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Preface

Abstract

Density functional theory (DFT) has grown to become by far the most widely applied method in the modelling of
electronic systems yet, in contrast to wavefunction—based ab initio methods, the reliability of a DFT calculation can
be uncertain. This is because the essential ingredient required for a DFT calculation to be meaningful — the exchange
& correlation energy functionals, are approximations for a type of electronic interaction with an unknown functional
form. Whilst there exist types of system for which DFT does not provide a useful model — those with significant
dispersion interactions and those with near—degenerate states, seeking improvements to DFT in these areas can be far
from straightforward since the exchange & correlation functionals cannot be systematically improved.

In this work, a mathematically rigorous description of DFT is combined with some of the most reliable & accurate
ab initio electronic structure methods in a bespoke development code to obtain a detailed picture of how the exact
correlation energy functional in DFT behaves. Using these insights, new approaches are investigated for modelling the
correlation energy functional in local form, allowing a systematic study of how best to approximate the correlation
energy functional in different types of system to be pursued.

As an adjunct to this, the present work looks ahead at how to extend & generalise this investigation by considering
the behaviour of systems in the presence of a magnetic field. Efficient algorithms are developed and implemented to
facilitate this, enabling the advancement of this strand of investigation in subsequent work.
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Introduction To Quantum Chemistry

1.1 The Molecular Schrodinger Equation

In an electronic structure problem, the fundamental motivation is that of solving the Schrédinger Equation® for the
system being considered, and every approach to predicting the electronic structure of a system is simply a method
of trying to solve the molecular Schrodinger Equation. In its most general form, the Schrodinger Equation may be
written as the following

AV = Ev (1.1)

where W is the molecular wavefunction, a mathematical function that describes the system in its entirety, £ the energy
corresponding to a system with state W and H is the Hamiltonian operator. In this general case W is an exact solution,
or family of solutions W;, to the Schrodinger Equation as the action of the Hamiltonian on W; is equal to &W;; in
other words, W; is an eigenfunction of H and & is the eigenvalue associated with it.

In practical applications of the Schrodinger Equation, the Hamiltonian is usually expressed in terms of the individual
operators that it contains, thus the form of the Hamiltonian varies depending on the problem being considered. For
the quantum chemical applications covered in this work, the form of the Hamiltonian considered is most often that
of the non—relativistic molecular Hamiltonian, in the context of the time-independent Schrédinger Equation. For a

system consisting of N nuclei, with atomic numbers Z,, masses M, (o« = 1,..., N) and n electrons, this Hamiltonian
has the form
N n n N
. R, R, e Za
eV 2o 22 i) Rl
a=1 @ i=1 Me i=1 a=1 € ¥ @
nuclear kinetic energy  electron kinetic energy electron-nuclear attraction
) (1.2)
n
N e e IR M ey e
4me ri—rj 4me Ro—R
= o/ Ii—vl 5 \4me ) |Ra — Ry
electron-electron repulsion nuclear-nuclear repulsion

Here m. denotes the mass of the electron, e the elementary charge, r; the position of the it" electron, R, the position
. . 2 2 2 .
of the ot nucleus, ¢ the permittivity of free space and V? the Laplacian operator (% + aa—y_z + %) with respect

to the coordinates of the it/ particle.

It is often convenient in quantum chemistry to define quantities in terms of atomic units, rather than using conventional
Systéme International (Sl) units, allowing many constants to be omitted from expressions and simplifying them
considerably. Atomic units defined in Table [L.T] are used throughout this work, unless stated otherwise.

Quantity Atomic Units Symbol Standard Units
mass electron mass me 0.1094 x 103 kg
charge proton charge e 1.6022 x 107 C
length Bohr ag 5.2918 x 10~ 'm
energy Hartree Ep, 4.3597 x 10718 J

Table 1.1: Atomic units used throughout this work unless stated otherwise.

In atomic units, the molecular Hamiltonian is considerably simplified and reduces to the following form,

Yo " UL U A 4
p = — v2 - *v2 - 2 = ﬁ 13
" 22/\/’& « Zz ! ZZ“I'*ROJ +Z|ri7rj| +Z|Ra*Rﬁ| ( )
a=1 i=1 i=1 a=1 i>j a>f
-fN 7ﬁe \7 W VNN



1.1.1 The Born-Oppenheimer Approximation

In the time-independent, non-relativistic molecular Schrédinger Equation, the eigenfunctions of the Hamiltonian in (1.3))
will describe the molecular system as a set of the individual quantum particles it contains, hence the wavefunctions
W({r}, {R}) of the system will depend on the sets of electron coordinates {r} and nuclear coordinates {R}.

In many electronic structure calculations however, dependence of the wavefunction on both electronic and nuclear
coordinates represents an unnecessary complication; as the mass of a nucleus is far greater than the mass of an
electron, it can be reasonably assumed that electrons in a molecule respond adiabatically to the motion of the nuclei.
In other words, it is assumed that nuclear motion is sufficiently gradual that the surrounding electrons do not move
between states in response but remain in the same state, which evolves in response to the nuclear motion. This model
is formalised as the Born-Oppenheimer Approximation?, in which the Schrodinger Equation is decoupled and the
molecular wavefunction resolved into the product of a nuclear and electronic wavefunction,

V({r}, {R}) =~ E({R}) *({r;R}) (1.4)
where the electronic wavefunction ®({r; R}) is only parametrically dependent on the nuclear coordinates and the
nuclear wavefunction Z({R}) is independent of the electronic coordinates.

This approach can be rationalised by considering the individual components of the Hamiltonian as functions of the
electronic and nuclear coordinates,

H(r,R) = Tn(R) + Vyn(R) + To(r) + V(r, R) + W(r), (1.5)
7:\LN(R) ﬁe(rr R)

which can be written as the sum of an electronic Hamiltonian . and a second term Hy comprising the elements
of acting only on the nuclear coordinates. This does not fully separate the electronic and nuclear terms, as
the electron—nuclear attraction operator acts on both the electronic and nuclear coordinates. However, at a fixed
molecular geometry, the nuclear coordinates become parameters and V can be reduced to a one—electron operator,
representing the electrostatic interaction between the electrons and a set of static nuclear point charges.

Accordingly, an electronic Schrodinger Equation can be constructed from the electronic Hamiltonian at a fixed
molecular geometry as

He(r; R)®;({r;R}) = | Te(r) + V(r;R) + W(r)} ®;({r;R}) = &(R)®;({r; R}) (1.6)

where the electronic wavefunction ®; is an eigenfunction of the electronic Hamiltonian, with the corresponding
eigenvalue &;(R) being the electronic energy at the given nuclear geometry. The eigenfunctions ®; form a complete
orthonormal basis, constituting the electronic energy levels of the system for a given set of nuclear coordinates, with
ground—state electronic wavefunction ®y and energy &.

The full Schrédinger Equation for a system at a given molecular geometry can be similarly constructed, generalising (1.6))
to include the terms in Hy, the nuclear wavefunction and simplifying using the product rule of differentiation,

A(r, R) W5 ({r}, {R}) = [An(R) + &(R)| Z({R}) &;({r; R})
Ey Zi({RY) &;({r: RY),

where E;; is the total energy of the molecular wavefunction in the it" nuclear and jt" electronic eigenstate. In the
Born—Oppenheimer approximation, it is assumed that the energetic gap between the different electronic states &;
is sufficiently large that there is no coupling between the electronic and nuclear wavefunctions. In other words as
the nuclear positions change, the total wavefunction of the system will evolve through the same electronic state.
The electrostatic potential experienced by the nuclei due to the electrons is thus represented by the potential energy
function of the given electronic state &;(R).

Q

(1.7)

Given a set of solutions to (1.6)) defining a potential energy function &£;(R), the nuclear Schrddinger Equation can be

written as
[An(R) + &(R)| Z({RY) = [Tu(R) + Ui(R)| ({R}) = £ 5,({R}) (18)

where EJ-N is the jt" nuclear energy eigenvalue and U;(R) is the Born—Oppenheimer potential energy surface for the
ith electronic state, R

Ui(R) = Vun(R) + Ei(R), (1.9)
with which the nuclei may be considered to interact classically rather than quantum mechanically. Therefore, although
it does constitute a degree of approximation, the Born-Oppenheimer approximation may be successfully applied to the
majority of quantum chemical problems - making attempts to obtain accurate and useful solutions to the electronic
Schrodinger Equation much more feasible.

10 Chapter 1 Introduction To Quantum Chemistry



1.2 The Self-Consistent Field Approximation

The central problem that electronic structure calculations aim to solve is that of estimating as accurately as possible
the ground state of the electronic Schrédinger Equation, given nuclei fixed in position {R}, for the general n—electron,
N-nuclear system, for which the Hamiltonian is

H=— Z ZZM_R |+Z|r,—rj| (1.10)

i=1 =1 a=1

Due to the final term in , the electron—electron repulsion operator, the non—relativistic electronic Schrodinger
Equation cannot be solved analytically for systems of more than one electron (for which this term vanishes).
Therefore, all electronic-structure methods that treat many—electron systems are fundamentally methods for numerically
approximating the solution to the electronic Schrodinger Equation as accurately and efficiently as possible.

1.2.1 Many-Electron Wavefunctions

Perhaps the most well—established approach to the electronic structure problem is that of ab initio theory, in which the
known quantum mechanical behaviour of electrons is used to formulate an ansatz for the many—electron wavefunction
of a system, assumed to be a fair representation of the true wavefunction, which is then optimised such that it is as
close as possible to the true wavefunction of the system.

The initial guess of the many—electron wavefunction may be composed in a number of different ways, however the most
common and indeed most obvious choice is to use the exact solution for the one—electron system - i.e. the hydrogenic
orbital, and construct the many—electron wavefunction as a combination of these one—electron orbitals.

1.2.1.1 One-Electron Orbitals

An orbital is simply the wavefunction of a single electron, thus encompassing a complete mathematical description of
its quantum state. The spatial position r € R3 of an electron can be represented by its spatial orbital o;(r); this is
defined as an eigenfunction of the Hamiltonian for one electron,

(;Vf - g |r_Zo|;a|> wi(r) = €ipi(r), (1.11)

and together the spatial orbitals are generally considered to constitute an orthonormal set,

/]R3 i (ej(r)dr = 4;;. (1.12)

The spatial orbital however does not fully characterise the quantum state of an electron as it omits any description of
the its spin. Although the Hamiltonian operator only acts on the spatial variable r of an electron, it is known from
experimental observations such as the Zeeman effect that electrons possess an intrinsic magnetic moment, which can
occupy one of two possible states. This is generally referred to as the spin of the electron and can be described by a
spin function (o), where ¢ is the corresponding spin variable.

Typically the magnetic moment of an electron is quantised by its projection along a particular Cartesian axis, thus the
two possible spin functions of an electron are eigenfunctions of the spin angular momentum operator §,,

Sa(0) = 5a(0) 56(0) = (). (113)

where the spin functions o and B have spin quantum numbers of +1/2 and —1/2 respectively. The two possible values
of the spin variable o form the space X := {0+, 0} }, in which the spin functions form an orthonormal basis

/ n*(0)fi(c) do = b, (1.14)
b

A complete description of an electron can therefore be obtained by taking the product of its spatial orbital and its
spin function; the combined function is usually referred to as a spinorbital,

$i(ri,ai) = o(ri) x n(o;) (1.15)

Chapter 1  Introduction To Quantum Chemistry 1



and is simultaneously an eigenfunction of the one—electron Hamiltonian and spin angular momentum operator.

It is convenient to simplify the notation for spinorbitals by combining the spin and spatial coordinates into a single
variable 7; = (r;, 0;), where 7; € R} :=R3 x ¥, for example

o (rioor) = ¢i(mi) = o(ri) x a(o;)
’ {(rir%) = ¢i(mi) = o(ri) x B(oi) (1.16)

As both the spatial and spin functions belong to orthogonal sets, an orthonormal basis can be made from the resulting
spinorbitals,

[ iy = [ e [ n(@)ite)de = 5,5, (L17)
RE R3 bx
Assuming the basis is complete, a general wavefunction 1 can be expressed as a linear combination of spinorbitals,

Y(r) =) di(r)c > =1, (1.18)

where ¢; is the expansion coefficient of the it" function.

1.2.1.2 Bra—Ket Notation

It is convenient to describe the expansion a wavefunction in a basis of spinorbitals using bra—ket notation (otherwise
referred to as Dirac notation), in which they form an orthonormal set of ket vectors |-,

$i(r) = I #(r) = (i ) = | i) (r)dr = by, (119)

where (| denotes a bra vector, the complex conjugate of the ket vector, and (:|-) is the inner product of the bra and
ket functions. In this notation, the linear expansion of ([1.18)) becomes

W) =2 _li)e > =1 (1.20)

and an individual coefficient ¢; of the expansion can be determined by projecting |4) onto basis function |/},

i) = [ simunar =3 [ gnenerg =3 (g=Y sig=c.  (121)

Jj

Substituting this result back into ([1.20) yields

[¥) = Z i) ci = Z ) (il9) = (Z |i><i|> %) =), (1.22)

in which the resolution of the identity 3y . |i)(i| = 1 is used to simplify the expression, hence the assumption that
the basis is complete and normalised. The action of a general operator O on a ket, represented by the expansion in

(1.20)), yields another ket function, A
Oly)=Ix). (1.23)

As |¢) is a linear combination of basis functions, the transformation may be resolved by considering the action of o
on individual basis functions; in a complete space, this yields a linear combination of basis functions,

Oliy=>_1i) 05, (1.24)
J
where Oj; is defined as a matrix element of the operator @ otherwise identified as
05 = 640 =3 (j1K) Os = (101} = / #;(1)O0:(r) d. (1.25)
k k Ry

Thus the transformation in ([1.23]) can be re-written in terms of individual basis functions and matrix elements,

=01 =03 lc =3 ¥ i) Ojc (1.26)

12 Chapter 1 Introduction To Quantum Chemistry



If |4;) is an eigenfunction of the linear Hermitian operator O, then can expressed as an eigenvalue equa-
tion, )

O¢i) =«i[¥i), (1.27)
where ¢; is the corresponding eigenvalue. Such an operator is described as an observable, here sampling the value
of some measurement for the eigenfunction |¢;). However, for a system in some general state |x), the value of the
observable cannot be sampled with in this way. Instead the expectation value of the observable is computed by
statistically averaging the measurement value for each state, weighted by its probability amplitude,

=2 ciae = (xlew) (ilx) = D_ (xIOl) (wilx) = (xIOlx) = /R3 x*(1)0x(r)dr,  (1.28)

i i

where ¢; is substituted using the result of ((1.21]), the resulting &; |4;) term substituted according to ((1.27]) and then
the resolution of the identity used to eliminate the ), |4;)Xv;| term.

1.2.1.3 Systems Of Indistinguishable Particles

In a quantum mechanical system comprising more than one electron, the electrons are considered to be indistin-
guishable; they share identical physical properties and cannot be specifically identified by any measurement. The
measurable quantities of such a system are the expectation values of the operators representing observables, hence the
indistinguishability of electrons requires that the expectation value of the observable be invariant to the interchange of
electron coordinates in the wavefunction.

Considering a general n—particle wavefunction W(7y,...,7i,..., T}, ..., Tp), where 7, Tj are the coordinates of the
h and jt particles respectively, the indistinguishability of the particles requires that for observable O,

/ .../\U*(Tl,...,7-;,...,Tj,...,T,,)@\Il(rl,...,T,-,...,Tj,...,T,,)dTl...dT,,

R3 R3

(1.29)

:/ / \U*(‘rl,...,Tj,...,T,-,...,T,,)@\U(‘rl,...,Tj,...,T,-,...,Tn)dTl...d‘rn,
R3 RE

as an example of the interchange of particle coordinates. Any given arrangement of particle coordinates can be
converted into any other by a sequence of two—particle coordinate exchanges; a general permutation operator P can
be expressed as a product of two—particle permutations P,J, where P,J acts on the general wavefunction as

75,-J-\Il(7'1,...,T,-,...,TJ-,...,T,,):\IJ(‘rl,...,TJ-,...,T,-,...,T,,). (1.30)

It can be trivially deduced that applying the permutation operator twice simply restores the original wavefunction,
73,'1'73,']' =7 == Pl= 75,'1' (1.31)
where 7 is the identity operator and 75;1 is the inverse of 73,-J-. Furthermore, this implies the relation

(V| Pyw) = <75,-}1‘V|75,-}175U‘U> = (Plu|v), (1.32)

hence the inverse of 'P,J is also its adjoint 'PTB The results of ( and ( - can hence be used to show that the

permutation operator is both Hermitian, as P}; = Pjj, and unltary as P! ’P,J = 7. Using these results, can be

re—arranged as

(WIOI) = (P,w|0|Pyv) = (W[PLOP; V), (1.33)
thus it can be shown that the permutation operator and o satisfy the relation
O=PLOP; — PO=PPLOP; — P0=0P; (134)
The operators O and 75,7 are thus commutative; for any two operators, the commutator [-,-] is defined as
{é, 75} = OP - PO, (1.35)

hence is equal to zero for operators that commute. In quantum mechanics, if an operator O has eigenfunction ¥ and
also is commutative with operator P, then W must simultaneous/y3 be an eigenfunction of O and P. Therefore, if ¥

"For an operator O, its adjoint O1 is defined by the relation (W|OW) = (Otw|w).
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is a many—particle wavefunction and an eigenfunction of the Hamiltonian operator A, it must also be an eigenfunction
of the permutation operator which, given it is Hermitian, has real eigenvalues. This can be written as the eigenvalue
equation
P;j\ll = c,-j\lf, (136)

where ¢;; is the eigenvalue corresponding to the permutation of particle coordinates i and j. From ([1.31) it is follows
that

B, A 2 4 2

P,-J-P,-j\ll = C,'J'P,'jw = C,-J-\U =1V — Gij = 1 — Cij = +1, (137)

as the eigenvalue of the identity operator is simply unity. It is thus possible to deduce that any eigenfunction of the
Hamiltonian must also be an eigenfunction of the permutation operator, with a corresponding eigenvalue of +1 or
-1

If HW=EV then Pyv ==V (1.38)

The parity of the wavefunction with respect to particle exchange is a feature of the particles themselves;

Symmetric under particle exchange — 73,-jkll =+WV = particles are bosons
N (1.39)
Antisymmetric under particle exchange = P;¥W=-WV = particles are fermions

4 in which:

The intrinsic difference between bosons and fermions is characterised by the spin—statistics theorem
(i) particles with integer spin quantum numbers are bosons and satisfy Bose—Einstein statistics™,
(i) particles with half-integer spin quantum numbers are fermions and satisfy Fermi-Dirac statistics'"S.

As described in subsubsection [I.2.1.1] electrons have half-integer spin quantum numbers. Therefore, electrons are
a member of the fermion class of quantum particles and it follows that a many—electron wavefunction must be
antisymmetric with respect to particle exchange.

The requirement of the wavefunction to be antisymmetric with respect to electron exchange manifests itself in the Pauli
exclusion principle, which states that no two electrons may simultaneously occupy the same quantum state, else the
wavefunction would be symmetric with respect to electron exchange by virtue of their indistinguishability?"19.

1.2.1.4 The Hartree Product

The simplest ansatz for the wavefunction of an n—electron system may be constructed by assuming that the electrons
are non—interacting; the Hamiltonian for an independent electron is simply the one—electron Hamiltonian,

L1, Zs

It follows therefore that the Hamiltonian for n independent electrons is given by the sum of their one—electron
Hamiltonians h(i) and the corresponding eigenvalue by the sum of the eigenvalues for each electron ¢;,

Hr = Z h(i) En = is,-. (1.41)
i=1 i=1

It can be readily deduced that the wavefunction for n independent electrons consistent with this is the direct
product of the wavefunctions of the individual electrons, in other words their spinorbitals; this is the Hartree product
wavefunction®t,

O(ry, ..., ma) = [ | $i(m). (1.42)
i=1

The Hartree product wavefunction is however inherently unphysical and as such is an unsuitable model for a many—
electron wavefunction. This is because the electrons are not indistinguishable in the Hartree product, but rather are
assigned an individual spinorbital, thus violating the Pauli exclusion principle. This failure can be readily demonstrated
with a simple two—electron example,

O(m1, 1) = d1(1)da(12) =  PraO(71, T2) = d1(m2)$2(11) = O(72, T1) # £O(71, T2), (1.43)

where the Hartree product clearly does not satisfy the requirement ([1.38)).
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1.2.1.5 The Slater Determinant

Although the Hartree product is an unphysical representation for a many—electron wavefunction, it's construction
as a product of one—electron spinorbitals is a logical means of obtaining the wavefunction for the superposition of
the one—particle states. This suggests that a suitable ansatz for the wavefunction can be derived, using the Hartree
product as a starting point.

Given a complete set of spinorbitals {¢;}, an arbitrary function of the electron coordinates 9 can be represented by
an expansion in the basis of spinorbitals; for one electron, this takes the form

P(m1) =Y _cidi(m). (1.44)

i

An analogous two—electron function may be expanded in the same space for a fixed value of the second electron
coordinate,
P(71, 72) ZZC,TQdJi(ﬁ), (1.45)
i

where ¢ is the value of the expansion coefficient for ¢;(71) at the given 7,. The set of expansion coefficients for
each value of 7, may be considered a set of functions of this variable, expanded in the basis of spinorbitals as

ci(m) = Zdij¢j(7'2), (1.46)

which can be substituted into ([1.45]) to yield

Y(m, 1) = Z_Zdij@(ﬂ)fl’j(ﬁ)v (1.47)

where dj; is the expansion coefficient for the ith and jt" spinorbitals in electron coordinates 7 and 7> respectively.
This approach can be extended to an arbitrary number of electrons, hence a many—electron wavefunction can be
written as a linear combination of the corresponding Hartree product functions.

As shown in ([1.43)), there are two different Hartree product functions that can be constructed for a simple two—electron
system, ©(71, 72) and ©(72, 71). The corresponding general expansion of the form ([1.47) is therefore given by

Y(711, 12) = dudi(11)1(72) + draga(T1)p2(72) + do1¢pa(T1)$1(72) + doagpa(T1)$2(72). (1.48)

In order to satisfy the Pauli exclusion principle, the coefficients di; and dap must necessarily be zero. This values of the
other two coefficients can be deduced by applying the permutation operator to the remaining terms in ((1.48)),

Pro(T1, 72) = Pra [diadi(T1)da(T2) + dorha(71)1(72)]

(1.49)
= [d12¢1(T2)d2(T1) + dard2(12)d1(1)] = —P(71, T2),
then solving the resulting linear equation, given the antisymmetry requirement
di2 [$1(72)$2(71) + $1(T1)$2(T2)] = — o1 [po(T2)$1 (1) + $2(T1)bu(72)] = dio = —dar. (1.50)
A normalised two—electron wavefunction satisfying the Pauli exclusion principle can therefore be constructed as
1
Y(11, 72) = —= [¢1(71)$2(72) — $1(72)d2(71)] - (1.51)

/2

This may be generalised beyond the two—electron case such that a normalised wavefunction of an arbitrary n—electron
system may be constructed from hydrogenic one—electron spinorbitals and will always satisfy the Pauli exclusion
principle; this generalised form is known as the Slater determinant wavefunction2,

¢1(m1) ¢1(m2) ... ¢1(Th)

¢7i ¢2(7'1) ¢2(T2) ¢>2(7'n)
SVl L :

Bu(r) ba(m2) .. du(ra)

The Slater determinant wavefunction may be constructed from a Hartree product by taking the sum of all possible
permutations of electron coordinates, each multiplied by a coefficient of +1 or —1 depending on whether the given

(1.52)
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arrangement is obtained by an applying an even or odd number of individual two—particle permutations to the initial
state respectively. This may be written as

O(1,...,70) = AO(1, ..., ), (1.53)

where A is the antisymmetrisation operator,
A=—=S (-1)»P, (1.54)

with u representing each permutation of the n electrons and p, being the number of individual two—electron coordinate
exchanges required to construct to yield this from the initial state. This operation can be written as a series expansion
of terms each containing all possible m—coordinate transpositions, 1 < m < n, as

n!

> ()PP =1~ ZPU +Z7>,Jk - (1.55)

u=1 ijk

where any m—coordinate transposition for m > 3 can be reduced to the product of up to m—1 two—index permutations,
for example Poz1 = PasPra. Evidently there will be n! possible permutations of electron coordinates among the
spinorbitals, thus the antisymmetrisation operator is multiplied by a prefactor of 1/+/n! to ensure the Slater determinant
is normalised.

The antisymmetrisation operator is, up to a multiplicative factor, a projection operator that extracts from a product
of spinorbitals only the component that satisfies the antisymmetry principle. Projection operators are characterised by
the properties of idempotency and Hermiticity; the antisymmetrisation operator can be shown to demonstrate both
of these properties:

(i) Idempotencyﬂ up to a multiplicative factor is deduced by expanding the square of A,

sa 1 2 nl A n! . nl  nl o A

AA = <m> ;(fl)p Pu;(f “Py=— lel )PetPeP,P,
n! nl n! (156)
Z > (-1 (-1)P*P,, = VnlA
u=1w=1 Tw=1

where it is recognised that the product of two permutation operators is another permutation operator of the
same set, thus the product the two antisymmetrisation operators is equivalent to a summation of n! identical
operators over the same set.

(i) Hermiticity[| can be shown using the generic example for an n-electron Hartree product ©,

<A6‘6> f Z <75ue]e>, (1.57)

by multiplying both sides of the inner product by the inverse of the permutation operator and simplifying,

fz —1 (P 173@‘79 '0) = fz <e‘75u—1@> (1.58)

using the identities in ((1.29)) and ((1.31)). As the inverse of the permutation operator is equal to itself, it evidently
operates on the same set and has the same parity, thus allowing ((1.58) to be written as

= (v (o
S u=1

for which comparison with (1.57) yields the identity (A0|0©) = (©].A0), hence the antisymmetrisation operator
is Hermitian.

o) = % vnz!l(l)f’v (o[p.0) = (o|40) (1.59)

iiAn operator Ois idempotent if the square of the operator is equal to the operator itself, i.e. if OO = O.
i An operator @ is Hermitian if it is equal to its Hermitian adjoint O1, i.e. (0]08) = (O©|0) hence O = O.
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1.2.1.6 Expectation Value Of The Hamiltonian
The ground—state energy of a system £ described by a Slater determinant wavefunction ® can be written, using the
definition in (1.28)), as the expectation value of the Hamiltonian operator on &,

E(®) = (D|H|®) (1.60)

Using the form of the Slater determinant in (1.53)) and the properties of the antisymmetrisation operator, this
expectation value can be re—arranged in terms of the corresponding n—electron Hartree product wavefunction as

<¢\ﬂ]¢> - <Ae‘ﬁj,&e> = { )= <e)ﬁ‘@ﬁe> - <6’H‘Z 1)7P,0), (1.61)

where the properties of A outlined in the preceding discussion are used to simplify the expression.

1.2.2 The Variation Principle

The Slater determinant constitutes an appropriate ansatz for the many—electron wavefunction as it is constructed
from a basis of one—electron orbitals and satisfies the Pauli exclusion principle. However, it does not represent an
exact wavefunction for a many—electron system as it implies that the electrons are independent of each other and
only experience an average interaction representing the effects of the other electrons. This is a form of mean field
approximation, where interactions between particles are considered as interactions between a particle and the average
of the others.

Given that the Slater determinant is not an exact representation of a physical wavefunction, it follows that the
expectation value of the Hamiltonian with a Slater determinant will not yield the exact ground—state energy of the
physical system. The expectation value is related to the exact ground—state energy through the variation principle;
assuming the eigenfunctions of # constitute a complete set {|W;)}, a normalised trial wavefunction |®) satisfying the
same boundary conditions as {|W;)} can be expanded in this basis and the expectation value of 7 on |®) will be an
upper bound to the exact ground—state energy &.

The variation principle can be demonstrated using methods from subsubsection [I.2.1.2} a trial function satisfying the
requisite conditions can be expanded in the eigenfunctions of H as

= Wi)g=)_ [V (Vo) ZC (Wil —Z(‘DI‘UH (1.62)
hence the normalisation condition for the trial function can be written as
(D|B) = (D) (Wi[W)) (Wj[®) =D (®[W)) &5 (W|®)
N Y (1.63)

= Z (®V;) (Wi|@) = Z (W) =
The expectation value of the Hamiltonian on |®) can be expanded in a similar way to yield

(DIH|P) =D (®[W)) (Wil H|V)) (¥)|0) = Z (PWi) 6 (Wj|®)
y (1.64)

—Ze (O (W|d) = Ze|¢|w

Evidently the variation principle must also require & > &, as <¢|’H|¢) is a sum of & multiplied by nonnegative
coefficients |(®|W,)]?. It therefore follows from substituting the results of (1.63) into (1.64) that

(P|HL|®) = Z€|¢\W Zeo (W) _SOZWW 2= & (1.65)

hence the general expression of the variation principle can be written as

(D) = & (1.66)

A feature of the variation principle is that a different trial wavefunction yielding a lower expectation value for
the Hamiltonian can be identified as a more accurate representation of the physical system than the original trial
wavefunction. Given a model wavefunction expanded in the eigenfunctions of the Hamiltonian according to (1.62)),
the model may be made more accurate by adjusting the coefficients of the basis such that the expectation value of
the Hamiltonian is lower. In other words, the wavefunction may be optimised by minimising the expectation value of
the Hamiltonian with respect to changes in the expansion coefficients.
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1.2.3 Hartree—Fock Theory

The simplest method of approximating the wavefunction of a many—electron system using the orbital model is
the Hartree—Fock (HF) method. This arose as a combination of theories developed by Hartree for modelling the
many—electron wavefunction13 and those developed by Fock for the antisymmetric description of the wavefunction
to correctly account for the Pauli exclusion principle®. Although HF theory was not the product of a collaboration, it
is so named because it was only after learning of Fock's work that Hartree altered his model to correctly include the
antisymmetry effects, thus formalising the Hartree—Fock method.

The main principle underlying the HF approximation is that an accurate representation of the many—electron
wavefunction for a system may be obtained by constructing a Slater determinant for the system and optimising it
according to the variation principle. By limiting the model to a single Slater determinant, the quantum state of each
electron is assumed to be fixed, rather than varying according to the instantaneous interaction with each of the other
electrons. As such, electrons are treated as being independent, but each experiencing an effective potential by virtue
of the other electrons in the system, reducing the many—electron problem to a one—electron problem; a mean—field
approximation.

The expectation value of the Hamiltonian is given by (1.60]) however, to evaluate this expression, it is necessary to
resolve the Hamiltonian into its one—electron and two—electron components as

e XLUIS XV B

i i>j

where h(i) is the one—electron Hamiltonian, as given in (1.40), and W(/,j) is the two—electron Hamiltonian. The
evaluation of the expectation value for each of these terms are described in turn.

1.2.3.1 One—Electron Hamiltonian

The one—electron Hamiltonian contains the kinetic energy and nuclear interaction terms, hence operates on the
coordinates of each electron independently. An expression for the expectation value of a one—electron operator with a
Slater determinant can be derived by substituting the one—electron operator into the result of (1.61)), yielding

<<b‘?7(i)’¢> - <¢1(7-1)¢2(1-2) ()

O CVZHCATACARIEAC AN (1.68)

Although initially appearing to complicate the expression, ([1.68]) allows the action of the one—electron Hamiltonian to
be considered individually for each permutation of spinorbitals, allowing the following to be deduced:

(i) In the original configuration, there is no permutation hence P, = Z and the corresponding term in (T.68) is
resolved as

($1(71)[1(71)) ($2(72)I2(72)) - (bi(T)[A(D)Ibi (7)) - - ()l bn(T)) = i (1.69)

(ii) For a permutation P, = 75,-j comprising the exchange of electron coordinates between the i*" and jt" electrons,
the corresponding term in (1.68)) is resolved as

— {$2(70)Ig1(10)) (b2(72)lb2(72)) .. ($i(r) [ B() (7)) (bi(77)|$i(75)) - ($u(Ta)lbn(Tn)) =0 (1.70)

This outcome is a direct consequence of the orthonormality of the spinorbitals as shown in subsubsection [1.2.1.1
because of which all terms of the type (¢;|¢;) are necessarily zero. The same result is obtained for all other
permutations, with the exception of the identity permutation, hence the resulting product expansion of matrix
elements always contains zero—valued terms.

Therefore, the expectation value of a one—electron operator is simply h;;, which can be summed over all electrons to
give the expectation value of the one—electron Hamiltonian as,

(@IS HDI®) = 3 @b = 3 (bl =3 b (171)

i
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1.2.3.2 Two—Electron Hamiltonian

The two—electron term in the Hamiltonian represents the electron—electron repulsion interaction. In a similar way as
for the one—electron operator, its expectation value for a Slater determinant can be simplified using the result of of
(1.61)),

(@1 (i, )|®) = ($1(1)g2(72) .. ba(T) | W(i.J) | (-1 Putr(1)ea(r2) .. da(r)).  (172)

However, unlike the one—electron operator for which only matrix elements of two spinorbitals with the same index as
the operator are significant, the two—electron operator acts on two electronic coordinates simultaneously thus will have
non—vanishing matrix elements between pairs of spinorbitals with the relevant indices. As for the one—electron operator,
this expectation value can be simplified by considering individual permutations of the spinorbitals in turn:

(i) In the original configuration, there is no permutation hence P, is the identity operator and the corresponding
term in is given by
(f1(71)|1(11)) (B2(72)|b2(72)) - - . (bi(7i) i () |W(i. ))|bi(7i) (7)) - - - (@n(Tn)lbn(Tn)) = Sy (1.73)

(ii) For a single permutation of electron coordinates P, = 75,-1-, unlike for the one—electron operator, the corresponding
term in (1.72) does not vanish but takes the form

— ($1(1)[61(71)) (b2(72)Ib2(72)) - - (bi(7i) i (7)) W (i, 1) |5 (7)$i (7)) - - - {Bn(Tn)l¢n(Tn)) = 