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Abstract

In this thesis, we investigated the stability of the contact line of an initially ax-

isymmetric, fixed volume of viscous fluid upon a flat rotating disc, centred on the

axis of rotation. We performed an experimental analysis, concerning the onset

and formation of the instabilities at the contact line. The instability at the con-

tact line is characterised by an integer number of fingers given by the dominant

wavenumber, which is found to be proportional to both the volume and rotation

rate in the investigated parameter range.

To complement the experimental results, we performed a linear stability analysis

within the lubrication limit of small contact angle. We determined the stability

of the free surface for which the fluid is at rest within a rotating frame of ref-

erence, subject to small axisymmetric and non-axisymmetric perturbations. We

found that the rotating droplet is unconditionally unstable, with the dominant

wavenumber increasing with both rotational and gravitational effects when cap-

illary effects are included. The growth rates of experimentally prevalent modes

and equilibrium solutions both show good qualitative and quantitative agreement

with the experimental data simultaneously.

We considered further cases where the contact angle is not small, meaning a lu-

brication approximation cannot be employed. Using a finite element method to

solve the resulting system, we showed that under these circumstances the insta-

bility at the contact line is characterised by a rolling motion. This is found to

be contrary to the form of instability under a lubrication approximation, where

instability occurs via slip of the contact line radially outwards.
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Chapter 1

Introduction

We begin with some background material on the subject of liquid spreading on

solid surfaces and an introduction to the mathematical modelling of such systems.

A literature review of previous work is presented, discussing both experimental

and theoretical aspects of centrifugally forced instabilities, followed by a summary

of the content of this thesis.

1.1 Background

The spreading of liquids placed on solid surfaces is a subject that has been widely

studied. The motivation for much of this research is from industrial coating pro-

cesses, where liquids are forced to spread on solids using an external force to drive

the fluid front in a desired direction. A comprehensive review of wetting of solids

in different circumstances is given by De Gennes [1], whereas further review ar-

ticles by Myers [2] and Davis [3] discuss the the mathematical modelling of thin

film flows with particular emphasis on the effect of external driving forces. Fur-

ther applications of the spreading thin films are discussed in the review articles

by Oron et al. [4] and Craster and Matar [5]. The flow behavior is often crucial

in such applications demonstrating why understanding of the underlying physics

of thin film flow is crucial.

The motivation for the work presented in this thesis is from an industrial process

known as spin coating. Spin coating is a process used to coat a substrate with a

thin, uniform layer of material typically of O(10−6)m and below [6, 7]. The appli-

1



Chapter 1: Introduction
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(d)

FIGURE 1.1: Phases of spin coating (reproduced from [17]), where ω(t) is the rotation
rate of the substrate.

cations of spin coating in material science are wide and occur wherever smooth and

uniform surfaces are required upon substrates [8]. Examples of such applications

are in lithography [8, 9], generation of fuel cells [10] and solar cells [11, 12, 13],

thermoelectrics [14, 15] and more recently biomedical applications [16].

The required material, commonly a polymer, is dissolved in a solvent creating a

fluid, dispensed onto the substrate, spun at high rotational speeds and finally the

solvent is evaporated to leave the desired material upon the substrate. The process

is usually split into 4 distinct phases; dispensation, acceleration, constant rotation

and evaporation [17]. Figure 1.1 demonstrates schematics of the four phases of

spin coating.

The first phase is the dispensation phase, demonstrated by figure 1.1 (a). During

this phase the fluid is placed onto the centre of rotation of the substrate and

can be done statically or dynamically, referring to whether the substrate is in

motion when dispensation occurs. The acceleration phase is demonstrated by

figure 1.1 (b) and is characterised by large changes in rotational speed within very

short times, causing fluid expulsion from the substrate [15, 18]. The substrate

eventually reaches the desired speed at which point rotational accelerations are

balanced by viscous forces, the fluid motion becomes steady in the rotating frame

of reference and no differences in film thickness occur shown in figure 1.1 (b). The

combination of spin speed and time over which this target rotation is achieved

from stationary defines the final film thickness, generally higher spin speeds and

longer spin times create decrease the film height. Once the target rotation rate is

2



Chapter 1: Introduction

reached, uniform thinning of the film gradually occurs [19]. Finally, when the fluid

has reached a steady uniform desired thickness, evaporation of the constituting

solvent becomes the dominant process [20], and is shown in figure 1.1 (d). In

many applications heat is applied to quickly remove this solvent, leaving behind

a uniform thin film of the desired material upon the substrate.

Emslie, Bonner and Peck [19] pioneered modelling of spin coating in the absence

of evaporation effects by proposing a simple force balance between viscous and

centrifugal forces showing that a film tends towards uniformity over time. The

combined process of thinning due to both centrifugal force and evaporative effects

has been extensively investigated in both experimental and theoretical studies

[18, 21, 22, 23, 24, 25] however evaporation will not be addressed in this thesis.

The early work of Emslie et al. [19] has been extended to include many other

physical effects relevant to the spin coating process and will be discussed in more

detail within § 1.3.2.

During spin coating it can be observed that when the circular fluid front reaches

a critical radius, a fingering instability occurs, where the fluid flows preferentially

through the formed fingers [26]. In this thesis, we theoretically and experimen-

tally investigate the moving fluid front, known as the ‘contact line’ and formation

of fingering instabilities when a fixed macroscopic volume of fluid is subject to

centrifugal force.

1.2 Contact lines

A contact line is formed when a fluid-fluid interface meets a fluid-solid interface;

any container that holds a fluid with a free surface must have a contact line.

For example, in a stationary glass of water there is a static, closed contact line

where water, air and glass meet. When you pick up the glass and drink from it,

the contact line moves along the inner surface of the glass, changing shape and

length as it does so. In the system we will consider, the contact line will be at the

meeting of the free surface of an initially stationary droplet of fluid and a solid

plate. The contact line is indicated on figure 1.2 at this meeting point. Since a

contact line is formed at the meeting of three interfaces – liquid/solid, solid/gas

and gas/liquid – it is often referred to as the ‘common line’ or ‘tri-junction’ in the
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FIGURE 1.2: Young diagram (reproduced from [27]), where the static contact angle
is denoted θc.

literature. The angle formed at the contact line is known as the ‘contact angle’

and is conventionally measured through the liquid rather than gaseous phase.

1.2.1 Contact angles

In this context, the static contact angle is defined when the droplet is stationary

on the solid surface so that the contact line is not moving. Early investigations

into static contact angles were performed by Young [28]. Young assumed that for

a system to be static, the constant, horizontal interfacial tension components at

each of three interfaces which meet at the contact line must be in equilibrium.

Therefore, the Young equation reads

γSG − γSL − γLG cos θc = 0, (1.2.1)

where γ denotes the interfacial tensions, the subscripts S,L, and G denote the

solid, liquid and gas phases, respectively, and the static contact angle is denoted

θc. Measurement of the static contact angle are often performed using an optical

tensiometer. In practice, a droplet is placed on the solid surface and the image

of the drop is recorded, and the surface tension, γLG is measured. The static

contact angle is calculated using image analysis, while the difference γSG − γSL is

subsequently determined by fitting to Young’s equation (1.2.1).

A dynamic contact angle is defined as the contact angle when the contact line

is moving. Figure 1.3 shows typical experimental results for the dependence of

the dynamic contact angle, θ, on the contact line speed, Rt [27]. We see that

4



Chapter 1: Introduction

θA

θR

θ

0 Rt > 0Rt < 0 uc

FIGURE 1.3: Typical experimental results for how the dynamic contact angle, θ,
depends on the speed of the contact line, Rt. The angles θA and θR are the advancing
and receding contact angles, respectively. The dashed line represents the prediction
for the contact angle below the smallest contact line speed for which a contact angle
can be measured, uc (reproduced from [27]).

at Rt = 0 there is often a discontinuity in the contact angle, indicating that the

contact line must remain stationary between the advancing contact angle, θA, and

the receding contact angle, θR. This discontinuity in contact angle at Rt = 0 is

known as contact angle hysteresis. Contact angle hysteresis is known to be caused

by microscopic surface roughness, experimentally verified by Zisman [29], where

only by coating very smooth surfaces can the advancing and receding contact

angles be equal. The advancing and receding contact angles are measured from

dynamic experiments where droplets are in movement, and are determined by

the limiting behaviour as the contact line velocity tends to zero. In contrast, the

equilibrium contact angle, θc, described by the Young equation (1.2.1) is measured

from a static system, as described above. Values of the static contact angle lie

between the advancing and receding contact angles and depend on variables such

as drop volume.

In a cylindrical polar coordinate system (r, φ, z), the free surface is defined at time

t as z = h(r, φ, t), with the contact line at r = R(φ, t). The contact angle, θ, is

given by
∂h

∂r

∣∣∣∣
r=R(φ,t)

= − tan(θ). (1.2.2)
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This boundary condition must be coupled with a model for the contact angle, θ,

itself. It is common in the literature to describe the experimental data such as in

figure 1.3 by using a Tanner law [30]. The Tanner law couples the contact angle,

θ, and to the contact line speed, Rt,

∂R

∂t
=


κA (θq − θqA) θ > θA,

κR(θ
q
R − θq) θ < θR,

0 otherwise,

(1.2.3)

where κA, κR, known as the advancing and receding contact line speeds, are pos-

itive with dimensions of velocity and are generally determined experimentally.

The exponent q is also determined experimentally, and is commonly taken as ei-

ther q = 1 or q = 3 [1, 31, 32, 33]. The Tanner contact line law (1.2.3) states that

if the contact angle is above a critical value then the contact line will advance with

a positive velocity, while if the contact angle is below a critical value, θR, then it

will recede, otherwise remaining stationary.

Since these early studies there has been much interest into contact angle hysteresis

[34, 35, 36, 37, 38, 39], and applications and underlying physics are discussed in

the review articles by Eral et al. [40] and Extrand [41]. However, many of these

studies do not provide a practical boundary which can be used in simple models

involving moving contact lines. It is therefore common [32, 42, 43, 44] to restrict

analysis to considering the Tanner law (1.2.3) in the case where no hysteresis is

considered, so that

Rt = κ(θq − θqc), (1.2.4)

for all contact angles, where θc is the static or equilibrium contact angle; meaning

the contact line can both advance and recede. Furthermore, since there is no

discontinuity at θ = θc, we can safely linearise about this state. In this thesis

we will also restrict our analysis to the case where contact angle hysteresis is

neglected. Hoffman [45] and Kistler [46] also both suggest a cubic relationship

between the contact line velocity and the dynamic contact angle, with slightly

different form to (1.2.4).

Measurements of contact angles use visible light, which has a wavelength of ap-

proximately O(10−7)m, thousands of times bigger than a fluid molecule, hence the

resolution of experimental images may be insufficient to measure the contact angle
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accurately. Furthermore, microscopic surface roughness affects the contact angle

meaning experimental data may not be accurate, especially on short lengthscales.

This is demonstrated by contact angle hysteresis, shown in figure 1.3, whereby

the advancing and receding contact angles have different values. An alternative

condition to impose is that the contact angle is a constant [47, 48, 49, 50], and is

given by its equilibrium value, θc, throughout the analysis. This method does not

rely on the measure of contact line speed, κ, and exponent, q being determined

empirically, rather just the equilibrium contact angle.

1.2.2 Macroscopic slip

In order to have a well-posed model for a moving contact line, we must also

consider the macroscopic behaviour of the contact line. Application of standard

no-slip boundary conditions in problems involving contact lines leads to singular

components within the stress tensor, resulting in an apparent infinite force required

for the contact line to move [3]. When considering a moving contact line, in order

for the problem to be well-posed, it is common to introduce a macroscopic slip

law at the boundary [51, 52, 31]. If (u, v, w) are velocity components, appropriate

boundary conditions for a thin film of fluid on a plate at z = 0 are

u = s(h)
∂u

∂z
, v = s(h)

∂v

∂z
, w = 0, (1.2.5)

for fluid height, h. The last of these conditions is the standard no-penetration

condition. The slip conditions (1.2.5) (a, b) on the horizontal velocity components

state that the velocity is directly proportional to the shear stress through a func-

tion, s(h), depending on the height, h, of the free surface. If we take s(h) = 0

the classical no-slip and no-penetration boundary conditions, u = 0 on z = 0, are

recovered. The slip function is commonly chosen to be constant [27, 32, 42, 43],

so that s(h) = β; known as the Navier slip law. This is justified since the shear

stress at the plate is expected to be large at the contact line, so that the slip

becomes most pronounced at these points [52]. Another common slip function to

be s(h) = α
3h

[2, 31, 51, 53]; known as the Greenspan slip law. Here, α is a small

constant, so that the slip function, s(h) is small except in the region close to the

contact line where h = O(α) and the slip becomes pronounced. Taking the slip to

be proportional to 1/h forces the shear stress to be zero at the contact line, where
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h = 0, correcting for the expected large stress contributions at the contact line.

Myers’ review of thin films with surface tension [2] discusses the different slip laws

in more detail.

An alternative method of mitigating the stress singularity at the contact line is

the use of a precursor film. In this case an assumption is made that a thin film of

liquid is present upon the solid surface such that the free surface interacts with this

layer rather than forming a contact line at the solid surface directly. This method

is common in early literature [1, 2, 54, 55, 56, 57] however modelling presented

within this thesis focuses only on the use of a slip law of the form (1.2.5) since

introduction of a precursor film completely removes the contact line dynamics, and

is not present within the experiments we performed, which we intend to model.

1.3 Centrifugally forced contact line instabilities

In an effort to understand the conditions for instability of centrifugally forced

contact lines which occur during industrial processes such as spin coating, there

have been a number of experimental and theoretical analyses of fixed volumes of

fluid on rotating discs.

1.3.1 Experimental

There have been several experimental studies of contact line instabilities of viscous

fluids on rotating substrates. An early investigation was performed by Melo et al.

[26], who considered small volumes (O(10−2)ml) of silicon oils on silicon wafers,

relevant to the electronics industry. They determined that in this configuration

the spreading from an initially circular contact line is firstly axisymmetric during

which a capillary ridge forms close to the contact line. When a critical radius

is reached a fingering instability occurs. Figure 1.4 shows experimental images

taken from [26] showing the onset of the fingering instability and the capillary

ridge close to the contact line. It is suggested that the critical radius and the most

unstable wavelength i.e., the number of fingers, is a function of the nondimensional

parameter, β = γ/(ρΩ2V ), for rotation rate Ω, density ρ and volume V . However,

for sufficiently large values of β, corresponding to lower rotation rates, the critical
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FIG. 1. The different stages of spreading of a spinning drop. The black zones correspond to the nonzero-slope regions of the
liquid film. (a) Initial conditions; a volume of 50 pl of silicon oil (viscosity 50 cm /s) is released on the substrate, rotating at a fre-
quency f 10 Hz. (b) After 30 s; formation of a bump, visualized by the bright annulus, in the vicinity of the contact line. (c) After
140 s; the wavy modulation of the rim at the early stage of instability. (d) After 180 s; development of the wavy perturbation. (e)
After 220 s; break up into fingers. (f) After 310 s; well developed fingering.

R/Rp f(t/Tp, P) .
In order to determine the characteristic scales, we use

the lubrication approximation; the spreading equation
reads

(2)3rIU h (pro r+yVV h),
where r (r, e) are polar coordinates. In the derivation

P, and rot, where the characteristic scales FEp, Rp, and Tp
are defined below. The dimensionless parameter P is
analogous to an inverse Bond number, P y/pro 0, and2

measures the competition between capillary and centri-
fugal effects; cot measures the ratio between the centrifu-
gal force and the Coriolis force, which is negligible
whenever cot)&1. Dimensional arguments imply that
R/Rp evolves in the following way [h(R, t) =0 (Ref.
7)]:

of Eq. (2), both the hydrostatic pressure contribution
due to the gravity and the Coriolis force are neglected,
and the local curvature is approximated by V h (in the
limit where elh/Br«1). The height profile is obtained
from the continuity equation,

Bh h+V (pro r+yVV h) 0.8t 3rl
(3)

Equation (3) traces back to the volume conservation; for
a circular drop of radius R(t) and volume 0, its integral
form reads

pR(t)
2xrh(r, t)dr II .Jp

All parameters of Eq. (3) can be absorbed in the follow-
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FIGURE 1.4: Experimental images taken from [26], showing the onset of the fingering
instability from an initially circular configuration. The black areas within the fluid
show areas of non-zero slope, indicating a ridge forms close to the contact line.

radius and number of fingers appeared to be independent of β, and therefore

independent of the rotation rate and volume, whereas larger rotation rates were

judged to be out of range of the lubrication approximation.

Fraysse and Homsy [58] performed similar experiments within the same parameter

space, for three Newtonian fluids (silicone oils) of different viscosities and a non-

Newtonian Boger fluid. They reported that the instability occurs in the same way

as reported by Melo et al. [26], and further verified within the investigated range

of parameters that the most unstable mode was independent of rotation rate and

volume. Furthermore, Fraysse and Homsy found that the two-zone model of Troian

et al. [59], where the free surface is modelled combining an inner region close to the

moving contact line and an outer region of constant thickness, is in good agreement

with their experimental data, both qualitatively and quantitatively, provided that

the critical radius was taken from the experiment. However, Fraysse and Homsy

determined that the most unstable mode and growth rates do depend on wetting

properties, such as the contact angle and surface tension.

Spaid and Homsy [60] considered the effect of elasticity on the onset and evolution

of the fingering instability by rotating small volumes (O(10−1) ml) of tricresyl

phosphate either mixed with polystyrene polymer to form a viscoelastic fluid, and
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Chapter 1: Introduction

on its own constituting a Newtonian fluid. They observed a qualitatively similar

instability to Melo et al. [26] and Fraysse and Homsy [58], and demonstrated that

viscoelastic fluids develop more fingers and coat a larger area than Newtonian

fluids under comparable experimental conditions. Using similar Newtonian silicon

oils Wang and Chou [61] performed experiments on larger volumes (O(1)ml);

an order of magnitude larger than previous experiments. They determined that

below a threshold value of rotation rate the dominant wavelength of the fingering

instability is constant, whereas above this threshold the number of fingers increases

rapidly, indicating that previous experiments [26, 58] may have been performed

below critical rotation rates.

More recently, Holloway et al. [62] also reported contrasting results to Melo et al.

[26] and Fraysse and Homsy [58], finding that within similar parameter regimes

the number of fingers increases with both the rotation rate and the drop volume.

It is suggested that this may be due to limited rotation rates being discussed in

[26, 58]. Furthermore, power laws for axisymmetric spreading in time as functions

of the rotation rate and volume were determined, finding that contact radius grows

linearly in time, with speed κ ∝ Ω2.47V 0.73. Holloway et al. [62] subsequently

extended their experimental analysis to yield stress fluids [63]. Chou et al. [64]

performed experiments using silicone oil for larger volumes, at V = 0.3ml. They

considered the dynamic contact angle, finding that a fingering instability occurs

when the contact angle increases past a critical point, suggesting that contact

angle hysteresis has an effect here. Furthermore, the reported contact angles can

be as large as 150 ◦, meaning a small contact angle approximation may not be

appropriate. The evolution of the free surface of small droplets of silicon oils with

small capillary number was considered experimentally by Blank and Ehrhard [65].

They observed the formation of a capillary ridge forming close to the contact line

in their experiments, agreeing qualitatively with previous investigations and the

quasi-steady analysis of Boettcher and Ehrhard [44].

Veretennikov et al. [66] considered the spreading of relatively large volumes,

V ≈ 0.6ml, of glycerol, a partially wetting fluid with an O(1) static contact

angle. These experiments are in contrast to previous experiments detailed above

which focused on microscopic volumes of perfectly wetting silicon oils, with con-

tact angle close to zero. The authors considered rotation rates between 110 and

155 rpm, and observed a single finger forming in all experimental runs. Similarly
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to Chou et al. [64], the authors suggest that movement of the contact angle occurs

when the apparent contact angle exceeds a critical threshold, with the instability

characterised by a rolling motion at the contact line, in contrast to the findings for

perfectly wetting fluids [26, 58, 60]. Spin coating of suspension films was consid-

ered by Kulakarni et al. [67], using a glycerol and microscopic glass bead solution

to create the suspension film. The results were compared to results of glycerol

and silicon oil (PDMS), where they observed that the critical radius for the on-

set of instability for glycerol is much lower than PDMS for all rotation speeds.

They assert that since glycerol has a greater surface tension of the two fluids, a

droplet will break down into a lower number of fingers than PDMS in order to

minimize surface energy. Sahoo et al. [68] study the simultaneous spreading of

superimposed Newtonian fluids, comparing the results to the linear stability anal-

ysis of Fraysse and Homsy [58]. They found this model overpredicts the number

of experimentally prevalent fingers.

The dynamics of droplets impinging on rotating planes has also been of recent

scientific interest following much research into droplet impact on stationery disks

[69] and references therein. Li et al. [70, 71] studied droplet impact patterns in

detail, categorising patterns as a function of Reynolds, Weber, and Rossby num-

bers whereas Moghtadernejad et al. [72] were more interesting in the formation of

a fingering instability following initial droplet impact. Pan et al. [73] investigated

the axisymmetric spreading of a single droplet of approximately 8µl of ethanol im-

pinging on a rotating disk. They compared the results to numerical solutions using

the Hoffman law [45] to model contact angle hysteresis demonstrating that the dy-

namic spreading process consists of an initial inertial spreading stage followed by a

centrifugal thinning stage in good agreement with experiments. Dynamics of im-

pinging droplets are not considered further within this thesis, however the above

studies provide an excellent foundation for which to build similar experimental

and numerical methods upon.

Overall, the majority of existing experimental analysis has been performed in a

parameter range to reflect industrial spin coating, that is, very small volumes of

silicone oils with small contact angles. However, it seems a surprising conclusion

that the fingering instability is independent of rotation rate [26, 58], and may be

a product of considering a limited extent of the parameter space, demonstrated

by Wang and Chou [61] and Holloway [62]. Furthermore, the effect of rotation on
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larger volumes (O(1)ml) of partially wetting fluids with potentially large contact

angles has not been extensively studied, especially at high rotation rates.

1.3.2 Theoretical

Several mathematical models have been formulated to quantify and predict the

axisymmetric spreading and subsequent fingering instabilities that occur at cen-

trifugally forced contact lines. An early theoretical investigations into spin coating,

performed by Emslie et al. [19], removed the need for contact line dynamics by

considering a thin, axisymmetric fluid layer upon an infinitely large rotating disc.

By considering a simple balance of the centrifugal and viscous forces, exact so

lutions to the resulting evolution equation for the profile of the free surface are

found for different cases. They found that liquid layers that are initially uniform

remain so under rotation, while also showing that perturbed liquid layers also tend

towards uniformity.

The analysis of Emslie has subsequently been extended to assess the individual and

often combined effects of inertia [74], non-Newtonian fluids [75, 21], Coriolis force

[76, 77, 78], surface roughness [79], evaporation and absorption [18, 23, 24, 25] and

more recently multi-fluid systems [80, 81, 82]. Evaporation is commonly neglected

in these studies and can be justified due to the timescale for volume loss due to

evaporation being multiple orders of magnitude larger than that of the spreading

process [83]. Tu [84] introduced the use of contact line dynamics to spin coating

problems, using the inverse slip law of Greenspan [31] applied to a two dimensional

viscous fluid under constant rotation and vanishing surface tension. Under these

simplified conditions Tu determined that the axisymmetric contact line spreads

exponentially in time. Wilson et al. [85] extended the analysis of Tu [84], con-

sidering axisymmetric spreading in spin coating problems, prior to the onset of

fingering. However, as well as discussing the limit of vanishing surface tension,

the asymptotic limit of weak surface tension and numerical solutions where sur-

face tension effects are O(1) are also considered. The results of the latter case

show good quantitative agreement to the axisymmetric phase of experiments by

Fraysse and Homsy [58] and Spaid and Homsy [60]. Furthermore, the authors

determined that both the fixed contact angle and Tanner boundary conditions

can sufficiently reproduce the referenced experimental results. The weak surface
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tension asymptotic solutions are found to capture the qualitative nature of the

experiments described showing the same trend in the position of the contact line

against time. Furthermore, the authors determined that both the fixed and Tanner

(1.2.4) contact angle boundary conditions are capable of reproducing the experi-

mental results well in each of the limits considered. Several authors have further

investigated axisymmetric spreading, extending the analysis to non-Newtonian

fluids [86, 87, 88].

Following the axisymmetric phase of experiments of centrifugally forced contact

lines, a fingering instability occurs at the contact line [26, 58, 60]. Similar observa-

tions were made by Huppert while considering viscous flow down inclined planes

[89] since in this configuration movement of the contact line is also driven by an ex-

ternal force, namely gravity. Troian et al. [59] and Moriarty et al. [90] developed

the model of Huppert [89] applying the analysis in the context of centrifugally

forced contact lines in the limit of small surface tension. Each set of authors

considered the flow as two phase, asymptotically matching an outer region of thin

uniform height with an inner region close to the contact line while using a precursor

film to model contact line dynamics under a lubrication, or long wave, approxi-

mation. To verify the composite asymptotic solutions, Moriarty et al. [90] solved

the derived lubrication equation numerically, showing good comparison for small

surface tension. The solutions of Troian et al. were subsequently found to com-

pare well to experiments performed by Fraysse and Homsy [58], and Holloway [62].

Spaid and Homsy [53] compared the use of an asymptotically matched precursor

film to the use the Greenspan inverse slip law [31], finding that both methods

can have quantitatively comparable results. Furthermore, they determine that

the stability of the contact line is instability of the contact angle for sufficiently

small angles. However, the asymptotic solutions detailed above [59, 90, 53] have

limitations, such as that volume is only conserved within the outer region; an un-

physical assumption for droplets of constant volume. Furthermore, Moriarty [90]

assumes within his derivation that the body force driving instability is constant

over the inner region, whereas in the context of spin coating the centrifugal force

is a function of the radially distance from the axis of rotation.

McKinley et al. [42] considered the spreading of an incompressible fluid droplet

that interacts with a vertical jet of air. They assert that the nondimensional

equations of motion for this configuration are identical to those of a rotating fluid
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in the absence of the Coriolis forces, up to the redefinition of a nondimensional

group. They derive an evolution equation under a lubrication approximation, in-

cluding gravitation effects, which in the small capillary limit and when combined

with the Tanner law (1.2.4), reduces to a first order ordinary differential equation

for the contact line position. A Navier slip condition, where the slip coefficient is

constant, is used to allow the contact line to move. The equilibrium solutions are

discussed and subsequently the stability of these solutions subject to axisymmetric

perturbations is analyzed. They found that for each jet strength (or rotation rate)

there is at most one physical equilibrium solution which is stable to axisymmet-

ric perturbations, however for a small range of jet strengths there exist multiple

physical solutions, where the solution with the larger radius is unstable. Annular

solutions, where there exists a dry patch at the centre of the fluid droplet, are

also considered in this work. A more recent effort into equilibrium solutions in the

absence of a lubrication approximation was performed by Konan et al. [91]. The

authors further demonstrated that equilibrium solutions exist only at sufficiently

low rotation rates, where the limiting rotation rate depends on the Bond number.

However, an assumption made during this analysis is that the contact angle is

fixed at θc = π/2.

McKinley and Wilson [43], motivated by a study concerning a linear stability

analysis of a ridge of fluid [92] extend their previous analysis within the small

capillary limit [42] to non-axisymmmetric perturbations to the free surface, h,

and the contact line, R,

h = h0(r) + h1(r) exp(imφ+ σmt), R = R0 +R1 exp(imφ+ σmt) (1.3.1)

for azimuthal wavenumber, m and corresponding growth rate, σm. In (1.3.1) h0
and R0 are the equilibrium free surface shape and contact line position, respec-

tively. In this study, gravity is ignored due to the volumes under investigation

making the Bond number negligibly small. The analysis is further extended to

the general case with non-zero capillary number, solving a linear eigenvalue prob-

lem coupled with the Tanner law to produce growth rates for each mode. They

find that when gravity is neglected all equilibrium solutions are unstable, both in

the quasi-steady limit and in the general case for finite capillary numbers. Specifi-

cally, every equilibrium solution is unstable to m = 1 perturbations, corresponding

to a translation from the axis of rotation, whereas higher modes are only unstable
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above a critical rotation rate depending on the wavenumber. Each of the studies

[42, 43, 92] constitute parts of the thesis of McKinley [93].

Schwartz and Roy [94] reported analytical and numerical solutions of the same

evolution equation, again in the absence of gravitational effects. Their analytical

results support those of McKinley and Wilson [43], recovering similar equilibrium

solutions which they reaffirm to be universally unstable with respect to the dis-

placement mode m = 1, while higher modes are only unstable beyond a critical

rotation rate. Above rotation rates for which equilibrium solutions are possible

the authors report a good comparison between their numerical solutions and the

experiments of Fraysse and Homsy [58].

Boettcher and Ehrhard [44] performed a similar linear stability analysis to McKin-

ley and Wilson [43], considering a rotating droplet of fluid including both grav-

ity and non-axisymmetric perturbations, however only consider quasi-steady so-

lutions. The base state for the linear stability are axisymmeteric quasi-steady

solutions to the evolution equation neglecting the leading order contact angle con-

dition, in contrast with McKinley and Wilson [42, 43] who discuss steady, axisym-

metric solutions in equilibrium. Again, a combination of the Tanner and Navier

slip boundary conditions are used to model the movement of the contact line,

subsequently determining the growth rate of the system in the quasi-steady case.

Each of the studies [42, 43, 44] resemble the modelling presented in chapters § 3,

4 and will therefore be discussed in more depth at relevant points in this thesis.

The effect of the Coriolis force on axisymmetric spreading was discussed by My-

ers and Charpin [77] and subsequently by Myers and Lombe [78]. Both studies

conclude that in axisymmetric flow under a lubrication theory the Coriolis force

does not affect the film height. Cho et al. [95] performed experiments on the

subsequent fingering instability finding that the critical radius at which instability

occurs is a function of only the rotational Reynolds number when Coriolis forces

dominate. In a subsequent study Cho and Chou [96] performed further experi-

ments finding that within the parameter range considered that the Coriolis force

notably affects the critical radius at which a fingering instability occurs. Further-

more, for low rotation rates the effect of the Coriolis force is stabilizing, whereas

above a threshold rotation rate the effect of Coriolis force becomes destabilising.

In § 5 we will discuss the effect the Coriolis force has on the rate of fingering in
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comparison to a theory in the absence of this inertial force.

1.4 Thesis outline

In chapter 2 we discuss the experimental procedure and methodology developed

to analyse contact line instabilities of a viscous fluid, subject to rotation. We

discuss the initial condition of the experiment as well as the stability, assessing

axisymmetric and non-axisymmetric spreading using Fourier analysis.

In chapter 3 we develop a mathematical model for the experiment described in

chapter 2. Assuming that the contact angle is small we make the lubrication

approximation, deriving a thin film partial differential equation which governs

the free surface height, and the contact line position. Subsequently, we consider

equilibrium solutions to the thin film equation, assessing where solutions exist

within the nondimensional parameter space, in an approach similar to McKinley

and Wilson [42, 43].

Chapter 4 concerns the linear stability of the equilibrium solutions found in chapter

4, where a Tanner model (1.2.4) has been used to relate the contact angle to the

contact line speed. We discuss axisymmetric and non-axisymmetric perturbations

to the contact line, assessing the stability of the equilibrium solutions within the

nondimensional space in which they exist; reproducing and extending the analysis

of McKinley and Wilson [43]. In chapter 5 we discuss extensions to the linear

stability theory, considering different limits of nondimensional parameters, and

various modelling assumptions to those assumed in chapter 4.

In Chapters 3–5 we discuss solutions of the equations of motion under a lubrication

approximation, where terms are neglected due to the radial length scale being

larger than the vertical length scale. In chapter 6 we nondimensionalise the same

set of equations and boundary conditions, no longer making this assumption.

Again, we determine equilibrium solutions from the nondimensional equations,

assessing where these solutions exist within the parameter space, comparing the

results to those of the thin film theory.

Chapter 7 concerns the linear stability of the equilibrium solutions determined

in chapter 6, where we develop a finite element method to solve the previously
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derived perturbation equations and boundary conditions. We discuss the solutions

and their trends as parameters, such as the contact angle, are varied in comparison

to the thin film theory, and with reference to the experimental observations in

chapter 2.

In chapter 8 we compare aspects of the experimental results from chapter 2 to

solutions of the mathematical models studied in chapters 3–7, discussing the ad-

vantages and disadvantages of each model in relation to the modelling assumptions

made. The important findings are summarised in chapter 9, along with a discus-

sion on possible future research directions.

17



Chapter 2

Experimental procedure and

analysis

In this chapter, we outline the experimental procedure developed to analyse the

contact line instabilities of a viscous fluid under rotation. Specifically, we inves-

tigated the effect of rotation and gravity relative to that of surface tension, in a

regime where inertia is negligible compared to viscosity. We detail an experiment

whereby a fluid droplet of known viscosity and volume is placed in the centre of

a flat, circular disc. This is spun up, at a chosen rate of acceleration, from rest

to a prescribed rotation rate and the instability which occurs at the fluid front is

analysed.

We first detail the equipment used to perform and record the experiments, and

present the method used to analyse the data using Fourier analysis. Finally, the

results of the experiment are described considering the mean radius of the fluid

for both axisymmetric and non-axisymmetric spreading.

2.1 Methodology

First we detail the experimental method and equipment used, along with a de-

scription of the fluid chosen to perform the experiments and its properties.

18



Chapter 2: Experimental procedure and analysis

Physical Quantity Symbol Units Approximate Value

Density ρ kgm−3 1261

Surface tension γ kg s−2 69× 10−3

Rotation rate Ω rad s−1 5 – 90

Viscosity µ kgm−1 s−1 1.069

Volume V m3 1.5×10−7 – 1.6×10−6

Contact angle θc rad 1.1 – 1.4

TABLE 2.1: Experimental values of physical quantities, with their respective symbol,
units also shown. Each of the physical quantities are taken at a temperature of 20 ◦C.
The reported values are for glycerol and the surface tension is determined using data
from [97].

2.1.1 Experimental set-up

The experiment consisted of a 190mm stainless steel disc, driven by a servo motor

in rotation about its vertical axis, with control of the acceleration and rotation rate.

The disc was covered with self adhesive sticky back plastic to ensure a uniform

non-absorbent surface. We used glycerol to ensure the Reynolds number was

small, and can be represented by taking the Stokes flow approximation adopted

for the mathematical modelling in Chapter 3. The definition of the experimental

Reynolds number varied depending on the modelling used, and is discussed further

in Chapter 8.

The solution was prepared by combining glycerol with a small amount of dye. A

peristaltic pump was used to accurately dispense a chosen volume of fluid onto

the centre of the disc at a chosen flow rate. A slow pump flow rate was used to

minimise non-axisymmetric spreading, achieving an initially circular fluid patch

when viewed from above. The fluid was dispensed on the plate through a nozzle

centred over the axis of rotation using a boom arm.

The disc was accelerated from rest to a chosen rotation rate. The spin-up timescale,

over which the fluid adjusts to the rotation of the disc to achieve solid body-

rotation is

τ =
ρV 2/3

µ
s. (2.1.1)

We therefore accelerated the disc to the required rotation rate over ten times the
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<latexit sha1_base64="0fcAcRX3kvOiU0XIHz3FIdmOl1M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwVbwIGW3oNZbwYvHCvYD2rVk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19YzO3ld/e2d3bLxwcNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjdTv/VIlWaRvDfjmPoCDyQLGcHGSg8l79rtnpeEQH2mSa9QdMvuDGiZeBkpQoZ6r/DV7UckEVQawrHWHc+NjZ9iZRjhdJLvJprGmIzwgHYslVhQ7aezqyfo1Cp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE1b9lMk4MVSS+aIw4chEaBqBfVVRYvjYEkwUs7ciMsQKE2ODytsQvMWXl0mzUvYuyxd3lWKtmsWRg2M4gTPw4ApqcAt1aAABBc/wCm/Ok/PivDsf89YVJ5s5gj9wPn8AQOaRCw==</latexit>

190mm disc

<latexit sha1_base64="CWsz7b8R+5vRilRVBwzi6LAEn3I=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUrF0WBHFZwT6wHUomk2lDk8yQZIQy9C/cuFDErX/jzr8xbWehrQcCh3Puvbn3BAln2rjut1PY2Nza3inulvb2Dw6PyscnHR2nitA2iXmsegHWlDNJ24YZTnuJolgEnHaDyc3c7z5RpVksH8w0ob7AI8kiRrCx0uMtT1mIBNZ6WK64VXcBtE68nFQgR2tY/hqEMUkFlYZwO6DvuYnxM6wMI5zOSoNU0wSTCR7RvqUSC6r9bLHxDF1YJURRrOyTBi3U3x0ZFlpPRWArBTZjverNxf+8fmqihp8xmaSGSrL8KEo5MjGan49CpigxfGoJJorZXREZY4WJsSGVbAje6snrpFOrevXq1X2t0mzkcRThDM7hEjy4hibcQQvaQEDCM7zCm6OdF+fd+ViWFpy85xT+wPn8AUg7kKQ=</latexit>

Fluid mass

<latexit sha1_base64="+6+bxNs/kzzbLSGkNsz4p/aOKzk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd2AmmPQi8cI5gHJEmYns8mQeawzs0JY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZM6N0oJhLXol8p+xZ8DrZIgJ2XI0eiXvnoDRVJBpSUcG9MN/MSGGdaWEU6nxV5qaILJGA9p11GJBTVhNr93is6dMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9q4FmZMJqmlkiwWxSlHVqHZ82jANCWWTxzBRDN3KyIjrDGxLqKiCyFYfnmVtKqV4KpyeV8t12t5HAU4hTO4gACuoQ530IAmEODwDK/w5j16L96797FoXfPymRP4A+/zB6u3j7U=</latexit>

Boom arm

<latexit sha1_base64="odmPX7TRU5K5cnt4vFakFT3PcgQ=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHZJVI4kXDxiIo8EkMwOA0yYndnM9GoI4T+8eNAYr/6LN//GAfagYCWdVKq6090VxlJY9P1vL7OxubW9k93N7e0fHB7lj08aVieG8TrTUptWSC2XQvE6CpS8FRtOo1DyZjiuzv3mIzdWaHWPk5h3IzpUYiAYRSc9VGnEDSVMKzRa9vIFv+gvQNZJkJICpKj18l+dvmZJxBUySa1tB36M3Sk1KJjks1wnsTymbEyHvO2octtsd7q4ekYunNInA21cKSQL9ffElEbWTqLQdUYUR3bVm4v/ee0EB+XuVKg4Qa7YctEgkQQ1mUdA+sJwhnLiCGVGuFsJG1FDGbqgci6EYPXlddIoFYPr4tVdqVApp3Fk4QzO4RICuIEK3EIN6sDAwDO8wpv35L14797HsjXjpTOn8Afe5w9mx5Ju</latexit>

Camera control

<latexit sha1_base64="7avGbv7T9GHrOoOc2LBc0lIFV1Y=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld2C2mOhF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7BX3D84PDounZy2jUo1ZS2qhNLdkBgmuGQty61g3UQzEoeCdcJJY+53npg2XMkHO01YEJOR5BGnxDqp3SAx02RQKnsVbwG8TvyclCFHc1D66g8VTWMmLRXEmJ7vJTbIiLacCjYr9lPDEkInZMR6jkq3xQTZ4toZvnTKEEdKu5IWL9TfExmJjZnGoeuMiR2bVW8u/uf1UhvVgozLJLVM0uWiKBXYKjx/HQ+5ZtSKqSOEau5uxXRMNKHWBVR0IfirL6+TdrXi31Su76vlei2PowDncAFX4MMt1OEOmtACCo/wDK/whhR6Qe/oY9m6gfKZM/gD9PkDZLWO/Q==</latexit>

Camera

<latexit sha1_base64="pUvqnLBC4Wfcp2cJ/BkRWKqXz+s=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHZJVI4kXryYYCKPBDZkdpiFCbM760wvCSF8hxcPGuPVj/Hm3zjAHhSsU6WqO9VdQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikaVSqGW8wJZVuB9RwKWLeQIGStxPNaRRI3gpGt3O/NebaCBU/4iThfkQHsQgFo2gl/16h0oSpGLWSvWLJLbsLkHXiZaQEGeq94le3r1ga8RiZpMZ0PDdBf0o1Cib5rNBNDU8oG9EB71ga04gbf7o4ekYurNInoY0PbTxZqL83pjQyZhIFdjKiODSr3lz8z+ukGFb9qYiTFHnMlkFhKgkqMm+A9IXmDOXEEsq0sLcSNqSaMrQ9FWwJ3urL66RZKXvX5auHSqlWzerIwxmcwyV4cAM1uIM6NIDBEzzDK7w5Y+fFeXc+lqM5J9s5hT9wPn8A6Z6SLA==</latexit>

Motor control

<latexit sha1_base64="Ae39m1CAH+SZp71bgpMd7nU4wiQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUZccgx48WYEs0AyhJ5OTdKml6G7RwhD/sGLB0W8+j/e/Bs7yRw08UHB470qqupFCWfG+v63t7K6tr6xWdgqbu/s7u2XDg6bRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9U9iv+DHiZBDkpoxz1Xumr21c0FSAt5cSYTuAnNsyItoxymBS7qYGE0BEZQMdRSQSYMJtdO8GnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltXA0zJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JbiqXN5flGvVPI4COkYn6AwF6BrV0C2qowai6BE9o1f05invxXv3PuatK14+c4T+wPv8AV9vjvs=</latexit>

⌦

<latexit sha1_base64="2faKMGJbs/F3SnOD8Tq1gQlP4GQ=">AAAB+XicbVDLSgMxFL1TX7W+Rl26GSyCqzJTULssuHFZwT6gHUomzbShSSYkmUIZ+iduXCji1j9x59+YaWehrQcCh3PuI/dEklFtfP/bKW1t7+zulfcrB4dHxyfu6VlHJ6nCpI0TlqhehDRhVJC2oYaRnlQE8YiRbjS9z/3ujChNE/Fk5pKEHI0FjSlGxkpD120RZbcgZij2ZMrl0K36NX8Jb5MEBalCgdbQ/RqMEpxyIgxmSOt+4EsTZkjZiYwsKoNUE4nwFI1J31KBONFhtvz5wruyysiLE2WfMN5S/d2RIa71nEe2kiMz0eteLv7n9VMTN8KMCpkaIvBqUZwyzyReHoM3oopgw+aWIKxofj2eIIWwsWFVbAjB+smbpFOvBbe1m8d6tdko4ijDBVzCNQRwB014gBa0AcMMnuEV3pzMeXHenY9Vackpes7hD5zPH7Urk68=</latexit>

Peristaltic pump

<latexit sha1_base64="o1mZFzqyN/IZFrSMvopOxK2j4tU=">AAAB9XicbVDLTgIxFL2DL8QX6tJNIzFxRWZIVJYkblxiImACI+l0LtDQ6UzajoZM+A83LjTGrf/izr+xwCwUPEmTk3PuqydIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrrOFUMWywWsboPqEbBJbYMNwLvE4U0CgR2gvH1zO88otI8lndmkqAf0aHkA86osdJDU2FCFYZkIFIe9ssVt+rOQVaJl5MK5Gj2y1+9MGZphNIwQbXuem5i/Iwqw5nAaamXajufjekQu5ZKGqH2s/nVU3JmFbs4VvZJQ+bq746MRlpPosBWRtSM9LI3E//zuqkZ1P2MyyQ1KNli0SAVxMRkFgEJuUJmxMQSyhS3txI2oooyY4Mq2RC85S+vknat6l1WL25rlUY9j6MIJ3AK5+DBFTTgBprQAgYKnuEV3pwn58V5dz4WpQUn7zmGP3A+fwBj25Jr</latexit>

Prepared fluid

<latexit sha1_base64="WnYRvabmsty6P0XqOjykeL9iK2w=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hd2AmmPAi8eI5gHJEmYns8mQeSwzvYGw5DO8eFDEq1/jzb9xkuxBEwsaiqpuuruiRHALvv/tbWxube/sFvaK+weHR8elk9OW1amhrEm10KYTEcsEV6wJHATrJIYRGQnWjsZ3c789YcZyrZ5gmrBQkqHiMacEnNR9ZGaisdSgTb9U9iv+AnidBDkpoxyNfumrN9A0lUwBFcTabuAnEGbEAKeCzYq91LKE0DEZsq6jikhmw2xx8gxfOmWAY21cKcAL9fdERqS1Uxm5TklgZFe9ufif100hroUZV0kKTNHlojgVGDSe/48H3DAKYuoIoYa7WzEdEUMouJSKLoRg9eV10qpWgpvK9UO1XK/lcRTQObpAVyhAt6iO7lEDNRFFGj2jV/TmgffivXsfy9YNL585Q3/gff4AWFiRRg==</latexit>

Servo motor

<latexit sha1_base64="8YI+Xo4RxENjrxYDc74xdJrf6Qw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd2AmmPAiyeJYB6QLGF20puMmd1ZZmaFJOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkRwbVz321lb39jc2s7t5Hf39g8OC0fHDS1TxbDOpJCqFVCNgsdYN9wIbCUKaRQIbAbDm5nffEKluYwfzChBP6L9mIecUWOlxp0cjwV2C0W35M5BVomXkSJkqHULX52eZGmEsWGCat323MT4E6oMZwKn+U6qMaFsSPvYtjSmEWp/Mr92Ss6t0iOhVLZiQ+bq74kJjbQeRYHtjKgZ6GVvJv7ntVMTVvwJj5PUYMwWi8JUECPJ7HXS4wqZESNLKFPc3krYgCrKjA0ob0Pwll9eJY1yybsqXd6Xi9VKFkcOTuEMLsCDa6jCLdSgDgwe4Rle4c2Rzovz7nwsWtecbOYE/sD5/AG70482</latexit>

Nozzle

<latexit sha1_base64="8gMJrOt+gV8CtsYwAKpgVyUxHR4="></latexit>

LED light sheet

with di↵user

FIGURE 2.1: Schematic diagram showing the experimental set-up, side view.
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Chapter 2: Experimental procedure and analysis

spin-up time (2.1.1), mitigating any effects due to acceleration. Hence,

a =
Ω

10τ
rad s−1 =

Ωµ

10ρV 2/3
rad s−1. (2.1.2)

where a is the acceleration. The dynamics were recorded using a high-speed Phan-

tom Miro M340 camera, where exposure time, resolution and crucially the frame

rate were optimised to resolve the fluid shape and dynamics. In each case the

frame rate was scaled with the rotation rate, so that the number of frames per

second matched the revolutions per minute of the disc. Therefore, in every exper-

iment 60 frames corresponds to a single rotation of the disc. Since the exposure

time is determined by the frame rate, it was important to have adequate lighting.

In order for the light to be consistent across the disc, diffuse LED light sheets were

mounted parallel to the disc surface, in the plane of the camera. This even, bright

illumination facilitated systematic thresholding of the images to find the contact

line. The experimental set-up is shown schematically in a side on view in figure

2.1 while the corresponding bird’s-eye view in shown in figure 2.2.

All experiments were performed at a constant temperature of 20 ◦C to ensure

physical properties of the fluid remained constant. The values and notation of each

relevant physical fluid property are summarised in table 2.1. The surface tension

and density reported in table 2.1 are for pure glycerol, whereas in our experiments

the fluid is mixed with a small amount of dye. We used 0.25ml of dye per 100ml

of glycerol to minimise any affect of the dye on the physical properties of the

fluid, while providing sufficient contrast between fluid in background for pixel-scale

resolution of the moving fluid boundary. The surface tension and density of the

dye was measured as approximately equal to that of water, ρ = 1000 kg m−3, γ ≈
72 × 10−3 kg s−2. Although a small amount of dye was used to minimise the

effect on the reported values while still providing an adequate contrast, there is

evidence to suggest that introducing another fluid of differing surface tension can

significantly affect the overall surface tension of the solution [97]. Specifically,

the surface tension does not vary linearly according to the ratio of fluids used

to make the solution, with the true value of surface tension being closer to that

of the greater value of the constituent fluids. Therefore, the true surface tension

coefficient may be larger than reported in table 2.1. Measurements of the surface

tension coefficient of the glycerol-dye solution were taken using a capillary tube,
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Chapter 2: Experimental procedure and analysis

<latexit sha1_base64="0fcAcRX3kvOiU0XIHz3FIdmOl1M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwVbwIGW3oNZbwYvHCvYD2rVk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19YzO3ld/e2d3bLxwcNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjdTv/VIlWaRvDfjmPoCDyQLGcHGSg8l79rtnpeEQH2mSa9QdMvuDGiZeBkpQoZ6r/DV7UckEVQawrHWHc+NjZ9iZRjhdJLvJprGmIzwgHYslVhQ7aezqyfo1Cp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE1b9lMk4MVSS+aIw4chEaBqBfVVRYvjYEkwUs7ciMsQKE2ODytsQvMWXl0mzUvYuyxd3lWKtmsWRg2M4gTPw4ApqcAt1aAABBc/wCm/Ok/PivDsf89YVJ5s5gj9wPn8AQOaRCw==</latexit>

190mm disc

<latexit sha1_base64="+6+bxNs/kzzbLSGkNsz4p/aOKzk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd2AmmPQi8cI5gHJEmYns8mQeawzs0JY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZM6N0oJhLXol8p+xZ8DrZIgJ2XI0eiXvnoDRVJBpSUcG9MN/MSGGdaWEU6nxV5qaILJGA9p11GJBTVhNr93is6dMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9q4FmZMJqmlkiwWxSlHVqHZ82jANCWWTxzBRDN3KyIjrDGxLqKiCyFYfnmVtKqV4KpyeV8t12t5HAU4hTO4gACuoQ530IAmEODwDK/w5j16L96797FoXfPymRP4A+/zB6u3j7U=</latexit>

Boom arm

<latexit sha1_base64="CWsz7b8R+5vRilRVBwzi6LAEn3I=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUrF0WBHFZwT6wHUomk2lDk8yQZIQy9C/cuFDErX/jzr8xbWehrQcCh3Puvbn3BAln2rjut1PY2Nza3inulvb2Dw6PyscnHR2nitA2iXmsegHWlDNJ24YZTnuJolgEnHaDyc3c7z5RpVksH8w0ob7AI8kiRrCx0uMtT1mIBNZ6WK64VXcBtE68nFQgR2tY/hqEMUkFlYZwO6DvuYnxM6wMI5zOSoNU0wSTCR7RvqUSC6r9bLHxDF1YJURRrOyTBi3U3x0ZFlpPRWArBTZjverNxf+8fmqihp8xmaSGSrL8KEo5MjGan49CpigxfGoJJorZXREZY4WJsSGVbAje6snrpFOrevXq1X2t0mzkcRThDM7hEjy4hibcQQvaQEDCM7zCm6OdF+fd+ViWFpy85xT+wPn8AUg7kKQ=</latexit>

Fluid mass

<latexit sha1_base64="8YI+Xo4RxENjrxYDc74xdJrf6Qw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd2AmmPAiyeJYB6QLGF20puMmd1ZZmaFJOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkRwbVz321lb39jc2s7t5Hf39g8OC0fHDS1TxbDOpJCqFVCNgsdYN9wIbCUKaRQIbAbDm5nffEKluYwfzChBP6L9mIecUWOlxp0cjwV2C0W35M5BVomXkSJkqHULX52eZGmEsWGCat323MT4E6oMZwKn+U6qMaFsSPvYtjSmEWp/Mr92Ss6t0iOhVLZiQ+bq74kJjbQeRYHtjKgZ6GVvJv7ntVMTVvwJj5PUYMwWi8JUECPJ7HXS4wqZESNLKFPc3krYgCrKjA0ob0Pwll9eJY1yybsqXd6Xi9VKFkcOTuEMLsCDa6jCLdSgDgwe4Rle4c2Rzovz7nwsWtecbOYE/sD5/AG70482</latexit>

Nozzle

<latexit sha1_base64="Ae39m1CAH+SZp71bgpMd7nU4wiQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUZccgx48WYEs0AyhJ5OTdKml6G7RwhD/sGLB0W8+j/e/Bs7yRw08UHB470qqupFCWfG+v63t7K6tr6xWdgqbu/s7u2XDg6bRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9U9iv+DHiZBDkpoxz1Xumr21c0FSAt5cSYTuAnNsyItoxymBS7qYGE0BEZQMdRSQSYMJtdO8GnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltXA0zJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JbiqXN5flGvVPI4COkYn6AwF6BrV0C2qowai6BE9o1f05invxXv3PuatK14+c4T+wPv8AV9vjvs=</latexit>

⌦

<latexit sha1_base64="7mVS7LTlmKuCYtEDWB9Wtscc0qA="></latexit>

Camera view through

light sheet aperture

FIGURE 2.2: Schematic diagram showing the experimental set-up from a bird’s-eye
view.

finding the surface tension coefficient to be γ = 70 × 10−3 ± 9 × 10−3 kg s−1.

Furthermore, the density of the solution is calculated using the formulas given by

Volk [98], with the resulting density being 0.4 kg m−3 less than reported in table

2.1. The inclusion of dye has a negligible effect on the overall viscosity of the fluid,

again using calculations of Volk [98].

2.1.2 Experimental technique

The experimental technique is given as follows:

1. Prepare glycerol solution in the ratio of 100ml with 0.25 ml of dye.

2. Using the peristaltic pump, flush glycerol solution through the pipe shown

in figure 2.1.

3. Record reference video of a circle of a known radius printed on paper, this is

later used to convert distances in terms of pixels into dimensional distances.

4. For each combination of rotation rate and volume:
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Chapter 2: Experimental procedure and analysis

• Calculate appropriate acceleration according to (2.1.2), and initialise

motor with rotation rate and acceleration.

• Initialise high speed camera with a frame rate equal to the rotation rate

in rpm, and exposure time of 1000µs.

• Dispense volume of fluid onto the plate, taking care to centre the fluid

mass on the axis of rotation.

• Allow fluid to relax to a circular, equilibrium state.

• Start rotation and video recording until instability occurs or maximum

number of frames is reached and save video onto a hard drive.

• Clean plate with water and dry, ready for next run. The plate was

cleaned using water since glycerol is water soluble.

2.2 Data analysis

The procedure detailed in § 2.1.2 was adopted to identify the influence of varying

rotation rates and fluid volumes on the contact line for fixed viscosity, surface

tension and densities of glycerol solution. Images from the video sequences were

analysed to resolve the temporal evolution of the contact line. For each experiment

we numerically analyzed the recorded dynamics using Fourier analysis, assessing

how the contact line changes in time and determining the dominant Fourier mode

of instability; the mode with the greatest associated growth rate.

2.2.1 Edge detection

The dynamics of each experiment were captured using a Phantom 4 MPixel camera

producing a video file. The constituent frames were subsequently extracted using

the MATLAB VideoReader package producing ‘.png’ raw images such as figure

2.3 (a). We wish to understand how the contact line, that is, the visible boundary

in the figure 2.3 (a), grows in time. In the literature, the boundary at which the

pixel intensity changes with a large gradient is known as an ‘edge’ [99]. The Canny

edge detection algorithm [100] is one of the most commonly used and rigorously

tested methods for edge detection [101] and works by finding local maxima of

the gradient of the image, where the gradient is calculated using the derivative
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Chapter 2: Experimental procedure and analysis

(a)

(d)(c)

(b)

FIGURE 2.3: (a) Original image. (b) Gradient image, where the edge contour is
shown in white. (c) Intensity matrix used for finding centre of mass, the boundary
pixels are plotted in red and resulting centre of mass with a red cross. (d) Boundary
and centre of mass plotted on the original image.

of a Gaussian filter. This method uses a higher and lower hysteresis threshold to

detect both strong and weak edges. For each element in the gradient matrix, a

value is accepted if the value lies above the prescribed upper threshold limit, and

rejected if it lies below the lower threshold. Furthermore, points which lie between

the upper and lower limits are accepted if they are adjacent to pixels whose value

lies above the upper threshold. We chose the upper threshold value to be the

minimum value such that the gradient matrix produces a single contour, while the

lower value was taken such that the ratio between the upper and lower values is

2.5.

Comparable techniques such as Sobel [102] or Prewitt [103] methods use a single
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<latexit sha1_base64="Mrv/lPwugaIebG+gp/4Mwz7akfg=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFcSEnERzdCwY3LCvYBTSiT6aQdOpmEmRu1xH6KGxeKuPVL3Pk3TtsstPXAhcM593LvPUEiuAbH+baWlldW19YLG8XNre2dXbu019Rxqihr0FjEqh0QzQSXrAEcBGsnipEoEKwVDK8nfuueKc1jeQejhPkR6UseckrASF27BPgKO96JB+wRVJTpcdcuOxVnCrxI3JyUUY561/7yejFNIyaBCqJ1x3US8DOigFPBxkUv1SwhdEj6rGOoJBHTfjY9fYyPjNLDYaxMScBT9fdERiKtR1FgOiMCAz3vTcT/vE4KYdXPuExSYJLOFoWpwBDjSQ64xxWjIEaGEKq4uRXTAVGEgkmraEJw519eJM3TintROb89K9eqeRwFdIAO0TFy0SWqoRtURw1E0QN6Rq/ozXqyXqx362PWumTlM/voD6zPH1frk2k=</latexit>

t = 0 s
<latexit sha1_base64="RFMSGs0qRxfogpmOk+npCwPBOoc=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISERH90IBTcuK9gHNKVMppN26EwSZm7EGoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+QCK7Bdb+thcWl5ZXVwlpxfWNza9ve2a3rOFWU1WgsYtUMiGaCR6wGHARrJooRGQjWCAbXY79xz5TmcXQHw4S1JelFPOSUgJE69j7gK+w6nuuf+MAeQMlMjzp2yXXcCfA88XJSQjmqHfvL78Y0lSwCKojWLc9NoJ0RBZwKNir6qWYJoQPSYy1DIyKZbmeT60f4yChdHMbKVAR4ov6eyIjUeigD0ykJ9PWsNxb/81ophOV2xqMkBRbR6aIwFRhiPI4Cd7liFMTQEEIVN7di2ieKUDCBFU0I3uzL86R+6ngXzvntWalSzuMooAN0iI6Rhy5RBd2gKqohih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gCqyZQW</latexit>

t = 0.10 s
<latexit sha1_base64="DRxnD1EUy9CmIil6/vtv0KUKfEg=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBgwwzwSUXIeDFYwSzQGYIPZ2epEnPQneNGIfgr3jxoIhX/8Obf2MnmYMmPih4vFdFVT0/EVyBbX8bhaXlldW14nppY3Nre8fc3WuqOJWUNWgsYtn2iWKCR6wBHARrJ5KR0Bes5Q+vJ37rnknF4+gORgnzQtKPeMApAS11zQPAV9i2KrZ76gJ7ABlmatw1y7ZlT4EXiZOTMspR75pfbi+macgioIIo1XHsBLyMSOBUsHHJTRVLCB2SPutoGpGQKS+bXj/Gx1rp4SCWuiLAU/X3REZCpUahrztDAgM1703E/7xOCkHVy3iUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZl/eZE0K5ZzYZ3fnpVr1TyOIjpER+gEOegS1dANqqMGougRPaNX9GY8GS/Gu/Exay0Y+cw++gPj8wesWpQX</latexit>

t = 0.20 s

<latexit sha1_base64="T9qqhW5uRSUZAVnmfW55z3KwGWQ=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBgwwzrrkIAS8eI5gFMkPo6fQkTXoWumvEOAR/xYsHRbz6H978GzvJHDTxQcHjvSqq6vmJ4Aps+9soLCwuLa8UV0tr6xubW+b2TkPFqaSsTmMRy5ZPFBM8YnXgIFgrkYyEvmBNf3A99pv3TCoeR3cwTJgXkl7EA04JaKlj7gG+wrZ16rjHLrAHkGGmRh2zbFv2BHieODkpoxy1jvnldmOahiwCKohSbcdOwMuIBE4FG5XcVLGE0AHpsbamEQmZ8rLJ9SN8qJUuDmKpKwI8UX9PZCRUahj6ujMk0Fez3lj8z2unEFS8jEdJCiyi00VBKjDEeBwF7nLJKIihJoRKrm/FtE8koaADK+kQnNmX50njxHIurPPbs3K1ksdRRPvoAB0hB12iKrpBNVRHFD2iZ/SK3own48V4Nz6mrQUjn9lFf2B8/gCve5QZ</latexit>

t = 0.31 s
<latexit sha1_base64="3+Ig7/ba78r7Y8bP2nnG/GHeVAc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCwmJVO1GKLhxWcE+oAllMp20QycPZm7EGoq/4saFIm79D3f+jdM2C209cOFwzr3ce4+fCK7Atr+NwtLyyupacb20sbm1vWPu7jVVnErKGjQWsWz7RDHBI9YADoK1E8lI6AvW8ofXE791z6TicXQHo4R5IelHPOCUgJa65gHgK2xbFcc9dYE9gAwzNe6aZduyp8CLxMlJGeWod80vtxfTNGQRUEGU6jh2Al5GJHAq2LjkpoolhA5Jn3U0jUjIlJdNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif14nhaDqZTxKUmARnS0KUoEhxpMocI9LRkGMNCFUcn0rpgMiCQUdWEmH4My/vEiaZ5ZzYZ3fVsq1ah5HER2iI3SCHHSJaugG1VEDUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QOxDJQa</latexit>

t = 0.41 s
<latexit sha1_base64="qApwZJyb355LSMzc99YVdhOH/Y8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCwmJWO1GKLhxWcE+oAllMp20QycPZm7EGoq/4saFIm79D3f+jdM2C209cOFwzr3ce4+fCK7Atr+NwtLyyupacb20sbm1vWPu7jVVnErKGjQWsWz7RDHBI9YADoK1E8lI6AvW8ofXE791z6TicXQHo4R5IelHPOCUgJa65gHgK2xbFcc9dYE9gAwzNe6aZduyp8CLxMlJGeWod80vtxfTNGQRUEGU6jh2Al5GJHAq2LjkpoolhA5Jn3U0jUjIlJdNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif14nhaDqZTxKUmARnS0KUoEhxpMocI9LRkGMNCFUcn0rpgMiCQUdWEmH4My/vEiaZ5ZzYVVuz8u1ah5HER2iI3SCHHSJaugG1VEDUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QOynZQb</latexit>

t = 0.51 s

FIGURE 2.4: Results of an experiment of 0.35ml of glycerol at being spun at 590 rpm,
this figure shows the evolution of the boundary of the fluid mass in dimensional time,
shown in red, while the mean initial radial extent of the fluid, R0, is shown with a
black dashed line.

threshold, which leads to the breaking up of the resulting contour caused by the

gradient value fluctuating about the threshold along the length of an edge, known

as streaking. Implementation of a hysteresis threshold reduces streaking, hence

the Canny method is more robust to noise in the data [100]. Furthermore, our ex-

periment was well lit by LED diffusive light sheets, meaning that any fluctuations

in lighting across frames and experiments was minimised. Therefore, the Canny

edge detection method is robust in calculating the evolution of the boundary.

Figure 2.3 (b) shows an example of the gradient image where areas of local maxima

are shown in white, due to the chosen upper threshold we see a single contour is

produced. Subsequently, the boundary pixels are identified and can be plotted on

top of the original image, shown in figure 2.3 (d). Figure 2.4 shows an example of

the evolution of the boundary over time in red in comparison to a circle of mean

radius of the boundary at t = 0, shown with a dashed black line. In this case we

can see the formation of three fingers evolving over time.
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2.2.2 Centre finding and polar representation

Once the boundary has been detected using the method described in § 2.2.1, the

location of the centre of mass of an individual frame can be calculated. Note,

since the data is two-dimensional the centre of mass calculation neglects the free

surface being a function of the vertical height. For each frame we created a matrix

of intensities, I, where each pixel within the boundary was assigned the value 1

(white), whereas pixels outside the boundary assigned a 0 (black). Figure 2.3 (c)

shows an example of the intensity matrix, where the boundary is shown in red.

The centre (xc, yc) is calculated using the weighted average

(xc, yc) =

∫∫
A
Ix dA∫∫

A
I dA

=

∑n
i=1

∑m
j=1 (iI(i, j), jI(i, j))∑n
i=1

∑m
j=1 I(i, j)

, (2.2.1)

where n and m are the number of pixels in the x and y directions, respectively.

The centre of mass is shown in figure 2.3 (c) with a red cross.

To convert the boundary pixels into polar coordinates we require the position of

the axis of rotation, denoted (x̄c, ȳc). When the system is accelerated, the centre

of mass of the boundary (2.2.1) of each frame will encircle the true centre of

rotation. Therefore, the centre of rotation, (x̄c, ȳc), was determined by fitting a

circle through the centre of masses of each frame starting from when movement is

first detected. The centre of the fitted circle gives the axis of rotation, (x̄c, ȳc), and

the radius was used as a measure of how well the fluid was centered on the disc.

This process was repeated for each experiment to account for movement of the

equipment between experimental runs. We found that accurately calculating the

centre of rotation was important to reduce oscillations in the data when plotted

over time.

Given the axis of rotation, (x̄c, ȳc), the boundary pixels were expressed in two-

dimensional polar coordinates, centred at (x̄c, ȳc), by

φi = tan−1

(
yi − ȳc
xi − x̄c

)
, Ri(φi) =

√
(xi − x̄c)2 + (yi − ȳc)2. (2.2.2)

The notation (xi, yi) denotes the Cartesian coordinates of each boundary pixel,

and the angle −π < φ ⩽ π. Figure 2.5 (a) shows the boundary of the fluid at

three different times which have been rotated so that the growth of fingers can
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(a) (b)

FIGURE 2.5: (a) Detected boundary in physical dimensions at three different times,
translated so that the centre of mass is at on the origin. (b) Corresponding boundaries
plotted in polar coordinates.

be viewed within a rotating frame of reference, and translated so the centre of

rotation lies on the origin. Figure 2.5 (b) shows the boundary in polar form where

the colours correspond to the same time in both parts of the figure. We see that

the mean radius increases over time, indicating growth of the axisymmetric mode.

Furthermore, we observe the growth of three distinct fingers in the boundary shown

in figure 2.5 (a), which corresponds to three peaks in the polar representation in

figure 2.5 (b).

Overall, at each timestep, corresponding to the inverse of the frame rate, the

boundary was calculated and converted into a 2π periodic signal from the centre

of rotation, which was found numerically. The signal evolves over time, as seen in

figure 2.5 (b), and we can numerically analyse how the boundary, or contact line,

grows in time.

2.2.3 Fourier decomposition

In previous sections we explained how for each frame the boundary of the fluid

was obtained, and subsequently converted from Cartesian into polar coordinates,

centered on the axis of rotation. The signal for each frame, R(φ), is periodic and

hence can be decomposed using Fourier analysis, and the resulting Fourier modes

plotted as functions of time.
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The signal R(φ), as shown in figure 2.5 (b), can be represented by the truncated

Fourier series

R(φ) =
a0
2

+
N∑

m=1

{am cos(mφ) + bm sin(mφ)} , (2.2.3)

where the Fourier coefficients are given by

am =
1

π

∫ π

−π

R(φ) cos(mφ), bm =
1

π

∫ π

−π

R(φ) sin(mφ). (2.2.4)

The number of terms, N , was chosen as the minimum value which returns root

mean squared error between the boundary and Fourier series (2.2.3) below 0.3

pixels, approximately 0.0026mm, for each frame. We find that N = 25 is the

minimum to achieve this threshold, so that the boundary is well resolved without

over-fitting the data. Hence, the Fourier coefficients are found by performing the

required integrals of the pointwise, polar representation of the boundary pixels,

Ri(φi), at time t. The reference point for time is defined as the frame that the

target rotation rate is first achieved after movement of the disc is detected. Specif-

ically, t = 0 is defined as τ seconds after movement is first detected, rounded up

to the closest frame, where τ is given by the spin-up timescale (2.1.1).

Repeating the above procedure for each frame returns the functions am(t), bm(t),

where the timestep between frames is the inverse of the frame rate. Figure 2.6

shows how the amplitude, Am(t) = [a2m+b
2
m]

1/2, of the first seven non-axisymmetric

modes grows over time for an experiment with 1.55ml of fluid spun at 294 rpm,

equivalent to Ω = 30.8 rad s−1. We observe that each Fourier mode grows over

time at a different rate, with m = 2 appearing to grow the fastest and dominate

the instability in this case. The m = 6 mode remains approximately constant

indicating it does not participate in the instability.

2.2.4 Linear growth rate

Over time, in line with a linear theory, we suppose that the boundary, R(φ, t),

grows or decays exponentially with each wavenumber, m ∈ N0, growing with a
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FIGURE 2.6: Dimensional amplitude, Am(t) = [a2m + b2m]1/2, of non-axisymmetric
Fourier modes, m = 1, 2, ..., 7 over time for an experiment in which 1.55ml of fluid is
spun at 294 rpm, corresponding to 30.8 rad s−1.

given complex growth rate, σm, hence

R(φ, t) = R0 + ϵ
∞∑

m=0

R1me
imφ+σmt. (2.2.5)

Therefore, we assume that a mode with wavenumber, m, grows or decays expo-

nentially in time, t, with growth rate ℜ(σm) = σr
m. Note that the growth rate,

σm ∈ C, is complex where the imaginary part, ℑ(σm) = σi
m, controls precession

of modes within the rotating frame. The contact line position is a function of the

azimuthal angle, φ, and size of the perturbation is set by ϵ, which is assumed to

be small. We take the unperturbed radius R0 to be the mean radius at t = 0, the

first frame in which the target rotation rate is achieved. Mathematically, (2.2.5)

corresponds to taking a normal mode perturbation from a steady state solution,

r = R0, and superimposing linear components of different wavenumbers.

Notice that, the real part of the perturbation (2.2.5), gives

ℜ [R(φ)] = R0 + ϵ
∞∑

m=1

R1m {am sin(mφ) + bm sin(mφ)} , (2.2.6)

where

am(t) = eσ
r
mt sin(σi

mt), bm(t) = eσ
r
mt cos(σi

mt). (2.2.7)
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Hence, the growth rate of each mode can be determined using the relationship

eσ
r
mt =

[
am(t)

2 + bm(t)
2
]1/2

= Am(t), (2.2.8)

where the required amplitude, Am(t), of the Fourier series (2.2.6) is calculated

from the data using the method described in § 2.2.3. For clarity we drop the

superscript r and refer to the real part of the growth rate using σm, while being

mindful that it is now a real quantity.

Figure 2.7 shows the amplitude of each of the non-axisymmetric Fourier modes for

the experiment shown in figure 2.6, where amplitude is plotted on a logarithmic

scale. The black line at Am ≈ 0.08mm indicates the noise level of the data. The

noise level is defined as the mean amplitude where a wavenumber, m, is required

to assemble the boundary so that the mean average error between the boundary

and assembled boundary is less than the size of a single pixel. The threshold of a

single pixel is chosen since the Canny edge detection method defines the boundary

to pixel precision and not below.

Any data below the noise level cannot be considered robust, and hence we restrict

our analysis to data above this threshold. Specifically, the growth rate, σm, of

a mode is taken as gradient of the log of amplitude of that mode as it crosses

the noise level over a short time following this point since the relationship (2.2.8)

predicts that the log of amplitude will be approximately linear in time.

On figure 2.7 the dashed lines illustrate the fitted curves where the gradient of

each straight line gives the growth rate of each mode, σm s−1, respectively. The

colour of each dashed line corresponds to the wavenumber it is fitted to. The

growth rate for any modes with amplitude above the noise level at t = 0, in this

case m = 1, 2, are taken from this time. Whereas, the dashed lines corresponding

to the m = 5, 7 modes are tangent to their respective curves at the point where

the amplitude grows above the noise level. The m = 6 mode never rises above the

noise level and therefore is ignored and we cannot determine its growth rate.

Overall, by assuming a normal mode perturbation for the contact line position

about the spin-up radius, R0, the linear growth rates for each Fourier mode can

be extracted from the amplitudes of each mode of using the relationship (2.2.8).

This will hold over a short time after t = 0, during which the perturbation is small
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FIGURE 2.7: Dimensional amplitude of the first seven non-axisymmetric Fourier
modes over time for the same experiment as in figure 2.6, but on a semi-logarithmic
axes. Also shown are the noise level in black, and the fitted curves which have
slope equal to the growth rate, σm, shown in dashed lines of the same colour as the
wavenumber they are fitted to.

enough that a linear theory can be assumed.

2.2.5 Summary of the numerical method

Given a video file of each experiment with a chosen volume, V , and a target

rotation rate, Ω, the method to analyse how the contact line of the fluid evolves

in time is summarised as follows.

1. Extract all frames using MATLAB’s VideoReader package.

2. Detect at which frame the system begins to accelerate from rest.

3. Using the known acceleration, determine the first frame where the target

velocity, Ω, is achieved, defining this point as t = 0.

4. Find the axis of rotation using the method described in § 2.2.2.

5. For each frame:

• Detect the pixels that lie on the contact line using the method described

in § 2.2.1.
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• Convert boundary points to two dimensional polar coordinates centred

at the axis of rotation.

• Find the Fourier coefficients, am, bm, for each mode so that the function

R(φ) is represented by the truncated Fourier series (2.2.6).

• Calculate the amplitude of each mode, m = 0, 1, 2, ..., N .

6. Determine the noise level of the data

7. Use the relationship involving the amplitude of Fourier modes over time

(2.2.8) to calculate the growth rate, σm, for each mode over a short time

after crossing the noise level.

2.3 Results

We considered six different volumes of dyed glycerol solution, performing 20 or

more experiments for each volume for a range of rotation rates. To choose this

range, we considered the equations of motion for a viscous fluid rotating in solid

body rotation at rate, Ω, about the vertical axis in cylindrical polar coordinates

(r, φ, z)

0 = −∇p+ ρΩ2r + µ∇2u (2.3.1)

for the pressure, p, and velocity, u. Nondimensionalising such that the length

scale is determined by the volume of fluid, V ,

p = Pp′, r = V 1/3r′, z = V 1/3z′ u = Uu′, (2.3.2)

and taking a viscous pressure scale, P = µU/V 1/3, leaves

0 = −∇p+ ρΩ2V

µU
r +∇2u. (2.3.3)

Therefore, the range of Ω was chosen so that Ω2V is similar between experimental

sets. We will see in Chapter 3 that the nondimensional quantity ϕ is directly

proportional to Ω2V and it is useful to define the quantity ϕ∗ = Ω2V . Table 2.2

shows the range in the rotation rate, Ω, rad s−1, for each volume considered.

The uncertainty in the volume calculation is determined by whether the final
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Volume (ml) Ω range
(rad s−1)

Frame rate
range (fps)

Resolution Pixel length
(mm)

0.15± 0.05 14.1 – 89.4 135 – 854 1024× 1024 0.0873

0.35± 0.04 2.6 – 63.2 25 – 604 1024× 1024 0.0868

0.57± 0.04 8.2 – 51.6 78 – 493 1024× 1024 0.0876

0.73± 0.09 10.5 – 44.7 25 – 427 1024× 1024 0.0878

1.20± 0.09 5.6 – 36.5 55 – 349 1024× 1024 0.0874

1.55± 0.10 5.0 – 31.6 48 – 302 1408× 1400 0.0872

TABLE 2.2: Summary of the six experimental sets performed for different volumes,
showing the range of rotation rates, frame resolution and corresponding pixel length.

droplet within the nozzle is dispensed onto the disc or not. The rotation rate,

Ω, fluctuates to a maximum of 0.02 rpm, which is equivalent to 2 × 10−3 rad s−1

and is therefore deemed negligible since Ω = O(10) rad s−1. For each experimental

set, the resolution and corresponding pixel size was also recorded. The size of

a single pixel was determined by taking a reference image of a circle of known

radius, calculating the radius in pixels, and dividing this value by the known true

radius in millimeters. A reference was taken for each experimental set to account

for movement of the camera between sets. The error in the pixel length is defined

by the 95% confidence interval in the calculation of the radius in pixels, and is

less than 1× 10−5 mm in each case.

2.3.1 Qualitative observations

Once the fluid was dispensed onto the disc, it was allowed to relax into an equi-

librium state, with small amounts of axisymmetric spreading observed. The re-

sultant the droplet had a circular shape centered on the axis of rotation with a

radius determined by the fluids physical properties, contact angle and volume.

This dependence will be discussed further in chapter 8.

When the motor is switched on and the target rotation rate is achieved, we ob-

served that axisymmetry is broken almost immediately, leading quickly to the

formation of distinct fingers. Kulakarni et al. [67] observed similarly short times

to the onset of fingering in their experiments on glycerol solutions. Our qual-
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itative observations are contrary to previous experiments on silicon oils where

there is a long axisymmetric phase prior to the onset of a fingering instability

[26, 58, 60, 62]. During the early stages following reaching the target rotation rate

we observed the formation of a capillary ridge close to the contact line, with a

flatter internal region. This is visible in figure 2.3 (a), and is in agreement with

each previous experiment.

Following the short initial phase, we observed a fingering instability, where the

number of fingers forming appeared to increase with both rotation rate and vol-

ume of fluid. Holloway et al. [62] and Wang and Chou [61] both reported similar

observations for silicon oils, contrary to earlier experiments [26, 58]. Veretennikov

et al. [66] reported the formation of only one finger forming for glycerol, how-

ever it appears these observations were due to a limited range of rotation rates

investigated.

Overall, the qualitative nature of the experiments we performed was similar to

previous experiments such that a fingering instability occurred. However, the

long axisymmetric phase observed in previous experiments with silicon oils was

not seen, with initial axisymmetry being quickly broken after reaching the target

rotation rate.

2.3.2 Spin-up radius

The spin-up radius, R0, is defined by the value of a0 in the Fourier series (2.2.6)

at the frame after which the target velocity has first been achieved, namely t = 0.

In § 2.1.1 we stated that the acceleration was chosen according to the spin-up time

(2.1.1) for each experiment. Therefore, to establish the frame in which the target

velocity is achieved effectively, we require the frame in which movement is first

detected. To find this point we consider the difference in the background image

of successive frames, finding the minimum frame where the maximum value in

the difference of pixel intensity is above a given threshold. The minimum frame is

calculated for several thresholds, with larger thresholds capturing greater amounts

of movement and vice versa. Lower thresholds are subject to greater amounts of

noise in the image, and therefore can lead to false positives in the detection of

true motion. Therefore, the frame at which movement is first detected is taken

from using the minimum threshold where the detected frame is sufficiently close
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(a) (b)

FIGURE 2.8: (a) The mean of the radii of each experimental set before spin-up,
against volume, where the error bars show the skew in initial radii between experi-
ments within a set. (b) The spin-up radius, defined as the size of the axisymmetric
Fourier mode at the frame where the target velocity, Ω, is reached, plotted against
rotation rate for each set of experiments in different colours.

to that from the largest threshold, since large thresholds are robust to noise.

Prior to any movement being detected the system is at rest. By calculating the

first Fourier coefficient, a0, of each frame where t < −τ we assess the initial

condition of the experiments. Since we are considering the system prior to spin-

up, the initial condition between experiments of the same volume should have

comparable radii. Figure 2.8 (a) shows the radius of fluid masses before movement

is detected for each volume, averaged over the constituent experiments. Note that,

as expected, the droplet radius increases with volume. The horizontal error bars

show the uncertainty in the volume, as presented in table 2.2, while the vertical

error bars show the range of radii calculated for the same volume. It is observed

that the error in the radii generally increases with volume, which is likely due to

the greater error in the dispensed volume for greater volumes. Furthermore, larger

droplets are more susceptible to non-axisymmetric perturbations when the fluid is

dispensed onto the plate [32], leading to the range of radii calculated for different

experiments.

Recall that the spin-up radius, R0, is defined as the amplitude of the m = 0 mode

at t = 0. Figure 2.8 (b) shows the spin-up radius for each experiment performed,

with different volumes shown in different colours. We see that for each volume

under consideration, the spin-up radius increases as the rotation rate, Ω, increases.
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This result is anticipated since centrifugal force is directed radially outwards from

the centre of mass, so that higher rotation rates cause the boundary of the fluid,

or contact line, to be further from the axis of rotation. Furthermore, similar to

the stationary case presented in figure 2.8 (a) we observe that R0 increases with

volume for the same rotation rate.

To assess the repeatability of the data, we repeated a single experiment where

V = 0.73ml and Ω = 34.2 rad s−1 fifteen times, calculating the percentage errors

of the maximum and minimum values of R0 from the mean. We found the upper

percentage error to be 3.1% while the lower −3.4%. The error bars shown on figure

2.8 (b) reflect the percentage error from the value calculated. There is also error

associated in the detection of the frame at which movement begins, which can be

as many as five frames. This error is one sided since the algorithm always detects

movement, but is always greater than or equal to the true start frame, therefore,

there is subsequently an error associated to each calculated R0. The error in

calculation is small and increases with rotation rate, with the maximum error over

all experiments being approximately 0.2mm which is negligible in comparison to

the error in repeats.

2.3.3 Axisymmetric spreading

During the analysis in the previous section we identified the time at which spin-

up occurs and subsequently the initial radius R0, defined as the amplitude of the

axisymmetric mode at the frame corresponding to t = 0. We now discuss how

the amplitude of the axisymmetric mode, a0(t), grows over time from the initial

condition at r = R0.

Figure 2.9 (a) shows the difference between a0(t) and R0 over time, with each

axis plotted on a log scale. The specific experiment under consideration is when

V = 0.35ml and Ω = 61.8 rad s−1. We see that a0 − R0 grows linearly over time

when t is small, so that

a0(t) = R0 + κet, (2.3.4)

where κe is the contact line speed, determined from the data. Note that, this

experimental contact line speed is not the same as the contact line speed used in

the Tanner law (1.2.4), κ, however these values are directly proportional. We find
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(a) (b)

(d)(c)

FIGURE 2.9: (a) Evolution of the axisymmetric mode, a0, in time from the spin-up
radius for a single experiment, plotted on logarithmic axes showing linear growth.
(b) Contact line speed for each experiment, defined as the slope of the dashed red
line in figure (a), for each experiment, plotted against the rotation rate. (c) Contact
line speed plotted on logarithmic axes, showing that κe ∼ Ω4, for each volume. The
dashed black line is of the curve κe = Ω4, for reference. (d) Figure (c) with fitted
power law model (2.3.6) plotted for comparison, with values taken from table 2.3,
showing good agreement.

that for each volume and rotation rate considered, the growth of the axisymmetric

mode remains linear over time, whereas the contact line speed varies so that,

κe = κe(Ω, V ). Figure 2.9 (b) shows the contact line speed, κe(Ω, V ), as a function

of the rotation rate, Ω, with each experimental set of constant volume shown in

a different colour. For each volume, faster rotation speeds correspond to greater

contact line speeds. Furthermore, to achieve the same rate of spreading smaller

volumes require larger rotational speeds. Figure 2.9 (c) shows the same results

plotted with logarithmic axes. We observe that for each volume, the contact line

speed is linear on these axes, with a slope of approximately 4, as indicated by

the black dashed line. Therefore, the data indicates that the contact line speed,
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Volume (ml) k n R2 %

0.15 7.00 1.53 99.2

0.35 10.90 1.56 99.0

0.57 20.32 1.62 87.1

0.73 9.74 1.57 98.4

1.20 9.62 1.56 87.6

1.55 11.35 1.56 95.9

- 11.73 1.57 94.5

TABLE 2.3: Values of fitting coefficient, k, and exponent, n, from (2.3.6) for each
volume, V . The R2 percentage calculated from the residuals between the data and
model are also presented showing good agreement in each case. The bottom row
is shows the same values when the model is fitted to all of the data at once, again
showing good agreement.

κe(Ω, V ), is given by

κe(Ω, V ) = kV nΩ4, (2.3.5)

so that in time the mean radius of the contact line spreads like

a0(t) = R0 + kV nΩ4t. (2.3.6)

The values of the coefficient k and power n are determined empirically using least

squares fitting for each data set, and are summarised in table 2.3. The R2 percent-

age, indicating the fit between the data and the model is also presented. We see

that the exponent n is approximately constant between experimental sets, whereas

the coefficient k is skewed. The experimental set where V = 0.57ml returns a value

of k twice that of the other experiments which are similar, indicating uncertainty

in the data for this case. Furthermore, note that the R2 percentage for this data

set is the minimum achieved. In each case the R2 percentage indicates that the

fit between the data and model is good. Figure 2.9 (d) shows the fitted curves

and the data on the same plot, confirming that the agreement is good. The final

row of table 2.3 reports the values of k, n and associated R2 value when the data

is fitted all together, rather than in individual data sets. The R2 value indicates

that fitting with a single value of k and n for all experiments is appropriate.

Holloway et al. [62] reported a similar power law for axisymmetric spreading, also
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reporting that the contact line radius grows linearly in time but with different

contact line speed κe ∝ Ω2.47V 0.73. However, it is likely that the difference in

parameter regimes is responsible for the observed discrepancies, since Holloway et

al. analysis focused on volumes 50µl ⩽ V ⩽ 250µl of silicone oil, whereas our

analysis considered larger volumes of glycerol, reported in table 2.3. Furthermore,

the difference in fluid and substrate combination used will alter the contact angle,

resulting in differences in the contact line speed which is demonstrated by the

Tanner law (1.2.4). In § 2.3.1 we noted that axisymmetry was broken very soon

following the target rotation rate being met. As a result, the experimental data

presented here does not lend well to the mathematical modelling developed by

Wilson et al. [85] for axisymmetric spreading during spin coating, up to the onset

of fingering.

2.3.4 Non-axisymmetric spreading

Next, we present the results for non-axisymmetric modes, that is, m = 1, 2, 3, ....

Recall from § 2.2.4 that the growth rate of a given Fourier mode, m, is found using

the relationship (2.2.8). Specifically, the relationship (2.2.8) relates the growth rate

of a linear perturbation in time with to the amplitude of Fourier modes, which are

calculated from the data using the method described in § 2.2.1–2.2.6. The growth

rates of each wavenumber with amplitude exceeding the noise level are calculated

by using a linear least squares fit through the values corresponding to the first sixty

frames following crossing the noise level. In figure 2.7 the only non-axisymmetric

wavenumbers which exceed the noise level were modes m = 1, 2, ..., 5. Sixty frames

corresponds to a single rotation of the disc, so this choice mitigates the effects of

any disc oscillations on the data. The oscillations are caused by the small error in

the calculation of the centre of rotation; in figure 2.7 the maximum amplitude of

oscillation is small, being approximately 0.08mm.

The assumption made in § 2.2.4 is that the perturbations to the initial condition

at spin-up are small enough that a linear theory holds true. Therefore, we shall

only consider the modes which have amplitude above the noise level a short time

following the target rotation, Ω, being reached, referred to as ‘accepted modes’.

39



Chapter 2: Experimental procedure and analysis

The time post spin-up, tc, is chosen to scale with the rotation rate, Ω, such that

tc =
T ∗

Ω
. (2.3.7)

The inverse scaling of the critical time with rotation rate is chosen to account for

the fact that the instability occurs sooner following spin-up for experiments with

larger rotation rates. Since the frame rate of recording is equal to the rotation

rate, this scaling amounts to taking T ∗ frames post spin-up.

Figures 2.10 shows the accepted modes for T ∗ = 120 at each target rotation rate

plotted with black circles, where each figure corresponds to a data set at a differ-

ent volume. The solid red circles in each figure correspond to the dominant mode,

that is, the wavenumber which has the greatest associated growth rate. We see in

each case that larger rotation rates cause higher wavenumbers to become unstable

within the same nondimensional time T ∗, so that each mode has a rotation rate

at which it becomes unstable. Furthermore, the dominant mode increases with

Ω in each of the figures. There is indication that the dominant mode increases

sequentially as Ω increases, particularly visible in figure 2.10 (f) when V = 1.55ml

in qualitative agreement with previous mathematical modelling [43]. These results

are in contrast to those reported by Melo et al. [26] and Fraysse and Homsy [58],

who state that the number of fingers, and therefore the dominant wavenumber of

the instability, is independent of the rotation rate. However, our results qualita-

tively agree with more recent experiments [62, 64, 67]. Furthermore, our results

extend those of Veretennikov et al. [66] to greater rotation rates, where we observe

the formation of multiple fingers for a glycerol solution, as stated in § 2.3.1. Our

experiments consider a larger portion of the experimental parameter range than

many studies, which is likely to be responsible for the aforementioned qualitative

differences.

Comparing between figures 2.10 (a)–(f) we can also assess the effect of changing

the volume. We observe for a fixed rotation rate that the dominant mode increases

with volume. To illustrate this, consider the dominant mode at Ω ≈ 30 rad s−1

in each figure; which increases from m = 1 when V = 0.15ml to m = 5 when

V = 1.55ml. Similarly, we observe that the threshold rotation rate for a mode to

become dominant decreases as the volume increases.

The accepted modes are a subset of those which rise above the noise level. Fig-
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FIGURE 2.10: The accepted modes at T ∗ = 120, are shown in black circles against
rotation rate for each volume on a separate figure. These are the Fourier modes
required to reproduce the boundary at a nondimensional time T ∗ following spin-
up. Also shown on each figure in solid red, are the dominant modes, that is, the
wavenumber with the largest growth rate.
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FIGURE 2.11: The growth rates, σm of the first five non-axisymmetric Fourier modes
m = 1, 2, ..., 5, where they are accepted, according to figure 2.10 and shown in different
colours. The x-axis is chosen to be ϕ∗ = Ω2V , so that the figures are comparable to
one another.
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ures 2.11 shows the dimensional growth rates, σm, of the first five modes for each

volume, where accepted. The x-axis is the same in each figure and is given by

ϕ∗ = Ω2V , which as shown in (2.3.3), is directly proportional to a nondimensional

measure of the rotation rate, meaning the data is comparable between experi-

ments. Note that, the y-axis in each figure is different. In each figure we see the

general trend that as the rotation rate is increased that the growth rate of each

mode increases. We observe that the rate at which this happens decreases as ϕ∗

increases, this is particularly visible in the m = 1 mode with the curve in each

figure flattening and in some cases decreasing as ϕ∗ increases. A possible conclu-

sion is that there exists an upper limit on the growth rate of each mode, which

is dependent on the volume and physical properties of the fluid. As stated in the

analysis of figure 2.10, greater wavenumbers become dominant as ϕ∗ increases for

each volume considered. Comparing between figures we see that for each mode,

smaller volumes have larger growth rates for the same ϕ∗, demonstrated by the

decreasing growth rate of the m = 1 mode at ϕ∗ = 1 across each subfigure. This

could perhaps be predicted since larger rotation rates are required for the same

ϕ∗, corresponding to greater contact line speeds.

2.4 Summary

In this chapter we investigated the contact line instability when a viscous fluid

of a prescribed volume, V , is spun at a chosen rotation rate, Ω. Specifically, we

discussed the relative effects of rotation and volume in a regime where inertia is

assumed to be negligible compared to viscosity for droplets upon a rotating disc.

To do so, we described a methodology for performing such experiments, where

a glycerol solution was used to ensure a viscous regime. The recorded videos

were analysed using Fourier analysis, first assessing the initial condition of the

experiments.

We found that, as may be predicted physically, the initial radius R0 increases with

both rotation rate and volume. Next, we assessed the axisymmetric spreading

from the initial condition, finding a power law for growth by fitting to the data

using a non-linear least squares method showing good agreement to the data. The

investigated range of volumes in our experiments were macroscopic, leading to the
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observed qualitative differences in the axisymmetric phase of the experiments, and

spreading rates in comparison to Holloway et al. [62] who considered microscopic

volumes of silicon oils. Finally, we considered non-axisymmetric perturbations

ascertaining that the dominant Fourier mode of instability increases with rotation

and volume for each volume considered. Furthermore, we found that the threshold

rotation rate for a mode to become dominant decreases as the volume increases,

converse to findings in early experiments [26, 53, 58] into microscopic droplets of

silicon oils and previous experiments into macroscopic volumes of glycerol [66].
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Chapter 3

Thin film model formulation and

equilibrium solutions

To begin our theoretical analysis, we derive a model to describe the experiments

detailed in chapter 2. The model is derived directly from the governing Navier-

Stokes equations within a rotating frame of reference, coupled with appropriate

boundary conditions. The lubrication approximation is used to simplify the mod-

elling. We derive an evolution equation governing the shape and position of a

mass of fluid subject to rotation, the form of which is common in the literature

for problems of this type [32, 42, 43, 31].

Finally, we discuss equilibrium solutions to the derived evolution equation, finding

steady axisymmetric solutions which have zero velocity in the rotating frame of

reference. We recover and further discuss the solutions of McKinley et al. [42]

subject to a transformation of nondimensional variables.

3.1 Model

3.1.1 Equations of motion

We consider a fixed mass of fluid, on a flat plate, at constant temperature, in solid

body rotation about the vertical axis with a free surface, which meets the solid

plate at the contact line. A schematic diagram is shown in figure 3.1 showing the

geometry and common notation used throughout this chapter. The coordinate
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z = h(r, φ, t)pg

g
Ω = Ω ̂zz

r = R(φ, t)

Chapter 3

Thin-film model

3.1 Model

3.1.1 Equations of motion

We consider a fixed mass of fluid, on a flat plate, at constant temperature, in solid body rotation

about the vertical axis with a free surface, and analyse the linear stability of the bulk of the fluid.

A schematic diagram is shown in figure 3.1. The governing dimensional set of equations for fluid

velocity, u, and pressure, p, are the Navier-Stokes equations in a rotating frame of reference including

gravity,

⇢
Du

Dt
= �rp� ⇢⌦⇥ (⌦⇥ x)� 2⇢⌦⇥ u� ⇢gẑ + µr2u, (3.1.1)

(see Appendix A for derivation), and an incompressibility condition,

r · u = 0. (3.1.2)

Here x = rr̂ + zẑ is the position vector where r̂ and ẑ are unit vectors in the radial and axial

directions respectively, while the constant rotation rate is given by ⌦ = ⌦ẑ. The second and third

terms on the right hand side of (3.1.1) correspond to centrifugal and Coriolis forces respectively and

arise when considering the Navier-Stokes equations within a rotating frame of reference, whereas the

fourth and fifth terms encapsulate gravitational and viscous forces.

3.1.2 Boundary conditions

We define the free surface of the fluid as

S := z � h(r,', t) = 0, (3.1.3)

on which we must have a kinematic condition and three continuity of stress conditions, one in each

direction. The kinematic condition states that the fluid particles on the free surface should move
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FIGURE 3.1: Schematic diagram of a viscous, incompressible fluid layer on a plate,
spun about the vertical axis.

system used is cylindrical polar coordinates where a point in space is defined

by a radial distance, r, from the origin, an azimuthal angle, φ, and a height,

z. The governing dimensional set of equations for fluid velocity, u = (u, v, w),

and pressure, p, are the Navier–Stokes equations in a rotating frame of reference

including gravity,

ρ
Du

Dt
= −∇p− ρΩ× (Ω× x)− 2ρΩ× u− ρgẑ + µ∇2u, (3.1.1)

(see Appendix A for derivation), and the incompressibility condition,

∇ · u = 0. (3.1.2)

Here x = rr̂ + zẑ is the position vector where r̂ and ẑ are unit vectors in the

radial and axial directions, respectively, while the constant rotation rate is given by

Ω = Ωẑ. The term on the left hand side of (3.1.1) is the force due to inertia, given

by Newton’s second law, while the first term on the right hand side is the pressure

gradient. The second and third terms on the right hand side of (3.1.1) correspond

to centrifugal and Coriolis forces, respectively, and arise when considering the

Navier–Stokes equations within a rotating frame of reference. The fourth and

fifth terms model gravitational and viscous forces.

3.1.2 Boundary conditions

We define the free surface of the fluid as

S := z − h(r, φ, t) = 0, (3.1.3)
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on which we impose a kinematic condition and three continuity of stress conditions,

one in each direction. The kinematic condition states that the fluid particles on

the free surface should move with the fluid. Hence, the material derivative of the

free surface (3.1.3) is zero on the free surface

D
Dt

(
z − h(r, φ, t)

)∣∣∣∣
S

= 0. (3.1.4)

The continuity of stress condition is given at the free surface by the Young–Laplace

equation [
σ · n

]+
− = γ(∇ · n̂)n (3.1.5)

on S , where n̂ is the outward pointing normal from the fluid volume into the

atmospheric gas. The notation [ · ]+− indicates a jump across the free surface from

the atmospheric gas into the fluid volume.

The boundary conditions at the solid plate, z = 0, are a no-penetration condition,

w = 0, (3.1.6)

and two slip conditions for the tangential velocity components,

u =
α

3h

∂u

∂z
, v =

α

3h

∂v

∂z
, (3.1.7)

where α is the small slip length. We choose the same slip condition as Greenspan

[31], where the slip is a function of the height of the interface rather than con-

stant. This is the simplest model for slip in which the contact line velocity can

be non-zero, and hence allowed to move. Further justification for this choice of

slip coefficient is provided in § 5.1. In the limit α = 0 we recover the usual no-slip

condition.

The position of the contact line is given by r = R(φ, t), at which we impose three

physical conditions. First is the contact condition, which states that the height of

the free surface is zero at the contact line

h(R(φ, t), φ, t) = 0. (3.1.8)

Second is a contact angle condition, such that the angle at the contact line is
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specified as part of the model,

∂h

∂r

∣∣∣∣
r=R(φ,t)

= − tan θ, (3.1.9)

where the contact angle is denoted by θ. The contact line and contact angle are

shown on the schematic diagram in figure 3.1. The model we use to describe the

physics at the contact line is the Tanner law [27, 30], which in the form we consider

is
∂R

∂t
= κ(θq − θqc), (3.1.10)

where θc is the equilibrium contact angle and κ, q are empirically determined

positive constants. The constant κ is a measure of the contact line speed. In

chapter 1 we discussed how the simplified form (3.1.10) neglecting contact angle

hysteresis results in the contact line being allowed to both advance and retreat.

The third physical condition is the contact line kinematic condition

D
Dt

(
r −R(φ, t)

)
= 0, (3.1.11)

at r = R(φ, t), z = 0, which similarly to the free surface kinematic condition

(3.1.4) states the fluid particles at the interface should move with the fluid; the

interface being the contact line.

We impose regularity conditions along the axis r = 0 so that the velocity at the

origin is finite,

|u(0, φ, z, t)| <∞. (3.1.12)

Furthermore, to ensure the shape of the free surface is differentiable at r = 0 we

enforce that
∂h

∂r

∣∣∣∣
r=0

= 0. (3.1.13)

Finally, since the mass of fluid placed on the plate is fixed we have the volume

conservation condition

Vf =

∫ 2π

0

∫ R(φ,t)

0

rh(r, φ, t) dr dφ, (3.1.14)

for a fixed volume of fluid, Vf .
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3.2 Nondimensionalisation

We nondimensionalise the system, assuming that the horizontal lengthscale is

much larger than the vertical lengthscale. The equilibrium contact angle, θc, is the

natural choice of aspect ratio and is assumed small. Consequently, the following

scales are introduced

r = Lr′, z = θcLz
′, u = Uu′, v = V v′, w = Ww′, t = Tt′, p = Pp′.

(3.2.1)

Immediately from the incompressibility condition (3.1.2) we take the azimuthal

and axial velocity scales to be V = U,W = θcU , giving

1

r′
∂

∂r′
(r′u′) +

1

r′
∂v′

∂φ
+
∂w′

∂z′
= 0. (3.2.2)

The lengthscale, L is determined from the volume equation (3.1.14) so that L =

(Vf/θc)
1/3, leaving

V ′
f =

∫ 2π

0

∫ R′(φ,t′)

0

r′h′(r′, φ, t′) dr′ dφ. (3.2.3)

Although due to the choice of lengthscale V ′
f = 1, we will keep V ′

f in our analytical

formulation for clarity, while in numerical calculations, unless stated otherwise, it

will be taken to be unity.

The free surface kinematic condition (3.1.4) gives us the timescale T = L/U and

simplifies to

w′ =
∂h′

∂t′
+ u′

∂h′

∂r′
+
v′

r′
∂h′

∂φ
(3.2.4)

at z′ = h′(r′, φ, t′). The contact line kinematic condition (3.1.11) simplifies to

u′ =
∂R′

∂t′
+
v′

R′
∂R′

∂φ
(3.2.5)

at the contact line, z′ = 0, r′ = R′(φ, t′).

To nondimensionalise the stress continuity condition (3.1.5) we must first deter-

mine the unit normal to the free surface (3.1.3). Expressed in terms of nondimen-
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sional quantities,

n̂ =
∇S

|∇S |
= ẑ − θc∇′

Hh
′ +O(θ2c ), (3.2.6)

where ∇H = ∂rr̂+r
−1∂φφ̂ denotes the gradient operator in two dimensional polar

coordinates. Hence the curvature up to O(θ2c ), κ, of the free surface (3.1.3) is

κ = ∇ · ẑ −
[
θc
L

]
∇′ · ∇′

Hh
′ = −

[
θc
L

]
∇′2h′. (3.2.7)

Note, since h = h(r, φ, t) that ∇2h = ∇2
Hh. The stress tensor, σ, is given by

σ = −pI + 2µe for rate of strain tensor e = 1
2
(∇u + ∇uT ). In cylindrical polar

coordinates, the rate of strain tensor is

e =

[
U

θcL

]


θc
∂u′

∂r′
θc
2

{
r′
∂

∂r′

(
v′

r′

)
+

1

r′
∂u′

∂φ

}
1

2

∂u′

∂z′
+
θ2c
2

∂w′

∂r′

θc
2

{
r′
∂

∂r′

(
v′

r′

)
+

1

r′
∂u′

∂φ

}
θc

{
1

r′
∂v′

∂φ
+
u′

r′

}
1

2

∂v′

∂z′
+
θ2c
2r′

∂w′

∂φ

1

2

∂u′

∂z′
+
θ2c
2

∂w′

∂r′
1

2

∂v′

∂z′
+
θ2c
2r′

∂w′

∂φ
θc
∂w′

∂z′


(3.2.8)

so that in the normal direction to the free surface,

e · n =

[
U

θcL

]

1

2

∂u′

∂z′
+O(θ2c )

1

2

∂v′

∂z′
+O(θ2c )

O(θ2c )

 . (3.2.9)

Hence, the three stress conditions are

[P ]
∂h′

∂r′
[p′]+− −

[
Uµ

Lθ2c

]
∂u′

∂z′
=

[
γθc
L

]
∂h′

∂r′
∇′2h′ +O(θ2c ), (3.2.10)

[P ]
1

r′
∂h′

∂φ
[p′]+− −

[
Uµ

Lθ2c

]
∂v′

∂z′
=

[
γθc
L

]
1

r′
∂h′

∂φ
∇′2h′ +O(θ2c ), (3.2.11)

[P ][p′]+− =

[
γθc
L

]
∇′2h′ +O(θ2c ) (3.2.12)

at z′ = h′ in the radial, azimuthal and axial directions, respectively. Keeping a

general velocity scale, U , we take a viscous pressure scale, so that P = µU/Lθ2c ,
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giving rise to a capillary number C = Uµ/γθ3c , a ratio of viscosity to surface

tension. Furthermore, using the axial stress component (3.2.12) to simplify the

radial and azimuthal stress components (3.2.10, 3.2.11) the three stress conditions

are

0 =
∂u′

∂z′
+O(θ2c ), 0 =

∂v′

∂z′
+O(θ2c ), (3.2.13)

p′ = p′g − C−1∇′2h′ +O(θ2c ) (3.2.14)

at z′ = h′(r′, φ, t′) in the radial, azimuthal and axial directions, respectively. The

atmospheric pressure is denoted pg and is constant.

Next, we nondimensionalise the equations of motion (3.1.1) in component form,[
ρU2

L

]
Du′

Dt′
= −

[
P

L

]
∂p′

∂r′
+ [ρΩ2L]r′ + 2[ρΩU ]v′ +

[
µU

L2θ2c

]{
∂2u′

∂z′2
+O(θ2c )

}
,

(3.2.15)[
ρU2

L

]
Dv′

Dt′
= −

[
P

L

]
1

r′
∂p′

∂φ
− 2[ρΩU ]u′ +

[
µU

L2θ2c

]{
∂2v′

∂z′2
+O(θ2c )

}
, (3.2.16)[

ρθcU
2

L

]
Dw′

Dt′
= −

[
P

θcL

]
∂p′

∂z′
− [ρg] +

[
µU

L2θc

]{
∂2w′

∂z′2
+O(θ2c )

}
. (3.2.17)

Taking the viscous pressure scale for each equation results in two distinct pressure

scales,

P1 = P2 =
µU

Lθ2c
, P3 =

µU

L
= θ2cP1, (3.2.18)

where the subscripts represent the component of the equations of motion (3.2.15)–

(3.2.17) it arises from. We can see that the greatest pressure changes come from

choosing P = P1, since θc ≪ 1, consistent with our previous choice of pressure

scale. Substituting into (3.2.15)–(3.2.17) we get

θ2c Re
Du′

Dt′
= −∂p

′

∂r′
+
ϕ

C
r′ +

2θ2c
Ek

v′ +
∂2u′

∂z′2
+O(θ2c ), (3.2.19)

θ2c Re
Dv′

Dt′
= − 1

r′
∂p′

∂φ
− 2θ2c

Ek
u′ +

∂2v′

∂z′2
+O(θ2c ), (3.2.20)

θ2c Re
Dw′

Dt′
= − 1

θ2c

(
∂p′

∂z′
+
G

C

)
+
∂2w′

∂z′2
+O(θ2c ), (3.2.21)

where the Reynolds, Ekman, centrifugal, Bond and capillary numbers are

Re =
ρUL

µ
, Ek =

µ

ρΩL2
, ϕ =

ρΩ2L3

γθc
, G =

ρgL2

γ
, C =

Uµ

γθ3c
, (3.2.22)
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respectively, for general velocity scale. We take the velocity scale from the Tanner

law (3.1.10) so that U = κθqc , where the contact angle θ = θcθ
′, and consequently

∂R′

∂t′
= (θ′ − 1)q. (3.2.23)

We make the lubrication approximation by taking the limits

θc → 0, θ2cRe → 0,
θ2c
Ek

→ 0, (3.2.24)

while assuming that the terms involving ϕ and G are not negligible, leaving a linear

system. Dropping the dash notation, our equations of motion (3.2.19)–(3.2.21) and

incompressibility condition (3.2.2) become

0 = −∂p
∂r

+
ϕ

C
r +

∂2u

∂z2
, (3.2.25)

0 = −1

r

∂p

∂φ
+
∂2v

∂z2
, (3.2.26)

0 = −∂p
∂z

− G

C
, (3.2.27)

0 =
1

r

∂

∂r
(ru) +

1

r

∂v

∂φ
+
∂w

∂z
. (3.2.28)

At z = 0, we have the slip and no-penetration and slip conditions (3.1.7, 3.1.6),

u =
α

3h

∂u

∂z
, v =

α

3h

∂v

∂z
, w = 0, (3.2.29)

while on z = h(r, φ, t), we have the continuity of stress (3.2.13, 3.2.14) and free

surface kinematic conditions (3.2.4)

0 =
∂u

∂z
, 0 =

∂v

∂z
, p = pg − C−1∇2h, (3.2.30)

w =
∂h

∂t
+ u

∂h

∂r
+
v

r

∂h

∂φ
. (3.2.31)

At the contact line, r = R(φ, t), z = 0, we have the nondimensional contact (3.1.8)

and contact angle (3.1.9) conditions,

h(r, φ, t) = 0,
∂h

∂r
= −θ, (3.2.32)
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where the contact angle condition (3.2.32) (b) has been simplified using the small

angle approximation, tan θ ≈ θ. Furthermore, at the contact line we impose the

Tanner law (3.2.23)
∂R

∂t
= θq − 1, (3.2.33)

and the contact line kinematic condition

u =
∂R

∂t
+
v

r

∂R

∂φ
. (3.2.34)

Along the axis r = 0, we have the differentiability condition,

∂h

∂r
= 0, (3.2.35)

and the finite velocity regularity condition (3.1.12),

|u(0, φ, z, t)| <∞. (3.2.36)

The volume condition (3.1.14) simplifies so that the double integral over the do-

main is equal to Vf , which due to the chosen lengthscale is always equal to one,

Vf =

∫ 2π

0

∫ R(φ,t)

0

rh(r, φ, t) dr dφ. (3.2.37)

Equations (3.2.25)–(3.2.37), consisting of the equations of motion and boundary

conditions, model a thin droplet of fluid rotating on a flat plate under a lubrication

approximation, under the assumption that the contact angle is sufficiently small.

3.3 Thin film equation

Typically thin film flows driven by surface tension are described by a fourth-order

nonlinear parabolic partial differential equations (PDEs) [2]. Examples of PDEs

are given for flows down inclined plates [52, 89], and for stationary droplets on flat

plates [32, 31]. McKinley and Wilson [42, 43], and Boettcher and Ehrhard [44]

derive similar thin film equations in the context of droplets under the influence of

centrifugal force.

Therefore, we derive a similar thin film equation by substituting the velocity and
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pressure, returning a single partial differential equation for the free surface height,

h(r, φ, t). First, we integrate the incompressibility condition (3.2.28) across the

thin layer from z = 0 to the free surface z = h(r, φ, t), subsequently using the

no-penetration condition (3.2.29) (c) and Leibniz’s rule to give,

w|h = −1

r

∂

∂r

[
r

∫ h

0

udz
]
+ u|h

∂h

∂r
− 1

r

∂

∂φ

∫ h

0

vdz +
v

r

∣∣∣∣
h

∂h

∂φ
. (3.3.1)

Substituting the kinematic condition (3.2.31) results in a thin film equation,

∂h

∂t
+

1

r

∂

∂r

[
r

∫ h

0

udz
]
+

1

r

∂

∂φ

∫ h

0

vdz = 0. (3.3.2)

This can also be written

∂h

∂t
+∇H ·

(∫ h

0

uH dz
)

= 0, (3.3.3)

where uH = ur̂ + vφ̂ and ∇H = ∇ − ∂
∂z
ẑ. Solving the axial equation of motion

(3.2.27) subject to the axial stress condition (3.2.30) (c) gives

p = pg +
G

C
(h− z)− 1

C
∇2

Hh. (3.3.4)

Since ∇H(Cpg − Gz) = 0, the radial and azimuthal equations of motion (3.2.25,

3.2.26) can be written in a single equation where the right hand side is independent

of z,
∂2uH

∂z2
= −C−1∇H

(
∇2

Hh−Gh+
ϕr2

2

)
. (3.3.5)

Solving (3.3.5) by integrating with respect to z twice subject to the two slip

conditions (3.2.29) (a, b) and the radial and azimuthal stress conditions (3.2.30) (a,

b) gives the fluid velocity,

uH = −C−1

{
z2

2
− hz − α

3

}
∇H

(
∇2

Hh−Gh+
ϕr2

2

)
. (3.3.6)

Note, at z = 0 the velocity is proportional to α, meaning that if α ̸= 0 then

the fluid can have non-zero horizontal velocity. Finally, substituting the velocity

(3.3.6) into the thin film equation (3.3.3) and multiplying through by C, we get

C
∂h

∂t
+∇H ·

({
h3

3
+
α

3
h

}
∇H

[
∇2

Hh−Gh+
ϕr2

2

])
= 0. (3.3.7)
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This is the evolution equation for the free surface z = h(r, φ, t) under the lubrica-

tion approximation. When deriving this equation we used each of the equations

(3.2.25)–(3.2.28) and boundary conditions (3.2.29)–(3.2.31). The remaining equa-

tions (3.2.32)–(3.2.37) are boundary conditions for the thin film equation (3.3.7),

along with a contact line law (3.2.33). Notice that there are more boundary condi-

tions than unknowns in (3.3.7), however, we will show that many are automatically

satisfied under certain circumstances, leaving a well defined system.

3.4 Equilibrium solution

We seek the initial profile of the free surface, S , when the fluid volume is spun-

up into solid body rotation so that u0 = 0. Quantities with subscript 0 denote

the leading order, hydrostatic equilibrium solutions. Immediately, since each ve-

locity component is zero everywhere, the velocity regularity condition (3.2.36)

is automatically satisfied. Substituting u0 = 0 into the momentum equations

(3.2.25)–(3.2.27) and solving determines the equilibrium pressure

p0(r, z) = p00 +
ϕ

2C
r2 − G

C
z (3.4.1)

for a constant p00; the pressure at the origin. The pressure contours are therefore

paraboloidal in profile. We impose axisymmetry for the free surface so that there is

no dependence on the azimuthal coordinate, φ. Furthermore, using the kinematic

condition (3.2.31) we see that the free surface solution is steady, so that h(r, φ, t) =

h0(r). Since we are considering a steady, axisymmetric free surface, the contact

line radius is constant and denoted by R(φ, t) = R0. As a result, the contact line

kinematic condition (3.2.34) is automatically satisfied, and the nondimensional

contact angle is fixed at θ = θ0 = 1 due to the Tanner law (3.2.33).

Substituting h(r, φ, t) = h0(r) into the evolution equation (3.3.7) gives the ordi-

nary differential equation(
r

{
h30
3

+
α

3
h0

}[
h′′0 +

h′0
r

−Gh0 +
ϕ

2
r2
]′)′

= 0, (3.4.2)

where primes denotes derivatives with respect to r. The non-trivial general solu-
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tion depends on whether G = 0 or not,

h0(r) =


c1I0(

√
Gr) + c2K0(

√
Gr) +

ϕ

2G
r2 + c3, G > 0 (3.4.3a)

− ϕ

32
r4 +

c1
2
r2 + c2 log r + c3, G = 0 (3.4.3b)

where I0 and K0 are modified Bessel functions of the first and second kind, respec-

tively, and c1, c2 and c3 are constants to be determined in each case. An alternative

way to find these solutions is by substituting the equilibrium pressure (3.4.1) into

the solution of the axial stress condition (3.3.4) giving

C(pg − p00) = h′′0 +
h′0
r

−Gh0 +
ϕ

2
r2. (3.4.4)

This reproduces the above solutions, but with c3 = [GC(p00 − pg) + 2ϕ]/G2 in

(3.4.3a) or c1 = C(pg − p00)/2 in (3.4.3b). The equilibrium free surface solutions

(3.4.3a, 3.4.3b) must each satisfy four boundary conditions; differentiability at the

origin (3.2.35),

h′0(0) = 0, (3.4.5)

the contact condition (3.2.32) (a)

h0(R0) = 0, (3.4.6)

the contact angle condition (3.2.32) (b) with θ0 = 1

h′0(R0) = −1, (3.4.7)

and the volume condition (3.2.37),

Vf = 2π

∫ R0

0

rh0(r) dr. (3.4.8)

The differentiability condition (3.2.35) determines in both cases that c2 = 0, while

applying the contact (3.4.6) and volume (3.4.8) conditions determines the remain-
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ing constants, giving the solutions

h0(r) =


(
R4

0ϕπ + 4VfG

4πR0

√
G

)[
I0(

√
Gr)− I0(

√
GR0)

2I1(
√
GR0)−R0

√
GI0(

√
GR0)

]
+

ϕ

2G
(r2 −R2

0), (3.4.9a)

− ϕ

32
(r4 −R4

0) +
1

24πR4
0

(πϕR6
0 − 48Vf )(r

2 −R2
0), (3.4.9b)

when G > 0 and G = 0, respectively. Note that, the contact line position, R0,

remains unknown and is determined by the only remaining boundary condition;

the contact angle condition (3.4.7). Specifically, (3.4.7) requires that f(ϕ,R0, G) =

h′0(R0) + 1 = 0 where

f(ϕ,R0, G) =


(
R4

0ϕπ + 4VfG

4πR0

)[
I1(

√
GR0)

2I1(
√
GR0)−R0

√
GI0(

√
GR0)

]
+
ϕ

G
R0 + 1, (3.4.10a)

πϕR6
0 − 24πR3

0 + 96Vf
24πR3

0

, (3.4.10b)

in each case, respectively. Solutions of the contact angle condition (3.4.10a,

3.4.10b) determine values of the unknown contact line position, R0, so that our

equilibrium solution satisfies all boundary conditions. We further constrain solu-

tions of (3.4.10a, 3.4.10b) such that we require a contact line position, r = R0,

where h0(r) ⩾ 0, ∀ r ∈ [0, R0], since the height of the fluid cannot be negative.

This condition is satisfied if and only if g(ϕ,G,R0) = h0(0) > 0, where

g(ϕ,R0, G) =


−
(
R4

0ϕπ + 4VfG

4πR0

√
G

)[
I0(

√
GR0)

2I1(
√
GR0)−R0

√
GI0(

√
GR0)

− ϕ

2G
R2

0

]
, (3.4.11a)

192Vf − ϕπR6
0

96πR2
0

. (3.4.11b)

Figure 3.2 shows the equilibrium solutions (3.4.9a), where R0 was found using the

contact angle condition (3.4.10a), for three different values of ϕ when G = 10.

Within the solution space there are two specific points of interest, the maximum

value ϕ can take, denoted ϕm, and the maximum value R0 can take, denoted R0m.

The associated other parameter is denoted with a subscript c, so that the points of

interest are (ϕm, R0c) and (ϕc, R0m). Each of these points is a function of the Bond

number, G. We find (ϕm, R0c) by solving f = 0 and ∂f/∂R0 = 0 simultaneously.

Hence, (ϕm, R0c) is the point in the solution space where, for a given value of G,

the nondimensional rotation rate for which a equilibrium thin film solution exists
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(a)

(b)

(c)

FIGURE 3.2: Comparison of z = h0(r) satisfying (3.4.9a, 3.4.10a, 3.4.11a) when
G = 10 for different values of ϕ and therefore R0.

is maximum. We find (ϕc, R0m) by solving f = 0 and g = 0 together, giving

the point in the solution space which corresponds to the film touching down at

the centre. For G > 0, the solutions to the contact angle condition (3.4.10a)

and the two bifurcation points are found numerically. When G = 0, the contact

angle condition (3.4.10b) can be solved analytically giving equilibrium contact line

position

R0 =

(
24π ±

√
(24π)2 − 384πϕVf

2πϕ

) 1
3

, (3.4.12)

where there are two solutions if ϕ < ϕm = 3π/(2Vf ), and a single maximum

at (ϕm, R0c) = (3π/(2Vf ), 2(Vf/π)
1/3). The point where the film touches down

at the centre is (ϕc, R0m) = (4π/(3Vf ), (12Vf/π)
1/3). The analytical solutions

for the equilibrium free surface shape and contact line position (3.4.9b, 3.4.12) are

equivalent to the solutions of McKinley and Wilson [42, 43] subject to a redefinition

of the nondimensional groups.

Figure 3.3 shows the contour of the contact angle condition (3.4.10a) at zero in

blue and the contour of the height of fluid condition (3.4.11a) at zero in red for

various values of G. The region where the height of fluid at the origin is greater

than zero, g(ϕ,R0, G) > 0, is shaded in grey. The bifurcation points (ϕm, R0c) and
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Chapter 3: Thin film model formulation and equilibrium solutions

(a)

(d)(c)

(b)

FIGURE 3.3: Contour of the contact angle condition, f = 0 (3.4.10a,3.4.10b), and
the height of fluid condition, g = 0 (3.4.11a, 3.4.11b), for various values of the Bond
number G.

(ϕc, R0m) are plotted with a black circle and a black ×, respectively. Note that

in the grey region when ϕc < ϕ < ϕm there exist multiple solutions for R0(ϕ),

whereas the function ϕ(R0) is one-to-one. Furthermore, as G increases we see

that the two bifurcation points converge. Figure 3.4 shows the solution space as

G is varied, plotted in both the G − ϕ space (a, b), and the G − R0 space (c).

In each of these figures the bifurcation point (ϕm, R0c) is plotted with a black

solid line, while the point (ϕc, R0m) is plotted with a red line. Figures 3.4 (a, c)

show more clearly that the bifurcation points converge as G increases, with the

ϕ coordinate converging quicker than the R0 coordinate. Furthermore, both the

functions ϕm(G) and ϕc(G) are decreasing as G increases, while both R0m(G) and

R0c(G) are increasing. An interpretation of this is as G increases and the contact

line is forced outwards, the height at zero decreases, increasing R0 and requiring

a lower value of ϕ to decrease the height at the origin to zero.

The shaded regions in each subfigure of figure 3.4 are where physical solutions to
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FIGURE 3.4: (a) The shaded region shows the G − ϕ parameter space, where the
contours of constant R0 are also plotted. (b) Zoomed area of figure (a). In each of (a,
b) the darker region indicates multiple solutions, whereas the lighter shaded region
indicates a single solution. (c) The shaded region indicates the G − R0 parameter
space, showing the contours of constant ϕ.

the contact angle condition exist, while in the unshaded regions no equilibrium

solution exists in the thin film limit. In Figures 3.4 (a, b), within the region

bounded by the red and black solid curves there exists two physical solutions for

R0, indicated with darker shading. Whereas, in the lighter shaded region only a

single physical solution exists. This is further illustrated by plotting the contours

of constant R0 through the region, shown in the dashed coloured lines, where we

see that contours can only cross within the darker shaded region. Figure 3.4 (b)

is a zoomed in region of figure 3.4 (a) showing this feature more clearly. Following

a contour as ϕ increases we pass through the maximum value of ϕ, touching the

black line, and progressing onto the upper solution branch where the contour

terminates when it reaches the red line since solutions are no longer physical.

Note that contours only cross when one is on the upper branch and the other is

on the lower branch of solutions.

Figure 3.4 (c) shows the region where solutions satisfying both the contact angle
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Chapter 3: Thin film model formulation and equilibrium solutions

condition is satisfied and physical solutions exist in G−R0 space, where contours

of constant ϕ are also shown. The region bounded by R0c(G) and R0m(G) corre-

sponds to the upper solution branches of figure 3.3, while the region bounded by

the minimum R0 and R0c corresponds to the lower branch. Note that the minimum

value of R0 is always achieved when ϕ = 0, which is consistent with the centrifugal

force being directed radially outwards. Physically, we expect that as the rotation

is increased the fluid experiences a greater outward force and hence forms a ridge

near the contact line, known as a capillary ridge [104]. Figure 3.4 (a) shows that

for fixed G increasing the centrifugal number in the region 0 < ϕ < ϕc increases

R0, as anticipated, and, due to volume conservation decreases the height at r = 0

forming a ridge near the contact line. This is visualised in figure 3.2, where for

fixed Bond number the centrifugal number is increased and the solution h0(r) is

plotted. Note, each of these solutions belong to the lower branch of solutions on

figure 3.3, where in this region the function R0(ϕ) is one-to-one.

In the region where ϕc ⩽ ϕ < ϕm, two solutions exist for each value of ϕ with R0

greater than that on the lower branch of solution. Within this region, correspond-

ing to the upper branch, increasing ϕ decreases R0 from R0m to R0c. We might

anticipate that the point (ϕm, R0c) is a saddle node bifurcation point, where the

upper branch of solutions in ϕc < ϕ < ϕm is unstable to axisymmetric perturba-

tions, while the lower branch is stable.

The physical interpretation of increasing the Bond number, G, is increasing the

constant vertical force acting downwards. We can see this in the axial component

of the equations of motion (3.2.27) due to the −G contribution. Hence, we would

expect as we increase the Bond number for fixed centrifugal number the profile of

the free surface flattens and the contact line position, R0, increases. If ϕ < ϕc(G)

this is what we see in figure 3.4 (a), where for fixed ϕ each contour of constant

R0 is crossed successively. Furthermore, in figure 3.4 (c) we see along contours

of constant ϕ, R0 increases with G, while ϕ < ϕm. These solutions once again

correspond to the lower branch of solutions in figure 3.3. On the upper branch

when R0c < R0 < R0m, the value of G is decreasing along contours of constant ϕ,

again in contrast to the physical interpretation.

Overall, for a given volume, Vf , contact angle, θc, and rotation rate, Ω amongst

other physical properties, we can calculate the nondimensional Bond and centrifu-
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Chapter 3: Thin film model formulation and equilibrium solutions

gal numbers, G, ϕ and solve the contact angle condition (3.4.10a) for R0. If there

are no solutions for R0 while θc ≪ 1, this suggests that the lubrication approxi-

mation is not valid in these regimes, or that the assumption that an equilibrium

solution exists where u0 = 0 is violated.

3.4.1 Comparison to previous literature

The equilibrium solutions detailed in the previous section are equivalent to the

solutions of McKinley et al [42] subject to suitable transformations. The authors

considered the case of nonzero gravity, G > 0, with both sessile and pendant cases

considered as well as the special case where C = 0. The same problem as described

in § 3.3 is nondimensionalised by taking the capillary lengthscale to make G = 1,

subsequently varying the volume and centrifugal number producing equivalent

plots to figure 3.3 under suitable transformations. Consequently, the authors also

found that equilibrium solutions only exist below a critical rotation rate. By

performing a linear stability analysis of these solutions subject to axisymmetric

perturbations the authors observed that a saddle node bifurcation occurs at this

point; (ϕm, R0c) in our notation.

McKinley and Wilson [43] discuss the case of zero Bond number, G = 0, deriving

solutions in the context of a vertical jet of air directed at a mass of fluid, for which

the equations of motion are the same with the strength of the jet being analogous

to rotation rate as discussed in chapter 1. They considered the case where G = 0

and took the lengthscale so that ϕ = 1, solving the ODE (3.4.2) subject to the

contact angle condition, leaving the volume, Vf , to be set by the chosen R0. We

can recover this solution by choosing Vf in (3.4.9b) such that the contact angle

condition (3.4.7) is satisfied, so that

Vf =
1

4
R3

0π − 1

96
πϕR6

0. (3.4.13)

The volume (3.4.13) is (11) in [43] while substituting into (3.4.9b) gives the same

solution as (10) in our notation

h0(r) =
1

32R0

(r2 −R2
0)
[
ϕR0(R

2
0 − r2)− 16

]
. (3.4.14)

Schwartz and Roy [94] subsequently derived a similar result in the absence of
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gravity including a small but variable contact angle.

When ϕ = 0, G ̸= 0 we recover the solution of Ehrhard and Davis [32], who

consider find the solution by considering the quasi-steady limit, C → 0, of a thin

film equation analogous to (3.3.7). Within this limit they neglect the contact angle

condition, and discuss axisymmetric spreading rather than considering equilibrium

solutions as we have done here. Similarly, Boettcher and Ehrhard [44] considered

the case where both ϕ,G ̸= 0, finding the same solution (3.4.9a), in the context

of quasi-steady spreading and therefore also neglect the contact angle condition.

3.5 Summary

Overall, we have presented a mathematical model to describe the evolution of the

free surface, h(r, φ, t), and contact line, R(φ, t), of a volume of fluid in solid body

rotation on a solid plate. We modelled the contact line dynamics by imposing a

macroscopic slip law and used the Tanner law to relate the contact angle to the

speed of the contact line. The equations of motion were simplified using a lubrica-

tion approximation, assuming that the contact angle is small and subsequently a

partial differential equation for the evolution of the free surface over time (3.3.7)

is derived.

Finally, we recovered the equilibrium solutions of McKinley et al. [42] and McKin-

ley and Wilson [43] up to a redefinition of nondimensional groups. The steady,

axisymmetric free surface shape, h0(r), is derived under different scalings and pre-

sented as a function of nondimensional rotation rate and volume, subsequently

solving the nondimensional contact angle condition (3.4.7) for the remaining un-

known; the contact line position, R0. We assessed how the contact line position

varies with both the centrifugal number, ϕ, and the Bond number, G, clearly

presenting the parameter space in which physical equilibrium solutions exist and

discussing the trends as each parameter is varied. The key result is that for each

Bond number there is a corresponding maximum value of ϕ below which solu-

tions are possible. In terms of physical parameters, each volume has a maximum

rotation rate beyond which no equilibrium solution is possible.
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Linear stability analysis of

equilibrium solutions

The aim of performing the linear stability analysis is to understand the conditions

for instability of a prescribed perturbation to the equilibrium solutions described

in § 3.4, that is, whether the perturbation grows or decays in time. Specifically, we

discuss how varying the nondimensional rotation speed, ϕ, and the Bond number,

G, affects the growth rates of each mode, determining the dominant mode of

instability in different limits of the capillary number, C.

4.1 Modelling

4.1.1 Eigenvalue equation

In § 3.3 we derived the thin film equation (3.3.7) and appropriate boundary condi-

tion under a lubrication approximation. The resultant evolution equation involves

only the free surface shape z = h(r, φ, t). We consider a small perturbation to

the equilibrium solutions where the free surface, contact line and contact an-

gle deform as h = h0(r) + ϵh1(r, φ, t) + O(ϵ2), R = R0 + ϵR1(φ, t) + O(ϵ2) and

θ = θ0+ϵθ1(φ, t)+O(ϵ2), respectively, where ϵ≪ 1 is the size of the perturbation.

During this analysis all perturbation quantities have the subscript 1. We take
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m = 3 m = 4 m = 5

m = 2m = 1m = 0

FIGURE 4.1: Plots of the contact line for different perturbations m = 0, 1, 2, ..., 5
when ϵ = 0.1 and R0 = 1, indicated in dashed black lines.

normal modes so that

h(r, φ, t) = h0(r) + ϵh1(r)e
imφ+σmt, (4.1.1)

R(φ, t) = R0 + ϵR1e
imφ+σmt, (4.1.2)

θ(φ, t) = θ0 + ϵθ1e
imφ+σmt (4.1.3)

for wavenumber, m ∈ N, and associated growth rate, σm ∈ C. Figure 4.1 shows

the perturbation to the contact line (4.1.2) for wavenumbers m = 0, 1, 2, ..., 5 in

red compared to the linearised contact line at r = R0 which is shown with a black

dashed line.

Note, the stability of this linear system depends on the sign of the real part of

this frequency, ℜ(σm). The imaginary part, ℑ(σm), corresponds to precession of

modes, meaning rotation about the r = 0 axis within the rotating frame. Given

that we have scaled out the Coriolis force terms which account for this effect by

taking Ek → ∞, we might expect the eigenvalues to be purely real. Substituting

the perturbed free surface (4.1.1) into the evolution equation (3.3.7) gives a fourth
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order linear eigenvalue equation at O(ϵ)

L2[L1(h1)] = Cσmh1, (4.1.4)

where the linear operators L1 and L2 are defined as,

L1[Φ] =

[
d2

dr2
+

1

r

d
dr

− m2

r2
−G

]
Φ, (4.1.5)

L2[Φ] = −
[{

1

3
h30 +

α

3
h0

}
d2

dr2
+

1

r

(
r

{
1

3
h30 +

α

3
h0

})′ d
dr

− m2

r2

{
1

3
h30 +

α

3
h0

}]
Φ,

(4.1.6)

respectively.

4.1.2 Velocity perturbation

When deriving the thin film equation in § 3.3, we found an expression for the

fluid velocity (3.3.6). Substituting in the free surface perturbation (4.1.1) and

simplifying using the ODE for the equilibrium free surface shape (3.4.4), gives

uH = − ϵ

C

{
z2

2
− h0z −

α

3

}
∇H

([
h′′1 +

h′1
r

−
(
m2 +Gr2

) h1
r2

]
eimφ+σmt

)
.

(4.1.7)

Recall that the notation, uH , denotes the velocity in the radial and azimuthal

directions so that uH = ur̂ + vφ̂, while u is the velocity including the axial

component, u = uH + wẑ = (u, v, w). The horizontal velocity, uH , given by

(4.1.7), is an O(ϵ) quantity, consistent with a perturbation from the hydrostatic

equilibrium solution, u0 = 0. Hence, we posit u = ϵu1(r, z)e
imφ+σmt, where u1 is

the perturbed velocity, giving the radial and azimuthal velocity components

u1(r, z) = −C−1

{
z2

2
− h0z −

α

3

}
L′

1[h1], (4.1.8)

v1(r, z) = −C−1 im
r

{
z2

2
− h0z −

α

3

}
L1[h1], (4.1.9)

respectively. The linear operator L1 is defined as above (4.1.5). The axial velocity

component, w1(r, z), is determined using the incompressibility condition (3.2.28)
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subject to the no-penetration boundary condition (3.2.29) (c),

w1(r, z) =
z

C

(
z2

6
− h0z

2
− α

3

)(
L2

1(h1) +GL1[h1]
)
− h′0

2C
z2L′

1[h1], (4.1.10)

where the notation L2
1[Φ] = L1 (L1[Φ]). Notice that both the horizontal velocity

components (4.1.8, 4.1.9) are non-zero at the linearised contact line, r = R0, z = 0,

due to choosing the Greenspan slip law (3.2.29) (a, b).

4.1.3 Boundary conditions

The fourth order linear eigenvalue equation (4.1.4) requires four boundary condi-

tions to calculate the growth rate, σm for a given wavenumber, m. The remaining

conditions to satisfy at O(ϵ) are the contact (3.2.32 (a), contact angle (3.2.32) (b),

Tanner (3.2.33), contact line kinematic (3.2.34), differentiability (3.2.35), regular-

ity (3.2.36) and volume (3.2.37) conditions. We will show that these remaining

boundary conditions can be reduced to the number required to find the eigenvalue,

σm.

Substituting the perturbed free surface (4.1.1), contact line (4.1.2) and contact

angle (4.1.3), into the contact and contact angle conditions (3.2.32) give

h′0(R0)R1 + h1(R0) = 0, θ1 = −R1h
′′
0(R0)− h′1(R0) (4.1.11)

at O(ϵ), respectively. Recalling that the contact angle condition (3.2.32) (b) gives

h′0(R0) = −1 at leading order in ϵ, we eliminate R1 between the contact and

contact angle conditions giving a combined boundary condition at the linearised

contact line position, R0,

θ1 = −h′′0(R0)h1(R0)− h′1(R0), (4.1.12)

provided that R1 ̸= 0. The contact condition at O(ϵ) (4.1.11) (a), is simplified by

the equilibrium contact angle condition (3.4.7) so that

R1 = h1(R0). (4.1.13)

Since we require R1 ̸= 0, without loss of generality we can normalise solutions by
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choosing R1 = 1, redefining the perturbation quantity ϵ to be set by the size of

the contact line perturbation. We retain R1 within the equations for clarity.

A consequence of the Tanner law (3.2.33) the contact line can both advance and

recede depending on the contact angle. Furthermore, the Tanner law (3.2.33) can

be linearised about the equilibrium contact angle, θ0 = 1. Substituting the normal

mode perturbation for the contact line (4.1.2) and contact angle (4.1.3) gives the

O(ϵ) Tanner law at the unperturbed contact line r = R0, z = 0,

σmR1 = qθ1. (4.1.14)

Substituting into the combined contact and contact angle condition (4.1.12) elim-

inates θ1, leaving,

σmh1(R0) = −q {h′′0(R0)h1(R0) + h′1(R0)} , (4.1.15)

again provided R1 ̸= 0. The above boundary condition (4.1.15) is formed of the

contact (3.2.32) (a), contact angle (3.2.32) (b) conditions and the Tanner (3.2.33)

law, and will be subsequently referred to as the combined Tanner law.

The contact line kinematic condition (3.2.34) at O(ϵ) simplifies to

σmR1 = u1(R0, 0), (4.1.16)

where the radial velocity at the contact line is given by (4.1.8), so that

u1(R0, 0) =
α

3C

[
h′′′1 +

1

r
h′′1 −

(
1 +m2 +Gr2

) h′1
r2

+ 2m2h1
r3

] ∣∣∣∣
r=R0

. (4.1.17)

Substituting (4.1.17) into the contact line kinematic condition (4.1.16) shows that

the contact line kinematic condition is exactly the eigenvalue equation (4.1.4)

evaluated at the linearised contact line, R0. When α = 0, corresponding to no-slip

boundary conditions, the radial contact line velocity is zero so that by the contact

line kinematic condition R1 = 0, meaning the contact line is pinned. Subsequently,

the Tanner law (4.1.14) gives θ1 = 0 so that the contact angle remains constant.

Hence, if the contact line velocity is zero the combined Tanner law (4.1.15) can

no longer be applied and are replaced with (4.1.11) with R1 = θ1 = 0 so that

h1(R0) = 0, h′1(R0) = 0. Since in this case the contact line cannot move from its
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linearised position at r = R0 all modes are unconditionally stable. Interestingly,

imposing Navier slip conditions at the contact line so that u = βuz, v = βvz

also results in the radial contact line velocity being zero, meaning the contact

line cannot move. Previous analysis by McKinley and Wilson [43] neglected this

fact, assuming that the perturbation to the contact line, R1, was non-zero and

deriving a boundary condition equivalent to (4.1.15). In summary, the contact

line kinematic condition (4.1.16) is not required as a boundary condition since

it replicates (4.1.4) at the contact line, but does provide important justification

for the use of the Greenspan slip law (3.1.7) showing that the radial contact line

velocity cannot be zero.

The volume conservation condition (3.2.37) under the perturbation to both the

free surface (4.1.1), and the contact line (4.1.2) gives

Vf = 2π

∫ R0

0

rh0(r) dr

+ ϵ

∫ 2π

0

eimφ+σmt dφ
∫ R0

0

{
rh1(r) +

2R1

R0

rh0(r) +
R1

R0

r2h′0(r)

}
dr. (4.1.18)

The volume conservation (4.1.18) and other remaining boundary conditions de-

pend on the wavenumber, m, and are considered as separate cases; specifically,

whether perturbations are axisymmetric or not.

4.1.3.1 Non-axisymmetric perturbations

For wavenumbers, m = 1, 2, ..., the integral∫ 2π

0

eimφ+σmt dφ =
eσmt

im

[
(e2πi)m − 1

]
= 0, (4.1.19)

so that the O(ϵ) volume conservation condition (4.1.18) is satisfied automatically.

The remaining boundary conditions are at the origin r = 0, where the eigenvalue

equation (4.1.4) is subject to the O(ϵ) differentiability condition (3.2.35), and the

velocity regularity (3.2.36) condition. The differentiability condition at O(ϵ) is

h′1(0) = 0, (4.1.20)

provided that m ̸= 1. When m = 1, the perturbation is a translation of the fluid

69



Chapter 4: Linear stability analysis of equilibrium solutions

so that the the centre of mass is not on the axis of rotation, shown in figure 4.1,

meaning at r = 0 we do not necessarily require h1 to have zero slope.

The velocity regularity condition (3.2.36) states that magnitude of the velocity

along r = 0 is finite, that is, each of the O(ϵ) velocity components (4.1.8)–(4.1.10)

are finite along r = 0. Each velocity component is a function of L1 (4.1.5) and

therefore for the velocity to be regular, L1(h1) and its derivative must be finite at

r = 0. Hence, solutions must behave like rm when r is small. Substituting this

form into the O(ϵ) velocity components (4.1.8)–(4.1.10) gives

u1(r, z) = kmC
−1

(
z2

2
− h0z −

α

3

)
mGrm−1, (4.1.21)

v1(r, z) = kmC
−1

(
z2

2
− h0z −

α

3

)
imGrm−1, (4.1.22)

w1(r, z) = km
z2

2C
mGrm, (4.1.23)

respectively, where km are constants. The axial equation has been simplified using

h′0(r) ∼ r when r ≪ 1. Taking the limit as r → 0 of each of these equations shows

that the regularity condition is satisfied for each positive wavenumber. Further-

more, when m = 2, 3, 4, ..., corresponding to perturbations in which the centre of

mass lies on the origin, each velocity component is zero along r = 0. Therefore,

the boundary conditions imposed on h1 reflect the rm behaviour close to the origin

so that the non-axisymmetric boundary conditions at r = 0 are taken as

m = 1 : h1(0) = 0, h′′1(0) = 0, h′′′1 (0) = 0, (4.1.24)

m = 2 : h1(0) = 0, h′1(0) = 0, h′′′1 (0) = 0, (4.1.25)

m ⩾ 3 : h1(0) = 0, h′1(0) = 0, h′′1(0) = 0. (4.1.26)

4.1.3.2 Axisymmetric perturbations

If m = 0, corresponding to axisymmetric perturbations, the integral condition

(4.1.18) is not satisfied automatically, and as a result we must impose∫ R0

0

rh1(r) dr = 0, (4.1.27)
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to satisfy volume conservation. The remaining two conditions in addition to the

combined contact and contact angle condition (4.1.15) and the above volume con-

dition (4.1.27), are the differentiability condition (4.1.20) and a further symmetry

condition

h′′′1 (0) = 0. (4.1.28)

4.1.3.3 Summary

To summarise, to solve the eigenvalue equation (4.1.4) we require four bound-

ary conditions to find the eigenfunction, h1(r), and the eigenvalue, σm, which

determine the linear stability of the system. One boundary condition is always

the combined Tanner law (4.1.15), while the remaining three boundary conditions

depend on the wavenumber, which are summarised below

m = 0 : h′1(0) = 0, h′′′1 (0) = 0,

∫ R0

0

rh1(r) dr = 0, (4.1.29)

m = 1 : h1(0) = 0, h′′1(0) = 0, h′′′1 (0) = 0, (4.1.30)

m = 2 : h1(0) = 0, h′1(0) = 0, h′′′1 (0) = 0, (4.1.31)

m ⩾ 3 : h1(0) = 0, h′1(0) = 0, h′′1(0) = 0. (4.1.32)

The resultant solutions are normalised using the contact condition (4.1.13), where

without loss of generality we can choose R1 = 1.

4.2 Quasi-steady limit, C = 0

First we will consider solutions in the limit C → 0, corresponding to a flow where

surface tension dominates viscous drag. Under this assumption the contact line

speed, κ, is zero, so that the Tanner law (3.2.33) gives Rt = 0 and the contact

line is pinned so the system remains in equilibrium. Therefore, taking C = 0

before deriving the combined Tanner law (4.1.15) gives a qualitatively different

set of boundary conditions. We consider the model discounting the assumption

that R1 ̸= 0 and calculate the growth rate, σm through the combined Tanner

law (4.1.15). In the limit C → 0 the eigenvalue is removed from the eigenvalue
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equation (4.1.4) and we are left with a differential equation for h1(r)

L2 [L1(h1)] = 0, (4.2.1)

where the linear operators L1,L2 are defined in § 4.1.1. The differential equation

(4.2.1) is subject to the combined Tanner law (4.1.15) and appropriate set of

boundary conditions (4.1.29)–(4.1.32), depending on which wavenumber, m, is

under consideration. The solution, h1(r), is then normalised using the contact

condition (4.1.13). Note that the growth rate, σm, only appears in the combined

Tanner law (4.1.15).

4.2.1 Axisymmetric perturbations

First we will consider the solutions to the eigenvalue equation (4.1.4) under ax-

isymmetric perturbations where m = 0. We require nontrivial solutions to the

differential equation (4.2.1) which, when both C = 0 and m = 0, reduces to

0 = h′′′1 +
1

r
h′′1 −

1

r2
h′1 −Gh′1 (4.2.2)

subject to the boundary conditions (4.1.15, 4.1.29, (4.1.13)). Similarly to § 3.4,

solutions depend on whether the Bond number is zero, so that the general solutions

in each case are

h1(r) =

{
c1I0(

√
Gr) + c2K0(

√
Gr) + c3, G > 0 (4.2.3a)

c1r
2 + c2 log r + c3. G = 0 (4.2.3b)

In each case the differentiability condition (4.1.29) (a) requires that c2 = 0, and

as a result the symmetry condition (4.1.29) (b) is automatically satisfied. The

remaining two constants of integration are determined by the integral condition

(4.1.29) (c) and the contact condition (4.1.13). Hence, the solutions of (4.2.2)

satisfying (4.1.29) (a)–(c), and the contact condition (4.1.13) are

h1(r) =


R1

R0

√
GI0(

√
Gr)− 2I1(

√
GR0)

R0

√
GI0(

√
GR0)− 2I1(

√
GR0)

, G > 0, (4.2.4a)

R1

[
2

(
r

R0

)2

− 1

]
, G = 0. (4.2.4b)
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Finally, using the combined Tanner law (4.1.15) we determine the growth rate of

the m = 0 mode, denoted σ0, so that

σ0 =


−q

[
h′′0(R0) +

R0GI1(
√
GR0)

R0

√
GI0(

√
GR0)− 2I1(

√
GR0)

]
, G > 0, (4.2.5a)

−q
[
h′′0(R0) +

4

R0

]
, G = 0, (4.2.5b)

respectively, where R1 ̸= 0 has been cancelled throughout. Therefore, given a

set of nondimensional parameters, ϕ, G we calculate the equilibrium contact line

position, R0, and free surface, h0(r), defined by (3.4.9a, 3.4.9b) and subsequently

calculate the growth rate of the axisymmetric mode (4.2.5a, 4.2.5b).

4.2.2 Non-axisymmetric perturbations

When considering non-axisymmetric perturbations, for wavenumbersm = 1, 2, 3, ...,

the eigenvalue equation (4.1.4) again simplifies to an ODE of lower order when

avoiding trivial solutions, in this case where L1(h1) = 0,

0 = h′′1 +
1

r
h′1 −

(
m2

r2
+G

)
h1, (4.2.6)

which we solve subject to the regularity condition h1(0) = 0, and the contact

condition (4.1.13). The general solution is therefore

h1(r) =

{
c1Im(

√
Gr) + c2Km(

√
Gr), G > 0, (4.2.7a)

c1r
m + c2r

−m, G = 0, (4.2.7b)

where Im and Km are mth order modified Bessel functions of the first and second

kind, respectively. The regularity condition h1(0) = 0 determines that c2 = 0

in both cases, and as a result both solutions exhibit the required behaviour that

h1 ∼ rm as r → 0 to satisfy each velocity regularity condition (3.2.36) and, if

appropriate when m = 2, 3, 4, ..., the differentiability condition (4.1.20). Applying
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the contact condition (4.1.13) normalises the solutions so that

h1(r) =


R1

Im(
√
Gr)

Im(
√
GR0)

, G > 0, (4.2.8a)

R1

(
r

R0

)m

, G = 0. (4.2.8b)

Subsequently, using the combined Tanner law (4.1.15) determines the growth rate

of each mode,

σm =


−q

[
h′′0(R0) +

√
G

Im+1(
√
GR0)

Im(
√
GR0)

+
m

R0

]
, G > 0, (4.2.9a)

−q
[
h′′0(R0) +

m

R0

]
, G = 0. (4.2.9b)

In both cases the sign of h′′0(R0) is unconditionally negative within the parameter

space where physical equilibrium solutions exist.

4.2.3 Results

Recall that, for each wavenumber m = 0, 1, 2, ..., the real part of the frequency,

ℜ(σm), determines the linear stability of this system; if ℜ(σm) > 0 the perturbation

grows in time and the system is linearly unstable, while if ℜ(σm) < 0 perturbations

decay in time and the system is linearly stable. We find that σm ∈ R as expected

due to the lack of the Coriolis force in the lubrication theory meaning there is no

precession of modes within the rotating frame of reference.

Figures 4.2 (a)–(c) show the how the growth rate, σm, of each wavenumber m =

0, 1, 2, ..., 6 varies with the Bond number, G, for three different values of the cen-

trifugal number, ϕ, while figures 4.2 (d)–(f) show the growth rates as ϕ is varied

for different values of G. Each of the figures 4.2 were produced using the Tanner

exponent, q = 1.

Figure 4.2 (a) shows that when no rotation occurs where ϕ = 0, the m = 1 mode

is neutrally stable. The m = 1 perturbation corresponds to a translation of the

fluid away from the axis r = 0, as shown in figure 4.1. Therefore, when ϕ = 0

this translation has no effect and the system remains in equilibrium, centered at

a different point. Furthermore, we see that when no rotation occurs all modes
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FIGURE 4.2: Growth rates in the C = 0 limit for each wavenumber m = 0, 1, 2, ..., 6
given by (4.2.5a, 4.2.5b, 4.2.9a, 4.2.9b). Figures (a)–(c) show growth rates as the
Bond number G is varied for ϕ = 0, 2, 3.5, respectively. Figures (d)–(f) show the
growth rates as the centrifugal number, ϕ, is varied for G = 0, 1, 30, respectively.
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are linearly stable and cannot be destabilised by increasing the Bond number. In

terms of dimensional parameters; increasing the volume does not destabilise the

stationary system.

In each of figures 4.2 (b)–(c), when ϕ > 0, we observe that increasing the Bond

number has a destabilising effect so that higher wavenumbers become unstable

sequentially. This can be physically justified since larger wavenumbers have shorter

wavelengths and hence larger curvature, so feel more effect due to surface tension.

Therefore, larger wavenumbers require a greater gravitational effect to overcome

the surface tension and hence a greater Bond number and so each mode becomes

unstable sequentially. Notice that for m = 1, 2, 3, ..., the growth rates never cross

each other and in each figure we see that the m = 1 mode, corresponding to a

droplet translated off the axis off rotation, is always unstable when ϕ > 0, and is

unconditionally the most unstable mode when C = 0. When the Bond number is

large the m = 0 mode becomes the most stable.

The growth rate of an unstable mode m = 2, 3, 4, ... can rise to a maximum with

G, so that increasing the Bond number further has a stabilising effect, where σm
decreases as G increases. This is particularly visible in the m = 2 mode in figure

4.2 (b) where a maximum occurs at G ≈ 30. The Bond number at which the

maximum occurs increases with wavenumber and decreases with ϕ. In figures

4.2 (b)–(c) we see that growth rates of the m = 1 mode decrease as G increases

up to its maximum value in the parameter space.

When the centrifugal number is beyond its critical value we enter the region where

multiple solutions for R0 exist, shown in figure 3.4 (a, b) in the darker shade of grey.

Figure 4.2 (c) shows that within this region of the parameter space that the upper

branch of solutions is always more unstable than the lower branch. Specifically, we

see that axisymmetric perturbations are linearly stable on the lower branch and

linearly unstable on the upper branch, meaning that the point (ϕm, R0c) defined

in § 3.4 is a saddle-node bifurcation point. This is shown more clearly in figures

4.2 (d)–(f) where the m = 0 mode always cross σm = 0 at the maximum value of

ϕ possible for a given Bond number, G.

Figure 4.2 (d) shows the eigenvalues in the case that G = 0 (4.2.5b, 4.2.9b). We

observe that the growth rates of the m = 0 and m = 4 mode are identical in this

special case but not when G > 0. This is visible in figures 4.2 (a)–(c) where the
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m = 0 and m = 4 growth rates converge at G = 0, and also in figures 4.2 (e)–(f)

where the two lines are distinct. Furthermore, when G = 0 notice that the m = 5

mode reaches neutral stability at the point (ϕc, R0m); the point where solutions

become unphysical, but when G > 0 this is not the case. The results when G = 0

are equivalent to the findings of McKinley and Wilson [43], who reported the same

features when G = C = 0. Boettcher and Ehrhard [44] reported similar findings

when G = 1× 10−3.

In each of the figures 4.2 (d)–(f) notice that the growth rates as ϕ is varied for

constant G look qualitatively the same, with the modes m = 1, 2, 3, ... becoming

sequentially unstable as ϕ is increased. This is expected since larger values of ϕ

correspond to greater rotation rates, and hence a greater destabilising force. A key

point is that in each case the growth rates of modes m = 1, 2, 3, ... at any fixed ϕ

and G are in order of wavenumber. Specifically, crossing of growth rates for modes

m = 1, 2, 3, ... only occurs when the solutions corresponding to the upper branch

of one mode crosses the lower branch of another, meaning again that the m = 1

mode is always dominant. Again we see that for larger G that the axisymmetric

mode, m = 0, becomes the most stable for all values of values of ϕ.

Considering the growth rates (4.2.5a, 4.2.5b, 4.2.9a, 4.2.9b) we see in all cases

that q is a multiplier of the growth rate and so does not affect the stability in the

C = 0 limit, only the magnitude of σm.

4.3 Neutral stability

When considering the neutral stability of each mode, irrespective of the value of

C the solutions for the perturbed free surface, h1(r), is given by solving the same

ODE as when C = 0, (4.2.1), subject to the same boundary conditions associ-

ated with a given wavenumber (4.1.29)–(4.1.32). Hence, solutions for h1(r) along

neutral stability curves will be identical as those in the axisymmetric and non-

axisymmetric quasi-steady cases presented in § 4.2. The neutral stability curves

of each mode are given by substituting solutions for the perturbed free surface,

h1(r), (4.2.4a, 4.2.4b, 4.2.8a, 4.2.8b) into the combined Tanner law (4.1.15) and

contouring at σm = 0. Notice that the solutions for h1(r) are independent of the

slip length, α and also the Tanner exponent, q and therefore, the neutral stability
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(a) (b)

FIGURE 4.3: Neutral stability curves plotted within in each of the (a) G−ϕ and (b)
G−R0 parameter spaces for wavenumbers (a) m = 0, 1, 2, ..., 7, (b) m = 0, 1, 2, ..., 8.

curves are independent of the capillary number, C, the slip length, α, and the

Tanner exponent, q.

Figure 4.3 shows the neutral stability curves plotted in the parameter space as

in figure 3.4, where the area above a curve indicates instability of the labelled

wavenumber. Immediately from each figure we see that the axisymmetric mode,

m = 0, lies on top of the bifurcation point (ϕm, R0c) where the centrifugal number,

ϕ, is at its maximum. Therefore, we find that this point in parameter space is

indeed a saddle node bifurcation point, where the upper branch of solutions as

in figure 3.3 is linearly unstable, while the lower branch linearly stable. This is

equivalent to the analysis of axisymmetric perturbations of equilibrium solutions

performed by McKinley et al [42], who also showed a saddle-node bifurcation at

the maximum rotation rate in a different nondimensional regime.

In each figure we see that the m = 1 mode, where the contact line is translated

off the axis of rotation, is always unstable throughout the parameter space if any

rotation is included. Hence, the neutral stability curve is simply ϕ = 0, and

therefore also where R0 is minimum, as seen in figure 4.3 (b) where the m = 1

mode is the lower bound of the G − R0 parameter space. In figure 4.3 when

the Bond number, G, is increased for fixed ϕ each mode successively becomes

unstable; as described in § 4.2 this is due to larger wavenumbers being subject to

a greater effect due to surface tension. As the centrifugal number, ϕ, increases

for fixed G each mode becomes successively unstable and higher modes can only

become unstable for sufficiently large G. Again, an interpretation of this was
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described in § 4.2 where it is argued that as the wavenumber is increased a greater

centrifugal number is required to overcome the additional surface tension effects

due to curvature, leading to greater wavenumbers becoming successively unstable

for greater centrifugal numbers.

Each neutral stability curve for m ̸= 1 decreases with G in figure 4.3 (a), meaning a

lower centrifugal number, ϕ, is required to destabilise that mode. In terms of physi-

cal parameters, larger droplets require lower rotation rates for higher wavenumbers

to become unstable in qualitative agreement with the experimental observations

of chapter 2. We see that in each figure 4.3 (a, b) that the neutral stability curves

of the m = 0 and m = 4 modes meet when G = 0 due to the growth rates,

σ0 (4.2.5b), and σ4 (4.2.9b) being identical when G = 0. The neutral stability

curves in figure 4.3 (a) in the G− ϕ space only cross in the region where multiple

solutions exist for the same combination of (ϕ,G), indicated by a darker shade of

grey. Interestingly, when G = 0 and R0 is maximum, the m = 5 mode is neutrally

stable and meets the lower branch of the m = 3 mode at this point in the solution

space as shown in figure 4.2 (d).

4.4 General case, C > 0

We now consider the general case where C > 0 given by the eigenvalue equation

(4.1.4) subject to the appropriate boundary conditions defined in § 4.1.3, depend-

ing on the wavenumber, m. The eigenvalue problem is solved numerically in all

cases using a finite difference approximation to discretise the eigenvalue equation

and boundary conditions and solve for the eigenfunction, h1(r), and the eigen-

value, σm, for a given set of nondimensional parameters, ϕ, G, C a wavenumber,

m, and a slip length α. The boundary conditions used depend on the wavenum-

ber, m, and are given by (4.1.29)–(4.1.32). The generalised eigenvalue problem

Ah1 = σmBh1, is constructed from the eigenvalue problem (4.1.4) when C > 0.

When, m = 1, 2, 3, ..., A and B are N × N matrices, where N is the number of

uniformly spaced grid points. In the axisymmetric case when m = 0, A and B

are 2N × 2N matrices, since we must couple the system with the integral condi-

tion (4.1.27). Further detail on the finite difference discretisation is presented in

appendix B
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(a) (b)

(c) (d)

FIGURE 4.4: Normalised eigenvector h1(r), plotted on regular and log-log axes for
G = 10, ϕ = 2, C = 0.01, q = 1 and α = 1 × 10−4, plotted for (a, b) m = 0, (c, d)
m = 1, 2, ..., 6.

Figures 4.4 (a, c) show the eigenvectors, h1(r), when G = 10, ϕ = 2, C = 0.01,

q = 1 and the slip parameter, α = 1× 10−4, for (a) m = 0 and (c) m = 1, 2, ..., 6.

The contact angle condition at leading order in ϵ, (3.4.10a), gives that R0 =

1.33, and the equilibrium solution, h0(r), is presented in figure 3.2 (b). Figures

4.4 (b, d) show the same eigenfunctions, h1(r), plotted on logarithmic axes. In

the axisymmetric case where m = 0, h1(0) < 0 due to volume conservation, figure

4.4 (b) shows the difference in the eigenvector from its value at r = 0, h1(r)−h1(0).
We see that the solution close to r = 0 behaves like r2, as shown by the linear

relationship between values of r and h1(r) when plotted using logarithmic axes,

with gradient equal to 2. In the C = 0 limit we see the same behaviour, since
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when r ≪ 1 (4.2.4a, 4.2.4b) become

h1(r)− h1(0) =


1

4

R1R0G
3/2

√
GR0I0(

√
GR0)− 2I1(

√
GR0)

r2 +O(r4) G > 0, (4.4.1a)

2R1

R2
0

r2, G = 0. (4.4.1b)

Hence, the behaviour near the origin for the axisymmetric eigenfunction is consis-

tent with the findings in figure 4.4.

Figure 4.4 (c, d) show the eigenfunction in each case where m = 1, 2, ..., 6. We

observe that near the origin, the solutions behave like rm, with each eigenfunction

showing a linear relationship between values of r and h1(r) with gradient equal to

the wavenumber when plotted on a logarithmic axis in figure 4.4 (d). To further

illustrate the behaviour near the origin, we consider the series expansion about

r = 0 of the eigenvalue equation (4.1.4) satisfying h′1(0) = 0 due to differentiability

(4.1.20) when m = 2, 3, 4, ...

h1(r) =
∞∑
n=0

knr
n, (4.4.2)

so that k1 is equal to zero. Forcing the coefficients of each power of r present in the

expansion of (4.1.4) to be zero, we find that all coefficients kn = 0 for 0 ⩽ n < m

and m > 1, so that

h1(r) ∼ kmr
m +O(rm+1) (4.4.3)

near the origin, agreeing with the numerical results in figure 4.4 (d). When m = 1

we find that k0 = 0 while k1 ̸= 0. Therefore our numerical solutions satisfy the

required velocity regularity condition (3.1.12) as argued in § 4.1.3.

Figures 4.5 (a)–(c) show how the eigenvalues vary, for each wavenumber m =

1, 2, ..., 6, as G is increased for ϕ = 0, 2, 3.5, the same values as used in figures

4.2 (a)–(c), but when the capillary number, C = 1 so that viscous drag and sur-

face tension are balanced. Figure 4.5 (a) shows the stationary case in which no

rotation occurs and similarly to the solutions when C = 0, we again see that each

mode is stable as σm ⩽ 0 for all G. The trend in the eigenvalues is qualitatively

similar to that shown in figure 4.2 (a) when C = 0, but the numerical value of the

growth rates has decreased significantly. Figures 4.5 (b, c) show the eigenvalues

as the Bond number, G, is varied for non-zero centrifugal number, ϕ > 0. We see
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FIGURE 4.5: Eigenvalues of first seven wavenumbers, m = 1, 2, ..., 6 for α = 1×10−6

and C = 1 as (a)–(c) G is varied for different values of ϕ and (d)–(f) as ϕ is varied
for different values of G.

82



C
h
a
pt

er
4:

L
in

ea
r

sta
bilit

y
a
n
a
ly

sis
o
f

eq
u
ilibr

iu
m

so
lu

t
io

n
s

(a) (b) (c)

(d) ( f )(e)

FIGURE 4.6: Thresholds where the most unstable modes changes for varying capil-
lary number within both (a)–(c) the G− ϕ and (d)–(f) the G−R0 parameter spaces
when α = 1× 10−4.
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that each mode becomes unstable sequentially, as shown by the neutral stability

plots in figure 4.3. Similarly to when C = 0, σm can rise to a maximum and then

decrease, meaning a slower growth rate above a critical point. In figures 4.2 (b, c),

we saw the same behaviour when C = 0, but saw that eigenvalues of wavenumbers

m = 1, 2, 3, ... cannot cross, resulting in m = 1 as always the most unstable, or

dominant, mode. When C > 0, eigenvalues can cross, allowing higher wavenum-

bers to become dominant sequentially, which is particularly visible in figure 4.5 (c).

Furthermore, comparing figures 4.5 (b, c) indicates that increasing the centrifugal

number, ϕ causes eigenvalues of each mode to be more unstable for the same Bond

number, G.

Figures 4.5 (d)–(f) show the numerical eigenvalues when C = 1 as ϕ is varied for

different values of G. In each figure we see that the eigenvalues of each mode in

general become more unstable as the centrifugal number, ϕ, is increased. This is

expected since larger values of ϕ correspond to of greater rotation rates, and hence

a greater destabilising force. Hence, as the wavenumber is increased a greater

centrifugal number is required to overcome the additional surface tension due to

curvature. Perhaps surprisingly, we observe that the added capillary effects lead

to growth rates decreasing as ϕ is increased. In figures 4.5 (d)–(f) the m = 1 mode

grows to a maximum and subsequently decreases until ϕ = ϕc. This behaviour was

observed experimentally for each volume considered in chapter 2. Furthermore,

in contrast to the findings in § 4.2, notice that in each of figures 4.5 (d)–(f) in the

region where multiple physical solutions of the contact angle condition (3.4.10a,

3.4.10b) exist, the lower branch of solutions is more unstable than the upper

branch. This is also the case for the m = 2 mode in figure 4.5 (f). Furthermore,

when G = 0, the result in the quasi-steady limit that σ0 = σ4 is lost. This is

shown in figure 4.5 (d), where ϕ is varied and the eigenvalues for m = 0 and

m = 4 are distinct, in contrast to figure 4.2 (d) where these growth rates are

identical one another when C = 0. Overall, we find that increasing ϕ allows

higher wavenumbers, starting from m = 1, to sequentially become the dominant

mode.

Note that, as predicted by the analytical solutions when C = 0, the point of neutral

stability of the axisymmetric mode is exactly at the point (ϕm, R0c), where ϕ is

maximum. This can be seen on each of figures 4.5 (d)–(f) as the m = 0 mode

crosses σm = 0 tangent to the dashed line, indicating the maximum value of ϕ.
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More specifically, by comparing figures 4.2 (a)–(f) to figures 4.5 (a)–(f) we recover

the result from § 4.3 that the neutral stability of the system is independent of the

capillary number, C, as each line crosses σm = 0 at the same point in like-for-like

figures.

In § 4.2 we noted that figures 4.2 (a)–(f) show that when C = 0 the m = 1 mode

is always the most unstable. In contrast, figures 4.5 (a)–(f) show that when the

capillary number is larger, as either of ϕ or G are increased the dominant mode

increases sequentially from m = 1. Figures 4.6 (a)–(c) show plots of the dominant

mode within the G− ϕ parameter space for three different values of the capillary

number, C, while figures 4.6 (d)–(f) show the same thresholds in G−R0 parameter

space. In each figure the area above the labelled curve is the region of parameter

space which that respective mode is the most unstable. The m = 1 contour in

figures 4.6 (a)–(c) lies at ϕ = 0, and in (d)–(f) on the minimum R0. As the

capillary number, C, is decreased, the area of G− ϕ space for which m = 1 is the

dominant mode increases, until the m = 1 mode dominates the parameter space

when C = 0. Furthermore, increasing C allows for higher modes to dominate

within the same G − ϕ parameter space. Specifically, as C is increased, higher

modes require lower values of ϕ and G to become dominant and therefore the area

where higher modes are unstable is to the upper right of the parameter space. We

also see that the m = 0 is never the most dominant mode in either parameter

space. In each of figures 4.6 (a)–(c), in the G − ϕ parameter space the contours

where the most unstable mode changes are decreasing with G, while in the G−R0

parameter space, shown in figures 4.6 (d)–(f) the contours increase with G. This

can be seen by considering the crossing point of the m = 1 and m = 2 mode

when comparing between figures 4.5 (b, c). When ϕ = 2 the crossing point is

at G ≈ 18, whereas when ϕ = 3.5, the crossing point is at G ≈ 5. In terms of

physical parameters, larger volumes require lower rotation rates in order for higher

wavenumbers to become dominant. This result is supported by the experimental

observations noted in chapter 2.

4.4.1 Comparison to small capillary number limit

When the capillary number is small but finite, corresponding to surface tension

dominating viscous drag, we can compare the numerical eigenvalues, σm, and
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eigenfunctions, h1(r), of the eigenvalue problem (4.1.4), to the analytical solutions

found in § 4.2. Recall that in deriving the combined Tanner law (4.1.15) we assume

that the O(ϵ) contact line position, R1 ̸= 0, and taking C = 0 violates this.

Whereas, the numerical solution for C ≪ 1 is well founded as the contact line

velocity is non-zero meaning that the contact line can move due to the Greenspan

slip law (3.1.7).

The numerical method used to solve the generalised eigenvalue problem Ah1 =

σmBh1 given by (4.1.4) subject to the combined Tanner boundary law (4.1.15)

and further boundary conditions depending on the wavenumber (4.1.29)–(4.1.32)

is described in appendix B. When C = 0, the eigenvalue, σm, only appears in the

Tanner law (4.1.15) and therefore the square matrix B will have a single non-zero

entry. Hence, the case where C = 0 can be solved numerically and the results

compared with the analytical solutions in § 4.2 to verify our numerical method.

Figure 4.7 shows the numerical solutions for h1(r) for centrifugal number, ϕ = 2,

slip parameter, α = 1×10−4, and various values of capillary number, C, and Bond

number, G for wavenumbers, m = 0, 1, 2, ..., 6. On each figure the corresponding

analytical solution for h1(r) when C = 0 (4.2.8a, 4.2.8b) is shown in a black dashed

line. Immediately, from figures 4.7 (a, b, e, f) we see that the numerical solutions

when C = 0 and G = 0, 10 agree well with the analytical solutions derived in

§ 4.2. Figures 4.8 (a)–(c) show the numerical eigenvalues of each wavenumber,

m = 0, 1, 2, ..., 6, as G is varied for ϕ = 2, α = 1 × 10−4 and increasing C across

the three figures. Figures 4.8 (d)–(f) show the numerical eigenvalues for the same

wavenumbers, slip number and capillary number but as ϕ is varied for G = 10.

Once again the analytical solutions when C = 0 from § 4.2 are plotted in dashed

black lines on each figure. We again see in figures 4.8 (a, d) when C = 0 the

numerical eigenvalues show good agreement to the analytical growth rates found

in § 4.2. Hence, both the eigenvalues and eigenfunctions agree with the analytical

solutions when C = 0, verifying the numerical method.

When C = 0.1, figures 4.7 (c, d, g, h) show that the numerical eigenfunctions

differ from the analytical solutions while retaining the rm behaviour near the

origin. This is demonstrated in figures 4.4 (b, d) where the solutions are plotted

using logarithmic axes. In each of figures 4.8 (a)–(f) where C ̸= 0, we see that the

point of neutral stability is independent of C so that for each mode the numerical

and respective analytic growth rates only cross when σm = 0, consistent with
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(a)

(d )(c)

(b)

(e)

(h)(g)

( f )

FIGURE 4.7: Comparisons of the eigenfunction h1 when ϕ = 2, α = 1×10−4, (a)–(d)
m = 0, (e)–(h) m = 1, 2, ..., 6 with the exact analytical solutions when C = 0 and
C = 0.1.
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FIGURE 4.8: Comparison of eigenvalues between the analytical solutions when C =
0, shown in black dashed lines, and numerical solutions, shown in solid lines, for small
capillary numbers. Figures (a)–(c) show the comparison when ϕ = 2 and 0 ⩽ G ⩽ 70
for C = 0, 0.001, 0.01, whereas (d)–(f) show the comparison for the same capillary
numbers when G = 10 and 0 ⩽ ϕ ⩽ ϕm(10).
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the findings in § 4.3. Consequently, in figures 4.8 (b, c, e, f) the eigenvalues are

deflected away from the analytical solution towards the axis σm = 0, with greater

deflection as C increases. We again see that as the capillary number C increases

the growth rates of different wavenumbers m = 1, 2, 3, ... can cross, meaning higher

modes can become dominant.

4.5 Summary

In this chapter we have analysed the linear stability of the equilibrium solutions

found in § 3.4 using the Tanner law, discussed in chapter 1, to model the contact

line dynamics and the Greenspan slip condition [31] in replacement of the classical

no-slip condition. Previous modelling of the same system use a Navier slip law

[42, 43], which leads to a zero contact line speed and a qualitative change in the

boundary conditions, discussed further in § 5.1.

We found analytical solutions for the perturbed free surface, h1(r), in the quasi-

steady limit, C → 0, for different wavenumbers, m, analysing the unexplored cases

when G > 0 and m = 1, 2, 3, ... as well as recovering the solutions of McKinley

et al. [42] where m = 0 and McKinley and Wilson [43] when G = 0, m =

1, 2, 3, .... Subsequently, the growth rates were determined using the combined

Tanner law (4.1.15) and we saw how varying both the centrifugal number, ϕ, and

Bond number, G, affected the growth rates within this limit. The main result

being that in this limit the m = 1 mode is unconditionally dominant provided

ϕ > 0.

We determined that the neutral stability curves are independent of the capillary

number, C, slip length, α, and Tanner exponent, q. Specifically, we found that

the point in the parameter space (ϕm, R0c), where the centrifugal number is maxi-

mum, is a saddle-node bifurcation point with axisymmetric perturbations, m = 0,

being unstable on the upper branch of solutions, and stable on the lower branch.

Furthermore, for non-axisymmetric perturbations m = 1, 2, 3, ... we found that as

both ϕ and G are increased, higher modes become unstable sequentially.

Next we considered the general case where C > 0, where the previously derived

eigenvalue equation was solved numerically using a finite difference scheme. Pre-

vious modelling only consider on the case where G = 0 [43], in § 4.4 novel solutions
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for the case where G > 0 are presented and the differences from previous solutions

are demonstrated. We discussed how varying each parameter affects the eigenval-

ues, seeing that including capillary dynamics allows the dominant mode to change

as both ϕ and G are varied, unlike when C = 0. We found that in the small

capillary limit that the eigenvalues approach the analytical solutions previously

found within the quasi-steady limit.
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Chapter 5

Further analysis and extensions of

linear stability theory

In this chapter we discuss further analysis and three extensions to the modelling

of the linear stability problem detailed in chapter 4. First, in § 5.1 we discuss the

effect of imposing the slip condition (3.1.7) along with alternative slip coefficient

functions. Next, in § 5.2 we assess the linear stability of equilibrium solutions when

an alternative model for the contact angle is employed, namely the fixed contact

angle condition. Following this, in § 5.3 we present an extended model where

previously neglected terms representing the Coriolis effect are now included. We

discuss the linear stability results for this extended model subject to the Tanner

law and fixed contact angle condition, evaluating the quality of the assumption

in neglecting Coriolis terms. Finally, in § 5.4 we discuss axisymmetric, numerical

solutions to the thin film equation (3.3.7) in the quasi-steady limit, comparing the

results to the linear stability analysis presented in § 4.2.

In this chapter the term ‘Tanner model’ refers to the linear stability analysis with

subject to the Tanner law (3.1.10), discussed in § 4.4.

5.1 Slip condition

In this section we justify the imposition of the Greenspan slip law (3.2.29) (a, b).

We consider the local expansion of the eigenvalue equation (4.1.4) to demonstrate

the regularising effect of imposing said slip law in comparison to the classical no-

91



Chapter 5: Further analysis and extensions of linear stability
theory

slip and common Navier slip laws. Finally, we discuss the effect of varying the slip

length, α, on the eigenvalues of the general Tanner model which was discussed in

§ 4.4.

5.1.1 Local expansion

We demonstrate the effect of introducing a slip law (3.2.29) by expanding the

eigenvalue equation (4.1.4) locally about the linearised contact line position, r =

R0. First, we change coordinate system so that

r = R0 + εr̂, h0(r) = εĥ0(r̂), h1(r) = ĥ1(r̂), (5.1.1)

where ε ≪ 1 is different from the perturbation parameter used in the previous

chapter, ϵ. The scaling (5.1.1) is justified since we know in the region surround-

ing r = R0 we have h0(r) ≪ 1 due to the contact boundary condition. Upon

substitution into the eigenvalue equation (4.1.4) the leading order, O(ε−1), gives

0 = αĥ0
d4ĥ1
dr̂4

+ α
dĥ0
dr̂

d3ĥ1
dr̂3

= α
d
dr̂

(
ĥ0

d3ĥ1
dr̂3

)
. (5.1.2)

The equilibrium shape h0(r) approaches zero as r → R0 hence h0(r) ∼ r − R0 .

In our modified coordinate system (5.1.1), ĥ0(r̂) ∼ r̂ and (5.1.2) becomes,

0 = α
d
dr̂

(
r̂
d3ĥ1
dr̂3

)
. (5.1.3)

This has general solution, given in the original coordinate system

h1(r) = a1(r −R0)
2 log(r −R0) + a2(r −R0)

2 + a3(r −R0) + a4, (5.1.4)

where the coefficients, ai, are constants. In the case when α = 0, i.e. the classical

no-slip conditions are applied, the leading order terms of the eigenvalue equation

(4.1.4) are

0 =
1

3
ĥ30

d4ĥ1
dr̂4

+ ĥ20ĥ
′
0

d3ĥ1
dr̂3

, (5.1.5)
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which, following the same procedure as above, admits the general solution,

h1(r) = a1 log(r −R0) + a2(r −R0)
2 + a3(r −R0) + a4. (5.1.6)

Taking the limit as r → R0 demonstrates the effect of imposing the slip law. For

α > 0 the limit of (5.1.4) is zero, whereas, for α = 0 the limit of (5.1.6) is ±∞
depending on the sign of a1, assuming a1 is non-zero. Therefore, the solution close

to the contact line for h1(r) is more regular for the case where slip is imposed,

α > 0, than for the classical no-slip boundary conditions, α = 0.

5.1.2 General slip law

Consider a general slip law,

u = s(h)
∂u

∂z
, v = s(h)

∂v

∂z
. (5.1.7)

The horizontal velocity, uH , analogous to (3.3.6), subject to the slip condition

(5.1.7) is

uH = − ϵ

C

{
z2

2
− (z + s(h0))h0

}
∇H

([
h′′1 +

h′1
r

−
(
m2

r2
+G

)
h1

]
eimφ+σmt

)
.

(5.1.8)

We will consider three cases of the slip function,

s(h) = 0, s(h) = β, s(h) =
α

3h
, (5.1.9)

with each of these boundary conditions common in the literature as discussed in

detail in chapter 1.

At the linearised contact line r = R0, z = 0, the contact condition at leading order

in ϵ is that h0(R0) = 0 and so the coefficient of ∇H( · ) in (5.1.8) is zero, unless

s(h) ∝ 1/h at r = R0. Hence, in the case of no slip and constant slip, the velocity

is zero at the contact line. In contrast, in the third case, where the Greenspan slip

law is used, the contact line velocity can be non-zero, allowing movement. The

contact line kinematic condition at O(ϵ) (4.1.16) is,

σmR1 = u1(0, R0), (5.1.10)
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therefore if the O(ϵ) radial velocity, u1, at the contact line is zero, as in the no-

slip and Navier slip cases (5.1.7) (a, b), the contact line kinematic condition gives

R1 = 0 or σm = 0. If σm = 0 the system is neutrally stable and therefore the

perturbation neither grows or decays. If R1 = 0, the contact line is pinned at

r = R0, with contact angle θ = 1 and remains in equilibrium. Furthermore, if

R1 = 0 the O(ϵ) contact and contact angle conditions (4.1.11) (a, b) become

h1(R0) = 0, h′1(R0) = 0, (5.1.11)

respectively. The eigenvalue equation subject to the general slip law (5.1.7) has

the same form as (4.1.4) but where the linear operator L2 is redefined so that

L2[Φ] =

[
f(h0)

d2

dr2
+

1

r
(rf(h0))

′ d
dr

− m2

r2
f(h0)

]
Φ, (5.1.12)

where the function, f(h), is defined as

f(h) =
h3

3
+ s(h)h2. (5.1.13)

When the appropriate eigenvalue equation (4.1.4) for the no-slip and Navier slip

cases is solved numerically subject to (5.1.11) and suitable regularity conditions

at r = 0, depending on the wavenumber, all eigenvalues are negative, and hence

stable. This is the case for all allowed values of ϕ, G and m. Hence, there is

no benefit in imposing the slip law with constant slip over a no-slip model, since

although it will give a more regular solution at the contact line, the velocity at the

contact line is zero in both cases making instability at the contact line impossible,

and hence all perturbations decay in time. In fact, any slip function which does

not have s(h) ∝ 1/h near r = R0 will cause either a velocity singularity at the

contact line, or zero velocity at the contact line. It is for this reason we chose

(5.1.7) (c) as our slip function throughout.

The effect of choosing the Greenspan slip law is demonstrated when comparing the

eigenvalues and eigenvectors of the linear problem between the chosen Greenspan

slip function (5.1.7) (c) and the no-slip condition (5.1.7) (a). We see that there is

a qualitative change between the shape of the normalised eigenvector, h1(r), from

figures 4.4 (a, c) to figures 5.1 (a, c). Furthermore, the eigenvalue of each mode

is stable when α = 0, whereas for α > 0 eigenvalues can be positive, and the
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(a) (b)

(c) (d)

FIGURE 5.1: Figures (a, c) show the normalised eigenvectors h1(r) when (a) m = 0
and (c)m = 1, 2, ..., 6. Figures (b, d) show a the normalised eigenvector on logarithmic
axes for (b) m = 0 and (d) m = 1, 2, ..., 6. Each eigenvector is calculated using the
parameters G = 10, ϕ = 2, α = 0 and C = 0.01.

system unstable. Therefore, changing only the slip length from α = 1 × 10−6 to

α = 0 produces a significant change in results and stability of the system due to

the difference in boundary conditions. Figures 5.1 (b, d) show that the behaviour

near the origin is retained for each wavenumber. If we overlook that R1 = 0 when

deriving the boundary conditions, then the combined Tanner condition (4.1.15) is

recovered and both the no-slip and Navier slip models are capable of reproducing

qualitatively similar results to those presented in § 4.4, as is done by McKinley

and Wilson [43]. In the cases of different slip laws the eigenvalue equation (4.1.4)

is solved with an appropriate linear operator, L2, defined in (5.1.12).
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FIGURE 5.2: Absolute value of the eigenvalues of the model described in § 4.4 where
the Tanner law is imposed when the slip length α is varied when ϕ = 2, G = 10, C = 1
for wavenumbers m = 1, 2, ..., 6.

5.1.3 Varying the slip length

Next, we can consider how the nondimensional slip length, α, for the Greenspan

slip law (3.2.29) (a, b) affects the eigenvalues when G and ϕ are fixed. The slip

length is a numerically small number, so we consider values less than 0.01. In § 4.3

we established that varying α > 0 cannot alter the stability of a given system,

meaning the neutral stability curves shown in figure 4.3 are independent of the slip

length, α. Furthermore, when α increases, the region in which the slip becomes

significant also increases and therefore we expect that the absolute value of the

eigenvalues increases with α. Figure 5.2 demonstrates this for a specific case when

ϕ = 2, G = 10 for each mode m = 1, 2, ..., 6, when C = 1. We find that this

behaviour is independent of each parameter, ϕ, G and C. Furthermore, we find

that the slip length, α, has a negligible effect on the dominant mode of instability

over the solution spaces, consistent with the analysis of Hocking and Miksis [104]

when α ≪ 1.

5.1.4 Summary

In this section, we first considered a local expansion of the eigenvalue equation

(4.1.4). We showed that the Greenspan slip law regularises the eigenfunction,

h1(r), whereas imposing the classical no-slip condition can lead to singular solu-
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tions.

Next, we analysed the horizontal perturbation velocity, uH , under three common

forms of the slip function; no-slip, Navier slip, and Greenspan slip. We showed

that for the former two cases the radial velocity at the contact line is zero and

therefore the perturbation to the contact line, R1 is also zero, leading to a quali-

tative change in the boundary conditions and purely stable eigenvalues. Previous

stability analyses of the equilbrium solutions defined in § 3.4 use a Navier slip

law [42, 43] to model slip, however overlook the qualitative change caused in the

boundary conditions. Therefore, we have demonstrated that the growth rates

found using the Greenspan slip law, produced in chapter 4, are well founded and

consistent with the derived contact line velocity.

Finally, we assessed the effect of varying the Greenspan slip coefficient, α, finding

that the absolute value of eigenvalues increases as α increases, while the neutral

stability curves remain unchanged when α ≪ 1.

5.2 Fixed contact angle model

Previously we used the Tanner law (3.1.10) to couple the contact angle, θ, and the

equilibrium contact angle, θc, to the contact line speed, Rt. As discussed in § 1.2,

an alternative condition to impose is that the contact angle is constant, and in

our case small so that, θ = θc ≪ 1. In this section we use the fixed contact angle

condition and perform a similar linear stability analysis, comparing the results to

those of the Tanner model. This model will subsequently be referred to as the

‘Fixed contact angle model’.

5.2.1 Model

We are assuming that the contact angle is constant, so that the contact angle is

θ = θc. Furthermore, we are also assuming that the contact angle is not directly

related to the contact angle speed, meaning the Tanner contact line (3.2.33) is

replaced with

θ = 1, (5.2.1)
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after scaling the contact angle with the equilibrium contact angle, θc. All other

boundary conditions remain unchanged. As a result of this assumption, the con-

tact angle condition (3.2.32) (b) can immediately be simplified to

∂h

∂r
= −1. (5.2.2)

In § 3.2 the velocity scale is taken from the Tanner law so that U = κθqc , but since

we are no longer applying this boundary condition we must take a new velocity

scale. Instead, we take the velocity scale U = γθ3c/µ making the capillary number,

C = 1, and removing it from this formulation entirely. Therefore, the thin film

equation analogous to (3.3.7) is

∂h

∂t
+∇H ·

({
h3

3
+
α

3
h

}
∇H

(
∇2

Hh−Gh+
ϕr2

2

))
= 0. (5.2.3)

At leading order in ϵ, corresponding to the system in equilibrium, the thin film

equation (5.2.3) and contact angle condition (5.2.2) are identical to that of the

Tanner model (3.4.2,3.4.7), respectively, while all other boundary conditions re-

main the same. Hence, the equilibrium solutions presented in § 3.4 are identical

when applying either the Tanner law (3.2.33) or the fixed contact angle condition

(5.2.1).

To analyse the linear stability subject to the fixed contact angle condition (5.2.2)

we again substitute the perturbed free surface (4.1.1), contact line (4.1.2) into the

new contact angle condition (5.2.2), giving

R1h
′′
0(R0) + h′1(R0) = 0. (5.2.4)

Comparing the O(ϵ) contact angle condition of the fixed contact angle model

(5.2.4) to the Tanner model (4.1.11) (b) demonstrates the difference between im-

posing different contact angle models; because the contact angle is fixed there is

no perturbation to it so that θ1 = 0 and the right hand side of (5.2.4) is zero. Sub-

sequently, we again eliminate R1 between the contact angle condition (5.2.4) and

the contact condition (4.1.11) (a), giving the combined contact angle condition

h′′0(R0)h1(R0) + h′1(R0) = 0, (5.2.5)
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again provided R1 ̸= 0. This is analogous to the combined Tanner condition

(4.1.15), however notice that the eigenvalue, σm, no longer appears in the bound-

ary condition (5.2.5). Substituting the free surface perturbation (4.1.1) into the

evolution equation (5.2.3) gives another fourth order linear eigenvalue problem at

O(ϵ) analogous to (4.1.4),

L2 [L1(h1)] = σmh1, (5.2.6)

where the linear operators L1 and L2 are defined as before (4.1.5, 4.1.6). The

eigenvalue equation (5.2.6) is subject to the combined contact angle condition

(5.2.5) and one of the sets of boundary conditions (4.1.29)–(4.1.32) depending on

the wavenumber, m, so that the velocity regularity (3.2.36) and differentiability

(3.2.35) conditions are satisfied.

5.2.2 Neutral stability

When σm = 0, the eigenvalue equations (4.1.4, 5.2.6) and combined boundary con-

ditions (4.1.15, 5.2.5) of the respective contact angle models are identical. Hence,

the neutral stability curves for the fixed contact angle model are identical to those

of the Tanner model. Therefore, the analysis and results of the neutral stability

which is presented in § 4.3 is also valid for the fixed contact angle model.

5.2.3 Results

The generalised eigenvalue problem Ah1 = σmBh1 (5.2.6) subject to appropriate

boundary conditions is solved using a method largely similar to that presented in

appendix B for the Tanner model. The difference reflects the fact that the com-

bined contact angle condition (5.2.5) differs from the combined Tanner condition

(4.1.15). When q = 1, the difference amounts to a single entry in the matrix B,

changing from −1 to zero on the row where the respective combined boundary

condition is discretised.

Figures 5.3 (a)–(c) show the eigenvalues of each wavenumber m = 0, 1, 2, ..., 6 as

the Bond number, G, is varied for increasing values of the centrifugal number, ϕ,

across the figures, while figures 5.3 (d)–(f) show the eigenvalues as ϕ is varied for

increasing G across figures. The results are qualitatively similar to those described
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FIGURE 5.3: Eigenvalues of the fixed contact angle model, (a)–(c) as G is varied for
ϕ = 0, 2, 3.5 and (d)–(f) as ϕ is varied for G = 0, 10, 30. This figure is analogous to
figure 4.5.
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in § 4.4 and figures 4.5 (a)–(f). Specifically, we see that for ϕ = 2, 3.5, shown in

figures 5.3 (b, c) respectively, as G is increased that each mode m = 2, 3, 4, ... is

destabilized and rises to a maximum, decreasing after that point. As a result, as

G is increased higher wavenumbers become dominant.

Similarly, considering figures 5.3 (d)–(f) we see a similar trend that as ϕ increases,

corresponding to increased rotation, higher modes become dominant in each case.

Furthermore, looking across the figures we see again that when G is large the

most unstable wavenumber is greater. As mentioned in § 5.2.2 the neutral sta-

bility curves for each mode are unaffected, specifically we can still see that the

axisymmetric mode, m = 0, is again neutrally stable at the maximum value of ϕ.

Figures 5.4 (a, b) show the regions of parameter space in which each mode is dom-

inant, with area bounded above the labelled curves being the area in which it is

the most unstable mode in (a) the G−ϕ (b) the G−R0 parameter spaces, respec-

tively. As stated above, we see in figure 5.4 (a) that as G increases for fixed ϕ the

dominant wavenumber increases sequentially from m = 1, which is uncondition-

ally unstable provided ϕ > 0. Similarly, as ϕ increases for fixed G we see the same

behaviour. Furthermore, we observe that each dominant threshold decreases as

G increases meaning a lower ϕ is required to destabilise higher wavenumbers. In

terms of dimensional quantities, this indicates that larger droplets require lower

rotation rates for higher wavenumbers to become dominant, a feature observed in

the experiments detailed in chapter 2. Figure 5.4 (b) shows that as G increases for

fixed R0 that the dominant mode decreases. Considering the contours of constant

ϕ in the parameter space shown in figure 3.4 (c) this is consistent with decreasing

ϕ.

5.2.4 Comparison to Tanner model

Ehrhard and Davis [32] noted that when considering a Tanner law to model the

contact angle if we rescale nondimensional time so that τ = C−1T the thin film

equation (3.3.7) and Tanner condition (3.2.33) become

∂h

∂t
+∇H ·

({
h3

3
+
α

3
h

}
∇H

(
∇2

Hh−Gh+
ϕr2

2

))
= 0, (5.2.7)

C−1∂R

∂t
= θq − 1, (5.2.8)
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(a) (b)

FIGURE 5.4: Thresholds for the most unstable modes of the fixed contact angle
condition in both (a) G–ϕ and (b) G–R0 parameter spaces for m = 1, 2, ..., 6.

respectively. Hence, the limiting behaviour C → ∞ recovers the evolution equa-

tion (5.2.3) and the fixed contact angle condition, θ = 1, from the Tanner law.

Therefore, solutions with large capillary number will be comparable to those where

the contact angle is assumed fixed from the start. Hence, at O(ϵ) when C is suf-

ficiently large

σF (ϕ,G,m, α) ≈ CσT (ϕ,G,m, α, C), (5.2.9)

where subscript F and T denote the fixed contact angle model and Tanner model,

respectively.

In § 4.4 we noted that increasing C deflects eigenvalues towards σm = 0, meaning

the absolute value of an eigenvalue decreases as C increases, for a given set of

parameters. The limiting behaviour as C → ∞ (5.2.9) supports this observation

since rearranging gives σT ≈ σF/C, and so increasing C decreases the absolute

value of σT .

Figures 5.5 (a)–(f) show the comparison between the left and right hand side of

(5.2.9) with C increasing across each row of figures. Eigenvalues of the Tanner

model, described in § 4.4, are plotted in coloured lines for m = 0, 1, 2, ..., 6, whereas

the fixed contact angle eigenvalues are plotted for the same wavenumbers in black

dashed lines and are independent of C. Figures 5.5 (a)–(c) show the growth rates

as the Bond number is varied 0 ⩽ G ⩽ 250, when ϕ = 2 and C = 0.1, 1, 10.

Figures 5.5 (d)–(f) show the growth rates as the centrifugal number is varied when

G = 10, so that 0 ⩽ ϕ ⩽ ϕm(10) for the same capillary numbers.
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FIGURE 5.5: Comparison of eigenvalues between the fixed contact angle solutions,
shown in black dashed lines, and Tanner model eigenvalues, shown in solid lines, for
small capillary numbers and modes 0 ⩽ m ⩽ 6.
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FIGURE 5.6: Thresholds where most unstable modes changes in the Tanner model for
varying capillary number within both the (a)–(c) G−ϕ and (d)–(f) G−R0 parameter
spaces. Also shown in black dashed lines are the thresholds from figure 5.4.
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FIGURE 5.7: Convergence of the capillary number multiplied by the Tanner eigen-
values to fixed contact angle eigenvalues for ϕ = 2, G = 10, q = 1, α = 1× 10−3 in the
range C ∈ [10−2, 105].

In § 5.2.2 we established the neutral stability of each mode is independent of the

contact angle model due to the same system of equations and boundary conditions

being solved in each case. This feature is observed in each figure 5.5 (a)–(f) but

is most visible in (a, c) where the coloured and dashed lines cross at σm = 0 for

each mode, respectively. As C is increased each of the eigenvalues of the Tanner

model are deflected away from σm = 0.

We see in each row of figures that as the capillary number, C, increases the

equivalency (5.2.9) holds true; the capillary number multiplied by the Tanner

eigenvalues, CσT , approaches the eigenvalues of the fixed contact angle model, σF ,

as C increases. At relatively low capillary number C = 1, shown in figures 5.5 (b,

d), the agreement is good both quantitatively and qualitatively. Furthermore,

when C = 10 in figures 5.5 (c, f) the agreement is improved.

Figures 5.6 (a)–(f) show the most unstable wavenumber within both the G−ϕ and

G − R0 parameter spaces in (a)–(c) and (d)–(f). In each figure both the Tanner

model as C varies, shown in coloured lines, and the fixed contact angle model,

shown in dashed lines are plotted. Similarly to figure 4.6, the area of parameter

space bounded above each line is the region where that mode is the most unstable,

respectively. Again, the equivalency (5.2.9) holds true since as C increases across

each row of figures the dominant mode thresholds for each model lie on top of one

another. Note that, at relatively low capillary numbers, C ⩾ O(1), the dominant

mode thresholds of the Tanner model agree well with those of the fixed contact

angle model.
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Figure 5.7 shows the convergence of the Tanner model eigenvalues towards the

eigenvalues of the fixed contact angle model as C increases for a specific set of

parameters. We see that for each wavenumber the convergence looks like C−1

when C ⩾ O(1) for the parameters shown. This is the case generally for any set of

parameters within the space for which equilibrium solutions satisfying the contact

angle condition (3.4.7) exist.

5.2.5 Summary

In this section we modelled the contact angle by assuming that it is fixed and

small, replacing the Tanner law previously used (3.2.33). In the literature the

Tanner law (3.2.33) is commonly used to model the contact angle in rotating thin

film flow, [42, 43, 44]. The fixed contact angle condition has been used in a similar

fashion to assess the spreading of non-rotating droplets [48, 49, 50], and to assess

axisymmetric spreading rates of a rotating droplet [85]. However, modelling the

resultant fingering instability of droplets subject to rotation using a fixed contact

angle has not been previously analysed, and is therefore a novel contribution.

The equilibrium solutions are unchanged by changing the contact line law, with

differences only occurring within the linear stability analysis of these solutions. We

derived the combined contact angle condition (5.2.5), replacing the previously used

combined Tanner condition (4.1.15), and solved the rescaled eigenvalue equation

(5.2.6) numerically subject to this new boundary condition. We found that, due

to the formulation of the equations and boundary conditions, that the neutral

stability curves within the parameter space are unchanged from those for the

Tanner model.

We determined that solutions of the fixed contact angle model agree qualitatively

with the results of the Tanner model when C > 0, showing that the dominant

mode rises sequentially as both the Bond number and centrifugal number are

increased. Furthermore, we observed that larger droplets require lower rotation

rates for higher wavenumbers to become dominant. Each of these qualitative

features was observed in the experiments we performed, detailed in chapter 2.

Finally, we demonstrated that the equivalency between eigenvalues of the Tanner

and fixed contact angle models (5.2.9) holds true when the capillary number,
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C, is sufficiently large. Therefore, the fixed contact angle model is the limiting

behaviour of the Tanner model as C → ∞. Specifically, the dominant mode of

the Tanner model for a given set of parameters is predicted accurately when the

capillary number is O(1) and above.

5.3 Finite Ekman number

In § 3.2, when nondimensionalising the equations of motion we made the assump-

tion that the Ekman number, Ek, is sufficiently large such that terms involving its

reciprocal can be neglected in the equations of motion (3.2.19)–(3.2.21). There-

fore, in the analysis presented up to this point in chapters 3 and 4 the Coriolis

force has been neglected. In this section we redefine the Ekman number so it is no

longer necessarily negligible and perform similar linear stability analyses to pre-

vious cases. Subsequently, we compare the results to those in the limit Ek → ∞,

therefore assessing the validity of the assumption previously made.

5.3.1 Model

Consider the system of nondimensional equations, (3.2.19)–(3.2.21). We can re-

define the Ekman number, Ek, so that terms involving Ek are no longer assumed

negligible,

Ek =
Ek′

θ2c
=

µ

ρULθ2c
, (5.3.1)

where Ek′ is defined as the Ekman number from § 3.2 and the velocity scale, U ,

depends on whether the Tanner or fixed contact angle boundary conditions are

imposed. Hence, we have an extra term in each of the radial and azimuthal

components of the Navier-Stokes equations,

0 = −∂p
∂r

+
ϕ

C
r +

2

Ek
v +

∂2u

∂z2
, (5.3.2)

0 = −1

r

∂p

∂φ
− 2

Ek
u+

∂2v

∂z2
, (5.3.3)

0 = −∂p
∂z

− G

C
, (5.3.4)
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subject to the same boundary conditions as in § 3.2. Due to the extra terms arising

we can no longer derive a thin film equation as in § 3.3, from the thin film equations

(5.3.2)–(5.3.4) and must instead solve these equations directly.

5.3.2 Equilibrium solutions

We find the equilibrium solutions by again looking for a hydrostatic solution such

that u0 = 0. Substituting into (5.3.2)–(5.3.4), gives an identical leading order

pressure to that in § 3.4

p0(r, z) = p00 +
ϕ

2C
r2 − G

C
z, (5.3.5)

for reference pressure at the origin, p00. We consider steady, axisymmetric equilib-

rium solutions such that the free surface shape is a function of r only, h(r, φ, t) =

h0(r), the contact line is at a constant position, R(φ, t) = R0, and the contact

angle is constant at θ = θ0 = 1. Notice that, the incompressibility (3.2.28), slip

and no-penetration (3.2.29), radial and azimuthal stress conditions (3.2.30) (a, b),

free surface kinematic condition (3.2.31), velocity regularity condition (3.2.36),

and contact line kinematic condition (3.2.34) are all satisfied automatically. To

find the free surface shape, we must solve the axial stress condition (3.2.30) (c),

which simplifies to

C(p00 − pg) + h′′0 +
h′0
r

−Gh0 +
ϕ

2
r2 = 0, (5.3.6)

subject to the contact (3.2.32) (a), contact angle (3.2.32) (b), differentiability (3.2.35)

and volume (3.2.37) conditions. The equation for the free surface (5.3.6) and

boundary conditions are identical to those previously derived in § 5.1.2, which is

as expected since the additional terms here do not have an effect when the velocity

is zero and consistent with previous analysis by Myers et al. [77, 78]. Hence, the

above stress condition (5.3.6) has solution identical to that in § 3.4, and all the

analysis is equally valid when Coriolis forces are included.
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5.3.3 Linear stability

In § 3.3 we derived a thin film equation (3.3.7) in terms of a single quantity, h,

which we perturbed along with the contact line position, R, and contact angle, θ.

In this analysis we also perturb each of the variables involved in the equations and

boundary conditions since a thin film equation is not derived in this case. Hence,

consider a small perturbation to the background initial condition of the form

u = ϵu1(x, t) +O(ϵ2) for the velocity and p = p0(r, z) + ϵp1(x, t) +O(ϵ2) for the

pressure. The free surface deforms as before, h = h0(r)+ϵh1(r, φ, t)+O(ϵ2), while

the contact line and contact angle again deform as R = R0 + ϵR1(r, φ, t) +O(ϵ2),

and θ = θ0 + ϵθ1(φ, t) +O(ϵ2), respectively. During this analysis all perturbation

quantities have the subscript 1. We take normal modes

u1 = û1(r, z)e
imφ+σmt, p1 = p̂1(r, z)e

imφ+σmt, (5.3.7)

h1 = ĥ1(r)e
imφ+σmt, R1 = R̂1e

imφ+σmt, θ1 = θ̂1e
imφ+σmt (5.3.8)

for wavenumber, m ∈ N, and frequency, σm ∈ C. Due to the inclusion of the

Coriolis force term in the governing equations, we expect that the growth rate,

σm, will be complex and precession of modes within the rotating frame of reference

will occur. At O(ϵ) we have the following linear system, written component-wise

and dropping the hats

0 = −∂p1
∂r

+
2

Ek
v1 +

∂2u1
∂z2

, (5.3.9)

0 = − imp1
r

− 2

Ek
u1 +

∂2v1
∂z2

, (5.3.10)

0 = −∂p1
∂z

, (5.3.11)

0 =
1

r

∂

∂r
(ru1) +

imv1
r

+
∂w1

∂z
. (5.3.12)

The centrifugal and gravitational forces are conservative hence appear in the hy-

drostatic pressure (5.3.5), rather than appearing in the above perturbation equa-

tions. Immediately we can solve the axial component (5.3.11) so that the pressure

perturbation quantity is a function of the radial distance from the origin only,

p1 = p1(r). Applying the axial stress condition (3.2.30) (c) defines the O(ϵ) pres-

sure

p1 = −h′′1 −
1

r
h′1 +

(
G+

m2

r2

)
h1 = −L1(h1), (5.3.13)
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using the definition of L1 (4.1.5). To find the radial and azimuthal velocities, u1
and v1 we solve the coupled linear partial differential equations (5.3.9, 5.3.10),

subject to slip conditions (3.2.29) (a, b), and stress conditions (3.2.30) (a, b). Sub-

sequently, to find the vertical velocity, w1, we solve the incompressibility condi-

tion (5.3.12) subject to the no-penetration condition (3.2.29) (c). The solutions

for u1, v1 and w1, multiplied by the capillary number, C, are

Cu1(r, z) = −Ek
2

imp1
r

+ f1(r) cosλ1z+ f2(r) sinλ1z+ f3(r) cosλ2z+ f4(r) sinλ2z,

(5.3.14)

Cv1(r, z) =
Ek
2
p′1 + i[f1(r) cosλ1z + f2(r) sinλ1z − f3(r) cosλ2z − f4(r) sinλ2z],

(5.3.15)

Cw1(r, z) =
(m− 1)f1(r)− rf ′

1(r)

λ1r
sinλ1z −

(m− 1)f2(r)− rf ′
2(r)

λ1r
[cosλ1z − 1]

− (m+ 1)f3(r)− rf ′
3(r)

λ2r
sinλ2z +

(m+ 1)f4(r)− rf ′
4(r)

λ2r
[cosλ2z − 1], (5.3.16)

where

f1(r) =
iEk
4

(mp1
r

+ p′1

)[
1− αλ1

3h0
tanλ1h0

]−1

, f2(r) = f1(r) tanλ1h0,

(5.3.17)

f3(r) =
iEk
4

(mp1
r

− p′1

)[
1− αλ2

3h0
tanλ2h0

]−1

, f4(r) = f3(r) tanλ2h0,

(5.3.18)

and

λ1 =

√
2

Ek
e

iπ
4 , λ2 =

√
2

Ek
e−

iπ
4 . (5.3.19)

The free surface kinematic condition (3.2.31) at O(ϵ) is

w1(r, h0(r)) = σmh1 + h′0(r)u1(r, h0(r)). (5.3.20)

Therefore, if we substitute the expressions for u1 and w1 (5.3.14, 5.3.16) into the

kinematic condition (5.3.20) and subsequently substitute for the O(ϵ) pressure

(5.3.13), the resulting equation is a linear eigenvalue equation for the growth rate,

σm, and eigenfunction, h1(r). The form of this eigenvalue equation depends on

which contact angle model is used, and, as argued in § 5.2 results in whether the
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capillary number appears, so that

L3 [L1(h1)] = Cσmh1, (Tanner), (5.3.21)

L3 [L1(h1)] = σmh1, (Fixed), (5.3.22)

where the linear operator, L3, is the same in each eigenvalue equation. The leading

order asymptotic expansion in the Ekman number returns the previous eigenvalue

equation (4.1.4). The eigenvalue equations (5.3.21, 5.3.22) are each subject to

the same wavenumber dependent regularity and symmetry boundary conditions

at the origin (4.1.29)–(4.1.32), enforcing that h1 ∼ rm near r = 0. Finally, we

impose either the combined Tanner condition (4.1.15) or the combined contact

angle condition (5.2.5) at the contact line, depending on which contact angle

model is used. Therefore, inclusion of the Coriolis force doesn’t affect stability of

a prescribed mode.

5.3.3.1 Neutral stability

The neutral stability curves, when σm = 0, are solutions of

L3 [L1(h1)] = 0, (5.3.23)

subject to

h′′0(R0)h1(R0) + h′1(R0) = 0, (5.3.24)

and are independent of which contact angle model is used. Nontrivial solutions of

(5.3.23) are independent of the linear operator L3, and are solutions of L1(h1) = 0.

This is also the case in § 4.3, and therefore the neutral stability curves within the

parameter space are also independent of the inclusion of Coriolis effects. Hence, the

analysis performed in § 4.3 is equally valid here since an identical set of equations

and boundary conditions are being analysed in each case, depending on whether

G is zero.

5.3.3.2 Tanner law

We find that, as expected, introducing the Ekman terms to the system allows for

precession of modes within the rotating frame of reference through the imaginary
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(a)

(b)

FIGURE 5.8: Convergence of finite Ekman to infinite Ekman eigenvalues in the range
Ek ∈ [10−2, 103] for both the (a) real and (b) imaginary parts. Here ϕ = 2, C = 0.1,
G = 10, α = 10−6 and m = 0, 1, 2, ..., 6 in (a) and m = 1, 2, ..., 6 in (b).

part of the growth rate, ℑ(σm).

When the capillary number, C, is zero, the analysis including Coriolis effects is

identical to the that within the quasi-steady limit in the absence of Coriolis forces,

presented in § 4.2. This is due to identical equations and boundary conditions are

being solved when looking for nontrivial solutions. Hence, the analysis within this

limit, presented in § 4.2 is equally valid for the current model. We can also solve

the case where C = 0 numerically using the finite difference scheme described

in appendix B but for one of the eigenvalue equations (5.3.21). Numerically we

find that the real part of the numerical eigenvalues and eigenvectors are equal to

the analytical solutions from § 4.2, while the imaginary part of the eigenvalues are

zero, for any ϕ, G combination, as is the case in § 4.4.
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When C > 0 we solve the eigenvalue equation (5.3.21) numerically using the finite

difference scheme detailed in appendix B. We find that the analysis and results

for positive wavenumber, m = 1, 2, 3, ..., are qualitatively similar to those in the

infinite Ekman limit, presented in § 4.4. As C → 0 the real part of the growth

rate, σm, tends to the analytical solutions from § 4.2, while the imaginary part

of the growth rate, σm, tends to zero. For the axisymmetric case, where m = 0,

we find that for any combination of parameters the solutions are real, specifically,

ℑ(σm) = 0, meaning no precession of modes in the rotating frame. Therefore,

the inclusion of Coriolis forces has no effect on axisymmetric solutions, consistent

with the results of Myers and Charpin [77].

Figure 5.8 (a) demonstrates the convergence with the Ekman number of the abso-

lute value of the difference between the real part of the finite Ekman eigenvalue

and the infinite Ekman eigenvalue considered in § 4.4 and denoted σ∞. In the

range Ek ∈ [10−2, 103] there is a linear relationship when plotted with logarith-

mic axes with slope of −1 for m = 1, 2, ..., 6 and −2 for m = 0, indicated with

dashed lines. The slope, indicating rate of convergence with Ek, is independent of

the choice of C, ϕ, G and α. Figure 5.8 (b) shows the corresponding convergence

of the absolute value the imaginary part of the growth rates vary with Ekman

number. The axisymmetric mode has no imaginary part and therefore does not

appear on this figure. We observe that the imaginary part of the each eigenvalue

converges to zero like Ek−1, in the range [10−2, 103], the same rate observed for the

real part. The convergence rate of imaginary parts of σm is also independent of

the parameters chosen. The convergence to zero is expected since increasing the

Ekman number decreases the effect of the Coriolis force, meaning that within the

rotating frame there is less precession of modes, and hence a smaller imaginary

part of the eigenvalue. Notice that, for small Ekman number, the imaginary part

of the growth rates converge to zero like Ek1. The case where Ek ≪ 1 is an iner-

tial limit and is therefore unrealistic due too our modelling assumption that the

Reynolds number is small. Therefore, although this case can be solved numerically

and is shown as part of figure 5.8 (a, b) it is unfounded in reality. The dominant

mode of instability for a given set of parameters is found to be unaffected by

the inclusion of Ekman terms of O(1) and above. When Ek ≪ 1 solutions the

Reynolds number will be large, violating the Stokes flow approximation, therefore

this limit is unfounded and we discount these cases.
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Overall, we see that the Tanner model, in which we assumed that Ek′ ≫ 1,

performs well for small values of the Ekman number. Therefore, taking the limit

Ek′ → ∞, as done in § 3.2, is well founded and the real part of solutions agree well

provided that Ek′ = Ek/θ2c > 0.1.

5.3.3.3 Fixed contact angle

Similarly to the analysis of the fixed contact angle model in the limit where

Ek → ∞, presented in § 5.2.4, we find that the fixed contact angle exhibits the lim-

iting behaviour of the Tanner model as C → ∞ through the equivalency (5.2.9).

Specifically, we again find that that eigenvalues of the Tanner model converge to

eigenvalues of the fixed contact angle model like C−1 for each combination of ϕ,

G, α, m and Ek.

The convergence of eigenvalues of the present model, for finite Ek towards the fixed

contact angle model in the infinite Ekman limit, presented in § 5.2 are similar in

nature to that of the Tanner model. Specifically, the rate of convergence of the

real and imaginary parts of each mode m = 1, 2, 3, ... is negative one, and negative

two for m = 0. Each convergence rate is again independent of other parameters.

Hence, the convergence plots are very similar to figure 5.8 and therefore are not

presented.

5.3.4 Summary

In this section we presented novel solutions of the governing equations of motion

including Coriolis force terms at O(ϵ), while demonstrating that in equilibrium, the

solutions are unchanged from those found by McKinley et al. [42, 43], presented

in § 3.4. Previous analysis in the literature [19, 90] neglected Coriolis force terms

by reasoning that this force is negligible in comparison to the centrifugal force

within a viscous regime. We have shown that taking the limit Ek′ → ∞ in § 3.2

is a reasonable approximation to make, by directly comparing the solutions with

and without inclusion of the Coriolis terms. Specifically, we found that even for

relatively small Ekman numbers the differences between the presented model and

the infinite Ekman models discussed in chapter 4, are negligible. Furthermore,

we have shown that the Coriolis force has no effect on equilibrium solutions and
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growth rates within the quasi-steady limit in agreement with Myers and Charpin

[77] and Myers and Lombe [78].

5.4 Quasi-steady, axisymmetric spreading

In this section we consider axisymmetric solutions of the evolution equation (3.3.7),

within the quasi-steady limit, C = 0, using the Tanner law to model the contact

angle. We derive an ordinary differential equation (ODE) for the contact line

position, and subsequently analyse the linear stability, relating back to the analysis

performed in § 4.2 by comparing numerical solutions of the derived ODE to the

results of the linear stability analysis.

5.4.1 Model

Consider the thin film equation (3.3.7) in the quasi-steady limit, C = 0, where

axisymmetry is imposed so that the free surface is defined as z = h(r, t),

1

r

∂

∂r

[
r

{
h3

3
+
α

3
h

}
∂

∂r

(
1

r

∂

∂r

(
r
∂h

∂r

)
−Gh+

ϕr2

2

)]
= 0. (5.4.1)

Nontrivial solutions of this equation satisfy the third order partial differential

equation

0 = hrrr +
hrr
r

− hr
r2

−Ghr +
ϕ

2
r2, (5.4.2)

where subscript r denoted partial differentiation with respect to the radial co-

ordinate. The PDE (5.4.2) is solved, similarly to § 3.4, subject to the contact

(3.2.32) (a), differentiability (3.2.35) and volume conservation (3.2.37). Note that,

the PDE (5.4.2) is independent of the slip model used. The solution depends on

whether G is non-zero, and the solutions are

h(r, t) =


R4ϕπ + 4VfG

4πR
√
G

I0(
√
Gr)− I0(

√
GR)

2I1(
√
GR)−R

√
GI0(

√
GR)

+
ϕ

2G
(r2 −R2), (5.4.3a)

− ϕ

32
(r4 −R4) +

1

24πR4
(πϕR6 − 48Vf )(r

2 −R2), (5.4.3b)

respectively. The solutions (5.4.3a, 5.4.3b) have same form as the equilibrium

solutions in § 3.4 but with the important difference that the free surface is a func-
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tion of time through the contact line position, R = R(t). Boettcher and Ehrhard

[44] derived (5.4.3a) as the base state for their stability analysis within the quasi-

steady limit, C = 0. McKinley and Wilson [42] derive an equivalent expression to

(5.4.3b) under a different nondimensionalisation.

The contact angle condition (3.2.32) (b) defines the contact angle so that

θ(t) =


−R

4ϕπ + 4VfG

4πR

I1(
√
GR)

2I1(
√
GR)−R

√
GI0(

√
GR)

− ϕ

G
R, G > 0 (5.4.4a)

−πϕR
6
0 + 96Vf

24πR3
0

, G = 0, (5.4.4b)

where G > 0 and G = 0, respectively. The final boundary condition is the

Tanner law, where we again make the simplification that there is no contact angle

hysteresis so that
dR
dt

= θ(t)q − 1, (5.4.5)

for all contact angles. Substitution of the contact angles (5.4.4a, 5.4.4b) into the

Tanner law (5.4.5) results in two ODEs for R(t), depending on whether G is zero,

dR
dt

=


[
−R

4ϕπ + 4VfG

4πR

I1(
√
GR)

2I1(
√
GR)−R

√
GI0(

√
GR)

− ϕ

G
R

]q
− 1, (5.4.6a)[

−πϕR
6
0 + 96Vf

24πR3
0

]q
− 1, (5.4.6b)

to be solved subject to an appropriate initial condition. Since the fixed contact

angle condition does not relate the contact line position to the contact angle and

contains no time derivative, similar analysis cannot be carried out in that case.

McKinley and Wilson [42] derived and solved a similar expression for general

Tanner laws, nondimensionalising the problem in an alternative way.

5.4.2 Equilibrium solutions

The system is at equilibrium and steady when θ = 1, and the Tanner law (5.4.5)

is solved to give R(t) = R0. This means the position of the contact line position is

constant at r = R0, and is found by solving the contact angle condition (3.2.32) (b),

for R0 which becomes
dh
dr

∣∣∣∣
r=R0

= −1. (5.4.7)
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Therefore, the previous discussion of equilibrium solutions, performed in § 3.4, is

valid in this case and the equilibrium contact line position can be determined given

a centrifugal number, ϕ, and a Bond number, G.

5.4.3 Linear stability

The method of performing the linear stability analysis differs from the method

presented in chapter 4. In this case, instead of assuming the form of the per-

turbation to the free surface as done in chapter 3, we have solved the evolution

equation (5.4.1) directly and therefore know the height of the free surface as a

function of the unknown contact line position, R(t) (5.4.3a, 5.4.3b). The position

of the contact line is subsequently found by solving (5.4.6a, 5.4.6b).

We perturb the contact line and contact angle in an axisymmetric fashion from

the equilibrium contact line position R0 according to

R(t) = R0 + ϵR1(t), θ(t) = θ0 + ϵθ1(t), (5.4.8)

where ϵ ≪ 1. The contact angle condition (3.2.32) (b) at O(ϵ) determines the

perturbed contact angle

θ1 = −R1(t)
∂

∂R

(
∂h

∂r

∣∣∣∣
r=R(t)

)∣∣∣∣∣
R(t)=R0

= −λR1(t). (5.4.9)

The Tanner law (5.4.5) at O(ϵ) is

dR1

dt
= qθ1 = −qλR1, (5.4.10)

after substituting the O(ϵ) contact angle (5.4.9). Hence, the solution of the ODE

(5.4.10) subject to initial condition that R1(0) = R̄1, is

R1(t) = R̄1e
−qλt, (5.4.11)

showing that, as assumed in § 4.1, the perturbation to the contact line grows or
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decays exponentially in time. In the notation of chapter 4 the growth rate σ0 is

σ0 = −q ∂

∂R

(
∂h

∂r

∣∣∣∣
r=R(t)

)∣∣∣∣∣
R(t)=R0

, (5.4.12)

which is a more general expression for the eigenvalues calculated in § 4.2, both

when G > 0 (4.2.5a) and when G = 0 (4.2.5b). In § 4.3 we established that the

point in the parameter space where the centrifugal number is maximum, (ϕm, R0c),

is a saddle node bifurcation point for fixed Bond number. Similarly if ϕ is large

enough the maximum value of G, at the point (Gm, R0c) is also a saddle-node

bifurcation point for fixed ϕ, demonstrated by the neutral stability curve of m = 0

in figure 4.3. The form of the growth rate (5.4.12) gives interpretation to this

feature, since we see that σm = 0 corresponds where a turning point of hr(R(t), t)

occurs in R0 within the parameter space, which is exactly the definition of the

point (ϕm, R0c) or (Gm, R0c).

5.4.4 Comparison with numerical solution

The linear stability analysis assumes a small, axisymmetric perturbation from

the equilibrium contact line position, R0. We compare the growth rates, σm,

from the linear stability problem (5.4.12) to the numerical solutions of (5.4.5) for

sufficiently small perturbations. Recall that (5.4.12) is a more general expression

for the explicitly defined growth rates (4.2.5a, 4.2.5b), derived in § 4.2. The linear,

axisymmetric perturbation grows in time from the equilibrium solutions like

R(t)−R[0] = ϵR̄1 expσ0t, (5.4.13)

demonstrated by the solution (5.4.11).

The derived ordinary differential equation depends on whether G is positive or

zero, and is given by (5.4.6a, 5.4.6b), respectively. The appropriate initial con-

dition to compare with the linear stability analysis is the perturbed equilibrium

contact line position at t = 0, R(0) = R0 + ϵR̄1 where ϵ ≪ 1. If the system

is not perturbed from the equilibrium contact line position, then it will remain

in equilibrium for all time. Without loss of generality we can take R̄1 = 1, so

that ϵ defines the size of the perturbation to the contact line, rather than being a
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FIGURE 5.9: Comparison between the exponential growth with rate given by (5.4.12)
and the numerical solution of (5.4.6a) with initial condition R(0) = R0 + ϵ where
ϵ = 1 × 10−6. The cases where ϕ = 3.77, G = 10 are presented, (a, b) show the
unstable upper branch of solutions on normal and semi-logarithmic axis, whereas (c,
d) show the stable lower branch of solutions.

small arbitrary constant. The ODE (5.4.6a, 5.4.6b) is solved numerically using a

forward Euler scheme with a small timestep, δt,

R(t0 = 0) = R0 + ϵ, (5.4.14)

R(tn+1) = R(tn) + δt [θ(tn)
q − 1] , n ⩾ 0. (5.4.15)

For brevity the numerical scheme is formulated from the more general ODE (5.4.5),

where the contact angle, θ, at timestep tn is given by (5.4.4a, 5.4.4b), depending

on where G is non-zero. Furthermore, for solutions to be physical we require that

the height of the free surface is everywhere positive at each point timestep. The

first point on the free surface to reach z = 0 will be at r = 0, therefore we require

h(0, tn) > 0.

Figures 5.9 (a)–(d) show the comparison between numerical solutions of (5.4.4a)
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and the exponential growth of the contact line position (5.4.13), for two cases. The

specific cases presented are for G = 10, ϵ = 10−6 and ϕ = (ϕm(G) + ϕc(G))/2 =

3.77. The value of ϕ is chosen to ensure two physical solutions for the contact line

position exist, one on either side of the saddle node bifurcation point, (ϕm, R0c).

Figures 5.9 (a, b) show the unstable case where R0 = 1.71 on both regular and

semi-logarithmic axes, whereas figures 5.9 (c, d) show the stable case where R0 =

1.58 on equivalent axes. We see that in each case the agreement between solutions

is good. This is the case generally provided ϵ ⩽ O(10−2).

5.4.5 Summary

To summarise, in the quasi-steady limit, C = 0, where axisymmetry is imposed, we

solved the evolution equation (3.3.7) directly and subsequently derived an ODE for

the position of the contact line as a function of time from the Tanner law (3.1.10).

We derived an alternative, more general, form of the growth rate, σm, than in

§ 4.2, the form of which gives interpretation to the results that the point (ϕm, R0c)

is a saddle-node bifurcation point. Finally, we compared numerical solutions of

the derived ODE to the solutions of the linear stability problem, showing good

agreement when the size of the contact line perturbation, ϵ, is sufficiently small.
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Chapter 6

O(1) Contact angle model;

formulation and equilibrium

solutions

In this chapter we formulate a model no longer making the assumption that the

static contact angle, θc, is small, in contrast to the previous modelling in chapters

3, 4 and 5. Therefore, we present an alternative nondimensionalisation for the

system of equations and boundary conditions including terms previously neglected

when making the lubrication approximation in § 3.2.

Similarly to § 3.4, we discuss the hydrostatic, equilibrium case where the velocity

is zero within the rotating frame, and solve the resulting equations numerically,

determining the free surface shape and contact line position as before. Subse-

quently, in the small contact angle limit solutions are compared to those found in

§ 3.4. Due to limitations in the numerical method the contact angle is limited to

0 < θc < π/2.

Finally, we develop a finite element method to solve a set of Stokes equations

on a domain defined by the previously determined numerical solutions for the

free surface shape when the contact angle is not small. We validate the method

by recovering the the equilibrium pressure, p0 and velocity, u0, given a set of

predetermined boundary conditions.
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6.1 Model

We consider the same system described in chapter 3, modelling the experiments of

chapter 2; a fixed mass of fluid, on a flat plate, at constant temperature, in solid

body rotation about the vertical axis with a free surface. A schematic diagram

is shown in figure 3.1. The dimensional Navier–Stokes equations within a rotat-

ing frame of reference (3.1.1) and incompressibility condition (3.1.2) still apply.

The derivation of the equations of motion within the rotating frame is shown in

appendix A.

The dimensional boundary conditions at the free surface

S := z − h(r, φ, t) = 0, (6.1.1)

are the kinematic condition (3.1.4) and three continuity of stress conditions (3.1.5),

one in each direction. At the solid plate, z = 0, we again impose slip conditions

in the horizontal directions, instead of the classical no-slip conditions. We leave

the slip law general

u = s(h)
∂u

∂z
, v = s(h)

∂v

∂z
, (6.1.2)

so that the Navier, Greenspan or another slip model can be discussed depending

on s(h). It is useful to write (6.1.2) in terms of a metric tensor and hence in a

single equation

uT · (I − n̂n̂T ) + s(h)n̂T · σ · (I − n̂n̂T ) = 0, (6.1.3)

where the radial and azimuthal components of this equation recover each of the

conditions (6.1.2) when n̂ = −ẑ, respectively. At z = 0 we again apply the

no-penetration condition (3.1.6), which can be written more generally as

u · n̂ = 0. (6.1.4)

At the contact line, r = R(φ, t), there are three physical conditions; the contact

condition (3.1.8), the contact angle condition (3.1.9), and the contact line kine-

matic condition (3.1.11). As discussed in § 3.1, the contact angle condition (3.1.9)

must be coupled with a modelling assumption the contact angle itself. For this
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model we choose the fixed contact angle condition, investigated in § 5.2 for small

contact angles, so that the contact angle condition (3.1.9) immediately becomes

∂h

∂r

∣∣∣∣
r=R(φ,t)

= − tan θc (6.1.5)

for fixed contact angle, θc. On the axis r = 0 we impose the velocity regularity

(3.1.12), and differentiability (3.1.13) conditions. Finally, since the mass of fluid

placed on the plate is fixed we again impose the volume conservation condition

(3.1.14).

6.2 Nondimensionalisation

In contrast to the nondimensionalisation performed in § 3.2, here we nondimen-

sionalise the system of equations making no assumption about the comparative

size of the radial and axial length scales. Hence, we introduce the following scales

x = Lx′, u = Uu′, v = V v′, w = Ww′, t = Tt′, p = Pp′, (6.2.1)

where x = rr̂ + zẑ is a position vector. We take the velocity scales to be equal,

U = V = W , so that the each term in the incompressibility condition (3.1.2)

balances

∇′ · u′ = 0. (6.2.2)

We again take the lengthscale, L, to be determined by the volume conservation

condition (3.1.14) so that L = V
1/3
f , leaving

1 =

∫ 2π

0

∫ R′(φ,t′)

0

r′h′(r′, φ, t′) dr′dφ. (6.2.3)

The free surface kinematic condition (3.1.4) determines the timescale T = L/U

and simplifies to

w′ =
∂h′

∂t′
+ u′

∂h′

∂r′
+
v′

r′
∂h′

∂φ
(6.2.4)

on S . Whereas, the contact line kinematic condition (3.1.11) simplifies to

u′ =
∂R′

∂t′
+
v′

r′
∂R′

∂φ
(6.2.5)
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at the contact line, z′ = 0, r′ = R′(φ, t′).

−[P ]p′n̂+ 2

[
µU

L

]
e′ · n̂ = −[P ]

(
p′g +

[
γ

PL

]
(∇′ · n̂)

)
. (6.2.6)

Since the experiment described in chapter 2 is characterised by smooth, laminar

flow we take a viscous pressure scale so that P = µU/L, hence

−p′n̂+ 2e′ · n̂ = −
(
p′g +

1

C
(∇′ · n̂)

)
n̂. (6.2.7)

Here we define the capillary number C = µU/γ as the ratio between viscous and

surface tension effects, as done previously for the fixed contact angle condition

discussed in § 5.2. Next, we consider the equations of motion (3.1.1), keeping a

general velocity scale, U . Since our length scales for each direction are identical

we can consider the equations in vector form so that[
ρU2

L

]
Du′

Dt′
= −

[
P

L

]
∇′p′+[ρΩ2L]r′r̂−2[ρΩU ]ẑ×u−[ρg]ẑ+

[
µU

L2

]
∇′2u′. (6.2.8)

Substituting the viscous pressure scale P = µU/L, gives the nondimensional equa-

tions of motion,

Re
Du′

Dt′
= −∇′p′ +

ϕ

C
r′r̂ − 2

Ek
ẑ × u− G

C
ẑ +∇′2u′, (6.2.9)

with Reynolds, Ekman, centrifugal, Bond and capillary numbers defined as

Re =
ρUL

µ
, Ek =

µ

ρΩL2
, ϕ =

ρΩ2L3

γ
, G =

ρgL2

γ
, C =

µU

γ
, (6.2.10)

respectively. We again take the velocity scale as U = γ/µ, as in § 5.2.2, so that

each term in the stress condition matches, coresponding to taking C = 1. For

clarity we will include C in all of our analytical calculations but set C = 1 in all

numerical calculations.

The nondimensional equations of motion are therefore identical to those in the

previous thin film model prior to taking the limit θc → 0, but with the aspect

ratio θc = 1 so that the vertical and horizontal lengths are scaled in the same

way. Hence, in the equations of motion we cannot discard terms arising from the

Laplacian operator previously deemed to be negligible in the thin film model. We
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make a Stokes flow approximation by taking the limits

Re → 0, Ek → ∞. (6.2.11)

Dropping the dash notation leaves a set of Stokes flow equations which include

centrifugal and gravitational forces,

0 = −∇p+ ϕ

C
rr̂ − G

C
ẑ +∇2u, ∇ · u = 0. (6.2.12)

At the solid plate z = 0 the equations of motion (6.2.12) are subject to the slip

(6.1.3) and no-penetration (6.1.4) conditions,

uT · (I − n̂n̂T ) + s(h)n̂T · σ · (I − n̂n̂T ) = 0, u · n̂ = 0, (6.2.13)

where the slip functions have been nondimensionalised appropriately. At the free

surface z = h the continuity of stress conditions (6.2.7) and kinematic condition

(6.2.4) apply

−pn̂+ 2e · n̂ = −
(
pg +

κ

C

)
n̂,

∂h

∂t
= w − u

∂h

∂r
− v

r

∂h

∂φ
, (6.2.14)

where n̂ is the unit outward pointing normal from the fluid into atmospheric gas,

κ = ∇ · n̂ is the curvature of the free surface and pg is the atmospheric pressure.

At the contact line r = R(φ, t) we impose the contact (3.1.8), contact angle (3.1.9)

and the contact line kinematic conditions (6.2.5)

h(r, φ, t) = 0,
∂h

∂r
= − tan(θc), (6.2.15)

∂R

∂t
= u− v

r

∂R

∂φ
, (6.2.16)

respectively. At r = 0 the free surface must have zero gradient so that

∂h

∂r
= 0, (6.2.17)

and the velocity must be regular along the axis,

|u(0, φ, z, t)| <∞. (6.2.18)
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Finally, we impose the volume conservation condition

1 =

∫ 2π

0

∫ R(φ,t)

0

rh(r, φ, t) drdφ. (6.2.19)

6.3 Equilibrium solutions

Similarly to the analysis performed in § 3.4, we look for a steady, axisymmetric

solution in a hydrostatic regime, so that h = h0(r), and u0 = 0. Solving the Stokes

equations (6.2.12) under these conditions determines the equilibrium pressure. In

comparison to the thin film formulation, all additional terms in this model are

dependent on the velocity, which is zero. Therefore, the equilibrium pressure is

identical to that in the thin film model (3.4.1),

p0(r, z) = p00 +
ϕ

2C
r2 − G

C
z, (6.3.1)

where p00 is the constant pressure at the origin. Note that both the free surface

kinematic (6.2.14) (b) and contact line kinematic condition (6.2.16) are satisfied

automatically due to u0 = 0 and the equilibrium solutions being independent of

time. To find the equilibrium free surface shape, h0(r), we use the continuity of

stress condition (6.2.14) (a), where the unit normal to the free surface (6.1.1) is

defined as

n̂ =
∇S

|∇S |
=

−h′0 r̂ + ẑ

(1 + h′20 )
1/2
, (6.3.2)

where prime notation denotes differentiation with respect to the radial coordinate,

r. The stress condition (6.2.14) simplifies to

C(p0 − pg) = ∇ · n̂ (6.3.3)

in both the radial and axial directions. Substituting the equilibrium pressure

(6.3.1) and the expressions for the normal and unit normal (6.3.2) into the stress

condition (6.2.7) results in,

C(p00 − pg) +
ϕ

2
r2 −Gh0 = −h

′3
0 + rh′′0 + h′0
r(1 + h′20 )

3/2
, (6.3.4)
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a nonlinear, second order, ordinary differential equation (ODE) for the equilibrium

shape, h0(r). The ODE (6.3.4) is subject to four boundary conditions; the volume

condition (6.2.19),

1 = 2π

∫ R0

0

rh0(r) dr, (6.3.5)

the contact condition (6.2.15) (a),

h0(R0) = 0, (6.3.6)

the contact angle condition (6.2.15) (b),

h′0(R0) = − tan θc, (6.3.7)

and finally the differentiability condition (6.2.17),

h′0(0) = 0. (6.3.8)

Note that the volume, contact and differentiability conditions are identical to those

used in the thin film model, whereas the contact angle condition (6.3.7) cannot

be simplified as in § 3.4, since the contact angle is no longer necessarily small.

The four boundary conditions determine the four unknowns in the problem; two

constants of integration from (6.3.4), the constant pressure difference p00 − pg,

and the position of the contact line, R0. Furthermore, we require that solutions

are physical, that is, the height of the free surface is everywhere non-negative.

We solve the system (6.3.4)–(6.3.8) numerically using the Chebfun package [105],

giving the solution h0(r) and the contact line position, R0. Our numerical method

assumes that the solution, h0(r), is not multivalued, restricting the analysis of the

contact angle to 0 < θc < π/2. At θc = π/2 the contact angle condition (6.3.7)

is singular and so cannot be included. Figure 6.1 shows three examples of the

equilibrium solution, z = h0(r), for different values of the Bond number G, when

the contact angle, θc = π/3, for which we see that the contact line position, R0,

increases with G.
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FIGURE 6.1: Equilibrium free surface shape h0(r) in the region 0 ⩽ r ⩽ R0, which
are solutions of (6.3.4)–(6.3.8), when G = 0, 30, 70, 100 for ϕ = 2 and θc = π/3.

6.3.1 Results

Similarly to the thin film solutions in § 3.4, we identify two important points in

the parameter space; the maximum value the centrifugal number, ϕ, can take and

the maximum value the contact line position, R0, can take. Recall that the former

is denoted (ϕm, R0c), where R0c is the corresponding value of R0, while the latter

is denoted (ϕc, R0m). The same notation was used in § 3.4.

Above the maximum contact line position, R0m, solutions are unphysical, such

that the height at the origin is negative. Therefore, given the contact angle, θc,

and the Bond number, G, we impose the extra boundary condition h0(0) = 0 and

can determine an extra unknown. Specifically, the extra unknown is the critical

centrifugal number, ϕc, at which the free surface touches down at the origin,

determining the point (ϕc, R0m). The minimum value of R0 always corresponds

to where no rotation occurs so that, ϕ = 0. Physically, this could be anticipated

since the centrifugal force is directed radially outwards from the centre of rotation

and moves the contact line in this direction as ϕ increases. Therefore, given a

Bond number, G ⩾ 0, and a contact angle, 0 < θc < π/2, we can determine the

maximum and minimum values of R0, and subsequently construct the parameter

space within which equilibrium solutions exist.

Figures 6.2 (a)–(d) show how the contact line position varies with centrifugal num-

ber for increasing values of the contact angle, θc, across each figure. In each figure

solutions are shown for G = 0, 10, 30 in different colours. The point (ϕc, R0m) is

shown with a black cross, below which solutions are physical and shown in solid
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(a) (b)

(c) (d)

FIGURE 6.2: Plots showing the contact line position as a function of centrifugal
number, ϕ, for various contact angles. On each sub-figure solutions for G = 0, 10, 30
are shown, where a solid line indicates a physical solution, and dashed line unphysical
solutions. The bifurcation points (ϕm, R0c) and (ϕc, R0m) are indicated with a black
circle or cross, respectively.

coloured lines and above which solutions are unphysical indicated with dashed

lines. Similarly to the results in the thin film limit, for each Bond number, G,

and contact angle, θc, increasing the centrifugal number increases R0, which is

consistent with the physical interpretation given in § 3.4. But, beyond the critical

value, ϕc we find for a given set of parameters the solution is multivalued as the

centrifugal number is varied. Specifically, when ϕc ⩽ ϕ < ϕm a single value of

ϕ gives two solutions which are physical. Conversely, the centrifugal number, ϕ,

as a function of the contact line position, R0, is one-to-one. Hence, to ensure

all solutions are found, it is instructive to calculate the maximum and minimum

values of R0 as described above, and subsequently edit the numerical scheme to

solve for ϕ, given R0 which lies in this range.
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In the thin film limit previously considered, the free surface shape, h0(r), was

known analytically and subsequently the point at which ϕ is maximum (ϕm, R0c)

was calculated by numerically solving two coupled transcendental equations. The

solutions to the full equilibrium problem including previously neglected terms de-

scribed here is purely numerically, and so the maximum is found using a golden-

section search [106]. This algorithm finds any extremum within a prescribed inter-

val, successively narrowing the range in which the extremum lies using the golden

ratio, giving the algorithm its name. The initial interval in R0 is taken as the two

solutions when ϕ = ϕc, since the maximum value of ϕ always lies in this range.

On each of the sub-figures in figure 6.2 the point (ϕm, R0c) is shown with a black

circle.

In each figure 6.2 (a)–(d) we observe that as the Bond number, G, increases for

fixed centrifugal number and contact angle that the equilibrium contact line po-

sition, R0, increases. This feature is consistent with the findings within the thin

film limit, discussed in § 3.4 where a physical interpretation was provided. Fur-

thermore, as G is increased the maximum centrifugal number at which equilibrium

solutions exist, ϕm, decreases. Overall, the contour plots shown in figure 6.2 are

qualitatively comparable to those previously discussed within the thin film limit

in figure (3.3), in terms of the trends of varying both the centrifugal and Bond

numbers.

The two points of interest, along with the minimum value of R0 bound the space

in which solutions exist for a fixed contact angle as G is varied. Figures 6.3 (a)–(c)

show the region where solutions exist in the G− ϕ space, while figures 6.3 (d)–(f)

show the G−R0 space, for increasing contact angle across the row. These sets of

figures are analogous to figures 3.4 (a, c), respectively and show the two points of

interest as G is varied in each figure. The point (ϕm, R0c) is traced with a black

line while the point (ϕc, R0m) is traced with a red line. We see that there is no

qualitative difference in the parameter space when the contact angle is taken to

be O(1) and when it is small in § 3.4. Therefore, the analysis and interpretation

of varying both the centrifugal and Bond numbers for a fixed contact angle is as

stated in § 3.4 for the thin film solutions. However, increasing the contact angle

does change the numerical parameter ranges in which equilibrium solutions exists.

Figures 6.2 (a)–(d) show that increasing the contact angle increases the maximum
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value of the centrifugal number, ϕm, while decreasing the corresponding value of

R0c. Physically, this means that systems with larger contact angles can sit at

equilibrium with zero velocity at greater rotation rates than those with lower con-

tact angles. This is visualised in the solution spaces in figures 6.3 (a)–(c) where

as the contact angle increases across the row the parameter space encapsulates

greater values of ϕ. Moreover, for any point where G and R0 are fixed increas-

ing the contact angle results in a greater value of ϕ at which the solution is in

equilibrium. Furthermore, we see in figures 6.2 (a)–(d) that increasing the contact

angle decreases R0 for the same combination of ϕ and G. This is more clearly vi-

sualised across figures 6.3 (d)–(f) where the shaded region within which solutions

exist moves down as the contact angle is increased. This is demonstrated by the

ϕ = 1 contour which moves down for each value of G shown. The position of the

contact line decreasing as the contact angle is increased is consistent with volume

being conserved.

Note that, the model for the contact angle presented within this chapter is the

fixed contact angle model, introduced in § 5.2. When analysing equilibrium solu-

tions for the fixed contact angle condition in § 5.2 we established that equilibrium

solutions are identical to those when the Tanner law is used, under a thin film

approximation. Recall that the Tanner law is

∂R

∂t
= κ (θq − θqc) , (6.3.9)

which is coupled with contact angle condition (3.1.9), repeated as

∂h

∂r

∣∣∣∣
r=R(φ,t)

= − tan θ. (6.3.10)

Therefore, when in equilibrium, θ = θc, so that equilibrium solutions when the

Tanner law is imposed also satisfy the contact angle condition (6.3.7). Hence,

a model subject to the Tanner law and one subject to the fixed contact angle

condition (5.2.1) give identical equilibrium solutions, as is the case for the thin

film models discussed in chapters 3, 4 and 5.
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6.3.2 Comparison to thin film solutions

In our derivation of the thin film equation (3.3.7) in § 3.2–3.3, we neglected terms

of O(θ2c ). The nondimensionalisation of the O(1) contact angle model described

in § 6.2 differs from the one performed for the thin film model in § 3.2, since each

nondimensional quantity does not involve the contact angle. Instead, the contact

angle appears only in the contact angle boundary condition (6.3.7). Therefore,

there exists a transformation between the two models involving the contact angle,

where each nondimensional variable and number will be transformed so that the

models will be comparable. These transformations are derived in appendix C.

Subsequently, we can assess the quality of the previously made assumption that

the contact angle is small, and the equilibrium solutions between models. In § 5.2.2

we stated that the equilibrium solutions are independent of whether the Tanner

law or fixed contact angle is imposed. Hence, although we are only considering the

fixed contact angle model in the current regime, solutions will also be comparable

to the equilibrium solutions when the Tanner law (3.1.10) is imposed instead.

The most important transformations derived in appendix C are that on the nondi-

mensional centrifugal number, ϕ, the Bond number, G, the free surface, h0, and

the contact line position, R0, which are

ϕII = θ2cϕI, GII = θ2/3c GI, (6.3.11)

h0II(rII) = θ2/3c h0I(θ
−1/3
c rI), R0II = θ−1/3

c R0I, (6.3.12)

respectively. The subscript notation is consistent with that in appendix C and

denotes (I) the thin film model and (II) the O(1) contact angle model.

Figures 6.4 (a)–(d) show the equilibrium solutions shape for both the O(1) model

and the thin film model for different contact angles. In each figure the thin film

solution when ϕI = 2, GI = 10 is shown with red dashed lines whereas the trans-

formed O(1) contact angle solutions are shown with a solid blue line. Each function

is plotted in the thin film regime, so that the thin film solution is invariant be-

tween figures. Immediately we observe that when the contact angle is small in

figure 6.4 (a), the comparison between solutions is good, in both the free surface,

h0, and the position of the contact angle, R0. The contact angle is increased

over figures 6.4 (a)–(d) and as the contact angle gets larger the error between the
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(a)

(b)

(c)

(d)

FIGURE 6.4: Solutions of (6.3.4) when ϕI = 2 and GI = 10 for θc = 0.1, 0.7, 1, 1.3,
shown in blue. Also shown with the red dashed lines is the thin film solution obtained
in § 3.4.

free surface solutions becomes apparent. The discrepancy in the apparent contact

angle increases across figures 6.4 (a)–(d) and is representative of the small angle

approximation, tan(θc) ≈ θc, breaking down for large contact angles. Although

the contact angle is large, the thin film solution performs well in calculating the

contact line position, R0.

Figures 6.5 (a)–(d) show how the contact line, R0, varies with ϕ for different contact

angles for the two models. Similarly to figure 6.4, the O(1) contact angle model

solutions are shown with a solid blue line, whereas the thin film solutions are

shown with a red dashed line. The solutions for R0 are plotted in the parameter

space of the thin film model when GI = 5, so that these solutions are invariant as

the contact angle is increased across sub-figures. The points of interest are also

plotted for each solution in their respective colours, whereas in figure 6.2 (ϕm, R0c)

is plotted with a circle while (ϕc, R0m) is plotted with a cross. The non-physical

solutions previously shown in figure 6.2 are not included in this figure.
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(a) (b)

(c) (d)

FIGURE 6.5: Contact line position, R0, as a function of ϕ for various contact angles,
for both the thin film model I, and the current model II. Each plot is within the
scaling for model I, showing the case where GI = 5, where transformed solutions of
model II are shown in blue, while solutions of model I are shown in red.

In figure 6.5 (a), when the contact angle is small, we see that the agreement be-

tween solutions is good. This is expected since the previously neglected terms

should have a smaller effect when included if the contact angle is small. Across

figures 6.5 (a)–(d) the contact angle increases, and we observe the agreement gets

worse. This feature is also anticipated since in the thin film scaling the previ-

ously neglected terms are O(θ2c ), and so the effect of including them will increase

with the contact angle. Although the agreement between solutions decreases as

the contact angle increases, we note that the thin film solution performs well in

predicting the range of R0 possible, even when the contact angle is not small.

In figures 6.5 (a)–(d) as the contact angle is increased it can be observed that the

range in which solutions exists decreases, which at first glance is contrary to the

findings above, where we stated that larger contact angles can support equilibrium
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(a) (b)

FIGURE 6.6: Convergence of percentage error between full model including O(θ2c )
terms and thin film model for the measures (a) ∆R0 and (b) ∆A, defined in (6.3.13).

solutions at larger rotation rates. It is important to remember that in the thin

film model, the centrifugal number, ϕ, defined in (3.2.22) contains the contact

angle, so that the x-axis of each figure is scaled with the contact angle. If each

figure was plotted on axes independent of the contact angle we would see that

the larger contact angles support greater rotation rates as seen in figures 6.2 (a)–

(d). However, we can say that for large rotation rates the thin film model always

overestimates the possible range of ϕ; more specifically, θ2cϕmI > ϕmII .

To measure the error between the semi-analytical thin film solution described in

§ 3.4 and the full numerical solution including all terms, we consider the error

in the contact line position R0, and the area bounded between the two curves.

The first of these measures how well the equivalency (6.3.12) (b) holds. Since

the domain of the two solutions are different, to calculate the bounded area each

solution is transformed onto a fixed domain r̃ = [0, 1], and the area bounded below

each curve is calculated. Therefore, the two measures of the error are defined as

∆R0 =
∣∣R0I − θ1/3c R0II

∣∣ , ∆A = |AI − AII| =
∣∣∣∣∫ 1

0

R0Ih̃0I(r̃)− θ1/3c R0IIh̃0II(r̃)dr̃
∣∣∣∣ .

(6.3.13)

Figure 6.4 (a) shows the comparison between the analytical thin film solutions

(3.4.9a, 3.4.9b) and the numerical solution of (6.3.4) when θc = 0.1; the maximum

contact angle for which the error in the small angle approximation tan θc = θc

is less than 1%. We see the agreement between the analytical and numerical

solutions is good, with the percentage error in ∆R0 compared to R0I being less
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than 0.09%.

Figure 6.6 shows percentage error of both (a) ∆R0 and (b) ∆A, as the contact angle

is varied for various combinations of centrifugal number, ϕ, and Bond number, G.

We find that each of the percentage error decreases as the contact angle decreases

like θ2c . This could be anticipated since the terms neglected when deriving the thin

film equation are O(θ2c ). When the contact angle is O(1) we see that the percentage

error in both ∆R0 and ∆A can be O(1). Hence, the lubrication approximation

produces equilibrium solutions with surprisingly good agreement with the full

numerical equilibrium solutions when the contact angle is sufficiently small, while

if the contact angle is O(1) the neglected terms have a more noticeable effect on

the equilibrium solutions.

6.4 Finite element verification of equilibrium solu-

tions

In this section we develop a numerical method of solving a set of Stokes equations

on a domain defined by the numerical solution for h0(r) found in § 6.3. Specifi-

cally, we use a finite element method, solving for the equilibrium pressure, p0 and

velocity, u0, given boundary conditions described in § 6.2.

6.4.1 Equations of motion

The equations of motion (6.2.12) written in component form and assuming ax-

isymmetry to reflect axisymmetric solutions found in § 6.3, so that p = p0(r, z, t)

and u = u0(r, z, t) are

0 =
∂p0
∂r

+
ϕ

C
r +∇2u0 −

u0
r2
, (6.4.1)

0 = ∇2v0 −
v0
r2
, (6.4.2)

0 =
∂p0
∂z

− G

C
z +∇2w0, (6.4.3)

0 =
1

r

∂

∂r
(ru0) +

∂w0

∂z
, (6.4.4)
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where the subscript 0 denotes equilibrium quantities. The solution we expect to

recover is that found in § 6.3,

p0 = p00 +
ϕ

2C
r2 − G

C
z, u0 = 0. (6.4.5)

We begin with the equilibrium free surface shape, h0(r), and therefore the con-

tact (6.2.15) (a), contact angle (6.2.15) (b), differentiability (6.2.17) and volume

(6.2.19) conditions are automatically satisfied. The equations of motion for the

leading order system (6.4.1)–(6.4.3) can be written in the form

0 = ∇ · σ
0
+ f0, ∇ · u = 0, (6.4.6)

where f0 = (ϕrr̂ −Gẑ)/C, and the stress tensor is defined as

σ
0
= −p0I + 2e

0
= −p0I +∇u0 + (∇u0)

T . (6.4.7)

6.4.2 Variational formulation

To implement the finite element method we must formulate the equations of mo-

tion (6.4.6) in weak form. To do so, we first define the inner product appropriate

to the geometry,

(u,v) =

∫
Ω

u · v r drdφdz. (6.4.8)

The domain, Ω, is defined as the region bounded by the curves z = 0, r = 0, and

z = h0(r), and is shown in figure 6.7.

The weak formulation is derived by taking the inner product (6.4.8) of a vector

test function, t, and the equations of motion (6.4.6) (a), giving

0 =

∫
Ω

(
∇ · σ

0
+ f0

)
· t dx (6.4.9)

=

∫
Ω

∂

∂xj
[(σ0)ij]ti + (f0)iti dx (6.4.10)

=

∫
Ω

∂

∂xj
[(σ0)ijti]− (σ0)ijti,j + (f0)iti dx (6.4.11)

=

∫
∂Ω

(σ0)ij(n0)jti dS −
∫
Ω

(−p0δij + 2(e0)ij)ti,j + (f0)iti dx (6.4.12)

=

∫
∂Ω

(
σ
0
· n̂0

)
· t dS −

∫
Ω

(
−p0∇ · t+ 2e

0
: ∇t+ f0 · t

)
dx, (6.4.13)
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X

Y

Z

∂Ω1

∂Ω3

∂Ω2

FIGURE 6.7: A mesh defined by the free surface z = h0(r) for ϕ = 2, G = 50 and
θc = π/3. The mesh is more refined at the free surface so that the element size is
smaller along this curve.

where n̂0 is the unit normal to the surface ∂Ω. We then take the inner product

(6.4.8) of the incompressibility condition (6.4.6) (b) with a scalar test function, q,

and sum the result with (6.4.13) leaving the general weak formulation

0 =

∫
Ω

(
−p0∇ · t+ 2e

0
: ∇t+ q∇ · u0 + f0 · t

)
dx−

∫
∂Ω

(
σ
0
· n̂0

)
· t dS,

(6.4.14)

which is yet to have any boundary conditions applied.

6.4.3 Boundary conditions

The equilibrium problem is axisymmetric and therefore we have three boundaries

to consider, the r-axis, the z-axis and the free surface which we label

∂Ω1 : z = 0, ∂Ω2 : r = 0, ∂Ω3 : z = h0(r), (6.4.15)

respectively, as shown in figure 6.7. Hence, the boundary term in (6.4.14) is

rewritten as the sum of each individual boundary term

∫
∂Ω

(
σ
0
· n̂0

)
· t dS =

3∑
i=1

∫
∂Ωi

(
σ
0
· n̂0

)
· t dSi. (6.4.16)

If we first consider the solid boundary ∂Ω1, we need to incorporate both the slip

and no-penetration conditions (6.2.13) in our weak formulation. John [107] gives

a method of implementing both the slip and no-penetration conditions weakly.

First, we rewrite the test function, t, in terms of its normal and tangential parts,

t = (t · n̂0)n̂0 + (I − n̂0n̂
T
0 )t, (6.4.17)

139



Chapter 6: O(1) Contact angle model; formulation and
equilibrium solutions

so that the boundary integral term on ∂Ω1 can be rewritten as∫
∂Ω1

(
σ
0
· n̂0

)
· t dS =

∫
∂Ω1

(
n̂T

0 · σ
0
· n̂0

)
n̂0 · t dS

+

∫
∂Ω1

(n̂T
0 · σ

0
) ·
[
(I − n̂0n̂

T
0 ) · t

]
dS. (6.4.18)

The no-penetration boundary condition (6.2.13) (b) is reformulated by instead

imposing the boundary condition

u0 · n̂0 + ξn̂T
0 · σ

0
· n̂0 = 0, (6.4.19)

where the penetration parameter ξ ≪ 1. Note that taking ξ = 0 recovers

(6.2.13) (b) exactly, whereas choosing ξ → ∞ prescribes free penetration con-

ditions. Therefore, in our numerical scheme we choose ξ = 10−12 to ensure the

no-penetration condition is satisfied. Hence, following substitution of the slip

(6.2.13) (a) and no-penetration conditions (6.4.19) the boundary integral term on

∂Ω1 becomes∫
∂Ω1

(
σ
0
· n̂0

)
· t dS = −

∫
∂Ω1

ξ−1(u0 · n̂0)(t · n̂0) dS1

−
∫
∂Ω1

s(h0)
−1uT

0 · (I − n̂0n̂
T
0 ) · t dS1. (6.4.20)

Next we consider the boundary ∂Ω2, the axis r = 0. Here we impose a stress free

boundary condition so that the boundary term is∫
∂Ω2

(
σ
0
· n̂0

)
· t dS = 0, (6.4.21)

and the velocity regularity conditions are satisfied, since any stress singularity at

r = 0 is avoided. Finally, on ∂Ω3 we impose the continuity of stress boundary

condition (6.2.7). This boundary condition can be rewritten in terms of the stress

tensor,

σ
0
· n̂0 = −

(
Pg +

κ0
C

)
n̂0, (6.4.22)

and then directly substituted into the boundary term, giving∫
∂Ω3

(
σ
0
· n̂0

)
· t dS3 = −

∫
∂Ω3

(
Pg +

κ0
C

)
n̂0 · t dS3. (6.4.23)
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An alternative method to impose the stress condition is to use a Dirichlet boundary

condition, imposing that the pressure along the free surface is exactly given by

κ0 + pg (6.3.3). The results of this yield smaller L2-norms between the numerical

and exact velocity and pressure solutions for the same number of elements, and

hence computational cost. The problem with this method is that within (6.3.3)

the assumption that u0 = 0 is implicit. Therefore, it is more natural to impose

the stress condition in full, with no knowledge of the velocity solution, as has been

presented.

Substituting the three boundary terms (6.4.20, 6.4.21, 6.4.23) into (6.4.16) gives

the boundary integral term from (6.4.14),

∫
∂Ω

(
σ
0
· n̂0

)
· t dS = −

∫
∂Ω1

ξ−1(u0 · n̂0)(t · n̂0) dS1 −
∫
∂Ω3

(
Pg +

κ0
C

)
n̂0 · t dS3

−
∫
∂Ω1

s(h0)
−1uT

0 · (I − n̂0n̂
T
0 ) · t dS1. (6.4.24)

Hence, the weak formulation of the equations of motion (6.4.6), subject to the

no-penetration, slip, free surface stress and regularity conditions is

0 =

∫
Ω

(
−p0∇ · t+ 2e

0
: ∇t+ q∇ · u0 + f0 · t

)
dx

+

∫
∂Ω3

(
Pg +

κ0
C

)
n̂0 · t dS3 +

∫
∂Ω1

ξ−1(u0 · n̂0)(t · n̂0) dS1

+

∫
∂Ω1

s(h0)
−1uT

0 · (I − n̂0n̂
T
0 ) · t dS1. (6.4.25)

The remaining boundary conditions are the free surface kinematic (6.2.14) (b) and

contact line kinematic conditions (6.2.16), which are

w0(r, h0(r))− u0(r, h0(r))h
′
0(r) = 0, u0(R0, 0) = 0, (6.4.26)

respectively.

6.4.4 Solution method

First, we must determine the numerical solution for h0(r), using the method de-

scribed in § 6.3 given each set of parameters under consideration. Following this,
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FIGURE 6.8: Velocity • and pressure ◦ nodes for a triangular Taylor–Hood finite
element, reproduced from [109].

we use the GMSH finite element mesh generator [108] to produce a mesh defined

by h0(r), to a given maximum element size, δ+. GMSH provides the ability to

refine the mesh about specified curves or points to maximise the efficiency of our

code, that is, achieving a more accurate answer for the same numerical cost. If

refinement is used, the minimum element size is denoted by δ−. Since we are

considering an axisymmetric problem, our mesh is two-dimensional meaning our

elements are triangles; an example of a mesh for ϕ = 2, G = 50 and θc = π/3 is

shown in figure 6.7, where the mesh is refined about the free surface, ∂Ω3.

In order to apply the stress conditions we require the curvature of the free surface,

κ0, which is calculated from the numerical solution for h0(r),

κ0 = −h
′3
0 + rh′′0 + h′0
r(1 + h′20 )

3/2
. (6.4.27)

As described in § 6.3, we use the Chebfun numerical computing package to obtain

the function h0(r). Using the package we can accurately compute the numerical

derivatives required to calculate the curvature, including at the endpoints of the

domain. The curvature is calculated on a finer grid than the minimum element

size, δ−, and then interpolated at the free surface nodes produced from the mesh.

An alternative method of calculating the curvature is for each point to fit a circle

through itself and a point either side, and adding the inverse of this radius to a

correction term due to the coordinate system. We found that this method breaks

down at the end points, r = 0 and r = R0, since there isn’t a point either side,

hence the curvature cannot be calculated accurately, increasing the error in the

final velocity and pressure solutions.
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We use the FEniCS package [110] to implement the finite element method to solve

the weak formulation (6.4.25). The benefit of using a package such as FEniCS

is the use of unified form language (UFL) during the implementation, meaning

we can easily choose finite element spaces and define expressions for weak forms

in familiar mathematical notation [111]. The specific finite element we use is the

Taylor–Hood element [112, 113], since it approximates both velocity and pressure

well, is not too numerically costly, and satisfies the discrete inf-sup condition

[109]. The Taylor–Hood element consists of a continuous piecewise quadratic

approximation of each velocity component combined with a continuous piecewise

linear approximation of the pressure. Hence, the velocity space and pressure spaces

are

Vh = {v ∈ [C0(Ω)]d : v|K ∈ [P 2(K)]d}, (6.4.28)

Qh = {v ∈ C0(Ω) : v|K ∈ P 1(K)}, (6.4.29)

respectively, for a finite element K, and spatial dimension d. In (6.4.28,6.4.29),

C0(Ω) denotes the set of continuous functions on Ω, while P n denotes nth order

polynomials. Figure 6.8 shows the positions of the velocity and pressure nodes for

a triangular Taylor–Hood element.

The mesh is converted into the correct format and imported, meaning we can

define the function space, and hence the trial and test functions. Next, using UFL

notation we define the weak form (6.4.25) ensuring that the correct inner product

for the geometry (6.4.8) is used by multiplying each term by rdx. Finally, we call

the solve function, which assembles and inverts the linear problem, returning the

velocity and pressure solutions.

6.4.5 Results

Figure 6.9 shows representative velocity and pressure solutions for the case that

ϕ = 2, G = 50 and θc = π/3. The mesh used to produce these figures had

23711 elements, with the element sizes being uniform, that is, no refinement is

used. A simulation of this resolution takes approximately 8.8 seconds to run on

a desktop computer. The velocities in the radial, u0(r, z), and axial, w0(r, z),

directions are shown in figures 6.9 (a, b), respectively. The azimuthal velocity,

v0(r, z), is not shown but is exactly zero everywhere. Conversely, the radial and

143



Chapter 6: O(1) Contact angle model; formulation and
equilibrium solutions

r
z

(a)

(b)

(c)

u0(r, z)

w0(r, z)

p0(r, z)

FIGURE 6.9: Numerical solutions of the axisymmetric equations of motion (6.4.6)
when ϕ = 2, G = 10, θc = π/3. The radial and axial velocities, and the pressure are
shown.

axial velocity components are small but non-zero. For the case presented the

maximum radial and axial velocities are O(10−6). We see that in both cases the

largest velocity magnitude appears where the curvature is greatest, due to the

piece-wise element approximation of the free surface being poorer in this region.

Furthermore, the axial velocity along the z = 0 axis is O(10−11) and constant,

satisfying the no-penetration condition (6.1.4) closely. Therefore, we observe the

solution for the velocity is close to hydrostatic, u0 ≈ 0, satisfying the kinematic

conditions (6.4.26).

The numerical pressure solution, p0(r, z), is shown in figure 6.9 (c) and matches

the expected pressure distribution (6.3.1) very well. We see that contours of con-

stant pressure are parabolic, which again is expected given the exact equilibrium

pressure (6.3.1). Figure 6.10 (a) shows the difference between the pressure solution

along the z = 0 axis and the reference pressure at the origin plotted on logarithmic

axes. Also shown is the exact pressure solution (6.3.1). The numerical solution

aligns well with the expected solution in that the pressure is quadratic along lines

of constant height, with a linear function with slope 2. Along any axis z = k

with k less than the maximum height of the free surface, the numerical results are

the same. Figure 6.10 (b) is similar but shows the difference in pressure solution

along the r = 0 axis along with the expected solution. We again observe that
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(b)(a)

(c)

FIGURE 6.10: Pressure difference along (a) z = 0, and (b) r = 0, demonstrating
that the solution (6.4.5) (b) is recovered. (c) Pressure jump across the free surface in
comparison to the curvature, κ0, showing the the stress condition (6.4.22) is satisfied.

the numerical and exact solutions align well with the pressure rising linearly as z

increases. The same numerical results are produced along any axis r = k, where

k < R0.

Figure 6.10 (c) shows the numerical jump in pressure at the free surface z =

h0(r) in comparison to the curvature of the free surface, κ0. The pressure jump

and curvature are the left and right hand side of the stress condition (6.3.3),

respectively, and are shown to agree well. It is consistent that the agreement

between these quantities is good, provided that (6.2.7) is implemented correctly.

Therefore, figure 6.10 (c) demonstrates that the stress condition (6.2.7) is being

applied properly at the free surface.

Solutions for the velocity and pressure converge to their respective analytical so-

lutions (6.4.5) as the maximum element size δ+ decreases, so that the resolution of
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FIGURE 6.11: Convergence of L2-norm of the pressure and velocity solution of
(6.4.25), subject to stress, regularity, slip and no-penetration conditions for ϕ = 2,
G = 50. The constant slip function used is s(h) = β = 1× 10−3. Solutions on refined
meshes are also plotted for reference.

the mesh increases. This should be expected since increasing the resolution results

in a greater number of nodes on the free surface, hence a better approximation of

the free surface, h0(r), and its curvature, κ0. Figure 6.11 shows the convergence

of the L2–norm of velocity and pressure solution to the exact solution given by

(6.4.5) for a specific ϕ and G. We find that on a uniform sized mesh where δ+ = δ−

the velocity and pressure solution both converge like n−1, where n is the number

of elements.

The meshing software GMSH allows for refinement of the mesh about a curve or

point, as mentioned in § 6.4.4. We can refine about the free surface, so that on

∂Ω3, the element size is δ−, rising to δ+ after a given distance. Therefore, when

the mesh is refined in this way, the curvature (6.4.27) of the free surface is better

approximated on an overall coarser mesh and the stress boundary conditions are

applied more accurately. This results in the same level of accuracy of the solution

for fewer elements, meaning lower computational expense. Figure 6.11 also shows

the L2–norm of pressure and velocity solutions on meshes where the target size of

elements on the free surface is five times smaller than the maximum element size,

so that δ− = δ+/5. We see that for the same number of elements that the error in
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both the pressure and velocity is lower, and converges at the same rate.

6.5 Summary

In this chapter we formulated a model no longer assuming that the contact angle

is small, θc, in contrast to the previous modelling in chapter 3 and much of the

literature detailed in chapter 1. The existing literature focuses on thin film so-

lutions of the governing equations, where equilibrium solutions were determined

by McKinley et al. [42, 43]. Consequently, the analysis presented in this chapter

concerning equilibrium solutions when the contact angle is no longer small, and

subsequent comparison to the thin film equilibrium solutions of McKinley et al.

[42, 43], reproduced in § 3.4, are novel contributions to the literature.

We nondimensionalised the system of equations and boundary conditions in an

alternative way, with the contact angle functioning as an arbitrary boundary con-

dition, rather than within the nondimensional quantities as before. The resultant

equations of motion and boundary conditions contain all terms previously ne-

glected when taking the lubrication approximation in § 3.2.

We found steady, axisymmetric, equilibrium solutions for the free surface, h0(r),

and the constant equilibrium contact line position, R0. The analysis in this chapter

differs from that in § 3.4 since we now include terms previously neglected under the

lubrication approximation of (3.2). Therefore, we use a purely numerical scheme

to solve the derived ODE (6.3.4), for both h0(r) and R0 simultaneously.

We established that for fixed Bond number, G, the results as ϕ is varied is qualita-

tively the same as the analysis in § 3.4 and to the results of McKinley [42, 43]; for

a given Bond number, there exists a maximum nondimensional rotation rate, ϕm,

beyond which equilibrium solutions do not exist. Furthermore, we determined the

effect of varying the contact angle, finding that larger contact angles can support

equilibrium solutions at greater rotation rates. Subsequently, we assembled a pa-

rameter space in which physical, equilibrium solutions exist which are qualitatively

similar to those presented in § 3.4.

Next, we compared the numerical solutions of the full model to the semi-analytical

solutions determined by McKinley et al. [42, 43] and detailed in § 3.4, finding that
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the lubrication approximation compares well to the full model including previously

neglected terms for contact angles less than θc = π/2. However, the thin film

solutions detailed within § 3.4 have the advantage of providing an analytical form

rather than the purely numerical solutions found within this chapter. We found

that, as may be anticipated, when transformed appropriately solutions converge

like θ2c ; the magnitude of neglected terms in the thin film analysis.

We developed a numerical method of solving a set of Stokes equations on a domain

defined by the numerical solution for h0(r) found in § 6.3. Specifically, we used a

finite element method and solving for the equilibrium pressure, p0 and velocity, u0,

given the curvature of the free surface, κ0, calculated from the free surface, h0(r).

We used the FEniCS package to implement the finite element method, and show

that the expected equilibrium solutions for velocity and pressure are recovered.

Finally, we show that the L2–norm of the velocity and pressure converge to the

exact solution at a rate of n−1, where n is the number of elements in the finite

element mesh. The implementation of this method gives a good foundation for

solving the subsequent perturbation equations to assess the linear stability of

equilibrium solutions.
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O(1) Contact angle model; linear

stability analysis

In this chapter we discuss a method of assessing the linear stability of the equi-

librium solutions described in § 6.3. Similarly to chapter 4 we first derive the

equations of motion and boundary conditions at O(ϵ), given a normal mode per-

turbation, defined by a wavenumber, m. We then present a method of solving the

perturbation equations using a finite element method, subsequently discussing the

solutions and results.

7.1 Linear stability formulation

In this section we formulate a model to assess the linear stability of the equilibrium

solutions discussed in § 6.3, including the terms previously neglected in the thin

film model of chapters 4 and 5. We make a normal mode assumption and describe

a method to solve the perturbed equations of motion for the O(ϵ) velocity and

pressure, using a finite element method similar to that described above in § 6.4

but with the added complexity of an unknown free surface perturbation, h1(r).

7.1.1 Equations of motion

We consider a small perturbation to the initial condition (6.4.5) of the form u =

ϵu1(x, t)+O(ϵ2) for the velocity and p = p0(r, z)+ϵp1(x, t)+O(ϵ2) for the pressure,
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where ϵ≪ 1. The free surface and contact line deform as h = h0(r)+ ϵh1(r, φ, t)+

O(ϵ2), and R = R0 + ϵR1(φ, t) + O(ϵ2), respectively. Since we are considering a

model where the contact angle is fixed, no perturbation is applied to the contact

angle. During this analysis all perturbation quantities have the subscript 1 and

satisfy

0 = −∇p1 +∇2u1, ∇ · u1 = 0, (7.1.1)

which are the incompressible Stokes flow equations. Note that, the centrifugal

and gravitational forces are conservative and appear in the hydrostatic pressure

(6.3.1), rather than in the perturbation equations (7.1.1). We make a normal

mode assumption, so that the velocity and pressure perturbations are given by

u1(r, φ, z, t) = û1(r, z)e
imφ+σmt, p1(r, φ, z, t) = p̂1(r, z)e

imφ+σmt, (7.1.2)

while the perturbed free surface and contact line deform like

h1(r, φ, t) = ĥ1(r)e
imφ+σmt, R1(φ, t) = R̂1e

imφ+σmt (7.1.3)

for wavenumber, m ∈ N, and comlex growth rate, σm ∈ C. Substitution of (7.1.2)

into the equations of motion (7.1.1) yields a linear system, written component-wise

and dropping the hats

0 = −∂p1
∂r

+∇2u1 −
m2u1
r2

− 2imv1
r2

− u1
r2
, (7.1.4)

0 = − imp1
r

+∇2v1 −
m2v1
r2

+
2imu1
r2

− v1
r2
, (7.1.5)

0 = −∂p1
∂z

+∇2w1 −
m2w1

r2
(7.1.6)

1

r

∂

∂r
(ru1) +

imv1
r

+
∂w1

∂z
= 0, (7.1.7)

for velocity components as u1 = (u1, v1, w1). Furthermore, since the velocity

components, u1 = (u1, v1, w1), are functions of r and z only, the Laplacian operator

∇2( · ), only involves radial and axial derivatives. The domain in which we solve

equations (7.1.4)–(7.1.7), Ω, is defined by the equilibrium free surface solution,

z = h0(r). Therefore, Ω is the domain bounded by r = 0, z = 0, and z = h0(r),

as was defined in § 6.4.2, an example of which is shown in figure 6.7.
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7.1.2 Boundary conditions

Next, we apply the perturbations (7.1.3) to the boundary conditions, giving their

O(ϵ) forms. Firstly, the free surface (6.1.1) following perturbation is

S := z − [h0(r) + ϵh1(r)e
imφ+σmt] = 0, (7.1.8)

on which the kinematic boundary condition (6.2.14) (b) is

w1(r, h0) = σmh1(r) + u1(r, h0)
dh0
dr

(7.1.9)

at O(ϵ). Under the assumptions made by perturbing and taking normal mode

form (7.1.2, 7.1.3) the rate-of-strain tensor, e = 1
2
(∇u+(∇u)T ), the outward unit

normal, n̂, and the curvature, κ, each deform like

e = e
0
+ ϵe

1
eimφ+σmt, n̂ = n̂0 + ϵn̂1e

imφ+σmt, κ = κ0 + ϵκ1e
imφ+σmt, (7.1.10)

where, due to the hydrostatic equilibrium velocity solution, e
0
= 0. Subsequently,

the stress condition (6.2.14) (a) gives (6.3.3) at leading order in ϵ and[
−p1(r, h0) + 2e

1
(r, h0) +Gh1

]
· n̂0 = −κ1

C
n̂0 (7.1.11)

at O(ϵ), where the O(1) stress condition (6.3.3) has been used to simplify (7.1.11).

The O(ϵ) curvature κ1 in terms of h0(r), h1(r) is,

κ1(r) = ∇ · n̂1 =
[1 + h′20 ]

2m2h1 − r{r[1 + h′20 ]h
′′
1 + [1 + h′20 − 3rh′0h

′′
0]h

′
1}

r2[1 + h′20 ]
5/2

,

(7.1.12)

and only varies with the radial coordinate, r, with dashes denoting derivatives

with respect to this coordinate. Note that, both the kinematic (7.1.9) and the

stress condition (7.1.11) are evaluated at the equilibrium free surface, z = h0(r).

At the solid plate z = 0, the slip and no-penetration boundary conditions (6.2.13)

are imposed, which at O(ϵ) are

u1 = s(h0)
∂u1
∂z

, v = s(h0)
∂u1
∂z

, u1 · n̂0 = 0, (7.1.13)

respectively.
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At the contact line, r = R0 + ϵR1e
imφ+σmt, we impose the contact (6.2.15) (a) and

contact angle (6.2.15) (b) conditions, which at O(ϵ) are

h′0(R0)R1 + h1(R0) = 0, R1h
′′
0(R0) + h′1(R0) = 0, (7.1.14)

respectively. Recalling the contact angle condition at leading order in ϵ (6.3.7),

we can eliminate R1 between the contact and contact angle conditions (7.1.14)

leading to a combined boundary condition and an expression for R1,

h′1(R0) + cot(θc)h1(R0)h
′′
0(R0) = 0, (7.1.15)

R1 = h1(R0) cot(θc), (7.1.16)

respectively, under the assumption that R1 ̸= 0. The combined condition (7.1.15)

is analogous to (5.2.5) in the thin film theory. We also impose the contact line

kinematic condition (6.2.16) at O(ϵ),

σmR1 = u1(0, R0). (7.1.17)

Similarly to the boundary conditions at the free surface, we note that each of the

boundary conditions at the contact line are evaluated at the equilibrium solution,

r = R0.

On the axis r = 0, the O(ϵ) differentiability condition (6.2.17) is

h′1(0) = 0. (7.1.18)

In § 4.1.3 we discussed how the m = 1 perturbation corresponds to a translation

of the centre of mass away from the axis of rotation at r = 0. Therefore, the

differentiability condition (7.1.18) only applies to perturbations m ̸= 1, where the

centre of mass lies on r = 0. We impose the velocity regularity condition (6.2.18)

at r = 0

|u1(0, z)| <∞, (7.1.19)

stating that the magnitude of the O(ϵ) velocity is finite on the axis of rotation,

r = 0. Finally, as argued in § 4.1.3, due to the form of the perturbation the volume

condition (6.2.19) is satisfied automatically for m = 1, 2, 3, ..., whereas if m = 0,
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corresponding to purely axisymmetric spreading, we require∫ R0

0

rh1(r) dr = 0. (7.1.20)

7.1.3 Weak formulation

In § 6.4, for the equilibrium solutions, corresponding to solutions at leading order

in ϵ, we derived a weak formulation (6.4.14) from the equations of motion in

vector form (6.4.6). We cannot employ a similar method for the perturbation

equations (7.1.4)–(7.1.7), due to the normal mode assumption and must instead

derive the weak formulation directly from the equations. Therefore, we take the

inner product (6.4.8) of each component of the perturbation equations (7.1.4)–

(7.1.6), and each component of the vector test function, t = (tr, tφ, tz), and sum

the results giving

0 =

∫
Ω

{[
−∂p1
∂r

+∇2u1 −
m2u1
r2

− 2imv1
r2

− u1
r2

]
tr

+

[
− imp1

r
+∇2v1 −

m2v1
r2

+
2imu1
r2

− v1
r2

]
tφ

+

[
−∂p1
∂z

+∇2w1 −
m2w1

r2

]
tz

}
dx. (7.1.21)

The numbered subscripts indicate whether the quantity is O(1) or O(ϵ), whereas

the coordinate subscript denote the component in that coordinate respectively, not

to be confused with partial derivatives. Since the weak formulation is defined on

Ω, the outward pointing unit normal, subsequently referred to as n = (nr, 0, nz),

is a quantity at leading order in ϵ which only has components in the radial and

axial directions; on the free surface ∂Ω3 n = n̂0 as defined in (7.1.10). The second

order velocity derivatives and the pressure derivatives in (7.1.21) are integrated

by parts, and summed with the inner product of the incompressibility condition
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(3.2.28) and scalar test function, q, to give

0 =

∫
Ω

{
p1

[
∇∗ · t∗ − imtφ

r

]
− q

[
∇∗ · u∗

1 +
imv1
r

]
−∇∗u1 · ∇∗tr

−∇∗v1 · ∇∗tφ −∇∗w1 · ∇∗tz +

[
−m

2u1
r2

− 2imv1
r2

− u1
r2

]
tr

+

[
−m

2v1
r2

+
2imu1
r2

− v1
r2

]
tφ − m2w1

r2
tz

}
dx

+

∫
∂Ω

[(−p1nr +∇∗u1 · n∗)tr + (∇∗v1 · n∗)tφ

+ (−p1nz +∇∗w1 · n∗)tz] dS. (7.1.22)

The starred quantities in (7.1.22) denote those in the (r, z) plane, so that ∇∗( · ) =
(∂/∂r[ · ], ∂/∂z[ · ]), n∗ = (nr, nz) and t∗ = (tr, tz).

The boundary conditions to be applied to the weak formulation (7.1.22) are

the stress (7.1.11), slip (7.1.13) (a, b), no-penetration (7.1.13) (b) and regular-

ity (7.1.19) conditions. The boundary integral of the weak formulation (7.1.22),

denoted B, is a sum over the contributing boundaries, Bi where i = 1, 2, 3, as in

(6.4.16). On the solid boundary at z = 0, the outward unit normal is n∗ = (0,−1)

so that the boundary integral contribution, B1 is

B1 =

∫
∂Ω1

{
−∂u1
∂z

tr −
∂v1
∂z

tφ +

(
p1 −

∂w1

∂z

)
tz

}
dS1. (7.1.23)

The no-penetration condition (7.1.13) (c) is formulated as in § 6.4 according to

John [107], so that

0 = u1 · n+ ξnT ·
(
−p1I + 2e

1

)
· n = w1 + ξ

(
−p1 + 2

∂w1

∂z

)
(7.1.24)

at z = 0. Substituting the no-penetration condition (7.1.24) and the two slip

conditions (7.1.13) (a, b) into the expression for B1 (7.1.23) gives the boundary

integral

B1 =

∫
∂Ω1

{
− u1
s(h0)

tr −
v1

s(h0)
tφ +

(
w1

ξ
+
∂w1

∂z

)
tz

}
dS1. (7.1.25)

At the free surface, z = h0(r), we apply the O(ϵ) continuity of stress con-

dition (7.1.11). Under the normal mode assumption, the O(ϵ) strain tensor,
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e
1
= 1

2
(∇u1 + (∇u1)

T ), is

2e
1
=



2
∂u1
∂r

∂v1
∂r

− v1
r
+

imu1
r

∂u1
∂z

+
∂w1

∂r

∂v1
∂r

− v1
r
+

imu1
r

2

(
imv1
r

+
u1
r

)
∂v1
∂z

+
imw1

r

∂u1
∂z

+
∂w1

∂r

∂v1
∂z

+
imw1

r
2
∂w1

∂z


. (7.1.26)

Substituting into the O(ϵ) continuity of stress condition (7.1.11), with the unit

normal to the free surface n = (nr, 0, nz), gives the three stress components

−κ1
C
nr = −p1nr + 2

∂u1
∂r

nr +

(
∂u1
∂z

+
∂w1

∂r

)
nz +Gh1nr, (7.1.27)

0 =

[
∂v1
∂r

− v1
r
+

imu1
r

]
nr +

[
∂v1
∂z

+
imw1

r

]
nz, (7.1.28)

−κ1
C
nz = −p1nz +

(
∂u1
∂z

+
∂w1

∂r

)
nr + 2

∂w1

∂z
nz +Gh1nz, (7.1.29)

where the O(ϵ) curvature, κ1, is defined in (7.1.12). The normal vector is left in

more general form since each component varies with r along the free surface. Rear-

ranging and substituting into the boundary integral term from (6.4.14) determines

the contribution from ∂Ω3,

B3 =

∫
∂Ω3

{[
−
(
κ1
C

+Gh1 +
∂u1
∂r

)
nr −

∂w1

∂r
nz

]
tr

+

[(
v1
r
− imu1

r

)
nr −

imw1

r
nz

]
tφ

+

[
−∂u1
∂z

nr −
(
κ1
C

+Gh1 +
∂w1

∂z

)
nz

]
tz

}
dS3. (7.1.30)

Finally, on the axis r = 0, we again apply a stress free boundary condition so that

B2 = 0. Substituting each of the boundary integrals, B1−3, into the weak formula-

tion (7.1.22) determines the full weak formulation of equations of motion (7.1.4)–

(7.1.7) subject to continuity of stress (7.1.11), slip (7.1.13) (a, b), no-penetration
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(7.1.13) (c) and regularity (7.1.19) conditions

0 =

∫
Ω

{
p1

[
∇∗ · t∗ − imtφ

r

]
− q

[
∇∗ · u∗

1 +
imv1
r

]
−∇∗u1 · ∇∗tr

−∇∗v1 · ∇∗tφ −∇∗w1 · ∇∗tz +

[
−m

2u1
r2

− 2imv1
r2

− u1
r2

]
tr

+

[
−m

2v1
r2

+
2imu1
r2

− v1
r2

]
tφ − m2w1

r2
tz

}
dx+

∫
∂Ω1

{
− u1
s(h0)

tr −
v1

s(h0)
tφ

+

(
w1

ξ
+
∂w1

∂z

)
tz

}
dS1 +

∫
∂Ω3

{[
−
(
κ1
C

+Gh1 +
∂u1
∂r

)
nr −

∂w1

∂r
nz

]
tr

+

[(
v1
r
− imu1

r

)
nr −

imw1

r
nz

]
tφ+

[
−∂u1
∂z

nr −
(
κ1
C

+Gh1 +
∂w1

∂z

)
nz

]
tz

}
dS3.

(7.1.31)

Note that, derivatives with respect to φ have introduced complex parts due to

the form of the perturbations (7.1.2). One option to solve the complex weak

formulation (7.1.31) is to separate each variable into real and imaginary parts,

and subsequently solve the real and imaginary parts of (7.1.31) simultaneously. A

more efficient option is to notice that the transformation

v1 = iv†1, tφ = −it†φ, (7.1.32)

where v†1, t†φ are real functions, removes the imaginary contributions from the prob-

lem resulting in the real weak formulation

0 =

∫
Ω

{
p1

[
∇∗ · t∗ −

mt†φ
r

]
− q

[
∇∗ · u∗

1 −
mv†1
r

]
−∇∗u1 · ∇∗tr

−∇∗v†1 · ∇∗t†φ −∇∗w1 · ∇∗tz +

[
−m

2u1
r2

+
2mv†1
r2

− u1
r2

]
tr

+

[
−m

2v†1
r2

+
2mu1
r2

− v†1
r2

]
t†φ − m2w1

r2
tz

}
dx+

∫
∂Ω1

{
− u1
s(h0)

tr −
v†1

s(h0)
t†φ

+

(
w1

ξ
+
∂w1

∂z

)
tz

}
dS1 +

∫
∂Ω3

{[
−
(
κ1
C

+Gh1 +
∂u1
∂r

)
nr −

∂w1

∂r
nz

]
tr

+

[(
v†1
r
− mu1

r

)
nr −

mw1

r
nz

]
t†φ+

[
−∂u1
∂z

nr −
(
κ1
C

+Gh1 +
∂w1

∂z

)
nz

]
tz

}
dS3.

(7.1.33)

The transformation on v1 (7.1.32) could have been made from the perturbation
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equation (7.1.5), where the transformation of the test function tφ accounts for

division by i through this transformed equation. Incidentally, if the complex

weak formulation (7.1.31) was solved by simultaneously solving for the real and

imaginary parts we would find that the real part of v1 and imaginary parts of u1,

w1, and p1 are zero.

In summary, we have derived the weak formulation of the O(ϵ) perturbation equa-

tions (7.1.4)–(7.1.7) subject to stress (7.1.11), slip (7.1.13) (a, b), no-penetration

(7.1.13) (c) and regularity (7.1.19).

7.1.4 Solution method

The method of solution is somewhat similar to that in § 6.4.4, in which we first

determine the numerical solution for h0(r), and then use GMSH [108] to produce

our finite element mesh.

In order to apply the stress conditions we require the O(ϵ) curvature (7.1.12),

which in turn requires the perturbed free surface, h1(r). The function h1(r) is

required to satisfy the remaining boundary conditions; the combined contact angle

condition (7.1.15), the differentiability condition (7.1.18) and the normalisation

condition on R1 (7.1.16). Furthermore, although we take a stress free boundary

condition on ∂Ω2, the regularity condition (7.1.19) must also be satisfied along the

free surface, ∂Ω3, as r → 0. Specifically, the curvature of the free surface must

tend to a finite limit, that is

lim
r→0

κ1(r) = lim
r→0

(
h′′1 +

1

r
h′1 −

m2

r2
h1.

)
<∞, (7.1.34)

where the differentiability condition at leading order in ϵ, h′0(0) = 0, has been

used to simplify (7.1.34). Specifically, when m = 2, 3, ... we require that the limit

(7.1.34) is equal to zero to ensure differentiability of the perturbed free surface, so

that

h1(r) ∼ Arm (7.1.35)

as r → 0, where A is an unknown constant. Therefore, for m = 2, 3, ... the

behaviour near the origin satisfies the differentiability condition (7.1.18). When

m = 1 the differentiability need not be applied, as argued in § 4.1.3, since m = 1
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represents a translation of the centre of mass. The behaviour (7.1.35) is consistent

with that found for the perturbed free surface within the thin film limit, detailed

in § 5.2.

To satisfy the combined contact angle condition (7.1.15) while retaining the be-

haviour close to r = 0, we construct the function h1(r) using a Fourier–Bessel

series, known as a Dini series [114]. The perturbed free surface, h1(r), is expressed

as

h1(r) = B0(r) +
∞∑
n=1

anJm

(
γn

r

R0

)
, (7.1.36)

where Jm is themth order Bessel function of the first kind, and γn are the solutions

of

xJ ′
m(x) +R0 cot(θc)h

′′
0(R0)Jm(x) = 0. (7.1.37)

The function B0(r) is defined as

B0(r) =



0 m+R0 cot(θc)h
′′
0(R0) > 0,

a0Im

(
γ0

r

R0

)
m+R0 cot(θc)h

′′
0(R0) < 0,

a0

(
r

R0

)m

m+R0 cot(θc)h
′′
0(R0) = 0,

(7.1.38)

where Im is the mth order modified Bessel function of the first kind, and γ0 is the

solution of

xI ′
m(x) +R0 cot(θc)h

′′
0(R0)Im(x) = 0. (7.1.39)

Therefore, each term in the series (7.1.36) satisfies the regularity condition (7.1.35)

and the combined contact angle condition (7.1.15) by construction. Notice that, if

the Tanner law (4.1.14) was used, as in chapter 4, then the right hand side of the

resultant combined Tanner law, analogous to (4.1.15), would be non-zero. Hence,

in this case we could not construct a similar Fourier–Bessel series satisfying the

boundary conditions.

Finally, to reflect the contact condition (7.1.16) we normalise each function in the

series so that its value at the contact line is tan(θc). This amounts to defining new

coefficients kn such that

k0 = a0 cot(θc)Im(γ0), kn = an cot(θc)Jm(γ0), (7.1.40)
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for all n = 1, 2, 3, .... Overall, we have a set of normalised functions, f(m,n), for

each Fourier mode, m, and Bessel mode, n,

f(m,0)(r) = tan(θc)
Im(γ0

r
R0
)

Im(γ0)
, f(m,n)(r) = tan(θc)

Jm(γn
r
R0
)

Jm(γn)
, (7.1.41)

which each satisfy the combined contact angle (7.1.15) and velocity regularity

conditions (7.1.35). The functions sum to assemble h1(r), such that

h1(r) = f(m,0)(r) +
∞∑
n=1

knf(m,n)(r) (7.1.42)

for each wavenumber, m, provided m + R0 cot(θc)h
′′
0(R0) < 0. If this quantity is

greater than zero so that m + R0 cot(θc)h
′′
0(R0) > 0 then f(m,0) = 0. Note that

defining R1 = 1 so that ϵ is the size of the contact line perturbation the O(ϵ)

contact condition results in the coefficients summing to one,

R1 = 1 =
∞∑
n=0

kn. (7.1.43)

Figures 7.1(a)–(d) each show the normalised functions, f(m,n), for Bessel modes

n = 0, 1, 2, 3, with each figure showing a different wavenumber m = 1, 2, 3, 4 when

ϕ = 2, G = 10 and θc = π/3. In each figure m+R0 cot(θc)h
′′
0(R0) < 0 so that there

exists a real root to (7.1.39) and n = 0 returns a non-zero function. In all figures

each function is normalised such that h1(R0) = tan(θc) =
√
3, where each function

has the same gradient at r = R0 due to satisfying the combined contact angle

condition (7.1.15). Furthermore, the behaviour near r = 0 is demonstrated, where

each function is of the form rm close to the origin. This is particularly visible in

the Bessel modes when m = 1, where each function approaches the origin linearly.

Whenm+R0 cot(θc)h
′′
0(R0) < 0 we observe that the Bessel mode, n, corresponds to

the number of extremum within [0, R0], so that f(m,0) is a monotonically increasing

function. The function f(m,n) initially increases close the r = 0 if n is even, whereas

decreases if n is odd. If m + R0 cot(θc)h
′′
0(R0) > 0 then there are n − 1 turning

points within [0, R0] for the nth Bessel mode, and functions with odd n initially

increase and those with even n decrease close to r = 0.

Whenm = 0, a further boundary condition is required to conserve volume (7.1.20).

Using this method we cannot also satisfy (7.1.20), and therefore restrict our anal-
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FIGURE 7.1: The first four normalised Bessel functions (7.1.41) n = 0, 1, 2, 3 for
m = 1, 2, 3, 4. The presented case is for ϕ = 2, G = 10 and θc = π/3, so that
R0 = 1.293.

ysis to the non-axisymmetric cases, m = 1, 2, 3, ..., where volume is conserved

automatically.

We are now in a position to calculate the O(ϵ) velocity and pressure using a

similar method to that described in § 6.4.4, but instead solving the derived weak

formulation (7.1.31). The variational form (7.1.31) requires the O(ϵ) curvature for

each wavenumber, m, and Bessel mode, n,

κ1(m,n)(r) =
[1 + h′20 ]

2m2f(m,n) − r{r[1 + h′20 ]f
′′
(m,n) + [1 + h′20 − 3rh′0h

′′
0]f

′
(m,n)}

r2[1 + h′20 ]
5/2

,

(7.1.44)

where f(m,n)(r) is each normalised function (7.1.41). The curvature is calculated

on a finer grid than the minimum element size, δ− and then interpolated at the

free surface nodes produced from the finite element mesh.

We again use the FEniCS package to implement the finite element method, solving
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the weak formulation (7.1.33) on the mesh defined by the equilibrium solution, for

the O(ϵ) velocity, u1, and pressure, p1. More specifically, we are solving for the

real parts of the radial and axial components of the velocity and the imaginary

part of the azimuthal velocity, due to the transformation (7.1.32). Once again,

Taylor-Hood elements are used as our finite elements (see figure 6.8).

Once the O(ϵ) velocity has been determined, the growth rate σm,n associated with

a wavenumber m and a mode n is given by the contact line kinematic condition

(7.1.17),

σm,n = u1(m,n)(R0, 0). (7.1.45)

Since the system of equations is linear, if the coefficients for the Fourier–Bessel

series are known the growth rate for a given wavenumber can be assembled by

σm =
∞∑
n=0

knσm,n. (7.1.46)

The coefficients are unknown, in which case we can determine the linear stability

of a perturbation given by wavenumber m and Bessel mode, n, by considering sign

and magnitude of the radial velocity at the contact line.

7.2 Verification by comparison with thin film so-

lutions

Prior to describing the linear stability results of systems with O(1) contact angles,

we first verify the numerical method used. To do this we use known numerical

solutions found using the thin film approximation also subject to the fixed contact

angle condition, previously described in § 5.2, and test our numerical implementa-

tion when the contact angle is small.

7.2.1 Thin film solution

Recall from § 4.1 that the linear stability problem is formulated by making a nor-

mal mode assumption, reducing the equations of motion and boundary conditions

to an eigenvalue problem. In this chapter we studied the system subject to a fixed
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contact angle condition, and to reflect this we discuss its thin film equivalent here,

studied previously in § 5.2. In the thin film limit, the eigenvalue problem (5.2.6)

is subject to the regularity, differentiability, contact, contact angle and contact

line kinematic conditions which is solved to give the eigenvalue, σmI, and a cor-

responding eigenfunction, h1I(r). The subscript I denotes the thin film solutions,

while the subscript m in σmI denotes the wavenumber as before.

The O(ϵ) pressure and velocity components are defined in terms of the linear

operator, L1, acting on the eigenfunction, h1I(r),

p1I(r) = −L1[h1I], (7.2.1)

u1I(r, z) = −
(
z2

2
− h0Iz −

αI

3

)
L′

1[h1I], (7.2.2)

v1I(r, z) = − im
r

(
z2

2
− h0Iz −

αI

3

)
L1[h1I], (7.2.3)

w1I(r, z) = z

(
z2

6
− h0Iz

2
− αI

3

)(
L2

1(h1) +GL1[h1I]
)
− h′0I

2
z2L′

1[h1I], (7.2.4)

respectively. The linear operator, L1, is defined as in (4.1.5) and is repeated here

for clarity

L1[Φ] =

[
d2

dr2
+

1

r

d
dr

− m2

r2
−G

]
Φ. (7.2.5)

Notice that the eigenvalue problem (5.2.6), pressure and velocity components

(7.2.1)–(7.2.4) are all independent of the capillary number C due to the chosen

velocity scale in the fixed contact angle model.

In the thin film limit, the velocity and pressure along the free surface are con-

structed from the eigenfunction, h1I(r), where the derivatives with respect to r

are calculated numerically using a finite difference approximation. In § 4.1.3 we

discussed the form of the velocity components given that the eigenfunction is of

the form h1(r) = kmr
m close to r = 0, giving

u1(r, z) = km

(
z2

2
− h0z −

α

3

)
mGrm−1, (7.2.6)

v1(r, z) = km

(
z2

2
− h0z −

α

3

)
imGrm−1, (7.2.7)

w1(r, z) = km
z2

2
mGrm, (7.2.8)
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(b)

(a)

FIGURE 7.2: (a) Velocity and (b) pressure perturbations of the thin film problem
(I) for m = 2, ϕI = 2, GI = 10 and α = 1 × 10−3. The velocity and pressure are
constructed using the eigenfunction, h1, which is a solution of the eigenvalue problem
(5.2.6). Figure (a) also shows the corresponding eigenvalue of (5.2.6).

where the axial equation has been simplified using h′0(r) ∼ r when r ≪ 1. There-

fore, for each non-axisymmetric mode the axial velocity at the origin is zero, and

for each mode m = 2, 3, 4, ... all three velocity components are zero at the origin.

The corresponding pressure close to the origin is

p1(r, z) = kmGr
m. (7.2.9)

Figure 7.2 (a) shows the thin film velocity components when ϕI = 2, GI = 10,

αI = 1 × 10−3 and m = 2, constructed from the eigenfunction, h1, using (7.2.2)–

(7.2.4). The real part of the radial and axial velocities and the imaginary part of

the azimuthal velocity are shown, with the corresponding other parts being zero.

First we observe that the velocity at the origin is zero, as expected for solutions
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with m = 2, 3, 4, ..., satisfying the velocity regularity condition (3.1.12).

The axial velocity at the contact line, w1I(R0, 0), is zero satisfying the no-penetration

condition (3.1.6). Furthermore, the effect of the slip is demonstrated since both

the radial and azimuthal velocities are non-zero at the contact line. The eigen-

value, σmI, is also shown in figure (7.2) with a black dashed line and meets u1I at

the contact line, demonstrating that the contact line kinematic condition (4.1.16)

is satisfied. We see that close to the origin both the radial and azimuthal velocities

are approximately linear, consistent with the rm−1 behaviour predicted by (7.2.6,

7.2.7). Although not clearly visible on the figure 7.2 (a) the axial velocity compo-

nent also performs as predicted by (7.2.8). Figure 7.2 (b) shows the O(ϵ) pressure,

p1I(r), for the same case, constructed using (7.2.1). The pressure close to the

origin is quadratic, in agreement with (7.2.9). Note that, in each of these figures

the axes are nondimensionalised using the contact angle as a small lubrication

parameter.

7.2.2 Verification of implementation

In § 6.3.2 we described how the O(1) contact angle model is nondimensionalised

differently to the previously discussed thin film models and therefore transforma-

tions are required between quantities in each nondimensional space. The trans-

formations for each variable are derived in appendix C, where each variable of the

thin film model is denoted with subscript I, while those of the O(1) contact angle

model are denoted with subscript II.

The weak form (7.1.33) of the perturbation equations of motion (7.1.4)–(7.1.7)

subject to appropriate boundary conditions was derived in § 7.1.3. Subsequently,

we described how the method used to find the growth rate, σmII, relies on knowl-

edge of the perturbed free surface, h1II(r). In the thin film limit, when the contact

angle, θc ≪ 1, we have solutions for each velocity component (7.2.2)–(7.2.4), and

the pressure (7.2.1). The thin film velocity components and pressure are functions

of the perturbed free surface, h1I(r), which we previously the solved an eigenvalue

problem (5.2.6) to find. Therefore, to verify the finite element implementation

described in § 7.1 we consider systems where the contact angle is small, comparing

the numerical velocity and pressure to the analytical thin film solutions for each

test functions (7.1.41) following appropriate transformation.
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Specifically, given a set of nondimensional parameters, ϕI, GI, and αI we choose

a small contact angle, θc ≪ 1, and calculate the corresponding parameters ϕII,

GII using (C.0.2). We use these parameters and the small contact angle to solve

for the equilibrium free surface shape, h0II, producing a mesh from the solution.

Next, using the method described in § 7.1.4 we assemble a set of Bessel functions,

calculating the curvature (7.1.44) of each one and subsequently solving the problem

described by the weak formulation (7.1.33). To ensure solutions are comparable

to those in the thin film limit we again use the Greenspan slip function [31], so

that

s(h0II) =
αII

3h0I
. (7.2.10)

Comparable thin film solutions are found by transforming each test function so

that f(m,n)I = θ
−2/3
c f(m,n)II, and analytically calculating the velocity components

and pressure (7.2.1)–(7.2.4) for each (m,n) combination using each transformed

solution in place of h1I.

Figure 7.3 shows the transformed real part of the radial and axial velocities and

the imaginary part of the azimuthal velocity on the equilibrium free surface, z =

h0(r) using transformation in appendix C. These solutions are found using the

finite element method described above and each component is plotted with a solid

coloured line. We apply the transformations (C.0.10) to the radial and azimuthal

velocity components, (C.0.11) for the axial velocity component and (C.0.5) for the

radial coordinate, rII, so that solutions reside in the same nondimensional space

as the thin film solutions. We present solutions within this space since it allows

each velocity solution to be presented on the same figure; we know from the axial

velocity transformation that wII will be an order of magnitude smaller than the

radial and azimuthal velocities and therefore would not be discernible within the

nondimensional space of model II.

Each column in figure 7.3 corresponds to the first four non-axisymmetric wavenum-

bers, m = 1, 2, 3, 4 while each row is given by the Bessel modes, n = 0, 1, 2. The

thin film velocity, uI given by (7.2.2)–(7.2.4), for transformed free surface per-

turbation, f(m,n)I = θ
−2/3
c f(m,n)II, is also shown in each figure in various dashed

black lines. The parameters used to produce 7.3 where ϕI = 2, GI = 10, with

contact angle θc = 0.04, which corresponds to ϕII = 3.2 × 10−3, GII = 1.17. The

finite element mesh has uniform element size, meaning no refinement was used,
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FIGURE 7.3: Comparison between the transformed numerical velocity components from the finite element imple-
mentation, uII, and the thin film velocity (7.2.2)–(7.2.4) for the first four non-axisymmetric wavenumbers and first
three Fourier–Bessel modes. Note that, the thin film velocities are constructed using the transformed test function
f(m,n)I = θ

−2/3
c f(m,n)II. Each plot was produced using θc = 0.04, ϕI = 2, and G = 10.
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FIGURE 7.4: Comparison between the transformed numerical pressure pII and the thin film velocity (7.2.1) for the first
four non-axisymmetric wavenumbers and first three Fourier–Bessel modes. Each pressure function corresponds to the
same case as figure 7.3, were θc = 0.04, ϕI = 2, and G = 10.
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and had N = 9254 elements. Due to the contact angle being small, the maximum

height of the free surface is h0II ≈ 0.029, and the resultant the maximum velocity

magnitude on the free surface is |uII| = O(10−6) when n = 0. Nevertheless, figure

7.3 shows that the agreement between the agreement between the transformed

numerical velocity solutions and thin film velocity (7.2.2)–(7.2.4) is good.

The functions f(m,n) were constructed from Bessel functions to satisfy both the

velocity regularity condition (7.1.19) and the combined contact angle condition

(7.1.15). When m = 1, in the first column of figures, we observe that the radial

and azimuthal velocity components, u1 and v1, at the origin are non-zero for

each Bessel mode, while the axial velocity, w1, at r = 0 is zero with the non-

zero slope. Conversely, when m = 2, 3, 4, ... each velocity component is zero at

the origin and furthermore wr = 0 in each of these cases. Specifically, we see the

behaviour predicted by the asymptotic solutions (7.2.6)–(7.2.8) whereby the radial

and azimuthal velocities look like rm−1 close to the origin, while the axial velocity

behaves like rm for each Bessel mode, n. Therefore, in each case the velocity is

regular at the origin.

The above observations are physically consistent and could be anticipated by con-

sidering the shape of each perturbation visualised in figure 4.1. The centre of mass

of perturbations m = 2, 3, 4, ... lies exactly on the axis of rotation, r = 0. There-

fore the radial and azimuthal velocities must be zero at the origin. Furthermore,

in these cases the axial velocity must have zero slope to ensure w1 is differentiable

at the origin. Conversely, an m = 1 perturbation is a translation of the centre of

mass away from centre of rotation meaning radial and azimuthal velocities can be

induced at r = 0. Furthermore, for the same reason the axial velocity need not

have zero slope at the origin in this case.

In each case within figure 7.9, the axial velocity at the contact line r = R0, is zero,

satisfying the no-penetration condition (6.1.4). The radial and azimuthal velocities

at the contact line are non-zero due to the slip conditions (6.1.2), most visible in

the first row of figures where n = 0. We see that for the chosen parameters a

positive radial velocity at the contact line is induced when n = 0 and m = 1, 2,

meaning these are the only two unstable configurations. Each other figure shows

that the radial contact line velocity is negative and therefore the configuration is

stable. The neutral stability curves shown in Figure 4.3 show that m = 1 and
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Contact angle δ N

0.010 0.00406 10003

0.022 0.00437 9933

0.048 0.00501 9999

0.105 0.00562 10016

0.229 0.00630 10044

0.500 0.00715 10027

TABLE 7.1: Contact angle, θc, target element size, δ and resultant number of ele-
ments, N , used to produce figure 7.5.

m = 2 are indeed the only two unstable configurations within the thin film limit.

Figure 7.4 shows the comparison between thin film pressure solutions (7.2.1), and

the transformed numerical solution along the free surface, h0(r), for wavenumbers

m = 1, 2, 3, 4 and the Bessel modes, n = 0, 1, 2. Each figure corresponds to

the velocity plot on the same row and column in figure 7.3. Again we observe

good agreement between the small contact angle limit and the full model with a

small contact angle. Furthermore, note that the asymptotic behaviour (7.2.9) that

p1 ∝ rm when r ≪ 1 is demonstrated for each Bessel mode with wavenumber m.

This can be best seen in the column wherem = 1, where the pressure demonstrates

linear behaviour when r is small.

We stated above that the two cases which have positive radial contact line velocity,

and are therefore unstable, are when n = 0, m = 1, 2. Note that, in these cases

the free surface pressure is qualitatively different, such that a negative pressure is

induced at the contact line. In other cases, when n = 0, m = 3, 4, ... the pressure

at the contact line is positive. The opposing signs of the pressure and radial

velocity at the contact line is demonstrated by the solution within the thin film

limit, where we see from (7.2.1, 7.2.2) that

u1I(R0, 0) = − αI

3

dp1I
dr

∣∣∣∣
r=R0

. (7.2.11)

Therefore, positive contact line velocities induce negative pressure gradients at the

contact line.

The thin film model (I) is derived under the assumption that the fixed contact
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FIGURE 7.5: Mean average error of the first six non-axisymmetric wavenumbers
m = 1, 2, ..., 6 against the contact angle, θc. The case presented is for ϕI = 2, GI = 10.

angle is small and so we expect that the error between solutions will decrease as

the contact angle decreases. The mean absolute error (MAE) over the first seven

Bessel modes is defined as

MAE =
1

7

6∑
n=0

∣∣σI(m,n) − θ−3
c σII(m,n)

∣∣ , (7.2.12)

for each wavenumber, m. The growth rates, σ(m,n), are defined as the radial

contact line velocity (7.1.45) of their respective solution, whether it be from (I)

thin film model (7.2.2) or (II) the full numerical solution. The growth rate, σ(m,n)II

has been transformed using the radial velocity scaling (C.0.10). It is important to

remember that σI(m,n) comes from substituting the normalised functions (7.1.41)

into the expression for the thin film radial velocity (7.2.3) and are not solutions

of the eigenvalue problem (5.2.6).

Figure 7.5 shows the MAE as the contact angle is varied for each wavenumber,

m = 1, 2, ..., 6. The parameters used in each plot are ϕI = 2, GI = 10, which

are transformed according to (C.0.2) and a mesh produced at each contact angle.

The resolution of each mesh, δ, is constant so that no refinement is used, and is
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optimised so that the number of elements is as close to N = 1 × 104 as possible.

Table 7.1 shows the resolution and subsequent number of elements, N , for each

contact angle used to produce figure 7.5. We see that, as anticipated, the MAE

reduces with contact angle for each wavenumber. The convergence is linear on

logarithmic axes in the range θc ∈ [10−2, 10−1], with exponent n = 1.4. Therefore,

in this region MAE ∝ θ1.4c for each wavenumber. Note that this rate of convergence

is lower than that of the equilibrium solutions, where in § 6.3.2 we determined that

solutions converge like θ2c . The convergence rate of numerical solutions may be

limited by the convergence of the finite element solutions themselves.

Overall, we have shown that the numerical method described in § 7.1 recovers

the analytical thin film solutions (7.2.1)–(7.2.4), when given the same function,

f(m,n), in replacement of h1, showing good agreement for sufficiently small contact

angles. Therefore, we have demonstrated that numerical solution of the system

the equations and boundary conditions has been correctly implemented.

7.2.3 Comparison of eigensolutions

In the thin film limit we found numerical solutions to the eigenvalue equation

(5.2.6), returning the eigenfunction h1e, and the eigenvalue σe. The subscript ‘e’

denotes solutions of the eigenvalue equation (5.2.6).

The functions f(m,n) (7.1.41) are constructed to satisfy the boundary conditions

imposed on the free surface perturbation h1, and sum to give h1 (7.1.42) . However,

the coefficient of each term in the series k(m,n) is unknown in general. We saw

in figure 7.1 that the first non-zero function in the sum (7.1.42) is monotonic.

Specifically, if m+R0 cot(θc)h
′′
0(R0) < 0 then the only monotonic function is given

by n = 0, whereas if m + R0 cot(θc)h
′′
0(R0) > 0 the only monotonic functions is

given by n = 1. In § 4.4 we discussed the shape of the eigenfunction, h1e, shown

in figure 4.4, which are also monotonic. Although figure 4.4 is for the solutions

to a similar problem where the contact angle is modelled with the Tanner law,

the eigenfunctions when the fixed contact angle is imposed compare qualitatively.

Therefore, when the contact angle is small we can compare the first non-zero

function in the sum (7.1.42) to the eigenfunction, h1e, of the eigenvalue equation

(5.2.6), following transformation using the contact angle.
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(a) (b)

(d)(c)

FIGURE 7.6: (a) Comparison of the first non-zero function in the sum (7.1.42) and
the transformed solution of the eigenvalue problem (5.2.6). The remaining figures
show the comparison between the (b) first derivatives, (c) second derivatives and (d)
curvature (7.1.12) of the same functions. Each figure is for the case where ϕI = 2,
GI = 10, m = 3 and θc = 0.048.

Figure 7.6 (a) shows the comparison between the first nonzero term in the sum

(7.1.42) and the transformed eigenfunction when ϕI = 2, GI = 10, m = 3 and

θc = 0.048. When the first nonzero function is transformed according to (C.0.7),

the agreement between the numerical solution, h1e, and the function constructed

purely from the boundary conditions, f(3,0), is good. Figures 7.6 (b, c) show the

comparison of the first and second derivatives of the same functions. The deriva-

tives of h1e are calculated numerically using a finite difference scheme, whereas

the derivatives of the function, f(3,0), are performed analytically. We also observe

good agreement between the first derivatives, shown in figure 7.6 (b). It is ex-

pected that the functions and their first derivatives will agree well at the contact

line due to the Robin boundary condition (7.1.15) being satisfied in each case.

Also, qualitative agreement at the origin is expected by construction, however the
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FIGURE 7.7: Comparison of thin film eigenvalue σme (blue) to transformed numerical
growth rate for Bessel mode n = 0 (yellow), where ϕI = 2, G = 10, αI = 1 × 10−3

and θc = 0.048, for the first six non-axisymmetric wavenumbers, m. Also shown is
the transformed growth rate, having used the transformed eigenfunction, θ2/3c h1e, in
place of f(m,n) (red).

overall level of agreement in figures 7.6 (a, b) is surprising. The second derivatives

agree well when rII < 3.5 but diverge from one another close to the contact line

at rII = R0 = 3.65. Near the origin the behaviour of each function is linear, con-

sistent with the second derivative of rm when m = 3. Figure 7.6 (d) compares the

curvature (7.1.44) of f(3,0) to the O(ϵ) curvature within the thin film limit, given

by κ1e = L1(h1e), where L1 is given by (7.2.5). There is also error within the

O(ϵ) curvature of the free surface close to the contact line, caused by differences

between the second derivatives of each function, which in turn will lead to error

within the velocity at the contact line and therefore the growth rate.

Next, we can compare the resultant growth rates and assessing how the difference

in O(ϵ) curvature indicated in figure 7.6 (d) manifests in the velocity at the contact

line. Figure 7.7 shows the eigenvalues of (5.2.6) against wavenumber for the same

case where ϕI = 2, GI = 10, shown in blue. Also shown are the numerical growth

rates corresponding to the first non-zero function f(m,n) has been used as the free
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surface perturbation, shown in yellow. For the case considered the contact angle

is θc = 0.048 so that R0 cot(θc)h
′′
0(R0) = −4.58. Therefore, for m = 1, 2, 3, 4 the

n = 0 mode is used to calculate the velocity and subsequently the growth rate.

Whereas, for m = 5, 6, ... we used n = 1, since there are no real roots to (7.1.39) in

this case. Given these functions, the numerical growth rates, σII, are transformed

using (C.0.17) so that solutions in the same nondimensional space as the thin film

growth rates, σe, and therefore comparable. We see that solutions using the first

terms of the Fourier–Bessel sum compare well to the thin film numerical solutions

both qualitatively and quantitatively. The error in the solution is due to the

difference in O(ϵ) curvature, which in turn is due to the difference in the second

derivatives between h1e and f(m,n), demonstrated in figures 7.6 (c, d).

We construct Bessel functions which satisfy the boundary conditions since the

perturbed free surface shape, h1, is unknown. Within the thin film limit, the

eigenfunction, h1e, is known and so we can test our implementation in a different

way, by transforming this function according to (C.0.7), and using it to solve the

full equations in our finite element implementation. The eigenfunction, h1e, is

itself an approximation since it is derived neglecting O(θ2c ) terms, however we

mitigate this error by considering a case where the contact angle is small. Figure

7.7 also shows the numerical growth rates where the transformed eigenfunction

θ
2/3
c h1e has been used to solve for the velocity and pressure, shown with a dashed

red line. We observe that the agreement is good, verifying that the finite element

implementation can recover the correct growth rates when given the correct free

surface perturbation, h1e. In the case presented, the sum of the percentage error

over the first six wavenumbers is 0.24%.

Overall, to further verify our numerical method when the contact angle is not

necessarily small, we compared the growth rates to results from the thin film model

previously studied. We found that when the contact angle is small the first non-

zero function in the constructed sum (7.1.42) compares well to the eigenfunction,

h1e, which arises from solving the eigenvalue equation (5.2.6) within the thin

film limit. Furthermore, we showed that constructed monotonic function, f(m,n),

produces growth rates which agree well with the eigenvalues, σe, of (5.2.6) when

the contact angle is small following appropriate transformations. Finally, using

the transformed eigenfunction we showed that the finite element method produces

growth rates comparable to the eigenvalues with a small percentage error.

174



Chapter 7: O(1) Contact angle model; linear stability analysis

7.3 Linear stability results

We now consider results of the linear stability of non-axisymmetric perturbations

to the equilibrium solutions defined in § 6.3, where the contact angle is O(1). In

this section we solely consider quantities in the nondimensional space of the O(1)

contact angle model (II) and so drop the subscripts hereafter.

In § 7.2.3 we discussed how the first non-zero function, f(m,n), in the Fourier–Bessel

series (7.1.42) is monotonic and occurs for n = 0 or n = 1, depending on the sign

of m + R0 cot(θc)h
′′
0(R0). We saw that this monotonic function compares well to

the eigensolutions when the contact angle is small, subsequently returning growth

rates which also compare well (see figure 7.7). Therefore, in this section we will

only consider the monotonic function in the Fourier–Bessel series, assuming that

it compares well to the eigenfunction when the contact angle is not small.

Figure 7.8 shows the numerical solution for the three velocity components and the

pressure, on the mesh defined by the equilibrium solution for ϕ = 3.14, G = 10,

and θc = π/3. The specific case presented is for m = 3 and n = 0, so that

the free surface is perturbed by f(3,0). We take the slip function to be constant,

s(h0) = β, since the previously used Greenspan slip law is generally used where

the film height is small. However, the results are qualitatively the same, whether

the Navier or Greenspan slip laws are used. We have defined the instability of

the system as whether the contact line advances or recedes in time, quantified by

the radial contact line velocity, u1(R0, 0). In figure 7.8 the radial velocity at the

contact line is negative, indicated in blue, which in our definition means that the

system is stable. However, there is a region of positive velocity above indicated

in red, which may indicate that the method of instability is a rolling over the

contact line, rather than the contact line itself moving. The azimuthal velocity,

v†1(r, z), shown in figure 7.8 (b) is always positive, with maximum velocity on the

free surface in the region h′0(r) changes sign. The axial velocity, w1(r, z), is shown

in figure 7.8 (c). Immediately, we see that the no-penetration condition is satisfied,

with zero velocity along z = 0. Similarly to the radial velocity there are regions

of positive and negative axial velocity. Figure 7.8 (d) shows the pressure, which

similarly to the radial velocity changes sign close to the contact line.

Next, we consider the behaviour of the solutions close to the axis of rotation, r = 0.

175



Chapter 7: O(1) Contact angle model; linear stability analysis

r
z

(a)

(b)

(c)

(d)

u1(r, z)

w1(r, z)

p1(r, z)

v†
1 (r, z)

FIGURE 7.8: Solution for the velocity components and pressure on a mesh defined
by the equilibrium solution when ϕ = 3.14, G = 10, and θc = π/3. The specific case
presented is for m = 3, n = 0, so that the free surface is perturbed by f(3,0), while
slip length is β = 0.01.

Figure 7.9 shows the three velocity components and the pressure along the free

surface, h0(r), for the same equilibrium solution as in figure 7.8, where ϕ = 3.14,

G = 10, θc = π/3. Figures 7.9 (a)–(d) show the solutions for wavenumbers m =

1, 2, ..., 6, plotted on logarithmic axes, demonstrating the behaviour close to the

origin, r = 0. In this case R0 cot(θc)h
′′
0(R0) = −24.3, so that the n = 0 Bessel mode

is the first non-zero function for each wavenumber shown. Figure 7.9 (a) shows

the radial velocity, u1(r, z), and demonstrates the behaviour along the free surface

near the origin. For each wavenumber, the radial velocity is linear on logarithmic

axis with gradient of m − 1, demonstrated by the black dashed lines, meaning

that the radial velocity behaves like rm−1 along the free surface, h0(r), close to

the origin. Similarly, the azimuthal velocity, v†1(r, z) = iv1(r, z), shows the same

behaviour in figure 7.9 (b) for each wavenumber. The axial velocity and pressure
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(a) (b)

(c) (d)

FIGURE 7.9: Behaviour of (a)–(c) velocity components and (d) pressure near the
origin for the same nondimensional parameters used to produce figure 7.8, for each
wavenumber m = 1, 2, ..., 6.

solutions shown in figures 7.9 (c, d) indicate that these quantities behave like rm

along the free surface and close to the origin. Therefore, the velocity is regular at

the origin for each wavenumber, so that (7.1.19) is satisfied. Furthermore, we find

that the behaviours for the velocity and pressure found within the thin film limit,

given by (7.2.6)–(7.2.9) are retained when the contact angle is large.

In § 6.3 we discussed how for each contact angle, θc, and Bond number, G, there

exists a range of nondimensional rotation rates, ϕ, for which equilibrium solu-

tions exist. The minimum value is always ϕ = 0, corresponding to no rotation,

whereas the maximum ϕm is determined numerically using a golden search algo-

rithm. However, we determined that similarly to in the thin film limit, there is a

range ϕc ⩽ ϕ < ϕm for which multiple solutions for R0 exist, indicated in figure

6.2. Therefore, the full range of solutions is given between the maximum value of

R0, which exists where h0(0) = 0, and the minimum value of R0, corresponding to
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(a) (b)

(c) (d)

FIGURE 7.10: Solutions of (7.1.33) with Bond number, G = 10, contact angle,
θc = π/3, Navier slip length β = 0.01, and Bessel mode n = 0 for the first six
non-axisymmetric wavenumbers. (a ,b) Show the radial contact line velocity as (a)
the centrifugal number, ϕ, and (b) the resultant contact line position, R0 are varied.
Figures (c, d) show the maximum radial velocity as (c) ϕ, and (d) R0 are varied.

where ϕ = 0. Given a Bond number and a contact angle we can produce meshes

between these maximum and minimum values, and for each one construct the

first non-zero Bessel function in the series (7.1.42) given a wavenumber, m, and

assessing the trend in the solutions.

Figure 7.10 (a, b) show the contact line velocity, u(R0, 0), plotted against (a) ϕ

and (b) R0 for the first six non-axisymmetric wavenumbers when n = 0. In this

case a contact angle, θc = π/3, and a Bond number G = 0 were used. For each

centrifugal number, ϕ, the mesh is produced, optimising the number of elements

to be approximately N ≈ 2000 by using a target element size at δ ≈ 0.02. We

impose Navier slip so that the slip function is constant s(h0) = β = 0.01. In each

figure 7.10 (a, b) we observe for each system the contact line velocity is negative,

with greater wavenumbers having more negative velocities. In figure 7.10 (b),
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where the contact line velocity is plotted as a function of R0, each function is

decreasing within the range of possible solutions. Therefore, under our definition

of contact line instability, whereby the radial contact line must be positive, each

solution is stable. Physically, larger values of ϕ correspond to greater rotation

rates and therefore we would expect greater radial velocities as ϕ increases. The

results shown in figure 7.10 (a, b) appear to contradict this. However, there is

evidence to suggest that the method of instability is in fact a rolling of the ridge

over the contact line. We can see this in figure 7.8 (a), which shows a region of

positive velocity at the ridge. Rolling motion at the contact line is common when

the contact angle is large in flows down an inclined plane [52]. Rolling of the

contact line has also been observed experimentally in spin coating in both glycerol

solutions [66] and silicon oils [61, 64] of various volumes.

To characterise how a rolling instability may occur we consider the maximum

radial velocity induced by the monotonic function f(m,n), where n = 0 or n = 1.

Figures 7.10 (c, d) show the maximum radial velocity as a function of (c) the

centrifugal number, ϕ, and (d) the mean radius, R0, for the same case as figures

7.10 (a, b). In figure 7.10 (c) we see that the maximum radial velocity increases

with ϕ in the region 0 ⩽ ϕ < ϕc for each wavenumber, with greater velocities

induced for m = 1. In the region where ϕc ⩽ ϕ < ϕm there exists multiple

solutions, where the upper branch has larger R0, and the resultant maximum

radial velocities are greater. When the maximum radial velocity is plotted against

R0 in figure 7.10 (d), it increases for each wavenumber with the induced velocity

decreasing as the wavenumber increases. The results are physically consistent

when the maximum radial velocity is considered; larger rotation rates induce larger

radial velocities.

We observe similar results when the Bond number, G, is varied. Figure 7.11 (a)

shows the radial velocity at the contact line as a function of the Bond number,

G, for contact angle, θc = π/3, centrifugal number, ϕ = 2.4, Bessel mode, n = 0,

and wavenumbers m = 1, 2, ..., 6. We again use a Navier slip law where s(h0) =

β, where β = 0.01 and each mesh has approximately N = 1 × 104 elements.

Larger Bond numbers, corresponding to larger volumes, have more negative radial

contact line velocities and are therefore more stable. The results are contrary to

physical interpretation and dynamics observed experimentally in chapter 2, which

suggest that larger volumes are have greater growth rates at the same rotation
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(a) (b)

FIGURE 7.11: Solutions (7.1.33) with centrifugal number, ϕ = 2.4, contact angle,
θc = π/3, Navier slip length β = 0.01, and Bessel mode n = 0 for the first six
non-axisymmetric wavenumbers. (a) Shows the radial contact line velocity while (b)
shows the maximum velocity within the domain as G is varied.

rate. However, the maximum radial velocity, shown in figure 7.11 (b), aligns with

the physical interpretation of varying the Bond number, where we observe larger

radial velocities as G is increased. In this case we observe at each G the greatest

radial velocity is induced by an m = 1 perturbation, contrary to experimental

observations. The maximum radial velocity of each mode decreases sequentially

as the wavenumber is increased for fixed G.

When the contact angle is small, we observed the radial contact line velocity can

be positive (see figure 7.3), with the interpretation that since the contact line can

move radially outwards, it is linearly unstable. However, for large contact angles

we observe that the radial velocity at the contact line is negative, as shown in

figures 7.10 (a, b). Therefore, there must be a critical contact angle for which the

sign of the radial velocity at the linearised contact line, u1(R0, 0), changes sign.

We consider solutions at the same point in nondimensional parameter space, where

given the Bond number and contact angle the centrifugal number is maximum,

ϕm. In the thin film limit, we saw that at this point in parameter space there are

always unstable wavenumbers for any Bond number, shown in figures 5.3 (d)–(f).

Figure 7.12 shows scaled radial contact line velocity as a function of the contact

angle for the first four non-axisymmetric wavenumbers, m = 1, 2, 3, 4, which are

unstable when the contact angle is small. The Bond number and Bessel mode used

are G = 10, n = 0, respectively, and each mesh has approximately N = 1 × 104
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FIGURE 7.12: Scaled radial velocity as the contact angle is varied, for G = 10, and
Greenspan slip length of α = 1× 10−3. Each data point was produced by finding the
maximum ϕ given the contact angle, solving the weak formulation (7.1.33) on a mesh
with approximately N = 1× 104 elements, when n = 0.

elements. It is important to note that in each case the Greenspan slip law has

been used, so that s(h0) = α/(3h0), where α = 1 × 10−3. For large contact

angles the results are qualitatively similar to when the Navier slip law is used, but

for small contact angles only the Greenspan slip law allows non-zero contact line

velocities, discussed in § 5.1.2. The velocities are scaled with θ−3
c so that the radial

velocity is the same order of magnitude for each contact angle. We see that there

is a change in sign for each mode at approximately θc = 0.15, with all velocities

beyond the crossing point being negative. The threshold is marginally different

for each wavenumber, with m = 1 changing sign at the greatest contact angle,

while m = 4 changing sign for the smallest contact angle. Therefore, a qualitative

change in solutions occurs for contact angles larger than 0.15, where as discussed

above the method of instability may transition to rolling over the contact line,

rather than the contact line having positive radial velocity. When the contact
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angle is larger than this threshold, the observations made of figure 7.10 are typical

of any valid combination of ϕ and G.

Overall, our preliminary solutions indicate that the previous definition of the

growth rate may be insufficient to capture what occurs when the contact an-

gle is large. We determined it may be more appropriate to define the growth rate

of the system as a function of the maximum radial velocity, due to the velocity

solutions indicating rolling at the contact line. Further work is recommended to

understand this. One method to do such could be to advect the mesh using the

velocity flow, assessing how an initial perturbation grows in time. It is important

to remember that the solutions presented in this chapter rely on the knowledge

of the perturbation of the free surface before solving for the velocity and pressure

fields. To circumvent this problem, we constructed a set of Bessel functions which

satisfy the derived boundary conditions at O(ϵ). To avoid this, it may be more

appropriate to assemble the system of equations and boundary conditions into an

eigenvalue problem for the free surface shape, h1, and growth rate, σm, for a given

wavenumber.

7.4 Summary

In this chapter we have discussed the linear stability of equilibrium solutions pre-

sented in § 6.3, subject to non-axisymmetric perturbations. The existing literature

surrounding the fingering instability of rotating droplets, discussed in chapter 1,

focuses on thin film solutions of the governing equations. Therefore, the linear

stability analysis for large contact angles performed within this chapter is a novel

contribution to the literature.

The equilibrium solutions, determined in § 6.3, were perturbed making a normal

mode assumption, deriving the O(ϵ) equations of motion and boundary condi-

tions, where ϵ ≪ 1. The finite element analysis of the problem at leading order

in ϵ, described in § 6.4, provided a basis from which the numerical method de-

scribed in this chapter was developed for the O(ϵ) equations and boundary con-

ditions. We used a novel method of determining the linear stability, constructing

the free surface perturbation, h1(r), to satisfy the O(ϵ) boundary conditions using

a Fourier-Bessel series, and solve the resultant weak formulation for the pressure
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and velocity fields.

First, we considered configurations with small contact angles and compared the

resultant velocity and pressure fields to the analytic solutions derived in the thin

film limit. We saw that when the contact angle is small, and given the same

function f(m,n), the agreement between the numerical and analytic solutions is

good. To further verify our numerical method, we compare the growth rates from

the first non-zero function in the Fourier–Bessel series (7.1.42) to results from

the thin film model previously studied. Since the models are nondimensionalised

differently, transformations exist between the cases, described in appendix C. The

growth rates are calculated using the finite element method described above, and

scaled with the contact angle, showing good agreement to the eigenvalues of (5.2.6)

when the contact angle is small.

We discussed solutions where the contact angle is O(1), finding that the instability

is characterised by rolling over the contact line, rather than outward movement

of the contact line itself. To assess the size of the instability we consider the

maximum radial velocity, showing this increases as the mean radius of the contact

line, R0, increases. Finally, we varied the contact angle to assess where the radial

velocity at the contact line changes sign. This indicates the transition between an

instability where the contact line moves radially outwards when the contact angle

is small, and a rolling instability for larger contact angles.

Further work is recommended on this topic, suggested routes being advection of

the boundary in time according to the velocity field, or solving the full eigenvalue

problem rather than constructing the free surface perturbation, h1, from Bessel

functions.
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Chapter 8

Comparison with experimental

results and discussion

In § 2.1.2 we described the method of using Fourier analysis to extract information

from video sequences data characterising the front instability of spun up drops of

viscous fluid with different volumes at varying rotation rates. Specifically, we

extracted the amplitude of each Fourier mode and assessed how each mode grows

in a short time following spin-up, using a linear fitting to calculate the dimensional

growth rates from the data.

Subsequently, we developed two models; the thin film model presented in chapters

3, 4 and 5, herein referred to as model I, and the O(1) contact angle model

presented in chapters 6, 7, and referred to as model II. Both models assume that

viscosity dominates, and therefore inertial terms are neglected due to the Reynolds

number, Re, being sufficiently small.

In this chapter we compare aspects of each model to the experimental results

presented in § 2.3.

8.1 Equilibrium solutions

In § 2.1.2 for a given image extracted from the recorded video file, we explained

how to use Fourier analysis to find the mean radius of the contact line, a0. We

presented the results in § 2.3, considering both the stationary radii prior to the

detection of any motion, and the spin-up radii when the disc reached the target
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rotation rate.

Recall that for model I the equilibrium solutions are defined in terms of two nondi-

mensional parameters, the nondimensional rotation rate, ϕI, named the centrifugal

number, and the nondimensional measure of gravity to surface tension, GI, the

Bond number, repeated here

ϕI =
ρΩ2V

γθ2c
, GI =

ρgV 2/3

γθ
2/3
c

. (8.1.1)

In model II, we no longer assume that the contact angle is small and as a result

nondimensionalised the system of equations in an alternative way, described in

§ 6.2. The resultant nondimensional parameters, analogous to those in (8.1.1) are

ϕII =
ρΩ2V

γ
, GI =

ρgV 2/3

γ
. (8.1.2)

Notice that in this latter case the contact angle, θc, does not appear in either

nondimensional quantity, instead appearing in the boundary conditions. In each

model the length is nondimensionalised by the volume of fluid, V . Typical ex-

perimental values of each physical quantity are listed in table 2.1. Subsequently,

for each model we determined the nondimensional hydrostatic equilibrium solu-

tion shape, h0(r), and resultant nondimensional mean radius, R0, and building

a parameter space as each nondimensional parameter is varied, shown in figures

3.4 and 6.9. Recall that, to derive these equilibrium solutions, we assumed the

system was at rest within the rotating frame of reference. The main result from

the equilibrium analysis of each model is that for each Bond number there is a

corresponding maximum centrifugal number, beyond which equilibrium solutions,

that is those with zero velocity at leading order in ϵ, do not exist.

8.1.1 Stationary solution

Recall from § 2.3.2 that we determined the mean radius, a0, of each experiment in

the frames prior to spin-up, so that the initial condition of the experiments can be

assessed. Specifically, we discussed how the size of the initial radius of the contact

line varies for the same target volume. The results are presented in figure 2.8 (a),

and reproduced in figures 8.1 (a, b), where we see that larger volume droplets have
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(a) (b)

FIGURE 8.1: Comparison of mean fluid radius to both the thin film model I, and
O(1) contact angle model II, when ϕ = 0, where (a) the contact angle and (b) both
the contact angle and surface tension coefficient are used as fitting parameters.

Model Fitting parameters θc (rad) γ (kg s−2) SS residuals (mm2)

I 1 (θc) 1.342 0.0630 0.099

II 1 (θc) 1.318 0.0630 0.298

I 2 (θc, γ) 1.247 0.0797 0.083

II 2 (θc, γ) 1.213 0.0801 0.177

TABLE 8.1: Summary of parameters used to produce figure 8.1, and the resultant
sum of squared (SS) residuals between the model predictions and the experimental
data.

larger initial radii.

Since we are considering the radius of the fluid before any rotation has occurred,

the rotation rate is Ω = 0, and hence ϕ = 0 in each model. We fit each model

to the data using a nonlinear curve fitting method, using the contact angle, θc,

as an adjustable parameter, whereas the value other physical quantities are taken

from table 2.1. Figure 8.1 (a) shows the dimensional comparison between the

experimental data and each model, where the model I is shown with a blue solid

line, and model II shown with a red dashed line. We see good agreement for each

model, and the resultant contact angle and corresponding sum of squared (SS)

residuals are listed in the first two rows of table 8.1. We see that in both cases the

contact angle is large with θc ≈ 1.3. It is therefore perhaps surprising how well

the thin film model performs, since it is derived under the assumption of a small
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contact angle.

The value for the surface tension, γ, reported in table 2.1 is for a pure glycerol

solution, whereas the fluid used for the experiments is prepared using a small

amount of dye, the surface tension of which is larger than glycerol. Therefore, it

is likely that the overall surface tension is larger than the reported value, and γ

is subsequently used as an extra fitting parameter to the data. The results are

listed in the final two rows of table 8.1, where there are two fitting parameters

and the comparison is plotted in figure 8.1 (b). We see that, as anticipated, in

each case the fitted value of γ ≈ 0.080 is larger than the previous table value of

γ = 0.063, with a lower sum of squared residuals than the case where only the

contact angle is fitted for each model, indicating better agreement. When both

the surface tension coefficient and contact angle are fitted, we see in table 8.1 that

the contact angle is approximately 0.1 rad ≈ 6 ◦ lower than when only the contact

angle is fitted.

In the modelling, we assumed the system is in equilibrium in order to find the

base state. Before any rotation occurs this is a good assumption, and we see that

the modelling reflects that, showing good agreement between both models and the

experimental data.

8.1.2 Non-zero rotation

Recall that in each experiment, the time t = 0 is defined from the frame where

the target rotation rate, Ω, is first achieved. The method for calculating where

the target rotation rate is reached was detailed in § 2.3.2. The amplitude of the

m = 0 Fourier mode at t = 0 is denoted R0. Figure 2.8 (b) shows how R0 varies

with rotation rate and volume.

The data from the stationary comparison indicates that the surface tension is

greater than the value reported as an estimated lower bound in table 2.1 for pure

glycerol. Therefore, when fitting the models to the spin-up radius data the surface

tension coefficient, γ, and the contact angle, θc, are used as fitting parameters,

where again we use a nonlinear curve fitting algorithm. To account for variations

in the preparation of fluid and atmospheric conditions between experimental sets,

we determine the fitting parameters for each volume individually, as well as all
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(a) (b)

FIGURE 8.2: Comparison between the experimental spin-up radius and the predic-
tion of the both models I and II, where (a) each experimental set is fitted individually,
and (b) the data is fitted all together.

together.

Figure 8.2 (a) shows prediction of both models against the data where each ex-

perimental set has been fitted individually. The prediction of models I and II

are shown in solid and dashed lines, respectively, with colour corresponding to

the appropriate volume. Figure 8.2 (b) shows the model predictions for a single

contact angle and surface tension coefficient over all data sets. Immediately, we

see in each figure that for each volume that both models are limited to a smaller

range of rotation rates than the experimental data. This feature is expected, since

we found in § 3.4 that for each Bond number, G, there is a maximum centrifugal

number, ϕ, for which equilibrium solutions exist, corresponding to a maximum

rotation rate. The values of the contact angle and the surface tension coefficient

are reported in table 8.2, for each experimental set and model, along with the sum

of squared residuals. The final row of the table shows the results when the data

is fitted using all data points together, for each model corresponding the figure

8.2 (b). The residuals are calculated between the model and the data points which

are lower than the maximum rotation rate the model predicts, and data points

which are beyond this threshold are ignored.

The values of the contact angle for model I lie within a range of 0.11 rad, which is

approximately 6 ◦, whereas for model II the resultant contact angles vary between

1.187 and 1.479, a difference of approximately 16 ◦. The surface tension coefficient

varies more substantially in both cases, a suprising result given the fluid was
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Volume (ml) Model θc (rad) γ (kg s−2) SS residuals (mm2)

0.15
I 1.500 0.0635 0.403

II 1.334 0.0805 0.610

0.35
I 1.396 0.0795 0.877

II 1.290 0.0932 1.787

0.57
I 1.453 0.0674 1.103

II 1.187 0.1105 1.113

0.73
I 1.449 0.0719 9.753

II 1.328 0.0849 9.623

1.20
I 1.497 0.0925 0.993

II 1.276 0.1250 1.427

1.55
I 1.501 0.0682 2.682

II 1.479 0.0843 2.771

Overall
I 1.501 0.0673 20.095

II 1.501 0.0677 28.371

TABLE 8.2: Summary of the parameters used to produce figures 8.2 (a, b), and the
resultant sum of squared (SS) residuals between the model and experimental data.

prepared in the same way for each experiment. Furthermore, the fitted contact

angles are similar to those from the stationary comparison, shown in figure 8.1.

Considering figure 8.2 (a), we see that the agreement is good within the range

where the model is valid. Moreover, we see that each model predicts the spin-up

radius better for lower rotation rates, with the model over-predicting the spin-up

radius for larger rotation rates. The worst corresponding SS residuals value for

both models is where V = 0.73ml, shown in purple on figure 8.2 (a), for which

the data is most skewed. For each experimental set the contact angle predictions

for model I are greater those of model II, while the reverse is true for the surface

tension coefficient. Furthermore, for each set other than V = 0.73ml, the SS

residuals is greater for model II than for model I indicating that the agreement

between model I and the data is marginally better. These results are unexpected,

since model II includes terms which are neglected in model I.

The agreement when the data is fitted overall, shown in figure 8.2 is also good

for both models. Again, model I performs better than model II with a smaller
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SS residuals value, although the contact angle and surface tension are similar.

The sum of the SS residuals when the data is fitted individually for model I is

15.81mm2, which is lower than the overall value of 20.10mm2, indicating a better

fit. Similarly, for model II the sum of SS residuals when individually fitted is

17.33mm2 whereas the overall value is 28.371mm2.

Experimentally, the acceleration (2.1.2) was chosen to limit contact line spread-

ing within the spin-up phase of the experiment. However, during this phase it is

likely that velocities were induced within the fluid relative to the rotating base. A

key modelling assumption in each model was that the velocity within the rotating

frame of reference is zero, and therefore the system is in equilibrium. Hence, al-

though experimentally we attempted to limit magnitude of induced velocity, the

modelling assumptions do not align perfectly with those observed in the experi-

ment, and therefore are a potential source of error. In § 8.1.1 we saw that prior

to any movement of the disc, when the system is at rest, both models predict the

location of the contact line well.

When fitting the equilibrium models to the experimental data at spin-up we have

assumed that the equilibrium contact angle is independent of the rotation rate.

However, there are indications that for more viscous fluids the contact angle in-

creases with rotation [64]. Therefore, it may not be appropriate to fit each data set

with a single contact angle, and the resultant larger values of the surface tension

coefficient act to counteract this effect.

In summary, we see that both the thin film model I and the O(1) contact angle

model II perform well at predicting the location of the linearised contact line, R0,

and although the assumption that the contact angle is small is not met, model I

performs marginally better in comparison to the data. However, both models are

limited due to the assumption that the system is in equilibrium, whereas in the

experiment it is likely that velocities are induced during the spin-up phase of the

experiment.
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8.2 Axisymmetric spreading

In § 2.3.3 we found that from the spin-up radius the axisymmetric Fourier mode

spreads like

a0(t) = R0 + kV nΩ4t, (8.2.1)

where the values of the coefficient, k, and exponent, n, are presented in table 2.3.

Overall, we found that k = 11.73, n = 1.57 fits the data well.

The linear stability analysis assumes an initial condition which has zero velocity

within the rotating frame of reference. We have seen in § 8.1.2 that this may not

be realised, due to the error between the mean radius at spin up, and the dimen-

sional equilibrium contact line position. The mathematical analysis concerning

the neutral stability of the axisymmetric mode in the thin film limit, performed in

§§ 4.3, 5.4, indicated that solutions are mostly stable to axisymmetric perturba-

tions, with stable solutions only appearing for radii greater than R0c, the radius

at the maximum value of ϕ. We do not see this behaviour within the experiments,

and see that the amplitude of the axisymmetric Fourier mode always grows in

time from the spin-up radius, R0.

The qualitative disagreement in axisymmetric spreading further indicates that the

initial condition of the experiment was not in equilibrium, although the spin-up

radius, R0, is relatively well approximated by models making this assumption,

demonstrated in § 8.1.2.

8.3 Non-axisymmetric spreading

In this section we compare the numerical growth rates from the experimental data,

presented in § 2.3, to the eigenvalues calculated from the linear stability problem

within the thin film limit described in chapter 4 for non-axisymmetric perturba-

tions. In this section we will only consider solutions to thin film model I, since

we found in § 7.3 that model II does not produce results which are qualitatively

comparable to the experiments for large contact angles.

In § 2.3.4 we presented the linear growth rates and dominant Fourier modes for

each experiment as both the volume and rotation rate were varied. The main
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qualitative result from the non-axisymmetric analysis was that as the rotation

rate increased, the dominant mode also increased sequentially from m = 1 for

each volume considered. Furthermore, the threshold rotation rate for a mode to

become dominant decreases as the droplet volume was increased. As anticipated,

the growth rate of a given mode increased for greater rotation rates. However, the

rate at which this growth occurs decreased, indicating there may exist an upper

limit on the growth rate of each mode which is dependent on the volume and

physical properties of the fluid.

Throughout chapters 4 and 5 when considering thin film model I we developed

multiple sub-models to describe the linear stability of a rotating droplet about the

equilibrium position derived in § 3.4. We initially considered a model within the

quasi-steady limit C = 0 in § 4.2, concluding that the unconditionally dominant

mode is m = 1, corresponding to a translation of the centre of mass away from the

axis of rotation. Hence, the qualitative behaviour of the experiments cannot be

captured by this model, since experimentally we see the dominant mode increasing

with the rotation rate.

The models we discussed that are capable of capturing the qualitative behaviour

of the experiments are the models with non-zero capillary number; the ‘general

Tanner model’ described in § 4.4, the ‘fixed contact angle model’ described in § 5.2,

and the more general model form of the latter models which includes Coriolis

forces, presented in § 5.3. In each case we showed that the linear stability problem

reduces to a fourth order eigenvalue problem for the growth rate, σm, given a

wavenumber, m, amongst other physical parameters.

Next, we will discuss which model is most appropriate by considering the values of

the resultant nondimensional parameters, and subsequently assess how the models

perform against the experimental data.

8.3.1 Physical properties

To perform a comparison between the experimental data and thin film models

there are a number of physical parameters to be set. Namely, the contact angle,

θc, the surface tension coefficient, γ, the contact line speed, κ, the Greenspan slip

length, α, and the Tanner exponent, q. The contact angle, θc, and the surface
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tension coefficient, γ, are taken as the values from table 8.2 for the overall fit of

the data so that the sum of squared residuals between the experimental and model

equilibrium contact line positions is minimised.

The capillary number is defined in table 8.3, when the Tanner boundary condition

(3.1.10) is used and involves measure of contact line speed, κ. The speed, κ, is

not a material constant [3] and is therefore determined experimentally. Through

our experimental analysis of axisymmetric solutions, we determined a power law

(8.2.1) of how the axisymmetric mode grows in time so that the measure of contact

line speed used in the model is κ = κeθ
−q
c = kV nΩ4θ−q

c , where n and k are reported

above in § 8.2. The Tanner exponent q is commonly taken as q = 1 or q = 3 [32, 31],

and as discussed in § 4.2, changing q does not affect the stability and instead acts

as a multiplier to the eigenvalues. De Gennes [1] concludes that q = 3± 0.5 using

experimental data of Hoffman [45], while Hocking [33] and Ehrhard and Davies

[32] suggest that q = 3 is most appropriate to model the contact line dynamics.

Therefore, we take q = 3 for our comparison.

Recall in § 5.1 we established that for the Tanner model with non-zero capillary

number, referred to as the ‘general Tanner model’ and discussed in § 4.4, that the

slip parameter, α, has no effect on the stability of eigenvalues but increasing α

increases the absolute value of σm. Therefore, the Greenspan slip coefficient, α, is

used as a fitting parameter to the data, in a nonlinear least squares sense.

8.3.2 Nondimensional parameters

The modelling identifies several nondimensional groups, the form of which are re-

ported in table 8.3 along with the corresponding balance of forces. Before compar-

ing the thin film model I to the experimental data we must consider the magnitude

of each of these nondimensional quantities, assessing the validity of each model

within the thin film limit from throughout chapters 4 and 5 given the assumptions

made during the derivation.

The centrifugal and Ekman numbers are functions of the rotation rate, Ω, while

the Reynolds and capillary numbers are dependent on rotation rate through the

chosen velocity scale, U , via the contact line speed, κ, which is taken from the

axisymmetric spreading data (8.2.1). Therefore, for each experimental set at fixed
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Parameter Form Name Balance

L

(
V

θc

)1/3

Length scale N/A

U κθqc Velocity scale N/A

ϕ
ρΩ2L3

γθc
Centrifugal number Rotation to surface tension

G
ρgL2

γ
Bond number Gravity to surface tension

Re
ρUL

µ
Reynolds number Inertia to viscosity

Ek
µ

ρΩL2
Ekman number Viscosity to rotation

C
µU

γθ3c
Capillary number Viscous drag to surface ten-

sion

TABLE 8.3: Summary of relevant dimensional and nondimensional parameters
used in the thin film modelling (I), indicating the form, name and force balance.

volume the centrifugal, Reynolds, Ekman, and capillary numbers all vary with

rotation rate, while the Bond number remains fixed. Table 8.4 reports the resultant

nondimensional parameters for each volume, where the physical properties of the

fluid other than the surface tension coefficient are taken from table 2.1. The

maximum and minimum values of the nondimensional centrifugal, capillary and

Reynolds numbers are reported, within the range in which model I is valid. The

Ekman number varies inversely with rotation rate, and so the maximum and

minimum values of the inverse of the Ekman number are reported meaning that

each maximum column corresponds to the maximum rotation rate within the

parameter space.

The maximum value of capillary number, C, is small for each experimental set,

with C < 0.05 in each case. In § 5.2 we discussed a thin film model, where the

contact angle remains fixed, rather than being related to the contact line speed

using the previously used Tanner law. We concluded that eigenvalues for the same

parameters align for capillary numbers of O(1) and above, that is, sufficiently
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Volume (ml) G ϕ C Re Ek−1

min max min max min max min max

0.15 4.0182 0.2552 3.9181 1.743× 10−4 0.0411 2.338× 10−4 0.0551 0.3646 1.4285

0.35 6.9172 0.0198 3.5702 7.306× 10−7 0.0238 1.286× 10−6 0.0420 0.1162 1.5620

0.57 9.6543 0.3172 3.5793 1.510× 10−4 0.0192 3.141× 10−4 0.0400 0.5061 1.6999

0.73 11.3956 0.0418 3.2071 2.350× 10−6 0.0138 5.308× 10−6 0.0313 0.1915 1.6772

1.20 15.8412 0.3315 3.0565 1.190× 10−4 0.0101 3.169× 10−4 0.0269 0.5855 1.7779

1.55 18.8221 0.3270 2.9844 1.033× 10−4 0.0086 2.999× 10−4 0.0250 0.6072 1.8341

TABLE 8.4: Summary of the resultant nondimensional parameters for model I, defined in table 8.3, for each experimental set. Where
parameters vary with rotation rate, the maximum and minimum values are presented. Pure glycerol was used and the densities and
viscosities were calculated using formulas within [98].
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fast contact line speeds, κ. Since capillary numbers for the experimental data

are orders of magnitude smaller than the transitional value, the fixed contact

angle model is not valid within this regime for the thin film model I. In § 4.2

we considered the quasi-steady limit C = 0, recovering results of McKinley and

Wilson [43], when G = 0, and finding equivalent results to McKinley and Wilson

[42] for G > 0 subject to a change in nondimensional variables. We found that the

m = 1 mode, corresponding to a translation of the centre of mass of the fluid, is

always the most unstable mode, independent of all physical parameters. In figure

2.10 we saw that for each experimental run, the most unstable Fourier mode

increased with the rotation rate. Therefore, the quasi-steady model presented in

§ 4.2 is insufficient to describe the qualitative nature of the experimental data,

especially for greater rotation rates when the capillary number is O(10−2). We

showed in § 4.4.1 that when C ≲ O(10−3) the quasi-steady Tanner model compares

well to the general Tanner model. Hence, for smaller contact line speeds, and

therefore smaller rotation rates, the quasi-steady model will compare well to the

general Tanner model, whereas for larger rotation rates the quasi-steady model

will overestimate the growth rates.

When nondimensionalising model I in § 3.2, we initially made the Stokes flow

approximation by assuming that the Reynolds number was sufficiently small, while

the Ekman number sufficiently large,

θ2cRe → 0,
θ2c
Ek

→ 0. (8.3.1)

The experimental values presented in table 8.4 show that for each set that the

Reynolds number is small for values within the range of validity of the model.

The maximum value of θ2cRe = 0.12 appears for V = 0.11ml and Ω = 55.4 rad s−1

due to larger rotation rates being considered for this smaller volume. The small

values of the Reynolds number verify that in this configuration viscosity dominates

inertia. Therefore, although the contact angle, θc, itself is not small, with the

accepted value being θc = 1.5, we see that the experimental Reynolds numbers

shown in table 8.4 are sufficiently small enough for (8.3.1) (a) to hold true.

The Ekman number describes the balance between viscous and Coriolis forces.

In § 5.3 we detailed a model including the previously neglected terms involving

the Ekman number. We found that as anticipated the inclusion of the Coriolis
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effect resulted in complex eigenvalues, where the imaginary part corresponded to

precession of modes within the rotating frame. The conclusions of this section

were that if Ek/θ2c > 0.1, then the imaginary part of the eigenvalue is negligible,

while the real part is well approximated by solutions within the limit (8.3.1) (b).

Using the values in table 8.4 we see that the minimum value is Ek/θ2c = 0.24,

when V = 1.55ml and Ω = 15.2 rad s−1. Furthermore, in the numerical analysis

of the experimental data no precession of modes was observed. Therefore, it is

well founded to neglect the Coriolis effect, as was done in the model presented in

§ 4.4, as the Ekman number is sufficiently large enough to be approximated using

(8.3.1) (b).

Overall, we have established that the general Tanner model, presented in § 4.4 is

the most appropriate to fit to the data considering the magnitude of the nondi-

mensional quantities reported in table 8.4. In this model, the contact angle is

modelled with the Tanner law, resulting in a small but finite capillary number,

while and both limits (8.3.1) are taken and justified.

8.3.3 Comparison to experimental data

Equilibrium solutions exist in limited region of parameter space compared to the

set of rotation rates investigated experimentally. This was discussed in § 8.1.2,

and is demonstrated in figure 8.2. Therefore, the linear stability analysis is also

limited to a subset of rotation rates, since for greater rotation rates there is no

physical base solution from which to perturb. Figure 8.3 shows the dimensional

growth rates against rotation rate for the first four Fourier modes within the range

of physical equilibrium solutions. The experimental results were first presented

in figure 2.11 where the independent variable in each plot was, ϕ∗ = Ω2V . The

general Tanner model prediction is also shown for the first four wavenumbers using

solid lines with colour corresponding to the same Fourier mode.

Recall that, modes with amplitude less than the noise level a short time after spin-

up are not shown on figure 8.3, since they are not required to resolve the boundary

at this time. However, the Tanner model can predict negative eigenvalues, so that

perturbations decay in time. This may be due to the boundary conditions, since

our modelling neglects contact line hysteresis. As discussed in § 1.2.1, contact

angle hysteresis is the phenomenon where the contact angle is not unique and
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FIGURE 8.3: Dimensional comparison of the predictions of the general Tanner model
and the experimental data for each volume considered. The slip coefficients used for
each figure are reported in table 8.5 whereas the contact angle and surface tension
coefficients are taken from table 8.2.
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Chapter 8: Comparison with experimental results and discussion

must be greater than a critical value, known as the advancing contact angle, in

order for the contact line to move. If the contact angle is below this threshold

the contact line will be stationary. Therefore, by neglecting this feature, the

contact line can otherwise recede at a rate given by the negative eigenvalue, σm.

Subsequently, negative eigenvalues are not shown on figures 8.3 (a)–(f) and we only

discuss positive eigenvalues, corresponding to those which rise above the noise level

of the data following spin-up.

The values of the fitting parameter, α, for each experimental set are presented in

table 8.5. We see that for each experiment the fit to the data is optimum when the

nondimensional slip length α ≈ 0.01. The corresponding dimensional slip length

is also presented in table 8.5, which are orders of magnitude smaller than the

mean radius of the droplet for each experimental set. The magnitude of the slip

length is consistent with the findings of Wilson et al. [85] when comparing to the

experimental data of Fraysse and Homsy [58] and Spaid and Homsy [60] in the

context of purely axisymmetric spreading.

The sum of squared residuals between the model I and data where m = 1 is also

presented in table 8.5, with each value being small, indicating a good fit. This

is demonstrated in each of the figures 8.3 (a)–(f), where we see that the Tanner

model agrees well with the data for the m = 1 mode. Furthermore, for the

m = 1 mode in particular the modelling captures the experimental observation

of an upper limit on the growth rate, with a maximum value depending on the

experimental parameters. For greater wavenumbers, m = 2, 3, 4, ..., there are

inconsistencies in the prediction and the experimental data. Although the model

captures the qualitative nature of the experiments, that the most unstable mode

increases with rotation rate, it fails to predict the growth rates of higher modes

accurately. Consequently, the threshold for a mode to become dominant is also not

predicted well in general. This may be due to inaccuracies in the initial condition

of the experiment, discussed in § 8.1.2, which subsequently introduce error into the

results of the linear stability analysis. We saw in figure 8.2 that the error between

the model I prediction and experimental data is greatest for larger rotation rates,

within the range of physical solutions. Since this is also the region in which higher

mode instabilities occur this is a likely cause for the discrepancy for higher mode

instabilities.
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Volume (ml) α (nondim) α (mm2) SS residuals, m = 1 (s−2)

0.15 0.0109 0.535 0.0625

0.35 0.0099 0.835 0.0967

0.57 0.0113 1.333 0.0207

0.73 0.0099 1.381 0.0575

1.20 0.0100 1.939 0.0027

1.55 0.0098 2.258 0.0036

TABLE 8.5: Nondimensional and dimensional Greenspan slip coefficients used to
produce figure 8.3 for each experimental set. The slip coefficient is nondimensionalised
using the length scale given in table 8.3. Also shown in the sum of squared (SS)
residuals between the experimental data and the thin film model for the m = 1 mode.

Figure 8.4 shows two specific cases where the amplitude of the unstable Fourier

modes in a short time following spin-up are plotted against time. Also shown

on each figure is the model prediction of how the amplitude of the Fourier modes

grow in time, from the general Tanner model, using the parameters detailed above.

Therefore, a direct comparison between the amplitude of the Fourier modes and

the model prediction can be observed, eliminating error in numerically calculating

growth rates from the data as is done to produce figure 8.3.

Figure 8.4 (a) shows the experiment where V = 0.15ml and Ω = 55.4 rad s−1.

In this case the first three non-axisymmetric Fourier modes are shown, since in

a short time after spin up no other modes exceed the noise level, indicated in

black. The amplitude of the Fourier modes are shown on a semi-logarithmic axes,

so that an exponential perturbation will appear linear in time, with initial slope

equal to the growth rate of a given Fourier mode. We see that the agreement

is good between the model and prediction for m = 1 and m = 3, whereas the

agreement for m = 2 is not as good. However, the modelling does correctly

predict that the m = 2 mode is the most unstable, having the greatest slope.

The absolute error between the predicted and experimental values of the spin-up

radius, R0, is ∆R0 = 0.443mm, showing good agreement. Figure 8.4 (b) is similar

and shows the case where V = 0.57ml and Ω = 27.4 rad s−1 where the first four

non-axisymmetric Fourier modes are shown. Note that, in figure 8.3 (c) for this

specific case the m = 4 is not accepted due to the amplitude rising greater than

the noise level after the prescribed time δt; however, we present it on this figure
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(a) (b)

FIGURE 8.4: Plot of the unstable Fourier modes in a short time following spin-up,
also shown is the prediction of the thin film general Tanner model, shown in dashed
lines for each wavenumber m = 1, 2, 3.

for completeness. In this case we see that the agreement is good for m = 1 and

m = 2, but not as good for m = 3 and m = 4. In the latter two cases although

the numerical agreement of the growth rate is off, the model correctly predicts the

stability of these modes, with both being unstable and growing in time. In this

case the absolute error in the equilibrium solution between experiment and model

is ∆R0 = 0.525mm, again showing good agreement.

Overall, we see that for the presented two cases where the spin-up radius is well

approximated by the model, that the agreement between the amplitudes of Fourier

modes and the model prediction is good. Specifically, when the contact line speed

is taken from the axisymmetric spreading data, the contact angle and surface

tension coefficient are taken to reflect the equilibrium data, and Greenspan slip

coefficient is taken from a nonlinear least squares fit to the non-axisymmetric data.

8.3.4 Contact angle varying with rotation

We have discussed the equilibrium and linear stability results above under the

assumption that the contact angle, θc, does not vary with rotation. Furthermore,

from the two cases considered in figure 8.4 we saw that the growth rates from

the experiment and thin film model compare well when the error in the equilib-

rium solution is small. Therefore, instead of assuming a constant contact angle,

we choose the contact angle so that the experimental equilibrium radius, R0e, is
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FIGURE 8.5: Dimensional comparison of the general Tanner model and the exper-
imental data for each experiment when the contact angle is taken from the solution
of (8.3.2).
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exactly reproduced by the model. To do this, we numerically solve the transcen-

dental equation

R0e =

(
V

θc

)1/3

R0I

(
ρΩ2V

γθ2c
,
ρgV 2/3

γθ
2/3
c

)
, (8.3.2)

for each experiment. The solution R0I is found by solving the contact angle con-

dition at leading order in ϵ (3.4.10a), given the nondimensional parameters, ϕ

and G which depend on the contact angle as shown. The coefficient of R0I is the

lengthscale, L, which also depends on the contact angle.

Subsequently, the linear stability problem can be solved where the surface tension

coefficient is taken from the table 2.1 rather than fitted to the data as before. The

contact line speed is once again taken from the axisymmetric spreading data, while

the remaining physical quantities are taken from table 2.1. The Greenspan slip

coefficient used a fitting parameter to the data, where again we find the optimum

fit in each case when α ≈ 0.01. The results are presented in figure 8.5, where we

see that again for each volume there exists a maximum rotation rate the model

can exist for. In comparison to the results presented in figure 8.3, the range in

which solutions exist is extended since we do not constrain the contact angle to be

below π/2. In this case the restriction comes where there is no value of θc that can

solve (8.3.2), given the physical parameters. The lack of solution of (8.3.2) causes

the gap in the prediction in figure 8.5 (b). We observe that when the contact angle

is taken to exactly match the equilibrium solution, the model better fits the data

for higher wavenumbers, while the agreement in the m = 1 mode is again good.

Along with better quantitative agreement for higher wavenumbers, we also see

that the threshold for a wavenumber to become dominant is also better predicted

in comparison to the results presented in figure 8.3. This can especially be seen

in figure 8.5 (f) where V = 1.55ml where we see that both the threshold for the

dominant mode between the m = 1, 2 and m = 2, 3 is well predicted by the model

in this case.

For larger rotation rates the solutions to (8.3.2) are greater than the allowed range

of 0 < θc < π/2, for which solutions are not multi-valued close to the contact line.

The solutions to (8.3.2) are shown in figure 8.6, for each volume, where we see that

the contact angle, θc, increases with rotation rate, rising above π/2, which is also

shown in black. Larger contact angles being required may be due to the initial

condition of the experiment, where as discussed in § 8.1.2, the system appears to
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FIGURE 8.6: Solutions of (8.3.2) for the contact angle, θc, against the rotation rate,
for each volume. The threshold of θc = π/2 is also shown in a black dashed line.

not be at rest at the start of the experiment. However, the modelling assumes

that at t = 0 the system is in a state of rest within the rotating frame of reference.

Therefore, the fitting of artificially large contact angles appears to rectify this

discrepancy, allowing the equilibrium contact line position to be greater so that

the modelling of equilibrium solutions agrees with the experiment.

8.4 Summary

In this chapter we have simultaneously compared the experimental data for initial

drop radii and subsequent numerical nonaxisymmetric growth rates, first presented

in § 2.3, to the equilibrium solutions presented in § 3.4 and respective eigenvalues

calculated from the linear stability problem of the general Tanner model of § 4.4.

None of the previous studies detailed in chapter 1 have compared both the equi-

librium and growth rates simultaneously. Furthermore, the early modelling of

fingering instabilities by Troin et al. [59] has been shown to compare well with

several experimental studies [58, 53, 68], however prior to this thesis no model has

been shown to sufficiently model both equilibrium and linear stability favorably.
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Chapter 8: Comparison with experimental results and discussion

When comparing the equilibrium solutions we saw that both the thin film model

I and the O(1) contact angle model II perform well at predicting the equilibrium

contact line position, R0. However, we demonstrated that both models have limi-

tations due to the non-physical assumption that the system is in equilibrium, since

in reality velocities are induced during the spin-up phase of the experiment.

We discussed the free parameters in the model, taking the contact line speed

directly from the axisymmetric spreading data, and both the contact angle and

surface tension coefficient from the nonlinear least squares fit between the equilib-

rium solutions and the experimental spin-up radii. Following this, we discussed the

size of the nondimensional parameters justifying why the general Tanner model

is most appropriate to fit to the data over models within different areas of the

parameter space discussed in this thesis.

We found that within the range of solutions allowed due to the size of the contact

angle, the qualitative agreement between the experiment and thin film general

Tanner model was good, with good quantitative agreement for the m = 1 mode,

where the nondimensional Greenspan slip coefficient, α, was similar for each ex-

perimental set.

Finally, we took the contact angle such that for each experiment the equilib-

rium contact line position from the model is equal to the spin-up radius from

the experiment. Under this approximation we saw the quantitative agreement for

m = 1, 2, 3 is good, with the model better predicting the thresholds where the

dominant wavenumber changes. However, we found that for the equilibrium ra-

dius to be taken from the experiment the contact angles are unphysical for greater

rotation rates. We posited that the contact angle is greater to offset the discrep-

ancy between the initial condition of the experiment, which is unsteady, and the

equilibrium solutions of the model, which are steady. Furthermore, it is impor-

tant to remember that in the thin film model the contact angle is assumed small,

whereas the experimental data indicates that the contact angle is large. There-

fore, although the agreement is found to be good there is likely to be some error

introduced by the modelling approximation made.
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Chapter 9

Conclusions and closing remarks

9.1 Thesis summary

The aim of this thesis was to understand the contact line instability of a viscous

fluid under rotation. We performed both experimental and mathematical analysis

as both the volume of droplet and rotation rate of the plate were varied. We

considered different regions of the parameter space to previous experimental and

mathematical studies, which generally consider small volumes and contact angles.

In doing so we attempted to understand the limitations of the commonly used thin

film model, as well as considering the qualitative differences when the contact angle

is large.

In chapter 2 we set out the experimental methodology to investigate the contact

line instability when a viscous fluid of a prescribed macroscopic volume is spun

at a chosen rotation rate. Fourier analysis was used to find the amplitude Fourier

modes which contribute to the shape of the contact line. First, we considered

the spin-up radius, observing that the spin-up radius increases with both rotation

and volume. We assessed the axisymmetric spreading from the spin-up frame,

finding a power-law for growth which showed good agreement with the data. The

spreading rate was found to be different from the results of Holloway et al. [62]

who considered microscopic volumes of silicon oils. The experiments performed

showed a distinct difference in the onset of instability, such that the onset of

instability was almost instantaneous in contrast to experiments on small volumes

who observe a long axisymmetric phase before onset of instability.
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The magnitude of the non-axisymmetric instability was quantified by taking the

logarithm of the amplitudes of non-axisymmetric modes m = 1, 2, 3, ... over time,

obtaining the growth rates of each relevant mode. Subsequently, the dominant

growth mode was determined and presented as functions of both the rotation rate

and volume. The main result from the non-axisymmetric analysis being that the

threshold rotation rate for a mode to become dominant decreases as the volume

increases. Specifically, this meant that the dominant wavenumber increased with

rotation rate for fixed volume, in contrast to previous results by Melo et al. [26] and

Fraysse and Homsy [58] who reported the dominant wavenumber as independent

of rotation rate and volume, while considering smaller volumes, O(10−2)ml, of Sil-

icon oils. We determined that the dominant wavenumber is also a function of drop

volume in the studied configuration. The fluid in much of the previous experimen-

tal studies discussed in chapter 1 are non-Newtonian silicon oils, using microscopic

droplets [26, 58, 60, 62] or macroscopic droplets [61, 64, 67, 63]. Veretennikov et al.

[66] performed similar experiments to those presented in chapter 2, using macro-

scopic volumes of glycerol, however the rotation rates investigated were too low to

observe the higher mode instabilities observed in our experiments. Therefore, the

experiments we performed were within an unexplored region of parameter space

and produced novel qualitative differences in the onset of instability and quanti-

tative differences in the spreading rate and fingering instability as a function of

rotation rate and drop volume.

In order to make comparisons with the experimental data, in chapter 3 we derived

a model for the evolution of the free surface, h(r, φ, t), and contact line, R(φ, t),

of a fixed volume of viscous fluid in solid body rotation on a solid plate. In this

chapter we made a lubrication approximation, assuming that the radial length

scale is significantly larger than the axial length scale and identifying the contact

angle as an appropriate lubrication parameter. The contact line dynamics were

modelled using a macroscopic slip law whereas the contact angle was related to

the contact line speed using the Tanner law, where contact line hysteresis was

neglected. We identified three key parameters, the centrifugal, Bond and capillary

numbers; nondimensional measures of the rotation rate, volume, and viscous con-

tact line speed against surface tension, respectively. We discussed the equilibrium

solutions determined by McKinley et al. [42, 43], where the fluid is in solid body

rotation, presenting the results as a parameter space in which physical, hydrostatic
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solutions exist. The key result from this equilibrium analysis is that each Bond

number has a corresponding maximum value of the centrifugal number. In terms

of physical parameters, each volume has a maximum rotation rate beyond which

no equilibrium solution is possible for which the contact angle is small.

Chapters 4 and 5 concerned the linear stability analysis of the equilibrium solutions

of McKinley et al. [42, 43], detailed in § 3.4. We used a Greenspan slip condition

[31] in replacement of a more commonly used Navier slip condition to avoid the

contact line speed being zero, leading to purely stable eigenvalues. Within the

quasi-steady limit we presented analytic solutions for the free surface perturbation

and the growth rate for different wavenumbers, m, recovering the solutions of

McKinley et al. [42] when m = 0 and McKinley and Wilson [43] for Bond number

G = 0, while presenting novel solutions for G > 0. Within the quasi-steady limit

we found that the m = 1 mode is unconditionally unstable and dominant over the

entire parameter space provided any rotation occurs. Each larger wavenumber

can be both linearly stable and unstable within the parameter space depending

on the rotation rate and volume, indicated by neutral stability curves presented

in § 4.3. The neutral stability curves were found to be independent of capillary

number, slip length and Tanner exponent. When the capillary number is positive

the derived eigenvalue equation was solved numerically using a finite difference

scheme, detailed in appendix B. The case where G = 0 had previously been studied

by McKinley and Wilson [43], whereas the analysis presented in § 4.4 discussed

novel solutions when G > 0. We found that the inclusion of capillary effects allows

the dominant mode to rise from m = 1 as both the centrifugal and Bond numbers

are increased, in line with experimental observations detailed in chapter 2.

The linear stability model was extended in chapter 5, where we first showed how

the Greenspan slip law allows non-zero radial velocities at the contact line, con-

trary to the widely used Navier slip condition which leads to a qualitative change

in the boundary conditions and purely stable eigenvalues. In § 5.2 we discussed

novel solutions where the contact angle remains fixed, replacing the previously

used Tanner law. We determined that the equilibrium solutions, as well as the

neutral stability curves within the parameter space, are unchanged from the Tan-

ner model. Furthermore, we verified that the results of fixed contact angle model

are equivalent to the Tanner model in the large capillary limit; when the capillary

number is O(1) and above, consistent with non-rotating analysis of Ehrhard and
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Davis [32] and Myers et al. [77, 78]. Next, we considered a model retaining previ-

ously neglected terms corresponding to the Coriolis force, defining a threshold in

terms of the nondimensional Ekman number above which the effect of including

the Coriolis force is negligible. Previous studies assume the Coriolis force terms

are negligible [19, 90], however we have demonstrated through direct comparison

of solutions that taking the limit Ek′ → ∞ in § 3.2 is a reasonable approximation

to make. The final extension we considered was the quasi-steady limit where an

ODE for the evolution of the contact line was derived for axisymmetric pertur-

bations. We compared numerical solutions of the derived ODE to the solutions

of the linear stability problem, showing that for sufficiently small perturbations

to the contact line the growth or decay of perturbations is accurately predicted

by the previously determined exponential growth rate. Furthermore, we demon-

strated why the axisymmetric mode is neutrally stable at the maximum rotation

rate within the previously defined parameter space.

Having completed our analysis within the thin film limit, we proceeded to discuss

solutions where the contact angle is no longer assumed to be small. Existing liter-

ature, detailed in chapter 1, focuses on thin film solutions of the governing equa-

tions. In chapter 6 we nondimensionalised the system of equations and boundary

conditions in an alternative way to chapter 3, with the contact angle functioning

as an arbitrary boundary condition, rather than within the nondimensional quan-

tities as in chapter 3. Following the same procedure as McKinley et al. [42, 43]

and § 3.4, we determined novel solutions for the steady, axisymmetric, equilibrium

free surface and the constant equilibrium contact line position. The resultant pa-

rameter space of solutions and the trends as each of the nondimensional quantities

were varied were found to be qualitatively comparable results to those in the thin

film limit. Specifically, for fixed volume and contact angle there exists a maximum

rotation rate, above which equilibrium solutions cannot exist. We determined that

larger contact angles can support equilibrium solutions at greater rotation rates,

while also finding that the thin film model performs well for contact angles less

than θc = π/2. Therefore, in terms of prediction of equilibrium solutions, the thin

film solutions determined by McKinley et al. [42, 43] and detailed within § 3.4

are found to be a good approximation of the full system, and have the advantage

of providing an analytical form rather than the purely numerical solutions when

the contact angle is arbitrary. At the end of chapter 6, we developed a numerical
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finite element method to solve a set of Stokes equations on a mesh defined by

an equilibrium solution. By doing so, we recovered the expected leading order

velocity and pressure solutions, while providing a foundation method for solving

the perturbation equations in chapter 7.

In chapter 7 we discussed the linear stability of the novel equilibrium solutions

presented in § 6.3, subject to non-axisymmetric perturbations. We constructed

the perturbation to the free surface using Bessel functions, satisfying the O(ϵ)

boundary conditions, and solve the resultant weak formulation for the pressure

and velocity fields within a mesh defined by the equilibrium solution. We used

the solutions within the thin film limit to verify the numerical method before

discussing results with O(1) contact angles. When the contact angle is sufficiently

large, the evidence suggests that the instability transitions from slip at the contact

line to a rolling of the contact line, with negative radial velocity at the contact line

for all values of the centrifugal and Bond numbers for which equilibrium solutions

exist. The results are in qualitative agreement with previous experiments where

rolling of the contact line has been observed experimentally using both glycerol

[66] and silicon oils [61, 64] of various volumes and rotation rates. The linear

stability analysis for large contact angles identified the limitation of the thin film

models discussed in chapters 4 and 5, such that the rolling motion at the contact

line is not captured. However, the thin film models provides advantages in terms

of tractability and relative simplicity, with analytic equilibrium solutions and a

simplified eigenvalue equation solved using a finite difference method.

Chapter 8 concerned the comparison between the mathematical models and the

experimental data. Previous studies detailed in chapter 1 have not compared both

the equilibrium and growth rates simultaneously as has been done in this work.

Furthermore, verification of a thin film linear stability analysis of the closed form

equilibrium solutions derived by McKinley et al. [42, 43] has not been performed

prior to this thesis. In chapter 8 we first considered the fluid radii before any

movement is detected, when no rotation is present. We found that the both the

thin film and large contact angle models discussed in chapters 3 and 6 show good

agreement to the data for each volume considered. The contact angle was found

to be large, however despite this the thin film model performs well indicating that

neglecting of O(θ2c ) terms was well founded in this case. Next, we considered the

spin-up radius see that again both models perform well at predicting the location
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of the linearised contact line, R0, as a function of the rotation rate within the

range of possible solutions. Specifically, the thin film model is found to perform

marginally better than the large contact angle solutions, indicating the strength

of the approximation made rather than identifying any underlying weaknesses.

Finally, we compared the growth rates of non-axisymmetric modes between the

experimental data and the mathematical models. Taking the contact line speed

directly from the axisymmetric spreading data and the contact angle from the

leading order fit, we discussed the size of the nondimensional parameters and

determined that the general Tanner model (see § 4.4) is the most appropriate model

to reflect the data. The large contact angle model could not provide a sufficient

qualitative comparison to the experimental data due to the solutions being limited

to where the contact angle is fixed. We found good qualitative agreement between

the thin film general Tanner model and the data, with good quantitative agreement

for the m = 1 mode within the range of possible solutions, even though the contact

angle is not small. When the contact angle is taken so that the leading order radius

is exactly the experimental spin-up radius, the quantitative agreement is good for

the first three wavenumbers and the dominant mode as a function of rotation rate

is well predicted for each volume. However, in this case the resultant contact angles

can be unphysical for greater rotation rates. A possible explanation of this is that

the contact angle acts to offset the discrepancy between the assumed steady initial

condition of the model, and the unsteady experimental initial condition. This

analysis demonstrated that the strength of the thin film model is in its relative

simplicity, and although in some regimes it may be insufficient it was capable of

qualitative and quantitative match to the experimental data we collected.

9.2 Closing remarks and future work

There are many possible avenues for further development of the mathematical

models in this thesis. In chapter 8 we discussed that the discrepancy between

leading order solutions and the experimental spin-up radius is likely caused due

to velocities being induced during the acceleration phase of the experiment. The

mathematical modelling in this thesis assumes that the rotation rate is achieved

instantaneously, and therefore it may be interesting to investigate the acceleration

phase with the aim of understanding how the contact line instability is affected.
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The industrial process which is a foundation for this investigation generally in-

cludes an evaporative phase [17]. Therefore, a possible extension to the presented

models is to couple the equations of motion with a diffusion equation for fluid

concentration, modelling the effect of evaporation in similar fashion to previous

studies by Meyerhofer [18], Jenekhe and Schuldt [21] and Riesfeld et al. [23, 24].

In each comparison of the leading order models to the experimental data we de-

termined that the contact angle is large. However, the model presented in chapter

7, which described the linear stability of the system when the contact angle is

O(1), proved insufficient to describe the experimental data for a number of rea-

sons. First, the free surface perturbation was constructed to satisfy the boundary

conditions, which proved successful when the contact angle is small, but produced

inconsistent results for larger contact angles. Therefore, it is instructive to as-

semble and solve the full eigenvalue problem for the free surface perturbation and

growth rate, using the framework provided in this thesis. Second, we found that

due to the capillary number being small, the fixed contact angle model was in-

sufficient to reproduce the experimental data, since it is valid where the capillary

number is large. Therefore, similarly to the thin film case it would be natural to

consider a Tanner boundary condition to model the contact angle, when solving

the full eigenvalue problem for O(1) contact angles.
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Appendix A

Derivation of Governing Equations

Considering the rotating system described in § 3.1 and shown in figure 3.1, the

rotation rate is constant about the vertical axis, so that the rotation vector is

Ω = Ωẑ. We define the rotation angle, ψ(t) = Ωt, and introduce unit vectors î

and ĵ in the rotating frame defined as

î(t) = cos(ψ(t))x̂+ sin(ψ(t))ŷ, (A.0.1)

ĵ(t) = − sin(ψ(t))x̂+ cos(ψ(t))ŷ, (A.0.2)

expressed in terms of stationary frame unit vectors x̂ and ŷ. Figure A.1 shows a

diagram of this rotating coordinate system. Differentiating the above unit vectors

with respect to time gives

d
dt
î(t) = Ω(− sin(ψ(t))x̂+ cos(ψ(t))ŷ) = Ωĵ, (A.0.3)

d
dt
ĵ(t) = −Ω(cos(ψ(t))x̂+ sin(ψ(t))ŷ) = −Ωî. (A.0.4)

This can be generalised such that

dp̂
dt

= Ω× p̂, (A.0.5)

where p̂ is either rotation unit vector, (A.0.1) or (A.0.2). If we define a function

within the rotating frame using î, ĵ, and k̂ = ẑ,

f(t) = f1(t)î+ f2(t)ĵ + f3(t)k̂, (A.0.6)
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FIGURE A.1: Top view of coordinate system rotating about the vertical axis with
constant rotation rate Ω. Here solid lines are at time t = 0 while the dashed line at
some time t > 0, so that we have rotation angle ψ = Ωt.

and examine the derivative with respect to time, using the product rule and (A.0.6)

df
dt

=
df1
dt

î+ f1
dî
dt

+
df2
dt

ĵ + f2
dĵ
dt

+
df3
dt

k̂ + f3
dk̂
dt

(A.0.7)

=
df1
dt

î+
df2
dt

ĵ +
df3
dt

k̂ +
[
Ω×

(
f1(t)î+ f2(t)ĵ + f3(t)k̂

)]
(A.0.8)

=

[(
d
dt

)
R

+Ω×
]
f(t), (A.0.9)

where terms in the rotating frame are denoted subscript R. Therefore, if we have

a direction vector r defined in the rotating coordinate system, the velocity vector

in a stationary frame, denoted subscript i, is given by

vi =
dr
dt

=

(
dr
dt

)
R

+Ω× r, (A.0.10)

and hence, the rotating frame velocity is

vR = vi −Ω× r. (A.0.11)
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Appendix A: Derivation of Governing Equations

We can find the acceleration by differentiating (A.0.10) again, recalling that the

rotation is constant,

ai =
dvi

dt
=

[(
d
dt

)
R

+Ω×
]
(vR +Ω× r) (A.0.12)

=
dvR

dt
+ 2Ω× vR +Ω× (Ω× r). (A.0.13)

For a fluid particle, we look in a Lagrangian frame of reference moving with the

fluid flow, hence (
Du

Dt

)
i

=

(
Du

Dt

)
R

+ 2Ω× vR +Ω× (Ω× r). (A.0.14)

Performing Newton’s second law on a fluid parcel in a stationary frame under

gravity and substituting (A.0.14), for the acceleration in the stationary frame

gives

ρ

(
Du

Dt

)
R

= −∇p− ρΩ× (Ω× x)− 2ρΩ× u− ρgẑ + µ∇2u. (A.0.15)

The left hand side is analogous to mass multiplied by acceleration in the rotating

frame, and is equal to the sum of static pressure, centrifugal force, Coriolis force,

gravitational force and viscous forces.
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Discretisation of eigenvalue problem

In this appendix we detail the discretisation of the eigenvalue problem (4.1.4) both

for axisymmetric and non-axisymmetric perturbations. In § 4.1.3 we described the

boundary conditions depending on the wavenumber, m. In the axisymmetric

case where m = 0, the eigenvalue equation (4.1.4) is coupled with an integral

condition for the conservation of volume (4.1.27), while when m ⩾ 1, the boundary

conditions are more simple to discretise.

For clarity, the eigenvalue problem (4.1.4) is repeated here

L2[L1(h1)] = Cσmh1, (B.0.1)

where the linear operators L1 and L2 are defined as,

L1[Φ] =

[
d2

dr2
+

1

r

d
dr

− m2

r2
−G

]
Φ, (B.0.2)

L2[Φ] = −
[{

1

3
h30 +

α

3
h0

}
d2

dr2
+

1

r

(
r

{
1

3
h30 +

α

3
h0

})′ d
dr

− m2

r2

{
1

3
h30 +

α

3
h0

}]
Φ,

(B.0.3)

respectively.

B.1 Non-axisymmetric perturbations

We start with the simpler case where perturbations are non-axisymmetric, for

wavenumbers m = 1, 2, 3, .... The boundary conditions to the eigenvalue equation
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Appendix B: Discretisation of eigenvalue problem

(B.0.1), first stated in § 4.1.3, are the velocity regularity conditions which depend

on m,

m = 1 : h1(0) = 0, h′′1(0) = 0, h′′′1 (0) = 0, (B.1.1)

m = 2 : h1(0) = 0, h′1(0) = 0, h′′′1 (0) = 0, (B.1.2)

m ⩾ 3 : h1(0) = 0, h′1(0) = 0, h′′1(0) = 0, (B.1.3)

and the combined Tanner condition (4.1.15),

σmh1(R0) = −q {h′′0(R0)h1(R0) + h′1(R0)} . (B.1.4)

The fixed domain [0, R0] defined by the leading order solution is represented by N

points, denoted ri, with a finite difference of dr = R0/(N−1) between points. The

corresponding value of h1(ri) is denoted hi. The boundary conditions at r = 0 are

discretised to second order accuracy using forward finite differences. Therefore,

the first three derivatives of h1 at r = 0 are approximated as

h1(r1 = 0) = h1, (B.1.5)

h′1(r1 = 0) =
−3h1 + 4h2 − 1h3

2dr
, (B.1.6)

h′′1(r1 = 0) =
2h1 − 5h2 + 4h3 − h4

dr2
, (B.1.7)

h′′′1 (r1 = 0) =
−5h1 + 18h2 − 24h3 + 14h4 − 3h5

dr3
, (B.1.8)

where depending on the wavenumber, three of the above four expressions are

set equal to zero. At the other end of the domain, there is a single boundary

condition (B.1.4), which is discretised about the point rN = R0 using a second

order backward finite difference approximation,

σmhN = −qhN−2

2dr
+

2qhN−1

dr
− q

{
h′′0(R0) +

3

2dr

}
hN . (B.1.9)

The eigenvalue equation (B.0.1) is of the form

Cσmh1 = f4(r)
d4h1
dr4

+ f3(r)
d3h1
dr3

+ f2(r)
d2h1
dr2

+ f1(r)
dh1
dr

+ f0(r)h1, (B.1.10)

where the subscript of the coefficient functions, fi, represents the order of the

corresponding derivative. Each derivative is discretised using a five point central
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0

<latexit sha1_base64="jjh8jPTxiB78lux4+Zc85TgKhqY=">AAAB9HicbVDLTgJBEJzFF+IL9ehlIjHxRHaND45ELh4xkUcCGzI7zMKEmdl1ppdINnyHFw8a49WP8ebfOMAeFKykk0pVd7q7glhwA6777eTW1jc2t/LbhZ3dvf2D4uFR00SJpqxBIxHpdkAME1yxBnAQrB1rRmQgWCsY1WZ+a8y04ZF6gEnMfEkGioecErCS3wX2BFqmt7Vpz+sVS27ZnQOvEi8jJZSh3it+dfsRTSRTQAUxpuO5Mfgp0cCpYNNCNzEsJnREBqxjqSKSGT+dHz3FZ1bp4zDSthTgufp7IiXSmIkMbKckMDTL3kz8z+skEFb8lKs4AaboYlGYCAwRniWA+1wzCmJiCaGa21sxHRJNKNicCjYEb/nlVdK8KHvX5av7y1K1ksWRRyfoFJ0jD92gKrpDddRAFD2iZ/SK3pyx8+K8Ox+L1pyTzRyjP3A+fwC0WZIJ</latexit>

BC1
<latexit sha1_base64="xqgMRwJ6B5c6pFmkGwvmOqvyDno=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV3igyORi0dM5JHAhswOszBhZnad6SWSDd/hxYPGePVjvPk3DrAHBSvppFLVne6uIBbcgOt+O2vrG5tb27md/O7e/sFh4ei4aaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMajO/NWba8Eg9wCRmviQDxUNOCVjJ7wJ7Ai3T29q0V+4Vim7JnQOvEi8jRZSh3it8dfsRTSRTQAUxpuO5Mfgp0cCpYNN8NzEsJnREBqxjqSKSGT+dHz3F51bp4zDSthTgufp7IiXSmIkMbKckMDTL3kz8z+skEFb8lKs4AaboYlGYCAwRniWA+1wzCmJiCaGa21sxHRJNKNic8jYEb/nlVdIsl7zr0tX9ZbFayeLIoVN0hi6Qh25QFd2hOmogih7RM3pFb87YeXHenY9F65qTzZygP3A+fwC13ZIK</latexit>

BC2
<latexit sha1_base64="phvq7ofUII5iWPCnTsssnx7k3JY=">AAAB9HicbVDLTgJBEJzFF+IL9ehlIjHxRHZ9ciRy8YiJPBLYkNlhFibMzK4zvUSy4Tu8eNAYr36MN//GAfagaCWdVKq6090VxIIbcN0vJ7eyura+kd8sbG3v7O4V9w+aJko0ZQ0aiUi3A2KY4Io1gINg7VgzIgPBWsGoNvNbY6YNj9Q9TGLmSzJQPOSUgJX8LrBH0DK9qU17571iyS27c+C/xMtICWWo94qf3X5EE8kUUEGM6XhuDH5KNHAq2LTQTQyLCR2RAetYqohkxk/nR0/xiVX6OIy0LQV4rv6cSIk0ZiID2ykJDM2yNxP/8zoJhBU/5SpOgCm6WBQmAkOEZwngPteMgphYQqjm9lZMh0QTCjangg3BW375L2melb2r8uXdRalayeLIoyN0jE6Rh65RFd2iOmogih7QE3pBr87YeXbenPdFa87JZg7RLzgf37dhkgs=</latexit>

BC3

<latexit sha1_base64="7a7RjzZrlTcCVlVNrkKMqsXI4fg=">AAAB+HicbVBNS8NAEN34WetHox69BIvgqSTiR48FLx4r9AvaUDbbSbt0swm7E7GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvSATX6Lrf1tr6xubWdmGnuLu3f1CyD49aOk4VgyaLRaw6AdUguIQmchTQSRTQKBDQDsa3M7/9AErzWDZwkoAf0aHkIWcUjdS3Sz2ER1RR1qBSgpr27bJbcedwVomXkzLJUe/bX71BzNIIJDJBte56boJ+RhVyJmBa7KUaEsrGdAhdQyWNQPvZ/PCpc2aUgRPGypREZ67+nshopPUkCkxnRHGkl72Z+J/XTTGs+hmXSYog2WJRmAoHY2eWgjPgChiKiSGUKW5uddiIKsrQZFU0IXjLL6+S1kXFu65c3V+Wa9U8jgI5IafknHjkhtTIHamTJmEkJc/klbxZT9aL9W59LFrXrHzmmPyB9fkDg+iToQ==</latexit>

Tanner

<latexit sha1_base64="2SxngSD4Bw6/XAXX0MxYMoVhRqA=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZLio8uCGxcuKtgHNCFMppN26OTBzI1QQj/Bjb/ixoUibl2682+ctFlo64ELh3Pu5d57/ERwBZb1bZRWVtfWN8qbla3tnd09c/+go+JUUtamsYhlzyeKCR6xNnAQrJdIRkJfsK4/vs797gOTisfRPUwS5oZkGPGAUwJa8sxTJyQwokRkt1Ov7ggWQP+3ZDuSD0fgembVqlkz4GViF6SKCrQ888sZxDQNWQRUEKX6tpWAmxEJnAo2rTipYgmhYzJkfU0jEjLlZrOHpvhEKwMcxFJXBHim/p7ISKjUJPR1Z36rWvRy8T+vn0LQcDMeJSmwiM4XBanAEOM8HTzgklEQE00IlVzfiumISEJBZ1jRIdiLLy+TTr1mX9Yu7s6rzUYRRxkdoWN0hmx0hZroBrVQG1H0iJ7RK3oznowX4934mLeWjGLmEP2B8fkDgbSdfw==</latexit>

L
2 [L

1 ]

<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1
<latexit sha1_base64="Nu7lPvVj8met/ZeLckxsVFqhVqs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJD44kXjxCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gd3O//YRK81g+mEmCfkSHkoecUWOlRqVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1O+blyVatUsjjycwTlcgge3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AHxfjLY=</latexit>

2
<latexit sha1_base64="Gd8/zHJ6ctgvDdp9YZ2JXSmCUMQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9ciTx4hESeSSwIbNDL4zMzm5mZk0I4Qu8eNAYr36SN//GAfagYCWdVKq6090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/mtJ1Sax/LBjBP0IzqQPOSMGivVL3vFklt25yCrxMtICTLUesWvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IQVf8JlkhqUbLEoTAUxMZl9TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukeVH2bsrX9atStZLFkYcTOIVz8OAWqnAPNWgAA4RneIU359F5cd6dj0VrzslmjuEPnM8ffeOMtw==</latexit>

3
<latexit sha1_base64="U3kp6s/dpnwvLvXRoX9NrIcs8IQ=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLxo8eCF48V7Ae0oWy2k3btZhN2N0IJ/QVePChe/U3e/Ddu2xy09cHA470ZZuaFqeDaeN63U9rY3NreKe+6e/sHh0cV97itk0wxbLFEJKobUo2CS2wZbgR2U4U0DgV2wsnd3O88o9I8kY9mmmIQ05HkEWfUWOnhalCpejVvAbJO/IJUoUBzUPnqDxOWxSgNE1Trnu+lJsipMpwJnLn9TGNK2YSOsGeppDHqIF8cOiPnVhmSKFG2pCEL9fdETmOtp3FoO2NqxnrVm4v/eb3MRPUg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsXBuCv/ryOmlf1vyb2nW1US/CKMMpnMEF+HALDbiHJrSAAcILvMG78+S8Oh/LxpJTTJzAHzifPxT9i44=</latexit>

4

<latexit sha1_base64="sOXvb13jbYB28I4/Hb4TixYne/4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArPnIMePEkEc0DkiXMTjrJkNnZZWZWCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDP1m0+oNI/koxnH6Id0IHmfM2qs9HB35nWLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvoVP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukcV72rsqX9xelaiWLIw9HcAyn4ME1VOEWalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/f+mNRA==</latexit>

N � 1
<latexit sha1_base64="0Rd81G/eJn4MEDq88v2hlVJIXFs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXjxJAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup35rSdUmsfywYwT9CM6kDzkjBor1e97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSEFX/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9q7LV/XLUrWSxZGHEziFc/DgBqpwBzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH6bPjNI=</latexit>

N

<latexit sha1_base64="DVTM4S+lbJ7jJ0T+IQCRHFMw+84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaND44YLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bZXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1Y8SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77p8Vb8sVStZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZMbjMU=</latexit>

A
<latexit sha1_base64="ZpyjLUvAeuxvB10gf1P94+OSCrw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaND45ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bZXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1Y8SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77p8Vb8sVStZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZSfjMY=</latexit>

B

FIGURE B.1: Schematic diagram of the structure of the discretisation of the eigen-
value problem (B.0.1), for non-axisymmetric perturbations m = 1, 2, 3, ....

difference interpolant, surrounding ri, while the coefficient function is evaluated at

ri. When a central difference approximation cannot be used at rN−1, a five point

backward difference approximation is used. The eigenvalue problem and boundary

conditions are assembled into a generalised eigenvalue matrix problem, Ah = σBh,

where A and B are N × N matrices, and h is a row vector. The first three rows

in the hand matrices correspond to the boundary conditions at r = 0, while the

final row represents to the combined Tanner condition (B.1.9). The remaining

N − 4 rows are given by the finite difference approximation of the eigenvalue

equation (B.0.1), where rows 4 to N − 2 in A represent the approximation of the

linear operator using central differences, while row N − 1 uses a backward finite

difference scheme. Each of the boundary conditions which could be applied at

r = 0 do not contain the eigenvalue, σm, and therefore the first three rows in

the right hand matrix, B, contain only zeros. However, the Tanner boundary

condition (B.1.9) does contain σm, and so the entry on row N column N of B is

one. The remaining entries in rows 4 to N−1 in the right hand matrix B are given

by C down the leading diagonal. Figure B.1 shows a diagram of the structure of

each of the matrices A and B as described above.

B.2 Axisymmetric perturbations

The four boundary conditions for the eigenvalue equation (B.0.1) when considering

axisymmetric perturbations are two regularity conditions at r = 0 (4.1.29) (a, b),

an integral condition (4.1.29) (c), and the combined Tanner condition (4.1.15).
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Appendix B: Discretisation of eigenvalue problem

<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1

<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1

<latexit sha1_base64="Nu7lPvVj8met/ZeLckxsVFqhVqs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJD44kXjxCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gd3O//YRK81g+mEmCfkSHkoecUWOlRqVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1O+blyVatUsjjycwTlcgge3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AHxfjLY=</latexit>

2
<latexit sha1_base64="Gd8/zHJ6ctgvDdp9YZ2JXSmCUMQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9ciTx4hESeSSwIbNDL4zMzm5mZk0I4Qu8eNAYr36SN//GAfagYCWdVKq6090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/mtJ1Sax/LBjBP0IzqQPOSMGivVL3vFklt25yCrxMtICTLUesWvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IQVf8JlkhqUbLEoTAUxMZl9TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukeVH2bsrX9atStZLFkYcTOIVz8OAWqnAPNWgAA4RneIU359F5cd6dj0VrzslmjuEPnM8ffeOMtw==</latexit>

3

<latexit sha1_base64="sOXvb13jbYB28I4/Hb4TixYne/4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArPnIMePEkEc0DkiXMTjrJkNnZZWZWCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDP1m0+oNI/koxnH6Id0IHmfM2qs9HB35nWLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvoVP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukcV72rsqX9xelaiWLIw9HcAyn4ME1VOEWalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/f+mNRA==</latexit>

N � 1
<latexit sha1_base64="0Rd81G/eJn4MEDq88v2hlVJIXFs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXjxJAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup35rSdUmsfywYwT9CM6kDzkjBor1e97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSEFX/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9q7LV/XLUrWSxZGHEziFc/DgBqpwBzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH6bPjNI=</latexit>

N

<latexit sha1_base64="+RE94Hn73jzWk8G1P8i/0XJWz9Q=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgxbAbfOQY8OJJIpgHJEuYncwmQ2Zml5lZISz5BS8eFPHqD3nzb5xN9qCJBQ1FVTfdXUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHKb+Z0nqjSL5KOZxtQXeCRZyAg2mVS7v/AG5YpbdedAq8TLSQVyNAflr/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nd86Q2dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0xY91Mm48RQSRaLwoQjE6HscTRkihLDp5Zgopi9FZExVpgYG0/JhuAtv7xK2rWqd129erisNOp5HEU4gVM4Bw9uoAF30IQWEBjDM7zCmyOcF+fd+Vi0Fpx85hj+wPn8AfEvjYA=</latexit>

2N � 1
<latexit sha1_base64="gQBSgvZoGS6KNC28MzFH27RQR48=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGHzkGvHiSKOYByRJmJ73JkNnZZWZWCCF/4MWDIl79I2/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPVTuesWSW3bnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8wvnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhFV/wmWSGpRssShMBTExmb1N+lwhM2JsCWWK21sJG1JFmbHhFGwI3vLLq6RZKXtX5cv7i1KtmsWRhxM4hXPw4BpqcAt1aACDEJ7hFd6ckfPivDsfi9ack80cwx84nz8XvI0O</latexit>

2N

<latexit sha1_base64="sasYHjrI2S2RIrf4DtKTg+x9ddU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfOQY8OJJIpoHJEuYnXSSIbOzy8ysEJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JRzOO0Q/pQPI+Z9RY6eHuzOsWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQrfsplnBiUbL6onwhiIjL9m/S4QmbE2BLKFLe3EjakijJj0ynYELzFl5dJ47zsXZUv7y9K1UoWRx6O4BhOwYNrqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/AHzfjUI=</latexit>

N + 1
<latexit sha1_base64="CgBtI+qXqv57UoV6ZDT8Sx6Kaew=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIewGHzkGvHiSiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7u3Xzg4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDP1m0+oNI/loxkl6Ee0L3nIGTVWerg7L3cLRbfkzkCWiZeRImSodQtfnV7M0gilYYJq3fbcxPhjqgxnAif5TqoxoWxI+9i2VNIItT+enTohp1bpkTBWtqQhM/X3xJhGWo+iwHZG1Az0ojcV//PaqQkr/pjLJDUo2XxRmApiYjL9m/S4QmbEyBLKFLe3EjagijJj08nbELzFl5dJo1zyrkqX9xfFaiWLIwfHcAJn4ME1VOEWalAHBn14hld4c4Tz4rw7H/PWFSebOYI/cD5/AH5jjUM=</latexit>

N + 2

<latexit sha1_base64="aJOv6DGSf0DlLebG5cab7KuHgiE=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHaDjxwDXjxJRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdb2dldW19YzO3ld/e2d3bLxwcNnScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn6zSdUmsfy0YwS9CPalzzkjBorPdydl7uFoltyZyDLxMtIETLUuoWvTi9maYTSMEG1bntuYvwxVYYzgZN8J9WYUDakfWxbKmmE2h/PTp2QU6v0SBgrW9KQmfp7YkwjrUdRYDsjagZ60ZuK/3nt1IQVf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukUS55V6XL+4titZLFkYNjOIEz8OAaqnALNagDgz48wyu8OcJ5cd6dj3nripPNHMEfOJ8/gW2NRQ==</latexit>

N � 2

<latexit sha1_base64="IvhnHeNWKY7hAaF4M6q2G3QHF9M=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURH10W3LisYB/QhjKZ3LZDJ5MwMxFKCG78FTcuFHHrV7jzb5y0WWjrgYHDOfdw5x4/5kxpx/m2Siura+sb5c3K1vbO7p69f9BWUSIptGjEI9n1iQLOBLQ00xy6sQQS+hw6/uQm9zsPIBWLxL2exuCFZCTYkFGijTSwj/qJCEDm8fQXdbJsYFedmjMDXiZuQaqoQHNgf/WDiCYhCE05UarnOrH2UiI1oxyySj9REBM6ISPoGSpICMpLZydk+NQoAR5G0jyh8Uz9nUhJqNQ09M1kSPRYLXq5+J/XS/Sw7qVMxIkGQeeLhgnHOsJ5HzhgEqjmU0MIlcz8FdMxkYRq01rFlOAunrxM2uc196p2eXdRbdSLOsroGJ2gM+Sia9RAt6iJWoiiR/SMXtGb9WS9WO/Wx3y0ZBWZQ/QH1ucPXlqYCQ==</latexit>

0

<latexit sha1_base64="IvhnHeNWKY7hAaF4M6q2G3QHF9M=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURH10W3LisYB/QhjKZ3LZDJ5MwMxFKCG78FTcuFHHrV7jzb5y0WWjrgYHDOfdw5x4/5kxpx/m2Siura+sb5c3K1vbO7p69f9BWUSIptGjEI9n1iQLOBLQ00xy6sQQS+hw6/uQm9zsPIBWLxL2exuCFZCTYkFGijTSwj/qJCEDm8fQXdbJsYFedmjMDXiZuQaqoQHNgf/WDiCYhCE05UarnOrH2UiI1oxyySj9REBM6ISPoGSpICMpLZydk+NQoAR5G0jyh8Uz9nUhJqNQ09M1kSPRYLXq5+J/XS/Sw7qVMxIkGQeeLhgnHOsJ5HzhgEqjmU0MIlcz8FdMxkYRq01rFlOAunrxM2uc196p2eXdRbdSLOsroGJ2gM+Sia9RAt6iJWoiiR/SMXtGb9WS9WO/Wx3y0ZBWZQ/QH1ucPXlqYCQ==</latexit>

0
<latexit sha1_base64="IvhnHeNWKY7hAaF4M6q2G3QHF9M=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURH10W3LisYB/QhjKZ3LZDJ5MwMxFKCG78FTcuFHHrV7jzb5y0WWjrgYHDOfdw5x4/5kxpx/m2Siura+sb5c3K1vbO7p69f9BWUSIptGjEI9n1iQLOBLQ00xy6sQQS+hw6/uQm9zsPIBWLxL2exuCFZCTYkFGijTSwj/qJCEDm8fQXdbJsYFedmjMDXiZuQaqoQHNgf/WDiCYhCE05UarnOrH2UiI1oxyySj9REBM6ISPoGSpICMpLZydk+NQoAR5G0jyh8Uz9nUhJqNQ09M1kSPRYLXq5+J/XS/Sw7qVMxIkGQeeLhgnHOsJ5HzhgEqjmU0MIlcz8FdMxkYRq01rFlOAunrxM2uc196p2eXdRbdSLOsroGJ2gM+Sia9RAt6iJWoiiR/SMXtGb9WS9WO/Wx3y0ZBWZQ/QH1ucPXlqYCQ==</latexit>

0

<latexit sha1_base64="ZpyjLUvAeuxvB10gf1P94+OSCrw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaND45ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bZXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1Y8SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77p8Vb8sVStZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZSfjMY=</latexit>

B

<latexit sha1_base64="Z+ZEWHdytKNgvhbainOL4Ci2NEs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaND44kXDxCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtbnffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+FMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd1u+aVyXqpUsjjycwTlcggd3UIV7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AJYjjMc=</latexit>

C

<latexit sha1_base64="Z+ZEWHdytKNgvhbainOL4Ci2NEs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaND44kXDxCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtbnffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+FMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd1u+aVyXqpUsjjycwTlcggd3UIV7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AJYjjMc=</latexit>

C

<latexit sha1_base64="E15XZkZ9sSI4dYaTarOq3kS2hYU=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeVeMtA==</latexit>

0

<latexit sha1_base64="E15XZkZ9sSI4dYaTarOq3kS2hYU=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeVeMtA==</latexit>

0

<latexit sha1_base64="E15XZkZ9sSI4dYaTarOq3kS2hYU=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeVeMtA==</latexit>

0
<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1

<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1

<latexit sha1_base64="Nu7lPvVj8met/ZeLckxsVFqhVqs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJD44kXjxCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gd3O//YRK81g+mEmCfkSHkoecUWOlRqVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1O+blyVatUsjjycwTlcgge3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AHxfjLY=</latexit>

2
<latexit sha1_base64="Gd8/zHJ6ctgvDdp9YZ2JXSmCUMQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9ciTx4hESeSSwIbNDL4zMzm5mZk0I4Qu8eNAYr36SN//GAfagYCWdVKq6090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/mtJ1Sax/LBjBP0IzqQPOSMGivVL3vFklt25yCrxMtICTLUesWvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IQVf8JlkhqUbLEoTAUxMZl9TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukeVH2bsrX9atStZLFkYcTOIVz8OAWqnAPNWgAA4RneIU359F5cd6dj0VrzslmjuEPnM8ffeOMtw==</latexit>

3

<latexit sha1_base64="sOXvb13jbYB28I4/Hb4TixYne/4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArPnIMePEkEc0DkiXMTjrJkNnZZWZWCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDP1m0+oNI/koxnH6Id0IHmfM2qs9HB35nWLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvoVP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukcV72rsqX9xelaiWLIw9HcAyn4ME1VOEWalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/f+mNRA==</latexit>

N � 1
<latexit sha1_base64="0Rd81G/eJn4MEDq88v2hlVJIXFs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXjxJAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup35rSdUmsfywYwT9CM6kDzkjBor1e97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSEFX/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9q7LV/XLUrWSxZGHEziFc/DgBqpwBzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH6bPjNI=</latexit>

N

<latexit sha1_base64="DVTM4S+lbJ7jJ0T+IQCRHFMw+84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaND44YLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bZXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1Y8SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77p8Vb8sVStZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZMbjMU=</latexit>

A

<latexit sha1_base64="gQBSgvZoGS6KNC28MzFH27RQR48=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGHzkGvHiSKOYByRJmJ73JkNnZZWZWCCF/4MWDIl79I2/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPVTuesWSW3bnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8wvnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhFV/wmWSGpRssShMBTExmb1N+lwhM2JsCWWK21sJG1JFmbHhFGwI3vLLq6RZKXtX5cv7i1KtmsWRhxM4hXPw4BpqcAt1aACDEJ7hFd6ckfPivDsfi9ack80cwx84nz8XvI0O</latexit>

2N

<latexit sha1_base64="gQBSgvZoGS6KNC28MzFH27RQR48=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKewGHzkGvHiSKOYByRJmJ73JkNnZZWZWCCF/4MWDIl79I2/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rSdUmsfy0YwT9CM6kDzkjBorPVTuesWSW3bnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8wvnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhFV/wmWSGpRssShMBTExmb1N+lwhM2JsCWWK21sJG1JFmbHhFGwI3vLLq6RZKXtX5cv7i1KtmsWRhxM4hXPw4BpqcAt1aACDEJ7hFd6ckfPivDsfi9ack80cwx84nz8XvI0O</latexit>

2N

<latexit sha1_base64="sasYHjrI2S2RIrf4DtKTg+x9ddU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfOQY8OJJIpoHJEuYnXSSIbOzy8ysEJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JRzOO0Q/pQPI+Z9RY6eHuzOsWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQrfsplnBiUbL6onwhiIjL9m/S4QmbE2BLKFLe3EjakijJj0ynYELzFl5dJ47zsXZUv7y9K1UoWRx6O4BhOwYNrqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/AHzfjUI=</latexit>

N + 1
<latexit sha1_base64="CgBtI+qXqv57UoV6ZDT8Sx6Kaew=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIewGHzkGvHiSiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7u3Xzg4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDP1m0+oNI/loxkl6Ee0L3nIGTVWerg7L3cLRbfkzkCWiZeRImSodQtfnV7M0gilYYJq3fbcxPhjqgxnAif5TqoxoWxI+9i2VNIItT+enTohp1bpkTBWtqQhM/X3xJhGWo+iwHZG1Az0ojcV//PaqQkr/pjLJDUo2XxRmApiYjL9m/S4QmbEyBLKFLe3EjagijJj08nbELzFl5dJo1zyrkqX9xfFaiWLIwfHcAJn4ME1VOEWalAHBn14hld4c4Tz4rw7H/PWFSebOYI/cD5/AH5jjUM=</latexit>

N + 2

<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1

<latexit sha1_base64="jiPf/DoXdApkFQIMR8dzB81FpkY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHbFR44BLx4jmgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHs71sFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophlU/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTQvKt515er+slyr5nEU4BhO4Aw8uIEa3EEdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w8J542f</latexit>

�rh

<latexit sha1_base64="E15XZkZ9sSI4dYaTarOq3kS2hYU=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeVeMtA==</latexit>

0

<latexit sha1_base64="2mkKlCE6tdcqkJkEyu2FNQ2/uKI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA9hV3xkWPAi8co5gHJEmYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilh+FZr1R2K+4MZJl4OSlDjnqv9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9mlE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMq34mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaV5UvOvK1f1luVbN4yjAMZzAOXhwAzW4gzo0gEEIz/AKb87IeXHenY9564qTzxzBHzifPy6ujR0=</latexit>

h0
<latexit sha1_base64="Xf0tBRU+bpNTYyv9xqKI48TaTTI=">AAAB63icbVDLSsNAFL3xWeur6tLNYJG6Kon46LLgxmUF+4A2lMl00gydmYSZiVBCf8GNC0Xc+kPu/BsnbRbaeuDC4Zx7ufeeIOFMG9f9dtbWNza3tks75d29/YPDytFxR8epIrRNYh6rXoA15UzStmGG016iKBYBp91gcpf73SeqNIvlo5km1Bd4LFnICDa5FNVqtWGl6tbdOdAq8QpShQKtYeVrMIpJKqg0hGOt+56bGD/DyjDC6aw8SDVNMJngMe1bKrGg2s/mt87QuVVGKIyVLWnQXP09kWGh9VQEtlNgE+llLxf/8/qpCRt+xmSSGirJYlGYcmRilD+ORkxRYvjUEkwUs7ciEmGFibHxlG0I3vLLq6RzWfdu6tcPV9Vmo4ijBKdwBhfgwS004R5a0AYCETzDK7w5wnlx3p2PReuaU8ycwB84nz/v+Y1/</latexit>

h000

<latexit sha1_base64="NV3PJ4KNz/DHL+2mZ5F6Bad7TcA=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPoKeyKjxwDXvQWxTwgCWF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7/FhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRHN1O/+YRK80g+mnGM3ZAOJA84o8ZKD3envWLJLbszkGXiZaQEGWq94lenH7EkRGmYoFq3PTc23ZQqw5nASaGTaIwpG9EBti2VNETdTWeXTsiJVfokiJQtachM/T2R0lDrcejbzpCaoV70puJ/XjsxQaWbchknBiWbLwoSQUxEpm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/jyMmmcl72r8uX9RalayeLIwxEcwxl4cA1VuIUa1IFBAM/wCm/OyHlx3p2PeWvOyWYO4Q+czx//hIz+</latexit>

I 0

<latexit sha1_base64="2SxngSD4Bw6/XAXX0MxYMoVhRqA=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZLio8uCGxcuKtgHNCFMppN26OTBzI1QQj/Bjb/ixoUibl2682+ctFlo64ELh3Pu5d57/ERwBZb1bZRWVtfWN8qbla3tnd09c/+go+JUUtamsYhlzyeKCR6xNnAQrJdIRkJfsK4/vs797gOTisfRPUwS5oZkGPGAUwJa8sxTJyQwokRkt1Ov7ggWQP+3ZDuSD0fgembVqlkz4GViF6SKCrQ888sZxDQNWQRUEKX6tpWAmxEJnAo2rTipYgmhYzJkfU0jEjLlZrOHpvhEKwMcxFJXBHim/p7ISKjUJPR1Z36rWvRy8T+vn0LQcDMeJSmwiM4XBanAEOM8HTzgklEQE00IlVzfiumISEJBZ1jRIdiLLy+TTr1mX9Yu7s6rzUYRRxkdoWN0hmx0hZroBrVQG1H0iJ7RK3oznowX4934mLeWjGLmEP2B8fkDgbSdfw==</latexit>

L2 [L1]

<latexit sha1_base64="7a7RjzZrlTcCVlVNrkKMqsXI4fg=">AAAB+HicbVBNS8NAEN34WetHox69BIvgqSTiR48FLx4r9AvaUDbbSbt0swm7E7GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvSATX6Lrf1tr6xubWdmGnuLu3f1CyD49aOk4VgyaLRaw6AdUguIQmchTQSRTQKBDQDsa3M7/9AErzWDZwkoAf0aHkIWcUjdS3Sz2ER1RR1qBSgpr27bJbcedwVomXkzLJUe/bX71BzNIIJDJBte56boJ+RhVyJmBa7KUaEsrGdAhdQyWNQPvZ/PCpc2aUgRPGypREZ67+nshopPUkCkxnRHGkl72Z+J/XTTGs+hmXSYog2WJRmAoHY2eWgjPgChiKiSGUKW5uddiIKsrQZFU0IXjLL6+S1kXFu65c3V+Wa9U8jgI5IafknHjkhtTIHamTJmEkJc/klbxZT9aL9W59LFrXrHzmmPyB9fkDg+iToQ==</latexit>

Tanner

<latexit sha1_base64="aJOv6DGSf0DlLebG5cab7KuHgiE=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHaDjxwDXjxJRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdb2dldW19YzO3ld/e2d3bLxwcNnScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn6zSdUmsfy0YwS9CPalzzkjBorPdydl7uFoltyZyDLxMtIETLUuoWvTi9maYTSMEG1bntuYvwxVYYzgZN8J9WYUDakfWxbKmmE2h/PTp2QU6v0SBgrW9KQmfp7YkwjrUdRYDsjagZ60ZuK/3nt1IQVf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukUS55V6XL+4titZLFkYNjOIEz8OAaqnALNagDgz48wyu8OcJ5cd6dj3nripPNHMEfOJ8/gW2NRQ==</latexit>

N � 2
<latexit sha1_base64="x4SwothW3pmOgyA76hlfzZjEJ/I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTeW6cVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHetuMtQ==</latexit>

1

<latexit sha1_base64="HRRXetTF/JmGIRIL/bQfulPgjxs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXjxGNA9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHkZ9r1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjU/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqt519er+slKv5XEU4QRO4Rw8uIE63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wfzf42Q</latexit>

h1

<latexit sha1_base64="KgPzbSXx0wUSX5fRfAzbHFOG4oE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXjxJRPOAZAmzk95kyOzsMjMrhCWf4MWDIl79Im/+jZNkDxotaCiquunuChLBtXHdL6ewsrq2vlHcLG1t7+zulfcPWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsYX8/89iMqzWP5YCYJ+hEdSh5yRo2V7kf923654lbdOchf4uWkAjka/fJnbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyYpUBCWNlSxoyV39OZDTSehIFtjOiZqSXvZn4n9dNTVjzMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZf/ktaZ1Xvsnpxd16p1/I4inAEx3AKHlxBHW6gAU1gMIQneIFXRzjPzpvzvmgtOPnMIfyC8/ENH4KNrQ==</latexit>

hN

<latexit sha1_base64="xpq7uihsukVihUCklUXqya9m6iY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXvQW0TwgWcLsZDYZMju7zPQKYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp757UeujYjVA04S7kd0qEQoGEUr3d/2vX654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMaz5mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLf0nrrOpdVi/uziv1Wh5HEY7gGE7Bgyuoww00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4BxEWNcQ==</latexit>

I1

<latexit sha1_base64="3yCsKl+8IiahwFdN3kWQrWgJVlk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXvQiEc0DkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go+up33zi2ohIPeI45n5IB0r0BaNopYfb7l23WHLL7gxkmXgZKUGGWrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2akTcmKVHulH2pZCMlN/T6Q0NGYcBrYzpDg0i95U/M9rJ9iv+KlQcYJcsfmifiIJRmT6N+kJzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ46zsXZYv7s9L1UoWRx6O4BhOwYMrqMIN1KAODAbwDK/w5kjnxXl3PuatOSebOYQ/cD5/APA5jY4=</latexit>

IN

<latexit sha1_base64="2jB5JZA8qp1oz3sWLyBcNpBzRbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaND44kXjxCIo8ENmR26IWR2dnNzKyREL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekSleSzvzThBP6IDyUPOqLFS/alXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1Y8SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77p8Vb8sVStZHHk4gVM4Bw9uoAp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8AeZ3jPw=</latexit>x

<latexit sha1_base64="+RE94Hn73jzWk8G1P8i/0XJWz9Q=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgxbAbfOQY8OJJIpgHJEuYncwmQ2Zml5lZISz5BS8eFPHqD3nzb5xN9qCJBQ1FVTfdXUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHKb+Z0nqjSL5KOZxtQXeCRZyAg2mVS7v/AG5YpbdedAq8TLSQVyNAflr/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nd86Q2dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0xY91Mm48RQSRaLwoQjE6HscTRkihLDp5Zgopi9FZExVpgYG0/JhuAtv7xK2rWqd129erisNOp5HEU4gVM4Bw9uoAF30IQWEBjDM7zCmyOcF+fd+Vi0Fpx85hj+wPn8AfEvjYA=</latexit>

2N � 1

FIGURE B.2: Schematic diagram of the structure of the discretisation of the eigen-
value problem (B.0.1), for axisymmetric perturbations m = 0.

To impose the integral condition we define the variable I, which represents the

indefinite integral

I =

∫
rh1(r) dr, (B.2.1)

which, by differentiating and enforcing appropriate boundary conditions, results

in a differential equation and boundary condition which represents the integral

boundary condition (4.1.29) (c),

dI
dr

− rh1 = 0, I(0) = 0, I(1) = 0. (B.2.2)

The integral ODE (B.2.2) is coupled with the eigenvalue equation (4.1.4) and the

remaining boundary conditions.

When discretising the ODE for I (B.2.2) it is important to avoid a checkerboarding

problem, which occurs where the values of I at odd numbered nodes are indepen-

dent of those at the even numbered nodes. Hence, we discretise (B.2.2) at the

midpoints between grid points

I1 = 0, (B.2.3)

Ii−1 + Ii
dr

− ri− 1
2

[
hi−1

2
+
hi
2

]
= 0, i = 2, ..., N (B.2.4)

IN = 0, (B.2.5)

giving a total of N + 1 equations. The differentiability and symmetry conditions

(4.1.29) (a, b) are discretised using forward finite differences while the combined
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Appendix B: Discretisation of eigenvalue problem

Tanner law is discretised using backward finite differences, giving another 3 equa-

tions. The remaining N − 4 equations come from eigenvalue equation which is

discretised centrally using a five point interpolant for each derivative, while the

coefficient of each derivative is evaluated at the point, ri. This gives a total of 2N

equations, formed into a generalised eigenvalue problem of the form Ax = σBx,

where the first N entries in the eigenfunction x give h1(r), while the second N

entries give I. The right hand matrix, B, is largely zeros other than on the leading

diagonal on rows i = 3, ..., N − 2, where it is C, due to the right hand side of the

eigenvalue equation (B.0.1), and i = N where the entry is 1 to reflect the combined

Tanner condition (4.1.15). Figure B.2 shows the structure of each of the matrices

A and B along with the eigenfunction x, as described above.

Note that, in both the axisymmetric and non-axisymmetric cases the difference

in the implementation between the combined Tanner boundary condition (4.1.15)

and the combined fixed contact angle condition (5.2.5) amounts to changing a sin-

gle value in the matrix B and taking C = 1. Specifically, in both the axisymmetric

and non-axisymmetric case the entry on row N column N is changed from a one

to a zero when the fixed contact angle condition is imposed.
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Appendix C

Transformations for comparison of

models

Since the thin film model I and model with O(1) contact angle II are nondimen-

sionalised in different ways, we must first establish the transformations between

cases. Considering the nondimensional parameters ϕ and G in the thin film case

ϕI =
ρΩ2Vf
γθ2c

, GI =
ρgV

2/3
f

γθ
2/3
c

, (C.0.1)

and in the O(1) contact angle case

ϕII =
ρΩ2Vf
γ

, GII =
ρgV

2/3
f

γ
. (C.0.2)

Therefore, we find that

ϕII = θ2cϕI, GII = θ2/3c GI. (C.0.3)

In both cases, the lengthscale is determined using the volume,

V
1/3
f = θ1/3c LI = LII ⇒ LII = θ1/3c LI (C.0.4)

Next, the dimensional radial length scales like

r = LIIrII = LIrI = θ−1/3
c LIIrI ⇒ rII = θ−1/3

c rI. (C.0.5)
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Whereas, the vertical length scale

z = h(r, φ, t) = LIIhII(rII, φ, t) = θcLIhI(rI, φ, t) = θ2/3c LIIhI(rI, φ, t) (C.0.6)

therefore

hII(rII, φ, t) = θ2/3c hI(θ
−1/3
c rI, φ, t). (C.0.7)

The scalings for each of the derivatives of h are calculated using the chain rule

giving the nth derivative as

∂nhII

∂rnII
= θ

2+n
3

c
∂nhI

∂rnI
. (C.0.8)

The velocity scales are

UI =
γθ3c
µ
, UII =

γ

µ
⇒ UII = θ−3

c UI, (C.0.9)

hence, the horizontal velocity scales like

u(r, z) = UIuI = UIIuII = θ−3
c UIuII ⇒ uII = θ3cuI, (C.0.10)

while the vertical velocity scales like

w(r, z) = θcUIwI = UIIwII = θ−3
c UIwII ⇒ wII = θ4cwI. (C.0.11)

The pressure scale in each case is given by

PI =
µUI

LIθ2c
, PII =

µUII

LII
=

µUI

LIθ
10/3
c

⇒ PII = θ−4/3
c PI, (C.0.12)

using the relationships (C.0.4, C.0.9). Therefore,

p = PIpI = PIIpII = θ−4/3
c PIpII ⇒ pII = θ4/3c pI. (C.0.13)

If we consider the dimensional slip conditions used in the thin film model I

u =
α

3h

∂u

∂z
, v =

α

3h

∂v

∂z
. (C.0.14)
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Since u, v scale in the same way we need only consider one of the slip laws in both

transformations

uI =
α

3L2
I θ

2
chI

∂uI

∂zI
=

αI

3hI

∂uI

∂zI
, uII =

α

3L2
IIhII

∂uII

∂zII
=

αII

3hII

∂uII

∂zII
, (C.0.15)

hence

α = αIL
2
I θ

2
c = αIIL

2
II ⇒ αII = θ4/3c αI. (C.0.16)

Within each model the growth rate is given by the velocity at the contact line,

and therefore

σII = θ3cσI. (C.0.17)

Overall, we have identified appropriate transformations so that approximate so-

lutions within the thin film limit can be compared to the full numerical solution

within nondimensional space, thereby verifying the numerical method.
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