorial, in fact let f : F* — L* be a group
homomorphism, then the composition:

<F><>€ar & (LX)@T’ Q) KT(L)

is evidently a Steinberg map. By the universal property it induces a morphism
K. (f): K.(F) — K.(L).

When F' is a complete discrete valuation field there exists a nice relation-
ship between K-groups of F' and K-groups of the residue fields:

Theorem G.5. Let F' be a discrete valuation field (not necessarily complete)
then there is a unique group homomorphism:

0, K.(F) = K,_1(F)
satisfying the following property:
ar({xla s 7xr717w}) = {x_la s wxrfl}

for any local parameter w of F' and any x1,...,x,—1 € OF .

Proof. See [39]. O
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Definition G.6. The map 0, described in theorem G.5 is called the (Milnor)
r-th boundary map.

Consider the tame symbol for a complete discrete valuation field (F,v):

()p:F*xF* > F"

- G.1
(a,b) — (a,b)p = (—1)"@v®) guid)p—v(a) (G-1)

Proposition G.7. The tame symbol (, ) is a continuous 2-Steinberg map.

Proof. 1t is very easy to verify that (, )p is Z-bilinear, so we just check that
(a,1 —a)p = 1. There are 3 cases:

(i) v(a) > 0. It means that a € pp, so 1—a € O by standard commutative
algebra. It follows that (a,1 —a)r = (1 —a)~¥@, but:

(1—a)"@ = g (U(ja)> (—a)’ =1 +g (v(ja)> (—a)) € 1+ prp

and we can conclude that (a,1 —a)p = 1.
(17) v(a) < 0. Then in this case v(1 — a) = min{0,v(a)} = v(a) and we
write:

(a’ 1 — a)F — (_1)1)(&)2 av(a)(l _ a)—v(a) — (a—l + 1)—1}(0,) )

But a=! € pp, so a™' + 1 € pp and the claim is proved.

(173) v(a) = 0. We have that 1 —a € Op, but if v(1 — a) = 0 the claim is
obvious. When v(1 — a) > 0, we have (a,1 — a)r = a*('=% and we can write
a=1—(1—a). At this point just repeat the proof of case (7). O

The tame symbol has very important geometric properties. When X is
nonisngular projective curve over a perfect field k, for any x € X we put:

(,)x :Nk(x)|ko(a>K1K; XK;<—>I{JX.

Theorem G.8 (1-dimensional reciprocity law). Let f, g € k(X)* two nonzero
rational functions, then
H (fa g)x =1.

zeX

Proof. Se [54, 111, §1.4] . O

222



Corollary G.9 (Weil reciprocity law). Let f,g € k(X)* two nonzero ratio-
nal functions such that the principal divisors (f) and (g) have no common
components, then:

H Nioy (f19(2)) = H Niwe (679 (2)) .

reX zeX

(Note that by hypothesis about (f) and (g) if v.(g) # 0, then v,(f) = 0,
therefore v, (f”x(g)) =0 and f**9)(x) is actually a well defined value of k(x)*.
The same fact of course holds by exchanging the roles of f and g)

Proof. We have the two finite sums (f) = >, vy, (f)[x;] with v,,(f) # 0 and

(9) = >, vy, (9)yi] with v, (g) # 0. Since (f) and (g) have no common
components, then x; # y, for any ¢, 7. Moreover by theorem G.8:

zeX
= (H Neoir (f ”yi(g)(yz))) (H Nt (9701 )(rci))> .
Yi T;
This concludes the proof. O

Weil reciprocity law can be expressed in a more compact and elegant way
if we introduce some additional notations. Let’s put

No(f) == Ni@ype (f(2)). (G.2)

Solf D =3 ¢v.(D)[x] € Div(X) and f € k(X)* is a nonzero rational
function such that (f) and D have no common components, then it is well
defined the following element:

Np(f) =[] M) € k>

zeX

At this point Weil reciprocity law can be rewritten simply as the equation:

Coming back to general K-theory, we have a nice description of the
boundary map 05 in relation to the tame symbol. By the universal property
of K,(F), the tame symbol (, ) induces a unique map U : Ky(F) — F =
K/ (F) such that U({, }) = (, )r. Let a € OF and let w be a local parameter
for F', then ¥({a,w}) = (a,w)r = @; this actually means that d, = V. In
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other words the 2-nd boundary map for a complete discrete valuation field is
exactly the map induced naturally by the tame symbol.

For a discrete valuation field F' (not necessarily complete) we have the
multiplicative group U I(Ti) := 1+ p% for 7 > 1 and we have also the K-theoretic
version of it:

UK, (F):={{a,...a,} € K,(F): a; eUPVj=1,...,r}

and we put:

~

R (F) = lim K, (F) U, (F). (@.3)

Clearly we have a natural homomorphism K, (F) — K, (F) and morecover if
F is the completion of F there is an isomorphism I?T(F ) = I?T(F\ ). Now put
L = Frac (OF[[t]]), for any prime ideal p of height 1 in Op[[t]] we have that
Op|[t]]y is a discrete valuation ring and in particular F'{{t}} is the completion

of L at p = ppOp|[[t]]. Consider the set:
S := {p € Spec(Op([t]): htp=1,p # prOr[[i]]},

and for any p € & let’s denote with O K. (L) — K,_1(k(p)) the r-th
boundary map relative to the evaluation defined by p.

Definition G.10. For r > 1, the r-th (Kato) residue map on L is given by
the following composition:

O )pes 2pes Kr(Ni)ir)

res\" : K, (L) » P Ko (k(p)) s K,_1(F)

Theorem G.11. The r-th residue map satisfies:

resi’) (UVK, (L)) CUVK, ,(F) V¥i>1
therefore it induces a homomorphism:

resgg{t}} K (F{tY) 2 K. (L) = K,_1(F).

Proof. See [30]. O

In this text we will also need the notions of Ky(A), K1(A) and Ky(A) for
a local ring A. The definition of these groups will resemble exactly the ones
given for fields:
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Definition G.12. If A is a local ring, the K-groups Ky(A), K;(A) and K»(A)
are defined in the same fashion of definition G.3, where we just substitute A
in place of F'. Note that also in this case Ky, K; and K5 are functorial.

Remark G.13. The constructions of all K-groups for general rings is more
complicated than the one described here, but we don’t need the full theory.

In some particular cases we have a more explicit description of Ky(A):

Proposition G.14. Let F' be a complete discrete valuation field, then Ko(Op) =

ker(8y), where 9y : Ko(F) — K(F) =F " is the boundary map.
Proof. See [48, Proposition 11]. O

Definition G.15. Let A be a local ring and let a C A be an ideal. The
canonical projection p : A — A/a induces a morphism Ks(p) : Ky(A) —
K3(A/a). Then we put:

Ky (A, a) :=ker(Ks(p)) .

G.2 Tate’s Fourier analysis

A very important result of real Fourier analysis is the Poisson summation
formula which says that for any Schwartz function f: R — C:

> f)y=) fn) (G4)

nez ne”L

where f is the Fourier transform of f. J. Tate in [60] showed the equivalent
of equation (G.4) respectively for the ring of adeles and ideles of a global field
K. In particular, Tate’s formulation of the Poisson summation formula for
the ring of ideles is equivalent to the Riemann-Roch theorem when K is a
function field. This gives beautiful bridge between the geometry of curves
and arithmetic of global fields. In this appendix we briefly recall the general
Fourier analysis on locally compact local fields and on the adelic ring.

Let K be a global field, so it is a number field or a finite extension of F,(¢).
For any place v on K, the completion K, is a locally compact local field
and its dual K, = Hom*"(K,, S!) is endowed with the usual compact-open

topology. We can choose an additive character 49 € I/(\v such that the map

K, — K,

a = Py, = (x> Yy(ar))
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is an algebraic and topological isomorphism. The character 1 is canonically
chosen in the following way: by the classification theorem of locally compact
local fields K, is a finite extension of Ky, where Ky = Q,, Ko = F,((¢)), or
Ky =R.

o If Ko =R, put £%(z) := e 2™,
« f Ky =Q, and z = ijm a;p’ € Q,, then put

&(z) = 2 St air’

« If Ko =F,((t)) and x = >, a;t/ € F,((t)), then put

jzm

&(z) = 2 Yitmair’

At this point it is enough to define ¢ := &% o Try,|k,. A Schwartz-Bruhat
function on K, is a function f : K, — C such that:

o If K, is archimedean, then f is a usual Schwartz function.

o If K, is nonarchimedean, then f is a locally constant function with
compact support.

The C-vector space of Schwartz-Bruhat functions on K, is denoted by . (K,).
If p, is a Haar measure on K, for any f € .(K,) the Fourier transform is
given by

fy) = ; F@) 0l (zy)dp, () € S (K,).

and f € ./(K,). The Fourier inversion formula and the isomorphism K, = l/(\v
imply that

~
~

f(x)=rf(—x) for somer € Ryg. (G.5)

There exists a unique Haar measure on K, such that r = 1 in equation
(G.5), and this is called the self-dual Haar measure. It can be shown that the
self-dual Haar measure p, is obtained as it follows:

« If K, =R, p, is the Lebesgue measure.
« If K, =C, p, is twice the Lebesgue measure.

o If K, is nonarchimedean, p, is the Haar measure such that u(Q,) =
#(0,/D)"2 where D is the different of K,|K,.
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From now on with p, we indicate the self-dual Haar measure on K,.

Now it is time to globalize all this concepts. The adelic ring A is locally
compact and we have a well defined character ° := [], ) € Ak which gives
an algebraic and topological isomorphism like in the local case:

The self-dual measures pu, originate a well defined self-dual Haar measure
p:= [, v on Ak, and moreover the Schwartz-Bruhat vector space /(A )
is defined as the C-vector spaces generated by the functions of the type:

I[#:Ax—C

such that f, € Y (K,) and f, = 1o, (i.e. the characteristic function of O,)
for all but finitely many places v. Thus, for any f € Y (Ak), the adelic
Fourier transform is defined by:

fla) = A f(@)¢’(ax)du(z)
and f € (Ag). For any f € .7(Ag), consider

fl@):=> flz+k) VreAg,
keK

clearly we have that f(z 4+ K) = f(x).

Lemma G.16. For any f € .7 (Ak), the functions fandf are both normally
convergent in Ag.

Proof. See [52, lemma 7-6]. O
Theorem G.17. (Adelic Poisson summation formula) Let f € S (A), then
]7: f; that is:

S fla+k)=> flz+k)

keK keK
Proof. See [52, lemma 7-7]. O

The idelic equivalent of the Poisson summation formula is an easy con-
sequence of theorem G.17, and it is also referred as Tate’s Riemann-Roch
theorem. Remember that for any = = (z,), € Ak it is well defined the adelic
“absolute value” |z| =[], |zu]v € R.
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Theorem G.18 (Tate’s Riemann-Roch theorem). Let f € S (Ak), then for

any r € Aj:

S k) = ﬁ S flka

keK keK

Proof. Define the function h(y) = f(yx) € .¥(Ak), then

(k) = /A By wk)duy) = [ Flye)e® (k)duly)

Ak

(G.6)

Now consider the change of variables in Ag given by ¢ : y — 271y, then
the pushforward measure is given by u.(E) := p(zFE) for any measurable set
E C Ak, but it is not difficult to show that u(zFE) = |z|u(E).Thus equation

(G.6) becomes:

k)=~ [ R ey duty) = = Fka ).

ol Jag ]

Finally, theorem G.17 says that:

so the proof is complete.
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