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Abstract

During the last fifty years, there has been an increase in the development of

pre-stressed highway bridges to accommodate the increasing of the road traffic.

The construction of post-tensioned (PT) segmental concrete bridges is one of the

most important developments in highway bridges since they represent a proven

method for delivering durable bridges. The inspection of existing PT bridges

has shown that significant corrosion can occur in tendons and, eventually, lead

to tendon failure. Corrosion results from, fundamentally, two phenomena: the

ingression of chloride ions into partially grouted ducts and the ingression of de-

icing salts through the expansion points. Therefore, periodic on-site inspections

are very important to ensure their safety and durability. However, it is very dif-

ficult to find visual evidence of corroded tendons and, in some locations, almost

impossible. Accordingly, reliability analysis should be applied to assess the safety

of PT concrete bridges with corroded tendons.

The primary purpose of this thesis is to establish a framework to assess the re-

liability of segmental PT concrete bridges, by considering a real case study in UK.

Reliability analysis methods, in particular FORM and Monte-Carlo simulation

(MCS), are firstly studied and applied on a simple example of a RC beam.

Then, the non-linear behaviour of concrete beams tested experimentally were

modelled numerically using the Concrete Damage Plasticity (CDP) model in

ABAQUS. The results were compared with the experimental data available in

the literature. This work is essential because it can be considered as a calibration
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of the modelling approach. The modelling approach is then used to model the

non-linear behaviour of the real case study.

Then, FORM and MCS are integrated with a numerical model using a newly

developed approach to apply time-dependent reliability analysis on a simple ex-

ample of a deteriorated RC beam. The developed method connects MATLAB

and ABAQUS using a Python script file, to speed up the application of reliabil-

ity analysis. The proposed method helps to solve one of the main limitations in

reliability analysis, computational cost.

Finally, a time-dependent reliability analysis of the selected case study, Ynys-

y-Gwas bridge, is carried out considering the deterioration due to corrosion of

prestressing strands, which is the most concerning cause of PT concrete bridges

degradation. The temporal and spatial variability of localized corrosion are con-

sidered through the existing time-dependent model and the uniform capacity

length of the tendon according to Stewart (2004) method. The available data

in the literature has been used to prepare the model and to identify the degree

of corrosion in tendons. The adopted procedure shows that localized corrosion

along the joints has strongly reduced the reliability of the bridge. Additionally,

the reliability index after 32 years (the time of failure) is very low (near to zero)

which is compatible with the observed bridge failure. The effect of bond degrada-

tion associated with localized and generalized corrosion is analysed and its effect

is very significant in case of general corrosion.

The most relevant variables were the model uncertainties, traffic load and the

resistance moment. This method can be used to assess any identical bridges after

getting the most important data (chloride concentration and degree of corrosion)

from inspection.
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Chapter 1

Introduction

1.1 Overview

Since the mid twentieth century, the development of pre-stressed concrete became

a popular choice for bridge construction around the world (Nguyen et al., 2013) as

they can be used for short and long spans up to 450 m. From the mid-1970s, the

increasing road traffic and the rapid growth of many major cities led to increase

in demand of new highways bridges within a short period of time (Hewson, 2003).

According to the Highway Agency, there are about 3000 post-tensioned bridges

in the UK. The first post-tensioned bridge built in the UK was the Nunns bridge

which was completed in 1947 with a span of 22.5 m (Das and Frangopol, 2001).

Das and Frangopol (2001) stated that the construction of post-tensioned concrete

bridges was the preferred method in the 1950s because they offered many ben-

efits to the economy and the construction industry of bridges. However, these

structures could be most at risk due to the presence of voids, caused by the poor

grouting, which increases the availability of oxygen and moisture in ducts. For

segmental post-tensioned bridges, the joints between segments can increase the

chance of chloride penetration through the deck. Therefore, corrosion will in-

crease and that will lead to tendon rupture and bridge failure.

During the 1980s, a significant number of post-tensioned concrete bridges had to
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be replaced in the UK due to tendon corrosion (Pearson-Kirk, 2014). In 1985,

the most serious event happened in Wales when the single span segmental post-

tensioned Ynys-y-Gwas bridge collapsed without warning. Collapse of the bridge

was due to the penetration of water and salts through the transverse joints lead-

ing to corrosion of the longitudinal tendons (Woodward and Williams, 1988). In

September 1992, the UK Department of Transport banned the construction of

any new post-tensioned grouted duct bridges until the construction standards

were improved. Although the moratorium was lifted in 1996, there were still

reservations about the corrosion protection of the tendons where they crossed the

joints and the moratorium remained in place for pre-cast segmental constructions

with internal tendons (Woodward, 2001). Therefore, periodic on-site inspections

are very important to ensure their safety and durability. However, the results of

these inspections are usually poor and have a high degree of uncertainty since

there is little or no visual evidence if anything is wrong as it is only possible to

inspect a small sample of ducts. In consequence, it is recognized that the inspec-

tion assessment is not effective (Frangopol and Hearn, 1996). Hence, decision

making regarding existing bridges is done in UK according to BD54/15 (2015)

method. It is a risk based method, mostly qualitative and based on bridge ex-

posure conditions and definitions of critical sections followed by inspection and

non-destructive testing. The approach followed in this thesis is similar to the

method of BD54/15 (2015) but tries to quantify risk using reliability analysis

methods. Reliability analysis methods are increasingly used for the evaluation,

quantification, monitoring and assessment of risk for concrete structures (JCSS,

2001). Reliability analysis methods can assess the condition of the existing bridge

structure depending on information concerning the actual bridge condition which

is unknown in the design phase. The material properties, measurements of actual

bridge geometry, collection load data and the results of the periodic inspections

performed within the lifetime of the bridge are the major sources of this informa-

tion.

2
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The results of the application of reliability analysis can be used to determine

appropriate maintenance and repair measures. The reliability analysis methods

are used to evaluate the safety of concrete structures by evaluating the limit

state function g(Xi) which represents the boundary between the safe and unsafe

region. The limit state function is a mathematical equation representing the con-

dition beyond which a structure exceeds a specific design requirement. Hence, the

limit state function can be regarded as the difference between the resistance of a

structural component (R) and the action load (S). The system failure condition

occurs when g(Xi) < 0, where Xi is a vector of random variables represent the

uncertainties on material, load, geometry and corrosion of the structure, while

g(Xi) > 0 indicates that the system has not failed. The probability of failure

(Pf ) for a system can be defined as the probability event occurrence g(Xi) < 0.

Up to now, the great majority of reliability analysis studies are related with

the assessment of RC bridges, such as Bastidas-Arteaga et al. (2009); Stewart

(2009); Stewart (2010); Bastidas-Arteaga et al. (2010); Stewart (2012); Strauss

et al. (2012); Hackl and Kohler (2016); Zhu et al. (2016); and Hajializadeh et al.

(2016). Less research has been dedicated to the time dependent reliability analysis

of deteriorated pre-stress concrete bridges especially for segmental post-tensioned

type, such as Guo et al. (2010); Guo et al. (2016); Tu et al. (2017); Pillai et al.

(2010) and Pillai et al. (2014). Therefore, this thesis is seen as a contribution

to this work by considering a real case study of bridge that is deteriorated due

to corrosion. This requires the use of accurate methods to represent the actual

behaviour.
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1.2 Previous research into reliability analysis of

PT concrete bridges

After more than four decades since its potential was first applied, a considerable

amount of research has been published on the assessment of RC bridges using

reliability analysis methods. However, applicability to pre-stress concrete in par-

ticular post-tensioned bridges remains in its infancy. This section provides an

overview of the previous research into reliability analysis of post-tensioned con-

crete bridges to highlight the limitations of the work.

Few works aiming to assess the reliability of deteriorated post-tensioned con-

crete bridges have been found in the literature. Pillai et al. (2010) developed an

analytical framework to predict the time variant service reliability index of PT

segmental concrete bridges subjected to various structural loading and corrosive

exposure conditions by considering an example of PT concrete bridge. For the

considered application example, Pillai et al. (2010) assumed that only the exter-

nal tendons were exposed to corrosive conditions, while all internal tendons were

assumed to be intact and free from corrosion.

The American Association of State Highway and Transportation Officials (AASHTO)

specification presents reliability-based design procedures which ensure high reli-

ability for new PT bridges. However, these design procedures do not consider

long-term losses in reliability due to the potential corrosion of strands; and there-

fore may not guarantee sufficient reliability during the desired life of the bridge.

Therefore, Pillai et al. (2012) proposed a reliability based design approach to

ensure long-term reliability of PT concrete bridges based on an extensive exper-

imental program that tested 536 strand specimens under various environmental

conditions. The design approach involves the assessment of long-term structural

reliability during the preliminary design phases of PT bridges.

Pillai et al. (2014) developed an analytical framework to predict the flexural re-

liability index of PT segmental concrete bridges subjected to various structural

and environmental loading conditions by considering a typical PT bridge. It has
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been also assumed that the corrosion attacks the external tendons only, while

the internal tendons were assumed to be intact. The moment capacity of the PT

girder is formulated using probabilistic models for the tension capacity of cor-

roding PT strands exposed to various voids and environmental conditions. The

research indicates that the flexural reliability index reaches a value below the

recommended value within a relatively short period of time when moisture and

chlorides infiltrate the tendons. These findings emphasize the critical need for

new inspection, assessment and repair methods for these kind of bridges.

The major absence of the existing studies is a general framework that can be used

to assess the safety of any existing PT segmental concrete bridges. This can be

done by using a more realistic modelling approach using three dimensional models

to simulate the actual case . Furthermore, the existing studies did not consider

the effect of i) corrosion in the internal tendons ii) long term losses of pre-stress

force due to creep and shrinkage iii) bond deterioration due to corrosion, on the

reliability of these bridges. Therefore, the work presented in this thesis focuses

on these main limitations by considering a real case study of segmental PT bridge

that has been failed due to the corrosion of the tendons near the joints.

1.3 Aim and objectives

The aim of this project is to establish a framework to assess the reliability of

existing post-tensioned concrete bridges. A real PT bridge that failed due to

corrosion is considered as a case study to assess its reliability at the time of

failure. The objectives to tackle this aim can be summarised as follows:

1. Develop detailed understanding of reliability analysis and methods based

on detailed literature review.

2. Characterise the properties of the Ynys-y-Gwas bridge including the geom-

etry, load, material properties and corrosion process by using data on the

bridge available in the literature.
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3. Develop a three dimensional model for the Ynys-y-Gwas bridge using finite

element software. Finite element method is a tool that has became widely

used for structural analysis due to its ability to consider complex material

non-linearity and the 3D structural behaviour.

4. Define the limit state functions and the probabilistic models for all relevant

random variables. These variables include mechanical properties of materi-

als, geometry in particular concrete cover and area of steel, dead load and

live load and corrosion model

5. Define the reliability model by combining the finite element model (objec-

tive 3) with the probabilistic models (objective 4).

6. Use Monte-Carlo simulation to estimate the flexural resistance of the bridge

and fit a distribution to the obtained results.

7. Use FORM analysis method to estimate the reliability index of the bridge

over time.

1.4 Thesis organisation

The thesis consists of seven chapters. Chapter 1 presents a general introduction

to the problem, the previous research on reliability analysis of PT bridges, the

aim and objectives and the outline of the thesis.

Chapter 2 aims at introducing the principles of reliability analysis by providing a

theoretical background to the relevant literature. The chapter presents the basic

concept of reliability analysis and the existing probabilistic models of the vari-

ables related to reinforced concrete structures.

Chapter 3 introduces the reliability analysis methods, MCS and FORM. The

chapter also presents an application for the two methods to an example of a sim-

ply supported RC beam deteriorating over time due to corrosion.

Chapter 4 discusses the constitutive behaviour of concrete and describes the meth-
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ods that can be used to model this behaviour in finite element analysis. The

chapter also presents an application for modelling reinforced concrete beams in

finite element, describing the approach, the material and the modelling parame-

ters used. The modelling application aims at establishing a better understanding

of the modelling approach to be used in Chapter 6

Chapter 5 presents an application of reliability analysis for a deteriorated simply

supported beam with implicit performance function. This is done by combining

the methods used in Chapters 3 and 4. To achieve this, a connection between

MATLAB and ABAQUS Python script file is used in order to speed up the reli-

ability analysis processing.

Chapter 6 presents the description and structural finite element modelling of the

case study, i.e., of the Ynys-y-Gwas bridge.

Chapter 7 applies the procedure presented in Chapter 5 on the real bridge case

study. The analysis studied the effect of corrosion on the bridge behaviour in

terms of load deflection curves, cracking pattern and bond deterioration. The

analysis results also show the effect of pitting corrosion on the bridge probability

of failure.

Finally, Chapter 8 presents the conclusions from this work and gives recommen-

dations for future work.

1.5 Contributions to the research field

Several contributions for this research can be highlighted as a result of this thesis,

namely:

• Establish a framework for reliability analysis of segmental PT con-

crete bridges

The previous research were focused on applying reliability analysis for RC

structures, while few research have been dedicated for pre-stress concrete

structures especially for segmental PT concrete bridges such as Pillai et al.
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(2010); Pillai et al. (2012) and Pillai et al. (2014).

In the UK, there are significant number of existing segmental PT concrete

bridges since this kind of concrete represent a proven method for delivering

a durable bridges. However, they have witnessed a high risk due to the

corrosion of strands which can lead to whole bridge collapse. Therefore, a

reliability framework has been established in this thesis to ensure the long

term safety of segmental PT concrete bridges. This has been done by con-

sidering a real case study with its collected data.

The developed reliability framework has taken into account the series reli-

ability for spatial pitting corrosion variation using Ditlevsen (1979) bounds

and the uncertainties in material properties, pre-stress losses, dead load and

live load. The method proposed in this thesis can be used for any identical

bridges to give the decision about the condition of the bridge.

• Consider the effect of bond deterioration in reliability analysis

The bond between steel and concrete is usually affected by corrosion prod-

ucts. The expansive nature of the corrosion products that build up at the

interface exerts a radial pressure on the surrounding concrete, which leads

to cracking and spalling. Spalling will reduce the bond by removing the

concrete cover, which in turn will reduce the confinement of the steel ten-

dons and expose the concrete to further corrosion activity.

The effect of bond deterioration in reliability analysis study has not been

considered yet. Therefore, in this thesis the effect of bond deterioration

due to corrosion was considered for the first time in reliability analysis.

Furthermore, apart from reliability analysis, the effect of bond deteriora-

tion in post-tensioned concrete beam is also considered for the first time

in this study. By using ABAQUS/Standard, connector elements were used

to simulate the interface layer between the steel and the concrete. The ef-

fect of uniform and localized corrosion on the bond deterioration were both

considered.

8
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• Develop a new approach to speed up the reliability analysis

In this thesis, the reliability analysis has been applied using a newly de-

veloped approach which depends on the connection between the MATLAB

and ABAQUS using Python script file. This method has been developed

and exploited to produce a novel combined process that can speed up the

reliability analysis for non-linear structures.

• Develop a new method for estimating the statistical parameter of

the pitting factor (R)

The pitting facto is an important parameter that can be used to measure

the extent of pitting corrosion along the tendons length. The statistical

parameter of the pitting factor is usually computed according to Equation

2.46. However, using this equation can underestimate the results by giving

an inaccurate estimation for the probability of failure (3% at the time of

failure) since this equation did not take into account the effect of the de-

gree of corrosion. Therefore, in this study the statistical parameters of the

pitting factor were calculated according to the degree of corrosion in the

bridge as it has been explained in details in Section 7.2.3. This developed

method gives more accurate results for estimating the bridge probability of

failure by getting more than 40% at the time of failure which is reasonable.
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Chapter 2

Principles of Reliability Analysis

and Probabilistic Model

This chapter describes the principles of reliability analysis by providing the the-

oretical background according to the relevant literature. This includes a descrip-

tion of the basic concept of reliability analysis, followed by a brief review of

the reliability system. Then the literature on probabilistic models for material

properties, load and corrosion will present.

2.1 Introduction

Structures shall be designed, constructed and maintained in such a way that they

are suited for their use during the design working life and in an economic way,

Joint Committee on Structural Safety (JCSS) model code (JCSS, 2001). There-

fore, structures should have an appropriate level of reliability, which means that

the degree of reliability should be adopted to suit the use of the structure. The

reliability of a structure describes its ability to function under stated conditions

for a specific period of time (Leitch et al., 1995). Moreover, the reliability is

expressed as the probability that the structure will not fail. Therefore, reliability

analysis forms the basis of the assessment of probabilities of occurrence of uncer-
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tain events, and thus constitutes a cornerstone in risk and decision analysis. The

development of probabilistic models are considered as the main task in reliability

analysis. Therefore, this chapter will briefly describe the basic concept of reliabil-

ity analysis including uncertainties, random variables, probability distributions

and the existing probabilistic models for the uncertainties that are associated

with reinforced and pre-stressed concrete structures.

2.2 Basic concepts for reliability analysis

2.2.1 Uncertainties in engineering problems

Generally, engineering experiments or systems contain a certain amount of uncer-

tainty. In other words, repeated measurements will not necessarily give the same

results, and different outcomes can be obtained. According to that, the uncer-

tainty can be defined as the occurrence of different results without any patterns

(Mahadevan and Haldar, 2000). The uncertainties in engineering problems are

quantified by using probabilities.

The uncertainties in engineering problems may result from three different sources

which are classified according to Faber (2005), Malkawi et al. (2000), Melchers

and Beck (2017) and Benaissa et al. (2015) as follows:

• Inherent random variability.

• Uncertainties due to inadequate knowledge (model uncertainties).

• Statistical uncertainties.

Faber (2005) considers that the first type of uncertainty is further divided into

two sub-categories: the uncertainties that are influenced by human activities and

the uncertainties that are influenced by the natural environment factors. The

first category is, e.g., the uncertainties of strength values and concrete dimen-

sions. The second one is concerned with the applied forces, e.g., wind speed and
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earthquake. The Inherent random uncertainty can be decreased by using more

advanced production and quality control methods. However, this will increase

the cost.

The second type of uncertainty also can be divided into two sub-categories: the

first one is associated with the predictive accuracy of calculation models used

(theory errors or the inaccurate assumptions). The second one is associated with

the prediction of future developments such as the future evolution of traffic loads

on bridges.

The last type of uncertainties is associated with the statistical evaluation of test

results or observations that result when the design decisions are based on a small

sample of observations. The small number of observations can cause uncertain-

ties in the estimation of the statistical parameters such as mean and standard

deviation. Moreover, the uncertainties of statistical evaluation can result from

neglecting the systematic variations of the observed variables such as the climate

variables. However, the statistical uncertainties can be decreased by increasing

the efforts of observations and testing.

Traditionally, in reliability analysis the uncertainties that should be taken into

consideration are denoted as Random Variables (X). The basic random vari-

ables should be able to represent all types of uncertainties that are included in

the analysis. Each random variable should be described with a particular type

of a probability distribution function and its statistical parameters. The proba-

bility distribution function is a function that can be used to define a particular

probability distribution. The probability distribution function is described by the

cumulative distribution function, CDF, FX(x) or the probability density function,

PDF, fX(x). The CDF defines the probability that a variable X is equal or less

than a certain value x as shown in Figure 2.1 and it is given by:

FX(x) = P (X ≤ x) (2.1)

12
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The PDF describes the variation of the parameter X and it is given by the

following equation:

fX(x) =
dFX(x)

dx
(2.2)

The statistical parameter of a specific distribution describes the properties of the

variable and it is represented by the mean (µX) and standard deviation (σX).

The mean and standard deviation of a probability distribution are:

µX =

∫ +∞

−∞
xfX(x)dx (2.3)

and

σX =
√
σ2
X (2.4)

where σ2
X is the variance of X:

σ2
X =

∫ +∞

−∞
(x− µX)2fX(x)dx (2.5)

The coefficient of variation (COV) denoted by VX is defined as:

VX =
σX
µX

(2.6)

In structural reliability, different probability distributions have been used for

different variables including the Normal, Lognormal, Uniform, Gamma, Beta,

and Extreme type I, II and III. In this section, the normal, lognormal, and the

extreme type I distributions will be introduced since they are further used in this

thesis.
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(a)

(b)

Figure 2.1: The probability distribution function: (a) Probability density

function (PDF) of the random variable X. (b) Cumulative distribution

function (CDP) of the random variable X

Normal distribution

The normal distribution is the most common distribution used in the probability

theory of engineering problems (Mahadevan and Haldar, 2000). The normal

distribution is applicable for random variables that are possible in range −∞ to

+∞ and is denoted as N (µ, σ). The probability distribution function (PDF) of
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the normal distribution is symmetrical around its mean value as shown in Figure

2.2. The normal distribution with zero mean and unit standard deviation is

called Standard normal distribution. The PDF of the normal distribution can be

expressed as:

fX(x) =
1

σx
√

2π
exp
[
− 1

2

(x− µx
σx

)2]
(2.7)

where µx and σx are the mean and standard deviation of the normal distribution.
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Figure 2.2: Probability density funcion (PDF) of normal distribution

with µ = 0 and different values of σ

Lognormal distribution

A lognormal distribution is a probability distribution of a random variable whose

logarithm is normally distributed. This distribution is applicable for random

variables with values between 0 and +∞. Therefore, it is used widely in structural

reliability when the random variables cannot have negative values such as the

weight of people. The lognormal distribution is not symmetric around its mean,

unlike the normal distribution, and it is skewed to the right as shown in Figure

2.3. The PDF of the lognormal distribution can be expressed as:

fX(x) =
1

ξx
√

2π
exp
[
− 1

2

( ln(x)− λx
ξx

)2]
(2.8)
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where ξx and λx are the parameters of the distribution that are related to the

mean µx and standard deviation σx of the random variables as follows:

µx = exp
(
λx +

ξ2
x

2

)
(2.9)

σx = µx
√
exp(ξ2

x)− 1 (2.10)
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Figure 2.3: Probability density funcion (PDF) of the lognormal distribu-

tion with λ = 0 and different values of ξ

Extreme value type I distribution

The extreme value distribution is commonly used in engineering applications

to model the maximum or minimum value of a random variable, such as the

maximum wind speed, maximum load on bridges, minimum material properties

and time to failure etc. (Mahadevan and Haldar, 2000). Three types of extreme

value distribution have been classified according to Gumbel (1958): type I, type

II and type III. In this section, the type I will be introduced since it is used in

this thesis. The details of the other types can be found in Mahadevan and Haldar

(2000) and Melchers and Beck (2017). The PDF and the CDF of the distribution

16



CHAPTER 2. PRINCIPLES OF RELIABILITY ANALYSIS AND
PROBABILISTIC MODEL

are expressed as:

fX(x) = αnexp(−αn(x−un))exp[−exp(−αn(x−un))] −∞ < x < +∞ (2.11)

FX(x) = 1− exp[−exp(αn(x− un))] (2.12)

where αn and un are related to the mean and standard deviation of the extreme

value variable X as:

µx = un +
γ

αn
(2.13)

where γ ∼= 0.57722 (Euler constant)

σx =
π√
6αn

(2.14)

The extreme value distribution has an exponential tail as shown in Figure 2.4.
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Figure 2.4: Probability density funcion (PDF) of Extreme value ditribu-

tion type I with different means and standard deviations
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2.2.2 Limit state function

The reliability of a structure is described by a set of limit states representing a

specific condition of a structure beyond which the structure no longer fulfils the

relevant criterion on its function. The limit state can be defined according to

JCSS (2001) as the border that separates the desired states (acceptable) from

the adverse states (unacceptable) (see Figure 2.5) such as collapse, buckling and

deflection. JCSS (2001) states that the limit states can be divided into two cat-

egories: the Ultimate limit states and the Serviceability limit states. The first

category concerns the safety of people and structures which correspond to the

loss of structural equilibrium, rupture or excessive deformation that result from

the attainment of maximum resistance capacity and the rupture of members (e.g.

bending, shear and fatigue failure modes). The second category concerns the

functioning of the structure under normal use, the gradual deterioration and the

comfort of people which correspond to the reduction of structure durability and

efficiency that result from the local damage (e.g. cracking, excessive stresses that

lead to permanent deformation). In order to quantify the reliability of a structure

with respect to a particular limit state, this limit state should be formulated via

a mathematical model describing it in terms of a function, called the limit state

function, whose value depends on all relevant design parameters.

Each limit state function considered should contain a specific set of basic vari-

ables (S and R) that are the physical quantities representing the actions and

environmental influences, material and geometrical quantities. The limit state

function can be expressed as:

g(S,R) = 0 (2.15)

where S and R are the basic variables modelling the effects of loads and resistance

respectively, and they can be represented by a random vector X. Then Equation

2.15 can be written as g(Xi) = g(X1, X2, ...., Xn) = 0.

While the limit state function returns a negative value under system failure con-

ditions g(Xi) < 0 and a positive value when the system is not failing g(Xi) > 0.
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Figure 2.5: Limit state function of two sets of random variables. It

represents the boundary between the acceptable and unacceptable region

(Mahadevan and Haldar, 2000)

Therefore, it can be viewed as the difference between resistance R and effect of

loads S.

g(Xi) = R− S (2.16)

The probability of failure represents the probability of the system being under

failure condition can be expressed as:

Pf = Prob{g(Xi) ≤ 0} = P (R ≤ S) = P (R− S ≤ 0) (2.17)

2.3 Reliability of structural systems

System reliability is the reliability of a structural system that is composed of

several structural elements in which individual or combined failure can lead to

the failure of the whole system (Schneider, 2006). The system reliability can also

be defined as the reliability of a structure that has several failure modes such as

bending, shear etc. with same importance (Faber, 2005). System reliability can

be simplified into two extreme cases:
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• Series system

In the series system, (Figure 2.6), the local failure of the weakest component

will rapidly lead to the failure of the whole structure. Therefore, the safety

series system is defined by the weakest segment. For the series system, the

Figure 2.6: Series system

probability of failure can be expressed as:

Pf = 1−
n∏

i=1

(1− pfi) (2.18)

where pfi is the probability of failure of the ith segment. This equation can

be used when all elements or components of the structure are statistically

independent. For perfectly correlated elements, the probability of failure

can be expressed as:

Pf = max[pfi] (2.19)

The probability of failure for partially correlated elements falls between the

two limits:

max[pfi] ≤ Pf ≤ 1−
n∏

i=1

(1− pfi) (2.20)

Narrower bounds have been proposed by Ditlevsen (1979) to estimate the

probability of failure for the series system by taking into account the cor-

relation between the components:

max[pfi]+
n∑

a=2

max
(
pfa−

a−1∑

b=1

pfa∩pfb; 0
)
≤ Pf ≤

n∑

a=1

pfa−
n∑

a=2,b<a

max(pfb∩pfa)

(2.21)

According to Ditlevsen (1979), the upper and lower bounds are considered

the individual and the joint (combination between two segments) proba-

bility of failure p(fa) and pfa ∩ pfb respectively. For simplicity, the joint
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probability of failure involving three or more segments is neglected due to

its complex calculations.

The individual probability of failure can be estimated using the reliability

methods such as First Order Reliability Method (FORM) or Monte Carlo

Simulation (MCS) as will be explained in detail in Sections 3.3 and 3.4. The

joint probabilities are calculated using the integral of the bivariate normal

distribution:

P (pf1 ∩ pf2) =

∫ ∞

β1

∫ ∞

β2

1

2π
√

1− ρ2
sysab

e−1/2(1−ρ2sysab)(β2
aβ

2
b−2ρsysabβaβb)dβadβb

(2.22)

where βa and βb are the reliability indices (as to be explained in Section

3.3) for segments a and b respectively, ρsysab is the correlation between

segments a and b, which represents the cosine of the angle between the two

reliability vectors associated with segment a and b as shown in Figure 2.7.

The correlation factor is calculated according to the direction cosine of each

random variable of each segment or failure mode as:

ρsysab =
Cov(a, b)

σaσb
=

n∑

k=1

α∗akα
∗
bk (2.23)

and the system correlation matrix can be written as:




ρsys11 ρsys12 . . . ρsys1z

ρsys21 ρsys22 . . . ρsys2z
...

...
. . .

...

ρsysz1 ρsysz2 . . . ρsyszz




The reliability of the series system can be estimated as the average between

the upper and lower bounds (Ditlevsen, 1979):

βsys =
βlower + βupper

2
(2.24)

21



CHAPTER 2. PRINCIPLES OF RELIABILITY ANALYSIS AND
PROBABILISTIC MODEL

 

 

 

  

 

 

𝜃 

𝛽1 

𝛽2 

𝑆 

𝑅 

𝑔1(𝑥) = 0 

𝑔2(𝑥) = 0 

Figure 2.7: Correlation between two failure modes or segments (Estes,

1997)

• Parallel system

In a parallel system, the local failure of one component does not lead to

failure of the structure only. Hence, the components are fail safe because

the whole structure fails when all components have failed (see Figure 2.8).

For a parallel system, when all elements of the structure are statically in-

dependent, the probability of failure can be expressed as:

Pf =
n∏

i=1

pfi (2.25)

where pfi is the probability of failure of the ith components. For perfectly

correlated elements, the probability of failure can be expressed as:

Pf = min[pfi] (2.26)

The probability of failure for partially correlated elements falls between the

two limits:

min[pfi] ≤ Pf ≤
n∏

i=1

(pfi) (2.27)
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Figure 2.8: Parallel system

2.4 Probabilistic models

As mentioned in Section 2.2.1, the uncertainties related to an engineering sys-

tem can affect the performance requirements for buildings and engineering works.

These uncertainties should be described by probabilistic models. The develop-

ment of probabilistic models for the basic random variables (uncertainties) is

considered as the main task in reliability analysis. Mahadevan and Haldar (2000)

presents the essential steps to develop the probabilistic models for uncertain-

ties. They showed that the histograms are used to describe the characteristics

of uncertainty and these identify the probability density function (PDF). Faber

(2005) divides probabilistic modelling into: assessment and statistical quantifi-

cation of the available data, selection of distribution function, estimation of dis-

tribution parameters e.g., and model verification. Certain parameters, that are

called statistics, need to be estimated in order to describe the probability density

function. The estimation of these parameters, the mean and standard deviation,

is the major component of the uncertainty analysis. According to that, the ran-

domness in the performance function can be quantified using these statistics.

The JCSS code part I (JCSS, 2001) notes that to select the distribution type

of the physical uncertainties of a basic random variables, the following procedure

should be followed:

• Select a set of distribution types that may be possible depending on expe-
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rience from similar types of variables.

• Obtain a reasonable sample of observations and avoid systematic variation

within the sample (assume the material is homogeneous along the sample).

• Select an appropriate distribution and corresponding parameters.

• Compare the sample data with the resulting distribution by using the fit

tests.

• Choose the distribution that gives the smallest reliability if there are more

than one distribution that fit equally well.

The JCSS Model Code (JCSS, 2001) and the literature present different prob-

abilistic models for load and resistance covering many engineering application

areas. The following sections will present the available probabilistic models of

reinforced and prestressing concrete material properties, geometry, load and de-

terioration due to corrosion.

2.4.1 Modelling of concrete material properties

The mechanical properties of concrete have a significant variation due to three

different reasons. The first is the variation of the material properties of concrete

constitutes such as the material properties of cement, fine and coarse aggregate.

The second is the manufacturing which includes the concrete composition (vari-

ation in components, water content, cement and aggregate) and execution that

include mixing, transporting, temperature, etc. The last reason involves testing

which includes, e.g., sampling, specimen preparation, curing and test procedure

and equipment.

Different probabilistic models have been developed in the literature for the me-

chanical properties of concrete according to observations and testing. The major-

ity of academic researchers focused on the concrete compressive strength (fcm),
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tensile strength (ft) and the modulus of elasticity (Ecm). According to (JCSS,

2001), the concrete compressive stress can be modelled based on the concrete

cylinder compressive strength after 28 days, while the other concrete properties

are related to the concrete compressive strength as measured in-situ according to

the following equations:

fcm = α(t, τ)fλc0Y1 [MPa] (2.28)

ft = 0.3f 2/3
cm Y2 [MPa] (2.29)

Ecm = 10.5f 1/3
cm Y3(1 + βdφ(t, τ))−1 [GPa] (2.30)

εcu1 = 6.10−3f−1/6
cm Y4(1 + βdφ(t, τ))−1 [m/m] (2.31)

where: fcm is the concrete compressive strength as measured in-situ; α(t, τ) is a

deterministic function, which takes into account the concrete age at the loading

time in days and the duration of loading τ in days; fc0 is the concrete cylinder

compressive strength after 28 days; λ is a lognormal variable with mean 0.96

and COV 0.005 (this parameter can be considered deterministic); ft is the tensile

strength of concrete; Ecm is the modulus of elasticity; εcu1 is the ultimate strain

of concrete; Y1 is a lognormal variable representing additional variation due to

the placing, curing and hardening condition of in-situ concrete; Y2, Y3 and Y4 are

variables representing variations due to factors not well accounted for by concrete

compressive strength (e.g., gravel type and size, chemical composition of cement

and other ingredients). The statistical parameters of Y1−4 are shown in Table

2.1); βd is the ratio of the permanent load to the total load and depends on the

type of the structure (βd is between 0.6 and 0.8); φ(t, τ) is the creep coefficient

according to the JCSS (2001), which is assumed to be a deterministic value.

The concrete cylinder compressive strength fc0 is usually modelled by a lognor-

mal distribution and the statistical parameters for C15, C25, C35 and C45 ready

mix concrete grade proposed by JCSS (2001) are shown in Table 2.2.

In addition to the JCSS (2001), several probabilistic models for concrete mechan-
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ical properties have been proposed in the literature such as Mirza et al. (1979),

Stewart (1995), Attard and Stewart (1998), Pham (1985) and Wísniewski (2007)

as presented in Tables 2.3, 2.4 and 2.5.

Table 2.1: Statistical parameters of Y parameter according to JCSS
(2001)

Variable Dist. λ(MPa) COV Related to
Y1 Lognormal 1.0 0.06 compression
Y2 Lognormal 1.0 0.3 tension
Y3 Lognormal 1.0 0.15 modulus of elasticty
Y4 Lognormal 1.0 0.15 ultimate strain

Table 2.2: Statistical parameters of the concrete cylinder compressive
strength fc0 according to JCSS (2001)

Concrete grade Dist. λ(MPa) ξ(MPa)
C15 Lognormal 3.4 0.1917
C25 Lognormal 3.65 0.1643
C35 Lognormal 3.85 0.123
C45 Lognormal 3.98 0.0958
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Table 2.5: Probabilistic models of the concrete modulus of elasticity ac-
cording to the literature

Parameter µ(MPa) COV Dist. Source
Ecm 4600

√
fcm 0.12 Normal (Mirza et al., 1979)

Ecm 4400f 0.516
cm 0.15 Normal (Attard and Stewart, 1998)

Ecm 22000f 0.3
cm 0.08 Normal (Eurocode-2, 2004)

2.4.2 Reinforcement and pre-stressing steel material prop-

erties modelling

The properties of reinforcement and pre-stressing steel in structural engineering

is investigated in terms of its mechanical properties including the yield strength

(fy), ultimate strength (fu) and strain (ε). The construction environment and

the variation in composition of the steel can affect the steel material properties.

In the literature, several probabilistic models for reinforcement and pre-stressing

steel have been developed. In this section some of commonly used models (for

reinforcement and pre-stressing steel) in the literature have been summarized in

Tables 2.6 and 2.7 respectively.

Table 2.6: Statistical parameters of steel reinforcement properties

Parameter µ(MPa) COV σ(MPa) Dist. Source
fy Snom. + 2σ - 30 Normal (JCSS, 2001)
fy Snom. 0.1 - Beta (Mirza et al., 1979)
Es 1.005Esnom 0.033 - Normal (Mirza et al., 1979)

Snom is the steel grade e.g. S300 and S400.
Esnom is the nominal value of steel modulus of elasticity.
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Table 2.7: Statistical parameters of pre-stressing steel properties

Parameter µ COV σ Dist. Source
fpy 0.88fpk MPa 0.025 - Normal (Mirza et al., 1980)
fpy 1.04fpk or fpk + 66 MPa 0.025 - Normal (JCSS, 2001)
fpy fpk + 1.645× 40 MPa - 40 MPa Normal (Jacinto et al., 2012)
Ep 195 GPa - 40 MPa Normal (Mirza et al., 1980)

Ep

wire 200 GPa
0.02 - Normal (JCSS, 2001)strand 195 GPa

bar 200 GPa
Ep 195 MPa 0.025 - Normal (Jacinto et al., 2012)
εu 0.05 - 0.0035 Normal (JCSS, 2001)
εu 0.05 - 0.004 Normal (Jacinto et al., 2012)

2.4.3 Modelling of loads

The term load refers to forces and imposed displacements acting on structural

components and systems. The JCSS model code (JCSS, 2001) and Faber (2005)

show that a complete load model should describe its magnitude, position, di-

rection, duration etc. In addition, it should be divided according to the time

variation of the load (permanent and variable).

2.4.3.1 Permanent load

Permanent loads are usually due to the self weight of structural and non-structural

elements. Although there is insignificant variation of permanent load over time,

its intensity is uncertain (Faber, 2005). Faber (2005) also states that the uncer-

tainties in the self weight of a steel component depends mostly on the uncertainty

in the cross sectional area, whereas in case of concrete or timber, the uncertainty

depends on the variations of the geometry and density. Therefore, the JCSS code

assumes that the conservative coefficient of variation for the total permanent

load is equal to 0.10 (due to the small COV of the dimensions and density of

concrete). The code also assumes that the mean of the permanent load is equal

to the nominal value. Moreover, the permanent load is assumed to be distributed

normally. Scholten et al. (2004) suggested the use of a normal distribution for

the permanent load with COV of 0.05 and 0.1 for the structure self weight and
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the superimposed dead load respectively.

For highway bridges, Nowak (1993), Nowak and Szerszen (1998) and Nowak and

Collins (2012) classify the dead load into three different components due to their

different degrees of variation. The three components are: the weight of off-site

built elements (weight of steel and precast concrete), weight of cast in place con-

crete members and the weight of asphalt. They considered the dead load as

normally distributed with coefficient of variation for the three dead load compo-

nents equal to 8%, 10% and 25% respectively as listed in Table 2.8. The bias

factors, which represent the ratio of the measured (actual) load to the correspond-

ing predicted (nominal) load (Bathurst and Javankhoshdel, 2017), are also used

for each bridge permanent load components as shown in Table 2.8.

Melchers (1999) stated that the dead load is commonly treated to be normally

distributed with a mean equal to the nominal value and a coefficient of variation

of 0.05 − 0.1. However, Ellingwood (1980) observed that there are some human

errors when estimating the dead load and therefore, it is recommended to use a

mean value of 5% higher than the nominal.

Table 2.8: Statistical parameters of dead load according to Nowak and
Szerszen (1998)

Component Thickness Bias COV
Factory made members - 1.03 0.08
Cast in place members - 1.05 0.1

Asphalt 75mm - 0.25

The permanent load is not due to the self weight only but also for the load due

to pre-stress. Usually, the pre-stressing force should be available all throughout

the life of a structure. However, there are some losses in pre-stress force due to

the short (t = 0) and long (t = ∞) term losses (explained in detail in Chapter

7).

P (x, t) = Po −∆P (x, t) (2.32)
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where Po is the jacking force; ∆P (x, t) is the losses of pre-stress and P (x, t) is

the remaining pre-stress forces after short and long term losses.

According to JCSS (2001), there are different design codes that can be used

to estimate the pre-stress losses depending on different parameters such as the

type of pre-stress, properties of pre-stressing steel and concrete, environmental

condition etc. Therefore, there is no exact value of the pre-stress losses. According

to that, the variability of the pre-stress losses should be considered in reliability

analysis. Pre-stress losses can be treated as a normal distribution and their

statistical parameters are shown in Table 2.9 (JCSS, 2001). The uncertainty in

losses is constant over time, but as the mean force decrease, this leads to an in

crease in the COV.

Table 2.9: Statistical parameter of pre-stress losses according to (JCSS,
2001)

Parameter µ
COV

Immediate, t = to

COV
Long term, t =∞

Pre-stress losses, ∆P (x, t) ∆P (x, t) 0.3 0.3
Pre-stress force P (x, t) P (x, t) 0.04− 0.06 0.06− 0.09

2.4.3.2 Live load

The live load in buildings is the load imposed by weight of people, furniture,

equipments and stored objects. Live load in buildings can be divided in sus-

tained and transient load. The sustained load represents, for example, furniture

which tends to be constant over long periods, while the transient load represents

short term loads such as weight of people and vehicles. The JCSS code suggests

that the combined total live load is represented by a Gumbel distribution (EV-

type I) because the important random variables are the magnitude of the largest

extreme load that occurs during a specified reference period for which the prob-

ability of failure is calculated.
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For highway bridges, the live load covers the static and dynamic effects produced

by vehicles (Nowak, 1993). Different factors can affect bridges live load such

as the span length, truck weight, axle load, axle configuration, position of the

vehicle (transverse and longitudinal), number of vehicles and girders spacing and

stiffness. Generally, bridges live load are modelled according to the static load

which represents the weight of the truck (W ) factored by the dynamic load factor

(DLF) which take into consideration the effect of bridge vibration due to the

dynamic load. Nowak (1993) observed that the dynamic load factor decreases for

heavier trucks according to the survey of truck load over 75 years. Additionally,

the load dynamic factor depends on the road surface roughness, bridge dynamics

and vehicle dynamics. For multiple lane bridges, the critical load effect generally

occurs when heavily loaded trucks occur side by side and have fully correlated

weights. The distribution of the load of the heaviest truck in a given period is

(Nowak, 1993):

Fn(w) =
[
Φ
(w − µw
µwVw

)]N
(2.33)

where Φ is the cumulative distribution function of the standard normal distri-

bution; N is the number of trucks in this period; w is the static and dynamic

component of the truck load (random variable) w = (1 + DLF )W ; DLF has a

mean value of 0.15 for single truck and 0.1 for two trucks and coefficient of vari-

ation of 0.8 (Nowak, 1993) and µw and Vw are the mean and COV of the truck

weight. Based on a survey data comprising 9250 trucks in the US, Nowak (1995)

computed the mean truck weight as 250 kN and its coefficient of variation as 0.4.

Nowak (1993) describes the bridge loads using a normal distribution, however,

the extreme value type I is commonly used (Scholten et al., 2004) due to the

fact that the traffic load model has to represent the maximum load in which a

bridge is going to experience during its lifetime. Therefore, in this work Gumbel

distribution is used to model the live load.
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2.4.4 Deterioration model

The corrosion of reinforcing bars is one of the main causes of deterioration of

concrete structures, leading to reduction in their service life, their durability or

even to failure. Normally, reinforcing steel does not corrode because of the gen-

eration of a passive film on the steel surface due to the initial corrosion reaction.

The high alkalinity developed from cement hydration in freshly placed concrete

fixes the film on the steel surface and the passive film slows further corrosion by

isolating the steel from the environment. Nevertheless, there are two aggressive

agents that can cause the corrosion of reinforcement in concrete structures: car-

bonation and chloride contamination. When these two aggressive agents reach

the reinforcement bar, corrosion may start, affecting the cross sectional area and

the mechanical properties of steel reinforcement, causing concrete cover cracking

due to the expansion of corrosion products and reducing the bond between steel

and concrete (see Figure 2.9) (Rodriguez et al., 1997). Consequently, the safety

and serviceability of the concrete structure will be affected.

The deterioration of reinforced concrete structures due to corrosion comprises two

stages: corrosion initiation and corrosion propagation (see Figure 2.10) as will be

explained in the following subsections.

Figure 2.9: Corrosion induced cracking and spalling of concrete (Daily,

1999)

2.4.4.1 Corrosion initiation

Corrosion is initiated mainly by chloride ion contamination, often in conjunction

with poor concrete quality or inadequate concrete cover. Chloride contamination
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Structural capacity

Corrosion initiation Corrosion propagation

Figure 2.10: Initiation and propagation corrosion model of reinforcement

steel (Darmawan, 2010)

is considered to be the major cause of reinforcement corrosion in concrete struc-

tures and may occur due to different sources, e.g., the application of de-icing

salts, exposure to sea-spray in marine environments, and, in some rare cases,

from chloride contaminated concrete admixtures. The chloride ions can disrupt

the passive film and cause reinforcement corrosion if present in sufficient quan-

tity (Daily, 1999). Daily (1999) also shows that the concentration of chloride ions

that is needed to initiate corrosion (break down the passive film) is extremely low

(about 0.026% by weight of concrete). Darmawan (2010, 2009) indicate that

chloride contamination will reduce the service life, strength and serviceability of

concrete structures by reducing the cross-sectional area of steel and increasing

the cracking and spalling of concrete.

The initiation stage involves the movement of chlorides through concrete cover

until the steel passive layer is destroyed. That can happen when the chloride ions

at steel surface exceed a threshold limit. The time that is needed for chloride

ions to reach the threshold chloride concentration is called the time to corrosion

initiation.

According to Stewart and Rosowsky (1998), Fick’s second law of diffusion can be
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used to simulate the chloride ingress into concrete pores, which is expressed as:

∂C

∂t
= D

∂2C

∂x2
(2.34)

where C is the chloride concentration at a distance x from the surface at time

t and D is the diffusion coefficient. According to Vu and Stewart (2000), the

diffusion coefficient represents the concrete permeability, which can be affected

by different factors such as the water cement ratio, cement type, curing and

environment. Several models have been proposed in the literature (Hobbs, 1998;

Papadakis et al., 1996; Stewart and Rosowsky, 1998) considering the effect of

water cement ratio on the chloride diffusion coefficient. All the models developed

show that increasing the water cement ratio leads to the increasing of the capillary

porosity of concrete and subsequently increased diffusion coefficient (see Figure

2.11).

D � DH2O0:15
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where a=c is the aggregate-to-cement ratio, �c and �a are the mass densities of cement and aggre-
gates respectively and DH2O is the chloride di�usion coe�cient in an in®nite solution (=1.6�10ÿ5
cm2/s for NaCl). The water-cement ratio is estimated from Bolomey's formula; namely,

w=c � 27

f0cyl � 13:5
�4�

where f0cyl is the concrete compressive strength of a standard test cylinder in MPa.
For a typical concrete compressive strength of 30±40 MPa the di�usion coe�cient obtained

from Eqs. (3) and (4) is approximately equal to 2.0E-8 cm2/s and is consistent with a statistical
analysis of bridge di�usion coe�cients which found an overall US mean of approximately 2.0E-8
cm2 [13]. If the speci®ed (characteristic) compressive strength (F0c) is speci®ed by the designer (i.e.
F0c is known), then f0cyl (see Table 2), w=c [Eq. (4)] and hence D [Eq. (3)] are dependent variables.
Assuming no model error for Eq. (3), the coe�cients of variation of di�usion coe�cients derived
from Eq. (3) for speci®ed concrete compressive strengths of 30±40 MPa are approximately 0.45.
Field-based studies have observed coe�cients of variation of 0.5 for coastal structures [26], 0.69

Fig. 2. In¯uence of water±cement ratio on di�usion coe�cient.

318 K.A.T. Vu, M.G. Stewart / Structural Safety 22 (2000) 313±333

Figure 2.11: The effect of increasing mix proportion in concrete on the

chloride diffusion coefficient (D) (Vu and Stewart, 2000)

For typical water cement ratios (0.35-0.5), the models exhibit the same trend.

According to Vu and Stewart (2000), the model developed by Papadakis et al.

(1996) gives the best fit to the available data in the literature and it can be

35



CHAPTER 2. PRINCIPLES OF RELIABILITY ANALYSIS AND
PROBABILISTIC MODEL

expressed as:

D = DH2O0.15
1 + ρc

c
w

1 + ρc
w
c

+ ρca
ρac

(ρc wc − 0.85

1 + ρc
w
c

)3

(cm2/s) (2.35)

where DH2O is the chloride diffusion coefficient in an infinite solution (=1.6×10−5

cm2/s for NaCl); ρc and ρa are the mass densities for cement and aggregates

respectively; a/c is the aggregate to cement ratio and w/c is the water cement

ratio which can be estimated from Bolomey’s formula:

w

c
=

27

fc0 + 13.5
(2.36)

where fc0 is the concrete compressive strength of a standard test cylinder in MPa.

Hoffman and Weyers (1994) estimated the diffusion coefficient in each state in

the US and found a mean value of 2 × 10−8(cm2/s) and coefficient of variation

between 0.3 to 1.6, with a mean value equal to 0.75, and lognormal distribution.

The chloride content [C(x, t)] at time t and distance x can be calculated according

to the following equation:

C(x, t) = Coerfc
[ x

2
√
Dot

]
(2.37)

where erfc is the complementary error function and Co is the surface chloride

concentration, which is independent of time, and it is related to the environ-

ment aggressiveness. The reference values of the surface chloride concentration

can be estimated according to experimental results, such as Hoffman and Wey-

ers (1994) who studied a number of samples taken from 321 concrete bridges

in the United States. Hoffman and Weyers (1994) found that the surface chlo-

ride concentration does not accumulate over the time. Alternatively, they found

that the surface chloride concentration is in equilibrium with the concentration

of chlorides in the saturated de-icing salts solution. So, according to Hoffman

and Weyers (1994), the surface chloride concentration is modelled (in the US)

with a lognormal distribution with mean and coefficient of variation 3.5Kg/m3
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and 0.5 respectively. From Equation 2.37, the time to corrosion initiation can

also be evaluated by assuming the chloride concentration C(x, t) to be equal to

the chloride concentration threshold over which the steel corrosion is triggered.

The critical threshold chloride concentration tends to lie within the range 0.6-

1.2 Kg/m3 with a mean and COV of 0.9 and 0.19 respectively and distributed

uniformly (Cady and Weyers, 1983; Mehta, 1991).

2.4.4.2 Corrosion propagation

In the second stage, the corrosion propagation happens when the reinforcement

corrodes causing metal loss, loss of area and bond, and therefore reduces struc-

tural capacity (Darmawan, 2009; Stewart and Rosowsky, 1998). Corrosion propa-

gation is usually described in terms of corrosion rate in mm/year, which represents

the loss of metal per unit of surface per unit of time. Hence, the corrosion rate

can be quantified by removing the steel from structures and measuring the weight

differences with reference to its surface area exposed to corrosion. However, this

method can not be used for structures during their service life. Therefore, a non-

destructive method is currently used based on electrochemical measurements to

estimate the corrosion rate in terms of corrosion current density icorr[µA/cm
2]

(Andrade and Alonso, 1996; Broomfield, 1994).

Studies show that the corrosion rate is one of the most important parameters in

the corrosion induced deterioration model for reinforced concrete structures (Li

et al., 2006; Otieno et al., 2011). The availability of water and oxygen at the

reinforcement surface can have a large effect on the corrosion rate. Yalcyn and

Ergun (1996) mentioned that the corrosion rate is affected by the oxygen on the

cathode that is increased with increasing humidity. Vu and Stewart (2000) shows

that the oxygen availability at the steel surface depends on concrete quality (wa-

ter cement ratio w/c), concrete cover and environmental conditions (temperature

and humidity). Vu and Stewart (2000) found the effect of concrete cover and

water cement ratio on the corrosion rate for a typical humidity and temperature

75% and 20◦C (see Figure 2.12), and they proposed an equation for the corrosion
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rate as a function of concrete quality and cover as follows:

icorr(1) =
37.8(1− w/c)−1.64

Cover
(µA/cm2) (2.38)

where icorr(1) is the corrosion rate at the start of corrosion propagation. Earlier

studies (Liu and Weyers, 1998; Yalcyn and Ergun, 1996) suggested that the cor-

rosion rate reduces with time rapidly during the first few years after initiation

but then will reduce slowly. Vu and Stewart (2000) expect that the production of

rust on the steel surface will reduce the diffusion of iron ions away from the steel

surface. They also used the data of corrosion rate reduction with time from Liu

and Weyers (1998) to develop a relationship between time since initiation and

corrosion rate which is expressed empirically as:

icorr(tp) = icorr(1).0.85.t−0.29
p (2.39)

where tp is the time since corrosion initiation and icorr(1) is given by Equation

2.38. In general, corrosion may be expressed as a time dependent variable such

that:

icorr(t− ti) = icorr(1).α.(t− ti)β
(
µA/cm2

)
where(t− ti) ≥ 1year (2.40)

where ti is the time to corrosion initiation and α and β are constants equal to

0.85 and −0.29 respectively.

For general corrosion, it is assumed that the corrosion process will lead to a

uniform reduction in the area of steel over the whole exposed surface of the rebar

as shown in Figure 2.13. The general corrosion is a simplified assumption used by

several researchers such as Thoft-Christensen and Hansen (1993) and Stewart and

Rosowsky (1998) in which they ignore the spatial variability of pitting corrosion

along the rebar. Under this assumption, the corrosion rate is assumed to be

constant according to the Faraday’s law and the remaining area of steel after t
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icorr tP� � � icorr 1� ��0:85tÿ0:29P �6�

where tP is time since corrosion initiation and icorr(1) is given by Eq. (5) (see Fig. 4).
If the speci®ed (characteristic) compressive strength (F0c) is speci®ed by the designer, then f0cyl

(see Table 2), w=c [Eq. (4)] and hence corrosion rate [Eqs. (5) and (6)] are dependent variables.
Assuming no model error, the coe�cients of variation of corrosion rates derived from Eq. (5) for
typical speci®ed concrete compressive strengths of 30±40 MPa and 50 mm cover are approxi-
mately 0.25. In previous reliability studies, coe�cients of variation varying from 0.14 to 0.33 have
been used [33±35]. The corrosion rates predicted by Eq. (5) appear to be not unreasonable and
within the range of typical corrosion rates found in the literature and so it is expected that the
model error is not high. In the absence of any data to conduct a statistical analysis, it is assumed
herein that the mean and coe�cients of variation for model error are 1.0 and 0.2, respectively.
Fig. 5 shows the e�ect of the improved corrosion rate model on a reinforcing bar diameter, for

25 mm cover and various w=c ratios. It shows also that the time to corrosion initiation is in¯u-
enced by the w=c ratio. [For this comparison, initiation due to shrinkage/¯exural cracking is not
considered.]. In general, existing uniform (linear) corrosion rate models (e.g. [4,5,33,34]) ignore
the e�ect of concrete cover and water-cement ratio on corrosion rate and so tend to over-estimate
the e�ects of corrosion for typical w=c ratios (less than 0.5). Hence, it is considered that the cor-
rosion rate model proposed herein better represents the e�ects of durability speci®cations on
corrosion.

Fig. 3. In¯uence of water±cement ratio and cover on corrosion rate.

320 K.A.T. Vu, M.G. Stewart / Structural Safety 22 (2000) 313±333

Figure 2.12: The effect of concrete quality and cover on corrosion rate

as studied by Vu and Stewart (2000)

years can be estimated from:

As(t) =





nπD
2
o

4
, t ≤ ti

nπ[Do−∆D(t)]2

4
, t > ti

(2.41)

where Do is the initial diameter of the rebar, n is the number of bars, ti is the

time in years to corrosion initiation and ∆D(t) is the reduction in bar diameter

that estimated as (Thoft-Christensen and Hansen, 1993):

∆D(t) = Do − 0.0232(t− ti)icorr (2.42)

The mean current density (icorr) is estimated to be icorr = 1µA/cm2 based on a

study carried out by Dhir et al. (1994) where uncracked concrete specimens were

exposed to salt spray conditions. However, Darmawan (2010) illustrates that this

approach is not accurate when the concrete structure is subjected to chloride

attack, which usually results in pitting corrosion. Val and Melchers (1997) pro-

posed an alternative model for pitting corrosion, based on accelerated corrosion

test carried out by Gonzalez et al. (1995), by assuming a non-uniform reduction

in reinforcement bar diameter as shown in Figure 2.14. The maximum pene-

tration of pitting in localized corrosion is about four to eight times the average
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Do

Figure 2.13: Uniform loss of reinforcement due to general corrosion

Darmawan (2010)

penetration and for simplicity, Val and Melchers (1997) assumed the pit form to

be hemispherical as shown in Figure 2.15.

Figure 2.14: Configuration of pitted corroded rebar: (a) cross section of

corroded rebar with Pmax and (b) equivalent average cross section referred

to the overall corroded rebar surface (Zhang et al., 2013)

6 

 

                         (5)  

where      is the maximum pit depth and     is the penetration calculated based on general 

corrosion, which is time-dependent and can be written as:  

                          (6) 

Stewart (2004) applies extreme value theory to predict maximum pit depth as a function of 

reinforcement bar and length. Improved extreme value statistics for pitting is achieved by including 

the effect of corrosion on reinforcement material properties (Stewart and Al-Harthy 2008). Maximum 

pit depths,       are measured for each 100 mm length of the reinforcing bar. A Gumbel distribution is 

selected to fit to the R values extracted from the measurements (Stewart and Al-Harthy 2008). The 

statistical parameters are modified to predict the distribution for any length of reinforcement bar,   : 
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             (8) 

where,    
 and    

are Gumbel parameters obtained from corrosion tests for reinforcing bars of length 

       mm (Sheikh et al. 1990; Stewart 2009). It is assumed the adjacent reinforcing bars are 

statistically independent which is not the case in reality, but the statistical parameters taken from 

measurements have captured this variability (Stewart and Al-Harthy 2008).  

In order to take account of the loss of cross-sectional area for the reinforcing bar due to pitting 

corrosion, an assumption regarding the pit shape has to be employed. The pit shape shown in Figure 1 

(Val and Melchers 1997) is applied in the current work.  

 

The reduced cross-sectional area of a single corroding bar at any time  , under pitting corrosion 

(Figure 1), can be calculated as follows (Val and Melchers 1997): 

         

               

   
                      

   
          

                                                                       (9) 

Figure 1- Pitting corrosion 
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Figure 2.15: Non-uniform loss of reinforcement due to localized (pitting)

corrosion (Val and Melchers, 1997)
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The maximum pit depth at time t along a reinforcing bar is estimated from:

P (t) = 0.0116(t− ti)icorrR (2.43)

where R is the pitting factor representing the extent of pitting corrosion as the

ratio between the maximum and average corrosion penetration as follows:

R = P (t)/Pav(t) (2.44)

Pav(t) = 0.0116icorr(t− ti) (2.45)

Tuutti (1982) suggested that the pitting factor varies between 4 and 10 for rein-

forcing bar of 5 and 10 mm diameter and 150 to 300 mm in length. Similarly,

Gonzalez et al. (1995) found that the pitting factor varies between 4 and 8 ac-

cording to experimental test for specimens with 8 mm diameter reinforcing bars

with 125 mm length. According to the information of the previous researchers,

Stewart (2004) proposed a statistical model for pitting factor depending on an ac-

celerated corrosion test for 10 mm diameter and 100 mm length of reinforcement

bar. The maximum pit depth is measured for each 100mm length. Stewart (2004)

used a Gumbel distribution (EV type I) to fit the data of maximum pit depth and

that seems reasonable as the extreme value is used widely to characterise pitting

of steel plates and pipes and pre-stressing wires (Darmawan and Stewart, 2007;

Hawn, 1977). Furthermore, Stewart and Al-Harthy (2008) developed a proba-

bilistic model for pitting factor according to an accelerated corrosion test of two

RC slabs with 16 and 27mm diameters, the maximum pit depth is also measured

at each 100mm length and they are well fitted with Gumbel distribution. Table

2.10 summarises the statistical parameters of the pitting factor for Lo = 100mm.

To predict the distribution of maximum pit depth for increased length of bar

(Lu), the Gumbel statistical parameters can be modified according to the follow-
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Table 2.10: Statistical parameter of pitting factor (R)

Specimen
Lo

(mm)
Diameter

(mm)
µ COV µo αo Source

Y10 100 10 5.65 0.22 5.08 1.02 (Stewart, 2004)
Y16 100 16 6.2 0.18 5.56 1.16 (Stewart and Al-Harthy, 2008)
Y27 100 27 7.1 0.17 6.55 1.07 (Stewart and Al-Harthy, 2008)

ing (Sheikh et al., 1990):

µ = µo +
1

α
ln(

Lu
Lo

) α = αo (2.46)

where µo and αo are the Gumbel parameters derived from statistical analysis of

pitting data for reinforcement of length Lo as explained above.

The remaining area of the corroded steel at time t after pitting corrosion is then

calculated as the following equations (Val and Melchers, 1997):

Ar(t) =





π.D2
o

4
− A1 − A2, if P (t) ≤

√
2

2
Do

A1 − A2, if

√
2

2
Do < P (t) ≤ Do

0, if P (t) > Do

(2.47)

where

A1 = 0.5
[
θ1.(

Do

2
)2 − a.|Do

2
− P (t)2

Do

|
]

(2.48a)

A2 = 0.5
[
θ2P (t)2 − a.P (t)2

Do

]
(2.48b)

a = 2P (t)

√
1−

[P (t)

Do

]2
(2.48c)

θ1 = 2arcsin
( a
Do

)
and θ2 = 2arcsin

( a

2P (t)

)
(2.48d)
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CHAPTER 2. PRINCIPLES OF RELIABILITY ANALYSIS AND
PROBABILISTIC MODEL

2.5 Summary

In this chapter, the theoretical background on the principles of reliability analysis

have been reviewed. The background included the explanation of types of uncer-

tainties in engineering problems. Some principles definitions were also included

such as the probability distribution function of the normal. lognormal and ex-

treme value type I, as well as, the limit state function and the system reliability.

This followed by a survey of the most common probabilistic models used in relia-

bility of structures. This included the probabilistic models of concrete, reinforced

and prestressed steel material properties. The last part of this chapter presented

the deterioration and load probabilistic models. This background is used in the

next chapters (3, 5 and 7) in which reliability analysis has been applied.
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Chapter 3

Reliability Analysis Methods

This chapter aims at applying the methods of reliability analysis to a reinforced

concrete beam deteriorating over time. Two methods, First Order Reliability

Method (FORM) and Monte-Carlo Simulation (MCS), have been applied using

a MATLAB code. The MATLAB code is then used to find the probability of

failure of the real case study, as described in Chapter 7.

This chapter is organised in eight sections. Section 3.1 gives a small introduction

to reliability analysis. Section 3.2 defines the probability of failure. Section 3.3

presents the historical traceability of FORM method and the procedure of its

application. Section 3.4 describes MCS method. Section 3.5 and 3.6 presents

an application of FORM and MCS methods on a simply supported reinforced

concrete beam and discuss the analysis results. Finally, Section 3.7 summarises

the findings of this chapter.

3.1 Introduction

Generally, reliability analysis of technical components became an important is-

sue during the Second World War. During this period significant problems were

encountered especially in regard to the performance of electrical systems (Faber,

2005). Nowadays, reliability analysis has been developed for different applica-

tions and in a wide range of different industries such as the nuclear industry,
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chemical industry and building industry. Therefore, the application of reliability

analysis received a worldwide acceptance from the engineering profession. Rein-

forced concrete structures can deteriorate due to the environmental effects and

over loading. Therefore, periodic on-site inspections are very important to ensure

their safety and durability. However, the results of these inspections are usually

poor and have a high degree of uncertainty. Consequently, it is recognized that

a deterministic approach is not effective for assessment (Frangopol and Hearn,

1996).

Nowadays, the practical probabilistic method or the reliability analysis is increas-

ingly used for the evaluation, quantification, monitoring and assessment of risk

for concrete structures (JCSS, 2001). In addition, the reliability analysis meth-

ods are used to make appropriate decisions about the performance of a structure

(Frangopol et al., 1997; Vu and Stewart, 2000). Furthermore, these methods are

also used for the structures that are at the design stage, under construction or

in actual use. This chapter will introduce the most common techniques of struc-

tural reliability analysis, namely, First Order Reliability Methods (FORM)and

Monte-Carlo simulation. Firstly, the basic idea and steps of FORM method will

be explained in detail. Secondly, the basic concepts of Monte-Carlo simulation

will be clarified. The last part of this chapter will present the application of the

two methods on a deteriorated simply supported reinforced concrete beam.

3.2 Probability of failure

As mentioned in Chapter 2, the performance function (limit state function) is

described as g(Xi) = 0, where X is the vector of the basic random variables. The

basic random variables are usually represented the resistance (R) and action (S)

variables. Therefore, the limit state function can be written as g(R, S) = 0.

Generally, when the action effect is larger than the resistance, the failure occur.

Therefore, the probability of failure can be defined as the probability of limit
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CHAPTER 3. RELIABILITY ANALYSIS METHODS

state violation, and it can be written as:

Pf = P
(
g(Xi) < 0

)
= P

(
g(R, S) < 0

)
(3.1)

Or it can be written as:

Pf = P
(
R < S

)
= P

(
R− S < 0

)
(3.2)

The two random variables R and S have a marginal density functions fR(r) and

fS(s), respectively, that are combined together to generate a joint density function

fRS(r, s) as shown in Figure 3.1. When only two random variables are considered

(r and s), the probability of failure can be determined from the following equation:

Pf =

∫ ∫

G(r,s)<0

fR,S(r, s)drds (3.3)

The integration of Equation 3.3 is illustrated in Figure 3.1 which is corresponds

to the grey volume.

2 Structural reliability

deterioration, cracking, deformation or vibrations a↵ecting comfort and the normal

use of the structure (CEN, 2002a).

When only two variables are considered, the probability of failure corresponds to

the grey volume depicted in Figure 2.5, where G(r, s) < 0 or r < s, and can be

defined by:

Pf =

ZZ

G()<0

fR,S(r, s)drds (2.13)

s
r

G=R-S=0(r*,s*)

f
R,S

 (r,s)

G=R-S=0

s

r

0

fR (r)

fS (s) Marginal PDF

  

Figure 2.5: Joint density function fR,S(r, s) of two random variables with the marginal
density functions fR and fS (Schneider, 1997).

In the case of independent random variables, Equation (2.13) can be re-written as:

Pf =

Z +1

�1
FR(x)fs(x)dx (2.14)

where FR is the CDF of structural resistance and fS is the PDF of load demands.

2.3.1 Reliability index

The Cornell reliability index, �, can be used instead of the probability of failure (see

Figure 2.6) (Schneider, 1997). For example, considering R and S independent and

normally distributed variables, the limit state function in Equation (2.11) can be

written as:

P (Z < 0) = P (R � S < 0) (2.15)

15

Figure 3.1: Three dimensional representation of a possible joint den-

sity function (fRS(r, s)) for two random variables with marginal density

functions fR(r) and fS(s) (Schneider, 2006)

In case of independent random variables, Equation 3.3 can be re-written as:

Pf =

∫ +∞

−∞
FR(x)fs(x)dx (3.4)
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where FR(x) is the CDF of structural resistance and fs(x) is the PDF of load

demands. Equation 3.4 can be generalized to N dimensions, however, it is difficult

to solve multiple integrals equation analytically and the reliability methods should

be used to solve it. In the following sections, the direct focus is on the First

Order Reliability Method (FORM) and Monte-Carlo simulation that can be used

to solve Equation 3.4.

3.3 First Order Reliability Method FORM

The First Order Reliability Method (FORM) was first developed more than four

decades ago (Faber, 2005). After that, the method has been refined and devel-

oped significantly, to be the most important method for reliability evaluation in

structural reliability theory. The first order name is derived from its dependence

on the first order Taylor series to approximate the limit function.

The basic concept of FORM analysis method is to transform the original set

of random variables Xi into a set of standardized normally distributed random

variables (X
′
i) (standard Gaussian distribution) as:

X
′

i =
Xi − µXi

σXi

(i = 1, 2, ..., n) (3.5)

such that, the random variables X
′
i have zero means and unit standard devi-

ations. Noting that, Equation 3.5 can be used just when Xi are distributed

normally. This equation is also used to transform the original limit state function

g(Xi) = 0 to the reduced limit state function g(X
′
i) = 0 as shown in Figure 3.2.

The X coordinate system is referring to the original coordinate system and X
′

refers to the transformed or reduced coordinate system. Note that since Xi is

normal, X
′
i are standard normal with zero mean and unit standard deviation.

In the FORM method, the probability of failure is obtained by the value of relia-

bility index (β) which represent the smallest distance from the origin to the limit

state function in the normalized space as shown in Figure 3.2. The minimum dis-
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tance point on the limit state function is called the design point or the checking

point, which is represented by a vector x∗ in the original coordinate system, and

by a vector x
′∗ in the reduced coordinate system.

g(X')=0

β

X2'

X1'

R
'

S'

g(X)=0

X2

X1

R

S

Figure 3.2: The two dimensional case of a linear limit state function and

standardized normally distributed variables X
′
i (Faber, 2005)

.

For the linear limit state function, if the random variables have a normal distri-

bution, then the limit state function will have the same distribution with mean

(µg(Xi)) and standard deviation (σg(Xi)) defined as:

µg(Xi) = µR − µS (3.6)

σg(Xi) =
√
σ2
R + σ2

S (3.7)

According to that, the probability of failure can be expressed by the following

equations:

Pf = P
(
g(Xi) < 0

)
= Φ

(
0− µg(Xi)

σg(Xi)

)
= Φ

(
−µg(Xi)

σg(Xi)

)
= Φ(−β) (3.8)

where Φ is the standard normal distribution function with zero mean and unit

standard deviation. According to Equation 3.8, the reliability index as expressed

by Cornell (Cornell, 1969) is:

β =
µg(Xi)

σg(Xi)

(3.9)
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By substituting Equations 3.6 and Equations 3.7 in Equation 3.9 the Cornell

reliability index will be expressed from the following equation:

βc =
µR − µS√
σ2
R + σ2

S

(3.10)

For non-linear limit state function, it is more difficult to find the reliability index

compared to the procedure outlined above. Therefore, Hasofer and Lind (1974)

proposed a linearisation of the failure surface g(X
′
i) in the design point x

′∗ as

shown in Figure 3.3.

g(X')=0

β

X2'

X1'

α

x*

g(X)=0

Figure 3.3: The linearisation of the non-linear failure surface in standard

normal space proposed be Hasofer and Lind (1974) from Faber (2005)
.

The vector α is the direction cosines vector to the failure surface in the design

point x
′∗.

FORM method is traced historically to second-moment methods which are the

First Order Second Moment (FOSM) and Advanced First Order Second Moment

(AFOSM) methods.
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3.3.1 First Order Second Moment (FOSM) method or

MVFOSM

The FOSM method is also referred to MVFOSM (mean value first order second

moment) method. The name of this method is derived from its dependence on

the first-order Taylor series approximation of the limit state function. In addition

to that, this method uses only second moment statistics (mean and variance) of

the random variables.

In this method, if the performance is written as:

Z = g(Xi) = g(X1, X2, ...., Xn) (3.11)

the Taylor series of the limit state function is given by:

Z = g(µX) +
∑ ∂g

∂Xi

(Xi−µXi
) +

1

2

∑∑ ∂2g

∂Xi · ∂Xj

(Xi−µXi
)(Xj −µXj

) + ....

(3.12)

where the derivatives are evaluated at the mean of the random variables µXi
.

Truncating the series at the linear terms, results in:

µZ = g(µX1 , µX2 , ...., µXn) and σ2
Z =

∑
(
∂g

∂Xi

)2var(Xi) (3.13)

The reliability index is then calculated depending on the ratio of the mean value

of Z to its standard deviation as given in Equation 3.9. Again the probability of

failure is obtained depending on reliability index from Pf = Φ(−β).

Although this approach is easy to use and it does not require knowledge of the

random variables distribution, it has some disadvantages:

• The reliability index is calculated assuming a limit state function is linear,

and the method introduces an error for non-linear performance criteria.

• The results are inaccurate if the distributions of random variables are not

normal.
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Therefore, to tackle these problems of FOSM method, Hasofer and Lind (1974)

suggest an advanced method (AFOSM) in which the distribution information of

the random variables are used. Moreover, this method is used for the non-linear

limit state function.

3.3.2 Advanced First Order Second Moment (AFOSM)

for normal variables (Hasofer-Lind method)

The AFOSM method is considered to be the best method for reliability analysis

because it gives the most accurate approximation of risk (Li et al., 2007). Ganji

and Jowkarshorijeh (2012) state that because the AFOSM solution does not vary

with the form of limit state function expression, it can be considered as an invari-

ant reliability analysis method as compared with FOSM method. Furthermore,

the AFOSM method can be applied when the random variables are distributed

non-normally. AFOSM method has been previously used to study the reliability

of reinforced concrete structures subjected to deterioration (Capra et al., 2003;

Val and Melchers, 1997).

For random variables with normal distribution, the procedure of the Hasofer-Lind

method (AFOSM) for the linear and nonlinear limit state limit state function has

been described below. The Hasofer-Lind method (AFOSM) depends on transfor-

mation the random variables to the standard Gaussian variables with zero mean

and unit standard deviation. For linear limit state function, Figure 3.4 demon-

strates the AFOSM method by considering the two variables R and S. In this

method, the limit state function can be written as:

Z = R− S = 0 (3.14)
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The reduced variables are obtained from

R
′
=
R− µR
σR

and S
′
=
S − µS
σS

(3.15)

The reduced limit state function is obtained by substituting Equation 3.15 in

Equation 3.14 as

g(Xi) = σRR
′ − σSS

′
+ µR − µS = 0 (3.16)

Figure 3.4b shows that if the limit state function line is closer to the origin, then

the unsafe region will become larger, while if it is farther away from the origin

then the unsafe side will be smaller. Hence, the position of the limit state surface

in the reduced coordinate system indicates the reliability of the system.

S

R

Unsafe region

Safe region

s*

r*

(μR,μS)

R-S=0

Design point
(r*, s*)

(a) Original coordinates

S'

(b) Reduced coordinates

((-μR-μS)/σR, 0)

(0, (μR-μS)/σS)

R'

θs

θr

αs

αr
α

Design point
(r'*, s'*)

Unsafe region
Z<0

Safe
                          region

Z>0

βHL

Figure 3.4: Hasofer-Lind Method for linear limit state function (a) orig-

inal coordinates (b) reduced coordinates (Mahadevan and Haldar, 2000)
.

The distance of the limit state function from the origin (reliability index) can be

calculated from:

βHL =
µR − µS√
σ2
R + σ2

S

(3.17)

This equation is the same as the Cornell reliability index (βc) in FOSM method

for random variables with normal distribution. Although the reliability index

in Hasofer-Lind method is obtained in different way from that obtained in the

FOSM method, both methods will give an identical reliability index for normal

variables and linear limit state function.
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In most cases, for many random variables X = (X1, X2, ..., Xn) and reduced

random variables X
′

= (X
′
1, X

′
2, ..., X

′
n), the limit state function g(X

′
i) = 0 is a

non-linear function of the reduced variables coordinates as shown in Figure 3.5.

From this figure, the Hasofer-Lind reliability index βHL represents the minimum

distance from the origin to the limit state function while x
′∗ represents the design

point or the point of minimum distance from the origin to the limit state. The

reliability index is an invariant value because regardless of the form in which

the limit state function is written, its geometric shape and distance from origin

remain constant.

X1'

X2'

g(X')<0

g(X')>0

βHL g(X')=0

X'*

Figure 3.5: Hasofer-Lind Method reliability index for non-linear limit

state function (Mahadevan and Haldar, 2000)
.

For non- linear limit state functions, the optimization problem is to calculate the

reliability index βHL. Rackwitz (1976) cited in Mahadevan and Haldar (2000)

formulates an algorithm to compute the reliability index as follows:

1. Define the appropriate limit state function.

2. Assume the initial design point x∗i . Typically, the initial design point is

assumed to be the mean of the random variables.

3. Calculate the design point in the reduced coordinates from x
′∗
i =

x∗i − µXi

σXi

.

4. Evaluate (
∂g

∂X
′
i

)∗ from the reduced limit state function, and then calculate
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αi at x
′∗
i from

αi =

( ∂g

∂X
′
i

)∗

√
∑( ∂g

∂X
′
i

)2∗
(3.18)

where
( ∂g
∂X

′
i

)∗
is the partial derivative evaluated at the design point. αi

(the direction of the design point) is the cosine along the coordinates axis

X
′
i .

5. Obtain the new design point in the reduced coordinates in terms of βHL

x
′∗
i = −αiβHL (3.19)

6. Substitute the new x
′∗
i in the limit state equation g(X

′∗
i ) = 0 and solve for

βHL.

7. Using the βHL value obtained in step 6 and re-evaluate x
′∗
i = −αiβHL.

8. Repeat step 4 through 7 until βHL converges.

This algorithm is shown geometrically in Figure 3.6. The algorithm constructs

a linear approximation to the limit state at every search point and finds the

distance from the origin to the limit state.
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X1'

X2'

g(X')=c

A
X'*(0)

(c)

B
αx1', αx2'

g(X')=k

g(X')=0

X'*(1)

X1'

g(X')=c

A
X'*(0)

(b)

B
αx1', αx2'

g(X')=k

X1'

g(X')=c

A
X'*(0)

(a)

C

g(X')=c

A
X'*(0)

(d)

B
αx1', αx2'

g(X')=k

g(X')=0

X'*(1)C

D

g(X')=c

A
X'*(0)

(e)

B
αx1', αx2'

g(X')=k

g(X')=0

X'*(1)C

D

X'*(2)

E

X2'X2'

X2'

X2'

X1'

X1'

Figure 3.6: Algorithm for finding βHL (Mahadevan and Haldar, 2000)
.

3.3.3 Advanced First Order Second Moment (AFOSM)

for non-normal variables

The previous method of Hasofer-Lind reliability index is exactly related to the

failure probability Pf = Φ(−β) if all the variables are normally distributed. How-

ever, the Hasofer-Lind method gives an incorrect results if the distribution of

the random variables are non-normal. Therefore Rackwitz and Fiessler (1978)

corrected this method and included information on the distribution of random

variables in cases of both linear and non-linear limit state functions. The AFOSM

method for non-normal variables includes the estimation of the equivalent normal

mean and standard deviation at the design point as will be clarified in the next

section.

3.3.3.1 Equivalent normal variables

Most of random variables in engineering problems are not distributed normally.

In order to consider the problem of non-normal distribution of random variables

in the context of limit state equation, it is necessary to transform the non-normal
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variables into equivalent normal variables. The transformation is used to obtain

a set of statistically independent standard normal variables for which the joint

CDF of all random variables are available. The Rackowitz-Fiessler method is

used for this purpose. Rackwitz and Fiessler (1978) estimate the parameters of

the equivalent normal distribution µNXi
and σNXi

by using two appropriate condi-

tions. The cumulative distribution function (CDF) and the probability density

function (PDF) for the actual variable and the equivalent normal variables should

be equated at the design point (x∗1, x
∗
2, ...., x

∗
n) on the failure surface. The approx-

imation is introduced by:

Fxi(x
∗
i ) = Φ

(x∗i − µNXi

σNXi

)
(3.20)

where Fxi(x
∗
i ) is the cumulative distribution function (CDF) of the original non-

normal variables, µNXi
and σNXi

are the mean and standard deviation of the equiv-

alent normal variables at the design point. From Equation 3.20, the mean of the

equivalent normal variable is found as:

µNXi
= x∗i − Φ−1[Fxi(x

∗
i )]σ

N
Xi

(3.21)

Equating the PDFs of the original variables and the equivalent variables at the

design point is:

fxi(x
∗
i ) =

1

σNXi

φ
(x∗i − µNXi

σNXi

)
(3.22)

where fxi(x
∗
i ) is the pdf of the original non-normal variables and φ is the PDFs

of the equivalent standard normal variables. From Equation 3.20 it can be found:

(x∗i − µNXi

σNXi

)
= Φ−1[Fxi(x

∗
i )] (3.23)

and by substituting this Equation in Equation 3.22

fxi(x
∗
i ) =

1

σNXi

φ
[
Φ−1[Fxi(x

∗
i )]
]

(3.24)
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Then, the standard deviation of the equivalent normal variable is found as:

σNXi
=
φ
[
Φ−1[Fxi(x

∗
i )]
]

fxi(x
∗
i )

(3.25)

To calculate the design point and the reliability index in this case (non-normal

variables), two algorithms are commonly used. The first method, referred to as

FORM method 1, requires a solution of the limit state function during the itera-

tion (Rackwitz and Fiessler, 1978). This method is easy to apply and estimate,

as a small computer programme can be written to complete the calculations.

However, this method is not efficient for complex cases with non-linear limit

state functions, such as found in many practical problems. Therefore, the sec-

ond method referred to as FORM method 2 (Rackwitz and Fiessler, 1978) uses a

Newton-Raphson type recursive formula to find the design point for complicated

performance functions.

3.3.3.2 FORM method 2

In the case of a complex non-linear limit state function, a Newton-Raphson type

recursive algorithm, FORM method 2, is used to find the design point. In this

method, instead of solving the limit state function explicitly for β, the derivatives

are used to find the next iteration point. The method can be decomposed in the

following steps:

1. Define the appropriate limit state function.

2. Assume the initial design point x∗i where i = (1, 2, .., n); the initial de-

sign point is usually equal to the mean of the random variables, and then

compute the corresponding value of the limit state function g(Xi).

3. Compute the mean and standard deviation at the design point of the equiv-

alent normal distribution for the non-normal random variables. The coor-
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dinates of the design point in the equivalent standard normal space are:

x
′∗
i =

x∗i − µNXi

σNXi

(3.26)

4. Compute the partial derivatives
∂g

∂Xi

evaluated at the design point x∗i .

5. Compute the partial derivatives
∂g

∂X
′
i

in the equivalent standard normal

space

∂g

∂X
′
i

=
∂g

∂Xi

· ∂Xi

∂X
′
i

=
∂g

∂Xi

· σNXi
(3.27)

6. Compute the directions cosines αi at the design point as:

αi =

( ∂g
∂Xi

)∗
· σNXi

√∑( ∂g
∂Xi

σNXi

)2∗
(3.28)

Note that Equation 3.18 and Equation 3.28 are identical. In Equation 3.18,

αi is evaluated in the reduced coordinates when the standard deviation of

the reduced variables are unity. However, in Equation 3.28, if the random

variables are normal, then their standard deviation can be used directly,

otherwise, the equivalent standard deviations at the design point need to

be used.

7. Obtain the new design point x
′∗
i in terms of β

x
′∗
i = −αi × β (3.29)

8. Apply the new design point x
′∗
i in the recursive formula to calculate β

g(Xi) = g∗xi +
∂g

∂x
′∗
i

(x
′∗
i+1 − x

′∗
i ) (3.30)

9. Calculate the new design point x
′∗
i = −αiβ.
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10. Compute the new values for the design point in the original space (x∗i )

x∗i = µNXi
+ σNXi

x
′∗
i (3.31)

11. Repeat step 3 through step 10 until β converges.

3.4 Monte-Carlo simulation

In the previous sections, different methods that are used to estimate the probabil-

ity of failure are explained. Most of these methods are applicable only when the

limit state function is defined explicitly. However, for both implicit and explicit

limit state function, the simulation technique is a possible method to calculate

the probability of failure (Mahadevan and Haldar, 2000). The implicit limit state

function is defined for the very complicated problems as long as an algorithm is

available to compute the structural response (e.g. non-linear finite element anal-

ysis). Modern computer software makes the process of simulation very efficient.

In the simplest form of the basic simulation, each random variable in a problem

is generated many times to estimate its distribution depending on its statistical

characteristics.

In this approach, the most important task is to generate random samples of the

random variables in order to simulate a large number of experiments. The gen-

eration of random numbers according to a specific distribution is the heart of

Monte-Carlo simulation.

In structural reliability, a large number of samples are generated (simulated).

For each sample outcome, the value of the limit state function is computed. The

probability of failure after N simulations is estimated through

Pf =
nf
N

(3.32)
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where nf is the number of simulations in which the failure is occurred (g(Xi) < 0)

and N is the total number of simulations. By using a large number of simulations,

the estimation of the probability of failure becomes close to the exact solution.

This means that the estimation will converge to the correct answer when N is

near ∞. Therefore, this method is less suitable for complex structures because

large simulations are required to estimate the probability of failure and that

requires many time consuming numerical calculations. In chapter 5, MCS based

FORM analysis is used to reduce the time required for the probability of failure

estimation.

The simulation of the N outcomes of the joint density function in Equation 3.32 is

in principle simple and may be seen as consisting of two steps as shown in Figure

3.7. In the first step, a uniformly distributed random number, zji, is generated

between 0 and 1 for each component of x̂j using pseudo random number generator

(PRNG). In the second step the outcomes of the pseudo random numbers zji are

transformed to outcomes of x̂ji by:

xji = F−1
Xi

(zji) (3.33)

where F−1
Xi

() is the CDF for the random variable Xi.
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Figure 8.4 Principle for simulation of a random variable. 
 
This process is the continued until all components of the vector jx̂  have been generated. 
 
Importance Sampling Simulation Method 
As already mentioned the problem in using Equation (8.41) is that the sampling function 
f ( )x x  typically is located in a region far away from the region where the indicator function 
[ ]( ) 0I g ≤x  attains contributions. The success rate in the performed simulations is thus low. 

In practical reliability assessment problems where typical failure probabilities are in the order 
of 10-3 – 10-6 this in turn leads to the effect that the variance of the estimate of failure 
probability will be rather large unless a substantial amount of simulations are performed. 
 
To overcome this problem different variance reduction techniques have been proposed aiming 
at, with the same number of simulations to reduce the variance of the probability estimate. In 
the following we shall briefly consider one of the most commonly applied techniques for 
variance reduction in structural reliability applications, namely the importance sampling 
method. 
 
The importance sampling method takes basis in the utilisation of prior information about the 
domain contribution to the probability integral, i.e. the region that contributes to the indicator 
function.  Let us first assume that we know which point in the sample space ∗x  contributes 
the most to the failure probability. Then by centring the simulations on this point, the 
important point, we would obtain a higher success rate in the simulations and the variance of 
the estimated failure probability would be reduced. Sampling centred on an important point 
may be accomplished by rewriting Equation (8.38) in the following way 
 

[ ] [ ] xx
x
xxxxXx X df

f
fgIdfgIfP s

s

)(
)(
)(0)()(0)( ∫∫ ≤=≤=  (8.44) 

 
in which ( )sf x  is denoted the importance sampling density function. It is seen that the 

integral in Equation (8.44) represents the expected value of the term [ ] ( )( ) 0
( )s

fI g
f

≤ x xx
x

 where 

the components of s are distributed according to ( )fV x . The question in regard to the choice 
of an appropriate importance sampling function ( )Sf s , however, remains open. 
 

Figure 3.7: Principle for simulation of a random variable (Faber, 2005)
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3.5 Implementation of FORM and MCS meth-

ods

This section will present the application of the theory covered in the previous

sections. An example problem of a reinforced concrete beam deteriorating in

time due to localized corrosion, is considered. The beam is modelled analytically

using a MATLAB code. The reliability index for this beam is estimated with time,

considering bending failure only. FORM method 2 is used in this study due to

its efficiency for the complex non-linear limit state functions and the non-normal

variables. The analysis has been repeated using MCS and the results have been

compared with FORM. The beam details, failure mode and the random variables

considered will be presented in the following subsection.

3.5.1 Beam geometry and material data

A corroded simply supported reinforced concrete beam with uniformly distributed

load is considered in this study to estimate the reliability of the beam. The ser-

vice life of the beam considered in this study is taken as 70 years.

The beam has a span length of 9.5 m. The nominal values of concrete compres-

sive strength fck and steel yield stress fyk are 30 and 500 MPa respectively. The

nominal values of the permanent load gk and live load qk are equal to 4 and 6

kN/m respectively. The beam is designed in bending using Eurocode 2 reinforced

concrete design (Mosley et al., 2012). The beam depth is d = 0.4 m and the width

is b = 0.25 m. Four reinforcement bars are embedded in the beam with diameter

16 mm as shown in Figure 3.8.
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Figure 3.8: Simply supported RC beam section

3.5.2 Failure mode and random variables

In this example, the limit state occurs when MR ≤ MS, then the limit state

function is written as:

g(Xi) = MR −MS = 0 (3.34)

where MR is the resistance moment and it is equal to (according to Eurocode 2

(Mosley et al., 2012)):

MR = As.fy.
(
d− As.fy

0.85bfc × 2

)
(3.35)

and MS is the action moment at the mid span of the beam as follow:

MS = wl2/8 (3.36)

where w = gk + qk. Then the limit state function is written as:

g(Xi) = As.fy.
(
d− As.fy

0.85bfc × 2

)
− l2

8
(gk + qk) = 0 (3.37)

In reliability analysis, the compressive strength of the concrete and the yield

stress of the reinforcement are treated as lognormal and normal random vari-

ables, respectively and their mean and coefficient of variation are adopted from

Wísniewski (2007) and (JCSS, 2001), respectively as described in Chapter 2. The

dead load is treated as a normal random variable and its mean value represents
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the nominal permanent load (self weight) of the beam and the coefficient of vari-

ation is 10% according to JCSS (2001). The live load is treated as a Gumbel

(EV-type I) random variable with coefficient of variation of 0.4 (Nowak, 1993).

According to the corrosion model described in Chapter 2, the loss of cross sec-

tional area of the reinforcement bars due to pitting corrosion depends on the

corrosion rate (icorr), time to corrosion initiation (Ti) and the pitting factor (R).

In this study, the time to corrosion initiation is assumed to be zero (it is assumed

that the corrosion starts immediatly after construction) and the pitting factor

is assumed, for simplicity, to be a deterministic value (R = 4). The corrosion

rate is assumed similar to the assumption of Val and Melchers (1997) to have a

normal distribution with mean value = 3µA/cm2 and coefficient of variation 0.3,

which represents an aggressive environmental condition according to Middleton

and Hogg (1998). The probabilistic models of the load and resistance model un-

certainties θL and θR are adopted from JCSS model code (JCSS, 2001), in which

they have a lognormal distribution with mean value = 1 and coefficient of vari-

ation = 0.1 and 0.15 respectively. The statistical parameters of these random

variables are summarized in Table 3.1. The other properties of the simply sup-

ported beam such as the geometric dimensions (L, b and d) are considered as

deterministic values.

Table 3.1: Statistical parameters of random variables for ultimate limit
state analysis

R.V Units Nominal value µ σ COV distribution
Yield stress (fy) MPa 500 560 30 0.05 Normal
Concrete compressive
strength (fc)

MPa 30 30 5.8 0.12 Lognormal

Permanent load (g) N/mm 4 4 0.4 0.1 Normal
Live load (q) N/mm 6 3.37 1.01 0.4 Gumbel
Corrosion rate (icorr) µA/cm2 - 3 0.9 0.3 Normal
Load model
uncertainty (θL)

- - 1 0.1 0.1 Lognormal

Resistance model
uncertainty (θR)

- - 1 0.15 0.15 Lognormal
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3.6 Reliability analysis and results

The reliability analysis of the simply supported RC beam is based on FORM

method 2 according to the flexural limit state function (Equation 3.37). A MAT-

LAB code has been written to apply reliability analysis using FORM method 2.

The random variables have been identified first with their statistical parameters,

and the initial design point assumed to be equal to the mean values of the random

variables (x∗i = µ). After that, the limit state function is computed at the de-

sign point g∗xi. Next, the equivalent mean µNXi
and standard deviation σNXi

in the

normal space are calculated according to Equations 3.21 and 3.25 respectively.

This is followed by computing the partial derivative of the limit state function

at the design point (
∂g

∂X∗i
) and in the equivalent standard normal space (

∂g

∂X
′∗
i

).

After this step, the direction cosine for the second design point can be calculated

according to Equation 3.28. Next, the new design point in terms of β has been

found according to Equation 3.29. Subsequently, this new design point need to

be substituted in the limit state function to find β. Ten iterations have been used

until β has been converged.

Two cases for corrosion rate and area of steel variability are considered. In the

first case (case 1), corrosion rate and area of steel are considered to be determin-

istic values (icorr = 3µA/cm2 and As = 201.06mm2). For the second case (case

2), corrosion rate is considered as a random variable for which the variability is

independent for the four bars. The area of steel in this case will be an implicit

random variable depending on the variability of icorr. The loss of cross sectional

area of the reinforcement steel due to pitting corrosion with the time is calcu-

lated according to the geometric model proposed by Val and Melchers (1997) (see

Chapter 2 from Equation 2.45 to 2.48).

The reduction in steel area are similar for the two cases, since the corrosion rate

is the same. The results show that the total area of steel reduced with the time,

and after seventy years the total area is decreased by more than half as shown
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in Figure 3.9. The influence of the uncertainty of corrosion rate on the beam

reliability can be illustrated by the use of the sensitivity factor α. The zero value

of sensitivity factor present an irrelevant impact on the analysis, whereas cosines

close to -1 or 1 have respectively a significant negative or positive impact. The

uncertainties with negative impact can significantly decrease the safety, while the

uncertainties with positive impact increases the safety of the structures. Hence,

the material properties are usually have a positive sign since they can increase

the safety. On the contrary, the loads have a negative sign since they have an

adverse effect on the structure.

Figure 3.10 shows the importance of the uncertainty of corrosion rate for the two

cases with the time.
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Figure 3.9: Total area of steel reduced with the time due to localized

corrosion for the two cases

For case 2, the weight of icorr is small at the first few years and the importance

increases with the time as corrosion increases. Considering the uncertainty of

icorr is more significant to reduce the reliability index of the beam as shown in

Figure 3.11. However, reliability index for the first and last few years for the

two cases are similar and that is because at the first few years the structure is

quite new and the area of steel is fixed due to αicorr = 0. Therefore, the effect of

corrosion rate is very similar in the two cases. For the last few years, the area of
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Figure 3.10: The direction cosine values of icorr with the time for case 2

steel is very small (less than half its value (Figure 3.9), therefore, the corrosion

rate has very little influence.

Time (years)
0 10 20 30 40 50 60 70

R
el

ia
bi

lit
y 

in
de

x 
(-

)

-0.5

0

0.5

1

1.5

2

2.5

3

case 1
case 2

Figure 3.11: Reliability indices differences between case 1 and case 2, β

is lower in case 2 due to the conidration of the uncertainty of icorr

Figure 3.12 shows that increasing the standard deviation of icorr (1.8 and 2.7)

leads to a decrease in the reliability index. This implies that increasing the stan-

dard deviation means increasing the uncertainty as shown in Figure 3.13. Again,

the reliability index of the last few years is not influenced by the raising of icorr

weight due to the large reduction of the area of steel.

The direction cosines at design point of individual random variables as a function
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Figure 3.12: Reliability index reduction due to increasing the standard

deviation of icorr
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Figure 3.13: Influence of different values of icorr standard deviation on

the value of αicorr

of time are presented in Figure 3.14. The figure shows that the live load qk has the

highest weight in the analysis reaching a value of -0.7 and exhibiting a reduction

of its importance as the deterioration increases. The resistance and load models

uncertainties, θR and θE, have a large influence on reliability index as shown in

Figure 3.15 due to their high weight in the analysis, -0.37 and 0.55 respectively.

The figure shows that ignoring the uncertainties of load and resistance increases

the reliability index of the beam. This can be explained by the reduction in load
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and increase in material properties (fc and fy) due to the ignoring of θL and θR

respectively. However, the two curves in Figure 3.15 converge to zero at time 70

due to the significant reduction of steel area which lead to a high reduction in the

weights of θL and θR. The influence of the uncertainties associated with other

parameters (fc, fy, gk) are insignificant since their sensitivity factors are less than

0.2 (Val and Melchers, 1997).
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Figure 3.14: Sensitivity factors α at design points that gives the impor-

tance of each random variable

Increasing the number of reinforcement bars (amount of steel) also affects the

reliability of the beam (see Figure 3.16).

Case 2 analysis is repeated for a fixed ended reinforced concrete beam as shown in

Figure 3.17. In this condition, the reliability analysis is performed in two stages

due to the support and middle moment. The two limit state functions in this

situation are written as:

g(Xi) = As.fy.
(
d− As.fy

0.85bfc × 2

)
− l2

12
(g + q) = 0 (3.38)
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Figure 3.15: The effect of using model uncertainties (θE and θR) on the

values of reliability index along the years
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Figure 3.16: Reliability index comparison between using 4 and 8 rein-

forcement bars. Increasing the number of bars will lead to increase the

capacity of the beam and subsequently increase the reliability index of the

beam

and

g(Xi) = As.fy.
(
d− As.fy

0.85bfc × 2

)
− l2

24
(g + q) = 0 (3.39)

The results show that the probability of failure is higher at the end supports

than at the middle of the beam due to the maximum moment at the fixed support

(Figure 3.18). Furthermore, the reliability index in this case is higher as compared
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with the case of simply supported beam due to the lower bending moment.
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Figure 3.17: Fixed ended beam
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Figure 3.18: Variation in reliability index with age for the support and

middle moments

Monte Carlo simulation is also performed in this study for case 1 in order to

compare the results with FORM method. A large number of samples (106) have

been generated for all random variables considered in case 1 depending on their

statistical parameters (see Table 3.1). The probability of failure is calculated

according to Equation 3.32. The results show a very good agreement between

the two methods as shown in Figure 3.19. Finally, the two methods show their

capability and simplicity to estimate the reliability of structures when the limit

state function is defined explicitly.
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Figure 3.19: The probability of failure of the simply supported beam shows

a good agreement between the FORM and MCS methods

3.7 Summary

In this chapter, it can be seen that FORM method is traced historically to FOSM

and AFOSM methods. FOSM method is easy to apply, however, it is adequate

for linear limit state function and it introduces an error for non-linear limit state

functions. In addition, the results of FOSM method is inaccurate if the distri-

bution of the random variables are non-normal. AFOSM method is used for the

normal and non-normal variables as well as for the non-linear limit state func-

tions. For the non-normal variable case, there are two algorithms are commonly

used, FORM method 1 and FORM method 2. FORM method 1 is easy to apply

and estimate and a small computer programmes can be written to complete the

calculations. However, this method is not efficient for complex non-linear limit

state functions such as found in many practical problems. FORM method 2 is

used for the more complex performance function by using Newton-type recursive

formula. However, FORM method 2 can not be used for any type of realistic

applications, because the derivative of the limit state function can be impossible

to compute accurately, in particular for implicit limit state functions.

Monte-Carlo simulation is likely to be used in practical problems, however, a

large number of simulations are required to estimate the probability of failure
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and that could be take a very long time to complete. Furthermore, MCS can

be used with implicit and explicit limit state function. The last part of this

chapter focuses on the application of the two methods on a simply supported

reinforced concrete beam example considering the two cases. In the first case,

the corrosion rate and the area of steel are treated as deterministic values while

in the second case, the corrosion rate and the area of steel are considered to be

random variables. From the two cases, it have been found that the area of steel

and the reliability index are reduced sharply with the time due to the aggressive

environment. The second case shows that including the variability of icorr and

As affected the reliability of the beam. Beam reliability analysis is repeated for

case 1 using MCS method and the results show a good agreement with FORM.

The next two chapters will focus on applying reliability analysis for implicit limit

state function using a combination between FORM and MCS.
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Chapter 4

Finite Element Modelling of

Reinforced Concrete Beams

This chapter presents work done to model four RC beams tested experimentally

by Barros and Fortes (2005). The concrete damage plasticity model (CDP) is used

and hence, a sensitivity analysis study on the model parameters in particular the

viscosity parameter, is presented. The finite element results compare well with the

published experimental data, demonstrating the effectiveness of the CDP model

and its capability for use in the subsequent chapters. The chapter is organized

as follows:

Section 4.1 provides a brief justification for using finite element modelling in this

thesis. Section 4.2 reviews the constitutive behaviour of concrete in compression

and tension. Section 4.3 reviews the methods that are used to model concrete

behaviour in ABAQUS. Section 4.4 describes the CDP model including the stress

strain curves for compression and tension. Section 4.5 presents details of the

beams and the the 3D nonlinear finite element model and discusses the results.

Finally, section 4.6 summarises the findings of the chapter.
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4.1 Introduction

Reinforced concrete structures are exposed to aggressive environmental condi-

tions which lead to corrosion of the embedded steel reinforcement. As a result,

the safety and durability of concrete structures will be reduced (Ožbolt et al.,

2012). Billions of dollars are needed to repair the damaged structures (Elfergani

et al., 2013). Prediction of structural safety can lead to a significant reductions

in maintenance costs by maximising the impact of investments.

As the aim of this chapter is to provide an accurate prediction of the four beams

ultimate capacity, finite element analysis is used in this study to build an appro-

priate model and to predict the capacity of the beams in order to capture the

failure mechanism. Finite element method is a tool that has become widely used

for analysis of structures since its much more effective than other methods (e.g.

theoretical modelling) in dealing with the complexities of material nonlinearity

and the 3D structural behaviour.

Reinforced concrete is made up from steel and concrete. Steel is a homogeneous

material and its properties can be defined easily. However, concrete has a differ-

ent non-linear behaviour in tension and compression that makes it more complex

to define its properties (Kwak and Filippou, 1990). The non-linear response of

reinforced concrete structures is caused by several major effects such as: concrete

cracking and crushing due to the tensile and compressive stresses, yielding of rein-

forcement, complex behaviour of bond slip between steel and concrete, shrinkage

and temperature effects. Moreover, due to the complicated material properties

of concrete, the finite element method cannot represent reinforced concrete easily

unlike an elastic material (Kwak and Filippou, 1990; Xiaogang, 1999). However,

considerable efforts have been made to understand the behaviour of concrete

structures (Buyukozturk and Shareef, 1985).

In this chapter ABAQUS/Standard is used as a tool of finite element analysis

due to its availability. The concrete damage plasticity model is used to model

the nonlinear behaviour of concrete since it has the possibility to represent the
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complete inelastic behaviour in tension and compression.

4.2 Constitutive behaviour of plain concrete

Understanding the behaviour of concrete is important to understand the response

of RC structures under loading. Tension and compression stresses lead to cracking

and crushing respectively. Typically, concrete has a higher resistance in compres-

sion than tension; the latter can lead to cracking and separation of the concrete.

Concrete exhibits a large number of micro cracks that develop during loading due

to the difference in stiffness between aggregate and cement. In addition, micro

cracks can also be formed, even before any load is applied, due to shrinkage and

thermal expansion of cement. The presence of these micro cracks has a very big

effect on the mechanical behaviour including contributing to the non-linearity of

concrete (Kwak and Filippou, 1990). To understand these details, it needs to

look into the concrete compressive and tensile behaviour as follows:

4.2.1 Compressive behaviour of concrete

According to Eurocode-2 (2004), the stress strain curve for concrete in compres-

sion is as shown in Figure 4.1. The complete stress strain curve is defined as:

σc =
( kη − η2

1 + (k − 2)η

)
fcm (4.1)

with:

η =
εc
εc1

(4.2)

k = 1.05Ecm
εc1
fcm

(4.3)

εc1 = 0.7(fcm)0.31 (4.4)

Ecm = 22(0.1fcm)0.3 (4.5)
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where σc is the compressive stress at any point along the elastic region, fcm is

the maximum compressive strength (MPa), k is the plasticity number, εc is the

compressive strain in the concrete at any point along the stress-strain curve, εc1

is the concrete compressive strain at the maximum stress (fcm) and Ecm is the

elastic modulus (GPa).

Figure 4.1 shows that a linear approximation was assumed up to 40% of the ulti-

mate compressive strength (fcm). Above this point, the stress increases gradually

up to the maximum compressive strength. After it reaches the maximum com-

pressive strength (fcm) at εc1, a softening region causes the curve to descend and

eventually crushing failure occurs at an ultimate strain εcu1=0.0035.

Figure 4.1: Concrete compressive stress-strain diagram according to Eu-

rocode2 (Eurocode-2, 2004)

Equations 4.1 to 4.5 can be used to estimate the stress strain values of concrete

if the maximum compressive strength is available and there are no uniaxial com-

pression test results.

4.2.2 Tensile behaviour

The tensile strength of concrete (ft) is about 8−15% of the compressive strength

(fcm). The uni-axial stress-strain curve for concrete is approximately linear elastic
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up to the maximum tensile strength (ft), which can be calculated from Equation

4.6. After this point, the concrete cracks and the strain softening starts so that

the strength decreases gradually to zero at a total strain εtu of about ten times

εto (Eurocode-2, 2004).

ft = 0.3(fck)
2/3 (4.6)

fck = fcm − 8(MPa) (4.7)

Stress

Strain
Ԑ t0 Ԑ tu

f t

Figure 4.2: Concrete tension stress-strain diagram (Belarbi et al., 1996)

For this behaviour, the stress strain values of concrete can be obtained from the

available equations in the literature such as the equation that is proposed by

Belarbi and Hsu (1994):

σt =





Ecm.εt, for σt ≤ ft

ft.
(εt0
εt

)0.4

, for σt > ft

(4.8)

where εt is the tensile strain in the concrete at any point along the stress strain

curve; εt0 is the tensile strain at the maximum tensile stress (ft).

It is important that this different behaviour in tension and compression is included

within a model of RC structures. Finite element model should include some
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approach to consider the behaviour of concrete as it will describe in the next

section.

4.3 FE-modelling of concrete nonlinear materi-

als

There are different finite element software packages that can be used to model

reinforced concrete structures such as ANSYS (Barbosa et al., 1998), ABAQUS

(Kmiecik and Kamiński, 2011) and DIANA (Rots et al., 1985). In this work

ABAQUS is adopted because of its availability and capabilities for modelling the

nonlinear behaviour of concrete. The elastic behaviour of concrete can be sim-

ulated using the elastic model available in ABAQUS by defining the modulus

of elasticity (Ecm) and Poison’s ratio (υ). For the plastic behaviour, some ap-

proaches need to be considered in finite element analysis to consider the change

in concrete stiffness due to cracking. Two different approaches are available in

ABAQUS (ABAQUS, 2013); the discrete crack and the smeared crack as shown

in Figure 4.3.

Figure 4.3: Methods of modelling concrete cracks in FE analysis(Pankaj,

1990)

In the discrete crack approach, the nodes are separated during crack propaga-

tion and each crack is considered separately. The separation of nodes takes place

at each element and therefore, it requires a very fine mesh to get a high level
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of accuracy. This method is difficult to implement and it requires an extensive

computational time.

In the smeared crack model, the cracks of concrete are modelled by adjusting

the material properties in the regions of cracking or strain localisation. In this

model, the material properties calculations are performed independently at each

integration point in the finite element model. The presence of cracks is included

in these calculations by the way in which the cracks affect the stress and material

stiffness associated with the integration points.

The concrete damage plasticity model (CDP) is a smeared crack model in the

sense that it does not take an individual macro cracks. The CDP model uses a

smeared crack approach to represent the sudden change in stiffness caused by a

crack.

In this study, the CDP model is used, as this model has the possibility to rep-

resent the complete inelastic concrete behaviour in tension and compression by

including damage parameters. Furthermore, this model can also be used for

analysing structures that are subjected to any loading combinations including

static, dynamic and cyclic. The CDP model will be described in the following

sections:

4.4 Concrete damage plasticity model in ABAQUS

The CDP model has the ability to model any brittle material including concrete.

As mentioned in section 4.3, the CDP model assumes that the two main failure

mechanisms are tensile cracking and compressive crushing. The required param-

eters for stress analysis in CDP model are described in the following sections:

4.4.1 Stress-strain curve for uniaxial compression

In uniaxial compression, the stress strain relation is assumed to be linear until

the value of initial yield σc0, and after this point the response of concrete is char-
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acterized by strain hardening to the ultimate stress fcm, followed by softening

(ABAQUS, 2013). The parameters of stress-strain defining the curve of concrete

can be obtained from a uniaxial test or estimated based on concrete class. After

the stress-strain curve is obtained, the strain should be transformed to the in-

elastic strain εinc by deducting the elastic part (corresponding to the undamaged

material) from the total strain which is obtained from the test or equations.

εinc = εc − εelc (4.9)

where:

εelc =
σc
Ecm

(4.10)

Figure 4.4: Definition of inelastic strains for the concrete compressive

behaviour of the CDP model (ABAQUS, 2013)

The CDP model also requires scalar damage parameters to represent the degra-

dation of the concrete stiffness with the increase of inelastic deformation. In other

words, the compressive damage parameter dc is used to determine the differences

in slope between the unloading line and the initial modulus Ecm (see Figure 4.4).

The damage parameter values ranges between zero and one to represent the un-

damaged and fully damaged materials, respectively (ABAQUS, 2013).

The following equations are used to calculate the compression damage parameter
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(dc):

dc =





0, for εc < εc1

1− σc
fcm

, for εc ≥ εc1

(4.11)

When the unloading data (damage parameter) is available, ABAQUS automati-

cally calculates the concrete stress and strain when unloading from any point on

the curve, according to the following equations:

σc = (1− dc)Ecm(εc − εplc ) (4.12)

εplc = εinc −
dc

(1− dc)
.
σc
Ecm

(4.13)

where Ecm is the initial undamaged elastic stiffness; εplc is the equivalent plastic

strain and the subscript and c refers to compression.

4.4.2 Stress-strain curve for uniaxial tension

For the uniaxial tension, the stress strain relationship is assumed to be linear-

elastic up to the tensile strength ft. After this point, the stress-strain response

is defined by the softening which represents the descending part of the curve

(ABAQUS, 2013) (Figure 4.5). The stress-strain values of concrete can also be ob-

tained from a uniaxial tensile test or estimated based on its compressive strength.

After the stress-strain curve is defined, the strain should be transformed to the

inelastic strain εinc , which represent the difference between the total strain (that

is obtained from the test or equations) and the elastic strain for the undamaged

material as follow:

εinc = εt − εelc (4.14)

where:

εelc =
σc
Ecm

(4.15)

The stress and plastic strain εplt when unloading from any point on the curve are
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Figure 4.5: Definition of inelastic strains for the concrete tensile be-

haviour of the CDP model (ABAQUS, 2013)

then calculated in a similar way to the compression case using:

σt = (1− dt)Ecm(εt − εplt ) (4.16)

εplt = εint −
dt

(1− dt)
.
σt
Ecm

(4.17)

where:

dt =





0, for εt < εt0

1− σt
ft
, for εt ≥ εt0

(4.18)

4.4.3 Plastic flow potential, yield surface and viscosity pa-

rameter

The CDP model requires other constitutive parameters in order to identify the

shape of the plastic flow potential function and the yield surface. The plastic flow

potential describes the increment of plastic strain after yielding while the yield
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surface determines the stress state when yielding occurs. Figure 4.6 shows the

difference between the plastic potential surface and the yield surface, the figure

also shows that the plastic strain increment dp∈ is normal to the plastic potential

surface.

Figure 4.6: Plastic potential surface and yield surface in the deviatory

plane (ABAQUS, 2013)

The CDP model is based on the Drucker-Prager hyperbolic function to define the

plastic flow potential function (G(σ)) as given in Equation 4.19

G(σ) =
√

(fc − ε.ft tan ψ)2 + p̄2 − q̄ tan ψ − σ (4.19)

where ψ is the dilation angle that shows the direction of the plastic strain in-

crement vector (dp∈) to define the inelastic volumetric change occurring when

the material is under shear (see Figure 4.7). Lee and Fenves (1998) found that

when the concrete is subjected to uniaxial compressive and tensile loading in

both monotonic and cyclic tests, a dilation angle of 31◦ produces results in good

agreement with the experimental data. fc and ft are the uniaxial compressive

and tensile stress at failure; ε is the flow potential eccentricity which expresses

the eccentricity of the plastic potential surface as shown in Figure 4.8. According

to ABAQUS (2013), the default value of ε is 0.1 which shows that the concrete

has the same dilation angle through a wide range of confining pressure stresses.

p̄ and q̄ are two stress invariants of the effective stress tensor (p̄ is the hydrostatic

pressure stress and q̄ is the von Mises equivalent effective stress).
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5.2 Failure Modes
Figures 12 and 13 compare the damage observed during

the experiments with the damage predicted in the simula-
tions. In the experiments, testing was terminated when brittle
failure (concrete crushing) occurred. Figure 12 shows that at
the peak load, concrete crushing occurred at the top of the
panel at midspan, and flexural cracking (maximum principal
plastic strain) was observed at the bottom surface of the
panel near midspan. Figure 13 illustrates of the calculated
compressive strain distribution of the panels. As shown in
this figure, the failure due to the concrete crushing could be
well predicted with the analysis.

6. Parametric Analysis

The influence of the concrete dilation angles, viscosity
parameters, and prestressing effect on the analytical results
was investigated through parametric analysis of panel ST-
NC-SL.

6.1 Effect of Concrete Dilation Angle w
The dilation angle of a material is a measurement of the

expansion of volume occurring when the material is under
shear (as illustrated in Fig. 14) (Zhao and Cai 2010). For a
Mohr–Coulomb material like concrete, the value of dilation
angle generally varies in between zero (non-associative

flow rule) and the friction angle (associative flow rule).
(Tuo 2008) recommended 30� for concrete material. How-
ever, in this paper, the analytical results with a value of 38
were the most closest to the experimental results.
From Fig. 15 it can be seen, as the dilation angle

increased, the displacement capacity and the failure load of
the panel was significantly increased while the required
number of iterations to obtain a converged results decreased.

6.2 Effect of l Viscosity Parameter
Material models exhibiting softening behavior and stiff-

ness degradation often lead to severe convergence difficul-
ties in implicit analysis programs, such as Abaqus/Standard.
A common technique to overcome these convergence diffi-
culties is the use of a visco-plastic regularization of the
constitutive equations, which causes the consistent tangent
stiffness of the softening material to become positive for
sufficiently small time increments.
The lower value of the parameter would result in more

accurate calculation and more computation time. The

Fig. 12 Observed failure mode of test specimen (Panel ST-
NC-SL shown).

Fig. 13 Calculated maximum principal plastic strain distribution (Panel ST-NC-SL shown).

Fig. 14 Dilation angle.
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Fig. 15 Effect of concrete dilation angle.
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Figure 4.7: Dilation angle (Ren et al., 2015)

Figure 4.8: Dilation angle and eccentricity in the meridian plane

(ABAQUS, 2013)

In order to know if the material has yielded or not, the stresses in the material

need to be compared with the yield surface criteria. If the stress in the material

has reached the yield surface it is clear that the subsequent deformation is inelas-

tic. The yield surface is the surface in the stress space enclosing the volume of

the elastic region. In other words, the stress inside the surface is elastic while the

states of the stress on the surface have reached the yield point. It is possible for

the yield surface to change in size and shape as plastic deformation occurs. This

is necessary in order to account for hardening or softening behaviour in a model

as shown in Figure 4.9.

This figure shows the stress-strain relation and the yield surfaces of the initial

and the subsequent yield points.

The hypothesis of Drucker-Prager is most often applied to concrete which as-

sumes a conical shape for the yield surface. However, this hypothesis is not fully

consistent with the actual behaviour of concrete (Kmiecik and Kamiński, 2011).
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Figure 4.9: (a) stress-strain relation for a material undergoing hardening

and (b) the initial and subsequent yield surfaces in the deviatoric plane

(Carstensen, 2011)

Therefore, the CDP model uses a modification of the Drucker-Prager hypothesis

that was proposed by Lubliner et al. (1989) and Lee and Fenves (1998). Accord-

ing to this modification, the failure surface in the deviatoric plane needs not to

be a circle and its governed by the parameter Kc. Kc is the ratio of the second

stress invariant on the tensile meridian (q(TM)) to that on the compressive merid-

ian (q(CM)) at initial yield for any given value of pressure invariant p (see Figure

4.10). This ratio is in the range of 0.5 to 1 and when it assumes the value of

1, the deviatoric cross section of the failure surface becomes a circle (as in the

classic Drucker-Prager strength hypothesis). However, the typical value of Kc is

2/3 (Lubliner et al., 1989) in which the failure surface has a triangular shape as

shown in Figure 4.10. This shape is similar to the strength criterion (a combi-

nation of three mutually tangential ellipses) formulated by William and Warnke

(1975) as shown in Figure 4.11. This is a theoretical-experimental criterion based

on triaxial stress test results. The CDP model recommends to use Kc = 2/3.

The yield function in terms of the effective stresses p̄ and q̄ as given in Equation

4.20 is used in ABAQUS. This equation is proposed by Lubliner et al. (1989) and

modified by Lee and Fenves (1998):

F =
1

1− α
(
q̄ − 3αp̄+ β(εpl)〈σmax〉 − γ〈σmax〉

)
− σc(εpl) = 0 (4.20)
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σ1σ3

σ2

Kc=2/3Kc=1

Figure 4.10: Drucker-Prager yield criterion in the deviatoric plane for

Kc = 1 and Kc = 2/3 (ABAQUS, 2013)

Figure 4.11: Yield surface under biaxial stress in the CDP model

(ABAQUS, 2013)

where:

α =
(σb0/σc0)− 1

2(σb0/σc0)− 1
0 ≤ α ≤ 0.5 (4.21)
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β =
σc(ε

pl
c )

σt(ε
pl
t )

(1− α)− (1 + α) (4.22)

γ =
3(1−Kc)

2Kc − 1
(4.23)

From these equations, it can be seen that Kc and σb0/σc0 are needed to define the

shape of the function where Kc is the yield surface factor as described above and

σb0/σc0 is the ratio of initial biaxial compressive yield stress to initial uniaxial

compressive yield stress (ABAQUS, 2013). Previous experimental investigation

showed that the ratio of σb0/σc0 lies between 1.1 and 1.16 (Lubliner et al., 1989).

The default value of this parameter is 1.16 in ABAQUS ABAQUS (2013).

ABAQUS requires another parameter to be defined in the CDP model called

the viscosity parameter µ. The viscosity parameter (µ) can help to avoid conver-

gence difficulties in ABAQUS analysis. Problems with solution convergence may

arise when increasing the non-linearity of the material. Furthermore, softening

materials are associated with negative tangent stiffness which causes serious con-

vergence difficulties (Ren et al., 2015). Simple finite element techniques, consist-

ing in reducing the size of stress increments or increasing the maximum number of

steps when solving the problem by means of the Newton-Raphson method, may

prove to be insufficient. Therefore, the CDP model uses the viscosity parameter

µ which allows the plastic strain to be updated and the damage is deduced us-

ing additional relaxation time in order to regularize the constitutive equation as

follows:

˙
εplv =

1

µ
(εpl − εplv ) (4.24)

where
˙
εplv is the strain rate with visco-plastic regularisation. The viscosity pa-

rameter in reinforced concrete problems in ABAQUS can be considered as a

term related to the velocity of cracks opening or damaged area movement. In

ABAQUS/Standard it is necessary to try different values of µ > 0 in order to

find out how big an influence it has on the problem solution result and to choose

an appropriate value of this parameter.
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The next section shows the results of using CDP model by simulating four re-

inforced concrete beams, tested experimentally by Barros and Fortes (2005), in

ABAQUS. Furthermore, different values of viscosity parameter (µ) have been

used in this study to see how it can affect the capacity of the beams.

4.5 Finite element simulations

Barros and Fortes (2005) tested four series of beams under four point bending in

order to assess the efficacy of using a new strengthening technique using carbon

fibre reinforced polymer (CFRP). They aimed to double the load carrying capac-

ity of reinforced concrete beams failing in bending. Barros and Fortes (2005) used

four reference beams (without strengthening) in order to verify the capability of

their proposed technique.

In this study the four reference beams of Barros and Fortes (2005) have been

considered and modelled in ABAQUS. This section highlights the details used to

achieve suitable models.

4.5.1 Numerical solver

For the main simulations, ABAQUS/Standard (implicit) from ABAQUS (2013)

was used in this study. The non-linear analysis that includes the non-linearities of

material and geometry requires an incremental load or displacement steps. The

incremental approach breaks the problem into a solution of many linear problems.

At the end of each time increment the structure changes due to the material dete-

rioration at the area of the plastic hinge. Subsequently, stiffness matrix needs to

be upgraded. For implicit analysis, in each step increment, the Newton-Raphson

algorithm is applied to find the equilibrium through iteration. To achieve equilib-

rium, the internal forces have to be equal to the external forces. Therefore, this

method is accurate since the equilibrium is strictly enforced. In this study, the

maximum number of increments has been used equal to 1× 107, while the initial,
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minimum and maximum increment size were 0.001, 1×10−20 and 0.1 respectively.

4.5.2 Beams geometry and material properties details

The four reference beams named V 1, V 2, V 3 and V 4 had a rectangular cross

section of 100mm (width) and different heights of 178, 173 and 175mm with total

length of 1600mm and clear span of 1500mm as shown in Figure 4.12. All beams

had a top reinforcement consisted of two steel bars with diameter of 8mm, while

the bottom reinforcement was composed of two steel bars for V 1 and three steel

bars for V 2, V 3 and V 4 with diameter of 6mm and 8mm as shown in Figure

4.13. For shear, stirrups of 6mm and 3mm diameter were used. The distribution

of stirrups and the spacing between them are shown in Figure 4.12.

Figure 4.12: Detailing of the simply supported reinforced concrete beam

(Barros and Fortes, 2005)

Figure 4.13: The cross section of the simply supported reinforced concrete

beam (Barros and Fortes, 2005)

For the material properties, the concrete compressive strength was determined
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from uniaxial compression test carried out on cylinders of 150 mm diameter and

300 mm height at the age of 90 days, when the beams were tested. Table 4.1

summarises the material properties of concrete for the four beams. The stress-

strain curve shape for the reinforcement steel that is used in this study is shown

in Figure 4.14. Table 4.2 summarises the material properties for the longitudinal

and shear reinforcement.

Figure 4.14: Stress strain relation for the steel bars (Barros and Fortes,

2005)

Table 4.1: Concrete material properties of the tested beams (Barros and
Fortes, 2005)

Beam ref. no. Width, Height, length (mm) fcm (MPa) Ecm(GPa) ft(MPa)
V1 100·178·1600 45.33 33.35 3.37
V2 100·173·1600 48.9 36.5 3.58
V3 100·175·1600 42.75 34.89 3.21
V4 100·175·1600 46.4 35.86 3.43
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Table 4.2: Steel reinforcement properties of the tested beams (Barros and
Fortes, 2005)

Bar
dia.(mm)

Es
(GPa)

εs1
(mm/mm)

σs1
(MPa)

εs2
(mm/mm)

σs2
(MPa)

εs3
(mm/mm)

σs3
(MPa)

6 200 0.00365 730 0.004 730 0.045 800
8 200 0.00262 524 0.03 554 0.15 613.5

4.5.3 3D beams modelling

Solid, 8 node, brick elements (C3D8R) were used for the concrete sections of the

beams. A reduced integration was specified, which means that each element has

only one integration point. Using reduced integration elements can prevent shear

locking when the element is under bending. Shear locking is a numerical problem

caused by the overly stiff element in bending applications and consequently, the

element deformation shape will be different from the ideal situation (see Figure

4.15).

Figure 4.15: Ideal situation of element deformation under bending effect

The reduced integration element can represent the correct shape of element de-

formation, in which the vertical and horizontal line stay constant keeping A = 90

(see Figure 4.16), unlike the fully integrated elements.

Figure 4.16: Reduced integration element deformation under bending

effect

The fully integrated elements have four integration points with two integration
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points in each direction, vertical and horizontal. The vertical and horizontal

edges of the fully integrated element can not curve to represent the correct shape

of deformation (A 6= 90) as shown in Figure 4.17. This will cause a shear de-

formation at the integration points with much larger stiffness and consequently,

a wrong estimation for strains, stresses and displacements. Therefore, to ad-

dress the shear locking and to increase the computational efficiency, the reduced

integration scheme is used in this study. However, the reduced integration ele-

ment can cause hourglassing effects due to the horizontal and vertical lines, which

means that the normal and shear stresses are zero at the integration point and

there is no strain energy generated by the deformation. This problem can hap-

pen when using a coarse mesh, however, reducing the mesh size overcomes this

problem.

Figure 4.17: Full integration element deformation under bending effect

The steel reinforcement was modelled with Truss elements (T3D2), contained

two nodes, with a circular cross sectional area. The bond between reinforcement

steel and concrete was simulated by using ABAQUS embedded region feature.

The embedded region according to ABAQUS (2013) is used to model a set of

truss or beam elements embedded in a set of three-dimensional solid elements.

The embedded region constrains the translational degree of freedom of the truss

element nodes (steel nodes) to the interpolated values of the corresponding de-

gree of freedom of the solid element nodes (concrete nodes). Using an embedded

region in ABAQUS simulates a full bond between steel and concrete. Simulating

the de-bonding effect of steel that results from the high level of stress is quite

complicated in ABAQUS. Therefore, a full bond condition between the steel and

the concrete using the embedded region is used in this study. Nevertheless, the
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effect of bond using connector elements is considered in the real case study as the

application method will be explained in details in Chapter 6.

For the boundary conditions, the beam is simply supported and therefore, the

movement is eliminated in x and y direction for the hinge and in y direction for

the roller. A displacement control method is used to test the beams under four

point bending. The 3-D modelling of the beams is shown in Figure 4.18.

(a)

(b)

Figure 4.18: 3-D finite element modelling of V 1: (a) concrete section.

(b) reinforcement steel

93



CHAPTER 4. FINITE ELEMENT MODELLING OF REINFORCED
CONCRETE BEAMS

4.5.4 Mesh sensitivity

Mesh sensitivity analysis has been performed in this study for beam model V 1

to identify a suitable mesh. Although the coarse mesh solution can be obtained

with low computational cost, it might give an inaccurate result. However, using

a very fine mesh could be too time consuming, even if it gives more accurate

results. Therefore, mesh size consideration or mesh sensitivity analysis is very

important task for any finite element analysis.

In this study, five different mesh sizes have been considered for beam model V 1 as

shown in Table 4.3. The comparison of the mesh sizes was made for the ultimate

load of the tested beam, where the ultimate loads are plotted against the number

of concrete elements used, as shown in Figure 4.19. The converged mesh appear

if the reduction in the mesh size causes a negligible difference in results. Figure

4.19 shows that as the number of elements decreased (coarse mesh), the ultimate

load increased. This is due to the fact that the coarse mesh does not replicate

the true stress gradients across the beam section. Therefore, the local reduction

due to yielding or cracking will not be exhibited, and that will result in a higher

beam stiffness. This means that using coarse mesh will reduce the opportunity

of assessing the state and the damage of the structures.

Based on this study, using 9360 and 12450 elements gave a close prediction to

the ultimate load results from experimental test (28.2kN as shown in Table 4.5).

However, 9360 number of elements is used in this study since it requires less com-

putational time.

Table 4.3: Results from mesh sensitivity parameter study for beam V 1

Number of elements Ultimate load (F.E)
500 48 kN
3132 36.4 kN
5530 31.2 kN
9360 28 kN
12450 27.9 kN
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Figure 4.19: Mesh sensitivity study

4.5.4.1 Material models

The constitutive model for concrete is modelled according to the CDP model

equations for compression and tension (Equations 4.1 to 4.8). Figure 4.20 and

4.21 respectively show the stress strain relationship of concrete in compression

and tension. Figure 4.21 shows that the last point in the softening part of the

tensile stress curve has been taken as 30% from the maximum tensile stress to

avoid any convergence problem.

The damage parameters (dc and dt) are not used in this study because there is

no cyclic relation in this analysis. For the CDP parameters, different values of

viscosity parameter are used to study the sensitivity of this parameter on the

capacity of the beams. The values of µ used are: 10−2, 10−3, 10−4 and 10−5 while

the remaining parameters (dilation angle ψ, eccentricity ε, yield surface factor

Kc and the ratio of initial biaxial compressive yield stress to initial uniaxial

compressive yield stress fb0/fc0) are presented in Table 4.4.

Table 4.4: Concrete damage plasticity input parameters

Dilation angle (ψ) Eccentricity (ε) fb0/fc0 Kc

31◦ 0.1 1.16 2/3
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Figure 4.20: Uniaxial stress strain curve of concrete in compression for

beam model V 1
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Figure 4.21: Uniaxial stress strain curve of concrete in tension for beam

model V 1

The reinforcement steel was modelled using a bi-linear stress strain relationship

based on the values presented in Table 4.2. Poisson’s ratio was specified as 0.3,

as is usual for reinforcement steel. Figure 4.22 shows the bilinear stress strain

curve used in this study for beam V 1.
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Figure 4.22: Uniaxial stress strain relationship for reinforcement steel of

beam model V 1

4.5.5 Model validation

In this section, the results of the finite element analysis for the four beams are

compared with the experimental results in order to validate the modelling as-

sumptions. The comparison is carried out on the load deflection curves to com-

pare the ultimate load (Pu) and the vertical displacement (Uy). Figures 4.23 to

4.26 show comparisons between the experimental and the FE results for the four

tested beams. The general patterns of the load deflection curves show a good

correlation between the experimental and the finite element results. It can be

clearly seen that the finite element simulations using the CDP model capture the

experimentally observed loading trends and magnitudes for the loading range.

Table 4.5 compares the experimental ultimate load and deflection corresponding

to the ultimate load and deflection with those obtained from the finite element

analysis for the four beams. The comparisons show a good agreement (small dif-

ferences with less than 10%) between the experimental and finite element results.

However, the results of finite element analysis shows that the beams are slightly

more stiffer than the experimental and that may be because of the full bond as-

sumptions. Furthermore, the results of FEA shows that there is no descending
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branch in the curves which is may be because of the method that has been used

to represent the concrete tensile behaviour (the last value of the tensile stress

in the softening part is relatively high (see Section 4.5.4.1)). This can cause a

residual strain which is not exist in reality.

From this study, it can be found that the finite element analysis using the CDP

model proves its capability to predict the load-deflection curves of the reinforced

concrete beam.
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Figure 4.23: Experimental vs. FE load deflection curves using different

values of viscosity parameters µ (Model V 1)

Table 4.5: Comparison between the experimental data and FE results for
beam model V 1

Beam V 1 V 2 V 3 V 4
Pu Uy Pu Uy Pu Uy Pu Uy

Experimental 28.2 17 41 22 41.3 19 48.5 19.06
Finite Element 27.7 18 40 20 45.1 18.6 51.3 15.5
Differences(%) 1.7 5.5 2.4 9 8.4 2.1 5.4 18.6

Note: Pu in kN and Uy in mm.
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Figure 4.24: Experimental vs. FE load deflection curves using different

values of viscosity parameters µ (Model V 2)
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Figure 4.25: Experimental vs. FE load deflection curves using different

values of viscosity parameters µ (Model V 3)

Four different values of viscosity parameter have been used: 10−2, 10−3, 10−4

and 10−5. The results show that for the all tested beams, a viscosity parameter

between 10−4 and 10−5 shows a good agreement with the experimental results.

However, using a higher values of viscosity parameter increases the ultimate ca-

pacity of the beams. This can be explained according to the crack distribution
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Figure 4.26: Experimental vs. FE load deflection curves using different

values of viscosity parameters µ (Model V 4)

near the tension zone of the beams as shown in Figure 4.27. Figure 4.27 shows

the difference of beam crack distribution with using of different values of µ. In-

creasing µ will lead to spread the damage zone to more finite elements leading to

diffuse pattern of cracking and limiting crack propagation. Consequently, non-

accurate results are resulted from using high viscosity parameter. In accordance

with the numerical tests that carried out by Szczecina and Winnicki (2015), they

recommended a viscosity parameter of 0.0001. In addition, Szczecina and Win-

nicki (2015) found that increasing viscosity parameter led to increase the ultimate

capacity of the tested specimen as well as, the damage zone takes a circular form

(when using µ=0.01) and that does not represent the reality.
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Figure 4.27: Crack distribution near the concrete beam tension zone: (a)

µ = 10−2, (b) µ = 10−3, (c) µ = 10−4 and (d) µ = 10−5
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4.6 Summary

This chapter has introduced the numerical approach that is used to simulate four

reinforced concrete beams, in particular the CDP model. The description of the

models covering the geometry and the material details is presented. The 3-D

finite element nonlinear modelling of the reinforced concrete beams have been

described with the use of elements. Then, mesh sensitivity analysis has been

performed in order to use the suitable mesh size. Finally, the results of finite

element are compared with the experimental to ensure that the simulations are

provided reliable results.

The presented models are based on recognised theory and good modelling practice

that make it suitable for modelling such events. The modelling approach will use

in the next chapter, where a simple finite element model is used to apply advanced

reliability analysis, before being used for the real case study in Chapter 7.
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Chapter 5

Computational Approach for

Advanced Reliability Analysis

In Chapter 3, the methods of applying reliability analysis for problems with

explicit performance function have been presented. However, these methods can

not be used for problems with an implicit limit state function, in which case

advanced methods are needed. Therefore, the first part of this chapter focuses

on presenting the available advanced reliability methods, in the literature, that

have been used to estimate the reliability of a system with an implicit limit state

function. The second part of this chapter presents an example application for a

deteriorated simply supported beam with implicit performance function.

5.1 Introduction

Reliability analysis methods are used to evaluate the safety of reinforced con-

crete structures by evaluating the limit state function g(Xi), which represents

the boundary between the safe and unsafe regions. Since the structure should

be designed so that its strength or resistance is greater than the effects of the

applied load, the limit state function can be regarded as the difference between

the resistance and the load acting on a structural component.
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The limit state function in many reliability analysis problems can be expressed

explicitly and, as mentioned in Chapter 4, the FORM method can be used to

estimate the safety of structure for explicit limit state function. However, for

applications to realistic structures, e.g., when the structure behaves non-linearly

due to cracking and crushing of concrete, yielding of reinforcement etc., the limit

state function is not available in an explicit form. In such cases, the derivative of

g(Xi), with respect to the random variables X, that is required in searching for

the minimum distance point on the g(Xi) is not available. Therefore, more ad-

vanced reliability methods are needed. Mahadevan and Haldar (2000) stated that

three different approaches can be used to apply reliability analysis of structures

with implicit g(Xi): Monte Carlo simulation (MSC), response surface method

and the sensitivity based analysis. This chapter will describe briefly these three

methods and an application for MCS for a simply supported beam with implicit

g(Xi) will be presented. Furthermore, a new method that links MATLAB and

ABAQUS has been developed and exploited to produce a novel combined process

that can speed up the reliability analysis for non-linear structures.

5.2 Implicit performance function

5.2.1 Monte Carlo simulation

Monte Carlo simulation is one of the methods that is used to calculate the prob-

ability of failure for any limit state function. This method is applicable when the

limit state function is defined explicitly or implicitly (when limit state function

obtained from finite element analysis). The steps that are needed to apply this

technique as mentioned in Mahadevan and Haldar (2000) are as follows:

• Define the failure mode g(Xi) = 0 with all random variables (Xi) that are

needed to consider.

• Define the statistical parameters for all random variables in terms of their
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distribution, mean and standard deviation.

• Generate the random numbers (samples) for each of these random variables.

• Evaluate the g(Xi) for each of theses samples.

• For each outcome, g(Xi) should be checked whether the failure g(Xi) ≤ 0

has been occurred.

• estimate the Pf after N simulations through Pf =
nf
N

where nf is the

number of g(Xi) that are failed and N is the total number of samples.

• Check the accuracy of the simulation by increasing the number of samples

and verifying that the final conclusion is robust and meets a certain level

of accuracy.

This method is the most common method that is used for structural reliability

analysis due to its simplicity. However, this method is less suitable for complex

structures because large simulations are required to estimate the probability of

failure and that requires many time consuming numerical calculations. Therefore,

Artificial Neural Network (ANN) method can be used in conjunction with MCS

to overcome this problem. This method is used to reduce the time required for the

intensive computations that are needed to approximate the limit state function.

5.2.2 Response Surface Method (RSM)

The Response Surface method is also used in structural reliability analysis in con-

junction with the FORM and Monte-Carlo simulation. Mahadevan and Haldar

(2000) refer to the main idea of the RSM method, which is to use a polyno-

mial model (first order or second order) to replace the limit state function g(Xi)

through a small number of deterministic analyses. The following steps represent

the methodology of this approach:

• select different sets of random variables (usually two or three values of each

random variables used). In general, the values of the random variables are
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selected as low and high values if two values are used. While in case of

using three values, the values are supposed to be low, medium and high.

The low value is represented by µ − kσ and the medium is represented by

µ, while µ + kσ represents the high value, where k is integer and µ and σ

are the mean and standard deviation respectively.

• Estimate the performance function g(Xi) for the different selected sets val-

ues of the random variables by using a deterministic non-linear finite ele-

ment analysis.

• Find the design point on the reduced limit state function (in the normalized

space) by using a regression analysis for the different values of the limit state

functions that are evaluated in step 3.

• Evaluate the probability of failure by using FORM or Monte-Carlo simula-

tion methods.

Although this method is easy to estimate and apply, its application for a highly

non-linear limit state function is inaccurate because it deals with a small number

of samples. Moreover, the Response Surface method gives an approximation

for the limit state function and that means it gives inaccurate results for the

reliability index.

5.2.3 Sensitivity based analysis

As mentioned in Chapter 3, the limit state function g(Xi) in FORM method can

be evaluated according to deterministic analysis and, the sensitivity analysis is

used to compute the gradient of g(Xi) to find the design point after multiple it-

erations. This method is very simple to apply when the gradient is computed for

an explicit performance function (analytical or numerical differentiation g(Xi)).

However, for complex structures when finite element is needed to analyse the

structure, it is not easy to evaluate the gradient of the implicit performance func-

tion. Therefore, the other possible method of structural reliability analysis is the
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sensitivity based analysis (Mahadevan and Haldar, 2000).

The sensitivity based analysis can be computed through a finite difference ap-

proach and perturbation method to compute the gradient of the g(Xi) at each

iteration during the search for the design point at the minimum distance (Mahade-

van and Haldar, 2000). Although the sensitivity based analysis is more elegant

and more efficient than MCS and RSM, it requires a specialized program that

are not adaptable for practical applications (Wísniewski, 2007).

5.2.4 Artificial Neural Network method (ANN)

The ANN is a numerical algorithm introduced by McCulloch and Pitts (1943) by

proposing a mathematical model to simulate neuron behaviour. The ANN model

consists of multiple neurons linked together and situated in three or more layers:

Input layer, Output layer and one or more hidden layers as shown in Figure 5.1.

when the number of variables in the reliability problem rises.
Moreover, the samples should be spread over the whole domain
for each variable and for this purpose training set improvement
techniques can be applied. To start the training process, training
data need to be scaled before introducing to network. The scale
range depends on the type of the transfer function used. For
instance, while using the hyperbolic tangent function the input
range is � �1;þ1½. However, scaling is needed because differ-
ences between two very high or low values will result in negligible
difference in the function output, which turns the training process
difficult. The output values range of, xie �1;1½ � as represented on
Fig. 3, also need scaling to adapt to the desired function range.The
default error function used for training feed forward networks is
the mean squared error (MSE) – the average squared difference
between the network output values si and the target outputs ti,
defined as:

MSE ¼ 1
N

XN

i¼1

ðti � siÞ2 ð3Þ

where N is the number of training samples.

3. Survey of applications of ANN in structural reliability analysis

Despite the fact that the concept of numerical algorithms based
on biological neurons was introduced in 1943 by McCulloch and
Pitts [23], the first work that foresees the opportunity of applying
Artificial Neural Networks (ANNs) in structural analysis was pub-
lished by Hornik et al. [24]. Since the greatest challenge in reliabil-
ity analysis is the computation of the limit state function (LSF),
research on ANN capability to approximate LSF was performed
and several ANN-based structural reliability methods were pro-
posed, compared and modified over the years. An overview of
ANN-based reliability methods in a chronological order is pre-
sented in Table 1.

3.1. Types of ANNs

ANN can have different architectures that translate into differ-
ent approximation advantages and disadvantages. For reliability
analysis purposes, two most popular networks are used – back
propagation multi-layer network and radial basis functions net-
work (RBF). Hurtado and Alvarez [29] tested both and concluded
that RBF networks have the following desirable features: high
training speed, very small error, accuracy in probability estimation
and robustness with respect to changes in model parameters,
training sample size and generation procedures. In a subsequent
work [1], the same authors analyse, compare and classify not only
network types, cost functions, optimization algorithms, sampling
methods but also different purposes of use of ANNs. They also rec-
ommend procedures for applying ANN in the structural reliability
calculations. They stressed that, when combined with Monte Carlo
simulation, two approaches can be used, the regression or the clas-
sification approach. In the former, the ANN are trained to learn the
LSF or the functions used in the LSF, while in the latter the ANN are
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Fig. 2. Multi-layer neural network.

Fig. 3. Hyperbolic tangent function.

80 A.A. Chojaczyk et al. / Structural Safety 52 (2015) 78–89

Figure 5.1: Multi-layer neural network (Chojaczyk et al., 2015)

Each neuron in the input layer will receive an input component of a signal vector
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that represents the input random variables Xi = x1, x2, ....xn. After that, each

random variable will be multiplied by a coefficient wmk which reflecting the im-

portance of the input channel k. The activation of neuron am is then calculated

from Equation 5.1.

am =
n∑

k=1

wmk.xk + bm (5.1)

where bm is the bias, which is a constant corrective term that allows having a non-

negative activation am. The output signal sm of neuron is the numerical value

that results from the computation of an activation hyperbolic tangent sigmoid

function f(am), which is the common choice used for this purpose, and it can be

calculated from Equation 5.2.

f(am) = sm =
2

1 + e−2am
− 1 (5.2)

The number of neurons on the input layer is equal to the number of input variables

while the number of outputs it depends on the number of limit state functions

that need to be approximated. The number of hidden layers and also the number

of neurons in the hidden layers can be changed and there are no applicable general

rules to choose them. Trial and error is usually used to find the suitable number

of hidden layers.

The basic idea of ANN is to train a neural network model which can be used later

on other values. The training of a network is an iterative process which consists

of obtaining the unknown coefficients wmk and bm required to approximate the

prescribed function. The most common training process, called Back Propagation

training algorithm, consists in generating random values for the initial weights

and biases and then adjusting values using a training algorithm to minimize the

error between the predicted output produced by the ANN and the exact value of

the function. Therefore, to perform this training test, a training data set, which

includes input and target values, should be previously prepared. The iterative

training algorithm performs an error minimization procedure that is repeated

until the network outputs converges to the target value. The error is evaluated
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using the following equation (Mean Squared Error):

MSE =
1

N

N∑

i=1

(ti − si)2 (5.3)

where N is the number of training samples, si is the network output values and

ti is the target output.

The ANN method has been used in reliability analysis by several researchers

such as Gomes and Awruch (2004), Elhewy et al. (2006), Cardoso et al. (2008)

and Chojaczyk et al. (2015). Cardoso et al. (2008) examine a methodology for

computing the probability of structural failure by combining ANN and MCS.

They applied this methodology to different three examples and they concluded

that the application of ANN in conjunction with MCS is a versatile methodology

that can approximate accurately highly nonlinear functions with very good preci-

sion. Chojaczyk et al. (2015) use the ANN-based MCS to approximate the limit

state function of a ship stiffened panel subjected to uniaxial compression loads

modelled using FEA. They found that this methodology is easy to implement

and has a very good accuracy.

5.3 Reliability analysis of a RC beam with im-

plicit performance function

In this section, an example application of reliability analysis of a deteriorated RC

beam with implicit performance function will be presented. Two methods have

been used and compared:

• Combining MCS and FORM.

• ANN-based FORM.

The details of the beam considered, the limit state function, the finite element
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model and the relevant random variables will be presented in the following sub-

sections.

5.3.1 Beam details and random variables

A simply supported reinforced concrete beam subjected to corrosion is considered

in this study to assess the effect of corrosion and material strength variability

on beam resistance and probability of failure over 90 years of the beam service

life. The beam is designed in bending using Eurocode 2 reinforced concrete

design (Mosley et al., 2012). The deterministic values of beam geometry, material

properties and loads are listed in Table 5.1.

Table 5.1: Deterministic values of beam geometry, material properties
and load parameters

Parameter Value Units
Length (L) 9.5 m

Clear span (Lcs) 9 m
Height (h) 0.4 m
Width (b) 0.25 m

Effective depth (d) 0.38 m
Compressive strength (fck) 30 MPa
Steel yield strength (fyk) 500 MPa

Permanent load (gk) 4 kN/m
Live load (qk) 6 kN/m

Four reinforcement bars are embedded in the beam with diameter 16 mm as

shown in Figure 5.2.

As the beam is tested under bending, the failure mode criteria is flexural and

the ultimate limit state function occurs when the beam resistance is less than or

equal to the bending action. Therefore, the limit state function is written as:

g(Xi) = θR.MR − θE.MS (5.4)

where θR and θE are the resistance and load model uncertainties. MR is the beam

resistance moment that can be evaluated from ABAQUS. MS is the beam action
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moment which can be calculated according to the applied dead and live load from

the following equation:

MS = wl2/8 (5.5)

where w = g + q. Then the limit state function is written as:

g(Xi) = θR.MR − (
l2

8
(g + q)).θE = 0 (5.6)

9500mm

qk= 6 N/mm
gk= 4 N/mm

9000mm 250mm

40
0m

m

4ϕ16mm

20
m

m

Figure 5.2: Simply supported RC beam section

In the reliability analysis, the compressive strength of concrete (fc), the tensile

strength of concrete (ft), the yield stress of reinforcement steel (fy), dead load

(g), live load (q), the concrete modulus of elasticity (Ec), the resistance model

uncertainty (θR) and the load model uncertainty (θE) are treated as random

variables and their distribution, mean and standard deviation are presented in

Table 5.2.

The analysis assumes deterministic values for corrosion rate (icorr = 3µ.A/cm2)

and pitting factor (R = 4) for simplicity. Furthermore, time to corrosion initiation

(ti) is assumed to be zero. According to the classification of corrosion rate in

Middleton and Hogg (1998), icorr > 1.0 represents a high corrosion rate typical

of aggressive environments such as surfaces exposed to sea-spray.

The other relevant parameters for the mechanical properties for steel and concrete

are included as implicit random variables.
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5.3.2 3D-nonlinear FE modelling

Figure 5.3 shows the 3D FE mesh for the nonlinear model for the RC simply sup-

ported beam. The model includes eight-node Solid elements (C3D8R) for concrete

and Truss elements (T3D2) for reinforcement steel (details have been described

in Section 4.5.3). The truss elements are embedded in the concrete element using

embedded constraint, which means a perfect bond is assumed between concrete

and steel. Elastic steel plattens are also added at the load positions and near the

supports to avoid the stress concentration in the concrete. A tie constraint (sur-

face based tie) is used to define the fully constrained contact behaviour between

elastic strips and the concrete beam.

The CDP model as described in Chapter 4 has been used to model the concrete

in tension and compression. The material behaviour of reinforcement steel is rep-

resented using an elastic perfectly plastic constitutive model. The default values

of the CDP parameters as described in Chapter 4 have been used in this study

and a 10−5 viscosity parameter is used.

Figure 5.3: The three dimensional view of meshing the RC simply sup-

ported beam

The beam is loaded under four point bending using a displacement control method

by applying a target displacement value of 0.3 m. As vertical displacement in-

creased, cracks due to bending were generated in the middle span of the beam
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Figure 5.4: Beam cracks due to bending

as shown in Figure 5.4. The resistance moment at the middle section of the

beam is calculated by finding the integration point stress for each element at the

middle beam section and then these stresses are converted to moment by mul-

tiplying each element stress by its area and the distance from element center to

the bottom of the beam.

5.3.3 Analysis procedure and results

After defining the limit state function and the relevant random variables, time

dependent reliability analysis procedure according to Figure 5.5 has been applied.

The procedure can be summarized in the following steps:

1. By using MCS, a large number of samples for the resistance random vari-

ables (fc, fy, ft and Ec) have been generated for each time interval. How-

ever, later on it was realized that the model can be simplified by using the

same generated samples for the first year.

2. For each of the generated samples in step 1, the finite element beam model

is prepared and analysed.

3. The resistance moment is obtained after each finite element analysis for the

beams in step 2.
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4. The statistical parameters of the resistance moment are found at each time

interval.

5. FORM method is used to evaluate the probability of failure (Pf ).

Performing the steps listed above is quite complicated because they require a very

long time to prepare the models and analyse them. For example, in this study

MCS is used to generate 150 samples in step 1, which means 150 finite element

models (for each time interval) need to be prepared and analysed in ABAQUS.

So, if 10 years considered in time dependent reliability analysis, then 1500 finite

element models need to be prepared and analysed. Doing that is impossible with

the Graphical User Interface (GUI). Therefore, the ABAQUS Python script file

is used in conjunction with MATLAB to reduce the time required for that, as

will be explained in the next sections. Noting that, this is the first time that

such method is used in structural reliability analysis to speed up the analysis

via automating the processing. In conjunction with the above described method,

the files have been prepared and submitted to the High Performance Computers

(HPC) to complete several files at a time and to reduce the time required for each

FEA.
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Figure 5.5: Reliability analysis procedure flowchart
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5.3.3.1 ABAQUS Python script file

Python scripting language is a powerful tool used to communicate between mod-

ules like Graphical User Interface (GUI) in ABAQUS and ABAQUS/viewer.

Python is embedded within ABAQUS software products. In some cases, us-

ing ABAQUS GUI to analyse a task can be considered as too time consuming or

practically impossible, as is the case in this reliability analysis. For example, if

a load is applied on a cantilever beam and the bending moment needs to be cal-

culated as increasing the beam length then the beam should be recreated several

times and if the model is complex then the sections, load, mesh and boundary

conditions should be changed every time also. In this case, a Python script is a

more efficient way to perform this task by considering e.g. length and load as a

variables and rerunning the script in a loop for several times.

Therefore, Python script is used in this study to automate the repetitive tasks

that result from the uncertainty of material properties and geometry. In addition,

using the script can help to extract information from large output databases.

The way that can be used to generate the Python script file for the model database

(mdb) in ABAQUS is by the following procedure:

• Create the finite element model using ABAQUS/GUI and complete the

analysis.

• Save the model in a specified work directory.

• Open the journal file (.jnl) and save it as a Python file (.py). The journal

file is usually generated during model creation in ABAQUS and it records

all the actions of model creation.

From these steps the model database Python script file (mdb.py) is generated

from ABAQUS which contains the whole input data such as model dimensions,

material properties, mesh size and so on. In order to generate the Python file for

the output database (odb.py) the following steps can be used:
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• Open the .odb file (created in the same directory) and specify the results

that are needed.

• Save the results in .rpt file and exit.

• Open the replay file (.rpy) and save it as a Python file (.py). The replay file

is usually generated during extracting results from the .odb and it records

all the actions of extracting the results from ABAQUS/viewer.

The odb.py file can be used to avoid the repetition of extracting the data from

ABAQUS/viewer (.odb file). According to that, calculating the resistance moment

in step 3 in Section 5.3.3 has been found one time, and then the steps of extracting

these results are transformed to odb.py file.

5.3.3.2 ABAQUS and MATLAB connection

The two software applications ABAQUS and MATLAB can be connected together

using Python file. The connection can help to automate the analysis, generate

multiple simulations easily and minimize the time.

After preparing the mdb.py and the odb.py files, they were combined together in

one file (See Appendix A) to accelerate the analysis. In MATLAB, the following

steps are needed to complete the connection:

1. Generate the resistance random variables samples, 150 samples for each

year using MCS.

2. Create a new Python file in terms of the resistance variables samples values

generated in step 1.

3. Execute the file prepared in step 2 in the model data base using exec-

file(’filename.py’).

4. Run ABAQUS through MATLAB using System command. After this step,

MATLAB will firstly read the mdb.py to create the model and secondly the

odb.py to extract the results.
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5.3.3.3 Resistance moment and beam capacity

The pitting corrosion is assumed to be distributed uniformly along the reinforce-

ment bars. The pit configuration and its geometric model equations that are

proposed by Val and Melchers (1997) is used in this study to predict the cross-

sectional area of the pit (Apit) (see Figure 2.15 and Equations 2.43, 2.47 and 2.48).

According to this, the reinforcement corrosion is regarded through the steel bar

area reduction as a function of time (Figure 5.6b) when the pit depth (Figure

5.6a) is generated over the reinforcement length.

Figure 5.7 shows the deterioration in beam ultimate load capacity due to corro-

sion along the years. The ultimate load capacity of the beam corresponding to

the corrosion loss over the years has been listed in Table 5.3. The table shows

that the percentage reductions in ultimate capacity were in accordance with the

findings of Malumbela et al. (2010), who found that for every 1% mass loss of

steel, there was a corresponding 0.7% reduction in the ultimate capacity of the

beam.

Table 5.3: Ultimate load capacity of the beam corresponding to different
values of corrosion loss

Years Corrosion loss Ultimate load(kN)
Perecentage reduction
in ultimate capacity

1 0 104.24 0
11 0.0175 102.81 0.013
21 0.0615 99.13 0.048
31 0.128 93.89 0.099
41 0.215 86.70 0.16
51 0.318 78.12 0.25
61 0.432 68.97 0.33
71 0.554 58.32 0.44
81 0.678 46.34 0.55
91 0.798 35.50 0.65

For the resistance moment, a lognormal distribution has been fitted and the

mean value is also reduced as the corrosion progressed as shown in Figure 5.8.

For the no corrosion case, the resistance moment histogram is shown in Figure
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Figure 5.6: Model of steel corrosion (a) Increasing of pit depth with the

time; (b) Reduction of the steel cross sectional area due to pitting corrosion

5.9, which shows that the mean value of the resistance moment is 176 kN.m with

9.1 kN.m standard deviation. Figure 5.10 demonstrates the effect of corrosion

has on flexural strength capacity of the RC beam. The figure shows that with

time the flexural strength of the beam decreases considerably. For example, after

51 years since corrosion initiation, the probability that the flexural resistance is

less than 132 kN.m is around 50%. While for no corrosion case in the first year of

the beam service life, the probability of getting a resistance moment less than 132
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Figure 5.7: Load displacement curves at each year. The figure shows the

deterioration of beam ultimate load capacity over the years due to corrosion

kN.m is zero. This indicates that corrosion has significant effect on the flexural

resistance of the RC beams.
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Figure 5.8: Reduction of the resistance moment mean value with the time

due to corrosion
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Figure 5.9: Histogram of flexural strength for no corrosion case (t = 0)
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Figure 5.10: The effect of corrosion on the distribution of the beam

resistance moment along the years

5.3.3.4 Probability of failure evaluation

After computing the resistance moment, the next step is to evaluate the proba-

bility of failure. As mentioned before, the probability of failure can be estimated

using MCS by finding the ratio between the number of samples for which the
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limit state function indicates failure to the total number of samples. However,

the number of the generated samples in this study was small (150 samples) and

accordingly, the direct estimation of the Pf will not be accurate and it might

be underestimated by the results. Therefore, two methods have been used and

compared in this study to estimate the Pf .

The first method is a combination between MCS and FORM analysis, while the

second one which is proposed by Elhewy et al. (2006) is by training an ANN

model (as described in Section 5.2.4) and connect it with the reliability methods

(FORM or MCS). The following sections explain and show the details and results

of the two methods.
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• MCS with FORM

In this method, at each time interval, the values of the resistance moments

are used in conjunction with FORM analysis to estimate the limit state

function and the probability of failure. According to Equation 5.6, the

random variables that are considered in FORM method are the resistance

moment (MR), resistance model uncertainty (θR), permanent load (g), the

variable load (q) and the load model uncertainty (θE).

The initial design points representing the mean values of each random vari-

able were set for the first iteration. After solving a constrained optimization

problem, when the reliability index β converged, the design points and the

limit state function will be obtained as described in Chapter 3. According

to this approach, the reliability index and the probability of failure for each

time interval are shown in Figure 5.11 a and b respectively. The results

show that for the first year, when there was no corrosion, the reliability

index was 3.45 which is lower than the target reliability index (βT ). The

standard CEN (1990) recommends βT = 4.7 for a one year reference pe-

riod assuming no deterioration. That means the beam has not achieved the

intended safety requirements since the reliability index is lower than the

target one. This might be due to the absence of reinforcement at the top

of the beam.

The reliability index decreased from 3.45 in the first year to more than half

this value after 60 years of the beam service life, and that looks reasonable

comparing with the remaining area of steel after 60 years, which is also

reduced by half due to the aggressive environmental condition used in this

study (icorr = 3µ.A/cm2).

A reliability analysis should be accompanied by a sensitivity analysis. Fig-

ure 5.12 shows the direction cosines at the design points of the random

variables as a function of time. The direction cosines of each variables gives
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a measure of the impact that each random variable has on the estimated

reliability index. The figure shows that the variable load (q) plays a funda-

mental role in the analysis with the largest sensitivity reaching -0.72 and

exhibiting a reduction of its importance as the deterioration increase. This

is followed by the resistance and load model uncertainties (θR and θE) with

weights equal to 0.52 and -0.36 respectively. The influence of the resistance

moment was insignificant for the first few years since the corrosion level was

low, however, its importance increased considerably with the time as the

corrosion level increase. The sensitivity coefficient of the resistance moment

depends on the material properties and the corrosion rate.

• ANN-based FORM

In this method, ANN models were prepared and used to predict the limit

state function g(Xi) and the probability of failure Pf that are obtained from

the previous method. 10 ANN models (for each time interval) have been

trained in this study. The ANN models are trained according to training

data sets which include the input and the output (target) values. The train-

ing data sets considered in this study are represented by the 150 samples

that are analysed using finite element analysis to get the limit state func-

tion. However, these training data sets should cover a sufficient number

of samples to make sure that the network can approximate the function

successfully in the entire domain. Therefore, the training data sets are pre-

pared again by repeating the FEA for the beam with the same random

variables, but increasing the standard deviation for each of them. That

means, the variables that are considered in Table 5.2 are considered again

with the same mean and twice their standard deviation (µ, 2σ).

After the models have been trained, they will be connected with the relia-

bility method (FORM) to predict the g(Xi) and then Pf . The procedure

that is used to tackle this method is as follows:
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Figure 5.11: (a) Beam reliability indices reduction along the years. (b)

Beam probability of failure increasing along the years

– Establish ANN model

To establish an ANN model two stages are needed: ANN model con-

struction and ANN training and testing. In the first stage, the number

of hidden layers and neurons number should be specified. Tarefder

and Zaman (2005) stated that the accuracy of ANN depends on the

network structure; however, there is no definite rule for choosing the

hidden layers and the number of neurons at each layer. According to

that, no rule has been depended in this study to select the number

of hidden layers and neurons. Trial iterations were made to select the
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Figure 5.12: Direction cosines at design points as a function of time

suitable number of layers and neurons for the hidden layer. To begin

with, one layer with 3 and 5 neurons have been used, however, good

results were not achieved as shown in Table 5.4. Then, ANN model

was built again with using two hidden layers with 3 and 5 neurons at

each layer respectively. The results were worth noticing that a greater

number of layers and neurons can increase the accuracy of estimat-

ing the probability of failure as shown in Table 5.4. The table shows

that using two hidden layers with 5 neurons at each of them resulted in

closer value of reliability index to the one that is obtained from FORM

method. According to that, the structure of ANN model used in this

study consists of one input layer with 5 neurons (5 random variables:

MR, g, q, θE and θR), one output layer with one neuron (g(Xi)) and

two hidden layers with 5 neurons at each layer, as shown in Figure

5.13.

At the second stage (training and testing), the initial weight and bi-

ases are randomised. The models have been trained in this study us-
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Table 5.4: Estimated reliability index (β)

Number of
hidden layers

Number of
neurons

β (NN)
for year 1

β (FORM)
for year 1

Difference(%)

1 3 3.63 3.45 4.7
1 5 3.50 3.45 1.2
2 3 3.55 3.45 2.6
2 5 3.45 3.45 2.90E-03

Figure 5.13: Structure of ANN

ing back propagation training algorithm which is a supervised learning

algorithm that allows for training and adjusting the network by min-

imizing the error between the target and ANN output (as explained

in Section 5.2.4). At each network training, the data set is processed

many times as the connection weights and biases are adjusted by back

propagation. At some desired level of accuracy, which can be evaluated

by using an R2 value and MSE, the training stops. R2 represents the

correlation factor between the target and the predicted values, while

the MSE represents the difference between the desired and the pre-

dicted output. Therefore, a good prediction is achieved with higher

value of R2 and lower value of MSE.

In this study, 70% of the input and output data are used to train the

model while 30% are used to test the model. Table 5.5 summarises

the R2 and the MSE for the ten trained ANN models. The best re-

sults are obtained with a very small MSE (near to zero) and a high R2

(larger than 98%). According to this, the predicted limit state func-

tions g(Xi) by ANN are very close to the target or original values of

g(Xi) that are obtained from finite element analysis. Figures 5.14 to
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5.23 show a comparison between the predicted and the original values

of g(Xi).

Table 5.5: Performance of ANN model

Years R2-Training R2-Testing R2-All data MSE
1 1 0.99539 0.998 2.66E-21
11 1 0.99595 0.99878 1.52E-21
21 1 0.99571 0.99884 1.91E-21
31 1 0.99674 0.99923 1.29E-21
41 1 0.99651 0.99902 1.21E-21
51 1 0.99616 0.99884 4.977E-22
61 1 0.98834 0.99423 1.09E-21
71 1 0.99338 0.9977 1.09E-21
81 1 0.98516 0.99272 1.09E-21
91 1 0.99045 0.99744 5.54E-22
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Figure 5.14: Predicted and target limit state function (year 1)
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Figure 5.15: Predicted and target limit state function (year 11)
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Figure 5.16: Predicted and target limit state function (year 21)
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Figure 5.17: Predicted and target limit state function (year 31)
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Figure 5.18: Predicted and target limit state function (year 41)
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Figure 5.19: Predicted and target limit state function (year 51)
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Figure 5.20: Predicted and target limit state function (year 61)
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Figure 5.21: Predicted and target limit state function (year 71)
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Figure 5.22: Predicted and target limit state function (year 81)
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Figure 5.23: Predicted and target limit state function (year 91)

– Linking ANN to reliability method (FORM)

After all weights factors are fixed for the ANN models, they were linked

to FORM method to estimate the probability of failure for each year

and compare the results with that getting from the previous method

(MCS and FORM). The simple way to link ANN with FORM is by

setting the initial design points, the mean values of the random vari-

ables, at the first iteration. The trained ANN model will be called to

estimate the limit state function at the given design point, then the

calculation will be repeated until the reliability index converged as it

is has been described in Chapter 3. Figure 5.24 shows the comparison
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between the two methods. ANN-based FORM shows its efficiency to

predict the probability of failure in which the results are very compa-

rable between the two methods.
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Figure 5.24: Comparison between the two methods: MCS with FORM

and ANN-based FORM: (a) Reliability index (b) Probabilty of failure

5.4 Summary

This chapter presents an application of reliability analysis for a deteriorated sim-

ply supported RC beam with implicit performance function. As the beam is

modelled in ABAQUS and the nonlinear analysis is numerically costly, applying

reliability analysis will be exhausted and a time consuming process. Therefore,

ABAQUS and MATLAB connection (using Python script file) has been exploited

to produce a novel combined process which can speed up the reliability analysis.

Two methods have been used to estimate the probability of failure: i) MCS with

FORM and ii) ANN-based FORM. The two methods have been successfully es-
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timated the reliability of the beam and they show a good agreement.

The presented method is suitable for applying reliability analysis of such events

and it will be used for the case study in Chapter 7.
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Chapter 6

Case study: Description and

Structural Modelling

As the aim of this research is to establish a framework to assess the reliability

of post-tensioned concrete bridges, a real case study, Ynys-y-Gwas bridge, will

be considered in this chapter. To apply reliability analysis for this case study,

the method proposed in Chapter 5 will be used. The proposed method in Chap-

ter 5 consists of two parts i.e. finite element modelling and applying reliability

analysis. This chapter deals with the first part which includes the description of

the bridge and the method of modelling it in ABAQUS. The description of the

bridge includes some general details, geometry, material properties and the cause

of collapse.

6.1 Introduction

Pre-stressed concrete is widely used in different applications for structures such

as bridges, buildings and long span floors where light weight is needed and to

improve the performance in bending. The permanent state of tension for the pre-

stressing wires can help to improve the inadequate tensile strength of concrete.

Pre-stressed concrete structures are more stronger and lighter than ordinary re-
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inforced concrete structures (Elfergani et al., 2013).

Concrete structures are exposed to aggressive environmental conditions that lead

to corrosion of the embedded reinforcement and pre-stressing steel. During the

1980s, a significant number of post-tensioned concrete bridges had to be replaced

in the UK because of corrosion of their tendons (Pearson-Kirk, 2014). In 1985,

the most serious event happened in Wales when the single span segmental post-

tensioned Ynys-y-Gwas bridge collapsed without warnings. Collapse of the bridge

was due to the penetration of water and salts through the transverse joints and

resulting longitudinal tendons corrosion (Woodward and Williams, 1988). In

September 1992, the UK Department of Transport banned the construction of

any new post-tensioned bridges with grouted duct until construction standards

were improved. Although the moratorium was lifted in 1996, but there were still

reservations about the corrosion protection of the tendons where they crossed

joints and the moratorium still remains in place for precast segmental construc-

tions with internal tendons (Woodward, 2001). Therefore, predicting of the safety

of these types of bridges using reliability methods is very important to reduce the

cost required for failure or maintenance, as well as, to determine the important

time for monitoring and maintaining.

This chapter focuses on describing the details of Ynys-y-Gwas bridge and the

method of modelling it in ABAQUS. The main cause of failure of this bridge was

corrosion of tendons, making it a relevant case study to evaluate the effect of

corrosion on bridge safety.

6.2 Ynys-y-Gwas bridge details

6.2.1 General details

The Ynys-y-Gwas bridge was a single span segmental post-tensioned structure. It

was constructed in 1953 and collapsed in December 1985. The bridge was located

in South Wales and carried an unclassified road over the river Afan approximately
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6 km upstream from Port Talbot (Woodward and Williams, 1988).

The bridge was on one of the local primary gritting routes and despite its low

classification, it was heavily used. However, the loads were designed according

to HA loading to ensure that they do not exceed the maximum allowable normal

traffic in the United Kingdom.

The bridge was inspected regularly including soffit and foundation examination

and there were no warning signs that the bridge might collapse, such as beam

deflections, cracking or rust staining (Woodward and Williams, 1988). Further-

more, there were no unexpected observations when 50 tonnes of concrete beams

passed over the bridge.

6.2.2 Bridge geometry and material properties descrip-

tion

The bridge was simply supported with 19.6 m length and a clear span of 18.3

m. The cross section of the bridge shows that it composed of nine longitudinal

I-beams, two box edge beams and two 1.52 m slabs spanned the gap between the

I-beams and edge beams as shown in Figure 6.1. The beams consisted of eight

segments, with 2.45 m length (see Figure 6.4), post-tensioned together longitu-

dinally and transversely with Freyssinet tendons in-situ. Each tendon has twelve

wires with 5 mm diameter. Five tendons were used to post-tension the I-beams

while ten were used for the edge beams. The tendons had a parabolic profile,

starting from different levels near the supports and then they had the same level

at the mid span of each beam as shown in Figure 6.2.

The beams were 0.915 m deep and 0.61 m wide. The slabs were also made up of

eight segments but were not pre-stressed in the longitudinal direction.

The transverse tendons ran through the top and bottom flanges of each I-beam

at the diaphragms and near the anchorages and through the top flange near the

center of each segments (see Figure 6.3). The top transverse tendons were an-
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FIGURE 1 Cross section of Ynys-y-Gwas bridge (1953-85). 

Description 

The bridge had a single span of 60 ft (18.3 m) that sat on 
bearing paper on mass concrete abutments. It consisted of 
nine longitudinal I-beams, two box section edge beams, and 
two slabs 5 ft (1.52 m) wide that spanned the gap between 
the I-beams and the edge beams (see Figure 1). The I-beams 
carried an 18-ft (5.49-m) carriageway, and the slabs and edge 
beams carried 6-ft (1.83-m) sidewalks and parapet walls. There 
were service voids under the sidewalks between the outer 
I-beams and the edge beams. 

The beams were made up of eight segments 7 ft 11 in. 
(2.41 m) long, post-tensioned together longitudinally with 
Freyssinet tendons consisting of twelve 0.2-in. (5-mm) diam­
eter wires. The I-beams contained five tendons and the edge 
beams, ten. The slabs were also made up of eight segments 
but were not prestressed in the longitudinal direction. The 
ducts were unlined within the segments, and the drawings 
showed metal sleeves around the longitudinal tendons where 
they passed through the 1-in.-wide (25 mm) transverse joints. 
The joints were packed with mortar. 

Transverse distribution of load had been provided by dia­
phragms 5 in. (127 mm) wide at one end of each segment and 
transverse post-tensioning, using the same type of Freyssinet 
tendons. The tendons ran through the top and bottom flanges 
of each I-beam at the diaphragms and near the anchorages, 
and through the top flange near the center of each segment. 
The lower tendons were anchored in the outer I-beams, whereas 
the upper tendons also passed through the slabs and were 
anchored in the edge beams. There was no filler in the lon­
gitudinal joint between the beams, although a white fibrous 
material had been packed around the transverse ducts where 
they passed through the joints, presumably to prevent leakage 
during grouting. 

Longitudinal prestressing at mid-span 

Flexible footway 
construction 

6'0" 

(1830) 

Transverse 
prestressi ng 

Top of abutment 

r­
_2._ 

The running surface was made of a flexible surfacing and 
base course on a cementitious roadbase. Records showed that 
a bituminous felt waterproofing layer had been included dur­
ing construction. 

Inspection History 

The bridge was not subject to any weight restrictions and had 
been regularly inspected. These inspections, which included 
an examination of the whole soffit, had not revealed any 
warning signs of distress, such as rust staining, cracking, or 
deflection of the beams. 

The bridge was closely examined in 1981 when it was required 
to carry 50-tonne concrete beams, but nothing untoward was 
observed during the passage of nine of these beams. No attempt 
was made to confirm the internal integrity of the bridge nor 
to assess its load-carrying capacity, since outwardly it appeared 
entirely satisfactory. The loadings were arranged so as to 
ensure that they were not in excess of the maximum permitted 
HA loading. [HA loading is a formula loading representing 
normal traffic in the United Kingdom (5).] 

Collapse 

The deck collapsed when there was no traffic on the bridge; 
all nine internal beams failed (Figure 2). The line of failure 
is shown in Figure 3. The edge beams and blockwork parapets 
remained standing and apparently unaffected, despite the 
inward and downward forces exerted by the top transverse, 
prestressing tendons as the central deck collapsed. Some of 
the slabs that spanned the gap between the I-beams and the 
edge beams were left hanging from the edge beams. 

Figure 6.1: Cross section of the Ynys-y-Gwas bridge (Woodward and

Williams, 1988)

Figure 6.2: The longitudinal tendons profile in each precast beam

chored to the edge beams while the bottom ones were anchored in the outer I

beams.

The transverse joints (25 mm) were filled with mortar cement before post-tensioning

and the longitudinal ducts that were passed through the joints were covered with

cardboard to prevent grout leaking out of the cable ducts at the joints. The

longitudinal joints (19 mm) were not filled with mortar but asbestos has been

inserted at the transverse pre-stressing tendons to soften the face to face contact

and seal the ducts to facilitate grouting (Woodward and Williams, 1988).

The mix of concrete in the precast units was 1 : 1.5 : 3, which represents the

ratios of cement, sand and aggregate respectively (Kaylor, 1954). The character-

139



CHAPTER 6. CASE STUDY: DESCRIPTION AND STRUCTURAL
MODELLING

2'0"(610) 1'6"(457) 4'6"(1370) 8'0"(2450) 8'0"(2450)
5"(127)
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1 2 3

O Transverse duct Longitudinal section of I-beam segments 1-3 Figures in brackets- mm

Figure 6.3: Longitudinal section of I-beams, segments 1− 3 (Woodward

and Williams, 1988)

istic compressive strength of concrete cube at 28 days was 50 MPa and the high

tensile steel used had an ultimate tensile strength of 1600 MPa (Kaylor, 1954).

The preliminary prestress in the wire was 1000 MPa and an allowance of 20%

was made for the short and long term losses, as will be discussed in Section 7.2.

The tensioning of the cables was carried out on opposite banks simultaneously

and each cable was tensioned separately. The cable diameter was 17.32 mm and

the cable ducts were 50 mm.

After completing the tensioning of the tendons, grout was injected into the cable

ducts using a mechanical air compressor. Three different mixes of grout were

tried. The first mix consisted of a wet mix of cement while the second mix was a

creamy mix of cement and sand with ratios of 1 : 1 respectively. The two mixes

was not satisfactory because the first one caused leakage from the joints while the

second caused blockage in the ducts. Therefore, the third mix was used which

was similar to the second mix, but using half the amount of sand (Kaylor, 1954).

140



CHAPTER 6. CASE STUDY: DESCRIPTION AND STRUCTURAL
MODELLING

C
W

M
A

V
A

N
 E

N
D

 
U

ps
lr

ea
m

 
1

9
.6

 
Y

N
Y

S
 

Y
 
G
W
A
~

I 

S
e 

M
e

e
s 

F
oo

lp
at

h 
sl

ab
s 

J::
~::

JII
f!I

tit
:~J

tlJ
;~]

I\l
il~

]J!
!~~

:~J
::l

IIf
 :tt

tlf
 ::J::!

 
H

 
]\J!

J@
El\

llf ll
il]

l@
JtI

IIi
?lI

JII
If I

f l1
f t

t\
f 

1,: 
i i

 I : 
1

1 \,
 I 

' 
' 

' 
i 1111

111
!!1

1! 
II@

! ii
f W

i 
G

 F E
 

ft:i
:::t

::::
i:y:

: 
c·y

:::I
)·:C

?@
tm

ti: 
J:

:J
::::

r:::
::::::

::::::
:::: 

'. 1:1::
~~]: i ~~,l 

ii 1: 11
 ~ 

! ,1~ II
 

i~' 
....

....
...

....
....

...
...

...
...

.. 
··

--
-·

-·
··

··
··

-·
--

. ' 
1:\~

Mff
 ~Wf

:~~
~#:

N:f
fi~~

~~~~
f#:~

?:~f
.~~f

:W~!i
f:~~

~f:
~~f

:i\
~~%

~~~
~!!W

~t:
\W~

~tM
W: {

il
1 

s 
A

 
1;m

:\:ft
trn:

:m:
r:1:

tlFi
tt:

11
11

1i
tl 

1::
ti

i1
11

t%
tt

:tJ
ttt

tmt
tt<

~n:
1:
f fJ

ittt
:rt

m
t:ir

n:m
:ttt

JJt
:t:1

111
:tt1

1t1
1J

l 
S

er
vi

ce
s 

N
ot

es
: 

1 ·
8 

S
eg

m
en

t 
re

fe
re

nc
e 

A
-J

 
B

ea
m

 r
ef

er
en

ce
 

111
111

111
1 

T
es

te
d 

at
 T

R
R

L 

S
ur

vi
vi

ng
 e

le
m

en
ls

 a
t 

E
ar

is
w

oo
d 

D
ep

ot
 

Li
ne

 o
f 

fa
ilu

re
 

I 
3 

I 
I 

2 
4

5
 

F
IG

U
R

E
 3

 
Y

ny
s-

y-
G

w
as

 b
ri

dg
e 

(1
95

3-
85

) 
pl

an
 v

ie
w

 o
f 

de
ck

. 

4 
5 

6 
8 

D
ow

ns
tr

ea
m

 

t 
A

ll
 d

im
en

si
o

n
s 

in
 m

et
re

s 

:~
 "' "' "' "' "' "' "' 

F
ig

u
re

6
.4

:
Y

n
ys

-y
-G

w
as

br
id

ge
,

pl
an

vi
ew

of
de

ck
(W

oo
dw

ar
d

an
d

W
il

li
am

s,
19

88
)

141



CHAPTER 6. CASE STUDY: DESCRIPTION AND STRUCTURAL
MODELLING

6.2.3 Bridge collapse

The bridge deck collapsed when there was no traffic load on it. As shown in

Figure 6.5, all beams failed. Some of bridge segments were taken to the Transport

and Road Research Laboratory (TRRL) (see Figure 6.4) in order to examine the

condition of the beam and identify the cause of collapse (Woodward and Williams,

1988). After the inspection, it was found that the major cause of the bridge

collapse was the severe localized corrosion of the tendons at the longitudinal and

transverse joints due to the penetration of chloride. The severe corrosion lead

to high reduction in tendon area near the joints (see Figure 6.6) and the bridge

collapsed when it could no longer carry the permanent load. The high reduction

in tendons area leads to reduce the pre-stressing force and subsequently reducing

the capacity of the bridge.

According to Woodward and Williams (1988), the severe corrosion of tendons

near joints resulted from several factors:

• The bad protection near the joints where most tendons near the transverse

joints were surrounded with cardboard (see Figure 6.7) which provided a

poor protection. Furthermore, the asbestos that was positioned between

beams along the longitudinal joints, offered a damp environment around

the transverse ducts and acted as a sponges soaking up any moisture that

penetrated the waterproofing layer.

• The absence of an in-situ reinforced concrete deck slab that caused an in-

crease in the chloride penetration through joints.

• Bridge location near the river that provided a damp environment.

• The poor grouting that increased the likelihood of corrosion along the length

of tendons near the joints.
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Figure 6.5: The top and side view of Ynys-y-Gwas bridge collapse show-

ing the failure of all the beams (Woodward and Williams, 1988)

Figure 6.6: Tendon localized corrosion near joints (Woodward and

Williams, 1988)
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Figure 6.7: The cardboard tube that has been seen around the longitudinal

tendons accross the transverse joints (Woodward and Williams, 1988)

6.3 3D-non-linear finite element modelling

In this section the details of modelling the bridge will be described. This will

include the geometry, material, steel element mesh size, load application and the

bond-slip model.

6.3.1 Beam modelling

As described in Section 6.2.2, the bridge consisted of nine internal beams. In

this study, the most loaded beam was used to model the bridge, reducing the

computational time required for finite element analysis. The beam was simply

supported with a clear span 18.3 m, consisting of eight segments post-tensioned

together by five curved tendons. Because of the post-tensioning, the eight seg-

ments behave as one segment and therefore, the beam was modelled in ABAQUS

as a one segment with five curved tendons as shown in Figure 6.8. The con-

crete beam was modelled using Solid elements C3D8R with reduced integration

to avoid shear locking when element is under bending as explained in Section

4.5.3.

The five tendons were modelled with beam elements B31 with circular cross sec-
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tion and diameter of 17.32 mm. Each beam element contained two nodes and

used a linear shape formulation.

Four elastic steel plattens have been used near the load and support positions to

provide a stiff area to distribute loading and to avoid stress concentration. These

plattens were modelled as solid elements with elastic material properties (Young’s

modulus and poisson’s ratio of 200 GPa and 0.3 respectively). Tie constraint are

used to define the fully constraint contact behaviour between elastic steel plattens

and concrete beam.

X

Y

Z

Figure 6.8: 3-D finite element model of the concrete beam with the five

curved tendons

6.3.2 Material models

Concrete

The concrete behaviour in tension and compression has been modelled using

the concrete damage plasticity model described in Chapter 4. The concrete in

tension and compression are modelled by following the equations of Eurocode2

(Eurocode-2, 2004) explained in Sections 4.2.1 and 4.2.2. Figures 6.9 and 6.10
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show the stress strain relationship of concrete in tension and compression. Figure

6.10 shows that the last point in the softening part of the tensile stress curve has

been taken as 30% from the maximum tensile stress to avoid any convergence

problem.

Uniaxial compressive strain #10-3
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Figure 6.9: The uniaxial compressive model of concrete that is applied

in this study for the Ynys-y-Gwas bridge according to Eurocode-2 (2004)

Uniaxial tensile strain #10-3
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Figure 6.10: The uniaxial tensile model of concrete that is applied in this

study for the Ynys-y-Gwas bridge according to Eurocode-2 (2004)

146



CHAPTER 6. CASE STUDY: DESCRIPTION AND STRUCTURAL
MODELLING

Pre-stressing steel

The pre-stressing steel is modelled by an idealized bilinear stress strain curve as

shown in Figure 6.11 with Young’s modulus of 200 GPa. The yield stress was

taken as 1440 MPa, poisson’s ration was specified as 0.3, as is usual for steel.

After yielding, a hardening law was used up to the ultimate stress 1600 MPa and

5% ultimate strain.
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Figure 6.11: Prestressing steel stress strain relation considered in this

study for the Ynys-y-Gwas bridge

6.3.3 Element mesh size

As mentioned in Section 6.2.3, the bridge failed due to the severe pitting corrosion

near the joints. Hence, the spatial variability of tendons pitting corrosion has been

considered near joints. The spatial variability of pitting corrosion was considered

following the proposal of Stewart (2004). This method depends on subdividing

the reinforcement bar into several segments with equal lengths (see Figure 6.12)

known as the uniform capacity length (Lu). This length refers to the distance

along a structural member in which localized corrosion will have a harmful effect

on structural capacity. The uniform capacity length represents the element length

in finite element analysis.

The tensile capacity of these segments will be reduced due to pitting corrosion
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and this reduction can be calculated, according to Du et al. (2005) as:

fy = (1− 0.005η)fy0 (6.1)

where fy0 is the yield stress of an uncorroded reinforcing bar and η is the per-

centage of corrosion loss.

The uniform capacity length depends on several factor including the ability of

corroded reinforcement steel to redistribute stresses to the adjacent reinforce-

ment, the mechanical behaviour of reinforcement, the development length of re-

inforcement and the geometry of reinforcement. Stewart (2012) reported that

Figure 6.12: The uniform capacity length Lu and the spatial capacity of

corroded reinforcing bar (Stewart and Al-Harthy, 2008)

the phenomena of the uniform capacity length, Lu, is incomplete and needs for

further research since the recent reliability studies assumed the uniform capacity

length varies between 100 and 1000 mm. According to Vu and Stewart (2005),

the size of elements (Lu) should be chosen properly, not too large to avoid under-

estimation of spatial variability or too small to avoid the numerical instabilities.

Therefore, in this study different finite element length of the tendons (100 to 1000

mm) have been used to select the optimal discretized element. The results show

that for Lu less than 400 mm, the analysis suffered from convergence problems,

which may be due to the small transmission length which is insufficient to trans-

fer the tensile forces from steel to concrete. For the remaining element sizes, the

ultimate capacity of the beam with each element size used was compared with
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the theoretical calculations as shown in Figure 6.13. The analytical calculations

were performed according to Figure 6.15 and the following equations:

Time(years)
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Figure 6.13: Effect of using different values of uniform capacity length

(steel element size) on the ultimate capacity of Ynys-y-Gwas bridge. The

figure shows that using element length with 800 and 900 mm provides the

closest solutions to the theoretical calculations

Figure 6.14: Distribution of pitting corrosion along the tendon modelled

in ABAQUS. The figure shows the corrosion is assumed to be within the

elements near the joints
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Figure 6.15: Beam section and stress

x =
As.fy

0.85bfc
(6.2)

z = d− x

2
(6.3)

Fc = fc.b.0.8.x (6.4)

Fst = As.fy (6.5)

M = Fc.z (6.6)

Notting that, this analytical calculations is a simplified method used fro pre-

stressed members, since these equations (Equations 6.2 to 6.6) are usually used

for reinforced concrete members. Figure 6.13 shows that the calculated values

of the ultimate load are similar to the finite element results for the first year

when the corrosion loss is very small (near to zero). As the corrosion increase,

the calculated values become smaller and the differences become larger. This

difference can be mainly attributed to the simple theory which can not simulate

the complete 3D non-linear behaviour. In addition, for finite element analysis

the corrosion is assumed to be near the joints only and the remaining parts of

tendons did not suffer from corrosion. Therefore, the ultimate loads are higher

than those resulting from the assumption in the analytical calculations.
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According to Figure 6.13, using Lu equal to 800 and 900 mm results in better

convergence between the non-linear model and the analytical solution. Therefore,

the tendon element length used in this study was 800 mm and the corrosion is

assumed to be within the elements near the joints as shown in Figure 6.14.

6.3.4 Modelling the boundary conditions

According to Woodward and Williams (1988), the bridge was a simply supported

segmental post-tensioned deck. Therefore, hinge and roller boundary conditions

were applied at the two ends to restrain the beam model and to measure the

reaction forces. The pre-stress has been modelled by applying initial stress, using

Initial Condition in ABAQUS, to the tendons before any solution step. This is

followed by a static analysis step (equilibrium step before any actively load) to

simulate the pre-stressing release. The losses of pre-stress have been considered

at each element of pre-stressing steel as will be explained in Section 7.2.1. The

beam is then tested using four point bending by applying vertical displacement.

6.3.5 Bond-slip model

The bond between steel and concrete in ABAQUS can be represented with various

methods such as constraints, contact elements and connector elements. As a type

of constraint, the embedded region can be used to simulate the full bond condi-

tion, because it assigns the same displacements to the concrete nodes. However,

the full bond condition does not represent the actual case because the accumula-

tion of corrosion products around the steel will lead to reduce bond. Moreover,

the expansion of corrosion products will lead to stress the concrete which leads to

concrete cracks and subsequently bond reduction. Accordingly, the stiffness and

strength of concrete will be reduced causing damage to the structure. Therefore,

in this study, the bond strength reduction due to corrosion was analysed for the

first time in post-tensioned concrete beams.

Han et al. (2007) and Mohammed and Osman (2013) simulate the behaviour of

151



CHAPTER 6. CASE STUDY: DESCRIPTION AND STRUCTURAL
MODELLING

bond in ABAQUS using surface-to-surface contact element. This element de-

fines the friction between the two surfaces. However, this tool can be used to

model contact between two surfaces only such as two blocks moving relative

to each other. Therefore, this tool can be used when both steel and concrete

are modelled with solid element. In this study, the five tendons were modelled

using beam elements which have simple geometry, each element contained two

nodes, with one dimensional line element. Therefore, there is no surface gener-

ated for tendons and subsequently, surface-to-surface contact element can not be

used in this study. Alternatively, for this modelling technique, especial elements

must be placed at the interface between the two materials to represent the bond

mechanism. Connector elements are available for two, CONN2D2, and three,

CONN3D2, dimensional analysis; the connector elements for three dimensional

analysis have been used in this study. A connector element can define a connec-

tion between two nodes (ABAQUS, 2013). The stiffness of a connector element is

based on a force displacement relationship that makes it suitable to simulate bond

slip behaviour, which is stress versus displacement as will be explained in Section

7.2.5. Connector elements have a relative displacement and rotation referred to

a component of relative motion (CORM). For the three dimensional case, the

connector element has six relative motion components: three displacements and

three rotations (ABAQUS, 2013).

There are different types of connections that can be used to define a connector

element in ABAQUS, axial, hinge, link, beam, rotation etc.. In this study, con-

nector element of type Cartesian-Rotation has been used in which the six relative

motion components (U1, U2, U3, UR1, UR2, UR3) are available. The Cartesian

connections do not impose kinematic constraints, but define three local direc-

tions at node a and measure the change in position of node b along these local

coordinate directions as shown in Figure 6.16a. The Rotation connection is a

finite rotation connection where the local directions at node b are parameterized

relative to the local directions at node a by the rotation vector φ as shown in

Figure 6.16b.
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(a) (b)

Figure 6.16: Connector element type: (a) Cartesian and (b) Rotation

(ABAQUS, 2013)

To model connectors, one or more point-to-point wire features on assembly must

be defined. In ABAQUS, the wire features were used to connect the node pairs

with a straight wire at the interface between concrete and steel along the length

of the steel reinforcement, as shown in Figure 6.17. So that, the two materials

can have a relative movement in all directions.

In addition to the connecting capabilities described above, various specific con-

nector behaviours can be defined in connector element in ABAQUS. For instance,

according to ABAQUS (2013), the user can define a spring-like elastic behaviour,

damping, friction, plasticity, damage and other diverse behaviours associated with

the available components of relative motion.

The mathematical bond-slip relationship proposed by Haskett et al. (2008), was

used in this study. The plasticity behaviour of connector element has been used

in this study to define the bond-slip relationship. The plasticity behaviour can

be defined in terms of force (f) and the constitutive motion (u) corresponds to

the plastic relative motion (upl). To define connector plasticity in ABAQUS, the

elastic behaviour of the connector need to be defined first by inputting its stiff-

ness. According to that, by defining the elastic and plastic behaviour of connector

element, the plastic deformation with the degradation portion can be simulated

as will be described in Section 7.2.5.

The simulation of bond deterioration with the time using connector elements can

release the model from some convergence problems in ABAQUS, rather than us-
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(a)

(b)

Figure 6.17: Connector elements in the finite element model

ing an alternative method. The alternative method that have been used (before

using connector elements) was the using of the equivalent stress-strain constitu-

tive law for embedded reinforcement (de Terán and Haach, 2017). This method

is based on considering the bond-slip behaviour derived from the interpolation of

the Model Code (CEB, 1992) bond-slip model, and can be employed using finite

element models with embedded reinforcing bars. However, using this method

causes some convergence problem in ABAQUS when the corrosion loss increases.
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6.4 Summary

This chapter presents the details of Ynys-y-Gwas bridge with regards to its geom-

etry, material properties and the cause of collapse. The chapter also introduces

the numerical approach used to simulate the bridge in ABAQUS. The modelling

approach depends mainly of what has been explained in Chapter 4 regarding the

the consideration of the non-linear behaviour of concrete using concrete damage

plasticity model (CDP) in ABAQUS.

Next chapter will focus on applying reliability analysis for the considered bridge

depending on the modelling that has been done in this chapter.
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Chapter 7

Case study: Reliability analysis

and results

In Chapter 6, the numerical model of Ynys-y-Gwas bridge has been developed.

This chapter will present the reliability analysis methodology of the considered

bridge. Preliminary calculations regarding to the deterioration process of the

bridge have been presented first. Then, the procedure of applying time dependent

reliability analysis will be explained with the considered limit state function and

the relevant random variables. Three cases have been examined and compared: i)

assuming no deterioration due to corrosion and bond loss, ii) deterioration due to

corrosion only (assuming full bond), iii) deterioration due to corrosion and bond

loss. This chapter also presents a parametric study to investigate the impact of

increasing corrosion on the reliability of the bridge and the bond degradation.

Finally, the results will be presented.

7.1 Introduction

This chapter focuses on applying reliability analysis to Ynys-y-Gwas bridge that

has been numerically modelled in Chapter 6. Uncertainties associated with mate-

rial properties, geometry, loads and corrosion parameters are taken into account.
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The probabilistic models of the uncertainties are combined with the non-linear

finite element analysis to study the effect of pitting corrosion of the tendons on

the post-tensioned concrete bridge. The limit state function considered is flex-

ural strength. The proposed method in Chapter 5 (ABAQUS and MATLAB

connection) is used in this chapter to reduce the time required for applying relia-

bility analysis. Monte-Carlo simulation method is used to compute the statistical

properties of the moment of resistance. Finally, FORM method has been ap-

plied, based on MCS results, to estimate the bridge probability of failure during

its service life.

7.2 Preliminary calculations

Before applying reliability analysis, there are some important variables that are

need to be prepared first. These variables include e.g. the losses of pre-stressing

force ,∆P (x, t), time to corrosion initiation, ti, progress of chloride concentration

with the time, C(x, t), pitting factor, R, corrosion level with the time, η, load on

bridge and the bond stress-slip relation ship. All these variables are required to

simulate the actual behaviour of the bridge. The following subsections include

the explanation of these variables preparation.

7.2.1 Prestress losses

The pre-stressing force is the main variable in pre-stressed concrete application

and it should be kept throughout the life of the structure. However, the jack

gauge reads some drops in the pre-stressing force, which are termed as the losses

in pre-stress. The pre-stress force losses can be classified into two categories:

immediate and time dependent losses. The immediate losses happen during the

pre-stressing of the tendons and force transfer to the concrete at time to and vary

along the length of the tendon. They represent the difference between the jacking

force Pj and the remaining pre-stress force immediately after transfer at distance
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x from the active end of the tendon Pmo(x). The immediate losses include elastic

shortening, friction and drawn in of the anchorage; these losses can be expressed

according to Equation 7.1.

∆Pimmediate = Pj − Pmo(x) (7.1)

The time dependent losses occur over time during the service life of the pre-

stressed member. They represent the difference between the remaining pre-stress

force after immediate losses (Pmo(x)) and the final pre-stress force (Pmt(x)) (after

all losses) as expressed in Equation 7.2. The time dependent losses include those

resulting from creep and shrinkage of concrete and steel relaxation.

∆Ptime−dependent = Pmo(x)− Pmt(x) (7.2)

7.2.1.1 Elastic shortening

After the pre-stress force is transferred to a member, the concrete will imme-

diately shorten elastically due to compression stress. In pre-tensioned concrete,

the steel will shorten by the same amount as the concrete because all tendons

are bonded to the concrete and the tendons are stressed before the casting of

concrete. The remaining pre-stress force after elastic shortening losses can be

calculated according to Equation 7.3 (Mosley et al., 2012).

P
′
=

Pj

1 + αe.
Ap

A

(
1 + e2A

I

) (7.3)

where αe is the modular ratio
Ecm
Es

, Ecm and Es are the modulus of elasticity for

concrete and steel respectively, Ap is the area of pre-stressing steel, A is the area

of concrete section, e is the eccentricity and I is the second moment of area for

the concrete section.

In post-tensioned concrete, if there is one tendon or more tendons stressed simul-

taneously, the elastic shortening losses will be zero because the applied pre-stress
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is recorded in the pre-stress gauge after the elastic shortening has taken place.

However, if the tendons are stressed sequentially then all tendons except the last

one will lose stress due to elastic shortening of concrete caused by forces in the

subsequent tendons.

Therefore, Mosley et al. (2012) suggest to assume 50% of the stresses for the

post-tension concrete and in this case the remaining pre-stress force is:

P
′
=

Pj

1 + αe.0.5.
Ap

A

(
1 + e2A

I

) (7.4)

The elastic shortening loss percentage for the tendons is calculated in this study

according to Equation 7.4 since the tendons have been stressed sequentially (Kay-

lor, 1954). This results in an elastic shortening loss percentage is 0.3%.

7.2.1.2 Friction losses

Friction losses are only relevant for post-tensioned concrete members. Tendons

are housed in ducts and when the cable is stressed, it tends to resist this move-

ment as it slides against the duct, which result in a frictional resistance beeing

developed. According to Mosley et al. (2012), friction losses are generated from

two basic mechanisms:

• Curvature of the tendon to achieve a desired profile

When the duct is curved, and during tensioning, the tendon attempts to

straighten and that will generate large friction losses in pre-stress force

because of the friction force between tendon and duct.

• Deviation between the centreline of the tendons and the ducts

(wobble effect)

The stretching of the tendon has to overcome the wobble of the tendon.

The wobble refers to the change in tendon position along the duct.
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The losses of pre-stress force due to friction are calculated according to Equation

7.5

∆P (x) = Pj

(
1− e(−µ(θ+kx)

)
(7.5)

where Pj is the jacking force (1000 MPa); µ is the coefficient of friction according

to Table 7.1 (µ = 0.19 is used in this study); θ is the sum of angular displacement

over the distance x (in radian); k is the wobble coefficient in the range of 0.005

to 0.01 radian/metre (0.01 is used in this study); x is the segment length from

the jacking end.

Table 7.1: Friction coefficient (µ) for post-tensioned tendons (Eurocode-
2, 2004)

Internal
tendons

Steel duct/
non-lubricated

HDPE duct/
non-lubricated

Steel duct/
lubricated

HDPE duct/
lubricated

Cold-drawn
wire

0.17 0.25 0.14 0.18 0.12

Strand 0.19 0.24 0.12 0.16 0.1
Deformed bar 0.65 - - - -
Smooth round

bar
0.33 - - - -

The sum of the angular displacement (θ) over distance x is firstly calculated for

each tendon as shown in Figure 7.1. The different tendons have different cur-

vatures (Figure 6.2) therefore, θ increases as the profile of the tendon increased

in curvature as shown in Figure 7.1. Consequently, the percentage loss in pre-

stress force (according to Equation 7.5) due to friction shows an increase with

distance from the jacking ends as shown in Figure 7.2. The greatest percent-

age losses occur in the middle, as the maximum θ is in the middle of the tendon,

4.3% for tendon 1 and 3.9%, 2.7% and 2.2% for tendon 2, 3, 4 and 5 respectively.

7.2.1.3 Anchorage losses

In post-tensioned members, when the tendons are stressed they should be an-

chored with a conical wedge. This process will cause pre-stress losses when the
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Figure 7.1: Sum of angular displacement (θ) at each tendon.
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Figure 7.2: Percentage losses of the prestress force due to friction for the

five tendons. Losses are arranged from high to low values according to the

profile of the tendon

slip or draw which occurs as the pre-stress force transfers from jack to the an-

chorage. For the wedge type anchorage, which is usually used for strands, the

slip is 4slip = 6 mm (Gilbert et al., 2017). The anchorage losses have a much

greater effect on short pre-stressed concrete members than long ones.

The anchorage losses 4Pa due to the anchorage slip can be calculated according

to the general equation:

4Pa = 2βLdi (7.6)
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where β is the slope of the friction loss line (the friction loss per unit length

(see Figure 7.3)); Ldi is the length of draw in line (see Figure 7.3). Ldi can be

determined by equating the anchorage slip 4slip with the integral of the change

in strain in the steel tendons over the length of the draw-in line as follows:

4slip =

∫ Ldi

0

2βx

EpAp
dx =

βL2
di

EpAp
(7.7)

and simplifying gives: √
EpAp4slip

β
(7.8)

Figure 7.3: Anchorage losses. (a) Anchorage draw-in effect along dis-

tance. (b) pre-stress loss near the anchorage (Gilbert et al., 2017)

The effect of anchorage losses in this study was large, around 14% near the jacking

ends, due to the short length of the bridge beam. Therefore, the effect of anchor-

age loss is extended along the whole length of the tendons as shown in Figure 7.4.

The anchorage losses will be resisted by the friction between steel and concrete

and as a result there will be a force drop in the tendons with increasing distance

from the jacking ends (see Figure 7.5). The remaining pre-stress force along the

length of the tendon, for the five tendons, after the total short term losses are

shown in Figure 7.6. The figure shows that the remaining forces in tendons are

increasing as the curvature of the tendon decrease. This is due to the reduction

of the sum of the angular displacement (θ) as shown in Figure 7.1.
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Figure 7.4: Comparison between losses due to friction effect only and

losses due to friction + anchorage draw-in effect.
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Figure 7.5: The increase of the drop in the prestressing force with dis-

tance from the jacking ends due to the effect of anchorage draw-in.
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Figure 7.6: Remaining prestressing force at each tendon.

7.2.1.4 Creep, shrinkage and steel relaxation

Creep, shrinkage of concrete and steel relaxation affect the long term serviceability

of the structure. Creep of concrete is the increase in strain that results from the

permanent loads such as the self weight and the sustained compressive stress on

concrete induced by post-tensioning. Shrinkage is shortening of concrete due to

drying and it is independent of applied loads. Steel relaxation is a loss of stress in

the tendon after being held at a constant elongation. The loss of pre-stress force

due to creep, shrinkage and steel relaxation are calculated according to equations

7.9, 7.10 (Mosley et al., 2012) and 7.11 respectively:

∆Pcr = φ(t, to)
EsAp

(1.05Ecm)A
(1 + e2A

I
)P

′
(7.9)

where φ(t, to) is the value of creep coefficient for some arbitrary time t. Duj-

movic et al. (2015) presents the details of calculating φ(t, to). P
′

is the remaining

prestress force after the short term losses.

∆Psh = εcs(t)EsAp (7.10)
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where εcs is the shrinkage strain at time t. Dujmovic et al. (2015) presents the

details of its calculation.

∆Pre = P
′
K1ρ1000e

K2.µ(
t

1000
)0.75(1−µ)10−3 (7.11)

where K1 and K2 are parameters dependent on the steel class, which has been

taken as 0.66 and 9.1 respectively for low relaxation; ρ1000 is the relaxation af-

ter 1000 hours and it also depends on the steel class, ρ1000 has been taken as

2.5% in this study according to Dujmovic et al. (2015); µ is the ratio between

the initial pretsress σpi (remaining prestress after the short term losses) and the

characteristic value of the tensile strength of the prestressing steel (fpy). More de-

tailed information about prestress losses can be found in Dujmovic et al. (2015),

Eurocode-2 (2004), Mosley et al. (2012).

By applying these equations, the percentage losses for creep, shrinkage and steel

relaxation are shown in Figures 7.7, 7.8 and 7.9 respectively. The total percentage

loss for short and long term losses is shown in Figure 7.10. According to that, the

remaining prestress force is calculated at each element of the tendons at each year

of the bridge service life. Figure 7.11 shows the final remaining prestress force

at each element at each year for tendon 1. In the present study, the prestress

is treated as a normal distribution with mean value represented by the nominal

prestress and COV 0.075 according to JCSS (2001).
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Figure 7.7: Losses in prestress force due to concrete creep
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Figure 7.8: Losses in prestress force due to concrete shrinkage
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Figure 7.9: Losses in prestress force due to tendon relaxation
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Figure 7.10: Total pre-stress losses: short term losses + long term losses
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7.2.2 Corrosion initiation and propagation

7.2.2.1 Corrosion initiation

As mentioned in Chapter 2, corrosion is usually initiated by chloride ion con-

tamination when their concentration at the steel surface exceeds the threshold

limit Cth (0.6-1.2 Kg/m3 with mean 0.9 Kg/m3). The time needed for chloride

ions to reach the threshold chloride concentration is called the time to corrosion

initiation (ti) as shown in Figure 7.12. This figure shows the diffusion of chloride

ions through the transverse joints. As mentioned in Section 6.2.2, there was no

duct around the longitudinal tendons near the transverse joints and alternatively,

a cardboard tubes have been used. The absence of duct near the joints accelerate

the corrosion process and the initiation of corrosion. To estimate ti, the progress

of chloride concentration with the time should be specified first.

Figure 7.12: Chloride diffusion process of corrosion initiation through

the transverse joint in Ynys-y-Gwas bridge

The chloride concentration in the bridge at the time of failure (after 32 years)

was measured (by the TRRL) in samples that were taken from different positions

(deck, flanges, web, diaphragms and soffit) of the TRRL segments. The chlorides

were found in the grout near the joints, the concrete surface and the mortar.

However, a very small amount of chlorides have been found in the grout within
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the segments (see Table 7.2). This indicates that the chlorides have diffused dur-

ing the bridge service and not during its construction (Woodward and Williams,

1988). The TRRL results also show that there was no decrease in concentration

with increasing depth from the surface (see Figure 7.13), which would have been

expected if de-icing salts had penetrated from above. The higher concentration

of chlorides in joints has been found near the soffit as shown in Figure 7.13 where

G and J are represent beam G and beam J respectively as shown in Figure 6.4

while EB is the edge beam.
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Figure 7.13: Vertical profile of chloride concentraion in Ynys-y-Gwas

bridge at different levels from the soffit (Woodward and Williams, 1988)

Equation 2.37 can be used to estimate ti by assuming the chloride concentra-

tion (C(x, t)) to be equal to the chloride concentration threshold value (Cth) over

which the steel corrosion is triggered. However, ti can not be estimated directly

since the diffusion coefficient (D0) is unknown. Therefore, Equation 2.37 is used

first to calculate D0 by using the values of C(x, t) and C0, at time of failure

(t = 32).

The surface chloride concentration (C0), in this study, represents the chloride

concentration near the soffit, 0.59% weight by cement according to Table 7.2.
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Table 7.2: Chloride concentrations obtained for different positions of
TRRL segments according to Woodward and Williams (1988)

Element
Chloride concentration: % weight by cement
Average Standard deviation Maximum

Concrete deck 0.2 0.19 0.73
I-beam
top flange 0.12 0.08 0.32
web 0.2 0.18 0.64
diaphrams 0.43 0.22 0.78
bottom flange 0.58 0.33 1.15
soffit 0.59 0.33 1.01
Edge beam
deck 0.09 - 0.09
outer web 0.12 0.03 0.14
inner web 0.4 0.28 0.83
Mortar
I-beam 0.66 0.63 2.08
edge beam 0.09 0.15 0.96
Grout
at joint, longitudinal ducts 0.32 0.26 0.81
at joint, transverse ducts 0.22 0.11 0.36
within segments, longitudinal ducts 0.01 0.01 0.03
within segments, transvrese ducts 0.01 0.004 0.02
Aspestos <0.01 <0.01 0.01

The chloride concentration (C(x, t)), in this study, represents the chloride con-

centration in grout at the joints through the longitudinal duct, 0.32% weight by

cement (cement in grout).

According to the mix of concrete and grout, described in Section 6.2.2, the amount

of the surface chloride was 2.44 Kg/m3 and within the joint is 3.2 Kg/m3. This

shows that the chloride concentration C(x, t) within the grout is higher than the

surface chloride concentration Co which is impossible because the chlorides were

penetrated from the surface and therefore, chloride concentration should be more

higher at the points near the surface. The large standard deviation of chloride

concentration might be the cause of that. Therefore, 90% of Co has been as-

sumed for the chloride in the grout since the bridge was suffered from a very

severe corrosion. Accordingly, the surface chloride concentration and the chlo-

ride concentration in grout were taken as 2.44 and 2.196 Kg/m3 respectively. By

substituting these two values in Equation 2.37, the diffusion coefficient (D0) has

been found to be 0.0078 m2/year (2.47×10−6 cm2/sec) which is much higher than
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the mean value of the concrete diffusion coefficient (2 × 10−8 cm2/sec according

to Hoffman and Weyers (1994)). This might be due to the higher durability of

concrete comparing to grout that make it less permeable to water and hence gives

the ability to resist weathering actions.

Equation 2.37 is used again to estimate the progress of chloride concentration

with the time as shown in Figure 7.14. Consequently, time to corrosion initiation

is estimated as 0.773 years which corresponds to a 0.9 Kg/m3 chloride concen-

tration. This very early time to corrosion initiation indicated that corrosion was

attacked the bridge immediately after construction, due to the damp environment

near the surface and the inadequate protection for the tendons near the joints.

In this study, time to corrosion initiation is treated as a deterministic value as,

being so small, its variability will not impact safety.
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Figure 7.14: Progress of chloride concentration with the time for Ynys-

y-Gwas bridge
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7.2.2.2 Corrosion propagation

Corrosion propagation happens when the reinforcement corrodes, cause metal

loss, loss of area and bond, and therefore reducing structural capacity. Corrosion

propagation is usually described in terms of corrosion rate (icorr) as described in

Chapter 2.

The corrosion rate at the start of corrosion propagation (icorr(1)) is calculated

according to Equation 2.38, then the reduction of corrosion rate (icorr) with time

is estimated according to Equation 2.40. The formation of rust products on the

steel surface will reduce the diffusion of iron ions away from the steel surface and

therefore, the corrosion rate reduces with the time as shown in Figure 7.15.

Time (Years)
0 10 20 30 40 50 60 70 80 90 100

C
or

ro
si

on
 r

at
e 

(7
.A

/c
m

2
)

1

2

3

4

5

6

7

8

9

Figure 7.15: Progress of the corrosion rate with the time for Ynys-y-

Gwas bridge
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7.2.3 Pitting factor

The pitting factor represents the ratio between the maximum and average corro-

sion penetration (Equation 2.44 to Equation 2.46, as shown in Figure 2.14).

Stewart (2004) and Stewart and Al-Harthy (2008) proposed a statistical parame-

ter for the pitting factor based on an accelerated corrosion test for 10, 16 and 27

mm diameter and 100 mm length of reinforcement bar. A Gumbel distribution

(EV type I) was used to model the maximum pit depth and the proposed statis-

tical parameters are summarized in Table 2.10. For an increased length of bar

(Lu), the Gumbel statistical parameters can be computed according to Equation

2.46.

The pitting factor for the bridge is first calculated according to Equation 2.46

where Lu represents the length of the reinforcement bar element considered in

ABAQUS. According to this, the Gumbel parameters for the pitting factor were

7.118 and 1.02 for µ and α respectively. However, using this statistical parameter

for the pitting factor underestimates the probability of failure by predicting very

small values of Pf with time as shown in Figure 7.16. This figure shows that the

probability of failure is 3% at the year of bridge failure (32 years) which is very

low corresponding to failure. Therefore, in this study the probabilistic model of

pitting factor was developed in different way, as described below, to match the

degree of corrosion in the bridge.

The statistical parameters of the pitting factor were re-estimated depending on

the corrosion assessment for tendons near the joints (Woodward and Williams,

1988). The assessment was done by classifying the degree of corrosion on each

wire and giving it a score on a scale of 0 to 4 as shown in Table 7.3 (Woodward

and Williams, 1988). The total mark for each tendon was then subdivided into

five groups depending on the degree of corrosion: none, mild, moderate, severe

and very severe as shown in Table 7.3.

The results of corrosion assessment in the longitudinal tendons near joints, in

beams J, H and G and in segments 1, 2 and 3, are shown in Figure 7.17.
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Figure 7.16: Probability of bridge failure along the years, when the statis-

tical parameters of the pitting factor were considered according to Equation

2.46

Table 7.3: Classification of corrosion (Woodward and Williams, 1988)

Degree of corrosion Condition of wire Marking
None No corrosion 0

Mild
Slight surface corrosion with

some scaling and pitting
1

Moderate
Mild corrosion plus up to

25% loss of section
2

Severe 25-50% loss of section 3
Very severe > 50% loss of section 4

According to Figure 7.17, 45 tendons have been tested. From them: 11 tendons

suffered from very severe corrosion (> 50% loss of area); 10 tendons affected by

severe corrosion (> 25% and < 50% loss of area); 6 tendons experienced moderate

corrosion (< 25% loss of area). That means the probability of getting tendons

with a very high corrosion is 24% (11/45) and for the severe corrosion is 22%

(10/45). as shown in Figure 7.18. This figure shows a clarification to the ex-

pected distribution of the loss of tendon area due to corrosion at the time of

bridge failure.

Therefore, a MATLAB code has been written to fit the best statistical parameters

for pitting factor using Monte-Carlo simulation. This has been done by assuming

an initial mean (µ) and standard deviation (α) for the pitting factor (R). Then,
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Figure 7.17: Degree of corrosion in longitudinal tendons near joints for

beams J, H and G and segments 1, 2 and 3 (Woodward and Williams,

1988)
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Figure 7.18: The probability of loss of cross sectional area according to

the corrosion assessment of the longitudinal tendons near joints

106 number of samples have been generated for R according to its distribution,

µ and α. According to these samples, the pit depth (P (t)) and the remaining

area of tendons (Ar) were calculated (at the time of bridge failure t = 32 years)

according to Equations 2.43, 2.47 and 2.48. Then, the loss of area for each sample

of R were calculated according to (Ainitial −Ar)/Ainitial. According to the values

of the loss of area, the percentage of the tendons that have been affected by very

sever and sever corrosion were found. Finally, It has been checked that if the loss
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of area percentage is close to the loss of area percentage in the tested segments

(as described above) then the assumed µ and α are correct, otherwise, they are

going to be changed using trial and error method. Accordingly, µ and α for the

pitting factor has been specified as 6.7 and 5.2 respectively. The values specified

give the same percentages of loss of area corresponding to the percentage of area

losses described above. The histogram of cross sectional area losses at each year

are shown in Figures 7.19 to 7.24. The figures show that the percentage of area

loss > 50% increased with time due to increasing corrosion as shown in Table 7.4.

The histogram of year 31 gives an identical loss percentages to that computed

according to the assessed segments.
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Figure 7.19: Histogram of loss of cross sectional area at year 1
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Figure 7.20: Histogram of loss of cross sectional area at year 11
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Figure 7.21: Histogram of loss of cross sectional area at year 21
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Figure 7.22: Histogram of loss of cross sectional area at year 31
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Figure 7.23: Histogram of loss of cross sectional area at year 41
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Figure 7.24: Histogram of loss of cross sectional area at year 51

Table 7.4: Loss of tendon area percentage along the years for Ynys-y-
Gwas bridge

Years loss > 50% loss > 25% loss = 100%
1 0 0 0
11 0.0133 0.1142 0.002
21 0.1183 0.3461 0.014
31 0.255 0.4773 0.06
41 0.35 0.5713 0.094
51 0.44 0.6411 0.142

7.2.4 Bridge load

The total bridge load is the sum of the permanent and truck live loads. In

section 2.4.3, it has been been mentioned that the dead load is the sum of three

components: the weight of pre-cast elements, weight of cast in place and weight of

asphalt (Nowak and Collins, 2012). In this case, only two of these components are

considered: the weight of precast concrete D1 (weights of concrete segments and

tendons) and 100 mm asphalt overlay D2 (100 mm thickness according to Figure

6.1). The values of the permanent loads considered for the bridge assessment are

the average self weight of the concrete segments - 8.69 kN/m and asphalt wearing

surface - 1.411 kN/m.

The live load covers a range of forces produced by vehicles moving on the bridge.

According to Woodward and Williams (1988), the axle loadings on the bridge

were checked to ensure that they were not in excess of HA loading. Therefore,
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the live load of the bridge is calculated according to the specified trucks weight

in HA loading.

The HA loading is a formula loading introduced by the British Standard (BS)

in 1945, which is intended to represent the vehicle load for highway bridges in

the UK. According to Clark (1983), HA loading is represented by a uniformly

distributed load (UDL) and a knife edge load (KEL). The UDL of HA loading

depends on the loaded length (L) which is the span of the bridge. For up to 30

m loaded length, the UDL is 30 kN/m per notional lane while for longer loaded

length, the UDL is given by 151(1/L)0.475. For the knife edge load, the code

value is 120 kN per notional lane positioned perpendicular to the notional lane

as shown in Figure 7.25.

The total bridge load is used in this study to evaluate the action moment on the

bridge and subsequently the limit state function as will be described in Section

7.3.

Figure 7.25: HA loading includes the unifomly distributed load (UDL)

and the knife edge load (KEL) on one notional lane

7.2.5 Bond-slip relationship

Bond between reinforcing steel and concrete is an important characteristic which

allows the stresses to transfer from steel to concrete. Considering the bond ef-

fect in reliability analysis of corroded RC structures is an important task since

corrosion can affect the performance of a structure in the form of cracking of

concrete cover due to rust expansion. Once cracks develop, the force transfer be-

tween the steel and the concrete will be affected and that will lead to change the
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behaviour of the bond. This will decrease the bond strength capacity and subse-

quently, reduce the resistance capacity of the structure. Therefore, the effect of

bond reduction on the bridge capacity will be considered in reliability analysis,

for the first time, by modelling the bond slip relationship between concrete and

pre-stressing steel using ABAQUS.

According to the literature, the earliest and the simplest way to test the bond

behaviour is the pull out test. The bond-slip behaviour has been studied by dif-

ferent researchers such as Azizinamini et al. (1993), Lee et al. (2002) and Haskett

et al. (2008). According to the Model Code 90 CEB (1992), the bond-slip rela-

tion is shown in Figure 7.26. The bond-slip curve can be divided in four distinct

regions. The first region is represented by the ascending segment (over which the

peak bond stress τmax is reached) which corresponds to the penetration of steel

ribs into concrete materials that leads to micro-cracking near the concrete cover.

The second region is represented by the horizontal segment which appears only

if the crushing and shearing of concrete between ribs occur. In the third region,

the descending segment after the peak bond, the bond resistance reduces as the

local slip increases due to splitting cracks along the bars. The final region is rep-

resented by the horizontal part which corresponds to the residual bond capacity

due to the residual friction force.

There is a difference between the bond slip relationship for ordinary steel bars

and that for pre-stress steel strands. This is due to the difference in surfaces, as

steel strands have a smooth surface compared with ordinary steel bars. However,

as the wires in strands are twisted together, strands have spiral ribs, which is

similar to but not the same as the ribs in the deformed bar. The spiral ribs

may result in a screwing effect and therefore, the constitutive law of bond-slip is

slightly different from the deformed bar.

For both deformed bar and strands, the gear action coming from ribs maintains

the bond strength at a high level after cracking. For strands, if the screwing

effect is reduced, due to corrosion, then the gear action will increase and lead to

higher bond strength within a certain range (less than 6% corrosion loss accord-
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Figure 7.26: Bond stress-slip relationship according to Model Code

(CEB, 1992)

ing to Wang et al. (2016)). Therefore, Wang et al. (2016) developed an improved

constitutive law that can be used to predict the bond slip relationship between

corroded strands and concrete, which is used in this study. The improved consti-

tutive law (see Figure 7.27) based on the bond-slip relationship that is suggested

by the Model Code CEB (1992) for the deformed bar.

Figure 7.27: Improved local bond stress-slip relationship between strand

and concrete (Wang et al., 2016)
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Figure 7.27 shows that the bond transfer curve can be divided into three regions:

1. ascending non-linear curve. In this region, the initial bond stress depends

on the adhesion. Then the adhesion action starts to reduce as the slip

increases. This will lead to increase the friction and gear force until the

maximum bond stress is reached.

2. Linear decrease region. This region represents the appearance of excessive

local slip until the concrete gear shears off.

3. Constant residual strength region due to the remaining friction force

The improved function according to the Model Code (CEB, 1992) is expressed

as:

τ =





τmax(S/S2)α 0 ≤ S ≤ S2

τmax − (τmax − τf )
( S − S2

S3− S2

)
S2 ≤ S ≤ S3

τf S3 ≤ S

(7.12)

where τmax is the maximum bond stress taken as 2.5
√
fck, τf is the residual

friction stress taken as 0.4τmax, α and S2 are constants taken as 0.4 and 3 mm

respectively and S3 is the distance between ribs taken as 15 mm according to

Haskett et al. (2008). Furthermore, Wang et al. (2016) proposed an empirical

model that can be used to predict the residual bond strength between concrete

and corroded strands by calculating the normalized maximum bond stress (Rb).

The maximum normalized bond stress represents the ratio between the maximum

bond strength of the corroded specimen to the maximum bond strength of the

intact specimen. Wang et al. (2016) keeps the maximum bond strength constant

for slight corrosion loss (≤ 6%) while for larger corrosion loss, the maximum

bond stress depends on an exponential function (see Figure 7.28), decreases as

the corrosion loss (η) exceeds 6% as follows:

Rb =





1 η ≤ 6%

2.03e−0.118η η > 6%

(7.13)
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Figure 7.28: Deterioration of the maximum normalized bond strength

(Rb) with increasing corrosion (Wang et al., 2016)

7.3 Limit state function

As the failure of the bridge occurred due to the severe corrosion at joints, relia-

bility analysis was performed under two conditions. In the first condition, it is

assumed that the deterioration of the bridge is concentrated at regions of peak ac-

tions at mid joint, which is known as the mid-section analysis. For this condition,

the flexural limit state function is determined as a function of time as:

gmid(t) = θRMRmid
(t)−MSmid

θE (7.14)

where θR and θE are, respectively, the resistance and load model uncertainty.

MRmid
is the resistance moment of the bridge at mid span as a function of time.

The resistance moment at mid span is calculated from ABAQUS by calculating

the resultant stresses of its cross section. To compute this, the normal stress

at each concrete element integration point has been found, then each of these
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stresses were multiplied by element area and distance to the neutral axis. MSmid

is the action moment of the bridge at mid span and it can be calculated from:

MSmid
=
wl2

8
(7.15)

where w is the dead load (D1 and D2) plus the truck load (UDL and KEL) as

described in Section 7.2.4.

In the second condition, it is assumed that the safety of the bridge depends on

the whole seven joints (considering the beam as a series system). The flexural

limit state function is determined as a function of time as follows:

gj(t) = θRMRj
(t)−MSj

θE (7.16)

where MRj
is the resistance moment of the bridge at each joint as a function

of time. To calculate the resistance moment at each joint, the joint ultimate

capacity need to be found first by changing the load and support positions as

shown in Figure 7.29 and then repeating the analysis. Then, to calculate MRj
,

the same procedure described above is used. Due to symmetry, the resistance

moments were calculated for joint 1, 2 and 3 only while joint 4 was previously

calculated using the mid section analysis. MSj
is the action moment of the bridge

Figure 7.29: Method of testing joints to find their capacities

at each joint and it can be calculated according to (see Figure 7.30):

MSj
=
w.x

2
(l − x) (7.17)
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where x is the distance from support to the joint as shown in Figure 7.30.

Ditlevsen (1979) bounds were used to estimate the probability of failure of a

Figure 7.30: Bending moment diagram of the simply supported beam

series system, taking into account the correlation between joints according to

Equation 2.24.

7.4 Random variables

To reduce the time required for reliability analysis, some of random variables were

treated as deterministic values. For example, the dimensions that have a small

coefficient of variation, such as the geometry of concrete and steel (length, width,

height and diameter). However, there are some dimensions which cannot be easily

measured such as concrete cover and asphalt thickness which were treated as

random variables. The random variables considered in this study, the considered

distributions and the sources used to define these distributions are listed in Table

7.5. The table contains three different variables categories:

• Material properties, which include the concrete compressive strength ,fcreal,

concrete tensile strength, fct, concrete modulus of elasticity, Ec, prestressing

ultimate strength, fpu, prestressing yield strength, fpy, prestressing modulus
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of elasticity, Ep, prestressing steel ultimate strain, εu and the resistance

model uncertainty, θR.

• Load variables, which include the dead load (D1 and D2), the truck load

(UDL and KEL), the remaining prestress force after losses, P (x, t), and the

load model uncertainty, θE.

• Corrosion variables which include the concrete cover, C, corrosion rate,

icorr, the maximum pit depth, P (t), the pitting factor, R, and the model

error of corrosion rate and pit depth, MEicorr
and MEP (t)

respectively.
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7.5 Time dependent reliability analysis proce-

dure

In this study, the reliability analysis procedure is applied for three cases:

• Case 1: intact beam (no deterioration due to corrosion and bond).

• Case 2: deteriorated beam due to corrosion only, without considering the

bond loss effect, (assuming full bond).

• Case 3: deteriorated beam due to corrosion and bond loss.

For these three cases, the reliability analysis is performed by applying the method

described in Chapter 5. An ABAQUS Python script file has been prepared first,

which include the model and output database. All random variables were included

in the script file as variables. The samples of these variables were generated in

MATLAB using MCS. After completing the analysis of each sample, the resis-

tance moment is calculated according to the normal stresses at each element as

has been described in Section 7.3.

The corrosion in tendon is modelled through the strand area reduction as a func-

tion of time and the spatial randomly generated pit depth over the beam joints.

The loss of bond strength and pre-stress force, due to corrosion, at each time

interval is calculated in MATLAB and then included in ABAQUS through the

connection of the two software which helps to automate the analysis. The file of

the reliability model is submitted in HPC to reduce the time required for relia-

bility analysis. After completing the analysis, the statistical parameters of the

bridge resistance moment at each time interval have been computed.

The last part of analysis procedure is using FORM to compute the design points

and the reliability index. This is done by considering the resistance moment at

each time as a random variable, in addition to the random variables that are

relevant to the action moment, as has been described in Section 7.2.4. Several

iterations have been performed until convergence has been achieved.
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The time dependent reliability analysis has been performed according to the me-

chanical behaviour of tendons. Stewart (2009) mentioned that the mechanical

behaviour of reinforcement steel can be changed from ductile to brittle as corro-

sion loss increases. Therefore, to consider this effect, Stewart (2009) assumed two

bounds on structural reliability, namely, (i) all reinforcement in a RC structural

component exhibits ductile behaviour or (ii) all reinforcement in a RC structural

component exhibits brittle behaviour. As the capacity of a perfectly brittle system

is less than that of a perfectly ductile system, it follows that the actual structural

reliability (Pf ) of the RC structural component will lie somewhere between these

structural reliabilities such that:

Pf−ductile < Pf < Pf−brittle (7.18)

In this study, time dependent reliability analysis has been carried out considering

the two behaviours separately. Which means, the probability of failure is esti-

mated for the brittle behaviour by selecting the ultimate load capacity, for the

beam, when the first tendon (at any joint) has reached its yield strength. While,

for the ductile behaviour, the ultimate load capacity of the beam is selected when

the tendon reaches its ultimate strength.

7.6 Results

The presented results are organized according to the deterministic and reliability

analysis.

7.6.1 Deterministic analysis

In this analysis all random variables were defined by their mean values and, the

pre-stressing corrosion is considered through strand area reduction as a function

of time. Firstly, pitting corrosion is assumed to be distributed uniformly along

strands, when the pitting factor has been taken equal to the mean value of 6.
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According to that, the corrosion loss, measured as (Apit(t)/Astnom) (see Figure

7.31), and the maximum normalized bond strength Rb is obtained at each time

interval as shown in Figure 7.32. For this case, the reduction in the beam ultimate

load capacity due to corrosion only is shown in Figure 7.33.
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Figure 7.31: The progress of corrosion level with the time for the deter-

ministic analysis with using pitting factor R = 6
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Figure 7.32: The deterioration of maximum normalized bond strength

with increasing corrosion loss, used in this study for determinstic analysis

The bond-slip relationship is obtained in this study (see Figure 7.34) according

to the improved relationship between strands and concrete (Wang et al., 2016).

This constitutive law is used in ABAQUS to define the behaviour of connector
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Figure 7.33: The deterioration of beam capacity due to corrosion only

element at each time interval. Figures 7.35 to 7.44 show the comparison between

the bond behaviour of the model (from ABAQUS) and the bond-slip curves that

are input to the model (mathematical bond-slip relationship).
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Figure 7.34: Bond-slip relationshp input to the model

The figures show that for the first 60 years, there is no damage in bond since the

bond-slip curve stays within the elastic region. However, for years 71, 81, 91 and

101, the bond between corroded strands and concrete starts to deteriorate and the

relationship reported for the bond-slip relation is mostly the same as what was

input. This agreement indicates that the connector element used in this study

successfully responded to the bond-slip behaviour that was input. Therefore, the

formulation of the connector element was deemed satisfactory.
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Figure 7.35: The input and output bond-slip model for years 1 and 11
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Figure 7.36: The input and output bond-slip model for year 21
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Figure 7.37: The input and output bond-slip model for year 31

Figure 7.45 shows the comparison of the beam ultimate load capacity of case
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Figure 7.38: The input and output bond-slip model for year 41
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Figure 7.39: The input and output bond-slip model for year 51
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Figure 7.40: The input and output bond-slip model for year 61

1, case 2 and case 3 along the years. The figure shows that case 2 and case 3

exhibited similar ultimate load capacity until year 61. However, the ultimate
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Figure 7.41: The input and output bond-slip model for year 71
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Figure 7.42: The input and output bond-slip model for year 81
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Figure 7.43: The input and output bond-slip model for year 91

load capacity of the beam starts to degrade in case 3 at year 71 when the cor-

rosion loss exceed 27%. These results are similar to those obtained by Zhang
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Figure 7.44: The input and output bond-slip model for year 101

et al. (2017) when they performed an experimental test of eight PT beams sub-

jected to different level of corrosion in order to investigate the flexural behaviour

of bonded posttensioned concrete beams under strand corrosion. Zhang et al.

(2017) found that the deterioration of bond due to strands corrosion can affect

the strain compatibility between strands and concrete leading to deteriorate the

ultimate load capacity of the beam. However, this effect can be neglected for

slightly and modestly corrosion level (0 < ρ < 27%), while it has a significant

effect when the corrosion loss exceeds 27%. Furthermore, Zhang et al. (2017)

concluded that strand corrosion can accelerate the shifting of neutral axis and

decreases the compressive concrete reducing markedly the ultimate load capacity

of the beam. In this study, a corrosion loss of 22% decreases the ultimate load

capacity by 17.5%, which is similar to what have been found by Zhang et al.

(2017) who got a 16.7% reduction in beam capacity for 19.5% corrosion loss.

Furthermore, Zhang et al. (2017) found that for beams with slightly and modestly

corrosion level, the distribution of cracks is uniform and the depth of the cracks

were similar. However, when corrosion loss exceeds 27%, the distribution of cracks

becomes irregular and the depth is different (see Figure 7.46). These cracks can

cause the formation of main cracks and subsequently reduce the safety of the

beam.

In this study, the cracks pattern for the beam with corrosion level 11% and 51%
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Figure 7.45: Deterioration of the beam ultimate loads along the years in

case of considering general corrosion

(a) η=12%

(b) η=60%

Figure 7.46: Flextural crack distribution according to the experimental

test carried out by Zhang et al. (2017) where (a) Crack distribution when

η=12% and (b) Crack distribution when η=60%

are shown in Figure 7.47. The figure shows that, for 51% corrosion level, some

cracks were propagated upward to the compression zone which can make it more

harmful than cracks of 11% corrosion level. In addition, for 51% corrosion level,

the number of cracks are lower but they have a large spacing. These results

are consistent to the results of Zhang et al. (2017). This indicates that the

method used for modelling the bridge and simulating the bond deterioration

using connector element works successfully.
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(a) η=11%

(b) η=51%

Figure 7.47: Flextural crack distribution of the Ynys-y-Gwas bridge ac-

cording to the finite element analysis, where (a) Crack distribution when

η=11% and (b) Crack distribution when η=51%

The deterministic analysis has been repeated considering localized corrosion near

the joints only. For this case, the effect of bond deterioration near joints does

not have an effect on beam ultimate capacity as shown in Figure 7.48. In fact,

after 45% corrosion level, the effect of bond loss leads to reduce the ultimate

load capacity by less than 3% which is insignificant and it can be neglected.

This is reasonable since the partial reduction of bond strength around the pitting

corrosion has an insignificant effect of structural resistance (Val and Melchers,

1997).
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Figure 7.48: Deterioration of the beam ultimate load, due to localized

corrosion, for case 2 (area reduction) and case 3 (area and bond reduction)

7.6.2 Time dependent reliability analysis

In reliability analysis, all variables are treated as random by including their dis-

tribution and statistical parameters (see Table 7.5) to estimate the probability

of failure. Figure 7.49 shows the probability of failure and the reliability index,

according to mid-section analysis condition, for the three cases considered in this

study.

The figure shows the effect of strands mechanical behaviour on the annual prob-

ability of failure. The probability of failure is considerably higher (10%) when

considering all reinforcement to exhibit brittle behaviour. This is consistent with

the results obtained by Stewart (2009) as he found that the mechanical behaviour

of reinfoecement steel has a significant effect on structural reliability and the ca-

pacity of the beam.

According to Figure 7.49, comparing case 2 and case 3, the effect of bond de-

terioration due to pitting corrosion can be neglected for the first 30 years, after

that the results show that considering bond degradation effect increases the prob-

ability of failure by 3%. These results show that the effect of bond deterioration

due to pitting corrosion has insignificant impact on the bridge reliability.
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Figure 7.49: Probability of failure (Pf) and reliability index (β) as a

function of time for the three cases considering the exhibition of brittle

and ductile behaviour of strands

The results also show that the bridge reliability index when assuming no de-

terioration is 2.81. This value is need to be compared with the target reliability

index (βT ) of RC bridges. The standard CEN (1990) recommends βT = 4.7 for

a one year reference period assuming no deterioration. Hence, by comparing

the obtained reliability index with the target value, the results show that the

bridge did not fulfil the reliability criterion stated in CEN (1990). That means,

the bridge didn’t achieve the safety requirements immediately after construction.

This might be due to the poor design and the poor workmanship (Woodward

and Williams, 1988). The probability of failure after 31 years is around 40% (β

= 0.25) which is high enough to lead to bridge failure. This result is in accor-

dance with BD54/15 (2015) since this standard classified the simply supported
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segmental bridges with longitudinal and transverse joints and pre-stress as high

risk bridges.

Figure 7.49 shows that the reliability index decrease sharply as the corrosion

increases, from 2.81 in the first year to 2.025, 0.978, 0.27, 0.177 and -0.228 for

years 11, 21, 31, 41 and 51 respectively. This reduction is due to the importance

of the uncertainty of the resistance moment which depends on the uncertainty

of corrosion rate (icorr). The influence of the uncertainty of resistance moment

on the bridge reliability is illustrated in Figure 7.50. The figure shows that for

the first few years the weight of MR is small, 0.197 and 0.27 for year 1 and 11

respectively. Therefore, the reliability of the bridge for the first 11 years is rel-

atively high. As corrosion increases, the importance of MR uncertainty increase

and become more significant to reduce the reliability index of the bridge.

After 30 years, the importance of MR uncertainty become almost constant since

most tendons area have been lost and therefore, the corrosion rate has a small

influence on MR. However, the reliability index after 30 years keeps decreasing

because other parameters might have an effect. Figure 7.51 shows the direction

cosines at the design points of the random variables as a function of time. The

figure shows that the uncertainty of θE has the highest weight in the analysis

reaching a value of -0.73 and exhibiting a small reduction of its importance as

the deterioration increase. This is followed by the knife edge load (KEL) and θR

variables in which have a high weight in the analysis, -0.543 and 0.26 respectively.

The influence of the uncertainties associated with the other parameters: perma-

nent load (g), asphalt thickness (ta) and the uniformly distributed load (UDL)

are small since their sensitivity factors are less than 0.2 (Val and Melchers, 1997).

For the spatial analysis, the probability of failure according to the series system

has been estimated, at each joint, using Ditlevsen (1979) bounds. The results

show that considering the correlation between joints does not have any effect on

the probability of failure as shown in Figure 7.52. On the other hand, Stewart
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Figure 7.51: Sensitivity factors α at the design points that give the im-

portance of each random variables for the original case (rate 1)

(2004) found that considering the correlation between segments due to the spatial

variability of pitting corrosion gives a higher probability of failure when compared

with mid-section analysis. However, the obtained results are reasonable because

the values of Pf in joints 1, 2 and 3 are very low compared with the mid joint

(joint 4) as shown in Figure 7.53. This indicates that the failure of the bridge

has been happened at the mid segment.
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Figure 7.52: Probability of failure Pf for a spatial and mid-section anal-

ysis
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Figure 7.53: Comparison of the probability of failure Pf of each joint

7.7 Parametric study

As the degree of corrosion and the reduction in tendons area were estimated

based on sparse data, a parametric study regarding the degree of corrosion was

conducted in this study. The parameters that are related to corrosion are chloride

concentration (C(x, t)), and corrosion rate (icorr).

The chloride concentration can be used to estimate the time to corrosion initiation

(ti) as described in Section 7.2.2. In this study, the time to corrosion initiation,

ti, for the bridge was found to be equal to 0.773 year, which means that corrosion

starts immediately after construction. Hence, there is no worse case than what

has been found to start the corrosion and therefore, chloride concentration was
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not considered in the parametric study.

The parametric study was depended on using different values of corrosion rates to

study the effect of tendons area reduction on bridge reliability. Firstly, reliability

analysis has been repeated with using higher corrosion rate (rate 2) at the three

middle joints (3, 4 and 5) and lower corrosion rate (rate 1) (see Figure 7.54) at the

remaining joints (1, 2, 6 and 7). This assumption is a result of the data in Figure

7.17 showing that the very severe corrosion condition (η > 0.5) is concentrated

in joint 3 rather than the others. This analysis leads to 46% (7/15) of tendons

in joint 3, 4 and 5 suffering very severe corrosion (η > 0.5) while 20% of tendons

have η > 0.25. The results show that the probability of failure is considerably

increased compared with the original analysis, when corrosion rate = rate 1 in all

joints, as shown in Figure 7.55. These results might be more represent the actual

case since the probability of failure is very high (72%) after 32 years.

The method used in this chapter can be used for any identical bridges to give

the decision about the condition of these bridges. Such as, if the bridge need for

maintenance, repair or need to be closed. This can be done by comparing the

estimated reliability index with the target reliability index (βT ). Bridges can be

inspected first to measure how corroded they are, then the probability of failure

can be estimated. If the estimated probability of failure is high, then an actions

need to be taken to reduce corrosion and keep the bridge safe. For instance, if

the considered bridge is under service now, corrosion might be reduced by sealing

the joints to reduce the penetration of chlorides. Accordingly, the probability of

failure can be reduced to 20% and 3% (as shown in Figure 7.55) when reducing

the corrosion rate to rate 3 and rate 4, respectively (Figure 7.54).

The sensitivity analysis shows that the weights of resistance moment increase

as the corrosion rate increases and decrease with decreasing corrosion rate (Fig-

ure 7.56). This means the importance of MR, in case of rate 2, is considerably

higher than the importance of MR in case of rate 1, while rate 3 and rate 4 give

less importance. The weights of MR along the time for each corrosion rate are
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listed in Table 7.6. Figure 7.56 also shows that the weight of MR increases with

Table 7.6: Cosines direction of MR along time for each corrosion rate
considered in this study

αMR

Years 1 11 21 31 41 51
rate 1 0.197 0.302 0.452 0.554 0.555 0.556
rate 2 0.251 0.354 0.568 0.573 0.576 0.576
rate 3 0.106 0.255 0.377 0.517 0.569 0.576
rate 4 0.09 0.126 0.184 0.267 0.297 0.369

the time as the corrosion increases. However, after a period of time the weights

become constant (except for rate 4) since most tendons area has been lost and

therefore, the corrosion rate has a small influence. In rate 4, the weights of MR

keeps increasing along the time because this rate is considerably low compared

with the others and hence, the reduction in area stay significant after 50 years.

MR weight in rate 2 reaches its upper value (0.568) earlier than in rate 1 and rate

3. This means, in rate 2 the upper value of MR weight has been reached after 20

years while in rate 1 and rate 3 the upper value is reached after 30 and 40 years,

respectively. This is reasonable since rate 2 is higher and subsequently, the area

of tendons has been lost earlier. The reduction in Pf for rate 3 and rate 4 was

due to the reduction in weight of MR comparing with rate 1 and rate 2. The

remaining parameters have the same influence as they have for rate 1 and rate 2.

Therefore, it can be concluded that the uncertainty of resistance moment, which

depends mainly on corrosion rate, has a great effect on bridge reliability since its

importance increased with the time as the corrosion increase. The results also

show that after 32 years, corrosion rate was needed to be less than 1 to keep the

bridge safe.
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Figure 7.54: Reduction of corrosion rates with the time used in this study
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Figure 7.55: Probability of failure Pf for different corrosion rates
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Figure 7.56: Direction cosine values of MR with the time for the four

rates considered. The figure shows the influence of MR uncertainty on

reliability analysis
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Figure 7.57: Sensitivity factors α at the design points that gives the

importance of each random variables for the four rates considered
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7.8 Summary

This chapter presented a time-dependent reliability analysis of an existing post-

tensioned concrete bridge. Three case have been considered and compared: i)

assuming no deterioration due to corrosion and bond loss, ii) deterioration due to

corrosion only (assuming full bond), iii) deterioration due to corrosion and bond

loss. For the first two cases, embedded region has been used to represent the full

bond condition while for case 3, connector element with non-linear behaviour has

been used to model the bond degradation due to corrosion.

For deterministic analysis, when assuming the pitting corrosion to be uniformly

distributed, the effect of bond degradation is very significant when corrosion loss

exceeds 27%. However, it has a negligible effect when corrosion level is less than

or equal 27%. In the case of localized corrosion, the effect of bond can be ne-

glected, as, when corrosion loss exceeds 40%, the ultimate load capacity reduces

by 3% comparing with the full bond condition. These results compared well with

experimental works in the literature which indicates that the method applied for

bridge modelling and bond simulating were successfully executed. Furthermore,

considering bond degradation using connector element, in finite element, for PT

concrete beam under flexural load is performed for the first time in this study.

For reliability analysis, the safety margin of the bridge has been assessed in terms

of reliability index β which is quiet low when it was compared with target relia-

bility index for a one year reference period. That means the bridge has not been

appropriately designed and was not achieved the safety requirements at the time

of construction. Therefore, the probability of failure after 31 years was very high

that lead to bridge failure. The fully probabilistic non-linear method that is used

in this study can be successfully used in the assessment of the existing segmental

posttensioned bridges, since they need for a regular inspection due to their risk

to corrosion.
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Chapter 8

Conclusions and

Recommendations

8.1 Summary and main conclusions

In this thesis, the reliability of a deteriorated segmental post-tensioned concrete

bridge is studied. The main aim is to establish a framework to assess the reliabil-

ity of these structures. Post-tensioned concrete bridges are an important element

of the traffic network since they offered many benefits to the economy and the

construction industry of bridges. This is when they behave well throughout their

service life when properly constructed and maintained. However, these struc-

tures could be most at risk due to the presence of joints between segments and

voids within the ducts in which they can increase chloride penetration through

the bridge. Consequently, there is always a need to ensure that these bridges

are properly maintained in a safe and serviceable condition. This can be done

by a periodic on-site inspections to make a clear decision about the condition of

the bridge. However, the results of these inspections are usually poor and have a

high degree of uncertainty due to the incomplete information as it is only possible

to inspect a small sample of ducts. Hence, decision making regarding the exist-

ing segmental post-tensioned concrete bridges is done in UK according BD54/15
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(2015). It is a risk based method, mostly qualitative and based on the exposure

condition and the definition of critical sections followed by inspection and non-

destructive testing. The approach followed in this thesis is similar but tries to

quantify risk using reliability analysis method. Reliability analysis methods are

increasingly used for the evaluation and assessment of risk of concrete structures.

After a short introduction, in Chapter 2 a literature review on structural reli-

ability, focusing the main issues of this topic is presented. This chapter intends

to give the theoretical background about the principles of reliability analysis that

served as the basis of this thesis.

Chapter 3 addresses FORM method 2 as the most appropriate method (as a

branch of FORM method) used in reliability analysis since it can be used for

the complicated performance function (nonlinear limit state function) by using

a Newton-type recursive formula. In addition, FORM method 2 can be used for

the normal and non-normal variables. However, this method is only applicable

for problems with an explicit limit state function. For an implicit limit state

function, MCS is an alternative method, which can be used to estimate the re-

liability of structure. However, this method is not likely to be used in practical

problems since a large number of simulations are required to estimate the reli-

ability of structure and that could be take a very long time to complete. For

such cases, different methods should be used as it has been explained and used

in Chapter 5. In this chapter, the two methods (FORM method 2 and MCS)

have been applied on a simple example of RC beam subjected to corrosion. The

computed reliability index is reduced sharply with the time due to the aggressive

environmental condition considered in this study. The analysis results also show

that ignoring the uncertainty of corrosion rate and area of steel can significantly

reduce the reliability of the beam. The importance of corrosion rate increases

with the increasing of corrosion and consequently increase the probability of fail-

ure. The analysis results also show that ignoring the uncertainties of load and

209



CHAPTER 8. CONCLUSIONS AND RECOMMENDATIONS

resistance model significantly increases the reliability index by 23%. Therefore,

it is very important to consider the load and resistance model uncertainties in

reliability analysis. The reliability indices, of the beam, that have been obtained

from FORM method are very close to that obtained from MCS which indicates

that the two methods have the capability to estimate the reliability of the beam.

In Chapter 4, a numerical models for four RC beams, that were tested exper-

imentally by Barros and Fortes (2005) have been developed. The developed FE

models intended to simulate the nonlinear behaviour of the RC beams using CDP

model to represent the post-cracking behaviour of concrete. A sensitivity analysis

study on the CDP model parameter, viscosity parameter µ, is presented. The

numerical results compare well with the published experimental data by giving a

small differences (less than 10% for the comparison of the ultimate load and the

vertical displacement). These results demonstrate the effectiveness of the CDP

model. For the viscosity parameter sensitivity analysis, the results show a value

between 10−4 and 10−5 gives a good agreement with the experimental results.

This recommended value of viscosity parameter is in a good agreement with the

previous numerical test that has been carried out by Szczecina and Winnicki

(2015).

The developed numerical models allow characterising in a more realistic manner

the RC beams since they consider the full nonlinear behaviour of the beams.

Based on this, a finite element model was used in Chapter 6 to model the ac-

tual behaviour of the bridge in time dependent reliability analysis. However,

using the numerical model is computationally more expensive especially when

it is used with time dependent reliability analysis because of the high number

of runs needed for each iteration. Based on this, in Chapter 5, a new method

which depends on the connection between MATLAB and ABAQUS Python script

file has been exploited to reduce the time required for reliability analysis by au-

tomating the processing. This method is used in conjunction with HPC to apply

time dependent reliability analysis on a deteriorated simply supported RC beam.
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Two methods have been used to estimate the reliability of the beam: i) MCS

with FORM and ii) ANN-based FORM. The two methods have been successfully

estimated the reliability of the beam and they show a good agreement with a

very small difference (0.0029%) between them. The results also show that the

effect of corrosion was very significant on the ultimate and flexural capacity of

the beam. The percentage reduction in ultimate capacity were in accordance

with the findings of Malumbela et al. (2010) in which they found that for every

1% maximum mass loss of steel there was a corresponding 0.7% reduction in the

ultimate capacity of the beam.

The most important parameter for the analysis are traffic loads, followed by

model uncertainties. This means that a correct definition of traffic load CoV is

fundamental since it can drastically impact results. The weight of the resistance

moment increased with the time as the corrosion increase.

The method used in this chapter shows its applicability and efficiency to automate

the repetitive tasks which can help to simplify the analysis, generate a multiple

simulations easily and minimize the time.

In Chapter 7, this method is used to assess the reliability of the Ynys-y-Gwas

bridge. The numerical model of the bridge, in Chapter 6, depended on data from

the bridge produced when its failure was investigated (Woodward and Williams,

1988) in terms of geometry, material properties and corrosion level. The numeri-

cal model considers the tendon corrosion by reducing the area of tendon near the

joints. The area reduction with time depended on several parameters: the corro-

sion rate, time to corrosion initiation and pitting factor. These parameters were

calculated according to the bridge chloride concentrations, near the joints, at the

time of failure as it has been recorded in Woodward and Williams (1988). The

estimated time to corrosion initiation was very small (0.773 years) which means

it was likely that corrosion attacked the bridge immediately after construction.

The effect of bond degradation due to corrosion is considered (for the first time

in PT bridges under flexural loading) in the numerical model using connector

element. The improved constitutive law (Wang et al., 2016) of bond-slip between
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concrete and strands has been used to represent the behaviour of connector ele-

ment.

For deterministic analysis, the results allow the conclusion that the connector el-

ement successfully represents deterioration of bond since there was a good agree-

ment between the mathematical input and output behaviour. Furthermore, good

agreement between the obtained and experimental results, presented by Zhang

et al. (2017) was also found.

The time dependent reliability analysis considers the tendons corrosion by using

existing analytical model to account for the temporal variation of tendons area

reduction. For reliability analysis, the initial reliability index is lower than the

Eurocode 2 (CEN, 1990) requirements. Localized corrosion reduced the reliabil-

ity index to nearly zero (0.27) in a period of 30 years which represent the time of

failure.

The knife edge load and the resistance model uncertainties are the most impor-

tant variables for this analysis. The importance of the knife edge load reduces

with corrosion, whereas resistance moment increases its weight. The sensitiv-

ity analysis also shows that the importance of the resistance moment is highly

affected by increasing and decreasing the amount of corrosion while the other

variables have the same influence. This indicates the influence of corrosion on

bridge reliability.

All the above creates a framework to assess the reliability of segmental post-

tensioned concrete bridges. This means that the main aim of this thesis has been

achieved. The proposed framework can be used by engineers and researchers

as a tool to support decision for segmental PT bridges maintenance since they

need for a regular inspection due to their risk to corrosion. This can be done by

comparing the estimated reliability index with the target reliability index (βT ).
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8.2 Recommendations for future work

During the research some areas were identified that required for further study

to provide more accurate characterisation manner of the PT concrete bridges.

Among those, the most significant ones include the usage of the uniform capacity

length which represents the length of steel element in which localized corrosion

will have a harmful effect on structural capacity. This length is very important be-

cause it can simulate the extent of pitting corrosion along the steel. In this thesis,

this length did not represent the actual extent of pitting corrosion along tendons,

due to numerical convergence problems. Therefore, addressing this problem is of

great interest for future research in reliability analysis.

Moreover, flexural was the only failure mode considered in this study. Neverthe-

less, the shear failure mode was also has a small contribution to bridge failure.

Applying reliability analysis, using numerical model, with this failure mode is of

great necessity for further study.

Further numerical work should be conducted considering the effect of voids in

post-tensioning ducts on the corrosion of the tendons. The presence of voids in-

side the ducts can accelerate the corrosion of strands resulting in tendon failure

and subsequently the reliability of structures. Additionally, consideration should

be given to the effect of the climate change on accelerating the corrosion in seg-

mental post-tensioned concrete bridges. The environmental change is mainly

influenced by the climate change caused by the global warming and pollution.

Rising temperature will increase the rates of corrosion and subsequently decrease

the reliability of structures.
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