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Preface

Abstract

Density functional theory (DFT) has grown to become by far the most widely applied method in the modelling of
electronic systems yet, in contrast to wavefunction–based ab initio methods, the reliability of a DFT calculation can
be uncertain. This is because the essential ingredient required for a DFT calculation to be meaningful – the exchange
& correlation energy functionals, are approximations for a type of electronic interaction with an unknown functional
form. Whilst there exist types of system for which DFT does not provide a useful model – those with significant
dispersion interactions and those with near–degenerate states, seeking improvements to DFT in these areas can be far
from straightforward since the exchange & correlation functionals cannot be systematically improved.

In this work, a mathematically rigorous description of DFT is combined with some of the most reliable & accurate
ab initio electronic structure methods in a bespoke development code to obtain a detailed picture of how the exact
correlation energy functional in DFT behaves. Using these insights, new approaches are investigated for modelling the
correlation energy functional in local form, allowing a systematic study of how best to approximate the correlation
energy functional in different types of system to be pursued.

As an adjunct to this, the present work looks ahead at how to extend & generalise this investigation by considering
the behaviour of systems in the presence of a magnetic field. Efficient algorithms are developed and implemented to
facilitate this, enabling the advancement of this strand of investigation in subsequent work.
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1 Introduction To Quantum Chemistry

1.1 The Molecular Schrödinger Equation

In an electronic structure problem, the fundamental motivation is that of solving the Schrödinger Equation 1 for the
system being considered, and every approach to predicting the electronic structure of a system is simply a method
of trying to solve the molecular Schrödinger Equation. In its most general form, the Schrödinger Equation may be
written as the following

ĤΨ = EΨ (1.1)

where Ψ is the molecular wavefunction, a mathematical function that describes the system in its entirety, E the energy
corresponding to a system with state Ψ and Ĥ is the Hamiltonian operator. In this general case Ψ is an exact solution,
or family of solutions Ψi , to the Schrödinger Equation as the action of the Hamiltonian on Ψi is equal to EiΨi ; in
other words, Ψi is an eigenfunction of Ĥ and Ei is the eigenvalue associated with it.

In practical applications of the Schrödinger Equation, the Hamiltonian is usually expressed in terms of the individual
operators that it contains, thus the form of the Hamiltonian varies depending on the problem being considered. For
the quantum chemical applications covered in this work, the form of the Hamiltonian considered is most often that
of the non–relativistic molecular Hamiltonian, in the context of the time-independent Schrödinger Equation. For a
system consisting of N nuclei, with atomic numbers Z¸, masses M¸ (¸ = 1; : : : ; N) and n electrons, this Hamiltonian
has the form

Ĥ = −
NX
¸=1

~2

2M¸
∇2
¸| {z }

nuclear kinetic energy

−
nX
i=1

~2

2me
∇2
i| {z }

electron kinetic energy

−
nX
i=1

NX
¸=1

„
e2

4ı›0

«
Z¸

|ri − R¸|| {z }
electron-nuclear attraction

+
nX
i>j

„
e2

4ı›0

«
1

|ri − rj || {z }
electron-electron repulsion

+
NX
¸>˛

„
e2

4ı›0

«
Z¸Z˛
|R¸ − R˛|| {z }

nuclear-nuclear repulsion

(1.2)

Here me denotes the mass of the electron, e the elementary charge, ri the position of the i th electron, R¸ the position

of the ¸th nucleus, ›0 the permittivity of free space and ∇2
i the Laplacian operator

“
@2

@x2
i

+ @2

@y2
i

+ @2

@z2
i

”
with respect

to the coordinates of the i th particle.

It is often convenient in quantum chemistry to define quantities in terms of atomic units, rather than using conventional
Système International (SI) units, allowing many constants to be omitted from expressions and simplifying them
considerably. Atomic units defined in Table 1.1 are used throughout this work, unless stated otherwise.

Quantity Atomic Units Symbol Standard Units

mass electron mass me 9:1094× 10−31 kg

charge proton charge e 1:6022× 10−19 C

length Bohr a0 5:2918× 10−11 m

energy Hartree Eh 4:3597× 10−18 J

Table 1.1: Atomic units used throughout this work unless stated otherwise.

In atomic units, the molecular Hamiltonian is considerably simplified and reduces to the following form,

Ĥ = −
NX
¸=1

1

2M¸
∇2
¸| {z }

T̂N

−
nX
i=1

1

2
∇2
i| {z }

T̂e

−
nX
i=1

NX
¸=1

Z¸
|ri − R¸|| {z }
V̂

+
nX
i>j

1

|ri − rj || {z }
Ŵ

+
NX
¸>˛

Z¸Z˛
|R¸ − R˛|| {z }
V̂NN

(1.3)
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1.1.1 The Born-Oppenheimer Approximation

In the time-independent, non-relativistic molecular Schrödinger Equation, the eigenfunctions of the Hamiltonian in (1.3)
will describe the molecular system as a set of the individual quantum particles it contains, hence the wavefunctions
Ψ({r}; {R}) of the system will depend on the sets of electron coordinates {r} and nuclear coordinates {R}.

In many electronic structure calculations however, dependence of the wavefunction on both electronic and nuclear
coordinates represents an unnecessary complication; as the mass of a nucleus is far greater than the mass of an
electron, it can be reasonably assumed that electrons in a molecule respond adiabatically to the motion of the nuclei.
In other words, it is assumed that nuclear motion is sufficiently gradual that the surrounding electrons do not move
between states in response but remain in the same state, which evolves in response to the nuclear motion. This model
is formalised as the Born-Oppenheimer Approximation 2, in which the Schrödinger Equation is decoupled and the
molecular wavefunction resolved into the product of a nuclear and electronic wavefunction,

Ψ({r}; {R}) ≈ Ξ({R}) Φ({r; R}) (1.4)

where the electronic wavefunction Φ({r; R}) is only parametrically dependent on the nuclear coordinates and the
nuclear wavefunction Ξ({R}) is independent of the electronic coordinates.

This approach can be rationalised by considering the individual components of the Hamiltonian as functions of the
electronic and nuclear coordinates,

Ĥ(r;R) = T̂N(R) + V̂NN(R)| {z }
ĤN(R)

+ T̂e(r) + V̂ (r;R) + Ŵ (r)| {z }
Ĥe(r;R)

; (1.5)

which can be written as the sum of an electronic Hamiltonian Ĥe and a second term ĤN comprising the elements
of (1.5) acting only on the nuclear coordinates. This does not fully separate the electronic and nuclear terms, as
the electron–nuclear attraction operator acts on both the electronic and nuclear coordinates. However, at a fixed
molecular geometry, the nuclear coordinates become parameters and V̂ can be reduced to a one–electron operator,
representing the electrostatic interaction between the electrons and a set of static nuclear point charges.

Accordingly, an electronic Schrödinger Equation can be constructed from the electronic Hamiltonian at a fixed
molecular geometry as

Ĥe(r; R)Φi ({r; R}) =
h
T̂e(r) + V̂ (r; R) + Ŵ (r)

i
Φi ({r; R}) = Ei (R)Φi ({r; R}) (1.6)

where the electronic wavefunction Φi is an eigenfunction of the electronic Hamiltonian, with the corresponding
eigenvalue Ei (R) being the electronic energy at the given nuclear geometry. The eigenfunctions Φi form a complete
orthonormal basis, constituting the electronic energy levels of the system for a given set of nuclear coordinates, with
ground–state electronic wavefunction Φ0 and energy E0.

The full Schrödinger Equation for a system at a given molecular geometry can be similarly constructed, generalising (1.6)
to include the terms in ĤN , the nuclear wavefunction and simplifying using the product rule of differentiation,

Ĥ(r;R) Ψi j({r}; {R}) ≈
h
ĤN(R) + Ej(R)

i
Ξi ({R}) Φj({r; R})

= Ei j Ξi ({R}) Φj({r; R});
(1.7)

where Ei j is the total energy of the molecular wavefunction in the i th nuclear and j th electronic eigenstate. In the
Born–Oppenheimer approximation, it is assumed that the energetic gap between the different electronic states Ei
is sufficiently large that there is no coupling between the electronic and nuclear wavefunctions. In other words as
the nuclear positions change, the total wavefunction of the system will evolve through the same electronic state.
The electrostatic potential experienced by the nuclei due to the electrons is thus represented by the potential energy
function of the given electronic state Ei (R).

Given a set of solutions to (1.6) defining a potential energy function Ei (R), the nuclear Schrödinger Equation can be
written as h

ĤN(R) + Ei (R)
i
Ξj({R}) =

h
T̂N(R) + Ui (R)

i
Ξj({R}) = ENj Ξj({R}) (1.8)

where ENj is the j th nuclear energy eigenvalue and Ui (R) is the Born–Oppenheimer potential energy surface for the

i th electronic state,
Ui (R) = V̂NN(R) + Ei (R); (1.9)

with which the nuclei may be considered to interact classically rather than quantum mechanically. Therefore, although
it does constitute a degree of approximation, the Born-Oppenheimer approximation may be successfully applied to the
majority of quantum chemical problems - making attempts to obtain accurate and useful solutions to the electronic
Schrödinger Equation much more feasible.

10 Chapter 1 Introduction To Quantum Chemistry



1.2 The Self-Consistent Field Approximation

The central problem that electronic structure calculations aim to solve is that of estimating as accurately as possible
the ground state of the electronic Schrödinger Equation, given nuclei fixed in position {R}, for the general n–electron,
N–nuclear system, for which the Hamiltonian is

Ĥ = −
nX
i=1

1

2
∇2

ri −
nX
i=1

NX
¸=1

Z¸
|ri − R¸|

+
nX
i>j

1

|ri − rj |
(1.10)

Due to the final term in (1.10), the electron–electron repulsion operator, the non–relativistic electronic Schrödinger
Equation cannot be solved analytically for systems of more than one electron (for which this term vanishes).
Therefore, all electronic-structure methods that treat many–electron systems are fundamentally methods for numerically
approximating the solution to the electronic Schrödinger Equation as accurately and efficiently as possible.

1.2.1 Many–Electron Wavefunctions

Perhaps the most well–established approach to the electronic structure problem is that of ab initio theory, in which the
known quantum mechanical behaviour of electrons is used to formulate an ansatz for the many–electron wavefunction
of a system, assumed to be a fair representation of the true wavefunction, which is then optimised such that it is as
close as possible to the true wavefunction of the system.

The initial guess of the many–electron wavefunction may be composed in a number of different ways, however the most
common and indeed most obvious choice is to use the exact solution for the one–electron system - i.e. the hydrogenic
orbital, and construct the many–electron wavefunction as a combination of these one–electron orbitals.

1.2.1.1 One–Electron Orbitals

An orbital is simply the wavefunction of a single electron, thus encompassing a complete mathematical description of
its quantum state. The spatial position r ∈ R3 of an electron can be represented by its spatial orbital ’i (r); this is
defined as an eigenfunction of the Hamiltonian for one electron, 

−1

2
∇2

r −
X
¸

Z¸
|r − R¸|

!
’i (r) = "i’i (r); (1.11)

and together the spatial orbitals are generally considered to constitute an orthonormal set,Z
R3

’∗i (r)’j(r) dr = ‹i j : (1.12)

The spatial orbital however does not fully characterise the quantum state of an electron as it omits any description of
the its spin. Although the Hamiltonian operator only acts on the spatial variable r of an electron, it is known from
experimental observations such as the Zeeman effect that electrons possess an intrinsic magnetic moment, which can
occupy one of two possible states. This is generally referred to as the spin of the electron and can be described by a
spin function ”(ff), where ff is the corresponding spin variable.

Typically the magnetic moment of an electron is quantised by its projection along a particular Cartesian axis, thus the
two possible spin functions of an electron are eigenfunctions of the spin angular momentum operator ŝz ,

ŝz¸(ff) =
1

2
¸(ff) ŝz˛(ff) = −1

2
˛(ff); (1.13)

where the spin functions ¸ and ˛ have spin quantum numbers of + 1=2 and − 1=2 respectively. The two possible values
of the spin variable ff form the space Σ := {ff↑; ff↓}, in which the spin functions form an orthonormal basisZ

Σ

”∗(ff)”̃(ff) dff = ‹””̃: (1.14)

A complete description of an electron can therefore be obtained by taking the product of its spatial orbital and its
spin function; the combined function is usually referred to as a spinorbital,

ffii (ri ; ffi ) = ’(ri )× ”(ffi ) (1.15)
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and is simultaneously an eigenfunction of the one–electron Hamiltonian and spin angular momentum operator.

It is convenient to simplify the notation for spinorbitals by combining the spin and spatial coordinates into a single
variable τi = (ri ; ffi ), where τi ∈ R3

Σ := R3 × Σ, for example

τi =

(
(ri ; ff↑) =⇒ ffii (τi ) = ’(ri )× ¸(ffi )

(ri ; ff↓) =⇒ ffii (τi ) = ’(ri )× ˛(ffi )
(1.16)

As both the spatial and spin functions belong to orthogonal sets, an orthonormal basis can be made from the resulting
spinorbitals, Z

R3
Σ

ffi∗i (τ )ffij(τ ) dτ =

Z
R3

’∗i (r)’j(r) dr

Z
Σ

”∗(ff)”̃(ff) dff = ‹i j‹””̃: (1.17)

Assuming the basis is complete, a general wavefunction  can be expressed as a linear combination of spinorbitals,

 (τ ) =
X
i

ffii (τ )ci
X
i

c∗i ci = 1; (1.18)

where ci is the expansion coefficient of the i th function.

1.2.1.2 Bra–Ket Notation

It is convenient to describe the expansion a wavefunction in a basis of spinorbitals using bra–ket notation (otherwise
referred to as Dirac notation), in which they form an orthonormal set of ket vectors |·〉,

ffii (τ ) 7→ |i〉 ffi∗i (τ ) 7→ 〈i | 〈i |j〉 =

Z
R3

Σ

ffi∗i (τ )ffij(τ ) dτ = ‹i j ; (1.19)

where 〈·| denotes a bra vector, the complex conjugate of the ket vector, and 〈·|·〉 is the inner product of the bra and
ket functions. In this notation, the linear expansion of (1.18) becomes

| 〉 =
X
i

|i〉 ci
X
i

c∗i ci = 1 (1.20)

and an individual coefficient ci of the expansion can be determined by projecting | 〉 onto basis function |i〉,

〈i | 〉 =

Z
R3

Σ

ffi∗i (τ ) (τ ) dτ =
X
j

Z
R3

Σ

ffi∗i (τ )ffij(τ ) dτ cj =
X
j

〈i |j〉 cj =
X
j

‹i jcj = ci : (1.21)

Substituting this result back into (1.20) yields

| 〉 =
X
i

|i〉 ci =
X
i

|i〉 〈i | 〉 =

 X
i

|i〉〈i |
!
| 〉 = | 〉 ; (1.22)

in which the resolution of the identity
P

i |i〉〈i | = 1 is used to simplify the expression, hence the assumption that

the basis is complete and normalised. The action of a general operator Ô on a ket, represented by the expansion in
(1.20), yields another ket function,

Ô | 〉 = |ffl〉 : (1.23)

As | 〉 is a linear combination of basis functions, the transformation may be resolved by considering the action of Ô
on individual basis functions; in a complete space, this yields a linear combination of basis functions,

Ô |i〉 =
X
j

|j〉Oj i ; (1.24)

where Oj i is defined as a matrix element of the operator Ô, otherwise identified as

Oj i =
X
k

‹jkOki =
X
k

〈j |k〉Oki = 〈j |Ô|i〉 =

Z
R3

Σ

ffi∗j (τ )Ôffii (τ ) dτ : (1.25)

Thus the transformation in (1.23) can be re–written in terms of individual basis functions and matrix elements,

|ffl〉 = Ô | 〉 = Ô
X
i

|i〉 ci =
X
j

X
i

|j〉Oj ici : (1.26)
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If | i 〉 is an eigenfunction of the linear Hermitian operator Ô, then (1.26) can expressed as an eigenvalue equa-
tion,

Ô | i 〉 = "i | i 〉 ; (1.27)

where "i is the corresponding eigenvalue. Such an operator is described as an observable, here sampling the value
of some measurement for the eigenfunction | i 〉. However, for a system in some general state |ffl〉, the value of the
observable cannot be sampled with in this way. Instead the expectation value of the observable is computed by
statistically averaging the measurement value for each state, weighted by its probability amplitude,

〈Ô〉 =
X
i

c∗i ci"i =
X
i

〈ffl|"i i 〉 〈 i |ffl〉 =
X
i

〈ffl|Ô| i 〉 〈 i |ffl〉 = 〈ffl|Ô|ffl〉 =

Z
R3

Σ

ffl∗(τ )Ôffl(τ ) dτ ; (1.28)

where ci is substituted using the result of (1.21), the resulting "i | i 〉 term substituted according to (1.27) and then
the resolution of the identity used to eliminate the

P
i | i 〉〈 i | term.

1.2.1.3 Systems Of Indistinguishable Particles

In a quantum mechanical system comprising more than one electron, the electrons are considered to be indistin-
guishable; they share identical physical properties and cannot be specifically identified by any measurement. The
measurable quantities of such a system are the expectation values of the operators representing observables, hence the
indistinguishability of electrons requires that the expectation value of the observable be invariant to the interchange of
electron coordinates in the wavefunction.

Considering a general n–particle wavefunction Ψ(τ1; : : : ; τi ; : : : ; τj ; : : : ; τn), where τi ; τj are the coordinates of the

i th and j th particles respectively, the indistinguishability of the particles requires that for observable Ô,Z
R3

Σ

: : :

Z
R3

Σ

Ψ∗(τ1; : : : ; τi ; : : : ; τj ; : : : ; τn)ÔΨ(τ1; : : : ; τi ; : : : ; τj ; : : : ; τn) dτ1 : : : dτn

=

Z
R3

Σ

: : :

Z
R3

Σ

Ψ∗(τ1; : : : ; τj ; : : : ; τi ; : : : ; τn)ÔΨ(τ1; : : : ; τj ; : : : ; τi ; : : : ; τn) dτ1 : : : dτn;

(1.29)

as an example of the interchange of particle coordinates. Any given arrangement of particle coordinates can be
converted into any other by a sequence of two–particle coordinate exchanges; a general permutation operator P̂ can
be expressed as a product of two–particle permutations P̂i j , where P̂i j acts on the general wavefunction as

P̂i jΨ(τ1; : : : ; τi ; : : : ; τj ; : : : ; τn) = Ψ(τ1; : : : ; τj ; : : : ; τi ; : : : ; τn): (1.30)

It can be trivially deduced that applying the permutation operator twice simply restores the original wavefunction,

P̂i j P̂i j = Î =⇒ P̂−1
i j = P̂i j (1.31)

where Î is the identity operator and P̂−1
i j is the inverse of P̂i j . Furthermore, this implies the relation

〈Ψ|P̂i jΨ〉 = 〈P̂−1
i j Ψ|P̂−1

i j P̂i jΨ〉 = 〈P̂−1
i j Ψ|Ψ〉 ; (1.32)

hence the inverse of P̂i j is also its adjoint P̂†i j .i The results of (1.31) and (1.32) can hence be used to show that the

permutation operator is both Hermitian, as P̂†i j = P̂i j , and unitary, as P̂†i j P̂i j = Î. Using these results, (1.29) can be
re–arranged as

〈Ψ|Ô|Ψ〉 = 〈P̂i jΨ|Ô|P̂i jΨ〉 = 〈Ψ|P̂†i jÔP̂i j |Ψ〉 ; (1.33)

thus it can be shown that the permutation operator and Ô satisfy the relation

Ô = P̂†i jÔP̂i j =⇒ P̂i jÔ = P̂i j P̂†i jÔP̂i j =⇒ P̂i jÔ = ÔP̂i j : (1.34)

The operators Ô and P̂i j are thus commutative; for any two operators, the commutator [·; ·] is defined ash
Ô; P̂

i
= ÔP̂ − P̂Ô; (1.35)

hence is equal to zero for operators that commute. In quantum mechanics, if an operator Ô has eigenfunction Ψ and
also is commutative with operator P̂, then Ψ must simultaneously 3 be an eigenfunction of Ô and P̂. Therefore, if Ψ

iFor an operator Ô, its adjoint Ô† is defined by the relation 〈Ψ|ÔΨ〉 = 〈Ô†Ψ|Ψ〉.
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is a many–particle wavefunction and an eigenfunction of the Hamiltonian operator Ĥ, it must also be an eigenfunction
of the permutation operator which, given it is Hermitian, has real eigenvalues. This can be written as the eigenvalue
equation

P̂i jΨ = ci jΨ; (1.36)

where ci j is the eigenvalue corresponding to the permutation of particle coordinates i and j . From (1.31) it is follows
that

P̂i j P̂i jΨ = ci j P̂i jΨ = c2
i jΨ = ÎΨ =⇒ c2

i j = 1 =⇒ ci j = ±1; (1.37)

as the eigenvalue of the identity operator is simply unity. It is thus possible to deduce that any eigenfunction of the
Hamiltonian must also be an eigenfunction of the permutation operator, with a corresponding eigenvalue of +1 or
-1 ;

If ĤΨ = EΨ then P̂i jΨ = ±Ψ: (1.38)

The parity of the wavefunction with respect to particle exchange is a feature of the particles themselves;

Symmetric under particle exchange =⇒ P̂i jΨ = +Ψ =⇒ particles are bosons

Antisymmetric under particle exchange =⇒ P̂i jΨ = −Ψ =⇒ particles are fermions
(1.39)

The intrinsic difference between bosons and fermions is characterised by the spin–statistics theorem 4, in which:

(i) particles with integer spin quantum numbers are bosons and satisfy Bose–Einstein statistics 5,6,

(ii) particles with half–integer spin quantum numbers are fermions and satisfy Fermi–Dirac statistics 7,8.

As described in subsubsection 1.2.1.1, electrons have half–integer spin quantum numbers. Therefore, electrons are
a member of the fermion class of quantum particles and it follows that a many–electron wavefunction must be
antisymmetric with respect to particle exchange.

The requirement of the wavefunction to be antisymmetric with respect to electron exchange manifests itself in the Pauli
exclusion principle, which states that no two electrons may simultaneously occupy the same quantum state, else the
wavefunction would be symmetric with respect to electron exchange by virtue of their indistinguishability9,10.

1.2.1.4 The Hartree Product

The simplest ansatz for the wavefunction of an n–electron system may be constructed by assuming that the electrons
are non–interacting; the Hamiltonian for an independent electron is simply the one–electron Hamiltonian,

ĥ(i) = −1

2
∇2

ri −
X
¸

Z¸
|ri − R¸|

: (1.40)

It follows therefore that the Hamiltonian for n independent electrons is given by the sum of their one–electron
Hamiltonians ĥ(i) and the corresponding eigenvalue by the sum of the eigenvalues for each electron "i ,

ĤΠ =
nX
i=1

ĥ(i) EΠ =
nX
i=1

"i : (1.41)

It can be readily deduced that the wavefunction for n independent electrons consistent with this is the direct
product of the wavefunctions of the individual electrons, in other words their spinorbitals; this is the Hartree product
wavefunction11,

Θ(τ1; : : : ; τn) =
nY
i=1

ffii (τi ): (1.42)

The Hartree product wavefunction is however inherently unphysical and as such is an unsuitable model for a many–
electron wavefunction. This is because the electrons are not indistinguishable in the Hartree product, but rather are
assigned an individual spinorbital, thus violating the Pauli exclusion principle. This failure can be readily demonstrated
with a simple two–electron example,

Θ(τ1; τ2) = ffi1(τ1)ffi2(τ2) =⇒ P̂12Θ(τ1; τ2) = ffi1(τ2)ffi2(τ1) = Θ(τ2; τ1) 6= ±Θ(τ1; τ2); (1.43)

where the Hartree product clearly does not satisfy the requirement (1.38).
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1.2.1.5 The Slater Determinant

Although the Hartree product is an unphysical representation for a many–electron wavefunction, it’s construction
as a product of one–electron spinorbitals is a logical means of obtaining the wavefunction for the superposition of
the one–particle states. This suggests that a suitable ansatz for the wavefunction can be derived, using the Hartree
product as a starting point.

Given a complete set of spinorbitals {ffii}, an arbitrary function of the electron coordinates  can be represented by
an expansion in the basis of spinorbitals; for one electron, this takes the form

 (τ1) =
X
i

ciffii (τ1): (1.44)

An analogous two–electron function may be expanded in the same space for a fixed value of the second electron
coordinate,

 (τ1; τ2) =
X
i

cτ2

i ffii (τ1); (1.45)

where cτ2

i is the value of the expansion coefficient for ffii (τ1) at the given τ2. The set of expansion coefficients for
each value of τ2 may be considered a set of functions of this variable, expanded in the basis of spinorbitals as

ci (τ2) =
X
j

di jffij(τ2); (1.46)

which can be substituted into (1.45) to yield

 (τ1; τ2) =
X
i

X
j

di jffii (τ1)ffij(τ2); (1.47)

where di j is the expansion coefficient for the i th and j th spinorbitals in electron coordinates τ1 and τ2 respectively.
This approach can be extended to an arbitrary number of electrons, hence a many–electron wavefunction can be
written as a linear combination of the corresponding Hartree product functions.

As shown in (1.43), there are two different Hartree product functions that can be constructed for a simple two–electron
system, Θ(τ1; τ2) and Θ(τ2; τ1). The corresponding general expansion of the form (1.47) is therefore given by

 (τ1; τ2) = d11ffi1(τ1)ffi1(τ2) + d12ffi1(τ1)ffi2(τ2) + d21ffi2(τ1)ffi1(τ2) + d22ffi2(τ1)ffi2(τ2): (1.48)

In order to satisfy the Pauli exclusion principle, the coefficients d11 and d22 must necessarily be zero. This values of the
other two coefficients can be deduced by applying the permutation operator to the remaining terms in (1.48),

P̂12 (τ1; τ2) = P̂12 [d12ffi1(τ1)ffi2(τ2) + d21ffi2(τ1)ffi1(τ2)]

= [d12ffi1(τ2)ffi2(τ1) + d21ffi2(τ2)ffi1(τ1)] = − (τ1; τ2);
(1.49)

then solving the resulting linear equation, given the antisymmetry requirement

d12 [ffi1(τ2)ffi2(τ1) + ffi1(τ1)ffi2(τ2)] = −d21 [ffi2(τ2)ffi1(τ1) + ffi2(τ1)ffi1(τ2)] =⇒ d12 = −d21: (1.50)

A normalised two–electron wavefunction satisfying the Pauli exclusion principle can therefore be constructed as

 (τ1; τ2) =
1√
2

[ffi1(τ1)ffi2(τ2)− ffi1(τ2)ffi2(τ1)] : (1.51)

This may be generalised beyond the two–electron case such that a normalised wavefunction of an arbitrary n–electron
system may be constructed from hydrogenic one–electron spinorbitals and will always satisfy the Pauli exclusion
principle; this generalised form is known as the Slater determinant wavefunction12,

Φ =
1√
n!

˛̨̨̨
˛̨̨̨
˛
ffi1(τ1) ffi1(τ2) : : : ffi1(τn)
ffi2(τ1) ffi2(τ2) : : : ffi2(τn)

...
...

. . .
...

ffin(τ1) ffin(τ2) : : : ffin(τn)

˛̨̨̨
˛̨̨̨
˛ (1.52)

The Slater determinant wavefunction may be constructed from a Hartree product by taking the sum of all possible
permutations of electron coordinates, each multiplied by a coefficient of +1 or −1 depending on whether the given
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arrangement is obtained by an applying an even or odd number of individual two–particle permutations to the initial
state respectively. This may be written as

Φ(τ1; : : : ; τn) = ÂΘ(τ1; : : : ; τn); (1.53)

where Â is the antisymmetrisation operator,

Â =
1√
n!

n!X
u=1

(−1)pu P̂u; (1.54)

with u representing each permutation of the n electrons and pu being the number of individual two–electron coordinate
exchanges required to construct to yield this from the initial state. This operation can be written as a series expansion
of terms each containing all possible m–coordinate transpositions, 1 6 m 6 n, as

n!X
u=1

(−1)pu P̂u = Î −
nX
i j

P̂i j +
nX
i jk

P̂i jk − : : : ; (1.55)

where any m–coordinate transposition for m > 3 can be reduced to the product of up to m−1 two–index permutations,
for example P̂231 = P̂23P̂12. Evidently there will be n! possible permutations of electron coordinates among the
spinorbitals, thus the antisymmetrisation operator is multiplied by a prefactor of 1=

√
n! to ensure the Slater determinant

is normalised.

The antisymmetrisation operator is, up to a multiplicative factor, a projection operator that extracts from a product
of spinorbitals only the component that satisfies the antisymmetry principle. Projection operators are characterised by
the properties of idempotency and Hermiticity ; the antisymmetrisation operator can be shown to demonstrate both
of these properties:

(i) Idempotency ii up to a multiplicative factor is deduced by expanding the square of Â,

ÂÂ =

„
1√
n!

«2 n!X
u=1

(−1)pu P̂u
n!X
v=1

(−1)pv P̂v =
1

n!

n!X
u=1

n!X
v=1

(−1)pu+pv P̂uP̂v

=
1

n!

n!X
u=1

n!X
w=1

(−1)pw P̂w =
n!

n!

n!X
w=1

(−1)pw P̂w =
√
n!Â

(1.56)

where it is recognised that the product of two permutation operators is another permutation operator of the
same set, thus the product the two antisymmetrisation operators is equivalent to a summation of n! identical
operators over the same set.

(ii) Hermiticity iii can be shown using the generic example for an n–electron Hartree product Θ,

D
ÂΘ
˛̨̨
Θ
E

=
1√
n!

n!X
u=1

(−1)pu
D
P̂uΘ

˛̨̨
Θ
E
; (1.57)

by multiplying both sides of the inner product by the inverse of the permutation operator and simplifying,

1√
n!

n!X
u=1

(−1)pu
D
P̂−1
u P̂uΘ

˛̨̨
P̂−1
u Θ

E
=

1√
n!

n!X
u=1

(−1)pu
D

Θ
˛̨̨
P̂−1
u Θ

E
(1.58)

using the identities in (1.29) and (1.31). As the inverse of the permutation operator is equal to itself, it evidently
operates on the same set and has the same parity, thus allowing (1.58) to be written as

1√
n!

n!X
u=1

(−1)pu
D

Θ
˛̨̨
P̂−1
u Θ

E
=

1√
n!

n!X
v=1

(−1)pv
D

Θ
˛̨̨
P̂vΘ

E
=
D

Θ
˛̨̨
ÂΘ
E

(1.59)

for which comparison with (1.57) yields the identity 〈ÂΘ|Θ〉 = 〈Θ|ÂΘ〉, hence the antisymmetrisation operator
is Hermitian.

iiAn operator Ô is idempotent if the square of the operator is equal to the operator itself, i.e. if ÔÔ ≡ Ô.
iiiAn operator Ô is Hermitian if it is equal to its Hermitian adjoint Ô†, i.e. 〈Θ|ÔΘ〉 = 〈ÔΘ|Θ〉 hence Ô† ≡ Ô.
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1.2.1.6 Expectation Value Of The Hamiltonian

The ground–state energy of a system E described by a Slater determinant wavefunction Φ can be written, using the
definition in (1.28), as the expectation value of the Hamiltonian operator on Φ,

E(Φ) = 〈Φ|Ĥ|Φ〉 (1.60)

Using the form of the Slater determinant in (1.53) and the properties of the antisymmetrisation operator, this
expectation value can be re–arranged in terms of the corresponding n–electron Hartree product wavefunction asD

Φ
˛̨̨
Ĥ
˛̨̨
Φ
E

=
D
ÂΘ
˛̨̨
Ĥ
˛̨̨
ÂΘ
E

=
D

Θ
˛̨̨
Ĥ
˛̨̨
ÂÂΘ

E
=
D

Θ
˛̨̨
Ĥ
˛̨̨√
n!ÂΘ

E
=
D

Θ
˛̨̨
Ĥ
˛̨̨P

u(−1)pu P̂uΘ
E
; (1.61)

where the properties of Â outlined in the preceding discussion are used to simplify the expression.

1.2.2 The Variation Principle

The Slater determinant constitutes an appropriate ansatz for the many–electron wavefunction as it is constructed
from a basis of one–electron orbitals and satisfies the Pauli exclusion principle. However, it does not represent an
exact wavefunction for a many–electron system as it implies that the electrons are independent of each other and
only experience an average interaction representing the effects of the other electrons. This is a form of mean field
approximation, where interactions between particles are considered as interactions between a particle and the average
of the others.

Given that the Slater determinant is not an exact representation of a physical wavefunction, it follows that the
expectation value of the Hamiltonian with a Slater determinant will not yield the exact ground–state energy of the
physical system. The expectation value is related to the exact ground–state energy through the variation principle;
assuming the eigenfunctions of Ĥ constitute a complete set {|Ψi 〉}, a normalised trial wavefunction |Φ〉 satisfying the
same boundary conditions as {|Ψi 〉} can be expanded in this basis and the expectation value of Ĥ on |Φ〉 will be an
upper bound to the exact ground–state energy E0.

The variation principle can be demonstrated using methods from subsubsection 1.2.1.2; a trial function satisfying the
requisite conditions can be expanded in the eigenfunctions of Ĥ as

|Φ〉 =
X
i

|Ψi 〉 ci =
X
i

|Ψi 〉 〈Ψi |Φ〉 〈Φ| =
X
i

c∗i 〈Ψi | =
X
i

〈Φ|Ψi 〉 〈Ψi | ; (1.62)

hence the normalisation condition for the trial function can be written as

〈Φ|Φ〉 =
X
i j

〈Φ|Ψi 〉 〈Ψi |Ψj〉 〈Ψj |Φ〉 =
X
i j

〈Φ|Ψi 〉 ‹i j 〈Ψj |Φ〉

=
X
i

〈Φ|Ψi 〉 〈Ψi |Φ〉 =
X
i

|〈Φ|Ψi 〉|2 = 1:
(1.63)

The expectation value of the Hamiltonian on |Φ〉 can be expanded in a similar way to yield

〈Φ|Ĥ|Φ〉 =
X
i j

〈Φ|Ψi 〉 〈Ψi |Ĥ|Ψj〉 〈Ψj |Φ〉 =
X
i j

〈Φ|Ψi 〉 ‹i jEj 〈Ψj |Φ〉

=
X
i

Ei 〈Φ|Ψi 〉 〈Ψi |Φ〉 =
X
i

Ei |〈Φ|Ψi 〉|2 :
(1.64)

Evidently the variation principle must also require Ei > E0, as 〈Φ|Ĥ|Φ〉 is a sum of Ei multiplied by nonnegative

coefficients |〈Φ|Ψi 〉|2. It therefore follows from substituting the results of (1.63) into (1.64) that

〈Φ|Ĥ|Φ〉 =
X
i

Ei |〈Φ|Ψi 〉|2 >
X
i

E0 |〈Φ|Ψi 〉|2 = E0

X
i

|〈Φ|Ψi 〉|2 = E0 (1.65)

hence the general expression of the variation principle can be written as

E(Φ) > E0 (1.66)

A feature of the variation principle is that a different trial wavefunction yielding a lower expectation value for
the Hamiltonian can be identified as a more accurate representation of the physical system than the original trial
wavefunction. Given a model wavefunction expanded in the eigenfunctions of the Hamiltonian according to (1.62),
the model may be made more accurate by adjusting the coefficients of the basis such that the expectation value of
the Hamiltonian is lower. In other words, the wavefunction may be optimised by minimising the expectation value of
the Hamiltonian with respect to changes in the expansion coefficients.
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1.2.3 Hartree–Fock Theory

The simplest method of approximating the wavefunction of a many–electron system using the orbital model is
the Hartree–Fock (HF) method. This arose as a combination of theories developed by Hartree for modelling the
many–electron wavefunction11,13 and those developed by Fock for the antisymmetric description of the wavefunction
to correctly account for the Pauli exclusion principle14. Although HF theory was not the product of a collaboration, it
is so named because it was only after learning of Fock’s work that Hartree altered his model to correctly include the
antisymmetry effects, thus formalising the Hartree–Fock method.

The main principle underlying the HF approximation is that an accurate representation of the many–electron
wavefunction for a system may be obtained by constructing a Slater determinant for the system and optimising it
according to the variation principle. By limiting the model to a single Slater determinant, the quantum state of each
electron is assumed to be fixed, rather than varying according to the instantaneous interaction with each of the other
electrons. As such, electrons are treated as being independent, but each experiencing an effective potential by virtue
of the other electrons in the system, reducing the many–electron problem to a one–electron problem; a mean–field
approximation.

The expectation value of the Hamiltonian is given by (1.60) however, to evaluate this expression, it is necessary to
resolve the Hamiltonian into its one–electron and two–electron components as

Ĥ =
X
i

 
−1

2
∇2

ri −
X
¸

Z¸
|ri − R¸|

!
+
X
i>j

1

|ri − rj |
=
X
i

ĥ(i) +
X
i>j

ŵ(i ; j) (1.67)

where ĥ(i) is the one–electron Hamiltonian, as given in (1.40), and ŵ(i ; j) is the two–electron Hamiltonian. The
evaluation of the expectation value for each of these terms are described in turn.

1.2.3.1 One–Electron Hamiltonian

The one–electron Hamiltonian contains the kinetic energy and nuclear interaction terms, hence operates on the
coordinates of each electron independently. An expression for the expectation value of a one–electron operator with a
Slater determinant can be derived by substituting the one–electron operator into the result of (1.61), yieldingD

Φ
˛̨̨
ĥ(i)

˛̨̨
Φ
E

=
D
ffi1(τ1)ffi2(τ2) : : : ffin(τn)

˛̨̨
ĥ(i)

˛̨̨P
u(−1)pu P̂uffi1(τ1)ffi2(τ2) : : : ffin(τn)

E
: (1.68)

Although initially appearing to complicate the expression, (1.68) allows the action of the one–electron Hamiltonian to
be considered individually for each permutation of spinorbitals, allowing the following to be deduced:

(i) In the original configuration, there is no permutation hence P̂u = Î and the corresponding term in (1.68) is
resolved as

〈ffi1(τ1)|ffi1(τ1)〉 〈ffi2(τ2)|ffi2(τ2)〉 : : : 〈ffii (τi )|ĥ(i)|ffii (τi )〉 : : : 〈ffin(τn)|ffin(τn)〉 = hi i (1.69)

(ii) For a permutation P̂u = P̂i j comprising the exchange of electron coordinates between the i th and j th electrons,
the corresponding term in (1.68) is resolved as

− 〈ffi1(τ1)|ffi1(τ1)〉 〈ffi2(τ2)|ffi2(τ2)〉 : : : 〈ffii (τi )|ĥ(i)|ffij(τi )〉 〈ffij(τj)|ffii (τj)〉 : : : 〈ffin(τn)|ffin(τn)〉 = 0 (1.70)

This outcome is a direct consequence of the orthonormality of the spinorbitals as shown in subsubsection 1.2.1.1,
because of which all terms of the type 〈ffij |ffii 〉 are necessarily zero. The same result is obtained for all other
permutations, with the exception of the identity permutation, hence the resulting product expansion of matrix
elements always contains zero–valued terms.

Therefore, the expectation value of a one–electron operator is simply hi i , which can be summed over all electrons to
give the expectation value of the one–electron Hamiltonian as,

〈Φ|
X
i

ĥ(i)|Φ〉 =
X
i

〈ffii (τi )|ĥ(i)|ffii (τi )〉 =
X
i

〈i |ĥ|i〉 =
X
i

hi i (1.71)
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1.2.3.2 Two–Electron Hamiltonian

The two–electron term in the Hamiltonian represents the electron–electron repulsion interaction. In a similar way as
for the one–electron operator, its expectation value for a Slater determinant can be simplified using the result of of
(1.61),

〈Φ|ŵ(i ; j)|Φ〉 =
D
ffi1(τ1)ffi2(τ2) : : : ffin(τn)

˛̨̨
ŵ(i ; j)

˛̨̨P
u(−1)pu P̂uffi1(τ1)ffi2(τ2) : : : ffin(τn)

E
: (1.72)

However, unlike the one–electron operator for which only matrix elements of two spinorbitals with the same index as
the operator are significant, the two–electron operator acts on two electronic coordinates simultaneously thus will have
non–vanishing matrix elements between pairs of spinorbitals with the relevant indices. As for the one–electron operator,
this expectation value can be simplified by considering individual permutations of the spinorbitals in turn:

(i) In the original configuration, there is no permutation hence P̂u is the identity operator and the corresponding
term in (1.72) is given by

〈ffi1(τ1)|ffi1(τ1)〉 〈ffi2(τ2)|ffi2(τ2)〉 : : : 〈ffii (τi )ffij(τj)|ŵ(i ; j)|ffii (τi )ffij(τj)〉 : : : 〈ffin(τn)|ffin(τn)〉 = Ji j (1.73)

(ii) For a single permutation of electron coordinates P̂u = P̂i j , unlike for the one–electron operator, the corresponding
term in (1.72) does not vanish but takes the form

− 〈ffi1(τ1)|ffi1(τ1)〉 〈ffi2(τ2)|ffi2(τ2)〉 : : : 〈ffii (τi )ffij(τj)|ŵ(i ; j)|ffij(τi )ffii (τj)〉 : : : 〈ffin(τn)|ffin(τn)〉 = −Ki j (1.74)

(iii) For other permutations, the resulting product of terms would contain those of the type 〈ffij |ffii 〉; necessarily zero
due to the orthogonality of the spinorbitals.

The terms Ji j and Ki j are the Coulomb and exchange matrix elements respectively. The Coulomb term can be
interpreted physically as the classical electrostatic interaction between the charge distributions of two electrons. The
exchange term is less easily characterised, but may be described as the energetic contribution arising from electrons of
parallel spin states having different spatial wavefunctions.

For simplicity of notation, the matrix elements of the two–electron operator are often written as

Coulomb: 〈ffii (τi )ffij(τj)|ŵ(i ; j)|ffii (τi )ffij(τj)〉 = 〈i j |i j〉 = (i i |j j) = Ji j

Exchange: 〈ffii (τi )ffij(τj)|ŵ(i ; j)|ffij(τi )ffii (τj)〉 = 〈i j |j i〉 = (i j |j i) = Ki j
(1.75)

where the notation 〈i j |i j〉 is generally referred to as Physicist’s notation, where there is a coordinate from each of the
two electrons on both sides of the operator, whilst (i i |j j) is Mulliken notation, in which both coordinates from one
electron appear on one side of the operator whilst both coordinates from the other electron are collected on the other
side of the operator. The expectation of the two–electron Hamiltonian on a Slater determinant is given concisely
as

〈Φ|
X
i>j

ŵ(i ; j)|Φ〉 =
1

2

X
i j

(〈i j |i j〉 − 〈i j |j i〉) =
1

2

X
i j

(Ji j −Ki j) =
1

2

X
i j

〈i j ||i j〉 (1.76)

where the Coulomb and exchange terms are combined into an single antisymmetrised matrix element,

〈i j ||i j〉 = 〈i j |i j〉 − 〈i j |j i〉 : (1.77)

Combining the one and two–electron terms, the expectation value of the Hamiltonian (1.10) for a Slater determinant
wavefunction can now be presented in the simplified form

〈Φ|Ĥ|Φ〉 =
X
i

〈i |ĥ|i〉+
1

2

X
i j

〈i j ||i j〉 : (1.78)

It is convenient to define each of these resulting components in terms of their own operators acting on a single electron
coordinate. The one–electron operator is clearly defined in these terms, shown in (1.71); similarly the Coulomb and
exchange operators can be defined as

Coulomb: Ĵq(i)ffip(τi ) =

»Z
ffi∗q(τj)ŵ(i ; j)ffiq(τj)dτj

–
ffip(τi )

Exchange: K̂q(i)ffip(τi ) =

»Z
ffi∗q(τj)ŵ(i ; j)ffip(τj)dτj

–
ffiq(τi )

(1.79)

with the result that the Hamiltonian can be written as a series of one–electron operators, each being a Fock operator
and acting on a single electron coordinate

f̂ (i) = ĥ(i) +
X
q

“
Ĵq(i)− K̂q(i)

”
(1.80)

Chapter 1 Introduction To Quantum Chemistry 19



1.2.3.3 The Hartree–Fock Equations

The HF equations can be derived in spinorbital form as the minimisation of the expectation value of the Hamiltonian
on a single Slater determinant, yielding a set of coupled integro–differential equations; the Hartree–Fock eigenvalue
equations.

Given a trial function Φ, the expectation value can be evaluated as a functional of Φ according to (1.60). If a small
perturbation is applied to the function, i.e. Φ→ Φ + ‹Φ, the energy is perturbed as

E(Φ + ‹Φ) = 〈Φ + ‹Φ|Ĥ|Φ + ‹Φ〉 = E(Φ) +
n
〈‹Φ|Ĥ|Φ〉+ 〈Φ|Ĥ|‹Φ〉

o
+ : : : = E(Φ) + ‹E + : : : ; (1.81)

where ‹E is the first–order variation in the energy, including terms linear in ‹Φ. According to the variation principle,
the optimised wavefunction Φ is that which minimises E(Φ), i.e. for which ‹E = 0, which ensures that E(Φ) is
stationary with respect to variation in Φ.

Given a Slater determinant is a linear expansion in a basis of spinorbitals {ffip}, the problem can be cast as the
minimisation of the corresponding expectation value with respect to the spinorbitals, subject to the constraint that
they remain orthonormal, i.e. that 〈p|q〉 − ‹pq = 0. This constraint can be included in the variational problem
using Lagrange’s method of undetermined multipliers, in which the Lagrangian functional to be minimised is defined
as

L({ffip}) = E({ffip})−
X
pq

"qp (〈p|q〉 − ‹pq)

=
X
p

〈p|ĥ|p〉+
1

2

X
pq

〈pq||pq〉 −
X
pq

"qp (〈p|q〉 − ‹pq)
(1.82)

where the {"qp} are a set of undetermined Lagrange multipliers, which must be Hermitian given that L is real and
〈p|q〉 = 〈q|p〉∗. Applying a small perturbation to the spinorbitals, i.e. ffip → ffip + ‹ffip, and setting the first order
variation in the Lagrangian equal to zero yields the equation

‹L = ‹E −
X
pq

"qp‹ 〈p|q〉 = 0 (1.83)

to be solved. Using the chain rule of differentiation, this is expanded in terms of spinorbitals as

‹L =
X
p

“
〈‹ffip|ĥ|ffip〉+ 〈ffip|ĥ|‹ffip〉

”
+

1

2

X
pq

(〈‹ffipffiq|ffipffiq〉+〈ffip‹ffiq|ffipffiq〉+〈ffipffiq|‹ffipffiq〉+〈ffipffiq|ffip‹ffiq〉)

− 1

2

X
pq

(〈‹ffipffiq|ffiqffip〉+〈ffip‹ffiq|ffiqffip〉+〈ffipffiq|‹ffiqffip〉+〈ffipffiq|ffiq‹ffip〉)

−
X
pq

"qp (〈‹ffip|ffiq〉+〈ffip|‹ffiq〉) = 0

(1.84)

which can be simplified using the permutational symmetries of the matrix elements to give

‹L =
X
p

〈‹ffip|ĥ|ffiq〉+
X
pq

(〈‹ffipffiq|ffipffiq〉 − 〈‹ffipffiq|ffiqffip〉)−
X
pq

"qp 〈‹ffip|ffiq〉+ c:c: = 0 (1.85)

where c:c: denotes the corresponding complex conjugate expression. This may be re–written as an integral over the
one–electron, Coulomb and exchange operators as

‹L =
X
p

Z
‹ffi∗p(τi )

"
ĥ(i)ffip(τi ) +

X
q

“
Ĵq(i)− K̂q(i)

”
ffip(τi )−

X
q

"qpffiq(τi )

#
dτi + c:c: = 0; (1.86)

for a given electron i . Since the perturbation ‹ffi∗p is arbitrary in value, for this expression to be always true the
bracketed term must necessarily be zero for all spinorbitals, from which it follows that"

ĥ(i) +
X
q

“
Ĵq(i)− K̂q(i)

”#
ffip(τi ) =

X
q

"qpffiq(τi ) (1.87)
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which is a one–electron eigenvalue problem, more succinctly written in terms of the Fock operator as

f̂ |ffip〉 =
X
q

"qp |ffiq〉 : (1.88)

This form of the HF eigenvalue equations however can be further simplified by application of a unitary transform to
the spinorbitals; the transformation of a set of spinorbitals {ffip} by a unitary matrix U, for which U† = U−1, into

another set {ffĩp},
ffĩp =

X
q

ffiqUqp; (1.89)

whilst preserving orthonormality. For a matrix of spinorbitals O, the normalised Slater determinant can be written as
Φ = (n!)−1=2 det{O}, hence the Slater determinant of transformed spinorbitals can be expressed as

Φ̃ =
1√
n!

det{UO} =
1√
n!

det{U} det{O} = det{U}Φ: (1.90)

Given that U is unitary, it can be shown that its determinant is simply a phase factor exp({!).iv It follows that
the expectation values of observables are unaffected by a unitary transformation of the spinorbitals in a Slater
determinant.

The unitary transformation of the spinorbitals can be used to derive a canonical form of the HF eigenvalue equations.
Left–multiplying (1.88) by 〈ffit | reveals that the Lagrange multipliers are in fact matrix elements of the Fock
operator,

〈ffit |f̂ |ffip〉 =
X
q

"qp 〈ffit |ffiq〉 =
X
q

"qp‹tq = "tp; (1.91)

hence the effect of a unitary transformation of the spinorbitals of the Lagrange multipliers is given by

"̃pq =

Z
ffĩ∗p(τi )f̂ (i)ffĩq(τi )dτi =

X
tu

U∗tpUuq

Z
ffi∗t (τi )f̂ (i)ffiu(τi )dτi =

X
tu

U∗tp"tuUuq =⇒ ε̃ = U†εU: (1.92)

As the matrix of Lagrange multipliers ε is Hermitian, it is always possible to find a unitary matrix that diagonalises
it. Therefore, there must exist a set of spinorbitals for which the matrix of Lagrange multipliers is diagonal. These
spinorbitals and Lagrange multipliers are defined as the solution to the canonical Hartree–Fock equations,

f̂ |ffii 〉 = "i |ffii 〉 (1.93)

1.2.3.4 Spin Resolution In Hartree–Fock

In the preceding sections, the HF equations have been presented in spinorbital form. However, the orthogonality of
the spin functions allows two general forms of the HF equations to be considered; a restricted Hartree–Fock (RHF)
model for systems with no unpaired electrons and an unrestricted Hartree–Fock (UHF) model for systems containing
unpaired electrons.

Matrix elements of the one–electron Hamiltonian can be resolved into integrals over spin and spatial functions,

〈p|ĥ|q〉 =

Z
’∗p(r)ĥ’q(r)dr

Z
”∗p(ff)”q(ff)dff = (p|ĥ|q)‹”p”q ; (1.94)

where the term (p|ĥ|q) is an integral over spatial orbitals, whilst the spin–integration reveals that 〈p|ĥ|q〉 is only
non–zero if both spinorbitals have the same spin component. A similar analysis can be applied to the two–electron
matrix elements as follows,

〈pq|rs〉 =

ZZ
’∗p(r1)’q(r2)’∗r (r1)’s(r2)

|r1 − r2|
dr1dr2

Z
”∗p(ff1)”r (ff1)dff1

Z
”∗q(ff2)”s(ff2)dff2 = (pr |qs) ‹”p”r ‹”q”s (1.95)

where the term (pr |qs) is a two–electron integral over spatial orbitals in Mulliken notation. As Coulomb integrals
have the form (i i |j j), all elements are non–zero following spin integration. However, exchange integrals of the form
(i j |j i) are necessarily zero if the two spinorbitals i and j do not have the same spin function.

ivAs det
˘

U†U
¯

= det{I} = 1, it follows that det
˘

U†U
¯

= det
˘

U†
¯

det{U} = det{U}∗ det{U} = 1, hence det{U} = exp({!).
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Denoting a spinorbital index as a spatial orbital index with a given spin function, i.e. i¸ and i˛, the only non–zero
matrix elements of the one and two–electron Hamiltonian are those of the form

〈i |ĥ|i〉 : (i¸|ĥ|i¸) (i˛|ĥ|i˛)

〈i j |i j〉 : (i¸i¸|j¸j¸)
`
i¸i¸|j˛j˛

´ `
i˛ i˛|j¸j¸

´ `
i˛ i˛|j˛j˛

´
〈i j |j i〉 : (i¸j¸|j¸i¸)

`
i˛j˛|j˛ i˛

´ (1.96)

hence, for a system with n¸ spin ¸ and n˛ spin ˛ electrons respectively, the expectation value of the Hamiltonian
(1.78) can be written as the spin–resolved sum over spatial orbitals,

E(Φ) =
nX̧
i

(i¸|ĥ|i¸) +
1

2

nX̧
i

nX̧
j

{(i¸i¸|j¸j¸)− (i¸j¸|j¸i¸)}+
1

2

nX̧
i

n˛X
j

`
i¸i¸|j˛j˛

´
+

n˛X
i

(i˛|ĥ|i˛) +
1

2

n˛X
i

n˛X
j

˘`
i˛ i˛|j˛j˛

´
−
`
i˛j˛|j˛ i˛

´¯
+

1

2

n˛X
i

nX̧
j

`
i˛ i˛|j¸j¸

´
:

(1.97)

Using the definitions of the Coulomb and exchange operators in (1.79) and applying the same rules of spin–integration,
it follows that spin–resolved Fock operators can be defined as

f̂ ¸(i) = ĥ(i) +
nX̧
j

“
Ĵ ¸j (i)− K̂¸j (i)

”
+

n˛X
j

Ĵ ˛j (i) = ĥ(i) +

0@ nX̧
j

Ĵ ¸j (i) +

n˛X
j

Ĵ ˛j (i)

1A− nX̧
j

K̂¸j (i)

f̂ ˛(i) = ĥ(i) +

n˛X
j

“
Ĵ ˛j (i)− K̂˛j (i)

”
+

nX̧
j

Ĵ ¸j (i) = ĥ(i) +

0@ nX̧
j

Ĵ ¸j (i) +

n˛X
j

Ĵ ˛j (i)

1A− n˛X
j

K̂˛j (i);

(1.98)

in which both the ¸ and ˛ Fock operators share the same one–electron operator and Coulomb operator, but differ in
their exchange operator. Using the same method as in subsubsection 1.2.3.3, the canonical UHF equations can be
shown to be

f̂ ¸ |’¸i 〉 = "¸i |’¸i 〉 f̂ ˛ |’˛i 〉 = "˛i |’
˛
i 〉 ; (1.99)

where { |’¸i 〉} and { |’˛i 〉} are two independent sets of spatial orbitals, coupled through the Coulomb operator.

For a system in which the number of electrons is even and there are no unpaired electrons, all occupied spinorbitals
can be arranged in pairs that share the same spatial function but opposite spin function – a condition enforced in
RHF. Therefore, the Coulomb and exchange operators are the same for both ¸ and ˛ spin thus the Fock operator is
the same for both spins and can be defined as

f̂ (i) = ĥ(i) +

n=2X
j

“
Ĵj(i)− K̂j(i)

”
+

n=2X
j

Ĵj(i) = ĥ(i) +

n=2X
j

“
2Ĵj(i)− K̂j(i)

”
; (1.100)

where the summation limits are n¸ = n˛ = n=2, hence each spatial function can be considered to account for two
electrons. The canonical RHF equations are given by

f̂ |’i 〉 = "i |’i 〉 ; (1.101)

where each eigenfunction is a spatial orbital considered to be occupied by an ¸ and a ˛ electron, with the corresponding
eigenvalue having equal values for ¸ and ˛ spin. The expectation value of the Hamiltonian can be written in terms of
doubly–occupied spatial orbitals as

E(Φ) = 2

n=2X
i

(i |ĥ|i) +

n=2X
i

n=2X
j

{2 (i i |j j)− (i j |j i)} : (1.102)

For both the canonical RHF and UHF equations, the eigenfunctions of the Fock operator are a set of spatial functions
which can be referred to as molecular orbitals (MOs), whilst the eigenvalues are the canonical orbital energies.

1.2.3.5 Linear Combination Of Atomic Orbitals

The canonical Hartree–Fock equations (1.93) are a set of coupled one–electron eigenvalue equations, which may
be solved in practice for small systems using numerical methods such as the finite difference approach15. However,
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because the exchange term is a function of the HF orbitals themselves & is non–local, its inclusion significantly
increases the degrees of freedom of the problem. For a general system, the dimensions of the finite–difference problem
can therefore rapidly become very large and eventually impractical to solve using direct numerical methods.

Generally, the HF equations are cast in a computationally tractable form by expanding the molecular orbitals in a
finite basis of atom–centred atomic orbitals (AOs) as

’i (r) =

nfflX
—

c—iffl—(r); (1.103)

where {ffl—} are a set of nffl AOs with linear expansion coefficients {c—i}. This basis–set expansion is the Roothaan–Hall
approach16,17. Considering first with general spinorbitals, the expansion (1.103) can be substituted into the canonical
HF equations (1.93) to give

f̂

nfflX
�

c�i |ffl�〉 = "i

nfflX
�

c�i |ffl�〉 : (1.104)

This can then be left–multiplied by 〈ffl—| to give

nfflX
�

c�i 〈ffl—|f̂ |ffl�〉 = "i

nfflX
�

c�i 〈ffl—|ffl�〉 =⇒
nfflX
�

c�iF—� = "i

nfflX
�

S—�c�i ; (1.105)

where F—� is the matrix element of the Fock operator in AO basis and S—� the overlap matrix element between the —th

and �th AOs, which are not necessarily orthogonal. Considering the MO coefficients for the i th MO as the i th column
in the matrix C of MO coefficients, the Roothaan–Hall equations can be written as the generalised psuedo–eigenvalue
equation,

FC = SCε: (1.106)

The expectation value of the energy can be written in the basis set expansion for this general case by substituting the
linear expansion into (1.78) as

E(Φ) =
X
i

(i |ĥ|i) +
1

2

X
i j

{(i i |j j)− (i j |j i)}

=
X
i

X
—�

c∗—ic�i (—|ĥ|�) +
1

2

X
i j

X
—�

c∗—ic�i
X
–ff

c∗–jcffj {(—�|–ff)− (—ff|–�)}

=
X
—�

X
i

c∗—ic�i

24(—|ĥ|�) +
1

2

X
–ff

X
j

c∗–jcffj {(—�|–ff)− (—ff|–�)}

35
=
X
—�

D—�

"
h—� +

1

2

X
–ff

D–ff {(—�|–ff)− (—ff|–�)}
#

(1.107)

where the expression has been simplified by introducing the density matrix,

D—� =
nX
i

c∗—ic�i : (1.108)

A similar analysis can be carried out for the Fock operator, of the form given in (1.80), to yield

F—� = 〈ffl—|ĥ|ffl�〉+
X
i

〈ffl—|Ĵi − K̂i |ffl�〉

= h—� +
X
i

{(—�|i i)− (—i |i�)}

= h—� +
X
–ff

X
i

c∗–icffi {(—�|–ff)− (—ff|–�)}

= h—� +
X
–ff

D–ff {(—�|–ff)− (—ff|–�)}

(1.109)

hence the expectation value of the energy in the Roothaan–Hall method can be concisely written as a function of the
expansion coefficients for the molecular orbitals in the atom–centred basis,

E({c—i}) =
1

2

X
—�

D—� (h—� + F—�) : (1.110)
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These expressions are relatively straightforward to adapt for the spin–restricted and spin–unrestricted HF models:

(i) For RHF, there is only one set of MO coefficients so only one density and Fock matrix, given by

F—� = h—� +
X
–ff

D–ff {2 (—�|–ff)− (—ff|–�)} D—� =

n=2X
i

c∗—ic�i (1.111)

hence the RHF problem is characterised by one psuedo–eigenvalue equation of the form (1.106) and its energy
expectation value is given by

E({c—i}) =
X
—�

D—� (h—� + F—�) : (1.112)

(ii) For UHF, there is one set of MO coefficients for each spin state ¸ and ˛, hence there are also two sets of Fock
and density matrices given by

F¸—� = h—� +
X
–ff

D¸–ff {(—�|–ff)− (—ff|–�)}+
X
–ff

D˛–ff (—�|–ff) D¸—� =
nX̧
i

c¸ ∗—i c
¸
�i

F ˛—� = h—� +
X
–ff

D˛–ff {(—�|–ff)− (—ff|–�)}+
X
–ff

D¸–ff (—�|–ff) D˛—� =

n˛X
i

c˛ ∗—i c
˛
�i

(1.113)

thus the UHF problem is characterised by a pair of psuedo–eigenvalue equations18,19,

F¸C¸ = SC¸ε¸ F˛C˛ = SC˛ε˛ (1.114)

and the expectation value of the energy is given by

E({c¸—i ; c
˛
—i}) =

1

2

X
—�

˘
D¸—�

`
h—� + F¸—�

´
+D˛—�

`
h—� + F ˛—�

´¯
: (1.115)

Generally the atom–centred basis functions do not form an orthonormal set, however in order to re–cast this problem
as a standard eigenvalue equation it is necessary to transform the basis into an orthonormal set |—̃〉,

|—̃〉 =
X
�

X�—̃ |�〉 such that 〈—̃|�̃〉 = ‹—̃�̃ : (1.116)

The transformation matrix X can be identified by substituting the original basis functions into the inner product
as

〈—̃|�̃〉 =
X
—�

X∗——̃ 〈—|�〉X��̃ =
X
—�

X∗——̃S—�X��̃ = ‹—̃�̃ =⇒ X†SX = 1: (1.117)

Given the Hermiticity of the overlap matrix S, there must exist a unitary matrix U which diagonalises it as

U†SU = s; (1.118)

where s is the vector of eigenvalues. Using the method of canonical orthogonalisation, X can thus be defined as

X = Us−
1
2 =⇒ X—� = U—�=

√
s� ; (1.119)

which is shown to be an orthogonalising transformation matrix by substitution back into (1.116) to give

X†SX = (Us−
1
2 )†S(Us−

1
2 ) = s−

1
2 U†SUs−

1
2 = s−

1
2 ss−

1
2 = 1: (1.120)

Transforming the MO coefficients according to (1.116) yields an orthonormal MO coefficient matrix C̃,

C̃ = X−1C =⇒ C = XC̃ (1.121)

which may then be substituted into (1.106), then the resulting expression left–multiplied by X†, to give

X†FXC̃ = X†SXC̃ε: (1.122)

Defining F̃ = X†FX and using the identity in (1.116) allows (1.106) to be written as a standard eigenvalue
equation

F̃C̃ = C̃ε (1.123)
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which can be solved simply by diagonalisation of F̃. The MO coefficients can be transformed back into the AO basis
using the relations in (1.121). This is trivial to apply to RHF, whilst for UHF the same X is used to transform both ¸
and ˛ equations in (1.114).

To solve the Roothaan–Hall equations, the expectation value of the energy must be minimised with respect to the
MO coefficients according to the variation principle. For practical calculations, the Roothaan–Hall method translates
the Hartree–Fock problem into a series of matrix equations that are both convenient and efficient to compute. As the
problem is non–linear, a process of iterative improvement is required to converge on a solution; a general outline of
the self–consistent field approach to solving these equations is given below:

1. The one and two–electron integrals over the basis functions, (—|ĥ|�) and (—�|–ff) respectively, are evaluated
to allow the Fock matrix to be constructed. As it is the MO coefficients that are being optimised, it is not
necessary to re–compute these integrals for each Fock matrix build, although to do so is sometimes either
necessary, due to insufficient computational storage space, or even advantageous where computational activity
is sufficiently faster than data storage & retrieval.

2. The orthogonalisation matrix defined in (1.119) must be computed from the overlap matrix so that the HF
equations can be cast in a standard eigenvalue form.

3. Initially, the MO coefficient and density matrices are not defined, so the Fock matrix cannot be constructed. An
initial guess of the MO coefficients is commonly obtained by transforming the one–electron Hamiltonian matrix
H to the orthogonal basis and diagonalising it as

H̃ = X†HX

H̃C̃ = C̃ε

C = XC̃

D = C†C

(1.124)

4. The Fock matrix may now be constructed from D, H and the two–electron integrals according to (1.111) or
(1.113). This is then transformed and diagonalised in a similar way to similarly to (1.124) to obtain a new
density matrix,

F̃ = X†FX

F̃C̃ = C̃ε

C = XC̃

D = C†C

(1.125)

5. The energy at this iteration is calculated using (1.112) or (1.115) and compared with the energy of the previous
iteration. In addition, the modulus–squared of the change in the density matrix in this iteration may be calculated.
If these are both below a certain threshold, the self–consistent procedure may be considered to have converged.

6. If these two differences are not below the required threshold, then a further iteration of this method is carried
out; a new Fock matrix is constructed from the present density matrix, and transformed to the orthogonal space
and diagonalised, to construct a further density matrix. These iterations continue until the changes in energy
and in the density matrix fall below the required threshold for convergence.

The practical implementation of the HF method demonstrates how variational solutions may be obtained using
iterative refinement. The HF method has become a standard and reliable tool used in electronic structure calculations,
however the single–determinant restriction on the HF wavefunction has the consequence that the HF method fails to
accurately describe many chemically important phenomena, notably electron correlation. Several theories have been
developed that aim to address this failure by extending the HF method beyond the single Slater determinant; these
will be discussed in Chapter 2.
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2 Electron Correlation

As was discussed in subsections 1.2.2 and 1.2.3, the Hartree–Fock approximation only accounts for electron–electron
interaction by a mean–field approach – where each electron interacts is considered to interact with the average of all
the other electrons. This does not however constitute an accurate description of electron interactions as it omits
the effects of instantaneous interactions between individual charge distributions and of near–degenerate electronic
states. Thus, as is inherent in the variation principle, the exact ground–state energy of a system E0 will always be
lower than that predicted by the HF approximation EHF. The difference between the two was defined by Löwdin as
the correlation energy of the system20,

Ec = E0 − EHF (2.1)

The correlation energy of a system typically comprises only a small percentage of its total energy, on the order of 1%.
However it can often be the difference between a prediction that is qualitatively useful and one that has quantitative
accuracy. Additionally, the correlation energy is often much larger in size as a proportion of the energy differences
between a system in two states - such as that between a diatomic molecule and two independent atoms; treatment of
electron correlation is therefore essential for making accurate predictions of chemical properties.

Electron correlation is often considered to have two constituent parts - static correlation and dynamical correlation.
These are broadly defined as follows:

(i) The omission of instantaneous Coulomb interactions between the electrons in the HF model can be characterised
as the origin of dynamical correlation, as this description implies an error in the treatment of the instantaneous
interactions between electrons.

(ii) The limitations of modelling a wavefunction as a single Slater determinant, notably in systems with degenerate
electronic configurations, are generally considered the origin of static correlation. For some systems, a single
Slater determinant is a poor representation of the physical wavefunction; a linear combination of a few Slater
determinants constitutes a far more accurate model. In contrast to dynamical correlation, it is not directly
related to instantaneous electron interactions hence the description of static (or nondynamical) correlation.

The difference between static and dynamical correlation is a qualitative rather than quantitative one as they both
arise from the same physical interaction - the electrostatic interaction between electrons, hence they can be difficult
to identify individually.

The effects of both static and dynamical correlation can be taken into account by approximating the physical
wavefunction Ψ as a linear combination of Slater determinants ΦI , including the HF determinant Φ0 as

Ψ ≈ c0Φ0 +
X
I

cIΦI ; (2.2)

where the coefficients
P

I c
∗
I cI = 1. The relative values of the optimised coefficients can be used to characterise the

dominant form of correlation present in the system in the following way:

(i) If cI � c0 for I > 1, whilst c0 ≈ 1, it implies a physical wavefunction well described by a single determinant for
which the series of other determinants have small coefficients and constitute only a small correction to the HF
wavefunction - this suggests the correlation is primarily dynamical.

(ii) If c0 < 1 whilst cI ≈ c0 for only a few determinants I and cI ≈ 0 otherwise, it implies a physical wavefunction
poorly described by a single determinant and which exhibits degeneracy or near–degeneracy. The wavefunction
is corrected by mixing a few determinants, including the HF determinant, with coefficients a similar order of
magnitude in weight, suggesting the correlation is primarily static.

There are a range of ab initio methods commonly used to treat electron correlation. In practice, different methods are
typically better suited to account primarily for either static or dynamical correlation.

Dynamical correlation can be treated by mixing the HF determinant with the manifold of excited–state determinants
that can be constructed from it, each of which will have a relatively small coefficient. In contrast, static correlation is
generally treated by constructing a multi–configurational reference wavefunction as the linear combination of a few
significant Slater determinants, for example using the multi–configurational SCF (MCSCF) method, which can be
subsequently corrected for dynamical correlation by mixing in excited state configurations. In the following sections,
the main ab initio methods for including dynamical correlation effects are introduced, as multi–configurational methods
were not used in the present work whereas the following methods were extensively utilised.
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2.1 General Principles

In the form of the HF equations given in subsubsection 1.2.3.5, a number of basis functions m are used to model an
equal number m of spatial orbitals - describing 2m spinorbitals. If the number of spinorbitals this yields is greater than
the number of electrons n in the system, the ground–state determinant will contain an electron in the n spinorbitals
with the lowest "; these are the occupied spinorbitals. The remaining (2m − n) spinorbitals with higher " will not be
occupied by an electron; these are the virtual spinorbitals. The following notation is used to distinguish occupied and
virtual spinorbitals

occupied: → (i ; j; k; l ; m; n; o) virtual: → (a; b; c; d; e; f ; g) general: → (p; q; r; s; t; u; v) (2.3)

thus excited–state configurations of a HF determinant can be obtained by exciting one or more electrons from the n
occupied spinorbitals into the (2m − n) virtual spinorbitals.
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Figure 2.1: A schematic showing the energy levels of the occupied and virtual spinorbitals in the ground–state
(left), singly–excited (centre) and doubly–excited (right) Hartree Fock determinants.

The schematic in Figure 2.1 demonstrates the notation used for the excited states of the HF determinant Φ0; Φa
i

indicates an excitation of an electron from occupied spinorbital i into virtual spinorbital a and Φab
ij excitations from

occupied spinorbitals i & j into virtual spinorbitals a & b.

Expressions for the matrix elements of the Hamiltonian between different states of the determinant wavefunction can
be derived in a similar way to those for the expectation value of the Hamiltonian for the ground–state wavefunction,
shown in subsubsections 1.2.3.1 and 1.2.3.2. The resulting expressions constitute the Slater–Condon rules, which
identify the matrix elements of the Hamiltonian between determinants by the number of non–coincident spinorbitals;
these are summarised in Table 2.1.

Non–coincidences |I〉 |J〉 〈I|Ĥ|J〉

0 Φ0 Φ0

P
i 〈i |ĥ|i〉+ 1

2

P
i j 〈i j ||i j〉

1 Φ0 Φq
p 〈p|ĥ|q〉+

P
i 〈pi ||qi〉

2 Φ0 Φrs
pq 〈pq||rs〉

3 Φ0 Φstu
pqr 0

Table 2.1: Matrix elements between determinants by the number of non–coincident spinorbitals between them.

As can be seen in Table 2.1, determinants with three or more non–coincident spinorbitals have vanishing matrix
elements. These rules can be applied to any pair of determinants, ground–state or excited–state. An important
instance of these rules can be seen for matrix elements of the ground–state determinant Φ0 and singly–excited
determinant Φa

i ,

〈Φ0|Ĥ|Φa
i 〉 = 〈i |ĥ|a〉+

X
j

〈i j ||aj〉 : (2.4)

From (1.80), it is clear this expression amounts to the matrix element of the Fock operator 〈i |f̂ |a〉. However, matrix
elements of the Fock operator can also be derived from the canonical HF equations (1.93), yielding the identity

〈i |f̂ |a〉 = "i 〈i |a〉 = "i‹ia = 0: (2.5)

It thus follows that the matrix element of the Hamiltonian between the ground–state HF determinant and the
singly–excited state is zero; this is a statement of Brillouin’s theorem 21.
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2.2 Configuration Interaction

The method of configuration interaction (CI) is perhaps the most straightforward extension to the HF approximation;
the physical wavefunction Ψ is represented as a linear combination of the HF determinant and its excited state
determinants 22,

Ψ = c0Φ0 +
X
ia

cai Φa
i +

1

4

X
i jab

cabij Φab
ij +

1

36

X
i jkabc

cabcijk Φabc
ijk + : : : (2.6)

which can be extended to the limit of all possible excited–state determinants. The expression for the CI wavefunction
(2.6) can be simplified by grouping determinants and coefficients by excitation level,

|Ψ〉 = c0 |0〉+ cS |S〉+ cD |D〉+ cT |T 〉+ : : : =
X
I

cI |I〉 ; (2.7)

where |0〉 is the ground–state while |S〉, |D〉 and |T 〉 are the blocks of singly, doubly and triply–excited determinants
respectively. Assuming the CI wavefunction is normalised as

P
I c
∗
I cI = 1, it can be substituted into the Schrödinger

Equation of (1.1) to give

Ĥ |Ψ〉 = E |Ψ〉 =⇒ Ĥ
X
I

cI |I〉 = E
X
I

cI |I〉 : (2.8)

The resulting expression may be left–multiplied by 〈J| and simplified asX
I

〈J|Ĥ|I〉 cI = E
X
I

〈J|I〉 cI =⇒
X
I

HJIcI = E
X
I

‹JIcI = EcJ =⇒ Hc = Ec; (2.9)

where H is the CI Hamiltonian matrix and c the expansion coefficients for the ground–state CI wavefunction with
ground–state energy E. This eigenvalue equation may be written explicitly in terms of the excitation–level blocks
shown in (2.7) as 0BBBBB@

〈0|Ĥ|0〉 0 〈0|Ĥ|D〉 0 : : :

0 〈S|Ĥ|S〉 〈S|Ĥ|D〉 〈S|Ĥ|T 〉 : : :

〈D|Ĥ|0〉 〈D|Ĥ|S〉 〈D|Ĥ|D〉 〈D|Ĥ|T 〉 : : :

0 〈T |Ĥ|S〉 〈T |Ĥ|D〉 〈T |Ĥ|T 〉 : : :
...

...
...

...
. . .

1CCCCCA

0BBBBB@
c0

cS
cD
cT
...

1CCCCCA = E

0BBBBB@
c0

cS
cD
cT
...

1CCCCCA (2.10)

where the Slater–Condon rules from Table 2.1 are used to eliminate the 〈0|Ĥ|T 〉 & 〈T |Ĥ|0〉 blocks in the Hamiltonian
matrix, whilst Brillouin’s theorem requires the 〈0|Ĥ|S〉 & 〈S|Ĥ|0〉 blocks to be zero.

The expression (2.6) in principle extends to include every possible excitation of the reference determinant Φ0; this is
the Full Configuration Interaction (FCI) model. The HF determinant and the set of all excited–state determinants
together constitute a complete basis in the space of one–electron orbitals hence the energy E obtained by diagonalising
the FCI Hamiltonian is the exact energy in a given basis set; in the limit of a complete basis set, the FCI energy is
considered to be exact.

In practice however, FCI calculations are only feasible for very small systems with a limited number of basis functions
due to the very large number of determinants that make–up the full expansion. There are

`
2m
n

´
possible arrangements

of n electrons amongst 2m spinorbitals with the result that the size of the FCI problem scales as roughly ∼ m!.
Although many algorithms have been developed to try and make large–scale CI calculations more computationally
manageable, see for example Refs. 23–25, it becomes necessary to truncate the expansion (2.6) in the CI treatment
of larger systems.

A common level of truncation in general–purpose post–HF electronic structure calculations is to that of configuration
interaction singles and doubles (CISD), in which only the singly and doubly excited Slater determinants are included
in the CI expansion,

ΨCISD = c0Φ0 +
X
ia

cai Φa
i +

1

4

X
i jab

cabij Φab
ij : (2.11)

This approximation is generally effective in accounting for correlation energy, recovering in the order of ∼ 90% of that
recovered in FCI.i

iAlthough this is highly dependent on basis–set size and the characteristics of the system itself.
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However, truncated CI approximations have an important shortcoming - they are not size–consistent. For a method to
be size–consistent, the total energy of a system AB composed of two non–interacting subsystems A & B must be
equal to the sum of the energies of the separate subsystems; given their respective Hamiltonians Ĥ, wavefunctions Φ
and energies E this relation is expressed as

ĤAΦA = EAΦA ĤBΦB = EBΦB ĤABΦAB = EABΦAB =⇒ EAB = EA + EB: (2.12)

This can be seen to apply for the UHF method described in subsubsection 1.2.3.4, where the orbitals of the two
non–interacting subsystems have no overlap hence ΦAB = ΦAΦB. It follows that, for such a system, the Schrödinger
Equation can be re–arranged as

ĤABΦAB = (EA + EB)ΦAΦB = (ĤAΦA)ΦB + ΦA(ĤBΦB) = (ĤA + ĤB)ΦAB; (2.13)

demonstrating that the wavefunction operators are also additive.

It can be readily demonstrated that truncated CI is not necessarily size–consistent using the example of a Helium
atom, for which the CISD model is equivalent to FCI as only two electrons are present hence only single and double
excitations are possible. For a system of two Helium atoms, in which there are four electrons, the FCI wavefunction
will contain triply–excited and quadruply–excited determinants however the CISD model will only contain up to
doubly–excited determinants. The result is that the FCI Hamiltonian matrix,0BBBBB@

〈0|Ĥ|0〉 0 〈0|Ĥ|D〉 0 0

0 〈S|Ĥ|S〉 〈S|Ĥ|D〉 〈S|Ĥ|T 〉 0

〈D|Ĥ|0〉 〈D|Ĥ|S〉 〈D|Ĥ|D〉 〈D|Ĥ|T 〉 〈D|Ĥ|Q〉
0 〈T |Ĥ|S〉 〈T |Ĥ|D〉 〈T |Ĥ|T 〉 〈T |Ĥ|Q〉
0 0 〈Q|Ĥ|D〉 〈Q|Ĥ|T 〉 〈Q|Ĥ|Q〉

1CCCCCA (2.14)

contains significant blocks that are omitted in the CISD Hamiltonian matrix - these are shaded in (2.14). It follows
that the FCI and CISD energies of He2 differ, so the CISD energy of He2 is not equal to twice that of He.

This shortcoming of truncated CI represents a significant problem, particularly for the accurate calculation of energy
differences in bond formation or bond fission. Theories have been developed to partially correct this error26, notably the
Davidson correction27 which estimates the energy difference between the CISD and CISDTQ approximations. Ultimately,
more accurate results using CI are only obtained by including higher–order excitations in the CI expansion.

2.3 Perturbation Theory

An alternative approach to the treatment of electron correlation is by application of perturbation theory. Perturbation
theory provides the means of approximating the solution to a problem using the principle that, if the solution to a
similar problem is known, then the solution to the unknown problem can be approximated as the known solution plus
a small correction.

This method is predicated on an assumption that the difference in energy between the known and perturbed system is
small compared to the energy difference between states of the known system. In the context of electronic structure
theory, the correlation energy of a system is often only around 1% its total energy, hence perturbation theory is a
reasonable approach that may be taken to estimate correlation energy.

2.3.1 Rayleigh–Schrödinger Perturbation Theory

A convenient framework for the application of perturbation theory is that formalised by Rayleigh28 and Schrödinger1:
Rayleigh–Schrödinger perturbation theory (RSPT). According to RSPT, the Hamiltonian Ĥ can be separated into
the sum of a zeroth–order component Ĥ0 and a perturbative operator V̂, the magnitude of which is scaled by some
coefficient – as

Ĥ = Ĥ0 + –V̂: (2.15)

The Schrödinger Equation (1.1) can hence be written as

ĤΨn =
“
Ĥ0 + –V̂

”
Ψn = EnΨn: (2.16)
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The zeroth–order Hamiltonian Ĥ0 is taken to have known eigenfunctions Ψ
(0)
n and eigenvalues E(0)

n , satisfying the
eigenvalue equation

Ĥ0Ψ(0)
n = E(0)

n Ψ(0)
n

D
Ψ(0)
m

˛̨̨
Ψ(0)
n

E
= ‹mn: (2.17)

For a perturbation –V̂ that is small compared to the zeroth–order Hamiltonian, it can be reasonably inferred that

Ψn ≈ Ψ
(0)
n and En ≈ E(0)

n . Therefore, the exact eigenfunctions and eigenvalues can be approximated as the series
expansions in –,

Ψn = Ψ(0)
n + –Ψ(1)

n + –2Ψ(2)
n + : : :

En = E(0)
n + –E(1)

n + –2E(2)
n + : : :

(2.18)

where Ψ
(k)
n and E(k)

n are the k th order corrections to the eigenfunctions and eigenvalues of Ĥ0. Given that both
the eigenfunctions of the zeroth–order Hamiltonian are orthonormal and those of the full Hamiltonian are orthonor-
mal, the wavefunction correction terms can be constrained such that they are orthogonal to the zeroth–order
wavefunction, D

Ψ(0)
n

˛̨̨
Ψ(k)
n

E
= ‹0k : (2.19)

As a result, the zeroth–order and corrected wavefunctions are mutually orthonormal at arbitrary order – described as
intermediate normalisation,D

Ψ(0)
n

˛̨̨
Ψn

E
=
D

Ψ(0)
n

˛̨̨
Ψ(0)
n

E
+ –

D
Ψ(0)
n

˛̨̨
Ψ(1)
n

E
+ –2

D
Ψ(0)
n

˛̨̨
Ψ(2)
n

E
+ : : : = 1: (2.20)

The series expansions in (2.18) can be substituted into the Schrödinger Equation (2.17) to give“
Ĥ0 + –V̂

”“
Ψ(0)
n + –Ψ(1)

n + –2Ψ(2)
n + : : :

”
=
“
E(0)
n + –E(1)

n + –2E(2)
n + : : :

”“
Ψ(0)
n + –Ψ(1)

n + –2Ψ(2)
n + : : :

”
: (2.21)

Collecting the terms in (2.21) by order in – yields the set of equations

–0 :
“
Ĥ0 − E(0)

n

”
Ψ(0)
n = 0

–1 :
“
Ĥ0 − E(0)

n

”
Ψ(1)
n =

“
E(1)
n − V̂

”
Ψ(0)
n

–2 :
“
Ĥ0 − E(0)

n

”
Ψ(2)
n =

“
E(1)
n − V̂

”
Ψ(1)
n + E(2)

n Ψ(0)
n ;

(2.22)

each of which can be projected onto the bra–state of the zeroth–order wavefunction Ψ
(0)
n and, using intermediate

normalisation, the expressions for the k th order energy contributions of (2.18) are obtained as

–0 : E(0)
n =

D
Ψ(0)
n

˛̨̨
Ĥ0

˛̨̨
Ψ(0)
n

E
–1 : E(1)

n =
D

Ψ(0)
n

˛̨̨
V̂
˛̨̨
Ψ(0)
n

E
–2 : E(2)

n =
D

Ψ(0)
n

˛̨̨
V̂
˛̨̨
Ψ(1)
n

E
:

(2.23)

Taking the equations in (2.22) order–by–order in –, expressions for the wavefunction correction terms in (2.18) can

be determined by projecting each onto the bra–state of the set of zeroth–order wavefunctions Ψ
(0)
m with m 6= n. For

the first–order equation this gives

E(0)
m

D
Ψ(0)
m

˛̨̨
Ψ(1)
n

E
+
D

Ψ(0)
m

˛̨̨
V̂
˛̨̨
Ψ(0)
n

E
= E(0)

n

D
Ψ(0)
m

˛̨̨
Ψ(1)
n

E
; (2.24)

which can be re–arranged to identify the projection coefficient of Ψ
(1)
n onto Ψ

(0)
m ,

D
Ψ(0)
m

˛̨̨
Ψ(1)
n

E
=

D
Ψ

(0)
m

˛̨̨
V̂
˛̨̨
Ψ

(0)
n

E
E(0)
n − E(0)

m

: (2.25)

Using the intermediate normalisation to eliminate 〈Ψ(0)
m |Ψ(1)

m 〉, the first–order correction to the wavefunction can be
written generally as

Ψ(1)
n =

X
m 6=n

D
Ψ

(0)
m

˛̨̨
V̂
˛̨̨
Ψ

(0)
n

E
E(0)
n − E(0)

m

Ψ(0)
m : (2.26)
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This may be substituted into the expression for the second–order correction to the energy in (2.23), allowing it to be
expressed in terms of only second–order quantities as

E(2)
n =

X
m 6=n

D
Ψ

(0)
m

˛̨̨
V̂
˛̨̨
Ψ

(0)
n

E
E(0)
n − E(0)

m

D
Ψ(0)
n

˛̨̨
V̂
˛̨̨
Ψ(0)
m

E
=
X
m 6=n

˛̨̨ D
Ψ

(0)
m

˛̨̨
V̂
˛̨̨
Ψ

(0)
n

E˛̨̨2
E(0)
n − E(0)

m

: (2.27)

Similar relations may be derived for higher orders in the perturbation expansion, however (2.27) is sufficient for the
purposes of this work.

2.3.2 Møller–Plesset Perturbation Theory

The principle of RSPT can be applied to wavefunction–based electronic structure methods by considering the Hartree–
Fock wavefunction and energy as the zeroth–order approximation to its exact form. This approach was taken by Møller
and Plesset to formulate an approximation for the correlation energy of a system described by a HF wavefunction; the
method is known as Møller–Plesset (MP) perturbation theory29.

In MP perturbation theory, the zeroth–order operator is taken to be the sum of the Fock operators (1.80) for each
electron, given by

Ĥ0 =
X
i

f̂ (i) =
X
i

ĥ(i) +
X
i j

“
Ĵj(i)− K̂j(i)

”
: (2.28)

The perturbation operator is defined as the difference between the exact and zeroth–order Hamiltonians Ĥ − Ĥ0,
which is seen to contain only two–electron operators as

V̂ =

0@X
i

ĥ(i) +
X
i>j

ŵ(i ; j)

1A−
0@X

i

ĥ(i) +
X
i j

“
Ĵj(i)− K̂j(i)

”1A =
X
i>j

ŵ(i ; j)−
X
i j

“
Ĵj(i)− K̂j(i)

”
: (2.29)

This perturbation is often referred to as the fluctuation potential as it describes the difference between instantaneous
electron–electron interactions and the mean–field treatment characterised by HF approximation.

Using the expressions for the energy correction terms (2.23) derived using RSPT, the MP energy terms for a Slater
determinant Φ0 can be identified by order as

E(0)
0 = 〈Φ0|Ĥ0|Φ0〉 =

X
i

〈Φ0|f̂ (i)|Φ0〉 =
X
i

〈i |f̂ |i〉 =
X
i

"i

E(1)
0 = 〈Φ0| V̂ |Φ0〉 =

X
i>j

〈Φ0|ŵ(i ; j)|Φ0〉 −
X
i j

〈Φ0|Ĵj(i)− K̂j(i)|Φ0〉 = −1

2

X
i j

〈i j ||i j〉

E(2)
0 =

X
n 6=0

|〈Φn|V̂|Φ0〉|2

E(0)
0 − E

(0)
n

=
X
ia

|〈Φa
i |V̂|Φ0〉|2
"i − "a

+
1

4

X
i jab

|〈Φab
ij |V̂|Φ0〉|2

"i + "j − "a − "b
=

1

4

X
i jab

|〈ab||i j〉|2
"i + "j − "a − "b

(2.30)

where the second–order energy correction includes only contributions from doubly–excited determinants, as the HF
determinant does not interact with singly–excited determinants due to Brillouin’s theorem nor with triply–excited or
higher determinants according to the Slater–Condon rules given in Table 2.1.

It can be seen that the sum of the zeroth and first–order Møller–Plesset energy terms simply yields the ground–state
HF energy,

E(0)
0 + E(1)

0 =
X
i

"i −
1

2

X
i j

〈i j ||i j〉 =
X
i

hi i +
X
i j

〈i j ||i j〉 − 1

2

X
i j

〈i j ||i j〉 =
X
i

hi i +
1

2

X
i j

〈i j ||i j〉 = EHF; (2.31)

hence corrections to the HF energy first appear at second–order perturbation theory. These perturbative corrections to
the HF energy describe correlation hence the simplest estimate of the correlation energy is given by the second–order
energy correction of MP perturbation theory, commonly referred to as the MP2 correlation energy,

EMP2
c =

1

4

X
i jab

|〈i j ||ab〉|2
"i + "j − "a − "b

(2.32)

The MP2 treatment of correlation is relatively inexpensive computationally, and typically ∼ 80% of the correlation
energy of the system is accounted for by (2.32). Although in principle higher–orders of perturbation theory could be
used in the same way to systematically improve the description of correlation, the series of MPN correlation energies
can behave unpredictably at higher orders30, as well as becoming significantly more computationally expensive. Rather
than expand the MP series to higher and higher orders, alternative post–HF methods are usually preferable for a more
advanced treatment of correlation.
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2.4 Coupled-Cluster Theory

The final ab initio treatment of electron correlation to be discussed here is the coupled–cluster (CC) method which
has, for many purposes, become the method of choice for reliable and accurate modelling of correlation effects in
electronic systems. The CC method was initially proposed by Č́ıžek in 196631 however it wasn’t until some years later,
after further work by a number of other research groups, that CC became established as an attractive alternative to
MP & CI methods32–38.

In a similar way to CI, the CC method accounts for electron correlation by modelling the exact wavefunction as a
series in the HF reference determinant and the manifold of its excited–states. In contrast to CI however, the CC
wavefunction is constructed using the exponential ansatz 31,32,39

Ψ = e T̂ Φ0 (2.33)

where Φ is the HF reference determinant and T̂ is the cluster operator, comprising the sum of excitation operators up
to a given order,

T̂ = T̂1 + T̂2 + T̂3 + : : : =
X
–

T̂–: (2.34)

The excitation operator for a given order is generally defined using the second–quantisation formalism as

T̂1 =
X
i

X
a

tai â
† î T̂2 =

„
1

2

«2X
i j

X
ab

tabij â
† î b̂† ĵ : : : T̂– =

„
1

–!

«2X
i j :::

X
ab:::

tab:::i j ::: â
† î b̂† ĵ : : : (2.35)

where â† is a creation operator for spinorbital a, î is an annihilation operator for spinorbital i and tab:::i j ::: are the

excitation amplitudes. ii The action of each cluster operator in (2.35) on the HF determinant yields contributes to
the CC wavefunction (2.33) of the form

T̂1Φ0 =
X
i

X
a

tai Φa
i T̂2Φ0 =

„
1

2

«2X
i j

X
ab

tabij Φab
ij : : : T̂–Φ0 =

„
1

–!

«2X
i j :::

X
ab:::

tab:::i j ::: Φab:::
i j::: : (2.36)

The cluster operator in (2.34) can theoretically be extended to include all possible excitations in the system in the
same way that the CI series (2.6) is extended to include all possible excited–state determinants in FCI.

In Section 2.2 it was shown that truncating the CI expansion and not including all possible terms yields a method
that is not size–consistent. By contrast, in CC theory the cluster operator may be arbitrarily truncated and still yield
a size–consistent wavefunction. Using the terms defined in (2.12), the identity in (2.13) can be applied to the CC
method, given cluster operators T̂A & T̂B for subsystems A & B respectively, the overall cluster operator for the
system AB must simply be the sum of those for each subsystem; T̂AB = T̂A + T̂B. Substituting ΦAB & T̂AB into (2.33)
yields the CC wavefunction for the combined system, which can be re–arranged as

ΨAB = e T̂AB ΦAB = e T̂A+T̂B ΦAΦB = e T̂A ΦAe
T̂B ΦB = ΨAΨB: (2.37)

The size–consistency of the CC model can thus be seen as a direct result of its exponential ansatz, as the CC wave-
function for a combined system is equal to the product of those of its constituent non–interacting subsystems.

The advantage of the CC method over the CI method may be demonstrated by comparing their second–order truncated
forms; CC singles and doubles (CCSD)44 and CISD respectively. In CCSD, the cluster operator contains only single
and double–excitations and is given by T̂ = T̂1 + T̂2. Substituting this into (2.33) and using the Taylor series expansion
of the exponential iii, the CCSD wavefunction can be written as

ΨCCSD = e T̂ Φ0 =

„
1 + T̂1 + T̂2 +

1

2
T̂ 2

1 + T̂1T̂2 +
1

2
T̂ 2

2 + : : :

«
Φ0

= Φ0 +
X
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X
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tai Φa
i +

1

4

X
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X
ab

tabij Φab
ij +

1

2

X
i j

X
ab

tai t
b
j Φab

ij

+
1

4

X
i jk

X
abc

tabij t
c
kΦabc

ijk +
1

32

X
i jkl

X
abcd

tabij t
cd
kl Φabcd

ijkl + : : :

(2.38)

iiThe second–quantisation is a theoretical framework in which quantum many–body systems can be described, using the creation and
annihilation operators to represent the occupancy and vacancy respectively of one–particle states such as spinorbitals relative to a
ground–state such as the HF state. The principles of the second–quantisation are beyond the scope of the present work, however the
approach well documented in the literature, for example in Refs. 40–43.

iiieT̂ = 1 + T̂ + 1
2!
T̂ 2 + 1

3!
T̂ 3 + : : :
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where contributions to the wavefunction linear in the cluster operator, i.e. T̂1Φ0 and T̂2Φ0, are referred to as connected
clusters and those that involve the products of cluster operators, i.e. 1

2 T̂
2

1 Φ and T̂1T̂2Φ, are referred to as disconnected
clusters. The relevance of this distinction becomes apparent on comparison with CISD, which may be written in a
comparable form to (2.38) using ‘CI excitation operators’ Ĉ as

ΨCISD =
“

1 + Ĉ1 + Ĉ2

”
Φ0

= Φ0 +
X
i

X
a

cai Φa
i +

1

4

X
i j

X
ab

cabij Φab
ij ;

(2.39)

where it can be seen that connected clusters in the CC method give rise to terms similar to those appearing in the
equivalent CI wavefunction whereas the disconnected clusters result in terms absent from the CI wavefunction. The
disconnected clusters introduce higher–order excited determinants than those present in the CI expansion; it is by
virtue of these disconnected clusters that CC is in practice size–consistent.

Although the CC method is not variational, the correlation energy is calculated through solving the CC equations, which
requires an iterative determination of the cluster amplitudes, rather than through determining a set of coefficients for
excited–state determinants as in CI.

2.4.1 Coupled–Cluster Equations

In order to compute the CC energy expectation value, it is first necessary to determine the cluster amplitudes
t = (tai ; t

ab
ij ; : : :). This may be accomplished by firstly substituting the CC wavefunction (2.33) into the Schrödinger

Equation to yield

Ĥe T̂ Φ0 = ECCe
T̂ Φ0 =⇒ (Ĥ − ECC)e T̂ Φ0 = 0; (2.40)

onto which the manifold of excited–state determinants can be projected to yield a set of non–linear equations. In the
derivation of these equations, it is convenient to introduce the normal–ordered Hamiltonianiv

ĤN = Ĥ − 〈Φ0|Ĥ|Φ0〉 ; (2.41)

in which the expectation value of the Hamiltonian on the HF determinant can be identified as the HF energy.
Substituting the definition of correlation energy in (2.1) into (2.41) and re–arranging yields the identity

ECC = 〈Φ0|Ĥ|Φ0〉+ EC =⇒ ĤN − Ec = Ĥ − ECC =⇒ (ĤN − Ec)e T̂ Φ0 = 0 (2.42)

This may be further transformed by multiplication on both sides with e−T̂ , simplifying as

e−T̂ ĤNe
T̂ Φ0 = e−T̂ Ece

T̂ Φ0 =⇒ e−T̂ ĤNe
T̂ Φ0 = EcΦ0; (2.43)

which can be then projected onto the HF bra–state to yield an expression for the correlation energy expectation
value

〈Φ0|e−T̂ ĤNe
T̂ |Φ0〉 = Ec 〈Φ0|Φ0〉 = Ec: (2.44)

A useful feature of the similarity–transformed normal ordered Hamiltonian e−T̂ ĤNe
T̂ is that it may be represented by

the Baker–Campbell–Hausdorff (BCH) commutator expansion

e−T̂ ĤNe
T̂ = ĤN + [ĤN; T̂ ] +

1

2
[[ĤN; T̂ ] ; T̂ ] +

1

6
[[[ĤN; T̂ ] ; T̂ ] ; T̂ ] +

1

24
[[[[ĤN; T̂ ] ; T̂ ] ; T̂ ] ; T̂ ] (2.45)

which terminates at the four–fold commutator level due to the fact that the Hamiltonian contains only one and
two–electron operators and can only be contracted with up to four T̂ terms.v This formulation provides a convenient

ivA normal–ordered operator in the second–quantisation is one in which all annihilation operators are to the right of the creation operators.
The key feature of normal–ordered operators is that their expectation value over a completely unoccupied state is zero.

vIn the second–quantised form, the normal–ordered Hamiltonian is given by

ĤN =
X
pq

fpq{p̂† q̂}+
1

4

X
pqrs

〈pq||rs〉 {p̂† q̂† ŝ r̂}

where fpq are the matrix elements of the Fock operator fpq = 〈p|ĥ|q〉+
P

i
〈pi ||qi〉 and {·} indicates that the operators are normal–ordered.

In the BCH expansion, products of T̂ & ĤN only yield nonzero terms where at least one creation/annihilation operator in T̂ is contracted

with an operator in ĤN; in other words the second–quantised form of ĤN & T̂ are connected by common indices. Evidently, the
normal–ordered Hamiltonian can only be connected to a maximum of four T̂ terms, hence the BCH expansion terminates at fourth–order.
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means by which the amplitude equations can be obtained; in the same way as in (2.44) for the correlation energy,
(2.43) may be projected against excited–state determinants to yield the series of simultaneous equations

〈Φa
i |e−T̂ ĤNe

T̂ |Φ0〉 = 0 (2.46)˙
Φab
ij

˛̨
e−T̂ ĤNe

T̂ ˛̨Φ0

¸
= 0 (2.47)

...˙
Φab:::
i j :::

˛̨
e−T̂ ĤNe

T̂ ˛̨Φ0

¸
= 0 (2.48)

which can be expanded using the principles of the second–quantisation to produce non–linear equations for the cluster
amplitudes.

The CCSD approximation is extensively used in this work as an accurate reference method; an expression for the CCSD
correlation energy can be derived from substitution of the CCSD cluster operator T̂ = T̂1 + T̂2 into (2.44) as

ECCSD
c =

X
ia

tai fia +
1

4

X
i jab

fiabij 〈i j ||ab〉 (2.49)

in which fi is an intermediate comprised of the single and double–excitation amplitudes,

fiabij = tabij + P(ab)t
a
i t
b
j (2.50)

and P(pq) is an ‘antisymmetrisation’ operator, transforming terms as P(pq)X(p; q) = X(p; q)− X(q; p).

In order to determine the cluster amplitudes required to evaluate (2.50), it is necessary to solve (2.46) & (2.47) with
the CCSD cluster operator. Considering first the projection against singly–excited determinants in (2.46), a non–linear
equation can be elucidated for the single–excitation amplitudes as

tai ∆a
i = fai +

X
e

tei Fae −
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X
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taemn 〈mn||ie〉 ;
(2.51)

where ∆a
i = fi i − faa and Fpq are one–electron intermediate terms given in (2.53). Likewise, projection against

doubly–excited determinants in (2.47) results in an equation for the double–excitation cluster amplitudes,
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(2.52)

where ∆ab
ij = fi i + fj j − faa − fbb and Wpqrs are two–electron intermediates given in (2.54).

The amplitude equations are factorised using one and two–electron intermediates, in a similar way to those given by
Stanton et. al. in Ref. 37, as this significantly simplifies the problem and results in practical implementations that are
of superior efficiency to the fully expanded form. The one–electron intermediates are constructed as
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fĩ efin 〈mn||ef 〉 ;

(2.53)

where fĩ is a modified form of (2.50) given by fĩabij = tabij + 1
2P(ab)t

a
i t
b
j . Similarly, the two–electron intermediates are
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defined as
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Wmnij = 〈mn||i j〉+ P(i j)

X
e

tej 〈mn||ie〉+
1

2

X
ef

fi efi j 〈mn||ef 〉

Wmbej = 〈mb||ej〉+
X
f

t fj 〈mb||ef 〉 −
X
n

tbn 〈mn||ej〉 −
X
nf

„
1

2
t f bjn + t fj t

b
n

«
〈mn||ef 〉 ;

(2.54)

thus providing the complete set of intermediate terms required in (2.51) & (2.52). The CC amplitude equations are
solved iteratively, with initial values of the cluster amplitudes given by tai = 0 & tabij = 〈i j ||ab〉 =∆ab

ij
vi, terminating

when the change in correlation energy (2.49) between iterations is below a required threshold.

As with CI, the quality of the predictions made by CC increases with the number of excitations considered, with
the inclusion of triple–excitations in the cluster amplitude constituting the next increment in accuracy above CCSD.
However, the inclusion of higher order excitations in the model leads to a steeply–scaling computational cost that
rapidly leads to practical calculations becoming unfeasible to execute.

One popular technique for improving the accuracy of CCSD whilst minimising the increase in cost is the CCSD(T)
method45,46. In this scheme, a full CC treatment of single and double excitations is followed by a perturbative
treatment of triple excitations, which is often found to give similar results to the full triples calculation CCSDT, but
with significantly lower computational cost. The success of this approach is such that it is often referred to as the
‘gold standard’ of quantum chemical calculations.

2.5 Analytical Derivatives

For many chemical applications, calculation of the ground–state energy can be of limited utility as it does not
correspond directly to an experimentally observable chemical property; it is essential that electronic structure methods
can be used to compute molecular properties.

In general, molecular properties can be defined for a system in a given electronic state as its response to a perturbation,
in which the energy is represented as a series expansion in the perturbation with molecular properties given by the
expansion coefficients. For example, given a ground–state energy E(0), the energy of a molecular system subject to
perturbation ‚ is given by

E(‚) = E(0) + E(1)‚ +
1

2
E(2)‚2 + : : : ; (2.55)

where E(1) & E(2) denote first–order and second–order molecular properties respectively. For a time–independent
perturbation, these molecular properties may be computed as derivatives of the energy with respect to the perturba-
tion,

E(1) =
dE
d‚

˛̨̨̨
‚=0

E(2) =
d2E
d‚2

˛̨̨̨
‚=0

; (2.56)

where first–order properties require the gradient of the energy with respect to the perturbation whilst second–order
properties relate to the second derivative of the energy with respect to the perturbation.

For a given quantum chemical method, derivatives of the energy can be computed in one of two ways: by numerical
approximation or by analytical evaluation. Numerical approximation by finite difference is the most straightforward
approach as this only requires calculation of the energy of the system over a range of ‚. However, finite difference is
of limited accuracy and the requirement to evaluate the energy over many values of ‚ can restrict the applicability of
approach due to the computational demand this entails.

The analytical method overcomes this limitation by directly evaluating the derivative of the energy itself rather
than the energy at different values of the perturbation ‚. The main drawback is that it requires the derivation and
implementation of a new set of expressions for the analytical derivatives for each quantum chemical method. However,
due to its accuracy and wider applicability, the analytical method is generally preferable to the numerical method of
computing molecular derivatives.

viThe initial value of the double–excitation cluster amplitude tabij can be recognised as part of the MP2 energy expression (2.32), which

may be re–written in terms of tabij as EMP2
c = 1=4

P
i jab

tabij 〈i j ||ab〉.
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For a general unperturbed system, the expectation value of the energy can be expressed as a functional of the
wavefunction parameters pertaining to the system - for example, the expectation value of the HF energy can be
expressed as a functional of the molecular orbital coefficients, as shown in (1.110).

For a general system subject to perturbation ‚, the expectation value of the energy also becomes dependent on the
perturbation, as demonstrated in (2.55). However, in addition to this explicit dependence on ‚, there is also an
implicit dependence as the wavefunction parameters themselves are dependent on ‚ in a general system. Therefore,
given a set of perturbation dependent wavefunction parameters κ(‚), the expression for the first derivative of the
energy is determined by the chain rule as

E = E(‚;κ(‚)) =⇒ dE
d‚

=

„
@E
@‚

«
+

„
@E
@»

«„
@»

@‚

«
; (2.57)

where the term @»=@‚ is referred to as the response of the wavefunction to the perturbation. If the wavefunction
is variationally determined, such as the HF wavefunction, the energy is stationary with respect to changes in the
wavefunction parameters thus @E=@‚ = 0 for all ». As such, the derivative of the energy with respect to ‚ simplifies
as dE=d‚ = @E=@‚. This is not the case however for non–variational wavefunctions such as the CCSD wavefunction;
the response of the wavefunction parameters to the perturbation must also be computed.

2.5.1 Derivatives In Hartree–Fock Theory

The HF wavefunction is variationally determined as described in subsection 1.2.3 and its energy expectation value can
be evaluated in the general LCAO form as

E(‚; c(‚)) =
X
—�

X
i

c∗—ih—�c�i +
1

2

X
—�–ff

X
i j

c∗—ic�ic
∗
–jcffj 〈—–||�ff〉 ; (2.58)

where ‚ is an external perturbation parameter, c the MO coefficients and all other terms as defined in subsubsec-
tion 1.2.3.5. As the expectation value of the energy is determined variationally, it is stationary with respect to
variations in the MO coefficients. Therefore, the derivative of (2.58) with respect to ‚ can be written as

dE
d‚

=
X
—�

X
i

c∗—i
@h—�
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1

2
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—�–ff

X
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ff
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2
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
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@c∗–j
@‚

cffj + c∗—ic�ic
∗
–j

@cffj
@‚

ff
〈—–||�ff〉 ;

(2.59)

which may be further simplified as shown by Pople et. al.47 as

dE
d‚

=
X
—�

X
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(2.60)

Given that the MOs in a variationally–determined HF wavefunction must constitute an orthonormal basis, they must
satisfy the identity X

—�

c∗—iS—�c�i = ‹i j ; (2.61)

the derivative of which with resect to the perturbation ‚ is given by

X
—�


@c∗—i
@‚

S—�c�i + c∗—i
@S—�
@‚

c�i + c∗—iS—�
@c�i
@‚

ff
= 0: (2.62)
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This relation may be substituted into the final term in (2.60) to eliminate the derivatives of the MO coefficients,
yielding the final expression for the first derivative of the HF energy in the AO basis

dE
d‚

=
X
—�

X
i

c∗—i
@h—�
@‚

c�i +
1

2

X
—�–ff

X
i j

c∗—ic�ic
∗
–jcffj

@ 〈—–||�ff〉
@‚

−
X
—�

X
i

"ic
∗
—i

@S—�
@‚

c�i ; (2.63)

where the derivatives of the overlap matrix, core Hamiltonian matrix and two–electron integrals are computed as
appropriate.

2.5.2 Derivatives In Coupled–Cluster Theory

The procedure for computing the analytical derivatives of correlated wavefunctions is somewhat more complex than
that for the HF wavefunction as there is an additional set of parameters that must be considered, such as the expansion
coefficients in CI or the excitation amplitudes in CC. This is further complicated by the fact that, for non–variational
wavefunctions such as CC, the energy expectation value is not stationary with respect to these additional parameters
thus it would appear that their derivatives would be required according to (2.57).

It is however possible to formulate a method for evaluating the derivative of the CC energy that does not require
derivatives of the excitation amplitudes by instead constructing the CC Lagrangian 38,48,

LCC = 〈Φ0|e−T̂ ĤNe
T̂ |Φ0〉+

X
I

–I 〈ΦI |e−T̂ ĤNe
T̂ |Φ0〉 ; (2.64)

where the first term is the correlation energy expression from (2.44) and the second term is a summation of the
amplitude equations in (2.48) multiplied by a set of Lagrange multipliers λ. Recognising that the similarity–transformed
normal ordered Hamiltonian is not Hermitian, the CC Lagrangian (2.64) may be re–written as

LCC = 〈Φ0|(1 + Λ̂)e−T̂ ĤNe
T̂ |Φ0〉 where 〈Φ0| Λ̂ =

X
I

–I 〈ΦI | ; (2.65)

hence the operator Λ̂ is a de–excitation operator defined by analogy to the cluster operators in (2.35) as36,49

Λ̂ = Λ̂1 + Λ̂2 + : : : =
X
i

X
a

–ia î
† â +

1

4

X
i j

X
ab

–i jab î
† â ĵ† b̂ + : : : : (2.66)

However, in contrast to the cluster operator, the Λ̂ operators only appear linearly in (2.65) and in that sense share
some similarities with the ‘CI operators’ in (2.39).

It can be readily deduced that the expectation value of the correlation energy is independent of the Lagrange multipliers
λ by considering the stationary point of the Lagrangian with respect to λ,

@LCC

@–I
= 〈ΦI |e−T̂ ĤNe

T̂ |Φ0〉 = 0; (2.67)

which yields the CC amplitude equations of (2.48). Therefore, the excitation amplitudes t and thus the energy
expectation value are independent of λ. It follows that the Lagrange multipliers λ are defined as those that yield a
Lagrangian stationary with respect to the excitation amplitudes t, obtained by solving the CC ––equations

@LCC

@tI
= 〈Φ0|(1 + Λ̂)(e−T̂ ĤNe

T̂ − Ec)|ΦI〉 = 0: (2.68)

Considering (2.68) for the CCSD model, in which Λ̂ = Λ̂1 + Λ̂2, algebraic forms of the ––equations can be derived in a
similar way to the equations for the excitation amplitudes in subsection 2.4.1. For the single de–excitation amplitudes
–ai , the ––equations take the form

–ai ∆
a
i = Fia +

X
e

–ei Fea −
X
m

–amFim +
X
me

–emWieam +
1

2

X
mef

–efimWef am

− 1

2

X
mne

–aemnWiemn −
X
ef

GefWeif a −
X
mn

GmnWmina;

(2.69)
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whilst the corresponding equations for the double de–excitation amplitudes –abij are given by

–abij ∆ab
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2
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 X
f

–f ei j t
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!
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+ P(i j)
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+ P(i j)P(ab)

(X
me

–aeimWjebm + –ai Fjb

)
;

(2.70)

where the definitions of ∆a
i , ∆ab

ij , fĩabij and fiabij are the same as for the amplitude equations in subsection 2.4.1. As for

(2.51) & (2.52), the CCSD ––equations have been factorised37,50,51 for computational efficiency, with the one–electron
intermediates used in (2.69) & (2.70) defined as

Fme = fme +
X
nf

t fn 〈mn||ef 〉
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(2.71)

and the two–electron intermediates given by
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(2.72)

As these intermediates are independent of λ, they need only be computed once and can be re–used at each stage in
the iterative solution of (2.68). In addition to these, (2.69) & (2.70) also involve the set of intermediates

Gae = −1

2

X
mnf

–afmnt
ef
mn Gmi =

1

2

X
mef

–efin t
ef
mn Vi jmn =

1

2

X
ef

–efi j t
ef
mn (2.73)

however these must be re–computed at each iteration as they are functions of λ. In practical terms, the ––equations
are solved in the same way as the amplitude equations - by a process of iterative optimisation until convergence of the
norm of λ to within some threshold.

Having solved (2.67) & (2.68) to yield a set of converged t and λ amplitudes respectively, the Lagrangian is stationary
with respect to these two wavefunction parameters. It can be seen that this eliminates derivatives of the t and λ
amplitudes from the first derivative of the energy by substituting the CC Lagrangian into (2.57) as

LCC = LCC(‚; t(‚);λ(‚)) =⇒ dLCC

d‚
=

„
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«
=
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@‚
(2.74)
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and, noting that at the stationary point of the Lagrangian it is identical to the energy expectation value38,48,
substituting (2.65) into the result of (2.74) to yield the expression

dEc

d‚
=

dLCC

d‚
=
@LCC

@‚
= 〈Φ0|(1 + Λ̂)e−T̂

@ĤN
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e T̂ |Φ0〉 : (2.75)

This expression can be re–cast in a convenient form by substituting in the second–quantised form of the normal–ordered
Hamiltonian v and resolving into a one and two–particle components as52,53
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(2.76)

where DCC
pq and ΓCC

pqrs are the correlation components of the one and two–particle response densities respec-

tively54–56.

Algebraic expressions for the non–zero blocks of DCC
pq and ΓCC

pqrs have been developed from their second–quantised

forms50,57, allowing their computation from the converged t and λ amplitudes. The occupied–occupied and virtual–
virtual blocks of the one–particle term are given by
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whilst the non–zero blocks of the two–particle density are constructed as

ΓCC
i jkl =

1

8

X
ef

–efkl fi
ef
i j ΓCC

akij = −1

4

X
e

–aeij t
e
k ΓCC

abij =
1

4
–abij

ΓCC
abcd =

1

8

X
mn

–abmnfi
cd
mn ΓCC

abci =
1

4

X
m

–abmi t
c
m ΓCC

ajib =
1

4

X
me

–aeim
`
tebmj − tej tbm

´
+

1

4
–ai t

b
j

ΓCC
ciab =

1

4

X
m

–cmfi
ab
mi −

1

8

X
mne

–cemnt
e
i fi

ab
mn −

1

4
P(ab)

X
mne

–cemnt
b
mt

ae
in +

1

8
P(ab)

X
mne

–cemnt
b
i t
ae
mn

ΓCC
i jka = −1

4

X
e

–ekfi
ea
ij +

1

8

X
mef

–efkmt
a
mfi

ef
i j +

1

4
P(i j)

X
mef

–efmkt
f
j t
ae
im −

1

8
P(i j)

X
mef

–efkmt
a
j t
ef
im

ΓCC
i jab =

1

4
fiabij +

1

16

X
mn

X
ef

–efmnfi
ef
i j fi

ab
mn −

1

8
P(i j)

X
mn

X
ef

–efmnt
ef
in fi

ab
mj −

1

4
P(i j)

X
me

–emt
e
i fi

ab
mj

− 1

8
P(ab)

X
mn

X
ef

–efmnt
af
mnfi

eb
ij −

1

4
P(ab)

X
me

–emt
a
mfi

eb
ij −

1

8
P(i j)P(ab)

X
mn

X
ef

–efmn (taemi + 2tei t
a
m) tbfjn

− 1

4
P(i j)P(ab)

X
me

–em (taemi + 2tei t
a
m) tbj +

3

4
P(i j)P(ab)

X
me

–emt
a
i t
e
j t
b
m:

(2.78)

As the CC method is defined with respect to a HF reference, the overall electronic gradient of a system requires both
the CC derivative term (2.76) and the HF derivative term (2.63). However, for this approach to be correct the CC
Lagrangian must also be stationary with respect to the HF wavefunction parameters. This condition can be satisfied
through the addition of further terms to (2.65) to form an extended Lagrangian,

LCC = 〈Φ0|(1 + Λ̂)e−T̂ ĤNe
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4
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X
pq

Ipq(Spq − ‹pq);
(2.79)

in which Zai are the Lagrange multipliers pertaining to the Brillouin condition (2.5) and Ipq are the Lagrange multipliers
ensuring orthonormality of the MOs (2.61).

In determining the stationary point of the CC Lagrangian (2.79) with respect to the MO coefficients c, it is convenient
to express a general set coefficients as the product of the unperturbed HF coefficients c0 and an orbital rotation
matrix U,

c—p =
X
q

c0
—qUqp: (2.80)
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The expression for the stationary point of the Lagrangian with respect to c can thus be re–cast as
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for which an explicit form can be elucidated by re–writing the Lagrangian (2.79) in terms of U,
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(2.82)

The derivative of this expression at the stationary point can then be taken with respect to elements of the rotation
matrix as
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X
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These expressions may be re-arranged using the identity Spq = ‹pq to give the expressions
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´
(2.88)
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(2.89)
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: (2.90)

Recognising that the complex conjugate of (2.89) is equal to (2.90), the former can be subtracted from the latter to
eliminate the Ipq terms
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(2.91)

which may thus be re–arranged to yield linear equations for ZaiX
bj

˘
Z∗bj 〈ba||j i〉

∗ + Zbj (〈bi ||ja〉+ ‹i j fba − ‹abfi j)
¯

= Xai ; (2.92)

where Xai is the orbital rotation gradient, defined as
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(2.93)

The linear equation (2.92) is often known as a Z–vector equation; it is a convenient method for computing the
orbital relaxation terms in an analytical derivative calculation introduced by Handy & Schaefer58, based on the
interchange theorem of Dalgarno & Stewart59–61, which permits this term to be computed independently of the
external perturbation.

The solution to the Z–vector equation can be used to construct the Ipq term in (2.81) according to the expressions
(2.87), (2.88), (2.89) & (2.90), with the identity

Ipq =
1

2

`
Ipq + I∗qp

´
; (2.94)

whilst the solution vector itself constitutes the occupied-virtual and virtual-occupied blocks of the CC one–particle
density43,50,62,

DCC
pq =

„
DCC
i j Z∗ia
Zai DCC

ab

«
: (2.95)

This yields a CC Lagrangian that is stationary with respect to all relevant wavefunction parameters,
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from which, by analogy to (2.76), the expression for the analytical gradient of the CC correlation energy is derived
as
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: (2.97)

The overall analytical gradient is obtained by adding the Hartree–Fock reference to (2.97), which is achieved by
replacing the CC correlation density matrices with the effective one and two–particle density matrices43,

Dpq = DCC
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1

4
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1

4
‹occqr D
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ps :

(2.98)
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For ease of computation, the expression for the gradient may be transformed into AO basis and evaluated as
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—�

I—�
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; (2.99)

where Dpq, Γpqrs & Ipq are transformed into AO basis as

D—� =
X
pq

c∗—pDpqc�q Γ—�–ff =
X
pqrs

c∗—pc
∗
�qΓpqrsc–rcffs I—� =

X
pq

c∗—pIpqc�q: (2.100)

2.6 Review

In this Chapter, some of the most well–established ab initio methods for treating correlation have been discussed.
Although techniques such as CCSD(T) and FCI can be used to obtain highly accurate predictions of many–electron
systems, the high computational cost and very poor scaling associated with post-HF methods limit their practical
applicability to the study of systems with a few tens of atoms only.

In Chapter 3, density functional theory is introduced; this is a more efficient approach than those discussed in the
present Chapter and may be used to model systems with many thousands of atoms. However, its underlying principles
are such that it is not clear how systematic improvements can be made to improve its accuracy (as is the case with ab
initio methods, i.e. by increasing the CI space or including higher–order excitations in CC).

The main scientific purpose of this work is to make use of the most accurate ab initio methods available, such as
CCSD(T), to construct local models for correlation energy distributions within small systems. For this purpose, many
of the methods discussed in this chapter have been implemented for general, spin–unrestricted systems in the quantum
chemical rapid development code Quest63, in particular for the energies and analytical derivatives of the CCSD
method as presented here but also the simpler CCD model (in which single–excitation amplitudes are omitted) and
the CCSD(T) model. The relevance of these ab initio methods to the investigation of correlation in density functional
theory will be fully discussed in Chapter 5.
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3 Density Functional Theory

The methods of obtaining approximate solutions to the Schrödinger Equation discussed in the previous chapter
have been successfully used to make accurate predictions for a wide range of molecular systems for many decades.
However, these wavefunction methods share one main disadvantage, which is that their computational cost scales very
unfavourably with system size. The table below lists some of these methods and their formal scaling with system-size,
N (i.e. number of basis functions, which is dependant on both system size and basis–set size).

Method Formal Scaling Maximum System Size

HF O
`
N4
´

∼ 100’s of atoms

MP2 O
`
N5
´

∼ 100’s of atoms

MP3, CISD, CCSD O
`
N6
´

∼ 100 atoms

MP4, CCSD(T) O
`
N7
´

∼ 10’s of atoms

MP5, CISDT, CCSDT O
`
N8
´

∼ 10’s of atoms

FCI O(N!) ∼ 5 atoms

Table 3.1: Computational scaling & system–size limitations for common ab initio methods.

As this demonstrates, the computational cost of these methods increases by orders of magnitude with more advanced
treatments of correlation. This leads to a limit on the size of the system that may be feasibly modelled using modern
technology and software. However, this is also dependent on the basis–set chosen for the expansion of the one–electron
orbitals; it is well known that the estimates obtained from post–HF methods converge slowly towards the true value
with increasing basis–set size. This means that, where extremely accurate predictions are required, it is necessary to
use both a higher–order post–HF method and a very large basis–set, further restricting the number of electrons that
can be treated.

One very different approach to electronic–structure calculations is to describe systems entirely in terms of their electron
density (r) – this is the principle of Density Functional Theory (DFT). The immediate advantage of this approach is
that the number of variables required to describe a system is reduced from the spatial & spin coordinates of every
electron as in the many–electron wavefunction, to simply three spatial coordinates; this would present a much lower
computational cost than any of the ab initio methods and would have the potential to scale much more favourably
with system size.

Initially, it was thought that DFT was not an exact theory, and couldn’t be used to exactly solve a quantum mechanical
problem, as the only models based on this approach at the time were formulated as approximate methods. This
perception was changed entirely in 1964 when Hohenberg & Kohn (HK) published their landmark paper64 in which
they proved that the ground–state of an electronic system in an external potential can be described completely by the
one–electron density . A further ground–breaking paper was published a year later by Kohn & Sham (KS)65, in
which they showed that from the ground–state non–interacting one particle density it is possible to fully account for
the effects of exchange & correlation through addition of an exchange–correlation term, or xc–functional, the physical
form of which would allow exact solutions to be yielded by DFT calculations.

These developments showed that DFT was, in principle, a method that could give exact solutions to the many–electron
problem, but that its accuracy would be determined by the quality of the exchange–correlation term in the KS
formalism. In their 1965 paper KS noted that the exact form of the xc–functional was unknown, however they
proposed a simple approximation to this based–on the density – this became known as the local density approximation
(LDA). Although computationally inexpensive, it was found that the KS scheme with the LDA functional was poor
when it came to the accuracy of its predictions - often inferior to HF for molecules, although was found to be accurate
for many metallic systems.

It wasn’t until some years later that approximations forms of the xc–functional were derived which made the accuracy
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of DFT calculations competitive with those of many post-HF methods, yet far cheaper computationally. Most quantum
chemistry software today has the facility to execute DFT calculations within the KS scheme, with one or more of
the many hundreds of xc–functionals available being used to account for exchange and correlation. However, in the
pursuit of higher accuracy with lower cost, there remains the need for improved forms of the xc–functional; the aim of
the work presented in later chapters is to make progress in this direction. This chapter will outline the main theories
on which these investigations are fundamentally based.

3.1 The Rayleigh–Ritz Variation Principle

The problem that DFT endeavours to solve is the same as that of ab initio methods; the non–relativistic time
independent electronic Schrödinger Equation. The standard Hamiltonian (1.10) may be re–cast in the more general
form

Ĥ–(v) = −1

2

X
i

∇2
i +

X
i

v(ri ) +
X
i>j

–

|ri − rj |

= T̂ + V̂ + Ŵ–;

(3.1)

where T̂ is the kinetic energy operator, Ŵ– the electron–electron repulsion operator scaled by a interaction–strength
coefficient – ∈ [0; 1] such that physical systems are represented at – = 1 and V̂ a multiplicative external potential,
typically describing the nuclear potential, but also including contributions from other system-dependent sources where
present.i

It can be readily seen from (3.1) that the kinetic energy & electron–electron repulsion components of the Hamiltonian
will be equivalent for any N–electron system. The only term in the Hamiltonian that is not necessarily universal for
any N–electron system is the functional dependence on an external potential v(r). Considering only multiplicative
potentials that can bind an N–electron ground state, the set of –representable potentials VN

VN =
n
v
˛̨
Ĥ–(v) has an N-electron ground state Ψv

o
; (3.2)

it can be shown that there is a ground–state N–electron wavefunction that satisfies the Schrödinger Equation

Ĥ–(v)Ψv = E–(v)Ψv ∀v ∈ VN (3.3)

in which E–(v) is the ground–state energy at a given –. The Schrödinger Equation (3.3) thus implies that the
ground–state energy may be interpreted as a mapping of the set of potentials VN to the set of real numbers R,

E– : VN 7→ R: (3.4)

Considering only wavefunctions Ψv belonging to the set WN of normalised, antisymmetric N–electron functions for
which the expectation value of Ĥ–(v) is finite,

WN =
n

Ψv

˛̨
〈Ψv |Ψv 〉 = 1 ;

D
Ψv

˛̨̨
Ĥ–(v)

˛̨̨
Ψv

E
<∞

o
; (3.5)

the ground–state solution to (3.3) is defined by the Rayleigh–Ritz variation principle.

Theorem 3.1: Rayleigh–Ritz Variation Principle

For all pairs of potentials and wavefunctions (v;Ψ) ∈ VN ×WN , the Rayleigh–Ritz inequality is satisfied

E–(v) 6
D

Ψ
˛̨̨
Ĥ–(v)

˛̨̨
Ψ
E
: (3.6)

Furthermore for each v ∈ VN , one or more ground–state wavefunctions Ψv ∈ WN exist as the global minimisers
of the Rayleigh–Ritz variation principle, with ground state energy E–(v),

E–(v) =
D

Ψv

˛̨̨
Ĥ–(v)

˛̨̨
Ψv

E
; Ψv ∈ arg min

Ψ∈WN

D
Ψ
˛̨̨
Ĥ–(v)

˛̨̨
Ψ
E
: (3.7)

For a system with n–fold degenerate wavefunctions, the global minimiser Ψv determined according to Theorem 3.1
can be constructed from a linear combination of the n normalised, degenerate ground–state eigenfunctions.

iThe scaling of the electron–electron repulsion operator can be used to provide additional insight into DFT and is to be discussed in detail
in Section 3.6.
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Given that all –representable potentials v ∈ VN have an associated electronic ground state Ψv , they must also have
an associated ground–state density v given by

v (r1) = N

Z
R3

Σ

: : :

Z
R3

Σ

Ψ∗v (τ1; τ2; : : : ; τN)Ψv (τ1; τ2; : : : ; τN) dff1 dτ2 : : : dτN (3.8)

at a point r1 in space, where τ & ff are as defined in subsection 1.2.1. With this identity, the expectation value for
the ground–state energy in (3.7) can be re–cast in terms of the density as

E–(v) =
D

Ψv

˛̨̨
T̂ + Ŵ–

˛̨̨
Ψv

E
+

Z
R3

v(r)v (r)dr =
D

Ψv

˛̨̨
Ĥ–(0)

˛̨̨
Ψv

E
+ (v |v ) (3.9)

where the (v |v ) term describes the interaction between the external potential acting on the system and its electron
density. The relation between potential and density in DFT was first described by Hohenberg & Kohn for the set of
potentials v ∈ VN that can bind a ground–state of an N–electron system64. However, subsequent work by Levy66 &
Lieb67 generalised the theory further effectively removing this limitation.

3.2 The Hohenberg-Kohn Theorems

Theories for modelling many–electron systems using the one–electron density are well established and in the case of
the Thomas–Fermi theory68,69, predate the formulation of the Hartree–Fock method. However, it was not until 1964
that an exact theory for doing so was developed by Hohenberg & Kohn64, in which it was mathematically shown that
the one–electron density is sufficient to determine the ground–state wavefunction of a many–electron system.

The principles set out by Hohenberg & Kohn are generally considered in terms of two fundamental theorems: the first
Hohenberg–Kohn theorem and the second Hohenberg–Kohn theorem.

3.2.1 The First Hohenberg-Kohn Theorem

The first Hohenberg–Kohn theorem states that the external potential v can be uniquely determined to within an
additive constant from the ground–state density  of the N–electron system. To demonstrate this, it is necessary to
consider the effects of shifting the potential by a constant on the eigenstates of the Schrödinger Equation (3.3) and
the expectation value of the energy (3.9).

A gauge transformation can be applied to an external potential v by introducing an additive constant c ,

u = v + c ; c ∈ R: (3.10)

The N–electron Hamiltonian is thus transformed as

Ĥ–(u) = Ĥ–(v + c) = Ĥ–(0) +
X
i

(v(ri ) + c) = Ĥ–(v) + Nc; (3.11)

for which the expectation value (3.7) becomes

E–(u) = E–(v + c) = inf
Ψ∈WN

D
Ψ
˛̨̨
Ĥ–(v) + Nc

˛̨̨
Ψ
E

= inf
Ψ∈WN

nD
Ψ
˛̨̨
Ĥ–(v)

˛̨̨
Ψ
E

+ Nc
o

= E–(v) + Nc:
(3.12)

It can be seen therefore that the eigenvalues of the Schrödinger Equation (3.3) are invariant to such a shift in gauge
of the potential,

Ĥ–(u)Ψ = Ĥ–(v + c)Ψ =
“
Ĥ–(v) + Nc

”
Ψ

= (E–(v) + Nc) Ψ = E–(v + c)Ψ:
(3.13)

It can furthermore be shown that two different Hamiltonians can only share a ground–state wavefunction if the
external potentials of the two Hamiltonians are equal to within an additive constant. Given two external potentials v1

and v2 such that v1; v2 ∈ VN assumed to share the same ground–state wavefunction Ψ, the corresponding Schrödinger
equations are

Ĥ–(v1)Ψ = E–(v1)Ψ Ĥ–(v2)Ψ = E–(v2)Ψ: (3.14)
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Subtracting the Schrödinger Equation of the second system from that of the first, and eliminating the terms T̂ and
Ŵ– from the Hamiltonian, as these operators only vary between systems if the number of electrons varies, leads to
the expression h

Ĥ–(v1)− Ĥ–(v2)
i

Ψ =
X
i

[v1(ri )− v2(ri )] Ψ = [E–(v1)− E–(v2)] Ψ (3.15)

This may be simplified by eliminating Ψ, leaving an identity relating the two potentials and the ground–state energies
of Ψ as X

i

[v1(ri )− v2(ri )] = E–(v1)− E–(v2) =⇒ v1(ri )− v2(ri ) = c ∈ R; (3.16)

assuming Ψ 6= 0 over all space. Thus the two potentials v1 and v2 must be equal to within a constant c ∈ R if they
are to yield wavefunctions that are identical in regions of non–zero measure. Any pair of potentials differing by more
than an additive constant yield linearly independent wavefunctions.

This analysis can then be applied to densities which, in Hohenberg–Kohn theory, are considered to pertain to
ground–states. The set of ground–state densities for potentials v ∈ VN are said to be v–representable,

AN =
n

˛̨
 is yielded from an N-electron ground state of Ĥ–(v) ; v ∈ VN

o
: (3.17)

Given a ground–state density  ∈ AN corresponding to potential v ∈ VN and applying the Rayleigh–Ritz variational
principle, it can be seen for all u ∈ VN that

E–(u) =
D

Ψu

˛̨̨
Ĥ–(u)

˛̨̨
Ψu

E
6
D

Ψ
v

˛̨̨
Ĥ–(u)

˛̨̨
Ψ
v

E
6
D

Ψ
v

˛̨̨
Ĥ–(v)

˛̨̨
Ψ
v

E
+ (u − v |) = E–(v) + (u − v |) ;

(3.18)

where Ψ
v ∈ WN is a ground–state wavefunction of Ĥ–(v) with density  whilst Ψu ∈ WN is a ground–state

wavefunction of Ĥ–(u).

Considering then a density  ∈ AN that is not a ground–state density of v ∈ VN , it must therefore be the ground–state
density of some potential u ∈ VN since it is v–representable. However, u − v 6= c ∈ R else the ground–state
wavefunctions would not be linearly independent. It can be seen, from applying the Rayleigh–Ritz variation principle,
that

E–(u) =
D

Ψ
u

˛̨̨
Ĥ–(u)

˛̨̨
Ψ
u

E
=
D

Ψ
u

˛̨̨
Ĥ–(v)

˛̨̨
Ψ
u

E
+ (u − v |)

>
D

Ψv

˛̨̨
Ĥ–(v)

˛̨̨
Ψv

E
+ (u − v |) = E–(v) + (u − v |) :

(3.19)

Furthermore, given the relation of (3.16), it can be shown that for a potential u − v = c ∈ R the inequality (3.18)
becomes saturated as the two wavefunctions must be equal in all regions of non–zero measure,

E–(u) =
D

Ψu

˛̨̨
Ĥ–(u)

˛̨̨
Ψu

E
=
D

Ψ
v

˛̨̨
Ĥ–(u)

˛̨̨
Ψ
v

E
=
D

Ψ
v

˛̨̨
Ĥ–(v)

˛̨̨
Ψ
v

E
+ (u − v |) = E–(v) + (c |)

(3.20)

where (c |) = c
R
(r)dr = cN, thus yielding the same identity as (3.12). The results (3.18), (3.19) & (3.20) may

be summarised as the energy supergradient inequality.

Definition 3.1: The Energy Supergradient Inequality

A density  ∈ AN is a ground–state density of the potential v ∈ VN if and only if

E–(u) 6 E–(v) + (u − v |) ∀u ∈ VN : (3.21)

The inequality is saturated if and only if u − v = c ∈ R, giving the result

E–(v + c) = E–(v) + cN ∀c ∈ R: (3.22)

In considering the energy supergradient inequality, (3.21) may be viewed as comprising a linear approximation to the
ground–state energy, exact for the external potential v , which thus never underestimates the exact ground–state
energy, as illustrated in Figure 3.1.

The first Hohenberg–Kohn theorem can now be elucidated from the energy supergradient inequality. Given two
potentials v1; v2 ∈ VN with ground–state densities 1; 2 ∈ AN respectively, the relations

E–(v1) 6 E–(v2) + (v1 − v2|2) & E–(v2) 6 E–(v1)− (v1 − v2|1) ; (3.23)
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〈Ψ0|Ĥ–(v0)|Ψ0〉

〈Ψ1|Ĥ–(v1)|Ψ1〉

〈Ψ0|Ĥ–(v1)|Ψ0〉

v0 v1 v

E

E–(v)

Figure 3.1: An illustration of the linearity of the Hamiltonian in the potential v . Assuming potentials v0 & v1

have respective ground–state wavefunctions Ψ0 & Ψ1, as the potential varies v0 → v1 with fixed
wavefunction Ψ0 the energy varies linearly. If the wavefunction then relaxes from Ψ0 to its ground
state Ψ1 at potential v1, the energy decreases. The ground–state energy E–(v) is thus concave in v .

follow from (3.21). Taking the sum of these two inequalities and simplifying yields

E–(v1) + E–(v2) 6 E–(v1) + E–(v2) + (v1 − v2|2 − 1) =⇒ (v1 − v2|2 − 1) 6 0; (3.24)

from which it can be deduced that

(v1 − v2|2 − 1) = 0 if v1 − v2 = c ∈ R
(v1 − v2|2 − 1) < 0 if v1 − v2 6= c ∈ R:

(3.25)

In other words, if the two potentials differ by more than a scalar term, the difference between their respective
ground–state densities must be non–zero as otherwise the inner product (v1 − v2|2 − 1) would vanish, thus proving
the first Hohenberg–Kohn theorem.

Theorem 3.2: The First Hohenberg–Kohn Theorem

A ground–state density determines the external potential uniquely up to an additive constant.

v1 − v2 6= c =⇒ 1 − 2 6= 0 1; 2 ∈ AN & v1; v2 ∈ VN (3.26)

It follows from this that there is a 1 : 1 correspondence between families of –representable potentials, defined to within
an additive constant, and sets of degenerate v–representable densities. In other words, the density determines the
potential to within an additive constant whilst the potential determines the density to within a degenerate set.

3.2.2 The Second Hohenberg–Kohn Theorem

The second Hohenberg–Kohn theorem follows directly from the first, utilising the 1 : 1 correspondence between
–representable potentials & v–representable densities to construct an exact expression for the ground–state energy of
a system in terms of the density instead of the wavefunction. The first step is to introduce the Hohenberg–Kohn
universal density functional FHK : AN 7→ R

FHK() = E–(v)− (v|) ; (3.27)

where  ∈ AN is a ground–state density of v ∈ VN ii. Applying the energy supergradient inequality in Definition 3.1,
it can be seen that the inequality

E–(v) 6 E–(v)− (v|) + (v |) (3.28)

is satisfied for all v ∈ VN if and only if the density  is a ground–state density of v. Substituting the Hohenberg–Kohn
functional (3.27) into this inequality yields the Hohenberg–Kohn inequality ; for each v ∈ VN and each  ∈ AN , the
inequality

E–(v) 6 FHK() + (v |) (3.29)

iiThe functional FHK is well defined despite v only being defined to within a constant since E–(v + c)− (v + c|) = E–(v)− (v|)
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is satisfied, and is saturated if and only if  is a ground–state density of v . Following directly from this, the second
Hohenberg–Kohn theorem is elucidated, comprising the fundamental variational principles of DFT.

Theorem 3.3: Hohenberg–Kohn & Lieb Variation Principles

For v ∈ VN &  ∈ AN , the following variation principles can be defined

Hohenberg–Kohn Variation Principle: E–(v) = min
∈AN

{FHK() + (v |)} (3.30)

Lieb Variation Principle: FHK() = max
v∈VN

{E–(v)− (v |)} (3.31)

in which the minimisers of the Hohenberg–Kohn variation principle are the ground–state densities of v whilst
the maximisers of the Lieb variation principle are the potentials with ground–state density .

The Lieb variation principle (3.31) as defined here is equivalent to the Hohenberg–Kohn variation principle. It is
however of material importance to the present work, as will be discussed in detail in Section 3.4.

The significance of the Hohenberg–Kohn variation principle is that it provides the theoretical means by which the
ground–state energy E– for a given potential v may be computed without reference to the many–electron wavefunction
but instead using the Hohenberg–Kohn functional, which is defined for a ground–state wavefunction Ψ yielding
density  as

FHK() =
D

Ψ

˛̨̨
Ĥ–(0)

˛̨̨
Ψ

E
=
D

Ψ

˛̨̨
T̂ + Ŵ–

˛̨̨
Ψ

E
: (3.32)

To do so however requires an accurate functional form of FHK() such that it may be evaluated directly from the
density; its explicit form is unknown although approximations of it can be constructed.

Furthermore, the Hohenberg–Kohn theory is only derived for the sets of v–representable densities AN & –representable
potentials VN , neither of which are easily characterised thus preventing Theorem 3.3 from being applied in practice.
In the following sections, the generalisation of the Hohenberg–Kohn functional to explicitly known sets of densities &
potentials, allowing direct application of the theory, will be discussed. This will provide the fundamental background
& theoretical basis for the results discussed in Chapter 5.

3.3 The Levy–Lieb Constrained Search

Although the Hohenberg–Kohn theorems were groundbreaking, the poorly characterised domains of the densities and
potentials over which the energy is to be optimised makes it difficult to apply in practice to electronic systems. The
work of Hohenberg & Kohn was further developed independently by Levy70 and Lieb67 to improve its definition and
make it more useful. What resulted was the Levy–Lieb Constrained–Search Functional FLL(), with which a quantum
mechanical problem can be posed as an optimisation over known domains.

To discuss the significance of this development further in a way that is coherent, and also to make this document
reasonably self–contained, it is first necessary to outline some of the key mathematical principles on which the work is
based. However, it is far beyond the scope of this discussion to undertake an comprehensive mathematical derivation.
A full exposition of the principles set out here may be found in the detailed works of Eschrig71 & Helgaker72, whilst a
detailed survey of mathematical analysis can be found in the work of Lieb & Loss73.

3.3.1 Sets & Operators

Sets

A set is the general term for a collection of elements. A set may contain

(i) Zero elements for example the empty set ∅,

(ii) A finite number of elements for which the number is known as the cardinality of the set,

(iii) An infinite number of elements such as the set of natural numbers N.

An element x may be identified as a member of the set A or not a member of A with the notation x ∈ A or x =∈ A
respectively.
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A set A is labelled a subset of another set B if every element in A is also a member of B,

A ⊂ B if x ∈ B ∀x ∈ A: (3.33)

If the two sets are not identical, i.e. there are elements in B that are not members of A then the set A is a proper
subset of B; A ( B.

Set Operations

For two sets A & B, several set operations can be defined as

(i) Union: A ∪ B = {x
˛̨
x ∈ A or x ∈ B},

(ii) Intersection: A ∩ B = {x
˛̨
x ∈ A and x ∈ B},

(iii) Complement: A\B = {x
˛̨
x ∈ A and x =∈ B},

(iv) Cartesian product: A× B = {(x; y)
˛̨
x ∈ A ; y ∈ B}.

If the intersection A ∩ B = ∅ the two sets are said to be disjoint whereas if A ∩ B 6= ∅ then the set A is said to
intersect B.

Set Bounds

An equivalence relation ∼ can be defined between pairs of elements x; y ; z of a set A satisfying the conditions: x ∼ x ,
x ∼ y =⇒ y ∼ x and x ∼ y & y ∼ z =⇒ x ∼ z . The subset of A containing all elements equivalent to an
element x ∈ A is defined as the equivalence class [x ].

A partial order such as 6 is a relation between pairs of elements x; y ; z in set A that satisfy: x ∼ y , x 6 y & y 6
x =⇒ x = y and x 6 y & y 6 z =⇒ x 6 z . A set equipped with this relation is termed a partially ordered set.
For a partially ordered set A with subset S ⊂ A and element a ∈ A,

(i) a is the lower bound of S if a 6 x for all x ∈ S,

(ii) a is the upper bound of S if a > x for all x ∈ S,

for which S is said to be bounded from above or bounded from below respectively.iii The element a may be thus
characterised in one of two ways:

(i) If the subset S ⊂ A has a lower bound a and a ∈ S, then a is the minimum of S. Likewise, if S ⊂ A has an
upper bound a ∈ S, then a is its maximum.

(ii) If the subset S ⊂ A has lower bounds al , the element a ∈ al for which a > ¸ ∈ al is the greatest lower bound,
or infimum of S. Equally, if S has upper bounds au, the element a ∈ au for which a 6 ¸ ∈ au is the least upper
bound, or supremum of S.

3.3.2 Vector Spaces

Fields

In mathematical terms, a field F is an arbitrary set of elements that satisfy the six field axioms for the addition and
multiplication operators. These axioms are outlined for arbitrary elements a, b & c ∈ F in Table 3.274. The individual

Axiom Addition Multiplication

Associativity (a + b) + c = a + (b + c) (ab)c = a(bc)
Commutativity a + b = b + a ab = ba
Distributivity a(b + c) = ab + ac (a + b)c = ac + bc
Identity a + 0 = 0 + a = a a · 1 = 1 · a = a
Inverses a + (−a) = (−a) + a = 0 aa−1 = a−1a = 1 (a 6= 0)

Table 3.2: The six field axioms that characterise a scalar field.

elements of a field are simply scalars. A common example of a scalar field would be the set of real numbers R.

iiiIf the subset S is bounded from above and below, it is simply referred to as bounded.
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Vector Spaces

A vector space X over a scalar field F is a set that satisfies the operations of vector addition and multiplication by
scalars. For the vectors x; y; z ∈ X and scalars ¸; ˛ ∈ F, the following conditions must be satisfied:

(i) Associativity of addition: x + (y + z) = (x + y) + z

(ii) Commutativity of addition: x + y = y + x

(iii) Zero vector: ∃ 0 ∈ X where x + 0 = x

(iv) Additive inverse: ∀ x ∈ X ; ∃ y ∈ X where x + y = 0

(v) Associativity of multiplication: ¸(˛x) = (¸˛)x

(vi) Distributivity: ¸(x + y) = ¸x + ¸y

(vii) Multiplicative identity: ∃ 1 ∈ F where 1 · x = x ∀ x ∈ X

Normed Spaces

A norm on a vector space X is a mapping ‖ · ‖ : X 7→ R that satisfies the conditions

(i) ‖x‖ > 0 and ‖x‖ = 0 if and only if x = 0

(ii) ‖x + y‖ 6 ‖x‖+ ‖y‖

(iii) ‖¸x‖ = |¸|‖x‖

for all x; y ∈ X and ¸ ∈ F.

A vector space in which a norm is defined is known as a normed vector space. A vector space may be equipped with
more than one norm, for example the k–dimensional real coordinate space Rk is equipped with the norms

(i) Manhattan Norm: ‖x‖1 =
Pk

i=1 |xi |

(ii) Euclidean Norm: ‖x‖2 =
hPk

i=1 |xi |2
i 1

2

(iii) Maximum Norm: ‖x‖∞ = max
16i6k

|xi |

for all x ∈ Rk . A normed space can further be identified as a metric space if, in addition to a norm, it is equipped
with the induced metric

d(x; y) = ‖x− y‖ ∀ x; y ∈ X : (3.34)

The induced metric may be used to characterise members of the vector space X ; a sequence {xn}∞n=1 converges to
x ∈ X if, for any ‹ > 0, there exists an N ∈ N such that d(x; xn) < ‹ ∀n > N.

The sequence {xn} may be defined as a Cauchy sequence if, for each ‹ > 0, there exists an N ∈ N for which
d(xm; xn) < ‹ ∀m; n > N. All convergent sequences are Cauchy sequences, however a sequence may be a Cauchy
sequence but not convergent. A metric space is said to be complete if and only if each Cauchy sequence in X
converges to a point in that space. A metric space that is complete with respect the vector norm is known as a
Banach Space.

Inner–Product Spaces

An inner product on the vector space X over a field F is a mapping (·; ·) : X ×X 7→ F such that the conditions

(i) (x; x) > 0 and (x; x) = 0 if and only if x = 0

(ii) (x + y; z) = (x; z) + (y; z)

(iii) (¸x; y) = ¸(x; y)

(iv) (x; y) = (y; x)∗

are satisfied ∀ x; y; z ∈ X and ∀¸ ∈ F. A vector space in which an inner product is defined is an inner–product space.
All elements of an inner–product space X satisfy the Cauchy–Schwarz inequality,

|(x; y)| 6 (x; x)
1
2 · (y; y)

1
2 ∀ x; y ∈ X : (3.35)
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The inner–product space is normed if it is equipped with the norm ‖x‖ = (x; x)
1
2 for all x ∈ X . If the inner–product

space is complete in this norm, it is known as a Hilbert space - in other words, a Hilbert space is simply a Banach
space equipped with an inner product.

Functions

A function f : X 7→ Y assigns to each element x in its domain X an element f (x) of its codomain Y. For X0 ⊂ X
and Y0 ⊂ Y, it is possible to define

(i) The image f (X0) of X0 under f : f (X0) = {y ∈ Y
˛̨

y = f (x) for at least one x ∈ X0},

(ii) The preimage f −1(Y0) of Y0 under f : f −1(Y0) = {x ∈ X
˛̨
f (x) ∈ Y0}.

If S is a subset of X , then the restriction of f : X 7→ Y to S is the function f |S : S 7→ Y, which is defined by
f |S(x) = f (x) for all x ∈ S.

The function f : X 7→ Y can be characterised as

(i) Injective if f (x1) 6= f (x2) for x1 6= x2, x1; x2 ∈ X ,

(ii) Surjective onto Y if, for every y ∈ Y there is some x ∈ X such that f (x) = y,

(iii) Bijective if it is both injective & surjective, meaning that there is a one–to–one correspondence between elements
in the domain and codomain of the function.

All bijective functions are invertible, meaning that if f : X 7→ Y is bijective then its inverse exists as f −1 : Y 7→ X
such that f −1(y) = x if f (x) = y.

Linear Transformations

A linear transformation is a mapping between two vector spaces which preserves the operations of vector addition
and scalar multiplication; given the vector spaces X & Y defined on the field F, a function f : X 7→ Y is a linear
transformation if

f (¸x + ˛y) = ¸f (x) + ˛f (y) (3.36)

for all x; y ∈ X and ¸; ˛ ∈ F. The set of functions to which the linear transformation f : X 7→ Y belongs can be
denoted F (X ;Y); this constitutes a vector space over the field F if the following operations are preserved:

(i) Vector addition: (f + g)(x) = f (x) + g(x),

(ii) Scalar multiplication: (¸f )(x) = ¸f (x) ∀¸ ∈ F.

for all f ; g ∈ F (X ;Y). A linear transformation f : X 7→ F from a vector space to its underlying scalar field is generally
referred to as a linear functional.

A linear transformation f ∈ F (X ;Y) from the normed space X to the normed space Y is said to be bounded if there
exists a nonnegative real number k such that

‖f (x)‖Y 6 k‖x‖X ∀x ∈ X : (3.37)

If the set of linear transformations F (X ;Y) is equipped with the operator norm

‖f ‖ = sup
x∈X \ ∅

‖f (x)‖
‖x‖ ; (3.38)

then F (X ;Y) can be identified as a normed space, on which the operator norm inequality is satisfied,

‖f (x)‖ 6 ‖f ‖ · ‖x‖: (3.39)

If the space Y is a Banach space, then the set of linear transformations F (X ;Y) must also constitute a Banach space
- henceforth denoted B(X ;Y).
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Dual & Bidual Spaces

A bounded linear transformation f from a vector space X to its underlying scalar field F is simply a bounded linear
functional. The set of such bounded linear functionals B(X ;F) can be characterised as the dual space of X , denoted
X ∗

X ∗ = B(X ;F); (3.40)

in which X is sometimes referred to as the predual of X ∗. As this constitutes a normed space, the dual of X ∗ can be
defined as

X ∗∗ = B(X ∗;F); (3.41)

which is more commonly known as the bidual of X . Given that both X ∗ and X ∗∗ are equipped with the operator
norm in the form (3.38), it follows that both the dual and bidual of a normed space are themselves Banach spaces. A
normed space can be characterised further from its dual & bidual spaces in the following way:

(i) If each element in X ∗∗ can be associated with an element in X , then X is said to be reflexive: X = X ∗∗.

(ii) If X ∗∗ contains elements not associated with any member of X in this manner, then X is said to be nonreflexive:
X ( X ∗∗.

Only Banach spaces are reflexive, however a Banach space X is only reflexive if its dual X ∗ is also reflexive.

Lebesgue Spaces

Linear functionals, as defined above, are essential in the description of density functional theory; the density and the
external potential are both linear functionals as they map a vector in the three–dimensional Euclidean space to a
scalar value,  : R3 7→ R & v : R3 7→ R respectively. The vector space of linear functionals is identified as a normed
space if it is equipped with the p–norm,

‖f ‖p =

„Z
X
|f (x)|pdx

« 1
p

; 1 6 p <∞; (3.42)

in other words, the functions must be measurable iv and be Lebesgue p–integrablev. The space of Lebesgue p–integrable
functions is generally known as an Lp space, with the definition

Lp(X ) =
˘
f : X 7→ R

˛̨
‖f ‖p < +∞

¯
; (3.43)

and which are themselves also Banach spaces. To show that this is the case, the p–norm (3.42) must satisfy the
conditions for a norm on a vector space; ∀ f ; g ∈ Lp(X ),

(i) ‖f ‖p > 0 and ‖f ‖p = 0 if and only if f = 0,

(ii) ‖¸f ‖p = |¸|‖f ‖p ∀¸ ∈ F,

(iii) ‖f + g‖p 6 ‖f ‖p + ‖g‖p.

The first two of these follow fairly straightforwardly from the definition of the p–norm and the preservation of the
vector addition & scalar multiplication operations ∀ f ; g ∈ Lp(X ). The third condition is less straightforward and
requires the introduction of the Hölder inequality of Lebesgue p–integrable functions.

Definition 3.2: The Hölder Inequality

For the measurable functions f ∈ Lp(X ) and g ∈ Lq(X ), 1 6 p; q <∞ then

‖f + g‖1 6 ‖f ‖p · ‖g‖q ∀ 1

p
+

1

q
= 1: (3.44)

ivThe term measurable here refers to measure theory. Whilst a discussion of measure theory is beyond the scope of the present work, it is
noted that a measure is the general term for a function on a set that assigns a number to its appropriate subsets. An example of this is
the Lebesgue measure, which assigns appropriate values to the subsets of the n–dimensional Euclidean space; length, area and volume for
the 1, 2 and 3–dimensional Euclidean spaces respectively.

vTechnically the p–norm is defined for equivalence classes of linear functionals [f ] - sets of linear functionals that are identical in regions of
non–zero measure, rather than individual functionals themselves.
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The requirement that ‖f + g‖p 6 ‖f ‖p + ‖g‖p can then be shown as

‖f + g‖pp =

Z
X
|f (x) + g(x)|pdx

=

Z
X
|f (x) + g(x)| · |f (x) + g(x)|p−1dx

6
Z
X
|f (x)| · |f (x) + g(x)|p−1dx +

Z
X
|g(x)| · |f (x) + g(x)|p−1dx;

(3.45)

where the final step is obtained by recognising that |f + g | 6 |f |+ |g |. Applying the Hölder inequality to each of the
two terms on the right–hand side of (3.45) yields the following

‖f + g‖pp 6 (‖f ‖p + ‖g‖p) · ‖|f + g |p−1‖ p
p−1

6 (‖f ‖p + ‖g‖p) · ‖f + g‖pp · ‖f + g‖−1
p ;

(3.46)

which may be re–arranged to yield the required result, known as the Minkowski’s inequality,

‖f + g‖p 6 ‖f ‖p + ‖g‖p: (3.47)

A special case of the Lp spaces can be defined for p =∞ which satisfies the same requirements as the general Lp

spaces, however uses the supremum norm

‖f ‖∞ = inf
˘
C > 0

˛̨
|f (x)| 6 C almost everywhere in X

¯
: (3.48)

Thus the normed space L∞ of all such essentially bounded functions is a Banach space defined as

L∞(X ) =
˘
f : X 7→ F

˛̨
‖f ‖∞ < +∞

¯
: (3.49)

Dual Of Lebesgue Spaces

The characteristics of dual and bidual spaces defined previously for Banach spaces can be applied to Lebesgue spaces,
providing the means by which the spaces of densities and potentials may be linked in DFT.

Given the functions f ∈ Lp and g ∈ Lq, with 1 6 p; q < ∞, where p and q are conjugate indices satisfying
p−1 + q−1 = 1, the function Tg : Lp 7→ F given by

Tg (f ) =

Z
X
g(x) · f (x)dx = (g; f ) (3.50)

can be shown to belong to the space Lp ∗ and have the norm ‖Tg‖ = ‖g‖p by application of the Hölder inequality,
Definition 3.2. Therefore, between the elements of Lq & Lp ∗ there exists a norm–preserving one–to–one correspondence
for all p 6=∞.

By extension, it can be determined that the dual of Lp satisfies Lp ∗ = Lq with p−1 + q−1 = 1 when 1 6 p <∞ and
L∞∗ ) L1. Clearly there exist bounded linear functionals T on L∞∗ that cannot be represented by T (f ) = (g; f )
for g ∈ L1. Every Lebesgue space Lp is therefore reflexive for 1 < p < ∞, whilst L1 & L∞ are nonreflexive. This
relationship between a Lebesgue space and its dual ensures that the pairing (g; f ) is finite for all f ∈ Lp and
g ∈ Lq.

The Lp spaces are essential to the mathematical formulation of DFT discussed in the present work, as can be
demonstrated by the two examples:

(i) The L1(R3) space of absolutely integrable functions can be seen to contain the density (r) since it must satisfy
the identity

R
R3 |(r)|dr = N,

(ii) The L2(R3) space of square integrable functions contains the bound–state one–electron wavefunctions Ψ(r)
since its normalisation requires that

R
R3 |Ψ(r)|2dr = 1.

However, not all elements of L1(R3) & L2(R3) correspond to appropriate densities or wavefunctions respectively, for
example densities for which (r) < 0 at some r would still belong to the L1(R3) space but would not be appropriate
as densities. Using the concepts outlined here, a more precise definition of the spaces of densities and potentials
appropriate in DFT will be discussed in the next section.
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3.3.3 Admissible N–Electron Wavefunctions

In Section 3.1, it was required that the external potential in the Hamiltonian be –representable to ensure the existence
of a ground–state wavefunction. Considering instead the vector space of all admissible potentials U that yield a
finite expectation value of the Hamiltonian, the ground–state energy can be defined as an infimum over admissible
N–electron wavefunctions at any given v ∈ U ,

E–(v) = inf
Ψ∈WN

D
Ψ
˛̨̨
Ĥ–(v)

˛̨̨
Ψ
E
∀v ∈ U : (3.51)

Given the generalised Rayleigh–Ritz variation principle (3.51), the set of admissible N–electron wavefunctions WN

can be characterised as the set of normalised, antisymmetric N–electron wavefunctions with a finite expectation value
of the Hamiltonian,

WN =
n

Ψ
˛̨
‖Ψ‖2 = 1 ; |〈Ψ|Ĥ–(v)|Ψ〉| <∞ ; v ∈ VC ; N–electron antisymmetric Ψ

o
; (3.52)

where VC is the set of all point–charge Coulomb potentials,

VC =

(
v
˛̨
v(ri ) = −

NCX
I

ZI
|ri − RI |

; NC ∈ N ; ZI ∈ R
)
; (3.53)

for a system of NC point–charge nuclei with charges ZI ; 1 6 I 6 NC. As it is possible for v = 0 if the charges
ZI = 0, it is necessary for the expectation value of the kinetic and two–electron operators to be finite for all admissible
wavefunctions,

|〈Ψ|Ĥ–(0)|Ψ〉| <∞ =⇒ 〈Ψ|T̂ |Ψ〉 <∞ & 〈Ψ|Ŵ–|Ψ〉 <∞; (3.54)

where the Hamiltonian is decomposed according to (3.1). Each of these can be considered in turn to determine the
requirements for the set of admissible wavefunctions.

For a wavefunction Ψ that vanishes asymptotically, the kinetic energy expectation value can be expressed, through
partial integration, as

T (Ψ) = −1

2

X
i

˙
Ψ
˛̨
∇2
i

˛̨
Ψ
¸

=
1

2

X
i

〈∇iΨ|∇iΨ〉 =
1

2

X
i

‖∇iΨ‖2
2 > 0; (3.55)

meaning that the gradients of admissible N–electron wavefunctions must be square–integrable, ∇iΨ ∈ L2(R3N).
Additionally, as described in the previous section, a wavefunction of a finite system which is normalised must belong to
the space of square–integrable functions; Ψ ∈ L2(R3N). It therefore follows that admissible N–electron wavefunctions
satisfying these two criteria must belong to the first–order Sobolev space H1

N ,

H1
N =

˘
f
˛̨
f ∈ L2(R3N) ; ∇f ∈ L2(R3N)

¯
; (3.56)

which is defined as a Hilbert space equipped with the finite inner product

(f ; g) =

Z
R3N

f (r) · g(r) dr +

Z
R3N

∇f (r) · ∇g(r) dr ∀ f ; g ∈ H1
N : (3.57)

It is thus determined that admissible N–electron wavefunctions must belong to the first–order Sobolev space Ψ ∈ H1
N .

It can be seen that this requirement also ensures that the expectation value of the two–electron operator is finite;
by re–expressing the two–electron operator as a commutator with the gradient and using partial integration, its
expectation value is re–written as

W–(Ψ) =
X
i>j

fi
Ψ

˛̨̨̨
–

|ri j |

˛̨̨̨
Ψ

fl
=

1

2

X
i>j

fi
Ψ

˛̨̨̨»
∇i ; –

ri j
|ri j |

–˛̨̨̨
Ψ

fl
= −

X
i>j

Re

fi
∇iΨ

˛̨̨̨
–

ri j
|ri j |

˛̨̨̨
Ψ

fl
; (3.58)

where ri j = ri − rj . Resolving this expression as the sum of three Cartesian components ¸, a generalised Hölder
inequality can be used to determine an upper bound to the matrix elements of the two–electron expectation
value,˛̨̨̨fi

Ψ

˛̨̨̨
–

|ri j |

˛̨̨̨
Ψ

fl˛̨̨̨
6
X
¸

˛̨̨̨fi
∇¸iΨ

˛̨̨̨
–

r¸ij
|ri j |

˛̨̨̨
Ψ

fl˛̨̨̨
6 –

X
¸

„
‖∇¸iΨ‖2 ·

‚‚‚‚ r¸ij
|ri j |

‚‚‚‚
∞
· ‖Ψ‖2

«
> 0 (for – 6= 0): (3.59)
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As for the kinetic energy, the terms ‖∇¸iΨ‖2 <∞ and ‖Ψ‖2 <∞ for Ψ ∈ H1
N , whilst the additional term satisfies

the identity ‖r¸ij=|ri j |‖∞ = 1. This confirms that the expectation value of the two–electron operator is finite for for
Ψ ∈ H1

N .

Furthermore, it is apparent that substituting the two–electron operator –=|ri j | for the Coulomb potential as given
in (3.53), i.e. ZI=|riI |, yields an equivalent result to (3.59). Therefore, the expectation value of the Coulomb potential
|〈Ψ|

P
i v(ri )|Ψ〉| is also finite for Ψ ∈ H1

N , hence this condition ensures that the expectation value of the Hamiltonian
is finite for all v ∈ VC.

Given that both T (Ψ) and W–(Ψ) are non–negative for Ψ ∈ H1
N , shown in (3.55) and (3.59) respectively, the

expectation value of Ĥ–(v) itself is bounded from below for all v ∈ VC. The ground–state energy is therefore well
defined by the generalised Rayleigh–Ritz variation principle for all Coulomb potentials and Ψ ∈ H1

N .

Definition 3.3: Ground–State Energy For Coulomb Potentials

The ground–state energy for all Coulomb potentials VC is finite and well–defined by the generalised Rayleigh–Ritz
variation principle,

E–(v) = inf
Ψ∈WN

D
Ψ
˛̨̨
Ĥ–(v)

˛̨̨
Ψ
E
∀v ∈ VC; (3.60)

where WN is the set of admissible N–electron wavefunctions

WN =
˘

Ψ ∈ H1
N

˛̨
‖Ψ‖2 = 1 ; antisymmetric Ψ

¯
: (3.61)

3.3.4 Admissible N–Electron Densities

In the Hohenberg–Kohn variation principle (3.30), N–electron densities are required to belong to the set of v–
representable densities; these are non–negative, integrate over all space to N and result from an N–electron
ground–state of the Hamiltonian as described in subsection 3.2.1. The first two of these conditions implies that
N–electron densities must belong to the space of absolutely integrable functions

L1
N =


 ∈ L1(R3)

˛̨
 > 0 ;

Z
(r)dr = N

ff
: (3.62)

However, this definition itself does not necessarily ensure that a density  ∈ L1
N is yielded by an admissible N–electron

wavefunction Ψ ∈ WN ; the densities that are yielded from such wavefunctions form the set of N–representable
densities,

IN =
˘

˛̨
 can be obtained from some Ψ ∈ WN

¯
: (3.63)

The set of N–representable densities must be characterised so that the densities  ∈ L1
N for which  ∈ IN can be

identified without recourse to the wavefunction.

Given (3.61), it follows that only densities pertaining to antisymmetric wavefunctions are N–representable. It can
however be shown that each  ∈ L1

N is the density of an N–electron antisymmetric wavefunction in the form of a Slater
determinant. This is demonstrated by considering a set of N complex–valued orbitals for a density  ∈ L1

N ,

ffik(r) =

r
(r)

N
e2ı{(k−1)q(x) ; k = 1; 2 : : : N (3.64)

where q(x) is a real–valued, non–negative function defined in terms of  as

q(x) =
1

N

Z x

−∞

Z ∞
−∞

Z ∞
−∞

(t; y ; z)dt dy dz: (3.65)

The orbitals (3.64) can be shown to constitute an orthonormal set,Z
ffi∗k(r)ffil(r)dr =

1

N

Z
e−2ı{(k−l)q(x)(r)dr =

Z ∞
−∞

e−2ı{(k−l)q(x)q′(x)dx; (3.66)

where q′(x) is the derivative of (3.65),

q′(x) =
1

N

Z ∞
−∞

Z ∞
−∞

(x; y ; z)dy dz > 0; (3.67)
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thus allowing (3.66) to be re–written asZ
ffi∗k(r)ffil(r)dr =

Z ∞
−∞

e−2ı{(k−l)q(x)q′(x)dx =

Z 1

0

e−2ı{(k−l)qdq = ‹kl (3.68)

by substitution of x with q(x). A Slater determinant can be constructed from the spatial orbitals ffik and appropriate
spin functions ”(ffk) as discussed in subsection 1.2.1, the density of which is evaluated as

SD(r) =
NX
k=1

|ffik(r)|2 =
NX
k=1

(r)

N
= (r); (3.69)

therefore demonstrating that each density  ∈ L1
N can be obtained from an N–electron Slater determinant.

Whilst the set of densities obtained from antisymmetric wavefunctions can be characterised, this does not ensure
that such wavefunctions are admissible; this also requires the expectation value of the Hamiltonian to be finite. To
identify such densities, it is first necessary to define the position–dependent inner product between two N–electron
wavefunctions Ψ1 & Ψ2,

〈Ψ1|Ψ2〉1 (r) =

Z
R3

Σ

· · ·
Z
R3

Σ

Ψ∗1(τ1; τ2; : : : ; τN)Ψ2(τ1; τ2; : : : ; τN) dff1 dτ2 : : : dτN ; (3.70)

in terms of which a density  ∈ IN associated with wavefunction Ψ ∈ WN can be expressed as

(r) = N 〈Ψ|Ψ〉1 (r): (3.71)

Differentiation of this expression for the density with respect to the Cartesian direction ¸ and subsequent application
of the Cauchy–Schwarz inequality gives the expression

|∇¸(r)| = N| 〈∇¸Ψ|Ψ〉1 (r) + 〈Ψ|∇¸Ψ〉1 (r)|

6 2N
ˆ
〈Ψ|Ψ〉1 (r) 〈∇¸Ψ|∇¸Ψ〉1 (r)

˜ 1
2

6 2
ˆ
N(r) 〈∇¸Ψ|∇¸Ψ〉1 (r)

˜ 1
2 ;

(3.72)

which is re–arranged to yield the inequality

|∇(r)|2

8(r)
6
N

2
〈∇Ψ|∇Ψ〉1 (r): (3.73)

This can then be integrated on both sides over all space as

1

8

Z |∇(r)|2

(r)
dr 6

N

2

Z
〈∇Ψ|∇Ψ〉1 (r)dr

6
Z
· · ·
Z
|∇1Ψ(τ1; τ2; : : : ; τN)|2 dff1 dτ2 : : : dτN

6
D

Ψ|T̂ |Ψ

E
;

(3.74)

thus yielding a lower bound for the kinetic energy of an N–electron wavefunction Ψ ∈ WN in terms of its corresponding
N–representable density  ∈ IN . The expression for this lower bound is better known as the von Weizäcker kinetic
energy functional 75.

Definition 3.4: The von Weizäcker Kinetic Energy

For an N–representable density  ∈ IN , the von Weizäcker kinetic energy functional TW() is a lower bound to
the kinetic energy of all N–electron wavefunctions that yield the same density,

TW() 6 inf
Ψ→

D
Ψ|T̂ |Ψ

E
<∞ ;  ∈ IN (3.75)

where TW() has the functional form

TW() =
1

2

Z
|∇ 1

2 (r)|2dr =
1

8

Z |∇(r)|2

(r)
dr (3.76)

vThe function q(x)→ 0 as x → −∞ and q(x)→ 1 as x →∞, whilst q′(x) > 0 hence it is a strictly increasing function.
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Whilst this shows that the kinetic energy computed from an N–representable density  ∈ IN is finite, it does not
necessarily prove that the kinetic energy of a Slater determinant wavefunction Φ yielding the density  ∈ L1

N is finite.
Instead, this can be shown using a method similar to that used previously to demonstrate that each  ∈ L1

N can be
obtained from a Slater determinant. The kinetic energy of a Slater determinant Φ constructed from N orbitals of
form (3.64) can be written as

TSD() =
1

2

NX
k=1

〈∇ffik |∇ffik〉 =
1

2

NX
k=1

Z
|∇ffik(r)|2dr; (3.77)

using the notation of the position–dependent inner product (3.70). The derivative of an orbital (3.64) along a given
Cartesian direction ¸ is given by

∇¸ffik(r) =
1√
N

“
∇¸

1
2 (r) + 2ı{‹¸x(k − 1)q′(x)

1
2 (r)

”
e2ı{(k−1)q(x); (3.78)

which may be substituted into the expression for the kinetic energy of the Slater determinant (3.77) to give

TSD() =
1

2

NX
k=1

1

N

Z “
|∇ 1

2 (r)|2 + 4ı2(k − 1)2q′
2
(x)(r)

”
dr

=
1

2

Z
|∇ 1

2 (r)|2dr +
2ı2

N

NX
k=1

(k − 1)2

Z
q′

2
(x)(r)dr

= TW() +
ı2

3
N(N − 1)(2N − 1)

Z ∞
−∞

q′
3
(x)dx:

(3.79)

Using the Cauchy–Schwarz inequality, it can be shown thatZ ∞
−∞

q′
3
(x)dx 6

Z ∞
−∞

q′′
2(x)

q′(x)
dx (3.80)

where the second derivative of the function q(x) is obtained by differentiating (3.67). The square of q′′(x) may also
be re–arranged using the Cauchy–Schwarz inequality as

q′′
2
(x) =

»
1

N

Z ∞
−∞

Z ∞
−∞

@(x; y ; z)

@x
dy dz

–2

6
4

N
q(x)

24Z ∞
−∞

Z ∞
−∞

 
@

1
2 (x; y ; z)

@x

!2

dy dz

35 : (3.81)

Dividing both sides through by q(x) and integrating with respect to x over all space gives the resultZ ∞
−∞

q′′
2
(x)

q′(x)
dx 6

4

N

Z ∞
−∞

Z ∞
−∞

Z ∞
−∞

 
@

1
2 (x; y ; z)

@x

!2

dx dy dz 6
4

N

Z
|∇ 1

2 (r)|2dr 6
8

N
TW(): (3.82)

This result may be substituted back into the inequality (3.80), which in–turn is substituted into (3.79) to give the
inequality

TSD() 6

„
1 +

8ı2

3
(N − 1)(2N − 1)

«
TW(): (3.83)

For N > 1, this can be approximated by the leading–order term as

TSD() =
D

Φ|T̂ |Φ

E
6

16ı2N2

3
TW(); (3.84)

thus implying that any density  ∈ L1
N for which TW() <∞ can be obtained from a Slater determinant wavefunction

Φ ∈ WN and is therefore N–representable.

Definition 3.5: The Set Of N–Representable Densities

For a density  ∈ L1
N yielded by both a general wavefunction Ψ and a Slater determinant Φ, the von

Weizäcker kinetic energy functional TW() is bound by the inequality

3

16ı2N2

D
Φ|T̂ |Φ

E
6 TW() 6

D
Ψ|T̂ |Ψ

E
; (3.85)

hence only densities in L1
N for which TW() <∞ belong to the set of N–representable densities,

IN =


 ∈ L1(R3)

˛̨
 > 0 ;

Z
(r)dr = N ; TW() <∞

ff
: (3.86)
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3.3.5 Levy–Lieb Constrained Search Functional

Having characterised the space of Coulomb potentials and N–representable densities, the generalised Rayleigh–Ritz
minimisation in (3.51) can be applied to search only over these domains by reformulating it as a two–fold nested
optimisation; an outer optimisation over all  ∈ IN and an inner optimisation over all Ψ ∈ WN that yield the density
,

E–(v) = inf
Ψ∈WN

D
Ψ
˛̨̨
Ĥ–(v)

˛̨̨
Ψ
E

= inf
∈IN

inf
Ψ→

D
Ψ
˛̨̨
Ĥ–(v)

˛̨̨
Ψ
E

= inf
∈IN


inf

Ψ→

D
Ψ
˛̨̨
T̂ + Ŵ–

˛̨̨
Ψ
E

+ (v |)

ff
∀v ∈ VC:

(3.87)

With this approach, the contribution to the energy from the potential v is not required for the inner optimisation over
Ψ as the value of (v |) will be equal for all Ψ→ . Thus in analogy to the Hohenberg–Kohn functional (3.32), the
Levy–Lieb constrained search functional FLL : IN 7→ R is defined as

FLL() = inf
Ψ→

D
Ψ
˛̨̨
T̂ + Ŵ–

˛̨̨
Ψ
E
∀ ∈ IN : (3.88)

This functional represents the maximum of the kinetic + two–electron energy that can be obtained for a density .
It was shown in Ref. 67 that a minimising wavefunction exists for all  ∈ IN hence the infimum in (3.88) can be
replaced by a minimum over Ψ→ , Ψ ∈ WN – thus also showing that 0 < FLL() <∞ for all  ∈ IN .

Theorem 3.4: The Levy–Lieb Constrained Search

The ground–state energy of a system in an external Coulomb potential can be written as a Hohenberg–Kohn
variation principle over all N–representable densities,

E–(v) = inf
∈IN

{FLL() + (v |)} ∀v ∈ VC; (3.89)

where FLL() is the Levy–Lieb constrained search functional FLL : IN 7→ R,

FLL() = min
Ψ→

D
Ψ
˛̨̨
T̂ + Ŵ–

˛̨̨
Ψ
E
> 0 ∀ ∈ IN ; (3.90)

for which a minimising density always exists and which is finite and positive for all  ∈ IN .

The Levy–Lieb constrained search differs from the Hohenberg–Kohn variation principle in that it works over the
explicitly known sets of densities and potentials, IN & VC respectively, whereas the Hohenberg–Kohn variation
principle is defined for the unknown sets AN & VN of the densities and potentials respectively. As a result, the
optimisation (3.89) is a search for an infimum of E–(v) rather than a minimum since the v ∈ VC only ensures a finite
energy and not necessarily that a ground–state wavefunction exists.

It can be demonstrated that the set of v–representable densities AN is a proper subset of IN by considering the
ground–state of a Boron atom, which has three degenerate ground–state wavefunctions & densities, each of which are
v–representable,

Ψ¸ ∈ WN ; ¸ ∈ AN ; ¸ = x; y ; z: (3.91)

An average of these densities may be taken and shown to satisfy the criteria for N–representability,

̄ =
1

3
(x + y + z) ∈ IN since ̄(r) > 0 ;

Z
̄(r)dr = N ; TW(̄) <∞: (3.92)

Assuming that ̄ comes from an eigenstate of the same atom – Ψ̄ = cxΨx + cyΨy + czΨz , it would follow that
N〈Ψ̄|Ψ̄〉 = ̄. However, expanding this in terms of individual components requires c∗¸c˛ = ‹¸˛=3 ∀¸; ˛ = x; y ; z ,
which is not satisfied by any set of c¸ – hence ̄ itself cannot be the ground–state density of the Boron atom. Assuming
then that ̄ is the ground–state density of some potential v̄ 6= v + c, where v is the potential yielding any of the
ground–state densities ¸, this implies that

E–(v) = FLL(¸) + (v |¸) & E–(v) < FLL(̄) + (v |̄) =⇒ FLL(̄) >
1

3

X
¸

FLL(¸): (3.93)

If the ground–state energy of ̄ is given by E–(v̄) = FLL(̄) + (v̄ |̄), this implies that

E–(v̄) = FLL(̄) + (v̄ |̄) >
1

3

X
¸

(FLL(¸) + (v̄ |¸)) =
1

3

X
¸

〈Ψ¸|Ĥ–(v̄)|Ψ¸〉; (3.94)
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which directly contradicts the Rayleigh–Ritz variation principle, thus ̄ is not the ground–state density of any potential
but is N–representable. The set AN is therefore a proper subset of IN : AN ( IN . Meanwhile, it can be shown
that if  ∈ AN , the minimising wavefunction in (3.90) will be a ground–state wavefunction yielding  and Levy–Lieb
functional will become equivalent to the Hohenberg–Kohn functional. It can be said therefore that the Hohenberg–Kohn
functional is the restriction of the Levy–Lieb functional to the set of v–representable densities,

FLL|AN = FHK; (3.95)

and that the Levy–Lieb functional generalises the Hohenberg–Kohn functional from unknown domain AN to the
known domain IN .

3.3.6 Banach Spaces Of Densities & Potentials

In order to further develop this rigorous approach to DFT, it is necessary to be able to characterise the smallest
Banach spaces for the density & potential that contain the sets of N–representable densities & Coulomb potentials
respectively.

For the set of N–representable densities IN , the definition (3.86) already requires that  ∈ L1(R3) for any  ∈ IN .
The requirement for a finite von–Weizäcker kinetic energy can be re–cast in similar terms by considering its definition
(3.76),

TW() =
1

2

Z
|∇ 1

2 (r)|2dr =
1

2
‖|∇ 1

2 |‖2
2 <∞ =⇒ |∇ 1

2 | ∈ L2(R3): (3.96)

This requirement for |∇ 1
2 | can be translated into one pertaining to  directly by first noting that, given the definition

of the first–order Sobolev space in (3.56) & (3.57), the square–root of the density must belong to the first–order
Sobolev space,

‖ 1
2 ‖H1

1
=
“


1
2 ; 

1
2

” 1
2

H1
1

=

„Z
| 1

2 (r)|2dr +

Z
|∇ 1

2 (r)|2dr

« 1
2

<∞ =⇒ 
1
2 ∈ H1

1; (3.97)

thus allowing the Sobolev inequality ‖|∇f |‖2
2 > 1

36‖f ‖
2
6 ; f ∈ H1

1 to be applied as

‖|∇ 1
2 |‖2

2 >
1

36
‖ 1

2 ‖2
6 =

1

32

„Z
| 1

2 (r)|6dr

« 2
6

=
1

32

„Z
|(r)|3dr

« 1
3

=
1

36
‖‖3: (3.98)

It follows that a finite TW() implies a finite ‖‖3 for a given , as TW() = 1
2‖|∇

1
2 |‖2

2 > 1
72‖‖3, hence for all

such densities it is deduced that  ∈ L3(R3), in addition to the requirement  ∈ L1(R3). The set of densities which
satisfy these requirements must be both a subset of L1 and of L3; the intersections and sums of the Lp spaces can be
represented by the common notation

L(p,q) =

(
Lp ∩ Lq p > q

Lp + Lq p < q
; (3.99)

where the vector space L(p;q) is a Banach space with the norm

‖f ‖(p;q) =

8<:max (‖f ‖p; ‖f ‖p) p > q

inf
f=fp+fq

(‖fp‖p + ‖fq‖q) p < q : (3.100)

The Banach space of densities X can be defined using (3.99) as L(3;1); the intersection between the finite TW condition
 ∈ L3 and the normalisation condition  ∈ L1,

X = L3 ∩ L1; (3.101)

for which the set of N–representable densities is a subset IN ( X .

Having defined the Banach space of densities X , the Banach space of potentials may be derived from the requirement
that the interaction term (v |) must be finite for all  ∈ X . For this to be the case, the interaction term must be
represented by a bounded linear operator in the dual space of X ,

Tv () = (v |) Tv ∈ X ∗: (3.102)
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The dual space of X ∗ =
`
L3 ∩ L1

´∗
can be determined by generalising the relation between Lp and its dual described

previously and applying it to L(p;q); if 1 6 p; q <∞ & 1 < p̄; q̄ 6∞, with p−1 + p̄−1 = 1 & q−1 + q̄−1 = 1, then
L(p;q) ∗ = L(p̄;q̄) with the special case that

(Lp ∩ Lq)∗ = Lp̄ + Lq̄: (3.103)

The Banach space of potentials is thus given by

X ∗ = L(3;1) ∗ =
`
L3 ∩ L1

´∗
= L

1
1−1=3 + L

1
1−1=1 = L

3
2 + L∞: (3.104)

It follows that the energy as defined with the Levy–Lieb constrained–search functional in (3.89) is finite for all  ∈ X
and v ∈ X ∗, of which the N–representable densities & Coulomb potentials are respective subsets, vi

IN =


 ∈ L3 ∩ L1

˛̨
 > 0 ;

Z
(r)dr = N ; TW() <∞

ff
⊂ X ;

VC =

(
v ∈ L

3
2 + L∞

˛̨
v(ri ) = −

NCX
I

ZI
|ri − RI |

; NC ∈ N ; ZI ∈ R
)
⊂ X ∗:

(3.105)

Definition 3.6: Banach Spaces Of The Density & Potential

The sets of densities  and external potentials v that yield a finite expectation value for the energy are
characterised as the dual Banach spaces

 ∈ X = L3 ∩ L1 v ∈ X ∗ = L
3
2 + L∞ (3.106)

of which the set of N–representable densities IN & Coulomb potentials VC are respective subsets.

The development of the Hohenberg–Kohn variational principle discussed here gives a much more useful form of the
universal density functional, the Levy–Lieb functional, sets of  and v for which over which it may be evaluated are
well characterised. However the form of the Levy–Lieb functional is such that it may have more than one solution; it
is not convex in the density. Further developments by Lieb67, resulting in a functional that is convex and well defined,
will be discussed in detail in the next section as it is pivotal to the work presented in later chapters.

3.4 Lieb’s Convex–Conjugate Functional

In this section the development of DFT beyond the Levy–Lieb constrained search is discussed, leading to the definition
of the Lieb functional67; an important development as the Lieb functional is finite over well–characterised spaces of
the density & potential and always yields a unique solution. To explain this, it is first necessary to present an overview
of some additional mathematical concepts from convex analysis, a definitive study of which is presented by Rockafellar
in Ref. 76.

3.4.1 Convex Sets

This section begins by expanding on the theory set out in subsections 3.3.1 & 3.3.2 to introduce the concepts of open
& closed sets. In a metric space, equipped with the metric d , an open ball with centre x ∈ X and radius r > 0 can
be defined by

Br (x) =
˘

y ∈ X
˛̨
d(x; y) < r

¯
: (3.107)

Given this definition, the set A ⊂ X is defined as being open in X if, for all x ∈ A there exists an r > 0 such that
Br (x) ⊂ A. Conversely, the set A ⊂ X can be identified as being closed in X if the complement X \ A is open.
With each subset A of the normed space X can be associated the following characteristics:

(i) The interior int(A) =
˘

x ∈ X
˛̨
Br (x) ∈ A for some r > 0

¯
, i.e. int(A) is the largest open set contained in A,

(ii) The closure cl(A) =
˘

x ∈ X
˛̨
Br (x) ∩ A for all r > 0

¯
, i.e. cl(A) is the smallest closed set containing A,

viIt can be shown that the set of Coulomb potentials VC for which the Levy–Lieb constrained search is defined is a proper subset of the
Banach space of potentials by decomposing the Coulomb operator vc(r) = −|r|−1 into the sum of a short–range and a long–range
component, vc;sr(r) = −(e−|r|)|r|−1 and vc;lr(r) = −(1 − e−|r|)|r|−1 respectively. It can be shown that vc;sr ∈ Lp ; 1 6 p < 3 and
vc;lr ∈ L∞ respectively, hence vc ∈ (Lp + L∞) ; 1 6 p < 3. The set of Coulomb potentials VC ( (Lp + L∞) ; 1 6 p < 3 is therefore
contained in the dual of the sets of densities Lp̄ ∩ L1 ; 3

2
< p̄ 6 +∞, in which the Banach space of densities is included.
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(iii) The boundary bd(A) = cl(A) \ int(A),

(iv) The exterior ext(A) = X \ cl(A).

Finally, a set A ⊂ X can be said to be dense in the set B ⊂ X if B ⊂ cl(A), meaning that each open set in B
contains some element in A.

The subset A of the vector space V is a convex set if, for each x; y ∈ A the relation

¸x + (1− ¸)y ∈ A 0 6 ¸ 6 1 (3.108)

This can be illustrated with the two–dimensional shapes shown in Figure 3.2; the shape on the left represents a convex
set as the line segment joining any two points within its area is contained entirely within the shape. This is not the
case for the shape on the right, which hence represents a nonconvex set. It can be shown from the basic definition

nonconvexconvex

Figure 3.2: A schematic illustrating the difference between convex and nonconvex sets.

(3.108) that all linear subspaces of the vector space V are convex and that, if A1 & A2 are convex sets, then their
combinations A1 ∩ A2 & A1 +A2 must also be convex.

A convex combination of elements xi of the vector space V is defined as a finite linear combination of the elements
with non–negative coefficients that sum to unity,

y =
X
i

¸ixi
X
i

¸i = 1 ¸i > 0; (3.109)

in which y represents an average of the elements xi weighted by coefficients ¸i . Clearly, if there are only two elements
then it may be written in the form of (3.108) as y = ¸x1 + (1− ¸)x2 where 0 6 ¸ 6 1, hence it follows that the set
A ⊂ V is only convex if it contains all of its convex combinations.

The convex hull co(S) of the set S ⊂ V is the smallest convex set in V which contains S, i.e. it is the intersection of
all convex sets that contain S, consisting of all convex combinations of the elements in S.

3.4.2 Convex Functions

A function f : X 7→ R can be described as being convex if the interpolation characteristic inequality is satisfied,

¸f (x1) + (1− ¸)f (x2) > f (¸x1 + (1− ¸)x2) x1; x2 ∈ X 0 < ¸ < 1; (3.110)

meaning that linear interpolation along a convex function always yields an estimate that is greater than or equal to
the value of the function at that point; a characteristic demonstrated in Figure 3.3. If the function f : X 7→ R is
convex, then by definition its additive inverse −f : X 7→ R is concave. For strictly convex functions, the interpolant is
always greater than the function, hence the > operator in (3.110) is replaced by > for a strictly convex function f .
An important corollary to this is that, for a convex function every local minimiser is also a global minimiser. This can
be seen by considering a global minimiser x0 of the convex function f and an arbitrary point x1 6= x0 in the domain of
f , for which it is clear that f (x1) > f (x0). It follows that, for 0 < ¸ < 1, the convexity of f implies

f (x1) = ¸f (x1) + (1− ¸)f (x1) > ¸f (x0) + (1− ¸)f (x1) > f (¸x0 + (1− ¸)x1); (3.111)

which may be re–arranged to give f (x1) > f (x1 + ¸(x0 − x1)), implying that an infinitesimal movement from x1

towards x0 is accompanied by a decrease in the value of the function, hence x1 cannot be a local minimiser if
f (x1) > f (x0). The minimisers of a convex function constitute a convex set, however if the function is strictly convex
then that set is a singleton and the minimiser is unique.
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x1

f (x1)

x2

f (x2)

¸x1 + (1− ¸)x2

f (¸x1 + (1− ¸)x2)

¸f (x1) + (1− ¸)f (x2)

Figure 3.3: A convex function with a linear interpolant between two points, showing that the value of the function
in the domain between x1 and x2 is always less than or equal to that of the linear interpolant.

Extended Functions

If a real–valued convex function f is defined on the convex subset A ⊂ X as f : A 7→ R, a corresponding extended
functionvii may be defined over the entire set X as

f̃ (x) =

(
f (x) x ∈ A
+∞ x ∈ X \ A

: (3.112)

The effective domain of this extended function is given by

dom(f̃ ) = {x ∈ X
˛̨
f̃ (x) < +∞} (3.113)

thus completing a more general description of the function f over X . The effective domain of a convex function can be
shown to always be a convex set; if x1; x2 ∈ dom(f ), where f is convex, by definition f (x1); f (x2) < +∞. Substituting
these values into (3.110) with 0 < ¸ < 1 yields the result f (¸x1 + (1−¸)x2) 6 ¸f (x1) + (1−¸)f (x2) < +∞, hence
¸x1 + (1 − ¸)x2 ∈ dom(f ). A convex function that is finite on dom(f ) but +∞ everywhere outside of dom(f ) is
termed a proper convex function.

Epigraph & Hypograph

It is useful here to introduce three additional properties which can be used to characterise a function f : X 7→ R̃:

(i) The epigraph epi(f ) = {(x; ¸) ∈ X × R
˛̨
f (x) 6 ¸},

(ii) The graph gr(f ) = {(x; ¸) ∈ X × R
˛̨
f (x) = ¸},

(iii) The hypograph hyp(f ) = {(x; ¸) ∈ X × R
˛̨
f (x) > ¸}.

The epigraph and hypograph of a function f on the real axis are illustrated in Figure 3.4. It can be readily deduced
that a function f : X 7→ R̃ is convex if and only if its epigraph epi(f ) ⊂ X × R is a convex set. Given the definition
of a convex function in these terms and the definition of the convex hull of a set in the previous subsection, it is
possible to define for a function f its convex hull co(f ) as the function with epigraph co(epi(f )). The convex hull
co(f ) is sometimes described as the largest convex minorant to f . This can be seen for a nonconvex function on the
real axis in Figure 3.5.

Continuity & Semi–Continuity

A function f : X 7→ R can be formally defined as continuous at a point x ∈ X if, for each k;K ∈ R where
k < f (x) < K, there exists a neighbourhood U of x such that k < f (U) < K.viii

viiSuch functions are referred to as ‘extended’ as they have values in the set of extended real numbers R̃ = R ∪ {+∞;−∞}.
viiiA neighbourhood of a point x ∈ X is a subset U of X which includes an open set V containing x, i.e. x ∈ V ⊂ U ⊂ X . In practice, this

can be a set of points similar to x but with incrementally different values.
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epi(f )

hyp(f )

Figure 3.4: An illustration of the epigraph and hypograph of a 2D function, represented by the shaded areas in
the left and right–hand plots respectively.

epi(f )
f (x)

epi(co(f ))

co(f )(x)

Figure 3.5: An illustration of a nonconvex function with its epigraph (left) and the convex hull of the function &
corresponding epigraph (right).

A convex function may not necessarily be continuous; if a function is not continuous, it may still be possible to
characterise it as lower semi–continuous. A function f : X 7→ R̃ is lower semi–continuous at a point x ∈ X if, for
each k ∈ R where k < f (x), there exists a neighbourhood U of x such that k < f (U). In practice, this means that if
a function is lower semi–continuous at x, then the value of f for elements of X close to x are close to or greater than
f (x). Equally, a function f may be described as upper semi–continuous at point x if −f is lower semi–continuous
at x. These concepts are illustrated for a simple 2D function in Figure 3.6. One of the defining characteristics of a

Figure 3.6: An illustration of the concepts of continuity (center), lower semi–continuity (left) and upper semi–
continuity (right) as applied to functions. The filled circles indicate that a value exists for the line
segment at the given point, whereas an unfilled circle indicates that no value exists for the line segment
at the given point.

lower semi–continuous function is that its epigraph comprises a closed set. It follows that the lower semi–continuous
hull f̄ of the function f is that which has an epigraph equal to the closure of the epigraph of f ; epi(f̄ ) = cl(epi(f )),
in other words it is the largest lower semi–continuous minorant to f . Taking this definition along with that for the
convex hull, it is possible to define a lower semi–continuous convex hull - the closed convex hull of the function f as
c̄o(f ) = ¯co(f ), which may be interpreted as a lower semi–continuous convex regularisation of f .

Conjugate Functions

A function may be defined in terms of supporting lines, each of which intersect the function at one point and nowhere
exceeds the value of the function, as demonstrated in Figure 3.7. The slope of a supporting line at (x; f (x)) is defined
as the subgradient of f at x; if the subgradient is unique at x then it is simply the derivative of f at that point. Any
point on f at which the subgradient is zero can be identified as the global minimum of f .

The graph of a convex function f : X 7→ R has at least one supporting line for all x ∈ X , each of which takes the
form of a continuous affine function

h(x; y) = (y; x)− g(y) (3.114)

where y is the slope of the supporting line at x and −g(y) is its intersection with the function axis. At a given x, f (x)
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Figure 3.7: A convex function with a set of supporting lines shown.

is equal to the largest supporting line, f (x) = maxy h(x; y), hence a convex function f can always be written as the
pointwise supremum of supporting lines,

f (x) = sup
y∈X∗

{(y; x)− g(y)} x ∈ X : (3.115)

If the function is a closed convex function - a proper convex function that is lower semi–continuous thus having a
closed convex epigraph, it can be expressed as the pointwise supremum of a set of closed affine functions,

f (x) = sup
y∈A
{(y; x)− g(y)} x ∈ X A ⊂ X ∗ (3.116)

The set of all proper closed convex functions on X can be denoted Γ0(X ), which is generalised to extended value
functions as Γ(X ) = Γ0(X ) ∪ {+∞;−∞}.

It can be seen from (3.115) that the expression for the function f in terms of its supporting lines can be re–arranged
to yield an expression for the auxiliary function g as

f (x) = sup
y
{(y; x)− g(y)} =⇒ f (x) > (y; x)− g(y)

=⇒ g(y) > (y; x)− f (x) =⇒ g(y) = sup
x
{(y; x)− f (x)} :

(3.117)

The function g can be identified as the conjugate function to f ; the transformation between a function and its
conjugate is known as a Legendre–Fenchel transform.

Definition 3.7: The Legendre–Fenchel Transform

For any function f : X 7→ R, a conjugate f ∗ & biconjugate f ∗∗ can be defined by application of the
Legendre–Fenchel transform as

Conjugate : f ∗(y) = sup
x∈X
{(y; x)− f (x)} (3.118)

Biconjugate : f ∗∗(x) = sup
y∈X∗

{(y; x)− f ∗(y)} (3.119)

in which X & X ∗ are dual vector spaces.

An important characteristic of the conjugate f ∗ & biconjugate f ∗∗ functions are that they are always closed convex,
given that they are effectively defined by the pointwise supremum of supporting lines in (3.118) & (3.119) respectively.
It can be shown using Fenchel’s inequality f (x) + f ∗(x) > (y; x) that the biconjugate function is in fact the lower
semi–continuous hull - or the convex envelope - to f since f (x) > f ∗∗(x); the corollary to this is the Fenchel–Moreau
Biconjugate Theorem.
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Definition 3.8: Fenchel–Moreau Biconjugate Theorem

A function f : X 7→ R is equal to its biconjugate f ∗∗ if and only if f is a closed convex function;

f ∗∗(x) = f (x) if and only if f ∈ Γ(X ) (3.120)

Conjugation thus establishes a bijective mapping between the sets of closed convex functions Γ(X ) & Γ∗(X ∗)
over the dual spaces of X & X ∗ respectively. A pair of functions f ∈ Γ(X ) & g ∈ Γ∗(X ∗) that are each others
conjugates are said to be dual functions, in which f can be fully reconstructed from g and vice versa.

It is important to note that, unless f is closed convex, it cannot be fully recovered from its conjugate f ∗, only its
convex envelope.

For convenience, it is also possible to define a concave conjugate in a similar way to that given in Definition 3.7 for
the convex conjugate. The concave conjugate is denoted

f ◦(y) = −f ∗(−y) (3.121)

which results in the accompanying skew–conjugate relations

f ◦(y) = inf
x∈X
{f (x) + (y; x)} (3.122)

f ∗∗(x) = sup
y∈X∗

{f ◦(y)− (y; x)} (3.123)

in which the duality between the closed convex functions on X and the closed concave functions on X ∗ forms the
bijective mapping Γ(X )⇐⇒ −Γ∗(X ∗).

Now that the essential concepts of convex sets, convex functions and conjugate functions have been established,
the application of this to DFT to further generalise the Levy–Lieb functional will be considered in the following
subsections.

3.4.3 Ensemble State Densities

In the discussion thus far, it has been assumed that densities pertain to pure–state wavefunctions of a system,
meaning those described by a single normalised N–electron wavefunction. However, for many systems such a
wavefunction is a poor representation of their actual electronic state; for these systems, an ensemble wavefunction is
more appropriate.

An ensemble density matrix ‚ can be constructed as simply a convex combination of pure–state density matricesix

‚ =
X
i

–i |Ψi 〉 〈Ψi | ; –i > 0 ;
X
i

–i = 1 ; Ψi ∈ WN : (3.124)

The ensemble density matrix effectively represents the probability distribution for {Ψi}, where –i is the probability
that the system occupies a given N–electron state Ψi ∈ WN . This generalisation provides the means by which systems
with degenerate states, such as that described for the Boron atom in subsection 3.3.5, may be properly represented.
The ground–state energy of an ensemble state is obtained by generalisation of the Rayleigh–Ritz variation principle to
canonical ensembles.

Definition 3.9: Canonical–Ensemble Rayleigh–Ritz Variation Principle

For every v ∈ X ∗, the canonical–ensemble ground–state energy is defined as

E–(v) = inf
‚∈KN

tr ‚Ĥ–(v) (3.125)

where KN is the set all admissible ensemble density matrices,

KN =

(
‚ =

X
i

–i |Ψi 〉 〈Ψi |
˛̨
–i > 0 ;

X
i

–i = 1 ; Ψi ∈ WN

)
: (3.126)

ixThe density matrix operator for a pure–state wavefunction Ψ is given by ̂ = |Ψ〉 〈Ψ|, hence the expectation value of an observable Ô in

a system with pure–state density matrix  can be written as tr Ô.
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Although the ground-state energy can always be defined as the greatest lower bound in either (3.7) or (3.125), the
formulation in terms of ensembles is more flexible, allowing for mixed-state solutions. This extra flexibility is important
to establish correspondence between the optimisers in the Rayleigh–Ritz variation principle commonly used in ab initio
theory and the Hohenberg–Kohn variation principle used in DFT77.

Given the expression (3.125), the Levy–Lieb constrained search can be generalised to ensemble density matrices by
analogy to (3.89) to yield

E–(v) = inf
∈IN


inf
‚→

tr ‚Ĥ–(0) + (v |)

ff
v ∈ X ∗; (3.127)

for which a generalised form of the Levy–Lieb constrained search functional is defined,

FDM() = inf
‚→

tr ‚Ĥ–(0); (3.128)

otherwise known as the Lieb density–matrix constrained–search functional. An important characteristic that distin-
guishes FDM from the pure–state form FLL is that, whilst the Levy–Lieb constrained search functional is not convex
in , shown in (3.93), the Lieb density–matrix constrained–search functional is convex in . This can be seen by
considering two densities 1; 2 ∈ IN with minimising density matrices ‚1; ‚2 ∈ KN respectively; for the convex
combination ̄ = ¸1 + (1− ¸)2 ∈ IN with 0 < ¸ < 1, FDM is evaluated as

FDM(̄) = tr ‚̄Ĥ–(0) 6 tr (¸‚1 + (1− ¸)‚2) Ĥ–(0)

= ¸ tr ‚1Ĥ–(0) + (1− ¸) tr ‚2Ĥ–(0)

= ¸FDM(1) + (1− ¸)FDM(2):

(3.129)

It follows therefore that FDM is a lower–bound to FLL, FDM 6 FLL, becoming an equality whenever  is pure–state
representable. Importantly, FLL() gives the same ground–state energy E–(v) as FDM() in the Hohenberg–Kohn
variation principle for any given potential v ∈ X ∗, the only difference being that the minimising densities for FLL()
are always pure states.

3.4.4 The Lieb Functional

The final generalisation of the Hohenberg–Kohn functional to be discussed here is that derived by Lieb67 using the
theory of convex conjugate functions.

It is readily shown that, by virtue of the linearity of the Hamiltonian in the potential – described in subsection 3.2.1
– and application of the Rayleigh–Ritz variation principle (3.7) that the ground–state energy for a given external
potential v ∈ X ∗ is concave in the potential. Given first the identity

Ĥ–(¸v1 + (1− ¸)v2) = ¸Ĥ–(v1) + (1− ¸)Ĥ–(v2) v1; v2 ∈ X ∗ 0 < ¸ < 1; (3.130)

the application of the Rayleigh–Ritz variation principle to both sides yields the result

E–(¸v1 + (1− ¸)v2) = inf
Ψ

n
¸ 〈Ψ|Ĥ–(v1)|Ψ〉+ (1− ¸) 〈Ψ|Ĥ–(v2)|Ψ〉

o
> ¸ inf

Ψ
〈Ψ|Ĥ–(v1)|Ψ〉+ (1− ¸) inf

Ψ
〈Ψ|Ĥ–(v2)|Ψ〉

> ¸E–(v1) + (1− ¸)E–(v2)

(3.131)

demonstrating that the ground–state energy is concave in v . It can further be shown that the ground–state energy
as defined is continuous on X ∗ 67, hence it can be characterised as a closed concave function on the Banach space
X ∗. Accordingly, there exists a corresponding conjugate function that is closed–convex on the dual space to X ∗;
this is the Lieb functional FL : X 7→ R and the pair of skew–conjugate relations (3.122) & (3.123) represent the
Hohenberg–Kohn & Lieb variation principles respectively.
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Theorem 3.5: Lieb’s Convex–Conjugate Functional

For v ∈ X ∗ &  ∈ X , the ground–state energy E– and the Lieb functional FL are defined by the following
variation principles

Hohenberg–Kohn Variation Principle: E–(v) = inf
∈X
{FL() + (v |)} (3.132)

Lieb Variation Principle: FL() = sup
v∈X∗

{E–(v)− (v |)} (3.133)

in which E– and FL are closed–concave and closed–convex functions on the dual spaces of X ∗ and X respectively,
where X ∗∗ ≡ X since it is a reflexive Banach space.

As a result of this construction, the Lieb functional is lower semi–continuous and always convex; it is in fact the
closed convex hull to all admissible density functionals – that is, those that yield the correct energy. By definition, the
minima of the Lieb functional are therefore known to be global minima.

The Lieb functional is identical to the Hohenberg–Kohn and Levy–Lieb functionals for pure, non–degenerate ground–
state densities, but only the Lieb and Levy–Lieb functionals are defined for other densities. The Lieb functional
can be identified as the convex envelope to the Levy–Lieb functional, meaning that it will always give a unique
solution whereas this cannot be ensured for the Levy–Lieb functional. It is because of these properties that the Lieb
functional the basis for the computational procedures used in this work, a detailed discussion of which is presented in
Chapter 5.

3.5 Kohn–Sham Theory

In the evolution of density functional theory from Hohenberg & Kohn’s first proposal to Lieb’s formulation described
thus far, mathematical analysis has been used to properly characterise the sets of admissible densities and potentials
and generalise the form of the universal density functional such that it is finite and has only global minimisers for all
admissible densities.

However, there remains a problem with the original Hohenberg–Kohn theory unaddressed by these developments;
the explicit functional form of the universal density functional is unknown and it must be approximated. Without a
reliable way of approximating the universal density functional, the scope for application of DFT would remain very
limited.

A solution to this problem was first set out by Kohn & Sham in Ref. 65, where a self–consistent field approach with
similarities to Hartree–Fock theory was proposed, which has since become the basis for almost all practical applications
of DFT. The Kohn–Sham formulation of DFT (KS DFT) will be described briefly in the present section.

3.5.1 A Model Non–Interacting System

In the previous section, the Levy–Lieb functional was defined by (3.88) for a general system with two–electron
interaction scaled by coefficient – and has the form of an expectation value of the kinetic energy + two–electron
operators, T̂ + Ŵ–. However, as seen for Hartree–Fock theory, the inclusion of the two–electron term Ŵ– precludes
an analytical solution to the electronic Schrödinger Equation for many–electron systems and thus prevents exact
analytical forms of the universal density functional from being obtained for a many–electron system.

Considering instead a theoretical model system for which – = 0, the Levy–Lieb functional would only be an
expectation value over the kinetic energy operator since the two–electron operator vanishes at zero interaction
strength, in other words the universal density functional would simply be the noninteracting kinetic energy functional
Ts : IN 7→ R,

F –=0
LL () = inf

Ψ0→

D
Ψ0

˛̨̨
T̂
˛̨̨

Ψ0

E
= Ts() ∀ ∈ IN : (3.134)

For such a system, the exact wavefunction takes the form of a single Slater determinant and may be fully represented
in terms of one–electron orbitals. It therefore follows that re–introducing one–electron spinorbitals ffi described in
subsection 1.2.1 would allow the non–interacting kinetic energy functional to be evaluated exactly as

Ts() = minP
i
|ffii |2→

X
i

fi
ffii

˛̨̨̨
−1

2
∇2
i

˛̨̨̨
ffii

fl
; (3.135)
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where the density at can be evaluated from the spinorbitals as

(r) =
X
ff

X
i

|ffii ({r; ff})|2: (3.136)

For this theoretical model system, Ts() is equal to the exact kinetic energy functional. However, in a physical system
for which – = 1, the noninteracting kinetic energy functional would not be equal to the exact kinetic energy functional
T () = 〈Ψ1|T̂ |Ψ1〉 ; Ψ1 → ; it can be shown instead that it is a lower bound to the exact kinetic energy since

Ts() = inf
Ψ0→

D
Ψ0

˛̨̨
T̂
˛̨̨

Ψ0

E
6
D

Ψ1

˛̨̨
T̂
˛̨̨

Ψ1

E
: (3.137)

Given this inequality and assuming that the non–interacting kinetic energy functional constitutes a fair approximation
to the exact kinetic energy functional, Ts() may be considered an explicit approximation to a part of the universal
density functional - that pertaining to the kinetic energy. This approach forms part of the Kohn–Sham decomposition
of the universal density functional, discussed in the ensuing subsection.

3.5.2 The Kohn–Sham Equations

The concept of the non–interacting model system provides the basis for the formulation of DFT presented by Kohn &
Sham in 1965, in which an exact description of a system may be obtained by solving the one–electron Schrödinger
Equation65. The key to this theory is the assumption that for an arbitrary N–electron system with ground–density
(r), a non–interacting N–electron can be constructed with with the same density (r).

Based on this premise, Kohn & Sham introduced the following decomposition of the universal density functional, where
for the present discussion – = 1 since it is the energy of the physical system that the model seeks to recover

F () = inf
Ψ→

D
Ψ
˛̨̨
T̂ + Ŵ

˛̨̨
Ψ
E

= T () +W ()

= Ts() + J() + (T ()− Ts()) + (W ()− J())

= Ts() + J() + Exc():

(3.138)

Here Ts() is the non–interacting kinetic energy functional defined in (3.134), J() represents the classical Coulomb
part of the electron interaction,

J() =
1

2

Z Z
(r1)(r2)

|r1 − r2|
dr1 dr2; (3.139)

and Exc() is the exchange–correlation energy functional. As indicated in (3.138), the exchange–correlation energy
term can be expressed as the sum of two components

Exc() = Tc() +Wxc(); (3.140)

which in turn are defined as

kinetic energy correlation correction: Tc() = T ()− Ts() > 0; (3.141)

two–electron exchange & correlation: Wxc() = W ()− J() 6 0: (3.142)

From this identity, it can be seen that the addition of an exchange–correlation term to Ts() + J(), which are known
and can be evaluated exactly, gives the exact density functional F (). This reduces the problem of approximating the
functional form of F () to that of approximating Exc(), which is only a relatively small component of F ().

The variational expression for the ground–state energy of an N–electron system in Kohn–Sham DFT can thus be
written as

E(v) = min

{F () + (v |)} = min


{Ts() + J() + Exc() + (v |)} : (3.143)

In the KS scheme, (3.143) is evaluated using one–electron orbitals as in the Hartree–Fock method, from which the
density is evaluated. These are subject to the constraints that the spinorbitals are orthonormal and that the sum of
their occupations is equal to the number of electrons N.

The formula for the ground–state energy (3.143) further implies that E(v) can be calculated by finding the stationary
value of F () + (v |) with respect to the density; in other words, taking the functional derivative with respect to 
and finding its zero–values. This can be written as the Euler equation for the Hohenberg–Kohn functional,

‹

‹(r)


F () +

Z
v(r)(r)dr − —

Z
(r)dr

ff
= 0; (3.144)
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where the term — is a Lagrange multiplier constraining the density such that the number of electrons remains constant.
This may be re–arranged as

‹F ()

‹(r)
+ v(r) = —; (3.145)

where it is assumed that F () is differentiable. In reality however, F () is known to be everywhere discontinuous
and non–differentiable78; its convexity & subdifferentiablity are sufficient that its minimum can be characterised.
This can be addressed by Moreau–Yosida regularisation, in which the energy functional is modified by addition of an
infinitesimal regularisation parameter such that it is strictly concave and its convex conjugate F () is continuous &
differentiable79.

For the non–interacting system described in subsection 3.5.1, F () is simply the non–interacting kinetic energy
functional. The Euler equation (3.145) for the non–interacting system at the stationary point can be written as

‹Ts()

‹(r)
+ vs(r) = —; (3.146)

where vs(r) is the Kohn–Sham potential which ensures that the density (r) is equal to the exact ground–state density.
For the system at physical interaction strength, the Euler equation (3.145) can be written with the definition of F ()
substituted in from (3.138) to give

‹Ts()

‹(r)
+
‹J()

‹(r)
+
‹Exc()

‹(r)
+ vext(r) = —; (3.147)

where vext(r) is the potential that the electrons experience by virtue of the charges of the atomic nuclei in the
system. Defining the functional derivative of the Coulomb energy with respect to the density as the Coulomb
potential, ‹J()=‹(r) = vJ(r) and that of the exchange–correlation energy with respect to the density as the
exchange–correlation potential ‹Exc()=‹(r) = vxc(r), (3.146) & (3.147) may be solved simultaneously to yield the
definition of the Kohn–Sham potential,

vs(r) = vext(r) + vJ(r) + vxc(r): (3.148)

The corollary to this is a set of one–electron equations in the molecular orbitals ffii of a Slater determinant Φ, similar
to the canonical Hartree–Fock equations (1.93), that can be solved self–consistently to give the energy (3.143); these
are the Kohn–Sham equations»

−1

2
∇2 + vs(r)

–
ffii ({r; ff}) = "iffii ({r; ff}) "1 6 "2 6 : : : (3.149)

Here, "i are the energies of the Kohn–Sham orbitals ffii , which define the spatial density according to (3.136), and vs

is the Kohn–Sham potential defined in (3.148).

It is important to note here the similarities and differences between the Kohn–Sham equations (3.149) and the
HF equations (1.93). Both are mean–field approximations that rely on the self–consistent evaluation of a set of
one–electron equations for a system represented by a Slater–determinant wavefunction. However, in the Hartree–Fock
method electron correlation is completely neglected, and the resulting solution for both the total energy and the
energies of the molecular orbitals are approximate.

In Kohn–Sham theory, electron correlation is explicitly treated in the exchange–correlation term; an exact form of the
exchange–correlation density functional would give the exact density as the solution to the Kohn–Sham equations.
The use of orbitals is essential to the Kohn–Sham scheme as it allows the exact evaluation of the non–interacting
kinetic energy (that is a reasonable approximation to the true kinetic energy), however they do not necessarily share
the same physical meaning as the Hartree–Fock orbitals. The solution to the Kohn–Sham equations is the density
that the orbitals yield, rather than the orbitals themselves (although the physical meaning of the Kohn–Sham orbitals
is the subject of discussion, see for example Ref. 80).

In principle, the Kohn–Sham scheme is an exact one, however in practice it is an approximate one. This is because the
analytical form of the exchange–correlation term is unknown, and in density functional calculations it is approximated by
an exchange–correlation functional (xc–functional). The number of these functionals has grown since the introduction
of the Kohn–Sham scheme such that it is now possible to select a functional (or combinations of functionals) that is
best–suited to the system being modelled, the level of accuracy required and the intended application (i.e. for the
calculation of particular properties).

Before discussing the presently available xc–functionals, it is worth noting the main feature of Kohn–Sham theory that
led it to become the most widely used model in quantum chemical calculations. Hohenberg & Kohn had previously
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shown that a many–electron system could be described exactly by its electron density. However, their universal
functional has an unknown analytical form, making it difficult to develop approximations that can be systematically
improved.

The Kohn–Sham scheme is built upon the Hohenberg–Kohn theorems, however by posing the problem in terms of an
antisymmetric set of one–electron orbitals, Kohn & Sham could then resolve the Hohenberg–Kohn functional into a
sum of exactly calculable terms – non–interacting kinetic energy and Coulomb repulsion – and one unknown term; the
xc–energy. The terms that make the largest contributions to the total energy can now be evaluated analytically, leaving
an unknown term much smaller in magnitude. Although this does compromise the efficiency of the pure–density
scheme of Hohenberg & Kohn, as solutions must be obtained for a manifold of one–electron orbitals, the Kohn–Sham
approach is a much more practical one. The level of approximation required is small by comparison to the total energy
functional, providing greater control of the overall calculation and isolating errors to the xc term, for which many
approximations have been developed over the past 50 years81.

E(v) = F () + (v |)

unknown unknown known

a) The Hohenberg–Kohn Scheme

E(v) =
Ts() + J()

+ (v |)
+ Exc()

unknown known unknown

b) The Kohn–Sham Scheme

3.5.3 Exchange–Correlation Functionals

The exchange–correlation term in the Kohn–Sham scheme is the only part that cannot be analytically evaluated and
the focus of method–development work in DFT is on improving the approximations for this. It is convenient to resolve
this term further into separate exchange and correlation functionals as

Exc() = Ex() + Ec() (3.150)

such that the two components may be treated with individual approximations, rather than one combined term. It has
been observed that by far the larger contribution to the xc energy is from the exchange term; an example of this
can be seen in the exchange and correlation energies of some closed–shell atoms given in Table 3.3. Therefore it is

Atom E Ex Ec

He −2:902704 −1:024084 −0:041249
Be −14:665701 −2:673557 −0:094528
Ne −128:918017 −12:075856 −0:376824
Ar −527:427595 −30:168319 −0:620232

Table 3.3: The exchange and correlation energies of four atoms, calculated by taking the difference of CCSD(T)
calculations and non–interacting WY calculations (described in Chapter 5) for each atom, in the
aug-cc-pCVQZ basis for He, Be & Ne, and the aug-cc-pCVTZ basis for Ar.

essential in any DFT calculation that a robust approximation to Ex is applied, as it makes a substantial contribution
to the total energy. Although the correlation energy is much smaller in magnitude, without an accurate approximation
to this term, the result of a DFT calculation will be qualitative at best; it is important to note that in Hartree–Fock
theory, exchange is described exactly, but the neglect of correlation is why predictions made by Hartree–Fock largely
fall short of chemical accuracy.

This may also suggest that it is unnecessary to model exchange with a density functional, because the calculation
of exact–exchange is well established, further reducing the unknown component of the total energy to correlation
only. However, there is no equivalent form by which correlation can be computed; the only definitive description of
correlation in the one–electron spinorbital model is that obtained by full configuration–interaction as described in
Section 2.2.

In Hartree–Fock theory, the exact exchange energy may be written in terms of the one–electron spinorbitals as

EHF
x = −1

2

X
i j

Z Z
ffii ({r1; ffi})ffij({r2; ffj})ffij({r1; ffj})ffii ({r2; ffi})

|r1 − r2|
‹ffiffjdr1dr2: (3.151)
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This may be reduced into an expression for exact exchange energy per unit charge & unit volume,

wHF
x (r1) = − 1

2(r1)

X
i j

Z
ffii ({r1; ffi})ffij({r2; ffj})ffij({r1; ffj})ffii ({r2; ffi})

|r1 − r2|
‹ffiffjdr2 (3.152)

which to compute requires an integral over two coordinates rather than one; Hartree–Fock exchange is a non–local
quantity rather than a local one. Therefore it is very difficult for simple density functional approximations to reliably
model exact exchange, since they are they are typically based on local quantities such as the density and its gradient
at a single point in space.

Some hybrid functionals employ this form of orbital–based exchange either fully of partially. However, it is difficult to
construct correlation functionals that work well with non–local exchange of the form (3.152). The reasons for this are
explained by Buijse et. al. in Refs. 82,83.

In the following paragraphs, some of the observations from which density functional approximations (DFAs) are
constructed will be discussed, followed by a brief outline of some of the most commonly used types of exchange and
correlation functionals. The work presented later in Chapter 6 draws on this discussion, as some of the newer ideas in
correlation approximations are investigated.

3.5.3.1 Properties Of Exchange–Correlation Functionals

Although the exact form of the xc–functional is unknown, there are several constraints that must be satisfied by
candidate functionals, and these have played an important part in guiding the development of xc approximations. The
first of these is simply

Ex() < 0 & Ec() 6 0: (3.153)

These follow from the observations that exchange is present in every electronic system, correlation is absent in
one–electron systems, and that every exchange and correlation interaction lowers the overall energy of the system.
The second constraint is closely related to this, which is that the exact exchange energy of a one–electron system
cancels the Coulomb self–repulsion term,

Exc(N=1) = Ex(N=1) = −J(N=1): (3.154)

A further constraint is derived from the exchange energy of of a uniform electron gas, which is known analytically.
This is that, in the limit of slowly–varying density, the exchange energy of an N–electron system must approach that
of an equivalent N–electron uniform electron gas (UEG),

lim
∇(r)→0

Ex() = EUEG
x () = −3

4

„
3

ı

« 1
3
Z


4
3 (r)dr: (3.155)

The fourth known constraint was derived by Lieb & Oxford84 and it provides a bound on the exact exchange–correlation
energy of a system, given by

Ex() > Exc() > −1:68

Z


4
3 (r)dr: (3.156)

The final set of constraints to be given here are all derived from the scaling relations of Levy85 which provide explicit
relations for the density with respect to uniform scaling of the coordinates,

–(r) = –3(–r): (3.157)

From this basic principle, the following properties of exchange and correlation functionals have been derived

Ex(–) = –Ex() lim
–→∞

Ec(–) > −∞ lim
|r|→∞

vxc(r) = − 1

|r| lim
|r|→∞

wxc(r) = − 1

2|r| ; (3.158)

where wxc(r) is the exchange–correlation energy per electron & unit volume, from which the total exchange–correlation
energy is recovered as

Exc() =

Z
wxc(r)(r)dr: (3.159)
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3.5.3.2 The Local Density Approximation

In the original paper by Kohn & Sham, it was proposed that exchange–correlation effects could be modelled with
reasonable accuracy for most systems with a functional that depends on only the density at the point in space at
which it is being evaluated. This type of functional is a local density approximation (LDA). One of the earliest LDAs
for exchange was Slater’s X¸ method 86, in which the exact exchange component of HF theory is approximated with
Dirac’s exchange functional10 for the UEG, scaled by an adjustable parameter ¸. The energy as a functional of the
density for the X¸ method is evaluated as

E() = Ts() + J() + (v |)− 2¸

„
3

ı

« 1
3
Z


4
3 (r)dr: (3.160)

This model for exchange was adopted by Kohn & Sham, who found that a value of ¸ = 2
3 was required to avoid

overestimation of exchange effects in their LDA. The principal merit of this approximation comes from the exact
nature of the Dirac exchange functional for the UEG, which is often a fair approximation for the electronic structure
of metallic systems.

There is no such analytical expression for the correlation energy of a UEG other than for the high and low–density
limits; in these definitions, the density is usually expressed in terms of the Wigner–Seitz radius rs, which is theoretically
the radius of a charge density sphere containing the charge of one electron,

rs(r) =

„
3

4ı(r)

« 1
3

: (3.161)

With this definition, the high87 and low88 density limits of the correlation energy density are given by

High density: wc(rs) = Aln(rs) + B + rs (Cln(rs) +D) ;

Low density: wc(rs) =
1

2

„
g0

rs
+

g1

r
3=2
s

+ : : :

«
;

(3.162)

in which A;B; C;D and g0; g1; : : : are derived coefficients of each term in the two expansions respectively. Other than
for these limits however, approximating real systems by either of these extremes does not lead to accurate calculation
of the correlation energy. Instead, these are combined with data collected from numerical studies of small systems,
for example the Quantum Monte–Carlo (QMC) simulations of Ceperley & Alder89, and the data parametrised as an
analytical functional. An example is the LDA functional of Perdew & Wang (PW91)90,

wc(rs) = −2A (1 + ¸1rs) ln

241 +
1

2A
“
˛1r

1=2
s + ˛2rs + ˛3r

3=2
s + ˛4r2

s

”
35 ; (3.163)

where the constants A, ¸1 and ˛1−4 are derived from the parametrisation of Ceperley & Alder’s QMC data.

3.5.3.3 The Density Gradient Expansion

The LDAs were a reasonable initial approximation for exchange and correlation in DFT; there are some systems that
are adequately modelled by LDA functionals only, usually metals, which have a highly uniform valence electron density
in their ground state. However, for systems such as molecules, chemical accuracy cannot be reached with LDAs
alone because the electron density has significant inhomogeneity, particularly in valence regions most important to
their chemical properties. In an attempt to address this, xc–functionals were developed that depended not only on
the density, but on its gradient at a given point in space. This set of functionals became known as the generalised
gradient approximations (GGAs), and unlike the LDAs, there are a large number of different GGAs that have been
developed for use in DFT calculations.

The general form taken by the GGA functionals is that of an LDA functional, modified by a correction term that
depends on the density gradient,

EGGA
xc () =

Z
wLDA

xc (r)Fxc(; s)(r)dr; (3.164)

where Fxc(; s) is an enhancement factor and s(r) is the reduced density gradient - a dimensionless form of the density
gradient, given by

s(r) =
|∇(r)|
4=3(r)

: (3.165)
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It is in the form of the enhancement factor that individual GGAs differ; the precise form of an enhancement factor
is dependent on the empirical data and exact conditions that guided its construction, and to a certain extent the
particular applications the functional was intended for. An example of one of the most widely used exchange functionals
is the Becke–88 GGA91, in which the enhancement factor has the functional form

Fx(; s) = 1 + 4˛
|s|2

1 + 6˛s sinh−1(s)
; (3.166)

in which ˛ is a constant with value 0:0042, determined by fitting to data for Hartree–Fock exchange over a series
of noble–gas atoms. An example of a well–established correlation GGA functional would be the PBE correlation
functional of Perdew, Burke & Ernzerhof92. The form of the PBE functional has a large number of terms and for
brevity will be omitted here, however the underlying structure is that of a gradient correction to the LDA correlation
functional – in this case the PW91 functional.

A further group of functionals can be identified that extend the GGA description by the inclusion of additional
terms, with the aim of more accurately describing the inhomogeneity of an electronic system. Such additional terms
occasionally contain the Laplacian of the density ∇2(r), which is its second–order spatial derivative, however most
often the additional terms depend on the (positive definite) kinetic energy density,

fi (r) =
1

2

X
i

X
ff

|∇ffii ({r; ff})|2 : (3.167)

Density functional approximations that contain fi and/or ∇2 constitute a class of functionals known as the meta
generalised–gradient approximations, or meta-GGAs. Two notable examples of meta-GGAs are the Becke–Roussel
exchange functional93 and the LYP correlation functional94. Collectively, the GGAs and meta-GGAs and have been
highly successful because they predict exchange and correlation energies more accurately than LDAs, but without
being significantly more expensive to compute. It could be argued that it was only with the development of robust
GGAs that DFT became a tool that could be used to make reliable predictions for chemistry, with accuracies often
rivalling those of post-Hartree–Fock methods but at only a fraction of the cost.

3.5.3.4 The Hybrid Density Functionals

One of the most important developments contributing to the success of the GGAs was the B88 exchange functional
(3.166), which was unique amongst exchange functionals at the time in that it produced exchange energy densities
that exhibited the correct asymptotic decay. As briefly mentioned earlier in subsection 3.5.3, it had been found that
a greater overall accuracy was achieved when correlation density functionals were combined with exchange density
functionals, rather than with exact non–local exchange. However, in 1993 Becke showed that an accuracy exceeding
that of the GGAs and meta-GGAs may be obtained by downscaling the contribution to the total xc–energy from the
exchange functional and making–up the difference with exact exchange95. Such combinations of xc–functional and
exact exchange became known as the hybrid functionals, and have the general form

Exc =

Z ˆ
awHF

x (r) + (1− a)wDFT
x (r) + wc(r)

˜
(r)dr: (3.168)

Here, a is the parameter that determines the amount of exact exchange to be included in the hybrid functional and is
often determined with the aid of experimental data. These hybrids built on the success of the GGAs, representing a
particular improvement in the accuracy of thermochemical predictions; perhaps the most widely used DFT functional
of them all, B3LYP91,94,95, is a hybrid functional with form

EB3LYP
xc = ELDA

x + a0

`
EHF

x − ELDA
x

´
+ ax

`
EB88

x − ELDA
x

´
+ EVWN

c + ac

`
ELYP

c − EVWN
c

´
; (3.169)

where EVWN
c is the LDA correlation functional of Vosko, Wilk & Nusair96 and the three mixing parameters are

a0 = 0:20, ax = 0:72 and ac = 0:81.

With the advancement of Kohn–Sham density functional approximations, DFT has become by far the most commonly
used model in quantum chemical simulations, combining an accuracy that can rival that of the post-Hartree–Fock
correlation methods discussed in Chapter 2, but with impressive scalability thus greatly extending the applicability of
quantum chemical tools in general. However, in the absence of an exact correlation functional, there remains a large
number of applications for which even the most advanced functionals fall short of chemical accuracy, highlighting the
continuing need for improvement.

There also remains the need for greater understanding of correlation in general, so that a more systematic approach
may be taken to the its treatment within Kohn–Sham DFT, which is the main focus of the present work. A theoretical
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approach which allows exchange & correlation in DFT to be examined in much closer detail, and which underpins
much of the work presented in later chapters, is the adiabatic connection method – which is discussed in the following
section.

3.6 The Adiabatic Connection

The main area of approximation in Kohn–Sham DFT is that of the exchange–correlation functional, which approximates
the difference between the non–interacting Kohn–Sham system and the equivalent system at physical interaction
strength. It follows that examining how the behaviour of the non–interacting system evolves when electron–electron
interaction is gradually re–introduced could provide further insight into the relationship between a physical system
and its Kohn–Sham non–interacting equivalent.

This was first proposed in 1975 by Langreth & Perdew97–100, who suggested that new insight into the nature of
electron interaction may be gained by modelling an electronic system as the interaction between electrons is smoothly
increased from the non–interacting state to that of the physically interacting system. Over this range, the system
evolves through a family of eigenstates that form what is referred to as the adiabatic connection (AC). Most frequently,
a linear path between these two limits is considered100, where the Coulomb operator is simply scaled linearly by the
the value of a coupling–constant coefficient –. However, generalised ACs101 have been explored along non–linear
paths102,103; in the present work, only the linear path is considered but the generalisation to non–linear paths is
straightforward.

The Hamiltonian at coupling–constant strength – is given by (3.1); for the linear AC the ––interacting Hamiltonian
may be written more explicitly as

Ĥ– = T̂ + –Ŵ + V̂ – – ∈ {0; 1}; (3.170)

where T̂ is the kinetic energy operator, Ŵ is the two–electron interaction operator and V̂ – is the potential that
binds the density at a given – such that the density – is constrained to equal that of the physical system 1 for all
– ∈ {0; 1}.

For a linear AC, the ––interacting universal density functional can be defined using the constrained–search formalism
as

F–() = min
Ψ–→

D
Ψ–

˛̨̨
T̂ + –Ŵ

˛̨̨
Ψ–

E
; (3.171)

where the minimisation is over all admissible wavefunctions yielding . The ––interacting functional can be related to
its non–interacting counterpart via

F–() = F0() +

Z –

0

@F�()

@�
d�; (3.172)

where the derivative term can be simplified by application of the Hellmann-Feynman Theorem 104,105 to (3.171),
yieldingx

@F–()

@–
=

*
Ψ–

˛̨̨̨
˛̨@
“
T̂ + –Ŵ

”
@–

˛̨̨̨
˛̨Ψ–

+
=
D

Ψ–

˛̨̨
Ŵ
˛̨̨

Ψ–

E
= W–(): (3.173)

Furthermore, as discussed in subsection 3.5.1, the constrained–search functional (3.171) at – = 0 simply reduces to
the non–interacting kinetic energy

F0() = min
Ψ0→

D
Ψ0

˛̨̨
T̂
˛̨̨

Ψ0

E
= Ts(); (3.174)

thus the ––interacting functional (3.172) may be re–written as

F–() = Ts() +

Z –

0

W�() d�: (3.175)

By comparison with the Kohn–Sham decomposition (3.138) and the definition of the classical Coulomb term (3.139),
noting that the density is fixed for all –, it can be deduced that

W0() = J() + Ex(); (3.176)

xThe Hellmann-Feynman theorem states that the non–degenerate eigenvalues of a Hermitian operator in a parameter–dependent eigensystem,
i.e. Ĥ–Ψ– = E–Ψ–, vary with respect to the parameter as

@E–
@–

=

fi
Ψ–

˛̨̨̨
@Ĥ–
@–

˛̨̨̨
Ψ–

fl
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since no correlation energy is present at – = 0 hence W0() − J() yields only the exchange energy. Defining the
adiabatic connection integrand as

W–() = W–()− J(); (3.177)

this may be substituted back into (3.175) to give

F–() = Ts() +

Z –

0

J() d� +

Z –

0

W�() d�

= Ts() + –J() + –Ex() +

Z –

0

Wc;�() d�

= Ts() + –J() + –Ex() + Ec;–();

(3.178)

where Wc;– is simply the correlation component of the AC integrand,

Wc;–() =W–()−W0(): (3.179)

This therefore provides the AC expression for the ––interacting correlation energy in DFT,xi

Ec;–() =

Z –

0

Wc;�() d�: (3.180)

As a brief adjunct, it is noted here that the AC approach can be applied to ensemble states of the form discussed in
subsection 3.4.3. For this, the ––dependent universal density functional is written in the constrained–search66,67,107

form for canonical ensembles,
F–() = min

‚→
tr ‚Ĥ–(0) (3.181)

where the minimisation is over all density matrices ‚ associated with the interacting electron density . This functional
is convex in , concave in – and non-negative for – > 0. This results in an expression for the correlation energy
equivalent to (3.180) given by

Ec;–() =

Z –

0

{tr ‚�Ŵ − tr ‚0Ŵ} d�; (3.182)

where ‚– is the minimising ensemble state at interaction strength –.

The adiabatic connection model provides the central framework on which much of the work presented in the
forthcoming chapters is based. Quantitatively, it provides an identity for the exact Kohn–Sham correlation energy
whilst qualitatively the features of the adiabatic connection in many cases provide an intuitive means of characterising
patterns of correlation energy in systems and provides a guide as to how it may be most appropriately modelled. This
theme will be developed throughout the forthcoming chapters, in which computation of the adiabatic connection and
subsequently modelling of it are considered.

xiFor a more in–depth review of the adiabatic connection formalism, see Ref. 106

Chapter 3 Density Functional Theory 77





4 Variation Principles In Wavefunction & Density
Functional Theories

4.1 Introduction

Variation principles lie at the heart of many quantum-chemical theories, giving practical prescriptions for how to obtain
the best electronic energy, wavefunction or electron density via optimisation. They may also offer insight into the
connections between traditional ab initio wavefunction based approaches and density-functional theory (DFT). In
this work, we examine a new variation principle, proposed by Gidopoulos in Ref. 108 for the determination of the
non-interacting system of relevance to Kohn–Sham theory.

The variation principle proposed by Gidopoulos consists of minimising the left-hand side of the inequality

〈Ψ|Ĥ0(v)|Ψ〉 − E0(v) > 0; (4.1)

with respect to variations of the potential v , for a fixed electronic wavefunction Ψ corresponding to a system of interest
– typically the physical ground-state wavefunction for the system. The energy E0(v) in (4.1) is the ground-state energy
of a non-interacting system, associated with the non-interacting Hamiltonian Ĥ0(v) = T̂ +

P
i v(ri ), where T̂ is the

kinetic energy operator.

As discussed in Ref. 108, the minimisation of the left-hand side of (4.1) yields the Kohn–Sham non-interacting potential
vs associated with a non-interacting system that has the same density as that of the chosen input wavefunction Ψ.
The same variation principle was also described earlier by Davidson in a different context109 and used as a tool to
understand the analytic properties of the first–order reduced density matrix associated with Ψ. This complements
its use in Ref. 108, where it provides a tool for the optimisation of the potential v . Here we refer to (4.1) as the
Gidopoulos–Davidson variation principle.

At first glance, the Gidopoulos–Davidson variation principle appears to be markedly different from alternative approaches
for determining the Kohn–Sham system corresponding to a reference wavefunction or density. For example, in Levy’s
constrained-search approach to DFT,66,107 a constraint on the electron density is explicitly applied to determine
the Kohn–Sham system. More closely related is the Lieb variation principle, which for a non-interacting system
corresponds to maximising the left-hand side of the inequality67

E0(v)− (v |) 6 Ts() (4.2)

with respect to variations of the potential v for a given input electron density , using the notation (v |) =
R
v(r)(r)dr.

Both the Gidopoulos–Davidson and Lieb variation principles involve an unconstrained optimisation over v , yielding
the Kohn–Sham potential vs as their optimiser. Furthermore, their functional derivatives are identical up to a
sign67,108.

These observations motivate us to explore the connection between the Lieb and Gidopoulos–Davidson variation
principles in (4.1) & (4.2), respectively. We begin by reviewing standard variation principles in Section 4.2. In
Section 4.3, we highlight the connections between the Gidopoulos–Davidson and Lieb variation principles, including
extensions to general interaction strengths and to mixed states.

Having established the close connection between these alternative variation principles, we present some results from
numerical implementation in a common framework in Section 4.4, highlighting the equivalent information they yield
both in the non-interacting limit and for arbitrary interaction strengths. In Section 4.5, we make some concluding
remarks and discuss possible directions for future work.

4.2 Hohenberg–Kohn & Lieb Variation Principles

At a given interaction strength –, the ground–state energy of an N–electron eigenfunction Ψ of the Hamiltonian Ĥ–(v)
can be defined in the context of wavefunction theory by varying the wavefunction Ψ according to the Rayleigh–Ritz
variation principle,

E–(v) = inf
Ψ∈WN

D
Ψ
˛̨̨
Ĥ–(v)

˛̨̨
Ψ
E
; (4.3)
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where WN is the set of all L2-normalised, antisymmetric N-electron wavefunctions with a finite kinetic energy,

WN =
˘

Ψ
˛̨
〈Ψ|Ψ〉 = 1 ;

P
i 〈∇iΨ|∇iΨ〉 <∞

¯
: (4.4)

The Rayleigh–Ritz variation principle is well defined for all potentials v belonging to the vector space X ∗ = L3=2 + L∞,
which includes all Coulomb potentials.67

Being concave and continuous in v , the ground–state energy of (4.3) may be expressed in terms of the Hohenberg–Kohn
variation principle

E–(v) = inf
∈X
{F–() + (v |)} ; (4.5)

where Lieb’s universal density functional F– is obtained from the ground–state energy by the Lieb variation princi-
ple 67

F–() = sup
v∈X∗

{E–(v)− (v |)} : (4.6)

The functionals E– and F– are a conjugate pair, related by mutual Legendre–Fenchel transforms. The vector spaces of
admissible densities and potentials are the Banach spaces X = L3∩L1 and X ∗ = L3=2 + L∞ respectively, encompassing
all N–representable densities  ∈ X and all Coulomb potentials v ∈ X ∗ with which the density has a finite interaction
energy.

4.3 Gidopoulos–Davidson Variation Principle

The variation principle of Gidopoulos in Ref. 108 allows for the determination of the non-interacting system of
relevance to Kohn–Sham theory and may be written in the form

D0(Ψ) = inf
v∈X∗

n
〈Ψ|Ĥ0(v)|Ψ〉 − E0(v)

o
; (4.7)

where Ψ ∈ WN is an electronic wavefunction corresponding to the physical system of interest; typically the physical
ground-state wave function of Ĥ1(v) for some v ∈ X ∗. The energy E0(v) is the ground-state energy of the non–
interacting system, defined according to (4.3). Note that D0(Ψ) is well defined since 〈Ψ|Ĥ0(v)|Ψ〉 − E0(v) > 0 for
each Ψ ∈ WN by the Rayleigh–Ritz variation principle.

4.3.1 Relationship To Lieb Variation Principle

The Gidopoulos–Davidson variation principle is related in a simple manner to the non-interacting Lieb variation
principle

F0() = sup
v∈X∗

{E0(v)− (v |)} : (4.8)

To see the relation, we decompose the non-interacting expectation value 〈Ψ|Ĥ0(v)|Ψ〉 in the manner

〈Ψ|Ĥ0(v)|Ψ〉 = T (Ψ) + (v |Ψ); (4.9)

where T (Ψ) = 〈Ψ|T̂ |Ψ〉 and Ψ are the kinetic energy and density yielded by Ψ, respectively. A comparison of the
functionals in (4.7) & (4.8) then gives,

D0(Ψ) = T (Ψ)− F0(Ψ)

= T (Ψ)− F̄0(Ψ);
(4.10)

where, in the final step, the Lieb functional is replaced with the Levy constrained search functional, noting that Ψ is
pure–state representable. We conclude that the Gidopoulos–Davidson functional of a given system is simply the total
kinetic energy of this system minus the non-interacting Lieb functional.

Since the non-interacting Lieb functional is the non-interacting Kohn–Sham kinetic energy,

F0() = Ts() (4.11)

we find that the Gidopoulos–Davidson functional is the Kohn–Sham kinetic-energy correlation energy,

D0(Ψ) = T (Ψ)− Ts(Ψ): (4.12)
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Introducing the constrained-search formalism,66,67,107 we obtain

D0(Ψ) = 〈Ψ|T̂ |Ψ〉 − inf
Φ→Ψ

〈Φ|T̂ |Φ〉 (4.13)

where Φ is a single Slater determinant describing the non-interacting Kohn–Sham system.

The relationship of the Gidopoulos–Davidson functional to the correlation kinetic energy is well known108. Here we
see that the non-interacting Gidopoulos–Davidson and Lieb variation principles yield the same Kohn–Sham system
from different directions. The Lieb variation principle minimises the value of the non-interacting kinetic energy Ts,
subject to a density constraint, whilst the Gidopoulos-Davidson variation principle maximises the correlation kinetic
energy Tc = T − Ts subject to a similar density constraint. Following the discussion in Section 4.2, we observe that
the potential in the Gidopolous–Davidson variation principle of (4.7) may be viewed as the Lagrange multiplier for the
density constraint in (4.13).

4.3.2 Objective Functions

Being related in such a simple manner, the optimisations of the Gidopoulos–Davidson and Lieb functional are also
related in a simple way. Expressing the functionals in terms of their objective functions, we find

D0(Ψ) = inf
v∈X∗

G0(v;Ψ) (4.14)

F0() = sup
v∈X∗

L0(v; ); (4.15)

where

G0(v;Ψ) = 〈Ψ|Ĥ0(v)|Ψ〉 − E0(v) (4.16)

L0(v; ) = E0(v)− (v |): (4.17)

Hence we obtain, in agreement with (4.10),

G0(v;Ψ) = T (Ψ)− L0(v; Ψ): (4.18)

The functional L0(v; ) is concave in v and affine in , whereas G0(v;Ψ) is convex in v . After a generalisation to
mixed states, G0 becomes convex also in the second variable; see subsection 4.3.4.

4.3.3 Functional Derivatives Of Objective Functions

To determine the stationary points of the Gidopoulos–Davidson and Lieb variation principles, we note that ground-state
energy E0(v) is differentiable with functional derivative v if v supports a ground state with a unique density v .
For a given Ψ ∈ WN , the expectation value 〈Ψ|Ĥ0(v)|Ψ〉 is always differentiable with respect to v , with functional
derivative Ψ. Hence, assuming differentiability of E0 at v , we have

‹G0(v;Ψ)

‹v(r)
= Ψ(r)− v (r); (4.19)

‹L0(v; )

‹v(r)
= v (r)− (r): (4.20)

When  = Ψ, the functional derivatives are identical except for the sign difference.

The second derivatives of G0 and L0 with respect to the potential v may also be readily evaluated. They are equal to
(minus and plus) one half the non-interacting static density response function of the system,

‹2G0(v;Ψ)

‹v(r)‹v(r′)
= − ‹2L0(v; )

‹v(r)‹v(r′)
= −1

2
ffl0(r; r′)

= −1

2

X
ia

’i (r)’∗i (r′)’a(r′)’∗a(r)

"i − "a
+ c.c.;

(4.21)

where the indices i and a denote occupied and virtual orbitals respectively, whose orbital energies are "i and "a.

In Ref. 108 focus is placed on the optimisation of G0 with respect to v . In passing, we note that the non-interacting
Hamiltonian readily separates into one-electron contributions Ĥ0(v) =

P
i ĥi (v) with ĥi (v) = − 1

2∇
2
i + v(ri ) and that
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the orbitals entering (4.21) are the eigenfunctions of this one-electron Hamiltonian. The non-interacting ground–state
energy is the sum of the occupied orbital energies, E0(v) =

P
i "i . We also remark that, although ± 1

2ffl0(r; r′) is
positive/negative semi-definite, this does not imply that G0/L0 are convex/concave in v since the derivatives in (4.21)
are not defined for all potentials.

Throughout this discussion we have assumed the differentiability of L0(v; ) and G0(v;Ψ). The functional L0(v; ) is
not straightforwardly differentiable as discussed by Lammert78, however this issue can be avoided by using a regularised
form as discussed in Ref. 79. Since the derivative of G0(v;Ψ) amounts to taking the derivative of −L0(v; Ψ) (see
(4.18)), the same regularisation techniques can be applied to this functional.

In the Gidopoulos–Davidson and Lieb variation principles, the potential plays the role of a Lagrange multiplier. To see
this, we rewrite the Lieb variation principle as a minimax problem

F–() = sup
v∈X∗

inf
Ψ∈WN

n
〈Ψ|Ĥ–(v)|Ψ〉 − (v |)

o
= sup

v∈X∗
inf

Ψ∈WN

n
〈Ψ|Ĥ–(0)|Ψ〉 − (v |− Ψ)

o
: (4.22)

Since the search over v terminates when the stationary condition (r) − Ψ(r) = 0 is satisfied, the Lieb variation
principle represents a minimisation of the expectation value 〈Ψ|Ĥ–(0)|Ψ〉 subject to the constraint Ψ → . The
potential plays precisely the same role in the Gidopoulos–Davidson variation principle, which becomes clear in light of
the relationship between the two functionals given by (4.10).

4.3.4 Generalisation To Ensembles

It is well known that the Lieb functional F0() is convex in 67 (see Section 3.4). It follows that −F0() is concave in 
but not that the Gidopoulos–Davidson functional D0(Ψ) = T (Ψ)− F0(Ψ) is concave in Ψ since T (Ψ) is not.

Generalising the Gidopoulos–Davidson functional for pure states Ψ ∈ WN to canonical ensembles ‚ ∈ KN , we obtain
the concave functional

D0(‚) = inf
v∈X∗

n
tr ‚Ĥ0(v)− E0(v)

o
= T (‚)− sup

v∈X∗
{E0(v)− (v |Ψ)} ; (4.23)

where T (‚) = tr ‚ T̂ . To show concavity, we select ‚1; ‚2 ∈ KN and obtain for each 0 < ¸ < 1 the inequality

D0(¸‚1 + (1− ¸)‚2) = ¸ tr ‚1T̂ + (1− ¸) tr ‚2T̂ − F0(¸1 + (1− ¸)2)

6 ¸ tr ‚1T̂ (1− ¸) tr ‚2T̂ − ¸F0(1)− (1− ¸)F0(2)

= ¸D0(‚1) + (1− ¸)D0(‚2); (4.24)

where in the second step we have used the convexity of the Lieb functional.

Since Ψ occurs quadratically in D0(Ψ), a similar proof is precluded for the pure state Gidopoulos–Davidson functional,
which is indeed not concave. Note that, for pure states ‚Ψ = |Ψ〉〈Ψ|, the ensemble Gidopoulos–Davidson functional
reduces to the original functional: D0(‚Ψ) = D0(Ψ).

4.3.5 Generalisation To Arbitrary Interaction Strengths

The Gidopoulos–Davidson functional may be extended to interacting systems in the manner

D–(Ψ) = inf
v∈X∗

n
〈Ψ|Ĥ–(v)|Ψ〉 − E–(v)

o
; (4.25)

which is related to the Lieb functional via

D–(Ψ) = 〈Ψ|T̂ + Ŵ–|Ψ〉 − F–(Ψ) (4.26)

and can re-expressed in the constrained-search form as

D–(Ψ) = 〈Ψ|T̂ + Ŵ–|Ψ〉 − inf
Φ→Ψ

〈Φ|T̂ + Ŵ–|Φ〉: (4.27)
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The first derivative of the objective functional, G–(v;Ψ) = 〈Ψ|Ĥ–(v)|Ψ〉 − E–(v), is again a simple density differ-
ence,

‹G–(v;Ψ)

‹v(r)
= Ψ(r)− v (r); (4.28)

and its second derivative can be expressed in terms of the ––interacting density response function

‹2G–(v;Ψ)

‹v(r)‹v(r′)
= −1

2
ffl–(r; r′): (4.29)

To perform practical optimisations using (4.25), we therefore require knowledge not only of the kinetic energy associated
with the input wavefunction Ψ but also the –-interacting two-electron interaction energy, W–(Ψ) = 〈Ψ|Ŵ–|Ψ〉. In
practice, these quantities can be computed from the one- and two-particle reduced density matrices respectively.

To make practical use of these expressions, approaches for the calculation of the ––interacting wave functions yielding
a chosen electron density are required, see e.g. Refs. 110–112. The constraint that the density is fixed for all – may be
easily enforced by supplying fixed arguments  and Ψ to (4.6) & (4.25) for all –. We now discuss our implementation
of the (generalised) Gidopoulos–Davidson variation principle, exploring the close connections to the generalised Lieb
functional numerically.

4.4 Results

From the discussion in the Section 4.3, it is evident that the Gidopoulos–Davidson and Lieb optimisations are
sufficiently closely related that they may be implemented in a common computational framework. We first discuss
some details of our implementation; we then demonstrate the equivalence of the two approaches by performing
numerical optimisations for a set of small atomic and molecular systems.

4.4.1 Computational Details

The variation principle given in (4.25) allows a value to be obtained for the generalised Gidopoulos–Davidson functional
by evaluating its infimum with respect to v . If the density yielded by the reference wave function Ψ is v–representable,
the infimum becomes a minimum. To vary v such that an optimisation over the potential may be carried out in a
practical computational scheme, the potential is modelled using the basis-set expansion of Wu and Yang113,114

v–(r) = vext(r) + (1− –)vref(r) +
X
t

btgt(r): (4.30)

Here vext(r) is the external potential due to interaction of the electrons with the atomic nuclei, vref(r) is a fixed
reference potential chosen to ensure that v–(r) has the correct asymptotic behaviour and {gt} are a set of Gaussian
basis functions with coefficients {bt}. The reference potential employed in the present work is the Fermi–Amaldi
potential115. With this choice of potential expansion, the derivatives corresponding to (4.28) & (4.29) may be readily
implemented as described in Refs. 111,112,114, allowing the objective functional to be effectively optimised with
respect to the set of coefficients {bt}. This optimisation procedure is discussed in greater detail in Section 5.2.

An un-contracted form of the Gaussian basis set aug-cc-pVTZ116,117 in the spherical–harmonic basis is used for both
the orbital expansion and for the potential expansion in (4.30) for all systems. An approximate Newton method is
employed to accelerate convergence of the optimisation118, in which the Hessian is regularised using a truncated
singular value decomposition with a threshold of 10−6 a.u. In all calculations, the convergence threshold was set to
10−6 a.u. on the L2 norm of the objective functional gradient.

To obtain a reasonably accurate approximation to the Kohn–Sham system, the input quantities for each functional
F–(Ψ) and D–(Ψ) were determined at the coupled-cluster singles-and-doubles (CCSD) level of theory. All calculations
were carried out with the Quest rapid development platform63; an electronic-structure code developed in Python and
exploiting just-in-time compilation using the Numba package119,120.

4.4.2 Kohn–Sham Non-Interacting System

In Table 4.1, the optimised values of the non-interacting Lieb functional F0(Ψ) and Gidopoulos–Davidson functional
D0(Ψ) are presented for a series closed–shell atoms and for the hydrogen molecule at several bond lengths. Additionally,
Kohn–Sham energy components are presented, including the internuclear repulsion energy Enn, the non-interacting
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Species F0 D0 Enn Ts Ene EJ Ex Ec T W E1(v)

He 2.8611 0.0355 0.0000 2.8611 −6.7455 2.0464 −1.0232 −0.0756 2.8967 0.9477 −2.9011
Be 14.5835 0.0661 0.0000 14.5835 −33.6945 7.2122 −2.6725 −0.1534 14.6496 4.3863 −14.6586
Ne 128.5050 0.2720 0.0000 128.5050 −310.9007 65.9350 −12.0691 −0.6071 128.7765 53.2589 −128.8654
H2 (R = 0:7) 1.7263 0.0324 1.4286 1.7263 −4.8614 1.6508 −0.8254 −0.0700 1.7588 0.7554 −0.9187
H2 (R = 1:4) 1.1390 0.0328 0.7143 1.1390 −3.6469 1.3215 −0.6607 −0.0729 1.1718 0.5879 −1.1729
H2 (R = 3:0) 0.8279 0.0418 0.3333 0.8279 −2.6181 0.9539 −0.4769 −0.1184 0.8697 0.3586 −1.0564
H2 (R = 5:0) 0.9520 0.0224 0.2000 0.9520 −2.3809 0.8193 −0.4097 −0.2063 0.9744 0.2033 −1.0033
H2 (R = 7:0) 0.9919 0.0052 0.1429 0.9918 −2.2826 0.7669 −0.3835 −0.2406 0.9971 0.1429 −0.9998
H2 (R = 10:0) 0.9981 0.0005 0.1000 0.9982 −2.1983 0.7245 −0.3623 −0.2623 0.9986 0.1000 −0.9997

Table 4.1: Optimised functional values and energy components calculated in the aug-cc-pVTZ basis using the
variation principles of (4.7) & (4.8). All quantities are in atomic units.

kinetic energy Ts, the electron–nuclear attraction Ene, the Coulomb energy EJ, the exchange energy Ex, and the
correlation energy Ec. These components have the same definition when computed from F0(Ψ) and D0(Ψ). For
comparison, the total kinetic energy T and total electron–electron interaction energy W are included, along with the
total interacting ground-state energy E1(v).

The consistency of the optimisations was verified by comparing the optimised values of F0(Ψ) and D0(Ψ) presented in
Table 4.1 with the energetic components Ts and Tc respectively. The value of Ts was determined from the Kohn–Sham
orbitals obtained at – = 0 and the value of Tc was obtained by subtraction of Ts from T , where the latter was
determined directly from the – = 1 calculation.

The H2 molecule provides a simple prototypical system with which the variation between dynamic and static correlation
may be explored. At equilibrium geometry, the electron densities of the two hydrogen atoms overlap substantially,
thus binding the molecule and leading to both kinetic and potential contributions to the correlation energy. As the
interatomic bond is extended, the system approaches that of two isolated hydrogen atoms, with no kinetic correlation
energy; see Table 4.1, where the value of the Gidopoulos–Davidson functional D0 decreases as the interatomic bond
length R increases, becoming just 0:0005 a.u. at R = 10:0 a.u.

4.4.3 General Interaction Strengths

In Figure 4.1, results of optimisations pertaining to the generalised Lieb and Gidopoulos–Davidson functionals,
according to (4.6) & (4.25) respectively, are presented for interaction strength – in the range 0 to 1.

In the upper panel, the Lieb functional F–(Ψ) is shown as a function of – for the H2 molecule with bond length
R = 0:7, 1:4, 3:0, 5:0, 7:0 and 10:0 a.u. The variation of F–(Ψ) in – is broadly linear, indicating that Tc;– = T1− T–
is relatively small and reflecting the dominance of the Coulomb and exchange energies in the two–electron energy
W , both of which are linear in –. The slope of F–(Ψ) in – becomes progressively smaller as the bond length is
increased. This behaviour reflects the fact that the H2 molecule dissociates into two one-electron fragments with
–EJ + –Ex + Ec;– → 0 as R→∞ (static correlation energy cancelling the Coulomb and exchange energy).

In the lower panel of Figure 4.1, the Gidopoulos–Davidson functional D– = T1 − T– + – (W1 −W–) is also plotted as
a function of interaction strength. This functional adopts the value of Tc at – = 0 and decreases with increasing – to
become 0 at – = 1. In contrast to the Lieb functional, this small correlation contribution to the energy reveals the
higher-order dependence of the correlation energy on – at increasingly extended bond lengths. As the bond length R
increases and the system approaches one of independent atoms, the value of the Gidopoulos–Davidson functional
is smaller at – = 0, reflecting a decrease in Tc. However, it also exhibits more pronounced curvature, indicating
higher-order dependence on – as static correlation becomes more significant.

4.4.4 Constructing The Adiabatic Connection

As described in Section 3.6, the adiabatic connection (AC) comprises a link between the non-interacting Kohn–Sham
auxiliary system and the physically interacting system through variation in interaction strength, modulated by coupling–
constant –, with the density equal to the physical density of – = 1 for all –. The AC integrand is expressed in (3.177),
from which an exact definition of the correlation energy may be constructed according to (3.180). Given that the
exchange energy scales linearly with – (for the linear–attenuation AC path), the exchange contribution to (3.177) is
simply a constant and may be subtracted to give the correlation component of the AC integrand,

Wc;–() =W–()−W0(): (4.31)
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Figure 4.1: F– of (4.6), upper panel, and D– of (4.25), lower panel (a.u.) as functions of the interaction strength
– for the H2 molecule at internuclear separations R = 0:7, 1:4, 3:0, 5:0, 7:0 and 10:0 a.u.

The Gidopoulos–Davidson variation principle of (4.25) and the Lieb variation principle of (4.6) can both be exploited
to calculate this integrand, using the same input Ψ or Ψ but with a range of different values of –, to construct the
AC using (4.31).

The equivalence of the AC curves constructed from the Lieb and Gidopoulos–Davidson functionals is confirmed
numerically for the H2 molecule at the same geometries considered in Table 4.1, with the AC integrands Wc;– plotted
as a function of – in Figure 4.2. Here, values of Wc;– computed with the Lieb functional (4.6) are represented by solid
lines, whilst values obtained from the Gidopoulos–Davidson functional (4.25) are denoted by the point markers. It is
evident from Figure 4.2 that the AC curves of these two methods agree to within the convergence of the optimisation
procedures.

The correlation energy can be computed from these curves using (3.180) and the numerical values of Ec are presented
in Table 4.1. The ratio |Ec|=Tc has been used to assess the relative importance of static correlation121. The |Ec|
corresponds to the area above each curve in Figure 4.2, whilst Tc corresponds to the area between each curve and
a horizontal line defined by its value of W1(Ψ). As R increases, this ratio grows and the curves approach an L
shape characteristic of systems dominated by strong correlation, indicating that the value of Tc is approaching zero,
consistent with the effects of hydrogen molecule dissociation discussed in subsection 4.4.3.
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Figure 4.2: The correlation adiabatic connection integrand values (a.u.) of (4.31), calculated using the optimisation
of (4.6), lines, and (4.25), point markers, for the H2 molecule at internuclear separations R = 0:7,
1:4, 3:0, 5:0, 7:0 and 10:0 a.u.

4.5 Conclusions

The variation principle proposed in different contexts by Gidopoulos108 and Davidson109 has been examined and
shown to be closely linked to the Lieb variation principle67. For the non-interacting system, the two functionals
approach the Kohn–Sham system from different directions. The Lieb functional minimises the non-interacting
kinetic energy Ts subject to the constraint that the density is equal to that of the physical system, whereas the
Gidopoulos–Davidson functional maximises the kinetic correlation energy Tc under the same density constraint. In
both cases, an unconstrained optimisation can be conducted with respect to the potential expansion coefficients in
(4.30), allowing a straightforward implementation similar to those described in Refs. 111,112. The external potential
is hence a Lagrange multiplier, ensuring that the density constraint is satisfied at the stationary point for each
functional.

An extension of the Gidopoulos–Davidson functional to ensembles was also presented, for which the associated
functional can be shown to be concave with respect to ‚. This contrasts the pure-state functional which is not concave
with respect to Ψ. A further extension to treat general electronic interaction strengths – has also been presented, as
has previously been done with the Lieb functional67,110–112. Utilising this extension, it was shown that either functional
may be used to calculate the adiabatic connection between the Kohn–Sham system of non-interacting electrons and
the physically-interacting system, highlighting the fact that the two functionals are essentially equivalent, differing
simply by a change of sign and addition of the constant T (Ψ). As such, they are amenable to implementation in a
common computational framework.
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5 Energy Densities In Atoms & Molecules

5.1 Introduction

A great deal of progress has been made in the development of increasingly accurate Kohn–Sham65 (KS) density-
functional approximations (DFAs) in recent decades. Over this time, there has been a general shift away from
simple DFAs, constructed using the purely local information such as the electron density and its derivatives, towards
increasingly non-local models involving the KS orbitals directly81,122–124. In most cases, this is limited to the use of
occupied orbitals only via orbital-dependent exchange or dependence on the kinetic energy density, however some
models extend this to include virtual orbitals and their energies to allow a more accurate treatment of correlation.

Historically, the progression from local density approximation (LDA) models to generalised gradient approximation
(GGA) models delivered a step change in the accuracy of practical KS calculations. The development of hybrid
functionals, that include a proportion of exact (orbital) exchange, has led to further significant improvements in
the accuracy of thermochemical predictions. However, although several meta–GGA functionals have become well
established93,125–127, their performance in many other applications only amounts to an incremental refinement over
that of standard GGAs.

Questions remain as to how best local functionals may be constructed to give a higher level of accuracy than that
typical of GGAs. The meta-GGAs go beyond the GGA level by including additional dependencies; most meta-GGAs
utilise the kinetic energy density fi , however a small number instead use the Laplacian of the density ∇2. In addition
to the best choice of variables, it is not clear under which circumstances one might expect substantial improvements
by using meta-GGA type constructions.

In an attempt to shed light on the strengths and weaknesses of existing DFAs, a number of groups have developed
techniques for the calculation of accurate density-functional quantities using systematically improvable ab initio
methods. Such approaches include: ab initio DFT128 in which orbital-dependent exchange–correlation functionals
are developed and the corresponding KS equations solved by the optimised effective potential (OEP) method129,130,
inversion techniques that deliver KS potentials, orbitals and orbital energies114,131,132, and techniques to compute the
adiabatic connection (AC)97–100 linking the non–interacting KS system to the physical system110,111,114.

The success of the KS approach is largely due to the availability and broad applicability of simple, local DFAs. Whilst
each of the techniques that employ a combination of ab initio and DFT methods have been useful in elucidating the
shortcomings of simple DFAs, it is often difficult to use these results to gain direct insight into how to construct /
modify simple local DFAs. In this work, we use the method of Lieb optimisation to calculate accurate energy densities
for systems along the AC, from which we can derive the coupling constant averaged (––averaged) exchange–correlation
energy density. This local function can be regarded as a target for modelling by simple DFAs.

In Chapter 3, the theoretical framework underlying DFT was discussed in detail, including the definition of the Lieb
functional in Section 3.4 and the AC in Section 3.6. These two concepts are of particular importance for the present
discussion; Section 5.2 builds on the AC approach to obtain an unambiguous definition for the exchange–correlation
energy density, with a well–defined method for its calculation at any point along the AC derived using the Lieb
functional. In this analysis, an expression for the ––averaged energy density is presented and its relevance as a target
to be modelled by novel DFAs discussed. Subsequent to this, energy densities computed from accurate ab initio
densities are presented and analysed for a collection of atoms and small molecules.

In Section 5.3, the exchange and correlation energy densities pertaining to four closed–shell atoms are given, along
with the respective computational details. In subsection 5.3.2, the atomic exchange energy densities are compared
with the Becke–Roussel exchange energy model93; a simple DFA that is defined in the correct gauge to allow such a
side–by–side comparison, in subsection 5.3.3, the atomic correlation energy densities are plotted for each value of
– alongside the corresponding ––averaged energy density, and in subsection 5.3.4 properties of the local adiabatic
connection integrand are considered, as this can provide further insight into the departure from exchange–only
behaviour at each point in space.

In Section 5.4, the interesting example of correlation in a dissociating H2 molecule is considered from the perspective
of correlation energy densities, using both the global and local adiabatic connections computed from ab initio
density matrices to examine the relative significance of static and dynamical correlation in H2 as it approaches
dissociation.
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The patterns observed in the ––averaged energy densities are compared with those of local observables typically used
in the construction of DFAs in Section 5.5. Energy densities computed for the diatomic molecules HF & N2 are
presented here alongside atomic energy densities to examine the patterns exhibited by the ––averaged energy density
in the presence of a chemical bond and how this contrasts to the picture for atoms.

In Section 5.6, some initial results of the spin–resolved ––averaged energy densities and local adiabatic connections are
presented. Comparisons between the spin–parallel and spin–antiparallel contributions indicate notable differences in
their properties, consideration of which could be useful in improving the performance of DFAs. Finally, in Section 5.7
an overview on these findings and the relevance of this data is given, and the direction of further work set–out.

5.2 Energy Densities In DFT

5.2.1 Exchange–Correlation Energy Densities

In Section 3.6, an expression for the exchange–correlation energy (xc energy) was derived using the AC approach.
Whilst the integrand of the AC in (3.177) is a global quantity for the system at interaction strength –, it can be
equivalently written as the spatial integral of a local quantity. This is similar to the expression relating the local value
of an xc functional and the total xc energy in (3.159), however here it is more logical to relate this local quantity to
the global AC integrand by integration with the density over all space,

Exc;–() =

Z –

0

Z
(r)wxc;–(r) dr d–; (5.1)

where wxc;–(r) is the exchange–correlation energy density, defined as the xc energy per electron, per unit volume
at spatial position r.i The principal focus of the work presented later in this document pertains to this quantity –
elucidating its structure through experiment and, using these observations, attempting to accurately reconstruct it
from local quantities such as the density and its derivatives.

It is important to note here that this energy density cannot be uniquely defined; an arbitrary number of terms may be
added to wxc;–(r) and the same W– will be recovered if their spatial integral is zero. Thus an identical global AC
could be constructed from incomparable local quantities, hence the only meaningful comparisons that can be made
of wxc;–(r) are with other local quantities defined in the same gauge. For many xc–functionals, the mathematical
manipulations used to make the local form simple to evaluate also have the effect of changing the gauge of the
functional such that it is no longer in the gauge of its original (physically–derived) model but in an alternative and
less useful gauge instead. For further discussion of this point, see Refs. 133,134.

In the context of the AC however, there is a gauge in which it is both convenient and physically meaningful to define
the energy density; the gauge of the exchange–correlation hole 134,135. In this gauge, the xc energy density is defined
as

wxc;–(r1) =
1

2

Z
hxc;–(r1; r2)

|r1 − r2|
dr2: (5.2)

The xc hole hxc(r1; r2) may be interpreted physically as the probability of finding an electron at position r2 given
an electron at position r1, hence it is an expression of conditional probability. It follows that the xc hole is itself
defined in terms of the density at positions r1 and r2 and the two–electron density P2(r1; r2), which describes for two
electrons the probability that one is at r1 whilst the other is simultaneously at r2,

P –2 (r1; r2) = N(N − 1)

Z
: : :

Z
|Ψ–(τ1; τ2; : : : ; τN)|2 dff1dff2dτ3 : : : dτN τi = {ri ; ffi}; (5.3)

with which the xc–hole may be written as

hxc;–(r1; r2) =
P –2 (r1; r2)

(r1)
− (r2): (5.4)

As implied in (5.3), the two–electron density is not ––invariant in the same way that the one–electron density is,
hence it evolves through the AC as Ψ– does. The xc energy density may now be written directly as a function of the
one and two–electron densities as

wxc;–(r1) =
1

2(r1)

Z
P –2 (r1; r2)

|r1 − r2|
dr2 −

1

2

Z
(r2)

|r1 − r2|
dr2: (5.5)

iAn equivalent expression may be written for correlation alone by considering a local form of the AC integrand defined in (3.179).
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This definition of the energy density has been widely used in the literature, for example Refs. 136–139, and has
recently been computed for – = 0; 1 and ∞ by Mirtschink et al.134. The first term of (5.5) for – = 1 may also be
identified as the potential vcond(r) discussed in Ref. 140.

The choice of gauge implied by the definition of (5.2) is particularly convenient for several reasons. Firstly, it is
that which is defined by the electrostatic potential of the xc hole for a given interaction strength; it has physical
significance as a manifestation of exchange and correlation effects, thus suggesting that the variation of this energy
density with respect to i) spatial position and ii) – could serve as a somewhat intuitive picture of exchange and
correlation effects.

Secondly, many properties of the xc energy density in this gauge are well understood, in particular it is known
that

lim
|r|→∞

wxc(r) = − 1

2|r| ; (5.6)

providing a useful asymptotic bound on observed energy densities141,142. Thirdly, for – = 0 the KS system is described
by a single Slater determinant, hence the corresponding energy density reduces to the exchange–only energy density,
which is independent of – and can be written as

wx(r1) = wxc;0(r1) =
1

2

Z
hx(r1; r2)

|r1 − r2|
dr2 (5.7)

where hx(r1; r2) is the exchange hole. As a result, the xc energy density may be resolved into exchange and correlation
components at any given point along the AC; the ––dependent correlation energy density may therefore be isolated
as

wc;–(r) = wxc;–(r)− wx(r): (5.8)

The final and most compelling reason for the choice of gauge in (5.2) is that the only quantity (other than (r)) required
to compute the energy density is the ––dependent two–electron density P –2 (r1; r2), for which well–established methods
of accurate calculation are available based on ab initio theories; the two–particle density in coupled cluster theory was
derived using the method of analytical derivatives in subsection 2.5.2 and implemented in the spin–unrestricted form
for the present work63.

5.2.2 Coupling–Constant Averaged Energy Densities

Whilst the structure of the of the energy densities at each interaction strength – is of interest, integration of these
functions with the density  over space yields only the global adiabatic integrand W– of (3.177). This quantity can
then be integrated over – to obtain the total xc energy of the system. Instead, this work focuses on the ––averaged
energy density w̄xc(r). The use of this quantity reduces the calculation of the xc energy to a single spatial integration.
Considering the definition that (– = 1) ∀– ∈ {0; 1}, a simple re–arrangement of the AC formula allows the
––averaged energy to be defined as

w̄xc(r) =

Z 1

0

wxc;–(r)d–; (5.9)

with which the xc energy is computed as

Exc() =

Z
w̄xc(r)(r)dr: (5.10)

This ––averaged xc energy density may be trivially resolved into exchange and correlation components, the form of
which can be seen from (5.8) to be

w̄x(r) = wx(r) w̄c(r) =

Z 1

0

{wxc;–(r)− wx(r)}d– = w̄xc(r)− wx(r): (5.11)

Given the physical interpretation of the ––averaged energy density, it follows that the function w̄xc(r) and its
components may be considered as targets to be modelled by new and improved density functional approximations.
The ––dependent wxc;–(r) defines a local AC integrand, as opposed to the global quantity W– in (3.177). Although
this integrand must then be evaluated spatially (practically, through numerical quadrature over a large spatial grid),
the local approach offers some important advantages. Firstly, as outlined in Ref. 143, modelling of local quantities
inherently results in size–consistent AC models in the absence of degeneracy, something that is not easily achieved
using non–linear interpolation models of the global AC112,144–146.

Secondly, the local nature of this energy density is conceptually similar to the energy densities often calculated
by conventional DFAs for exchange and correlation; although care must be taken to ensure a consistent gauge in
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Figure 5.1: A schematic of the local adiabatic connection at a point in space r. The value of the ––averaged
correlation energy density w̄c(r) is recovered by integration of this function over the electronic
interaction strength –

any comparisons, this information should provide valuable insight to guide to construction of new DFAs through
comparison with local quantities of the density and/or KS orbitals. These two principles underpin much of the work
discussed in Chapter 6, where various models for the local AC and w̄c(r) are investigated.

The key quantities provided by the correlation component of the local AC that are examined in this work are illustrated
in Figure 5.1. The integral of wc;–(r), shown as the shaded area, defines the value of ––averaged energy density
w̄c(r). However, further information may be elicited through studying the shape of this local integrand. Given
that the exchange contribution at each point in space is constant in –, the shape of the local integrand contains
information about how the electron–interaction departs from exchange–only behaviour at that point. One possible way
of quantifying this behaviour is through considering the gradient of this quantity at – = 0, which will be examined in
due course.

5.2.3 Computing Energy Densities From Ab Initio Theory

It is possible, with ab initio methods, to reach a very high accuracy through systematic increases in the level of
theory and size of the basis set. Whilst such calculations have a very high computational cost, they are invaluable
for the development of new models as they provide insight into the fundamental properties of electronic systems,
through near–exact predictions for small model systems. An overview of these ab initio methods may be found in
Chapter 2.

In this work high quality ab initio methods, principally CCSD & CCSD(T) implemented as described in Section 2.4 &
subsection 2.5.2 but also the FCI implementation of Ref. 147, are used to calculate near–exact one–particle density
matrices (which are subsequently stored). These are then taken as an input for a DFT calculation that optimises
the universal density functional F () with the constraint that the iterating density is equal to the input density. The
solution to this constrained search may be used to calculate exchange–correlation energy densities according to (5.5)
which, assuming that the ab initio density is exact and the constrained search is fully converged, are exact.

Although simple in principle, such a calculation in practice requires a carefully planned method and a robust optimisation
algorithm to reach a well–converged solution. The following subsections outline the methods developed to do this,
concluding with the principal method used in this work – the Lieb optimisation.

5.2.3.1 The Wu–Yang Constrained Search

The Wu–Yang (WY) constrained search, published by WY in 2003114, is a method by which the Kohn–Sham orbitals
can be re–constructed from an accurate input density, modelled as non–interacting v–representable.
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For an input density 1, the KS non–interacting kinetic energy is given by

Ts(1) = min
Φ→1

T (Φ); (5.12)

where Φ is an N–electron Slater determinant wavefunction with N orthonormal one–electron spinorbitals {ffii}. Thus
the calculation of Ts(1) is a constrained minimisation over all such Φ that yield density 1. It is noted that, considering
the two spin components ¸ & ˛ of the density, the expression for the non–interacting kinetic energy (5.12) is given
by

Ts(1;¸; 1;˛) = min
Φ→1;¸;1;˛

T (Φ) =
1

2
Ts(21;¸) +

1

2
Ts(21;˛); (5.13)

thus becoming the sum of two separate optimisations. For simplicity the present discussion will assume a spin–resolved
density, with analysis pertaining to a single spin contribution ff, constructed from Nff one–electron spatial orbitals
’ff, with the number of occupied and unoccupied orbitals denoted occ(ff) & v ir(ff) respectively, as

ff(r) =

occ(ff)X
i

|’ffi (r)|2 : (5.14)

The density constraint may be imposed by introducing a Lagrange multiplier function vff(r), transforming the problem
to the minimisation of the Lagrangian function

W ff
s (Φ; vff) =

occ(ff)X
i

〈’ffi |T̂ |’ffi 〉+

Z
{ff(r)− 1;ff(r)}vff(r)dr: (5.15)

Therefore, to minimise T (Φ) subject to ff = 1;ff, (5.15) must have reached a stationary value and the orbitals {’ffi }
must be normalised, which can be written concisely ash

T̂ + vff(r)
i
’ffi = "ffi ’

ff
i ; (5.16)

where {"ffi } are a set of Lagrange multipliers that impose the normalisation constraint on {’ffi }. Limiting the possible
solutions Φ to only those in which {’ffi } are eigenfunctions of (5.16)ii, Φ can be seen to be an explicit function of the
N–electron coordinates rN and an implicit function of vff(r), while the individual ’ffi become implicit functions of
vff(r),

Φ = Φ(vff) ’ffi = ’ffi (vff): (5.17)

For a fixed vff(r), the minimisation of W ff
s (Φ; vff) with normalised orbitals {’ffi } is simply the problem given by (5.16).

Therefore, given the identities (5.17), the minimisation of W ff
s with respect to the potential can be written simply

as
W ff

s (Φ(vff); vff) = min
’ff
i
;〈’ffi |’ffi 〉=1

W ff
s (Φ; vff): (5.18)

It was shown by WY that, with this form of W ff
s , its first functional derivative with respect to vff is the difference

between the iterating density and the input density,

‹W ff
s (Φ(vff); vff)

‹vff(r)
= ff(r)− 1;ff(r): (5.19)

Given that the variation of W ff
s (Φ; vff) with respect to vff(r) is zero at the minimum value of T (Φ), T (Φ) is only

minimised when the density constraint is satisfied. WY further showed that the second functional derivative of W ff
s

with respect to vff is given by

‹2W ff
s (Φ(vff); vff)

‹vff(r′)‹vff(r)
=
‹ff(r)

‹vff(r′)
=

occ(ff)X
i

v ir(ff)X
a

〈’ffi |‹vff|’ffa 〉 〈’ffa |‹vff|’ffi 〉
"ffi − "ffa

+ c.c. 6 0 (5.20)

The second functional derivative of W ff
s (Φ(vff); vff) can be shown to be less than or equal to zero for an arbitrary

‹vff(r), at any vff(r), hence the functional itself is concave in vff(r). This leads to the key statement of the WY
constrained search, expressing the KS kinetic energy corresponding to input density 1;ff as the following unconstrained
maximisation

Ts(1) = max
vff

W ff
s (Φ(vff); vff) (5.21)

iiHence the restriction of  to ground–state, non–interacting v–representable densities.
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Equally important however is the model of vff(r) proposed by WY for practical implementation of this scheme. In
their model, initially published a year previously in the context of the optimised effective potential (OEP) problem113,
the potential is expanded in an auxiliary basis as

vff(r) = vext(r) + vref(r) +
X
t

bfft gt(r); (5.22)

where vext(r) is the standard external potential due to the nuclei, vref(r) is a fixed reference potential chosen to ensure
correct appropriate asymptotic behaviour of vff(r) and {gt(r)} are a set of Gaussian basis functions with expansion
coefficients {bfft } to be determined through optimisation. The fixed reference potential suggested by WY was the
Fermi-Amaldi potential 115, defined as

vref(r) =
N − 1

N

Z
(r′)

|r − r′|dr′; (5.23)

which has the advantage of exhibiting the correct long–range behaviour for v(r) and also being a fair approximation
to the exact v(r) at more intermediate ranges. This expansion for the potential can be substituted into (5.15) to give
the expression in terms of the auxiliary basis set

W ff
s (Φ; vff) =

occ(ff)X
i

〈’ffi |−
1

2
∇2
i |’ffi 〉+

Z
{vext(r) + vref(r)}{ff(r)− 1;ff(r)}dr

+

Z X
t

bfft gt(r){ff(r)− 1;ff(r)}dr;

(5.24)

with first and second derivatives

‹W ff
s (Φ(vff); vff)

‹bfft
=

Z
gt(r){ff(r)− 1;ff(r)}dr

‹2W ff
s (Φ(vff); vff)

‹bfft ‹bffu
=

occ(ff)X
i

v ir(ff)X
a

〈’ffi |gt |’ffa 〉 〈’ffa |gu|’ffi 〉
"ffi − "ffa

+ c.c.:

(5.25)

These equations are the form of the WY optimisation used in practical implementations, as it allows the constrained
search to be treated as an unconstrained maximisation of W ff

s (Φ(vff); vff) with respect to the auxiliary basis set
coefficients {bfft }.

5.2.3.2 The Lieb Optimisation

The Lieb optimisation extends the WY constrained search such that the DFT energy of a system is optimised for a
given input density at an arbitrary position along the AC, i.e. for 0 6 – 6 1 and using an arbitrary ab initio method
to calculate the reference density110–112,114.

As the name would suggest, the mathematical foundations for the Lieb maximisation lie in its use of Lieb’s convex–
conjugate density functional (3.133) and its well–defined characteristics, described in Section 3.4. It was shown by
(3.131) that the variationally–defined energy E–(v) is concave in v for a Hamiltonian Ĥ–(v); it can be seen that this
is the case for all values of – since the concavity of E–(v) in v arises from the linearity of Ĥ–(v) in v , a result which
is independent of –. Therefore, the ––dependent Hamiltonian Ĥ–(v) yields ground–state energies E–(v), which must
be concave in v for all 0 6 – 6 1.

The ––dependent Lieb functional F–() is written as the convex–conjugate to E–(v),

F–() = sup
v∈X∗


E–(v)−

Z
v(r)(r)dr

ff
; (5.26)

which can be read–across directly from (3.133). As described in subsection 3.4.2, a further Legendre–Fenchel transform
of a conjugate functional does not necessarily recover the original functional. This is only the case if the original
function is closed–convex as described in Definition 3.8; the biconjugate functional is the convex envelope otherwise.
Here, this means that the concave conjugate to the Lieb functional F–(), given by

E∗∗– (v) = inf
∈X


F–() +

Z
v(r)(r)dr

ff
(5.27)

is only equal to the original energy E–(v) in (5.26) if the original energy was concave in v . In practical calculations,
E–(v) may not be concave in v because it may not be fully variationally optimised; for such approximate energies,
E∗∗– (v) is the concave envelope to E–(v).
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For a given value of –, the expression for the Lieb functional (5.26) at the optimising potential v– – a stationary point
– is given simply by

F–() = E–(v–)− (v–|) : (5.28)

Assuming that F–() is differentiable (see subsection 3.5.2), it functional derivative with respect to the density (r) is
given by

‹F–()

‹(r)
= −v–(r): (5.29)

The optimising potential may be resolved into separate components by substituting the definition for F–() in (3.178)
into (5.29), yielding

‹F–()

‹(r)
=
‹Ts()

‹(r)
+ –

‹J()

‹(r)
+ –

‹Ex()

‹(r)
+
‹Ec;–()

‹(r)

=
‹Ts()

‹(r)
+ –vJ(r) + –vx(r) + vc;–(r)

−v–(r) = −vs(r) + –vJ(r) + –vx(r) + vc;–(r)

=⇒ v–(r) = vs(r)− –vJ(r)− –vx(r)− vc;–(r):

(5.30)

At the non–interacting limit – = 0, it can be seen that v–(r) simply becomes vs(r)iii, confirming the stationary
condition for the noninteracting system. For the system at physical interaction strength – = 1, v–(r) must be equal
to the external potential of the system vext(r), hence

vs(r) = vext(r) + vJ(r) + vx(r) + vc;1(r): (5.31)

Substituting this back into (5.30) to eliminate vs(r) results in the expression for the effective potential

v–(r) = vext(r) + (1− –)vJ(r) + (1− –)vx(r) + [vc;1(r)− vc;–(r)] ; (5.32)

where v–(r) is the potential that binds the density at – such that it is equal to that of – = 1. For practical calculations,
this expression immediately suggests the following modification to the WY expansion of vff(r) of (5.22),

vff– (r) = vext(r) + (1− –)vref(r) +
X
t

bfft gt(r): (5.33)

With this, the Lieb functional may be re–written as a function of the expansion coefficients of the auxiliary basis,

G–;({bfft ; bff
′

t }) = E–(vff– ; v
ff′

– )−
Z
{vff– (r)ff(r) + vff

′

– (r)ff′(r)}dr: (5.34)

The maximisation of G–;({bfft ; bff
′

t }) with respect to {bfft ; bff
′

t }, for a given electronic structure method that yields

E–(vff– ; v
ff′

– ), is the mechanism by which the Lieb optimisation is carried–out in practical calculations.

Convergence of the Lieb optimisation can be accelerated by the use of Newton methods as employed by WY113,114,
with the first and second functional derivatives of the objective functional G–;({bfft ; bff

′

t }) with respect to {bfft ; bff
′

t }
given by

‹G–;({bfft ; bff
′

t })
‹bfft

=

Z
[v;ff(r)− 1;ff(r)]gt(r)dr

‹2G–;({bfft ; bff
′

t })
‹bfft ‹bffu

=

Z Z
gt(r)gu(r′)

‹v;ff(r)

‹vff(r′)
drdr′:

(5.35)

To use this optimisation with the full Hessian for general – and a variety of non-variational wavefunctions, care
must be taken to ensure that the correct ‹v;ff(r)=‹vff(r′) is evaluated. This is the approach taken for the results
presented in Section 5.3, in which the relaxed Lagrangian formulation of Helgaker and Jørgensen148 is used to obtain
relaxed densities for non–variational wavefunctions, with which ‹v;ff(r)=‹vff(r′) may be calculated using response
theory111,112 – implemented in the Dalton quantum chemistry software package149,150.

However elsewhere in this work – including the calculations presented in Section 4.4 and those discussed in Sections 5.4,
5.5 & 5.6, the full Hessian is not computed but rather approximated by the non–interacting equivalent in (5.25). This
approximate Newton method118 primarily uses the coupled cluster methods described in Chapter 2 to compute the
fully spin–unrestricted E–(vff– ; v

ff′

– ) & relaxed densities {v;ff; v;ff′}; these methods were implemented for this work in
the Quest rapid development electronic structure package63.

Once the maximisation of (5.26) is complete, the optimising potential vff– is such that –;ff = 1;ff. In addition,

E–(vff– ; v
ff′

– ) and the relaxed ––interacting one and two particle Lagrangian density matrices are readily obtained. As a
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Figure 5.2: A schematic for the calculation of energy densities by Lieb optimisation.

result, the quantities required for the construction of wxc;–(r) in (5.5) at the optimised solution are available and it may
be evaluated at arbitrary points in space. A schematic for the Lieb optimisation is given in Figure 5.2. In this work,
wxc;–(r) was evaluated on both a standard DFT integration grid – the Lebedev angular and Lindh-Malmqvist-Gagliardi
(LMG) radial quadrature151 implemented in the Dalton quantum chemistry software package149,150, and also on
evenly spaced Cartesian grids to enable a detailed analysis of the spatial variation of wxc;–(r) to be undertaken. In the
following sections, the results of such calculations are presented for a selection of atoms and small molecules, for
which the energy densities are analysed.

5.3 Energy Densities In Atoms

5.3.1 Computational Details

All of the quantities required for the evaluation of the energy densities using (5.5) and the ––averaged energy density
defined in (5.10) are computed with a development version of the Dalton quantum chemistry program149,150. In
particular, we have modified the DFT module to allow the evaluation of these energy densities on standard quadrature
grids and also on evenly spaced Cartesian grids to allow easier analysis.

Here, we consider the application of this method for calculating energy densities to the closed shell atoms He, Be, Ne
and Ar. Accurate electron densities 1 for these systems have been computed at the CCSD(T) level of theory46 using
the u-aug-cc-pCVQZ basis set for He, Be & Ne and the u-aug-cc-pCVTZ basis for Ar, where the prefix u signifies
that the basis set has been fully uncontracted. These densities are used as the input for Lieb optimisation calculations
at all –. The Lieb optimisation uses the implementation described in Refs. 111,112, in which the basis set used to
expand the external potential v , as in (5.33) is the same as that used to model the molecular orbitals.

In these calculations, the Hessian of F–() is numerically regularised via a singular value decomposition with threshold
10−7. The calculations were considered converged if the 2-norm of the gradient of F–() fell below 10−6. To obtain
an accurate estimate of the ––averaged energy densities w̄xc(r), calculations were carried–out for the following values
of –:

–→
(

0:0000; 0:0005; 0:0010; 0:0015; 0:0020; 0:0040; 0:0060; 0:0080; 0:0100; 0:0500

0:1000; 0:2000; 0:3000; 0:4000; 0:5000; 0:6000; 0:7000; 0:8000; 0:9000; 1:0000

)
These values were selected to provide sufficient samples over the range – = 0→ 1 for integration over the coupling
constant. In addition, a number of densely spaced values of – close to 0 were included so that the behaviour of the
local adiabatic connection in the non–interacting limit can be examined more closely (see subsection 5.3.4).

5.3.2 Exchange Energy Densities

The exchange energy density, wx, is independent of – at each point in space. This function is examined for the He,
Be, Ne and Ar atoms in Figure 5.3. It is well-documented152,153 that the exchange-energy density in atomic systems
varies radially from the nucleus in a relatively smooth and uncomplicated way; the data presented in Figure 5.3 mirrors
those observations.

iiiSince the correlation energy vanishes at – = 0, it follows that vc;0(r) = 0.
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Figure 5.3: The exchange energy density, wx(r) as a function of the radial distance r from the nucleus (blue).
Plotted for Helium (upper left), Beryllium (upper right), Neon (lower left) and Argon (lower right).
For comparison the Becke–Roussel exchange energy density is also presented, wBR

x (r) (red), along
with the function −1=2r (dashed) that describes the asymptotic energy density. The lower insets in
each panel plot the difference wBR

x (r)− wx(r).

In the individual cases, the exchange energy density for He shows a smooth monotonic decay with increasing distance
from the nucleus, tending towards the asymptotic limit. Those for Be, Ne and Ar exhibit more varied structures,
with features in regions typically associated the atomic shell structures. However, it important to consider that the
magnitude of the exchange-energy density at each point in the system exceeds that of the correlation energy density by
often several orders of magnitude. Therefore it is essential that DFAs model this component accurately independent
of the correlation component if error cancellations are to be avoided.

The vast majority of DFAs do not attempt to model the exchange energy density in the gauge of the exchange hole.
Instead typical functionals include GGA contributions in which Laplacian terms have been eliminated using integration
by parts; their energy densities are thus transformed into a different gauge. As a result they cannot be easily compared
with the accurate energy densities of the present work, for further discussion of this point see for example Ref. 133. An
alternative approach is taken in the construction of the Becke–Roussel (BR) model for the exchange energy, in which
it is instead modelled by the Taylor expansion of the spherically averaged exchange hole to second-order142,

hx;ff(r; s) = −ff(r)− Qff(r)s2 + : : : ; (5.36)

which refers to a shell of radius s, centred on reference point r. This exact form is used to parametrise a model
exchange hole based on the spherical hydrogenic orbital. The exchange hole curvature for spin ff is given by

Qff(r) =
1

6

"
∇2ff(r)− 4fiff(r)− 1

2

|∇ff(r)|2

ff(r)

#
; (5.37)

where fiff is the everywhere positive–definite local kinetic energy density

fiff(r) =
1

2

occX
i

|∇’ffi (r)|2 : (5.38)
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The BR exchange hole model takes the form

hBR
x;ff(r; s) =

a

16ıbs
[(a|b − s|+ 1) exp(−a|b − s|)− (a|b + s|+ 1) exp(−a|b + s|)] ; (5.39)

where the parameters a and b are determined by equating the values of (5.36) & (5.39) at s = 0 and equating the
curvature Qff(r) with that of the model in (5.36). These parameters can be obtained by solving the 1D non–linear
equation for xff = affbff,

xff exp
`
− 2xff

3

´
xff − 2

=
2
3ı

2=3
5=3
ff (r)

Qff(r)
(5.40)

at each grid point. Setting

b3
ff =

x3
ff exp(−xff)

8ıff(r)
; (5.41)

the exchange energy density at a given reference point r is then given by

wBR
x;ff (r) = − 1

2bff

»
1− exp(−xff)− 1

2
xff exp(−xff)

–
(5.42)

and the total exchange energy is given by

EBR
x =

X
ff

Z
wBR

x;ff (r)ff(r)dr: (5.43)

For closed shell systems, as considered in these calculations, wBR
x (r) = wBR

x;¸(r) = wBR
x;˛ (r).

The exchange energy densities wx(r) and wBR
x (r), evaluated on the CCSD(T) electron density, are shown in Figure 5.3

for the atoms He, Be, Ne and Ar. On the scale of wx(r) the BR exchange energy density is reasonably accurate.
By construction the model has the correct −1=2|r| asymptotic behaviour (shown by the dashed lines) in the energy
density and is close to wx(r) in most regions of space. The difference wBR

x (r)− wx(r) is shown in more detail below
the plots for each system. In general the BR model gives an overly–negative energy density near to the nucleus in
these systems. Some oscillatory behaviour is also present in this region, arising from the Gaussian basis functions used
in this work. For the systems Be, Ne and Ar the largest differences between the BR model and and the accurate
energy density occur in regions where the energy density is most rapidly changing, such as features close to inter–shell
transitions.

To quantify the quality of the BR model we consider the exchange energies obtained by integration with the CCSD(T)
electronic density in Table 5.1. The errors in the exchange energy ‹Ex are also presented. In general the BR model is
accurate to within 1–2% for Ex. For the He, Be and Ne atoms the overly negative behaviour of wBR

x (r) close to the
nucleus dominates and leads to erroneously negative values of Ex. For Ar the behaviour is different, with positive
errors in the valence region close to the inter-shell features in the electron density dominating to give a value for Ex

that is too positive overall.

Quantity He Be Ne Ar

Ex −1:0241238 −2:6677743 −12:0764264 −30:1732130
EBR

x −1:0381828 −2:6826734 −12:1702073 −30:0970295
‹Ex 0:0140590 0:0148991 0:0937809 −0:0761835

Table 5.1: The exchange energies in Hartree obtained from the accurate energy densities computed in this work,
Ex, and the BR model, EBR

x . All values are evaluated on the CCSD(T) electron density.

5.3.3 Correlation Energy Densities

The ––dependent correlation energy densities wc;–(r) and the ––averaged correlation energy density w̄c(r) are plotted
for each of He, Be, Ne and Ar in Figures 5.4, 5.5, 5.6 & 5.7 respectively.

The ––averaged correlation energy density is computed by numerical integration over –. It is clear that whilst the
magnitude of the correlation energy density changes with –, its structure is not sensitive to the interaction strength.
The structure of the correlation energy densities is clearly more complex than that of the exchange energy density and
w̄c(r) is the target for DFAs to model. In Section 5.5 we discuss to what extent these features may be recognised using
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Figure 5.4: The correlation energy density at each value of the coupling–constant, –, (left) and the ––averaged
correlation energy density (right) for the He atom.
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Figure 5.5: The correlation energy density at each value of the coupling–constant, –, (left) and the ––averaged
correlation energy density (right) for the Be atom.
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Figure 5.6: The correlation energy density at each value of the coupling–constant, –, (left) and the ––averaged
correlation energy density (right) for the Ne atom.

quantities typically used in simple local DFAs. The variation of wc;–(r) with – defines a local adiabatic connection at
each point in space and this is discussed in subsection 5.3.4.

The Kohn–Sham energy components corresponding to the CCSD(T) electronic density are given in Table 5.2. The
non-interacting kinetic (Ts), Coulomb (EJ) exchange (Ex) and electron-nuclear (Ene), components are computed by
performing the Lieb optimisation at – = 0 and using the resulting molecular orbitals. Subtracting these from the
total CCSD(T) energy (the value of E1(v)) gives the value of the Kohn–Sham correlation energy Ec. To confirm the
accuracy of the calculated ––averaged correlation energy densities, we have also evaluated the correlation energy by
numerical integration of this quantity with the electronic density, denoted in the table as Ewc

c . Both estimates of
Ec agree to within the accuracy expected, confirming the quality of the calculated ––averaged correlation energy
densities.
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Figure 5.7: The correlation energy density at each value of the coupling–constant, –, (left) and the ––averaged
correlation energy density (right) for the Ar atom.

System ECCSD(T) Ts EJ Ex Ene Eref
c Ewc

c

Helium −2:9027040 2:8649869 2:0481687 −1:0240843 −6:7505261 −0:0412492 −0:0412490
Beryllium −14:6657007 14:5924154 7:2171170 −2:6735568 −33:7071485 −0:0945277 −0:0945267
Neon −128:9180171 128:5876144 65:9928278 −12:0758565 −311:0457791 −0:3768238 −0:3768261
Argon −527:4275953 526:8149932 231:6859657 −30:1683190 −1255:1400029 −0:6202324 −0:6202741

Table 5.2: Kohn–Sham electronic energy contributions in Hartree for He, Be, Ne and Ar. The correlation energy
is computed by differences between the – = 0 and – = 1 energies and by spatial integration of the
––averaged correlation energy density.

5.3.4 The Local Adiabatic Connection

The challenge for practical DFAs is to model the ––averaged energy density. As is discussed in Section 5.5, it may be
possible to identify some correspondence between features in the structure local observables and in that of the energy
density. However, to gain further insight into the nature of the correlation at each point in space, it is necessary
consider the local AC. As representative examples we consider the Ne atom, where the correlation is expected to be
mainly dynamic in nature, and Be where static correlation effects play a role.

For the global integrand W– defined in (3.177), it is understood that, as the nature of the correlation shifts from
predominantly dynamic to more static in character, the curvature of this integrand becomes more and more pronounced.
We now consider the behaviour of the local integrands in these systems.

In Figures 5.8 & 5.9, we present w̄c(r) and the local AC at several points in space for Be and Ne respectively. These
points are marked on the w̄c(r) plots by a coloured symbol, with the corresponding local AC curve plotted with the
same marker in the right hand panel.
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Figure 5.8: The local AC at r = 0:1; 0:7; 1:6 and 3:0 a.u. in Beryllium atom. The positions considered are shown
by markers on the ––averaged energy density, w̄c(r), in the left panel. The corresponding markers and
colours are used for the local ACs as a function of interaction strength – in the right hand panel.

The first feature observed for both species is that the corresponding local ACs do not vary in magnitude (i.e. from
bottom to top of the right hand panels of Figures 5.8 & 5.9) sequentially with variation in r . This is because of the
oscillatory nature of w̄c(r) and the fact that the area between each local AC curve and the x–axis in the right–hand
panel represents the value of w̄c(r) in the left hand panel.
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Figure 5.9: The local AC at r = 0:15; 0:50; 1:00 and 2:20 a.u. in Neon atom. The positions considered are shown
by markers on the ––averaged energy density, w̄c(r), in the left panel. The corresponding markers and
colours are used for the local ACs as a function of interaction strength – in the right hand panel.

More interestingly, we see that the local shape of the integrands varies in an intuitive way with r . For both systems
the local AC in the core region is strongly linear in –, indicating that the nature of the correlation is relatively simple.
For the Ne atom, the local AC is reasonably linear for all r values, indicating that the correlation is relatively simple
throughout the system. As a result, the main challenge for a DFA is then to capture the structure of w̄c(r) as discussed
in the previous section.

For the Be atom, the behaviour of w̄c(r) is more complex; the first two points in the core and inner valence regions
show simple, relatively linear local ACs. However, the remaining two points in the valence and outer valence regions
show much more pronounced curvature, indicating a more complex higher order dependence on –, in line with the
expected global behaviour for a system exhibiting static correlation effects. However, in the present example, it can
be seen that these more complex effects are essentially localised to the valence and outer valence regions.

This connection between the nature of the correlation and the location in the system should be of significant utility in
the construction and testing of DFAs. In particular it suggests the possibility of a topological DFT, in which DFA
energy densities are constructed by taking into account both the local ––variation and the spatial position in the
system considered.

As indicated in the schematic of Figure 5.1, one could also consider the initial slope of the local AC as a measure of
how rapidly the local model must depart from exchange–only behaviour at each point in space. In Figure 5.10 we
present this derivative for each of the atomic systems considered.

In general, the shape of these functions closely resembles the energy density itself. This arises because a larger w̄c is
obtained when the area enclosed by wc is larger, generally involving a more negative initial–slope. For a more insightful
understanding of the nature of the correlation using derivatives at – = 0, it may then be necessary to proceed to
higher orders. This data should be of particular interest for constructing DFAs via interpolation models based on the
local AC and is discussed further in Chapter 6.

5.4 The Adiabatic Connection In H2

The simplest of the small molecules with well–known properties is the Hydrogen molecule – a diatomic with only two
electrons and one occupied molecular orbital. However, the dissociating H2 molecule is a characteristic example of
the failure of standard approximations in Kohn–Sham DFT to properly describe nondynamical correlation, described
briefly in Chapter 2.

5.4.1 The Global Adiabatic Connection Of H2

There has been much interest in the global AC of H2, i.e. as given by (3.180), because it is thought that changes in
the AC with increasing bond length may provide further insight into the nature of nondynamical correlation. H2 is a
particularly interesting case because it is known that the dissociated atoms must each have zero correlation energy, as
they only have one electron, so any correlation in the system overall must be the result of nondynamical correlation
(with negligible dynamical correlation due to the large separation of the electron densities).
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Figure 5.10: The gradient of the correlation energy density with respect to variation in electron-interaction
strength, evaluated at the non-interacting limit – = 0, for Helium (upper left), Beryllium (upper
right), Neon (lower left) and Argon (lower right).

Given that the H2 molecule close to its equilibrium geometry is well–represented by a single determinant wavefunction,
it follows that the overlapping atomic orbital model is a fair one and that there is significant overlap of the electron
densities of the two atoms, hence dynamical correlation will be present. It could therefore be said that changes in the
AC seen as H2 transitions from its equilibrium geometry to a dissociated state is an observation of how the behaviour
of the AC differs between systems in which the correlation is (almost) entirely dynamical in nature to those in which
it is exclusively nondynamical.

In previous studies of the global AC of H2, notably those by Peach et. al.154 and by Teale et. al.111, it was observed
that as the bond length of H2 was increased from its equilibrium value to a much larger value representing dissociation,
the shape of the global AC gradually changed from being approximately linear in – to having much higher curvature
and much greater initial slope, to the extent that for the largest bond–lengths studied, the AC simply appeared as an
‘L’–shaped curve, with Wc;– reaching its final value for – infinitesimally greater than zero. This trend can be seen
clearly in Figure 4 of Ref. 111.

5.4.2 Correlation Energy Densities In H2

In Figures 5.11 & 5.12 below, the correlation energy densities along the principle axis of the H2 molecule at four
geometries are plotted for a range of ––values between 0 and 1, with the ––averaged correlation energy density
given alongside. The methods used to calculate this data is the same as that described in subsection 5.3.1, however
for these calculations the wavefunction method used was that of CCSD44 (equivalent to FCI for a two–electron
system) and the basis set used for expansion of the orbitals and of the potential was the u–aug–cc-pCVTZ basis set
of Dunning116.

Many of the observations that may be made of these plots can also be made of the plots pertaining to atoms in
Section 5.3. The magnitude of correlation energy densities is always greatest in the locality of the nuclei, and decays
with increasing distance from the nuclei. The magnitude of the correlation energy increases with increasing – but its
spatial distribution remains the same, and is reflected in the ––averaged correlation energy density.

However, new and interesting observations may be made if one compares the equivalent plots for the four different
bond–lengths presented here. It appears that, as the bond length is increased, the correlation energy density at the
nuclei increases in magnitude and that in the internuclear region rapidly approaches zero, actually reaching zero in the
midbond region for the 5:0 a.u. bond length.
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Figure 5.11: The correlation energy density at each value of – (left) and the ––averaged correlation energy density
(right) along the principle axis of the Hydrogen molecule, with bond length 1:4 a.u. (top) and 2:4
a.u (bottom).
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Figure 5.12: The correlation energy density at each value of – (left) and the ––averaged correlation energy density
(right) along the principle axis of the Hydrogen molecule, with bond length 5:0 a.u. (top) and 10:0
a.u. (bottom).

This may be in part rationalised in terms of charge density; with increasing internuclear distance, there is a rapid
decay of charge density in the bonding region hence dynamical correlation effects here (i.e. purely local correlation)
will become vanishingly small. However, the greatly increasing correlation energy density around each nucleus is
much more difficult to explain as a feature of charge density - approaching dissociation, the charge density around
each nucleus will become exclusively that of a single electron and there will be no local correlation present in the
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system.

It follows therefore that the increasing correlation energy density at the nuclei approaching dissociation is by virtue of
growing nondynamical correlation effects, that are non–local in nature. This type of system is known to exhibit the
‘L’–shaped global AC curves referred to above, and indeed it can be seen from the left–hand plots that the correlation
energy density converges to the – = 1 rapidly and within very few intervals of – measured for the 5:0 a.u. bond
length, whereas for the equilibrium bond length of 1:4 a.u. the magnitude of correlation energy density increases
much more smoothly in the range – = 0→ 1. It appears from the spacing of the wc;– lines that the rate of change is
not uniform across all parts of the molecule, and so it is useful to examine the local AC at a sample of points along
this plot.

5.4.3 Local Adiabatic Connections In H2

In Figures 5.13, 5.14, 5.15 & 5.16, the ––averaged correlation energy density of H2 in each of the four geometries
is reproduced, and alongside each are plots of the local AC at four points as marked on the respective energy
density.
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Figure 5.13: The local AC at points along the principle axis of H2 with bond length 1:4 a.u.; points marked on
the left–hand plot correspond to the AC curves on the right–hand plot.
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Figure 5.14: The local AC at points along the principle axis of H2 with bond length 2:4 a.u.; points marked on
the left–hand plot correspond to the AC curves on the right–hand plot.

A pattern similar to that shown previously for atoms can be seen in the local AC curves where the H–H bond length
is 1:4 a.u in Figure 5.13 (RHH = 1:4). The AC is predominantly linear close to the nuclei, as this is a high–density
region with mainly dynamical correlation effects, which typically exhibit a linear AC111. There is greater curvature in
the local AC at a lower density region further away from the H–H bond, and in the very low density regions at the
edges of the molecule the local AC is very shallow and roughly linear. However, it also appears that the linearity of
the AC remains in the internuclear region, an observation that can be attributed to the relatively high electron density
along the bond for RHH = 1:4.

In the plots for RHH = 2:4 in Figure 5.14, there can be seen several differences in the local ACs compared with
those of the equilibrium geometry. The local AC in the internuclear region remains near–linear but is much shallower,
reflecting the overall reduction in charge density along the H–H bond. However, the local ACs of the point very close
to a nucleus and the point slightly further away from the H–H bond exhibit a much more pronounced curvature than
in the equilibrium geometry, appearing to have significant quadratic variation with –.
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Figure 5.15: The local AC at points along the principle axis of H2 with bond length 5:0 a.u.; points marked on
the left–hand plot correspond to the AC curves on the right–hand plot.
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Figure 5.16: The local AC at points along the principle axis of H2 with bond length 10:0 a.u.; points marked on
the left–hand plot correspond to the AC curves on the right–hand plot.

The local AC curves for RHH = 5:0 in Figure 5.15 are clearly approaching the form taken by the global AC curves for
highly stretched H2 in Ref. 111. The local AC in the midbond region is relatively shallow and of low curvature, a
feature of the very low electron density of the internuclear region at this geometry. However, approaching the nuclei
the initial slope of the local AC increases in magnitude, to the extent that it is converging on its – = 1 value at
– 6 1

2 .

This trend in the limit of dissociation can be observed for RHH = 10:0 in Figure 5.16, for which the local AC mirrors
the global AC in that it reaches its – = 1 value for infinitesimally small, but non–zero, value of –, producing the
characteristic ‘L’–shape AC curve. Interestingly, the onset of nondynamical correlation appears to occur throughout
the system as the internuclear bond is extended, indicating that the Kohn–Sham wavefunction is a poor model of the
interacting wavefunction at all points in space at this geometry.

It is therefore unsurprising that present–day xc–functionals completely fail to model this phenomenon, as they
model the local energy density / potential as a function of local quantities only. One approach to the problem of
nondynamical correlation comes from considering the case for – → ∞, a model known as the Strictly Correlated
Electron (SCE) model – described in subsection 6.3.2. The SCE model has recently gained interest, particularly
through the work of Seidl et. al.155,156, as it is exactly soluble for a few small model systems. If the AC has the
same shape as that of highly–stretched H2, it follows that the value of the integrand at –→∞ is equal to that at
– = 1, and so an accurate density functional may be realised by interpolating the AC between the non–interacting
and strictly–interacting systems, see for example Refs. 157,158. Recent work by Vuckovic et. al. has shown that the
SCE model is particularly successful in modelling the dissociating hydrogen molecule159.

Some global interpolation models also include the expression for correlation energy derived by Görling and Levy,
in which the correlation energy to second–order perturbation theory is equal to half the slope of the global AC at
– = 0160. Interpolation models for the AC have been tested over several years and, although for some applications
they greatly outperform standard DFAs, they are fundamentally flawed because they are not size–consistent. These
interpolation models are examined in greater detail in Chapter 6; a comprehensive review of the literature on this type
of approach can be found in Ref. 145.

The energy densities and local ACs shown Figures 5.13, 5.14, 5.15 & 5.16 suggest that one possible approach to
the nondynamical correlation problem could be through local interpolation of the AC, i.e. attempting to reconstruct
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the ––averaged energy density at a given point by interpolating the local AC. This approach is examined further in
Chapter 6.

5.5 Energy Densities & The Laplacian Of The Density

Given that the correlation energy densities show a much more complex structure than the corresponding exchange-only
energy densities, it is interesting to examine local quantities such as the density and its derivatives in comparison with
w̄c to explore how it may be reconstructed in the form of a simple DFA. In the present work, we consider , ∇, fi
and ∇2 and seek to find correspondences between features in these local quantities and those in w̄c(r).

We find that, whilst the information contained in the density and its gradient may be sufficient to determine the main
features of w̄x on a local scale, these alone do not provide sufficient information for an accurate reconstruction of
the more detailed structure of w̄c. For the kinetic energy density fi , a number of forms may be considered; the most
commonly employed forms are those based on the Laplacian of the orbitals and the (everywhere positive) form based
on the gradient of the orbitals. Neither of these forms were found to have well–defined features that align well with
those in the correlation energy density.

However, comparing ∇2 with features of w̄c(r) is much more informative, as the nodes of the Laplacian appear to
delimit features of the energy density. The utility of ∇2 as an indicator for features of the correlation energy density
is illustrated in Figure 5.17 for He & Be, and in Figure 5.18 for Ne & Ar. Here, the ––averaged correlation energy
density and ∇2 are plotted together. The vertical dashed lines indicate the positions of nodes in ∇2 and can be seen
to delimit the core, valence and outer regions of the atom. The correlation energy density clearly undergoes transitions
between these regions. This indicates that the seemingly complex structure of the correlation energy density can be
understood from a relatively simple quantity depending only on the electronic density, namely ∇2.
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Figure 5.17: For Helium (left) and Beryllium (right), the ––averaged correlation energy density w̄c (upper panel)
is compared with the Laplacian of the electron density (lower panel). The dashed lines highlight the
correspondence with features of w̄c and nodes of the Laplacian.

This apparent correspondence is more clearly seen in the comparison between energy density and the Laplacian in
the diatomic molecules N2 & HF, where the distribution of energy density along the bond exhibits a more complex
structure than that along the radius of an isolated atom.

The correlation energy density for values of – in the range 0 6 – 6 1 and the corresponding ––averaged correlation
energy density for the N2 molecule in its equilibrium geometry is shown in Figure 5.19, calculated in the u–aug–cc-
pCVDZ basis. Unlike previous examples, for which energy densities were plotted along one dimension, for these two
molecules they were plotted on a two–dimensional Cartesian grid. This is because, as can be seen in the figures, the
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Figure 5.18: For Neon (left) and Argon (right), the ––averaged correlation energy density w̄c (upper panel) is
compared with the Laplacian of the electron density (lower panel). The dashed lines highlight the
correspondence with features of w̄c and nodes of the Laplacian.
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Figure 5.19: The correlation energy density at each value of – (left) and the ––averaged correlation energy density
(right) along the principle axis of the N2 molecule, and a 3D plot of the ––averaged correlation
energy below.
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energy densities have a larger number of features and molecules have lower symmetry than atoms, so calculating the
energy density over a plane allows its distribution to be examined both parallel and perpendicular to the bond.

The plots of wc;– for 0 6 – 6 1 show relatively evenly spaced lines, suggesting that the local AC over this space will
be low–order in –. The ––averaged energy density has peaks on either side of the nuclei similar to the inter–shell
peaks observed in Figure 5.6 for neon, however their magnitudes are not symmetric around each of the nuclei; they
appear to be distorted by the bond such that their magnitudes are lower in the internuclear region. Some sort of
distortion to the atomic energy densities would be expected, as the charge density itself is distorted in a molecule
compared to that in isolated atoms.
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Figure 5.20: The correlation energy density at each value of – (left) and the ––averaged correlation energy density
(right) along the principle axis of the HF molecule, and a 3D plot of the ––averaged correlation
energy below.

Similar plots for Hydrogen Fluoride (HF) are given in Figure 5.20, which unlike N2 is heteronuclear so is not symmetric
about the midbond. The plots of wc;– for 0 6 – 6 1 again suggest an AC that is of low–order in –. The ––averaged
correlation energy density exhibits a pattern that can be rationalised in a similar way to that of N2, i.e. the energy
density around the fluorine nucleus has peaks resembling inter–shell peaks, but distorted. The distortion is much
smaller than in N2, which would be expected hydrogen has a much lower nuclear charge and electronegativity than
fluorine.

In Figure 5.21, the correspondence between positions of the nodes of the Laplacian and positions of turning points in
the ––averaged energy density is immediately apparent. In particular, every turning point in the ––averaged correlation
energy density of N2 is almost exactly accompanied by a node in the Laplacian. For the heteronuclear diatomic, with
a non–symmetrical charge density along the bond and a large overall dipole moment, the alignment with nodes of the
Laplacian is still observed.

In the construction of most standard GGA functionals dependence on the Laplacian is eliminated by integration by
parts, which also changes the gauge of the energy density – making it difficult to compare them with energy densities
in the gauge of the exchange–correlation hole. Cancio161 has suggested that the construction of functionals including
the Laplacian should be revisited – noting that the slowly varying limit can still be correctly recovered when the
Laplacian is included, but that its inclusion may substantially improve the description of strongly inhomogeneous
systems such as atoms, molecules and materials.
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Figure 5.21: Plots showing the ––averaged correlation energy density of N2 (left) and HF (right), with the
Laplacian of the density of the respective molecule plotted immediately below. The blue dashed lines
highlight the parallel between nodes of the Laplacian and features in the ––averaged correlation
energy density.

The results presented here support this idea and suggest that in particular an accurate description of the correlation
energy density may be easiest to achieve by introducing a dependence on the Laplacian. The investigation of energy
densities for Laplacian dependent correlation models will be the subject of future work.

5.6 Spin–Resolved Energy Densities

In the discussion thus far, only the total energy densities & local ACs have been considered. However, it is common for
DFAs of the correlation energy to be constructed as the sum of spin–parallel and spin–antiparallel components, each
of which may be approximated by a different expression; the exchange energy by definition only comprises spin–parallel
contributions. It follows therefore that resolving the energy densities & local ACs into spin–parallel & spin–antiparallel
components may provide additional insights into how the characteristics of these two correlation energy densities
compare and thus how their contributions could be accurately treated in DFTs.

The definition for the spin–resolved correlation energy density may be readily obtained by omitting the spin integration
in the construction of the two–electron density in (5.3), defining its spin–resolved form as

P –2;ff1ff2
(r1; r2) = N(N − 1)

Z
: : :

Z
|Ψ–(τ1; τ2; : : : ; τN)|2 dτ3 : : : dτN τi = {ri ; ffi}: (5.44)

Substituting this into (5.5) yields the definition of the spin–resolved xc energy density at interaction strength –
as

wff1ff2

xc;– (r1) =
1

2ff1 (r1)

Z
P –2;ff1ff2

(r1; r2)

|r1 − r2|
dr2 −

1

2

Z
ff2 (r2)

|r1 − r2|
dr2: (5.45)

Given that the exchange energy density only contributes in the spin–parallel terms, it may be subtracted from the
relevant components of (5.45) and the remainder aggregated into spin–parallel and spin–antiparallel correlation energy
densities respectively as

wffffc;–(r1) =
1

2¸(r1)

Z
P –2;¸¸(r1; r2)− P 0

2;¸¸(r1; r2)

|r1 − r2|
dr2 +

1

2˛(r1)

Z
P –2;˛˛(r1; r2)− P 0

2;˛˛(r1; r2)

|r1 − r2|
dr2

wffff
′

c;– (r1) =
1

2¸(r1)

Z
P –2;¸˛(r1; r2)

|r1 − r2|
dr2 +

1

2˛(r1)

Z
P –2;˛¸(r1; r2)

|r1 − r2|
dr2 −

1

2

Z
¸(r2) + ˛(r2)

|r1 − r2|
dr2:

(5.46)
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The spin–resolved correlation energy densities have been computed for the Beryllium atom and the N2 molecule at
equilibrium geometry over a range of –. For both systems, the Lieb optimisation is carried out with the Quest rapid
development electronic structure package63 using a CCSD(T) reference; the bespoke implementation of coupled
cluster analytical gradients implemented in Quest is used to calculate the spin–resolved & orbital–relaxed one
and two–electron densities at the CCSD(T) level, with which the correlation energy densities are computed. The
spin–parallel & spin–antiparallel ––averaged correlation energy densities and local ACs are plotted for Be & N2 in
Figures 5.22 & 5.23 respectively.

0 1 2 3 4 5
r / a.u.

0.0020

0.0015

0.0010

0.0005

0.0000

w c
(r

)

0.05

0.04

0.03

0.02

0.01

0.00

w c
(r

)

0.0 0.2 0.4 0.6 0.8 1.0

0.004

0.003

0.002

0.001

0.000

w c
,

(r
)

0.10

0.08

0.06

0.04

0.02

0.00

w c
,

(r
)

Figure 5.22: The spin–resolved ––averaged correlation energy density (left) and the local AC at several points in
space (right) for the Be atom, computed from a CCSD(T) reference density in the u-aug-cc-pCVTZ
basis.
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Figure 5.23: The spin–resolved ––averaged correlation energy density (left) and the local AC at several points
in space (right) along the principle axis of the N2 molecule, computed from a CCSD(T) reference
density in the aug-cc-pCVDZ basis.

What is immediately observed in Figures 5.22 & 5.23 is that the spin–parallel ––averaged correlation energy density is
roughly an order of magnitude smaller than the spin–antiparallel equivalent. Furthermore, whilst the spin–antiparallel
––averaged correlation energy density is of greatest magnitude at the nuclei, the spin–parallel energy density appears
to exhibit no significant features at the nuclei and is of greatest magnitude at the inter–shell peaks, delimiting the core,
valence and outer regions of the electron density. Whilst a full explanation for these differences could not reasonably
be deduced from these early observations, one possible rationalisation of these results may be argued by considering
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the spin–parallel term as a higher–order effect of exchange, or a ‘correction’ to the exchange energy density - which
dominates the spin–parallel xc energy density wffffxc;–(r1) but which is invariant in –. The spin–antiparallel correlation
energy density typically constitutes the primary element of the correlation energy density.

Interestingly, there appear to be differences between the spin–parallel and spin–antiparallel local ACs. Other than
differences in magnitude, these may not be discernible in Figure 5.22 but can be seen in Figure 5.23; the spin–parallel
local AC tends to exhibit a much more pronounced curvature than its spin–antiparallel counterpart. The contrast
in curvature of the local ACs could be seen to tie–in to the above rationalisation of spin–parallel correlation as
a higher–order correction to exchange effects. The greater curvature of the spin–parallel local AC suggests that
it describes a more nondynamical part of the correlation, for which the exchange–like behaviour was discussed in
Section 5.4. Further examination of spin–resolved correlation energy densities in systems known to exhibit significant
nondynamical correlation will be the subject of future work.

5.7 Conclusions

We have presented an approach for calculating ––averaged energy densities in the gauge of the exchange–correlation
hole. These quantities may be considered as a target for modelling by DFAs, defined in this gauge. The exchange energy
density is relatively smooth with minor features close to the inter-shell structure in atomic densities. Furthermore,
we have confirmed that the Becke–Roussel model, which defines an exchange energy density in the gauge of the
exchange–correlation hole, delivers a reasonable description of this component of the energy density.

The correlation component of the energy density shows much more complex structure. Interestingly this structure
aligns well with the nodes of ∇2, suggesting that this quantity should be of greater use in the construction of DFAs.
This is in agreement with recommendations by Cancio et al.161 in studies of the exchange-only DFAs, based on
observations of the full exchange–correlation energy density in Silicon162. Further insight from the present work is
offered by the ability to resolve the energy density into its exchange and correlation components separately, revealing
the more elaborate structure of the latter and its alignment with features of ∇2, suggesting its possible role as a key
variable in the formulation of new DFAs for the more accurate treatment of dynamical correlation. This correspondence
is particularly apparent in the comparison between energy densities and the Laplacian in the diatomic molecules N2 &
HF.

A local adiabatic connection at each point in space is defined by the ––dependence of the energy densities, and the
observations for Be and Ne suggest that this local connection captures the nature of the correlation effects. The
area enclosed by the local AC gives the value of the energy density at each point in space and, of course, varies
substantially across the system.

However, the shape of the local AC still retains extra information about the nature of the correlation; higher order
dependence on the interaction strength introduces more rapid curvature in the local AC. Observations for the Be
and Ne atoms show that such effects can be localised to different regions of space, with less pronounced curvature
in the core regions and more pronounced curvature in the valence regions. This feature is more pronounced in Be
than the other atoms, consistent with the near degeneracy effects present in this system. Knowledge of the nature
of the local AC should be useful for constructing DFAs via local interpolation models, which offer size–consistent
models for the exchange–correlation energy in the absence of degeneracy163,164. The local ACs constructed for the
dissociating H2 molecule are a striking example of how the curvature of the AC increases as near–degeneracy becomes
more pronounced and correlation becomes predominantly nondynamical. The examination of spin–resolved energy
densities and local ACs further suggests that distinguishing between spin–parallel and spin–antiparallel correlation may
be significant for the accurate treatment of systems with substantial nondynamical correlation.

A particularly interesting prospect arising from the current work is the exploration of this connection between spatial
resolution of the correlation energy and its dependence on the interaction strength at each point in space. The results
here suggest that the development of a topological-DFT, in which the ––dependence of the functional is explicitly
connected to the topology of the local density, may be fruitful. Such an approach would allow more careful adaptation
of the ––dependence of DFAs to the regions in which they are applied. Furthermore, our results suggest that ∇2
should be a key variable for identifying appropriate regions.

For general systems with a mixture of dynamical and nondynamical correlation, it may be possible to derive expressions
that are explicitly dependent on the Laplacian of the charge density which yield an accurate reconstruction of the
correlation energy density per electron, to be spatially integrated with the density using standard DFT numerical
quadrature to obtain an accurate estimate of the correlation energy. Equally, consideration of the local adiabatic
connection may be necessary if significant nondynamical correlation effects are present, where the inclusion of higher
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order terms in – would be required to accurately predict w̄c(r). We expect that the methodology outlined here will be
an essential tool for these developments.

A number of areas for future work are now being explored. These include: the generalisation of this procedure
to deal with generalised range–dependent ACs101–103, for example with the widely used error–function attenuated
interactions165; the application of this method to a wide range of molecular systems to provide benchmark data for
the development of DFAs; the testing of existing models for exchange–correlation energy densities defined in the
gauge of the exchange–correlation hole, and the development of new models in this context; these are explored in
Chapter 6.
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6 Modelling The Correlation Energy Density

6.1 Introduction

In the previous chapter the ––averaged correlation energy densities for a number of atoms and small molecules,
calculated using the Lieb optimisation, were presented as a novel target to be modelled by new density functional
approximations. Examination of local quantities suggested that the Laplacian of the density could be an essential
component of functional approximations that accurately reconstruct the local correlation energy density.

Additionally, examination of the form of the local AC in these systems indicates that the extent to which the correlation
present may be characterised as dynamical or nondynamical can vary spatially within a system, and that explicit
consideration of the curvature of the AC at each point in space may be essential for accurate treatment of strongly
correlated systems.

In the present chapter, two different approaches to modelling the correlation energy density are considered. In
Section 6.2, an approximation for the correlation energy density obtained by modelling the correlation hole using local
quantities is described and its implementation tested for several atoms. In Section 6.3, models for the correlation
energy density involving the approximation of the AC at each point in space using interpolation models are examined
and tested for small systems.

6.2 A Model Correlation Hole

One difficulty in evaluating functional approximations of the local correlation energy against the accurate ––averaged
correlation energy densities presented in the previous chapter is that very few approximations exist that are defined in
the correct gauge – i.e that of the electrostatic potential of the exchange–correlation hole. A large proportion of the
correlation functionals that are presently used in DFT calculations are derived from the density gradient expansion,
but have been simplified through integration by parts. In this transformation, whilst the global properties of the
functional are unchanged, the functional itself is transformed into a different gauge and as such it is not meaningful
to draw comparisons between the local values of such approximations and the ––averaged correlation energy densities
of this work.

In this discussion, one of the few correlation functionals known to be in the gauge of the xc–hole is examined in
comparison to the ––averaged correlation energy densities to test how accurately these may be modelled by local
quantities. The correlation functional to which this discussion pertains is the semi–local first–principles based model
of Modrzejewski et. al.166, which was derived by its authors with the intention of creating a functional that would
complement the DFT–D3 dispersion corrections of Grimme167. This functional of Modrzejewski et. al. is a relatively
unknown density functional approximation and as yet the literature lacks any particular name with which it is referred
to; in the subsequent discussion, the acronym MCS will be used to refer to the functional.

6.2.1 The MCS Model

The feature of the MCS functional that makes it an interesting functional to investigate is that its derivation ensures
that it is in the gauge of the xc–hole. In the simplest sense, the functional is constructed from the analytical form
xc–hole by subtracting from this the Becke–Roussel (BR) model exchange hole93 (see subsection 5.3.2 for details of
this model), and parametrising the terms that remain with known data for the uniform–electron gas168.

The starting point for this model was to consider the integrand of the AC Wc;– defined by (3.179) and express this in
terms of the spin–resolved correlation hole,

Wc;– =
1

2

X
ffff′

Z Z
hffff

′

c;– (r1; r2)ff(r1)

|r1 − r2|
dr1dr2 (6.1)
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where the definition of the spin–resolved ––dependent xc–hole and therefore correlation hole is given by

hffff
′

xc;–(r1; r2) =
P –2 ffff′(r1; r2)

ff(r1)
− ff′(r2)

hffff
′

c;– (r1; r2) = hffff
′

xc;–(r1; r2)− hffff
′

x (r1; r2):

(6.2)

To reduce this to a simpler form, the spherical symmetry of the Coulomb operator exploited such that the correlation
hole is replaced by the spherically–averaged correlation hole, with the second electron coordinate replaced by radial
distance, s. This transformation allows (6.1) to be re–written as

Wc;– =
1

2

X
ffff′

Z Z ∞
0

hffff
′

c;– (r1; s)ff(r1)

s
4ıs2dsdr1 (6.3)

with the spherically–averaged correlation hole given by

hffff
′

c;– (r1; s) =
1

4ı

Z 2ı

0

Z ı

0

hffff
′

c;– (r1; r1 + s) sin „sd„sdffis : (6.4)

From this expression, Modrzejewski et. al. then postulated the following model for the correlation hole, comprising of
a slightly different form and different dependence on local quantities (to be described by the terms a, b, c and d
below) for the spin–parallel and spin–antiparallel correlation holes respectively,

h¸¸c;–(r1; s) = s2(a¸¸ + b¸¸s + c¸¸s
2) exp(−d¸¸s)

h¸˛c;–(r1; s) = (a¸˛ + b¸˛s + c¸˛s
2) exp(−d¸˛s):

(6.5)

The short range expansions of the spin–parallel and spin–antiparallel xc–holes169 were already known to be significantly
attenuated by cusp conditions170, suggesting that their short range expansions at a given – may be reasonably
modelled as

h¸˛xc;–(r; s) = (B¸˛ − ˛) + –B¸˛s + : : :

h¸¸xc;–(r; s) = −¸ +

„
B¸¸ −

1

6
∇2¸

«
s2 +

–

2
B¸¸s

3 + : : : ;
(6.6)

which is of the form of the BR model exchange hole,

h¸¸x (r; s) = −¸ −
1

6

»
∇2¸ − 2fi¸ +

1

2

(∇¸)2

¸

–
s2 + : : : : (6.7)

It follows that subtraction of (6.7) from (6.6) leads to a comparable expansion of the correlation hole. Given that two
electrons will only experience mutual exchange interactions if they are of parallel spin, the BR model exchange hole is
subtracted only from the spin–parallel expansion for the xc–hole, with the spin–antiparallel xc–hole hence identified as
equivalent to the spin–antiparallel correlation hole. The resulting expressions for the spin–antiparallel and spin–parallel
model correlation holes, at a given –, are given respectively as

h¸˛c;–(r; s) = (B¸˛ − ˛) + –B¸˛s + : : :

h¸¸c;–(r; s) =

„
B¸¸ −

1

3
D¸

«
s2 +

–

2
B¸¸s

3 + : : : ;
(6.8)

where the term D¸ is defined as

D¸ = fi¸ −
|∇¸|2

4¸
fi¸ =

NX̧
i

|∇’¸i |2: (6.9)

Modrzejewski et. al. then approximated the terms B¸¸ and B¸˛ as short–range expansions of the spin–resolved
uniform electron gas pair distribution functions, derived by Gori–Giorgi et. al.168; the numerical expansions may be
found in Ref. 166. Expressions for the remaining terms in (6.5) were obtained through treating (6.5) and (6.8) as
pairs of simultaneous equations (for spin–parallel and spin–antiparallel models respectively), the introduction of the
constraint that each model hole must vanish when integrated over all space and the application of Levy’s scaling
relations85 to each of the two model holes respectively. This analysis was found to yield the following identities for
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each of the undetermined quantities in (6.5),

a¸˛ = B¸˛ − ˛ a¸¸ = B¸¸ −
D¸
3

(6.10)

b¸˛ = –B¸˛ + d¸˛a¸˛ b¸¸ =
–

2
B¸¸ + a¸¸d¸¸ (6.11)

c¸˛ = − 1

12
(a¸˛d

2
¸˛ + 3b¸˛d¸˛) c¸¸ = − 1

30
(a¸¸d

2
¸¸ + 5b¸¸d¸¸) (6.12)
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in which the following definitions apply
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and where G is an adjustable parameter that can be tuned such that the functional best complements any given
treatment of dispersion correction. In their original work, the authors of the MCS functional proposed that a value of
G = 0:096240 would be produce the most reliably accurate predictions of molecular interaction energies when used in
combination with DFT-D3 dispersion corrections. However, this parameter may be freely varied without compromising
the performance of the functional in the slowly–varying density limit; as can be deduced from the model hole (6.5),
the result of varying G is that the rate of decay of the correlation hole with distance changes. The effects of doing so
on the properties of the MCS functional are discussed in the following subsection.

6.2.2 Testing The Correlation Hole Model

In order to investigate the model correlation hole derived by Modrzejewski et. al., it must be manipulated into a form
that may be evaluated numerically at a given point in space, and numerically integrated over a grid as is standard in
DFT calculations to yield the total correlation energy. With this aim, the ––specific model was transformed through
algebraic integration to a ––averaged equivalent, and the uniform electron gas quantities introduced as parameters in
a polynomial expansion of the individual terms at each point in space. The resulting functional, as presented in Ref.
166 for convenient implementation, is given in (6.15) using the parameters in Table 6.1.

E¸˛c =

Z 1

0

W¸˛
c;–d– =

Z
¸ı
B¸˛ +A¸˛d¸˛

d3
¸˛

dr (6.15a)
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B¸¸ =
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−S0 +

3X
k=1

Sk(r¸¸s )k

!
exp (−S4r

¸¸
s ) + S0

#
+ d¸¸A¸¸ (6.15f)

Ec = E¸˛c + E˛¸c + E¸¸c + E˛˛c (6.15g)

The MCS functional, in the form given above, was implemented using the XCFun library171 with which derivatives of
the functional can be evaluated easily by use of automatic differentiation. This allowed the functional to be tested
immediately as part of a fully self–consistent DFT calculation – in this work, such calculations were carried–out with
the London quantum chemistry code172, with the inclusion of full Hartree–Fock exchange. The resulting density,
its derivatives, and kinetic energy density were plotted on a Cartesian grid and subsequently read by a small utility
that calculated the value of the MCS correlation energy density and correlation energy per volume element, denoted
wc(r) and ec(r) respectively, over the grid. The values of the MCS correlation energy density plotted in this way were

Chapter 6 Modelling The Correlation Energy Density 113



k Pk Qk Rk Sk

0 1·6960000 3·3560000 1·7750000 3·2050000
1 −0·2763000 −2·5250000 0·0121300 −1·7840000
2 −0·0935900 −0·4500000 −0·0047430 0·0036130
3 0·0038370 −0·1060000 0·5566000 −0·0047430
4 −0·0024710 0·0005532 0·5566000
5 0·7524000 −0·0024710
6 0·7524000

Table 6.1: Numerical values of the parameters given in (6.15), required for the evaluation of the MCS functional.

numerically integrated with the density over the Cartesian grid to ensure agreement with the global value for the MCS
correlation energy computed by London.

Given the correct local evaluation of the MCS correlation energy density, a simple optimisation procedure was
then applied to estimate the value of G that minimised the difference between the numerically–integrated MCS
correlation energy with the given density and the reference correlation energy. This new value of G was then applied
in a subsequent self–consistent DFT calculation with the MCS correlation functional to obtain a new density; this
optimisation process was repeated until the stationary value of G that minimised the difference between the MCS
correlation energy and reference correlation energy was obtained. Generally, this procedure would be complete in five
cycles or less; both the reference the optimised values G with the corresponding MCS correlation energies for three
atomic systems are given in Table 6.2.

Quantity Helium Neon Argon

Gref 0.096240 0.096240 0.096240
Gopt 0.004630 0.001400 0.000750
EGref

c -0.013871 -0.150275 -0.315758

E
Gopt
c -0.037736 -0.318502 -0.625342
Eref

c -0.041249 -0.376824 -0.620232

Table 6.2: Correlation energies obtained self–consistently using the MCS functional with the reference value of G
and with the optimised value of G, denoted Gref and Gopt respectively, with the accurate correlation
energies from Chapter 5 quoted for comparison.

It can be observed from the present data that the value of G suggested in Ref. 166 gives poor estimates of the
correlation energy in single–point KS DFT calculations. However, decreasing the value of G (seemingly by a larger
amount with increasing atomic number) does appear to yield more accurate estimates of the correlation energy. To
some extent, this may be rationalised by referring back to the model itself given in (6.5), from which it may be
deduced that a reduced value of G leads to a reduced spatial attenuation of the correlation hole, amounting to an
increase in the total correlation effects that the model attempts to approximate. It follows that lowering G in these
calculations yields a more negative estimate of the correlation energy, improving its agreement with the respective
reference correlation energies of these atoms (taken from Chapter 5).

Although this argument to some extent explains the data in Table 6.2, the main feature of the MCS functional that
makes it of interest here is that its value can be meaningfully compared locally with the reference correlation energy
densities of Chapter 5. The correlation energies per volume element and correlation energy densities calculated for
each item in Table 6.2 are plotted radially from the nucleus of the given atom in Figures 6.1, 6.2 & 6.3.

From these three sets of plots, a pattern can be identified between the changes in wc(r) & ec(r) and the variation in
G with which a more accurate total correlation energy is obtained. It appears that, with the reference value of G,
the similarities between the plots of wc(r) for the functional and the accurate data are pronounced; the functional
is certainly reflecting every feature in the structure of the accurate energy density, however the magnitude of the
functional is attenuated more rapidly than the accurate energy density. In the corresponding plots of ec(r), the values
given by the functional are far lower in magnitude than the reference line, although it captures all the features of the
reference ec(r) approximately in proportion, the small errors in wc(r) (possibly exacerbated by errors in the density
arising from the implied inaccuracies in the potential) become much larger when multiplied by the density volume
element. It is the integral of ec(r) that gives the total correlation energy, hence the low values yielded by the reference
G.

It follows from this discussion that, for the optimised values of G with correspondingly more accurate total correlation
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Figure 6.1: The correlation energy per volume element (left) and the correlation energy density (right) in Helium
for the MCS model and the reference data from Chapter 5, for the reference value of the variable G
(top) and the optimised value (bottom).
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Figure 6.2: The correlation energy per volume element (left) and the correlation energy density (right) in Neon
for the MCS model and the reference data from Chapter 5, for the reference value of the variable G
(top) and the optimised value (bottom).

energies, it would be expected that the agreement between the curves of ec(r) given by the functional and of the
accurate data would visibly show greater agreement than those for the reference value of G. Examination of the
relevant plots in Figures 6.1, 6.2 & 6.3 confirms this to be the case.

However, the accompanying changes in the character of wc(r) were slightly less predictable. The decrease in the value
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Figure 6.3: The correlation energy per volume element (left) and the correlation energy density (right) in Argon
for the MCS model and the reference data from Chapter 5, for the reference value of the variable G
(top) and the optimised value (bottom).

of G required to improve the correlation energy leads to an increase in the magnitude of wc(r) in the area relatively
close to the nucleus, whilst outside of this region it appears to become positive. This is most likely an artefact of the
calculation, arising because the vanishingly small densities in this region reduce the contribution to overall energy
from this artefact to a near–negligible level, certainly by comparison to the changes in core region.

Further to this, the wc(r) yielded seem to become somewhat less resemblant of the accurate picture; the features
such as the inter–shell peaks are present, but much less well defined, with the curves appearing more as an ‘envelope’
that loosely follow the reference energy densities in the core region but with a very large margin of error. This
behaviour suggests that the lowering of G required to improve the total correlation energy has the effect of reducing
the attenuation of the correlation hole by such an amount that short range correlation becomes unphysically strong.
The restriction of this behaviour to the core region, with artificial positive energy densities instead manifesting at
longer range, may be a flaw with the model itself, as the xc–hole expansion was heavily truncated such that the cusp
condition was satisfied for short–range interaction.

Although the findings discussed here would seem to advocate the use of alternative models to approximate wc(r),
the MCS functional has provided some very encouraging observations that suggest the functional form proposed by
Modrzejewski et. al. would be a good starting point for further work. Most interestingly the present work shows
that it is possible to construct a correlation functional, evaluated from simple local quantities, that can recover the
most prominent features of the correlation energy density of an inhomogeneous system such as the inter–shell peaks,
despite being parametrised against uniform electron gas data. Further refinement of this model is the subject of
ongoing and future study; a new correlation functional derived from MCS could be the first in a class of new DFAs
that approximate wc(r) by explicitly and accurately modelling the correlation hole. In particular, these observations
highlight that an improved model for the asymptotic behaviour of the correlation energy density is required.

6.3 Interpolating The Local Adiabatic Connection

6.3.1 Introduction

Since the introduction and widespread application of Kohn–Sham DFT (KS DFT)65, an increasing number of DFAs
for the xc energy have been proposed. The simplest DFAs are based on the local density approximation (LDA), as
proposed by KS in their 1965 paper65, in which the xc energy is approximated as a functional of the density at a
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given point in space. The generalised gradient approximations (GGAs)91,92,173 go beyond the LDA by modelling the
xc energy as a functional of the local density and its first derivative. The meta-GGAs125 are closely related to the
GGAs but their functional forms are also dependent on the KS kinetic energy density and/or, less commonly, the
Laplacian of the electron density. Further developments led to the introduction of hybrid functionals95,174, which
comprise a mixture of approximate and orbital dependent exchange, and more recently the double–hybrid functionals,
that extend the treatment of correlation through inclusion of virtual KS orbitals175–179. More recently, local hybrid
models such as that proposed in Ref. 180 have been developed, generating interest in this alternative approach with
which hybrid functionals can be constructed.

The inclusion of additional dependencies in xc functionals has often resulted in significant improvements in their
accuracy for general calculations. However, these improvements cannot be described as systematic in the same
way that the accuracy of an ab initio calculation may be systematically improved by considering a larger number of
excited determinants; some DFAs give excellent results for particular systems but perform very poorly otherwise, and
vice versa. There also remain many problems that none of the currently available DFAs can accurately model. An
important example of this, which is pertinent to this work, are strong correlation effects, commonly found in systems
with near–degenerate orbitals such as the d– and f–block elements, but also in systems where chemical bonds are
undergoing formation or fission in the course of a chemical reaction.

In the present work, the problem of constructing DFAs accurate for systems with and without strong correlation is
examined using an alternative approach; by modelling the adiabatic connection (AC)97–100 directly. As described in
Section 3.6, the AC provides an exact expressions for the exchange and correlation energies by considering the changes
that occur as the strength of electron interaction is smoothly increased from zero to the full physical strength. This
formalism has provided the basis for the development of several DFAs95,181–183, which attempt to interpolate the AC
between the non–interacting and physical systems in order to estimate the xc energy. An advantage of the AC approach
is that it allows the problem of strong correlation to be addressed in a more direct way, by creating interpolation
models that are explicitly dependent on the strongly–interacting limit of the AC at which the coupling–constant
–→∞, in addition to its non–interacting limit – = 0.

In the literature, DFAs that treat correlation effects via the AC formalism have taken the form of simple models
for the AC integrand. These provide approximate descriptions for the AC between the non-interacting KS limit and
physical interacting limit. Such models may be parameterised in terms of quantities derived from the KS system
and models for points along the AC with higher interaction strength – examples have been constructed using both
accurate and approximate data for systems with fractional interaction strength, the physical interaction strength and
the strongly–interacting limit. A common observation for all of these approaches is that simple models that are linear
in a small set of known parameters are not able to accurately recover all but the simplest dynamical correlation effects.
To achieve higher accuracy in the presence of significant strong correlation effects, models that depend in a non–linear
manner on the chosen parameters are required. Unfortunately, such models tend to violate size consistency, limiting
their possible chemical application. This failing stems from the fact that the parameters used are estimates of global
energy contributions.

The present work aims to address this failing by re–formulating AC interpolation models such that a local AC is
interpolated at each point in space, rather than a global AC interpolated for the entire system; this approach should
be more amenable to the construction of models that are size–consistent in the absence of degeneracy164. The local
AC for several closed–shell atoms has been recently computed184 to high accuracy between the non–interacting and
physical systems using Lieb’s convex–conjugate formulation of DFT67 and the Lieb optimisation method of Refs.
103,111,112,114. These methods and results were discussed in Chapter 5. This approach is used again here to
compute the local AC for a number of small systems, from which several parameters are derived that can be used in
the construction of local interpolation models. In addition, local information pertaining to the strongly–interacting
limit is computed using models for systems at – =∞; together these quantities are used to calculate local analogues
of some established global AC interpolation functionals.

In subsection 6.3.2 the strictly–correlated electron model is introduced and its potential usefulness in the treatment
of strongly interacting systems is discussed. A brief overview of the literature on global AC interpolation models is
given in subsection 6.3.3, setting out the rationale behind and the flaws inherent in this approach. The translation of
the AC interpolation scheme from a global approach to a local approach is discussed in subsection 6.3.4, in which
the rationale for local models is discussed, the local equivalents of some common global AC functionals presented
and readily computable approximations for their input parameters examined. The performance of these local AC
interpolation models for a range of small systems is presented in subsection 6.3.5, both using accurate input parameters
derived from the reference ACs and input parameters approximated with the models described in subsection 6.3.4. In
subsection 6.3.6, the AC interpolation approach is used to propose a simple indicator for dynamical and nondynamical
correlation and also a lower bound to the exact energy.
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6.3.2 The Strictly Correlated Electron Model

The strongly–interacting limit of the AC has recently become the subject of much interest134,135,156,159,185,186.
The properties of the AC integrand in this limit may reveal highly non–local information relating to correlation
effects155,156,185,187,188 that cannot be derived from local quantities alone. In recent years, study of the strongly–
interacting limit in DFT has focused on the strictly–correlated electron (SCE) model, in which the electrons are
considered to experience an infinite electron–electron interaction strength, – = ∞ and which can, in principle, be
studied exactly.

Tests on model physical and chemical systems, such as electrons confined in low-dimensional geometries, low-density
ultracold dipolar systems, simple stretched bonds and anions, have shown that taking into account this exact behaviour
could yield a solution to the strong correlation problem in DFT159,185,187–191. However, the exact information encoded
in the strongly–interacting limit, described by the SCE functional is not trivial to elucidate; the SCE problem is highly
non–local and, although sparse in principle, its non-linearity makes its exact evaluation for general three–dimensional
systems computationally complex.

One possible approach to solving the SCE problem relies on the fact that constructing the exact SCE functional for
a given density is equivalent to solving an optimal transport problem with a cost function given by the Coulomb
interaction192,193. This equivalence has led to interest from the applied mathematics community working on optimal
transport problems, resulting in the suggestion of several algorithms190,194,195, together with interesting exact
results196,197.

So far, the SCE problem can be solved exactly for one–dimensional systems196. For spherically symmetric systems, a
conjectured solution156 has been proposed and applied188,191 which is either an exact solution or a highly accurate
approximation197. By applying methods from optimal transport theory, the SCE problem for the dissociating hydrogen
molecule has been solved and both the global159,190 and local159 SCE quantities computed.

The SCE functional can be understood as the complement of the KS functional135,155,156; the Hohenberg–Kohn
universal density functional F () reduces to the KS functional Ts() at the high density, non–interacting limit whilst
it reduces to the SCE functional WSCE() in the low density, strongly–interacting limit,

F ()→

8<:Ts() = min
Ψ0→

〈Ψ0|T̂ |Ψ0〉 –→ 0

WSCE() = min
Ψ∞→

〈Ψ∞|Ŵ |Ψ∞〉 –→∞:
(6.16)

Given this, it can be argued that the SCE functional is a superior starting point than the KS functional for the
description of very strongly correlated systems159,187,188,190.

In the SCE model, electrons are considered to be infinitely or perfectly correlated at the strongly–interacting limit,
thus their positions may be given by an infinite superposition of classical configurations. The fundamental principle is
that the positions of all electrons are determined by a collective variable r; a feature that is captured by co–motion
functions fi (r)156. If a reference electron is at r, then the position of all other electrons in the system will be given
by ri = fi (r)156. Since the electrons are perfectly correlated, the probability of finding the reference electron at ri is
equal to the probability of finding the i th electron at fi (r). Therefore, the co-motion functions are defined by the
solution to the differential equation156

(fi (r))dfi (r) = (r)dr: (6.17)

A more detailed description of the properties of co–motion functions may be found in Refs. 134,156,188,192.

In terms of co–motion functions, the SCE functional WSCE() may be expressed as134

WSCE() =
1

2

Z
(r)

NX
i=2

1

|r − fi (r)|dr: (6.18)

Despite the non–locality of the SCE functional, evident from (6.17), its functional derivative can be readily computed
as185,192

∇vSCE(r) = −
NX
i=2

r − fi (r)

|r − fi (r)|3
; (6.19)

whilst the AC integrand of the SCE functional is simply the xc component of the SCE functional, which can be written
as

W∞() = WSCE()− J(); (6.20)

where J() is the classical Coulomb energy functional defined in (3.139).

118 Chapter 6 Modelling The Correlation Energy Density



To solve the SCE problem for spherically symmetric systems such as the He and Be isoelectronic series examined in
subsection 6.3.4, the approach of Ref. 156 can been used, which is exact if N = 2. For atomic densities with N > 2,
this method represents a close approximation to the true minimum of (6.18), converging on the exact result197. For
general two and three–dimensional systems, solutions to the SCE problem may be obtained by recasting the problem
in the language of mass–transportation theory, in which the SCE functional is computed as the maximum of the
Kantorovich dual problem192

WSCE() = max
u

8<:
Z
u(r)(r)dr

˛̨ NX
i=1

u(r) 6
N−1X
i=1

NX
j>i

1

|ri − rj |
;

9=; (6.21)

where u(r) = vSCE(r) + c, c ∈ R. This optimisation yields both the SCE functional and its functional derivative
and may be used to assist in the development of further approximations, a necessary step to widen the potential
applications of this approach185.

6.3.3 DFAs From The Global Adiabatic Connection

The general definition of the global AC integrand at interaction–strength – was given in Section 3.6 as

W–() =
D

Ψ–

˛̨̨
Ŵ
˛̨̨

Ψ–

E
− J(): (6.22)

The AC integrand may be characterised by several features that can be exactly defined: the expansion of W– in the
non–interacting limit is given by198

W–() =W0() +W ′0()–+ : : : –→ 0; (6.23)

whilst its expansion in the strongly–interacting limit can be expressed as135,155,156

W–() =W∞() +W ′∞()–−1=2 +O(–−n) –→∞ ; n > 5=4: (6.24)

Here, the value of the integrand and its first derivative in the non–interacting limit, W0() and W ′0(), are the
exchange energy and twice the correlation energy given by second–order Görling-Levy perturbation theory (GL2)160,198

respectively. Görling-Levy perturbation theory allows for the correlation energy in a KS system to be calculated directly
from the occupied and virtual KS orbitals as

EGL2
c =

X
ia

˛̨˙
ffii |v̂KS

x − v̂HF
x |ffia

¸˛̨2
"i − "a

+
1

4

X
i jab

|〈ffiiffij ||ffiaffib〉|2

"i + "j − "a − "b
; (6.25)

where the indices i ; j and a; b pertain to occupied and virtual KS spinorbitals respectively, v̂KS
x is the local KS

potential and v̂HF
x the non–local Hartree–Fock (HF) exchange potential. The second term in (6.25) is analogous to

the correlation energy given by second–order Møller–Plesset perturbation theory (MP2)29, described in Section 2.3,
in which ffip and "p are canonical HF orbitals and eigenvalues rather than KS ones. The first term accounts for
the difference between the KS and HF exchange potentials and has a form similar to a single–excitation term in
many–body perturbation theory but which does not feature in the MP2 expression for the correlation energy with
canonical HF orbitals due to Brilluoin’s theorem.

The analogues of W0() and W ′0() at the strongly–interacting limit, W∞() and W ′∞() respectively, have been
studied in Refs. 135,155,156 and the SCE model with which the AC in the strongly–interacting limit may be constructed
is discussed in subsection 6.3.2. In addition to these asymptotic limits, the behaviour of W– under uniform coordinate
scaling is also well–defined199.

To construct practical DFAs one could consider modelling the AC integrand (6.22) using a function that interpolates
between the limits of (6.23) and (6.24). The SCE limit is of particular importance in the present work, however one could
also consider models that intercept any other known point on the AC for – > 0. Several attempts to develop DFAs based
on these ideas have been put forward in the literature, for example in Refs. 112,135,145,155,156,158,181,182,200. Each
form makes a choice of a simple model function and a set of parameters on which to base the model. These parameters
often include the known exact expressions for the terms in (6.23): W0() = Ex({ffii}), W ′0() = 2EGL2

c ({ffip; "p}),
since these may be computed from the set of Kohn–Sham orbitals ({ffip}) and orbital energies ({"p}).

The calculation of W ′0() requires the GL2 correlation energy160,198, resulting in a computational cost similar to that
of the MP2 model in ab initio quantum chemistry29. The parameters in the SCE limit entering (6.24) are clearly also
of special interest in this context since they can be computed numerically to high accuracy for atomic systems and

Chapter 6 Modelling The Correlation Energy Density 119



molecules with cylindrical symmetry156,188,191,197. More frequently, DFAs are derived for points along the AC with
– > 0, often by employing scaling relations to derive forms from existing DFAs. A similar strategy can also be used to
approximate W ′0() using a DFA, see for example Ref. 145.

In tandem with choosing a set of exact or approximate values to parameterise a model for the AC, one must also
choose an appropriate model function for the AC integrand. A number of these have been suggested and many
have been benchmarked in practical applications. One of the simplest and most often used is that of a [1/1] Padé,
as suggested by Ernzerhof181. A range of forms were suggested by Cohen et al. and tested using approximate
parameterisations145, leading to the MCY1 functional in which a [1/1] Padé model is employed. Peach et al.154,201

attempted to disentangle approximations in the choice of parameters from those in the choice of model AC function
by utilising near exact KS orbitals and orbital energies derived from full configuration interaction data to calculate
W0() and W ′0() whilst using the corresponding interacting wavefunctions to evaluate W1() via (6.22). In these
studies, it was noted that whilst a particular AC model form may give high accuracy using exact parameters, this may
be severely reduced when approximate parameters are employed.

Seidl and co workers155,200 were the first to make use of the SCE limit in constructing a global AC model, known as
the interaction strength interpolation (ISI) functional. The revISI model135 was later constructed to take account
of the –−1=2 dependence exhibited by the second term of (6.24), which was not correctly described by the original
approach. Teale, Coriani and Helgaker also proposed forms for the AC integrand based on the structure of traditional
ab initio methodologies112 and parameterised these forms to intercept values of the AC at any – > 0.

The majority of these models for the global AC suffer from the fact they are not size consistent in practice. This
deficiency arises from a non–linear dependence on the parameters W0, W ′0, and a chosen approximation to W–>0.
When these global parameters enter in a non–linear fashion (often as ratios), size consistency is generally difficult to
achieve. One route forward is to construct local AC models, in which these global parameters are replaced with local
values defined at each point in space and which may be more amenable to the construction of models that recover
size–consistency (at least in the usual density–functional sense163).

6.3.4 Modelling The Local Adiabatic Connection

As was discussed in subsection 5.2.1, the expression for the global AC integrand W–() can be re–written in terms of
a local ––dependent xc energy density wxc;–(r) integrated with the density over all space. As subsequently discussed
in subsection 5.2.2, the ––dependent xc energy density may be reduced to the form of a local quantity which, when
spatially integrated with the density, yields the xc energy of the system by taking its integral over – = 0 → 1 to
obtain the coupling–constant averaged (––averaged) xc energy density,

w̄xc(r) =

Z 1

0

wxc;–(r)d–: (6.26)

This provides a form of the energy density which may be considered as a target to be modelled by xc functionals184.
Given the invariance of the exchange energy density to electron–interaction strength, (6.26) may be trivially resolved
into separate exchange and correlation terms as

w̄c(r) = w̄xc(r)− wx(r): (6.27)

The aim of the local interpolation schemes examined in this work is to approximate w̄xc(r) and w̄c(r) through
interpolating the local AC. In principle, this approach is analogous to that of the global AC interpolation schemes
previously discussed, but rather than depending on quantities pertaining to the global AC, they are instead constructed
from their local equivalents. Clearly, a local interpolation will only be physically meaningful if all of the local terms are
defined in the same gauge. It is again both convenient and logical to define all local quantities in the gauge of the xc
hole, in which highly accurate energy densities wxc;–(r) in the range 0 6 – 6 1 have previously been calculated184

and additionally can be computed for small systems in the limit –→∞134,159.

Considering the parameters commonly used to interpolate the global AC referred to in the previous section, W0(),
W ′0() and W∞(), local equivalents of each must be defined within the gauge of the xc hole to permit the direct
translation of global interpolation models into local forms. The local equivalents of each of these quantities and their
possible approximations will be examined in the following discussion.

6.3.4.1 The AC In The Non–Interacting Limit

In the global AC, the non–interacting limit is given by the value of the AC integrand at – = 0, W0, which is simply
equal to the exchange energy evaluated from the KS orbitals as stated in subsection 6.3.3. The local form of this in the
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gauge of the xc hole is simply the exchange energy density wx(r) defined in (5.7). This is equal to half of the non–local
Slater potential86 and is commonly used in local hybrid functionals. Accurate and efficient computational schemes for
this quantity have become available in recent years202,203 and so its use has become more widespread.

6.3.4.2 The Local Slope In The Non–Interacting Limit

The local equivalent of W ′0 is not as simple to define, yet is an essential component of AC interpolation schemes as it
provides a measure of the departure from exchange–only behaviour, in other words provides the information from
which the correlation energy can be approximated. Whilst in global models it may be calculated by GL2 perturbation
theory, there is no analogous expression that yields the local equivalent, which would be defined in the gauge of the
xc hole as

w ′0(r) =
@wxc;–(r)

@–

˛̨̨̨
–=0

≡ @wc;–(r)

@–

˛̨̨̨
–=0

; (6.28)

and related to the initial slope of the global AC, hence the GL2 correlation energy, by

W ′0() = 2EGL2
c =

Z
w ′0(r)(r) dr: (6.29)

Numerical Approximation Of The Local Slope

In the absence of an analytical expression for the local initial slope, in this study w ′0(r) is numerically approximated by
the method of finite difference, with a series of wxc;–(r) for –� 1.
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Figure 6.4: Plots comparing the values of (r) and w ′0(r) along the principle axis of the H2 molecule, measured
from the bond midpoint, with bond lengths of 1:4 a.u. (left) and 6:0 a.u. (right).

The approximate local slopes in the H2 molecule with bond length of 1:4 a.u. and 6:0 a.u. are plotted along the H–H
bond in Figure 6.4, along with the densities from which they are calculated, at the FCI level of theory and in the
uncontracted aug-cc-pCVTZ basis set116. In both cases, the local slope is greatest in magnitude at the nuclei, as
has been seen previously in subsection 5.3.4 for atoms184. It can further be seen that the magnitude of local slope
is significantly larger in the extended H2 molecule, mirroring observations previously made of the global AC in the
dissociating hydrogen molecule112.

The local slopes in the He and Be isoelectronic series are plotted in Figures 6.5 & 6.6 respectively. It is clear that,
with increasing nuclear charge, the charge densities in both series become increasingly contracted. The x–axis in both
plots has been scaled by nuclear charge, highlighting a contrast in their behaviour with respect to the uniform scaling
condition,

lim
‚→∞

Exc(‚)

Ex(‚)
= 1; with ‚(r) = ‚3(‚r); (6.30)

which is satisfied for non–degenerate KS systems138. In Figure 6.5, it can be seen that the slope of the AC becomes
less negative with increasing Z, tending to an asymptotic value as Z → ∞, consistent with the scaling relation
of (6.30). However, the slope of the AC in the Be isoelectronic series becomes more negative with increasing Z,
indicating that the scaling relation is not satisfied by this series110.
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Figure 6.5: Plots of w ′0(r) for the Helium isoelectronic series, with nuclear charges 1 6 Z 6 10, and with radial
distance from the nucleus r / a.u. scaled by nuclear charge.
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Figure 6.6: Plots of w ′0(r) for the Beryllium isoelectronic series, with nuclear charges 4 6 Z 6 10, and with radial
distance from the nucleus r / a.u. scaled by nuclear charge.

A Functional Approximation For The Local Slope

Whilst it is useful to numerically approximate the local slope for the purposes of evaluating local interpolation schemes,
such functionals would only be viable for mainstream use in DFT calculations if they can be described by simple
functional forms.

In global models, the initial slope can be calculated directly from the occupied and virtual KS orbitals using GL2
theory as described in subsection 6.3.3. Whilst no local analogue to this readily defined, previous studies of GL2 theory
have found that the single–excitation term in (6.25), although not necessarily zero, is nonetheless small in magnitude
relative to the MP2–like term204. Therefore, it follows that an approximation to the GL2 correlation energy may be
obtained by evaluating the MP2 correlation energy205, EGL2

c ≈ EMP2
c .

Given that an approximation to the global AC slope may be obtained from an MP2–like calculation, it follows that an
approximation to the local AC slope may be obtained by deriving a local form of this expression. Whilst MP2 theory
treats perturbations of the wavefunction, the analysis may be extended to energy densities in the gauge of the xc hole
by means of the two–particle density (5.3), as the substitution of (5.4) into (6.28) yields the following,

w ′0(r) =
1

2(r)

Z
P ′2(r; r′)

|r − r′| dr′; (6.31)
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where P ′2(r; r′) is the derivative of the two–particle density at – = 0,

P ′2(r; r′) =
@P –2 (r; r′)

@–

˛̨̨̨
–=0

: (6.32)

Given a non–interacting ground state wavefunction Ψ(0), the perturbed wavefunction Ψ– for |–| � |Ψ(1) −Ψ(0)|2 can
be approximated by the series expansion

Ψ– =
X
n=0

–n Ψ(n): (6.33)

Assuming here that Ψ(0) is non–degenerate and has the form of a Slater determinant, the first–order correction to the
wavefunction is given by

Ψ(1) =
X
k

D
Ψ

(0)
k |Ŵ − V̂HF|Ψ(0)

E
E(0)

0 − E
(0)
k

Ψ
(0)
k : (6.34)

Restricting the space of Ψ
(0)
k to only doubly–excited determinants reduces this expression to

Ψ(1) =
X
i jab

D
Ψab
ij |Ŵ − V̂HF|Ψ(0)

E
"i + "j − "a − "b

Ψab
ij : (6.35)

In MP2 theory, contributions to the correlation energy from singly–excited determinants are necessarily zero due to
Brillouin’s theorem29. However, this is not strictly true in GL2 theory as the singles term in (6.25) makes a small, but
non–zero, contribution to the GL2 correlation energy198. As such, considering only double–excitations in the model
for the local slope can only yield approximations to the local slope; spatial integration of this quantity will not return
the exact GL2 correlation energy.

Application of the Slater–Condon rules, described in Section 2.1, to (6.35) allows it to be re–written as

Ψ(1) =
1

4

X
i jab

〈ffiiffij ||ffiaffib〉
"i + "j − "a − "b

Ψab
ij ; (6.36)

where the coefficient to Ψab
ij may be identified as an MP2 double–excitation amplitude tabij ,

tabij =
〈ffiiffij ||ffiaffib〉

"i + "j − "a − "b
: (6.37)

To now obtain P ′2(r; r′), it is necessary to take the derivative of the two–particle density corresponding to the perturbed
wavefunction, Ψ– ≈ Ψ(0) + –Ψ(1). Substituting this into (5.3) and rearranging the resulting expressions yields the
following,

P ′2(r; r′) = N(N − 1)

Z
: : :

Z
@|Ψ–(τ ; τ ′; : : : ; τN)|2

@–

˛̨̨̨
–=0

dffdff′dτ3 : : : dτN

= N(N − 1)

Z
: : :

Z ˛̨̨
2Ψ(0)(τ ; τ ′; : : : ; τN)Ψ(1)(τ ; τ ′; : : : ; τN)

˛̨̨
dffdff′dτ3 : : : dτN

= 2
D

Ψ(0)
˛̨̨
P̂2(r; r′)

˛̨̨
Ψ(1)

E
;

(6.38)

in which it is assumed that the wavefunctions are real and where P̂2(r; r′) denotes the pair–density operator

P̂2(r; r′) = N(N − 1)
X
i 6=j

‹(r − ri )‹(r′ − rj): (6.39)

Substituting (6.36) into (6.38) gives,

P ′2(r; r′) =
X
i jab

tabij

D
Ψ(0)

˛̨̨
P̂2(r; r′)

˛̨̨
Ψab
ij

E
; (6.40)

which may then be resolved into the following orbital–explicit expression,

P ′2(r; r′) = 2
X
i jab

tabij
˘
ffii (r)ffij(r′)ffia(r)ffib(r′)‹ffiffa‹ffjffb − ffii (r)ffij(r′)ffib(r)ffia(r′)‹ffiffb‹ffjffa

¯
: (6.41)
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Substituting (6.41) into (6.31) finally results in an expression for the initial slope of the local AC,

w ′0(r) =
1

2(r)

X
i jab

tabij v
ab
ij (r); (6.42)

where vabij (r) is the antisymmetrised orbital potential,

vabij (r) = ffii (r)ffia(r)

Z
ffij(r′)ffib(r′)

|r − r′| dr′‹ffiffa‹ffjffb − ffii (r)ffib(r)

Z
ffij(r′)ffia(r′)

|r − r′| dr′‹ffiffb‹ffjffa : (6.43)

Multiplying the right–hand side of (6.42) by the density and integrating over all space recovers the MP2–like expression.
This is not an exact expression for the local slope, as the single–excitation term of (6.25) is not accounted for.
However, the omitted term is generally small relative to the MP2–like term, and vanishes entirely for two–electron
systems, hence the expression for the local slope in (6.42) should, in principle, be a fair approximation of the exact
local slope.

The approximation in (6.42) will be subject to implementation and testing against the numerical results presented
previously in subsequent work. The doubles amplitudes tabij are readily obtainable from standard quantum chemical

packages and the potential vabij (r) can also be readily calculated; however, it would likely be computationally expensive
to evaluate on a numerical grid. To reduce this cost a range of techniques, commonly used to accelerate the calculation
of integrals in linear–scaling software packages, may be employed202,206–208.

We note that the behaviour of the local slopes presented in Figures 6.5 & 6.6 may be rationalised in a similar manner
to that commonly discussed for global models in terms of (6.25). This is because of the key role of the doubles
amplitude tabij in (6.42). The doubles amplitude has a dependence on the orbitals and orbital energies that is similar
to that of the GL2 energy in (6.25). In Figure 6.5 it is clear that the correlation energy density for the He isoelectronic
scales quickly towards an asymptotic constant at Z increases. Furthermore, the local slope decays smoothly with
distance from the nucleus, reflecting the behaviour of vabij (r).

The behaviour for the Be isoelectronic series in Figure 6.6 is more complex. The HOMO–LUMO gap is known to
increase106 as Z increases from 4 to 10, from which one would expect the correlation energy to become less negative
according to the behaviour of tabij . In the core region this behaviour is observed, however in the valence region the
trend seen is the opposite, with the correlation energy density becoming more negative with increasing Z. This implies
that the numerator of tabij and the spatial dependence of vabij (r) due to the form of the molecular orbitals are dominant
in this region.

6.3.4.3 Asymptotic Limits Of The AC

SCE Energy Densities

The SCE theory135,156,209, introduced in subsection 6.3.2, provides the framework in which exact global and local
quantities can be obtained in the – → ∞ limit. From the definition of the global AC integrand in the strongly–
interacting limit (6.20), together with that of the SCE functional (6.18), the SCE energy density can be defined
as

w∞(r) =
1

2

NX
i=2

1

|r − fi (r)| −
1

2
vJ(r); (6.44)

where vJ(r) is the Coulomb potential. This expression is in the gauge of the electrostatic potential of the xc hole
(5.2), as shown in Ref. 134. Given that the co–motion functions fi (r) parametrise the square of the Ψ∞ wave
function134,135,156, the SCE energy density can be shown to decay as w∞(r) ∼ −1=2|r|, similar to the physical (– = 1)
and the exchange (– = 0) energy densities of (5.5). Its functional derivative (6.19) also exhibits the correct asymptotic
decay, vSCE(r) ∼ −1=|r|.

Due to the computational difficulties associated with the co–motion functions, SCE energy densities are only relatively
easily computed for 1D189 and spherically symmetric systems134,156. To compute the SCE energy density for general
3D systems, the dual Kantorovich SCE formulation159 may yield a solution, however computational cost still imposes
a practical limitation on its use.

In considering approximations to the SCE energy density for use in local interpolation, there are several important
properties to examine. The most important of these is that any such approximation must be defined in the gauge
of the xc hole. Additionally, models that give a reasonably accurate representation of the SCE energy densities, in
particular having the correct asymptotic decay, w∞(r)→ −1=2|r| as |r| → ∞, are more favourable. It is important to
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note however that more accurate W∞() and w∞(r) do not necessarily result in a more accurately approximated
w̄xc(r). This can occur where errors arising from inadequacies of the interpolation model partially cancel errors in the
approximate input quantity, leading to a more accurate overall approximation. This will be considered in due course
as approximations to the SCE model are examined below.

NLR & PC Energy Densities

Here, the approximations to the SCE functional used in this work, the nonlocal radius (NLR)210 and point–charge
plus continuum (PC)200 models, are introduced and their respective properties discussed.

The NLR functional has a non–local structure, inspired by the exact SCE functional134, with the model xc hole210

hNLR
xc (r; r′) = −(r′) „ (rNLR(r)− |r − r′|) ; (6.45)

where „(x) is the step function

„(x) =

(
0 x < 0

1 x > 0
(6.46)

and rNLR(r) is the nonlocal radius. Wagner and Gori-Giorgi defined rNLR(r) by generalizing the Wigner–Seitz radius
rs,

rs(r) =

„
3

4ı(r)

« 1
3

; (6.47)

itself a local function depending only on the density, to nonuniform densities210 satisfying the relationZ
(r′) „(rNLR(r)− |r − r′|) dr′ = 1; (6.48)

thus defining rNLR(r) as the radius of a sphere containing one electron. This can equivalently be written as an integral
over Ω (r), the volume of a sphere centred at r and with radius rNLR(r),Z

Ω(r)

(r′) dr′ = 1: (6.49)

For systems with uniform densities, rNLR(r) simply reduces to the Wigner–Seitz radius. For nonuniform systems,
rNLR(r) contains nonlocal information, as it depends on the density at all the points in the sphere centred at r and
with radius rNLR(r).

From the model xc hole in (6.45), it can be shown210 that the NLR energy density may be expressed as

wNLR
∞ (r) = −1

2

Z
Ω(r)

(r′)

|r − r′| dr′ (6.50)

and thus the global equivalent WNLR
∞ () is given by210

WNLR
∞ (r) = −1

2

Z Z
Ω(r)

(r)(r′)

|r − r′| dr′ dr: (6.51)

The NLR functional has been implemented in the Gaussian211 and Turbomole212 electronic structure packages180,213.
The NLR model has recently been refined and improved by Bahman, Zhou & Ernzerhof214 by the addition of a shell
of positive charge density, again inspired by the exact134 SCE xc hole and an efficient method of implementing both
the NLR and shell models has been derived214.

The other approximation for the strongly–interacting limit considered here is the PC model of Seidl and coworkers, in
which –→∞ quantities are modelled at a semi–local level200. This approximation was developed before empirical
results on the exact SCE functional became available134,156,192 and, in contrast to the NLR approximation, does not
model the xc hole directly. Detailed analysis does however show that the PC model, at least in the LDA expansion of
(6.52), yields energy densities in the gauge of the electrostatic potential of the xc hole134, thus making them suitable
for use in local interpolation schemes. Truncating the PC model at the LDA level leads to an energy density expressed
as

wPC−LDA
∞ (r) = − 9

10

„
4ı

3

« 1
3

(r)
1
3 ; (6.52)
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Figure 6.7: Left panel: Plots of the difference between the exact and approximate strongly–interacting limit energy
density for the Helium atom, ‹w∞(r) = w∞(r) − wmodel

∞ (r), with respect to the distance from the
nucleus, r / a.u. Right panel: The quantity ‹w∞(r) multiplied by the density and spherical volume
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whilst truncating at the GGA level yields the energy density,

wPC−GGA
∞ (r) = wPC−LDA

∞ (r) +
3

350

„
3

4ı

« 1
3 |∇(r)|2

(r)
7
3

: (6.53)

In Figure 6.7, the difference between w∞(r) computed using SCE theory and its approximate forms are plotted for the
Helium atom. It is evident that the NLR energy density is the most faithful to the SCE reference of the three, whilst
the two PC forms present a slightly more nuanced picture. At the global level, the PC-GGA approximation appears to
have an accuracy superior even to that of the NLR model, with the PC-LDA approximation yielding the greatest
error by a considerable margin. However, examination of the errors in the energy densities themselves reveals that the
PC-GGA energy density exhibits a highly unphysical asymptotic decay, compared to the broadly reasonable asymptotic
decay of the NLR and PC-LDA energy densities, suggesting that its apparent accuracy at the global level may be
largely the product of error cancellation134.

Given the definition of the xc hole in (5.2), and by virtue of the xc hole sum ruleZ
h–xc(r; r′) dr′ = −1; (6.54)

it can be seen that wxc;–(r)→ −1=2|r| as |r| → ∞, for any given –134. In the same way, it can be seen from (6.50)
& (6.49) that the NLR energy density will exhibit the correct asymptotic behaviour. However, it is apparent from
(6.52) & (6.53) that this will not be the case for the PC-LDA & PC-GGA energy densities respectively.

In Figure 6.8 the SCE, NLR, PC-LDA and PC-GGA energy densities are plotted for the Ne6+ ion (an example pertinent
to later discussion). It can be seen that, as in the case of the Beryllium atom discussed in Ref. 210, the NLR energy
density lies above the SCE energy density in the core region and below in the valence region210. Additionally, it can
be seen that the PC-LDA and PC-GGA energy densities have the predicted unphysical asymptotic behaviour, with the
latter even becoming positive at long range.

This failing can present a challenge to the use of the PC models in local interpolation schemes as it causes both
wPC−LDA
∞ (r) and wPC−GGA

∞ (r) to intersect wx(r). In two of the local interpolation schemes used in the present work,
the interpolated wxc;–(r) would have a non–zero imaginary component and thus be unphysical in regions where
w∞(r) > wx(r) as these models assume that wxc;–(r) monotonically decreases in –. In contrast to the global AC, the
monotonicity of the local AC (in the gauge of the xc hole) has not been formally proven; its assumption in these
models is rationalised by the absence of known antithetic examples in Coulombic systems184,215. For practical purposes,
the interpolation schemes were slightly adapted when using PC model approximations such that wxc;–(r) → wx(r)
where w∞(r) > wx(r).

6.3.4.4 Local Interpolation Models

The local interpolation models examined here are largely simple translations of the well–established global interpolation
models into a local form. This was done for the model of Seidl, Perdew & Levy (SPL)155, the simplified model of

126 Chapter 6 Modelling The Correlation Energy Density



0.0 0.2 0.4 0.6 0.8 1.0r / a.u.

12

10

8

6

4

2

0

w
(r

)

SCE NLR PC-LDA PC-GGA

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
r / a.u.

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

w
(r

)
Figure 6.8: The w∞(r) energy densities in the Ne6+ ion obtained with the following functionals: SCE, NLR,

PC-LDA and PC-GGA.

Liu & Burke (LB)158 and the Padé[1=1]181 model; each of the resulting energy densities are constructed from three
local parameters, a, b and c, defined in the gauge of the xc hole. The functional forms of these three models are
summarised in Table 6.3.

wxc;–(r) a(r) b(r) c(r) Refs.

SPL a + b√
1+c–

w∞(r) wx(r)− w∞(r) − 2w ′0(r)
wx(r)−w∞(r) 155,156

LB a + b
“

1
(1+c–)2 + 1√

1+c–

”
w∞(r) 1

2 (wx(r)− w∞(r)) − 4w ′0(r)
5(wx(r)−w∞(r)) 158

Padé[1/1] a + b–
1+c– wx(r) w ′0(r)

wp(r)−wx(r)−w ′0(r)
wx(r)−wp(r) 181,183

Table 6.3: Functional forms of the local AC interpolation models (for the Padé[1=1], p > 0, p ∈ R).

In addition to these, a local form of the two–legged representation182 was constructed which, given some value of
w1(r), takes the form

wxc;–(r) =

(
wx(r) + –w ′0(r) – 6 x–

w1(r) – > x–
(6.55a)

x– =
w1(r)− wx(r)

w ′0(r)
: (6.55b)

In each of these four models, integration of wxc;–(r) with respect to the coupling–constant gives the ––averaged xc
energy density w̄xc(r) which, if spatially integrated according to (5.10), yields the xc energy Exc().

An important observation in the translation of global to local models is that, whilst the following global inequalities
are always satisfied,

W0() > Exc() >W1() >W∞(); (6.56)

their local counterparts do not necessarily satisfy these same inequalities. It has previously been observed for the
Hooke’s atom series that, in the tail regions of the density, w∞(r) can be less negative than w1(r)134. In this work,
the crossing of w∞(r) with w̄xc(r), w1(r) and wx(r) has only been observed in the tail regions of the density and is
thought to be an artefact of the numerical instability that occurs where the density is very small.

6.3.5 Performance Of Local AC Models

Having set–out the local AC interpolation models with exact & approximate forms of parameters required in their
construction, the results of testing these models are to be presented here. In the first instance, these models will be
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tested for using accurate input parameters to confirm that the translation of AC interpolation schemes from a global
to a local form yields workable local models and to test their accuracy. The local interpolation schemes are further
tested using various approximate input parameters considered in the previous subsection to examine how this affects
the quality of the model, thus indicating their potential viability as new DFAs for use in general calculations.

6.3.5.1 Local Models With Accurate Parameters

Helium Isoelectronic Series

Although the Helium isoelectronic series are a set of only two–electron systems, it is a useful series to consider in
evaluating the local interpolation models since most standard DFAs incorrectly characterise the hydride ion (H−),
failing to predict its existence as a bound electronic system201,216. Here, local interpolation models are constructed
with input quantities in the form of energy densities acquired by Lieb optimisation at the FCI level, as described in
subsection 5.2.3, for 0 6 – 6 1 and at – =∞ by evaluating the SCE functional on the – = 1 density – also at the
FCI level of theory.

Z FCI Local SPL Global SPL Local LB Local Padé[1=1]

1 −0:0409 −0:0367 −0:0368 −0:0398 −0:0401
2 −0:0400 −0:0378 −0:0380 −0:0394 −0:0399
3 −0:0410 −0:0393 −0:0395 −0:0404 −0:0409
4 −0:0416 −0:0402 −0:0404 −0:0411 −0:0415
5 −0:0418 −0:0408 −0:0409 −0:0415 −0:0418
6 −0:0419 −0:0410 −0:0411 −0:0416 −0:0418
7 −0:0414 −0:0407 −0:0408 −0:0412 −0:0414
8 −0:0412 −0:0405 −0:0406 −0:0410 −0:0412
9 −0:0411 −0:0405 −0:0406 −0:0409 −0:0411
10 −0:0411 −0:0405 −0:0407 −0:0408 −0:0411

Table 6.4: Reference and interpolated Ec values, in Hartree, for the He isoelectronic series.

In Table 6.4, the correlation energies given by local forms of the SPL, LB and Padé[1=1] models (parameterised using
w1(r)) are given, along with that given by the global SPL model and the FCI correlation energy for comparison. This
data shows that the local interpolation correlation energies are in close agreement with the FCI reference values; the
mean absolute error (MAE) of the local interpolation models are 1:5 mH, 0:5 mH and 0:1 mH, for the SPL, LB and
Padé[1=1] models respectively, with errors generally decreasing with Z.

As would be expected, the local Padé[1=1] is the most accurate of the models, given that it is derived from the full
interacting energy density. This data further suggests that the local LB model is marginally superior to the local SPL
model. However, comparing the global and local models shows a slightly lower error for the global model; the local
SPL model has an MAE of 1:5 mH, compared to 1:3 mH for the global model.

Figure 6.9 compares the FCI w̄c(r) with that of the local LB and SPL models, for the Helium atom. This reflects the
numerical data in Table 6.4, both being very close to the FCI energy density but with slightly lower error in the LB
model.

Beryllium Isoelectronic Series

The changes in correlation energy across the Beryllium isoelectronic series are somewhat more complicated than
those in the Helium isoelectronic series, with its explanation involving the interplay of several effects. With increasing
nuclear charge, the density becomes increasingly contracted, suggesting that the correlation energy should approach
the high–density limit for very large Z. However, this is accompanied by a changing HOMO–LUMO gap, here the
energy difference between 2s and 2p orbitals, which increases from Z = 4 → 13 before decreasing with higher Z
values106.

Table 6.5 shows the reference and interpolated Ec results for the Be isoelectronic series, with Z in the range 4− 10.
The wave function for – values between 0 and 1 has been computed at in the same way as for the He isoelectronic
series, however at the CCSD level of theory rather than FCI. As for the Helium series, the local Padé[1=1] that uses
w1(r) is the most accurate of the local interpolation models. However, in contrast to the findings for He isoelectronic
series, the local interpolation models are much more in–line with the reference data than the global models. For
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Figure 6.9: Plots of the FCI, local LB and local SPL ––averaged correlation energy density in the Helium atom.

Z CCSD Local SPL Global SPL Local LB Local Padé[1=1]

4 −0:0920 −0:0876 −0:1049 −0:0925 −0:0911
5 −0:1089 −0:1041 −0:1250 −0:1100 −0:1076
6 −0:1244 −0:1202 −0:1455 −0:1271 −0:1229
7 −0:1389 −0:1363 −0:1668 −0:1443 −0:1373
8 −0:1534 −0:1532 −0:1898 −0:1626 −0:1517
9 −0:1683 −0:1717 −0:2157 −0:1826 −0:1666
10 −0:1833 −0:1920 −0:2447 −0:2046 −0:1817

Table 6.5: Reference and interpolated Ec values, in Hartree, for the Be isoelectronic series.

example, in the case of F5+ the global SPL model has an MAE of 47:4 mH, whereas the error for the local SPL model
is 3:5 mH.
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Figure 6.10: Plots of the CCSD, local LB and local SPL ––averaged correlation energy density in the Beryllium
atom.

Figure 6.10 shows the ––averaged correlation energy densities for the Beryllium atom. The shape of w̄c(r) reflects the
shell structure of the Be atom110,184. The local SPL and LB interpolation models appear to qualitatively capture
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the shell structure of w̄c(r), however in some regions they overestimate the reference value whilst in other regions
the converse is the case. The error cancellation that results from this is the most likely explanation for the superior
accuracy of the local models in comparison to the global models.

Hydrogen Molecule

Despite the development of DFT into the most widely–applied electronic structure method, and the wealth of DFAs
for the xc energy that have been developed, there are some systems for which no combination of DFAs provide an
accurate description. A well–known example of such a system is the dissociating H2 molecule217. Standard DFAs
become increasingly inaccurate with greater H–H bond length, reflecting a fundamental flaw of DFAs in their inability
to properly treat strong correlation.

The KS SCE approximation, proposed in Ref. 185, uses the SCE functional to approximate the Coulomb and xc
energy and is equivalent to settingW–() =W∞() for all –. It has been seen previously159,190 that KS SCE correctly
predicts the dissociation of H2 in a spin–restricted formalism, however at equilibrium geometry the energies it predicts
are extremely low and the bond lengths predicted are overly short. The overall accuracy of KS-SCE for H2 dissociation
can be substantially improved by the addition of nonlocal corrections159.
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Figure 6.11: Potential energy curves for the H2 molecule obtained using the local interpolation methods: SPL,
Liu-Burke, two-legged representation combined with the Liu-Burke model, Padé[1=1] with w1(r).
Restricted HF, PBE and FCI curves are also shown for comparison.

Figure 6.11 shows the dissociation curves for H2 given by the local interpolation models, along with those given by HF,
FCI and the PBE functional92 for comparison. The computational details are the same as those of the He isoelectronic
series, and the PBE, HF and FCI curves have been obtained from the Dalton quantum chemistry package150, all
within the uncontracted aug-cc-pCVTZ basis set116. The SCE energy density has been computed by using the dual
Kantorovich method159, described in subsection 6.3.2.

It can be seen in Figure 6.11 that all of the interpolation models correctly predict the dissociation of H2, which
follows from their inclusion of w∞. In global AC models, at infinite separation the initial slope diverges as a result
of the vanishing HOMO–LUMO gap, and the SPL and LB models reduce to W∞(), yielding the exact energies.
However, the dissociation curves produced by the local models approach the FCI curve slowly, resulting in an unphysical
‘bump’–like feature. This is a well–known failing of DFT, having been observed with other functionals, such as the
random–phase approximation217 and even the global Padé[1=1] model with W1()154. It can be seen in Figure 6.11
that this is not remedied by the local interpolation approach, as the curve obtained by the local Padé[1=1] also exhibits
this unphysical bump, as does that given by the local SPL model and, to a lesser extent, the local LB model.

Additionally, the two–legged representation of (6.55a) has been used to model the local AC, incorporating the
interpolated w1(r) of the LB model. In regions of the dissociation curve where the unphysical bump is present, this
model is more accurate than the local Padé[1=1] with w1(r). This may be understood by comparing the exact local
AC data with the interpolated quantities. The left panel of Figure 6.12 shows the difference ‹w(r) between w̄FCI

c (r)
and that of each of the local interpolation models w̄model

c (r), along the H–H bond at the 5:0 a.u. geometry, as a
function of the distance z from the bond midpoint. This difference is multiplied by the density to represent an energy
per volume element. It shows that the local SPL energy density is the one that most overestimates the w̄c(r). The
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Figure 6.12: Plots of the difference between FCI and interpolated ––averaged energy densities, ‹w(r) = w̄FCI
c (r)−

w̄model
c (r), with respect to the distance z from the bond midpoint (left), and the local AC curves at

one of the nuclei for the FCI and local interpolation models (right), in H2 with 5:0 a.u. bond length.

error is smaller for the LB model and even more so for the local Padé[1=1] model. The error is smallest with the
two–legged model, obtained using the w1(r) of the local LB approximation. Furthermore, there is error cancellation in
the two–legged model, as there are regions where the w̄c(r) of this model underestimates w̄FCI(r).

It can also be seen that the curves shown in the left panel of Figure 6.12 have a maximum at the nucleus (z = 2:5).
Focusing on this region, it appears that the FCI curve meets that of the Padé[1=1] at – = 1, and that the two–legged
representation curve also meets that of the LB model at – = 1. This follows from the construction of the Padé[1=1]
and two–legged curves from wFCI

1 (r) and wLB
1 (r) respectively. All curves, except for that of the two–legged model, lie

above the FCI curve. In the case of the two–legged interpolation model, the first line segment is below the FCI curve,
as a result of (6.55a) and the convexity of the given local AC curve. The second line segment that starts at x– ∼ 0:1
is given by wLB

1 (r), and lies above the FCI curve. The resulting error cancellation makes it clear why the two–legged
representation appears more accurate than the other models.

6.3.5.2 Local Models With Approximate Parameters

Following the previous discussion of local interpolation models constructed with accurate input parameters, an
examination is now made of atomic correlation energies and H2 dissociation curves computed using local interpolation
models constructed from approximate input parameters, comparing the results obtained when using the SCE theory to
model the strongly–interacting energy densities to those obtained using its NLR and PC approximations. With this
aim, the accurate data for the non–interacting energy density and the local initial slope215 employed previously are
used in the present evaluation of interpolation functionals as this allows the effect of substituting the SCE energy
density with an approximation to be isolated & explicitly observed.

In addition, the results of the local interpolation schemes are reported for the LiH dissociation curve, in this case using
only the NLR approximation for the energy densities in the strongly–interacting limit, comparing and rationalising the
performance of global and local interpolations.

As in the preceding work215, Lieb optimisation calculations of the type described in subsection 5.2.3 were employed to
compute accurate energy densities wxc;–(r) for – = 0 and for a range of –� 1 to numerically approximate the initial
slope w ′0(r). This was carried out using the implementation of Refs. 111,112 in a development version of the Dalton
quantum chemistry package150, with the full configuration–interaction (FCI) and coupled–cluster singles and doubles
(CCSD)44 methods being used to compute E–(v). All calculations of two–electron systems and those of LiH were
undertaken with a FCI wavefunction, whilst the remaining systems were treated at the CCSD level. Additionally, the
uncontracted aug-cc-pCVTZ basis set was selected as the orbital and potential basis set for all systems excluding LiH,
for which the uncontracted cc-pVDZ basis was used instead116,218.

To compute SCE quantities for the atomic systems considered here, co–motion functions are obtained by using
the conjectured SCE solution for spherically symmetric systems156, yielding either exact or very accurate energy
densities197,219. For the H2 molecule, the SCE energy densities were computed via the dual Kantorovich SCE
formulation192,220, described in Ref. 159. The key quantity necessary in the evaluation of the NLR energy densities is
the NLR radius rNLR(r), which was computed using the method described in Ref. 210. The PBE92 and FCI dissociation
curves for the hydrogen molecule were calculated using the Dalton quantum chemistry package150.
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Atomic Correlation Energies

The correlation energies of several atomic/ionic systems computed with the SPL and LB interpolation schemes and
with the SCE, NLR and PC models providing the –→∞ quantities are presented for global interpolation in Table 6.6
and local interpolation in Table 6.7. Among these systems are two that are typically poorly described by contemporary
DFAs; these are the H− ion, generally not predicted to be bound216 and the Ne6+ ion which belongs to the Beryllium
isoelectronic series, a series exhibiting strong near–degeneracy effects with increasing nuclear charge Z 106,215.

It is evident from Tables 6.6 & 6.7 that local interpolation always yields a lower mean absolute error (MAE) than the
corresponding global interpolation. Indeed, the least accurate local interpolation (the LB model using wPC−GGA

∞ (r))
has a lower MAE than the most accurate global interpolation (the SPL model using WNLR

∞ ()).

In Figure 6.13, the global AC (with exchange omitted) obtained by global and local interpolation with the SPL mode,
using both the SCE and NLR input quantities, are presented for the Ne6+ ion. It can be seen that the curves pertaining
to the local interpolation schemes are considerably closer to the reference AC (Lieb/CCSD) than those pertaining to
global interpolation. This would indicate that the advantage conferred by a local interpolation approach over a global
interpolation approach is significantly greater than any depreciation in accuracy resulting from approximating SCE
quantities with those of the NLR model. Furthermore, it can be seen from Table 6.7 that the accuracy of these atomic
correlation energies depends more on the interpolation model chosen than the accuracy of the –→∞ quantities from
which they are constructed.

Species Eref
c SPL SCE SPL NLR SPL PC-GGA SPL PC-LDA LB SCE LB NLR LB PC-GGA LB PC-LDA

H− -0.0409 -0.0368 -0.0352 -0.0360 -0.0415 -0.0399 -0.0383 -0.0391 -0.0444
He -0.0400 -0.0381 -0.0371 -0.0376 -0.0401 -0.0396 -0.0388 -0.0392 -0.0413
Be -0.0920 -0.1049 -0.1025 -0.1042 -0.1095 -0.0925 -0.1071 -0.1085 -0.1128
Ne6+ -0.1833 -0.2447 -0.2399 -0.2435 -0.2527 -0.2526 -0.2487 -0.2517 -0.2590
Ne -0.3470 -0.3940 -0.3840 -0.3940 -0.4010 -0.4050 -0.3970 -0.4050 -0.4100
Ar -0.4040 -0.4880 -0.4810 -0.4880 -0.4910 -0.4940 -0.4890 -0.4940 -0.4960
MAE/mH - 35 32 35 38 37 37 39 43

Table 6.6: The atomic (ionic) correlation energies, in Hartree, obtained by global SPL & LB interpolation with
the exact (SCE) and approximate (NLR, PC-LDA & PC-GGA) W∞ interpolation quantities.

Species Eref
c SPL SCE SPL NLR SPL PC-GGA SPL PC-LDA LB SCE LB NLR LB PC-GGA LB PC-LDA

H− -0.0409 -0.0367 -0.0344 -0.0364 -0.0416 -0.0398 -0.0375 -0.0393 -0.0444
He -0.0400 -0.0378 -0.0370 -0.0347 -0.0393 -0.0394 -0.0388 -0.0359 -0.0405
Be -0.0920 -0.0876 -0.0904 -0.0763 -0.0925 -0.1049 -0.0955 -0.0804 -0.0973
Ne6+ -0.1833 -0.1919 -0.1997 -0.1653 -0.2036 -0.2045 -0.2124 -0.1760 -0.2156
Ne -0.3470 -0.3830 -0.3720 -0.3770 -0.3870 -0.3960 -0.3860 -0.3900 -0.3980
Ar -0.4040 -0.4450 -0.4360 -0.4350 -0.4510 -0.4590 -0.4510 -0.4940 -0.4640
MAE/mH - 16 14 17 18 23 21 26 25

Table 6.7: The atomic (ionic) correlation energies, in Hartree, obtained by local SPL & LB interpolation with the
exact (SCE) and approximate (NLR, PC-LDA & PC-GGA) w∞ interpolation quantities.

In addition, it can also be seen that the MAE for the SPL model is smaller than that for the LB model, for both the
global and local interpolation schemes. Interestingly, interpolating using the NLR approximation rather than the exact
SCE form of W∞() and w∞(r) results in a lower MAE. It has previously been observed that interpolation using SCE
quantities often leads to an underestimation of atomic correlation energies215 and that higher values of W∞() results
in a higher globally interpolated correlation energy. In these systems, WNLR

∞ () >W∞() and thus has the effect of
partially offsetting the interpolation error. Whilst correlation energies obtained by global interpolation with SCE are a
lower bound to those obtained with the NLR model in its place, this is not necessarily the case for the local correlation
schemes. As shown in Table 6.7, for Be and Ne6+ the correlation energies obtained by interpolation with wNLR

∞ (r) are
lower than those obtained with the exact w∞(r). This is reflected in the AC curves for Ne6+, shown in Figure 6.13, in
which that obtained by local interpolation with NLR parameters lies below that resulting from local interpolation with
SCE parameters, despite the fact that WNLR

∞ () ∼ −11:0 H compared to W∞() ∼ −11:5 H.

To rationalise these observations, it is useful to consider the corresponding energy densities; Figure 6.14 shows the
––averaged correlation energy density in Ne6+, multiplied by density and spherical volume element, obtained with
both SPL and LB interpolation each using w∞(r) and wNLR

∞ (r) as input quantities, with the reference energy density
for comparison. It appears from Figure 6.14 that the interpolation accuracy has a greater degree of dependence
on interpolation model itself than on the accuracy of the w∞(r) input parameter, as the energy densities exhibit a
greater difference between SPL & LB than between SCE & NLR. It can also be seen that the two energy density
curves obtained by interpolation with NLR quantities appear to be slightly below those obtained with the SCE
quantities.
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Figure 6.13: The global correlation AC curves for the Ne6+ ion obtained from the CCSD reference and from the
global and local SPL interpolation model, constructed with interpolation parameters from the SCE
model & its NLR approximation.
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Figure 6.14: The ––averaged correlation energy densities multiplied by the density and spherical volume element
for the Ne6+ ion, obtained by both LB and SPL interpolation models and employing both the SCE
and NLR – → ∞ energy densities, denoted SPL/LB and SPL NLR/LB NRL respectively. The
reference curve has been computed at the CCSD level.

As described in relation to Figure 6.8, in the core region of Ne6+ (r . 0:32) wNLR
∞ (r) > w∞(r), whereas the opposite

is generally true in the valence region. In the SPL and LB models, the sensitivity of the interpolated energy density
to w∞(r) is dependent on the magnitude of the local slope w ′0(r); in regions where w ′0(r) → 0, wxc;–(r) simply
approaches the exchange energy density as the correlation energy density itself vanishes, hence the accuracy of w∞(r)
has a minimal effect on the interpolated wxc;–(r). However, the converse is true in regions where w ′0(r)→ −∞, as the
interpolated energy densities for both models would approach w∞(r), making them highly sensitive to its accuracy.
It can be seen in Figure 6.14 how that reflects on the interpolated energy densities. In the core region, the NLR
based interpolated energy densities (labeled SPL NLR and LB NLR) are virtually indistinguishable from those that
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are based on the SCE (labeled SPL and LB). Therefore, in the core region the interpolation model conceals the
difference between wNLR

∞ (r) and w∞(r). In the valence region, where the local interpolation is much more sensitive to
the changes in w∞(r), it is apparent that the NLR–based interpolated energy densities are below the SCE–based ones.
It is for this reason that, in the case of the Ne6+ ion, the NLR–based local interpolation gives a lower correlation
energy than the SCE–based local interpolation, exemplifying an interesting difference between the global and local
interpolation approaches.

The H2 Dissociation Curve

Figure 6.15 displays the H2 dissociation curves obtained by local interpolation with the two–leg and LB models, using
both SCE and NLR input parameters, in comparison to those acquired with FCI and the PBE functional.
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Figure 6.15: The H2 dissociation curves obtained by the local LB and two-legged model interpolation with the
SCE and NLR w∞(r) interpolation input parameters, denoted LB/2-leg and LB NLR/2-leg NLR
respectively. The PBE and FCI curves are shown for comparison.

It can be seen in Figure 6.15 that the dissociation curves given by the two interpolation models differ only slightly
when the NLR model is used in place of the SCE model. Additionally, both models correctly predict the H2 dissociation
limit when using the NLR approximation, reflecting the underlying ability of the NLR model itself to dissociate the H2

molecule correctly210,215.

More pertinent however is the region of the dissociation curve at intermediate bond lengths for which DFT, combined
with methods constrained to be exact in the dissociation limit, generally exhibits an unphysical ‘bump’215,217. It was
shown previously in subsubsection 6.3.5.1 that the local interpolation approach, even with exact input parameters,
does not entirely eliminate this erroneous feature, although it is significantly attenuated with the local two–legged
interpolation model215. In Figure 6.15, it can be seen that this feature is somewhat worsened when the NLR model
is used in place of the SCE model for w∞(r) as the input for the local interpolation scheme. In this region, the
local initial slope is already large in magnitude (and increasing with bond length) thus there is a strong sensitivity
of the interpolation models to the accuracy of w∞(r). The approximate nature of the NLR model therefore has its
most significant impact in this part of the dissociation curve. In contrast, approximating the SCE energy density
with the NLR energy density in the interpolation models has considerably less effect on the energy computed at the
equilibrium bond length, reflecting the lower sensitivity to the –→∞ quantities. It is also noted that all of the local
interpolation forms are more accurate than spin–restricted PBE at the equilibrium bond length. The dissociation
curves computed using the SPL model are omitted from Figure 6.15 for clarity, however it is noted that their properties
are broadly similar to those of the LB curves but with a more pronounced unphysical feature at intermediate bond
lengths215.

Figure 6.16 shows the H2 dissociation curves obtained by interpolation using the PC model to approximate w∞(r).
As described in subsection 6.3.4, in the present work the PC model is examined at both the LDA level and at the
GGA level, containing gradient–dependent terms. It appears from Figure 6.16 that the most accurate dissociation
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Figure 6.16: H2 dissociation curves obtained by local (loc) and global (glo) LB and two-legged interpolation
models using PC-LDA and PC-GGA input parameters. The PBE and FCI curves are shown for
comparison.

curve obtained using PC model energy densities is the global two–legged model using PC-GGA to approximate w∞(r).
As observed in Figure 6.16, the two–legged model gives a more accurate dissociation curve than the LB interpolation
model, however in this case the differences between interpolation models themselves are overshadowed by those
arising from the use of different –→∞ quantities. There is also a marked difference between the dissociation curves
obtained by global and local LB interpolation using PC-GGA input quantities; whilst global interpolation yields a
qualitatively accurate dissociation curve with only a small underestimation of the dissociation limit, local interpolation
employing wPC−GGA

∞ (r) yields a curve that becomes highly unphysical beyond the equilibrium geometry and results in
an energy much lower than that of two hydrogen atoms in the dissociation limit. This is directly attributable to the
superior performance of WPC−GGA

∞ () over wPC−GGA
∞ (r) where, as seen in Figure 6.8, the PC-GGA energy density has

erroneous long–range behaviour however global error cancellation results in a factitiously accurate WPC−GGA
∞ (). In

the local interpolation scheme, wxc;–(r)→ wx(r) where wPC
∞ (r) crosses wx(r) and as such there is no equivalent error

cancellation for local interpolation.

The dissociation curves based on PC-LDA model input parameters are considerably poorer than those yielded by
the PC-GGA model, both with a global and local interpolation scheme. For global interpolation, a quantitative
comparison of their accuracies at the H2 dissociation limit can be made by considering that the xc energy should
cancel the Coulomb energy and that W ′0()→ −∞ in this limit, hence Exc()− J() =W∞()− J() = 0 should be
satisfied. For the infinitely stretched H2, WPC

∞ () will be twice WPC
∞ () evaluated on the density of a hydrogen atom.

Whilst this error is relatively small for PC-GGA, WPC−GGA
∞ () − J() = −0:3 mH, it is much larger for PC-LDA,

WPC−LDA
∞ ()− J() = 312 mH.

Whilst local interpolation using wNLR
∞ (r) in place of the exact SCE quantities give reasonably accurate dissociation

curves for H2, those obtained with the computationally cheaper wPC
∞ (r) appear volatile and unphysical and as such

presently seem an inappropriate choice to substitute SCE energy densities in local interpolation models. The use
of the PC model in global interpolation schemes appears to show more promise, yielding qualitatively accurate H2

dissociation curves when using WPC−GGA
∞ ()134. The accuracy of global interpolations that include the PC model and

the issues coming from the lack of size consistency have been recently investigated in Ref. 221.

The Lithium Hydride Dissociation Curve

Size consistency within the global interpolation models that used in this work is still preserved for systems that
dissociate into equal fragments, assuming that the interpolation input quantities are size consistent themselves –
which is not necessarily the case for the exchange energy and GL2 correlation energy in a spin-restricted framework, as
discussed in Ref. 221. For this reason, it would be interesting to compare the performance of the local interpolation
models against the global ones in the case of heterolytic dissociation. Figure 6.17 shows the dissociation curves
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obtained by the local and global SPL interpolation and the reference (FCI) curve for comparison. For both the
global and local interpolation schemes, the NLR approximation is used to provide the input quantities: WNLR

∞ () and
wNLR
∞ (r), respectively.
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Figure 6.17: The LiH dissociation curves obtained by FCI, NLR and the global and local SPL interpolation with
the NLR quantities.

It can be seen that the energies of the stretched LiH obtained by the global SPL interpolation are erroneously low. In
the dissociation limit of LiH there is a step in the KS potential closer to the hydrogen, the more electronegative of the
two atoms222–224. This step ensures that in the dissociation limit the atomic HOMO orbital energies are re–aligned
and the molecule correctly dissociates into neutral atoms222–224. This is also why the KS HOMO-LUMO gap vanishes
in the dissociation limit of LiH, as it happens in the Hydrogen molecule. As the gap closes and W ′0() diverges, the
global SPL interpolation of W–() reduces to WNLR

∞ (). The energy of the latter are extremely low as can be seen
from the inner panel of Figure 6.17, which shows the NLR dissociation curve corresponding to the approximation:
W–() ≈ WNLR

∞ ().

In contrast to the global interpolation model, it can be observed that the locally interpolated energies are fairly
concordant with the reference data up to a bond length of R ∼ 7 a.u. However, as the HOMO-LUMO gap vanishes,
the local slope will eventually become divergent everywhere215, with the result that the locally–interpolated energies
tend towards the NLR energies of the two fragments. The NLR energy is correct for the H atom (as NLR is exact for
any one-electron density), but it over-correlates the Li atom. It is thus seen that the local slope is yet not sufficient to
indicate the level of static correlation at a given point in space as it depends on the HOMO-LUMO gap, which is a
global quantity. Other means of indicating the presence of strong correlation such as those recently proposed in Refs.
180,225,226, or the introduction of a local form of the HOMO-LUMO gap as described in Ref. 227 may provide a
way of ameliorating the problem with the local slope; this may be considered in future work.

6.3.6 Correlation Indicator & Lower Bound To The Energy

In this subsection, the two–legged interpolation model between zero correlation and strong correlation is used to
define and compute what may be considered a correlation type indicator and additionally to propose a lower bound to
the exact energy tighter than those previously established185.
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6.3.6.1 Simple Correlation Type Indicator

In quantum chemistry, electron correlation is usually classified into the intuitive concepts of dynamical and nondynamical
correlation, as introduced in Chapter 2 and further discussed in Chapter 5. Dynamical correlation is considered to be
a short–range effect that is well treated by perturbation theories such as Møller–Plesset perturbation theory29, which
uses Hartree-Fock as a reference, or Görling-Levy perturbation theory198, which uses the KS system as a reference.
Nondynamical correlation however is associated with near–degeneracy effects, where a wavefunction comprised of
multiple Slater determinants is necessary to properly describe the system. These are cases in which a single determinant
reference is a poor starting point for perturbation theory. In terms of the AC, a system dominated by dynamical
correlation has a – dependence of W–() that is predominantly linear for – between 0 and 1, while a system with
substantial nondynamical correlation has a W–() with a much greater degree of curvature.

Burke, Ernzerhof and Perdew182 previously observed that the point of intersection between the two line segments
used in their two-legged interpolation model has either a minimal value, representing only nondynamical correlation,
or a maximal value, representing only dynamical correlation. It is shown here that the point of intersection of the two
line segments in a different but comparable two-legged interpolation model215 is a simple parameter that indicates the
correlation type; xcorr(r) of (6.55b). The global equivalent to this local quantity, Xcorr can be defined as

Xcorr =
W1 −W0

W ′0
: (6.57)

Assuming the convexity of W– and wxc;–(r), Xcorr and xcorr(r) will have values between 0 and 1. If Xcorr = 1, then
the shape of the AC integrand will be linear for – values between 0 and 1 and so the GL2 correlation energy captures
all the correlation in the system. It can be said therefore that if Xcorr = 1, then the correlation in the system is
purely dynamical. However if Xcorr = 0, then the AC curve is L-shaped and all the correlation present in the system is
nondynamical.
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Figure 6.18: Plots of the Xcorr correlation–type indicator of (6.57), as a function of the H2 bond length.

In Figure 6.18, the reference Xcorr for the hydrogen molecule as a function of the bond length is shown. At short bond
lengths, the value of Xcorr is relatively close to 1, reflecting the dominance of dynamical correlation in this region.
Moreover, at short bond lengths the value of Xcorr is close to that for the He atom, Xcorr = 0:84. As the H2 bond is
extended, the value of Xcorr decreases and finally drops to vanishes in the dissociation limit of H2, at which point only
nondynamical correlation is present.

By virtue of (6.57), the three input quantities required to compute Xcorr are W0(), W ′0() and W1(). If W1()
is unavailable, it can instead be approximated by interpolation with the SPL or LB model using W0(), W ′0() and
W∞() as inputs. In Figure 6.18, the reference Xcorr and those constructed using approximations to W1() are shown
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for H2, where the SPL and LB interpolation methods are employed using both the SCE and NLR–derived W∞()
quantities. It can be seen in Figure 6.18 that all the approximate curves follow the trend of the reference Xcorr curve.
In this case, the LB interpolation model is more accurate than the SPL interpolation model. What can also be
deduced is that the approximation of W1() is more sensitive to the interpolation form than the accuracy of the
W∞ quantity; the LB Xcorr curve based on WNLR

∞ () is more accurate than the SPL Xcorr curve constructed with the
SCE–derived W∞().

Aside from indicating a type of correlation, the Xcorr parameter may be useful to evaluate the accuracy of the GL2
approximation for a given system. The closer the Xcorr value is to 0, the poorer the description of correlation in the
system by this perturbation theory. A better starting point for the correlation description in this case would be the KS
SCE theory, which gives unphysically low energies for the systems with an Xcorr value close to 1.
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Figure 6.19: The xcorr(r) local correlation–type indicator of (6.55b) shown for the He atom and Ne8+ ion (left)
and for the Be atom and Ne6+ ion (right), where r is the radial distance from the nucleus.

Grimme and Hansen228 have recently introduced a position–dependent indicator based on fractional orbital occupation,
aiming to detect so–called molecular hot regions that have a high nondynamical correlation contribution. In the
present work, xcorr(r) may be interpreted as a local form of the correlation–type indicator Xcorr. It may be easier to
visualise xcorr(r) than wxc;–(r) since the latter depends on both – and r.

In the left panel of Figure 6.19, xcorr(r) is plotted for the He atom and the Ne8+ ion, both from the Helium isoelectronic
series. It may be seen for the He atom, with global Xcorr = 0:84, that xcorr(r) decreases moving away from the nucleus,
but in the energetically most important regions (r . 2:0 a:u:), xcorr(r) is relatively close to 1. The xcorr(r) curve for
the Ne8+ ion is higher and flatter than that of He and the corresponding global Xcorr = 0:97 – much closer to 1 than
that for He. This indicates that dynamic correlation is more dominant in the Ne8+ ion than in the He atom; this
behaviour is as expected for the Helium isoelectronic series with increasing nuclear charge215. It is important to note
that in the asymptotic low-density regions, the local correlation–type indicator becomes highly sensitive to numerical
errors since both numerator and denominator or (6.55b) become very small and should be treated with caution in
these energetically unimportant regions.

In the right panel of Figure 6.19, xcorr(r) is shown for the Be atom and the Ne6+ ion, both members of the
Beryllium isoelectronic series. It is observed that these two xcorr(r) curves exhibit an almost step–like structure, clearly
distinguishing between the core region (Z r . 4:0 a:u: for Be & Z r . 3:2 a:u: for Ne6+) and the valence region. In
the core region, xcorr(r) is close to 1:0 for Ne6+ ion and is around 0:9 for Be. This indicates the presence of almost
purely dynamical correlation. The trend noted for the Helium isoelectronic series above, that increasing the value of
Z value results in higher values of xcorr(r), remains true for this series in the core region. However, in the valence
region the value of xcorr(r) for both systems is significantly lower, with values in the region of 0:5, indicating the
presence of substantial nondynamical correlation – reflected by the pronounced curvature of the corresponding local
AC curves184.

Interestingly, the relative positions of the two xcorr(r) curves in the core region are the opposite of those in the valence
regions, where the curve of xcorr(r) for Ne6+ crosses then lies below that of Be as distance from the nucleus increases.
This observation suggests that, in the valence region of Ne6+, there is a greater contribution of nondynamical
correlation. This may be understood by consideration of the trend in the KS HOMO-LUMO gap for the Beryllium
isoelectronic series with increasing nuclear charge106,215. Whilst the KS HOMO-LUMO gap (2s-2p gap) in Be is
smaller (0:133 H) than that of Ne6+ (0:481 H), the absolute values of the Ne6+ orbital energies are much larger.
Therefore, a more meaningful comparison may be made by defining a relative KS orbital energy gap,

"2s−"2p

"2s
. The size
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of this relative gap for Ne6+ is much smaller than that of Be, having values of 0:070 and 0:364 respectively. These
KS energy gaps have been calculated with the Lieb optimisation at – = 0, using the CCSD/aug-cc-pCVTZ level of
theory to obtain E0(v).
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Figure 6.20: The xcorr(z) local correlation-type indicator of (6.55b) shown for the H2 molecule along the internuclear
axis at different bond lengths, where z is the distance from the bond midpoint.

In Figure 6.20, the xcorr(z) curves for the H2 molecule along the internuclear axis for several bond lengths are plotted
as a function of the distance from the bond midpoint, z . It is observed that, at the smaller bond length (R = 2:0)
the structure of the xcorr(z) curve is similar to that for the Helium atom. Furthermore, as the bond is extended, the
structure of the curves can be seen to become increasingly linear. For the most stretched H2, this indicates that hot
nondynamical correlation regions are present at almost all points in space. Very small xcorr(z) values indicate that,
at all these points in space, the local AC has the characteristic L–shape111,215. The exception is the energetically
unimportant bond midpoint of stretched H2, at which the local AC becomes wxc;06–61(z) = wx(z) in the limit of
dissociation, with xcorr(z) = 1 due to the antisymmetry of the correlation hole at the bond midpoint of H2 in the limit
R→∞229.

0.0 0.2 0.4 0.6 0.8 1.0

0.10

0.08

0.06

0.04

0.02

0.00

W
c,

Li : xcorr = 0.91
H : xcorr = 0.70

0.0 0.2 0.4 0.6 0.8 1.0

0.12

0.10

0.08

0.06

0.04

0.02

0.00

W
c,

Li+ : xcorr = 0.91
H : xcorr = 0.60

Figure 6.21: The local correlation AC curves at the two nuclei in LiH with bond length R = 3:0 a.u (left) and at
the nuclei of H− and Li+ ions (right).

In the case of LiH, an interesting difference between shapes of the local AC curves can be observed at the Hydrogen
and Lithium nuclei. The left panel of Figure 6.21 shows the correlation part of the local AC curves at both the
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Hydrogen and Lithium nuclei in the LiH molecule at near-equilibrium geometry, R = 3:0 a:u. It can be seen that the
curvature of the local AC at the Hydrogen nucleus is much more pronounced than that at the Lithium nucleus. As a
result of the electronegativity difference between Lithium and Hydrogen, it would be expected that LiH at equilibrium
would have significant ionic character; the Hydrogen atom would be expected to have slightly anionic character and
the Lithium atom would be expected to have slightly cationic character. This is mirrored by the observation of the
corresponding local AC integrands and associated xcorr(r) values. From Figure 6.21 it can be seen that the local AC
at the Li nucleus of LiH with bond length R = 3:0 a:u: is almost linear, as is the case for the local AC at the nucleus
of Li+ ion, shown in the right panel in Figure 6.21. The two corresponding xcorr(r) are the same and both are close to
1. On the other hand, the pronounced curvature of the local AC at the H nucleus of LiH is similar to that in the H−

ion. The xcorr(r) value at the H nucleus in LiH is 0:7, indicating the presence of nondynamical correlation in this
region, but still somewhat less than that present at the nucleus of the H− ion, where xcorr(r) = 0:6.

Both Xcorr and xcorr(r) quantities can be used in the context of interpolation along the AC. It may be the case that
particular interpolation forms are better suited for a particular correlation regime than for the others. For instance, the
SPL model appears to be superior for atoms with Xcorr generally close to 1, while the LB and two-legged interpolation
performed better than the SPL for the intermediate correlation regimes such as H2 with a bond length of R = 5:0 a:u.
It was shown in the present work that the quality of interpolation approximations can be more sensitive to the form of
the interpolation model than to the exactness of the – → ∞ interpolation parameters. To tune the interpolation
accuracy, a new xc functional may be constructed in which the correlation energies obtained by different interpolation
schemes (or the correlation energy densities in the local interpolation variant) are mixed linearly. The linear mixing
parameters could depend on Xcorr and thus be system–dependent; e.g. for large Xcorr the total correlation would have
a higher portion of the SPL interpolated correlation, whilst for systems with a lower Xcorr more of the correlation
would be obtained by the LB or the two-legged interpolation models instead. These ideas may be pursued in future
work.

6.3.6.2 Lower Bound To The Exact Energy

In wavefunction theory, the energies obtained by variational methods are always upper bounds to the exact ground
state energy. The larger the space for the trial wavefunction, the closer the approximate energy is to the exact energy.
This useful property is lost in KS DFT using DFAs, as the approximate energies resulting from this approach can
be both higher and lower than the exact energies. It was shown in Ref. 185 that approximating the AC integrand
with the single line segment W–() =W∞() always yields a lower bound to the exact energy. In this approximation,
referred to as KS SCE, the xc functional is simply given by Exc() =W∞(). The fact that the global AC curve is
monotonically decreasing ensures that the KS SCE energies (obtained both self–consistently and by evaluation with the
exact densities) are always lower than the exact energies. For systems in which nondynamical correlation is dominant,
the KS SCE method yields reasonable energies159,188,189, tending towards the exact energy in the low–density limit.
In contrast, for systems with relatively little nondynamical correlation, the KS SCE energies are much lower than
the exact energies159,189,190. In these scenarios, the KS SCE model still provides a lower bound to the exact energies
– albeit a very loose bound. The KS SCE energies can be improved by adding corrections159 or by using them as
input parameters in an interpolation scheme215 such as those discussed previously. In this case, the energies obtained
may be substantially improved, however as for other DFAs, they may be higher or lower than the respective physical
energies and can no longer be regarded as a lower bound.

In the present work, a method to tighten the lower bound given by the KS SCE energy for a given density is proposed
by redefining the two-legged interpolation model, using W0(), W ′0() and W∞() as inputs,

W– =

(
W0 + –W ′0 – 6 XSCE

corr

W∞ – > XSCE
corr

(6.58)

where,

XSCE
corr =

W∞ −W0

W ′0
: (6.59)

This model is referred to here as the 2-leg SCE interpolation model. For W– of (6.58) to be a rigorous lower bound
to the exact W–, two conditions have to be satisfied. The first is the monotonically decreasing nature of W–

112,230,
which ensures that the second segment of (6.58) lies below the curve of the exact integrand, W∞ 6W–. The second
condition is the convexity of the W– integrand. If W– as function of – is convex, then W0 + –W ′0 6W–.

The convexity of W– is often assumed to be true, but it can be violated in the case of phase transitions along the AC
path. In these cases, the AC curve could have discontinuities and would then be only piecewise convex. For example
if the physical – = 1 system is the uniform electron gas at a density lower than that at which the ferromagnetic
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transition occurs, then the AC could contain a discontinuity. Phase transitions that occur when the external potential
is changed smoothly, described in Refs. 231–235, are usually accompanied by a change in the density. However, as
set–out in Section 3.6, this work assumes the density-fixed adiabatic connection, for which the density constraint
is expected to reduce to occurrence of phase transition discontinuities. It is further noted if W– is only piecewise
convex, then the Xcorr indicator defined in the previous section may be greater than 1. In most cases, the density
constraint on a chemical system should prevent this from occurring, although exceptions may still occur. Besides being
monotonically decreasing, it is also known that W– is bounded from below by the Lieb–Oxford inequality 84

W–() > −CLO

Z
4=3(r) dr; (6.60)

where CLO is a constant, rigorously shown to be between 1:4119236 and 1:6358237. In addition to the 2-leg SCE lower
bound, another lower bound can be constructed by replacingW∞() appearing in (6.58) with −CLO

R
4=3(r) dr,

W– =

(
W0 + –W ′0 – 6 XLO

corr

−CLO

R
4=3(r) dr – > XLO

corr

(6.61)

where,

XLO
corr =

−CLO

R
4=3(r) dr −W0

W ′0
: (6.62)

This construct is referred to as the 2-leg LO interpolation model. Since W∞() 6 −CLO

R
4=3(r) dr, correlation

energies from a 2-leg LO interpolation would also be lower bounds to the exact correlation energies, assuming convexity
of the global AC integrand. In this work the LO constant takes the value CLO = 1:4174, which was obtained by
explicitly computing the indirect energies of uniform electron spheres using the SCE methodology and extrapolating the
value of CLO in the N →∞ limit236. The resulting value is close to the lowest rigorously known value CLO = 1:4119236

and is also lower than that previously believed to its lower bound CLO = 1:444 – obtained from the total energy of a
base centred cubic crystal of the uniform electron gas. Lewin and Lieb have recently shown that this value does not
correspond to an indirect energy238.

Species Eref
c KS SCE LO 2-leg SCE 2-leg LO

H− -0.0409 -0.1860 -0.2662 -0.0571 -0.0571
He -0.0400 -0.4733 -0.6689 -0.0450 -0.0450
Be -0.0920 -1.3464 -1.7775 -0.1234 -0.1234
Ne6+ -0.1833 -3.9666 -5.1464 -0.2779 -0.2779
Ne -0.3470 -7.9160 -9.0470 -0.4370 -0.4370
Ar -0.4040 -20.944 -23.272 -0.5110 -0.5110
H2 R = 1:4 -0.0400 -0.3020 -0.4310 -0.0490 -0.0490
H2 R = 2:8 -0.0680 -0.2250 -0.3580 -0.1020 -0.1020
H2 R = 5:0 -0.1840 -0.2340 -0.4010 -0.2210 -0.3610
H2 R = 7:0 -0.2340 -0.2500 -0.4320 -0.2480 -0.4250
H2 R = 9:0 -0.2560 -0.2620 -0.4480 -0.2620 -0.4460

Table 6.8: The correlation energy obtained from the KS SCE model, LO bound, 2-leg SCE model and 2-leg LO
model compared with the reference value.

Table 6.8 shows the CCSD reference correlation energies, the KS SCE correlation energies (i.e, W∞()−W0()),
the correlation energies obtained from the LO bound (i.e., −CLO

R
4=3(r) dr −W0()), together with the correlation

energies obtained by the 2-leg SCE and 2-leg LO interpolation schemes. It can be seen that already the KS SCE
correlation energies are significantly above those computed using the LO bound in its place. Furthermore, it is apparent
that the 2-leg SCE substantially tightens the lower bound of KS SCE, by up to an order of magnitude in some cases.
Whilst the accuracy of the 2-leg SCE is not as high as that of other interpolation models presented in this work, it
does have the advantage that it recovers the KS SCE property of yielding correlation energies that are a lower bound
to the physical counterparts.

When XSCE
corr > 1, the correlation energy obtained from the interpolatedW–() of (6.58) becomesW ′0()=2 = EGL2

c ().
This is true for the atoms given in Table 6.8 and is why both 2-leg SCE and 2-leg LO yield the same correlation
energies for the given atoms. However, the role of W∞() in the 2-leg SCE interpolation is to correct EGL2

c () energy
if it becomes too low, as happens for example in the stretched H2 molecule with R = 10:0 a:u: (where XSCE

corr � 1),
for which the GL2 correlation energy is too low EGL2

c () ∼ −80 H but the correlation energy of the 2-leg SCE
interpolation model is much more accurate.
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It is apparent that the 2-leg SCE and the other interpolation schemes employed here benefit from the complementary
information provided by W∞() and W ′0(). For the stretched H2, the 2-leg SCE correlation energies are much closer
to the physical ones than those of the 2-leg LO interpolation. The latter could be tightened if instead of using
C = 1:41 the value C = 1:21 was used; this should be the optimal constant for N = 2236, but would lead to an overall
loss of generality of the model with respect to the number of electrons.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
r / a.u.

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

w
c(r

)

Reference 2-Leg SCE SCE

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
r / a.u.

0.08

0.06

0.04

0.02

0.00

w
c(r

)

0 1 2 3 4 5r / a.u.

1.2

1.0

0.8

0.6

0.4

0.2

0.0

w
c(r

)

Reference 2-Leg SCE SCE

0 1 2 3 4 5
r / a.u.

0.150

0.125

0.100

0.075

0.050

0.025

0.000

w
c(r

)

Figure 6.22: The ––averaged correlation energy density w̄c(r) obtained by the 2-leg SCE interpolation (the local
variant of (6.58)) shown together with the reference w̄c(r) and the SCE correlation energy density
w̄∞(r) for the He atom (left, with FCI reference) and Be atom (right, with CCSD reference).

It is instructive to examine whether the energy densities obtained by the local variant of (6.58) yield a lower bound
to wxc;–(r) and thus also a lower bound to w̄xc(r). For this to be the case, two conditions must be satisfied; these
are that wxc;–(r) is both monotonically decreasing and is convex with respect to –. Numerical results for Coulomb
systems suggest that both conditions are satisfied184,215. The known counterexample to the monotonicity of wxc;–(r)
is a system in which the external potential is not Coulombic; it occurs in the Hooke’s atom series, where in the
energetically unimportant region, w∞(r) can be above w1(r)134.

In Figure 6.22, the ––averaged correlation energy densities w̄c(r) obtained by the local variant of the 2-leg SCE
interpolation, together with the reference w̄c(r) and that corresponding to the –→∞ limit wc;∞(r) = w∞(r)−wx(r)
for the He atom (left panel) and the Be atom (right panel). In both cases, the SCE correlation energy densities are a
lower bound to the reference w̄c(r), but clearly this bound is loose, particularly in the region near the nuclei. With the
2-leg SCE local interpolation method, the local bound appears substantially tightened. No attempt is made here
to construct a local variant of the 2-leg LO bound, as the rigorous local variant of the LO inequality that binds the
energy density in the gauge of the xc hole is not known134.

6.4 Conclusion

This Chapter reports on different approaches that may be taken to model the ––averaged energy densities presented in
Chapter 5. The first approach, discussed in Section 6.2, was that of modelling the correlation hole, then reconstructing
an an approximation to the ––averaged correlation energy density from this model. The approximated energy densities
appeared to recover the main features of the accurate reference energy densities, such as the inter–shell peaks, however
the total integrated correlation energy was poor. Tuning the model to obtain the most accurate correlation energy
possible resulted in an energy density much less resemblant of the reference energy density, suggesting that the
improvement in the correlation energy was at the expense of much more error cancellation in the integral of the energy
density.

The second approach considered in this work, presented in Section 6.3, was that of interpolating the local AC using
local quantities defined in the gauge of the electrostatic potential of the xc hole. In order to obtain approximations to
the local AC over the physical regime (0 6 – 6 1), interpolation models were constructed between the non–interacting
and strongly–interacting limits of DFT. The non–interacting energy densities were obtained using the Lieb optimisation
with respect to an ab initio reference, whilst the energy densities in the strongly–interacting limit were obtained using
the strictly–correlated electron (SCE) approach. The inclusion of the SCE information in DFAs helps ensure their
ability to capture strong correlation effects.

Unlike previous attempts in this direction that used global input quantities to interpolate the AC, the local approach
is more amenable to the construction of approximations that do not violate size consistency, at least in the usual
DFT sense163. This approach shows promise for the accurate treatment of strong correlation effects whilst potentially
maintaining size consistency. In this work, highly accurate solutions to the SCE problem for atomic and diatomic
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systems were employed, allowing for assessment of the local interpolations without spurious (or fortuitous) error
cancellations. In addition to this, approximations to the computationally expensive SCE energy densities were discussed
and their effects on the quality the local interpolation schemes considered. In this work, several different models for
the SCE energy densities in the gauge of the xc hole were employed; these were the nonlocal radius (NLR) functional
and the point-charge plus continuum (PC) functional. In addition to approximations for the strongly–interacting limit
of the local AC, an approximate expression for the local slope of the AC in terms of occupied and unoccupied KS
orbitals was derived; results obtained using this approximation will be the subject of future work.

The results of interpolating the local AC for the He and Be isoelectronic series and the Hydrogen molecule, using exact
energy densities in the gauge of the electrostatic potential of the xc hole, are presented in subsection 6.3.5. Local
interpolation models using an approximation for the strongly–interacting limit were then tested for atomic systems,
together with the Hydrogen molecule and the Lithium hydride dissociation curves. These tests showed that the NLR
energy densities are an excellent alternative to the SCE energy densities for use in local interpolation schemes. The
energy densities obtained with the PC model are computationally simple to construct, but the overall performance of
the local interpolation based on the PC model was not satisfactory; they are adequate for atoms but they introduce a
large error when tested on molecular dissociation curves. The global interpolation based on the PC-GGA model seems
to be more promising despite the size consistency issues with global AC interpolation functionals. Extensive testing
of the PC model in the context of global interpolation has been recently carried on in Ref. 221, where some of the
limitations of global interpolation models have been carefully studied.

These interpolation models have also been used to propose a correlation–type indicator and also a lower bound to the
exact xc energy. These will be considered further in future work to see if they can be used to improve the accuracy of
the local interpolation functionals. In addition, the recently proposed model of Bahmann, Zhou, and Ernzerhof214

may be examined as it should in principle provide results superior to the NLR approximation.

One further concept arising from this Chapter which may be the subject of future study is the possibility of some form
of synthesis between an MCS–type functional and a local interpolation–type functional. It would appear thus far that
the two different approaches to reconstructing the correlation energy density somewhat complement each other; the
MCS functional shows promise in higher density regions closer to the nucleus but are poor in the asymptotic region,
whilst local interpolation models appear to perform relatively well in the limit of low density but can be significantly
erroneous in higher density regions. Since all models here are defined in the gauge of the electrostatic potential of the
xc hole, a synthesis of the two approaches should be straightforwardly possible.
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7 Quantum Chemistry In A Magnetic Field

In the material studied thus far, approaches to understanding & modelling the solutions to the non–relativistic
electronic Schrödinger Equation have been examined; the only interaction considered other than electron–electron
interaction is that between the electrons and the external potential pertaining to the nuclear charges in a molecular
system. Whilst this is appropriate for problems in which only the ground–state energy is sought, it provides no means
by which the response of the molecule to changes in its environment can be accounted for. In the present Chapter,
the treatment of external magnetic fields is considered by the inclusion of field–dependent terms in the electronic
Hamiltonian – thus allowing the behaviour of a molecule in an external magnetic field to be computed.

For the present discussion, the external magnetic field B will be given in atomic units unless specified otherwise; in
terms of the SI unit for magnetic field strength – the Tesla (T), 1 a:u: = 235′000 T. The atomic unit of magnetic
field strength is therefore extremely large in magnitude when, by comparison, some of the strongest magnetic fields
created in laboratories are in the order of 100 T. Magnetic fields with strengths approaching 1 a:u: are only known to
exist on celestial bodies such as white–dwarf stars, whilst magnetic fields with strengths several orders of magnitude
higher are located on neutron stars & pulsars.

The presence of an external magnetic field can affect the chemistry of molecular systems, however the way in which
this occurs is not necessarily the same for all magnetic field strengths. The strength of an external magnetic field and
its effects on the chemistry of molecular systems can be characterised in general terms by the three regimes,

(i) Coulomb regime, |B| � 1 a:u:: this regime describes the standard conditions for systems present on Earth, in
which the effects of an external magnetic field are small relative to Coulomb interactions so can be treated
perturbatively and which results in a familiar chemistry being exhibited,

(ii) Intermediate regime, |B| ≈ 1 a:u:: this regime describes conditions on celestial bodies such as white dwarf stars,
where magnetic field strengths are much greater in magnitude than those present on Earth to the extent that
their interaction with electrons is comparable in magnitude to Coulomb interactions, resulting in an exotic
chemistry,

(iii) Landau regime, |B| � 1 a:u:: this regime describes conditions on celestial bodies such as neutron stars and
pulsars, where magnetic field strengths can reach hundreds or even thousands of atomic units and as a result are
the dominant form of interaction effecting electrons, permitting Coulomb interaction to be treated perturbatively
and leading to an alien chemistry being exhibited.

Methods for the treatment of an external magnetic field in the Coulomb regime are well–established239–241 and are
readily employed to compute molecular properties from their response to a magnetic perturbation. However, this
is not the case when considering an external magnetic field in the intermediate regime, in which the magnetic field
cannot be treated perturbatively; finite–field approximations may be used for this purpose however the convergence of
the energy in basis set size is extremely slow, precluding calculations on general systems242–245.

In this work the alternative approach of Ref. 172 is considered, in which self–consistent field calculations are conducted
using atomic orbitals that respond to an external magnetic field in a manner that is correct to first order in the field
strength246–249. This non–perturbative approach permits the examination of general systems in the presence of strong
magnetic fields since the convergence of the energy with basis set size is much more rapid than that for finite–field
approximations. Additionally, this presents an opportunity to study systems for which the response to the external
magnetic field is highly nonlinear and cannot be approximated by perturbative methods. A brief overview of the
theory underlying this approach is given in the present chapter, whilst the main technical challenge in its practical
implementation is addressed in Chapter 8.

7.1 The Molecular Schrödinger Equation In An Electromagnetic Field

The interaction between electrons and an electromagnetic field, whilst being pertinent to the quantum mechanical
description of the molecular system, is typically rationalised using the arguments of classical mechanics. The
Hamiltonian formulation of Newton’s equations of motion allows the transposition of the classical argument to
quantum mechanics to be most readily seen and will be employed in subsection 7.1.1 below. It is important to note
that the spin of an electron, described in subsection 1.2.1, substantially affects the interaction between an electron
and an electromagnetic field. The form of this interaction was shown by Dirac as part of the relativistic treatment of
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electrons250. Relativistic effects are not considered in the present work and as such the interaction between electron
spin and field resulting from the non–relativistic reduction of the Dirac equation will be assumed.

7.1.1 Interaction Of A Charged Particle & Electromagnetic Field

In Newtonian mechanics, the motion of a particle with mass m can be described by the equation of motion

F(r; v; t) = ma; (7.1)

in which F is the force acting on the particle, which has position r and moves with velocity v, whilst a is the acceleration
of the particle and t is the time. In a conservative system, the force is independent of both the particle velocity and
time whilst in a nonconservative system the force on the particle is a function of its velocity and potentially is also
time dependent. An electromagnetic field is nonconservative, where a particle of charge Z is subject to the Lorentz
force

F(r; v; t) = Z[E(r; t) + v × B(r; t)]; (7.2)

where E is the electric field strength and B is the magnetic induction, which together satisfy Maxwell’s equations,

∇ · E =


›0
(7.3)

∇× B− ›0—0
@E

@t
= —0J (7.4)

∇ · B = 0 (7.5)

∇× E +
@B

@t
= 0; (7.6)

where (r; t) & J(r; t) are the charge & current densities respectively whilst the constants ›0 & —0 are the permittivity
of free space and the permeability of free space respectively. Maxwell’s equations complement Newton’s equation of
motion since they provide the means by which E & B can be obtained for a known  & J, whilst Newton’s equation
with the Lorentz force allows the determination of  & J if E & B are known. This implies that Maxwell’s equations
for an electromagnetic field can only be solved in concert with Newton’s equations of motion for the particles in the
given field. For these purposes, an assumption is made that the electromagnetic field is fixed and unaffected by the
particles, allowing the problem to be simplified to just considering the equation of motion of particles subject to the
Lorentz force.

Nonetheless, Maxwell’s equations may be used to derive a more convenient set of identities for E & B; it can be
shown that (7.5) is satisfied if B can be written in terms of some vector potential A as

∇ · B = 0 =⇒ B = ∇× A; (7.7)

which may be substituted into (7.6), the result of which may be written in terms of some scalar potential ffi as

∇×
„

E +
@A

@t

«
= 0 =⇒ E = −∇ffi− @A

@t
: (7.8)

The homogeneous pair of Maxwell’s equations (7.5) & (7.6) are therefore necessarily satisfied when the electric field
and the magnetic induction can be written in terms of the scalar & vector potentials ffi(r; t) & A(r; t) respectively. In
addition, these potentials contain only four components (ffi; Ax ; Ay ; Az) rather than the six (Ex ; Ey ; Ez ; Bx ; By ; Bz)
and as such constitute a more efficient representation of the electromagnetic field.

An inherent property of the potentials ffi(r; t) & A(r; t) is that they are not unique; they may be transformed by an
arbitrary gauge function f (r; t) whilst still yielding the same observable electric and magnetic fields E & B respectively,
which are uniquely determined by the physical system. Considering the transformed potentials

ffi′ = ffi− @f

@t
& A′ = A +∇f ; (7.9)

substituting these into (7.8) & (7.7) yields

E′ = −∇ffi′ − @A′

@t
= −ffi+

@f

@t
− @A

@t
− @∇f

@t
= E; (7.10)

B′ = ∇× A′ = ∇× (A +∇f ) = B +∇×∇f = B; (7.11)

146 Chapter 7 Quantum Chemistry In A Magnetic Field



thus showing that the gauge transformations do not affect the physical fields. However, the gauge function f (r; t)
may be utilised to apply additional constraints ffi & A, a pertinent example of which is the constraint that the vector
potential have a divergence of zero which defines the Coulomb gauge

∇ · A = 0: (7.12)

Returning to the equation of motion (7.1), in Hamiltonian mechanics the motion of a particle with position r and
with conjugate momentum p can be described by a scalar Hamiltonian function Ĥ(r;p) for which

@r

@t
=
@Ĥ
@p

@p

@t
= −@Ĥ

@r
; (7.13)

thus defining Hamilton’s equations of motion. In a conservative field, the force acting on a particle may be defined in
terms of a scalar potential V as

F (r) = −@V (r)

@r
; (7.14)

with which it can be seen that the Hamiltonian

Ĥ(r;p) =
p2

2m
+ V (r) =⇒ @r

@t
=
@Ĥ
@p

=
p

m
&

@p

@t
= −@Ĥ

@r
= F (r) (7.15)

yields an equation of motion equivalent to (7.1) since the acceleration is the derivative of velocity with respect to
time.

Applying this to the equation of motion of a charged particle in an electromagnetic field, it is necessary to construct
a Hamiltonian such that Hamilton’s equations of motion are equal to (7.1) where F is the Lorentz force (7.2).
Substituting E & B in this expression with their definitions in terms of the potentials in (7.8) & (7.7) respectively, it
can be shown that the classical Hamiltonian function becomes

Ĥ(r;p) =
π2

2m
+ Zffi(r); (7.16)

where the term π is the kinetic momentum,
π = p− ZA: (7.17)

Transposition of this classical equation into a quantum mechanical one is effected by quantisation, or the substitution
of the momentum term in (7.16) with a quantum mechanical operator

p→ −{~∇ =⇒ π → −{~∇− ZA: (7.18)

For an electron the charge Z is given by −e, where e is the proton charge. The resulting form of the Hamiltonian
(7.16) for an electron however remains incomplete without any treatment of electron spin; the form that electron spin
enters the Hamiltonian was proposed by Pauli as251

Ĥ =
π2

2m
+
e~
2m

B · σ − effi; (7.19)

where σ is the set of Pauli spin matrices

ffx =

„
0 1
1 0

«
ffy =

„
0 −{
{ 0

«
ffz =

„
1 0
0 −1

«
: (7.20)

The Pauli spin term is often re–written to include the quantisation pre–factor as s = ~σ=2 to simplify the expression
for the Hamiltonian. The non–relativistic Hamiltonian for an electron in an electromagnetic field is therefore written
as

Ĥ =
π2

2m
+
e

m
B · s− effi π = −{~∇+ eA: (7.21)

7.1.2 Molecular Hamiltonian In The Coulomb Gauge

Given the form of the non–relativistic molecular Hamiltonian for an electron in the presence of an electromagnetic
field (7.21), a simplification may be made by assuming the Coulomb gauge (7.12) as

π2 = (p + eA) · (p + eA)

= p2 + ep · A + eA · p + e2A2

= p2 + 2eA · p + e2A2:

(7.22)
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Furthermore, in a molecular system it can be assumed that the scalar potential ffi is dominated by Coulomb potential
pertaining to the atomic nuclear charges,

ffi(r) = − e

4ı›0

X
k

Zk
|r − Rk |

+ ffiext(r); (7.23)

where ffiext represents any other terms present in the scalar potential. For a system of many electrons, the electronic
Hamiltonian can therefore be written in a similar style to (1.3) but with additional terms to describe the interaction
with an electromagnetic field, grouped by order in B, as

Ĥ =
1

2m

X
i

p2
i −

e2

4ı›0

X
k;i

Zk
|ri − Rk |

+
e2

4ı›0

X
i>j

1

|ri − rj || {z }
zeroth−order

+
e

m

X
i

Ai · pi +
e

m

X
i

Bi · si − e
X
i

ffiext;i| {z }
first−order

+
e2

2m

X
i

A2
i| {z }

second−order

:

(7.24)

Switching to atomic units, (7.24) can be broken–down as the sum of a zeroth–order Hamiltonian Ĥ0 plus a first–order
& second–order perturbative Hamiltonian Ĥ(1) & Ĥ(2) respectively,

Ĥ = Ĥ0 + Ĥ(1) + Ĥ(2) = Ĥ0 +
X
i

A(ri ) · pi| {z }
orbital paramagnetic

+
X
i

B(ri ) · si| {z }
spin paramagnetic

+
1

2

X
i

A2(ri )| {z }
diamagnetic

−
X
i

ffiext(ri ): (7.25)

The magnetic perturbations appearing in the Hamiltonian can be characterised as indicated in (7.25), where

(i) paramagnetic terms are those that are linear in the magnetic field B thus may result in either a raising or lowering
of the energy of the system relative to zero–field; the orbital paramagnetic term and spin paramagnetic term
arise from the interaction between the angular momentum of the electronic orbital and the spin of the electron
respectively,

(ii) diamagnetic terms are those that are quadratic in the magnetic field B, hence always result in a raised energy
relative to the system at zero–field.

The non–relativistic electronic Hamiltonian (7.25) may be written in a more simple form by making implicit the
summation over electrons as

Ĥ = Ĥ0 + A(r) · p + B(r) · s +
1

2
A2(r): (7.26)

7.1.3 Gauge Origin Invariance

In the presence of a static & uniform external magnetic field, hence for which B = ∇× A is constant, the vector
potential can be expressed as

A(r; O) =
1

2
B× (r −O); (7.27)

where O is the gauge origin, the location of which is arbitrary. Substituting this definition of the vector potential into
(7.26) and re–arranging to give

Ĥ = Ĥ0 +
1

2
B · (r −O)× p + B · s +

1

8
[B2(r −O)2 − [B · (r −O)]2]; (7.28)

it can be seen that a change in the position of the gauge origin O would constitute a gauge transformation of the
Hamiltonian. As described previously, a gauge transformation may be parametrised by a gauge function f (r; t), with
the resulting transformed potentials defined in (7.9). The transformed Hamiltonian Ĥ′ can be shown to be related to
the original Ĥ by the unitary transformation of the related term Ĥ − {@=@t as„

Ĥ′ − { @
@t

«
= exp(−{f )

„
Ĥ − { @

@t

«
exp({f ): (7.29)

In order that the Schrödinger Equation still be satisfied, the eigenfunctions of the transformed Hamiltonian Ψ′ must
be related to the eigenfunctions of the original Hamiltonian Ψ by a compensating unitary transformation,

Ψ′ = exp(−{f )Ψ: (7.30)
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As a result, all observables of the system are unaffected by gauge transformations of the Hamiltonian & wavefuncton;
this can be demonstrated simply for the density as

′(r) = [Ψ′(r)]∗[Ψ′(r)] = [exp(−{f )Ψ(r)]∗[exp(−{f )Ψ(r)] = Ψ∗(r)Ψ(r) = (r): (7.31)

For the static magnetic field described by a vector potential of the form (7.27), the gauge function characterising a
shift in gauge origin is defined by

A(r; G) = A(r; O)− A(G; O) = A(r; O) +∇f =⇒ f (r) = −A(G; O) · r: (7.32)

Thus a shift in the gauge origin from O to G effects a gauge transformation of the wavefunction given by

Ψ′ = exp({A(G; O) · r)Ψ: (7.33)

Such behaviour, required to make observables gauge origin independent, cannot be readily modelled by standard
atomic orbitals in a practical calculation. The means by which this is addressed here is by the inclusion of the
phase–factor exp({A(G; O) · r) in the atomic orbitals themselves as originally proposed by London in Ref. 246. These
modified functions, here referred to as London atomic orbitals (LAOs), respond to an applied magnetic field in a
manner that is correct to first order in B and their use permits calculations of a system to be rigorously gauge origin
independent.

As described in the introduction, the use of LAOs is not a new innovation and there is extensive literature of their
deployment in gauge origin independent calculations of magnetic response properties239–241,252–254. The limitations of
this perturbative approach preclude the study of systems in the presence of strong magnetic fields beyond the Coulomb
regime and additionally make difficult the calculation of highly nonlinear magnetic response properties.

The approach of Ref. 172 seeks to address these limitations by employing LAOs for the full self–consistent field
procedure, providing a non–perturbative treatment of the effects of arbitrarily strong magnetic fields on electronic
systems entirely independent of the gauge origin. Such an approach can largely be applied within the general
self–consistent field framework set–out in Chapter 1, since the only material difference in the wavefunction that must
be taken account of in the self–consistent field procedure is that it is generally complex and cannot be assumed to
have a vanishing imaginary component.

A significant technical challenge however remains; the methods employed for the computation of molecular integrals
over the basis functions in standard calculations (see subsection 1.2.3) are only appropriate for real–valued basis
functions, not those such as LAOs which contain a complex phase factor. In Ref. 172, a generalisation of standard
integral algorithms to complex–valued basis functions was presented that addressed this problem to an extent. However,
the approach taken in Ref. 172 provides a suboptimal method for integrating LAOs thus significantly limiting the
range of systems to which the non–perturbative treatment of strong magnetic fields can be applied. Chapter 8 presents
an efficient and straightforward alternative formulation of the calculation of molecular integrals using LAOs and its
implementation in the quantum chemical development code Quest63.
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8 Integrals Over London Atomic Orbitals

8.1 Introduction

In recent years, there has been a great deal of interest in the non–perturbative calculation of molecular energies
and properties in the presence of arbitrarily strong magnetic fields172,255–265. Investigations have included the
implementation of electronic structure methods at the Hartree-Fock172,261, configuration–interaction257, coupled-
cluster262, coupled-cluster equation of motion265 and current density-functional259,263,264 levels of theory. Underpinning
the implementation of these methods has been the use of Gaussian–type London atomic orbitals 239,246 (LAOs). LAOs
consist of standard Gaussian basis functions multiplied by a field-dependent plane-wave phase factor, allowing results
independent of gauge-origin to be obtained using finite basis sets.

One of the principle challenges in these calculations is the the evaluation of molecular integrals over LAOs. A
number of algorithms have been put forward for the evaluation of electron repulsion integrals (ERIs) over LAOs
including the generalised Obara–Saika266–268, accompanying coordinate expansion269,270, Rys quadrature261,271,272,
and McMurchie–Davidson172,273–275 schemes. In particular, the McMurchie–Davidson scheme has been employed in the
London quantum chemistry program276 and a version of the Rys quadrature scheme in the Bagel program277.

A number of advantageous features for integral schemes to perform non-perturbative calculations with arbitrary
strength magnetic fields can be identified. The first of these is that the algorithmic complexity should not be
significantly increased over the corresponding zero-field scheme. The second is that they should be applicable to
arbitrarily high angular momenta functions, in order to allow sufficient flexibility for the description of anisotropic
changes in the electronic structure upon application of a magnetic field. The third feature is that they should be
efficient for application to both contracted and primitive functions, since the latter may provide additional basis set
flexibility in high field applications.

In common with integral schemes at zero field, no single algorithm can satisfy all of these requirements simultaneously.
Indeed, each algorithm inherently has its own strengths and weaknesses; often the most effective approach is to use
several algorithms and select the most efficient for each integral class extemporaneously. In this work we explore
generalised algorithms based on the McMurchie–Davidson (MD), Head-Gordon Pople (HGP) and Rys quadrature
methods.

It has been shown that the generalised MD algorithm is significantly more complex than the standard equivalent,
requiring many more intermediates, thus does not exhibit the same efficiency or scaling. In contrast, the HGP method
can be generalised without increasing the underlying complexity of the algorithm; here we present an implementation
of this approach for the first time. A generalised Rys quadrature has been explored previously, however its use was
limited to low field strengths owing to the fact that the required quadrature roots and weights were being approximated
by a 2D interpolation scheme. Whilst adequate for this purpose, the application of this approach to arbitrary field
strengths is problematic as it would necessitate the storage of very large interpolation grids. In addition, it was noted
in Ref. 261 that high-precision arithmetic was necessary to determine the required parameters. In this work, we
generalise the Rys quadrature approach to a much wider range of field strengths using the approach put forward by
Flocke278 to compute the roots and weights when required.

We commence in Section 8.2 by discussing some preliminaries, including the use of shell-pair quantities and the
transformation between Cartesian and spherical harmonic Gaussians. In Section 8.3, we discuss the calculation
of the one-electron integrals required for practical calculations, including the generalisation of the kinetic energy
integrals associated with the introduction of a vector potential describing the magnetic field. In Section 8.4 we
describe three approaches to the calculation LAO-ERIs, comparing their relative algorithmic complexity. In Section 8.5,
relative timings for each approach are discussed, illustrating the relative advantages and disadvantages of each
algorithm. A mixed scheme, which selects the most efficient algorithm for each class of integral extemporaneously
is presented. This mixed approach provides an an effective approach to minimising the computational cost of the
LAO-ERI evaluation.
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8.2 Preliminaries & Shell–Pair Data

In this work we are concerned with the evaluation of molecular integrals over Gaussian–type LAOs. A standard
unnormalised Cartesian Gaussian–type orbital (GTO) has the general form

ffia(r) = (x − Ax)ax (y − Ay )ay (z − Az)az
KaX
k=1

dk exp
“
−¸k |r − A|2

”
(8.1)

where the function is centred at A = (Ax ;Ay ;Az), has angular momentum a = (ax ; ay ; az) and has exponents {¸k}
with respective contraction coefficient {dk}. Where the contraction length Ka is equal to 1, the GTO only has one
exponent with a corresponding contraction coefficient of 1:0 and is a primitive GTO, whereas if Ka > 1 the GTO is
contracted. Contracted basis sets such as those proposed by Pople279,280 & Dunning116 are often used in quantum
chemical computations as they allow an increased number of Gaussian exponents to be included in the basis set
without increasing the overall number of basis functions, thus providing the opportunity to increase accuracy without
significant increases in computational cost. Gaussian–type LAOs are similar to standard GTOs, differing by a phase
factor

!a(r) = ffia(r) exp(−{ka · r) (8.2)

where ka is the wave vector of the London plane wave, ka = 1
2B × (A−O), depending on the external magnetic field

B and relative to the gauge–origin O.

In contemporary molecular integral codes, integrals are almost always computed in shell–batches rather than
individually281; a shell comprises all basis functions with common centre, exponent and total angular momentum
La = ax + ay + az but with different distributions between the three Cartesian components. It is highly advantageous
to compute integrals in shell–batches as integrals between individual GTOs within the shells have many common
intermediates which may be re–used for all integrals in the batch.

Prior to the calculation of any molecular integrals, the important task of computing shell–pair quantities is carried–
out. This serves two main purposes: firstly to streamline subsequent integral evaluation by having key quantities
precomputed, reducing the cost of their evaluation from O(n4) in the two–electron integrals to O(n2) and secondly,
to reduce the number of integrals to be calculated by discarding negligible shell–pairs. As each shell–pair describes
one charge distribution (i.e. it is simply the product of two shells), if the overlap between the two shells is negligible,
it may be discarded. This is particularly important for larger systems, as the number of significant shell–pairs scales
only linearly with molecule size281.

In the evaluation of integrals over LAOs, the computation of shell–pair data can be of further advantage, as the
field–related terms can be sequestered within the standard pair quantities, allowing all subsequent integrals (with the
exception of kinetic–energy integrals) to be evaluated without explicit reference to the complex phase factor.

8.2.1 Shell–Pairs

In order to discuss the relevance of shell–pairs, it is first necessary to define the charge distributions comprised of
products of LAOs,

!∗a(r)!b(r) =
KaX
—=1

KbX
�=1

[a—b� | = (ab| (8.3)

where the notation [a—b� | represents the product of the —th and �th individual contractions of !a and !b respectively,
whilst (ab| is the overall inner product of the two LAOs; if both are primitive, the two definitions are equivalent. As
will be discussed in the following sections, algorithms for the computation of molecular integrals contain steps that
may only be applied to primitive functions, hence shell–pair quantities are calculated for each [a—b� | in the charge
distribution.

Given an individual pair of primitive functions, centred on A and B, with exponents ¸ and ˛ and contraction
coefficients da and db respectively, the Gaussian product theorem allows their product to be re–written as a single
Gaussian function multiplied by a pre–exponential factor,

da exp
`
−¸|r − A|2

´
· db exp

`
−˛|r − B|2

´
= dadb exp

„
− ¸˛

¸+ ˛
|A− B|2

«
| {z }

pre-exponential factor

exp
`
−“|r − P|2

´| {z }
product Gaussian

; (8.4)
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where P is the Gaussian product centre. For the product of two primitive GTOs without phase factor, the following
pairwise quantities are computed

“ = ¸+ ˛ P =
1

“
(¸A + ˛B) UP = dadb

„
ı

“

« 3
2

exp

„
−¸˛
“
|AB|2

«
; (8.5)

where AB = A− B. With the presence of the complex phase factor, additional terms appear in (8.4); generalising
(8.4) to simple Gaussian functions each with a complex phase factor as defined in (8.2) yields

da exp
`
−¸|r−A|2

´
exp(−{ka ·r)∗db exp

`
−˛|r−B|2

´
exp(−{kb ·r) = dadb exp

„
−¸˛
“
|AB|2

«
exp(−{(kb−ka)·r) exp

`
−“|r−P|2

´
= dadb exp

„
−¸˛
“
|AB|2

«
exp

„
−|kb−ka|2

4“
−{P·(kb−ka)

«
exp

 
−“
˛̨̨̨
r−P−{kb−ka

2“

˛̨̨̨2!
;

(8.6)

which has the form of a Gaussian function with its origin in the complex plane. Defining the following additional
pairwise quantities

χP =
1

2
B × (B− A) KP = exp

„
− 1

4“
χP · χP − {P · χP

«
; (8.7)

the LAO shell–pair for each pair of primitive functions requires only computation and storage of the following

2¸ 2˛
1

2“
P̃ = P− {

2“
χP ŨP = UPKP: (8.8)

However, if |ŨP| 6 10−12 the pair is considered negligible and discarded from the shell–pair; this allows an increasingly
large proportion of the Gaussian product space to be discarded as the system becomes larger. Within this framework
of (reduced) shell–pairs, the contraction of (8.3) may be applied as early as possible in each integral algorithm to
yield contracted integrals.

Advocates of the shell–pair approach have noted281,282 that the number of components within a charge distribution
may be minimised by a process of modelling the shell–pair with as few primitive components as possible but which
yields a matching electrostatic potential283; this could yield further efficiencies and may be considered in future
work.

8.2.2 Transformation Matrices

In the computation of ERIs in particular, the horizontal recursion relation (HRR) of Head–Gordon & Pople284,
equivalent to the transfer relation of Rys and co-workers285, can be used for more efficient treatment of contracted
basis functions,

(ab + 1i | = (a + 1ib|+ ABi (ab| (8.9)

This recursion relation, whilst being relatively simple, can grow significantly in cost when the total angular momentum
of the integral becomes large286,287. Given that this relation is only a two–index quantity, it is convenient to reformulate
it as the application of a transformation matrix288, allowing the recursion to be efficiently executed as a matrix
multiplication,

(ab| =
ax+bxX
ex=ax

„
bx
ex

«
(Ax − Bx)bx−ex

×
ay+byX
ey=ay

„
by
ey

«
(Ay − By )by−ey

×
az+bzX
ez=az

„
bz
ez

«
(Az − Bz)bz−ez (e0| :

(8.10)

These relatively expensive matrices may be precomputed for each contracted shell–pair and stored along with the
quantities in (8.8), providing an efficient way of executing the HRR of (8.9).

Cartesian Gaussian functions of the form defined in (8.1) can alternatively be expressed as spherical harmonic Gaussian
functions of the form

ffia(r) = C‘m(„; ’)
KaX
k=1

dk exp
“
−¸k |r − A|2

”
; (8.11)
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where ‘ is the orbital angular momentum, m is the magnetic angular momentum number and C‘m(„; ’) is the {‘m}th
solid harmonic. It can be shown that the set of functions defined (8.11) is a subset of those defined by (8.1). This
can be seen by comparing the explicit functional forms of Cartesian and spherical GTOs for orbital angular momenta
0− 2,

‘ = 0 ffi ∼ exp
`
−¸r2

´
ffi ∼ exp

`
−¸r2

´
‘ = 1 ffi ∼

8><>:
x exp

`
−¸r2

´
y exp

`
−¸r2

´
z exp

`
−¸r2

´ ffi ∼

8><>:
C1;−1(„; ’)r exp

`
−¸r2

´
C1; 0(„; ’)r exp

`
−¸r2

´
C1;−1(„; ’)r exp

`
−¸r2

´

‘ = 2 ffi ∼

8>>>>>>>><>>>>>>>>:

x2 exp
`
−¸r2

´
y2 exp

`
−¸r2

´
z2 exp

`
−¸r2

´
xy exp

`
−¸r2

´
xz exp

`
−¸r2

´
yz exp

`
−¸r2

´
ffi ∼

8>>>>>><>>>>>>:

C2;−2(„; ’)r2 exp
`
−¸r2

´
C2;−1(„; ’)r2 exp

`
−¸r2

´
C2; 0(„; ’)r2 exp

`
−¸r2

´
C2; 1(„; ’)r2 exp

`
−¸r2

´
C2; 2(„; ’)r2 exp

`
−¸r2

´

(8.12)

It can be seen here that, for ‘ = 0 and ‘ = 1, the set of Cartesian and spherical Gaussian functions are the same.
However, for ‘ = 2, the Cartesian set comprises six functions whereas the spherical set comprises only five functions.
It is found that the difference between the two sets is equivalent to an s–type function, which is an artefact of the
representation of GTOs by three Cartesian indices as opposed to the two angular momenta quantum numbers as in
the spherical representation. The number of additional functions in the Cartesian representation increases further with
increasing angular momentum, such that the number of Cartesian GTOs can become substantially greater than the
number of spherical GTOs at high angular momentum.

Most integral algorithms, including those discussed in the present chapter, are formulated for Cartesian Gaussian
functions since these are more amenable to computational implementation than spherical Gaussian functions. However,
it can be advantageous to use a spherical Gaussian basis since the lower number of individual functions present for ‘ > 2
reduces the computational costs whilst maintaining the same number and range of exponents. A common approach
is to compute batches of integrals in the Cartesian basis and subsequently transform them into the spherical basis.
In the present work, if a spherical harmonic Gaussian basis is being used, the Cartesian to spherical transformation
can be built into the HRR transformation matrices, eliminating the need for a costly four–index transformation on
each shell–quartet and also reducing the size of the HRR matrices to be stored. For standard GTOs, the Cartesian to
spherical transformation is that derived by Schlegel and Frisch289,

S‘mlx ly lz =

s
(2lx)!(2ly )!(2lz)!‘!(‘− |m|)!

(2‘)!lx !ly !lz !(‘+ |m|)!

1

2‘‘!

(‘−|m|)=2X
i=0

„
‘

i

«„
i

j

«
(−1)i (2‘− 2i)!

(‘− |m| − 2i)!

jX
k=0

„
j

k

«„
|m|

lx − 2k

«
(−1)sgn(m)(|m|−lx+2k)=2 (8.13)

in which ‘ = lx + ly + lz and j = (lx + ly − |m|)=2; if j has a half–integer value, the respective S‘mlx ly lz = 0. Given
that the complex component of LAOs is simply a phase–factor to the real Gaussian–type orbital, the transformation
from Cartesian to spherical Gaussian basis is unchanged from the standard case. The transformations for m = 0 are
real, whilst for nonzero m the complex transformations may be combined into two real forms, (S‘m + S‘−m)=

√
2 for

m > 0 and (S‘m − S‘−m)=
√
−2 for m < 0.

8.3 One Electron Integrals

Having assembled the shell–pair quantities, it is necessary to compute the one–electron integrals required for the
construction of the Fock matrix; these are the overlap, kinetic energy and nuclear–attraction integrals.

8.3.1 Overlap Integrals

The two–centre overlap integral is the simplest to compute and is defined for LAOs as

(a b) =

Z
!∗a(r)!b(r)dr: (8.14)

Overlap integrals between Cartesian Gaussian functions are easily computed from shell–pair data using recurrence
relations derived by Obara & Saika (OS) from the differential properties of Gaussian functions266,290, with which the
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integrals over GTOs of arbitrary angular momentum can be reduced to those of GTOs with angular momentum zero.
Considering two such functions with contraction length one, their overlap integral (8.14) can be written asZ

!∗a(r)!b(r)dr =

Z
exp
`
−¸|r − A|2

´
exp(−{ka · r)∗ exp

`
−˛|r − B|2

´
exp(−{kb · r)dr

= exp

„
−¸˛
“
|AB|2

«
exp

„
−|χP|2

4“
− {P · χP

«Z
exp

 
−“
˛̨̨̨
r − P− {χP

2“

˛̨̨̨2!
dr

= exp

„
−¸˛
“
|AB|2

«
KP

Z
exp

„
−“
˛̨̨
r − P̃

˛̨̨2«
dr

= exp

„
−¸˛
“
|AB|2

«
KP

„
ı

“

« 3
2

= UPKP = ŨP

(8.15)

The integral over LAOs with angular momentum zero is thus simply ŨP. Given therefore the definitions

PA = P̃− A [0 0] = ŨP (8.16)

and the separability of the integrand by Cartesian axes, overlap integrals of higher angular momentum can be obtained
by applying the recursion relation to primitive integrals in each Cartesian axis

[a + 1i b] = PAi [a b] +
ai
2“

[a− 1i b] +
bi
2“

[a b− 1i ] (8.17)

A primitive overlap integral may then be computed as

[a b] = [ax bx ] · [ay by ] · [az bz ] (8.18)

which is then contracted according to (8.3) and transformed into a spherical Gaussian basis if required.

8.3.2 Multipole, Differential & Kinetic Energy Integrals

The kinetic energy integrals are slightly more complicated to evaluate than overlap integrals due to the presence of the
diamagnetic and paramagnetic terms in the kinetic energy operator, which are not normally considered in the zero–field
case. In the Coulomb gauge, the kinetic energy operator is given by half the square of the kinetic–momentum operator
ı̂, thus the kinetic energy integral is defined as„

a

˛̨̨̨
1

2
ı̂2

˛̨̨̨
b

«
=

1

2

Z
!∗a(r)ı̂2!b(r)dr: (8.19)

In a uniform field B, the square of the kinetic–momentum operator at position R can be expanded as

ı̂2 =

„
−{∇+

1

2
B × R

«2

= −∇2 − {

2
∇ (B × R)− {

2
(B × R)∇+

1

4
(B × R)2

:

(8.20)

Considering the x–component of this operator, (8.20) may be further resolved by substituting the corresponding
components for the cross–products,

ı̂2
x =− @2

@x2
− {

2

@

@x
(ByRz − BzRy )

− {

2
(ByRz − BzRy )

@

@x
+

1

4
(ByRz − BzRy )2

:

(8.21)

Given that the total kinetic energy operator is equal to

1

2
ı̂2 =

1

2
ı̂2
x +

1

2
ı̂2
y +

1

2
ı̂2
z ; (8.22)

the integral is separable into the sum of its components in each of the Cartesian directions and it can be evaluated as
such; the operator for the x–component is given by

1

2
ı̂2
x =− 1

2

@2

@x2
− {

2
By

@

@x
Rz +

{

2
Bz

@

@x
Ry

+
1

8
B2
yR2

z +
1

8
B2
zR

2
y −

1

4
ByBzRyRz ;

(8.23)
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with equivalent expressions defining the y and z components. All required terms are derived from the corresponding
overlap integrals, computed in the standard way described in subsection 8.3.1. From these, multipole and differential
integrals up to second order are obtained by application of their respective recursion relations. For simplicity of
notation, nth–order multipole and differential operators are respectively denoted as

(x − Ox)n → xno
@n

@xn
→ @nx : (8.24)

This leads to the following relation for multipole operators,ˆ
a
˛̨
xn+1
o

˛̨
b
˜

= BOx [a |xno |b] + [a |xno |b + 1x ] (8.25)

and the corresponding recursion relation for differential operators,ˆ
a
˛̨
@n+1
x

˛̨
b
˜

= bx [a |@nx |b− 1x ]− {kb;x [a |@nx |b]− 2˛ [a |@nx |b + 1x ] ; (8.26)

where O is the gauge–origin, kb the London phase–factor at B, andˆ
a
˛̨
x0
o

˛̨
b
˜

=
ˆ
a
˛̨
@0
x

˛̨
b
˜

= [a b] : (8.27)

Higher order multipole and differential integrals can be obtained by repeated application of the above recurrence
relations. The final expression for the x–component of the kinetic energy integral is given by»

a

˛̨̨̨
1

2
ı̂2
x

˛̨̨̨
b

–
=− 1

2

ˆ
ax
˛̨
@2
x

˛̨
bx
˜
·[ay by ]·[az bz ] +

{

2
Bz [ax |@x | bx ]·[ay |yo | by ]·[az bz ]

− {

2
By [ax |@x | bx ]·[ay by ]·[az |zo | bz ] +

1

8
B2
y [ax bx ]·[ay by ]·

ˆ
az
˛̨
z2
o

˛̨
bz
˜

+
1

8
B2
z [ax bx ]·

ˆ
ay
˛̨
y2
o

˛̨
by
˜
·[az bz ] − 1

4
ByBz [ax bx ]·[ay |yo | by ]·[az |zo | bz ] ;

(8.28)

with equivalent expressions for the y and z–components. Hence from (8.22), the primitive kinetic energy integral is
given by »

a

˛̨̨̨
1

2
ı̂2

˛̨̨̨
b

–
=

»
a

˛̨̨̨
1

2
ı̂2
x

˛̨̨̨
b

–
+

»
a

˛̨̨̨
1

2
ı̂2
y

˛̨̨̨
b

–
+

»
a

˛̨̨̨
1

2
ı̂2
z

˛̨̨̨
b

–
: (8.29)

In the same way as for the overlap integrals, kinetic–energy integrals over LAOs are computed in the primitive
Cartesian Gaussian basis for a given shell–pair, and subsequently contracted according to (8.3) and transformed into
the spherical Gaussian basis if required.

8.3.3 Nuclear Attraction Integrals

In contrast to the aforementioned one–electron integrals, the nuclear attraction integral is not separable into Cartesian
components due to the Coulomb operator that defines the integral,„

a

˛̨̨̨
1

rC

˛̨̨̨
b

«
=

Z
!∗a(r)!b(r)

|r − C| dr; (8.30)

where C is the position of an atomic nucleus with unit charge. The most common approach to computing such
integrals is to reduce them by applying the Gaussian product theorem and substituting the Coulomb operator with its
Laplace transform

1

r
=

2√
ı

Z ∞
0

exp
`
−u2|r|2

´
du; (8.31)

to yield a one–dimensional integral that can be approximated numerically relatively inexpensively, using the molecular
incomplete gamma function. Given two LAOs of angular momentum zero and contraction length of one, the
transformation of the Coulomb operator can be derived asZ

!∗a(r)!b(r)

|r − C| dr =

Z
exp
`
−¸|r − A|2

´
exp(−{ka · r)∗ exp

`
−˛|r − B|2

´
exp(−{kb · r)

|r − C| dr

= exp

„
−¸˛
“
|AB|2

«
KP

Z
exp

„
−“
˛̨̨
r − P̃

˛̨̨2« 1

|r − C|dr

=
2√
ı

exp

„
−¸˛
“
|AB|2

«
KP

Z
exp

„
−“
˛̨̨
r − P̃

˛̨̨2«»Z ∞
0

exp
`
−u2|r − C|2

´
du

–
dr:

(8.32)

156 Chapter 8 Integrals Over London Atomic Orbitals



A subsequent change in the order of integration allows the Gaussian product theorem to be applied once more
as Z

!∗a(r)!b(r)

|r − C| dr =
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“
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«
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(8.33)

This intermediate is further transformed by applying the substitution of variables

t2 = u2(“ + u2) =⇒ du =

`
“ + u2

´ 3
2

“
dt; (8.34)

which, substituted into (8.33), yields the final result containing the one–dimensional integralZ
!∗a(r)!b(r)

|r − C| dr =
2ı

“
KP exp

„
−¸˛
“
|AB|2

«Z 1

0

exp
“
−“|P̃− C|2t2

”
dt: (8.35)

The derivation of this transformation is extensively detailed in the literature, for example in Refs. 281,291,292 and
can be shown in several different ways.

The molecular incomplete gamma function, also known as the Boys Function, is formally defined as293

Fm(z) =

Z 1

0

t2m exp
`
−zt2

´
dt; (8.36)

thus is a transcendental function related to the error function erf by

F0(z) =

r
ı

4z
erf
`√
z
´

(8.37)

and identified as a scaled form of Kummer’s confluent hypergeometric function M(a; b; z)294,

Fm(z) =
1

2m + 1
M

„
m +

1

2
;m +

3

2
;−z

«
m > −1

2
: (8.38)

Differentiation of the Boys Function with respect to the argument yields

d

dz
Fm(z) = −Fm+1(z); (8.39)

from which the following recurrence relation can be derived using integration by parts,

Fm(z) =

»
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´
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ff
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1
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{exp(−z) + 2zFm+1(z)} :

(8.40)

Repeated application of this recursion relation yields a series expansion that may be used to approximate the Boys
Function291

Fm(z) = exp(−z)
∞X
i=0

(2m− 1)!!(2z)i

(2m + 2i + 1)!!
: (8.41)

The expansion in (8.41) provides a numerically stable means of approximating Fm(z) for a relatively wide range of
arguments, z . However, the series converges rapidly and thus the approximation is most suited for smaller arguments
|z | 6 25:0. At larger z , corresponding to well–separated shell pairs that are increasingly prevalent in large systems,
the Boys Function may be efficiently computed by the much simpler asymptotic approximation,

Fm(z) ≈ (2m− 1)!!

2m+1

r
ı

z2m+1
: (8.42)
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For convenience, the following intermediate function is defined that combines the Boys Function with a pre–factor by
which it is always multiplied

Gm(z) =

r
2

ı
Fm(z): (8.43)

The principle difference in approximating the Boys Function for integrals over LAOs as rather than standard GTOs is
that the argument z is generally complex with LAOs, whilst it is always real with GTOs. With a complex argument,
the standard methods of approximation may be less stable numerically and become unreliable, thus a careful approach
is required. This problem has been extensively studied in Refs. 295–297 and a multitude of methods examined for
different ranges of z .

In the present work, (8.41) & (8.42) have been tested along with several from Ref. 296 against a range of complex
argument z . There were no difficulties with numerical instability observed in the implementation of (8.41) & (8.42)
and no improvement was observed by using alternative methods. At present, a combination of (8.41) & (8.42) appear
sufficient to provide a reliable method of approximating the Boys Function for complex argument.

With a stable method of approximating the Boys Function available, shell–pair data makes it simple to generalise the
OS recursion relation for nuclear attraction integrals over GTOs266 to those over LAOs. The OS recursion relation
requires a set of auxiliary integrals, derived in detail in Ref. 266, to enable the incrementation of angular momentum
for each function. For each primitive integral, the shell–pair data and nuclear position are used to calculate the
parameters,

PC = P̃− C R2 = |PC|2 ZPC = “R2; (8.44)

from which the auxiliary integrals are constructed as»
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The OS recursion relation for the nuclear attraction integral has the form»
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(8.46)

where the superscript index m denotes an mth–order auxiliary integral; final integrals have m = 0. Once these
have been computed in the primitive Cartesian Gaussian basis for each shell–pair and nucleus, the integral batch is
contracted according to (8.3) and transformed into the spherical Gaussian basis if necessary.

8.4 Two Electron Integrals

The two–electron integrals present a much greater computational task than do the one–electron integrals; they
are both individually more complex to evaluate than, and outnumber by orders of magnitude, their one–electron
counterparts. In addition, ERIs over LAOs have a lower order of permutational symmetry than those over standard
GTOs, with twice as many needing to be computed. Their efficient evaluation is therefore of much importance. We
consider LAO–ERIs of the form

(ab|cd) =

ZZ
!∗a(r1)!b(r1)!∗c (r2)!d(r2)

|r1 − r2|
dr1dr2; (8.47)
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where the presence of the Coulomb operator again requires a transformation similar to that for nuclear attraction
integrals, detailed in the literature281,291,292. A common approach is to introduce the molecular incomplete gamma
function and construct a set of auxiliary intermediates, analogous to that described in subsection 8.3.3, then apply
recursion relations to generate the integrals from these auxiliaries. A long–established alternative to this is to generate
the integrands from unity by recursion and evaluate the integral using a Gaussian quadrature with the Rys weight
function271,272, discussed in detail in subsection 8.4.3.

Several algorithms by which these ERIs may be computed are set–out here, each having their own advantages and
disadvantages. They do however all require the same set of intermediate quantities for each shell–quartet281,

PQ = P̃− Q̃ R2 = |PQ|2 UPQ = ŨPŨQ ZPQ = #R2 2# =


1

2“
+

1

2”

ff−1

; (8.48)

all of which are readily constructed from shell–pair data, where ”, ŨQ and Q̃ are the second shell–pair equivalent of “,
ŨP and P̃ respectively.

8.4.1 The McMurchie–Davidson Algorithm

The algorithm that is most established for practical use in calculating ERIs over LAOs is the MD algorithm273, in
which charge distributions are expanded in Hermite Gaussian functions, defined in the absence of a complex phase
factor as
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exp
`
−“|r − P|2

´
; (8.49)

where P is the Gaussian product centre as defined in (8.5) and which were shown by MD to satisfy the recurrence
relation

(ri − Ai )Λn(“;P) = niΛn−1i (“;P) + PAiΛn(“;P) +
1
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Λn+1i (“;P): (8.50)

Writing the charge distribution as the sum of derivatives of Hermite Gaussian functions with respect to P allows these
terms to be taken outside of the integral over electron coordinates asZ Z
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(8.51)

where the reduction to differentiation over only one index follows from the property

@n

@P nx
F0(ZPQ) = − @n

@Qnx
F0(ZPQ): (8.52)

To calculate the integrals over Hermite Gaussian functions, MD proposed the one–centre recursion relation over the
set of auxiliary integrals, constructed in (8.54), with subsequent transformation to the required two–centre integral
as

[r + 1i ]
(m) = PQi [r](m+1) + ri [r − 1i ]

(m+1) [p|q] = (−1)q [p + q](0)
: (8.53)

Integrals computed over the Hermite Gaussian functions are then transformed back into the Cartesian basis using the
recurrence relation in (8.56) and subsequently into the spherical basis if required.

This approach is effective in the absence of an external field, as the use of Hermite functions allows the four centre
integral to be reduced to just one centre, resulting in a recurrence relation for incrementing angular momentum with
only two terms. The result of this is that the recursion step in the MD algorithm becomes more advantageous with
higher total angular momentum, however the MD algorithm is disadvantaged by the substantial computational cost of
transforming the Hermite integrals back to the Cartesian basis.

The expansion of AOs with a complex phase factor in a Hermite Gaussian basis has been the most widely practised
approach to evaluation of the necessary integrals; Colle et. al. presented general formulae for integrals over Hermite
Gaussian functions with complex phase factors in Refs. 298,299, noting that transforming the integrals to the Cartesian
basis would be a trivial extension. Further progress has been made by Tachikawa and co–workers274,275 and by
Tellgren et. al 172,256 to generalise the MD algorithm for the evaluation of integrals over Gaussian functions with a
complex phase–factor.
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In the interests of comparison, the generalised MD algorithm was implemented as part of the present study, broadly
following the scheme detailed in Ref. 172, but adapted to the context of the shell–pair scheme. The zeroth–order
Hermite integrals are computed from the molecular incomplete gamma function as

[0](m) =

8<:UPQ(−1)m (2#)m+ 1
2 Gm (ZPQ) |ZPQ| 6 25:0

UPQ(−1)m (2m−1)!!
R2m+1 |ZPQ| > 25:0

(8.54)

from which two–centre Hermite integrals of higher angular momentum are calculated recursively as

[p + 1i |q](m) = −iχP;i [p|q](m) + PQi [p|q](m+1) + pi [p− 1i |q](m+1) − qi [p|q− 1i ]
(m+1)

[p|q + 1i ]
(m) = −iχQ;i [p|q](m) − PQi [p|q](m+1) − pi [p− 1i |q](m+1) + qi [p|q− 1i ]

(m+1)
:

(8.55)

When considering non–zero external field, a consequence of the complex phase factor in LAOs is that the four centre
integral can no longer be simplified to a one centre integral over Hermite Gaussian functions using (8.52); instead
it can only be reduced to a two centre integral, with the recursion relation used to increment angular momentum
comprising double the number of terms172. Thus the principle advantage of this algorithm is lost, whilst the costly
transformation from Hermite to Cartesian Gaussians remains necessary and is given by

[a + 1i b p| = pi [a b p− 1i |+ PAi [a b p|+
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«
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«
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(8.56)

These transformations are unchanged from those in the zero–field algorithm, allowing any techniques developed to
optimise this step to be applied to integrals over LAOs. In particular, the Hermite to Cartesian recursion of (8.56)
and the contraction stage of (8.3) be applied to one index of the Hermite integral at a time, improving efficiency as
(8.56) can then be applied to the other index with the integral already half contracted.

8.4.2 The Head–Gordon Pople Algorithm

In view of the apparent shortcomings of the MD algorithm when applied to integrals over LAOs, this work has
sought to identify and implement alternative methods that will allow the integrals to be computed with greater
efficiency.

The first of these to be considered is an adaptation of the HGP algorithm, itself a modification of the OS scheme281,284.
In this approach, the zeroth–order auxiliary integrals are constructed in much the same way as for the nuclear attraction
integrals, from the molecular incomplete gamma function scaled with the requisite pre–factors as
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(8.57)

From these auxiliary integrals, angular momentum can be incremented at each of the indices by applying the eight–term
OS recursion relation266. In the HGP algorithm, this is significantly simplified by building up angular momentum at
only two indices, reducing the number of terms present in the recursion relation from eight to five, given by

[e + 1i0|f0](m) = PAi [e0|f0](m) − PQi

„
1

2“

«
[e0|f0](m+1)

+ ei

„
1

2“

«
[e− 1i0|f0](m) −

„
1

2“

«
[e− 1i0|f0](m+1)

ff
+ fi

„
1

2“

«„
1

2”

«
[e0|f − 1i0](m+1)

[e0|f + 1i0](m) = QCi [e0|f0](m) + PQi

„
1

2”

«
[e0|f0](m+1)

+ fi

„
1

2”

«
[e0|f − 1i0](m) −

„
1

2”

«
[e0|f − 1i0](m+1)

ff
+ ei

„
1

2”

«„
1

2“

«
[e− 1i0|f0](m+1)

;

(8.58)
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where Le = {La; La + Lb} and Lf = {Lc ; Lc + Ld}. A further significant advantage of the HGP scheme is that
the integrals may be contracted at this stage, before applying the HRR of subsection 8.2.2, yielding the contracted
intermediate

(e0|f0) =
X
Ka

X
Kb

X
Kc

X
Kd

[e0|f0](0)
: (8.59)

With the pre–computed transformation matrices of (8.10), the HRR (in combination with spherical transformation if
necessary) may be simply applied as

(e0|cd) =
X

f

(e0|f0) (f|cd)

(ab|cd) =
X

e

(ab|e) (e0|cd)
(8.60)

where (ab|e) and (f|cd) are the transformation matrices for the each shell–pair respectively, thus providing a significant
increase in efficiency when the contraction length of the shell–pairs is high. The matrix multiplication approach to the
HRR employed in this work enhances these gains by making use of optimised math libraries.

8.4.3 The Rys Polynomial Approach

As a second alternative to the MD scheme, we also consider the generalisation of Rys quadrature for the calculation of
LAO-ERIs. According to the Gauss quadrature theory, a definite integral of a polynomial P (x) of order up to 2N − 1
weighted by a function W (x) can be computed exactly by summing over N weights wi multiplied by P (x) evaluated
at N roots xi of a polynomial pN(x)278:

Z b

a

P (x)W (x)dx =
NX
i=1

P (xi )wi : (8.61)

The algorithm to obtain the necessary roots and weights is described in subsubsection 8.4.3.1. In order to evaluate an
ERI using (8.61), we have to identify the polynomial and weight function components of its integrand.

Following a Laplace transformation of the Coulomb operator, given in (8.31), the integral can be written as

(ab|cd) ∝ UPQ

Z 1

0

exp
`
−t2ZPQ

´
Ix(t)Iy (t)Iz(t)dt; (8.62)

where Ix(t), Iy (t), Iz(t) are two–dimensional integrals over Cartesian components which depend on the angular
momenta and exponents of the quartet. It can be shown that these 2D integrals are polynomials in t2. Moreover,
after a substitution x = t2 we can identify the weight function of (8.61) as the exponential part of the integrand in
(8.62), the so called Rys weight function272, W (x) = exp(−xZPQ)=

√
x . Hence, the ERI for any shell quartet can

be evaluated using the Gauss quadrature technique provided that a set of roots and corresponding weights can be
obtained for any value of the argument ZPQ.

In this work, we adapt the algorithm to generate real roots and weights of Golub and Welsh300 and of Flocke278 for
complex Gauss quadrature needed to compute ERIs over LAOs.

8.4.3.1 The Gauss Quadrature Rules

For a fixed weight function W (x) > 0 on x ∈ [a; b], it is possible to define a sequence of real polynomials p0(x),
p1(x), : : :, pn(x) of the form pn(x) = kn

Qn
j=1(x − xj), kn > 0, which are orthogonal with respect to the weight

function,

〈pm(x)|pn(x)〉w ≡
Z b

a

pm(x)pn(x)W (x)dx = 0; m 6= n: (8.63)

We note that a system of polynomials orthogonal with respect to the Rys weight function are called the Rys
polynomials271. Any set of real orthogonal polynomials {pn(x)}Nn=1 can be constructed using a three–term recurrence
relation,

pn(x) = (anx − bn)pn−1(x)− cnpn−2(x) n > 1 (8.64)

where p−1(x) ≡ 0 and p0(x) ≡ 1. The two conditions that pn is orthogonal to pn−1 and pn−2 do not determine the
three coefficients an, bn, and cn uniquely. Different choices of the third condition are discussed in literature resulting
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in monic polynomials278 (the coefficient of the largest power of x is equal to 1) or orthonormal polynomials used in
this work and in Ref. 301.

In order to find N roots {xi} of pN(x) required in (8.61), the recurrence relation of (8.64) can be written in a matrix
form as

xp(x) = T p(x) + pN(x)eN ; (8.65)

where p(x) = [p0(x); p1(x); : : : ; pN−1(x)]T , eN = [0; 0; : : : ; 1]T and T is the tridiagonal matrix

T =

266664
b1=a1 1=a1

c2=a2 b2=a2 1=a2

c3=a3 b3=a3 : : :
: : : : : : 1=aN−1

cN=bN bN=aN

377775 ; (8.66)

which becomes symmetric in case of an orthonormal polynomial set {qn(x)}Nn=1 with q0(x) ≡ (
R b
a
W (x)dx)−1=2

chosen to satisfy 〈q0(x)|q0(x)〉w = 1 (see Refs. 301,302 for a more detailed discussion). A transition to recursion
coefficients generating an orthonormal sequence of polynomials corresponds to a similarity transformation to a Jacobi
matrix J = DTD−1, where

J =

266664
¸0 ˛1

˛1 ¸1 ˛2

˛2 ¸2 : : :
: : : : : : ˛N−1

˛N−1 ¸N−1

377775 ; (8.67)

with ¸n = bn=an and ˛n = (−anan+1=cn+1)−1=2.

In analogy to (8.65), we can write a matrix equation xq(x) = Jq(x) + qN(x)eN . Solving the characteristic equation
xiq(xi ) = Jq(xi ) leads to qN(xi ) = 0, hence the eigenvalues of matrix J (and T ) are the required roots.

The matrix J is symmetric and real (i.e. Hermitian) so its set of eigenvectors {q(xi )}Ni=1 associated with eigenvalues
xi is orthogonal with respect to the standard inner product

〈q(xi )|q(xj)〉 ≡
NX
n=1

qn(xi )qn(xj) = 0; i 6= j: (8.68)

However, these eigenvectors are not normalised by virtue of the method with which they are constructed. For the
corresponding weights wi , as a consequence of the Christoffel–Darboux identity, we have300,302: wi

PN
n=1 q2

n(xi ) =
1.

We can find an orthonormal set of eigenvectors {ui}Ni=1, forming columns of a unitary matrix U which satisfies the
identity U†U = E in general and UTU = E in the case of real eigenvectors. The combination of this and the
Christoffel–Darboux identity allows us to write an explicit expression for the weights wi as

wi =
u2
j;i

q2
j (xi )

j = 1; : : : ; N: (8.69)

Finally, we can use the fact that the first component of any eigenvector q(xi ) is a constant

q1(xi ) = q0 ≡
 Z b

a

W (x)dx

!−1=2

(8.70)

and obtain wi = u2
1;i

R b
a
W (x)dx . The problem of evaluating the ERIs can therefore be reduced to that of obtaining

the recurrence coefficients an, bn, and cn.

Unfortunately, the Rys polynomials do not belong to any classical sets of orthogonal polynomials with known recurrence
coefficients. Several alternative Rys quadrature methods are reviewed in Ref. 278, highlighting the efficiency and
numerical stability of the modified moment method303 for real positive values of the argument ZPQ. Here we adopt
this method for complex values of ZPQ, which occur for integrals over LAOs in the presence of homogeneous magnetic
field. The justification of this approach, based on the work of Saylor and Smolarski301, is outlined briefly below.
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8.4.3.2 The Complex Rys Quadrature

In general, there is no three–term recurrence relation that may be applied to generate a set of complex polynomials
orthogonal with respect to the standard weighted inner product,

〈pm(x)|pn(x)〉w ≡
Z
‚

pm(x)pn(x)W (x)dx = 0; m 6= n; (8.71)

where pn(x) indicates complex conjugation and ‚ is an arc in the complex plane301. However, we can construct a
set of formally orthogonal (sometimes referred to as conjugate orthogonal) polynomials with respect to a bilinear
form,

[pm(x)|pn(x)]w ≡
Z
‚

pm(x)pn(x)W (x)dx = 0; m 6= n: (8.72)

As a result, we obtain a tridiagonal complex symmetric Jacobi matrix. The required roots can be calculated as
eigenvalues of this matrix, though they are complex301. We emphasise that the eigenvectors of the non–Hermitian
Jacobi matrix are not orthogonal with respect to the standard inner product of (8.68), but they are orthogonal with
respect to a bilinear form,

[vi |vj ] ≡
X
k

vk;ivk;j = 0; i 6= j: (8.73)

The normalisation of the eigenvectors of the Jacobi matrix is as crucial for calculation of the weights of the complex
Gauss quadrature as in the real case. We can find a formally orthonormal set of eigenvectors {vi}Ni=1, which form
columns of an orthogonal matrix304 V that satisfies V TV = E , exactly as in the real case. However, for complex
eigenvectors this identity implies normalisation with respect to the bilinear form, [vi |vi ] = 1.

We note that standard eigenvalue solvers such as subroutine zgeev from the Lapack library305 return eigenvectors
that are individually normalised using the standard inner product, the largest component of which are chosen to be
real. However, these eigenvectors cannot be made orthonormal with respect to this inner product so they cannot be
used in (8.69) to find the required weights. We therefore perform an additional normalisation based on the bilinear
form above. The whole set then satisfies the condition V TV = E , as in the real case, thus can be used to compute
the complex Gauss quadrature weights using standard double precision arithmetic.

For N < 12, the recurrence coefficients needed to construct the complex Jacobi matrix can be obtained using the
moment method (also known as the Chebyshev algorithm) following the work of Golub and Welsh300. We have
observed that this method, based on integrating xn (n = 1; : : : ; N) over the Rys weight, becomes numerically unstable
around N = 12 both in case of a real and complex argument ZPQ.

One approach to accommodate the changes in electronic structure induced by the application of a magnetic field is to
include a greater number of basis functions of high angular momenta. As a result, we choose to use the modified
moment method as outlined by Flocke for real Rys quadrature278, which remains numerically stable well beyond
N = 12. The method uses multiple sets of auxiliary polynomials with known coefficients of their three-term recurrence
relation. The choice of the set depends on the size of the argument ZPQ. We have found that we can cover the whole
interval relevant for ERIs arising in typical basis sets and magnetic fields up to one atomic unit using the shifted
Jacobi polynomials for |ZPQ| < 30 and generalised T-scaled Laguerre polynomials for |ZPQ| > 30. This approach can
be used for complex numbers without modifications.

We have found that the absolute value of the complex argument can be considered instead of its positive real component
when deciding which set of auxiliary polynomials to use. In case of very large |ZPQ|, it becomes computationally
advantageous to use the classical Hermite polynomials272, where the roots and weights are precomputed and rescaled
by
p
|ZPQ|, as this approximation becomes increasingly accurate in the limit of large |ZPQ|. The calculation of the

first component of eigenvectors q0 required to obtain the complex weights is described in subsection 8.3.3; it is simply
the zeroth order molecular incomplete gamma function.

Finally, we compare the behaviour of the standard and modified moment methods close to singularities of the elements
of the Jacobi matrix as a function of ZPQ in the complex plane, as indicated by Reynolds and Shiozaki261 for N = 2.
We observe that the relative error of a test integral utilising the relevant roots and weights does not exceed 10−10

when we do not approach the singularity ZsPQ closer than |ZPQ − ZsPQ| ∼ 10−9. In practical calculations and testing
carried out during this work with field strengths less than 3 atomic units, we have encountered no practical issues
associated with such singularities. In the event that such singularities are encountered, the integral batch may be
recomputed with a larger number of roots and weights, or using the HGP or MD algorithms.
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8.4.3.3 Vertical Recursion Relation

In the Rys polynomial scheme, the zeroth order terms are not computed from the scaled molecular incomplete gamma
function, but from the standard Gaussian pre–factors and the Rys quadrature weights w– as

Ix (0; 0;–) = 1:0 Iy (0; 0;–) = 1:0 Iz (0; 0;–) = UPQ

r
4#

ı
w– (8.74)

where the integrand is resolved into the three Cartesian components. For higher order integrals, angular momentum
can be incremented using the following recursion relations which are analogous to the HGP vertical recursion relation
as shown by Lindh et. al.306
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where t2
– are the Rys roots, described in (8.62). The resolution of the integrand into Cartesian components allows

angular momentum to be incremented separately in each direction, resulting in a vertical recursion relation that scales
much more favourably with angular momentum than either the MD or HGP algorithms.

8.4.3.4 Reduced Multiplication Scheme

Integrals suitable for HRR transformation are obtained by multiplying the relevant x , y and z components of the 2D
integrals and summing over the Rys polynomial nodes,

[e0|f0] =
NX
–=1

Ix (ex ; fx ;–)Iy (ey ; fy ;–)Iz (ez ; fz ;–) (8.76)

and subsequently summing over the primitive components of the contracted integral using (8.59). This summation
step is generally the computational bottleneck of the Rys quadrature approach, scaling less favourably with angular
momentum than the comparatively inexpensive VRR. Lindh et. al. developed the reduced multiplication scheme306; a
technique effective at improving the efficiency of this step by maximising the re–use of intermediates and avoiding
redundant multiplications.

In the construction of [e0|f0] integrals, it was noted that each combination of x and y components was frequently
combined with multiple z components, thus creation of an xy intermediate to be combined with many z components
in summation over Rys quadrature nodes would reduce the number of individual multiplications required by the
number of nodes for each re–use of the intermediate. This is demonstrated by example in Figure 8.1.

Aside from the diligent re–use of intermediates, the other main facet of the reduced multiplication scheme is the
elimination of superfluous multiplications by unity, discarding Ix (0; 0;–) and Iy (0; 0;–) from summations where
these occur; Iz (0; 0;–) cannot be discarded as it carries the Rys weights and other pre–factors. We have employed the
reduced multiplication in the generalised Rys quadrature implementation used in this work as it is a useful enhancement
to the efficiency of the overall algorithm.

X
–

Ix (0; 1;–) ∗ Iy (1; 0;–) ∗

Iz (0; 0;–)

Iz (0; 1;–)

Iz (1; 0;–)

Iz (1; 1;–)

[py s|px s]
[py s|dxzs]
[dyzs|px s]
[dyzs|dxzs]

Figure 8.1: An illustration of how the reduced multiplication scheme can be effective at reducing the amount of
computation required. In this example, the 2D integrals in the x and y axes are premultiplied for all –
to form an xy intermediate; this can be combined with four different z components and summed over
– to form four different integrals.
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8.4.4 Cauchy–Schwarz Screening

In addition to the screening of negligible shell–pairs described in subsection 8.2.1, the Cauchy–Schwarz inequality is
exploited to identify and avoid computing negligible batches of integrals,

|(ab|cd)| 6
p
|(ab|ba)| ·

p
|(cd|dc)|: (8.77)

In this work, the threshold for screening at this level is equal to that for screening individual shell–pairs, 10−12.

8.5 Assessing The Efficiency Of LAO-ERI Algorithms

The three ERI algorithms described in Section 8.4, along with the one–electron integrals of Section 8.3, have been
implemented in the Quest rapid development platform63. This program is written predominantly in the Python
language, exploiting just-in-time compilation techniques using the Numba compiler119,120.

To explore the relative efficiency of the algorithms we consider two example systems, O2 and C4H4. We present
relative timings of the integral calculation, broken down by quartet angular momentum, for these systems in both the
primitive and contracted form of Dunning’s aug-cc-pCVTZ basis set117 in the spherical harmonic representation. This
choice of basis set represents a size typical of that used in production calculations and allows for an assessment of the
performance of the integral algorithms over a range of angular momenta.

In Figure 8.2, integral timings are presented for calculations on the small paramagnetic molecule O2. These calculations
were configured to simulate a uniform external magnetic field of 1 atomic unit, perpendicular to the bonding axis, on
the electronic state corresponding to lowest energy component of the triplet ground state of O2 at zero–field. The
left–hand panel of Figure 8.2 shows the timings pertaining to the primitive basis set, whilst the right–hand panel
shows the corresponding data for the contracted basis set.

In the presence of a strong magnetic field, the electron density of the system is compressed in an anisotropic manner,
with the compression perpendicular to the field being more pronounced than that in the direction of the applied field,
as described for example in Refs. 257,263,264. These changes are however small relative to the changes in density
upon formation of a typical covalent bond and so a simple approach to introduce sufficient flexibility into the basis
set to adequately accommodate these effects is to un–contract the basis functions. The development of basis sets
tailored to finite field calculations has not yet been pursued, however for such sets, contracted functions could be
developed to enhance computational efficiency. In Figure 8.2 we also therefore present timings for the aug-cc-pCVTZ
basis set in its contracted form, where the contractions used are those defined for zero–field calculations.

In this work, we have only considered fields of up to ∼ 1 atomic unit in strength, equivalent to 235′000 Tesla. For the
purposes of checking the numerical stability of the implemented code, some additional calculations were undertaken
with fields of up to ∼ 3 atomic units in strength. We note however that, at field strengths greater than a few atomic
units, the use of anisotropic basis sets may become necessary307,308, along with a more careful consideration of non
Born–Oppenheimer corrections309.

The timings for the primitive basis for O2 in the left hand panels of Figure 8.2 are classified by the total angular
momentum of the shell quartet, Lbra + Lket. In the upper panel, the average CPU time per integral in each class is
presented; this gives a system independent measure of the performance of each algorithm for the different classes of
integral. As would be expected from subsection 8.4.1, the MD algorithm exhibits the least favourable performance
overall. The time per integral for the MD algorithm is little different from that of the HGP algorithm for very low
angular momenta of . 2, perhaps having a marginal advantage over HGP for these classes, however the time per
integral for MD rapidly begins to exceed that of HGP for classes of increasing angular momenta. This is a result of
the recursion relation of (8.55) having twice the number of terms and indices as its zero–field counterpart, effectively
eliminating a principle advantage of the MD algorithm whilst retaining the principle disadvantage in the form of
(8.56), leading to the relatively poor scaling with angular momentum observed here.

The HGP algorithm delivers a superior performance to the MD algorithm for integrals of angular momenta above the
range . 2. This is unsurprising because, whilst the VRR of (8.58) has one term more than the MD recursion relation,
the HRR of (8.9) is much simpler than the transformation stage of the MD algorithm, (8.56). In essence, the HGP
algorithm for LAO-ERIs is little different to that over standard GTOs, thus retains many of its well documented
comparative advantages281,310.

A shortcoming that both the MD and HGP algorithms share is that their efficiency begins to deteriorate when
the total angular momentum of the integral increases further, exceeding ∼ 5 for primitive functions. It is clear
from Figure 8.2 however that the Rys quadrature scheme performs significantly better than either the MD or HGP
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Figure 8.2: Relative timings for LAO-ERIs in a calculation on the O2 molecule in the aug-cc-pCVTZ basis, classified
according to the total angular momenta Lbra + Lket for each shell quartet. The left hand panels show
the results for the primitive basis, the right hand panels for the contracted basis set.

algorithms for integrals with angular momentum & 5, becoming increasingly advantageous with higher total angular
momentum. This trend can be understood by comparing the HGP VRR of (8.58) and the Rys VRR of (8.75); in the
Rys scheme recursion is applied to the integrand polynomial, which is separable by Cartesian components allowing
angular momentum to be incremented in each component independently and resulting is a much lower scaling with
angular momentum than the HGP VRR, where the intermediate auxiliary integrals are non–separable. The scaling of
the Rys summation step of (8.76), the steepest scaling part of the Rys algorithm, is minimised by application of the
reduced multiplication scheme as described in subsubsection 8.4.3.4.

In contrast it can also be seen in Figure 8.2 that the Rys algorithm is the least efficient for computing ERIs of very
low total angular momentum, being in this case inferior to both MD and HGP. This is because the zeroth–order
terms of the MD and HGP algorithms are simply scaled molecular incomplete gamma functions and are relatively
inexpensive to compute, whereas the zeroth–order terms of the Rys algorithm requires the more computationally
expensive calculation of quadrature nodes and weights. For integrals of low angular momentum, computing the
zeroth–order term is generally the dominant step, thus the pre–factor is greater for the Rys quadrature than for the
MD or HGP algorithms, impairing the performance of the Rys scheme at low angular momenta.

In the lower panels of Figure 8.2, the relative CPU time for each integral class in the calculation is presented; this plot
reflects not only the angular momenta of integrals present but also their relative distribution as determined by the
particular choice of basis and the system under study. It is again clear that the MD approach is the least efficient,
with the largest amount of time spent on integrals with Lbra + Lket = 7, the HGP algorithm delivers a considerable
improvement for Lbra + Lket > 4, and is comparable with MD for lower angular momenta integrals. For the HGP
approach, the most time is spent on integrals with Lbra + Lket = 6. Most striking is the significant improvement
offered by the use of Rys quadrature for Lbra +Lket > 4, with the largest amount of time being spent on integrals with
Lbra + Lket = 4 for this approach. Furthermore, as would be anticipated from the above discussion, for Lbra + Lket < 4
the Rys approach is noticeably less efficient than either the MD or HGP schemes.

In the right hand panels of Figure 8.2, the corresponding analysis is presented for the contracted aug-cc-pCVTZ basis.
Qualitatively the plots are similar, however, there are some important differences. Consistent with the discussion in
subsection 8.4.2, the HGP algorithm is particularly efficient for contracted basis sets since its HRR may be applied to
contracted integrals. This effect can be discerned in the upper right plot of Figure 8.2, noting that the HGP algorithm
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becomes more efficient than MD earlier at Lbra + Lket = 2. On the other hand, the efficiency of the Rys quadrature
calculations is adversely effected by contraction, as it necessitates multiple sets of quadrature roots and weights to be
computed per integral batch; this effect can be discerned from the upper right plot, noting a later crossover with
HGP at Lbra + Lket = 5, beyond which the Rys quadrature again becomes the most efficient technique.

A similar analysis has been conducted for the cyclobutadiene molecule, C4H4, at the same geometry as used in
Ref. 172 with a uniform magnetic field of strength 1 atomic unit perpendicular to the molecular plane. The results
pertaining to the C4H4 molecule are presented in Figure 8.3. The upper panels showing the system independent plots
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Figure 8.3: Relative timings for LAO-ERIs in a calculation on the C4H4 molecule in the aug-cc-pCVTZ basis,
classified according to the total angular momenta Lbra + Lket for each shell quartet. The left hand
panels show the results for the primitive basis, the right hand panels for the contracted basis set.

are remarkably similar to those for O2, confirming the use of this measure for assessing the efficiency of the different
algorithms. In particular, the crossover values at which different methods become the most efficient are remarkably
transferrable. The lower panels are also very similar, reflecting similar types of functions contributing to the basis set.
We have confirmed that increasing the cardinal number of the Dunning-type basis set does not significantly affect
conclusions on the relative efficiency of the approaches considered and that the system independent plots (upper
panels) remain broadly system independent.

Given that the crossovers in performance between the algorithms are remarkably transferrable, we have considered
a simple mixed approach to achieve the optimal efficiency in evaluating the LAO-ERIs. In all constituent plots of
Figures 8.2 and 8.3, the results of the mixed approach are plotted with line style ?−?. In our integral evaluation code,
we have introduced a simple function to select the most appropriate algorithm based on the overall contraction length
and the value of Lbra + Lket. After testing over a range of systems we select the MD, HGP and Rys algorithms based
on these values according to Table 8.1. This approach can be highly effective in reducing overall computation time,

MD HGP Rys

Primitive 0–1 2–4 5+
Contracted 0–1 2–5 6+

Table 8.1: Ranges of Lbra + Lket in which each of the considered integral algorithms may be considered optimal.
These values are used for the construction of a mixed scheme (see text for details).
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Figure 8.4: A graphical representation of the mixed scheme for the efficient evaluation of LAO integrals, in which
Lbra + Lket is used to select the optimal integral algorithms for a given shell quartet.

compared with the exclusive use of any one of the algorithms, often with savings between 10% and 30%. The largest
gains using the mixed approach are apparent when using contracted functions (see e.g. the lower right panels of
Figures 8.2 and 8.3). It is interesting to note that all three approaches considered contribute to the mixed scheme,
with MD being most efficient for the lowest angular momenta integrals, Rys quadrature the most efficient for the high
angular moment integrals and HGP being optimal in the intermediate region. We expect the simple heuristics used
in the mixed approach here to be transferrable to many common basis sets where contraction is most significant in
the lower angular momenta core functions. However, some re–calibration may of course be necessary for basis sets
containing functions with significantly greater contraction lengths than tested in this work, such as the atomic natural
orbital (ANO) series of basis sets by Almlöf & Taylor311.

8.6 Conclusions

The implementation of integral schemes for non-perturbative electronic structure calculations in the presence of strong
magnetic fields using LAOs has been presented. The impact of the use of LAOs on the complexity of three LAO-ERI
algorithms was discussed in detail. For the MD method, the introduction of LAOs leads to a significant increase in
complexity and has a negative impact on its overall efficiency, particularly for integrals over higher angular momenta
basis functions. However, the method still retains efficiency for integrals involving only the lowest angular momenta
functions. For the HGP method, the introduction of LAOs does not significantly complicate the underlying algorithm
and the efficiency of the HGP scheme for contracted basis functions remains a significant advantage in the generalised
form.

For the Rys quadrature method, a careful approach is required to extend the method to the complex case required for
LAO integrals. In contrast with previous implementations, we use Flocke’s approach278 rather than an interpolation
scheme for the roots and weights, avoiding the need to construct and store large interpolation tables261. We also find
that the computation of the roots and weights on the fly can be carried out with standard double precision arithmetic.
The reduced multiplication scheme of Lindh306 was adopted in this context to further improve the efficiency of
the summation step. One potential complicating factor for the application of Rys quadrature in this context is the
possibility of encountering singularities in the complex plane261,301. Whilst we have confirmed that these are still
present with use of the alternative algorithms presented here, we have not encountered difficulties due to these in any
practical calculations, including tests with molecules at a wide range of geometries with fields up to 3 atomic units in
strength. In our implementation, if such problems are detected the evaluation of the integral batch can be repeated
automatically with a larger number of roots and weights or with one of the alternative LAO-ERI algorithms.

A simple mixed approach was designed to exploit the different advantages of the LAO-ERI algorithms. Specifically,
Rys quadrature is used for high angular momenta integrals, the HGP algorithm is used for intermediate angular
momenta integrals and particularly where contracted functions are employed and the MD method is employed for
the lowest angular momenta integrals. When combined, the mixed approach can achieve substantial efficiencies in
overall computation compared with the exclusive use of any one integral algorithm. This provides a robust approach
for calculating LAO molecular integrals over a very broad range of fields in an efficient manner, enabling the efficient
implementation of non-perturbative treatments of strong magnetic fields in electronic structure calculations. In future
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work, we will consider the evaluation of geometrical derivatives of these integrals in a similar fashion to enable the
efficient calculation of molecular gradients and optimised geometries in the presence of strong magnetic fields.
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Perspective

In this work, a systematic approach to studying the exchange–correlation energy in density functional theory has
been outlined, a number of methods for its approximation have been investigated and the requisite apparatus for the
generalisation of this approach to systems in magnetic fields has been developed.

In Chapter 1, some of the basic principles underlying all other aspects of this work were set–out; the fundamental
problem itself in Section 1.1 and its simplest translation into the language of quantum chemistry in Section 1.2 as
Hartree–Fock theory. Chapter 2 described how the Hartree–Fock model can be built–on and improved in a systematic
manner by mixing the Hartree–Fock wavefunction with the manifold of its excited states, either as a straightforward
linear combination in Section 2.2 or determined using perturbation theory in Section 2.3 or by coupled–cluster theory
in Section 2.4. The implementation of perturbation theory and coupled–cluster theory in the quantum chemical rapid
development code Quest was here set–out for the ground–state energy and extended to analytical derivatives in
Section 2.5. In Chapter 3, the alternative approach of density functional theory was set–out in detail, tracing its
development from the initial theory by Hohenberg & Kohn in Section 3.2 through to the mathematically–rigorous
convex–conjugate theory of Lieb in Section 3.4. An overview was given of its Kohn–Sham formulation, the form in
which it is applied for practical purposes, in Section 3.5 and the adiabatic connection approach to analysing density
functionals was described in Section 3.6. An alternative universal density functional and variation principle was
introduced in Chapter 4 and shown to be closely linked to Lieb’s theory, yielding the same solutions but by application
of different variation principles.

Chapter 5 tied together the theory set out in Chapters 2 & 3, linking in particular the theory in Sections 2.4 & 2.5 with
that of Section 3.4. It was described in Section 5.2 how the accuracy and reliability of the coupled–cluster method
can be combined with Lieb’s mathematically rigorous formulation of density functional theory to compute an energy
density with known accuracy, which may be regarded as a target to be modelled in the development of improved
approximations for exchange & correlation in Kohn–Sham density functional theory. This approach was applied for a
series of atoms and the results presented in Section 5.3, in which the distribution of the energy density and a local
form of the adiabatic connection are examined & discussed; an analysis extended to the Hydrogen diatomic molecule
in Section 5.4. The distribution of the energy densities in atoms, the Nitrogen diatomic molecule and the Hydrogen
Fluoride diatomic molecule is compared to the distribution of the Laplacian of the density in Section 5.5, where the
coincidence of features in both is discussed. The energy density and local adiabatic connection are resolved into
their spin–parallel and spin–antiparallel contributions in Section 5.6 and the differences in behaviour between the two
discussed.

Chapter 6 follows directly from the discussion in Chapter 5 by investigating approaches with which the energy density
could be modelled. The first of these, in Section 6.2, is the construction of a model from real–space arguments,
parameterised using reference data and tested on a collection of atoms. The second of these, discussed in Section 6.3,
sought to construct a model based on interpolating the adiabatic connection at each point in space, for which
parameters obtained using both reference data and approximations were considered and which was tested for a range
of atomic, ionic & small molecular systems.

This approach to the study of correlation in density functional theory shows promise, since the elucidation of ab
initio–quality correlation energy densities has led to interesting observations. From the distributions of the correlation
energy density, it appears not to be highly localised around atomic nuclei as, for example, the charge & kinetic energy
densities are. It instead exhibits a much slower asymptotic decay with distance from the nucleus and does so in a
manner that is not necessarily monotonic, instead generally containing features which observations suggest may be
delimited by nodes in the Laplacian of the density.

Furthermore, the local adiabatic connection appears to be strongly indicative of how the correlation at each point in
space may be characterised; a more linear adiabatic connection indicating the dominance of dynamical correlation
or an adiabatic connection with greater curvature indicating a significant presence of nondynamical correlation. In
most of the systems examined, the adiabatic connection was near–linear at most points in space and exhibited more
considerable curvature in only limited regions of space. Such systems tend to be adequately treated by existing
approximations of correlation used in Kohn–Sham calculations.

A well–known example of a system that Kohn–Sham theory is poor at modelling is that of the dissociating Hydrogen
molecule. This may be understood in the context of the local adiabatic connection, examined in the Hydrogen
molecule as its bond length is extended and the curvature of which becomes increasingly pronounced as the molecule
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approaches the limit of dissociation. This behaviour is observed at every point in the system, indicating that the
Kohn–Sham model becomes an increasingly poor representation of the entire system.

In addition to this, the spin resolution of the local adiabatic connection suggests that the character of the spin–parallel
and spin–antiparallel correlation contributions may not be the same at all points in space. Indeed, limited observations
thus far appear to show greater curvature in the spin–parallel local adiabatic connection than its spin–antiparallel
equivalent, a pattern that could be rationalised somewhat by considering the spin–parallel contribution to correlation
as a higher–order effect of exchange.

The initial results obtained for models of the correlation energy density present an interesting picture. The real–space
model yielded approximations to the correlation energy density in atoms that appeared to correctly locate its features,
however these approximate correlation energy densities exhibited an excessive rate of asymptotic decay and the
functional itself yielded poor approximations to the overall correlation energy of the system. Attempts to improve the
functional by varying one of its parameters did improve the estimate for the correlation energy however this was at
the cost of completely distorting the correlation energy density.

The other approach considered was that of interpolating the local adiabatic connection. The results of this were
encouraging in that the accuracy of local interpolation models was generally superior to that of the equivalent global
interpolation models and furthermore that it appears certain approximations to some of the parameters used to
construct the local interpolation model could be introduced without a significant deterioration in the accuracy of the
resulting correlation energies and energy densities. The dissociation curves of the Hydrogen molecule constructed
with this approach indicates the electronic structure of the Hydrogen molecule in the dissociation limit is correctly
modelled by some of the local interpolation schemes, but that they perform poorly where the bond length is only
moderately extended in the Hydrogen molecule.

A logical starting point for future work would be to construct a correlation functional that is a synthesis of the
real–space model and a local interpolation model. They seem somewhat complementary, with the real–space model
showing promise in modelling the correlation energy density in higher density regions near the nuclei whilst the
interpolation models appear well suited to modelling the low density & asymptotic regions of electronic systems
but unsuited to regions of greater charge density around the nuclei. This would suggest a synthesis of the two
methods, in which the real–space model was deployed for the region around the nuclei and was gradually replaced by
an interpolation model approaching the asymptotic region.

An additional direction for further investigation, signalled in this work, is to consider generalised models for the system
that account for the effects an external magnetic field. The treatment of an external magnetic field in the theoretical
framework of Section 1.1 is briefly discussed in Chapter 7. It is noted however that, whilst this may be straightforward
enough in theory, properly treating magnetic field effects in practical calculations presents new technical challenges
that are otherwise absent. An efficient framework to address these matters is presented in detail in Chapter 8 and
implemented in Quest, with the purpose of enabling the study of electronic systems in magnetic fields to be applied
to a wider range of molecules and possibly to the calculation and modelling of energy densities in the presence of a
magnetic field.
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[53] Kümmel, H. G. ‘Expectation values and density matrices in the Coupled-Cluster theory.’ International Journal
of Quantum Chemistry, 24(1), 79–84, 1983.

[54] Bartlett, R. J. ‘Analytical evaluation of gradients in coupled-cluster and many-body perturbation theory.’ In
‘Geometrical Derivatives of Energy Surfaces and Molecular Properties,’ pages 35–61. Springer Netherlands,
1986.

[55] Trucks, G. W., E. Salter, C. Sosa, and R. J. Bartlett. ‘Theory and implementation of the MBPT density matrix.
an application to one-electron properties.’ Chemical Physics Letters, 147(4), 359–366, 1988.

[56] Salter, E. A., G. W. Trucks, and R. J. Bartlett. ‘Analytic energy derivatives in many-body methods. I. first
derivatives.’ The Journal of Chemical Physics, 90(3), 1752–1766, 1989.

[57] Gauss, J. and J. F. Stanton. ‘Coupled-cluster calculations of nuclear magnetic resonance chemical shifts.’ The
Journal of Chemical Physics, 103(9), 3561–3577, 1995.

[58] Handy, N. C. and H. F. Schaefer. ‘On the evaluation of analytic energy derivatives for correlated wave functions.’
The Journal of Chemical Physics, 81(11), 5031–5033, 1984.

[59] Dalgarno, A. and A. L. Stewart. ‘On the perturbation theory of small disturbances.’ Proceedings of the Royal
Society A: Mathematical, Physical and Engineering Sciences, 238(1213), 269–275, 1956.

[60] Dalgarno, A. and A. L. Stewart. ‘A perturbation calculation of properties of the 2pı state of HeH2+.’ Proceedings
of the Royal Society A: Mathematical, Physical and Engineering Sciences, 240(1221), 274–283, 1957.

[61] Dalgarno, A. and A. L. Stewart. ‘A perturbation calculation of properties of the helium iso-electronic sequence.’
Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences, 247(1249), 245–259,
1958.

[62] Watts, J. D., J. Gauss, and R. J. Bartlett. ‘Open-shell analytical energy gradients for triple excitation many-body,
coupled-cluster methods: MBPT(4), CCSD+T(CCSD), CCSD(T) and QCISD(T).’ Chemical Physics Letters,
200(1-2), 1–7, 1992.

[63] QUEST. ‘A rapid development platform for quantum electronic structure techniques.’ quest.codes, 2017.

[64] Hohenberg, P. and W. Kohn. ‘Inhomogeneous electron gas.’ Physical Review, 136(3B), B864–B871, 1964.

[65] Kohn, W. and L. J. Sham. ‘Self-consistent equations including exchange and correlation effects.’ Physical
Review, 140(4A), A1133–A1138, 1965.

175

quest.codes


[66] Levy, M. and J. P. Perdew. ‘In defense of the Hohenberg-Kohn theorem and density functional theory.’
International Journal of Quantum Chemistry, 21(2), 511–513, 1982.

[67] Lieb, E. H. ‘Density functionals for Coulomb systems.’ International Journal of Quantum Chemistry, 24(3),
243–277, 1983.

[68] Thomas, L. H. ‘The calculation of atomic fields.’ Mathematical Proceedings of the Cambridge Philosophical
Society, 23(05), 542, 1927.

[69] Fermi, E. ‘Un metodo statistico per la determinazione di alcune priorietà dell’atome.’ Rendiconti dell’Accademia
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