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ABSTRACT 

 

High strength materials that are used in modern power generation plants have 

now received much more attention because of being exposed to significant thermal 

gradients due to the fluctuation of demand in daily operation. However, the 

nature of these materials is complex and several aspects of the evolution of the 

microstructure still need investigation. Thus, time-dependent plasticity and creep 

models are appropriate for modelling the P91 steel behaviour under 

thermomechanical loading. This thesis reports the findings of finite element (FE) 

analyses and experimental investigations of uniaxial tensile, conventional creep, 

small punch creep (SPCT) and small tensile test (SPTT) carried out with objective 

of enhancing the understanding of various microstructural features which 

describe the creep and viscoplastic behaviours of the specimen. It also aims to 

develop macro-scale material models, which can predict the creep and viscoplastic 

behaviours under high-temperature conditions, based on microstructural 

variables including dislocation density and various other parameters which 

specify the material structure. 

A creep model was developed based on the initial microstructural variables of 

dislocation density at high-temperature conditions. This model is used to simulate 

the small punch creep behaviour of the P91 steel at 600°C. Finite element 

simulations of a small punch creep tests are carried out using ABAQUS software 

coupled with a UMAT material subroutine. The effect of friction behaviour of the 

contact between punch and specimen was investigated for SPCTs for a range of 
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levels of applied stress. The FE results observed that could utilize the 

microstructure properties to predict the creep behaviour for P91 steel at elevated 

temperatures. 

A unified, Kocks-Mecking-Estrin (KME), viscoplasticity model, which includes 

isotropic hardening with a viscoplastic flow rule for time-dependent effects by 

growth and annihilation of dislocations, was used to model the uniaxial tensile 

and conventional creep behaviour of P91 steel at 600℃. This model was also used 

in the finite element simulations using a UMAT subroutine within the ABAQUS 

software. The prediction of the model was improved by including the nonlinear 

isotropic hardening in order to obtain better stress-strain behaviour in the 

necking and fracture phase. The prediction of necking and fracture shows good 

agreement in comparison with experimental testing. The results also show that 

flow stress at elevated temperatures can be well-characterized by the KME model 

with the dislocation hardening term.  

The experimental tests on all specimens in the study were performed using the 

Tinius Olsen H5KS single column material testing machine with loading accuracy 

of ± 0.5% of the applied load within isothermal conditions of 600℃. The small 

punch tensile behaviour of the P91 steel was further studied by analysing data 

for force vs. punch displacement at 600°C and by performing microstructural 

investigations. Physical characterisation of the deformed specimens was 

conducted via scanning electron microscopy (SEM), coupled with energy 

dispersive X-ray spectroscopy (EDS), and electron backscatter diffraction (EBSD) 

to investigate bulk deformation, microstructural evolution, grain structure 
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change and the crack initiation of the P91 at different stages within all tests. The 

results show that the bulk deformation behaviour during SPTT indicates to six 

deformation reigns. The evolution of microstructure occurs after maximum load 

due to void nucleation resulting in significant necking and thinning at the edge of 

contact between specimen and punch. The grains exhibit elongation along plastic 

flow direction.   

A visco-plastic model is then developed, based on the microstructural variables of 

dislocation density, PAGs size and martensitic lath width at high temperature 

conditions. The developed model was also used in the finite element simulations 

using the ABAQUS software coupled with a UMAT material subroutine. The 

finite element simulation was used to validate the performance of the model under 

multiaxial stress states. FE simulation results were compared with the 

isothermal small punch tensile tests data of the P91 steel at 600℃. The results of 

the FE simulation showed that the friction coefficient varies over the contact 

surface between punch and specimen, and this impacts on the small punch tensile 

results. The results of FE simulation also showed that the initial of micro-

structural variables play an influential role on the small punch tensile results. 

Dislocation densities, the PAGs size and lath martensitic width and the friction 

coefficient can interact and have a strong effect on the macroscopic degradation 

of the material at high stress and elevated temperature conditions. The obtained 

results have also shown the model’s versatility and good predictive capabilities 

for representing the viscoplastic behaviours of the P91 steel at 600 °C. 
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NOMENCLATURE 

 

a Unit cell constant 

b The magnitude of dislocation Burgers vector 

∁ijkl Stiffness matrix tensor 

Cijkl
e  Elastic stiffness matrix tensor 

Cijkl
cr  Creep stiffness matrix tensor 

d Punch diameter 

ddip Dipole formation 

de Critical distance for loss of mobile dislocation 

dlock Locked configurations 

D Receiving hole diameter 

f Yield function 

fw Volume fracture 

kb Boltzmann constant 

k1 Dislocation storage constant 

k2 Recovery coefficient 

k20 Initial recovery constant 

Le Mean free path 

m The exponent of stress sensitivity 

M Taylor factor 

mcl Rate of climb dislocation movement 

n Dynamic recovery exponent 

no Number of dislocation constant 

ℕij Flow direction tensor 

p Creep exponent 

P1 Punch load magnitude 

P2 Punch clamp force magnitude 

r Corner radius of holder and support 

R Gas constant 

S Diameter of small punch specimen 

Sij Deviatoric stress tensor 

t Time 

tf Failure time  

ts Thickness of small punch specimen 

tw Wall thickness 

T Temperature 

Tm Absolute melting temperature 

Sijkl
cr  Creep compliance matrix 

α Constant 

μ Shear modulus 

μ𝑓   Friction coefficient 

εp, ε̇p, ε̇c Plastic strain, plastic and creep strain rates 

ε̇̃p Effective plastic strain rate 
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ε̇ij, ε̇ij
e , ε̇ij

c  Total, elastic and creep strain rate tensors 

ε̇̃c Effective creep strain rate 

ε̇min Minimum strain rate 

ε̇o Reference strain rate 

ε̇s Steady-state strain rate 

∆εij, ∆εij 
c  Total and creep strain tensor increments 

∆ε̃c Effective creep strain increment 

ρ Dislocation density 

ρf Mobile dislocation 

ρm Immobile dislocation at PAGs 

ρw Immobile dislocation at lath boundary 

σb Back stress 

σd Stress dependent on the dislocation density 

σf Flow stress 

σH Hydrostatic stress 

σs Saturation stress 

σy Initial yield stress 

σ∗ Friction stress 

σ̃ Effective stress 

σij Stress Tensor 

σ̂so The saturation value of flow stress 

σij
tr Elastic predictor stress tensor 

θo The initial strain hardening at the second stage. 

δ Martensitic lath width 

δε̃c Accumulated creep strain 

δij Kronecker delta tensor 

γ̇pl Shear slip rate 

ζD Static PAG growth size 

ζδ Static lath growth size 

QD Activation energy for PAG growth 

Qδ Activation energy for lath growth 

αD Material Parameter 

αδ Material Parameter 

ω Time interpolation parameter 

ωδ Dynamic lath growth constant 

Λ Strain hardening constant 
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INTRODUCTION 

 

 

1.1 Overview 

The efficiency of power plants relies critically upon the resistance to high 

operating temperature and stresses of their components [1]. Creep occurs in 

materials of components due to elevated temperatures and stresses in power 

plants, chemical plant and aero-engines [2]. Many investigations have taken place 

regards 9-12%Cr martensitic steels materials due to their increasing use to 

improve the thermal efficiency of power plant components [3]. The study of these 

materials has included their creep strength, as a result of their application at high 

temperature. However, insight into the thermomechanical behaviour of materials 

that are used under highly tough operating conditions has become more 

significant as this material undergoes plasticity and creep, making the 

understanding of thermomechanical viscoplastic problems ever more critical. The 

concern of researchers on viscoplastic behaviour has increased due to the required 

high thermal operation of the power plant. The rapid change in temperature and 

the high thermal gradients associated with rapid on-off cycling of the plant may 

lead to high levels of stress [4]. For example, internal cracks have been found in 

components of the power plant as a result of thermo-mechanical loading [5]. Shibli, 
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2008 has been suggested utilising high creep strength alloy steels in the pressure 

vessel components as one of the keys to prevent initiation of cracks [6] so that the 

thickness of components in the power plant can be decreased. However, a better 

understanding of the stress-strain behaviour of steel alloys materials in the power 

plant components requires to be recognised first. This limitation can be estimated 

by the finite element simulation as formerly modelled by Hyde et al. for pipe 

weldments under creep states at elevated temperature [7]. The simulation of 

power plant components requires an appropriate constitutive material model 

which can exactly predict the thermo-mechanical behaviour and the failure of life. 

The majority of the earliest research on power plant materials has been connected 

with their bulk creep behaviour under constant load operation. For instance, a 

creep constitutive equation incorporates damage has been presented for the P91 

steel [8]. Similar studies have also been presented for the parent, heat-affected 

zone (HAZ) and weld materials of Cr-Mo-V steel welds in the range 565-640˚C [9].  

The extension of these creep constitutive models has led to a wider understanding 

of the material behaviour in such applications as modelling of failure prediction, 

for example, work by Hayhurst et al. and Yaghi et al.  [10, 11]. A commonly used 

model is the unified viscoplasticity model developed by Chaboche and Rousselier 

[12]. This viscoplasticity model has been used in many studies, involving research 

into aero-engine materials such as nickel-based alloys [13].  

In contrast to the above applications, constitutive creep models which contain 

micromechanical details have had relatively little attention. Thus, a model which 

can include microstructural effects is required.  
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1.2 Research Aim and Objective 

Considering the above motivations, the aim of this thesis is to investigate how the 

mechanical properties of the P91 steel at high temperatures are influenced by the 

evolution of dislocation density, grain growth and initial microstructural 

parameters such as the magnitude of the dislocation Burgers vector and the 

Taylor factor. The thesis will also examine the applicability of the developed 

microstructural models using a small pinch test rig through experimentation and 

finite element-based simulation. These aims will be fulfilled by realising the 

following objectives:  

1- Develop a creep model with consideration of initial microstructural 

parameters for the P91 steel to evaluate creep behaviour of uniaxial and 

multiaxial creep applications at elevated temperatures environments. 

2-  Implement the developed creep model in a commercial finite element 

software and simulate the creep strain behaviour of the P91 steel under 

isothermal and constant loading conditions. 

3- Obtain quality stress-strain data from the P91 steel under plasticity and 

creep conditions in isothermal tests using available testing machine 

systems in the University of Nottingham. 

4- Conduct a comprehensive study to investigate the microstructural 

evolution and physical fracture mechanisms of the P91 steel during small 

punch tensile tests.  
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5- Develop a viscoplastic model based on dislocation and grain growth for the 

P91 steel to simulate the plasticity behaviour of multiaxial small punch 

tensile rig tool at high temperatures environments. 

6- Implement the developed physical-based viscoplastic model in a 

commercial finite element software and simulate the plastic behaviour of 

the P91 steel under isothermal and constant strain rate conditions. 

 

1.3 Organization of the thesis 

This thesis is organised into eight chapters with content summarised as follows:  

The first chapter introduces the general background of the constitutive material 

models with particular attention paid to the research aims and objectives of the 

research and the organisation of the thesis. 

Chapter 2 presents a literature review on the material constitutive models, which 

involves creep models, small punch creep test, small punch tensile test and 

viscoplasticity models. Examples of previous work on material creep modelling 

under mechanical loading conditions are detailed. Experimental and finite 

element simulation of punch creep has been reviewed to describe the 

displacement-time behaviour of high thermal components. Small punch tensile 

experimental and its finite element simulation examples have also been provided 

for the case of high temperature applications. Particular attention has been given 

to the viscoplasticity model, which includes typical plasticity components, such as 
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kinematic and isotropic hardening in addition to a viscoplasticity model. 

Examples of previous work on material behaviour modelling under thermo-

mechanical conditions are also presented. The developments of high-temperature 

materials used in the power plant applications are briefly introduced. 

Chapter 3 presents the development of the creep model based on initial material 

parameters for the P91 steels using the isothermal constant load conditions. The 

procedures for determining the initial material constants are described. Then, a 

finite element model to simulate uniaxial and small punch creep is described, and 

the mathematical calculations and model implementation are also presented. The 

microstructural creep model has been also implemented in ABAQUS software via 

a UMAT user subroutine. Simulation results of an axisymmetric small punch 

model under isothermal conditions subjected to various load ranges and an 

axisymmetric model under isothermal stress-controlled conditions are compared 

to experimental data to validate the prediction capability of the microstructural 

creep model.  

The fundamental theory and key practical considerations in using FE to simulate 

uniaxial tensile and creep are described in Chapter 4; these include the 

microstructural based viscoplastic constitutive model and non-linear FE solution 

methods. The constitutive microstructural model has been implemented in 

ABAQUS software via a UMAT user subroutine. Simulation results of an 

axisymmetric model under isothermal conditions at various strain ranges and an 

axisymmetric model under isothermal stress-controlled conditions are compared 
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to experimental data to validate the prediction capability of the microstructural 

model.  

Chapter 5 presents the experimental small punch tensile whole and interrupted 

tests data, particularly for the P91 steel at 600°C, which further analysed in order 

to understand the physical characterisation and fracture process under constant 

loading conditions. The results of microstructure investigation of the tested steel 

specimens at different punch displacement of the tests using scanning electron 

microscopes, backscattered electron, energy dispersive X-ray spectroscopy and 

electron backscattered diffraction are also presented. 

In chapter 6, a modified microstructural model is developed with consideration of 

the evolution of dislocation density and grain growth to predict viscoplastic 

behaviour in the small punch process. The modified microstructural constitutive 

model has been also implemented in ABAQUS software via a UMAT user 

subroutine. Simulation results of an axisymmetric small punch model under 

isothermal conditions at various strain ranges are compared to experimental data 

to validate the prediction ability of the developed microstructural model. 

Chapter 7 summarises the main research work conclusions based on the results 

gained in the above sections. Suggestions for possible further work are also 

outlined. 
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LITERATURE REVIEW 

 

2.1 Introduction 

As a step towards the development of a new microstructurally based mechanical 

model for creep and viscoplasticity, a literature review of current modelling 

techniques in relation to the steels is presented here, namely the P91 steel. As the 

material deforms under thermomechanical loading conditions, plastic and creep 

behaviours become significant and model of strain hardening behaviour such as 

isotropic and kinematic hardening are presented in the literature review. This 

chapter also reviews finite element modelling of the small punch creep tests and 

small punch tensile tests, which have been carried out to predict the plastic and 

creep behaviour and compare to the experimental data. This chapter also contains 

information on the improved P91 steels, which have been found in power plant 

applications, to give new steel components with acceptable mechanical behaviour 

at high temperature.  
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2.2 Creep 

Creep is the time-dependent plasticity of material under relatively high 

temperature (usually above 0.4Tm for most materials where Tm is the absolute 

melting temperature) and constant stress. The creep strain (εc) is controlled by 

time, stress, and temperature and therefore, the lifetime of the engineering 

components can be defined as a function of these factors as follow:   

εc = 𝑓(𝑡, 𝜎, 𝑇)                                               (2-1) 

where 𝑡, 𝜎, and 𝑇 are time, stress and temperature, respectively [14].  

The new microstructural method used to investigate creep resistance and to 

realize the constant material parameters involve applying a constant load on 

small discs and cylindrical uniaxial specimens at high temperature respectively. 

The test results, for the small punch creep tests are normally presented as a graph 

of punch displacement versus time as shown in Figure 2-1 and then for uniaxial 

creep tests as a graph of creep strain versus time curve, shown in Figure 2-2. The 

inelastic deformation behaviour under these conditions is divided into three 

distinct regions, primary creep, secondary creep and tertiary creep, as depicted in 

Figure 2-2. These stages are connected with transient, steady-state, and rapidly-

accelerating creep strain rate, respectively [15].  
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Figure 2-1. Typical punch displacement (vertical deflection) versus time curve 

for a small punch creep test under constant load [16]. 

 

 

Figure 2-2. General form of creep behaviour in pure metals [17]. 
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A specific material may not necessarily display all the regions of creep for applied 

testing conditions. In Figure 2-3, OA is the stage involving transient creep rate, 

which develops instantly after the full testing load has been used. It is termed the 

inhibiting creep rate where work-hardening actions increase and act to prevent 

the dislocation motion. The next stage, AB, is usually observed as the largest 

portion of the creep curve and corresponds to a period of constant creep rate due 

to a balance between work-hardening and thermally activated recovery 

(softening) actions. Usually, if the applied creep load is eliminated part way 

through a test, the strain drops by approximately the elastic strain value. Then a 

small proportion of the creep strain is later recovered over a period of time, leading 

a permanent (irrecoverable) strain. The final stage, BC, corresponds with the 

accelerating creep rate, which leads up to damage. This stage can be caused by 

several factors which include the increase of stress during a constant load creep 

test, development of necking, and the formation of voids and cracks. 

 

 

Figure 2-3. Recovery creep [18]. 
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For most polycrystalline materials, a group of creep strain-time curves can be 

plotted, as shown in Figure 2-4 for tests conducted at constant stress and different 

temperatures. a similar trend is obtained when the creep tests are performed at 

different stresses and a constant temperature, as shown in Figure 2-5 [18].  

 

Figure 2-4. Influence of temperature, T, on creep behaviour [19]. 

 

Figure 2-5. Influence of stress on creep behaviour [19]. 
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2.2.1 Primary and Secondary Creep 

Primary creep occurs after a relatively small elastic deformation, and strain rate 

trends to be relatively high at the beginning of the primary region. Many 

constitutive models of primary creep have been studied. Andrade’s model for 

primary creep is one of the most popular creep models which assumes dependence 

only on time.  

εc = At1 m⁄                                                                  (2-2) 

where εc is a transient creep, A is a creep coefficient, t is time and m is a 

dimensionless creep exponent.  

In most materials, the experimental tests have been observed that the constant 

m taken a value of 3 [20]. The stress dependence has been incorporated into the 

primary creep Equation (2-2) to give the following widely used equation. 

ε̇c = Aσntm                                                                  (2-3)                                               

where σ (MPa) is effective stress, A (MPa−nhr−m), and n and m are temperature-

dependent primary creep constants [17]. A list of the earliest and most popular 

primary creep models are presented in Table 2-1. 
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Table 2-1. Primary creep constitutive models [14] 

Source Creep Law 

Andrade, 1910 
εcr = (1 + At1 m⁄ ) exp(kt) − 1 

εcr = At1 m⁄ (t → 0, k → 0) 

Bailey, 1935 εcr = Ftn        (
1

3
≤ n ≤

1

2
) 

McVetty, 1943 εcr = G(1 − e−qt) +Ht 

Graham and Walles, 1955 
εcr = ∑ait

ni

i

 

Garofalo, 1965 εcr = θ1(1 − e−θ2t) + ε̇st 

 

If the stress σ is assumed to be constant then the time hardening primary creep 

rate ε̇c is given by the relation  

ε̇c =
dεc

dt
=  Amσntm−1                                                              (2-4) 

where the units of A modify to (MPa−nhr−(m−1)). This constitutive equation can be 

expressed in terms of the multiaxial state of stress using the normal direction 

tensor theory [21]  

dεij = 
3

2
Aσn−1Sijt

m−1dt  ,                                                       (2-5) 

where dεij are the deformation tensor components and Sij is the deviatoric stress. 

Inserting the time t from Equation 2-3 into 2-4 leads to a strain-hardening 

primary creep rate equation  
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ε̇c =
dεc

dt
= A1 m⁄  mσn m⁄ εc

(m−1) m⁄
                                                      (2-6) 

In general, the solution of strain hardening predicts slightly lower creep strain 

rates than time hardening. The strain hardening equation, 2-6, involves stress 

and strain as variables while the time hardening equation, 2-4, includes stress 

and time as variables. Many examples of research have demonstrated in 

experiments that the prediction of creep behaviour of materials using strain 

hardening theory is better than those using the time hardening theory [15].  

Many attempts have been made to combine time and strain hardening theories to 

produce an equation taking account of both phenomena, and becoming in the 

following form  

ε̇c =
dεc

dt
=   Cσδεc

β
tγ  ,                                                       (2-7) 

where C (1 MPa⁄ )−δ(1 hr⁄ )−γ, δ, β, and γ are constants. 

In the secondary creep stage, creep behaviour within this region is characterised 

by the minimum creep strain rate ε̇min during constant load tests. The creep strain 

rate is almost constant, as depicted in Figure 2-6 [2]. Creep lifetimes of the 

secondary regime are, for most engineering components, usually large and the 

creep deformations are identical aspect with plastic deformations behaviour. 

Therefore, such secondary creep behaviour is the most widely modelled aspect of 

creep behaviour. The constant steady-state creep strain rate results from the 

balance between the strain hardening (athermal) and thermal softening 

(annealing).  
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Many examples of research have presented a direct relationship between 

minimum creep strain rate and the stress. One of the most popular steady-state 

models is the classical Norton power law. 

ε̇c =
dεc

dt
=  Aσe

n ,                                                 (2-8) 

where 𝜎𝑒 is an equivalent stress, and A and n are the steady state creep constants. 

Various stress-dependent creep constitutive models have been developed. The 

secondary creep constants, A and n both exhibit temperature dependency. Applied 

stress presents a major contribution to the secondary creep strain rate where the 

secondary creep constant, n, is utilised as an exponent of stress [17].  

 

 

Figure 2-6. A typical variation of creep strain rate versus time under constant 

stress [2]. 
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The popularity of this constitutive equation arises from the ease of its application 

and the retention of functional shape in spite of stress magnitude. This leads that 

the change of stress distribution is not affected by the increase of the proportional 

load in the Norton creep law. By contrast, most other steady-state creep models 

subject to change of functional shape, which leads to redistribution of stress when 

the load is increasing. A list of the fundamental and most suitable secondary creep 

models are shown in Table 2-2. Both kinds of steady-state creep models make use 

of the classic von Mises equivalent stress  

σvon = √
3

2
SijSij                                           (2-9) 

Sij = σij − σH,    σH =
1

3
σkkδij  ,                              (2-10)                                         

where Sij is the deviatoric stress tensor, σH is the pressure (hydrostatic) stress, 

σkk  is the trace of a second-order stress tensor, σij, and δij is the Kronecker delta 

tensor.  

Dorn proposed that the Arrhenius equation can be used instead of the creep 

constant, A, to account the dependence upon temperature [22]. 

A(T) = Bexp (
−Q

RT
)                                     (2-11)  

where B is the pre-exponential factor in units (MPa−1hr−1), Q is the activation 

energy for creep behaviour in units ( J mol−1), R is the universal gas constant 

which equals 8.314  J mol−1 K, and T is the temperature in Kelvin.  

 



                                                                                                                 CHAPTER 2        

Page | 17  
 

Substituting Equation 2-11 into Equation 2-8 gives 

ε̇c =
dεc

dt
=  Bσe

nexp (
−Q

RT
)                                     (2-12) 

The secondary creep constants, B, n and Q, exhibit stress dependence, within the 

experimental tests, when comparing constants obtained from lower stress (low 

strain rate) with those at high stress (high creep strain rate) [17]. A modification 

of Equation (2-12) to describe the secondary creep strain rate within high-stress 

applications was proposed by Garofalo as follows [23]  

ε̇c =
dεc

dt
=  B exp(φσ)exp (

−Q

RT
)                                  (2-13)   

where φ is a further secondary creep constant.  Garofalo also inserted the creep 

constant  φ  in the Equation 2-13 into Equation 2-12 to give [23] 

ε̇c =
dεc

dt
=  B(sinhγσ)nexp (

−Q

RT
)                                (2-14)  

According to Webster and Ainsworth, the model employs the Equation 2-12 when 

γσ < 0.8 and employs the Equation 2-13 when γσ > 1.2 provided that φ = γn [18].  
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Table 2-2. Secondary creep constitutive models [14]. 

Source Creep Law 

Norton, 1929 ε̇cr = A (
σ

σo

)
n

 

Soderberg, 1936 ε̇cr = A (exp (
σ

σo

) − 1) 

McVetty, 1943 ε̇cr = Asinh (
σ

σo

) 

Dorn, 1955 ε̇cr = Aexp (
σ

σo

) 

Johnson, Henderson and Kahn, 1963 ε̇cr = A1  (
σ

σo

)
n1

+ A2  (
σ

σo

)
n2

 

Garofalo,1965 ε̇cr = A (sinh (
σ

σo

))

n

 

  

 

2.2.2 Tertiary Creep and Rupture 

The final creep regime is termed the tertiary stage. In the creep tests, with 

constant applied load and temperature, the tertiary creep strain rate trends to 

increase during the tertiary regime and eventually leads to a rupture, as indicated 

in Figure 2-3. The rapture results from several factors which combine to give 

reduced load-bearing area increased local stress and hence significantly increased 

strain rates, such as necking, void formation and cracking [18]. 

Many mixed creep constitutive models have been proposed, in order to develop a 

mathematical model capable of representing some or all of the complete creep 
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strain curve. A list most popular mixed regime models are provided in Table 2-3. 

Kachanov made the earliest attempt to analyse the entire creep strain–time curve 

using the damage parameter, w, where 0 < w < 1 [24]. 

Andrade presented a new creep strain equation to describe the steady-state and 

tertiary creep strain as follows [25, 20]. 

ε = εi(1 + βt1 3⁄ )exp (kt)                                     (2-15)  

where εi is initial creep strain, t is a time , and β and k are material parameters.  

Garofalo extended equation 2-15 to include the transient creep strain and hence 

achieved a good fit with the corresponding creep data; 

ε = εi + εp
c (1 − exp (−rt)) + ε̇s

ct                                  (2-16) 

where εp
c  is the primary (transient) creep strain, ε̇s

c is the secondary creep strain 

rate and r is the ratio of transient creep strain rate to the transient creep strain 

at a given time, i.e., r = ε̇p
c εp

c⁄  , where ε̇p
c  and εp

c  are the transient creep strain 

rate and the transient creep strain respectively [25]. 
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Table 2-3 Mixed regions creep constitutive equations [26-29].  

Source Creep Law 
Creep 

Regions 

Kachanov-Rabotnov, 

1967-69 
ε̇cr = A (

σe

1−w
)
n

, ẇ =
Mσχ

(1−w)ϕ
 

Secondary 

Tertiary 

Evans-Wilshire 

(Theta Projection), 1984 
ε = θ1 (1 − exp(−θ2t)) + θ3(exp(θ4t) − 1) 

Primary 

Secondary 

Tertiary 

Prager, M. 

(Omega Method), 1995 
ε̇cr = ε̇oexp(βpε) 

Secondary 

Tertiary 

 

2.2.3 Creep Mechanisms 

The creep mechanisms depend upon a material’s grain size and alloying additions 

and the applied stress and temperature conditions that it is subjected to. In 

general, the creep deformation of a range of engineering alloys exhibit identical 

characteristics at identical fractions of their absolute melting temperature Tm. 

When the material’s absolute temperature is greater than about 0.5Tm, creep 

mechanisms can be divided into two processes: diffusion (bulk-self and grain 

boundary diffusion) and dislocation creep [30, 31].  Atoms in solid materials have 

a high frequency of vibration about their mean locations. A high magnitude of 

vibration is sufficient to allow the atom to move from its current position into a 

nearby site. This process is called solid-state diffusion, which is a thermally 

activated movement. The necessary activation energy, yields by thermal energy, 

required to overcome the potential energy barrier which prevents atomic 

movements. Therefore, the elevated temperature is responsible for activating the 
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solid-state diffusion mechanism [28, 3]. The creep resistance can be improved by 

creating obstacles to prevent the movement of atoms inside grains. Moreover, the 

grain boundaries also act as barriers to dislocation climb or travel from one grain 

into another. The pileup of dislocations on the grain boundary contributes to the 

strengthening of the grain boundary in addition to that providing by changing 

orientations and size of grains. Since developments of microstructural 

rearrangement directly affect atomic displacement, it is then reasonable to 

assume that creep mechanisms will be directly connected to the diffusion 

mechanism, especially, at the elevated temperature [32, 33]. Small grain size 

materials tend to be harder than those with coarse grains, and hence have high 

creep resistance because it can be shown for solids that fine grain size allows only 

a short distance for atom’s movement inside the grain. The relation between flow 

stress and an average value of grain size is defined mathematically by the Hall-

Petch equation as follows 

σf = σi +
K

√D
                                                  (2-17) 

where σi is the initial friction stress, K is a material constant and D is the average 

grain diameter [34]. However, for both extremely fine-grained and very large-

grained polycrystalline materials, equation (2-17) is not valid. The solidification 

rate directly controls the number and size of the grains. High solidification rates 

generate fine-grained materials, whereas on the other hand, slow solidification 

rates lead to coarse-grained materials. Therefore, the solidification rate is a 

significant factor in the mechanical properties of a material, including its creep 

properties [35, 25, 36, 37]. 
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2.3 The Visco-Plastic Constitutive Models  

Monotonic loading of engineering components at elevated temperature may result 

in both plasticity and creep deformation. Viscoplastic constitutive models involve 

three main components: a yield criterion, a flow rule, and a hardening rule. 

Viscoplastic materials also demonstrate strain hardening/softening where strain 

rate contributes the obvious yield strength. Generally, visco-plastic properties of 

crystalline materials exhibit rate-dependent or time-dependent deformation in 

which the total strain rate value involves both the plastic strain rate and the creep 

strain rate. 

2.3.1 Yield Surface and Flow Rule 

The yield criterion indicates the beginning of plastic deformation based on the 

stress tensor, expressed in terms of equivalent stress. There are many yield 

criteria including those of von Mises and Tresca for yielding materials and the 

Gurson model for porous materials. The yield criterion and yield stress define a 

surface in the stress space giving the threshold between elastic behaviour inside 

the boundary of the region and inelastic deformation outside the boundary of the 

yield surface [38]. The mechanisms underlying isotropic and kinematic hardening 

are described in Figures 2-7 and 2-8, respectively [39]. 
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Figure 2-7. Schematic of isotropic hardening [40]. 

 

Figure 2-8. Schematic of kinematic hardening [40]. 

 

The flow rule provides a relation between stress and plastic strain increment (or 

rates). In the isotropic hardening behaviour, it is reasonable to assume that the 

principal plastic strain increments 𝑑𝜀𝑖
𝑝
 are proportional to the principal deviatoric 

stresses  𝑆𝑖: 

dε1
p

S1
=

dε2
p

S2
=

dε3
p

S3
= dλ ≥ 0                                                 (2-18) 
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The positive scalar 𝜆 , which knowns as the plastic multiplier, gives the ratios of 

the plastic strain increments to the deviatoric stresses. The Equation 2-18 is often 

expressed in the general alternative form 

dεij
p

= dλSij                                                              (2-19) 

or, in the rating form, dividing by dt, one has 

ε̇ij
p

= λ̇Sij                                                 (2-20) 

In terms of the actual stresses, the Levy-Mises equation has 

ε̇ij
p

= λ̇ (σij −
1

3
σkkδij)                                                 (2-21) 

where σkk is the hydrostatic stress and δij is Kronecker delta tensor [41, 42].This 

plastic stress-strain relationship is known as flow stress. Instead of the particular 

flow rule, Equation 2-20, the plastic multiplier can be defined from the hardening 

rule  

  ε̇ij
p

= λ̇Gij                                             (2-22) 

 where Gij is the function of stresses and maybe other hardening parameters [40]. 

The general form of the flow rule can be used to model the wide class of material 

behaviour 

ε̇ij
p

= λ̇
∂g

∂σij
                                             (2-23) 

Here, g is a scalar function known as the plastic potential that, when 

differentiated with respect to the stress, gives the plastic strains. The flow rule in 
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the Equation 2-23 is known as a non-associated flow rule. Further materials 

whose plastic potential is the yield function, g = 𝑓, the plastic deformation may 

be expressed as [43]: 

ε̇ij
p

= λ̇
∂𝑓

∂σij
                                                        (2-24) 

This form is known as the associated flow rule because the flow rule is associated 

with a given yield criterion [44]. 

2.3.2 Internal Variables and Hardening 

Strain hardening is the increase in yield strength of materials which are subjected 

to inelastic deformation under external loading. It is also known as work 

hardening, and occurs due to dislocation movements and dislocation accumulation 

at the grain boundary, within the structure of materials undergoing plastic strain. 

Three rules have been proposed for modelling work hardening of materials: 

isotropic hardening;  kinematic hardening and combined isotropic/kinematic 

hardening. 

2.3.2.1 Isotropic Hardening 

Isotropic hardening depicts the way that the yield surface giving the value of 

equivalent stress which results in further yield expands uniformly in all 

directions as accumulated plastic strain increments. The yield surface constantly 

expands in all direction, which means the flow stress increases in all principal 

stress directions once the material has undergone plastic strain. A simplified 

description of the isotropic hardening is shown in Figure 2-9.  
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A number of investigators have proposed hardening equations to perform various 

mechanisms to describe both hardening and recovery processes [45]. The changing 

size of yield stress during the isotropic hardening is described by an internal 

hardening variable, R, and also called as drag stress. The common one rate 

evolution of drag stress that is presented by Chaboche and Rousselier [12] 

Ṙ = b(Q − R)ε̇p                                                 (2-25) 

where b is the speed at which the saturation value is approached, Q is the 

asymptotic value of R and ε̇p is the accumulated plastic strain rate. 

The integration of Equation 2-25 with respect to time leads to the following 

relation 

R = Q(1 − exp(−bε̅p))                                     (2-20) 

With the isotropic strain hardening applied to the von Mises criterion, the 

hardening variable as a function of plastic strain can be written [38] 

R = R(ε̅p)                                                (2-26)  

The accumulated plastic strain, 𝜀̅𝑝, expressed in the form 

𝜀̅𝑝 = ∫ √
2

3
𝜀̇𝑝: 𝜀̇𝑝 𝑑𝑡

𝑡

0
                                        (2-27) 
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and the yield criterion is given in the following form 

𝑓 =  √
3

2
𝑆𝑖𝑗𝑆𝑖𝑗 − R − σy                                        (2-28) 

where σy is the yield stress. 

 

Figure 2-9. Isotropic hardening, (a) yield surface and (b) the corresponding 

uniaxial stress-strain curve [38]. 

 

 

2.3.2.2 Kinematic Hardening 

Kinematic hardening occurs when the yield surface merely translates through the 

stress space while retaining its original shape and size, as shown in Figure 2-10. 

In practice, for most materials, it is observed that if these materials are subjected 

to external uniaxial loading, either tension or compression, they show reduced 

strength to inelastic deformation in the reverse direction. For instance, in the case 
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of a tension-compression test, it is normally observed that the yield stress in 

tension is higher than that in compression if the test is accomplished in tension 

first. This phenomenon is frequently referred to the Bauschinger effect and 

formulated numerically via kinematic hardening [46]. Several of constitutive 

models have been proposed to define elastic-plastic behaviour dependent on cyclic 

loading conditions [47-50].  

 

Figure 2-10. Reversed loading with kinematic hardening (a) the translation of 

the yield surface and (b) stress-strain curve, which shows the Bauschinger effect 

[38]. 
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In the uniaxial form, the yield function for the kinematic hardening model is given 

by the following expression 

𝑓 = √
3

2
(𝑆𝑖𝑗 − χ)(𝑆𝑖𝑗 − χ) − σy ,                                 (2-29)    

 where 𝜒 is the hardening parameter and is normally known as the back stress.  

The linear hardening kinematic model is developed by Prager which is given by 

the following form [51] 

χ̇ =  
2

3
 cε̇p                                              (2-30)     

where 𝑐 is the material constant, representing the gradient of the linear 

hardening graph [52]. In general, a non-linear kinematic hardening model is 

widely used to represent the stress-strain for cyclic loading tests. This model 

utilizes a dynamic recovery behaviour term, also known as a recall term, which is 

given by [53] 

   χ̇ =  
2

3
 cε̇p − γχṗ                                       (2-31) 

where γ is a material constant. 

For the non-linear kinematic hardening plasticity model, the value of saturation 

stress can be determined by the value of c γ⁄  in the plastic deformation regime. 

The maximum stress value for independent plasticity tests can be determined by 

the combination of c γ⁄  and initial yield stress σy for the plasticity tests [38]. The 

saturation stress is shown, schematically, in Figure 2-11. 
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Figure 2-11. Non-linear kinematic hardening (a) the yield surface and (b) stress-

strain curve [38]. 

 

 

2.3.3 Uncoupled Elastoplasticity-Creep 

Uncoupled elastic-plasticity-creep models, typically called non-unified models, 

conventionally consist of time-dependent creep and time-independent plasticity 

deformation which are combined in order to analyse both of these behaviours in 

the same model. One of the most popular creep models is the Norton power law to 

represent time-dependent properties and one of the isotropic and/or kinematic 

hardening models to exhibit time-independent properties.  Shang et al. [54] used 

a non-unified model to exhibit the stress-strain behaviour of superplastic forming 

dies. The entire set of material constants for creep and plastic models are obtained 

by utilizing a constant loading test and cyclic loading tests, respectively. It is also 

assumed that the constants of the creep model are not correlated with those in 

https://www.thesaurus.com/browse/correlation
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the plastic model [54]. Krempl’s model was a combination of the creep and plastic 

constitutive equations. However, when compared with corresponding 

experimental results, it has been found that an uncoupled elastic-plasticity-creep 

model gives unsatisfactory results [55]. Therefore, visco-plasticity models have 

been used more widely than the non-unified models to determine time-dependent 

plasticity behaviour at elevated temperature. 

2.3.4 Unified Viscoplasticity Model 

Time-dependent effects in the plastic domain can be modelled using 

`viscoplasticity laws which incorporate various functions to represent the time 

dependency [56]. One of the well-known unified viscoplastic models is that 

suggested by Chaboche and Rousselier [12]. There are two reasons why the model 

is known as “unified’’. Firstly, one strain parameter, called viscoplastic strain 

simultaneously represents both the creep and the plastic strains. Therefore, for 

different kinds of loading, the viscoplastic strain does not lead to a discontinuity 

in the representation. Secondly, the same hardening mechanisms, expressed in 

terms of effective plastic strain, are used in both the time-dependent constitutive 

model and the independent model [57]. 

For the isotropic hardening case, the total stress, σ, is made up of the yield stress, 

σy, together with stress causing from by the isotropic hardening, R, and viscous 

stress, σ𝑣 as shown in Figure 2-12 [38]. 
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Figure 2-12. (a) the von Mises yield surface with linear isotropic hardening and 

(b) the decompositions of corresponding stress [38]. 

From Figure 2-12, the stress-strain curve which contains the time dependence of 

stress is given by the following an equation 

σ = σy + R + σ𝑣                                                (2-32) 

There are numerous forms of equations used to describe the viscous stress, in 

which the time depending is present; however, they are usually dependent upon 

the effective plastic strain rate, p ̇ , typically expressed in a power-law form 

σ𝑣 = Kṗ1 n⁄    ,                                                 (2-33) 

where K and n are material constants. 
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Substituting Equation 2-33 into Equation 2-32 gives 

σ = σy + R + Kṗ1 n⁄                                                 (2-34) 

Equation 2-34 can be rearranged to give the isotropic viscoplastic strain rate as 

follows [38] 

ṗ =  ⟨
σ−σy−R

K
⟩
1 n⁄

                                                  (2-30) 

For this case, isotropic hardening, the yield function,𝑓, is given by 

𝑓 = σ − R − σy                                               (2-35) 

Kinematic hardening also occurs in addition to the contribution from the isotropic 

hardening, Equation 2-30 then becomes  

ṗ =  ⟨
𝑓

K
⟩
1 n⁄

sgn(σ − χ)                                        (2-36) 

where 

sgn(𝑥) = {
1        𝑥 > 0
0        𝑥 = 0
−1     𝑥 < 0

    and   𝑥 = {
𝑥      𝑥 ≥ 0
0      𝑥 < 0

                    (2-37) 

𝑓 = |σ − χ| − R − σy                                     (2-38) 

where χ is the kinematic hardening stress which sometimes called backstress [38]. 



                                                                                                                 CHAPTER 2        

Page | 34  
 

 The viscous functions used with several popular viscoplastic constitutive models 

are presented in Table 2-1, along with the hardening parameters used in these 

expressions. 

Table 2-4. Viscoplasticity constitutive models [17]. 

Source Viscous Function 
Hardening 

Variable 

Bodner, 1975 ṗ = ṗo e
((

Z
σeq

)
2n

)
 

Z = K + D′ 

Miller, 1976 ṗ = θ(T) (sinh(

σ
E

− R

D
)

1.5

)

n

 D, R 

Chaboche, 1977 ṗ = ⟨
‖σ − X‖ − R

D
⟩

n

 D, R, X 

Krempl, 1980 ṗ =
σ

E∅σ
 ,   σ = ‖σ − g‖ g 

Walker, 1981 ṗ = ṗo  ⟨
‖σ − X‖

D(p)
⟩

n

 D, X 

Delobelle,1988 ṗ = ṗo sinh (
σ

D(p, T)
)
n

, σ = ‖σ − X‖ D, X 

   

 

 

 

K - isotropic hardening variable R - rest stress (kinematic hardening)  

D′ - kinematic hardening variable X -back stress (kinematic hardening)  

D - drag stress (isotropic hardening) g - overstress (kinematic hardening)  
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2.4 Physically Based Models 

During the 1970s, dislocation based constitutive models were developed by Kocks 

[58], and then developed by Mecking and Kocks [59] and later were developed by 

Estrin and Mecking [60] and Estrin [61]. These models are a consequence of the 

fact that the work hardening is due to strain produced, at the internal crystalline 

grain, caused by some friction of mobile dislocation. This assumption is based on 

two phenomena to describe behaviour relating to growth and annihilation of 

dislocations: a mobile (storage) dislocation (k1√ρ) and an immobile (dynamic 

recovery) dislocation (k2ρ). These models concentrate on the change rate of 

dislocation density as the key to representing visco-plastic deformation. The 

dislocations stored inside the crystals interact with other dislocations to create 

new obstacles to continued slip. These dislocations do not climb out of the grain 

boundary, do not annihilate each other, and are not absorbed into the grain 

boundaries [61]. An equation of simple exponential form to describe the stress-

strain relation was first suggested in 1948 by Voce [62, 63] to describe the upper 

range of the real stress-strain curves of polycrystalline aluminium, copper, and 

stainless steel. The stress-strain curves were measured at constant strain rates. 

Voce’s model assumed the existence of saturation stress to be an essential 

characteristic of work hardening behaviour. Two kinds of tests were represented: 

dynamic tests were carried out at constant strain, and the stress varied smoothly; 

creep tests were carried out at constant stress, and the strain rate was varied 

moderately. 
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Domkin [64] made the first attempt to use a simple dislocation density model to 

describe the isotropic non-linear hardening within the forming of a circular cup. 

This model was implemented in the ABAQUS user-defined material subroutine 

UMAT, using an implicit return-map algorithm for anisotropic rate-independent 

plasticity in the large deformation context. A further dislocation model has been 

developed to include non-linear kinematic hardening and strain-rate dependency. 

The developed model was implemented in the Matlab software. The material 

parameters have been identified via an optimisation procedure using this toolbox, 

in order to fit the dislocation model to the experimental data for fully reversed 

strain-controlled cyclic tests. Both observations have concluded that physically 

based models can be employed to simulate a wider range of strains and strain 

rates at a variety of temperatures comparing with bulk mechanical models. The 

dislocation density models represent a connection between the micro-level 

phenomena and macro-level continuum quantities [64].  

Dunlop et al. [65] presented an extension of the Kocks-Mecking-Estrin model to 

cover creep behaviour of HCP alloys. The basic KME model has been extended by 

introducing the effects of solute on the mechanical threshold stress as a second 

internal variable. In order to represent the reference strain rate, further 

modification has been made, which takes into account an initial transient strain. 

They compared the model predictions and the experimental data for the cold 

working stress of Zircaloy-4. The results showed that the model could be used for 

other HCP materials. The results have made use of the fact that model 

parameters could be calculated from constant strain rate and strain rate jump 

tests to predict creep behaviour. 
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Estrin [61] extended the elastic-viscoplastic constitutive dislocation density model 

to incorporate the two internal variables, solute concentration and grain size of 

second phase particles, into the micromechanical behaviour model for aluminium. 

The reaction between mobile dislocations is already included in the two-internal 

variable model. The simulated monotonic compression test results have been 

compared with actual experimental data. This comparison, showing that model 

prediction for large deformation gives less satisfactory results because of a 

number of effects have not been included in the simulation. 

Barlat et al. [66] described a simple KME dislocation model to represent the stress-

strain behaviour during the forming processes of aluminium alloys at room 

temperature. Their model used three variables to describe the evolution of 

dislocation density which are average forest dislocation (𝜌𝑓), mobile dislocation 

density ( 𝜌𝑚) and the mean free path of dislocation (𝑙) described using the Kalidini 

model [67]. Experimental single stress-strain curve data have been used to 

determine the evolution of the state variables. The simulated mean free path 

results have been compared against experimental measurements, at a strain of 

about 0.5, of inter-dislocation spacing for some of the investigated aluminium 

alloys. The results showed the predicted mean free path was 3 to 4 times higher 

than the experimental mean free path. The reason for this deviation was because 

the predicted value has been obtained from a dislocation model whose material 

coefficients were only obtained from data for a stress–strain curve.  

Capolungo et al. [68] applied a dislocation model to describe the effect of grain size 

on the flow stress in nanocrystal materials which are made up of two phases. 
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These phases were the grain core phase which was assumed to have elastic-

viscoplastic properties and the grain boundary phase, which was assumed to have 

elastic-perfectly plastic behaviour. The strain rate and the grain size dependence 

of each phase have been employed in this model.  The modelling results demonstrated 

that, for a grain size smaller than around 100 nm, the grain boundary phase dominated the 

grain core phase, and the deformation was no longer dominated by the dislocation glide 

mechanism.  For a grain size greater than around 100 nm, the grain core phase becomes 

increasingly important, and the deformation was dominated by the dislocation glide 

mechanism. 

 Youyi et al. [69] evaluated the effect of high strain rate on the mechanical 

behaviour of nanocrystalline materials. Their constitutive model makes use of the 

evolution of dislocation density and strain gradient to describe the plastic 

deformation behaviour of strain rate and grain effect for grain interior (GI) phase 

and grain boundary phase of dislocation pile-up zone (GBDPZ) in nanocrystalline 

materials. The model assumed that the total dislocations were decomposed into 

two parts: statically stored dislocations within the grain interior, and 

geometrically necessary dislocations within the grain boundary pile up zone. 

Isotropic strain hardening and kinematic strain hardening were used in this 

model to describe the work hardening. A comparison was made between the calculated 

results and the corresponding experimental data, and strong strain rate dependent behaviours 

were observed in the prediction. 
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2.5 Small Punch Creep Test (SPCT) 

In the last ten years, testing techniques using miniature samples have received 

increasing attention from the electricity generation industry companies for 

situations where the amount of material used in the test is limited. Published 

reviews for small specimen techniques have focused on their application to 

conventional and nuclear plants [70, 71]. The removal of small amounts of material 

that are required for miniature specimens testing may not affect the structural 

integrity of in-service components. Finite element (FE) modelling of small 

specimen tests can give an estimate of remnant life in the use of these tests for 

components of power plants [72, 73]. Many efforts have been made by various 

researchers using miniature samples for creep testing to characterise the creep 

properties of materials used in high-temperature power generation components. 

One of these tests is the small punch creep test (SPCT), with a recommended 

specimen diameter of 8 mm and a thickness of 0.5 mm. The SPCT involves the 

application of a constant load through a hemispherical end indenter on a small 

circular flat disk [74]. The ease of manufacture and testing of SPCT samples is one 

of the most important characteristics that distinguish it from other miniature 

testing techniques. SPCT has one more advantage over other miniature testing 

techniques, namely that the SPCT can be used to evaluate creep rupture [75]. 

Typically, the test technique has been used for testing materials such as P91, P92, 

CrMoV steels, 316LN stainless steel, and magnesium and aluminium alloys [76] 

within power plant applications (e.g. steam headers or steam pipes).  
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The SPCT method is still not universally accepted, due to limitations concerning 

test repeatability which relate to three main reasons: firstly, lack of 

standardisation of the test apparatus and specimen dimensions; secondly, 

concerns related to the procedure used to correlate SPCT data with the output of 

a uniaxial creep test; and thirdly, due to the complex deformation mechanisms 

(e.g. initial plasticity effect, which is material dependent). To overcome the first 

and second concerns, the European Committee for Standardisation (CEN) 

developed a draft code of practice (workshop agreement CWA 15627:20068) for 

the SPCT of metallic materials. 

2.5.1 Experimental Displacement-Time Behaviour 

The first small punch creep test (SPCT) introduced by Parker and James [77] , 

who concluded that the SPCT would be possible using a constant load upon the 

small punch specimen to evaluate the creep properties of a material. SPC methods 

have since been widely used to examine the creep properties effectively for a wide 

range of materials used in power generation and nuclear components [78, 79, 1]. 

The displacement-time curve for a small punch creep test is presented by Moreno 

and Chen [80, 81]. They demonstrated that the displacement-time curve is 

identical in shape to that of a uniaxial creep curve and involves three regions, a 

primary regime, a secondary steady-state regime, and a tertiary regime. However, 

the constant displacement rate in the SPC test is achieved when the strain is in 

the range 10-150% and thus would overlap with the tertiary regime in a 

conventional creep test [82]. In a conventional creep test, the considerable creep 

damage behaviour is basically connected with the tertiary region. Kobayashi et 
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al. [83] indicated that for super duralumin, the initiation of circumferential cracks 

could occur in SPC specimens as early as the primary creep stage, which indicates 

to that the creep mechanisms do not result from the displacement rate in the 

secondary deformation stage. Rouse et al. and Hyde et al. [73, 82] also found that 

the secondary stage in a SPC curve is caused by the balance between geometric 

stiffening and a decreasing in stiffness of the small punch creep specimen shape. 

Consequently, the secondary stage in a small punch creep test is closely connected 

with the tertiary creep region that controls the life of the small punch creep 

specimen. The complicated multiaxial stress state in a SPC specimen and the 

overlap of creep stages makes it hard to interpret the data from tests of SPC 

correctly. However, in order to address this, important analytical and numerical 

approaches have been presented and considerable development has occurred on 

the finite element modelling of the SPC test. 

2.5.2 Finite Element modelling of SPCT  

The stretched membrane model has been developed by Chakrabarty to examine 

the SPCTs [84]. The von Mises equivalent strain imposed through a hemispherical 

punch head is determined by using a formulation derived assuming only 

membrane strains. Yang and Wang [85] have modified a semi-empirical 

polynomial expression to investigate the maximum equivalent strain at the centre 

of a deformed disc specimen. A polynomial formulation has been developed by Li 

and Zhang [86] to determine the maximum equivalent strain for a hemispherical 

punch head using contact conditions between the punch and specimen as follows 

ε = 0.20465δ + 0.12026δ2 + 0.0095δ3 ,                          (2-39) 
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where 𝛿 is the punch displacement at the specimen centre and the radius of the 

punch head equals 1mm. 

An empirical solution has also been derived from Chakrabarty's membrane 

stretch model to determine the equivalent uniaxial stress from the SPC load. This 

solution has been presented in the European Committee for Standardisation 

workshop agreement as shown follows [87] 

F

σ
= 3.33Kspap

−0.2Rs
1.2to                                    (2-40) 

where F is the punch load (N) and Ksp is a correction factor which used to connect 

uniaxial testing with the SPC work. Rs is the punch head radius, ap is the radius 

of the receiving die and to  is the thickness of the specimen as depicted in Figure 

2-13. Ksp takes a value between 1.2 and 1.3. 

 

Figure 2-13. Chakrabarty’s membrane stretch model [84]. 
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During small punch creep tests, the specimen deformation is controlled by 

different interacting mechanisms and conditions such as nonlinear material 

behaviour, nonlinear contact conditions between the test rig components and the 

specimen, large deformation, large stresses and large strains [73, 82]. Therefore, 

in order to understand the distribution of complex stress-strain fields within a 

SPC specimen, it is necessary to examine mechanisms which take place during 

tests using finite element (FE) modelling. Generally, several finite element 

models have been developed which employed a difference of techniques and 

methods. FE has therefore been commonly used to obtain a detailed 

understanding of the mechanisms within small punch tests [88, 89]. FE models 

have also developed to study the large deformation process for small discs using 

the constitutive creep laws similar to that proposed by Kachanov [90]. Among the 

modelling approaches are the Kachanov-like laws developed initially by Li [91], 

which result in a set of displacement-time curves for given constant stresses 

values. Abendroth [92] used an FE approach but focused on the modelling 

guidelines: geometry of the SPT, convergence of the chosen mesh and the 

influence of friction coefficient on the load-deflection curve. Manahan et al. [93] 

have modified the plasticity approach to simulate creep curves and compare with 

corresponding experimental data by using a least-squares method to determine 

the parameters of the model by fitting them to the results of a uniaxial test. The 

creep and fracture behaviour in high-temperature components by FE modelling 

of the small punch specimens was also proposed by Shibli et al. [94]. The influence 

of friction on the displacement of a hemispherical punch is investigated. The von 

Mises equivalent strain and the continuum damage data showed the strain is 

raised up at the region located under the punch and the maximum damage occurs 
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on the bottom of the specimen. Evans and Evans [95] and Evans and Wang [96] 

have made use of an extended visco-plasticity model of SPCT to take into account 

the effect of surface morphology [95]. Account was taken of the sensitivity of the 

experiment to many of the parameters including specimen dimensions in order to 

optimise the method to obtain the best test results [96]. They found that the failure 

time was most sensitive to specimen thickness, support diameter, initial damage 

and the radius of the punch head but least sensitive to the specimen diameter and 

applied load. 

The FE models usually represent the SP using two dimensions via the use of 

axisymmetric elements that have more computational cost efficiency compared 

with three-dimensional models [85, 73, 82, 78]. The interaction between the 

specimen and the rig components has been investigated using two different FE 

models of SPCT, shown in Figure 2-14. In the two-dimensional axisymmetric 

model, as shown in Figure 2-14a, the contact surfaces between the specimen and 

the dies have been described by constraining the degrees of freedom of the 

surfaces nodes using boundary conditions. The contact between the punch and the 

specimen has been represented by a uniformly distributed pressure load applied 

on the estimated contact surface [73]. In the three-dimensional model, see Figure 

2-14b, the punch and the dies have been modelled by elastically deformable bodies 

contacting the specimen by a surface-to-surface contact model with a constant 

friction value as shown in Figure 2-14b [73, 97]. Even when no damage or 

hardening is considered in the applied material models, the second FEA model 

has the capability of simulating the primary, secondary and tertiary creep 

regimes of displacement-time curves. Necking of the specimen can also be 
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observed. Both models have been represented by creep power law and continuum 

damage material models. Uniform meshes have been used in implementation of 

material models [73]. Guan et al. [98] presented three-dimensional FE models of 

Q235A and Q345R steels using SP specimens. This research studied the effect of 

voids which were incorporated into the specimen mesh, on the elastic-plastic 

behaviour. The load-displacement curves obtained from the FE simulation have 

been compared with corresponding of experimental results for Q235A and Q345R 

steels. The results for Q235A have demonstrated that the load-displacement 

curves have a satisfactory agreement with each other just before  Pmax because the 

microdefects have a great effect on the ultimate strength while having no 

influence on the yield strength. 

 

 

Figure 2-14. View of the FE meshes [73]. 
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2.6 Small punch tensile test (SPTT) 

A series of study has been made for small punch tensile testing that requires 

limited amounts of material. During the 1980s, the first investigation of the 

miniature disc bend test (MDBT) was reported by Huang et al. [99] and Manahan 

et al. [100] as an important part of ongoing efforts to realise miniature scale testing 

approaches. The miniature disc bend test (MDBT) is basically used to improve the 

small punch tensile (SPT) test in order to obtain load-punch displacement results 

using a 3mm diameter specimens. The typical geometry of the SPT test is shown 

in Figure 2-15. A sample is fastened between an upper and lower die and the load 

is applied to the specimen through a hemispherical punch head [1].  

SPT tests carried out by Baik et al. [101] to study the effect of temperature on 

ductile-brittle transition behaviour of steel. They investigated that the cracking 

mode changes from brittle into ductile fracture when the test temperature 

increase. Lucas et al. [102] studied the small punch rig component dimensions, 

which include punch radius and receiving-hole radius, and thickness of the 

sample. They also carried out small punch testing by using a square sample 

measuring 10mm x 10mm which was clamped using the same rig components, 

upper and lower dies, while the test geometry relied on the unclamped central 

area of the specimen. 

The influence of fixing the SP samples was considered by Li et al. who noted that 

unclamped specimens created uncertain results as a consequence of the difficulty 

in providing a well-defined contact zone over the supporting die [103]. 
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Figure 2-15. Standard geometry of the small punch (SP) test [1]. 

 

 

 

2.6.1 Experimental Load-Displacement Behaviour 

The Small Punch Tensile Test (SPTT) is a popular miniature specimen test 

method that has been used to characterise the tensile mechanical properties for 

ductile metallic materials with specimens consisting of discs of ~ 10 mm diameter 

and ~ 0.5 mm thickness [104]. The punch load was applied to the disc at a given 

constant displacement rate (CDR). The very small size of the specimen implies 

that the SPTT can be considered as a limited volume and non-destructive method 

provide a real evaluation of mechanical properties when compared with the 
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conventional test [105-108].  Moreover, the SPTT specimen could be manufactured 

and evaluated directly from in-service components without significantly affecting 

their structural integrity [109]. Anisotropic, heterogeneous behaviour can also be 

examined using SPTT [110, 111]. A range of SPTT tests was conducted to evaluate 

fracture properties of austenitic steels [112-114], and in recent years even pre-

cracked [115] or pre-notched specimen have been presented [116, 117].  

2.6.2 Finite Element modelling of SPTT  

The finite element (FE) modelling of the SPT test has made a considerable 

contribution to gaining an understanding of how strains and stresses develop in 

experimental SPT tests as plastic deformation and lead to damage and failure. 

Manahan et al. presented finite element modelling of SPT tests to describe the 

different regions in the load-displacement curves and investigated the plastic 

strains in experimental tests [118]. Many finite element models have been 

produced in order to clarify the interpretation of the results of SPT experiments 

by estimating the evolution of the stress and strain fields in the specimen [119-

121]. A finite element  model of the small punch tensile test has been analysed by 

Coleman et al. [119] to investigate the role of stress state on the local deformation. 

They correlated the load and displacement values from the small punch tensile 

tests to constitutive equations to evaluate tensile yield strength, ultimate yield 

strength and elongation data. The FE results showed that the model can predict 

the deformation mechanisms as punch displacement increases. It was also found 

that this type of modelling does have a limitation as it ignores the microstructural 

characteristics throughout the finite element simulations.  
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Chang et al. [120] employed two FE damage models to investigate methods of 

predicting ductile fracture resistance for two types of typical nuclear materials, 

namely low alloy steel and high Cr steel. The proposed mechanical, GTN and 

Rousselier, models have carried out by using SPTT specimens. The finite element 

analyses results showed that the two proposed models are useful models to predict 

the J-R curve of virgin materials at room temperature. 

Lancaster et al. [122] employed fractographic investigations in the finite element 

modelling using deform software method to analyse specimen deformation 

through the testing of miniature disc specimens under punch displacement. The 

contour plots of maximum principal stresses in a SPT test specimen with respect 

to punch displacement are shown in Figure 2-16. It can be clearly seen that an 

area of high tensile stress exists when the punch displacement is small. A high 

compressive stress field is raised in the region of punch–specimen contact that 

leads to localised yield stress at both 20℃ and 400℃ [122]. 
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Figure 2-16. Small punch simulation for Ti-6Al-4V at (a and b) 20℃ and (c and 

d) 400℃ [122]. 
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2.7 High-Temperature Materials 

In the power generation industry, the operational efficiency of the power plant 

has been enhanced by improving new materials with better properties and 

developing the design of power generation structures.  The deformation processes 

and fracture mechanisms of industrial power plant equipment have been of the 

major area of concern to researchers because the power generation components 

are subjected to high temperatures and loads for extended periods of time [123]. 

Therefore, engineering components within the power generation plants require 

higher creep and corrosion strength, in order to resist these more arduous 

operating conditions.  In addition, the very big maintenance and repair costs of 

these plant parts make it necessary for these parts to be produced from materials 

that have a high creep and corrosion resistance at high-temperature conditions 

[18, 124, 125]. In order to achieve these high-temperature properties, a new 

composition of alloys developed incorporating a variety of elements [126].  

One such nickel-based superalloy, known as Inconel, is widely used in aero-engine 

applications. There are many different types of this material, 600, 617, 625, 718 

and X-750 that have slight variations in alloy compositions. For example, Table 

2-5 shows the chemical composition of Inconel 718 that is widely used in aerospace 

components [127, 128]. However, for large components for use in high-temperature 

applications, steels known as P91 and P92 are available. These creep-resistant 

steels are usually used in the pipework, super-heater and reheated tubes of power 

plants and also in cooling systems of nuclear reactors as shown in Figure 2-17. 

Generally, the P91 steel formulation developed from 9Cr1Mo steel, and it consists 
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of 9% chromium and 1% molybdenum, which permits engineers to use a thin wall 

thickness to design pipes and tubes.  

 

Table 2-5. Chemical compositions of Inconel 718 [127]. 

Element Composition (W%) 

Ni+Co 50 

Cr 17 

Nb+Ta 5.5 

Mo 1.0 

Si 0.35 

Al 0.7 

C 0.02 

Mn 0.35 

Ti 1.15 

S 0.015 

P 0.015 

B 0.002 

Fe Bal. 

 

In general, P92 steel is made through partial replacement of molybdenum, Mo, by 

tungsten,W, and therefore consists of 9% chromium, 0.5% molybdenum and 1.75% 

tungsten [129, 130]. The P92 steels exhibit high creep resistance, low thermal 

expansion value and good corrosion properties [131]. Table 2-6 gives the chemical 

composition of P92 steel [132]. 
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Figure 2-17. Schematic illustration and photographs of a fossil-fired boiler and 

typical materials. 

 

Table 2-6. Chemical composition of P92 (W%) [132]. 

Element 

Composition  

Min. (W%) Max. (W%) 

C 0.07 0.13 

Mn 
0.3 0.6 

P 
- 0.02 

S 
- 0.01 

Si 
- 0.5 

Cr 
8.5 9.5 

W 
1.5 2 

Mo 
0.3 0.6 

V 
0.15 0.25 

Nb 
0.04 0.09 

N 
0.03 0.07 

B 
0.001 0.006 

Al 
- 0.04 

Ni 
- 0.4 

Fe Bal. Bal. 
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The P91 and P92 steels both are ferritic/martensitic type steels which are part of 

the 9-12%Cr family of steels. The value of thermal expansion coefficient of 

austenitic steel is greater than that of  ferritic steel, therefore ferritic steels tend 

to be more suitable for components subject to thermo-mechanical loading [3].  

The increasing need for ferritic steels with higher creep resistance has led to the 

improvement of 9Cr martensitic steel [4]. One of the earliest attempts to develop 

Grade 91 steel, as a modification to 9Cr-1Mo steel, was undertaken by Oak Ridge 

National Laboratory (ORNL) [133]. Swindeman et al. also modified 9Cr-1Mo steel 

alloy by adding new elements from niobium, vanadium and nitrogen and 

decreasing in the content of chromium, carbon, phosphorus, silicon, sulphur and 

molybdenum [134]. Richard et al aimed to improve the properties of P91 steel by 

increasing the tungsten and boron content and reducing the molybdenum content 

[135]. 

Figure 2-18 presents the creep properties of many of the commonly-used 

engineering alloys. It clearly shows that enhancements in creep resistance can be 

gained by alloying additions to steel and why chromium base alloys are utilized 

for the elevated temperature components in, for instance, power generation plants 

[18].  

Generally, several procedures contribute to microstructure development in 9-

12%Cr steels in order to meet the requirements of the steel’s specifications. The 

heat treatment procedures are usually carried out on the 9-12%Cr steels during 

their manufacturing processes that classify into an austenitizing and tempering 

procedure. Firstly, heating 9-12%Cr steels up to 1100℃ followed by cooling to 
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ambient temperature leads to the formation of a martensitic structure with a high 

dislocation density. Secondly, tempering treatment of 9-12%Cr steels can be 

carried out by reheating up to 750℃ which significantly contributes to improving 

the ductility and impact strength. During the tempering procedure, formation of 

dislocation networks and subgrains within the microstructure of 9-12%Cr steels 

[3, 136]. The different parameters used for the austenitizing and tempering 

processes can affect the microstructure of the steels. Various conditions can be 

used in the austenitizing and tempering processes that lead to change in the 

microstructure of the steels. For instance, utilizing high temperature in 

austenitizing procedure produces rapid expand in width of lath and rapid growth 

in grain size of prior austenite [3].  

A number of material models based on the physical mechanisms of creep have 

been applied to 9–12Cr steels. Esposito et al. [137] have suggested a mechanism 

based model for primary creep assuming that the creep rate in the first region can 

be presented as a function of the secondary creep rate. The results showed that 

the assumed formulation does not depend on the steady state creep formulation. 

It has also been found that the model parameters seem to have a non-linear 

dependence upon stress. A Norton power law with the addition of back stresses 

has been examined by Magnusson and Sandstrom [138] to simulate the creep 

behaviour of the P91. Dislocations, in addition to precipitates, are used to 

simulate the back stress by taking evolution and annihilation of free dislocations 

into account at elevated temperature. The results showed that the model can 

predict only the primary and secondary creep regions, not the tertiary creep 

region. The classical creep power law has been also employed by Spigarelli and 
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Quadrini [139] to describe the minimum creep-rate dependence on applied stress 

for a welded steel joint at elevated temperature. However, the experimental 

investigations have revealed the effects of different grain structures on creep 

response of welds in P91 steel. A different microstructure based model has been 

proposed to assess the long-term creep strength for the P91 steel. The presence of 

precipitates and coarsening of grain is also employed in this model to predict the 

creep strength in the P91 steel. However, the model did not take into account the 

storage and annihilation of dislocations which occurs with a sufficiently long time 

of exposure [140]. 
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Figure 2-18. Flow stress versus temperature for various alloys [18]. 
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2.8 Summary and Knowledge Gaps  

As reviewed in this chapter, significant attempts have been made towards 

modelling the constitutive behaviour of materials experiencing viscoplasticity and 

creep under high-temperature conditions. However, these approaches are limited 

with respect to their prediction of the dislocation density and grain structural 

evolution, which are key to material and structural integrity for power plant 

applications.  

As noted in many of the papers reviewed, routine characterisation of viscoplastic 

and creep behaviours of engineering materials usually involves full-size creep test 

specimens. However, due to their large dimensions, it is impractical to use these 

specimens where only small amounts of material are available for testing. In such 

situations, the testing of small disc specimens of the materials provides a useful 

alternative route for determining viscoplastic and creep properties. 

It is also noticeable from this literature review that one material type used in the 

power plant components are the 9-12%Cr steels which have a good thermo-

mechanical property and enough oxidation resistance. Specifically, the recently 

developed martensitic P91 is widely used for the replacement of conventional 

materials used in power plants. The P91 steel has been characterised reasonably 

well by the previous investigations. However, P91 is successfully investigated by 

using small specimen creep and tensile testing techniques, despite the 

considerable efforts and the continued attempts to understand the microstructure 

of P91 using these SP tests. 
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Therefore, major contributions of the work in this thesis relate to the development 

of physically-based viscoplastic and creep models in order to represent these 

phenomena under realistic conditions within the finite element modelling 

approach. Experimental small punch tensile tests are undertaken, involving the 

bulk deformation behaviour and the microstructure evolution during these tests 

of the P91 steel at 600ºC.  
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FINITE ELEMENT CREEP MODELLING  

 

3.1 Introduction 

Historically, more phenomenological creep models than physically based models 

have been obtained and used to model the creep of materials. One of the most 

popular and well-received models is the Kocks–Mecking–Estrin (KME) model for 

secondary creep which has been developed for a wide range of materials [58, 141]. 

The constitutive equation describes the viscous relation between von Mises 

equivalent stress and plastic strain rate quantities for a given microstructure. 

The microstructural aspects of material properties are well known to exhibit rate 

and temperature-dependent behaviour [66, 68, 65, 69]. 

This chapter is structured as follows: Section 3.2 presents a brief description of 

the constitutive equations of the Kocks-Mecking-Estrin (KME) model which are 

based on microstructural properties. The development of the user material 

subroutine (UMAT) is also detailed in this section. The implementation of the 

constitutive model, in the implicit finite element code ABAQUS/Standard, is also 

presented. Section 3.3 details the material and microstructure of the P91 steel. 

The uniaxial and small punch creep tests for the P91 steel at 600ºC for several 

loads are presented as well. Section 3.4 of this chapter is devoted to the 

application of the model by characterising the material using uniaxial creep and 
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small punch creep cases. These simulations are used to calibrate the accuracy of 

the UMAT by comparing the results from numerical modelling and corresponding 

experimental tests. Finally, conclusions are given in Section 3.5. 

3.2 The KME Model and UMAT Development 

In the present work, in an attempt to overcome some of the repeatability issues, 

the multi-axial KME viscoplastic model is developed and implemented without 

the need to carry out a uniaxial creep test. A user-defined material subroutine 

(UMAT) was developed. The results of the FE analysis for uniaxial creep and 

small punch creep tests using the KME model are compared with experimental 

results to investigate the capability of the numerical model to provide creep 

behaviour predictions for the small punch creep test.  

 

3.2.1 The Kocks-Mecking-Estrin Model 

The Kocks-Mecking-Estrin form is a unified elasto-viscoplastic constitutive model 

which is highly nonlinear and referred to as the kinetic equation by Kocks [58] and 

Mecking [59]. An appropriate mathematical formulation has been presented in 

Equation 3-1. The constitutive equations of this model can be integrated with the 

case of constant plastic strain rate [59] and with constant stress creep [60].  

dσ

dε
= (σ m⁄ )

d lnε̇

dε
+ (σ σ̂⁄ )

dσ̂

dε
                                   ( 3-1)        
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 At the steady state, the evolution of  σ̂  does not change with the strain (
dσ̂

dε
= 0), 

by arrange the Equation (3-1) may provide a simple description of deformation in 

creep as 

d ln(
ε̇

ε̇s
)

dε
= (

θom

σ̂
) [(

ε̇

ε̇s
)
−

1

n
−

1

m
− 1],                          (3-2)                             

where θo is the initial strain hardening within the second stage and ε̇s is steady 

state strain rate. The steady-state strain rate, ε̇c, is used as a function of strain in 

creep tests at constant stress. 

ε̇c = ε̇o
m (m+n)⁄

ε̇o
n (m+n)⁄

 (
σ

αbμM(
k1
k20

)
)

mn (m+n)⁄

,                          (3-3) 

One can simplify Equation (4-3) to give 

ε̇c = ε̇o  (
σ

αbμM(
k1
k20

)
)

p

,                                           (3-4) 

where  
m

(m+n)
+

n

(m+n)
= 1 and  

1

p
=

1

m
+

1

n
 

3.2.2 The Multi-Axial Formulation 

The one-dimensional constitutive equations for the Kocks-Mecking model have 

been derived by Estrin [142]. In this section, the significant aspects of the 3-

dimensional version are discussed. 

Since in most cases of experimental tests, the materials have shown nonlinear 

behaviour, the stress state,  σij, is assumed to be a nonlinear function of the strain 
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state, εij. Thus, using Hooke’s law in chain rule form, these can be re-expressed in 

direct notation to give 

σ̇ij = ∁ijkl ε̇kl
e   ,                                       (3-5) 

where σ̇ij, ε̇kl
e  are the Cauchy stress rate and elastic strain rate tensor respectively 

(a superposed dot refers to the time derivative) while ∁ijkl is the fourth order 

elastic stiffness matrix tensor which depends on the strain, but not on the strain 

rate. 

∁ijkl≡
∂∆σij

∂∆εkl
 ,                                           (3-6) 

In elasto-viscoplasticity, it is usual to split the total strain rate tensor, ε̇ij, into two 

parts, namely an elastic strain rate, ε̇ij
e  and a creep strain rate tensor, ε̇ij 

c , i.e. 

ε̇ij = ε̇ij
e + ε̇ij

c  .                                        (3-7) 

The update of  ε̇ij
e  is given by 

ε̇ij
e⃒n+1 = ε̇ij

e⃒n + (∆εij −    ∆εij 
c ) ,                         (3-8)       

The elastic strain rate tensor can be connected with the rate form of Hooke’s law, 

Equation (4-7), to give:  

σ̇
ij⃒n+1

= ∁ijkl: (ε̇ij
e⃒n + ∆εij −    ∆εij 

c )  ,                           (3-9) 

To derive the incremental constitutive relationship, let us consider an integration 

over one step, ∆t, from t|n  to t|n+1. 
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σij⃒n+1 = σij⃒n +  ∁ijkl: ∆εij − ∁ijkl∶ ∆εij 
c ⃒n+1  ,                (3-10)                      

σij⃒n+1 = σij
tr  − ∁ijkl∶  ∆εij 

c ⃒n+1 ,                                (3-11)  

where σij
tr is an elastic predictor which is known and obtained by assuming the 

increment is entirely elastic, while ∆εij 
c  are the creep strain increments [143]. 

We assume that the creep strain rate ε̇ij
c  is expressed using the Levy-von Mises 

equation as [45]:  

ε̇ij
c = ċ ℕij  ,   ℕij = 

3

2
  

𝒮ij

σ̃
                                 (3-12)                                       

where ċ is the effective creep strain rate, ℕij is the flow direction tensor, and Sij 

denotes the deviatoric stress tensor, while the quantities in Equation (3-13) 

indicate the equivalent stress and equivalent creep strain rate respectively. 

σ̃ =  √
3

2
𝒮ij: 𝒮ij , and ε̇̃c = √

2

3
ε̇ij
c : ε̇ij

c  ,                         (3-13)                            

 

3.2.3 The UMAT Coding and Implementation 

The FE software ABAQUS permits the addition and implementation of various 

constitutive models into the ABAQUS library by using user material subroutines 

(UMATs) [144]. In the present study, the Kocks-Mecking-Estrin constitutive model 

described above for constant stress creep is implemented into ABAQUS by UMAT 

for the P91 steel at 600℃. 
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We here presented the implicit backward Euler integration for the multiaxial case 

of equations in the previous section.  According to Equation (3-4), the rate form of 

the constitutive equation may be written in iterative form as 

∆c =  ε̇o  (
σ

αbμM(
k1
k20

)
)

p

∆t ,                                       (3-14) 

and thus may be expressed in a form suitable for Newton-Raphson iterative 

solution as [38] 

ℛ(∆c) =  ε̇o  (
σ

αbμM(
k1
k20

)
)

p

∆t − ∆c = 0 .                         (3-15)                                 

Using Newton’s method, one has 

ℛ + 
∂ℛ

∂∆εc  δ∆c + ⋯ = 0 ,                                 (3-16)                                            

In this method, an additional iteration step i is introduced to calculate the 

increment in accumulated creep strain that gives ℛ(∆c) =  0 

The first step, i = 0   (initial)     ∆c = 0 

ℛ0 =  ℛ(∆c0) ,                                               (3-17) 

and at the next step, (i)  is replaced with (i + 1), so Equation (3-16) becomes [38] 

δ∆c⃒i+1 = 
ℛ⃒i− 

Δc

Δt
1

Δt
 − 

∂ℛ

∂∆c
⃒δ∆ci

 ,                                         (3-18) 

Now, the effective creep strain increment is updated by  

∆cn+1 = ∆cn +  δ∆c⃒i+1 .                                        (3-19) 
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From Equation (3-12), the creep strain increment tensors are then determined as 

  Δεij
c = 

3

2
Δc

𝒮ij

σ̃
                                                            (3-20) 

The final step is to update the stress by 

σij⃒n+1 = σij⃒n + ∁ijkl∶  ∆εij 
e ⃒n+1 .                         (3-21)                          

The flow chart of the implementation of the UMAT for the creep model is shown 

in Figure 3-1. 
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Given σij⃒n, at time t⃒n , ABAQUS solver calculates ∆εij and  ∆t, 

set up the elasticity matrix ∁ijkl 

σij⃒n+1 = σij⃒n +  ∁ijkl: ∆εij − ∁ijkl∶ ∆εij 
c ⃒n+1  , ∆εij 

c = 0 

Obtain Material properties:  α,M, μ, b, k20, ε̇o,m, n, p   

Compute σ̃, Sij, k1 and normal direction ℕij 

Evaluate  ℛ(∆c) =  ε̇o  (
σ

αbμM(
k1
k20

)
)

p

∆t − ∆c = 0  
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r 

Newton Raphson method for i = i + 1: compute 

 δ∆c =  
ℛ⃒i− Δc

Δt

1
Δt

 − ∂ℛ
∂∆c

⃒
δ∆ci

 

ℛ(∆c), is 

converged? 

Accept ∆cn+1 then compute   

∆cn+1 =  ∆cn +  δ∆c⃒i+1 

∆εij 
c = ∆cℕij, ∆εij 

e = ∆εij − ∆εij 
c , and 

σij = σij + ∁ijkl∶  ∆εij 
e  

End 

Start 

No 

Yes 

Figure 3-1. Flowchart of the implementation of the UMAT for 

creep model. 

  



                                                                                                                 CHAPTER 3 

Page | 68  
 

3.2.4 Material Jacobian Matrix 

The material Jacobian can be described as a partial derivative 

Cijkl ≡
∂∆σij

∂∆εkl
= Cijkl

e + Cijkl
cr ,                                   (3-22)                                      

A closed-form solution to Cijkl
e  the elastic stiffness matrix is always known. A 

closed-form solution to Cijkl
cr  the creep stiffness matrix may or may not be known. 

Reversing the expression for creep stiffness matrix, Cijkl
cr , will furnish the creep 

compliance matrix, Sijkl
cr , as follows: 

Sijkl
cr =

∂∆εij
cr

∂Δσkl
 .                                            (3-23)                                                

The matrix was simplified to the following 

Sijkl
cr = 

3

2
ε̇o σ̂so

−p
∆t [(p − 1)σ̃p−2 ∂σ̃

𝜕Spq
Sij + σ̃p−1δipδjq]

𝜕Spq

∂Δσkl
.           (3-24)             

 

The complete derivation of Equation (3-24) is explained in Appendix A. 

To obtain the stiffness matrix the compliance tensor must be inverted 

Cijkl
cr = (Sijkl

cr )
−1

                                             (3-25) 
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3.3 Uniaxial Creep Tests 

Experimental uniaxial creep and small punch creep tests were conducted on the 

P91 steel at 600ºC. The material chemical composition of the P91 steel used in the 

current work is given in Table 3-1. The conventional creep specimens were 

manufactured from a P91 pipe. The gauge length of the specimen is 50mm, and 

the diameter of the gauge length is 10mm. The dimensions of the uniaxial 

specimen are shown in Figure 3-2. Stress levels of 140, 150, 160, 170, 180MPa 

were used in uniaxial creep tests for the P91 steel at 600℃.  

Table 3-1. Chemical of the P91 steel composition [145, 64]. 

Cr Mo C Si S P Al V Nb N W Fe 

8.60 1.02 0.12 0.34 0.002 0.017 0.007 0.24 0.070 0.060 0.030 Bal 

 

 

Figure 3-2. Uniaxial test specimen, all dimensions in mm. 

 

3.4 FE Uniaxial Creep Model 

The axisymmetric model represented the FE geometry of the uniaxial creep 

specimen. The implementation of the UMAT was carried out with load controlled 

condition in the Y-direction for five levels of stress, i.e., 140, 150, 160, 170, 
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180MPa. The fully boundary conditions were applied in X and Y directions of the 

specimen. Firstly, displacements were constrained to zero in the X-direction for 

all nodes located on the Y-axis. Secondly, movements were limited to zero in the 

Y-direction for all nodes situated on X-axis as shown in Figure 3-3. The 

fundamental objective of FE analysis of the uniaxial creep tests is to validate and 

display capability of creep aspects in the developed model. The material 

constant α, the magnitude of dislocation Burgers vector b, and Taylor factor M 

were taken from [64]; these and other material constants previously used in 

calculations for the P91 steel are listed in Table 3-2.  

Table 3-2. Notation and material constants used in numerical FE for the P91 

steel at 600ºC [64, 61, 146]. 

Parameter Name Value 

ρi Initial Dislocation Density 1 × 1014 m−2 

E Elastic modulus 145 GPa 

v Poisson’s ratio 0.3 

b The magnitude of Burgers vector 2.5 × 10−10 m 

m The exponent of stress sensitivity 55.89 

ε̇o Reference strain rate 1 s−1 

k20 Dynamic recovery 55 

α Constant 0.8 

M  Taylor factor 3.06 
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Figure 3-3. FE axis-symmetric uniaxial creep specimen. 

 

The strain-time curves for uniaxial creep test of 140, 150, 160, 170, and 180MPa 

at 600ºC are shown in Figures 3-4 to 3-6. Uniaxial creep data at 600℃ was used 

to compare with the corresponding FE results. The results obtained show 

excellent agreement though the FE results for the 180MPa test predict a much 

shorter failure life. The unified mechanical model produces typical primary, 

secondary, and tertiary creep responses for all stress levels. The primary creep 

strain increases with stress. The minimum creep strain rate observed in the 

secondary creep regime increases as stress increases. The amount and rate of 

tertiary creep strain increase with stress. 
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Figure 3-4. Experimental and calculated uniaxial creep curves for stresses at 

140 and 150MPa. 

 

Figure 3-5. Experimental and calculated uniaxial creep curves for stresses at 

160 and 170MPa. 
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Figure 3-6. Experimental and calculated uniaxial creep curves for stresses at 

180MPa. 

 

3.5 Modelling of Small Punch Creep Tests 

3.5.1 FE Model 

Finite element modelling of small punch creep for P91 steel at 600℃ was carried 

with five levels of punch loads P1= 25, 28, 30, 34 and 40 kg using the UMAT code. 

Figure 3-7 shows the Schematic three-dimensional of rig for small punch creep 

testing. An axisymmetric finite element model was used. Figure 3-8 shows the 

geometry of the FE model where the punch radius is 1.04mm, the holder and the 

support radius is 0.25mm, the thickness, and radius of the specimen are 0.5 and 

4mm, respectively, the receiving hole radius is 2mm. The punch, the holder, and 

the support were modelled as rigid parts. Approximately half of the surface of the 
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bottom of the specimen is constrained by a support to simulate clamped surface 

to surface. The friction coefficient between these surfaces is assumed to be 0.8 

[147]. The SPCT specimen was considered as a deformable part and was meshed 

with rectangular elements. The contacting interfaces between the top surface of 

the sample and the rigid punch were assigned as surface to surface contacts with 

a coefficient of friction assumed to have a value of 0.2. The simulation was carried 

out with three types of boundary conditions. Firstly, the axial movement and 

rotation around the axis of symmetry of the support were constrained entirely. 

Secondly, the horizontal movement and rotation of punch and holder were also 

restricted. 

 The complete displacement and rotation constraints were applied on the left side 

of the specimen in the X-direction for all nodes located on the Y-axis. The loads 

are directed in the Y direction and are applied to the reference point of for the 

punch which is assumed to be rigid, while a clamping load, 500N, is used on to 

the reference point of holder die. The FE mesh consists of 891 nodes and 800 

bilinear axis-symmetric 4-nodes elements.  
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Figure 3-7. Schematic three-dimensional of rig for small punch creep testing. 
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Figure 3-8. Schematic representation of a FE model for small punch creep 

testing analysis (D=4mm, S=8mm, d=2.08mm, r=0.25mm, ts=0.5mm).                

(a)  Schematic two-dimensional of rig for small punch creep testing.  

(b) Representation loads and boundary conditions of finite element modelled 

part. 
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The punch, holder and support dies were considered as rigid bodies. The specimen 

was implemented as a deformable body with two elements type groups. The first 

group consists of 1480 4-node bilinear axisymmetric quadrilateral, reduced 

integration elements, (CAX4R) while the second group involves 10 3-node linear 

axisymmetric triangle elements (CAX3). Figure 3-9 shows the mesh used for the 

SPCT analysis. The specimen was refined along the contact region between the 

punch and the specimen. The minimum element size, in the refined zone, is 

0.025mm. 

 

 

 

 

 

 

Figure 3-9. FE mesh used for SPCT specimen. 
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3.5.2 Displacement-Time Curves 

The relationship between the coefficient of friction and the magnitude of the 

friction forces is directly proportional. A parametric study of the different friction 

coefficients between the specimen and punch is carried out. The contact between 

the sample and punch was modelled using surface to surface contact with various 

friction coefficients.  Figures 3-10 and 3-11 show the effect of friction coefficient 

for three values (μ = 0.2, 0.3 and, 0.4) each with two cases of loads, namely 34 and 

40kg. From these results, it can be observed clearly that the effect of the 

coefficient of friction on the FE outputs is significant. For a given load level, when 

the friction coefficient increases, the minimum deflection rate will drop and the 

failure time will increase. From the above, one can conclude that the value of the 

friction coefficient of  μ = 0.2 gives the best approximation between modelling and 

practical data. 
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Figure 3-10. Calculated SPCT curve at the variation of the friction coefficient for 

punch load of 30Kg. 

 

Figure 3-11. Calculated SPCT curve at the variation of the friction coefficient for 

punch load of 34Kg. 
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The experimental SPCT curves at five different load levels and the corresponding 

predicted curves are compared in Figures 3-12 to 3-16. The coefficient of friction 

between punch and specimen is assumed to be constant (μ = 0.2) for all applied 

loads.  

 

Figure 3-12. The experimental and calculated SPCT curves at punch load of 

25Kg[74]. 
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Figure 3-13. The experimental and calculated SPCT curves at punch load of  

28Kg [74]. 

 

 

Figure 3-14. The experimental and calculated SPCT curves at punch load of 

30Kg [74]. 
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Figure 3-15. The experimental and calculated SPCT curves at punch load of 

34Kg [74]. 

 

 

Figure 3-16. The experimental and calculated SPCT curves at punch load of 

40Kg [74]. 
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3.5.3 Contours of Displacement, von Mises Stress and Strain 

The FE analysis of SPCTs was carried out using UMAT code through the 

ABAQUS package. Figures 3-17 and 3-18 show the results of punch deformation 

at loads 28 and 30Kg. The displacements of the punch range from 0.727mm for a 

load of 25kg up to 0.946mm for a load of 30kg at 5.2 hrs.  

 

 

Figure 3-17. Contour plot of punch direction deformation of SPCT at punch load 

25Kg. 

 

 



                                                                                                                 CHAPTER 3 

Page | 84  
 

 

Figure 3-18. Contour plot of punch direction deformation of SPCT at punch load 

30Kg. 

 

Figures 3-19 and 3-20 show the distribution of stress at the cross-section of the 

specimen after 6 hours under a constant punch load of 34Kg and 40Kg 

respectively. The highest equivalent stress value is observed at a point located 

about 0.9 mm from the centre of the initial specimen at the start of SPC test (the 

black arrow in the figure indicates the location of the maximum stress value), 

while it drops down at the zone located at about 2.0mm from the centre of the 

specimen.  
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Figure 3-19. Contour plot of the equivalent stress with the SPCT at a punch load 

of 34Kg. 

 

 

Figure 3-20. Contour plot of the equivalent stress with the SPCT at a punch load 

of 40kg. 
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Figure 3-21 shows SEM images of experimental SPC tests for punch load of P1= 

25 kg which are suspended after (a) 2hrs, (b) 200hrs and, (c) 669hrs and the 

corresponding effective strain contour plots. The regions of local deformity were 

nearly identical to those of the experimental specimen tested.  

 

Figure 3-21. Contour plot of strain and SEM images of SPCT at punch load 

25Kg for P91 steel at 600ºC. 
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Figures 3-22 and 3-23 show the variations of equivalent strain under applied 

loads of 34 and 40kg. The directions and locations of the strain data are identified 

in both figures. Equivalent strains also suddenly increase at the region located at 

about 2.0 mm from the centre of the specimen. This deformation may be due to 

severe bending of specimen at the corner of lower die located at 2.0 mm from the 

centre of the sample. Except for this region, maximum equivalent strains occur 

identically at the location of about 0.7 mm. In addition, it is seen that the position 

of the maximum effective strains did not effected by the applied load. 

 

 

Figure 3-22. Contour plot of a strain of SPCT at punch load 34Kg. 

 

 

 



                                                                                                                 CHAPTER 3 

Page | 88  
 

 

Figure 3-23. Contour plot of a strain of SPCT at punch load 40kg. 

 

The mechanisms of the SPCT deformation contrast sharply with those in uniaxial 

creep tests. During the first SPCT regime, the specimen undergoes a severe 

development in shape. Change of the structure causes a decrease in the 

specimen’s stiffness and a change in the deformation mechanism, from bending 

dominated to ‘membrane stretching’ dominated. In the second SPCT regime, the 

controlling mechanism is tensile stretching of the annular region around the 

contact edge between the punch and the specimen. Material creep damage is still 

observed to occur in the secondary SPCT region. The third SPCT region, 

symbolised by developing deformity rate, is governed by creep material 

degradation and specimen necking.  

Although model formulations were based on the assumption of small 

deformations, the FE results indicate the existence of large strains (up to 60%) 

within the SPCT. Notwithstanding this apparent conflict, the UMATs that have 
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been discussed in the current chapter and in the following chapters 4 and 6 are 

still applicable to large deformation problems. This is because the necessary rigid 

body rotations have already been applied to the strain and stress quantities 

within the ABAQUS system before they are supplied to the UMAT subroutine. 
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3.6 Conclusions 

The constitutive equations of the KME model rely on the basic physical 

microstructure and were implemented in the finite element modelling through 

the user material subroutine (UMAT) and evaluated in comparison with the 

experimental results. The testing procedure involved SPCT and uniaxial creep 

tests on the P91 steel at 600ºC.  

 The KME model has been implemented into the finite element scheme 

ABAQUS using UMAT code. The predicted results of SPC and uniaxial 

creep simulations have a good agreement with the corresponding of 

experimental tests.  

 The additional advantage of using the current model is the capability 

to determine the creep model parameters from utilizing 

microstructure information in addition to uniaxial creep data. 

 The influence of friction behaviour of the contact between punch and 

specimen was considered for SPCTs at different levels of load. The 

failure time gradually increases with an increase of the friction 

coefficient. 

 The maximum equivalent strain was observed within an annular zone 

on the underside of the specimen and this weakest location did not 

change even though the timescales to reach failure varied greatly 

across the different loading cases.
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FINITE ELEMENT VISCO-PLASTICITY MODELLING BASED 

UPON DISLOCATION DENSITY  

 

 

4.1 Introduction 

One of the main strengthening mechanisms of the P91 steel comes from immobile 

dislocations where the strain hardening resulting from the rate of dislocation 

evolution/annihilation. So the finite element numerical modelling of the stress-

strain relation, as a first step, is carried out using a dislocation-based material 

model of the P91 steel at a constant strain rate and at elevated temperature. The 

proposed approach follows the models of Kocks [58], Estrin and Mecking [60] in 

which the evolution of dislocation density plays a central role as the internal 

parameter exemplifying the microstructural behaviour of the material. 

This chapter is structured as follows: Section 4.2 presents the KME model 

framework based on the evolution of dislocation density at several strains rates 

and temperatures. The development of the user material subroutine (UMAT) is 

detailed in Section 4.3, in which the implementation of the constitutive model, in 

the implicit finite element code ABAQUS/Standard, is also presented. Section 4.4 

is devoted to the material used in this work. The application of the model to the 
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simulation of uniaxial tensile and creep is described in Section 4.5. These 

simulations are achieved for displacement controlled to give constant strain rate 

and for constant stress loading at elevated temperature. The comparison between 

the calculated FE results and experimental data is presented in Section 4.6. This 

part aims to demonstrate the capability of the implemented implicit model to be 

utilised for structural FE analysis. The influence of internal variables on the 

overall tensile and creep behaviour at different conditions is discussed. Finally, 

concluding remarks and future work are given in Section 4.7.   

4.2 KME Model Framework 

The core of the dislocation density model is the following particular power-law 

form which connects the equivalent plastic strain rate to the equivalent stress. 

The proposed mathematical structure for the viscoplastic constitutive model is a 

power law which suggested by Kocks[58]. 

ε̇(vp) = ε̇o  (
σeq

σf
)
m

,                                              (4-1)                                               

where ε̇(vp) is viscoplastic strain rate,  ε̇o is a reference strain rate, the σeq is 

effective stress, m is an exponent of stress sensitivity and the quantity of  flow 

stress of the strained material, σf. The following microstructural constitutive 

relationship has frequently been observed between flow stress, an internal state 

variable, and dislocation density ρ [60]. 

σf = MαbG√ρ .                                            (4-4-2) 
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Here α is a constant, b is the magnitude of the dislocation Burgers vector, μ  is the 

shear modulus, and M is the Taylor factor. The P91 has a large initial dislocation 

density, with a range of primary states from 1.6 × 1014 m−2 to 7.5 × 1014 m−2 

determined using TEM [3, 148]. The model assumed that the micromechanical 

strength of the material depends upon the pile-up of dislocation-dislocation 

interactions. All other reasons that act to prevent dislocation slip have been 

neglected. The evolution of dislocation density ρ, which is taken as a primary 

variable that describes work hardening, can be expressed as 

∆ρ =  M k1√ρ − k2ρ ∆ε(vp),                           (4-3) 

The first term in the right hand side of Equation (4-3) represents an athermal 

process where k1 is constant which accounts for the static recovery, and can be 

evaluated as 

k1 = 2(
θII

μ
) (αb)−1,                                   (4-4) 

where ΘII is strain hardening rate at the second stage which is given by the 

expression 

ΘII =
1

2
 M2αμbk1 (

ε̇(vp)

ε̇o
)
1 m⁄

 .                          (4-5) 

or can be estimated to be of the order of  
μ

20
− 

μ

30
 [58]. 

The second term in the right side of Equation (4-3) relates to a dynamic recovery 

process that is controlled by the softening of stored dislocations within a 
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crystalline grain. The coefficient of dynamic recovery (k2) represents a thermally-

activated action of dynamic recovery by dislocation glide. Since the dynamic 

process is thermally activated, k2 is a function of strain rate and temperature, 

k2 = k2(ε̇, T), and can be expressed as follows [61]: 

k2 = k20   (
ε̇(vp)

ε̇o
)

−1
q⁄

.                              (4-4-6) 

where k20 is a constant, ε̇(vp) is the plastic strain rate, and q is the exponent of 

dynamic recovery which is given by [58] 

q =
Λ

kbT
   ,                                      (4-7) 

where kb is the Boltzmann constant, T is the temperature in Kelvin, and Λ is a 

constant. In the case of a coarse-grained single phase material for which the 

plastic strain rate is constant, the stress-strain behaviour can now be determined 

from the set of equations 

ε̇(vp) = ε̇o  (
σeq

σf
)
m

, 

σf = Mαbμ√ρ , 

∆ρ =  M k1√ρ − k2ρ ∆ε(vp),                                                                            (4-8 a-d) 

k2 = k20   (
ε̇(vp)

ε̇o
)

−1
q⁄

.                                                

Equation set 4-8 can be solved numerically using a UMAT for the case of 

multiaxial deformation with constant plastic strain rate and temperature. 
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4.3 User Material Subroutine UMAT Development 

UMAT is an interface that allows the user to implement a constitutive equation 

within the ABAQUS/Standard finite element framework. This interface is used 

when none of the existing material models included in the ABAQUS material 

library is appropriate. It also makes its possible to define complex constitutive 

models which be used with any mesh element type with the ABAQUS geometry. 

In the next section, the constitutive equations of the developed dislocation 

density-based model will be derived and implemented. The proposed 

computational algorithm features are fully implicit integration and return 

mapping based on a two-step elastic predictor/plastic corrector strategy. 

 

4.3.1 The Multiaxial Extension of the Constitutive Model 

The following equation defines Hooke's law for a multi-axial state regarding stress 

and strain tensors: 

σij = 2μ εij
(e)

+  λεkk
(e)

δij ,                                    (4-9) 

where μ denotes the shear modulus, λ the Lame constant,  εkk  is the trace of a 

second-order tensor, εij, while δij is the Kronecker delta tensor. 

In the domain of elastoplasticity and viscoplasticity, the total strain tensor ε is 

commonly assumed to be split into two parts: elastic (recoverable) ε(e)  and visco-

plastic (irrecoverable) ε(vp) parts. In the following, we consider a time 

increment  ∆t = tn+1 − tn. It is assumed that the elastic strains at the beginning 
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of the time step,  tn, and the value of the total strain increment Δε are known, and 

the aim is then to find the solution for the elastic strains at the end of the time 

step, tn+1, as 

εij
(e)(tn+1)

= εij
(e)(tn)

+ (Δεij
(tn+1)

− Δεij
(vp)(tn+1)

 ) ,                       (4-10) 

where Δεij
(tn+1)

 and Δεij
(vp)(tn+1)

 are total and plastic strain increments respectively 

so that  

∆σij
(tn+1)

= 2μ(εij
(e)(tn)

+ Δεij
(tn+1)

) +  λ (εkk
(e)(tn)

+ Δεkk
(tn+1)

)δij − 2μ(Δεij
(vp)(tn+1)

),     (4-11) 

 

since  Δεkk
(vp)(tn+1)

= 0 

The procedure is split into two steps. In the first step, it is assumed that the 

inelastic strains do not evolve and that only elastic strains are generated. This 

step is called the elastic predictor. Then, in the second step, the total strain is 

assumed to be fixed, and the error in stress is corrected by developing inelastic 

strains. The latter step is called an inelastic corrector, 2μ (Δεij
(vp)(tn+1)

). 

The elastic predictor, or trial stress, is given by 

∆σij
(trial)(tn+1)

= 2μ (εij
(e)(tn)

+ Δεij
(tn+1)

) +  λ (εkk
(e)(tn)

+ Δεkk
(tn+1)

) δij  ,            (4-12) 

Thus, the numerical integration of the Hooke's law Equation (4-11) using a fully 

implicit backward Euler time discretisation methods leads to: 
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∆σij
(tn+1)

= ∆σij
(trial)(tn+1)

−  2μ (Δεij
(vp)(tn+1)

)  ,                     (4-13) 

where  ∆σij
(trial)(n+1)

 is the increment in trial stress which is known, and obtained 

by assuming the increment is entirely elastic. The plastic strain tensor 

increments ∆εij
(vp)

is defined using the Levy-Mises flow rules: 

 ∆εij 
(vp)(tn+1)

= Δp(tn+1) 𝒩ij
(tn+1)

 ,                             (4-14) 

𝒩ij
(tn+1)

=
3

2

𝒮ij
(tn+1)

 σeq
(tn+1) .                                       (4-15) 

Where 𝒩𝑖𝑗 is the flow direction tensor, 𝒮ij denotes the deviatoric stress tensor, 

while Δp is the increment in effective plastic strain which is solved iteratively as  

∆p(n+1)(k+1) = ∆p(n+1)(k) + δ∆p(n+1)(k) ,                     (4-16) 

The deviatoric parts of the stress and strain are given, respectively, in the 

following form as 

𝒮ij
(tn+1)

= σij
(tn+1)

−
1

3
σkkδij,    eij

(tn+1)
= εij

(tn+1)
−

1

3
εkkδij.       (4-17) 

Thus, using Equation (4-11),  

∆𝒮ij
(tn+1)

= 2μ(Δeij
(tn+1)

− Δεij
(p)(tn+1)

),   ∆𝒮ij
(trial)(tn+1)

= 2μ Δeij
(tn+1)

   (4-18) 

Substituting into Equation (4-11) gives 
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∆σij
(tn+1)

= ∆𝒮ij
(tn+1)

+  λ (εkk
(e)(tn)

+ Δεkk
(tn+1)

− Δεkk
(vp)(tn+1)

) δij ,       (4-19) 

The increment in deviatoric stress at the end of the time step, tn+1, may be written 

as 

∆𝒮ij
(tn+1)

= ∆𝒮ij
(trial)(tn+1)

− 2μΔp(tn+1) 𝒩ij
(tn+1)

 ,                  (4-20) 

and therefore 

𝒮ij
(tn+1)

= 𝒮ij
(trial)(tn+1)

− 2μΔp(tn+1) 𝒩ij
(tn+1)

 ,               (4-21) 

which can be expressed, making use of the flow direction tensor, 𝒩ij, as 

2

3
 σeq

(tn+1)
=

2

3
 σeq

(trial)(tn+1)
− 2μΔp(tn+1) ,                  (4-22) 

Finally, the following relationship links the predictor and the equivalent von 

Mises stress: 

σeq
(tn+1)

= σeq
(trial)(tn+1)

− 3μΔp(tn+1) .                   (4-23) 
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4.3.2 Implicit numerical implementation of the dislocation-based model 

The essential equations for the KME visco-plastic prediction at the end of the time 

step, tn+1, are written as 

∆p(n+1)(k+1) = ∆p(n+1)(k) + δ∆p(n+1)(k) ,                        

 ∆εij 
(vp)(tn+1)

= Δp(tn+1) 𝒩ij
(tn+1)

 , 

 ∆Sij
(tn+1)

= 𝒮ij
(trial)(tn+1)

− 2μ(Δeij
(tn+1)

− Δεij
(vp)(tn+1)

),                                    ( 4-24 a-d) 

∆σij
(tn+1)

= ∆𝒮ij
(tn+1)

+  λ (εkk
(e)(tn)

+ Δεkk
(tn+1)

− Δεkk
(vp)(tn+1)

) δij . 

The trial quantities may be determined by solving the set of Equations 4-24 

numerically.  

∆𝒮ij
(trial)(tn+1)

= 2μ Δeij
(tn+1)

,                           (4-25)  

∆σij
(trial)(tn+1)

= ∆𝒮ij
(trial)(tn+1)

+  λ (εkk
(e)(tn)

+ Δεkk
(tn+1)

− Δεkk
(vp)(tn+1)

) δij ,   (4-26) 

There are various types of constitutive equations used to represent the viscous 

stress, but they often contain the effective plastic strain rate dependent (ṗ), 

Equation (4-1) becomes  

ṗ =  ε̇o  (
σeq

σf
)
m

,                                          (4-27)         

Equation (4-27) is a constitutive equation relating plastic strain rate to stress, 

and which depends upon internal variable; the isotropic hardening of flow 

stress, σf. The constitutive equation, such as (4-27), is utilised within the 
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viscoplasticity FE model, which relates the effective plastic strain rate to the 

stress and internal hardening variables. 

From Section 4-2, Equation (4-8 b), the hardening rate is given by 

σ̇f = Mαbμ√ρ̇ ,                                                  (4-28) 

 

In this chapter, the evolution of mobile dislocation density rate (ρ̇) is 

characterized in terms of the plastic deformation rate. From Section 4-2, Equation 

(4-8 c), the evolution of dislocation rate is given by 

ρ̇ =  M k1√ρ − k2ρ ṗ,                                         (4-29)    

The fundamental equation for the numerical identification is defined by 

substituting Equation (4-23) into (4-27)          

ṗ = ε̇o (
σeq

(trial)
−3μ∆p

Mαbμ√ρ
)

m

,                             (4-30)         

where the effective trial stress is known.  

From Equation (4-24 b), for a viscoplastic material, the plastic strain rate can be 

written as     

 ε̇ij 
(vp)

= ṗ 𝒩ij ,                                     (4-31) 

in which, for viscoplasticity, ṗ is now characterize by a constitutive equation 

which, for isotropic hardening, can be written as        
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ṗ = Φ(σij, σf).                                      (4-32)                              

Implicit backward Euler integration will be used in this study for the multiaxial 

case of the viscoplastic constitutive equation. Equation (4-32) may be written in 

an incremental form, consider isotropic hardening, as       

 ∆p = Φ(∆p, ρ)∆t =  ε̇o (
σeq

(trial)
−3μ∆p

Mαbμ√ρ
)

m

∆t                                 (4-33) 

This equation takes a non-linear form which may be solved iteratively using the 

Newton-Raphson method and we may write this in a form suitable for Newton’s 

iterative solution, in order to solve for the unknown Δp, as                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                             

ψ(∆p, ρ) = ∆p − Φ(∆p, ρ)∆t = ∆p − ε̇o (
σeq

(trial)
−3μ∆p

Mαbμ√ρ
)

m

∆t = 0.                  (4-34) 

Using Newton’s method, we have  

ψ(n+1)(k) + (
∂ψ

∂∆p
)
(n+1)(k)

δ∆p(n+1)(k+1) + (
∂ψ

∂ρ

∂ρ

∂∆p
)
(n+1)(k)

δ∆p(n+1)(k+1) = 0.        (4-35) 

In Equation (4-35), an additional incremental step (k) is introduced. Differentiating 

(4-34) and substituting into (4-35) gives 

∆p − ε̇o (
σeq

(trial)
−3μ∆p

Mαbμ√ρ
)

m

∆t + (1 − (
∂ψ

∂∆p
)
(n+1)(k)

∆t)  δ∆p(n+1)(k+1) −

(
∂ψ

∂ρ

∂ρ

∂∆p
)
(n+1)(k)

∆t δ∆p(n+1)(k+1) = 0             (4-36) 

Rearranging (4-36) gives 
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δ∆p(n+1)(k+1) =
 ε̇o(

σeq
(trial)

−3μ∆p

Mαbμ√ρ
)

m

−
∆p

∆t

1 

∆t
 − (

∂ψ

∂∆p
)
(n+1)(k)

− (
∂ψ

∂ρ

∂ρ

∂∆p
)
(n+1)(k) .                 (4-37) 

When the norm of ψ is less than a specified tolerance, the iterative Newton-

Raphson schema ends. The scalar value of a given quantity of accumulated plastic 

deformation, ∆p, is updated from the previous time step (tn) to the current step 

(tn+1), using Equation (4-24a). The plastic strain increment tensor, ∆εij 
(vp)(tn+1)

, is 

computed using Equation (4-24b). From Equations (4-24c) and (4-24d), the 

updated stress tensor can be computed from the relation: 

σij
(tn+1)

= σij
(tn)

+ ∆σij
(tn+1)

 .                                (4-38) 

The flow chart of the implementation of the UMAT for the Kocks-Mecking-Estrin 

(KME) model is shown in Figure 4-1. 
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Figure 4-1. Flowchart of the implementation of the UMAT for the KME model. 
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4.4 Material and Crystal map of the P91 steel 

In order to provide data for validation of the model described in Section 3.3, 

experimental tensile and uniaxial creep tests were conducted on the P91 steel at 

600ºC. The material chemical composition of the P91 steel used in the current 

work is given in Table 3-1. The material parameters which are used in this 

determination shown in Table 4-1.     

Table 4-1. Notation and material parameters used in numerical calculations for 

Cu and P91 steel. 

Material 

properties 
Name Cu [69] P91 steel [64] Units 

ρi Initial Dislocation Density 3 × 1013 1.37 × 1013 m−2 

E Elastic modulus 100 150  GPa 

v Poisson’s ratio 0.33 0.3 unitless 
b Magnitude of Burgers vector 2.56 × 10−10  2.56 × 10−10  m 

m Exponent of Stress 

Sensitivity 

232 55.9  unitless 

ε̇o Reference strain rate 1.0 1.0 s−1 

k20 Dynamic recovery 30 55 unitless 
q Stress exponent coefficient 23 14.9 unitless 
α Constant 0.2 − 0.5 0.8 − 1 unitless 
M  Taylor factor √3 − 3.06 √3 − 3.06 unitless 

 

 

 

4.5 Application of the UMAT to Finite Element Model 

In the previous section, the principle of the user material subroutine UMAT is 

introduced, along with the implementation of the constitutive dislocation model 

via the UMAT developed the prototype Kocks-Mecking-Estrin constitutive model 

for constant strain rate is implemented into the finite element code ABAQUS in 

the form of a UMAT. The conventional uniaxial tensile and creep specimens were 
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manufactured from a P91 pipe. The gauge length of the specimen is 50mm and 

the diameter of the gauge length is 10mm. 

4.5.1 Structural Finite Element  

The suggested UMAT coding within ABAQUS standard is utilised to undertake 

FE modelling of the uniaxial tensile and creep tests to clarify the capability of the 

dislocation-based material model. Two examples of FE structural analysis are 

used to simulate the uniaxial behaviour, under tension and creep respectively of 

the P91 steel at 600ºC. The mesh and boundary conditions used are shown in 

Figure 4-2. The mesh consists of 673 axisymmetric quadrilateral elements. Only 

a quarter section was modelled due to symmetry. By using the geometrically non-

linear (GNL) approach the uniaxial tensile specimen, the FE model can take into 

account the significant deformations and changes of section which occur for large 

engineering strains. The tensile model was subjected to a displacement-controlled 

condition with constant strain rate, while the creep model was run pressure 

controlled conditions for five levels of stress, i.e., 140, 150, 160, 170 and 180MPa 

at the top of specimen in the positive Y direction. Two boundary conditions were 

applied on X and Y directions of the specimen: complete displacement constraint 

in the X-direction for all nodes located on the Y-axis; and complete displacement 

constraint in the Y-direction for all nodes located on the X-axis.  
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Figure 4-2. FE mesh and boundary conditions of the uniaxial tensile and creep 

specimen. 

 

 

4.6 Model Implementation Abilities and Discussion 

4.6.1 Uniaxial Tensile Behaviour 

In order to investigate the influence of strain rate and temperature on the flow 

stress behaviour, contour shapes and two-dimensional plots of the state variable 

data are robust features to present and visualise the results. The radial return 

mapping algorithm presented above has been implemented in the finite element 

model. The predict stress-strain relationships of tensile behaviour were presented 

for Cu and the P91 steel at various strain rates and at different temperatures.  

 Figure 4-3 gives a comparison of various anticipated results of FE analysis stress-

strain curves with the corresponding published experimental data [149] at room 

temperature with different strain rates for Cu, ranging from 10−4 s−1  to 10−2 s−1. 

It can be found out that a change in the strain has a directly proportional effect 

on the stress-strain relations. Therefore, according to the results obtained, the 

stress will increase instantly with increasing strain rate and vice versa. 
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Figure 4-3. The comparison results between the simulated true stress-strain 

curves and the corresponding published data of Cu at RT with different strain 

rate [149]. 

 

 

 

The influence of temperature on the flow stress has been also examined at the 

elevated temperature with a constant strain rate. The comparison of thermo-

mechanical FE and experimental results of the P91 steel at 600℃ and at a strain 

rate of 0.0005s−1 is presented. The contour plot shown in Figure 4-4 exhibits an 

axisymmetric effective plastic distribution, while Figure 4-5 shows a contour plot 

of the flow stress at failure for a strain rate of 0.0005s−1.  
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The total of dislocation density can be determined by assuming an initial of 

dislocation density of  ρ = 1.73 × 1013 m−2. Figure 4-6 shows the contour plot of 

the total dislocation density. The evolution of dislocation density is obviously 

determined by the relative plastic strain at applied deformation conditions 

(constant strain rate and elevated temperature). It can be clearly seen that the 

value of saturated (total) dislocation density is to 1.38 × 1014m−2 at the centre of 

the specimen.  

Figure 4-7 shows the simulated stress/strain curves obtained from the uniaxial 

tensile FE model, and an experimental tensile test carried out on P91 steel at 

600℃. The FE data showed the same ultimate tensile strength as the 

experimental results. The experimental data are seen to fit well with the FE 

simulated curves, as shown in Figure 4-7. The change of dislocation structure, (a 

combination of the effect of strain and temperature), represents the microscopic 

behaviour of the material. These three factors could be separated by making a 

change of strain rate or temperature in the uniaxial tensile test.   
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Figure 4-4. Contour plot of the effective plastic strain at failure for the P91 steel 

at 600ºC. 

 

 

 

 

 

 

 

Figure 4-5. Contour plot of the flow stress at failure for the P91 steel at 600ºC. 
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Figure 4-6. Contour plot of the total dislocation density at failure for the P91 

steel at 600ºC. 

 

 

 

Figure 4-7. Experimental and numerical stress-strain curves for the P91 steel at 

600ºC. 

 

Figures 4-8 shows the simulation dislocation density/strain curves for the P91 at 

the strain rate 10−4s−1 and an isothermal temperature of 600ºC. It can be seen 

that the total of dislocation density value of  ρ = 1.4 × 1014 m−2.  
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Figure 4-8. Total of dislocation density along with effective plastic strain for the 

P91 steel at 600℃. 

  

4.6.2 Uniaxial Creep Behaviour 

The strain-time curves for uniaxial creep test of 180, 170, 160MPa at 600ºC are 

shown in Figure 4-9 and of 150 and 140MPa at 600ºC are shown in Figure 4-10. 

The experimental creep results at 600ºC were used to compare with the 

corresponding FE results. The results obtained show excellent agreement with 

data is achieved of the constant stress of 140, 150, 160, 170, and 180MPa.  The 

FE results for the 180MPa test predict much shorter time to failure. The unified 

mechanical model produces typical primary, secondary, and tertiary creep 

responses for all stress levels. The primary creep strain increases with stress. The 

minimum creep strain rate observed in the secondary creep regime increases as 

the stress increases. The amount and rate of tertiary creep strain increase with 



                                                                                                                 CHAPTER 4 

Page | 112  
 

stress. The current microstructural model approximates the hardening, softening, 

and steady-state behaviour undoubtedly well when compared to the capability of 

phenomenological constitutive models. 

The evolution of dislocation density with respect to time for uniaxial creep test of 

160, 170, and 180MPa at 600ºC is shown in Figure 4-11 and 140, 150MPa at 600ºC 

is shown in Figure 4-12. A systematic increase in the values of dislocation density 

with increasing applied loads has been observed for the P91 steel. 

 

 

 

Figure 4-9. Experimental and calculated uniaxial creep curves for stresses at 

160, 170 and 180MPa. 
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Figure 4-10. Experimental and calculated uniaxial creep curves for stresses at 

140 and 150MPa. 

 

 

 

Figure 4-11. Influence of applied stress on dislocation density for constant stress 

tests at 160, 170 and 180MPa. 
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Figure 4-12. Influence of applied stress on dislocation density for constant stress 

tests at 140 and 150MPa. 

Although the FE simulation results for dislocation density evolution at high 

temperature appear satisfactory, it is essential to validate them against 

experimental observations of dislocation density.  

Figure 4-13 shows the minimum creep strain rate data for the P91 steel at 600℃ 

for the constant stress tests at 140, 150, 160, 170 and 180 MPa. Figure 4-14 shows 

the variation of the minimum strain rate ε̇min versus the applied stress 𝜎 using 

logarithmic scales. A power law correlation between ε̇min and σ was found and 

is represented by Equation (4-32), where ε̇min is expressed in 
1

hrs
 and σ in MPa. 

ε̇min = 4.731 × 10−33σ13.831.                                 (4-39)                               
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Figure 4-15 shows the variation of the failure time tf versus the applied stress σ. 

A power law correlation between tf and σ was found and is represented by 

Equation (4-33), where tf is expressed in hrs and σ in MPa.  

tf = 2.69 × 1030σ12.667.                                  (4-40) 

 

 

Figure 4-13. Variation of minimum strain rate versus applied stress. 
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Figure 4-14. Variation of strain rate versus applied stress. 
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Figure 4-15. Variation of time to failure versus applied stress. 
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4.7 Concluding Remarks  

In this chapter, a new numerically implicit, three-dimensional formulation of the 

KME model has been proposed. It has been implemented on the basis of the radial 

return mapping algorithm as an ABAQUS User Material. The FE results are 

compared to the tensile tests for a range of strain rates from 10−2 s−1 to 10−4 s−1 

at room temperature for Cu and strain rate of 10−4 s−1 at 600°C for P91 steel. 

Good predictive ability is observed between experiments and simulations. It is 

evident that the pile-up of dislocations in the region close to a grain boundary is 

strongly related to strain hardening. The dislocation density increases gradually 

over time, eventually tending to a steady-state value. Therefore, the flow stress 

in the crystallite relies on the dislocation density evolution which is related to the 

strain rate and temperature. The model capability for structural analysis has 

been presented through numerical examples of monotonic loading. FE 

implementation of the present visco-plasticity framework results in a good tool to 

predict creep behaviour using microstructural features at elevated temperature. 

Within this approach, prediction of time to fracture is also of critical importance. 

The material model has been developed to capture of creep behaviour under 

constant stress through the evolution of dislocation density. These 

microstructural parameters can be used to predict failure. 



                                                                                                                 CHAPTER 5 

Page | 119  
 

 

                                                                                

HIGH TEMPERATURE DEFORMATION AND FRACTURE 

PROCESS DURING SPT TESTS 

 

5.1 Introduction 

In the last ten years, testing techniques using miniature samples have received 

ever-increasing attention from the electricity generation industry for situations 

where the amount of material used in the test is limited [70, 71].  Structural 

components such as those found in thermal power plants that operate under 

increased steam temperature and pressure conditions usually undergo creep and 

plasticity damage induced by volumetric inclusions such as voids and cracks.  

One of the main strengthening mechanisms comes from Dislocation via (i) 

dislocation-dislocation interactions in which immobile dislocations were an 

obstacle to the mobile dislocations, (ii) strain hardening resulting from the rate of 

dislocation evolution/annihilation, (iii) the pile-ups of mobile dislocation at the 

grain boundary [150]. Precipitation hardening is final strengthening mechanisms 

in the P91 steel. The precipitates consist of carbides of mainly Cr23C6 type which 

is located at the prior austenite grain and packet boundaries, and MX type (M=V 

or Nb and X=N or C) which is found in the martensite laths interiors and 

martensite lath boundaries. The typical dimensions of the Cr23C6 carbides and the 



                                                                                                                 CHAPTER 5 

Page | 120  
 

MX solutes are approximately up to 100nm and 20nm respectively ( miss ref.). 

The Cr23C6 particles can enhance the creep properties of the tempered P91 due to 

fixing mobile dislocation and sub-grain boundaries [151]. The small martensitic 

microstructure of P91 steel is stable and has a good creep and corrosion strength 

at a temperature up to 600°C. However, P91 components may encounter problems 

of degradation of properties results from the evolution of microstructure at the 

elevated temperature and the over-heating at a long service exposure time [151].  

One of the critical reasons for a loss of strength for P91 steel under tensile 

conditions is work softening, which typically occurs in materials with a high 

initial dislocation density. Metallurgical changes of the initial martensitic lath 

microstructure produce a significant effect under tensile conditions. The process 

of lath martensitic recovery is produced by the growing size of the Cr23C6 and the 

MX type carbides. Coarsening of carbides and precipitation may mainly occur 

around grain boundary and in martensitic laths interiors respectively [152, 153]. 

Due to the complicated nature of the evolution of microstructural P91 steel [154, 

155], this chapter describes the results of physical characterisation of the high-

temperature deformation and fracture process of the P91 steel via SPTT at 600ºC. 

Disc specimens, 8 mm in diameter and 0.5 mm in thickness, were tested in a small 

punch test rig at 600°C using a constant displacement rate of 2 µm/s. Interrupted 

small punch tensile tests were performed to investigate the microstructural 

evolution in different deformation regimes. Another objective is to gain an insight 

into the relationship that may exist between the physical model behaviour and 

the underlying microscopic mechanisms (bulk deformation behaviour, 

microstructural evolution and grain structure change). A physical 
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characterisation of the deformed specimens was conducted via scanning electron 

microscopy and electron backscatter diffraction. The chapter is structured as 

follows: Section 2 describes the test material and experimental procedure where 

the small punch rig and SPTT are also described. The load-displacement and bulk 

deformation behaviour are presented in Section 3. Section 4 is devoted to the 

physical characterisation of plastic deformation process, including 

microstructural evolution, void progression and grain structure. The deformation 

regimes, the energy of plasticity and fracture mechanisms are discussed in 

Section 5. Finally, conclusions are given in Section 6.  

5.2 Material and Experimental Procedure 

5.2.1 The P91 Steel 

In as-received states, the microstructure of the P91 steel is typically characterised 

to consist of a multi-scale architecture shown schematically in Figure 5-1. The 

average grain size of the austenite structure varies between 10 and 60 µm relying 

upon normalising heat treatment at the temperature range of 1030-1080°C [156]. 

The P91 material is then cooled rapidly to produce a distribution of chromium 

carbide, and an extremely high dislocation density [157]. Each prior austenitic 

grain consists of a few packets which result from the martensitic transformation 

due to a tempering heat treatment in the temperature range of 730-780°C for 1-2 

hour. These packets include several blocks which have a typical dimension about 

4 µm [158]. Such blocks are divided into martensitic laths that also arise from the 

martensitic transformation. The average width of martensitic laths is 0.535 µm 

[154]. The complex matrix structure, described above, results in the main 



                                                                                                                 CHAPTER 5 

Page | 122  
 

strengthening mechanism of the P91 material [150]. The further strength 

mechanism for the matrix microstructure is produced by high initial dislocation 

density and various precipitates.  

As one of the key 9-12% Cr ferritic steels, P91 steel has high creep strength with 

good weldability and fracture toughness and has been extensively used all over 

the world for headers and steam pipes in ultra-supercritical plants [159]. In the 

present work, the P91 steel has been used to carry out the SPTT at 600°C. The 

chemical compositions, in wt. %, of the as-received P91 steel tabulated in Table 3-

1, are also provided in [160, 161]. The as-received P91 steel was machined into a 

cylinder shape with diameter 8 mm and was then sliced into disc SPTT specimens 

with a thickness slightly larger than 0.5 mm using wire electro-discharge 

machining. The specimens were then ground down to a final thickness of 0.5 mm 

using 1200-grade silicon carbide papers. 
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Figure 5-1. Scheme of the microstructural of the P91 steel. 

5.2.2 The Small Punch Tensile Testing 

A Tinius Olsen H5KS single column material testing machine was used to 

perform the SPTTs, see Figure 5-2. A 1.0 KN load cell, which has a loading 

accuracy of ± 0.5% of the applied load, is installed to measure the load transmitted 

to the specimen through a hemispherical punch head. The displacement of the 

punch was recorded as the average reading of two linear variable differential 

transformers, which have an accuracy of ± 0.01 mm, a resolution of 1 µm and a 

speed resolution of 1 µm/min. A constant displacement rate of 2 µm/s was applied 

to the punch and a backoff speed of 4 mm/s was applied when the specimen has 

failed or when the displacement of the punch has reached the setting values (for 

interrupted tests). The loading assembly of the small punch test rig is shown in 

Figure 5-3. The radius of the punch (2) is 1.04 mm, the receiving hole diameter of 

the die (7) and the holder (3) is 4 mm. The specimen (1) is clamped tightly by the 
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screw nut (4) and the holder (3) onto the die. The holder, which cannot rotate due 

to the locating pins (5), rests on top of the specimen and prevents the specimen 

from sliding. The rig, together with the specimen, is held at a constant 

temperature of 600 ± 1 °C by a furnace. A thermocouple (6) is positioned close to 

the top surface of the specimen to control and monitor the testing temperature. 

 

 

Figure 5-2. The small punch testing machine with the furnace. 
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Figure 5-3. Detailed drawing of the rig, the part numbers are as follows:  

1. Specimen, 2. Hemispherical punch, 3. Upper holder,  

4. Screwing nut, 5. Locating pin, 6. Thermocouple, and 7. Die. 

 

5.2.3 Microstructural Characterisation 

The microstructures of the tested specimens were examined in a Zeiss field 

emission gun scanning electron microscope (SEM) operated at 20 kV. The 

morphology of the deformed P91 specimens was characterised using secondary 

electron (SE) imaging. Cross-sections of the deformed specimens were mounted in 

a conductive resin, successively ground and polished to 1 µm surface finish and 

were investigated using backscattered electron (BSE) imaging. The semi-

quantitative energy dispersive X-ray spectroscopy (EDS) was utilised for phase 

identification. To elucidate the evolution of grain morphology during the SPTTs, 

SEM-based electron backscattered diffraction (EBSD) was employed in a FEI 

Quanta 250 SEM equipped with an EBSD detector (Oxford Nordlys Max2). 
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Samples for EBSD underwent a further polishing stage using colloidal silica 

suspension to achieve minimum surface deformation. The EBSD system was 

operated at an accelerating voltage of 20 kV with a specimen tilt angle of 70°. 

EBSD mappings were conducted in areas of 30 µm × 20 µm at a step size of 0.15 

µm. 

5.3 Mechanical Behaviour 

5.3.1 Load-Displacement Curves and Macroscopic Interrupted Patterns 

A schematic diagram of the applied force, F, and displacement, u, of SPTT for a 

ductile material is shown in Figure 5-4.  According to Abendroth and Dymacek 

[162, 163], the F-u curve can be separated into six stages. Stage I represents the 

elastic deformation of the specimen. Stage II represents the transition between 

elastic and plastic deformation. The primary plastic deformation mechanism of 

material is based on the work-hardening property which is produced by the 

competition between variation and softening of structural parameters. The first 

conception, the evolution of microstructural parameters, could be occurring 

during stage III, while the second conception may be assumed to follow the first 

conception which is associated with stage IV. The damage variation also happens 

during this stage which leads to reducing in the thickness around the centre of 

the specimen. The crack initiation may begin during stage V, then crack 

degradation continues with the marginal decrease in F-u curve which is due to 

failure at stage VI [163]. 
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Figure 5-4. Schematic diagram of the SPTT load-displacement curve. 

 

Thus, to investigate the physical nature of the deformation process and the 

fracture behaviour of the P91 steel at 600 °C, a series of interrupted SPTTs have 

been carried out. Firstly, two specimens are used to perform the repeated SPTTs 

for the whole stroke until fracture. The whole load-displacement curves obtained 

are shown in Figure 5-5. The maximum force, Fmax, achieved is 634 N; this force 

is assumed to be related to the ultimate tensile stress σULT at 600 °C. Another 

important parameter is the punch displacement at the maximum load, uFmax
, 

which is believed be related to the ductility of the P91 steel at 600°C. It is seen 

that the experimentally obtained whole load-displacement curves in Figure 5-5 

are similar to the curve in Figure 5-4. 
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Figure 5-5. The punch load-displacement curves of the whole stroke till material 

failure. 

 

To investigate the deformation mechanisms of P91 in SPTT, the key interrupted 

displacements of the punch were determined based on the schematic load-

displacement diagram as shown in Figure 5-4. The main objective of interrupted 

SPTTs is to provide “In Situ” investigations into the evolution of microstructures 

and deformation mechanisms at each stage of the SPTT until fracture. Seven 

interrupted SPTTs were conducted on the P91 steel at 600 °C in Figures 5-6 to 5-

12. The interrupted displacements are set as 0.26, 0.60, 1.00, 1.25, 1.50, 1.65 and 

1.74 mm respectively to represent the six deformation regimes in Figure 5-4. 0.26 

mm indicates the transition region from elastic deformation to plastic 

deformation. 0.6 mm was taken to represent the plastic deformation region. 1 mm 

shows the deformation region where the microstructural variations start to occur. 

1.25 mm was selected to approximate the displacement at maximum load. 1.5 mm 
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was chosen as a displacement just after the maximum load to observe the 

development of damage. 1.65 mm which correlates with stage V in Figure 5-4 is 

used to study the mechanisms of void nucleation and crack initiation. Finally, 

1.74 mm is assumed to be the displacement very close to fracture to investigate 

the fracture mechanism of P91 during SPTT. The microscopic iterrupted and 

fracture patterns obserevd for the P91 at 600℃ are shown in Figure 5-13. 

 

Figure 5-6. Interrupted stroke at 0.26 mm and whole stroke. 
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Figure 5-7. Interrupted stroke at 0.6 mm and whole stroke. 

 

 

Figure 5-8. Interrupted stroke at 1.0 mm and whole stroke. 
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Figure 5-9. Interrupted stroke at 1.25 mm and whole stroke. 

 

Figure 5-10. Interrupted stroke at 1.50 mm and whole stroke. 
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Figure 5-11. Interrupted stroke at 1.65 mm and whole stroke. 

 

Figure 5-12. Interrupted stroke at 1.74 mm and whole stroke. 
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Figure 5-13. Tensile surfaces of The P91 steel following interrupted and fracture 

SPTT testing at 600℃. 
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5.3.2 Bulk Deformation Behaviour 

The morphologies of the dome-shaped deformed P91 specimens are depicted in 

Figures 5-14 to 5-20 for displacements at 0.26 mm, 0.6 mm, 1 mm, 1.25 mm, 

1.5mm, 1.65mm and 1.74mm respectively. At small displacement, 0.26 mm, the 

dome shape starts to form when the specimen is plastically deformed as shown in 

Figure 5-14a. It is noted from Figure 5-4 that 0.26 mm is in the transition region 

between elastic and plastic deformation. Thus, plastic deformation of the P91 

specimen may have already occurred. As shown in Figure 5-14b some cracks are 

formed at the top of the dome shape. These cracks are likely to have resulted from 

the cracking of the brittle oxide layer on the specimen surface at 600 °C. The shape 

of the dome becomes more evident when the displacement increases to 0.6 mm, as 

shown in Figure 5-15a. Similar features can be seen on the deformed surface, 

where the size of the dome increases and more cracks are developed due to the 

increased plastic deformation in Figure 5-15b. It is noticed that the cracks in the 

oxide layer have propagated radially from the centre of the specimen. This is also 

the case for the punch displacements at 1 mm and 1.25 mm in Figures 5-16a and 

5-17a. The radiation of the cracks in the oxide layer indicates that the specimen 

is probably subjected to a tension force which leads to the stretching of the P91 

specimen. Since it has been reported that the P91 is ductile in this temperature 

regime, the large dome-shaped deformation of the specimen during the test is 

produced due to the high ductility of the material [164]. It is found that the oxides 

of P91 are mainly chromium and iron oxides by EDS analysis. These oxides, of 

approximately 5 µm in thickness, are believed to be brittle due to their nature as 
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ceramics. Thus cracking of the oxide layer occurs due to the tension force 

developed during the punching process. 

 

 

 

 

 

Figure 5-14. The morphology of the deformed P91 specimens at 0.26 mm shown 

in (a) low magnification image, (b) high magnification image. 
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Figure 5-15. The morphology of the deformed P91 specimens at 0.6 mm shown in 

(a) low magnification image, (b) high magnification image. 
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Figure 5-16. The morphology of the deformed P91 specimens at 1.0 mm shown in 

(a) low magnification image, (b) high magnification image. 

 

 

 

 

 



                                                                                                                 CHAPTER 5 

Page | 138  
 

 

 

 

 

 

 

Figure 5-17. The morphology of the deformed P91 specimens at 1.25 mm shown 

in (a) low magnification image, (b) high magnification image. 
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In the Figures 5-18 to 5-20, the dome shape of the specimen remains the key 

feature of the deformed specimens. It can be seen that the size of the dome has 

increased significantly due to the large displacements. It is further noticed that 

some voids have developed in the dome-shaped specimens in Figures 5-18c and 5-

19c. These areas are near the edge of contact between the punch and specimen. 

The shearing between the bending and tensile stresses leads to localised material 

necking and thinning around the edge of contact, causing a significant decrease 

in the load-carrying capacity of the specimens. The voids are developed at the 

highly strained regions of the specimens, as highlighted in Figures 5-18a and 5-

19a. This gives the crack initiation sites within the specimens. At further 

displacement, 1.74 mm, the fracture of the dome-shaped specimen has occurred. 

The voids that are seen in Figures 5-18a and 5-19a correlate with the fracture 

sites in Figure 5-20a, showing that the fracture of the specimen occurs near the 

edge of contact. It can be seen from the fracture surface in Figure 5-20c that 

tearing has occurred and ductile dimples were formed due to the tension force 

developed within the specimen. 
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Figure 5-18. The morphology of the deformed P91 specimens at 1.5 mm shown in 

(a) low magnification image, (b) and (c) high magnification image. 
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Figure 5-19. The morphology of the deformed P91 specimens at 1.65 mm shown 

in (a) low magnification image, (b) and (c) high magnification image. 
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Figure 5-20. The morphology of the deformed P91 specimens at 1.74 mm shown 

in (a) low magnification image, (b) and (c) high magnification image. 
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5.4 Physical Characterization of the Deformation Process in 

SPTT  

5.4.1 Microstructural Evolution 

The cross-sectional microstructure of the above deformed P91 specimen is shown 

in Figures 5-21 to 5-24. The small deformation after a displacement of 0.26 mm 

in Figure 5-21a exhibits a good correlation with Figure 5-14a, i.e. the dome shape 

is about to form due to the punch movement. It can be seen that the thickness of 

the specimen remains uniform without obvious material thinning as shown in 

Figure 5-21a. The primary phase that can be seen is the prior austenitic phase in 

Figure 5-21b. No large voids have yet formed for a displacement of 0.26 mm. The 

dome shape becomes more evident when the deformation of the specimen 

increases. The alignment of the grains is not found in Figures 5-21b and 5-22b, 

but such evidence is seen at large punch displacements as shown in Figures 5-23b 

and 5-24b. This indicates that the grain alignment will tend to occur when the 

plastic deformation becomes dominant. The beginning of necking occurs, as shown 

in Figures 5-23a and 5-24a, due to the bending and stretching stress at the edge 

of contact between the punch and specimen. 

Figures 5-25 to 5-27 show the cross-sectional microstructure of the P91 after 

achieving the maxium load. The dome shape has developed further due to the 

increased punch displacements. It is noticed that the necking and thinning at the 

edge of contact significantly progress in these specimens, where the thickness of 

the specimen has been further reduced, as shown in Figure 5-26a due to the 

ongoing bending and streching stresses under the bi-axial stress state. 
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Meanwhile, void nucleation and elongation are found as can be seen in Figure 5-

25b. Due to the large plastic deformation arising from these punch displacements, 

the voids have been deformed into elongated shapes of which the long axis is 

pointing in the direction of the plastic flow. The phases also align with the plastic 

flow in Figures 5-25b and 5-26b. Moreover, it is found from Figure 5-26b that the 

austentic and martensitic phases have been elongated along the plastic flow 

direction due to the extensive plastic deformation at the edge of contact. A number 

of voids, approximately 3-5 µm across, are found in Figure 5-26b. The morphology 

of the voids has been further stretched and elongated. Figures 5-27a and 5-27b 

depict the microstructure of the fracture point at the edge of contact. It can be 

seen that the phases have also been elongated due to the large plastic deformation 

in Figure 5-27b. Some discrete and ellipsoidal voids are found in this region, 

especially close to the fracture site. This indicates that the fracture of the P91 

specimen tends to occur in areas which are occupied with a greater density of 

voids. No clear evidence of crack propagation is noted. Noting that significant 

material necking and thinning have occurred during this stage, together with the 

void nucleation and elongation, it is possible that the thinning of the specimen at 

the edge of contact allows the coalescence of voids to occur, resulting in the 

fracture of the specimen. Eventually, the tearing of the material occurs, producing 

the rough fracture surface. 
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Figure 5-21. (a) The cross-sectional microstructure of the P91 specimen at 

interrupted displacements of 0.26 mm, where the black box outline the area 

shown in the higher magnification image (b). 
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Figure 5-22. (a) The cross-sectional microstructure of the P91 specimen at 

interrupted displacements of 0.6 mm, where the black box outline the area 

shown in the higher magnification image (b). 
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Figure 5-23. (a) The cross-sectional microstructure of the P91 specimen at 

interrupted displacements of 1.0 mm, where the black box outline the area 

shown in the higher magnification image (b). 
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Figure 5-24. (a) The cross-sectional microstructure of the P91 specimen at 

interrupted displacements of 1.25 mm, where the black box outline the area 

shown in the higher magnification image (b). 
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Figure 5-25. (a) The cross-sectional microstructure of the P91 specimen at 

interrupted displacements of 1.5 mm, where the black box outline the area 

shown in the higher magnification image (b). 
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Figure 5-26. (a) The cross-sectional microstructure of the P91 specimen at 

interrupted displacements of 1.65 mm, where the black box outline the area 

shown in the higher magnification image (b). 
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Figure 5-27. (a) The cross-sectional microstructure of the P91 specimen at 

interrupted displacements of 1.74 mm, where the black box outline the area 

shown in the higher magnification image (b). 
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5.4.2 Grain Structure Evolution 

The electron backscatter diffraction (EBSD) sample is mechanically ground flat 

by emery grinding papers up to grade 4000. Diamond paste is also used to polish 

down to 1μm and then colloidal silicon 0.06μm suspension is used for final 

polishing. The EBSD investigations are carried out on field emission gun scanning 

electron microscopy JEOL 7100F (FEG-SEM). Figure 5-28 shows the EBSD 

mapping of as received the P91 steel. 

 

Figure 5-28. EBSD mappings of the as-received of the P91 steel. 

 

EBSD investigation involving microstructural characterisation will be carried out 

on specimens for a range of punch displacements. These results will then be 

compared with results from the computational models. If confidence can be gained 

in them, then they may be used to predict the viscoplastic behaviour of P91 in 

service conditions. To further elucidate the deformation mechanisms of the P91 

during SPTT, Figure 5-29 shows the EBSD mapping of regions near the edge of 
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contact for displacements at 0.26 and 0.6mm while Figure 5-30 shows at 1.0 and 

1.25 mm. The P91 consists of prior austenitic grains and martensitic laths within 

the austenitic grains. The size of prior austenitic grains ranges from 30-60 µm 

while the size of the martensitic laths is within several microns. Since only a small 

displacement of 0.26 mm was imposed to the specimen in Figure 5-29a, the grains 

largely maintain their original distribution without aligning to the plastic flow. 

When the displacement increases to 0.6 mm, as shown in Figure 5-29b, the grains 

now start to align with the direction of the plastic flow. This is supported by the 

evidence that some grain boundaries exhibit an alignment as indicated by the 

arrow in Figure 5-29b. The alignment of the grains is likely to have resulted from 

the continuous plastic deformation when the punch displacement increases to 0.6 

mm. Although the grain alignment has occurred by this stage, some grain 

boundaries still remain randomly distributed. Since 0.6 mm was chosen in the 

middle of the plastic deformation regime in Figure 5-4, the grain alignment has 

not yet become fully developed. When the displacement increases further to 1 and 

1.25 mm, evidence of grain alignment can also be clearly seen in Figures 5-30a 

and 5-30b. No preferred grain orientation has yet been developed. It is noticed 

from Figures 5-30a and 5-30b that more martensitic laths are precipitated within 

the austenitic grains, in which the martensitic laths exhibit a small 

misorientation against each other, as indicated by the gradual orientation 

changes in the region of martensitic laths. It is further noticed that the alignment 

of the grain boundaries mainly occurs in the block boundaries within the prior 

austenitic grains. The majority of the grains retain their original morphology 

without significant grain deformation or elongation. This means that the grain 
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structure of the P91 specimen mainly undergoes grain boundary alignment along 

the direction of plastic flow. 

Figure 5-31 shows the grain structure at the edge of contact for SPTT 

displacements at 1.5, 1.65 and 1.74 mm. Since the grain boundary alignment has 

already occurred in the previous deformation stages, the behaviour of the grains 

in this regime is dominated by the grain elongation. It can be seen that the aligned 

grains have been deformed along the deformation direction, particularly in 

Figures 5-31b and 5-31c. The blocks within the austenitic grains have been 

elongated. The martensitic laths are still observable within the prior austenitic 

grains. When displacements increase from 1.5 to 1.65 and 1.74 mm, the further 

elongation of the austenite grains is observed. Figure 5-32 shows the cross-

sectional microstructure at the fracture point. It can be seen that the fracture site 

passed through the edge of contact where the specimen has become necked and 

thinned. Since the fracture process in SPTT occurred in a relatively short period, 

a significant number of cavities did not develop in the specimen. The voids that 

formed close to the fracture site have also become aligned with the plastic flow 

direction, and exhibit an elongated morphology. More voids are found around the 

fracture tip in Figure 5-32a. The void coalescence can further reduce the integrity 

of the specimen, leaving only limited bonding at the fracture site. This is 

consistent with the reduction in the specimen thickness as shown in Figure 5-26. 

It is shown from Figure 5-32b that the grains have become significantly elongated, 

with the majority of them becoming elongated along the plastic flow direction. The 

prior austenitic grains and the martensitic blocks have been stretched and 

elongated to form long, slim grains. The elongated grains allow more grain 
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boundary sliding to occur during the deformation stage. Since deformation and 

elongation of voids also occur at the edge of contact, failure at the fracture site 

occurs by tearing at the necking and thinning area. 

 

 

Figure 5-29. EBSD mappings of regions near the edge of contact for 

displacements of (a) 0.26 mm and (b) 0.6 mm. 
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Figure 5-30. EBSD mappings of regions near the edge of contact for 

displacements of (a) 1.0 mm and (b) 1.25 mm. 
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Figure 5-31. The grain structure at the edge of contact for SPTT displacements 

of (a) 1.5 mm, (b) 1.65 mm and (c) 1.74 mm. 
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Figure 5-32. The cross-sectional microstructure at the fracture point. 
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5.5 Discussion 

5.5.1 Deformation Regimes and Plasticity Energy 

The fraction of deformation energy at different stages of SPTT is summarised in 

Figure 5-33. It can be seen that over 65% of the energy is consumed before the 

maximum load is reached. Since the continuous movement of the punch results 

in progressive material necking and thinning at the edge of contact, Figure 5-34 

presents the evolution of the specimen thickness at the edge of contact. The 

minimum thickness at the edge of contact was taken to represent how the 

material thinning occurs during the SPTT. It can be seen that the significant 

material thinning primarily occurs after the maximum load is achieved. This 

behaviour is similar to that observed in uniaxial tensile testing in which the 

necking occurs after the ultimate tensile stress. The significant thinning at the 

edge of contact indicates that the specimen starts to fracture, which shows good 

consistency with Figure 5-26. To demonstrate the specimen response during the 

SPTT, Figure 5-35 gives the schematic diagram of deformation of the specimen at 

different stages, from the initial plastic deformation to the necking at failure. 

Stage II represents the transition zone from elastic to plastic deformation, in 

which plastic deformation occurs in the local contact zone between the punch tip 

and the specimen, stretching the material into the receiving die. Stage III 

represents homogeneous plastic deformation and the specimen thickness reduces 

uniformly in the deformation zone (as shown in Figures 5-14a, 5-15a and 5-16a 

and Figures 5-21a, 5-22a and 5-23a for punch displacements from 0.26 mm to 1.0 

mm). The energy required for the initial elastic deformation (Stage I in Figure 5-

33) is quite small (2.1%) but gradually increases with displacements in the plastic 
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deformation regimes. In Stage III, the energy consumed is more than 45% of the 

total energy, indicating that the P91 exhibits a good toughness. The thickness of 

specimen reduces at localised circular band near the contact edge between the 

punch and specimen in Stage IV (as shown in Figure 5-17a and Figure 5-24a), in 

which circumferential necking occurs and the energy consumed is around 20%, 

where the rate of energy decreases in this stage. It is possible that material 

thinning and void nucleation start to occur in this stage (Figure 5-24a), resulting 

in a decrease in plasticity deformation of the P91 specimen. In Stage V, the 

continuous plastic deformation and the on-going material necking and thinning 

lead to the formation of large voids near the edge of contact, as shown in Figures 

5-18a and 5-19a and Figures 5-25a and 5-26a, in which the nucleation and 

elongation of voids lead to the void coalescence and the point necking occur in the 

circumferential necking area. Since the continuous necking and thinning occurs 

with the punch movement, the energy consumed is about 29% in this deformation 

regime. Finally, the material is torn when approaching the failure in Stage VI (as 

shown in Figure 5-20a and Figure 5-27a), in which the energy consumed is only 

4.1% of the total energy due to the area at the contact edge reducing as failure is 

approached.  
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Figure 5-33. The deformation energy in different stages of the SPTT load-

displacement curve for P91 at 600°C. 

 
 
 

 

Figure 5-34. The evolution of specimen thickness at the edge of contact against 

displacements. 
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Figure 5-35. The schematic diagram of deformation mechanism of P91 in SPTT 

at different stages. 
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5.5.2 Deformation and Fracture Mechanisms 

From Figures 5-29 to 5-31, it can be seen that the grain behaviour of the P91 

during the SPTT can be divided into two regimes, namely grain boundary 

alignment before the maximum load (Stages I-IV in Figures 5-33 and 5-35) and 

grain elongation after the maximum load (Stages V-VI in Figures 5-33 and 5-35). 

This is schematically illustrated in Figure 5-36. Before achieving the maximum 

load, the P91 specimens gradually deform with the punch displacements. The 

“stiffening effect” of the specimen during SPTT allows the load that is required to 

further deform the specimen to increase (Stages II-III). During the SPTT, the 

regions along the edge of contact between the punch and specimen are subjected 

to the “stretching effect” when the punch starts to deform the specimen, leading 

to the circumferential necking (Stage IV). In the grain alignment stage, the 

martensitic blocks within the austenitic grains are aligned with the plastic flow 

from Figures 5-36a to 5-36b. This is evidenced by the alignment of the block 

boundaries in Figures 5-29 and 5-30. The morphology of the grains maintains the 

original morphology without significant changes to the grain orientations. This 

behaviour of grain alignment dominates the deformation mechanism in Stages II-

IV. Meanwhile, the grain deformation and elongation occur after the maximum 

load in Stages V-VI. Since the grains have already been aligned along the plastic 

flow direction, the load required to further deform the sample decreases, as indeed 

seen in Figures 5-6 to 5-12. Although void nucleation is seen in Figure 5-26b, the 

number of voids is quite limited. Thus, in order for further punch displacements 

to occur, grain boundary sliding occurs along the aligned grain boundaries. 

During the grain boundary sliding, the martensitic blocks and the large prior 
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austenitic grains have also become elongated along the plastic flow direction, as 

seen in Figure 5-32b. Therefore, in the deformation stage after the maximum load 

(Stages V-VI), the deformation mechanism is realised by grain elongation and 

grain boundary sliding in Figure 5-36c. 

Since the voids nucleation and coalescence occur during the SPTT, the size of the 

voids near the edge of contact is compared. The diameter is quoted for spherical 

or nearly spherical voids whilst the long axis is quoted for the ellipsoidal voids. It 

can be seen from Figure 5-26b that the diameter of the spherical voids is 

approximately 1 µm. The size of the voids does not change significantly before the 

maximum load. The small displacements of 0.26, 0.6 and 1 mm would not lead to 

the formation of the voids. When the displacements increase further, especially 

after the maximum load, small and discrete sub-micron voids start to become 

elongated. Since the localised shearing and stretching are believed to be effective 

in facilitating the growth of the voids during the SPTT, especially at larger 

displacements, the voids are subjected to the same stress state as the bulk 

material under the stretching effects during the SPTT. As a result, the voids are 

elongated to become ellipsoidal shapes, as seen in Figures 5-25b, 5-26b and 5-27b. 

The size of the voids is approximately 5 µm or even larger when the deformation 

of specimen increases to 1.74 mm as shown in Figure 5-27b. Some large voids are 

also developed during this stage, indicating a possible coalescence of the voids 

during the SPTT. Since it is noticed from Figures 5-21 to 5-27 that the voids have 

grown significantly after the maximum load, it is thus believed that the fracture 

mechanism consists of the void elongation and coalescence close to the fracture 

site in Figure 5-36d. 
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Figure 5-36. The schematic diagram of microstructure evolution and fracture 

mechanism of P91 during SPTT. (a) the as-received structure prior to SPTT, (b) 

the grain alignment, (c) the elongation of grains and voids and (d) the void 

coalescence that leads to fracture. 
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5.6 Conclusions 

The interrupted small punch tensile tests of P91 were performed at 600 °C to 

investigate the deformation and fracture mechanisms. The bulk deformation 

behaviour and the microstructure evolution during the SPTTs were studied. The 

main conclusions are drawn as follows: 

 The bulk deformation behaviour of the P91 during SPTT exhibits the 

typical six deformation regimes. It is found that over 65% of the plasticity 

energy is consumed before the maximum load. It is also found that the 

voids are likely to form after the maximum load is achieved, which 

indicates that the local cracking of the P91 specimen is starting to occur.  

 From the microstructure evolution, it is shown that significant necking 

and thinning occur after the maximum load. Evidence of void nucleation is 

also found near the edge of contact where the specimen has been highly 

stressed. The voids are found to be aligned with the direction of plastic flow 

due to the “stretching effects” during the SPTT. 

 It is shown from the grain structure evolution that the grains maintain 

their original morphology prior to achieving the maximum load in SPTT, 

but a tendency to align themselves along the stretching direction is 

observed. It is found that the punch displacements cause the martensitic 

blocks within the prior austenitic grains to align with plastic flow of the 

specimen during SPTT. 

 After achieving the maximum load, the grains are deformed and elongated 

along the plastic flow direction. The elongated grains can result in grain 
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boundary sliding which tolerates further displacement in the fracture 

region. A number of voids are developed close to the fracture site and the 

voids have been developed into nearly ellipsoidal shapes. The fracture of 

the P91 specimen is believed to be a combination of void coalescence and 

tearing at the contact edge between the punch and specimen. 
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FE MODELLING OF DISLOCATION DENSITY AND GRAIN 

SIZE EFFECT ON SPTT 

 

6.1 Introduction 

In this study, the ABAQUS finite element (FE) simulation software was used to 

simulate the small punch tensile behaviour of the P91 steel at 600℃. The 

constitutive model of the steels was defined using UMAT subroutine which is 

compatible with ABAQUS. This chapter focuses on validating the performance of 

the developed based-dislocation viscoplasticity model by comparing the finite 

element simulation results with experimental data such as those obtained from 

the interrupted SPT tests at 600℃. 

6.2 Development of Constitutive Model 

A range of phenomenological material models for high-temperature application 

have been developed, i.e. the Chaboche unified power law [165, 12], the hyperbolic 

sine unified [38, 166, 167], and the two-layer viscoplasticity formulation [168] which 

allow a predictive model to be used to extrapolate experimental data. However, 

these approaches are focused only a portion of the bulk response of materials. In 

this PhD project, the new dislocation mechanisms of isotropic hardening are 

incorporated, involving mobile and immobile dislocation both within the lath 
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interiors and along boundaries. The developed viscoplastic model is applied to 

high temperature small punch tensile experiments which is described in Chapter 

5. 

6.2.1 Model Formulation 

The material model was based on a limited set on main microstructural variables 

that represent a selection of the basic strengthening mechanisms in the P91 steel. 

The present work uses three internal variables instead of using one and two 

internal variables that are suggested by [169, 170] respectively. The viscoplastic 

constitutive equations can be presented as: 

ε̇vp = ε̇o  (
σeq

σf
)
m

                                                (6-1) 

The yield surface is defined by the equation 

f = σ − σf                                                               (6-2) 

The function f determines the elastic domain when f ≤ 0  and defines the visco-

plastic domain when f > 0. The increment in effective accumulated plastic strain 

rate is       

ṗ = ε̇vp                                                                    (6-3) 

 

The main strengthening mechanisms presented in the current model are PAG 

size and martensitic lath hardening coupled with stress produced from the 

existence of the dislocation network inside a hierarchical grain structure, flow 

stress (σf) which has been introduced as 
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σf = σd + σb                                                         (6-4) 

Thus, the hardening rate is considered to be dependent on the evolution of 

dislocation density during mechanical loading and is represented as: 

σd = σy + αMbμ√ρ ,                                    (6-5) 

where σy is initial yield stress. The PAG size and the martensitic lath width are 

suggested to enter the problem via two aspects. The dislocations piled up in the 

vicinity of the packet and lath boundaries will both result in work hardening 

providing an isotropic hardening contribution previously described in later forms 

of KME models, contributing to the production of back stress that provides the 

kinematic hardening component. The back stress caused by stopped dislocations 

at the packet and lath boundary will prevent the movement of similar 

dislocations. In its basic formulation, this back stress may be described as, 

σb =  Mbμn (
1

Le
)                                                           (6-6) 

Combining Equations (6-5) and (6-6) into (6-4), the flow stress is given by  

σf = [σy + αMbμ√ρ + Mbμ(
1

D
+

1

δ
)] n (1 −

n

no
)                        (6-7) 

The evolution of flow stress form can be expressed as 

σ̇f = [σy + αMbμ
ρ̇

2√ρ
− Mbμ(

Ḋ

D2 +
δ̇

δ2)] ṅ (1 −
ṅ

no
)                         (6-8) 
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6.2.2 Evolution of Dislocation Density 

The dislocations, whose evolution is presented here, are assumed to form three 

different populations: (i) mobile dislocations, ρm, (ii) immobile dislocations in 

PAGs and lath interiors, ρf, and (iii) immobile dislocations at PAGs and lath 

boundary, ρw, so that the evolution equation for three dislocation densities is 

defined as: 

 

ρ = ρm + (1 − fw)ρf + fwρw                                         (6-9) 

 

where fw is the volume fraction of the PAGs and lath boundary regions. The 

boundary dislocations can be divided into two groups (ρw = ρws + ρwg), where ρws 

is the statistical boundary dislocations and ρwg is the GNDs that improve 

misorientation across the PAGs and lath boundary. Two competing mechanisms 

describe the evolution of mobile dislocations: storage and recovery. The storage 

term can be defined in terms of shear strain increment; the Orowan form is used 

as [171]: 

ρ̇m =
γ̇pl

bLe
                                                               (6-10) 

where γ̇pl shear slip rate and Le is the mean free path moved by mobile dislocation 

before it is stopped or annihilated. The Taylor model is used to describe relation 

between microscopic shear slip rate γ̇pl and the macroscopic plastic strain rate ε̇pl 

as: 

γ̇pln = ṗM                                                                (6-11) 
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where n is the number of dislocations piled up at the boundaries. 

The important strengthening mechanisms of P91 steel is produced by the 

hierarchical microstructure described above, as shown in Figure 5-1. During the 

inelastic deformation of P91 steel, in addition to the PAG boundaries, the 

martensitic lath widths act as additional barriers for dislocations movement, 

producing more sources of dislocation growth in the material. This action is 

included in the equations utilizing material parameter Le which is modified as: 

    

1

Le
=

1

D
+

1

δ
                                                   (6-12) 

 

where D is the average of PAG size of P91 and δ is martensitic lath width. This 

modification leads to enhancement of the storage evolution term (Equations (6-

10) and (6-11)) by adding the PAG size (D) and martensitic lath width (δ) effect,   

ρ̇m =
ṗM

nb
(

1

Ḋ
+

1

δ̇
)                                                      (6-13) 

According to Sinclair et al. [172], the dislocation of opposite sign is not reaching to 

the same area on the slip system (no screening effects), the storage of mobile 

dislocations in terms of strain increment can be extended as: 

ρ̇m = ṗM(
1−ṅ no⁄

b
(

1

Ḋ
+

1

δ̇
))                                        (6-14) 

The corrective term (1 − n no⁄ ) accounts for the fixed number of dislocations that 

arrive at the boundary.  
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The overall variation of mobile dislocations is determined by concurrent effects: 

storage and recovery term. The storage of mobile dislocation is presented using 

the Orowan form above. To include recovery mechanism, one can recognise the 

consumption of stored mobile dislocations, which involves the dislocations leaving 

the glide planes on which they are stored at solid obstacles. The annihilation 

process is provided either by climb of edge dislocations or by cross slip of screw 

dislocations. Following the work of Kocks and Mecking, the action of recovery can 

be represented as thermal activation through the parameter (k2) which is termed 

as the thermal recovery constant  

k2 = k20(ε̇
vp ε̇o⁄ )−1 q⁄                                                     (6-15) 

 

Here k20 is a constant, the temperature dependence is represented by the 

parameter (q) [173]. Cheong and Busso [174] have determined the probability of a 

dislocation consumption event via the critical area for the annihilation of mobile 

dislocation using relation P = 0.5Aρm. Roters et.al. [175] have concluded that the 

mechanisms of static recovery of dislocation density mainly are accounted by 

three events: (i) mutual consumption of two mobile dislocations, (ii) the formation 

of immobile locked configurations and (iii) dipole dislocation formation. The 

present study extends the Kocks approach of thermal recovery and includes the 

mechanisms of athermal consumption of mobile dislocation of [175, 174]. The 

extended equation of evolution of mobile dislocation density can be presented as 

ρ̇m = ṗM(
1−ṅ no⁄

b
(

1

Ḋ
+

1

δ̇
) − (2ddip + (

ṅ

no−ṅ
) 4dlock + de)

1+k2

b
ρm)                 (6-16) 
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where ddip dipole formation, dlock locked configurations and de the critical 

distances for loss of mobile dislocations due to annihilation. In parallel to 

Equation (6-14), we also passed the corrective term (1 − n no⁄ ) in to Equation (6-

16). The evolution of n can be expressed as  

ṅ =
Mγ

b
(1 −

ṅ

no
) ṗ                                                    (6-17) 

where γ is the mean spacing between slip bands and no is the critical value of 

dislocations piled up at the boundaries. According to the second mechanism, 

explained above, the evolution of immobile dislocations in PAGs and lath 

interiors, ρf, accounts for the consumption of mobile dislocations result from the 

formation of immobile locked configuration and climb dislocations action 

respectively [150, 176].  

ρ̇f = 4ṗM(1 −
ṅ

no
)

dlock

b
(

ṅ

no−ṅ
) ρ̇m − mclμb2ρ̇f

2                        (6-18) 

where mcl is the rate of climb dislocations movement. The immobile dislocations 

at PAGs and lath boundary, ρw, can be given by  

ρwg = (
1

D
+

1

δ
)
2

                                                       (6-19) 

and then the rate of the immobile dislocations at PAGs and lath boundary 

ρ̇wg = 2(
Ḋ

D3 +
δ̇

δ3)                                                (6-20) 
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6.2.3 Growth of the PAG Size and Lath Microstructure 

Two mechanisms are presented in this work to simulate the growth of PAG size 

and martensitic lath respectively. The growth of PAG size is presented here to 

involve both static growth size (time-dependent growth resulting from the 

elevated temperature) and a plastic strain dependent due to applied mechanical 

load. The evolution change of grain size in terms of plastic strain can be expressed 

as,  

Ḋ = ζDexp(−QD RT⁄ )D−αD +
1

αbaρ
ṗ                                   (6-21) 

where αD is a material parameter, ζD is a static PAG growth size, QD is the 

activation energy for PAG size growth, R is the gas constant and a is unit cell 

constant. 

The evolution of martensitic lath width can be given by differential equation: 

δ̇ = (ζδexp(−Qδ RT⁄ ) + ωδṗ)δ−αδ                               (6-22) 

where αδ is a material parameter, ζδ is a static lath growth size, Qδ is the 

activation energy for lath growth and ωδ is a dynamic lath growth constant. 

6.3 UMAT Implementation 

The implicit integration approach has been carried out to obtain the increment in 

effective plastic strain. According to Dunne and Petrinic, the von Mises equivalent 

stress, σ, has been represented as a function of the trial stress and the increment 

of effective plastic strain rate as follows [38] 
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σeq = σeq
(trial)

− 3μ∆p                                                (6-23) 

where the von Mises equivalent trial stress, σeq
(trial)

, is defined as 

σeq
(trial)

= [
3

2
 𝒮ij

(trial)
𝒮ij

(trial)
]
1 2⁄

                               (6-24) 

Thus, the increment in effective accumulated plastic strain-rate given in Equation 

(6-3) may be rewritten as follows 

 

ṗ = ϕ(∆p, ρ, D, δ, n) = ε̇o  (
σeq

(trial)
−3μ∆p

[αMbμ√ρ+Mbμ(
1

D
+

1

δ
)]n(1−

n

no
)+σy

)

m

       (6-25) 

In order to be applicable to the Newton iterative approach, the Equation (6-25) 

can be written in an incremental form as 

ψ(∆p, ρ, D, δ, n) =  ∆p − ϕ(∆p, ρ, D, δ, n)∆t = 0                   (6-26) 

Implementing the Newton iterative method then yields 

ψ +
∂ψ

∂∆p
d∆p + 

∂ψ

∂ρ
dρ +

∂ψ

∂D
dD +

∂ψ

∂δ
dδ +

∂ψ

∂n
dn = 0               (6-27) 

Thus, calculating the partial derivatives and rearranging Equation (6-27) to 

describe the iterative increment in effective plastic strain gives 

d∆p =

∆p

∆t
−ε̇o (

σeq
(trial)

−3μ∆p

[αMbμ√ρ+Mbμ(
1
D

+
1
δ
)]n(1−

n
no

)+σy
)

m

1

∆t
−(

∂ψ

∂∆p
d∆p+ 

∂ψ

∂ρ
dρ+

∂ψ

∂D
dD+

∂ψ

∂δ
dδ+

∂ψ

∂n
dn)

                                (6-28) 

And the increment in effective plastic strain yields 

∆p = ∆p + d∆p                                                       (6-29) 
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The internal variable, ∆p, is updated at each increment until convergence is 

obtained. The tolerance within the current study is set as 1 × 10−12 and 

convergence is checked against the term ψ, where the iterative scheme will end 

when the term, ψ, is less than the tolerance. 

The improved model was also implemented within a UMAT user material 

subroutine via the commercial finite element code ABAQUS. A flowchart showing 

the essential procedures within UMAT is depicted in Figure 6-1. The increment 

in plastic strain and stress tensor is calculated using the flow rule of Equation (4-

24b) and Equation (4-24d), respectively. For more details on the implementation 

of 3D stress space, see Section 4.3 in Chapter 4. 
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Figure 6-1. Flow chart describing the main processes in the UMAT user 

material subroutine. 
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6.4 Determination of Material Parameters 

The material parameters within this study can be divided into three main groups, 

namely: (i) elastic material parameters such as Young’s modulus, E, Poisson’s 

ratio, 𝑣, and initial yield stress, 𝜎𝑦, (ii) the viscoplasticity material parameters, ε̇o 

and m, and (iii) the microstructural material parameters, related to the evolution 

of dislocation density and the grain and lath structure.  

The elastic parameter, 𝑣, has been taken as a constant value of 0.3 throughout 

the current study although it is a temperature dependent parameter. The elastic 

parameters E and 𝜎𝑦 were taken from Ref. [165]. The viscoplasticity material 

parameter, ε̇o, was taken from Ref. [64] while the parameter m was obtained from 

Λ

Tkb
 where the constant, Λ, is assumed to be equal to 5.0 for steel, T is the 

temperature and kb is the Boltzmann constant [177]. The elastic-viscoplasticity 

material parameters for The P91 steel at 600℃ presented in Table 6-1. As P91 

steel consists of FCC crystals, the Taylor factor is 2.9, and the magnitude of the 

Burgers vector is 0.248nm. The specific microstructural material parameters 

related to (i) dislocation densities, (ii) evolution of PAGs size and (iii) evolution of 

the martensitic laths are presented below. The microstructural material 

constants utilized here are listed in Table 6-2. The initial mean size for the P91 

PAGs has been obtained from measurements using EBSD which has been 

determined to be equal to 50μm , shown in Figure 5-28. Similarly, the initial lath 

martensitic width of the P91 steel has been obtained from Ref. [150]. The volume 

fraction has been defined as follow [178]. 
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fw = 3tw/( D + δ)                                             (6-30) 

where tw is the cell wall thickness which has been assigned as a constant 

value of 100b [138]. The P91 steel has an initial overall dislocation density with 

limit values between 1.6 × 1013m−2 and 7.5 × 1013m−2 identified for heat 

treatment process on steel using TEM [179, 3]. The initial yield stress values for 

the P91 steel at different temperatures have been presented by Aziz as shown in 

Table 6-3  [165]. These values provided to Equations (6-4) to calibrate the material 

constant α and the initial dislocation density, ρo. The calibrated initial value of ρo 

lies between 1.0 × 1013m−2 and 5.5 × 1013m−2 and α lies within the range 0.3-0.7. 

According to Magnusson and Sandstrom, the initial immobile dislocations in 

PAGs and lath interiors, ρof, has been appointed to low value of 1 × 1011m−2 [138]. 

The initial density of immobile dislocations at PAGs and the lath boundary, ρw, 

of the ‘as-received’ material is generally 10% less than the overall dislocations 

[180], so that the initial value of immobile dislocation density,  ρow, for both the 

PAGs and the lath boundaries is taken to be 0.9ρo. 

Table 6-1. The elastic-viscoplastic material parameters at 600℃ [165, 177]. 

T (℃) E (GPa) σy(MPa) 
 
𝑣 

 

ε̇o (s−1) Λ 

600 139.4 80 0.3 1 5.0 
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Table 6-2. Microstructural material constants [136, 138, 150]. 

Parameter Value Parameter Value 

ρo 1.0 × 1013m−2 tw 100 b 

ρow 0.9ρo no 6 

δo 0.7μm ddip 7b 

b 0.248nm dlock b 

α 0.5 de 6b 
M 2.9 γ 2.002 

k20 22 mcl 2× 10−3 

αD 2.002 ωD 2.5× 10−9 

ζD 1.0× 10−18 αδ 2.002 

QD 303KJ/mol ζδ 1.0× 10−18 

a 1.0 Qδ 303KJ/mol 

Do 50 μm ωδ 2.5× 10−9 

 

Table 6-3. The initial constants of the viscoplasticity model for P91 at different 

temperatures [165]. 

 

T (℃) E (GPa) σy(MPa) 

400 197.5 96 

500 181.3 90 

600 139.4 80 
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6.5 Results and Discussion 

The objective of the finite element simulation of the SPT specimen is to validate 

the multiaxial behaviour of the developed dislocation-based viscoplasticity model. 

The SP rig, as shown in Figure 4-11, is represented by an axisymmetric model as 

given in Figure 4-12. The type of element mesh and boundary conditions on the 

SPT model have been described in Chapter 4. The FE simulation were carried out 

with displacement-controlled condition of the P91 steel at 600℃. The effects of 

five primary micro-structural variables, i.e. (i) the initial mobile dislocations 

density (ii) the initial immobile dislocations in PAGs and lath interiors (iii) the 

initial immobile dislocations at PAGs and lath boundary (iv) initial PAGs size and 

(v) initial lath width on predicted plastic strain-range have been studied.  

6.5.1 FE Simulation of the SPTT 

To achieve the universal small punch tensile responses from FE simulation and 

experimental investigation, the modified dislocation based viscoplastic model 

were interrupted after a set of punch displacement intervals ( 0.26, 1.0, 1.25, 

1.5,1.65 and 1.74mm) to help conclude the complex and evolving micro-

mechanical states that was developed during small punch tensile test. The FE 

simulation results of the SPT of displacement rate of 2 µm/sec at 600℃ are shown 

in Figures 6-2 to 6-9. The maximum principal strains (red contour) are located at 

lower surface of specimen when beginning of punch movement, i.e. 0.26, 1.0 and 

1.25mm, as shown in Figure 6-2. Figure 6-3 shows the contour plots of the 

maximum principal strain at puncher displacement of 1.5, 1.65 and 1.74mm.  
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Figure 6-2. Maximum principal strains at a Puncher displacements of 0.26, 1.0 

and 1.25mm. 
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Figure 6-3. Maximum principal strains at a Puncher displacements of 1.5, 1.65 

and 1.74mm. 
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The contour plots of the FE simulation show that the high strain locations were 

founded near the bottom surface of the specimen and near the contact edge 

between the punch with top surface of specimen. This strain evolution through 

the small punch tensile test is compatible with that reported in the literature [119, 

120]. The evolution of the peak strain is not identical in both surfaces, i.e. the top 

and bottom surface of specimen, as a result of different plastic mechanisms, 

bending and stretching, in the various elements of specimen as well as the effect 

of the contact. The elements in the region close to support die exhibit a plastic 

resistance effect and the strain level at this area (blue contour) becomes low. It 

should be noted that the strains regions pointed in Figures 6-2 and 6-3 are in 

agreement with the area of the specimen where voids growth and cracks initiation 

were formed during the interrupted small punch tensile tests presented in 

Chapter 5. 

We have presented a detailed definition of the dislocation development upon 

athermal storage, thermal recovery and static recovery, see Equations 6-12 and 

6-14, of P91 steel. The evolving of dislocation densities at temperature 600℃ is 

shown in Figures 6-3 and 6-4. The contour plots show the developing dislocation 

density field exhibits the same trend upon beginning of punch movement and 

there is a high compression stress field in the punch contact region which leads 

to localised dislocation density and then flow stress. In the region close to bottom 

surface, which is described by the high strain field, the dislocation density (red 

contour) occurs in that area at the beginning of punch movement, i.e. 0.26, 1.0 

and 1.25mm, as shown in Figure 6-4. The punch-specimen contact region 

increases as the punch moves more, and as a result, the evolution of dislocation 
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densities pointed to propagate further from the lower surface of the specimen, i.e. 

stroke puncher of 1.5, 1.65 and 1.74mm as depicted in Figure 6-5. In the region 

close to upper die, top surface of specimen, the evolution densities occurs at the 

beginning of stroke punch of 1.5mm, as a result of bending deformation at this 

area. When the punch stroke increases from 1.5 to 1.65mm and then 1.74mm, the 

dislocation field arises at the region close to the punch-specimen contact interface 

and then moves from this area to the lower surface of specimen. The global 

densities of the specimen is related to the maximum principal strain fields, which 

show values around 33.3 × 1013 m−2 in the annular region close to punch-

specimen contact edge.   
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Figure 6-4. The evolution of dislocation densities (SDV4) at a Puncher 

displacements of 0.26, 1.0 and 1.25mm. 
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Figure 6-5. The evolution of dislocation densities (SDV4) at a Puncher 

displacements of 1.5, 1.65 and 1.74mm. 
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Figures 6-6 and 6-7 show the contour plots of equivalent stress distribution of the 

specimen during the SPTT. The equivalent stresses are usually peak at the 

beginning of loading because elastic-plastic deformation is initially dominant at 

the lower surface of specimen i.e. punch stroke of 0.26mm. The central region of 

the specimen is described by the minimum bending stiffness because the centre 

of specimen locates at the maximum distance from the holder and support dies.  

It can be seen in Figure 6-6 that when punch reached the stroke of 1.0mm, the 

stresses (blue contour) of the specimen decreased because the von Mises stresses 

in this area are compression stresses. However, as depicted in Figures 6-8 and 6-

9, with the increase of punch displacement, the U1 displacements in the top 

surface of specimen with the decrease of stresses also decreased. As puncher 

further proceeds, the specimen develops into conical in shape, and “membrane 

stretching” at the annular region of the lower surface of specimen becomes 

dominate mechanism. Meanwhile, the von Mises stresses in the opposite surface 

(lower surface) of specimen which promoted the evolution of voids is increased. 

The increase of punch displacement, the U1 displacements in the lower surface of 

specimen which confirmed the increase of stresses are decreased too, as shown in 

Figures 6-8 and 6-9. From Figures 6-6 and 6-7, it can be seen that the von Mises 

stresses first increased at stroke of 0.26, 1mm then decreased at stroke of 1.25mm 

and then increased again at stroke of 1.5, 165 and 1.74mm with the punch 

displacement increased.  
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Figure 6-6. Mises stresses at a Puncher displacements of 0.26, 1.0 and 1.25mm. 
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Figure 6-7. Mises stresses at a Puncher displacements of 1.5, 1.65 and 1.74mm. 
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Figure 6-8. The x-axis (U1) displacement at a Puncher displacements of 0.26, 1.0 

and 1.25mm. 
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Figure 6-9. The x-axis (U1) displacement at a Puncher displacements of 1.5, 1.65 

and 1.74mm. 
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6.5.1.1 The Evolution of Microstructure 

The comparison between the deformed shape predicted by FE and the morphology 

of the dome-shaped deformed P91 specimens, is shown in Figure 6-10 for punch 

displacement of 1.0mm, 1.25mm and Figure 6-11 for punch displacement of 

1.5mm and 1.65mm respectively. Good agreement is observed between FE and 

experiments, i.e. the dome shape is very similar for both FE and experiment. At 

a puncher displacement of 1mm, it can be seen that the FE of specimen thickness 

remains the same without the observed thinning as shown in Figure 6-10. The FE 

dome shape has developed further, at puncher displacement of 1.25mm in Figure 

6-10, due to the increase of the puncher displacement. It can be noticed that the 

thinning occurs in the FE plot and also through the microstructure of specimen. 

In Figure 6-11, the dome shape has extended further due to the further increase 

of puncher displacement, i.e. 1.5mm. It can be seen that the highly strained area 

has extended through the lower surface of the specimen within the thinned region 

The extension of the dome shape becomes more obvious when the puncher moves 

to 1.65mm. It is noted that the highly strain area moves toward the edge of contact 

between specimen and puncher. Further highly strain area is also developed at 

the contact point between the specimen and puncher. Both highly strain regions, 

shown by the red contour at 1.65mm, are subjected to the thinning and necking 

as observed experimental at a puncher displacement of 1.65mm. As Figures 6-8 

and 6-9, the U1 displacement is indicated to stretched and elongated region in 

which the plastic flow locates. It can be seen that the region near to the lower 

surface of specimen is subjected to “tensile effect”, due to U1 displacement, when 

the puncher continues to deform the discs. This behaviour means that the 
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evolution of dislocation of the P91 specimen mainly increases along the direction 

of plastic flow, which is in agreement with Equation (6-4). The elongated grains, 

as depicted in Figures 5-23 to 5-27, allow more pile up of mobile dislocations at 

the grain boundary and sliding of immobile densities across the PAGs and lath 

boundaries. Since high strain and dislocation values also occur at the lower 

surface of specimen, stretching effect area, nucleation of voids, thinning and the 

fracture site develop in this area. 
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Figure 6-10. Contour plot of strain and SEM images of SPTT at interrupted 

displacements of 1.0 and 1.25mm for the P91 steel at 600℃. 
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Figure 6-11. Contour plot of strain and SEM images of SPTT at interrupted 

displacements of 1.5 and 1.65mm for the P91 steel at 600℃. 
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6.5.1.2 Bulk Deformation 

The comparison between the predicted and experimental deflected shapes of 

deformed P91 specimens are shown in Figures 6-12 to 6-15 for punch 

displacement at 1.25mm, 1.5mm, 1.65mm and 1.74mm respectively. At puncher 

displacement of 1.25, i.e. Figure 6-12, the FE dome shape develops progressively. 

It can be noted from this shape, the maximum strain value is concentrated at the 

central of the specimen. Cracks may occur at the highly strain region (red 

contour). These cracks are clearly observed, as brittle cracks in the oxide layer, in 

the morphology of deformed P91 discs as depicted in Figure 6-12. The shape of the 

FE dome becomes more evident when the puncher displacement increases to 

1.5mm as shown in Figure 6-13. It can be seen that the size of dome shape 

increases more and the region of highly strain is extended. More surface cracks 

may develop within the highly strain region (red contour in Figure 6-13) which is 

in agreement with that was observed in Chapter 5, i.e. Figure 5-18. The 

comparison between FE contours and the dome-shaped deformed P91 specimen 

for punch displacement at 1.65mm is shown in Figures 6-14.  The predicted shape 

dome has increased due to the further large puncher displacement. Highly 

strained region has extended more at the edge of contact between specimen and 

puncher which leads to the initiation of necking and thinning, due to the 

nucleation of voids, as depicted in Figure 6-14 and Figure 5-19. Figure 6-15 shows 

the comparison between FE contours and the dome-shaped deformed P91 

specimen for punch displacement at 1.74mm. The predicted shape dome shape of 

discs is increased due to the large puncher displacement. It can be seen that the 

highly strain region has moved from the central of specimen (yellow contour) to 
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around the edge contact between specimen and puncher (red contour). The 

fracture of the dome shape has occurred at this region as depicted in Figure 6-15. 

 

 

Figure 6-12. The comparison between FE result and the dome-shaped deformed 

P91 specimen for punch displacement of 1.25mm. 

 

 

Figure 6-13. The comparison between FE result and the dome-shaped deformed 

P91 specimen for punch displacement of 1.5mm. 
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Figure 6-14. The comparison between FE result and the dome-shaped deformed 

P91 specimen for punch displacement of 1.65mm. 

 

 

Figure 6-15. The comparison between FE result and the dome-shaped deformed 

P91 specimen for punch displacement of 1.74mm. 
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6.5.2 Small Punch Tensile Curves 

The load-displacement curves obtained from experiment and FE simulation are 

shown in Figure 6-16. The FE result of force shows good agreement with 

corresponding of the experimental curves. Best fit of FE results with the 

experimental data using a friction coefficient of 0.2 has been described in [181, 88]. 

FE simulation of SPT were performed with various initial micro-structural 

parameters of the P91 at 600℃. They are characterized by initial PAGs size D0 

and martensitic lath width  δo. The effect of initial PAGs size and lath width on 

the punch load level is shown in Figure 6-17. The maximal force value ranged 

from about 700N, for D0 = 50μm and δo = 7μm, to about 800N, when D0 = 35μm 

and   δo = 6μm. Therefore, the effect of the initial PAGs size and lath width are 

significant in the FE simulation of SPTTs. The influence of initial PAGs size and 

lath width on the evolution of dislocation density during small punch tensile FE 

simulation of the P91 is reported in the Figure 6-18. This figure shows the 

variation of evolving dislocation density curves of different initial values of PAGs 

size and lath width under the punch displacement of 2 μms−1. The dislocation 

density increases from about  4 × 1013 m−2, the final stage, of D0 = 50μm and δo =

7μm to about  5.5 × 1013 m−2 when D0 = 35μm and δo = 6μm. It can be seen from 

Figure 6-18, that with the decrease of the micro-structure parameters, the peak 

dislocation density on the dislocation-plastic increased significantly and the 

displacement of peak load changed too. Thus, the multiaxial stress and then voids 

changed significantly too. From Figures 6-17 and 6-18, it can be seen that the 

force-displacement and the evolution of dislocation density responses of the FE 

simulated curves (and the tested force-displacement curves) are not always 
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overlapping in the beginning of the curve. The effect of friction coefficient, 𝜇𝑓, on 

the small punch tensile output is presented by considering the effect of friction on 

the stress field of the specimen is constant.   The influence of friction coefficient 

on the FE force results is shown in Figure 6-19. It can be seen from this figure 

that with the increase of friction coefficient, the maximum load on the force-

displacement curve increased. Friction forces induce a local stress field which 

prevents the relative universal movement of the puncher and specimen. Friction 

between the specimen, the holder die, support die and the punch has almost no 

influence on the force-displacement response until nearly of 0.2 punch 

displacement. The effect of friction coefficient on the force-displacement curves 

only around the peak load. The effect of friction coefficient on the FE dislocation 

density results shown in Figure 6-20. In the same manner, it can be seen that 

with the increase of friction coefficient, the peak dislocation density on the 

dislocation-strain curves increased with significant change in the punch 

displacement. For given friction coefficients in this study, 0.2, 0.3 and 0.4, when 

the friction coefficient increase, the friction forces field arises as well. In turn, the 

value of bending moment arises that opposing the universal plastic deformation 

of the specimen. The rate of puncher displacement decreases as a result of this 

action that leads to increase in the punch force and dislocation density.   
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Figure 6-16. Comparison of FE model with experimental data. 

 

 

Figure 6-17. Plot of punch force versus punch displacement for various initial 

PAGs size and lath width.  
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Figure 6-18. Plot of dislocation density versus plastic strain for various initial 

PAGs size and lath width. 

 

 

 

Figure 6-19. Plot of punch force versus punch displacement for various friction 

coefficient. 
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Figure 6-20. Plot of dislocation density versus plastic strain for various friction 

coefficient. 

 

 

6.6 Conclusion 

Developed visco-plastic FE simulation model based dislocation density and grain 

size of a small punch tensile specimen has been carried out for the P91 at 600℃. 

A dislocation-based visco-plastic model is developed to account for the essential 

strength mechanisms during the plastic deformation at high temperature, 

including (i) increase in overall dislocation density, and (ii) a coarsening of the 

PAGs size and lath martensitic width in the microstructure of P91 steel. The 

results of FE simulation showed that the friction coefficient varies over the 

contact surface between punch and specimen impact on the small punch tensile 

results. The results of FE simulation also showed that the initial of micro-

structural variables play an influential role on the small punch tensile results. 

The friction linearly increase the punch load and dislocation density. Good 



                                                                                                                 CHAPTER 6 

Page | 206  
 

agreement between the experimental results generated through small punch 

tensile tests with FE simulation. The FE results reported in the present Chapter 

are valid for the interpretation of mechanical and microstructural properties of 

experimental SPT tests under high temperature conditions. Dislocation densities, 

the PAGs size and lath martensitic width and the friction coefficient can interact 

and strongly effect on the macroscopic degradation of the material at high stress 

and elevated temperature conditions.  
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CONCLUSIONS AND FUTURE WORK     

                                                                                 

7.1 Conclusions 

 In Chapter 3, the viscoplasticity based dislocation density model for 

the P91 steel has been developed at 600°C. This model was predicted 

the micromechanical behaviour of materials under monotonic loading 

using the finite element method, following an implicit formulation. 

The constitutive model concentrates on the rate of change of 

dislocation density as the key to representing visco-plastic 

deformation. A general stress-strain algorithm is used in the 

implementation of the material model into a finite element code 

(UMAT). The computational methodology is based on the radial return 

mapping algorithm. This model is applied to high temperature 

uniaxial tensile of strain rate of 10−4 s−1 and uniaxial creep 

experiments of 140, 150, 160, 170, 180MPa of the P91 steel at 600°C. 

The material constants were initially used from the previous 

literature. The constants give good predictions of the stress-strain 

behaviour in tensile conditions. The model also gives reasonably good 

predictions of strain-time curves for creep tests that mentioned above. 
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 In Chapter 4, the creep based on initial microstructural variables of 

dislocation density model for the P91 steel has been developed at 

600°C. The user material subroutine (UMAT) is coded to implement 

the developed creep model via ABAQUS software. This model is 

applied to high temperature uniaxial creep experiments of 140, 150, 

160, 170, 180MPa of the P91 steel at 600°C, and applied to high 

temperature small punch creep (SPC) experiments of punch load of 25, 

28, 30, 34, 40Kg of the P91 steel at 600°C. The predicted finite element 

results of SPC and uniaxial creep have a good agreement with the 

corresponding experimental tests. The main advantage of developed 

creep model is the capability to determine the creep model parameters 

from utilizing microstructure information in addition to uniaxial creep 

data. The significant effect of friction coefficient on the creep 

behaviour was observed in these simulations. The maximum 

equivalent strain was observed within an annular zone on the 

underside of the specimen and this weakest location did not change 

even though the timescales to reach failure varied greatly across the 

different loading cases. 

 In Chapter 5, the microstructural evolution and physical fracture 

mechanism have been investigated during small punch tensile tests of 

the P91 steel at 600°C. Disc specimens, 8 mm in diameter and 0.5 mm 

in thickness, were tested in a small punch test rig at 600°C using a 

constant displacement rate of 2 µm/s. Interrupted small punch tensile 

tests were performed to investigate the microstructural evolution in 
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different deformation regimes. Physical characterisation of the 

deformed specimens was conducted via scanning electron microscopy 

and electron backscatter diffraction. Morphology analysis of the 

deformed specimens showed that voids were formed near the edge of 

contact between the punch and specimen at large displacements. 

Cross-sectional microstructure analysis revealed that thinning and 

circumferential necking started to occur at the edge of contact before 

the maximum load was reached, and then significant point necking 

occurred in the circumferential necking area after the maximum load. 

The voids formed during the tests become physically elongated to align 

with the plastic flow within the specimen. Alignment of grains 

occurred in the plastic deformation direction, before achieving the 

maximum small punch load. It was further found that the aligned 

grains become elongated and oriented due to the large plastic 

deformation prior to fracture. 

 In Chapter 6, the finite element simulation using a visco-plastic 

developed model based on the dislocation density, PAGs size and 

martensitic lath width using ABAQUS software combined with a 

UMAT material subroutine. This model is applied to high temperature 

small punch tensile tests (SPTT) of punch displacement rate of 2 µm/s 

of the P91 steel at 600°C. The results of FE simulation also showed 

that the initial values of micro-structural variables play an influential 

role in the small punch tensile results. Reasonably good agreement 

was found between the experimental results generated through small 
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punch tensile tests with FE simulation. The FE results reported are 

valid for the interpretation of mechanical and microstructural 

properties of experimental SPT tests under high temperature 

conditions.  

7.2 Future work 

This work was aimed to develop the viscoplastic and creep models based on   and 

understanding different features of the P91 steel at elevated temperature, but 

some issues still remain obvious. Further improvement of several aspects in this 

research may lead to improve the accuracy of the FE results and more understand 

of the microstructure behaviour. Thus, some suggested work can be further 

achieved in order to develop and enhance the current research in the future as 

follows: 

 The finite element prediction of the P91 could be extended to include 

combined isotropic softening and kinematic hardening under thermo-

mechanical fatigue condition at high temperature. The microstructural 

investigation using the transmission electron microscope (TEM) of the 

interrupted cyclic tests specimens should be further studied by focussing 

on the dislocation density evolution. The statistically determined data, 

such as the grain orientation, should be also studied by using the electron 

microscope with electron backscattered diffraction (EBSD) capability to 

support the research finding quantitatively. However, this work is more 

relevant to specific research on the metallurgy of the P91 steels. 
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 A further microstructural characterization could include SPCT with wide 

applied load range at a range of high temperatures, compared with the 

corresponding dislocation density viscoplastic model in order to investigate 

the creep coupling with plastic deformation. 

 The finite element implementation could be extended to include material 

damage behaviour to predict the micro-mechanical properties at elevated 

temperature. Further experiments on small punch creep and tensile 

specimens should be undertaken in order to improve the understanding of 

the creep and stress-strain behaviour in the miniature specimen and 

predict fracture mechanism in real components of power plant. 

 Implementation of more experimental tests could be carried out to improve 

the understanding the stress-strain and creep behaviour using SP 

techniques of power plant components.  

 The material parameters could be determined using a suitable 

optimisation strategy to fit the simulated experimental observations to the 

physical measurements. 

 Transmission electron microscope (TEM) measurements could be 

undertaken upon the interrupted SPTT specimens to investigate the 

evolution of dislocation density as the tests progress.   
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APPENDIX A: 

 

 

MATERIAL JACOBIAN MATRIX CALCULATION 

 

 

The rate-based Hooke’s law (the relationship between σ̇ij the Cauchy stress rate 

and ε̇kl
e  the elastic strain rate) takes the following form 

σ̇ij = Cijkl
e  ε̇kl

e   ,                                                      (A. 1) 

where Cijkl
e  is the elastic stiffness matrix. 

The material constitutive response (the relationship between σ̇ij the Cauchy 

stress and ε̇kl the total strain rate) is 

σ̇ij = Cijkl ε̇kl  ,                                                 (A. 2) 

where Cijkl is the total stiffness matrix better known as the “material Jacobian 

matrix”. Mathematical manipulation furnishes 

σ̇ij = Cijkl ε̇kl  ,                                               (A. 3) 

σ̇ij = Cijkl
e  ε̇kl

e  + Cijkl
cr  ε̇kl

cr    , and  Cijkl = Cijkl
e + Cijkl

cr .                         (A. 4) 

Above demonstrates that Cijkl the material Jacobian matrix can be decomposed 

into elastic and creep stiffness matrices, Cijkl
e  and Cijkl

cr  respectively. The material 

Jacobian matrix is a vital part of the equilibrium equations used in FEM. 
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Cijkl = 
∂∆σij

∂∆εij
                                                               (A. 5) 

where ∂∆σij is the change in the ith  stress at the end of the time increment caused 

by the jth strain, ∂∆εij. A closed-form solution to Cijkl
e  the elastic stiffness matrix 

always exists. A closed-form solution to Cijkl
cr  the creep stiffness matrix may or may 

not exist. If a closed-form solution exists, it greatly reduces computational costs. 

The creep strain rate is  

ε̇ij
cr = 

3

2
ε̇o σ̂so

−p
σ̃p−1Sij                                               (A. 6) 

Following the same process for Equation A.4, 

dεij
cr

dt
=

3

2
ε̇o σ̂so

−p
σ̃p−1Sij                                             (A. 7) 

∫ dεij
cr

εijo
cr +Δεij

cr

εijo
cr

= ∫
3

2
ε̇o σ̂so

−p
σ̃p−1Sijdt

to+Δt

to

                        (A. 8) 

∆εij
cr =

3

2
ε̇o σ̂so

−p
σ̃p−1Sij⃒to+Δt ∆t                                     (A. 9) 

From differentiation of Equation A.9, this term can be expressed as 

∂∆εij
cr

∂Δσkl
= 

3

2
ε̇o σ̂so

−p
[(p − 1)σ̃p−2

∂σ

∂Δσkl
Sij + σ̃p−1

∂Sij

∂Δσkl
] ∆t                     (A. 10) 

where σ̃ is the equivalent stress at each phase, calculated as 
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σ̃ = √
3

2
SrsSrs                                                   (A. 11) 

By differentiation of Equation A.11, 
∂σ

∂Δσkl
 is obtained as needed in Equation A.10, 

∂σ

∂Δσkl
=

1

2
 (

3

2
SrsSrs)

−1
2 3

2
2Spq

𝜕Spq

∂Δσkl
⃒to+Δt = 

3

2σ̃
Spq

𝜕Spq

∂Δσkl
⃒to+Δt    (A. 12) 

Equation A.12 can be rewritten in an alternative way, identifying the two tensors 

that compose its right hand side term, 

∂σ̃

∂Δσkl
=

∂σ̃

𝜕Spq

𝜕Spq

∂Δσkl
⃒to+Δt                                               (A. 13) 

where  

∂σ̃

𝜕Spq
=

3

2𝜎
Spq⃒to+Δt                                               (A. 14) 

Equation A.13 can be substituted back into Equation A.10 giving 

∂∆εij
cr

∂Δσkl
= 

3

2
ε̇o σ̂so

−p
[(p − 1)σ̃p−2

∂σ̃

𝜕Spq

𝜕Spq

∂Δσkl
Sij + σ̃p−1

∂Spq

∂Δσkl
] ⃒to+Δt ∆t      (A. 15) 

which can be expressed, making use of Kronecker's delta, as 

∂∆εij
cr

∂Δσkl
= 

3

2
ε̇o σ̂so

−p
[(p − 1)σ̃p−2

∂σ̃

𝜕Spq

𝜕Spq

∂Δσkl
Sij + σ̃p−1δipδjq

∂Spq

∂Δσkl
] ⃒to+Δt ∆t     (A. 16) 
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∂Spq

∂Δσkl
 can be extracted as a common factor to both terms in brackets in Equation 

A.16, giving as a result 

∂∆εij
cr

∂Δσkl
= 

3

2
ε̇o σ̂so

−p
∆t [(p − 1)σ̃p−2

∂σ̃

𝜕Spq
Sij + σ̃p−1δipδjq]

𝜕Spq

∂Δσkl
⃒to+Δt       (A. 17) 

∂∆εij
cr

∂Δσkl
⃒to+Δt requires the tensor 

∂σ̃

𝜕Spq
⃒to+Δt for its calculation, which is obtained 

using Equation A.14, so the only remaining unknown tensor is 
𝜕Spq

∂Δσkl
⃒to+Δt. The 

deviatoric stress tensor for a given phase, Spq⃒to+Δt, is calculated as 

Spq⃒to+Δt = (σpq⃒to + ∆σpq) −
1

3
 (σuu⃒to + ∆σuu)δpq           (A. 18) 

Derivation Equation A.18, 

∂Spq

∂Δσkl
⃒to+Δt =

∂Δσpq

∂Δσkl
−

1

3
 δpqδkl =  δpkδql −

1

3
 δpqδkl           (A. 19) 

All the terms needed for the calculation of 
∂∆εij

cr

∂Δσkl
 has been obtained through 

Equations A.6 – A.19. Inverting the creep stiffness matrix, Cijkl
cr , will furnish the 

creep compliance matrix, Sijkl
cr , as follows 

Sijkl
cr = (Cijkl

cr )
−1

=
∂∆εij

cr

∂Δσkl
                                       (A. 20) 

 

 



                                                                                                               APPENDIX A      

Page | 235  
 

The matrix was simplified to the following 

Sijkl
cr =

3

2
ε̇o σ̂so

−p
∆t [(p − 1)σ̃p−2

∂σ̃

𝜕Spq
Sij + σ̃p−1δipδjq]

𝜕Spq

∂Δσkl
⃒to+Δt     (A. 21)  


