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Abstract

We study the chiral anomaly by solving the Dirac equation for fermions in paral-
lel electric and magnetic fields. In such case, only the lowest-energy Landau levels
are relevant to the anomaly. Specifically, for massless fermions, the chiral anomaly
is a result of the production of particles of one chirality, and no creation of parti-
cles of the other chirality. For massive fermions, we find that the chiral anomaly
equation can be simply obtained via a proper regularization of the range of the
momentum. We extend the method to anomaly cancellation, and conclude that
the conservation of the baryon number plus lepton number must be violated as a
quantum anomaly in the context of the Standard Model. Accordingly, such baryon
number non-conservation can play a vital role during the electroweak transition to
achieve the baryon asymmetry of the Universe.

Through real-time lattice simulations, we refine the implementation of ensemble
fermions for a cold electroweak transition, involving the SU(2) gauge field, Higgs field
and one generation of fermions. We find that the dynamics and most observables
converge quickly with a reasonable number of fermion realizations, and the method
of ensemble fermions for the entire electroweak sector becomes numerically tractable.
We apply the method to the computation of the effective preheating temperature
during a fast electroweak transition, relevant for Cold Electroweak Baryogenesis. We
find that the fermion temperature is never below 20 GeV, and this can indirectly
rule out Standard Model C'P-violation as the origin of the baryon asymmetry of the
Universe, as Standard Model cold baryogenesis requires a temperature of at most of
order of 1 GeV. For this reason, new C P-violation source from physics beyond the
Standard Model is required in order to explain the baryon asymmetry.

We further present a first-principles numerical computation of the baryon asym-
metry in electroweak-scale baryogenesis, where the CP-violation is obtained as a

consequence of including another Higgs doublet. For one particularly favourable

iii



Abstract iv

scalar potential that could provide a high sphaleron transition rate, we calculate the
asymmetry through large-scale computer simulations. The numerical signal is at the
boundary of what is numerically discernible with the available computer resources,
but we tentatively find an asymmetry of |n| < 3.5 x 1077,

We also find it is attainable to include the complete electroweak SU(2) x U(1)
gauge fields in the reduced Standard Model that we are using in practical simulations,
so that in further studies we can measure the cosmic magnetic field generated during

the electroweak phase transition.
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Notation

For 3+1 dimensional Minkowski space, the signature of the spacetime metric n*¥ is

(_7 +7 +7 +> .
The antisymmetric Levi-Civita tensor ¢¥#? is chosen in such a way that €"23 = +1.

The gauge covariant derivative is denoted by D, = 0, — ¢A,. The field strength
tensor is define as F),, = i[D,, D,], and accordingly the electric and magnetic parts

are separately F; = Fjp and B; = %eiijjk.

For the Dirac algebra, the Weyl representation is employed,
{7y =20, D=9, 4° = -y

with explicitly

0 il , 0 ol I 0
il 0 —igd 0 0 —I

where Pauli matrices are,

The left-handed projector is define as #, so that a left-handed spinor satisfies

Y1, = ¥°9r; the right-handed projector is 1;;5, and a right-handed spinor satisfies
YR = —7"YR.

Charge conjugation in this convention can be determined respectively,

ix



Notation

for the scalar field,
¢ (t,x) =¢*(t, @),
for Dirac fermion field,
VOt ) = =72 (@),
for the gauge field,
Aﬁ(t, x)=— Ag(t,m).

Parity transformation is performed,

for the scalar field,
P (t,x) =¢(t, —x),
for Dirac fermion field,
WP (t @) =iy (t, ),
for the gauge field,
AN (t,x) = Ag(t, —z), AP (t, ) = —Ai(t, —z).

CP transformation can be implemented as

for the scalar field,

¢Cp(t7 :U) :¢*(ta _$)7

for Dirac fermion field,

I/JCP(tv x) :i7072¢*(t7 _‘T)?



Notation

xi

for the gauge field,

AGT (@)

AOT(t, —),

AP (8, 2) = AT (1, —2).



Chapter 1

Introduction

A great part of this work, which is also the crucial part, is to solve the Dirac
equation for quantum fermions. It is striking that almost all properties of fermions,
which are rich from an experimental point of view, can be derived merely from
solving the Dirac equation, which is itself simple in form. The solutions of the Dirac
equation for free fermions can already explain the outstanding features of fermions,
like their half-integer spin [1] and the existence of anti-fermions [2], which was first
proposed by Dirac himself. Strictly speaking, the Dirac equation can be solved
analytically only for fermions in a few circumstances, and for our concern, besides
free fermions, these circumstances include a constant magnetic field, constant electric
field, and parallel electric and magnetic fields (for other solvable cases, see [29, 66]).
Properties of fermions, such as the Landau levels, pair production, and the quantum
anomaly, can be provided by these exact solutions. But ultimately, we have to rely
on numerical calculations, when exploring more general situations, specifically, as
we will consider, the interaction between fermions and bosons. Before we move on to
numerical simulations, it is worth examining those circumstances of exact solutions,
as they will improve our understanding of fermions in the gauge field.

The Dirac equation for fermions within a constant magnetic field can be trans-
formed into an equation that describes harmonic oscillators, and therefore the fermions
in this situation share with harmonic oscillators the same properties, such as quan-
tization and degeneracy of energy levels. For fermions in a constant magnetic field,
such levels are known as Landau levels [19, 29], of which the lowest-energy levels
are most special, for the spin direction of an electron in these levels must be op-

posite to the direction of the magnetic field. As a result, the physics for fermions
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in the lowest-energy Landau levels is simple and the effective theory would be 141
dimensional QED.

For fermions in a constant electric field, the equation was first solved by Sauter
[3], who wrote the solution in the form of contour integrals. The solution can also be
simply represented by parabolic cylinder functions, which will be the way we adopt
in Chapter 2. As a consequence of the existence of the electric field, the system
could tunnel from the vacuum state to a state with a pair of electron and positron,

with the rate

_mPpd

e BT (1.1)

where m is the mass of electron, p; the transverse momentum and F the strength
of the electric field. This result is apparently non-perturbative in the gauge field.
Based on Sauter’s work, Heisenberg and Euler [4] had considered fermions in
parallel electric and magnetic fields, and obtained the energy density in the form of
FE and B. Through a Legendre transform, they eventually wrote down the famous

Heisenberg-Euler lagrangian,

1 2 = 1 [ . dp|. 4= = (Ug—kl\/EQ — B2 +2iE-§) + conj.
ﬁHE:ﬁ(E —B)—i'h* T— |m°E- — —
€ ¢Jo n cos <|ET)T‘\/E2—BQ+2iE'B) — conj.
2
+]Ek\2+%(B2 Ez)], (1.2)

where the critical field strength is |Ey| = m?c?/h, and electric and magnetic fields
are supposed to be constant or slow varying. Because of these non-linear terms, the
theory predicts the light-light scattering in high energy regime. Also notice that the
last term will be closely related to the field strength renormalization. For a review
of Heisenberg-Euler lagrangian, see [57, 74].

Instead of solving the Dirac equation directly, the Heisenberg-Euler lagrangian

can also be achieved by integrating out fermions in the path integral,

i aecne — [(Dg)Dyjeiserise, (13)
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where
Sg = —/d4x4;FWF“”, Sp=-— /d4x [1/7)7“(8;1 — ALY + mzﬂi/)] .
or equivalently,
/d4x£HE = Sg —iIlnDet [y" D, + m]. (1.4)

Schwinger [5] solved (1.4) using the method of proper-time quantization, and as one
of results, the Heisenberg-Euler lagrangian (1.2) was rediscovered. In [5], Schwinger
also obtained the vacuum persistence probability for a system of spatial volume V
over time 7" that the vacuum state remains to be the vacuum state with the existence
of the electric field,

20eE2 X1 nem?

- B . 1.
(2m)3 & 2 (1.5)

P =T, with w =

As we will see in Chapter 2, such probability can also be derived from the pair-
production rate (1.1).
The chiral anomaly is another extraordinary feature of fermions, satisfying the

equation,

2

1672

(T (t, 2)in" Pt 2)) = 2im (Th(t 1) (t,2)) + ——5 P Fyoy Fpy. (L6)

In comparison with other properties of fermions, the chiral anomaly was discovered
later [10, 11] and hence was not included in the early works that we mentioned
above. But as we will demonstrate in Chapter 2, the discussed setup of parallel
electric and magnetic fields is sufficient to illustrate the existence of the anomaly,
which is in practice caused only by the lowest-energy Landau levels. For this reason,
the chiral anomaly can be fully interpreted by 141 dimensional calculations [23, 35].

The chiral anomaly reveals a general fact that any “classical” symmetries could
be violated by quantization ! and symmetries working in the quantum level are the
symmetries that have the anomaly cancelled through all fermion triangle diagrams.

The cancellation essentially depends on the fermion content. As a matter of fact,

'More precisely, it is the regularization that breaks the chiral anomaly.
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the Standard Model fermions suffice to support the symmetry SU(3) x SU(2) x U(1)
being anomaly free. Moreover, the same fermion content also preserves the B — L
symmetry, which stands for the conservation of the baryon number B minus the
lepton number L. In comparison, in the context of the Standard Model, the B +
L symmetry (referring to the conservation of the baryon number plus the lepton

number) must be violated as a quantum anomaly, in the form of,

. . ny ny
a/ljl? = ,u]lu = @GMV’[]O—FSVFSJ — 647‘(’26# pOBHVBpo, (17)

where Fyj, and By, are separately the field strength tensor for SU(2) and U(1) gauge
fields. Each quark is assigned with baryon number B = +%, and each anti-quark
B = —%. Similarly, for a lepton L = 1 and for an anti-lepton L = —1. The factor
ny = 3 is the number of fermion generations. The integral expression of (1.7) leads

to [17]

Np(t) = Np(0) = /0 dr / 20,5 (x)

t
—Nes(t) — Neg(0) / dr / d?’x%e“”p"F/‘LFgg, (1.8)
0

and the integral of the U(1) part vanishes. This connects the baryon number to
the topological number of the SU(2) gauge field, the Chern-Simons number, and
the change of the Chern-Simons number corresponds to the change of the baryon
number.

Theoretically, the B 4+ L anomaly during the evolution of the early universe
could lead to the observed baryon asymmetry, which is represented in the present

baryon-to-photon ratio of the value [73, 81]

n= Zf — 6.0 x 10710, (1.9)
where n, is the number density of photons and np the number density of baryons
minus anti-baryons. The asymmetry could be imposed as an initial condition, but
it is unnatural to explain its value. Moreover, if the inflation theory is correct, any
such initial value will be diluted by the inflation. To have baryogenesis, by which

we refer to the mechanism that can produce the observed value of 1 in (1.9), three

necessary conditions have been proposed by Sakharov [9],
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1. baryon number non-conservation;
2. C- and CP-violation;
3. out-of-thermal-equilibrium.

The non-conservation of baryon number is obviously necessary, for baryogenesis is
essentially a mechanism during which more baryons are produced than anti-baryons.
The C-symmetry, if it is not broken, can account for the production of the same
amount of baryons and anti-baryons that have the same momentum and spin. Sim-
ilarly, the C P-symmetry corresponds to the symmetry between baryons and anti-
baryons that have the opposite momentum but the same spin. If either symmetry
exists, there will be no opportunity to achieve an excess of baryons over anti-baryons.
In thermal equilibrium, if a process increases the baryon number, then the baryon
number will be decreased at the same rate by its reverse process. Therefore the
out-of-equilibrium is also necessary.

The Standard Model has sources for all Sakharov’s three conditions. The baryon
number non-conservation can be accomplished directly as a consequence of the B+ L
anomaly. Furthermore, the C-symmetry is maximally broken in the electroweak
theory. Also, the C P-violation is contained in the Standard Model, in the form
of a complex phase included in the CKM matrix [12], the three-generation quark
mixing matrix. In addition, there could also exist similar C'P-violation in the lepton
(neutrino) mixing matrix, known as PMNS matrix [6, 7]. The out-of-equilibrium
can commonly be caused during the phase transition of Higgs field, 2 for instance,
by the spinodal (tachyonic) instability in Higgs IR modes that we will consider later.

The main goal of the thesis is to study electroweak baryogenesis through real-
time simulations, with quantum fermions fully included. The only approximation
that we need to do is the mean field approximation for bosonic fields. But as we will
see in the following section, such approximation is well justified, that the bosonic
fields in the electroweak transition can be accurately described by classical physics,
because of their large occupation numbers. We will first implement the simulations
based on the Standard Model, as close as possible and the mechanism we follow is

Cold Electroweak Baryogenesis [56].

2While as a matter of fact, the Standard Model Higgs field does not suffice to produce the
first-order phase transition [38, 39].



Chapter 1. Introduction 6

1.1 Cold Electroweak Baryogenesis

Cold electroweak baryogenesis proposes that baryogenesis happened during the elec-
troweak symmetry breaking, triggered by the Higgs field going through a rapid and

cold quench transition, with the potential that can be written as,

2
V(9) = iadlo + A(o'0)* + I (1.10)

where the effective mass parameter ugﬁ changed from positive value to the present
negative value, —u? = —(125 GeV)?/2. The reason for the quench might be that
the Higgs field coupled to gravity or the inflaton via the effective mass term and
these fields changed during the (p)reheating 3 [46, 47, 53, 56]. But here, we will not
pursue the dynamics for the quench. Instead, we in practice introduce the quench

time 7g and parameterize the effective mass parameter as

2t
g (t) =p? (1 - > ; L <1q,
7Q

=—u?  t>Tg, (1.11)
or more frequently, in the form of the instantaneous quench,

ple(t) =+p?, <0,

=—u?  t>0. (1.12)

In the framework of Cold Electroweak Baryogenesis, the baryon number non-
conservation is achieved through the B + L anomaly. With regard to the CP-
violation source, the CKM matrix has been considered for baryogenesis in [56], where
a cold electroweak transition was originally proposed. The temperature during the
electroweak transition should be low, as the C'P-violation due to CKM matrix is
highly suppressed by the temperature. The study in [68] further suggested that the
electroweak transition temperature should be at most of order 1 GeV, in order to
have a viable Standard Model baryogenesis. However, the results in lattice simula-

tions [60, 76] (see also Chapter 3) indicate the temperature is never below 20 GeV

3The energy is assumed to be transferred from the inflaton to Higgs field and then to other
Standard Model particles to reheat the Universe. The process can happen quickly through the
parametric resonance, for bosonic fields [34, 42], as well as for fermionic fields [43, 48]
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during cold electroweak transition. Thus, the Standard Model C'P-violation as the
origin of the baryon asymmetry can be ruled out. Therefore to achieve a realistic
baryogenesis, it is necessary to recruit a new C'P-violation source from physics be-
yond the Standard Model. For this reason, we consider the minimal extension, that
is, including another Higgs doublet, so that the C' P-symmetry is broken as a result
of the extra C-violating terms contained in the two-Higgs potential [13, 30, 31].
In Chapter 4, we are going to simulate such a Cold Electroweak Baryogenesis and
estimate the baryon asymmetry.

In the scenario of cold electroweak transition, the out-of-equilibrium is generated
by the spinodal (tachyonic) instability developed in IR modes during the Higgs field
rolling down from the center of the potential. Immediately after the departure, a

long-wave mode of momentum & can grow exponentially,
Gu(t) = VIR g2 2 (1.13)
as the solution of the equation of motion,
O+ K2 — 12, = 0,

and eventually the exponential growth will be stopped when the quartic term in
the potential becomes no longer negligible. As a consequence, the Higgs occupation
numbers for those unstable modes can become very large, and in addition, through
interactions, low-momentum modes of the gauge field can also be highly occupied
[56].

One advantage of Cold Electroweak Baryogenesis is that the evolution of quan-
tum Higgs and gauge fields in the process can be accurately described by the classical
physics, owing to the large occupation numbers [49, 50, 52]. Large particle num-
ber can indeed lead to some simplification. For instance, for creation operator bL

annihilation operator by, and n-particle state |n), the following approximation,
(n|blbrn) = n ~n+ 1= (n|bybl|n), (1.14)

would be valid when the particle number n > 1. Actually, for most physical

observables, which would be in the form of the time-ordered product, such that
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(n|To(x)p(y)|n) ~ <n|bkbL + b;ibk|n>, the error caused by the approximation will be
the same order of 1/n. To some extent, equation (1.14) corresponds to ignoring the
commutation relation for bosons, (n|[bx, b,t] |n) which is tiny compared to <n|bkb2|n>
and (n|b}by|n).

In Fig 1.1, we show the typical energy partition during the cold electroweak

transition. The Higgs field is initialized in the false vacuum ({¢) = 0), and the main

0.5 1 1 1 1

0.4

0.3

0.2

Energy Density /m}

0.1

0.0

-0.1

0 10 20 30 40 50
Time t/my

Figure 1.1. The energy densities of the electric part of the gauge field (Ele), magnetic
part (Mag), the Higgs field (Phi) and fermions (Fem) in the cold electroweak transition.
The time and energy densities are rescaled with my = 125 GeV. The physical volume is

3
V= (M> . For more details, see Chapter 3.

mH

energy in the beginning is in the form of Higgs potential energy. The evolution is
triggered by the Higgs field rolling down from the center of the potential and the
spinodal instability in IR modes is developed accordingly. The energy is quickly
dispensed to the Higgs kinetic part as well as to the gauge field, and the Higgs field
will eventually undergo damped oscillations around the minimum of the potential.
The energy transfer during the first Higgs oscillation (¢ < 7/my) is quick and
massive, and the production of bosons mainly occurs during this period. In practical
simulations, large occupation numbers are indeed achieved. By assuming that only

low-momentum Higgs bosons are produced and moreover their momenta can be
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ignored in comparison with the mass, as for unstable modes k? < p?, we arrive at

N
TH 0.2, N N ~5x 103, (1.15)
Vmiy

with N the total Higgs particle number. For each IR mode, the occupation number
is of the order of 100, given the total number of such unstable modes being 56.
Similarly, occupation numbers of the gauge boson would be of the same order.

In reality, fermions are usually excluded in numerical simulations of Cold Elec-
troweak Baryogenesis. ¢ This is not because fermions are not important; on the
contrary, fermions are crucial in the B + L anomaly as well as C-, P- and CP-
violation. The reason for the exclusion is that a large number of variables is always
required to represent fermions in real-time simulations. The approximation con-
dition (1.14) does not apply to fermionic fields, as fermion occupation numbers,
restricted by the Pauli exclusion principle, can never be larger than one. Fermionic
fields should be always treated as quantum fields.

While the gauge and Higgs fields are classical, fermion dynamics can accordingly
become simpler. One attempt that we can imagine is to integrate out fermions, as
a Gauss integral of Grassmann numbers. At least, integration can be carried out in

form,

Det [v" D, + yuxd] = / [Di][Dyp)etSF+iSy (1.16)

where fermions interact with the gauge field through the covariant term in Sr and
coupling to the Higgs field via the Yukawa interaction Sy, with Yukawa parameter
yuk- Only for some simple background fields, the left-handed side can be sorted out
explicitly. > One example is the Heisenberg-Euler lagrangian (1.2), which is obtained
with the assumption of constant electric and magnetic fields. Except for those special
background fields, the practical calculation of (1.16) will strongly depend on the
perturbation of background fields, (for instance, by the heat kernel expansion [55]).
On the other hand, the gauge and Higgs fields, after experiencing the exponential

growth during the electroweak transition, may not be treated as small. For this

4Notice, Fig 1.1 comes from the simulation with fermions. From the perspective of the energy,
fermionic fields are less dominant in the time evolution of the system, in comparison with bosonic
fields.

5Quite possibly, if one can do so, one can also solve analytically the Dirac equation for fermions
in such background.
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reason, it does not look promising to integrate out fermions during the electroweak
transition.

Our primary goal of the thesis is to establish real-time simulations to embrace
Standard Model fermions, including interactions between quantum fermions and
classical bosons. The classical gauge and Higgs fields can indeed simplify the cal-
culations of quantum fermions. In the Feynman diagram, the bosonic fields appear
merely as external lines, and therefore the fermion one-loop is the only possible in-
ner loop. In the language of the correlation function, what we know about fermions
can all come from their two-point functions. In fact, the essence of the numeri-
cal method that we will introduce in the following section is that the method can

represent precisely the fermion two-point functions.

1.2 Fermions in real-time simulations

The first real-time simulation with fermions was given by [44], in a 141 dimensional
lattice, with the method known as mode function method, which is to evolve all
quantum mode functions according to the Dirac equation. When extending the
method to 341 dimension, one would encounter the difficulty to accommodate a
large number of variables for fermions on a lattice of reasonable size. For example,
to a cubic lattice with IV sites along each direction, the number of variables is of
order N, which is accounted for by the rapidly increasing number and size of mode
functions.

The proper way to show what the large number of variable corresponds to is to
consider the matrix constructed with all mode functions. For the sake of simplicity,
we will illustrate the analysis in 141 dimension and extend the result directly to
341 dimension. The 1+1 dimensional Dirac equation reads

d d
0 44— = 1.1
(’y 7 + o —i—m) P(t,x) =0, (1.17)

which can be written as a Schrodinger equation,

i—p(t,x) = Hip(t, ), (1.18)
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with the Hamilton operator,

A

. a .
H= wofyl% + imA°. (1.19)

For a lattice of IV sites along x direction, the Hamilton operator acts on the wave

function as, ©

1A 041 ia 041

Ho(z) = J'QY dZ« W@ — dz) + imy%(z) + Zg dl (@ + dz). (1.20)

In the continuum theory, the operator could be represented as a infinite-dimensional
matrix; while on the lattice, the size of the matrix is only 2N x 2N. In order to
display it, we write the wave function into a 2N dimensional vector, and therefore

the super-vector and Hamilton can be written as

Y (0dx) imy Zz(;ll . . . Z;igcl
¥ (1dz) ~S i
0.1 ) 0.1
ol v | L g e g
¥(3dz) 7 — i;iﬂl im~° ngﬂl . 7
X XL
0.1 . 0.1
o) im0
01 i~0~1 .
Y (5dx) - . : . - imy?
(1.21)

where N = 6 is chosen for the purpose of demonstration. It is easy to show that

super-matrix H in (1.21) is Hermitian matrix, and therefore can be factorized as
HM = MA, (1.22)

where the diagonal matrix A is a collection of eigenvalues and the unitary matrix M
is a collection of eigenfunctions (mode functions). Similar analysis in 3+1 dimension
will lead to the super-matrix M as a 4N3 x 4N3 unitary matrix, with N the number

of site on each direction.

Moreover, the super-matrix M can be constructed specifically. In canonical

5The derivative is transformed into the difference in the form of,

(@ + de) — Pz — da)
2dx ’

d
%w(w) -
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quantization, the fermion field operator can be written as
. 1 .
96:) =7 D [busUao(tom) + Ly Vo) (1.23)
q,s

with the physical volume V', mode functions U, 4(t,x), V_4 _s(t,x), and the anti-

commutation relation of creation and annihilation operators,

(b by s} = 00505, {dL, . d_p s} = 6,502, (1.24)

—p,—T

where we have already adopted the discretized version of the expressions (for more
details, see Chapter 3). The evolution of the field operator is described by Heisenberg

equation,
i— = —[H, J] = H. (1.25)

We simply write the spatial variable as a subscript and also manifest the spinor

component by the subscript «,
. 1 .
Fralt) =7 O [basUnacgot) + 4Ly - Vg s(0)] (1.26)
V q7S
Then the unitary matrix M can be constructed, with components,

Mz ;0,50(t) = Unaigs()y  Maasq,81(8) = Viras—g,-5(1)- (1.27)

Notice that the spinor index « ranges from 0 to 3, and spin index s = 0, 1, so that

M is indeed a 4N3 x 4N3 matrix. As a result, the field operator can be written as
Y = Me, (1.28)

where similarly we write the creation/annihilation operator into a super-vector, in
the form of, ¢ = (l;pwo, dipm,SO, lA)pmsl, ...)T. Therefore from Heisenberg equation
(1.25), we can deduce the evolution equation for the unitary matrix M,

d .
M = HM. 1.29
i (1.29)
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Such super-matrix convention is also useful to simplify the equal-time two-point

function of fermion fields,

D(z,y) = (Ty(x)v' (y)), (1.30)

from which the fermion backreaction to gauge field and Higgs field, as well as other
interesting fermion observables can be extracted. By writing D(z,y) in the form of
the super-matrix, we can get the simple expression,

1

D=
2V

MSMT, (1.31)

where the 4N3 x 4N3 matrix S = diag(+1,—1,+1,...) comes in as a result of the
1

time-ordered product (T é¢®éf) = 59, for the time-ordered product at equal-time is
simply written as (T ab) = (ab — ba)/2. For these reasons, we can finally conclude
that representing the super-matrix M would be identical to representing quantum
fermions in a classical bosonic background.

In reality, to depict the 4N3 x 4N? unitary matrix, at least 8N6 independent
real variables are required, which is the number of generators of the unitary group
U(4N3). As it shows, the N%-dependence will become a big challenge to numerical
simulations. For instance when N = 32, it requires 256 GB of computer memory
space to represent a single fermionic field in 3 4+ 1 real-time simulations; while when
N = 48, the number becomes a desperate 2.916 TB.

To alleviate the problem, a Monte Carlo method has been proposed in [61]. The
method, also known as low-cost fermions or ensemble fermions, could reduce the N6-
dependence to N 3Nq-dependence, with N, a number to be determined in practical

simulations. The validity of the method can be easily demonstrated in the language

of super-matrix. For this purpose, we define two matrices as

1 1
My = ———MQ,  Mp=
v =N Me P 2N,

MSQ, (1.32)

where the constant @ is a 4N?3 x N4 matrix, so are M)y; and Mp. Then the evolution

is described by

. d - . d .
Z£MM = HMM, ZaMF = HMF, (133)
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and the two-point function can be calculated as,

1 1
D= —MyM = MQQtSMT. 1.34
MM} = 55 MQQTs (1.34)

In comparison with (1.31), the method would be identical to the exact mode function

method, if the equation

;qQQ* -1 (1.35)

can be satisfied. Strictly speaking, the exact equation (1.35) would require N, never
smaller than 4N3. But we are more interested in the case that Ny < 4N 3 especially
N, < 4N3.

The equation (1.35) can be achieved, approximately, when each component g;;
of matrix () is assigned with a random complex number, according to a specific
distribution (say Gaussian distribution), such that statistic expectation E[g;;q,,,] =

dimdjn. Accordingly, the equation (1.35) can be illustrated as,

qoo 4o1 4oz 1

) Q0 qu1 Q12 B0 Go Do Bo Lo -

N, | @0 e a2 am G G G o | = - -1 o |
a3 g¢31 q32 QMo di2 Do o o S
q40 gG41 Q42 .

(1.36)

and as a result the method reduces the number of variables from (4N3)? to (SN3N,).

According to the law of large numbers, the ensemble-fermion method in the
limit N, — oo would match exactly the mode function method, and on the way
of increasing Ny, one would observe that the physics converge to the final limit.
In practice, in comparison with N3, a reasonable Ny, would guarantee that the

evolution of the system and most observables converge accurately [61, 76, 77, 78, 79].

1.3 Overview

The main topic of the thesis is to establish real-time simulations for cold baryogen-

esis from first principles, with one generation of fermions explicitly included. As a
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consequence, a baryon asymmetry can be measured through practical simulations.

In Chapter 2, we focus on the quantum anomaly. By solving the Dirac equation
for fermions in parallel electric and magnetic fields, we find the chiral anomaly re-
lated only to the lowest-energy Landau levels. For massless fermions, the anomaly
can be seen as a result of the production of particles of one chirality, and no pro-
duction of particles of the other chirality. For massive fermions, the chiral anomaly
equation can be achieved as a consequence of the regularization. Then we extend
the method to calculate other quantum anomalies and this leads to the anomaly
cancellation. To our concern, we find the fermion content of the Standard Model
can yield the B — L symmetry being anomaly free, but the B + L symmetry must
be violated as a quantum anomaly. We also show in the chapter that the quantum
anomaly on a lattice can be replicated by Wilson fermions [16], which were origi-
nally proposed to deal with the fermion doubling problem, the problem that more
unwanted species appear when fermions are represented on the lattice in a naive
way. We further demonstrate only spatial Wilson terms are necessary in real-time
simulations, and the temporal doubling problem can be solved by choosing properly
fermion initialization.

In Chapter 3, we implement ensemble fermions for a reduced electroweak sector
of the Standard Model and calculate the effective preheating temperature during
a fast electroweak transition, relevant for Cold Electroweak Baryogenesis. We find
that with ensemble fermions, the dynamics and most observables can converge with
a viable number of fermion realizations. Via measuring the occupation number, we
discover that in the later time of the evolution, an equilibrium can emerge in the
IR modes of fermions. According to the Fermi-Dirac distribution, we extract the
temperature and find the temperature never below 20 GeV, which, in combination
with the results in [68], can indirectly rule out the Standard Model C'P-violation as
the origin of the baryon asymmetry of the Universe. The chapter is based on [76].

In Chapter 4, we further investigate the baryon asymmetry with new CP-
violation mechanism in a minimal extension of the Standard Model, by recruiting
another Higgs doublet, and therefore involving extra C-violating terms in the two-
Higgs potential. As a result, all Sakharov’s three conditions are represented in our
first-principles numerical simulations. We also in practice choose possibly large C' P

violation by scrutinizing the two-Higgs potential and Yukawa interaction. Through
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large-scale computer simulations, we calculate the baryon number for one particu-
larly favourable scalar potential, and find an asymmetry of || < 3.5 x 107. The
chapter is based on [83].

Finally, we give the summary and outlook. In particular, we consider how to
realize the complete electroweak SU(2) x U(1) theory, with fermions explicitly in-
cluded.



Chapter 2

Solving the Dirac Equation

The chapter is dedicated to solving the Dirac equation for fermions in different sit-
uations, specifically, in an electric field, in a magnetic field, in parallel electric and
magnetic fields and on a lattice. A detailed study of related solutions will also be
carried out to reveal their Physical implications, including, pair production, Landau
levels and the chiral anomaly. The Dirac equation for fermions in a homogeneous
electric field has been first solved by Sauter in 1931 [3]. When the electric field is
on, virtual pairs of electron and positron could become real pairs and the system
tunnels from the vacuum state to a state of particles. The vacuum persistence prob-
ability has been originally obtained by Schwinger in 1951 [5], where the proper-time
method has been implemented to calculate and regularize the fermion determinant.
The result can also be achieved in the canonical quantization, and one of our goals
is to demonstrate that the same expression can also be reached by solving the Dirac
equation and calculating the Bogoliubov coefficients. Our other concern is Lan-
dau levels of fermions in a homogeneous magnetic field, whose discretization and
degeneracy can be easily reckoned in the solution of the Dirac equation. Having es-
tablished an understanding of pair production and Landau levels, one can discover
the chiral anomaly of massless fermions in parallel electric and magnetic fields. For
massive fermions, we make manifest the role of regularization, which, if established
properly, can easily lead to the chiral anomaly. Such way of calculation on massive
fermions, to the best of our knowledge, is still absent in the literature. We also want
to convince ourselves that there must be a similar anomaly to the B + L symmetry
with the Standard Model baryons and leptons. Our last, but not least, concern

is the realization of fermions on a lattice, particularly the doubling problem and

17
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accomplishment of chiral anomaly.
The mode function expansion will be adopted throughout the work. Each mode
function can be seen as a solution of the Dirac equation which, in our convention,

reads
YD )(t, x) + mip(t,x) = 0. (2.1)

For free fermions in canonical quantization, the field operator can have a mode

function expansion
ip.T

3 e .
b(t, ) Z/ ;:Tp3 r _MtbS(p)Us(P) +€zwth_s(*p)st(*p)} , (2.2)

where the creation and annihilation operators satisfy non-zero anti-commutation

relations

{br(p), b1(P)} = (27)%6,56° (p — P),
{d_y(=p),dl (=)} = (21)%6,:6° (p — 1), (2.3)

and any other anti-commutation relations will be zero. When fermions interact
with other fields, either by coupling to gauge fields or gravity through the covariant
derivative, or by coupling to scalar fields via Yukawa interaction, the expansion (2.2)

should be replace by a more general form:

6(t0) =3 S st + dpVestopt)] . (2

All mode functions 9s(p;t, ), (Us(p;t,x) and V_g(—p;t,x)), of any p and s should

satisfy the Dirac equation,

YD pibs(pst, ©) + mabs(ps t, o) = 0., (2.5)
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and they are orthonormal in the following way,

d3
Z/(QT(}))?’ [Us(p;t7$)U;r(p;t,y)—I-V,S(—p;t?x)v_-rs(_p;t’y) :53($—y)]14><4,
(2.6)
SaU (p; ; = [ BV (—p: o (9\353(, _
d iEUS (p,tyx)Us/(q’t,m) == d .CL'V_S( patax)v—sl( q,t,ﬂ?) —(27T) 5 (p q)(SSS/,

(2.7)

and any similar product of U and V will be zero. With the mode functions, the

equal-time two-point correlation functions can be expanded as

3
ottt =~ ¥ [ 5 Dttt nmie -5 28

~V_s(=pst, )V (=pst,y)(n” (—p) — 2)] ,

where n¥(p) is the initial occupation number of the particle of momentum p and spin
s/2 and n¥ (—p) the initial occupation number of the anti-particle of momentum
—p and spin —s/2. The symbol T denotes the product of operators is time-ordered,

Ta(t1)b(ts) = 0(t, — ta)a(t1)b(ta) — O(ts — t1)b(t2)a(t:), (2.9)

where the step function is defined unambiguously as

1 if x>y,
Ox—y)=4¢ 05 if z=uy, (2.10)
0 if z<y.

2.1 Fermions in an electric field

Without loss of generality, we assume the electric field is applied along the third
direction. We also assume the electric field is turned on instantly at ¢ = 0, and
could be turned off instantly thereafter. To generate it, the gauge field can be
chosen as (0,0,0, A3(t)) with As(t) = —Et, under the convention E = _A. Since
the gauge field is a function of time only, spatial plane waves are still valid to

serve as eigenfunctions. Given a single mode function of the form vs(p;t,z) =
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exp(ip1x1 + ipawa + ipsx3)s(t, p) with pi, pa and p3 constant, the Dirac equation
(2.5) becomes

8 . . .
<708t + i’ [ps — eAs(t)] + iv'p1 + iV p2 + m> Ps(t,p) = 0. (2.11)

A further separation of variables can be implemented in a way that

0,3

1 1—~%3
Ult,p) = V2 [A(t,pz),)*;” + c<t,p3>;”] Yor 2. (2.12)

where the spinor product 1/1;1,}02,51/22,14,275 =1 and |A(t,p3)|> +|C(t,p3)|*> = 1 to meet
the requirement that the mode functions are orthonormal as in (2.6). The Dirac

equation then leads to

(iv'p1 + 17 P2 + 1) Upy pos = =17 €Wpy oo (2.13)

g . .
(70(‘% + i3 [p3 — eA;;(t)]) [APy, +CPy_] = [APy; + CPy_]i7 %, (2.14)

where P, and P,_ are the abbreviation for the projector 1+72073 and 1772073 respec-
tively.
The equation (2.13) indicates v, ,, s and € are the eigenspinor and eigenvalue

of the matrix H = —i~° (i’ylp1 +iy2py + m) As a consequence, they can be chosen

as:
—/ws —alpr — o2py 1
1
Upipas = Nemn , €= —wsz <0; (2.15)
Vws + olpp + o2ps s
Vws + alpr + a2pe 1
1
Up1pa,s = N , €=w3>0, (2.16)
\/W3 —olpr — o%p2 s
1 0
where wy = \/m?2 + p? + p3 and ns= , for s=+1, -1.
0 1

As the two projectors P,y and P,_ are orthogonal to each other, their coefficients
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in (2.14) become two independent equations,

9 Alt,ps) = ilps — eAs(]A(Lps) + icC (1. ps), (2.17)
O O(t,ps) = ieA(t,ps) — ilps — eAs(D]C(1,ps) (2.18)

or in a concise way,

=z =i (pho® +eot) , (2.19)

with pf = p3 — eAs(t).

Before the electric field turned on and after it is turned off, the vacuum states
are well-defined and they are actually identical, up to a gauge transformation. For
Asz will be a constant after the turn-off, the gauge field can be shifted to AL =0 by

—iedsrs At the same time, the fermion mode

a gauge transformation of the form e
number must be changed from ps to p5 = ps — eAs, and the physical momentum
that can be observed is p§. For these vacuum states, we solve the equation (2.19),

and select the convention

AF s w —ph s cosh g — sinh g
e e
- V2w - v/2cosh 6 ’ (220)
cr v w + ph cosh & + sinh ¢
U Ps3 2 2
AF ‘ Vw + ph A cosh & + sinh §
6u;.)t ezwt
- - < 221
V2w v2cosh @ ( )
cr w — pl cosh ¢ — sinh 2
v 3 2 2

where the total energy w = /w3 + pgf = w3z cosh @ and the third momentum com-

ponent p5 = wssinh . Notice

*
=o! , (2.22)

Vv U

which is true for the free fermions and which will also be conserved during the
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evolution by equation (2.19). Therefore we can use Ay and Cy only to compose
mode functions, and we further omit their subscript U for simplicity. Finally, free

fermions have explicit mode functions

eP121+ipae +iphas3

Vw3

UL (p1,po, Pyt ) = (AT (t,p3) Poy + CF (t,p3) Py-]

—\/w3 - Ulpl - 02172 Ns
, (2.23)

\/ws +olpi + o%p2 ns

eipl x1+ipara+iphes

3

VE (=p1, —p2, —plyit, z) = [CT™*(t, p3) Poy + AT (t,p3) Py_]

\/ws + olpr + o2pa 1
(2.24)

\/w3 —01p1 - 022?2 Ns

In this convention, the variables of the mode functions will indicate directly the
physical quantities. For example, Us(p;t,x) represents a particle of momentum p
and spin s/2, and V_4(—p;t,z) stands for an antiparticle of momentum —p and
spin —s/2. Such convention can also make straightforward the interpretation of the
charge conjugation, which when acting on spinors, is denoted as ¢ = —y2¢*. As
a consequence, the expression Usc(p; t,x) = sVi(p;t, z) manifests the truth that the
charge conjugation does not affect the momentum and spin.

When A3(t) = —Et, the only equation one needs to solve is

o[ A A
% o =i ([ps + eFt]o? — wgal) ol (2.25)

With redefined parameters

p3 + ekt w
S = W’ a = i, (226)
the equation (2.25) becomes
d [ A A

) Ziser - vaoy [ ). (227)
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or into second-order differential equation

2
e iavilo=0 A=t (il _s)c 2.98
82 Ja \'ds

Two independent solutions can be written down with the parabolic cylinder function

Dy(z),

1 ) am aT
A= —;Z\/ae_?Dflfi%([l‘{'i]S)v Ay = e s Dia([-1+1]9), (2:29)
atm 1 _7/ _am .
Cl :e_?D*i%([l—i_ﬂS)v 02: 9 \/66 8 D71+i%([_1+l]s)7
with properties
A1 (8) = C3(=9), C1(S) = A3(-9), (2.30)

[ AL (S +1C1(S)]P =1, [A2(S)* +[Ca(S)] = 1,
and asymptotic values

Ai(=o0)| = VI—e 5, |Ci(—00)| = %, (2.31)

A (+00)| = 0, C1(+00)| = 1.

Also notice the combination cg = A1(S)C2(S) — C1(S)A2(S) is a constant and
therefore one can determine |cqp| = e~Z by its asymptotic value.
The general solution will be the superposition of the two special solutions above,

in the following way,

A(t, ps) 1 A1(S)  Aa(S) Ca(So)  —A2(So) AF(0,p3)
Cltps) | Cav \ Ci(S) Co(S) ) \ =Ci(So)  Ai(So) CF(0,ps) |

(2.32)
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where Sy = \/I’STE. So mode functions of initial momentum (p1, p2, p3) are

—\/w3 - Ulpl —02]32 Ns

ip-x

T [A(t, p3) Poy + C(t, p3) Pp]

Us(plap27p3;t>x) =

\/ws + olpy + 02pa ns

\/ws + olpy + o2pe s

el

S

V—S(_p17 —Pp2, —P3; t? .%') = [C*<t7p3>Pb+ + A*(tup{i)be]

Vws — olpy — o2py ns

At the instance 7, if the electric field is removed, the fermions become free ones

again and the Bogoliubov transformation can be implemented in the following way,

e“FTU(p1, o, ps; T, w) = U (p1, pa, py; 7, ) + BV (—p1, —pa, —ph; 7, 1),

e FTIV_(—p1, —p2, —p3; T, x) = VUL (p1,p2, py; 7, ) + 6V (—p1, —pa, —ph; 7, ).
(2.33)

As the mode functions are orthonormal, there exist two restrictions on Bogoliubov

coefficients,
o> + 1812 =[P+ 16 =1, o™y + 5% =0, (2.34)

Accordingly, there are only four free parameters, and one can choose «, § with
o> + (8> = 1 and v = —p*, § = a*e??. Furthermore, the angle # can be
pinned down when initial values are considered, for instance, e = 1 if initially
a=6=1.|B]? =|v|? is the result of pair productions of particle and anti-particle.

The coefficient S can be solved out as,

5(7—7]93) ==S [CF(T,pg)A(t,pig) - AF(Tﬂpg)C(T7P3)] ’ (235)

where pi = p3 + eET, and therefore the occupation number for the particle of

momentum p, as well as for the anti-particle of momentum —p, is

n(7,p3) = |B(r,p3)|* = |CF (0, p3) A(t, p3) — AF(0,p)C(7,p3)|*, (2.36)

'One way to show that |3|? is the occupation number is to put the Bogoliubov transformation
(2.33) into fermion two-point function (2.9).
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where we omit the spin index as the occupation number does not depend on the spin
choice, and we also drop the time-dependence of AF and CF', because both depend
on time in the same way through a phase factor e=**.

A comparison among distributions of occupation numbers with different ¢ = :—é
is displayed in Figure 2.1, and a study of the distribution of different time scales
is performed in Figure 2.2. There are two features about the pair creation that we
want to highlight:

(I) the distributions of occupation numbers have a reflection symmetry with
respect to axis ph = eET/2;

(IT) the stable pair creation rate is e~ %™, given a = % and 2ws being the energy
gap between levels above and below the Dirac sea. Specifically, the pair production
rate is non-perturbative of the electric strength FE.

On the other hand, we can prove theoretically these two conclusions from the

definition of the occupation number. For the purpose, we write

0 -1
80r.5)? = 1B p)? = | - F7 (5}) Fos)| . (237
ab 1 0

where p§ = p3 + eET and the abbreviation stands for

F(ps) = = (%) = (f:f> (0. ps) , (2.38)
w(s) o) )\ o

Because of the property of A; and Oy in (2.30) and the expression of A" and CF in

(2.20), one can calculate

0 1
F(—p3) = — F*(p3), (2.39)
1 0
and consequently,
1B(p; p3)|* = 1B(—ps; —p3) [, (2.40)

which states the created particle number of the mode of initial momentum p3 and

finial momentum p4 = ps+eET would be the same as the one of momentum changing
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Figure 2.1. Distributions of occupation numbers at 7 = 60/\/@ with a=0.0, 0.1, 0.4 and
1.0 separately. The plot is symmetric along py = 30VeE. Values of the central plateau
agree precisely with exp(—an). The structures around p4 = 0 and pj = 60VeE are caused
by the instant turn-on. When a = 0, the distribution is depicted exactly by step functions.

0.5
— 7=60/VeE — 7=120/VeE
040
03 L _________ S S J ________________ S J ________
| 3 3 | 3 3 -
P N A S — — . —
I T T T — |
0.0 J ; ; \ ; ‘ L
0 20 40 60 80 100 120
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Figure 2.2. Distributions of occupation numbers of a=0.4 at 7=60/veFE (red line) and
120/veFE (black line) respectively. Soon after the initial turn-on, the structure caused by
the instant turn-on keeps the same and the particle creation rate is properly exp(—am).
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from —ph to —p3. Such two modes are located symmetrically on the left and right
side of (p§ — p3)/2 = eET/2.

The stable particle number on the plateau is associated to the modes of initially
large negative momentum p3 and finally large positive p§. By utilizing asymptotic
values of A; and C in (2.31), we eventually obtain

Cf(=00)C1(—00) |*

|8(4-00; —00)|? = = e o7, (2.41)
Cab

We can also learn from the plots that the asymptotic value is attained quickly
and accurately by finite p4 on the plateau. While the instant turn-on impacts the
distribution in the form of the fluctuations on the two ends of the plateau. Apart

from this, the particle production can be properly depicted by step functions,

n(r,p3) = e 70(p5)0(—p3). (2.42)

Specifically, the above step-function description is precise when a = 0 (w3 = 0).
Given the fact w = |p4| when w3 = 0, one could deduce from (2.20) that A" =0

when pf > 0 and CF =0 when ph < 0. Thus, the free mode functions can be written
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simply as 2
Py <0: (2.43)
1 0
Fq 1 —i|ph|t+iphTs 0 F i|ph|t+iphxs 0
Ui (p3;t,z) = e PP UZ (pg;t, @) = e "PsltPs )
0 0
0 1
0 0
Fy iphlt+ivizs | © ipltriphos | L
VI (—p3;t,x) = e'PslTPsts p3,t x)=e ilps[t+ipzzs ,
1 0
0 0
/ .
D3 >0:
0 0
Fy 1 —i|ph|t+iphas 0 e~ ilpslt+ipsTs 1
Ul (p3;t, @) = e P8l T(pyit, @) = e IPaloms ;
1 0
0 0
1 0
F / i|ph |t+iphxs 0 F / i|ph|t+iphxs 0
VI (—p3;t,x) =€'Ps 3 . Vi(-p3it,x) =e"P3 3
0 0
0 1

Similarly, one could take the limit @ — 0 on the parabolic cylinder functions
in equation (2.1). Or one can revise the equation (2.25) in light of ¢ = 0, and

consequently arrives at

QC(t,pg) = —i[pg - eAg(t)]C(t,pg),

gA(t p3) = i[ps — eA3(t)]A(t, ps), ot

ot
(2.44)

to which the solutions are

Alt,p3) = eifg(Ps—eAa(to))dtoAO’ C(t,p3) = e—ifot(m—eA3(to))dtoCO‘ (2.45)

2Since w3 = 0 also suggests p1 = p2 = 0, we omit p; and p2 in expressions.
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Therefore,
ps<0: (2.46)
1 0
. 0 4 0
U (psit,x) = ePo72A . U-(psit,x) = e :
0 0
0 1
0 0
. 0 ' )
Vo (=ps;t,z) = eP7C , Vi(=psit,x) = eP3™C ;
1 0
0 0
p3 > 0:
0 0
Uyi(psit, ) = P30 , U_(p3;t,x) =eP¥3C :
1
0 0
1 0
Vo(=p3;t,x) = ™A » Vi(=psit,z) =5 A
0 0
0 1

When ps < 0 and p4 = pg — eAs(7) > 0, the Bogoliubov transformation can be

performed in the following way,

eieAs(T)x:; U <p3; T, JJ) — BV$(_pg; T, J)), (247)

ATV (_por z) = — BUE (07, 2),

and in all |8]? = 1. Otherwise, |3|> = 0. In such a way, the precise particle number

n(r,ps3) = 0(p3)0(—p3). (2.48)

Notice the mode functions above are also eigenstates of the chirality operator
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~?, and the chiral symmetry holds in the evolution in the following aspects:

(1) a left-handed spinor will remain left-handed, and a right-handed will remain
being right-handed;

(2) the same amount of left- and right-handed (anti-)particle will be created.

We will see the second statement can be violated when there is also a magnetic
field applied along the same direction as the electric field.

The pair production can also be interpreted as a result of the level-shift due
to the electric field. As an example, Figure 2.3 illustrates such an explanation to

anti-particle productions in the Dirac sea.

w w
."'o., t=0 .“O_ t=7
Upé,_t,_ O Up’3’+ - Q »
' o Q
vv'ov_ e
o ps + eEt o p3 + eFt
o i'oi
. V—pg,— . V—pg,—
[ ] [ ]
(a) (b)

Figure 2.3. The particle creation interpreted as level-shift in the Dirac sea. The black dots
denote the occupied states, while the empty dots referring the unoccupied ones. (a): before
the electric field is on, all sea states with negative energy have been fully occupied. (b):
after the electric field is off, two sea states become unoccupied, and this can be interpreted
as two anti-particles have been created. See reference [23] for more detailed description.

2.1.1 Schwinger mechanism

When the electric field is on, pair productions could happen, and if so, the system
would tunnel from the vacuum state to a state of particles and anti-particles. The
probability of the system staying in the vacuum over time 7" was first calculated by
Schwinger [5], in so called vacuum persistence probability, which can be defined of

the form [62, 63]

P = |(wac|U(t)jvac)|* = e7wVT, (2.49)



Chapter 2. Solving the Dirac Equation 31

with the spatial volume V = LiLoL3s where L; of ¢ = 1,2,3 are the length of i-th
direction. In other words, the probability stands for the chance that there is no

single pair produced over the period,

P= [ -f, (2.50)

P1,P2,P3,S

where f, s denotes the probability of creating a particle-anti-particle pair with the
particle of momentum (p1, p2, p3) and spin s/2. From the calculation in the last
section, we can determine f, s properly, that f, s = e~ *"0(p5)0(—p3), and bearing in
mind @ = w?/(eF) and wi = m? + p? + p3. Taking the logarithm of the both sides

of equations, we arrive at a result,

2¢ETLj
_m2+p%+p%ﬂ_ 2w 2eETLg _m2+p%+p%ﬂ.
—wVT:lnH(l—e cE > :%Zln(l—e cE >
P1,p2 P1,p2
~+00 2, 2, 2
2eETLs L1Loy / 1 _m7+pi+r3
g — d d — el nm
2 (2m)? pipz NZ:I n’
2eB2VT X 1 _nzm?
__2(eB) Zﬁe_ﬁ’ (2.51)

(2m)?

n=1

where on the first line, the exponent 2ET L3/(27) is the number of modes whose
0(p5)0(—ps) = 1, including the two spin choices, and the relation dp; = 27/L; is also
utilized to reach the result.

In the end, we obtain

2eE)2 X 1 _nem?
w= T Zﬁe B (2.52)
n=1

as initially given by Schwinger in [5].

2.2 Fermions in a magnetic field

Assume a magnetic field of strength B is produced along the third direction, by the
gauge field A, = (0,—Bx2,0,0), for B = V x A. So the Dirac equation can be
written as

0
(7000 + 7303 4+ ' [01 + ieBxg] + 72£ + m> P(t,x) = 0. (2.53)
2
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As in the equation, ¢, 1 and x3 appear only through derivatives, plane wave func-
tions could still be eigenfunctions for these variables. By considering a single mode
Ys(pyt,x) = exp(Fiwt + ip1z1 + ipsxs)s(z2, p), we can implement the separation
of variables in the following way

1+ i’ylfyz
2

1-— i'ylfyz

Vs(w2,p) = | M(z2,p1) 5

+N(I’2,p1) ¢p3,57 (254)

and put constraints 1), s0pss = 1 and [ dag|M|? = [dzy|N|® = 1 to meet the
requirement that the mode functions are orthonormal as in (2.6). In the Dirac

equation, by replacing the wave function of the expansion above, we obtain

[:Fi’)/ow + Z.’YSPS + m] wpg,s = - i716¢p3,57 (2'55)

. 0 .
[Z'yl(pl + eBi) + 72(%2} [MP,, + NP,_] =[M P, + NP,_]iv'e, (2.56)

. . . 1+z'ylf}/2 177/)/1fy2 . ..
where abbreviations P, and P._ represent projector ——; and —5—" individu-

ally. A further simplification on the second equation can lead to,

pl—i—eBacQ—i M = €N, pl—&—eBxg—i—i N = €M, (2.57)
0 O

or with second-order derivatives

d? €2 d? €2
(Ge+m-1-)y=o (GrGr-v)y=o @

where y = veBry + JS—B with fixed p;. The equations have similar form as the one

for quantum harmonic oscillators and accordingly we can write their solutions in the

following way, >

p1 P1
e =vV2neB, M =U, || VeBrs+ ) . N=U, <\/eBx " ) :
! < > /B > /eB

(2.59)

3There exist two solutions, which can be normalized in the form of (¢ = vV2neB, M = U,—1, N =
U,) and (e = —v/2neB, M = —U,_1, N = U,). But they are not independent, and we chose the
one of € = v/2neB.
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where Hermite functions Uy, (y) are related to the Hermite polynomials Hy,(y) through

the relation

1 y2 2 dn 2
Un(y) Q”n!ﬁe T Hy(y), Hn(y)=(—1)"e dy"e , (2.60)

and Hermite functions are orthonormal,

[e'S) +oo
Uy = S S Unlyn)Unlu) = 60 — ). (261)
n=0

—00

In addition, % = n is forced to be a non-negative integer, otherwise M or N will

behave asymptotically like exp(y2/2) and mode functions cannot be normalized. As

a result, w = \/ p§ + m? + 2neB, thus the energy is discretized. Such quantization
of the energy is known as Landau quantization, and the energy levels are called

Landau levels.

2.2.1 Landau levels

Figure 2.4 displays the n = 0 and 1 Landau levels of massless fermions. The n
= 1 energy levels have a energy gap of width 2v/2eB. For massless fermions, the
lowest-energy Landau levels are gap-less. Such energy gaps will determine the pair
production rate as 6_%, if there is an electric field applied along the third direc-

tion.

When n = 0, the mode functions can be written as

—/wz — a3p3 Ny

—iwt-Fip1z1 +ipsas
Uo+(p;t, @) = o Uo (w2, p1) P :
Vws +o3p3 0y
piwttipyoy FipsTs Vws + 0Py 11y
Vo-(—pit,z) = TUO(anpl)Prf

Vws — o3p3 0y

Ounly n4+ = (1,0) is allowed, because the following constraint should be satisfied to



Chapter 2. Solving the Dirac Equation 34

w n=1
o o n=20
o) o)
- © . . © B
Ups+ o o o O Ups,+
» ol o .
@) o)
o | o
® "‘ob p3
° °
. o | o .
Vops,— ,». ® ¢ o ) Vops,—
I . . o .
) : : e
) L J,
n=1

Figure 2.4. Landau levels of massless fermions. The states in the lowest-energy Landau
level n = 0 are connected. Comparatively, there exist gaps of width 2v/2neB for higher
energy levels.

avoid M = U_4(y) to appearing in the expression,

—v/w3 — 3p3 ns

P =0, where P =

w3 + o3p3 N5

This indicates the fact that the spin direction in the lowest-energy Landau levels is
locked.

Another feature of Landau levels is that they are degenerate, which is a re-

sult of the fact that the dispersion relation w = \/ p?,) +m?2 + 2neB does not de-

pend on the variable p;. On the other hand, 2% < Lo, as any shift p—}g along o

eB e
in U, (\/ eBzo + \/peLB) should be dismissed if it is larger than the length Ls. By

. _ . LiLseB
counting dp; = 2w /Ly, the total possible number of p; can be found to be =52¢=

)

which is the right number of degeneracy of Landau levels [29].
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2.3 Fermions and the chiral anomaly

Given the equation of motion for fermions, ¥#0,9(t, z)+ma(t,z) = 0 , the following

relation is expected to be correct,

Ou(T(t, 2)in"y 0(t, 2)) = 2im(T(t, 2)7 ¢ (t, ). (2.62)

But in practice, when the fermions are treated in quantum field theory, the precise

expression comes to be

2
AT (t, 2)in v (t, ) = 2im (T (t, )y (t, 2)) + 75" FruFpr,  (263)

or in an integral equation form

—Q5 = sz/dd (Tap(t, 2)y2p(t, x)) — 2622 /d3a:E B, (2.64)

where the chiral charge is defined as Qs(t) = [ d3x(T(t,z)iy°y (¢, z)) and we
have also utilized the relation e#"*?F),, F,, = —8F - B .

The effect of the appearance of the extra term is more dramatic for massless
fermions. When m = 0, the fermion action is invariant under the chiral transfor-
mation of constant phase ¢ performed in a manner 1’ = exp(i7°¢)y, and according
to the Noether’s theorem, the chiral current should be conserved, ang‘ = 0, where

JY = (Tepiy#+P9) . Moreover, the chiral charge is exactly the sum

dp; d
AQs(r Lﬂ@§j/”51§§ (Y (o) =V —pe) (269)

—n i (r.pa) + Y. —=pa) )

where nﬁg (1,p3) is the occupation number of left-handed particle with Landau
level index n, momentum p3 and spin s/2, and similar interpretations are applied to
n,Ll”‘_/S(T, —p3), nﬁ’g(v', p3) and n, VS(T, —p3). So the existence of the extra term in-
dicates that the chiral symmetry is violated in quantum field theory, and production
rates of left- and right-handed (anti-)particle will be different.

To obtain the chiral anomaly equation (2.64), we can solve analytically the Dirac

equation for fermions in parallel electric and magnetic fields. The solution will simply
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be a combination of the results of fermions in an electric field and in a magnetic
field. This is due to the fact that the gamma matrix 7993 commutates with v'+2, so
that the parameter separations in both cases are still valid, without affecting each
other. 4

To generate the parallel electric and magnetic fields, the gauge field A, can be

chosen as,
A, = (0,—Bx,0,—Et). (2.66)
The Dirac equation then becomes
(080 + ' (01 + ieBxy) + v*02 + 7*(95 + eEt) + m| ¢ = 0, (2.67)

to which, the mode function for particle and anti-particle can be written separately

as

. . 1
Up,s(p1,p3;t, ) :e”’lmlﬂpgm\/: [A(t, p3) Pyt + C(t, p3) Py_] (2.68)
3

—Vws — ol\v/2neB n,
[M (22, p1) Py + N(z2,p1)Pr-] ’ ! ;
w3 + olv/2neB

A , 1
Vio,—s(=p1, —ps;t, @) =PRI, [ — [C*(t, p3) Pyy + A*(t,p3) Py-] (2.69)
w3
w3 + olv/2neB 7
w3 — olv/2neB 7

4And it shares the same reason with the fact that the boost and rotation along the third direction
will not disturb each other, as gamma matrices 4’42 and 4'4? are infinitesimal generators of these
two operations in the spinor representation of Lorentz group [36, 37].

[M (x2,p1)Pry + N(x2,p1)P,—]
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One can check they are the right solutions by implementing the following relations

0
(at s+ eEt]) Ot ps) = —iws A(t, pa),

a . )
(815 —i[ps + eEt]) A(t,p3) = —iwsC(t, p3),

0
([pl + eBxo] + 8352) N(w2,p1) = V2neBM (w2, p1),
0
<[P1 + eBzxy] — 83:2) M (w3, p1) = V2ne BN (22, p1),
s o aneB .

(—i'yowg + iy V2neB + m) =0,
w3 + olv/2neB 1,
w3 + olv/2neB
(i'yowg +iy'V2neB + m) ° L 0,

w3 — olv/2neB s

(2.70)
(2.71)
(2.72)

(2.73)

(2.74)

(2.75)

where the explicit forms of A(t, p3), C(t,p3), M(x2,p1) and N(x2,p1) can be found in

equation (2.32) and (2.59). For the sake of simplicity, we will shorten the projectors

appearing above and define Py and Py as,

Py = [A(t,p3)Poy + C(t,p3)Po—] [M (22, p1)Pry + N(x2,p1)Pr—],

Py = [C*(t,p3) Por + A*(t, p3) Po-] [M (22, p1) Pry + N(22,p1)Pr—].

By recalling the expression of projectors

(2.76)

(2.77)
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one can find Py and Py are actually

AN

cM
Py , (2.78)

CN

AM
C*N

A*M
Py = . (2.79)
A*N

C*M

With the abbreviations, the solutions simply become

. . 1 —vV w3 —ol/2neB
Un,s (plap3; t? I’) :61p1$1+lp3$3 7PU ° 1Is (280)
w3 w3 + olv/2neB n;
. . 1 w3 + olv/2neB
Va,—s(—p1, —p3; t, x) —eP1o1tpsts [~ Py ° s . (2.81)
w3 w3 — o1v/2neB n;

Furthermore, mode functions are orthonormal in the following way

dpy dp
Ve Z/ p1 p3 ns(Phps,t 2)US o(p1,p3;t,y) (2.82)
Vs (=1, —p3s £, 2)V,_(—p1,—psity) | = 6% (@ — y)Laxa,

with I4x4 a 4 by 4 identity matrix, and

5nn
/d3xU7t,s(p17p3;tax)Un/,s'(qlqu;tvx):(27T)25(p1_q1)5(p _Q3)@5SS’>
(2.83)
)
BV (- c—psit )V —o(—q1, —qo: t,z) = (2m)28(p1 — q1)8(ph — nn’ Ogsls
J Vit Va1 i) = (2001 — )5 ah)

where any other product of U and V is zero. The expressions above can be seen as

a result of the substitution, because of the existence of the magnetic field,

/dp2 — \/72 276 (pa — py) — \6/%. (2.84)



Chapter 2. Solving the Dirac Equation 39

At the end, the field operator in configuration space can be expanded as

dpy d
t IL’ VGBZ/;::;%} n,s P17p3)Un,s(P1aP3§t7$) (285)

+dL7,5(—p17 _p3)Vn,fs(_p17 —p3;t, .’L‘) )

where the creation and annihilation operators satisfy anti-commutation relations,

0 nn’

bnr ) 7bT/ 5 = (2 2(5 - 5 - 757‘? 2.86

{ 7(p1 p3) n,s(ql q?))} (7r) (pl q1)0(p3 Q3)@ s ( )
5nn’

{dn,—+(=p1, —p3), djﬂ,—s(—th, —g3)} = (27)*6(p1 — q1)6(p3 — g3) Ors-

VeB

If the fermions are initially in the vacuum state, with all initial particle numbers

zero, (b1b) = (d'd) = 0, the equal-time two-point function comes to be

dpi d,
(Tt ) (y wBZ B [ttt 193 0)

_Vn,—s(_p].? —D3; ta $)VJ,—S(_p17 —DP3; tu y) . (287)

There is one thing we need to emphasize. The variable in the integral should be
the physical momentum p4 = p3 + eEt at time ¢, instead of p3. It is important to
discriminate between them, because some integrals will not be invariant under the
shift of the integration variable.

The Bogoliubov transformation can be implemented in the same way as it is in
(2.33), for a single mode

clebTes Un,s(plyp?); T, x) = aUr};S(pl,pé; T, x) + 5Vn}?,5(—p1, _péﬁ 7, 1’)7 (2.88)

FTIY, _(—p1, —p3;i T, x) = =B U (p1, P T w) + VI (—pr, -5 T, @),

which should also obey the chiral symmetry in a sense that a left-handed U can only
be expanded by left-handed U and V. Furthermore, if U and V are eigenstates

of 7%, then
[UHE)U Vi = 1 - 21812) [UFTPUT — vETSYE] (2.89)

where there will not appear any crossing terms like VFTU or UFTV, because they



Chapter 2. Solving the Dirac Equation 40

are really zero. Therefore, the chiral charge of massless fermions can be interpreted

as,
@s(r) = [ da(Tvl(r.opu(r.0) (290)
- PP Y [ g (02t ) 120k )
o 2ntY (7, p3)) + (1= 20,7 (r, —pa)) )
or

AQs(r) = Y |kl (7pe) + Y (r=pe) + nfEY (7, ) + it (7o)

/
P1,P3,M,8

(2.91)
given dp; = 2w /L; and dps = 2mw /L3 for finite spatial lengths L; and Lg.

2.3.1 Chiral anomaly for massless fermions

Massless fermions have simple expressions of mode functions. When n = 0, they

can be written as

—
]

- 0 0,
Py <0: Uoy(pr,psit,z) = fe sl , Vo—(—p1,—psit,z) = felslt
0 1
0 0
1
/ —i|p' |t 0 i|p/ It O
p3 >0: Uo,+(p1,p3;t,$):fe 3 ) ‘/Y(),*(_pb_p?);tax):fe 3
1 0
0 0
(2.92)

where f = (7)) Y/AeiProitivsTse—v?/2 and y = eBxy + feLB. If one draws the pair

productions within the lowest-energy Landau levels, as in Figure 2.5, one would con-

clude that only right-handed particles and left-handed anti-particles can be created
in the process. Thus, the chiral charge is not conserved. Therefore, in this sense,

the chiral symmetry is violated, but still, a left(right)-handed spinor will continue
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to be left(right)-handed.

¢L_ w »¢R 7/JL_ w »wR

Upyor o o Upy .+ Upyt @ © Up, o+

o ps + eEt . p3 + eEt
Vopym o « Vorym Vopy— o o Vop-
[ J [ J [ J [
Yr YL YR Yr

Figure 2.5. Pair productions in lowest-energy Landau levels, (a) before the electric field is
on; (b) after the electric field is off. The parity transform can be seen as a mirror reflection
along w axis, and (a) is symmetric under the reflection; while (b) not. This can be understood
as the parity is also violated in the process.

To the lowest-energy Landau levels of n = 0, one can count the chiral charge by

its definition (2.91), and the final number comes to be:

eETLs LiLseB e2 e2vVT
_9 —_ Y p.pyr="L—gwop F (293
o o o2 1672 o (2.93)

AQs(T) =

In the expression, the factor —2 is because of only right-handed particles and left-
handed anti-particles which contribute and both have minus sign in front. During

time 7', there are % states whose momentums have crossed zero, therefore having

particle number changed from 0 to 1. % is the degeneracy of the lowest-energy
Landau levels.
On the other hand, Landau levels of n > 0 do not contribute to AQs. When

n >0, w3 = Vv2neB and Vw3 & 01v2neB ns = \/w3V1 £ ol n,. If n, is chosen as an
eigenvector of o!, that is, (1/v/2,1/v/2) or (1/v/2,—1/+/2), the left- or right-handed
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spinors comes out naturally,

—AN C*N
CM A*M
Un,L(p1,p3;t,x) = . Vao(=p1,—p3it,x) = ;o (2.94)
0 0
0 0
0 0
0 0
Un,r(p1,p3;t,z) = . Var(=p1, —p3;t,x) = ,
CN A*N
AM —C*M

where an overall factor exp(ipix1 +ipsx3) has been omitted. As a left(right)-handed
spinor through the evolution will keep to be left(right)-handed, one can write down

separate Bogoliubov transformations for left- and right-handed spinors,

Up = arUF +8LVE, Vi =-81UF + a3V, (2.95)

Up = arUf + BrVY, Vi =—-BRUL + ajVi,
which yield same expression of particle numbers
|BLl® = 8r|* = |CTA - A"CP. (2.96)

Therefore the same amount of left- and right-handed (anti-)particle have been pro-
duced. We come to the conclusion that Landau levels of n > 0 do not contribute to

the AQ5

2.3.2 Chiral anomaly for massive fermions

The chiral anomaly could also happen to massive fermions. To show this, we start

by defining a term

Kn,s(tap?)) :/dan Un,s(plapii;tax)U);s(plap?);ta 1’)

- Vn,—s(_pla —p3; t, JS)VJ,fs(—pl, —p3;t, $), (297)
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with which, @5 could be simplified as

Qs(t) =— /d$1d$32/ (3;1 63;3 (K5t p3)7°]

dp1 dp
:—Lngz/ o o T [Kns(t,ps)7”]

B
= Ve Z/ dpgTr ns t p3)75] (298)

where V = LqLsLg is the spatial volume and on the third line, we have utilized the

relation

dp1 LngeB
4t

to count the number of the degeneracy of Landau levels. Similarly,

VeB d
sz/dg (T (t,2)y " (t, 2)) =2m— ¢ Z/ p3Tr Kyt p3)y™y°] . (2.100)
When the spin can be summed up, that is, when n > 0, one can calculate
> Kps(t,ps) = / dzs [PUWO(W% +iv'V2neB + m) P}, (2.101)
S
—Pyin®(ir°w — iy'V/2neB — m)P‘T/] ,

and with the explicit expression of Py and Py as in equation (2.78), one can also

show that,

ZTI' nstp?) ZTI“ nstp377] 0, (2'102)

which means Landau levels of n > 0 do not contribute to either Q5 or the chiral
mass term (2.100).

For n = 0, there is only one spin choice, and mode functions can be written
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explicitly as

—A Cc*
0 0
UU,+(p17p3; t,ﬂ?) = f ) %,7(7]917 7p37t)x) = f ) (2103)
C A*
0 0

where f = ()" Y41 tivsese—v*/2 and y = /eBxy + fel—B. This leads to

A2 —|C?| 0 —24C* 0
0 0 0 0

Ko+(t,p3) = : (2.104)
—2CA* 0 |C]>P—]A]? 0

0 0 0 0

We denote

T(t, p3) E%Tr [Ko+(t,p3)7°] = (JA(t,p3)|” = [C(t,p3)I?),

T?(t, p3) = — %Tr [K07+(t,p3)*yofy5] = i(A(t,p3)C*(t,p3) — C(t,p3) A*(t, p3)).

The evolution of A(t,p3) and C(t,ps3) of constant ps is provided by revising the
equation (2.19),

Alt, Alt,
0 [ Alt.ps) — i (pho® — mo) t:ps) | (2.105)

ot C(t,p3) C(t,p3)

where p5 = ps + eEt and the partial derivative is employed in the expression to
emphasize that the equation is valid for constant p3. As a result of the evolution
equation (2.105), we obtain the following relation,

;T3(t,p3) = 2mT2(t, p3). (2.106)

At the end, we arrive at

VeB [ dp.
Qs(t) == 5 — [ LT (6 — eBt), (2.107)
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and the exact chiral anomaly

d VeB [dps [0, .3 d .3,
—Qs5(t) =— =B ZT3(¢, p3) — eE=—T3(t,ps — eEt
dtQ5( ) o o | ot ( 7p3) € apg ( yP3 — € )
VeB [ dp. Ve2EB py=too
=- 2—732mT2(t,p3)+ o T3(t,py — eEt) /
P3=—00
. - Ve?’EB
=2im(To(t, )y 1 (t, z)) — s (2.108)

of same form as in (2.64). The asymptotic values are determined by the fact that in
equation (2.105) when |p4]| is large, and the evolution eventually becomes

o[ A o, 5 A

= = ips0 ,

ot o D3 o

under which 7 is a constant. In addition, initial values provide T3(0, —o0) = 1 and

T3(0,+00) = —1.

2.3.3 B+L anomaly

The quantization of fermions could violate a symmetry but the symmetry survives
if the anomaly arising from individual fermion cancels out when all fermions are
considered. Such anomaly cancellation depends on the whole fermion content of the
Standard Model. To demonstrate the effect, we follow the trick in Weinberg’s book
[41], so that the general quantum anomaly can be obtained in a similar way to the
chiral anomaly. To this end, we transform all fermions into left-handed spinors, for

instance, a field ¢ now being written as
U= . (2.109)

¥ is actually left-handed due to the fact that the charge conjugation, acting on

*

fermion as ¢ = —42¢*, will change a right-handed spinor into a left-handed one.

Any gauge or global transformation performed on v of the form

5= 00 | "L (1% + (1) (2.110)
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now becomes

tr 0 3(1+7°)
5 = 60 . (2.111)

0 -ty (L4+~°)(—2)y*

D=

The Lagrangian can be simply written as:
1 By _ g M
L= _ZF’“’F -V y"D,Vp, (2.112)
which yields the chiral current,
JE = iUy, (2.113)

and the total chiral charge

dp: dp!
Qs = /d‘?’x(T\I’TLny’\I/L) = Z %% (ni’SU(T,pg) — nﬁ:‘_/s(T, —p3)) . (2.114)

n,s
The Landau levels are displayed in Figure 2.6. Again the levels of n > 0 do not
contribute to ()5 as there will be same amount of particles and anti-particles. In the
lowest-energy Landau levels, no particles are produced and the ()5 depends only on

created anti-particles, with a value

ETLs LiLoeB 2
Rl 2l . © p.BVT (2.115)
2m 2m 47?2

Qs =

Similarly, the anomaly is of the form

2

9Tt = #e“”p”FwFpg. (2.116)

For general abelian and non-abelian gauge fields, the quantum anomalies should

be written as,

2

e 1
oI = @e“"p"FﬁprﬁaiTr [{ta,ts}t]. (2.117)

which is the result of the calculation of the triangle diagrams shown in Fig 2.7.

For example, the chiral anomaly in the electromagnetic theory can be recovered by
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Figure 2.6. Landau levels for left-handed and massless fermions only.
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Figure 2.7. Triangle diagrams for anomalies.
noticing
1 0 1 0
lo =1tg = , t= , (2.118)
0 -1 01
therefore,
2
8MJ£L = WEHVPUFMVFI)O—, (2119)

the right expression of chiral anomaly in QED.

A symmetry is free of anomaly, if Tr [{t,,t5}t] vanish. This indeed happens to

the SU(3) x SU(2) x U(1) gauge theory, when one generation of the Standard Model

fermions is considered [41]. With the same fermion content, we now study if there
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is any other U(1) symmetry that could be adopted by the Standard Model. To this
end, we denote the extra symmetry as U(1)’ to distinguish the one in the Standard
Model. As in (2.109), instead of choosing the SUp(2) singlets ug, dr and er, we
select their charge conjugate, u%, d% and e%, which would be left-handed spinors.
We assume the U’(1) charge of (ur, dr), u%, d%, (v, er) and e% are a, b, ¢, d and
e respectively.

First of all, in order to have the anomaly cancelled in SU(3) — SU(3) — U(1)

triangle diagrams, the following equation must be satisfied,

> Tr [{ta, ts}t] =0, (2.120)

where the sum is performed to include all fermions. In practice, only quarks can

couple to the SU(3) gauge field. Accordingly, the equation could be written as
> Tr [{ta, tg}t] = Tr [{To, Tp}] (20 + b+ ) = 0, (2.121)

where T, T are SU(3) generators and specifically for the SU(N) group, Tr [T, T3] =
0ap/2. As a result,
SU3)—SU@3)—-U(1):

20+b+c=0, (2.122)

and similarly

SU(2) — SU(2) — U(1)' -

3a+d =0, (2.123)

U)—U(1) - UQY

6 (—é)Qa—l—S <§)2b+3 (—;)204—2 <;)2d+ (-1)%e =0, (2.124)

with the weak hypercharges that can be found in Table 2.1. There are only two
independent solutions, and it is no surprise that the Standard Model U(1) will be

one of them, which is presented by (a,b,c,d,e) = (—%, %, —%, %, —1) ; to our
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electromagnetic charge | weak isospin | weak hypercharge
RQ=T3-Y T Y
u +2/3 +1/2
—-1/6
< d )L -1/3 —1/2 /
u% —2/3 0 +2/3
d5, +1/3 0 ~-1/3
< v > 0 +1/2 112
e ) -1 —1/2
% +1 0 -1

Table 2.1. The electromagnetic charge @), weak isospin T3 and weak hypercharge Y of the
first-generation fermions, with a relation Q = T3 — Y.

concern, the other solution is (a, b, ¢, d, e) = (%, —%, —%, —1, 1), whichis B— L. ?

Therefore, with Standard Model fermion content, we expect the symmetry B+ L
should be violated as quantum anomaly, while B — L is still a good symmetry in the
Standard Model. Particularly, the B+ L anomaly happens only in SU(2) —SU(2) —
U1) and U(1) —U(1) — U(1)". If the fermionic lagrangian is in a shape of

Ly = @"Dugr + ury"Ouur + dry'udr (2.125)

+ ZL’Y#DMZL + I7R’}/'u8MI/R + éR’y'uaueR

SIf considering the graviton-graviton-U(1)’, we can constrain further that there must exist
SU(3) x SU(2) x U(1) singlet(s) of U(1)" charge fi, and >, fi = —1.

If the global symmetry is from a gauge theory which should be broken in a high energy as there is

no such massless gauge boson being found in the experiment, there will exist two more requirements:

u)y-u@) -u@) :
1 2 2 2 1 2 1 2 2
6< 6) +3(3)b +3( 3> +2(2)d +(-1)e"=0
vy -u@) -u@) :
6a® +3b° +3¢° +2d° + € + > f°
The first requirement can be satisfied by the solution in the text, and the second one add a further

constraint on extra singlet(s), that is, . f* = —1. The simplest solution is the right-handed
neutrino.
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with the covariant derivative [8, 41],
. 1o
Dy = 9, —iY B, — A5, (2.126)

which will guarantee the electric charge defined by the relation @ = T35 — Y, the

baryon number, summing over the SU(3) color

. 1 - . .7
b =3 Y iaryar +itry ur + idpy"dg, (2.127)

and the lepton number
jlu = il_L'y"lL + ivgY*vR + iegyFer, (2.128)
would have an anomaly in the form of 6

. . 1 1
8M]II; = aﬂjlu = 7647]'2 GquUFSVFlgU - 647‘(‘2

P B, Bpo. (2.129)

2.4 Fermions on a lattice

The most notorious problem of fermions on a lattice is the fermion doubling problem,
that there are more unwanted species propagating when the fermion field is realized
naively on a lattice. To solve, or at least to alleviate the issue, lots of methods
have been proposed, such as Wilson fermions [16], staggered fermions [15, 18] and
Ginsparg-Wilson fermions [21]. In practice, it is the Wilson fermion that we will
adopt in our work to remove the spatial doublers. It also turns out that the temporal
doubler in real-time simulations is no longer a practical problem if the initialization
is well chosen and time step of the evolution is small enough. We will reveal these
two aspects in this section.

First of all, we consider the naive realization of fermions on a lattice with the

5In the Fuclidean spacetime, any finite integral J = M%G“VWF&,FP% = n, will be an integer;
comparatively, [, ﬁe‘“’””Bwa =0.
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action [54],

Uo(t, z)ib(t + dt, z) — UL (t — dt, z)p(t — dt, x)
3 0 0 0
S =dtd’z g T

_ Uit 2)(t, @ + da) — Ul (t, 2 — da)(t, @ — da;)

—map(t, x)(t, ), (2.130)

where the gauge link U, (z) = e~tedruAu(®) [14] is employed to maintain gauge in-
variance on the lattice. In real-time simulations, a convenient gauge fixing is the
temporal gauge, that any Uy(t,z) = 1.

The discretized Dirac equation is obtained through a derivative of the action

with respect to (¢, ), as a result,

o(t +dt,x) —p(t —dt, ) U )t @ + deg) — Ul (8@ — da)y(t, @ — da;)
i 2t 2.7 2dz;

%

+ map(t,x) = 0. (2.131)

For free fermions, the mode functions of U and V parts can be written in the form

of plane wave functions,

Ups(t,x) = e BrPey, o Vo, ((tx) = PPy (2.132)
where the length z; = s;dz;, the momentum p; = (ql + ) NQerx and the integers

s; and g; could be 0, 1, 2 ... N; — 1, with IN; the total number of site along i-th

direction. Then the Dirac equation becomes the equation of spinors,

Sln Sln
0 + Z pz

oSin E/ . ;sinp;
[z'y ar +Zw dz; +m

(]

m| Uys =0, (2.133)

Vog—s=0, (2.134)

for which, the solutions can be chosen as

.. — 1 —\/w—0.p Ns v a1 Vw+op ns
8 — /o, ’ —q,—S — /5

- — ,  (2.135)
Vaw Vw4 op ns vaw w—0.p Ns
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where p; = Sin(g;fxi) and the energy w = /|p|? + m?2, which is related to F via
e it — (\/1 — widt? — iwdt).

Presumably, if the energy operator on the lattice is defined similarly as the one

in the continuous theory, i%@/} = w1y, only by replacing the derivative with the

difference, one would obtain w = \/ > sin?(pidz;) +m2. It is easy to show when
pidx; = 0 or 7, the energy w = m, and there are a total of 23 such solutions. This
refers to the existence of 2¢ species of fermions, with d being the spatial dimension.
To remove these spatial doublers, we will introduce the spatial Wilson terms to the

action,

do; —, Ui(t,a)(t, z + dzy) — 20(t,2) + U (t, @ — day)(t, © — de;
er2x¢(t7x) (t, )Y (t, @ + da;) — 2¢( ;22 (t,x — doy)Y(t, @ x),

(2

i

2.4.1 Spatial Wilson terms

Without losing generality, we study the Dirac equation for massless fermion in 1+ 1

dimension,

50 Yt +dt,x) — Y(t — dt, x) n ’Ylw(t, x4+ dzx) —Y(t,z — dz)

= 2.1
2dt 2dx 0 (2.136)
and implement the separation of variables in a manner,
t+dt,x) — Pt —dt
701!}( - ’x)thM LN iwy P(t, z), (2.137)
t dr) —Y(t,x — d

%| and the dispersion

The second equation gives the eigenenergies w = |
relation is shown in Figure (2.8). Two particles can be identified in the plot, with
zero modes at 0 and 7 respectively.

For Wilson fermions, an extra term will be added to the equation, as a result,

- 20 1¢(ta$+d$) _w(ta$_dm)
t.x) =
iwy P(t, z) =y 5
rwdx Y(t, x + dr) — 2¢(t, z) + (¢, v — dx)
* 2 dz?

: (2.139)
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Figure 2.8. The dispersion relation without Wilson term. The plot is periodic with period
2.

Moreover, the energy will be adjusted to the expression

ooy () () () e

The new dispersion relation of ry = 1 is displayed in Figure (2.9). In this case,

the degeneracy is totally removed. The physical modes around 0 are less affected
by the Wilson mass, in comparison with the doubler modes close to 7 (or -7) whose
energies have been dramatically raised by the large Wilson mass. Note also, the

highest energy in this case is twice the cut-off energy.

/\w

e + 2/dx O

© o

o o
o, Kel
I N S VT2
/// \.O* /C)// \\\
/// \8\ Q/ \\\
f T T — pdx
d - /2 0 /2 ™
Figure 2.9. The dispersion relation with Wilson mass and ry = 1. In the case, the

degeneracy is totally removed.

As a comparison, the dispersion relation of 7> = 0.5 is plotted in Figure (2.10).
In the case, the doubler becomes a mode of mass m = 1/dx, as large as the lattice

cut-off.
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Figure 2.10. The dispersion relation with Wilson parameter ry = 0.5. It can be treated
as a massless particle located at 0 and a massive particle of mass 1/dx sitting at .

2.4.2 Temporal doublers

The existence of temporal doublers become obvious if one solves the equation (2.137),

which is essentially a recurrence relation and can be written in the form of
ant1 + 12wdta, — ap—1 = 0, (2.141)

where a,, refers to ¢ (t,x) as t = ndt. The general solution can be written into the

following form,

—iEt 1Bt

iEd ¢
(A + PO + (D s

e

V() = 2 cos(Edt)

|7 p(0) = w(dt)|

(2.142)

where e P = /T — w2dt2 — jwdt. From the above expression, one can find that
there are two propagating modes, associated respectively to e *#* and (—1)”eiEt.
The second term is supposed to be a doubler mode, which, comparatively, changes
its sign on each step. Therefore, if both physical and doubler modes exist in the
simulation, high-frequency oscillations are likely to be detected among measures of
observables. To remove the doubler, one can simply set 1 (dt) = e~ £ (0) during
the initialization to any single mode function.

On the other hand, in Minkowski spacetime, one should be cautious to include
the temporal Wilson term, as ghost degrees of freedom will exist, because of these
extra temporal higher order operators. For instance, the full Wilson fermion will

have the action of the form,

S = / dtd3z [%&aﬂaﬂ) - zzwuaw] , (2.143)
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where a = dt = dx for simplicity. The propagator in the question can be written as

1 1 1
_T‘gaauaﬂ + 7/13“ o 7”8“ '7’“6;1 2

rWa

(2.144)

where on the right-hand side, the first term is a result of a massless fermion and

the minus sign in the front of the second term reveals the existence of the ghost,
2

rwa’

of mass m = Theoretically, this might not be a problem, as the large mass
will forbid the ghost degree being excited. Another interesting aspect is that the
fermion statistics will be modified due to the existence of the second-order derivative

27, 33].

2.4.3 Chiral anomaly on the lattice

The chiral anomaly can be realized on the lattice by Wilson fermions [20] , with the

fermion action
Sp = — / Atz [«Lryﬂp,ﬂ/; - %&D@ﬂp} : (2.145)

where the fermions interact with the gauge field through the gauge covariant deriva-
tive D, = 0, —iA,. The action has been written in continuous form for the sake of
simplicity, and in practice the lattice spacing a = dx is small but not infinitesimal.
It is apparent that the chiral symmetry of the action is broken due to the existence
of the Wilson term (the second term in the action (2.145)). In the limit a — 0, the
Wilson term vanishes and therefore the Wilson fermions turn into the Dirac fermions
in the continuum theory. But the violation of the chiral symmetry will be reserved
and this is the origin of the chiral anomaly. Karsten and Smit [20] have proved that
the chiral anomaly can be produced by Wilson fermions on a FEuclidean lattice, in

the perturbative limit of the gauge field,

e2

Ou(Pin" ) = —rwa{y" P D! D) = 157 Fu Fpe. (2.146)

Kerler [22] has further shown that the equation can be established independently
of the perturbation theory. What is even more interesting is that the validity of
the chiral anomaly equation (2.146) does not depend on the value of ry, as long as

it is not zero [20, 69, 70]. In real-time simulations, the chiral anomaly can also be
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achieved when only the spatial Wilson term is involved [70, 76].

It is complicated to prove that the Wilson fermions can lead to the chiral
anomaly, but it is easy to demonstrate that without the Wilson term, the anomaly
can not be obtained. Without the Wilson term, the discretized Dirac equation for
fermions in parallel electric and magnetic field can be solved analytically. The so-
lution will be a result of the discretization of the continuous solution. However, the
doublers will appear in the discretized solution. Actually, the appearance of doublers
is avoidable when the fermion action is chiral symmetric, and this is summed up by
the Nielsen and Ninomiya theorem, which states that a local, real fermion lattice
action, having chiral and translational invariance, must have fermion doubling. It is
the existence of the doublers that make the chiral anomaly impossible.

Figure 2.11 illustrates the pair production in the lowest-energy Landau levels.
On the lattice, the Landau levels are actually periodic over the momentum and
therefore closed, in comparison with the open ones in the continuum theory (for

7 and

example, see Figure 2.4). This periodicity is due to the lattice regularization,
the 1-momentum space is homeomorphic to the 1-torus. In the plots, there are two
zero-points pdx = 0 and m, which correspond to the rest states of physical mode
and doubler mode. Within the electric field, the same amount of pair productions
occur around these two zero-points, but with opposite chirality. As a result, the
chiral charge of the physical model is exactly cancelled out by the chiral charge of
the doubler mode, and therefore the chiral anomaly can not happen.

Above all, the regularization method that are used to derive the chiral anomaly
should be consistent with the range of the momentum. The dimensional regulariza-
tion and the method that we utilized in this chapter can adopt the infinite range
of the momentum. While in comparison, for finite range of the momentum, the
possible way to achieve the chiral anomaly is to break the chiral symmetry by some

higher-order operator, like the Wilson term. This applies to the lattice regularization

and the gauge covariant Pauli-Villars regularization [26].

"The range of the momentum is finite on the lattice. Imagine a mode function of initial momen-
tum inside the range, accelerates in an electric field, and eventually reaches the final momentum
which is outside of the range. Without the periodicity, this does not make any sense on the lattice.
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Figure 2.11. Pair productions in the naive fermion realization. Chiral charges in IR are
exactly opposite to ones in UV. The plot is periodic with period 27. So points of pde = —7/2

are the same as points of pdx = 37/2.
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Fermions in the Electroweak Dynamics

In this chapter, we are going to implement numerical simulations of electroweak dy-
namics with fermions involved. On the one hand, fermions are crucial to obtain the
B+ L anomaly, which is supposed to play an important role in the early universe of
spontaneous electroweak symmetry breaking to accomplish the baryogenesis. On the
other hand, it requires a large number of degree of freedom to represent fermions in
practical simulations. Unlike gauge fields or Higgs fields which can be well approxi-
mated by classical field configurations due to their large occupation numbers during
the time, fermions should always be treated as quantum fields, as the occupation
number of any mode is never large than one, restricted by the Pauli exclusion prin-
ciple. Nevertheless, nowadays numerical computations gradually become powerful
enough to tackle the challenge, as well as some new methods [61] proposed to reduce
the memory consumption to represent quantum fermions in real-time simulations.
We will take the opportunity to study the fermion behavior in the electroweak phase
transition.

The aim of the chapter is to study the cold electroweak transition through nu-
merical simulations, and eventually measure the fermion temperature during the
transition. A cold transition is crucial to Cold Electroweak Baryogenesis with the
Standard Model C' P-violation as the origin of the baryon asymmetry of the Universe,
as the C'P-violation in the C KM matrix is highly suppressed by the temperature
[56]. In fact, the study in [68] suggested that the transition temperature should be
at most of order 1 GeV, in order to have a viable Standard Model baryogenesis.
We will in practice apply the method of ensemble fermions to measure the fermion

occupation number and accordingly check the transition temperature.

o8
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3.1 The reduced Standard Model

For the sake of simplicity, we restrict ourselves to consider a reduced electroweak
theory, involving SU(2) gauge fields, Higgs fields and one family of quarks and
leptons, including a right-handed neutrino, and with SU(3) color index and U(1)

charge omitted.

3.1.1 Continuum action

The continuum action takes the form

S=8y+Sg+ Sr+ Sy, (3.1)
with individual components,
"
Si =~ / d'z [(Dmﬂ Do = p?¢lo+ A(9'6)" + 75| (3:2)
S = d'z Lpo pom 3.3
G — — x 4792 % ) ( . )

Sk = —/ d*z [qLy"Dpuqr + upy*Ouur + dpy"0udr
Hiy" Dyly + Ury"9uvr + ErY'Oyer] . (3.4)
Sy = — / d*z [GUQLQEUR + Gqrpdr + GlLovr + Glrder + h.c.} ,  (3.5)
where the Higgs mass my = v/2p = 125 GeV [82] and vacuum expectation value

v = /v =246 GeV.

The covariant derivative acts on doublets, in the form of,
10? i0® 10®
D#¢ = <8# — QAZ) ¢, D#QL = <8ﬂ — 2Az> qr, D‘ulL = ((9# — 2AZ> ZL,
(3.6)
and the field strength tensor is defined accordingly by,

0%

—3%$:wmle%:%M—@%+W%Mj (3.7)
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The SU(2) generators of the representation are chosen as,

1 1
T = §Ua, so Tr [T“Tb} - §5abv T°T" — T°T* = [T*, T") = ie®™T°.  (3.8)

By denoting A, = T*Aj, and Fy,, = T*F},,, one can show that

Fu = 0,4, — 0,A, —i[A,, A). (3.9)

The field ¢ in the Yukawa interaction is defined as ¢(z) = io2¢*(x), ! and for any
SU(2) gauge transformation ¢/ (z) = U(z)¢(z), it is easy to show ¢/ (z) = U(z)¢(x).
We will also commonly use the field ®(z) = (g?)(ac), ¢(x)), which behaves like ®'(x) =
U(z)®(z) under the SU(2) gauge transformation, These different expressions of
Higgs field can be written explicitly as

N T B I N RO

P2 () —¢1(x) —¢1(x)  ¢2(x)
(3.10)

and the matrix expression can have the expansion
d(z) = kb®® = 18° 4 ic'd! + io?®? + io3P3, (3.11)

with k* = (I,io',i0?,ic3). Especially, one can verify that the normalized matrix
d = &/\/¢7¢ is a SU(2) matrix, as long as || is not zero.
To our concern, the baryon number and lepton number are defined separately

by

it =il e + upyur + dpy*dg] = igy*q, (3.12)

gl =i [lpy"ln 4+ vry*vr + epyter] = ilyM,, (3.13)

where as the SU(3) color index is omitted, we assign B = 1 to each quark and —1

to each anti-quark. Provided the fermion content (gr, (u%, d%), I, (V%, e%))T

(for the detailed definition, see section 2.3.3), the B + L anomaly will happen in the

!This is because any SU(2) representation is self-conjugate and in this case, it is matrix io?
transforming the SU(2) fundamental representation to its anti-fundamental one.
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following way

1 " 1
DTl = 335" Fii Fpo 5 Tr [{tas to}] (3.14)

where now
ta = , t= , (3.15)

therefore, the B 4+ L anomaly in the reduced Standard Model model can be written

precisely in the form of

, . 1
8p,jllf + 811‘.7# - aﬂJl/:—l-l == WGHVPJF;}VFSU. (316)

On the other hand, for B — L,

I
0
t= ) (3.17)
—I
0
hence there is no B — L anomaly,
Oudl — 0ujl' = 0t ;= 0. (3.18)

As a result, the anomaly in the reduced model can be written in the form of

1
L o (3.19)

Oulf = 0ulf = g€ Fi Fi,

which is exactly the same as the B 4+ L anomaly in the Standard Model, with the

expression in (2.129).
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We write the actions of fermions more concisely by adopting following fields,

U =qr, Up = —io?~213, (3.20)
XL = — Vef XR = UR, (3.21)
&L =72y, Er =dp, (3.22)

and accordingly we can obtain

T w0 = w0,
lL’y 6M — TA“ lL = \I/R"}/ 8# — TAN \I/R, (3.23)
erY'Ouer = X" Oux L, U OuvR = ELM0,E L, (3.24)
bearing in mind that the fermionic fields, like Grassmann numbers, anti-commutate
with each other, and also noticing Pauli’s matrix o satisfying, —ic?(c?)Tio? = —o°.
As a result, the revised actions of fermions turn into
Sp =— / d*z [\Tlfy“D”‘Il + X" 0ux + E’y“c')#g] , (3.25)

Sy = — / d'z [G"MPRX + G GPRE + GV UHPLE 4+ G UPPLX + h.c.} , (3.26)

with projectors Pr, = # and P = # One can also check the chiral anomaly

in the new action is the B + L anomaly in the original action, in the form of,
GE =i [Ty yPT — e x — EPE] = G+ i

3.1.2 The Chern-Simons number

The terms appearing on the right-handed side of the anomaly equation can be writ-

ten in the form of derivatives [58],

Py [FuFpo| = P79, Tr [AVFW + igA,,ApAU} , (3.27)

3272 1672

or with explicit SU(2) group indices,

HVpo pa pa
€ F¢ =
6472 we=po 392

P79, <A“F“ - ;eabCA“AbAC> . (3.28)

vt po viipiio
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The Chern-Simons number is defined accordingly as

1 g 2
Nes - /dsxe”kTr [Aiij + igAiAjAk:| (3.29)
=L [ et anrs — Leabepo gt ag
3272 Pk gn TR

The vacuum states of pure SU(2) gauge theory are degenerate in energy, but

they can be discriminated by Chern-Simons numbers, as in Fig 3.1. To show this

N/ N |z N/ NCS

Figure 3.1. The degeneracy of the vacuum of the SU(2) gauge field. The degeneracy
remains when the Higgs field is included, but there will exist saddle points on the barrier
between two vacuums. The Sphaleron accounts for such saddle points [24, 25]. With the
existence of fermions, the degeneracy will vanish, and large |Nog| state will have large
energy, as Ngg corresponds to the baryon numbers [28, 32].

elegantly, we will use the language of p-form, by which, for instance, a p-form g is

related to a rank-p anti-symmetric tensor g;,4,. i, using the convention,

1 , . ,
g= pgim.,,@-pdaﬂ“ ANdx" A ..dx™, (3.30)

specifically,

1
A=A,ds", F= §Fm,dm“ Ndz" =dA—iANA. (3.31)
In light of the p-form notation, the equations (3.27), (3.28) can be simply written

as,

1 1 )

To have a field configuration of zero energy, we choose the gauge field to be pure
gauge, of the form, A = —idGG~! with G(z) a SU(2) matrix at each spacetime

point, which in the end will provide F' = dA —iA A A = 0 everywhere and therefore
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lead to vanishing gauge energy E = [ d®z [%F&F‘“Oi + %Fz‘]‘F‘”J] = 0. We further
consider a static solution, that the gauge field is not time dependent, and moreover,
we stick to the temporal gauge fixing, so Ag = 0. One can then check the Chern-
Simons number in this situation is a Cartan-Maurer integral invariant,

Nes = [T |anrFslanana
82 3

1 1 -1 -1
:—W/ﬁ[dGG A GG A dGGY (3.33)

and N¢g could be any integer. 2
On the other hand, the vacuum state also requires the Higgs potential energy
to be minimal and the kinetic energy to be zero. Especially, for minimizing the

potential energy,
V(e) = / d*x [-p20'o + (60| (3:34)

the Higgs field can only be chosen under the restriction

2 2

fp=E =T 3.35
o=t =7 (335)
where the vacuum expectation value in reality is v = 246 GeV. To have vanishing

kinetic energy, the equation D,¢ = 0 should be met, in the language of p-forms,

that is to say,
dd —iAD =0, — A= —iddd !, (3.36)
where the SU(2) matrix ® is

By = L o5(x) (@) | (3.37)

v
—¢i(z) d2(x)
2In a 4-dimensional Euclidean space, when the distance r — +oco, the gauge field there could

also approach to pure gauge, so that F' = 0 to guarantee a finite total energy. Similarly one would
encounter the integer

1

1 -1 -1 -1
— | TFAF=—— [ T
5o | TP AR == 5 /6 Tr[dGGT AdGGT AdGGT],

as the element of homotopy group 7r3(S3) =Z.



Chapter 3. Fermions in the Electroweak Dynamics 65

The Higgs winding number is defined as

_ 1 L& -1 —1]
N == 51 / Tr [dCIﬂI) Adddt A ddd!] (3.38)

and according to the definition of the Chern-Simon number in (3.33), we can con-
clude for those vacuum states, Ny = N¢og.

As a result, there are three numbers that we can implement to indicate the state
of the system. Especially, the created baryon (lepton) number would be the same
as the change of the Chern-Simons number, from time 0 to t,

t
1
Ng(t) — Np(0) = Nes(t) — Neg(0) = / dr / @ oy P Tk [Fu Fyo] - (3.39)
0

with the Higgs winding number pointing to the nearest vacuum state.

3.1.3 Fermion mode functions and correlation functions

For free fermions, we choose the mode functions, labelled by p = (p1,p2,ps3) and s,

as
Us(pa ta J:) = 67iwt+ip.zUs(p)7 V—S(_p; tv .17) = eithrip.zV_s(_p)’ (340)

where the on-shell condition is w = +/p% +m?2 and dot products mean 3-vector
products, i.e. p.x = p1x1 + pex2 + psxs. The mode function Us(p;t, x) eventually
refers to a particle state of momentum p and spin s/2, and V_4(—p;t,z) an anti-
particle state of momentum —p and spin —s/2. The spinors Us(p) and V_s(—p)

satisfy
(—in’w +iyp+m)Us(p) =0, (i’w +iv.p+m)V_y(—p) =0, (3.41)

and they can accordingly be chosen in the form of

1 —\VW — 0.D s

1
— , (3.42)
V2w Vw+o.pns V2w \ o =apn,
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with ns = , for s=1, -1 respectively. For the Dirac-conjugates ¢ =

»lin?, we get

_ 1
Us(p) :E (—771 wp + 0., nl\/wp —o.p ) , (3.43)

1
V_s(—p) :\/TTU (—nl wp — 0., —nl\/wp +o.p ) , (3.44)

and therefore in this convention, we have

> Us(p)Us(p) :% [i7%w — iy.p + m] (3.45)
> Vos(=p)V-s(-p) Z% [i7°w + iy.p —m] (3.46)

given the fact that
> nanl = Iaxa, (3.47)

with Isxo here standing for a 2 x 2 identity matrix.

We expand the field operator in the form of

d3p
Y(t, x) :;/ on)? [bs(p)US(p; t,x) + dts(—p)V,S(—p;t,x)] ,
with creation and annihilation operators satisfying anti-commutation relations

{6L(p), bs ()} =(27)%6,58% (0 — 1), (3.48)

{d'(=p), d_s(—p)} =(27)36,46°(p — ).

One can check the expansion above eventually meets the canonical anti-commutation

relation, which is

{$alt, ), L (t,2)} = dap0%(x — 2'), (3.49)

with « and 8 spinor indices.
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In practice, we define the equal-time two-point function D(¢; z,y), with elements

Daﬂ(t; x, li/) = <T1/}Oé(t’ "E)&ﬁ(t x/» = %@Z)a(t, x)i/;g(t, $/) - iﬁ(u x/)d}a(t? $)>
(3.50)

When gauge fields are present, the complete correlation function to maintain the

gauge invariance should have

Dag(tiz,a') = —(Tog(t, a")U(t; ', 2)ba(t, 7)), (3.51)

where the gauge link U(t; 2/, x) = exp(—i fc ) with the line integral C, extending
from 2z’ to . With the two-point function, a Wigner function can then be con-

structed accordingly

W(t;p,x) = /d3zeip'ZD(t;:c + %,x — %) (3.52)

For free fermions, the spatial averaged Wigner function is actually

o [ oW (Ep.0) = D) = (Tt P ), (3.59)

where ¥(t,p) = [ d*ze "P%4)(t,x), and D(p;t) then has a simple expansion,

D(pit) = > [Uslps )T (p; 1) (1 = 2n(p5 1)) = Vos(=p; )V (—p; 1) (1 — 20 o(—p; 1))] ,
2

(3.54)

where similarly as in section 2.3, ns(p;t) is the number of the particle of momentum
p and spin s/2 and 7i_4(—p; t) the number of the anti-particle of momentum —p and
spin —s/2. By summing over the spin and making use of the relation (3.46), one

can arrive at a gamma matrix expansion [45]

i~ 0

+ [N(=p5t) = N(pit)| 5 + .y (3.55)

—ip.y +m

D(p:t) =[1 = N(pt) = N(=p; )] ——

with N(p;t) =Y, ns(p;t)/2 and N(—p;t) = >, fi_s(—p;t)/2. For fermions in more
general situations, other gamma-matrix terms could also appear in the expansion,

and would be of interest themselves, like v° terms existing when there is an asymme-
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try between particle numbers of different spins. But we will here focus only on the
first two terms, and in addition, the second term actually vanishes if C'P symmetry
is a good symmetry, that UST (p) = sV,(—p) and nSF (p) = ns(—p).

If one measures

F, = Te[D(p; )], V=Tl ED(p;1)] (3.56)

one can obtain the averaged (anti-)particle number N,y (p;t) = (N (p;t)+N(—p;t))/2
and the practical energy w = y/m? + p? at the time ¢, of the form,

F2+V?
1 : (V}g)m, w(p;t):\/zmw. (3.57)

Nav(p;t) = 5 — sign 4 ‘/]32

The determination of the energy is necessary, because masses of fermions in the

theory depend on the Higgs field, which is time-varying during the evolution.

3.2 Ensemble fermions

As we see in Chapter 1, fully representing one quantum Dirac field requires a large
number of variables, which is of the order of N%, with N the number of sites in
each spatial direction, and even worse, when there exist n species of fermions, the
number of variables will be increased by a factor of n?. To see what this number
corresponds to in the mode functions, we write down the mode function expansion

in a discrete form,

w@x):%EZP@Jggam4ﬂﬂ%ﬂvﬂ¢4a@}, (3.58)

q?s

where the mode functions are orthonormal, in the sense,

1 1
= |Upslt. UL (69) + Vop s (b 2)VE, (1 9)] =—5Laxadd,  (3:59)
p?

Z txqwx—fzw_ﬂﬂwﬂ@@V%@, (3.60)
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and the creation and annihilation operators satisfy anti-commutation relations

{b] by s} = 6,5V, {d!

pp —p,—r

d_p —s} = 0nsV 0y, (3.61)

with @ the lattice spacing and V = a3N? the spatial volume. As one can see,
there are a total of 4N3 mode functions in 341 dimension, and each mode function
has 8N?3 real variables, because at every site there exists a spinor of 4 complex
components. These mode functions are orthonormal as in (3.60), and accordingly
there will be 16 N real constraints. As a result, the number of degrees of freedom
of one Dirac field is 32N% — 16 N6 = 16 N6. 3 However, it is much easier in practice
to keep those constraints in calculations and adopt 32N variables to represent the
Dirac field. On the other hand, the same amount of variables can also be found in
the two-point function D(¢; x,x’), which is now of the form,

D(t; 2, ) :% S (Ut )Tyt 27 (1 — 20g.4) (3.62)

q7s

—V_g—st,z)Vog_s(t,2)(1 — 2ﬁ_q,_s)] ,

with ng s and i, _s being individually the initial particle and anti-particle number,
because D(t;x,x') is basically a 4N3 x 4N3 complex matrix. For our interest, the
vacuum state would have,

1 _ _
D(t;x,z') :WZ[UQ,S(t,x) st 2 = Vg _s(t,2)V_g _s(t,2")] (3.63)
q,8

with which, one can check

47616 x:l:”H4><4' (364)

ZD(t;x, )iy’ D(t; ', 2")in® =

m/
As the numbers show, the N%-dependence will become a big challenge to numer-
ical simulations. For instance when N = 32, it requires 256GB of computer memory
space to represent such a fermionic field in 3 + 1 real-time simulations; while when

N = 48, the number becomes desperately 2.916TB.

30ne can actually build a matrix with each column being a mode function rescaled by 1/v/N3,
and such a matrix will be a unitary matrix U(4N3) with the number of the generator being 16 N°.
Such construction leads to the super-matrix used in Chapter 1.
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To alleviate the memory consumption challenge, a Monte Carlo method has been
proposed by Borsanyi and Hindmarsh [61] and turned out to be efficient to deal with
fermions interacting with classical bosonic fields in real-time simulations [61, 76, 78].

In this method, two fermionic fields, M(ale) and F(emale), are introduced,

1

() = qZ [Ca.sUgys(ts @) + nq—sVog —s(t, 2)] (3.65)

Vp(t )—LZ[Q CosUqgs(t, ) + 6 Vog—s(t,z)] (3.66)
F\L, T _\/QV — q,56q,sYq,s\1, T q,sX—q,—sV—q,—s\l, )|, .

with complex random numbers ¢ and x following Gaussian distributions and having

expectation values,

E [an' ;’,s] = V‘Srséqq’u —2ngsl, E [X*Q»*Txtq’,fs] = V‘s?‘séqq/’1 — 2N_g,—r|.

(3.67)
The sign 0, and Gi_qy_ s are chosen in such a way that,
1 if g <1/2, 1 if A, s <1/2
045 = , O s = . (3.68)
-1 if nge>1/2, 1 if n_g_s>1/2,
With the two-point function defined in this case as,
1 - _
D(t;z,2') = 3 (Vm(t, 2)0p(t, o) + Yp(t,2)vm(t, 2)) , (3.69)

one can verify that the expectation of D(t,z,z’) is the same as the one in equation
(3.62).

We will in practice implement N, realizations of 1y; and 9 r, distinguished by

the index j,
. 1 . .
1%\/[(757 I‘) :W Z [Cg,qu,s(ta l‘) + X]—q7—sv—q,—s(t7 I‘)] ) (370)
q,8
j 1 i 5i
Ph(t, @) = D 09 CosUgs(t, @) + 05 X —g—sVog-s(t,2)] , (3.71)

Vv

q’s
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and use the average

D(t;z,4') ;fqz;(z/ﬂtx (1,27) + Gt 2B (1, 2'))

to represent (3.69) in the calculation. According to the law of large numbers, the

error in the average is expected to be reduced as \/1]\7 when N, becomes large.
q

Specifically, the low-cost fermions in the vacuum state are

Wt x) = \fv Z [gg,',SUp,S(t, z)+ 1 p7_sv_p,_s(t,z)} , (3.72)
vhite) == > (Galpslta) =1, Voposltm)],  (373)

with
<Cp,r<f,/,8>E = Vs, <77p,mj,,,s>E = V10, (3.74)

where the ensemble average is define in the form of (ab), = N% > a/bl. Tt is easy

to show that the two-point function for ensemble fermions,
1/ . . . .
Dit;z,a') = 5 (¥ (.20t ) + bt ) ()

has the same expression as it did in the mode function expansion in (3.63). Uniquely

for ensemble fermions, one can check for any Gender (Male or Female)
a? s 2\
Y (vt a) =1, (3.75)
xX

which has no analogue in the mode function approach. The relation (3.75) can be

used in practice as a check of the correctness of simulations.

3.3 Lattice implementation

In order to move the continuum theory to a lattice, the spatial and temporal variables
will be chosen in the discretized form. It would be straightforward to apply the
change to the Higgs field and fermion fields. For fermion fields on the lattice, the

Wilson terms should also be employed. For the gauge field, we in practice choose
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the gauge link to main the gauge invariance of the action.

3.3.1 Action and equation of motion

The temporal and spatial gauge links are defined of the form
Uo(z) = exp(—ia:T* A5 (x)), Ui(z) = exp(—iaT* A} (z)), (3.76)

with a; and a being separately the temporal and spatial lattice spacing; and a

plaquette is denoted as the product of four neighbouring gauge links,
U (2) =Up(2)Uy (2 + p)U}(z + v)U (), (3.77)

where indices p and v can be chosen among 0, 1, 2 and 3, and the symbol (z+pu) really
refers to a site with p-th coordinate increased by one, for instance, (z + 2) meaning
(t,x1,22 +a,x3) and (z + 0) standing for (¢ + as, x1, x2,x3). When the perturbation
is valid, one finds, U;j(z) = U;(x)Uj(x + z')UiT(x + j)UJT(x) ~ exp (—iaQT“FZ-),

therefore,

a 1 - __Q
Ffi(x) :ETI‘ [ic“Usj] + O(a?),

—4;2 (Fii(x)" = - (9(122)2 (1 - %Tr [Uz‘j]> +0(a?),
oy (P @) = (1= §T0 0] ) + O(a?) (378)

As we will stick to the gauge fixing Ag = 0, for plaquettes with a temporal index,

we define
Ei(z) = Up(z) = Uy(z + O)US (z), E%z)=Tr [ia“Ui(x +0)U] (:c)] . (3.79)
which will determine the evolution of the spatial gauge links, in the following way,
Ui(z +0) = E;i(z)U;(x). (3.80)
With the spatial lattice spacing a, we rewrite fermionic fields

U(z) = a®?W(z), x(@) = a*?x(z), &(@)— a®?E(2), (3.81)
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73
thus making them dimensionless, and similarly rescale the Higgs field as
d(x) = Vad(z). (3.82)
We will also introduce the quantities
‘ a s 4 ay ‘ 1a s 1a; a; 1
6G 92 ata BG’ gQ a’ BH )\ata BH Br Na’ By a \/X ( )

On the other hand, the discretization of the covariant derivative on the lattice is

not unique, and we define the forward and backward covariant difference individually
as,

D, ¥(a) = Up@)¥(e + ) — W),  Dj¥(z) = U(x) - Uj(x — p)¥(x — p),

and the symmetric covariant difference as their average

Du¥(w) = 5 [Dy+ D)) W(a) =

N | —

U(@)¥ (@ + p) = Ul = ) ¥(w = )]

The lattice action is then given by

S =S8+ Sqg+ Sr+ Sw + Sy, (3.84)

with components

SH :Z %{Tr [(DO(I))TD()(I)} - %Tr [(Di@)TDi(I)] _ B <;Tr [(I)Tq)} B (MZH)2>27
o= % (1 5T U] ) - X (1 giviten).

Sp=Y - [‘I”YODO‘I’ + %7 0ox + 570506} - % [‘I/'YiDi\I/ + X7 Oix + 571'515} :

x,t

Sw=) o (UD; D + X80, + £0,0i€] |

x,t

Sy == By |P0(x. 9" + (v.Hole|, (3.85)

where Sy is the spatial Wilson term, with the Wilson parameter ryy.

The equations of motion are obtained from derivatives of the action with respect
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to ®°, ¥, (v,&)” and Af, individually,

1 2
0 = — By 0ho0® + By DD, — 26 <2Tr oo @”ZH>> o

— BRI 6T — Ly (v (),
rag
2a
0=—7"(x,&)" - %’Y’@(x, O + %@‘&-(m O - By @'y,

1 1 ,
0 =1 Al 1B (w) — Efw - 0)) + 206 30 [ W5 @) - U@ — )

J

0=—~"9¥ — %’Yibi‘lf + —DID;¥ — By ®(x, )T,

— 2L W@ i V(@) ¥ (@ + 1) + Uz + i)y Uf (2)i0" B ()]
N [\i/(z:)iaan(a:)\Il(x +i)— T(z+ i)UZT(x)waqf(x)}

- U
BT {qﬂ (z + i)U;r(x)ia“@(a:)] , (3.86)

In practice, the derivative with respect to gauge fields is executed according to,

1

2

68 S
— Ul(z)io®|,
0Uy(z) U (a) () ]

i0c?Upy(x)

where we treat Uy, (x), U,I(x) as they are independent, and as a result

(5Um,(y) . 6U#V(y) UT(x)iga] =

Tr

ia’aUp(x) (5Up(l’) (5U;(.Z‘) p

Oz,y0p,pu 1U§ (%) = Oz y+10p,0 3U;u($ — V) = Seylpu 4Uﬁp($) + Ozy+u0pv 2U§p($ — 1),

where we have defined

1U3V(m) =Tr _iaaUﬂ(x)Uy(x + M)Ul(ﬂf + Z/)Uj(:):) )
208, (2) =Tr Uy (2)io"Uy (e + @)Uz + v)Uf ()] |

s, () =Tr [Un(@)U (@ + U} (@ + »)io U (x)]

U, (2) =Tr [Uu (@)U (@ + @)U} (@ + 0)UJ (w)io"] (3.87)
for which one can verify

Ut (x) = = Usl(z), UL () = —*USl(2). (3.88)

02 7



Chapter 3. Fermions in the Electroweak Dynamics 75

The Gauss’ law of the SU(2) gauge theory can be obtained in the same way, by the

derivative with respect to Af,

86D (Ei(x) = *Ugile — 1)) = 28, Tr [iOa(I)(QT)(I)T(x + 0)] (3.89)

— (U(2)7%0 ¥ (z + 0) + U(z + 0)7 0" ¥(z)) .

We will initialize F;(x) according to (3.89). The Gauss’ law will be a constraint
equation in a sense that if the equation (3.89) is satisfied in the beginning, it will
remain to be true during the evolution. So in practice, we use the Gauss’ law to
indicate the precision of the simulation.

With the equations of motion listed above, one can check the total energy with

following energy density components rescaled by 1 /m‘}l will be conserved up to

@) (a?/aQ)

t s 2\ 2
e :% 3 %Hﬁ (Do) Dy | + %Hﬁ (D@)' D] + Br <;TY ate — (@mm) ) ,

= 4
1 1 2 1
eq :EZBEZ <1 — 2TI‘U0,‘> + %Z (1 — 2TI‘UZ‘]‘> y
x 7 i

1 ray - = _ =
ew ==Y Re U GiDw — %wzpiw - By\l@(x?é)T} ;
C L a a
1 ras ia rag _ v _
ex == D Re [y — SEXO00x+ By (%, 0)07]
1 rat = ;= ray — —
ec = > Re [&y0 — Z1E0 0 + By (0,6)01 0] (3.90)

where Re means the real part of expressions and the factor ¢ = ath‘}{ with V the
spatial volume and mpg the Higgs mass.
To depict the motion of the Higgs field in the potential, we define

9 T
(0°) = V/d%d;j), (3.91)

which will be unit when the Higgs field is in the true vacuum.
With ensemble fermions, any fermion bilinear appearing in the expression of

fermion backreaction or fermion energy will be in practice represented by the product
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of Male and Female fields, for instance,
_ 1 _ _
To(x, &))" = —5 (Tr [@(xar:én) "W r + @(xp, E0) Unr]) - (3.92)

3.3.2 Initial conditions

We will consider the instantaneous quench of the Higgs potential at zero tempera-
ture. After the quench, the modes with dispersion relation w;f =k? — 4?2 <0 wil
experience a spinodal instability, and increase exponentially. Before the quench, the

Higgs potential is chosen as,
V(t < 0) = +1°0'¢ + A(610)2, (3.93)

with the quadratic term flipped, comparing with the final potential in (3.5). In

practice, we initialize these modes, following [40]

I (3.94)

with w = \/m The initialization of other Higgs modes is set to be zero
[51]. The gauge filed is initialized according to the Gauss’ law (3.89), which is
first implemented in the momentum space and then transferred to the configuration
space.

Fermions are initialized as free ones, and satisfy the Wilson-Dirac equation, of

the form,
I o5 1 iz ™w /
— 0y + =70 + m+ —0;0;| ¥ =0, (3.95)
a a 2a
where the forward and backward differences are defined as
dup(x) =Y(x +p) —Y(x),  IP(x)=yY(x) —Y(x —p),

and the symmetric difference is their average

Bub(w) = 5 [0+ L] () = 5 [0+ ) — bl — )]
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In particular, the second-order difference in the equation is written as
D;dlab( Z¢x+z — 2p(z) + Pz — ). (3.96)

For a cubic lattice with the number of sites in each direction being IV, we choose
integers s; and ¢;, ranging from 0 to N —1, and denote the length and mode number

by

1\ 27
T; =S;q, pi = <Qi + 2> Na’ (3.97)

as well as the physical momentum and energy

2
_ sin(p;a) W[5 2 - R 1 — cos(p;a)
pi=——— [Pl=\pi+tD+D5 wp=|IDF+ erTwZi:a :

In the temporal direction, we denote t = na; and e £ = (, /1 — wgaf — z'wpat>.

We therefore write the mode functions as

Ups(t,z) = e BTy 0 Vo, (t,x) = FHPTYy (3.98)

with the spinors

U= —\/wp — 0P Ns Vo 1 Vwp+0.D 1
V2wp Vwp +0.p 1 V2p Wp — 0D Ns
(3.99)

As a result, in the vacuum state, the ensemble fermions after the rescaling are
constructed as

03/2

V2V Z [Cp, pus(t,2) 11 Vot x)} , (3.100)

Dt ) =

43/2

Wh(t,w) = fvz[cp, sltw) = Vo (b)) (3.101)

with the spatial volume V = @?>N?3 and the complex random numbers following
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Gaussian distributions and having the ensemble average

<Cp,r<;/7s>E = Vrs0py, <np,rn;7s>E = Vrs0pp - (3.102)

In practice, as discussed in section 2.4.2, in order to remove the temporal doublers,
we set initially both ¥ (0, z) and g(at, z) according to (3.100) and (3.101).
One can verify that the equal-time two-point correlation function in this conven-
tion becomes
.D+my
)

3 w
D(t;z,y) = av Y e 70
p

3.103
o (3.103)

with my, =, /w2 — |p|2. In the limit N — oo, the sums can be replaced by integrals,

of the form,

T Bk ey VDM

—~

—T

where k; = ap; and according to (3.97), the range of k; can be chosen as [0, 27 or

[—7, .

3.3.3 Counterterms

In the simulation, we also introduce counterterms to compensate the initial fermion
backreaction. In the beginning, the initialized fermions are able to influence the
gauge field and Higgs field through the backreaction, eventually reducing the gauge
coupling constant and distorting the Higgs potential. Therefore the practical bosonic
action will be a combination of the fermion backreaction and the original action Sg+
Sa which we write down in the beginning, that in such a sense, the gauge coupling
constant and the Higgs potential are renormalized. It is practically more convenient
to adopt counterterms Sc(A,, ¢) to cancel the leading fermion backreaction, in the

following way
emisee — [[Dg)Dyjeisr sy, (3.105)

and as a result, the effective bosonic action is really Sy + Sg in the interaction

theory.
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In our approach, the full action S¢ is chosen in the continuum theory in the

shape of

Sc = _/d4w [WF&FCL,W +(Zy — 1)DM¢TDN¢ + 5V(¢)} , (3.106)

or on the lattice,

x,t 7

S0 =Yz -0 Y (1- y 1)) - (- DE Y (1- 1)

+(Zy — 1)%% [(D()@)TDocb} — (Zy - 1)%1& {(D@)TD@} — BréV ().

An equation of Z3 can be obtained by a derivative of (3.105) with respect to the
gauge field, of the form,

2
(&) P @ - mre -0+ HEEE S g - U
=iTfio Ui (2)G(w + i, 2)y'] + IT{U] (2)i0“ G o, 2 + i)y'] = ir Telio Ui ()G + i, )]

+ iry, TY[Ul (2)io®G(z, z + )] (3.107)

where the Higgs field is set to zero in the expression for simplicity and the full

fermion propagator is defined as,

Gapl(z,y) =i(Ta()¥s(y)), (3.108)

with 4-vector x and y. Similarly, a derivative of (3.105) with respect to the Higgs

field, given A, = 0, will provide

—(Zy — 1)BL3b00® + (Zy — 1)55,00,D — %BR(W/(@)

= BRI GOT + Bk (R, (3.109)

with 6V’ indicating the derivative of 0V with respect to ®. Because fermions
fields x, & and ¥ are coupled through the Yukawa interaction, one needs to treat
(U, Wy, x,€)T as a whole, and calculate its 4 x 4 Green function to solve equation
(3.109). In practice, under the assumption that there exists only a ¢y component

of the Higgs field, this 4 x 4 Green function is then diagonalizable, by choosing the
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mass eigenstates

‘Iju"i'x / \Ild—|—£
0 = , O = ,
B T2

v, — U, —

V2 V2

Moreover, 2 and ' states are actually degenerate. Thus one can simply denote
G1(z,y) and Ga(z,y) as the Green functions of Q1 (€)) and Q2(95), and then rewrite
(3.109) as

~ (Zo — 1)B}Bhdodn + (Zs — 1B DiDido — 55r0V" (o)

= ify Tr[G1(z, x) — Ga(z, z)]. (3.110)

During the simulations, the shape of §V that we choose is,

Ctl
2

SV(p) = —¢" + %&, (3.111)
and to get ct; and cty, one can simply set ¢ constant in (3.110), which then becomes
easy to solve to any order of ¢. Dimensional analysis shows that ct; depends on the
lattice spacing quadratically, and cty logarithmically.

Similarly, both Z3 and Zy4 are also expected to exhibit a logarithmic dependence
of lattice spacing. To find them, we solve the equation (3.107) and (3.109) separately
up to the first-order perturbation of A, and ¢. With our choice of lattice parameters,
we find 0.98 < Z3 < 0.99, and Z, ~ 1. By recalling, g = v/Z3gp, where gp is the
coupling constant when only the gauge field exists and g the coupling constant in

the interacting theory, the calculation corresponds to the fact that the screening is

one of results of fermion backreaction to the pure Yang-Mills theory.

3.3.4 Quantum field perturbation in real-time simulations

In order to solve the coefficients of counterterms, we need to establish perturbation
theory for the fermion Green function in real-time simulations. Formally, the per-
turbation expansion can be carried out in a similar way as continuum quantum field
theory with Minkowski signature. While in practice, the differences come when one

tries to implement the integral, for the integral on the lattice has finite interval of
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integration, compared with the infinite range in the continuum theory, where the
regularization is often prescribed as a remedy to the divergent integration.
To maintain the similarity to the continuum theory, we write the free fermion

propagator in real-time simulations as,

1
iy, +my

Go(z,y) = / o PGy (p),  Golp) (3.112)

(2m)*

with the 4-vector product in the Minkowski space, for instance, p.x = —pot, +p1x1+

P22 + p3r3, and

™ ™

m™ T
e(——, —], € (—=, =, 3.113
e o] pie(—. -] (3.113)
5o = Sm(poa:) 5; = Sinpie) (3.114)
Q¢ a

where in fact, we will choose Py as the temporal variable of integration, therefore,
d*p = dpod®p. In the expression, we recover the dimensionality of operators, so
that the dimension of the fermion Green function is three, as it is in the continuum
theory. Up to first-order in A,,, the full propagator G(z,y) can be expanded in the
following way,

[ dlp dYp (z—y) / N !
G(z,y) =Go(z,y) +i it e Go(p+p)Au()I*(p + ', p)Go(p),

(3.115)

To get this expression, we interpret the gauge link as [U,,(z)—1] = —i4,(z), [U,I(:c)—
1] = iA,(x) to first-order in A,, and write the interaction vertex induced on the
lattice as,
fyl" . ’ . Tw: _: , .
T(p+1,p) = le iPutpu) 4 Pu] 4 S le Wputpi) _ gipu], (3.116)
where the second term on the right-handed side should be omitted when pu = 0,

as only spatial Wilson terms are introduced. The perturbation expansion above

respects the gauge transformation, in the sense that the Ward identity is fulfilled

iy (1= ePT (p+p,p) = =Gy (p+ 1) +iGy " (p)- (3.117)
m
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In the same way, the perturbation of the fermion Green function up to first-order in
the Higgs field (¢p), can be written as
™ 4,/ d4p

d s ! .
Gi(z,y) =Go(z,y) — )\yuk/ (271_];46110 2 o () / Welp.(xfy)Go(p +1)Go(p),

(3.118)

i d4p/ ip' .z / d4p ip.(x—y) /
Ga(z,y) =Go(x,y) + Ayuk We “o(p') We Go(p+p")Go(p),

(3.119)

for ;(2)) and Q2(Q) separately.

When calculating the integrals above with Minkowski signature, one will en-
counter poles in the fermion propagators. And different choices of open contour
integration can lead to the definition of Feynman, advanced and retarded Green
functions, and closed contour integrals will give the density function and statisti-
cal propagator. We will eventually introduce an ie term in the denominator of the
propagator, of the form, iv*p, +my i€, similarly as Feynman did in the continuous
theory. Also, we rescale the temporal component py into a dimensionless variable kg

.1 dpo 1 (7 dko

1
po = —ko, Po = — sin ko, = — — cos kg, (3.120)
at at 2t ap J_, 2w

and similarly for spatial variables

1 5 1 . dpi 1 4 dkl
N = ks =t = — 3.121
po=gh B=gsn(h)., [t [ SR (3121)
For instance, the Green function at equal-time then becomes
d*p . 1
o(@:y) to=ty (2m)4 ivOpo + iy.p + my, + i€
™ 3 T S
& d°k / %em(w*y) — WP =M sk
ad J_. (2m)3 J_, 2@ sin” ko — w2a? + ie
. 3 . ~
i T Bk oip-(a-y) —iy.p+ myp (3.122)
ad J_. (2m)3 2wy,

where now the dot product stands for the spatial 3-vector product. From the second
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Figure 3.2. The integration ranging from -7 to m. Because the integrand has a period with
period 27, points —7 and 7 are actually identical, so that the path of integration is really
a closed line. The point m — ¢ 4 ie and —7 + ¢ — ie refer to temporal doublers, which does
not exist in practical simulations, therefore we drop the contribution from those two points
in the contour integration.

i(m—c+ie)

®

. ®
ez(—7r+c—ze)

Figure 3.3. The circle |z| = 1 is the curve of integration. Similarly, we omit the point
elm—ctie) and e!(—mte—19) hecause they come from temporal doublers.
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line to the third, the temporal integral is carried out in a manner

: 1
_. 2w sin® kg — sin® ¢ + ie 2sinc’

™ 1
/ dko cos ko = for cE[O,g], (3.123)

with the path of integration demonstrated in Fig 3.2. The result can be easily
obtained via a substitution,

z—1/z

ZZBZ B 9
21

ko
b

sin ko = [—7, 7] = |z| =1, (3.124)

and the new path of contour integration can be found in Fig 3.3. Notice in the
integration, we ignore the contribution from temporal doublers, as in practical sim-
ulations those doublers will not be included.

The equal-time Green function in the form of (3.122) is consistent with the initial
two-point function (3.104), which, if we restore its dimensions, is

1 (™ &3k in (p—e) —2Y-D+ M

as their definitions in (3.50) and (3.108) dictates iD(t;x,y) = Go(x,y)|t,=t,=t-

3.4 Simulations and results

With ensemble fermions, we are going to simulate the cold electroweak transition,
including the SU(2) gauge field, Higgs field and one generation of fermions. The
initial temperature is chosen as T' = 0. For this reason, all fields are initialized as
in the vacuum state, and hence the initial energy is merely in the form of Higgs
potential energy. For most simulations, we will stick to the instantaneous quench
transition, and therefore once simulations start, the Higgs field rolls down from the
center of the potential. The IR modes of the Higgs field can experience a spinodal
(tachyonic) instability, and increase exponentially. This will drive the system out
of equilibrium. In the process, the Higgs potential energy will be transferred to its
kinetic energy, as well as to the gauge field and fermions, to reheat the system. We
are going to measure the fermion occupation number and accordingly extract the
fermion temperature.

In addition, during the electroweak transition, the B + L anomaly could also

happen. If it occurs, we should observe the change in the baryon number as well



Chapter 3. Fermions in the Electroweak Dynamics 85

as in Chern-Simons number and Higgs winding number. But because we do not
include any C'P-violation source, the increase and decrease of the baryon number
should be equally observed.

In the first place, it would important for us to test the validity of the ensemble
fermions and to find out how many fermion realizations would be required in practice.
To this end, we denote Ny, as the smallest N, that can allow the dynamics and

observables to converge. We will first decide Ng.

3.4.1 Convergence of observables

Fig 3.4 illustrates a comparison of three different N,: 1440, 2400, 9600. In the
plots, the bosonic observables are separately the average Higgs squared (¢?), Chern-
Simons number N¢g, Higgs winding number Ny and energy densities. During the
comparison, other parameters are fixed, that N = 32, Ay = 0.03 and ampyg =
0.42. As we can conclude, the dynamics and the bosonic observables have already
converged even with N, = 1440. Here we take as a conservative choice, Ny = 2400,
and we find that this number is also safe for larger lattice, like N = 48. On the
other hand, if we implement the mode function method, to get the same lattice size
(N = 32) and fermion content, it would correspond to N, = 1,048,576, that is 400
times larger than the ensemble fermion simulation.

But not all observable can converge quickly. In practice, (the only) one exception
that we find is the fermion number which is defined as Ny = (Np + Np)/2. We
demonstrate the convergence of the fermion number in Fig 3.5. A big N, is always
required in order to make the fermion number converge. But once the N, is big
enough, for instance, N, = 9600 in the right-handed plot of Fig 3.5, the fermion
number will follow closely the Chern-Simons number, as stated by the B+ L anomaly.
This is due to the observable Ny being badly behaved, not the dynamics. Instead,
other observables showed in the plot have already converged in Fig 3.5. In particular,
we will conveniently use the Chern-Simon number Ngg to indicate the final baryon

(lepton) number.

3.4.2 Fermion occupation number

We also study the difference caused by different Wilson parameters, with a com-

parison of energy densities illustrated in Fig 3.6. If assuming only the IR modes of
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Figure 3.4. Convergence of Higgs ¢?, Nog, Nw and energy densities with N,. N = 32,
Ayuk = 0.03 and amp = 0.42. The x-axis is the time rescaled by my.
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Figure 3.5. The convergence of the baryon (or fermion) number requires much larger N,.
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fermions are excited in the simulation, one would expect the fermion energy when
rw = 0 would be roughly 8 times larger than the energy when ryy = 0.5, as there
are eight species of fermions, including 7 doublers, having light masses, while when

rw = 0.5, those 7 doublers become modes of heavy masses, and never excited during

simulations.
— Ele — Mag — Phi — Ferm — Tot
0.5 ! ! ! ! 0.5 ! ! ! !
s 7V s -
> : : : : : : : :
2 0.3F RN N B Beeeee b 0.3F -\ RGER B Beeeee b
C . . . . . \ . .
(a)
>
o
(0]
C
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Time myt Time myt

Figure 3.6. Different energy component in a tachyonic electroweak transition. The Wilson
coefficient ry is 0 in the left plot, and 0.5 in the right plot. The energy density is scaled by
m4;. More energy is transferred to the fermion when the Wilson term is small. The final
fermion energy of ryy = 0 is about 7 times larger than the finial fermion energy of ri = 0.5.

As in section 3.1.3, we can calculate the fermion occupation number from the

two-point correlation function. For gauge singlets, we define separately

De(ts0,y) = (OITE(, D&, DI0), Dyt 2, y) = (OTx(z, Ox(y, DI0).  (3.126)
For the SU(2) doublet, a gauge-invariant correlation function should be written as
Dy (t;,y) = (O|TW (x, 1)U (y, )U (t; y, 2)|0), (3.127)

where U(t;y,z) is the gauge link connecting y and x at the time ¢. Including the
gauge link in the correlation function of the doublet makes the calculation com-
plicated, and theoretically there are ambiguities in choosing the link path in 341
dimension. Furthermore, because of the Yukawa interaction terms, the fermion
SU(2) doublet and singlets are not the eigenstates after the spontaneous symmetry
breaking. Therefore, we will not in practice consider the gauge invariant two-point

function, but instead we will chose unitary gauge fixing, where the mass eigenstates
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can be found as:

0, = %(wu Lo, 0, = jiolfd ), (3.128)
% = (8.6, % = (=), (3.129)
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Figure 3.7. The fermion particle spectrum (bottom panel). The red line is the average
particle number, the blue line the derived log(1/N,, — 1), so that the slope is the inverse of
the temperature. The black line is the linear fit of the lower energy range. For the linear
fitting, we select the range aw € [0,0.9]. The upper plot shows the time evolution of the
Higgs field observable and the time (mgt = 60.795) at which the spectrum is computed.
N =48, ampg = 0.63 and Ay, = 0.03.

Similar to (3.55), we assume the gamma-matrix expansion,

N . o —ipy - m(p;t)
D(p;t) =[1 — N(p;t) — N(=p; 1)] 2ot (3.130)

where now the mass is also a function of time ¢, so is the energy. One can subse-

quently calculate

F = Te[D(p; 1)), V= Tr[i%D(p; 1], (3.131)



Chapter 3. Fermions in the Electroweak Dynamics 89

and finally obtain the averaged occupation number and energy of the mode in the

form of,

VF2 1 V2 \/4(1 — 2N,y )2p?

1.
Nav(p;t) = 5 —sign (V) VR w(p;t) = 2 ;

5 (3.132)

given the on-shell condition w(p;t) = \/p? + m2(p;t).

The averaged (anti-)particle number N,y = (N + N)/2 against the practical
energy w = J??Wp2 at the later time of the evolution is plotted in Fig 3.7, where
one can see the distribution in IR region follows precisely a Fermi-Dirac distribution.
As a result, we can in practice measure the effective temperature 1" and chemical
potential y of fermions, by fitting the distribution to the form

1 w— U
] 1) = . 3.133
og (Nav ) - (3.133)

3.4.3 Fermion temperature

We compare the extracted temperature and chemical potential in Fig 3.8, with differ-
ent types of correlation function, including the two-point function of mass eigenstate
under the unitary gauge fixing, the two-point function of singlet D¢(t;x,y), and the
two-point function of the doublet Dy (¢;x,y) but without the gauge link. In the
beginning of the electroweak transition, the system is in an out-of-equilibrium state.
We would not expect the existence of either well established Fermi-Dirac distribu-
tion or properly defined temperature or chemical potential. We can see in the plot
the big changes during the time interval [0, 10] existing in the observables extracted
from D¢ and Dy, While comparatively, the observables extracted from the unitary-
gauge-fixing correlation function behave more smoothly, and therefore, we will stick
to the choice afterwards.

We find in simulations that the fermion temperature and chemical potential
converge fast with Ny, as shown in Fig 3.9. As one can conclude, not all fermionic
observable converges as badly as the fermion number.

We also consider the impact of fermion masses on the finial temperature and
chemical potential. The result is shown in Fig 3.10, with Ay, being 0.1, 0.03 and 0
individually, corresponding to fermion masses of my = 17, 5 and 0 GeV respectively.

As a result, all masses of Standard Model fermions can be covered in the simulations,
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Figure 3.8. Three definitions of the temperature and chemical potential. The red line
is extracted from the mass eigenstate (€2;) after the unitary gauge fixing. The singlet and
doublet are extracted from the gauge singlet () and gauge doublet (V,,) directly. N = 48,
Ny = 2400, Ayyx=0.03 and ampy = 0.63.
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Figure 3.9. Convergence of the temperature and chemical potential with N,. N = 32,
Ayuk = 0.03 and ampg = 0.42.

except the top quark’s, which would require Ay, ~ 1.
Up to now, we performed all simulations with an instantaneous quench transition.

We further introduce a quench time 7 to parameterize the change of Higgs potential,

V($) = ug(t)d' o+ A(919)?, (3.134)
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Figure 3.10. The effective temperature and chemical potential for different Yukawa cou-
plings Ayuk = 0.1, 0.03 and 0, correspond to fermion masses of my = 17, 5 and 0 GeV
respectively. N, = 2400, N = 32, and ampy = 0.42.

with the coefficient of the quadratic term flipping its sign, in the shape of

2t
pag(t) =p? (1 - > ,  t<Tg,
Q

S A B (3.135)

We choose separately 7g =0, 15/mp and 30/m g, and for each choice, we in addition
average over 8 realizations of bosonic fields. In Fig 3.11 is statistical result of the

temperature and chemical potential with 7 = 30/mg.
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Figure 3.11. The effective temperature and chemical potential for a 79 = 30/mpg quench.
Green bands denote statistical errors (1), over 8 bosonic realisations.

As the B + L anomaly is created mainly during the first or second period of the
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Higgs field oscillation, we measure individually the fermion temperatures at the first
and second time the Higgs field rolling back to the minimum in the plot of (¢?), as
well as at the late time. A comparison among different quench times is displayed in
Fig 3.12, where a simple extrapolation to large quench time suggests that to reach
the required 1 GeV by the Standard Model Cold Electroweak Baryogenesis [68],
the quench time pg ~ 150/mp, which would be too long to have a violent out-

of-equilibrium phase transition, so that no efficient baryon-antibaryon asymmetry.
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Figure 3.12. The first and second Higgs minimum correspond to the first and second time
the Higgs field rolling back to the minimum of the average Higgs field squared. Each point
is the statistical result of 8 runs, with the error bar stands for o confidential interval. The
statistical error for the late time limit is smaller than 0.2 GeV.

3.5 Conclusion

In summary, we have gradually developed real-time lattice simulations for the cold
electroweak transition, including the SU(2) gauge field, Higgs field and one genera-
tion of fermions. In practice, we implemented the ensemble fermions, and found the
dynamics and most observables can converge with the order of 2000 realizations of
fermion fields. To get similar results, the mode function method would consume 400
times larger storage space. We have also established a proper way to calculate the

counterterms for real-time simulations and kept the renormalization on the lattice
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under control.

The scenario that we have simulated corresponds to a preheating period in Cold
Electroweak Baryogenesis, and the Higgs quench transition is triggered by its inter-
action with the inflaton [53, 56]. In the period, the energy is transferred from the
inflaton to the Higgs field, and then to other Standard Model particles. And it is
the last part that we have put into the simulation. A low temperature (of order
of 1 GeV at most) is required in order to have the Standard Model baryogenesis.
We have in practice measured the fermion temperature and found it never below
20 GeV. Thus, we can indirectly rule out the Standard Model C P-violation as the
origin of the baryon asymmetry of the Universe. For this reason, we have to re-
cruit new C'P-violation from physics beyond the Standard Model to achieve a viable
baryogenesis.

In simulations, we have observed that the B + L anomaly could be accurately
produced, with the Chern-Simons number, baryon(lepton) number and the Higgs
winding number pointing consistently at the same state. In addition, the out-of-
equilibrium can also be achieved during the electroweak transition, as a result of
the spinodal instability in Higgs IR modes. To satisfy Sakharovs three necessary

conditions, we further need to include C'P-violation.



Chapter 4

Baryogenesis in the Two-Higgs Doublet
Model

The chapter is dedicated to introducing C'P-violation to real-time simulations and
subsequently to measure the baryon asymmetry via a statistical analysis. We learned
from the last chapter that the B+ L anomaly could be accurately reproduced in real-
time simulations, and we go further in this chapter to include new terms which can
ultimately violate C' P-symmetry. As a result, Sakharov’s three necessary conditions
for a successful baryogenesis, namely, (1) baryon number non-conservation; (2) C
and C P-violation; (3) out-of-equilibrium state, could be met simultaneously in our
first-principle simulations. We will not introduce here three generations of fermions
to replicate the CKM matrix, as it might provide too small C' P-violation to explain
the observed baryon asymmetry of the Universe. In the reduced Standard Model
(3.5) with one generation of fermions, there is no C P-violation, albeit separate C'
and P symmetry are violated maximally by the fermion action. We will consider
a minimal extension of the Standard Model, by introducing another Higgs doublet,
and eventually obtain C'P-violation as a result of including extra C-violating terms

in the two-Higgs potential.

4.1 Continuum action

As a consequence of the extra Higgs doublet, four scalars, two neutral and two
charged Higgs bosons, will be added to the particle spectrum of the Standard Model

(for more experimental constraints on these extra scalars, see [67, 80]). Based on the

94
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reduced Standard Model introduced in (3.5), and with modifications on the Higgs
action and Yukawa interaction to incorporate the Two-Higgs Doublet model, we

write the continuum action in the form of

= —/ d'e [4;FF + (Due1) (D"61) + (Dyda) (D" 2)

+ qLY*Dpqr, + Ury*0uur + dpy"0udr
+ l_L’)/'uD#lL + ﬁR’y“aMI/R + éR’y“a“eR

+ V(1. ¢2) + Y (¢, 1,01, 02) |, (4.1)

where the Higgs potential V(¢1, ¢2) and Yukawa interaction Y (q,l, ¢1,p2) will be
specified in following sections.

We continue to adopt the convention for Higgs fields

@1(2) = (61(2),61(2)) . P2(2) = (do(). 62(a)) (4:2)

with ¢; = to¢y, and for the redefined fermionic fields,

\I/L =qr, \I]R - _i0272l*7
XL =—7’€eh, XR = UR,
&L =7, ¢r =dp. (4.3)

As they were in the last chapter, the definition of baryon current and lepton current

are the same, of the form,
gy =1ilay*ar + apytur + dpy*dgr] = igy'y,
=i [ZLVHZL + vpytvg + éRv“eR] = qlyH, (4.4)

which correspond to the chiral current of the redefined fields, through the relation,

g8 =[Oy ° 0 — Xy x — E91y%€] = i+ T (4.5)
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The B + L anomaly is still present in the theory, therefore

Np(t) — Np(0) = NL(t) — NL(0) =Ncs(t) NCS(O)
/ dr / 3z e’“’p”Tr [FuwFl,  (4.6)
where Np = fd%j,? is the total baryon number, N; = fd3a:jlo the total lepton

number and Ngg the Chern-Simons number. We now have two winding numbers,

defined separately by each Higgs field,

. L
Niy = 57 /Tr [4d1B71 A dd1 &7 A db by

) 1 b Gl A b=l x g G
Ny=-ge | T [d%% A dD2®;" A dD2y } ' (4.7)

In the vacuum state, these topological numbers are forced to the same value, pre-
cisely, N‘}V = NI?V = N¢sg.

4.1.1 Higgs potential and Yukawa interaction

Higgs potential

The standard two-Higgs scalar potential [80] can be written as

V(61,62) =~ (6101) — L2 (3ha) — L2l g) - & 12 (41 )
+ 26l + 3<¢2¢2> +A3(¢I¢1><¢2¢2> +A4<¢2¢1><¢I¢2>
+ 2 (610 + S (040" (4.9

where we choose to put the coupling parameters g7 to zero for simplicity. The

parameters M%Z and A5 are allowed to be complex, and a simultaneous phase shift
G = U1 by = o, ply = Ty, A5 = 0T, (4.9)

will leave action (not including the Yukawa interaction) invariant. The parameters
p25 and A5 are also crucial in determining the Higgs vacuum expectation values. To
show this, we denote the vacuum state, (¢1) = v1 and (p2) = va, where v; and vy
are complex constants. The vanish of kinetic energy calls for D,v; = D, vy = 0,

and therefore equations of motions become constraint equations. For instance, the
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derivative of the potential with respect to (25]; leads to
Avy + Bvg = 0, (410)
with coeflicients

2
SH2 N whon) 4 As(0fee). (411

2
A:—@+)\1|v1|2+)\3\v2|2, B = 9

2
By multiplying the equation (4.10) with ’UJ{ and v; separately, we have
Al |? = Bvivg, Av;vl = Blwo|?, (4.12)
which yields

[oor] = [vr |[val. (4.13)

For this reason, we employ an angle 6 and parameterize in the vacuum state the

product
vlvy = |ui||va]e®. (4.14)
On the other hand, a mere complex conjugate provides
A\m]? = B'UIUQ = B*vgvl, (4.15)

as both A and |v1|? are real, and with a substitution of the expression of B, we

eventually arrive at
Im(p2,e=) = 2|v1||va|Im(Ase=2). (4.16)

Accordingly, if Im(u3,) = 2|v1||v2|Im()5), both Higgs vevs v1 and ve can be chosen
real. Otherwise, there must exist the relative angle 6 between them. We will stick

to the maximal angle

(4.17)

Nl
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We also choose the magnitudes of vacuum expectation values as constants, in such

a way,
lv1] = 110 GeV, lva] = 220 GeV, (4.18)

and specifically the vevs are related to the observed Higgs vacuum expectation value

through the relation,
lo1|? + |va|? = (246 GeV)?, (4.19)

in order to achieve the right masses for W and Z bosons. For the neutral Higgs

bosons, we in practice choose the masses,
m1 = 125 GeV, mgo =300 GeV, m3 =350 GeV, (4.20)
and for charged modes,
m4 = 400 GeV. (4.21)

These choices satisfy constraints from experiments [59, 71, 72, 75].

We aim to choose the potential under which sphaleron transition can occur easily.
To this purpose, we scan the parameter space (u, a1, az), where p? = Re(,u%Q) and
a2 are mixing angles of the three neutral Higgs modes. The black dots on the
left-handed plot refer to the parameter choice of (ag,a3) that has the center of
the potential as a local maximum. For each possible parameter choice, we run 10
simulations without involving fermions, and then calculate average |N¢g|.

Fig 4.1 displays one of such scans with g = 200 GeV. The right-handed picture
is the contour plot of the average |Ncg|, in which we eventually choose the most
fertile site, (o, ag) = (0.314, —1.49). Accordingly, the coefficients in the potential

are settled on to

2= (233 GeV)2,  p2, = (311 GeV)?, 13, = (78.6 GeV)? + (200 GeV)?,
(4.22)
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Figure 4.1. p = 200 GeV. The x-axis is a1, y-axis as. We scan the parameter space
(a1, ) with a resolution of 40 x 40. On the left-handed plot, each black dot refers to a
parameter choice that could provide the original point of the two-Higgs potential being a
local maximum. With each possible parameter choice, we perform 10 simulations to calculate
the sphaleron transition rate. The right-handed plot is the contour plot of the sphaleron
rate, with the color bar indicating the average |Nog|. The left-handed plot has a reflection
symmetry along as = 0. But such symmetry has not been preserved on the right-handed
plot.

and

A =52 A=20, A3=51, Ag=-42  X;=—0.56 +i0.26.
(4.23)

The C-symmetry will be violated, due to the complex p2, and A5 in the Higgs

potential, which now have non-zero phase arguments,
Arg(p2,) = 0.45m,  Arg(\s) = —0.14, (4.24)

and there is no chance to make both parameters real by a phase shift of Higgs fields.
In Fig 4.2, we show the contour plot of the potential in the |v1|, |v2| plane. The

center of the potential has energy density

Vo= V(¢ = ¢ =0) — V(vy,vp) = (174 GeV)™L. (4.25)
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Figure 4.2. The Higgs potential as a function of the unitary gauge Higgs field components
[v1], |vz2]. The two degenerate minima are at (v1,v2) = (£110, £220) GeV.

With the Higgs matrix ®;(x) = ((/;Z(a:), q&i(x)), it is easy to show,

1 1 )
¢J{¢2 = §Tf [‘I’J{qb] + Z§Tr [@I@gwg] ,

b = %Tr [@}®,] - i%Tr [@}®si0] (4.26)
as well as
d; = —io?drio?, (4.27)
given ¢; = io?¢¥. In such a way, we rewrite the potential, in the form of,

V(®y, ®y) = — %Tr ola] - ‘UT%ZTr [ ’%%Tr @],
+ “%Z%Tr (@] @si0?]
w5 (o [ode]) "+ 5 (1 [oheu])
+ %Tr |@la,| T [@]a, ]
+ % (1 [@] ] )2 + % (1 :<I>I<I>2ia3D2
28 o] 222 o]
_AZM

Tr [@{%io—?’] Tr [@{%] , (4.28)
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where we denote the real and imaginary part of u2, as /ﬁ2 RE" N%z 10> and apply the

same convention to As. As a result, the Higgs action becomes,
1 1
Sy = _/d% [T [<I>15LD“<I>1} 5T [@ﬁLD%Q} FV(P1,Ps).  (4.29)

Notice that under charge conjugation ¢¢ = ¢*, therefore ¢ = ®*, terms with
coefficients M%g 1> Asrv will change their signs, and in such a way, the Higgs action
yields C-violation.

The normal SU(2) gauge transformation that leaves Sy invariant is performed on
Higgs fields in the form of a left multiplication, i.e. ®; — U®;. Moreover, the action
is also invariant under the transformation of a right multiplication, ®; — ®;ic?, if
,u%Q 7 and Aspas change their signs at the same time. 1 As a result, one can always
design a joint transformation, of the form, ®; — ®7ic?, under which the Higgs action
will be invariant. We denote the new transformation as C’, which on the other hand
acts on fermion fields and the gauge field just like the normal C-conjugation would
do. It will be a potential problem if the whole theory is C’P invariant, because the
Chern-Simons number is actually C'P odd, and therefore, statistically, there could
only exist zero Nog. We in practice avoid this disaster by choosing a proper Yukawa

interaction to break the C'P symmetry via inhibiting ®; — ®;ic? transformation.

Yukawa interaction

In general, all quarks and leptons can interact with both Higgs fields, with the entire

Yukawa interaction written as

Y(g,l,¢1,02) = Glargdr + Gqréedr + Gilrprer + GSlrdrer
+ GYgrrug + Giardour + Gyl d1vr + Gylpdovr
+Glldrolar + Gy drobar + GilerdllL + G5lerally

+Glupdlar + G5 urdlar + G ordllL + Gylorelln.  (4.30)

'Besides i0?, any 2 x 2 unitary matrix that anti-commutates with ¢® could function in the same
way.
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With the redefined fields, the complete Yukawa interaction becomes

Y(U, X, & @1, B2) = GYUDPyPr(x, )T + Gy (v, €) Pud| Pr¥
+ GYU®, PP (x, €)T + GY(x, &) Py® PrU
+ G3U®, PP (x, €)T + G (v, ) Pp®| Ppw

+G

+ GYU®, PpPr(x, &

)
+ GYUDyPLPr(x, € X, ) PpolPLU, (4.31)

in terms of a number of projectors

1+03 1-o3 14++5 1 _—
Py = +U, Pp = 7 P, = +7 Pr = 27'

4.32
] A S (432)

We have to avoid terms, like W®;(x,&)”, which will be invariant under ®; —
®;io? and (x, &) — —io?(x, )T, otherwise the whole action will be C’ P symmetric,
as the rotation on singlets does not change their kinetic terms.

For the sake of simplicity, we will in practice choose the Yukawa interaction as

Y(q,l,01,62) = yux(Groadr + lnd2er + Grdrur + lnd1vr

+ drdlar, + erddlL + Urdlqr, + vrILL), (4.33)

or with the redefined fields,

Y (¥, x, & P, P2) =yuk (‘i“I)lPUPR(x,&)T + (0, &) Pyl P
+ Uy PpPr(x, &7 + (X, 7)PD<I>£PL\I/
+ Uy Py Pr(x, &) + (X, S)PU(;DTPR\II

FIP PP ()T + (GEPO® PRY),  (4.34)
where we have selected parameters,

)
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Moreover, it will be also easier to calculate the counterterms from this simple Yukawa
interaction. Notice that if the projectors Py and Pp are absent, the interaction is

invariant under transformation,
o = Biic?,  (x,6)" = —io?(x, 97, (4.36)

and in addition, the latter does not impact the kinetic terms of singlets. For this
reason, we specify the existence of Py and Pp in our selected Yukawa interaction,
in order to break C’P-symmetry by inhibiting the transformation ®; — ®;io?.

We in practice take
Yuk = 0.1, (4.37)

which corresponds the fermion masses of 11/v/2 ~ 8 GeV and 22/v/2 ~ 16 GeV,
depending on which Higgs field they are coupled to. The masses are easily larger

than all masses of quark and leptons in the Standard Model, except of top quark.

4.1.2 CP-symmetric initial conditions

We will consider an instantaneous quench of the Higgs potential at zero temperature.
So, instead of the potential (4.8) which we will use to evolve the Higgs fields during
the simulation, we generate the initial conditions for Higgs fields, according to the

potential, of the form

T 3 i iy
V(t<0)="H@101) + 52 (0hén) + 2 (d]dn) + 7 (6]n). (4.38)

Because of the existence of u3,, one has to diagonalise the mass matrix in (4.38)
and transfer the Higgs fields into mass eigenstates. The initial states have ((¢1) =
(¢2) = 0), and the fluctuations around the vacuum are determined by

(G = 25,5, (4.39)

(Gh(#)") = .

i v
2wy 7

where qﬁf( and qﬁf( are the momentum space variables for each real component of the
mass eigenstates of the Higgs fields (8 in total), and wi = M? + k?, with M? the

eigenvalues of the mass matrix. After initializing the fluctuations, one then needs
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to rotate configurations back to the ¢, ¢o basis.

For each randomly generated configuration ¢, q'ﬁi, we also generate an entire
ensemble of Ny = 4000 fermion configurations. The initialization of fermion fields
is the same as in section 3.3.2. The gauge field is initialized in the form of A, = 0,
and the SU(2) electric field E; is determined through Gauss’ law, sourced by the
SU(2) charges of the randomly generated Higgs fields and fermion fields.

We also wish to maintain the C'P symmetry in the initial samplings. To this
end, for each realization of field configurations (g,, A,, ¢12), we generate its CP-

conjugate realization, with fields,

&P (t,x) = in"y? g (t, —x), 5P (t,2) = in°4* 1} (t, —x),
WS (t, ) = i uh(t, —x), A7 (t,x) = in"y?* diy(t, —x),
S (1,2) = 072 vilt, ), SP(t) = i it —a),  (440)

and

ACP(tv .’L’) = AT(t’ —$), gb(lzp(ta .’E) = qb*l((tv _:E)v ¢gp(t? :E) = ¢§(ta *l‘).
(4.41)

We force the initial samplings to be C'P-symmetric, in order to quickly reduce the
statistical error. In such a way, when the C-violation is turned off in the Higgs
potential, an average between a normal and its C P-conjugate realization will yield
N¢gg and N‘}[’f of precisely zero. We have checked numerically that this is indeed the
case, which also means that there is no spurious CP-violation from counter terms

or discretization.
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4.2 Lattice implementation

The action on the lattice can be written as:

S :Zﬁgz (1 — ;Tonm> _ e Z <1 — 5T Uija >
Sy = ZZ( Pripy [ Do®,) Do®,, } BQHTr [(D@n)TDiCIDnD

— BRV (@1, P2) + By C(D1, Do),
Sk =Y = [97° Do + X1°dox + §°00€] — = |19 Diw + Xy B + £
x,t

+ o (U000 + X000 +E0,0i€| — By (U3, £, @1, 82),  (4.42)

a

where, as they were in (3.81) and (3.82), the fields are rescaled to be dimensionless

by the lattice spacing a
V() = a®?U(x), x(x) = a*’x(z), &(x) = a**¢(z), () = ad(x), (4.43)
and the lattice parameters are defined in the form of

= — -, S = — s = -, s = -, = i = —. 444
bo = — be=— Bu Pu=—» Pr="_ Br=- (4.44)
The two-Higgs scalar potential on the lattice turns into

2,2 2,2 2,,2
V(®y,®y) = — %ﬁ [cb{cbl} - %Tr [@;cbz] - ‘”‘%Tr [@{@4

2,2
+ LAy (@] @si0°]

- 1 2 - 2
LM (Tr _@{cbl_) + % (T&" _@3@4)

423y [@3@2} Tr [@}@1}

— N2\ - LI\ 2
+ 2 (e [0]as]) + 5 (T [@]@2ic?))

+ AL”:‘E ( [@}%DQ - AifE (m [@}qmaﬂ)g
_ Asim
2

Tr [0 ®yic®| Tr @)@, (4.45)
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and the Yukawa interaction we choose is

Y(,X,€ @1, @) =yuk (001 Py Prlx, )7 + (3,6 Py@] PLw

+ Uy PpPr(x, &) + (%, &) Pp®L LW
+ Uy Py Pr(x, &) + (%, &) Py®h Pr
_l’_

+IP P PL(GE)T + (GEPr®{PRY),  (4.46)

which is exactly the same as its continuum expression in (4.34), for the rescaling

does not change its countenance.
From the complete lattice action, we derive the equations of motion by straight-

forward variation. For the fermions, we find the following linear equations in the

bosonic field background:

ra

0=—~%90 — %fyif)i\lf + 2—;D§D,~\If — yurBy [®1Py + ®2Pp| Prix, &)
— yurBy [®2Py + ®1Pp) Pr(x, )7,
0= =136 6" = ZLy8,00. &) + S00(x. O — yurBy | Pu®] + Poo}| P

— By | Pue} + Ppo]| Prv. (4.47)

For the gauge field
1 1 —
0 =3 8% (Baly) — Faly — 0) = 55 3 DTx [i0'UyanUytmallfnsnl )
m

- BuTr {waq)l,y(Uy,nq)Lern)q — BuTr {iaanZ,y(Uy,nq)Zyﬂz)q
a — . — .
B i [\I}W”waUym‘I’ern + ‘I’y+n7nUJ,nwa\Py} ’

D [0yi0 Uy Wy = Tyl 0™ W, ) (4.48)
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And for the two Higgs fields

0 =— B 001 + B50;0;P1
4 Br (a 12— MTr [@{@1] AT [(I>£<I>2D o,

ﬂR
2

4 Br (—azlﬁm + (<A1 + Ay Tr [@}@Qm?’} + Asim T [@{%D Byic

(a 10 — (At + Agpey T [q{@?} 4 ATt [@{%wﬂ) Dy

y“’“f L0 (9K Py PR(x, )T + (. €) Puk? L]
O 0 [0k PP (x,€)" + (%, €) Poke P
+ Bya’cti @1 + By a’ctiaPa,

0 = — B40,00®2 + B5;0,0;P2

ﬁ; (a13y = Ao [@)@2] — AgTr |00y ) @
+ %R (a%%m — (At + Asyo T [@{@4 4 Agim Tt [@}@ziaﬂ) @,

4 Or <a 1aim + (Mt — Mgy T [@{@mﬂ ~ s [qﬁ@z]) Byio
y“’“fy K [T P P, )T + (%, &) Pok*! LY
— VO 0 [k Py Py, )7 + (3, €) Pk Pt

+ By a®ct11 @y + By a’ctin @, (4.49)

with k* = (I,i0',i0?,i03). All fermion bilinears in simulations will be replaced by
ensemble averages, as shown in (3.92).
For the redefined fields, CP-transformation induced from (4.40) and (4.41) can

be written as

CPt 02*

— iy (¢, —2),
— iy 02 Ex (¢, ),

(t,z) =
(t,z) =
P (t, x) =7%in W (¢, —a),
(t,x)
(t,x)

, L

ECP t,.’L‘

CPt

cx) =UL(t,—2 — i),

O (t,

)

—&*(t, —x). (4.50)

To prove the C' P-symmetry in the fermion action, one needs to exchange the po-

sition of two fermionic fields, and as a result, obtain a minus sign, for fermionic
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fields are essentially Grassmann numbers. While with normal numbers in numeri-
cal simulations, we have to in practice compensate the minus sign by hand, when
dealing with the C'P-conjugate of fermion two-point functions, for instance, in the
fermionic backreaction to the gauge field. The transformation also requires the Wil-
son parameter ry in C' P-conjugate simulations being opposite to its value in normal
simulations.

The evolution with the equation of motion (4.47, 4.48, 4.49) will conserve the

total energy, with components of energy density in the form of

1 . 1 B2, 1
Ze; “Va, Zz:ﬁGZz: <1 - §Tr UOi,a:) + > %: (1 - iTr Uij@) ,

1 B t P t
= zm: zn: <2Tr (Do) Do®n | + ST [ (Di0)! Di0s | ) + BrV (@1, @),
L N UG i Py 4 i 4 D] - T G D D 4 w8 D 4 £0.6:
er =77 %: : [qw DiW + '8y + & azg] 7 [\I/DiDZ\I/ + 0.0 + gaiazg]
+6YY(\IIaX7£7<I>17(I)2) _BYC(CDL(I)Q)- (451)

We also consider the renormalization and include counterterms for possible quadratic
divergences in the continuous theory, which are on the lattice, not infinities, but
most likely, large numbers. The counterterms with coefficients ct1; and ctio are

introduced, of the form

a20t12

C(@1.0) = (Te [a]0,] + T [0}0a]) + 02 (12 [0}, + T [0)]).

(4.52)

and simple dimensional analysis indicates these two coefficients might be quadrat-
ically divergent in the continuous theory, or have 1/a? dependence in the lattice

regularization. We calculate them in the following way.

4.2.1 Counterterms and renormalization

In light of the technique we have developed in section 3.3.4 to calculate

eiset = [(Diglipyesess,
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we can explicitly carry out the path integral above when the Higgs fields are constant,

and the result is

/ d*p In Det P +mp Yur K

(27) e AOEAD i
Yuky K197 iyt py +mg 16x16
t t
- o] o) %2 (o] o]} . 0

where mp and mg are respectively the masses of the doublets and singlets, and the

2 x 2 matrix K stands for

K=®Py®@ Pr+ P2Pp® PR+ ®2Py ® P, +®1Pp ® Pr. (4.54)

We follow the convention in section 3.3.4 and denote

T T T T
e(——, =, € (——, =, 4.55
me(-r. o] pie(—2 0 (4:55)
fip = Slpoa) i = Slpie), (4.56)
Q¢ a

as well as d*p = dpod®p. We have also recovered the dimensionality of fields, so one
would find the calculation in this section to be similar to the result in the continuum
theory.

Notice in the backreaction of fermion fields, there is a symmetry between ®;
and @9, owing to the fact that K is invariant under the exchange of ®; and &,
and up and down simultaneously, while the latter exchange does not affect the
determinant of the matrix. Therefore, the simplicity of the counterterms (4.52)
should be attributed to the symmetry in the Yukawa interaction (4.46).

To obtain the expression for ct11 and cti2, we consider two cases:

(a) By =By = 21,

i / D ey | PO 4 _ gl ye o2 o
— 2% L
(2m)* ¢ By + ms Yuuk Yuuk
16x16

(4.57)

The series on the right-handed side contains a constant term of zero order of ¢

which is the result of the free fermions, as one can see by simply setting ¢ = 0 on
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the left-handed side. Thus, instead of implementing the equation above, we consider

its derivative where the constant term is removed,

. d4p d Zl')’“ﬁ,u +mp o ct11 cti2
H S 116x16
(4.58)

The determinant in the expression can be calculated in the following way,

YD, +mp
Det | " ¢ — Det [po + H]
.
¢ W P+ s 16x16
=(pg — wi, +ie) (pp — w3, + i)l (4.59)
where H refers to the Hamiltonian
. 0 . ~ . 0 . 0
VYUVYp +ryTm 1
o | i tinTmo Ve ’ (4.60)
¢ ninp+iv'ms | o

and its eigenenergies wi, and wo, satisfy 2

L, (mhEmd) (k= m2)2 + 462 (mp + mg)?
Wiq =P +¢ +

2 )
(m2% +m%) — \/(m% —m%)? 4+ 4¢?(mp + mg)?
Wi, ="+ ¢% + 5 . (461)
As a result, we arrive at the equation
ctyy ct12
T¢ + T¢ + cee
Yuk Yuk
N dwig dwia dwag dwaq
WEE - o s “
(2m)? 21 | po — Wi + i€ Po+wig — € Do — W2 + 1€ Po + waq — i€
_ _/ Bp [dwig N dwag, (4.62)
@2m)3 | do  dp |’ '

where the contour integral on the second line is executed in the same way as in

(3.123), and we also assume here no temporal doublers contributing.

2Tt would be easier to achieve the eigenenergies from H? than from H.
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d4 "o, +mp o3 @70 t t
/ Pnpet | o @ P L Y
(27T) —¢03 & ")/5 i’y“ﬁu +mg Yuk Yuk

16x16
(4.63)

The calculation here would be similar to it in the first case, and one can eventually

achieve an equation, of the form

ctiy ctio dp [dwip  dwap
Gl —¢+...:_/ + , (4.64)
yﬁk yik (27)3 do do
with now the eigenenergies
N m% +m%) + /(mp —mg)2[(mp + mg)? + 4¢2
N L S R/ G P+
2 2\ _ — 2 2 1 402
wgb :]52 + ¢2 4 (mp +mg) \/(mD ;’"LS) [((mp +mg)? + 4¢ ] (4.65)

The equation (4.62) and (4.64) must be valid to any order of Higgs fields, For

our purpose, we only need the leading terms, which read

_/ d3p |:1 i_ (mD+mS)2:|_ct11¢+Ct11¢
wi  wy  wiws(wy + ws) 5k yik 7

(2m)3 y
d®p 1 1 mp — mg)? ct11 ct11
_/ . [ 1 )|~ 1, Sy (4.66)
(2m) wi  wy  wiwz(wr +ws) Yuk Yuk
Accordingly, the coefficients are determined by
d? 11 m3, + m%
Ctllz_ka/ pg [‘F—Ds]a
(2m)3 (w1 we  wiwa(wy + we)
d3p [ 2mpmg ]
ctig = Y2 / , 4.67
12 Yuk (271')3 (%) (w1 + LUQ) ( )
where
wi =p” +mp,
ws =p* +m. (4.68)

Considering the continuum theory, one may immediately notice that cti; is

quadratically divergent, as expected; while the divergence of ctio is logarithmic,
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or null for massless fermions.

On the lattice, they are really calculated by

T Bk 1 1 am?, + am?
a20t11=—y5k/ [ + — - D 5 }

. (27)3 lawr  aws  awjaws(awr + aws)
T A3k 2ampam
2 2 D S
t10 = 4.69
@2 = Yuk /,, (2m)3 [awlawg(awl —i—awz)] ’ ( )

where the rescaled energies are

aw? =sin® (k1) 4 sin®(kg) + sin®(k3) + am?),

aw3 =sin? (k1) 4 sin® (ko) + sin®(k3) + am%, (4.70)
and the masses

amp =rp(3 — cos? (k1) — cos®(kg) — cos®(k3)),

amg =rg(3 — cos? (k1) — cos?(kg) — cos?(k3)). (4.71)

with Wilson parameters rp and rg for doublets and singlets separately. Then it is

easy to carry out the finite integral (4.69) numerically.

4.3 Simulations and results

We perform the simulations on a cubic lattice of physical volume (Na)? with the
number of sites N = 32 in each direction and a lattice spacing a = 1.2/v where v=246
GeV is the Higgs vacuum expectation value. We implement the ensemble fermion
method in simulations and eventually choose the number of realizations /N,=4000,
with which we have tested and found the dynamics and all observables (except Ny)
safely converge. The simulations are in practice carried out by MPI-parallelized
runs, and each job normally takes 80 processors and about 8 hours. Therefore the
total cpu-hours used for 400 pairs of normal and CP-conjugate configuration is
approximately 500,000 hours.

In Fig 4.3, we demonstrate the observables that are measured every 10 steps in a
single simulation, including the average Higgs fields, the Higgs winding numbers, the
Chern-Simons number and the fermion number. In fact, <¢%72> have been rescaled

separately for two Higgs fields by their vacuum expectations, and therefore these
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vt

Figure 4.3. Basic observables for a single bosonic realisation; d)iQ, N‘}I}Q, N¢s and a not
very well converged Ny.

0.00

Figure 4.4. The energy densities from the same simulation as in Fig 4.3
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two numbers are unity when the Higgs fields are in the finial vacuum state. One
can read from the average Higgs fields that after the start of the simulation, the two
Higgs fields roll down from the center of the potential, and after the first two big
oscillations which happen before t ~ 10/v, the average Higgs fields eventually settle
down with smaller oscillations around the minimum of the potential. During the
first two oscillations, the energy is mainly stored in the Higgs fields, accompanied
with energy transferring between kinetic energies and potential energies. This is the
observation that we can deduce from energy densities in Fig 4.4. After the second
oscillation, the energy transfers quickly from Higgs fields to the gauge field. At the
same time, the topological structures start to be generated and in this example,
the Chern-Simons number changes from 0 to 4, following the two Higgs winding
numbers. Those observables do not settle until ¢ ~ 20/v, and afterwards the energy
in bosonic fields also remains stable. In comparison, the fermion fields gain energy

gradually but persistently.

50.!.!.!.!.!.!.!.!
L A

cs

sof  scalezo7s L mm N
. . . . . . . . . . . . . . . 2

30

20

10

910 -8 -6 -4 -2 0 2 4 6 8 10

Figure 4.5. Histograms of final values of N and N‘}‘}Z. The distribution peaks around
integers, when normalised by a multiplicative lattice correction factor of 0.73.

The winding numbers, the degree of a continuous mapping in the continuum
theory, are more likely an integer when the Higgs fields settle down. While in
reality, they suffer from the finite lattice resolution which would reduce the number
to somewhat below the integer, so does the Chern-Simons number. (An example
with a fine lattice resolution can be found in Fig 3.4, 3.5.) Fortunately, such impact
can be easily estimated through a statistical study and effectively compensated by
a rescaling. In Fig 4.5, we list in a histogram all collected final winding numbers

and Chern-Simons numbers, after all numbers have been in fact rescaled by 1/0.73
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to compensate the lattice corrections. As a result, the peaks can be observed well

around integers.

4.3.1 Events and averages

Now we move on to study the C'P-violation. For this purpose, we first pair two
simulations, one with normal initialization and the other its C'P-conjugate. Over
the pair, the average Chern-Simons number and winding numbers will be exactly
zero if the C-violation is off in the Higgs potential. With the C-violation on, the
CP asymmetry in these topological numbers is usually tiny. In Fig 4.6, we show
the outputs from such a pair of negligible C'P asymmetry, where for comparison, we
have flipped the sign of the observables in the C'P-conjugate simulation.

But there is the possibility that noticeable CP-violation could occur in pairs
of simulations. Fig 4.7 demonstrates one such successful example. We see similar
evolution of observables (up to an overall sign) in the beginning, but around ¢ ~ 20/v,
a deviation starts to appear. Eventually, the asymmetry settles down after ¢ ~ 30/v
and a net winding number of Ny = +1 can be read for the event, after we count
the flipped sign for the observables from C P-conjugate simulations and the rescaling
factor of 1/0.73 due to the lattice corrections. There is also the possibility that pairs
attain net Ny = —1.

In Fig 4.8, we display the final values of NI%V with all 400 normal configurations
(black) and their C'P-conjugate (white), rescaled with the correction factor 1/0.73.
As it shows, the two outputs in a pair most likely overlap each other, so that the
black square is practically hidden. But we can indeed observe a few exceptions.
In summary, among 400 pairs we have accumulated, there are a total of 16 events
where a simulation and its C'P pair have different topological numbers (up to an
overall sign), and they correspond to flips, 6 times net +1 and 10 times net -1.

The statistical results over time, with the mean (red line) and one standard devi-
ation (green band), are shown in fig 4.9, on observables, (in the clockwise direction),
(#%), (#3), Nes, Ny, N3, and Njj,. The average Higgs fields are well behaved statis-
tically, and described by damped oscillations around the minimum of the potential.
Both (¢?) will be unity, if the Higgs fields sit exactly at the minimum point. While
the oscillations in practice reduce the average Higgs fields to somewhat smaller than

unity, because around the minimum, the potential is broader where Higgs fields stay
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Figure 4.6. A configuration and its CP conjugate, where no net asymmetry is produced.
The sign of the observables for the CP conjugate has been flipped.

— N&(N) == N(CP)

vt

Figure 4.7. A configuration and its CP conjugate, where a flip occurs and an asymmetry
is produced.
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Figure 4.8. Final values of N3, for configurations (black)
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Figure 4.9.

entire bosonic ensemble. The mean values are represented by red lines.
deviations are displayed in green bands.

50

Clockwise: (¢%), (¢3), Ncs, Ny, N, and Ny, when averaged over the

The one standard

close to the center and steeper where (|¢|) are bigger than the vacuum expectation

values. Comparatively, the statistical uncertainty is larger in the Chern-Simon num-

ber and Higgs winding numbers and we can see Nog = Ny = 0 is on the edge of one

standard deviation. The fermion number is badly behaved, but probably suggests

the same sign of CP asymmetry as Chern-Simons number and winding numbers

indicates.
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4.3.2 Asymmetry

Our simulations provide a baryon asymmetry of

1Ny -N_

S i 472
"BV T 9N, (4.72)

where the practical physical volume is V = (Na)3, with N = 32 and a = 1.2/v. The
energy density available in the beginning of simulations is approximately the initial
potential energy density, pg = (174 GeV)*. On the other hand, by assuming the

energy should be distributed over all active degrees of freedom, we can write

2

« T
p=yg %T“. (4.73)

The effective number ¢* is 28 for the reduced Standard Model that we are using,

specifically
. 7
g:3><3—i—5+§><4><4:28, (4.74)

with three gauge bosons ((W*, Z) of spin 1, three neutral Higgs bosons and two
charged ones, as well as four Dirac fermions. We assign ¢* = 7/8 to each fermionic
degree of freedom, as for relativistic fermions, we calculate the energy density in the
form of

d3p p 7w 4
= ———+r —_°_T 4.
P / @rpPer/T+1 830" ° (4.75)

while for bosons,

*p  p -

We can also write down the entropy density as

) 3
T8 = 1.01 x (g%)M4p3*, (4.77)

=9 5
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and (np/s) is constant during the evolution afterwards. One can relate the present

entropy density with the photon density via s = 7.04n,., by noticing

d3p 1 QC(3) 3
nT_Q/(QW)?’eP/T—l— 2 T°, (4.78)

where ((n) is the zeta function, and to achieve the right number 7.04, one also needs
to consider the effective number of neutrino species.

As a result, we get

3
— =6.97 — | . 4.79
Ty (av)3N3 2Ny (g7) p(1)/4 (4.79)

Using g* = 28, v = 246 GeV, pé/4 ~ 174 GeV, N = 32 and av = 1.2, we find

N, — N_ Ny + N_
—83x10 9 x 14,/ T 4.80
n X X 2Nt0t ( (N+ — N_)2> 3 ( )

where the one standard deviation error applies for Ny, > 1, and the statistical
error will be large if there are many flips cancelled out (N; + N_) > (N, — N_)?
The observed asymmetry of 6.0 x 10719 corresponds to one uncancelled flip in 10°
configurations.

In all 400 pairs of realizations that we have accumulated, we found N, = 6
flips with +1 difference in Ny ; and N_ = 10 with -1. Therefore, we obtain the

baryon-to-photon ratio of
ne~-35x10"" x (1.0 £ 1.0). (4.81)

The numerical signal is at the boundary of what is numerically discernible with
the available computer resources, but we tentatively find an asymmetry of |n| <

3.5x 1077,

4.4 Conclusion

In this chapter, we have measured a baryon asymmetry, by including simultaneously
the B 4+ L anomaly, C- and C' P-violation, as well as an out-of-equilibrium state, in

real-time lattice simulations. As a result, we have calculated the baryon-to-photon
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ratio and obtained n =~ —3.5 x 1077 x (1.0 & 1.0). Because of the big statistical error,
the present simulations can not exclude zero explicitly. But the remedy is straight-
forward, one can always improve the result with larger statistics, which means more
simulations.

We in practice introduce the CP-violation to the reduced Standard Model,
through breaking the C-symmetry in the two-Higgs potential. It is always our
wish to know which parameter choice in the model could provide the maximal C P-
violation. Given the parameters allowed by experiments, we realize it is still difficult
to answer how big the C P-violation could be, unless we simulate the scenario ex-
plicitly.

Despite not knowing which parameter choice could yield maximal C P-violation,
we indeed discover there are some choices which will definitely lead to no asymme-
try, even though the C-symmetry violated explicitly in the Higgs potential. This
corresponds to the accidental symmetry C’P that we found in section 4.1.1. On the
other hand, it is easy to show that such accidental symmetry will be automatically

forbidden when the hyper U(1) gauge field exits in the simulation.



Chapter 5

Summary and Outlook

The main goal of the thesis was to establish real-time simulations for Cold Elec-
troweak Baryogenesis, with one-generation of fermions explicitly included. As a
result, all Sakharov’s three conditions can be fulfilled in our first-principles numeri-
cal simulations and a baryon asymmetry can be measured from large-scale computer
simulations.

We first presented the chiral anomaly by solving the Dirac equation for fermions
in parallel electric and magnetic fields. The anomaly is related only to the lowest-
energy Landau levels. For massless fermions, the chiral anomaly can be seen as a
result of the production of particles of one chirality, and no production of particles
of the other chirality. If fermions are massive, the method can lead to the chiral

anomaly in the general form,

2
Ou(Thiny ) = 2im(Tin") — 5 B B, (5.1)
or
— _ 62
O (Tpinky*y) = 2im(TPy ) + WEWPUFWFPU- (5.2)

Notice the proper regularization is necessary to obtain the expression above. As a
matter of fact, it is the regularization that accounts for the E in the last term of (5.1),
instead of the particle production whose rate 6_%W would be non-perturbative
of E. More importantly, the regularization in the continuum theory can not be

applied to the lattice theory, where the range of momentums is finite, in comparison

with the infinite momentum range in the continuum theory. On the lattice, the

121
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chiral anomaly is obtained by Wilson fermions, which yield the chiral anomaly in a

sequence [20],

2

Au(Tpinty ) = —2iMTW<T%5DiDi¢> = %

o3¢ EywFpo. (5.3)

where D; is the spatial gauge covariant derivative and the expression (5.3) does not
depend on the value of ry, as long as it is not zero. We in practice only introduced
spatial Wilson terms to remove spatial doublers. For the temporal doubling problem,
we discovered that by choosing the initial values for fermion properly, the temporal
doublers will not be excited in the practical simulations. To cooperate with real-
time simulations and such initialization, a proper renormalization scheme has been
constructed and the coefficients of counterterms can be determined accordingly.

On the other hand, we extended the calculation of the chiral anomaly to the gen-
eral anomaly cancellation, and found that with the fermion content of the Standard
Model, the B — L symmetry is anomaly free, but the B 4+ L symmetry must be vi-
olated as a quantum anomaly. Therefore, the baryon number non-conservation can
be explained by the B + L anomaly. Another necessary condition for the baryogen-
esis, the out-of-equilibrium, can be achieved as a result of the spinodal (tachyonic)
instability in Higgs IR modes during a cold electroweak transition.

With ensemble fermions, we carried out real-time simulations of the cold elec-
troweak transition, based on the reduced Standard Model [70], which included the
SU(2) gauge field, the Higgs field and one generation of fermions. We tested the
validity of the method of ensemble fermions and found the dynamics and most ob-
servables could converge with the number of fermion realizations, N, = 2400, which
was numerically tractable. In particular, the B + L anomaly could be measured
accurately with large N, and the spinodal instability in practice leaded to a large
energy transfer in the beginning of the transition. We applied the method to mea-
sure the fermion occupation number, and observed that at the later time of the
evolution, a thermal equilibrium could emerge to fermion IR modes. According
to the Fermi-Dirac distribution, the fermion temperature during the transition was
calculated, which was found never below 20 GeV. The result could indirectly rule
out the Standard Model C P-violation as the source of the baryon asymmetry of the

Universe, because the viable Standard Model baryogenesis requires the transition
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temperature of order 1 GeV at most.

Therefore, we moved on to recruit another Higgs doublet, so that new CP-
violation could be introduced as a result of extra C-violating terms included in the
two-Higgs potential. We selected the scalar potential by requiring a high sphaleron-
transition rate. We also chose carefully the Yukawa interaction in order to avoid some
accidental symmetry that could ruin the baryon asymmetry. With all Sakharov’s
three necessary conditions fulfilled, we eventually performed such first-principles
simulations with 400 pairs of initial configurations, and finally obtained the baryon-

to-photon ratio,
ne~—4.2x1077 x (1.0 + 1.0). (5.4)

As the next project, we intend to reduce the statistic error in (5.4), by imple-
menting more simulations. Also as an interesting plan, simulations can be extended
to involve three generations of fermions, such that the baryon anomaly caused by the
CKM and PMNS matrices can be studied. This approach will be non-perturbative,
in a sense that all orders of fermion backreaction will be included. Possibly, this
might not be easily achieved by the ensemble fermions, as a very large number
of fermion realizations will be required to enable the top quark physics converge.
But theoretically, there is no problem to implement the simulation with the mode
function method.

At present, we have only involved the SU(2) gauge theory, which is essential in
the B + L anomaly, because of the existence of the non-trivial topological number,

the Chern-Simons number,

Ncs

. 2
=0 / d3zedF Ty [Al-ij—l—z?)AiAjAk ,

while in comparison the Chern-Simon number for the U(1) gauge field is zero. By
including the complete electroweak SU(2) x U(1), we can further measure from
simulations the cosmic magnetic fields as a result of the electroweak transition [64].
Also we see in Chapter 4 that the U(1) gauge theory could remove the unwanted
accidental symmetry. In order to have anomaly-free SU(2) x U (1) without the SU(3)
color index, the weak hypercharge for quarks must be modified. The possibility is

discussed in Appendix A.



Appendix A

Anomaly free SU(2) x U(1)

Assume the hypercharge for (ur, dr), u%, d%, (vr, er) and e% are a, b, ¢, d and e
respectively. By requiring that the SU(2) x U(1) gauge theory and B — L symmetry
are anomaly free, we need to carry out the anomaly cancellation in following way,
(similar as we did in Chapter 2)

SU(2) - SU(2) — U(1) :

a+d=0, (A.1)
Ul)-=U@1) = Up-1(1):
20 — b —? —2d* + 2 = 0. (A.2)
UQ1) - U@Q) - U(Q1)
203 + 03 + S +2d° + €2 =0, (A.3)

The solution can be easily found as

a=—d, b=-—e, c¢=0; (A.4)
a=—-d, c=—-e, b=0. (A.5)
Apparently, the Standard Model hypercharge (a = —%, b= %, c= —%, = %, e=

—1), can not be the solution. In addition, if we want to have the same B+ L anomaly

124
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as it is in the Standard Model,

Oudy = Ol = Gz FiFoo = 13" B By (A.6)
the following equation should be satisfied,
2 — = (A.7)
=3 )

In practice, we can keep the same weak hypercharge for leptons, that is (d = %, e=
—1), and therefore the electromagnetic charge should be calculated in the same way
as it is in the Standard Model, i.e. @ = T35 — Y. Another requirement is that the

electromagnetic charge of quarks will be opposite to the charge of anti-quarks,
1 1
up quark : Q—a:—(O—b), down quark : —i—a:—(O—c). (A.8)
Finally, the solution can only be:
1 1
a=-g, b=+1, c¢=0, d:+§, e=—1. (A.9)

As we can see in Table A.1, without color SU(3), the quark charges are no longer

fractional.
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electromagnetic charge | weak isospin | weak hypercharge
Q=T13-Y T Y
u +1 +1/2
(1), ) S| e
u§, ~1 0 +1
d% 0 0 0
v 0 +1/2
+1/2
( e > I -1 —1/2 /
v, 0 0 0
5 +1 0 ~1

Table A.1. For SU(2) x U(1), the electromagnetic charge ), weak isospin T5 and weak
hypercharge Y of the first-generation fermions, with a relation Q =75 — Y.
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