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Abstract

This thesis is a summary of work conducted in the course of investigation of su-
peroscillating acoustic aperture arrays. In it we show that superoscillating acoustic
apertures arrays are possible, give conditions and new design techniques for the im-
plementation of such aperture arrays; show that in isotropic conditions diffraction
gratings can superoscillate, and show by counter-example that not all diffraction
gratings superoscillate. Consecutively we demonstrate previous detection methods
for superoscillations and where some of the issues with them arise, before proposing
a new detection method for superoscillations based on work performed by Aharonov.
This work shows the efficacy of the new method, retrieving a result that Aharonov
superoscillations occur in roughly 0.3% of 50,000 random fields and show the prob-
lem with windowing with Berry’s method. In the conclusion we discuss possible
uses for these new techniques of design and detection, as well as future work that
could be performed, such as expanding the aperture geometry basis sets and opti-
mising detection methods so that they can be more easily implemented in real world

scenarios.
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Chapter 1

Introduction

Vibrations. A phenomena which exists in all matter, irrespective of size, temper-
ature, location or state. In one way or another, all matter vibrates. Within this
intricate interplay of oscillations, forces and damping, patterns emerge the longer
we gaze at this mesmerising mess. Eventually we start to notice patterns about the
patterns, how they interact, when they occur and what causes them. We categorise,
order, sort, sift and condense these rules, refining more and more over time until we
can start to produce these patterns ourselves, and use them to our benefit. From
these 6 chapters we hope that the study of some new physics can be digressed, dis-
cussed and dissected. It is our sincerest hope that these ideas are communicated in

a clear, concise manner and that they can be evaluated without tedium.

This introductory chapter introduces the main thrust of this thesis, designing su-
peroscillatory acoustic aperture arrays, and discusses some of the background of the

two main topics that this area intersects: acoustics and superoscillations.



1.1. THESIS OVERVIEW

1.1 Thesis Overview

In this thesis we will be trying to answer several questions: Are superoscillating
acoustic apertures possible? Can we detect the superoscillations they produce? Can
we create a framework to design them? Can we manufacture the designs? Do the
designs produce what we expect them to? What are the difficulties involved in this
process? What are the limitations of these processes? In the course of this thesis
we will try to answer all of these questions, and have them addressed by the end of
the thesis, or if not fully answered, at least have laid the groundwork for the answer

to be pursued further.

The thesis is structured into 6 chapters and in such a way that all chapters should
flow naturally into one another. Arguments and information in one chapter might
rely on information presented in previous chapters, and where appropriate this will
be referenced or restated. A brief synopsis of this thesis may be seen given as: intro-
ductory sections explaining the basics of acoustics (section 1.2) and superoscillations
(section 1.3), why they are interesting, applicable and worth researching. Followed
by a chapter on foundational theory (chapter 2) of both acoustics (section 2.2) and
superoscillations (sections 2.3, 2.4), where foundational theory will be built up to
support the proceeding chapters. This is then followed by the major theory chap-
ter of the thesis chapter 3: Apertures. This chapter goes into detail about design
processes and theory behind the designs of the acoustic apertures that are being
presented in this thesis. It also presents some interesting results that were found as
a part of the design process. Following the designs of chapter 3, they are put to the
test in both simulation and experiment in chapter 4: Results. This chapter presents
the results from the simulation of the designs and discusses the experiment that the
simulations were based on. Brief discussion is given to each design within the context
of the results, but holistic analysis is given in later chapters. The results chapter is

then precedent to the Detection chapter, chapter 5. This chapter is primarily con-



1.2. ACOUSTICS

cerned with the detection algorithms used for determining whether a superoscillation
is present within a random field and is concerned with discussions of previous meth-
ods, their flaws and benefits (section 5.1), reproduction of results (section 5.2), and
improving detection algorithms through novel approaches(section 5.3). This leads
nicely into the final chapter, Chapter 6: Conclusions. In this chapter we bring all
the other chapters together, showing how the questions set forth at the start of this
section have been answered throughout, as well as showing where the deficits are.
This chapter starts with further discussion on the intersection of the theoretical and
simulated results in chapter 4, highlighting where they have agreed well, where they
have not and possible reasons why. These deficiencies in theory lead nicely into a
section on future work in the field of superoscillations and superoscillating acoustics,
section 6.2. Finally, everything is wrapped up in the final section of the conclusion,
section 6.3, discussing whether the questions were answered, whether they can be
answered by future work in the area, or if they completely evaded scrutiny. Af-
ter the conclusion, there are only appendices and bibliographies to examine. The
appendices are referenced throughout the text of the thesis, but were considered
tangential enough work to be included in an appendix rather than in the main body

of the thesis.

1.2 Acoustics

Acoustics is the study of sound, its properties and how it travels through different
mediums. It encompasses the largest and smallest phenomena involving sound,
including the study of geological phenomena such as seismic waves [2]; architectural
acoustic design as in the Sydney Opera House [3]; down to quantum effects such as
bandgaps in semiconductors [4] and beyond. With this broad range of topics covered
by the study of acoustics, it has found continued use in many modern technological

and academic fields.
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The study of acoustics is a subset of the study of vibration, and thus has application
and implication just about everywhere that something vibrates. Sound at it’s most
basic is a mechanical wave, one where the wave is propagated by forces between ob-
jects at any scale, rather than a perturbation in a fundamental force. In a medium,
this mechanical wave leads to compressions and rarefactions of a material, which
transmit the wave as it propagates outwards through the medium. The inherent
need for a medium is another property of sound. Sound is an emergent behaviour
of deformations in a material, it acts as the phenomena that transmits, but not the
cause of the deformation. Imagine a stone being dropped into a very still pond.
The ripples that form may displace or disrupt the surface of the pond, but they
did not cause the original displacement, it was the stone. This analogy essentially
communicates what sound is, it is ripples of displacement within a medium. These
longitudinal waves communicated through the continuous deformation of particle
positions that causes compressions and rarefaction, changes in pressure that corre-

spond to the force or impulse that was imparted on the media.

As such sound can be found in all states of matter, in fact the only place that sound
is not found is within complete vacuum. This broad application of the phenomena
means that its study and mastery is vastly useful to our modern lives, and has indeed
yielded many technological leaps. From the very basics of communication through
language, or noise, to the quantum applications of phonons in band gap structure,
decoherence phenomena and momentum transfer, there is no scale of matter at which

sound is not an important and relevant field.

In this thesis we are primarily concerned with sound propagating through solid me-
dia, specifically those of isotropic, or near isotropic crystals. These crystals allow
for simplification of much of the theory surrounding wave propagation in media, as
highly anisotropic crystals give rise to their own fascinating phenomena. It is unfor-

tunate then, that we wish to avoid these phenomena, as they have been exploited
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in may ways, such as the phenomena of phonon caustics and within non-destructive
testing to great effect. However, the behaviours of these phenomena are complex

and thus beyond the scope of this thesis.

In simplifying to isotropic or near isotropy we eliminate the complicated behaviour
of waves and phonons transmitted through complicated geometric and topological
structures within the crystals, such as those explored in [5] Yamamoto et al. and
consider instead, the most basic case. This basic case can be likened to that of the
pond analogy, where waves transmit evenly within a calm liquid, whereas anisotropy
could be considered trying to wrap your head around the mechanics and dynamics
of sound propagating through flood waters filled with raging vortices, detritus and
other confounding influences. Thus let us stick to our pond and delve into what it

can teach us about isotropic acoustic materials.

It is pertinent, when discussing a topic, to divulge the language of the topic. There-
fore as a part of this introduction, we will define some commonly used terms and
phrases. Those mathematical definitions which need to be covered will be given
later in the basic theory chapter (Chapter 2) in the acoustics section. For now a

qualitative description will suffice for most things.

To start: phonons. Phonons are a quantisation of lattice vibrations within a solid
medium. This is to say that they are pseudo-particles of sound that can be used and
treated like quantum objects to explain some of the phenomena we see within crys-
tals and other solids. Phonons exist as harmonic modes of the crystal lattice, and
have an energy-frequency relationship much like their optical counterparts photons.
However, as they are a function of their crystal lattice environment, they cannot
be separated from it, and are in fact a tool used to describe certain phenomena,
rather than a phenomena themselves. Much like how standing waves on the surface
of this fictitious pond may seem to move without disturbing the surrounding wa-

ter, it is an illusion, as there is constant jostling, collision, shear and stress within
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that serene pond that lies just beneath the surface. However, in almost all facets
that count, those standing waves, or even free propagating waves can be consid-
ered a phenomena unto themselves, and it is indeed with these phenomena that
this research concerns itself, the control and super-focusing, methods where sources
are concentrated beyond the Rayleigh criterion, of ultrasonic vibrations through a

lattice.

To truly understand phonons and vibrations within crystals we must turn to solid
state physics, and comprehend what is meant by a crystal lattice and how it vi-
brates. Within perfect crystals, i.e. those without defects or impurities, the crystal
lattice can be described entirely by the relationship of the elements that constitute
the material and how it was formed [6]. Plastics, for example, tend to be very messy
in their crystal structure, due to the long chains of hydrocarbons and complicated
interactions between individual polymer strands and other polymer strands. Crys-
talline metals on the other hand form extremely ordered crystal structures on the
small scale, where individual domains or grains may all align in their structure, but
it is very difficult to actually achieve a large piece of crystalline metal with all the
same grain, or without domain boundaries [6]. The reason these things matter is
that these domains and grains cause internal stress within the metal when external
stress is applied, thus any weaknesses within a metal tend to lie along these grain
boundaries or domain boundaries. These defects are as integral to the study of solids
and their phenomena as the crystal structure and elements that constitute them.
If we turn to extremely ordered large crystals such as those formed by crystalline
ionic compounds such as table salt or calcium carbonate; or crystalline covalent
compounds such as diamond, quartz or pure silicon; we can observe similar, yet dis-
tinct phenomena to those provided by pure elemental metals or alloys. A crystalline
lattice describes how atoms or nodes of a crystal arrange themselves in repeating
units to form the greater crystal. The shape of the crystalline lattice is determined

by the chemical properties of the elements that constitute the crystal, as well as
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the conditions under which the crystal was made. These also determine other bulk
properties of the solid, such as electrical, thermal, and magnetic properties. This
basic unit of a crystal has some interesting properties, as these form the building
blocks of understanding how sound and phonons are transmitted throughout the

bulk media.

The details of crystal structure lead directly to properties of the bulk media, such as
Young’s modulus, thermal conductivity and heat capacity, electrical conductivity,
resistance etc, and are the foundations for much of material science. The way that
these individual crystal units interact, form crystal grains, boundaries and behave
in bulk, are beyond the scope of this thesis, and although we will be tangling with
some of the ramifications of these structures, we do not need to analyse them directly.
The biggest way that we interact with the crystalline mechanics and dynamics is
when considering the GaAs/AlAs superlattices that are used to generate the coherent
phonons necessary for the experiment. GaAs is a semiconductor that supports many
modes of phonons, however, one of the key reasons that it is used is that it is near-
isotropic. This means that the mathematics for dealing with the phonon transport

across the crystal can be significantly simplified, as we assume that it is isotropic.

The superlattices of GaAs/AlAs are what is is known as mirror plane superlattice
(MPSL)s and are used as a way to generate coherent phonons. Controlling precisely
the thickness of the mirror planes interacts strongly with the phonon wave, and
allows for standing waves of phonons to occur within the structure [7]. This phase
control can be used to cause coherence in the optically generated phonons within the
superlattice, as this system can be approximated to an open ended cylinder with the
phonons travelling into the GaAs bulk media. Spatially modulating the generation
zones of these phonons allows for specific diffraction patterns to be designed, hence

the shadow masks that are created later in this thesis.
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Figure 1.1: Superposition of two waves to create a superoscillatory wave. It is shown

that a part of the combined wave has a smaller wavelength than that of the smallest
wavelength that constitutes it.

1.3 Swuperoscillations

Superoscillations are a particular form of destructive interference [8] that have the
intriguing property of having a local region of a wave that can oscillate faster than
the fastest Fourier component of said wave. This effect can be seen in figure 1.1,
where two waves superpose to create a third wave with a local region of higher os-
cillation frequency, and thus lower wavelength, than the waves that constitute it.
Superoscillations were likely first noted as a phenomenon in World War 2 radar sys-
tems, where it was found that carefully balancing power to arrays of radar antennas
could cause an arbitrarily tight radar beam [9]. However, it wasn’t until the 1990’s
with work between Aharonov, Berry, and others that superoscillations were first
studied as their own phenomena [9]. Since the advent of the field of superoscillatory
study there have been many revelations. From its original use in Aharonov’s work
on weak quantum measurements [10]; to theoretical results in Berry’s work predict-
ing superoscillations in random fields [11]; to more recent experimentally verified
results such as superspectroscopy, where chemicals of near identical spectra can be
delineated using superoscillatory excitation [8], the study of superoscillations has

yielded useful results throughout its course.

To give a qualitative description of superoscillations, they are a phenomena whereby
a local region of an oscillatory function oscillates arbitrarily faster than its fastest

Fourier component. This arbitrarily faster oscillation gives rise to some interesting
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possibilities. As the superoscillations can be arbitrarily fast, it means that a par-
ticular part of the function or wave can be used to interact with or image things
far smaller than should be possible [9, 12], or stimulate classically forbidden states
in quantum systems [13] and indeed solve wave equations such as the Klein-Gordon
equations [14] which gives rise to the exciting possibility of superoscillatory quantum

states.

Optical superresolution, and indeed superoscillations are a much sought after phe-
nomena as they provide a possible improvement beyond current imaging systems
and techniques, but not without trade-offs. According to Chen et al.’s review [12]
and expanded upon in the original by Huang et al in [15] Fresnel lens spot size
can be considered to contain 3 different regimes, subresolution, superresolution, and
superoscillation. According to [12] and [15] the spot size of a subresolving Fresnel
lens, is bounded to a lower spot size limit of dg,,; > 0.61A/N A, where NA is the nu-
merical aperture of the Fresnel lens and ds,; is the spot size and A is the wavelength
of the light illuminating the Fresnel lens, whereas a superresolving Fresnel Lens is
one bounded between 0.38\/NA < dgpr < 0.61A\/NA, and thus a superoscillating
Fresnel lens is such that dgpr < 0.38\/NA. A natural question is to ask about the
distinction between the 3 regimes, as why do we need to distinguish superresolv-
ing, and superoscillating” The answer lies in the fact that superresolving spots do
not necessarily have to beat the spot size of the highest spatial Fourier frequency
involved in the function, whereas a superoscillation does. Huang et al [15] assert
that this imposes a superoscillatory criterion of dgp < 0.38A\/N A, and come to this
conclusion by approximating the maximum single spatial frequency spot focussed

through a lens of numerical aperture N A to a zero order Bessel function of:

Jo(2nrrNA/N) (1.1)

and finding the first zero location, which lies at rs = 0.38\/NA. Thus there is
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a superresolution region, between the Rayleigh criterion r. = 0.61A\/NA and the
superoscillation region, r, where the trappings of superoscillations, specifically the
high side lobes of the superoscillatory region can be avoided. The superoscillation
criterion is used as a limit by Huang et al to design superresolving Fresnel zone
plates and binary phase masks whilst maximizing the distance between the central

superresolving region and any unwanted high amplitude side lobes.

This analysis of Huang et al.’s gives a good way to discuss Rogers et al.’s results
in [16], in which a Superoscillatory Lens (SOL) is designed by a particle swarm
optimization algorithm and then used it to resolve a variety of different objects.
The SOL gives a local "hotspot” as they term it of 185nm, which, given that it is
illuminated by 640nm light and has a numerical aperture of NA ~ 1.9, is below the
Rayleigh criterion r. = 0.61\/N A = 205nm but not below Huang et al.’s superoscil-
latory criterion of r; = 0.38A\/NA = 127nm. Being located within Huang et al.’s
sueprresolving region is likely why Rogers et al.’s central spot is such a "hotspot”
because it has not yet reached the superoscillatory criterion which would mean that
the central spot intensity would decrease faster than the central spot size would
decrease. Rogers et al. use this SOL to image slit and circular apertures and are
able to resolve them far better than they would otherwise be able to be resolved.
They show this by comparing to a normal microscope lens image of these objects,

where distinctions between the objects are unable to be resolved.

It is interesting to note that in the majority of applications, either monochromatic
spatial superresolution is trying to be achieved [1, 9, 11, 12, 16] but in Li et al.’s paper
they attempt to produce an achromatic superresolving image using white light from
a Xenon lamp [17]. Their use of a metasurface filter to generate the superoscillating
wave packet, which then illuminates a 20um hole shows significant improvements
over the standard white light imaging, although once again reinforces one of the

features of superoscillations, the high intensity side lobes. This feature is present

10
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in most every optical system using superoscillations for superresolution, as shown
also in Rogers et al.’s paper [16]. The signature spot within a circle is a hallmark of
most annular superoscillating optical imaging systems due to these side lobes, but
as Huang et al showed [15], these are not necessarily a feature of all superresolving
systems. As long as a superresolving system stays below the critical superoscillating
criterion, r., then the side lobes of the optical system are not necessarily more intense

than the central spot.

In Wong and Eleftheriades [18] they show evidence of their Optical Super-Microscope
(OSM) system which exploits a Spatial Light Modulator (SLM) to generate a su-
peroscillatory point spread function rather than using a shadow mask or spatially
modulating the light that illuminates the object. As is shown in their paper, Wong
and Eleftheriades manage to achieve superresolution with this method and validate
this with the comparison of the spot size of their system without the superoscillatory
SLM design. They also compare the resolution of two spots between the OSM and
normal microscopy, finding that superresolution between two objects is achieved.
Wong and Eleftheriades report a reduction in spot size of 72% and an improvement
of resolution between two spots of 75%, and also have video evidence of a real time
imaging system resolving the two spots in their supplementary information. Real
time imaging of moving objects using OSM is a fascinating look into how robust
Wong and Eleftheriades approach is and how useful it could be for other systems. It
is interesting to note however that they claim to have achieved an improvement of
spot size and resolution down 72 — 75% of the Rayleigh criterion, r., however, this,
at the lower end, corresponds to a spot size of approximately 0.44\/N A, putting it
above the superoscillating criterion, r,, and within Huang et al.’s superresolving, but
not superoscillating region. This distinction is not a criticism, Huang et al. state
that this superresolving region is likely the most practical region for investigation
of superresolution as true superoscillation leads to larger side lobes and thus lower

efficiency when it comes to imaging [15]. Wong and Eleftheriades also talk about

11



1.3. SUPEROSCILLATIONS

the efficacy and practicality, discussing the necessity for a larger "region of silence”

between the central spot and high intensity side lobes.

The concept of real time imaging in [18] of brings the consideration of time into the
discussed systems, and due to the nature of superoscillations, it is possible to create
both spatial or temporal superoscillations. Temporal superoscillations are exploited
in McCaul et al.’s paper [8] to achieve superspectroscopy by introducing waves of
specific amplitude and phase together in order to excite a superoscillation at a chosen
superoscillatory frequency absorbed more readily than the fundamental frequencies
that constitute that waveform. Spatial superoscillations are exploited in Rogers et
al.’s paper [16] to cause a superresolving spot, as well as the superdirective radar
beam reported in [9]. Although spatial superoscillations have been demonstrated, it
has been shown that they have a bias towards superoscillating in a single direction
[19]. Whilst this does not mean that superoscillations in more than 1-D cannot occur,
it does mean that the trade-offs in amplitude and indeed focus spot eccentricity are
required. That is to say that superoscillating in a single dimension will give the
most freedom when it comes to optimising for other things like detectability, energy

efficiency and other important physical considerations and constraints.

Early work in the field besides the superdirective radar beams, was conducted by
Toraldo di Francia, whereby he attempted to make annular arrays of lenses super-
oscillate [1]. This work was more based on Fresnel lens concepts, in which each
annular region was of a different transmissibility, and thus with careful tuning of the
thickness of each Fresnel lens annulus, it was possible to cause superresolution. This
phenomena, whilst not called superoscillation at the time, was clearly of interest,
even as far back as the 1950’s. It wouldn’t be until the 1990’s that superoscilla-
tions would come to have their name in a paper by Aharonov [10]. In this paper he
proposed that infrared photons trapped within a perfectly reflecting box with only

the smallest gap from which to escape, will eventually be detected outside of said
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box. Contemporary understanding of quantum mechanics did not allow for this, as
the box was modelled as an infinite potential well. Instead the interference of the
photons with each other would eventually lead to superoscillatory components and
those components can leak out of the photonic prison. This publication of this paper

became the instigating event for the field of superoscillatory research.

Since this early work in superoscillations has been conducted, there have been many
advances in the field, including in recent years. Some of the most recent papers that
have produced results in the field have shown both practical effects, such as McCaul
et al.’s work in superspectroscopy [8], and driven theoretical interest in some of the
most fundamental areas of physics, like Addazi et al.’s work into superoscillatory
quantum and cosmological fields [14]. Aharonov, one of the progenators of the field,
has himself recently published a paper on a new method for generating superoscilla-
tions, which gives a generating function to a large class of superoscillatory functions

[20].

This decades long interest in the field has been driven by the potential promise it
holds in stretching the limits of classical, and even quantum, systems. The ability
of superoscillations to oscillate arbitrarily fast [9] leads to many exciting potential
applications. Almost any system that has a wave form or solution as a part of it
could potentially benefit from superoscillations. From modern technological pursuits
such as communications, medical devices, imaging, and lithography; to probing the
frontiers of physics in quantum physics, cosmology, material sciences and high energy
physics; even to other academic fields such as cryptography, architecture, geology

and mathematics, superoscillations have wide application and appeal.

For this thesis we will be concentrating on spatial superoscillations generated by
spatially modulating light through aperture arrays. This spatial light modulations
allows for the generation of coherent phonons within a superlattice that then propa-

gate through a given substrate and are measured on the reverse side of the substrate
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medium. This experimental set up is shown in figure 2.1 and discussed further in

the associated Chapters 2 and 4
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Chapter 2

Foundational Theory

This chapter describes the foundational theory used throughout this thesis. It covers
the two major parts of the main body of the work: acoustics and superoscillations.
Each of these topics have books and reams of research dedicated to them, as such
we will be extracting just the relevant parts of these topics to this thesis. We will
start with a discussion of the experimental setup which will lead nicely into the
theory surrounding the experiment, particularly acoustics, and then followed by an
initial treatment of superoscillations. Before starting we feel it is important to point
readers to some of the notation that will be used in the following chapters. This can

be seen in Appendix 6.3

2.1 Experimental Set up

The experiments conducted by Khouloud Sellami and Tony Kent , had produced
some results that were promising, however due to unforeseen circumstances these
have been lost. This loss of experimental data is a blow, however, does not invalidate
the theoretical work that was done to support these endeavours. The experimental

setup can be seen in 2.1. The designs were originally made by optical lithography,
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2.1. EXPERIMENTAL SET UP

optoacoustic transducer

pu

o

aperture

Figure 2.1: A graphic showing the experiment that is being considered in the the-
ory for this thesis. It shows a incoming laser beam being spatially modulated by a
gold shadow mask in the form of an annular design. The spatially modulated light
then illuminates an opto-acoustic transducer, a GaAs/GaAsAl superlattice approxi-
mately 10um thick, that generates coherent phonons of wavelength A\, = 1um that
then propagate through a medium of GaAs 450um thick. These phonons are then
measured as a diffraction pattern by a rasterising probe beam that takes advantage
of interferometry to measure the deformities in a 100nm polystyrene detector that
was deposited on the reverse of the GaAs substrate using spin-coating technique

depositing a gold shadowmask aperture array directly on a GaAs/AlAs superlattice
of &~ 10um which was grown on a bulk medium of GaAs of approximately 450um
thickness. The superlattice was used to generate coherent phonons that could prop-
agate through the GaAs substrate and be detected the other side. Whilst initially
the optical lithography method for generating spatially modulated light was the only
option, the superlattice is now illuminated using a Deformable Mirror Device (DMD)
to spatially modulate the light rather than having to have deposit a shadowmask
via optical lithography on a separate sample for each design. This has multiple im-
provements over the old lithography methodology as it means that multiple different
designs can be tried on the same bulk medium without having to worry about defects
in each of the media, designs, or the deposition of the thin-film polystyrene inter-

ferometer. The thin film polystyrene interferometer is deposited directly onto the
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Figure 2.2: (a.)lllustrates the gold shadowmask created by Khouloud Sellami by
optical lithography for a design based off Toraldo di Francia’s designs [1] (b.) the
measured strain field at the other side of the substrate. Here can be clearly seen
a spot of FWHM =~ 10pum. This design is detailed in table 6.3 as EDD1. This
figure was a part of a private communication from Kholoud Sellami and Tony Kent
providing experimental feedback for the designs.

material and is imaged using a rasterised probe path. This method allows for a full
2D scan of the substrate area and thus allows for a better realisation of the diffrac-
tion pattern. Whilst this isn’t necessarily important for aperture designs based off
the slit aperture designs, it is very important for other diffraction apertures. It also
allows the resolution of any anisotropic or non-linear effects to be realised by com-
paring the detected diffraction pattern to the simulated and calculated ones. The
thickness of the bulk substrate guarantees that we are in the Fraunhoffer regime,
L >> A\,u, and so the use of Fourier optics to approximate this system is valid.
Figure 2.2 depicts some early work using the optical lithography method to deposit
the gold shadowmask directly onto the bulk medium, as discussed above. The figure
demonstrating the measured spot size of the annular design was measured but the
supporting data has since been destroyed or lost. The details for the design can be

found in table 6.3 as EDDI.
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2.2 Acoustics

Acoustic theory lies generally within one of two camps, fluid media and solid media.
Fluid media, such as air, water and other liquids and gases pose a fundamentally
different type of challenge to that of solid media. Fluid media has the dynamics of the
fluid to consider, where in the ”static” approximation, an unperturbed system may
conduct sound much as we might expect an isotropic solid. That is to say that there
are no other external factors or forces to consider when considering the propagation
of sound in the media. Whereas the solid media poses a different challenge, as most
solid media does not have much in the way of external dynamics to consider, instead

there is the challenge of anisotropy to contend with.

Both of these challenges can be overcome, but do pose difficulties in the way of
determining sound propagation through mediums. However, it is best to consider
the framework that is most appropriate for the system under investigation. As dis-
cussed in the Introduction, chapter 1, the system we are looking at is that of a solid
having acoustic energy injected by means of an optoacoustic transducer illuminated
by a laser. The experiment is being conducted at room temperature with a GaAs
substrate to act as a propagation medium and a GaAs/AlAs superlattice to act as
an optoacoustic transducer to produce coherent phonons of a specific wavelength.
Since the system is at room temperature, according to Wolfe in [21] ”phonon-phonon
scattering is so strong at room temperature that the thermal propagation is diffusive
over all measurable distances.” This thankfully simplifies the task of phonon prop-
agation, as instead of having to tangle with the Christoffel tensor equation [21] and
quantum effects, we can consider the acoustic energy as travelling in classical waves
within an isotropic medium. Due to this, instead of coherent phonon generation
regions, we consider the optoacoustic transducer as a pattern source of waves, given

by some arbitrary distribution determined by each specific shadow mask design.

To describe this system, we consider some classical wave equations. The fact we

18



2.2. ACOUSTICS

have a source of waves leads us to consider the inhomogenous Helmholtz equation

to describe the propagation of the acoustic waves through the medium:

(V2 + E*)u(x) = q(x) (2.1)

where V? is the Laplacian operator, k is the wavenumber, u(x) is the acoustic wave
field, and ¢(x) is the source distribution. This can be solved via a Green’s functions

approach, where the Green’s function for the 3D Helmholtz equation is [22]:

C ) iklx—x'| -
(x,x) = I —x| (2.2)
and thus the solution becomes:
9= 5 § ) RN, (23)
u(x) = — xX)——dx’ . )
P Y e

However, given the system we are considering, we can assume that z is large and
fixed and that the source function ¢(x) is locate at z = 0, and so we use the parallel

rays approximation to simplify things to:

ezk\r|

o) = gy | ale)e 2.4

=

where 1’ is the position vector for the heat source, given by r' = 2’ X+¢' y and £ =

[l

is the unit vector parallel to the r vector denoting the position under consideration
at some plane at z = zy and given by r = 2 X +y ¥ + 2Z. In most, if not all
calculations going forward we will be considering Fraunhoffer diffraction, and thus

2o >> x,y and so |r| & zp, which simplifies everything to the following:

etz 1 ,—ik[r'-E] 7./
u(x) q(r')e gy (2.5)

- 8122,
This is simply the spatial Fourier transform of the acoustic energy source distri-
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bution, and this fact will be used throughout this thesis to compute the acoustic

diffraction patterns.

Now that we have discussed how to solve the toy system, how do we now bring it
into the physical system that we are considering? We rely on an old optics trick in
the Fourier transform in order to relate this analysis to the physical system. We

perform this by setting:
27X

k= —=
ZQ)\

(2.6)

where 27 is a phase factor, 2z is the distance to the measurement plane (later we
use L) and A is the wavelength of the oscillation in the material, which encodes the
speed of sound in the material. This is where we retrieve our working definition of

the Fourier optics equation for our system:

Z-271'5
(&

A N~ TE R
u(x) = q(x')e =" Tdr’ =

o 2
812z

27X

¢ NI ZE 1] gy
87T2L/q<£>e wE

Given we are working in the Fourier optics approximation it is valid to consider an
isotropic view of the speed of sound in the material as holding to the relationship
c = fA. The rearrangement of this relationship is how we encode the speed of sound
into the system. In the experiment described previously, the optoacoustic transducer
produces coherent waves of approximately A ~ 1um, and GaAs has a longitudinal
speed of sound of 4730ms~! [23] and so these are the values used throughout this

thesis.

2.3 Superoscillations

Superoscillations have the useful property of being able to oscillate faster than their

fastest Fourier component. Although this qualitative description is useful, it is per-
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tinent that we are able to describe and generate superoscillations mathematically.
According to McCaul et al in [8], superoscillations can be described as a particular
kind of destructive interference. To give a more formal definition of a superoscilla-
tion, we consider the qualitative description, and ask how do we know that something
oscillates? Normally to answer this, we would consider the Fourier transform of a
particular function; however, superoscillations are ”faster than Fourier” and practi-
cally what this means is that they do not turn up in Fourier transforms. As such
we can use Fourier transforms to tell us whether something oscillates normally, and
it will be a useful metric to compare to, but does not encompass enough to be able
to deal with superoscillations. Then to define an oscillation, we have to be very
broad. We consider the turning points of a function, and find the difference between
turning points of the same kind. We sort these turning points as maxima, minima
and inflection points, and find the difference between different instances of each. As
a maxima cannot follow a maxima without either an inflection or minima between
the two maxima we term the section of the function between these two maxima, a
local oscillation. The oscillation A will be a portion of the total function f(x) given

between two bounds:

Az) = f([a, b)) (2.8)

where [a,b] is a closed interval dictated by the bounds a,b given as two distinct
turning points of the same kind. This also gives a direct correspondence to the
local wavelength and local frequency, where the local wavelength is the length of
the interval: A = |a — b|; and the local spatial frequency is given by ki,. = 27/A,
where we use the convention of having 27 phase within a period of an oscillation.
We assume the natural units of the system, so the speed of sound in the system is
1. To convert back into the physical system units, we need to reintroduce the speed
of sound into the local frequency, so fi,. = 2mc/\ where ¢ is the speed of sound,

approximately ¢ = 4730ms~" [23].
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We know that we want the positions of all maxima and minima given by:

{x} =1{x| Vf(x) =0} . (2.9)

We then sort solutions into maxima, minima and constant by:

{x3} (maxima) = {x; | x; € x, and V*f(x;) <0}

{Xo} 4 {x0} (inflection), = {x; | x; € x, and V2f(x;) = 0} (2.10)

{xy } (minima), = {x; | x; € x, and V*f(x;) > 0}

Then for all maxima find:

where x,, € {x} and x,,, € {x{} \ {x,}.

Similarly for all minima find:
{Ax_}=x;—x, (2.12)

where x; € {x, } and x;, € {x7 } \ {x;}.

If there exists some:

Ae{d|de{Ax }U{Ax }}, (2.13)
such that:
A< 2T (2.14)
fmaz '
Where,
fmaz = sup (supp ( |Z[ f(z)]])) . (2.15)

where supp() is the support of the given function, then f(x) superoscillates. We

know that the supremum of the support exists, as the function is bandlimited, and
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therefore has, by definition, a compactly supported Fourier Transform.

It is reasonable to ask about inflection and saddle points, so those solutions in the
set {z0}. For inflection points x;, € {x]}, there are other points in the set {z}
which are in the neighbourhood of z;, and thus if we gave the same treatment as
above, there would always some A which diverges as we would be dividing by an
infinitesimal. As for saddle points, we also do not need to consider them, as they
are the maxima between local minima, and the minima between local maxima. This
means that they do not need to be considered, as the width of the oscillation between

maxima and minima will be given by the surrounding maxima or minima.

We can study the behaviour of a basic superoscillating function to get an idea of

what superoscillatory behaviour is like. Consider:

(@) = (cos(z) — s)? (2.16)

where s € [0, 1] is the variable that controls the superoscillation. In the limit that
s — 0, it is clear that fo(z) = cos?*(z) and thus does not superoscillate. In the limit
that that s — 1 fi(z) = & cos(2z) — 2cos(z) + 2 which has a less obvious behaviour.
This behaviour is explored in more detail in the following section, but to summarise,

the local wavelength of the function f;(z) in the superoscillatory region becomes 0,

corresponding to a local frequency that is undefined.

As we can see in Figure 2.3 there is a range of behaviour for the f;(x) functions with
intermediate values of s € [0, 1] leading to superoscillatory behaviour. We can thus
see from inspection where superoscillations occur in these functions, but we have yet
to show that these are indeed superoscillations. So let us take the Fourier transform

of these functions to find what we will be comparing to:

F(f(z)) = %5@ L) = 2s6(w—1) + (2 4+ %)5(@ (2.17)

23



2.3. SUPEROSCILLATIONS

3.0-25-20-15-10-05 0.0 05 10 15 20 25 3.0

(a)

touwo l
lll”llllllll
||||||||||||||||||

coom

IIIIIIIIIIIIIIII

—10 IIIIIII lIIIIIlllIIIIIlI

0.75[III|IIIIIlII|IIIllIIIIIIIIIIIIIIIIIII|IIIIIIII|IIII
0.25
=-0.25

_0.751IIIIIII|IIIIIIII|IIIIIIII|IIIIIIII|IIIIIIII|IIIII]II

L1111 144

(b)

IIIIIII T

Amplitude

2-5|||||III|IIIII|||||||I||||||||II|I||I|IIII||I||I|II|1||
2.0

1.5
1.0
0.5
0.0
-0.5
-1.0

(c)

Il]llllllllllllllllll IIII]II

|III|III|III|III|I]

L ! L ! L !
500 05 1.0 15 2.0 25

E'U_IIII|IIII|IIII|IIII|III IIII|III

w
oL
|
N
w
|
N —

0

Figure 2.3: (a) A graph of cos(z), (b) A graph of cos(2z) and (c) A graph of

(cos(z) — s)? with s = 0.5 illustrated to demonstrate superoscillatory behaviour.

The top two panels show the individual frequency components of the bottom panel.

The black vertical lines occur at the first spatial period of each graph and are to

aid in showing the superoscillatory region around 0. In (a) the smallest local spatial

period is 2, in (b) the smallest spatial period is 7 and in (c¢) the smallest spatial
2

period is 2arccos(s) = 7. It can therefore both be seen and demonstrated that

there is a superoscillatory region in panel (c)
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Where 6(w) is the delta function, which is defined as:

0, if ©=0
d(z) = : (2.18)

0, otherwise

As can be seen, there are 3 frequencies involved in fi(x), w = 0,1,2. These fre-
quencies have two involved in the oscillation, and the w = 0 uniquely identifies the
function we are looking at, as it corresponds to the offset from the axis. It can be
seen that s, our superoscillatory variable, has no bearing on the frequencies involved,

except to change their amplitude and therefore ratios.

Examining another means for getting the frequencies involved, the local wavevector
method, detailed in [9, 11, 24] etc. we can begin to compare the differences in Fourier

frequencies and effective frequencies.

As defined in [9, 11, 24], the local wavevector k.(x) is defined as :

ke(x) = —Im[V In(f(x))] (2.19)

which if we plug our function fs(x) into :

—2sin(z)
— 1 —s$))]=—-Im | ——~ )
ke(x) m[V In ((cos(z) — 5)?)] m Los(x) — s] (2.20)
Now given that sin(z), cos(z), s are all real, then k.(x) = 0, so this is not a

particularly useful metric for this function. Since the function is 1D it is possible to
easily order the turning points of the function and find the difference between them.

If we consider this a measure of local wavelength, then:

>\n = 2|ZEOn - (L’On71| (221)
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where z, are the turning point positions of the function, found by solving:

df (x)
dx

=0 (2.22)

and the factor of 2 comes from the fact that we are finding the difference between
two turning points, so need to multiply by 2 to find the full wavelength. Thus let
us once again put fg(z) into this formula.

dfs(x)
dx

= —2sin(z)[cos(x) — s] =0 (2.23)

which has fairly intuitive solutions of x = nm and z = +cos™!(s) + 2nm, which
gives the local wavelength an s dependence. Given we want to find the smallest

wavelength, which corresponds to the highest frequency, we want to know:

inf(\,) = inf(|z, — z,_1]) (2.24)

There are a few tricks that can help us with this problem, first is realising that a
maxima occurs every nm. This can be verified by inspection of the graph and the

function (cos(z) — s).

Therefore, the smallest distance between turning points is
always cos™'(s), because minima occur every 2mm + cos™!(s) and so the distance
between maxima and minima is [n7 — (2mm+cos™!(s))|. This is at its smallest when

1

m = 5n,Vm,n € N, leading to the previously stated solution.

Since this is our smallest distance, let us see what our limiting values of s do to this
distance. At s =0, cos™(0) = 5, leading to Apin = 7 and frae = 2, a recovery of
our fastest Fourier component. For s = 1, cos™'(1) = 0, leading to A, = 0, which
is obviously not a physical wavelength, so the next smallest is between m =0, n =1
which gives \,.;, = 7 leading to a frequency of f,,.. = 1. The reason that we point

out the limiting behaviour, is that it gives us a range of frequencies that we can look
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at:

=1 (2.25)

which is divergent as s — 1 and known at s — 0 leading to an interval of [2, co) for

the range of local frequencies in the signal.

What this result shows is that s can control the local frequency of the superoscilla-
tion, and can achieve an arbitrarily fast oscillation above the Fourier limit. However
there is a trade-off here. Although an arbitrarily fast superoscillation can occur, the
amplitude of the superoscillation is suppressed quadratically as s increases. This
exchange of frequency for amplitude is compounded when we consider the energy

carried by each part of the wave.

The energy carried by the wave can be considered the integral of the linear intensity
of the wave over a full period. The linear intensity is then given by the modulus

squared of the function, |f(x)|?, and so energy is given by:

o /_OO \f(2)[2da | (2.26)

o0

and is plotted in figure 2.4. Which for our purposes, we only want to consider the
energy for a single period, to be able to compare the energy carried by each part of
the wave, and as the wave is periodic, it would introduce redundancies to the integral
to consider more than 1 period. Thus we take the general integral for this function

between (—7,7) and find that the total energy of this function is proportional to:

Eipy = /7r | fo(2)Pdx = /7r (cos(z) — s)*dr = iﬂ(B + 85%(3 + 57)). (2.27)

Now that we know the energy in a full period, the superoscillatory region then
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Figure 2.4: Energy Quotient plots with respect to (a) the superoscillating variable
s and (b) the superoscillating frequency f. Plot (b) has an origin at f = 2 as
below this value it would not correspond to valid values of s and as such there is a
divergence beyond f = 2

contains;
cos~1(s)
Eso = / (cos(z) — s)*dx =
— cos~1(s) (2.28)
1
3(3 4+ 85*(3 + s%)) cos'(s) — E(55(11 +10s%)V1 — s2)

but it is more usefully expressed as a quotient of the total energy in the period:

Eso 1 | 5s(11 + 10s?)V/1 — 82
B = = _ — 2.29
O B 7 ) T G sRB ) 229
which has limits of % at s = 0 and 0 at s = 1. These limits make sense, as

the s — 0 limit corresponds to a recovery of the function cos?(z) and thus does
not superoscillate so half of the energy is contained within half the period, and for
s — 1 as, there is no superoscillation, indeed there is no oscillation, as A\j,. = 0.
The plot of this function (2.29) can be seen in figure 2.4. As can clearly be seen
there is a dramatic decay of energy in the superoscillatory region as s increases,

and ,correspondingly, the superoscillatory frequency increases. As an example, if we
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Figure 2.5: A plot of f 3 (x) which corresponds to a superoscillating frequency double
2
that of the Fourier limit. Here f,,q. =4

were aiming to cause a superoscillation double that of the Fourier limit frequency,
i.e. fiae = 4, then the energy quotient would be just 6.93 x 107°. The plot of this
function can be seen in figure (2.5) where it is clear that a frequency doubling in the
superoscillatory region leads to both enormous amplitude suppression, and energy

quotient suppression.

If we wanted to look at the difference of amplitudes between the two regions, this is
again relatively easy to compute. Since the maximas occur at nm and superoscilla-
tions occur every 2mm, the wings of the superoscillation occur at odd n values, so
every (2m+ 1)m. Using these values in f;(x), the amplitude of the function at these
points is Ago = f(2mm) = (1—5)% and Ay, = f(2m+17) = (-1 —5)? = (1 +5)?

since 0 < s < 1 and thus the amplitude quotient is given by:

Ag = _ =9 (2.30)

This function is then plotted in figure (2.6) and we can once again see the decay of
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Figure 2.6: Amplitude Quotient plots with respect to (a) the superoscillating variable
s and (b) the superoscillating frequency f. Plot (b) has an origin at f = 2 as below
this it would not correspond to valid values of s and as such there is a divergence
beyond f =2

amplitude with increasing s and therefore f.

These energy and amplitude quotients are a good means of measuring the cost of
increasing the superoscillating frequency with the trade-offs between amplitude and
energy. If we calculate the amplitude quotient for frequency doubling as we have

the energy quotient, we find that the amplitude quotient is Ay = 0.029.

This notion is similar to the conclusions drawn by Konrad and Roux in [24], where
they state that as superoscillating frequencies increase, the feasibility of superoscil-
lations above a 1 order of magnitude increase is so exponentially suppressed as to
be very improbable. If we were to examine the amplitude quotient and energy quo-
tient of this, we find that the energy quotient is given by Fg = 1.1 x 107! and
the amplitude quotient is given by Ag = 3.8 x 107°. As we can see this is a vastly
suppressed system, and if we take Ey to be an analogue of the detectability, then

the detectability of the superoscillation is 1 x 107! smaller than that of the wings
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of the superoscillation, making it very hard to detect.

Thus we have developed tools to help analyse and characterise parts of signals and
superoscillations as well as examining a specific example of a superoscillating func-
tion, characterising its behaviour, and analysing it using those same tools. From
this we have found that at least in the case of the basic superoscillating function
(cos(x) — s)? the same conclusions can be drawn as from Konrad and Roux [24]
that the feasibility, detectability and amplitude of superoscillations decrease expo-
nentially with increasing frequency. Specifically, that doubling the frequency leads
to a detectability of roughly 7 x 107° and increasing the frequency by an order of
magnitude leads to a detectability of 1 x 10~!°, which indicates an increasingly small
likelihood of the superoscillation being sensed. This conclusion is further supported
in [9] where it is postulated that in superoscillations, the frequency and amplitude
can be considered a Fourier pair, whereby an inequality can be set up relating the
two, such that we can exchange amplitude for frequency in a way that we can beat

the traditional frequency limits.

2.4 Aharonov Superoscillations

In the previous section we looked at a particular superoscillating function [cos(x) —

2

s]?, in this section we discuss a larger family of superoscillating functions and their

associated Fourier series. One of the most studied superoscillating functions is given

by,

fn(z) = [cos(wpx) — tasin(w,x)]", (2.31)

in which: n € N; w, are frequency functions with arbitrary dependence on n; and

a is the superoscillatory factor. Aharonov, in [20], decomposes this function into a
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Fourier series as,

falz) =) X, (2.32)
§=0
where:
- hk —a
X, = : 2.33
J H h — h;’ ( )
k=0
o

n is the number of Fourier frequencies; h; are normalised Fourier frequencies such
that h; € [—1,1]; and thus a € (1,00). If we take the limit of n — oo the function
converges to:

lim f,(z) = e (2.34)

n—oo

As such we can apply the tools we have developed to discuss superoscillations to
this function, and analyse the results. Applying the local frequency equation from
equation 2.22 to equation 2.31 we get that the turning points of the function are

given by the solutions to the following:

dfn(z) _ —nwy [sin(w,x) + ia cos(wyz)] [cos(wnr) — iasin(w,z)]* " =0 (2.35)

dx

thus, we need to solve each bracket for zero with their solutions being zy and x;

2o = 2; (m H J_r ZD ; (2.36)

71 = 2; (m E J_r ﬂ) . (2.37)

Therefore, to find the local frequency we need the distances between these zeroes,

respectively;

and
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given by, |xo — 21|, which results in;

oof Qler) et Gl tear) | G
Z%{%n(%i%)+ﬁ@—2@ﬂ}

where p, ¢ € Z are to distinguish between different zeroes from xy and x; respectively.

AJ]O =

which is:

Since we want to find the smallest possible value of Ax we need to minimize equation

2.40 by setting p = ¢ = 0 which leads to a simplification of Az to:

Colom (22 2 L (a2t (2.40)
2wy, 14+a Wn, 1+a

Finally, we can find the local frequency by the equation f = 3= resulting in our final

AZL‘() =

local frequency equation being:

21wy,

floc = m (241)

This is a very interesting result, as w, is related to the maximum Fourier frequency,
and so we get our local frequency in terms of the maximum Fourier frequency,
and related by the superoscillating frequency a. This relationship is due to the
polynomial nature of the superoscillating function described in equation 2.31. As we
M

expand the polynomial in a binomial fashion, our first term will become cos™ (w,z),

this can be further expanded into:

| X
cos™ = _NZ< ) n (Zk—N)a (2.42)

which has a maximum frequency component, as can be seen in the exponent, at
k = 0 and thus Nw,. Here w, is a constant that relates the polynomial order of the

superoscillating function in equation 2.31 to the Fourier frequency decomposition
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of said function, those frequencies being the {h;} set. The idea of equation 2.42 is
to demonstrate how the polynomial cos() function expands into different frequency

iwn(2k=N)z ~These frequency components are contained within

components, given by e
the {h;} Fourier frequency set. If we set the polynomial order of the cos equal to
the polynomial order of the superoscillating function, so N = n, then we can begin
to analyse what the highest frequency component of the superoscillating function
will be in terms of w,, and n. This becomes max({h;}) = Nw, = nw, So we want

to know when does fi,. > max({h;})? Since we have separate equations describing

both sides, we use them in this inequality:

2mwy,
m > nwy , (243)

1+4a

which, given that we can assume w,, € RT because of the way it is used in equation
2.31, gives an upper limit to what the polynomial order n should be in terms of the

superoscillating frequency a. This inequality is given by:

2
n < T (2.44)
|1n

T 7asiN
(570) |
and shows that as a increases, so too does the upper bound of n. Given that we want

to have as accurate a representation as possible, and that increasing n increases the

. . . 271-
superoscillatory region [24], we want n to be the largest integer smaller than DSk

M 1¥a

Now performing similar calculation to what we did in the previous subsection, we
can begin to investigate the energy ratios and the amplitude ratios for this function.
These will take on a different shape to the basic superoscillatory function that we
saw in equation 2.16. If we investigate the limits of the Aharonov functions, we
can start to get an idea of how the different energy and amplitude curves behave.
It is clear that from equation 2.34 there is a limit as n — oo and so investigating

the behaviour of the energy and amplitude curves for this limit is important. The
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Figure 2.7: An energy quotient curve showing the relationship between the super-
oscillating variable a and Eg for n =1

energy curve is relatively simple. That is because in the limit of n — oo there is no
non-superoscillatory region, the entire function is superoscillatory. Therefore, the
energy curve is constant, as Fso = Ej; and each superoscillation contains 27” of the
energy per period. The amplitude quotient is also relatively simple. As there are no

wings of the superoscillatory region, there is no A,,, and so this is undefined.

However, if we look at the other end of the spectrum for n = 1, the lowest number
that n can take, the behaviour is very different. Using Aharonov’s expansion for

n=1,

1
filz) = ZXjeihjx - {1 - hy i ho} {ahox - 6ihw} 5 (2.45)
=0
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Figure 2.8: A figure showing the amplitude curves for different bandwidths wy for
the n = 1 Aharonov superoscillations.

2n
h1—ho

this has zero points at and has an absolute square value of:

'ﬁ@NQZQP‘JHthQP‘””(m“‘mﬁﬂ‘ (2.46)

Calculating the energy between two zero points is given by:

2 27 2
a h1—hg 2 a
211 — 1— hi—h dr = 1— .
{ m—m}é ( cos ([ 0m>$ m—m[ m—m}
(2.47)

As can be seen this leads to a quadratic relation and we know that ¢ > 1 and
hi, ho € [—1,1] thus the maximum difference between hg and h; is 2. We also know
that the maximum that a can be is given by wy, or the bandwidth of the system.

Given that the difference between Ah;; = h; — h; is the bandwidth for n = 1 and
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a € (1, Ah;;] this necessitates that Ah;; > 1. Therefore, each energy curve is unique

for each of the Ah;; and these can be seen in figure 2.7

As can be seen in both equation 2.47 and figure 2.7, it takes a quadratic form,
however, as we increase n, the polynomial order of the energy quotient goes as
2n. this means that as the number of frequencies,n, involved goes up, the quicker
the energy quotient will decrease, as the gradients become increasingly steep of

Eg(a) x a

The amplitude quotient for n = 1 is given merely by the coefficient here, as seen in
figure 2.8, and thus follows a negative linear curve. As the number of frequencies n
increases, then the amplitude quotient will have a more complex relationship, but
will be of highest polynomial order n. As has been seen before, the limit of this

behaviour, as n — oo leads to Ag = 1 Va.

2.4.1 Aharonov Supershift

Also in Aharonov’s paper on new methods for creating superoscillatory patterns [20]
he discusses using a similar technique for functions beyond the complex propagator,
e’ Indeed, he shows that it is possible to construct superoscillations out of any
oscillatory function given a few caveats. This is shown in Theorem 4.6 in Aharonov’s
paper [20]. To make the theorem clear for our use, we restate it here. The first caveat
is that the basis oscillatory functions G(z) need to have infinite derivatives at the
origin, and that their derivatives are non zero. This is to satisfy the governing

equation, which is similar to the approach we took previously in section 2.4:

F2(0) = (a)’GP)(0) (2.48)

where (p) denotes the pt* derivative of a function, and a € R is our superoscillatory

variable, and n |a| > 1. Given these conditions that there 3 G®)(0) # 0 Vp =
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0,1,...n, then we can consider a set of points h;(n) € [-1, 1], with j =0, 1,...n and

n € N, there exists a unique solution Yj(n) to satisfy the above condition, such that:

- hip(n) —a
vo) =1 () - 0

k=0 J
k#j

This is extremely similar to the construction seen in equation 2.33 for the Aharonov
coefficients. In fact, this similar construction leads to similar outcomes, as the

function f,(x) becomes:

n n h .
2 Gt =
k#j
and in the limit of n — oo:
lim f,(z) = G(azx), v € R (2.51)

n—o0

which mimics the Aharonov generating equations as before. Essentially, in the limit
of infinite frequencies or bandwidths, n — oo, we can cause a supershift from the
bandlimited region of h; € [—1, 1] in frequency space to a function that would have
a frequency space of [—a, a]. This method allows us to expand our possible range of
functions that we can use to include functions that have infinite, but bandlimited
Fourier domains. One such important function is the sinc(z) function, as it is used
in the diffraction of slit apertures, which are the main examples that we will be
looking at in this thesis. When we deal with these types of infinite, but bandlimited
Fourier domains, it is said that the Foruier domain of fn(w) permits a supershift in
w, if the condition in equation 2.51 is met, that of the infinite limit converging to

the supershifted function G(azx).
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Chapter 3

Apertures

In this chapter, we consider the design theory behind creating superoscillating aper-
tures. The general methodology used in this chapter is to take the Fourier transform
of the transmission function and using Aharonov’s supershift principles and some
equations detailed in the following sections to calculate offsets for a given set of slit

widths.

3.1 Slit Apertures

To examine diffraction through an array of slits it is useful to turn to Fourier optics
and use a transparency function. The transparency function we examine will utilise
a binary method to distinguish between materials, a transparent ”open” part and an
opaque ”closed” part. This will be achieved using the rectangular function, Rect ()

function, which is defined as,

[N])ed

_ 1, if c—8<ar<c+
Rect (xﬂ C) = ? , (3.1)

0, otherwise
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Free propagating plane wave | Diffracted wave

\

Figure 3.1: A figure showing the system for approximation by Fourier optics. A
plane wave of wavelength A illuminates an aperture array in the plane {zo, x} and
is then diffracted across a distance L, (which is large compared with the wavelength
and shown by the white space and the grey area bounded by blue dashed lines
between the planes), and is measured at the diffraction plane at {z;,y}. In this the
B; and c¢; are as defined in equation 3.1, and x and y are parallel but separated by
21 — Ry = L.

where c¢ is the central position of the aperture, § is the width of the slit and =
is a coordinate describing the aperture array plane. We don’t consider the other
dimension, the one that would be out of the plane of the page, as, for the slit
apertures, it is very large compared to the wavelength. To give a concrete physical
interpretation of this mathematical formulation, we can turn to figure 3.1 to see
what the system looks like. In this figure, a plane wave of wavelength A illuminates
an aperture array in the plane {zp,z} and is then diffracted across a distance L,
(which is large compared with the wavelength and shown by the white space and
the grey area bounded by blue dashed lines between the planes), and is measured

at the diffraction plane at {z;,y}. In figure 3.1 §; and ¢; are as defined in equation

3.1, and z and y are parallel but separated by z; — 2o = L.

To use Fourier Optics we then perform the Fourier transform on this arbitrary
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Figure 3.2: A diagram depicting a set of {c;}; and {f;}, as an example and demon-
stration of the constraint requirements detailed in equation 3.3 and below

aperture array transparency function. This is constructed as:

T(z) = JZN%Rect (”“" gjcﬁ ) , (3.2)

where ¢; are defined so that (Vj € N) they non-overlapping:
1
Cjt1 > ¢+ 5(53 + Bj+1) . (33)

Whereas (; has fewer constraints on it. They must be real and positive, §; € R,

due to the constraints on the ordering of ¢;

The reason for these conditions is for clarity and simplicity, as although it should
be possible to account for overlapping apertures, this simplifies the task without
double counting issues arising from other constructions. For a clear picture, figure
3.2 shows the region and demonstrates the need for the constraints on both ¢; and

B;. To begin finding the diffraction pattern, we perform the Fourier transform:

F(T(z)) = /00 dz T(z)e™*'® (3.4)
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where here .% denotes the Fourier transform, and we use the arbitrary nature of &’
to set it to k' = 25—/{” in order to retrieve the diffraction pattern along the axis y. The
new variable y is, as shown in figure 3.1, parallel to x separated by some distance

L. Performing the Fourier transform for our transmission function:

s N
- 270 r — Cj;
F (T(x)) = / do ¢T3 ZRect < J) : (3.5)
As the Rect(x) function is defined in Equation (3.1) we can see that it is constant
throughout its span, except at its limits, where it takes on a zero value. As such we
can make the interchange of summation and integration under the uniform conver-

gence theorem [25],

r —cC

B; j) ’ 34)

- 27Ty
dr e' 3" Rect <

j=0"v 7

which given that the Rect(x) function is constant between its limits and zero else-

where, the integral can then be given by:

N 1 CJ‘*’%
F(T(x) =Y [ ] (3.8)
=0 L'Tx B

. This then evaluates to;

F@E) =3 [(i(» - (i<))] B

-2
j=0 ‘T
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which then simplifies to,

27ry
j=0 LT =0 LA

N N . (mya
Z 1 ¢ i2c; |:€z2£r§\’ (67]) _ 6—225’(@)] _ Z Mei%’% ) (3.10)
Thus we retrieve the well known result:

N
. Yy 27y
= E B sinc (—@) e'INY | (3.11)
= L)

As we are looking for the intensity profile to superoscillate, we use the fact that
I(y) = |E(y)|* = E(y)E*(y) where E*(y) denotes the complex conjugate of E(y).

Finding the complex conjugate of E(y),

N
E*(y) = Zﬁj sinc (2—’2\@) e VIN , (3.12)
=0

then multiplying the two equations together,

E(y)E* <Z 3 sinc (L)\ﬁ]) i > .
(Z B sinc (L)\Bm> —i T Cm) 7

which can be simplified by M = N (as there are the same number of apertures in

(3.13)

the complex conjugate as the original function) resulting in:

Z B Brm sinc <L)\BJ> sinc (LXB ) e Tx lei—em] (3.14)

7,m=0

This result can actually be simplified further by considering the terms where m = j,
we can see there should be a simplification as ¢; — ¢, = 0, and also the terms where
J # m but are variations of each other, for example, when the ¢; —¢,, = —[c;y — cp],

whecih reduces the cross terms to a cos() interference term.
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Figure 3.3: A figure depicting the definition of €; (green line) and how it relates to
¢; (red cross) and f; (red line)

N+1)
2

Thus, the equation now has N +1 terms that have no interference terms, and N

interference terms. As such we can rewrite equation (3.14) as follows,

N
I(y) = ]Z:;Bj sinc (%53') [53’ sinc <Z_Z)J\/Bj> -

N
2 Z By sine (%ﬁm> cOS (QLL:\U[CJ- — cm]> } .

m=j+1

(3.15)

Both equation (3.14) and (3.15) are the full intensity profile of an arbitrary slit
aperture of non-overlapping slits of arbitrary width and position. Due to ¢;’s con-
straints we can build a relationship between c¢; and ¢y. This is because we know that

Cjt1 > ¢+ %(53 + 6j+1), thus V5 > 0;

¢ >cot Y %(ﬁk + Br-1) - (3.16)
k=1

We can then account for the differences between an inequality and equality by
introducing a variable that measures the difference (distance) between the non-

overlapping apertures, ¢,
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J
Cj :CO+ZEk+%(ﬁk+ﬁkl) - (3.17)
k=1

This new €, as seen in figure 3.3, can change for every aperture but to simplify

equation (3.15) we can retrieve the following relationship for ¢; — ¢, , Vm < j,

j
G—Cm= ) e+ %(ﬁkz + Bk-1) - (3.18)

k=m+1

3.2 Superoscillations in Slit Apertures

In order to cause superoscillations in the intensity profile, we have to know the
spatial frequencies involved in the intensity pattern. The way that we do this is
classically via the Fourier Transform. The Fourier Transform of the intensity profile
given in equations (3.14,3.15) can be calculated by exploiting some properties of the

Fourier Transform.

3.2.1 Fourier Property Method

We exploit a useful property of the Fourier transform to answer the question of what
spatial frequencies are involved in the intensity pattern. It is important to note that
in this section the i—i{ has been dropped to work in the natural units of the system.
However, the ease of re-introduction of this constant is shown in equation (3.33)

First, let us examine the question that we are trying to solve:
F(1(y) = F(E(y)E(y)) = F(E(y)) « F(E"(y)) , (3.19)

where f x g(z) denotes a convolution of f and g. Given that each E(y) is itself a

Fourier transform, we get,

F((y)) = F(F(T(2))) * Z(F(T(2))") , (3.20)
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where T'(z) is our transparency function as defined in equation (3.2), which is com-

pletely real. As such we can exploit another property of the Fourier transform, that

of:
F(f(=z)) = (F(f(2)))" . (3.21)

This then allows us to simplify equation (3.22),
F((y)) = F(F(T(x))) » F(F(T(—x))) , (3.22)

and thus, since applying the Fourier transform twice a time reversal occurs, .7 ( (f(x))) =

27 f(—x) leading to,

F(1(y))(k) = 47°T(—x) * T(x) = 4r? /OO T(—7)T(t — k)dr . (3.23)

—0o0

We then substitute T'(x) from equation (3.2),

FUW) k) = an? [ f: Rect (_75; Cj) mi:ORect (T ; Cm k:) dr . (3.24)

m

This can be simplified much the same as we did for the Fourier transform in equation
(3.7), but taking care due to the negative 7 flipping the limits and making them

negative,

F(I(y))(k) = 47 f: / _C]:_Zj i Rect (T . Cm _ k> dr.  (3.25)

m

Taking the summations outside of the integral,

LONCEED Y|

et T—c
Rect ( = k> dr . (3.26)
o bi Bm

72

7,m=0
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Figure 3.4: This figure depicts a Heaviside step function as described in equation
3.27.

We exploit a result of the convolutions of boxcar functions [26] (a slightly more
general rectangle function) which relies on the limits of each rectangle function. In

order to do this we must first define the Heaviside step function:
H(z) = , (3.27)

this function can be seen in figure 3.4. Thus the convolution of the boxcar functions

becomes:

o]

e B ) L G R R G

which if we gather centre positions and width terms together becomes,
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Figure 3.5: An illustration of a basic convolution as described in equation 3.29 this
is the convolution of two equal width slits with g = {1,1} and ¢ = {—1,1} with
both £ and ¢ are in arbitrary units

|i(k+[cj_cm]+%[ﬁj+ﬁm]> H (k:[cjo BﬂLBm)
— (ke el = 30— 8 ) # (o —enl = 315 pal) 42)
—(k;+[cj—cm]+%[ﬁj—5m]>H(kJr[Cj—Cm % )
+(k+[cj—cm1— [5j+5m])H(k+[%—Cm] Wﬁmﬂ

The total function described in 3.29 is constituent of basis functions similar to Figure
3.6. We can then simplify things by considering each element of this summation as
its own function, ¥, ,,(x), and examining the behaviour of these functions at critical

points. Here the Fourier transform becomes:

FAW))k) = Y Uym(k) (3.30)

48



3.2. SUPEROSCILLATIONS IN SLIT APERTURES

II|I|I||||I|I| L L L L v Lmmummummmmmummmnmmummunomnmmonmmnn

1.0

© o o
IN o ©

o
N

Amplitude / (arbitrary units)

0.0

IIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIII
-5 -4 -3 -2 -1 0 1 2 3 4 5
k

Figure 3.6: A function U, (k) with ¢y — ¢y = =15 and By =1, By =2

What this does show, is that there are infinite spatial frequencies involved in the
diffraction, and as such we cannot consider the usual Aharonov functions when
designing this array. Instead, as diffraction is still a band limited process, we have
to use Aharonov’s supershift principle [20] to try and construct superoscillatory

diffraction patterns.

It is useful to discuss some of the properties of these V;,,(z) functions. The first
thing to note is that the maximum amplitude these functions take is always above
the central point ¢; — ¢,. Second, the maximum amplitude that these functions
achieve is limited by the smallest of 3; , 3,,. Third, the non-zero x-limits of these

functions are given by z = ¢,, — ¢; F 3(5; + B)

3.2.2 Supershift

In order to cause a superoscillation, we have to know the maximum spatial frequency
involved in the diffraction, and this is given by k.. = sup(supp([.Z (I(y))]). Given

that we have restricted what values c; can take, we can make some assertions on
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what k., can be. Due to the non-overlapping and ordered properties of ¢; we can
see that the largest difference between ¢;’s values will be ¢y —cy. For the width side
of things, since we have already figured out what gives the largest frequency offset,
and there is no slit redundancy, the choice of ¢ forces our choice for 5 to be Sy and

Bo. Thus the largest spatial frequency is then given by,

1
kmam =CcN —Cy+ §<ﬂN + 50) ; (331)

or as given in Appendix 6.3,

N
kmax — 50 + Z € + Bl ; (332)
=1

which is our band limit and largest Fourier component. This means that our super-

oscillating frequency gso > kmaz, Wwhich also translates to,

L)\mzzt

kmax

Aso < Amin = : (3.33)

where here )\, is the material wavelength. This result comes from bringing k..

back into the experimental coordinates system rather than the natural coordinates

21

v If there are any features

that are normally worked with, and therefore, k., =

such that they are smaller than A, then it can be concluded that we have a

superoscillation.

In order to construct the superoscillations via supershift, we look back to equations
(3.14,3.15) and to the supershift section 2.4.1. From Aharonov’s work [20], and as

described in section 2.4.1, we see that we need to construct functions of the type:
Ax) =) Y.G(h.) (3.34)

where G(x) is an arbitrary oscillatory function that has the property of at least S
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continuous derivatives at x = 0; hy are an arbitrary set of frequencies, normalised
to hy € h C [—1,1] and Y is defined in terms of kg by,

hi — gso

3.35
P (3.35)

We can then see that from equation (3.15), that G(z), being arbitrary, can be defined
in terms of the functions in the summation,

Gs(z) = sinc <LU;C\6 > [ﬁs sinc (Z—iﬂs) +

QZB’”SIHC (L)\ﬁm> €08 <2L7T;[ c’”]) ] ’

(3.36)

leaving Y; to be defined as,

when we evaluate at G(0). All that needs to be done now is to determine what hg
are. However we have already shown what all of the frequencies in the equation are,

back in equation 3.30, thus:

ho(k) =) Wym(k) . (3.38)

However, as we are looking for the set {hs}s to be a set of points in [—1, 1] rather
than a function of all k, we instead take the maximum of each h, and subtract the
minimum to find the bandwidth by, which should be unique for each s due to the

uniqueness of ¢4, so we define:

maz(hs) = suplhs(k)] = ey — s + %(ﬁs + Bn) - (3.39)
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Since ¢y is the smallest we can get:
min(ha) = iflhy(K)] = co ¢, = 55, + o) (3.40)
and thus our bandwidth becomes,
maz(h) — min(h,) = ex — co+ 5(28 + B+ o) (3.41)

As we can see is then b, = B+ k. - Further proof of this is established in Appendix

6.3. We can now begin to design some superoscillating aperture arrays.

3.3 Proof of Superoscillations in Diffraction Grat-
ings

The aim of this section is to show proof that diffraction gratings when illuminated

by plane waves can give rise to superoscillations, at least in the mathematical sense.

3.3.1 Proof 1: Not all Diffraction Gratings Superoscillate

The definition of a superoscillation is given by:

A local region of a band-limited function that oscillates faster than the

function’s fastest Fourier component

By using Fourier optics we can arrive at an equation for the general intensity pattern
for a slit aperture array, as seen in equation 3.15. Which for a diffraction grating

simplifies down by 3; = ,,, = a to:

N

I(y) = ZaQ sinc? (%)

J=0

112 f: cos (T—Ay[cj _ cm])] (3.42)

m=j+1
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where ¢; are defined as before in equation 3.3. Whereas, [3; has fewer constraints
on it, but (V5 € N) must be real and positive, so 3; € RT These constraints can be

seen in figure 3.2. Equation 3.42 can actually be simplified even further into:

I(y) = a®(N + 1) sinc? (%) (1 +2 i cos (QL”—Ay[a + ej])> (3.43)

Given that we are examining a diffraction grating, we will assume equal spacing, so

ej:a—{—e, VJ

I(y) = a*(N + 1) sinc? (%) (1 +2 icos (2;—/‘3[@ + 6]]')) (3.44)

It can also be shown that the maximum Fourier frequency component by a diffraction

grating is given by:

2T
mar — _kmax 3.45
where:
kmaz = (en — o + a) (3.46)

Therefore we now have a target to beat with our superoscillatory functions.

We also need some tools to determine the local wavelengths of the functions. Given
that we are looking at intensity profiles of diffraction patterns, the way this will be
done is by looking for the zeroes of the function. An equivalent method is to find the
difference between all sequential maxima or minima of the function. This is because
the intensity profile always has a turning point at 0 as it is always positive and thus
this is always a minima. Thus, finding the difference between zeroes is the same as
finding the difference between minima. We then need to know if there is a formula
for the superoscillatory frequency. This is normally chosen, but let us examine the

design equation, which is from applying Aharonov’s supershift principle as described
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in section 2.4.1 to equation 3.15:

N N
H Bt + kmaaz — gso — 55 H(ﬁt - BS) =0 (347)
t=0 t=0
t#s t#s

Which for diffraction gratings, and indeed any aperture array with a degeneracy of

non-unique slit widths simplifies to

N
H(ﬁt + kmaw - gSO) =0 (348)

t=0
t#s

This is because iff 3¢ such that Vt # s, 35, = 5, then the second term always becomes

zero at some point. Therefore, for a diffraction grating, equation 3.48 becomes:
(CL + kmax - gSO)N =0 (349)

which can only be solved when gso = a+ kpqz, Wwhich when renormalised into system
coordinates becomes ggg = Ll/\(a + Kmaz). Note that a and k., are properties of
the system, and are fixed, but gso is usually something we choose, but here it is in

terms of system properties and therefore also fixed for the system.

Let us compute an example, single slit diffraction. As can be seen from both equation

3.42 and figure 3.7 the zeroes of the function occur when

. (aTYo nlL\
_ _nA e .
sm(m) 0> y="" neL, (3.50)

which for the function shown in figure 3.7 gives yo = 5n. This agrees well with what

we see, and the difference between the zeroes Ay, = 5 = ’\’2“ Given this we know
that
2 s T
fl /\loc AyO 5 ( )

Now referring to the design equation, we see that the design equation for this system
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Figure 3.7: The intensity profile of a single slit aperture with the zeroes highlighted.
This was generated by using equation 3.42 with a = 2, A =1, L = 10, and ¢; =
Cm =20

1S:

(CL + kma:v - gSO)N =0 (352)

where N=0. This causes an issue, and even when computing gso and f4z:

T T
fmaz = ﬁ(cN —c+a)= 5
(3.53)
= T (0t Foa) = 2
gso L)\ maz 5

It is easy to verify by inspection that the highest frequency component involved here

18 fmax = floc = %

However if we compute another example, the double slit diffraction grating. Since
we are only interested in the very highest local frequencies we look where there is the
fastest local oscillations, which can be seen by the zoomed version of the function

in figure 3.8 in figure 3.9.
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Figure 3.8: The intensity profile for double slit diffraction. This was generated by
using equation 3.42 with a =2, A\ =1, L=10,and ¢co = -3, ¢; =3

If we compute the local frequency from the zeroes of the function we get:

2m
o=————=1.2 3.54
Jioe = 305 —11067) i (8:54)
Now computing f.. and gso:

2 8

fma;t = _(3 - (_3) + 2) - =
LA 5 (3.55)

27

= — - 2
gso I\ (Cl + kmaz) us

Clearly, this system does not superoscillate as fi,. < finaz. Therefore by contradict-
ing our initial hypothesis, we have shown that not all diffraction gratings superoscil-

late
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Figure 3.9: The zoomed in intensity profile for double slit diffraction, focused on
the site of fastest oscillation. This was generated by using equation 3.42 with a = 2,
A=1, L =10, and ¢ = =3, ¢; = 3 and focuses on the interval [3.5,6.5]

3.3.2 Examination of Diffraction Gratings for Superoscilla-
tion

However, if we examine equation 3.44 we can begin to examine an even further
reduced problem. If we consider a system where we fix the gaps between the slits (¢)
and then try and solve for zeroes this system. As we are introducing a new variable
to this mix, we need to set some constraints on it. Here, ¢ will take very similar
constraints to 3 and as such the constraints are that ¢; is real, ¢; € R, and positive,
€; > 0. These constraints on €; can be seen in figure 3.3. Given these constraints,

we need to solve the equation:

I(y) = a*(N + 1) sinc? (%) (1 +2 iv:cos (T—f[a + e]j)) =0 (3.56)

giving us two sets of solution points, {so}m, {to}n, the sinc solutions and the trig

solutions, respectively. The sinc solutions are given when the sinc function’s argu-
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ment is an integer multiple of 7, except for 0, (which is a special case due to the

denominator of the sinc function also approaching 0 at this point):

{(S0}m = {mTL/\,mEZ\O} . (3.57)

The trigonometric solutions are given when the cosine sum is equal to —1/2, which
is a tricky thing to solve. However, using some approximations, as N increases, the

first zero is given reasonably well by:

3 I
DA NN T ) Tat o (3:58)

Therefore, the difference between sequential zeroes, Ay, will be found one of two
ways: the first is the difference between the trigonometric solutions ; the second is
the difference between trigonometric and sinc solutions. The reason that we do not
consider the difference between sinc solutions is that the trigonometric solutions are
always going to occur before another sinc solution does, as they are higher frequency;,

thus no sinc solution is sequential to another sinc solution.

The difference between sequential zeroes is given by:

mL\

Thus we want to know if there is a solution in the neighbourhood of ™=, so using
Newton Raphson:
m\L 1+2 Zjvzl cos (27rmj [1 + ﬂ)
Tnt1 = N . . € 27 (360)
a 2 ;- sin (2mmj [1+£]) [ a + €]
which when expanded and simplified, becomes:
L 1423 cos (2rmj<
Tppr = — 2 008 (2mmi ) (3.61)

n :
a 225.\7:1 sin (2rmj€) [Zl]a + €]
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If we assume there to be a zero in and around mT’\L for the trig solutions, then the

difference between the sinc solutions and the trig solutions is given exactly by:

1+2 Zjvzl cos (2mmy <)

Ayg = . . 3.62
0 22;21 sin (27rmj§) |:2LL){[(I+€H ( )
Thus using the values for f,. we retrieve that:
47 SN sin (2rm€) [2Zfa + €
floc — Z]—l ( ja) |:L>\ [ ]:| (363)

1+2 Zjvzl cos (2mmj<)

As we now have the local frequencies let’s consult what the global frequencies maxi-
mum would be to see if superoscillations can occur. The maximum Fourier frequency
can be given by equations 3.45 & 3.46 but her we have no ¢; to consider, so instead

we use the version of equation 3.46 based on the widths and gaps between slits:

N
kmaz = 60 + Z €+ ﬁl . (364)

1=1
By our simplifications however, all 8; = a and all €; = € thus this equation becomes:
kmar = (N + 1)a + Ne . (3.65)

Substituting into equation 3.45:

2
Jmaz = m([N + 1]a + Ne) (3.66)

and thus we have our yardstick.

The test now is to find if and when the local frequencies are larger than the maximum

Fourier frequency, so our pivotal inequality is as simple as:

floc > fmam (367)
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Starting with the first formulation of fj,.:

m(a+e€) 2w
I L_)\([N+ 1Ja + Ne) (3.68)

which given that N € N and N > 0, is blatantly contradictory, thus this local

frequency does not show superoscillation.

However, if we examine the second formulation of f;,. we retrieve some more inter-

esting results and ask does the following hold:

47 SN sin (20m€) [2Za + € 2
Z]_l gv ]a) [L)\.[ ” > —W([N—F 1]CL+ NE) ? (369)
14237, cos (2rmj<) LA

The quotient on the right hand side can clearly diverge, as the denominator can van-
ish at certain values of £, and tends to around the values that € ~ a or integer values
thereof. Indeed around € = a the entire quotient behaves as a tangent function, and
we actually don’t want € = a exactly as it reduces the quotient to near 0. Thus some
small aberration from € = a is enough to cause superoscillation Given that we want
€ = a + ¢, where € > 0 for manufacture and experimental reasons, we can say that
any integer multiplier, w, of € = w(a + ¢) just pushes the superoscillatory region to

further zeroes of the sinc solution, and is categorised by the variable m.

3.4 Designing Superoscillatory Arrays

In this section we will try to design some superoscillatory arrays, based on various

methods detailed in prior sections.
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3.4.1 Designing Aharonov Aperture Arrays

The design of apertures comes from actually solving the systems of equations,

b

H t — gso — 4, (3'70)
by — by

t=0

t#s

for all ¢; and 3;. This produces /N polynomials of order N but we have 2N unknowns,
so this is an underdetermined system. However, we have freedom to choose a set
of either ¢; or 3;, in this instance we will choose a set of ¢;. Plugging this in to

equation (3.70) we have

kmaz
H B + gso _ _5,. (3.71)
t;és

where k,q, can be substituted in terms of ¢; and ; to gain,

N

H

Bt + Bo — gso + Bo — gso Z €+ ﬁz (3.72)

This can then have the constants of the sum be gathered into a term, D = Zl]\il € —

gso to give,
N

D+5t+ﬁo+25z] =Bs (3.73)

=1

which gives rise to a simpler form of the equation in,

N N
11 D+6t+ﬂo+2ﬂl] Hﬁs Bs) (3.74)
iz =
Or:
N N
T118: + Emar — gs0] = B ][ (B: = B:) = 0 (3.75)
t=0 t=0
t#s t#s

This system of equations is solved numerically using the solvers detailed in the next

section.
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3.4.2 Solving The Aharonov Design Equation

As detailed in the previous section 3.2 there is a design equation that needs to be
solved in order to determine the start and thus all other positions based on the
gaps between the slits, €. Solving this equation is not as simple as it seems because
although we can dictate the set of slit widths, {ﬁj}j, we still have to solve for

separation, €. Restating the equation 3.75:

N N
H [5t + kma:c - gSO] - Bs H(ﬁt - ﬁs) =0 s (376)
t=0 t=0
t+#s t#s

we can now examine some interesting conditions on the equation, such as examining
once again the degenerate case. If there exists more than one slit with the same slit
width, then the second term of the equation disappears completely, as there will be

some f; = B, where t # s. This gives rise to our degenerate equation:

=

[6t + kmaa: - gSO] =0 5 (377)

& o+
n O

=
which in order to solve this equation, we decide on a ggo that we wish the apertures
to achieve, and the set of slit-widths 3; that we want to use, and solve for k,q.
which contains our starting and ending positions. As can be seen each term in this
equation can be equal to zero in order to satisfy the equation, and thus we can see
that we have at least N roots to this equation. We also have more because we can
iterate through the s values it takes, and thus we have a system of N equations.

We can narrow down the number of solutions by imposing that k,,,, must be larger

than the sum of all slit widths:

N
> Bi < ks < gs0 (3.78)

t=0
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which gives a region for which the solution can be searched. Comparison between
the s iterated equations can also help narrow down the solution, as if there is a
common solution then that can be used as a solution. Symmetry can also be used
to reduce the problem, as if there is a line of symmetry along the 0 of the axis, then
both sides can use be solved for individually. Otherwise numerical solvers are used
to try and solve these problems by finding where they cross the positive-negative
threshold and then interpolating linearly between the two points. This assumes that
there are no discontinuities in the equation, which given that it is a polynomial, we
are relatively safe in assuming. This allows us then to find values for k,,.. based on
different outermost slits. This is an iterative process, and is based very heavily on

perturbations of the slits within the set that have been chosen.

If there is instead a set of unique slit-widths, we need to solve the full equation 3.75.
One of the easiest ways to solve this, is to return to the system it describes and try
to find the offset for which the Aharonov supershift function achieves the Aharonov
coefficient corresponding to the particular slit-width. It is important to note that
the following equation only works for unique slit sets, or systems with symmetry
around the origin, as otherwise Y; is not calculable and there is no reflection to

reduce the system into a set of unique slit widths. This looks something like:

Y; = G(B(x —6;)) - (3.79)

Here, we use the definiton of Y; established in equation 2.49 Finding the offsets
0, allows for the positioning of the predetermined slit-widths, and given that there
is a restricted area over which the aperture can be made, then the value of gso
can be determined by using this maximum limit to the offset to determine k.. as
the positioning of the slits is what leads to the highest frequencies. This works by
treating each slit-width f; (or slit pair) as being independent from the other slit-

widths, and thus able to be solved for their offsets individually. The equation then
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becomes a search for 0 again and various different methods can be employed. Both

Newton-Raphson and interpolation methods are used to solve equation 3.79.

3.4.3 Designing Diffraction Gratings

Now that we have shown that solutions do exist for € the best thing to do is to
introduce a constant to define how much faster we want the local frequency to be
over the global maximum. We will call this constant g, the superoscillatory metric, a
measure of how much faster than the fastest Fourier component f,. is. It is defined

as:

g= floc
fmaac ’

(3.80)

and should be such that g > 1 for superoscillations. Let us return to equation 3.67

and make it an equality rather than an inequality:

floc — gfmax . (38].)

Following the logic of the previous section 3.3, we arrive, from equation 3.69, at the

result that:
A7 Z;VZI sin (2mmj<) [[a + €]

9= : (3.82)

[[N + la + NE} {1 +23°1 | cos (2mmy<)
which is given all in terms of system parameters, and so each superoscillatory diffrac-
tion grating should be able to be characterised by its g value. From the constraints
that € = a+ ¢ for some 0 < § < a we can numerically try to find the ideal ¢ to cause
a superoscillation at a given g. We can also express this in a different way, we can

try to find the multiplier d = £, which leads to the following equation to solve:

A Ejvzl sin (2rmyjd) [[1 + d}j]

g = (3.83)

{[N(l +d) + 1]] [1 +23°7 ) cos (2mmyjd)
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This is solved through numerical methods, solving for values of d for a chosen g. This

search space is limited to just 1 < d < 2 due to the constraints stated previously.
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Chapter 4

Results

This chapter deals with the results achieved via simulation of various different aper-
ture designs. The designs simulated and analysed range from the early design work,
that was conducted as a proof of concept, to later designs that were created as a
part of the work conducted in the previous chapter. These designs were simulated in
tandem with the development of the theory from chapter 3 and informed the theory
in iterative designs. In this chapter we see specific solutions to the design equations
and their simulated results. These specific solutions are detailed in tables at the end
of the thesis, in tables 6.3 and 6.3. We also discuss the impact and efficacy of each

of the designs in the discussion section of this chapter.

4.1 Results

This section covers simulated results from the various designs created throughout
the process of refining superoscillatory aperture design. At the time of creation,
most of these apertures were believed to superoscillate. However, with hindsight,
and better tools for analysis, it can be seen that not all the apertures that were

intended to superoscillate, superoscillated.
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Figure 4.1: A figure illustrating the design used for annular aperture array, adapted
from Toraldo di Francia [1] and detailed in table 6.3

4.1.1 Early Designs

Unfortunately, only a small number of the designs were tested, but those that have,
have produced some very promising results. These results howvever have since been
lost and as such will not be discussed. The Torlado Di Francia based design that
was made for the annular apertures based on his paper [1] but was modified to suit

our needs. Full details of this design are given in figure 4.1 and table 6.3.

Although we are not discussing experimental results, the results shown in figure 2.2
did highlight a few issues with the designs and the experiment. One of the biggest
issues with the designs was the blocking of the central region, as this meant that the
laser power actually able to generate phonons was severely restricted. This was a
problem throughout all of the early design work, as all of the early designs solutions
seemed to preclude the central region. This problem was remedied in later design
and theory approaches. One of the big problems with the experiment was that
due to the designs excluding so much laser power, the signal to noise ratio (SNR)
was very bad, as the actual signal was massively attenuated by the absorption and

reflection of the gold shadowmask. The other problem was with the deposition of
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Figure 4.2: A figure depicting the simulated diffraction pattern (a.) and the design
(b.) of a slit aperture array that was produced for tests by optical lithography. It
can be seen that there are features that are on the order of the wavelength of the
phonons in GaAs ~ 1um

the polystyrene thin film interferometer layer on the back of the GaAs substrate.
Any small deposition error could lead to very large noise in the signal read out by
the laser probe, and this sensitivity to manufacture was one of the leading causes
of noise. The combination of superoscillations low amplitude, loss of laser power
due to designs and the deposition issues lead to the early designs and experiments

having poor detectability.

One of the early designs was the progenitor for much of the rest of this thesis. As
shown in figure 4.2, a superoscillatory slit aperture array was attempted to try and
cause superoscillations, using system values of L = 450um for the length of GaAs
substrate and A = 1um for the acoustiv wave wavelength. Naively, it was thought
that the central spot would likely be the location of the superoscillatory spot, but
as further investigation showed, that superoscillation actually comes much further

out in the pattern. There are in fact many superoscillations within this diffraction
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Figure 4.3: A graphic showing a circular aperture based design for superoscillatory
diffraction. The red apertures represent an aperture diameter of 4um and the blue
apertures are of diameter 5um. The offset blue apertures are at an angle of (2n+1)%
from the plane of the red apertures

pattern, but the highest spatial frequency one:

foe(EDD2) = 5.15M H~ (4.1)

occurs between 5.13 —5.74pm within the pattern, giving a local wavelength of A\, =

0.61pm. Compared to the calculated maximum frequency of EDD2 is:

fmaz = 4.03MHz , (4.2)

it is clear that the aperture array does actually superoscillate, as fiae < fioe- As
discussed further in the subsequent section 4.2, one of the biggest problems with
this design is that the central region totally blocks the light that would be incident

on it, thus reducing the strength of the signal significantly.

The final initial design was one based on circular apertures and was designed to
try and implement some off-axis, non-radially symmetric designs, to see how super-

oscillations in more than 1D behave. The reason for this is that according to [19]

69



4.1. RESULTS

superoscillations that occur in more than 1 dimension are even further suppressed in
amplitude. This is because the amplitude and various local frequencies in a dimen-
sion are related as a Fourier pair, and so trying to cause a superoscillation of any
significant difference in more than 1 dimension, i.e getting a very small, circular spot
size on a saser will lead to such a significant drop in amplitude as to make the spot
almost negligible. This leads to most circularly symmetric superoscillations having

some form of eccentricity to the spot size.

4.1.2 Slit Designs

This section concerns the designs and results of slit aperture arrays that were created
by following the methods set out in section 3.4.1. The following designs were all
made to try and cause superoscillations on the reverse side of the GaAs substrate.
The first design, named SDD1, is shown in figure 4.4, and is a multi-width array.
This means that the simplifications of the diffraction grating cannot be made here,
instead it took a full numerical approach via the methods laid out in section 3.4. In
figure 4.4(a) the design can be seen, and the slit widths and central slit positions
are given by the corresponding entry in table 6.3. It can be seen that the diffraction
pattern this produces has a very tight central peak, with very small features to its
sides. The question now becomes whether this pattern actually superoscillates. We
now rely on the tools developed in the basic superoscillatory theory section 2.3, by
comparing the highest Fourier component to the smallest local feature. Given that
we have all the information we need to deduce the highest Fourier component, it is
simply given by:

fmaz(SDD1) = 057TMHz (4.3)

and comparatively, the largest local frequency is given by:

froe(SDD1) = 0.93M H = (4.4)
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Figure 4.4: Design and simulated diffraction pattern of the SDD1 aperture array.

This is a full design with multiple slit widths: red= 3.375um, purple= 3.5um,

blue= 3.75um, green= 4.0um. The diffraction pattern graph is intensity in %

vs position along the y-axis in m. This is one of the designs that was used in
experimental validation via DMD experiment

and thus we can definitively say that this design superoscillates.

It is important to note that the simulations used to produce the diffraction patterns
seen in the following sections were numerical approximations of the Fourier trans-
form of the transmission functions of each of these slit apertures. The reason this
simulation was chosen over more in-depth simulations like finite element method
(FEM) is that these were meant as a first pass simulation, but ended up giving good

agreement with experiment, and so weren’t revised into more complicated methods.

The second slit design that was submitted for experimental verification was SDD2.
This was purely to help as a test case to try and verify whether the simulations were
close to the achieved results or not. This would help determine whether the simplistic
Fourier transform based simulations were good enough, rather than having to resort

to costly FEM simulations to coincide with the system. The achieved simulation
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Figure 4.5: Design and simulated diffraction pattern of the SDD2 aperture array
used to verify that Fourier optics is a valid method. This is a double slit design

with a single width: green= 4.0um. The diffraction pattern graph is intensity in

% vs position along the y-axis in m. This is one of the designs that was used in

experimental validation via DMD experiment

results were

Fraa(SDD2) = 0.15M Hz | (4.5)

and

fioe(SDD2) = 0.24M H >z . (4.6)

and can be seen in figure 4.5 which shows that this design superoscillates with

Aloe = 3.3um. This was not expected, but a very interesting result.

The third design that was given for experimental verification of this batch was
SDD3 and was to try and demonstrate the effects of simulation vs. experiment on

the highest Fourier component set of apertures in the full aperture array SDD1.
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Figure 4.6: Design and simulated diffraction pattern of the SDD3 aperture array
used to verify the highest frequency component within the aperture array diffraction
pattern. This is a double slit design with a single width: red= 3.375um. The
diffraction pattern graph is intensity in % vs position along the y-axis in m. This

is one of the designs that was used in experimental validation via DMD experiment

As can be seen, the agreement between

fmaz(SDD3) = 0.5TMHz , (4.7)
and

Jroe(SDD3) = 1.34MH 2 | (4.8)
this design also superoscillates at A\, = 2.4pum, which was not intended but is
interesting.

Despite the fact that only SDD1 was supposed to superoscillate, all 3 of these designs
appear to superoscillate. This is a curious result given that SDD2 and SDD3 were
meant only to check and compare the simulation results to the experimental results,

as they are the simplest designs. Given these results, it struck me as curious to
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Figure 4.7: Design and simulated diffraction pattern of the IDD1 aperture array used
to iteratively test permutations of the apertures arrays solved with the tools in 3.4.
This is a multi-slit design with a single width: brown= 5.375um. The diffraction

pattern graph is intensity in % vs position along the y-axis in m. This is one of the

designs that was used in experimental validation via DMD experiment
see what perturbations of apertures given a set of position solutions that had large

degeneracy amongst the solutions would do to the diffraction pattern.

4.1.3 Iterative Designs

These iterative designs were made with a set of slits and positions that had rep-
etitions (degeneracies) within the position solutions. This seemed to imply that
any perturbation of positions and apertures within this solution space would work;

however, it needed verification.

As can be seen in figure 4.7 a diffraction grating style design was used. At the
time this was designed, it was believed that single width diffraction grating aperture
arrays could not superoscillate, and so this was meant to be a control. However, the
simulations and process of calculating the analysis on these results seemed to bring

into question the veracity of that assumption. As can be seen by section 3.3.2, some
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Figure 4.8: Design and simulated diffraction pattern of the IDD2 aperture array
used to iteratively test permutations of the apertures arrays solved with the tools

in 3.4. This is a multi-slit design with: blue= 2.625um and brown= 5.375um. The

diffraction pattern graph is intensity in % vs position along the y-axis in m. This

is one of the designs that was used in experimental validation via DMD experiment

diffraction gratings do in fact superoscillate. Although this result was not known at

the time, it was worth comparing these variations with other variations.

The second variation that was used to experiment with the design was IDD2. This
produces a curious diffraction pattern, as can be seen in figure 4.8(a) as there is a
what looks possibly to be a high amplitude superoscillation in the first peak beyond
the zero peak. However, this is in fact not a superoscillation, as this pattern does
not superoscillate at all. It actually oscillates at exactly the expected frequencies.
This is interesting, as this was supposed to be a part of a perturbation of solutions
to the Aharonov design equation, and one of the degeneracies, but apparently, even

when solving these equations, there are some solutions which do not superoscillate.

The third design was IDD3 which has its maximum superoscillatory region very

close to the central peak. This superoscillation occurs between 13.0 —18.4pum, \joe =
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Figure 4.9: Design and simulated diffraction pattern of the IDD3 aperture array
used to iteratively test permutations of the apertures arrays solved with the tools

in 3.4. This is a multi-slit design with: blue= 2.625um and brown= 5.375um. The

diffraction pattern graph is intensity in % vs position along the y-axis in m. This

is one of the designs that was used in experimental validation via DMD experiment

5.4pum, and has a superoscillatory frequency of:

froe(IDD3) = 0.58M Hz |, (4.9)

which when compared to its calculated maximum Fourier frequency at:

Fra(IDD3) = 0.24MH>z (4.10)

clearly shows that IDD3 superoscillates.

Finally IDD4 delivers what is possibly the clearest example of a diffraction grating
superoscillation. As can be seen from table 6.3 however, it’s highest superoscillatory
region occurs between 81.0 — 85.7um from the centre of the pattern. This leads to

a local frequency of

froe(IDD4) = 0.66MHz (4.11)
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Figure 4.10: Design and simulated diffraction pattern of the IDD4 aperture array
used to iteratively test permutations of the apertures arrays solved with the tools in

3.4. This is a multi-slit design with a single width: blue= 2.625um. The diffraction

pattern graph is intensity in % vs position along the y-axis in m. This is one of the

designs that was used in experimental validation via DMD experiment

which compared to,

fras = 0.24M H 2 (4.12)

means that IDD4 superoscillates with the local wavelength of \j,. = 4.7um. As can
be seen from these results the majority of the pertubations superoscillate, but not

all. The reason for this is unknown.

4.2 Discussion

The designs laid out in the previous sections were designed iteratively via various
different changes to the experiment and also to the theory. What worked and what
did not was observed and then implemented as changes or kept if possible. This
led to a variety of different designs, and as can be seen, especially with the iterative

designs, a surprising number of them seem to superoscillate, at least in theory.
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4.2.1 Early Designs

One of the biggest criticisms of the early designs was that because the designs blocked
the central region, this caused an enormous loss of laser energy able to propagate
through the system. This meant that the laser power needed to achieve any measur-
able results was too high to be achieved in the experimental set up that was being
used. This was a large problem that plagued the experiment throughout. The signal
to noise ratio (SNR) of all of the designs was poor. This is a problem with super-
oscillations in general, as the higher the superoscillatory frequency above the Fourier
limit, the larger the wings around the superoscillatory region are in amplitude. This
can be seen in the relationships between the energy and amplitude quotients in fig-
ures 2.4 and 2.6 respectively. Due to this fact, trying to measure superoscillations
directly becomes an act of balancing a low superoscillatory frequency to reduce SNR
and having a very precise system to be able to resolve the very slight differences in

expected non-superoscillatory pattern and produced superoscillatory patterns.

Slit and Iterative Designs

The biggest change for the slit and iterative designs were the changes to the area over
which the pattern could be produced. The previous 200um x 200um was restricted
to just 150pum x 150um. This change reduced the solution space enormously, but
also meant that a higher intensity of laser light could fall onto the region, leading to a
higher intensity of phonon generation, and better detectability on the reverse of the
substrate. This restriction in solution space corresponded to a change of methods in
the experiment. This change was to replace the old optical lithography method with
a new Deformable Mirror Device (DMD) to illuminate the superlattice. The DMD
meant that the solution space was restricted because of it’s limitations in resolution

and the method of light projection from the DMD.

However, the theoretical results and the simulated result have shown that, at least
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in theory, the design equations work, and have produced superoscillatory diffraction
patterns. interestingly though, when dealing with degenerate solutions, not all of the
solutions do appear to superoscillate. The reason for this is unclear but it is a curious
result. It sees to suggest a more complicated relationship between superoscillations
than the ones we have detailed in the Apertures chapter, chapter 3. However, we do
seem to have at least hit on some kind of relation, as although perhaps not the full
description, as the majority of these patterns superosillate, we are at least better

than random chance.

Interestingly, our highest superoscillatory increase, known as g factor, came from
1D D1 which had a g factor value of 4.36. This was not intended and indeed, although
it was meant to be superoscillatory, it was expected that the SDD1 aperture would
perform better, due to it’s high number of aperture widths. Indeed, all of the
highest ¢ factors come from diffraction grating style designs as opposed to mixed
slit widths. This is likely as there are more of these designs when compared to
mixed slit width designs, and is not of any physical significance. There is nothing in
the equations to suggest that diffraction grating designs are always going to be the
most superoscillatory, indeed they seem to be the most restricted in their designs.
This restriction may actually work to their benefit in some degree, as it narrows the

solution space that has to be searched in order to find them.
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Chapter 5

Detection

As has been outlined in Section 2.3, certain previous methods for analysing whether
a superoscillation exists within a function or not have certain flaws. In this chapter,
we aim to address these flaws and try to formulate a new tool for detection of
superoscillations based on overlap integrals with a particular form of superoscillating

function.

5.1 Previous Methods

Perhaps the most widely used tool in the literature [9, 11, 24] is that of the phase

gradient, also known as the local wavevector method. It is characterised by:
ke(x) = —Im[V In(f(x))] (5.1)

which rephrased is:
u(z)Vo(z) —v(z)Vu(x)
u?(z) 4+ v?(x)

ko(z) = (5.2)

where u(z),v(x) are the real and imaginary parts of the function f(x), respectively.

This is the main method for Berry in his paper predicting the fraction of superoscil-
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lations in N-Dimensional fields [11], however, as we have seen in 2.20 it can miss
some superoscillations in 1D. This problem is actually compounded when trying to
reproduce the Berry paper’s results [11]. If we consider this tool for 1-D functions in
general, we tend to find that there are issues with divergences or ambiguous answers.

For example, the sin(z) function:

ke(x) = —Im[V In(sin(z))] = — Im|cot(x)] =0, (5.3)

| ~ u(z)Vu(z) —v(z)Vu(z)
hel) = u?(x) + v%(x) ’ (54)
where u(z) = sin(z) and v(z) = 0, and thus once again:
ke(x) =0, (5.5)

which states that the local wavevector of a sin(x) wave is 0. If we lift the restriction

of taking the purely imaginary part and look instead at replacing it with:

ko(z) = —i[V In(sin(x))] = —icot(z) , (5.6)

as Konrad and Roux do in their paper [24], it becomes clear that instead of having a
local wavevector of k. = 0, we get a diverging k. at = 0 due to the cot(z) function.
Indeed with the Konrad and Roux definition, any function which has a vanishingly
small quotient in the logarithm derivative is liable to diverge. Berry’s definition
is able to get around this with taking the imaginary component but leads to any
and all purely real functions having no local wavevector. This is evident from the
second formulation, equation 5.4, where any function without imaginary component
is going to be 0 in its local wavevector. This tool, whilst useful in its application
to complex multi-dimensional fields does not have application in real 1-D function

analysis.
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Another type of detection algorithm are based on convolutions with oscillatory like
waveforms, such as in Ezra et al.’s work [27] where they use convolutions with
so called "top-hat”, "sombrero” and other Gaussian derived functions to give a
probability of a superoscillatory frequency or wavelength being within a function.
This approach is novel and interesting for the fact that it is a relatively easily
computable problem. It will give a spectra of wavelengths possibly in the function,
with associated probabilities. This can then be further extended with statistics to
give confidence intervals and other measures to give a probabilistic answer as to
whether a superoscilaltion occurs within the function. One of the benefits to this
method is that it has application in all complex, real and N-dimensional function,

as the comparison function can easily be made to match these criteria.

However, it runs into the problem of introducing an unbounded Fourier space. Due
to the nature of the Gaussians used in the analysis of the function having no ban-
dlimit on their Fourier transform, the Fourier space becomes unbound, and thus only
probabilities of superoscillations can be given. The reason this is such a problem is
that we no longer know if any value we get for a given frequency above the bandlimit
is due to superoscillations, or an expected aberration due to the unbound nature of
the Fourier space. One of the other drawbacks is having to choose a Gaussian func-
tion with which to convolve the function under analysis. This is because different
Gaussian profiles give better probabilities based off the local shape of the function.
To give a slightly reductive overview of the method, it is like having a sheet of tracing
paper, with infinitely many sizes and shapes of function and trying to match each
part of the function to each of the different profiles on the tracing sheet. The benefit
is it’s quick and easy to perform, the downsides are that it is not a definitive answer,
and you can only get a likeness probability; and that you introduce an unbounded
Fourier space to the analysis. This unbounded frequency space is shown in Ezra et

al. [27] and is used as a way of calculating these probabilities.
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An unbound Fourier space is also the problem that is run into when considering a
windowed Fourier transform. There are two ways of performing a windowed Fourier
transform, one is to once again convolve the investigation function with a windowing
function. This allows the Fourier transform to take place only over a given domain
and that allows for the investigation of very specific parts of a function. The other
is literally to change the limits on the integration of the Fourier transform to only

cover the region of interest. These two are equivalent in the case of a rectangular

Rect <“"/§c> as defined in equation 3.1 but with other windowing functions it is
slightly different. This causes there to be a sinc envelope function in the frequency
space, and when Rect (%) is convolved with a function that has a spatial range
that is larger than it its frequency range is going to cause an unbound Fourier space
due to the sinc function. However, one thing that every windowing function has in
common is that they have an unbounded Fourier space and thus any superoscillatory
effects that might exist will have to be deconvolved from the total Fourier transform.
Whilst this is not impossible, it does introduce noise into the deconvolved Fourier
space. This is because pointwise deconvolution of a restricted range of a physical
variable leads to large amounts of "ringing” in the Fourier deconvolution [28]. This
is in addition to the fact that given superoscillations are by their nature invisible

to Fourier transforms, it would be likely that no extra information could be gained

from this process.

5.2 Reproducing Berry

In order to demonstrate the issues with the previous methods, specifically the local
wavevector method, we turn to a paper produced by Berry on the probability of
superoscillations occurring in random complex fields [11]. In this paper Berry et al.
predict that, according to the local wavevector methods, the probability quotient

of random fields that superoscillate depends on the dimensions that the field exists

83



5.2. REPRODUCING BERRY

within, and their results show that for 1D that quotient is:

1
Py guper =1 — 7 = (.29289 . (5.7)

This probability is the one that we need to try to reproduce when reproducing this
paper. This reproduction is based in numerical simulation of the system that Berry
et. al studied in their paper. The system as described in [11] is one comprised of N

monochromatic complex scalar waves, which have the form:

U(r) = u(r) +iv(r) = p(r)exp{i x(r)} , (5-8)

and define their local wavevector similar to equation 5.2 except they only consider

the magnitude of the gradient of the phase:

[u(r)Vo(r) — v(r)Vu(r)]

(r) = [Vx(r)] = o

(5.9)

Where p(r) is an amplitude at a given point, and real function; x(r) is the phase
function and r is some N-dimensional coordinate vector r = r;e;. In the paper a
specific example for N = 50 with 25 frequencies distributed between [—ky, —0.99k]
and the other 25 between [ko, 0.99ko]. In this they perform a Monte-Carlo style
simulation to achieve a graph of the probability distribution verses wavenumber
quotient, a dimensionless quantity that is k/ky . The distribution of the probability
over the local wavenumber to the global wavenumber maximum goes to demonstrate
the issues with the local wavevector method. It shows that for a random field there
will always be a local wavenumber of 0. This essentially corresponds to some kind

of offset which would uniquely identify each function, even if that offset is 0.
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Figure 5.1: A figure showing 4 panels demonstrating (a) the Full Wave across a range
of [0,1000]; (b) the Restricted Wave, where we take a section around the highest
metric values from the wave to look at the wave around that point; (c) the Full
Metric, which demonstrates what values the Berry metric takes on and where; and
(d) the Restricted metric which shows the metric in and around the highest peak of
the metric. This figure clearly shows the flaws in the metric, as it achieves values
far higher than ky = 1 in many different places, but also shows how if you only look
within certain regions, it is possible to miss the majority of the divergent behaviour.

5.2.1 Simulations

The replication of this study was conducted on University of Nottingham’s HPC,
Ada, using 5 x 10° different random fields of 50 random frequencies. In our simu-
lations we wanted to reproduce the methods implemented in Berry’s paper, and so
we generated datasets with a large number of random amplitudes and frequencies,
with amplitudes ranging anywhere within the complex unit circle and frequencies
being distributed as per the paper, randomly within the two intervals [—1, —0.99],
[1, 0.99], so kg = 1, with 25 frequencies within each interval. We also made sure to
use their algorithm, as given in equation 5.9, to calculate the local wavevector to be
as accurate to their method as possible. However, a numerical 'Hopital’s method
was introduced to try and deal with any situations in which a direct computation

of the local wavevector method might fail.
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Initial runs of this method were run between an x variable of [—200, 200] to try and
capture superoscillations, however it was observed that the values of P syper Was not
converging to the correct value. It was then that the domain over which the function
was analysed was increased to [—1000, 1000] and the fraction of fields that met the
metric for superoscillation also increased. This is likely because this is how long
it takes for the very small aberration from monochromaticity to start to dephase
properly. This dephasing is what typically causes the Berry metric to increase to
a value beyond the bandlimit of ky that is implemented. From our simulations we
could not seem to retrieve the value that Berry et al. achieved, and despite checking
the method multiple times it still seemed resistant to our attempts at replication.
However, when the range was changed to that which was presented in the figures
showing the superoscillations in the paper, this [180 — 200] range, we began to get
close to the values quoted. When investigating in this range the probability found
was P guper = 0.31 for 5 x 10° fields, which whilst close is not exact. It is suspected
that only a limited range of investigation was used in these calculations, and whilst
this is a necessity of the numerical methods, an investigation of the range at least on
the order such that the aberration from monochromaticity can dephase. Given that
chromatic aberration § = 1 x 1073, this means that it dephases and has a periodicity
of around 1000, and so an investigation in and around this range must be conducted

to avoid missing superoscillatory behaviour in this metric.

Not only do these graphs show that the Berry method seems to diverge within the
range of +1/§ they also show that the waves can take on a variety of different shapes
within the range that is investigated. Even limited range investigations give rise to
a wide variety of different wave shapes over their range, as can be seen by comparing

figures 5.2 and 5.1.

One of the other ways of comparing the Berry paper to the results that were obtained

through simulation was trying to match the curves for probability retrieved. These
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Figure 5.2: A figure showing the results of the initial runs of the Berry reproduction
simulation. The different panels show (a) the Full Wave, (b) the Restricted Wave,
(c) the Full Metric, and (d) the Restricted Metric. This figure clearly shows the
divergence of the metric above kg =1

k/ky curves show the probability that a particular local normalized wavenumber
occurs within the field. The graph in the Berry paper is a Gaussian distribution,
with the probability of a local wavenumber of 0 being P;(0) = 1 [11]. This probability
curve was something that was of interest to try and recreate, as it seemed to heavily

support their conclusions.

The graphs in figure 5.3 are analogue histograms for the probability curve in Berry’s
paper [11]. In order to find the associated probability we would have to integrate
across the entire histogram and then divide by that value. This would lead to a
better representation of the probability of a particular histogram range occurring
within the random field. It is, however, clear to see the difference in shape between
Berry’s method’s curve, as seen in figure 5.3, and the curve that we find, as seen
in figure 5.4. Even on the restricted range graph in figure 5.3(b) it is evident that
nowhere near the amount of local wavenumbers above 1 are achieved in our attempts

than the Berry paper.
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Figure 5.3: Graphs showing the difference between the histograms of the various
local wavevectors found using the Berry method over different windows (a) a range
of [0,1000] and (b) a range of [80,120]. The number of waves this was run over
was 50000, and so count values of 50000 correspond to the particular k/k0 value
occurring in every wave at some point. It is interesting to note that there is any
difference, as although this was run on the same data, restricting the range shows
how windowing can affect the results.

The reasons for this are a touch opaque, as the simulations were performed to
attempt to reproduce Berry and Dennis’ work as closely as possible. However, it is
possible that the choice of random distributions is to blame for these discrepancies.
We chose to distribute our phase and amplitude values within the full unit circle
in the complex plane, however it is possible that the distribution used in Berry’s
paper was different. Given their use of monochromaticity with a deviation of only
0 = 0.001 it is possible that the distribution they used was a thin annulus in the
complex plane, with outer radius of 1 and inner radius of 0.999. It is also possible
that other random distributions were used, such as a unit box, or other random
distributions within the complex plane, but it is not known what was used, and thus
exactly why there is a difference in results. Further investigation may reveal slightly
deeper insights, as Huang et al. highlight that they also find that the Berry and
Dennis metric is useful in only specific situations, where the function is locally near

or at zero intensity [15]. Results here are unfortunately inconclusive, but do point
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towards some potentially interesting results that may provide a deeper insight into

the nature of superoscillations.

5.3 Analysis Methods

Rather than the Berry approach, we suggest an approach based off Aharonov’s
formalisms for the Fourier series of one of the superoscillating functions given in
equation 2.31. The method comes from performing an overlap integral with a given

function, and the equation 2.31:

A(f(z)) = /_OO f () [cos(wyz) — igsin(wyz)]™ dz . (5.10)

This function acts as an analogue to the Fourier transform, and indeed simplifies to
this for ¢ = 1. If we apply Aharonov’s simplification for expressing this function in
terms of a Fourier series, then we can start to make some simplifications. Recalling
from equation 2.32 the simplification of equation 2.31, we can substitute it in to

equation 5.11:

A(f(x)) = /00 f(x) ZXjeihjﬂ”dx . (5.11)

Which by the uniform convergence theorem [25], we can simplify to:

A(f(z)) = ZXj / h flx)eh®dr | (5.12)

This is exactly a weighted Fourier transform, whereby each frequency involved is
weighted by some term X; which is given by equation 2.33. Now this is useful for
us, only when compared to the Fourier transform, where we compare the Fourier
weightings of each frequency to the Aharonov weightings. The reason that we do that
is that the Aharonov weightings are a polynomial in the superoscillating metric g

but occur at the same locations as the Fourier weightings within the k-space. What
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is being looked for are singular solutions to the ratio of the Aharonov to Fourier
coefficients, where the superoscillating metric is greater than 1. If we consider the
polynomials X;(g) weighted by the Fourier coefficients F; we want to know if there
is a solution for g > 1 such that for all j these weighted polynomials have a singular

solution. Put another way does there exist a constant ¢ such that Vj and g > 1:

—c. (5.13)

The ideal solution for this is when ¢ = 1 and g > 1, i.e the function is exactly in the
form of an Aharonov superoscillating function. However, as the coefficients X,(g)
are a quotient of the normalised frequencies h; whereby the actual bandlimit infor-
mation [, is divided out in the quotient (this can be seen in equation 2.33 and
the definition of g in equation 3.80), there can actually be a scaling factor between
X, and Fj. This scaling factor is exactly ¢, which accounts for the loss of the ban-
dlimit information in X;(g). Thus what is being investigated is whether the Fourier
transform is similar to the Aharonov transform or if there is a more complicated
relationship, or put another way, are the Aharonov and Fourier transforms the same

shape, but different scales for a given g.

Put a different way, we want to decompose a function into a sum of superoscillating

functions so:
M

fla) =" Cilcos(wy,x) — igisin(wy,z)]™ (5.14)

=0

which via the Aharonov simplification from equation 2.32 becomes:

M N
fla)=> "0 ) Xje e (5.15)
=0  j=0
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Thus for to find C; and X;; we can compute the overlap integral:

N 00
C, = ZXj/ f(x)e @ haeqy (5.16)
=0 —oo

which is exactly the Fourier transform with respect to hj;, which are arbitrary

frequencies. Thus we have that:

N oo (o)
a=% X, / / Fa)e 10750 — b Vdwd (5.17)
=0 —o0 J —o0

Assuming that we have a band-limited frequency function of a finite number of fre-
quencies, then we can use the Fourier transform to find both N and the frequency set
that we are working with, fixing h;;. Fixing the frequencies also has the consequence
of fixing [. Thus:

C=X,F;, Vj (5.18)

Where Fj are the Fourier weightings of each Fourier frequency, given by:

F = /_ h /_ " p @) T { — by} dadw (5.19)

What this equation shows is that the function will superoscillate if the Fourier
coefficients multiplied by the Aharonov coefficients for each frequency are a constant
value C. This is essentially a scaling factor for the Fourier Transform and the
Aharonov transform, meaning they must be similar, but differ in amplitude only by

some constant C'. This C' has no restrictions on it, thus C' € C .

This problem has been tackled using numerical approaches, and some previous work
by Konrad and Roux [24] to limit the search space. Given that a superoscillating
metric of g > 10 is vanishingly small as to be extremely unlikely, we only consider
a search space of g € (1,10] and see if there is a stable solution for ¢ across all N

values of X;(g)/Fj evaluated at g.
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Figure 5.4: A histogram showing the distribution of superoscillating metric g values
and the number of times they appear within a random field over a set of 50,000
random fields. This graph was made using the novel detection method detailed in
section 5.3. There are a total of 1717 counts here, which corresponds to a super-
oscillatory probability of P(g > 1) = 1717/50000 = 0.03434

This search for a single ¢ value across all of the Fourier and Aharonov values at
a given ¢ leads to some interesting insights. As the algorithm searches, it has
an error associated with the calculated ¢ values. This error can be considered a
tolerance, and as we relax the tolerance, the larger the fraction of the total fields
appears to superoscillate. This is because whilst superoscillations are relatively
robust to small perturbations, this noise that occurs does add error onto our total
fraction. The balance between the tolerance such that numerical error doesn’t lose
all superoscillatory fields and does accept too many non-superoscillatory fields is a
difficult one to strike. It was decided that the tolerance for the amplitude search

should be 1 x 10™* as it was small enough so as to reduce false positive and is on the
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same order of magnitude as the N = 50,000 so can reduce the number of possible
false negatives.. This lead to retrieving a final fraction of the 1D random complex
fields as being 0.0032. Now what this actually states is not what fraction of random
fields superoscillate, but rather, what fraction of random fields are an Aharonov

class superoscillation.

As can be seen in figure 5.4 there is a distribution of g across the random fields,
with the most likely superoscillations being those much closer to g = 1. This is as
we would expect, because by all accounts and especially [24], higher superoscillatory
frequencies are exponentially suppressed. As we can see an exponentially decreasing
relationship between the number of counts and g, where, even accounting for noise,

it’s shape is fairly visible from the histogram

Whilst the Aharonov class superoscillations are a large class of superoscillations,
they are not the only ones. As was discussed in chapter 2, the basic superoscillating
function as described in 2.16 does not belong to this class of functions. In fact as
it is defined in terms of a variable s the basic superoscillating function does have
a value range of s such that it is part of the Aharonov class of superoscillating
function. That range has s € [0,0.25) and any values beyond this are not valid
Aharonov class functions. However, it is not restricted to being a part of this class

of superoscillating functions.

Another way of analysing functions is to use the Aharonov supershift principle. This
would allow for analysis of compactly supported, but continuous Fourier spaces, as
although bandlimited, there are infinite frequencies. As the previous method relies
on a finite number of frequencies, as shown in the exponent N of equation 5.14, the

following method based on the supershift principle gives an approach that allows for
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analysis. This supershift approach would look something along the lines of:

N

flx)=> YG(Bz) | (5.20)

Jj=0

where as shown in section 3.4.1, G(z) is some orthogonal basis function, f3; is some
bandwidth associated with the basis function, and Y; is their amplitude, thus would

be given by the Aharonov formulation:

N B —a
v, =[] 2—, 5.21
k#j
and by the overlap equation:
V= [ )G (5.22)

This does not unfortunately simplify to a Fourier transform in all cases, however can
provide valuable insight into whether a function superoscillates as an Aharonov class
superoscillation. It is also important to note that 3; are not as simple as the Fourier
bandwidths of the frequency functions for the function under investigation, it can
be a more complicated relationship and is instead based on the Fourier bandwidths
of the basis function G(z). Again this has not been fully explored, but is another
possible tool that can be used in trying to detect superoscillations in signals and

fields that are otherwise difficult to measure.

5.4 The Aharonov Transform

It has been shown that in equations 5.11 and 5.12 given that the superoscillatory
metric ¢ — 1 they simplify to the Fourier transform. This admits the possibility
of treating the Aharonov transform similarly to the Fourier transform, especially

in explaining how and why the Aharonov transform is so similar. A normalised
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windowed Fourier transform of a function can be considered the centre of mass of

—i2mCt

a rotating vector e multiplied by the function itself f(t) over a given interval

[a,b]. To explicitly state this formula, it is:

f(Q) = - i 7 /b af (t)e < dt (5.23)

where ( is our transform variable or, put another way, our winding frequency, and
[a, b] is some arbitrary interval over which the function f(¢) is defined. This differs
from a Fourier transform in some minor ways, one is that it is windowed and therefore
it is not performed over the entirety of the domain over which f(t) is defined. The
other is that it is normalised by the length of the interval, so that we bound f(¢)
to the same range as f(¢), such that for all the ¢ and ¢ domains, |f({)| < |f()].
The reason we choose this form of the Fourier transform is that it is closer to
the algorithms used in the numerical computations used for the discrete Aharonov

transform and the algorithms discussed in section 5.2.

The essence of the Aharonov transform is that instead of wrapping the function
around a circle, we instead wrap it around an ellipse with an eccentricity related to
the superoscillatory metric g. When considering the wrapping function w(t,() =
f(t)e=7¢ we can split these functions into their real and imaginary components
to act as analogues to functions along the classic Cartesian coordinates x,y. These

functions are:

u(t,¢) =R (f(t)e ™) = R(f(t)) cos(2m(t) — S(f(t)) sin(2n(t) | (5.24)

and
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S(f(t)) cos(2mCt) + R(f(t)) sin(2n(t) (5.25)
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Figure 5.5: A figure depicting the different winding functions w(t, ¢) (circular) and
w(t,¢) (elliptical) of f(t) = cos (3t) at different winding frequencies ¢. The centre
of mass, depicted by the cross indicates the amplitude of each winding frequency
within the function. Most winding frequencies will be near zero, with only those
corresponding to Fourier frequencies having a larger amplitude, as can be seen in
¢ = 0.5. Here, g = 2 and n = 2 for the elliptical winding pattern

and follow the relation that:

w*(t,¢) + 0¥ (t, Q) = [lw(t, QI = [If B - (5.26)

—i27Ct are weighted equally, this

Given that the imaginary and real components of e
corresponds to a wrapping of the function f(¢) around a circle, with a winding

frequency of (. This can be seen in figure 5.5, where for ( = 0.5 the centre of mass
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of the winding function is far to the right of 0 for w(¢, ().

However, for our superoscillatory function, [cos(wn:c) —ig sin(wn:t)]n we have an
imbalance in the real and imaginary components of this function, thus using our
Aharonov transform our winding function becomes w(t, ¢) = f(t)[cos(wnt)—igsin(w,t)]".

This then decomposed into it’s real and imaginary parts is:

plt,Q) = R (f(t)[ cos(wnr) — igsin(w,z)]")

(5.27)
= R(f())p(t, ¢) + S(f(E))a(t. C)
and,
n(t,¢) = S (f(t)] cos(wnt) — igsin(w,t)]") (5.28)
= R(f(£))a(t, C) +3(f(1))p(t, ) ,
with,
p(t,¢) = Z (2”k>(—z'g)2k cos" 2 (2r(t) sin®* (2n(t) | (5.29)
k=0
and,
q(t,¢) = Z (2]{7:_ 1) (—ig)? " cos™ 21 (27(t) sin® T (27 (t) . (5.30)

Here, m = |3n], and the p(t,¢) and q(¢,¢) functions are the respective real and
imaginary decompositions of the superoscillatory function and we have used that
w, = (. The same relation is preserved in terms of squaring the elliptical winding

function, so:

P Q) +17(t Q) = ||w(t, QI (5.31)

but notably, this does not equal || f(¢)||?, if instead we consider the real and imaginary

parts of f(t), we get a rather more complicated relation:

Pt Q)+t Q) =

R*[p*(t,¢) + ¢*(t, Q)] + 4RIp(t,)q(t, ¢) + I*[p°(t, ¢) + ¢* (¢, C)]

(5.32)
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with R = R(f(t)) and I = I(f(t)). If we now consider the treatment of a purely

real function, p(t,() = Rp(t, ) and n(t,{) = Rq(t, (), and that:

a(t,¢) = —igtan(2r¢t) Y T (z’f_ T (5.33)

with:

Dr = (2?;) (—ig)** cos™2* (2m(t) sin®* (27Ct) . (5.34)

The reason we highlight this is to show the imbalance between the p(t, () and ¢(t, {)
functions. Parametrising the space as (x(t),y(t)) = (Rp(t, (), Rq(t,())| leads to an

¢
asymmetry in x and y. This asymmetry can be expressed as an eccentricity, which

g:,/1—g—12 (5.35)

and is a measure of the difference between the focal points of the ellipse and the

is typically given as:

central point. For a circle this difference is 0, as the focal points lie on the central
point, and as € — 1 this becomes a parabola, and then for € > 1 it is a hyperbola.
As can be seen in figure 5.5 with the elliptical winding patterns, there is a difference
between the circular and elliptical winding patterns, but importantly the centre of
mass behaves the same given the same winding frequency, (. The reason this is
important is that the Aharonov transform is, as shown in equation 5.18, a scaled
Fourier transform, and this means that it will behave in the same way, just with a

different amplitude.

This can be seen in figure 5.6, as we use the optimal values for g and n, we have a
constant coefficient between the different winding frequencies relating to the Fourier
frequencies in the winding pattern. The only big deviations from this are ( = 0
and ¢ = 2/3. As these aren’t Fourier frequencies involved in the function, we have
no restrictions on what the coefficients between them should be, so we disregard

them. Worth noting is that we do not show the winding frequencies of the negative
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Figure 5.6: A figure depicting the Fourier (circular, red) and Aharonov (elliptical,
blue) winding patterns and centre of mass (CoM) positions for an Aharonov function
f(x) with h; € {—1,-1/3,1/3,1} and g = 4/3. Here, g = 4/3 and n = 4 in order
to get a constant coefficient between the Fourier and Aharonov transforms. That
constant relating the Aharonov and Fourier windings for this system is C' ~ 1.85.
We do not consider the contributions of the relationships between ¢ = 0 and ¢ = 2/3
winding frequencies. The reason for this is that they are not Fourier frequencies of
the function f(x) and although, for ¢ = 2/3, there are some CoM deviations between
Fourier and Aharonov transforms, this is likely because of ringing effects natural in
a finite discrete winding calculation. This highlights the importance of using both
the Aharonov and Fourier transforms in conjunction.

frequencies. This is because, for this function the negative winding frequencies give
the same values for C', just with a negative CoM position. This is not always true,

but for the illustrative purpose of showing the ringing effects of ¢ = 2/3 it has been
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left out of the figures.

The usefulness of this is that it nicely shows the easy mapping between a Fourier
transform and an Aharonov transform, and how important it is to use both in
conjunction. As the Aharonov transform is just a scaling of the Fourier transform, we
can try to predict what the coefficient should be by calculating Aharonov coefficients
for the Fourier frequencies in the function. To do this we look at equation 2.33 and
the h; described in figure 5.6, and calculate a set of normalised Aharonov coefficients

by dividing through by the largest Aharonov coefficient, max(|X;|), getting a set of

{X;}; by:

hi —g

S
T E ez |X| Hhk—
k#y

{X}9) = {x x (5.36)

Xilg) V1 _ ).
maiﬁ(lXjD} a

We compare these normalized Aharonov coefficients with the normalised Fourier

coefficients, calculated in much the same way as equation 5.36 above:

() ={afoe

K,
mafc(!Fjl)} ' (5:87)

This then allows us to find the quotient between X7 and Fj which for all j should be
constant for the correct g value. This establishes a set of n simultaneous equations

which can be expressed as:

Xo(9) F
Xl g F/

o) x| (5.38)
X5.(9) £,

This approach allows for easier computation using parallelised computing, as search-

ing for x for each set of fields as established in section 5.2 becomes much easier
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compared to precisely solving all n of these equations.

There is also possible future work in trying to establish a way to reduce the search
space based on the eccentricity equation of the Aharonov winding ellipse; however,
at this point, this research has not been conducted. It could however help reduce
the computation time significantly, by aiming to calculate eccentricities, rather than

individual Aharonov coefficients.
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Chapter 6

Conclusions

In this chapter we discuss the simulated and analytical results that have been
achieved throughout this thesis, where there is room for improvement and future
work, and then conclude with a discussion of the impact, potential uses and whether

the questions that were asked at the beginning of this project have been answered.

6.1 Design and Detection Results

To summarise the results of this thesis, we have managed to show that: superoscil-
lating acoustic apertures are possible, not only this but superoscillating diffraction
gratings are possible. We then designed some apertures for testing, mainly using
the ease of computation with the slit apertures to create a variety of superoscillating
aperture designs. These were then simulated to test the validity of the designs and
to ensure that there was more evidence for manufacturing before the experiments

were conducted.

The initial designs were a naive foray into designing superoscillatory apertures but
did allow for a lot to be learned about the process. This process was then refined

using slit apertures, as they were the simplest to compute the analytical diffraction
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pattern for, and so were used as a benchmark to help design and test the methods
that were used in the rest of the design process. This led directly to the SDD style
designs and these were extremely informative in their design. Especially SDD2 and
SDD3, as these diffraction gratings were merely meant as a way to test simulation
and analytical calculation against experiments. These, however, also turned out to
superoscillate, as well as the initial SDD1 design. This was intriguing as a previously
retrieved result, specifically the one mentioned in section 3.3.1 and equation 3.49, had
been interpreted incorrectly, as it was thought this meant that diffraction gratings
could not superoscillate. Instead what it seems to imply is that diffraction gratings
can only superoscillate at or below a+£k,,,,. This realisation lead to the developments
of the proofs that are given in the Apertures chapter, chapter 3, as well as the
investigation into perturbations of degeneracies in the design equations that lead to

the IDD designs.

The IDD designs were meant as an investigation of what happens with degenerate
solutions of the design equations. They provided an intriguing look into how suc-
cessful the design equations are, but also highlighted that not every solution that
is achieved does superoscillate. This is an incredibly interesting result as this was
not expected, as the design equations seemed to be built specifically for superoscil-
latory behaviour. Thus it seems that there may be a more complicated relationship

between superoscillatory behaviour than these design equations encapsulate.

The Detection chapter, chapter 5 has some very interesting results. In it we critique
previous detection methods, and show the windowing issues that the Berry local
wavenumber method runs into. This is seen in section 5.2, and shows how the his-
tograms produced are similar to the probability curves published in their paper [11].
We also develop new methods for detecting specifically Aharonov class superoscil-
lations on the same data that the Berry methods were run, and we present those

results in section 5.3. These results showed that Aharonov class superoscillations are
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very rare, occurring in only about 0.3% of 50,000 random fields, with an aberration

from monochromaticity of 6 = 0.001.

To discuss the best design it is pertinent to consider what the best metric is. There
is the obvious metric of the highest superoscillatory frequency, in which case the
best design is 1D D1, however, this is not necessarily the best metric. This is due to
the nature of superoscillations. The higher the superoscillatory frequency, the lower
the detectability, and so we wish to look for superoscillations with the best SNR. To
start, let us examine those superoscillations with the lowest superoscillatory metric,
g. In this regard EDD?2 is a natural starting place, and we find that the maximum
SNR, i.e the amplitude of the superoscillation, compared to the amplitude of the
function maximum is roughly ~ 0.038. If we compare this now to the SNR of SDD2,
the second lowest g, we can see that £ D D2 has a much better SNR as for SD D2, the
SNR is ~ 0.01. This pattern continues for most of the other arrays, and so we can
say that for the best maximum signal to noise ratio (SNR) that £DD?2 is the best
array design. It is, however, important to note that this compares the maximum
of a sincusoidally decaying function, which always happens at the centre, with the
maximum amplitude of a the quickest superoscillation. There are often other, slower
superoscillations, which achieve a better SNR than the quickest superoscillation, but
here we are interested in achieving the maximum possible superoscillatory frequency,
in theory. In practice however this runs into issues of detectability and thus a system
would have to have a maximum SNR sensitivity of at least greater than ~ 0.03 in

order to detect the superoscillations produced in £DD?2.

6.2 Future Work

There are lots of potential avenues of investigation that can be conducted post this
thesis. For one refinement of further aperture arrays and investigation into aperture

arrays of different shapes other than slits, as was discussed in section 4.1.1. It has
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been shown by Toraldo di Francia and Rogers et al. superresolving annular aperture
arrays are possible [1, 16], and as such there is much to be developed in terms of
the theory in this thesis. Aperture arrays based on annular apertures, circular, or
even arbitrary shaped apertures could be developed using the framework we have set
out. Basing it either on the Aharonov supershift method or controlling the zeroes
method, there are many benefits to developing the theory beyond just slit apertures,
as it means that a greater portion of the field can superoscillate, greater control
over the superoscillatory region, and better control of the amplitude ratios can be
achieved. Annular apertures could be of particular interest as it is possible that the
design style of concentric annuli could lead to vast simplifications in the process of
design. These methods are similar to the metalens and pupil filter (PF) approaches
taken in Rogers et al’s review on mathematical methods for superoscillations [19].
This offers very exciting new possibilities into designing both aperture arrays and

understanding superoscillations better in general.

Other potential applications of superoscillations are so wide ranging and varied that
they encompass as many fields as there are uses for imaging and detection. However,
one of the most interesting and tangible uses for superoscillations would be in using
it for x-ray crystallography subwavelength scattering. If it can be shown that a
superoscillatory input can scatter off some feature too small for the highest Fourier
frequency, then it can be shown that superoscillations have a huge role to play
in NDT. It would also show how important incorporating superoscillatory analysis
into a variety of different fields would be. Although superoscillations have been
demonstrated experimentally [16], it is still in its infancy as a field in terms of

application.

Beyond probing crystalline structure, it would be of great interest to try and develop
a theory of anisotropic superoscillations, especially for acoustic applications. It is

curious to consider highly anisotropic substances when discussing superoscillations as
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features such as phonon caustics [21], seem to imply a sort of natural superdirectivity
when it comes to certain substances. This has not been fully explored, but given that
a material naturally has a bandlimited number of wavenumbers and vectors that can
be supported, it is not obvious why naturally occurring superoscillatory materials
could not exist due to their crystal structure. Indeed it would be very interesting
to try to develop a metamaterial or similar substrate that produces superoscillation
exclusively, given certain ranges of inputs. Similar to a superlattice, where instead
of producing very coherent phonons of a single wavelength to then propagate into a
material, this superlattice would produce polychromatic phonons either dephased in
the right way to superoscillate, or of coherent phonons of varying amplitudes, such
that their superposition would superoscillate. Indeed designing these metamaterials
may give insight into crystal structures that could be used to help identify natural

crystal formations.

An enormous and prevalent field of research that superoscillations could be used
in is communications. Communications has many aspects from the physical trans-
port of the information across distances, to encryption, decryption and improving
bandwidth limits for more information to be transmitted down communication lines.
Superoscillations have applications in all of these fields, however two of particular

interest are those pertaining to the Nyquist rate, and cryptography.

The Nyquist rate is the lowest rate at which a continuous-time signal can be sam-
pled to produce an aliasing free discrete representation or the lowest sampling rate
at which a signal can be reconstructed perfectly without losing information [29].
Superoscillations, being a phenomena which exploits the bandlimit could prove to
be an interesting tool to try and beat the Nyquist rate. If this works, it may al-
low for more information to be communicated down the same lines with little to
no disturbance to infrastructure. This could hopefully be achieved with a simple

retrofitting of different algorithms and communication protocols. This avenue has
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not been fully explored, however, given that superoscillations can beat the Rayleigh
criterion for diffraction, it would not be too large a stretch to apply the same hope

for the Nyquist rate being beaten.

Cryptography is a curious use case for superoscillations, but there are some interest-
ing applications. Given that superoscillations can be used to encode most any signal
within the superoscillatory region, it makes sense that there is a way to encode and
decode a signal into superoscillations given a shared basis set of frequencies. The
premise is that a superposition of superoscillatory functions could produce any sig-
nal within a given local region. If the set of frequencies that are producing this are
known, then a select number of those frequencies can be transmitted with all the in-
formation needed to decrypt the message, and as long as the set of frequencies being
used isn’t known to an interceptor then it isn’t possible to decrypt the message. This
could also provide a form of tamper proofing, as theoretically it would be possible
to know the decay of certain frequencies over given ranges (given ideal conditions).
It is also perhaps possible to then ascertain by travel times, phase shift, and other
information associated with the decay of the amplitude of waves, as to whether the
signal has been intercepted and retransmitted. This potential tamper proofing, and
encryption of the wave such that even if intercepted, without the decryption key
the information is entirely unreadable means that combined with other encryption
algorithms on the data, a signal could be doubly encrypted, and even harder to
decode. Again no further work has been done on this, and this is conjecture based
on the properties of superoscillations, but it does provide some curious applications

that could be investigated further.

Associated with the cryptography work that could be done, is expanding further on
the detection work as mentioned towards the end of section 5.3. We could try to
expand the class of detected superoscillations from just basic Aharonov class super-

oscillations to include the basic superoscillatory function, as mentioned in equation
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2.16 and even try to account for supershifts. The supershift work would be very
interesting, as it would mean that there could be a far wider application of this

detection method than just signal processing with sin and cos.

6.3 Conclusion

Here we look to summarise the work achieved in this thesis and examine whether
the questions set forth at the start have been achieved. The salient research of
this work was in designing superoscillatory acoustic aperture arrays. These arrays,
addressed in the Apertures chapter, 3 and Results chapter 4, with the best designs
to be produced being I D D1, for the highest superoscillatory metric g, and £FD D2
for the best SNR.

Then there is the results achieved in the Apertures chapter 3 where we show that
superoscillatory diffraction gratings can exist, and what the theory behind designing

them is.

Finally we have the detection work, presented in the Detection chapter 5, where
we highlight issues with the previous detection methods for superoscillations, which
still have use in certain circumstances, and suggest a method to improve on these
techniques. This is supported by a recalculation of Berry’s probabilities for near
monochromatic 1D fields [11], retrieving a probability for Py sper = 0.03434 rather
than Berry’s P syper = 0.29289.

Thus we come to concluding whether we have addressed and answered the questions
set forth in section 1.1. To reiterate the first and perhaps the most leading question
asked, but also the most important: Are superoscillating acoustic aperture arrays
possible? The answer is: theoretically, yes. This is supported by the evidence
given in tables [6.3,6.3], and chapters [3 & 4]. It is important to note that not all

acoustic aperture arrays will superoscillate, and indeed we have shown that there
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are a some diffraction gratings that do not, explicitly as seen in section 3.3.1. We
have subsequently shown that some diffraction gratings can superoscillate, section
3.3, and have expanded that idea into full slit aperture arrays. The method that has
been detailed in the aperture design sections, sections [3.4, 3.4.1], can and could be
expanded to more aperture shapes, such as circular or annular apertures. However,
this has not been fully developed, and the simulations that were performed of these
early designs fall short in accuracy, due to the complexity of the designs, and the

difficulties with detection, the work of which was fleshed out after the early work.

If more were to be done, numerically simulating these designs using FEM rather
than Fourier techniques would likely yield better results. It is likely that given a
circularly symmetric system that can be reduced down to a linear problem, that
the same solutions for the slit apertures could be applied, as the superoscillations
would occur in the direction chosen for the solved offsets. This possibility has not
been rigorously investigated, and it is likely that the boundary imposed by the out
of line symmetry from the simplification could introduce some aberrant effects that
interfere with the superoscillatory conditions. However, reflection symmetry about
the origin line shows that there is only a reinforcing effect to the superoscillations
in the initial SDD designs and so that can be generalised to any kind of symmetry

that the system might have.

Secondly, can we detect the superoscillations produced by these aperture arrays?
This is a complicated question, as theoretically, the answer is yes, but they are
difficult to detect. This is shown throughout the detection chapter, and is supported
by the results in tables 6.3 and 6.3. However, experimentally, from the preliminary
runs, it was difficult to detect the superoscillations, due to the high SNR. This was
attempted to be remedied by the SDD and IDD designs, however, the results were

unfortunately lost and so it is unkniwn whether this helped the SNR.

The question of whether we can create a framework to design superoscillatory acous-
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tic aperture arrays has been the focus of a large part of this thesis, and so have we
answered it? Given the details in chapter 3 and the results in chapter 4 it is safe to
say that we have answered this question thoroughly, and developed a framework,a s
well as working examples of superoscillatory acoustic aperture arrays, at least from a
theoretical perspective. However, as can be seen from discussion in section 4.2, there
are some patterns from the design equations that do not produce superoscillatory
diffraction patterns. This was unexpected, and answers yet another one of our ques-
tions, do the designs always produce the patterns we expect them to? The designs

seem to, but the design equations don’t always make superoscillatory patterns

This brings us nicely to the next question, as to whether we have been able to
manufacture them, and whether they are manufacturable designs. The EDD designs
were produced by optical lithography, as can be seen in figure 2.2 and the IDD and
SDD designs were tested on the DMD before running the experiments on them.
This means that the designs are manufacturable and testable. However, the biggest
limitation to these processes are the spatial limitations of the DMD, or previously
the substrate that was being used. These severely limit the number of solutions,as
well as the number of slits that each array can have. This in turn means that the
freedom and optimisation options available for designing the arrays are limited as
well. The spatial restrictions were the biggest limitation in designing the aperture

arrays for the experiment, but did allow for the narrowing of the search space.

Finally, the last question of whether we can detect superoscillations in general.
This is a complicated question once again, because we have shown that previous
methods leave open some potential avenues and often are victim to other aberrant
features, such as windowing issues or unbound Fourier spaces. These issues we
attempted to address with the novel detection methods detailed in section 5.3 and we
managed to achieve detecting Aharonov class superoscillations with the possibility

of using similar methods to detect other classes of superoscillations. So whilst in
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part we are able to detect superoscillations, it is not a complete tool for detecting

all superoscillations.

Thus how has the work presented in this thesis compared to the questions that
were highlighted at the start. Whilst, most have been answered in some measure or
another, there is still a large amount of potential avenues to investigate, and a lot
of these, from some that lead directly from this work, like expanding the classes of
detectable superoscillations, to more speculative work, such as that on cryptography,
have been detailed in the previous section 6.2. It is exciting to see what potential
routes the work presented in this thesis might open, and what follow on work there

will be to conduct.
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Appendix A

The majority of the following is standard set theory notation, and is best explained
with notation. We describe an interval as the set of points in any field between two
limits, a and b. This can be denoted in two ways, open (a, b), where all points in this
interval are given by a < x < b, and closed [a, b], where all points in this interval are
given by a < x < b. This notation can also be mixed for half-open sets. To give a
full set treatment to this we consider that {z} is a set of points determined by the
interval [a, b]:

{z} ={y |y €la,b] CR} (1)

which can be read as the set {z} is described by all points y given that, which is
denoted by |, y is in the closed interval [a, b], which itself is a subset, denoted by the
C, of the real number line, R. Another process we may be interested in is combining
or restricting sets, which can be considered in much the same way as Venn diagrams,

as seen in figurel. In this we can see the different set notation that might be used:

union,

AUB={z |z € Aorz € B}; (2)
intersection,

AnB={x |z € Aand x € B}; (3)
set difference,

A\B={z |z € Aand z € B} ; (4)

where here B¢ denotes the complement of B, given by,

B*={z|z¢ B}, ()

where x ¢ B means that x is not in B.

Other notation that is used is that of supremum, sup, the largest object in an
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AN B¢

A\B  ANB B\A

AUB

Figure 1: A figure illustrating the different set notation that may be used in the
following chapters. The circle on the left is set A, and the circle on the right is set
B. The purple area in the middle is the intersection of the two sets, AN B. The
two circles and their intersection is the union of the two sets AU B. The purely red
area of set A is the set difference of A\ B, and the purely blue are of set B is the set
difference of B\ A. The white area is then the intersection of the two complements
of the sets, A°N B¢

ordered set; infinum, inf, the smallest object in an ordered set and their limiting
forms limsup and liminf which are the least upper bound (LUB) of the set, and
the greatest lower bound (GLB) of the set, both of which may or may not be in the
set. To give an example, let us examine two intervals (a,b) C R and (a,b) C R.
These two would appear to be the same from initial inspection, but their openness
and closedness is very important, as sup ((a, b)) does not exist, but sup ([a, b]) = b.
However, limsup ((a,b)) = b and limsup ([a, b]) = b also. This shows the difference
between the open and closed sets, as well as the limiting forms of the supremum and

infinum as opposed to their normal forms.
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In the following section we will outline the calculations for showing that the band-

widths for each slit is:

bs = 65 + kfmaz (6)

First we start with the restrictions on the set of centre point {c;}; and {8;},; from
section 3.1, these constraints allow us to construct {c;}; as a function of ; by
introducing a new variable that accounts for the distance between the edges of the
apertures {€; };, C RT where as we are considering the gaps between the apertures,
we have the dummy variable j' = j, Vj > 0 which leads us to construct our relation

between c; and f;:
J
1
¢; :cO+Zek+§(ﬁk+5k_1) (7)
k=1
which we can see satisfies the third constraint of our construction:
j+1

1 ! 1
Cjt1 — Cj =Co+26k+§(ﬁk+ﬁk—1) — Co+z€l+§(ﬁl+ﬁl—1) (8)
k=1 =1

which when simplified leads to:

Cj41 — Cj = €41+ %(ﬁj + Bjt1) > %(53‘ + Bj+1) (9)

satisfying the third constraint.

In order to find the bandwidth we have to know the least upper bound (LUB) and
greatest lower bound (GLB) of the frequencies involved in each of the slits, as such
we need to know what frequencies are involved. Thus we pull from section 3.2.1
to get that all the spatial frequencies k' are given by the Fourier transform of the
intensity:

FU)K) =Y Uym(k) (10)
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where U;,, (k') are defined as in equation (3.26). We can see from these equations

that the limits of these functions are at ¢,, — ¢; £ 3(8; + () and thus:

285+ ) (11)

LUBJjn(K)] = e = ¢ + 5

and

GLB[Y; (k)] = cm — ¢; — %(ﬁj + Bm) (12)

which when you substitute the new definitions of ¢; in terms of 5; we get that:

( m
Bi+ Y a+p, ifm>j

I=j+1

LUB[Y, ,.,(k)] = < B, if m = (13)

7—1
—€; — Z € + Br, ifm<j

\ k=m+1
and
( m—1
em—l—Zel—i—BZ, ifm >y
I=j+1

J

\ k=m+1
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and thus the bandwidth b;,,, = [LUB — GLB](¥; (k")) which leads to:

.

bjm = 2Bm, if m=j (15)

which is simply b;,, = B; + Bm.-

This result can also easily be seen from the difference between equations (11,12), so
why have we gone to the effort of expanding in terms of ¢;? The answer to that is
to help with the case for finding b, as is required in section 3.2.2. In that section we

have that the frequencies associated with each aperture are
N
ha(K) = Wy n(K) (16)
m=0

so to find the bandwidth of each aperture, we have to know the LUB and GLB, thus

we have:
LUB (Z xps,m(k')> = sup(LU B[V, ,,,(K')]) (17)

which by substituting equation (13) in we can see that since both £ and € are positive
(this is why we expand in terms of ¢;) that the largest of these terms is always when

m > s and thus:

N m N
LUB (Z \I/am(k’)) = sup (65 + Z €+ ﬁz) = fBs + Z €+ 6 (18)

m=0 l=s+1 I=s+1

where m = N as we are trying to find the supremum of this set and N represents

the largest value that m can take, leading to the most terms in the sum. A similar
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m=0

line of logic can be applied to find GLB (ZN \Ils,m(k’)) leading to:

GLB (Z \Izs,m(k')> — inf(GLB[Y, (k)] (19)

m=0
Thus substituting equation (14):
N s s
GLB (Z \Ifs,m(k')> = inf (—Bm - ) e+t ﬁk> =—Bo— Y & +B (20
m=0 k=m+1 k=1

where we use the value of m = 0 as we once again want to maximise the number of
terms in the summation to find the infinum and 0 is the smallest value that m can

take. Thus we now have enough information to find b,:

N N
bs = [LUB - GLB] (Z \Ds,m(k/)> - ﬂs + 60 + Z €+ Bl (21)
=1

m=0

which if we expand equation (3.46) in terms of ¢; we get:

N
Kaw = B0+ > _ a1+ B (22)

=1

which directly leads to the result stated at the top of this appendix:

bs = 68 + k‘{maa: (23)
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