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ABSTRACT

The purpose of this thesis is to study the number theoretic properties of real
analytic modular forms, which were recently introduced by F. Brown. We
begin with a brief review of the classical theory of modular forms, focusing
on mathematical objects such as Hecke operators, L-functions and period
polynomials.

In Chapter 2, we introduce and discuss real analytic modular forms. We
define L-functions for the entirety of this space and establish their main
properties. We then define the analogue of the period polynomial for mod-
ular iterated integrals of length one.

In Chapter |3, we review the action of Hecke operators on the period
polynomials of standard modular forms, with the aim of extending this
theory to real analytic modular forms. We achieve this for a certain type of
length one modular iterated integral called a real analytic cusp form.

In the final chapter, we present a theorem for producing new and inter-
esting length three modular iterated integrals. This can be viewed as an
extension of the length two case given by Brown, a review of which is in-
cluded in this chapter. We discuss how modular iterated integrals could
help understand modular graph functions, which arise in string perturba-

tion theory.
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INTRODUCTION

Modular forms are some of the most fascinating and significant mathemat-
ical objects. They played a crucial role in Andrew Wiles’” proof of Fermat’s
Last Theorem and can be associated with cryptography, string theory, rep-
resentation theory, the Langlands program and much more.

Modular forms began to appear naturally in the nineteenth century dur-
ing the study of elliptic functions and were investigated by mathematicians
such as Eisenstein. They also appeared, as theta functions, in the work of
Jacobi during the 1820s. However, it is believed that the term modular form
(or Modulform in German) was not introduced until around the 189os, by
the German mathematician Klein. The first use of this term in publication
is believed to have been in [3].

In the twentieth century, modular forms began to play an increasingly
significant role in mathematics and appeared in the work of many math-
ematicians, including Ramanujan. Hecke began studying modular forms
in the 1920s and shortly introduced a family of operators, now known as
the Hecke operators. These operators played a key role in capturing and
showcasing the important arithmetic information that modular forms have
to offer. As a result of this, modular forms became securely rooted in their
position at the forefront of mathematics.

Today, modular forms continue to be a subject of enormous interest, con-
stantly producing beautiful and surprising results. They are closely related

to a range of other mathematical objects, including elliptic curves and Maass



INTRODUCTION

wave forms. Indeed, the term modular form itself can now relate to a vari-
ety of modular objects, such as weakly holomorphic modular forms, mock

modular forms and, the recently defined, real analytic modular forms.

Chapter [1] of this thesis illustrates some of the fascinating theory of mod-
ular forms we alluded to above. We do, however, try to discuss only what is
relevant to the thesis. We will see that a modular form f, of weight k, obeys

the condition

flyz) = (cz+d)ff(z), V= (b)eSL22), (0.1)

and has a Fourier expansion of the form

f2) = Y a2, (0:2)
n=0

In Section some examples of modular forms are given. This will
help demonstrate how the Fourier coefficients of these forms can contain
interesting and important information. In the section after this, we discuss
how the Hecke operators play a key role in capturing this information.

This leads to the definition of an L-function for a modular form, given in
Section The study of L-functions is not restricted to modular forms and
they are an interesting mathematical object in their own right. Indeed, they
can be used as a tool to associate various arithmetic objects to each other,
such as modular forms with elliptic curves. They also provide us with im-
portant number theoretic results, such as information about the distribution
of prime numbers.

To help us understand L-functions, we define the period polynomial of
a modular form in Section These polynomials are closely related to
L-functions and have been used to prove many important results, such as
Manin’s Periods Theorem (Theorem [1.13).

We also study the space of Maass wave cusp forms, which are modular
objects similar to modular forms. However, despite this similarity, devel-

oping an analogue of the period polynomial for Maass wave cusp forms



INTRODUCTION

proved difficult. In Section we present a review of how this was even-
tually achieved in the form of a period function. Chapter [1| ends with an

investigation of weakly holomorphic modular forms.

In Chapter |2, we introduce a space which contains or intersects all the
spaces studied in Chapter This is the space of real analytic modular
forms, which was recently introduced by Brown in [4-6]. These forms can
be viewed as a unifying tool for the spaces appearing in Chapter

The aim of this thesis is to study the classical number theoretic properties
of real analytic modular forms. We want to produce a theory for these forms
that is an extension of the theory for standard modular forms, as presented
in Chapter

We will see that a real analytic modular form of weights (r,s) must obey

the following two conditions:

(i) flyz) = (cz+d)" (cz+d)°f(z), Vy=(2%4)€SL(2,2).
(ii) For some M,N € N, a%?n eC

f(Z) — Z yj ( Z a%?n eZm’mze—27rinZ) )

jl<m \mn=-N

These two conditions can be compared to equations and (0.2). We
denote the space of all real analytic modular forms of weights (r,s) by ./\/l!r,S
and set M' = @, M, .

Chapter |2 begins with the background of these real analytic forms and
sets the groundwork needed for the rest of the thesis. We look at an example
of a real analytic modular form, called the real analytic Eisenstein series, in
Section

In Section we define L-functions for the entirety of M' and establish
their main properties. When restricted to specific subspaces, this matches
the L-functions given in Chapter

It was not immediately obvious, however, how to define suitable period

polynomials for all of M'. This is understandable though, since the period
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polynomial usually reflects arithmeticity and the space M’ is too large to be
of arithmetic nature in its entirety. We show that, in a certain subspace, it is
possible to define such polynomials. This subspace is the space of modular
iterated integrals of length one and is of great interest to us in this thesis.
We will see, in Section how the construction of the period function from
the theory of Maass wave forms (Section will form the basis of these
period polynomials.

Evidence why our period polynomial is the analogue of the period poly-
nomial of a classical modular form is also given. Additionally, we show
how our period polynomial is closely related to our L-function (Theorem
2.23).

In the final section of this chapter, it is shown how our L-function can
be used to prove that an analogue of Manin’s Periods Theorem holds for

weakly holomorphic modular forms (Theorem [2.29).

In Chapter 3, we return to the topic of Hecke operators. The eigenvalues
of these operators are closely related to the Fourier coefficients of standard
modular forms, and therefore, learning about the former will uncover im-
portant arithmetic information about the latter. These eigenvalues, in turn,
can be recovered from the Hecke operators’ trace. Therefore, formulas de-
scribing the trace of a Hecke operator are of great importance.

Such a formula for standard modular forms was first introduced by Sel-
berg in [7]. This trace formula, however, was rather complicated and since
then simpler versions of this formula have been given. These new versions
are dependent on the Hecke operators being compatible with the period
polynomials of certain standard modular forms. We study this compatibil-
ity in Section

It would be useful if we could extend this compatibility to real analytic
modular forms. In Section a certain type of length one modular iterated
integral called a real analytic cusp form is introduced. We discuss some of

the interesting properties that belong to this function. We then show that,
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because of these properties, the Hecke operators are compatible with the

period polynomials of real analytic cusp forms.

Chapter [g] the final chapter, is an investigation of the modular iterated
integrals of length higher than one. One of the original motivations for
defining real analytic modular forms was due to the close relationship be-
tween modular iterated integrals and modular graph functions, which arise
in string perturbation theory. In fact, there is good evidence that all mod-
ular graph functions are contained within the space of modular iterated
integrals. Therefore, studying the space of modular iterated integrals will
help with the long-standing problem of giving a complete description of the
modular graph functions.

In Section we provide a review of the research presented in Chapter
9 of [4]. In this chapter, Brown gives a theorem for producing new and
interesting length two modular iterated integrals. Each of these functions
has an associated Laplace-eigenvalue equation, for example, the function
Fl(/ll) satisfies

(A+2)F) = ~4L3G,Gy, (0.3)
where G is an Eisenstein series (1.7), A is the Laplacian and L =
in(z—z).

In Section we give a brief overview of the modular graph functions
of interest to us in this thesis. We also explain how Brown has provided an
important use for the above Laplace equation. Indeed, he has shown that
we can use this equation to give, for the first time, an explicit expression of
an important modular graph function.

If other modular graph functions can be expressed using Laplace equa-
tions associated to modular iterated integrals, then these equations can help
to give a complete description of the modular graph functions.

In Section we extend the theory presented in Chapter 9 of [4] from
length two modular iterated integrals to length three. We are able to pro-

duce Laplace equations for new length three modular iterated integrals.






THE CLASSICAL THEORY OF MODULAR FORMS

In this chapter, we provide a brief overview of the classical theory of mod-
ular forms, setting the groundwork from which we will build upon in the
later chapters. Since this is a vast and rich area of mathematics, we will try
to only discuss what is relevant to this thesis.

We hope, nonetheless, to still give the reader enough insight to appreciate
how fascinating this theory can be. This, in turn, should help justify why
we would want to extend the theory of modular forms to other functions,
such as the real analytic modular forms. In Sections we closely

follow [8-10].

1.1 DEFINING A MODULAR FORM

We begin by defining what it means for a function to be a modular form,
we will also see some of the immediate consequences of this. Before we can
proceed, however, we must first set some basic notation.

The special linear group SL(2,IR) acts on the upper half plane § via
Mébius transformations. In other words, if v = (2%) € SL(2,R) then,

for all z € ), we have
_az+b

oz 4d

v(z)




1.1 DEFINING A MODULAR FORM

A modular form can be defined over any discrete subgroup of SL(2,R). For
this thesis, however, we will concentrate on the full modular group SL(2,Z),

which we denote by I'y:

b
ry= " ") :ad—bc=1and abcdecz}.
c d
The matrices
0 -1 1 1
S = and T =
1 0 01

generate this group.
For an integer k, a function f: § — C and v = (74) € GL(2,R) with
det(y) > 0, we define the (single) slash operator f|; by

(Flir) (2) = det(1)**(cz +d) f(1(2)). (1.1)

This is a group action, and therefore, we have

fleCrw) = (flkv) e, Vv, n € GL(2,R). (1.2)

We are now ready to define a modular form.

Definition 1.1. Let k be a non-negative integer. A function f: $§ — Cisa
modular form of weight k with respect to I'y if it obeys the following three

conditions:

(i) f is holomorphic on $. (1.3)
(i) (flen)(z) = f(2), Yy el (1.4)
(iii)  f is holomorphic as z — ico. (1.5)

Remark 1.2. We call property (ii) the transformation law, this can also be

written as f(yz) = (cz +d)*f(z), V v € Ty.

We will now discuss some of the immediate consequences of the above
conditions. Firstly, since T € Iy, the second condition implies that any

modular form f must obey the equation f(z) = f(z+ 1), for all z € §.
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This, combined with the fact that f is holomorphic, means it has a Fourier
expansion at infinity of the form

f(Z): i anezmnz.

n=—oo
The third condition is equivalent to a, vanishing for every n < 0. Therefore,

any modular form f can be expressed as
flz) =Y aye®™™=. (1.6)

Finally, the second condition implies that, as (_01 9) €Ty, if fis of odd
weight then

f(2) = (-1 f(2),
and therefore, f must be the zero function.

We denote the space of all modular forms of weight k with respect to I'y
by My and set M = @y M. We should write M(I';) but, as we are focused
solely on modular forms defined over I'y, we write M for convenience.

A modular form that vanishes at infinity is called a cusp form. When f is
written in the form of equation (1.6), this is equivalent to ag vanishing. We
denote the space of all cusp forms of weight k with respect to I'i by S; and
set S = @y Sk. Clearly, for a fixed k, each Si is a subspace of M; and, in

turn, S is a subspace of M.

1.2 EXAMPLES

Having defined what a modular form is, it is natural to take a look at some
examples. This will actually be useful for two reasons:

Firstly, it will provide us with an insight into how interesting the the-
ory of modular forms can be. We will see, for example, how the Fourier
coefficients of a modular form can contain interesting arithmetic informa-
tion. Secondly, investigating these functions will provide us with a variety
of useful facts about the space of modular forms, which we will use in later

chapters. We start by looking at the Eisenstein series.



1.2 EXAMPLES

Definition 1.3. For an integer k > 4 and even, we define the Eisenstein

series of weight k by

 (k=1)! 1
AT T "7
(m,m)#£(0,0)

This is a modular form as it obeys the three conditions of Definition
Firstly, as k > 4, we have absolute convergence to a holomorphic function
on f). (We have absolute convergence for k > 2 since the number of pairs
(m,n) such that N < |mz+n| < N+1is O(N), and therefore, the above
series converges like Y 51 N/ NF, see [8] for more information.) Secondly,

Gy obeys the transformation law as, for v = (‘C’ Z) € I';, we have

B (k—l)! cz+d :
Gi(vz) = 2(27i )k D (m(az+b) +n(cz+d)>

(m,n)ezZ?
(m,n)#(0,0)
(k—1)! cz+d k
- 2(27ti)k m,1§ezz <(ma +nc)z + (mb + nd))
(m,n)#(0,0)

= (cz+d)" Gy(2).

The validity of the argument above relies on the absolute convergence of the

sum. Finally, the Fourier expansion of Gy can be calculated to be
_ =B v n
Gk(Z) = Z_k + Z Uk_l(n)q , (18)
n=1

where g = ¢?™, By is the k-th Bernoulli number and oy (n) is the divisor
function, given by } 4, d*. We can then deduce that Gy satisfies equation
and is therefore a modular form. The first few examples of Gy are
given by

Gz +q +99% + 28¢° + 73¢* + 1269° + - -

) =10

1
Go(z) = =557 + 9 + 33¢% + 244¢° + 1057g* + - -

1
Gs(2) = 45 + 4 + 1294% 4 2188¢° + - --

10



1.2 EXAMPLES
We can also use equation (1.8) to define the Eisenstein series when k = 2:
1
Go(z) = —ﬂ+q+3q2+4q3+7q4+6q5+12q6+---

but, since we no longer have absolute convergence, this does not obey the
transformation law. Therefore, G, is not a modular form. This Fourier

expansion can be adjusted, however, to give a modular form of weight two:

1
G, =G+ —.
2 2+ 81ty

We can see from equation that the Fourier expansions of the Eisen-
stein series contain important arithmetic information relating to the divisor
function. For example, the following identities can be derived from the
Fourier coefficients of the Eisenstein series of weights < 14 (see [8] for more
information).

_ o7(n) —o3(n)
2(73 0'311— )—%,

Z oy ()0 (1 — m1) — o13(n) — 11;!2217(1)) + 10(73(11).

In fact, the Fourier coefficients of modular forms, in general, are a remark-
able source of arithmetic information and are of great interest to number
theorists (and many others). In the next section, we will see how studying
a family of operators, called the Hecke operators, can lead to uncovering
some of this arithmetic information.

The Eisenstein series G can be normalised so that its Fourier expansion
has slightly different coefficients. We multiply G; by a constant so that
the zeroth term in its Fourier expansion is equal to 1. We denote this new

normalisation by Ej, for example:

E4 = 240Gy = 1+ 240q + 2160g> 4 67204° + 175204* + . ..
E¢ = —504Gg = 1 — 504q — 166329 — 1229764° — ...

This normalisation leads nicely to the following definition of a certain cusp

form.

11



1.2 EXAMPLES

Definition 1.4. Let E; and E¢ be as above, then the modular discriminant

function is given by
AG) = g - (E3(2) — EE(2).
This function is a modular form of weight 12. Furthermore, as the con-
stant parts of the Fourier series of Ei and E% cancel out, the modular dis-
criminant function is a cusp form. We can also express this function as

A(Z) — eZm’z Io—o[ <1 . ezm'nz)24

n=1

= g — 24q% + 252q° — 1472q* 4+ 4830¢° — . ..

The modular discriminant is an incredibly useful function as it can be
used to provide a variety of important results involving the space of modu-
lar forms. We state some of these results below without proof (more infor-
mation on this topic can be found in [8] or [10]).

We have already seen that if f is a modular form of odd weight, then f
must be the zero function. The modular discriminant can be used to show
that this also holds for any f of negative weight. (Therefore, the inclusion
of k being non-negative in Definition is not needed.) Furthermore, if
f € My (resp. f € My) then f must be a constant function (resp. the zero
function).

Now, for an even integer k > 2 we have the decomposition My = (Gy) &

S, and we can deduce that
dim(My) = dim(S) + 1.

The idea behind this is that, since the Eisenstein series G; has a Fourier
series with a non-zero constant term, we can subtract a multiple of G from
any f € M to give a weight k cusp form.

The space of weight k cusp forms is isomorphic to the space of weight

k — 12 modular forms and hence

dzm(Sk) = dim(Mk_lz).

12



1.3 HECKE OPERATORS

To see where this identity comes from, we note that, for f € Si, the quotient
f/A € Mi_qo.

The above facts give us enough information to determine the dimen-
sions of any space My or S;. For example, we know dim(My) = 0 for
k = —8,—6, —4, —2 and this implies that dim(S;) = 0 for k = 4, 6,8,10. This,
in turn, implies that dim(M;) = 1 for these values of k and, using this in-
formation, we can deduce that dim(Sy) = 1 for k = 16,18,20,22, and so
on.

The dimensions of all My and S are summarised in the following theo-

rem.

Theorem 1.5. Let k be an odd or negative integer, then dim(My) = dim(Sy) = 0.

For an even integer k > 0, the dimensions of My and Sy are given by

k 0|2/4|6(8|10[12 14| - | k |- |k+12
dim(My) || 1]0[1]1|1]1]2]1 n n+1
dim(Sy) |[o]o|o|olo[0|1]0 n—1 n

We can immediately deduce from this theorem that there are no cusp
forms of weight k < 12 or k = 14. This fact will be of great importance to
us in Chapter

1.3 HECKE OPERATORS

In the 1930s Hecke introduced a family of operators that act on the space
of modular forms, building upon the work of Mordell. This section serves
as an introduction to these operators and will show us many of their inter-
esting properties. For example, we will see how they play a significant role
in capturing the important arithmetic information held by the Fourier coef-

ficients of modular forms. First, however, we must define these operators.

13



1.3 HECKE OPERATORS

Definition 1.6. Let m > 0 be an integer, then we define T}, to be the m-th
Hecke operator, which acts on a modular form f of weight k in the following
way:

Tuf(z) :=m""1 Y} (cz+d) *f(u(z)).

el \ My,
Here = (75), M, is the set of all 2 x 2 matrices with integral entries and

determinant m, and T';\.M,, is the (finite) set of cosets.

Remark 1.7. As this definition is dependent on k, we should write TX f(z)

but we write T, f(z) for convenience and consider the weight fixed.

When T, acts on a modular form of weight k not only is the result still
a modular form, it remains a modular form of weight k. In other words,
T;» maps the space My of weight k modular forms onto itself. Indeed, we
can see from the definition that Tj, f is still holomorphic and hence obeys
equation (1.3). To see how T;,f obeys equation (1.4), we express it in terms
of the slash operator defined by equation (1.1). Therefore, the definition of

the Hecke operator becomes

Tuf(z) =m0 Y fla (1.9)

HeT1\ My,

We can now see that this operator obeys equation (1.4), as equation
gives (flxp)lky = flx(py) and {py : p € T\ My}, with 7 € T, is just
another set of representatives for I'1\.M,,. The slash operator also allows
us to see that T, f is well defined as changing the representative for the
coset from u to yu, with v € I'y, does not effect the summation, since
fleCrm) = (Flev) |k = flip-

Finally, to see that T, f obeys equation (1.5), we will express it in terms
of its Fourier series. In order to achieve this, we first note that every equiv-
alence class in I'1\ M, contains exactly one representative A = (25) with

d > b > 0and a > 0. Therefore, as the determinant of A = m, we have

Tf() = m! L sz(az+b> (1.10)

ad>0

14



1.3 HECKE OPERATORS

and for f(z) = Y5 a,e?™" this gives

d—1 oo
Tmf k 1 Z d- k 2 Za eZmnaz/d 27rmb/d
ad>0
Now, using the fact that
d—1 i
Y int/d — ifd|n

0 otherwise

and setting n = gd, we can deduce that

Tmf k 1 Z Zd k—l—l Zm'gaz. (1.11)

ad=m
ad>0g

Finally, setting h = ag, and noting that as ad = m we have a | h and a | m,

we get

Tmf Z Z m /d ahd/anHihz
=0al(h,m)
ad=m
a,d>0

Z( Z ak_lahm/az)qh/
al|(h,m)
a>0

where g = ¢?"2. Therefore, we conclude that

Tnf(z) Z ahqh, (1.12)
with
a, = Z ahm/rz (1.13)
|(h,m
r>0

This shows that T}, f obeys equation (1.5), and therefore, it does indeed map

the space My onto itself. It also follows that if f is a cusp form then so is

T f, as the constant term of Ty, f is 0x_1(m)ay and is therefore 0 if ap = 0.
We also have as a consequence of equation (r.13):

TiTy = Z i’k_lTlm/,,z (1.14)
r|(1,m)

15



1.3 HECKE OPERATORS

and hence

)T, = T, T). (1.15)
Furthermore if | and m are co-prime then
Tle = Tlm- (1.16)

If we wish to calculate T, for any m then we only need to know the T, for

the primes p dividing m. To see this, we let m > 1 be divisible by a prime p.
If p? | m then equation (1.14) gives

k—1
TnspTp =1 "Typ2 = T

If pz { m then equation 1) gives Ty = Ty /T

To calculate T, for p prime we use equation to give

Tf(z) = P (p2) + Zf(Z;b)

= pkil Z ﬂnqnp -+ Z ﬂnpqn.
n=0 n=0

For the rest of this section, we will focus on modular forms that are eigen-
vectors of Ty, for every m. If f(z) = Y. ga.q" € My, then such a form

satisfies
Tinf = Amf, (1.17)

for all m > 0 and some complex numbers A,,. Therefore, by equations (1.13))

and (1.17), we have
Z ( Z 7’ nm/rZ)qn = /\m Z ﬂnqn (1.18)
7| n=0

n=0 (n,m)
r>0
and, by comparing the coefficients of 4", this becomes
) k= nm/rz = Aydy. (1.19)
r|(n,m)

r>0

Setting n = 1, we conclude that

Am = Amay, Y m > 0. (1.20)
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1.4 L-FUNCTIONS

Definition 1.8. Let f(z) = )} a,9" be a modular form, then f is a Hecke

eigenform if T),f = Ay f, for every m > 0, and a; = 1.

If f is a Hecke eigenform then, by equation (1.20), a,; = Ay, for all m > 0.
This shows how closely related the Fourier coefficients of modular forms
can be to the eigenvalues of the Hecke operators. Therefore, learning about
these eigenvalues will allow us to uncover important arithmetic information
held by the Fourier coefficients of modular forms. This idea is examined
further in Chapter

An example of a Hecke eigenform is the Eisenstein series Gy (when k > 4),
we have T,,Gy = a,,G = 0;_1(m)G;.

As seen above, the theory of Hecke operators is closely interwoven with
the theory of modular forms. Further proof of this is provided by the fact
that these operators play a fundamental role in the internal structure of
the space of modular forms. We will not explore this topic in detail here,
instead we state the theorem below to provide a brief example of this and

refer the reader to [10] for more information.
Theorem 1.9. The Hecke eigenforms in My form a basis of M for every k.

Hecke operators and Hecke eigenforms also serve as useful tools for the

introduction and definition of L-functions of modular forms.

1.4 L-FUNCTIONS

The theory of L-functions is vast and not at all restricted to modular forms.
In fact, they can be used as a useful tool in associating various arithmetic
objects to each other, for example, modular forms with elliptic curves. The
information contained within the location of its zeroes and poles can also
be used as a way to study arithmetic objects. Furthermore, they provide us
with information relating to the distribution of primes and appear in the

Birch and Swinnerton-Dyer conjecture.
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1.4 L-FUNCTIONS

In this section, we will explore some of the properties that belong to an
L-function of a modular form, such as analytic continuation and satisfying
a functional equation. We return to the topic of Hecke eigenforms to help
us define the L-function of a modular form.

If f(z) =Y, pang" is a Hecke eigenform, then Ty, f = Ay f with a,, = Ay,
Inserting this into equation gives

Yo F a0 = apay. (1.21)
rl(n,m)

r>0
Therefore, when n and m are co-prime we have a,,, = a,a,. Combining
this with the fact that a; = 1, we see that the sequence {a, } is multiplicative
and, as is often the case when presented with such a sequence, we define
a Dirichlet series. Specifically, we define the L-Function (or L-series) of a
Hecke eigenform f by

a

Lf(S) = Z Tl_]:
n=1

As the coefficients a,, are multiplicative, we have

Lits) = J] (1 +app + app )

p prime

= H Ap(p™), (1.22)

p prime
where A,(x) = Y;2ga

gives

X', Now inserting m = p and n = p' into equation

_ k—1
apt+1 = ﬂpﬂpt —p ﬂptfll

which we will use to rewrite A,(x).
Ap(x) =1+ Y aynx'™!
t=0
=1 + t;) <apl1pt — pk_lapt—1> xt-l-l

o0 (o)
=1+ ) apapx™ =Y pkilaptflxtﬂ

=14+ apxAp(x) — pk_lszp(x)
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1.4 L-FUNCTIONS

and hence
1

- k1,2
1—apx+p~x
This allows us to rewrite equation as

Li(s) = 1]

p prime

Ap(x)

1
1— appfs + pk—lp—ZS'

When f is given by the Eisenstein series Gy, with k > 4, we have

L. (s)= T1 1 !

ik T (p)p

and, as

oi1(p) =Y d =1+ p,

dlp
we conclude that
Lg(s)= ] s kfllfs k—1—2s
pprime + P 7P +p
B 1 1
_pgne 1—ps 1= pk=1=s"

We will now remove our restriction that f has to be a Hecke eigenform and

extend our definition of an L-function to all modular forms.

Definition 1.10. Let f(z) = Y ;" 444" be any modular form (not necessarily

a Hecke eigenform), then we define the L-function (or L-series) of f by

) r
Li(s) 1= (ngLf(s) -

where

is the Gamma function.
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1.4 L-FUNCTIONS

For the rest of this section, we assume f to be a cusp form for simplicity.
The methods used below can also be applied to non-cusp forms but more
work is required. This is because, for example, we have problems with
convergence if f is not a cusp form.

The L-function of a cusp form of weight k converges absolutely in the half
plane Re(s) > 1+ k/2, we will see how the completed L-function extends
this to an entire function of s. We consider the Mellin transform of f, which
is given by

(M) (s) = /0 e, (1.23)

After inserting f(z) = Y, 4,9" and then using the substitution 27tnt — ¢,

we have
(o] oo OO
/ f(it)t51dt:/ Y ape ML gt
0 0 n=1

o ® —tys—1
_ / anpe 't g
0 (27tn)s

n=1
1 P
= (27_[)5/0 e ts dt Z;l—s
n=
_ I(s) i a,
(27-()5 n=1 ’

(we can move the summation and integration around since we have absolute

convergence). Therefore, we have

Lis) = /0 " Fnear.

Since f is a cusp form, we can deduce that f(it) tends to zero exponentially
as t tends to infinity. Furthermore, f(it) also tends to zero exponentially as
t tends to zero, as the transformation law for f (Remark when v = S
gives f(—1/z) = zf(z). This implies that the integral above converges
absolutely for all s € C, and therefore, L;(S) extends holomorphically to the

entire complex plane. This representation of L f(s) also allows us to easily

see that it obeys the functional equation

Li(k—s) = ikLJ*f(s),
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1.5 PERIOD POLYNOMIALS

as
Li(k—s) = / F(it)tF =14t
0
and the substitution t — 1/t gives
Li(k—s) = / F(=1/i)F .
0

Now, again by the transformation law of f, we have f(—1/it) = (it)*f(it)

and hence

Li(k—s) = /O G f(inET dE = R s).

1.5 PERIOD POLYNOMIALS

Period polynomials are fundamental objects associated to modular cusp
forms, which help reveal crucial arithmetic information about L-functions.
The period polynomial of a weight k cusp form is a combination of the

periods of f. We define these periods to be the k — 1 numbers

nf) = [ fer, (1.29)

where 0 < n < k — 2. We can see how closely this relates to our definition

of an L-function:
ico )
rul(f) = / F(r)thdT = / FGit) (i) idt = L (n 4 1).
0 0
The period polynomial of f is defined by combining these periods.

Definition 1.11. Let f be a modular cusp form, then the period polynomial

of f is given by

=2 (k- k=2 /1
pie= 3 (7)o = © (5 2

n a—o \ 1
(1.25)

Let Pr_, denote the space of polynomials with degree less than or equal

to k — 2 in one variable, this is acted upon by T’y via |,_x. For example

2k y = (cz+d)*2(y2)?,
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1.5 PERIOD POLYNOMIALS

where v = (%%) € I't. We can see that the period polynomial of a modular
cusp form is an element of P,_,. By using equation (1.24) and applying the

binomial formula, P can also be expressed as

Pf(z) = /Oioof(r)(r — z)f 24, (1.26)

Period polynomials have been interpreted in many different ways, one such
way is from the perspective of Eichler cohomology. A good introduction to
Eichler cohomology was given in both [11] and [12], we will give a summary
of these below.

We start with some general cohomological theory which we will then
specialise for Eichler cohomology. We let M be a right I';-module and for
an integer i > 0 we call a map from I} to M an i-cochain for T; with
coefficients in M. The group formed by such maps is denoted by C/(I';, M).
The differential d': C*(T'y, M) — C'*1(I';, M) is given by

(d'0) (81, giv1) = (g2, s Giv1)-&1 (1.27)
+ ) (=10 (g1 s 8118 s Giv1) + (=1) (g1, 81)-
=1

Definition 1.12. With the above notation, we define the group of i-cocycles

to be the kernel of the map di
Z'(Ty, M) := Ker(d")
and the group of i-coboundaries to be the image of d'~!
Bi(I'y, M) := Im(d').

We set BY(I'y, M) := 0. Finally, we define the i-th cohomology group to be
the quotient group

H(T1, M) := Z/(Ty, M) /B (T, M).

In Eichler cohomology the module M is P;_; and, in this thesis, we will fo-

cus on the 1st cohomology group H'(T';, P,_,). A 0-cochain ¢ € C°(T'y, P,_»)
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1.5 PERIOD POLYNOMIALS

is an element P € P;_,. For i = 0, we can then deduce that equation (1.27)

becomes
(d°¢)(v) = Ply_ay —P, 7y €T

A 1-coboundary is then a map from I'; to Py_, of the form
Y Py —P, y€Ty,

for some fixed P € P,_;. We now take a closer look at 1-cocycles, we first

note that

(@'9)(v271) = ¢(r1) k12 — P(1172) + 9(12), V71, 12 €T

Setting (d'¢)(72,71) = 0, we see that a 1-cocycle is a map ¢: I'; — Py,
such that

¢(1172) = (1) a—kv2 + ¢(72), V1, 72 €T

The identity

Plo_xv172 — P = (Pla—k71 — P)|2a—k7v2 + (Pl2—k72 — P)

allows us to see that B'(T'y, P,_,) is a subspace of Z!(T'1, P,_,), and there-
fore, we can confirm that the quotient group H!(Ty, P_,) does indeed make

sense. We define the Eichler integral of f by

vf(z) == /ZZ F(T) (T —2)F2dr.

joo

If we apply the slash operator to vy, we have, for any y € I';, the equation

(el (@) = [ F@) (= 12) ez +d)f e

and the substitution T — 7 gives
: k-2 k-2 )
erlaen)@) = |, o) (re = 92) ez +-d) P er +d) e
1

= [ o OO =72 ez @) 2o ) e
1 (ico

= /Z f(T) (T —2)F 2,
7~ (ieo)
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1.5 PERIOD POLYNOMIALS

where we used the identity (yT — vz)(cz +d)(ct +d) = (T — z). Therefore,

the period polynomial can be viewed in terms of the Eichler integral:

P¢(z) = (vflp—kS)(z) — v¢(2), (1.28)
where § = (! _01). This can also be written in a slightly more concise
manner:

Ps(z) = (v5l2(S = 1)) (2). (1.29)

(We note that we are still performing the calculation the same way as in
equation (1.28)), but we write it this way for convenience.) Looking back at

the general case, for any 7y € I'; we can define a 1-cocycle by

o5 () == d"op = vf|r_k(v) —vf = vpp_k(y — 1),
since 0y is defined as the differential of a 0-cochain it will be a 1-coboundary,
and therefore, it will satisfy the 1-cocycle relation. Furthermore, it is a 1-
cocycle in Py_5. To see how 0y is an element of P;_5, we can use the same

procedure as above to write it as

o) = [ O =2, e

This is an essential object in the theory of modular forms. An application
of this cocycle can be used to give an isomorphism between the Eichler
cohomology group and the space of modular forms. Specifically, the Eichler-

Shimura Theorem tells us that
o: S ® M = HY Ty, Pe_y), (1.30)

where Sy = {f : f € Si}, and the isomorphism ¢ is induced by the as-
signment of f € My and g € S; to 0 and 0y, respectively. In some of the
literature the map
i
pr(v) = [ f(O)(r—2)%dr, yeTy, (1.31)

1

is used instead of o¢(7), this difference is unimportant though since these
cocycles belong to the same cohomology class. Indeed v¢(z) can be written

as

vf(z) = /li F(o) (T —2)F2dt + /iz (o) (T —2)F2dr

j00
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1.6 PERIOD FUNCTIONS ASSOCIATED TO MAASS WAVE CUSP FORMS

and we can deduce that

or@) = ([ f(e) e =22

Since the first integral belongs to P;_,, then o¢(y) and ¢s(7) differ by a

— i T T—zk*2 T.
-0+ [ -2

1-coboundary, and therefore, they belong to the same cohomology class.
An example of the importance of the above isomorphism, and of period
polynomials in general, is given by its significant role in the proving the

following theorem.

Theorem 1.13 (Manin’s Periods Theorem [13]). Let f € Sy be a Hecke eigen-
form and Ky denote the field generated by the Fourier coefficients of f. Then there
exist wt(f) € C such that

Ly(j) € " (f)Ky, foroddje{1,...,k—1}

and

Li(j) € w™ (f)Ky, forevenje{1,...,k—1}.

This theorem allows us to see how the period polynomial can be used
to reveal crucial arithmetic information about the L-function, in this case at

the arguments 1,2,...,k —1.

1.6 PERIOD FUNCTIONS ASSOCIATED TO MAASS WAVE CUSP FORMS

In this section, we will see how the theory of period polynomials for mod-
ular cusp forms can be extended to Maass wave cusp forms (usually abbre-
viated to Maass forms). The analogue of the period polynomial for a Maass
form is the period function. This function was first introduced for Maass

functions, a subset of Maass forms.
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1.6 PERIOD FUNCTIONS ASSOCIATED TO MAASS WAVE CUSP FORMS

Definition 1.14. A Maass wave cusp function on I'; of eigenvalue A € C is

a smooth function u: $ — C such that

() u(yz) =u(z), Vyely,
(ii) Vr e R, u satisfies the growth condition u(z) = O(y") asy — oo
(where z = x +iy),
(iii) There exists a A € C such that Qou = Au,

82 2

where Q) is given by —y? ( ) Furthermore, u is an even Maass

a2 "oy
function if u(z) = u(-2), Vz € 9.

In the late 1990s, Lewis [14] proved there was a 1-1 correspondence be-
tween the space of even Maass functions that have eigenvalue A = s(1 — s)
and the space of holomorphic functions ¢: C/(—0c0,0] — C such that

v = plz+ )+ g (1),

Z

Lewis gave this correspondence via an integral transform. This method,
however, did not make the relation between ¢ and the period polynomial
of a classical modular form obvious.

Shortly after, Lewis and Zagier [15] gave a different description of ¢ and
extended the correspondence between i and even Maass functions to in-
clude odd Maass functions, they did this by making use of L-functions. The
authors also showed how the function ¢ corresponding to a Maass func-
tion is the analogue of the period polynomial for a modular form, and
hence, why we will call ¢ the period function corresponding to u. Miihlen-
bruch [16] extended the concept of period functions for Maass functions to

the larger space of Maass forms.
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1.6 PERIOD FUNCTIONS ASSOCIATED TO MAASS WAVE CUSP FORMS

Definition 1.15. Let k € 2Z, we then define a Maass wave cusp form on I'y
of weight k and eigenvalue A € C as a smooth function u: $ — C such that

cz+d

k
- = — (ab
|cz—|—d|> u(z), Vo (Cd)el"l,

(@) ulrz) = (

(ii) Vr € R, u satisfies the growth condition u(z) = O(y") asy — oo
(where z = x +iy),

(iii) There exists a A € C such that Qu = Au, (1.32)

where () is the Casimir operator given by
—y? (aa—xzz + aa—yzz) + ikya%. (1.33)
We denote the space of all Maass forms of weight k and eigenvalue A by
S(k,A). We can see that the space of Maass functions with eigenvalue A is
a subset of S(k, A), denoted by S(0,A). In Chapter 2.3 of [16], Miihlenbruch
demonstrated how to associate a period function to a Maass form of weight
k. We will summarise how he did this below:
We start with some definitions, we let k € R and define the Maass opera-
tors E;” and E, by
El = Ziy% + Zy% +k and E_ := —Ziy% + Zy% — k. (1.34)
These act on real-analytic functions and can also be written as

d d
p— / —_— - — / —_—
E5 = 41yaz +k and E_ = 4ly82 k.

Ideally, the period function we find will have a form that can be represented
as an integral, like equation (1.26). Furthermore, the integrand of this inte-
gral will be closed. Why the closure of the integrand of a period polynomial
is important is not fully explored in this thesis, but an idea of this impor-
tance can be seen in allowing us to express the period polynomial in terms
of its Eichler Integral. Without this closure, the equality

ioo

[\ @2y [T 2= [ f)e)
z v

7! (ico) 1 (ico)
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1.6 PERIOD FUNCTIONS ASSOCIATED TO MAASS WAVE CUSP FORMS

used to give equation (1.28) would not be certain. We did not have to worry
about closure when dealing with standard modular forms since these are
holomorphic, unlike Maass wave forms.

To help us construct a closed form, we define the function Ry ,(z,{) as

Riy(z,0) := <2: - j) 2 ((g _IIZI;Z)_ 2))1/2_1/

forz € $H, v € Cand ¢ € R. In the next proposition, we give some useful

follows:

equations involving this function.

Proposition 1.16 (Prop. 36 of [16]). Let z € $, v € Cand {,k € R. The

function Ry, satisfies the following equations:

i) 4Ry (- ¢) = (1/4 = v*)Rey (-, ). (1.35)
ii) E}j[Rk,v('/ g) = (1 —2vt k)Rkj:Z,v('/ g)

Now let f and g be smooth functions in an open subset U of $U §. For
z = x + 1y, we define
dz

{f.8)7(2) :=f<z>g<z>% and {£,8)7(2) = fR)32) 5 (136)

We are now ready to define the Maass-Selberg form, on which the definition

of the period function is based.

Definition 1.17. Let k € R, the Maass-Selberg form 7 is defined by

m(f,8) :=={E{ f,.8}" —{f EL &}

The next lemma provides the key property of the Maass-Selberg form that

we are in search of.

Lemma 1.18. (Lemma 39 of [16|]) Suppose that, for some A € R, we have O f =
Af and Qg = Ag. Then 7ji(f, ) is closed.

Finally, we can now give the definition of the period function of a Maass

wave form.
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1.7 WEAKLY HOLOMORPHIC MODULAR FORMS

Definition 1.19. Let { € (0,00), v € C, k € 2Z and let u € S(k,1/4 —v?).
We then associate the period function Py, ({) to u by

Pale) = [ R 0, 0))

Remark 1.20. We know that 7 (1, R_ , (-, {)) is closed, since equation (1.32)
tells us that Qyu = (1/4 — v?)u and equation (1.35) gives

Q—kR—k,v<'r g) = (1/4 o VZ)R—k,V('I g)

We will briefly give some justification why this period function is consis-
tent with the period polynomial of a modular cusp form. (More information
on this consistency is given in [16].) We let k > 2 be an even integer and

f € S, then we have the map o: Sy — S(k,k/2- (1 —k/2)) given by

o(f)(2) := Im(2)"2f (2).

The period polynomial Py 1)/, associated to o(f) is given in the proof of

Proposition 49 of [16] to be

i1 (0) = (2k — 2/f 0)F 24z,

’ 2

By comparison, the period polynomial of f, given by equation (1.26), is
/ f k 2 dz.

1.7 WEAKLY HOLOMORPHIC MODULAR FORMS

Since weakly holomorphic modular forms will begin to appear throughout

this thesis, we will provide a brief description of these forms in this section.

A weakly holomorphic modular form is similar to a standard modular form

except it is no longer required to be holomorphic as z — ico.
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1.7 WEAKLY HOLOMORPHIC MODULAR FORMS

Definition 1.21. Let k be an integer. A function f: § — C is a weakly
holomorphic modular form of weight k with respect to I'; if it obeys the

following conditions:

(i) f is holomorphic on $) (and meromorphic as z — ico).

(@) (fler)(z) = f(z), Voyelr

As with standard modular forms, any weakly holomorphic modular form

f has a Fourier expansion. In this case any such f can be written in the form

flz) =Y an®™", (1.37)
n=—N

where N € IN. We denote the space of all weakly holomorphic modular
forms of weight k with respect to I'1 by M; (I'1) or, since we are only focusing
on forms defined over I'y, by M}. We set M' = @ M.

Unlike with standard modular forms, there exist weakly holomorphic
forms of negative weight. We can also have non-constant weight 0 weakly
holomorphic forms.

A weakly holomorphic modular form is called a weakly holomorphic
cusp form if its Fourier expansion has no constant term (a9 = 0). We denote
the space of all weakly holomorphic cusp forms of weight k by S} and set
S' = @S}, clearly S| is a subspace of M}. Furthermore, the space of
standard holomorphic modular forms (resp. standard holomorphic cusp
forms) of weight k, denoted by M (resp. Sy), is a subspace of M, (resp. S3).

The usual definition of an L-function for a standard modular form, given
by

Li(s) = /0 e, (1.38)
is no longer well defined for f € S} since f(it) has a possible pole at t = co.

We shall only briefly discuss L-functions and period polynomials for

weakly holomorphic modular forms but more information on this topic can
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1.7 WEAKLY HOLOMORPHIC MODULAR FORMS

be found in [17]. It is shown in [17] that we can define the L-function of a
weakly holomorphic cusp form f of weight k by

* o ﬂnF(S,Zﬂn) -k d anr(k—S,ZHT’l)
Li(s) = n:Z_:N—(Znn)S + i H_ZN s (1.39)

where T'(s,z) = [ e 't71dt is the incomplete Gamma function. The ab-
solute convergence of L;‘Z(s) is guaranteed, see the remarks below equation
(1.5) of [17] for more information. When f is a standard modular form this
definition can be re-written as the original definition of an L-function, given
by (1.38).

The period polynomial of a weakly holomorphic cusp form f of weight k
is given by

& k—2 d—ny* k—2—n
Pr(z) =) ML (n 1)z ,

n=0 \
which matches one of our original expressions for the period polynomial
(1.25).

Hecke theory for weakly holomorphic modular forms is also different
compared to the standard holomorphic forms case. We will see that, gen-
erally speaking, there are no Hecke eigenforms in M, (apart from those
included in My). Nevertheless, it was shown in [18] that we can still have
meaningful Hecke theory for M, involving operators induced by the stan-
dard Hecke operators. We closely follow the work of [18] and [19] for the
rest of this section.

First, we note that, as in the holomorphic case, T), preserves M;( and S}(:
Tu(M,) C My  and  Tu(S;) C S;.

However, when we compare the Fourier coefficients for T, f and T,g, where
f=YXnomg" € My and § = Yoo _nbug" € M, we begin to see some
differences. We showed in Section [1.3} specifically equation (1.12), that

Tuf(z) = gazqh.
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1.7 WEAKLY HOLOMORPHIC MODULAR FORMS

However, using a similar process to the one we used to obtain the equation
above but for g, we have
Tng(z) = i b
h=—mN
and therefore T,,¢ can have a possible pole at ico of order mN. Comparing
this with g, which has possible pole at ico of maximum order N, we see the
difficulty with finding weakly holomorphic Hecke eigenforms.

In order to solve this problem, we consider the operator D = % %. Gener-
ally, this operator does not preserve modularity, however, in [20] it is shown
that

D H (M) € M.
It is then shown in [18] that the Hecke operators commute with D in the

following way:

Tka_lg = mk_le_leg, (1.40)

where ¢ € M), ,. Combining this with the fact that T, preserves M) ,

implies that D*"}(M} ,) is preserved under Ty:
T <Dk_1(M!2—k)> C D1 (M)

A weakly holomorphic Hecke eigenform is then defined to be any f <
M\D*"1(M)_,) such that, for all m > 0,

(T = Am) f = hm, (1.41)

where h,, € Dk_l(M!z_k) and A,, € C. This definition can indeed be
used to give new Hecke eigenforms and to provide a meaningful Hecke
theory for M. For example, in [19] the authors consider the elements
[f] == f+ D*"Y(M)_,) of the quotient space M{/D*1(M} ,). A func-
tion f that obeys equation can be considered an eigenvector [f] of
the Hecke operators in that factor space. We will see an application of this

particular Hecke theory in Section
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L-FUNCTIONS AND PERIOD FUNCTIONS ASSOCIATED
TO REAL ANALYTIC MODULAR FORMS

The space of real analytic modular forms, denoted by M', was recently in-
troduced by Brown [4-6]. This space is of great interest to number theorists
(and others) as it contains or intersects all the spaces we studied in the pre-
vious chapter. Indeed, these real analytic forms can be viewed as a unifying
tool for such spaces.

In this chapter, we will define L-functions for the entirety of M which,
when restricted to specific subspaces, will match the L-functions we gave in
the previous chapter.

We are not, however, able to define period functions for all of M. This is
understandable though, since the period polynomial usually reflects arith-
meticity and the space M’ is too large to be of arithmetic nature in its
entirety. Nevertheless, there exists a space of modular iterated integrals, de-
noted by MI!, which sits inside the class of real analytic modular forms.
We show that it is possible to define period functions and, indeed, period

polynomials for modular iterated integrals of length one.

2.1 AN INTRODUCTION TO REAL ANALYTIC MODULAR FORMS
We will shortly define the space of real analytic modular forms and then

explore its underlying theory. We must first, however, define a new type of

slash operator.
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2.1 AN INTRODUCTION TO REAL ANALYTIC MODULAR FORMS

For integers 7,s, a function f: $§ — C and ¢ = (z Z) € GL(2,R) with
det(7y) > 0, we define the double slash operator f||,s by

r+s

(fllrsy)(2) := det(y) 2 (cz +d)"(cz+d) " f(7z), Yz €N

It is easy to see that f||,s is reduced to the single slash operator when

s = 0. As with the single slash operator, this is a group operation:

f

rs(vm) = (fllrs|rsp, Yoy, u €T

Definition 2.1. Let r and s be integers such that r +s € 2Z. A real analytic
function f: $§ — C is a real analytic modular form of weights (r,s) with

respect to I'y if

(@) (flls1)(2) = f(2), YVyeTliandze$. (2.1)
(ii) For some C >0, f(z) = O(e“Y) as y — oo, uniformly in x
(where z = x + iy). Furthermore,
f(z) = Z yj ( Z a%?ﬂ eZm’mze—Zninz) (2.2)
jl<M - \mnz=N

for some M, N € IN, ag?n e C.

Remark 2.2. We call (i) the transformation law. This can also be written as

f(72) = (cz +d) (2 +d)*f(2), ¥ 7 € Ty,

We denote the space of all real analytic modular forms of weights (r,s)
with respect to I'1 by M}, and set M' = @, ; M} .. As mentioned above,
the space M’ contains or intersects previously studied classes of important
modular objects; the idea is that we should be able to use real analytic
modular forms as a unifying tool for such objects.

For example, when s = 0 a holomorphic function f of M!r,O is a weakly
holomorphic form of weight 7, we have seen that the space of such forms
is denoted by M,. When r = 0, we obtain a similar space of weakly anti
holomorphic modular forms which is donated by M;

If we restrict to the condition that a,%n = 0 if either m or n are negative,

then we have a new space denoted by M, ;. This space M, s was defined
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2.1 AN INTRODUCTION TO REAL ANALYTIC MODULAR FORMS

and studied thoroughly in [4]. A simple example of a function in M, s, and

specifically M _; _1, is given by
L:=in(z—2z)=—2ny, wherez=x-+1iy,

this function will begin to appear throughout this thesis. Of course, the
function y by itself also belongs to M _; _; and we have that, for any k € Z,
L* and yk exist in M _j _.

This space M is also connected to the space S(k,A) of Maass forms that
we saw in the previous chapter. However, as we are no longer limited to
forms that are eigenvalues of the Casimir operator (instead we are more
restricted by the Fourier expansion than Maass forms are), this overlap is
limited.

Having said this, the overlap is large enough for us to exploit it and define
a period function. In particular, we will see that the Maass-Selberg form,
defined in the previous chapter, plays a crucial role in our construction for
period functions of a certain subspace of M'.

The Fourier expansion in equation can be decomposed uniquely into
the sum of an exponentially decaying part f, a "constant term" f* and a

"principle part" f. Specifically,

fz):= Y v ¥ iy, (2.3)
jl<M mp=—N
m—+n>0

=Y v ¥ allg"q, (2.4)
lilI<M mn>—N
m+n=

f)= Y ¢ ¥ allgy (2.5)
jl<M  mn>—N
m+n<0

such that
@) =f@) + () +1(2),

where g = ¢?7"2,
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2.2 EIGENFORMS FOR THE LAPLACIAN

2.2 EIGENFORMS FOR THE LAPLACIAN

The space M’ is equipped with the operators
ay: ME’,S — Mi!’+1,5—1 and 351 Mi.,s — M;’—l,S—Fl

given by
. d - .0
8r = ZZyE +r and 85 = —Zlyg +5s,

where z = x +iy. They induce bigraded operators 9,9: M' — M' of
bidegree (+1, 1) and (—1,+1), respectively. If f € M, then 9 acts on f
via 9, and similarly 9 acts via d;. We can see that the operators 9, and 9; are

closely related to the operators E;” and E;” from the previous chapter:
20y =E; and 20_; = E;. (2.6)
The Laplacian Ays: M,  — M, is then defined by
Nps:= —0s 10, +r(s—1) = =9, 105 +s(r — 1). (2.7)

This induces a bigraded operator A of bidegree (0,0) on M'. If f € M,

then A acts on f via A, ;. The Laplacian can also be written as

Jdd d d
—_— — 2__ 1 —_— ] _—
Avs = —4y % 33 + 2iyr 3 2iys e

— e T a2 ox Yoy
We can easily see from this expression that the Laplacian is closely related
to the Casimir operator (1.33):
d
Aps =0 s— (r+ s)yg. (2.8)

The following lemma will be useful when moving between the A and ()

formalism.
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2.2 EIGENFORMS FOR THE LAPLACIAN

Lemma 2.3. Let r and s be integers such that r +s € 2Z. Now suppose F is an
element of M, such that A,sF = AF for some A € R, then Fy := y#F satisfies
the following:

(i) Rllmssy=hH, Vyell.
(i) Qy_oF = (/\+ (ﬂ) (1 - ﬂ)) F.
2 2
Proof. (i) Observing that
Im(yz) = Im(z)(cz+d) Hez+d)™ Y, Vy=(%)eTy
gives
Fills sy = YT F(y2)(cz+d) " (c2+d) ™ = yTF(2).
(ii) We have

ArsH :y% (Ar,sF) _yz (i y;s) F— (r_*_s)y#a_lj

and
a.Fl 8 r+s r4s+42 8P
Sl e F -
(r+s)y 3 (r+s)y (ayy 2 ) +(r+s)y 2 3y
Therefore, using equation we get the required result. O

We define HM' as the space of functions in M" that are eigenfunctions

of the Laplacian and for A € C we let
HM (L) :=Ker(A—A: M — M.

The following lemma summarises some of the special features of the Fourier

expansion of a function f € HM'(A).
Lemma 2.4. [6] Let f € HM'(A)N M., then A € Z (or f = 0):
HM' = P HM'(n).

nez
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2.3 THE REAL ANALYTIC EISENSTEIN SERIES

Furthermore, there exists a kg € Z such that kg < 1 —r —s —kgand A =
ko(1 —r —s — ko). There is also a unique decomposition of f = f" 4 f* + f0
given by
-5 .
flE@y=Yy ¥ ale, (2.9)

j:ko mZ—N
m

£0
_r . .
fiz)=Y vy ), bfé)q’”, (2.10)
j=ko m>-N'
m#0

for some a, b, a%),bﬁ,{) € Cand N,N' € N.

Finally f", f%, y* and y'="=57%0 are eigenfunctions of A with eigenvalue A.
Proof. Lemma 4.3 of [6] together with the remarks following it. O

Therefore, when f € HM'(A) N M., this lemma allows us to rewrite f

and f in the following way:
—S . . —r . .
f=Yy Y ale+ Yy Y vila, (2.11)

j:ko m>0 j:kO m>0
-5 . —r .

f=Yy ¥ ale"+ ¥y ¥ wilam (2.12)
j=ko —N<m<0 j=ko —N'<m<0

2.3 THE REAL ANALYTIC EISENSTEIN SERIES

An example of an element of /\/l!rls, and also of M, s, which is an eigenform
of the Laplacian is the non-holomorphic Eisenstein series. Using a normal-
isation and notation that is more appropriate for the theory of real analytic

modular forms, we give the following definition.

Definition 2.5. If r,s > 0 and r +5 = w > 1, then the real analytic Eisenstein

series of weights (r,s) is given by

w!
5 = 5 — .
r,s 2. (27-[Z)w+2 (m,%‘ézz (mz + n)r“(mz + n)s—H

(m,n)#(0,0)
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2.3 THE REAL ANALYTIC EISENSTEIN SERIES

This series converges absolutely and is an element of M, s. The follow-

ing lemma provides us with some properties of the real analytic Eisenstein

series.

Lemma 2.6. (Prop. 4.1 and Cor. 4.2 of [4]) Let v,s > 0and r +s = w > 1, then

&, s satisfies the following equations:

agw,o = ]LGw+2/
& s — (r+1)&415-1=0, fors > 1.

E_)S(),w = ]LCw—i—Z/

s — (s+1)& 1511 =0, forr > 1.

ArsErs = (—l’ - S)gr,s-

We recall that G, is the Eisenstein series we defined in equation (1.7).
The Fourier expansion of the real analytic Eisenstein series has been well
studied; it has been explicitly computed in various literature (see Theorem
3.1. of [21], Lemma 5.2.15 of [22] or Section 4.2 of [4]). We give the Fourier
expansion here to see how it fits with Lemma With the notation of that

lemma, we have

_ 7tBuw+2 (_1)rW! C(w—"l) w —r—s
gT,S(Z) - (w_|_1)(w+2) y + 22w+1 w (1’) Yy

+ L I E e () (L) e

j=—tr—s m>0 r _j s (zm)lij
< i (2w s vy T2 1(m) _
+ LV Eeved () (L ) et
].__Zr_s ngo s J\—j—r (2m)1=J
where By is the x-th Bernoulli number and ox(n) = Y4, d* is the divisor

function. Therefore

o = Crre (3 (L)) e

r —j—s (2m)1=
) = oy () (L) s e

and kg = —r — s, which is consistent with Lemma
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2.4 MODULAR ITERATED INTEGRALS OF LENGTH ONE

In this section, we look at the space of modular iterated integrals, introduced
by Brown in [6]. This space sits naturally inside the space M" of real analytic

modular forms.

Definition 2.7. We let MZ' | = 0. For any k > 0 € Z we define the space
of modular iterated integrals of length k, MZ;, to be the largest subspace
of @, s>0 M; ; which satisfies

IMI;, C MZ+ M'[L] x MT;_,,

IMI, C MT,+M L] x MI._,,

where M' is the space of weakly holomorphic forms.
We have the following description of MZ:

Proposition 2.8. (Prop. 5.2 of of [6]) The space of length zero modular iterated
integrals is given by

MZIy=C[L™Y. (2.15)

For the rest of this chapter we will only be interested in the special case
of length one modular iterated integrals. Using the above proposition, this
is simply the largest subspace MZ; of @, s>0 M, ; which satisfies

OMTI) C MT} + M'[LY],
IMTI. c MT, + M L%
We note that M'[IL*] = M'[IL,IL."!]. A characterisation of MZ} is provided

in [6].

Proposition 2.9. (Prop. 5.8 of [6]) Any element F of MT} of weights (r,s) can

be written uniquely as
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2.4 MODULAR ITERATED INTEGRALS OF LENGTH ONE

for some elements of MT} of weights (r,s) such that A, sF, = AcFy where
M= (k—=1)(r+s—k).
This, in particular, implies that the value of the invariant ko (see Lemma |2.4)) for F
is
ko=k—r—s.

We will interpret the functions F of the last proposition in the setting of

Section

Proposition 2.10. Let F be an element of MTI} with weights (r,s) and let Fy
(k € {0, ..., min(r,s)}) be as in Proposition Then y'% Fe(z) is Ty-invariant

under the action of ||—s s—r and is an eigenfunction of Q),_s with eigenvalue
272

L T where uy = —k + #
For ¢ = F, By, y*="=°,y' =% (in the notation of (2.3), (2.5) ) we have
r+s 1 r+s
O (v7'g) = (Z - ui) yTg (2.16)

Proof. By Lemma |2.3/and Proposition y%s F(z) is I'1-invariant under the

action of H% s;r and is an eigenfunction of (), s with eigenvalue

v (57 (-5 o0 () (157)

Now we just need to establish the eigen-properties given by equation

(2.16). We start by applying the last statement of Lemma to F, €
HM'(Ar). Then, since A, sF}' = A¢F}!, we have
Ars (Zy’ Z amﬂ) Ars— (Zyjzamq>
] kO —N<m<0 ] ko m>0
(2.17)
Now, let P be the space of polynomials of y over C. By equation (2.22) of [4]

we have

Avs(P-q™q") CP-q"g" (2.18)
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2.5 L-FUNCTIONS ASSOCIATED TO REAL ANALYTIC MODULAR FORMS

for each m,n € Z. Therefore, the LHS of will be a polynomial in
g~! with coefficients in P. This implies that the LHS of either has
exponential growth as y — oo or is identically 0. This former, however,
is impossible because, by (2.18), the RHS of decays exponentially as
y — oo. Therefore the LHS vanishes and
s , —s .
so( Lo £ dr)-n(Tv £ ).
j=kg —N<m<0 j=kg —N<m<0
Using a similar method we see that Zj_:rko Y Y _N<m<o b,ﬁ{)qm is an eigen-
function of A, with eigenvalue Ay. Thus, using equation (2.12), F; is an
eigenfunction of A, s with eigenvalue Ay.
By Lemma y*=7=5 and y!~* are also eigenfunctions of A, s with eigen-

value Ay, we can use Lemma to deduce the desired eigenproperties

of ygjyk_r_s and y%syl_k. The eigenproperties of y%ﬁk, y%yk_r_s and
y%yl_k, which we just proved, together with the eigenproperty of y%Fk

then imply the eigenproperty of yrzﬁ F. O

2.5 L-FUNCTIONS ASSOCIATED TO REAL ANALYTIC MODULAR FORMS

The difficulty with extending the definition of an L-function from standard
modular forms to all real analytic modular forms is twofold. Firstly, we have
to handle the potentially exponential growth of these real analytic forms
and, secondly, we have to tackle their lack of holomorphicity. To overcome
the first problem, we give a definition that is based on the expression of
standard L-functions via a Mellin transform, as in (1.23). In fact, this will
also solve our second problem and allow us to define L-functions on the

entire space M’ of real analytic modular forms.
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2.5 L-FUNCTIONS ASSOCIATED TO REAL ANALYTIC MODULAR FORMS

Definition 2.11. Let f € M, ; with an expansion of the form given by equa-
tion (2.2). We let the implied logarithm take the principal branch of the
logarithm and we set, for v # —j, r+s+j (|j| < M),

o _ —co 2\
Li(v) = (/1 f(it)tv_ldt—l—/l faetae— Yy Y ﬁ)

j<Mmn==N
m—+n=0

F—8 iy r+s—ov—1 Yy r+s—ov—1
+i (/1 Flit)t dt+/1 Fit)t dt
(/)

S D D — PGP
U|<Mm,n>_Nr+s—v+]
= m+n=0

The rigorous meaning of the first integral from 1 to —oc is

(/)

Arin .
=~ ———T(j+v,21(m+n)) (2.20)
L L Gt )
m+n<0

where I'(7, z) denotes the incomplete Gamma function given by
o0 dt
T(r,z):= / et —.
z t

For z # 0, this has an analytic continuation to the entire r-plane, and
therefore, as m +n # 0 for f(z), equation is well-defined for all values
of v by the analytic continuation of the incomplete Gamma function. We
interpret the second integral from 1 to —co in in a similar way. The
reason we have chosen to write these terms formally as integrals was to
stress the symmetry with the other terms and to hint at the origin of the
definition in a "regularisation" introduced in [23]].

Since we also have the exponential decay of f at infinity, all integrals in
are well-defined. As mentioned previously, the above construction
was inspired by the "regularisation" introduced in Section 4 of [23]]. (For
another application of this idea, see [24].)

We will shortly see that, when we restrict to specific subspaces, this defi-
nition will match the L-functions we gave in the previous chapter. Indeed,
the requirement to match these various L-functions heavily influenced our

definition of L}'Z.
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2.5 L-FUNCTIONS ASSOCIATED TO REAL ANALYTIC MODULAR FORMS

The above definition immediately gives the following proposition:

Proposition 2.12. Let f € M, (withr = s mod 2). The L-function of f is

meromorphic with finitely many poles and satisfies
Li(v) =i"°Li(r +s—0)
for all v away from the poles.

By allowing such generality, the definition we have given is rather formal
and would be unlikely to uncover any important arithmetic information
involving the entirety of M'. Therefore, in order to obtain more refined
information, we will restrict our point of view to specific subspaces of M'.

Before doing so, we mention a few important points. Firstly, for a func-
tion f € M., with moderate growth at infinity, f € M,, our definition
matches that of Brown’s given in Section 9.4 of [4]. We will return to this in
more detail in Section See also, Section 13 of [5] where Brown’s con-
struction is applied to the important subclass of M, s consisting of modular
analogues of the single-valued polylogarithms.

Secondly, by taking the antiderivative of f° for large enough v, we note

that equation can also be written as
Li(v) = / Fli)dt + / N
1 1

+z”—5< / fliyrrs—o=tar 4 / . f(it)t”s_v_ldt)
1 1

+ /0 1 (i"s R fo(it)> £ #, (2.21)

which will be useful when performing computations later in this chapter.
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2.5 L-FUNCTIONS ASSOCIATED TO REAL ANALYTIC MODULAR FORMS

Finally, if we let F € MZ} be of weights (r,s) and Fy be as in Proposition
then the constant part of F is given by F = ay*~"=5 4+ by! k. This

allows us to write the L-function of F; as

00 7 —S
L* — / 15 it tv—l -r—str—l—s—v—l dt — a o 1 a
Ro) = [ RGHE T+ it = =
oo b i=5b
L (it tvfl 'rfstr+sfvfl dif — . )
+/1 k(i) ti ) v—k+1 r+s—v—k+1

(2.22)

2.5.1 L-Functions in HM'(A) and in MI;.

Let f € HM'(A) N M.,. Using the Fourier expansion of f provided by
Lemma the general definition of L}'Z(v) we gave in Definition leads
to an expression as a series. This is more natural because it is reminiscent
of our original definition of an L-function of a standard modular form (see
Definition [1.10). Furthermore, in the case of weakly holomorphic modular
forms, it matches the L-functions already associated with such forms (See
Section or [25] and references therein).

We need to ensure that the series we will eventually obtain converges
absolutely. To do this we will need an analogue of the "trivial bound" about
the Fourier coefficients. As in the case of weakly holomorphic forms, see
Lemma 3.2 of [26], the growth is, in general, exponential. Although the
proof parallels that of [26]], the presence of two weights and of the powers
of y give rise to new complications, and therefore, we will provide a full

proof.

Proposition 2.13. Let f € HM'(A). With the notation of Lemma 2.4} for each
j€{ko,...,—s} (resp. j € {ko,...,—r}), there isa C > 0 such that

aﬁlj) < eCV (resp. b,(qj) < ec\/ﬁ> as n — oo.
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2.5 L-FUNCTIONS ASSOCIATED TO REAL ANALYTIC MODULAR FORMS
Proof. Set Ny =max(N, N’) and let n > Ny. Then we have
1 . 1 .
/ f(Z)efzngdx — / (fO +fh +fa)ef27rmzdx
0 0
_ /1f0(z)e2m’nzdx+ i y]' Z Ll(j) /1 p2mi(m—n)z g,
0 " 0

i=k m>—N
J=ko A0

+ Z ]/] Z b 27'[ (n—m) /1 e—Zm'(m—l—n)xdx
0

j= ko m>—N'
m#0

v il
- Y yiad 223)
j=ko
since, for n > Ny and m > —N’, m +n > 0. Likewise,
1 , —r
/ f(z)e?™zdx = Y. y]b,(j)e*‘l””y. (2.24)
0 j=ko
Suppose that —s > ko (and hence —s — kg > 0). Then implies

1 , —s—k
eZnnyka/ f(z)emenxdx: Z y]a(]Jrko) (2.25)
0
j=0
and therefore
*S*ko 1 .
ai/—s—ko (e2nnyy—ko/0 f(z)e_‘zm”xdx) = (—s —ko)!a,([s). (2.26)

The LHS will be a sum of products of ¢?, polynomials in y and 7 and

! a]f( ) 727rinx
/0 3y dx (2.27)
for j € {0,...,—s — ko }. Now, we note that, for all k, I,
d 1 =
@:E<ak+al—k—l) (2.28)
and, since y~! € Mll,l' we have % (M') € M. Therefore, we have
J ! !
a_yf (/\/l ) c M. (2.29)

We will use this to bound with the help the following lemma:

Lemma 2.14. For each f € M, , there exists a constant C > 0 such that f(z) =

O(e“/Yy~ -5 )) as y — 0, uniformly in x.
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2.5 L-FUNCTIONS ASSOCIATED TO REAL ANALYTIC MODULAR FORMS

Proof. In this lemma we introduce the function known as the j -invariant
j(z) := 2" 4 744 4 1968867 4 214937606 + ...

This function is modular invariant, j(yz) = j(z) for every 7 € I'1, and does
not vanish in the interior of the fundamental domain F of I';. (See [27], for
example, for more information on this function.)

Therefore, if there is a ¢ > 0 such that f(z) = O(e%) as y — oo (uniformly
in x), then F(z) = |f(z)y2"j(z) °¢| is bounded in the standard fundamen-
tal domain F of I'1. We can then rearrange F(z) to get, as y — oo,

r+s

f(2)y | = O(e)

for some C > 0. On the other hand, |f(z)y'?’ | is invariant under any 7 € Ty
and thus under S = ((1) *01 ). This implies that there is a C > 0, such that, as
y—0,

r+s

fEy ] = [f(~1/2)Im(-1/2) T | = O(™V)) = O(e)
uniformly in x, which gives the result. O

With this lemma and we see that, for y — 0,

ajf_ C/y, M
a_yf_o(e y")

for some constant depending on r and s. From (2.26), we then conclude
a,(fs) < g2y eC/ yyMl NM:2 where C, My, M, and the implied constant de-
pend only on r,s and k. For y = 1/4/n this implies the bound of the
proposition in the case j = —s.

Next, by rearranging equation we have

1 . —S—ko—l ) .
eZnnyyka /0 f(z)emenxdx . yfsfkoai(fl—s) _ 2 y]a,(qj+k°)
=0

and then we differentiate both sides by y to get

afsfkofl 1 ) (=s)
Jy—FoT (ez"”yy"‘O /0 f (Z)e‘zm”"dX) —(—s—ko)lya

= (—s—ko— 1)!%(1—5—1).
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2.5 L-FUNCTIONS ASSOCIATED TO REAL ANALYTIC MODULAR FORMS

(—s)

Arguing as above for the second term, and using the bound for 4, " we
proved above, we deduce the bound for j = —s — 1. Continuing in this way,
we deduce the result for all ;.

It is clear from the argument (essentially by interchanging the roles of s
and ko), that it remains valid when —s < k.

To prove the bound for b,(j ), we work in the same way but based on (2.24),

instead of (2.23). O

With the assumption that f € HM'(A), we are now ready to use the
Fourier expansion given in Lemma to express the L-function of f as a

series. The first integral in (2.19) becomes

Awf(it)tvldt :/ ( Z # Z am p2mmt Z 4 Z b 27rmt> Lit'

j=ko m>0 j=kg m>0

For compactness of notation, we set, for each j € Z, c%) = a,(r];) + b%), where
a%) (resp. b,gp) are taken to be 0 if j or m is outside the range of j- or m-

summation in (2.g) (resp. (2.10)). Therefore, the above equation becomes

dt
/ f Zt o 1dt Z Z/ Cm —27Tmttv+]
j€EZ m>0 ¢
/°° c Dot pito gy
]EZm>0 2 27111”1 v+] t
B Z Z Cm (v+j,2mm)
j€Z m>0 (27tm)?+]

where we used the change of variables 27tmt — t. Using equation (2.20),
the second integral in (2.19) becomes

/ FlityP1d = ZZC’“ (o + j.27tm)

om0 (2mrm)vT]

Applying similar methods for the other integrals in (2.19), we deduce, for

v# —ko,—ko+1,ko+r+s—1,kyg+r—+s,
(/) ; () ;
i T(v+j,2mm) i L(s+r+j—v,2mm)
Li(v) = m : 4+ —
e o Lo e

N i"Sa N b a4 b (2.30)
v—ko—r—s ov+ko—1 ov+ky v—kg—r—5+1 3
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Because of Proposition and the asymptotics T'(r,x) ~ e *x"lasx —
oo we see that this series converges absolutely for all v € C. Equation [2.30]
can be seen to be more reminiscent our original definition of the completed

L-function for a standard modular cusp form, given by Definition

Example: L-function of a weakly holomorphic modular form

When f is a weakly holomorphic cusp form of weight k, equation can

be written as

Li(0) = /1 Y Felde + /1 T Hiear (2.31)
+ i (/100 Fit—o1dr + Awf(it)tk_v_ldt) :

We will see that our L-function matches the earlier definition of an L-
function we gave for such forms (equation (1.39)). In fact, our L-function
will match the L-function for all weakly holomorphic modular forms, not
just those of cusp forms, and so we will focus on the general case. (The main
reason for giving was so we could recall it easily in Section [2.6.3).

We let f € M; be a weakly holomorphic modular form. Any such f can
be considered as an element of HM'(0) N M ;c,O with, using the notation of
Lemma ko =1—k,a= b%) = 0 for all j,m, and a%) = 0forj # 0 or
m < my for some my € Z. Then, equation becomes

(0) (0) 'k
. ay'T(v,2mm) 4 ay T(k—v,27tm) 1 i
L%(v) = AT —b| =+
f( ) m;no (an)v m;ﬂo (ZNm)k_v ¢ k=v
m#£0 m#£0

which matches, say, (6.1) of [25] or, when f is a cusp form and hence b = 0,

equation (1.39).
L-functions of modular iterated integrals of length one.

Using the decomposition given in Proposition we can now express the
L-function of a function F in the broader class MZ} of modular iterated

integrals of length 1, in terms of the L-function in HM'(A) for varying A.
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We let F be an element of MI!l of weights (r,s), then, for each v € C, we

have
mll’l r, S

Z LFk
where F; are elements of #M' of weights (r,s) such that F = Fy+4 --- +
Fiin(r,s) @s in Proposition

2.5.2  L-Functions in M.

We now consider the case that f is of polynomial growth at the cusps so
that a%?n vanish when m or n are negative, i.e f € M,s. This means that
f = 0 and hence f = f — f°. Furthermore, for Re(v) > 0, the integral
fo f(it)t*~1dt converges which, in turn, allows us to make the change of

variables t — 1/t in the third integral of (2.21) to derive

L) = [ (£ —fm)e T 5/01 (fire) — foirn)ersre
v [ (o= ) g
dt

_/ (it) — fO(it) t” +/ S F(i/ )T fo(zt))t”T
Now using the transformation law given by equation (2.1) for S = (! _0 ),

we have
Lio) = [ (f(zt) o) [ (pn - n)e &
_ / — £ zt)>t” d: (2.32)

This matches Brown’s definition of an L-function for f € M, given in
Section 9.4 of [4]. There, up to a different normalisation, the L-function is
defined, for Re(v) > 0, by
Li(0) = Y () T Lo+ )L (0 +)) (2:33)
lil<M
where, with the notation of (2.2),

L) = ¥ NL( y <>>

m+n=N
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The equivalence of this with our definition is established in the proof of

Theorem 9.7 of [4].

L-functions in HM'(A) N M,

*

When f € M, and is also an eigen-function of the Laplacian, then L f(v)
obtains a more familiar form, which is valid for Re(v) > 0. We let f €
”HM!(A) N M,s, then, by Lemma there is a kg € Z such that f =
fO+ f+ f* with

-5 ) -r .
fO — ayko +by1—r—s—k0’ fh — Z ]/] 2 a%)qm and fa — Z ]/] Z br(é)q—m

j=ko m>0 j=ko m>0

where a, b, 2} and bYj) € C. Then for Re(v) > 0, (or, directly, (2.19))

becomes

Lf :/ (Z # Z al e —27mtmt Z ¢ Z b 27‘(mt> Eit

j=ko m>0 j=ko m>0
_ It v ' 3o T+o) b))
j=ko (27-[)]+v m>0 mite j=ko (27-[)]4—2) m>0 mi e’

where we used a similar method as we did to obtain equation (2.30). As with
equation (2.30), we can see that the above equation resembles the completed
L-function for a standard cusp form given by Definition
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Example: L-function of the real analytic Eisenstein series

We can use the above representation of L}(v) and equations (2.13) and (2.14)
to explicitly compute the L-function of the real analytic Eisenstein series 6},5.

For Re(v) > 0, we have

)= L Dy ey () (L)) e g

j=—r—s m>0 —]—S

e Lo () (L) on g

>0
Lo+ D)o —2w) [, . (20\ & i ; r Y
- 2. (2m)? <( D (V >j—;—52]r(]+ )<—j—5)( !
+ (—1)5(220)‘ i zfr(j+v)(_j5_ r)(_j)!>,
j=—r—s
where we have used Y ,,~0 257 = {(y){(y — x). The last expression also

gives the meromorphic continuation to the entire v-plane.

2.6 PERIOD FUNCTIONS ASSOCIATED TO REAL ANALYTIC MODULAR

FORMS

It is not obvious how to define appropriate period functions for the entirety
of M'. As mentioned in the beginning of this chapter, this is not surprising
since the period function usually reflects arithmeticity and the space M' is
too large to be of arithmetic nature in its entirety.

In this section, we will show that, in the subspace MI!l of modular it-
erated integrals of length one, it is possible to define period functions and,
indeed, period polynomials. We will see how constructions from the theory
of Maass forms, given in Section will form the basis for these period

functions.

52
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2.6.1 Maass-Selberg Forms associated to Length One Modular Iterated Integrals

We start by noting that, as we are dealing with modular iterated integrals of
length one, the weights r, s are always > 0. We now recall the Maass-Selberg

form that we defined in Section

nk(f,8) = {Oks2f, 8} — {f,0k/28} ",

where f and g are smooth functions in an open subset U of § U 9 and
{f,g}* are defined in equation (1.36). We have normalised slightly differ-
ently form Definition because we now use Brown’s operators instead
of Ef and E, . The relationship between these sets of operators was given
in (2.6).

The next lemma gives a property of the Maass-Selberg form we have not

yet seen but will need later in this chapter.

Lemma 2.15. (Lemma 39 of [16]) Let v € Ty and let v*(ni(f,g)) denote the
pull-back of the differential form ni(f,g) by the map z — vz (z € HU $H), then

Y On£,8)) = e (Il 70 8l 5 7) -

To define the Maass-Selberg form that we will associate to modular iter-

ated integrals of length one we will also need the function R, ,, which we

defined to be
rutz0 = (222) (e503)

However, we now extend this to z € $§ U $) and a complex { ¢ {z,z} (rather

-V

NI=
NI—

than z € $ and ¢ € R). For each { € C, this gives a well-defined real-
analytic function of z if we restrict z to the complement in § of some path
joining ¢ and { and then choose an appropriate branch for the implied
logarithm. Likewise, for a suitable subset of 9.

Furthermore, for the specific values of n,v which we will use for the

function R, ,, it can be defined for all { € C and z € $ U $). Specifically, for
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n=s—rand v =y = —k+ (r+s+1)/2 with k as in Proposition [2.9| we

have
(=T mE) \TF
ko= = (222) " (=509
=Im(z)" (- 2) K -2 " (2.34)

Since k < r, s, this can be defined forall € Cand z € H U H.
The function R;,,, has some very useful properties, which we will be
able to make use of later on. These properties are summarised in our next

lemma.

Lemma 2.16. Set n =s —rand yy = —k+ (r +s+1)/2 with k < r,s, then we
have the following:

i) For each { € C we have

_ 1
Oy R (40) = 5 (1= 2 = MRy 2 (-,0),

1
N e L)

ii) For each iy = (ZZ) e€l,zeHUHand { € C we have

cz +d\"?
cz+d ) Rov e (2,8).

R (v2,7¢) = (e + d)1*214k (

Proof. This is essentially Proposition 36 of [16] but there it is proved with
the restriction that { € R and (c{ +d) > 0 due to the more general y and n
to which the proposition applies. O

We now associate Maass-Selberg forms to each F, with F; as given in
Proposition This will be the basis for our construction of the period

function for all elements of MZ.

Proposition 2.17. Let F € ./\/lfl N M, and, for k€ {0, ..., min(r,s)}, let F; be

the k-th term in the decomposition of F in eigenfunctions of A, s, as in Proposition
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Then, for uy = —k+ (r +s+1)/2 and each { € C, the following forms are

closed:

i) s (yT (Fk + ay"‘r‘s) Rsrp (/T )) /

i) Trs (y%ﬁk, Rs—wk(-lé)) ,
(

i) s

r+s

Proof. By Proposition [2.10, y'2* (F 4+ ay*"=%), y= F and y'=" (by'~¥) are

eigenfunctions of (),_s and, by Lemma Rs—r (+,¢) is an eigenfunction
of (3s_,. They all have eigenvalue 411 — y2. Therefore, by Lemma we

deduce the assertion. O

2.6.2  Cocycles associated to Modular Iterated Integrals of Length One.

We will now associate to the Fy’s of the last section a 1-cocycle in the I'y-
module P, 5 (C). We define it as the coboundary of a 0-cochain in a
larger module than P, 5 5(C). The construction follows the definition of
the "integral at a tangential base point at infinity" of Section 4 of [23].

For convenience of notation, we set #,_s(f; () := iyr_s(yrzﬁf, Rs (-, C)).

Proposition 2.18. Let F € MZ; N M,, F; be as in Proposition |2.9|and py =
—k + (r+s+1)/2. Then the function v%k) : $ — C given by

ioo 5 0 —joo .
o (g) := /é Mo (B +ay*="=50) + /é o0y 5 0) + /g (B 0),

where the line of integration in the last integral includes the origin, is well-defined.
(k)

The differential forms to be integrated in vy~ can be written more explicitly in the

form

Yo (f(2) (C—2) M (C—2) " dz (2.35)
+ (s =Ky f(2)(C—2) T -2 dz

for each smooth function f: HU$H — C.
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Proof. We will show the second assertion first. Using the definition of 7,

and Lemma we have

B yHTsf(z) (1 — 2]4k2— s+ r) Rs—r—Z,]lk(.’C)%

= (ry f(z) + 2iy +1T> Rs—r,yk( ,C) Y
rgs 1 -2y —s+r 9z
-y f(Z) ( 5 ) Rs—r—Z,yk( /C) y :

Now, using equation (2.34), we have
r+s _rts r— Ng— dz
ns(i8) =y T o (f2) Y T (C -2 -

_yF f(2) (1 —A St r) A (A L (e z)S‘“%-

Substituting the value for y; we get as required. From this we

deduce that, if f and df/0z decay exponentially as y — oo, the same holds
for 1,—s(y' T f, Rs—ru,(+,¢)). This condition holds for f = F and it also
holds for f = F as y — —oo.

The term corresponding to ay*~"~* in the first integral is O(y2) as y — oo,
which assures convergence. (Note that each of the two summands in (2.35)
individually has a term of order y~! but they cancel each other out on the
upper imaginary axis).

Since the second integral in the definition of vl(tk) is convergent too, we
can see that the integrals are all convergent.

Furthermore, using Proposition we can see that 77, (Fk + ayk’r’s ;0),
r—s(by'~%;7) and 1,_5(Fy, ) are closed in $. The last form is also closed
in §. Indeed, for each fixed { € C, by (2.35), we have that d (qr_s(ﬁk, 0)) =
P(e=?™%)dz A dz, where P is a polynomial whose coefficients are polyno-

mials in z,Z. Since nr_s(ﬁk, () is closed in $), each of those coefficients are

identically zero in §), and therefore, they vanish in 9 too. O

Equation will be used often in both this chapter and the next. In-
deed, we will use it to prove our next lemma, which will be of use to us

later:
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Lemma 2.19. The integrand 11,—s(y*—"=%; 0) vanishes along the positive imaginary

axis.

Proof. Using equation (2.35), we have

L o D e ke
Mrs(¥7750) = Y21y () (—2) T (—2) ez (2.36)

+ ryPk sl () R (—2) s Rdz 4 (s — k)yPH T T (=) R (—g)s TR g,
Since the first summand on the RHS of this equation is equal to
(k=7 =)y =1 (=2" ) (~2)Hdz, (2:37)
equation can be written as

;,Iris(ykfrfsl, 0) — (k _ S)kafrfsfl(_Z)rfk(_z)sfkdz

F (s — k)RS ()R gy kg,
Integrating along the positive imaginary axis yields
ik =)y i) R (i) — (s — Ry i) i) dy
= i | (k= )y (i) (i) 4 (s = Ry (i) M y) | dy
=0. O
We now define the 1-coboundary aﬁ") by
ot (7) 1= d% = 01|y _so(y — 1)

We will show that, although vl(;k) does not belong to P, »(C), its differen-
tial does and, in fact, it belongs to a cohomology class reminiscent to that of

in the classical Eichler cohomology.
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Proposition 2.20. Let F € MZ} N\ M,s. Fork € {0,...,min(r,s)}, let F; be
the k-th term in the decomposition of F in eigenfunctions of Ay, as in Proposition

Then we have the following:

i) The map (71(_]() induces a 1-cocycle in P, s 5 (C).

ii) Let Ffék) : 1 — Py ok(C) be the map given by

r+s

&ék)(’)’)(g) = /Z_vliﬂrs (yTPk/ RS*rrﬂk(.’€)> ’

where 7y € T'y. This gives a 1-cocycle which belongs to the same cohomology

k
class as a} ).

Proof. Throughout this proof we use again the abbreviation 7,_5(g;{) :=
mhs(y'Tg, Rs—yu,(-,C)). The main challenge of proving part (i) is show-
ing that oék) € P15 2(C), the proof that it is a 1-cocycle in P, s »(C) is
then trivial since every 1-coboundary is automatically a 1-cocycle. Since

11r—s(g; ¢) are closed for g = F, ay*~"=5, by’ % and F, we have
o (g) = /g i s (Pk —by' Tk —E; C) - / - Nr—s (Fk +ay* " C)
+ /g 0 Mr—s (byl’k; é) + /g_ioo Mr—s (F; 0)
— /; nr—s(F Q) + /iioo Nr—s (?k + ayk”*s,{) (2.38)

0 —ico
+ /Z Mr—s (byl_k} C) + /Z r—s (Fi ©),

where the last integral is also taken to be over a path that includes the origin.

By (2.35), the last three terms of are in P, ;5 (C). (However, we note

that to reach this conclusion, we must first fix a specific path of integration

before expanding the integrand in {.) Thus, the image of those integrals

under the action by ||o—,—s0(7 — 1) is in P, 52 (C) too.

To show

i
/g Hr—s(Fe O |ak—r—s0 (7 — 1) € Prs_k(C),
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we observe that, by Lemma we have
« ris
v <’7rfs (3/ : FkrRsfr,yk('r’Yg)» =

Nyr—s <(y%l:k) | | et g RS—r,yk('/ r),g) | |%'% ,Y)

where v = (24) € I'y and the action |ls5r, =+ refers to the implied variable z.
We can deduce, using Lemma [2.3|and part (ii) of Lemma that the RHS

of the above equation is equal to

r+s

Hr—s (]/ 7 Fi, Rs— ryk( C)) (c€+d)1‘2Vk.

Therefore, noting that 1 — 2y = 2k —r — s, we have

i r+s
(e (k)

= (/l Mr—s (yr?Pk, Rs—r,pu (- ’YC))) (¢ +d)>1
- /7 h (177 1V Fk’RS—Wk('/’YC)D (c§+d)2ﬂk—1

T i 1+s
—/ Nr—s \Y 2 F, Rs— r,yk('/6)>-

This implies that

(/;Ur—s YT, Re_ e (o §)>>H12ma0(7—1) (2.39)
:/irli”” Y% B Rarp (- €)>

which is in P, ;_5(C). We conclude that (Ték)(’y) € P.s 2(C), and there-
fore, it is a 1-coboundary in P, s 5(C). It then follows that it must be a
1-cocycle in P, 5 5 (C).

We now prove the second part. We see with and that, for all
yely,

(M@ =77 (@) + 210
(/izooﬁrsljk—f—aykrsg)—}— _ZOZrSPk/ _|_/ Hr—s(by'™ kC)H _1).
2k—r—s,0
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Since the integrals in the bottom line belong to P, s 2 (C), then ffék) is a

1-cocycle with coefficients in P, 5 (C). Furthermore, (Tl(gk) and (Tﬁk) differ
by a 1-coboundary in P,,s 2 (C), and therefore, they belong to the same

cohomology class. O

(k)

This proposition allows us to see how ¢ belongs to a cohomology class
reminiscent to that of (1.31). We can also now give the definition of a period

function associated to an element of MZ;.

Definition 2.21. Let F € M be a modular iterated integral of length one,

then the period function of F is given by

min(r,s) min(r,s)
Q)= L a’®@ = L (0 ks (5-1) @),
=0 =0

(k)

where v, is as given in Proposition [2.18]

Furthermore, we call U(Fk) the k-th Eichler integral of F.

Remark 2.22. We can compare the above expression to how we express

the period polynomial of a modular form using standard Eichler integrals
E29).

As with the case of the classical period polynomial, the value of the cocy-
cle (Tl(gk) at the involution S encapsulates the critical values of the L-functions
of Fy. However, in the general case, its leading and constant terms must be

"truncated".

Theorem 2.23. Assume that r = s mod 4. Then,

) s+r—2k—1 ) l
op (S)(Q) —or(S)(Q) =i ), (thn,z) Ly (k+ DT,

=1 n=0

where 04 (S)(C) denotes the sum of the leading and constant term of Uék)(S)(C)

and

e ()
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Proof. Using equation (2.40), and noting that Ffl(ck)(S)(C ) = 0, we see that
Uék) (S)(Q) is equal to

(/iioom_s(ﬁﬁayk"‘s;é) + iiojyr_s(ﬁk,-g) +/1'0 m_s(by1_k;§)> H (S—1).

2k—r—s,0
(241)
Now, for each smooth function k: $ U $ — C, we deduce from equation

that
hros(150) =202 (#h(2)(C 2 HE — 2 ) dz (42)
+ (r =Ry h(2)(Z —2) NG - 2) Tz
T (s — Ky Mh(z) (g — )< (g — 2k dz
We will still need to express the above equation for h = Fy, Fy, y*—"—5, y1 =k
in a way that is more convenient for us to use in this proof. We look at the

more complicated case of h = y*~"~* first.

Using Lemma we have

/1. Nr—s (yk—r—sl, g) — /1 Nr—s (yk—r—s; C) . /l Nr—s (yk—r—s; 0)

- [21-% (A (@ -2 - (oK) ) de

The addition of fiiw nr_s(yk’r’s ;0) ensures that each of the polynomials in
z have degree < s +r — 2k — 1. Hence, the integral fiioo Nr—s (yk_’_s;g) con-
verges and, by integrating along the positive imaginary axis, we conclude

that it equals

(7’ — k)i /1°oy2k—r—s_1 ((C _ iy)r—k—l(g + iy)s—k—H _ (_iy)r—k—l(iy)s—k—l-l) dy
— (s — k)i /100 y2k7r75—1 ((g _ iy)r—kJrl (g + iy)s—k—l _ (_iy)r—kJrl(iy)s—k—l) dy

—2i((g — iy H (g + ) F 1),
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where we used the fact that ¥ = s mod 4 to get —1 in the last summand.

We can use equation directly for h = F, E, by'~*. For example, when

h = E, we have
/ s 0) = (r— B |V R @ iy iy ay
— (=R [y R)(@ — i) E i)y
—2iF(D)(§ — i) HE+ D),

with a similar result when i = £, byl_k.

Now, we note that

(r= )i [ i) (@ — i) @+ iy ay || (S - 1)
1 2k—r—s,0

= (r—k)i /100 Yy Feliy) [(—1/ g —iy) KN (=1/ 4 iy)s Rk
— (¢ —iy) N+ iy)s"‘“} dy
= (r = )i [ i) (1 gy (- iy
— (i) @iy dy,

with an analogous equation for

(s =i [y i) (@ — i) S iy Ny | (s 1),
1 2k—r—s,0

Furthermore, 2iF(i)( — )" %(Z + 1) *||ax_,_s0(S — 1) vanishes because

r =s mod 4. Therefore, we have

hs(Fid) || (5=1) =i [/ B(in)RO, O dy,

2k—r—s,0

where

R = (r = k) (L4 iye) (1= i) = (€ = i)+ iy) ™)

— (s =) (1 +iy0) 1 (1 = iy0) ™ = (¢ —iy) @+ iy) ).
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We get a similar result for h = Fy, y*~"~%, y!~*. Combining this with equa-
tion (2.41), we can deduce that (Ték) (S)(C) — 0t(S)(C) equals

[Ty Bliy) + ay ) (R, — Rolw, ) dy (243)
1 [ ) (R(,D) ~ Roly,0)) dy
i [ oy RE)  Ro(y,0))

where Ry is the sum of the constant and leading term of the expansion
of R(y,{) in . Using the binomial expansion and the notation from the

statement of the theorem, we can write (2.43) as

is+r§k_1 ( i “n,l) (/100 (Fk(iy) + ayk_’—5> <yk+l + is—rys+r—k—l) dy

=1 n=0 y
N /—oo ﬁk(iy)(ykJrl + is—rstrr—k—l) d_]/ +/O byl_k <yk+l + is—rstrr—k—l) d_y gl
1 y 1 Y ’

where we also used the identity

m ) n ) m+n l
(Zaixl> (Z bjx]> =) ( anbln> xl.
i=0 i=0 =0 \n=0

Using the definition of the L-function for Fy (say, equation (2.22))) we deduce
the theorem. O

From Proposition we obtain a map from the space of modular iter-
ated integrals of length one to a direct sum of copies of the space of classical

modular (resp. cusp) forms.

Theorem 2.24. The maps a}") (k € {0, ..., min(r,s)}) defined in Proposition|2.20

induce a map

min(r,s) min(r,s)
MI!l N M!r,s — @ H' (Flr Pr+s—2k(C)) = @ (Sr+s—2k+2 D Mr+s—2k+2) :
k=0 k=0

Proof. Proposition induces a map sending each F € MT| N M; to

(], [o)) €@ e, Bt
k=0
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Here [(Tl(ck)] stands for the cohomology class of the 1-cocycle defined in that
proposition. The last isomorphism of this theorem follows from the Eichler-

Shimura isomorphism (1.30). O

Corollary 2.25. Let F be a modular iterated integral of length one and weights
(r,s) and let F = Fy+ -+ + Fyin(r,s) be its decomposition into eigenfunctions of
the Laplacian. Then, for each k € {0,...,min(r,s)}, thereis a px(Z) € Pris_2x(C)
and unique fr € S,1s k12, Sk € Myys_ok1o such that, for all v € Ty,

vl

/i“Y lﬁr—s(]/%szRs_r,yk(-,C)) — i f(Z)( )r—l—s 2k dy

YT
r4s— de ’ ‘ —1).
+ / ) z+ Pk 2k—r—s,0(r)/ )

2.6.3 An Application to Algebraicity

In [28] an Eichler-Shimura isomorphism is proved for weakly holomorphic
modular forms. As a proof of concept for the "correctness" of our definition
of the L-function in Section we will use the results of [28] to show
an analogue of Manin’s Periods Theorem (Theorem holds for weakly
holomorphic forms. It should be mentioned that K. Bringmann has shown
an alternative way, based on results of [29], to establish a statement that
implies the same result.

Before stating and proving our result, we first summarise the setup of [28]
and then show that it is compatible with the explicit expressions for the
cocycles given in the last section.

We let Ml!<,Q denote the Q-vector space of weight k weakly holomorphic
modular forms for I'y, with rational Fourier coefficients. Similarly, we let
S,!{,‘Q denote the same space but with weakly holomorphic modular cusp
forms instead. In Section we showed that, although there are gen-
erally no Hecke eigenforms in M, there are well-defined operators on
M./ Dk_lMlz_k induced by the standard Hecke operators. Using this ter-

minology and notation, we have the following theorem:
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Theorem 2.26. (Cor. 1.3 of [28]) Let ¢ denote the map that assigns to each f € M
the function (1.31)), then ¢ induces a Hecke invariant isomorphism

[(P] : M]!le/Dk_lM!z_k’Q ®Q C l) Hl (rll Pk*Z(Q)) ®Q C.

The image of S;c,Q/ Dk_lMlsz’(D ®q C under [¢] is the parabolic cohomol-
ogy group defined by

Hpar(rllpk Z(C)) : Zpar(rllpk 2( ))/Bpar(rllpk—Z(C))

where, with T = (} 1),

Zpar(rllpk 2( )) = {4) < Zl(rllpku(C));w(T) = O}

is the space of parabolic cocycles and

Bhar(T1, Pc—2(C)) := {9 € B'(I';, P,_»(C)); ¥(T) = 0}
is the space of parabolic coboundaries. Bpar(Tl, Py »(C)) is generated by 3y
such that
Po(y) =1 ’2—k,0(’Y —1). (2.44)
Furthermore, we let F,, be the "real Frobenius" induced by the map send-

ing o € Zpar(Fl, Py »(C)) to Foo € lejar(Fl,Pk_z(C)) such that

Fuo(15)@) =o( % ) (-2).

Then Hpar

Hpar(rlrpk Z(C)) lemr(rllpk 2(C)>@Hpar (rerk Z(C))

(T'1, Pr_2(C)) is decomposed into Fw-eigenspaces as follows:

Each class of H;;{(Fl, Py »(C)) (resp. H, par i (I'1, Pr_2(C)) is represented by a
cocycle o such that o(S) is an even (resp. odd) polynomial.
Now let ¢’ be the map that assigns to each f € S}(/Q the cocycle (p} =
d% } = vf||2_k10('y 1), where Z) : 9 — P _»(C) is given by
/ Flw)(w -z 2w+ [ f(w)(w—2)"2dw,

—ioo

where f and f are defined by and (2.5).

We will now prove the following proposition:
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Proposition 2.27. The map ¢' induces a map [¢'] from S/ Dk_lM!sz ®q C to
Hyr(T1, Pe—2(Q)) ®q C. The resulting diagram

M]i/DkilM!Z_k ®Q C ﬁ) Hl(rlr Pkfz(Q)) ®Q C

i] j] (2.45)
SL/DMIMS o€ —7Ls HY, (T4, By 2(Q)) 20 C

(where i, j are natural injections and ¢ is as in Theorem is commutative.

Proof. Let f € S} o then
z+1
oM = [ F@) @+ 1)+ [~ f@)w - (2 + 1) 2o

:/Zf(w+1)(w—z)k_2dw+ . Fflw+1)(w — 2)"2dw

—100

where we used the change of variables w — w + 1 and then the fact that

both f and f are periodic with period 1. Therefore,

¢F(T) = V|2 xo(T = 1)(z) = 0.
In addition, gb} is a cocycle by construction, and therefore, it is a parabolic
cocycle. This proves the first assertion.

Now, usi'ng f = F+f, wehave
= /1 F(w) (w —z)*2dw + /Z F(w) (w —2)*2dw

v _imﬂw)( 22w+ [ fw) (w2 2w
= [ 22w+ [ f@) -2 2w+ [ fw) -2
We then observe that
d(yw) = (cw+d)?dw  and  (yw —yz) = @ :‘;)_(; iy

for y = (“ ) € I'1. Therefore,
[ @) = 22wl gy = [ ) - y2) 2dwo(ez + d)f 2

- /v—lif (yw) (yw — 2)**(ez + d)* 2 (yw)

= /z_lf(w)(w — z)k_zdw.
vl
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2.6 PERIOD FUNCTIONS ASSOCIATED TO REAL ANALYTIC MODULAR FORMS

This implies that

[ f@)w =2}l golr—1) = [ flw)w -2
vyl
and hence we can write
= [ S -2 2 (246
w22 [ fe)w-2 2] || -,
i 2—k,0

Since the term inside the square brackets belongs to P;_,(C), the cohomol-

ogy class j([¢'](f)) of this cocycle coincides with [¢](f). O
Remark 2.28. In [29], Theorem 1.2 proves that [¢'] is an isomorphism.

€ are now rea o prove our analogous version o anin’s Periods
Wi dy t 1 f Manin’s Period

Theorem.

Theorem 2.29. Suppose that the class of f € S} in S}/ Dk_lM!Z_k is an eigenclass
of the Hecke operators. Let Ky denote the field generated by the Fourier coefficients
of f, then there exist w*(f) € C such that

Li(j) € " (f)Ky, foroddje€{2,...,k—2}

and

Li(j) € w™ (f)Ky, forevenje{2,...k—2}.

Proof. We first note that in [18] it is proven that the eigenspace of the class
of f in SkQ/Dk_ 5 ko ¥ C is two-dimensional. We let

VHR C S} o/ D IM5_ o g K

denote the Hecke eigenspace generated by f and then let VfB be the cor-
responding eigenspace in H'(T'1, P_»(Q)) ®q Ky. We follow the notation
of [28] to indicate the de Rham-cohomological and Betti-cohomological ori-

gin of those eigenspaces.
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The space VfB is two dimensional as a K f-vectorspace, and therefore, so

par
poses into invariant and anti-invariant eigenspaces with respect to the real

is the corresponding eigenspace V}N in H},.(T1, P—»(Q)) ®¢ Ky. It decom-

Frobenius:

W _ WA+ w,—
Vi _Vf @Vf .

Furthermore, by Theorem the map
1 . y7deR ~ W
[¢'] : Vi @k, € — Vi ®k, C
is a canonical isomorphism. Therefore, for some w*(f) € C and some
¢*(f) € V}/V’i C Héf;(l"l,Pk,z(Kf)), we have
@' (A =w™(He™(f) +w™ (Ho~(f)-

Thus, for an even P* € Z1,.(T'1, Pt_2(Ky)), an odd P~ € Z5,,(T1, P_»(Ky))

and acf €C,
¢'(f) =W (f)PT +w ™ (f)P™ +cspo,
where we recall that iy is defined by and generates Béar(Fl, P »(C)).
This gives
¢'(f)(S) = w™ (/)P (S) + w™ ()P~ (S) +cflla—ko(S — 1). (2.47)

On the other hand, using (2.46), we have

o5 = | [ F)w =22 [ flw) w220

—io0

(5-1)
2-k0

and, with an application of the binomial formula, this gives

¢7(S)(2) zkiz(k_z)i”“ Z° . [/:f(it)t”dtJr/_loof(it)t”dt

a=0 a

+ i (/.:f(it)tk_z_”dtJr/loof(it)tk_z_“dt) ]

Comparing this to equation (2.31), we can see that the coefficient of z* for
a=j—1in ¢'(f)(S) is a multiple of L}‘}(]) by an element of Q[i]. By com-
paring, in (2.47), the coefficients of z/~! for j odd (other than j = k — 1 and
j =1, since c¢|[2_¢0(S — 1) contributes terms with powers in z of k — 2 and

0) and j even , we deduce the assertion. O
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We note that, unlike Manin’s Periods Theorem, this theorem does not
say anything about the L-function at the arguments k —1 and 1. As con-
tirmed by numerical experiments carried out by F. Stromberg, the lack of
K¢-proportionality of LJ’E(k —1) and LJ’E(l) seems to be genuine and not due

to any incompleteness of our proof.
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THE ACTION OF HECKE OPERATORS ON EICHLER
INTEGRALS OF REAL ANALYTIC FORMS

The Fourier coefficients of modular forms are a source of remarkable and
extremely useful arithmetic information, as demonstrated in Section
Furthermore, the eigenvalues of Hecke operators are closely related to the
Fourier coefficients (see Section , and therefore, learning about the for-
mer will uncover important arithmetic information about the latter. In gen-
eral, information about the eigenvalues of a linear map T : V — V from a
vector space to itself can be recovered from its trace, since this value is equal
to the sum of the eigenvalues (including multiplicities).

We are able to define the trace of T by first choosing a basis for V, we
then describe T as a matrix relative to this basis and take the trace of this
square matrix. This value does not depend on the basis we have chosen.

Formulas, therefore, that describe the trace of Hecke operators are of
great importance. Such a formula, now known as the Eichler-Selberg trace
formula, was introduced by Selberg in 1956 [7]. This original formula,
however, was rather complicated and involved calculating the Hurwitz-
Kronecker class number; this number is related to the number of I'y equiv-
alence classes of certain quadratic forms. Since then, equivalent but sim-
pler variations of this formula have been given using purely algebraic ap-

proaches (see [30], [31] or [32], for example). We will see one such formula

in Theorem
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3.1 HECKE OPERATORS ACTING ON EICHLER INTEGRALS OF MODULAR FORMS

The key idea behind this new algebraic approach involves looking at
how Hecke operators act on the Eichler integrals of standard modular cusp
forms. We begin this chapter by discussing this part of the theory in detail.
Later, we extend this theory to real analytic modular forms by looking at
how Hecke operators act on Eichler integrals of length one modular iterated

integrals.

3.1 HECKE OPERATORS ACTING ON EICHLER INTEGRALS OF MODULAR

FORMS

Let f(z) = Y,1~04mq™ be a modular cusp form of weight r, we previously

defined an Eichler integral for such a form by

/f 2)2dt.

Using the change of variables T — T + z, this becomes
0 ico . )
— / f(T + Z)Trizd’[ - / Z am€2mmremezTr72dT
ico 0 m>0
and another change of variables T — it followed by 27tmt — t gives

Uf( — —l/ Z ame—ant meZ(lt)r Zdt

m>0

/ Y ame ~te2mz (1 /2 7tm)" 2 (27rm) " dt

m>0
— irfl (/ ettert) Z ameZHimZ(znm)lfr
0 m>0

27imz

Therefore, for a modular cusp form f(z) = Y,,,~0 amg™, we have
—A. Z>;O mrml Zm'mz (31)
m

where
A= (r _ 1)
(2mi) 1
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3.1 HECKE OPERATORS ACTING ON EICHLER INTEGRALS OF MODULAR FORMS

Usually, the constant A is dropped in the literature that focuses solely on the
action of Hecke operators on Eichler integrals. We have seen that the Eichler
integral of a modular cusp form is closely related to its period polynomial
Py:
Pp(z) = vf(2)]2—+(S—1), where S = (J). (3.2)
A well known relation between the Hecke operators and the Eichler inte-
gral is given by the following equation:

2—r

n'z -or,¢(z) = v5(2) 2Ty, (3.3)

where

T= ) a

neEMy
and M’ is the set of matrices x = (2Y) withd > b > 0,4 > 0 and ad = n.

In order to see how equation (3.3) holds we first look at the RHS, using

equations and we have
’()f(z)lz_rT;o = <A . Z a_"i eZ?‘[imz) )ZirTgo

=~ m’ 1
A Z e 2 Z llm 27rimaz. (34)
aeMy m>0 M

We now focus on the LHS of (3.3) and note that, as in Section every
equivalence class in I'1\.M,, contains exactly one representative & = (§ b

with d > b > 0 and a > 0. Therefore, the action of T;, on f can be written as

Tf(z)= ¥ n'd " f(az)

aeMy

— Z nr—ld—r Z ameZHimaz/de27rimb/d
xeEM m>0

— Z Z nr—ld—ramemeb/d qma/d’
m>0 acM;

which means, using equation (3.1)),

nr—ld—ramezmmb/d Dimaz/d
UTnf =A- Z Z (ma/d)r—1 €

m>0 oMY

A -1 r—1_1-r m_ omimaz
AT ey i
aeMP m>0
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3.1 HECKE OPERATORS ACTING ON EICHLER INTEGRALS OF MODULAR FORMS

Now, since a = n/d, this becomes
orfz) =AY d2Y° mrml eIz, (3.5)
nEM m>0
Comparing equations (3.4) and (3.5), we can see that the identity given by
equation (3.3) does indeed hold. We will now look at how this identity plays
a key role in defining a formula for the trace of Hecke operators.

First, we need to check that the Eichler integral is T-invariant:
vf(2)]2-r(T—1) =0,  where T= ({1). (3.6)

We have
( ‘2 T=A- Z Am meT (2)

m>0

and, since e2""2 ig invariant under z — z + 1, we conclude that

( )Moy T = A- Z ﬂm 2m’mz:vf(z).

m>0 1M
Therefore, equation holds. Combining this identity with the next theo-
rem, we can derive information regarding the Hecke operator’s compatibil-

ity with the period polynomial of a cusp form.

Theorem 3.1 (Thm. 1 of [31]). Let n > 0 be an integer and M, be the set of
all 2 x 2 matrices with integral entries and determinant n, then there exists a

Ty € Q[M,] which satisfies the following:
a) (S—-1)T,=T2(S—1)+(T—1)Y,, forsomeY, € Q[M,]. (3.7)
b) (U-1)T,(S+1)=0, where U= (]7). (3.8)
) (S—DT,(U*+U+1)=0. (3.9)
Applying equation from this theorem to the Eichler integral of f and
using equation gives
Ol (S = D)o Ty = vfl2 T3Pl (S — 1)

and, using equations and (3.3), we deduce that

2—r

Pf‘zfrTn =n?: -anfIZ,r(S — 1).

74
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A second application of equation shows that the Hecke action is com-
patible with the period polynomials of modular cusp forms. In particular,
we have the equation

- 2-r
Pflo—yTa =n2 - Pr,y. (3.10)

In [31], it is shown how we can use this identity, along with equations
and (3.9), to prove the next theorem. This theorem provides us with a trace

formula for Hecke operators.

Theorem 3.2 (Thm. 1 of [31]). Suppose T, = Lprepm, ¢(M)[M] satisfies equa-

tions (3.7), and (3.9), then

tr(To, Se) +tr(Tu, Mi) = ) c(M)pra(tr(M),n),
MeM,

where k > 2 and

po(t, 1) = Zf(—l)r(” B r) "

r=0
is the coefficient of x¥ in (1 — tx + nx?)~L.

3.2 AN ANALOGOUS RESULT FOR LENGTH ONE MODULAR ITERATED

INTEGRALS

In this section, we will look at an analogous version of equation (3.3) but for
Eichler integrals of length one modular iterated integrals. First, however,
we will need to extend the definition of a Hecke operator to include real
analytic modular forms, this extension was first explicitly defined by Brown

in [6].

Definition 3.3. Let n > 0 be an integer, then we define T, to be the n-th
Hecke operator which acts on a real analytic modular form F of weights
(r,5) in the following way:
Tuf(z) ;=070 ) (cz+d) " (cz+d) " f(u(2)),
pel\My,
where y = (’Z S), M, is the set of all 2 x 2 matrices with integral entries

and determinant n, and I';\.\M,, is the (finite) set of cosets.
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Remark 3.4. As this definition is dependent on the weights (r,s), we should
write Ty;® f(z) but for convenience we write T, f(z) and consider the weights

fixed.

Remark 3.5. In the case when F is a standard modular form, this definition

reduces to the original definition of a Hecke operator we gave in Section

An important relation between the Hecke and Laplace operators, which

we will need to make use of later, is given by the lemma below.

Lemma 3.6. (Lemma 6.2 of [6|]) Let F be a real analytic modular form, then
Tu(AF) = A(T,F).

In the previous section we did not work with Eichler integrals of all mod-
ular forms but just those of modular cusp forms, we will follow a similar
approach for real analytic modular forms. This is, however, complicated
by the fact that there exist two different spaces that we can consider as the
space of cusp forms of real analytic modular forms. Interestingly, our anal-
ogous version of equation (3.3) for real analytic modular forms (given by
Theorem holds for both types of cusp forms. This means we will not
have to worry too much about the distinction between the two. We will,
however, give an explanation of both types of cusp forms below.

Classical modular cusp forms can be seen as the modular forms f =
Y m—o0amq™ whose constant part 4y vanishes. The "constant" part of a real
analytic modular form F is given by

F= Y yagy
jl=M

Although this is not a constant function on the upper half plane, we call
it the constant part as each yf a((){()) is constant in terms of the operators d_;
and 9_;.

In [6], a function F € M is defined to be a cusp form if F* vanishes.
The subspace of such forms is denoted by Sr!’,s with §' = D s Sr!,S. This is

one of the spaces of cusp forms we consider. As mentioned above, we will
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see that our analogous version of equation (3.3) does indeed hold for such
cusp forms. However, the space MZ] is a relatively new space and we do
not yet know if there is any overlap between S' and MZ}. It may not be
so useful, then, to show that a version of @ holds for a potentially empty
space.

The second type of cusp forms we consider are called "real analytic cusp
forms", their space is denoted by H(f). Not only will we see that our
version of equation (3.3) holds for these types of cusp forms as well, we will
also see that every real analytic cusp form is an element of MZ}. Therefore,
as long as H(f) is non-empty, the space H(f) N MZ} is also non-empty. We

will take a closer look at these forms in the following section.

3.2.1  Real Analytic Cusp Forms

Real analytic cusp forms were first introduced by Brown in [6], to define
such forms we will first return to the definition of MZ}. We have seen that

M is the largest subspace of @, s>0 M;. ¢ such that
IMIY ¢ MT| + M'[L*,
IMI, ¢ MTL + ML*].
Since the operator 0 is of bidegree (+1, —1),if F € M, ¢ then dF € M, 1¢_1.

Now let F € M, N MT}, it follows that 9F € M'[IL*] and, since IL can be

viewed as an element of MZ' of weights (—1, —1), then
OF=L-f

for some f € M, ,. We call such an F a modular primitive of Lf. We are
now prepared to look at a certain class of functions, denoted by X, s, which

contains the real analytic cusp forms.

Proposition 3.7 (Prop. 5.4 of [6]). Let w > 0 and Xy0 € M' be a modular
primitive of ILf:
an,O - ]Lf/
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where f € M., ,. Then there exists a family of unique elements X, s € M, o, with

r>0,s>0andr—+s = w, such that

0Xrs = (r+1)Xp115-1, fors >1,
and
0Xrs = (s+1)X—1511, forr > 1,
0Xow = ILg,

for some g € M, 1o+ The functions X, s are also eigenfunctions of the Laplacian:
AX]/,S = _(r+S)Xr,5. (3.11)

We want to study how Hecke operators act on the Eichler integrals and, in
turn, period polynomials of these functions. Before we can do this, however,
we must first check that we are even able to associate Eichler integrals to any
such X, s. To solve this problem, we must simply show that these functions
are elements of MZ}. The next lemma will prove that this is indeed the

case. This lemma is a generalisation of proposition 4.1 of [4].

Lemma 3.8. Let r,s > 0 and set w = r +s. Suppose F,s € M!,,S are a family of

elements such that
dF,0 € M'[L] x MT! 4, (3.12)
OF s — (r+1)Fy15.1 € M'[L] x MT,_;,  ifs>1, (3.13)
and
0Fow € M (L] x MZT}, 4, (3.14)
9F,s — (s+1)F_1541 € M[L] x MZ._,,  ifr>1. (3.15)
Then the F,s € MT.,.

Proof. By the definition of MZ}, (Definition , any space B C @, >0 M,

which satisfies
0B C B+ M'[IL] x MT),_,,

dBC B+MIL] x MT_,
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must be contained within MZ},. Let B denote the space of the family of
elements F, ¢ then, by equations (3.12) and (3.13),

dF,0 C M'[L] x MT' .,

OF s C B+ M'[L] x MZ., ;, ifs>1,

and hence 0B C B + M![IL] X MI!nfl. Similarly, by equations 1) and
3.15), we have 0B C B + M [IL] x MZ!,_;. Due to the maximality of MZ},,

we conclude that B must be contained in this space, and therefore, the F, s €

MI,. O

We can now see that each X, s is an element of MZ}. Therefore, by Propo-
sition it can be decomposed uniquely into eigenfunctions of the Lapla-

cian:
min(7,s)

Xy = Z E, (3.16)
k=0

such that AF, = A F, with Ay = (k—1)(r +s — k). Furthermore, each F; €
MZ; and is of weights (r,s). We recall that, for each k € {0,..., min(r,s)},
we can associate a k-th Eichler integral, vg?/s, to X, s. We will show that vgg)ls
is the only non-zero Eichler integral.

Indeed, in the decomposition above, we have F, = 0 for any k # 0. Fur-

thermore, when k = 0, Fy is equal to X;;. This (unique) decomposition of

(3.16) holds since, using equation (3.11)), we have
A.FO :AXT,S = —(1’ + S)X;’,S = (k - 1)(1" + S — k)Xr,S (3.17)

=k —-1)(r+s—k)F,

when k = 0.
Now, as each vl(;k) is defined using the F; from the decomposition (3.16)),
we can see all but Ul(:o) vanish. This, in turn, implies that the period polyno-

mial of X, s is given by

min(7,s)
PXr,s = Z (Ugé),SHZkafs,O (S - 1)) = Ug?gs | |—r—s,0 (S - 1)- (3~18)
k=0
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The next step is to find an explicit expression for any X, s, we will define

the following functions in order to achieve this.

Definition 3.9. For a weakly holomorphic modular form

(o]

f= Z amq"

m=—N

we define

and (with r + s = w)
w\ & r o\ St
R = (-1) k! ——.
= () B )
Proposition 3.10 (Cor. 5.12 of [6]). Let Xy, o be a modular primitive of IL f, where

f €M, , Nowlet X,sand g € M., 1 be as determined in Proposition Then,

forallv,s > O0andr+s =w,

=271
X s =a(—1)" <i“))y—r—s + w——i—fy + Ry s(f) + Rsr(8),

for some x € C and

B=ao(f) =a0(g)

Therefore, if f is a weakly holomorphic cusp form, then the associated

X; s can be written as

Xps = a(=1)" <Z:> Y0+ Res(f) + Rsr(8)- (3-.19)

Such functions are called real analytic cusp forms, we will denote these
forms by H(f);s. We denote the space of all real analytic cusp forms by

H(f). Since these H(f)s are eigenfunctions of the Laplacian (see (3.17))
then, by Lemma [2.4/ and Proposition [2.9, we have the decomposition

H(f)rs =F'+ F" +ay "5 + by.

Comparing this with equation (3.19)), we observe that b = 0, and therefore,

H(f)rs has a decomposition of the form

H(f)rs = F'+ F + L/
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This can also be written slightly differently as
H(f)rs =F+F+ay "

In the next section, we will look at how Hecke operators act on the Eichler

integrals of real analytic forms that share the above decomposition.

3.2.2  Hecke Operators acting on Eichler Integrals of Modular Iterated Integrals

An identity describing the action of Hecke operators on the Eichler integrals
of classical modular cusp forms is given by equation (3.3). We have shown
how this can be applied to prove that the Hecke action is compatible with
the period polynomials of standard modular cusp forms (equation (3.10)).
In this section, we provide analogous versions of these equations but for
modular iterated integrals of length one.

We begin by recalling certain decompositions of length one modular it-
erated integrals and looking at how Hecke operators affect these decompo-
sitions. Let F be an element of M, ;N M}, then we know that F can be
decomposed uniquely as

F=F+F+F,
where

FO = ayfo 4 pyl "5k (3.20)

for some kg € Z and a,b € C. For most of this section, we will be focusing

on the case when b = 0:
F=F+E+F =F+4F+ayh. (3.21)

Using equations and (2.12), we can write F and F as

- . -r .
F=Y Y yale+ ¥ ¥ yola", (322)
m>0 j=kg m>0 j=ko
- . -r
E=Y Y yalem+ ¥ ¥ yolan (323)
m<0 j=ko m<0 j=kg
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3.2 AN ANALOGOUS RESULT FOR LENGTH ONE MODULAR ITERATED INTEGRALS

We also observe that
T, (F) = Ty(E + E+ F%) = T, (F) + T.(F) + T, (F°),

where we assume T, is fixed as if it is acting on a modular form of weights
(r,s). We will need to check that the following proposition involving this

decomposition holds.

Proposition 3.11. Let F be a real analytic modular form that can be decomposed
as in equation (3.21). We set A := T,(F) = T,(F) + T, (E) + T, (F°), then the
following equations hold:
i) A=T,(F),
i) A=T,(F),
iii)  A° = T, (F°).
Proof. We will start by looking at T, (F) and noting that, as in Section

every equivalence class in I'1\.M,, contains exactly one representative & =

(Od) withd > b >0, a > 0 and ad = n. Therefore,

Ty (F) = '+ Z g SZP(uz;b)

ad=

ad>0
— H—s 1 Z d-rs Z Z Z ( (LZZ—l—b)) a%)EZT(imuz/deZn'imb/d
0Ti’l>0] ko
ad>0
r+s 1 r—s az+b J () —2mimaz/d 2mimb/d
Z d- Z ) Z b,) e e .
=0m>0 j=kg
ud>0

Using the fact that

, ay\/ , .
E(Im(az—i—b))]ezmmb/d: (?>d ifd|m

0 otherwise

and setting gd = m, we can deduce that

T, F r—i—slzdrs—HZ Z( >y]a engaz

>0 j=k
ad= §=0 =
n' s 1 Z A" s+12 Z( ) ]b() —2migaz
Yy .
ad=n >0 j=kg
a,d>0
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3.2 AN ANALOGOUS RESULT FOR LENGTH ONE MODULAR ITERATED INTEGRALS

Finally, setting & = ag, and noting that as ad = n we have a | h and a | n, we

conclude that

— Yt 1 Yy dr s+12< >y”hd/aq

h>0 a|(hn) j=ko
ad=
a,d>0
+ Y sl Y g s+12 ( ) y]bhd/aq
h>0 al hn) j=ko
ad=
a,d>0
v i) v i () h
=) Yva a'+), Y} v, (3.24)
h>0 j=ko h>0 j=ko

where a;l(j ) and b/(j ) € C. The case for T, (F) is very similar

=) Aty AT SHZ < > y]ahd/aq

h<0 al( hn) j=ko
ad
a,d>0
+ an+s 1 Z ) s+1Z ( > y]bhd/aq
h<0 al hn) j=ko
ad=
a,d>0
v i) v i ()
=) Yva i+ ) Y vb'T, (3-25)
h<0 ]:ko h<0 ]:ko

where a/h(j ) and b/(j ) € C. To finish this proof, we just have to evaluate T, (F°).

Using "a¢" in our expression for F to avoid confusion with the the "a" from

the matrix (2 5) used in this proof, we have

ko
_ r+s 1 r—s az + b
T, (agy*0) E d- E ag Im ( 7 >

=n
ud>0

= q Z nrJrsfld—rferl (g)

ad=n
a,d>0

ko

Im(z)ko, (3.26)

which exists in Cy¥0. We can now view A as a combination of equations

(3-24), and (3.26). Comparing this to equations (3.22), and (3.20),

we deduce the assertion. ]

We recall that the function F € MZ} N M. ; can be written uniquely as

mm 7’5

Z Fy, (327)
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3.2 AN ANALOGOUS RESULT FOR LENGTH ONE MODULAR ITERATED INTEGRALS

where F, € MZj N M} and A,sF = A F with Ay = (k—1)(r +5 — k).

Now suppose ¢ € $) and there exists a k € {0,...,min(r,s)} such that F;
can be decomposed as in equation (3.21), then the k-th Eichler integral of F
has been defined to be

o (@)= [ s (v (Bt ayk*f*),zzs,r,uk(-,«;)) (3.2

‘|‘/ Hr—s rerst/Rs ryk( C))

with yp = —k+ (r+s+41)/2. We need to check that T, (F) also has a

unique decomposition of the form given by (3.27), so that U(TI;)F is well de-

tined. Indeed, if this decomposition was not unique then there is no guaran-
tee that the expression given by (3.28), when F is replaced by T,(F), would

be unique.
Proposition 3.12. Let F € MZ} N M., then T, (F) has a unique decomposition

of the form

mm

ZGk

where Gy := Ty (F) and Ay sGy = MGy with A, = (k—1)(r +s — k).

Proof. Using the decomposition given by (3.27), we have

min(7,s) min(7,s)
T ( Z Fk) = Z T (Fy)
and, using Lemma 3.6, we observe that

Therefore, Gy := T,F; has eigenvalue Ay and, since the eigenvalues are

distinct for distinct values of k, the the decomposition

mm T’S

Z G,

where AGy = MGy, is unique. Il
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3.2 AN ANALOGOUS RESULT FOR LENGTH ONE MODULAR ITERATED INTEGRALS

We can now safely associate k-th Eichler integrals to T, F. Before we do
this explicitly, however, we first want to express (3.28) in a form that will be

more convenient for us in this chapter.

Lemma 3.13. Let F € MT] be of weights (1,s) and suppose there exists a k €
{0,...,min(r,s)} such that Fy has a decomposition of the from given by (3.21).
Then,

o®(0) = C(2) (B(Q) + B(D) + /gmy"—lﬁkA(»z;) (3-29)
+ /;w FURACL D) + /gm FOB(.,0),
where

Az )= (r =R~z NE -2 e
+ (s — k) (g —2) F (g — 2 lag,
B(z,0) = (k=) '({ —2) *( —2)
+ (s = Ky (E — 2) (g - 2z

and C({) := 0, unless k = r, in which case

C(g) = — (20" (Im(0))".

Proof. For h = F we have, by Proposition
SR N o [ @) ke e
fomres (R 0) =20 [y SR 2y 2y e
ico
A O (S (S s (3:30)

=) [T - G-

Upon integrating by parts the first integral in the RHS, it becomes
[ PG g2 (:31)
+(r—k) /g (2iy)y* " h(2)(C —2)" 7 HE — 2T+ C(DR(E)

where

C(g) = =2ilm(Q)* (T -0 -0y~
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3.2 AN ANALOGOUS RESULT FOR LENGTH ONE MODULAR ITERATED INTEGRALS

First, we observe that if k < r then C({) = 0. Looking at the remaining case

of k = r, we have
C(¢) = —=2ilm(2)" (- ¢)°"
= —2iIm(Z) (2iIm())* " = —(2i)* " Im(Q)".

Using the identity 2iy = ({ — z) — ({ — z) and substituting back into
(3-30), we conclude that

/;ooms@r;sh Rs— 1, ( / () (C—2) ) (=2 dz
ok / yk (@)~ 2)THHE 2T Az CORQ).

We get a similar result for 1 = F;. The above gives the first three summands
of the RHS of equation (3.29).

To get the last summand we note that, for h = Fl? = ayk’r’s, the first

integral in the RHS of equation is equal to
(k=r=s) [ a2y -
and inserting this back into equation gives
[ (R 0) = 5) [ -2
+(s— / Y (2)(§ —2) (g - 2) E  dz
-
This completes the proof. O

We have now set up all the essential groundwork needed to prove that
an analogous version of equation (3.3) holds for certain length one modular

iterated integrals.

Theorem 3.14. Let F € MI} N M. and, for k€{0,..., min(r,s)}, let F be the
k-th term in the decomposition of F in eigenfunctions of A, s, as in Proposition
Suppose further that Fi has a decomposition of the form

F=FE+E+F =6+FK+ay ",
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3.2 AN ANALOGOUS RESULT FOR LENGTH ONE MODULAR ITERATED INTEGRALS

where ag € C. Then, we have the following equation:

2—-r—s k k 00
noz ‘U(Tn)p = UI(T)HZkfrfs,OTn : (3.32)

Proof. We will start by evaluating the LHS of equation (3.32). Using Gy :=
T, Fi and Lemma we have

o (2) = C(2) (Gul@) + GulC / F1Gu(2)A(z,0)

+ /g_myk—léu @0+ [ G D)

Using Proposition this can be written as

o5(©) = CO) T (Bl0) + D) + [ (TR (2) Az )

n /g o VU (TuEe(2)) Az, 0) + /g ioo(TnFE(z))B(zlé)

= w5 1C(Q) T (Felad) + BaD) (e +d) (L +d) 7 (333)

aeM;y
+n T 1/ v 1Y F(az)A(z,0)(cz+d) " (cz +d)
xeEMP
+n' s 1/ yk 'Y F(az)A(z,0)(cz+d) "(cz+d)
neEMy

n'tel Z aoIm(az)*"°B(z,0)(cz+d) " (cz+d)~®
4 xeMp

We will now evaluate the RHS of equation and show that it matches

equation (3.33). For convenience of notation we set || Ty := ||ok—r—s 015,

P OIIT? = CORE) + @) T+ ( [V R AR) | 17

+(/C_iooyk11%k(z)A(z,§))‘ ° (/g agy* "~ SB(Z,Z;))

We will look at each of these summands separately and show that they

(3-34)

‘ 7o

match their corresponding part in equation (3.33). Taking a look at the first

integral, we have

(/ v (z) é))

= Z /iwlm(z)k—lﬁk(z)A(Z,Dég)(cg_|_d)r+s—2kn2k2rs

xeM /a6
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3.2 AN ANALOGOUS RESULT FOR LENGTH ONE MODULAR ITERATED INTEGRALS

and, using the change of variables z — az, this becomes
a~1(ico) 1 150k, Zk=r=s
Y [ ) Ran) Alaz, ) + )P G39)
aeMp ¢
Our next step will be to rewrite the above equation but with A(z, {) instead
of A(az,al). We first note that
Alaz,al) = (r —k)(al — az) &g — az)*d(az)
+ (s — k) (al — az)" " (ag — az)>*1d(az)

and then observe the following:

i) daz)=n-(cz+d)?dz and d(az)=n-(cz+d) ?dz.

n-(f—z) n-(0—2)
(cC+d)(cz+4d) cl+d)(cz+d)

ii) (al—az)= and (al —az) = (

This allows us to rewrite A(az,al) as

(r=k)(C =21 (g —2)" *H(cz +d) 2nrts 2
(el +d)y— 1(cz+d)—*k1(cC +d)s—*t1(cz + d)s—k+1

Alaz,al) = dz

(s —k)( — 2)"F1(7 — 2)5FL(cz + d) ~2pr+s—2k+1 -
(T +d)F(cz+d)yF(cf +d)s KL (cz4d)s k1

Substituting this back into equation (3.35), and using the fact that oo is in-
variant under a~! and Im(az) = nlm(z)(cz +d)~'(cz+d)~!, we conclude

that

([ B@ac)

¥ /g TP Y B(wz) Az, 0) (cz 4+ d) T (2 4 d) .

aeM

Ty (3.36)

An analogous result holds for Fy

([ h@aeo)

—ioco .
=nz ykl Y F(az)A(z,Q)(cz+d) " (cz+d)".
¢ ae M

Ty (3-37)
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3.2 AN ANALOGOUS RESULT FOR LENGTH ONE MODULAR ITERATED INTEGRALS

Next, we look at the first summand on the RHS of (3.34). Since C({) # 0

only if r = k, we have

C(O) (Fe(@) + B(O)ITY
= —(2i) " Y Im(ag)* (F(ag) + F(ag)) (e +d)*"n'2

aeMP
= —n'T (20 Y Im(Q)*(Fe(ag) + Fe(ag)) (cg +d) " (e +d)
aeM

s
=n 2

C(g) ). (Fe(ag) + E(ag))(cG +d)™"(cf +d)". (3-38)

weMP

Finally, we just have to look at the last summand on the RHS of (3.34) to

finish the proof. Using similar methods to the above, we get

( /C looaoyk_r_sB(z,C)N T (339)
a1 (ico) o o 2k—r—s
=Y / agIm(az)*"°B(az,al)(c{ 4+ d) T %n" 2,

ae My ¢

with

B(az,al) = (k —s)Im(az) "N (al — az) " (al — az)*Fd(az)
+ (s — k) Im(az) "Nl — az) " (g — az)>F1d(az)
_ (k=s)Im(z)* N (T —z)" k(g —2)5F(cz +d)2nrtsk
B (cz+d) =1 (cz+d)s=1(cl +d)r+s—2

(s —k)Im(z)* 1 (g —z)" " (g —2)" * ez +d) 2"k
" (cz+d)(cz+d)s—2(cl +d)r+s—2k

dz

dz.

A fact which is true throughout this proof but we have not yet needed is

that, since & = (& b), ¢ = 0. Therefore,

B(DCZ, ng) — nr+sfkd2k72r725 [(k . S)Im(z)kfl(g o Z)rfk(g _ Z)Sikdz

+ (s = k) Im(z)F (g = 2) (g — 2 H .
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3.2 AN ANALOGOUS RESULT FOR LENGTH ONE MODULAR ITERATED INTEGRALS

substituting this back into equation (3.39), and observing that oo is invariant

1 we conclude that

( /é iwaoyk_r_sB(Z, ¢ )))
(3-40)

By comparing equations (3.36), (3.37), (3-38) and to equation (3.33),

we deduce the assertion. O

under o~

r+s 1eo

TP =n2 Y aoIm(az)* " B(z,{)d .
aeMP

We can compare the identity from the above theorem with the identity
given by equation (3.3) to see the similarities between the two. Surprisingly,
the constant n° 7 in equation does not depend on the value of k; this

leads immediately to the following corollary:

Corollary 3.15. Let F € MZ}N M, s and suppose that Fy has a decomposition of
the from given by (3.21)) for all k € {0, ..., min(r,s)}, then

) min(r,s) ® min(r,s) ")
—r—s
n Y vpp= ) p llakr—soTy

Following a similar approach to the classical case, we will use Theorem
to provide us with an identity relating the action of Hecke operators to
the period polynomials of length one modular iterated integrals. This can
be seen as an analogous version of the identity given by equation (3.10).

We start by showing that, under our usual conditions, the Eichler integral

of a length one modular iterated integral is T-invariant.

Proposition 3.16. Let F, € MZ} be of weights (r,s) and suppose there exists a

k €{0,...,min(r,s)} such that Fy has a decomposition of the from given by (3.21)),
(k)

then vy’ is T-invariant:
k
01(:)||2k—r—s,0(T_1) =0, where T = (}1).

Proof. Throughout this proof we use the abbreviation ||p_,_s0T = ||T. We

start by proving the T-invariance of

/gim”r—s (V% (Be(@) +a" "), R (=.0) (3.41)
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3.2 AN ANALOGOUS RESULT FOR LENGTH ONE MODULAR ITERATED INTEGRALS

To show this, we first observe that
feo ris = .
Jo s (55 (Rl =), R (2, 0) |7

— /;:; Nr—s <y% (Fe(z) + a]/kiris), Rs—ru.(2, T(C)))

T~ (ico) res
— /g\ T* <77r_s <y% (Fk (Z) + ayk_r_s)l RS_r/]’lk (Z’ T(g) ))) °
By Lemma this is equal to
T~ (i) s k—r—s
/g s (8 (Bel) + ™) oge 50 T Rorp (2 T30 T)

T_l(ioo) s /o
— /(: Nr—s (Im(Tz)é (Fk(Tz) +a1m(Tz)k*f*S> Rep (T2, Tz;)).

Using the fact that T~!(ico) = ico, Im(z +1) = Im(z) and, by part (ii) of
Lemma Rs—r (T2, TZ) = Rs—r (2, (), this becomes

/g Mr—s (y% (B(Tz) + ayk_’_s), Rs—r (2, C)) )

Therefore, we can deduce that if Fi(z) is T-invariant then so is the function

given by equation (3.41). Indeed, we have

—S . . . r . i ) B
E(Tz) = Z Z Im(Tz)! a%)€2mmTz 4 Z Z Im(Tz)] b%)e—meTz

m>0 j=k—r—s m>0 j=k—r—s

27Timz

and, since both Im(z) and e are invariant under z — z 41, we conclude

that F(Tz) = Fi(z). This proves the T-invariance of the function given by
(3-41). A similar approach can be used to show the T-invariance of

[ R R O

Using the definition of v%k) given by equation (3.28), we can deduce the

assertion. ]

As before, we combine the T-invariance of the Eichler integral with equa-
tion (3.7) to give the following equation (here the assumptions of the previ-

ous proposition still hold):

k T k o0
01(: ) |2k—r—50(S = D||ok—r—s0Tn = 01(: ) 2k—r—s,0T57 ||2k—r—s0(S = 1).
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3.2 AN ANALOGOUS RESULT FOR LENGTH ONE MODULAR ITERATED INTEGRALS

Using Theorem we can rewrite this as

2—r—s

k ~ 2-r—s k
o ot rs0(S = Dllatr—soTn = 1" - 0% lok__s0(S = 1)

If we suppose further that F € MZ; such that each F has a decomposition
of the form (for k € {0, ..., min(7,s)}), then

min(r,s) ® _ s min(r,s) "
Ur HZk—r—s,O(S - 1)H2k—r—s,OTn =n 2 Z Z7T,,1—"| |2k—r—s,O(S - 1)'
k=0 k=0

Using the definition of the period polynomial of a length one modular iter-

ated integral (Definition this becomes

min(r, s

s)

k ~

0 ok r—s0(S = Dllotyso T = 1" 2 - Pr . (3.42)
k=0

We can compare this with equation from the standard modular form

case:
~ 2-r
Prlo—/ Ty =n'2 - Pry, (3-43)
which can be rewritten as

2—r
2

Uf|2—r(5_1)|2—rTn =n 'PTnf'

We recall that if F is a real analytic cusp form, then every k-th Eichler integral
v%k) vanishes except for U%O). Therefore, in this case, equation can be
written as

2—r—s

O ~ —
Ugr )||—r—s,0(s —D||=r=soTw =n 2 - Pr,F.

Finally, using the definition of the period polynomial of a real analytic cusp
form (equation (3.18)), we can give an identity in which the period polyno-

mial appears on both sides of the equation:

2—r—s

Prl|—y—s0Tn =mn 7 - Pr,F.

This identity, which is of close resemblance to equation (3.43), shows how
the Hecke action is compatible with the period polynomial of a real analytic

cusp form.
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LAPLACE-EIGENVALUE EQUATIONS FOR MODULAR
ITERATED INTEGRALS

One motivation for defining real analytic modular forms was due to the con-
nection between modular iterated integrals and modular graph functions,
which arise in string perturbation theory. These modular graph functions
share many of the differential and algebraic properties of modular iterated
integrals. Indeed, there is good evidence that all modular graph functions
are contained within the space of modular iterated integrals (this is dis-
cussed in more detail in [4,5]).

Studying the space of modular iterated integrals, therefore, will help with
the long-standing problem of giving a complete description of the modular
graph functions. This problem has been written about extensively in physics
literature, see any of [33-42] for example.

In this chapter, we study the spaces of length two and three iterated in-
tegrals. We will provide functions that belong to these spaces and show
that they satisfy certain Laplace-eigenvalue equations. We will also see the

importance of these equations in relation to modular graph functions.

4.1 THE SPACE OF MODULAR ITERATED INTEGRALS REVISITED

In Section [2.4| we introduced and discussed the space MZ' of modular it-
erated integrals, which sits naturally inside M'. In this chapter, we will

restrict to the condition that the coefficients a,(é,)n in equation vanish if
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4.1 THE SPACE OF MODULAR ITERATED INTEGRALS REVISITED

either m or n are negative. This provides us with the space MZ of modular
iterated integrals, which sits inside M and was first studied in [4]. For the
rest of this chapter, when we refer to the space of modular iterated integrals
we will mean MZ not MZ'. The definition of MZ is very similar to the

definition of MZ" but, for completeness, we state it below.

Definition 4.1. We let MZ_; = 0. For any n > 0 € Z we define the space
of modular iterated integrals of length n, MZ,, to be the largest subspace
of P, >0 M which satisfies

OMZI, C MZ,+ M[L] x MZ, 4,
OMZI, C MI,+ M[L] x MI,_;,

where M is the space of holomorphic modular forms.
When n = 0, we have the following lemma:

Lemma 4.2. (Lemma 3.10 of [4]) An explicit description of the space of length zero

modular iterated integrals can be given by
MZy=C[L™.

This matches the description of MZ}, exactly. We can also give a
simple and concise description for MZ;, which is not the same as MZ; (in

fact, we are not yet able to give an explicit description for MZ}).

Lemma 4.3. (Cor. 4.4 of [4]) An explicit description of the space of length one
modular iterated integrals can be given by
MIy = MIyoc P Cé&s.
rrfszzoz

Therefore, we know of all the possible functions that can exist in MZj or
MZ,. We do not, however, have similar descriptions for MZ,, when n > 1.
It would be useful if we could implement what we know about MZ, and
MT to determine functions that exist in MZ,.

Proposition [4.4] and Corollary [4.5| will help with this.
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Proposition 4.4. Let n > 0 be an integer, then
MI,MIyC MI,.

Proof. By the definition of MZ, 1, any space B C @, ;>0 M/ s which satis-

fies
0B C B+ MIL| x MZ,,

0B C B+ MIL] x MZ,,

must be contained within MZ, 1. Now, we observe that if F € MZ, 1 and
G € MI,, then
d(FG) = (0F)G + (0G)F
C (MZy1+ M[L] x MZ,)MZy+ (MZy)MZ, 41
C MI, yMZy+ ML) x MZ,MZy+ MZyMZ, 1.

Therefore, by induction
a(MIn+1MI()) - MIn+1MIO + M[]L] X MIH,

with a similar statement for 0. Hence MZ, 1 MZ, must be contained in

MZT, ;1 due to the maximality of MZ, ;. O

Corollary 4.5. Let m,n > 0 be integers, then
M:Z:mM:Z:n g M:Z:m+n. D

This corollary then allows us to see that, as &, s, and &5, € MZ;, we
have &, s,&ry s,

see that Sr1,515r2,52(€‘73’s3 € MZs, as 871,51572152 € MZZ and 873’53 € MZl.

Continuing this process we get

€ MZI,, where we assume that r;, s; > 0. We can then

Ersi€rast Erpsy € MLy,

However, we do not consider these functions to be very interesting as they

are just combinations of real analytic Eisenstein series. We do not consider
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4.2 LAPLACE EQUATIONS FOR LENGTH TWO ITERATED INTEGRALS

them to be "new" functions. By "new" functions we will therefore mean
functions that are not simply combinations of &, s or L.

A theorem for producing such "new" functions in MZ; was discovered
by Brown in [4]. We will explain how this was achieved in the next section.
Then, in Section 4.3} we will demonstrate how these "mew" functions can be
applied to the theory of modular graph functions. But first, we will finish
this section by providing one more way of checking if a function is in MZ,,

for any n. This lemma will be useful when proving the main theorem of

Section [4.4}

Lemma 4.6. Let r,s > 0 and set 2w = r + s. Suppose F, s € M, s are a family of

elements such that

dFx,0 € M[L] x MZ, 4,
oF s — (r+ 1)Fr+1,s—1 € ML) x MZ,_4, ifs >1,

and

dFo20 € M[L] x MZ,_4,
éPr,s - (S + 1)Fr—1,s+1 S M[]L] X ML, ifr > 1.

Then the F, s € MZ,,.

Proof. This is essentially Lemma O

4.2 LAPLACE EQUATIONS FOR LENGTH TWO ITERATED INTEGRALS

In this section, we examine how Brown produced "new" functions in the
space M1, of length two modular iterated integrals. This is a review of the

work presented by Brown in Section 9 of [4]. We start with some definitions.

Definition 4.7. Let n > 0, then we define

Vo= @ X'Y°Q C Q[X,Y],
r+s=2n
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4.2 LAPLACE EQUATIONS FOR LENGTH TWO ITERATED INTEGRALS
which is equipped with the dagger operator defined by
(X, Y)t, := (aX+bY,cX+dY), Voy=(%}) el

Remark 4.8. We note that we use the notation f,, instead of the |, used
by Brown, to avoid confusion with the single slash operator we defined in

equation (1.1).

We have the following identity involving the dagger operator:
(X —v@Vty = (cz+d) (X —zY), Vy=(]) €T

Therefore g(z) := (X —zY)"(X — zY)* transforms like a modular object of

weights (—r, —s) in the following sense:

§(r(2)ty = (cz+d) "(cz+d)°g(z). (4.1)

We define a real analytic form f : § — V5, ® C to be modular equivariant if

fr@)ty =fz), Vo= (}) €T (4-2)

Using equation (4.1, we can deduce that for any standard modular form f

of weight r we can construct a modular equivariant one-form f by setting

fri=2mif(z)(X —zY) ?dz.

The next lemma provides us with more information about the modular

equivariance of real analytic functions.

Lemma 4.9. (Prop. 7.1 of [4]]) Let f: $ — Vo, ® C be real analytic, then it can be

written in the form
f= Y fris(@)(X=2Y)(X=-2Y) (4-3)
r+s=2n

such that (z — 2)*"f, s: $ — C are real analytic. The function f is modular equiv-

ariant if and only if every f,s is modular of weights (v,s) (as defined by equation
(2.1)).
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If any of the above f,; are also of the form , then they are real ana-
lytic modular forms of weights (7,s). We now give a lemma involving the

operators d and 0.

Lemma 4.10. (Prop. 7.2 of [4l]) Let F, A, B: $ — V3, ® C be real analytic, then
the equation
oF

Fr miA(z)

(where A is of the form given by (4.3)) is equivalent to the following system of

equations (where r,s > 0 and r + s = 2n):

0F,0 =LA,

OF s — (r+1)Fy151 =LA,s,  fors>1.
Similarly, the equation
el —iB(z)

is equivalent to the following system of equations (where r,s > 0 and r +s = 2n):

0Fy2n = LB s,
8Fr,s — (s + 1)Fr—1,s+1 = LB, forr >1.

4.2.1  Double Eisenstein Integrals

Let a > 0 € Z, then we define the following functions:

Eaa(T) = ), Ens(T)(X = TY) (X — 7Y, (4-4)
r+s=2a
Epay2(T) := 271i Gogyn (T) (X — TY)?, (4.5)

E2412(T) := Eza12(7) dT.

The functions &£»,(7) and E,, ,(T) are modular equivariant and closely

linked to one another. By Lemmas [2.6|and we have

852a (T) 1 882,1 (’L’) 1.
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For a,b > 2, we use the above functions to construct the one-forms
Dogop(T) : H = (Vag2 ® Vop_o) ® (Cdt @ CdT)
Doaop(T) 1= Ep,(T) ® Exp—2(T) + E2a—2(T) ® Epyp (7).
These forms are modular equivariant:
Dosop(77)ty = Dagop(7), V€T,

and, by Lemma 9.1 of [4], closed:

dDZa,Zb =0.
We then consider the integral
1 [ Te
Kogop(z) := 5 Dy, 51,
zZ

which, since Dy, is closed, only depends on the homotopy class of the
chosen path. This integral is regularised as in Section 8 of [4] (see also,
Section 4 of [23]). We will now provide a brief explanation on a way to view
this regularisation, that will hold for the purpose of this chapter. We first
write
Daaop(7) = DV (1) + D). (1)
2a,2b 2a,2b 2a,2b\ "/
such that Dég,)%(r) is the part of Dy, 7,(7) that exponentially tends to zero

as T tends to infinity. The regularisation from above is then defined to be

Koaop(z / ng (T t5 / DZa (T

This allows us to see that Ky, ,,(z) satisfies the following differential equa-

tions:
9 | -~
gKZa,Zb(Z) = TG (2)(X — 2Y)* 2 @ Eyp_»(2), (4.7)
0 = _ =v\2b—2
a_KZa 2(2) = Era—2(2) ® MiGyy(2)(X — ZY)™ 7% (4.8)

For k > 0, there is a I'; equivariant projector given by

85 Vou @ Vi — Vauop—ok

T 0X Y 9Y 09X/’
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where m: Q[X,Y] ® Q[X, Y] — Q]X, Y] is the multiplication map. We have

the following lemma involving this projector:

Lemma 4.11. (Lemma 7.3 of [4]]) Suppose that D: $ — V5, @ C and set

k
F(z) = ﬁ (Gania(2) (X~ 2" @ D(z)).

Then, F: $ — Vo 10n—ok @ C vanishes if either k > 2m or k > 2n. Otherwise, F

can be written in the form of equation (4.3) with

_ 2m\ [k +s
Fr,s(z) = (Z — Z)kGZm+2(Z)( k ) ( k )Dr2m+k,s+k(z)f
where we set D, s = 0 if either r or s < 0.
Now, for a,b > 1 and 0 < k < min{2a,2b}, we define

(k) kO
K2a+2,2b+2(z) i= (7ti) WK2EH—2,ZZH-2(Z)

and observe that
9 (k 0 . Ok
EKéaL2,2b+2(z) =32 ((ﬂl)kWKZaJrZ,ZbJrZ(Z))

S L (N
- (k')z Oz 2a+2,2b+2 .
Then, using equation (4.7) and Lemma this becomes
Jd _(k )
EKéa)u,zmz(Z) = mi]®(2), (4-9)

where J®): § — Vo, op_ox is of the form given by (4.3) with

k 2a\ (k+s
]r(,s) (Z) = H—‘kGZa—l—Z(z) ( k > ( k >5r—2a+k,s+k(z)/ (4'10)
and we also used irt(z — zZ) = IL. We get a similar expression for d/0z:

J _(k .
35K (@) = miHO (), (411)

where
Hi¥ (2) = L*Gapi(2) (Zkb) (k ;(r r) Ervks—2p+k(2)- (4.12)
In the next section, we will be able to see that equations and
form the basis of the equations appearing in Theorem This will be the

theorem that produces "new" length two modular iterated integrals.
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4.2.2  Equivariant Versions of Double Eisenstein Integrals
The function Kg;)ﬂl% 4, is not quite modular equivariant, however, we can
construct a function that is. (We want an equivariant form in order to make
use of Lemma [4.9 during the proof of Theorem[4.12] This is covered in more
detail in Section specifically the proof of Theorem [4.16). Another way to
view the equation of modular equivariance for f: 9 = Vogiop-4 2 ®C
is

fOr@t, —f2) =0,  Vy=(8) el (4.13)
We can also deduce from equations and that dKj, 7, is modular
equivariant. It follows that, Vv = (2}) e T,

KZa,Zb(’)/Z)T’y — Ko p(2) = ¢y,

for some "constant" ¢, (does not depend on z) which defines a coboundary
and hence a cocycle. Combining this with the fact that 6* is an equivariant

projector, we conclude that

Kg{z?zb('yzﬁv - Kg;?Zb(Z) =Cy,

for a constant C, (does not depend on z) which again defines a cocycle:
v+ Cy € ZHT1, Vagiop 42k ® C).

We can use the Eichler-Shimura Theorem to show that such a cocycle can
be written as a linear combination of cocycles of cusp forms, the complex
conjugate of said forms, Eisenstein series and a coboundary cf,_jq for a
c € Vogiop_a 2k @ C. We then define a function Mg;?zb such that we have

modular equivariance and

%
(k) _ (k) 1 [le _
My oy = Ky — € — 5 /Z <J:c +8 ) , (4.14)

where f (resp. g) is a standard modular form (resp. modular cusp form) of

weight 2a 4-2b — 2 — 2k. The equation above uniquely determines Mé’;?%, ¢, f
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and g except for when 2a + 2b — 4 — 2k = 0, as we could add an arbitrary
constant d € C.

We can use equation (4.14) with equations (4.9) — (4.12), Lemma [4.9| and
Lemma to produce the next theorem (a full proof of this theorem can
be found in [4]]).

Theorem 4.12. (Theorem 9.3 of [4]) Let a,b > 1,0 < k < min{2a,2b} and set
w = a+ b — k. There exists a family of elements (1—”2(;{)+2 aba)rs € MIy N My
of total modular weight 2w = r + s, with r,s > 0, which satisfy the following:

k 2a
a) a(Fz(a)+2,2b+2)zw,o - ( k )Lk+162a+25r—2a+k,k +1Lf, (4.15)
(k) (k)
a(F2a+2,2b+2>r,5 - (1” + 1) (F2a+2,2b+2)r+115_1 (4.16)
2a\ (k+s .
= <k> ( k >]Lk+1GZa+25r—2a+k,s+k/ ifs>1,

where f is a unique cusp form of weight 2w + 2.

=k 2b _ _
b) 9(F, z(a)+z,2b+2)o,zw - ( k >1Lk+1G2b+25k,s—2b+k +1Lg, (4.17)
3 (k) (k)
a(F2a+2,2b+2)r,s —(s+1) (P2a+2,2b+2)r—1,s+1 (4.18)
20\ [k +r _ .
= (k) ( k )H—‘k+lGZb+28T+k,52b+k/ if r > 1/

where g is a unique cusp form of weight 2w + 2.

Remark 4.13. To emphasise the importance of the values of 4 and b, we use

the convention (F (k) )r s rather than the Fr(,lé) used by Brown.

2a+2,2b+2

We can use the family of functions (F (k) )r,s from Theorem |4.12| to

2a+2,2b+2

construct the function

k k r Y
Faiazi2® = 1 (Fylagea) s()(X =2V (X=2Y)°, (419)
ZafiziZk
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which is modular equivariant and satisfies the following differential equa-

tions:
J _(k a0k 1
ng(alz,sz(z) = (Zﬁ)kw <§E2a+2(z) ® 52b(2)) (4.20)
. (K 10h—
+ mfz(alz,zbjtz(z)(x_ zY)2r2 2k,
9 _(k 4 o)
ng(alz,zbjLz(Z): (lﬂ)kw<52a( ® 5 E2b+2 ) (4.21)

2042b-2k
- mgza+2 2p12(2)(X—ZY) o

5(k)

where fz(grng Lo and &5 5y, are the unique cusp forms determined by
Theorem These cusp forms are of weight 2a + 2b — 2k 4 2 but, by
Theorem there exist no cusp forms of weight < 10 or weight 14. There-
fore, the differential equations defined above do not include the summands
containing f or § when 2a +2b — 2k < 8 or 2a 4 2b — 2k = 12.

These differential equations will be crucial in Section when we con-
struct an analogous theorem to Theorem but for functions in MZ3
rather than MZ,.

In the next section, we will use Theorem to generate examples of
length two modular iterated integrals. This will include the "new" functions

we are looking for.
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4.2.3 Example

The simplest example is when 2a = 2b = 2. Since 2a + 2b — 2k < 4, for
k € {0,1,2}, the cusp forms given in equations (4.15) and (4.17) vanish.
When k = 0, we have the following set of equations from Theorem

d (le(i))zl,o = LG4&rp 5(1—"4(2‘))0,4 = LG40

o8]

3(Fy})31 — 4(F4(31))4,0 = LG4é11

14 (Fﬁ))l,s - 4(58;))0,4 = LG4&11

8(1—"4(21))2,2 - 3(1:4(21))3,1 = LG4&o 5(1:4(21))2,2 — 3(F4(,04))1,3 = LG4
()15 —2(FY)22 =0 AE)31 —2(F)22 =0
a(Fﬂ))oA - (Fﬂ))m =0 §(P4(21))4,o - (Pﬁ))m = 0.
When k = 1:

o(F, 4(,14))2,0 = 2I.°G4é1,1 5(1‘"4(,{1))0,2 = 2IL?G4&1 1

J (F4(,14))1,1 - 2(1:4(,14))2,0 = 4IL.2G4&p 5(1:4(,14))1,1 - 2(1:4(,14))0,2 = 4IL2G4 &2

Q|

B(le(il))o,z - (F4(,14))1,1 =0 (F&))ZD - (Fél(il))lfl =0

Finally, when k = 2 we have two equations:
2) 2)

o(F, i,4 )oo = LG4 o(F 4(,4 )00 = L3G4&2p.

For k = 0, the equations above can be solved in terms of real analytic Eisen-

stein series:

1
(F, 4(31))4,0 = 5620820
(F, 4(21))3,1 = &0811 (Fﬂ))m =&11&02

0 1 0 1
(F4(,4))2,2 = &0&02 + 551,151,1 (F 4(,4))0,4 = 550,250,2-
We can also express (Pﬁ))o,o as a combination of &, s and LL:

2 1
(F4(,4))0,0 = ]L252,050,2 - Zl251,151,1.
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However, we cannot do the same for the functions (F4(,14))r,s ; they cannot be
expressed as a combination of real analytic Eisenstein series and IL. These
are the "new" functions we have been looking for.

For each of the functions (Fiﬁ))r,s above, we have an associated Laplace-

eigenvalue equation:

(D+4)(E)a0 = ~LGs&1 (A +2)(E{Y)20 = —4L2Gu&
(A+4)(F))s1 = —2LGa&2  (A+2)(Fj i1 = —4L°G4Gy
(A+4)(E )22 = -12GCs  (A+2)(F())o2 = —4L%Cs&0
(A+4) (B 15 = —2LGalry

(A+4)(FY)os = ~LGs1, A(F)o0 = ~L*GsG.

In the next section, we will see an important application of the Laplace-
eigenvalue equations associated to "new" length two modular iterated inte-

grals.

4.3 MODULAR GRAPH FUNCTIONS

Modular graph functions arise in the low-energy expansion of Type II su-
perstring amplitudes at genus one by assigning a lattice sum to a graph.
Simply put, they are a type of real analytic function on the upper half plane.
These functions have an extremely interesting mathematical structure, pro-
vide connections with number theory and particle phenomenology and are
of great importance in other areas of physics. They have been discussed in
detail in physics literature and we refer the reader to any of [33}34,43-45]
for more information on their origin.

The type of modular graph functions of interest to us are denoted by
Cal,,__,ap, where each 4; is an integer greater than zero. Such a function is
said to have p — 1 loops and a total weight of a1 + - -+ +a,. The space of

one-loop modular graph functions is well understood. For each total weight
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there is a unique modular graph function that can be represented in terms
of a real analytic Eisenstein series and L:

2u+1

Covne = (37 —2y1

a—1
L ga—l,a—lz

where a = a; + a;. These one-loop modular graph functions obey the fol-

lowing Laplace-eigenvalue equation:
ACal,az - I/'l(a - 1)Ca1,a2.

For example, at weight 4 we have

2
Cop=Ci3=0C31:=C4 = 4—51L &3

and

AC, = 12C,.

The space of two-loop modular graph functions is also well understood.
The authors of [34], building upon the work of [44] and [46], discovered
that these functions obey systems of inhomogeneous Laplace-eigenvalue
equations. The inhomogeneous parts of these equations are made up of
linear and quadratic combinations of real analytic Eisenstein series (and IL).

Some examples from [34] include

4
ACypq = ﬁl Eaa, (4.22)
2
(A + 2)C2,1/1 = 16]]_, 51,151/1 — —IL353,3, (4.23)
32 8
(A+6)C311 = —1L E11E2p — 7=L4E4 4 —3Co1 1. (4.24)

315

This first equation was solved easily in [34], giving an explicit expression
for C2,2,1I
6(5)

o 4
Ca21 = 1575l Gaa+ S35

However, finding an explicit expression for the functions Cy11 or Czq,

could not be achieved. In [4], it was shown that we should be able to give an
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explicit expression for C; 11 with the help of the Laplace-eigenvalue equa-

tions from the previous section. To see this, we first observe the following:

(A +2)(IL?E0E02) = —L*GyGy — L2E 1111,
(A+2)L3&3 = —10L3E3 3.

Therefore, combining this with the equation (A + 2)( F&))Ll = —413G4Gy

from the previous section, we have

1 2
(A+2) (41L(F4<j3)1,1 —16L2E, 005 + ﬁlﬁes,g) = 161261161, - £ L7655

and hence

1

(8+2) (AL(F )1 — 1612620802 + o

1L353,3) = (A+2)C11-  (4-25)

We conclude that the modular graph function C,;; can be expressed in
terms of IL(F&))LL L.2£,0&02, IL3E33 and a constant. The coefficients in the
expansion of (F&))Ll can be determined using properties of 9, d and
the above differential equations (see [4] for more details).

If other modular graph functions, such as C31,1, can be expressed using
"new" modular iterated integrals, then these integrals can help with the pre-
viously mentioned problem of giving a complete description of the modular
graph functions.

We can use Theorern to produce more "new" functions and, in turn, to
produce more Laplace-eigenvalue equations. By comparing these equations
with data on modular graph functions from literature in physics, we should
be able to repeat the above result for other modular graph functions.

Of course, it will be useful to have as many Laplace-eigenvalue equa-
tions available to use as possible. Indeed, it may be useful, then, to have
Laplace-eigenvalue equations for "new" modular iterated integrals that are
of a higher length than two. In the next section, we aim to extend the theory
presented in Section [4.2|from length two modular iterated integrals to length
three. In particular, we wish to produce Laplace-eigenvalue equations for

"new" length three modular iterated integrals.
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4.4 TLAPLACE EQUATIONS FOR LENGTH THREE ITERATED INTEGRALS

The main obstacle with extending the theory from the Section [4.2] to MZ3
is finding a closed modular equivariant function, say D;, 2., which also

leads to "new" functions in MZj3. For example, the form

Dogoppe = Epp @ Epp—o @ Epep + E2q—2 @ Epy @ Exe—2 + E2q—2 @ Epp—n @ Ey,
+ 202 @ Ep 2 @ Epe + E2a—2 @ Eppy @ Exe—n + Epg @ Eap0 ® Enc—

may seem like a suitable candidate as it is both closed and modular equiv-
ariant. However, when following the same steps from the previous section
but with Dy, 5y, 5. instead of Dy, 5, the resulting theorem does not lead to
any "new" functions. All the functions produced by this theorem are just
combinations of real analytic Eisenstein series and L.

We get similar results for any candidate of D5, 55 involving just copies
of E,y,, or &y—p; the form is either not closed, not modular equivariant or,
when both these conditions are met, it does not lead to any "new" functions.

In order to solve this problem, we used the functions produced by Theo-

rem directly in our definition of Dy, »p o

Definition 4.14. For a,b,c > 1, we define the forms Dy, 2p4220+2 by

D2a+2,2b+2,2c+2: H— (VZu—i—Zb—i—Zc) & (C dt +C d’L_')

0 0 - _
Daat226+22c+2(T) := Ena2(T) - Fz(blz,zc+2(T)dT + F, z(alz,zbjuz(f) - Eyeo(T)dT
, 0
+ 27tz€2c(r)f2(a12,2b+2(7) (X —1Y)2+2 41

— 271iE20 (T) G 2 9042 (T) (X — TY) P27,

We will see in Lemma that these last two summands are included to
deal with the cusp forms that appear in equations and (4.21). When
2a+2b < 8 and 2b + 2¢ < 8 then, since the cusp forms vanish, these two

summands disappear and we are left with a more concise definition:

0 0 - B}
Daat22p+22c+2 = Ezat2(T) - F 2(b)+2,2c+2(T) dt +F 2(azr2,2b+2(T) +Eacy2(7) AT
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This is also true if 2a 4+ 2b = 12 and 2b + 2¢ = 12.

We know that Ep,;12(7)dt, Exeia(T)dT, E24(T) and &p:(T) are modular
equivariant and, by the previous section, Pz(szrz,zb ., and F?E}?ztz,ztz L,(T) are
also equivariant. Now, as the cusp form f2(l(l)-)|-2,2b ., (resp. g§2)+2,2 c40) is of
weight 2a + 2b +- 2 (resp. 2b + 2c + 2), we have the modular equivariance of

Dog422p42,2042:

Doay220422c+2(YT) 1y = Daayoopi22042(T), Vv €T

Lemma 4.15. The forms Dy, 3 2p122c+2 are closed:

AD2g42 2422042 = 0.

Proof. Throughout this proof we use the abbreviations f := fz(gzuz opip and

g:= g‘é%mwz For a form o(7) := u1(7) dt + uy(7) d7, the exterior deriva-

_ (duy  dup _
dcr—(al__ 87) dt ANdT.

Letting O'(T) = D2a+2,2h+2,2c+2(T)1 we have
8111 auz a (0) . 2a4+-2b
5 T 37 e <E2a+2(T)sz+z,zc+z(T) + 27i&a (T) f(T) (X — TY )™ )

0 _ . ] _ C
- <Fz(gztz,2b+2(T)Ezc+z(’t) —2mi&, (T)3(T) (X — TY)2b+2 )

9 [ a .
= a2 (1)) 1a(0) 4 21 5 0(0)) Fl) (X - 02

9 _ [ d ] b
~ (528 22002(0)) i) + 271 (5-8(0)) g0 (X — 7122

and, by equation (4.6), this is equal to

tive is given by

d - )
E2a+2(r)%132(£)+2,20+2(r) + 7iEpeyn (T) f(T) (X — TY) 2012 (4.26)
9 1(0)

— $F2a+2,2b+2(7) « Epeqo(T) + B 40(7)3(T) (X — TY)ZHZC,
Using equations and for k = 0, we have
Jd (0 1 .
LD a4 (T) = 5 E20s2(T) () + Tif (1) (X — TY 22

and

d .(0)

1 _ N )
ﬁFZbJrz,chrz(T) = ESZb(T)E%-s-z(T) — mig(7) (X — TY)20t2e,

Inserting these two equations back into (4.26) gives the required result. [
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This lemma leads to the definition of the following function:

ﬁ
1 [l
K2a+2,2b+2,2c+2(z) = ) Dza+z,zb+2,2c+2-
z

Since Dy,492p+22¢+42 is closed, this integral depends only on the homotopy
class of the chosen path and is regularised as in Section This function

also satisfies the following differential equations:

d .
o Kauiaaniapera(2) = MG (2) (X =2V Fylyy (2)  (427)
. 0
+ i, (z)fz(alz,ijLz(z)(X — zY)% 2
0 —_— _
= Kan20122042(2) = Fyggp15(2) - G2 (2)(X = 2Y)% (4.28)

— TiE2a(2) Gy 2 2012 (2) (X — 2Y) 2042,

We will express equation in a way that will be more convenient for

us to use. We start by setting

0
J(2) 1= Goasa(2) (X = 2V By 1o(2) + E0e(2) o () (X — 22012,
then, by equations (4.4) and (4.19),

J(2) = Garpa(2) (X — 2V Y (Féﬁiz,m(z))m (X —2Y) (X - 2Y)

r+s=2b+2c
= 0
—+ Z grs r(X — ZY)sz(aerZbJ&(X — ZY)2a+2b
r+s=2c
0 —_
= Go42(2) Z (Fz(blz,zwz(z))rs (X —zY) P2(X - zY)*
r+s=2b+2c ’
O -
+f2(a—)}—2,2b+2 Y Es(X— ZY) 20420 (X — zY)s.
r+s=2c

Using the change of variables 7 — r — 2a in the first sum and r +— r —2a —2b

in the second sum, this is equal to

](Z) = GZa—i—Z(Z) Z <F2(Z(J)_)'_2’zc+2>r—2a,s (X — ZY)r(X — ZY)S

r+s=
2a+2b+2c

O —
+f2(a)+2,2b+2 Y. Ernaops (X —2Y) (X —zY).
21113%126
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Finally, combining these two sums together yields

OEDY [qu+z<z> (Fip22642(2))

rds= r—2a,s
2a+-2b+2c

(X — zY)"(X — 2Y ).

(0)
+ f2a+2,217+25r—2a—2b,s

Therefore, equation (4.27) can be expressed as

0 )
$K2a+2,2b+2,2c+2 (z) = mi](z), (4.29)

where J: $ — Vp,10p10c is of the form given by (4.3) with

Jrs(z) = Gaat2(2) (P 2(1(9)<)|*2,26+2(Z)> + f, 2(23r2,2b+25r72a72b,5‘ (4.30)

r—2a,s
We can also get an analogous equation for d/0z:

0 )
EK2u+2,2b+2,Zc+2 (z) = mi]'(z), (4.31)

where

Jre(2) = Gacsa(@) (Biponin () +&80haesobro e (4:32)

r,s—2C

We will see, in the next section, that equations and form the
basis of the equations appearing in Theorem This theorem will be the
analogue of Theorem and will produce "new" length three modular

iterated integrals.

4.4.1  Equivariant Versions of Triple Integrals

Using equations (4.27) and (4.28) with the same reasoning as used in Section

we have that, for all v € Ty,

Koai20042,2c+2(72) 1y — Kogyoop42,2c42(2) = Cy,

for some constant C, (does not depend on z) which is also a coboundary

and hence a cocycle:

Cy € Z'(T1, Vagiapi2c ® C).
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As before, we then define a function My, 2p422.42 such that we have mod-

ular equivariance and

1 (Te
Mg 206122042 = Koag220422c42 — € — > / (h+k),
z

where h (resp. k) is a standard modular form (resp. modular cusp form)
of weight 2a + 2b + 2c + 2. The equation above uniquely determines c, i, k
and My, 722p+2.2042- We now have all the necessary tools to prove the main

theorem of this section.

Theorem 4.16. Let a,b,c > 1 and set w = a + b+ c. There exists a family of
elements (Gogi22p4+2204+2)rs € MZ3 N M, of total modular weight 2w =r + s,
with r,s > 0, which satisfy the following:

0
a) 9(Goag2,204+22¢+2)2w,0 = LG212 (Fz(b—)i—2,2c+2> b2 (4-33)
0
+1Lf 2(a)+2,2b+252a0 + Lk,
9(Goat226422042)r,s — (1 + 1) (Goa2,2042,2042) r41,6-1 (4.34)

— (0) (0) :
=LGosi2 (F 2b+2,2c+2>r72a s +Lf 2u+2,2b+25r—2u—2b,sr ifs>1,

where h is a cusp form of weight 2w + 2.

(0)

b) é(G2a+2,2b+2,26+2)0,2w - ]LGZC—FZ (F2a+2'2b+2>02a+2b (435)
(0 ,
+ Lgéb)—&-Z,Zc—&-ZgO/za + Lk,

9(Goa22b4+22c+2)rs — (5 + 1) (Goag2.06+22042)r—1,54+1 (4.36)

1€ (0) 5(0) :
= LGacy2 (P 2a+2,2b+2>r,5_2C T L8 i00c428rs—2p—20, 1T 21,

where k is a cusp form of weight 2w + 2.

Proof. Throughout this proof we use the abbreviation Mp.:=Mp;.2 2p+2,2042-

The function My, ;52512 2¢+2 1S, by definition, equivariant. Using Lemma
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we obtain its modular components (Ma;12 2p+22c+2)rs Which are elements

_ 0
of M, s. Now, looking at _ZM2a+2,2b+2,2c+2/ we have

0
iM = iK _2 /?m mih(w) (X — wY)*dw
0z abc — oz 2a+2,2b+2,2c+2 oz .
9 [Tw
_ 2 / rik(w) (X — @) dw
0z z
0 )
= EK2a+2,2b+2,20+2 + 7tih(z) (X — zY)**.
We write this as
0 )
a_ZM2a+2,2b+2,2c+2 = i H, (4-37)

where, using equations and (4.30),

0
Hys = Goay2 (F 2(b)+2,2c+2>

and A,s = 0 except for Ay o = h. Lemma tells us that equation (4.37)

0
+ fz(a)+2,2b+25772a72b,s + Ar,s

r—2a,s

is equivalent to the following system of equations, for all » +s = 2w and
r,s > 0:

0 0
a(Mabc)Zw,O = ]LHZw,O =L {GZM—Z <F2(b12'26+2)r—2a O+ f2(g2|-2,2b+2€1’—2ﬂ—2b,0 + h}

a(Mabc)r,S - (7’ + 1)(Mabc)r+1,s—1 - ILHV,S

— (0)
=L [GZa+2 (F 2b+2,2€+2)

Modifying My, 2 2p+220+2 by a suitable multiple of &, and making use of

O .
+/ Z(a—)i—2,2b+257—2a—2b,s} ,ifs > 1.

r-2a,s

equation (4.6), allows us to assume that & is a cusp form. We can obtain
equation (4.34) directly from the equation above. To acquire equation (4.33),
we simply have to note that r —2a = 2b + 2c and 7 — 22 — 2b = 2c when
s = 0. Now Gy, 42 and fz(gzrz,zb +» € M[L] and each <F2(212,2C +2>r2a,s and
Er—2a—2ps € MI,, therefore the RHS of equations (4.33) and (4.34) exist in
MI[L] x MZ,.

We can obtain equations (4.35) and using a similar method, but
with and instead of and (4.30). We can also show that the
RHS of these equations exist in M[IL] x MZ,.

Then, using Lemma we can conclude that the family of functions

(Goat+2,2b42.2¢+2)rs € MI3. u
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As before, since there are no cusp forms of weight < 10, the equations
defined in Theorem for 2w = 2a +2b 4 2c < 8, do not contain any
cusp forms (the cusp forms f?fglz,zb 4, and g‘églrzlz c+o vanish since the above
inequality implies that 2a +2b < 8 and 2b + 2¢ < 8). Furthermore, since
there are also no cusp forms of weight 14, we have no cusp forms appearing
if 2a +2b + 2c = 12 with 2a +2b < 8 and 2b + 2¢ < 8.

In the next section, we will use Theorem to produce examples of

length three iterated integrals.

4.4.2 Examples

Example 1

The first example we look at is when 22 = 2b = 2¢ = 2. Theorem gives

the following set of equations:

9(Gya4)60 = 1641:(4(;02) (Gaaa)o6 = LG4F(51041))
9(Gaaa)51 — 6(Gaaa)60 9(Gaa4)15 — 6(Gaaa)os

= LG4(F£2;))3,1 = LGsF (4(1?2)1,3
9(Gaa4)a2 —5(Gaa4)51 0(Gaa4)24 —5(Gaaa)1

= 1LG4(P£2;))2,2 = LGyF (4(1(,2)2,2
0(Gya4)33 —4(Gaa4)a2 0(Gya4)33 — 4(Gaa4)24

= LG4 (E)15 = LG4F(})s
9(Gaaa)24 —3(Gaaa)33 0(Gaaa)a2 —3(Gaaa)3s

= LG4 (F})oa = LGaF (a0
9(Ga44)15 —2(Gaa4)24=0 9(Gaaa)51 —2(Gaga)a2 =0
9(Gaa4)06 — (Gaaa)15=0 9(Ga,44)60 — (Gaa4)51 = 0.
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Therefore, using the equations from Section we have:

9(Gya4)60 = %ILG4522,0
9(Gaa4)51 —6(Ga4)60
= LGa&r0611
9(Gaaa)a2 —5(Gaa4)s1
= LG4&20E02 + %164812,1
9(Gaa)33 —4(Gaaa)ap
= LGs&11802
9(Gaaa)24 —3(Gaaa)33
= %l&é‘&z
9(Gya4)15 —2(Ga44)24 =0

9(Gaa4)o6 — (Gaaa)i5 =0

d(Gaa4)06 = %ILG_&&Z
0(Gaa4)15 — 6(Gaaa)os
= LG4&02811
9(Gaa4)24 —5(Gaaa)15
= LG4&02 20 + %mjgf .
9(Gaa4)33 — 4(Gaaa)24
= LG4€1,1620
0(Gaaa)s2 —3(Gaaa)3s
= %ILG_4522,0
0(Gaa4)51 —2(Gaaa)sz =0

9(Gaaa)60 — (Gaaa)s1 = 0.

These equations can then be solved in terms of real analytic Eisenstein

series:

1

(Gaaa)e0o = 552,052,052,0
1

(Gaua)s1 = 552,052,051,1

1 1
(Gaaa)ap = 552,052,050,2 + 552,051,151,1

1
(Gaaa)33z = 20802611 + 581’181’151’1

1
(Gapaa)oa = 552,050,250,2

1
+ 551,150,251,1

1
(Gaaa)i5 = 551,150,250,2

1
(Gaaa)oe = 680’280’280’2'

As with the length two example, each of the above functions has an associ-

ated Laplace-eigenvalue equation:
(A+6)(Gas4)60 = —LGa&r081,1
(A+6)(Gyaa)51 = —LGs&11811 — 2LG4Er 0802
(A+6)(Gyaa)ap = —L2G4GyEr0 — 3ILG4E1 10,2

(A+6)(Gya4)33 = —L2G4Gy&11 — 2ILG4E02E02 — 2G4 E20E2,0
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(A+6)(Gya4)24 = —L2G4Gs&0p — 3ILG4E1 1620
(B +6)(Gaaa)15 = —LGs€1,1E11 — 2LG4EY 2620
(A +6)(Gyaa)os = —ILGsEp2E1,1-
However, we would like to have Laplace-eigenvalue equations for "new"

length three modular iterated integrals. We will get such equations in the

next example.

Example 2

The second example we will look at is when 2a = 4,2b = 2 and 2c¢ = 2.

Using Theorem we have:

1
9(Geaa)80 = ]LG6(F4£21))4,0 = 5LGe&20620

9(Ge44)7,1 —8(Goaa)s0 = ]LG6(F4(21))3,1 = LGeEr0811
d(Goaa)62 = 7(Goaa)71 = lLGe(FLL(SL) )22 = LGe&r0E0,2 + %1‘5651,151,1
9(Geaa)53 — 6(Geaa)en = 1LG6(F4(21))1,3 = LGe&1,180,2
9(Gea)a4 —5(Geaa)s3 = LG6(F4(21))0,4 = %]LG650,280,2
9(Gea4)35 — 4(Geaa)aa =0
9(Gea4)26 —3(Geaa)zs =0
9(Gea4)1,7 — 2(Geaa)26 =0
9(Gea4)os — (Geaa)rz =0,
with similar expressions involving the d operator. As before, each function

has an associated Laplace-eigenvalue equation:

(A+8)(Geaa)so = —LGeE20E11
(A+8)(Geua)71 = —LGeE11E11 — 2ILGe&r0E02
(A+8)(Goua)sp = —IL?GG1Er0 — 3ILGeE11 02

(A+8)(Goaa)s3 = —IL*GeGaér1 — 6H4G_4(F6(21))6,0 — 2ILGe&o 2802
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(A+8)(Geaa)aa = —ILZG6G_450,2 - 51LG—4(F6€21))5,1
(A+8)(Geaa)ss = —4]LG_4(P6(2;))4,2
(A+8)(Geaa)26 = —3LG_4(F6(2;))3,3
(A+8)(Geaa)y = —ZLG_4(F6(2))2,4

(A+8)(Geaa)os = —LG_4(F6(2;))1,5-

However, we are not able to express any of the functions (Gg44)rs as com-
binations of real analytic Eisenstein series and IL. We have, therefore, found
Laplace-eigenvalue equations for "new" length three modular iterated inte-
grals, as desired. There are, of course, more values for a4, b and c to try. In
fact, we will get "new" functions whenever a # b or a # c.

We can use Theorem with Theorem to create sets of Laplace-
eigenvalue equations for length two and three modular iterated integrals.
We can then compare this to the data on modular graph functions from
literature in physics to repeat the result of but with different modular
graph functions. This is a relatively new idea and so, as far as the author is
aware, it has not yet been achieved on a larger scale than the one equation
given by (4.25). There is, however, great interest in implementing such an
idea.

We recall that the two-loop modular graph functions satisfy systems of
Laplace-eigenvalue equations whose inhomogeneous parts are either linear
or quadratic in real analytic Eisenstein series, as in equations - (4-24).

However, similar to increasing the length of modular iterated integrals,
as we increase the number of loops for the modular graph functions, the
space of such functions becomes more obscure. Modular graph functions
of three-loops (and higher) are no longer guaranteed to satisfy the linear or
quadratic Laplace equations from the one- and two-loop cases. A few rela-
tions for low weight three- and four-loop functions have been conjectured
and the simplest of these was recently proven in [33]. However, a better

understanding of this space is needed.
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As we saw in Section the Laplace equations for length two modular
iterated integrals can be seen as quadratic in some form or Eisenstein series
(&5 or Gy), for example (A +4) (P&))LLO = —ILG4&1 1. However, the Laplace
equations in the length three case, in general, involve cubic combinations of
some form of Eisenstein series, as seen above.

Therefore, it would not be surprising if the length three Laplace equations
were not used in expressing two-loop modular graph functions. Instead, it
is more likely that, if they were to be used, it would be with expressing the
much less understood three-loop (or higher) modular graph functions. It
will also be interesting to see if any modular iterated integrals do not arise
in the expression of any modular graph functions, or vice versa.

Of course, producing "new" length three modular iterated integrals will
provide crucial insight into MZ3, and MZ as a whole, which is of great im-
portance by itself. Furthermore, this research provides a stepping stone to
investigating "new" functions and Laplace-eigenvalue equations for higher

length modular iterated integrals.

118



BIBLIOGRAPHY

[1] N. Diamantis and J. Drewitt, “Period functions associated to real-
analytic modular forms,” Research in Mathematical Sciences, vol. 7, no. 21,

2020.

[2] J. Drewitt, “Triple equivariant Eisenstein integrals,” arXiv:2104.09916,

2021.

[3] E Klein and R. Fricke, “Vorlesungen iiber die theorie der elliptischen

modulfunctionen,” Leipzig: B.G. Teubner, 189o.

[4] E Brown, “A class of non-holomorphic modular forms I,” Research in

the Mathematical Sciences, vol. 5, no. 7, 2018.

[5] E Brown, “A class of non-holomorphic modular forms II,” Forum of

Mathematics, Sigma, vol. 8, 2020.

[6] E Brown, “A class of non-holomorphic modular forms III: Real analytic
cusp forms for SL,(Z),” Research in the Mathematical Sciences, vol. 5,

no. 34, 2018.

[7] A. Selberg, “Harmonic analysis and discontinuous groups in weakly

symmetric Riemannian spaces with applications to Dirichlet series,’

Journal of the Indian Mathematical Society, vol. 20, pp. 47-87, 1956.

[8] D. Zagier, “Elliptic modular forms and their applications,” in The 1-2-3
of modular forms, pp. 1-103, Berlin, Heidelberg: Springer, 2008.

[9] E Diamond and J. Im, “Modular forms and modular curves,” in Semi-

nar on Fermat’s Last Theorem, Providence, RI, pp. 39-133, 1995.

119



Bibliography

[10] D. Zagier, Modular forms of one variable. Instituto de Matemética Pura e

Aplicada, 2000.

[11] N. Diamantis and L. Rolen, “Period polynomials, derivatives of L-
functions, and zeros of polynomials,” Research in the Mathematical Sci-

ences, vol. 5, no. 9, 2018.

[12] S. Eilenberg and S. MacLane, “Cohomology theory in abstract groups.
I,” Annals of Mathematics Second Series, vol. 48, no. 1, 1947.

[13] Y. I. Manin, “Periods of parabolic forms and p-adic Hecke series,” Math-

ematics of the USSR-Sbornik, vol. 21, no. 3, pp. 371-393, 1973.

[14] J. Lewis, “Spaces of holomorphic functions equivalent to the even

Maass cusp forms,” Inventiones mathematicae, vol. 1277, no. 2, pp. 271—

306, 1997.

[15] J. Lewis and D. Zagier, “Period functions for Maass wave forms. 1,”

Annals of Mathematics, vol. 153, no. 1, pp. 191—258, 2001.

[16] T. Miihlenbruch, Systems of automorphic forms and period functions. PhD

thesis, 2003.

[17] K. Bringmann, K. Fricke, and Z. Kent, “Special L-values and periods
of weakly holomorphic modular forms,” Proceedings of the American

Mathematical Society, vol. 142, no. 10, pp. 3425-3439, 2014.

[18] P. Guerzhoy, “Hecke operators for weakly holomorphic modular forms
and supersingular congruences,” Proceedings of the American Mathemat-

ical Society, vol. 136, pp. 3051—3059, 2008.

[19] K. Bringmann and B. Kane, “Regularized inner products and weakly
holomorphic Hecke eigenforms,” Journal of Physics A: Mathematical and

Theoretical, vol. 51, no. 4, 2017.

120



Bibliography

[20] G. Bol, “Invarianten linearer Differentialgleichungen,” Abhandlungen

aus dem Mathematischen Seminar der Universitit Hamburg, vol. 16, pp. 1—

28, 1949.

[21] N. Diamantis and C. O’Sullivan, “Kernels of L-functions of cusp

forms,” Mathematische Annalen, vol. 346, no. 4, pp. 897-929, 2010.

[22] H. Cohen and F. Stromberg, Modular Forms: A classical approach, vol. 179.

American Mathematical Society, 2017.

[23] E Brown, “Multiple modular values and the relative completion of the

fundamental group of M .” arXiv:1407.5167.

[24] N. Diamantis and L. Rolen, “Eichler cohomology and zeros of polyno-

mials associated to derivatives of L-functions.” arXiv:1704.02667.

[25] K. Bringmann, N. Diamantis, and S. Ehlen, “Regularized inner prod-
ucts and errors of modularity,” International Mathematics Research No-

tices, vol. 2017, no. 24, pp. 7420-7458, 2016.

[26] J. H. Bruinier and J. Funke, “On two geometric theta lifts,” Duke Math-

ematical Journal, vol. 125, no. 1, pp. 45-90, 2004.

[27] T. Apostol, Modular Functions and Dirichlet Series in Number Theory. New
York: Springer-Verlag, 1990.

[28] F. Brown and R. Hain, “Algebraic de Rham theory for weakly holomor-

phic modular forms of level one,” Algebra Number Theory, vol. 12, no. 3,

pp- 723-750, 2018.

[29] K. Bringmann, P. Guerzhoy, Z. Kent, and K. Ono, “Eichler-Shimura
theory for mock modular forms,” Mathematische Annalen, vol. 355,

pp- 1085-1121, 2013.

[30] A. A.Popa and D. Zagier, “An elementary proof of the Eichler-Selberg
trace formula,” Journal fiir die reine und angewandte Mathematik, vol. 2020,

no. 762, pp. 105-122, 2020.

121



Bibliography

[31] D. Zagier, “Periods of modular forms, traces of Hecke operators,

and multiple zeta values,” Research in Mathematical Sciences Kokyuroku,

vol. 843, pp. 162-170, 1993.

[32] A. A. Popa, “On the trace formula for Hecke operators on congruence

subgroups,” Proceedings of the American Mathematical Society, vol. 146,

PP- 2749—2764, 2018.

[33] E. D’'Hoker, M. B. Green, and P. Vanhove, “Proof of a modular relation
between 1-, 2- and 3-loop Feynman diagrams on a torus,” Journal of

Number Theory, vol. 196, pp. 381-419, 2019.

[34] E. D’'Hoker, M. B. Green, and P. Vanhove, “On the modular structure
of the genus-one type II superstring low energy expansion,” Journal of

High Energy Physics, vol. 2015, no. 41, 2015.

[35] E. D’'Hoker and M. B. Green, “Identities between modular graph
forms,” Journal of Number Theory, vol. 189, pp. 25-80, 2018.

[36] E. D’'Hoker and J. Kaidi, “Hierarchy of modular graph identities,” Jour-
nal of High Energy Physics, vol. 2016, no. 51, 2016.

[37] J. E. Gerken and J. Kaidi, “Holomorphic subgraph reduction of higher-
point modular graph forms,” Journal of High Energy Physics, vol. 2019,

no. 131, 2019.

[38] J. E. Gerken, A. Kleinschmidt, C. R. Mafra, O. Schlotterer, and B. Ver-
beek, “Towards closed strings as single-valued open strings at genus

one,” Journal of Physics A: Mathematical and Theoretical, 2021.

[39] J. E. Gerken, A. Kleinschmidt, and O. Schlotterer, “Generating series of
all modular graph forms from iterated Eisenstein integrals,” Journal of

High Energy Physics, vol. 2020, no. 190, 2020.

[40] J. Gerken, A. Kleinschmidt, and O. Schlotterer, “All-order differen-
tial equations for one-loop closed-string integrals and modular graph

forms,” Journal of High Energy Physics, vol. 2020, no. 64, 2020.

122



Bibliography

[41] J. Broedel, O. Schlotterer, and F. Zerbini, “From elliptic multiple zeta
values to modular graph functions: open and closed strings at one

loop,” Journal of High Energy Physics, vol. 2019, no. 155, 2019.

[42] J. Gerken, A. Kleinschmidt, and O. Schlotterer, “Heterotic-string ampli-
tudes at one loop: modular graph forms and relations to open strings,”

Journal of High Energy Physics, vol. 2019, no. 52, 2019.

[43] E. D’'Hoker, M. B. Green, O. Gurdogan, and P. Vanhove, “Modular

graph functions.” arXiv:1512.06779.

[44] M. B. Green, J. G. Russo, and P. Vanhove, “Low energy expansion of
the four-particle genus-one amplitude in type II superstring theory,”

Journal of High Energy Physics, 2008.

[45] F. Zerbini, “Single-valued multiple zeta values in genus 1 superstring

amplitudes,” Communications in Number Theory and Physics, vol. 10,

no. 4, pp. 703—737, 2016.

[46] M. Green and P. Vanhove, “Low-energy expansion of the one-loop type-

I superstring amplitude,” Physical Review D, vol. 61, no. 10, 2000.

123






	Introduction
	The Classical Theory of Modular Forms
	Defining a Modular Form
	Examples
	Hecke Operators
	L-Functions
	Period Polynomials
	Period Functions associated to Maass Wave Cusp Forms
	Weakly Holomorphic Modular Forms

	L-functions and Period Functions Associated to Real Analytic Modular Forms
	An Introduction to Real Analytic Modular Forms
	Eigenforms for the Laplacian
	The Real Analytic Eisenstein Series
	Modular Iterated Integrals of Length One
	L-Functions associated to Real Analytic Modular Forms
	L-Functions in HM(lambda) and in MI.
	L-Functions in Mrs.

	Period Functions associated to Real Analytic Modular Forms
	Maass-Selberg Forms associated to Length One Modular Iterated Integrals
	Cocycles associated to Modular Iterated Integrals of Length One.
	An Application to Algebraicity


	The Action of Hecke Operators on Eichler Integrals of Real Analytic Forms
	Hecke Operators acting on Eichler Integrals of Modular Forms
	An Analogous Result for Length One Modular Iterated Integrals
	Real Analytic Cusp Forms
	Hecke Operators acting on Eichler Integrals of Modular Iterated Integrals


	Laplace-eigenvalue equations for modular iterated integrals
	The Space of Modular Iterated Integrals revisited
	Laplace Equations for Length Two Iterated Integrals
	Double Eisenstein Integrals
	Equivariant Versions of Double Eisenstein Integrals
	Example

	Modular Graph Functions
	Laplace Equations for Length Three Iterated Integrals
	Equivariant Versions of Triple Integrals
	Examples



