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Abstract

The plant hormone auxin plays a crucial role in many aspects of plant development
including growth, organ initiation, and tropic responses. In the root tip of Arabidopsis

thaliana, auxin is transported via influx (AUX1/LAX) and efflux (PIN/ABCB)
carriers, as well as diffusing through plasmodesmata. Existing mathematical models
of auxin transport in the root-tip capture the auxin maxima seen experimentally
around the quiescent centre region of the root tip, however, these models often
rely on a simplified fixed auxin concentration boundary condition at the root-shoot
boundary. By working towards the formulation of a hybrid seedling model that
captures cell-scale auxin transport in the root-tip and long-distance auxin transport
via the phloem, work in this thesis aims to understand how environmental conditions
at the shoot can influence auxin patterning in the root tip of Arabidopsis thaliana.
The initial development of a root-tip auxin transport model with a constant flux
boundary condition at the root-shoot boundary, highlighted the important role of
auxin biosynthesis in root tissues on root-tip auxin patterning. The incorporation
of the constant flux boundary condition, in order to consider proportions of shoot-
derived and root-derived auxin, emphasised the need to include a more biologically
relevant auxin delivery mechanism to the root tip. We expanded upon phloem
transport models in the literature to include the transport of a second small solute
alongside sugar (in this thesis considered auxin). Model simulations revealed how
environmental conditions that influence sugar dynamics can effect the amount of
auxin delivered to the root tip in the case of passively loaded hormones. Finally, these
models were coupled together with an additional shoot compartment to create a novel
hybrid model of auxin dynamics in a “virtual” seedling. The hybrid model captures
how environmental cues can effect auxin and sugar concentration in cotyledons
and how this affects phloem transport velocity, auxin delivery to the root tip, and
auxin patterning within the root tip. Results highlight the importance of considering
the influence of environmental cues on both sugar and auxin parameters when
investigating root-tip auxin patterning.
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Chapter 1

Literature review

1.1 Motivation

The Food Security Information Network (2019) deem people to have food security
if sufficient quantities of food are consistently available and households have the
ability to obtain their required nutrition from it. Acute food insecurity is defined to be
when, for any period of time, a specific region experiences a lack of food security so
extreme that it threatens to cause death for the people experiencing it (Food Security
Information Network, 2019). In recent years, evidence suggests world hunger is
rising: it is estimated that, in 2017, nearly 821 million people lacked food security
(Food and Agriculture Organization of the United Nations, 2018), and that more than
113 million people were living with acute food insecurity (Food Security Information
Network, 2019).

The effects of living with food insecurity are varied. In low income countries,
communities living with acute food insecurity are at a high risk of being malnourished
through under-nutrition (Food Security Information Network, 2019). However, it
is important to note that food insecurity also occurs in middle to high income
countries where healthy and nutritious food is often expensive, and so communities
experiencing food insecurity in these countries are often at a higher risk of being
overweight or obese (Food and Agriculture Organization of the United Nations,
2018).

There are many causes that may trigger a household to experience a lack of food
security. The most common causes include conflict, climate change, and economic
turbulence (Food Security Information Network, 2019). Causes of food insecurity
that are triggered by climate change can be addressed using science and mathemat-
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ics. Key triggers associated with climate change that may lead to food insecurity
include drought, extreme/nonseasonal temperatures, and disease/infestation. These
environmental stresses can cause crop species to produce lower yields or fail entirely.

Environmental conditions, such as drought and extreme temperatures, that reduce
the growth or yield of a plant below an optimum level are known as abiotic stresses
(Andjelkovic, 2018, Cramer et al., 2011). These environmental conditions and their
impacts are increasingly being exacerbated by climate change; with drought and
extreme temperatures amongst the abiotic stresses expected to be most severely
affected by climate change (Andjelkovic, 2018). It is therefore important that we are
able to develop crop varieties that are resilient to these changes in the environment.

Lynch (2007) provides a detailed review of methods by which root architecture of
crops can be manipulated or improved to increase nutrient acquisition for crops
grown in poor soil conditions. In a call for a “Second Green Revolution”, Lynch
(2007) highlights the impact the global food crisis has on developing nations where
agriculture is a core form of income but yields are often diminished by poor soil
fertility or drought.

A potential method for adapting crops to improve their tolerance of certain abiotic
stresses is to manipulate their root system architecture (RSA). RSA describes the
shape and structure of the root system (de Dorlodot et al., 2007). One of the main
benefits of manipulating RSA is the potential to increase the plant’s ability to uptake
water and nutrients. Improvements in RSA can produce plants with higher yield
potentials as crops can be developed to have ideal RSAs for the environment they
are grown in (Malekpoor Mansoorkhani et al., 2014).

The plant hormone auxin plays an important role in the regulation of root system
architecture. Auxin distribution within the root apex has been shown to play a crucial
role in primary root growth (Rahman et al., 2007) and lateral root initiation (Casimiro
et al., 2001, Swarup et al., 2005). As such, it is important to have an understanding
of how environmental changes caused by climate change effect auxin dynamics
within the root tip. Most existing studies of auxin dynamics in the root tip focus
on the model species Arabidopsis thaliana as this is a fast growing plant with roots
that are easy to image. The aim of this thesis is to investigate factors that affect
auxin transport and delivery to the root tip of Arabidopsis thaliana. In particular, our
objectives include:

1. Determining the role of local auxin biosynthesis on root-tip auxin patterning.
We aim to develop a multicellular model of auxin dynamics in the root tip
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that can capture variations in the ratio between shoot-derived and root-derived
auxin.

2. Determining the effect of environmental conditions on the long-distance trans-
port of hormones to the root tip. We aim to develop a fluid dynamics model of
hormone transport in the phloem that includes the transport of sugar, hormone,
and water. This model will capture the affects of various loading and unloading
mechanisms including bulk flow unloading.

3. We aim to develop a model of a virtual seedling by coupling together models
in the phloem and root tip from previous chapters. We seek to understand how
long-distance and short-distance transport of auxin combine to affect root-tip
auxin patterning within the hybrid model.

Below follows a review of the literature relevant to this thesis. This begins by
covering the biological literature relevant to auxin, our hormone of interest (Section
1.2). We introduce key methods by which auxin is regulated such as metabolism
and transport before discussing its role in responses to environmental cues. We then
discuss key developments in mathematical modelling of auxin dynamics in the root
tip (Section 1.3) including models that incorporate transport and metabolism. In
Section 1.4 and Section 1.5 we introduce key literature that closely aligns with the
direct research topics of this thesis – auxin biosynthesis and transport via the phloem.

1.2 The plant hormone auxin

A plant’s root system determines its ability to absorb water and nutrients from the
soil (Taiz and Zeiger, 2010). As such, a knowledge of how a plant’s root structure
develops is a crucial element in understanding how environmental changes affect a
plants ability to take up the nutrients it requires to grow. The plant hormone auxin
(IAA) plays a crucial role in many aspects of plant development and the spatial
distribution of auxin in the plant root tip helps to regulate growth, initiate lateral
roots, and produce tropic responses (turning movements directed by external stimuli)
(Grieneisen et al., 2007, Swarup et al., 2005, Band et al., 2012b).

1.2.1 Auxin metabolism

The main auxin biosynthesis pathway in Arabidopsis was shown to be via the IPyA
pathway (see Figure 1.1) (Mashiguchi et al., 2011, Zhao, 2018). In the IPyA pathway,
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IPyA is produced mainly by the conversion of tryptophan (Trp) by the TAA gene
family. The second step of this pathway is the conversion of IPyA to IAA by the
YUC gene family (Mashiguchi et al., 2011). In this pathway the conversion of IPyA
to IAA is thought to be the rate-limiting step (Mashiguchi et al., 2011). Zhao (2018)
provides a comprehensive review of auxin biosynthesis in Arabidopsis. Reduced
auxin biosynthesis in Arabidopsis mutants wei8 tar2 has been linked to the loss of
auxin gradients in the root tip (Stepanova et al., 2008) and experiments have shown
that auxin overproduction in shoots cannot rescue auxin deficiencies in the root
(Chen et al., 2014). A more detailed discussion of auxin biosynthesis can be found
in Section 1.4.

Figure 1.1: Auxin biosynthesis in Arabidopsis as proposed by (Mashiguchi et al., 2011).

Auxin degradation and inactivation occurs through multiple pathways in the root tip.
Recent studies have highlighted the important role of the AtDAO1/2 genes in the
regulation of auxin oxidation (a major form of auxin catabolism) in the Arabidopsis
root tip (Porco et al., 2016) and complementary studies have shown that the GH3 gene
family plays a crucial role in auxin conjugation in Arabidopsis (Mellor et al., 2016).
The results of the studies performed by Porco et al. (2016) and Mellor et al. (2016)
suggest that auxin catabolism (via the DAO pathway) and auxin conjugation (via
the GH3 gene family) regulate auxin homeostasis in a redundant manner. However,
more recently the pathway has been refined by Hayashi et al. (2021). Hayashi et al.
(2021) use knockout mutants of auxin inactivation genes to show that the GH3

pathway plays a key role in auxin inactivation. Septuple knockout mutants of GH3

genes, gh3.1 2 3 4 5 6 17, had significantly reduced root length and exhibited auxin
overaccumulation phenotypes consistent with reduced auxin inactivation (Hayashi
et al., 2021).
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1.2.2 Auxin transport

Auxin transport plays an important role in plant development and polar auxin trans-
port via auxin influx (AUX1/LAX proteins) and efflux (PIN/ABCB proteins) carriers
is well characterised in Arabidopsis (see Spalding (2013)). In their work investi-
gating the role of auxin signalling in root gravitropism, Bennett et al. (1996) found
that the AUX1 gene mediated the transport of amino acid-like molecules. Due to
the similarities between IAA and the amino acid tryptophan, Bennett et al. (1996)
suggested that the AUX1 gene encodes an auxin influx carrier.

Blilou et al. (2005) show that the polar localisation of PIN efflux carriers enables
the basipetal and lateral transport of auxin within the root tip. They suggest that the
ability to redistribute auxin via the PIN efflux carriers in the root tip enables plants
to regulate the size of the root meristem and highlight that the localisation of PIN
proteins can be used as a map for auxin transport routes within the root tip (Blilou
et al., 2005).

ABCB proteins have also been linked to the transport of auxin. In particular, the
abcb1 abcb19 double mutant has been shown to have a 70% reduction in polar auxin
transport (more than the reduction in polar auxin transport seen in pin1 mutants)
(Blakeslee et al., 2007, Titapiwatanakun and Murphy, 2009). Both abcb1 abcb19

and pin1 mutants show reductions in root growth; however, abcb1 abcb19 mutants
do not exhibit defects in organogenesis seen in pin1 mutants (Noh et al., 2001,
Titapiwatanakun and Murphy, 2009). This suggests that transport via ABCB proteins
is important in the long-distance transport of auxin, but is not involved in generating
the directed fluxes (associated with PIN proteins) that are important for oragnogenesis
(Titapiwatanakun and Murphy, 2009).

1.2.3 Auxin and the environment

Given auxin plays a major role in controlling plant phenotypes, it is important to
understand how the biosynthesis, degradation, and transport of auxin are affected by
environmental stresses, especially since environmental factors are rarely isolated; for
example, plants responding to shade are also likely to be affected by stresses relating
to light intensity (Mroue et al., 2018). These responses to environmental stresses give
rise to altered auxin dynamics and hence altered plant phenotypes. A comprehensive
overview of auxin responses to environmental conditions are summarised in Figure
1.2 (Mroue et al., 2018).
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Figure 1.2: Overview of auxin responses to abiotic stress (Mroue et al., 2018).

Auxin biosynthesis has been shown to play an important role in a plant’s response to
abiotic stresses. In particular, the YUC auxin biosynthesis genes have been shown
to be involved in increasing a plant’s resistance to specific abiotic stresses (Mroue
et al., 2018). Some studies have shown decreased auxin levels in osmotically stressed
plants, with the YUC genes being down-regulated in rice (Du et al., 2013, Naser and
Shani, 2016), however, other studies have shown that up-regulation of YUC genes in
Arabidopsis plants experiencing dehydration can increase drought resistance (Lee
et al., 2012, Naser and Shani, 2016). These studies surrounding auxin biosynthesis
as a response mechanism to osmotic stresses are contradictory. The inconsistent
role of auxin biosynthesis in response to osmotic stresses may be due to the effect
auxin biosynthesis has on the growth of plants, which in turn may cause drought
resistance or sensitivity (Naser and Shani, 2016). Auxin biosynthesis has also been
shown to be involved in a plant’s response to parasite/pathogen interactions. Local
auxin biosynthesis, mediated by the YUC pathway, plays an important role in the
development of haustorium (the projection that allows a parasitic plant to penetrate a
host plant and absorb nutrients) (Zhao, 2018).

As well as auxin biosynthesis, auxin degradation and auxin transport also play
important roles in a plant’s response to the environment. The GH3 auxin degradation
gene family respond to abiotic stresses and, alongside the role of auxin biosynthesis
in osmotic stress responses, this suggests that auxin homeostasis plays a crucial
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role in a plant’s response to osmotic stresses (Naser and Shani, 2016). Finally,
PIN-mediated efflux plays an important role in hydropatterning (Bao et al., 2014)(the
positioning of lateral roots to increase access to available water), and salt stresses
can repress PIN expression (Liu et al., 2015, van den Berg et al., 2016, Naser and
Shani, 2016). Salt stresses have also been shown to affect AUX1 expression (van den
Berg et al., 2016). Overall, this indicates that auxin biosynthesis, degradation, and
transport all form part of a plant’s response mechanism to abiotic stresses.

1.2.4 Auxin sensors

High-resolution sensors of plant hormones are important for the analysis of hormone
distributions and signalling events. Many studies have used the DR5 auxin reporter
(Ulmasov et al., 1997) which provides a read out of the spatial distribution of the
auxin response. More recently, Brunoud et al. (2012) developed the fluorescent
auxin signalling sensor DII-VENUS which is an Aux/IAA based reporter. Auxin
signalling is monitored through the degradation of the DII-VENUS signal, and hence,
the spatial distribution of DII-VENUS is complementary to that of the existing auxin
sensor DR5::VENUS (Brunoud et al., 2012). The DII-VENUS auxin reporter was
shown to report auxin levels without interfering with the signalling pathway and was
also shown to respond rapidly to changes in auxin level (Brunoud et al., 2012).

1.3 Models of auxin dynamics in the root tip

Mathematical models have been used to support investigations in many areas of the
field of biology – including plant biology. Models have been used to capture key
processes in plant development and growth. Here, we review the literature relating
to mathematical models of the transport and metabolism of auxin.

1.3.1 Models of auxin transport in the Arabidopsis root tip

Swarup et al. (2005) show that the differential growth of epidermal cells during
root gravitropism relies on an auxin gradient determined by the auxin influx carrier
AUX1. As part of their investigation, they use a 3D idealised geometry model with
prescribed auxin carrier expression and localisation patterns in the epidermis, cortex,
and endodermis in Arabidopsis (Swarup et al., 2005). Model simulations of auxin
transport within the epidermis of wild-type, pin2, and aux1 roots indicated that aux1
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plants were unable to transport the asymmetric auxin pulse caused by gravitropism
through the elongation zone without the auxin gradient being diminished (whereas
the wild-type and pin2 plants were able to maintain the auxin gradient) (Swarup
et al., 2005). The authors used these model simulations to guide experimental studies
that confirmed that the differential growth of epidermal cells in the elongation zone
during gravitropism relies on an auxin gradient that depends on the auxin influx
carrier AUX1 (Swarup et al., 2005).

(A) (B)

(C) (D) (E)

(F)

Figure 1.3: Examples of existing auxin transport models in Arabidopsis. (A) Grieneisen et al.
(2007) model the root tip using a lattice-based structure with specified PIN localisation and
uniform AUX1/LAX distribution; (B) Simulated auxin distribution from (Grieneisen et al.,
2007); (C) Arabidopsis root tip structure and cell types (Band et al., 2014); (D) AUX/LAX
distribution used by Band et al. (2014) in their auxin transport model; (E) Simulated auxin
distribution from (Band et al., 2014); (F) van den Berg et al. (2016) use different forms of
idealised root geometries in their auxin transport model. Simulated results for their baseline
(specified PIN distribution, uniform AUX distribution) model are shown for two idealised
geometries.

In their paper, “Auxin transport is sufficient to generate a maximum and gradient

guiding root growth”, Grieneisen et al. (2007) investigate the role of auxin transport,
via the auxin efflux carriers (PINs), in controlling root growth (Grieneisen et al.,
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2007). They develop a spatial model for polar auxin transport using a lattice based
structure to describe the geometry of the root tip. The lattice structure is a simplified
geometry of the Arabidopsis root tip that captures the essential features of the root,
including the cell walls (Grieneisen et al., 2007). The authors assign PIN localisation
for specific cell types based on experimental results (Figure 1.3A), where vascular
tissues have PINs localised to the base of the cell, epidermal tissues have PINs
localised to the top of the cell, border cells have PINs localised to the base and
sides of the cell, and cells in the root cap region have PINs localised to all sides of
the cell (Grieneisen et al., 2007). Simulations with this model assume a uniform
distribution of auxin influx carriers (AUX1/LAX), and excludes auxin decay and
auxin synthesis, revealing that the PINs were necessary and sufficient to create the
reverse fountain auxin fluxes and reflux loop that maintain the auxin maximum in
the root (Figure 1.3B) (Grieneisen et al., 2007). Further work by Grieneisen and
coworkers has extended this model to incorporate the regulation of auxin transporters
via the plant hormones auxin and cytokinin (el Showk et al., 2015). The results of
this model reveal the auxin distribution required for vascular patterning does not
depend on their being an informative cytokinin gradient in the root tip (el Showk
et al., 2015). Di Mambro et al. (2017) further show that cytokinin regulation of PIN
activity and auxin degradation plays an important role in positioning the transition
zone in the Arabidopsis root tip (see Section 1.3.2 for a detailed review).

More recent mathematical studies of the auxin distribution in the root tip have shown
that auxin transport via auxin influx carriers is essential for the development of the
auxin distribution in the root tip. Band et al. (2014) develop a realistic model for
the distribution of auxin in the Arabidopsis root tip by utilising real cell geometries.
They extract cell geometries from confocal microscopy images of root tips stained
with propidium iodide via two software packages: SurfaceProject (developed by
Band et al. (2014)) and CellSeT (developed by Pound et al. (2012)). Initially, they
modelled the auxin dynamics in the root tip by assigning only PIN efflux carriers and
modelling the movement of auxin between cells and apoplast compartments (Band
et al., 2014). Utilising a model that describes auxin’s relationship to the DII-VENUS
reporter (Band et al., 2012b), Band et al. (2014) compare the results of their model
to confocal microscopy images of DII-VENUS distrbution in the root tip (obtained
using SurfaceProject and CellSeT). The results of their model, where only PIN efflux
carriers are assigned, do not corroborate the experimental data. The authors conclude
that PIN efflux carriers alone are insufficient to obtain the auxin distribution in the
root tip (Band et al., 2014).

Band et al. (2014) extend their model to incorporate the distribution of the auxin
influx carriers AUX1/LAX (Figure 1.3b). The AUX1/LAX influx carriers are as-
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signed to cells based on localisation data available in the literature, as well as in
elongating cortical cells (a novel location for AUX1 localisation discovered by the
authors) (Band et al., 2014). The results of simulating the auxin dynamics in the root
tip using the updated model resulted in a much better match between the predicted
DII-VENUS distributions and the experimental DII-VENUS data (Figure 1.3E). By
performing simulations of aux1 mutants, Band et al. (2014) were able to show that
the AUX1/LAX influx carriers are essential for determining the auxin distribution
in the root tip and the PIN efflux carriers are required to control the direction of
auxin transport within the root tip. More recently, this model has been extended to
incorporate the affects of plasmodesmata on auxin dynamics in the root tip (Mellor
et al., 2020). This extended model reveals that inclusion of auxin fluxes through
plasmodesmata improves the models ability to replicate the auxin distribution seen in
the root tip experimentally. The inclusion of plasmodesmata also enables the model
to capture the auxin reflux loop (first proposed by (Grieneisen et al., 2007) but that
the model in (Band et al., 2014) was unable to capture) (Mellor et al., 2020).

Continuing to expand upon the auxin transport models of Band et al. (2014) and
Mellor et al. (2020), Mellor et al. (2022) focus on including auxin transport via
ABCBs, a feature which had not been looked at in detail in previous mathematical
models. Results in the experimental literature do not indicate a clear relationship
between the transport of auxin via ABCBs and its transport via the PIN efflux
carriers (often the experimental results are conflicting (Mellor et al., 2022)). Mellor
et al. (2022) test their model with five different ABCB-PIN relationship scenarios
(proposed in Spalding (2013) and Geisler et al. (2017)). Their results show that auxin
transport via ABCBs occurs independently of PINs, however, auxin transport via
PINs occurs predominantly via a co-dependent efflux when PINs are co-localised
with ABCB transporters (Mellor et al., 2022).

Another computational modelling framework for simulating auxin dynamics has been
developed by the Ten Tusscher group. In their work investigating the role of auxin
in halotropic responses, van den Berg et al. (2016) report that during halotropism
(changes in the direction of growth due to salt exposure) there is a decrease in PIN2
in epidermal cells on the side of the root exposed to the halotropic signal (van den
Berg et al., 2016). They develop a computational model for auxin transport in
the Arabidopsis root tip that initially utilises a rectangular idealised root geometry
similar to the one proposed by Grieneisen et al. (2007). They find that the proposed
reduction in PIN2 fails to capture the expected redistribution of auxin in the root tip.
Their extended model, which is based on an idealised root geometry with a wedge
shaped tip (Figure 1.3F), however, does partially capture the auxin asymmetry in the
root tip expected from the decrease in PIN2 due to salt exposure (van den Berg et al.,
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2016). This work shows the importance of using realistic root geometries when
mathematically modelling auxin dynamics in the root tip. They refine their model
by investigating the effect of auxin feedback on auxin transporters, in particular the
AUX1 auxin influx carriers. This work shows that the upregulation of AUX1/LAX
transporters by auxin significantly enhances the auxin asymmetry in the root tip
(van den Berg et al., 2016). The authors were able to verify their model predictions
using experimental data. Overall, the authors conclude that PIN2 is important for
generating the auxin asymmetry seen in the Arabidopsis root tip after exposure to
a halotropic stimulus, however, the upregulation of the AUX1/LAX auxin influx
carriers is required for a sufficiently large asymmetry to be generated (van den Berg
et al., 2016). More recently, the modelling framework of the Ten Tusscher group has
been extended to include growth, leading to novel insights into lateral root initiation
(van den Berg et al., 2021).

Alternative approaches to modelling auxin distribution in the Arabidopsis root tip
have been made. In their paper, “Multiscale modelling of auxin transport in the

plant-root elongation zone”, Band and King (2012) apply asymptotic methods to cell-
based models to derive a continuum description of auxin distribution in the root tip
(Band and King, 2012). They use a cell-based model with a simplified cell geometry
consisting of only the three outer layers of the root elongation zone as the foundation
for their asymptotic analysis and are able to simplify the system so it can be described
by a system of partial differential equations (Band and King, 2012). Their analysis
reveals that the overall behaviour of the continuum system is dependent on cell
length with the tissue-scale dynamics being different for short cells located near the
root tip compared to longer cells located further through the elongation zone (Band
and King, 2012). The authors observe that the analytical approach they take could be
extended to more complex models such as that describe by Grieneisen et al. (2007);
however, there is no simple way to apply this technique to simplify cell-based models
that incorporate the real cell geometries and connectivities at the root apex, such as
the one described by Band et al. (2014).

Computational cell-based models have also been used to investigate cross-talk be-
tween auxin and other hormones. Moore et al. (2015) developed a mathematical
model for hormonal cross-talk in the Arabidopsis root tip. Their model incorporates
interactions between the plant hormones auxin, ethylene, and cytokinin, as well
as the POLARIS protein and the AUX1 and PIN auxin transporters. The model
is constructed using the idealised root geometries of Grieneisen et al. (2007) with
cell lengths being increased towards the elongation zone to more accurately reflect
Arabidopsis root geometry (Moore et al., 2015). The model indicates that AUX1
and PIN permeabilities must be limited to certain ranges for correct auxin patterning
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to be seen in the root tip. The authors concluded that the coordinated activity of
AUX1 and PIN proteins is important for the development of root auxin patterning
(Moore et al., 2015). The model also has the ability to generate predicted hormone
concentrations for ethylene and cytokinin. The model predictions for average hor-
mone concentrations are in agreement with experimental data, however, the model
has limitations in its cytokinin modelling as patterning of cytokinin in the root tip
does not reflect experimental data (Moore et al., 2015).

1.3.2 Models of auxin metabolism in the Arabidopsis root tip

As described above, recent studies have provided us with an in-depth knowledge of
auxin transport in the root tip. However, less is known about the effects of auxin
biosynthesis, catabolism, and conjugation on the auxin distribution in the root tip.

Figure 1.4: IAA metabolism in higher plants (Ljung, 2013)

Porco et al. (2016) use the pDAO1:GUS promoter to visualise the expression pattern
of DAO1 in the Arabidopsis root tip. They show that DAO1 is expressed widely
across the root tip, as well as in the vascular tissues (Porco et al., 2016). In their paper,
Mellor et al. (2016) describe an ODE model for auxin metabolism (biosynthesis,
catabolism, and conjugation). They incorporate auxin catabolism via the DAO1/2

pathway, prescribing uniform rates to degradation via DAO1 and DAO2 across all
cells (Mellor et al., 2016). The model also describes the effects of irreversible
conjugation via the GH3 gene family. This is modelled via constant rates for
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conjugation to IAA-Asp and IAA-Glu (Mellor et al., 2016). Auxin biosynthesis is
modelled as a constant rate of production. Mellor et al. (2016) extend their model to
include the dynamic, auxin-inducible regulation of AtDAO1 and GH3.

Mellor et al. (2016) coupled their model for auxin metabolism with the existing
multicellular model, described by Band et al. (2014), to develop a model for auxin
homeostasis in the Arabidopsis root tip (Mellor et al., 2016). Simulations from the
auxin homeostasis model predicted an increase in IAA concentration in dao1 mutants
which is consistent with experimental findings (Mellor et al., 2016). The resulting
simulated auxin distribution in the root tip suggests that the auxin increase in the
dao1 mutant is not spatially homogenous, with there being larger predicted increases
in the outer layers of the root tip. This finding is consistent with experimental results
that show that dao1 mutants have elongated root phenotypes (Mellor et al., 2016).

Recent studies have highlighted further the role of the GH3 gene family in auxin
degradation. In particular, Di Mambro et al. (2017) show that auxin degradation
triggered by the GH3.17 gene plays a crucial role in the positioning of the auxin
minimum that determines the location of the transition zone. They verify their results
with a mathematical model that incorporates the effects of polar auxin transport via
the PINs, auxin synthesis, and auxin degradation (Di Mambro et al., 2017). The
expression pattern of the GH3.17 gene was established using a GFP translational
fusion of the GH3.17 gene. This showed that GH3.17 is localised the outermost file
of the collumella and lateral root cap (Di Mambro et al., 2017). Di Mambro et al.
(2017) used the expression location of GH3.17 as location of auxin degradation in
their model.

1.4 Local auxin biosynthesis in the Arabidopsis root
tip

Determining the mechanisms that regulate auxin dynamics is a vital step in un-
derstanding auxin’s role in plant development. Several mathematical models have
captured the effects of influx and efflux carriers on root tip auxin dynamics, based
on a primary source of auxin originating in the shoot and delivered to the root via
the phloem (Grieneisen et al., 2007, Band et al., 2014, van den Berg et al., 2016).
Less clear from the models, however, is the role that local auxin synthesis may play
in patterning the root tip.

Understanding how auxin in the root tip gets there is an important step in determining
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what governs auxin patterning in the root tip. Ljung et al. (2005) investigate the
sites of auxin biosynthesis in Arabidopsis roots. Their results suggest that the whole
root is capable of auxin biosynthesis (Ljung et al., 2005) with high rates of auxin
biosynthesis in the most apical 2mm of the root tip (for both intact and excised
seedlings). They conclude that there is an auxin source in the meristematic region
of the root tip (Ljung et al., 2005). Ljung et al. (2005) also investigate the role
of auxin synthesised in aerial plant tissues. The results show that excised plant
roots have a lower auxin concentration level but that their auxin biosynthesis rate
is not significantly reduced. The authors suggest the decreased concentration level
is caused by the lack of transport of auxin from aerial tissues (Ljung et al., 2005).
However, the authors show, through the inhibition of polar auxin transport in the root
tip for intact and excised roots, that the synthesis of new auxin is only reduced in
excised roots in the early stages of development (4DAG) (Ljung et al., 2005), this
could indicate that the role of auxin synthesised in aerial tissues is only important in
the early stages of development.

The auxin biosynthesis genes, WEI8/TAR, are expressed at and near the quiescent
centre (Figure 2.7) and catalyse the conversion of Tryptophan to the IAA precursor
IPyA (Stepanova et al., 2008). The WEI8 gene family is also commonly referred
to as the TAA1 gene family. In their paper, Stepanova et al. (2008) use different
mutants of the WEI8/TAR gene families to develop an understanding of their role
in auxin biosynthesis. The results of knock-out mutants show that the wei8 single
mutant and the wei8-1 tar2-1 double mutant both have an inability to reorientate
themselves after a gravitropic stimulus, with the defect being more extreme in the
double mutant (Stepanova et al., 2008). As the auxin gradient in the Arabidopsis
root tip has been shown to regulate gravitropic responses (Band et al., 2012b), a lack
of response to gravitropic stimuli in the WEI8/TAR mutants could be an indication
that auxin biosynthesis plays a key role in the formation or maintenance of the root
tip auxin gradient.

Although auxin biosynthesis is essential for plant root growth and development, it
is currently unclear whether growth is primarily controlled by auxin biosynthesis
in the shoot (a systemic signal) or whether local auxin biosynthesis in the root is a
key regulator (for a detailed review see (Zhao, 2018)). In previous studies, the wei8

tar2 auxin biosynthesis double mutant was shown to have reduced auxin synthesis
via the IPyA pathway which led to the loss of auxin gradients in the root tip of
Arabidopsis (Stepanova et al., 2008). Recent experimental studies of the YUCCA

and WEI8/TAR genes show that local auxin synthesis may play a crucial role in root
tip auxin patterning (Chen et al., 2014, Brumos et al., 2018).
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Chen et al. (2014) identify five YUC genes that are expressed in the root tip of
Arabidopsis seedlings (YUC3, YUC5, YUC7, YUC8, and YUC9). YUC genes are
associated with the rate-limiting step of the dominant auxin biosynthesis pathway in
Arabidopsis (Mashiguchi et al., 2011). The Arabidopsis quintuple knockout mutant
yucQ shows auxin deficiency phenotypes with short primary roots and abnormal
gravitropic responses (Chen et al., 2014). Application of exogenous auxin in the
growth medium or inducing expression of YUC genes in the root of yucQ mutants
rescued root defects. However, overexpression of YUC genes in the shoot did not
rescue yucQ root defects and instead produced auxin overexpression phenotypes in
the shoot (Chen et al., 2014). As such, Chen et al. (2014) suggest that local auxin
synthesis in the root plays an important role in normal root development.

Brumos et al. (2018) performed reciprocal grafting experiments of WT and wei8

tar2 roots and shoots which had been introgressed with the DR5:GFP auxin reporter.
Experiments where a WT shoot was grafted onto a wei8 tar2 root showed a loss
of DR5:GFP signal in the root tip and did not prevent the root meristem from
degenerating (Brumos et al., 2018). On the other hand, experiments where a wei8

tar2 shoot was grafted onto a WT root showed no loss in DR5:GFP signalling in the
root tip and the root meristem was maintained (Brumos et al., 2018). This suggests
that auxin biosynthesis in the root tip plays a key role in maintaining a local auxin
maxima in the root tip. The authors further investigate the role of shoot and root
derived auxin in the maintenance of the root meristem by performing heat shock
experiments and by exposing mutant shoots to exogenous auxin (Brumos et al.,
2018). The results of these experiments corroborate that auxin biosynthesis in the
root is required to maintain a healthy root meristem and that shoot-derived auxin is
unable to maintain the root stem cell niche (Brumos et al., 2018). They propose that
the assumption that the primary source of auxin in the root tip comes from the shoot
via the phloem may not be crucial to the development and maintenance of a local
auxin maxima in the root tip.

Brumos et al. (2018) discuss existing mathematical models of auxin transport, in-
cluding (Grieneisen et al., 2007) and (Band et al., 2014) (discussed in Section 1.3.1).
They suggest the results from Grieneisen et al. (2007), that auxin transport alone can
generate root tip auxin gradients, are consistent with experiments that suggest local
auxin biosynthesis is not required for root-tip auxin patterning (such as experiments
from Stepanova et al. (2011) that show IAA supplied in the growth medium is
enough to suppress root defects in auxin biosynthesis mutants). Band et al. (2014)
account for local auxin biosynthesis in their model by increasing auxin biosynthesis
rates in the quiescent center and cortex/endodermal initials in correspondence with
expression patterns of the TAA1 gene family (Stepanova et al., 2008). Brumos et al.
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(2018) highlight the fact that changes in the rate of local auxin biosynthesis in these
cells do not qualitatively change the root-tip auxin gradient produce by the model
(see Supplementary Figure 19 of (Band et al., 2014)). They suggest the failure of the
(Band et al., 2014) model to capture changes in the root-tip auxin gradient is due to
the inclusion of a low rate of auxin biosynthesis in all cells, something the authors
feel contradicts the expression patterns of the auxin biosynthesis genes TAA1/TAR

(Brumos et al., 2018).

1.5 The phloem transport system

Existing auxin transport models in the root tip assume there is a fixed auxin con-
centration at the boundary between the modelled root-tip tissue and the region of
long-distance transport (Grieneisen et al., 2007, Band et al., 2012b, van den Berg
et al., 2016, Mellor et al., 2020). The processes that regulate the auxin dynamics
at this boundary have not been studied directly. Long-distance transport in plants
occurs via the phloem, and as such, it is important to understand the mechanisms that
regulate phloem transport in order to understand how best to incorporate hormone
delivery from the shoot to the root tip into mathematical models of auxin transport.

The phloem forms part of a plant’s vascular system (alongside the xylem) and is
responsible for long distance transport of sugars, proteins, and signalling molecules.
This long distance transport occurs through phloem sieve elements (Taiz and Zeiger,
2010). Phloem cells have no nucleus yet remain functional – in a living-dead sort
of way. Sieve elements are often found in complexes with companion cells. These
companion cells help to sustain sieve elements throughout their lifetime (Taiz and
Zeiger, 2010).

Sieve element companion cell complexes, SE-CC, play an important role in loading,
unloading, and transportation within the phloem (Oparka and Turgeon, 1999). There
are two methods that allow sugar to be loaded into the phloem. Active (or apoplastic)
loading refers to loading into SE-CC across cell walls mediated by membrane
transporters. Passive (or symplastic) loading refers to loading into SE-CC via
plasmodesmata (Taiz and Zeiger, 2010, Oparka and Turgeon, 1999, Thompson and
Holbrook, 2003). Passive loading commonly occurs into the CC of a SE-CC as most
plasmodesmata connect into the CC. As such, the CC plays an important role in
passive loading and SE connectivity to a CC can commonly be used as a tentative
measure of whether plant loads actively or passively (Oparka and Turgeon, 1999).
Phloem unloading can also occur actively or passively. Passive unloading is thought
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to be more common as active unloading would require membrane transport that is
highly selective for the wide range of molecules (including proteins, sugars, RNAs,
and signalling molecules) that may be transported within the phloem (Oparka and
Turgeon, 1999).

Knoblauch et al. (2015) identify a range of fluorescent probes that can aid in visu-
alisation of translocation within the phloem. They showed that esculin and fraxin
were both loaded into the phloem of Arabidopsis by the sucrose transporter AtSUC2
(Knoblauch et al., 2015). The loading of esculin by the AtSUC2 transporter makes it
a useful proxy for sucrose in phloem transport studies (Knox and Oparka, 2018). In
particular, esculin can be used to study phloem transport rates.

1.5.1 Phloem transport models

Understanding how the phloem transports vital sugars throughout a plant has been a
topic of interest in biology (and mathematics!) since Ernst Münch released his paper
on the transport of matter in plants in 1926 (Münch, 1926). Minchin et al. (1993)
developed a simple model for sugar transport in the phloem based on convective bulk
flow driven by an osmotically generated pressure gradient in the phloem (originally
hypothesised by Münch (1926)). The model incorporated a single source connected
to two sinks, as well as phloem unloading via Michaelis-Menten kinetics. This
model was intended to be the simplest mechanistic model that would provide insight
into observations made in experiments about phloem transport (Minchin et al., 1993).
As such, this model has made assumptions that are not biologically relevant such
as the phloem tube between the source and sink region being impermeable to both
water and sugar. Despite model simplifications, the model was able to capture the
behaviour of sinks operating close to saturation – the removal of a sink did not result
in the remaining sinks being able to use the increased amount of photosynthate
available to them (Minchin et al., 1993).

Bidel et al. (2000) expanded upon the model of Minchin et al. (1993) to produce
a model that has one source connected to a series of compartments representing
phloem segments and sinks. Their model uses the convective bulk flow hypothesised
by Münch (1926) (and described in Minchin et al. (1993)) and also incorporated
growth and branching. Each root meristem in the model produced a new segment
each day, with the length of the segment produced depending on consumption of
photoassimilates (Bidel et al., 2000). The model was able to replicate the growth
of taproots (the main root from which lateral roots can develop (Taiz and Zeiger,
2010)) and generate hierarchical photoassimilate uptake where decreasing source
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activity saw an increased proportion of photoassimilates available being consumed
by the taproot (Bidel et al., 2000). Experimentally measured parameters for this
model came from Prunus persica L. Batsch (peach) (Bidel et al., 2000).

The phloem model developed by Thompson and Holbrook (2003) provides a more
detailed description of phloem transport. They incorporated non-linear viscosity, wall
elasticity, and sieve pore resistance to provide one of the most complete descriptions
of phloem transport (Thompson and Holbrook, 2003). They use their model to
investigate limitations of osmotically driven flow over long distances. They show
that transport times increase proportionally to the square of the sieve tube length
indicating that plants with longer distances over which to transport sugars and
hormones would need shorter sieve elements linked in series to maintain transport
timescales physiologically relevant to the plant (Thompson and Holbrook, 2003).

As plants vary dramatically in size across the plant kingdom, this leads to questions
over the suitability of Münch flow as the method of transport across this wide range
of sizes. Jensen et al. (2011) used a mathematical model of convective bulk flow
to investigate how well Münch mechanisms describe the translocation of sugars in
different plant species. In particular, they investigate the optimality of translocation
speed given the phloem’s role in the transport of signalling molecules and the
plant’s need to respond to these rapidly. The model results in the identification of
a scaling between the phloem radius and characteristic lengths of a plant (Jensen
et al., 2011). The authors investigated whether real plants follow their model scaling
by taking experimental measurements of a wide range of plants, as well as making
comparisons to experimental data available in the literature. Overall, their results
provide quantitative evidence to support the use of Münch flow across a wide range
of plant sizes (Jensen et al., 2011).

Similarly to Thompson and Holbrook (2003), Jensen et al. (2012) split the phloem
tube into three distinct zones (loading, translocation, and unloading) and use the
equations for Münch flow to describe the velocity of the phloem sap and sugar
concentration within the phloem. They make the assumption that loading and
unloading rates are linear functions of concentration, proportional to the difference
between the internal concentration and a target external concentration, in order to
be able to solve the equations for Münch flow analytically in the limit of very large
or very small Münch number (Mü) (Jensen et al., 2012). They find a very good
agreement between analytical and numerical solutions for a wide range of parameter
values (finding that the analytical solution for Mü� 1 is very similar to numerical
results for Mü= 1) and suggest that future modelling studies may benefit from using
the simplest mathematical description of phloem loading or unloading (Jensen et al.,
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2012).

In the majority of phloem models, due to the large Péclet number of phloem sap, dif-
fusion of sugar is neglected. Payvandi et al. (2014) investigate the appropriateness of
neglecting diffusion in high Münch number scenarios through matched asymptotics
to determine the importance of diffusion in phloem transport models. Their model
incorporates active loading into a loading zone, which is coupled to the translocation
zone, which is then coupled to an unloading zone (where the authors consider both
passive and active unloading). The results of their asymptotic analysis indicates
the validity of neglecting diffusion depends on the loading/unloading of the phloem
(Payvandi et al., 2014). They observe that the system behaved differently for active
and passive unloading, and that the validity for neglecting diffusion for passive
unloading was determined by the magnitude of loading at the shoot. The authors
conclude that until the methods of phloem loading/unloading are more accurately
characterised, it is important to consider the role of diffusion in phloem transport
models (even in the case of high Péclet number) as diffusion terms can dominate in
the boundary layer close to the end of the phloem tube (Payvandi et al., 2014).

A detailed review of the transport of sugar through the xylem and phloem is given by
Jensen et al. (2016). They derive equations for the radially averaged concentration
and flow in the phloem from the Navier-Stokes equations whilst providing full details
of the fluid mechanics behind osmotically driven flow (Jensen et al., 2016). They
describe solutions for the time-dependent and stationary equations, obtaining detailed
equations describing the velocity and concentration profiles. However, it is important
to note (and was highlighted by the authors), that these detailed descriptions of
velocity and concentration cannot currently be easily compared to experimental
results (Jensen et al., 2016).

More recently, Ross-Elliott et al. (2017) have developed a novel mathematical model
for phloem unloading that considers the water and sugar fluxes through individual
plasmodesmata in the Arabidopsis root tip. The model sought to capture the affects
of diffusion and bulk flow as methods of phloem unloading and the authors conclude
that, due to the unusual funnel shape of the plasmodesmata in this region, bulk flow
is likely to be the dominant form of unloading of sugars in Arabidopsis (Ross-Elliott
et al., 2017). As part of their investigation, they sought to precisely define the
location and dimensions of the phloem-unloading zone. Through the use of the
fluorescent phloem-probe esculin, they were able to accurately determine the specific
zones that phloem cells were organised in (Ross-Elliott et al., 2017) (Figure 1.5). Of
the five zones identified, there is one zone that is rootward of the phloem-unloading
zone; the protophloem development zone, which plays no part in phloem unloading
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(Ross-Elliott et al., 2017). As such, for mathematical models of auxin transport to
accurately capture the effects of phloem unloading, they must represent a deposition
of shoot auxin into the root tip, within the rootward half of the elongation zone, but
not directly at the root apex.

Figure 1.5: “Schematic diagram illustrating the organization of phloem cells in specific
zones in the root tip of Arabidopsis” (Ross-Elliott et al., 2017). In Arabidopsis, phloem
unloading occurs exclusively in protophloem sieve elements (protophloem cells are short-
lived and functional in the root elongation zone) (Ross-Elliott et al., 2017).

Mathematical models of phloem transport velocity have primarily been focused
on large plant species such as trees (Thompson and Holbrook, 2003, Payvandi
et al., 2014, Jensen et al., 2016). van den Herik et al. (2021) develop a mechanistic
model for phloem transport fully parameterised for potato plants. Their phloem
model follows the work of (Thompson and Holbrook, 2003) closely, extending it
to include sucrose export from the phloem via SWEET transporters and sucrose
retrieval from the apoplast via the SUT transporters (van den Herik et al., 2021).
The model also moves away from considering the xylem as an external reservoir of
water and explicitly describes water flow in the xylem described by cohesion-tension
theory (van den Herik et al., 2021). This model represents a key step forward in the
development of phloem transport models of agriculturally relevant crop species such
as potato.

The mathematical models discussed above all neglect to include the effects of Taylor
dispersion. Taylor (1953) showed that, when radially averaging, the interactions
between concentration and velocity within a impermeable pipe lead to an adjustment
term that increases the effect of diffusion. It is likely that existing models do not
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seek to include Taylor dispersion as they assume the effects of diffusion negligible
due to the high value of the Péclet number. However, Nakad et al. (2021) sought
to include the effects of Taylor dispersion in phloem transport. Phloem flow is
osmotically driven and as well as recovering the adjusted diffusion coefficient seen in
impermeable tubes, Nakad et al. (2021) also recover an adjustment term for radially
averaged advection. This highlights that the effects of Taylor dispersion are not just
limited to diffusion for osmotically driven flows and is hence an important inclusion
for phloem transport models.

1.5.2 Hormones in the phloem

Analysis of phloem (and xylem) sap has been used to demonstrate the presence
of plant hormones, including auxin, in the vascular transport system. Alongside
the polar, cell-to-cell transport system for auxin, it has been shown that auxin is
transported through the vascular system, in particular the phloem (Baker, 2000a).
Baker (2000a) suggests the distinct lack of auxin in xylem sap indicates that auxin
transported by the phloem is synthesised by mature leaves and exported into the
phloem.

Swarup et al. (2001) investigated the role of the AUX1 influx carrier in long-distance
transport of auxin in the model plant Arabidopsis. Their work suggests that AUX1
contributes to the delivery of shoot-derived auxin to the root tip through the asym-
metric distribution of AUX1 in protophloem cells (Kleine-Vehn et al., 2006) which
promotes the acropetal movement of auxin to the root apex (Swarup et al., 2001).
A further study of the role of AUX1 in the long-distance transport of auxin was
conducted by Marchant et al. (2002). Their study revealed that AUX1 promotes the
export of auxin from leaves of the model plant Arabidopsis suggesting that AUX1
plays an important role in the loading of auxin into the phloem. Overall, these studies
highlight that the AUX1 influx carrier plays an important role in the long-distance
transport of auxin by facilitating phloem loading and increased acropetal transport
of auxin to the root tip in protophloem cells (Marchant et al., 2002, Swarup et al.,
2001).

Paterlini (2020) discusses the importance of auxin transport via advection in the
phloem and its potential interaction with the active transport pathway for auxin. In
their review, they observe that whilst inhibitors of active auxin transport did not
affect the translocation of auxin in the phloem, it did impact the uptake of auxin
in the leaves. They highlight that the potential feedback from blocked symplastic
transport of auxin in the phloem on active auxin transport has not been investigated
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in detail (Paterlini, 2020), though PIN7 has been shown to have a small reduction in
its expression domain when symplastic transport is blocked (Bishopp et al., 2011).

As well as auxin, other plant hormones are transported in the plant vascular system.
Recently, Regnault et al. (2015) showed that the gibberellin (GA) precursor GA12

moves through the vasculature system of Arabidopsis. They showed, through re-
ciprocal grafting experiments, that GA12 is transported by both the xylem and the
phloem, which suggests that long-range transport of GA12 may play an important
role in the control of a plant’s response to developmental or environmental cues
(Regnault et al., 2015).

1.5.3 Environmental impacts on phloem transport

Abiotic stresses triggered by environmental changes (such as drought and high
temperature) have the potential to impact signalling pathways in the shoot and root
of plants. As such, it is important to understand how changes in root or shoot
environments impact the long-distance transport via the phloem.

The sucrose transporter AtSUC2 (for Arabidopsis) plays an important role in the
loading of sucrose into the phloem (Gong et al., 2015). High sucrose concentration
in the loading zone of the phloem establishes an osmotic gradient that attracts water,
in turn increasing the hydrostatic pressure gradient that drives phloem transport
(Knox et al., 2018). As such, understanding how environmental conditions influence
AtSUC2 behaviour is a key step in understanding how environmental conditions can
influence phloem transport in general.

Gong et al. (2015) establish that AtSUC2 (along with AtSUC4) plays an important
role in the abiotic stress tolerance of Arabidopsis. They show that exposure to abiotic
stresses (such as salt, drought, osmotic, and low temperature stresses) leads to an up-
regulation in AtSUC2 expression in the shoot and roots of Arabidopsis. Alongside
this, they also show that atsuc2 mutants have perturbed sugar balances between shoot
and root (higher sucrose concentrations in the shoot and lower sucrose concentration
in the root compared to WT) with these perturbations being more pronounced under
stressed conditions (Gong et al., 2015). The perturbation to sugar balance in atsuc2

mutants and the up-regulation of AtSUC2 in WT plants in response to abiotic stresses
suggests that AtSUC2 is important for the timely delivery of sucrose to meet demand
in the root tip. The importance of the up-regulation of AtSUC2 expression in roots
remains unclear as AtSUC2 has not been linked to a role in phloem unloading (Gong
et al., 2015). Gong et al. (2015) suggest AtSUC2 expression in the root may be
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important for the retrieval of escaped sucrose back into the phloem under stressed
conditions.

Xu et al. (2018) investigated the impact environmental changes have on phloem
loading and sucrose transporters in a variety of species (including Arabidopsis and
crop species such as maize and rice). They show that changes in CO2 concentration
and light levels has minimal impact on sucrose transporter expression (Xu et al., 2018)
(this result for varying light levels contrasts with results from Knox et al. (2018) – see
paragraph below). However, Xu et al. (2018) show that sucrose transporter expression
did change significantly under drought, salt, and heat stresses. Drought and salt
stresses resulted in an up-regulation of the Arabidopsis sucrose transporter AtSUC2
(consistent with results from Gong et al. (2015)) and heat stresses resulted in a down
regulation of AtSUC2. Knox et al. (2018) see a reduction in relative expression of
AtSUC2 at high temperatures, but also see an increased relative expression level for
standard experimental temperatures compared to low temperatures. This suggests
the relationship between temperature and AtSUC2 expression levels is non-linear.

Using the fluorescent coumarin glucoside, esculin, as a proxy for sucrose, Knox
et al. (2018) investigated how phloem transport velocity responds to environmental
changes. They found that environmental cues such as changes in light intensity and
temperature, and the application of exogenous sucrose to the root tip resulted in
modifications to phloem transport velocity (Knox et al., 2018). They also found
the same conditions resulted in modifications to AtSUC2 relative expression levels
and that differing environmental conditions would lead to sucrose accumulation in
shoots (consistent with the findings of Gong et al. (2015)). Combining this evidence,
the authors conclude that the variation of phloem transport velocity in response to
environmental conditions that impact photosynthesis rates (such as light intensity
and temperature) indicates that phloem transport velocity may be regulated by the
amount of sucrose available for transport (Knox et al., 2018). Further, with phloem
transport velocity and AtSUC2 relative expression both varying under environmental
conditions (and often in consistent patterns), Knox et al. (2018) suggest that phloem
transport velocity may also be linked to the regulation of the AtSUC2 transporter.



Chapter 2

Modelling local auxin biosynthesis

2.1 Introduction

Auxin plays an important role in many aspects of plant development. As such, auxin
dynamics and patterning in the root tip have been popular areas of study for many
years. Many studies focusing on auxin patterning in the root tip use mathematical
modelling to enhance their understanding of auxin patterning (Grieneisen et al.,
2007, Band and King, 2012, Band et al., 2014, van den Berg et al., 2016, Mellor
et al., 2020, 2022). These models predominantly focus on the transport of auxin
within the root tip. Key modelling results include: the important role of PINs in
determining auxin fluxes within the root tip (Grieneisen et al., 2007); that transport
via AUX1 influx carriers is essential for the development of auxin patterning in the
root tip (Band et al., 2014); that the use of realistic cell geometries is important to
model results (Band et al., 2012b, van den Berg et al., 2016); and that auxin flux via
plasmodesmata is needed to capture the auxin reflux loop within the root tip (Mellor
et al., 2020).

Whilst most existing mathematical models focus on the importance of auxin transport
in root-tip patterning, few models have looked at the role of auxin metabolism (Mellor
et al., 2016, Di Mambro et al., 2017). These models capture many aspects of auxin
metabolism, but, the primary focus of these studies has been auxin degradation. As
far as we are aware, auxin synthesis has not been the focus of an auxin mathematical
modelling study in the root tip.

Experimental evidence such as the existence of an auxin source in the meristematic
region of the root tip (Ljung et al., 2005), the localisation of auxin biosynthesis genes
to the quiescent centre (Stepanova et al., 2008), and results from grafting experiments
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(Brumos et al., 2018), suggest that the role of auxin biosynthesis in the root tip may
be more important than previously thought.

In this chapter, we further develop the multicellular auxin-transport model of the
Arabidopsis root tip (described in Section 1.3.1 (Band et al., 2014)) to investigate
how the location and rate of auxin biosynthesis affects the root-tip auxin distribution.
We test the model’s ability to capture the results of reciprocal-grafting experiments
of WT and wei8 tar2 roots (Brumos et al., 2018). We find that only decreasing the
contribution of auxin from the shoot relative to the rate of local auxin synthesis
in the root tip produces simulated auxin reporter distributions consistent with the
experimental data. We conclude that local auxin biosynthesis across the root tip is a
critical component in auxin patterning within the root tip.

2.2 Auxin transport model

In this section, we describe a mathematical model for auxin distribution in the root
tip. We consider the effect of auxin transport via auxin influx carriers, AUX1/LAX,
and auxin efflux carriers, PIN. We also incorporate the auxin fluxes through plas-
modesmata. The model description closely follows that found in Band et al. (2012b,
2014) and Mellor et al. (2020).

2.2.1 Model structure

The cell geometries used for modelling the root tip are extracted from confocal
microscope images of the Arabidopsis root tip that are stained with propidium iodide
in order to visualise the cell walls. These root tips have also been crossed with
the DII-VENUS fluorescent reporter which is found in the nucleus and enables
the visualisation of DII-VENUS levels within each cell (Band et al., 2012b). The
software package SurfaceProject, developed by Band et al. (2014), is then used
to extract a 2D cross-section of the root tip with the nuclei in focus. Once this
cross-section is obtained, the package CellSet (Pound et al., 2012) is used to obtain
the position of cells and their cell walls, assign cell types, and quantify DII-VENUS
fluorescence levels for every cell (Mellor et al., 2020).

The Python-based framework Openalea (Pradal et al., 2008) is used to set-up the
model tissue. The tissue is defined as a vertex based model with a set of points in
space that represent the vertices of the cells (Band et al., 2014). Figure 2.1 shows
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a schematic of the vertex model set-up. Between two neighbouring cells, i and j,
there is one or more apoplast compartments, ai jk, which correspond to the cell wall
segments defined by CellSet. The area of each apoplast compartment is given by
Aai jk = λSi jk, where λ is the cell wall thickness (which we assume to be constant)
and Si jk is the distance between the two vertices defining the cell wall segment.
Between adjacent apoplast compartments, we have vertex compartments with area
Avl . We consider Ai to be the area of cell i.

Figure 2.1: Schematic of the vertex based model as described by Band et al. (2014).
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2.2.2 Model fluxes

Auxin can move between cells using a range of transport methods. Auxin may
be transported via passive diffusion in the cell cytoplasm and apoplast, or it can
be actively transported between the cell cytoplasm and apoplast via auxin influx
and efflux carriers. Within a cell, auxin exists in two main forms. Auxin can exist
as IAAH, which is its protonated form, and as IAA−, which is its anionic form.
Protonated auxin can permeate cell walls via passive diffusion, whereas, anionic
auxin requires influx and efflux carriers to actively transport it across cell membranes.

The mathematical equations used to describe auxin dynamics in the root tip are based
on the ordinary differential equations defined by Band et al. (2014). To represent
the movement of auxin from the cell wall compartments to adjacent cells (and vice
versa), via influx and efflux carriers and passive diffusion, we define the flux from
apoplast compartment ai jk into cell i by,

Ji jk = PIAHH(B1[Auxin]ai jk−C1[Auxin]i)

+PAUX1[AUX1]i jk(B2[Auxin]ai jk−C2[Auxin]i)

+PLAX [LAX]i jk(B2[Auxin]ai jk−C2[Auxin]i)

+PPIN [PIN]i jk(B3[Auxin]ai jk−C3[Auxin]i)

+Pback(B3[Auxin]ai jk−C3[Auxin]i), (2.1)

where [Auxin]i is the concentration of auxin in cell i, [Auxin]ai jk is the concentration
of auxin in apoplast compartment ai jk, B1, B2, B3, and, C1, C2, C3 are constants
(given in Table 2.1) defined in Band and King (2012) (where B1 and C1 represent the
proportion of protonated auxin within the apoplast and cytoplasm respectively), and
PIAAH , PAUX1, PLAX , PPIN , and Pback are the permeabilities associated with passive
flux, AUX1 dependent, LAX dependent, PIN dependent and background carrier
mediated flux respectively (also given in Table 2.1) (Band et al., 2014).

To model the flux within the cell wall, we define the flux representing the movement
of auxin from apoplast compartment ai jk to the vertex compartment l as,

Ji jkl =
2D
Si jk

([Auxinvl− [Auxin]ai jk), (2.2)

where [Auxin]vl is the concentration of auxin in vertex compartment l, D is the
auxin diffusion coefficient in the apoplast, and Si jk is the length of the cell wall
compartment ai jk (Band et al., 2014).
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Finally, we model the flux through the plasmodesmata. Plasmodesmata link the
cytoplasm’s of two cells, hence, we can define the movement of auxin between
cells without the need for it to pass through the cell wall. Hence, the flux through
plasmodesmata, from cell j to cell i, is given by,

Jp
i j = Pplasdi j([Auxin] j− [Auxin]i), (2.3)

where Pplas is the permeability per plasmodesmata (given in Table 2.1) and di j is the
plasmodesmatal density between cells i and j (Mellor et al., 2020).

Parameter Value

B1 0.24

B2 3.57

B3 0.034

C1 0.004

C2 0.045

C3 4.68

PIAAH 5.6×10−7 ms−1

PAUX1 5.6×10−7 ms−1

PLAX 5.6×10−7 ms−1

PPIN 5.6×10−7 ms−1

Pback 1.68×10−7 ms−1

Pplas 8.06×10−7 m3s−1

Table 2.1: Parameter values for auxin transport modelling (Band et al., 2014, Mellor et al.,
2020)

2.2.3 Auxin production and degradation

Alongside the movement of auxin between cells and cell wall compartments, we
include in the model the production and degradation of auxin within each cell. We
define the auxin production rate in cell i to be αi, whose value depends on the cell
type, and the auxin degradation rate to be µ , which is a uniform, linear degradation
rate.

In the published model, the auxin degradation rate is uniform across all cell types.
The auxin production rate is uniform across all cells, except in the quiescent centre
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(QC) and cortex/endodermal initials where the production rate is 10 fold higher
(Band et al., 2014) due to the expression pattern of the TAA1/TAR genes being
localised to this area (Stepanova et al., 2008).

2.2.4 Auxin concentration equations

Combining the flux equations with the auxin production and degradation terms, we
obtain the following system of equations to describe auxin concentration within the
system,

d[Auxin]i
dt

= αi−µ[Auxin]i +
1
Ai

∑
j∈Ci

Ni j

∑
k=1

Si jk(Ji jk + Jp
i j), (2.4a)

d[Auxin]ai jk

dt
=− 1

λ
(Ji jk + J jik)+

1
Si jk

∑
m∈Vi jk

Ji jkm, (2.4b)

d[Auxin]vl

dt
=− 1

λ
∑

i jk∈Wl

Ji jkl, (2.4c)

where Ci represents the set of cells adjacent to cell i, Ni j is the number of apoplast
compartments between cells i and j, Vi jk denotes the pair of vertex compartments
associated with either end of apoplast compartment ai jk, and Wl is the number of
apoplast compartments adjacent to vertex l (Band et al., 2014).

2.2.5 Boundary and initial conditions

Following the model described by Band et al. (2014), we define a fixed boundary con-
dition in stele cells such that [Auxin]b = 1. The fixed boundary condition represents
a constant supply of auxin to the root from the shoot. In the remaining boundary
cells, we define a constant gradient boundary condition. This means, at steady-state,
for a given boundary cell, p, and its neighbouring cell, in a rootward direction in the
same cell layer , q, we have, [Auxin]p− [Auxin]q = 0.

2.2.6 DII-VENUS model equations

Following closely the work of Band et al. (2012b), we can define a system of ordi-
nary differential equations that describe DII-VENUS dynamics within the system.
The system of ODEs describe the evolution of the concentration of auxin, [Auxin]i,
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DII-VENUS, [VENUS]i, TIR1/AFB receptors, [TIR1]i, auxin-TIR1/AFB complexes,
[Auxin·TIR1]i, and auxin-TIR1/AFB-DII-VENUS complexes, [Auxin·TIR1·VENUS]i.
The system of ODEs describing DII-VENUS dynamics is,

d[Auxin]i
dt

= kd[Auxin ·TIR1]i− ka[Auxin]i[TIR1]i

+
1
Ai

∑
j∈Ci

Ni j

∑
k=1

Si jk(Ji jk + Jp
i j)

+αi−µ[Auxin]i, (2.5a)

d[TIR1]i
dt

=−ka[Auxin]i[TIR1]i

+ kd[Auxin ·TIR1]i, (2.5b)

d[Auxin ·TIR1]i
dt

= ka[Auxin]i[TIR1]i− kd[Auxin ·TIR1]i

+(ld + lm)[Auxin ·TIR1 ·VENUS]i

− la[Auxin ·TIR1]i[VENUS]i, (2.5c)

d[Auxin ·TIR1 ·VENUS]i
dt

= la[Auxin ·TIR1]i[VENUS]i

− (ld + lm)[Auxin ·TIR1 ·VENUS]i, (2.5d)

d[VENUS]i
dt

= δ − la[Auxin ·TIR1]i[VENUS]i

+ ld[Auxin ·TIR1 ·VENUS]i, (2.5e)

where ka is the rate of association between auxin and TIR1/AFB receptors, kd is the
rate of dissociation of the auxin-TIR1/AFB complex, la is the rate of association
of DII-VENUS and auxin-TIR1/AFB, ld is the rate of dissociation of the auxin-
TIR1/AFB-DII-VENUS complex into DII-VENUS and auxin-TIR1/AFB, lm is the
rate of dissociation of the auxin-TIR1/AFB-DII-VENUS complex into ubiquitinated
DII-VENUS and auxin-TIR1/AFB, and δ is the rate of DII-VENUS production.



38

We nondimensionalise the system using the following substitutions,

t = [VENUSb]
δ

t∗, [Auxin]i = [Auxin]b[Auxin]∗i ,

[VENUS]i = [VENUS]b[VENUS]∗i , [TIR1]i = [TIR1]b[TIR1]∗i ,

[Auxin ·TIR1]i = [Auxin ·TIR1]b[Auxin ·TIR1]∗i ,

[Auxin ·TIR1 ·VENUS]i = [Auxin ·TIR1 ·VENUS]b[Auxin ·TIR1 ·VENUS]∗i ,

(l∗d , l
∗
m,k
∗
d,µ

∗) = [VENUS]b
δ

(ld, lm,kd,µ), k∗a =
ka[TIR1]b[,V ENUS]b

δ
,

l∗a =
la[VENUS]2b

δ
, η

∗
AT = α

[TIR1]bµ
, α

∗ = α[VENUS]b
δ [Auxin]b

, (2.6)

where a subscript b denotes a reference concentration. We can now substitute
equation (2.6) into the system of equations (2.5a) – (2.5e) to obtain the dimensionless
system,

d[Auxin]∗i
dt∗

= k∗a([Auxin ·TIR1]i− [Auxin]i[TIR1]i)

+
[VENUS]b

δ

1
Ai

∑
j∈Ci

Ni j

∑
k=1

Si jk(J∗i jk + Jp∗
i j )

+α
∗
i −µ

∗[Auxin]∗i , (2.7a)

d[TIR1]∗i
dt∗

= k∗aη
∗
AT (−[Auxin]∗i [TIR1]∗i

+[Auxin ·TIR1]∗i ), (2.7b)

d[Auxin ·TIR1]∗i
dt∗

= k∗d([Auxin]∗i [TIR1]∗i − [Auxin ·TIR1]∗i

+ l∗a([Auxin ·TIR1 ·VENUS]∗i
− [Auxin ·TIR1]∗i [VENUS]∗i ), (2.7c)

d[Auxin ·TIR1 ·VENUS]∗i
dt∗

= (l∗d + l∗m)([Auxin ·TIR1]∗i [VENUS]∗i

− [Auxin ·TIR1 ·VENUS]∗i ), (2.7d)

d[VENUS]∗i
dt∗

= 1−
(l∗d + l∗m)

l∗m
[Auxin ·TIR1]∗i [VENUS]∗i

+
l∗d
l∗m
[Auxin ·TIR1 ·VENUS]∗i . (2.7e)

Here, (J∗i, j,k,J
p∗
i j ) =

1
[Auxin]b

(Ji jk,J
p
i j) gives the flux relative to the auxin boundary

concentration. Now, making the assumption that complex formation and dissociation
happen rapidly (i.e. by setting equations (2.7b) to (2.7d) equal to zero), we can
reduce the system of equations to obtain a single equation that describes the DII-
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VENUS dynamics in the system (we return to dimensional time in the process),

d[VENUS]∗i
dt

= p2

(
1− [Auxin]∗i [VENUS]∗i

p3 + p4[Auxin]∗i + p1[Auxin]∗i [VENUS]∗i

)
, (2.8)

where the coefficients p1, p2, p3, and p4 (Band et al., 2012b) are given by,

p1 =
[Auxin ·TIR1 ·VENUS]b

[TIR1]T
, p2 =

δ

[VENUS]b
,

p3 =
[TIR1]b
[TIR1]T

, p4 =
[Auxin ·TIR1]b

[TIR1]T
. (2.9)

For our model, we are interested in the auxin distribution at steady-state. As such,
we can set equation (2.8) equal to zero to find a direct relationship between auxin
concentration and DII-VENUS concentration, given by,

[VENUS]∗i =
p3

[Auxin]∗i
+ p4

1− p1
. (2.10)

The parameter values used in the reduced DII-VENUS model are estimated in Band
et al. (2012b) and are given in Table 2.2.

Parameter Value

p1 0.06

p3 0.91

p4 0.03

α∗i 0.001s−1

α∗QC 0.01s−1

µ∗ 0.001s−1

Table 2.2: Parameter values for reduced DII-VENUS model. Parameters p1, p3, p4 are
estimated in (Band et al., 2012b) and are dimensionless. α∗i and µ∗ are the production and
degradation rate in all cells, apart from the QC region which has an increased production
rate given by αQC.

2.3 Modelling local auxin synthesis

The plant hormone auxin (IAA) plays a crucial role in many aspects of plant develop-
ment. The spatial distribution of auxin in the plant root tip helps to regulate growth,
initiate lateral roots, and produce tropic responses (Grieneisen et al., 2007, Swarup
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et al., 2005, Band et al., 2012b). Determining the mechanisms that regulate auxin
dynamics is a vital step in understanding auxin’s role in plant development. In this
section, we extend our mathematical model (Section 2.2) to investigate the effect of
local auxin synthesis on auxin dynamics in the Arabidopsis root tip by mimicking
the reciprocal grafting experiments performed by Brumos et al. (2018).

2.3.1 Reciprocal-grafting experiments

The auxin biosynthesis genes, WEI8/TAR, are expressed at and near the quiescent
centre (QC) and catalyse the conversion of Tryptophan to the IAA precursor IPyA
(Figure 1.4) (Ljung, 2013). Recent experimental studies, performed by Brumos et al.
(2018), involving these genes show that local auxin synthesis may play a crucial
role in root auxin patterning. Brumos et al. (2018) performed reciprocal grafting
experiments of WT and wei8 tar2 (auxin biosynthesis deficient mutant) shoots and
roots and the results of their experiments are shown in Figure 2.2A. The intensity of

Figure 2.2: Reciprocal grafting experiments suggest an important role for local auxin
synthesis in the auxin patterning of Arabidopsis root tip. (A) Grafting of auxin-deficient
wei8 tar2 and WT seedlings harboring the DR5:GFP auxin responsive reporter (Brumos
et al., 2018); (B) Auxin signal intensity plot.
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the auxin signal is shown in Figure 2.2B (calculated using Fiji ImageJ). We see a 2.6
fold decrease in auxin signal intensity between the WT-WT graft and the WT-wei8

tar2 graft, and a 1.2 fold decrease between the WT-WT graft and the wei8 tar2-WT

graft. Visually, these changes are clear in the high-low-high pattern seen across these
three grafts.

Several mathematical models have captured the effects of influx and efflux carriers
on auxin dynamics, based on a primary source of auxin originating in the shoot and
delivered to the root via the phloem. These root-tip models assume there is a fixed
auxin concentration at the boundary between the modelled root-tip tissue and the
region of long-distance transport (Grieneisen et al., 2007, Band et al., 2014, van den
Berg et al., 2016). Less clear from the models is the role that local auxin synthesis
may play in patterning the root tip. Grieneisen et al. (2007) do not account for
local auxin biosynthesis in their model work, Band et al. (2014) have a background
level of auxin biosynthesis in all cells which is increased in the quiescent center and
cortex/endodermal initials (QC region), and van den Berg et al. (2016) also have
an auxin production term for all cells in their model, however, they do not vary the
production rate based on cell-type and the auxin production rate is 50% lower than
the background auxin biosynthesis rate used by Band et al. (2014).

To investigate the role of local auxin synthesis in the patterning of the Arabidopsis
root tip, we adapt the existing multicellular model of auxin dynamics in the Arabidop-
sis root tip (Section 2.2, (Band et al., 2014, Mellor et al., 2020)) and test the model’s
ability to explain the grafting experiments presented by Brumos et al. (2018). It is
important to note that the auxin reporter, DR5:GFP, used in the reciprocal grafting
experiments is not a label for auxin, and as such, the relationship between reporter
levels and auxin levels may be non-linear.

2.3.2 Initial modelling results

Initially, we leave all model parameters as described in Section 2.2 (Tables 2.1 and
2.2) and design a method for defining wei8 tar2 mutant conditions in relation to our
initial model parameters. In the model, there are three key parameters that are related
to the biosynthesis of auxin, these are αb, αqc, and [Auxin]b. Here, αb is the rate of
auxin biosynthesis in the majority of root cells, αqc is the rate of auxin biosynthesis in
the QC region (quiescent center and cortical/endodermal initial cells), and [Auxin]b
is the concentration in boundary cells. Figure 2.3 indicates the cells where each of
these parameters are specified. We define auxin synthesis mutant conditions to be
10% of their corresponding WT condition. Table 2.3 shows parameter values for
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each of the reciprocal grafting experiments.

Figure 2.3: Location of auxin biosynthesis parameters within the root tip geometry.

Modelling reciprocal grafting experiments, using the parameters given in Table 2.3,
we obtain the results shown in Figure 2.4.

Shoot Root
Background

synthesis,
αb

QC region
synthesis,

αqc

Shoot auxin
supply,
[Auxin]b

WT WT 0.001s−1 0.01s−1 1.0

WT wei8 tar2 0.0001s−1 0.001s−1 1.0

wei8 tar2 WT 0.001s−1 0.01s−1 0.1

wei8 tar2 wei8 tar2 0.0001s−1 0.001s−1 0.1

Table 2.3: Auxin synthesis and boundary conditions for reciprocal grafting modelling.
Parameters are given in Tables 2.1 and 2.2.

Quantifying the fold-change between the WT-WT simulation and simulations for
WT-wei8 tar2 and wei8 tar2-WT simulations, we obtain fold decreases of 1.5 and
2.4 respectively (Figure 2.3B). This is inconsistent with the fold decrease seen in
experimental results, where the fold decrease between WT-WT and wei8 tar2 grafts
is larger than the one between wei8 tar2 and WT-WT grafts. Hence, it is clear the
current model set-up is not able to replicate the results seen in grafting experiments.

In their paper, Brumos et al. (2018) discuss the modelling work of Band et al. (2014).
They suggest that the inclusion of a small auxin synthesis term in all cells may
be masking the impacts of local auxin synthesis in the QC region. We decided to
investigate these suggestions further by removing background synthesis from all
cells.

Leaving the remaining parameters as before, we removed background auxin synthesis



43

Figure 2.4: Initial simulations of grafting experiments are unable to replicate the fold-
change behaviour seen in experimental results. (A) Model results for simulations of grafting
experiments using parameters listed in Table 2.3 (Band et al., 2014); (B) Auxin intensity
plot.

from the model by setting αb = 0. The remaining parameters do not change from
our initial simulations (full parameters given in Table 2.4).

Shoot Root
Background

synthesis,
αb

QC region
synthesis,

αqc

Shoot auxin
supply,
[Auxin]b

WT WT 0.0s−1 0.01s−1 1.0

WT wei8 tar2 0.0s−1 0.001s−1 1.0

wei8 tar2 WT 0.0s−1 0.01s−1 0.1

wei8 tar2 wei8 tar2 0.0s−1 0.001s−1 0.1

Table 2.4: Auxin synthesis and boundary conditions for reciprocal grafting modelling with
background synthesis removed (αb = 0). Parameters are given in Tables 2.1 and 2.2.

The results of this modelling are still unable to replicate the auxin patterns shown
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by reciprocal grafting experiments (Figure 2.5). As such, we chose to maintain the
original model set-up of having a background synthesis rate in all cells, with increased
synthesis in the QC region. We choose to maintain background auxin synthesis rates
as there is evidence to suggest that all root cells have auxin biosynthesis capabilities
(Ljung et al., 2005, Petersson et al., 2009).

Figure 2.5: Removing background synthesis in simulations of grafting experiments does
not enable the model to replicate the fold-change behaviour seen in experimental results. (A)
Model results for simulations of grafting experiments using parameters listed in Table 2.4
(Band et al., 2014); (B) Auxin intensity plot.

2.3.3 Modifying the shoot boundary condition

In the previous section, we showed that our existing auxin transport model is unable
to replicate reciprocal grafting experimental results. Initial modifications of removing
background synthesis in all cells did not resolve the issue. As such, in this section,
we modified the boundary condition described in Section 2.2.5 to enable us to make
more direct comparisons between auxin produced in the shoot and auxin produced
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in the root of the model.

We maintained the zero-gradient condition described in the outer shoot-boundary
cells and instead of fixing auxin concentration in the inner shoot-boundary cells, we
prescribe a higher production rate in the stele cells at the shootward boundary to
mimic a constant rate of auxin delivery to the root tip from the shoot.

We define the auxin biosynthesis mutants using the same method described in Section
2.3.2, where auxin biosynthesis mutant conditions are set to be 10% of the original
WT condition. The parameters for reciprocal grafting experiments with the new
boundary condition are shown in Table 2.5. Here the shoot auxin supply WT value
of 0.195s−1 is set to be equivalent to the fixed auxin boundary condition of 1.0.

Shoot Root Background
synthesis, αb

QC region
synthesis,

αqc

Shoot auxin
supply, αs

WT WT 0.001s−1 0.01s−1 0.195s−1

WT wei8 tar2 0.0001s−1 0.001s−1 0.195s−1

wei8 tar2 WT 0.001s−1 0.01s−1 0.0195s−1

wei8 tar2 wei8 tar2 0.0001s−1 0.001s−1 0.0195s−1

Table 2.5: Auxin synthesis and boundary conditions for reciprocal grafting modelling with
new flux boundary condition. Parameters are given in Tables 2.1 and 2.2.

We modelled the grafting experiments with the new boundary condition and the
results can be seen in Figure 2.6. Fold change analysis reveals that there is a 1.8
fold decrease between WT-WT simulations and both WT-wei8 tar2 and wei8 tar2-

WT simulations. These results are different from the results of the fixed boundary
condition model but are still unable to replicate experimental results (as expected as
the current boundary condition is designed to be equivalent to the fixed boundary
condition used in Section 2.3.2).

2.3.4 Model optimisation

2.3.4.1 Manipulating auxin biosynthesis in the QC region

We investigated the role of auxin biosynthesis in the QC region of the Arabidopsis
root tip to try to understand the impact of local auxin biosynthesis on root tip auxin
patterning. We chose to investigate the role of local auxin synthesis in the QC region
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Figure 2.6: Simulations of grafting experiments with a boundary condition prescribing
increased production in shoot boundary cells reproduce results of simulations with fixed
boundary condition. (A) Model results for simulations of grafting experiments using pa-
rameters listed in Table 2.5 (Band et al., 2014); (B) Auxin intensity plot. WT influx rate:
0.195s−1.

as there is strong evidence to suggest the auxin biosynthesis gene TAA1 (also known
as WEI8) is localised to this region of the root tip (Stepanova et al., 2008) (see Figure
2.7).

To investigate the role auxin synthesis in the QC region plays in root tip auxin
patterning, we needed a method to compare our modelling results to the experimental
data. In order to quantify the difference between the experimental images and model
results, we calculated the mean GFP fluorescence intensity in each experimental
case. Next, we defined a measure to quantify the fit of the model to the experimental
intensities. We took the ratio of the WT-wei8 tar2 and wei8 tar2-WT fluorescence
intensities against the WT-WT fluorescence intensity. We then defined the measure
of “fit” as,

f =
(R− r)2

r
+

(S− s)2

s
(2.11)
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Figure 2.7: Location of the auxin biosynthesis gene TAA1 in the Arabidopsis root tip
(Stepanova et al., 2008).

where R is the ratio of the WT-wei8 tar2 model average auxin intensity against
WT-WT model average auxin intensity, S is the ratio of the wei8 tar2-WT model
average auxin intensity against WT-WT model average auxin intensity, and r and s

are the corresponding ratios calculated from the image analysis of the experimental
images.

The total level of auxin in our system is determined by the total amount of produc-
tion and degradation within the system, and the patterning is driven by the auxin
transporters and plasmodesmata. We seek to find an optimal fit for our model against
parameters that have biological relevance. As such, there may exist other mathemati-
cally optimal fits to our system of equations that yield similar total auxin levels that
rely on biologically infeasible parameters.

To evaluate the role of local auxin synthesis in the QC region of the root tip, we
plotted the measure of fit, equation (2.11), as a function of QC region synthesis to
background synthesis ratio. The results are shown in Figure 2.8. A greater than
100-fold increase in auxin biosynthesis in the QC region compared to background
auxin biosynthesis is required to obtain a qualitative match to experimental data,
with a 285-fold change (square in Figure 2.8) required to obtain an optimal fit to the
experimental data. The fold change required to produce optimal results is unrealistic
as we expect synthesis in the QC to be only 10-fold larger than background synthesis
(Ljung et al., 2005).

Due to the unrealistic increase in auxin synthesis in the QC region required to
replicate reciprocal grafting experiments, we conclude that auxin biosynthesis in the
QC region alone cannot be responsible for root-tip auxin patterning in Arabidopsis.
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Figure 2.8: Measure of fit (Equation (2.11)) plotted as a function of QC region synthesis
to background synthesis ratio. Black circle marks a QC ratio of 10 (the value consistent
with literature (Ljung et al., 2005)). Black square marks the optimal QC region:background
synthesis ratio of 285.

In order to replicate reciprocal grafting experiments, we shifted our focus away
from localised auxin synthesis in the QC region and investigated the role of auxin
biosynthesis across the wider set of root-tip tissues.

2.3.4.2 Shoot vs root auxin biosynthesis

Using the measure of fit, equation (2.11), we investigated the importance of root
auxin synthesis vs shoot produced auxin. We vary the model parameter αs to
capture changes in the amount of auxin produced by the shoot. We plotted the
measure as a function of the ratio of shoot-derived auxin to root-derived auxin. The
results are shown in Figure 2.9. We find that only shifting the shoot:root ratio away
from shoot-dominance towards synthesis in the root produces a good qualitative
comparison to the experimental data. The optimal fit occurs at a shoot:root ratio
of 0.6 (corresponding to a flux boundary condition of 0.08; square in Figure 2.9).
Optimal parameter values for all reciprocal grafting experiments are shown in Table
2.6.

Fold change analysis of Figure 2.10B, reveals that there is a 2.7 fold decrease from
WT-WT simulations and WT-wei8 tar2 simulations and a 1.4 fold decrease from
WT-WT simulations and wei8 tar2-WT simulations. These results are consistent
with fold-change behaviour seen in experiments. Hence, we conclude that local
auxin biosynthesis across the whole root tip plays an important role in root-tip auxin
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Figure 2.9: Measure of fit (Equation (2.11)) plotted as a function of shoot synthesis to root
synthesis ratio. Black circle marks the original ratio for flux boundary condition consistent
with fixed boundary condition model. Black square marks the optimal shoot:root ratio.

Shoot Root Background
synthesis, αb

QC region
synthesis,

αqc

Shoot auxin
supply, αs

WT WT 0.001s−1 0.01s−1 0.08s−1

WT wei8 tar2 0.0001s−1 0.001s−1 0.08s−1

wei8 tar2 WT 0.001s−1 0.01s−1 0.008s−1

wei8 tar2 wei8 tar2 0.0001s−1 0.001s−1 0.008s−1

Table 2.6: Auxin synthesis and boundary conditions for reciprocal grafting modelling with
optimised flux boundary condition parameters. Parameters are given in Tables 2.1 and 2.2.

patterning.

2.3.4.3 Data comparison and visualisation

Having obtained a model set-up that allows us to mimic the fold change behaviour
seen in the grafting experiments conducted by Brumos et al. (2018), we wish to
define a method that will allow us to compare the model simulations with cell-
based experimental data. For this we require data using the DII-VENUS fluorescent
reporter. Further experiments are required to obtain this data for grafting experiments,
however, we are able to compare the WT-WT simulations to data we have for WT
Arabidopsis seedlings.
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Figure 2.10: Simulations of grafting experiments with an optimal boundary condition
where increased production is prescribed in shoot boundary cells reproduce fold change
behaviour seen in experiments. (A) Model results for simulations of grafting experiments
using parameters listed in Table 2.6 (Band et al., 2014); (B) Auxin intensity plot. WT influx
rate: 0.08s−1.
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We follow the model evaluation techniques described in (Mellor et al., 2020). Each
cell in the model and experimental datasets are normalised with the minimum value
for each dataset, i.e.,

m∗i =
mi

min(M)
, (2.12)

where mi is the value for cell i, M is the set of all values, and m∗i is the normalised
value for cell i. We then plot the difference between the two normalised datasets
to compare the model with the experimental data. Figure 2.11A shows the original
WT-WT model (fixed concentration boundary condition) compared with existing
DII-VENUS fluorescent data and Figure 2.11E shows the optimal flux boundary
condition model compared with existing DII-VENUS data. These figures show that,
when normalised, the newly adapted model captures the DII-VENUS experimental
data as well as the original model.

To quantify the difference between the models and the data, we take the mean
absolute difference between the normalised model and normalised experimental data
i.e.,

F =
∑i∈C |m∗i −d∗i |

|C|
, (2.13)

where C is the set of all cells in the root geometry (|C| is the number of cells), and
m∗i and d∗i are the normalised model and experimental DII-VENUS values for cell i.
Figure 2.11F shows the quantification of the difference between the original WT-WT
model and the DII-VENUS experimental data compared to the quantification of the
difference between the optimal flux boundary condition model and the DII-VENUS
experimental data.

Figure 2.11: Examples of data comparison technique. (A,E) WT model results compared
with DII-VENUS experimental data for the fixed boundary condition and optimal flux
boundary condition respectively; (B,D) Model DII-VENUS outputs for the fixed boundary
condition and optimal flux boundary condition models respectively; (C) DII-VENUS experi-
mental data; (F) Quantified difference between model simulations and experimental data.
Cosine similarity between fixed model simulations and flux model simulations is 0.9999.
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As we can see from the results shown in Figure 2.11, changing the boundary condition
to a flux boundary condition has not significantly impacted the fit of the WT model
to experimental data. In particular, we can calculate the cosine similarity between
model auxin for the fixed concentration boundary condition model and the optimal
flux boundary condition,

cosine similarity =
Ā · B̄

||Ā|| · ||B̄||
= 0.9999 (2.14)

where Ā and B̄ are the simulation auxin vectors for the fixed concentration boundary
condition and optimal flux boundary conditions respectively. This gives a value very
close to 1, showing that the adjustments we have made to the boundary condition
have not impacted the auxin pattern within the root tip. These data comparison
techniques can also be used to quantify the difference between model simulations
and results from grafting experiments that are conducted in plants expressing the
DII-VENUS fluorescent reporter.

Finally, we ensure that modifications made to the model to capture grafting ex-
periments does not affect the previously published results on aux1 and pin2 auxin
patterns in the root tip (Band et al., 2014, Mellor et al., 2020). Figures 2.12 and
2.13 compare simulations of aux1 and pin2 mutants using the optimal flux boundary
condition model to results from Mellor et al. (2020). These results, alongside cosine
similarity measurements of 0.99997 and 0.999992 (for aux1 and pin2 respectively)
indicate that adjustments to the model to capture grafting experiments do not affect
previously published results from the model.
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Figure 2.12: Data comparison for aux1 mutant roots. (A,E) aux1 model results compared
with DII-VENUS experimental data for the fixed boundary condition and optimal flux
boundary condition respectively; (B,D) Model DII-VENUS outputs for the fixed boundary
condition and optimal flux boundary condition models respectively; (C) DII-VENUS experi-
mental data; (F) Quantified difference between model simulations and experimental data.
Cosine similarity between fixed model simulations and flux model simulations is 0.99997.

Figure 2.13: Data comparison for pin2 mutant roots. (A,E) pin2 model results compared
with DII-VENUS experimental data for the fixed boundary condition and optimal flux
boundary condition respectively; (B,D) Model DII-VENUS outputs for the fixed boundary
condition and optimal flux boundary condition models respectively; (C) DII-VENUS experi-
mental data; (F) Quantified difference between model simulations and experimental data.
Cosine similarity between fixed model simulations and flux model simulations is 0.999992.
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2.4 Local auxin biosynthesis experiments

COVID-19 impact on experimental data

The experiments discussed in Section 5.4.1 were scheduled to be performed during
the COVID-19 pandemic. Due to time restraints on lab access and the far reaching
impact of the pandemic on experimental colleagues, the decision was made to cancel
these experiments. Figure 5.1 shows the proposed experimental design for these
experiments. Section 5.4.1 is presented with details of what we had intended to study
to add further verification to the model simulations.

2.5 Conclusions

We have used mathematical modelling to explore the role of auxin synthesis in the
shoot and root tissues for controlling auxin levels in the primary root apex. Our
results suggest that an unrealistically large increase in auxin biosynthesis in the QC
and cortex/endodermal initials is needed to replicate experimental grafting results.
As such, our modelling suggests a shift in the shoot:root ratio away from shoot
dominance is required to capture the effect of reciprocal grafting experiments. We
show that changing the boundary condition of the model to a flux boundary condition
does not impact on the quantitative fit of the model to WT experimental DII-VENUS
data and that changing this boundary condition allows us to capture the affects of
reciprocal grafting experiments on auxin distribution in the Arabidopsis root tip. We
conclude that local auxin synthesis in a wider set of root tip tissues than just the QC
plays a critical role in determining auxin levels in the primary root apex.



Chapter 3

Modelling hormone transport in the
phloem

3.1 Introduction

In Chapter 2, we developed a cell-based model of the auxin dynamics in the root tip
of an Arabidopsis seedling that captured the effect of local auxin biosynthesis on
auxin patterning in the root tip. In the development of this model, we introduced
a constant flux boundary condition in order to be able to investigate the relative
contributions of auxin transported into the root from the shoot to auxin synthesised
in the root. In this chapter, we investigate in more detail the transport of hormones
from shoot to root.

The phloem forms part of a plant’s vascular system and is responsible for the long-
distance transport of sugars, proteins, and hormones from the shoot to the root
(Taiz and Zeiger, 2010). Many studies have shown that shoot-derived hormones are
transported long distances within the phloem to regulate developmental processes in
the root (Lacombe and Achard, 2016, Baker, 2000b). The transport of the gibberellin
(GA) precursor GA12 through the Arabidopsis phloem acts as a long-distance signal
mediating growth responses (Regnault et al., 2015). Translocation of cytokinins
from shoot to root via the phloem is important for nitrogen acquisition (Kiba et al.,
2011), the regulation of root nodulation (Sasaki et al., 2014), and maintenance of
vascular patterning in the root (Bishopp et al., 2011). Lateral root development has
been shown to depend on long-distance transport of both auxin (Bhalerao et al., 2002,
Chhun et al., 2007) and ABA (Zhang et al., 2021).

55
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Although it is well established that hormones are advected through the phloem
(Lacombe and Achard, 2016), as far as we are aware, no previous mathematical
models have considered this directly and investigated how parameters affect hormone
delivery from the shoot to the root tip. Instead, existing plant-hormone models focus
on hormone dynamics within a specific organ or tissue, for example, modelling auxin
dynamics in the root tip. Previously published root-tip models assume there is a
fixed auxin concentration at the boundary between the modelled root-tip tissue and
the region of long-distance transport (Grieneisen et al., 2007, Band et al., 2012b,
van den Berg et al., 2016, Mellor et al., 2020). However, the processes that regulate
the auxin dynamics at this boundary have not been studied directly.

Existing mathematical models of phloem transport focus on the movement of sugars
through the phloem via the pressure flow hypothesis (Minchin et al., 1993, Bidel
et al., 2000, Thompson and Holbrook, 2003, Jensen et al., 2011, 2012, Payvandi et al.,
2014, Jensen et al., 2016, Nakad et al., 2021) initially proposed by Münch (Münch,
1926); this describes how phloem sap movement is generated by osmotic pressure
differences caused by a gradient in sugar concentration between source and sink
tissues (Jensen et al., 2016). Sugar is loaded into the phloem at the shoot, reducing
the phloem sap osmotic potential and causing an influx of water, whereas sugar
unloading in the root increases the phloem osmotic potential causing water efflux.
The resulting gradient in hydrostatic pressure drives phloem water flow that advects
the sugar and other solutes (Payvandi et al., 2014). Key developments from previous
models include non-steady-state dynamics (Thompson and Holbrook, 2003), the
development of analytical solutions in high and low Münch number limits (Jensen
et al., 2012), investigating the importance of diffusion in boundary layers at high
Münch number (Payvandi et al., 2014), and the role of Taylor dispersion (Nakad
et al., 2021). Many of these models have focused on larger plant species such as
barley (Minchin et al., 1993), peach (Bidel et al., 2000), and black locust (Payvandi
et al., 2014) which all have a Münch number greater than 1.

In this chapter, we expand upon the phloem transport models in the literature to
include the transport of a generic hormone (though we note that the model presented
is also applicable to the transport of any small passively advected molecules in the
phloem). The model also includes adaptations that allow us to capture more realistic
loading and unloading mechanisms. This formulation enables us to introduce pa-
rameters that represent specific physical processes such as passive diffusion through
plasmodesmata and active transport via known membrane proteins. Motivated by
experimental findings (Ross-Elliott et al., 2017, Bret-Harte and Silk, 1994), we
also incorporate loading and unloading via bulk flow, by introducing the Staverman
reflection coefficient (Staverman, 1951) which allows for solutes to leak across the
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membrane in the direction of water flow. In the results section, we focus our attention
to model scenarios with low Münch number to be representative of smaller model
species, such as Arabidopsis thaliana for which bulk flow has been shown to be the
dominant form of phloem unloading (Ross-Elliott et al., 2017).

3.2 Phloem transport model

In order to formulate the mathematical model, we consider the phloem as a long,
thin, narrow pipe of through which water and solutes are transported. The phloem is
split into three zones: the loading zone (x ∈ [0,x1]); translocation zone (x ∈ [x1,x2]);
and unloading zone (x ∈ [x2,x3]). The phloem tube has radius a and the length of
the translocation zone is given by L (where a� L). Water can flow into / out of
the phloem tube along the length of the pipe, however, solutes may only enter/leave
the phloem in the loading/unloading zone respectively. Water is considered to be
transferred to/from the xylem, whereas solutes are considered to be transferred
to/from sink/source tissues. The phloem tube walls are comprised of membranes
whose permeability properties are dependent on the distance along the phloem tube.
A schematic of the modelling structure is given in Figure 3.1.

3.2.1 Governing equations

We develop a model that describes the velocity of the phloem sap (water with the
solutes dissolved in it) and the concentration of the solutes along the length of the
phloem. We model the phloem sap as an incompressible Newtonian fluid. The
velocity in the x− and r−directions is given by vx(r,x) and vr(r,x) respectively, and
pp = pp(r,x) denotes the in-tube hydrostatic pressure, where x denotes the distance
along the length of the phloem tube and r the radial position within the phloem.
Considering the dynamics at steady state, the flow of phloem sap is described by the
following Navier-Stokes equations (3.1) and incompressibility condition (3.2),

ρ

(
vr

∂vx

∂ r
+ vx

∂vx

∂x

)
=−

∂ pp
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Figure 3.1: Schematic showing the modelling structure. The phloem is considered a long
thin pipe split into three zones (loading, translocation, unloading). Water is considered to
be transferred directly from xylem to phloem (and the xylem contains no solute), whereas
the solute is transferred to/from and external tissue source/sink (which may have a solute
concentration).
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where η is the viscosity of the sap, ρ is the phloem sap density, and gravitational
effects are assumed negligible (Jensen et al., 2016, Thompson and Holbrook, 2003).

We begin by considering only one solute, sugar, as this is the most common solute
in phloem sap. The concentration of sugar in the phloem, cp(r,x), is given by the
steady-state advection-diffusion equation,

∇ · (vcp) = D∇
2cp, (3.3)

where D is the diffusivity coefficient of sugar. Alongside this, we define the concen-
tration of sugar outside the phloem tube in the xylem as cx and the pressure outside
the phloem tube in the xylem as px, where cx and px are constants. We also note
that the concentration of sugar external to the phloem in the source/sink tissues is
denoted cext .

We assume the following boundary conditions on the phloem sap velocity,

vr(0,x) = 0, (symmetry about the centre-line) (3.4a)

∂

∂ r
vx(0,x) = 0, (symmetry about the centre-line) (3.4b)

vx(a,x) = 0. (no slip condition at r = a) (3.4c)

We model the end points of the phloem tube to be impermeable to water. This yields
the following additional boundary conditions,

vx(r,0) = 0, no axial flow at left end point (3.5a)

vx(r,x3) = 0. no axial flow at right end point (3.5b)

The radial velocity at r = a will be equal to the velocity of water moving across the
membrane (from the xylem into the phloem),

vr(a,x)=−vmem(x), (radial velocity at r = a equal to velocity across membrane)
(3.6)

where vmem(x) is the velocity of water at the membrane.

3.2.2 Velocity of water at the membrane

To finish specifying the velocity boundary conditions for phloem transport, we need
to define the velocity of the water at the membrane, vmem(x). To do this, we consider
the Starling forces acting on the phloem (Starling, 1896, Blaustein et al., 2011).
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From Figure 3.2, we consider the forces acting on the phloem sap at the membrane
of the phloem with the xylem. The xylem hydrostatic pressure, px, and phloem

Figure 3.2: Figure showing the Starling forces acting along a phloem tube. Yellow circles
represent solute particles and blue arrows indicate the direction of water movement across
the membrane driven by the corresponding hydrostatic or osmotic pressure.

osmotic pressure, πp, drive the movement of water into the phloem (from the xylem).
The phloem hydrostatic pressure, pp, and xylem osmotic pressure, πx, drive the
movement of water out of the phloem (into the xylem). The velocity of the water
moving across the membrane from the xylem into the phloem, vmem, is then given
by:

vmem = Lp
(
(px− pp)−σ(πx−πp)

)
(3.7)

where Lp is the membrane water permeability and σ = σ(x) is the Staverman reflec-
tion coefficient (Staverman, 1951, Truskey et al., 2004). The Staverman reflection
coefficient varies between zero and one, where σ = 1 represents a perfectly semi-
permeable membrane, permeable only to water, and σ = 0 represents a membrane
that is permeable to both water and sugar equally. Values in between zero and one
represent membranes that are semi-permeable but with some leakage of sugar along
with the water (Truskey et al., 2004).

Phloem sap is comprised of solutes dissolved in water (Nobel, 2020). As such, we
can apply the van’t Hoff equation for dilute concentrations (Truskey et al., 2004)
which enables us to relate osmotic potentials to sugar concentrations,

πp = RT cp(r,x), πx = RT cx, (3.8)

where R is the ideal gas constant and T is the absolute temperature. Hence, the
velocity of the water, vmem, at the membrane is given by,

vmem(x) = Lp
(
(px− pp)−σRT (cx− cp)

)
. (3.9)

We can see that the water flow across the membrane depends on the local difference
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in concentration and hydrostatic pressure across the membrane (Jensen et al., 2011).
Equation (3.9) can be substituted into equation (3.6) to fully define the velocity
boundary condition at the membrane.

3.2.3 Solute flux at the boundary

At the membrane, we require a final boundary condition that describes the flux of the
solute at the membrane. For this we need to introduce the concentration of sugar in
the external source/sink tissues, cext(x). We define the flux of solute from the phloem
to the surrounding tissues, Js, by

Js = Jv(1−σ)c̄+β
∗(cp− cext)− γ

∗cp +λ
∗cext , (3.10)

where Jv is the fluid velocity across the membrane (in this case Jv =−vmem), c̄ is the
average concentration inside the membrane (given by c̄ = (cext + cp)/2, β ∗ is the rate of
solute diffusion across the membrane (Truskey et al., 2004), γ∗ is the rate of active
loading, and λ ∗ is the rate of active unloading. The first term on the right-hand-side
of equation (3.10) represents solute being dragged across the phloem membrane with
the flow of water, whereas the second term represents passive diffusion through the
phloem-tissue membrane. These two terms form the solute flux equation of Kedem
and Katchalsky (1958). The final two terms in (3.10) represent active transport of
solute into and out of the phloem. The equation for solute flux, (3.10), varies from
previous phloem models as they assumed the membrane of the phloem was perfectly
semi-permeable (σ = 1) (Jensen et al., 2012, Payvandi et al., 2014, Jensen et al.,
2016). Furthermore, by formulating the solute flux, (3.10), in terms of passive and
active components that depend on the external concentrations, the model parameters
relate directly to biological processes that can be perturbed experimentally and can
vary in response to environmental conditions.

To define the boundary condition, we equate the outward normal solute flux at the
boundary of the phloem model to the flux of the solute across the membrane (Figure
3.3).

Thus, the solute flux boundary condition is given by,

cp(a,x)vr(a,x)−D
∂cp

∂ r

∣∣∣
(a,x)

= Js
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Figure 3.3: Diagram showing the components that affect the outward solute flux at the
membrane boundary.

which yields, upon substitution of Js, (3.10),

D
∂cp

∂ r

∣∣∣
(a,x)

= cp(a,x)vr(a,x)− (1−σ)c̄vr(a,x)

+β
∗(cext(x)− cp(a,x))+ γ

∗cext(x)−λ
∗cp(a,x). (3.11)

We note that β ∗,γ∗,λ ∗ ≥ 0 and 0≤ σ ≤ 1. This general boundary condition allows
us to represent various forms of phloem loading, unloading, and membrane transport.
For example, in the translocation zone of the phloem (where no loading or unloading
occurs) we set β ∗ = γ∗ = λ ∗ = 0 and σ = 1 to represent the case where the phloem
tube walls are semi-permeable membranes (impermeable to sugar) and we have no
flux of sugars at the membrane.

3.2.4 Non-dimensionalisation

We non-dimensionalise the system with the scales,

x = LX , r = aR, vx =UVx,

vr = εUVr, pp =
ηLU

a2 Pp, ε =
a
L
,

cp =C∗Cp, Re =
ρUL

η
, Pe =

UL
D

,

where U is a characteristic flow speed of the phloem sap in the x-direction (Jensen
et al., 2016), C∗ is the external concentration of sugar at x = 0, Re is the Reynolds’
number, and Pe is the Péclet number. Substituting these scales into the governing
equations, (3.1) – (3.3), we obtain,

1
R

∂
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(
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)
+

∂Vx

∂X
= 0, (3.12)
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∂Pp

∂R
+ ε

2

(
1
R

∂

∂R

(
R

∂Vr

∂R

)
+ ε

2 ∂ 2Vr

∂X2 −
Vr

R2

)
,

(3.13b)

ε
2Pe

(
Vr

∂Cp

∂R
+Vx

∂Cp

∂X
+

Cp

R
∂

∂R

(
RVr
)
+Cp

∂Vx

∂X

)
=

1
R

∂

∂R

(
R

∂Cp

∂R

)
+ ε

2 ∂ 2Cp

∂X2 .

(3.13c)

with the nondimensionalised boundary conditions, (3.4), (3.6), and (3.11),

Vr(0,X) = 0, (3.14a)

∂Vx

∂R

∣∣∣
(0,X)

= 0, (3.14b)

Vx(1,X) = 0, (3.14c)

Vx(R,0) = 0, (3.14d)

Vx(R,X3) = 0, (3.14e)

Vr(1,X) =−V (X), (3.14f)

∂Cp

∂R

∣∣∣
(1,X)

= Pe
[
Cp(1,X)Vr(1,X)− (1−σ)C̄Vr(1,X)+β (Cext(X)−Cp(1,X))

+ γCext(X)−λCp(1,X)
]
, (3.14g)

where X3 = x3/L, β ∗ = εUβ , γ∗ = εUγ , λ ∗ = εUλ , cext(x) = C∗Cext(X), c̄ = C∗C̄,
and vmem(x) = εUV (X).

In the limit of a long narrow tube, with a� L, we have ε � 1. Hence, we can
consider the expansions,

Vr(R,X) =Vr,0(R,X)+ ε
2Vr,1(R,X)+ ε

4Vr,2(R,X)+ ..., (3.15a)

Vx(R,X) =Vx,0(R,X)+ ε
2Vx,1(R,X)+ ε

4Vx,2(R,X)+ ..., (3.15b)

Cp(R,X) =C0(R,X)+ ε
2C1(R,X)+ ε

4C2(R,X)+ ..., (3.15c)

Pp(R,X) = P0(R,X)+ ε
2P1(R,X)+ ε

4P2(R,X)+ .... (3.15d)

We also take ε2Re� 1 and ε2Pe� 1. Thus, we can substitute these expansions into
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equations (3.13) to obtain the following leading-order equations,

1
R

∂

∂R
(RVr,0)+

∂Vx,0

∂X
= 0 (3.16a)

∂P0

∂X
=

1
R

∂

∂R

(
R

∂Vx,0

∂R

)
, (3.16b)

∂P0

∂R
= 0, (3.16c)

1
R

∂

∂R

(
R

∂C0

∂R

)
= 0. (3.16d)

Note that this form of Stoke’s flow is called the lubrication equations. In order to
understand the dynamics governing concentration, we require an additional equation
for C. Hence, we consider the O(ε2) equation,

Pe

(
Vr,0

∂C0

∂R
+Vx,0

∂C0

∂X
+

C0

R
∂

∂R

(
RVr,0

)
+C0

∂Vx,0

∂X

)
=

1
R

∂

∂R

(
R

∂C1

∂R

)
+

∂ 2C0

∂X2 .

(3.17)

The leading-order boundary conditions are given by,

Vr,0(0,X) = 0, (3.18a)

∂Vx,0

∂R

∣∣∣
(0,X)

= 0, (3.18b)

Vx,0(1,X) = 0, (3.18c)

Vx,0(R,0) = 0, (3.18d)

Vx,0(R,X3) = 0, (3.18e)

Vr,0(1,X) =−V (X), (3.18f)

∂C1

∂R

∣∣∣
(1,X)

= Pe
[
C0(X)Vr,0(1,X)− (1−σ)C̄Vr,0(1,X)+β (Cext(X)−C0(X))

+ γCext(X)−λC0(X)
]
. (3.18g)

By substituting the nondimensional scales into (3.9), we obtain the nondimensional
velocity across the membrane,

V (X) =
Lp

εU

(
ηLU

a2 (Px(X)−Pp(R,X))−σRTC∗(Cx(X)−Cp(R,X))
)
. (3.19)

Using expansions (3.15c) and (3.15d), we obtain the membrane velocity at leading
order as,

V0(X) =
Lp

εU

(
ηLU

a2 (Px(X)−P0(X))−σRTC∗(Cx(X)−C0(X))
)
, (3.20)
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where V0 is the leading-order component of V as ε → 0. This tells us that LpσRTC∗/U

and ηLpL2/a3 = O(ε). We note that the dimensionless scales can be related to each
other via the following equations,

RTC∗ = P∗, U =
2L
a

LpP∗,

(Jensen et al., 2016), where L is the system length-scale, Lp is the membrane water
permeability, C∗ is the external sugar concentration at X = 0, and P∗ is the scale
parameter for osmotic pressure. This yields,

V0(X) =
1
2

(
Mü
8

(Px(X)−P0(X))−σ(Cx(X)−C0(X))

)
, (3.21)

where Mü= 16ηLpL2/a3 is called the Münch number.

3.2.5 Integrating with respect to R

We can reduce the system complexity by integrating the governing equations (3.16)
and (3.17) with respect to R. Equations (3.16c) and (3.16d) reveal that, at leading
order, pressure and concentration are functions of X only (i.e. C0(R,X) =C0(X) and
P0(R,X) = P0(X)).

The LHS of equation (3.16b) is a function of X only, hence, upon integrating with
respect to R, we obtain,

Vx,0(R,X) =
R2

4
∂P0

∂X
+A log(R)+B. (3.22)

Since the solution must be bounded as R→ 0 we know that A = 0 (from boundary

condition (3.18b)) Applying boundary condition (3.18c), we obtain B = −1
4

∂P0

∂X
.

This yields,

Vx,0(R,X) =
(R2−1)

4
∂P0

∂X
. (3.23)

Next, we integrate the incompressibility condition (3.16a) with respect to R to obtain,

Vr,0(R,X)+
∂ 2P0

∂X2
(R3−2R)

16
+

A
R
= 0. (3.24)

Applying boundary condition (3.18a) tells us that A = 0 (as Vr,0 is bounded as R→ 0).
Hence,

Vr,0(R,X)+
∂ 2P0

∂X2
(R3−2R)

16
= 0. (3.25)
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We can then apply the boundary condition Vr,0(1,X) =−V0(X), which tells us that,

∂ 2P0

∂X2 = 16V0(X). (3.26)

We integrate the concentration equation (3.17) with respect to R, to obtain,

Pe

[
∂C0

∂X

∫
RVx,0dR+C0

∫
∂

∂R
(RVr,0)dR

+C0
∂

∂X

∫
RVx,0dR

]
= R

∂C1

∂R
+

R2

2
∂ 2C0

∂X2 ,

Pe

[
∂C0

∂X

∫
∂P0

∂X
R3−2R

4
dR+C0

∫
∂

∂R
(RVr,0)dR

+C0
∂

∂X

∫
∂P0

∂X
R3−2R

4
dR

]
= R

∂C1

∂R
+

R2

2
∂ 2C0

∂X2 ,

Pe

[(
∂C0

∂X
∂P0

∂X
+C0

∂ 2P0

∂X2

)(∫ R3−2R
4

dR
)

+RC0Vr,0

]
= R

∂C1

∂R
+

R2

2
∂ 2C0

∂X2 ,

Pe

[(
∂C0

∂X
∂P0

∂X
+C0

∂ 2P0

∂X2

)(R4−2R2

16

)
+RC0Vr,0

]
= R

∂C1

∂R
+

R2

2
∂ 2C0

∂X2 +A, (3.27)

where A is a constant. Evaluating at R = 0, we obtain that A = 0. Evaluating at R = 1
and applying boundary conditions (3.18f) and (3.18g) yields,

− 1
16

(
∂C0

∂X
∂P0

∂X
+C0

∂ 2P0

∂X2

)
= (1−σ)C̄V0(X)+β (Cext(X)−C0(X))

+ γCext(X)−λC0(X)+
1
2

∂ 2C0

∂X2 . (3.28)

To reduce to a one-dimensional system, we write the governing equations in terms of
the average axial flow speed, given by Ū(X)=Q(X)/π where Q(X) is the volumetric
flow rate:

Ū(X) =
Q(X)

π
=
∫ 1

0
2RVx,0(R,X)dR =−1

8
∂P0

∂X
. (3.29)

Substituting ∂P0/∂X, (3.29), and V0, (3.21) into equations (3.26) and (3.28) we obtain,
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∂Ū
∂X

= σ(C0(X)−Cx(X))−Mü
8

(P0(X)−Px(X)), (3.30a)

∂ŪC0

∂X
=

1
Pe

∂ 2C0

∂X2 +(1−σ)C̄
(

σ

(
C0(X)−Cx(X)

)
−Mü

8

(
P0(X)−Px(X)

))
+2β (Cext(X)−C0(X))+2γCext(X)−2λC0(X) (3.30b)

∂P0

∂X
=−8Ū(X), (3.30c)

Hence, we have reduced the governing equations to a 1-D system of equations.
Alongside these equations we have two remaining boundary conditions for X . These
boundary conditions are (3.18d) and (3.18e) which can be simplified to give boundary
conditions for Ū ,

Ū(0) = 0, (3.31a)

Ū(X3) = 0. (3.31b)

3.2.6 Deriving the Münch flow equations

In existing mathematical models for Münch pressure flow, the Staverman reflection
coefficient is assumed to be equal to one everywhere. This assumption allows the
governing equation for pressure to be uncoupled from the rest of the system. Whilst
pressure cannot be uncoupled from the system of equations when the Staverman
reflection coefficient doesn’t equal one, we still differentiate equation (3.30a) with
respect to X to obtain,

∂ 2Ū
∂X2 = σ

(
∂C0

∂X
− ∂Cx

∂X

)
+

∂σ

∂x

(
C0−Cx

)
+Mü

(
Ū +

1
8

∂Px

∂X

)
, (3.32)

so that when the Staverman reflection coefficient does equal one everywhere, the
pressure equation can easily be uncoupled.

Hence, we have derived the 1D Münch flow equations that describe phloem sap
velocity and sugar concentration levels along the longest axis of the phloem. These
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are given by,

∂ 2Ū
∂X2 = σ

(
∂C0

∂X
− ∂Cx

∂X

)
+

∂σ

∂x

(
C0−Cx

)
+Mü

(
Ū +

1
8

∂Px

∂X

)
, (3.33a)

∂ŪC0

∂X
=

1
Pe

∂ 2C0

∂X2 +(1−σ)C̄
(

σ

(
C0(X)−Cx(X)

)
−Mü

8

(
P0(X)−Px(X)

))
+2β (Cext(X)−C0(X))+2γCext(X)−2λC0(X), (3.33b)

∂P0

∂X
=−8Ū(X), (3.33c)

with boundary conditions,

Ū(0) = 0, (3.34a)

Ū(X3) = 0. (3.34b)

3.3 Modelling hormone transport in the phloem

Equations (3.33) describe a single solute (sugar) being transported through the
phloem. It has been shown that hormones are transported by the phloem (see Baker
(2000b) for a review and references within) and we now extend the equations to
incorporate a hormone (or other passively advected solute). Hormone molecules
are tiny compared to sugar molecules, and so it is appropriate to assume that the
hormone concentration does not contribute significantly to the osmotic pressure
gradient.

3.3.1 Stokes-Einstein calculations for plant hormone diffusion
coefficients

We now investigate the timescales for diffusion, advection, and growth, as well as
the Péclet number, for a range of hormones and sugar. In order to do this we require
a range of parameters including Ds = 5.0×10−10m2s−1 the diffusivity coefficient
of sugar (Gosting and Morris, 1949), U = 23µms−1 the sap flow speed (Ross-Elliott
et al., 2017), RER = 3.6× 10−4mh−1 the root elongation rate for Arabidopsis,
L = 30.6mm the primary root length of an Arabidopsis seedling 7DAG (Martin et al.,
2002), and the diffusivity coefficients for a range of hormones.

The diffusivity coefficients for some hormones are not readily available in the
literature. As such, we calculate their diffusivity coefficients using the Stokes-



69

Einsten equation (Truskey et al., 2004),

Da =
kBT
6πµ

(
4πNA

3v̄M

) 1
3

, (3.35)

where Da is the diffusion coefficient of the hormone to be determined, kB is the
Boltzmann constant, T is the absolute temperature, µ is viscosity of water, NA is
Avogadro’s constant, v̄ is the specific volume of the hormone (given by the inverse
of its density), and M is the molecular weight of the hormone. Table 3.1 shows the
diffusivity coefficient for the hormones we consider. Table 3.2 gives the values used
in these calculations and their corresponding references.

Hormone Diffusion coefficient (m2·s−1)

Auxin 6.7×10−10 (Kramer and Went, 1949)

Cytokinin 6.2×10−10

Brassinosteriods 4.4×10−10

Giberellin 5.4×10−10

Table 3.1: Diffusivity coefficients for a range of plant hormones calculated using the Stokes-
Einstein equation.

From Table 3.3, we see that the Péclet number is large for both hormones and sugar.
Therefore, we assume, in line with models in the literature (Jensen et al., 2012,
2016), that diffusion is negligible. The timescale of growth is also much slower than
transport timescales, this justifies our use of the steady-state equations.

3.3.2 Hormone transport equations

Due to the Péclet number for sugar and a range of plant hormones being large
(see Table 3.3), we neglect diffusion terms and hence the equations governing the
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Parameter Value Unit Reference

kB 1.38×10−23 kg m2 s−2 K−1 Boltzmann constant

T 298.15 K (Truskey et al., 2004)

NA 6.02×1023 mol−1 Avogadro’s constant

µ 0.89×10−3 kg m−1 s−1 (Korson et al., 1969)

v̄ (Cytokinin) 0.714×10−3 kg m−3 (ChemSpider, Royal Society
of Chemistry, 2021b)

v̄ (Brassinoste-
riods)

0.909×10−3 kg m−3 (ChemSpider, Royal Society
of Chemistry, 2021a)

v̄ (Giberellin) 0.667×10−3 kg m−3 (ChemSpider, Royal Society
of Chemistry, 2021c)

M (Cytokinin) 219.1×10−3 kg mol−1 (ChemSpider, Royal Society
of Chemistry, 2021b)

M (Brassinos-
teriods)

480.3×10−3 kg mol−1 (ChemSpider, Royal Society
of Chemistry, 2021a)

M (Giberellin) 346.1×10−3 kg mol−1 (ChemSpider, Royal Society
of Chemistry, 2021c)

Table 3.2: Parameter values used in the calculation of plant hormone diffusivity coefficients
using the Stokes-Einstein equation.

Timescale Formula Value

Diffusion of sugar L2/Ds 520 h

Diffusion of auxin L2/Da 388 h

Diffusion of cytokinin L2/Da 420 h

Diffusion of brassinosteriods L2/Da 591 h

Diffusion of giberellin L2/Da 482 h

Advection L/ū 0.37 h

Growth L/RER 85 h

Pesugar Lū/Ds 1408

Peauxin Lū/Da 1050

Pecytokinin Lū/Da 1135

Pebrassinosteriods Lū/Da 1600

Pegiberellin Lū/Da 1303

Table 3.3: Timescales of key transport processes and Peclet numbers.
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transport of hormone and sugar via the phloem are given by,

∂ 2Ū
∂X2 = σs

(
∂Cs

∂X
−

∂Cx,s

∂X

)
+

∂σs

∂X

(
Cs−Cx,s

)
+Mü

(
Ū +

1
8

∂Px

∂X

)
(3.36a)

∂ŪCs

∂X
= (1−σs)C̄s

(
σs(Cs(X)−Cx,s(X))−Mü

8
(P(X)−Px(X))

)
+2βs(Cext,s(X)−Cs(X))+2γsCext,s(X)−2λsCs(X), (3.36b)

∂ŪCa

∂X
= (1−σa)C̄a

(
σs(Cs(X)−Cx,s(X))−Mü

8
(P(X)−Px(X))

)
+2βa(Cext,a(X)−Ca(X))+2γaCext,a(X)−2λaCa(X), (3.36c)

∂P
∂X

=−8Ū(X), (3.36d)

where,

C̄s =
Cs +Cext,s

2
, (3.37a)

C̄a =
Ca +Cext,a

2
(3.37b)

The boundary conditions for Ū are given by,

Ū(0) = 0, (3.38a)

Ū(X3) = 0. (3.38b)

3.3.2.1 Additional boundary conditions

In order to close the system of equations, we require three additional boundary
conditions, Cs(0),Ca(0), and P(0). Expanding the left-hand-side of equation (3.36b)
and rearranging for ∂Cs/∂X, we see that there is a singularity at X = 0 as Ū(0) = 0,

∂Cs

∂X
(0) =

[
(1−σs(0))C̄s(0)

(
σs(0)(Cs(0)−Cx,s(0))−

Mü
8

(P(0)−Px(0))
)

+2(βs + γs)−2(βs +λs)−Cs(0)
∂Ū(0)

∂X

]/
Ū(0) (3.39)
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Hence, to avoid the rate of change of concentration diverging, we require,

(1−σs(0))C̄s(0)
(

σs(0)(Cs(0)−Cx,s(0))−
Mü
8

(P(0)−Px(0))
)

+2(βs + γs)−2(βs +λs)−Cs(0)
∂Ū(0)

∂X
= 0. (3.40)

Upon substitution of C̄s(0), this yields a quadratic equation for the concentration of
sugar at X = 0, Cs(0).

Alongside this, we require a boundary condition for pressure at X = 0. We substitute
(3.36d) into (3.36a) and integrate with respect to X to obtain,

∂Ū
∂X

= σs(Cs−Cx,s)−
Mü
8

(P−Px). (3.41)

Evaluating at X = 0, we can rearrange for P(0), which gives,

P(0) =
8

Mü

(
σs(0)(Cs(0)−Cx,s)−

∂Ū
∂X

(0)
)
+Px. (3.42)

Substituting P(0) into equation (3.40), we obtain,

Cs(0) =

(1−σs(0)
2

∂Ū
∂X

(0)+2(βs + γs)
)

Cext,s(
1− 1−σs(0)

2

)
∂Ū
∂X

(0)+2(βs +λs)

(3.43)

Using the same approach, we obtain Ca(0),

Ca(0) =

(1−σa(0)
2

∂Ū
∂X

(0)+2(βa + γa)
)

Cext,a(
1− 1−σa(0)

2

)
∂Ū
∂X

(0)+2(βa +λa)

(3.44)

Thus, we have obtained the boundary conditions for Cs(0), Ca(0), and P(0) in terms
of ∂Ū/∂X(0).

3.3.2.2 Representing the loading and unloading zones

We define the spatially dependent coefficients of solute transport and external solute
concentrations as step functions between zones (loading=1, translocation=2, unload-
ing=3). In the functions below X1,X2,X3 represent the end points of the loading,
translocation, and unloading zone respectively with X1 = 0.2,X2 = 1.2, and X3 = 1.4
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for consistency with loading and unloading zones prescribed in Jensen et al. (2012):

Bk(X) =


Bk,1, 0≤ X ≤ X1;

Bk,2, X1 < X < X2;

Bk,3, X2 ≤ X ≤ X3,

(3.45)

Here, Bk is used represent a general parameter where B ∈ {σ ,β ,γ,λ ,Cext} and the
subscript k ∈ {s,a} denotes sugar and hormone respectively.

Model solutions enable us to calculate the total flux of sugar and hormone into
the loading zone and out of the unloading zone by integrating equations (3.36b)
and (3.36c) with respect to X across the length of the loading and unloading zone
respectively,

Fs(l1, l2) =

∫ l2

l1

∂UCs

∂X
dX

=

∫ l2

l1

[
(1−σs)C̄s

(
σs(Cs(X)−Cx,s(X))−Mü

8
(P(X)−Px(X))

)
+2βs(Cext,s(X)−Cs(X))+2γsCext,s(X)−2λsCs(X)

]
dX , (3.46a)

Fa(l1, l2) =

∫ l2

l1

∂UCa

∂X
dX

=

∫ l2

l1

[
(1−σa)C̄s

(
σs(Cs(X)−Cx,s(X))−Mü

8
(P(X)−Px(X))

)
+2βa(Cext,a(X)−Ca(X))+2γaCext,a(X)−2λaCa(X)

]
dX , (3.46b)

where l1 = 0 and l2 = X1 defines the loading zone and l1 = X2 and l2 = X3 defines
the unloading zone. Equations (3.46) are defined in terms of fluxes into the phloem
and so unloading results in a negative value.

3.4 Analytical solutions to transport equations

3.4.1 Model zonation

In this section, we seek to derive a set of analytical solutions to the governing
equations under the specific conditions that the membrane walls are semi-permeable
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(σs = σa = 1), and that Mü � 1. These derivations will follow closely the work
of Jensen et al. (2012). Jensen et al. (2012) derive analytical solutions in the cases
where Mü � 1 and Mü � 1. They find that the analytical solutions in the low
Münch number scenario are almost identical to numerical simulations for Mü = 1
and provide a good approximation for Münch number values up to 10 (Jensen et al.,
2012). Our governing equations differ from those described in (Jensen et al., 2012)
as we have explicit terms for different forms of loading and unloading (active and
diffusion), whereas Jensen et al. (2012) make use of a target concentration to define
their loading and unloading mechanisms.

In order to derive a set of analytical solutions, we split the model into three zones to
represent the loading zone (i = 1), the translocation zone (i = 2), and the unloading
zone (i = 3). All model parameters are zone dependent and thus defined by step
functions. Hence the system of equations becomes,

∂ 2Ūi

∂X2 =
∂Cs,i

∂x
−

∂Cx,s,i

∂x
+Mü

(
Ūi +

1
8

∂Px,i

∂X

)
(3.47a)

∂Ūics,i

∂X
= 2βs,i(Cext,s,i(X)−Cs,i(X))+2γs,iCext,s,i(X)−2λs,iCs,i(X), (3.47b)

∂ŪiCa,i

∂x
= 2βa,i(Cext,a,i(X)−Ca,i(X))+2γa,iCext,a,i(X)−2λa,iCa,i(X), (3.47c)

∂Pi

∂X
=−8Ūi(X). (3.47d)

Throughout this modelling, we make the assumption that the external source/sink
concentrations (Cext,s and Cext,a) are given by piecewise constant functions defined
on each zone of the phloem tube and the xylem concentrations (Cx,s and Cx,a) and
pressure (Px) are assumed to be constant. This means that for each zone of the
phloem tube ∂Cext,i/∂X = 0, ∂Cx,i/∂X = 0 and ∂Px,i/∂X = 0. Thus, we have the finalised
system of equations,

∂ 2Ūi

∂X2 =
∂Cs,i

∂X
+MüŪi(x) (3.48a)

∂ŪiCs,i

∂X
= 2βs,i(Cext,s,i(X)−Cs,i(X))+2γs,iCext,s,i(X)−2λs,iCs,i(X), (3.48b)

∂ŪiCa,i

∂X
= 2βa,i(Cext,a,i(X)−Ca,i(X))+2γa,iCext,a,i(X)−2λa,iCa,i(C), (3.48c)

∂Pi

∂X
=−8Ūi(X). (3.48d)
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The boundary conditions become,

Ū1(0) = 0, (3.49a)

Ū3(X3) = 0, (3.49b)

and the initial conditions remain the same as defined in equations (3.43), (3.44), and
(3.42). Alongside these conditions, we require conditions that prescribe continuity
between zones for the variables and their derivatives. These are given by,

Ū1(X1) = Ū2(X1), (3.50a)

Ū2(X2) = Ū3(X2), (3.50b)

∂Ū1(X1)

∂X
=

∂Ū2(X1)

∂X
, (3.50c)

∂Ū2(X2)

∂X
=

∂Ū3(X2)

∂X
. (3.50d)

These conditions ensure smoothness in Ū ,Cs,Ca, and P.

3.4.2 Solving in the limit Mü� 1

In the limits Mü� 1 or Mü� 1, previous studies have derived analytical solutions
for the system of equations (3.48) for specific loading terms (Jensen et al., 2012).
To establish if we can utilise the analytical solutions for our Arabidopsis model, we
first need to calculate the Münch number for our problem. The parameters needed to
calculate the Münch number are given in Table 3.4. For our model we have,

Parameter name Symbol Value

Phloem sap viscosity η 1.7 mPas

Length of translocation zone L 30.6 mm

Cell membrane permeability Lp 5×10−14 m/s/Pa

Phloem tube radius a 1.8m

Table 3.4: Parameter values required for calculating the Münch number. Values taken from
(Ross-Elliott et al., 2017), phloem tube length from (Martin et al., 2002).

Mü =
16ηLpL2

a3 = 0.22 < 1. (3.51)

Since the Münch number is not significantly less than 1, it is unclear whether a
Mü� 1 solution would be representative of a solution for the full model. Therefore,
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we now derive the analytical solution for Mü� 1 and compare it with numerical
simulations to determine if this would be an appropriate approximation for our model.
We note that this derivation follows that provided in Jensen et al. (2012) with the
addition of an hormone equation.

Considering the limit Mü� 1, the system of equations can be rewritten as,

∂ 2Ūi

∂X2 =
∂Cs,i

∂X
, (3.52a)

∂ŪiCs,i

∂X
= 2βs,i(Cext,s,i(X)−Cs,i(X))+2γs,iCext,s,i(X)−2λs,iCs,i(X), (3.52b)

∂ŪiCa,i

∂X
= 2βa,i(Cext,a,i(X)−Ca,i(X))+2γa,iCext,a,i(X)−2λa,iCa,i(X). (3.52c)

The boundary conditions stay the same as equations (3.49) and (3.50).

3.4.3 Loading zone

We begin by considering the system of equations in the loading zone, i = 1,

∂ 2Ū1

∂X2 =
∂Cs,1

∂X
, (3.53a)

∂Ū1Cs,1

∂X
= 2βs,1(Cext,s,1(X)−Cs,1(X))+2γs,1Cext,s,1(X)−2λs,1Cs,1(X), (3.53b)

∂Ū1Ca,1

∂X
= 2βa,1(Cext,a,1(X)−Ca,1(X))+2γa,1Cext,a,1(X)−2λa,1Ca,1(X).

(3.53c)

Integrating (3.53a) we obtain,

∂Ū1

∂X
=Cs,1(X)−K1, (3.54)

where K1 is a constant. Rearranging for Cs,1(x) and substituting in to (3.53b) gives,

∂Ū1Cs,1

∂X
= 2(βs,1 + γs,1)Cext,s,1−2(λs,1 +βs,1)K1−2(λs,1 +βs,1)

∂Ū1

∂X
. (3.55)

Integrating again, we obtain,

Ū1Cs,1 = 2(βs,1 + γs,1)Cext,s,1X−2(λs,1 +βs,1)K1X−2(λs,1 +βs,1)Ū1 + K̄1 (3.56)
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where K̄1 is a constant. Applying boundary condition (3.49a), we can show that,

K̄1 = Ū1(0)Cs,1(0)−2(βs,1 + γs,1)Cext,s,1(0)+2(λs,1 +βs,1)K1(0)

+2(λs,1 +βs,1)Ū1(0) = 0. (3.57)

Rearranging (3.56) for Cs,1 and substituting into (3.54), we obtain,

Cs,1 =
2(βs,1 + γs,1)Cext,s,1X−2(λs,1 +βs,1)K1x−2(λs,1 +βs,1)Ū1

Ū1
, (3.58)

⇒ ∂Ū1

∂X
=

2(βs,1 + γs,1)Cext,s,1X−2(λs,1 +βs,1)K1X−2(λs,1 +βs,1)Ū1−K1Ū1

Ū1
.

(3.59)

Thus, we have eliminated Cs,1 from the equations. Note here that K1 is given by,

K1 =
2(βs,1 + γs,1)Cext,s,1−

(
∂Ū1(0)/∂X

)2−2(λs,1 +βs,1)
(

∂Ū1(0)/∂X
)

∂Ū1(0)/∂X +2(λs,1 +βs,1)
. (3.60)

We observe that (3.59) is homogeneous and of first order. Therefore, we let Ū1 = v1X

and obtain,

∂v1X
∂X

=
2(βs,1 + γs,1)Cext,s,1−2(λs,1 +βs,1)K1− (2(λs,1 +βs,1)+K1)v1

v1
. (3.61)

Let z = logX , then ∂ z/∂X = 1/X. Hence, the above equation becomes,

v1+X
∂v1

∂X
=

2(βs,1 + γs,1)Cext,s,1−2(λs,1 +βs,1)K1− (2(λs,1 +βs,1)+K1)v1

v1
,

X
∂v1

∂X
=

2(βs,1 + γs,1)Cext,s,1−2(λs,1 +βs,1)K1− (2(λs,1 +βs,1)+K1)v1− v1
2

v1
,

X
∂v1

∂X
=

∂X
∂ z

∂v1

∂X
=

∂v1

∂ z

=
2(βs,1 + γs,1)Cext,s,1−2(λs,1 +βs,1)K1− (2(λs,1 +βs,1)+K1)v1− v1

2

v1
.

(3.62)

This can be written as,
∂v1

∂ z
=−L(v1)

v1
, (3.63)

where,

L(v1) = v1
2 +(2(λs,1 +βs,1)+K1)v1−2(βs,1 + γs,1)Cext,s,1 +2(λs,1 +βs,1)K1.
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The roots of L(v1) are given by,

v±,1 =−
1
2

[
2(λs,1 +βs,1)+K1∓

√
(2(λs,1 +βs,1)−K1)2 +8(βs,1 + γs,1)Cext,s,1

]
.

(3.64)
Substituting (3.60) into (3.64), we obtain,

v+,1 =
∂Ū1(0)

∂X
, (3.65a)

v−,1 =−
4(λs,1 +βs,1)

2 +2(λs,1 +βs,1)∂Ū1(0)/∂X +2(βs,1 + γs,1)Cext,s,1
∂Ū1(0)/∂X +2(λs,1 +βs,1)

=−(Cs,1(0)+2(λs,1 +βs,1)). (3.65b)

We consider the case where v+,1 6= v−,1, i.e. the roots of L(v1) are distinct. We can
invert (3.63) and integrate to obtain,

z(v1) =−
∫ v1

L(v1)
dv1,

=−
∫ v1

(v1− v+,1)(v1− v−,1)
dv1,

=−
∫ −v+,1

(v−,1− v+,1)(v1− v+,1)
−

v−,1
(v−,1− v+,1)(v1− v−,1)

dv1,

=
1

(v−,1− v+,1)

∫ v+,1

(v1− v+,1)
−

v−,1
(v1− v−,1)

dv1,

=
1

(v−,1− v+,1)

[
v+,1 log(v1− v+,1)− v−,1 log(v1− v−,1)

]
+ Ja,1

= log(v1− v+,1)
−A1− log(v1− v−,1)B1 + Ja,1, (3.66)

where Ja,1 is a constant and A1 =−
v+,1

(v−,1−v+,1)
and B1 =

v−,1
(v−,1−v+,1)

.

Recall that Ū1 = v1X and that z = logX , then (3.66) becomes,

log(X) = log
(Ū1

X
− v+,1

)−A1
− log

(Ū1

X
− v−,1

)B1
+ Ja,1,

⇒ x =
∣∣∣Ū1

X
− v+,1

∣∣∣−A1
∣∣∣Ū1

X
− v−,1

∣∣∣−B1
+ K̃1,

⇒ x
∣∣∣Ū1

X
− v+,1

∣∣∣A1
∣∣∣Ū1

X
− v−,1

∣∣∣B1
= K̃1, (3.67)

where K̃1 is a constant of integration. Here we note that A1 = 1−B1 and therefore
we have,

X
∣∣∣Ū1

X
− v+,1

∣∣∣(1−B1)
∣∣∣Ū1

X
− v−,1

∣∣∣B1
= K̃1. (3.68)

This gives an implicit solution for Ū1(X) in terms of K1 and K̃1. Subsequently, (3.54)
can be used to determine Cs,1(x).
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Having defined an analytical solution for the sugar (3.58) and velocity (3.68) profiles,
which are equivalent to those in Jensen et al. (2012) upto the variation in loading
parameters, it remains to derive an equation for the hormone concentration profile.
Equation (3.53c) can be rewritten as,

Ū1
∂Ca,1

∂X
+Ca,1

∂Ū1

∂X
= 2(βa,1 + γa,1)Cext,a,1−2(λa,1 +βa,1)Ca,1. (3.69)

As equation (3.68) gives an implicit solution for Ū1(x), the above equation can be
written as,

∂Ca,1

∂X
+Ca,1

( 1
Ū1

∂Ū1

∂X
+

2(λa,1 +βa,1)

Ū1

)
=

2(βa,1 + γa,1)Cext,a,1

Ū1
, (3.70)

which is a first order, linear, homogenous ODE.

3.4.4 Unloading zone

Due to the symmetry of the loading and unloading zone in our problem, solutions for
Ū3,Cs,3, and Ca,3 can be found by performing a change of variables in the unloading
zone, X2 < X < X3, to realign the origin to X3. The change of variables applied is
given by,

ξ = X3− x, (3.71a)

ζs,i(ξ ) =Cs,i(x), (3.71b)

ζa,i(ξ ) =Ca,i(x), (3.71c)

ηi(ξ ) =−Ūi(x), (3.71d)

ζext,s,i =Cext,s,i, (3.71e)

ζext,a,i =Cext,a,i, (3.71f)

which yields the system of equations,

∂ 2η3

∂ξ 2 =
∂ζs,3

∂ξ
, (3.72a)

∂η3ζs,3

∂ξ
= 2βs,3(ζext,s,3(ξ )−ζs,3(ξ ))+2γs,3ζext,s,3(ξ )−2λs,3ζs,3(ξ ), (3.72b)

∂η3ζa,3

∂ξ
= 2βa,3(ζext,a,3(ξ )−ζa,3(ξ ))+2γa,3ζext,a,3(ξ )−2λa,3ζa,3(ξ ), (3.72c)
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where boundary conditions associated with the unloading zone are now given by,

η3(0) = 0, (3.73a)

Ū2(X2) =−η3(X3−X2), (3.73b)

∂Ū2(X2)

∂X
=

∂η3(X3−X2)

∂ξ
. (3.73c)

We can see that the equations for the new variables in the unloading zone are
unchanged from the equations used to describe the loading zone in the original
variables. As such, we can apply the methods described in Section 3.4.3 to obtain
solutions for the new variables in the unloading zone,

ξ

∣∣∣η3

ξ
− v+,3

∣∣∣(1−B3)
∣∣∣η3

ξ
− v−,3

∣∣∣B3
= K̃3, (3.74a)

∂η3

∂ξ
= ζs,3(ξ )−K3, (3.74b)

∂ζa,3

∂ξ
+ζa,3

( 1
η3

∂η3

∂ξ
+

2(λa,3 +βa,3)

η3

)
=

2(βa,3 + γa,3)ζext,a,3

η3
. (3.74c)

We can return to the original variables using the change of variables described in
(3.71).

3.4.5 Translocation zone

We now need to determine the equations for the translocation zone, i = 2. In the
translocation zone there is no loading or unloading, therefore, βs/a,2 = γs/a,2 =

λs/a,2 = 0. The system of equations becomes,

∂ 2Ū2

∂X2 =
∂Cs,2

∂X
, (3.75a)

∂Ū2Cs,2

∂X
= 0, (3.75b)

∂Ū2Ca,2

∂X
= 0. (3.75c)

Equations (3.75b) and (3.75c) imply conservation of sugar flux and hormone flux
respectively. Hence,

Ū2(X)Cs,2(X) = constant, (3.76a)

Ū2(X)Xa,2(X) = constant, (3.76b)
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which we can apply boundary condition (3.50a) to and obtain,

Ū2(X)Cs,2(X) = Ū2(X1)Cs,2(X1) = Ū1(X1)Cs,1(X1), (3.77a)

Ū2(X)Ca,2(X) = Ū2(X1)Ca,2(X1) = Ū1(X1)Ca,1(X1), (3.77b)

which holds for all X in [X1,X2].

Now integrating (3.75a) we get,

∂Ū2

∂X
=Cs,2(X)+K2

=
Ū1(X1)Cs,1(X1)

Ū2(X)
+K2 (3.78)

If ∂Ū2
∂X 6= 0, we can invert the equation to obtain,

∂X
∂Ū2

=
Ū2

Ū1(X1)Cs,1(X1)+K2Ū2
, (3.79)

which we can then integrate to obtain,

X(Ū2) =
∫ Ū2

Ū1(X1)Cs,1(X1)+K2Ū2
dŪ2,

=
∫ 1

K2
−

Ū1(X1)Cs,1(X1)

K2(Ū1(X1)Cs,1(X1)+K2Ū2)
dŪ2,

=
Ū2

K2
−

Ū1(X1)Cs,1(X1)

K2

[ 1
K2

log(Ū1(X1)Cs,1(X1)+K2Ū2)
]
+ K̂1,

=
Ū2

K2
−

Ū1(X1)Cs,1(X1)

(K2)2 log(Ū1(X1)Cs,1(X1)+K2Ū2)+ K̂1,

=
Ū2

K2
−

Ū1(X1)Cs,1(X1)

(K2)2 log

(
1+ K2Ū2

Ū1(X1)Cs,1(X1)

1+ K2
Cs,1(X1)

)
+ K̂2, (3.80)

where K̂2 = K̂1−
Ū1(X1)Cs,1(X1)

(K2)2 log(Ū1(X1Cs,1(X1)+ Ū1(X1)K2)). Applying the

expression X1 = X(Ū2(X1)) we find that,

K̂2 = X1−
Ū1(X1)

K2
. (3.81)
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From the flux conservation equations, we have that,

Cs,2 =
Ū1(X1)Cs,1(X1)

Ū2(X)
(3.82a)

Ca,2 =
Ū1(X1)Ca,1(X1)

Ū2(X)
(3.82b)

For this analysis, we have assumed that ∂Ū2
∂X 6= 0. In the case where ∂Ū2

∂X → 0, from
(3.78) we can see that,

Ū2(X)−→−
Ū1(X1)Cs,1(X1)

K2
. (3.83)

Thus, we have a set of analytical solutions for Münch flow across all zones of the
phloem tube,

K̃1 = X
∣∣∣Ū1

X
− v+,1

∣∣∣(1−B1)
∣∣∣Ū1

X
− v−,1

∣∣∣B1
(3.84a)

x(Ū2) =
Ū2

K2
−

Ū1(X1)Cs,1(X1)

(K2)2 log

(
1+ K2Ū2

Ū1(X1)Cs,1(X1)

1+ K2
Cs,1(X1)

)
+ K̂2, (3.84b)

K̃3 = ξ

∣∣∣η3

ξ
− v+,3

∣∣∣(1−B3)
∣∣∣η3

ξ
− v−,3

∣∣∣B3
, (3.84c)

where applying the boundary conditions (3.49) and (3.50) evaluates the constants.

3.4.6 Specific solution: Ū1(X) = AX

We consider the specific solution for the velocity, (3.84a), in the loading zone given
by,

Ū1(X) = AX , (3.85)

where A = v+,1 by (3.65a). This satisfies the boundary condition (3.49a) and substi-
tution into (3.84a) reveals that K̃1 = 0 as long as 1−B1 > 0 or B1 < 1. Equations
(3.54) and (3.65a) reveal that,

Cs,1(X) =
2(βs,1 + γs,1)Cext,s,1

v+,1 +2(λs,1 +βs,1)
. (3.86)
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We can substitute (3.85) into (3.70) and solve for a general solution,

Ca,1(X) = K∗1 X
−

v+,1+2(λa,1+βa,1)
v+,1 +

2(βa,1 + γa,1)Cext,a,1

v+,1 +2(λa,1 +βa,1)
, (3.87)

where K∗1 is a constant of integration that needs to be determined from initial auxin
concentration conditions.

From equations (3.48) and boundary condition (3.49a) we can obtain the following
equations for the sugar and hormone concentration at X = 0,

Cs,1(0) =
2(βs,1 + γs,1)Cext,s,1

∂Ū(0)/∂X +2(λs,1 +βs,1)
=

2(βs,1 + γs,1)Cext,s,1

v+,1 +2(λs,1 +βs,1)
, (3.88a)

Ca,1(0) =
2(βa,1 + γa,1)Cext,a,1

∂Ū(0)/∂X +2(λa,1 +βa,1)
=

2(βa,1 + γa,1)Cext,a,1

v+,1 +2(λa,1 +βa,1)
, . (3.88b)

Substituting (3.88b) into (3.87) it is clear that K∗1 = 0 and thus we have,

Ca,1(X) =
2(βa,1 + γa,1)Cext,a,1

v+,1 +2(λa,1 +βa,1)
. (3.89)

The equations for velocity, (3.84b), sugar concentration, (3.82a), and hormone
concentration, (3.82b), in the translocation zone remain the same as those given in
Section 3.4.5. The equations are solved in Python using the root function from the
Scipy Optimize library (Virtanen et al., 2020).

Finally, we consider the equations for velocity, sugar concentration, and auxin
concentration in the unloading zone (equations (3.74)). We calculate the velocity in
the unloading zone by finding the root of equation (3.74a). We can then substitute this
into equation (3.74b) and solve to find the sugar concentration, ζs,3, using the root
function. Due to the complexity of equation (3.74c), we are unable to solve for the
hormone concentration analytically and as such show results for sugar concentration
and velocity only.

In this specific case, with Ū1(X) = v+,1X , there are a number of constants of integra-
tion required to find the full analytical solutions. Theses constants and the equations
required to obtain them in this situation are given in Table 3.5. In the analytical
simulations, we solve for these constants using the fsolve function from the Scipy
Optimize library (Virtanen et al., 2020).

The results of the analytical simulations are shown in Figure 3.4 (shown for velocity
Ū and sugar concentration Cs only) in comparison to low Münch number numerical
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Equation References

K̄1 = 0 (3.56) (3.49)a

K̄3 = 0 (3.56)∗ (3.49)b ∗

K1 =
2(βs,1 + γs,1)Cext,s,1− (v+,1)

2−2(βs,1 +λs,1)v+,1

v+,1 +2(βs,1 +λs,1)
(3.60), (3.56),
(3.54), (3.49)a

K3 =
2(βs,3 + γs,3)Cext,s,3− (v+,3)

2−2(βs,3 +λs,3)v+,3

v+,3 +2(βs,3 +λs,3)
(3.60)∗, (3.56)∗,
(3.54)∗, (3.49)b∗

K2 = v+,1−
2(βs,1 + γs,1)Cext,s,1

2(βs,1 +λs,1)+ v+,1
=−K1 (3.78), (3.86),

(3.50c)

K̂2 = X1

(
1−

v+,1

K2

)
(3.84b), (3.50a)

K3 =−K2 = K1 (3.78), (3.54)∗,
(3.50d)∗

K̃1 = 0 (3.84a), (3.49)a

−
2(βs,1 + γs,1)Cext,s,1v+,1x1

2(βs,1 +λs,1)K2 + v+,1K2
= (3.78), (3.85),

(3.86)

(2(βs,3 + γs,3)Cext,s,3−2(βs,3 +λs,3)K3)(X3−X2)

2(βs,3 +λs,3)+K3
(3.59)∗, (3.50b)∗,
(3.50d)∗

K̃3 (cannot be expressed explicitly) (3.84b), (3.84c),
(3.50b)∗

Table 3.5: ∗ indicates equations for transformed variables in the unloading zone.

Figure 3.4: Simulations results for the analytical equations for Mü � 1 (blue), Section
3.4.6 and numerical simulations for Mü = 0.22 (orange), Equation (3.51). (A) the velocity
profile; (B) the concentration profile for the sugar. Parameters: βs = [5,0,5], γs = [0,0,0],
λs = [0,0,0], and σs(x) = 1.
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simulations. The analytical simulations are derived in the limit Mü� 1 and replicate
the results published by Jensen et al. (2012). Similarly to Jensen et al. (2012), we
find that the analytical solutions in the limit Mü� 1 are an accurate approximation
for numerical simulations in low Münch number conditions, with results for a typical
Arabidopsis Münch number (Mü = 0.22) almost identical to the analytical solutions.

In the next section, we develop numerical simulations for the full system of equations
for general Mü (3.36) so that we can solve for the hormone concentration in all zones
alongside the sugar concentration and velocity. This will also allow us to consider
situations where σ(X) 6= 1.

3.5 Numerical solutions to transport equations

3.5.1 Shooting method

The system of equations (3.36) along with boundary conditions (3.38), (3.42), (3.43),
and (3.44) describe a boundary value problem where we have boundary conditions
defined at both ends of the domain. In order to solve these equations numerically,
we use a shooting method.

The shooting method requires us to convert the boundary value problem to an initial-
value problem. We then solve the initial-value problem to find a solution for a given
initial condition and then feed the solution into an iteration formula that allows
us to correct the initial condition until we obtain a result that satisfies the second
boundary-value condition. To convert equations (3.36) into an initial-value problem,
we convert equation (3.38b), which is defined at the end of the phloem tube, into a
condition defined at the start of the phloem tube,

∂Ū
∂X

(0) = t, (3.90a)

where t is a constant that needs to be determined. The term ∂Ū(0)/∂X is called the
shooting parameter. We then solve this system to find a solution which we denote
Ū(X ; t). Our aim is to find a value for t such that Ū(X3; t) = 0. To do this, we
first solve the initial-value problem for two initial estimates for t, t1 and t2, such
that Ū(X3; t1)> 0 and Ū(X3; t2)< 0. We then use the bisection method to calculate
t3 = (t1 + t2)/2 and then solve the initial-value problem for t3. If Ū(X3; t3) > 0 we
replace t1 with t3, and if Ū(X3; t3)< 0 we replace t2 with t3. We repeat this process
until |Ū(X3; t)|< 10−6, at which point we consider the system solved.
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3.5.2 Upwind scheme for numerical simulations

In this section, we seek numerical solutions to the full phloem model. The equations
(3.36) can be rewritten for numerical simulation using an Upwind Scheme (Jensen
et al., 2012). We divide the length of the phloem tube into a set of discrete points xn,
n = 1, ...,N, and use the following substitutions for the differential terms,

∂u
∂x

=
u(x j)−u(x j−1)

∆x
+O(∆x), (3.91)

∂ 2u
∂x2 =

u(x j)−2u(x j−1)+u(x j−2)

∆x2 +O(∆x), (3.92)

∂cs

∂x
=

cs(x j)− cs(x j−1)

∆x
+O(∆x), (3.93)

∂ca

∂x
=

ca(x j)− ca(x j−1)

∆x
+O(∆x), (3.94)

∂ p
∂x

=
p(x j)− p(x j−1)

∆x
+O(∆x). (3.95)

These can be substituted into (3.36) to obtain the numerical model,

u j =

(
2u j−1−u j−2 +σs, j∆x(cs, j−1− cs, j−2)+

∂σs, j

∂x
cs, j−1∆x2)

1−∆x2Mü
, (3.96a)

p j = p j−1−8∆xu j, (3.96b)

cs, j =
−Bs±

√
B2

s +4AsDs

2As
, (3.96c)

ca, j =
u jca, j−1+

[
(1−σa, j)

2

(
σs, j(cs, j−cx,s, j)−Mü

8 (p j−px, j)

)
+2(βa, j+γa, j)

]
cext,a, j∆x

2u j−u j−1−
[
(1−σa, j)

2

(
σs, j(cs, j−cx,s, j)−Mü

8 (p j−px, j)

)
−2(βa, j+λa, j)

]
∆x

, (3.96d)

where,

As =−
σs, j(1−σs, j)∆x

2
,

Bs = 2u j−u j−1 +2∆x(βs, j +λs, j)

+
(1−σs, j)∆xMü

16
(p j− px, j)−

σs, j(1−σs, j)∆x
2

(cext,s, j− cx,s, j),

Ds = cs, j−1u j +2∆x(βs, j + γs, j)cext,s, j

−

[
(1−σs, j)∆xMü

16
(p j− px, j)+

σs, j(1−σs, j)∆x
2

cx,s, j

]
cext,s, j.

Note, we have used the notation u j = u(x j), and ∆x = x3/N for simplicity. From
this point on we have ignored terms of O(∆x2) (or higher orders of ∆x) as these are
assumed negligible.
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In equation (3.96c), we take the root with the plus sign as this is always greater than
zero. As As has a maximum order of 10−5 (which occurs when σs = 0.5), we can use
the binomial expansion for small As to obtain an approximation for the concentration
equations, (3.96c), as,

cs, j =
Ds

Bs
−As

D2
s

B3
s
+O(A2

s ). (3.97)

Noticing that A2
s = O(∆x2) we can neglect the O(A2

s ) terms in equations (3.97) as
terms of O(∆x2) are assumed negligible.

We solve the system of governing equations numerically in Python 3.8.

3.5.3 Prescribing biologically motivated loading and unloading
parameters

We have derived the governing equations for phloem transport under general loading
and unloading mechanisms. However, the results presented will focus on param-
eter regimes that represent phloem loading and unloading in Arabidopsis, given
experimental studies on long-distance hormone transport are predominantly in these
species. Experimental studies have shown that the predominant mechanism for
sugar loading in Arabidopsis is active loading (see comprehensive Table 2 in Jensen
et al. (2013)). Evidence from Ross-Elliott et al. (2017) and Bret-Harte and Silk
(1994) suggests that sugar unloading is passive, with bulk flow unloading being the
dominant efflux component.

We consider the unloading mechanism for sugar to be passive (Oparka et al., 1994,
Imlau et al., 1999), and note that evidence from Ross-Elliott et al. (2017) and Bret-
Harte and Silk (1994) suggests that bulk flow unloading is the dominant efflux
component. To incorporate bulk flow unloading, we set the Staverman reflection
coefficient (Staverman, 1951) to be less than one in the unloading zone. This is in
contrast to current models in the literature where passive sugar unloading is modelled
as unloading via diffusion only (since the Staverman reflection coefficient is assumed
to be 1 throughout the phloem).

Based on the above considerations, Table 3.6 gives the default sugar parameters
used throughout the simulations. These parameters are defined to give equivalent
sugar loading influx to parameters from (Jensen et al., 2012), but are modified as we
assume active sugar loading only.

As we are modelling for a general hormone, we perform simulations for a variety
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Parameter group Default values Parameter description

(σs,1,σs,2,σs,3) (1,1,0≤ σs,3 ≤ 1) Bulk flow

(βs,1,βs,2,βs,3) (0,0,5) Passive diffusion

(γs,1,γs,2,γs,3) (0.16,0,0) Active loading

(λs,1,λs,2,λs,3) (0,0,0) Active unloading

(Cext,s,1,Cext,s,2,Cext,s,3) (1,0,0.1) External sugar concentration

Table 3.6: Default values for sugar parameters.

of loading scenarios as the loading methods for different hormones are not well
categorised. As such, for each set of sugar parameters, we model two distinct
hormone cases. We consider the case where the hormone is loaded actively, and
the case where the hormone is loaded passively via diffusion; although we note
that it is likely that some hormones are loaded via a combination of both these
mechanisms. Similarly to sugar, we assume the hormone is unloaded passively in
order to investigate the impact of bulk flow unloading on hormone delivery. As such,
the parameter definitions and default values for hormone parameters are given in
Table 3.7.

Parameter
group

Passive hormone
loading

Active hormone
loading

(σa,1,σa,2,σa,3) (1,1,0≤ σs,3 ≤ 1) (1,1,0≤ σs,3 ≤ 1)

(βa,1,βa,2,βa,3) (5,0,5) (0,0,5)

(γa,1,γa,2,γa,3) (0,0,0) (0.16,0,0)

(λa,1,λa,2,λa,3) (0,0,0) (0,0,0,)

(Cext,a,1,Cext,a,2,Cext,a,3) (1,0,0.1) (1,0,0.1)

Table 3.7: Hormone parameters for passive and actively loaded hormone.

Given the model assumptions are predominantly based on data from Arabidopsis
seedlings, we calculated the Münch number using the Arabidopsis parameters given
in Table 3.4, which gives Mü= 0.22. This value is much lower than previously
modelled species such as wheat and black locust which have values Mü= 12 and
Mü= 104 respectively (Payvandi et al., 2014). Jensen et al. (2012) produce analytical
solutions for phloem transport velocity and sugar concentration in the limit of
small Münch number (repeated in Section 3.4 and extended to include hormone
concentration equations). Analytical solutions have little variation from numerical
solutions when Mü= 0.22 (Figure 3.4 – simulations with σs = σa = 1).
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We note that the analytical solutions would be appropriate for simulations of phloem
transport velocity and sugar concentration in Arabidopsis (given the low Münch
number) in the case when σs,3 = 1. However, we are unable to obtain full analytical
solutions for the hormone concentration equations and so these must be calculated
via numerical simulations. Our mathematical model has also been developed such
that it can capture the phloem transport dynamics (including hormone concentration
profiles) in the case where σs,3,σa,3 6= 1. We do not have analytical solutions for
cases where σs,3,σa,3 6= 1, and as such, we proceed using numerical simulations for
all modelling scenarios. As our model can simulate a wide range of Münch numbers,
we include simulations of the impact of bulk flow unloading in both a low and high
Münch number regime as an example.

3.6 Results

3.6.1 The rate of delivery to the root tip does not depend on
phloem transport velocity for actively loaded sugar and
hormones

Before proceeding with the simulation results, we first note that as the model is
at steady state, the total flux into the phloem in the loading zone must equal the
total flux out of the phloem in the unloading zone; both can be calculated using
equations (3.46). For the actively loaded sugar and in cases where the hormone
is actively loaded, the total flux into the phloem depends only on the prescribed
external concentration and active transport rate. As a result, the total loading and
unloading flux is independent of the concentrations in the phloem and the unloading
parameters. Thus, for actively loaded sugar and hormones, the rate of delivery to the
root tip does not depend on the phloem transport velocity.

3.6.2 Bulk flow unloading increases the phloem transport veloc-
ity

One of the key extensions of this model is the inclusion of the Staverman reflection
coefficient (Staverman, 1951), which allows the model to capture the effect of
unloading via bulk flow, which Ross-Elliott et al. (2017) suggest to be the dominant
unloading mechanism.
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Figure 3.5: Decreasing the Staverman reflection coefficient results in an increase in bulk flow
unloading for sugar and hormone. Increasing the amount of bulk flow unloading increases
the phloem transport velocity and decreases the concentration of sugar in the loading zone.
This results in increased hormone unloading for both passively and actively loaded hormone.
(continues)
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Figure 3.5: (A) Sugar flux in the loading/unloading zones; (B) Hormone flux in the
loading/unloading zones for passively loaded hormone; (C) Hormone flux in the load-
ing/unloading zones for actively loaded hormone; (D) Phloem transport velocity; (E) Sugar
concentration; (F) Hormone concentration for a passively loaded hormone; (G) Hormone
concentration for an actively loaded hormone. Sugar parameter values: as given in Table
3.6 with additional variations to (σs,1,σs,2,σs,3) = (1,1,varied). Auxin parameter values:
as given in Table 3.7 with additional variations to (σa,1,σa,2,σa,3) = (1,1,varied). Mü =
0.22

We first investigate the impact of bulk flow unloading by allowing the Staverman
reflection coefficient for sugar, σs,3, and the general hormone, σa,3, to vary simulta-
neously in the unloading zone. As discussed above, the total sugar flux into and out
of the phloem in the loading and unloading zones does not depend on σs,3 (Figure
3.5A). As one may expect, decreasing σs,3 allows for membrane leakage and hence
there is more unloading via bulk flow. However, for the chosen model parameters
(Tables 3.6 and 3.7), the model predicts that diffusive unloading of sugar always
remains dominant over bulk flow unloading of sugar.

The phloem transport velocity and sugar concentration profile depend only on the
Staverman reflection coefficient for sugar (equations (3.36a) and (3.36b)). Reducing
the Staverman reflection coefficient for sugar increases bulk flow sugar unloading
which results in a depletion of sugar in the phloem (Figure 3.5E). As the total sugar
efflux in the unloading zone is fixed and prescribed by the loading parameters, the
sugar depletion caused by increased bulk flow unloading implies there must also be
an increase in phloem transport velocity (Figure 3.5D) to maintain the rate of efflux
prescribed by the sugar loading parameters (equation (3.46a)).

For an actively loaded hormone (Figures 3.5C,G), we see that the hormone concen-
tration profile and bulk flow contribution directly mimics the results for sugar. For
a hormone loaded passively (Figure 3.5F), reducing σs,3 (which increases phloem
transport velocity) also results in reduced hormone concentrations, although in this
case, the change is small, and not perceptible in the loading zone. For passively
loaded hormones, the model predicts that decreasing σs,3 results in a small increase
in the amount of hormone loaded into the phloem, and hence delivered to the root
tip, (Figure 3.5B).

These model scenarios were repeated for a high Münch number as is typical for
larger plant species (Mü = 12 (Payvandi et al., 2014)). Whilst the overall shape
of the phloem transport velocity profile and sugar/hormone concentration profiles
change significantly from the low Münch number scenario, the over-arching impact
that increasing bulk flow unloading increases phloem transport velocity remains



92

Figure 3.6: Results showing how increasing the Münch number impacts the results of vary-
ing the Staverman reflection coefficient for sugar and hormone. Velocity and concentration
profiles vary in shape from Figure 3.5 but impact of varying σs,3/σa,3 remains consistent.
(continues)



93

Figure 3.6: (A) Sugar flux in the loading/unloading zones; (B) Hormone flux in the
loading/unloading zones for passively loaded hormone; (C) Hormone flux in the load-
ing/unloading zones for actively loaded hormone; (D) Phloem transport velocity; (E) Sugar
concentration; (F) Hormone concentration for a passively loaded hormone; (G) Hormone
concentration for an actively loaded hormone. Sugar parameter values: as given in Table
3.6 with additional variations to (σs,1,σs,2,σs,3) = (1,1,varied). Auxin parameter values:
as given in Table 3.7 with additional variations to (σa,1,σa,2,σa,3) = (1,1,varied). Mü = 12

consistent with the low Münch number scenario (Figure 3.6).

3.6.3 Bulk flow unloading can dominate over diffusive unload-
ing when the ratio between root and shoot external sugar
concentrations is increased

The simulations above showed that, for the model parameters given in Tables 3.6
and 3.7, the dominant form of sugar unloading is diffusion (Figures 3.5). How-
ever, previous studies suggest that diffusive unloading of sugar alone would not be
sufficient to meet the carbon demands for growth in the primary root tip of maize
(Bret-Harte and Silk, 1994), and suggest that bulk flow unloading is the dominant
form of sugar unloading in Arabidopsis (Ross-Elliott et al., 2017). Motivated by
these studies, and the fact that the phloem loading/unloading parameters are not well
characterised, we now investigate how the choice of model parameters influences
the relative contributions of bulk flow and diffusive unloading.

We performed a systematic search for parameter sets that result in bulk flow unloading
of sugar being dominant over diffusive unloading. Focusing on the four key sugar
parameters: Staverman reflection coefficient, σs,3, rate of diffusive unloading, βs,3,
rate of active loading, γs,1, and the ratio between root and shoot external sugar
concentrations, Cext,s,3, we considered a range of parameters for each variable (see
Table 3.8). From these parameter sets, we found multiple parameter regions that
resulted in bulk flow unloading being dominant over diffusive unloading.

With a fixed rate of active sugar loading, γs,1, we found that increasing the ratio
between the root and shoot external sugar concentrations, Cext,s,3, results in a larger
parameter region where bulk flow unloading is dominant over diffusive unloading
(Figure 3.7). In contrast, with a fixed external sugar concentration in the unloading
zone, Cext,s,3, we see that varying the rate of active sugar loading, γs,1, has little
impact on the amount of unloading occurring via bulk flow (Figure 3.8).
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Parameter Values

σs,3 (0.0,0.2,0.4,0.6,0.8,1.0)

βs,3 (0.1,0.5,1.0,2.5,5.0)

γs,1 (0.04,0.08,0.16)

Cext,s,1 (0.1,0.2,0.4)

Table 3.8: Parameter ranges used in parameter search.

In cases where bulk flow unloading is dominant and the rate of diffusion, βs,3, is
small, the model can predict an accumulation of sugar in the unloading zone – a
characteristic not currently described in the literature (Figures 3.7 and 3.8). This
is likely due to the rate of diffusion being too low to allow the model to meet the
prescribed rate of unloading flux (which is fixed for each set of simulations as we fix
γs,1) without producing an extremely high concentration gradient in the unloading
zone down which diffusion can occur. However, there are parameter regions where
bulk flow unloading is dominant and no sugar accumulation occurs (for example, if
Cext,s,3 is sufficiently large, Figure 3.7E).

In summary, the model predicts that bulk flow unloading can be dominant over
diffusive unloading. The simulations suggest that for bulk flow to dominate requires
a small Staverman reflection co-efficient, σs,3, and a large ratio between the root and
shoot external sugar concentrations, Cext,s,3. Interestingly, we identified parameter
regions (typically where the rate of diffusive unloading, βs,3, is small) in which the
model predicts accumulation of sugar in the phloem unloading zone. It is not clear
whether such sugar accumulation occurs in the unloading zone of plants such as
Arabidopsis that have bulk flow as their dominant form of unloading (Ross-Elliott
et al., 2017). Hence, for the remaining simulation results presented, we set model
parameters such that bulk flow unloading dominates over diffusive unloading, but
with a sugar concentration profile that is consistent with those in the theoretical
literature (Jensen et al., 2012, Payvandi et al., 2014), see Table 3.9. As hormones are
smaller molecules than sugar, we assume that the hormone parameters are consistent
with those specified for sugar (although with either diffusive or active loading), Table
3.10.



95

Figure 3.7: Larger external sugar concentration in the unloading zone results in more bulk
flow unloading. (A/C/E) Contour plots show the fraction of unloading that occurs via bulk
flow. Blue shades indicate bulk flow is dominant, red shades indicate diffusive unloading
is dominant. Markers show parameter sets plotted in B/D/F – crosses show parameter sets
where there is sugar accumulation in the unloading zone, pluses show parameter sets where
sugar decreases in the unloading zone. (B/D/F) Parameter regimes that result in bulk flow
unloading being dominant.
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Figure 3.8: Varying active sugar loading has little impact of the dominant form of unloading
(which remains diffusive). (A/C/E) Contour plots show the fraction of unloading that
occurs via bulk flow. Blue shades indicate bulk flow is dominant, red shades indicate
diffusive unloading is dominant. Markers show parameter sets plotted in B/D/F – crosses
show parameter sets where there is sugar accumulation in the unloading zone, pluses show
parameter sets where sugar decreases in the unloading zone. (B/D/F) Parameter regimes that
result in bulk flow unloading being dominant.
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Parameter group Default values Parameter description

(σs,1,σs,2,σs,3) (1,1,0.2) Bulk flow

(βs,1,βs,2,βs,3) (0,0,1) Passive diffusion

(γs,1,γs,2,γs,3) (0.16,0,0) Active loading

(λs,1,λs,2,λs,3) (0,0,0) Active unloading

(Cext,s,1,Cext,s,2,Cext,s,3) (1,0,0.4) External sugar concentration

Table 3.9: Sugar parameters for simulations where bulk flow unloading dominates over
diffusive unloading.

Parameter
group

Passive hormone
loading

Active hormone
loading

(σa,1,σa,2,σa,3) (1,1,0.2) (1,1,0.2)

(βa,1,βa,2,βa,3) (5∗,0,1) (0,0,1)

(γa,1,γa,2,γa,3) (0,0,0) (0.16,0,0)

(λa,1,λa,2,λa,3) (0,0,0) (0,0,0)

(Cext,a,1,Cext,a,2,Cext,a,3) (1,0,0.4) (1,0,0.4)

Table 3.10: Hormone parameters for model simulations where bulk flow unloading of
hormone dominates over diffusive unloading.
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3.6.4 Increasing active sugar loading increases phloem transport
velocity and increases the rate of delivery of passively loaded
hormones

Abiotic stresses, such as drought, heat stress, light intensity, and temperature have
been shown to impact sucrose transporters and phloem loading in a range of plants,
including Arabidopsis, maize, and wheat (Xu et al., 2018, Knox et al., 2018, Gong
et al., 2015). Active sugar loading occurs via SUC transporters and varying the rate
of active sugar loading, γs,1, in the model is consistent with the relative expression
levels of SUC transporters changing under environmental conditions (Xu et al.,
2018, Knox et al., 2018, Gong et al., 2015). We investigate how these responses to
environmental cues impact hormone delivery to the root tip.

Increasing the rate of active sugar loading, γs,1, increases the total sugar loading
and unloading (Figure 3.9A) (recalling that at the steady state the total loading and
unloading are equal). An increase in the rate of active sugar loading is predicted
to result in an increased phloem transport velocity (Figure 3.9D), consistent with
experimental results from Knox et al. (2018), and an increase in sugar concentration
throughout the phloem (Figure 3.9E), consistent with sucrose concentration within
phloem exudate in experimental results from Xu et al. (2018). Interestingly, as the
sugar loading rate is increased, the proportion of unloading that occurs via bulk flow
unloading decreases (Figure 3.9A) (which is consistent with the parameter survey
shown in Figure 3.8). This is due to the increase in the concentration gradient down
which diffusive sugar unloading can occur as the phloem sugar concentrations are
higher (Figure 3.9E).

For passively loaded hormones, increasing the rate of active sugar loading increases
the amount of hormone loaded into the phloem, and hence increases hormone
delivery to the root tip (Figure 3.9B). For actively loaded hormones (Figure 3.9C),
the proportion of unloading that occurs via bulk flow increases as the rate of active
sugar loading is increased (due to the higher phloem transport velocity). These
cases suggests that environmental conditions that impact SUC-mediated active sugar
transport in the shoot, such as changes in light intensity (Xu et al., 2018, Knox et al.,
2018), can influence hormone delivery in the root tip via changes to the phloem
transport velocity. For passively loaded hormones, the amount of hormone delivered
to the root tip can be influenced by environmental conditions, whereas for actively
loaded hormones, environmental conditions can influence which form of unloading
dominates.
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Figure 3.9: Increasing active sugar loading results in a change in the dominant form of
unloading, shifting from diffusion dominant to bulk flow dominant as γs,1 increases. This
occurs alongside an increase to phloem transport velocity. (continues)
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Figure 3.9: (A) Sugar flux in the loading/unloading zones; (B) Hormone flux in the
loading/unloading zones for passively loaded hormone; (C) Hormone flux in the load-
ing/unloading zones for actively loaded hormone; (D) Phloem transport velocity; (E) Sugar
concentration; (F) Hormone concentration for a passively loaded hormone; (G) Hormone
concentration for an actively loaded hormone. Sugar parameter values: as given in Table
3.9 with additional variations to (γs,1,γs,2,γs,3) = (varied,0,0). Auxin parameter values:
as given in Table 3.10. Mü = 0.22

In the case where the hormone is loaded via active transport (Figure 3.9G), we see
a decrease in phloem hormone concentration for higher active sugar loading rates,
γs,1. This is due to the fact that the rate of hormone loading is unchanged, whilst
the higher phloem transport velocity transports hormone out of the loading zone
more quickly, and hence there are decreased hormone concentrations in the loading
zone. In the case where the hormone is loaded passively (Figure 3.9F), the impact of
increasing γs,1 is the same, however, the impact is far less pronounced as the rate of
hormone loading depends on the hormone concentration in the phloem and so the
loading rate reduces as the internal hormone concentration approaches the external
concentration.

In summary, increasing active sugar loading results in increased phloem transport
velocities which influences hormone delivery to the root tip. In the case of actively
loaded hormones, the model predicts a shift in the dominant unloading mechanism,
whereas for passively loaded hormones, the model predicts an increase in hormone
delivery to the root tip.

3.6.5 Increasing the ratio between root and shoot external sugar
concentrations has little impact on the unloading of hor-
mones

Modifications to the ratio between root and shoot external sugar concentrations,
Cext,s,3, can occur either by changes at the shoot or changes at the root. For example,
application of exogenous sucrose to the root tip increases the root:shoot external sugar
concentration ratio and has been shown to affect phloem transport velocity (Knox
et al., 2018). Understanding how application of exogenous sucrose impacts phloem
transport is important because some experiments are conducted where sucrose is
incorporated into the growth medium, which potentially could influence the hormone
delivery to the root tip. Another method of modifying the root:shoot external sugar
concentration ratio is via changes in environmental conditions that lead to sugar
accumulation in leaves (Xu et al., 2018) which increases the sugar concentration in
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the source tissues and would decrease the root:shoot external sugar concentration
ratio.

The model predicts a reduction in phloem transport velocity for higher Cext,s,3 (Figure
3.10D), as observed in previous experimental studies by Knox et al. (2018). An
increase in Cext,s,3 is predicted to lead to a higher sugar concentration in the phloem,
seen most notably in the unloading zone (Figure 3.10E). The model predicts that
increasing Cext,s,3 decreases the amount of diffusive sugar unloading and increases
the relative contribution of the bulk flow sugar unloading (Figure 3.10A). Increasing
Cext,s,3 reduces diffusive unloading due to the reduction in the concentration gradient
between the phloem sugar concentration and the external sugar concentration.

For both hormone loading scenarios, we see an increase in the phloem hormone
concentration as phloem transport velocity is decreased by an increase in Cext,s,3

(Figures 3.10F and G – this is consistent with results in Figures 3.9 D, F and G). This
is more pronounced in the case where the hormone is loaded actively (Figure 3.10G)
as the flux of hormone loaded into the phloem is fixed and, as such, with lower
phloem transport velocities, hormone accumulates in the loading zone. For passively
loaded hormone, changing Cext,s,3 has such a small effect on the phloem hormone
concentrations that there is little difference in either the total hormone efflux or the
relative contribution of bulk flow unloading (Figure 3.10B).

In summary, increasing the ratio between root and shoot external sugar concen-
trations, Cext,s,3, reduces the phloem transport velocity which is consistent with
experimental results from Knox et al. (2018). Whilst changes to Cext,s,3 do modify
phloem transport velocity, the impact is less pronounced than changes seen when
changing γs,1, and as such the impact on the unloading of hormone is less pronounced.
In the case of passively loaded hormones, the model predicts that changing Cext,s,3

has minimal impact on hormone delivery to the root tip.

3.6.6 Varying plasmodesmata density modifies phloem transport
velocity though the exact relationship remains unclear

Unloading via diffusion and bulk flow occurs through plasmodesmata. As such, en-
vironmental conditions that impact plasmodesmata transport rates or plasmodesmata
density will have an effect on the unloading dynamics in the model. Transport via
plasmodesmata has been shown to be effected by light levels and the circadian clock
(Brunkard and Zambryski, 2019), as well as osmotic stress and cold stress (Sager
and Lee (2014) and references therein).
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Figure 3.10: Reducing sugar sink strength by increasing Cext,s,3, has little impact on the
unloading dynamics of hormones. (continues)
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Figure 3.10: (A) Sugar flux in the loading/unloading zones; (B) Hormone flux in the
loading/unloading zones for passively loaded hormone; (C) Hormone flux in the load-
ing/unloading zones for actively loaded hormone; (D) Phloem transport velocity; (E) Sugar
concentration; (F) Hormone concentration for a passively loaded hormone; (G) Hormone
concentration for an actively loaded hormone. Sugar parameter values: as given in Table
3.9 with additional variations to (Cext,s,1,Cext,s,2,Cext,s,3) = (1,0,varied). Auxin parameter
values: as given in Table 3.10. Mü = 0.22

Changes in plasmodesmata transport rates or plasmodesmata density will affect
unloading via both diffusion and bulk flow. As such, to model environmental
changes that impact plasmodesmata, we need to vary the diffusion coefficients
for sugar and hormone, βs,3,βa,3, as well as the Staverman reflection coefficients
for sugar and hormone, σs,3,σa,3. Increasing βs,3,βa,3 and decreasing σs,3,σa,3

can be considered to represent an increase in plasmodesmata transport rate or an
increase in plasmodesmata density. In the following simulations, as we are varying
multiple parameters simultaneously, we label the simulations as low, mid, and high to
represent a scale from decreased to increased plasmodesmatal transport. Parameter
values used in each scenario are given in Table 3.11 and correspond to the region
shown in Figure 3.11A.

Plasmodesmata density σs,3,σa,3 βs,3,βa,3

low 0.3 0.5

mid 0.2 1.0

high 0.1 1.5

Table 3.11: Parameter variations used for model scenarios of low, mid, and high plasmodes-
mata density.

Increasing plasmodesmatal unloading results in an increase in the contribution of
bulk flow unloading (Figures 3.11B,C,D). However, it is important to note that this
relationship is not well-defined and that alternative definitions of low, mid, and
high plasmodesmata density could alter the proportion of unloading that occurs
via bulk flow. This is seen most clearly in the curved nature of the contours in
Figure 3.11A. For example, an alternative high plasmodesmata density scenario
could be σs,3 = 0.175, βs,3 = 1.2 which would give bulk flow as a fraction of
unloading comparable to our current low and mid density scenarios. As such, further
investigation is needed to accurately define the relationship between plasmodesmata
density and model parameters σs,3 and βs,3.

Increasing transport via plasmodesmata results in an increase in phloem transport
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Figure 3.11: (A) Contour plot showing parameter region in which low, mid, and high
plasmodesmata density scenarios are located. (Contour plots show the fraction of unloading
that occurs via bulk flow. Blue shades indicate bulk flow is dominant, red shades indicate
diffusive unloading is dominant.); (continues)
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Figure 3.11: (B) Sugar flux in the loading/unloading zones; (C) Hormone flux in the
loading/unloading zones for passively loaded hormone; (D) Hormone flux in the load-
ing/unloading zones for actively loaded hormone; (E) Phloem transport velocity; (F) Sugar
concentration; (G) Hormone concentration for a passively loaded hormone; (H) Hormone
concentration for an actively loaded hormone. Sugar parameter values: as given in Ta-
ble 3.9 with additional variations to (βs,1,βs,2,βs,3) = (1,0,varied) and (σs,1,σs,2,σs,3) =
(1,0,varied). Auxin parameter values: as given in Table 3.10 with additional variations to
(βa,1,βa,2,βa,3) = (1,0,varied) and (σa,1,σa,2,σa,3) = (1,0,varied). Mü = 0.22

velocity (Figure 3.11E) and a corresponding decrease in phloem sugar concentration
(Figure 3.11F). Consistently with the previous results, this results in an increase of
hormone efflux in the unloading zone for passively loaded hormones (Figure 3.11C).

Increased phloem transport velocity also leads to a decrease in phloem hormone
concentration in both loading scenarios (Figures 3.11G,H – consistent with previous
analysis). Whilst changes in phloem transport velocity might lead to small changes
in the dominant form of hormone unloading, the changes seen in the contribution
to bulk flow unloading seen in Figures 3.11 C and D are most likely caused by the
changes in hormone parameters associated with plasmodesmata density.

In summary, the model suggests that increasing plasmodesmata density results in
an increase in phloem transport velocity which in turns leads to increased hormone
delivery to the root tip for passively loaded hormones.

3.7 Conclusions

In this chapter, we have developed a mathematical model for hormone transport via
the phloem that couples hormone and sugar dynamics. This model builds upon the
work of (Jensen et al., 2012, 2016, Payvandi et al., 2014), extending existing models
in the literature to incorporate hormone transport, bulk flow unloading, and more
physical loading/unloading mechanisms.

Focusing on actively loaded sugar, the model predicts that increasing bulk flow sugar
unloading or increasing the rate of active sugar loading both increase the phloem
transport velocity. For passively loaded hormones, increases in phloem transport
velocity are predicted to increase the amount of hormone delivered to the root tip.
In contrast, for actively loaded hormone, the model shows that the total hormone
delivery is independent of the sugar dynamics and phloem velocity.

Surveying parameter space, we identified regions where bulk flow unloading of
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sugar dominates over diffusive unloading as suggested by Ross-Elliott et al. (2017),
finding this is predominantly influenced by the choice of a small Staverman reflection
co-efficient and a large ratio between shoot and root external sugar concentrations.
Although the root to shoot external sugar concentration ratio has a substantial influ-
ence on the proportion of bulk flow unloading, the model predicts that increasing
this ratio leads to only a small reduction in the phloem transport velocity and limited
impact on hormone delivery to the root tip.

The model provides key insights into how environmental conditions that affect the
sugar dynamics lead to changes in hormone delivery to the root tip. Active sugar
loading is influenced by numerous environmental conditions. The model predictions
align with experimental data that showed how increasing the rate of active sugar
loading increases phloem transport velocity and phloem sugar concentration. Fur-
thermore, the model predicts that the increase in active sugar loading will increase
hormone delivery to the root tip for passively loaded hormones. In contrast, en-
vironmental changes that increase the ratio between root and shoot external sugar
concentration are predicted to lead to only a small decrease in the phloem transport
velocity and have little influence on hormone delivery.

Environmental conditions also influence plasmodesmatal densities and permeabilities
and thus, the rates of passive unloading (both diffusive and bulk flow unloading).
The model predicts that a higher plasmodesmatal density results in a larger phloem
transport velocity, and thus increases the hormone delivery to the root tip for passively
loaded hormones.

Overall, our model highlights the important role that sugar dynamics can have on
hormone delivery to the root tip. Future modelling work could focus on extending
the model described here to capture dynamic changes in the source/sink concentra-
tion levels. Furthermore, by deriving the model for general x-dependent external
concentration levels our work can be easily extended to scenarios where there are
multiple loading/unloading zones, such as unloading of sugar and hormones within
growing leaves as well as at root tissues.



Chapter 4

Hybrid model of auxin dynamics in
the Arabidopsis seedling

4.1 Introduction

To understand in detail how environmental conditions impact auxin patterning, we
must consider influences across the seedling (not just in individual organs such as the
root tip). In previous chapters, we developed auxin-transport models that focus on
specific aspects of auxin transport within a plant. In Chapter 2, we focused on auxin
transport within the root tip, presenting a model that captures carrier-mediated auxin
transport via influx and efflux carriers, passive diffusion via plasmodesmata, diffusion
within cell walls, and auxin synthesis and degradation. This model captures auxin
transport in detail at the cell-scale, however, it relies on a constant flux boundary
condition to represent transport to the root from the shoot. In Chapter 3, we focused
on long-distance transport of auxin via the phloem, creating a continuum model
that described how hormone transport is coupled to the transport of sugar and water.
This model focuses on long-distance auxin transport; however, the root and shoot
environments are not considered and concentrations external to the phloem are
assumed constant within the loading and unloading zones.

4.2 Hybrid model development

To develop a virtual Arabidopsis seedling model, in this chapter we seek to couple
the models formulated in Chapters 2 and 3. To achieve this, we must first establish
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what each model takes as an input and produces as an output, what adjustments to
model equations must be made to allow for the coupling of existing models, and
what aspects of a virtual seedling are still missing from the new combined model.

Cell-based auxin transport

The cell-based auxin transport model from Chapter 2 produces the following outputs:

• Auxin concentration in each cell and cell-wall compartment;

• DII-VENUS concentrations in each cell and cell-wall compartment.

These outputs are all produced within realistic root-tip geometries. The cell-based
model takes as an input a constant flux boundary condition at the shootward boundary.
In the hybrid model, this will be changed so that the auxin concentration in phloem
cells is fixed by the phloem auxin concentration profile from the phloem model
(Figure 4.1, pale blue circles).

Long-distance continuum phloem transport model

The phloem transport model from Chapter 3 produces the following outputs:

• Phloem transport velocity profile;

• Sugar concentration profile;

• Auxin concentration profile.

These are all one-dimensional outputs that vary along the length of the phloem. An
important input for the phloem model is the external auxin concentration in the
root. In the phloem model, this is a fixed concentration. In the hybrid model, the
external auxin concentration will be specified by the root model (Figure 4.1, green
step function).

Recognising that the irregular cell shapes found in the realistic root-tip geometries
used in the cell-based model would make the process of coupling the models more
complicated, we first simplify the cell-based model so that it uses an idealised root-tip
geometry (Figure 4.2). This template is based on that used in Mellor et al. (2022)
(see Mellor et al. (2022) Supplemental Figure 2), although we include increasing cell
lengths in the elongation zone (based on experimental measurements from Band et al.
(2012a)). This ensures that each cell file is a straight line which allows for alignment
with the phloem transport model. Data in (Ross-Elliott et al., 2017) suggests that the
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Figure 4.1: Schematic showing how the cell-based auxin transport model provides a piece-
wise constant external auxin concentration when solving for the phloem auxin concentration
ca(x). When solving the cell-based model, the flux from the phloem into neighbouring cells
is approximated based on the phloem concentration ca(x) at the x-value corresponding to the
cell centre.

phloem unloading zone starts at the rootward end of the elongation zone, and has
a length of 350µm (which is approximately half the length of the elongation zone).
We set the shootward end of the phloem unloading zone to be the boundary of our
cell-based model template. To align as closely as possible with the geometry of our
phloem model, we take the width (and depth) of the phloem cell files to be 2a, where
a is the radius of the phloem tube in our continuum model.

Figure 4.2: Idealised root tip geometry of an Arabidopsis seedling.

Within the idealised root-tip geometry, we have two cell files that represent the
phloem. In the hybrid model, these phloem cells are not included in the cell-based
root tip submodel. Instead, the auxin concentration in these phloem cells is the
solution of the continuum phloem transport model. To obtain a single value for each
cell, we sample the auxin concentration from the phloem modelling in the unloading
zone at x-values that correspond to cell centres within the cell-based model (Figure
4.1, pale blue circles).
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As the cell-based model predicts auxin concentration within each cell, the auxin
concentration external to the phloem unloading zone varies spatially, which replaces
the fixed external auxin concentration used in the phloem model. Each phloem cell
has two neighbouring cells. As the phloem transport model is one-dimensional,
we average the concentration in the two neighbouring cells to obtain one external
concentration value per phloem cell. Thus, the external hormone concentration in the
phloem unloading zone is a piecewise constant function that depends on the average
hormone concentration in the cells adjacent to the phloem (Figure 4.1, green step
function).

Finally, in the next section, we ensure the fluxes out of the phloem are consistent
with the fluxes into the cell-based model (we also introduce bulk flow unloading into
the cell-based transport model).

4.2.1 Auxin root dynamics

Recall the ODE for the auxin concentration within a given cell in the cell-based
auxin transport model (equation (2.4a), Chapter 2),

d[Auxin]i
dt

= αi−µi[Auxin]i +
1
Ai

∑
j∈Ci

Ni, j

∑
k=1

Si, j,k(Ji, j,k + Jp
i, j +B∗i, j), (4.1)

where we have introduced the term B∗i, j to represent auxin transport via bulk flow
from cell i to cell j, noting that B∗i, j 6= 0 only if cell i is a phloem cell. As we are
using an idealised root tip geometry, we can make the following simplifications,

• |Ci|= 4, the number of neighbours of cell i for non-border cells;

• Ni, j = 1, the number of cell-wall segments that make up the total shared wall
between cell i and cell j;

• Si, j,k = Si, j, the length of a segment of cell wall is dependent only on the cells
it joins as there is only one cell-wall segment between cells (Si, j = S j,i).

For transport into cells that neighbour a phloem cell, we note that Ji, j,k = 0, if cell i

is a phloem cell, given there is no carrier-mediated cell to cell transport (no transport
via PINs, ABCBs, AUX1, and LAX) of auxin from phloem cells.

Hence, the combined flux into cells m and n (where cells m and n are adjacent to the
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phloem) from neighbouring phloem cell i is given by,

J∗i,m,n = Jp
i,m + Jp

i,n +B∗i,m +B∗i,n. (4.2)

The plasmodesmatal flux terms Jp
i,m and Jp

i,n depend on the concentration gradients
between cell i and cells m and n respectively. The concentration in phloem cell i

is given by the phloem model concentration ca,3(xi) where xi is the centre of cell i

(Figure 4.1, pale blue circles). Hence,

Jp
i, j = Jpla([Auxin] j− ca,3(xi)). (4.3)

The bulk flow fluxes B∗i,m and B∗i,n are only non-zero when cell i is a phloem cell.
They are given by,

B∗i, j = v̂i(1−σa,3)

(
[Auxin] j + ca,3(xi)

2

)
, (4.4)

where v̂i is the velocity across the membrane walls of cell i in the cell-based model,
and is a value we need to determine from coupling with the phloem model. Hence,
the total flux via plasmodesmata into cells m and n from neighbouring phloem cell i

is given by,

J∗i,m,n = Jpla([Auxin]m +[Auxin]n−2ca,3(xi))

+ v̂i(1−σa,3)

(
[Auxin]m + ca,3(xi)

2
+

[Auxin]n + ca,3(xi)

2

)
. (4.5)

In the phloem model, the flux leaving the phloem takes the form,

J∗ph = β
∗
a,3(cext,a,3− ca,3)+ vmem(1−σa,3)c̄a,3, (4.6)

where c̄a,3 =
ca,3+cext,a,3

2 and vmem is the velocity across the membrane in the phloem
model (defined in equation (3.9), Chapter 4). The number of particles per unit time
leaving the cylindrical phloem tube is given by

2πa
∫ L1+Si

L1

J∗phdx, (4.7)

where x = L1 is the shootward end position of cell i and Si is the length of the walls
shared by cell i and cells m and n. We simplify (4.7) by approximating J∗ph to be
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uniform across the length of cell i,

2πa
∫ L1+Si

L1

J∗phdx≈ 2πaSi

[
β
∗
a,3

(
[Auxin]m +[Auxin]n

2
− ca,3(xi)

)

+ vmem(xi)(1−σa,3)

(
ca,3(xi)+

[Auxin]m+[Auxin]n
2

2

)]
. (4.8)

where, using model approximations, we have taken cext,a,3 = [Auxin]m+[Auxin]n
2 and

ca,3 = ca,3(xi) to be constant across a cell length. We have also approximated the
velocity across the membrane of the phloem by the velocity across the membrane at
xi (the centre of cell i).

We set (4.8) to be equal to the number of particles per unit time through the side wall
of the adjacent cuboidal cells m and n, given by

2πaSi

[
β
∗
a,3

(
[Auxin]m +[Auxin]n

2
− ca,3(xi)

)

+ vmem(xi)(1−σa,3)

(
ca,3(xi)+

[Auxin]m+[Auxin]n
2

2

)]

= 2Sia

[
(Jpla([Auxin]m +[Auxin]n−2ca,3(xi))

+ v̂i(1−σa,3)

(
[Auxin]m + ca,3(xi)

2

+
[Auxin]n + ca,3(xi)

2

)]
, (4.9)

recalling that we have taken the depth of the phloem cell i to be 2a.

We can now equate and simplify terms in (4.9) to obtain,

Jpla =
π

2
β
∗
a,3, (4.10a)

v̂i =
π

2
vmem(xi). (4.10b)

This has allowed us to obtain the model parameters Jpla and v̂i in terms of the phloem
transport model parameters β ∗a,3 and vmem(xi).

The phloem transport model in Chapter 3 is nondimensionalised meaning simulation
outputs are in terms of dimensionless parameters βa,3 and dimensionless velocity V0.
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Hence, we rewrite equations (4.10) in terms of the dimensionless parameters,

Jpla =
πaU
2L

βa,3, (4.11a)

v̂i =
πaU
2L

V0(Xi), (4.11b)

where Xi is the nondimensionalised centre of cell i, U = 23µs−1 is the phloem sap
viscosity, a = 1.8µm is the phloem tube radius, and L = 30.6mm is the characteristic
length of the phloem translocation zone.

We have now combined the auxin transport models from Chapter 2 and 3 to create a
hybrid model of auxin transport where delivery of auxin to the root tip is governed
by the long-distance transport of auxin from shoot to root. Note that the derivation
above is for one of the phloem cell files within the model. Derivations for the second
phloem cell file are identical. Table 4.1 lists key model parameters and variables for
the coupled hybrid model.

4.2.2 Incorporating a shoot compartment

In the previous section, we coupled the long-distance phloem transport of auxin to
cell-to-cell based auxin transport in the root tip. To complete the seedling model, we
require the addition of a shoot compartment (in which we have equations governing
sugar and auxin concentration) and a root compartment to capture the consumption
of sugar at the root tip.

Generally, the rate of change of the number of molecules of a solute in a compartment
equals the flux per unit area into the compartment multiplied by the appropriate
membrane area plus production and degradation of the solute within the compart-
ment. Thus, with J denoting the flux into the phloem (and recalling there are two
phloem cell files in a root tip), we have the following equations that describe the
sugar concentration (subscript s) and auxin concentration (subscript a) in the shoot
compartment (subscript 1),

Vlea f
dcext,s,1

dt∗
=Vlea f αext,s,1−Vlea f µext,s,1cext,s,1−4πa

∫ X∗1

0
Js,1dx, (4.12a)

Vlea f
dcext,a,1

dt∗
=Vlea f αext,a,1−Vlea f µext,a,1cext,a,1−4πa

∫ X∗1

0
Ja,1dx, (4.12b)
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Parameter Dimensions Description

[Auxin]i mol/µm3 concentration of auxin in cell i (cell-based model)

cp,q mol/µm3 concentration of solute in the phloem (phloem model)

cext,p,q mol/µm3 concentration of solute in the external tissue (phloem model)

c̄p,q mol/µm3 average concentration of solute in the membrane ; cp,q+cext,p,q
2

αext,p,q mol/µm3/s production of solute (in shoot and root compartments)

µext,p,q s−1 solute degradation rate (in shoot and root compartments)

γp,1 µm/s active solute loading rate

βp,3 µm/s rate of solute diffusive unloading

σp,3 - Staverman reflection coefficient

Vlea f 117µm3 volume of leaf pool (Vanhaeren et al., 2010)

Vroot µm3 volume of root pool (dependent on root-tip geometry)

a 1.8µm radius of phloem tube (Ross-Elliott et al., 2017)

L 30.6mm length of phloem tube (Martin et al., 2002)

ε 5.9×10−5 a/L

U 23µm/s typical phloem sap velocity (Ross-Elliott et al., 2017)

V0 µm/s velocity of water across membrane (phloem model)

Si µm length of cell i (dependent on root-tip geometry)

di µm depth of cell i (dependent on root-tip geometry)

Table 4.1: Description of model parameters in dynamic shoot and root compartments.
Subscripts: p ∈ {s,a}; q ∈ {1,3} where s is sugar and a is auxin, with 1 and 3 representing
the loading and unloading zones respectively.
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where,

Js,1 = γ
∗
s,1cext,s,1, (4.13a)

Ja,1 = γ
∗
a,1cext,a,1, (4.13b)

represent the flux into the phloem, which we assume to be active loading for both
sugar and auxin. Table 4.1 includes a list of descriptions for the parameters and
terms used in the compartment models.

We nondimensionalise the system using the following relationships,

(cs,1,cext,s,1) =
α̂ext,s

µ̂ext,s
(Cs,1,Cext,s,1),

γ
∗
s,1 = εUγs,1,

t∗ =
1

µ̂∗
t,

X∗1 = LX1

(ca,1,cext,a,1) =
α̂ext,a

µ̂ext,a
(Ca,1,Cext,a,1),

γ
∗
a,1 = εUγa,1,

where α̂ext,s, µ̂ext,s, α̂ext,a, and µ̂ext,a represent typical production and degradation
rates of sugar and auxin respectively, µ̂∗ represents a typical time-scale for our
system, ε is the phloem aspect ratio, U is a typical phloem velocity, and L is the
length of the phloem.

Thus, the non-dimensionalised shoot compartment equations for sugar and auxin are
given by,

dCext,s,1

dt
=

[
αext,s,1

α̂ext,s
−

µext,s,1

µ̂ext,s
Cext,s,1−

4πa2X1U
Vlea f µ̂ext,s

γs,1Cext,s,1

]
µ̂ext,s

µ̂∗
(4.14a)

dCext,a,1

dt
=

[
αext,a,1

α̂ext,a
−

µext,a,1

µ̂ext,a
Cext,a,1−

4πa2X1U
Vlea f µ̂ext,a

γa,1Cext,a,1

]
µ̂ext,a

µ̂∗
(4.14b)

Since we focus on steady-state solutions of the hybrid model, we use equations (4.14)
to obtain formula for the steady-state concentrations for the external concentration
of solutes in the shoot. Hence, the steady-state external solute concentrations in the
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shoot are given by,

Cext,s,1 =

αext,s,1

α̂ext,s

µext,s,1

µ̂ext,s
+

4πa2X1U
Vlea f µ̂ext,s

γs,1

, (4.15a)

Cext,a,1 =

αext,a,1

α̂ext,a

µext,a,1

µ̂ext,a
+

4πa2X1U
Vlea f µ̂ext,a

γa,1

. (4.15b)

4.2.3 Sugar root dynamics

To complete the virtual seedling model, we incorporate a root compartment for
sugar. We capture the root dynamics with an organ-scale compartment representing
a simplified root. The root compartment includes production and degradation as well
as influx from the phloem. This root pool is established in a similar method to that
described for the shoot sugar pool in Section 4.2.2. We have the following equation
describing sugar concentration in the root compartment,

Vroot
dcext,s,3

dt∗
=Vrootαext,s,3−Vroot µext,s,3cext,s,3−4πa

∫ X∗3

X∗2
Js,3dx, (4.16)

where the flux term, Js,3, is given by,

Js,3 = β
∗
s,3(cext,s,3− cs,3)+ v0(1−σs,3)c̄s,3, (4.17)

and represents sugar unloading from the phloem via diffusion and bulk flow (here
c̄s,3 = cs,3 + cext,s,3/3 as defined in the phloem model). Table 4.1 includes the model
parameters used in the root compartment model.
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We nondimensionalise the system using the following relationships,

(cs,3,cext,s,3) =
α̂ext,s

µ̂ext,s
(Cs,3,Cext,s,3),

β
∗
s,3 = εUβs,3,

v0 = εUV0,

t∗ =
1

µ̂∗
t,

(X∗2 ,X
∗
3 ) = L(X1,X2)

This yields the non-dimensional equation for the external sugar concentration in the
root as,

dCext,s,3

dt
=

[
αext,s,3

α̂ext,s
−

µext,s,3

µ̂ext,s
Cext,s,3

− 4πa3U
Vroot µ̂ext,s

∫ X3

X2

βs,3(Cext,s,3−Cs,3)+V0(1−σs,3)C̄s,3dX

]
µ̂ext,s

µ̂∗
.

(4.18)

Resolving equation (4.18) at steady state, we yield the external sugar concentration
in the root as,

Cext,s,3 =

αext,s,3

α̂ext,s
+

4πa2U
Vroot µ̂ext,s,1

∫
X3

X2

(
βs,3−

V0(1−σs,3,)
2

)
Cs,3dX

µext,s,3

µ̂ext,s
+

4πa2U
Vroot µ̂ext,s

∫
X3

X2

(
βs,3 +

V0(1−σs,3)
2

)
dX

. (4.19)

4.2.4 Summary

In this section, we have developed a mathematical model that describes sugar and
auxin dynamics across an Arabidopsis seedling. Simplified shoot dynamics for sugar
and auxin are given by equations (4.15), long-distance transport of sugar and auxin
is described alongside phloem water flow and pressure by equations (3.36), and
sugar and auxin dynamics are captured in the root tip by equations (4.19) and (4.1).
Together these equations formulate a multiscale model of auxin transport within an
Arabidopsis seedling.
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4.3 Numerical simulations

Numerical simulations for the cell-based submodel and continuum phloem submodel
are solved using the numerical techniques described in Chapters 2 and 3 respectively.
To combine these simulations into a complete simulation of the hybrid model, we use
a predictor-corrector method (Figure 4.3). In this method, we run the phloem model
simulations for an initial estimate of the external auxin concentration in the unloading
zone. We then run the cell-based model using the phloem auxin concentration results
as the fixed auxin concentration within phloem cells (using our approximations
shown in Figure 4.1). We then re-run the phloem model, with updated external auxin
concentration predictions from the cell-based model (using the approximations in
Figure 4.1). We repeat these steps until the Euclidean distance between consecutive
cell-based model outputs is less than 10−3. At this point, we consider our model
converged.

Figure 4.3: Predictor-corrector method for hybrid model simulations.

4.4 Investigating the relationship between parameters
Jpla and βa,3

The relationship between model parameters Jpla and βa,3 is important as it ensures
the diffusive flux via plasmodesmata is consistent across the two model scales. In
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the cell-based auxin transport model from Chapter 2, Jpla is defined as,

Jpla = Ppladi, j, (4.20)

where Ppla is the permeability per plasmodesmata (µm3/s) and di, j is the density
of plasmodesmata between cells i and j (µm−2). The cell-based model uses a
value of Ppla = 0.806µm3/s based on experimental measurements in (Rutschow
et al., 2011) and (Zhu et al., 1998). However, this value of Ppla is for simple
plasmodesmata (as defined by Ross-Elliott et al. (2017)) and it is reported that funnel-
shaped plasmodesmata play an important role in phloem unloading in Arabidopsis
(Ross-Elliott et al., 2017). Model parameter β ∗a,3 (µm/s) represents the rate of
diffusive unloading of auxin in the phloem transport model. The simulations of
the phloem model in Chapter 3 use the nondimensional parameter value βa,3 = 1
(β ∗a,3 = εUβa,3) as initial simulations suggest this allows for bulk flow unloading to
dominate over diffusive unloading as reported by Ross-Elliott et al. (2017).

Using the phloem transport model parameter value βa,3 = 1, we obtain a value of
Jpla = 3.5× 10−3µm3/s (for the smallest phloem cell in the elongation zone) via
equation (4.11a). This is significantly smaller than the value used in the cell-based
model which is approximately 2µm3/s. To obtain a value of Jpla consistent with the
value used in the cell-based model, we require βa,3 > 500. Hence, it is unclear how
best to select a value for βa,3 (and hence Jpla) for the combined hybrid model.

Hence, we first seek to investigate the role βa,3 has on model outputs. We run model
simulations for the full hybrid model for a range of βa,3 values (βs,3 varies in the
same manner as diffusion coefficients are expected to be comparable in size for
the two solutes). We wish to establish which values maintain bulk flow unloading
as the dominant form of phloem unloading for sugar, as well as how variations in
βa,3 impact the auxin concentration profile in the phloem unloading zone (Figure
4.4). Table 4.2 includes the default simulation parameter values around which all
parameter value variations are based.

The most crucial result we see from these model variations is that the flux into
the phloem does not always equal the flux out, which contradicts our steady-state
approximation. The model approximation that the phloem concentration can be
represented by the concentration at the centre of cells (Figure 4.1) when calculating
fluxes is only appropriate if phloem concentrations are approximately linear over
a cell length. As such, when model simulations result in steep sugar and auxin
concentration profiles in the phloem unloading zone (when βa,3 and βs,3 values are
greater than or equal to 10) the accuracy of the model approximations decreases and
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Figure 4.4: Investigating the effect of varying βa,3 (and its relationship with Jpla) on hybrid
model simulations. (A) Sugar concentration in the phloem; (B) Auxin concentration in the
phloem; (C) Sugar concentration in the phloem unloading zone; (D) Auxin concentration
in the phloem unloading zone; (E) Sugar influx and efflux; (F) Auxin influx and efflux;
(G) Average auxin concentration across quiescent centre cells in the root tip; (H) Auxin
concentration in the phloem cell at the shootward end of the root-tip template.
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Parameter Value

γs,1, γa,1 0.16

βs,3, βa,3 1

σs,3, σa,3 0.2

αs,1, αa,1 1 mol·µm−3s−1

µs,1, µa,1 0.1 mol·µm−3s−1

αs,3 0.4 mol·µm−3s−1

µs,3 0.1 mol·µm−3s−1

α̂ext,s, α̂ext,a 1 mol·µm−3s−1

µ̂ext,s, µ̂ext,a 0.1 mol·µm−3s−1

Table 4.2: Default parameters used throughout model simulations.

we end up with discrepancies between flux values into and out of the phloem. In these
cases, the concentration in the phloem reaches parity with the external concentration
within one cell-length. Experimental data from Ross-Elliott et al. (2017) shows
that unloading occurs along the whole length of the phloem unloading zone. Thus,
large values of βa,3 and βs,3 that result in phloem concentrations reaching parity with
external concentrations within one cell length are inconsistent with experimental
observations. As such, for our model approximations to be valid, we require values
for βa,3 and βs,3 that result in slowly varying sugar and auxin concentrations in the
unloading zone. As such, we continue further investigations with the parameter
values βa,3 = 1 = βs,3.

4.5 Investigating the impact of environmental condi-
tions on root-tip auxin patterning

In Chapter 3, we investigated how environmental conditions that impact sugar
dynamics affect auxin delivery to the root tip. We modelled variations in active
sugar loading, which can be affected by changes in the temperature, variations in the
external sugar concentration in sink tissues, which can occur when plants are grown
on medium containing sucrose, and variation in plasmodesmata density (Knox et al.,
2018, Xu et al., 2018, Gong et al., 2015). However, variations in environmental
conditions affect more than just the sugar signalling mechanisms. In fact, auxin
production has been shown to respond to changes in environmental cues (Mroue
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et al. (2018) and references therein).

In this section, we investigate the impact of varying environmental conditions on
root-tip auxin patterning. We simulate variations in temperature, application of
exogenous sucrose, and variation in plasmodesmata density. We incorporate changes
to both sugar and auxin parameters triggered by changes in environmental cues
in a step-by-step process. First, we model variations to the sugar parameters only.
Secondly, we model variations to auxin parameters. Finally, we vary the sugar and
auxin parameters simultaneously to understand their combined effect on root-tip
auxin patterning.

4.5.1 Temperature variation

In the face of global climate change, plants are more likely to be exposed to non-
seasonal temperatures. As such, it is important to understand how variations in
temperature impact plant development. Knox et al. (2018) show that there are
increased levels of AtSUC2 expression in Arabidopsis seedlings grown at higher
temperatures. AtSUC2 is the main transporter for loading sugar into the phloem in
the shoot. We can model increased AtSUC2 levels by increasing the model parameter
γs,1, which represents the rate of active sugar loading (Figures 4.5 and 4.6).

Consistent with the results presented in Figure 3.9 and reported experimentally by
Knox et al. (2018), the hybrid model predicts that increases in γs,1 result in increased
phloem transport velocity which leads to decreased auxin concentrations in the
phloem (Figure 4.5B,D,H). Decreased auxin concentrations in the phloem give rise
to a small decrease in auxin concentration in the root tip (Figure 4.5G). However,
the reduction in root-tip auxin concentration is minimal and does not impact the
overall auxin pattern within the root tip (Figure 4.6). This is likely due to the small
scale of fluxes leaving the phloem compared to the fluxes caused by carrier-mediated
transport within the root tip.

Temperature has also been shown to have an effect on auxin production in the shoot.
Arabidopsis seedlings grown under higher temperatures have been shown to have an
increased auxin concentration in the shoot which correlates with an up-regulation
of auxin biosynthesis genes in the shoot (Stavang et al., 2009, Franklin et al., 2011,
Sun et al., 2012, Mroue et al., 2018). To capture these changes within the model
simulations, we vary the model parameter αext,a,1, which represents the rate of auxin
production within the shoot compartment (Figures 4.7 and 4.8).
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Figure 4.5: Varying the rate of active sugar loading. (A) Sugar concentration in the phloem;
(B) Auxin concentration in the phloem; (C) Sugar concentration in the phloem unloading
zone; (D) Auxin concentration in the phloem unloading zone; (E) Sugar influx and efflux;
(F) Auxin influx and efflux; (G) Average auxin concentration across quiescent centre cells in
the root tip; (H) Auxin concentration in the phloem cell at the shootward end of the root-tip
template.



124

Figure 4.6: Root tip auxin distribution outputs from simulations varying the rate of active
sugar loading.

Increasing the rate of auxin production in the shoot significantly increases the auxin
concentration within the phloem (Figure 4.7B,D,H). It also increases the amount
of auxin that is delivered to the root tip (Figure 4.7F). The increased quantities of
auxin being delivered to the root tip result in an increase in auxin concentration in
the quiescent centre (Figure 4.7G). The elevated levels of auxin concentration in the
phloem can be seen in root-tip auxin patterning as the phloem cell files “light up”
compared to neighbouring cells with lower concentrations. The increased delivery of
auxin to the root tip can also be seen more broadly then in just the quiescent centre
as there is an increase in the auxin maxima across the most root apical portion of the
root tip (Figure 4.8).

Finally, we vary γs,1 and αext,s,1 simultaneously to represent changes in temperature
to investigate how sugar and auxin responses combine to affect auxin patterning in
the root tip. Results of these simulations are shown in Figures 4.9 and 4.10. We find
that the overall results of varying both sugar and auxin parameters follows closely
the results from varying only auxin parameters, with increases in auxin concentration
in the phloem and QC (Figure 4.9B,D,H and G).

However, the simultaneous variation of sugar parameters modifies the changes seen
compared to varying only auxin parameters. Comparing the auxin concentration in
the initial phloem cell for highest temperature simulations from Figure 4.9H and
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Figure 4.7: Varying the rate of auxin production in the shoot. (A) Sugar concentration in
the phloem; (B) Auxin concentration in the phloem; (C) Sugar concentration in the phloem
unloading zone; (D) Auxin concentration in the phloem unloading zone; (E) Sugar influx
and efflux; (F) Auxin influx and efflux; (G) Average auxin concentration across quiescent
centre cells in the root tip; (H) Auxin concentration in the phloem cell at the shootward end
of the root-tip template.
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Figure 4.8: Root tip auxin distribution outputs from simulations varying the rate of auxin
production in the shoot.

Figure 4.7H, we see a 28% decrease in phloem auxin concentration when sugar and
auxin parameters are varied compared to simulations when only auxin parameters
are varied. As such, we can see that the decrease in phloem auxin concentration seen
when only varying sugar parameters acts to down-regulate the increase in phloem
auxin concentration seen when varying only auxin parameters. This highlights
the important role of including both sugar and auxin responses when considering
changes in ambient temperature, as their responses can be antagonistic and varying
their responses separately may lead to under or over estimations of impact on auxin
concentration levels.

Finally, we see that varying both sugar and auxin parameters in response to an
increase in temperature affects root-tip auxin patterning (Figure 4.10). For lower
temperatures, the root-tip auxin patterns remain similar to those when varying
only auxin parameters. However, the predicted down-regulation of phloem auxin
concentration when sugar loading is reduced in response to high temperatures (Figure
4.5B,D,H) affects the auxin concentration pattern around phloem cells (Figure 4.10)
when compared to the same pattern whilst only varying auxin parameters (Figure
4.8).
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Figure 4.9: Varying sugar and auxin parameters to simulate increases in ambient tempera-
ture. (A) Sugar concentration in the phloem; (B) Auxin concentration in the phloem; (C)
Sugar concentration in the phloem unloading zone; (D) Auxin concentration in the phloem
unloading zone; (E) Sugar influx and efflux; (F) Auxin influx and efflux; (G) Average auxin
concentration across quiescent centre cells in the root tip; (H) Auxin concentration in the
phloem cell at the shootward end of the root-tip template.
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Figure 4.10: Root tip auxin distribution outputs from simulations varying sugar and auxin
parameters to simulate increases in ambient temperature.

4.5.2 Exogenous sucrose application

Seedlings grown under laboratory conditions are often grown on plates containing
a growth medium, which can sometimes contain sucrose. As such, it is important
to understand how application of exogenous sucrose impacts the experiments being
conducted. Knox et al. (2018) show that application of exogenous sucrose to the root
tip of Arabidopsis seedlings (which reduces the strength of the root sink) reduces
phloem transport velocity. We can capture application of exogenous sucrose by
increasing the production of sugar in the root tip, αs,3 (Figures 4.11 and 4.12).

Varying the rate of sugar production in the root tip produces minimal changes in the
model predictions. Increasing the rate of sugar production in the root, αs,3, reduces
the strength of the root sugar sink resulting in a small increase in sugar and auxin
concentration throughout the loading and translocation zone of the phloem (Figure
4.11A,C,B,D,H). However, the small increase in phloem auxin concentration does
not translate to a noticeable increase in the root tip auxin maxima (Figure 4.11G)
and there is no change in the root-tip auxin patterning (Figure 4.12).

Studies have shown that crosstalk between sugar signalling and auxin biosynthesis
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Figure 4.11: Varying the rate of sugar production in the root. (A) Sugar concentration in
the phloem; (B) Auxin concentration in the phloem; (C) Sugar concentration in the phloem
unloading zone; (D) Auxin concentration in the phloem unloading zone; (E) Sugar influx
and efflux; (F) Auxin influx and efflux; (G) Average auxin concentration across quiescent
centre cells in the root tip; (H) Auxin concentration in the phloem cell at the shootward end
of the root-tip template.
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Figure 4.12: Root tip auxin distribution outputs from simulations varying the rate of sugar
production in the root.

occurs in the root tip (Mroue et al. (2018) and references therein). In particular,
Sairanen et al. (2012) show that there is an increase in auxin biosynthesis in the
root tip of Arabidopsis seedlings grown on plates with growth medium containing
glucose or sucrose. As such, to understand the impact of exposure to exogenous
sucrose on root-tip auxin patterning, we need to vary the rate of auxin biosynthesis in
the cell-based portion of the hybrid model. We can do this by varying the production
rate for a given cell i, αi, for all root tip cells. Recall we have two different root tip
auxin production rates, αQC for cells in the quiescent centre region of the root tip
and αbk as a rate of background synthesis in all root tip cells. When varying these
production values, we multiply both αQC and αbk by a scalar value to increase the
rate of production (Figures 4.13 and 4.14).

We see that varying root-tip auxin production has minimal influence on the concen-
tration of auxin within the loading and translocation zone of the phloem (Figure
4.13B,D,H). However, we do see a large change in the auxin maxima within the
root tip (Figure 4.13G). Figure 4.14 shows that there is a change in the root-tip
auxin patterning, however, due to the small scale of the auxin fluxes leaving the
phloem, we suggest that these variations in root-tip auxin patterning are driven by
the change in auxin production in the root tip. To understand the true influence
of increased auxin production in the root tip caused by application of exogenous
sucrose, a more accurate relationship between applied sucrose concentration and
root-tip auxin production would need to be determined.
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Figure 4.13: Varying the rate of auxin production in the root. (A) Sugar concentration in
the phloem; (B) Auxin concentration in the phloem; (C) Sugar concentration in the phloem
unloading zone; (D) Auxin concentration in the phloem unloading zone; (E) Sugar influx
and efflux; (F) Auxin influx and efflux; (G) Average auxin concentration across quiescent
centre cells in the root tip; (H) Auxin concentration in the phloem cell at the shootward end
of the root-tip template.
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Figure 4.14: Root tip auxin distribution outputs from simulations varying the rate of auxin
production in the root.

Combining the influence of sugar and auxin parameter changes under application of
exogenous sucrose, we see that the results (Figure 4.15) are heavily dominated by the
variation in auxin parameters. Comparing the auxin concentration in initial phloem
cells for simulations representing the highest exposure to exogenous sucrose, we see
that the small increase seen when varying only sugar parameters (Figure 4.11H) is
increased slightly (1.1%) when auxin parameters are also varied ((Figure 4.15H)).
However, this change is minimal and the root-tip auxin patterning (Figure 4.16)
remains dominated by the variations caused by changes in root-tip auxin production.

4.5.3 Varying plasmodesmata density

Changes in transport via plasmodesmata (bulk flow and diffusive unloading) will
be affected by environmental conditions that impact plasmodesmata density or
plasmodesmata permeability. Many environmental conditions have been shown to
affect transport via plasmodesmata such as light intensity (Brunkard and Zambryski,
2019) and osmotic stress (Sager and Lee, 2014). In Chapter 3, we investigated how
changes in plasmodesmata density affect simulation results for the phloem transport
model (Figure 3.11). These simulations changed sugar and auxin parameters related
to plasmodesmatal transport simultaneously (with low, mid, and high scenarios
defined in Table 3.11). In this section, we vary the parameters for sugar and auxin



133

Figure 4.15: Varying sugar and auxin parameters to simulate application of exogenous
sucrose to the root tip. (A) Sugar concentration in the phloem; (B) Auxin concentration in
the phloem; (C) Sugar concentration in the phloem unloading zone; (D) Auxin concentration
in the phloem unloading zone; (E) Sugar influx and efflux; (F) Auxin influx and efflux;
(G) Average auxin concentration across quiescent centre cells in the root tip; (H) Auxin
concentration in the phloem cell at the shootward end of the root-tip template.
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Figure 4.16: Root tip auxin distribution outputs from simulations varying sugar and auxin
parameters to simulate application of exogenous sucrose to the root tip.

independently before looking at how their combined effect influences root-tip auxin
patterning.

Both bulk flow unloading and diffusive unloading occur via plasmodesmata. As such,
to see how varying plasmodesmatal transport rates affects root-tip auxin patterning
we need to vary the parameters associated with diffusive unloading, βs,3 and βa,3,
and the parameters associated with bulk flow unloading, σs,3 and σa,3. We begin by
varying only sugar parameters related to plasmodesmatal transport.

We find that sugar unloading parameters associated with lower plasmodesmatal
density have higher auxin concentration within the phloem (Figure 4.17B,D,H),
however, this does not lead to an increase in root-tip auxin concentration (Figure
4.17G) and there is no change in root-tip auxin patterning (Figure 4.18).

When varying only auxin unloading parameters associated with plasmodesmatal
density, we find that simulations for low plasmodesmatal density also have higher
phloem auxin concentration (Figure 4.19B,D,H). However, as we have now modified
the parameters associated with auxin phloem unloading (low plasmodesmatal density
means less phloem unloading), we see a decrease in root-tip auxin concentration
(Figure 4.19G), however, the change in QC concentration is small and we see no
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Figure 4.17: Varying plasmodesmatal density for sugar parameters only. (A) Sugar con-
centration in the phloem; (B) Auxin concentration in the phloem; (C) Sugar concentration
in the phloem unloading zone; (D) Auxin concentration in the phloem unloading zone; (E)
Sugar influx and efflux; (F) Auxin influx and efflux; (G) Average auxin concentration across
quiescent centre cells in the root tip; (H) Auxin concentration in the phloem cell at the
shootward end of the root-tip template.
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Figure 4.18: Root tip auxin distribution outputs from simulations varying plasmodesmatal
density for sugar parameters only.

noticeable effect on root-tip auxin patterning (Figure 4.20).

Finally, when varying both sugar and auxin parameters associated with plasmod-
esmatal density, we continue to see the increase in phloem auxin concentration
associated with varied sugar parameters (Figure 4.21B,D,H) but we also see the
reduction in QC concentration associated with changes in auxin parameters (Figure
4.21G). These effects have no noticeable effect on root-tip auxin patterning (Figure
4.22).
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Figure 4.19: Varying plasmodesmatal density for auxin parameters only. (A) Sugar con-
centration in the phloem; (B) Auxin concentration in the phloem; (C) Sugar concentration
in the phloem unloading zone; (D) Auxin concentration in the phloem unloading zone; (E)
Sugar influx and efflux; (F) Auxin influx and efflux; (G) Average auxin concentration across
quiescent centre cells in the root tip; (H) Auxin concentration in the phloem cell at the
shootward end of the root-tip template.
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Figure 4.20: Root tip auxin distribution outputs from simulations varying plasmodesmatal
density for auxin parameters only.
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Figure 4.21: Varying plasmodesmatal density. (A) Sugar concentration in the phloem; (B)
Auxin concentration in the phloem; (C) Sugar concentration in the phloem unloading zone;
(D) Auxin concentration in the phloem unloading zone; (E) Sugar influx and efflux; (F)
Auxin influx and efflux; (G) Average auxin concentration across quiescent centre cells in
the root tip; (H) Auxin concentration in the phloem cell at the shootward end of the root-tip
template.
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Figure 4.22: Root tip auxin distribution outputs from simulations varying plasmodesmatal
density.
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4.6 Conclusions

In this Chapter, we have developed a novel mathematical model of a “virtual” Ara-
bidopsis seedling that captures production and degradation of sugar and auxin in
a shoot compartment, long-distance transport of sugar and auxin in the phloem,
and cell-scale transport of auxin within the root tip. This model has been used to
investigate the role that environmental changes across the shoot and root have on
root-tip auxin patterning. Through the combination of sugar and auxin modelling,
we have been able to establish how the combined effect of environmental influences
on the production and transport of sugar and auxin molecules interact to influence
root-tip auxin patterning.

Our results show that, within parameter regimes studied, environmental influences
on sugar transport and production alone does not influence root-tip auxin patterning
significantly. Under variations in ambient temperature, varying sugar parameter γs,1

resulted in a small reduction to root tip auxin concentration, though this did not
significantly alter the root-tip auxin pattern (Figure 4.6). Simulations representing
exposure to exogenous sucrose and plasmodesmata density (where only sugar pa-
rameters were varied) showed similar results, with no noticeable changes in root-tip
concentration or root-tip auxin patterning.

When varying auxin parameters, we saw more distinct changes in root-tip auxin
patterning in model scenarios where auxin production was being modified. This
occurred whether the synthesis was changing in the shoot or the root but was more
pronounced when root-related synthesis parameters were changed (Figure 4.14).
This emphasises the importance of getting the scale of model parameters correct
and highlights that potential work may be needed to ensure model results are not
being overly influence by auxin production rates. We also note that the difference
in the scaling of parameters in the phloem and root tip models may be influential:
radial velocities across the phloem membrane are considered of order εU where ε is
the phloem aspect ratio (ε = a/L = 5.9×10−5) and U is a typical phloem velocity
(U = 23µms−1). The resulting scale (εU = 1.35×10−3) is much smaller than typical
PIN-mediated membrane transport (we take PPIN = 0.5) which may result in the
carrier-mediated transport dominating the root-tip auxin patterning. Many of the
model parameters used within this hybrid model are not well characterised, and
future experimental work may aid in establishing biologically relevant parameter
values.

In the cases where both sugar and auxin parameters were varied in response to
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changes in environmental conditions, we saw that the effects of varying sugar and
auxin parameters separately combined. In particular, when varying parameters under
changes in ambient temperature, we saw that the influence on auxin concentration
of sugar and auxin parameters opposed each other. Whilst the changes caused by
sugar parameters were small, they acted to down-regulate changes in root-tip auxin
concentration caused by variations in auxin parameters by 27%. This highlights the
importance of considering both sugar and auxin changes when modelling variations
in environmental cues. Modelling work presented in this Chapter is consistent with
modelling results in Chapters 2 (Supplementary Figure A.1) and 3. Future modelling
work should continue to consider the influence of environmental conditions on both
sugar and auxin parameters in order to understand the influence of environmental
cues on root-tip auxin patterning.



Chapter 5

Conclusions

This thesis has used mathematical modelling of auxin transport throughout the model
plant Arabidopsis thaliana to investigate what influences auxin patterning in the root
apex. In Chapter 2, motivated by experimental data that challenged the consensus
that auxin in the root tip is synthesised in the shoot and delivered to the root, we
formulated a root-tip auxin transport model with a boundary condition that prescribes
an increased production rate in shoot boundary cells to investigate the role of local
auxin synthesis on auxin patterning in the root tip. These investigations revealed that
auxin synthesis across the whole root tip plays an important role in auxin patterning
and that the ratio of shoot-derived auxin to root-derived auxin needs to shift away
from shoot dominance in order to replicate reciprocal grafting experimental data.

Chapter 3 focused on the impact of changes in environmental conditions on hormone
delivery to the root tip. We developed a phloem transport model based on the
Münch pressure flow hypothesis that included the passive advection of a small
molecule (taken to be auxin in this thesis) with the flow of phloem sap. Alongside
the inclusion of hormone transport, we expanded existing phloem transport models
to be representative of the model plant Arabidopsis thaliana by allowing bulk flow
unloading through the inclusion of the Staverman reflection coefficient. Through
the variation of model parameters that are influenced by environmental conditions,
such as the rate of sugar loading, external source concentrations and external sink
concentrations, we found that environmental changes that lead to an increase in
phloem transport velocity result in increased delivery of passively loaded hormones
to the root tip.

Finally, in Chapter 4 we developed a multiscale model of a “virtual” Arabidopsis
seedling that simulates long distance sugar and auxin transport within the phloem,
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cell-scale auxin transport in the root-tip, and production and degradation of sugar
and auxin in a shoot compartment. This model enabled us to investigate the influence
of variations in environmental conditions across the whole seedling on root-tip
auxin patterning. Extending the environmental investigations in Chapter 3, we also
considered the effect that environmental conditions may have on auxin parameters.
We found that the response of both auxin and sugar parameters to environmental
cues are important when considering the impact on root-tip auxin patterning.

5.1 Local auxin biosynthesis in the root tip is impor-
tant for root tip auxin patterning

Chapter 2 addressed the role of local auxin synthesis on auxin patterning in the root
tip. Experimental data from Brumos et al. (2018) showed that the auxin maxima
in the root tip was maintained in grafting experiments where an auxin biosynthesis
mutant shoot was grafted to a WT root. They also showed that the auxin maxima
could not be maintained when a WT shoot was grafted onto an auxin biosynthesis
mutant root. However, model simulations of grafting experiments using the model
developed by Mellor et al. (2020) were unable to replicate grafting experimental
results. These experimental data, along with the previous model’s inability to
replicate the results, challenged our existing understanding that auxin in the root tip
is primarily synthesised in the shoot and delivered to the root tip. We hypothesised
that the role of local auxin synthesis in the root tip plays an important role in auxin
patterning at the root apex.

To investigate the role of local auxin synthesis on root tip auxin patterning, we
extended the multicellular auxin transport model developed by Band et al. (2014)
and Mellor et al. (2020) to include a boundary condition that prescribes an increased
production rate in shoot boundary cells. Shifting from a fixed concentration boundary
condition to the new boundary condition enabled us to more accurately compare
the significance of local auxin biosynthesis in the root tip with the auxin being
delivered to the root from the shoot. We investigated the model’s ability to capture
the root-tip auxin patterns seen in grafting experiments performed by Brumos et al.
(2018) (Figure 2.2). In particular, we focused on whether the synthesis rate in the
QC region of the root tip or the inclusion of a low rate of synthesis in all root-tip
cells played important roles in root-tip auxin patterning.

To make the comparisons between model simulations and experimental data, we
developed a combined approach based on the data available to us. Due to the COVID-
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19 pandemic, we were unable to obtain experimental results that would replicate
the grafting experiments in plants harbouring the DII-VENUS fluorescent reporter.
Such experimental data would have enabled us to make direct comparisons between
DII-VENUS experimental data and DII-VENUS simulation outputs. Instead, we
quantified the fluorescent intensity of DR5:GFP signals in the grafting experiments
published by Brumos et al. (2018) and compared the fold-change in fluorescent
intensity between different grafting experiments with the fold-change in average
auxin output from the model simulations. We then used these fold-change values
to define a measure of how well the model fit the experimental data. We also used
existing DII-VENUS data from WT and knockout mutants, alongside the cosine
similarity coefficient, to ensure that adaptations to the model were not impacting
previously published results (from Band et al. (2014) and (Mellor et al., 2020)) on
auxin patterning in the root tip.

To investigate the model’s ability to capture root-tip auxin patterns seen in grafting
experiments, we first excluded the background synthesis rate in root cells (as was
suggested by Brumos et al. (2018)); however, this did not increase the model’s
ability to capture the results of grafting experiments. We then hypothesised that
increased auxin synthesis in the QC region would enable the model predictions to
agree with grafting data. However, simulations showed that the synthesis rate in
the QC region had to be increased to a non-biophysical regime in order to capture
auxin patterning seen in the root tip of grafting experiments. Hence, we shifted our
focus towards the ratio of shoot-derived auxin to root-derived auxin. We found that
shifting this ratio away from shoot dominance, by reducing the influx from the shoot,
enabled the model to capture the results of grafting experiments whilst maintaining
biophysical auxin biosynthesis rates within the root tip. We conclude that local auxin
biosynthesis throughout the root-tip tissues plays a critical role in determining auxin
levels in the root apex.

5.2 Environmental conditions that modify phloem trans-
port velocity affect hormone delivery to the root
tip

Auxin synthesised in the shoot is advected to the root tip via the phloem. The results
obtained in Chapter 2, that the ratio between shoot-derived and root-derived auxin
is important for auxin patterning in the root tip, led us to question what processes
affect auxin delivery to the root. In order to address this question, we developed a
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mathematical model of phloem transport that incorporated the passive advection of
auxin with the flow of sap. With this model, we were able to investigate how changes
in environmental conditions may affect auxin delivery to the root tip. Multiple
environmental conditions have been shown to affect phloem transport velocity, such
as temperature, light intensity, and external sucrose application at the root-tip (Xu
et al., 2018, Knox et al., 2018, Gong et al., 2015), and as auxin is advected with the
flow of phloem sap, we hypothesised that these environmental conditions were also
likely to affect auxin delivery to the root tip.

There are many existing phloem transport models in the literature (Minchin et al.,
1993, Bidel et al., 2000, Thompson and Holbrook, 2003, Jensen et al., 2011, 2012,
Payvandi et al., 2014, Jensen et al., 2016, van den Herik et al., 2021, Nakad et al.,
2021). Existing phloem transport models have focused on the relationship between
phloem transport velocity and sugar concentration in the phloem, and are often
simulated in larger plant species or trees. In Chapter 3, we expanded upon phloem
transport models in the literature (Jensen et al., 2012, Payvandi et al., 2014) to
include the transport of a small molecule (in this thesis taken to be a hormone) that
doesn’t affect the osmotic gradient that drives phloem flow. Key model develop-
ments, alongside the inclusion of a hormone concentration, include defining loading
and unloading mechanisms in a manner that allows them to be directly related to
experimental conditions, and the inclusion of the Staverman reflection coefficient
which allows sugar and hormone to be advected through the phloem membrane with
water flow. The inclusion of the Staverman reflection coefficient enables the model
to capture the effects of bulk flow phloem unloading, a mechanism that experimental
results suggest is the dominant method of unloading in the Arabidopsis root tip
(Ross-Elliott et al., 2017). We identified a parameter regime in which the model is
able to capture unloading dynamics where bulk flow unloading is dominant over
diffusive unloading, as suggested by Ross-Elliott et al. (2017).

We used the model to investigate our hypothesis that environmental conditions that
alter phloem transport velocity impact hormone delivery to the root tip. The rate
of active sugar loading can be influenced by numerous environmental conditions
and the model predicts that increasing the rate of active sugar loading results in
an increase in phloem transport velocity (inline with experimental results from
Knox et al. (2018)). Environmental conditions can also influence plasmodesmatal
densities and permeabilities and the model predicts that higher plasmodesmatal
density also results in an increase in phloem transport velocity. The model also
predicts that increasing bulk flow unloading increases the phloem transport velocity.
In all simulated cases that resulted in an increase in phloem transport velocity, we
saw an increase in the amount of hormone delivered to the root tip provided the
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hormone is passively loaded. Overall, the model highlights the important role that
sugar dynamics can have on hormone delivery to the root tip.

5.3 Varying environmental conditions influences root-
tip auxin patterning via changes in both sugar
and auxin parameters.

Work in this thesis has focused on the transport of auxin within different organs of
an Arabidopsis seedling (Chapter 2: root tip, Chapter 3: the phloem). In Chapter 4,
we developed a novel mathematical model of a “virtual” Arabidopsis seedling. This
model coupled the two mathematical models from previous chapters together with
models of auxin and sugar production and degradation in a shoot compartment to
create a hybrid model of auxin transport across the whole Arabidopsis seedling. With
this model, we were able to investigate how changes in environmental conditions
across the whole seedling influence root-tip auxin patterning.

Changes in environmental conditions have been shown to affect both sugar and auxin
parameters. Changes in ambient temperature have been linked to increased active
sugar loading (via increased expression of AtSUC2) (Knox et al., 2018) and increased
auxin biosynthesis in shoots (Stavang et al., 2009, Franklin et al., 2011, Sun et al.,
2012, Mroue et al., 2018). Application of exogenous sucrose (that can occur when
sucrose is included in experimental growth medium) has been suggested to decrease
active sugar loading (via decreased AtSUC2 expression) (Knox et al., 2018) and
increase auxin biosynthesis within the root tip (Sairanen et al., 2012, Mroue et al.,
2018). Finally, variation in plasmodesmata density will affect transport of both sugar
and auxin. As such, when investigating the influence of environmental changes on
root-tip auxin patterning, we considered the effect of variations in both sugar and
auxin parameters.

We find that, for existing parameter regimes, environmental influences on sugar
parameters have minimal impact on root-tip auxin patterning. We find that changes
to auxin parameters have a more substantial effect on root-tip auxin patterning,
particularly when auxin production is modified. However, the model predicted that
changes in initial phloem cell auxin concentration caused by varying sugar and auxin
parameters in response to changes in environmental cues (in particular changes in
ambient temperature) are sometimes opposed. This demonstrated the important role
of both sugar and auxin parameters in controlling the root-tip auxin levels when



148

considering changes in environmental cues.

5.4 Future directions

There are a number of ways in which the work in this thesis could be extended.
Extensions could aim to gain further understanding of: auxin patterning within the
root tip of a broader range of plant species; long-distance transport of a variety of
small signalling molecules; and whole plant auxin dynamics in young seedlings.

5.4.1 Local auxin biosynthesis experiments

Current published results of grafting experiments, (Brumos et al., 2018), use the DR5
auxin reporter to visualise auxin distribution in the root tip. DR5 has a complex non-
linear relationship with auxin, which depends on the ARFs present in different tissues.
Obtaining experimental images of DII-VENUS signals in conditions mimicking
grafting experiments would allow us to use the DII-VENUS model described in
Section 2.2.6 to make direct comparisons between the results of the model and
experimental images. Chemical blockers of auxin biosynthesis could be used to
mimic the effects of the grafting experiments performed by Brumos et al. (2018) in
Arabidopsis seedlings harbouring the DII-VENUS fluorescent reporter.

There are three reported auxin biosynthesis chemical blockers: aminoethoxyvinyl-
glycine (AVG), L-amino-oxyphenylpropionic acid (AOPP) (Soeno et al., 2010), and
L-kynurenine (Kyn) (He et al., 2011). The L-kynurenine chemical inhibitor has been
shown to phenocopy (replicate characteristics found in different genotypes (Taiz
and Zeiger, 2010)) the wei8 tar2 mutant (He et al., 2011) used in the reciprocal
grafting experiments by performed by Brumos et al. (2018). As such, we propose
that L-kynurenine would be a suitable auxin biosynthesis inhibitor to use to mimic
grafting experiments. Figure 5.1 shows the proposed experimental design that would
allow L-kynurenine to mimic the grafting experiments. Performing these experiments
and comparing the resulting DII-VENUS data with model predictions would provide
a more accurate test of the relative roles of shoot-derived and root-derived auxin in
root-tip auxin patterning.
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Figure 5.1: Proposed experimental set-up. Arabidopsis seedlings would be grown on split
medium plates and Kyn would be applied to inhibit auxin biosynthesis in the root or shoot.
The grafting experiment each set-up is mimicking is listed beneath the design.

5.4.2 Modelling auxin transport in the model crop species Oryza
sativa

Rice is a staple crop for over half the world’s population. Recent predictions indicate
the population is set to rise to 8 billion by 2025. To meet the increased demand
on food resources, it is predicted that rice production needs to increase by 40% by
2030 (Khush, 2005). As the demand for rice increases over the next decade, we
need rice varieties that can produce higher and more stable yields under changing
climate conditions. Rice will have to be grown using existing farmlands to avoid
deforestation of areas of important biodiversity and with less fertiliser, to reduce the
environmental impact of the chemicals used (Khush, 2005). An understanding of
the processes that govern rice development is a crucial step in the development of
improved crop species (Izawa and Shimamoto, 1996).

The work in this thesis has focused on simulations in the model species Arabidopsis

thaliana. There are numerous benefits to studying Arabidopsis as it is quick to
grow and has transparent roots that are easy to image. However, Arabidopsis is a
dicotyledon and, as such, has many aspects of development that are different to rice
and other crop species that are monocotyledons. As such, transferring the knowledge
gained from Arabidopsis models into models of crop species (such as rice) is a
crucial step in understanding how environmental changes will effect plant growth,
and the resulting impacts this will have on yields and food resources.

Many important discoveries exist that will enable auxin-transport models in Ara-
bidopsis to be adapted to model such processes in the crop species rice. For example,
similarly to Arabidopsis, the main auxin synthesis pathway in rice is via the TAA/YUC

mediated pathway (where TAA genes catalyse the conversion of tryptophan into IPyA
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and then YUC genes catalyse the conversion of IPyA into IAA) (Stepanova et al.,
2008, Ljung, 2013, Wang et al., 2017).

To investigate the role of auxin in rice developmental processes, high-resolution
auxin reporters are required. Yang et al. (2017) developed two high-resolution
auxin response reporters for rice, DII-VENUS and DR5-VENUS (which are well
established as auxin reporters in Arabidopsis). In rice, DII-VENUS and DR5-
VENUS provided complementary signals for auxin distribution. Yang et al. (2017)
show that the distribution of auxin in rice is similar to that seen in Arabidopsis and
suggest this highlights the important role of polar auxin transport in both monocot
(rice) and dicot (Arabidopsis) plants.

There are known analogues for PIN and AUX1/LAX proteins in rice (Wang et al.,
2017), however, few studies have been performed on polar auxin transport in rice.
AUX1 is known to be an auxin transporter in Arabidopsis and has been shown to be
important in lateral root development (Marchant et al., 2002, Swarup et al., 2008).
Zhao et al. (2015) investigate the role of OsAUX1 in lateral root development in rice.
Their study of osaux1 loss-of-function mutants resulted in a significant decrease
in the number of lateral roots indicating that OsAUX1 is required for lateral root
formation in rice (similarly to Arabidopsis) (Zhao et al., 2015). Further results in
this paper support the evidence that OsAUX1 encodes an auxin influx carrier in rice.

Auxin dynamics have been shown to play a major role in responses to environmental
stress (Gong et al., 2015, Knox et al., 2018, Xu et al., 2018). Rice yields can be re-
duced under abiotic stresses caused by climate change, such as drought and increased
temperature (Gao et al., 2007). The auxin-transport models described in this thesis
have contributed to our understanding of stress response mechanisms in Arabidopsis.
To be able to develop rice varieties with suitable tolerance levels to abiotic stresses,
we need to have an understanding of the mechanisms that govern rice’s ability to
tolerate abiotic stresses. Translating our existing auxin-transport models into crop
species (such as rice) could provide the useful insights into stress responses needed
to develop rice varieties with improved yields under stress conditions.

5.4.3 Extending the phloem transport model to incorporate Tay-
lor dispersion

Under the assumption that the Staverman reflection coefficient is equal to 1 (i.e.
the phloem membrane is semi-permeable), Nakad et al. (2021) make a significant
advancement in modelling the transport of solutes in the phloem by incorporating
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Taylor dispersion. When a solute is added to a flowing fluid it spreads out under
molecular diffusion and variations in velocity across the cross-section of the pipe.
Taylor (1953) showed that, in impermeable tubes, these effects add an apparent
diffusion term to the radially averaged equations that acts to increase the effects of
diffusion (Taylor, 1953).

In Chapter 3, when radially averaging equation (3.17), we make the assumption
(consistent with phloem models from (Thompson and Holbrook, 2003, Jensen et al.,
2011, 2012, Payvandi et al., 2014, Jensen et al., 2016)) that,

∂Vx,0C0

∂X
= V̄x,0

∂C̄0

∂X
+C̄0

∂V̄x,0

∂X
,

where barred terms represent radial averaging. This assumption neglects the effects
of Taylor dispersion. Nakad et al. (2021) expand on the work of Taylor (1953)
to study the effects of Taylor dispersion on osmotically driven flows. As well as
recovering the apparent diffusion term from (Taylor, 1953), their work yields an
additional adjustment term for radially averaged advection.

In most existing phloem transport models (Thompson and Holbrook, 2003, Jensen
et al., 2011, 2012, 2016), including the one in Chapter 3, the effects of diffusion
are neglected due to the high value of the Péclet number. Payvandi et al. (2014)
highlighted the important role of diffusion in the boundary layers under high Münch
number conditions, and the work of Nakad et al. (2021), including the effects of
Taylor dispersion, further highlights that the role of diffusion may be important in
phloem transport models. As such, future model developments could formulate
the effects of boundary layers and Taylor dispersion in a model including bulk
flow unloading (i.e. variation of the Staverman reflection coefficient) in the small
Münch number regime (that is relevant for Arabidopsis). Incorporating the effects of
membrane leakage via the Staverman reflection coefficient and the effects of Taylor
dispersion is likely to be a complex modelling task, but one that will significantly
enhance our understanding of solute transport in the phloem.

5.4.4 Transport models for other small signalling molecules

The primary focus of this thesis has been on the transport of auxin within the model
species Arabidopsis. However, the development of the phloem transport model
in Chapter 3 is not auxin specific. The phloem transport model could be used to
study any small molecule transported via the phloem that has minimal impact on
the osmotic potential. Therefore, a natural use of this model would be to expand its
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use to look at the influence environmental conditions have on the delivery of other
important signalling molecules such as GA, cytokinins, and ABA.

Whilst the adaptation of the phloem transport model might be quite straightforward,
adapting the multicellular model to capture the movement of other small molecules
in the root tip would require a more detailed understanding of how these small
molecules are transported. Due to the complex nature of the multicellular auxin
transport model, it is likely that most aspects of transport for other small molecules
could be captured with adaptations to existing transport mechanisms.

5.4.5 Whole plant modelling with a “virtual” seedling

The final model development in this thesis was the coupling of cell-scale auxin trans-
port with long-distance auxin transport to create a hybrid model that represents the
whole plant as a “virtual” seedling. This model captures sugar and auxin dynamics
across the whole plant.

Our hybrid model utilises a highly simplified shoot compartment to represent the
cotyledons of a young seedling. Expanding the shoot compartment to include more
advanced sugar and auxin dynamics (from shoot-based models in the literature such
as (Chew et al., 2014)) would enable more detailed investigations into sugar and
auxin distributions across the whole plant.

The hybrid model captures the velocity of phloem sap within the phloem, however,
the dynamics of water flow are not considered beyond the phloem portion of the
model. We could extend the hybrid model to include detailed descriptions of water
flow, particularly in and around the root-tip (Couvreur et al., 2018) or by coupling
with the transport of water in the xylem (van den Herik et al., 2021). This could
enable the model to be used to investigate the impact of environmental conditions in
the soil (such as soil compaction and air gaps) on whole plant transport dynamics.

Extensions of the hybrid model designed to produce a “virtual” seedling provide an
avenue towards mathematical models that will be able to capture transport dynamics
of sugar, water, and auxin within a whole seedling. Influences from the whole plant’s
environment (i.e. high temperatures are likely to impact water conditions at both
the shoot and root) will be able to be model simultaneously. The production of a
“virtual” seedling that responds dynamically to whole-plant scale conditions whilst
still producing finer scale insights for specific organs of interest (in this thesis the
root tip) will improve our ability to understand the influences of climate change on
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plant growth and development.
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Figure A.1: Simulation of reciprocal grafting experiments (Brumos et al., 2018) using
the newly developed hybrid model. Results are consistent with experimental images and
simulations in Chapter 2.
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