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Abstract

We study the chiral anomaly by solving the Dirac equation for fermions in paral-

lel electric and magnetic fields. In such case, only the lowest-energy Landau levels

are relevant to the anomaly. Specifically, for massless fermions, the chiral anomaly

is a result of the production of particles of one chirality, and no creation of parti-

cles of the other chirality. For massive fermions, we find that the chiral anomaly

equation can be simply obtained via a proper regularization of the range of the

momentum. We extend the method to anomaly cancellation, and conclude that

the conservation of the baryon number plus lepton number must be violated as a

quantum anomaly in the context of the Standard Model. Accordingly, such baryon

number non-conservation can play a vital role during the electroweak transition to

achieve the baryon asymmetry of the Universe.

Through real-time lattice simulations, we refine the implementation of ensemble

fermions for a cold electroweak transition, involving the SU(2) gauge field, Higgs field

and one generation of fermions. We find that the dynamics and most observables

converge quickly with a reasonable number of fermion realizations, and the method

of ensemble fermions for the entire electroweak sector becomes numerically tractable.

We apply the method to the computation of the effective preheating temperature

during a fast electroweak transition, relevant for Cold Electroweak Baryogenesis. We

find that the fermion temperature is never below 20 GeV, and this can indirectly

rule out Standard Model CP -violation as the origin of the baryon asymmetry of the

Universe, as Standard Model cold baryogenesis requires a temperature of at most of

order of 1 GeV. For this reason, new CP -violation source from physics beyond the

Standard Model is required in order to explain the baryon asymmetry.

We further present a first-principles numerical computation of the baryon asym-

metry in electroweak-scale baryogenesis, where the CP -violation is obtained as a

consequence of including another Higgs doublet. For one particularly favourable

iii



Abstract iv

scalar potential that could provide a high sphaleron transition rate, we calculate the

asymmetry through large-scale computer simulations. The numerical signal is at the

boundary of what is numerically discernible with the available computer resources,

but we tentatively find an asymmetry of |η| ≤ 3.5× 10−7.

We also find it is attainable to include the complete electroweak SU(2) × U(1)

gauge fields in the reduced Standard Model that we are using in practical simulations,

so that in further studies we can measure the cosmic magnetic field generated during

the electroweak phase transition.
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Notation

For 3+1 dimensional Minkowski space, the signature of the spacetime metric ηµν is

(−,+,+,+).

The antisymmetric Levi-Civita tensor εµνρσ is chosen in such a way that ε0123 = +1.

The gauge covariant derivative is denoted by Dµ = ∂µ − iAµ. The field strength

tensor is define as Fµν = i[Dµ, Dν ], and accordingly the electric and magnetic parts

are separately Ei = Fi0 and Bi = 1
2εijkF

jk.

For the Dirac algebra, the Weyl representation is employed,

{γµ, γν} = 2ηµν , ψ̄ = ψ†iγ0, γ5 = −iγ0γ1γ2γ3.

with explicitly

γ0 =

 0 iI

iI 0

 , γj =

 0 iσj

−iσj 0

 , γ5 =

 I 0

0 −I

 ,

where Pauli matrices are,

σ1 =

 0 1

1 0

 , σ2 =

 0 −i
i 0

 , σ3 =

 1 0

0 −1

 .

The left-handed projector is define as 1+γ5

2 , so that a left-handed spinor satisfies

ψL = γ5ψL; the right-handed projector is 1−γ5
2 , and a right-handed spinor satisfies

ψR = −γ5ψR.

Charge conjugation in this convention can be determined respectively,

ix



Notation x

for the scalar field,

φC(t, x) =φ?(t, x),

for Dirac fermion field,

ψC(t, x) =− γ2ψ?(t, x),

for the gauge field,

ACµ(t, x) =−ATµ (t, x).

Parity transformation is performed,

for the scalar field,

φP(t, x) =φ(t,−x),

for Dirac fermion field,

ψP(t, x) =iγ0ψ(t,−x),

for the gauge field,

AP0 (t, x) = A0(t,−x), APi (t, x) = −Ai(t,−x).

CP transformation can be implemented as

for the scalar field,

φCP (t, x) =φ?(t,−x),

for Dirac fermion field,

ψCP (t, x) =iγ0γ2ψ?(t,−x),



Notation xi

for the gauge field,

ACP0 (t, x) = −AT0 (t,−x), ACPi (t, x) = ATi (t,−x).



Chapter 1

Introduction

A great part of this work, which is also the crucial part, is to solve the Dirac

equation for quantum fermions. It is striking that almost all properties of fermions,

which are rich from an experimental point of view, can be derived merely from

solving the Dirac equation, which is itself simple in form. The solutions of the Dirac

equation for free fermions can already explain the outstanding features of fermions,

like their half-integer spin [1] and the existence of anti-fermions [2], which was first

proposed by Dirac himself. Strictly speaking, the Dirac equation can be solved

analytically only for fermions in a few circumstances, and for our concern, besides

free fermions, these circumstances include a constant magnetic field, constant electric

field, and parallel electric and magnetic fields (for other solvable cases, see [29, 66]).

Properties of fermions, such as the Landau levels, pair production, and the quantum

anomaly, can be provided by these exact solutions. But ultimately, we have to rely

on numerical calculations, when exploring more general situations, specifically, as

we will consider, the interaction between fermions and bosons. Before we move on to

numerical simulations, it is worth examining those circumstances of exact solutions,

as they will improve our understanding of fermions in the gauge field.

The Dirac equation for fermions within a constant magnetic field can be trans-

formed into an equation that describes harmonic oscillators, and therefore the fermions

in this situation share with harmonic oscillators the same properties, such as quan-

tization and degeneracy of energy levels. For fermions in a constant magnetic field,

such levels are known as Landau levels [19, 29], of which the lowest-energy levels

are most special, for the spin direction of an electron in these levels must be op-

posite to the direction of the magnetic field. As a result, the physics for fermions

1



Chapter 1. Introduction 2

in the lowest-energy Landau levels is simple and the effective theory would be 1+1

dimensional QED.

For fermions in a constant electric field, the equation was first solved by Sauter

[3], who wrote the solution in the form of contour integrals. The solution can also be

simply represented by parabolic cylinder functions, which will be the way we adopt

in Chapter 2. As a consequence of the existence of the electric field, the system

could tunnel from the vacuum state to a state with a pair of electron and positron,

with the rate

e
−m

2+p2⊥
e|E| π

. (1.1)

where m is the mass of electron, p⊥ the transverse momentum and E the strength

of the electric field. This result is apparently non-perturbative in the gauge field.

Based on Sauter’s work, Heisenberg and Euler [4] had considered fermions in

parallel electric and magnetic fields, and obtained the energy density in the form of

E and B. Through a Legendre transform, they eventually wrote down the famous

Heisenberg-Euler lagrangian,

LHE =
1

2e2
( ~E2 − ~B2) +

1

hc

∫ ∞
0

e−η
dη

η3

iη2 ~E · ~B
cos
(

η
|Ek|

√
~E2 − ~B2 + 2i ~E · ~B

)
+ conj.

cos
(

η
|Ek|

√
~E2 − ~B2 + 2i ~E · ~B

)
− conj.

+|Ek|2 +
η2

3
( ~B2 − ~E2)

]
, (1.2)

where the critical field strength is |Ek| = m2c3/~, and electric and magnetic fields

are supposed to be constant or slow varying. Because of these non-linear terms, the

theory predicts the light-light scattering in high energy regime. Also notice that the

last term will be closely related to the field strength renormalization. For a review

of Heisenberg-Euler lagrangian, see [57, 74].

Instead of solving the Dirac equation directly, the Heisenberg-Euler lagrangian

can also be achieved by integrating out fermions in the path integral,

ei
∫
d4xLHE =

∫
[Dψ̄][Dψ]eiSG+iSF , (1.3)
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where

SG = −
∫
d4x

1

4e2
FµνF

µν , SF = −
∫
d4x

[
ψ̄γµ(∂µ − iAµ)ψ +mψ̄ψ

]
.

or equivalently,

∫
d4xLHE = SG − i ln Det [γµDµ +m] . (1.4)

Schwinger [5] solved (1.4) using the method of proper-time quantization, and as one

of results, the Heisenberg-Euler lagrangian (1.2) was rediscovered. In [5], Schwinger

also obtained the vacuum persistence probability for a system of spatial volume V

over time T that the vacuum state remains to be the vacuum state with the existence

of the electric field,

P = e−wV T , with w =
2(eE)2

(2π)3

+∞∑
n=1

1

n2
e−

nπm2

eE . (1.5)

As we will see in Chapter 2, such probability can also be derived from the pair-

production rate (1.1).

The chiral anomaly is another extraordinary feature of fermions, satisfying the

equation,

∂µ〈Tψ̄(t, x)iγµγ5ψ(t, x)〉 = 2im〈Tψ̄(t, x)γ5ψ(t, x)〉+
e2

16π2
εµνρσFµνFρσ. (1.6)

In comparison with other properties of fermions, the chiral anomaly was discovered

later [10, 11] and hence was not included in the early works that we mentioned

above. But as we will demonstrate in Chapter 2, the discussed setup of parallel

electric and magnetic fields is sufficient to illustrate the existence of the anomaly,

which is in practice caused only by the lowest-energy Landau levels. For this reason,

the chiral anomaly can be fully interpreted by 1+1 dimensional calculations [23, 35].

The chiral anomaly reveals a general fact that any “classical” symmetries could

be violated by quantization 1 and symmetries working in the quantum level are the

symmetries that have the anomaly cancelled through all fermion triangle diagrams.

The cancellation essentially depends on the fermion content. As a matter of fact,

1More precisely, it is the regularization that breaks the chiral anomaly.
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the Standard Model fermions suffice to support the symmetry SU(3)×SU(2)×U(1)

being anomaly free. Moreover, the same fermion content also preserves the B − L
symmetry, which stands for the conservation of the baryon number B minus the

lepton number L. In comparison, in the context of the Standard Model, the B +

L symmetry (referring to the conservation of the baryon number plus the lepton

number) must be violated as a quantum anomaly, in the form of,

∂µj
µ
b = ∂µj

µ
l =

nf
64π2

εµνρσF aµνF
a
ρσ −

nf
64π2

εµνρσBµνBρσ, (1.7)

where F aµν and Bµν are separately the field strength tensor for SU(2) and U(1) gauge

fields. Each quark is assigned with baryon number B = +1
3 , and each anti-quark

B = −1
3 . Similarly, for a lepton L = 1 and for an anti-lepton L = −1. The factor

nf = 3 is the number of fermion generations. The integral expression of (1.7) leads

to [17]

NB(t)−NB(0) =

∫ t

0
dτ

∫
d3x∂µj

µ
b (x)

=NCS(t)−NCS(0) =

∫ t

0
dτ

∫
d3x

nf
64π2

εµνρσF aµνF
a
ρσ, (1.8)

and the integral of the U(1) part vanishes. This connects the baryon number to

the topological number of the SU(2) gauge field, the Chern-Simons number, and

the change of the Chern-Simons number corresponds to the change of the baryon

number.

Theoretically, the B + L anomaly during the evolution of the early universe

could lead to the observed baryon asymmetry, which is represented in the present

baryon-to-photon ratio of the value [73, 81]

η =
nB
nγ

= 6.0× 10−10, (1.9)

where nr is the number density of photons and nB the number density of baryons

minus anti-baryons. The asymmetry could be imposed as an initial condition, but

it is unnatural to explain its value. Moreover, if the inflation theory is correct, any

such initial value will be diluted by the inflation. To have baryogenesis, by which

we refer to the mechanism that can produce the observed value of η in (1.9), three

necessary conditions have been proposed by Sakharov [9],
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1. baryon number non-conservation;

2. C- and CP -violation;

3. out-of-thermal-equilibrium.

The non-conservation of baryon number is obviously necessary, for baryogenesis is

essentially a mechanism during which more baryons are produced than anti-baryons.

The C-symmetry, if it is not broken, can account for the production of the same

amount of baryons and anti-baryons that have the same momentum and spin. Sim-

ilarly, the CP -symmetry corresponds to the symmetry between baryons and anti-

baryons that have the opposite momentum but the same spin. If either symmetry

exists, there will be no opportunity to achieve an excess of baryons over anti-baryons.

In thermal equilibrium, if a process increases the baryon number, then the baryon

number will be decreased at the same rate by its reverse process. Therefore the

out-of-equilibrium is also necessary.

The Standard Model has sources for all Sakharov’s three conditions. The baryon

number non-conservation can be accomplished directly as a consequence of the B+L

anomaly. Furthermore, the C-symmetry is maximally broken in the electroweak

theory. Also, the CP -violation is contained in the Standard Model, in the form

of a complex phase included in the CKM matrix [12], the three-generation quark

mixing matrix. In addition, there could also exist similar CP -violation in the lepton

(neutrino) mixing matrix, known as PMNS matrix [6, 7]. The out-of-equilibrium

can commonly be caused during the phase transition of Higgs field, 2 for instance,

by the spinodal (tachyonic) instability in Higgs IR modes that we will consider later.

The main goal of the thesis is to study electroweak baryogenesis through real-

time simulations, with quantum fermions fully included. The only approximation

that we need to do is the mean field approximation for bosonic fields. But as we will

see in the following section, such approximation is well justified, that the bosonic

fields in the electroweak transition can be accurately described by classical physics,

because of their large occupation numbers. We will first implement the simulations

based on the Standard Model, as close as possible and the mechanism we follow is

Cold Electroweak Baryogenesis [56].

2While as a matter of fact, the Standard Model Higgs field does not suffice to produce the
first-order phase transition [38, 39].
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1.1 Cold Electroweak Baryogenesis

Cold electroweak baryogenesis proposes that baryogenesis happened during the elec-

troweak symmetry breaking, triggered by the Higgs field going through a rapid and

cold quench transition, with the potential that can be written as,

V (φ) = µ2
effφ
†φ+ λ(φ†φ)2 +

µ2

4λ
. (1.10)

where the effective mass parameter µ2
eff changed from positive value to the present

negative value, −µ2 = −(125 GeV)2/2. The reason for the quench might be that

the Higgs field coupled to gravity or the inflaton via the effective mass term and

these fields changed during the (p)reheating 3 [46, 47, 53, 56]. But here, we will not

pursue the dynamics for the quench. Instead, we in practice introduce the quench

time τQ and parameterize the effective mass parameter as

µ2
eff(t) =µ2

(
1− 2t

τQ

)
, t < τQ,

=− µ2, t > τQ, (1.11)

or more frequently, in the form of the instantaneous quench,

µ2
eff(t) = + µ2, t < 0,

=− µ2, t > 0. (1.12)

In the framework of Cold Electroweak Baryogenesis, the baryon number non-

conservation is achieved through the B + L anomaly. With regard to the CP -

violation source, the CKM matrix has been considered for baryogenesis in [56], where

a cold electroweak transition was originally proposed. The temperature during the

electroweak transition should be low, as the CP -violation due to CKM matrix is

highly suppressed by the temperature. The study in [68] further suggested that the

electroweak transition temperature should be at most of order 1 GeV, in order to

have a viable Standard Model baryogenesis. However, the results in lattice simula-

tions [60, 76] (see also Chapter 3) indicate the temperature is never below 20 GeV

3The energy is assumed to be transferred from the inflaton to Higgs field and then to other
Standard Model particles to reheat the Universe. The process can happen quickly through the
parametric resonance, for bosonic fields [34, 42], as well as for fermionic fields [43, 48]
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during cold electroweak transition. Thus, the Standard Model CP -violation as the

origin of the baryon asymmetry can be ruled out. Therefore to achieve a realistic

baryogenesis, it is necessary to recruit a new CP -violation source from physics be-

yond the Standard Model. For this reason, we consider the minimal extension, that

is, including another Higgs doublet, so that the CP -symmetry is broken as a result

of the extra C-violating terms contained in the two-Higgs potential [13, 30, 31].

In Chapter 4, we are going to simulate such a Cold Electroweak Baryogenesis and

estimate the baryon asymmetry.

In the scenario of cold electroweak transition, the out-of-equilibrium is generated

by the spinodal (tachyonic) instability developed in IR modes during the Higgs field

rolling down from the center of the potential. Immediately after the departure, a

long-wave mode of momentum k can grow exponentially,

φk(t)→ et
√
µ2−k2 , if k2 < µ2, (1.13)

as the solution of the equation of motion,

φ̈k + k2φk − µ2φk = 0,

and eventually the exponential growth will be stopped when the quartic term in

the potential becomes no longer negligible. As a consequence, the Higgs occupation

numbers for those unstable modes can become very large, and in addition, through

interactions, low-momentum modes of the gauge field can also be highly occupied

[56].

One advantage of Cold Electroweak Baryogenesis is that the evolution of quan-

tum Higgs and gauge fields in the process can be accurately described by the classical

physics, owing to the large occupation numbers [49, 50, 52]. Large particle num-

ber can indeed lead to some simplification. For instance, for creation operator b†k,

annihilation operator bk, and n-particle state |n〉, the following approximation,

〈n|b†kbk|n〉 = n ' n+ 1 = 〈n|bkb†k|n〉, (1.14)

would be valid when the particle number n � 1. Actually, for most physical

observables, which would be in the form of the time-ordered product, such that
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〈n|Tφ(x)φ(y)|n〉 ∼ 〈n|bkb†k + b†kbk|n〉, the error caused by the approximation will be

the same order of 1/n. To some extent, equation (1.14) corresponds to ignoring the

commutation relation for bosons, 〈n|[bk, b†k]|n〉 which is tiny compared to 〈n|bkb†k|n〉
and 〈n|b†kbk|n〉.

In Fig 1.1, we show the typical energy partition during the cold electroweak

transition. The Higgs field is initialized in the false vacuum (〈φ〉 = 0), and the main

0 10 20 30 40 50
Time t/mH

0.1

0.0

0.1

0.2

0.3

0.4

0.5

En
er

gy
 D

en
si

ty
 /
m

4 H

Ele Mag Phi Fem Tot

Figure 1.1. The energy densities of the electric part of the gauge field (Ele), magnetic
part (Mag), the Higgs field (Phi) and fermions (Fem) in the cold electroweak transition.
The time and energy densities are rescaled with mH = 125 GeV. The physical volume is

V =
(

48×0.63
mH

)3
. For more details, see Chapter 3.

energy in the beginning is in the form of Higgs potential energy. The evolution is

triggered by the Higgs field rolling down from the center of the potential and the

spinodal instability in IR modes is developed accordingly. The energy is quickly

dispensed to the Higgs kinetic part as well as to the gauge field, and the Higgs field

will eventually undergo damped oscillations around the minimum of the potential.

The energy transfer during the first Higgs oscillation (t < 7/mH) is quick and

massive, and the production of bosons mainly occurs during this period. In practical

simulations, large occupation numbers are indeed achieved. By assuming that only

low-momentum Higgs bosons are produced and moreover their momenta can be



Chapter 1. Introduction 9

ignored in comparison with the mass, as for unstable modes k2 < µ2, we arrive at

NmH

V m4
H

' 0.2, → N ' 5× 103, (1.15)

with N the total Higgs particle number. For each IR mode, the occupation number

is of the order of 100, given the total number of such unstable modes being 56.

Similarly, occupation numbers of the gauge boson would be of the same order.

In reality, fermions are usually excluded in numerical simulations of Cold Elec-

troweak Baryogenesis. 4 This is not because fermions are not important; on the

contrary, fermions are crucial in the B + L anomaly as well as C-, P - and CP -

violation. The reason for the exclusion is that a large number of variables is always

required to represent fermions in real-time simulations. The approximation con-

dition (1.14) does not apply to fermionic fields, as fermion occupation numbers,

restricted by the Pauli exclusion principle, can never be larger than one. Fermionic

fields should be always treated as quantum fields.

While the gauge and Higgs fields are classical, fermion dynamics can accordingly

become simpler. One attempt that we can imagine is to integrate out fermions, as

a Gauss integral of Grassmann numbers. At least, integration can be carried out in

form,

Det [γµDµ + yukφ] =

∫
[Dψ̄][Dψ]eiSF+iSY . (1.16)

where fermions interact with the gauge field through the covariant term in SF and

coupling to the Higgs field via the Yukawa interaction SY , with Yukawa parameter

yuk. Only for some simple background fields, the left-handed side can be sorted out

explicitly. 5 One example is the Heisenberg-Euler lagrangian (1.2), which is obtained

with the assumption of constant electric and magnetic fields. Except for those special

background fields, the practical calculation of (1.16) will strongly depend on the

perturbation of background fields, (for instance, by the heat kernel expansion [55]).

On the other hand, the gauge and Higgs fields, after experiencing the exponential

growth during the electroweak transition, may not be treated as small. For this

4Notice, Fig 1.1 comes from the simulation with fermions. From the perspective of the energy,
fermionic fields are less dominant in the time evolution of the system, in comparison with bosonic
fields.

5Quite possibly, if one can do so, one can also solve analytically the Dirac equation for fermions
in such background.
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reason, it does not look promising to integrate out fermions during the electroweak

transition.

Our primary goal of the thesis is to establish real-time simulations to embrace

Standard Model fermions, including interactions between quantum fermions and

classical bosons. The classical gauge and Higgs fields can indeed simplify the cal-

culations of quantum fermions. In the Feynman diagram, the bosonic fields appear

merely as external lines, and therefore the fermion one-loop is the only possible in-

ner loop. In the language of the correlation function, what we know about fermions

can all come from their two-point functions. In fact, the essence of the numeri-

cal method that we will introduce in the following section is that the method can

represent precisely the fermion two-point functions.

1.2 Fermions in real-time simulations

The first real-time simulation with fermions was given by [44], in a 1+1 dimensional

lattice, with the method known as mode function method, which is to evolve all

quantum mode functions according to the Dirac equation. When extending the

method to 3+1 dimension, one would encounter the difficulty to accommodate a

large number of variables for fermions on a lattice of reasonable size. For example,

to a cubic lattice with N sites along each direction, the number of variables is of

order N6, which is accounted for by the rapidly increasing number and size of mode

functions.

The proper way to show what the large number of variable corresponds to is to

consider the matrix constructed with all mode functions. For the sake of simplicity,

we will illustrate the analysis in 1+1 dimension and extend the result directly to

3+1 dimension. The 1+1 dimensional Dirac equation reads

(
γ0 d

dt
+ γ1 d

dx
+m

)
ψ(t, x) = 0, (1.17)

which can be written as a Schrodinger equation,

i
d

dt
ψ(t, x) = Ĥψ(t, x), (1.18)
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with the Hamilton operator,

Ĥ = iγ0γ1 d

dx
+ imγ0. (1.19)

For a lattice of N sites along x direction, the Hamilton operator acts on the wave

function as, 6

Ĥψ(x) = − iγ
0γ1

2dx
ψ(x− dx) + imγ0ψ(x) +

iγ0γ1

2dx
ψ(x+ dx). (1.20)

In the continuum theory, the operator could be represented as a infinite-dimensional

matrix; while on the lattice, the size of the matrix is only 2N × 2N . In order to

display it, we write the wave function into a 2N dimensional vector, and therefore

the super-vector and Hamilton can be written as

ψ(x)=



ψ(0dx)

ψ(1dx)

ψ(2dx)

ψ(3dx)

ψ(4dx)

ψ(5dx)



, Ĥ=



imγ0 iγ0γ1

2dx . . . iγ0γ1

2dx

− iγ0γ1

2dx imγ0 iγ0γ1

2dx . . .

. − iγ0γ1

2dx imγ0 iγ0γ1

2dx . .

. . − iγ0γ1

2dx imγ0 iγ0γ1

2dx .

. . . − iγ0γ1

2dx imγ0 iγ0γ1

2dx

− iγ0γ1

2dx . . . − iγ0γ1

2dx imγ0



,

(1.21)

where N = 6 is chosen for the purpose of demonstration. It is easy to show that

super-matrix Ĥ in (1.21) is Hermitian matrix, and therefore can be factorized as

ĤM = MΛ, (1.22)

where the diagonal matrix Λ is a collection of eigenvalues and the unitary matrix M

is a collection of eigenfunctions (mode functions). Similar analysis in 3+1 dimension

will lead to the super-matrix M as a 4N3×4N3 unitary matrix, with N the number

of site on each direction.

Moreover, the super-matrix M can be constructed specifically. In canonical

6The derivative is transformed into the difference in the form of,

d

dx
ψ(x)→ ψ(x+ dx)− ψ(x− dx)

2dx
.
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quantization, the fermion field operator can be written as

ψ̂(t, x) =
1√
V

∑
q,s

[
b̂q,sUq,s(t, x) + d̂†−q,−sV−q,−s(t, x)

]
, (1.23)

with the physical volume V , mode functions Uq,s(t, x), V−q,−s(t, x), and the anti-

commutation relation of creation and annihilation operators,

{b̂†p,r, b̂p′,s} = δrsδ
3
pp′ , {d̂†−p,−r, d̂−p′,−s} = δrsδ

3
pp′ , (1.24)

where we have already adopted the discretized version of the expressions (for more

details, see Chapter 3). The evolution of the field operator is described by Heisenberg

equation,

i
d

dt
ψ̂ = −[H, ψ̂] = Ĥψ̂. (1.25)

We simply write the spatial variable as a subscript and also manifest the spinor

component by the subscript α,

ψ̂x,α(t) =
1√
V

∑
q,s

[
b̂q,sUx,α;q,s(t) + d̂†−q,−sVx,α;−q,−s(t)

]
. (1.26)

Then the unitary matrix M can be constructed, with components,

Mx,α;q,s,0(t) = Ux,α;q,s(t), Mx,α;q,s,1(t) = Vx,α;−q,−s(t). (1.27)

Notice that the spinor index α ranges from 0 to 3, and spin index s = 0, 1, so that

M is indeed a 4N3 × 4N3 matrix. As a result, the field operator can be written as

ψ̂ = Mĉ, (1.28)

where similarly we write the creation/annihilation operator into a super-vector, in

the form of, ĉ = (b̂p0,s0 , d̂
†
−p0,−s0 , b̂p0,s1 , ...)

T . Therefore from Heisenberg equation

(1.25), we can deduce the evolution equation for the unitary matrix M ,

i
d

dt
M = ĤM. (1.29)
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Such super-matrix convention is also useful to simplify the equal-time two-point

function of fermion fields,

D(x, y) = 〈Tψ(x)ψ†(y)〉, (1.30)

from which the fermion backreaction to gauge field and Higgs field, as well as other

interesting fermion observables can be extracted. By writing D(x, y) in the form of

the super-matrix, we can get the simple expression,

D =
1

2V
MSM †, (1.31)

where the 4N3 × 4N3 matrix S = diag(+1,−1,+1, ...) comes in as a result of the

time-ordered product 〈T ĉ⊗ ĉ†〉 = 1
2S, for the time-ordered product at equal-time is

simply written as 〈T âb̂〉 = 〈âb̂ − b̂â〉/2. For these reasons, we can finally conclude

that representing the super-matrix M would be identical to representing quantum

fermions in a classical bosonic background.

In reality, to depict the 4N3 × 4N3 unitary matrix, at least 8N6 independent

real variables are required, which is the number of generators of the unitary group

U(4N3). As it shows, the N6-dependence will become a big challenge to numerical

simulations. For instance when N = 32, it requires 256 GB of computer memory

space to represent a single fermionic field in 3 + 1 real-time simulations; while when

N = 48, the number becomes a desperate 2.916 TB.

To alleviate the problem, a Monte Carlo method has been proposed in [61]. The

method, also known as low-cost fermions or ensemble fermions, could reduce the N6-

dependence to N3Nq-dependence, with Nq a number to be determined in practical

simulations. The validity of the method can be easily demonstrated in the language

of super-matrix. For this purpose, we define two matrices as

MM =
1√
2Nq

MQ, MF =
1√
2Nq

MSQ, (1.32)

where the constant Q is a 4N3×Nq matrix, so are MM and MF . Then the evolution

is described by

i
d

dt
MM = ĤMM , i

d

dt
MF = ĤMF , (1.33)
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and the two-point function can be calculated as,

D =
1

V
MMM

†
F =

1

2V Nq
MQQ†SM †. (1.34)

In comparison with (1.31), the method would be identical to the exact mode function

method, if the equation

1

Nq
QQ† = I, (1.35)

can be satisfied. Strictly speaking, the exact equation (1.35) would require Nq never

smaller than 4N3. But we are more interested in the case that Nq < 4N3, especially

Nq � 4N3.

The equation (1.35) can be achieved, approximately, when each component qij

of matrix Q is assigned with a random complex number, according to a specific

distribution (say Gaussian distribution), such that statistic expectation E[qijq
?
mn] =

δimδjn. Accordingly, the equation (1.35) can be illustrated as,

1

Nq



q00 q01 q02

q10 q11 q12

q20 q21 q22

q30 q31 q32

q40 q41 q42




q?00 q?10 q?20 q?30 q?40

q?01 q?11 q?21 q?31 q?41

q?02 q?12 q?22 q?32 q?42

 =



1 . . . .

. 1 . . .

. . 1 . .

. . . 1 .

. . . . 1


,

(1.36)

and as a result the method reduces the number of variables from (4N3)2 to (8N3Nq).

According to the law of large numbers, the ensemble-fermion method in the

limit Nq → ∞ would match exactly the mode function method, and on the way

of increasing Nq, one would observe that the physics converge to the final limit.

In practice, in comparison with N3, a reasonable Nq, would guarantee that the

evolution of the system and most observables converge accurately [61, 76, 77, 78, 79].

1.3 Overview

The main topic of the thesis is to establish real-time simulations for cold baryogen-

esis from first principles, with one generation of fermions explicitly included. As a
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consequence, a baryon asymmetry can be measured through practical simulations.

In Chapter 2, we focus on the quantum anomaly. By solving the Dirac equation

for fermions in parallel electric and magnetic fields, we find the chiral anomaly re-

lated only to the lowest-energy Landau levels. For massless fermions, the anomaly

can be seen as a result of the production of particles of one chirality, and no pro-

duction of particles of the other chirality. For massive fermions, the chiral anomaly

equation can be achieved as a consequence of the regularization. Then we extend

the method to calculate other quantum anomalies and this leads to the anomaly

cancellation. To our concern, we find the fermion content of the Standard Model

can yield the B − L symmetry being anomaly free, but the B + L symmetry must

be violated as a quantum anomaly. We also show in the chapter that the quantum

anomaly on a lattice can be replicated by Wilson fermions [16], which were origi-

nally proposed to deal with the fermion doubling problem, the problem that more

unwanted species appear when fermions are represented on the lattice in a naive

way. We further demonstrate only spatial Wilson terms are necessary in real-time

simulations, and the temporal doubling problem can be solved by choosing properly

fermion initialization.

In Chapter 3, we implement ensemble fermions for a reduced electroweak sector

of the Standard Model and calculate the effective preheating temperature during

a fast electroweak transition, relevant for Cold Electroweak Baryogenesis. We find

that with ensemble fermions, the dynamics and most observables can converge with

a viable number of fermion realizations. Via measuring the occupation number, we

discover that in the later time of the evolution, an equilibrium can emerge in the

IR modes of fermions. According to the Fermi-Dirac distribution, we extract the

temperature and find the temperature never below 20 GeV, which, in combination

with the results in [68], can indirectly rule out the Standard Model CP -violation as

the origin of the baryon asymmetry of the Universe. The chapter is based on [76].

In Chapter 4, we further investigate the baryon asymmetry with new CP -

violation mechanism in a minimal extension of the Standard Model, by recruiting

another Higgs doublet, and therefore involving extra C-violating terms in the two-

Higgs potential. As a result, all Sakharov’s three conditions are represented in our

first-principles numerical simulations. We also in practice choose possibly large CP

violation by scrutinizing the two-Higgs potential and Yukawa interaction. Through
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large-scale computer simulations, we calculate the baryon number for one particu-

larly favourable scalar potential, and find an asymmetry of |η| ≤ 3.5 × 107. The

chapter is based on [83].

Finally, we give the summary and outlook. In particular, we consider how to

realize the complete electroweak SU(2) × U(1) theory, with fermions explicitly in-

cluded.



Chapter 2

Solving the Dirac Equation

The chapter is dedicated to solving the Dirac equation for fermions in different sit-

uations, specifically, in an electric field, in a magnetic field, in parallel electric and

magnetic fields and on a lattice. A detailed study of related solutions will also be

carried out to reveal their Physical implications, including, pair production, Landau

levels and the chiral anomaly. The Dirac equation for fermions in a homogeneous

electric field has been first solved by Sauter in 1931 [3]. When the electric field is

on, virtual pairs of electron and positron could become real pairs and the system

tunnels from the vacuum state to a state of particles. The vacuum persistence prob-

ability has been originally obtained by Schwinger in 1951 [5], where the proper-time

method has been implemented to calculate and regularize the fermion determinant.

The result can also be achieved in the canonical quantization, and one of our goals

is to demonstrate that the same expression can also be reached by solving the Dirac

equation and calculating the Bogoliubov coefficients. Our other concern is Lan-

dau levels of fermions in a homogeneous magnetic field, whose discretization and

degeneracy can be easily reckoned in the solution of the Dirac equation. Having es-

tablished an understanding of pair production and Landau levels, one can discover

the chiral anomaly of massless fermions in parallel electric and magnetic fields. For

massive fermions, we make manifest the role of regularization, which, if established

properly, can easily lead to the chiral anomaly. Such way of calculation on massive

fermions, to the best of our knowledge, is still absent in the literature. We also want

to convince ourselves that there must be a similar anomaly to the B +L symmetry

with the Standard Model baryons and leptons. Our last, but not least, concern

is the realization of fermions on a lattice, particularly the doubling problem and

17
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accomplishment of chiral anomaly.

The mode function expansion will be adopted throughout the work. Each mode

function can be seen as a solution of the Dirac equation which, in our convention,

reads

γµDµψ(t, x) +mψ(t, x) = 0. (2.1)

For free fermions in canonical quantization, the field operator can have a mode

function expansion

ψ(t, x) =
∑
s

∫
d3p

(2π)3

eip.x√
2ω

[
e−iωtbs(p)Us(p) + eiωtd†−s(−p)V−s(−p)

]
, (2.2)

where the creation and annihilation operators satisfy non-zero anti-commutation

relations

{br(p), b†s(p′)} = (2π)3δrsδ
3(p− p′),

{d−r(−p), d†−s(−p′)} = (2π)3δrsδ
3(p− p′), (2.3)

and any other anti-commutation relations will be zero. When fermions interact

with other fields, either by coupling to gauge fields or gravity through the covariant

derivative, or by coupling to scalar fields via Yukawa interaction, the expansion (2.2)

should be replace by a more general form:

ψ(t, x) =
∑
s

∫
d3p

(2π)3

[
bs(p)Us(p; t, x) + d†−s(−p)V−s(−p; t, x)

]
. (2.4)

All mode functions ψs(p; t, x), (Us(p; t, x) and V−s(−p; t, x)), of any p and s should

satisfy the Dirac equation,

γµDµψs(p; t, x) +mψs(p; t, x) = 0., (2.5)
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and they are orthonormal in the following way,

∑
s

∫
d3p

(2π)3

[
Us(p; t, x)U †s (p; t, y) + V−s(−p; t, x)V †−s(−p; t, y)

]
=δ3(x− y)I4×4,

(2.6)∫
d3xU †s (p; t, x)Us′(q; t, x) =

∫
d3xV †−s(−p; t, x)V−s′(−q; t, x) =(2π)3δ3(p− q)δss′ ,

(2.7)

and any similar product of U and V will be zero. With the mode functions, the

equal-time two-point correlation functions can be expanded as

〈Tψ(t, x)ψ†(t, y)〉 =−
∑
s

∫
d3p

(2π)3

[
Us(p; t, x)U †s (p; t, y)(nus (p)− 1

2
) (2.8)

−V−s(−p; t, x)V †−s(−p; t, y)(nv−s(−p)−
1

2
)

]
,

where nus (p) is the initial occupation number of the particle of momentum p and spin

s/2 and nv−s(−p) the initial occupation number of the anti-particle of momentum

−p and spin −s/2. The symbol T denotes the product of operators is time-ordered,

i.e.

Ta(t1)b(t2) = θ(t1 − t2)a(t1)b(t2)− θ(t2 − t1)b(t2)a(t1), (2.9)

where the step function is defined unambiguously as

θ(x− y) =


1 if x > y,

0.5 if x = y,

0 if x < y.

(2.10)

2.1 Fermions in an electric field

Without loss of generality, we assume the electric field is applied along the third

direction. We also assume the electric field is turned on instantly at t = 0, and

could be turned off instantly thereafter. To generate it, the gauge field can be

chosen as (0, 0, 0, A3(t)) with A3(t) = −Et, under the convention ~E = − ~̇A. Since

the gauge field is a function of time only, spatial plane waves are still valid to

serve as eigenfunctions. Given a single mode function of the form ψs(p; t, x) =
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exp(ip1x1 + ip2x2 + ip3x3)ψs(t, p) with p1, p2 and p3 constant, the Dirac equation

(2.5) becomes

(
γ0 ∂

∂t
+ iγ3[p3 − eA3(t)] + iγ1p1 + iγ2p2 +m

)
ψs(t, p) = 0. (2.11)

A further separation of variables can be implemented in a way that

ψs(t, p) =
√

2

[
A(t, p3)

1 + γ0γ3

2
+ C(t, p3)

1− γ0γ3

2

]
ψp1,p2,s, (2.12)

where the spinor product ψ†p1,p2,sψp1,p2,s = 1 and |A(t, p3)|2 + |C(t, p3)|2 = 1 to meet

the requirement that the mode functions are orthonormal as in (2.6). The Dirac

equation then leads to

(
iγ1p1 + iγ2p2 +m

)
ψp1,p2,s = −iγ0εψp1,p2,s, (2.13)(

γ0 ∂

∂t
+ iγ3[p3 − eA3(t)]

)
[APb+ + CPb−] = [APb+ + CPb−] iγ0ε, (2.14)

where Pb+ and Pb− are the abbreviation for the projector 1+γ0γ3

2 and 1−γ0γ3
2 respec-

tively.

The equation (2.13) indicates ψp1,p2,s and ε are the eigenspinor and eigenvalue

of the matrix H = −iγ0
(
iγ1p1 + iγ2p2 +m

)
. As a consequence, they can be chosen

as:

ψp1,p2,s =
1√
2ω3


−
√
ω3 − σ1p1 − σ2p2 ηs

√
ω3 + σ1p1 + σ2p2 ηs

 , ε = −ω3 < 0; (2.15)

ψp1,p2,s =
1√
2ω3


√
ω3 + σ1p1 + σ2p2 ηs

√
ω3 − σ1p1 − σ2p2 ηs

 , ε = ω3 > 0, (2.16)

where ω3 =
√
m2 + p2

1 + p2
2 and ηs=

 1

0

,

 0

1

 for s=+1, -1.

As the two projectors Pb+ and Pb− are orthogonal to each other, their coefficients
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in (2.14) become two independent equations,

∂

∂t
A(t, p3) = i[p3 − eA3(t)]A(t, p3) + iεC(t, p3), (2.17)

∂

∂t
C(t, p3) = iεA(t, p3)− i[p3 − eA3(t)]C(t, p3), (2.18)

or in a concise way,

∂

∂t

 A

C

 = i
(
p′3σ

3 + εσ1
) A

C

 , (2.19)

with p′3 = p3 − eA3(t).

Before the electric field turned on and after it is turned off, the vacuum states

are well-defined and they are actually identical, up to a gauge transformation. For

A3 will be a constant after the turn-off, the gauge field can be shifted to A′µ = 0 by

a gauge transformation of the form e−ieA3x3 . At the same time, the fermion mode

number must be changed from p3 to p′3 = p3 − eA3, and the physical momentum

that can be observed is p′3. For these vacuum states, we solve the equation (2.19),

and select the convention
AF

CF


U

=
e−iωt√

2ω


√
ω − p′3

√
ω + p′3

 =
e−iωt√
2 cosh θ


cosh θ

2 − sinh θ
2

cosh θ
2 + sinh θ

2

 , (2.20)


AF

CF


V

=
eiωt√

2ω


√
ω + p′3

√
ω − p′3

 =
eiωt√

2 cosh θ


cosh θ

2 + sinh θ
2

cosh θ
2 − sinh θ

2

 , (2.21)

where the total energy ω =
√
ω3

3 + p
′2
3 = ω3 cosh θ and the third momentum com-

ponent p′3 = ω3 sinh θ. Notice

 A

C


V

= σ1

 A

C

?

U

, (2.22)

which is true for the free fermions and which will also be conserved during the
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evolution by equation (2.19). Therefore we can use AU and CU only to compose

mode functions, and we further omit their subscript U for simplicity. Finally, free

fermions have explicit mode functions

UFs (p1, p2, p
′
3; t, x) =

eip1x1+ip2x2+ip′3x3

√
ω3

[
AF (t, p3)Pb+ + CF (t, p3)Pb−

]

−
√
ω3 − σ1p1 − σ2p2 ηs

√
ω3 + σ1p1 + σ2p2 ηs

 , (2.23)

V F
−s(−p1,−p2,−p′3; t, x) =

eip1x1+ip2x2+ip′3x3

√
ω3

[
CF?(t, p3)Pb+ +AF?(t, p3)Pb−

]

√
ω3 + σ1p1 + σ2p2 ηs

√
ω3 − σ1p1 − σ2p2 ηs

 . (2.24)

In this convention, the variables of the mode functions will indicate directly the

physical quantities. For example, Us(p; t, x) represents a particle of momentum p

and spin s/2, and V−s(−p; t, x) stands for an antiparticle of momentum −p and

spin −s/2. Such convention can also make straightforward the interpretation of the

charge conjugation, which when acting on spinors, is denoted as ψC = −γ2ψ?. As

a consequence, the expression UCs (p; t, x) = sVs(p; t, x) manifests the truth that the

charge conjugation does not affect the momentum and spin.

When A3(t) = −Et, the only equation one needs to solve is

∂

∂t

 A

C

 = i
(
[p3 + eEt]σ3 − ω3σ

1
) A

C

 . (2.25)

With redefined parameters

S =
p3 + eEt√

eE
, a =

ω2
3

eE
, (2.26)

the equation (2.25) becomes

d

dS

 A

C

 = i
(
Sσ3 −√aσ1

) A

C

 . (2.27)
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or into second-order differential equation

[
d2

dS2
+ S2 + a+ i

]
C = 0, A =

1√
a

(
i
d

dS
− S

)
C. (2.28)

Two independent solutions can be written down with the parabolic cylinder function

Ds(x),

A1 =
1 + i

2

√
ae−

aπ
8 D−1−ia

2
([1 + i]S),

C1 = e−
aπ
8 D−ia

2
([1 + i]S),

A2 = e−
aπ
8 Dia

2
([−1 + i]S), (2.29)

C2 =
1− i

2

√
ae−

aπ
8 D−1+ia

2
([−1 + i]S),

with properties

A1(S) = C?2 (−S), C1(S) = A?2(−S), (2.30)

|A1(S)|2 + |C1(S)|2 = 1, |A2(S)|2 + |C2(S)|2 = 1,

and asymptotic values

|A1(−∞)| =
√

1− e−aπ2 , |C1(−∞)| = e−
aπ
2 , (2.31)

|A1(+∞)| = 0, |C1(+∞)| = 1.

Also notice the combination cab = A1(S)C2(S) − C1(S)A2(S) is a constant and

therefore one can determine |cab| = e−
aπ
2 by its asymptotic value.

The general solution will be the superposition of the two special solutions above,

in the following way,

 A(t, p3)

C(t, p3)

 =
1

cab

 A1(S) A2(S)

C1(S) C2(S)

 C2(S0) −A2(S0)

−C1(S0) A1(S0)

 AF (0, p3)

CF (0, p3)

 ,

(2.32)
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where S0 = p3√
eE

. So mode functions of initial momentum (p1, p2, p3) are

Us(p1, p2, p3; t, x) =
eip·x√
ω3

[A(t, p3)Pb+ + C(t, p3)Pb−]


−
√
ω3 − σ1p1 − σ2p2 ηs

√
ω3 + σ1p1 + σ2p2 ηs

 ,

V−s(−p1,−p2,−p3; t, x) =
eip·x√
ω3

[C?(t, p3)Pb+ +A?(t, p3)Pb−]


√
ω3 + σ1p1 + σ2p2 ηs

√
ω3 − σ1p1 − σ2p2 ηs

 .

At the instance τ , if the electric field is removed, the fermions become free ones

again and the Bogoliubov transformation can be implemented in the following way,

eieEτx3Us(p1, p2, p3; τ, x) = αUFs (p1, p2, p
′
3; τ, x) + βV F

−s(−p1,−p2,−p′3; τ, x),

eieEτx3V−s(−p1,−p2,−p3; τ, x) = γUFs (p1, p2, p
′
3; τ, x) + δV F

−s(−p1,−p2,−p′3; τ, x).

(2.33)

As the mode functions are orthonormal, there exist two restrictions on Bogoliubov

coefficients,

|α|2 + |β|2 =|γ|2 + |δ|2 = 1, α?γ + β?δ = 0. (2.34)

Accordingly, there are only four free parameters, and one can choose α, β with

|α|2 + |β|2 = 1 and γ = −β?eiθ, δ = α?eiθ. Furthermore, the angle θ can be

pinned down when initial values are considered, for instance, eiθ = 1 if initially

α = δ = 1. |β|2 = |γ|2 is the result of pair productions of particle and anti-particle.

The coefficient β can be solved out as,

β(τ, p3) = −s
[
CF (τ, p′3)A(t, p3)−AF (τ, p′3)C(τ, p3)

]
, (2.35)

where p′3 = p3 + eEτ , and therefore the occupation number for the particle of

momentum p, as well as for the anti-particle of momentum −p, is 1

n(τ, p3) = |β(τ, p3)|2 =
∣∣CF (0, p′3)A(t, p3)−AF (0, p′3)C(τ, p3)

∣∣2 , (2.36)

1One way to show that |β|2 is the occupation number is to put the Bogoliubov transformation
(2.33) into fermion two-point function (2.9).
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where we omit the spin index as the occupation number does not depend on the spin

choice, and we also drop the time-dependence of AF and CF , because both depend

on time in the same way through a phase factor e−iωt.

A comparison among distributions of occupation numbers with different a =
ω2
3

eE

is displayed in Figure 2.1, and a study of the distribution of different time scales

is performed in Figure 2.2. There are two features about the pair creation that we

want to highlight:

(I) the distributions of occupation numbers have a reflection symmetry with

respect to axis p′3 = eEτ/2;

(II) the stable pair creation rate is e−aπ, given a =
w2

3
eE and 2ω3 being the energy

gap between levels above and below the Dirac sea. Specifically, the pair production

rate is non-perturbative of the electric strength E.

On the other hand, we can prove theoretically these two conclusions from the

definition of the occupation number. For the purpose, we write

|β(τ, p3)|2 = |β(p′3; p3)|2 =

∣∣∣∣∣∣ 1

cab
F T (p′3)

 0 −1

1 0

F (p3)

∣∣∣∣∣∣
2

, (2.37)

where p′3 = p3 + eEτ and the abbreviation stands for

F (p3) =

 A1

(
p3√
eE

)
C1

(
p3√
eE

)
A2

(
p3√
eE

)
C2

(
p3√
eE

)
 CF (0, p3)

−AF (0, p3)

 , (2.38)

Because of the property of A1 and C1 in (2.30) and the expression of AF and CF in

(2.20), one can calculate

F (−p3) = −

 0 1

1 0

F ?(p3), (2.39)

and consequently,

|β(p′3; p3)|2 = |β(−p3;−p′3)|2, (2.40)

which states the created particle number of the mode of initial momentum p3 and

finial momentum p′3 = p3+eEτ would be the same as the one of momentum changing
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Figure 2.1. Distributions of occupation numbers at τ = 60/
√
eE with a=0.0, 0.1, 0.4 and

1.0 separately. The plot is symmetric along p′3 = 30
√
eE. Values of the central plateau

agree precisely with exp(−aπ). The structures around p′3 = 0 and p′3 = 60
√
eE are caused

by the instant turn-on. When a = 0, the distribution is depicted exactly by step functions.

0 20 40 60 80 100 120

p 3

√
eE

0.0

0.1

0.2

0.3

0.4

0.5

e−0.4π

τ=60/
√
eE τ=120/

√
eE

Figure 2.2. Distributions of occupation numbers of a=0.4 at τ=60/
√
eE (red line) and

120/
√
eE (black line) respectively. Soon after the initial turn-on, the structure caused by

the instant turn-on keeps the same and the particle creation rate is properly exp(−aπ).
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from −p′3 to −p3. Such two modes are located symmetrically on the left and right

side of (p′3 − p3)/2 = eEτ/2.

The stable particle number on the plateau is associated to the modes of initially

large negative momentum p3 and finally large positive p′3. By utilizing asymptotic

values of A1 and C1 in (2.31), we eventually obtain

|β(+∞;−∞)|2 =

∣∣∣∣C?1 (−∞)C1(−∞)

cab

∣∣∣∣2 = e−απ. (2.41)

We can also learn from the plots that the asymptotic value is attained quickly

and accurately by finite p′3 on the plateau. While the instant turn-on impacts the

distribution in the form of the fluctuations on the two ends of the plateau. Apart

from this, the particle production can be properly depicted by step functions,

n(τ, p3) = e−aπθ(p′3)θ(−p3). (2.42)

Specifically, the above step-function description is precise when a = 0 (ω3 = 0).

Given the fact ω = |p′3| when ω3 = 0, one could deduce from (2.20) that AF = 0

when p′3 > 0 and CF = 0 when p′3 < 0. Thus, the free mode functions can be written
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simply as 2

p′3 < 0 : (2.43)

UF+ (p′3; t, x) = e−i|p
′
3|t+ip′3x3


1

0

0

0

 , UF− (p′3; t, x) = e−i|p
′
3|t+ip′3x3


0

0

0

1

 ,

V F
− (−p′3; t, x) = ei|p

′
3|t+ip′3x3


0

0

1

0

 , V F
+ (−p′3; t, x) = ei|p

′
3|t+ip′3x3


0

1

0

0

 ,

p′3 > 0 :

UF+ (p′3; t, x) = e−i|p
′
3|t+ip′3x3


0

0

1

0

 , UF− (p′3; t, x) = e−i|p
′
3|t+ip′3x3


0

1

0

0

 ,

V F
− (−p′3; t, x) = ei|p

′
3|t+ip′3x3


1

0

0

0

 , V F
+ (−p′3; t, x) = ei|p

′
3|t+ip′3x3


0

0

0

1

 .

Similarly, one could take the limit a → 0 on the parabolic cylinder functions

in equation (2.1). Or one can revise the equation (2.25) in light of ε = 0, and

consequently arrives at

∂

∂t
A(t, p3) = i[p3 − eA3(t)]A(t, p3),

∂

∂t
C(t, p3) = −i[p3 − eA3(t)]C(t, p3),

(2.44)

to which the solutions are

A(t, p3) = ei
∫ t
0 (p3−eA3(t0))dt0A0, C(t, p3) = e−i

∫ t
0 (p3−eA3(t0))dt0C0. (2.45)

2Since ω3 = 0 also suggests p1 = p2 = 0, we omit p1 and p2 in expressions.
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Therefore,

p3 < 0 : (2.46)

U+(p3; t, x) = eip3x3A


1

0

0

0

 , U−(p3; t, x) = eip3x3A


0

0

0

1

 ,

V−(−p3; t, x) = eip3x3C


0

0

1

0

 , V+(−p3; t, x) = eip3x3C


0

1

0

0

 ,

p3 > 0 :

U+(p3; t, x) = eip3x3C


0

0

1

0

 , U−(p3; t, x) = eip3x3C


0

1

0

0

 ,

V−(−p3; t, x) = eip3x3A


1

0

0

0

 , V+(−p3; t, x) = eip3x3A


0

0

0

1

 .

When p3 < 0 and p′3 = p3 − eA3(τ) > 0, the Bogoliubov transformation can be

performed in the following way,

eieA3(τ)x3U±(p3; τ, x) = βV F
∓ (−p′3; τ, x), (2.47)

eieA3(τ)x3V∓(−p3; τ, x) =− β?UF± (p′3; τ, x),

and in all |β|2 = 1. Otherwise, |β|2 = 0. In such a way, the precise particle number

is

n(τ, p3) = θ(p′3)θ(−p3). (2.48)

Notice the mode functions above are also eigenstates of the chirality operator
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γ5, and the chiral symmetry holds in the evolution in the following aspects:

(1) a left-handed spinor will remain left-handed, and a right-handed will remain

being right-handed;

(2) the same amount of left- and right-handed (anti-)particle will be created.

We will see the second statement can be violated when there is also a magnetic

field applied along the same direction as the electric field.

The pair production can also be interpreted as a result of the level-shift due

to the electric field. As an example, Figure 2.3 illustrates such an explanation to

anti-particle productions in the Dirac sea.

ω

p3 + eEt

Up′
3,+

V−p′
3,−

ω

p3 + eEt

Up′
3,+

V−p′
3,−

(a) (b)

t=0 t=τ

Figure 2.3. The particle creation interpreted as level-shift in the Dirac sea. The black dots
denote the occupied states, while the empty dots referring the unoccupied ones. (a): before
the electric field is on, all sea states with negative energy have been fully occupied. (b):
after the electric field is off, two sea states become unoccupied, and this can be interpreted
as two anti-particles have been created. See reference [23] for more detailed description.

2.1.1 Schwinger mechanism

When the electric field is on, pair productions could happen, and if so, the system

would tunnel from the vacuum state to a state of particles and anti-particles. The

probability of the system staying in the vacuum over time T was first calculated by

Schwinger [5], in so called vacuum persistence probability, which can be defined of

the form [62, 63]

P ≡ |〈vac|U(t)|vac〉|2 = e−wV T , (2.49)
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with the spatial volume V = L1L2L3 where Li of i = 1, 2, 3 are the length of i-th

direction. In other words, the probability stands for the chance that there is no

single pair produced over the period,

P =
∏

p1,p2,p3,s

(1− fp,s), (2.50)

where fp,s denotes the probability of creating a particle-anti-particle pair with the

particle of momentum (p1, p2, p3) and spin s/2. From the calculation in the last

section, we can determine fp,s properly, that fp,s = e−aπθ(p′3)θ(−p3), and bearing in

mind a = ω2
3/(eE) and ω2

3 = m2 + p2
1 + p2

2. Taking the logarithm of the both sides

of equations, we arrive at a result,

−wV T = ln
∏
p1,p2

(
1− e−

m2+p21+p
2
2

eE
π

) 2eETL3
2π

=
2eETL3

2π

∑
p1,p2

ln

(
1− e−

m2+p21+p
2
2

eE
π

)

= −2eETL3

2π

L1L2

(2π)2

∫
dp1dp2

+∞∑
n=1

1

n
e−

m2+p21+p
2
2

eE
nπ

= −2(eE)2V T

(2π)3

+∞∑
n=1

1

n2
e−

nπm2

eE , (2.51)

where on the first line, the exponent 2ETL3/(2π) is the number of modes whose

θ(p′3)θ(−p3) = 1, including the two spin choices, and the relation dpi = 2π/Li is also

utilized to reach the result.

In the end, we obtain

w =
2(eE)2

(2π)3

+∞∑
n=1

1

n2
e−

nπm2

eE , (2.52)

as initially given by Schwinger in [5].

2.2 Fermions in a magnetic field

Assume a magnetic field of strength B is produced along the third direction, by the

gauge field Aµ = (0,−Bx2, 0, 0), for ~B = ∇ × ~A. So the Dirac equation can be

written as

(
γ0∂0 + γ3∂3 + γ1[∂1 + ieBx2] + γ2 ∂

∂x2
+m

)
ψ(t, x) = 0. (2.53)
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As in the equation, t, x1 and x3 appear only through derivatives, plane wave func-

tions could still be eigenfunctions for these variables. By considering a single mode

ψs(p; t, x) = exp(∓iωt + ip1x1 + ip3x3)ψs(x2, p), we can implement the separation

of variables in the following way

ψs(x2, p) =

[
M(x2, p1)

1 + iγ1γ2

2
+N(x2, p1)

1− iγ1γ2

2

]
ψp3,s, (2.54)

and put constraints ψ†p3,sψp3,s = 1 and
∫
dx2|M |2 =

∫
dx2|N |2 = 1 to meet the

requirement that the mode functions are orthonormal as in (2.6). In the Dirac

equation, by replacing the wave function of the expansion above, we obtain

[
∓iγ0ω + iγ3p3 +m

]
ψp3,s =− iγ1εψp3,s, (2.55)[

iγ1(p1 + eBx2) + γ2 ∂

∂x2

]
[MPr+ +NPr−] =[MPr+ +NPr−]iγ1ε, (2.56)

where abbreviations Pr+ and Pr− represent projector 1+iγ1γ2

2 and 1−iγ1γ2
2 individu-

ally. A further simplification on the second equation can lead to,

(
p1 + eBx2 −

∂

∂x2

)
M = εN,

(
p1 + eBx2 +

∂

∂x2

)
N = εM, (2.57)

or with second-order derivatives

(
d2

dy2
+

ε2

eB
− 1− y2

)
M = 0,

(
d2

dy2
+

ε2

eB
+ 1− y2

)
N = 0, (2.58)

where y =
√
eBx2 + p1√

eB
with fixed p1. The equations have similar form as the one

for quantum harmonic oscillators and accordingly we can write their solutions in the

following way, 3

ε =
√

2neB, M = Un−1

(√
eBx2 +

p1√
eB

)
, N = Un

(√
eBx2 +

p1√
eB

)
,

(2.59)

3There exist two solutions, which can be normalized in the form of (ε =
√

2neB, M = Un−1, N =
Un) and (ε = −

√
2neB, M = −Un−1, N = Un). But they are not independent, and we chose the

one of ε =
√

2neB.
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where Hermite functions Un(y) are related to the Hermite polynomialsHn(y) through

the relation

Un(y) =
1√

2nn!
√
π
e−

y2

2 Hn(y), Hn(y) = (−1)ney
2 dn

dyn
e−y

2
, (2.60)

and Hermite functions are orthonormal,

∫ +∞

−∞
Um(y)Un(y)dy = δm,n,

+∞∑
n=0

Un(y1)Un(y2) = δ(y1 − y2). (2.61)

In addition, ε2

2eB = n is forced to be a non-negative integer, otherwise M or N will

behave asymptotically like exp(y2/2) and mode functions cannot be normalized. As

a result, ω =
√
p2

3 +m2 + 2neB, thus the energy is discretized. Such quantization

of the energy is known as Landau quantization, and the energy levels are called

Landau levels.

2.2.1 Landau levels

Figure 2.4 displays the n = 0 and 1 Landau levels of massless fermions. The n

= 1 energy levels have a energy gap of width 2
√

2eB. For massless fermions, the

lowest-energy Landau levels are gap-less. Such energy gaps will determine the pair

production rate as e−
2neB
eE , if there is an electric field applied along the third direc-

tion.

When n = 0, the mode functions can be written as

U0,+(p; t, x) =
e−iωt+ip1x1+ip3x3

√
2ω3

U0(x2, p1)Pr−


−
√
ω3 − σ3p3 η+

√
ω3 + σ3p3 η+

 ,

V0,−(−p; t, x) =
eiωt+ip1x1+ip3x3

√
2ω3

U0(x2, p1)Pr−


√
ω3 + σ3p3 η+

√
ω3 − σ3p3 η+

 .

Only η+ = (1, 0) is allowed, because the following constraint should be satisfied to
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ω

p3

n = 0
n = 1

n = 0
n = 1

..

.
..
.

...
...

Up3,+

V−p3,−

Up3,+

V−p3,−

Figure 2.4. Landau levels of massless fermions. The states in the lowest-energy Landau
level n = 0 are connected. Comparatively, there exist gaps of width 2

√
2neB for higher

energy levels.

avoid M = U−1(y) to appearing in the expression,

Pr+


−
√
ω3 − σ3p3 ηs

√
ω3 + σ3p3 ηs

 = 0, where Pr+ =


0

1

0

1

 .

This indicates the fact that the spin direction in the lowest-energy Landau levels is

locked.

Another feature of Landau levels is that they are degenerate, which is a re-

sult of the fact that the dispersion relation ω =
√
p2

3 +m2 + 2neB does not de-

pend on the variable p1. On the other hand, p1
eB < L2, as any shift p1

eB along x2

in Un

(√
eBx2 + p1√

eB

)
should be dismissed if it is larger than the length L2. By

counting dp1 = 2π/L1, the total possible number of p1 can be found to be L1L2eB
2π ,

which is the right number of degeneracy of Landau levels [29].
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2.3 Fermions and the chiral anomaly

Given the equation of motion for fermions, γµ∂µψ(t, x)+mψ(t, x) = 0 , the following

relation is expected to be correct,

∂µ〈Tψ̄(t, x)iγµγ5ψ(t, x)〉 = 2im〈Tψ̄(t, x)γ5ψ(t, x)〉. (2.62)

But in practice, when the fermions are treated in quantum field theory, the precise

expression comes to be

∂µ〈Tψ̄(t, x)iγµγ5ψ(t, x)〉 = 2im〈Tψ̄(t, x)γ5ψ(t, x)〉+
e2

16π2
εµνρσFµνFρσ, (2.63)

or in an integral equation form

d

dt
Q5(t) = 2im

∫
d3x〈Tψ̄(t, x)γ5ψ(t, x)〉 − e2

2π2

∫
d3xE ·B, (2.64)

where the chiral charge is defined as Q5(t) =
∫
d3x〈T ψ̄(t, x)iγ0γ5ψ(t, x)〉 and we

have also utilized the relation εµνρσFµνFρσ = −8E ·B .

The effect of the appearance of the extra term is more dramatic for massless

fermions. When m = 0, the fermion action is invariant under the chiral transfor-

mation of constant phase φ performed in a manner ψ′ = exp(iγ5φ)ψ, and according

to the Noether’s theorem, the chiral current should be conserved, ∂µJ
µ
5 = 0, where

Jµ5 = 〈Tψ̄iγµγ5ψ〉 . Moreover, the chiral charge is exactly the sum

∆Q5(τ) = L1L3

∑
n,s

∫
dp1

2π

dp′3
2π

(
nL,Un,s (τ, p3)− nL,Vn,−s(τ,−p3) (2.65)

−nR,Un,s (τ, p3) + nR,Vn,−s(τ,−p3)
)
,

where nL,Un,s (τ, p3) is the occupation number of left-handed particle with Landau

level index n, momentum p3 and spin s/2, and similar interpretations are applied to

nL,Vn,−s(τ,−p3), nR,Un,s (τ, p3) and nR,Vn,−s(τ,−p3). So the existence of the extra term in-

dicates that the chiral symmetry is violated in quantum field theory, and production

rates of left- and right-handed (anti-)particle will be different.

To obtain the chiral anomaly equation (2.64), we can solve analytically the Dirac

equation for fermions in parallel electric and magnetic fields. The solution will simply
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be a combination of the results of fermions in an electric field and in a magnetic

field. This is due to the fact that the gamma matrix γ0γ3 commutates with γ1γ2, so

that the parameter separations in both cases are still valid, without affecting each

other. 4

To generate the parallel electric and magnetic fields, the gauge field Aµ can be

chosen as,

Aµ = (0,−Bx2, 0,−Et). (2.66)

The Dirac equation then becomes

[
γ0∂0 + γ1(∂1 + ieBx2) + γ2∂2 + γ3(∂3 + eEt) +m

]
ψ = 0, (2.67)

to which, the mode function for particle and anti-particle can be written separately

as

Un,s(p1, p3; t, x) =eip1x1+ip3x3

√
1

ω3
[A(t, p3)Pb+ + C(t, p3)Pb−] (2.68)

[M(x2, p1)Pr+ +N(x2, p1)Pr−]

 −√ω3 − σ1
√

2neB ηs√
ω3 + σ1

√
2neB ηs

 ,

Vn,−s(−p1,−p3; t, x) =eip1x1+ip3x3

√
1

ω3
[C?(t, p3)Pb+ +A?(t, p3)Pb−] (2.69)

[M(x2, p1)Pr+ +N(x2, p1)Pr−]

 √
ω3 + σ1

√
2neB ηs√

ω3 − σ1
√

2neB ηs

 .

4And it shares the same reason with the fact that the boost and rotation along the third direction
will not disturb each other, as gamma matrices γ0γ3 and γ1γ2 are infinitesimal generators of these
two operations in the spinor representation of Lorentz group [36, 37].
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One can check they are the right solutions by implementing the following relations

(
∂

∂t
+ i[p3 + eEt]

)
C(t, p3) = −iω3A(t, p3), (2.70)(

∂

∂t
− i[p3 + eEt]

)
A(t, p3) = −iω3C(t, p3), (2.71)(

[p1 + eBx2] +
∂

∂x2

)
N(x2, p1) =

√
2neBM(x2, p1), (2.72)(

[p1 + eBx2]− ∂

∂x2

)
M(x2, p1) =

√
2neBN(x2, p1), (2.73)

(
−iγ0ω3 + iγ1

√
2neB +m

) −√ω3 − σ1
√

2neB ηs√
ω3 + σ1

√
2neB ηs

 = 0, (2.74)

(
iγ0ω3 + iγ1

√
2neB +m

) √
ω3 + σ1

√
2neB ηs√

ω3 − σ1
√

2neB ηs

 = 0, (2.75)

where the explicit forms of A(t, p3), C(t, p3), M(x2, p1) and N(x2, p1) can be found in

equation (2.32) and (2.59). For the sake of simplicity, we will shorten the projectors

appearing above and define PU and PV as,

PU ≡ [A(t, p3)Pb+ + C(t, p3)Pb−] [M(x2, p1)Pr+ +N(x2, p1)Pr−] , (2.76)

PV ≡ [C?(t, p3)Pb+ +A?(t, p3)Pb−] [M(x2, p1)Pr+ +N(x2, p1)Pr−] . (2.77)

By recalling the expression of projectors

Pb+ =


1

0

0

1

 , Pb− =


0

1

1

0

 ,

Pr+ =


0

1

0

1

 , Pr− =


1

0

1

0

 ,
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one can find PU and PV are actually

PU =


AN

CM

CN

AM

 , (2.78)

PV =


C?N

A?M

A?N

C?M

 . (2.79)

With the abbreviations, the solutions simply become

Un,s(p1, p3; t, x) =eip1x1+ip3x3

√
1

ω3
PU

 −√ω3 − σ1
√

2neB ηs√
ω3 + σ1

√
2neB ηs

 (2.80)

Vn,−s(−p1,−p3; t, x) =eip1x1+ip3x3

√
1

ω3
PV

 √
ω3 + σ1

√
2neB ηs√

ω3 − σ1
√

2neB ηs

 . (2.81)

Furthermore, mode functions are orthonormal in the following way

√
eB
∑
n,s

∫
dp1

2π

dp′3
2π

[
Un,s(p1, p3; t, x)U †n,s(p1, p3; t, y) (2.82)

+Vn,−s(−p1,−p3; t, x)V †n,−s(−p1,−p3; t, y)
]

= δ3(x− y)I4×4,

with I4×4 a 4 by 4 identity matrix, and

∫
d3xU †n,s(p1, p3; t, x)Un′,s′(q1, q2; t, x) = (2π)2δ(p1 − q1)δ(p′3 − q′3)

δnn′√
eB

δss′ ,

(2.83)∫
d3xV †n,−s(−p1,−p3; t, x)Vn′,−s′(−q1,−q2; t, x) = (2π)2δ(p1 − q1)δ(p′3 − q′3)

δnn′√
eB

δss′ ,

where any other product of U and V is zero. The expressions above can be seen as

a result of the substitution, because of the existence of the magnetic field,

∫
dp2

2π
→
√
eB
∑
n

, 2πδ(p2 − p′2)→ δnn′√
eB

. (2.84)



Chapter 2. Solving the Dirac Equation 39

At the end, the field operator in configuration space can be expanded as

ψ(t, x) =
√
eB
∑
n,s

∫
dp1

2π

dp′3
2π

[bn,s(p1, p3)Un,s(p1, p3; t, x) (2.85)

+d†n,−s(−p1,−p3)Vn,−s(−p1,−p3; t, x)
]
,

where the creation and annihilation operators satisfy anti-commutation relations,

{bn,r(p1, p3), b†n′,s(q1, q3)} = (2π)2δ(p1 − q1)δ(p3 − q3)
δnn′√
eB

δrs, (2.86)

{dn,−r(−p1,−p3), d†n′,−s(−q1,−q3)} = (2π)2δ(p1 − q1)δ(p3 − q3)
δnn′√
eB

δrs.

If the fermions are initially in the vacuum state, with all initial particle numbers

zero, 〈b†b〉 = 〈d†d〉 = 0, the equal-time two-point function comes to be

〈Tψ(t, x)ψ†(t, y)〉 =
1

2

√
eB
∑
n,s

∫
dp1

2π

dp′3
2π

[
Un,s(p1, p3; t, x)U †n,s(p1, p3; t, y)

−Vn,−s(−p1,−p3; t, x)V †n,−s(−p1,−p3; t, y)
]
. (2.87)

There is one thing we need to emphasize. The variable in the integral should be

the physical momentum p′3 = p3 + eEt at time t, instead of p3. It is important to

discriminate between them, because some integrals will not be invariant under the

shift of the integration variable.

The Bogoliubov transformation can be implemented in the same way as it is in

(2.33), for a single mode

eieEτx3Un,s(p1, p3; τ, x) = αUFn,s(p1, p
′
3; τ, x) + βV F

n,−s(−p1,−p′3; τ, x), (2.88)

eieEτx3Vn,−s(−p1,−p3; τ, x) = −β?UFn,s(p1, p
′
3; τ, x) + α?V F

n,−s(−p1,−p′3; τ, x),

which should also obey the chiral symmetry in a sense that a left-handed U can only

be expanded by left-handed UF and V F . Furthermore, if U and V are eigenstates

of γ5, then

[
U †γ5U − V †γ5V

]
= (1− 2|β|2)

[
UF †γ5UF − V F †γ5V F

]
, (2.89)

where there will not appear any crossing terms like V F †U or UF †V , because they
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are really zero. Therefore, the chiral charge of massless fermions can be interpreted

as,

Q5(τ) =

∫
d3x〈Tψ†(τ, x)γ5ψ(τ, x)〉 (2.90)

= −L1L3

2

∑
n,s

∫
dp1

2π

dp′3
2π

(
(1− 2nL,Un,s (τ, p3))− (1− 2nL,Vn,−s(τ,−p3))

−(1− 2nR,Un,s (τ, p3)) + (1− 2nR,Vn,−s(τ,−p3))
)
,

or

∆Q5(τ) =
∑

p1,p′3,n,s

[
(nL,Un,s (τ, p3)) + nL,Vn,−s(τ,−p3) + nR,Un,s (τ, p3) + nR,Vn,−s(τ,−p3)

]
,

(2.91)

given dp1 = 2π/L1 and dp′3 = 2π/L3 for finite spatial lengths L1 and L3.

2.3.1 Chiral anomaly for massless fermions

Massless fermions have simple expressions of mode functions. When n = 0, they

can be written as

p′3 < 0 : U0,+(p1, p3; t, x) = fe−i|p
′
3|t


1

0

0

0

 , V0,−(−p1,−p3; t, x) = fei|p
′
3|t


0

0

1

0

 ,

p′3 > 0 : U0,+(p1, p3; t, x) = fe−i|p
′
3|t


0

0

1

0

 , V0,−(−p1,−p3; t, x) = fei|p
′
3|t


1

0

0

0

 ,

(2.92)

where f = (π)−1/4eip1x1+ip3x3e−y
2/2 and y =

√
eBx2 + p1√

eB
. If one draws the pair

productions within the lowest-energy Landau levels, as in Figure 2.5, one would con-

clude that only right-handed particles and left-handed anti-particles can be created

in the process. Thus, the chiral charge is not conserved. Therefore, in this sense,

the chiral symmetry is violated, but still, a left(right)-handed spinor will continue
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to be left(right)-handed.

ω

p3 + eEt

ω

p3 + eEt

Up′
3,+

V−p′
3,−

Up′
3,+

V−p′
3,−

ψR

ψRψL

ψL

Up′
3,+

V−p′
3,−

Up′
3,+

V−p′
3,−

ψR

ψRψL

ψL

(a) (b)

Figure 2.5. Pair productions in lowest-energy Landau levels, (a) before the electric field is
on; (b) after the electric field is off. The parity transform can be seen as a mirror reflection
along ω axis, and (a) is symmetric under the reflection; while (b) not. This can be understood
as the parity is also violated in the process.

To the lowest-energy Landau levels of n = 0, one can count the chiral charge by

its definition (2.91), and the final number comes to be:

∆Q5(T ) = −2
eETL3

2π

L1L2eB

2π
= − e2

2π2
E ·BV T =

e2V T

16π2
εµνρσFµνFρσ. (2.93)

In the expression, the factor −2 is because of only right-handed particles and left-

handed anti-particles which contribute and both have minus sign in front. During

time T , there are eETL3
2π states whose momentums have crossed zero, therefore having

particle number changed from 0 to 1. L1L2eB
2π is the degeneracy of the lowest-energy

Landau levels.

On the other hand, Landau levels of n > 0 do not contribute to ∆Q5. When

n > 0, ω3 =
√

2neB and
√
ω3 ± σ1

√
2neB ηs =

√
ω3

√
1± σ1 ηs. If ηs is chosen as an

eigenvector of σ1, that is, (1/
√

2, 1/
√

2) or (1/
√

2,−1/
√

2), the left- or right-handed
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spinors comes out naturally,

Un,L(p1, p3; t, x) =


−AN
CM

0

0

 , Vn,L(−p1,−p3; t, x) =


C?N

A?M

0

0

 , (2.94)

Un,R(p1, p3; t, x) =


0

0

CN

AM

 , Vn,R(−p1,−p3; t, x) =


0

0

A?N

−C?M

 ,

where an overall factor exp(ip1x1 + ip3x3) has been omitted. As a left(right)-handed

spinor through the evolution will keep to be left(right)-handed, one can write down

separate Bogoliubov transformations for left- and right-handed spinors,

UL = αLU
F
L + βLV

F
L , VL = −β?LUFL + α?LV

F
L , (2.95)

UL = αRU
F
L + βRV

F
L , VL = −β?RUFL + α?RV

F
L ,

which yield same expression of particle numbers

|βL|2 = |βR|2 = |CFA−AFC|2. (2.96)

Therefore the same amount of left- and right-handed (anti-)particle have been pro-

duced. We come to the conclusion that Landau levels of n > 0 do not contribute to

the ∆Q5.

2.3.2 Chiral anomaly for massive fermions

The chiral anomaly could also happen to massive fermions. To show this, we start

by defining a term

Kn,s(t, p3) =

∫
dx2 Un,s(p1, p3; t, x)U †n,s(p1, p3; t, x)

− Vn,−s(−p1,−p3; t, x)V †n,−s(−p1,−p3; t, x), (2.97)
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with which, Q5 could be simplified as

Q5(t) =− 1

2

∫
dx1dx3

∑
n,s

∫
dp1

2π

dp′3
2π

Tr
[
Kn,s(t, p3)γ5

]
=− 1

2
L1L3

∑
n,s

∫
dp1

2π

dp′3
2π

Tr
[
Kn,s(t, p3)γ5

]
=− V eB

4π

∑
n,s

∫
dp′3
2π

Tr
[
Kn,s(t, p3)γ5

]
, (2.98)

where V = L1L2L3 is the spatial volume and on the third line, we have utilized the

relation

L1

∫
dp1

2π
=
∑
p1

=
L1L2eB

2π
, (2.99)

to count the number of the degeneracy of Landau levels. Similarly,

2im

∫
d3x〈Tψ̄(t, x)γ5ψ(t, x)〉 =2m

V eB

4π

∑
n,s

∫
dp′3
2π

Tr
[
Kn,s(t, p3)γ0γ5

]
. (2.100)

When the spin can be summed up, that is, when n > 0, one can calculate

∑
s

Kn,s(t, p3) =

∫
dx2

[
PU iγ

0(iγ0ω + iγ1
√

2neB +m)P †U (2.101)

−PV iγ0(iγ0ω − iγ1
√

2neB −m)P †V

]
,

and with the explicit expression of PU and PV as in equation (2.78), one can also

show that,

∑
s

Tr
[
Kn,s(t, p3)γ5

]
=
∑
s

Tr
[
Kn,s(t, p3)γ0γ5

]
= 0, (2.102)

which means Landau levels of n > 0 do not contribute to either Q5 or the chiral

mass term (2.100).

For n = 0, there is only one spin choice, and mode functions can be written
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explicitly as

U0,+(p1, p3; t, x) = f


−A

0

C

0

 , V0,−(−p1,−p3; t, x) = f


C?

0

A?

0

 , (2.103)

where f = (π)−1/4eip1x1+ip3x3e−y
2/2 and y =

√
eBx2 + p1√

eB
. This leads to

K0,+(t, p3) =


|A|2 − |C2| 0 −2AC? 0

0 0 0 0

−2CA? 0 |C|2 − |A|2 0

0 0 0 0

 . (2.104)

We denote

T 3(t, p3) ≡1

2
Tr
[
K0,+(t, p3)γ5

]
= (|A(t, p3)|2 − |C(t, p3)|2),

T 2(t, p3) ≡− 1

2
Tr
[
K0,+(t, p3)γ0γ5

]
= i(A(t, p3)C?(t, p3)− C(t, p3)A?(t, p3)).

The evolution of A(t, p3) and C(t, p3) of constant p3 is provided by revising the

equation (2.19),

∂

∂t

 A(t, p3)

C(t, p3)

 = i
(
p′3σ

3 −mσ1
) A(t, p3)

C(t, p3)

 , (2.105)

where p′3 = p3 + eEt and the partial derivative is employed in the expression to

emphasize that the equation is valid for constant p3. As a result of the evolution

equation (2.105), we obtain the following relation,

∂

∂t
T 3(t, p3) = 2mT 2(t, p3). (2.106)

At the end, we arrive at

Q5(t) =− V eB

2π

∫
dp′3
2π

T 3(t, p′3 − eEt), (2.107)



Chapter 2. Solving the Dirac Equation 45

and the exact chiral anomaly

d

dt
Q5(t) =− V eB

2π

∫
dp′3
2π

[
∂

∂t
T 3(t, p3)− eE ∂

∂p′3
T 3(t, p′3 − eEt)

]
=− V eB

2π

∫
dp′3
2π

2mT 2(t, p3) +
V e2EB

4π2
T 3(t, p′3 − eEt)

∣∣∣∣p′3=+∞

p′3=−∞

=2im〈Tψ̄(t, x)γ5ψ(t, x)〉 − V e2EB

2π2
, (2.108)

of same form as in (2.64). The asymptotic values are determined by the fact that in

equation (2.105) when |p′3| is large, and the evolution eventually becomes

∂

∂t

 A

C

 = ip′3σ
3

 A

C

 ,

under which T 3 is a constant. In addition, initial values provide T 3(0,−∞) = 1 and

T 3(0,+∞) = −1.

2.3.3 B+L anomaly

The quantization of fermions could violate a symmetry but the symmetry survives

if the anomaly arising from individual fermion cancels out when all fermions are

considered. Such anomaly cancellation depends on the whole fermion content of the

Standard Model. To demonstrate the effect, we follow the trick in Weinberg’s book

[41], so that the general quantum anomaly can be obtained in a similar way to the

chiral anomaly. To this end, we transform all fermions into left-handed spinors, for

instance, a field ψ now being written as

Ψ =


1
2(1 + γ5)ψ

[
1
2(1− γ5)ψ

]C
 . (2.109)

Ψ is actually left-handed due to the fact that the charge conjugation, acting on

fermion as ψC = −γ2ψ?, will change a right-handed spinor into a left-handed one.

Any gauge or global transformation performed on ψ of the form

δψ = iδθ

[
tL
2

(1 + γ5)ψ +
tR
2

(1− γ5)ψ

]
, (2.110)
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now becomes

δΨ = iδθ


tL 0

0 −t?R




1
2(1 + γ5)ψ

1
2(1 + γ5)(−γ2)ψ?

 . (2.111)

The Lagrangian can be simply written as:

L = −1

4
FµνF

µν − Ψ̄Lγ
µDµΨL, (2.112)

which yields the chiral current,

Jµ5 = iΨ̄Lγ
µγ5ΨL, , (2.113)

and the total chiral charge

Q5 =

∫
d3x〈TΨ†Lγ

5ΨL〉 =
∑
n,s

∫
dp1

2π

dp′3
2π

(
nL,Un,s (τ, p3)− nL,Vn,−s(τ,−p3)

)
. (2.114)

The Landau levels are displayed in Figure 2.6. Again the levels of n > 0 do not

contribute to Q5 as there will be same amount of particles and anti-particles. In the

lowest-energy Landau levels, no particles are produced and the Q5 depends only on

created anti-particles, with a value

Q5 = −eETL3

2π

L1L2eB

2π
= − e2

4π2
E ·BV T (2.115)

Similarly, the anomaly is of the form

∂µJ
µ
5 =

e2

32π2
εµνρσFµνFρσ. (2.116)

For general abelian and non-abelian gauge fields, the quantum anomalies should

be written as,

∂µJ
µ
t =

e2

32π2
εµνρσFαµνF

β
ρσ

1

2
Tr [{tα, tβ}t] . (2.117)

which is the result of the calculation of the triangle diagrams shown in Fig 2.7.

For example, the chiral anomaly in the electromagnetic theory can be recovered by
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ω

p3

n = 0
n = 1

n = 0
n = 1

..

.
..
.

...
...

Up3,+

V−p3,−

Figure 2.6. Landau levels for left-handed and massless fermions only.

t

tα

tβ

+ t

tβ

tα

Figure 2.7. Triangle diagrams for anomalies.

noticing

tα = tβ =


1 0

0 −1

 , t =


1 0

0 1

 , (2.118)

therefore,

∂µJ
µ
5 =

e2

16π2
εµνρσFµνFρσ, (2.119)

the right expression of chiral anomaly in QED.

A symmetry is free of anomaly, if Tr [{tα, tβ}t] vanish. This indeed happens to

the SU(3)×SU(2)×U(1) gauge theory, when one generation of the Standard Model

fermions is considered [41]. With the same fermion content, we now study if there
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is any other U(1) symmetry that could be adopted by the Standard Model. To this

end, we denote the extra symmetry as U(1)′ to distinguish the one in the Standard

Model. As in (2.109), instead of choosing the SUL(2) singlets uR, dR and eR, we

select their charge conjugate, uCR, dCR and eCR, which would be left-handed spinors.

We assume the U ′(1) charge of (uL, dL), uCR, dCR, (νL, eL) and eCR are a, b, c, d and

e respectively.

First of all, in order to have the anomaly cancelled in SU(3) − SU(3) − U(1)′

triangle diagrams, the following equation must be satisfied,

∑
Tr [{tα, tβ}t] = 0, (2.120)

where the sum is performed to include all fermions. In practice, only quarks can

couple to the SU(3) gauge field. Accordingly, the equation could be written as

∑
Tr [{tα, tβ}t] = Tr [{Tα, Tβ}] (2a+ b+ c) = 0, (2.121)

where Tα, Tβ are SU(3) generators and specifically for the SU(N) group, Tr [TαTβ] =

δαβ/2. As a result,

SU(3)− SU(3)− U(1)′ :

2a+ b+ c = 0, (2.122)

and similarly

SU(2)− SU(2)− U(1)′ :

3a+ d = 0, (2.123)

U(1)− U(1)− U(1)′ :

6

(
−1

6

)2

a+ 3

(
2

3

)2

b+ 3

(
−1

3

)2

c+ 2

(
1

2

)2

d+ (−1)2 e = 0, (2.124)

with the weak hypercharges that can be found in Table 2.1. There are only two

independent solutions, and it is no surprise that the Standard Model U(1) will be

one of them, which is presented by (a, b, c, d, e) = (−1
6 ,

2
3 ,−1

3 ,
1
2 ,−1) ; to our
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electromagnetic charge weak isospin weak hypercharge
Q = T3 − Y T3 Y(

u
d

)
L

+2/3
−1/3

+1/2
−1/2

−1/6

uCR −2/3 0 +2/3

dCR +1/3 0 −1/3(
ν
e

)
L

0
−1

+1/2
−1/2

+1/2

eCR +1 0 −1

Table 2.1. The electromagnetic charge Q, weak isospin T3 and weak hypercharge Y of the
first-generation fermions, with a relation Q = T3 − Y .

concern, the other solution is (a, b, c, d, e) = (1
3 ,−1

3 ,−1
3 ,−1, 1), which is B − L. 5

Therefore, with Standard Model fermion content, we expect the symmetry B+L

should be violated as quantum anomaly, while B−L is still a good symmetry in the

Standard Model. Particularly, the B+L anomaly happens only in SU(2)−SU(2)−
U(1)′ and U(1)− U(1)− U(1)′. If the fermionic lagrangian is in a shape of

Lf = q̄Lγ
µDµqL + ūRγ

µ∂µuR + d̄Rγ
µ∂µdR (2.125)

+ l̄Lγ
µDµlL + ν̄Rγ

µ∂µνR + ēRγ
µ∂µeR

5If considering the graviton-graviton-U(1)′, we can constrain further that there must exist
SU(3)× SU(2)× U(1) singlet(s) of U(1)′ charge fi, and

∑
i fi = −1.

If the global symmetry is from a gauge theory which should be broken in a high energy as there is
no such massless gauge boson being found in the experiment, there will exist two more requirements:
U(1)− U(1)′ − U(1)′ :

6

(
−1

6

)
a2 + 3

(
2

3

)
b2 + 3

(
−1

3

)
c2 + 2

(
1

2

)
d2 + (−1) e2 = 0

U(1)′ − U(1)′ − U(1)′ :

6a3 + 3b3 + 3c3 + 2d3 + e3 +
∑

f3

The first requirement can be satisfied by the solution in the text, and the second one add a further
constraint on extra singlet(s), that is,

∑
f3 = −1. The simplest solution is the right-handed

neutrino.
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with the covariant derivative [8, 41],

Dµ = ∂µ − iY Bµ −
iσa

2
Aaµ, (2.126)

which will guarantee the electric charge defined by the relation Q = T3 − Y , the

baryon number, summing over the SU(3) color

jµb =
1

3

∑
iq̄Lγ

µqL + iūRγ
µuR + id̄Rγ

µdR, (2.127)

and the lepton number

jµl = il̄Lγ
µlL + iν̄Rγ

µνR + iēRγ
µeR, (2.128)

would have an anomaly in the form of 6

∂µj
µ
b = ∂µj

µ
l =

1

64π2
εµνρσF aµνF

a
ρσ −

1

64π2
εµνρσBµνBρσ. (2.129)

2.4 Fermions on a lattice

The most notorious problem of fermions on a lattice is the fermion doubling problem,

that there are more unwanted species propagating when the fermion field is realized

naively on a lattice. To solve, or at least to alleviate the issue, lots of methods

have been proposed, such as Wilson fermions [16], staggered fermions [15, 18] and

Ginsparg-Wilson fermions [21]. In practice, it is the Wilson fermion that we will

adopt in our work to remove the spatial doublers. It also turns out that the temporal

doubler in real-time simulations is no longer a practical problem if the initialization

is well chosen and time step of the evolution is small enough. We will reveal these

two aspects in this section.

First of all, we consider the naive realization of fermions on a lattice with the

6In the Euclidean spacetime, any finite integral
∫
E

1
64π

εµνρσF aµνF
a
ρσ = n, will be an integer;

comparatively,
∫
E

1
64π

εµνρσBµνBρσ = 0.
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action [54],

S =dtd3x
∑
t,x

− ψ̄(t, x)γ0U0(t, x)ψ(t+ dt, x)− U †0(t− dt, x)ψ(t− dt, x)

2dt

−
∑
i

ψ̄(t, x)γi
Ui(t, x)ψ(t, x+ dxi)− U †i (t, x− dxi)ψ(t, x− dxi)

2dxi

−mψ̄(t, x)ψ(t, x), (2.130)

where the gauge link Uµ(x) = e−iedxµAµ(x) [14] is employed to maintain gauge in-

variance on the lattice. In real-time simulations, a convenient gauge fixing is the

temporal gauge, that any U0(t, x) = 1.

The discretized Dirac equation is obtained through a derivative of the action

with respect to ψ̄(t, x), as a result,

γ0ψ(t+ dt, x)− ψ(t− dt, x)

2dt
+
∑
i

γi
Ui(t, x)ψ(t, x+ dxi)− U †i (t, x− dxi)ψ(t, x− dxi)

2dxi

+mψ(t, x) = 0. (2.131)

For free fermions, the mode functions of U and V parts can be written in the form

of plane wave functions,

Up,s(t, x) = e−iEt+ip.xUq,s, V−p,−s(t, x) = eiEt+ip.xV−q,−s, (2.132)

where the length xi = sidxi, the momentum pi =
(
qi + 1

2

)
2π

Nidxi
and the integers

si and qi could be 0, 1, 2 ... Ni − 1, with Ni the total number of site along i-th

direction. Then the Dirac equation becomes the equation of spinors,[
−iγ0 sinE

dt
+
∑
i

iγi
sin pi
dxi

+m

]
Uq,s = 0, (2.133)[

iγ0 sinE

dt
+
∑
i

iγi
sin pi
dxi

+m

]
V−q,−s = 0, (2.134)

for which, the solutions can be chosen as

Uq,s = 1√
2ω

 −√ω − σ.p̃ ηs
√
ω + σ.p̃ ηs

 , V−q,−s = 1√
2ω

 √ω + σ.p̃ ηs
√
ω − σ.p̃ ηs

 , (2.135)



Chapter 2. Solving the Dirac Equation 52

where p̃i = sin(pidxi)
dxi

and the energy ω =
√
|p̃|2 +m2, which is related to E via

e−iEdt =
(√

1− ω2dt2 − iωdt
)

.

Presumably, if the energy operator on the lattice is defined similarly as the one

in the continuous theory, i ∂∂tψ = ωψ, only by replacing the derivative with the

difference, one would obtain ω =
√∑

i sin2(pidxi) +m2. It is easy to show when

pidxi = 0 or π, the energy ω = m, and there are a total of 23 such solutions. This

refers to the existence of 2d species of fermions, with d being the spatial dimension.

To remove these spatial doublers, we will introduce the spatial Wilson terms to the

action,

∑
i

rWdxi
2

ψ̄(t, x)
Ui(t, x)ψ(t, x+ dxi)− 2ψ(t, x) + U †i (t, x− dxi)ψ(t, x− dxi)

dx2
i

,

2.4.1 Spatial Wilson terms

Without losing generality, we study the Dirac equation for massless fermion in 1 + 1

dimension,

γ0ψ(t+ dt, x)− ψ(t− dt, x)

2dt
+ γ1ψ(t, x+ dx)− ψ(t, x− dx)

2dx
= 0, (2.136)

and implement the separation of variables in a manner,

γ0ψ(t+ dt, x)− ψ(t− dt, x)

2dt
=− iωγ0ψ(t, x), (2.137)

γ1ψ(t, x+ dx)− ψ(t, x− dx)

2dx
= iωγ0ψ(t, x). (2.138)

The second equation gives the eigenenergies ω = | sin(pdx)
dx | and the dispersion

relation is shown in Figure (2.8). Two particles can be identified in the plot, with

zero modes at 0 and π respectively.

For Wilson fermions, an extra term will be added to the equation, as a result,

iωγ0ψ(t, x) =γ1ψ(t, x+ dx)− ψ(t, x− dx)

2dx

+
rwdx

2

ψ(t, x+ dx)− 2ψ(t, x) + ψ(t, x− dx)

dx2
. (2.139)
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ω

pdx

1/dx

-π/2 0 π/2 π 3π/2

Figure 2.8. The dispersion relation without Wilson term. The plot is periodic with period
2π.

Moreover, the energy will be adjusted to the expression

ω =

√(
sin(pdx)

dx

)2

+

(
rWdx

2

)2(2− 2 cos(pdx)

dx2

)2

. (2.140)

The new dispersion relation of rW = 1 is displayed in Figure (2.9). In this case,

the degeneracy is totally removed. The physical modes around 0 are less affected

by the Wilson mass, in comparison with the doubler modes close to π (or -π) whose

energies have been dramatically raised by the large Wilson mass. Note also, the

highest energy in this case is twice the cut-off energy.

ω

pdx

2/dx

1/dx

-π -π/2 0 π/2 π

Figure 2.9. The dispersion relation with Wilson mass and rW = 1. In the case, the
degeneracy is totally removed.

As a comparison, the dispersion relation of rW = 0.5 is plotted in Figure (2.10).

In the case, the doubler becomes a mode of mass m = 1/dx, as large as the lattice

cut-off.



Chapter 2. Solving the Dirac Equation 54

ω

pdx

1/dx

-π/2 0 π/2 π 3π/2

Figure 2.10. The dispersion relation with Wilson parameter rW = 0.5. It can be treated
as a massless particle located at 0 and a massive particle of mass 1/dx sitting at π.

2.4.2 Temporal doublers

The existence of temporal doublers become obvious if one solves the equation (2.137),

which is essentially a recurrence relation and can be written in the form of

an+1 + i2ωdtan − an−1 = 0, (2.141)

where an refers to ψ(t, x) as t = ndt. The general solution can be written into the

following form,

ψ(t) =
e−iEt

2 cos(Edt)

[
ψ(dt) + eiEdtψ(0)

]
+ (−1)

t
dt

eiEt

2 cos(Edt)

[
e−iEdtψ(0)− ψ(dt)

]
,

(2.142)

where e−iEdt =
√

1− ω2dt2 − iωdt. From the above expression, one can find that

there are two propagating modes, associated respectively to e−iEt and (−1)neiEt.

The second term is supposed to be a doubler mode, which, comparatively, changes

its sign on each step. Therefore, if both physical and doubler modes exist in the

simulation, high-frequency oscillations are likely to be detected among measures of

observables. To remove the doubler, one can simply set ψ(dt) = e−iEdtψ(0) during

the initialization to any single mode function.

On the other hand, in Minkowski spacetime, one should be cautious to include

the temporal Wilson term, as ghost degrees of freedom will exist, because of these

extra temporal higher order operators. For instance, the full Wilson fermion will

have the action of the form,

S =

∫
dtd3x

[rWa
2
ψ̄∂µ∂µψ − ψ̄γµ∂µψ

]
, (2.143)
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where a = dt = dx for simplicity. The propagator in the question can be written as

1

− rW a
2 ∂µ∂µ + γµ∂µ

=
1

γµ∂µ
− 1

γµ∂µ − 2
rW a

, (2.144)

where on the right-hand side, the first term is a result of a massless fermion and

the minus sign in the front of the second term reveals the existence of the ghost,

of mass m = 2
rW a . Theoretically, this might not be a problem, as the large mass

will forbid the ghost degree being excited. Another interesting aspect is that the

fermion statistics will be modified due to the existence of the second-order derivative

[27, 33].

2.4.3 Chiral anomaly on the lattice

The chiral anomaly can be realized on the lattice by Wilson fermions [20] , with the

fermion action

SF = −
∫
d4x

[
ψ̄γµDµψ −

rWa

2
ψ̄DiDiψ

]
, (2.145)

where the fermions interact with the gauge field through the gauge covariant deriva-

tive Dµ = ∂µ− iAµ. The action has been written in continuous form for the sake of

simplicity, and in practice the lattice spacing a = dx is small but not infinitesimal.

It is apparent that the chiral symmetry of the action is broken due to the existence

of the Wilson term (the second term in the action (2.145)). In the limit a→ 0, the

Wilson term vanishes and therefore the Wilson fermions turn into the Dirac fermions

in the continuum theory. But the violation of the chiral symmetry will be reserved

and this is the origin of the chiral anomaly. Karsten and Smit [20] have proved that

the chiral anomaly can be produced by Wilson fermions on a Euclidean lattice, in

the perturbative limit of the gauge field,

∂µ〈ψ̄iγµγ5ψ〉 = −rWa〈ψ̄γ5ψDµDµψ〉 =
e2

16π2
εµνρσFµνFρσ. (2.146)

Kerler [22] has further shown that the equation can be established independently

of the perturbation theory. What is even more interesting is that the validity of

the chiral anomaly equation (2.146) does not depend on the value of rW , as long as

it is not zero [20, 69, 70]. In real-time simulations, the chiral anomaly can also be
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achieved when only the spatial Wilson term is involved [70, 76].

It is complicated to prove that the Wilson fermions can lead to the chiral

anomaly, but it is easy to demonstrate that without the Wilson term, the anomaly

can not be obtained. Without the Wilson term, the discretized Dirac equation for

fermions in parallel electric and magnetic field can be solved analytically. The so-

lution will be a result of the discretization of the continuous solution. However, the

doublers will appear in the discretized solution. Actually, the appearance of doublers

is avoidable when the fermion action is chiral symmetric, and this is summed up by

the Nielsen and Ninomiya theorem, which states that a local, real fermion lattice

action, having chiral and translational invariance, must have fermion doubling. It is

the existence of the doublers that make the chiral anomaly impossible.

Figure 2.11 illustrates the pair production in the lowest-energy Landau levels.

On the lattice, the Landau levels are actually periodic over the momentum and

therefore closed, in comparison with the open ones in the continuum theory (for

example, see Figure 2.4). This periodicity is due to the lattice regularization, 7 and

the 1-momentum space is homeomorphic to the 1-torus. In the plots, there are two

zero-points pdx = 0 and π, which correspond to the rest states of physical mode

and doubler mode. Within the electric field, the same amount of pair productions

occur around these two zero-points, but with opposite chirality. As a result, the

chiral charge of the physical model is exactly cancelled out by the chiral charge of

the doubler mode, and therefore the chiral anomaly can not happen.

Above all, the regularization method that are used to derive the chiral anomaly

should be consistent with the range of the momentum. The dimensional regulariza-

tion and the method that we utilized in this chapter can adopt the infinite range

of the momentum. While in comparison, for finite range of the momentum, the

possible way to achieve the chiral anomaly is to break the chiral symmetry by some

higher-order operator, like the Wilson term. This applies to the lattice regularization

and the gauge covariant Pauli-Villars regularization [26].

7The range of the momentum is finite on the lattice. Imagine a mode function of initial momen-
tum inside the range, accelerates in an electric field, and eventually reaches the final momentum
which is outside of the range. Without the periodicity, this does not make any sense on the lattice.
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ω
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(a) t=0

(b) t=τ

Figure 2.11. Pair productions in the naive fermion realization. Chiral charges in IR are
exactly opposite to ones in UV. The plot is periodic with period 2π. So points of pdx = −π/2
are the same as points of pdx = 3π/2.



Chapter 3

Fermions in the Electroweak Dynamics

In this chapter, we are going to implement numerical simulations of electroweak dy-

namics with fermions involved. On the one hand, fermions are crucial to obtain the

B+L anomaly, which is supposed to play an important role in the early universe of

spontaneous electroweak symmetry breaking to accomplish the baryogenesis. On the

other hand, it requires a large number of degree of freedom to represent fermions in

practical simulations. Unlike gauge fields or Higgs fields which can be well approxi-

mated by classical field configurations due to their large occupation numbers during

the time, fermions should always be treated as quantum fields, as the occupation

number of any mode is never large than one, restricted by the Pauli exclusion prin-

ciple. Nevertheless, nowadays numerical computations gradually become powerful

enough to tackle the challenge, as well as some new methods [61] proposed to reduce

the memory consumption to represent quantum fermions in real-time simulations.

We will take the opportunity to study the fermion behavior in the electroweak phase

transition.

The aim of the chapter is to study the cold electroweak transition through nu-

merical simulations, and eventually measure the fermion temperature during the

transition. A cold transition is crucial to Cold Electroweak Baryogenesis with the

Standard Model CP -violation as the origin of the baryon asymmetry of the Universe,

as the CP -violation in the CKM matrix is highly suppressed by the temperature

[56]. In fact, the study in [68] suggested that the transition temperature should be

at most of order 1 GeV, in order to have a viable Standard Model baryogenesis.

We will in practice apply the method of ensemble fermions to measure the fermion

occupation number and accordingly check the transition temperature.

58
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3.1 The reduced Standard Model

For the sake of simplicity, we restrict ourselves to consider a reduced electroweak

theory, involving SU(2) gauge fields, Higgs fields and one family of quarks and

leptons, including a right-handed neutrino, and with SU(3) color index and U(1)

charge omitted.

3.1.1 Continuum action

The continuum action takes the form

S = SH + SG + SF + SY , (3.1)

with individual components,

SH = −
∫

d4x

[
(Dµφ)†Dµφ− µ2φ†φ+ λ(φ†φ)2 +

µ4

4λ

]
, (3.2)

SG = −
∫

d4x
1

4g2
F aµνF

a,µν , (3.3)

SF = −
∫

d4x
[
q̄Lγ

µDµqL + ūRγ
µ∂µuR + d̄Rγ

µ∂µdR

+l̄Lγ
µDµlL + ν̄Rγ

µ∂µνR + ēRγ
µ∂µeR

]
, (3.4)

SY = −
∫

d4x
[
Guq̄Lφ̃uR +Gdq̄LφdR +Gν l̄Lφ̃νR +Ge l̄LφeR + h.c.

]
, (3.5)

where the Higgs mass mH =
√

2µ = 125 GeV [82] and vacuum expectation value

v = µ/
√
λ = 246 GeV.

The covariant derivative acts on doublets, in the form of,

Dµφ =

(
∂µ −

iσa

2
Aaµ

)
φ, DµqL =

(
∂µ −

iσa

2
Aaµ

)
qL, DµlL =

(
∂µ −

iσa

2
Aaµ

)
lL,

(3.6)

and the field strength tensor is defined accordingly by,

− iσ
a

2
F aµν = [Dµ, Dν ] , F aµν = ∂µA

a
ν − ∂νAaµ + εabcAbµA

c
ν . (3.7)
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The SU(2) generators of the representation are chosen as,

T a =
1

2
σa, so Tr

[
T aT b

]
=

1

2
δab, T aT b − T bT a = [T a, T b] = iεabcT c. (3.8)

By denoting Aµ = T aAaµ and Fµν = T aF aµν , one can show that

Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ]. (3.9)

The field φ̃ in the Yukawa interaction is defined as φ̃(x) = iσ2φ?(x), 1 and for any

SU(2) gauge transformation φ′(x) = U(x)φ(x), it is easy to show φ̃′(x) = U(x)φ̃(x).

We will also commonly use the field Φ(x) =
(
φ̃(x), φ(x)

)
, which behaves like Φ′(x) =

U(x)Φ(x) under the SU(2) gauge transformation, These different expressions of

Higgs field can be written explicitly as

φ(x) =

 φ1(x)

φ2(x)

 , φ̃(x) =

 φ?2(x)

−φ?1(x)

 , Φ(x) =

 φ?2(x) φ1(x)

−φ?1(x) φ2(x)

 ,

(3.10)

and the matrix expression can have the expansion

Φ(x) = kbΦb = IΦ0 + iσ1Φ1 + iσ2Φ2 + iσ3Φ3, (3.11)

with kb = (I, iσ1, iσ2, iσ3). Especially, one can verify that the normalized matrix

Φ̂ = Φ/
√
φ†φ is a SU(2) matrix, as long as |φ| is not zero.

To our concern, the baryon number and lepton number are defined separately

by

jµb = i
[
q̄Lγ

µqL + ūRγ
µuR + d̄Rγ

µdR
]

= iq̄γµq, (3.12)

jµl = i
[
l̄Lγ

µlL + ν̄Rγ
µνR + ēRγ

µeR
]

= il̄γµl, , (3.13)

where as the SU(3) color index is omitted, we assign B = 1 to each quark and −1

to each anti-quark. Provided the fermion content (qL, (uCR, d
C
R), lL, (νCR, e

C
R))T

(for the detailed definition, see section 2.3.3), the B+L anomaly will happen in the

1This is because any SU(2) representation is self-conjugate and in this case, it is matrix iσ2

transforming the SU(2) fundamental representation to its anti-fundamental one.
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following way

∂µJ
µ
b+l =

1

32π2
εµνρσF aµνF

b
ρσ

1

2
Tr [{ta, tb}t] , (3.14)

where now

ta =


σa

2

0

σa

2

0

 , t =


I

0

I

0

 , (3.15)

therefore, the B +L anomaly in the reduced Standard Model model can be written

precisely in the form of

∂µj
µ
b + ∂µj

µ
l = ∂µJ

µ
b+l =

1

32π2
εµνρσF aµνF

a
ρσ. (3.16)

On the other hand, for B − L,

t =


I

0

−I
0

 , (3.17)

hence there is no B − L anomaly,

∂µj
µ
b − ∂µj

µ
l = ∂µJ

µ
b−l = 0. (3.18)

As a result, the anomaly in the reduced model can be written in the form of

∂µj
µ
b = ∂µj

µ
l =

1

64π2
εµνρσF aµνF

a
ρσ, (3.19)

which is exactly the same as the B + L anomaly in the Standard Model, with the

expression in (2.129).
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We write the actions of fermions more concisely by adopting following fields,

ΨL =qL, ΨR = −iσ2γ2l?L, (3.20)

χL =− γ2e?R, χR = uR, (3.21)

ξL =γ2ν?R, ξR = dR, (3.22)

and accordingly we can obtain

l̄Lγ
µ

(
∂µ −

iσa

2
Aaµ

)
lL = Ψ̄Rγ

µ

(
∂µ −

iσa

2
Aaµ

)
ΨR, (3.23)

ēRγ
µ∂µeR = χ̄Lγ

µ∂µχL, ν̄Rγ
µ∂µνR = ξ̄Lγ

µ∂µξL, (3.24)

bearing in mind that the fermionic fields, like Grassmann numbers, anti-commutate

with each other, and also noticing Pauli’s matrix σa satisfying, −iσ2(σa)T iσ2 = −σa.
As a result, the revised actions of fermions turn into

SF =−
∫

d4x
[
Ψ̄γµDµΨ + χ̄γµ∂µχ+ ξ̄γµ∂µξ

]
, (3.25)

SY =−
∫

d4x
[
GuΨ̄φ̃PRχ+GdΨ̄φPRξ +GνΨ̄φ̃PLξ +GeΨ̄φPLχ+ h.c.

]
, (3.26)

with projectors PL = 1+γ5

2 and PR = 1−γ5
2 . One can also check the chiral anomaly

in the new action is the B + L anomaly in the original action, in the form of,

jµ5 = i
[
Ψ̄γµγ5Ψ− χ̄γµγ5χ− ξ̄γµγ5ξ

]
= jµb + jµl .

3.1.2 The Chern-Simons number

The terms appearing on the right-handed side of the anomaly equation can be writ-

ten in the form of derivatives [58],

1

32π2
εµνρσTr [FµνFρσ] =

1

16π2
εµνρσ∂µTr

[
AνFρσ + i

2

3
AνAρAσ

]
, (3.27)

or with explicit SU(2) group indices,

1

64π2
εµνρσF aµνF

a
ρσ =

1

32π2
εµνρσ∂µ

(
AaνF

a
ρσ −

1

3
εabcAaνA

b
ρA

c
σ

)
. (3.28)
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The Chern-Simons number is defined accordingly as

NCS =
1

16π2

∫
d3xεijkTr

[
AiFjk + i

2

3
AiAjAk

]
(3.29)

=
1

32π2

∫
d3xεijk

(
Aai F

a
jk −

1

3
εabcAaiA

b
jA

c
k

)
.

The vacuum states of pure SU(2) gauge theory are degenerate in energy, but

they can be discriminated by Chern-Simons numbers, as in Fig 3.1. To show this

0 1-1 2-2
Ncs

E

Figure 3.1. The degeneracy of the vacuum of the SU(2) gauge field. The degeneracy
remains when the Higgs field is included, but there will exist saddle points on the barrier
between two vacuums. The Sphaleron accounts for such saddle points [24, 25]. With the
existence of fermions, the degeneracy will vanish, and large |NCS | state will have large
energy, as NCS corresponds to the baryon numbers [28, 32].

elegantly, we will use the language of p-form, by which, for instance, a p-form g is

related to a rank-p anti-symmetric tensor gi1i2...ip using the convention,

g =
1

p!
gi1i2...ipdx

i1 ∧ dxi2 ∧ ...dxip , (3.30)

specifically,

A = Aµdx
µ, F =

1

2
Fµνdx

µ ∧ dxν = dA− iA ∧A. (3.31)

In light of the p-form notation, the equations (3.27), (3.28) can be simply written

as,

1

8π2
Tr [F ∧ F ] =

1

8π2
Tr

[
d

(
A ∧ F +

i

3
A ∧A ∧A

)]
. (3.32)

To have a field configuration of zero energy, we choose the gauge field to be pure

gauge, of the form, A = −idGG−1 with G(x) a SU(2) matrix at each spacetime

point, which in the end will provide F = dA− iA∧A = 0 everywhere and therefore
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lead to vanishing gauge energy E =
∫
d3x

[
1
2F

a
0iF

a,0i + 1
4F

a
ijF

a,ij
]

= 0. We further

consider a static solution, that the gauge field is not time dependent, and moreover,

we stick to the temporal gauge fixing, so A0 = 0. One can then check the Chern-

Simons number in this situation is a Cartan-Maurer integral invariant,

NCS =
1

8π2

∫
Tr

[
A ∧ F +

i

3
A ∧A ∧A

]
=− 1

24π2

∫
Tr
[
dGG−1 ∧ dGG−1 ∧ dGG−1

]
, (3.33)

and NCS could be any integer. 2

On the other hand, the vacuum state also requires the Higgs potential energy

to be minimal and the kinetic energy to be zero. Especially, for minimizing the

potential energy,

V (φ) =

∫
d3x

[
−µ2φ†φ+ λ(φ†φ)2

]
, (3.34)

the Higgs field can only be chosen under the restriction

φ†φ =
µ2

2λ
=
v2

2
, (3.35)

where the vacuum expectation value in reality is v = 246 GeV. To have vanishing

kinetic energy, the equation Dµφ = 0 should be met, in the language of p-forms,

that is to say,

dΦ̂− iAΦ̂ = 0, → A = −idΦ̂Φ̂−1, (3.36)

where the SU(2) matrix Φ̂ is

Φ̂(x) =
1

v

 φ?2(x) φ1(x)

−φ?1(x) φ2(x)

 . (3.37)

2In a 4-dimensional Euclidean space, when the distance r → +∞, the gauge field there could
also approach to pure gauge, so that F = 0 to guarantee a finite total energy. Similarly one would
encounter the integer

1

8π2

∫
M

Tr [F ∧ F ] =− 1

24π2

∫
∂M

Tr
[
dGG−1 ∧ dGG−1 ∧ dGG−1] ,

as the element of homotopy group π3(S3) = Z.
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The Higgs winding number is defined as

NW =− 1

24π2

∫
Tr
[
dΦ̂Φ̂−1 ∧ dΦ̂Φ̂−1 ∧ dΦ̂Φ̂−1

]
, (3.38)

and according to the definition of the Chern-Simon number in (3.33), we can con-

clude for those vacuum states, NW = NCS .

As a result, there are three numbers that we can implement to indicate the state

of the system. Especially, the created baryon (lepton) number would be the same

as the change of the Chern-Simons number, from time 0 to t,

NB(t)−NB(0) = NCS(t)−NCS(0) =

∫ t

0
dτ

∫
d3x

1

32π2
εµνρσTr [FµνFρσ] , (3.39)

with the Higgs winding number pointing to the nearest vacuum state.

3.1.3 Fermion mode functions and correlation functions

For free fermions, we choose the mode functions, labelled by p = (p1, p2, p3) and s,

as

Us(p; t, x) = e−iωt+ip.xUs(p), V−s(−p; t, x) = eiωt+ip.xV−s(−p), (3.40)

where the on-shell condition is ω =
√
p2 +m2 and dot products mean 3-vector

products, i.e. p.x = p1x1 + p2x2 + p3x3. The mode function Us(p; t, x) eventually

refers to a particle state of momentum p and spin s/2, and V−s(−p; t, x) an anti-

particle state of momentum −p and spin −s/2. The spinors Us(p) and V−s(−p)
satisfy

(−iγ0ω + iγ.p+m)Us(p) = 0, (iγ0ω + iγ.p+m)V−s(−p) = 0, (3.41)

and they can accordingly be chosen in the form of

Us(p) =
1√
2ω

 −√ω − σ.p ηs√
ω + σ.p ηs

 , V−s(−p) =
1√
2ω

 √ω + σ.p ηs
√
ω − σ.p ηs

 , (3.42)
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with ηs =

 1

0

 ,

 0

1

 for s=1, -1 respectively. For the Dirac-conjugates ψ̄ =

ψ†iγ0, we get

Ūs(p) =
1√
2ω

(
−η†s

√
ωp + σ.p, η†s

√
ωp − σ.p

)
, (3.43)

V̄−s(−p) =
1√
2ω

(
−η†s

√
ωp − σ.p, −η†s

√
ωp + σ.p

)
, (3.44)

and therefore in this convention, we have

∑
s

Us(p)Ūs(p) =
1

2ω

[
iγ0ω − iγ.p+m

]
(3.45)

∑
s

V−s(−p)V̄−s(−p) =
1

2ω

[
iγ0ω + iγ.p−m

]
, (3.46)

given the fact that

∑
s

ηsη
†
s = I2×2, (3.47)

with I2×2 here standing for a 2× 2 identity matrix.

We expand the field operator in the form of

ψ(t, x) =
∑
s

∫
d3p

(2π)3

[
bs(p)Us(p; t, x) + d†−s(−p)V−s(−p; t, x)

]
,

with creation and annihilation operators satisfying anti-commutation relations

{b†r(p), bs(p′)} =(2π)3δrsδ
3(p− p′), (3.48)

{d†−r(−p), d−s(−p′)} =(2π)3δrsδ
3(p− p′).

One can check the expansion above eventually meets the canonical anti-commutation

relation, which is

{ψα(t, x), ψ†β(t, x′)} = δαβδ
3(x− x′), (3.49)

with α and β spinor indices.
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In practice, we define the equal-time two-point function D(t;x, y), with elements

Dαβ(t;x, x′) = 〈Tψα(t, x)ψ̄β(t, x′)〉 =
1

2
〈ψα(t, x)ψ̄β(t, x′)− ψ̄β(t, x′)ψα(t, x)〉.

(3.50)

When gauge fields are present, the complete correlation function to maintain the

gauge invariance should have

Dαβ(t;x, x′) = −〈Tψ̄β(t, x′)U(t;x′, x)ψα(t, x)〉, (3.51)

where the gauge link U(t;x′, x) = exp(−i
∫
C A) with the line integral C, extending

from x′ to x. With the two-point function, a Wigner function can then be con-

structed accordingly

W (t; p, x) =

∫
d3ze−ip.zD(t;x+

z

2
, x− z

2
). (3.52)

For free fermions, the spatial averaged Wigner function is actually

1

V

∫
d3xW (t; p, x) = D(p; t) = 〈Tψ(t, p)ψ̄(t, p)〉, (3.53)

where ψ(t, p) =
∫
d3xe−ip.xψ(t, x), and D(p; t) then has a simple expansion,

D(p; t) =
1

2

∑
s

[
Us(p; t)Ūs(p; t)(1− 2ns(p; t))− V−s(−p; t)V̄−s(−p; t)(1− 2n̄−s(−p; t))

]
,

(3.54)

where similarly as in section 2.3, ns(p; t) is the number of the particle of momentum

p and spin s/2 and n̄−s(−p; t) the number of the anti-particle of momentum −p and

spin −s/2. By summing over the spin and making use of the relation (3.46), one

can arrive at a gamma matrix expansion [45]

D(p; t) =[1−N(p; t)− N̄(−p; t)]−ip.γ +m

2ω
+ [N̄(−p; t)−N(p; t)]

iγ0

2
+ ..., (3.55)

with N(p; t) =
∑

s ns(p; t)/2 and N̄(−p; t) =
∑

s n̄−s(−p; t)/2. For fermions in more

general situations, other gamma-matrix terms could also appear in the expansion,

and would be of interest themselves, like γ5 terms existing when there is an asymme-
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try between particle numbers of different spins. But we will here focus only on the

first two terms, and in addition, the second term actually vanishes if CP symmetry

is a good symmetry, that UCPs (p) = sVs(−p) and nCPs (p) = n̄s(−p).
If one measures

Fp = Tr[D(p; t)], Vp = Tr[i
γ.p

p
D(p; t)], (3.56)

one can obtain the averaged (anti-)particle numberNav(p; t) = (N(p; t)+N̄(−p; t))/2
and the practical energy ω =

√
m2 + p2 at the time t, of the form,

Nav(p; t) =
1

2
− sign (Vp)

√
F 2
p + V 2

p

4
, ω(p; t) =

√
4(1− 2Nav)2p2

V 2
p

. (3.57)

The determination of the energy is necessary, because masses of fermions in the

theory depend on the Higgs field, which is time-varying during the evolution.

3.2 Ensemble fermions

As we see in Chapter 1, fully representing one quantum Dirac field requires a large

number of variables, which is of the order of N6, with N the number of sites in

each spatial direction, and even worse, when there exist n species of fermions, the

number of variables will be increased by a factor of n2. To see what this number

corresponds to in the mode functions, we write down the mode function expansion

in a discrete form,

ψ(t, x) =
1

V

∑
q,s

[
bq,sUq,s(t, x) + d†−q,−sV−q,−s(t, x)

]
, (3.58)

where the mode functions are orthonormal, in the sense,

1

V

∑
p,s

[
Up,s(t, x)U †p,s(t, y) + V−p,−s(t, x)V †−p,−s(t, y)

]
=

1

a3
I4×4δ

3
xy, (3.59)

a3
∑
x

U †p,s(t, x)Uq,s′(t, x) = a3
∑
x

V †−p,−s(t, x)V−q,−s′(t, x) =V δ3
pqδss′ , (3.60)
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and the creation and annihilation operators satisfy anti-commutation relations

{b†p,r, bp′,s} = δrsV δ
3
pp′ , {d†−p,−r, d−p′,−s} = δrsV δ

3
pp′ , (3.61)

with a the lattice spacing and V = a3N3 the spatial volume. As one can see,

there are a total of 4N3 mode functions in 3+1 dimension, and each mode function

has 8N3 real variables, because at every site there exists a spinor of 4 complex

components. These mode functions are orthonormal as in (3.60), and accordingly

there will be 16N6 real constraints. As a result, the number of degrees of freedom

of one Dirac field is 32N6 − 16N6 = 16N6. 3 However, it is much easier in practice

to keep those constraints in calculations and adopt 32N6 variables to represent the

Dirac field. On the other hand, the same amount of variables can also be found in

the two-point function D(t;x, x′), which is now of the form,

D(t;x, x′) =
1

2V

∑
q,s

[
Uq,s(t, x)Ūq,s(t, x

′)(1− 2nq,s) (3.62)

−V−q,−s(t, x)V̄−q,−s(t, x
′)(1− 2n̄−q,−s)

]
,

with nq,s and n̄−q,−s being individually the initial particle and anti-particle number,

because D(t;x, x′) is basically a 4N3 × 4N3 complex matrix. For our interest, the

vacuum state would have,

D(t;x, x′) =
1

2V

∑
q,s

[
Uq,s(t, x)Ūq,s(t, x

′)− V−q,−s(t, x)V̄−q,−s(t, x
′)
]
, (3.63)

with which, one can check

∑
x′

D(t;x, x′)iγ0D(t;x′, x′′)iγ0 =
1

4a6
δ3
xx′′I4×4. (3.64)

As the numbers show, the N6-dependence will become a big challenge to numer-

ical simulations. For instance when N = 32, it requires 256GB of computer memory

space to represent such a fermionic field in 3 + 1 real-time simulations; while when

N = 48, the number becomes desperately 2.916TB.

3One can actually build a matrix with each column being a mode function rescaled by 1/
√
N3,

and such a matrix will be a unitary matrix U(4N3) with the number of the generator being 16N6.
Such construction leads to the super-matrix used in Chapter 1.
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To alleviate the memory consumption challenge, a Monte Carlo method has been

proposed by Borsanyi and Hindmarsh [61] and turned out to be efficient to deal with

fermions interacting with classical bosonic fields in real-time simulations [61, 76, 78].

In this method, two fermionic fields, M(ale) and F(emale), are introduced,

ψM (t, x) =
1√
2V

∑
q,s

[ζq,sUq,s(t, x) + η−q,−sV−q,−s(t, x)] , (3.65)

ψF (t, x) =
1√
2V

∑
q,s

[
θq,sζq,sUq,s(t, x) + θ̄q,sχ−q,−sV−q,−s(t, x)

]
, (3.66)

with complex random numbers ζ and χ following Gaussian distributions and having

expectation values,

E
[
ζq,rζ

?
q′,s

]
= V δrsδqq′ |1− 2nq,r|, E

[
χ−q,−rχ

?
−q′,−s

]
= V δrsδqq′ |1− 2n̄−q,−r|.

(3.67)

The sign θq,s and θ̄−q,−s are chosen in such a way that,

θq,s =

 1 if nq,s < 1/2,

−1 if nq,s > 1/2,
, θ̄−q,−s =

 −1 if n̄−q,−s < 1/2,

1 if n̄−q,−s > 1/2,
. (3.68)

With the two-point function defined in this case as,

D(t;x, x′) =
1

2

(
ψM (t, x)ψ̄F (t, x′) + ψF (t, x)ψ̄M (t, x′)

)
, (3.69)

one can verify that the expectation of D(t, x, x′) is the same as the one in equation

(3.62).

We will in practice implement Nq realizations of ψM and ψF , distinguished by

the index j,

ψjM (t, x) =
1√
2V

∑
q,s

[
ζjq,sUq,s(t, x) + χj−q,−sV−q,−s(t, x)

]
, (3.70)

ψjF (t, x) =
1√
2V

∑
q,s

[
θjq,sζq,sUq,s(t, x) + θ̄jq,sχ−q,−sV−q,−s(t, x)

]
, (3.71)
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and use the average

D(t;x, x′) =
1

Nq

∑
j

1

2

(
ψjM (t, x)ψ̄jF (t, x′) + ψjF (t, x)ψ̄jM (t, x′)

)
,

to represent (3.69) in the calculation. According to the law of large numbers, the

error in the average is expected to be reduced as 1√
Nq

when Nq becomes large.

Specifically, the low-cost fermions in the vacuum state are

ψjM (t, x) =
1√
2V

∑
p

[
ζjp,sUp,s(t, x) + ηj−p,−sV−p,−s(t, x)

]
, (3.72)

ψjF (t, x) =
1√
2V

∑
p

[
ζjp,sUp,s(t, x)− ηj−p,−sV−p,−s(t, x)

]
, (3.73)

with

〈
ζp,rζ

†
p′,s

〉
E

= V δrsδpp′ ,
〈
ηp,rη

†
p′,s

〉
E

= V δrsδpp′ , (3.74)

where the ensemble average is define in the form of 〈ab〉E = 1
Nq

∑
j a

jbj . It is easy

to show that the two-point function for ensemble fermions,

D(t;x, x′) =
1

2

〈
ψjM (t, x)ψ̄jF (t, x′) + ψjF (t, x)ψ̄jM (t, x′)

〉
E
,

has the same expression as it did in the mode function expansion in (3.63). Uniquely

for ensemble fermions, one can check for any Gender (Male or Female)

a3

2

∑
x

〈
ψj†G (t, x)ψjG(t, x)

〉
= 1, (3.75)

which has no analogue in the mode function approach. The relation (3.75) can be

used in practice as a check of the correctness of simulations.

3.3 Lattice implementation

In order to move the continuum theory to a lattice, the spatial and temporal variables

will be chosen in the discretized form. It would be straightforward to apply the

change to the Higgs field and fermion fields. For fermion fields on the lattice, the

Wilson terms should also be employed. For the gauge field, we in practice choose
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the gauge link to main the gauge invariance of the action.

3.3.1 Action and equation of motion

The temporal and spatial gauge links are defined of the form

U0(x) = exp(−iatT aAa0(x)), Ui(x) = exp(−iaT aAai (x)), (3.76)

with at and a being separately the temporal and spatial lattice spacing; and a

plaquette is denoted as the product of four neighbouring gauge links,

Uµν(x) =Uµ(x)Uν(x+ µ)U †µ(x+ ν)U †ν (x), (3.77)

where indices µ and ν can be chosen among 0, 1, 2 and 3, and the symbol (x+µ) really

refers to a site with µ-th coordinate increased by one, for instance, (x+ 2) meaning

(t, x1, x2 + a, x3) and (x+ 0) standing for (t+ at, x1, x2, x3). When the perturbation

is valid, one finds, Uij(x) = Ui(x)Uj(x + i)U †i (x + j)U †j (x) ∼ exp
(
−ia2T aF aij

)
,

therefore,

F aij(x) =
1

a2
Tr [iσaUij ] +O(a2),

− 1

4g2

(
F aij(x)

)2
=− 2

(ga2)2

(
1− 1

2
Tr [Uij ]

)
+O(a2),

1

2g2
(F a0i(x))2 =

4

(gaat)2

(
1− 1

2
Tr [U0i]

)
+O(a2). (3.78)

As we will stick to the gauge fixing A0 = 0, for plaquettes with a temporal index,

we define

Ei(x) = U0i(x) = Ui(x+ 0)U †i (x), Eai (x) = Tr
[
iσaUi(x+ 0)U †i (x)

]
, (3.79)

which will determine the evolution of the spatial gauge links, in the following way,

Ui(x+ 0) = Ei(x)Ui(x). (3.80)

With the spatial lattice spacing a, we rewrite fermionic fields

Ψ(x)→ a3/2Ψ(x), χ(x)→ a3/2χ(x), ξ(x)→ a3/2ξ(x), (3.81)
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thus making them dimensionless, and similarly rescale the Higgs field as

Φ(x)→
√
λaΦ(x). (3.82)

We will also introduce the quantities

βtG =
4

g2

a

at
, βsG =

4

g2

at
a
, βtH =

1

λ

a

at
, βsH = βR =

1

λ

at
a
, βY =

at
a

1√
λ
. (3.83)

On the other hand, the discretization of the covariant derivative on the lattice is

not unique, and we define the forward and backward covariant difference individually

as,

DµΨ(x) = Uµ(x)Ψ(x+ µ)−Ψ(x), D′µΨ(x) = Ψ(x)− U †µ(x− µ)Ψ(x− µ),

and the symmetric covariant difference as their average

D̃µΨ(x) =
1

2

[
Dµ +D′µ

]
Ψ(x) =

1

2

[
Uµ(x)Ψ(x+ µ)− U †µ(x− µ)Ψ(x− µ)

]
.

The lattice action is then given by

S = SH + SG + SF + SW + SY , (3.84)

with components

SH =
∑
x,t

βtH
2

Tr
[
(D0Φ)†D0Φ

]
− βsH

2
Tr
[
(DiΦ)†DiΦ

]
− βR

(
1

2
Tr
[
Φ†Φ

]
− (amH)2

4

)2

,

SG =
∑
x,t

βtG
∑
i

(
1− 1

2
Tr [U0i(x)]

)
− βsG

2

∑
ij

(
1− 1

2
Tr [Uij(x)]

)
,

SF =
∑
x,t

−
[
Ψ̄γ0D̃0Ψ + χ̄γ0∂̃0χ+ ξ̄γ0∂̃0ξ

]
− at
a

[
Ψ̄γiD̃iΨ + χ̄γi∂̃iχ+ ξ̄γi∂̃iξ

]
,

SW =
∑
x,t

rWat
2a

[
Ψ̄D

′
iDiΨ + χ̄∂

′
i∂iχ+ ξ̄∂

′
i∂iξ

]
,

SY =−
∑
x,t

βY

[
Ψ̄Φ(χ, ξ)T + (χ̄, ξ̄)Φ†Ψ

]
, (3.85)

where SW is the spatial Wilson term, with the Wilson parameter rW .

The equations of motion are obtained from derivatives of the action with respect



Chapter 3. Fermions in the Electroweak Dynamics 74

to Φb, Ψ̄, (χ̄, ξ̄)T and Aaµ individually,

0 =− βtH∂′0∂0Φ + βsHD
′
iDiΦ− 2βR

(
1

2
Tr Φ†Φ− (amH)2

4

)
Φ

− 1

2
βY k

bΨ̄kb(χ, ξ)T − 1

2
βY k

b(χ̄, ξ̄)(kb)†Ψ,

0 =− γ0∂̃0Ψ− at
a
γiD̃iΨ +

rat
2a
D′iDiΨ− βY Φ(χ, ξ)T ,

0 =− γ0∂̃0(χ, ξ)T − at
a
γi∂̃i(χ, ξ)

T +
rat
2a
∂′i∂i(χ, ξ)

T − βY Φ†Ψ,

0 =
1

2
βtG [Eai (x)− Eai (x− 0)] +

1

2
βsG
∑
j

[
1Uaij(x)− 3Uaij(x− j)

]
− at

2a

[
Ψ̄(x)γiiσaUi(x)Ψ(x+ i) + Ψ̄(x+ i)γiU †i (x)iσaΨ(x)

]
+
rat
2a

[
Ψ̄(x)iσaUi(x)Ψ(x+ i)− Ψ̄(x+ i)U †i (x)iσaΨ(x)

]
− βsHTr

[
Φ†(x+ i)U †i (x)iσaΦ(x)

]
, (3.86)

In practice, the derivative with respect to gauge fields is executed according to,

−1

2

[
iσaUρ(x)

δS

δUρ(x)
− δS

δU †ρ(x)
U †ρ(x)iσa

]
,

where we treat Uµ(x), U †µ(x) as they are independent, and as a result

Tr

[
iσaUρ(x)

δUµν(y)

δUρ(x)
− δUµν(y)

δU †ρ(x)
U †ρ(x)iσa

]
=

δx,yδρ,µ
1Uaρν(x)− δx,y+νδρ,µ

3Uaρν(x− ν)− δx,yδρ,ν 4Uaµρ(x) + δx,y+µδρ,ν
2Uaµρ(x− µ),

where we have defined

1Uaµν(x) =Tr
[
iσaUµ(x)Uν(x+ µ)U †µ(x+ ν)U †ν (x)

]
,

2Uaµν(x) =Tr
[
Uµ(x)iσaUν(x+ µ)U †µ(x+ ν)U †ν (x)

]
,

3Uaµν(x) =Tr
[
Uµ(x)Uν(x+ µ)U †µ(x+ ν)iσaU †ν (x)

]
,

4Uaµν(x) =Tr
[
Uµ(x)Uν(x+ µ)U †µ(x+ ν)U †ν (x)iσa

]
, (3.87)

for which one can verify

1Uaµν(x) = − 4Ua†νµ(x), 2Uaµν(x) = − 3Ua†νµ(x). (3.88)
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The Gauss’ law of the SU(2) gauge theory can be obtained in the same way, by the

derivative with respect to Aa0,

βtG
∑
i

(
Eai (x)− 3Ua0i(x− i)

)
= 2βtHTr

[
iσaΦ(x)Φ†(x+ 0)

]
(3.89)

−
(
Ψ̄(x)γ0iσaΨ(x+ 0) + Ψ̄(x+ 0)γ0iσaΨ(x)

)
.

We will initialize Ei(x) according to (3.89). The Gauss’ law will be a constraint

equation in a sense that if the equation (3.89) is satisfied in the beginning, it will

remain to be true during the evolution. So in practice, we use the Gauss’ law to

indicate the precision of the simulation.

With the equations of motion listed above, one can check the total energy with

following energy density components rescaled by 1/m4
H will be conserved up to

O
(
a2
t /a

2
)

eH =
1

c

∑
x

βtH
2

Tr
[
(D0Φ)†D0Φ

]
+
βsH
2

Tr
[
(DiΦ)†DiΦ

]
+ βR

(
1

2
Tr Φ†Φ− (amH)2

4

)2

,

eG =
1

c

∑
x

βtG
∑
i

(
1− 1

2
TrU0i

)
+
βsG
2

∑
ij

(
1− 1

2
TrUij

)
,

eΨ =
1

c

∑
x

Re
[at
a

Ψ̄γiD̃iΨ−
rat
2a

Ψ̄D
′
iDiΨ + βY Ψ̄Φ(χ, ξ)T

]
,

eχ =
1

c

∑
x

Re
[at
a
χ̄γi∂̃iχ−

rat
2a
χ̄∂
′
i∂iχ+ βY (χ̄, 0)Φ†Ψ

]
,

eξ =
1

c

∑
x

Re
[at
a
ξ̄γi∂̃iξ −

rat
2a
ξ̄∂
′
i∂iξ + βY (0, ξ̄)Φ†Ψ

]
, (3.90)

where Re means the real part of expressions and the factor c = atV m
4
H with V the

spatial volume and mH the Higgs mass.

To depict the motion of the Higgs field in the potential, we define

〈φ2〉 =
2

V

∫
d3x

φ†φ

v2
, (3.91)

which will be unit when the Higgs field is in the true vacuum.

With ensemble fermions, any fermion bilinear appearing in the expression of

fermion backreaction or fermion energy will be in practice represented by the product
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of Male and Female fields, for instance,

Ψ̄Φ(χ, ξ)T = −1

2

〈
Tr
[
Φ(χM , ξM )T Ψ̄F + Φ(χF , ξF )T Ψ̄M

]〉
E
. (3.92)

3.3.2 Initial conditions

We will consider the instantaneous quench of the Higgs potential at zero tempera-

ture. After the quench, the modes with dispersion relation ω
′2
k = k2 − µ2 < 0 will

experience a spinodal instability, and increase exponentially. Before the quench, the

Higgs potential is chosen as,

V (t < 0) = +µ2φ†φ+ λ(φ†φ)2, (3.93)

with the quadratic term flipped, comparing with the final potential in (3.5). In

practice, we initialize these modes, following [40]

〈φkφ†k〉 =
1

2ωk
, 〈φ̇kφ̇†k〉 =

ωk
2
, (3.94)

with ω =
√
k2 + µ2. The initialization of other Higgs modes is set to be zero

[51]. The gauge filed is initialized according to the Gauss’ law (3.89), which is

first implemented in the momentum space and then transferred to the configuration

space.

Fermions are initialized as free ones, and satisfy the Wilson-Dirac equation, of

the form,

[
1

at
γ0∂̃0 +

1

a
γi∂̃i +m+

rW
2a
∂i∂
′
i

]
ψ = 0, (3.95)

where the forward and backward differences are defined as

∂µψ(x) ≡ ψ(x+ µ)− ψ(x), ∂′µψ(x) ≡ ψ(x)− ψ(x− µ),

and the symmetric difference is their average

∂̃µψ(x) ≡ 1

2

[
∂µ + ∂′µ

]
ψ(x) =

1

2
[ψ(x+ µ)− ψ(x− µ)] .
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In particular, the second-order difference in the equation is written as

∂i∂
′
iψ(x) =

∑
i

ψ(x+ i)− 2ψ(x) + ψ(x− i). (3.96)

For a cubic lattice with the number of sites in each direction being N , we choose

integers si and qi, ranging from 0 to N−1, and denote the length and mode number

by

xi =sia, pi =

(
qi +

1

2

)
2π

Na
, (3.97)

as well as the physical momentum and energy

p̃i =
sin (pia)

a
, |p̃| =

√
p̃2

1 + p̃2
2 + p̃2

3, ωp =

√√√√|p̃|2 +

(
m+ rW

∑
i

1− cos(pia)

a

)2

.

In the temporal direction, we denote t = nat and e−iEat =
(√

1− ω2
pa

2
t − iωpat

)
.

We therefore write the mode functions as

Up,s(t, x) = e−iEt+ip.xUp,s, V−p,−s(t, x) = eiEt+ip.xV−p,−s, (3.98)

with the spinors

Up,s = 1√
2ωp

 −√ωp − σ.p̃ ηs√
ωp + σ.p̃ ηs

 V−p,−s = 1√
2ωp

 √
ωp + σ.p̃ ηs√
ωp − σ.p̃ ηs

 .

(3.99)

As a result, in the vacuum state, the ensemble fermions after the rescaling are

constructed as

ψjM (t, x) =
a3/2

√
2V

∑
p

[
ζjp,sUp,s(t, x) + ηj−p,−sV−p,−s(t, x)

]
, (3.100)

ψjF (t, x) =
a3/2

√
2V

∑
p

[
ζjp,sUp,s(t, x)− ηj−p,−sV−p,−s(t, x)

]
, (3.101)

with the spatial volume V = a3N3 and the complex random numbers following
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Gaussian distributions and having the ensemble average

〈
ζp,rζ

†
p′,s

〉
E

= V δrsδpp′ ,
〈
ηp,rη

†
p′,s

〉
E

= V δrsδpp′ . (3.102)

In practice, as discussed in section 2.4.2, in order to remove the temporal doublers,

we set initially both ψG(0, x) and ψG(at, x) according to (3.100) and (3.101).

One can verify that the equal-time two-point correlation function in this conven-

tion becomes

D(t;x, y) =
a3

V

∑
p

eip.(x−y)−iγ.p̃+mp

2ωp
, (3.103)

with mp =
√
ω2
p − |p̃|2. In the limit N →∞, the sums can be replaced by integrals,

of the form,

D(t;x, y) =

∫ π

−π

d3k

(2π)3
eip.(x−y)−iγ.p̃+mp

2ωp
, (3.104)

where ki = api and according to (3.97), the range of ki can be chosen as [0, 2π] or

[−π, π].

3.3.3 Counterterms

In the simulation, we also introduce counterterms to compensate the initial fermion

backreaction. In the beginning, the initialized fermions are able to influence the

gauge field and Higgs field through the backreaction, eventually reducing the gauge

coupling constant and distorting the Higgs potential. Therefore the practical bosonic

action will be a combination of the fermion backreaction and the original action SH+

SG which we write down in the beginning, that in such a sense, the gauge coupling

constant and the Higgs potential are renormalized. It is practically more convenient

to adopt counterterms SC(Aµ, φ) to cancel the leading fermion backreaction, in the

following way

e−iSC+... =

∫
[Dψ̄][Dψ]eiSF+iSY , (3.105)

and as a result, the effective bosonic action is really SH + SG in the interaction

theory.
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In our approach, the full action SC is chosen in the continuum theory in the

shape of

SC = −
∫
d4x

[
(Z3 − 1)

4g2
F aµνF

a,µν + (Zφ − 1)Dµφ
†Dµφ+ δV (φ)

]
, (3.106)

or on the lattice,

SC =
∑
x,t

(Z3 − 1)βtG
∑
i

(
1− 1

2
Tr [U0i(x)]

)
− (Z3 − 1)

βsG
2

∑
ij

(
1− 1

2
Tr [Uij(x)]

)

+ (Zφ − 1)
βtH
2

Tr
[
(D0Φ)†D0Φ

]
− (Zφ − 1)

βsH
2

Tr
[
(DiΦ)†DiΦ

]
− βRδV (Φ).

An equation of Z3 can be obtained by a derivative of (3.105) with respect to the

gauge field, of the form,

(
a

at

)2 4(Z3 − 1)

g2
(Eai (x)− Eai (x− 0) +

4(Z3 − 1)

g2

∑
j

[
1Uaij(x)− 3Uaij(x− j)

]
=iTr[iσaUi(x)G(x+ i, x)γi] + iTr[U †i (x)iσaG(x, x+ i)γi]− irwTr[iσaUi(x)G(x+ i, x)]

+ irwTr[U †i (x)iσaG(x, x+ i)]. (3.107)

where the Higgs field is set to zero in the expression for simplicity and the full

fermion propagator is defined as,

Gαβ(x, y) =i〈Tψα(x)ψ̄β(y)〉, (3.108)

with 4-vector x and y. Similarly, a derivative of (3.105) with respect to the Higgs

field, given Aµ = 0, will provide

− (Zφ − 1)βtH∂
′
0∂0Φ + (Zφ − 1)βsH∂

′
i∂iΦ−

1

2
βRδV

′(Φ)

=
1

2
βY k

bΨ̄kb(χ, ξ)T +
1

2
βY k

b(χ̄, ξ̄)(kb)†Ψ, (3.109)

with δV ′ indicating the derivative of δV with respect to Φ. Because fermions

fields χ, ξ and Ψ are coupled through the Yukawa interaction, one needs to treat

(Ψu,Ψd, χ, ξ)
T as a whole, and calculate its 4× 4 Green function to solve equation

(3.109). In practice, under the assumption that there exists only a φ0 component

of the Higgs field, this 4× 4 Green function is then diagonalizable, by choosing the
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mass eigenstates

Ω1 =
Ψu + χ√

2
, Ω′1 =

Ψd + ξ√
2

,

Ω2 =
Ψu − χ√

2
, Ω′2 =

Ψd − ξ√
2

.

Moreover, Ω and Ω′ states are actually degenerate. Thus one can simply denote

G1(x, y) and G2(x, y) as the Green functions of Ω1(Ω′1) and Ω2(Ω′2), and then rewrite

(3.109) as

− (Zφ − 1)βtH∂
′
0∂0φ0 + (Zφ − 1)βsHD

′
iDiφ0 −

1

2
βRδV

′(φ0)

= iβY Tr[G1(x, x)−G2(x, x)]. (3.110)

During the simulations, the shape of δV that we choose is,

δV (φ) =
ct1
2
φ2 +

ct2
4
φ4, (3.111)

and to get ct1 and ct2, one can simply set φ constant in (3.110), which then becomes

easy to solve to any order of φ. Dimensional analysis shows that ct1 depends on the

lattice spacing quadratically, and ct2 logarithmically.

Similarly, both Z3 and Zφ are also expected to exhibit a logarithmic dependence

of lattice spacing. To find them, we solve the equation (3.107) and (3.109) separately

up to the first-order perturbation of Aµ and φ. With our choice of lattice parameters,

we find 0.98 < Z3 < 0.99, and Zφ ∼ 1. By recalling, g =
√
Z3gB, where gB is the

coupling constant when only the gauge field exists and g the coupling constant in

the interacting theory, the calculation corresponds to the fact that the screening is

one of results of fermion backreaction to the pure Yang-Mills theory.

3.3.4 Quantum field perturbation in real-time simulations

In order to solve the coefficients of counterterms, we need to establish perturbation

theory for the fermion Green function in real-time simulations. Formally, the per-

turbation expansion can be carried out in a similar way as continuum quantum field

theory with Minkowski signature. While in practice, the differences come when one

tries to implement the integral, for the integral on the lattice has finite interval of



Chapter 3. Fermions in the Electroweak Dynamics 81

integration, compared with the infinite range in the continuum theory, where the

regularization is often prescribed as a remedy to the divergent integration.

To maintain the similarity to the continuum theory, we write the free fermion

propagator in real-time simulations as,

G0(x, y) =

∫
d4p

(2π)4
eip.(x−y)G0(p), G0(p) =

1

iγµp̃µ +mp
, (3.112)

with the 4-vector product in the Minkowski space, for instance, p.x = −p0tx+p1x1+

p2x2 + p3x3, and

p0 ∈ (− π
at
,
π

at
], pi ∈ (−π

a
,
π

a
], (3.113)

p̃0 =
sin(p0at)

at
, p̃i =

sin(pia)

a
, (3.114)

where in fact, we will choose p̃0 as the temporal variable of integration, therefore,

d4p = dp̃0d
3p. In the expression, we recover the dimensionality of operators, so

that the dimension of the fermion Green function is three, as it is in the continuum

theory. Up to first-order in Aµ, the full propagator G(x, y) can be expanded in the

following way,

G(x, y) =G0(x, y) + i

∫
d4p

(2π)4

d4p′

(2π)4
eip
′.xeip.(x−y)G0(p+ p′)Aµ(p′)Γµ(p+ p′, p)G0(p),

(3.115)

To get this expression, we interpret the gauge link as [Uµ(x)−1] = −iAµ(x), [U †µ(x)−
1] = iAµ(x) to first-order in Aµ, and write the interaction vertex induced on the

lattice as,

Γµ(p+ p′, p) =
γµ

2
[e−i(pµ+p′µ) + eipµ ] +

rw
2

[e−i(pµ+p′µ) − eipµ ], (3.116)

where the second term on the right-handed side should be omitted when µ = 0,

as only spatial Wilson terms are introduced. The perturbation expansion above

respects the gauge transformation, in the sense that the Ward identity is fulfilled

i
∑
µ

(1− eip′µ)Γµ(p+ p′, p) = −iG−1
0 (p+ p′) + iG−1

0 (p). (3.117)
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In the same way, the perturbation of the fermion Green function up to first-order in

the Higgs field (φ0), can be written as

G1(x, y) =G0(x, y)− λyuk

∫ π

−π

d4p′

(2π)4
eip
′.xφ0(p′)

∫
d4p

(2π)4
eip.(x−y)G0(p+ p′)G0(p),

(3.118)

G2(x, y) =G0(x, y) + λyuk

∫ π

−π

d4p′

(2π)4
eip
′.xφ0(p′)

∫
d4p

(2π)4
eip.(x−y)G0(p+ p′)G0(p),

(3.119)

for Ω1(Ω′1) and Ω2(Ω′2) separately.

When calculating the integrals above with Minkowski signature, one will en-

counter poles in the fermion propagators. And different choices of open contour

integration can lead to the definition of Feynman, advanced and retarded Green

functions, and closed contour integrals will give the density function and statisti-

cal propagator. We will eventually introduce an iε term in the denominator of the

propagator, of the form, iγµp̃µ+mp+ iε, similarly as Feynman did in the continuous

theory. Also, we rescale the temporal component p0 into a dimensionless variable k0

p0 =
1

at
k0, p̃0 =

1

at
sin k0,

∫
dp̃0

2π
=

1

at

∫ π

−π

dk0

2π
cos k0, (3.120)

and similarly for spatial variables

pi =
1

a
ki, p̃i =

1

a
sin(ki),

∫
dpi
2π

=
1

a

∫ π

−π

dki
2π

. (3.121)

For instance, the Green function at equal-time then becomes

G0(x, y)
∣∣∣
tx=ty

=

∫
d4p

(2π)4
eip.(x−y) 1

iγ0p̃0 + iγ.p̃+mp + iε

=
at
a3

∫ π

−π

d3k

(2π)3

∫ π

−π

dk0

2π
eip.(x−y) iγ.p̃−mp

sin2 k0 − ω2
pa

2
t + iε

cos k0

=
i

a3

∫ π

−π

d3k

(2π)3
eip.(x−y)−iγ.p̃+mp

2ωp
, (3.122)

where now the dot product stands for the spatial 3-vector product. From the second
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Re[k0]

Im[k0]

c− iε

π − c+ iε

π

−c+ iε

−π + c− iε−π

Figure 3.2. The integration ranging from -π to π. Because the integrand has a period with
period 2π, points −π and π are actually identical, so that the path of integration is really
a closed line. The point π − c + iε and −π + c − iε refer to temporal doublers, which does
not exist in practical simulations, therefore we drop the contribution from those two points
in the contour integration.

z

ei(c−iε)

ei(π−c+iε)

ei(−π+c−iε)
ei(−c+iε)

Figure 3.3. The circle |z| = 1 is the curve of integration. Similarly, we omit the point
ei(π−c+iε) and ei(−π+c−iε), because they come from temporal doublers.
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line to the third, the temporal integral is carried out in a manner

∫ π

−π

dk0

2π

cos k0

sin2 k0 − sin2 c+ iε
= −i 1

2 sin c
, for c ∈ [0,

π

2
], (3.123)

with the path of integration demonstrated in Fig 3.2. The result can be easily

obtained via a substitution,

z = eik0 , sin k0 =
z − 1/z

2i
, [−π, π]→ |z| = 1, (3.124)

and the new path of contour integration can be found in Fig 3.3. Notice in the

integration, we ignore the contribution from temporal doublers, as in practical sim-

ulations those doublers will not be included.

The equal-time Green function in the form of (3.122) is consistent with the initial

two-point function (3.104), which, if we restore its dimensions, is

D(t;x, y) =
1

a3

∫ π

−π

d3k

(2π)3
eip.(x−y)−iγ.p̃+mp

2ωp
. (3.125)

as their definitions in (3.50) and (3.108) dictates iD(t;x, y) = G0(x, y)|tx=ty=t.

3.4 Simulations and results

With ensemble fermions, we are going to simulate the cold electroweak transition,

including the SU(2) gauge field, Higgs field and one generation of fermions. The

initial temperature is chosen as T = 0. For this reason, all fields are initialized as

in the vacuum state, and hence the initial energy is merely in the form of Higgs

potential energy. For most simulations, we will stick to the instantaneous quench

transition, and therefore once simulations start, the Higgs field rolls down from the

center of the potential. The IR modes of the Higgs field can experience a spinodal

(tachyonic) instability, and increase exponentially. This will drive the system out

of equilibrium. In the process, the Higgs potential energy will be transferred to its

kinetic energy, as well as to the gauge field and fermions, to reheat the system. We

are going to measure the fermion occupation number and accordingly extract the

fermion temperature.

In addition, during the electroweak transition, the B + L anomaly could also

happen. If it occurs, we should observe the change in the baryon number as well
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as in Chern-Simons number and Higgs winding number. But because we do not

include any CP -violation source, the increase and decrease of the baryon number

should be equally observed.

In the first place, it would important for us to test the validity of the ensemble

fermions and to find out how many fermion realizations would be required in practice.

To this end, we denote Nqc as the smallest Nq that can allow the dynamics and

observables to converge. We will first decide Nqc.

3.4.1 Convergence of observables

Fig 3.4 illustrates a comparison of three different Nq: 1440, 2400, 9600. In the

plots, the bosonic observables are separately the average Higgs squared 〈φ2〉, Chern-

Simons number NCS , Higgs winding number NW and energy densities. During the

comparison, other parameters are fixed, that N = 32, λyuk = 0.03 and amH =

0.42. As we can conclude, the dynamics and the bosonic observables have already

converged even with Nq = 1440. Here we take as a conservative choice, Nqc = 2400,

and we find that this number is also safe for larger lattice, like N = 48. On the

other hand, if we implement the mode function method, to get the same lattice size

(N = 32) and fermion content, it would correspond to Nq = 1,048,576, that is 400

times larger than the ensemble fermion simulation.

But not all observable can converge quickly. In practice, (the only) one exception

that we find is the fermion number which is defined as Nf = (NB + NL)/2. We

demonstrate the convergence of the fermion number in Fig 3.5. A big Nq is always

required in order to make the fermion number converge. But once the Nq is big

enough, for instance, Nq = 9600 in the right-handed plot of Fig 3.5, the fermion

number will follow closely the Chern-Simons number, as stated by the B+L anomaly.

This is due to the observable Nf being badly behaved, not the dynamics. Instead,

other observables showed in the plot have already converged in Fig 3.5. In particular,

we will conveniently use the Chern-Simon number NCS to indicate the final baryon

(lepton) number.

3.4.2 Fermion occupation number

We also study the difference caused by different Wilson parameters, with a com-

parison of energy densities illustrated in Fig 3.6. If assuming only the IR modes of
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Figure 3.4. Convergence of Higgs φ2, NCS , NW and energy densities with Nq. N = 32,
λyuk = 0.03 and amH = 0.42. The x-axis is the time rescaled by mH .
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Figure 3.5. The convergence of the baryon (or fermion) number requires much larger Nq.
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fermions are excited in the simulation, one would expect the fermion energy when

rW = 0 would be roughly 8 times larger than the energy when rW = 0.5, as there

are eight species of fermions, including 7 doublers, having light masses, while when

rW = 0.5, those 7 doublers become modes of heavy masses, and never excited during

simulations.
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Figure 3.6. Different energy component in a tachyonic electroweak transition. The Wilson
coefficient rW is 0 in the left plot, and 0.5 in the right plot. The energy density is scaled by
m4
H . More energy is transferred to the fermion when the Wilson term is small. The final

fermion energy of rW = 0 is about 7 times larger than the finial fermion energy of rW = 0.5.

As in section 3.1.3, we can calculate the fermion occupation number from the

two-point correlation function. For gauge singlets, we define separately

Dξ(t;x, y) = 〈0|Tξ(x, t)ξ̄(y, t)|0〉, Dχ(t;x, y) = 〈0|Tχ(x, t)χ̄(y, t)|0〉. (3.126)

For the SU(2) doublet, a gauge-invariant correlation function should be written as

DΨ(t;x, y) = 〈0|TΨ(x, t)Ψ̄(y, t)U(t; y, x)|0〉, (3.127)

where U(t; y, x) is the gauge link connecting y and x at the time t. Including the

gauge link in the correlation function of the doublet makes the calculation com-

plicated, and theoretically there are ambiguities in choosing the link path in 3+1

dimension. Furthermore, because of the Yukawa interaction terms, the fermion

SU(2) doublet and singlets are not the eigenstates after the spontaneous symmetry

breaking. Therefore, we will not in practice consider the gauge invariant two-point

function, but instead we will chose unitary gauge fixing, where the mass eigenstates
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can be found as:

Ω1 =
1√
2

(Ψu + ξ), Ω2 =
1√
2

(Ψd + χ), (3.128)

Ω′1 =
1√
2

(Ψu − ξ), Ω′2 =
1√
2

(Ψd − χ), (3.129)

with the up and down parts of the gauge doublet Ψu and Ψd.
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Figure 3.7. The fermion particle spectrum (bottom panel). The red line is the average
particle number, the blue line the derived log(1/Nav − 1), so that the slope is the inverse of
the temperature. The black line is the linear fit of the lower energy range. For the linear
fitting, we select the range aω ∈ [0, 0.9]. The upper plot shows the time evolution of the
Higgs field observable and the time (mHt = 60.795) at which the spectrum is computed.
N = 48, amH = 0.63 and λyuk = 0.03.

Similar to (3.55), we assume the gamma-matrix expansion,

D(p; t) =[1−N(p; t)− N̄(−p; t)]−ip.γ +m(p; t)

2ω(p; t)
+ ..., (3.130)

where now the mass is also a function of time t, so is the energy. One can subse-

quently calculate

F = Tr[D(p; t)], V = Tr[i
γ.p

p
D(p; t)], , (3.131)
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and finally obtain the averaged occupation number and energy of the mode in the

form of,

Nav(p; t) =
1

2
− sign (V )

√
F 2 + V 2

4
, ω(p; t) =

√
4(1− 2Nav)2p2

V 2
, (3.132)

given the on-shell condition ω(p; t) =
√
p2 +m2(p; t).

The averaged (anti-)particle number Nav = (N + N̄)/2 against the practical

energy ω =
√
m2 + p2 at the later time of the evolution is plotted in Fig 3.7, where

one can see the distribution in IR region follows precisely a Fermi-Dirac distribution.

As a result, we can in practice measure the effective temperature T and chemical

potential µ of fermions, by fitting the distribution to the form

log

(
1

Nav
− 1

)
=
ω − µ
T

. (3.133)

3.4.3 Fermion temperature

We compare the extracted temperature and chemical potential in Fig 3.8, with differ-

ent types of correlation function, including the two-point function of mass eigenstate

under the unitary gauge fixing, the two-point function of singlet Dξ(t;x, y), and the

two-point function of the doublet DΨ(t;x, y) but without the gauge link. In the

beginning of the electroweak transition, the system is in an out-of-equilibrium state.

We would not expect the existence of either well established Fermi-Dirac distribu-

tion or properly defined temperature or chemical potential. We can see in the plot

the big changes during the time interval [0, 10] existing in the observables extracted

from Dξ and Dψ, While comparatively, the observables extracted from the unitary-

gauge-fixing correlation function behave more smoothly, and therefore, we will stick

to the choice afterwards.

We find in simulations that the fermion temperature and chemical potential

converge fast with Nq, as shown in Fig 3.9. As one can conclude, not all fermionic

observable converges as badly as the fermion number.

We also consider the impact of fermion masses on the finial temperature and

chemical potential. The result is shown in Fig 3.10, with λyuk being 0.1, 0.03 and 0

individually, corresponding to fermion masses of mf = 17, 5 and 0 GeV respectively.

As a result, all masses of Standard Model fermions can be covered in the simulations,
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Figure 3.8. Three definitions of the temperature and chemical potential. The red line
is extracted from the mass eigenstate (Ω1) after the unitary gauge fixing. The singlet and
doublet are extracted from the gauge singlet (ξ) and gauge doublet (Ψu) directly. N = 48,
Nq = 2400, λyuk=0.03 and amH = 0.63.
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Figure 3.9. Convergence of the temperature and chemical potential with Nq. N = 32,
λyuk = 0.03 and amH = 0.42.

except the top quark’s, which would require λyuk ∼ 1.

Up to now, we performed all simulations with an instantaneous quench transition.

We further introduce a quench time τQ to parameterize the change of Higgs potential,

V (φ) = µ2
eff(t)φ†φ+ λ(φ†φ)2, (3.134)
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Figure 3.10. The effective temperature and chemical potential for different Yukawa cou-
plings λyuk = 0.1, 0.03 and 0, correspond to fermion masses of mf = 17, 5 and 0 GeV
respectively. Nq = 2400, N = 32, and amH = 0.42.

with the coefficient of the quadratic term flipping its sign, in the shape of

µ2
eff(t) =µ2

(
1− 2t

τQ

)
, t < τQ,

=− µ2, t > τQ. (3.135)

We choose separately τQ =0, 15/mH and 30/mH , and for each choice, we in addition

average over 8 realizations of bosonic fields. In Fig 3.11 is statistical result of the

temperature and chemical potential with τQ = 30/mH .

30 20 10 0 10 20 30 40 50 60
Time mH t

20

25

30

35

40

45

50

55

60

T
e
m

p
e
ra

tu
re

 (
G

e
V

)

30 20 10 0 10 20 30 40 50 60
Time mH t

100

80

60

40

20

0

20

C
h
e
m

ic
a
l 
P
o
te

n
ti

a
l 
(G

e
V

)

Figure 3.11. The effective temperature and chemical potential for a τQ = 30/mH quench.
Green bands denote statistical errors (1σ), over 8 bosonic realisations.

As the B +L anomaly is created mainly during the first or second period of the
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Higgs field oscillation, we measure individually the fermion temperatures at the first

and second time the Higgs field rolling back to the minimum in the plot of 〈φ2〉, as

well as at the late time. A comparison among different quench times is displayed in

Fig 3.12, where a simple extrapolation to large quench time suggests that to reach

the required 1 GeV by the Standard Model Cold Electroweak Baryogenesis [68],

the quench time µQ ∼ 150/mH , which would be too long to have a violent out-

of-equilibrium phase transition, so that no efficient baryon-antibaryon asymmetry.
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Figure 3.12. The first and second Higgs minimum correspond to the first and second time
the Higgs field rolling back to the minimum of the average Higgs field squared. Each point
is the statistical result of 8 runs, with the error bar stands for σ confidential interval. The
statistical error for the late time limit is smaller than 0.2 GeV.

3.5 Conclusion

In summary, we have gradually developed real-time lattice simulations for the cold

electroweak transition, including the SU(2) gauge field, Higgs field and one genera-

tion of fermions. In practice, we implemented the ensemble fermions, and found the

dynamics and most observables can converge with the order of 2000 realizations of

fermion fields. To get similar results, the mode function method would consume 400

times larger storage space. We have also established a proper way to calculate the

counterterms for real-time simulations and kept the renormalization on the lattice
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under control.

The scenario that we have simulated corresponds to a preheating period in Cold

Electroweak Baryogenesis, and the Higgs quench transition is triggered by its inter-

action with the inflaton [53, 56]. In the period, the energy is transferred from the

inflaton to the Higgs field, and then to other Standard Model particles. And it is

the last part that we have put into the simulation. A low temperature (of order

of 1 GeV at most) is required in order to have the Standard Model baryogenesis.

We have in practice measured the fermion temperature and found it never below

20 GeV. Thus, we can indirectly rule out the Standard Model CP -violation as the

origin of the baryon asymmetry of the Universe. For this reason, we have to re-

cruit new CP -violation from physics beyond the Standard Model to achieve a viable

baryogenesis.

In simulations, we have observed that the B + L anomaly could be accurately

produced, with the Chern-Simons number, baryon(lepton) number and the Higgs

winding number pointing consistently at the same state. In addition, the out-of-

equilibrium can also be achieved during the electroweak transition, as a result of

the spinodal instability in Higgs IR modes. To satisfy Sakharovs three necessary

conditions, we further need to include CP -violation.



Chapter 4

Baryogenesis in the Two-Higgs Doublet

Model

The chapter is dedicated to introducing CP -violation to real-time simulations and

subsequently to measure the baryon asymmetry via a statistical analysis. We learned

from the last chapter that the B+L anomaly could be accurately reproduced in real-

time simulations, and we go further in this chapter to include new terms which can

ultimately violate CP -symmetry. As a result, Sakharov’s three necessary conditions

for a successful baryogenesis, namely, (1) baryon number non-conservation; (2) C

and CP -violation; (3) out-of-equilibrium state, could be met simultaneously in our

first-principle simulations. We will not introduce here three generations of fermions

to replicate the CKM matrix, as it might provide too small CP -violation to explain

the observed baryon asymmetry of the Universe. In the reduced Standard Model

(3.5) with one generation of fermions, there is no CP -violation, albeit separate C

and P symmetry are violated maximally by the fermion action. We will consider

a minimal extension of the Standard Model, by introducing another Higgs doublet,

and eventually obtain CP -violation as a result of including extra C-violating terms

in the two-Higgs potential.

4.1 Continuum action

As a consequence of the extra Higgs doublet, four scalars, two neutral and two

charged Higgs bosons, will be added to the particle spectrum of the Standard Model

(for more experimental constraints on these extra scalars, see [67, 80]). Based on the

94
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reduced Standard Model introduced in (3.5), and with modifications on the Higgs

action and Yukawa interaction to incorporate the Two-Higgs Doublet model, we

write the continuum action in the form of

S = −
∫

d4x

[
1

4g2
F aµνF

a,µν + (Dµφ1)†(Dµφ1) + (Dµφ2)†(Dµφ2)

+ q̄Lγ
µDµqL + ūRγ

µ∂µuR + d̄Rγ
µ∂µdR

+ l̄Lγ
µDµlL + ν̄Rγ

µ∂µνR + ēRγ
µ∂µeR

+ V (φ1, φ2) + Y (q, l, φ1, φ2)

]
, (4.1)

where the Higgs potential V (φ1, φ2) and Yukawa interaction Y (q, l, φ1, φ2) will be

specified in following sections.

We continue to adopt the convention for Higgs fields

Φ1(x) =
(
φ̃1(x), φ1(x)

)
, Φ2(x) =

(
φ̃2(x), φ2(x)

)
, (4.2)

with φ̃i = iσφ?i , and for the redefined fermionic fields,

ΨL =qL, ΨR = −iσ2γ2l?L,

χL =− γ2e?R, χR = uR,

ξL =γ2ν?R, ξR = dR. (4.3)

As they were in the last chapter, the definition of baryon current and lepton current

are the same, of the form,

jµb = i
[
q̄Lγ

µqL + ūRγ
µuR + d̄Rγ

µdR
]

= iq̄γµq,

jµl = i
[
l̄Lγ

µlL + ν̄Rγ
µνR + ēRγ

µeR
]

= il̄γµl, (4.4)

which correspond to the chiral current of the redefined fields, through the relation,

jµ5 =i
[
Ψ̄γµγ5Ψ− χ̄γµγ5χ− ξ̄γµγ5ξ

]
= jµb + jµl . (4.5)
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The B + L anomaly is still present in the theory, therefore

NB(t)−NB(0) = NL(t)−NL(0) =NCS(t)−NCS(0)

=

∫ t

0
dτ

∫
d3x

1

32π2
εµνρσTr [FµνFρσ] , (4.6)

where NB =
∫
d3xj0

b is the total baryon number, NL =
∫
d3xj0

l the total lepton

number and NCS the Chern-Simons number. We now have two winding numbers,

defined separately by each Higgs field,

N1
W =− 1

24π2

∫
Tr
[
dΦ̂1Φ̂−1

1 ∧ dΦ̂1Φ̂−1
1 ∧ dΦ̂1Φ̂−1

1

]
,

N2
W =− 1

24π2

∫
Tr
[
dΦ̂2Φ̂−1

2 ∧ dΦ̂2Φ̂−1
2 ∧ dΦ̂2Φ̂−1

2

]
. (4.7)

In the vacuum state, these topological numbers are forced to the same value, pre-

cisely, N1
W = N2

W = NCS .

4.1.1 Higgs potential and Yukawa interaction

Higgs potential

The standard two-Higgs scalar potential [80] can be written as

V (φ1, φ2) = −µ
2
11

2
(φ†1φ1)− µ2

22

2
(φ†2φ2)− µ2

12

2
(φ†1φ2)− µ2,?

12

2
(φ†2φ1)

+
λ1

2
(φ†1φ1)2 +

λ2

2
(φ†2φ2)2 + λ3(φ†1φ1)(φ†2φ2) + λ4(φ†2φ1)(φ†1φ2)

+
λ5

2
(φ†1φ2)2 +

λ?5
2

(φ†2φ1)2, (4.8)

where we choose to put the coupling parameters λ6,7 to zero for simplicity. The

parameters µ2
12 and λ5 are allowed to be complex, and a simultaneous phase shift

φ1 → eiαφ1, φ2 → eiγφ2, µ2
12 → ei(α−γ)φ2, λ5 → ei2(α−γ)λ5, (4.9)

will leave action (not including the Yukawa interaction) invariant. The parameters

µ2
12 and λ5 are also crucial in determining the Higgs vacuum expectation values. To

show this, we denote the vacuum state, 〈φ1〉 = v1 and 〈φ2〉 = v2, where v1 and v2

are complex constants. The vanish of kinetic energy calls for Dµv1 = Dµv2 = 0,

and therefore equations of motions become constraint equations. For instance, the
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derivative of the potential with respect to φ†1 leads to

Av1 +Bv2 = 0, (4.10)

with coefficients

A = −µ
2
11

2
+ λ1|v1|2 + λ3|v2|2, B = −µ

2
12

2
+ λ4(v†2v1) + λ5(v†1v2). (4.11)

By multiplying the equation (4.10) with v†1 and v†2 separately, we have

A|v1|2 = Bv†1v2, Av†2v1 = B|v2|2, (4.12)

which yields

|v†2v1| = |v1||v2|. (4.13)

For this reason, we employ an angle θ and parameterize in the vacuum state the

product

v†2v1 = |v1||v2|eiθ. (4.14)

On the other hand, a mere complex conjugate provides

A|v1|2 = Bv†1v2 = B?v†2v1, (4.15)

as both A and |v1|2 are real, and with a substitution of the expression of B, we

eventually arrive at

Im(µ2
12e
−iθ) = 2|v1||v2|Im(λ5e

−2iθ). (4.16)

Accordingly, if Im(µ2
12) = 2|v1||v2|Im(λ5), both Higgs vevs v1 and v2 can be chosen

real. Otherwise, there must exist the relative angle θ between them. We will stick

to the maximal angle

θ =
π

2
. (4.17)
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We also choose the magnitudes of vacuum expectation values as constants, in such

a way,

|v1| = 110 GeV, |v2| = 220 GeV, (4.18)

and specifically the vevs are related to the observed Higgs vacuum expectation value

through the relation,

|v1|2 + |v2|2 = (246 GeV)2, (4.19)

in order to achieve the right masses for W and Z bosons. For the neutral Higgs

bosons, we in practice choose the masses,

m1 = 125 GeV, m2 = 300 GeV, m3 = 350 GeV, (4.20)

and for charged modes,

m± = 400 GeV. (4.21)

These choices satisfy constraints from experiments [59, 71, 72, 75].

We aim to choose the potential under which sphaleron transition can occur easily.

To this purpose, we scan the parameter space (µ, α1, α2), where µ2 = Re(µ2
12) and

α1,2 are mixing angles of the three neutral Higgs modes. The black dots on the

left-handed plot refer to the parameter choice of (α1, α2) that has the center of

the potential as a local maximum. For each possible parameter choice, we run 10

simulations without involving fermions, and then calculate average |NCS |.
Fig 4.1 displays one of such scans with µ = 200 GeV. The right-handed picture

is the contour plot of the average |NCS |, in which we eventually choose the most

fertile site, (α1, α2) = (0.314,−1.49). Accordingly, the coefficients in the potential

are settled on to

µ2
11 = (233 GeV)2, µ2

22 = (311 GeV)2, µ2
12 = (78.6 GeV)2 + i(200 GeV)2,

(4.22)
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Figure 4.1. µ = 200 GeV. The x-axis is α1, y-axis α2. We scan the parameter space
(α1, α2) with a resolution of 40 × 40. On the left-handed plot, each black dot refers to a
parameter choice that could provide the original point of the two-Higgs potential being a
local maximum. With each possible parameter choice, we perform 10 simulations to calculate
the sphaleron transition rate. The right-handed plot is the contour plot of the sphaleron
rate, with the color bar indicating the average |NCS |. The left-handed plot has a reflection
symmetry along α2 = 0. But such symmetry has not been preserved on the right-handed
plot.

and

λ1 = 5.2, λ2 = 2.0, λ3 = 5.1, λ4 = −4.2, λ5 = −0.56 + i0.26.

(4.23)

The C-symmetry will be violated, due to the complex µ2
12 and λ5 in the Higgs

potential, which now have non-zero phase arguments,

Arg(µ2
12) = 0.45π, Arg(λ5) = −0.14π, (4.24)

and there is no chance to make both parameters real by a phase shift of Higgs fields.

In Fig 4.2, we show the contour plot of the potential in the |v1|, |v2| plane. The

center of the potential has energy density

V0 = V (φ1 = φ2 = 0)− V (v1, v2) = (174 GeV)4. (4.25)
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Figure 4.2. The Higgs potential as a function of the unitary gauge Higgs field components
|v1|, |v2|. The two degenerate minima are at (v1, v2) = (±110,±220) GeV.

With the Higgs matrix Φi(x) =
(
φ̃i(x), φi(x)

)
, it is easy to show,

φ†1φ2 =
1

2
Tr
[
Φ†1Φ2

]
+ i

1

2
Tr
[
Φ†1Φ2iσ3

]
,

φ†2φ1 =
1

2
Tr
[
Φ†1Φ2

]
− i1

2
Tr
[
Φ†1Φ2iσ3

]
, (4.26)

as well as

Φi = −iσ2Φ?
i iσ

2, (4.27)

given φ̃i = iσ2φ?i . In such a way, we rewrite the potential, in the form of,

V (Φ1,Φ2) =− µ2
11

4
Tr
[
Φ†1Φ1

]
− µ2

22

4
Tr
[
Φ†2Φ2

]
− µ2

12RE

2
Tr
[
Φ†1Φ2

]
+
µ2

12IM

2
Tr
[
Φ†1Φ2iσ

3
]

+
λ1

8

(
Tr
[
Φ†1Φ1

])2
+
λ2

8

(
Tr
[
Φ†2Φ2

])2

+
λ3

4
Tr
[
Φ†2Φ2

]
Tr
[
Φ†1Φ1

]
+
λ4

4

(
Tr
[
Φ†1Φ2

])2
+
λ4

4

(
Tr
[
Φ†1Φ2iσ

3
])2

+
λ5RE

4

(
Tr
[
Φ†1Φ2

])2
− λ5RE

4

(
Tr
[
Φ†1Φ2iσ

3
])2

− λ5IM

2
Tr
[
Φ†1Φ2iσ

3
]

Tr
[
Φ†1Φ2

]
, (4.28)
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where we denote the real and imaginary part of µ2
12 as µ2

12RE , µ2
12IM , and apply the

same convention to λ5. As a result, the Higgs action becomes,

SH = −
∫
d4x [

1

2
Tr
[
Φ†1
←−
D†µD

µΦ1

]
+

1

2
Tr
[
Φ†2
←−
D†µD

µΦ2

]
+ V (Φ1,Φ2). (4.29)

Notice that under charge conjugation φC = φ?, therefore ΦC = Φ?, terms with

coefficients µ2
12IM , λ5IM will change their signs, and in such a way, the Higgs action

yields C-violation.

The normal SU(2) gauge transformation that leaves SH invariant is performed on

Higgs fields in the form of a left multiplication, i.e. Φi → UΦi. Moreover, the action

is also invariant under the transformation of a right multiplication, Φi → Φiiσ
2, if

µ2
12IM and λ5IM change their signs at the same time. 1 As a result, one can always

design a joint transformation, of the form, Φi → Φ?
i iσ

2, under which the Higgs action

will be invariant. We denote the new transformation as C ′, which on the other hand

acts on fermion fields and the gauge field just like the normal C-conjugation would

do. It will be a potential problem if the whole theory is C ′P invariant, because the

Chern-Simons number is actually C ′P odd, and therefore, statistically, there could

only exist zero NCS . We in practice avoid this disaster by choosing a proper Yukawa

interaction to break the C ′P symmetry via inhibiting Φi → Φiiσ
2 transformation.

Yukawa interaction

In general, all quarks and leptons can interact with both Higgs fields, with the entire

Yukawa interaction written as

Y (q, l, φ1, φ2) = Gd1q̄Lφ1dR +Gd2q̄Lφ2dR +Ge1 l̄Lφ1eR +Ge2 l̄Lφ2eR

+Gu1 q̄Lφ̃1uR +Gu2 q̄Lφ̃2uR +Gν1 l̄Lφ̃1νR +Gν2 l̄Lφ̃2νR

+Gd†1 d̄Rφ
†
1qL +Gd†2 d̄Rφ

†
2qL +Ge†1 ēRφ

†
1lL +Ge†2 ēRφ

†
2lL

+Gu†1 ūRφ̃
†
1qL +Gu†2 ūRφ̃

†
2qL +Gν†1 ν̄Rφ̃

†
1lL +Gν†2 ν̄Rφ̃

†
2lL. (4.30)

1Besides iσ2, any 2× 2 unitary matrix that anti-commutates with σ3 could function in the same
way.
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With the redefined fields, the complete Yukawa interaction becomes

Y (Ψ, χ, ξ,Φ1,Φ2) = Gu1Ψ̄Φ1PUPR(χ, ξ)T +Gu†1 (χ̄, ξ̄)PUΦ†1PRΨ

+Gu2Ψ̄Φ2PUPL(χ, ξ)T +Gu†2 (χ̄, ξ̄)PUΦ†2PRΨ

+Gd1Ψ̄Φ1PDPL(χ, ξ)T +Gd†1 (χ̄, ξ̄)PDΦ†1PRΨ

+Gd2Ψ̄Φ2PDPL(χ, ξ)T +Gd†2 (χ̄, ξ̄)PDΦ†2PRΨ

+Ge1Ψ̄Φ1PUPR(χ, ξ)T +Ge†1 (χ̄, ξ̄)PUΦ†1PLΨ

+Ge2Ψ̄Φ2PUPR(χ, ξ)T +Ge†2 (χ̄, ξ̄)PUΦ†2PLΨ

+Gν1Ψ̄Φ1PDPR(χ, ξ)T +Gν†1 (χ̄, ξ̄)PDΦ†1PLΨ

+Gν2Ψ̄Φ2PDPR(χ, ξ)T +Gν†2 (χ̄, ξ̄)PDΦ†2PLΨ, (4.31)

in terms of a number of projectors

PU =
1 + σ3

2
, PD =

1− σ3

2
, PL =

1 + γ5

2
, PR =

1− γ5

2
. (4.32)

We have to avoid terms, like Ψ̄Φi(χ, ξ)
T , which will be invariant under Φi →

Φiiσ
2 and (χ, ξ)T → −iσ2(χ, ξ)T , otherwise the whole action will be C ′P symmetric,

as the rotation on singlets does not change their kinetic terms.

For the sake of simplicity, we will in practice choose the Yukawa interaction as

Y (q, l, φ1, φ2) = yuk(q̄Lφ2dR + l̄Lφ2eR + q̄Lφ̃1uR + l̄Lφ̃1νR

+ d̄Rφ
†
2qL + ēRφ

†
2lL + ūRφ̃

†
1qL + ν̄Rφ̃

†
1lL), (4.33)

or with the redefined fields,

Y (Ψ, χ, ξ,Φ1,Φ2) =yuk

(
Ψ̄Φ1PUPR(χ, ξ)T + (χ̄, ξ̄)PUΦ†1PLΨ

+ Ψ̄Φ2PDPR(χ, ξ)T + (χ̄, ξ̄)PDΦ†2PLΨ

+ Ψ̄Φ2PUPL(χ, ξ)T + (χ̄, ξ̄)PUΦ†2PRΨ

+Ψ̄Φ1PDPL(χ, ξ)T + (χ̄, ξ̄)PDΦ†1PRΨ
)
, (4.34)

where we have selected parameters,

yuk = Gd2 = Ge2 = Gu1 = Gν1 , Gd1 = Ge1 = Gu2 = Gν2 = 0. (4.35)
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Moreover, it will be also easier to calculate the counterterms from this simple Yukawa

interaction. Notice that if the projectors PU and PD are absent, the interaction is

invariant under transformation,

Φi → Φiiσ
2, (χ, ξ)T → −iσ2(χ, ξ)T , (4.36)

and in addition, the latter does not impact the kinetic terms of singlets. For this

reason, we specify the existence of PU and PD in our selected Yukawa interaction,

in order to break C ′P -symmetry by inhibiting the transformation Φi → Φiiσ
2.

We in practice take

yuk = 0.1, (4.37)

which corresponds the fermion masses of 11/
√

2 ∼ 8 GeV and 22/
√

2 ∼ 16 GeV,

depending on which Higgs field they are coupled to. The masses are easily larger

than all masses of quark and leptons in the Standard Model, except of top quark.

4.1.2 CP-symmetric initial conditions

We will consider an instantaneous quench of the Higgs potential at zero temperature.

So, instead of the potential (4.8) which we will use to evolve the Higgs fields during

the simulation, we generate the initial conditions for Higgs fields, according to the

potential, of the form

V (t < 0) =
µ2

11

2
(φ†1φ1) +

µ2
22

2
(φ†2φ2) +

µ2
12

2
(φ†1φ2) +

µ2,?
12

2
(φ†2φ1). (4.38)

Because of the existence of µ2
12, one has to diagonalise the mass matrix in (4.38)

and transfer the Higgs fields into mass eigenstates. The initial states have (〈φ1〉 =

〈φ2〉 = 0), and the fluctuations around the vacuum are determined by

〈φik(φjk)†〉 =
1

2ωk
δij , 〈φ̇ik(φ̇jk)†〉 =

ωk

2
δij , (4.39)

where φ̇ik and φik are the momentum space variables for each real component of the

mass eigenstates of the Higgs fields (8 in total), and ω2
k = M2 + k2, with M2 the

eigenvalues of the mass matrix. After initializing the fluctuations, one then needs
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to rotate configurations back to the φ1, φ2 basis.

For each randomly generated configuration φi, φ̇i, we also generate an entire

ensemble of Nf = 4000 fermion configurations. The initialization of fermion fields

is the same as in section 3.3.2. The gauge field is initialized in the form of Aµ = 0,

and the SU(2) electric field Ei is determined through Gauss’ law, sourced by the

SU(2) charges of the randomly generated Higgs fields and fermion fields.

We also wish to maintain the CP symmetry in the initial samplings. To this

end, for each realization of field configurations (q, l, Aµ, φ1,2), we generate its CP -

conjugate realization, with fields,

qCPL (t, x) = iγ0γ2 q?L(t,−x), lCPL (t, x) = iγ0γ2 l?L(t,−x),

uCPR (t, x) = iγ0γ2 u?R(t,−x), dCPR (t, x) = iγ0γ2 d?R(t,−x),

νCPR (t, x) = iγ0γ2 ν?R(t,−x), eCPR (t, x) = iγ0γ2 e?R(t,−x), (4.40)

and

ACP (t, x) = AT (t,−x), φCP1 (t, x) = φ?1(t,−x), φCP2 (t, x) = φ?2(t,−x).

(4.41)

We force the initial samplings to be CP -symmetric, in order to quickly reduce the

statistical error. In such a way, when the C-violation is turned off in the Higgs

potential, an average between a normal and its CP -conjugate realization will yield

NCS and N1,2
W of precisely zero. We have checked numerically that this is indeed the

case, which also means that there is no spurious CP-violation from counter terms

or discretization.
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4.2 Lattice implementation

The action on the lattice can be written as:

SG =
∑
x,t

βtG
∑
i

(
1− 1

2
TrU0i,x

)
− βsG

2

∑
ij

(
1− 1

2
TrUij,x

)
,

SH =
∑
x,t

∑
n

(
βtH
2

Tr
[
(D0Φn)†D0Φn

]
− βsH

2
Tr
[
(DiΦn)†DiΦn

])
− βRV (Φ1,Φ2) + βY C(Φ1,Φ2),

SF =
∑
x,t

−
[
Ψ̄γ0D̃0Ψ + χ̄γ0∂̃0χ+ ξ̄γ0∂̃0ξ

]
− at
a

[
Ψ̄γiD̃iΨ + χ̄γi∂̃iχ+ ξ̄γi∂̃iξ

]
+
rat
2a

[
Ψ̄D

′
iDiΨ + χ̄∂

′
i∂iχ+ ξ̄∂

′
i∂iξ

]
− βY Y (Ψ, χ, ξ,Φ1,Φ2), (4.42)

where, as they were in (3.81) and (3.82), the fields are rescaled to be dimensionless

by the lattice spacing a

Ψ(x)→ a3/2Ψ(x), χ(x)→ a3/2χ(x), ξ(x)→ a3/2ξ(x), Φ(x)→ aΦ(x), (4.43)

and the lattice parameters are defined in the form of

βtG =
4

g2

a

at
, βsG =

4

g2

at
a
, βtH =

a

at
, βsH =

at
a
, βR =

at
a
, βY =

at
a
. (4.44)

The two-Higgs scalar potential on the lattice turns into

V (Φ1,Φ2) =− a2µ2
11

4
Tr
[
Φ†1Φ1

]
− a2µ2

22

4
Tr
[
Φ†2Φ2

]
− a2µ2

12RE

2
Tr
[
Φ†1Φ2

]
+
a2µ2

12IM

2
Tr
[
Φ†1Φ2iσ

3
]

+
λ1

8

(
Tr
[
Φ†1Φ1

])2
+
λ2

8

(
Tr
[
Φ†2Φ2

])2

+
λ3

4
Tr
[
Φ†2Φ2

]
Tr
[
Φ†1Φ1

]
+
λ4

4

(
Tr
[
Φ†1Φ2

])2
+
λ4

4

(
Tr
[
Φ†1Φ2iσ

3
])2

+
λ5RE

4

(
Tr
[
Φ†1Φ2

])2
− λ5RE

4

(
Tr
[
Φ†1Φ2iσ

3
])2

− λ5IM

2
Tr
[
Φ†1Φ2iσ

3
]

Tr
[
Φ†1Φ2

]
, (4.45)
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and the Yukawa interaction we choose is

Y (Ψ, χ, ξ,Φ1,Φ2) =yuk

(
Ψ̄Φ1PUPR(χ, ξ)T + (χ̄, ξ̄)PUΦ†1PLΨ

+ Ψ̄Φ2PDPR(χ, ξ)T + (χ̄, ξ̄)PDΦ†2PLΨ

+ Ψ̄Φ2PUPL(χ, ξ)T + (χ̄, ξ̄)PUΦ†2PRΨ

+Ψ̄Φ1PDPL(χ, ξ)T + (χ̄, ξ̄)PDΦ†1PRΨ
)
, (4.46)

which is exactly the same as its continuum expression in (4.34), for the rescaling

does not change its countenance.

From the complete lattice action, we derive the equations of motion by straight-

forward variation. For the fermions, we find the following linear equations in the

bosonic field background:

0 =− γ0∂̃0Ψ− at
a
γiD̃iΨ +

rat
2a
D′iDiΨ− yukβY [Φ1PU + Φ2PD]PR(χ, ξ)T

− yukβY [Φ2PU + Φ1PD]PL(χ, ξ)T ,

0 =− γ0∂̃0(χ, ξ)T − at
a
γi∂̃i(χ, ξ)

T +
rat
2a
∂′i∂i(χ, ξ)

T − yukβY
[
PUΦ†1 + PDΦ†2

]
PLΨ

− yukβY
[
PUΦ†2 + PDΦ†1

]
PRΨ. (4.47)

For the gauge field

0 =
1

2
βtG (Ean(y)− Ean(y − 0)− 1

2
βsG
∑
m

Dab′
m Tr

[
iσbUy,mUy+m,nU

†
y+n,mU

†
y,n

]
− βsHTr

[
iσaΦ1,y(Uy,nΦ1,y+n)†

]
− βsHTr

[
iσaΦ2,y(Uy,nΦ2,y+n)†

]
− at

2a

[
Ψ̄yγ

niσaUy,nΨy+n + Ψ̄y+nγ
nU †y,niσ

aΨy

]
,

+
rat
2a

[
Ψ̄yiσ

aUy,nΨy+n − Ψ̄y+nU
†
y,niσ

aΨy

]
. (4.48)
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And for the two Higgs fields

0 =− βtH∂′0∂0Φ1 + βsH∂
′
i∂iΦ1

+
βR
2

(
a2µ2

11 − λ1Tr
[
Φ†1Φ1

]
− λ3Tr

[
Φ†2Φ2

])
Φ1

+
βR
2

(
a2µ2

12re − (λ4 + λ5re)Tr
[
Φ†1Φ2

]
+ λ5imTr

[
Φ†1Φ2iσ

3
])

Φ2

+
βR
2

(
−a2µ2

12im + (−λ4 + λ5re)Tr
[
Φ†1Φ2iσ

3
]

+ λ5imTr
[
Φ†1Φ2

])
Φ2iσ

3

− yukβY
2

kb
[
Ψ̄kbPUPR(χ, ξ)T + (χ̄, ξ̄)PUk

a†PLΨ
]

− yukβY
2

kb
[
Ψ̄kbPDPL(χ, ξ)T + (χ̄, ξ̄)PDk

a†PRΨ
]

+ βY a
2ct11Φ1 + βY a

2ct12Φ2,

0 =− βtH∂′0∂0Φ2 + βsH∂
′
i∂iΦ2

+
βR
2

(
a2µ2

22 − λ2Tr
[
Φ†2Φ2

]
− λ3Tr

[
Φ†1Φ1

])
Φ2

+
βR
2

(
a2µ2

12re − (λ4 + λ5re)Tr
[
Φ†1Φ2

]
+ λ5imTr

[
Φ†1Φ2iσ

3
])

Φ1

+
βR
2

(
a2µ2

12im + (λ4 − λ5re)Tr
[
Φ†1Φ2iσ

3
]
− λ5imTr

[
Φ†1Φ2

])
Φ1iσ

3

− yukβY
2

kb
[
Ψ̄kbPDPR(χ, ξ)T + (χ̄, ξ̄)PDk

a†PLΨ
]

− yukβY
2

kb
[
Ψ̄kbPUPL(χ, ξ)T + (χ̄, ξ̄)PUk

a†PRΨ
]

+ βY a
2ct11Φ2 + βY a

2ct12Φ1, (4.49)

with kb = (I, iσ1, iσ2, iσ3). All fermion bilinears in simulations will be replaced by

ensemble averages, as shown in (3.92).

For the redefined fields, CP-transformation induced from (4.40) and (4.41) can

be written as

χCP (t, x) =− γ5iγ0γ2χ?(t,−x),

ξCP (t, x) =− γ5iγ0γ2ξ?(t,−x),

ΨCP (t, x) =γ5iγ0γ2Ψ?(t,−x),

UCPi (t, x) =UTi (t,−x− i),

ΦCP (t, x) =Φ?(t,−x). (4.50)

To prove the CP -symmetry in the fermion action, one needs to exchange the po-

sition of two fermionic fields, and as a result, obtain a minus sign, for fermionic
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fields are essentially Grassmann numbers. While with normal numbers in numeri-

cal simulations, we have to in practice compensate the minus sign by hand, when

dealing with the CP -conjugate of fermion two-point functions, for instance, in the

fermionic backreaction to the gauge field. The transformation also requires the Wil-

son parameter rW in CP -conjugate simulations being opposite to its value in normal

simulations.

The evolution with the equation of motion (4.47, 4.48, 4.49) will conserve the

total energy, with components of energy density in the form of

eG =
1

V at

∑
x

βtG
∑
i

(
1− 1

2
TrU0i,x

)
+
βsG
2

∑
ij

(
1− 1

2
TrUij,x

)
,

eH =
1

V at

∑
x

∑
n

(
βtH
2

Tr
[
(D0Φn)†D0Φn

]
+
βsH
2

Tr
[
(DiΦn)†DiΦn

])
+ βRV (Φ1,Φ2),

eF =
1

V at

∑
x

at
a

[
Ψ̄γiD̃iΨ + χ̄γi∂̃iχ+ ξ̄γi∂̃iξ

]
− rat

2a

[
Ψ̄D

′
iDiΨ + χ̄∂

′
i∂iχ+ ξ̄∂

′
i∂iξ

]
+ βY Y (Ψ, χ, ξ,Φ1,Φ2)− βY C(Φ1,Φ2). (4.51)

We also consider the renormalization and include counterterms for possible quadratic

divergences in the continuous theory, which are on the lattice, not infinities, but

most likely, large numbers. The counterterms with coefficients ct11 and ct12 are

introduced, of the form

C(Φ1,Φ2) =
a2ct11

2

(
Tr
[
Φ†1Φ1

]
+ Tr

[
Φ†2Φ2

])
+
a2ct12

2

(
Tr
[
Φ†1Φ2

]
+ Tr

[
Φ†2Φ1

])
,

(4.52)

and simple dimensional analysis indicates these two coefficients might be quadrat-

ically divergent in the continuous theory, or have 1/a2 dependence in the lattice

regularization. We calculate them in the following way.

4.2.1 Counterterms and renormalization

In light of the technique we have developed in section 3.3.4 to calculate

e−iSC+... =

∫
[Dψ̄][Dψ]eiSF+iSY ,
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we can explicitly carry out the path integral above when the Higgs fields are constant,

and the result is

i

∫
d4p

(2π)4
ln Det

 iγµp̃µ +mD yukK

−yukγ0K†γ0 iγµp̃µ +mS


16×16

=
ct11

2

(
Tr
[
Φ†1Φ1

]
+ Tr

[
Φ†2Φ2

])
+
ct12

2

(
Tr
[
Φ†1Φ2

]
+ Tr

[
Φ†2Φ1

])
+ ..., (4.53)

where mD and mS are respectively the masses of the doublets and singlets, and the

2× 2 matrix K stands for

K = Φ1PU ⊗ PR + Φ2PD ⊗ PR + Φ2PU ⊗ PL + Φ1PD ⊗ PL. (4.54)

We follow the convention in section 3.3.4 and denote

p0 ∈ (− π
at
,
π

at
], pi ∈ (−π

a
,
π

a
], (4.55)

p̃0 =
sin(p0at)

at
, p̃i =

sin(pia)

a
, (4.56)

as well as d4p = dp̃0d
3p. We have also recovered the dimensionality of fields, so one

would find the calculation in this section to be similar to the result in the continuum

theory.

Notice in the backreaction of fermion fields, there is a symmetry between Φ1

and Φ2, owing to the fact that K is invariant under the exchange of Φ1 and Φ2,

and up and down simultaneously, while the latter exchange does not affect the

determinant of the matrix. Therefore, the simplicity of the counterterms (4.52)

should be attributed to the symmetry in the Yukawa interaction (4.46).

To obtain the expression for ct11 and ct12, we consider two cases:

(a) Φ2 = Φ1 = φ
yuk

I,

i

∫
d4p

(2π)4
ln Det

 iγµp̃µ +mD φ

φ iγµp̃µ +mS


16×16

= 2
ct11

y2
uk

φ2 + 2
ct12

y2
uk

φ2 + ....

(4.57)

The series on the right-handed side contains a constant term of zero order of φ

which is the result of the free fermions, as one can see by simply setting φ = 0 on
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the left-handed side. Thus, instead of implementing the equation above, we consider

its derivative where the constant term is removed,

i

∫
d4p

(2π)4

d

dφ
ln Det

 iγµp̃µ +mD φ

φ iγµp̃µ +mS


16×16

= 4
ct11

y2
uk

φ+ 4
ct12

y2
uk

φ+ ....

(4.58)

The determinant in the expression can be calculated in the following way,

Det

 iγµp̃µ +mD φ

φ iγµp̃µ +mS


16×16

= Det [p̃0 +H]

=(p̃2
0 − ω2

1a + iε)4(p̃2
0 − ω2

2a + iε)4, (4.59)

where H refers to the Hamiltonian

H =

 iγ0iγp̃+ iγ0mD iγ0φ

iγ0φ iγ0iγp̃+ iγ0mS


16×16

, (4.60)

and its eigenenergies ω1a and ω2a satisfy 2

ω2
1a = p̃2 + φ2 +

(m2
D +m2

S) +
√

(m2
D −m2

S)2 + 4φ2(mD +mS)2

2
,

ω2
1a = p̃2 + φ2 +

(m2
D +m2

S)−
√

(m2
D −m2

S)2 + 4φ2(mD +mS)2

2
. (4.61)

As a result, we arrive at the equation

ct11

y2
uk

φ+
ct12

y2
uk

φ+ ...

=

∫
d3p

(2π)3
i

∫
dp̃0

2π

[
−dω1a

dφ

p̃0 − ω1a + iε
+

dω1a
dφ

p̃0 + ω1a − iε
+

−dω2a
dφ

p̃0 − ω2a + iε
+

dω2a
dφ

p̃0 + ω2a − iε

]

=−
∫

d3p

(2π)3

[
dω1a

dφ
+
dω2a

dφ

]
, (4.62)

where the contour integral on the second line is executed in the same way as in

(3.123), and we also assume here no temporal doublers contributing.

2It would be easier to achieve the eigenenergies from H2 than from H.
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(b) −Φ2 = Φ1 = φ
yuk

I,

i

∫
d4p

(2π)4
ln Det

 iγµp̃µ +mD φσ3 ⊗ γ5

−φσ3 ⊗ γ5 iγµp̃µ +mS


16×16

= 2
ct11

y2
uk

φ2 − 2
ct12

y2
uk

φ2 + ....

(4.63)

The calculation here would be similar to it in the first case, and one can eventually

achieve an equation, of the form

ct11

y2
uk

φ− ct12

y2
uk

φ+ ... = −
∫

d3p

(2π)3

[
dω1b

dφ
+
dω2b

dφ

]
, (4.64)

with now the eigenenergies

ω2
1b = p̃2 + φ2 +

(m2
D +m2

S) +
√

(mD −mS)2[(mD +mS)2 + 4φ2]

2
,

ω2
2b = p̃2 + φ2 +

(m2
D +m2

S)−
√

(mD −mS)2[(mD +mS)2 + 4φ2]

2
. (4.65)

The equation (4.62) and (4.64) must be valid to any order of Higgs fields, For

our purpose, we only need the leading terms, which read

−
∫

d3p

(2π)3
φ

[
1

ω1
+

1

ω2
− (mD +mS)2

ω1ω2(ω1 + ω2)

]
=
ct11

y2
uk

φ+
ct11

y2
uk

φ,

−
∫

d3p

(2π)3
φ

[
1

ω1
+

1

ω2
− (mD −mS)2

ω1ω2(ω1 + ω2)

]
=
ct11

y2
uk

φ− ct11

y2
uk

φ. (4.66)

Accordingly, the coefficients are determined by

ct11 =− y2
uk

∫
d3p

(2π)3

[
1

ω1
+

1

ω2
− m2

D +m2
S

ω1ω2(ω1 + ω2)

]
,

ct12 = y2
uk

∫
d3p

(2π)3

[
2mDmS

ω1ω2(ω1 + ω2)

]
, (4.67)

where

ω2
1 =p̃2 +m2

D,

ω2
2 =p̃2 +m2

S . (4.68)

Considering the continuum theory, one may immediately notice that ct11 is

quadratically divergent, as expected; while the divergence of ct12 is logarithmic,
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or null for massless fermions.

On the lattice, they are really calculated by

a2ct11 =− y2
uk

∫ π

−π

d3k

(2π)3

[
1

aω1
+

1

aω2
− am2

D + am2
S

aω1aω2(aω1 + aω2)

]
,

a2ct12 = y2
uk

∫ π

−π

d3k

(2π)3

[
2amDamS

aω1aω2(aω1 + aω2)

]
, (4.69)

where the rescaled energies are

aω2
1 = sin2(k1) + sin2(k2) + sin2(k3) + am2

D,

aω2
2 = sin2(k1) + sin2(k2) + sin2(k3) + am2

S , (4.70)

and the masses

amD =rD(3− cos2(k1)− cos2(k2)− cos2(k3)),

amS =rS(3− cos2(k1)− cos2(k2)− cos2(k3)). (4.71)

with Wilson parameters rD and rS for doublets and singlets separately. Then it is

easy to carry out the finite integral (4.69) numerically.

4.3 Simulations and results

We perform the simulations on a cubic lattice of physical volume (Na)3 with the

number of sitesN = 32 in each direction and a lattice spacing a = 1.2/v where v=246

GeV is the Higgs vacuum expectation value. We implement the ensemble fermion

method in simulations and eventually choose the number of realizations Nq=4000,

with which we have tested and found the dynamics and all observables (except Nf )

safely converge. The simulations are in practice carried out by MPI-parallelized

runs, and each job normally takes 80 processors and about 8 hours. Therefore the

total cpu-hours used for 400 pairs of normal and CP -conjugate configuration is

approximately 500,000 hours.

In Fig 4.3, we demonstrate the observables that are measured every 10 steps in a

single simulation, including the average Higgs fields, the Higgs winding numbers, the

Chern-Simons number and the fermion number. In fact, 〈φ2
1,2〉 have been rescaled

separately for two Higgs fields by their vacuum expectations, and therefore these
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Figure 4.3. Basic observables for a single bosonic realisation; φ21,2, N1,2
W , Ncs and a not

very well converged Nf .
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Figure 4.4. The energy densities from the same simulation as in Fig 4.3
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two numbers are unity when the Higgs fields are in the finial vacuum state. One

can read from the average Higgs fields that after the start of the simulation, the two

Higgs fields roll down from the center of the potential, and after the first two big

oscillations which happen before t ' 10/v, the average Higgs fields eventually settle

down with smaller oscillations around the minimum of the potential. During the

first two oscillations, the energy is mainly stored in the Higgs fields, accompanied

with energy transferring between kinetic energies and potential energies. This is the

observation that we can deduce from energy densities in Fig 4.4. After the second

oscillation, the energy transfers quickly from Higgs fields to the gauge field. At the

same time, the topological structures start to be generated and in this example,

the Chern-Simons number changes from 0 to 4, following the two Higgs winding

numbers. Those observables do not settle until t ' 20/v, and afterwards the energy

in bosonic fields also remains stable. In comparison, the fermion fields gain energy

gradually but persistently.

10 8 6 4 2 0 2 4 6 8 10
0

10

20

30

40

50

Scale = 0.73

Ncs

N1
W

N2
W

Figure 4.5. Histograms of final values of Ncs and N1,2
W . The distribution peaks around

integers, when normalised by a multiplicative lattice correction factor of 0.73.

The winding numbers, the degree of a continuous mapping in the continuum

theory, are more likely an integer when the Higgs fields settle down. While in

reality, they suffer from the finite lattice resolution which would reduce the number

to somewhat below the integer, so does the Chern-Simons number. (An example

with a fine lattice resolution can be found in Fig 3.4, 3.5.) Fortunately, such impact

can be easily estimated through a statistical study and effectively compensated by

a rescaling. In Fig 4.5, we list in a histogram all collected final winding numbers

and Chern-Simons numbers, after all numbers have been in fact rescaled by 1/0.73
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to compensate the lattice corrections. As a result, the peaks can be observed well

around integers.

4.3.1 Events and averages

Now we move on to study the CP -violation. For this purpose, we first pair two

simulations, one with normal initialization and the other its CP -conjugate. Over

the pair, the average Chern-Simons number and winding numbers will be exactly

zero if the C-violation is off in the Higgs potential. With the C-violation on, the

CP asymmetry in these topological numbers is usually tiny. In Fig 4.6, we show

the outputs from such a pair of negligible CP asymmetry, where for comparison, we

have flipped the sign of the observables in the CP -conjugate simulation.

But there is the possibility that noticeable CP -violation could occur in pairs

of simulations. Fig 4.7 demonstrates one such successful example. We see similar

evolution of observables (up to an overall sign) in the beginning, but around t ' 20/v,

a deviation starts to appear. Eventually, the asymmetry settles down after t ' 30/v

and a net winding number of NW = +1 can be read for the event, after we count

the flipped sign for the observables from CP -conjugate simulations and the rescaling

factor of 1/0.73 due to the lattice corrections. There is also the possibility that pairs

attain net NW = −1.

In Fig 4.8, we display the final values of N2
W with all 400 normal configurations

(black) and their CP -conjugate (white), rescaled with the correction factor 1/0.73.

As it shows, the two outputs in a pair most likely overlap each other, so that the

black square is practically hidden. But we can indeed observe a few exceptions.

In summary, among 400 pairs we have accumulated, there are a total of 16 events

where a simulation and its CP pair have different topological numbers (up to an

overall sign), and they correspond to flips, 6 times net +1 and 10 times net -1.

The statistical results over time, with the mean (red line) and one standard devi-

ation (green band), are shown in fig 4.9, on observables, (in the clockwise direction),

〈φ2
1〉, 〈φ2

2〉, NCS , Nf , N2
W and N1

W . The average Higgs fields are well behaved statis-

tically, and described by damped oscillations around the minimum of the potential.

Both 〈φ2〉 will be unity, if the Higgs fields sit exactly at the minimum point. While

the oscillations in practice reduce the average Higgs fields to somewhat smaller than

unity, because around the minimum, the potential is broader where Higgs fields stay
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Figure 4.6. A configuration and its CP conjugate, where no net asymmetry is produced.
The sign of the observables for the CP conjugate has been flipped.
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Figure 4.7. A configuration and its CP conjugate, where a flip occurs and an asymmetry
is produced.
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Figure 4.8. Final values of N2
W for configurations (black) and their CP-conjugate (white).

0 10 20 30 40 50
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

0 10 20 30 40 50
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

0 10 20 30 40 50
0.010

0.008

0.006

0.004

0.002

0.000

0.002

0.004

0 10 20 30 40 50
vt

0.006

0.004

0.002

0.000

0.002

0 10 20 30 40 50
vt

0.008

0.006

0.004

0.002

0.000

0.002

0.004

0 10 20 30 40 50
vt

10

5

0

5

10

15

Figure 4.9. Clockwise: 〈φ21〉, 〈φ22〉, NCS , Nf , N2
W and N1

W , when averaged over the
entire bosonic ensemble. The mean values are represented by red lines. The one standard
deviations are displayed in green bands.

close to the center and steeper where 〈|φ|〉 are bigger than the vacuum expectation

values. Comparatively, the statistical uncertainty is larger in the Chern-Simon num-

ber and Higgs winding numbers and we can see NCS = NW = 0 is on the edge of one

standard deviation. The fermion number is badly behaved, but probably suggests

the same sign of CP asymmetry as Chern-Simons number and winding numbers

indicates.
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4.3.2 Asymmetry

Our simulations provide a baryon asymmetry of

nB =
1

V

N+ −N−
2Ntot

, (4.72)

where the practical physical volume is V = (Na)3, with N = 32 and a = 1.2/v. The

energy density available in the beginning of simulations is approximately the initial

potential energy density, ρ0 = (174 GeV)4. On the other hand, by assuming the

energy should be distributed over all active degrees of freedom, we can write

ρ = g∗
π2

30
T 4. (4.73)

The effective number g∗ is 28 for the reduced Standard Model that we are using,

specifically

g∗ = 3× 3 + 5 +
7

8
× 4× 4 = 28, (4.74)

with three gauge bosons ((W±, Z) of spin 1, three neutral Higgs bosons and two

charged ones, as well as four Dirac fermions. We assign g∗ = 7/8 to each fermionic

degree of freedom, as for relativistic fermions, we calculate the energy density in the

form of

ρ =

∫
d3p

(2π)3

p

ep/T + 1
=

7

8

π2

30
T 4, (4.75)

while for bosons,

ρ =

∫
d3p

(2π)3

p

ep/T − 1
=
π2

30
T 4. (4.76)

We can also write down the entropy density as

s = g∗
2π3

45
T 3 = 1.01× (g∗)1/4ρ

3/4
0 , (4.77)
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and (nB/s) is constant during the evolution afterwards. One can relate the present

entropy density with the photon density via s = 7.04nr, by noticing

nr = 2

∫
d3p

(2π)3

1

ep/T − 1
=

2ζ(3)

π2
T 3, (4.78)

where ζ(n) is the zeta function, and to achieve the right number 7.04, one also needs

to consider the effective number of neutrino species.

As a result, we get

nB
nγ

= 6.97
1

(av)3N3

N+ −N−
2Ntot

(g∗)−1/4

(
v

ρ
1/4
0

)3

. (4.79)

Using g∗ = 28, v = 246 GeV, ρ
1/4
0 ' 174 GeV, N = 32 and av = 1.2, we find

η = 8.3× 10−5 × N+ −N−
2Ntot

(
1±

√
N+ +N−

(N+ −N−)2

)
, (4.80)

where the one standard deviation error applies for Ntot � 1, and the statistical

error will be large if there are many flips cancelled out (N+ + N−) > (N+ − N−)2

The observed asymmetry of 6.0 × 10−10 corresponds to one uncancelled flip in 105

configurations.

In all 400 pairs of realizations that we have accumulated, we found N+ = 6

flips with +1 difference in NW ; and N− = 10 with -1. Therefore, we obtain the

baryon-to-photon ratio of

η ' −3.5× 10−7 × (1.0± 1.0) . (4.81)

The numerical signal is at the boundary of what is numerically discernible with

the available computer resources, but we tentatively find an asymmetry of |η| ≤
3.5× 10−7.

4.4 Conclusion

In this chapter, we have measured a baryon asymmetry, by including simultaneously

the B + L anomaly, C- and CP -violation, as well as an out-of-equilibrium state, in

real-time lattice simulations. As a result, we have calculated the baryon-to-photon
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ratio and obtained η ' −3.5×10−7×(1.0± 1.0). Because of the big statistical error,

the present simulations can not exclude zero explicitly. But the remedy is straight-

forward, one can always improve the result with larger statistics, which means more

simulations.

We in practice introduce the CP -violation to the reduced Standard Model,

through breaking the C-symmetry in the two-Higgs potential. It is always our

wish to know which parameter choice in the model could provide the maximal CP -

violation. Given the parameters allowed by experiments, we realize it is still difficult

to answer how big the CP -violation could be, unless we simulate the scenario ex-

plicitly.

Despite not knowing which parameter choice could yield maximal CP -violation,

we indeed discover there are some choices which will definitely lead to no asymme-

try, even though the C-symmetry violated explicitly in the Higgs potential. This

corresponds to the accidental symmetry C ′P that we found in section 4.1.1. On the

other hand, it is easy to show that such accidental symmetry will be automatically

forbidden when the hyper U(1) gauge field exits in the simulation.



Chapter 5

Summary and Outlook

The main goal of the thesis was to establish real-time simulations for Cold Elec-

troweak Baryogenesis, with one-generation of fermions explicitly included. As a

result, all Sakharov’s three conditions can be fulfilled in our first-principles numeri-

cal simulations and a baryon asymmetry can be measured from large-scale computer

simulations.

We first presented the chiral anomaly by solving the Dirac equation for fermions

in parallel electric and magnetic fields. The anomaly is related only to the lowest-

energy Landau levels. For massless fermions, the chiral anomaly can be seen as a

result of the production of particles of one chirality, and no production of particles

of the other chirality. If fermions are massive, the method can lead to the chiral

anomaly in the general form,

∂µ〈Tψ̄iγµγ5ψ〉 = 2im〈Tψ̄γ5ψ〉 − e2

2π2
E ·B, (5.1)

or

∂µ〈Tψ̄iγµγ5ψ〉 = 2im〈Tψ̄γ5ψ〉+
e2

16π2
εµνρσFµνFρσ. (5.2)

Notice the proper regularization is necessary to obtain the expression above. As a

matter of fact, it is the regularization that accounts for the E in the last term of (5.1),

instead of the particle production whose rate e−
m2+p2⊥
eE

π would be non-perturbative

of E. More importantly, the regularization in the continuum theory can not be

applied to the lattice theory, where the range of momentums is finite, in comparison

with the infinite momentum range in the continuum theory. On the lattice, the
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chiral anomaly is obtained by Wilson fermions, which yield the chiral anomaly in a

sequence [20],

∂µ〈Tψ̄iγµγ5ψ〉 = −2i
arW

2
〈Tψ̄γ5DiDiψ〉 =

e2

16π2
εµνρσFµνFρσ, (5.3)

where Di is the spatial gauge covariant derivative and the expression (5.3) does not

depend on the value of rW , as long as it is not zero. We in practice only introduced

spatial Wilson terms to remove spatial doublers. For the temporal doubling problem,

we discovered that by choosing the initial values for fermion properly, the temporal

doublers will not be excited in the practical simulations. To cooperate with real-

time simulations and such initialization, a proper renormalization scheme has been

constructed and the coefficients of counterterms can be determined accordingly.

On the other hand, we extended the calculation of the chiral anomaly to the gen-

eral anomaly cancellation, and found that with the fermion content of the Standard

Model, the B − L symmetry is anomaly free, but the B + L symmetry must be vi-

olated as a quantum anomaly. Therefore, the baryon number non-conservation can

be explained by the B +L anomaly. Another necessary condition for the baryogen-

esis, the out-of-equilibrium, can be achieved as a result of the spinodal (tachyonic)

instability in Higgs IR modes during a cold electroweak transition.

With ensemble fermions, we carried out real-time simulations of the cold elec-

troweak transition, based on the reduced Standard Model [70], which included the

SU(2) gauge field, the Higgs field and one generation of fermions. We tested the

validity of the method of ensemble fermions and found the dynamics and most ob-

servables could converge with the number of fermion realizations, Nq = 2400, which

was numerically tractable. In particular, the B + L anomaly could be measured

accurately with large Nq and the spinodal instability in practice leaded to a large

energy transfer in the beginning of the transition. We applied the method to mea-

sure the fermion occupation number, and observed that at the later time of the

evolution, a thermal equilibrium could emerge to fermion IR modes. According

to the Fermi-Dirac distribution, the fermion temperature during the transition was

calculated, which was found never below 20 GeV. The result could indirectly rule

out the Standard Model CP -violation as the source of the baryon asymmetry of the

Universe, because the viable Standard Model baryogenesis requires the transition
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temperature of order 1 GeV at most.

Therefore, we moved on to recruit another Higgs doublet, so that new CP -

violation could be introduced as a result of extra C-violating terms included in the

two-Higgs potential. We selected the scalar potential by requiring a high sphaleron-

transition rate. We also chose carefully the Yukawa interaction in order to avoid some

accidental symmetry that could ruin the baryon asymmetry. With all Sakharov’s

three necessary conditions fulfilled, we eventually performed such first-principles

simulations with 400 pairs of initial configurations, and finally obtained the baryon-

to-photon ratio,

η ' −4.2× 10−7 × (1.0± 1.0) . (5.4)

As the next project, we intend to reduce the statistic error in (5.4), by imple-

menting more simulations. Also as an interesting plan, simulations can be extended

to involve three generations of fermions, such that the baryon anomaly caused by the

CKM and PMNS matrices can be studied. This approach will be non-perturbative,

in a sense that all orders of fermion backreaction will be included. Possibly, this

might not be easily achieved by the ensemble fermions, as a very large number

of fermion realizations will be required to enable the top quark physics converge.

But theoretically, there is no problem to implement the simulation with the mode

function method.

At present, we have only involved the SU(2) gauge theory, which is essential in

the B + L anomaly, because of the existence of the non-trivial topological number,

the Chern-Simons number,

NCS =
1

16π2

∫
d3xεijkTr

[
AiFjk + i

2

3
AiAjAk

]
,

while in comparison the Chern-Simon number for the U(1) gauge field is zero. By

including the complete electroweak SU(2) × U(1), we can further measure from

simulations the cosmic magnetic fields as a result of the electroweak transition [64].

Also we see in Chapter 4 that the U(1) gauge theory could remove the unwanted

accidental symmetry. In order to have anomaly-free SU(2)×U(1) without the SU(3)

color index, the weak hypercharge for quarks must be modified. The possibility is

discussed in Appendix A.



Appendix A

Anomaly free SU(2)× U(1)

Assume the hypercharge for (uL, dL), uCR, dCR, (νL, eL) and eCR are a, b, c, d and e

respectively. By requiring that the SU(2)×U(1) gauge theory and B−L symmetry

are anomaly free, we need to carry out the anomaly cancellation in following way,

(similar as we did in Chapter 2)

SU(2)− SU(2)− U(1) :

a+ d = 0, (A.1)

U(1)− U(1)− UB−L(1) :

2a2 − b2 − c2 − 2d2 + e2 = 0. (A.2)

U(1)− U(1)− U(1) :

2a3 + b3 + c3 + 2d3 + e3 = 0, (A.3)

The solution can be easily found as

a = −d, b = −e, c = 0; (A.4)

a = −d, c = −e, b = 0. (A.5)

Apparently, the Standard Model hypercharge (a = −1
6 , b = 2

3 , c = −1
3 , d = 1

2 , e =

−1), can not be the solution. In addition, if we want to have the same B+L anomaly
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as it is in the Standard Model,

∂µj
µ
b = ∂µj

µ
l =

1

64π2
εµνρσF aµνF

a
ρσ −

1

64π2
εµνρσBµνBρσ, (A.6)

the following equation should be satisfied,

2d2 − e2 = −1

2
. (A.7)

In practice, we can keep the same weak hypercharge for leptons, that is (d = 1
2 , e =

−1), and therefore the electromagnetic charge should be calculated in the same way

as it is in the Standard Model, i.e. Q = T3 − Y . Another requirement is that the

electromagnetic charge of quarks will be opposite to the charge of anti-quarks,

up quark :
1

2
− a = −(0− b), down quark : − 1

2
− a = −(0− c). (A.8)

Finally, the solution can only be:

a = −1

2
, b = +1, c = 0, d = +

1

2
, e = −1. (A.9)

As we can see in Table A.1, without color SU(3), the quark charges are no longer

fractional.
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electromagnetic charge weak isospin weak hypercharge
Q = T3 − Y T3 Y(

u
d

)
L

+1
0

+1/2
−1/2

−1/2

uCR −1 0 +1

dCR 0 0 0(
ν
e

)
L

0
−1

+1/2
−1/2

+1/2

νCR 0 0 0

eCR +1 0 −1

Table A.1. For SU(2) × U(1), the electromagnetic charge Q, weak isospin T3 and weak
hypercharge Y of the first-generation fermions, with a relation Q = T3 − Y .
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