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Abstract

In this thesis, the potential of MRI phase to reveal the magnetic properties of

tissue is thoroughly investigated. Extending beyond the well established field of

quantitative susceptibility mapping (QSM), consideration is given to the influ-

ence of susceptibility anisotropy, chemical exchange, non-spherical susceptibility

inclusions and multi-compartmental signal evolution from both a theoretical and

experimental viewpoint.

The first experimental chapter discusses a collaborative project with Cardiff Uni-

versity Brain Research Imaging Centre (CUBRIC) and the Department of Neu-

robiology in Tel-Aviv University to investigate neuroplasticity changes in rats. In

this chapter the contribution from the SPMIC is described, detailing an anal-

ysis pipeline to generate and optimise isotropic susceptibility and R∗2(~r) maps

from multi-echo gradient echo (GE) in-vivo rat datasets obtained on a 7T Bruker

Biospec 70/30 MR system.

The second experimental chapter investigates the potential of frequency difference

mapping (FDM), a recently developed phase processing technique which charac-

terises multi-compartmental signal evolution to probe microstructure content. In

this chapter, a novel FDM processing algorithm is introduced which does not re-

quire the use of sophisticated phase unwrapping and image filtering. To test the

effectiveness of the FDM algorithm on experimental data, ten healthy volunteers

underwent a single-slice, sagittal, multi-echo GE scan on a Philips Achieva 7T MR

system. Results revealed consistent contrast over the corpus callosum relative to

the surrounding tissue and a high sensitivity to small changes in microstructure

content. Though fitting experimental magnitude and frequency difference evo-

lution to a three-pool white matter model, the signal evolution over the corpus

callosum is described in terms of physical properties of the nerve fibres.

The final experimental chapter investigates the magnetic properties of skeletal

muscle. A skeletal muscle sample (in the form of a section of pork tenderloin) was

placed within an agar phantom and scanned via a multi-orientation, dual-echo

GE protocol on a Philips Achieva 7T MR system. Measured phase data were

post-processed and novel least-squares minimisation algorithms were developed

to investigate the isotropic susceptibility, anisotropic susceptibility, chemical ex-

change and cylindrical microstructure inclusion properties of the sample. Analysis

revealed that the skeletal muscle sample was significantly more diamagnetic than

agar, χI = (−121± 22)ppb, and a large chemical exchange contribution was also

observed within the tissue, E = (31 ± 11)ppb, relative to the surrounding agar.

The experimental protocol was not sensitive enough to reveal quantitative infor-

mation about the anisotropic susceptibility properties of the sample, yielding an

an upper bound of 10 ppb. No evidence of cylindrical susceptibility inclusions was

observed within the experimental field perturbation maps.
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Chapter 1

Introduction

Access to higher field strengths and improved processing techniques has opened

up new opportunities for exploiting the contrast provided by gradient echo (GE)

phase datasets. Phase images are already widely used within a clinical setting

via susceptibility weighted imaging (SWI), which utilises phase to improve visual

contrast in an abundance of regions including blood vessels and brain lesions.

However, understanding the sources of underlying contrast in phase images is still

an area of ongoing research. The ambition of this thesis is to examine (though

both theory and experiment) the sources of contrast within phase datasets, ex-

tending beyond the traditional model considering isotropic susceptibility as the

source of all phase contrast and examining the impact of susceptibility anisotropy,

chemical exchange, non-spherical susceptibility inclusions and multi-compartment

signal evolution.

In Chapter 2, the theoretical considerations of nuclear magnetic resonance (NMR)

are discussed, investigating both the quantum and classical model of NMR before

continuing to the treatment of macroscopic systems. Chapter 3 extends this dis-

cussion to considerations in magnetic resonance imaging (MRI) experiments, with

a focus on the gradient echo (GE) sequence utilised throughout this thesis.

Chapter 4 discusses the theoretical considerations of both isotropic susceptibil-

ity and quantitative susceptibility mapping (QSM), a well established research

area focused on obtaining isotropic susceptibility maps from GE phase data. A

thorough description of the post-processing pipeline utilised in QSM, including

the limitations and advantages of different techniques are discussed in Chapter 5.

Chapter 6 provides the first experimental chapter within this thesis, where a full

analysis pipeline to quantify the isotropic susceptibility properties of rat brains

in-vivo is developed and discussed.

Further work in this thesis extends beyond a model of isotropic susceptibility, with

Chapter 7 examining the theoretical considerations of anisotropic susceptibility,

1



CHAPTER 1. INTRODUCTION

chemical exchange, non-spherical susceptibility inclusions and signal compartmen-

talisation. Beyond theoretical considerations, an extensive discussion is provided

on experimental observations corresponding to these magnetic properties and how

they can be quantified within phase datasets. Chapter 8 details an experiment

exploring multi-compartment signal evolution over the corpus callosum via imple-

mentation of a novel frequency difference mapping (FDM) algorithm. Combining

experimental results with a model of white matter, results are quantified in terms

of isotropic susceptibility, anisotropic susceptibility and chemical exchange, in ad-

dition to quantifying the relative fractions of axonal, myelin and extracellular space

in white matter. Chapter 9 describes an experiment investigating the magnetic

properties of skeletal muscle, examining the properties of isotropic susceptibil-

ity, anisotropic susceptibility, chemical exchange and non-spherical susceptibility

inclusions in an ex-vivo sample of pork tenderloin. Chapter 10 presents the con-

cluding remarks for this thesis, with a final discussion of the work presented and

the impact of the experimental findings.
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Chapter 2

Theory of Nuclear Magnetic

Resonance (NMR)

2.1 What is NMR?

Nuclear Magnetic Resonance (NMR) is a branch of physics that exploits the in-

teraction between atoms and externally applied magnetic fields to describe the

magnetic properties of a system. These magnetic properties are of great interest

to researchers as they provide an insight into the atomic structure of the system

being examined, in addition to any chemical interactions taking place. NMR forms

the foundation of magnetic resonance imaging (MRI), a sophisticated application

of NMR which provides images of macroscopic systems which reflect the underly-

ing magnetic properties.

The magnetic properties of systems observed in NMR experiments arise due to the

quantum mechanical properties of atomic nuclei. However, under MRI conditions

a classically approximated model can be considered sufficient in effectively ex-

plaining observations, in addition to creating a model of underlying physics which

is simple to interpret. These approximations arise due to the low sensitivity of

MRI, which is concerned with bulk effects rather than single nuclei. In addition,

the majority of MRI experiments are based on signals from hydrogen nuclei, which

are composed of a single proton and have relatively simple properties.

In this chapter, the quantum mechanical foundation of spin will be described and

interpreted, in addition to the classical model commonly encountered in MRI. An

interpretation of relaxation in bulk atomic systems will be introduced, in addition

to an explanation of how the interaction of systems with applied radiofrequency

(RF) pulses form the basis of NMR experiments. Three text-books [1–3] have been

used to compile the majority of the theory within this chapter. Other sources not

contained within these books are listed within the text.

3
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2.2 Quantum Mechanical Origin of Spin

2.2.1 Angular Momentum

Angular momentum is an integral property of quantum systems and is essential

in creating a model that is consistent with observations in NMR experiments.

Orbital angular momentum, ~L, is defined classically as:

~L = ~r × ~p (2.1)

where ~r is the radial position, ~p is the momentum and × represents the cross

product between two vectors. From the Schrödinger equation, ~L can be redefined

as a quantum mechanical operator via the correspondence principle:

L̂ = R̂× P̂

= −i~~r ×∇
(2.2)

where R̂ = ~r and P̂ = −i~∇. The operator L̂ has distinctive commutation

properties:

[L̂k, L̂l] = i~εklmL̂m
[L̂2, L̂k] = 0

(2.3)

where [, ] denotes the commutation relationship, εklm denotes the Levi-Civita sym-

bol and L̂k,l,m refers to the x̂, ŷ or ẑ components of L̂. Two notable properties of

L̂ can be obtained when operating on a wavefunction, |ψ〉:

L̂2 |ψ〉 = ~2l (l + 1) |ψ〉

L̂z |ψ〉 = ml~ |ψ〉
(2.4)

where l ∈ N0 and ml = −l,−l + 1, ...,−l + n, ..., l, with n ∈ N0. Here |ψ〉 is an

eigenfunction of both L̂2 and L̂z as described in Equation 2.3. The eigenvalues

~2l(l + 1) and ml~ are the squared magnitude, ~|L|
2
, and the magnitude of the ẑ

component, ~|Lz|, of the angular momentum respectively.

An important observation is that both L̂2 and L̂z commute with the energy op-

erator, Ĥ, which is a function of L̂2. This implies that the value of l has a direct

impact on the observed energy eigenvalue as determined by Ĥ |ψ〉. However, as

|ψ〉 is a simultaneous eigenfunction of L̂z, ml values are energetically degenerate.

2.2.2 The Zeeman Effect

The magnetic moment, µ̂L, has been experimentally defined in terms of L̂ as:

µ̂L = γLL̂ (2.5)

4
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where γL is the orbital gyromagnetic ratio. When an external magnetic field, B0ẑ,

is applied the energy operator, Ĥ, is perturbed via an additional energy term, ÛL:

ÛL = −µ̂L ·B0ẑ

= −γB0L̂z.
(2.6)

As this term contains L̂z, it can be determined that the inclusion of ÛL via the

application of an externally applied magnetic field removes the degeneracy on ml.

In an external magnetic field, an atom with orbital angular momentum l will have

(2l + 1) measurable energy states, with energy levels proportional to to ml. This

is known as the Zeeman effect.

2.2.3 Spin

Spin is a quantum mechanical property of atoms describing an ‘intrinsic’ form of

angular momentum, which is distinctive from L̂ and fundamental for explaining

the observed phenomena in NMR experiments. The first experimental evidence for

spin was observed in 1922 by Stern and Gerlach, who described the quantisation

of angular momentum of silver atoms placed in an inhomogeneous magnetic field.

For an atom in the ground state (l = 0, ml = 0), in an applied magnetic field

a single energy level is expected to exist as defined by Equation 2.6. However,

experimental evidence indicated that the ground state atoms had two distinct

energy levels, which implied two states of angular momentum. Since this could

not be explained by the model of orbital angular momentum, the concept of spin,

an ‘intrinsic’ angular momentum, was therefore developed.

To be considered a form of angular momentum, the spin operator, Ŝ, must be

consistent with the commutation properties in Equation 2.3. A solution to the

following problem:

Ŝ2 |Ψ〉 = α |Ψ〉

Ŝz |Ψ〉 = β |Ψ〉
(2.7)

must be found, consistent with Equation 2.3 to understand the origin of spin and

determine eigenvalues α and β for an eigenfunction Ψ. From the introduction of

raising and lowering operators Ŝ+ = Ŝx + iŜy and Ŝ− = Ŝx − iŜy, α and β can be

determined as:
Ŝ2 |Ψ〉 = ~2s (s+ 1) |Ψ〉

Ŝz |Ψ〉 = ms~ |Ψ〉
(2.8)

where s ∈ N≥0

2
and ms = −s,−s+1, ...,−s+n, ..., s, with n ∈ N0. The half-integer

values of s explain the inconsistency observed in Stern and Gerlach’s experiment

on ground state atoms. This is described for the hydrogen nucleus in Section 2.2.5.

5



Theory of Nuclear Magnetic Resonance (NMR)

Spin is commonly interpreted as a classical ‘rotation’ about an axis through the

centre of an atom. This interpretation can be considered justified from the de-

scription of Ŝ as an intrinsic form of angular momentum based on the same com-

mutation properties as L̂. Furthermore, the application of Ŝ± operators on |Ψ〉
modifies the eigenfunction |Ψ〉 → Ŝ± |Ψ〉, raising or lowering the eigenvalue ms.

Ŝ± can be interpreted as transverse angular momentum operators. However spin

is a purely quantum mechanical property and attempts to define spin classically

will lead to rotation velocities greater than the speed of light, c.

2.2.4 Nuclear Spin and the Hydrogen Nucleus

Nuclear spin is described by the quantum operator Î, which has identical properties

to the Ŝ operator. Î2 and Îz are defined by the quantum numbers I and mI , which

are analogous to s and ms:

Î2 |Ψ〉 = ~2I (I + 1) |Ψ〉

Îz |Ψ〉 = mI~ |Ψ〉 .
(2.9)

Nucleons (protons and neutrons) are spin-1
2

particles and the combination of neu-

trons and protons defines the total nuclear spin of an atom. The specific value

of an atom’s ground state nuclear spin can be challenging to obtain and requires

modelling of the detailed nuclear structure. However, simple rules defining a nu-

cleus as having either integer or half-integer spin exist and are dependent only

upon the total number of protons and neutrons within the nucleus. These rules

are outlined in Table 2.1.

The nucleus of interest in MRI is generally that of hydrogen, a spin-1
2

particle con-

sisting of a single proton. The hydrogen nucleus is a single ground state nucleon,

defined by the quantum numbers l = 0, ml = 0, I = 1
2

and mI = ±1
2
.

Atomic Number (Z) Mass number (A) Spin

Even Even 0

Even Odd 2n−1
2

Odd Odd 2n−1
2

Odd Even n

Table 2.1: Definitions for nuclear particle spin, I, based on the atomic and mass number of a

nucleus. Here n ∈ N≥0.
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Figure 2.1: Impact of the nuclear Zeeman effect. A static magnetic field, B0, shifts the energy

levels of the mI = ± 1
2 states.

2.2.5 The Nuclear-Zeeman Effect in Hydrogen

The nuclear magnetic moment, µ̂I , has been experimentally defined in terms of Î

as:

µ̂I = γI Î (2.10)

where γI is the nuclear-spin gyromagnetic ratio. Using a similar approach to

that described in Section 2.2.2, a ground state hydrogen nucleus in an external

magnetic field will have two energy levels, defined by the operator ÛI :

ÛI = −µ̂I ·B0ẑ

= −γB0Îz
(2.11)

and from Equation 2.9:

ÛI
∣∣+1

2

〉
= −γB0~

2

∣∣+1
2

〉
ÛI
∣∣−1

2

〉
= +

γB0~
2

∣∣−1
2

〉 (2.12)

where
∣∣+1

2

〉
and

∣∣−1
2

〉
denote the mI=±1

2
states. In an external magnetic field, a

nucleus with spin I will have (2I + 1) measurable spin states, with energy levels

proportional to mI . This splitting of energy levels in a magnetic field is known as

the nuclear Zeeman effect.

The nuclear Zeeman effect for a hydrogen nucleus is visualised in Figure 2.1. An

increased B0 leads to an increased difference in energy, ∆E, between the two spin

states. The difference in energy between the spin states is defined as:

∆E = EmI=− 1
2
− EmI=+ 1

2

= γ~B0

(2.13)
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The Planck-Einstein relationship defines the relationship between E and the an-

gular frequency, ω:

E = ~ω (2.14)

and combining Equations 2.13 and 2.14 gives:

ω0 = γB0. (2.15)

This is known as the Larmor equation and relates the precession frequency of

atoms with the applied magnetic field. ω0 is known as the Larmor frequency.

2.2.6 Application to Experimental MRI

Equations 2.13-2.15 provide the basis for experimental MRI. If a photon of energy

E = ~ω0 interacts with a hydrogen nucleus in an applied magnetic field, it will

lead to a transition of the nucleus from the mI = 1
2

state to the mI = −1
2

state.

If E 6= ~ω0, there will be no observed transition of spin states.

For a hydrogen nucleus, γ1H ≈ 267.5× 106 rad s−1 T−1. The frequency, f0 = ω0

2π
,

of an applied photon is in the MHz range at the field strengths used in MRI

(at 7T, f0 ≈ 298 MHz). MHz frequencies are in the radiofrequency (RF) band,

and in NMR and MRI photons applied to cause spin-state transitions are sent in

ensembles known as RF pulses.

2.3 Classical Model of Angular Momentum

2.3.1 Why Use a Classical Description?

It is not possible for a classical model to explain all of the fundamental observations

in NMR experiments. The most notable of these observations is the requirement

for an incoming photon to have energy E = ~ω0 to cause spin-state transitions.

Additionally, the concept of ‘half-integer spin’ has no basis in a classical descrip-

tion.

As discussed in the previous section, the hydrogen nucleus is a spin-1
2

particle.

Spin-1
2

particles are more simple to describe as they are not sensitive to nuclear

multipole effects, which would distort the spherical symmetry of the nucleus and

induce a more complex interaction with an applied magnetic field. When examin-

ing macroscopic systems of spin-1
2

particles, certain approximations can be made

to derive a classical model which produces results that are in good agreement with

observation. In addition, the classical model provides an excellent visualisation of

the interaction of particles with applied magnetic fields and RF pulses. For these

reasons, a classical model is used to describe simple interactions in NMR and is
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Figure 2.2: Visualisation of a particle of mass m, and charge q, orbiting a central point O, with

angular momentum, ~L.

often preferred in MRI, which is usually concerned with observing macroscopic

systems of hydrogen nuclei.

2.3.2 Classical Model of Atomic Orbital Angular Momen-

tum

A model can be visualised of a particle rapidly orbiting a central point in a classical

orbit, with velocity ~v, mass m, orbital radius R and charge q. This is visualised in

Figure 2.2. From the classical definition of orbital angular momentum in Equation

2.1:

~L = Rmvn̂ (2.16)

where n̂ is a unit vector perpendicular to the orbital plane. The closed atomic

orbit implies that the magnetic moment of the system, ~µL, can be described in

terms of a current loop. For a current loop, ~µL is defined as the product of the

current, I, with the enclosed loop area, A:

~µL = IAn̂. (2.17)

Furthermore, the current can be defined in terms of the charge and the revolution

frequency, f , of the atom around the central point:

I = qf. (2.18)

Combining the above equations and considering the geometry of the model, a

description of the magnetic moment in terms of orbital angular momentum can

be derived:

~µL =
q

2m
~L. (2.19)
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Comparing this with Equation 2.5, the orbital gyromagnetic ratio, γL, can be

defined classically as:

γL =
q

2m
. (2.20)

2.3.3 Classical Model of Atomic Spin Angular Momentum

Considering the similarities between the quantum mechanical operators L̂ and Î

describing angular momentum, it would be reasonable to assume from Equation

2.19 that the spin magnetic moment of a nucleon, ~µI , could be classically defined

as:

~µI =
q

2m
~I, (2.21)

However, experimental evidence indicates that this does not effectively describe

the observed nuclear magnetic moment, which is further scaled by a dimensionless

factor, g:

~µI = g
q

2m
~I. (2.22)

g is known as the g-factor and cannot be derived classically, requiring consider-

ations of quantum mechanics beyond the Schrödinger equation. Furthermore,

the value of g depends on the particle being considered (gproton ≈ 5.59 and

gelectron ≈ −2).

2.4 Macroscopic Description of NMR

2.4.1 Magnetisation

As briefly mentioned in Sections 2.1 and 2.3.1, NMR is concerned with the exam-

ination of bulk atomic effects. In this description, interactions between individual

magnetic moments are considered small enough to be ignored and NMR phenom-

ena are described in a macroscopic, semi-classical model. One such macroscopic

property is the magnetisation, ~M , defined as the volume density of magnetic mo-

ments within a system:

~M =
1

V

N∑
k=1

~µk (2.23)

where V is the volume of the system and N is the total number of particles.

For a system of hydrogen nuclei in an external magnetic field, it cannot be auto-

matically assumed that all nuclei will be in the energetically favourable spin-up,

+1
2
, state, due to the presence of environmental thermal energy. Ignoring inter-

actions between individual magnetic moments, in the presence of an environment

10
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with temperature T , the ratio of spin-up, +1
2
, to spin-down, −1

2
, nuclei can be

described via Maxwell-Boltzmann statistics:

N+ 1
2

N− 1
2

= e
γ~B0
kBT (2.24)

where N± 1
2

is the number of spin up/spin down nuclei in the system, kB is the

Boltzmann constant and γ~B0 is determined from Equation 2.13. The population

difference can be approximated by noting that in MRI we only consider the high

temperature limit (γ~B0 << kBT ) and can therefore expand the exponential in

Equation 2.24 as a Maclaurin series. Approximating N+ 1
2
≈ N− 1

2
≈ N

2
:

∆N ≈ N
γ~B0

2kBT
(2.25)

Combining this with Equation 2.23 and noting that ~µ+ 1
2

= γ~
2
ẑ:

| ~M0| ≈
N (γ~)2B0

4V kBT
. (2.26)

2.4.2 Relaxation-Free Bloch Equation

The Bloch equation characterises the temporal evolution of magnetisation in macro-

scopic systems. Empirically derived in 1946 [4] in an identical form to what is

found in current NMR textbooks, the Bloch equation has been successful in clas-

sically describing interactions of bulk atomic systems with applied magnetic fields.

The original derivation considers a classical angular momentum, ~L, analogous to

the form in Section 2.3.2. From the classical definition of torque:

~τ =
d~L

dt
(2.27)

and considering the mathematical formalisms in Section 2.3 and Equation 2.23,

the temporal evolution of magnetisation, ~M(t) can be defined as:

d ~M(t)

dt
= γ ~M(t)× ~B. (2.28)

This formula is known as the Bloch equation, defined for a macroscopic system

which does not undergo relaxation and describes the precession of magnetisation

in an applied magnetic field. Considering a static magnetic field in the ẑ-direction

( ~B = | ~B| · ẑ) and defining transverse magnetisation in a complex representation

(M+ = Mx + iMy):

M+(t) = M+0e
−iωt

Mz(t) = Mz0

(2.29)

where M+0,z0 are the initial magnetisation of the transverse and parallel compo-

nents to ~B. These equations define the ‘precession’ of the magnetisation in an

applied magnetic field at frequency ω = γ| ~B|.
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2.4.3 T1 and T2 Relaxation

The previous section implies that in the presence of an applied static magnetic

field in the ẑ direction, M+(t) will continuously precess with magnitude M+0 and

Mz(t) will remain constant with magnitude Mz0 . However the energy density of

the macroscopic system:

UM = − ~M · ~B (2.30)

requires that to reach the most energetically favourable state, | ~Mz| must be max-

imised. In this situation, | ~M+| = 0 and | ~Mz| = | ~M0|. If a system is perturbed

from this thermal equilibrium, interactions of spins with the thermal environment

will lead to the system returning to this energetically favourable equilibrium state

in a process known as longitudinal (spin-lattice) relaxation, characterised by the

longitudinal relaxation constant, T1.

A second form of relaxation exists, known as transverse (spin-spin) relaxation,

characterised by the transverse relaxation constant, T2. This form of relaxation

occurs due to interactions between the magnetic fields of neighbouring nuclei.

Spin-spin relaxation conserves energy within the system, as energy is transferred

between neighbouring spins. However, the relaxation leads to a loss of coherence

and an effective ‘cancelling’ within the system, reducing the magnitude of trans-

verse magnetisation.

Equation 2.28 can be modified to include the effects of relaxation:

d ~M(t)

dt
= γ ~M(t)× ~B +

1

T1

(
M0 −Mz(t)

)
− Mx(t) +My(t)

T2

. (2.31)

The equivalent set of formulas for Equation 2.29 including relaxation are:

M+(t) = M+0e
− t
T2 e−iωt

Mz(t) = Mz0e
− t
T1 +M0

(
1− e−

t
T1

) (2.32)

where it can be observed that as t→∞, M+ → 0 and Mz →M0.

2.4.4 T ∗2 Relaxation

Experimentally the transverse magnetisation is found to decay according to a

perturbed rate, characterised by a T ∗2 relaxation time:

1

T ∗2
=

1

T2

+
1

T ′2
. (2.33)

T ′2 is an additional relaxation constant induced by field inhomogeneities, defining

the signal evolution:

M+(t) = M+0e
− t
T∗2 e−iωt. (2.34)
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T ′2 effects can be induced due to an experimentally applied inhomogeneous B0

field, but can additionally be induced by structural inclusions that locally perturb

the experienced field of the sample due to their induced magnetisation, includ-

ing effects from magnetic susceptibility (theoretical considerations discussed in

Chapters 4 and 7). T ′2 effects can provide further detailed information about the

underlying structure of tissue, but are not always desirable and can be removed

via the selected application of RF pulses.

2.4.5 The Rotating Frame

To simplify our description of precessing magnetisation, the rotating frame can

be considered. As defined in Sections 2.4.2 and 2.4.3, a system perturbed from

thermal equilibrium in a static magnetic field, | ~B| · ẑ, will precess at frequency ω,

around the axis of the applied magnetic field while returning to thermal equilib-

rium via relaxation processes. This is visualised in Figure 2.3a.

By considering the system in a rotating frame with an angular frequency equal to

the Larmor frequency, precession at ω0 can be ignored. Defining ω′ = ω − ω0 and

applying the rotating frame to Equation 2.32:

M+(t) = M+0e
− t
T2 e−iω

′t

Mz(t) = Mz0e
− t
T1 +M0

(
1− e−

t
T1

)
.

(2.35)

When ω = ω0, the evolution of magnetisation can be described as an exponential

decay, as visualised in Figure 2.3b.

The rotating frame provides a reference to examine signals that deviate from a

specific Larmor frequency. For example, the Larmor frequency of hydrogen in a

static magnetic field, ~B0, can be taken as a reference, defining ω0 = γ1H| ~B0| and

therefore ω′ = 0. However the magnetic fields produced by the atomic environ-

ment surrounding the hydrogen atom lead to small deviations from the Larmor

frequency ( ~B 6= B0ẑ and ω′ 6= 0), which can provide further information about

the magnetic properties of the system.

2.4.6 Application of RF Pulses

RF pulses are used to perturb the magnetisation vector, ~M , away from thermal

equilibrium. RF pulses are generated as a time-varying magnetic field, ~B1(t), with

magnitude | ~B1| (| ~B1| � | ~B0|), oscillating at frequency, ωrf (ωrf = ω0 when the

system is on resonance). From the Bloch equation, an applied RF pulse can be

visualised as ‘tipping’ the macroscopic magnetisation vector into the transverse

plane. RF pulses are transmitted experimentally inside an NMR system using

13
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(a) Magnetisation returning to equilibrium (b) Magnetisation returning to equilibrium

in rotating frame

Figure 2.3: The return of magnetisation to equilibrium after being perturbed into the xy plane,

where ~B = |B0|ẑ (from Equation 2.39, ϕ = 90o). This is known as a ‘free-induction decay’

experiment. In the static frame (Figure 2.3a) the system oscillates around the equilibrium point

at ω = ω0 while exponentially returning to the equilibrium state (|Mz| = |M0|). In the rotating

frame (ω′ = 0), only the exponential decay is observed.

transmit coils. Two transmit coils can be combined to apply an RF pulse in

quadrature:

~B1(t) = | ~B1|(x̂ cosω0t− ŷ sinω0t). (2.36)

The field experienced by the system in the ẑ-direction is perturbed from | ~B0|ẑ
due to the magnetic environment, defining the total magnetic field in the rotating

frame as follows:

~B′ =

∣∣∣∣ω′γ
∣∣∣∣ ẑ′ + | ~B1|x̂′ (2.37)

where x′, y′ and z′ refer to the rotating frame coordinates. When ~B = | ~B0|ẑ:

~B′ = | ~B1|x̂′ (2.38)

From Equation 2.31, it can be determined that the application of ~B1 rotates the

magnetisation around the x̂′ axis into the transverse plane at frequency ω1 =

γ| ~B1|. The system will subsequently return to thermal equilibrium following

the description in Equation 2.32. The angle of rotation about the x′ axis, ϕ, is

determined as:

ϕ = γ| ~B1|t (2.39)

where t is the RF pulse duration. The simplest NMR experiment is known as

a free-induction decay, when an RF pulse of ϕ = 90o is applied to the system

(visualised in Figure 2.4). The subsequent signal decay is T ∗2 weighted (Section

2.4.4).
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Figure 2.4: Application of ~B1 causes a rotation of the magnetisation along the x′ axis into the

x′y′ plane (black line). The initial magnetisation (green line - 1) rotates into the x′y′ plane (2)

and subsequently returns to equilibrium via a free-induction decay (3).
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Chapter 3

Theory of Magnetic Resonance

Imaging (MRI)

3.1 Introduction

In this chapter the use of magnetic field gradients to sample single and multi-

dimensional k-space in MRI is introduced. The fundamental concepts of frequency

encoding, phase encoding, slice selection and multi-echo acquisitions are described,

with a significant focus on the role of these techniques in gradient-echo sequences.

The impact of echo time, repetition time and flip angle as a means to provide

relaxation contrast in tissues is discussed, in addition to their utilisation in speed-

ing up MRI acquisitions. Finally, the details of generating magnitude and phase

images from a gradient-echo dataset are introduced. Within this chapter a signifi-

cant portion of the theory has been obtained from [1]. Other sources not contained

within this book are listed within the text.

3.2 Magnetic Field Gradients

3.2.1 Definition and Use

In MRI, linear magnetic field gradients are used to encode information about

spatial position: rather than considering systems as point sources, magnetic field

gradients allow a system to be spatially characterised. Magnetic field gradients

can be applied along one, two, or three orthogonal directions, which provides an

equivalent dimensionality of spatial encoding. Defining ~B0 along the z-dimension

and considering three orthogonal gradients, Gx,y,z:

Bz (x, y, z) =
(
B0 +Gxx+Gyy +Gzz

)
(3.1)
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Figure 3.1: Impact of a 1D magnetic field gradient applied in the z-direction. Along the z-

dimension, ∆ω(z) = γGzz. At the isocentre (z = 0), ω = ω0.

where Gx,y,z = ∂Bz
∂x,y,z

. From the Larmor equation (Equation 2.15):

ω (x, y, z) = γ
(
B0 +Gxx+Gyy +Gzz

)
= ω0 + ∆ω (x, y, z) .

(3.2)

Here it can be determined that the application of magnetic field gradients linearly

perturbs ω0 by an amount ∆ω (x, y, z), which can be interpreted as transforming

ω0 into a spatially varying precession frequency, ω (x, y, z).

In a typical MR system, G = O(10)mT m−1, producing field perturbations that are

orders of magnitude smaller than B0, with the 7T system at the Sir Peter Mansfield

Imaging Centre operating with a gradient strength of 40mT m−1. However, the

field perturbations are significant enough to be detected and utilised in spatially

encoding the NMR signal.

3.2.2 Spatial Encoding in 1D

A magnetic field gradient applied along a single dimension will spatially vary ω

along the same dimension. For example, if a z-gradient is applied:

ω (z) = ω0 + γGzz. (3.3)

This is visualised in Figure 3.1. The technique of spatially encoding ω0 with

magnetic field gradients is known as frequency encoding and has wide applications

in MRI. To understand how this can be utilised for spatial encoding, imagine a

series of objects placed within a static magnetic field, with an applied 1D gradient

along the z-dimension. An example system is visualised in Figure 3.2a. A simple

NMR experiment is performed on the system, where an RF pulse of a sufficiently

wide bandwidth is applied to perturb spins in all the objects simultaneously from
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(a) Three objects in a magnetic field
(b) Signal amplitudes as a function of po-

sition

Figure 3.2: Three objects of arbitrary proton density, ρ1, ρ2, and ρ3, are placed within a static

magnetic field and a magnetic field gradient is applied along the z-direction. This is visualised

in the yz-plane (Figure 3.2a). As these objects are in different positions along the z-dimension,

they will each experience a difference precession frequency, ω1,2,3. The proton density (Figure

3.2b) for each object can be determined by measuring the signal intensity at each frequency.

Note scales are for illustrative purposes only

thermal equilibrium. The received signal from the subsequent signal evolution will

be proportional to the linear superposition of signals from each individual object:

S(t) ∝
n∑
k=1

ρk (T1, T2, T
∗
2 ) e−iωkt (3.4)

where k refers to the kth object and ρ(T1, T2, T
∗
2 ) corresponds to the proton density

weighted by the effects of relaxation. Frequency encoding provides a spatially

varying ω proportional to position along the z-dimension (Equation 3.3). Without

frequency encoding, Equation 3.4 would simplify to:

S(t) ∝ e−iω0t

n∑
k=1

ρk (T1, T2, T
∗
2 ) (3.5)

and there would be no variable which can give an indication of spatial position

within the system.

Equation 3.4 can be generalised as a continuous function. To simplify further,

relaxation effects will ignored and the rotating frame about ω0 will be considered

(discussed in Section 2.4.5), defining ∆ω = γGzz:

S(t) ∝
∞∫

−∞

ρ (∆ω) e−i∆ωt d∆ω (3.6)
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which can be redefined in terms of the spatial position variable, z:

S(t) ∝
∞∫

−∞

ρ (z) e−iγGzzt dz. (3.7)

A spatial frequency variable, kz, can be defined as kz = γGzt, measured in units

of m−1:

S(kz) ∝
∞∫

−∞

ρ(z)e−ikzz dz. (3.8)

ρ(z) can then be determined via the Fourier transform of S(kz):

ρ(z) ∝
∞∫

−∞

S (kz) e
ikzz dkz. (3.9)

From the application of a magnetic field gradient, it is therefore possible to de-

termine ρ(z) as a function of spatial position to differentiate objects along the

z-dimension (Figure 3.2b).

The detected frequency encoded signal consists of the cumulative sum of the sig-

nal from each individual spin within a system, as described in Equation 3.6. The

subsequent signal evolution can be analysed to determine the frequency contribu-

tions of the system. To examine this further, consider a 1D system of constant

spatial density ρ and length Lz within an MRI scanner whose magnetisation has

been perturbed from thermal equilibrium, with an applied magnetic field gradient

providing a maximum frequency perturbations ∆ω = ±ωGz at the edges of the

object. For simplicity it will be assumed that the object does not experience any

relaxation effects and without the presence of a magnetic field gradient, all nuclei

oscillate at the Larmor frequency, ω0. From Equation 3.6, the temporal signal

evolution can be determined as evolving via:

S(t) ∝ ρωGz sincωGzt (3.10)

and the signal is modulated by a sinc function. Therefore it can be realised that

even without considering the effects of relaxation, subsequent dephasing induced

by the magnetic field gradient will lead to a temporal loss of amplitude in the

detected signal which can be used to determine the properties of the original

system. This can be redefined in terms of k-space:

S(kz) ∝ ρ
Lz
2

sinc

(
Lzkz

2

)
(3.11)

If the k-space evolution of the signal can be sufficiently sampled, it will provide

the experimenter with enough information to reconstruct the spin density of the
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original object. From Equation 3.9:

∞∫
−∞

ρ
Lz
2

sinc

(
Lzkz

2

)
eikzz dkz ∝

ρ if − Lz
2
≤ z ≤ Lz

2

0 otherwise
. (3.12)

For an 1D object of constant spatial density ρ, the signal will evolve via a sinc

function. As the objects spin density becomes a more complex function of spa-

tial position, the signal evolution will also increase in complexity. A few simple

examples are given in Table 3.1.

3.2.3 Sampling Over k-space

From the definition of kz:

kz = γGzt (3.13)

it can be observed that to sample over different values of kz, two methods can

be considered. Firstly, a constant gradient, Gz, can be applied, with signals sam-

pled at different values of t. Secondly, a repeated experimental protocol can be

designed, involving varying Gz and sampling the signal at an identical t in each

repetition. It is simple to realise that the first method, where Gz remains constant

is experimentally faster and simpler to perform.

Consider a spin density, ρ(z), sampled from kz = 0 to kmax. The path in k-space is

shown in Figure 3.3. The signal is sampled during the traversal through k-space.

Though kz is defined over both positive and negative values, from the information

Spin density (ρ) S(kz)

ρ(z) =

ρ for − Lz
2
≤ z ≤ Lz

2

0 otherwise
∝ ρLz

2
sinc

(
Lzkz

2

)

ρ(z) =


ρ1 if − Lz

2
≤ z ≤ 0

ρ2 if 0 < z ≤ Lz
2

0 otherwise

∝ Lz
4

sinc

(
Lzkz

4

)
·
(
ρ1e

iLzkz
4 + ρ2e

−iLzkz
4

)

ρ(z) =

ρ · |z| if − Lz
2
≤ z ≤ Lz

2

0 otherwise
∝ ρ

(
L2
z

4
sinc

(
Lzkz

2

)
+

1

k2
z

cos
Lzkz

2
− 2

k2
z

)

Table 3.1: A few examples of the form of the k-space signal evolution, S(kz), for 1D objects of

varying spin-density.
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Figure 3.3: Path through k-space for an arbitrary 1D nuclear spin density sampled between

kz = 0 (green dot) to kmax, with corresponding sequence diagram below. In sequence diagrams,

gradients are represented by blocks above and below the Gx,y,z lines to represent positive and

negative gradients respectively, with signal sampling over the regions where S is represented by

an exponentially modified oscillating function. The RF pulse is represented by a sinc function

and time defined horizontally within the diagram. Note that objects are not to scale and are

for illustrative purposes only. This type of representation will be used in all sequence diagrams

shown in this thesis.

provided so far it is not possible to sample both positive and negative values of k-

space in a single acquisition, as t ≥ 0. Section 3.4 discusses a method for sampling

between −kmax and kmax, known as a ‘gradient-echo’, which forms an integral part

of this thesis.

3.3 Encoding in Multiple Dimensions

3.3.1 Definitions of the Signal and k-space

2D and 3D spatial-encoding is a simple extension of the 1D method, requiring

magnetic field gradients that can be applied across two and three dimensions

respectively. The 1D definition of S(kz) in Equation 3.8 is extended to multiple

dimensions as follows:

S(~k) ∝
∞∫

−∞

ρ(x, y, z)e−i(kxx+kyy+kzz) dz dy dx

∝
∞∫

−∞

ρ(~r)e−i
~k·~r d3r

(3.14)
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where d3r is a volume element, ~k = kxî + ky ĵ + kzk̂ and ~r = xî + yĵ + zk̂. ρ(~r)

can then be determined via the Fourier transform of S(~k):

ρ(~r) ∝
∞∫

−∞

S(~k)ei
~k·~r d3k (3.15)

where d3k is a volume element in k-space.

If k-space can be sufficiently sampled over a multi-dimensional system, then it

will be possible to reconstruct the full spin density, ρ(~r). As discussed in Section

3.2.3, magnetic field gradients can be utilised to traverse through k-space. For a

multi-dimensional system, Equation 3.13 can be extended:

kx = γGxt

ky = γGyt

kz = γGzt

(3.16)

and it can be realised that orthogonal magnetic field gradients can be used to

sample k-space in multiple dimensions.

3.3.2 Phase Encoding

Section 3.2.2 revealed how frequency encoding can provide information about a

1D system by sampling a 1D line of k-space. To expand this concept to 2D and

3D systems, a second form of encoding, known as ‘phase encoding’ must be intro-

duced.

Phase encoding utilises the same methodology as frequency encoding, with the

magnetic field gradient applied perpendicular to the frequency encoding direction.

However, rather than sampling the signal during phase encoding, the applied gra-

dient is simply used to traverse in a direction perpendicular to the frequency

encoding direction in k-space. Frequency encoding is then repeated along the

same dimension as the original frequency encoding, leading to the collection of a

new line of k-space. The direction along which frequency encoding is applied is

known as the ‘read’ direction. An example k-space excursion is shown in Figure

3.4.

Phase encoding can therefore be defined as the method of taking steps along

the k-space dimensions orthogonal to the frequency encoding dimension, without

sampling the signal. Once the phase encoding gradient has been switched off,

the magnetisation will precess at the same frequency prior to the application of

the phase encoding gradient. However, the phase of the transverse magnetisation

will have been modified due to the applied phase encoding gradient such that it

varies along the phase encoded direction. This is the origin of the the name ‘phase
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Figure 3.4: Path through k-space for sampling different k-space lines for an arbitrary 2D nuclear

spin density, with corresponding sequence diagram. The lines in blue indicate the phase encoding

direction, with the starting point at [0, 0] marked in green. Rather than being restricted to the

k-space line at kz = 0, phase encoding allows the ky axis to be traversed. Here the signal is

sampled along the kz-dimension, defining z as the read direction.

encoding’ and begins to describe how perpendicular gradients traverse through k-

space to allow multi-dimensional spatial encoding.

As an example, the 1D system of constant spatial density will be revisited. How-

ever, now the system will be expanded to 2D, with lengths Lz and Ly along the

z- and y- dimensions respectively, with two orthogonal gradients Gz and Gy. For

this 2D system, the signal with simultaneously applied gradients can be described

mathematically by:

S(~k) ∝ ρ

Ly
2∫

−Ly
2

Lz
2∫

−Lz
2

e−i(kyy+kzz) dz dy (3.17)

with a solution given via an expansion to Equation 3.11 to include the y-dimension:

S(~k) ∝ ρ
Ly
2

Lz
2

sinc
Lyky

2
sinc

Lzky
2

. (3.18)
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Figure 3.5: Path through k-space for an arbitrary 1D nuclear spin density sampled from kz =

−kmax to kmax, with sequence diagram below. To achieve this, first a negative gradient, known

as a ‘dephasing’ gradient, is applied to shift k from 0 (green point) to −kmax (red line). During

the application of the negative gradient, no signal is sampled. Then a positive gradient, known

as the ‘rephasing gradient’ is applied to traverse the whole line of k-space (black line), with the

signal being sampled during this process. The use of two gradient lobes to sample all of k-space

is known as a ‘gradient-echo’. The time between the middle of the RF pulse and the condition

in Equation 3.22 being satisfied is defined as the echo time, TE.

3.4 Gradient Echo Sequence

3.4.1 Definition

The gradient echo (GE) sequence is one of the simplest sequences that can be ap-

plied in MRI. GE sequences utilise both positive and negative gradients to sample

over positive and negative k-space coordinates and generate a T ∗2 weighted signal

(T ∗2 relaxation properties are discussed in Section 2.4.4). The distinctive property

of GE sequences is that they do not remove the effects of dephasing induced by lo-

cal magnetic field perturbations. This could be seen as problematic; contributions

from an inhomogeneous B0 field will not be removed in GE experiments, leading to

image artefacts. However, field perturbations generated from the magnetic prop-

erties of the system, including magnetic susceptibility (discussed in Chapter 4)

and chemical exchange (discussed in Section 7.2) will contribute to image contrast

and provide an experimenter with a further insight into the structure and com-

position of the system. Referring back to the title of this thesis, to examine the

magnetic properties of tissue, GE sequences must be utilised. Within this thesis,

GE sequences are therefore almost exclusively used, as they form the foundation

of phase imaging.
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3.4.2 1D Gradient Echo and the Echo-Time

For a 1D system along the z-dimension, the temporal phase evolution induced by

a magnetic field gradient is defined as:

φG(t, z) = −∆ωt

= −γGzz · t
(3.19)

with phase defined as evolving negatively for a positive frequency offset. Equation

3.19 can be redefined in terms of k-space:

φG(kz, z) = −γGzt · z

= −kzz.
(3.20)

For a single gradient application, Gz = −G, kz will be confined to negative val-

ues as t can only take positive values. To sample over both +ve and -ve values

of k-space, a second gradient, known as a ‘rephasing gradient’ is required. The

rephasing gradient is applied with opposite polarity to the original gradient (sub-

sequently known as the ‘dephasing’ gradient), Gz = G. Gz is now a function of

time, Gz(t). To account for the time dependence of Gz(t), kz is generalised as

follows:

kz =

∫ t

0

γGz(t) dt. (3.21)

When φG = 0, the transverse magnetisation is in-phase and therefore spatially

invariant, defined by the following condition:∫
dtG(t) = 0. (3.22)

The time at which this condition is achieved is known as the ‘echo-time’ (TE),

where dephasing of transverse magnetisation induced by the magnetic field gradi-

ents has been removed. This is visualised for a 1D system in Figure 3.5.

3.4.3 Multiple Dimensions and non-Cartesian Sampling

The extension to multiple dimensions utilises both positive and negative gradients

in conjunction with frequency and phase encoding to sample a multi-dimensional

array of points in k-space. An example is shown in Figure 3.6 for 2D Cartesian

k-space sampling.

In Figure 3.6a, a new RF pulse is applied per k-space line acquisition, with the

assumption that the magnetisation has returned to thermal equilibrium between

pulses, due to the impact of relaxation (discussed in detail for MRI acquisitions

in Section 3.5; theory of relaxation provided in Section 2.4). Different relative

strengths of the two orthogonal phase encoding gradients are used to acquire the
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(a) 2DFT GE sequence with Cartesian

sampling.

(b) 2D EPI GE sequence with Cartesian

sampling.

Figure 3.6: Utilising two forms of GE acquisition to sample a full set of k-space lines for an

arbitrary 2D nuclear spin density, with corresponding sequence diagrams. The starting points at

[0, 0] are marked in green. The lines in blue indicate the phase encoding direction, with the red

arrows indicating the initial dephasing gradients, generated by simultaneous application of z and

y gradients. From this position, lines of k-space can be sampled via the 2DFT GE acquisition in

Figure 3.6a or the EPI GE acquisition in Figure 3.6b. In the 2DFT sequence diagram (Figure

3.6a), the black lines on the Gy phase encoding gradient represent repeats of the sequence at

different values of Gy. In the EPI sequence diagram (Figure 3.6b) the black slashes on all axes

represent further repeats of the Gy and Gz gradients, with more signal sampling to obtain the

full 2D k-space dataset. For the EPI scan, the TE is defined as the time from RF excitation to

acquisition of the centre of k-space ([kz, ky] = [0, 0]).

full 2D k-space data. This is known as a 2D Fourier transform (2DFT) acquisi-

tion, with the time between RF pulses known as the repetition time, TR. However,

waiting for magnetisation to return to thermal equilibrium is not actually required

and it is possible to obtain a full 2D image from a single RF pulse, by utilising

a trapezoidal, periodic read gradient to generate a train of gradient echoes and

applying small phase encoding steps between echoes. This is known as an ‘echo-

planar’ imaging (EPI) [2] sequence and is shown in Figure 3.6b. To extend to

a 3D k-space acquisition, a second phase encoding gradient along the remaining
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Figure 3.7: Spiral path sampling k-space for an arbitrary 2D nuclear spin density, known as

‘spiral-EPI’ [3], with sequence diagram below. The starting point at [0, 0] is marked in green.

Rather than being restricted to Cartesian sampling, simultaneous z- and y- gradients are applied

of the form Gz = f(t) cosβt and Gy = f(t) sinβt, where f(t) is an increasing function of time

and β is a real constant. In the above figure, f(t) = eαt, where α is a real constant. These

gradients applied simultaneously form the spiral path seen in the image.

dimension is required to sample all three dimensions of k-space.

An important observation is that gradients can be applied simultaneously to tra-

verse lines of k-space that are not parallel to the gradient axes. In Figure 3.6 this

is shown with the initial dephasing gradient traversing through k-space diagonally

from the simultaneous application of y- and z- gradients. Simultaneous gradient

application begins to reveal the versatility of k-space sampling. An example of

non-Cartesian sampling is shown in Figure 3.7.
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Figure 3.8: Sequence diagram for a slice-selective 2DFT sequence. The slice selection gradient

is applied simultaneously with the RF pulse and shown in green. A rephasing pulse is applied

after the slice selection gradient to ensure all spins in the slice start in phase. Details of the

2DFT sequence are outlined in Figure 3.6.

3.4.4 Slice-Selection

RF pulses combined with magnetic field gradients can be used to perturb the

magnetisation of a user-defined 2D volume within a 3D system from thermal equi-

librium. Once a 2D slice has been selected, further applications of magnetic gra-

dients can be utilised to generate a 2D dataset as described in previous sections.

To understand how slice-selection can be achieved, consider a gradient, G, applied

along the x-dimension with an RF pulse of frequency ωk and bandwidth ∆ωk si-

multaneously applied. The RF pulse will perturb the spin states of a 2D slice at

position x = ωk
γG

and of width ∆x = ∆ωk
γG

from thermal equilibrium.

Manipulation of magnetic gradients provides an experimenter with the possibility

of obtaining slices of user-defined thickness and orientation. By varying ωk or the

strength/direction of G, a different 2D slice can be selected. Rather than being

confined to orthogonal slices along the x-, y- and z-dimensions, gradients can be

linearly combined to select 2D slices of arbitrary orientations, defining the slice

direction as:

slice direction =
Gxx̂+Gyŷ +Gz ẑ(
G2
x +G2

y +G2
z

) 1
2

. (3.23)

Slice thickness can be adjusted by varying ∆ω or (G2
x + G2

y + G2
z)

1
2 . A sequence

diagram for a slice-selective 2DFT sequence is visualised in Figure 3.8.
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Figure 3.9: Sequence diagram for a multi-echo 2DFT sequence with n echoes. Details of 2DFT

sequence are outlined in Figure 3.6.

3.4.5 Multi Echo Acquisitions

Extension from a single TE acquisition to a multi-echo acquisition can be achieved

via sampling the same line of k-space at different TE values. The TE is a user

defined input, with values restricted by the properties of the gradient system

limiting the speed of k-space acquisition within the system. The ability to vary

TE is of particular use when examining the relaxation properties of a system

(discussed in Section 3.5). A sequence diagram for a multi-echo 2DFT sequence

is shown in Figure 3.9.

3.4.6 Image Resolution

A theoretical approach to MRI provides the opportunity to define continuous,

infinitely sampled signals to perform analysis (examples in Table 3.1). However,

experimentally this is not possible. The sampling rate and range of k-space sam-

pled have a direct impact on both the field of view (FOV) and the resolution of

the collected datasets.

An experiment can be considered on a system where data is sampled from−k(x,y,z)max

to k(x,y,z)max with spacing of sampled points given by ∆kx,y,z = γGx,y,z∆t. The

FOV and resolution are defined as:

FOV =
2π

∆kx,y,z

resolution =
π

k(x,y,z)max

(3.24)

where it is observed that the FOV is related to the spacing of sampled points in

k-space, ∆kx,y,z and the resolution is related to the extent of sampled k-space,
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2k(x,y,z)max . This inverse relationship is consistent with the concept of k-space as

the ‘reciprocal-space’ of an image.

3.5 Impact of Relaxation

Signal relaxation (defined in Sections 2.4.3 and 2.4.4) provides the experimenter

with valuable information about the magnetic properties of the system. With

this in mind, it is important to consider both the impact of relaxation on signal

contrast, in addition to the restrictions that relaxation imposes on performing

a successful MRI experiment. In this section, both of these will be considered,

with a focus on the impact on GE sequences, as they are used almost exclusively

throughout this thesis.

3.5.1 Influence of Echo Time and Repetition Time on Sig-

nal Contrast in GE Sequences

The relaxation properties of tissue dictate the observed contrast in GE images.

It is well established that different magnetic environments, including those found

within body tissues are characterised by different T1, T2 and T ∗2 relaxation con-

stants. With an understanding of these relaxation constants, sequences can be

developed to manipulate the signal intensity from tissues and the contrast be-

tween tissues. A comparison of T1, T2 and T ∗2 relaxation constants for grey and

white matter at different field strengths is displayed in Table 3.2.

Previous work in this chapter has not given consideration to signal relaxation.

From the discussion in previous sections, the time at which a signal is sampled

Field Strength (T) Grey matter T1 (ms) White matter T1 (ms)

1.5 1197± 34 646± 32

3 1607± 112 838± 50

7 1939± 150 1126± 97

Grey matter T2 (ms) (Frontal) White matter T2 (ms)

1.5 87± 4 80± 3

3 76± 5 71± 5

7 47± 9 47± 1

Grey matter T∗2 (ms) White matter T∗2 (ms)

1.5 84.0± 0.8 66.2± 1.9

3 66.0± 1.4 53.2± 1.2

7 33.2± 1.3 26.8± 1.2

Table 3.2: T1 [4], T2 [5] and T ∗2 [6] times for grey and white matter at 1.5, 3 and 7T.
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(defined by the echo time, TE, discussed in Section 3.4.2) would have no impact

on the observed tissue contrast, which would be proportional to the spin density,

ρ, of the tissue. However the Bloch equations for a GE sequence:

Mz = Mz0e
−TE
T1 +M0

(
1− e−

TE
T1

)
M+ = M+0e

−TE
T∗2 e−i∆ωTE

(3.25)

reveal the impact of T1 and T ∗2 relaxation on tissue contrast (parameters outlined

and discussed in Sections 2.4.3 and 2.4.4). Here the time, t, has been replaced with

the echo time, TE. Following a 90o pulse, the signal detected will be T ∗2 -weighted.

A second parameter, known as the repetition time, TR, is additionally used to

weight the signal. The TR is defined as the time between applied RF pulses used

to tip the magnetisation into the transverse plane. So far within this thesis, no

consideration has been given to the idea of applying further RF pulses before

the magnetisation has returned to thermal equilibrium (Mz = M0). However, re-

excitation before magnetisation has returned to thermal equilibrium can provide

the experimenter with T1 signal weighting, in addition to a reduced acquisition

time (discussed further in Section 3.5.2).

Following a 90o pulse, signal will evolve as follows:

Mz(t) = M0

(
1− e−

t
T1

)
M+(t) = M0e

− t
T∗2 e−i∆ωt

(3.26)

where all the magnetisation will initially be in the transverse plane (M+0 = M0,

Mz0 = 0). However, following repeated applications of the 90o RF pulse before the

condition Mz = M0 is obtained, the signal projected into the transverse plane is

proportional to the longitudinal magnetisation that is recovered in the TR period

(Mz = M0(1− e−
TR
T1 )):

M+(t) = M0(1− e−
TR
T1 )e

− t
T∗2 e−i∆ωt (3.27)

where t is the time since the last RF pulse. Replacing t with TE:

M+(TE) = M0(1− e−
TR
T1 )e

−TE
T∗2 e−i∆ωTE (3.28)

the dependence of relaxation contrast on TR and TE can be observed. A quick

examination of Equation 3.28 indicates that for a system undergoing repeated

RF pulse excitations, a short TR and short TE will provide greater T1 weighting,

whereas a long TR and long TE will provide greater T ∗2 weighting. A long TR

and short TE will provide weighting to the proton density, ρ, as ρ ∝M0.

Beyond T1, T ∗2 and ρ weighting of a system, knowledge of the T1 and T ∗2 times of
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Figure 3.10: Using the values of T1 and T ∗2 for grey and white matter at 7 T (defined in Table

3.2), |C| was determined for different values of TE and TR, with M0A = M0B = 1.

different tissues provides the experimenter with the opportunity to manipulate the

TR and TE to maximise contrast between tissue types. The magnitude contrast,

|C(t)|, between two samples, A and B, is defined as |M+A
(t)−M+B

(t)|:

|C(t)| =
∣∣∣∣M0A(1− e

− TR
T1A )e

− TE
T∗2A −M0B(1− e

− TR
T1B )e

− TE
T∗2B

∣∣∣∣ (3.29)

where | . . . | defines the absolute difference. From this, optimal parameters can be

selected to discriminate between tissue types. This is visualised for grey and white

matter in Figure 3.10.

3.5.2 Flip Angle and the FLASH Sequence

In Section 2.4.6, the influence of the RF pulse on spin ensembles was discussed.

The ‘flip angle’, defined as the angle of rotation, α, in Equation 2.39 was intro-

duced as the angle through which the macroscopic magnetisation vector is rotated

by the RF pulse. Previous work within this chapter has considered RF pulses

with a 90o flip angle, after application of which the magnetisation is rotated into

the transverse plane and signal is maximised. However, the flip angle is an ad-

ditional, user defined variable, which can be manipulated via adjusting the RF

pulse strength and duration.

A typical rule of thumb in MRI is that for magnetisation to have returned to ther-

mal equilibrium (Mz = M0) after RF pulse excitation, a waiting time of ∼ 5T1 is
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required. This can be provided experimentally without problem, with no hardware

constraints preventing data collection. However, the significant length of time be-

tween RF pulses would make imaging incredibly time consuming in a number of

cases and reduce the practicality of in-vivo scanning, where scan times need to

be kept to a minimum. In the previous section, it was noted how a short TR

can provide T1 weighting to an image. The flip angle allows the user to further

manipulate contrast and optimise the signal when TR < 5T1.

For a 90o flip angle, the steady state magnetisation recovers between repeated RF

acquisitions as follows:

Mz = M0(1− e−
TR
T1 ) (3.30)

with the solution for transverse magnetisation defined in Equation 3.28. However,

when α < 90◦:

Mz = Mzinite
−TR
T1 cosα +M0(1− e−

TR
T1 ) (3.31)

where Mzinit and Mz are the longitudinal magnetisation before and after the RF

pulse respectively. Here it can be observed that when α = 90o, the condition in

Equation 3.30 is returned. In the steady state, Mzinit = Mz and the magnetisation

will evolve as follows:

Mz =
M0

(
1− e−

TR
T1

)
1− e−

TR
T1 cosα

M+(t) = M0 sinα

(
1− e−

TR
T1

)
1− e−

TR
T1 cosα

e
−TE
T∗2 e−i∆ωTE

(3.32)

where it can be determined that when α = arccos e
−TR
T1 , M+(t) has a maximum.

This is known as the ‘Ernst angle’ and is visualised in Figure 3.11a. Similar to the

discussion in Section 3.5.1, α can be used to manipulate contrast between different

tissue types. This is visualised in Figure 3.11b.

Sequences that utilise this method are most commonly known as ‘fast low angle

shot’ (FLASH) sequences [7], though are also commonly known as SPGR (spoiled

gradient echo) and T1FFE (T1 fast field echo) sequences, depending on the scan-

ner provider (FLASH - Siemens, SPGR - General Electric, T1FFE - Philips).

When TR � T2, transverse magnetisation vanishes between RF pulses. This is

known as a steady state incoherent (SSI) signal. However, if TR = O(T2), trans-

verse magnetisation can reach a steady state, known as a steady state coherent

(SSC) signal. To prevent the transverse magnetisation from contributing to the

signal, spoiling mechanisms must be applied. The SSI signal is considered ‘nat-

urally’ spoiled, whereas spoiling mechanisms, applied through the application of

phase incremented RF pulses and gradient modification are utilised to dephase

the transverse magnetisation in SSC sequences [8].
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(a) |M+| with labelled Ernst angle (b) |C|

Figure 3.11: Using the values of T1 and T ∗2 for grey and white matter at 7 T (defined in Table 3.2),

the magnitude of transverse magnetisation, |M+| for white matter (Figure 3.11a) and contrast

magnitude, |C| between grey and white matter (Figure 3.11b) were determined for different

values of TR and α. Here TE = 15 ms for both datasets and the black line in Figure 3.11a

indicates the Ernst angle for each TR.

3.6 Magnitude and Phase Contrast

For a GE sequence, the detected signal is defined in the rotating frame as follows:

S(t) = S0e
− t
T∗2 e−i∆ωt (3.33)

where S0 is the signal amplitude. Within this thesis, S(t) will be regularly used

in place of the transverse magnetisation, M+(t). To prevent confusion, magneti-

sation has and will continue to be defined as the magnetization of the system,

useful for theoretical discussion, whereas S(t) is the detected signal from the MRI

acquisition, defining S(t) ∝M+(t).

Equation 3.33 appears considerably simpler than some of the equations produced

from the discussion in Section 3.5. If S(t) ∝ M+(t), it could be considered that

for a GE sequence with flip angle α and repetition time TR, from Equation 3.32,

the signal should evolve via:

S(t) = S0 sinα

(
1− e−

TR
T1

)
1− e−

TR
T1 cosα

e
− t
T∗2 e−i∆ωt. (3.34)

However, it is simple to note that sinα (1−e
−TR
T1 )

1−e
−TR
T1 cosα

is a constant, which can be

absorbed into the S0 term, reducing the formula to Equation 3.33. Though an

longer TR can give rise to an higher signal-to-noise (SNR) as it allows the spins

to recover their longitudinal relaxation, it also increases the length of time to

acquire a single line of k-space. A trade off between the TR and experimental
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repetition time must be determined, with SNR ∝
√

Nacq where Nacq is the number

of acquisitions per line of k-space.

Phase is represented by the symbol φ and is intrinsically related to the frequency

perturbations, φ(t) = −∆ωt. Magnitude and phase contrast are defined as follows

Mag(t) = |S(t)| = |S0|e
− t
T∗2

Phase(t) = arctan

(
imS(t)

reS(t)

)
= φw(t)

(3.35)

where reS(t) and imS(t) define the real and imaginary components of the signal

respectively, φw(t) defines the wrapped phase and arctan defines the 4-quadrant

arctangent function. Here it can be observed that the magnitude data is a T ∗2 -

weighted signal. The output of φw(t), rather than φ(t) is due to the periodical

nature of the arctan function being bound between ±π. To examine phase contrast

further, it is necessary to convert φw(t) to the ‘true’ phase, φ(t), also known as the

unwrapped phase. This critical step will be discussed in detail in the next chapter

with regards to processing phase contrast. However at this stage it is not necessary

and for the remainder of this chapter, it will be assumed that φw(t) = φ(t).

The sign convention of φ(t) varies within literature, with numerous papers asso-

ciating a positive phase evolution, φ > 0 with a negative frequency perturbation

−∆ω (previously discussed in Section 3.4.2). This convention varies between lit-

erature as different scanner brands define signal evolution by with their own sign

convention. Within this thesis, experimental results will be presented with the

sign convention utilised by the scanner in the experimental chapter. Theoretical

considerations will utilise the negative sign convention as discussed above.

Finally, within literature, φ, ∆ω, linear frequency perturbations, ∆f and mag-

netic field perturbations, ∆B, are regularly used and interchanged, even within

the context of a single journal paper. It is important to remember that the re-

lationships between these four variables are simply multiplications/divisions by

scalar constants. A simple insight into this relationship would be to consider the

Larmor equation (Equation 2.15) multiplied by time, t:

φ(t) = γ∆Bt. (3.36)

These relationships are summarised in Table 3.3. Within this thesis, interchange

between these four variables will occur, to describe phenomena in a clear and

accessible manner and to directly compare to pre-existing literature.
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Variable φ(t) ∆B ∆ω ∆f

φ(t) - φ(t) = −γ∆Bt φ(t) = −∆ωt φ(t) = −2π∆ft

∆B ∆B = −φ(t)
γt

- ∆B = ∆ω
γ

∆B = 2π∆f
γ

∆ω ∆ω = −φ(t)
t

∆ω = γ∆B - ∆ω = 2π∆f

∆f ∆f = −φ(t)
2πt

∆f = γ∆B
2π

∆f = ∆ω
2π

-

Table 3.3: Look up table for the relationships between φ(t), ∆B, ∆ω and ∆f , assuming a

negative sign convention. For a positive sign convention, replace the − sign with +. γ =

267.513× 106 rad s−1 T−1 for proton MRI.
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Chapter 4

Theory of Isotropic Susceptibility

4.1 What is Susceptibility?

4.1.1 Definition and Units

Magnetic susceptibility in its simplest definition describes how ‘susceptible’ a ma-

terial is to an applied magnetic field, ~H (units A m−1), and what form of interac-

tion takes place when the material is exposed to a magnetic field. Mathematically,

isotropic susceptibility is typically characterised by a scalar constant, χI , which

relates the magnetisation, ~M , of a system to ~H as follows:

~M = χI ~H. (4.1)

Isotropic magnetic susceptibility can be more rigorously defined in a matrix formal-

ism, as a 3x3 symmetric tensor χI [1], formed by multiplying the scalar constant

χI by the identity matrix I:

χI = χII =

χI 0 0

0 χI 0

0 0 χI

 . (4.2)

For the discussion of isotropic susceptibility alone, it is only necessary to consider

χI as a scalar constant, χI , which is how it will be referred to for the remainder of

this chapter. In Section 7.1, an extension to anisotropic susceptibility is discussed.

Equation 4.1 is based on the assumptions that:

1. When ~H = ~0, ~M = ~0.

2. ~M varies linearly with field strength.

Both these assumptions can be considered valid under the experimental conditions

in which MRI is performed [2]. Ferromagnets (M0 6= 0) are typically incompatible
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with MRI experiments, due to both considerations of safety and image distortion.

Non-linear components of magnetisation can exist in non-ferromagnetic materials,

but any deviations from the linear relationship in Equation 4.1 are small at the

field strengths used in MRI and can be ignored.

χI is typically defined as a dimensionless constant in units of parts per million

(ppm), known as the volume magnetic susceptibility. The convention of ppm

is convenient in experimental MRI as tissues in the body have susceptibilities

on the order of 10−6. For example, human tissue has a typical susceptibility of

−11× 10−6 to −7× 10−6 [2], which is equivalent to −11 ppm to −7 ppm. A few

common definitions of susceptibility used in the literature are outlined in Table 4.1,

though these are rarely encountered within MRI susceptibility literature. Within

this thesis, susceptibility is defined in terms of the volume susceptibility with units

of ppm or ppb (parts per billion).

4.1.2 Relationship Between ~B, ~H and ~M

In a vacuum, the total field, ~B (units T), is equivalent to the static total field, ~B0,

and is locally proportional to the applied static field strength, ~H0, as follows:

~B0 = µ0
~H0 (4.3)

where µ0 is the magnetic permeability of free space (4π 10−7 N A−2). However,

when an object is placed within the vacuum, ~B is perturbed due to the presence

of the object’s magnetisation, ~M , as follows:

~B = µ0

(
~H + ~M

)
(4.4)

where ~H 6= ~H0. The perturbation of ~H from ~H0 is critical in understanding the

influence of ~M on the applied field strength and is discussed further in Section

4.2.2. Combining Equations 4.1 and 4.4, ~B can be equivalently defined in terms

of χI :

~B = µ0 (1 + χI) ~H (4.5)

Susceptibility Formula Units (SI)

Volume Susceptibility χ χ = | ~M |
| ~H|

Dimensionless

Mass Susceptibility χm χm = χ
ρ

m3 kg−1

Molar Susceptibility χM χM = χ·MW
ρ

m3 mol−1

Table 4.1: Commonly used definitions of susceptibility. Here ρ is the mass density and MW is

the molecular weight in units of kg mol−1 Within this thesis, susceptibility is defined in terms

of the volume susceptibility. Definitions obtained from [2].
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(1 + χI) is commonly characterised in literature as the relative magnetic perme-

ability, µr, defining:
~B = µ0µr ~H

= µ ~H
(4.6)

where µ = µ0µr. Within this thesis, the use of µr and µ will be avoided to ensure

all definitions are in terms of χI .

4.1.3 Diamagnetism, Paramagnetism and the Value of χI

There are numerous atomic mechanisms that modify the value of susceptibility,

which combine to form a single value of χI in an atomic system [2]. In MRI,

it is generally sufficient to classify materials as one of two types: diamagnetic

or paramagnetic [3, 4]. Diamagnetism arises from the interaction of orbital elec-

trons with the externally applied magnetic field, generating an induced magnetic

moment opposing ~H, reducing ~B. Paramagnetism arises in atoms with non-zero

electron spin, where the unpaired electrons’ magnetic moments align with the

applied ~H field to increase ~B. All atomic systems have diamagnetic properties,

whereas only those with unpaired electrons have paramagnetic properties. The

magnitude of the diamagnetism is typically much smaller than paramagnetism,

due to the strength of the electron’s magnetic moment.

Equation 4.5 reveals that a positive χI increases ~B, whereas a negative χI de-

creases ~B (visualised in Figure 4.1). Though the mechanisms that contribute to

diamagnetism and paramagnetism are different, the sign of χI reveals whether

an atomic system has diamagnetic or paramagnetic properties, purely through

the contribution to the ~B field. MRI experiments are insensitive to the differ-

ent atomic mechanisms that generate χI . Therefore materials with a negative χI

are considered purely diamagnetic, whereas those with a positive χI are consid-

ered purely paramagnetic. For example, hydrogen, a spin-1
2

atom is paramagnetic

in isolation (however, when hydrogen combines with oxygen to form water, the

molecule is diamagnetic).

The magnitude of χI can reveal further information about the magnetic proper-

ties of an atomic system. This must be considered carefully as different atomic

systems with vastly different atomic mechanisms can lead to very similar values of

χI [2]. However, with an underlying insight into the composition of a system, the

Constituent Water Cortical bone Blood (deoxygenated) Ferritin

χI (ppm) −9.05 -8.86 -7.90 520

Table 4.2: χI values for common tissue constituents, obtained from [2].
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(a) χ > 0 (b) χ < 0

Figure 4.1: Comparison of the impact of a paramagnetic object (red - Figure 4.1a) and a dia-

magnetic object (blue - Figure 4.1b) an on externally applied magnetic field. The paramagnetic

object causes an increase in the ~B field (indicated by an increased density of lines) whereas the

diamagnetic object induces the opposite effect.

sign and magnitude of χI can be used to obtain information about the underlying

structure. From the perspective of MRI, with knowledge of the χI values of dif-

ferent tissue constituents, if it is possible to obtain a map of χI over the tissue, it

will be possible to infer the composition. An example of some commonly obtained

χI values for tissue constituents are detailed in Table 4.2.

4.2 Magnetic Field Properties

4.2.1 Magnetostatics and the Scalar Potential

MRI is largely concerned with the magnetostatic regime, where fields are consid-

ered time-independent. Though this may not be valid when considering the pres-

ence of magnetic gradients and field fluctuations, these perturbations are small

relative to the static field and can be ignored when considering GE acquisitions.

With these approximations and ignoring eddy current contributions (which can

also be considered small), the free current density, ~Jf can be set equal to zero [5],

so that Maxwell’s equations can be written as:

∇ · ~B(~r) = 0

∇× ~H(~r) = 0
(4.7)
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Figure 4.2: Two arbitrary regions of susceptibility χ1 and χ2. The conditions in Equation 4.8

indicate that ~H(~r) is continuous along the surface between the two objects and ~B(~r) is continuous

perpendicular to the surface.

where ~r is a spatial position coordinate. This implies that ~B is a purely rotational

field and that ~H is a conservative (irrotational) field. Considering a heterogeneous

object, made up of regions of different magnetic susceptibility as shown in Figure

4.2, from Equation 4.7, it can be determined that:

( ~B2 − ~B1) · n̂ = 0

( ~H2 − ~H1)× n̂ = 0
(4.8)

where n̂ is a unit vector perpendicular to a the boundary between regions of

different susceptibility. This is most simply derived from the integral form of

Equation 4.7: ∮
~B(~r) · n̂ dS = 0∮
~H(~r) · d~l = 0

(4.9)

where n̂ dS is an area element perpendicular to the object’s surface and d~l is a

line element. ~B and ~H can therefore be defined in terms of vector and scalar

potentials:
~B(~r) = ∇× ~A(~r)

~H(~r) = −∇Φ(~r)
(4.10)

where ~A(~r) and Φ(~r) are the magnetic vector and scalar potentials, respectively.

Considering an object of magnetisation ~M(~r) in an external field, a relationship

can be derived between Φ(~r) and ~M(~r) by combining Equation 4.4 with Equations

4.7 and 4.10:

∇2Φ(~r) = ∇ · ~M(~r) (4.11)
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If no sources of magnetisation are contained within a region, or a region has a

constant, unbounded magnetisation, ∇ · ~M(~r) = 0 and Equation 4.11 reduces to:

∇2Φ(~r) = 0. (4.12)

Equations 4.11 and 4.12 are very well understood mathematically, as forms of

Poisson’s and Laplace’s equations respectively. Defining ∇ · ~M(~r) = −ρm(~r),

Equation 4.11 can be written as:

∇2Φ(~r) = −ρm(~r) (4.13)

or when rewritten in terms of ~H(~r):

∇ · ~H(~r) = −ρm(~r). (4.14)

This equation has a striking similarity to Gauss’ law (∇ · ~E(~r) = −ρ(~r)
ε0

, where

ρ(~r) is the electric charge density and ε0 is the permittivity of free space). ρm(~r)

can be interpreted as a form of ‘magnetic charge density’. Defining qm as a unit

of ‘magnetic charge’, for a system consisting of a single unit of qm at point ~r ′:

∇2Φ(~r) = −qmδ(~r − ~r ′) (4.15)

where δ(~r−~r ′) is the Dirac delta function [6]. The solution to this function utilises

the well known form of Green’s function for the 3D Laplacian operator [4]:

∇2

(
1

|~r − ~r ′|

)
= −4πδ(~r − ~r ′) (4.16)

defining:

Φ(~r) =
qm
4π

1

|~r − ~r ′|
. (4.17)

For a system consisting of a continuous source of magnetic charge:

ρm(~r) =

∫
ρm(~r ′)δ(~r − ~r ′) dV ′ (4.18)

where dV ′ is a volume element and combining this with Equation 4.16 yields:

ρm(~r) = − 1

4π

∫
ρm(~r ′)∇2

(
1

|~r − ~r ′|

)
dV ′. (4.19)

As the operator ∇2 is not a function of d~r ′, it is independent of the integral and

can be moved outside. Comparing this with Equation 4.13:

Φ(~r) =
1

4π

∫
ρm(~r ′)

|~r − ~r ′|
dV ′

= − 1

4π

∫
∇′ · ~M(~r ′)

|~r − ~r ′|
dV ′

(4.20)
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which can be further extended to for a multi-compartment object with numerous

bound surfaces. Considering a source of magnetisation ~M bounded by surface S

(beyond the surface, ~M(~r) = 0), Φ(~r) can be generalised to include these boundary

conditions:

Φ(~r) = − 1

4π

∫
V

∇′ · ~M(~r)

|~r − ~r ′|
dV ′ +

1

4π

∮
S

n̂′ · ~M(~r)

|~r − ~r ′|
dS ′. (4.21)

With knowledge of the underlying magnetisation of a system, this equation can

be used to determine the scalar potential. The magnetic field strength due to

Φ(~r) is known as the demagnetising field, ~Hd(~r), which opposes ~H0. Measurement

of ~Hd(~r) can be utilised to determine the underlying magnetic susceptibility of a

system.

4.2.2 The Demagnetising Field

In Section 4.1.2, it was briefly mentioned that in the presence of an object with

magnetisation, ~M(~r), the magnetic field strength would be perturbed from ~H0 to

a previously undefined value, ~H(~r). Equation 4.21 explains the origin of this per-

turbation. The demagnetising field, ~Hd(~r), obtained from the solution of Equation

4.21 perturbs the ~H0 field as follows [2, 5, 7]:

~H(~r) = ~H0 + ~Hd(~r). (4.22)

As can be inferred from Equation 4.21, the properties of ~Hd(~r) are complex. ~Hd(~r)

is a non-local field, dependent on the location, shape and distribution of ~M(~r).

For a system with multiple sources of magnetisation, the demagnetisation field

experienced by one magnetisation source will consist of the sum of the self induced

~Hd(~r) field, ~Hdself(~r), and the experienced ~Hd(~r) field from other magnetisation

sources, ~Hdoth(~r) [7]:

~Hd(~r) = ~Hdself(~r) + ~Hdoth(~r). (4.23)

The complex relationship between ~Hd(~r) and an arbitrary ~M(~r) distribution is

challenging to determine and in many cases, computationally impractical via the

solution of Equation 4.21. However, for a few simple structures an analytical

solution is available. For example, the internal demagnetisation field, ~Hdint(~r),

inside an ellipsoidal structure can be reduced to a simple formalism [2]:

~Hdint(~r) = −α ~M (4.24)

where α is a scalar constant known as the demagnetisation factor. α depends

on both the shape of the ellipsoid and the projection of the ellipsoidal axis of

symmetry along the direction of ~H0, with the constraint that the combined sum
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of α over the three principal axes of the ellipsoid,
∑3

i=1 αi = 1. α values over

the three principle axes of a few ellipsoidal shapes are defined in Table 4.3. By

combining Equations 4.1, 4.5, 4.22 and 4.24, the total internal field, ~Bint, for an

ellipsoid can be generalised as:

~Bint =
1 + χ

1 + αχ
~B0 (4.25)

Assuming that χI � 1 (a valid assumption in MRI - see Section 4.1.1), simple

expressions for the field perturbations, ∆ ~Bint, induced by ellipsoids can be deter-

mined. ∆ ~Bint values over the three principal axes of a few ellipsoidal shapes are

defined in Table 4.3.

Analytical solutions for the external field, ~Bext(~r), have also been determined for

ellipsoids. Solutions for the sphere and infinite cylinder are given in Table 4.4.

4.2.3 The Sphere of Lorentz

The sphere of Lorentz (SOL) [8] is an often-used but challenging-to-interpret con-

struct. Its use is necessary to describe field perturbations accounting correctly for

the non-continuous distribution of matter at the atomic scale and the interactions

with surrounding atoms (Figure 4.3). In an ‘idealised’ situation, media would be

Shape Sphere Infinite cylinder Circular Diskα1

α2

α3

,

∆Bint1

∆Bint2

∆Bint3




1
3
1
3
1
3

,


2χI

3
B0

2χI
3
B0

2χI
3
B0




1
2
1
2

0

,


χI
2
B0

χI
2
B0

χIB0


0

0

1

,

χIB0

χIB0

0


Table 4.3: α values and induced internal field perturbations, ∆Bint, along the three principle axes

of ellipsoidal shapes with susceptibility χI [2]. Here, each row denotes α and ∆Bint for a single

principal axis, assuming it is defined parallel to ~B0. The total internal field, ~Bint = ~B0 + ∆ ~Bint.

The axis of symmetry for the cylinder and disk are defined to be along the third principal axis.

Shape Field perturbations

Sphere ∆Bext(%,Θ) = χIa
3B0

3%3

(
3 cos2 Θ− 1

)
Cylinder ∆Bext(ρ, φ, θ) = χIa

2B0

2ρ2
cos 2φ sin2 θ

Table 4.4: Induced external field perturbations for the sphere and cylinder with susceptibility

χI [3]. The total external field is ~Bext(~r) = ~B0 + ∆ ~Bext(~r). Here a defines the radius of the

sphere/cylinder, % and ρ describe the radial coordinate of the sphere and cylinder respectively, Θ

and φ defines the angle between the ~B0 field and ~% and ~ρ for the sphere and cylinder respectively

and θ defines the angle between the ~B0 field and the principle axis of the cylinder perpendicular

to ~ρ.
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Figure 4.3: Why the sphere of Lorentz is required. Looking at the atomic scale of a structure

(left), one could approximate the object to be continuous (middle), which would require no

sphere of Lorentz approximation. However, in reality there will be screening effects due to the

discrete nature of atomic structure (right). Image for visualisation purposes only.

continuous at the atomic scale, which is how magnetisation in previous discussions

has been considered. However, due to the discretisation of atomic structures, there

is an additional local screening effect which must be accounted for in field calcula-

tions. The SOL provides a simple and elegant solution, defining a spherical cavity

around a spin significantly larger than the atomic spacing (Figure 4.4) [9]. Exter-

nally/internally to the SOL, the magnetisation is considered continuous/discrete

respectively [10]. Using this approximation, the field experienced by a spin, ~Bspin,

will be equal to the sum of the macroscopic, internal, continuous field, ~Bint (de-

scribed in the previous section) and the microscopic, internal, discrete field inside

the SOL, ~BSOLint
, minus the contribution from the continuous SOL cavity, ~BSOL:

~Bspin = ~Bint + ~BSOLint
− ~BSOL. (4.26)

In an isotropic or rapidly diffusing medium, the average field experienced by

a spin inside the SOL, ~BSOLint
, will average to zero, due to the cancellation of

contributions from surrounding atoms. From the definition of a sphere’s field

contribution in Table 4.3:

~Bspin = ~Bint −
2χ

3
~B0. (4.27)

~Bspin values for a few ellipsoidal shapes are given in Table 4.5. These can be

considered as the values in Table 4.3, ‘corrected’ for the SOL. External to the

region of magnetisation, the SOL is not required [3] and no correction is needed

for the results in Table 4.4. This can be generalised for any distribution via

Equation 4.5:

~Bspin(~r) = µ0

(
1 + χI(~r)

)
~H(~r)− 2χI(~r)

3
~B0

= ~B0

(
1 +

1

3
χI(~r)

)
+ ~Bd(~r)

(4.28)

where ~Bd(~r) is the demagnetising ~B(~r) field and second order terms have been

ignored.
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(a) Isotropic atomic spacing (b) Randomised atomic spacing

Figure 4.4: The sphere of Lorentz is defined by a large spherical cavity, significantly larger than

the average atomic spacing. It is valid for isotropic atomic spacing (Figure 4.4a) and randomised

atomic spacing (Figure 4.4b) [11], where diffusion effects average the field perturbations sampled

by a spin. Images for visualisation purposes only.

The implications of this for a spherical object are surprising. The SOL correction

implies that for a sphere of susceptibility χI , no net magnetic field perturbations

will be generated inside the sphere. As a theoretical construct this is interest-

ing. If a perfect sphere of susceptibility χI was placed in an MRI scanner, with

no signal sampled outside the sphere, no field perturbations would be observed.

The sphere of Lorentz is additionally valid when considering spherically symmet-

ric susceptibility perturbers. An extension considering non-spherical susceptibility

perturbers, in addition to the introduction of the generalised Lorentzian approxi-

mation (GLA) [12] is discussed in Section 7.3.

Shape Sphere Infinite cylinder Circular Disk∆Bspin1

∆Bspin2

∆Bspin3


0

0

0


−

χI
6
B0

−χI
6
B0

χI
3
B0




χI
3
B0

χI
3
B0

−2χI
3
B0


Table 4.5: ∆Bspin along the three principal axes of ellipsoidal shapes with susceptibility χI ,

accounting for the effect of the SOL. Here, each row denotes ∆Bspin for a single principle axis,

assuming it is defined parallel to ~B0 The total internal field perturbations, ~Bspin = ~B0 + ∆ ~Bspin.

The axis of symmetry for the cylinder and disk are along the third principal axis.
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4.3 Utilising k-Space to Describe Field Pertur-

bations Generated from Arbitrary Suscepti-

bility Distributions

4.3.1 Derivation

Due to the challenges in solving Equation 4.21, a more practical method of deter-

mining the magnetic field perturbations for an arbitrary susceptibility distribution

is required. Though ellipsoidal shapes can be described analytically, the heteroge-

neous susceptibility distributions found in biological tissue cannot be accurately

or simply reduced to the sum of numerous ellipsoidal susceptibility sources. One

solution has been to utilise the properties of Fourier transforms to solve the pre-

viously described Poisson equation for scalar potentials (Equation 4.13) [5, 13].

Fourier transform operations are computationally advantageous when solving par-

tial differential equations as they can be simply and quickly performed using the

well established fast-Fourier transform algorithm [14]. By realising the appro-

priateness of taking first order approximations when solving for Φ(~r), a simple

relationship between ~B(~r) and χI(~r) can be determined.

Using the results in Section 4.2.1, Equation 4.5 can be written in the form of

Equation 4.13:

∇2Φ(~r) = −∇χI(~r) · ∇Φ(~r)

1 + χI(~r)
(4.29)

defining ρm(~r) = −∇χI(~r)·∇Φ(~r)
1+χI(~r)

. Again it can be observed that if no sources of

χI are contained within a system, or a system has a constant, unbounded χI ,

Equation 4.29 reduces to Laplace’s equation. Defining Φtotal(~r) = − ~H0 · ~z + Φ(~r),

where ~Hd(~r) = −∇Φ(~r) (Equation 4.10), ignoring small second order terms:

∇2Φ(~r) = ~H0 ·
∂χI(~r)

∂z
. (4.30)

It is possible to describe first and second order differentials in terms of Fourier

transforms [6]. The following rules apply for an arbitrary scalar function, f(~r):

∇f(~r) = ∇
∞∫

−∞

f(~k)ei
~k·~r d3k

= F−1
[
i~kF

[
f(~r)

]]
∇2f(~r) = ∇2

∞∫
−∞

f(~k)ei
~k·~r d3k

= −F−1
[
k2F

[
f(~r)

]]
(4.31)
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where F and F−1 denote the Fourier and inverse Fourier transform operator re-

spectively. Applying these rules to Equation 4.30:

Φ(~r) = −iH0F−1

[
kz
k2
F
[
χI(~r)

]]
(4.32)

where for further clarity the magnetic properties of the system have been defined

as functions of the spatial position vector, ~r. In MRI, the projection of Hd(~r) along

the B̂0-dimension is experimentally measured. Defining this as the z-dimension

and ~Hd(~r) = −∇Φ(~r):

Hdz(~r) = −H0F−1

[
k2
z

k2
F
[
χI(~r)

]]
. (4.33)

Therefore from Equations 4.5 and 4.22, the total ~B field along the z-dimension

can de determined:

Bz(~r) =
(
1− χI(~r)

)
B0

1−F−1

[
k2
z

k2
F
[
χI(~r)

]]
≈ B0 +B0 · F−1

(1− k2
z

k2

)
F
[
χI(~r)

]
︸ ︷︷ ︸

∆Bz(~r)

(4.34)

where small second order terms have been removed. All that is left is to include

the effect of the SOL (Section 4.2.3). Utilising Equation 4.27:

Bspinz(~r) = B0 +B0 · F−1

(1

3
− k2

z

k2

)
F
[
χI(~r)

]
︸ ︷︷ ︸

∆Bspinz (~r)

(4.35)

where it can be seen that a susceptibility distribution, χI(~r), perturbs the total

field experienced by a spin along the z-dimension by ∆Bspinz(~r).

4.3.2 Interpretation

The convolution theorem states that for two scalar functions, f(~r) and g(~r) [6]:

f(~r)⊗ g(~r) = F−1
[
F
[
f(~r)

]
· F
[
g(~r)

]]
= F−1

[
f(~k) · g(~k)

] (4.36)

where ⊗ is the convolution operator. Comparing this to Equation 4.35, ∆Bspinz(~r)

can be defined as the B0 scaled r-space convolution of a function, d(~r), with the

susceptibility map, χI(~r), where:

d(~r) = F−1

[
1

3
− k2

z

k2

]
(4.37)
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(a) d(~r) (b) d(~k)

Figure 4.5: The dipole field visualised in r-space (Figure 4.5a) and k-space (Figure 4.5b).

defining d(~k) = 1
3
− k2z
k2

. d(~r) is known as the dipole field, the field induced by a point

source of unit susceptibility perturbed by a unit ~B0 field along the z-dimension.

d(~r) and d(~k) are visualised in Figure 4.5. Therefore ∆Bspinz(~r) can be inter-

preted as the sum of all field perturbations induced by a χI(~r) map composed of

infinitesimally small point sources. In the context of MRI, each voxel is considered

a point source. Figure 4.6 provides an example of how the sum of the dipole fields

generated from individual point sources leads to the field perturbations generated

from a macroscopic object.

4.3.3 Comparison to Analytical Solutions

To test the robustness of this technique, a comparison can be made between

∆Bspinz(~r) for ellipsoids derived utilising the k-space method described above and

the analytical solutions defined in Tables 4.4 and 4.5. The analytical form of

∆Bspinz(~r) for a sphere, parallel infinite cylinder and perpendicular infinite cylin-

der scaled by χIB0 were simulated and compared to the k-space simulations of

identical structures. These are shown in Figure 4.7. Visual comparisons of the

two datasets and examination of the line profiles show excellent agreement, with

a few notable inconsistencies:

1. At the ellipsoid boundaries, the k-space simulations of the sphere and per-

pendicular infinite cylinder show considerable over/undershooting, most eas-

ily seen in the line profiles. This is due to the discrete nature of the fast

Fourier transform algorithms being implemented and is known as ‘Gibbs

ringing’ [3]. The representation of a sharp, step-function transition in r-
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Figure 4.6: Generating a macroscopic susceptibility distribution via summing dipole fields gen-

erated from point sources. Datasets simulated on a 1024×1024×1024 voxel3 matrix, written

in-house using MATLAB (Release 2013a, The MathWorks Inc., Natick, MA, United States) via

the k-space protocol as discussed in Section 4.3.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 4.7: Figures 4.7a-4.7c display the analytical solutions of ∆Bspinz
(~r) for the sphere, infinite

cylinder parallel to ~B0 and infinite cylinder perpendicular to ~B0, calculated using the results in

Tables 4.4 and 4.5. Figures 4.7d-4.7f display the identical simulations calculated using the k-

space method. Figures 4.7g-4.7i compare the line profile horizontally traversing through the

centre of the object, with Figures 4.7j-4.7l showing the difference (analytical simulation minus

k-space simulation). Data simulated on a 1024×1024×1024 voxel3 matrix, written in-house using

MATLAB (Release 2013a, The MathWorks Inc., Natick, MA, United States).

53



Theory of Isotropic Magnetic Susceptibility

space requires a large range of frequency components to be represented

sharply without artefact. As can be realised from the discussion of r- and

k-space image resolution in Section 3.4.6, the maximum k-space frequency is

inversely proportional to the r-space resolution. However, ringing artefacts

in many cases are small relative to the overall field perturbations and can

be ignored.

2. At the edge of the dataset matrix, the k-space simulations of the sphere and

perpendicular infinite cylinder start to show an increased divergence from

the analytical solution, due to the periodic boundary conditions imposed

by the fast-Fourier transform algorithm [15]. This effect can be reduced

via increasing the FOV in r-space and this also implies that smaller objects

simulated using the k-space method will generate field perturbations closer

to the analytical solution.

3. There is a DC offset generated between the analytical and k-space solution,

most evident in the line profile of the parallel infinite cylinder. This is due

to the form of the k-space dipole field, d(~k), as defined in Equation 4.37.

The centre of k-space, corresponding to k = 0 is undefined [13] and set

to zero, implying that there is no DC offset within the k-space simulation

and
∑

all voxels ∆Bspinz(~r) = 0. However, this does not need to be the case

analytically. This further implies that when using the k-space technique, all

field perturbations are relative to the average field perturbation within the

image.

For more complex structures beyond ellipsoids, it is not possible to simply derive

an exact analytical form of ∆Bspinz(~r) due to the form of ~Hd(~r) which cannot be

simply determined. However, this is where the advantage of the k-space method is

seen. Despite the imperfections in solutions generated by the k-space method as

discussed above, it can be utilised to rapidly generate expected field perturbations

for any arbitrary susceptibility distribution. An example is given in Figure 4.8.

Describing these field perturbations as a solution to Equation 4.21 would be far

more challenging.
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(a) Brain mask (b) ∆Bspinz(~r)

Figure 4.8: Field perturbations generated from a 2D binary image of a brain mask. Despite the

complicated boundary conditions in the image, by using the k-space method ∆Bspinz
(~r) can be

generated in fractions of a second. Shown on a multi-colour map to emphasise the complexity

of the field perturbations.
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Chapter 5

Phase Processing and Generation

of Isotropic Quantitative

Susceptibility Maps

5.1 Why Does Phase Require Processing?

From the theory outlined in the previous two chapters, it could be hypothesised

that the phase data obtained from a simple GE sequence provides the scanner

operator with a direct representation of the field perturbations generated by local

tissue. However, unprocessed phase, φw(~r), is overwhelmed with ‘artefacts’, caus-

ing significant challenges for an experimenter wanting to obtain useful anatomical

information. Examples of unprocessed magnitude and phase images from an in-

vivo volunteer scan are displayed in Figure 5.1.

With an in-depth understanding of the sources of contrast and ‘artefacts’ within

phase data, φw(~r) can be processed to reveal anatomical information beyond what

can be seen within magnitude images (Figure 5.2). The following sections outline

the steps required in processing phase images: unwrapping and background field

removal. Beyond this, methods are introduced for generating isotropic quantita-

tive susceptibility maps from processed phase data.

In this chapter, wrapped and unwrapped phase will be denoted as φw(~r) and φ(~r)

respectively and quantified in units of radians. To simplify notation, measured

field perturbations, which in the previous chapter were denoted as ∆Bspinz(~r),

will be written as ∆B(~r). Experimental ∆B(~r) maps will be displayed in Hz, as

is commonly found in the phase processing literature. Theoretical concepts con-

cerning phase evolution will be described in terms of the frequency offset, ∆f(~r).

Conversions between φ(~r), ∆B(~r), ∆f(~r) and ∆ω(~r) can be performed using the

information detailed in Table 3.3.
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(a) Magnitude (b) φw(~r)

Figure 5.1: Comparison of unprocessed magnitude and phase images acquired from a volun-

teer in-vivo. Magnitude data collected directly from the scanner (Figure 5.1a) displays local

tissue contrast, whereas phase data (Figure 5.1b) is overwhelmed with ‘artefacts’. Image dis-

played is the 10th echo of a dataset collected on a Philips Achieva 7T scanner (FLASH scan,

10 echoes, TE1=1.27 ms, ∆TE=3 ms, TE10=28.27 ms, resolution=0.89×0.89×1.2mm3, FOV

=200×200×120mm3, 100 slices consisting of 224×224 voxels, TR=76.1 ms, flip angle=15◦and

acquisition time=657 s).

5.2 Phase Unwrapping

5.2.1 Phase Wraps: Identification and Cause

One of the most striking types of phase variation within φw(~r) maps (Figure

5.1b) are the sharp transition lines, that propagate throughout the entire FOV.

These sharp transition lines appear unrelated to the local tissue structure, increase

in number rapidly near to macroscopic boundaries and additionally increase in

number with higher echo times. Known as ‘wraps’, these transitions are generated

due to the definition of φw(~r):

φw(~r) = arctan

(
imS(~r)

reS(~r)

)
(5.1)

where arctan describes the 4-quadrant arctangent function, S(~r) is the detected

signal and reS(~r) and imS(~r) define the real and imaginary components of the

signal respectively. The origin of this equation is explained in Section 3.6. The

periodic nature of the arctan function used in Equation 5.1 ensures that unpro-

cessed phase data is bounded between ±π. However, there is no requirement for

the experimental phase evolution to be bounded between ±π and these limits are

regularly exceeded in MRI experiments, leading to wraps when phase evolves be-

yond π or −π. These effects become more prominent with higher field strengths
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Figure 5.2: Processed phase image from Figure 5.1b (divided by first echo to remove initial

phase offsets), revealing field perturbations, ∆B(~r), from χI(~r) sources within the brain. Note

the increased anatomical contrast compared to the magnitude data in Figure 5.1a. Here phase

data was filtered using a Laplacian unwrapper (Section 5.2.4) with fast-Fourier transform bound-

ary conditions. Background fields removed via a Laplacian-based vSHARP filtering algorithm

(Section 5.3.3), with |~rmax| = 10 mm. vSHARP regularisation performed as a high-pass filter [1]

(cut off frequency = 0.015 mm−1). Experimental parameters outlined in Figure 5.1.

and in addition, as phase is a function of echo time, φw(~r, t), higher echo times will

lead to more observed wraps. A simulated example of the effect of phase wrapping

on a single voxel is demonstrated in Figure 5.3.

A simple solution to prevent wraps would be to collect experimental data at ultra-

short echo times, to prevent the phase from evolving beyond the bound values of

±π within the image. However this method would often be impractical or im-

possible considering the requirements of the experimental acquisition and would

also prevent numerous experimental hypotheses from being examined where echo

times are required to be beyond the ultra-short limit. It would additionally re-

strict the scanner operator’s control of the acquired contrast within the image as

discussed in Section 3.5. Numerous methods for unwrapping phase data have been

developed to circumvent the requirement for using ultra-short echo times.

5.2.2 Echo Time based Unwrapping

Figure 5.3b reveals that wraps generated by the imposed arctan function are char-

acterised by phase jumps of magnitude 2π. From this, a simple relationship be-

tween the wrapped phase, φw(~r, t), and the unwrapped phase, φ(~r, t), can be

defined [2]:

φ(~r, t) = φw(~r, t)± 2πn(~r, t) (5.2)
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(a) Phase evolution (b) Wrapped phase evolution

Figure 5.3: Simulated comparison of the phase evolution within a voxel. The natural evolution

of phase within the voxel (Figure 5.3a) is experimentally observed as being bounded between ±π
(Figure 5.3b) due to the arctan condition in Equation 5.1, leading to sharp transitions known

as ‘wraps’. Here ∆f = 60 Hz and φ0 = 0.5 rad as defined in Equation 5.3.

where n(~r, t) ∈ N0. Therefore φw(~r, t) can be unwrapped by examining the

temporal phase evolution of individual voxels within multi-echo GE data and

adding/subtracting 2π whenever a phase shift equivalent to 2π occurs. Here vox-

els will be unwrapped individually, but due to the computational simplicity of this

task it can be easily implemented and computed rapidly over an entire 3D volume.

Unwrapped images can then be fitted to:

φ(~r, t) = φ0(~r)− 2π∆f(~r)t (5.3)

where φ0(~r) defines echo-time independent contributions from experimentally in-

duced phase offsets and the negative frequency convention has been utilised. As

this is a linear problem it can be computed rapidly over an entire dataset.

This method can be used successfully to unwrap phase data. However there are

two caveats that can prevent this method producing robust and reliable results:

1. If wraps occur in the image collected at the minimum echo time, these

cannot be removed with echo time based unwrapping. This is because the

voxelwise unwrapping process is referenced to the phase at the first echo.

This commonly occurs in experimental data collection and can be caused

by φ0(~r), in addition to a large field offset which causes significant phase

accumulation even at the minimum echo time.

2. If phase is evolving at a rate greater than the Nyquist frequency:

fny =
1

2∆TE
(5.4)
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(a) φ(t) (b) φw(t)

Figure 5.4: Simulated comparison of the phase evolution for two voxels evolving at different

frequencies, with samples collected every 5 ms (φ0 = 0.5 rad for both lines). The evolution of

φ (Figure 5.4a) is significantly different between the two voxels. However, φw (Figure 5.4b) is

identical for both voxels. This is because the voxel evolving with ∆f = 120 Hz evolves beyond

the Nyquist frequency limit and therefore φw (∆f = 120 Hz) has a degenerate form evolving

below the Nyquist frequency limit, which here is equal to φw (∆f = −80 Hz).

it will not be possible to resolve the ‘correct’ φ, as it then is not possible to

distinguish between rapidly and slowly evolving phase. This is due to the

condition:

φw

(
2π∆f(~r) ·∆TE

)
= φw

(
2π∆f(~r) ·∆TE± 2π

)
(5.5)

An example of this effect is shown in Figure 5.4.

Under certain circumstances (low initial echo time and slow phase evolution) the

echo-time-based unwrapping method can be successfully implemented. However,

this method as a stand-alone will not be suitable in most experimental cases, as

shown in Figure 5.5. Furthermore, this method can only be applied to multi-echo

data, preventing its implementation when only a single echo is collected.

5.2.3 Path based Unwrapping

From an examination of Figure 5.5a, it can be hypothesised that single-echo

phase datasets can be unwrapped individually based on the assumption that phase

should vary smoothly throughout the image. Within a single echo image, Equa-

tion 5.2 remains valid and the unwrapping problem becomes more concerned with

examining the spatial phase gradient, ∇φw(~r) and adding/subtracting values of

2πn(~r) to ensure ∇φw(~r) is spatially smooth. Unfortunately, unlike echo-time-

based unwrapping, path-based unwrapping is typically performed over a 2D (or

3D) region, producing a significant increase in complexity [3].
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(a) φw(~r) - Third echo (b) φ(~r) - Third echo

(c) φw(~r) - First echo

Figure 5.5: Example of echo-time-based unwrapping applied to multi-echo GE in-vivo rodent

data. The wrapped data for the third and first echo are shown in Figures 5.5a and 5.5c. The

unwrapped data (Figure 5.5b) shows successful unwrapping in certain regions, but the approach

fails to unwrap the entire image due to rapidly evolving phase and wrapping within the first

echo map (Figure 5.5c). Experimental parameters described in Section 6.3.

Examination of the numerous methods for path-based unwrapping is beyond the

scope of this thesis. However it is important to note that the quality of the

unwrapped image is dependent on the unwrapping algorithm implemented, in ad-

dition to the degree of wrapping. Analogous to the Nyquist condition (Equations

5.4 and 5.5), path based phase unwrapping is limited by a maximum allowed value

of |∇φw(~r)|, with the condition [4]:∣∣∇φw(~r) · x̂, ŷ, ẑ
∣∣ < π

∆x
,
π

∆y
,
π

∆z
(5.6)

where x̂, ŷ, ẑ are orthogonal unit vectors and ∆x,∆y,∆z indicate the voxel di-

mensions along x̂, ŷ, ẑ. An example of the application of path-based unwrapping
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(a) φ(~r) (b) φrew(~r)

Figure 5.6: Example of applying path based unwrapping to the experimental data in Figure

5.5a [5]. Figure 5.6a shows successful unwrapping of experimental data over tissue containing

regions. In addition, after rewrapping the unwrapped image (Figure 5.6b), φrew(~r) is identical

to φw(~r) (Figure 5.5a), revealing the congruency of the path-based method.

is is shown in Figure 5.6.

5.2.4 Laplacian-Based Unwrapping

Laplacian-based unwrapping is commonly encountered in phase processing litera-

ture. It can rapidly unwrap phase images, be performed on a single echo dataset

and is robust, with algorithms readily applied to a variety of experimental data

without any requirement for parameter variation. The Laplacian approach is based

on the following relation [6]:

eiφw(~r) = eiφw(~r)±2πn(~r)

= eiφ(~r).
(5.7)

Using this condition it is possible to derive a relationship between the Laplacians

∇2φ(~r) and ∇2φw(~r) [6]:

∇2φ(~r) = cosφw(~r)∇2 sinφw(~r)− sinφw(~r)∇2 cosφw(~r). (5.8)

φ(~r) can then be determined from∇2φ(~r) in terms of φw(~r) by utilising the Fourier

transform relationships for first and second order differentials (Equation 4.31). An

experimental example of the implementation of Laplacian-based path unwrapping

is shown in Figure 5.7a. However, when performing Laplacian unwrapping certain

considerations must be taken into account:

1. Laplacian unwrapping performs an additional component of filtering of the

data, due to the Laplacian of external field perturbations, ∇2∆Bext(~r), being
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(a) φ(~r) (b) φrew(~r)

(c) φ(~r) thresholded between ±1 rad

Figure 5.7: Example of unwrapping of Figure 5.5a using the Laplacian-based fast-Fourier trans-

form approach. Figure 5.7a indicates that the image is successfully unwrapped. However, Fig-

ure 5.7c reveals that the unwrapped image has imposed periodic boundary conditions at the

edges of the ROI. The combination of imposed boundary conditions and intrinsic filtering of the

Laplacian-based method leads to the rewrapped phase (Figure 5.7b), φrew(~r), failing to maintain

the congruency condition when compared to Figure 5.5a.

equivalent to zero (discussed further in Section 5.3.3). In some circumstances

this could be considered beneficial and its effect becomes negligible after

applying background field removal (discussed in Section 5.3). However, it

implies that the φ(~r) is not congruent to φw(~r) (Figure 5.7b).

2. Solving Equation 5.8 to obtain φ(~r) requires the definition of boundary con-

ditions [3, 6]. Unfortunately, MRI VOIs extend beyond signal containing

regions, hence it is not possible to obtain adequate boundary information

at the VOI boundary. Defining phase outside a user-defined ROI (defined

here as signal containing regions) equal to zero is not an adequate solution,
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as field perturbations exist within these regions, defining ∆BROIext(~r) 6= 0.

The use of fast Fourier transforms to obtain φ(~r) from ∇2φ(~r) imposes the

condition that the phase is periodic at the boundaries [3, 6], as the edge of

the dataset and computational memory constraints prevent a solution via

symmetrisation [7] being applied to 3D data sets. Periodic boundary condi-

tions cannot be considered a natural property of MRI images, particularly

when considering large, inhomogeneous field perturbations over the VOI. An

example of this is shown in Figure 5.7c.

Previous literature [6] has described the application of the Laplacian protocol

to determine the integer value of n(~r) from Equation 5.2:

n(~r) =
1

2π
∇−2

[
∇2φ(~r)−∇2φw(~r)

]
(5.9)

using fast cosine transforms to impose the Neumann boundary condition,

∇nedge(~r) = 0, which can be considered a ‘realistic’ [6] boundary condition

for n(~r). However, to date this protocol has not been applied in the MRI

literature and further consideration indicates that this is likely due to the

impact of the Laplacian operator on external field perturbations as discussed

above. This prevents the solution to ∇2φ(~r) and ∇2φw(~r) representing φ(~r)

in its entirety, preventing n(~r) from being accurately determined. Bound-

ary condition problems in Laplacian unwrapping are typically avoided by

padding the dataset with zeros, preventing a significant impact of the bound-

ary conditions on the ROI.

3. As the boundary values of φ(~r) are not known prior to the solution of

Equation 5.8, resolving the Laplacian equation to obtain φ(~r) removes any

global phase offsets [4]. This implies that unlike the ‘true’ unwrapped phase,∑
all voxels φ(~r) = 0.

4. As the Laplacian approach is based on a single echo, it is still restricted by

the condition in Equation 5.6, thus preventing areas of rapid phase evolution

from being correctly unwrapped.

Despite these conditions, the Laplacian approach is very effective in unwrapping

phase images. The effectiveness of Laplacian unwrapping and its simplicity in

application explains its widespread adoption by the phase processing community

and the observed convergence of this technique as the go-to method for phase

unwrapping. Furthermore, the opportunity for combining phase unwrapping and

background field removal simultaneously using Laplacian approaches is of great

interest. This is discussed in Section 5.3.3.
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5.2.5 Nonlinear Voxelwise Temporal Fitting to Signal

A further method to unwrap phase data is to fit the complex temporal signal

evolution of each voxel to a function describing the expected temporal signal evo-

lution using a non-linear least-squares minimisation [8]. This method is applied

experimentally in Chapter 6. The underlying theory and protocol for this method

is discussed in detail in Section 6.5.1.

5.3 Background Field Removal

5.3.1 Background Fields: Identification and Cause

Examination of successfully unwrapped phase images (Figures 5.6a and 5.7a) re-

veals smooth phase variation over regions containing tissue content. However, in

the presence of these variations, little is seen in terms of anatomical tissue con-

trast. The subtle anatomical information within the phase map is dominated by

the contribution of external field perturbations (as discussed in Section 4.2) from

both external χI sources and significant differences in χI between air-tissue in-

terfaces. These additional sources of field perturbations are typically one to two

orders of magnitude larger that the field perturbations induced by local tissue ef-

fects [9, 10]. Further contributors to background fields include small eddy current

contributions and phase offsets [11].

It is incorrect to refer to these additional field perturbations as artefacts as they

result from all the tissue contained within the MRI scanner. When imaging an

ROI within the scanner, the bore of the scanner contains both the ROI and sur-

rounding regions, leading to the observed field perturbations. This is visualised in

Figure 5.8.

5.3.2 High Pass Filtering

External field variations appear slowly-varying over the ROI, implying that a

simple high-pass filter could be sufficient to remove these contributions. Initial

work examining phase processing, including the established field of susceptibility

weighted imaging (SWI) [12] utilised high-pass filters to remove external field

variations. Unfortunately high-pass filters are insensitive to the differences in

low frequency contributions from internal and external χI sources, implying that

low frequency field perturbations from tissue within the ROI will additionally be

removed. To overcome this issue, more sophisticated methods have been developed

to distinguish between internal and external field perturbations.
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(a) χI(~r) simulation (b) ∆B(~r) simulation

(c) ∆B(~r) over brain

Figure 5.8: Simulation demonstrating the effect of external field perturbations on in-vivo brain

imaging. When a subject is placed into an MRI scanner, it is not just the brain that enters the

scanner, but the majority of the subjects body and surrounding air. When considering the field

perturbations, all χI sources contained in the scanner bore need to be accounted for (Figure

5.8a). The field perturbations from external susceptibility sources (Figure 5.8b), dominate the

phase, in particular the contribution from air-tissue boundaries. Therefore ∆B(~r) over the

ROI will contain contributions from external field perturbations (Figure 5.8c). Images modified

from [1].

5.3.3 Laplacian Filtering

As discussed in Section 4.2.1, when an external ~B0 field is applied, the presence

(or lack thereof) of sources of magnetisation within a ROI has a distinct effect

on the magnetic fields within the ROI. In ROIs which do not contain a source

of magnetisation, ~M(~r) = 0, or which only contain homogeneous magnetisation,

∇ · ~M(~r) = 0, the field perturbations are harmonic [13] and Laplace’s equation

(Equation 4.12) describes the form of ∆B(~r). This is visualised in Figure 5.9.

An interesting property of harmonic functions is described by the spherical mean
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(a) ∆B(~r) (b) ∇2∆B(~r)

Figure 5.9: Illustration of the Laplacian properties of external field sources. Figure 5.9a shows

the field perturbations produced by three cylinders of arbitrary susceptibility. Imagine that the

MRI FOV is defined by the yellow box and therefore the cylinders are sources of unwanted

external field perturbations. As there are no sources of magnetisation within the FOV and the

system is linear, if we took the Laplacian of ∆B(~r) (Figure 5.9b), it would be zero everywhere

inside the FOV. Data simulated on a 1024×1024×1024 voxel3 matrix using the analytical form

of field perturbations (Tables 4.4 and 4.5), written in-house using MATLAB (Release 2013a, The

MathWorks Inc., Natick, MA, United States).

value theorem [14]:

u(~R) =
1

Γ

∫
Ω

u
(
~R + ~r

)
dΩ (5.10)

where u(~r) is a harmonic function (∇2u(~r) = 0), Ω defines a spherical volume or

shell with radius s, Γ is equal to the volume or surface area of Ω and ~R is the

point at the centre of Ω (the centre of the sphere). This equation implies that for a

harmonic function, the value at the centre of a spherically defined region, u(~R) is

equal to the average value on a spherical surface/volume surrounding u(~R). If this

property could be exploited to remove field perturbations generated by external

χI sources, it would be of great significance, as unlike high-pass filtering it can

theoretically discriminate [15] between low frequency field perturbations arising

from internal and external sources of χI .

The first widely adopted implementation of this method was described by Schweser

et al. [16], known as Sophisticated Harmonic Artefact Reduction for Phase data

(SHARP). SHARP filtering exploits the spherical mean value theorem by sub-

tracting the convolution of ∆B(~r) with a spherical shell/volume surrounding the

point of interest (henceforth known as the spherical kernel), Ω, from ∆B(~r) as

follows:

∆B′(~r) = ∆B(~r)− Ω⊗∆B(~r) (5.11)
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over a user-defined ROI. As the system is linear, internal, ∆Bint(~r), and external,

∆Bext(~r) field perturbations generated from internal, χIint(~r) and external, χIext(~r)

sources within a ROI can be defined separately:

∆BROI(~r) = ∆Bint(~r) + ∆Bext(~r). (5.12)

As ∆Bext(~r) obeys Laplace’s equation within the ROI (∇2∆Bext(~r) = 0), it is

preserved in the convolution due to Equation 5.10. However, ∆Bint(~r) does not

obey Laplace’s equation (besides zero field contributions [15]):

∇2∆Bint(~r) =

0 if ∆Bint(~r) = 0

R6=0 otherwise
. (5.13)

Therefore:

∆B′ROI(~r) = ∆Bint(~r) + ∆Bext(~r)− Ω⊗∆Bint(~r)− Ω⊗∆Bext(~r)

= ∆Bint(~r)− Ω⊗∆Bint(~r)
. (5.14)

Rearranging, ∆Bint(~r) can be defined as follows:

∆Bint(~r) = (δ − Ω)⊗−1 ∆B′ROI(~r) (5.15)

where δ is a unit function (taking a value of one at the centre of Ω, zero otherwise).

There are important considerations to take into account when utilising this method

experimentally:

1. In a typical MRI experiment, field perturbations are not sampled over the

entire dataset, requiring a well defined mask identifying signal generating

regions.

2. The deconvolution step (Equation 5.15) requires regularisation [1] due to the

‘ill-posedness’ of the inversion.

3. The magnitude of the radius of Ω, s has a direct impact on both the SNR

and the defined boundary of the image.

4. Boundary conditions will be violated at the edge of the ROI, inducing arte-

facts and requiring regularisation.

When obtaining a field perturbation map of the brain in-vivo using a standard GE

sequence, field perturbations are not sampled over regions external to tissue (e.g in

the sinuses and air surrounding the head) and in many regions external to the brain

(e.g the skull and face), signal levels will be low. These regions will consequently
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appear with very low SNR in images and to prevent errors being induced in pro-

cessing, an ROI is defined over high SNR regions, setting ∆BROIext(~r) = 0, where

ROIext defines the region external to the ROI. The condition ∆BROIext(~r) = 0, is

incorrect due to the presence of both χI sources external and internal to the ROI.

However, when determining ∇2∆BROI(~r), the ROI mask imposes the boundary

condition, ∇2∆BROIedge(~r) = 0, where ROIedge defines the boundary of the ROI.

This boundary condition is valid for field perturbations generated by χI sources

within the ROI, ∆Bint(~r), and can be utilised to determine a unique solution for

∆Bint(~r) [15]. Unfortunately, it can be very difficult to define a precise mask due

to the poor definition of tissue boundaries as a result of signal dephasing and

partial volume effects, implying either an extremely conservative ROI is required

or voxels containing low SNR will appear within the user defined ROI, leading to

errors in the form of ∆Bint(~r).

The deconvolution step requires division by k2. As k → 0, the problem becomes

increasingly ill-posed (ill-posed problems are discussed further in Section 5.4.1)

and noise components near the vicinity of k = 0 will be amplified.

When performing the convolution with Ω to remove harmonic field perturbations

over the user defined ROI, an increased extent of the spherical surface/volume

is preferable, as averaging over a larger radius s reduces the error (∝ 1

N
1
2

[14],

where N is the number of voxels being averaged). However, if a high SNR ROI

has been defined, Ω cannot sample field perturbations beyond ROIedge as the

presence of noise will generate artefacts and violate the spherical mean value con-

dition for external fields. To stop this from happening, s is reduced as ROIedge is

reached [1, 17, 18], preventing any voxels within Ω containing ∆BROIext(~r). This

is defined as follows:

s =

smax if sb ≥ smax

sb otherwise
(5.16)

where smax is the maximum SHARP radius and sb is the distance between the

voxel of interest and ROIedge. This will increase the error near the ROI bound-

ary due to a decreased number of voxels are being averaged when determining

∇2∆Bint(~r). However, it limits the loss of information to just a single voxel at

the boundary. Additionally, higher values of sb can be applied to experimental

data, taking advantage of the increased SNR. This method is known as ‘variable

SHARP’, or vSHARP [1, 17, 18]. An example of its use is shown in Figure 5.10.

The step change in χI at ROIedge violates the condition ∇2∆BROIedge(~r) = 0, in-

ducing low-frequency inhomogeneities within ∆Bint(~r) in the deconvolution step

due to the harmonic properties of the induced field perturbations over ROIint [19].

A larger s reduces the impact of this violation [19], however this requires regu-
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(a) SHARP filtered (b) vSHARP filtered

Figure 5.10: Comparison of in-vivo brain data filtered with SHARP and vSHARP, with s =

10 mm and cut off frequency = 0.015 mm−1, where the boundary is indicated by the white line.

With SHARP the volume of brain tissue lying within 10 mm of to the boundary is lost as Ω

cannot be defined beyond the boundary. However with vSHARP, though there is a greater

error near the boundary, by varying the kernel radius only a single voxel is lost. Experimental

parameters outlined in Figure 5.1. Unwrapping protocol outlined in Figure 5.2.

larisation to effectively ‘high-pass‘ filter the data and remove the low-frequency

inhomogeneities.

To reduce the ‘ill-posedness’ of the deconvolution, the most common method of

regularisation in SHARP literature is the use of truncated single value decompo-

sition [1, 16] (theoretical considerations of truncated single value decomposition

are discussed further in Section 5.4.3). Furthermore, the use of truncated single

value decomposition imposes a high-pass filter operation, due to the requirement

of thresholding low frequency components. Larger s imposes a greater frequency

variation per voxel in k-space and increases this filtering. A thorough analysis of

this in the context of SHARP, with a particular focus on ensuring the regularisa-

tion is consistent between datasets is outlined in [1].

If ∆B(~r) was defined outside the ROI, the harmonic signal could be determined

and removed from the entire image in one step, extending Laplacian unwrapping

(Section 5.2.4) to include background field removal. One method that utilises this

approach is HARmonic PhasE REmovaL using the LAplacian operator (HARPER-

ELLA) [9, 20], which estimates the Laplacian outside the ROI by solving the fol-

lowing minimisation problem (minimisation problems discussed in Section 5.4.5):

min
∇2φROIext (~r)

∥∥∥Ω⊗∇2φROIext(~r) + Ω⊗∇2φROIint+bou
(~r)− Ω⊗∇2φROIint(~r)

∥∥∥2

2
(5.17)

where ROIint, ROIbou and ROIext refer to the region inside the ROI (distance s
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from the boundary or beyond), region inside the ROI (less than distance s from

the boundary) and the region external to the ROI respectively. The Laplacian is

calculated from Equation 5.8. Once ∇2φ(~r) is determined over the entire dataset,

φ(~r) can be directly calculated.

5.3.4 Projection onto Dipole Fields

Another commonly used method of background field removal is known as pro-

jection onto dipole fields (PDF), which utilises the Hilbert projection theorem,

considering the orthogonality of dipole fields generated internally and externally

to an ROI to remove background field perturbations from within an ROI [21]. This

is achieved by simulating the susceptibility distribution external to the ROI [21],

χIext(~r), and solving the following minimisation problem (minimisation problems

discussed in Section 5.4.5):

min
χIext (~r)

∥∥∥∥MROI(~r) ·B0 · F−1
[
d(~k) · F

[
χIext(~r)

]]
−MROI(~r) ·∆B(~r)

∥∥∥∥2

2

, (5.18)

where MROI(~r) is a mask of the ROI (further details of the origin of this equation

are discussed within Sections 4.3 and 5.4). From this it is then possible to remove

the background fields from the determined χIext distribution, defining:

∆Bint(~r) = ∆B(~r)−B0 · F−1
[
d(~k) · F

[
χIext(~r)

]]
(5.19)

within the ROI. Similarly to the Laplacian techniques discussed previously, this

technique suffers from increased error near ROI boundaries, due to violation of

the orthogonality principle of dipole fields internal and external to the ROI [21].

In addition, the technique can only remove field perturbations described appro-

priately by the simulated external dipole fields [15]. However, PDF background

field removal provides a fast, robust technique to resolve the internal field per-

turbations within an ROI, producing results with few internal artefacts [15] and

superior results to high-pass filtering.

5.3.5 Other Techniques

A complete list of background field removal techniques cannot be fully described

within this thesis. Readers with a further interest in background field removal

methods and the advantages/disadvantages of different techniques are referred

to a recent review paper by Schweser et al. [15]. Within this thesis, the back-

ground field removal described in experimental Chapters 6 and 9 is performed

via vSHARP, with high-pass filter regularisation [1]. In Chapter 8, a novel phase

processing technique to reveal microstructure contrast without the requirement of

phase unwrapping and background field removal is discussed.
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5.4 Generating Isotropic Quantitative Suscepti-

bility Maps

5.4.1 Motivation and Challenges

In the previous chapter, a theoretical discussion of the role of χI in generat-

ing field perturbations was discussed, with an initial emphasis on how χI can

reveal information about the underlying tissue structure. Previously in this chap-

ter, methodology for generating field perturbation maps displaying local tissue

contrast has been described. These field perturbation maps can show fantastic

structural information as indicated in Figure 5.2. However, these maps still show

non-local field effects, with contrast from individual structures dependent on both

the shapes of structures and their orientations to the ~B0 field. An example of this

is shown in Figure 5.11. Due to the non-local effects present in field perturbation

maps and the complex relationship between χI(~r) and ∆B(~r), it is not possible

to directly obtain quantitative information about tissue structure from processed

phase images. Therefore it is necessary to transform the image into one showing

the underlying χI(~r) distribution.

In Section 4.3, a method of rapidly simulating ∆B(~r) from χI(~r) distributions us-

ing Fourier transforms was described. From examination of the theory, obtaining

χI(~r) from ∆B(~r) should be a trivial problem. From Equation 4.35, it can be

denoted:
∆B(~r)

B0

= F−1
[
d(~k) · F

[
χI(~r)

]]
. (5.20)

Rearranging this yields:

χI(~r) = F−1

[
F
[
∆B(~r)

]
B0 · d(~k)

]
. (5.21)

The form of d(~k) is known (Figure 4.5b) and ∆B(~r) has been determined ex-

perimentally. Therefore by performing a Fourier transform operation on the ex-

perimental field perturbations, dividing by B0 · d(~k) and then taking the inverse

Fourier transform, the underlying χI(~r) distribution should be revealed. Figure

5.12a shows the results of applying this method to the field map depicted in Figure

5.2.

Examination of 5.12a reveals a problem. It is evident that this is not a local χI(~r)

map of the local field perturbations in Figure 5.2. The first assumption would be

to consider that a mistake was made in the processing. However, reconstructing

∆B(~r) from the χI(~r) distribution in Figure 5.12a generates the ∆B(~r) map in

Figure 5.12b. This has a near identical form to Figure 5.2 (small errors generated

due to the discrete nature of the fast Fourier transform algorithm). This implies
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(a) ∆B(~r)

(b) ∆B(~r) zoom

Figure 5.11: Coronal ∆B(~r) map, generated from the in-vivo phase data presented in Figure 5.2

(Figure 5.11a), with the region within the red box highlighted in Figure 5.11b. The regions near

the bottom of Figure 5.11a (globus pallidus and surrounding areas) show significant structural

contrast. However when looking at these areas closely (Figure 5.11b), a large non-local dipole

effect emerges from the regions, showing bright lobes vertically and dark lobes horizontally.

These non-local field perturbations prevent field perturbation maps from revealing quantitative

contrast. Experimental parameters outlined in Figure 5.1. Filtering protocol outlined in Figure

5.2.
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(a) χI(~r) (b) Reconstructed ∆B(~r)

Figure 5.12: χI(~r) map generated via Equation 5.21 (Figure 5.12a) from the in-vivo phase data

presented in Figure 5.2. Reconstructing ∆B(~r) from Figure 5.12a generates Figure 5.12b.

that the χI(~r) map in Figure 5.12a is a valid solution to Equation 5.21. So why

does the χI(~r) map look so poor? Is it representative of the underlying χI(~r)

distribution of a human brain?

Examining the form of d(~k):

d(~k) =
1

3
− k2

z

k2
(5.22)

it can be seen that when k2z
k2

= 1
3
, d(~k) = 0. This is visualised in Figure 5.13b,

where ‘cones’ containing zero and near-zero values are observed in d(~k). Division

by zero is not possible. In Figure 5.12a, d(~k) was discretized in such a way to avoid

any voxels having a value exactly equal to zero. However, division by near-zero

values can lead to huge amplification of noise present in ∆B(~r), leading to errors

in χI(~r). This is known as an ‘ill-posed’ problem.

5.4.2 Ill-Posed Problems

The presence of zeros in d(~k) leads to an infinite number of possible χI(~r) distri-

butions that can generate the observed experimental field perturbations. This can

be understood intuitively by considering the following problem:

3 · x = 9. (5.23)

The value of x can be simply determined as equal to 3. Now consider the following

problem

0 · x = 0. (5.24)

76



Phase Processing and Generation of Isotropic Quantitative Susceptibility Maps

(a) d(~k) (b) |d(~k)| thresholded

Figure 5.13: The dipole field in k-space, d(~k) (Figure 5.13a), and the modulus of the dipole

field in k-space, |d(~k)| (Figure 5.13b) thresholded between 0 and 0.1 to emphasise the ‘cones’ of

near-zero values.

Any value of x is a solution to the above equation. If a single, ‘correct’ value of x

exists, it cannot be determined using this information alone:

x =
0

0

=?
(5.25)

Equations 5.23 and 5.24 are known as forward problems, which can be generalised

as:

Ax = y (5.26)

where A is an operator matrix, x is the input vector and and y is the solution

vector. The conversion χI(~r)→ ∆B(~r) is also a forward problem. Equation 5.25

is known as an inverse problem of the form:

x = A−1y (5.27)

where A−1 is the inverse of A and the conversion ∆B(~r) → χI(~r) is an inverse

problem. For an inverse problem to be ‘well-posed’ (as opposed to ill-posed), the

matrix A must be invertible. This requires the A matrix to have no eigenvalues

equal to zero.

In addition to being invertible the A matrix must also be well-conditioned. Con-

ditioning of the matrix is defined by its condition number C:

C =
|Λmax|
|Λmin|

(5.28)

where Λmax/min are the maximum/minimum singular-values of A∗A, where A∗ is

the conjugate-transpose of A. C reflects the variation of function output relative
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to the variation of function input. If the condition number is high, when solving

the inverse problem small changes in the input matrix will lead to large changes

in the output matrix. This is problematic when noise is considered, since when

C is high, small levels of noise in the input matrix will significantly alter the

value of the output. By rewriting the k-space forward problem in a matrix-vector

formalism for an N×N×N ∆B(~r) matrix:

∆B(~k)1,1,1

∆B(~k)1,1,2

∆B(~k)1,1,3

...

∆B(~k)N,N,N


=



d(~k)1,1,1 0 0 · · · 0

0 d(~k)1,1,2 0 · · · 0

0 0 d(~k)1,1,3 · · · 0
...

...
...

. . .
...

0 0 0 · · · d(~k)N,N,N


·



χI(~k)1,1,1

χI(~k)1,1,2

χI(~k)1,1,3

...

χI(~k)N,N,N


(5.29)

the A matrix in the k-space forward problem is equivalent to a diagonal matrix of

d(~k). Therefore each value of |d(~k)| represents a singular value of A∗A and C is

infinite, as d(~k) contains zeros. Even if d(~k) could be made invertible by avoiding

all values equal to zero via discretisation, the significant number of near-zero val-

ues generates a large C, ensuring that the inverse problem remains ill-posed and

any small amount of noise existing in ∆B(~r) will be hugely amplified in χI(~r),

as observed in Figure 5.12a. A significant amount of research has been directed

towards finding successful ways to overcome the ill-posed nature of converting

∆B(~r) → χI(~r). This has developed into the research field of Quantitative Sus-

ceptibility Mapping (QSM).

5.4.3 Direct Inversion Techniques

Direct inversion techniques utilise a form of truncated single value decomposition,

which prevents the influence of zero or near-zero singular values from contributing

significantly to inverse problems by setting all singular values below a certain

threshold equal to the threshold, thus reducing the value of C:

Λi =

Λi if Λi ≥ Λthr

Λthr otherwise
(5.30)

where Λthr is a user defined threshold value. The first and most widely used method

of truncated single value decomposition in QSM is known as the ‘Thresholded k-

space Division’ (TKD) [22–24], where:

d(~k) =


α− if d(~k) > α− and d(~k) < 0

α+ if d(~k) ≥ 0 and d(~k) < α+

d(~k) otherwise

(5.31)
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(a) Truncated d(~k) (α± = ±0.1) (b) Reconstructed χI(~r) (α± = ±0.1)

(c) Truncated d(~k) (α+/− = +1
3/−2

3) (d) Reconstructed χI(~r) (α+/− = +1
3/−2

3)

Figure 5.14: Modification of d(~k) (Figures 5.14a and 5.14c) via the TKD method as described

in Equation 5.31. Figures 5.14b and 5.14d show the reconstructed χI(~r) for the data in Figure

5.2 using both truncated forms of d(~k).

and α± are user defined constants. An example of a TKD-modified d(~k) is shown

in Figure 5.14a. The χI(~r) map reconstructed from the field map shown in Figure

5.2 using this form of d(~k) is displayed in Figure 5.14b. It shows a remarkable

improvement over the original direct inversion shown in Figure 5.12a, but still

contains considerable noise artefacts. Following reference [24] and using the op-

timised α+ = 1
3

and α− = −2
3

(Figure 5.14c), produces the χI(~r) map shown in

Figure 5.14d.

The TKD method can produce χI(~r) maps quickly and effectively. However,

streaking artefacts are observed within the ~r-space images most evident in the

coronal and sagittal image planes (example in Figure 5.15a). The TKD method

will intrinsically induce streaking artefacts due to modification of the dipole field,
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(a) χI(~r)

(b) χI(~r) zoom

Figure 5.15: Coronal χI(~r) map, generated from the ∆B(~r) map in Figure 5.11a using TKD,

with α+/− = 1
3/ −

2
3 (Figure 5.15a), with the region within the red box highlighted in Figure

5.15b. Corresponding axial image shown in Figure 5.14d. In this orientation, the streaking

artefacts from the truncated dipole field are more apparent (blue arrows). Comparing the zoomed

χI(~r) (Figure 5.15b) to the corresponding field perturbation map (Figure 5.11b), the non-local

dipole field pattern has been removed, providing the experimenter with local χI(~r) information.

Experimental parameters outlined in Figure 5.1. Filtering protocol outlined in Figure 5.2.

even if the original data is noise- and artefact-free. However, as the modification

is so simple to implement and only modifies the form of d(~k), at a minimum it is

80



Phase Processing and Generation of Isotropic Quantitative Susceptibility Maps

an excellent comparison algorithm when performing a QSM study utilising a more

complex algorithm.

Further details, including how to correct for the effective underestimation of χI(~r)

when performing TKD are discussed in [24]. Another excellent direct inversion al-

gorithm for producing a (near) streak-free estimate of susceptibility is the fastQSM

algorithm [25], which combines the principle of TKD with additional filtering and

averaging.

The advantage of using χI(~r) to quantify tissue properties can now be observed

by comparing Figures 5.11b and 5.15b. In the χI(~r) map, the non-local dipole

field pattern has been removed, providing the experimenter with χI(~r) informa-

tion that can be considered more ‘quantitative’ as χI(~r) values correspond to local

properties of the individual voxels.

5.4.4 Multiple Orientation Sampling

By scanning an object at multiple orientations to the ~B0 field, sufficient sampling

can be obtained of field perturbations over the zero and near-zero values of d(~k)

to constrain the form of χI(~r) and generate a well-posed problem with a unique

solution. For different orientations to ~B0, d(~k) can be generalised as follows [26]:

d(~k) =
1

3
−
k2
zp

k2
(5.32)

where kzp is the projection of the object’s ~k coordinate onto ~B0. Assuming ~B0 is

initially directed along the z-direction [23]:

d( ~k, θ, φ) =
1

3
−
(
kx sinφ− ky sin θ cosφ+ kz cos θ cosφ

)2

k2
(5.33)
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where θ and φ are rotations around the x- and y-axes respectively. The A matrix

in Equation 5.29 can then be redefined as follows:

A =



d(~k, θ1, φ1)1,1,1 0 0 0 0 · · · 0

d(~k, θ2, φ2)1,1,1 0 0 0 0 · · · 0
...

...
...

...
... · · · ...

d(~k, θS, φS)1,1,1 0 0 0 0 · · · 0

0 d(~k, θ1, φ1)1,1,2 0 0 0 · · · 0

0 d(~k, θ2, φ2)1,1,2 0 0 0 · · · 0
...

...
...

...
... · · · ...

0 d(~k, θS, φS)1,1,2 0 0 0 · · · 0
...

...
...

...
...

. . .
...

0 0 0 0 0 · · · d(~k, θ1, φ1)N,N,N

0 0 0 0 0 · · · d(~k, θ2, φ2)N,N,N

...
...

...
...

... · · · ...

0 0 0 0 0 · · · d(~k, θS, φS)N,N,N



(5.34)

where S is the number of sampled orientations. For a series of multiple-orientation

scans [26]:

C =

max

√
S∑
s=1

d(~k, θs, φs)2

min

√
S∑
s=1

d(~k, θs, φs)2

(5.35)

It has been determined that a minimum of three optimal orientations to ~B0 are

required to generate a well-conditioned system [23, 26]. As the number of orienta-

tions increases, a more robust solution can be obtained. The method is known as

Calculation of Susceptibility Through Multiple Orientation Sampling (COSMOS).

A more intuitive way to understand this technique is shown in Figure 5.16.

There are however limitations to this technique:

1. The static ~B0 field cannot be rotated. This requires rotation of the ob-

ject/subject within the bore to obtain scans with different orientations to

~B0. For in-vivo studies, this severely limits what is possible, due to both the

rotation potential of the region of interest and the flexibility of the subject.

However, for ex-vivo phantom studies, acquisitions at numerous angles to ~B0

can be simply performed, providing the phantom is not rotationally limited

due to its size.

2. Acquiring scans at different orientations to ~B0 increases the amount of time

required in the scanner by a factor equal to the number of orientations. This
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(a) Near zero cones of d(~k)

(b) Residual

Figure 5.16: 3D diagrams of the near-zero ‘cone’ of d(~k) (Figure 5.16a), with an increasing

number of sampling orientations. As the number of orientations increases, the undersampled

regions of the near-zero cone vanish. Image modified from [23].

increases the necessity for rapid acquisitions, which requires the development

of optimised sequences, acceptance in reduction in scan quality, or both.

3. Any anisotropic susceptibility effects could reduce the accuracy of the ob-

tained χI(~r) map, as isotropy is assumed [27]. This is discussed further in

Chapter 7.

Due to these limitations, COSMOS is most effective in phantom experiments

without time restrictions. However, in-vivo experiments have also been per-

formed [23, 28, 29] and COSMOS continues to be used as a ‘gold standard’ refer-

ence when developing single-orientation QSM methods.

5.4.5 Least Squares Minimisation with Regularisation

Current work in developing novel processing methods in single orientation QSM is

focused on implementing iterative least squares minimisation algorithms to obtain

χI(~r). Least squares minimisations aim to solve the inverse problem x = A−1y by

determining the form of x that minimises:

min
x

∥∥∥Ax− y∥∥∥2

2
(5.36)

where ‖...‖2
2 is the l2 norm, defined as:

‖Ax− y‖2
2 = [Ax− y]∗[Ax− y] (5.37)
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If Ax = y, ‖Ax− y‖2
2 = 0 and the equation is minimised. By differentiating with

respect to x, it can be determined that Equation 5.37 will be minimised when:

x = [A∗A]−1A∗y (5.38)

where [A∗A]−1A∗ is known as the ‘psuedoinverse’. In QSM the l2 norm is is formed

as:

min
χI(~r)

∥∥∥∥B0 · F−1
[
d(~k) · F

[
χI(~r)

]]
︸ ︷︷ ︸

Equation 5.20

−∆B(~r)

∥∥∥∥2

2

(5.39)

defining the A matrix as:

A = B0F−1DkF (5.40)

where B0 is the identity matrix scaled by B0, F/F−1 are the Fourier/inverse

Fourier transform matrices respectively and Dk is a diagonal matrix with compo-

nents of d(k) along the diagonal (displayed in Equation 5.29). As A is square,

Equation 5.38 reduces to the direct inverse:

χI = [B0F−1DkF ]−1∆B (5.41)

where χI and ∆B represent vectors of χI(~r) and ∆B(~r) respectively.

This minimisation is equivalent to the direct method introduced in Section 5.4.3.

A is still a non-invertible, ill-conditioned matrix. However, by using an iterative

algorithm rather than a direct inversion to determine χI(~r), A
−1 is never explicitly

calculated. The process works as follows:

1. From a initial estimate of χI(~r), calculate the matrix product AχI.

2. Subtract ∆B from AχI and determine the value of ‖AχI −∆B‖2
2.

3. From the residual of ‖AχI−∆B‖2
2, determine an improved estimate of χI(~r)

and repeat.

Conjugate gradient algorithms [30] are commonly utilised in QSM literature to

obtain improved estimates of χI(~r) to minimise the residual ‖AχI − ∆B‖2
2, typ-

ically via the computationally favourable LSQR algorithm [31]. As A−1 is never

explicitly formed, χI(~r) can theoretically be obtained from the unmodified, non-

invertable form of d(~k).

An example of the application of the minimisation algorithm is shown in Figure

5.17. For a low number of iterations/low tolerance threshold, the χI(~r) map (Fig-

ure 5.17a) is more representative of the underlying anatomical structure compared

to the direct inversion (Figure 5.12a), while maintaining an excellent fit to the ex-

perimental field perturbations (Figures 5.17b and 5.17c). However, the form of the
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(a) χI(~r) (b) ∆Brecon(~r) (c) ∆Brecon(~r)−∆B(~r)

(d) χI(~k)

Figure 5.17: Application of the minimisation algorithm in Equation 5.39 to the ∆B(~r) map in

Figure 5.2. Minimisation performed using the LSQR algorithm in MATLAB (Release 2013a,

The MathWorks Inc., Natick, MA, United States) restricted to 15 iterations and an initial

estimate of χI(~r) = 0. Figure 5.17a shows the generated χI(~r) distribution, Figure 5.17b shows

the reconstructed ∆B(~r) map from χI(~r), Figure 5.17c shows the residual from the original

experimental data (relres = 0.20) and Figure 5.17d shows the corresponding χI(~k) map of

Figure 5.17a (log10 scale).

minimisation in Equation 5.39 is unregularised and still suffers from ill-posedness,

as discussed earlier. Examination of Figure 5.17a reveals a difficult to interpret,

noisy χI(~r) distribution, which includes sources of χI(~r) beyond the brain bound-

ary. Examination of the corresponding χI(~k) map (Figure 5.17d) reveals noisy,

poorly defined k-space around the vicinity of d(~k) = 0. With an increased number

of iterations and a reduced relative residual:

relres =

√
‖AχI −∆B‖2

2

‖∆B‖2
2

(5.42)

the χI(~r) map further deteriorates due to the noise sensitivity of the ill-posed

problem.

Repeating this minimisation with an additional weighing matrix, the χI(~r) map

can be improved by applying greater weighting to regions with a high SNR, re-
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(a) χI(~r) (b) ∆Brecon(~r) (c) ∆Brecon(~r)−∆B(~r)

(d) χI(~k)

Figure 5.18: Application of the minimisation algorithm in Equation 5.43 to the ∆B(~r) map in

Figure 5.2. Minimisation performed using the LSQR algorithm in MATLAB (Release 2013a,

The MathWorks Inc., Natick, MA, United States) with 15 iterations and an initial estimate

of χI(~r) = 0. Figure 5.18a shows the generated χI(~r) distribution, Figure 5.18b shows the

reconstructed ∆B(~r) distribution from χI(~r), Figure 5.18c shows the residual from the original

experimental data (relres = 0.20) and Figure 5.18d shows the χI(~k) map of Figure 5.18a (log10

scale).

ducing the experimental noise contribution to the ill-posed problem. In this case,

the following minimisation is performed [32] :

min
χI(~r)

∥∥∥∥∥Mag(~r) ·
(
B0 · F−1

[
d(~k) · F

[
χI(~r)

]]
−∆B(~r)

)∥∥∥∥∥
2

2

(5.43)

where Mag(~r) is the corresponding magnitude data for the experimentally mea-

sured field perturbations. This is a good choice of weighting matrix as Mag(~r) ∝
SNR [33]. Results produced by Equation 5.43 are shown in Figure 5.18.

By weighting the fit to regions with higher SNR, a more robust χI(~r) map is gener-

ated (Figure 5.18a), with less sensitivity to noise contained in the original ∆B(~r)

map. The reconstructed field perturbations (Figure 5.18b) maintain an excellent

fit to the experimental data, (Figure 5.18c) while reducing the contribution of low
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SNR components when compared to the unweighted form (Figure 5.17).

Though there is less contribution from low SNR components, the problem is still

inherently ill-posed. Weighting the minimisation does not act to reduce the ill-

posedness and χI(~k) still reveals poorly defined k-space around the vicinity of

d(~k) = 0 (Figure 5.18d), though the contribution is far less amplified compared to

the unweighted version (Figure 5.17d). To reduce the fundamental ill-posedness

of the problem, a regularisation term can be introduced in the minimisation of the

form:

min
x

{∥∥∥Ax− y∥∥∥2

2
+ β

∥∥∥Lx∥∥∥2

2

}
(5.44)

where L is an operator matrix that is applied to x and β is a regularisation

weighting coefficient. This is commonly referred to as Tikhonov regularisation

[32] and can be interpreted as providing the minimisation algorithm with known

properties of the solution to restrict the available results.

To understand the significance of regularisation an example will be presented. In

the χI(~r) maps shown in Figures 5.17a and 5.18a, it can be observed that χI

sources exist beyond the brain boundary. From the previous discussion in Section

5.3.3, χI sources generating the ∆B(~r) map in Figure 5.2 should be confined

within a well defined ROI, here defined as lying within the brain boundary. If χI

sources are restricted within the brain boundary, the determined χI(~r) map may

be more representative of the ‘true’ χI distribution. The following minimisation

is performed:

min
χI(~r)


∥∥∥∥∥Mag(~r) ·

(
B0 · F−1

[
d(~k) · F

[
χI(~r)

]]
−∆B(~r)

)∥∥∥∥∥
2

2

+ β2
∥∥Minv(~r) · χI(~r)

∥∥2

2


(5.45)

equivalent to Equation 5.43 with an additional regularisation term:

β2
∥∥Minv(~r) · χI(~r)

∥∥2

2
(5.46)

where Minv(~r) is the inverse of the brain mask:

Minv(~r) =

1 outside brain

0 otherwise
(5.47)

displayed in Figure 5.19. Examining Equation 5.45, it is determined that if β > 0,

any source of χI generated in the region where Minv(~r) = 1 (henceforth known as

χI(Minv)) will increase the value of the regularisation term. Therefore to minimise

minχI(~r){. . .}, the optimal χI(~r) map will balance the requirement of an appropri-

ate form of χI(~r) to simulate ∆B(~r) with a form that minimises ‖χI(Minv)‖2
2. As

β → ∞, any χI source in the region where Minv 6= 0 will generate an infinitely
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Figure 5.19: Minv(~r).

high residual, preventing sources existing outside the brain.

An example of this is shown in Figure 5.20. Figure 5.20a shows a χI(~r) distribution

that is much more representative of the underlying brain structure. The recon-

structed field perturbations (Figure 5.20b) have an increased residual compared

to the unregularised solution (Figure 5.20c), but maintain good visual agreement.

χI(~k) reveals a more uniform k-space distribution around the vicinity of d(~k) = 0

(Figure 5.20d), indicating an improved implementation of the minimisation.

It is important to note that the regularisation above is not equivalent to obtaining

an unregularised χI(~r) map and subsequently multiplying the solution by a brain

mask. Regularisation enforces a solution more representative of the underlying χI

distribution by incorporating the properties within the minimisation. However,

care must be taken when implementing these minimisation techniques and what

properties are used for regularisation. In QSM, implementation of the mask [32]

(described above) and gradient [29, 34] regularisation (described in the following

experimental chapter in Section 6.5.3) are commonly utilised to generate χI(~r)

maps that are physically representative of the underlying χI distribution. How-

ever, minimisation algorithms are not sensitive to the difference between ‘correct’

and ‘incorrect’ regularisation priors. An example is shown in Figure 5.21, where

regularisation was formed using the Minv mask shown in Figure 5.19 combined

with an additional chequerboard pattern over the brain. Though the chequer-

board pattern has no relationship to the underlying χI distribution, it will still

be incorporated into the minimisation. Care must be taken to ensure priors are

experimentally meaningful. Within this thesis, χI(~r) maps (generated in exper-

imental Chapters 6 and 9) utilise novel least-square minimisation algorithms to
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(a) χI(~r) (b) ∆Brecon(~r) (c) ∆Brecon(~r)−∆B(~r)

(d) χI(~k)

Figure 5.20: Application of the minimisation algorithm in Equation 5.45 to the ∆B(~r) map

in Figure 5.2, with β = 108. Minimisation performed using the LSQR algorithm in MATLAB

(Release 2013a, The MathWorks Inc., Natick, MA, United States) with 15 iterations and an

initial estimate of χI(~r) = 0. Figure 5.20a shows the generated χI(~r) distribution, Figure 5.20b

shows the reconstructed ∆B(~r) map from χI(~r), Figure 5.20c shows the residual from the original

experimental data (relres=0.43) and Figure 5.20d shows the χI(~k) map of Figure 5.20a (log10

scale).

determine the underlying χI distributions. Details of the minimisations performed

are described within the individual chapters.

5.5 Available Software

Due to the rapidly evolving field of QSM and the numerous advantages/disadvantages

of different processing techniques, at present there is no consensus for the ‘correct’

method to generate quantitative susceptibility maps. However, some institutions

have progressed in designing software packages to generate susceptibility maps

from unprocessed phase data via a graphical user interface, enabling susceptibility

maps to be generated without the requirement of significant knowledge of the un-

derlying processing. The most notable of these are the MEDI toolbox [28] (Cornell
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(a) χI(~r) (b) ∆Brecon(~r)

(c) ∆Brecon(~r)−∆B(~r) (d) Mchequer

Figure 5.21: Application of the minimisation algorithm in Equation 5.45 to the ∆B(~r) map in

Figure 5.2, where a chequerboard pattern has been incorporated into the regularisation mask,

Minv. Minimisation performed using the LSQR algorithm in MATLAB (Release 2013a, The

MathWorks Inc., Natick, MA, United States) restricted to 15 iterations and an initial estimate

of χI(~r) = 0. Figure 5.21a shows the generated χI(~r) distribution, Figure 5.21b shows the

reconstructed ∆B(~r) map from χI(~r), Figure 5.21c shows the residual from the original exper-

imental data, with relres = 0.64 and Figure 5.21d displays the chequerboard mask used in the

minimisation.

MRI research lab) and STI suite [9] (Duke University School of Medicine), which

provide a full QSM processing pipeline and the PRELUDE function [35] in the

FSL toolbox [36] (FMRIB Oxford), which performs path-based phase unwrapping.

At present all these packages are available freely online. However, though these

software packages can provide a simple path to generate susceptibility maps, it is

important to have a familiarity with the processing techniques utilised, to exam-

ine the outputs thoroughly and be familiar with the limitations of the methods
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implemented. Furthermore, it is essential to check the unprocessed phase data

obtained from the scanner before processing to ensure it is of the correct format,

scaled between ±π and that if multiple channel receive coils are utilised, that the

data has been combined correctly [37].
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Chapter 6

Establishing a Data Analysis

Pipeline for in-vivo Quantitative

Susceptibility Mapping in the

Rodent Brain

6.1 Introduction

The project described in this chapter is part of a continuing collaboration between

the Sir Peter Mansfield Imaging Centre (SPMIC), Cardiff University Brain Re-

search Imaging Centre (CUBRIC - communication with Professor Derek Jones)

and the Department of Neurobiology in Tel-Aviv University (communication with

Dr Debbie Anaby), with the aim to examine neuroplasticity within rats. Neuro-

plasticity represents a change in the structural morphology of brain tissue induced

by environmental reinforcement (e.g learning of a new skill [1]), physical adapta-

tion due to tissue damage (e.g stroke [2]) or sensory loss [3], in addition to changes

induced by the natural ageing process [4]. Recent studies involving diffusion tensor

imaging (DTI) [5] have provided evidence that learning and memory tasks induce

changes in white matter over short time periods in both humans [6] and rats [6, 7].

In both these studies, neuroplasticity was induced in rats by repeated training on

the Morris water maze task [8], where rats are trained to swim towards a hidden

platform in a pool of water.

In the collaborative project presented in this chapter, a similar training protocol

was utilised. Over a period of five consecutive days, rats performed the Morris wa-

ter maze task. Each day, the rats underwent two training sessions, each consisting

of four attempts to find the hidden platform. On each of the four attempts, rats

started the task at a different corner of the pool. If the platform was not found
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after one minute, rats were guided to the platform.

Neuroplastic changes were examined via a multi-modal imaging approach, in-

cluding DTI as per the previous studies [6, 7]. However, the distinction of this

project compared to previous work is the additional utilisation of new techniques

to examine the properties of white matter, including QSM (described in detail in

Chapter 5), Composite Hindered and Restricted Model of Diffusion (CHARMED)

imaging [9] and Magnetisation Transfer (MT) [10]. Rats were scanned before and

immediately after the water maze training protocol was performed, with three rats

scanned two-weeks after the water maze training protocol.

At the time of writing, the contribution from the SPMIC has been to design an

analysis pipeline to obtain χI(~r) and R∗2(~r) maps from multi-echo GE in-vivo rat

datasets obtained from the QSM scanning protocol. In this chapter the contribu-

tion from the SPMIC is described, detailing the analysis pipeline used to generate

and optimise the χI(~r) and R∗2(~r) maps. In this chapter, field perturbations are

described using the notation ∆f in units of Hz, defined as evolving negatively for

a positive phase evolution as per the Bruker scanner’s convention (φ = −2π∆ft).

Conversions can be performed using the information in Table 3.3.

6.2 Susceptibility as a Myelin Biomarker

Evidence suggests that myelin formation/reorganisation contributes to neuroplas-

tic changes in learning [11] and QSM’s sensitivity to myelin gives it great potential

to examine neuroplasticity with high spatial resolution in-vivo. Myelin content is

an important contributing factor to grey and white matter contrast in χI(~r) maps,

where contrast is hypothesised to be due to highly ordered, radially oriented lipid

bilayers within the myelin sheath [12].

In a study involving dysmyelinating ‘shiverer’ mice [13] (characterised by a signifi-

cantly reduced myelin content in white matter), little to no contrast was observed

in χI(~r) maps between grey and white matter compared to healthy controls (Fig-

ure 6.1). A second study involving shiverer mice [12] also showed a significant

loss of susceptibility anisotropy (discussed in Section 7.1) compared to healthy

controls, further supporting the hypothesis that white matter contrast in χI(~r)

maps is generated by lipid bilayers in the myelin sheath.

This evidence highlights the potential of QSM as a technique to investigate changes

in myelination. White matter contrast in χI(~r) maps appears sensitive to myelin

content only [12, 13]. Rather than being a stand-alone technique, combining a

QSM protocol with additional techniques sensitive to other white matter proper-

ties could provide complementary information to classify the underlying mecha-
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(a) Control mouse (b) Shiverer mouse

Figure 6.1: Quantitative susceptibility maps of an ex-vivo healthy, control mouse (Figure 6.1a)

vs. an ex-vivo shiverer mouse (Figure 6.1b), with resolution of 0.086 mm3. Note the loss of

white matter/grey matter contrast over the corpus callosum (yellow arrow) and hippocampal

commissure (red arrow). Image adapted from [13].

nisms of neuroplasticity. This could be theoretically achieved by using the multi-

modal scanning protocol developed in this project.

6.3 Experimental Data Collection

Magnitude and phase data from the rat brain were collected in-vivo using a

a multi-echo, GE sequence on a Bruker Biospec 70/30, 7T pre-clinical scan-

ner (MGE sequence) at Tel-Aviv University. Each scan consisted of 8 echoes

(TE1=3.4 ms, ∆TE=5.56 ms, TE8=42.32 ms). Due to the multi-modal acquisition

performed on each rat, sequences were optimised while minimising the acquisition

time. A 3D volume, encompassing the entire brain was collected for each rat

(resolution=0.185×0.185×0.370 mm3, FOV =29.60×29.60× 11.84 mm3, 32 slices

consisting of 160×160 voxels), with TR=100 ms and flip angle=10◦. Each dataset

was collected in 510 s. At the time of writing, 13, 11 and 2 rats scanned before,

after and two-weeks after performing the water maze task respectively have been

analysed with this protocol. An example of unprocessed magnitude and phase data

from a single rat is shown in Figure 6.2. The rats were additionally scanned via a

three-shell CHARMED protocol (25 minutes for the acquisition) and a quantita-

tive magnetisation transfer protocol including a T1 mapping protocol (45 minutes
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(a) Mag(~r) (b) φw(~r)

Figure 6.2: Unprocessed magnitude and phase data for the third-echo of a single in-vivo rat

dataset. Experimental parameters outlined in Section 6.3.

for the acquisition), leading to a scan time of approximately 1.5 hours per rat.

Rats were 3 months old when scanned.

6.4 Generating R∗2 Maps

R∗2(~r) maps were generated from the magnitude data by linearising the magnitude

component of Equation 3.35:

ln
[
Mag(~r)

]
= ln

∣∣S0(~r)
∣∣−R∗2(~r) · TE (6.1)

where ln is the natural logarithm and R2∗ = 1
T ∗2

. This can be rewritten in a

voxelwise matrix formalism:
ln mag (TE1)

ln mag (TE2)
...

ln mag (TEn)


︸ ︷︷ ︸

y

=


1 TE1

1 TE2

...
...

1 TEn


︸ ︷︷ ︸

A

·

ln |S0|
−R∗2


︸ ︷︷ ︸

x

(6.2)

This formalism is identical to the forward problems discussed in Section 5.4.2 and

ln |S0(~r)| and R∗2(~r) are simply determined via multiplying both sides of Equation

6.2 by the inverse of the Amatrix for each voxel. As A is noise-free and rectangular,

it can be directly inverted using Equation 5.38 and as A is small and identical for

all voxels, this can be performed simultaneously on a full 3D dataset. Additional

weighting of the linearised inversion as discussed in the previous chapter could

have been implemented, including magnitude weighting to weight the fit to the
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SNR of the experimental data. Though this would increase the time of analysis as

A would not be identical for every voxel (requiring analysis on a voxelwise basis),

it can lead to improved fitting, particularly over regions of rapid T ∗2 decay.

The R∗2(~r) protocol was entirely written in-house using MATLAB (Release 2013a,

The MathWorks Inc., Natick, MA, United States). The matrix inversion was

implemented via the MATLAB ‘pinv’ function. R∗2(~r) maps for a single dataset

recorded of a in-vivo rat brain (masked at the brain boundary) are shown in Figure

6.3.

6.5 Generating Isotropic Quantitative Suscepti-

bility Maps

6.5.1 Phase Unwrapping

Experimental data was unwrapped using an echo-time based unwrapping tech-

nique. However, unlike the description in Section 5.2.2, ∆f(~r) and φ0(~r) were

calculated via a voxelwise fit to the the complex signal, S(~r).

In Section 5.2.2, it was discussed why it is not possible to perform a temporal

unwrap to raw phase data via adding/subtracting values of 2π, unless the data

follow a certain ‘ideal’ form, free from phase wraps in the first echo and with

phase evolution occurring at a rate below the Nyquist limit. However, a voxelwise

iterative fit combined with an initial estimate ∆f(~r) and φ0(~r) could provide a

robust technique to unwrap data [14]. A protocol was implemented as follows:

1. A frequency estimate, ∆fest(~r), was obtained by obtaining the argument of

the voxelwise complex division of the first two echoes:

∆fest(~r) = arg

[
eiφw(TE2,~r)

eiφw(TE1,~r)

]
(6.3)

followed by spatial unwrapping using a path-based unwrapping algorithm

[15]. The unwrapped estimate was then scaled by 1
2π∆TE

to convert it into

∆fest(~r).

2. The first echo, φw(TE1, ~r), was spatially unwrapped using a path-based un-

wrapping algorithm [15]. A phase offset estimate, φ0est(~r), was obtained by

subtracting 2π ·∆fest(~r) · TE1 from the spatially unwrapped first echo.

3. S(TE) was generated from experimental data:

S (TE, ~r) = Mag (TE, ~r) · eiφw(TE,~r) (6.4)
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Figure 6.3: R∗2(~r) maps for a single in-vivo rat brain in three planes. Protocol outlined in Section

6.4. Experimental parameters outlined in Section 6.3. Mask defined using protocol in Section

6.5.2.

where Mag(TE, ~r) and φw(TE, ~r) are the measured signal magnitude and

wrapped phase, respectively.

4. The measured complex signal was fitted to a simulated complex signal Ssim (TE, ~r) =

mag (TE, ~r) ·ei(φ0(~r)−2π·∆f(~r)·TE) to determine φ0(~r) and ∆f(~r) for the exper-

imental data [14]. This was achieved using a voxelwise non-linear least-
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(a) φ0est(~r)
(b) ∆fest(~r)

Figure 6.4: Phase offset and frequency estimates for a single in-vivo data set obtained by applying

an echo-time based unwrapping algorithm. Due to temporal phase evolution beyond the Nyquist

limit, it is not possible to remove wraps, so as to estimate the phase offset and frequency.

Experimental parameters outlined in Section 6.3.

squares fitting algorithm, minimising the following problem:

min
φ0(~r),∆f(~r)

∥∥∥Mag (TE, ~r) ·
(
S (TE, ~r)− Ssim (TE, ~r)

)∥∥∥2

2
(6.5)

with φ0est(~r) and ∆fest(~r) input as the initial estimates for φ0(~r) and ∆f(~r)

(details of the least squares minimisation are discussed in Section 5.4.5).

The unwrapping protocol was entirely written in-house using MATLAB (Release

2013a, The MathWorks Inc., Natick, MA, United States), apart from the path-

based unwrapping algorithm [15] (code provided by original authors, adapted for

use by the Medical Physics Group - FSU Jena). The non-linear least-squares fitting

algorithm was implemented via the MATLAB ‘lsqnonlin’ function (‘trust-region-

reflective’ algorithm, 10,000 iterations maximum, function tolerance = 10−4, step

tolerance = 10−10) . Application of this protocol takes approximately five hours

per 160×160×32 voxel dataset (32GB ram, 3.7GHz processor), when fitting to

each voxel (tissue and background), individually.

It is necessary to assess whether the estimates, φ0est(~r) and ∆fest(~r), were suffi-

ciently accurate to be used in the unwrapping protocol. Initial attempts to simply

use an echo-time based unwrapping protocol as described in Section 5.2.2 to ob-

tain φ0est(~r) and ∆fest(~r) proved unreliable, failing to remove phase wraps as in

many regions in the experimental data, phase evolved at a rate that was greater

than the Nyquist limit (Figure 6.4). From the discussion in Section 5.2.3, path-

based unwrapping can be challenging over 2D and 3D volumes, but is theoretically
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(a) φ0est(~r)
(b) ∆fest(~r)

Figure 6.5: Phase offset and frequency estimates for a single in-vivo data set, obtained by

applying a path-based unwrapping algorithm [15]. Successful unwrapping over tissue-containing

regions is observed. Experimental parameters outlined in Section 6.3.

achievable if Equation 5.6 is obeyed. The first two echoes in the data set used

in the estimation protocol will have the lowest number of wraps. Equation 5.6 is

more likely to be obeyed at these lower echo times and due to the low number of

wraps, unwrapping will be simpler to perform. From examination of the obtained

φ0est(~r) and ∆fest(~r) maps, this method was successful in obtaining wrap-free es-

timates (example shown in Figure 6.5). Furthermore, as the voxelwise non-linear

least squares minimisation in Equation 6.5 contains only two separable parame-

ters, there is little computational challenge to obtain a robust calculation of φ0(~r)

and f(~r). Therefore the estimate does not need to be precise, but sufficient to

differentiate between Nyquist multiples of φ(TE, ~r) (example shown in Figure 5.4).

Fitting to S(TE, ~r) rather than φw(TE, ~r) significantly reduced the fitting error

induced when using a least-squares fitting algorithm [14]. S(TE, ~r) is not sen-

sitive to wrapping as previously described in Equation 5.7. The least-squares

fitting algorithm seeks to minimise the residual between S(TE, ~r) and Ssim(TE, ~r)

(or φw(TE, ~r) and φwsim
(TE, ~r) for phase data), which is particularly problematic

for φw(TE, ~r) when fitting to values near to ±π, as small deviations of φ0(~r) and

∆f(~r) can lead to large residual variations if wraps are generated. Furthermore,

the noise distribution of S(TE, ~r) follows a Gaussian distribution, while phase data

has a more complicated noise behaviour [16] which creates further challenges in

experimental fitting. By multiplying S(TE, ~r) by the magnitude data, the residual

is further weighted by the experimental SNR [17] and this provides the fit with a

greater weighting of signal components with high SNR values. This is discussed

in more detail in Section 5.4.5.
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(a) φ0(~r) (b) ∆f(~r)

Figure 6.6: Phase offset and frequency perturbations calculated for a single in-vivo data set,

obtained by applying Equation 6.5 to S(TE, ~r). Successful unwrapping over tissue-containing

regions is observed, in addition to a significant increase in SNR compared to the initial estimate

(Figure 6.5). Experimental parameters outlined in Section 6.3.

φ0(~r) and ∆f(~r) calculated using this technique for a single data set are dis-

played in Figure 6.6. Results are consistent with the original estimate in Figure

6.5. However, a significant increase in SNR is observed compared to the initial

estimates, as fitting was performed over eight echoes simultaneously. Examining

the background-field-removed φ0(~r) and φ0est(~r) maps (details of background field

removal protocol identical to those presented in the following section), with the

assumption that φ0(~r) and φ0est(~r) maps should be homogeneous over tissue con-

taining regions, the average decrease in the standard deviation of the fitted data

was 25%, corresponding to a 33% increase in the SNR.

6.5.2 Background Field Removal

Background fields were removed using a Laplacian-based vSHARP filtering al-

gorithm (described in Section 5.3.3), with |~rmax| = 6.5 mm and regularisation

performed as a high-pass filter [18] (cut off frequency = 0.003 mm−1). The ITK-

SNAP Segment 3D tool [19] was used to generate brain masks, M(~r) (example in

Figure 6.7a).

After generating M(~r), before performing vSHARP filtering, voxels containing un-

reliable phase, Mun(~r), were classified and removed. Firstly, the spatial variation

of φ0(~r) was examined. In areas of reliable phase [20], φ0(~r) is expected to vary

smoothly and voxels were considered unreliable if:∣∣∣∣∂φ0

∂x

∣∣∣∣+

∣∣∣∣∂φ0

∂y

∣∣∣∣+

∣∣∣∣∂φ0

∂z

∣∣∣∣ ≥ 4 (6.6)
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(a) M(~r) (b) Mun(~r) from φ0(~r) (c) Mun(~r) from R∗2(~r)

Figure 6.7: Original mask (Figure 6.7a) generated using the ITK-SNAP Segment 3D tool [19]

and voxels identified as having unreliable phase (Figures 6.7b and 6.7c). Experimental φ0(~r)

and ∆f(~r) maps for this data set shown in Figure 6.6. White voxels indicate the mask.

where the cut-off value was determined empirically (example in Figure 6.7b).

Additionally, phase was empirically determined as unreliable in voxels where

R∗2 ≥ 70 s−1 (example in Figure 6.7c).

The vSHARP protocol was written in-house using MATLAB (Release 2013a, The

MathWorks Inc., Natick, MA, United States). Results of the vSHARP filtered

data for a single rat brain are displayed in Figure 6.8.

6.5.3 Generation of Isotropic Susceptibility Maps

Frequency maps, ∆ffilt(~r), were first converted into ppm:

∆fppm(~r) =
∆ffilt(~r)

B0γ1H · 106
. (6.7)

Quantitative susceptibility maps were then obtained by using a magnitude-weighted

least-squares minimisation, with regularisation provided by the mask and suscep-

tibility gradient:

min
χI(~r)

(∥∥∥∥∥Mag(~r)

(
f0 · F−1

[
F
[
χI(~r)

]
· d(~k)

]
−∆fppm(~r)

)∥∥∥∥∥
2

2

+ β2
1

∥∥W1(~r)χI(~r)
∥∥2

2
+

3∑
l=1

β2
2

∥∥∥∥W2l(~r)
∂χI(~r)

∂l

∥∥∥∥2

2

)
(6.8)

where f0 = γB0

2π
is the resonance offset frequency, F/F−1 are the Fourier/inverse

Fourier transforms respectively, χI(~r) is the isotropic susceptibility map (to be

determined), d(~k) is the dipole field kernel, W1(~r) is a mask of tissue outside the

brain, W2l(~r) represents the gradient regularisation masks (l = 1, 2, 3 corresponds

105



Quantitative Susceptibility Mapping in the Rodent Brain

(a) ∆ffilt(~r)

(b) ∆ffilt(~r)

(c) ∆ffilt(~r)

Figure 6.8: Filtered phase data for a single rat brain shown in three orthogonal planes. Protocol

outlined in Section 6.5.2. Experimental φ0(~r) and ∆f(~r) maps for this data set shown in Figure

6.6.

to directions x̂, ŷ and ẑ respectively) and β1,2 are regularisation weighting coeffi-

cients.
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(a) W1(~r)
(b)

∑3
l=1

W2l(~r)
3

Figure 6.9: Weighting masks for susceptibility regularisation in Equation 6.8 for a single in-vivo

rat brain. For visualisation purposes, W2l(~r) is averaged over the x̂, ŷ and ẑ directions. Scale

identical for both images.

The first term in Equation 6.8 forms the standard minimisation required to gen-

erate susceptibility maps as discussed in Section 5.4.5. Magnitude and mask reg-

ularisation are also discussed in Section 5.4.5. W1(~r) is displayed in Figure 6.9a,

with β1 set equal to 105 to minimise the magnitude of the susceptibility sources

external to the mask. The final term in Equation 6.8 is a gradient regularisation,

designed to enforce constant susceptibility in regions where the mask W2l(~r) is

non-zero. In previous work [21] the gradient regularisation masks, W2l(~r), were

generated from the spatial gradients of the magnitude data. However, magnitude

data does not display the same signal contrast as susceptibility maps and there-

fore will not have an identical gradient profile. This implies that magnitude data

may not be the most suitable reference with which to weight the susceptibility

gradient.

To provide a more suitable reference for regularisation, W2l(~r) was generated

from an estimated χI(~r) map, achieved by performing the fastQSM protocol [22]

on ∆fppm(~r). fastQSM provides a smoothed estimate of a susceptibility map,

χfastQSM(~r), via direct-inversion and spatial filtering (details of direct inversion

QSM discussed in Section 5.4.3). The gradient of χfastQSM(~r),
∂χfastQSM(~r)

∂l
, should

have a similar gradient profile to the underlying tissue susceptibility distribution

and so forms a good choice of reference.
∂χfastQSM(~r)

∂l
was calculated and subse-

quently low-pass filtered to reduce noise within the image. W2l was determined as
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follows [22]:

W2l =


1 if

∣∣∣∂χfastQSM(~r)

∂l

∣∣∣ ≤ Gmin∣∣∣∣Gmax−
∂χfastQSM(~r)

∂l

Gmax−Gmin

∣∣∣∣ if Gmin <
∣∣∣∂χfastQSM(~r)

∂l

∣∣∣ ≤ Gmax

0 otherwise

(6.9)

where Gmin and Gmax were empirically determined as 0.010 and 0.034 respectively

and β2 was empirically determined as equal to 900 to give best results between

gradient regularisation and minimisation, ensuring results were weighted towards

the gradient but not over-smoothed. W2l is displayed in Figure 6.9b.

The minimisation algorithm was written in-house using MATLAB (Release 2013a,

The MathWorks Inc., Natick, MA, United States) and implemented via the LSQR

function (10 iterations maximum, tolerance = 10−6). χI(~r) for a single rat brain

in three orthogonal planes is shown in Figure 6.10, with Figures 6.12-6.14 showing

single-plane χI(~r) maps for all datasets. Over all the examined datasets, the

minimisation returned relres = 0.68 ± 0.06 (defined in Equation 5.42) where ±
indicates the standard deviation.

6.6 Discussion and Future work

The generated R∗2(~r) and χI(~r) maps have been sent to the Department of Neu-

robiology in Tel-Aviv University and CUBRIC for analysis to investigate neuro-

plastic changes in the rat brain produced by the water-maze task. This will be

achieved via examination of R∗2(~r) and χI(~r) values in white matter, along with

data from the numerous other imaging modalities employed. At present, the data

from the multi-modal acquisitions are being coregistered to a rat atlas and vox-

elwise comparisons are being performed for rats pre- and post-water maze task

within white matter tissue. In addition, a tractography based analysis is being

performed within the corpus callosum and the fornix of the individual rat brains

between the different experimental groups. However, there are limitations that

must be considered when performing this analysis for the R∗2(~r) and χI(~r) data.

Due to the challenges in scanning rodents in-vivo and the numerous imaging pro-

tocols being implemented, there were time limitations on the multi-echo GE scan,

which restricted the accessible spatial resolution and SNR. As R∗2(~r) maps are

generated via a voxelwise inversion, lower resolution is not problematic beyond

contrast limitations and partial volume effects. However, QSM is not a voxelwise

process and currently ongoing work [23] indicates that increasing slice thickness

can have a substantial impact on the root-mean-square error (RMSE) of χI values,
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(a) χI(~r)

(b) χI(~r)

(c) χI(~r)

Figure 6.10: Obtained isotropic quantitative susceptibility maps for a single rat brain, shown in

three orthogonal planes. Protocol outlined in Section 6.5.3. Experimental ∆ffilt(~r) maps for this

data set shown in Figure 6.8. Note that susceptibility scale is flipped so that more diamagnetic

tissues appear bright.

with a higher RMSE on smaller susceptibility sources. In addition, an increased

sensitivity to post-processing artefacts will exist within low-resolution, lower SNR
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(a) ∆B(~r) (b) ∆Brecon(~r) (c) ∆B(~r)-∆Brecon(~r)

Figure 6.11: Comparison of an experimentally generated ∆B(~r) map (Figure 6.11a) with the

reconstructed ∆B(~r) map from the determined χI(~r) distribution (Figure 6.11b) and subsequent

difference (Figure 6.11c).

datasets, due to greater partial volume effects at the boundary of the ROI (dis-

cussed in Section 5.3.3) and a greater noise contribution.

Furthermore, χI(~r) and R∗2(~r) maps are being generated in this project without

consideration of other potential sources of signal contrast. In white matter there

is significant evidence that susceptibility is anisotropic [24, 25] (discussed in detail

in Section 7.1), which implies that the white matter susceptibility has an orienta-

tion dependence. Evidence also exists for R∗2 anisotropy in white matter [26, 27].

Additionally, chemical exchange contributions, hypothesised to exist within white

matter [28, 29] can modify the phase contrast (discussed in detail in Section 7.2).

Current arguments about microstructure content indicate that the non-spherical

susceptibility inclusions in white matter will require greater consideration when

describing the underlying susceptibility distribution [30, 31] (discussed in detail in

Section 7.3). Finally, non-linear phase evolution due to signal compartmentalisa-

tion [32, 33] can modify the observed magnetic properties of tissue as TE is varies

(discussed in detail in Section 7.4), though this was not observed within the exper-

imental multi-echo GE data (hence fitting was restricted to a single-exponential

model of signal evolution). Incorrect values of χI(~r) may be obtained due to the

impact of these additional phase contributions. Examination of the residual of the

reconstructed ∆B(~r) maps from the determined χI(~r) distributions, ∆Brecon(~r)

(example in Figure 6.11), reveals residuals and reconstruction artefacts surround-

ing white matter tracts. This combined with the large relres value obtained from

the least-squares minimisation is suggestive of additional sources of field pertur-

bations that cannot be described with a model of χI(~r).

Finally, consideration of a reference susceptibility value, χIref has not been applied

within this data analysis. The question of susceptibility referencing is an ongoing

debate in the field of QSM. Due to contrast limitations, it would be challenging
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here to select a clearly defined region to act as a susceptibility reference. In this

work, χIref has been taken as the average susceptibility value within the entire

tissue. Therefore when comparing experimental datasets, it must be ensured that

apparent susceptibility variations are not being induced by changes in the value

of χIref .

Knowledge of these limitations requires careful consideration when analysing the

susceptibility data for this study. To define the susceptibility values in this project

as ‘quantitative’ and to interpret susceptibility changes in white matter tracts be-

fore and after the water maze task as evidence of neuroplasticity must be ques-

tioned thoroughly. With further discussion with collaborators and careful future

analysis, work will continue to quantify the results appropriately.
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Figure 6.12: Isotropic quantitative susceptibility maps for all rat brains pre-water-maze task.

Numbers correspond to matching animals.
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Figure 6.13: Isotropic quantitative susceptibility maps for all rat brains post-water-maze task.

Numbers correspond to matching animals.
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Figure 6.14: Isotropic quantitative susceptibility maps for all rat brains two-weeks post-water-

maze task. Numbers correspond to matching animals.
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Chapter 7

Beyond Isotropic Susceptibility

7.1 Anisotropic Susceptibility

7.1.1 Motivation

It was initially considered [1] that under ‘ordinary’ experimental circumstances

for biomedical MRI, magnetic susceptibility could be appropriately defined as

an isotropic, scalar constant, χI . However, with increases in field strength and

the ability to robustly obtain information about both field perturbations and

susceptibility in tissue [2], this view has been challenged. In 2010, evidence

emerged of orientation-dependent field perturbations existing within tissue [3, 4]

that cannot be explained by a model of isotropic susceptibility alone. The con-

cept of orientation-dependent field perturbations should not be considered sur-

prising, since previous work in this thesis (Section 4.2) has explicitly described

how observed field perturbations depend on both the shape and orientation of

an object with respect to the static magnetic field. However in some tissues,

orientation-dependent field perturbations have been found to exist independently

of the macroscopic tissue structure [3], or with a form that cannot be described

using isotropic susceptibility [5]. This phenomenon has been well documented in

white matter [3, 4], where anisotropy is hypothesised to be due to highly ordered,

radially oriented lipid bilayers within the myelin sheath [6] (experimental example

shown in Figure 7.1).

The ability to quantify susceptibility anisotropy provides the opportunity to exam-

ine the sub-voxel structure of tissue. QSM provides an experimenter with a single

χI value, an incredibly valuable piece of information in quantifying tissue compo-

sition within a voxel. However, evidence of anisotropy would imply the existence

of an ordered molecular structure within the tissue. Furthermore, if susceptibil-

ity anisotropy is found to be significant in some tissue types, QSM based on a
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(a) DTI (b) DTI

(c) ∆B(~r) (d) ∆B(~r)

Figure 7.1: Example of the orientation dependence of frequency perturbations in white matter.

An ex-vivo sample of human corpus callosum was cut into 5 pieces and placed in a saline solution.

Figure 7.1a shows the DTI of the corpus callosum (indicating the fibres are pointing in the same

direction), with Figure 7.1c showing the resulting field perturbations. In Figures 7.1b and 7.1d,

the second and fourth section of the corpus callosum are rotated. Though the macrostructural

shape of the corpus callosum section is near-identical (a rectangular cube of white matter), the

field perturbations are significantly different, both internally and externally to the white matter.

Images adapted from [3].

model of isotropic susceptibility would not be as robust as previously considered,

since similarly to ∆B(~r) maps, calculated χI(~r) maps would then be dependent

on tissue orientation with respect to the ~B0 field, creating challenges in comparing

χI values between tissue types and subjects. The ability to quantify susceptibil-

ity anisotropy provides both a further insight into underlying properties of tissue
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and allows the potential of QSM to provide reliable, repeatable information about

susceptibility distributions to be scrutinised.

7.1.2 Theory

To describe the anisotropic properties of tissue susceptibility, the model of sus-

ceptibility within a single voxel is extended from a scalar constant, χI , to a 3×3

susceptibility tensor, χ:

χ =

χ11 χ12 χ13

χ21 χ22 χ23

χ31 χ32 χ33

 (7.1)

where χ is a symmetric tensor [1] with six independent components. In isotropic

systems, χ reduces to a 3×3 scaled multiple of the identity matrix:

χ =

χI 0 0

0 χI 0

0 0 χI

 (7.2)

identical to the previous discussion of χI in Equation 4.2.

From the previous discussion in Section 4.3, in isotropic systems χ can be theo-

retically determined from a single orientation scan, independent of the orientation

of the tissue with respect to the ~B0 field (directed along the ẑ-dimension):

∆Bspinz(~r) = B0 · F−1

(1

3
− k2

z

k2

)
F
[
χI(~r)

] (7.3)

where χI(~r) represents χ33(~r). This can be generalised for an arbitrarily oriented

~B0 field:

∆BspinB0
(~r) = B0 · F−1


1

3
−

(
~k · B̂0

)2

k2

F [χI(~r)]
 (7.4)

obtained by repeating the derivation in Section 4.3.1, replacing ~H0 = H0 · ẑ with

H0 · Ĥ0, where Ĥ0 is a unit vector along the field direction. Repeating this deriva-

tion for an arbitrary 3×3 χ tensor [4, 7]:

∆BspinB0
(~r) = B0·F−1

1

3
B̂0 · F

[
χ(~r)

]
· B̂0 −

(
~k · B̂0

)
~k · F

[
χ(~r)

]
· B̂0

k2

 . (7.5)
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7.1.3 Properties of the Susceptibility Tensor

As χ is a symmetric matrix, it is normal and diagonalisable via eigenvalue/vector

decomposition:

χ =

λ1 0 0

0 λ2 0

0 0 λ3

 (7.6)

where λ1,2,3 are the eigenvalues of χ and the three orthogonal eigenvectors are

written as v̂1,2,3. The mean magnetic susceptibility (MMS) [8] of χ is defined as:

MMS =
1

3
(λ1 + λ2 + λ3) . (7.7)

This can be interpreted as the equivalent of χI for any 3×3 χ tensor. However, as

the trace of χ is rotationally invariant:

tr χ = χ11 + χ22 + χ33

= tr Rχ
(7.8)

where tr defines the trace operator and R is a general rotation matrix, Equation

7.7 can be generalised for χ in any reference frame, defining [8]:

MMS =
1

3
(χ11 + χ22 + χ33) (7.9)

for all χ. In white matter, assuming that cylindrical symmetry is present and that

the most paramagnetic (positive) eigenvalue corresponds to the direction of the

nerve fibre [7], the magnetic susceptibility anisotropy (MSA) is defined as [7, 8]:

MSA = λ1 −
λ2 + λ3

2
(7.10)

where λ1 is defined as the most positive eigenvalue. However, in other tissues

without cylindrical symmetry or with different susceptibility properties, a more

complex definition of MSA is required.

7.1.4 Susceptibility Tensor Imaging

Equation 7.5 forms the foundation of Susceptibility Tensor Imaging (STI) [2]. The

first publication on STI was in 2010, when Liu [4] first derived Equation 7.5 and

experimentally mapped the full 3×3 χ(~r) tensor in an ex-vivo mouse brain by

scanning the sample at multiple orientations to ~B0. Liu’s groundbreaking paper

provided a novel technique to quantify susceptibility anisotropy within tissue.

Equation 7.5 can be redefined as a forward problem, ∆B = Aχ, where:

A = B0F−1DSTIF (7.11)
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defining B0 as the identity matrix scaled by B0, F/F−1 are the Fourier/inverse

Fourier transform matrices respectively and DSTI is comprised of the k-space dipole

field kernels for the individual components of χ. When considering an individual

voxel in k-space [4]:

DSTI =
[
f(B2

x) g(BxBy) f(B2
y) g(BxBz) g(ByBz) f(B2

z )
]

(7.12)

where Bx,y,z are the individual components of ~B0, defining:

f(B2
i ) =

1

3
B2
i − ~k · ~B0

kiBi

k2

g(BiBj) =
2

3
BiBj − ~k · ~B0

kiBj + kjBi

k2

(7.13)

where Bi =
~B·r̂i
|B0| . To reflect the symmetry of χ, the forward problem vector χ is

composed of six components per voxel per orientation, with the repeated sampling

of the off-diagonal components of χ contained within DSTIvoxel , as can be seen in

Equation 7.13. For an N×N×N dataset:

DSTI =



DSTI1,1,1 0 0 · · · 0

0 DSTI1,1,2 0 · · · 0

0 0 DSTI1,1,3 · · · 0

...
...

...
. . .

...

0 0 0 · · · DSTIN,N,N


. (7.14)

Provided that the system is scanned at multiple orientations to ~B0, with sufficient

orientations the inversion is well posed (properties of well-posedness and multiple

orientation scanning are discussed in Sections 5.4.2 and 5.4.4 respectively) and χ

can be solved via the direct inversion of A (discussed in Section 5.4.5). As A is too

large to be stored computationally, this operation can be completed on a k-space

voxelwise basis, defining:

DSTI =


f(B2

x)1 g(BxBy)1 f(B2
y)1 g(BxBz)1 g(ByBz)1 f(B2

z )1

f(B2
x)2 g(BxBy)2 f(B2

y)2 g(BxBz)2 g(ByBz)2 f(B2
z )2

...
...

...
...

...
...

f(B2
x)S g(BxBy)S f(B2

y)S g(BxBz)S g(ByBz)S f(B2
z )S

 (7.15)

where S is the number of sampling orientations. In practice, STI is commonly

implemented as an iterative least squares minimisation (discussed in Section 5.4.5),

which involves solving the following problem [8]:

min
χ(~r)

{
‖O1‖2

2 + ‖O2‖2
2 + · · ·+ ‖OS‖2

2

}
(7.16)
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where Oi = Aiχ−∆Bi, with the subscript i defining a single orientation dataset.

The condition number, C (discussed in Section 5.4.2) of DSTI is defined as:

C =

max

√
eig
(

D∗STI ·DSTI

)
min

√
eig
(

D∗STI ·DSTI

) (7.17)

where eig is the eigenvalue operator. As DSTI is a block diagonal matrix, the

eigenvalues will be identical to those of the individual voxel matrices: DSTIvoxel .

Therefore eigenvalue decomposition can be performed without generating DSTI

directly:

eig

(
D

∗
STI · DSTI

)
=

eig
D

∗
STI1,1,1

· DSTI1,1,1

 , eig
D

∗
STI1,1,2

· DSTI1,1,2

 , . . . , eig
D

∗
STIN,N,N

· DSTIN,N,N




(7.18)

In STI, rather than considering the ~B0 field as static and the tissue sample as

rotating (field frame of reference), the sample frame of reference is used, i.e. a

rotating ~B0 field and a static tissue sample is assumed. When considering the field

frame of reference, a quantitative susceptibility map is required for each individ-

ual orientation [4], and this approach is prone to errors due to the ill-posedness

of single orientation QSM (discussed in detail in Section 5.4). When utilising

the sample frame of reference, this is no longer required. In addition, use of the

sample frame of reference makes comparisons between different samples easier, e.g

comparisons between subjects in an in-vivo brain study [7].

Similar to the issues presented in the discussion of COSMOS in Section 5.4.4,

STI’s potential as a research tool is limited due to the requirement for scanning

samples at multiple orientations to ~B0, due to both physical restrictions and time

constraints. As χ has six independent components, a theoretical minimum of six

well-defined orientations are required to fully resolve χ without additional approx-

imations and regularisation (discussed in following section). Previous research [8]

suggests that an increased rotation range is the key factor for improving STI per-

formance, rather than an increased number of scanning orientations. Though this

is advantageous for reducing total scanning time, it severely limits what is pos-

sible in-vivo, where bore size restrictions and physical limitations prevent ROI

rotation, in addition to increased motion artefacts if subjects are uncomfortable.

Furthermore, six orientations will still require a subject to remain in the scanner

bore for an extensive period of time. However, despite these restrictions, in-vivo

STI studies have been performed over the human brain [6]. For ex-vivo studies

where these limitations are not present, STI protocols can be readily applied to

further examine the anisotropic properties of tissue samples.
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7.1.5 Approximation and Regularisation

If data are acquired at a sufficient number of well defined orientations in an STI

protocol (ideally uniformly distributed over a spherical surface [7]), the matrix in-

version should be well-posed and regularisation methods similar to those used for

QSM (Section 5.4.5) should not be necessary. However, the in-vivo feasibility of

STI can prevent the inversion being well-posed, including limitations in the acces-

sible range of sample rotation, number of orientations sampled, errors generated

due to imperfect dataset co-registration and noise, induced both experimentally

and through processing phase data in unwrapping and background field removal

(discussed in Sections 5.2 and 5.3). In experimental conditions where these limita-

tions are apparent, regularisation, in addition to using approximations to simplify

the form of the underlying anisotropy distribution can assist in determining χ(~r).

Li et al. [7] simplified the STI protocol in white matter by approximating nerve fi-

bres as cylindrically symmetric, reducing the number of unique eigenvalues to two.

Furthermore, the principal eigenvector (defined as the eigenvector corresponding

to the most positive eigenvalue) was assumed to coincide with the fibre orienta-

tion obtained from Diffusion Tensor Imaging (DTI) [9]. By obtaining an initial

DTI reference scan and utilising the resulting information in an STI protocol, the

number of unknowns is reduced from six to two.

In a second paper, Li et al. [8] regularised the STI inversion by including known

spatial priors about the underlying χ(~r) distribution. In this regularisation, areas

of ‘known’ isotropy are forced to have isotropic χ(~r), by enforcing χ to be a scaled

version of the identity matrix (as defined in Equation 7.2). In addition, a gradient

regularisation mask (described in Section 6.5.3) was generated from a QSM proto-

col and included in the STI regularisation. This led to the minimisation problem

being defined as:

min
χ

‖O1‖2
2 + ‖O2‖2

2 + · · ·+ ‖OS‖2
2 +

3∑
l=1

β2
1

∥∥∥∥M1l
∂χI
∂l

∥∥∥∥2

2

+

3∑
m=1

3∑
n=m+1

β2
2

(
‖M2χmn‖2

2 +
∥∥M2 (χmm − χnn)

∥∥2

2

)
(7.19)

where M1l are the gradient regularisation masks (l = 1, 2, 3 corresponds to the

x̂, ŷ and ẑ directions respectively), M2 is a mask defining regions where χ = χII

and β1,2 are regularisation weighting coefficients. This method is known as Mean

Magnetic Susceptibility Regularised Susceptibility Tensor Imaging (MMSR-STI).

Both these techniques have produced significantly improved χ(~r) maps in regions

of white matter in-vivo. However, limitations exist in the appropriateness of these

extensions to the original STI technique. In the MMSR-STI paper [8], isotropic
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regularisation was performed everywhere apart from white matter tissue, excluding

the iron rich deep nuclei. This prevents any assessment of susceptibility anisotropy

beyond the white matter boundary. Similar issues exist when approximating the

χ tensor as cylindrically symmetric [7], as this prevents accurate assessment of

anisotropy in regions without this property. Current evidence suggests that the

principal eigenvector is aligned with the fibre direction obtained from DTI [6].

However, susceptibility contrast appears to originate from a different source to

DTI [10] and further work is required to ensure that the co-alignment of DTI and

STI tensors is a suitable assumption when obtaining χ(~r) maps.

7.2 Chemical Exchange

In 2011, Shmueli et al. [11] experimentally determined that a significant source of

contrast between grey and white matter in field perturbation maps is induced by

chemical exchange effects, E, observed as an orientation-independent local field

offset within tissue:

∆Bexc = B0 · E. (7.20)

Shmueli et al. [11] further concluded that ignoring chemical exchange effects when

examining field perturbation maps could lead to incorrect estimations of suscep-

tibility properties within tissue.

Similar to susceptibility anisotropy, quantifying the properties of chemical ex-

change in-vivo could provide a further insight into the sub-voxel mechanisms of

tissue. Chemical exchange effects have been hypothesised to originate from the

exchange of water protons and macromolecules [12] found within myelin [13], with

recent work additionally investigating the contribution of white matter lipids [14].

The lack of contrast between grey and white matter in ∆B(~r) maps [10] acquired

from shiverer mice is consistent with the hypothesis that chemical exchange effects

observed in white matter originate within myelin (example in Figure 7.2).

In several studies, the inclusion of orientation-independent local field offsets has

been considered essential in explaining the observed field perturbations in white

matter [15–18]. In a recent study, Wharton and Bowtell [15] isolated the local

effects of chemical exchange from susceptibility in an ex-vivo pig optic nerve and

observed a significant orientation-independent local field offset. Luo et al. [16]

additionally required a constant offset term within their experimental fitting to

describe the field perturbations from an ex-vivo rat optic nerve. Luo et al. [16]

hypothesised that the observed shift does not necessarily originate from the optic

nerve itself, due to the possibility of induced exchange effects from chemicals intro-

duced in the experimental set-up (formalin and phosphate-buffered saline). Whar-
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(a) Control mouse (b) Shiverer mouse

Figure 7.2: ∆B(~r) of an ex-vivo healthy, control mouse (Figure 7.2a) vs. an ex-vivo shiverer

mouse (Figure 7.2b). Note the loss of white matter/grey matter contrast in the corpus callosum

(yellow arrow) and hippocampal commissure (red arrow). Images adapted from [10].

ton and Bowtell [15] hypothesised that exchange effects may have been manifested

within the agarose gel surrounding the optic nerve. However, even if chemical ex-

change in external agents is the cause of the observed field offset, the implications

could have significant repercussions in how ex-vivo phase imaging studies are per-

formed.

7.3 Non-Spherical Microstructural Susceptibil-

ity Inclusions

7.3.1 Introduction

In addition to susceptibility anisotropy and exchange, sub-voxel compartmentali-

sation due to the presence of microstructural susceptibility inclusions can further

complicate the relationship between tissue composition and observed field per-

turbations. Within this thesis thus far, susceptibility inclusions in tissue have

been considered as spherically symmetric point sources, producing field perturba-

tions that are appropriately characterised by using the sphere of Lorentz (SOL)

correction (introduced in Section 4.2.3). This assumption has continued into

the discussion of susceptibility anisotropy, with the left-hand-side term in Equa-

tion 7.5 introducing the SOL correction for STI [6]. However, the existence of
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(a) Sphere of Lorentz ⊥ (b) ‘Cylinder of Lorentz’ ⊥

(c) Sphere of Lorentz ‖ (d) ‘Cylinder of Lorentz’ ‖

Figure 7.3: The existence of cylindrically symmetric tissue microstructure (here denoted by blue

cylinders) would prevent spherical averaging of the field perturbations sampled by spins (grey

spheres) at the length scale of the volumes shown here, due to non-spherical compartmental-

isation induced by the tissue architecture. He et al. [20] argued that the sphere of Lorentz

approximation would no longer be valid and a more suitable ‘cylinder of Lorentz’ could be

utilised instead. Images for visualisation purposes only.

anisotropic susceptibility implies that the microstructure within the tissue must

also be anisotropic [19], reflective of the symmetry of the anisotropy distribution.

In 2009, He et al. [20] provided evidence that the existence of non-spherical sus-

ceptibility inclusions at the cellular/subcellular level could explain the lack of

observed contrast in ∆B(~r) maps between white matter and cerebrospinal fluid

(CSF). He et al. [20] argued that the cylindrically symmetric microstructural tis-

sue architecture in white matter contains cylindrical susceptibility inclusions that

are incorrectly accounted for when using the form of the SOL introduced in QSM.

To correct for this, the ‘generalised Lorentzian approximation’ (GLA) was intro-

duced, by implementing a ‘cylinder of Lorentz’ correction (visualised in Figure

7.3) to account for the symmetry of the tissue architecture.
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In recent years, there has been a significant amount of debate regarding the GLA

and its relevance to field perturbations in white matter [21, 22]. Within this sec-

tion, to explain the concept of the GLA clearly, simulations of model structures

will be used to visualise the impact of cylindrically symmetric tissue architecture.

Beyond this, its relevance in white matter will be discussed.

7.3.2 Simulated Example of the Impact of Cylindrically

Symmetric Tissue Architecture

To examine the effect of cylindrically symmetric tissue architecture on ∆B(~r)

maps, two simulated susceptibility distributions (composition and properties de-

tailed in Figure 7.4) were generated to investigate the impact of spherical and

cylindrical susceptibility inclusions within a cylindrical body. ∆B(~r) maps were

generated from the χI(~r) distributions, with the cylindrical axis of symmetry ori-

ented at five different angles to ~B0 (θ = 0◦, 22.5◦, 45◦, 67.5◦ and 90◦). Figure 7.5

shows the ∆B(~r) maps generated from the χI(~r) distributions at 0◦ and 90◦ to

~B0.

Externally to the large cylindrical body, the field perturbations, ∆Bext(~r), should

be independent of the shape of the internal susceptibility inclusions and depend

only on the volume susceptibility, χIvol (here defined as the average susceptibility

per voxel) within the cylindrical body [16]:

χIvol =
χImed

· Vmed + χIsph/cyl · Vsph/cyl

Vmed + Vsph/cyl

(7.21)

where Vi defines the volume of i, χIsph/cyl is the susceptibility of the spherical/cylindrical

inclusions and χImed
is the susceptibility of the medium surrounding the inclusions

within the cylindrical body. From the analytical solution of ∆Bext(ρ, φ, θ) for an

infinite cylinder surrounded by an external medium of χI = 0 (Table 4.4 and

visualised in Figure 4.7):

∆Bext(ρ, φ, θ) = B0 ·
χIvol

2
·
(
a

ρ

)2

cos 2φ sin2 θ (7.22)

where a defines the radius of the cylinder, ρ describes the radial cylindrical polar

coordinate, φ defines the angle between the ~B0 field and ~ρ, and θ defines the angle

between the component of the ~B0 field that is perpendicular to the cylinder’s

axis and the cylindrical axis of symmetry. In the simulations presented here, the

susceptibility properties of the spherical and cylindrical inclusions were modified

to ensure χIvol = 50 ppm for both models, setting χIsph = 191.1 ppm and χIcyl =

100.7 ppm to account for relative volume fractions of the susceptibility inclusions.

Therefore, the form of ∆Bext(~r) should be identical in both cases. This was verified
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(a) χI(~r) with spherical inclusions ⊥ (b) χI(~r) with cylindrical inclusions ⊥

(c) χI(~r) with spherical inclusions ‖ (d) χI(~r) with cylindrical inclusions ‖

Figure 7.4: Two χI(~r) distributions confined to a cylindrical volume were simulated containing

either spherical χI sources, χIsph
(Figures 7.4a and 7.4c), or cylindrical χI sources, χIcyl (Fig-

ures 7.4b and 7.4d), surrounded by an isotropic medium, χImed
. Here the spherical/cylindrical

susceptibility inclusions are displayed in green, with the surrounding isotropic medium displayed

in blue. In both cases, the average volume susceptibility, χIvol = 50 ppm within the cylindrical

body, setting χIsph
= 191.1 ppm and χIcyl = 100.7 ppm to account for relative volume fractions

of the susceptibility inclusions. In the isotropic medium surrounding the χIsph/cyl sources (blue

region), χImed
= 1 ppm. Surrounding the cylinders (black region), χIext = 0 ppm.

in our simulations, with comparisons to a solid cylinder presented in Figure 7.6.

Assuming that the susceptibility inclusions contribute to the sampled signal, in

addition to ∆Bext(~r), the average internal field perturbation within the cylindrical

body, Bintav should be independent of the shape of the susceptibility inclusions and
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(a) ∆B(~r) with spherical inclusions (b) ∆B(~r) with cylindrical inclusions

(c) ∆B(~r) with spherical inclusions (d) ∆B(~r) with cylindrical inclusions

Figure 7.5: ∆B(~r) maps from the χI(~r) maps in Figure 7.4, with the axis of symmetry parallel

(Figures 7.5a and 7.5b) and perpendicular (Figures 7.5c and 7.5d) to ~B0. To compare directly to

the χI(~r) maps, units were kept in ppm. Simulated using the k-space forward model (described

in Section 4.3) on a 2100×2100×200 matrix using MATLAB (Release 2015a, The MathWorks

Inc., Natick, MA, United States).

depend only on χIvol :

∆Bintav =
χIvol

3
− χIvol

2
sin2 θ (7.23)

obtaining the same results as an infinite, homogeneous cylinder with SOL cor-

rection as outlined in Table 4.5. This was confirmed using the simulated ∆B(~r)

maps, with results shown in Figure 7.7.

Repeating the above simulation, it is now assumed that the susceptibility inclu-

sions do not contribute to the sampled signal. For interpretation purposes, the

susceptibility inclusions can be considered as non-hydrogen containing regions,

surrounded by water. External to the susceptibility inclusions, field perturba-
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(a) ∆B(~r) - solid cylinder (b) line profile

(c) ∆B(~r) - solid cylinder (d) line profile

Figure 7.6: ∆B(~r) maps for a solid cylinder (Figures 7.6a and 7.6c) with χIvol = 50 ppm.

Comparisons of the line profiles (red line) of ∆B(~r) over the solid cylinder parallel (Figure 7.6b)

and perpendicular (Figure 7.6d) to ~B0 show a near identical form to the susceptibility inclusion

cases (Figure 7.5), with small errors generated from the discrete nature of the Fourier transform

operations and the susceptibility inclusions. Figures 7.6a and 7.6c simulated using the k-space

forward model (described in Section 4.3) on a 2100×2100×200 matrix using MATLAB (Release

2015a, The MathWorks Inc., Natick, MA, United States).

tions are generated which impact the signal from the surrounding medium. For

cylindrical susceptibility inclusions, it can be determined that averaging the field

generated outside a single infinite cylindrical susceptibility inclusion of radius a

centred in a cylindrical volume of length 2z and radius ρ (from Equation 7.22):∫ z

−z
dz

∫ ρ

a

dρ

∫ 2π

0

ρdφ∆Bextcyl(ρ, φ, θ) = 0 (7.24)

for any choice of integral length, z, integral radius ρ or angle between the ~B0 field

and the principal axis of the cylinder, θ. This concept can be expanded when
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(a) ∆Bintav for spherical inclusions (b) ∆Bintav for cylindrical inclusions

Figure 7.7: Comparison of ∆Bintav for spherical susceptibility inclusions (Figure 7.7a) and cylin-

drical susceptibility inclusions (Figure 7.7b) as a function of sin2 θ, with the assumption that the

susceptibility inclusions contribute to the sampled signal (χImed
= 1 ppm and χIvol = 50 ppm).

Here ∆Bintav is taken over the entire cylindrical body (blue and green region in Figure 7.4).

From the simulations it is apparent that ∆Bintav is independent of the form of the internal

susceptibility inclusions and only depends on the volume susceptibility, χIvol = 50 ppm.

averaging the fields generated from a set of cylinders evenly distributed over a

cylindrical volume (as visualised in Figures 7.4b and 7.4d), as the cylindrical sym-

metry of the system will lead to cylindrically symmetric averaging of the external

field perturbations. Therefore when considering cylindrical susceptibility inclu-

sions within a cylindrical volume, the signal sampled will only depend on χImed

and is independent of χIcyl , defining:

∆Bintav-cyl =
χImed

3
− χImed

2
sin2 θ. (7.25)

However, the field generated from a single spherical susceptibility inclusion of

radius a centred within a cylindrical volume is equivalent to the internal field

perturbations generated within an infinite cylinder, defining:∫ z

−z
dz

∫ ρ

0

dρ

∫ 2π

0

ρdφ∆Bextsph(%,Θ) =
χIvol-cyl(ρ, z)

3
−
χIvol-cyl(ρ, z)

2
sin2 θ (7.26)

where % is the radial spherical coordinate measured relative to the centre of the

sphere, Θ defines the angle between the ~B0 field and ~% respectively and χIvol-cyl(ρ, z)

is the volume susceptibility of the cylinder (dependent on both the radius and

length of the cylindrical integral). The cylindrical surface must encompass the

entire spherical volume (with z significantly greater than a to simulate the infinite

cylinder condition). As with the cylindrical inclusion case, this concept can be

expanded when averaging the fields generated from a set of spheres evenly dis-

tributed over a cylindrical volume (as visualised in Figures 7.4a and 7.4c), as the

cylindrical symmetry of the system will lead to cylindrically symmetric averaging
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(a) ∆Bintav for spherical inclusions (b) ∆Bintav for cylindrical inclusions

Figure 7.8: Simulation results comparing ∆Bintav for spherical susceptibility inclusions (Figure

7.7a) and cylindrical susceptibility inclusions (Figure 7.7b) as a function of sin2 θ, with the

assumption that the susceptibility inclusions do not contribute to the sampled signal (χImed
=

1 ppm and χIvol = 50 ppm). Here ∆Bintav is taken over the cylindrical body external to the

susceptibility inclusions (blue region in Figure 7.4) With cylindrical susceptibility inclusions,

∆Bintav is independent of χIcyl , depending only on χImed
(Figure 7.8b). This is unlike the case

for spherical susceptibility inclusions (Figure 7.8a).

of the external field perturbations. As ∆Bintsph = 0 (Table 4.5), the integral is

independent of the internal field perturbations of the sphere. Therefore when con-

sidering spherical susceptibility inclusions within a cylindrical volume, the sampled

signal depends on both χImed
and χIsph , defining:

∆Bintav-sph =
χIvol

3
− χIvol

2
sin2 θ (7.27)

identical to the form in Equation 7.25. This was confirmed using the simulated

∆B(~r) maps, with results shown in Figure 7.8.

Returning to the χI(~r) distribution in Figure 7.4, shrinking the cylindrical suscep-

tibility inclusions to a microstructural size, though the individual cylinders cannot

be directly imaged, they will still have an impact on the field perturbations within

each voxel. External to the cylindrical body, Equation 7.22 will remain valid and

external susceptibility inclusions will depend on χvol. However, internally:

~Bintcyl = ~B0 + ~B0

(
1

3
− 1

2
sin2 θ

)
χImed

. (7.28)

This can be extended for arbitrary spin distributions, generating the SOL expres-

sion in Equation 4.28:

~Bspin(~r) = ~B0 + ~B0

(
1

3
− 1

2
sin2 θ(~r)

)
χImed

(~r) + ~Bd(~r). (7.29)
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7.3.3 Evidence in White matter

In 2014, Luo et al. [16] experimentally validated the GLA by examining the field

perturbations induced inside and outside an ex-vivo rat optic nerve as a function

of θ, the angle between the ~B0 field and the principal axis of the optic nerve,

hypothesising that differences in the susceptibility properties of field perturba-

tions internal and external to the optic nerve provided evidence of microstructural

cylindrical susceptibility inclusions. In 2015, Wharton and Bowtell [15] provided

further evidence, observing a sin2 θ dependence of field perturbations within a

porcine optic nerve, after independently calculating and removing the field per-

turbations evaluated using the average susceptibility values derived from analysis

of the externally measured field perturbations. Simulation work has also been

used [23] to support the use of the GLA model to explain the changes in phase

contrast in multiple sclerosis lesions in white matter.

However, Lee et al. [3] provided evidence that anisotropic susceptibility (discussed

in Section 7.1) was more suited to explain the observed field perturbations in white

matter. By segmenting an ex-vivo corpus callosum sample and rotating sections to

~B0 while maintaining the macroscopic structure, observed changes in external field

perturbations (results shown in Figure 7.1) do not agree with the GLA proposition

that external field perturbations should only depend on the volume susceptibility

of the sample. Further work on the GLA [19] acknowledged the importance of sus-

ceptibility anisotropy and proposed a model consisting of anisotropic cylindrical

susceptibility inclusions within an isotropic susceptibility medium. This bridges

the gap between anisotropic susceptibility and the GLA, while maintaining the

hypothesis that tissue microstructure must reflect the symmetry of the anisotropy

distribution. Despite this, continued discussion on the mathematical basis of the

GLA is still apparent, with alternative mechanisms proposed to explain the ob-

served field perturbations in white matter [24].

7.4 Compartmentalisation

7.4.1 What is Compartmentalisation?

Previous work in this chapter has described how anisotropic susceptibility, chemi-

cal exchange and non-spherical susceptibility inclusions which do not generate an

NMR signal can generate field perturbations that cannot be effectively described

using a model of isotropic susceptibility alone. The theory outlined in this chapter

(and previous chapters) has been presented assuming either [25, 26]:

1. Magnetic inclusions within tissue are well mixed and GE signal evolution
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(a) Mag(TE) (b) φ(TE)

Figure 7.9: Example of multi-exponential magnitude decay and non-linear phase evolution

for a three compartment system. Signal evolution of this form provides evidence of signal

compartmentalisation. Here S0,1/2/3 = 0.126/0.501/0.373, T ∗2,1/2/3 = 6.1/25.3/41.5 ms and

∆f1/2/3 = 31.8/2.0/−4.1 Hz. Values taken from experimentally determined results over the

in-vivo human splenium at 7T [28].

from a single voxel follows the monoexponential form in Equation 3.33.

2. Molecular mixing rates between compartments within a single voxel is fast

compared to the relaxation times within compartments, leading to signal av-

eraging within a voxel and GE signal evolution from a single voxel following

the form in Equation 3.33.

However, these assumptions are not valid in all experimental circumstances and

the signal from a single voxel can consist of the combined signal from separate com-

partments (also known as ‘pools’) with unique magnetic properties, generalising

Equation 3.33 for GE sequences as follows [27, 28] :

S(t) =
N∑
n=1

S0,ne
− t
T∗2,n e−i·2π∆fnt (7.30)

where n is the compartment number and N is the total number of compartments,

with the notation 2π∆f used rather than ∆ω to remain consistent with litera-

ture on compartmentalised signal. When examining the magnitude signal from

a multi-echo GE or spin-echo (SE) [29] sequence, deviations of the signal from a

mono-exponential decay is indicative of compartmentalisation of the tissue. For

multi-echo GE phase signal, tissue compartmentalisation can lead to non-linear

phase evolution (example shown in Figure 7.9).

It is worth noting that the classification of a multi-compartmental signal would not

be necessary if it would be possible to improve spatial resolution to discriminate
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Figure 7.10: Decrease in the fractional content of the short T2 component (associated with

myelin) with increased time after damage to sciatic nerve. Figure taken from [32].

between the different compartments, in a similar fashion to how current MRI res-

olution allows us to discriminate between different regions of the brain. However,

tissue structures leading to compartmentalisation in white matter are typically of

the order of µm [30, 31] or less in size, which far exceeds the current resolution pos-

sibilities of in-vivo, ex-vivo, pre-clinical and clinical scanner resolutions. Therefore

multi-echo GE datasets, combined with modelling and confirmation with histology

are essential in classifying these microstructural effects in tissue.

7.4.2 T2 Compartmentalisation of White Matter

The first paper providing evidence of in-vivo signal compartmentalisation in the

human brain was published in 1994, when MacKay et al. [33] distinguished three

distinct compartments with unique T2 properties within individual white matter

voxels. MacKay et al. [33] combined multi-echo SE experimental data over the

human brain with non-negative, voxelwise least squares fitting of an arbitrary num-

ber of exponential components to the experimentally measured signal evolution.

Here, a short T2 component (10 ms < T2 < 55 ms) was observed and assigned to the

myelin compartment, with a second, longer T2 component (70 ms < T2 < 90 ms)

assigned to water in axonal/extracellular spaces and a third, long T2 component

(T2 ≥ 1 s) assigned to cerebrospinal fluid. Further work [25] improved on the least

squares fitting to quantify a smooth T2 distribution curve over different brain

regions in-vivo, repeating the observation of a short T2 myelin compartment, in

addition to providing evidence of distinct separation of axonal and extracellular

compartments in some white matter regions, observing three peaks with T2 < 1 s.

Strong evidence to further associate the short T2 component with the myelin com-

partment, in addition to quantification and separation of the axonal and extracel-
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(a) Healthy sciatic nerve (b) 7 days

(c) 14 days (d) 28 days

Figure 7.11: Histology showing increased damage to the healthy sciatic nerve (Figure 7.11a

7 days (Figure 7.11b), 14 days (Figure 7.11c) and 28 days (Figure 7.11d) postinjury. Images

adapted from [32].

lular compartments was provided with an in-vitro study of the frog sciatic nerve

undergoing degeneration after injury [32]. In the healthy sciatic nerve, three sep-

arate compartments, with T2 < 250 ms were observed, associated with the axonal,

myelin and extracellular spaces. As the sciatic nerve deteriorated, the initial three-

compartment, triple-exponential signal evolution of the sciatic nerve transformed

into a one-compartment, mono-exponential signal evolution, with an observed de-

crease in the fraction of the short T2 component associated with myelin (Figure

7.10). Utilising histology of the degenerating sciatic nerve (Figure 7.11), Does et

al. [32] were able to associate the decrease in signal compartmentalisation with a

decrease in the myelin fractional content and breakdown in the myelin compart-

ment (Figure 7.10), observing an initial swelling of the extracellular space followed

by myelin breakdown. Additionally, this provided direct evidence that myelin acts

as a diffusion barrier between the axonal and extracellular space, forming the three

separate compartments with distinct magnetic properties.

In 2003, Lancaster et al. [31] utilised the repeated observation of three-compartments

within white matter to improve quantification of myelin content in-vivo. Rather
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(a) Optic nerve fibre (b) Three compartment model

Figure 7.12: Example of a through-plane slice of human optic nerve (Figure 7.12a) obtained via

transmission electron microscopy. Figure 7.12b shows the interpretation of the nerve fibre in the

three compartment model, indicating contributions from the axonal (yellow), myelin (blue) and

extracellular (green) compartments. Bar in Figure 7.12a indicates 1µm on scale. Figure 7.12a

adapted from [34].

than fitting to an arbitrary number of exponential components [25, 32, 33], Lan-

caster et al. [31] restricted fitting to three exponential components, known as the

‘three-pool’ model:

S(t) = S0

[
Aae

− t
T2,a + Ame

− t
T2,m + Aee

− t
T2,e

]
. (7.31)

Here a, m and e refer to the axonal, myelin and extracellular compartment and Ai

are the relative amplitudes of each compartment (Aa +Am +Ae = 1). A physical

interpretation of this model is displayed in Figure 7.12. Utilising SE sequences

to obtain a single T1 weighted image and a dual-echo T2 weighted image, with

the assumption that T1 decay is monoexponential and assigning T2 values to the

three pools, Lancaster et al. [31] calculated the relative amplitudes of the axonal,

myelin and extracellular compartments, using the relative amplitude of the myelin

water signal to quantify myelination changes within children. Andrews et al. [35]

further verified the robustness of fitting with the three-pool model compared to

an arbitrary number of exponential components, obtaining an improved three-

compartment fit for the three-pool model in low SNR conditions in in-vitro optic

nerve samples.
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7.4.3 T ∗2 and ∆f Compartmentalisation in White Matter

The model of T2 compartmentalisation in Equation 7.31 lays the foundation for

the examination of the effects of signal compartmentalisation on GE (T ∗2 weighted)

sequences (underlying theory of GE sequences discussed in Section 3.4). The GE

sequence can provide significant advantages when examining compartmentalised

signal, utilising short echo times and small echo spacings to sample the rapidly

relaxing signal from the myelin compartment [36]. Furthermore, GE sequences

are fast, have a low specific absorption rate (SAR) and are advantageous at higher

field strengths [36].

In white matter, the average T ∗2 relaxation time is significantly shorter than the

corresponding T2 (values given in Table 3.2). Therefore T ∗2 weighting provides the

possibility to examine the signal evolution with a smaller contribution of molecular

mixing between the compartments [27]. Furthermore, GE acquisitions provide

phase information, which can additionally be examined for compartmentalisation.

For a GE sequence, Equation 7.31 is written as follows [27, 28]:

S(t) = S0

[
Aae

− t
T∗2,a e−i·2π∆fat +Ame

− t
T∗2,m e−i·2π∆fmt +Aee

− t
T∗2,e e−i·2π∆fet

]
. (7.32)

This equation leads to a complex relationship when examining multi-echo GE

signal evolution and the magnitude of Equation 7.32 will not provide a purely T ∗2

weighted three-compartment signal:

Mag(t) = S0

∑
k=
a,m,e

∑
l=

a,m,e

AkAle
−t
(

1
T∗
2,k

+ 1
T∗
2,l

)
e−i·2π(∆fk−∆fl)t


1
2

6= S0

∑
k=
a,m,e

∑
l=

a,m,e

AkAle
−t
(

1
T∗
2,k

+ 1
T∗
2,l

)
1
2

.

(7.33)

When k = l, the complex terms cancel. However when k 6= l, the complex terms

lead to additional cosine modulation (example in Figure 7.13). For example, the

interference between the signals from the axonal and myelin pool is as follows:

Maga,m(t) = S0

[
AaAme

−t
(

1
T∗2,a

+ 1
T∗2,m

) (
e−i·2π(∆fa−∆fm)t + e−i·2π(∆fm−∆fa)t

)] 1
2

= S0

[
2AaAme

−t
(

1
T∗2,a

+ 1
T∗2,m

)
cos (2π∆fmt− 2π∆fat)

] 1
2

.

(7.34)

As previously shown in Figure 7.9b, GE signal phase will not evolve linearly with

time in compartmentalised tissue. For the three-pool model, taking the phase
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Figure 7.13: Visualisation of how the interaction between three compartments with unique ∆f

properties can lead to cosine modulation of the magnitude signal. Parameters equal to those

used in Figure 7.9, setting ∆f1 = 1000 Hz to visualise the modulation more clearly.

component of Equation 7.32:

φ(t) = arctan

− Aae
− t

T∗
2,a sin (2π∆fat) +Ame

− t
T∗
2,m sin (2π∆fmt) +Aee

− t
T∗
2,e sin (2π∆fet)

Aae
− t

T∗
2,a cos (2π∆fat) +Ame

− t
T∗
2,m cos (2π∆fmt) +Aee

− t
T∗
2,e cos (2π∆fet)

 . (7.35)

Unlike the single compartment case, this formula will not reduce significantly and

phase evolution is weighted by Aa,m,e and T ∗2,a,m,e.

In 2010, Hwang et al [36] provided the first experimental example of in-vivo vox-

elwise fitting of multi-exponential GE magnitude data to the three-pool model,

without accounting for the contribution of ∆f , based on a preliminary study in

post-mortem brain samples [37]. Similarly to the T2 studies discussed in Section

7.4.2, Hwang et al [36] observed three distinct compartments and associated the

shortest T ∗2 compartment with myelin. In 2012, Van Gelderen et al. [27] accounted

for the additional phase modulation, utilising the full form of Equation 7.33 to

improve fitting to multi-echo GE experimental magnitude data. Furthermore,

Van Gelderen et al. [27] noted significant differences in the frequency offsets of the

three compartments, observing a ‘substantial’ [27] positive frequency perturbation

(35.8±2.9Hz at 7T and 19.4±2.6Hz at 3T [27] in the in-vivo human splenium) of

the short T ∗2 (myelin) compartment relative to extracellular compartment in white

matter.

Further studies [17, 28] (experimental results from [28] over the in-vivo human

splenium at 7T shown in Figure 7.9) examining the compartmentalisation of mag-

nitude and phase data attested to the observation of the distinctive magnetic

properties of the myelin pool, in addition to observing a significant orientation

dependence of signal evolution in white matter (example in Figure 7.14).
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(a) Mag(TE) (b) Change in frequency (Hz)

Figure 7.14: Observation of orientation dependence of magnitude (Figure 7.14a) and frequency

difference evolution (Figure 7.14b) in-vivo over white matter regions. Here θ defines the orien-

tation of the nerve fibres relative to ~B0. Details of frequency difference evolution (and frequency

difference mapping) discussed in Section 8.2. Images adapted from [17].

7.4.4 T1 Compartmentalisation in White Matter

In addition to compartmentalisation of the transverse relaxation components, pre-

vious research has observed T1 compartmentalisation within white matter [38],

with the shortest T1 component associated with the myelin compartment. From

Equation 3.34, it can be determined that T1 compartmentalisation will induce a

dependence of the relative amplitudes of each compartment, Aa,m,e, on the flip

angle, α, and the TR:

Aa,m,e ∝
1− e−

TR
T1,a,m,e

1− e−
TR

T1,a,m,e cosα
(7.36)

indicating that the determined amplitudes of the white matter compartments will

vary with α and TR. A thorough investigation of the impact of this effect is beyond

the scope of this Thesis. However, it can be noted that by varying α over multiple

acquisitions, T1 estimates for the individual compartments can be determined.

Research into this is ongoing [39].

7.4.5 Considerations of Compartmentalisation

The existence of a significant frequency perturbation in the myelin compartment

agrees with previous discussions on the role of myelin in susceptibility (Section

6.2) and chemical exchange (Section 7.2). Examination of the properties of GE

signal evolution in white matter at different orientations to ~B0 was utilised to

transform the three-pool model into a physical model describing the underlying
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magnetic properties of white matter [17]. This model is introduced and discussed

in detail in Section 8.3.

Compartmentalisation challenges the assumption of linear phase evolution and

implies a TE dependence on the observed magnetic properties of tissue. Two re-

cent papers [40, 41] have attested to the possibility of an observed TE-dependence

of χI(~r) maps derived from QSM. Yablonskiy and Sukstanskii [19] additionally

modified the GLA to account for tissue compartmentalisation and it can be hy-

pothesised that the increased contribution from myelin at lower TE would have

an impact on the observed susceptibility anisotropy in white matter.

Due to the large number of individual components in the three-pool model (nine

components - Aa,m,e, T
∗
2,a,m,e and ∆fa,m,e), fitting is an inherently ill-posed prob-

lem [27] and a low number of sampled echoes or low SNR restricts the possibility

of obtaining unique values for the three-pool model components. This is par-

ticularly problematic for voxelwise analysis and typically assessment over ROIs

is performed to obtain robust results in tissue [42]. In addition, examination of

phase data for compartment fitting still requires filtering of the data via unwrap-

ping and background field removal (previously discussed in Sections 5.2 and 5.3).

Recent work by Nam et al. [42] incorporated background fields into fitting over

the complex signal, avoiding the requirement of unwrapping and background field

removal, reducing artefacts induced by processing errors in the results. However,

any analysis utilising the three-pool method remains time consuming and prone

to noise-induced fitting errors, preventing its practical use as both a robust re-

search tool and use in clinic. In Chapter 8, a novel processing technique known

as Frequency Difference Mapping (FDM) is introduced, which can rapidly provide

information about signal compartmentalisation in tissue without the initial re-

quirement of fitting to a multi-variable model. The chapter continues to describe

a novel FDM algorithm which does not require the use of phase unwrapping or

background field removal, in addition to a detailed discussion of an experiment

performed using the technique over the in-vivo corpus callosum at 7T.
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Chapter 8

Frequency Difference Mapping

Applied to the Corpus Callosum

at 7T

8.1 Introduction

White matter contrast in GE MRI has been attributed to the presence of myelin

and its complex susceptibility (Section 6.2), chemical exchange (Section 7.2), struc-

tural (Section 7.3) and compartmentalisation (Section 7.4) properties relative to

the surrounding tissue. The distinctive magnetic properties of myelin are char-

acterised by short T2 and T ∗2 relaxation times [1–12], in addition to a significant,

orientation dependent frequency offset [5, 6, 13]. This chapter describes a project

undertaken at the SPMIC examining the compartmentalisation properties of white

matter to reveal information about its micro- (sub-voxel) structural properties.

Previous work in this thesis (Section 7.4) discussed how tissue compartmentalisa-

tion is characterised by deviations of multi-echo GE magnitude signals from mo-

noexponential decay, along with non-linear phase evolution. Frequency difference

mapping (FDM) is a phase processing technique which characterises non-linear

temporal phase evolution to probe signal compartmentalisation and reveal infor-

mation about microstructure properties. The research described in this chapter

introduces a novel FDM algorithm and demonstrates the sensitivity of FDM to

white matter microstructure. To achieve this, frequency difference maps generated

from multi-echo GE phase data via the novel FDM algorithm were combined with

magnitude data to examine the temporal signal evolution in regions of the corpus

callosum. The temporal signal evolution was then combined with a physical three-

pool model of nerve fibres (three-pool model discussed in Section 7.4.3, physical

model discussed in Section 8.3) to classify the underlying white matter distribu-
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tion and indicate what properties give rise to signal variation across regions of the

corpus callosum.

In this chapter, field perturbations are described using the notation ∆f in units of

Hz, defined as evolving positively for a positive phase evolution as per the Philips

convention (φ = +2π∆ft). Conversions can be performed using the information

in Table 3.3.

8.2 Frequency Difference Mapping

8.2.1 Introduction

Frequency difference mapping (FDM) is a recently developed phase-based tech-

nique [6, 13, 14] that takes advantage of the non-linear temporal evolution of the

phase in GE sequences to obtain images that carry information about white mat-

ter microstructure. FDM is based on a simple concept - in a voxel consisting of a

single, well mixed compartment, phase will evolve at a constant rate, corresponding

to a constant frequency. In voxels where the sub-voxel signal is compartmentalised

into regions of distinct magnetic properties, phase will evolve at a changing rate,

corresponding to a varying frequency. This is visualised in Figure 8.1.

In previous work [6, 13, 14] FDM has been performed by filtering multi-echo GE

phase data via unwrapping and background field removal (discussed in Sections

5.2 and 5.3) before converting individual echoes into frequency maps via scaling

by 1
2πTE

(Equation 5.3). By comparing frequency images at different TE via sub-

traction (or some other comparative means), remaining contrast is indicative of

compartmentalisation and therefore microstructure. Frequency difference mea-

surements in white matter obtained by Wharton and Bowtell [6] are shown in

Figure 7.14b, indicating the orientation dependence of the frequency difference in

white matter.

The protocol below describes a novel FDM processing algorithm, hypothesised

to reveal information about white matter microstructure and to be sensitive to

small changes in microstructural content. Unlike other FDM and phase process-

ing techniques, the algorithm introduced in this chapter does not require the use of

sophisticated phase unwrapping and image filtering (discussed in Sections 5.2 and

5.3), which can induce artefacts in experimental data [15–17], as phase unwrapping

and background field removal are indirectly performed as a direct consequence of

the FDM protocol.
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(a) φ(TE) (b) ∆f(TE)

Figure 8.1: Comparison of phase (Figure 8.1a) and frequency (Figure 8.1b) evolution for a voxel

consisting of a single compartment (red lines) and three compartments (blue lines), each with

distinct magnetic properties. The single compartment voxel shows a linear evolution of phase

with time, corresponding to a constant frequency. However, in the three compartment case,

phase evolution is non-linear, corresponding to a frequency that varies with time. Parameters

for the three-compartment model are those found in the splenium of the human corpus callosum

in-vivo at 7T by Sati et al. [5] (parameters given in Figure 7.9), with a flip in the sign of the phase

evolution to remain consistent with the Philips sign convention used throughout this chapter.

Single compartment model simulated defining ∆f = −1 Hz (amplitude and T ∗2 properties do not

impact single-compartment phase evolution).

8.2.2 FDM Protocol

Unprocessed GE data obtained from the scanner shows phase variations due to

non-local field sources (Section 5.3.1), Ω, as well as time-independent phase offsets

(Sections 5.2.2 and 6.5.1), φ0, due to RF transmit phase variation and sequence

imperfections. The measured signal obtained from the scanner consequently takes

the form:

S(t) = S0e
iΩteiφ0F (t) (8.1)

where F (t) is the contribution from local tissue content. In white matter, F (t)

can be described by the three-pool model (discussed in Section 7.4.3):

F (t) = Aae
− t
T∗2,a ei·2π∆fat + Ame

− t
T∗2,m ei·2π∆fmt + Aee

− t
T∗2,e ei·2π∆fet. (8.2)

To observe the non-linear phase evolution over white matter, it is necessary to

unwrap the experimental phase data and then remove the dependence on Ω and

φ0 to reveal the non-linear phase evolution resulting from the the three-pool model.

In previous FDM methods [6, 13, 14], this was achieved via spatial unwrapping

and background field removal (discussed in Sections 5.2 and 5.3). However, if

the signal evolution is measured using a multi-echo GE sequence, with initial
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echo time, TE1, and an inter-echo spacing, ∆TE, such that the nth echo time is

TE1 + (n− 1)∆TE, then φ0 can be eliminated by dividing the complex signal at

the nth echo time, TEn, by S(TE1)

S ′(TEn) =
S(TEn)

S(TE1)

= ei·2πΩ(n−1)∆TE · F (TEn)

F (TE1)
.

(8.3)

The effects of the non-local field perturbations (described by Ω) can then be re-

moved by dividing S ′(TEn) by (S ′(TE2))n−1

S ′′(TEn) =
S ′(TEn)(

S ′(TE2)
)n−1

=
F (TEn)

F (TE1)
·
(
F (TE1)

F (TE2)

)n−1
(8.4)

yielding a signal which is predominantly sensitive to myelin, due to the form of(
F (TE1)
F (TE2)

)n−1

which enhances sensitivity to signals with short T ∗2 . The argument

of S ′′(TEn) is then scaled:

φ
′′

Hz(TEn) =
arg
[
S ′′(TEn)

]
2π · (TEn − TE2)

(8.5)

to yield the frequency difference at the nth echo measured in Hz (protocol visualised

in Figure 8.2). This can also be performed on the unprocessed phase data alone,

φ(TE), replacing S(TE) with the complex exponential ei·φ(TE), defining:

φ(TEn) = arg
[
ei·S(TEn)

]
(8.6)

φ′(TEn) = arg

[
ei·φ(TEn)

ei·φ(TE1)

]
(8.7)

φ′′(TEn) = arg

 ei·φ
′(TEn)(

ei·φ′(TE2)
)n−1

 (8.8)

φ
′′

Hz(TEn) =
φ′′(TEn)

2π · (TEn − TE2)
. (8.9)

Defining noise in the argument of S as scaling inversely with the magnitude data’s

SNR:

noisearg[S] =
noisemag

|S|
, (8.10)

where noisemag is echo-time independent, it can be determined from Equation 8.5

that:

noiseφ′′Hz
=

√
1

|Sn|2
+

(n− 2)2

|S1|2
+

(n− 1)2

|S2|2
· noisemag

2π · (TEn − TE2)
. (8.11)
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(a) φ(TE) (b) φ′(TE)

(c) φ′′(TE) (d) Frequency difference evolution

Figure 8.2: Visualisation of FDM processing steps for the single-voxel phase evolution of a

triple exponential signal with an additional non-local field source term, Ω = 50 Hz and time-

independent phase offset, φ0 = 0.5 rad. Starting with the unprocessed wrapped phase (Figure

8.2a), the dataset is divided by the complex exponential of the first echo (Figure 8.2b and

Equation 8.7) to remove any dependency on φ0. The dataset is then divided by the complex

exponential of the scaled second echo (Figure 8.2c and Equation 8.8) to remove any dependency

on Ω and subsequently scaled by the echo time difference times 2π to yield a frequency difference

in Hz (Figure 8.2d and Equation 8.9). Parameters for the three-pool model defined as those found

in the splenium of the human corpus callosum in-vivo at 7T by Sati et al. [5]. Parameters defined

in Figure 7.9, with 25 echoes (TE1 = 2.84 ms, ∆TE = 2.2 ms, TE25 = 55.6 ms). Results plotted

against TE of the original signal, as with all future results presented within this chapter.

It is important to note that the form of φ′′(TE) does not yield information relating

to the raw phase of the signal defined by φ(TE). It reveals information about

changes, or differences in measured frequency. The local phase, φ(TE), described

by a single compartment yields φ′′(TE) = 0 for all values of TE. This is made

apparent when performing the scaled second echo division (Equation 8.8), as all

linear variations of phase with time are removed (in a single-compartment signal,

phase varies linearly with time). Any non-zero values of phase/frequency obtained
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after generating images via FDM are indicative of non-linear phase evolution.

8.2.3 Advantages of FDM

In contrast to other phase-based approaches for probing white matter proper-

ties such as QSM (discussed in Section 5.4) and STI (discussed in Section 7.1),

FDM can yield local contrast that is sensitive to microstructure without requir-

ing the solution of a complex inverse problem. For example, QSM requires the

implementation of sophisticated methods for inversion of the dipole field (dis-

cussed in Sections 5.4.3-5.4.5). Advancement of techniques to invert the dipole

field have produced more accurate susceptibility maps, but all have been based

on the requirement of solving the ill-conditioned dipole field inversion. Suscepti-

bility tensor imaging is an even more complex inverse problem, and although it

can be made well-conditioned with a sufficient number of well defined scanning

orientations [18, 19], it is based on a scanning protocol which is time consuming,

prone to error and impractical in-vivo considering the bore size of the scanner and

requirements of subjects to remain still for long periods of time in uncomfortable

positions (as discussed in Section 7.1.5).

The previous discussion on signal compartmentalisation (Section 7.4) focused on

revealing white matter microstructure properties via fitting a three-pool model to

experimental data. This poses the question as to what benefits FDM can provide

a user over three-pool model fitting - both methods require the same set of ini-

tial multi-echo GE data. When performing FDM, contrast in frequency difference

maps is indicative of microstructural content. Frequency difference maps can be

obtained in a few simple steps and do not require fitting to the three-pool model

to indicate the existence of microstructure. This is beneficial for rapid analysis of

tissue properties. Once frequency difference maps have been obtained, fitting to

the three-pool model can be performed to provide a more ‘quantitative’ analysis,

but the contrast from FDM alone should be sufficient to observe both microstruc-

ture content and changes in microstructure content. The potential adaptability of

this technique is significant - in this chapter a FDM protocol is introduced that

is sensitive to the rapidly-decaying myelin pool in white matter, but it can be

hypothesised that the FDM protocol could be adjusted to provide sensitivity to

other sources of microstructural contrast.
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8.3 Creating a Model of Myelinated Nerve Fi-

bres

8.3.1 Requirements

From the previous discussions of white matter in this thesis, requirements for a

model of myelinated nerve fibres can be considered as follows:

1. The model must be geometrically consistent with the underlying anatomical

structure observed within myelinated nerve fibres, as per Figure 7.12a.

2. The model must consist of three separate compartments; the axonal, myelin

and external compartments (Sections 7.4.2 and 7.4.3).

3. The susceptibility contrast will originate from the myelin compartment of

the nerve fibre model (Section 6.2).

4. Susceptibility anisotropy must be present in the model and originate from

radially-oriented lipid bilayers in the myelin (Section 6.2).

5. Chemical exchange must be present in the model and originate in the myelin

(Section 7.2).

6. The contributions of fibre geometry, susceptibility, exchange and compart-

mentalisation must be able to effectively explain the observed orientation

dependence of frequency perturbations, in addition to the experimentally ob-

served evolution of multi-exponential magnitude signal and non-linear phase

with time (Sections 7.4.2 and 7.4.3).

8.3.2 Geometric Structure of Myelinated Nerve Fibre Model

Examination of the structure of myelinated nerve fibres, as per Figure 7.12a indi-

cates that they possess geometric similarities to a cylinder. Myelinated nerve fibres

contain very long, continuous axons surrounded by myelin, with a through-plane

geometry that possesses a high degree of cylindrical symmetry. A first approxima-

tion would be to model myelinated nerve fibres as infinite nested cylinders, with

different radii corresponding to the axonal, myelin and external pools.

This model is a simplification of the distorted cylindrical structure that is observed

experimentally. However it is a good first approximation for creating a model, as

the susceptibility properties of cylinders are well understood and can be defined

analytically and in the presence of a large number of near-cylindrical nerve fibres,
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Figure 8.3: Visualisation of the 2D myelinated nerve fibre model containing the axonal (yellow),

myelin (blue) and extracellular (green) compartments with radii ra, rm and re respectively. The

external compartment is modelled as a cylinder to simplify the geometrical properties further.

the cylindrical approximation will be representative of the average underlying ge-

ometry. As the length of nerve fibres is significantly greater than the diameter, the

infinite cylinder approximation is appropriate and a 2D model will be sufficient to

explain the frequency properties. This is visualised in Figure 8.3.

From Figure 8.3, the fibre volume fraction (FVF) and g-ratio of nerve fibres can

be defined as follows:

FVF =

(
rm
re

)2

g =
ra
rm

(8.12)

where g is the g-ratio and ra,m,e are the radii of the axonal, myelin and extracellular

compartments respectively. The FVF takes a value of between 0 and 1 which

indicates the volume fraction of myelinated nerve fibres within a region. The g-

ratio takes a value of between 0 and 1 that indicates the ratio of the radius of the

axonal compartment to the radius of the nerve fibre. The relative thickness of the

myelin sheath, rm−ra
rm

, scales as 1 − g, so higher g-values corresponds to thinner

sheaths. These two parameters are of great interest in neuroscience due to their

relationship with brain function and disease.

From the physical description of the geometric fibre model, the values of Aa,m,e in

Equation 8.2 can be written in terms of the FVF and g-ratio of nerve fibres by
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calculating the relative volumes of the different compartments [13]:

Aa = FVF× g2

Am = ρ× FVF
(
1− g2

)
Ae = 1− FVF

(8.13)

where ρ is the relative water concentration of the myelin compartment, which has

been reported as lower than the axonal and external compartments [6]. The form

of Equation 8.13 means that:

Aa +
Am
ρ

+ Ae = 1. (8.14)

8.3.3 Modelling Susceptibility in Myelin

As all of the susceptibility contrast in this model is assumed to originate from

myelin, myelin can be defined with an isotropic/anisotropic susceptibility value,

χI/A, with the axonal and external compartments’ susceptibility set to zero. Pre-

vious work by Wharton and Bowtell [6, 13] has produced analytical solutions for

the average field perturbation induced by a nerve fibre model in which the myelin

compartment has isotropic susceptibility χI and radially oriented anisotropic sus-

ceptibility, χA, This gives for each of the three compartments:

∆Ba−χ = −B0
3χA sin2 θ

4
ln g

∆Bm−χ = B0

χI2
(

2

3
− sin2 θ

)
+
χA
2


1

4
+

3

2

(
g2

1− g2

)
ln g

 sin2 θ − 1

3




∆Be−χ = 0

(8.15)

where θ defines the orientation of the nerve fibre with respect to the applied

magnetic field.

8.3.4 Modelling Chemical Exchange in Myelin

From the previous discussion of chemical exchange in Section 7.2, chemical ex-

change is observed as an orientation-independent local frequency offset within

tissue [20]. From this description, the average chemical exchange contribution in

the myelinated nerve fibre model is defined as:

∆Ba−E = 0

∆Bm−E = B0 · E

∆Be−E = 0.

(8.16)
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Combining this with the field perturbations induced by χI and χA, the average

total field perturbation per compartment, ∆Ba,m,e:

∆Ba = −B0
3χA sin2 θ

4
ln g

∆Bm = B0

χI2
(

2

3
− sin2 θ

)
+
χA
2


1

4
+

3

2

(
g2

1− g2

)
ln g

 sin2 θ − 1

3

+ E


∆Be = 0.

(8.17)

8.3.5 Application to the Three-Pool Model

From Equation 8.13, the geometric properties of nerve fibres can be obtained by

fitting FDM data to the FDM modified three-pool model in Equation 8.5 to obtain

Aa,m,e, ∆fa,m,e and T ∗2,a,m,e. The FVF and g-ratio can be defined in terms of Aa,m,e

as:

FVF =
Am
ρ

+ Aa

g =

√
Aa

Am
ρ

+ Aa

(8.18)

and determined using the constraint in Equation 8.14 with a known value of ρ.

χA can be determined by rearranging the axonal component of Equation 8.17 and

inserting the determined values for ∆Ba (where ∆Ba = 2π∆fa
γ

from Table 3.3) and

g, with prior knowledge of θ:

χA = − 4 ·∆Ba

3 sin2 θ · ln g ·B0

(8.19)

and with the determined value for ∆fm, χA and g, an expression for χI and E can

be obtained:

χI
2

(
2

3
− sin2 θ

)
+ E =

∆Bm

B0

− χA
2


1

4
+

3

2

(
g2

1− g2

)
ln g

 sin2 θ − 1

3

 .

(8.20)

8.4 Method

Magnitude and phase data were collected from a single, sagittal slice of the in-vivo

human brain in 10 healthy subjects via a multi-echo GE scan on a Philips Achieva

7T MR scanner. Each scan consisted of 20 echoes (TE1 = 2.4 ms, ∆TE = 2.4 ms,
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TE20 = 48 ms). The sagittal slice was positioned on the mid-line, thus spanning

a portion of the corpus callosum where the fibres are oriented perpendicular to

~B0 (resolution = 1 mm2, slice thickness = 5 mm, FOV = 224×224 mm2), with

TR = 140 ms, flip angle = 25◦, no. of averages = 10, acquisition time = 314 s.

A unipolar readout gradient was utilised by enabling ‘flyback’ gradients, to pre-

vent discrepancies between odd and even echoes [21] at the cost of an increased

minimum echo spacing, ∆TE. No flow compensation was utilised within this se-

quence, allowing a reduced first TE, TE1, due to the introduction of additional

gradients [22], but increasing sensitivity to flow artefacts from vessels surrounding

the corpus callosum. Scanning was approved by the local ethics committee and

all subjects gave informed consent.

Six scans were acquired per subject with subjects moved out and back into the

scanner after the third scan to allow testing for repeatability between scans and

scanning sessions. Phase data was processed as detailed in Section 8.2.2 to gen-

erate frequency difference maps. Co-registration was applied to each set of three

images using FSL FLIRT [23–25] and involved co-registering the magnitude data

and then applying the transformation matrix to subsequent frequency difference

maps.

After each set of three scans, phase sensitive inversion recovery (PSIR), T1-weighted

images [26], were also acquired at the same orientation as the GE scans to dis-

tinguish the corpus callosum (resolution = 1 mm2, slice thickness = 5 mm, no. of

slices = 5, FOV = 224×224×25 mm3, TE = 3.7 ms, no. of echoes = 1, TR =

12.9 ms, flip angle = 8◦, no. of averages = 1, acquisition time = 40 s).

To examine the potential of using FDM as a method of classifying white matter

tissue properties, the corpus callosum was manually masked in the PSIR image

using MRIcron [27]. The corpus callosum was then split into five regions of interest

(ROI) corresponding to the genu, anterior body, middle body, posterior body and

splenium, by dividing the length of the corpus callosum into five distinct sections

as defined in Aboitiz et al. [28] (splitting visualised in Figure 8.10). These five

ROI were utilised to examine the signal evolution in the GE magnitude data and

frequency difference maps, with signals summed and averaged over voxels in each

ROI for the six repeats on each subject, to classify how signal magnitude and fre-

quency difference developed with echo time for individual subjects. Additionally,

ROI were taken over the superior cerebral peduncle and a grey matter region for

further analysis (ROIs visualised in Figure 8.10).

Frequency difference data for all five ROI in the corpus callosum were then fitted

to determine the individual components of the three-pool model for each subject.

This was achieved by taking the phase component of the three-pool model, F (TE)
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(Equation 8.2), running the FDM protocol (Equations 8.6-8.9) and fitting to the

experimental data. Magnitude data was fitted to the absolute value of F (t). This

was performed using the ‘lsqnonlin’ function in MATLAB (Release 2013a, The

MathWorks Inc., Natick, MA, United States) by simultaneously simulating the

magnitude and frequency difference evolution for each experimental pair of mag-

nitude and frequency difference data. Initial values of variables were set as shown

in Table 8.1. ∆fe was set equal to 0 in agreement with Equation 8.17 to reduce

the number of fitting parameters, thus defining calculated ∆fa,m values relative

to ∆fe.

From the determined values of Aa,m,e, ∆fa,m,e and T ∗2,a,m,e for the different regions

of the corpus callosum in individual subjects, Equations 8.18-8.20 were utilised to

determine values for the FVF, g-ratio, χI and χA. It is not possible to separate

the contributions of Am/ρ or χI/E so values were determined with the assumption

that ρ = 0.7 and E = 20 ppb as determined in previous literature [6]. In addition,

θ was set to 90◦ based on the assumption that nerve fibres in the corpus callo-

sum run perpendicular to the magnetic field with the head in standard orientation

within the scanner.

To test the robustness of the parameter values obtained from the model fit, simu-

lated frequency difference data were generated from the parameters obtained from

the middle body of the corpus callosum and normally distributed random noise

was added to the real and imaginary simulated signal components of F (TE) (as a

percentage of F (TE1)). Magnitude and frequency difference evolution curves were

then simulated as outlined in the theory section. These simulations were fitted

to the model starting with parameters defined in Table 8.1 using the ‘lsqnonlin’

function in MATLAB (Release 2013a, The MathWorks Inc., Natick, MA, United

States).

8.5 Applying FDM to Phantom and Brain Data

In a phantom consisting of a single homogeneous material, phase variation is

expected to show a linear relationship with time due to the existence of only a

Parameter T ∗2a(ms) T ∗2m(ms) T ∗2e(ms) Aa Am Ae ∆fa(Hz) ∆fm(Hz)

Init. value 36 8 36 0.5 0.5 0.5 0 0

Min. value 0 0 0 0 0 0 -100 -100

Max. value 100 100 100 1 1 1 100 100

Table 8.1: Parameter values (initial and range) used in fit of experimental data to FDM and

magnitude modified forms of Equation 8.2.

160



Frequency Difference Mapping Applied to the Corpus Callosum at 7T

(a) φ(TE) (b) φ′(TE)

(c) φ′′(TE)
(d) Frequency difference map

Figure 8.4: Visualisation of FDM processing steps for a sagittal slice, multi-echo GE scan over a

homogeneous agar phantom at TE = 14.4 ms (6th echo). (a): Original unprocessed phase data

(b): After division by first echo dataset to remove φ0 (c): After second scaled echo division

to remove Ω (d): Filtered using a 1D complex filter and converted to Hz. The read gradient

direction is vertical in the figure.

single compartment in each voxel. Therefore the frequency variation along the

echo train is expected to remain at 0 Hz. To test this, a single-slice, sagittal,

multi-echo GE scan was performed on an oblate spheroidal phantom consisting of

a homogeneous agar solution (recipe outlined in [29]) at 7T (parameters identical

for the single-slice in-vivo protocol outlined in Section 8.4). Processing steps are

visualised in Figure 8.4. From the data it became apparent that when applying
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FDM to experimental data, after the division by a scaled second echo to remove Ω,

an additional step is required, involving fitting and subtraction of a term describing

linear phase variation in the read direction (foot-head), resulting from a phase

correction step applied to individual echoes in the scanning protocol, referencing

to the central line of k-space (Figure 8.4c). The complex data:

z(TEn) = Mag(TEn) · ei arg φ′′(TEn) (8.21)

was summed in each individual echo along the phase encoding direction to yield

a 1D profile which reveals coherent phase variation along the read direction. The

phase variation along this profile was unwrapped and a 1st order polynomial fitted

to the in-vivo phase, expanded into a 2D matrix and removed from φ′′(TE) via

complex division. This technique was applied to the masked brain, with steps

visualised in Figure 8.5

Closer inspection of both the phantom and brain data yielded a distinctive pattern

of small residual large-length-scale variation of the frequency data in both sets

of images consisting of positive and negative lobes. These lobes are visualised in

Figures 8.6a and 8.6b obtained by thresholding Figures 8.4d and 8.5d over a narrow

frequency difference range (±1 Hz). This pattern of frequency variation, which was

found to be stable over repeated experiments, is most likely to due to short-lived

eddy currents which produce small time-varying magnetic fields that contribute

to non-linear phase evolution. In contrast to the frequency difference variation

due to the anatomical distribution of myelinated structures, this contribution to

the frequency difference has a low spatial frequency and varies smoothly with

spatial position. It could therefore be removed from the data by subtracting a 6th

order polynomial fit to the frequency difference data in which regions of anatomical

contrast (white matter and blood vessels) had been masked out. This masking was

performed by thresholding the frequency difference map to remove all voxels below

−3.5 Hz and masking the whole corpus callosum with the manually generated ROI

(Figure 8.6c). Results produced by using the eddy current removal procedure are

shown in Figure 8.6d.

8.6 Results

Frequency difference maps obtained at TE = 14.4 ms (6th echo) from all sub-

jects are displayed in Figure 8.7, with corresponding PSIR and magnitude images

shown in Figures 8.8 and 8.9. Figure 8.10 shows how the frequency difference

maps develop with TE for a single subject, with corresponding magnitude images

shown in Figure 8.11. Due to the nature of FDM processing, there is one less

frequency difference map than the number of acquired phase images (Equation
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(a) φ(TE) (b) φ′(TE)

(c) φ′′(TE)
(d) Frequency difference map

Figure 8.5: Visualisation of FDM processing steps for a sagittal slice, multi-echo GE scan over

the corpus callosum of an in-vivo human brain at TE = 14.4 ms (6th echo). (a): Original

unprocessed phase data (b): After division by first echo dataset to remove φ0 (c): After second

scaled echo division to remove Ω (d): Filtered using a 1D complex filter and converted to Hz.

The read gradient direction is vertical in the figure.

8.3) and all data values in the first image are equal to zero (Equation 8.4). The

effects of φ0 and Ω have evidently been removed in the FDM processed images and

anatomical structure is consistently depicted in these frequency difference maps,

with white matter and blood vessels providing the dominant source of contrast.

The corpus callosum in which the nerve fibres are oriented perpendicular to B0 is

clearly depicted as hypointense compared with the surrounding tissue, with the

signal becoming more negative with increasing TE at the low echo times. Other
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(a) Frequency difference map (±1 Hz) (b) Frequency difference map (±1 Hz)

(c) Eddy current simulation (d) Frequency difference map (±1 Hz)

Figure 8.6: (a) and (b): Distinctive lobe patterns observed in phantom and brain data scanned

at the same orientation (TE = 14.4 ms). (c): simulation of large-scale field perturbations over

the in-vivo brain via the use of a 6th order polynomial fit over masked data (d): After removal

of 6th order polynomial fit. All images scaled between ±1 Hz.

structures, such as the superior cerebellar peduncle, the pons and medulla ob-

longata (highlighted in Figure 8.10), which contain white matter fibre bundles

oriented perpendicular to the field also show similar behaviour. Veins also gener-

ally appear with low intensity in the frequency difference maps as a result of the

significant frequency offset and rapid decay of the signal from venous blood, which

will give rise to non-linear phase evolution. There is an increase in signal around

arteries most likely resulting from flow effects.

Figures 8.12a and 8.12b compare a frequency difference map with the voxelwise

standard deviation of three repeats from the same subject, to indicate the re-
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Figure 8.7: Individual frequency difference maps generated at TE = 14.4 ms for 10 subjects

undergoing a single slice sagittal scan over the midline of the corpus callosum (parameters

outlined in Section 8.4). All frequency difference maps scaled between ±10 Hz.
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Figure 8.8: PSIR images of the mid-slice over all 10 subjects. Acquisition parameters given in

Section 8.4.
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Figure 8.9: Magnitude images for the corresponding frequency difference maps over all 10 sub-

jects as displayed in Figure 8.7. All echoes normalised to first echo image (TE = 2.4 ms) to show

relative signal amplitude. TE = 14.4 ms displayed.
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Figure 8.10: Development of frequency difference maps over a single subject undergoing a single

slice sagittal scan over the midline of the corpus callosum (parameters outlined in Section 8.4).

19 echo times (TE = 4.8-48 ms), with every 2nd echo shown in this figure (numbered) from

top left to bottom right (1st, 3rd etc. . .). ROIs used in analysis for this subject shown on

the 7th echo. Here the red arrow - pons, orange arrow - medulla oblongata. The highlighted

corpus callosum shows splitting into 5 regions - genu (blue), anterior body (orange), middle

body (yellow), posterior body (purple) and splenium (green). The red and pink ROI indicates

the superior cerebral peduncle and grey matter region used in further analysis. All frequency

difference maps scaled between ±10 Hz.
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Figure 8.11: Magnitude images for the corresponding frequency difference maps over a single

subject as displayed in Figure 8.10. All echoes normalised to first echo image to show relative

signal amplitude (TE = 2.4 ms), setting Mag(TE = 2.4 ms) equal to one for all voxels. 19 echo

times (after removing normalised first echo) with every 2nd echo shown in this figure (numbered)

from top left to bottom right (1st, 3rd etc. . .).
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(a) Frequency difference map (b) Standard deviation map

(c) Standard deviation between repeats (d) Standard deviation between sessions

(e) Coefficient of variance between repeats (f) Coefficient of variance between sessions

Figure 8.12: (a) and (b): Comparison of frequency difference map for a single scan and the

standard deviation map for three repeats of the same subject in a single scanning session (6th

echo, TE = 14.4 ms). Red line shows the corpus callosum region selected for analysis. (c)

and (d): Standard deviation across average value in ROI between repeats inside the scanner

and between scanning sessions. (e) and (f): |coefficient of variance| =
∣∣∣ standard deviation

change in frequency

∣∣∣ across

average value in ROI between repeats inside the scanner and between scanning sessions.
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peatability of the FDM measurements while also highlighting regions affected by

variable artefacts. A large standard deviation is observed in the proximity of large

arteries, most notably at the front of the corpus callosum where Gibbs ringing is

also apparent. The variation with TE of the standard deviation of the average

value of the 5 ROI in the corpus callosum is additionally shown in Figure 8.12,

with Figure 8.12c displaying the average over subjects of the standard deviation

over the sets of three measurements made without moving the subject out of the

scanner, while Figure 8.12d shows the standard deviation between scanning ses-

sions. Figure 8.12c was formed by calculating the mean standard deviation of

each ROI across all 10 subjects for each set of three scans acquired without mov-

ing subjects out of the scanner; Figure 8.12d was formed by calculating the mean

of the standard deviation between subsequent scan sets (three scans per set, two

sets per subject) for each subject. Examination of these figures indicates that the

standard deviation of the genu rises with increased echo time, likely due to the

impact of the surrounding arteries, but that for other regions a consistent trend

is not observed. Figures 8.12e and 8.12f display the subsequent coefficient of vari-

ance (|coefficient of variance| =
∣∣∣ standard deviation

change in frequency

∣∣∣) for Figures 8.12c and 8.12d. In

these plots (and subsequent graphs), the range of TE values shown starts at the

third echo TE = 7.2 ms because the FDM processing does not yield a value of the

FDM at the first echo and forces the value to zero at the 2nd echo.

Figure 8.13 shows the mean magnitude and frequency difference curves across all

subjects in the 5 ROI of the corpus callosum (Figures 8.13a and 8.13b), in addition

to the superior cerebral peduncle and a region of grey matter (Figures 8.13c and

8.13d). The genu and splenium display a more rapid magnitude decay compared

to the central regions of the corpus callosum, along with an increased change in

frequency.

Figure 8.14 displays the variation over the corpus callosum of the parameters used

in the experimental fitting, while Figure 8.15 displays the average residual remain-

ing when subtracting the model fit to experimental data. Figure 8.16 shows the

values for the FVF, g-ratio, χI and χA, calculated from applying Equations 8.18

8.19 and 8.20 to the parameter results.

Table 8.2 indicates how parameter values vary over simulations of the middle body

of the corpus callosum with added normally distributed random noise as outlined

in Section 8.4 (results discussed in the following section).
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(a) Mag(TE) (b) Frequency difference evolution

(c) Mag(TE) (d) Frequency difference evolution

Figure 8.13: Average magnitude and frequency difference evolution for 60 scans over 10 subjects

in the five corpus callosum ROI (Figures 8.13a and 8.13b), in addition to the superior cerebral

peduncle and a region of grey matter (Figures 8.13c and 8.13d). ROIs for a single subject

highlighted in Figure 8.10. Error bars represent the standard error of the mean.

8.7 Discussion

The processing steps of FDM eliminate the effects of non-local field sources Ω

and φ0, yielding frequency difference maps which reveal contrast in areas contain-

ing microstructure, suitable for further analysis to obtain information about the

properties of white matter. Figures 8.13a and 8.13b reveal an ordered variation

of signal behaviour across the corpus callosum, with the splenium and genu dis-

playing faster magnitude decay and a larger change in frequency with TE than is

found in the mid-regions of the corpus callosum. The superior cerebral peduncle, a

white matter region clearly indicated in frequency difference maps (highlighted in

Figure 8.10) shows similar signal evolution to the corpus callosum (Figures 8.13c
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Figure 8.14: Results for fitting the magnitude signal (absolute value of Equation 8.2) and FDM

(Equation 8.5) to the three-pool model to experimental data. Here the orange line represents the

average standard error per subject and the blue line represents the standard deviation between

subjects.

and 8.13d). Signal evolution over a region of grey matter (ROI highlighted in

Figure 8.10) displayed in Figures 8.13c and 8.13d shows no significant change in

frequency, giving a further indication of the sensitivity of this technique to the

three compartment signal from white matter.

Examination of Figure 8.12 indicates that the standard deviation and subsequent

coefficient of variance determined is small enough that this protocol can be re-

peated reliably over an ROI. However, it is apparent from Figure 8.12b that the

standard deviation varies substantially within different regions of the dataset,

particularly surrounding blood vessels. The use of flow compensation could help

mitigate these artefacts and is left as future work.

Furthermore, it is apparent that the FDM processing protocol presented within

this chapter has an inherent sensitivity to noise, due to the division of the unpro-
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(a) Magnitude residual (b) Frequency difference residual

Figure 8.15: (a): Residual value for magnitude comparison to model fit. (b): Residual value for

frequency comparison to model fit. Residuals were calculated from each individual data set (6

per subject for 10 subjects) with errors formed from the standard error of the mean.

cessed phase data by the complex exponential of the first echo, followed by the

subsequent division by the complex exponential of the scaled second echo. The

complex divisions within this FDM protocol lead to a significant propagation of

noise within the frequency difference maps and further work will be required to

assess whether an improved processing protocol, using phase data collected at dif-

ferent echo times to perform the complex exponential divisions could improve the

SNR of the obtained frequency difference maps. In addition, an improved method

of estimating the phase offset, φ0, could eliminate the requirement of complex

exponential division and increase the usability of FDM for 3D applications.

Assessment of the frequency difference curves led to numerous questions as to what

was causing the differences in contrast between the different regions in the corpus

callosum. Is what we are seeing due to differences in microstructure properties, or

propagation from artefacts? From examination of the FDM images and standard

deviation maps within single subjects, artefacts seem most apparent in the genu

of the corpus callosum, developing from nearby arteries. Examination of subjects

with little interaction between the corpus callosum ROI and observed artefacts

still showed these trends. Artefacts were not observed over the splenium of the

corpus callosum which also displays an increased change in frequency. Due to

the position of the genu/splenium being lower in the foot-head direction relative

to the mid-regions, a further attempt to regress out the differences between the

genu/splenium and mid-regions through the application of an additional linear

filter along the foot-head direction was carried out, but this did not remove the

larger change in frequency observed in the genu/splenium.
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(a) FVF (b) g-ratio

(c) χI (d) χA

Figure 8.16: Variation of the FVF, g-ratio χI and χA over the corpus callosum averaged in all

subjects. Calculated from Equations 8.18 - 8.20, setting ρ = 0.7 and E = 20 ppb as defined

in [6]. Here the orange line represents the average standard error per subject and the blue line

represents the standard deviation between subjects.

Parameter results in Figures 8.14 and 8.16 indicate the potential sensitivity of the

FDM technique to variations in nerve fibre parameters. Results in Figure 8.14

are in strong agreement with previously reported values [5] obtained from fitting

a triple-exponential model to magnitude and phase data over the splenium of the

corpus callosum and recent work [17] calculating the myelin water fraction (Am)

over the optic radiations.The measured T ∗2 values show that, as expected, the

myelin water has a short T ∗2 compared to the axonal and external pools. When

examining the signal evolution over the corpus callosum, the calculated frequency

offset within the myelin pool, ∆fm, agrees with the hypothesis that the early

decrease of frequency with TE result from the rapid decay of the myelin signal
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contribution, which has a positive frequency offset relative to the signals from the

axonal and external pools for fibres that are perpendicular to B0 [5, 17]. Figure

8.16 indicates the potential sensitivity to the properties of nerve fibres using the

geometric three-pool model [6], explaining signal variation as a consequence of the

physical properties of nerve fibres, obtaining similar values for the FVF, g-ratio, χI

and χA as in [6] (where FVF = 0.5, g = 0.8, χI = −100 ppb and χA = −100 ppb)

but further examination is beyond the scope of this chapter. Interplay between

the signals from the axonal and external pools is hypothesised to contribute to

the continuing reduction in frequency at larger TE values.

Simulated results in Table 8.2 give an indication to the robustness of the fitting

algorithm used. With no noise present, the fitting function produced exact results

for Aa,m,e, T
∗
2,a,m,e and ∆fa,m starting from initial parameters defined in Table

8.1. Increased noise leads to an increase in standard deviation, but additionally

for many parameters a deviation from the initial mean value is observed with

increasing noise. This is indicative that the complexity this non-linear model con-

tains can lead to inaccuracies in obtaining exact fitting parameters, and there is

a more significant impact on certain parameters with increasing noise. However

from the magnitude data, noise in the real and imaginary signal components was

estimated as ≈ 0.05% and at these simulated levels of noise, there is little discrep-

ancy between expected and obtained results. It should be noted that the average

standard deviation values for initial parameters are higher than those obtained

at 0.05% noise and falls at around the 0.1% level. The residual values in Figure

8.15 give an indication that there are additional sources of variation which are not

accounted for in the model which could help explain this discrepancy.

Due to the large number of parameters, it is difficult to indicate from results in

Figure 8.14 the direct cause of variation in the frequency difference curves. To test

this, starting with obtained parameters for the middle body (Aa,m,e, T
∗
2,a,m,e and

∆fa,m) as defined in Figure 8.14, the frequency difference evolution was simulated

with individual parameters adjusted to the values in other regions of the corpus cal-

losum (genu, anterior body, posterior body and splenium), with results displayed

in Figure 8.17. From Figure 8.17, it is apparent that variations between regions

at low TE are due the properties of the myelin pool, with the largest contribution

to variation due to the myelin frequency offset, ∆fm. Variations at higher TE are

dominated by changes in the axonal and external pools, with the largest effects

arising from the variation of T ∗2,a,e. Combining this information with the simulated

results in Figure 8.14, Figures 8.16 and 8.17 imply the potential sensitivity of this

technique to small variations of white matter properties.
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Figure 8.17: Simulations varying individual parameters to observe effect on signal evolution.

Initial parameters defined as those calculated in the middle body of the corpus callosum (Table

8.2).

8.8 Conclusion

Frequency difference mapping yields contrast in areas with microstructure content

and could be a useful technique for understanding the sources of contrast in phase

imaging. Post-processing is fast, simple and requires little computer processing

power. Issues associated with the formation of these frequency difference maps

are experimental issues which could be removed with improved pulse sequences

and further understanding of the underlying contrast. This concept could be ex-

panded to other sources of microstructure, including iron content in tissue and

deoxyhemoglobin in blood vessels, suggesting that any voxel with significant mi-

crostructure content will lead to an observable non-linear phase evolution.

Examination of the signal evolution over the corpus callosum reveals an apparent

sensitivity to microstructure, with simulations indicating that signal variation at

low TE corresponds to myelin properties and variation at high TE corresponds to
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axonal/external properties. The description of signal evolution in terms of physi-

cal properties of the nerve fibres could be improved by using the geometric form of

the three-pool model [6], rather than considering the average field perturbations in

the different compartments (Section 8.3.3). The higher order components included

in the fitting process could provide a more physically meaningful interpretation

of the signal evolution. However, fitting would be significantly more troublesome

and time consuming due to the computational demands of the geometric model.

This could be extended further by incorporating multiple fibres in the model to

provide sensitivity to the packing geometry, which has been identified as a signif-

icant influence on the form of signal evolution [30].

The robustness of obtained fitting parameters with simulated noise makes it suit-

able for parameter estimation over white matter regions. However the residual

differences between the model fit and experimental data (Figure 8.15) show clear

trends, with larger residuals at low and high TE, indicating that there are further

sources of signal contrast in FDM to be understood beyond the three-pool model.
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Chapter 9

Examination of the Magnetic

Properties of Skeletal Muscle

Tissue at 7T

9.1 Introduction

Previous chapters within this thesis have discussed the potential of field pertur-

bation maps, ∆B(~r), obtained from MRI phase data to reveal quantitative in-

formation about tissue, including susceptibility (Sections 5.4 and 7.1), chemical

exchange (Section 7.2), structural (Section 7.3) and compartmentalisation (Section

7.4) properties. A significant amount of MRI phase research has been performed

on the brain (examples discussed in Sections 6.2, 7.2, 7.3, 7.4 and Chapter 8)

and this research is beginning to reveal a detailed understanding of the magnetic

properties of brain tissue in-vivo, with a particular emphasis on white matter.

However, outside the brain, little phase imaging research has been performed.

This chapter aims to provide an insight into the magnetic properties of tissue be-

yond the brain, describing an experiment examining skeletal muscle. There has

been long-standing interest in the magnetic properties of skeletal muscle tissue [1],

but to date there has been little examination of these properties using MRI-based

measurements of field perturbations. Here, a preliminary study of the magnetic

properties of skeletal muscle was performed with a phantom consisting of a piece

of pork tenderloin embedded in agar. This was scanned at multiple orientations

to ~B0 in a 7T scanner. By analysis of ∆B(~r) maps, a least-squares minimisation

protocol was developed to examine the full susceptibility tensor, χ(~r), and chem-

ical exchange, E(~r), properties of skeletal muscle. Additionally, novel algorithms

for simultaneously examining the susceptibility and chemical exchange properties

are introduced.
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In this chapter, field perturbations are described using the notation ∆B in units

of Hz, defined as evolving positively for a positive frequency as per the Philips

convention (φ = +2π∆ft). Conversions can be performed using the information

in Table 3.3.

9.2 Motivation

Skeletal muscle is characterised by highly organised, long, cylindrical muscle fi-

bres [2] and quantification of the magnetic properties of skeletal muscle tissue could

have a significant impact on both our understanding of skeletal muscle structure

and the mechanisms underlying muscular diseases [3]. From a practical perspec-

tive, it could be hypothesised that multi-orientation COSMOS-QSM (discussed in

Section 5.4.4), STI (Discussed in Section 7.1.4) or any other multi-orientation pro-

tocol is more practical to implement in skeletal muscle in-vivo than in the brain,

due to the flexibility of the extremities (arms, legs etc.) in the human body. The

work presented in this chapter aims to provide a foundation for future examination

of the magnetic properties of skeletal muscle in-vivo.

In 1958 (prior to the invention of MRI), Arnold et al. [1] attempted to determine

the susceptibility anisotropy of rabbit psoas muscle (implications and theoretical

considerations of anisotropy susceptibility discussed in detail in Section 7.1), by

suspending the sample within a homogeneous magnetic field and measuring the

induced torque. From analysis of the experimental data, Arnold et al. [1] described

two major observations:

1. Skeletal muscle tissue is most paramagnetic along the direction of the muscle

fibres.

2. The susceptibility anisotropy, χA, of the psoas muscle, defined by Arnold et

al. [1] as the difference between the susceptibility parallel and perpendicular

to the muscle fibres:

χA = χ‖ − χ⊥ (9.1)

is equal to 250 ppb.

Arnold et al. [1] concluded their research with the hypothesis that ‘magnetic mea-

surements can be made to give useful information about the structure of biological

tissue’.

Despite the improvements in methods to quantify the susceptibility properties

of tissue, the work by Arnold et al. [1] is the most current publication for di-

rect measurement in skeletal muscle. A recent paper examining the susceptibility
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properties of the myocardium [4] could be considered the first ‘follow-up’ study ex-

amining the susceptibility properties of muscle tissue. In this research, Dibb et al.

scanned samples of ex-vivo mouse hearts at 12 orientations to B0, observing higher

paramagnetism in the direction along the myocardium muscle fibres in agreement

with the observations in skeletal muscle tissue by Arnold et al. [1]. Examination

of ROIs over the multi-orientation myocardium data indicated a small anisotropic

susceptibility contribution on the order of 10 ppb, with significant variation over

different regions of the heart. However, the substantial structural differences be-

tween skeletal and cardiac muscle tissues prevents direct generalisation of these

results to the research presented by Arnold et al. [1].

9.3 Method

9.3.1 Experimental Prep and Data Collection

A sample of pork tenderloin purchased from a local supermarket was trimmed

and stripped of external fat prior to placement in agar. The sample was placed in

the centre of an 18 cm diameter spherical perspex phantom shell filled with agar

(1.2% agar, 0.9% NaCl and 0.006% Milton sterilising fluid) using the recipe out-

lined in [5]. To achieve this, one hemisphere of the phantom shell was first filled

with agar. The skeletal muscle sample was placed on-top of the flat surface of the

set agar and the second hemisphere of the perspex phantom was then attached to

the first hemisphere, encasing the sample within the phantom. The second half

of the phantom was then filled with agar via a hole in the top of the phantom,

surrounding the sample. A photograph of the experimental phantom is shown in

Figure 9.1. To ensure the phantom could be rotated freely without the skeletal

muscle sample reorienting with respect to the external casing, plastic struts were

fitted around the edge of the phantom shell.

Initial work performing a single-slice frequency difference mapping protocol (de-

tails in Chapter 8) on skeletal muscle tissue revealed no evidence of multi-compart-

ment phase evolution and a protocol was developed assuming that the magnetic

properties of tissue are independent of the echo-time. Magnitude and phase

images of the phantom were collected using a dual-echo, GE scan on a Philips

Achieva 7T MR scanner. Each scan generated images at two different echo times

(TE1=8 ms, TE2=20 ms). A 3D volume, encompassing the entire skeletal mus-

cle sample and a large portion of the external agar was collected per orientation

(resolution=1×1×1 mm3, FOV =160×160× 160 mm3, with TR=21.6 ms and flip

angle=15◦. The sample was scanned at 29 angles to ~B0. The ~B0 orientation vec-

tors in the sample frame of reference (discussed further in Section 7.1.4) are shown
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Figure 9.1: Photograph of the phantom used in experimental analysis. Here the skeletal muscle

sample is seen in the centre of the phantom, resting on a flat surface of set agar. Surrounding

the sample is setting agar inserted through a hole in the top of the phantom.

in Figure 9.2. A single dataset was discarded due to artefacts generated during

experimental acquisition, reducing the number of datasets used in experimental

analysis to 28. Each dataset was collected in 553 s. A diffusion tensor imaging

(DTI) protocol was additionally attempted at 3T to quantify the diffusion prop-

erties of the skeletal muscle sample, however due to challenges in acquisition this

data was discarded.

9.3.2 Post-Processing of Experimental Data

To remove effects of time-independent phase-offsets (discussed in Sections 5.2.2,

6.5.1 and 8.2.2), φ0(~r), in the phase data, complex division was performed between

the two collected echoes:

φw(~r) = arg
ei·φw(TE20ms,~r)

ei·φw(TE8ms,~r)
(9.2)

where φw(~r) refers to the unprocessed wrapped phase map. An example of unpro-

cessed magnitude and phase data after complex division is shown in Figure 9.3.

φw(~r) was unwrapped using the Hussein path-based filtering algorithm [6], with

background fields removed using a Laplacian-based vSHARP filtering algorithm

(described in Section 5.3.3), with |~rmax| = 8 mm and regularisation performed as

a high-pass filter [7] (cut off frequency = 0.005 mm−1). Masks of signal-containing

regions at each orientation to be utilised in the vSHARP filtering algorithm were

obtained by thresholding the magnitude data collected at TE = 20 ms. ∆B(~r)

maps for three separate orientations are displayed in Figure 9.4.
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Figure 9.2: Defined orientations of the 28 sampled B̂0 vectors in the sample frame of reference.

The majority of of B̂0 vectors fall on the quadrant of the spherical surface between x = 0 → 1

and y = 0→ 1.

Datasets were co-registered prior to the analysis of magnetic properties using the

sample frame of reference (discussed in Section 7.1.4). Due to the geometry of

the agar phantom and skeletal muscle sample (which can be approximated as a

cylindrical object within a sphere), in addition to the large range of orientations

scanned with respect to ~B0, it was not possible to co-register the data using auto-

mated co-registration packages. To ensure accurate co-registration, the datasets

were co-registered using a combination of manual and computational methods [8]

via the mrAlign function in the mrTools software package (Gardner Lab, Depart-

ment of Psychology, Stanford University). Magnitude data was co-registered to

the first collected magnitude dataset, ensuring excellent alignment of the skeletal

muscle sample between datasets, with the subsequent rotation matrix applied to

the ∆B(~r) maps. This proved far simpler than direct co-registration of the ∆B(~r)

maps, due to the external field perturbations surrounding the skeletal muscle

sample preventing an accurate assessment of the tissue boundary. Co-registration

results are shown in Figure 9.5.

9.3.3 Least Squares Minimisation

The minimisation protocols for examining the magnetic properties of skeletal mus-

cle were written in-house using MATLAB (Release 2013a, The MathWorks Inc.,

Natick, MA, United States), with minimisations performed using the ‘LSQR’ func-

tion. Fitting was assessed using two main criteria:

1. Do the determined solution matrices (χI(~r), χ(~r), E(~r)) display a distri-
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(a) Mag(~r) (b) φw(~r)

Figure 9.3: Example of unprocessed magnitude (Figure 9.3a) and phase (Figure 9.3b) data after

complex division for a single orientation of the phantom. The skeletal muscle sample is clearly

visible in the centre of the phantom, surrounded by a spherical shell of agar.

bution that is physically representative of the underlying geometry of the

phantom?

2. Are the determined solution matrices able to explain the observed field per-

turbations in the experimental ∆B(~r) maps?

The first criteria was assessed by visual observation of the results. As the skeletal

muscle sample is surrounded by a large volume of agar, it can be assumed that the

χI(~r)/χ(~r)/E(~r) distribution should be homogeneous over this region. Visual ex-

amination is also useful to assess the second criteria, comparing the experimental

∆B(~r) maps and reconstructed ∆Brec(~r) maps from the χI(~r)/χ(~r)/E(~r) distri-

butions and examining remaining residuals. The second criteria can also be more

quantitatively assessed by examining the relative residual value, relres:

relres =

√
‖∆Brec(~r)−∆B(~r)‖2

2

‖∆B(~r)‖2
2

. (9.3)

relres returns a value greater than 0, where 0 indicates a perfect reconstruction of

the experimental data from ∆Brec(~r). A low relres is indicative of a solution that

is able to explain the variation in experimental results (though as a stand-alone

test of the fidelity of the reconstruction it is not sufficient as it does not quantify

the heterogeneity of the differences).

As can be observed in Figure 9.5, datasets acquired at different orientations are

defined by unique phantom masks. To take account of this, all minimisations were

weighted by a phantom mask, Mp(~r). Due to the large scale inhomogeneity in the
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Figure 9.4: ∆B(~r) maps for the 1st (top row), 13th (middle row) and 22nd (bottom row) for three

perpendicular slices through the phantom. Here the variation of the orientation of the skeletal

muscle sample can be observed between the datasets, in addition to the field perturbations

induced both internally and externally to the sample.

magnitude data (indicated in Figure 9.3a), the fitting was not weighted by Mag(~r)

as previously discussed in Section 5.4.5, to prevent an increased weighting near

the boundary of the agar phantom where signal was highest (variation induced by

B1(~r) inhomogeneity throughout the phantom).

To assist in rapid convergence of the minimisation algorithm and prevent fitting

beyond the agar boundary, all minimisations were additionally regularised by the

inverse of the mask, Minv(~r) (discussed in Section 5.4.5). Minv(~r) was defined so

as to set regions that do not contain ∆B(~r) information in all orientations equal

to one. This is shown in Figure 9.6. Full forms of the minimisation algorithms are

detailed in the individual sections below.
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Figure 9.5: ∆B(~r) maps for the 1st (top row), 13th (middle row) and 22nd (bottom row) dataset

for three perpendicular orientations after co-registration to the 1st dataset (unco-registered

datasets shown in Figure 9.4). Examination of the figures shows excellent co-registration be-

tween the different datasets, with a clear visualisation on the impact of the orientation of the

object on the induced field perturbations. Here the variation of the field perturbations induced

both internally and externally to the skeletal muscle sample can be clearly observed.

(a) ∆B(~r) (b) Mp(~r) (c) Minv(~r)

Figure 9.6: Experimental field perturbations for the 22nd orientation (Figure 9.6a with min-

imisation weighting mask (Figure 9.6b) specific for the 22nd orientation and the regularisation

inverse mask (9.6c) used for all orientations.
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Figure 9.7: χI(~r) distribution in three orthogonal planes determined using the protocol described

in Section 9.4.

Figure 9.8: χI(~r) distribution in three orthogonal planes determined using the protocol described

in Section 9.4, now thresholded between ±20 ppb.

9.4 Isotropic Susceptibility Minimisation

When measurements are made at a sufficient number of orientations with respect

to ~B0, solution of the inverse problem to generate quantitative isotropic suscepti-

bility maps, χI(~r), via COSMOS-QSM (discussed in Section 5.4.4) is a well-posed

problem with a low condition number, C, providing a unique solution for χI(~r).

For the experimental data presented here, from Equation 5.35 (ignoring the un-

defined value d(~k = 0)), C = 2.4. To investigate the assumption that all phase

contrast originates from χI(~r), a COSMOS-QSM protocol was applied to the multi-

orientation phantom data, with additional mask weighting and regularisation as

discussed in Section 9.3.3, defining:

min
χI(~r)

{
‖O1‖2

2 + ‖O2‖2
2 + · · ·+ ‖OS‖2

2 + β2
∥∥Minv(~r) · χI(~r)

∥∥2

2

}
(9.4)

and

‖Oi‖2
2 =

∥∥∥∥Mpi(~r) ·
(
B0 · F−1

[
di(~k) · F

[
χI(~r)

]]
−∆Bi(~r)

)∥∥∥∥2

2

(9.5)

where β2 = 105. The minimisation was set to terminate when the tolerance fell

below 10−8 and the minimisation converged to this tolerance after 16 iterations.

The obtained χI(~r) map is shown in Figure 9.7.

Initial visual assessment of the χI(~r) map indicates that the skeletal muscle sam-

ple is significantly more diamagnetic than the surrounding agar. However, further
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analysis via thresholding the χI(~r) map reveals large, dipole-like patterns occur-

ring outside the muscle sample within the agar (Figure 9.8). It can be reasonably

assumed that the large-scale susceptibility properties of the well-mixed, homoge-

neous agar solution used within the phantom should be independent of position.

The large-scale χI inhomogeneity observed over the agar suggests that the gen-

erated χI(~r) map describes a non-physical susceptibility distribution. Averaging

over masks of the skeletal muscle sample and agar (defining the agar mask as a

10 mm shell surrounding the skeletal muscle sample), χImusc = (−110±33)ppb and

χIagar = (7± 29)ppb, where ± indicates the standard deviation.

A mismatch is additionally observed when comparing the ∆Brec(~r) maps, recon-

structed from the calculated χI(~r) distribution, with the original experimental

data (Figure 9.9), with a significant residual, resiso(~r) = ∆B(~r) − ∆Brec(~r), ob-

served within the skeletal muscle sample and a small residual external to the

sample. The minimisation returned a value of relres = 0.62, implying that a sub-

stantial proportion of the experimental ∆B(~r) maps are not being described with

a model of χI(~r) alone. The low condition number (C = 2.4) combined with the

non-physical χI(~r) distribution and large remaining experimental residual implies

that that there are contributions to ∆B(~r) from other effects than χI(~r) alone.

To examine the residual within the phantom more thoroughly, a voxelwise min-

imisation protocol was performed on resiso(~r) [9]:

min
A(~r),E(~r),v̂(~r)

∥∥∥∥∥resiso(~r)−
(
A(~r) · sin2

(
arccos |B̂0 · v̂(~r)|

)
+ E(~r)

)∥∥∥∥∥
2

2

(9.6)

where B̂0 is the unit vector describing each ~B0 orientation (visualised in Figure

9.2), v̂(~r) is a single unit vector defining the principal direction of the muscle

fibres, A(~r) defines the amplitude of the sin2 dependence and E(~r) defines the

chemical exchange offset. The origins and properties of chemical exchange have

been previously discussed in Section 7.2. However, the other component of the

minimisation protocol:

A(~r) · sin2
(

arccos |B̂0 · v̂(~r)|
)

(9.7)

may initially look unfamiliar, but is derived from the previous discussion of cylin-

drical symmetric tissue architecture in Section 7.3. This component of the min-

imisation aims to provide evidence of a local sin2 dependence within the skeletal

muscle sample. As previously discussed within Section 9.2, skeletal muscle is com-

posed of small, highly organised cylindrical muscle fibres, indicating an ordered

sub-voxel cylindrical symmetry. Cylindrically symmetric microstructure is char-

acterised by a local sin2 dependence in ∆B(~r) maps (discussed in Section 7.3).
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Figure 9.9: Single-plane of the experimental ∆B(~r) maps (top row) for the 1st , 13th and 22nd

dataset, with reconstructed ∆B(~r) maps, ∆Brec(~r), (middle row) and residual (bottom row)

thresholded between ±3 Hz from fitting to a model of χI(~r) using the protocol described in

Section 9.4.

Fitting Equation 9.7 to experimental data to calculate A(~r) and v̂ provides ev-

idence for the existence of cylindrical microstructure within the skeletal muscle

sample, the magnitude of the cylindrical microstructure’s contribution to B(~r)

(characterised by A(~r)) and the direction of the principal axis of the cylindrical

muscle fibres (characterised by v̂(~r)).

The minimisation in Equation 9.6 returned relres = 0.33. A single slice of the

obtained A(~r), E(~r) and v̂(~r) maps are visualised in Figure 9.10. Examination

of these maps reveals substantial, large-scale inhomogeneities within the images,

suggestive of poor estimates of the parameters. The existence of artefacts within

the A(~r), E(~r) and v̂(~r) maps is expected considering the non-physical χI(~r) dis-

tribution determined from the original minimisation (Figure 9.8) and high relres

value, despite the well-conditioned nature of the minimisation protocol. As previ-
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(a) A(~r) (b) E(~r)
(c) ~v(~r) scaled by |A(~r)|

Figure 9.10: Microstructure amplitude (Figure 9.10a), chemical exchange contribution (Figure

9.10b) and principal axis of the cylindrical muscle fibres (Figure 9.10c) determined by fitting

Equation 9.6 to resiso(~r) (displayed in Figure 9.9 in a single slice though the muscle phantom).

The ~v(~r) map is weighted by |A(~r)| to determine the extent of the orientation dependence, with

direction colour-key shown in corner.

ously discussed in Section 5.4.5, a least-squares minimisation algorithm is designed

to return a minimum relres when fitting a model to experimental data, regard-

less of whether the returned solution is physically representative of the expected

distribution. The χI(~r) minimisation performed previously within this chapter

attempted to describe the origin of all field perturbations with a model of χI(~r)

alone. Field perturbations originating from other magnetic properties (chemical

exchange, cylindrical microstructure and susceptibility anisotropy) are not directly

separable from χI(~r), indicating that the minimisation algorithm will not return

a χI(~r) map identical to the experimental χI(~r) distribution, despite the well-

posedness of the problem. This is demonstrated in Figure 9.11.

Due to these limitations, results obtained by fitting to the residual field perturba-

tions are not truly ‘quantitative’ and must be considered carefully. The obtained

A(~r) map (Figure 9.10b) implies the existence of a a large, local sin2 orientation

dependence within the agar. As there is no underlying cylindrically symmetric

structure within agar, the calculated orientation dependence is a non-physical

property of the agar, induced by the residual external field perturbations of the

skeletal muscle sample. The remaining field perturbations external to the skeletal

muscle tissue in the resiso(~r) maps (Figure 9.9) suggest the existence of suscep-

tibility anisotropy (discussed in Section 7.1) within skeletal muscle, particularly

when observing how the orientation of the residual field perturbations are different

to the experimental ∆B(~r) maps. However, despite artefacts within the dataset,

examination of the generated E(~r) map (Figure 9.10b) provides evidence of a

large, local, orientation-independent, homogeneous field offset within the sample,

suggestive of a chemical exchange contribution.
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(a) χI(~r) (b) E(~r) (c) Reconstructed χI(~r)

Figure 9.11: Example of reconstructed χI(~r) maps (right column) obtained by applying a least-

squares minimisation to multi-orientation ∆B(~r) maps containing χI -induced field perturbations

(top row) and χI and E-induced field perturbations (bottom row). The left and central column

show the χI(~r) and E(~r) distributions used within the minimisations. Here it is observed that

though both systems have identical χI(~r) distributions, the solution for the minimisation is not

identical to χI(~r) when additional sources of field perturbations are present within the ∆B(~r)

maps. Reconstructed χI(~r) maps generated from the minimisation in Equation 9.4. Field

orientations used in simulated ∆B(~r) maps identical to the experimentally used B̂0 vectors

(Figure 9.2). Minimisation applied to data simulated using χI only (top row) returned relres =

6.9×10−6. Minimisation applied to data simulating both χI(~r) and E(~r) (bottom row) returned

relres = 0.45.

9.5 Isotropic Susceptibility and Chemical Exchange

Minimisation

Chemical exchange produces a local, orientation-independent field offset in ∆B(~r)

maps (discussed in Section 7.2) and examination of the ∆B(~r) residuals in the

χI(~r) protocol (described in the previous section) revealed a large, local offset

within the skeletal muscle sample. Further examination of resiso(~r) via fitting

to Equation 9.6 showed evidence of an orientation-dependent local field offset

within the sample (Figure 9.10b), suggestive of a chemical exchange contribution.

With a sufficient number of scanning orientations, it should be possible to design

and implement a minimisation protocol to separate and determine the unique

contributions of χI(~r) and E(~r) to ∆B(~r). To assess this, the COSMOS-QSM

protocol was repeated as above with the additional assumption that chemical
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exchange also contributes to the experimental ∆B(~r) maps, defining:

min
χI(~r),E(~r)

{
‖O1‖22 + ‖O2‖22 + · · ·+ ‖OS‖22 + β2

(∥∥Minv(~r) · χI(~r)
∥∥2

2
+
∥∥Minv(~r) · E(~r)

∥∥2

2

)}
(9.8)

and

‖Oi‖2
2 =

∥∥∥∥Mpi(~r) ·

(
B0 ·

(
F−1

[
di(~k) · F

[
χI(~r)

]]
+ E(~r)

)
−∆Bi(~r)

)∥∥∥∥2

2

(9.9)

where β2 = 105. The minimisation was set to terminate when the tolerance fell

below 10−8 and the minimisation converged to this tolerance after 65 iterations.

The obtained χI(~r) and E(~r) maps are shown in Figure 9.12.

Examination of the χI(~r) map again indicates that the skeletal muscle sample is

significantly more diamagnetic than the surrounding agar and the E(~r) map re-

veals a significant positive chemical exchange contribution originating within the

tissue. Small inhomogeneities are observed over the agar in both the thresholded

χI(~r) and E(~r) maps (Figure 9.13). However, unlike the χI(~r) map determined in

the previous section, the large length-scale dipole patterns observed when thresh-

olding the χI(~r) map are substantially reduced when additionally fitting for E(~r),

suggesting that the chemical exchange contribution prevented an accurate deter-

mination of χI(~r) when fitting a model of χI(~r) alone. Averaging over the skeletal

muscle sample and agar phantom (using an agar mask consisting of a 10 mm

shell surrounding the skeletal muscle sample) yields χImusc = −116 ± 30ppb and

χIagar = 6.2± 5.7ppb, Emusc = 32± 11ppb and Eagar = −2.3± 1.9ppb.

The minimisation returned relres = 0.18, implying that the model of χI(~r) and

E(~r) provides a significantly improved fit to the experimental ∆B(~r) maps com-

pared to using χI(~r) alone, in addition to χI(~r) and E(~r) maps that are physically

representative of the underlying phantom composition. It is also worth noting that

the standard deviation of χIagar is much smaller than when fitting for χI alone (see

Section 9.4). Comparisons of the reconstructed ∆Brec(~r), from the χI(~r) and E(~r)

distributions with the original experimental data are shown in Figure 9.14. With

the inclusion of E(~r) in the fitting process, excellent visual agreement is observed

between ∆B(~r) and ∆Brec(~r), with a significantly reduced residual, resiso&exc(~r)

both internally and externally to the skeletal muscle sample. High residual values

appear to be confined to regions containing blood vessels within the sample and

air bubbles in the surrounding agar.

Examining the resiso&exc(~r) maps further (Figure 9.14), residual field perturbations

external to the skeletal muscle sample are substantially reduced compared to those

provided when fitting to χI(~r) alone (Figure 9.9), suggesting that susceptibility

anisotropy, if existing within the sample, is very small. Using a similar protocol
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Figure 9.12: χI(~r) (top row) and E(~r) (bottom row) distributions in three orthogonal planes

determined from the protocol in Section 9.5.

Figure 9.13: χI(~r) (top row) and E(~r) (bottom row) distributions in three orthogonal planes

determined from the protocol in Section 9.5, thresholded between ±20 ppb for the χI(~r) maps

and −5 to 10 ppb for the E(~r) maps.
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Figure 9.14: Single plane experimental ∆B(~r) maps (top row) for the 1st , 13th and 22nd dataset,

∆Brec(~r), (middle row) and residual (bottom row) thresholded between ±3 Hz from fitting to a

model of χI(~r) and E(~r) using the protocol in Section 9.5.

to that described in the previous section, to examine the existence of cylindrical

field perturbers within the sample, resiso&exc(~r) was fitted to the following model:

min
A(~r),v̂(~r)

∥∥∥∥∥resiso&exc(~r)−
(
A(~r) · sin2

(
arccos |B̂0 · v̂(~r)|

))∥∥∥∥∥
2

2

(9.10)

with results shown in Figure 9.15. The minimisation returned relres = 0.97, indi-

cating that the model fails to explain the sources of resiso&exc(~r), further suggesting

that NMR invisible cylindrical field perturbers, if existing within the sample tissue,

have a tiny contribution to ∆B(~r).

198



Examination of the Magnetic Properties of Skeletal Muscle Tissue at 7T

(a) A(~r)
(b) v̂(~r)

Figure 9.15: Obtained microstructure amplitude (Figure 9.15a) and principal axis of the cylindri-

cal muscle fibres (Figure 9.15b) determined from fitting Equation 9.10 to resiso&exc(~r) (displayed

in Figure 9.14). The ~v(~r) map is weighted by |A(~r)| to determine the extent of the orientation

dependence, with direction colour-key shown in corner.

9.6 Susceptibility Tensor and Chemical Exchange

Minimisation

The χI(~r) and E(~r) fitting protocol described in the previous section produced

χI(~r) and E(~r) maps that are representative of the underlying phantom distri-

bution, revealing skeletal muscle as being diamagnetic and having a substantial

positive chemical exchange offset compared to the surrounding agar. The low relres

and excellent agreement between ∆Brec(~r) and ∆B(~r) suggests that any further

contributions to ∆B(~r) in addition to isotropic susceptibility and chemical ex-

change must be small. However, previous research [1, 4] has provided evidence

of an anisotropic susceptibility component within skeletal muscle tissue, as previ-

ously discussed in Section 9.2.

The full χ(~r) tensor can be obtained via STI (Discussed in Section 7.1.4) to assess

the anisotropic susceptibility properties of skeletal muscle. With a sufficient num-

ber of well-defined orientations, the inversion should be well-posed, producing a

unique solution. From Equations 7.17 and 7.18 (ignoring the undefined value at

k = 0), the condition number of the unregularised STI minimisation for the multi-

orientation data, C = 24.6. To assess the contribution of χA, the χI(~r) and E(~r)

protocol was repeated as above with the additional extension that susceptibility
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is now defined as a full 3× 3 χ(~r) tensor:

min
χ(~r),E(~r)

{
‖O1‖22 + ‖O2‖22 + · · ·+ ‖OS‖22 + β2

(∥∥∥Minv(~r) · χ(~r)
∥∥∥2

2
+
∥∥Minv(~r) · E(~r)

∥∥2

2

)}
(9.11)

and

‖Oi‖22 =

∥∥∥∥∥∥∥∥∥∥
Mpi

(~r) ·

B0 ·

F−1

1

3
B̂0i · χ(~k) · B̂0i −

(
~k · B̂0i

)
~k · χ(~k) · B̂0i

k2

+ E(~r)

−∆Bi(~r)


∥∥∥∥∥∥∥∥∥∥

2

2

. (9.12)

Unfortunately, although an increased sensitivity to noise and artefacts compared

to the previous models is expected due to an increased condition number, repeated

application of this minimisation protocol yielded χ(~r) maps dominated by both

noise and artefacts induced by the boundary condition violation at the air-agar

surface from the vSHARP protocol (discussed in Section 5.3.3). In addition, large

susceptibility artefacts were observed within and surrounding blood vessels in the

skeletal muscle sample.

Closer inspection of the experimental ∆B(~r) maps identified artefacts within and

surrounding blood vessels (visualised in Figure 9.16), indicative of remaining phase

wraps within the processed phase data, generated due to rapid phase evolution

in these regions at a rate higher than the Nyquist limit (discussed in Section

5.2.3). The low C of the χI(~r)/E(~r) protocol in the previous section explains

why the minimisations presented there were less sensitive to these experimental

and post-processing artefacts. To account for the problems associated with an

increased sensitivity to noise, post-processing errors and blood vessel artefacts,

the χ(~r)/E(~r) minimisation protocol was redesigned as follows:

1. Utilising a modified form of the MMSR-STI protocol [10] (discussed in Sec-

tion 7.1.5), the volume surrounding the skeletal muscle sample was forced

to have an isotropic susceptibility distribution.

2. Areas identified as containing unreliable phase values in the ∆B(~r) maps

(most notably within/surrounding blood vessels and air bubbles) were re-

moved from the weighting masks, Mpi(~r), to prevent them for being included

in the residual calculation.

This generated the following minimisation protocol:

min
χ

{
‖O1‖2

2 + ‖O2‖2
2 + · · ·+ ‖OS‖2

2 + β2
1

∥∥Minv(~r) · E(~r)
∥∥2

2
+

3∑
m=1

3∑
n=m+1

β2
2

(∥∥Miso(~r) · χmn
∥∥2

2
+
∥∥Miso(~r) · (χmm − χnn)

∥∥2

2

)} (9.13)
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(a) Mag(~r) (b) Mag(~r) (c) Mag(~r)

(d) ∆B(~r) (e) ∆B(~r) (f) ∆B(~r)

Figure 9.16: Experimental magnitude (top row) ∆B(~r) (bottom row) maps for the 1st (left

column), 13th (centre column) and 22nd (right column) dataset, revealing significant artefacts in

the vicinity of blood vessels as indicated by the red arrows.

and

‖Oi‖22 =

∥∥∥∥∥∥∥∥∥∥
(

Mpi
(~r)−Mun(~r)

)
·

B0 ·

F−1

1

3
B̂0i · χ(~k) · B̂0i −

(
~k · B̂0i

)
~k · χ(~k) · B̂0i

k2

+ E(~r)

−∆Bi(~r)


∥∥∥∥∥∥∥∥∥∥

2

2
(9.14)

defining Miso(~r) as a mask over the region surrounding the skeletal muscle sample,

where susceptibility isotropy is enforced and Mun(~r) is a mask of unreliable phase

voxels. Mask regularisation was again performed on the E(~r) map. Due to com-

putational memory constraints, it was not possible to perform mask regularisation

on χ(~r).

β2
1 and β2

2 were both set equal to 105. To assist in rapid convergence, the results

for the fit to χI(~r) and E(~r) (Figure 9.12) were input as the initial solution vector.

The minimisation was set to terminate when the tolerance fell below 10−8 and the

minimisation converged to this tolerance after 189 iterations, with relres = 0.10.

Miso(~r) is visualised in Figure 9.17. Mun(~r) was generated using the protocol

for identifying unreliable phase voxels described in the experimental chapter on

in-vivo rodent QSM (Section 6.5.2), utilising a combination of empirically thresh-

olded R∗2 maps and phase offset gradients, ∇φ0(~r). φ0(~r) was estimated from the

phase evolution of the first collected dataset using the protocol outlined in Section
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Figure 9.17: Single slice of Miso(~r).

6.5.1. Voxels were considered unreliable if:∣∣∣∣∂φ0

∂x

∣∣∣∣+

∣∣∣∣∂φ0

∂y

∣∣∣∣+

∣∣∣∣∂φ0

∂z

∣∣∣∣ ≥ 1 rad/pixel (9.15)

where the cut-off value was determined empirically. Further unreliable phase vox-

els were removed by examining the R∗2(~r) map generated from the dataset ac-

quired at the first orientation. Phase was empirically determined as unreliable if

R∗2 ≥ 70 s−1. Due to the sensitivity of the minimisation algorithm to unreliable

phase, the in Mun(~r) mask was dilated by a single voxel in all directions. A single

slice of Mpi(~r)−Mun(~r) for three separate datasets is visualised in Figure 9.18.

The mean magnetic susceptibility (equivalent to χI(~r) for anisotropic susceptibil-

ity distributions - discussed in Section 7.1.3), MMS(~r), and eigenvalue/eigenvector

distributions, λ(~r)/~v(~r) were derived from the χ(~r) data. The anisotropic compo-

nent, χA(~r), was defined as the difference between the maximum and minimum

eigenvalues:

χA(~r) = λmax(~r)− λmin(~r) (9.16)

consistent with the definition of χA in Equation 9.1, retaining the hypothesis that

skeletal muscle is most paramagnetic along the muscle fibres. MMS(~r) and E(~r)

distributions in three orthogonal planes using the modified MMSR-STI proto-

col and thresholded images are shown in Figures 9.19 and 9.20. Averaging over

masks of the skeletal muscle sample and agar phantom (avoiding regions where

Mun(~r) = 1 and defining the agar mask as a 10 mm shell surrounding the skele-

tal muscle sample), MMSmusc = −120 ± 22ppb and MMSagar = 5.9 ± 5.8ppb,

Emusc = 31 ± 11ppb and Eagar = −2.2 ± 1.8ppb, repeating the previous observa-

tions that the skeletal muscle sample is more diamagnetic than the surrounding

agar and that there is a positive chemical exchange offset originating within skele-

tal muscle. Comparisons of the reconstructed ∆Brec(~r), from the χ(~r) and E(~r)
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(a) Mag(~r) (b) Mag(~r) (c) Mag(~r)

(d) Mp1
(~r)−Mun(~r) (e) Mp13

(~r)−Mun(~r) (f) Mp22
(~r)−Mun(~r)

Figure 9.18: Experimental magnitude (top row) and subsequent Mpi
(~r)−Mun(~r) (bottom row)

masks for the 1st (left column), 13th (centre column) and 22nd (right column) dataset.

distributions with the original experimental data are shown in Figure 9.21. The

minimisation returned relres = 0.10 (avoiding regions where Mun(~r) = 1). Ex-

cellent residual ‘flatness’ and visual agreement is observed between ∆B(~r) and

∆Brec(~r), though a significant local residual remains in regions containing blood

vessels within the skeletal muscle sample. As these blood vessel regions contain

artefacts, it is expected that a physically meaningful χ(~r) distribution would not

be able to explain the field perturbations with these regions. Masking out regions

containing field perturbation artefacts (Mun(~r) = 1), a very small residual is ob-

served between the experimental and simulated data.

A single plane of the obtained χ(~r) map with the associated orthogonal eigen-

value/eigenvector matrices are shown in Figures 9.22 and 9.23. Figure 9.24a

displays the χA(~r) map, where it can be observed that no susceptibility anisotropy

exists surrounding the skeletal muscle sample and the modified MMSR-STI pro-

tocol has been successful. However, averaging over a mask of the skeletal muscle

sample (avoiding regions where Mun(~r) = 1), χAmusc = 57 ± 25ppb. This value is

much larger than the suggested estimates from the examination of the residual in

the previous section and further examination concluded that the high sensitivity

to experimental noise, artefacts and post-processing prevented an accurate value

of χA from being determined within the skeletal muscle sample.
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Figure 9.19: MMS(~r) (top row) and E(~r) (bottom row) distributions in three orthogonal planes

determined from the modified MMSR-STI minimisation in Equations 9.13 and 9.14.

Figure 9.20: MMS(~r) (top row) and E(~r) (bottom row) distributions in three orthogonal planes

determined from the modified MMSR-STI minimisation in Equations 9.13 and 9.14, thresholded

between ±20 ppb for the χI(~r) maps and −5 to 10 ppb for the E(~r) maps.
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Figure 9.21: Experimental ∆B(~r) maps (top row) for the 1st , 13th and 22nd dataset, ∆Brec(~r),

(row second from top) and residual over entire phantom volume (row second from bottom) and

over phantom volume avoiding regions where Mun(~r) = 1 (bottom row) from fitting to a model

of χ(~r) and E(~r) using the protocol defined in Section 9.6.

9.7 Discussion

A complete list of susceptibility and exchange values obtained from the different

minimisation models is displayed in Table 9.1. Inclusion of E(~r) substantially

reduced the standard deviation of χI over the agar surrounding the sample and
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Figure 9.22: Full 3× 3 χ(~r) tensor for a single plane determined from the modified MMSR-STI

minimisation in Equations 9.13 and 9.14.

Parameter χImusc/MMSmusc χIagar/MMSagar Emusc Eagar

χI(~r) −110± 33 7± 29 - -

χI(~r)/E(~r) −116± 30 6.2± 5.7 32± 11 −2.3± 1.9

Modified MMSR-STI −121± 22 5.9± 5.8 31± 11 −2.2± 1.8

Table 9.1: Parameter values obtained from fitting the different magnetic property models to the

experimental ∆B(~r) maps. All units in ppb.
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(a) λmin(~r) (b) λmid(~r) (c) λmax(~r)

(d) vmin(~r) (e) vmid(~r) (f) vmax(~r)

Figure 9.23: The minimum, middle and maximum eigenvalues/eigenvectors,

λmin,mid,max(~r)/vmin,mid,max(~r) of the 3 × 3 χ(~r) tensor in Figure 9.22 obtained by eigen-

value/vector decomposition. ~v(~r) maps are weighted by |λ(~r)| to determine the extent of the

orientation dependence, with direction colour-key shown in corner.

analysis of the results indicates that chemical exchange is critical in correctly de-

scribing the magnetic properties of ex-vivo skeletal muscle embedded in agar. This

research is currently inconclusive as to the origin of the chemical exchange and

whether or not it is a property of skeletal muscle, the agar, or a combination of

the two. Understanding the origin of this effect is important for research on the

magnetic properties of skeletal muscle and also generally for ex-vivo studies of tis-

sue embedded in agar - knowledge of chemical exchange within the muscle tissue

will enhance our understanding of the magnetic properties of skeletal muscle. An

observed chemical exchange within the agar highlights the importance of account-

ing for this effect when performing ex-vivo phantom studies with agar. The origin

of the chemical exchange could be simply assessed by examining the magnetic

properties of an agar phantom with different densities of agar. However, previous

experiments have observed chemical exchange contributions originating from the

contribution of lipid compartments within skeletal muscle [11], reinforcing the hy-

pothesis that the observed chemical shift is a property of skeletal muscle.

The observation of diamagnetism within the skeletal muscle sample agrees with

the research performed by Arnold et al. [1], in addition to preliminary research by

Faraday in 1855 [12]. Despite numerous repeats and variations in experimental
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(a) χA(~r) (b) χA(~r) thresholded

Figure 9.24: Obtained χA(~r) map (Figure 9.24a) and thresholded χA(~r) map (Figure 9.24b)

between 0 to 75 ppb. Results obtained from fitting to a model of χ(~r) and E(~r) using the

protocol in Section 9.6. χA(~r) defined in Equation 9.16.

analysis, it was not possible to obtain a physically meaningful value of susceptibil-

ity anisotropy within the skeletal muscle sample using STI. A thorough analysis

of the experimental data led to the following conclusions:

1. Blood vessels within the skeletal muscle sample were not properly accounted

for with the dual-echo experimental protocol, due to rapid phase evolution

within these regions. The substantial number of blood vessels within the

tissue (visualised in the Mun(~r) map) generated significant artefacts due to

a failure to post-process the phase data within these regions (Figure 9.16).

To improve on this, a multi-echo GE protocol is required with short echo

spacing, to perform unwrapping over regions of rapid phase evolution us-

ing temporal-based unwrapping, similar to that utilised in the experimental

chapter on in-vivo rodent QSM (Section 6.5.1) .

2. Each orientation was scanned for 553 seconds, providing an SNR that may

not be sufficient for STI. In previous studies [13–15], including the recent

investigation of the myocardium [4], the samples were scanned at each ori-

entation for a substantially longer period of time, typically on the order

of hours. If the anisotropy contribution is small and SNR is too low, ex-

perimental noise will dominate the fitting, despite the availability of scans

obtained at a large number of different orientations.

3. The SNR within the phantom displayed a heterogeneous distribution beyond

the underlying anatomical structure of the skeletal muscle sample, increas-

ing the sensitivity to noise within certain regions of the phantom. The

208



Examination of the Magnetic Properties of Skeletal Muscle Tissue at 7T

Figure 9.25: Average experimental SNR over the skeletal muscle in three orthogonal planes as

a relative percentage.

heterogeneity of the SNR resulted mainly from B1(~r) inhomogeneity, which

is significant at 7T [16] and was clearly observed in the experimental mag-

nitude images of the phantom (example in Figure 9.3a). However, problems

induced by a heterogeneous SNR distribution could be reduced in a multi-

orientation study with a spherical agar phantom. If the B1(~r) distribution

remains independent of the phantom orientation (due to the spherical sym-

metry and constant density of the agar), if numerous datasets are collected

at different orientations, different regions of the phantom will be sampled

with both low and high SNR. Orientation-independent B1(~r) inhomogeneity

was observed in the collected experimental magnitude data of the phantom.

However, as the multi-orientation datasets were only sampled over a section

of the spherical surface (Figure 9.2) rather than the entire sphere, certain

regions of the agar phantom were repeatedly sampled with a significantly

lower SNR (visualised in Figure 9.25).

From analysis of the residual in the χI(~r)/E(~r) protocol, an upper bound can be

placed on the susceptibility anisotropy of the skeletal muscle sample of ∼ 10 ppb,

in agreement with the myocardium paper [4], but substantially lower than 250 ppb

quoted by Arnold et al. [1]. Previous studies investigating skeletal muscle via DTI

protocols [2, 3, 17] have reported a low fractional anisotropy within ex-vivo and

in-vivo skeletal muscle samples (∼ 0.15-0.3) which reinforces the observation that

the susceptibility anisotropy within muscle tissue is low.

As the sample was purchased from a local supermarket, little is known about the

treatment of the sample prior to scanning: the time taken between slaughter and

scanning, in addition to any treatment of the sample post-slaughter, is undocu-

mented. This is important when considering the magnetic properties of skeletal

muscle tissue, as tissue degeneration and treatment may have an impact on the

magnetic properties of the sample. For example, Arnold et al. [1] noted that

an increased dryness of the tissue sample reduced the diamagnetism of the tissue.
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Furthermore, it can be hypothesised that an increased time between slaughter and

scanning will increase the degradation of the well-ordered muscle fibres, reducing

the susceptibility anisotropy.

Bonny et al. [2] reported that different skeletal muscle samples are characterised by

significant variations in muscle fibre arrangement, with some samples displaying

a more complex ‘fan-like’ structural composition and a lower degree of fractional

anisotropy. Exact details of the expected composition of the skeletal muscle sam-

ple used in this experiment are not known, as the position of the loin cut is not

known. Due to challenges in performing a successful DTI acquisition on the sample

at 3T, it was not possible to include this as an addition contrast. However, DTI,

combined with an improved GE experimental acquisition could assist in further

quantifying and validating the observations made within this experiment. Fur-

thermore, DTI on skeletal muscle tissue is a well-established field (details can be

found in a recent review paper by Oudeman et al. [3]), which will assist in directly

comparing results to quantify skeletal muscle properties further.

9.8 Conclusion

This project confirms skeletal muscle as diamagnetic relative to agar, the exis-

tence of a large chemical exchange contribution within an agar-muscle phantom

and the importance in accounting for chemical exchange contributions to quantify

the magnetic properties of ex-vivo skeletal muscle using least-squares minimisa-

tion algorithms. To extend this project, improvements will be required both in

the experimental protocol and the quality of the acquired sample to allow the

susceptibility anisotropy of the tissue to be assessed. A multi-echo GE protocol

with improved SNR and increased orientation range should produce adequate ex-

perimental data for analysis. Furthermore, obtaining a sample of skeletal muscle

tissue a short period of time post-slaughter will ensure the quality of the tissue

structure in addition to reducing artefacts within blood vessels further amplified

by a reduced water content. With continued research, the magnetic properties of

skeletal muscle will be successfully quantified and progress can be made towards

in-vivo study.
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Chapter 10

Conclusion

10.1 Overview

The work presented within this thesis underlines the importance of extending

beyond a model of isotropic susceptibility to explain the sources of experimental

field perturbations observed within tissue, highlighting the need to take great care

in describing results as quantitative. In particular:

• Anisotropic susceptibility and NMR-invisible non-spherical susceptibility in-

clusions within tissue generate important orientation-dependent susceptibil-

ity effects.

• Chemical exchange introduces local, orientation-independent field perturba-

tions within ∆B(~r) maps which can prevent physically meaningful distri-

butions of χI(~r) being generated using QSM methodology. This is most

clearly observed in the work examining the magnetic properties of skeletal

muscle (Chapter 9), where failure to account for chemical exchange gener-

ated a non-physical distribution of χI(~r) within and surrounding the skeletal

muscle sample.

• Multi-compartmental signal evolution implies that in some tissue types,

phase is TE-dependent.

Without a thorough consideration of these additional magnetic properties, a quan-

titative interpretation of results is challenging. Furthermore, if protocols do not

consider the impact of these additional sources of field perturbations, inconsis-

tencies will appear when comparing experimental results to previously obtained

literature in some tissue types. However, these additional magnetic field perturba-

tions provide researchers with the opportunity to quantify the magnetic properties

of tissue beyond isotropic susceptibility, which has fantastic implications for our
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understanding of tissue structure and disease mechanisms. The groundbreaking

work on these additional sources (discussed in detail in Chapter 7) has already

begun to quantify the properties of tissue and substantially expand the potential

of MRI as a technique to examine microstructural content.

Finally, the research presented within this thesis highlights the importance of ex-

ercising care when applying post-processing protocols and thoroughly scrutinising

results, to ensure that observations are not the product of experimental or post-

processing artefacts. As detailed in Chapters 5 and 7, there are numerous methods

to process phase datasets and an optimised post-processing timeline requires care-

ful consideration. In this thesis, the three experimental chapters utilised three

different post-processing protocols, designed to consider the experimental data

properties, ensuring that the protocols could be successfully implemented and

minimising artefacts. However it was not always possible to prevent artefacts

in the post-processed data (e.g. artefacts within and surrounding blood vessels

within the muscle tissue - Chapter 9) and as post-processing of phase is not nec-

essarily a voxelwise technique, this must be considered when interpreting results

over the entire ROI.

10.2 Future Work

Future directions for the three projects presented within this thesis are clear. In

Chapter 6, further analysis and comparisons of the multi-modal experimental data

collected in in-vivo rats is necessary to quantify the neuroplasticity changes before

and after the water maze task and to examine correlations between the experimen-

tal data. This work is currently being undertaken by researchers within CUBRIC

and the Department of Neurobiology in Tel-Aviv University, with SPMIC input

when discussing the χI(~r)/R
∗
2(~r) maps.

In Chapter 8, further work is required to optimise the novel FDM algorithm, quan-

tifying and removing sources of artefacts within the frequency difference maps, in

addition to the development of a rapid 3D FDM sequence via improved pulse

sequences. Beyond this, FDM will become a valuable tool in further quantifying

signal compartmentalisation within the brain and beyond. Work is currently ongo-

ing at the SPMIC to develop a pulse sequence to implement these improvements,

with a thorough analysis being undertaken to understand the sources of induced

signal inhomogeneity within the frequency difference maps.

In Chapter 9, a repeated experimental protocol accounting for blood vessel arte-

facts and low SNR will allow the quantification of susceptibility anisotropy within

the skeletal muscle sample. Furthermore, a fresh sample obtained directly after
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slaughter with a known underlying tissue composition (from details of the cut),

in addition to a separate DTI acquisition will further the quantification of the

magnetic properties of skeletal muscle. Results from the ex-vivo analysis will pro-

vide a greater understanding of the requirements of an in-vivo examination of the

magnetic properties of skeletal muscle, in addition to a hypothesis of the expected

properties of in-vivo skeletal muscle.

10.3 Final Remarks

Quantitative phase imaging has a clear future status in progressing human un-

derstanding of microstructural tissue properties in-vivo and research performed

thus-far highlights its potential as a clinical tool for disease diagnosis and treat-

ment planning. The work presented within this thesis details both the necessity

of careful consideration of experimental data acquisition and a well-designed post-

processing protocol, in addition to the numerous mechanisms that quantitative

phase imaging can provide a user about tissue microstructure. With careful anal-

ysis, the sources of contrast within phase maps will continue to be revealed and

the technique’s potential/limitations as both a research and clinical tool will be

well understood. Only further investigation will reveal the future of quantitative

phase imaging within modern medicine.
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