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Abstract

Cardiovascular diseases are closely related to atherosclerosis, a medical con-

dition that consists of a local narrowing of the artery diameter due to the

thickening of the artery wall. This narrowing, also known as stenosis, is

caused by an accumulation of fatty substances, also known as plaque, in the

intima layer of the artery. One of the biggest risks is the rupture of the

plaque cap, which may lead to the formation of a blood clot. If this clot

moves into the circulation, it can potentially block the blood supply to key

organs in the human body, leading to life-threatening conditions. Typical

locations where plaque may appear are the carotid arteries in the neck, the

coronary arteries in the heart, and renal arteries in the kidneys.

The main objective of this thesis is to shed light on the plaque rupture

process using numerical simulations. Specifically, as stated in the title, the

goal is to study the fluid and solid mechanics of atherosclerotic plaques using

fluid-structure interaction. In order to do this, several models of idealised,

atherosclerotic arteries are presented. The blood flow is modelled as steady,

incompressible and Newtonian, whereas both linear elastic and hyperelastic

behaviours are used to model the artery wall and the plaque.

The results are divided into three main chapters. First, an axisymmetric,

thin-wall artery model is analysed. The primary aim is to provide an overview

of the main physics that are present in this configuration. Second, a similar
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atherosclerotic artery is studied, including the modelling of the plaque. The

stress distributions along the geometry are analysed in order to determine

how the different parameters affect the stress distributions and, potentially,

the location of the rupture. Finally, an eccentric, three-dimensional model

is introduced. A subsequent parametric analysis is performed, including the

comparison to the previous axisymmetric models. In order to perform the

simulations, the commercial software COMSOL Multiphysics has been used.

Among the main conclusions, it should be highlighted that a variation

of the stiffness of certain components of the plaque may change the stress

distribution significantly. This can have an effect on the location of the stress

peaks, hence impacting the potential location of a rupture. Other common

features of a plaque, such as positive remodelling, also affect the overall levels

of stress, suggesting that certain plaques are more vulnerable than those that

do not present remodelling. The comparison of the three-dimensional to the

axisymmetric models showed that there are general features that can be

observed with the simpler, axisymmetric models. However, some particular

traits of the eccentric plaques were only observed in the three-dimensional

configurations.
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Chapter 1

Introduction

1.1 Aims and objectives

The objective of this thesis is to shed some light on the initiation of a pro-

cess called plaque rupture in atherosclerosis. The novelty of the approach

exposed here is that the potential axial locations of the rupture are predicted

by analysing the stress fields along an atherosclerotic vessel. Specifically, the

axial distribution of stress will be investigated in detail by carrying out several

parametric analyses, starting with simple, two-dimensional models before in-

troducing more complex geometries. The aim will be to identify how different

mechanical features and geometric configurations can impact the location of

the rupture. In order to do this, numerical simulations of blood flow through

idealised geometries will be performed in the following chapters. Ultimately,

identifying which features affect the location of the rupture using idealised

models could be a useful tool and help diagnosing patient-specific plaques.

This thesis is organised in three main parts.

First, the introduction to this work is presented in Chapter 1, along with a

literature review showing the studies that have been published in the area of

1



atherosclerosis and plaque rupture. Chapter 2 starts with an introduction to

the finite element method, which is the numerical technique used to perform

the simulations; alternative methods are mentioned afterwards, followed by

a formal presentation of the fluid-structure interaction framework and the

governing equations used in the present thesis.

The second part includes the presentation and discussion of the results

from the numerical simulations. Specifically, the analysis of a thin, elastic

wall with steady flow conditions through an axisymmetric geometry is pre-

sented in Chapter 3. A parametric study is performed and several features

of the flow and of the solid are analysed. The model is further refined in

Chapter 4, with the introduction of the plaque; in particular, the stenotic

region of the artery wall includes a lipid core and a fibrous cap to improve

the model of an atherosclerotic plaque. The axial distribution of first princi-

pal stress along the wall is analysed in order to investigate potential sites of

plaque rupture. Finally, Chapter 5 extends the results obtained in Chapter

4 to a three-dimensional space. Specifically, a fully three-dimensional, ec-

centric plaque model is analysed and compared to the two-dimensional cases

studied previously.

The last part, following the results observed in the current simulations,

introduces the proposal of the future work. This is presented in Chapter

6, where some research options that may be of interest as a next step are

discussed, including the modelling of a more complex geometry and a further

analysis of the results. This could be considered as an extension of the work

presented in this thesis and a logical next step.
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1.2 Literature review

1.2.1 Atherosclerosis and plaque rupture

Atherosclerosis is a disease that occurs when fatty substances, known as

plaque, build up in the intima layer of an artery [1, 2]. The deposition of

macrophage cells in the subendothelial region is one of the early symptons

of the disease, along with an accumulation of extracellular lipids that leads

to the formation of a lipid or necrotic core [3, 4]. This provokes a narrow-

ing of the affected vessel, creating a constriction of the artery, as shown in

the diagram depicted in figure 1.1. The narrowing of the arterial lumen is

called a stenosis, a term that derives from the Ancient Greek word στένωσις,

“narrowing” [5].

The plaque may grow to the point of blocking the blood flow through

the artery. However, this is not the most important complication; the worst-

case scenario is the rupture of the covering of the plaque, the fibrous cap [1].

In this case, the inner components of the plaque may move into circulation

creating a blood clot, or thrombus. The clot may eventually block the flow

through the artery and stop the blood supply to vital organs [7], such as the

heart, the kidneys or the brain. This in turn can result in life-threatening

conditions such as coronary artery disease, renal infarction or stroke [8–10],

depending on the location of the occlusion.

The focus of this work is to study atherosclerosis in one particular loca-

tion: the human carotid artery. This vessel is responsible for supplying the

head and neck with blood [11]. The human body has two carotid vessels,

located on each side of the neck. Each artery bifurcates into the external and

the internal carotid arteries. The external branch supplies mainly the face

and the neck, while the internal vessel is responsible for supplying the brain
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Fig. 1.1: Atherosclerosis diagram. (A) shows a normal artery; (B) shows the

narrowing of an artery due to the accumulation of plaque. Source: National

Heart, Lung, and Blood Institute; National Institutes of Health; U.S. Department

of Health and Human Services [6]. The image is in the public domain.
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with blood. A graphic representation of the arteries is shown in figure 1.2,

which presents one of Gray’s drawings [11].

The mechanisms behind disease initiation, progression and rupture are

diverse. For example, genetic factors such as elevated levels of lipoproteins,

elevated blood pressure, gender or family history play a role in atheroscle-

rosis. Other environmental factors such as diet, lack of exercise or smoking

are also associated with this phenomenon [1]. In addition, cellular interac-

tions are important in atherogenesis (disease initiation) as well, especially

elements like platelets and macrophages [10], which have higher probabil-

ity of deposition in stenotic regions [12]. On the other hand, it has been

suggested that lipid-rich plaques may more easily detach from the wall [3,

13], so the composition of the plaque is also important when considering the

vulnerability. In summary, there are several factors of different nature that

affect the apparition of atherosclerosis, and influence the development and

possible rupture of the plaque. Some of those are not within the scope of

this study, as this work is focused on the mechanical aspects that affect the

rupture of the plaque.

Finally, as to why it is relevant to study this problem, it should be noted

that atherosclerosis’ most common manifestations are cardiovascular diseases

[14, 15], which were the leading cause of death in the world in 2015 [16].

According to the same report, compiled by the World Health Organization,

cardiovascular diseases accounted for more than a quarter of the 56.4 million

deaths globally during that year. In particular, coronary heart disease and

stroke were reported as the leading causes of death every year from the year

2000 to 2015.

A similar pattern is observed by looking at the European Union only.

Eurostat, the statistical office of the European Union, reported that cardio-
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Fig. 1.2: Graphical representation of the right human carotid artery [11]. The

image is in the public domain.
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vascular diseases were the leading cause of death in 2014 among the twenty-

eight EU member states [17], accounting for 1.8 million deaths out of a total

of almost five million. Putting that in context, the second largest cause of

death was cancer, which accounted for 1.3 million deaths, while the third

cause were diseases related to the respiratory system.

In summary, plaque rupture is a process closely related to cardiovascular

diseases that still are the most common cause of death. Understanding the

mechanisms of plaque rupture could prove to be a very important aspect at

the time of diagnosis: some plaques may require surgery, while others may

be less prone to rupture and therefore may not pose a risk to the health of

the individual.

1.2.2 Fluid dynamics simulations

As it was explained in the previous section, apart from environmental or

biochemical factors, the fluid dynamics of the blood flow, also known as

hemodynamics, can play an important role in the early stages of a cardio-

vascular disease. To further investigate this topic, some studies have looked

at the local velocity distributions and the shear stresses as important factors

to consider in atherosclerosis [18].

The need for blood flow simulations arose as it was difficult to obtain

detailed information about the flow patterns using non-invasive techniques,

and thus numerical simulations were required. For instance, Ku performed

unsteady blood flow simulations in order to study the biological response to

unusual flow conditions [19]. Among other results, it was suggested that the

local nature of the arterial diseases was caused by local factors, and therefore

there was a great interest in studying in detail the local flow distributions.

In addition, when analysing the fluid velocity profiles, he considered the use
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of the Womersley number, α, which gives an idea of the relationship between

the unsteady and the viscous forces within the flow [20]. In particular, α =

(D/2)
√
ω/ν, where D denotes the artery diameter, ω defines the angular

frequency of the unsteady flow, and ν is the kinematic viscosity of the blood.

The study of the blood flow is a broad field, with a wide range of works,

from vertebral arteries simulation [21] to control optimisation [22]. In the

following, several blood-flow-related works from different backgrounds will

be presented in order to summarise some of the existing state of this research

area.

As mentioned before, this work is focused on the mechanical factors

around the plaque rupture process. In particular, special attention is given

to the structural mechanics (e.g. stiffness) of the artery and the plaque it-

self due to the forces that the blood flow induces around it. From a fluid

dynamics point of view, the plaque in the artery can be seen as an obstacle

that reduces the cross-sectional area available for the flow, as shown in figure

1.1. As a simplification, the problem can basically be described as a fluid

(in this practical case, blood), flowing through a pipe (the artery) that has

a constriction at some point (the stenosis). This is usually called a stenotic

flow, and it is a wide subject that has been extensively studied in the fluid

dynamics community [23–29]. The size of the lesion is usually described by

the stenosis severity, which is a parameter that defines the reduction in cross-

sectional area. Other expressions that refer to the same concept are degree

of stenosis or area occlusion.

Usually, the geometries were considered axisymmetric and the walls were

considered rigid. For instance, in 2005, Sherwin and Blackburn focused on the

flow instabilities and transition to turbulence in a three-dimensional stenosis

with a 75 % area occlusion [24]. They localised regions of strong turbulence
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related to high shear stress gradients, which are believed to play a role in

the onset of vascular diseases. The topic of the influence of the wall shear

stress on atherosclerosis has been a matter of discussion, as it is also con-

sidered that low, oscillatory shear stresses happen at vulnerable locations

[23]. Vétel et al. also studied the transition to turbulence using a similar

axisymmetric geometry, but from an experimental point of view [30]. In par-

ticular, the latter authors reported that the degree of asymmetry of the flow

increased when the Reynolds increased, and observed non-stationary effects

for Reynolds higher than 400. Others have dealt with optimal boundary per-

turbations to the steady flow, illustrating that significant transient energy

growth is induced when the perturbation was convected downstream by the

flow [31]. The stability of the flow was also analysed in similar axisymmetric

geometries; for instance, Loh and Blackburn analysed the flow through a

corrugated pipe, imposing a sinusoidal variation on the diameter along the

axial direction [32]. They found separation when the Reynolds number or

the height of the axial corrugation increased.

Varghese et al. also performed three-dimensional fully resolved direct nu-

merical simulations of steady flows through a tube with a 75 % area reduction

[25]. They studied a range of Reynolds numbers, from 500 to 1000, intro-

ducing a geometric perturbation with the aim of studying the flow transition

from a laminar to a turbulent regime. For the axisymmetric configuration,

their simulations predicted a laminar flow field downstream the constriction

for all Reynolds numbers. On the contrary, the inclusion of a certain degree

of eccentricity led to localised transition to turbulence when the Reynolds

increased to 1000. A second part of their work focused on pulsatile flow,

which introduced time-dependent analyses [26]. Again, the results showed

a laminar flow field downstream the stenosis, and a periodic transition to

9



turbulence when the eccentricity was included.

Other groups have also studied the effects of small asymmetries on the

flow configuration, again by means of a stenosis eccentricity. In particular,

Griffith et al. compared the differences observed among experimental and

numerical studies [28]. They suggested that the presence of asymmetries

is inevitable within an experimental setup and therefore steady asymmet-

ric flow is obtained even in axisymmetric geometries (which explained the

results observed by Vétel et al. [30]). On the other hand, there are no ge-

ometrical imperfections on numerical simulations (provided that the mesh

does not introduce any asymmetries), therefore an axisymmetric steady flow

was expected when studying axisymmetric geometries for a certain range of

Reynolds numbers. A similar numerical study of a stenosis with a steady

inflow was performed by Samuelsson et al. a few years later, where the intro-

duction of a perturbation in the geometry lowered the flow critical transition

Reynolds number [29]. Specifically, increasing the eccentricity of the steno-

sis constriction to just a 0.3 % of the inlet diameter halved the transition

Reynolds number.

Besides the eccentricty, the influence of the shape of the stenosis itself

has been considered as well, by varying the geometry of an idealised plaque.

A quantitative study on the different geometric aspects of a coronary plaque

of multiple patients was performed by Ledru et al. [33]. Among other find-

ings, they reported that the steepness of the outflow stenosis angle as one

important factor that predicted later infarctions. Flow separation increased

when the outflow angle was more abrupt, suggesting that this could lead

to wall vibration. On the other hand, the inlet angles did not affect the

results. Lorenzini and Casalena also investigated the flow velocity profiles

for different plaque shapes: a triangle, a semi-ellipse and a trapezium [34].
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They found the recirculation region to be greatly affected by the slope of the

plaque contour in the stenosis region of a rigid artery. They identified the

trapezium shape to be the most severe case, being related to higher peak

velocities and strains.

Another interesting point was the influence of a smooth or irregular sur-

face. Stroud et al. analysed the effect of the stenosis shape and irregularities

on the flow through a rigid stenosis [35]. They found that the degree of

stenosis did not fully define the flow, since two arteries with equal stenosis

severity but different plaque morphology could lead to different shear stress

distributions. They also reported a higher wall shear stress when the surface

irregularity was included, and a significant change in the spatial wall shear

distribution for cratered vessels that modelled ulceration. Others have varied

the height and the width of a smooth, two-dimensional stenosis to study the

geometric effect of a plaque [36]. They found that the height of the plaque,

i.e. the stenosis severity, was the most important of those two variables,

showing higher wall shear stress distributions and gradients, while the wall

normal stresses increased only downstream the plaque. On the other hand,

the effect of stenosis length and the gap in a double stenosis was analysed by

Nandakumar and Anand by performing simulations of a rigid-walled channel

at a relatively high Reynolds (Re = 4000) [37]. They reported an increase

of the wall shear stress peak for larger stenosis lengths, and that this effect

had more influence than the gap between stenoses.

As a final note, the biomechanics community has mainly considered more

realistic geometries than those mentioned in stenotic flow studies. The reason

for this is that the focus of the biomechanical studies is on the features and

effects that are directly related to the biological problem (the flow through

the artery), rather than analysing the pure nature of the flow as in the fluid

11



dynamics studies. It is a fairly common practice to consider geometries re-

constructed from medical images. For example, Stroud et al. analysed the

two-dimensional flow through a carotid bifurcation modelled after a patient-

specific geometry [38]. They tested several Reynolds number regimes and

reported, among other observations, high wall shear stresses and high shear

gradients. Another representative example is the work carried out by John-

ston et al. [39]. Instead of focusing on an idealised axisymmetric pipe,

numerical simulations were performed for four types of three-dimensional

arteries, which had been reconstructed from medical images. Using a pul-

satile inflow, they studied the influence of different viscosity models, including

non-Newtonian ones. They concluded that the Newtonian model was a good

choice overall; the non-Newtonian effects were found to be significant only

when the blood flow was slow. The importance of the blood viscosity model

used was also analysed in later studies, which considered the time-dependent

flow through an axisymmetric artery [40]. In addition, Soulis et al. employed

non-Newtonian viscosity models for the blood flowing through a realistic ar-

terial geometry, concluding that the most accurate models were based on the

Power Law models [41].

1.2.3 Influence of the elasticity of the wall

Most of the studies mentioned so far focused on the blood flow simulations

through rigid artery models. However, it is essential to compute the stresses

on the vessel wall when analysing the plaque rupture, and these stresses

depend on the vessel elasticity; if the wall is elastic, the stresses on it due to

the flow will actually deform the wall. Therefore, the whole situation becomes

a fluid-structure interaction problem. In the following, the abbreviation FSI

will be used to refer to this kind of study.
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There are two different approaches to this configuration [42]. The first one

is known as one-way coupling, which applies when the solid displacements

are relatively small. In this case, the solid is deformed by the stress caused

by the flow, but the wall deformation is not considered to modify the flow,

which remains unchanged. Therefore, mesh deformation is not taken into

account in the flow simulations, if the one-way coupling approach is adopted.

The second approach is the two-way coupling, which accounts for larger

wall displacements that, at the same time, are allowed to have an effect on

the flow. Plaque rupture is by definition a process where relatively large

deformation occurs. As the final goal of this research is to shed light on the

rupture process, wall deformation needs to be introduced, and thus two-way

coupling is considered before making any other assumptions.

There have been a few FSI studies in the literature regarding elastic-

walled pipes. One of the first to consider the elasticity of the wall were Luo

and Pedley, who studied both steady and unsteady flows through a two-

dimensional collapsible channel [43, 44]. Specifically, one of the walls was

rigid while the other had a portion made of a finite-length elastic membrane.

The membrane was deformed due to the pressure difference between the

internal and the external areas. The authors performed numerical simula-

tions based on the finite-element method using three control parameters: the

dimensionless flow rate, the pressure difference and the tension in the mem-

brane. By implementing an iterative approach, they solved the flow problem

and the wall motion separately, but taking into account the interface bound-

ary condition in every time step. They reported that it was difficult to achieve

convergence when the membrane tension was reduced, i.e. when the mem-

brane was more flexible. In addition, they analysed the stability of the flow

by imposing some disturbances on the steady solution. It was observed that
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the unsteady solution approached the steady one (i.e. the steady solution

was stable) for any tension of the membrane when the Reynolds number was

under a certain threshold, typically smaller than 100. When the Reynolds

increased, the solution remained stable only if the tension was large enough.

A similar configuration was analysed in later studies, but considering

a three-dimensional collapsible tube rather than a two-dimensional channel

[45, 46]. In particular, Heil and Jensen reviewed the main works in the field,

from the one-dimensional approach to a fully three-dimensional problem,

where the collapsible tube was modelled using a thin-walled elastic shell,

and a linear stress-strain relation [45]. They found some differences between

the tubes simulations and the two-dimensional cases, such as the apparition

of two flow branches around the most deformed part of the tube near the

centre-line, and concluded that there are features that cannot be reproduced

with lower-dimensional models.

Tang et al. performed FSI simulations of an axisymmetric stenotic tube

with a thin, elastic wall [47]. Among other observations, they reported a

negative stress at the throat of the stenosis, which meant that the wall at

the maximum constriction section was compressed. Later on, they followed

the investigations with three-dimensional simulations and introducing asym-

metry, modelling both a thin-wall and a thick-wall stenosis [48, 49]. In the

case of the thin-wall model, they reported that the stenosis severity had a

great effect on wall stresses, showing a significant increase when the con-

striction area was smaller [49]. For the thick-wall model, they observed that

the flow features were similar to those observed in the thin-wall case [48].

The stenosis severity seemed to affect the deformation and the wall stresses,

as the stiffness of the model was affected when varying the area occlusion.

This team also observed that the asymmetry of a stenotic model led to an
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increase of the compressive stress in the vessel wall [50]. A similar analysis

of an idealised stenosis had been performed by Bathe and Kamm as well,

who reported an increase of the circumferential wall stress downstream the

stenosis during peak flow [51]. Finally, it is worth mentioning another anal-

ysis that studied the plaque stress in an axisymmetric stenosis [52]. They

found the maximum plaque stress at the inlet and at the outlet sections of

the stenosis. However, as they point out in the discussion, the lipid core

of the plaque was not included in their model, so the stress field should be

analysed with caution.

The influence of an elastic wall on the flow through a stenosis geometry

was also considered by Moayeri et al. [53]. They performed time-dependent

FSI simulations of an axisymmetric stenosis, analysing the effects of an elastic

vessel on the wall displacements and stresses. In particular, they related the

deformability of the wall to a decrease of the wall shear stresses, and to an

increase of the time-averaged pressure drop. A subsequent study of an elastic

renal artery stenosis concluded that the displacements of the wall were driven

by the fluid pressure [54]. In addition, the latter authors concluded that the

displacement was lower for stenotic geometries than for healthy non-stenotic

arteries, due to the differences in stiffness. However, this analysis did not take

into account the modelling of the lipid core, which may impact the results. An

experimental approach was followed by Usmani and Muralidhar, comparing

the flow through a rigid and an elastic model [55]. They found a decrease of

the size of the vortex in the recirculation region when the Womersley number

increased, that is, when the period of the pulsatile flow was smaller. They

also reported lower values of the wall shear stress for the compliant model

than for the rigid one, in agreement with previously published results [53].

Another FSI study analysed the effect of surface irregularities in a stenosis
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from a mathematical point of view [56]. They compared velocity profiles and

wall shear stresses for smooth and irregular geometries, reporting significant

differences in magnitude, depending on the location and on the time instant

during the period. Although they implemented a viscoelastic model for the

solid, they did not analyse the stress inside the wall (other than the shear

stress at the wall surface). Liu et al. studied the effect of the location of the

narrowest section of the stenosis [57]. For the same severity, they varied the

axial position of the section of maximum constriction and analysed the stress

and flow fields. They found that the plaque was more vulnerable when the

maximum constriction was located proximally (i.e. closer to the upstream

end of the stenosis) due to a higher stress value. If the maximum constriction

was located distally (i.e. closer to the downstream end of the stenosis), they

identified a higher risk of thrombus formation, due to high shear rates and

large recirculation regions.

1.2.4 Cross-sectional structural analyses

From a biomechanics perspective, rather than focusing on the flow dynamics,

it is important to consider the stresses that the fluid pressure induces on the

vessel wall. The main goal is the analysis of the plaque rupture, rather than

the initiation or progression of atherosclerosis. Therefore, the first works on

this subject were structural analyses.

The first detailed study of the stress distributions and their influence in

plaque rupture was performed by Richardson et al. [58], who investigated

the rupture locations in coronary arteries. They studied 71 cross-sectional

samples, 67 of which had an eccentric lipid pool. They found that 63 % of the

eccentric plaques fractured at the junction of the cap with the adjacent layer

of the artery, while the rest presented fractures at the middle of the cap. For
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the remaining samples the lipid pool was concentric, so no specific rupture lo-

cation could be indicated. A diagram showing the different rupture locations

is shown in figure 1.3. Other authors that investigated this configuration

found results consistent with these findings [59–61]. Loree et al. performed

two-dimensional finite element simulations of different artery cross-sections,

with and without lipid core [59]. They found that the maximum stress on the

plaque increased when the fibrous cap thickness decreased. It was suggested

as well that the plaque rupture site may be at the same location where the

peak stresses were observed. However, other factors such as local variations

of the material properties may influence the rupture location as well [60]. In

a later study they also reported that stiffer lipid cores decreased the peak

stresses on the plaque [62]. These findings were further investigated by Li

et al., who carried out a study where the artery geometry was subjected to

pulse pressure loading [63]. Apart from the absolute values of stiffness, they

noticed that the ratio of the stiffness of the fibrous cap to the stiffness of the

lipid core played an important role as well. Specifically, the stress on the

plaque increased when the relative stiffness increased.

Summarising, the majority of the ruptures are not always found at the

same locations. For example, Virmani et al. found that the rupture took

place most often at the central region rather than at the junction of the cap

with the adjacent layer of the artery [64]. They refer to this junction as the

plaque shoulders, a term that is commonly used in the literature [61, 63, 65].

For clarification, a rupture found at the plaque shoulders of a cross-section

of an artery would correspond to the location indicated by the red arrow in

figure 1.3A.

Among other structural analyses, Huang et al. studied the influence of

calcification in plaques, concluding that it did not result in an increase of the
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Fig. 1.3: Cross-section diagrams of an atherosclerotic artery. The red arrow

denotes the rupture site. (A) Rupture of an eccentric plaque at the junction of

the cap with the adjacent layer of the artery; (B) rupture of an eccentric plaque

through the centre of the cap; (C) rupture of a concentric plaque.

fibrous cap stresses [66]. They modelled several artery cross-sections based on

coronary arteries obtained from 20 patients. They applied a constant internal

pressure and found that the stability of the plaque was more dependent on

the lipid core rather than on the calcified parts of the plaque. Similarly,

in other analyses assessing plaque vulnerability, the lipid-filled plaques were

found to more likely to rupture than calcified plaques, which were expected

to remain stable [67].

On the other hand, Li et al. identified the differences in stress patterns

between symptomatic and asymptomatic plaques [65]. It was reported that

symptomatic plaques presented higher stress concentrations, and therefore

they may be more vulnerable than asymptomatic plaques. As plaques are

subjected to cyclical loading due to the pulsatile nature of the blood flow,

other group analysed the crack propagation process in a attempt to predict

fatigue life [68]. They found that the main factors affecting fatigue in coro-

nary arteries were the blood pressure and the lipid core stiffness. Finally,

Creane et al. used three-dimensional patient-specific geometries and intro-
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duced a new index to provide an indication of plaque vulnerability [69]. This

index was related to the lumen curvature in the cross-section of the vessel,

and it was usually higher at the plaque shoulders.

1.2.5 Plaque stress along the axial direction

The studies reviewed in the previous section are mostly finite element sim-

ulations of different artery models subjected to a specific internal pressure.

In addition, the usual approach is to investigate the rupture site of plaque in

the vessel cross-section [58, 63]. But, what about the axial direction?

Due to the complex nature of the plaque geometry in the axial, or longi-

tudinal, direction, it could be considered that the location of the rupture has

not been precisely identified. Back in 1992, Falk stated that the rupture of

stenotic plaques could take place upstream, downstream or at the point of the

maximum narrowing [3]. For carotid arteries in particular, he reported that

some studies found ruptures mostly in the upstream region of the stenosis,

while others reported that they took place at the constriction, or minimum

lumen section. A few years later, it was suggested that the difference in com-

position between the upstream and downstream regions of the stenosis could

impact the location of the rupture [70]. Specifically, the upstream region was

considered to be the most vulnerable part, evidenced by a larger macrophage

presence in the region. On the other hand, more smooth muscle cells were

found in the downstream part, something that could explain a slow growth

of the plaque. Lovett and Rothwell found that the upstream region was also

more prone to ulceration [71], i.e. a irregularity on the surface of the arterial

lumen that exposes a portion of the plaque to the blood flow [72]. They

related this to the higher shear stresses found upstream the stenosis.

A structural-only analysis was performed by Imoto et al., studying an ax-
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isymmetric plaque subjected to a uniform internal pressure [73]. The location

of the maximum stress was usually found where the thickness of the fibrous

cap was smallest, in agreement with previously published observations of two-

dimensional models [59]. In addition, they reported that a larger core did

not influence the stress should the cap thickness remain constant. However,

this last result was further discussed by Ohayon et al. around three years

later, who published a two-dimensional study of the influence of the lipid

core thickness on the plaque stresses [74]. By modelling several atheroscle-

rotic artery cross-sections, they analysed the stress field for different shapes

of the lipid core. They showed that a larger lipid core thickness, i.e. a larger

lipid core, led to a significant increase of the stress on the fibrous cap when

its thickness remained constant. This result was contrary to the observa-

tions reported by Imoto et al. [73]. The explanation for this difference was

that the conclusions reported by Imoto et al. for an axisymmetric model

were not applicable to the eccentric configurations analysed by Ohayon et

al, who indicated that the size of the lipid core is a key factor regarding the

vulnerability of plaques [74].

1.2.6 Considerations about the modelling of the artery

When performing the aforementioned studies (either in the cross-sectional

or in the longitudinal direction), one important aspect to consider is the

modelling of the artery itself. A human vessel like the carotid artery is a

soft tissue; hence, its behaviour is more complex to model than that of a

metallic structure [75], due to diverse factors. First, two constituents, elastin

and collagen, are believed to play a key role in the characterisation of the

mechanical behaviour of these materials [76, 77]. Second, soft tissues are non-

homogeneous and present anisotropy (i.e. the mechanical properties vary
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Fig. 1.4: Representation of the micro-structure of an artery showing the three

layers: tunica intima, tunica media and tunica adventitia (externa). Image by

the Blausen.com staff licensed under CC BY 3.0 [81].

depending on the direction of the stress) due to its fibre-reinforced structure

[76]. And finally, the mechanical properties can be affected by a large number

of diverse factors, such as age, temperature and pH, among others [76].

The structure of an artery can be described by three concentric layers, or

tunicae [11]: the intima, which is the innermost layer of the artery; the media,

which is the thickest; and the adventitia (also known as externa), which the

outermost layer [78]. These layers present different material properties [79];

in particular, the tunica intima and media have been found to be stiffer

than the tunica adventitia [76, 80]. An idealised representation of an artery

showing the multi-layer structure is shown in figure 1.4.
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Regarding the size, it is worth noting that the carotid arteries in particular

vary depending on the individual. For instance, Krejza et al. reported that

they are typically smaller in women, even after scaling with the size of the

body and the neck [82]. The total thickness can also vary between 0.5 mm

and 1.5 mm approximately [83–85].

Some models have been considered to represent the complex micro-struc-

ture of the arterial tissues. For instance, the one proposed by Holzapfel et al.

characterised an idealised artery by two concentric layers: the media and the

adventitia [86]. They did not include the mechanical effect of the intima, as

it was the thinnest layer and its mechanical properties were not as relevant as

those of the media and adventitia for healthy, young arteries. Still, it should

be noted that the intima plays an important role in atherosclerosis, as this

is the place where the first signs of atherosclerosis are found, with the accu-

mulation of lipoprotein particles that can eventually develop into a plaque

[1]. However, the multi-layer structure and the anisotropic behaviour of the

carotid tissue make it difficult to implement a solid model when analysing

the blood flow through arteries. Therefore, it is not uncommon to consider

some simplifications such as the one presented by Belzacq et al. [87]. By

using a modified version of the model proposed by Holzapfel et al., they con-

sidered weighted averages in order to combine the material properties of the

media and the adventitia. Therefore, the authors effectively ended up with

a single-layer model that would make the fluid-structure calculation simpler.

There are still some difficulties present when modelling an artery, such

as the correct representation of the layers and the whole tissue. To further

simplify the model, one of the approaches commonly used in the literature

is the consideration of the vessel as an homogeneous, isotropic material (i.e.

the material properties are considered to be the same in all directions) and as
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a single-layer structure. This is a strategy widely used in the literature when

modelling fluid-structure interaction configurations [52, 88–92], as shown in

Section 1.2.7.

Another issue that arises when modelling an artery is the measure of

the values of the mechanical properties. Indeed, there is some disparity in

the literature regarding the material properties of the vessels, which may be

explained by the difficulty of measuring those values. Some authors have

reported that the stiffness of the artery as a whole, described by the Young’s

modulus, E, was in the order of the hundreds of kilopascals. For instance,

Riley et al. reported a significant increase of the Young’s modulus of the

common carotid artery with age for both male and female subjects [93]. The

authors found that the average Young’s modulus was 701 kPa for female pa-

tients in their forties, whereas said value increased to 965 kPa for women

in their sixties. Similar results were observed for male patients, with the

Young’s modulus increasing with age from an average of 771 kPa to 983 kPa.

In general, the average value was around 850 kPa. In the case of the ma-

terial properties of animals, the results seemed to be within the same order

of magnitude. For example, Bergel reported values of 640 kPa for the left

common carotid artery of dogs [94], as did Patel and Janicki, who found a

Young’s modulus of 970 kPa [95].

When performing fluid-structure simulations, some groups have used ma-

terial properties similar to those proposed by Riley et al. For instance, Gao

et al. considered a one-layered model of an aorta with a Young’s modulus

of 840 kPa [96]. Li et al. on the other hand described the artery by using a

softer model for the healthy part of the wall (E = 400 kPa) and a stiffer one

for the diseased region (E = 1.6 MPa) [52]. Higher values of stiffness how-

ever were reported by Mortazavinia et al., who defined a Young’s modulus of
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4.66 MPa [54]. As a side note, a direct comparison to the works of Holzapfel

et al. is not simple as the latter authors defined two set of parameters: one

describing the isotropic behaviour of the artery, and other that modelled the

anisotropic part [86].

Another way to describe the material properties of a vessel is by defining

the bulk modulus, K, which can be easily related to the Young’s modulus for

homogeneous, isotropic materials. Indeed, E = 3K(1−2ν) = 9KG/(3K+G),

where G denotes the shear modulus and ν is the Poisson ratio. Some works

that have used this notation have indirectly defined a different value of the

Young’s modulus which was significantly larger that the one reported by

Riley et al. Among them, Li et al. reported a value of 1600 MPa for K

[63, 65]. Assuming a Poisson ratio of 0.49 (a typical value used to describe

the material as nearly incompressible [87, 97]), the Young’s modulus was

96 MPa. A similar value of 1500 MPa was used for the bulk modulus by

Rotman et al. in a experimental study [98]. Kock et al. also reported

values in the order of several MPa: specifically, they used K = 600 MPa

and G = 6 MPa [90], therefore the equivalent Young’s modulus was around

18 MPa. In summary, there appears to be a significant variability around the

elastic material properties of the carotid artery.

In addition, it should be taken into account that the material properties

of both the fibrous cap and the lipid core differ from those corresponding to

a healthy vessel. In general, the fibrous cap has been reported to be stiffer

than the nondiseased artery [99], whereas the lipid core has been consistently

considered to be around two orders of magnitude less stiff than the artery

wall [62, 89].
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1.2.7 Fluid-structure interaction simulations

Once the modelling of the artery has been defined, fluid-structure interaction

simulations are usually considered in order to analyse the maximum stresses

on the artery wall. The methodology is similar to the one followed by the

studies reported in section 1.2.3, though the aim is significantly different.

In particular, the main objective of the works reported in section 1.2.3 was

the study of the flow field, and the influence of the elasticity of the wall on

different flow features. From a biomechanical point of view, however, the

main goal is to analyse the stresses exerted on the vessel wall due to the

blood flow, rather than the effects on the flow itself. It is, in summary, a way

of approaching the same problem from another perspective and focusing on

other system features.

Following their initial works on the interaction between the flow and the

elastic wall [47–50], Tang et al. group incorporated the modelling of a lipid

core within the plaque, with different material properties to those of the

artery wall [88]. They considered an idealised, three-dimensional, asymmetric

stenosis, where the plaque contained a lipid core that was around one hundred

times softer than the vessel wall. The authors varied the size of the lipid

core, as well as varying the thickness of the fibrous cap. Since the influence

of the cap thickness on the plaque stresses is a key factor [59], it was not

straightforward to conclude how the lipid core size affected the stress field.

In general, they found that a smaller lipid pool lowered the stresses on the

wall, while a thinner fibrous cap increased them. The topic of the fibrous

cap thickness was further investigated by Li et al. [100]. They modelled

an eccentric stenosis and performed an FSI simulation while varying the

thickness of the cap and the stenosis severity. Their results were in agreement

with those presented by Tang et al. [88], reporting an increase of the stress
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levels when the thickness of the fibrous cap decreased. In addition, they

showed that similar levels of stress could be achieved for very different degrees

of stenosis, as the influence of the thickness was much more important. They

highlighted that the most vulnerable plaques were those that presented a thin

cap and a severe stenosis. More recently, Yuan et al. analysed the effects of

the material properties on the stress levels of a three-dimensional, idealised

model of an eccentric plaque [101]. They reported that a softer media layer

of the wall would result in higher stress in the cross-sectional shoulder of

the plaque, but highlighted that those findings were largely affected by the

thickness of the fibrous cap.

It is also worth mentioning other works that have studied the shape of

the stenosis as a main factor affecting the stress field along the vessel. For

example, Belzacq et al. found that a short stenosis was more vulnerable than

a long one, due to a change of the stress distribution that led to a particular

deformation field along the plaque [87]. The same group further investigated

the geometry of a stenosis model, including shape irregularities, by modelling

evenly-spaced bumps along the vessel wall [102]. They reported an increase

of the plaque stresses if the stenosis wall presented those irregularities.

In 2004, Tang et al. introduced the modelling of patient-specific geome-

tries based on magnetic resonance imaging (MRI) [89, 103]. In line with

previous results, they found that large lipid cores and thin fibrous caps were

signs of high stresses on the plaque [89]. Similar results were observed in a

subsequent work, where they also reported an increase of the peak stresses

when the stiffness of the lipid core was halved [103]. Kock et al. performed

two-dimensional FSI simulations of a geometry based on in vivo (“within

the living organism” [104]) MRI and found the highest stresses at the inlet

and outlet of the stenosis region [90]. On closer inspection, those locations
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seemed to be the ones where the fibrous cap was thinnest for that specific

geometry. They also stated that the wall shear stresses had been linked to

plaque growth rather than rupture, and they were several orders of magni-

tude lower than the wall principal stresses, which were linked to the plaque

rupture. Similar results regarding the influence of the plaque stress (specif-

ically, the maximum principal stress) rather than the flow shear stress were

reported later [105]. The link between high wall stresses and thin fibrous

caps was also reported in studies that focused on three-dimensional geome-

tries reconstructed from in vivo MRI [91]. On the other hand, additional

studies reported that in half of the cases the maximum stress was located

upstream the stenosis, where the cap was thinnest [106], especially for severe

plaques [107].

As a general remark, MRI patient-specific models offer the advantage of

showing real plaque configurations, that may allow to predict the exact loca-

tion and magnitude of the peak stresses. This offers valuable information for

the treatment and classification of plaques for each specific case. One short-

coming, however, is the lack of generalisation due to the unique nature of

each geometry. In particular, it may be difficult to obtain general conclusions

from a complex, patient-specific model, and apply those conclusions to other

cases. That is where idealised geometries come into play, where the simpler

model may offer more generic results about the flow and structural fields and

may help stratifying which plaques are more likely to rupture based on the

stress distributions. This kind of model should be considered complementary

to the complex geometry simulations, as both offer insights about the plaque

rupture process. An idealised model allows a parametric analysis, where the

influence of different features can be studied under a user-controlled envi-

ronment. The conclusions obtained from these simulations may be general
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results that could be applied later for patient-specific cases.

The aim of this thesis is to shed some light on the plaque rupture process.

The novelty of the work presented here lies on the approach taken to study

the problem. In particular, this thesis is focused on finding the potential

location of the rupture by considering the axial stress distributions on the

vessel. The results obtained in this work could prove to be valuable on

later research, as they may help in situations dealing with patient-specific

geometries. For instance, based on the results found for analyses of idealised

models, some geometrical features observed in a subject-specific plaque could

point to a certain vulnerable region, or even help differentiating plaques that

need surgical intervention from those which do not.

In order to do this study, works that analysed the stress field along the

plaque have been summarised in the present review, as the plaque is expected

to rupture at the locations where the wall stresses are high. It is worth point-

ing out that the relationship between high stresses on the plaque and rupture

sites had to be challenged at some point, and that analysis on this was car-

ried out by Tang et al. in 2009 [108]. In that article they showed that plaque

ruptures usually took place where the maximum principal stresses were the

highest. Therefore, the focus here is on the mechanical factors related to

the blood flow and the artery wall, even though there are other elements

that could influence the rupture such as biochemical reactions between the

blood cells and the vessel wall. The main hypothesis that will be introduced

in Chapter 4 is that the lipid core stiffness, along with the geometry, have

a great impact on the stress distribution and, hence, on the location of the

maximum stresses. The objective of this chapter will be to find potential sites

of rupture based on the axial stress distributions, and analyse how those lo-

cations vary with regards to the different parameters considered. For the
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three-dimensional analysis, the hypothesis will be that the sites of rupture

are influenced by the same factors that affected the location of the rupture

for two-dimensional plaques. This statement will be tested in Chapter 5,

along with the study of the features that only apply to a three-dimensional

case, such as the distribution of stresses along the cross-sectional direction

of the model.
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Chapter 2

Methods

2.1 The finite element method

2.1.1 Introduction

In general, the fluid-structure interaction problem of the blood flow through

an elastic stenosis cannot be solved analytically, unless there are many sim-

plifications. Therefore, numerical simulations have become the best approach

to analyse this kind of configuration. There are several techniques available

for the numerical solution of fluid-structure interaction problems and, among

them, solvers based on the so-called finite element method are perhaps the

most common. Another approach worth mentioning is the spectral element

method [109], which derived from the standard finite element method and is

used within the fluid dynamics community.

The finite element method, often abbreviated as FEM, is a numerical

technique that is used to find the solution to problems where the physics are

described by a system of partial differential equations [110]. In the beginning,

the first applications were focused on solving structural mechanics problems
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[111]. Later on it has been applied to a broad number of fields, such as

electromagnetism [112], fluid dynamics [113] or heat transfer [114].

The general idea behind the method is the division of a continuous do-

main into several smaller and simpler regions known as finite elements. This

process is called discretisation. The discretisation leads to a matrix-vector

formulation of the system of equations, which can then be solved numerically.

The solution to the problem is obtained by using polynomial interpolation

at some prescribed points within each element, called nodal points.

One aspect to consider though is that every discretisation of a continuum

problem involves an approximation, which becomes more accurate with an

increasing number of elements [115]. In order to overcome this limitation, a

numerical method such as FEM offers the flexibility of increasing the number

of elements at the user’s will, hence minimising the error. However, it should

be taken into account that the improved accuracy of the calculation derived

from increasing the number of elements involves an increase of the computa-

tional cost required to perform the simulation. This is the reason why some

kind of grid convergence criteria must be adopted. For instance, one could

discretise a fluid domain with the goal of calculating the velocity field. A

typical strategy would be to start with large elements and then refine the

discretisation by gradually increasing the number of elements, i.e. decreas-

ing the size of each element. A user then may require to run the simulations

until the incremental changes of the velocity field after consecutive iterations

are smaller than a certain value. The number of elements required to solve

the problem would then be imposed by the desired precision.

31



Performing a finite element method analysis requires some steps that can

be outlined as follows [110, 116]:

1. Discretisation of the continuous domain. The first step involves the par-

tition of the continuous domain, Ω, into a finite number N of smaller

subdomains (elements), Ωe. These subdomains conform the finite el-

ement mesh. The discretisation of a domain may be performed using

specific software or the pre-processing module of a finite element anal-

ysis package. Depending on the type of elements used, the mesh may

be:

• Structured: the elements are regularly arranged and are usually

quadrilateral (in two-dimensional domains) or hexaedra (in three-

dimensional spaces). These are usually efficient meshes that con-

verge quicker to the solution. However, they are not very flexible

and are not appropriate when meshing relatively complex geome-

tries.

• Unstructured: the elements are arbitrarely arranged and may be

triangles (in 2-D) and tetrahedra (in 3-D). Contrary to the struc-

tured grids, the unstructured ones are not that efficient, but on

the other hand they can be used to mesh any kind of irregular

surface.

When the modelling requires any level of geometrical complexity, it

usually involves the use of an unstructured grid. However, the user

may be able to partition the model and separate simpler regions where

a regular structured grid may be of use, improving the convergence

of the simulation. In addition, the mesh may be refined to improve
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the resolution only at some locations. This is known as local mesh

refinement, and it is done to improve the efficiency of the simulation.

2. Definition of the element equations. This is at the core of the finite

element analysis, since the idea behind the method is to solve the equa-

tions by considering the discretised system. This step also includes the

definition of the element properties. For instance, when defining the

system of equations of a solid structure, the matrix that relates the

displacements to the loads depends on the material properties of the

structure. In addition, the polynomial interpolation functions need to

be defined at the nodal points, by using the so-called shape functions.

This will allow to interpolate any field variables over each element.

3. Assembly of the element equations. All the equations defined for each

local element must be combined, or assembled, in order to obtain a

global system of equations.

4. Solution of the global system. Once the global system of equations

has been defined, boundary conditions are usually imposed. In a solid

structure, this could take the form of an external force that is applied

at a certain boundary; in a flow dynamics problem, it could refer to an

imposed pressure profile at any domain location. When the boundary

conditions are defined, the system of equations can be solved numer-

ically using direct or iterative methods, for example. Ultimately, a

solution for each nodal point is computed. The convergence criteria

and the error estimation should be taken into account as well, to make

sure that the problem is solved to the desired degree of precision.

5. Post-processing of the solution. The last step involves the calculation of

any other quantities or variables that may be of interest. For example,
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this could include the calculation of the maximum principal stresses in a

loaded structure, right after finding the displacement field solution with

the finite element method. Alternatively, in a flow dynamics problem,

this step could refer to the calculation of the wall shear stresses.

2.1.2 Formulation example

The following gives a general idea of the formulation required to solve a struc-

tural mechanics problem by using the finite element method. This example

is relevant as the equations presented here are actually part of the governing

equations used in this thesis to model the artery wall, as it will be shown

in Section 2.4. The process to solve any other problem using FEM, such as

fluid dynamics, would be analogue, but applied to a different set of govern-

ing equations. In this case, the physics are described by the following set of

equations:

• First, the equilibrium equation, which derives from Newton’s second

law of motion:

∇σ + f = ρs∂
2ξ/∂t2. (2.1)

In this expression, σ denotes the Cauchy stress tensor, f is the body

force vector, ρs refers to the density of the solid, ξ denotes the displace-

ment vector and t is the time. In the following, the time-dependent

term ∂2ξ/∂t2 will be denoted by ξ̈, for simplicity.

• The second condition is the strain-displacement equation, which is

given by

ε = Dξ, (2.2)

where ε refers to the deformation of the solid and D is a tensor that

defines the relation between the deformation and the displacements.
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For small deformations, this equation may be defined as ε = Dξ =(
∇ξ +∇ξT

)
/2.

• The last equation required is the constitutive equation, which relates

the stress tensor with the deformations. In general, this equation takes

the form

σ = σ (ε) . (2.3)

The simplest case would be that of the linear elasticity. In that situa-

tion, the constitutive relation would be σ = Eε, where E refers to the

elasticity tensor. On the other hand, for more complex, hyperelastic

models the relation would take the form σ = ∂W/∂ε, where W denotes

the strain energy density function.

Once the governing equations are defined, the first step to solve the system

would be to divide the spatial domain Ω into smaller, finite elements. Using

a notation in the same way as previous works found in the literature [117],

this means that the real domain Ω is approximated by a domain defined by

the user, Ω̂, which is equal to the sum of all the finite subdomains. The

mathematical expression would be

Ω ≈ Ω̂ =
N∑
e=1

Ωe, (2.4)

where Ωe defines the subdomain of each element e and N denotes the

total number of elements in which the domain is discretised. The same

discretisation is performed for the boundary, Γ , of the domain: Γ ≈ Γ̂ =∑N
e=1 Γe.

Similarly, a generic time-dependent displacement field ξ(x, t)1 is approx-

1x denotes the position and t the time.
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imated by another vector, ξ̂ defined by

ξ(x, t) ≈ ξ̂ = N(x)q(t). (2.5)

In the former expression, the approximated displacement field is defined

by using interpolation functions at the nodal points. In particular, N refers

to the matrix of shape functions used to approximate the solution, and q are

the time-dependent displacements of the nodal points. The vector q is the

unknown to be determined from the global equation system.

At this moment, the equation 2.2 may be rewritten as

ε = Dξ ≈ DNq = Bq, (2.6)

where the tensor B = ND has been introduced and defines the relation

between the deformation field and the nodal displacements.

2.1.3 Weak form

Before implementing these expressions, it is important to obtain the weak

form (also known as variational form) of the equilibrium equation. The weak

form is a scalar equation obtained by multiplying the system of equations by

an arbitrary function, integrating the resulting expression over the domain

and, finally, setting the result to zero [118].

A common weak form in structure mechanics is obtained when the ar-

bitrary function is a virtual displacement, δξ. In this case, the weak form

is denoted as the virtual work of the system [118]. For an elastic struc-

ture as the one modelled in this example, the virtual work is a derivation of

the Galerkin expression, G. In this case, considering equation 2.1 and the

definition of virtual work, the Galerkin expression is given by

G =

∫
Ω

δξT
(
∇σ + f − ρsξ̈

)
dΩ = 0. (2.7)
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Taken into account the equations defined previously and using integration

by parts as presented in the literature [118], the former equation becomes

G = 0 =

∫
Ω

δξTρsξ̈dΩ +

∫
Ω

δ (Dξ)T σdΩ

−
∫
Ω

δξTfdΩ −
∫
Γt

δξT tdΓt.
(2.8)

In this expression there is a new term corresponding to the integration

along the boundary of the domain where stress conditions are applied, Γt,

and t denotes the traction force vector at that boundary.

2.1.4 Reformulation of the equations

As it was the case of the domain or the displacement field, the Galerkin

expression may also be approximated by considering the discretisation of the

domain. Specifically,

G ≈ Ĝ =
n∑
e=1

Ge = 0, (2.9)

where Ge denotes the approximated Galerkin expression for each ele-

ment e. Now, by combining equations 2.8 and 2.9 and by making use of

the shape functions used to approximate the displacement field, the approx-

imated Galerkin expression Ĝ is described by

Ĝ =
N∑
e=1

[∫
Ωe

δ(Nq)TρsNq̈dΩ +

∫
Ωe

δ (DNq)T σdΩ

−
∫
Ωe

δ(Nq)TfdΩ −
∫
Γt,e

δ(Nq)T tdΓt

]
= 0.

(2.10)

Rewriting the former:

Ĝ = δqT
N∑
e=1

(∫
Ωe

NTρsNdΩq̈ +

∫
Ωe

NTDTσdΩ

−
∫
Ωe

NTfdΩ −
∫
Γt,e

NT tdΓt

)
= 0.

(2.11)
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Finally, after considering the definition of tensor B (eq. 2.6), the approx-

imated Galerkin expression is given by

Ĝ = δqT
N∑
e=1

(∫
Ωe

NTρsNdΩq̈ +

∫
Ωe

BTσdΩ

−
∫
Ωe

NTfdΩ −
∫
Γt,e

NT tdΓt

)
= 0.

(2.12)

Since the virtual displacements δq are arbitrary, the following system is

obtained:

M︷ ︸︸ ︷(
N∑
e=1

∫
Ωe

NTρsNdΩ

)
q̈ +

P (σ)︷ ︸︸ ︷
N∑
e=1

∫
Ωe

BTσdΩ

−
N∑
e=1

(∫
Ωe

NTfdΩ +

∫
Γt,e

NT tdΓt

)
︸ ︷︷ ︸

b

= 0,

(2.13)

which may be rewritten in a simpler form by introducing the tensors M,

P and the vector b:

Mq̈ + P (σ) = b. (2.14)

The former is a partial differential equation system where the new tensors

are defined as per Zienkiewicz’s notation [117].

In order to obtain a clearer picture of the numerical method, let us assume

that the constitutive equation is governed by a linear elastic model. In that

case, the stresses and the strains are related by the expression σ = Eε, where

the coefficients of the elasticity matrix E are constant values that depend on

the Lamé parameters. On the other hand, as per equation 2.6 the strain

tensor may be approximated by ε ≈ Bq. Therefore, the tensor P = P (σ) is
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described by:

P (σ) =
N∑
e=1

∫
Ωe

BTσdΩ =
N∑
e=1

∫
Ωe

BTEεdΩ (2.15)

=
N∑
e=1

∫
Ωe

BTEBdΩ︸ ︷︷ ︸
K

q = Kq. (2.16)

K is the linear stiffness matrix, whose components depend on the material

properties of the structure. Taking this result into equation 2.14, the system

becomes

Mq̈ +Kq = b, (2.17)

which is partial differential equation system that can be solved numer-

ically by introducing discrete approximations in time. For problems that

were not time-dependent, the former is significantly simplified as q̈ = 0.

Therefore, the final expression would be

Kq = b. (2.18)

This is a linear system of equations which may be solved numerically by

employing different computational techniques, such as LU decomposition or

iterative methods.

2.1.5 FEM applied to plaque rupture analysis

In the previous section, a generic structural analysis example has been used

to introduce the finite element method. As it has already been mentioned,

the FEM is a flexible framework and has been applied to different types of

problems, including plaque rupture analysis.

The first simulations involving plaques were two-dimensional structural

analyses that considered cross-section models of the artery and calculated

39



the stress distribution along the vessel when certain pressure was applied to

the inner wall (blood pressure). For instance, Loree et al. performed a finite

element analysis of the influence of the fibrous cap thickness on the maximum

circumferential stresses for ten different artery cross-sections [59]. In order to

improve the accuracy of the simulation, they refined the mesh in the expected

high-strain regions by considering smaller elements. Regarding their results,

as it was outlined in the previous chapter, they found a significant increase

of the stress when the cap thickness decreased. They also mentioned that

plaques may start to rupture at a threshold of 300 kPa.

Simulations of blood flow through a rigid wall stenosis have also been

computed using solvers based on the FEM. In particular, Tu et al. studied

the steady and pulsatile flow through a stenotic artery [119]. They used a

quadratic interpolation for the flow velocities and a linear one for the pressure

field, and then solved the equations using a variable time step. Among other

findings, an increase of the pressure drop at the throat of the stenosis was

reported when the frequency of the pulsatile flow increased. Milner et al. also

used a solver based on the finite element method to study the flow through a

carotid bifurcation [120]. They focused their work on the wall shear stresses,

reporting differences based on the geometry of each configuration.

Finally, there have been applications to fluid-structure interaction prob-

lems as well. A fully coupled analysis was performed by Bathe and Kamm,

where they studied the influence of the stenosis severity on the flow and on

the stress fields [51]. Another group also used a FEM-based solver to study

the flow through an elastic, axisymmetric artery and compared the results

to experimental observations, finding a good correlation overall [121]. Li et

al. used a commercial finite element software, COMSOL Multiphysics [122],

to study the effect of the fibrous cap thickness in an idealised model that de-
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picted an elastic plaque interacting with a time-dependent blood flow [100].

The same software was used by Kock et al. to calculate the fluid-structure

interaction in a two-dimensional model carotid bifurcation model [90]. Over-

all, the finite element method is a popular technique that is still being used

to model this type of simulations.

2.2 Alternative techniques

2.2.1 FEM-based approaches

In the beginning of this chapter it was mentioned that there is also another

method that derives from the FEM: the spectral element method. There are

some open-source solvers that are based on this approach and can be quite

useful for this kind of simulations, so they will be briefly discussed here for

the sake of completion.

The spectral element method (SEM) can be described as another for-

mulation of the finite element method, but using high order interpolation

functions instead [109]. The open-source software NEK5000 is a computa-

tional fluid dynamics solver that uses this discretisation [123]. The high order

of the SEM makes this software quite accurate when tackling fluid dynamics

simulations. It has been applied to rigid wall stenotic geometries such as

the ones featuring in this thesis, in particular to analyse the transition from

steady to unsteady flow [29]. However, fluid-structure interaction was not

fully incorporated into the code, so it did not resulted into the most appro-

priate choice for the kind of simulations as shown in the following chapters.

A similar approach was followed by Cantwell et al. to develop Nektar++

[124]. It is designed to be highly scalable and one of the main applications

is the solution of different flow dynamics configurations. Among them, it is
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worth mentioning that it has been used to study the wall shear stress dis-

tributions caused by the blood flow using a rabbit aorta as the geometric

model [125]. Other applications include, for instance, acoustic perturbations

or cardiac electrophysiology [126]. Again, fluid-structure interaction was not

fully implemented into the code, so it was not finally used for the simulations

presented in the coming chapters.

Lastly, it is worth mentioning FreeFem++, which is an open-source finite

element solver of partial differential equations [127]. One of the advantages

it offers is the opportunity to develop fairly complex systems, given its highly

flexible interface. For instance, it is possible to integrate the fluid-structure

interaction equations, as all the input must be coded by the user. Specifi-

cally, the user is required to write the equations in a variational form. On the

other hand, defining the geometry is a fairly complex process: each geometri-

cal boundary should be defined parametrically, with the appropriate bound-

ary conditions specified for them. In particular, the software was tested by

simulating the flow through a two-dimensional stenotic elastic channel. This

two-dimensional geometry allowed for a quick analysis as it was simpler than

a three-dimensional one. The expected results were found: in particular, the

flow recirculation regions downstream the constriction of the channel were

well defined, as was the pressure drop along the domain. Regarding the solid

deformations, they were especially related to the flow pressure. Still, those

results were related to a channel geometry rather than to a stenotic pipe

geometry that would model an artery better. But implementing complex ge-

ometries, especially a three-dimensional one, would be a fairly complicated

task, so after considering these factors it was decided to focus on other soft-

ware packages more suitable for the situation.
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2.2.2 Other methods

There are also other approaches that can be used to model the blood flow

through the human arteries. They are not the focus of this work, but are

still worth mentioning.

One technique created to tackle the fluid-structure interaction of living

tissues is the immersed boundary method. First introduced by Peskin in

1972, it was created to study heart valves and the flow around them [128].

It later evolved to a more general approach for fluid-structure interaction

problems. In this method, there are two meshes: one is the fixed Cartesian

mesh, where the Eulerian variables are defined; the other is a curvilinear

mesh, where the Lagrangian variables are defined. This curvilinear mesh can

move with no restrictions through the Cartesian mesh [129]. An application

of this method was, for example, the solution of complex three-dimensional

incompressible flows, with an application solving the flow induced by a hu-

man body in walking motion [130]. Fedosov et al. also used the immersed

boundary method to perform numerical simulation of blood flow, where the

red blood cells were considered as elastic elements within the flow [131]. They

found good agreement with previously published results, suggesting that the

method could become a viable alternative when the cell interactions needed

to be accounted for.

It is also worth mentioning the volume of fluid method, formally pre-

sented by Hirt and Nichols in 1981 [132], which was introduced to model the

fluid dynamics of free surface configurations. In particular, this technique

focused on situations where the Eulerian formulation was preferred, due to

the free boundaries experiencing large deformations. One of the shortcom-

ings, however, is that imposing some boundary conditions may be complex.

Recently, Rosti and Brandt used a formulation based on the volume of fluid
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method, solving one set of equations over the whole domain, to simulate a

channel flow with high Reynolds (Re = 2800) and a hyperelastic wall [133].

In this work, the authors highlighted the influence of low values of the wall

elasticity on the turbulent flow, due to the fluctuations that appeared at the

fluid-solid interface.

As a final note, in the recent years, a new kind of blood flow analysis

is attracting some interest in the form of multi-scale simulations. It has

been reported that blood flow interactions in the human body occur between

large arteries (part of the macrovascular network), smaller arteries (part of

the mesovascular network) and capillaries (that conform the microvascular

network) [134]. The arterial diameter in the macrovascular network is equal

to or larger than 0.5 mm, while the in the microvasculature the diameter is

a hundred times smaller, being in the order of 5 µm. Therefore, this can

be considered a multi-scale system, even more so if cellular and biological

processes are also taken into account. A similar point of view was followed in

a previous work that studied cerebral aneurysms, which made use of a fluid-

structure interaction framework as well [135]. They investigated how cells

behave within different types of flows and their implications on cardiovascular

diseases, and confirmed their results via experimental comparison.

2.3 Fluid-structure interaction in

COMSOL Multiphysics

The results of the numerical simulations presented in this thesis have been

performed using the finite element method through the commercial solver

COMSOL Multiphysics [122]. Fluid-structure interaction simulations of blood

flow through a stenotic artery have been performed, considering the elasticity
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of the plaque and the vessel wall. The governing equations have been solved

for the fluid and the solid regions in a coupled manner.

Unless otherwise stated, the two-way FSI coupling is used in this work,

where the fluid is influenced by the solid deformation. In other words, the

blood flow deforms the elastic artery wall, and that leads to a change of the

flow domain. The matching conditions in this case are: first, the velocity of

the fluid at the wall-flow interface is the same as the velocity of the vessel

wall; second, the stress continuity, meaning that the force applied by the

fluid on the wall is equal to the negative of the force exerted by the wall on

the fluid [122]. When the deformation is small enough so that the effects

on the flow field are negligible, one-way coupling is used as well, once it has

been checked that the results are the same as those obtained by running the

two-way coupling mode.

The COMSOL simulations are based on an arbitrary Lagrangian-Eulerian

formulation. The Lagrangian formulation considers that the physical vari-

ables of the problem are linked to certain materials, or pieces of matter [136].

In the context of FSI simulations, the solid mechanics follow a Lagrangian

description while the flow field is described by an Eulerian formulation. This

means that the solid quantities are defined as functions of the time and of

the material element of the solid (material coordinate system). On the other

hand, the flow quantities are defined as functions of time and position in

space as in the Eulerian description (spatial coordinate system).

It is worth noting that COMSOL has been previously used and validated

in the context of blood flow simulations [34], as well as in fluid-structure

interaction studies of flow through elastic arteries using idealised geometries

[87, 100, 137] and patient-specific models [90, 106].

In summary, COMSOL Multiphysics combines the solid mechanics and
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the fluid dynamics to model the interaction between the two media. The

flow is described by the conservation of mass and conservation of momentum

equations, while the solid is governed by the constitutive equation, the strain-

displacement equation and the equilibrium equation, as it will be shown in

the next section. Finally, boundary conditions for the solid and the fluid must

be applied in order to solve the model, along with the matching condition at

the interface between the flow and the solid domains.

2.4 Governing equations

The blood is modelled as a Newtonian, incompressible fluid. The equations

that describe the flow field are the continuity (conservation of mass) and the

Navier-Stokes (conservation of momentum) equations:

∇·u = 0, (2.19)

ρ
∂u

∂t
+ ρu · ∇u = −∇p+ µ∇2u, (2.20)

where u is the fluid velocity vector, t the time, p the pressure, ρ the fluid

density and µ the dynamic viscosity.

On the other hand, the artery wall is described by the equilibrium and

the constitutive equations, as in the example described in section 2.1.2:

∇σ + f = ρs
∂2ξ

∂t2
, (2.21)

σ = σ (ε) . (2.22)

The variables are defined in the same way as it was described in section

2.1.2: σ is the Cauchy stress tensor, f defines the body force vector, ρs

denotes the density of the solid, ξ refers to the displacement vector and t is

the time. In the second equation ε denotes the deformation tensor, which for
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small deformations is described by the following mathematical expression:

ε = Dξ =
(
∇ξ +∇ξT

)
/2.

Equations 2.19 to 2.22 are implemented in COMSOL Multiphysics, and

are computed using a built-in FEM-based solver. However, the governing

equations would not be complete without the definition of the appropriate

boundary conditions: for the blood flow, for the artery wall and for the

fluid-structure interface. But since the boundary conditions are dependent

of the problem being solved, they are presented in the coming chapters, where

the exact configuration of the simulations will be introduced for each case. A

similar point should be made regarding the definition of equation 2.22, which

defines the solid model used when performing the simulations. In particular,

two models will be presented in the following chapters: the linear elastic and

the hyperelastic descriptions.
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Chapter 3

Thin-wall simulations

3.1 Introduction

As stated in the first chapter of this thesis, the main objective of this work

is to analyse the initiation of the rupture of an atherosclerotic plaque from a

mechanical point of view. In order to do so, this chapter starts by presenting

some results related to the flow through an idealised stenosis geometry with a

thin, elastic wall. The main goal of this part is to provide a general overview

of the fluid-structure interaction of the problem. The way in which the

stiffness of the artery influences the flow will be studied alongside the effect

of the flow on the stress values on the wall. In order to do this, a simple,

idealised model of an elastic stenosis is used.

In the following, the stiffness, or elasticity of the wall, is analysed by

means of the Young’s modulus of the vessel. In addition, another parameter

will be varied: the Reynolds number, which is an important flow dynamics

quantity. Several aspects are analysed, some of them flow-related quantities

(such as the length of the recirculation region downstream the constriction,

the wall shear stress distribution and the fluid pressure), and some are solid-
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Fig. 3.1: Idealised axisymmetric stenosis geometry showing both the fluid and

the solid domains. The origin, O, is located at the centre line of the throat. The

thickness of the artery wall is D/10, being D the diameter of the fluid domain.

related variables (the radial displacement and the first principal stress at the

inner wall of the vessel).

Once the underlying dynamics are clear, the next step will be to proceed

with more complex models that will make it possible to further investigate

potential plaque rupture sites.

3.2 Geometry

The selected geometry is an idealised, axisymmetric pipe configuration adapted

from previous studies [24, 25, 28, 29]. This pipe includes a constriction which

simulates the stenosis region, as shown in figure 3.1. In order to further under-

stand the blood flow through a stenotic elastic artery, a good first approach

is to focus on an idealised geometry and perform a parametric analysis. One

can study patient-specific arteries directly obtained by medical observation,

but the use of this model is justified as the aim here is to capture general

patterns and distribution changes rather than specific peak values.

In order to properly work with this configuration, a system of coordinates

needs to be defined. In this case, the origin, O, is located at the intersection

of the section of minimum cross-sectional area with the centre-line of the
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artery lumen. Since this problem involves an axisymmetric geometry, only

two coordinates are required to define any given position: z in the axial

direction and r in the radial direction.

The reference length unit used in this model is the inlet diameter of the

lumen, D. In this case, the diameter is set to D = 7 mm, which is based

on the typical dimensions of a human carotid artery [23, 38, 97, 120, 138].

The inlet section is located at z = −6D, while the outlet section is located

at z = 16D. This domain length was proven to be long enough to avoid

any perturbations due to the wall boundary condition at the inlet and outlet

sections, as further described in the next section. The wall thickness is

constant along the axial direction and equal to D/10 [139].

In order to allow an easy coupling between the flow dynamics and the

structural mechanics, the numerical simulations are performed using this di-

mensional formulation. The only non-dimensional parameter considered is

the Reynolds number, Re, which defines the flow regime and will be intro-

duced in the next section. The results are also presented in a dimensional

form, which is a typical representation in the biomechanics field, especially

when showing stress or pressure values [40, 87, 90]. The only variables that

have been made non-dimensional are the lengths. In particular, any spatial

coordinate is presented in terms of the diameter, as it allows for an easier

interpretation. Similarly, the wall displacements are given in terms of diam-

eters rather than in absolute magnitudes. The rest of the variables are all

expressed in the corresponding dimensional form.

The inner wall radius is constant and equal to D/2 for all z, except for

the stenotic region. For −D ≤ z ≤ D, the radius is defined as

r(z) =
D

2

{
1− 1− γ

2

[
1 + cos

(
2πz

L

)]}
, (3.1)

where L = 2D is the length of the stenosis and γ is the ratio of the

50



minimum diameter to the inlet diameter. For this model, the minimum

diameter Dmin is D/2 and is located at z = 0, hence γ = Dmin/D = 0.5. This

50 % reduction in diameter leads to a 75 % area constriction (also known as

stenosis severity, S), which is a typical value among previous stenotic flow

studies [24, 25, 31]. The 75 % occlusion is also significant from a medical

point of view, as it indicates when surgery may be recommended [19].

The radius defined for this geometry is interesting as well because it

provides a smooth transition from the non-stenotic region to the constriction.

Indeed, the derivative of the expression is given by

dr(z)

dz
= −D

2

1− γ
2

[
−2π

L
sin

(
2πz

L

)]
, (3.2)

so the wall slope becomes zero at the beginning of the stenosis (z = −L/2)

and at the end of the stenosis (z = L/2).

3.3 Models and boundary conditions

3.3.1 Flow field

The study of blood flow through an elastic artery implies that the fluid and

solid mechanics are coupled. This means that boundary conditions are not

only needed for the flow field but also for the solid. And finally, additional

matching conditions at the fluid-structure interface boundary must be defined

as well.

The governing equations for the blood flow are the ones described in the

previous chapter, section 2.4: the conservation of mass and the conservation

of momentum. In this case, the flow parameters used are ρ = 1000 kg/m3

and µ = 4× 10−3 Pa · s, which are based on average values used in previous

works [50, 139–141]. In addition, in order to simplify some parameters of the
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simulations, the flow is considered Newtonian. The Reynolds number, Re, is

defined as the ratio of inertial forces to viscous forces. It is based on the inlet

diameter, therefore Re = ρUD/µ. For the base model, the Reynolds number

is set to Re = 300, which is a physiologically representative value and used

also in previous studies of carotid arteries [12, 97].

The boundary conditions are the standard ones for a pipe flow config-

uration. First, at the inlet section, a steady, parabolic velocity profile u is

defined in the axial direction z, by the expression

u = 2U

[
1− 4

( r
D

)2]
, (3.3)

where U is the cross-sectional average velocity at the inlet and it is de-

fined by the Reynolds number. On the other hand, a simple pressure outflow

condition, pout, is prescribed at the outlet. In this case, pout = 100 mmHg =

13.33 kPa, which is an average value within the range of those used in pre-

vious works [87, 140, 142, 143]. This pressure value is prescribed by means

of a normal stress condition:
[
−pI + µ

(
∇u+∇uT

)]
·n = −poutn. This ex-

pression is the typical stress-free outflow condition applied in fluid dynamics

simulations when pout = 0 [24, 29].

3.3.2 Solid field

As mentioned earlier, apart from the flow field, this problem also deals with

the solid deformation of the artery wall, so the vessel must be modelled as

well by another set of equations.

It was shown in Chapter 1 that the structure of the artery wall is complex

and that it presents non-homogeneous, anisotropic behaviour; in addition, it

is characterised by three layers with different material properties. Consider-

ing these features would increase the complexity of the simulation. Therefore,
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since the goal here is to model an idealised, thin-wall artery, the following

simplifications will be taken into account. First, the wall is modelled as an

homogeneous, isotropic material (that is, it presents the same mechanical

properties in all directions). Second, a single-layer structure is considered,

which allows for a more straightforward definition and analysis of the model.

Finally, the wall is considered as a linear elastic material, which serves as a

first simple approximation to the elastic behaviour of the vessel. Therefore,

equation 2.22 becomes

σ = 2Gε+ λ tr(ε)I, (3.4)

where σ denotes the stress tensor inside the solid, ε defines the strain

tensor, tr(ε) refers to the trace of the strain tensor and I is the identity

tensor. The strain tensor is a function of the displacements field, ξ. It is

defined by the stress-displacement relation:

ε =
1

2

(
∇ξ +∇ξT

)
. (3.5)

Finally, G and λ are the Lamé parameters, which are defined as a func-

tion of other material properties that are usually used to define a material

behaviour. In particular, G and λ are dependent on the Young’s modulus,

E, and the Poisson ratio of the solid, ν. The mathematical relation is defined

as

λ =
Eν

(1 + ν)(1− 2ν)
, (3.6)

G =
E

2(1 + ν)
. (3.7)

In the following, E and ν will be used to characterise the material prop-

erties.

As shown in the literature review in Chapter 1, there is some variabil-

ity regarding the material properties of the vessels. Whereas Riley et al.
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reported that the Young’s modulus of the artery, E, was in the order of

hundreds of kilopascals [93, 96], others have set an equivalent Young’s mod-

ulus in the order of the megapascals [54, 63]. For this model, a mean value

E = 1 MPa has been used; in addition, the Poisson ratio is set to ν = 0.49,

in order to consider the vessel as a nearly incompressible material. Finally,

the density of the solid is considered to be ρs = 900 kg/m3, as in previous

studies [90].

The boundary conditions applied for the solid field are the following: at

the inlet (z = −6D), the wall is considered to be fixed with all components

of the displacement equal to zero (ξ = 0), which is equivalent to consider

the wall clamped at the inlet. On the other hand, at the outlet (z = 16D),

only the axial component of the displacement is fixed, while the wall can

be deformed in the radial direction. Therefore, it is possible to formulate

this condition as ξz = 0. These conditions provided a good definition of

both the inflow and the outflow. In addition, the domain lengths upstream

and downstream the stenosis were varied to ensure that the stenosis region

was not perturbed by the mechanical constrains imposed at the inlet and at

the outlet sections. Specifically, the distributions of first principal stress and

wall shear stress along the stenosis region were compared for different domain

lengths, and it was observed that they were not affected by the boundary

conditions imposed at the inlet and at the outlet.

3.3.3 Matching conditions

In the above, the velocities of both fluid and solid at the wall are unspecified,

so two additional conditions are required to close the coupled system. The

first condition is the velocity continuity, meaning that velocities of the fluid

and the solid at the wall are equal. The velocity of the vessel at the inner wall
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can be defined as the partial derivative of the displacements ξ with respect

of the time t. On the other hand, as mentioned earlier, the velocity of the

blood is denoted by u. Therefore, the kinematic condition at the fluid-solid

interface is defined as

u =
∂ξ

∂t
. (3.8)

In addition, a second condition regarding the stress continuity is required

as well. Indeed, the stresses on the solid and fluid at the artery wall must be

equal, but opposite in the outward normal direction. Mathematically,

f = n ·
[
−pI + µ

(
∇u+∇uT

)
− 2

3
µ (∇·u) I

]
, (3.9)

where f is the body force vector at the solid-fluid boundary and n denotes

the outward normal to the boundary.

3.4 Mesh convergence analysis

A mesh convergence analysis was performed in order to justify the chosen

grid discretisation. Several results will be presented in the coming sections.

In particular, two main parameters will be analysed in detail: the Reynolds

number and the stiffness of the arterial wall, via the Young’s modulus.

As explained in section 2.3, the results presented in this thesis have been

performed using COMSOL Multiphysics [122]. As stated in the previous

chapter, COMSOL has been used in several studies modelling blood flow,

including rigid walls [34] and fluid-structure interaction analysis with elastic

walls [87, 100, 137].

The mesh considered for this model has also been created in COMSOL,

by making use of the available built-in tools. A hybrid approach regarding

the type of discretisation was followed in order to mesh the two-dimensional
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domain. Specifically, the lumen and the vessel wall along the inlet and outlet

pipes, upstream and downstream the stenosis respectively, were discretised

using a structured grid made of quadrilateral elements. On the other hand,

the stenosis region was discretised using an unstructured grid made of trian-

gular elements, in order to make it easier to accommodate the curved nature

of the domain in this area. A second order discretisation was used for the

blood velocity field and for the wall displacement field, while the pressure

field was solved using a first order interpolation (P2-P2-P1).

A grid convergence analysis was performed by analysing the axial distri-

bution of first principal stress and the wall shear stress distribution along

the stenosis region (between z = −D and z = D). The results will be shown

between z = −2D and z = 2D to take into account any features that may

be present just upstream or downstream the stenosis. The simulations were

started with a coarse mesh, which was gradually refined. The number of ele-

ments and degrees of freedom corresponding to each mesh tested are shown

in table 3.1. Specifically, mesh 4 and mesh 5 were particularly refined in the

stenosis region, where the changes of the system were most significant.

Mesh Number of elements Degrees of freedom

1 8085 36051

2 18167 74326

3 42203 182260

4 137184 471715

5 421436 1300770

Table 3.1: Mesh parameters used for the convergence analysis.

The axial distributions of first principal stress, σ1, at the inner wall are

shown in figure 3.2. Each line corresponds to a different mesh, as defined in
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Fig. 3.2: Axial distribution of first principal stress, σ1, at the inner wall for

each mesh considered in the convergence analysis. (A) General profiles. (B)

Zoomed-in section around z = 0.

table 3.1. Figure 3.2A shows the general plot, where the red-dotted square

denotes the area that is shown with greater detail in figure 3.2B. This second

figure represents a zoomed-in section close to the minimum value of σ1 at z =

0. Increasing the number of elements slightly affected the stress distribution,

as can be observed in the detail shown in figure 3.2B. In particular, the

change observed in the results for mesh 3 compared to the results for meshes

4 and 5 was less than 0.5 %.

Figure 3.3A shows the wall shear stress distribution, WSS, along the axial

direction at the interface between the fluid and the wall. The peak immedi-

ately prior to the constriction was due to the pressure drop created by the

stenosis. Again, the curves were quite similar for all the meshes considered,

so a zoomed-in section is shown in figure 3.3B, showing the values around

the peak. As in the case of the velocity profiles, the results obtained with

mesh number 3 seemed to be accurate: increasing the number of elements

up to an order of magnitude only led to a change of around a 0.5 %.

All things considered, the mesh 3 was proven to capture both solid and
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Fig. 3.3: Wall shear stress distributions, WSS, for each mesh considered in the

convergence analysis. (A) General profiles. (B) Zoomed-in section close to the

peak value upstream the constriction.

flow features of this particular model to the same degree as the meshes 4 and

5. Therefore, mesh 3 was used to perform the parametric analyses. A general

picture of the mesh is shown in figure 3.4. Two similar structured grids were

used to discretise the inlet and outlet pipes, for a total of 15600 elements.

The domain between the coordinates z = −2D and z = 2D (containing the

stenosis region, L, and the last/first portion of the inlet/outlet pipes) was

discretised by means of an unstructured grid with 26603 elements, with a

maximum element size of 1.17× 10−4 m, equivalent to D/60. The fluid-solid

interface was further refined (maximum element size of D/100) in order to

better capture the stress distributions along the inner wall.

3.5 Design of the parameter sensitivity study

This section provides an overview of the parameter sensitivity analyses that

have been performed in this chapter. The first result that will be shown is

a figure depicting the flow and solid fields, which aims to provide a general
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Fig. 3.4: General picture of the mesh, showing part of the inlet and outlet pipes,

and the stenosis region.

idea of the present configuration. Next, the results corresponding to the

parametric study will be presented: in particular, the analysis of the effect

that the Reynolds number of the flow and the Young’s modulus of the wall

have on different flow and solid parameters. Here, the Reynolds numbers

tested are Re = 200, 300 and 400. On the other hand, a larger variation

of the Young’s modulus was performed, considering E = 0.5, 1 and 10 MPa.

This way, both ends of the wall modelling were considered: a less stiff material

(E = 0.5 MPa), and a very stiff one (E = 10 MPa) that may behave like a

rigid-wall model.

The first parameter considered is the length of the recirculation region.

This region refers to the area downstream the stenosis where the flow sepa-

rates from the wall due to the adverse pressure gradient. The recirculation

region is related to the appearance of flow instability and transition to tur-

bulence [29, 144], which could trigger larger perturbations that may affect

the stresses on the wall.

The next analysis is focused on the wall shear stress, WSS. This magni-

tude is described by

WSS = µ
∂ut
∂y

∣∣∣∣
y=0

, (3.10)
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where y denotes the distance from the wall, and ut describes the com-

ponent of the velocity tangential to the wall (i.e. ut = u · et, where et

denotes the direction tangential to the wall). The wall shear stress has been

the object of several discussions regarding its role in plaque formation. In

particular, it has been reported that regions where the wall shear stresses are

low and oscillatory are prone to plaque development [12, 19, 26]. More re-

cently, a new variant related to this variable has been introduced in the form

of the transverse wall shear stress [125]. This magnitude is an average over

the cardiac cycle of the wall shear stress components that act in a transverse

direction to the mean WSS vector, and it was found to have good correlation

with lesion prevalence.

The last flow parameter analysed is the fluid pressure along the centre-

line, which can provide valuable information about the flow field. It is also

related to the length of the recirculation region, which appears when the

pressure gradient is adverse.

Finally, two solid parameters (related to the wall behaviour) are studied as

well: first, the wall displacement in the radial direction; and second, the axial

distribution of the first principal stress, σ1, along the interface boundary.

3.6 Results

3.6.1 Flow and stress fields

Figure 3.5 shows a two-dimensional picture of the whole domain and a

detailed view of the stenosis region for the base model (Re = 300 and

E = 1 MPa). In order to allow a more detailed visualisation of this area,

subsequent figures will only show the geometry between the axial coordi-

nates z = −2D and z = 2D. The variables represented are the axial flow
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Fig. 3.5: General representation of the axial velocity, u, of the flow field and the

first principal stress along the wall, σ1.

velocity, u, and the first principal stress along the wall, σ1. In this kind of

configuration, the stenotic shape of the wall led to a region of high-velocity

flow around the constriction, which is shown in dark red colour in the figure.

In addition, due to the adverse pressure gradient downstream the throat, the

flow separated from the wall and created a recirculation region in the axial

direction (highlighted by the white closed line in the figure).

The acceleration of the flow at the stenosis can be explained since the

flow must satisfy the mass-conservation equation, as mentioned in section

2.4. The shape of the stenosis was also responsible for the pressure drop

around z = 0, as represented in figure 3.6.

The stress distribution along the wall was mainly affected by the fluid

pressure distribution. For this particular geometry, the maximum stress was

located outside the stenosis region. This was due to the pressure being higher

upstream (z < D) and downstream the stenosis (z > D), as the thickness of
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Fig. 3.6: Axisymmetric flow pressure field, p, and first principal stress along the

wall, σ1.

the wall was constant along the domain. It is worth noting however that the

first principal stress in the downstream region was slightly lower than the one

upstream the constriction, something that can be attributed to the pressure

distribution as well. In particular, just downstream the stenosis the pressure

value increased again, but it did not rise to the same level as upstream, and

so this was reflected on the stress on the wall.

3.6.2 Effect of Reynolds number and the Young’s mo-

dulus

Length of recirculation region

The axial length of the recirculation region is denoted by Lrc and it was

measured from the origin of the system of coordinates at z = 0, using D as

the reference unit. Results for the different Young’s moduli tested are shown

in figure 3.7A, for a constant Re = 300. The largest recirculation region was

7.6D for E = 0.5 MPa, and the smallest value was 7.0D for E = 10 MPa. The

relative difference was just of a 8 %, so the variation with the artery stiffness

was relatively small, especially considering that E increased by a factor of

62



Fig. 3.7: Non-dimensional axial length Lrc/D of the recirculation region, mea-

sured from z = 0: (A) as a function of the Young modulus, with Re = 300; (B)

as a function of the Reynolds number, with E = 1 MPa.

20. The length of the recirculation for each Reynolds number is shown in

figure 3.7B, for a fixed value of E = 1 MPa. In this case, Lrc increased from

5.1D for Re = 200 to 9.5D for Re = 400. This variation was practically

linear, increasing slightly more than 2D for each case. This behaviour may

be explained by the basic definition of the Reynolds number, Re = ρUD/µ.

Increasing the Reynolds meant that the ratio of inertial forces to viscous

forces increased, and in fact meant an increase of the velocity of the fluid (as

ρ, D and µ were fixed values by definition in this model). This had a direct

effect on the recirculation region, that increased significantly, in comparison

with the Young’s modulus analysis.

Wall shear stress

The wall shear stress distribution in the model along the axial direction z

is presented in figure 3.8. Again, the three different values of the Young’s

modulus were tested, as well as the three Reynolds numbers. The situation

was similar to the one presented in the previous section: the elasticity of the
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Fig. 3.8: Wall shear stress WSS along the axial direction z: (A) as a function of

the Young modulus, with Re = 300; (B) as a function of the Reynolds number,

with E = 1 MPa.

wall did not greatly affect the WSS values, while the effect of the Re was quite

different. Specifically, the WSS outside the stenosis region was practically

the same for the three Young’s modulus studied (figure 3.8A), staying at

around 0.6 Pa. Similarly, the peak did not experience much variation either,

increasing from 16 Pa for E = 0.5 MPa to 19 Pa for E = 10 MPa. This was

in agreement with previously published observations, which concluded that

decreasing the elasticity of the wall led to an increase of the maximum WSS

[53, 97]. It is also worth noting that this peak was located just upstream of

the maximum constriction section, not at z = 0. The peak-to-upstream ratio

of the WSS ranged from 26 to 31. For comparison, it was reported that this

ratio was more than 30 for Re = 500 in a rigid wall geometry [25], which is

in the order of the results presented in this study.

The influence of the Reynolds number was more significant, especially

around the WSS peak (figure 3.8B). In particular, the maximum increased

by more than a 100 %, going from a value of 10 Pa for the lowest Re case,

to more than 26 Pa for Re = 400. In this case, the peak-to-upstream ratio
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ranged approximately from 17 to 34.

The explanation for this peak was the smaller cross-section that the flow

faces in the stenosis region. The constriction led to a great change in the fluid

velocity, which was accelerated in order to keep fulfilling the conservation

of mass equation. This acceleration created a larger variation of the axial

velocity along the radial coordinate which, by definition of the WSS, yielded

a stress peak.

Fluid pressure

The main characteristic of the fluid pressure field was the drop observed

through the stenosis constriction, as previously shown in the two-dimensional

picture represented in figure 3.6. The pressure distribution along the centre-

line is shown here, which was a simpler way to carry out the parametric

analysis.

The effect of the Young’s modulus of the wall on the pressure distribution

was not very significant, as shown in figure 3.9A. On the other hand, the

variation of the Reynolds number showed larger effect on the pressure field

(figure 3.9B). In particular, the pressure upstream the stenosis increased

when Re increased. Downstream the constriction, the opposite behaviour

was observed: the pressure decreased when Re increased. What this meant

was that the overall pressure drop along the stenosis was larger for higher

Reynolds numbers.

The explanation for the drop around z = 0 may be done by looking at

the axial variation of the cross-section. The reduction of the cross-sectional

area implies that, in order to fulfil the conservation of mass equation, the

flow accelerates. The increase of the flow velocity also leads to a drop of the

pressure. It is also worth mentioning the adverse pressure gradient down-
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Fig. 3.9: Fluid pressure, p, along the axial direction z: (A) as a function of the

Young modulus, with Re = 300; (B) as a function of the Reynolds number, with

E = 1 MPa.

stream the stenosis (∂p/∂z > 0), that explains the creation of a recirculation

region just downstream the constriction.

Wall displacement

Figure 3.10 shows the non-dimensional radial displacement of the wall, ξr/D.

In particular, figure 3.10A shows the radial displacement along the axial

coordinate z for different values of the Young’s modulus and a constant

Re = 300. As can be observed in the plot, the stiffness of the wall greatly

affected the magnitude of the radial displacements. Specifically, the relation

between the stiffness and the displacements was inverse, as increasing the

Young’s modulus led to a decrease of the magnitude of the displacements

(which is related to equation 3.4). As stated in the beginning, the stiffest

case with E = 10 MPa was used as a model that resembled the rigid-like wall

behaviour. This figure shows that the displacement was not exactly zero, but

it stayed close to that level, at around ξr/D ≈ 0.003, an order of magnitude

smaller than the other cases.
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Fig. 3.10: Non-dimensional radial displacement, ξr/D, along the axial direction

z: (A) as a function of the Young modulus, with Re = 300; (B) as a function of

the Reynolds number, with E = 1 MPa.

On the contrary, figure 3.10B shows that the effect of the Reynolds on

the displacements was negligible. The distribution stayed the same for the

three Re tested.

First principal stress

The axial distribution of the first principal stress, σ1, along the interface

boundary is shown in figure 3.11. The first remark is that the Reynolds num-

ber variation did not significantly affect the first principal stresses, which be-

haved similarly to the radial displacements of the wall. That is, the Reynolds

number of the flow was not a key factor that contributed to a large variation

of stress within the range of Re tested here. On the other hand, the stiffness

of the vessel notably influenced the stress levels, showing an increase of σ1

when the Young’s modulus decreased. An interesting point was that at the

throat of the stenosis all three curves got closer to the same value, at around

54 kPa. This is where the displacement was always minimum (as shown in

figure 3.10A).
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Fig. 3.11: First principal stress, σ1, along the axial direction z: (A) as a function

of the Young modulus, with Re = 300; (B) as a function of the Reynolds number,

with E = 1 MPa.

The stress levels outside the stenosis region were constant and they ap-

proximately corresponded to the circumferential stress of an equivalent thick-

wall cylinder loaded with internal pressure. Therefore, the predominant di-

rection of the first principal stress was mainly the circumferential one. On

the other hand, the explanation of the shape of the distributions may be

related again to the pressure distribution, along with the actual shape of

stenosis. In particular, the pressure drop helps explaining why the minimum

of σ1 was located at z = 0, and it also explains why the downstream levels

were slightly smaller than the upstream stress levels. The stress distribution

was also similar in shape to the one shown in figure 3.10 regarding the radial

displacements. This behaviour may be explained by the linear elastic model

used for this simulation, which defined a linear stress-strain relation.
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3.7 Discussion

It has been stated that the pressure may be considered as the driving force

behind the displacements in stenotic arteries [54, 88]. In particular, the shape

of the displacement curves, which presented a minimum at the throat of the

stenosis, may be explained by the distribution of the fluid pressure. This

may be interpreted as the flow affecting the displacements (and in subse-

quent, more complex models, the plaque rupture), mainly through stream-

wise pressure variations, as per equation 3.9. It could be noted that the

pressure was asymmetric with respect to the throat (figure 3.9), whereas on

the other hand the displacements seemed to be symmetric with respect to

the coordinate z = 0 (figure 3.10). However, this difference may be explained

by considering the geometry of the artery, which was also symmetric with re-

gards to the throat, as presented in figure 3.1. In addition, it should be taken

into account that the value of the pressure recovered slightly in the down-

stream part of the stenosis region, thus increasing the radial displacements

for z > 0. Finally, this situation could be compared to a collapsible tube

configuration [45]; however, in the present case the vessel did not collapse

due to a relatively high value of the wall stiffness.

It is also worth mentioning the relation of the wall shear stresses with the

displacement distribution. As shown in figure 3.8, the WSS presented a peak

just prior to the constriction but, as it can be observed in figure 3.10, this peak

had no effect on the radial displacement field. This is a conclusive argument

that the WSS was not the driving force behind the radial displacements. It

should be noted that the overall level of the first principal stress was in the

order of the tens of kilopascals, while the wall shear stresses were much lower

in magnitude, in the order of the tens of pascals. In addition, it has been

reported that the flow shear stresses are not a meaningful way to locate a
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possible site of plaque rupture [105]. It should also be taken into account

here that the present study was carried out considering a steady, laminar

flow through an axisymmetric configuration.

Overall, the Reynolds number seemed to greatly influence the length of

the recirculation region (figure 3.7), the wall shear stress distribution (figure

3.8) and, to a lesser degree, the pressure drop along the stenosis (figure 3.9).

These variables have been related to the onset of atherosclerosis; especially

the wall shear stress, which has been the object of several research studies

[12, 23, 27, 145]. However, less evidence was found of the relation between

the Reynolds number and other variables that might be more closely related

to a possible plaque rupture: the displacement of the wall and the stress

distribution on the artery.

The stiffness of the vessel, by means of the Young’s modulus, showed the

opposite behaviour: it did not influence any flow-related variables, but it did

have a significant effect on the radial displacements and on the distribution

of the first principal stress. It should be noted however that for this influence

to be significant, the variation of the Young’s modulus had to be relatively

large. In this case, three values were tested: the baseline Young’s modulus

(E = 1 MPa), half its value (less stiff case, E = 0.5 MPa) and an order of

magnitude larger (rigid-like wall, E = 10 MPa). In addition, the impact of

the Young’s modulus seemed to be more important on the displacements than

on the stress levels. Although studies on the influence of the stiffness of the

artery have been carried out using more complex models (containing a lipid

core and a fibrous cap), they reported a similar result: a general decrease of

the stress levels when the stiffness of the wall increased [101].
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3.8 Conclusions and further developments

In this chapter, numerical simulations have been performed to model the

blood flow through an axisymmetric stenosis with a thin, elastic wall. The

influence of several variables related to the flow and solid fields has been

studied by performing a parametric analysis.

In summary, some conclusions can be obtained from this first, idealised

model. One, that a flow-related variable like the Reynolds number mainly

influenced the flow field and had a limited effect on the solid field. Other,

that the material properties of the wall may have a significant impact on the

stress distributions and, potentially, in possible sites of rupture, as plaques

may rupture where the structural stress is high [108, 146].

As stated in the Introduction to this chapter, one of the main goals of

this first model was to understand the basic dynamics of the fluid-structure

interaction in an idealised, stenotic geometry. In the next chapter, results will

be presented for a more complex geometry. In particular, a better modelling

of the stenosis region is introduced by including a lipid core and a fibrous cap,

rather than keeping a constant thickness along the domain. It is expected

that the new geometry will modify the current stress distributions, which

may be of interest when analysing plaque rupture. In addition, a hyperelastic

model is used rather than a linear elastic model. The linear elastic one was

a logical first step that helps to give a general idea of the simulations and

the kind of results and deformation fields that may be expected, but the

introduction of a hyperelastic model is recommended when studying a more

complex geometry.
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Chapter 4

Two-dimensional plaque stress

analysis
1

4.1 Introduction

The previous model, described in Chapter 3, considered a thin, elastic wall

since the main goal was to understand the basic fluid-structure interaction of

the problem. It was found that the wall displacements were mainly affected

by the flow pressure distribution rather than the viscous shear forces. In

addition, it was also observed that the material properties of the artery could

impact the stress distributions, so appropriate modelling of the solid part is

required.

This chapter introduces new features to the model by including an ide-

alised, atherosclerotic plaque where not only the artery wall, but also a lipid

1The contents of this chapter are based on a journal article accepted for publication:

Alegre Mart́ınez C., Choi K.-S., Tammisola O., McNally D. On the axial distribution of

plaque stress: influence of stenosis severity, lipid core stiffness, lipid core length and fibrous

cap stiffness. Medical Engineering and Physics 68, 76-84. ISSN: 1350-4533. (2019)
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core and a fibrous cap are modelled. The inclusion of the lipid core, which

presents mechanical properties that are significantly different to those of the

rest of the wall, means that a redistribution of the mechanical stress along the

vessel may be observed. This stress distribution will be investigated in order

to analyse what it means with regards to potential sites of plaque rupture.

Indeed, some studies have reported a link between sites of plaque rupture and

high plaque stresses in carotid arteries [105, 108, 141], as well as in coronary

arteries [146, 147]. The hypothesis here is that the most likely axial location

of plaque rupture in a carotid artery, indicated by the location of maximum

stress, is strongly influenced by changes of the lipid core stiffness and the

geometry. In order to do this, a fluid-structure interaction model is used to

perform a systematic variation of the following features: stenosis severity,

Young’s modulus of the lipid core of the plaque, positive remodelling, lipid

core length, and fibrous cap stiffness. The blood is considered as incompress-

ible and Newtonian, while the artery wall and the lipid core of the plaque

are modelled as hyperelastic and linear elastic materials respectively. This

simplified configuration makes it possible to identify the critical parameters

affecting the plaque rupture.

4.2 Geometry

The geometry of the model considered in this chapter is similar to the one

used in the previous set of simulations. In particular, the flow domain or

lumen shares the same specification. However, the modelling of the vessel

wall presents several differences with regards to the thin-wall model. In

particular, a lipid core is now included, and it is considered to be several

times less stiff than the surrounding artery wall. The introduction of this
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material model completely changes the behaviour of the wall, as it will be

shown in the stress distributions.

The chosen lumen geometry is the same as the one presented in Chapter

3, “Thin-wall simulations”; an idealised, axisymmetric stenosis that has been

used in several works [24, 25, 28, 29]. The justification of this model is that

the main goal is to capture general changes in the distributions rather than

specific peak values, and this geometry is better suited for a parametric

analysis. The origin of the coordinate system, O, is located at the same

place; the intersection of the centre-line of the lumen with the cross-section

at the throat. The two coordinates are the same as in Chapter 3: z in the

axial direction and r in the radial direction.

The novelty here is the introduction of the modelling of the plaque, which

is located in the constriction, as shown in figure 4.1. In particular, the lipid

core and the fibrous cap are included in the model. The contour of the lipid

core follows the shape of the stenotic lumen. The part of artery that lies

between the lipid core and the flow domain is called the fibrous cap. In this

case, the thickness of the fibrous cap, tfc, is considered to be constant along

the axial direction and equal to 100 µm, which is a typical value of plaques

with thin fibrous caps [100, 148, 149].

As in the previous chapter, the reference length unit is the diameter,

D. The same value is used, D = 7 mm, which was based on the typical

dimensions of a human carotid artery [23, 38, 97, 120, 138]. Therefore, the

fibrous cap thickness may also be expressed as tfc = 0.014D. The inlet and

outlet sections are located at z = −4D and z = 10D respectively. The wall

thickness is constant and equal to D/10 for the part of the domain that falls

outside the stenosis region. This value is in the order of the range of those

reported by Pedley for the carotid artery [139].
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Fig. 4.1: Idealised axisymmetric stenosis geometry showing both the fluid and

the solid domains. The origin, O, is located at the centre line of the throat. The

thickness of the artery wall is D/10, being D the diameter of the fluid domain.

The lumen radius, r(z), defines the stenotic geometry between z = −D

and z = D via the following expression

r(z) =
D

2

{
1− 1− γ

2

[
1 + cos

(
2πz

L

)]}
, (4.1)

while it is equal to D/2 outside the stenosis region. In the former, L = 2D

denotes the length of the stenosis and γ = Dmin/D is the diameter ratio. As

in the previous chapter, γ = 0.5 and therefore this leads to a stenosis severity,

S, that is equal to 75 %, which has been studied in several works [19, 24, 25,

31].

In addition to this model, the apparition of positive remodelling of the

artery will also be considered. Positive remodelling is a biological reaction of

the vessel where there is an atherosclerotic lesion, or plaque, that manifests

by an expansion of the vessel wall in the outward direction, hence positive

[150]. Therefore, the external diameter of the artery increases [4]. It is im-

portant to take this effect into account, as non-stenotic plaques with positive

remodelling also present thin fibrous caps that may rupture at some point

[151]. Therefore, two variants of the base model are included with a smaller

severity and positive remodelling. In particular, simulations are performed
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for a non-stenotic case and a 25 %-stenotic model. In both cases, the thick-

ness of the artery wall around the lipid core is kept constant and equal to the

nominal wall thickness, D/10. On the other hand, the positive remodelling is

assumed to keep the same shape as the stenosis, but in the outward normal

direction. This means that the equation that describes the outer wall radius,

row, is

row(z) =
D

10
+
D

2

{
1 +

1− γ
2

[
1 + cos

(
2πz

L

)]}
. (4.2)

The geometry of the positive remodelling cases is shown along the base

model in figure 4.2. It should be noted that, due to the previous assumptions,

the size of the lipid core for the 25 %-stenotic case (defined by its thickness,

t1, in the figure 4.2C) is larger than the other two (defined by the thickness

t0, figures 4.2A and 4.2B).

4.3 Models and boundary conditions

4.3.1 Flow field

The modelling of the blood flow is the same as in the simulations of Chapter

3. For the sake of clarity, those conditions are enumerated here as well.

First of all, the governing equations are the conservation of mass and con-

servation of momentum, as shown in section 2.4. The flow parameters con-

sidered are: density ρ = 1000 kg/m3, dynamic viscosity µ = 4× 10−3 Pa · s,

based on previous works [50, 139–141], and Reynolds number Re = ρUD/µ =

300, a physiologically representative magnitude [12, 97]. In addition, the

blood is modelled as a Newtonian fluid. This is considered to be an ap-

propriate choice as the non-Newtonian effects are only significant in some

specific situations that are not found in this configuration (specifically, when

the flow is very slow [39]).
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Fig. 4.2: Geometry of the cases in the positive remodelling analysis. (A) 75 %-

stenotic base model; (B) non-stenotic case with positive remodelling; (C) 25 %-

stenotic case with positive remodelling. The outer wall thickness is equal to D/10

in all cases. t0 and t1 denote the thickness of the lipid core at z = 0.
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Regarding the boundary conditions, a steady, parabolic velocity profile u

is imposed at the inlet section in the axial direction:

u = 2U

[
1− 4

( r
D

)2]
, (4.3)

where U denotes the cross-sectional mean velocity (bulk velocity) at the

inlet section and is given by the Re. At the outlet, a specific pressure pout

value is imposed. The outlet pressure is set to pout = 160 mmHg = 21.33 kPa,

which is a rather high value of blood pressure that would correspond to

the systole. This is used here as it matches the literature [90], and also

to account for any adverse pressure conditions that may make the plaque

more vulnerable. Again, this value is imposed by means of a normal stress

condition at the outlet:
[
−pI + µ

(
∇u+∇uT

)]
· n = −poutn.

4.3.2 Artery wall and lipid core

In this chapter, the artery wall is no longer considered as a uniform material.

Now, the introduction of the plaque modelling means that different mechan-

ical properties should be considered for the vessel wall and for the lipid core

of the plaque.

As discussed in Chapter 1, the artery wall is a non-homogeneous, soft

tissue made up of three layers that present anisotropic behaviour. However,

since the objective in this chapter is to model an idealised segment of a

carotid artery, the following simplifications are introduced: first, the vessel

is modelled as a homogeneous, isotropic material; and second, a mono-layer

structure is considered, rather than a multi-layer one.

The next consideration is the material modelling. Specifically, the linear

elastic model implemented in the previous chapter does not adequately rep-

resent the behaviour of an atherosclerotic artery. Instead, the most common
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approach is to represent the vessel as a non-linear, hyperelastic solid. This

kind of modelling has been used several times in the past when simulating

living tissues [90, 100, 108, 141, 149]. Previous works in the field have con-

sidered different types of hyperelastic models: for example, Tang et al. used

the modified Mooney-Rivlin model [89, 108]; Li et al. made use of the model

proposed by Ogden [100]; and others have included the anisotropic nature

of the tissue by means of the Holzapfel-Gasser-Ogden model [87]. In the

present work, the vessel is modelled as an isotropic, nearly incompressible

neo-Hookean solid. The reason for this choice is that this model has been

reported to be valid for small deformations [90] and it has also been used in

previous studies [67, 148].

The constitutive equation of a hyperelastic model takes the form

σ =
∂W

∂ε
, (4.4)

where σ denotes the Cauchy stress tensor, ε is the deformation of the

solid and W refers to the strain energy density function. In the case of the

neo-Hookean model, W is given by

W =
1

2

[
G (I1 − 3) +K (Jel − 1)2

]
, (4.5)

whereG denotes the shear modulus, I1 is the first invariant of the isochoric

part of the elastic right Cauchy-Green deformation tensor, K refers to the

bulk modulus and Jel denotes the elastic volume ratio. It was shown in

section 1.2.6 that the material properties of an artery show some disparity.

In this case, the values used to define the properties are within the range of

those reported in the literature review of Chapter 1, and are taken from a

previous study from Kock et al. [90]: in particular, the shear modulus is set

to G = 6 MPa and the bulk modulus is set to K = 600 MPa. The density of

the wall is set to ρw = 900 kg/m3.
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The fibrous cap, which is the part of the wall that lies between the lipid

core and the blood flow (figure 4.1) presents the same mechanical properties

as the wall, except for one exception. Specifically, the bulk modulus of the

cap, Kfc, is set to Kfc = 2K = 1200 MPa, as it has been reported that the

wall is stiffer around the atherosclerotic lesion [99].

The lipid core, on the other hand, is described as an isotropic linear

elastic material. The variables used to characterise the core are then the

Young’s modulus, Ec, and the Poisson’s ratio, νc. It has been reported

that the stiffness of the lipid core is around a hundred times smaller than

the equivalent Young’s modulus of the wall or less [62, 89]. Since the wall

was modelled as an isotropic material, the Young’s modulus of the vessel is

E = 9KG/(3K + G) ≈ 18 MPa. The corresponding Young’s modulus of

the lipid core would then be in the order of Ec ∼ 18 MPa/100 = 180 kPa.

In order to consider a value previously used in the literature [90] that is

around the same order as that one, Ec = 100 kPa is chosen. The density is

ρc = 900 kg/m3, whereas the Poisson’s ratio is νc = 0.49, which corresponds

to a nearly incompressible material [60, 73].

Regarding the boundary conditions, they are the same as in Chapter

3: specifically, the displacement ξ of the artery is constrained at the inlet

(ξ = 0), and no axial displacement is allowed at the outlet (ξz = 0). Of

the different conditions tested, these were the ones which provided the most

well-defined inflow and outflow. In addition, the domain lengths were varied

to ensure that the stresses in the stenosis were not affected by the proximity

to inflow and outflow boundaries.
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4.3.3 Matching conditions

The same matching conditions as those presented in the previous chapter

apply here. These are required at the interface between the artery wall and

the blood flow, in order to close the coupled system. The first condition is

the velocity continuity, which imposes a flow velocity, u, equal to the artery

wall velocity, ∂ξ/∂t. Mathematically,

u =
∂ξ

∂t
. (4.6)

On the other hand, the stress continuity is required as well. This ef-

fectively means that the stresses on the vessel and on the fluid along the

interface are equal, but opposite in the outward normal direction. This is

given by

f = n ·
[
−pI + µ

(
∇u+∇uT

)
− 2

3
µ (∇·u) I

]
, (4.7)

where n denotes the outward normal to the boundary.

4.4 Mesh convergence analysis

A mesh convergence analysis was carried out to ensure that the grid discreti-

sation was optimal. The process is similar to the one followed in Chapter

3.

The mesh considered for this model has also been created in COMSOL

by making use of the available built-in tools. A hybrid approach regarding

the type of discretisation was followed in order to mesh the two-dimensional

domain. The lumen and the vessel wall along the inlet and outlet pipes,

upstream and downstream the stenosis respectively, were discretised using

a structured grid made of quadrilateral elements. On the other hand, the

stenosis region, including the artery wall and the lipid core, was discretised
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using an unstructured grid made of triangular elements. This was due to

make it easier to accommodate the curved nature of the domains in this

area. A second order discretisation was used for the blood velocity field and

for the solid displacement field, while the pressure field was solved using a

first order interpolation (P2-P2-P1).

A grid convergence analysis was performed by analysing the axial distri-

bution of first principal stress and the radial displacements of the inner wall

along the stenosis region (between z = −D and z = D). The results will be

shown between z = −2D and z = 2D to take into account any features that

may be present just upstream or downstream the stenosis. The simulations

were started with a coarse mesh, which was gradually refined. The number

of elements and degrees of freedom corresponding to each mesh tested are

shown in table 4.1.

Mesh Number of elements Degrees of freedom

1 14408 203861

2 26713 288742

3 42871 391286

4 133384 940016

Table 4.1: Mesh parameters used for the convergence analysis.

Figure 4.3 shows the axial distribution of first principal stress, σ1, for

the four meshes considered. A general plot is shown in figure 4.3A, whereas

a zoomed-in section around the secondary peak (highlighted by the red-

dotted square) is shown in figure 4.3B. The shape of the distribution will be

further explained in the next section 4.6. The results show that increasing

the number of elements had some impact that can be better appreciated on

the local stress peak. In particular, there is a 2 % difference of the local
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stress peak between mesh number 2 and mesh number 4. Mesh 3 and mesh

4 showed less than a 0.5 % difference, even though the time required to run a

case for mesh 4 was up to two times larger than for mesh 3. Therefore, this

analysis suggested that mesh 3 seemed to be an optimal grid discretisation.

Fig. 4.3: Axial distribution of first principal stress, σ1, at the inner wall for

each mesh considered in the convergence analysis. (A) General distribution. (B)

Zoomed-in section around the secondary peak.

In order to confirm this first result, the variation of the non-dimensional

radial displacements of the inner wall, ξr/D, was also analysed for each mesh.

Results are shown in figure 4.4. As in the previous case, the curves are quite

similar for all the cases considered, and the small differences can only be

appreciated if zooming in to a specific area. In this case, looking closely at

the location of minimum displacements (figure 4.4B), it is clear that except

for the less refined mesh 1, the rest of them share the same shape of the

curves. In particular, the relative error among them is less than a 0.5 %.

Therefore, the results obtained in the previous analysis of the first principal

stress seem to be confirmed with this subsequent study. All cases considered,

mesh 3 was chosen as a good grid discretisation since increasing the number

of elements did not yield a significant precision improvement.
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Fig. 4.4: Axial distribution of the non-dimensional radial displacements of the

inner wall, ξr/D, for each mesh considered in the convergence analysis. (A)

General distribution. (B) Zoomed-in section around the location of minimum

displacements.

Figure 4.5 shows a general picture of the mesh used for the base model.

The structure of the mesh is hybrid: the inlet and outlet pipes are discretised

by using structured grids totalling 11040 elements. On the other hand, an

unstructured grid is used to mesh the region delimited by the coordinates

z = −1.25D and z = 1.25D. The number of elements used in this part

of the domain was 31831, which was mainly influenced by the element size

at the fluid-solid interface. In this case, this size was set to a maximum of

D/240. This was necessary in order to create a finer mesh along the fibrous

cap, which is the area were the solid stresses are analysed in the parametric

analysis. The final grid is made up of 42871 elements and 391286 degrees of

freedom.
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Fig. 4.5: (A) General picture of the mesh, showing part of the inlet and outlet

pipes, and the stenosis region. (B) Zoomed-in section showing the mesh refine-

ment around the fibrous cap.
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4.5 Design of the parameter sensitivity study

The results of the simulations performed in this chapter will be shown in the

next section. First, a general picture of the flow and solid fields is provided.

This is followed by a parametric study, with the aim of investigating potential

plaque rupture sites, as stated in section 4.1. For each parameter considered,

the axial distribution of the first principal stress and the non-dimensional

radial displacement of the wall are shown.

The first analysis is focused on the effect of the stenosis severity and the

plaque stiffness. In order to simplify the modelling of the different plaque

compositions, the elasticity of the lipid core is varied by means of the Young’s

modulus, Ec. As shown in section 4.3.2, the lipid core is modelled as a linear

elastic material with a Young’s modulus that is around 100 times smaller

than the equivalent Young’s modulus of the artery wall [89]. For the base

model, this value is set to Ec = 100 kPa. A less stiff core that would model

a completely lipid-filled plaque is also considered, with Ec = 50 kPa. On the

other hand, calcified plaques are modelled by increasing the Young’s modu-

lus of the lipid core (up to 1000 kPa). Regarding the severity, S, both mild

(50 % area occlusion) and severe (75 % area occlusion) cases are considered.

Table 4.2 summarises the six different configurations analysed. In particular,

the case Ec = 100 kPa and S = 75 % defines the base model. Due to the

significant distributions obtained in this analysis, additional investigations

were performed. Specifically, the axial distributions of the non-zero compo-

nents of the stress tensor as well as the axial and radial displacements were

analysed in detail.

The second study is the effect of the positive remodelling on the axial

distributions of stress and radial displacement. Therefore, a small variation of

the stenotic geometry is introduced by considering two models with positive
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Case Stenosis severity, S Young’s modulus of lipid core, Ec

A 50 % 50 kPa

B 50 % 100 kPa

C 50 % 1000 kPa

D 75 % 50 kPa

E 75 % 100 kPa

F 75 % 1000 kPa

Table 4.2: Stenosis severity and Young’s modulus of the lipid core, Ec, for each

case considered. Case E corresponds to the base model.

remodelling of the artery wall in addition to the base model, as shown in

figure 4.2.

The next parameter considered is the length of the lipid core. In Chapter

3, it was found that the stress distribution along the artery wall was mainly

dependent on the material properties of the artery (the Young’s modulus),

and on the pressure distribution of the flow. In this case, a constant value

for the mechanical properties of the wall is considered, K = 600 MPa, but

the inclusion of the lipid core, which is made of a different material than

that of the wall, means that the overall mechanical properties of the solid

may change if the shape of the lipid core changes. Therefore, the length of

the lipid core, Lc, is varied to analyse its influence on the stress distribution.

Three cases are considered: a shorter lipid core, with Lc = 0.5L; the normal,

base model, Lc = 0.6L; and a longer core, Lc = 0.7L. The variation of the

lipid length is carried out keeping constant the stenosis length, L, the fibrous

cap and outer wall thickness, as well as the fillet radius of the core, in order

to perform a uniform parametric analysis with other variables unchanged.

Specifically, even though the shape of the core changes, the geometry of the
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flow domain is the same for all models. The three cases are represented in

figure 4.6.

Fig. 4.6: Three configurations considered to analyse the influence of the lipid

core length: (A) Short core, Lc = 0.5L; (B) base model, Lc = 0.6L; (C) Long

core, Lc = 0.7L.

The last analysis takes into account three different values for the bulk

modulus of the fibrous cap, Kfc: the same as the wall, Kfc = K; twice the

value of the wall, corresponding to the base model, Kfc = 2K; and finally an

order of magnitude stiffer, Kfc = 10K.

Finally, a justification for the use of a steady model throughout this chap-
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ter is presented in Section 4.6.5; in particular, the axial distribution of first

principal stress for the steady case is compared to the pulsatile configuration

at four different instants during the period.

4.6 Results

4.6.1 Effect of severity and core stiffness

As in the previous chapter, a general picture of the flow solution and stresses

obtained from the simulation is shown first in figure 4.7A. This gives a broad

idea of the flow and stress configuration in the model. The colours of the fluid

domain denote the axial component of the blood velocity, u, and the colours

of the solid domain refer to the first principal stress, σ1, on the artery wall

and the fibrous cap. On the other hand, the fluid pressure field is shown in

figure 4.7B, which presents a pressure drop just downstream the constriction,

as it was the case of the previous chapter.

The analysis starts by comparing the axial stress distribution along the

interface of the artery wall and the flow domain for the cases considered

in table 4.2. The results are shown in figure 4.8A. In all cases, the stress

outside the stenosis region was at the same level, at around 120 kPa. This

value effectively corresponds to the circumferential stress at the inner wall

of a equivalent thick-walled cylinder loaded by internal pressure. Near z =

±D, due to the intimal thickening of the artery at the beginning and at

the end of the plaque (as shown in fig. 4.1), the stress decreased reaching

a minimum shortly afterwards. Then, the largest differences in the stress

distribution were observed due to the lipid core, which was delimited to the

region −0.6D < z < 0.6D.

The results can be divided into two groups: first, the mild stenosis with
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Fig. 4.7: (a) Flow velocity field, u, and first principal stress, σ1, distribution on

the artery wall for a steady state simulation in the region around the stenosis.

(b) Flow pressure field, p, and first principal stress, σ1.
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Fig. 4.8: Influence of stenosis severity and plaque composition on the axial dis-

tribution of (A) first principal stress, σ1, and (B) non-dimensional radial displace-

ments, ξr/D. The variables were measured at the interface boundary between

the flow field and the wall. Results are shown for all the cases presented in table

4.2.
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the calcified core (Ec = 100-1000 kPa) along with the severe stenosis with the

calcified core (Ec = 1000 kPa). Second, the mild stenosis with the lipid-filled

core (Ec = 50 kPa) and the severe stenosis with the lipid-filled core (Ec = 50-

100 kPa). For the first group, the stress distribution was relatively flat, with

the maximum located in the middle region of the stenosis, at the section

of maximum constriction, z = 0. For the second group, the first difference

observed was that the stress level increased. The distribution also changed

and was presented as two peaks, located in the middle of the upstream and

downstream regions of the stenosis. The maximum stress for the base model

(S = 75 %, Ec = 100 kPa) was 30 % higher than the maximum for the calci-

fied plaque model. The variation was significant but it is important to note

that the variation of the lipid core material properties was larger, since the

Young’s modulus decreased by an order of magnitude. For the softest core

considered (Ec = 50 kPa) in the severe stenosis, the maximum stress was

280 kPa. This value got closer to the 300 kPa rupture threshold that has

been usually mentioned in the literature [60].

The differences in stresses were reflected as well in the radial displacement

distribution (figure 4.8B). Indeed, the two-peak distribution characteristic of

the base case and the mild and lipid-filled plaque was present. On the other

hand, the cases with stiffer (calcified) plaques showed a flatter curve.

In addition to the first principal stress, the shear stress was also examined

to check if it was a limiting factor in the plaque rupture process. A graph

showing all the non-zero components of the stress tensor for the base model is

given in figure 4.9. In general, the circumferential stress, σφ, was the same as

the first principal stress, σ1 (that is, the first principal direction was mainly

the circumferential one). The reader is referred to the Discussion section for

a further analysis of this graph.
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Fig. 4.9: Axial distribution of the components of the stress tensor for the base

model (75 % stenosis, Ec = 100 kPa). σr, σφ and σz denote the radial, circum-

ferential and axial components respectively; σrz the shear stress component; and

σ1 the first principal stress.

It was interesting also to analyse the axial displacements of the wall, ξz, in

relation to the radial displacements, ξr, as they are expected to be influenced

by the fluid pressure as well, but in a different way. This was tested by com-

paring the curves of the non-dimensional displacements for the base model,

and it was found that the axial component was relatively small compared

to the radial one, as shown in figure 4.10A. In particular, the maximum of

the radial displacement was around 2.6 times larger than the axial one. The

shape of the axial displacements curve is due to the deformation created by

the fluid pressure on the wall [87], which leads to a positive peak upstream

and a negative one downstream the constriction. On the other hand, the

wall shear stresses did not seem to impact the displacement field; as shown

in Chapter 3, the wall shear stresses were around three orders of magnitude

smaller than the pressure field. In addition, the maximum radial and axial

displacements are found at the same location. This kind of deformation also
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showed a good agreement with the experimental results reported by Choi et

al. [152], who studied a pulsatile flow condition. It should be noted as well

that these values are relatively small for the material properties considered

in this model, with a maximum axial displacement just shy of 1.5× 10−3D.

For an clearer representation of the wall displacements, both the deformed

and undeformed geometries of the interface wall along the stenosis are shown

in figure 4.10B; in this case, the axial component has been scaled in order to

make it visible in the figure.

In summary, three different locations were identified in the axial direction

that could become sites of rupture. For the most vulnerable plaques (S =

50 %, Ec = 50 kPa, and S = 75 %, Ec = 50-100 kPa), the stress peaks were

located approximately at the middle of the upstream and downstream regions

of the stenosis respectively. For the other plaques (S = 50 %, Ec = 100-

1000 kPa, and S = 75 %, Ec = 1000 kPa), the maximum of the stress peak

was close to the minimum lumen section. Finally, all cases presented a local

maximum at the beginning of the lipid core region, which will be discussed

further in the Discussion section. Hence, depending on the lipid composition

and the stenosis severity, the rupture site could be located at three different

positions.
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Fig. 4.10: (A) Non-dimensional form of the axial, ξz/D, and radial, ξr/D,

displacements of the wall for the baseline case. (B) Deformed and undeformed

shapes of the inner wall along the stenosis region.
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4.6.2 Effect of the positive remodelling

Two models with positive remodelling, along with the base model, were com-

pared by studying the axial distribution of the first principal stress, which

is presented in figure 4.11A. The first thing to note is a 15 % increment of

the maximum stress in the fibrous cap for the 25 %-stenotic case compared

to the non-stenotic one. On the other hand, the non-stenotic case presented

similar stress levels in relation to the base model. Hence, the only effect of

the stenosis severity seemed to be the change of the stress distribution, i.e.

presenting the two peaks rather than a flat curve.

The radial displacements showed similar results (figure 4.11B). The two

curves of the positive remodelling cases kept the same shape, showing a

constant deformation along the fibrous cap. On the contrary, the base model

reflected the shape of the stenosis, and the radial displacements presented a

distribution similar to that of the first principal stress.

4.6.3 Effect of the lipid core length

Three different lengths of the lipid core were considered. As shown in figure

4.12A, the axial stress distributions were relatively different for each case.

Due to the length of the lipid core, the peak stresses were located closer

to the centre (z = 0) in the shorter core case. In addition, a shorter lipid

core increased both the local and the absolute peaks, while also affecting the

gradients. These results suggest that shorter lipid cores could be more dan-

gerous than plaques with longer cores, for the same thickness of the fibrous

cap. This is also interesting because it may seem counter-intuitive: one may

expect that a plaque with a larger, longer lipid core might be more vulnerable

that a plaque with a shorter core. However, it was observed that a shorter
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Fig. 4.11: Influence of the positive remodelling on the axial distribution of (A)

first principal stress, σ1, and (B) non-dimensional radial displacements, ξr/D.

The variables were measured at the interface boundary between the flow field

and the wall.
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core with a significant change of wall thickness (larger than the equivalent

for longer lipid cores) may present larger levels of stress, and thus the plaque

might present a higher risk of rupture.

The radial displacements, as shown in figure 4.12B, presented a similar

behaviour. Both the minima and maxima of the curves increased for the

shortest lipid core.

Fig. 4.12: Influence of the lipid core length on the axial distribution of (a)

first principal stress and (b) radial displacements. Magnitudes measured at the

interface boundary between the flow field and the wall.
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4.6.4 Effect of the cap stiffening

The axial stress distribution for the different values of cap stiffness considered

is shown in figure 4.13. As it can be seen in the figure, decreasing the cap

stiffness to half the base value, or increasing it to 10 times the stiffness of the

artery wall had negligible effect on the stress. The same result was observed

regarding the radial displacement along the plaque.

Fig. 4.13: Influence of the cap stiffening on the axial distribution of first principal

stresses. Magnitudes measured at the interface boundary between the flow field

and the wall.

In summary, each parametric analysis showed different effects on the

stress distribution. Over physiologically relevant ranges, the plaque com-

position and the positive remodelling of the artery were found to be the

most important parameters, as they had the largest effect on the absolute

peak values, while also changing the axial distribution along the fibrous cap.

Specifically, a decrease of the stiffness of the core increased the peak stress

by a 20 % with respect to the baseline case, whereas the mild stenotic model

with positive remodelling gave rise to an 11 % increase. On the other hand,

the length of the lipid core had a smaller impact on the maximum stresses,
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but it significantly affected the local maxima. In particular, the local stress

peaks increased by a 10 % when the core length decreased. Finally, the stiff-

ening of the fibrous cap did not impact the stress distribution by more than

a 1 % for the range of values considered in this work.

4.6.5 Justification of the steady model

Before proceeding with the discussion of the results, a justification for the use

of a steady flow instead of a pulsatile one is presented. When the heart beats,

the contraction during the systole creates a pressure wave that travels along

the arterial tree. The velocity of propagation of these pressure waves is the

pulse wave velocity [153]. According to Pereira et al., the pulse wave velocity

in the carotid artery is in the range of 3 to 12 m/s. Therefore, considering

that the heart typically beats once a second, the minimum wavelength is

3 m, or approximately 428D. On the other hand, the domain length is 14D.

Since the pressure wavelength is more than 30 times larger than the domain

length, the local non-stationary effects on the wall could be neglected.

This assumption was tested by performing a test simulation of a pulsatile

inflow case, with a 1-second period. One limitation however was that no

turbulence model was considered, even though some unstable effects may

appear due to the higher Reynolds at certain times during the period [24].

Still, the main goal of this test was to focus on the effect of the instantaneous

hydrostatic pressure on the stress distributions. Specifically, the significant

changes of the pressure values during the period (up to a 50 % from the

average values) led to similar changes of the stress levels, but the distribution

was essentially the same. This is shown in the axial stress distribution for

different times during the period T depicted in figure 4.14A.

In addition, the pulsatile case was compared to the steady case at the
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Fig. 4.14: (A) Axial distribution of the first principal stress, σ1 for different

times during the period T for the pulsatile simulation; t = 0.25T corresponds

to the systole (highest pressure). (B) Comparison between the steady case and

the pulsatile case at t = 0.25T , which corresponds to the same pressure value,

150 mmHg

.
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same pressure level. Specifically, the steady case was run by setting the

outlet pressure value to 150 mmHg (approx. 20 kPa), which corresponded

to the maximum pressure for the pulsatile case, at t = 0.25T . The axial

distribution of the first principal stress for both models is shown in 4.14B.

It was observed that the distribution of the pulsatile case presented some

asymmetry with respect to the coordinate z = 0; in particular, the upstream

maximum increased and the downstream one decreased with regards to the

stress maxima of the steady case. However, the overall shape of the curve was

very similar, showing the local peaks at the ends of the lipid core, and the

two global stress maxima at the midpoints of the upstream and downstream

regions of the stenosis.

This pattern repeated over the following periods. Indeed, the peak value

of the stress distributions at the same time for different periods did not

change significantly; it stayed constant and varied less than a 0.01 %. There-

fore, a steady inflow with a high systolic pressure value was used in order

to model the most critical conditions during the period. As stated in Sec-

tion 4.3.1, pout = 160 mmHg was used, taken into account any potential

adverse conditions due to high blood pressure, which has been associated

with atherosclerosis [1].

4.7 Discussion

The combined analysis of the stenosis severity and plaque composition shows

that both effects should be considered simultaneously. Significant differences

in the stress levels are observed for both severe and mild stenoses, depending

on the stiffness of the lipid core. Indeed, plaque rupture is considered to

be more dependent on the plaque composition rather than stenosis severity
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[3], as the stress along the fibrous cap increases when the lipid stiffness is

lowered.

As expected, the stress distribution of this model is significantly different

to the one observed for the thin-wall simulations (Chapter 3), due mainly

to the new solid geometry that now includes the lipid core and the fibrous

cap. In order to explain this new stress distribution, the fluid pressure along

the axial direction should be taken into account, as the pressure is the main

contributor to the loading of the wall. This was something that was already

observed in the previous chapter regarding the thin-wall simulations. In

particular, the pressure was barely affected by large variations of the material

properties of the wall. The same applies to the material of the lipid core,

especially since the stiffness of the wall and the stiffness of the fibrous cap

were kept constant. Therefore, the pressure did not depend on the lipid core

elasticity and it was only affected by the stenosis severity. Indeed, a pressure

drop of ∼300 Pa (equivalent to a 1.4 % of the total pressure) was found for

the 75 % occlusion, while that value decreased to around 80 Pa for the 50 %

severity stenosis. Taking a closer look at the stress plot in figure 4.8A, there

was a slight difference in the peak stress before and after the minimum lumen

section for the severe stenosis cases. This small change was approximately

of 1.5 %, which could be associated with this pressure drop along the plaque,

as shown in figure 4.7B.

The novelty of this work is related to the effect of stenosis severity and

lipid core stiffness on the the stress curve, which varies from a flat shape

to a two-peak distribution. A similar change was reported by Belzacq et

al. [87], when varying the plaque length (rather than the lipid composition),

so they reported it as a ‘pinching effect’. Since a constant plaque length

was used, the change in the stress distribution is related to the lipid core
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stiffness, which was kept constant in their study. This result implies that the

change of the lipid composition may impact the stress values significantly,

but only when the change of stiffness is large enough. Small increases of the

Young’s modulus of the lipid core do not produce a noticeable effect on the

stress peaks, which is in agreement with previously published results [78, 89],

but changing the Young’s modulus by an order of magnitude has noticeable

effects on the stress.

It is worth mentioning about the local peaks of stress at the beginning

and at the end of the lipid core region (z ' ±0.6D, figure 4.8A). These

peaks are largely influenced by the chosen shape of the lipid core ends. This

was found by considering a different shape of the lipid core, that showed no

concentration of stress when the ends were sharper (figure 4.15). The sudden

change of thickness of the wall sustaining the loading (from the thickened wall

to the fibrous cap with a lipid core), leads to this local change of the stress.

It has been suggested that sometimes the rupture occurs at points of local

stress concentrations, but not at the absolute maximum stress location [154].

These local maxima could indicate one of those plaque rupture sites. The

local maxima occur at the ends of the plaque while the global maxima occur

closer to the middle. This could also help to explain, from a mechanical

point of view, why the axial rupture location has not been precisely defined,

as reported by Falk [3].

Several points should be noted regarding figure 4.9, which shows the first

principal stress alongside the components of the stress tensor: (1) the shear

components of the stress tensor σrφ and σφz were equal to zero (due to the ax-

isymmetry). (2) The remaining component σrz was zero outside the stenosis

region, but it presented two peaks of 70 kPa at z = ±0.6D, corresponding to

the ends of the lipid core. (3) The circumferential component, σφ, matched
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Fig. 4.15: (A) General picture showing the location of the zoomed-in sections.

(B) First principal stress along the wall for a lipid core with rounded ends; the

arrow points to the location of the local maximum. (C) First principal stress

along the wall for a lipid core with sharp ends; the local maximum is not present.
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the first principal stress distribution, σ1, almost perfectly, except at the lipid

core ends (z = ±0.6D). At these locations, the axial component, σz, seemed

to be as important as the circumferential component stress. (4) According

to the Tresca criterion, the shear strength of an isotropic material is half the

tensile yield strength. The results show that the shear stress magnitude was

always smaller than half the first principal stress. It was concluded that,

although significant at z = ±0.6D, the shear stress seemed to not be the

main contributor to the plaque rupture process.

The positive remodelling study showed some interesting results. As shown

in figure 4.11, the average stress levels in the stenosis region are similar be-

tween the base model and the non-stenotic positive remodelling case. There

is, however, a change in the stress distribution, which could eventually lead

to different rupture sites. This change in stress distribution is attributed to

the difference in the fluid pressure distribution. Indeed, the stenotic case

presents a sudden pressure drop due to the constriction, which affects the

stress distribution accordingly. A combination of a positive remodelling ef-

fect and a mild stenosis (the 25 % case in the same analysis) has a great effect

on the overall stress in the fibrous cap. The peak stress increases by 11 % in

the mild stenotic case compared to the base model, reaching a maximum of

259 kPa. This magnitude is also closer to the 300 kPa rupture threshold [60],

something that is related as well to the larger lipid core of the mild stenosis

case, which can significantly affect the peak stress [74].

It should be noted that although the 75 %-stenotic case and the non-

stenotic model with positive remodelling share similar stress levels (with

a different distribution), their radial displacement values are different (fig.

4.11B). Two factors could explain this result: first, due to the larger constric-

tion at z = 0, the fluid pressure for the 75 %-stenotic case is lower than the
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models with positive remodelling, therefore affecting the radial displacement;

second, the severe stenotic geometry may be less prone to radial deformation.

In particular, the 75 %-stenotic case is deformed in both the radial and axial

directions due to the shape of the wall, while the positive remodelling cases

are mainly deformed in the radial direction only.

The results from the analysis of the lipid core length showed that, inter-

estingly, the highest stress peaks are found for the shortest core (figure 4.12).

Since the lipid length was varied at constant thickness of the fibrous cap

and outer wall, the shortest plaque case is subjected to the minimum stress

outside the lipid region, where the wall is thickest. This thickness change at

the beginning of the fibrous cap creates a sudden increase of the stress levels,

and thus the local maxima are also remarkably higher than in the other cases

(17-31 %). Interestingly, even though the lipid core thickness at z = 0 is the

same for the three cases, the stress is not. Therefore, not only the thickness

of the lipid core is important to the stress levels (something already reported

by Ohayon et al. [74]), but also the axial shape.

The axial distribution of stress resembles that of the plaque composition

analysis as shown in figure 4.8. Two peaks appear at the middle of the

upstream and downstream regions of the stenosis, and smaller, local peaks

at the beginning and end of the lipid core region. Two possible sites of

rupture are identified: the first one related to the global maxima in the

stress distribution, and others at the beginning and end of the lipid region.

The latter should be especially important in longitudinally short plaques

presenting a significant change of wall thickness.

The influence of the lipid core size was studied by Tang et al. [88], but a

direct comparison cannot be made as in their study the fibrous cap thickness

was variable and that has a great impact on the stress values. Indeed, the
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stress levels decreased for a smaller lipid pool, but the cap thickness was

larger than their baseline model. On the other hand, it is interesting to

compare the current results to the ones obtained by Cilla et al. [149]. They

performed a parametric variation of the lipid core length, and analysed the

peak stress at the minimum lumen section, where the cap thickness was

constant. They reported that the stress remained approximately constant

(varying less than 10 kPa). In the current simulations, a significant variation

of stress distribution was found when varying the lipid core length, but at

z = 0 (minimum lumen section) the value stayed relatively constant for the

three cases considered, within the 10 kPa range (figure 4.12). Hence, the

results here are in agreement with those by Cilla et al. [149] at z = 0.

However, the whole axial distribution has been analysed here, and it was

observed that the stress maxima and distributions vary significantly with

the core length.

It should be noted that the effect of the lipid length is less than that due

to the change of lipid stiffness and stenosis severity. Indeed, when varying

the lipid stiffness, a 20 % increase of the maximum stress value was observed

with respect to the base model. When analysing the effect of the lipid length,

the maximum stress increases only by a 4.3 %. On the other hand, the local

maxima are more affected by the lipid core length: the shortest lipid presents

a local peak that is 34 % larger than the longest one.

No significant differences in the stress distribution were observed when

varying the fibrous cap stiffness. Some authors have reported that the fibrous

cap stiffness is 2-5 times larger than that of the healthy artery wall [99].

The current results imply that, for the material properties and geometry

considered in this analysis, the stiffening of the fibrous cap does not influence

the stress distribution noticeably. This behaviour could be explained by
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comparing the current geometry with a thin-walled pressurised tube. In that

case, the circumferential stress does not depend on the material properties

of the wall, so that could explain why the change of stiffness of the fibrous

cap does not change the stress levels. Therefore, the effect of the plaque

composition along with the stenosis severity as well as the lipid core length

are considered more crucial factors when analysing possible sites of rupture.

4.8 Conclusions and further developments

Numerical simulations of incompressible, steady flow through an axisymmet-

ric stenosed artery have been performed to systematically vary the mechani-

cal parameters in the plaque and analyse the effects of the axial distribution

of stresses. This follows the thin-wall simulations presented in the previous

chapter, but introducing new features such as the modelling of the lipid core

and the fibrous cap. In particular, the following parameters were investi-

gated: the stenosis severity, the lipid core stiffness, the positive remodelling

of the artery, the lipid core length and the fibrous cap stiffness. The goal was

to analyse the importance of these parameters on the axial distributions of

stress, and to identify possible rupture locations in the axial direction.

It was found that the degree of stenosis and the lipid core stiffness, along

with the positive remodelling, had the largest effect on the peak values. The

stress distribution also changed significantly, especially with the lipid core

stiffness, from a one-peak curve (for calcified cores) to a two-peak curve (for

lipid-filled plaques). In addition, shorter lipid cores with a significant change

of wall thickness (larger than the equivalent for longer lipid cores) resulted

in higher maximum stresses, both absolute and local. On the contrary, vary-

ing the stiffness of the fibrous cap did not influence the axial distributions.
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From these results, potential sites of plaque rupture were identified for each

case: the midpoints of the upstream and downstream regions of the stenosis

(for severe, lipid-filled plaques), the ends of the lipid core (for longitudinally

short cores), and the middle of the stenosis (for mild stenoses with positive

remodelling).

As a logical next step, three-dimensional simulations would allow to in-

corporate the effects of multi-directional flow and eccentric plaques. They

would also make it possible to compare the current two-dimensional results

to the three-dimensional cases, and then evaluate how useful these first two-

dimensional models are when modelling more complex geometries.
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Chapter 5

Three-dimensional plaque

simulations

5.1 Introduction

So far, potential sites of plaque rupture have been investigated by following an

axisymmetric approach. In particular, a stenotic geometry with a thin, elastic

wall was studied first (Chapter 3), and was later refined with the introduction

of the plaque modelling (Chapter 4). The severity of the stenosis, the stiffness

of the lipid core, the presence of positive remodelling and the axial length of

the core were factors that could significantly affect the stress distributions

on the plaque.

The next step presented here is the three-dimensional model of the ge-

ometry, considering that the plaque may not be axisymmetric. Richardson

et al. observed that the majority of the plaques they studied presented some

kind of eccentricity [58], i.e. the lipid core was located just around one part

of the artery, not covering the whole lumen. In order to visualise this, it is

useful to recover a figure from Chapter 1. It is shown again here for sim-
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Fig. 5.1: Cross-section diagrams of an atherosclerotic artery. The red arrow

denotes the rupture site. (A) Rupture of an eccentric plaque at the junction of

the cap with the adjacent layer of the artery; (B) rupture of an eccentric plaque

through the centre of the cap; (C) rupture of a concentric plaque.

plicity, in figure 5.1. The model presented in this chapter corresponds to the

idealisation of the plaques shown in figures 5.1A and B.

Therefore, the main objective is to shed some light on the axial location of

plaque rupture in a three-dimensional, asymmetric geometry. Another goal

is to provide some insights that may explain why it is not easy to predict

the position of a rupture (which might happen upstream the stenosis [70,

71], but also downstream or at the maximum constriction section [3]), and

what can be studied in order to identify plaques that could be vulnerable.

The following hypothesis will be tested: the most likely axial location of

plaque rupture in an idealised carotid artery is affected by similar features

to those that affect the axisymmetric models. These features were presented

in Chapter 4: the positive remodelling, the length of the core and the lipid

core stiffness. In order to investigate this, the results corresponding to the

eccentric plaque will be compared with those of the axisymmetric case.

Following the study performed in Chapter 4, a fluid-structure interaction

model is constructed, and the geometric and physical parameters of this
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model are varied. The study is focused on the effect of different features on

the stress distributions that are related to plaque rupture. As in the case

of the previous chapter, it is worth mentioning that previously published

results linked high plaque stresses with sites of plaque rupture in carotid

arteries [105, 108, 141], and in coronary arteries [146, 147].

In particular, three different eccentric geometries are compared, along

with two axisymmetric stenosis models. The effects of the stiffness and the

length of the lipid core are also analysed, similarly to the study performed

in the previous chapter. Again, the artery wall is modelled as a hyperelastic

solid, while the lipid core is considered as a linear elastic material. On the

other hand, the blood flow is considered as a Newtonian, incompressible fluid

and it is described by the continuity and the Navier-Stokes equations. This

simplified configuration makes it easier to identify critical parameters that

affect the location of plaque rupture by studying the stress distributions. The

findings in this geometry are easier to generalise and, therefore, this could

potentially be useful in order to assess the rupture process in more complex,

patient-specific cases.

5.2 Geometry

The geometry considered in this chapter is a three-dimensional eccentric

carotid stenosis with circular cross-sections for the lumen and the artery

wall. The origin of the coordinate system, O, is located at the intersection

of the centre-line of the inlet flow with the cross-section at the throat. The

coordinates x and y define the position in the cross-section, while z denotes

the axial direction. y = 0 is considered as a plane of symmetry, and is

represented in figure 5.2A.
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Fig. 5.2: (A) Representation of the geometry at the plane of symmetry y = 0.

(B) Detail of the stenosis region at the plane of symmetry: r(z) denotes the lumen

radius, while e(z) defines the centre-line of the flow domain. (C) Cross-sectional

shape of the lipid core at z = 0. The origin of the coordinate system, O, is located

at the maximum constriction section.
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The contour of the lipid core follows the shape of the lumen along the

stenosis. The portion of the artery that lies between the lipid core and

the lumen is the fibrous cap. The thickness of this cap, tfc, is modelled as

constant along the plaque and equal to 200 µm, which is in the typical range

of thickness for thin fibrous caps [100]. A cross-sectional representation of

the shape of the core is shown in figure 5.2C.

The inlet diameter D is used as the reference length unit, and it is set

to D = 7 mm, based on averaged values of a human carotid artery [23, 38,

97, 120, 138]. In terms of this variable, the aforementioned thickness of the

fibrous cap is then tfc = 0.028D. Outside the stenosis region, the geometry

of the model is the same as in the axisymmetric case studied in the previous

chapter, where the wall thickness is constant along the axial direction and

equal to D/10. The positions of the inlet and outlet sections are z = −4D

and z = 4D respectively.

The lumen radius, r(z), is defined in the same way as in the previous

chapters. Specifically, r(z) = D/2 outside the stenosis region, whereas for

−D ≤ z ≤ D the lumen radius is described by

r(z) =
D

2

{
1− 1− γ

2

[
1 + cos

(
2πz

L

)]}
, (5.1)

where L = 2D is the length of the stenosis and γ = Dmin/D is the

diameter ratio. The stenosis severity, S, is defined as

S =
Inlet area−min. area

Inlet area
= 1−

(
Dmin

D

)2

= 1− γ2, (5.2)

and in this case S = 50 % = 0.5 in order to facilitate the comparison

to the axisymmetric models, as it will be explained later. Therefore, the

diameter ratio is set to γ = 1/
√

2 ' 0.7071.

Similarly to the work performed by Samulesson et al. [29], the eccentricity

e of the stenosis is defined by introducing an offset of the geometry of the
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artery wall in the vertical direction x. Alternatively, the function e describes

the centre-line of the fluid domain, as shown in figure 5.2B. Therefore, the

expression that defines the x and y coordinates of the lumen may be rewritten

in terms of the lumen radius, r, and the eccentricity, e:

x(z) = r cosφ+ e, (5.3)

y(z) = r sinφ, (5.4)

where r is given by the expression 5.1 and φ = arctan[y/(x− e)] denotes

the angle in the circumferential direction. The eccentricity is e = 0 outside

the stenosis region. For −D ≤ z ≤ D, it is described by a sinusoidal function

such as

e(z) =
D

2
e0

[
1 + cos

(
2πz

L

)]
. (5.5)

The value e0 is set to e0 = (1−γ)/2, so the top edge of the geometry at the

plane of symmetry (y = φ = 0) remains undeformed, and only the bottom

edge (y = 0, φ = π) defines the stenosis shape. Therefore, the equations that

describe those edges are:

x(φ = 0) = xtop(z) = D/2, (5.6)

x(φ = π) = xbot(z) = −r + e. (5.7)

Some variants of this geometry are considered as well and included in a

parametric analysis. In particular, three additional models are studied: (1)

a three-dimensional, eccentric geometry similar to the original one, but with

a modification that introduces a small chamfer (of size similar to that of the

fibrous cap) at the ends of the lipid core in the axial and in the cross-sectional

directions; (2) another three-dimensional, eccentric model that includes the

positive remodelling of the artery, and thus a larger lipid core; (3) a two-

dimensional, axisymmetric stenosis with a concentric lipid core. This last
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model serves as a base comparison to validate the results against a simpler

geometry.

Considering the same severity as in the three-dimensional cases (50 % in

area occlusion), the wall shape of the axisymmetric model is slightly different.

In particular, the plaque is smoother. For this reason, a higher stenosis value

(75 %) is also considered, in order to impose the same shape of the wall as

in the eccentric models. The geometries at the planes of symmetry for all

five models considered in the analysis are shown in figure 5.3, along with the

corresponding cross-sections.

5.3 Models and boundary conditions

5.3.1 Flow field

The same model for the blood flow as the one presented in Chapters 3 and

4 is used here. A summary is given in the following.

The governing equations are the ones shown in section 2.4. In particular,

the conservation of mass and the conservation of momentum for Newtonian,

incompressible fluids:

∇·u = 0, (5.8)

ρ
∂u

∂t
+ ρu · ∇u = −∇p+ µ∇2u. (5.9)

The flow parameters are unchanged from the previous chapter: density

ρ = 1000 kg/m3, dynamic viscosity µ = 4× 10−3 Pa · s, based on previous

works [50, 139–141], and Reynolds number Re = ρUD/µ = 300, a physiolog-

ically representative magnitude [12, 97]. In addition, the flow is considered

to be Newtonian.
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Fig. 5.3: Geometry at the plane of symmetry and cross-section at z = 0 for

the models considered: (A) Original eccentric geometry; (B) eccentric geometry

with chamfer at the ends of the lipid core; (C) eccentric geometry with posi-

tive remodelling of the artery wall; (D) comparison between the axial ends of

the lipid core for the original and chamfer geometries (zoomed-in section); (E)

two-dimensional axisymmetric model (50 % stenosis); (F) two-dimensional ax-

isymmetric model (75 % stenosis); the severity is higher in this last case, but the

shape of the wall is the same as the bottom edge of the eccentric models.
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The boundary condition at the inlet cross-section of the flow domain is

the same as in Chapter 4, but applied now in a three-dimensional setting.

Specifically, a parabolic velocity profile in the axial direction, uin = (0, 0, win),

is prescribed at the inlet:

win(x, y) = 2U

1− 4

(√
x2 + y2

D

)2
 , (5.10)

where U denotes the cross-sectional mean velocity at the inlet section and

is given by the Re. The justification for the use of a steady flow rather a

pulsatile one is the same as the one explained at the beginning of Section 4.7,

Chapter 4 (the local, non-stationary effects on the wall could be neglected

since the pressure wavelength is more than 30 times larger than the domain

length). Again, as in Chapter 4, the outflow pressure condition is imposed

at the outlet by setting pout = 160 mmHg = 21.33 kPa, using the same values

as in former studies [90].

5.3.2 Artery wall and lipid core

The artery wall and lipid core models of this chapter are the same as those

used in the previous axisymmetric analysis. Therefore, a neo-Hookean, non-

linear, hyperelastic model is chosen to describe the artery wall. The strain-

energy density function, W , corresponding to the vessel is then:

W =
1

2

[
G (I1 − 3) +K (Jel − 1)2

]
, (5.11)

where G denotes the shear modulus, I1 is the first invariant of the iso-

choric part of the elastic right Cauchy-Green deformation tensor, K refers to

the bulk modulus and Jel denotes the elastic volume ratio. The mechanical

properties are G = 6 MPa and K = 600 MPa, in accordance with previous

works [90]. The density is set to ρw = 900 kg/m3.
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The lipid core, on the other hand, is modelled as an isotropic, linear elastic

material that is less stiff than the artery wall. The Young’s modulus of the

base model is set to Ec = 100 kPa, in order to keep it around a hundred times

smaller than the equivalent Young’s modulus of the wall [89]. The Poisson’s

ratio is set to νc = 0.49, corresponding to a nearly incompressible material

[60, 73], and the density is ρc = 900 kg/m3.

The boundary conditions are also the same as the ones used in the two--

dimensional models. Specifically, the displacement of the artery wall, ξ, is

constrained at the inlet (ξ = 0). On the contrary, at the outlet, only the axial

displacement is constrained (ξz = 0). It should be noted that the domain

lengths were varied to ensure that the boundary conditions did not affect the

stress distributions along the stenosis region.

5.3.3 Matching conditions

In order to close the coupled system (flow and solid fields), matching condi-

tions are required at the interface between the solid and the fluid. First, the

velocity continuity, which means that the flow velocity must be equal to the

velocity of the vessel wall:

u =
∂ξ

∂t
, (5.12)

and then the stress continuity, so that the stresses on the wall are equal

to those of the fluid along the interface, but opposite in the outward normal

direction:

f = n ·
[
−pI + µ

(
∇u+∇uT

)
− 2

3
µ (∇·u) I

]
, (5.13)

where n denotes the outward normal to the boundary.

120



5.4 Mesh convergence analysis

Following the methodology employed in previous chapters, a mesh conver-

gence analysis was performed in order to ensure that the discretisation of

the domain was adequate. The process is analogue to the one carried out in

Chapter 4.

The mesh considered for this model has also been created in COMSOL by

making use of the available built-in tools. A hybrid approach regarding the

type of discretisation was followed in order to mesh the three-dimensional

domain. The vessel wall along the inlet and outlet pipes, upstream and

downstream of the stenosis respectively, was discretised using a structured

grid made of hexahedral elements. This choice was based on the shape of

the pipes, which made it possible to use a regular grid. The lumen domain

mesh presented some differences with regards to the two-dimensional model.

In particular, the cross-section of the flow domain was discretised using an

unstructured grid of triangular elements in order to better accommodate for

the semi-circular shape. Those elements were swept in the axial direction

leading to triangular prisms in the three-dimensional space for z < D and

z > D.

On the other hand, in the stenosis region, all the corresponding domains

(flow, vessel and lipid core) were discretised using an unstructured grid made

of tetrahedral elements. This choice was justified given the more complex

geometry within this region. A second order discretisation was used for the

blood velocity field and for the solid displacement field, while the pressure

field was solved using a first order interpolation (P2-P2-P1), as previously

reported in the literature [102].

The convergence analysis was carried out by studying several features

of the flow and of the solid in the most interesting region, which is the
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stenosis. In particular, the following features were analysed: the velocity

profiles downstream the stenosis (at y = 0, z = L/2); the axial distribution

of the first principal stress along the bottom edge at the plane of symmetry

(x = xbot, y = 0); and the cross-sectional distribution of the first principal

stress along the fibrous cap at the section of maximum constriction (z = 0).

The simulations were started with a coarse mesh, which was gradually re-

fined (first, the flow domain and, secondly, the solid regions). The number

of elements, the degrees of freedom and the approximate solution time cor-

responding to each mesh tested are shown in table 5.1.

Mesh Number of elements Degrees of freedom Solution time (hh:mm)

1 64048 511110 00:20

2 128132 1030905 01:15

3 294376 2053409 03:00

4 315650 2162312 04:00

Table 5.1: Mesh parameters used for the convergence analysis.

The process started by refining the flow domain, so the velocity profiles

were analysed at y = 0, z = L/2 in order to assess the quality of the mesh.

The results for each grid are shown in figure 5.4A, along with a zoomed in

detail in figure 5.4B. It was visible that all meshes other than the first one

provided a good definition of the velocity profile.

In order to assess the mesh refinement in the solid domains, the axial

distribution of first principal stress along the bottom edge (x = xbot, y = 0) is

shown in figure 5.5. The shape of the distribution resembles the one observed

in the axisymmetric simulations of Chapter 4, as it will be discussed further.

The detail presented in figure 5.5B better shows the discrepancies by zooming

in on the local peak at the beginning of the stenosis. Indeed, mesh 1 and
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Fig. 5.4: (A) Velocity profiles at z = L/2 measured at the plane of symmetry

for each mesh considered in the convergence analysis. (B) Zoomed-in section.

mesh 2, which contained the lowest number of elements, did not represent

the local maximum well. On the other hand, mesh 3 and mesh 4 showed

similar results, with a relative difference that was less than a 0.5 %. After

this analysis, mesh 3 apparently seemed to be an adequate discretisation.

However, a further check was performed in order to take into account the

three-dimensional nature of the configuration. Specifically, the first principal

stress distribution along the cross-section was analysed at the throat of the

stenosis (z = 0). The arc coordinate varies along the cross-section from

φ = 0 (top edge) to φ = π (bottom edge). Results are shown in figure 5.6A.

Again, the observations reported for the axial distributions still hold here:

mesh 3 presented values that were notably close to those shown by mesh

4. In addition, as shown in table 5.1, increasing the degrees of freedom by

a 5 % for mesh 4 (with relation to mesh 3), gave rise to a 30 % increase in

the overall solution time, due to RAM limitations. Therefore, mesh 3 was

chosen as the appropriate mesh that will be used as the base to perform the

calculations in the next section. On the other hand, the mesh corresponding

to the axisymmetric geometries is the same as the one used in Chapter 4.
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Fig. 5.5: (A) Axial distribution of first principal stress, σ1, at the plaque edge

along the plane of symmetry for each mesh considered in the convergence analysis.

(B) Zoomed-in section.

Fig. 5.6: (A) Cross-sectional distribution of first principal stress, σ1, at the

minimum lumen section for each mesh considered in the convergence analysis.

(B) Zoomed-in section.
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It is worth mentioning that a further validation of the mesh was performed

by comparing the flow solution to the one obtained by using an open-source

solver, NEK5000 [123]. The results corresponding to this study are presented

in Appendix A (“Validation of the flow solution”).

The final three-dimensional mesh is shown in figure 5.7. Hexahedra and

triangular prism element types are used for the discretisation of the inlet

and outlet pipes. The mesh around the stenosis is made of tetrahedra and

pyramid element types, which are smaller than the ones used for the inlet and

outlet pipes in order to better capture interesting flow and solid features. The

final grid used for the base model is made up of 294376 elements and 2053409

degrees of freedom. The mesh at the plane of symmetry is represented in

figure 5.7A; the inlet cross-section is shown in fig. 5.7B; and finally a three-

dimensional detail of the inner wall is shown in fig. 5.7C.

5.5 Design of the parameter sensitivity study

Similarly to Chapter 4, an overview of the parameter sensitivity analysis is

provided here before showing the results of the three-dimensional simulations.

First, the Results start with an introduction figure of the general flow

and stress fields. A parametric study is performed in the following sections,

following a methodology similar to that of Chapters 3 and 4. Again, for

each parameter considered, the axial distribution of first principal stress is

analysed.

This study starts by considering the effect of the different geometries

depicted in figure 5.3. Specifically, the first principal stress is plotted along

selected edges of the geometry. The distributions can then be compared using

two-dimensional graphs. In particular, the stresses are analysed along the
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Fig. 5.7: Representation of the mesh. (A) Plane of symmetry y = 0; (B) Cross-

section at the inlet; (C) Detail in 3-D of the artery wall in the stenosis region.
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top edge (x = xtop, y = 0) and the bottom edge (x = xbot, y = 0), which are

located at the plane of symmetry. In addition, the cross-sectional distribution

of the stress is also considered at the minimum constriction section, z = 0.

The last part of this study also includes the analysis of the flow velocity

profiles for each of the geometry models considered. Specifically, the non-

dimensional axial velocity profiles are compared at two different sections

(y = 0, z = 0 and y = 0, z = L/2).

The next analysis is the influence of the lipid core stiffness on the stress

distributions. To perform this study, the Young’s modulus of the lipid core,

Ec, is varied. Three different values are tested: Ec = 50 kPa (as a simpli-

fied lipid-filled core model), Ec = 100 kPa (another lipid-filled model but

with double the stiffness, which is the baseline case), and Ec = 1000 kPa

(increasing the stiffness one order of magnitude, to model calcified cores).

The distributions of first principal stress along the bottom edge are shown

for each value of Ec.

The last study considers the effect of the lipid core length on the stress

distributions. Two models are compared, the base line core and a new, short

core model. For the short core case, the shape of the stenosis is the same

as in the other models, so the lumen of the artery remains unchanged. The

thickness of the fibrous cap and the outer part of the wall are kept constant

as well.

5.6 Results

5.6.1 Introduction

A general picture of the flow solution and stress field obtained from the

simulation is presented in figure 5.8. The colours of the solid domain (fig.
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5.8A) refer to the first principal stress, σ1, on the artery wall, whereas the

colours of the fluid domain (fig. 5.8B) denote the axial component of the

non-dimensional blood velocity, w/U . In addition, the secondary flow is

represented in figure 5.8C, which shows the non-dimensional velocity in the

x direction, u/U , at different cross-sections. Red and blue colours denote

high and low values respectively of stress/velocity. The lipid core stiffness

was set to the lowest value, 50 kPa. The highest stresses were located in the

stenosis region, particularly along the fibrous cap area. The maximum values

were located at the upstream and downstream parts of the cap. Outside the

stenosis, the stress stayed uniformly constant at around 120 kPa. It should

be noted that the stress maxima present at the inlet section were due to the

boundary condition of the solid; in particular, since the artery is constrained

at the inlet (ξ = 0), the reaction creates a stress peak. Taking this into

account, the domain length was varied to ensure that the stresses in the

stenosis were not affected by the proximity to the inflow and the outflow

boundaries. In other words, the chosen length was investigated so it did not

affect the stress distribution along the stenosis.

On the other hand, the flow field presented the typical features of an

eccentric, stenotic flow, with a region of accelerated fluid at the constriction

due to the pressure drop, and a recirculation region (negative axial veloc-

ity) downstream the throat. Figure 5.8C shows that the stenosis created a

secondary flow, especially at the throat of the stenosis, where the velocity

in the x direction was maximum. This was due to the change of the lumen

shape, from a straight wall upstream the stenosis to the plaque slope for

−D ≤ z ≤ D. Still, it is worth noting that the maximum axial velocity was

more than ten times larger than the maximum cross-sectional velocity.
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Fig. 5.8: (A) Three-dimensional representation of the first principal stress, σ1,

distribution along the artery wall. (B) Non-dimensional axial flow velocity, w/U .

(C) Non-dimensional flow velocity in the x direction, u/U , at selected cross-

sections. The case considered is the original geometry, the Young’s modulus of

the lipid core is set to 50 kPa and the Reynolds number is Re = 300.
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5.6.2 Effect of the different geometries

Figure 5.9A shows the axial stress distribution along the bottom edge for

the five different geometries considered. The largest stress values of around

200 kPa corresponded to the positive remodelling case, while the lowest ones

corresponded to the axisymmetric case with a 50 % stenosis. The rest of the

models presented similar stress levels (varying less than a 4 %), especially the

original geometry and the one with the chamfer ends. These results indicated

that the plaque end shape did not significantly influence the overall stress

level. Finally, although the maximum stress of the axisymmetric geometry

with a 75 % stenosis was close to the one of the original model, the distribu-

tion varied significantly at the maximum constriction section. At z = 0, the

minimum stress was 15 % smaller than the stress for the original case. On

the other hand, the artery modulation (positive remodelling) increased the

overall stress level in a similar way to the increase due to the 25 % change in

severity in the axisymmetric models.

The axial distribution of stress along the top, undeformed edge is shown

in figure 5.9B. In this case, the stress level was noticeable smaller than the

one along the bottom edge, mainly due to the constant thickness of the wall,

which is the same for the three eccentric models. The original geometry

presented a maximum of σ1 = 135 kPa at z = 0, which was still smaller than

the minimum stress observed at the bottom edge. Therefore, the fibrous cap

region was subjected to the main stress, whereas in the top edge the load

was notably lower. It should be noted that the axisymmetric cases are not

present in this plot due to the absence of an undeformed edge.

Finally, figure 5.10A shows the stress distribution along the cross-section

z = 0. Both the maximum and the minimum values corresponded to the

positive remodelling model. It should be noted the presence of small, sec-
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Fig. 5.9: Axial distribution of the first principal stress, σ1 for the five differ-

ent geometry models considered: (A) distribution along the bottom edge (x =

xbot, y = 0); (B) distribution along the top, undeformed, edge (x = xtop, y = 0).

131



ondary peaks, which were located at the ends of the lipid core. Finally, the

two-dimensional cases were represented by the horizontal lines, as the stress

was constant due to the axisymmetry. It was apparent from the plot that

the thickness distribution of the wall notably influenced the stresses; in par-

ticular, the fibrous cap region presented the highest stress levels. This would

correspond to the region located between the positions (2) and (3) as shown

in figures 5.10B and 5.10C. The reader is referred to the Discussion section

for further analysis of the stress distributions.

The axial velocity profiles of the flow, w, were investigated at the max-

imum constriction section (z = 0) and downstream the stenosis (z = L/2).

The profiles are shown in figure 5.11 and are given in a non-dimensional

form, using the bulk velocity U as the reference. Both graphs showed that

the eccentric cases shared the same shape of the velocity profiles, which were

qualitatively similar to the axisymmetric case with 50 % stenosis. On the

other hand, the axisymmetric model with 75 % stenosis presented signifi-

cantly higher axial velocities. At z = 0 (fig. 5.11A), the maximum velocity

for the axisymmetric model with 75 % stenosis was w = 4.67U , which was

68 % larger than the maximum for the three-dimensional geometries. This

difference was due to the larger severity of the axisymmetric model: as men-

tioned in section 5.2, the occlusion in this axisymmetric case is larger than

in the 3-D one in order to keep the same shape of the wall and make a direct

comparison of the stress distributions. In addition, it is worth mentioning

that the profile of the 75 % stenosis model was flatter due to a larger accel-

eration at the stenosis. On the other hand, the maximum velocity of the

axisymmetric case with 50 % stenosis (w = 2.70U) was very similar to the

maximum of the eccentric models (w = 2.77U). Similar results were observed

downstream the constriction at z = L/2 (fig. 5.11B): the maximum of the
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Fig. 5.10: (A) Distribution of the first principal stress, σ1, along the cross-section

z = 0. Results are shown for the five different geometry models considered. (B)

Half cross-section of the positive remodelling model. (C) Half cross-section of the

chamfer model. The arrows denote the direction of the arc length coordinate.
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75 % axisymmetric model was 67 % larger than the corresponding value of

the three-dimensional models, while the maximum of the 50 % axisymmet-

ric model (w = 2.59U) was again closer to the maximum of the eccentric

geometries (w = 2.74U). It should be noted at this stage the presence of

flow recirculation regions, exposed by the negative axial velocity values of

the profiles. In particular, the 75 % stenosis profile showed a greater recir-

culation, caused by a larger deceleration near the wall that promoted flow

separation. In conclusion, the 50 % axisymmetric case presented a qualitative

approximation of the expected three-dimensional profiles, due to the same

severity as in the three-dimensional models. On the other hand, the 75 %

axisymmetric case presented higher velocity levels, even though the shape of

the plaque was the same as in the 3-D models.

In summary, the highest stress values were observed for the positive re-

modelling case, both in the axial and in the cross-sectional directions. In

particular, the thickness distribution of the wall and the lipid core seemed to

influence significantly the first principal stresses along the vessel. In addition,

the comparison of the different models showed that the 50 % axisymmetric

case resembled better the behaviour of the three-dimensional eccentric mod-

els with regards to the flow field. On the other hand, the 75 % axisymmetric

case offered a closer representation of the stress distribution along the wall,

mainly because of the same shape of the plaque.

5.6.3 Effect of the lipid core stiffness and length

The results corresponding to the influence of the lipid core stiffness are shown

in figure 5.12A for the original geometry, and in figure 5.12B for the positive

remodelling case. Overall, it was observed that the stress at the cap decreased

when the stiffness of the lipid core increased. Lowering Ec from 1000 kPa to
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Fig. 5.11: (A) Non-dimensional axial velocity profiles, w/U , at the throat of

the stenosis (y = 0, z = 0). (B) Non-dimensional axial velocity profiles, w/U ,

downstream the stenosis (y = 0, z = L/2).
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50 kPa gave rise to a 26 % increase of stress for the original geometry, and to a

32 % increase for the positive remodelling case. In addition, the distribution

changed: for lower values of Ec, there were two stress peaks that were located

upstream and downstream the stenosis, while there was only one peak (at

z = 0) for Ec = 1000 kPa.

Fig. 5.12: Axial distribution of first principal stress, σ1, for the three different

values of the Young’s modulus of the lipid core considered in the study: (A)

original geometry; (B) positive remodelling case.

Finally, the length of the lipid core was considered as well by comparing

the base line core length with a shorter one, as shown in figure 5.13A. The
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results presented in figure 5.13B showed that the stress level in the stenosis

region increased for the shorter core model, as well as the gradients of the

distribution. In addition, the local peaks at the ends of the core increased

substantially for the shorter core from 128 kPa to 145 kPa, due to the abrupt

change in the wall thickness at the ends of the core.

Fig. 5.13: (A) Geometric representation of the short core model, compared to

the normal sized one. (B) Axial distribution of the first principal stress, σ1, along

the bottom edge for the normal and short-core models.

5.7 Discussion

Figure 5.8 gives a general idea of the stress distributions expected at the inner

wall of the artery. Outside the stenosis, at the straight inlet and outlet pipes,

the stress stays more or less constant, at 120 kPa. This value is consistent

with the circumferential stress at the inner wall of an equivalent thick-walled

cylinder loaded by internal pressure. Higher stress levels are present at the

stenosis, due to the smaller thickness of the fibrous cap and the low stiffness

of the lipid core compared to that of the wall. Considering the axial direction,
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two main regions of high stress are observed, approximately at the middle

of the upstream and downstream zones of the stenosis. On the other hand,

looking at the cross-sectional direction, the highest stresses are found close

to the plane of symmetry y = 0. This means that the peak stresses are found

near the middle of the cap rather than the shoulders. The term shoulders

refers here to the junctions of the cap with the adjacent layer of the artery

in the cross-sectional direction (see diagram A in fig. 5.1). Several studies

have reported that the highest stresses usually appear at the cross-sectional

shoulders of the plaque [58–60], and hence pointed that it is the most probable

location of plaque rupture. However, it has been observed that in around

a third of the cases the rupture takes place in the middle region of the cap

[58], which is in agreement with the results found in the present simulations,

based on the location of the peak stresses. The fact that the peak stresses

are not seen at the shoulders of the cap can be attributed to the geometry

of the model itself. The model investigated here is an idealised stenosis with

constant wall and cap thickness, so the irregularities that may be present in

patient-specific geometries and that could lead to stress concentrations at the

ends of the core are not taken into account. In addition, the cross-section of

the core is modelled in such way that the sharp ends create a smooth change

of the wall thickness at the transition at the shoulders (as shown in figure

5.2C), therefore minimising any potential stress concentration except for the

short lipid core case, which will be discussed shortly.

The study of the axial distribution of the first principal stress is carried

out by focusing on the top and bottom edges of the geometry. Figure 5.9A

shows mostly similar curves for both the original and chamfer geometries,

suggesting that small changes of the ends of the lipid core do not affect the

stress distributions. The only significant difference are the local maxima that
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appear at z = ±0.75D for the chamfer geometry, where there is a sudden

change of thickness due to the blunter ends. These local peaks are small

compared to the absolute maxima, so it would be expected to find the rupture

locations closer to the mid points of the upstream and downstream regions

of the stenosis, rather than at the ends of the core. However, blunter ends of

the core can lead to higher local maxima, so the rupture location could move

to that region. This was also suggested by previous studies that linked the

location of the rupture with the location of local stress concentrations [154];

therefore, it could be important to consider the shape of the ends of the core

with regards to the axial location of a rupture.

The positive remodelling gives rise to an overall increase of the stress

levels, which are significantly higher. In a two-dimensional structural anal-

ysis, Ohayon et al. [74] showed that a larger lipid core thickness led to a

significant increase of the cap stress for a constant fibrous cap thickness, as

in this case. Therefore, the higher stress levels of the positive remodelling

case can be attributed to the larger thickness of the core (fig. 5.3). On the

other hand, it is worth noting that the axial distribution was similar to the

one corresponding to the original geometry.

Finally, the curves corresponding to the axisymmetric cases serve as a ref-

erence point and also facilitate the comparison to the model used in Chapter

4. However, there are significant differences depending on the severity of

the axisymmetric case considered. The 50 % axisymmetric model does not

provide a useful picture of the stress levels, even though the severity of the

stenosis is the same as in the eccentric geometries. This is due to the different

shape of the wall for the axisymmetric case, since the slope in the stenosis

region is smaller than for the eccentric model. On the other hand, the stress

levels in the 75 %-stenotic case are similar to the original and chamfer ge-
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ometries, which is reasonable since the shape of the wall is the same for the

deformed part of the eccentric stenosis cases. The axisymmetric study per-

formed in Chapter 4 may be considered then as a qualitative first analysis

of a 3-D geometry. The difference among the 75 %-axisymmetric model and

the eccentric cases at z = 0 may be explained by the severity of the stenosis

only, which creates a larger pressure drop at the throat. This decreases the

stress at the wall near the constriction, hence the minimum value is 15 %

smaller than the equivalent stress for the original geometry.

A lower level of overall stress was observed at the top, undeformed, edge

of the geometry than for the bottom one, as shown in figure 5.9B. In this

case, the peak values are located at the constriction and the maximum value

corresponds to the original geometry, whereas it is the lowest stress for the

bottom edge. On the other hand, the distribution of the chamfer and the

original models are very similar. The positive remodelling presents a slightly

different distribution, which is influenced by the different shape of its core.

Some authors have reported that the location of the maximum stress in a

stenosis was in the healthy part of the artery wall [88], but in those cases

the thickness of the fibrous cap was larger than in the present geometry, and

therefore the stress distribution was different. If there is a lipid pool and the

thickness of the cap is small compared to the thickness of the wall, then the

peak stresses are usually found in the cap region [58, 59], as in this study.

The analysis of the stress distributions along the cross-section at the

throat of the stenosis (figure 5.10A) showed that the maximum stress lev-

els were always observed at the middle of the cap (φ = π) rather than at

the shoulders. In order to explain the differences observed in the stress dis-

tribution for each model, it is useful to look at the geometry of each case

(figures 5.10B and 5.10C). Several features have been marked with numbers,
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which are explained as follows: (1) At the top edge of the plane of sym-

metry (φ = 0), all cases present similar stress levels, which is explained by

the fact that the artery wall at that point is the same for all models. (2)

At the shoulder of the core, there is a local peak due to the abrupt thick-

ness change. In addition, at around φ = 0.4π the positive remodelling case

presents the lowest stress value, due to the thicker wall at that point. (3)

Finally, at the middle of the fibrous cap (φ = π), the positive remodelling

presents the highest stress, due to the larger core-to-wall thickness ratio at

that section. Overall, the thickness distributions of the vessel and the lipid

core seem to influence the stress distribution more than the axial geometry of

the lipid core or the flow. Indeed, the secondary flow depicted in figure 5.8C

showed some acceleration in the cross-sectional direction, but the thickness

distribution seems to be the main factor with regards to the first principal

stress.

It is important to note that the curves of the axisymmetric cases stay

constant at σ1 = 142.0 kPa (50 % stenosis) and σ1 = 138.1 kPa (75 % steno-

sis) due to the axisymmetry. Qualitatively, these values can be viewed as a

stress average of the more complex, eccentric geometries. Indeed, the average

stress for the original geometry case is 137.7 kPa, which is close to the the

axisymmetric stress levels. A similar situation applies to the positive remod-

elling model, where the average is 127.5 kPa. The difference in this case with

the axisymmetric stress levels is larger, due to the fact that the change of

the lipid core geometry is more substantial. Still, the axisymmetric simula-

tions provide a good first picture of the stress levels that can be expected

at the cross-section, at a much lower computational cost than running a full

three-dimensional model. This is especially applicable to the 75 % severity

case, which also presents an axial stress distribution that is very similar to
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the eccentric ones. Therefore, the use of a simple, axisymmetric model such

as the one investigated in Chapter 4 can be a good first approximation, as it

gives a general idea of the stress levels that may be present in more complex,

eccentric models.

The flow velocity fields show that the shape of the core does not affect

the velocity profiles at z = 0, as shown in figure 5.11A. The only differences

are observed between the eccentric and the axisymmetric flows. In particu-

lar, the 75 % axisymmetric geometry presents higher velocity levels at both

sections, due to the greater severity. On the contrary, the velocity profile

corresponding to the 50 %-stenotic, axisymmetric case is very similar to the

one observed for the eccentric models. Hence, the velocity difference can be

attributed to the larger pressure drop at the constriction. On the other hand,

the shape of the curve is similar for all cases; in particular, the axisymmetric

velocity profile looks as an average of the eccentric geometries. Therefore,

the axisymmetric model serves again as a simpler approximation of the more

complex, three-dimensional ones. The latter simulations capture precise de-

tails of the flow and stress distributions, but some of the general features

of the flow and stress fields are captured in the axisymmetric model. This

is also in agreement with previous works in the literature which have used

axisymmetric [73, 87] or two-dimensional [90] models to study the mechan-

ics of a stenosis. A similar behaviour is observed at z = L/2 (fig. 5.11B).

The main feature of this plot is the recirculation regions, which are denoted

by the portions of negative axial velocity. For the axisymmetric case, the

recirculation region is axisymmetric as well, whereas for the eccentric ones,

the recirculation is present only at the bottom part of the domain, that is,

downstream the part where the plaque is located. The width of these regions

is also comparable: 2 × 0.15D = 0.30D for the axisymmetric model with
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75 % severity, and around 0.26D for the eccentric ones. It is worth noting

that these profiles are comparable to those reported by Choi et al. [152].

As a final note, it should pointed out that the smaller negative axial veloci-

ties for the 50 % axisymmetric case are due to the smaller slope of the wall,

since this smoother transition through the stenosis region does not create a

recirculation similar to the ones observed in the remaining cases.

The effect of the core stiffness on the original and on the positive re-

modelling geometries is similar (fig. 5.12). In both cases, the results show

that the overall stress level increases when the stiffness of the core decreases.

In order to explain this, it should be taken into account that a stiffer core

is capable of sustaining more load, thus decreasing the loading on to the

cap region. At the same time, the distribution changes as well. In partic-

ular, for calcified cores, Ec = 1000 kPa, the results show a stress peak at

z = 0, which means that the most probable location of the plaque rupture

would be the maximum constriction section. However, for lipid-filled cores,

Ec = 50 kPa, the shape of the curves changes and two peaks appear up-

stream and downstream the constriction. So depending on the stiffness of

the core, the expected rupture locations can move along the axial direction of

the stenosis. This behaviour was also observed in the axisymmetric analysis

presented in Chapter 4. Therefore, the change of the stress distribution for

lipid-filled and calcified plaques can be considered as a stable feature which

does not depend on the geometry of the model (2-D or 3-D), or on the shape

of the lipid core ends. It should be noted that the change of stiffness has to

be large enough: in this case, the Young’s modulus increased by an order of

magnitude. A small increase of the Young’s modulus would not lead to a

particularly different distribution, which is in agreement with former studies

[78, 89]. In addition, the change of distribution is similar to the one reported
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by Belzacq et al. [87]. However, they observed this result when varying the

overall length of the stenosis (the parameter L in this thesis) rather than the

core stiffness, which was kept constant.

In addition, it is also worth noting that the upstream maximum is marginally

higher than the downstream one (around 0.3 % larger). This could explain

why a majority of the ruptures have been observed upstream rather than

downstream the stenosis [70, 71]. Finally, as it was mentioned previously,

the positive remodelling case presents higher levels of the first principal stress

while keeping the same shape of the stress distributions. The larger values are

due to the different geometry of the core, increasing the core-to-wall thick-

ness ratio and the loading of the cap. Therefore, the positive remodelling

can be associated with a higher risk of rupture.

The results obtained for the short core case (fig. 5.13B) present several

differences compared to the baseline core model. The first difference is the

change of the location of the stress peaks due to the different geometry of

the lipid core. Indeed, both the absolute maxima and the local maxima

are closer to the centre of the stenosis at z = 0, and the same applies to

the stress minima. In particular, these minimum stress values upstream and

downstream the core are significantly smaller (22 %) than in the original

case. This difference can be explained by considering the vessel portion close

to the core, which is thicker in the short core model, as shown in figure

5.13A. The thickness change at the beginning of the fibrous cap creates an

abrupt increase of the stress levels for the short core model, and thus the

local maxima are also remarkably higher than in the normal case, increasing

from 127.9 kPa to 145.0 kPa. Considering this result, apart from the previous

rupture site related to the global maxima, another possible site of rupture

is identified at the axial ends of the lipid core region. Finally, the absolute
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maxima also increase for the shorter core case, possibly due to the higher

stress concentration created by the shorter cap region. Specifically, the peak

value experiences a 4.3 % increase, but it should be noted that this change is

not as significant as the one observed at the local peaks (13.4 % increase, three

times larger variation). In addition, the relatively small change observed at

z = 0 is in agreement with previously reported results [149]. However, the

variation of the whole stress distribution, and especially the change at the

local peaks, were not reported in that study, since it was focused on the

stress at the central cross-section of the artery. Again, it is worth noting

that these findings are consistent with the results reported in Chapter 4,

where only axisymmetric models were investigated. The hypothesis stated

in the Introduction section seems to be confirmed, as the variations of the

axial stress distributions in the three-dimensional models are mainly affected

by the same features as in the axisymmetric cases.

Previous studies analysed the effect of the core size on the wall stress, but

it is difficult to make a comparison to those cases where the cap thickness was

variable [73, 88]. Still, since the focus here is on the wall stress distributions

rather than on the actual values, the change due to the length of the core

is significant. It should be noted, however, that the effect of the lipid core

length (fig. 5.13) is less than that due to the change of lipid core stiffness (fig.

5.12). In general, the latter has a larger impact on the stress levels and the

stress distributions. The length of the core is still an important parameter

due to the effect on the local maxima at the axial ends of the core, which

could lead to another site of rupture.

In summary, it was observed that an axisymmetric model of the artery can

provide results that are qualitatively similar to the ones that can be expected

in a three-dimensional model. If considered as a first approach, it gives a
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general idea of the stress distribution that can be expected in more complex

geometries at a much lower computational cost, provided that the severity

is adjusted so the shape of the plaque resembles the 3-D geometry. On the

other hand, an axisymmetric model with the same severity of the stenosis

provides information about the expected flow velocity field. There were also

some differences among the axisymmetric and the three-dimensional models

that should be taken into account. For example, the first principal stress

along the bottom edge is significantly lower for the axisymmetric cases at

z = 0. On the other hand, there are features of the stress distributions along

the cross-section z = 0 for the 3-D models that are not captured by the

axisymmetric models, such as the local stress peaks.

In addition, relatively small changes in geometry may impact the stress

distributions significantly. In particular, the positive remodelling of the

artery (with a thicker lipid core) has the largest influence on the stress levels,

compared to other changes made to the axial geometry of the core. On the

other hand, the stiffness of the lipid core plays an important role on the ax-

ial location of plaque rupture, as it changes the location and the magnitude

of the peak values. Finally, it was found that a shorter lipid core with a

significant change in wall thickness leads to a change in the stress distribu-

tion as well as in the overall values, so both the length of the lipid core and

the changes in wall thickness should be considered as important geometric

features, regardless of the length of the stenosis.

5.8 Conclusions

Numerical simulations of steady blood flow through a three-dimensional

stenotic artery were performed in order to study the stress distributions along
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the wall. This chapter presented the next step to the axisymmetric models

investigated in Chapter 4 by introducing the eccentricity of the plaque. Sev-

eral features were investigated: the shape of the axial ends of the core, the

positive remodelling of the artery, the lipid core stiffness and the lipid core

length. The findings have been compared to a simpler axisymmetric model

such as the one analysed in Chapter 4.

Overall, the study showed that some differences observed in the axial

stress distributions remained stable regardless of the axisymmetric or three-

dimensional model used: the positive remodelling increased the stress levels

compared to models that presented no remodelling; a decrease of the lipid

core stiffness gave rise to an increase of the stress levels, while also changing

the distribution; and the effect of the length of the lipid core affected the

axial location of the peak stresses and, potentially, the plaque rupture sites.

In addition, the peak stresses were usually located at the midpoints of the

upstream and downstream regions of the stenosis, except when the stiffness

of the core was increased substantially. On the other hand, the flow field

was not affected by changes of the geometry of the core, and only showed a

different profile for the axisymmetric cases.

The analysis of the cross-section of the artery was useful in order to

explain the stress distribution in the circumferential direction, which was

mainly influenced by the thickness of the vessel, the lipid core and the fibrous

cap. In particular, it is worth mentioning that the maximum stresses were

found at the middle of the cap rather than at the shoulders, further justifying

the use of axisymmetric models.

The results presented here have been explained taking the geometry and

other parameters such as the stiffness of the core into consideration. In

the future, it would be interesting to apply these findings to more complex,
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patient-specific geometries, and compare the results to the already completed

analysis using idealised geometries.
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Chapter 6

Future work and overall

conclusions

6.1 Introduction

The work presented in this thesis involves the use of idealised geometries. In

particular, a thin-wall, axisymmetric model was analysed in Chapter 3; an-

other axisymmetric case, which included the plaque, was studied in Chapter

4; and finally, a fully three-dimensional geometry with an eccentric plaque

was investigated in Chapter 5. A logical next step to this series, and also an

appropriate future direction, is the implementation of patient-specific cases.

Therefore, in this chapter, the differences between a subject-specific model

and the previous idealised models will be highlighted. In addition, it will be

discussed to what extent the conclusions from the idealised cases could be

applied to the more complex geometries. This could be helpful when diagnos-

ing a patient with a carotid plaque. In particular, the information obtained

from the idealised cases would give a general idea of the expected stress dis-

tributions, depending on some features such as the geometrical parameters
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of the lesion or on the mechanical properties of the vessel. From another

point of view, a cost-efficient simulation could also provide a reasonable ap-

proximation to the flow and solid fields.

In order to keep a structure similar to the one followed in the previous

chapters, the matters discussed here will be organised in a similar way: first,

several aspects regarding the reconstruction of the geometry are discussed.

This is followed by some comments about the models and the boundary

conditions, as well as a mention to the required mesh convergence analy-

sis. Finally, the results and discussion bring up different points that could

be interesting in this case. Overall, the main point of this chapter is the

comparison to the work done with the idealised geometries.

6.2 Geometrical considerations for patient-

specific configurations

The main difference between the proposed future work and the findings pre-

sented in this thesis is the geometry of the model itself. In particular, the

work studied in the previous chapters focused on idealised models. The word

idealised refers to the adaptation carried out to model realistic geometries

by using simpler configurations. For example, the inner radius of the ves-

sel along the stenotic region, r, was described in Chapter 3 as a sinusoidal

function such as

r(z) =
D

2

{
1− 1− γ

2

[
1 + cos

(
2πz

L

)]}
. (6.1)

This mathematical expression depicts a smooth stenosis, symmetric with

regards to the throat at z = 0. It is unlikely that a patient-specific plaque

presents exactly this shape; however, the main goal was to model the axial
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variation of the lumen, which in the end was the main factor behind the

pressure field (figure 4.7B) and ultimately, the stress distribution.

Other simplifications were the use of a constant value of the wall thickness

and the straight pipes that modelled the inlet and outlet regions outside the

stenosis. These simplifications did not exactly reflect a realistic geometry, but

they made it possible to perform several parametric analyses. Usually, it will

be difficult to model a patient-specific geometry using an analytic expression,

since many irregularities may be present on the surface of the vessel. In

addition, every plaque may be unique, so a mathematical expression is not

useful for every case, as it would only apply to a specific subject.

Therefore, if an analytic expression is not the best way to model the

geometry of a patient-specific plaque, then other methods should be used.

Tang et al. were among the first to study the fluid-structure interaction

of carotid plaques using a subject-specific model [89]. The geometries were

reconstructed from images obtained by magnetic resonance imaging (referred

to as “MRI” onwards). As mentioned in the same work, MRI was intended

to “quantify noninasively plaque size, shape, and plaque constituents” [89].

There are several steps involved in the reconstruction of a geometry from

MRI-based scans. The first stage is obtaining the MRI data sets. There are

some limiting factors at this point, such as the resolution of the scan [155].

The second stage is the segmentation, i.e. the identification of the anatomical

structures. In the specific case of carotid plaques, the segmentation phase

involves the definition of the features that are present in the plaque: the non-

diseased and the atherosclerotic regions of the vessel, the lipid core and the

fibrous cap, along with the identification of the lumen region. The resolution

of the scan is a particularly important factor: the dimension of the fibrous

cap of a carotid plaque may be as thin as 50-100 µm [59, 100], whereas the
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in-plane resolution of the scan may be in the order of 390 µm× 390 µm [107]

or 310 µm × 310 µm [108]. This can give rise to partial-volume effects that

would need to be dealt with.

The concept of partial-volume effects refers to the loss of definition when

identifying the different components due to the finite spatial resolution of the

scan [156]. The contours of the plaque will not match the resolution of the

scan; this leads to pixels (in two-dimensions) or voxels (in three-dimensions)

that may show blurry areas, and therefore the contour of the lumen, the

fibrous cap or the lipid core can not be clearly defined. A diagram, which has

been adapted from the literature [156], shows this phenomenon in figure 6.1.

On the left hand side of figure 6.1A, the real geometry (an idealised lumen

in this case, represented by a circle) is plotted over the grid that represents

the resolution of the imaging system. On the right hand side, the image

measured by the scan is represented: the black pixels show the highest signal

intensity, indicating that those areas lie in the lumen section; the white pixels

on the other hand denote areas that do not represent the lumen; and finally,

the different grey pixels denote some areas containing part of the geometry

and part of the outside domain. In a real application, the geometry has to be

reconstructed using the information provided by this last image after doing

the scan. This small example illustrates the difficulties that may appear

in the segmentation process, as correctly identifying the different parts of

the plaque could prove to be a complicated task. More complex geometries

might make the segmentation process more difficult, as shown in figure 6.1B.

Overall, the limitation in resolution can be very important, since the spatial

dimensions of the different parts of the plaque have a great impact on the

stress distributions, as shown in Chapters 4 and 5. Recently, Chai et al. have

been able to provide a method that can accurately quantify the lipid core
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region in a carotid plaque by using a specific MRI technique known as T2

mapping [157].

The last step of the process is the three-dimensional reconstruction of

the geometry using the two-dimensional images. By following this method,

several published articles showed that MRI makes it possible to characterise

complex geometries at different locations. For instance, it has been applied

to model carotid plaques [89], including the carotid bifurcation [158] and the

coronary arteries [154].

It is worth noting that a patient-specific model may be obtained using

other methods. For example, another non-invasive technique is angiography,

in which a radio opaque dye is inserted in the artery so it can be visualised us-

ing an x-ray. This technique became the reference standard for characterising

cardiovascular diseases [159], being in use since 1924 [160]. One important

shortcoming is that the visualisation of the artery is two-dimensional, since

the quantification of the stenosis is performed with respect to the diame-

ter of the lumen [159]. Therefore, some spatial information is missing and

should be reconstructed either by approximation or by employing other tech-

niques. On the other hand, the comparison with the idealised models would

be easier. Improved techniques based on angiography were developed later,

such as computed tomography angiography, which enabled the use of three-

dimensional scans [160]. Another method available to obtain the geometry of

the plaque of a specific subject is intravascular ultrasonography [161]. This

technique consists of the generation of several cross-sectional scans such that

the geometry of the wall and the plaque can be reconstructed. The axial

resolution is around 150 µm, so an accurate modelling in this direction is

possible.

In summary, there are several methods available that could be used to
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Fig. 6.1: Diagram showing the partial-volume effects that may appear in an

MRI process. Left hand side: actual geometry represented over the grid of the

scan. Right hand side: Measured intensities in grey scale. Black pixels denote the

highest intensity (all the areas belong to the measured geometry), whereas the

grey pixels represent sections that belong to both the geometry and the outside

domain. (A) Idealised lumen geometry. (B) Partial-volume effects with more

complex shapes.
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model a more complex geometry. Although there are some limitations,

analysing the differences among idealised and patient-specific models would

certainly be of interest.

6.3 Modelling aspects for patient-specific ge-

ometries

In principle, the governing equations would not change; in particular, the

equations presented in Section 2.4 still apply. Indeed, even though the ge-

ometry is more complex, the basic fluid-structure interaction physics are the

same. However, some ideas may be implemented later to improve the flow

and solid models.

6.3.1 Considerations about the flow field

For the first test involving the new geometry, the fluid could still be consid-

ered as Newtonian and incompressible. In addition, the boundary conditions

could be kept as outlined in the previous chapters of this thesis (as shown in

Section 5.3), i.e. a steady flow profile can be prescribed at the inlet section.

An extra, optional step could be the implementation of a pulsatile flow

profile, in addition to the patient-specific geometry. The use of steady flow

conditions was justified at the beginning of Section 4.7: using data from

a study published by Pereira et al. [153], it was shown that the pressure

wavelength was more than thirty times larger than the domain length of the

current model, and therefore the non-stationary effects on the wall could be

neglected. However, the use of a pulsatile profile also makes sense in case that

the data can be obtained from the patient. In particular, it may be possible
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to measure the flow rate through the carotid artery by doing a vascular

ultrasound scan [19], so that a more realistic profile could be prescribed at

the inlet of the model. Then, the results at a specific time during the period

could be compared to the already reported observations at steady flow.

If a pulsatile profile is prescribed, then it would also be appropriate to

consider the blood as a fluid with non-Newtonian viscosity. The reason is that

some non-Newtonian effects have been observed when using a non-stationary

inflow [39]. In particular, some differences in wall shear stress using Newto-

nian and non-Newtonian formulations were reported at certain times during

the period (when the flow was slower). An interesting analysis would then

be the study of the influence of a non-Newtonian model on the stress distri-

butions along the artery wall.

It should be taken into account that in the non-Newtonian formulation

the viscosity depends on the shear rate, β̇. It is worth mentioning now two

non-Newtonian models that have been used in the past when simulating the

blood rheology.

First, the Carreau-Yasuda model, which has been used in several works

dealing with blood flow [40, 41, 57, 162]. In this case, the flow viscosity is

described by

µ = µ∞ + (µ0 − µ∞)

[
1 +

(
λβ̇
)b](p−1)/b

. (6.2)

In this expression, µ0 and µ∞ are the zero and infinite shear-rate viscosity,

respectively; λ is a time constant; b denotes the Yasuda exponent and p refers

to the power law index.

On the other hand, the Power Law model, which according to Soulis et

al. provided the most accurate representation of the blood rheology [41], is

given by the following expression:

µ = µ0

(
β̇
)q−1

, (6.3)
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where q denotes another constant. It is worth noting as well that the

implementation of the variable viscosity would have an effect on the com-

putational cost, compared to a simpler Newtonian model where the value

is constant. Therefore, it would be important to analyse whether the non-

Newtonian effects are significant.

6.3.2 Considerations about the artery wall and the

lipid core

In addition to patient-specific geometries, another issue here would be the

need to consider also subject-specific solid models. As shown in Chapters 4

and 5, one option is to consider the vessel and the lipid core as hyperelas-

tic and linear elastic materials respectively. However, since subject-specific

models are considered, it is expected that the material properties of the arte-

rial tissue vary among different groups. For instance, as reported by Riley et

al., the mean Young’s modulus of the carotid artery seems to increase with

age for both male and female patients [93]. Additional distinctions could

be introduced considering the clinic history of the individual. In summary,

the generalisation of the material properties is a complex subject and, if

subjects-specific models are introduced, the same should apply to the choice

of mechanical properties.

On the other hand, the material properties used in this thesis modelled

the behaviour of the artery wall when it was subjected to a certain stress

distribution. However, a proper failure model was not implemented. There-

fore, fatigue and fracture mechanics are proposed as suitable options that

would enrich the simulation. As to why it would be interesting to consider

fatigue effects, it is worth noting that the vessel is subjected to more than

31 million stress cycles every year for a typical resting heart rate of 60 beats
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per minute.

One of the most common models used to calculate the fatigue life of a

structure is the Paris’ law, which relates the crack growth with the range of

stress intensity factor [163, 164]. Mathematically, this is usually described as

da

dN
= C∆Km. (6.4)

On the left hand side of this expression, a denotes the length of the crack

and N refers to the number of loading cycles. Therefore, da/dN describes

the crack growth rate. On the other side, ∆K = Kmax − Kmin defines the

range of the stress intensity factors, whereas C and m are constants. Taking

this into account, it would be interesting to apply this failure model to the

simulations.

However, it is worth noting that even though the fatigue analysis can lead

to some interesting findings, it is important to consider one important dif-

ference between the mechanics of a diseased artery and a metallic structure:

the artery is a living tissue. This means that the artery behaves differently

due to its capacity to remodel [165], and so it can partly overcome the ef-

fects of fatigue that would affect other materials or structures. Therefore,

this should be considered when implementing a failure model, for instance by

taking into account some modifications that model the growth of biological

structures [166], rather than a general fatigue model.

This way, the work proposed here would be an extension to the study

presented by Versluis et al., who investigated the fatigue effects on plaque

rupture in coronary arteries [68]. They reported that an increase in the stiff-

ness of the lipid core, a thicker fibrous cap and a lower internal pressure led

to an increase of the fatigue life. The novelty here would be the implementa-

tion of the fatigue calculation considering a three-dimensional domain, rather

than the two-dimensional analysis of idealised cross-sections performed in the
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study by Versluis et al. In addition, since one of the main factors they iden-

tified was the stiffness of the lipid core, it would be useful to relate that with

the results reported in Chapters 4 and 5 of this thesis, where the stiffness of

the lipid core was found to significantly affect the stress distributions along

the artery wall (and, ultimately, the potential location of the rupture). A

later study also identified some geometrical features, such as the thickness

of the fibrous cap and the lipid core volume, as important factors that could

have an effect on the fatigue life of the vessel [167].

6.4 Patient-specific mesh and convergence a-

nalysis

Once the patient-specific geometry has been obtained and reconstructed with

the appropriate software, a mesh is required in order to perform the numerical

simulations. This process would be analogue to the one outlined in Chapters

3, 4 and 5. It is expected that the patient-specific model would be more

complex to mesh compared to the previous, idealised cases. Therefore, a

specific pre-processing software may be required. However, the process of

optimising the mesh would be the same, i.e. a mesh convergence analysis

is needed in order to find an optimal compromise between accuracy and

computational cost.

In Chapter 5, the model used to characterise a three-dimensional, eccen-

tric plaque presented a plane of symmetry (shown in figure 5.2A). However,

due to the irregular nature of a real plaque, the use of any symmetries that

would simplify the subject-specific modelling is unlikely. Finding an optimal

mesh discretisation is thus quite important and could prove to be challenging.
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6.5 Results and discussion

Once the simulations are performed, it is important to choose the main goals

of the analysis. Given that the work presented in this thesis focuses on the

spatial distributions of the stress along the plaque, it would make sense to

further investigate these distributions in a patient-specific geometry. This

would also be a way of differentiating this work from previously published

studies. Generally, the investigations of patient-specific models have focused

on the peak stress values at a given instant during the period; some examples

are the studies performed by Tang et al. [89, 103, 108]. However, the con-

clusions usually are only applicable to the specific geometry being analysed.

One immediate shortcoming arises from the nature of the model, as it is

not straightforward to choose a suitable edge (such as the top and bottom

edges studied in Chapter 5, for instance), in order to measure and compare

the stress distributions. Gao and Long overcame this problem by analysing

the peak stress values at different points along the vessel for subject-specific

geometries [158]. On a subsequent study, they compared the wall stress for

four patients, showing the whole stress field along the vessel for each case

[91]. It was difficult however to make a proper comparison among the mod-

els, as the four plaques considered were quite different. They reported higher

stress values when the lipid core volume increased and the cap thickness de-

creased, and also that considering more case studies would be desirable. An

alternative way of making use of those results is proposed here: a comparison

of the new data with the idealised models such as the ones investigated in

this thesis. Therefore, an appropriate first stage would be to analyse the

three-dimensional stress field on the inner wall of the vessel, and then focus

on the axial planes that may provide the most significant comparison to a

two-dimensional analysis. This process may become fairly difficult, depend-
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ing on the complexity of the geometry. In addition, it would be important

to ensure that no relevant information is left out of the study. Therefore,

several planes should be considered. It is also worth mentioning Kock et

al. approach, as they generated a two-dimensional model by sectioning the

three-dimensional geometry obtained using MRI [90]. On the contrary, the

analysis proposed in this chapter involves first a fully three-dimensional cal-

culation in order to account for out-of-plane effects (which will inherently

increase the computational cost), and then the sectioning of the model (to

facilitate the comparison to the idealised cases).

Once the planes of analysis have been chosen, the first part of the study

should be similar to those performed in Chapters 3, 4 and 5. Several differ-

ences are expected due to the irregular geometry, for example: the thickness

of the fibrous cap may not be constant along the axial direction, hence im-

pacting the stress distributions accordingly; the inner radius may present an

irregular, axial variation as well, affecting the flow field; and an irregular

shape of the lipid core may create a stenosis that is not symmetric with re-

spect to the throat. Therefore, these new factors would likely play a role in

a patient-specific geometry, and so they must be taken into account. After-

wards, a comparison with the idealised geometries should be possible.

It would be interesting to check which flow and solid features change with

respect to the idealised models. Or, the other way around, to study what

features that were identified before are still applicable in a patient-specific

setting. The stress levels, for instance, should be similar or in the same

order of magnitude, as the parameters used in the previous chapters were

based on clinical observations from the literature. On the other hand, the

shape of the curve that depicts the stress distribution along the plaque is

expected to change. However, it would be interesting to check if the maxima
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are located at the same positions, or if there are any other features from

the idealised models that can be applied to the more complex case. For

example, the local peaks at the ends of the core, as reported in Chapters

4 and 5, might be present in a subject-specific model as well. Ideally, this

comparison between the idealised and the patient-specific configurations may

help stratifying which plaques are more vulnerable and, consequently, more

likely to rupture.

Another focus of the analysis can be the flow field. In particular, station-

ary, laminar conditions were investigated in this thesis. Nonetheless, given

the irregular geometry of a more realistic plaque, the flow may present sev-

eral disturbances due to the surface roughness. It should be interesting to

consider the pressure distribution, as it was the driving force behind the wall

displacements and the stress distributions (as shown in Chapter 3). If the

pressure is not significantly affected by the irregularities of the geometry,

then the conclusions found for the idealised models may be similar to those

of the patient-specific case. Another issue would be the addition of the pul-

satile flow. In particular, it would be interesting to analyse the flow field at

the instant during the period when the pressure is maximum, in order to con-

sider the most critical conditions. The oscillatory nature of the stresses due

to the pulsatile flow could also lead to fatigue-related effects [68, 91], so this

should be taken into account as well. If any failure models, as proposed in

section 6.3.2, are considered, the analysis of the crack initiation and fatigue

mechanics may be interesting as well.

As shown in Section 5.6.2, the stress distributions along the cross-section

at the throat of the stenosis were mainly influenced by the thickness of the

different components. This conclusion could be applied to a patient-specific

case even prior to performing any simulations, once the geometry is known.
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Among other features, some important parameters that would need to be

investigated are: the shoulders of the plaque, the minimum thickness of the

fibrous cap and the size and stiffness of the lipid core.

In Chapters 4 and 5, several factors that increase the overall stress levels

and, therefore, increase the risk of rupture, have been highlighted: the posi-

tive remodelling of the artery, a low value of the stiffness of the lipid core, a

shorter lipid core with an abrupt change of wall thickness and a thin fibrous

cap. All these features could be studied in patient-specific cases and may

help achieving the ultimate goal of identifying, from a mechanical point of

view, which plaques are more likely to rupture.

6.6 Overall conclusions

At this point, it is worth summarising the conclusions that have been reported

so far in this thesis.

In Chapter 3, numerical simulations were performed to model the flow

through an axisymmetric stenosis. The wall was considered as linear elas-

tic and with constant thickness. Two main parameters were studied: the

Reynolds number of the flow and the stiffness of the wall.

It was reported that the Reynolds number primarily influenced the flow

field. In particular, the length of the recirculation region downstream the

stenosis, the wall shear stress distribution and the pressure drop along the

stenosis were greatly impacted. On the contrary, the Reynolds variation

showed little effect on the solid field.

On the other hand, the stiffness of the artery wall significantly affected

the vessel-related variables. Indeed, the radial displacements and the stress

distribution along the wall were largely influenced by the Young’s modulus of
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the artery. In particular, the stress levels increased when the stiffness of the

vessel decreased. The sites of plaque rupture have been related to high stress

values [108], so it was concluded that the material properties could affect

the location of the rupture. In addition, the wall shear stresses were around

three orders of magnitude smaller than the first principal stresses along the

wall. Therefore, the key takeaway was that the material properties of the

vessel were found to have a greater impact on the stress distributions along

the artery (and, indicatively, the potential locations of rupture).

Overall, this chapter provided a general idea of the flow field and of the

main parameters involved, while also showing the stress distributions that

may be expected in this kind of geometries.

The next step was the two-dimensional modelling of the blood flow through

an axisymmetric plaque, as introduced in Chapter 4. This model included a

lipid core and a thin fibrous cap in the plaque region. The solid models were

also refined and a hyperelastic formulation was used for the vessel, whereas

the lipid core was still considered as a linear elastic material. The stiffness

of the lipid core was considered to be around a hundred times smaller than

that of the artery, as previously reported in the literature [62, 89].

A parametric analysis was performed and the following parameters were

studied: the stenosis severity, the lipid core stiffness, the positive remodelling

of the artery, the lipid core length and the fibrous cap stiffness. In general,

it was found that whereas the flow field was relatively similar to the one ob-

served for the thin-wall simulations, the stress distribution along the fibrous

cap was significantly different due to the inclusion of the lipid core.

The degree of stenosis combined with the lipid core stiffness affected the

most the maximum stress values. The positive remodelling also had a similar

effect. A change of the stress distribution was reported depending on the
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stiffness of the lipid core, which may influence the location of a rupture. The

study of the length of the lipid core showed that a plaque with a short core

(in the axial direction) and with an abrupt change of wall thickness was more

vulnerable than a plaque with a long lipid core. In particular, the local stress

peaks at the axial ends of the lipid core increased substantially, suggesting

another potential location of a rupture. Finally, the stiffness of the fibrous

cap did not affect the stress distributions for the range of values considered

in this analysis.

Overall, the most interesting outcome was the variation of the axial stress

distributions depending on the value of the different parameters considered.

Based on this findings, three potential locations of plaque rupture were iden-

tified: the middle of the upstream and downstream regions of the stenosis

(especially for lipid-filled plaques with significant area occlusion), the axial

ends of the lipid core (for short cores rather than long ones), and also the

middle of the stenosis (when the artery presented positive remodelling).

The final analysis introduced in Chapter 5 was the three-dimensional

modelling of the plaque. In particular, an idealised, eccentric plaque was

studied and compared to the results obtained in Chapters 3 and 4. The

methodology was similar to the previous chapters: a parametric analysis in

order to measure the influence of several variables reported to be significant

in Chapter 4. The following features were investigated in detail: the shape

of the axial ends of the lipid core, the positive remodelling of the artery, the

lipid core stiffness and the lipid core length. In order to perform the study,

five different geometries were considered. Among them, two two-dimensional

models, such as the one analysed in Chapter 4, were included.

The main result was that several features observed for the two-dimensional

geometries were still applicable to a three-dimensional setting. In particular,

165



the stress levels increased when the artery presented positive remodelling;

they also increased when the lipid core stiffness decreased; and finally, the

length of the core also showed a similar effect to the two-dimensional cases,

since shorter lipid cores presented higher stress peaks. The midpoints of the

upstream and downstream regions of the stenosis were the locations of the

maximum stress values in several cases, indicating the location of a poten-

tial rupture. However, when the lipid core stiffness increased, the maximum

was located at the throat of the stenosis. Due to the eccentricity, the stress

distribution was also investigated in the cross-sectional direction. Again, the

fibrous cap seemed to be the most vulnerable location, since the maximum

was located always at the middle of the fibrous cap of the plaque. In ad-

dition, the different features of the cross-sectional distribution did not seem

to be affected by the secondary flow and were explained by considering the

thicknesses of the model in that direction.

Another part of the analysis focused on the flow field. It was shown that

the axisymmetric model could provide a general picture of the expected flow

behaviour. In addition, the only parameter affecting the flow was the shape

of the stenosis, at least for the range of stenosis severity considered in the

study (50-75 % area occlusion).

After performing the simulations proposed in this chapter, the past con-

clusions would be extended by new ones. As explained in the previous sec-

tions, a methodology similar to the one followed in Chapters 4 and 5 could

be applied, so that the results could be compared. It would be interesting to

check to what extent the conclusions still apply to a subject-specific model.

This would mean that, given a certain plaque geometry, simple observations

could be made depending on the features of the model considered (such as the

shape of the lipid core). For instance, based on the conclusions obtained in
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the idealised analyses, a short lipid core with an abrupt change of wall thick-

ness in a patient-specific situation could indicate that the risk of rupture is

greater at the ends of the core, before making any other studies. Another

example would be the presence of positive remodelling: this would mean that

the plaque is more vulnerable, as it was found that the overall stress levels in-

creased compared to plaques with no remodelling. Supplemental information

could be provided as well by analysing some measured values; for instance,

the stiffness of the lipid core could provide valuable information.

Another comparison could be made regarding the flow profiles. The sim-

ulations performed in Chapters 3, 4 and 5 considered steady flow conditions.

If a pulsatile profile is included in the patient-specific analysis, it would be

useful to run a steady simulation as well. This would make it possible to

evaluate whether the steady flow conditions are also a good approximation

in a real plaque, especially in combination with the fatigue analysis proposed

in this chapter.

In the previous chapters, idealised models were considered in order to

simulate the flow through an atherosclerotic plaque. This made it possible

to perform parametric analyses that highlighted how the idealised cases can

be of interest. The work proposed in this final chapter would extend and

complement that knowledge. Ideally, it would also improve the capabilities

of those idealised cases in order to better understand the initiation of the

plaque rupture process.
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Appendix A

Validation of the flow solution

From a numerical point of view, due to the three-dimensional nature of the

model presented in Chapter 5, the case is significantly more complex than

those shown in Chapters 3 and 4. Due to the eccentricity of the geometry,

the domain is no longer axisymmetric, and thus secondary flows appear in

the cross-sectional planes. In order to confirm that the flow solution obtained

with COMSOL was accurate, the code was validated against another compu-

tational fluid dynamics solver. The choice for this comparison was NEK5000

[123], which was introduced in Chapter 2.

This open-source solver is based on the spectral element method, and uses

a high-order interpolation. In this case, a polynomial order of 8 was chosen,

compared to the usual second order of the finite element method solvers. In

addition, this software was a sensible choice as it has already been used to

model similar stenotic geometries [29].

A direct numerical simulation (DNS) of a rigid-wall model was performed

using the same flow parameters as those presented in Section 5.3.1. The

simulation was started at lower Reynolds (Re = 10) in order to facilitate the

numerical process. The flow solution was used as the initial condition for a
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subsequent simulation at Re = 100. Again, the solution for this configuration

was used as a initial condition for the simulation at Re = 300, which is the

Reynolds number used in the present cases. The DNS was run until it reached

a steady state and the flow variables did not experience further variations over

time. Non-stationary flow was not observed in this simulation for Re = 300,

which may be explained by considering the relatively low value of the stenosis

severity (50 %), along with the smooth geometry of the lumen.

In order to compare the solutions obtained with both codes, the general

flow field is presented in figure A.1, which shows the non-dimensional axial

velocity, w/U , at the plane of symmetry, y = 0. Figure A.1A depicts the

solution obtained with NEK5000, while figure A.1B shows the solution ob-

tained with COMSOL. The scale of the velocity was the same in both cases

and the flow fields resembled each other. The differences observed in the

picture are mainly due to the different colour scheme used by each code.

The secondary flow was also compared by analysing the velocity in the

x direction (u/U) at the throat of the stenosis. The solution obtained with

NEK5000 is shown in figure A.2A, while the flow field predicted by COMSOL

is presented in figure A.2B. Both cases showed again a closely matched flow

field.
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Fig. A.1: Representation of the flow field at the plane of symmetry, y = 0.

(A) Non-dimensional axial velocity field, w/U , obtained with NEK5000. (B)

Non-dimensional axial velocity field, w/U , obtained with COMSOL.

Fig. A.2: Representation of the flow field at the cross-section z = 0. (A) Non-

dimensional velocity field, u/U , obtained with NEK5000. (B) Non-dimensional

velocity field, u/U , obtained with COMSOL.

170



Finally, in order to provide a more accurate comparison of the two flow

fields, the velocity profiles at two specific sections of the plane of symmetry

were studied: figure A.3 shows the velocity profiles at the throat of the

stenosis (y = 0, z = 0), while figure A.4 shows the velocity profiles at the

downstream end of the stenosis (y = 0, z = L/2). As it can be seen in the

figures, the curves in both cases matched each other well, as the relative error

stayed below 0.5 %.

In summary, the 3-D simulations presented in Chapter 5, which were

performed using COMSOL, have been validated against a high-order com-

putational fluid dynamics solver. In addition, these results also suggest that

the full two-way coupling simulation may not be required, as no significant

effect of the wall deformation on the flow field was observed for the material

properties considered in this case.
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Fig. A.3: (A) Non-dimensional velocity profiles obtained with COMSOL and

with NEK5000 at y = 0, z = 0. (B) Zoomed-in section.

Fig. A.4: (A) Non-dimensional velocity profiles obtained with COMSOL and

with NEK5000 at y = 0, z = L/2. (B) Zoomed-in section.

172



Bibliography

1. Lusis, A. J. Atherosclerosis. Nature 407, 233–241. issn: 1476-4687

(2000).

2. Taylor, C. A. & Figueroa, C. A. Patient-specific modeling of cardiovas-

cular mechanics. Annual Review of Biomedical Engineering 11, 109–

134. issn: 1545-4274 (2009).

3. Falk, E. Why do plaques rupture? Circulation 86, III30–42. issn: 0009-

7322. http://www.ncbi.nlm.nih.gov/pubmed/1424049 (Dec. 1992).

4. Davies, M. J. & Woolf, N. Atherosclerosis: what is it and why does it

occur? Heart 69, S3–S11. issn: 1355-6037. http://heart.bmj.com/cgi/

doi/10.1136/hrt.69.1%7B%5C %7DSuppl.S3 (Jan. 1993).

5. Oxford English Dictionary. “Stenosis, n” www.oed.com/view/Entry/

189805. [Online; accessed 22-June-2018]. 2018.

6. National Heart, Lung, and Blood Institute; National Institutes of Health;

U.S. Department of Health and Human Services. Atherosclerosis https:

//www.nhlbi .nih .gov/health- topics/atherosclerosis. [Accessed 22-

June-2018].

7. Libby, P. Inflammation in atherosclerosis. Nature 420, 868–874. issn:

0028-0836. http://www.nature.com/doifinder/10.1038/nature01323

(Dec. 2002).

173

http://www.ncbi.nlm.nih.gov/pubmed/1424049
http://heart.bmj.com/cgi/doi/10.1136/hrt.69.1%7B%5C_%7DSuppl.S3
http://heart.bmj.com/cgi/doi/10.1136/hrt.69.1%7B%5C_%7DSuppl.S3
www.oed.com/view/Entry/189805
www.oed.com/view/Entry/189805
https://www.nhlbi.nih.gov/health-topics/atherosclerosis
https://www.nhlbi.nih.gov/health-topics/atherosclerosis
http://www.nature.com/doifinder/10.1038/nature01323


8. Virmani, R., Burke, A. P., Kolodgie, F. D. & Farb, A. Vulnerable

Plaque: The Pathology of Unstable Coronary Lesions. Journal of In-

terventional Cardiology 15, 439–446. issn: 0896-4327. http : / / doi .

wiley.com/10.1111/j.1540-8183.2002.tb01087.x (Dec. 2002).

9. Weber, C. & Noels, H. Atherosclerosis: current pathogenesis and thera-

peutic options. Nature Medicine 17, 1410–1422. issn: 1078-8956. http:

//www.nature.com/articles/nm.2538 (Nov. 2011).

10. Moore, K. J. & Tabas, I. Macrophages in the Pathogenesis of Atheroscle-

rosis. Cell 145, 341–355. issn: 00928674. http://linkinghub.elsevier.

com/retrieve/pii/S0092867411004223 (Apr. 2011).

11. Gray, H. Anatomy of the Human Body 20th ed. (ed Lewis, W. H.)

https://www.bartleby.com/107/ [Accessed 22-June-2018] (Lea and

Febiger, Philadelphia and New York, 1918).

12. Ku, D. N., Giddens, D. P., Zarins, C. K. & Glagov, S. Pulsatile flow and

atherosclerosis in the human carotid bifurcation. Positive correlation

between plaque location and low oscillating shear stress. Arterioscle-

rosis, Thrombosis, and Vascular Biology 5, 293–302. issn: 1524-4636

(1985).

13. Nandalur, K. R., Baskurt, E., Hagspiel, K. D., Phillips, C. D. &

Kramer, C. M. Calcified carotid atherosclerotic plaque is associated

less with ischemic symptoms than is noncalcified plaque on MDCT.

American Journal of Roentgenology 184, 295–298. issn: 1546-3141

(2005).

14. Ross, R. Atherosclerosis — An Inflammatory Disease. New England

Journal of Medicine 340 (ed Epstein, F. H.) 115–126. issn: 0028-

174

http://doi.wiley.com/10.1111/j.1540-8183.2002.tb01087.x
http://doi.wiley.com/10.1111/j.1540-8183.2002.tb01087.x
http://www.nature.com/articles/nm.2538
http://www.nature.com/articles/nm.2538
http://linkinghub.elsevier.com/retrieve/pii/S0092867411004223
http://linkinghub.elsevier.com/retrieve/pii/S0092867411004223
https://www.bartleby.com/107/


4793. http ://www.nejm.org/doi/10.1056/NEJM199901143400207

(Jan. 1999).

15. Berman, J. W., Kazimi, M. & Ma, H. in Cardiovascular Plaque Rupture

(ed Brown, D. L.) 1st, 1–50 (CRC Press, Boca Raton, 2002). isbn:

9780824744823. http ://www.tandfebooks . com/action/showBook?

doi=10.3109/9780203908914.

16. World Health Organization. WHO methods and data sources for country-

level causes of death 2000-2015. https://www.who. int/healthinfo/

global burden disease/data sources methods/en/. [Accessed 22-June-

2018]. Department of Information, Evidence and Research, WHO, Geneva,

2017.

17. Eurostat. Eurostat regional yearbook 2017th ed., 476. isbn: 9789279716164.

http://ec.europa.eu/eurostat/en/web/products-statistical-books/-

/KS-HA-17-001 (Publications office of the European Union, Luxem-

bourg, 2017).

18. MazHer, A. H. K. & Ekaterinaris, J. A. Numerical simulation of blood

flow through arteries in Proceedings of the 1988 Fourteenth Annual

Northeast Bioengineering Conference (IEEE, 1988), 273–276.

19. Ku, D. N. Blood flow in arteries. Annual Review of Fluid Mechanics

29, 399–434. issn: 1545-4479 (1997).

20. Womersley, J. R. Method for the calculation of velocity, rate of flow

and viscous drag in arteries when the pressure gradient is known. The

Journal of Physiology 127, 553–563. issn: 00223751. http://doi.wiley.

com/10.1113/jphysiol.1955.sp005276 (Mar. 1955).

175

http://www.nejm.org/doi/10.1056/NEJM199901143400207
http://www.tandfebooks.com/action/showBook?doi=10.3109/9780203908914
http://www.tandfebooks.com/action/showBook?doi=10.3109/9780203908914
https://www.who.int/healthinfo/global_burden_disease/data_sources_methods/en/
https://www.who.int/healthinfo/global_burden_disease/data_sources_methods/en/
http://ec.europa.eu/eurostat/en/web/products-statistical-books/-/KS-HA-17-001
http://ec.europa.eu/eurostat/en/web/products-statistical-books/-/KS-HA-17-001
http://doi.wiley.com/10.1113/jphysiol.1955.sp005276
http://doi.wiley.com/10.1113/jphysiol.1955.sp005276


21. Jozwik, K. & Obidowski, D. Numerical simulations of the blood flow

through vertebral arteries. Journal of Biomechanics 43, 177–185. issn:

0021-9290 (2010).

22. Guerra, T., Tiago, J. & Sequeira, A. Optimal control in blood flow

simulations. International Journal of Non-Linear Mechanics 64, 57–

69. issn: 0020-7462 (2014).

23. Berger, S. A. & Jou, L.-D. Flows in stenotic vessels. Annual Review of

Fluid Mechanics 32, 347–382. issn: 0066-4189 (2000).

24. Sherwin, S. J. & Blackburn, H. M. Three-dimensional instabilities and

transition of steady and pulsatile axisymmetric stenotic flows. Journal

of Fluid Mechanics 533, 297–327. issn: 1469-7645 (2005).

25. Varghese, S. S., Frankel, S. H. & Fischer, P. F. Direct numerical simula-

tion of stenotic flows. Part 1. Steady flow. Journal of Fluid Mechanics

582, 253–280. issn: 1469-7645 (2007).

26. Varghese, S. S., Frankel, S. H. & Fischer, P. F. Direct numerical simula-

tion of stenotic flows. Part 2. Pulsatile flow. Journal of Fluid Mechanics

582, 281–318. issn: 1469-7645 (2007).

27. Ooi, A., Blackburn, H. M., Zhu, S., Lui, E. & Tae, W. Numerical

study of the behaviour of wall shear stress in pulsatile stenotic flows

in Proceedings of the 16th Australasian Fluid Mechanics Conference

(2007), 82–86. isbn: 978-1-864998-94-8.

28. Griffith, M. D., Leweke, T., Thompson, M. C. & Hourigan, K. Effect

of small asymmetries on axisymmetric stenotic flow. Journal of Fluid

Mechanics 721, 1–11. issn: 1469-7645 (2013).

176



29. Samuelsson, J., Tammisola, O. & Juniper, M. P. Breaking axi-symmetry

in stenotic flow lowers the critical transition Reynolds number. Physics

of Fluids 27, 104103. issn: 1089-7666 (2015).

30. Vétel, J., Garon, A., Pelletier, D. & Farinas, M.-I. Asymmetry and

transition to turbulence in a smooth axisymmetric constriction. Jour-

nal of Fluid Mechanics 607, 351–386. issn: 1469-7645 (2008).

31. Mao, X., Blackburn, H. M. & Sherwin, S. J. Optimal inflow bound-

ary condition perturbations in steady stenotic flow. Journal of Fluid

Mechanics 705, 306–321. issn: 1469-7645 (2012).

32. Loh, S. A. & Blackburn, H. M. Stability of steady flow through an

axially corrugated pipe. Physics of Fluids 23, 111703. issn: 1089-7666

(2011).

33. Ledru, F. et al. Geometric features of coronary artery lesions favor-

ing acute occlusion and myocardial infarction: a quantitative angio-

graphic study. Journal of the American College of Cardiology 33,

1353–1361. issn: 07351097. http://linkinghub.elsevier.com/retrieve/

pii/S0735109799000261 (Apr. 1999).

34. Lorenzini, G. & Casalena, E. CFD analysis of pulsatile blood flow

in an atherosclerotic human artery with eccentric plaques. Journal

of Biomechanics 41, 1862–1870. issn: 00219290. http://linkinghub.

elsevier.com/retrieve/pii/S0021929008001875 (Jan. 2008).

35. Stroud, J. S., Berger, S. A. & Saloner, D. Influence of stenosis morphol-

ogy on flow through severely stenotic vessels: Implications for plaque

rupture. Journal of Biomechanics 33, 443–455. issn: 00219290 (2000).

177

http://linkinghub.elsevier.com/retrieve/pii/S0735109799000261
http://linkinghub.elsevier.com/retrieve/pii/S0735109799000261
http://linkinghub.elsevier.com/retrieve/pii/S0021929008001875
http://linkinghub.elsevier.com/retrieve/pii/S0021929008001875


36. Tian, F. B., Zhu, L., Fok, P. W. & Lu, X. Y. Simulation of a pulsatile

non-Newtonian flow past a stenosed 2D artery with atherosclerosis.

Computers in Biology and Medicine 43, 1098–1113. issn: 00104825.

http://dx.doi.org/10.1016/j.compbiomed.2013.05.023 (2013).

37. Nandakumar, N. & Anand, M. Pulsatile flow of blood through a 2D

double-stenosed channel: effect of stenosis and pulsatility on wall shear

stress. International Journal of Advances in Engineering Sciences and

Applied Mathematics 8, 61–69. issn: 0975-0770. http://link.springer.

com/10.1007/s12572-016-0165-2 (Mar. 2016).

38. Stroud, J. S., Berger, S. A. & Saloner, D. Numerical Analysis of Flow

Through a Severely Stenotic Carotid Artery Bifurcation. Journal of

Biomechanical Engineering - Transactions of ASME 124, 9–20 (2002).

39. Johnston, B. M., Johnston, P. R., Corney, S. & Kilpatrick, D. Non-

Newtonian blood flow in human right coronary arteries: transient sim-

ulations. Journal of Biomechanics 39, 1116–1128. issn: 0021-9290

(2006).

40. Razavi, A., Shirani, E. & Sadeghi, M. R. Numerical simulation of

blood pulsatile flow in a stenosed carotid artery using different rheolog-

ical models. Journal of Biomechanics 44, 2021–2030. issn: 0021-9290

(2011).

41. Soulis, J. V. et al. Non-Newtonian models for molecular viscosity and

wall shear stress in a 3D reconstructed human left coronary artery.

Medical Engineering & Physics 30, 9–19. issn: 1350-4533 (2008).

42. Tao, X., Gao, P., Jing, L., Lin, Y. & Sui, B. Subject-Specific Fully-

Coupled and One-Way Fluid-Structure Interaction Models for Mod-

178

http://dx.doi.org/10.1016/j.compbiomed.2013.05.023
http://link.springer.com/10.1007/s12572-016-0165-2
http://link.springer.com/10.1007/s12572-016-0165-2


eling of Carotid Atherosclerotic Plaques in Humans. Medical Science

Monitor 21, 3279–3290. issn: 1643-3750 (2015).

43. Luo, X. Y. & Pedley, T. J. A numerical simulation of steady flow in a

2-D collapsible channel. Journal of Fluids and Structures 9, 149–174.

issn: 0889-9746 (1995).

44. Luo, X. Y. & Pedley, T. J. A numerical simulation of unsteady flow

in a two-dimensional collapsible channel. Journal of Fluid Mechanics

314, 191–225. issn: 1469-7645 (1996).

45. Heil, M. & Jensen, O. E. in Flow Past Highly Compliant Boundaries

and in Collapsible Tubes: Proceedings of the IUTAM Symposium held

at the University of Warwick, United Kingdom, 26-30 March 2001

(eds Carpenter, P. W. & Pedley, T. J.) 15–49 (Springer Netherlands,

Dordrecht, 2003). isbn: 978-94-017-0415-1.

46. Heil, M. An efficient solver for the fully coupled solution of large-

displacement fluid-structure interaction problems. Computer Methods

in Applied Mechanics and Engineering 193, 1–23. issn: 0045-7825

(2004).

47. Tang, D., Yang, J., Yang, C. & Ku, D. N. A nonlinear axisymmetric

model with fluid-wall interactions for steady viscous flow in stenotic

elastic tubes. Journal of Biomechanical Engineering 121, 494–501.

issn: 1528-8951 (1999).

48. Tang, D., Yang, C., Huang, Y. & Ku, D. N. Wall stress and strain anal-

ysis using a three-dimensional thick-wall model with fluid-structure in-

teractions for blood flow in carotid arteries with stenoses. Computers

and Structures 72, 341–356 (1999).

179



49. Tang, D., Yang, C. & Ku, D. N. A 3-D thin-wall model with fluid-

structure interactions for blood flow in carotid arteries with symmet-

ric and asymmetric stenoses. Computers and Structures 72, 357–377

(1999).

50. Tang, D., Yang, C., Kobayashi, S., Zheng, J. & Vito, R. P. Effect of

Stenosis Asymmetry on Blood Flow and Artery Compression: A Three-

Dimensional Fluid-Structure Interaction Model. Annals of Biomedical

Engineering 31, 1182–1193. http :// link . springer . com/10 .1114/1 .

1615577 (Nov. 2003).

51. Bathe, M. & Kamm, R. D. A fluid-structure interaction finite element

analysis of pulsatile blood flow through a compliant stenotic artery.

Journal of Biomechanical Engineering 121, 361–369. issn: 0148-0731

(1999).

52. Li, M., Beech-Brandt, J., John, L., Hoskins, P. & Easson, W. Numeri-

cal analysis of pulsatile blood flow and vessel wall mechanics in differ-

ent degrees of stenoses. Journal of Biomechanics 40, 3715–3724. issn:

00219290. http://linkinghub.elsevier.com/retrieve/pii/S0021929007002941

(Jan. 2007).

53. Moayeri, M. S. & Zendehbudi, G. R. Effects of elastic property of

the wall on flow characteristics through arterial stenoses. Journal of

Biomechanics 36, 525–535. issn: 0021-9290 (2003).

54. Mortazavinia, Z., Zare, A. & Mehdizadeh, A. Effects of renal artery

stenosis on realistic model of abdominal aorta and renal arteries incor-

porating fluid-structure interaction and pulsatile non-Newtonian blood

flow. Applied Mathematics and Mechanics (English Edition) 33, 165–

176. issn: 1573-2754 (2012).

180

http://link.springer.com/10.1114/1.1615577
http://link.springer.com/10.1114/1.1615577
http://linkinghub.elsevier.com/retrieve/pii/S0021929007002941


55. Usmani, A. Y. & Muralidhar, K. Pulsatile flow in a compliant stenosed

asymmetric model. Experiments in Fluids 57. issn: 1432-1114 (2016).

56. Chakravarty, S., Mandal, P. K. & Sarifuddin. Effect of surface irreg-

ularities on unsteady pulsatile flow in a compliant artery. International

Journal of Non-Linear Mechanics 40, 1268–1281. issn: 00207462 (2005).

57. Liu, X. et al. Numerical study of the mechanical interaction between

the carotid atherosclerosis plaque and the blood flow field distribution:

A geometric assessment of the plaque vulnerability. Journal of Medical

Imaging and Health Informatics 5, 165–176. issn: 2156-7026 (2015).

58. Richardson, P. D. & Davies, M. J. Influence of plaque configuration

and stress distribution on fissuring of coronary atherosclerotic plaques.

The Lancet 334, 941–944. issn: 01406736. http://linkinghub.elsevier.

com/retrieve/pii/S0140673689909537 (Oct. 1989).

59. Loree, H. M., Kamm, R. D., Stringfellow, R. G. & Lee, R. T. Ef-

fects of fibrous cap thickness on peak circumferential stress in model

atherosclerotic vessels. Circulation Research 71, 850–858. issn: 0009-

7330. http://circres.ahajournals.org/cgi/doi/10.1161/01.RES.71.4.850

(Oct. 1992).

60. Cheng, G. C., Loree, H. M., Kamm, R. D., Fishbein, M. C. & Lee, R. T.

Distribution of circumferential stress in ruptured and stable atheroscle-

rotic lesions. A structural analysis with histopathological correlation.

Circulation 87, 1179–1187. issn: 0009-7322. http://circ.ahajournals.

org/cgi/doi/10.1161/01.CIR.87.4.1179 (Apr. 1993).

61. Kumar, R. K. & Balakrishnan, K. R. Influence of lumen shape and

vessel geometry on plaque stresses: possible role in the increased vul-

nerability of a remodelled vessel and the ”shoulder” of a plaque. Heart

181

http://linkinghub.elsevier.com/retrieve/pii/S0140673689909537
http://linkinghub.elsevier.com/retrieve/pii/S0140673689909537
http://circres.ahajournals.org/cgi/doi/10.1161/01.RES.71.4.850
http://circ.ahajournals.org/cgi/doi/10.1161/01.CIR.87.4.1179
http://circ.ahajournals.org/cgi/doi/10.1161/01.CIR.87.4.1179


(British Cardiac Society) 91, 1459–1465. issn: 1355-6037. http : / /

heart .bmj . com.ezp- prod1 .hul .harvard .edu/content/91/11/1459 .

full .pdf%7B%5C%%7D5Cnhttp://heart .bmj.com.ezp- prod1.hul .

harvard . edu / content / 91 / 11 / 1459 . long % 7B % 5C % %7D5Cnhttp :

//www.ncbi.nlm.nih.gov/pubmed/15774611 (2005).

62. Loree, H. M. et al. Mechanical properties of model atherosclerotic le-

sion lipid pools. Arteriosclerosis, Thrombosis, and Vascular Biology

14, 230–234. issn: 1079-5642. http://atvb.ahajournals.org/cgi/doi/

10.1161/01.ATV.14.2.230 (Feb. 1994).

63. Li, Z.-Y. et al. Stress analysis of carotid plaque rupture based on in vivo

high resolution MRI. Journal of Biomechanics 39, 2611–2622. issn:

00219290. http://linkinghub.elsevier.com/retrieve/pii/S0021929005003994

(Jan. 2006).

64. Virmani, R., Burke, A. P., Farb, A. & Kolodgie, F. D. in Cardiovascular

Plaque Rupture (ed Brown, D. L.) 51–61 (CRC Press, Boca Raton,

2002). isbn: 9780824744823. https://www.taylorfrancis.com/books/

e/9780824744823.

65. Li, Z.-Y. et al. Structural analysis and magnetic resonance imaging pre-

dict plaque vulnerability: A study comparing symptomatic and asymp-

tomatic individuals. Journal of Vascular Surgery 45, 768–775. issn:

07415214. http://linkinghub.elsevier.com/retrieve/pii/S0741521407000158

(Apr. 2007).

66. Huang, H. et al. The Impact of Calcification on the Biomechanical

Stability of Atherosclerotic Plaques. Circulation 103, 1051–1056. issn:

0009-7322. http://circ.ahajournals.org/cgi/doi/10.1161/01.CIR.103.8.

1051 (Feb. 2001).

182

http://heart.bmj.com.ezp-prod1.hul.harvard.edu/content/91/11/1459.full.pdf%7B%5C%%7D5Cnhttp://heart.bmj.com.ezp-prod1.hul.harvard.edu/content/91/11/1459.long%7B%5C%%7D5Cnhttp://www.ncbi.nlm.nih.gov/pubmed/15774611
http://heart.bmj.com.ezp-prod1.hul.harvard.edu/content/91/11/1459.full.pdf%7B%5C%%7D5Cnhttp://heart.bmj.com.ezp-prod1.hul.harvard.edu/content/91/11/1459.long%7B%5C%%7D5Cnhttp://www.ncbi.nlm.nih.gov/pubmed/15774611
http://heart.bmj.com.ezp-prod1.hul.harvard.edu/content/91/11/1459.full.pdf%7B%5C%%7D5Cnhttp://heart.bmj.com.ezp-prod1.hul.harvard.edu/content/91/11/1459.long%7B%5C%%7D5Cnhttp://www.ncbi.nlm.nih.gov/pubmed/15774611
http://heart.bmj.com.ezp-prod1.hul.harvard.edu/content/91/11/1459.full.pdf%7B%5C%%7D5Cnhttp://heart.bmj.com.ezp-prod1.hul.harvard.edu/content/91/11/1459.long%7B%5C%%7D5Cnhttp://www.ncbi.nlm.nih.gov/pubmed/15774611
http://heart.bmj.com.ezp-prod1.hul.harvard.edu/content/91/11/1459.full.pdf%7B%5C%%7D5Cnhttp://heart.bmj.com.ezp-prod1.hul.harvard.edu/content/91/11/1459.long%7B%5C%%7D5Cnhttp://www.ncbi.nlm.nih.gov/pubmed/15774611
http://atvb.ahajournals.org/cgi/doi/10.1161/01.ATV.14.2.230
http://atvb.ahajournals.org/cgi/doi/10.1161/01.ATV.14.2.230
http://linkinghub.elsevier.com/retrieve/pii/S0021929005003994
https://www.taylorfrancis.com/books/e/9780824744823
https://www.taylorfrancis.com/books/e/9780824744823
http://linkinghub.elsevier.com/retrieve/pii/S0741521407000158
http://circ.ahajournals.org/cgi/doi/10.1161/01.CIR.103.8.1051
http://circ.ahajournals.org/cgi/doi/10.1161/01.CIR.103.8.1051


67. Karimi, A., Navidbakhsh, M., Faghihi, S., Shojaei, A. & Hassani, K. A

finite element investigation on plaque vulnerability in realistic healthy

and atherosclerotic human coronary arteries. Proceedings of the In-

stitution of Mechanical Engineers, Part H: Journal of Engineering in

Medicine 227, 148–161. issn: 0954-4119 (2012).

68. Versluis, A., Bank, A. J. & Douglas, W. H. Fatigue and plaque rupture

in myocardial infarction. Journal of Biomechanics 39, 339–347. issn:

00219290. http://linkinghub.elsevier.com/retrieve/pii/S002192900400569X

(Jan. 2006).

69. Creane, A. et al. Finite element modelling of diseased carotid bifur-

cations generated from in vivo computerised tomographic angiogra-

phy. Computers in Biology and Medicine 40, 419–429. issn: 00104825.

http://linkinghub.elsevier.com/retrieve/pii/S0010482510000284 (Apr.

2010).

70. Dirksen, M. T., van der Wal, A. C., van den Berg, F. M., van der

Loos, C. M. & Becker, a. E. Distribution of Inflammatory Cells in

Atherosclerotic Plaques Relates to the Direction of Flow. Circulation

98, 2000–2003. http://circ.ahajournals.org/cgi/doi/10.1161/01.CIR.

98.19.2000 (Nov. 1998).

71. Lovett, J. K. & Rothwell, P. M. Site of Carotid Plaque Ulceration

in Relation to Direction of Blood Flow: An Angiographic and Patho-

logical Study. Cerebrovascular Diseases 16, 369–375. issn: 1015-9770.

https://www.karger.com/Article/FullText/72559 (2003).

72. Miskolczi, L., Guterman, L. R., Flaherty, J. D. & Hopkins, L. N. De-

piction of carotid plaque ulceration and other plaque-related disorders

by intravascular sonography: a flow chamber study. AJNR. American

183

http://linkinghub.elsevier.com/retrieve/pii/S002192900400569X
http://linkinghub.elsevier.com/retrieve/pii/S0010482510000284
http://circ.ahajournals.org/cgi/doi/10.1161/01.CIR.98.19.2000
http://circ.ahajournals.org/cgi/doi/10.1161/01.CIR.98.19.2000
https://www.karger.com/Article/FullText/72559


journal of neuroradiology 17, 1881–90. issn: 1936-959X. http://www.

ncbi.nlm.nih.gov/pubmed/8933872 (1996).

73. Imoto, K. et al. Longitudinal structural determinants of atheroscle-

rotic plaque vulnerability: A computational analysis of stress distri-

bution using vessel models and three-dimensional intravascular ultra-

sound imaging. Journal of the American College of Cardiology 46,

1507–1515. issn: 07351097 (2005).

74. Ohayon, J. et al. Necrotic core thickness and positive arterial remod-

eling index: emergent biomechanical factors for evaluating the risk of

plaque rupture. American Journal of Physiology-Heart and Circulatory

Physiology 295, H717–H727. issn: 0363-6135. http://www.physiology.

org/doi/10.1152/ajpheart.00005.2008 (Aug. 2008).

75. Akhtar, R., Sherratt, M. J., Cruickshank, J. K. & Derby, B. Charac-

terizing the elastic properties of tissues. Materials Today 14, 96–105.

issn: 1369-7021 (2011).

76. Holzapfel, G. A. in Handbook of Materials Behavior Models (ed Lemaitre,

J.) 1057–1071 (2001). isbn: 978-0-12-443341-0.

77. Khamdaeng, T., Luo, J., Vappou, J., Terdtoon, P. & Konofagou, E. E.

Arterial stiffness identification of the human carotid artery using the

stress-strain relationship in vivo. Ultrasonics 52, 402–411. issn: 0041-

624X (2012).

78. Ferrara, A. & Pandolfi, A. Numerical modelling of fracture in human

arteries. Computer Methods in Biomechanics and Biomedical Engi-

neering 11, 553–567. issn: 10255842 (2008).

184

http://www.ncbi.nlm.nih.gov/pubmed/8933872
http://www.ncbi.nlm.nih.gov/pubmed/8933872
http://www.physiology.org/doi/10.1152/ajpheart.00005.2008
http://www.physiology.org/doi/10.1152/ajpheart.00005.2008


79. Vito, R. P. & Demiray, H. A two-layered model for arterial wall me-

chanics in Proceedings of the 35th Annual conference on Engineering

in Medicine and Biology (ACEMB) (1982).

80. Xie, J., Zhou, J. & Fung, Y. C. Bending of Blood Vessel Wall: Stress-

Strain Laws of the Intima-Media and Adventitial Layers. Journal of

Biomechanical Engineering 117, 136–145. issn: 0148-0731. https://

asmedigitalcollection .asme .org/biomechanical/article/117/1/136/

399407/Bending- of- Blood- Vessel - Wall - StressStrain- Laws- of (Feb.

1995).

81. Blausen.com. Medical gallery of Blausen Medical 2014. WikiJournal

of Medicine 1, 2. https://doi.org/10.15347/wjm/2014.010 (2014).

82. Krejza, J. et al. Carotid Artery Diameter in Men and Women and the

Relation to Body and Neck Size. Stroke 37, 1103–1105. issn: 0039-

2499. https://www.ahajournals.org/doi/10.1161/01.STR.0000206440.

48756.f7 (Apr. 2006).

83. Li, Z.-Y. et al. Assessment of carotid plaque vulnerability using struc-

tural and geometrical determinants. English. Circulation Journal 72,

1092–1099. issn: 1346-9843 (July 2008).

84. Nonin, S. et al. Plaque surface irregularity and calcification length

within carotid plaque predict secondary events in patients with coro-

nary artery disease. Atherosclerosis 256, 29–34. issn: 18791484. http:

//dx.doi.org/10.1016/j.atherosclerosis.2016.11.008 (2017).

85. Lee, K. W., Wood, N. B. & Xu, X. Y. Ultrasound image-based com-

puter model of a common carotid artery with a plaque. Medical Engi-

neering and Physics 26, 823–840. issn: 13504533 (2004).

185

https://asmedigitalcollection.asme.org/biomechanical/article/117/1/136/399407/Bending-of-Blood-Vessel-Wall-StressStrain-Laws-of
https://asmedigitalcollection.asme.org/biomechanical/article/117/1/136/399407/Bending-of-Blood-Vessel-Wall-StressStrain-Laws-of
https://asmedigitalcollection.asme.org/biomechanical/article/117/1/136/399407/Bending-of-Blood-Vessel-Wall-StressStrain-Laws-of
https://doi.org/10.15347/wjm/2014.010
https://www.ahajournals.org/doi/10.1161/01.STR.0000206440.48756.f7
https://www.ahajournals.org/doi/10.1161/01.STR.0000206440.48756.f7
http://dx.doi.org/10.1016/j.atherosclerosis.2016.11.008
http://dx.doi.org/10.1016/j.atherosclerosis.2016.11.008


86. Holzapfel, G. A., Gasser, T. C. & Ogden, R. W. A new constitu-

tive framework for arterial wall mechanics and a comparative study

of material models. Journal of Elasticity. issn: 03743535. https://link.

springer.com/article/10.1023/A:1010835316564 (2000).

87. Belzacq, T., Avril, S., Leriche, E. & Delache, A. A numerical para-

metric study of the mechanical action of pulsatile blood flow onto

axisymmetric stenosed arteries. Medical Engineering & Physics 34,

1483–1495. issn: 13504533. http://linkinghub.elsevier.com/retrieve/

pii/S1350453312000343 (Dec. 2012).

88. Tang, D., Yang, C., Kobayashi, S. & Ku, D. N. Effect of a lipid pool

on stress/strain distributions in stenotic arteries: 3-D fluid-structure

interactions (FSI) models. Journal of Biomechanical Engineering 126,

363–370. issn: 01480731 (2004).

89. Tang, D. et al. 3D MRI-Based Multicomponent FSI Models for Atheroscle-

rotic Plaques. Annals of Biomedical Engineering 32, 947–960. issn:

0090-6964. http : / / journals . kluweronline . com / article . asp ? PIPS =

488597 (July 2004).

90. Kock, S. A. et al. Mechanical stresses in carotid plaques using MRI-

based fluid–structure interaction models. Journal of Biomechanics 41,

1651–1658. issn: 00219290. http://linkinghub.elsevier.com/retrieve/

pii/S0021929008001401 (2008).

91. Gao, H., Long, Q., Graves, M., Gillard, J. H. & Li, Z.-Y. Carotid arte-

rial plaque stress analysis using fluid–structure interactive simulation

based on in-vivo magnetic resonance images of four patients. Journal

of Biomechanics 42, 1416–1423. issn: 00219290. http://linkinghub.

elsevier.com/retrieve/pii/S0021929009002048 (July 2009).

186

https://link.springer.com/article/10.1023/A:1010835316564
https://link.springer.com/article/10.1023/A:1010835316564
http://linkinghub.elsevier.com/retrieve/pii/S1350453312000343
http://linkinghub.elsevier.com/retrieve/pii/S1350453312000343
http://journals.kluweronline.com/article.asp?PIPS=488597
http://journals.kluweronline.com/article.asp?PIPS=488597
http://linkinghub.elsevier.com/retrieve/pii/S0021929008001401
http://linkinghub.elsevier.com/retrieve/pii/S0021929008001401
http://linkinghub.elsevier.com/retrieve/pii/S0021929009002048
http://linkinghub.elsevier.com/retrieve/pii/S0021929009002048


92. Teng, Z. et al. The influence of constitutive law choice used to char-

acterise atherosclerotic tissue material properties on computing stress

values in human carotid plaques. Journal of Biomechanics 48, 3912–

3921. issn: 18732380. http://dx.doi.org/10.1016/j.jbiomech.2015.09.

023 (2015).

93. Riley, W. A., Barnes, R. W., Evans, G. W. & Burke, G. L. Ultrasonic

measurement of the elastic modulus of the common carotid artery. The

Atherosclerosis Risk in Communities (ARIC) Study. Stroke 23, 952–

956. issn: 0039-2499. http://stroke.ahajournals.org/cgi/doi/10.1161/

01.STR.23.7.952 (July 1992).

94. Bergel, D. H. The dynamic elastic properties of the arterial wall. The

Journal of Physiology 156, 458–469. issn: 00223751. http://doi.wiley.

com/10.1113/jphysiol.1961.sp006687 (May 1961).

95. Patel, D. J. & Janicki, J. S. Static Elastic Properties of the Left Coro-

nary Circumflex Artery and the Common Carotid Artery in Dogs.

Circulation Research 27, 149–158. issn: 0009-7330. https : / / www .

ahajournals.org/doi/10.1161/01.RES.27.2.149 (Aug. 1970).

96. Gao, F., Guo, Z., Sakamoto, M. & Matsuzawa, T. Fluid-structure inter-

action within a layered aortic arch model. Journal of Biological Physics

32, 435–454. issn: 1573-0689 (2006).

97. Perktold, K. & Rappitsch, G. Computer simulation of local blood flow

and vessel mechanics in a compliant carotid artery bifurcation model.

Journal of Biomechanics 28, 845–856 (1995).

98. Rotman, O. M., Zaretsky, U., Shitzer, A. & Einav, S. Pressure drop

and arterial compliance - Two arterial parameters in one measurement.

Journal of Biomechanics 50, 130–137. issn: 18732380 (2017).

187

http://dx.doi.org/10.1016/j.jbiomech.2015.09.023
http://dx.doi.org/10.1016/j.jbiomech.2015.09.023
http://stroke.ahajournals.org/cgi/doi/10.1161/01.STR.23.7.952
http://stroke.ahajournals.org/cgi/doi/10.1161/01.STR.23.7.952
http://doi.wiley.com/10.1113/jphysiol.1961.sp006687
http://doi.wiley.com/10.1113/jphysiol.1961.sp006687
https://www.ahajournals.org/doi/10.1161/01.RES.27.2.149
https://www.ahajournals.org/doi/10.1161/01.RES.27.2.149


99. Rohde, L. E. & Lee, R. T. in Cardiovascular Plaque Rupture (ed

Brown, D. L.) 147–166 (CRC Press, Boca Raton, 2002). isbn: 9780824744823.

https://www.taylorfrancis.com/books/e/9780824744823.

100. Li, Z.-Y., Howarth, S. P., Tang, T. & Gillard, J. H. How Critical Is

Fibrous Cap Thickness to Carotid Plaque Stability?: A Flow-Plaque

Interaction Model. Stroke 37, 1195–1199. issn: 0039-2499. http : / /

stroke.ahajournals.org/cgi/doi/10.1161/01.STR.0000217331.61083.3b

(May 2006).

101. Yuan, J. et al. Influence of material property variability on the mechan-

ical behaviour of carotid atherosclerotic plaques: A 3D fluid-structure

interaction analysis. International Journal for Numerical Methods in

Biomedical Engineering 31, e02722. issn: 20407939. http://doi.wiley.

com/10.1002/cnm.2722 (Aug. 2015).

102. Belzacq, T., Avril, S., Leriche, E. & Delache, A. Mechanical action of

the blood onto atheromatous plaques: influence of the stenosis shape

and morphology. Computer Methods in Biomechanics and Biomedical

Engineering 17, 527–538. http://dx.doi.org/10.1080/10255842.2012.

697898 (2014).

103. Tang, D. et al. Quantifying Effects of Plaque Structure and Material

Properties on Stress Distributions in Human Atherosclerotic Plaques

Using 3D FSI Models. Journal of Biomechanical Engineering 127,

1185. issn: 01480731. https://doi.org/10.1115/1.2073668%20http://

biomechanical.asmedigitalcollection.asme.org/article.aspx?articleid=

1415266 (2005).

104. Oxford English Dictionary. “in vivo” [Online; accessed 16-November-

2018]. 2018. http://www.oed.com/view/Entry/92971#eid740969.

188

https://www.taylorfrancis.com/books/e/9780824744823
http://stroke.ahajournals.org/cgi/doi/10.1161/01.STR.0000217331.61083.3b
http://stroke.ahajournals.org/cgi/doi/10.1161/01.STR.0000217331.61083.3b
http://doi.wiley.com/10.1002/cnm.2722
http://doi.wiley.com/10.1002/cnm.2722
http://dx.doi.org/10.1080/10255842.2012.697898
http://dx.doi.org/10.1080/10255842.2012.697898
https://doi.org/10.1115/1.2073668%20http://biomechanical.asmedigitalcollection.asme.org/article.aspx?articleid=1415266
https://doi.org/10.1115/1.2073668%20http://biomechanical.asmedigitalcollection.asme.org/article.aspx?articleid=1415266
https://doi.org/10.1115/1.2073668%20http://biomechanical.asmedigitalcollection.asme.org/article.aspx?articleid=1415266
http://www.oed.com/view/Entry/92971#eid740969


105. Canton, G. 3D Critical Plaque Wall Stress Is a Better Predictor of

Carotid Plaque Rupture Sites Than Flow Shear Stress: An In Vivo

MRI-Based 3D FSI Study. Journal of Biomechanical Engineering 132,

031007. issn: 0148-0731. http://biomechanical.asmedigitalcollection.

asme.org/article.aspx?doi=10.1115/1.4001028 (Feb. 2010).

106. Thrysoe, S. A. et al. Longitudinal Distribution of Mechanical Stresses

in Carotid Plaques of Symptomatic Patients. Stroke 41, 1041–1043.

issn: 0039-2499. http ://stroke .ahajournals .org/cgi/doi/10 .1161/

STROKEAHA.109.571588 (May 2010).

107. Gao, H. et al. Study of carotid arterial plaque stress for symptomatic

and asymptomatic patients. Journal of Biomechanics 44, 2551–2557.

issn: 00219290. http://linkinghub.elsevier.com/retrieve/pii/S0021929011005161

(Sept. 2011).

108. Tang, D. et al. Sites of Rupture in Human Atherosclerotic Carotid

Plaques Are Associated With High Structural Stresses: An In Vivo

MRI-Based 3D Fluid-Structure Interaction Study. Stroke 40, 3258–

3263. issn: 0039-2499. http ://stroke .ahajournals . org/cgi/doi/10 .

1161/STROKEAHA.109.558676 (Oct. 2009).

109. Patera, A. T. A spectral element method for fluid dynamics: Laminar

flow in a channel expansion. Journal of Computational Physics 54,

468–488. issn: 00219991. http://linkinghub.elsevier.com/retrieve/pii/

0021999184901281 (June 1984).

110. Nikishkov, G. P. Introduction to the finite element method (lecture

notes) tech. rep. (University of Aizu, Aizu-Wakamatsu, 2004), 1–45.

http://homepages.cae.wisc.edu/∼suresh/ME964Website/M964Notes/

Notes/introfem.pdf.

189

http://biomechanical.asmedigitalcollection.asme.org/article.aspx?doi=10.1115/1.4001028
http://biomechanical.asmedigitalcollection.asme.org/article.aspx?doi=10.1115/1.4001028
http://stroke.ahajournals.org/cgi/doi/10.1161/STROKEAHA.109.571588
http://stroke.ahajournals.org/cgi/doi/10.1161/STROKEAHA.109.571588
http://linkinghub.elsevier.com/retrieve/pii/S0021929011005161
http://stroke.ahajournals.org/cgi/doi/10.1161/STROKEAHA.109.558676
http://stroke.ahajournals.org/cgi/doi/10.1161/STROKEAHA.109.558676
http://linkinghub.elsevier.com/retrieve/pii/0021999184901281
http://linkinghub.elsevier.com/retrieve/pii/0021999184901281
http://homepages.cae.wisc.edu/~suresh/ME964Website/M964Notes/Notes/introfem.pdf
http://homepages.cae.wisc.edu/~suresh/ME964Website/M964Notes/Notes/introfem.pdf


111. Clough, R. W. The finite element method in plane stress analysis in

2nd A.S.C.E. Conference on Electronic Computation (American Soci-

ety of Civil Engineers, Pittsburgh, 1960), 345–378.

112. Polycarpou, A. C. Introduction to the finite element method in electro-

magnetics 1–126. isbn: 1598290460 (2006).

113. Zienkiewicz, O. C., Taylor, R. L. & Nithiarasu, P. The Finite Ele-

ment Method for Fluid Dynamics Seventh Ed. isbn: 978-1-85617-635-4

(Butterworth-Heinemann, 2014).

114. Reddy, J. & Gartling, D. The Finite Element Method in Heat Trans-

fer and Fluid Dynamics Third Edit, 524. isbn: 9781420085983. https:

//www.crcpress.com/The-Finite-Element-Method-in-Heat-Transfer-

and - Fluid - Dynamics - Third - Edition / Reddy - Gartling / p / book /

9781420085983 (CRC Press, 2010).

115. Zienkiewicz, O. C., Taylor, R. L. & Zhu, J. Z. The Finite Element

Method: its Basis and Fundamentals Seventh Ed. isbn: 978-1-85617-

633-0 (Butterworth-Heinemann, 2013).

116. Reddy, J. An Introduction to the Finite Element Method 2nd Ed. (eds

Corrigan, J. J. & Morriss, J. M.) isbn: 0-07-051355-4 (McGraw-Hill,

Inc., 1993).

117. Zienkiewicz, O., Taylor, R. & Fox, D. in The Finite Element Method for

Solid and Structural Mechanics 21–55 (Elsevier, 2014). isbn: 9781856176347.

http://linkinghub.elsevier.com/retrieve/pii/B9781856176347000028.

118. Zienkiewicz, O., Taylor, R. & Fox, D. in The Finite Element Method

for Solid and Structural Mechanics 1–20 (Elsevier, 2014). isbn: 978-1-

85617-634-7. http://linkinghub.elsevier.com/retrieve/pii/B9781856176347000016.

190

https://www.crcpress.com/The-Finite-Element-Method-in-Heat-Transfer-and-Fluid-Dynamics-Third-Edition/Reddy-Gartling/p/book/9781420085983
https://www.crcpress.com/The-Finite-Element-Method-in-Heat-Transfer-and-Fluid-Dynamics-Third-Edition/Reddy-Gartling/p/book/9781420085983
https://www.crcpress.com/The-Finite-Element-Method-in-Heat-Transfer-and-Fluid-Dynamics-Third-Edition/Reddy-Gartling/p/book/9781420085983
https://www.crcpress.com/The-Finite-Element-Method-in-Heat-Transfer-and-Fluid-Dynamics-Third-Edition/Reddy-Gartling/p/book/9781420085983
http://linkinghub.elsevier.com/retrieve/pii/B9781856176347000028
http://linkinghub.elsevier.com/retrieve/pii/B9781856176347000016


119. Tu, C., Deville, M., Dheur, L. & Vanderschuren, L. Finite element sim-

ulation of pulsatile flow through arterial stenosis. Journal of Biome-

chanics 25, 1141–1152. issn: 00219290 (1992).

120. Milner, J. S., Moore, J. A., Rutt, B. K. & Steinman, D. A. Hemo-

dynamics of human carotid artery bifurcations: computational studies

with models reconstructed from magnetic resonance imaging of nor-

mal subjects. Journal of Vascular Surgery 28, 143–156. issn: 07415214

(1998).
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