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Abstract

The roots of a plant play a vital role in its growth and development, but due

to practical difficulties of observing underground roots, the study of their

shape has long been neglected. Recent advances in CT imaging technology

have allowed for accurate non-destructive imaging of root systems in soil.

This technique has formed the basis of the FutureRoots project.

The main challenge with analysing the shape of a plant root system is

that they have varying topological structure, so traditional shape analysis

methods cannot be applied.

In this thesis, we develop three approaches for analysing wheat root sys-

tems.

The first approach involves measuring a set of pre-chosen root traits, and

analysing this set using conventional statistical methods. This approach

is effective but may miss potentially important shape information and the

large number of measurable traits reduces the potential power of statistical

tests.

The second approach is to perform pairwise comparisons based on the

Hausdorff Metric and use Multidimensional scaling to reduce a large set of

pairwise comparisons to a dataset which can be analysed with conventional

statistical methods. This approach can detect and test for overall shape

differences but can fail to detect subtle differences.

The third approach is to apply the Persistent Homology technique from

Topological Data Analysis, which is designed to find underlying topological

differences between two shapes. This method successfully finds differences

but it is difficult to interpret the results.

We will apply these three techniques to simulated data and a real life

dataset.
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In addition, because of experimental considerations, the wheat roots had

to be unnaturally constrained to a small area so we have developed a method

to estimate how they would have grown unconstrained.
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1
I N T R O D U C T I O N

1.1 root shapes

In this thesis we will be exploring methods for analysing the shape and

structure of root systems belonging to wheat plants.

Wheat has been a staple food for much of the world throughout history,

and is vital to supporting the ever growing population of the world. In the

middle of the 20th Century, in response to a predicted food crisis, Norman

Burlaug and others worked to develop new varieties of wheat and rice that

had a higher yield and were resistant to disease. These initiatives, later

termed the ”Green Revolution”, have allowed food production to keep pace

with population (Lynch, 2007).

Despite their success, there were drawbacks to the crop varieties pro-

duced by the Green Revolution. They were designed to be grown in soil

that was highly fertilised and well irrigated, which is unfortunately not the

case in many developing countries. Low fertility and drought have had

detrimental effects on the yield of these plants, that have offset the gains

made by the Green Revolution. There is a need to develop new varieties of

crops that are drought resistant and can produce a high yield even in low

fertility soil. (Den Herder et al., 2010).

The Green Revolution primarily focused on improving ”Shoot biomass”

and ”Seed Yield”, which are both ”above ground” traits of plants that are

easily observed. Traits that were ”below ground” such as the roots and their
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1.2 cpib future roots project

ability to draw nutrients and water from the soil were much more difficult

to measure and had to be ignored.

Measuring traits of the roots within the soil is a difficult problem. Soil

is typically dense, opaque and the deeper sections are compacted by the

weight of the soil above. Additionally, the roots of wheat plants are very

thin and delicate, so even a slight disturbance of the soil can break them,

potentially killing the plant. Analysing roots non-destructively has not been

possible until recently.

1.2 cpib future roots project

The Future Roots project is an ERC-funded project based at the ”Centre

for Plant Integrative Biology” (CPIB) in the University of Nottingham. It

was created to analyse the root systems of plants using non-invasive x-ray

techniques (Mairhofer et al., 2013). Its goal is to analyse the root systems

of wheat and other crops in order to understand and improve their perfor-

mance in drought conditions and other hostile environmental conditions.

The major issue in analysing the root systems of plants is that it is very

difficult to observe them in a way that is not destructive. Plant roots are

delicate and removing them from soil will disrupt their structure and likely

kill the plant.

The Future Roots project aims to non-invasively image plant root systems

using a CT scanner in order to detect the location of plant roots in soil. This

produces cross-sectional views of the soil, an example of which can be seen

in Figure 1. The images of the soil are then analysed to track the growth of

the roots from the plant stem, as seen is Figure 2.

In addition, the Future Roots project has developed a state of the art

automated greenhouse that can grow, monitor and scan plants on a day-to-

day basis. This is being used to run experiments to identify phenotypes

and eventually help improve growth in plant strains. The project will be

10



1.2 cpib future roots project

Figure 1: Cross-section CT scan of a soil column.

Figure 2: The same soil column in Figure 1, with pixels that likely contain
roots marked in white. The roots are small and difficult to see in
the noise of the soil.
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1.2 cpib future roots project

primarily concerned with wheat. For a visual example of a wheat plant’s

root system see Figures 3 and 4.

Figure 3: Plot of a root system from the Savannah line grown in high nitrate
soil.

1.2.1 Growth Paper Method

In addition to the 3D datasets created by scanned soil columns, we have

a collection of 2D scans of plants that have been created using a ”growth

paper” method. In this method, plants are grown on a paper that contains

water and nutrients and is designed to simulate a soil medium. The plant

roots are constrained to only grow along the paper in a single flat plane.

Once grown, the plants can be easily photographed and their root structure

extracted using image analysis. While the focus of this thesis will be on

analysing the 3D root systems, many of the methods used can be applied to

2D root systems as well, with some possible modification.
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1.3 thesis overview

Figure 4: Plot of a root system from the Rialto line grown in low nitrate soil.

1.3 thesis overview

We’ll now give a brief overview of the thesis and the contents of each chap-

ter.

• Literature Review

This gives background information on the biological and statistical

techniques that we will be using in this Thesis. The sections on the

Hausdorff distance (Section 2.8) and Topological Data Analysis (Sec-

tion 2.9) will both be used extensively during our thesis.

• Root Systems

Here we describe the root systems that we have scanned and how they

are structured. We will outline the approach that we will be using to

analyse these root systems.

We also describe an algorithm for ’unravelling’ roots that have been

unnaturally constrained by the columns in which they were grown.

13



1.3 thesis overview

• Analysis of Measured Traits

Here we will use our first approach which is to measure ’traits’ from

our root system. This approach is the conventional approach that biol-

ogists will use to analyse roots.

• Pairwise Distance Analysis

Here we will describe our second approach, which is to use metrics

to identify pair-wise shape differences between pairs of root systems.

This approach is much more flexible than using simple traits in that it

can handle differences in structure much more easily.

• Topological Data Analysis

Here we will describe our third approach, which is based on the ’Per-

sistent Homology’ technique from Topological Data Analysis. This

method transforms the data to a new form that emphasises the topo-

logical features in an object and de-emphasises geometric features.

• Simulated Study

In this chapter we apply our methods to a large simulated dataset, to

see how our approaches are able to identify differences between differ-

ent sets of root systems and how well they fail to identify differences

between root systems if no underlying differences exist. We will also

use this data to calibrate parameters of the Multi-dimensinal Scaling

(MDS) method that we need for two of these approaches.

• Practical Dataset

In this chapter we will apply our approaches to a real world dataset

provided by the Future Roots program, testing for significant relation-

ships with Irrigation and Genotype, and attempting to interpret the

results.

• Conclusion and Further Work

14



1.3 thesis overview

Here we summarise our work and present potential avenues for future

research.
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2
L I T E R AT U R E R E V I E W

2.1 biological background

2.1.1 Terminology

When referring to root system, it is important to realize that there is a tech-

nical distinction between an ”individual root” and a ”root system”. A ”root

system” refers to all of the roots that belong to an individual plant, whereas

a ”root” is just a single unbroken part of that.

”Primary roots” are large roots that are first grown by the plant in order

to anchor itself into the soil. In wheat these will be larger than other roots

and do not split into multiple primary roots (although they will grow small

offshoots).

”Lateral roots” are the offshoot roots that grow off the primary ones. In

wheat these will be much smaller than the main root.

”Line” is the technical way of referring to plants with the same genetics.

Two plants belonging to the same line are genetic clones of each other.

16



2.2 shape analysis

2.2 shape analysis

Shape Analysis, a relatively new topic in mathematics, is the study and com-

parison of geometric shapes from various populations (e.g. the skull shapes

of males and females from a gorilla species). Using shape analysis one can

determine whether any differences found are significant and outside the

variation expected by random chance (Dryden and Mardia, 1998).

Shape Analysis for the most part is focused on situations where the gen-

eral structure or topology of the shape is assumed to be fixed, for example

facial recognition where each person is expected to have two eyes, two ears,

one nose, etc. with variations in size, location and orientation of the various

features. This assumption is not true when comparing the shapes of root

systems, since typically these will have different numbers of roots arranged

in different structures. This means that a lot of conventional methods and

results will not be applicable to our analysis.

2.2.1 Procrustes Analysis

Procrustes analysis is a simple shape analysis method that uses ’landmarks’

to quantify and analyse a shape. First we determine a set of k landmarks

that correspond to common, unambiguous, identifiable points on the ob-

jects. We can then use the sum of squares of the differences between com-

mon shape points on the two objects as a squared distance measure. How-

ever this is not enough on it is own as the distances are affected by rotation,

scale and translation.

The idea of Procrustes is to rotate/scale/translate one shape to super-

impose onto the other to create the best match possible (i.e. minimise the

geometric distances between them). Once that is done, the distance between

the two superimposed shapes is called the Procrustes distance and that is

used for calculation.

17



2.2 shape analysis

Depending on the scenario you may consider ’scale’ to be a significant

difference. This is certainly true for analysing roots, as the size of the roots

will affect the amount of energy needed to grow them as well as the amount

of water and nutrients the roots can find. In this case, you simply to do not

correct for scale when matching the two object shapes.

For 2D shapes, the Procrustes mathematical model is each of the two

shapes has a ’configuration’ of landmarks, y = (y1, . . . , yk)
′ and w = (w1, . . . , wk)

′,

where each is a vector in the k-dimensional complex space, Ck. These vec-

tors are assumed to be centred, i.e. y∗1k = w∗1k = 0.

We wish to match w onto y. This can be done using ’complex linear

regression’ to find the transformation that best matches the two together.

The complex regression model is expressed as

y = (a + ib)1k + [β exp iθ]w + ε, (1)

where a + ib is a constant term, θ and β are rotation/scale parameters, and

ε is the error term. This can be simplified to

y = XD A + ε. (2)

Our goal is to minimise the sum of squares of the error terms

D2(y, w) = ε∗ε, (3)

where A = (a + ib, β exp iθ) is the similarity transformation parameter, and

is designed to eliminate rotation and scale. However, we can choose to fix

β = 1 to only eliminate rotation.

We will not be able use Procrustes Analysis here (or any shape method

that uses landmarks) as there is not a fixed set of landmarks that can be

made for root systems due to the varying number of roots.

18



2.3 multidimensional scaling

2.3 multidimensional scaling

We have several options for evaluating pairwise distances between two ob-

jects, allowing us to build a distance matrix representation of a dataset.

However this information is not in a form that will be practical to analyse.

The underlying space is complex and non-Euclidean while most statistical

techniques assume the data is in a nice Euclidean space.

Multidimensional Scaling (MDS) allows us to take a set of objects with

known distances, and convert them to points within a vector space that

have distances that closely match the original objects (Mardia et al., 1979).

More formally, we have k objects on which a distance function δi,j between

the ith and jth objects is defined. We can produce a dissimilarity matrix ∆

with each of these distances,

∆ =


δ1,1 δ1,2 · · · δ1,k

δ2,1 δ2,2 · · · δ2,k
...

...
...

δk,1 δk,2 · · · δk,k

 . (4)

Our goal therefore is to create a vector {x1, . . . , xk} in Rk that minimises,

min
x1,...,xk

∑
i<j

(‖xi − xj‖−δi,j)2. (5)

where ‖·‖ is a vector norm.

For this report, we will be only considering the classical MDS methods,

that define ‖·‖ as the standard Euclidean metric. The classical MDS is a form

of Principal Component Analysis, in that if the distances, δi,j, are Euclidean

then MDS is equivalent to PCA.

To perform classical MDS on an n by n distance matrix D, with k dimen-

sions,

1. Calculate the squared distance matrix D(2) = [d2
i,j].

19



2.4 linear discriminant analysis

2. Apply ’Double centring’, B = −1
2 JD(2) J, where J is the centring matrix,

J = I − 1
n 11′.

3. Our matrix of MDS components is then, X = EkΛ1/2
k , where Ek is the

matrix of eigenvectors and Λk is the diagonal matrix of k eigenvalues

of B.

2.4 linear discriminant analysis

For our methods we will be using several categorical variables, and we will

wish to examine how the numerical variables relate to them, and try to

predict what effects changing those numerical variables will have.

Linear Discriminant Analysis (LDA) is a method for classifying data into

categories (Friedman et al., 2001). For the classic version, it uses a linear

combination of variables to create a discriminator function. The sample

is classified into one of two classes depending on whether the classifier is

greater than a given threshold.

This method can be further extended into multiple variables, where each

class has a linear discriminator function associated with it and a sample can

assigned to the class whose function gives the highest value.

Our primary goal is to ensure a high classification rate (i.e. samples are

correctly assigned to their actual class).

One issue with LDA is that it is prone to ’over-fitting’. If a dataset is used

to ’train’ the classifier, then using the same dataset to ’test’ how well the

classifier performs will give misleading results. It is advisable to split the

dataset into a separate ”training”/”testing” sets, or alternatively, use cross-

validation to leave out the sample being tested from the calculation, and

repeat for all samples to get an overall rate.
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2.5 generalized linear model

2.5 generalized linear model

The generalized linear model (GLM) is a generalization of the concept of

linear models to support a wider range of distributions on observed values

(Madsen and Thyregod, 2011).

We will primarily be using it to model binary response variables, how-

ever it can support any distribution from the exponential dispersion family,

whose probability density takes the form,

fY(y; θ) = c(y, λ) exp
(

θTT(y)− A(θ)
d(λ)

)
, (6)

where λ is a known precision parameter, θ is a parameter related to the

mean of the distribution. This family contains many common distributions

including the ’normal distribution’ and ’binomial distribution’.

The model states that Y1, Y2, . . . , Yn are mutually independent observa-

tions whose density is an exponential dispersion model with the same vari-

ance function, V(µ). In addition, we have a data matrix of n variables X and

coefficients β, which create a linear predictor η = Xβ.

We can relate our linear predictor to our canonical parameter θ using a

link function g,

η = g(µ). (7)

This link function is different for each exponential distribution, and depends

on T(y), d(λ) and A(θ).

For the binomial model, the link function is g(µ) = ln
(

µ
1−µ

)
and the

variance function is V(µ) = µ(1− µ). The fitted value, p̂i = µ̂i = g−1(Xi β̂),

will be the estimated ’priori probability that the entry i is 1 (and not 0)’.

The model supports the Akaike Information Criterion (AIC), which we

will use to measure the ’quality’ of the fit and remove redundant variables.

(Fox, 2000). The AIC is calculated using the maximum value of the likeli-
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hood function L for a particular fit and the number of parameters k. We

wish to minimize,

AIC = 2k− 2 ln(L). (8)

This criterion provides a trade-off between a model’s ’goodness-of-fit’ and

its complexity.

2.6 angular statistics

One question that is of interest to the CPIB project is to see if individual

roots have a preferred angle that they wish to grow in, or if the roots grow

in a random uniform pattern. We will be using angular statistics to test

this.

2.6.1 Simple Statistics

Mean Direction

Let Xi, i = 1 . . . n be a sample of unit vectors from a (p − 1)-dimensional

hyper sphere and define,

Ŝ =
1
n

n

∑
i=1

Xi. (9)

Let |.| denote the vector norm, |v|=
√

vT v. If |Ŝ|> 0, the mean direction

of the sample is represented as

X̄ =
Ŝ
|Ŝ|

. (10)

If |Ŝ|= 0, then the mean direction of the sample is undefined.

An important quantity is the resultant length, R̄ where,

R̄ =
∣∣Ŝ∣∣ , (11)
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2.6 angular statistics

which can be used as a simple measure of concentration.

Von Mises-Fisher Distribution

The Von-Mises-Fisher distribution is a simple uni modal distribution for use

on the p− 1 hypersphere (Mardia and Jupp, 2009).

It has a mean direction parameter µ, concentration parameter κ ≥ 0 and

density,

f (x, µ, κ) = Cp(κ) exp(κµT x), (12)

where,

Cp(κ) =
κp/2−1

(2π)p/2 Ip/2−1(κ)
, (13)

and Iv is the modified Bessel function of the first kind at order v.

If the concentration parameter, κ = 0, then f (x, µ, κ) = 1/2π, and the data

is uniformly distributed (regardless of the value of µ).

Estimating parameters

Define,

Ap(κ) =
Ip/2(κ)

Ip/2−1(κ)
. (14)

Then given a sample (x1, x2, . . . , xn) from a vMF distribution with param-

eters µ and κ, then the MLE for the two parameters are given by,

µ̂ = ∑n
i=1 xi

|∑n
i=1 xi|

, (15)

and,

κ̂ = A−1
p (R̄). (16)

κ̂ is well-defined because Ap(·) is known to be monotonic.
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2.6.2 Tests for Uniformity

Rayleigh Test

The Rayleigh Test assumes that the data is distributed with a von-Mises-

Fisher distribution, and tests for the κ parameter being zero. Formally we

consider the hypothesis,

H0 : κ = 0 (17)

H1 : κ > 0 (18)

When κ = 0 the expected value of S defined in Equation 9 is equal to

E(S) = 0. This is equivalent to E(R̄) = 0. The test statistic for this is,

T = npR̄2, (19)

where the distribution of T is,

T ∼ χ2(p) (20)

The test does have a problem however when the assumption that the data

is von-Mises-Fisher distributed is violated. A non-uniform multi-modal dis-

tribution can have R̄ = 0 naturally, which this test will fail to reject.

Kuiper’s Test

Given a simple two-dimensional angular data, we can use the Kuiper’s test

to test for uniformity since this test is invariant under circular distributions.

Given a sample of n angles from an angular distribution (θ1, θ2, . . . , θn)

zi = F(θi), (21)
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2.7 combining the results of hypothesis tests

D+ = max
i

[i/n− zi]D− = max
i

[(i− 1)/n− zi] (22)

V = D+ + D− (23)

This test is non-parametric which means it is inherently less powerful

than the Rayleigh test will be when its assumptions are met. However given

that the Rayleigh’s assumption of uni-modality may not be reliably met in

all settings it is a useful tool to have.

Multiple subsets with different means

We will be dealing with plants that have been scanned at different angles to

each other. We plan on getting a set of angle data from each one, and we

want to test if these angles are uniformly distributed overall.

However, each plant has a different general orientation that is randomly

distributed and is convoluted with our data. This means that we will need

to compensate for this effect.

If we assume that each of the angles from each root comes from a von

Mises-Fisher distribution (vMF) with a common concentration parameter, κ,

but different location parameters, µ, our model is

xi,j ∼ vMF(µi, κ), (24)

where xi,j is the angle j from subset i, i = 1 . . . N, N is the number of subsets,

j = 1 . . . ni, ni is the number of angles in subset i.

2.7 combining the results of hypothesis tests

When performing a hypothesis test, a rejection threshold is chosen for the

p-value that will minimize the probability of a false negative/positive (and

25



2.7 combining the results of hypothesis tests

trade off between them). However this calculation is based on the assump-

tion that only a single hypothesis test is performed.

When multiple hypothesis tests are performed, the chances that at least

one of these tests will be below the given threshold increases with the num-

ber of tests performed. Given n independent tests with the same prob-

ability of Type-1 error, α, then when each of the null hypotheses are true,

P(At least one Type-1 error) = 1− (1− P(Type-1 error))n = 1− (1− α)n,

(25)

which means that the chances of a Type-1 error will increase quickly with

the number of tests, n. When doing a large amount of comparisons, we will

need to compensate for this effect.

A simple way is to reduce the p-value threshold to reduce the chance of

a Type-1 error to be reasonable. We can do this by inverting equation 25.

This can be used to create a new acceptance value for p-values, α′,

α′ = 1− (1− α)
1
n . (26)

As n increases, α′ will asymptotically converge to,

α′ = − ln(1− α)
n

. (27)

Fisher’s Method

Fisher’s method combines multiple hypothesis test p-values into a large

meta hypothesis test. If we combine a large amount of tests and it fails

to reject the null hypothesis, then we rule out any individual hypothesis

rejections that occur.
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For k hypothesis tests, where the p-value of the ith hypothesis is pi, the

test statistic T is calculated as

T = −2
k

∑
i=1

ln(pi), (28)

where T is χ2 distributed as

T ∼ χ2(2k). (29)

Holm-Bonferroni method

One disadvantage to Fisher’s method is that it is an ’all or nothing’ ap-

proach. It is very possible that of the tests that are classified significant,

only some of them are ’false positives’, and thus a more nuanced method is

required.

There are multiple methods for dealing with this problem, depending on

the assumptions you can make about the results and how strict or lenient

you wish to be. For this project we are using the Holm-Bonferroni method,

which does not require the results to be independent and ensures the prob-

ability of a type-1 error is at most α.

Let H1, . . . , Hn be a family of n hypothesis tests and p1, . . . , pn their cor-

responding p values. We order the hypothesis tests by their p-value from

lowest to highest, signified by H(1), . . . , H(n) and p(1), . . . , p(n).

For a given significance level α, we then find the first index k such that,

p(k) >
α

n + 1− k
, (30)

we then reject any hypothesis test Hi where i < k. If none of the hypothesis

tests satisfy the requirement then we reject all the given hypotheses.

We can alternatively create an adjusted p-value for the hypothesis tests,

p∗(i) = min
[

max
j≤i

{
(n + 1− j)p(j)

}
, 1
]

, (31)
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then we can reject any hypothesis test H(i) where p∗(i) < α and this result

will be the same as the previous method.

2.8 hausdorff distance metric

The Hausdorff distance is a standard way of defining a metric on subsets of

a metric space (Henrikson, 1999). Given a space S with a metric d, we can

create a new metric dH that acts on subsets of S.

A metric is a generalization of the notion of distance, and is defined to

be a function d : S× S → < that satisfies the following properties (Burago

et al., 2001).

For any x, y, z ∈ S,

1. d(x, y) ≥ 0

2. d(x, y) = 0 =⇒ x = y

3. d(x, y) = d(y, x)

4. d(x, z) ≤ d(x, y) + d(y, z)

Given two non-empty subsets X and Y , we can define dH as,

dH(X , Y) = max

{
sup
x∈X

m(x, Y), sup
y∈Y

m(y, X)

}
, (32)

where m(x, Y) is given by,

m(x, Y) = inf
y∈Y

d(x, y). (33)

The Hausdorff metric is the ”largest distance between an element of one

set to its closest neighbour in the other set”, or in simpler terms, the worst-

’best distance’ between our two subsets.

The Hausdorff metric provides a very natural way of extending a metric

that measures distance between objects to measure distances between sets
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of those objects. It has been widely used in Image Analysis to match ob-

ject shapes (see Dubuisson and Jain (1994) and Charpiat et al. (2005) for

examples).

There are several advantages to the Hausdorff metric.

• The Hausdorff metric satisfies the triangle inequality, which is useful

property for many algorithms such as clustering.

• If the underlying metric space has the properties of being complete

(every Cauchy sequence has a limit) or totally bounded (the space

can be covered using a finite collection of open spheres of arbitrary

size ε), then the induced Hausdorff metric space will also have these

properties.

• Since the Hausdorff distance measures the most extreme difference

and discards smaller ones, it is resilient to noise, which makes it ideal

for doing image matching on photos which commonly have some

amount of noise.

• The construction of the metric does not rely on arbitrary assumptions

about the underlying space. There are infinitely many ways of measur-

ing distances between sets that we could use and, simply by random

chance, some will give false positives. Since the Hausdorff distance s

There is a major disadvantage to this approach however, while the Haus-

dorff metric’s focus on the largest difference makes it resilient to noise, it

is still discarding information. Smaller differences are ignored by the Haus-

dorff metric, as long as there is a larger difference, and these small differ-

ences may be important factors.

We will be using the Hausdorff distance metric, as well as a modified

version, in Chapter 5.
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2.9 topological data analysis

2.9 topological data analysis

2.9.1 Introduction

Topological Data Analysis (TDA) is a statistical shape analysis method that

focuses more on topological features of the shape, rather than geometric

features. This relatively new area of statistics uses a variety of mathematical

methods that have been developed in recent years (Carlsson, 2009).

Topological Data Analysis has been used to analyse connections and

shapes in a variety of different areas. Here are a few examples of how

the TDA methods have been applied.

• Neurons in the brains neural network. The process was able to detecte

previously unknown structure features, specifically that in response to

stimuli the brain forms a large number of ’cliques of neurons bound

within cavities’ (Reimann et al., 2017).

• DNA of various forms of breast cancer. Connections between differ-

ent cancer types were formed using cluster analysis, and these connec-

tions were analysed for their relationship to survivability and other

factors. The analysis identified a previously unknown sub-group of

cancers with a common DNA mutation, that gave patients a 100% sur-

vival rate (Nicolau et al., 2011).

• Performance of NBA basketball players. TDA was able to classify the

behaviour of players into 13 distinct classifications, rather than the

traditional 5 positions that were previously thought of in basketball

(Lum et al., 2013).

• Movements of swarms of insects. Each ’frame’ of movement was anal-

ysed to examine how the topology of connections between ’close’ in-

sects changed over time. This approach was able to identify several

features that were difficult to detect by eye. (Topaz et al., 2015).
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Normally in most statistical methods, the topology of the sample space

is assumed to be known and fixed, or at the very least any differences are

eliminated or ignored. In Biology, analysis usually relies on statistics and

metrics related to a subject (e.g. height, weight, etc.) to allow comparisons

between them.

In Topology, the notion of metrics and ’distance’ is replaced with a more

generalized concept of ’connectedness’, where each point has a local neigh-

bourhood set that it is connected to. This means that a lot of information

and distinctiveness is lost from the data (e.g. famously, a tea cup and a

doughnut have the same topology since they both are ’solid objects with

a single hole’), however this does allow analysis between vastly different

structures.

Most importantly, it allows for the detection of structure differences at

all scales. This will be important in our application of root shape analysis,

since there will often be many smaller lateral roots that might otherwise be

ignored.

The TDA methods we will be using are based around the concept of

”Persistent Homology”. Since persistent homology draws upon some very

advanced methods in topology, we will first give a simplified version that

skips over a lot of detail but gives an outline of the method.

2.9.2 A Simplified Explanation of Persistent Homology

Persistent Homology is a statistical analytical method designed to identify

’topological features’ within a random dataset. ’Topological features’ refers

to any feature that would make a structure or shape topologically distinct,

including connected structures and holes.

There are many different types of data for which the method can apply

but usually the data will be a point cloud of discrete points, along with

some metric for measuring the distances between them. The problem with

analysing such a dataset is that discrete points have a trivial topology (noth-
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ing is ’connected’), so we assume the point cloud is a partial random obser-

vation of an underlying connected structure with a non-trivial topology. It

is this underlying structure that we wish to analyse.

So we are assuming that there are connections between the points in our

point cloud, but they are not observable. So we have to infer what these

connections may have been using some rule, and create new connections in

our dataset.

Figure 5: An example point cloud, with connections filled in on the right.
The connections are made if the distance between two points is
less than d.

A simple example of such a rule would be to join two points if the distance

between them is less than a given distance d. An example is shown in Figure

5, where a point cloud appears to form in a circle, and we join any two

points that are closer than d.

We can now use homology to find all the connected components and

holes within our new connected point cloud. Looking at Fig 5 again, we

can see a large central ’hole’ is present (likely representing the hole of the

underlying circle structure), but there are a lot of smaller holes in the cir-

cle boundary. These smaller holes are caused by the points not being in

perfectly spaced or in straight lines, and most importantly, they are not fea-

tures within the underlying circle structure and are ’noise’. So we need to

adjust our initial rule so that they can be filled in.
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We adjust our rule so that now if any set of k points are all pairwise

closer than our distance threshold d, then they are filled in with a k-simplex

(which means that all of the area between the k points is connected). So if a

hole is small then it will be filled in. Using this, a lot of the small holes in

Figure 6 are all filled in, while the larger central hole is left untouched. This

method of joining together subsets, when all points are pairwise within a

given distance, is the basis for the Veitoris-Rips complex.

Figure 6: The Veitoris-Rips complex of the point cloud in Figure 5, when d =
1. Holes are filled in if their longest side is less than d. Filled holes
have been colored with a transparent shade of blue, more intense
shades of blue simply signifies there are multiple filled triangles
overlaid.

This method worked well for the example in Fig 5, but there is a problem,

that is the choice of value for d. If d is too low, a lot of points will be dis-

connected that should not be, and some insignificant holes will not be filled

in (see Figure 7). If d is too large, then all points within the original point

clouds convex hull will be connected into a single object and the topology

is trivial (see Figure 8). The natural question we might ask is ”what value

of d should we use?”, but unfortunately one single value of d is not enough.

The problem is if the underlying structure has multiple holes of different

sizes or multiple disconnected components at different distances, the opti-

mal d required to properly detect any one of these given features may be

different depending on the scale of the feature. It may also be that no single

value of d will identify all relevant topological features.
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Figure 7: The Veitoris-Rips complex of the point cloud in Figure 5, when d
= 0.3. The main central ’hole’ is missing, and there are multiple
disconnected components.

Figure 8: The Veitoris-Rips complex of the point cloud in Figure 5, when d
is arbitrarily large. The structure has become the convex hull of
the original dataset, with every point within connected.
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filtrations Instead of choosing a single value for d, we instead vary

the value of d from 0 to ∞. This creates a sequence of connected data sets,

which we call a ’Filtration’. The filtration forms the basis for persistent ho-

mology and can be created in numerous ways. We can see how the filtration

for our example builds in Figure 9.

The filtration is a function that maps a real valued parameter (called the

’time parameter’) to a connected version of our original dataset. A key

requirement is that as the time parameter increases, the set will only become

more connected (or stay the same). As the time parameter tends to ∞, all

points and components will become connected.

Figure 9: A sample from the filtration of the point cloud in Figure 5, with d
varying from 0 to 2.5.
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persistent homology So as filtrations ’time parameter’ grows, topo-

logical holes will appear at various points, but then disappear at later points

as the point cloud becomes more connected. We can track these holes as

they appear and disappear, to get a ’birth time’ and ’death time’ for each

of these features. This collection of ’birth/death times’ is the transformed

version of the data that TDA analyses, and is called a Barcode diagram (or

alternatively a ’Persistence Diagram’).

The plot of the persistence diagram for our example is shown in Figure

10. Each feature is plotted as a horizontal line that extends from the ’birth

time’ to its ’death time’ (which are measured on the horizontal axis). The

vertical order of the lines is arbitrary, in this thesis they will be ordered in

ascending ’total time’. The total time of the feature is how long it ’persists’

for, and is considered to be a measure of how ’significant’ a given feature

is. In our example barcode, there is one ’large’ hole that persists for a long

time and corresponds to the hole in the underlying circle, and two ’small’

holes that do not persist for very long and are ’noise’.

The most important property of the barcodes is that they are stable (Cohen-

Steiner et al., 2007). In other words, small changes in the original dataset

will only result in small changes in the resulting barcode.

Figure 10: The barcode representation of the ’holes’ found by Persistent Ho-
mology of the point cloud in Figure 5

In our example we only looked at 2D ’holes’ but we can also include

the ’connected components’ in our barchart (see Figure 11). Each of these

corresponds to a discrete point in our point cloud and all start at the 0 time,

since in our initial point cloud, each point is a ’connected component’ on its
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own. The ’death time’ of connected components is when it becomes merged

with another ’larger’ connected component. The longest bar at the bottom

corresponds to a discrete point that is present at the 0 time and, as it grows,

it merges with all the other points and become the single largest connected

component. This bar is infinite in length, since the component has no death

time, but by convention is drawn truncated.

Figure 11: The barcode representation of all the ’connected components’
and ’holes’ found by performing Persistent Homology on the
point cloud in Figure 5.

2.9.3 A technical overview of Persistent Homology

For our simplified explanation we have glossed over several important con-

cepts.
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Simplicial Complexes

The first concept is that of Simplicial Complexes. These are what we use to

represent our point cloud and the connections between the points.

simplexes A k-simplex is the mathematical extension of the notion of a

triangle to arbitrary dimensions. A k-simplex comprising of k+1 points, and

these points are ’affinely independent’ (which ensures the object is not ’flat’

from some perspective). The interpretation of the low-dimension simplices

is very simple. A 0-simplex is a single point, a 1-simplex is a line-segment

between two points, a 2-simplex is a triangle and a 3-simplex is a tetrahe-

dron. An (n+1)-dimensional simplex is represented as [v0, v1, . . . , vn], where

the vi’s are the points that the simplex connects to.

A k-simplex has k + 1 ’faces’ which are (k − 1)-simplices, which are the

original simplex but with a different point removed. So a tetrahedron has

four triangles as its faces, each triangle has three line segments as its faces

and each line segment has two points as its faces.

orientation Normally simplexes do not have an orientation, but they

can be given one. The orientation of a simplex is given by the ordering of

its elements, with two simplexes having the same orientation if and only if

their orderings are an even permutation of each other (an even permutation

can be generated with an even number of ’swaps’). The negative sign is

used to denote an equivalent simplex of the opposite orientation.

Since 0-simplexes have only one point (with only one permutation), they

have no orientation.

simplicial complexes A simplicial complex K is a set of simplices

such that

1. Any face of a simplex from K is also in K

2. The intersection of any two simplices is a face of both simplices.
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0-Simplex Point

1-Simplex Line

2-Simplex Triangle

3-Simplex Tetrahedron

Table 1: Table of the low dimensional simplices.

A simplicial complex can be considered to be a group using the symmet-

ric difference of two sub-complexes as an operator (denoted with +) i.e. the

set of all simplices that are in one set but not in both. The empty set is the

identity element for this group.

In addition, if we are using oriented simplexes then the combination of

two simplexes that are the same but with opposite orientation, gives an

empty set. i.e. for a oriented n-simplex A, A + (−A) = ∅ .

The set of n-simplices within a sub-complex, will form a basis for the

sub-complex.

homology Homology is a topological method that is designed to sys-

tematically identify topological features within simplicial complexes. Its

purpose is to classify spaces using their loops (or closed cycles). Two loops

are considered to be ’homologous’ if they can be continuously deformed to
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match each other, and they are not ’homologous’ if there is some topological

feature preventing this. For example, two loops can fail to be homologous

if they are on different non-connected objects. They can also fail if one

encloses a ’hole’ that the other loop does not.

We can use this classification of loops to identify topological structures

that are present within the space and measure how many of each type of

’hole’ are within the space.

boundary operator The boundary operator is used to find the ’non-

shared faces’ of a set of oriented n-simplices (called an n-chain). If the

boundary of a set is empty (i.e. every n-simplex ’shares’ its faces with

others), then we know that it is a cycle or loop.

The boundary of an oriented n-simplex, An = [v0, . . . , vn], is defined as

∂n(An) =
n

∑
i=0

(−1)i[v0, . . . , (vi), . . . , vn], (34)

where [v0, . . . , (vi), . . . , vn], is the original n-simplex with the ith vertex re-

moved, and (−1)i signifies that odd i’s will have opposite orientation.

We can extend this definition linearly to n-chains. For a n-chain, Kn =

∑k
1 An

i , we define

∂n(Kn) =
k

∑
1

∂n An
i . (35)

The boundary operator maps the set of n-chains to the set of (n − 1)-

chains, and in fact, acts as a group homomorphism (Edelsbrunner and

Harer, 2010).

An important property of the boundary operator is that if you apply it

twice, i.e. take the boundary of a boundary, then you will always get the

empty set. This means that every boundary is also a cycle.

∂ (∂ ([v0, . . . , vn])) = ∅ (36)
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homology groups We will use ’Homology groups’ to classify the

loops or cycles within our complex. First, we choose a dimension k to

analyse.

We note that the elements of the subgroup Zk = ker(∂k) are all cycles,

since they map to the empty set. We also note that the elements of the

subgroup Bk = im(∂k+1) are also cycles (since all boundaries are cycles). In

addition, since the operation of Zk is commutative (i.e. it is an Abelian

group), then its subgroup Bk is a ”normal subgroup” of Zk. Therefore we

can form a ”quotient group” using the set of sets, {z + Bk, z ∈ Zk} where

z + Bk = {z + b : b ∈ Bk}. This quotient group has the operation ×, which is

defined as (a + Bk)× (b + Bk) = (a + b + Bk).

The quotient group, Hk(K) which is formed from Zk and Bk, is called the

k-th homology group,

Hk(K) = Zk/Bk = {zBk : z ∈ Zk} . (37)

The k-th homology groups are topologically invariant, two complexes with

the same topology will give isomorphic homology groups.

The rank of this group is called the k-th Betti number, and is a measure of

the k-dimensional ’holes’ within the complex. The rank is defined to be the

size of the smallest ’generating set’ (a set of elements, X ⊆ Zk, where every

element in Zk as a combination of the elements in X and their inverses.)

Filtration

Consider a function f : K → R, where K is a family of simplicial complexes,

that is non-decreasing for increasing sequences of faces. In other words

if γ ∈ K is a face of σ ∈ K then f (γ) ≤ f (σ). The Vietoris-Rips method,

for example, uses ’the total boundary length of all the simplices with the

complex’ as the filtration function.

Then for every a ∈ R, we can create a sub-complex, K(a) = f−1 ((−∞, a]).

Then if a < b, then K(a) is a sub-complex of K(b).
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In practice we will use only a finite set of n− 1 values for a to work with

(denoted by ai, i = 1 . . . (n− 1)). We will also denote Ki = K(ai).

A filtration is a collection of (n + 1) complexes such that,

∅ = K0 ⊆ K1 ⊆ ... ⊆ Kn = K (38)

Persistent Homology

When 0 ≤ i ≤ j ≤ n, the inclusion Ki → Kj is used to induce a homomor-

phism on the homology groups Hk(Ki) → Hk(Kj). This allows us to track

the creation or destruction of holes in the filtration.

At each stage, some holes may be ’created’ (i.e. are not linked to, from

the previous filtration homology group) and some may be ’destroyed’ (i.e.

linked to the identity element of the next filtration’s homology group). We

can track how long these holes persist for, from the time they are created to

the time they are destroyed.

If a ’hole’ persists for a long time, then it is far more likely to be a signifi-

cant or ’real’ feature and not just an artefact.

We collect this information as a set of tuples, (n, b, d), where n is the

dimension of the hole, b is the ’birth time’ and d is the ’death’ time. By

definition, b < d. This set is known as a ’Persistence diagram’, or as a

’Barcode’

2.9.4 Types of Filtration

vietoris-rips complex One way of creating a filtration from a point

cloud is using the Vietoris-Rips complex. Let the set of points act as our

vertices. Consider the set of all simplexes of dimension ≤ 3 or less that can

be formed using these vertices, this will act as our K.
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Given a set of n vertices, {v1, v2, . . . , vn} the Vietoris Rips complex (K) is

defined as,

K =
{

[vi] : i = 1 . . . n
}
∪
{

[vi, vj] : i, j ∈ 1 . . . n ∧ (i < j)
}

∪
{

[vi, vj, vk] : i, j, k ∈ 1 . . . n ∧ (i < j < k)
}

, (39)

where {[vi]} are the point simplices formed from the input vertices, {[vi, vj]}

are the line simplices between each pair of vertices, and {[vi, vj, vk]} are all

possible triangle simplices formed from three different vertices.

The function f used to make our filtration is , for arbitrary v0, . . . , vn,

f ([v0]) = 0, (40)

f ([v0, v1]) = ||v0 − v1||d, (41)

f ([v0, . . . , vn]) =
n

∑
i=1

f ([v0, . . . , (vi), . . . , vn]), (42)

where ||v0 − v1||d is the distance between vertices v0 and v1.

A way of visualising this in two dimensions is, circles are placed over the

point cloud centred at each point and their sizes start at 0 and are slowly

increased at the same rate. As the size of these circles increases we draw

lines between every pair of points whose circles overlap. When a set of 3

points are all connected and their total boundary length is less than the size

of the circles, we fill in the face formed by the 3 points. This continues until

every possible line and face has been formed, at which point the point cloud

is a single connected object with no holes.

This method of filtration has the advantage that there is a ’fast’ algebraic

method for computing in that is O(n3) in worst case (where n is the number

of points in the point cloud).
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2.9 topological data analysis

grid complex A grid complex is an alternate method of building a

complex from a point cloud. A triangulated grid of points is created in the

space surrounding the point cloud. This forms the complex on which we

build our filtration.

If we then choose a threshold value, r, a sub-complex is formed by choos-

ing only simplexes when all the vertices are within r distance of one of the

points in our point cloud. We can see this method in action in Figure 12.

This method is typically quick to calculate, and can be easily extended

to more general scenarios. However it typically results in more complex

structures.

Figure 12: Filtration of an example grid complex.

filtrations based on directions We can build our filtration by

using the points position. As we did in the Vietoris-Rips complex, we build
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2.9 topological data analysis

our underling complex K using the points and all simplexes formed be-

tween them of less than dimension 3.

We choose a function for evaluating the individual points in the point

cloud, f , that assigns a positive real number to each point. Then, for a given

threshold, r we included every simplex [v0, . . . , vn] if for every point in the

simplex, f (vi) < r.

Simple examples for f are the vertical distance from the lowest point,

distance from the origin, .

2.9.5 Distance between Persistence Diagrams

Persistence diagrams capture the topology of the underlying shape, and

now that we can calculate them, we naturally will wish to compare them.

The Persistence diagram is a set of persistent homology classes (which

capture a single topological feature). These classes have a ’start’ and ’end’

time, and are represented as x = [xL, xU], where xL, xU ∈ < and xL ≤ xU.

We can interpret these a ’points’ on a 2D diagram. The simple distance

between two persistent homology classes, (a = [aL, aU] and b = [bL, bU]), is

calculated as ||a, b||= max {|bL − aL|, |aU − bU|}.

pairing points between persistence diagrams In order to de-

termine distance between diagrams, we wish to pair up each point in one

diagram with a point in the other diagram, without any overlap. So ef-

fectively, we wish to find a bijection between the two sets of points that

minimises the total distance.

However there is no guarantee that there will be equal numbers of points

in each diagram, which makes such a bijection impossible. So in order to

pair up any extra points, we shall assume that there are an infinite number

of points on the diagonal of each diagram (in the form (x, x)). These can be

interpreted as being ’imaginary’ trivial classes that are born and die at the

same level of filtration (and thus are completely insignificant).
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2.9 topological data analysis

So our pairing method will have two types,

• Pairs between ’real’ diagram points: [ai, bj]

• Pairs between a ’real’ diagram point and an ’imaginary’ diagram point

on the opposing diagrams diagonal: [ak, (t, t)] or [(t, t), bl]

We require that each diagram point, belongs to exactly one pairing.

It should be clarified, that even when there are equal numbers of points,

we still allow points to be paired with a point on the diagonal. We can see

an example of such a pairing in Figure 13.

Figure 13: An example of a pairing between the red points of one persis-
tence diagram to the blue points of another.
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wasserstein distance The Wasserstein distance between two persis-

tent homologies is defined as being the minimum largest distance between

paired points amongst all possible pairings,

dp( f , g) =

(
inf

η
sup

[a,b]∈η

||a− b||p
)1/p

, (43)

where η is any bijection pairing between the points of the persistence

diagrams.

bottleneck distance This is a special case of the Wasserstein dis-

tance, when p→ ∞.

The bottleneck distance is the metric used to justify the stability of the

persistent homology method in (Cohen-Steiner et al., 2007).

The downside of these two methods is that they can be computationally

expensive, especially for large datasets.
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3
R O O T S Y S T E M S

3.1 introduction

The FutureRoots project aims to run a series of scientific experiments that

grow various types of crops under different environmental conditions. They

will scan the roots of these crops in order to get a scan of the hidden root

system. From this point, we will need to consider what questions we need

to ask of the shapes of these root systems, and how they can be answered.

These questions may test a-priori assumptions. So for example, we may

suspect that one type of crop grows deeper roots than another. In this

case, we must use statistics that are designed to specifically measure the

believed trait, and then we can test these statistics to see if they match the

assumptions.

We may also not have specific assumptions of how the root shape is dif-

ferent, just that there may be differences under various treatments, and we

want to know what those differences may be. This is a much more open

ended question, and a lot more difficult to answer, since there is a lot of

ways to measure roots. The natural approach would be to measure as many

traits as possible and to see if any of those have significant differences under

the various treatments. However this approach means we must be careful

to avoid potential ’p-farming’, since we are looking at so many traits.

A simpler question we may ask, is whether there are significant shape

differences, but not to worry about asking what those specific differences
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are. This approach is obviously less insightful if we get a positive result, but

if we fail to get a positive result, then this tells us exactly the same as before.

This is useful if we suspect a-priori that are no shape differences but still

wish to test for them.

In addition, since we are not concerned with identifying a shape differ-

ence, our method can be more general and less rigid. However if we should

get a positive result, then we must be prepared to ask the natural follow up

question of what those differences are.

The final question is that we may wish to experiment with a new method

for measuring traits, to see if this can gain us any insight into the structure

of root systems that previous methods may have missed.

3.2 approach

To recap, in the wheat species we will be looking at, root systems do have

some common structure. First the seed grows a long primary root in order

to gain nutrients for growth, typically vertically straight downwards. It then

grows multiple seminal roots to the side, that anchor the plant in the soil

and provide more nutrients. Each of the roots then start to grow smaller off-

shoot lateral roots. Occasionally lateral roots may grow their own offshoot

sub-lateral roots.

The key problem we have to deal with is that the number of seminal

roots, and the number of laterals is random. This means that the structure

or topology of the root system will be different for every plant.

Most statistical methods are built upon the assumption that the struc-

ture of the sample data is fixed, or at least that any differences in structure

should be eliminated using summary statistics.

However the number of roots, their types and their connections to each

other, are important factors that should not be discarded.
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3.3 general structure of wheat root systems

We will be dealing with root systems that were grown on 2D growth paper

and in a 3D column of soil. From a mathematical perspective, these roots

are embedded in Euclidean space (R2 and R3, respectively).

Each root strand is modelled as a single connected line in Euclidean space.

This line has a direction and start/end points implied by the direction of

growth.

We will be ignoring the diameter of the root strand since the resolution of

the CT scanner is not sufficient to reliably estimate the diameter of the root

strand. For smaller roots, they may occupy only one or two pixels in total

which is sufficient to determine their approximate path. It should also be

noted that this means there will be likely be very small segments of roots

that were not possible to detect and are therefore missing. This also means

that the end point or ’tip’ of a root strand may not be accurate.

3.4 root system shape

We need to design what we consider to be important aspects for the ’shape’

of a root system. In traditional shape analysis, two objects are defined to

have the same shape if one shape can be translated and rotated to match the

other (we can also optionally include operations like scaling and reflection

if the application requires it).

This definition can extend to roots but there is a problem, roots have a

definite vertical orientation (i.e. the direction of gravity). If a plant grew

its roots upwards out of the soil, we would definitely consider it to be a

different shape to a normal plant whose roots grew into the soil.

For horizontal orientation (e.g. north, south, east and west), there is no

empirical evidence to suggest that wheat roots have a bias to one direction

or another, and during the experiment there was no attempt to keep their
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horizontal orientation consistent. For these reasons, we will assume that

horizontal orientation is a nuisance parameter.

Likewise, horizontal translation is considered a nuisance parameter (i.e.

we do not care where in the soil it was planted), but vertical translation

is considered important (a seed that was planted five centimetres below

the surface is different from a seed that was planted one metre below the

surface).

To summarize, two root systems are considered to have the same shape if

we can horizontally translate and rotate one of the roots (keeping its vertical

position and orientation constant) to match the other.

3.5 rsml

The raw data format for storing plant root systems is the Root System

Markup Language or ”RSML”. This format is based on the XML standard

and can store 2D and 3D image metadata, plant root properties and geome-

tries, continuous functions along individual root paths as well (such as root

diameter or water uptake). This is the format the FutureRoots project uses

to store its data.

The RSML data stores the path of an individual root strand as a sequence

of points, called a polyline.

3.6 compensating for plant overgrowth

An issue that arose with the experiments conducted at the Hounsfield facil-

ity is that the root systems spread out much farther in the soil than antic-

ipated, and the soil columns were too small to contain them. This meant

that the roots would often outgrow the soil available, hit the edge of the col-

umn and be forced to follow the curve of the edge or bounce back inwards.
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3.6 compensating for plant overgrowth

This happen in the majority of wheat plants grown and was unfortunately

unavoidable. We can see this effect happening in Figure ??.

This is a problem for shape analysis since each of the roots is constrained

into an unnatural cylinder and this becomes the default shape of any root

system. This makes the plants more similar than they would be otherwise.

We need to find a way to compensate for this effect and try to estimate how

the root would have grown in an unrestricted soil environment.

Fortunately, we have observed empirically that root strands will tend to

grow in straight lines (subject to occasional random perturbations), we will

therefore make the assumption that a root strand that hit the wall would

have grown in a straight line. In addition, we will assume that the total

length of the root, and the distances between lateral roots along a seminal

root, are the not affected by the collision with the column wall. Using these

assumptions, we can ’unravel’ the root system to estimate how it might have

grown if it was unrestricted in the soil.

Before we continue, it is very important to stress that this method is not

intended to replace the original data. The assumption that roots travel in

straight lines with random perturbations, is a strong assumption that could

easily be inaccurate. The purpose of this method, is to supplement the

original dataset, by emphasising shape differences between root systems

that were unnaturally constrained in a way that feels natural and realistic.

3.6.1 Unravelling method

First, we must decide what are the circumstances the determine that a root

has hit the edge of the column, or is so close to the edge that its growth is

constrained.

We begin by deciding on a ’near to the edge’ region. Within this region

we are considering roots to be close enough to the edge that path in which

they growth is constrained. There is measurement error in both the location

of roots and the edge of the column, so we will make this region fairly gen-
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3.6 compensating for plant overgrowth

erous. This region will be defined as anything not within a central cylinder

centered within the column. The border of this region is shown in Figure

14.

Let’s first consider a seminal root that starts at the shoot origin and travels

into the edge region (and possibly leaves). An example of this is shown

in Figure 15. The root bounces back away from the column wall, and it

is probable that if the wall had not been there it would have kept going

straight.

For each pair of adjacent points in our line, there is a change in the hor-

izontal direction. We are assuming that the changes that occur within the

edge region are unreliable and should be eliminated. Therefore for each

pair of points where at least one point is within the edge region, we set the

change in horizontal direction to 0. We then recreate the new path of the

root.

We can see an example of the new path in Figure 16. The root follows a

much straighter path than before.

3.6.2 Handling Laterals and Sub-Roots

Dealing with laterals is a bit more complex, this is because they are de-

pendent on their parent roots. If the parent root changes, then the laterals

will have to shift with them. We wish to preserve the laterals relationship

with its parent, specifically the location and angle at which it emerges. We

should therefore shift and rotate the roots to match their parents new loca-

tion/orientation. An example is shown in Figure 19.
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Figure 14: A circle is used to separate the region close to the edge of the
column. The circle is 0.55 in radius and centered at (0.14,0).
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Figure 15: A single root strand from a wheat plant is shown with a circle
region. The green region of the root strand, outside the circle, is
considered to be ’unreliable’.
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Figure 16: The single root strand from Figure 15, after the green section has
been ’straightened’.
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Figure 17: A root system where each of the root strands has been ’straight-
ened’ and each of the laterals adjusted to their corresponding
location.
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Figure 18: A root system where each of the root strands has been ’straight-
ened’ and each of the laterals adjusted to their corresponding
location.
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Figure 19: The original seminal root and lateral root are drawn in black,
with the compensated roots shown in red. Each lateral has to
be moved and rotated to ensure that the interior angles of its
intersection with the parent root are preserved.
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3.7 instability

The process is very dependent on the choice of boundary. If a root is in the

process of making a slight turn when it crosses the boundary, then only the

first part of the turn is reflected in the estimated trajectory. Since a small

change in angle can have a large effect over a long distance this means that

the root strand will take a very different path than it would have if the

barrier started before the slight turn or after it.

Figure 20: The compensated root system is dependent on where the barrier
is located.
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3.8 appropriateness

An immediate objection that might be raised to this method is that the un-

ravelled data may not be realistic, and more problematically, we cannot

determine how unrealistic it is. We do not know how the plant would have

grown without the column restricting it, and our unravelled method is sim-

ply assuming that they would have grown straight, which could easily be

wrong.

For this reason, it is important that we do use this data as a replacement

for the original scans, but as supplementary data that provides an artificial

perspective.

3.9 conclusion

Root systems provide a challenging type of data to analyse, with both im-

portant geometric and topological traits that may need to be considered. We

also need to be able to eliminate the nuisance factors of ’horizontal transla-

tion’ and ’horizontal orientation’ (while ensuring that ’vertical translation’

and ’vertical orientation’ are still measured factors in our analysis).

The plants in our experiments frequently grow large enough to hit the

sides of their columns which unnaturally restricts their movement, so by

developing a method to approximate what their growth might have been

we may find important insights.

In the next chapter we will begin to form our analysis framework by

analysing root systems using measured traits.
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4
A N A LY S I S O F M E A S U R E D T R A I T S

4.1 introduction

The first approach we will be looking at is the conventional method used

by biologists to analyse root systems. That is to measure a set of given

traits and see how these are affected by any dependent variables, such as

the plant’s genotype or growth conditions.

This approach is simple, straightforward and can capture a lot of infor-

mation about the root system shape. However as we will show, there is

inevitably going to be some information that is lost.

The reason some shape information is lost, is because roots have a ran-

domised structure or topology, in terms of the number of roots and how

they are joined together. Features that are present in one root system, are

not guaranteed to be present in another.

4.2 simple summary statistics

By ’trait’, we will be referring to ’simple summary statistics’. We will use

the term ’simple statistic’ to refer to any statistic whose output has a fixed

dimension.

For example, the ’Set of Root Lengths’ is not a simple statistic since its

size will vary with the number of roots within the root system. However,
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4.3 statistics of roots

’Average Root Length’ will always be a single positive real number, and

therefore is a simple statistic.

So for this chapter we will be focusing on these kinds of statistics, that

we can measure and know what the topology of their output will be. This

restriction makes analysis much simpler and we can use plenty of conven-

tional univariate and multivariate methods.

A key problem with this approach is that it downplays a lot of the prob-

lematic topological and structural information present in the root system,

since this is very difficult to represent in a fixed-dimensional space. Hence

we will later be expanding our approach to include more unconventional

methods of analysis in Chapters 5 and 6.

So analysing and comparing simple statistics is fairly straightforward

since we can use most conventional statistical methods. The only down-

side is that there may be more complex shape or topology traits that cannot

be easily expressed this way.

4.3 statistics of roots

Here we will provide a quick list of traits that we will be measuring for root

systems.

4.3.1 Length

The root strand is measured from its start to its end, following the path of

the strand. For primary roots, the start is the base of the plant (which will

be the origin point) and for laterals, the start is the point when it branches

off from its parent root. For all types of roots, the end is the tip of the root.

There can be some ambiguity as to where we should measure the ’path’

of a root since roots are technically not lines but have a width. In principle,

we’re measuring the shortest path between the start and end points that
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is contained entirely within the root. In practice however, the width of

roots are so thin compared to their length, any measurement differences is

negligible. In fact in 3D scans, the width of roots is often smaller than the

resolution of the CT scanner, making any measurement of such impossible.

When a root branches in two, there can be some ambiguity as to which is

the original and which is the offshoot lateral root. In most cases it is fairly

clear as the lateral root will be smaller than it’s parent root and travel in

a very different trajectory. However in cases where there is ambiguity, the

shorter root will be treated as the offshoot.

4.3.2 Extreme Statistics

Extreme statistics capture information about the outlying regions of root

systems. Of interest is how far down the roots grow, which we will call

the ’Maximum Depth’, and how far from the roots’ origin do they grow

horizontally, which we will call ’Maximum Width’.

Both of these statistics are influenced by the general ’size’ of the plant, so

we also measure the ’Max. Width / Max. Depth Ratio’. This eliminates the

size factor and gives us a very simple shape measurement.

These statistics do have the inherent flaw that since they are measuring

outliers, the results are susceptible to having large random outliers.

4.3.3 Convex Hull

The ’Convex Hull’ is the smallest filled shape/set that encloses the entire

root system and is also ’convex’. A set is convex if a straight line can be

drawn between any two points that lies completely within the set. Infor-

mally, in two dimensions, the Convex Hull can be visualised as the area

enclosed by stretching a rubber band around the shape. The convex hull is

unique and can be calculated easily by statistical software (Eddy, 1977).
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This gives us a measure of the area that the root system encloses, and is

less prone to outlier influence than extreme statistics.

From the convex hull we are interested in measuring the ’Surface Area’

and ’Volume’ (or, equivalently, the ’Perimeter’ and ’Area’ in 2D).

We can also measure the ’Isoperimetric Ratio’, which is defined as Bd/V(d−1),

where ’d’ is the dimension of a shape, ’B’ is the ’boundary’ measurement

(’Surface Area’/’Perimeter’) and V is the ’volume’ measurement (’Volume’/’Area’).

This measures how circular or compact a shape is, and may provide a useful

shape statistic.

4.3.4 Angle Statistics

In this section, we are considering ’Angles’ to refer to the direction of a path

as a vector, rather than relative angles between vectors. This choice is to line

up with standard biological terminology.

For each root strand, there are two angles that we are interested in. The

’Emergence Angle’, which is the initial direction of growth that the root

begins in, and the ’Tip Angle’, which is the final direction of growth that

the root ends in.

In addition for lateral roots, which split off from a parent root, we want

to know the ’Parent Intersection Angle’, which is the direction of the parent

root at the point where the lateral root splits off.

Working with angles in a root system is complicated by the fact that there

are subtle differences between angles in 2D and 3D. The rotation group in

3D is not commutative. This means that when dealing with 3D rotations,

the order in which the rotations are applied is important.

In addition, we are assuming that the horizontal ’orientation’ of the plant

is a nuisance variable that should be eliminated. This will not be an issue

when comparing angles within the same root system, but since different

plants do not have the same ’horizontal orientation’, when comparing an-

gles from two different plants it will need to be taken into account.
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This issue means that for 3D plants, if you rotated the scan horizontally

around the vertical line that passes through the root system’s origin, then

the results of our analysis should not change. Equivalently for 2D plants, if

you reflect the scan around the vertical line passing through the roots origin,

then the now flipped root system should not affect our analysis.

However the biggest issue with measuring angles, is where we should

measure an angle from. The basic idea is to take the point at which we want

to start measuring the angle from, then take a second point that is further

along the root, and measure the direction of the straight line from the first

point to the second. However, from observation, we have seen that often a

lateral root will start growing out from its parent root at an approximately

90 ◦ angle, but then suddenly change directions after a few millimetres.

This means that our choice of where the second point is along the root,

will affect our result. Unfortunately there isn’t a single ’correct’ choice for

this. Different locations are effectively measuring different things, and in

fact, we will be including measurements of angles along multiple distances.

We can choose to make it a fixed distance along the root such as half a

centimetre; if the root length is shorter than our fixed distance we simply

use the farthest point possible. Alternatively, we can make it a relative

distance along the root, such as 10% of the root strands total length.

4.3.5 Topology Statistics

These statistics aim to capture the ’structure’ of the root system independent

of any distances involved. It is difficult to summarise a graph of connections

into a simple statistic, but there are some basic measures that we can use.

The simplest measure is to count the number of roots of each type. Giving

us a ’Primary Root Count’ and a ’Lateral Root Count’. We can combine

these to create the ”Total Root Count” for the root system, which will be

significant later in our analysis.
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We can also measure how the root system branches and we use the ’Av-

erage Lateral Root Count per Parent Root’. This measures how often a root

branches out to create a new lateral root. A minor clarification is that we

count all primary roots as ’parent roots’ even if they do not have any lateral

roots yet, since it is very likely that they will grow laterals at a later point.

Lateral roots on the other hand, seldom branch off to form ’sub-lateral’ roots,

so we only include them as ’Parent roots’ if they have branched.

4.3.6 Miscellaneous Statistics

Another interesting factor is a root strands’ ’Tortuosity’. Tortuosity mea-

sures how straight or curvy a path is, and is defined as the distance be-

tween the start and end points divided by the total distance along the root’s

path. The result always lies between 0 and 1, with a straight line having

a tortuosity of 1. This gives us a simple shape measurement for the root

strand.

In addition, we can include metadata. These are not measured traits of

the skeletonised root system, but measurements of the plant itself. These

include traits such as the ’Plant Height’, ’Total Biomass’, ’Column Weight’

and ’Water Uptake’. Metadata contains important statistics of how well

the plant is performing and we will need to analyse both their response to

experimental variables and any relationships they might have with traits of

the root system.

4.4 analysis of traits of root systems

Once we have assembled our measured traits, we now have to investigate

how they respond to experimental treatments. The natural approach is to

perform linear regression on each of our traits.
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If we wish to model the relationship between a measured trait, y and our

set of explanatory variables X, we can model this relationship as,

yi = XT
i β + εi, (44)

where:

• i is the index of the plant.

• yi is the measured trait y of plant i.

• Xi is the vector of explanatory variables corresponding to plant i.

• β is the vector of unknown parameters.

• εi N(0, σ2) is the random error term.

Using this model we can test for significant relationships with our ex-

planatory variables. There is a problem though, we have to be careful of

over-fitting. We have a large number of traits to analyse and as we perform

each test on each trait, we increase the chance of a Type 1 error (a false pos-

itive). This means that we must lower our threshold of what we consider

to be acceptable p-values. There are numerous methods for combining hy-

pothesis tests detailed in Section 2.7. Using such methods, we can find a

set of traits that we can be reasonably sure are significantly related to our

explanatory variables.

4.4.1 Tukey’s Honest Significance Differences Test

If our experimental design involves division into groups, we can use ’Tukey’s

Honest Significance Differences Test’, or ’Tukey’s HSD Test’ to analyse group

means. Tukey’s HSD test analyses the pairwise differences between all pos-

sible pairs of means. This has been shown to be useful since often when a

significant difference is found, it leads us to question which of the group
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means are responsible. This test provides us with a nice way of testing this

relationship.

If we specify a significance threshold, then we can think of the group

means as vertices in a graph, and if Tukey’s test considers them to not

be significantly different, then there is an edge connecting them together.

Now we can use this graph to create a visualisation, so that we can see the

connections between groups. The obvious way of visualising it would be

by drawing all the edges, however that may not be the best way. Consider

if we had five groups, none of whose means are significantly different, to

display this we need to draw (5× 4)/2 = 10 edges. However if we instead

had ten groups, again none of whose means are significant, then we need

to draw (10× 9)/2 = 45 edges, which is disproportionately more edges.

So instead of visualising the graph using edges, we will try to visualise

the graph using ’maximal cliques’ (Godsil and Royle, 2013). A ’clique’ in

a graph is a set of vertices where every vertex is connected by an edge.

So in our case, a clique would be a set of the group means that are all not

significantly different from each other. A ’maximal clique’ is simply a clique

that cannot be extended by adding in another neighbouring vertex.

The maximal cliques are able to convey information about which vertices

are connected without giving undue emphasis to larger maximal cliques. In

addition we can use properties of our data set to predict how the cliques

will be arranged.

If our dataset is balanced, so that each group has the same number of

samples, and we assume homoscedasticity, then the observed differences

between group means will all have the same variance. Therefore, when

comparing any two group means, x̄ and ȳ, we will fail to reject if |x̄− ȳ| < K,

where K is a threshold dependent on the datasets’ size, error term variance,

and the desired significance level. Most importantly, if the data is balanced,

then the threshold K will be the same for all pairs of x̄ and ȳ.

This means that if we have two group means, x̄ and ȳ, where x̄ < ȳ,

that are not significantly different (i.e. |x̄− ȳ| < K). Then for any group
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mean, z̄, that lies between them, x̄ < z̄ < ȳ, we know that |z̄− x̄| < K and

|ȳ− z̄| < K, and therefore z̄ is not significantly different from x̄ or ȳ.

If the dataset was not balanced, then we cannot make this conclusion

since the test statistic threshold would be dependant on relative sample

sizes of each group being tested. It would be possible for two small groups

to not have enough data points to be considered significantly different from

each other, but for there to be a third large group between them that does

have enough data points to be considered significantly different to the two

smaller groups. This means that if we ordered our group means from small-

est to largest, then each maximal clique will span a contiguous range with-

out any gaps.

4.5 analysis of traits of individual root strands

In our analysis of root systems, we run into the problem that our data sets

are fairly small, reflecting the fact that growing plants is time consuming

and requires a lot of space and resources. This means that there may be

subtle differences that we cannot detect because we do not have the statis-

tical power. However with a slight change in perspective, we can increase

the effective size of our dataset but with a caveat.

The idea is to analyse traits related to individual root strands. A full-

grown plant will likely have at least twenty root strands that can be detected

by the LCT scanner. Thus the set of individual root strands is numerically

larger than the set of plants. So we can massively increase our available

data. So we can transform a dataset of 40 plants into a dataset of 1000 root

strands.

However there is a problem. In standard analysis we assume that all of

our observed values are independent of each other, outside of their relation-

ship with the explanatory variables. This no longer holds, since there are

now large sets of root strands that come from the same plant.
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It is entirely possible that during the experiment, one plant may have re-

ceived slightly more sunlight or been attacked by a very minor infection,

which affect its growth positively or negatively. Obviously we try to elim-

inate such variables but that is not always possible. Normally we assume

that any random benefit to an individual in a group may be offset by a

random negative to another individual in that group. However since these

effects now also apply to a large set of individual root strands, any effect

would be amplified.

This means we need to include a set of generic ’plant effect’ terms in our

explanatory variables for each plant grown. However the exact values of

these effect are not reproducible, since if we repeated the experiment we

would need to grow entirely new plants with new ’plant effect’ terms. In

addition, our new ’plant effect’ makes any effects related to genotype or the

plant’s growth conditions redundant since these are contained within the

plant effect.

We can solve all these problems by making our ’plant effect’ term a ’ran-

dom effect’, and thus make our model a ’mixed effects model’. This means

we do not assume any fixed values for our plant effects but that for our ex-

periment they were randomly drawn from a normal distribution with zero

mean and unknown variance. This allows our dataset to be reproducible,

at least in principle, since the variance of this random effect should not

change when the experiment is repeated. In addition, the plant effects will

no longer mask any fixed effects related to plants, since the random effects

must have a zero mean. If we wish to model the relationship between a root

strand trait, y and a set of explanatory variables x, our new mixed effects

model is

yi = XT
i β + uPi + εi, (45)

where:

• yi is the measured trait of the ith root strand.
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• X i is the vector of explanatory terms corresponding to the ith root

strand.

• β is a vector of the unknown fixed effects.

• Pi is the index of the plant that the ith root strand belongs to.

• uPi ∼ N(0, σ2
U) is the unknown random plant effect for plant i.

• εi ∼ N(0, σ2) is the unknown random error for the ith observation.

This new model allows us to find relationships involving individual root

strands without being affected by plant effects.

4.5.1 Weighting

There may be an underlying relationship between the environmental condi-

tions that we wish to analyse and the number of root strands, i.e. a plant

may grow more roots when in irrigated conditions that in drought. This

is perfectly fine for the normal analysis where we are analysing individual

plants, but when analysing individual root strands there will be far more

’irrigated’ root strands that ’drought’ strands, effectively creating an unbal-

anced dataset.

In order to get around this, we will weight the individual root strands so

that the total weight for the root strands of each plant is equal to 1, i.e. each

root strands weight is inversely proportional to the number of root strands

in the plant that it belongs to.

In practice the dataset is still unbalanced, but weighting should help to

ensure that relationships with root count do not cause some plants to be

over-represented.
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4.5.2 Conclusion

Our analysis of conventional simple statistics gives us a neat framework to

ask questions of a root system dataset and potentially get answers. Our

framework is based on well-known classical methods, whose advantages

and limitations have been well studied and documented. A full analysis of

the wheat root data will be carried out in Chapter 8.

However while this approach will provide invaluable data, as we stated

in our introduction, there are some important traits that we cannot reason-

ably analyse this way. This is why we must expand our approach to less

conventional methods, which we will do in the next few chapters.
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Using simple statistics is a very useful way of extracting geometric informa-

tion from our root shapes, but it is limited.

If plant root systems have different numbers of roots or the way these

roots are structured is different, then we cannot continuously deform one

root system into another. If we require continuity along individual root

strands to be preserved, adding or removing a root will break that conti-

nuity, and therefore each root system will have a different topology. Since

each plant root system can have a different topology, and the simple statis-

tic’s output has a fixed dimension, this means that any continuous simple

statistic must discard some information that is related to the plants topol-

ogy. This does not mean that simple statistics are invalid or not useful, but

it does mean that we may miss important features.

Rather than map each root to a statistic in order to analyse differences

with a group of roots, we can consider measuring the pairwise distances

between roots. This allows us to map the topology of root systems into a

metric space. This allows for much more flexibility as the resulting metric

space does not have to be Euclidean.

5.1 pairwise distance measurement

In our set of root systems, which we will call R, we wish to measure the

’shape differences’ between two root systems, using a function D : R× R→
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[0, ∞). By ’shape differences’, we expect that for two root systems, r1 and r2,

then D(r1, r2) = 0 if and only if r1 and r2 have the same ’shape’. This way

we can ensure that no shape information is being lost.

In section 3.4, we discussed what we define to be the ’shape’ of a root, and

what we consider to be nuisance information. As a quick recap, we consider

that ’horizontal translation’ and ’horizontal orientation’ are considered to be

nuisance information that should be ignored. Note that some other factors

such as ’size’, ’vertical translation’ and any ’rotation outside the horizontal

plane’ are considered to be part of a root’s shape, even though in many

applications of shape analysis they would also be ignored.

So if we use ’r + µ’ to denote the root system r translated by a horizontal

vector µ, then we require that for any horizontal vectors µ1 and µ2,

D(r1, r2) = D(r1 + µ1, r2 + µ2), (46)

and if we use Θ(r, θ) to denote the root system r rotated about the central

vertical axis by the angle θ, then we require for any two angles θ1 and θ2,

D(r1, r2) = D [Θ(r1, θ1), Θ(r2, θ2)] . (47)

Since D is zero if and only if the two root systems being measured have

the same shape, then we can be sure that no shape information is being

discarded. This is not a perfect approach since it is still possible that some

subtle shape differences may be masked by larger, more obvious shape dif-

ferences. We can reduce the impact of this by our choice of D, and by having

a large sample size such that there is more likely to be pairs of plants with

only the subtle shape differences.

We ideally wish for our function D to be a metric but currently that is

not possible since D(·, ·) may be zero for two different root systems, which

contradicts a necessary requirement for metrics. However this will only

happen for two root systems with the same shape, so with a small change

in perspective we can make it a metric.
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5.1.1 Root System Shape Space

Using the notion of ’shape’, we can create an equivalence relation ’∼’, such

that r1 ∼ r2 if and only if r1 and r2 have the same shape. Using this we can

partition root systems into equivalence classes and build a quotient space

S = R\∼. This new space will represent the shape of root systems.

The elements of our shape space S are sets of root systems that have been

rotated and translated horizontally. We will denote these sets as {r}, where

r is a representative element within the set, and the set consists of all root

systems that can be rotated and translated horizontally to be equal to r.

We can naturally extend D to this new space shape by defining D′ : S →

[0, ∞) to be,

D′({r1}, {r2}) = D(r1, r2) (48)

which will always be unambiguously defined regardless of the choice of r1

and r2, because equations 46 and 47 ensure we ignore horizontal rotation

and translation. Our goal is therefore to choose D such that D′ will be a

metric on S.

5.1.2 Adapting metrics to ignore nuisance differences

If we have a metric, F : R → [0, ∞), that measures differences between

root systems and does not ignore the nuisance parameters of horizontal

translation and rotation, then naturally we will wish to adapt it to create a

shape metric as above.

In other words for a metric on the root systems F : R× R → [0, ∞), we

wish to create an equivalent metric F′ : S× S → [0, ∞) on the root system

shape space.
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Let S1 and S2 be shape equivalence classes of root systems in S, then we

can define our F′ as being the smallest possible distance between any two

pairs of root systems chosen from S1 and S2,

F′(S1, S2) = inf
r1∈S1,r2∈S2

F(r1, r2). (49)

If F satisfies the conditions of being a metric, then F′ will satisfy the

following three properties,

1. F′(S1, S2) ≥ 0

2. F′(S1, S2) = 0, if and only if S1 S2 are equal or can be rotated to match

each other.

3. F′(S1, S2) = F′(S2, S1)

However the triangle inequality does not automatically transfer from F to

F′, since it is possible for a path through a third equivalence class S3 to cover

less total distance, if it has two elements close enough to S1 and S2. This

property would need to be proven separately for a given choice of F.

5.1.3 Finding the minimal shape distance

Horizontal Translation

We begin by eliminating the horizontal translation. This is where, for prac-

tical considerations, we will deviate slightly from our theoretical approach

outlined above in order to simplify calculations.

For each root system we have a single common point, the origin point,

which is defined as the point where the plants stem breaks through the soil.

This is defined for every root system, and we can easily translate a root

system so that their origin points match. We will consider this to be enough

to eliminate any horizontal translation differences.
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For simplicity, we will simply translate all root systems so that the origin

points are at the ’zero’ point in 2D/3D space. This is not mathematically

the same as our approach above but we feel that it is justified since, from

observation, root systems appear to be ’built’ around the origin point, and

any shape differences start appearing immediately from that point.

Horizontal Rotation

If we have translated two root systems horizontally to have a common origin

point, all that is left is to find rotations that minimise our metric distance.

So for two root systems that have been translated, r1 and r2, we wish to

minimise F [Θ(r1, θ1), Θ(r2, θ2)] over two angles θ1 and θ2.

We can simplify this problem significantly if our metric is already rota-

tionally invariant, so that for an angle θ,

F [Θ(r1, θ), Θ(r2, θ)] = F(r1, r2), (50)

then the distance will only be dependent on the difference between the two

angles,

F [Θ(r1, θ1), Θ(r2, θ2)] = F [r1, Θ(r2, θ1 − θ2)] . (51)

So we only need to minimise f (∆θ) = F [r1, Θ(r2, ∆θ)] over a single angle,

∆θ, which is a much simpler proposition than minimising over two angles.

From observation we have found that in general, f (∆θ) is not a simple

function and will have multiple local minima. So our approach will be to

evaluate f at 1
◦ increments across the 360

◦ range to find a good starting

point for minimising towards a local minimum.
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5.2 distances between line segments

If we are representing our roots as a sequence of straight line segments, we

need a method of efficiently measuring the distance measures between line

segments and combining them into a distance measure for the root overall.

5.2.1 Segment Reduction

Our roots contain a large number of roots which have very detailed paths

that use a large number of line segments to accurately represent them. How-

ever there are circumstances (such as when finding the rotation that min-

imises a distance between two roots) where we only need an approximate

distance. Thus if multiple line segments are nearly parallel, they can be

merged together and will not lose much accuracy.

5.2.2 Minimum distance

Finding the minimum distance between two lines is a fairly simple case. It

is a simple calculus task to find points on two (infinite length) lines that

minimize the distance. We can perform this on the extended lines from the

line segments and then find the closest points that are actually on the line

segments. Since the distance function is uni-modal, these points on each

line segment are the closest pair of points.

We can improve performance by checking if the two line segments are

almost parallel or if one of the segments is small enough to be considered

to a point, and making a special case if so. We can test this by calculating

D(u, v) = (u · u)(v · v)− (u · v)2, where u and v are vectors of the two line

segments and (·) is the dot product, and checking if D(u, v) is less than an

arbitrary small threshold, ε.
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5.2.3 Total Minimum Distance

Figure 21: Diagram outlining the points that need to be handled for calculat-
ing total minimum distance from line segment A to line segment
B.

This is a more complex scenario that requires a more sophisticated algo-

rithm. Here we wish to find the integral of the ’minimum distance from a

point of line segment A to any point of line segment B’ across the range of

the line segment A. Unlike before, this is not a symmetric situation, and the

answer will be different if A and B were reversed.

An illustrative diagram is shown in Figure 21 that shows the points that

need to be calculated. Bear in mind that in Figure 21, the two lines are

effectively in the same 2D plane but this will not be the case in most 3D

cases.
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If a is a point of line segment A, p(a, B) is the closest point on line segment

B to point a and |·| is the Euclidean distance metric, we wish to compute,

∫
|a− p(a, B)|da (52)

Let A′ and B′ be the extended infinite lines that contain A and B respec-

tively. For each end point of line segment A, denoted a0 and a1, we can find

the corresponding closest points on line B′. Since p(a, B) is a linear function

of a this means that for a = a0 + t[a1 − a0],

p(a0 + t[a1 − a0], B′) = p(a0, B′) + t[p(a1, B′)− p(a0, B′)]. (53)

Thus we can integrate t from 0 to 1 to get our answer, and this is a fairly

simple task. It is equivalent to finding the area of the quadrilateral formed

by points a0, a1, p(a0, B′) and p(a1, B′). However, it may be that p(a0, B′) or

p(a1, B′) are not points within line segment B. In which case, we can find

a′0 and a′1 for which p(a′0, B) = b0 and p(a′1, B) = b1. Between a′0 and a′1 the

procedure is the same as before, and we only have to consider the sections

outside this range.

We can assume without loss of generality that a1 6= a′1. For any point

between them, the closest point on B will be b1. Unfortunately integrating

the distances across this small subsection is not equivalent to finding the

area of the triangle formed by a1, a′1 and b1, otherwise we could join it with

the main quadrilateral.

5.3 hausdorff distance

The Hausdorff distance is the main distance metric we will be using and

was the motivating force behind this method.

The Hausdorff distance is discussed and defined in Section 2.8, but as a

brief reminder, the Hausdorff metric measures the difference between two
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sets as the ”largest distance between an element of one set to its closest

neighbour in the other set”, i.e. the worst-’best distance’.

This metric has several very useful properties that will be useful in our

analysis of root systems. The metric is continuous, so a ’small’ change in ei-

ther root system (including the addition or removal of a ’small’ root strand),

will, at worst, result in a similarly ’small’ change in the Hausdorff distance.

This means the method is resilient to small errors in measurement. The

metric is also invariant to a common translation and rotation, and responds

linearly to a common scaling factor.

One disadvantage of using the Hausdorff distance is that it does not al-

ways respond to changes. The Hausdorff distance is defined using the two

points that have the worst ’best distance’, and if there is a change in the

root systems that do not affect these two points or change which two points

have the worst ’best distance’ then there will be no change in the Hausdorff

distance. This means that in a local space around the two root systems be-

ing considered, a lot of points are ignored when determining the Hausdorff

distance.

We would like it so that any change in either root system would be rep-

resented by some change in the distance between them. This ensures that

potentially useful information is not being needlessly discarded.

5.3.1 Alternative

The Hausdorff distance is effective and simple to calculate but has the major

disadvantage that changes to the input can fail to result in any change in

the output (since the calculation focuses on the distance between the two

most extreme points). We must also consider a variation of the Hausdorff

distance that is always dependent on all points.

We will be considering what we will call the ’Pseudo-Hausdorff distance’.

Where the Hausdorff distance is defined as the ’worst best distance’, the

Pseudo-Hausdorff is defined as the ’average best distance’. So for two fi-
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nite sets A and B, with an underlying distance metric d(·, ·), we define the

Pseudo-Hausdorff distance as,

Hp(A, B) =
1
2

(
1
|A| ∑

a∈A
d′(a, B) +

1
|B| ∑

b∈B
d′(b, A)

)
, (54)

where, d′ is the partial Hausdorff distance for a point a to a set of points B,

d′(a, B) = min
b∈B

d(a, b). (55)

5.4 multidimensional scaling

We can use MDS analysis (as discussed in 2.3), to find the set of n points in

k-dimensional Euclidean space that closest matches a given n× n distance

matrix.

As we increase the number of dimensions k, the resulting MDS distance

matrix will get closer to a minimal-distortion representation of the sample

distance matrix.

We can use this Euclidean set as a stand in to analyse our set of roots for

statistical differences, using traditional linear methods such as analysis of

variance.

5.4.1 Choice of MDS k value

An important factor in creating a set of MDS variables, is the choice of

k. This is a balancing act, as if k is too small, then our MDS variables

may omit important differences. However as k gets larger, the larger MDS

variables become numerically unstable and sensitive to small changes, to the

point that they become effectively meaningless in terms of the underlying

population.
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Deciding on an optimal value for k is not a simple task, as it is a result of

the underlying population distribution that we cannot directly observe. In

addition, the choice of k will be dependent on the how many samples we

have and we will need to determine a correct value of k for each value of n.

Since each MDS variable is independent we can analyse how much vari-

ance each variable contributes to the total. The variance of the kth MDS

variable, is non-increasing with k. In order to properly choose k, we need

to ensure that each MDS variable up to k contributes enough to the total

variance to ensure they are significant, and the sum of those contributions

represents enough of the total variance. We will denote the variance of the

ith MDS variable as σ2
i and the total variance as T = ∑n

i=1 σ2
i . So we wish to

find the largest value of k such that, for a specified ’contribution parameter’

δ ∈ (0, 1),
k

∑
i=1

σ2
i ≥ δT, (56)

and also for a ’minimal variance parameter’, ε ∈ (0, δ),

∀i∈1...k : (σ2
i ≥ εT). (57)

Deciding on an appropriate value for k is a difficult problem, and there

are potential dangers in having the value too high or too low. If we wish to

minimise the possibility of a false significance, it is better to err on the side

of a smaller k.

5.5 analysis approach

Once our data has been transformed into a conventional set of k MDS vari-

ables, we need to be able to ask questions of it. We do this by treating our

MDS variables as our representatives of each plant root system.

So, for example, if we wanted to see if two groups of plants had different

shaped roots, then we can pool the two groups together and calculate a
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pooled distance matrix, and corresponding MDS variables. We can then

test our MDS variables for a change in distribution between the two plant

groups.

Testing the MDS variables can be accomplished using a multivariate anal-

ysis method, such as Hotelling’s t-squared statistic. This can test to see if the

two groups have different means for their MDS variables, which would be

enough to show that there are significant shape differences. Of course, there

may be the case of the two groups having equal means but other distribu-

tion differences (such as different variances) that you can test for, however

that would require a much larger sample size to work with, so that may not

be practical.

This approach does a good job of testing for significant shape differences,

but it is quite lacking when it comes to interpretation. It is difficult to

identify what differences in the MDS variables signify in practical terms for

our dataset, although plotting individual roots along each MDS axes can

help to give some explanation.

5.6 conclusion

By focusing on pairwise distances between root systems, we can bypass

the restrictions that traditional simple shape statistics have with regards to

topological or structural differences. The Hausdorff distance is a perfect fit

for this approach and has been used in image analysis before (see Section

2.8).

Given a set of pairwise distances we can convert them to a conventional

dataset using the Multidimensional Scaling method. We still haven’t deter-

mined the proper value of k to be used in the MDS method but that is a

question we will try to answer using a simulation study in Chapter 7.

The pairwise distance approach has so far focused on shape differences.

In the next chapter we will be looking at Topological Data Analysis, which
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focuses on the topology of our shape and we will use this to create a new

pairwise distance measure that emphasises topological differences.
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Topological Data Analysis (TDA) is a new approach in statistics and a very

active area of research. We hope that we can apply its techniques to our

plant root system shape data.

Plant roots are very difficult to analyse since we need to account for the

differing topology of each root system. Up until now, we have taken ap-

proaches that downplay topological differences and choose to focus on the

pure geometry of the roots. However with Topological Data Analysis, we

have a method that will put an emphasis on topological trait differences.

It is important to understand that despite the name, Topological Data

Analysis is not a purely topological method and does depend on geometric

information. This means TDA could, for example, consider a doughnut

and a coffee cup to be different objects despite having the same topology.

This is not a problem however, just a simple misunderstanding of what the

approach is trying to accomplish. The goal is to use topology methods to

analyse data and not to solely analyse the topology of the data on its own.

6.1 persistent homology

The chief method we will be using is Persistent Homology, which is de-

scribed in Section 2.9. This takes a point cloud and a filtration method, and

uses them to finds a set of ’homology classes’.
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The ’filtration method’ is used to progressively ’blur’ the point cloud.

So as the filtration parameter increases, the points in our cloud connect

together and form lines, loops, holes, faces, voids, etc. until, eventually,

every point in the cloud is connected together in one big solid object that

has the topology of a sphere. The goal of Persistent Homology is to analyse

how this ’blurred’ representation of the point cloud changes as the filtration

parameter increases.

The Persistent Homology technique results in a set of ’intervals’. Each

interval has a ’start time’ and an ’end time’, and is associated with a ’ho-

mology class’. These sets of intervals are sometimes called ’barcodes’ or

’persistence diagrams’, which is motivated by how they are plotted. For

consistency, we will refer to the them as ’persistence diagrams’.

In theory, if two point clouds are randomly sampled from some under-

lying shape, then they will have similar persistence diagrams, and as more

points are added they will converge to a common diagram.

Understanding and interpreting what a ’homology class’ is and what it

represents in the point cloud is difficult, and this is a major drawback to

TDA. In loose terms, a ’homology class’ represents either a ’feature’ or a

’hole’ in the shape. The corresponding ’interval’ of a homology class then

represents when the class first appears during the filtration, and when it

disappears. The idea is that if a class has a very short interval, it is not

an important feature and likely be noise, but if the class has a very long

interval then it is likely to be important to the structure of the point cloud.

One complication of using this approach is that our input data is not

a point-cloud, but a collection of lines or curves. This means that some

adjustments will be needed to ensure the technique works properly.
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6.2 conventional persistent homology

6.2.1 Converting root systems to point clouds

Since conventional persistent homology is performed on a point-cloud, a

simple solution is to represent our set of lines using a point cloud.

The method of how we convert to a point cloud is important, because the

choice of method can have an effect on the result. It is important that our

approach is as consistent as possible, so that comparison is fair. So if two

root systems have similar shapes they should have similar point clouds.

The number of points in our cloud, n, is also important as it can affect the

result, a large number is typically better for accuracy. However Persistent

Homology calculations can get computationally expensive for large point-

clouds, so a large n may not be feasible.

We wish to have our points to be as spread out evenly as possible across

the root system, and to have the distance between successive points be as

consistent as possible. If we choose an average distance d, then we can get

the corresponding n by dividing the total root lengths in the system by d.

For points in a line this is a fairly simple task as we can choose k evenly

spaced points easily. A more difficult case is when multiple lines inter-

sect we must ensure that these points are not over-represented by assigning

points to each line. If we are not concerned with having ’exactly’ n points

and do not mind an approximation, we can simply merge points in the

intersection if we feel the intersection is over-represented.

6.2.2 Delaunay Triangulation

The Cech complex and VietorisRips complex are standard methods for cre-

ating persistent homology filtrations, but they are difficult to compute, espe-

cially given a large number of points in our set. The Delaunay triangulation
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is a useful way to reduce the filtration to be much simpler. An example of

applying the Delaunay triangulation to a root system is shown in Figure 22.

Let n be the number of points and d the number of dimensions. The

number of simplexes in the Delaunay triangulation is O
(

ndd/2e
)

, (Seidel,

1995), which is much less than the total simplex combinations formed in

the Vietoris-Rips complex, O(nd+1).

Using the Delaunay triangulation as the base complex and building a

filtration on it, is much simpler and faster than the Vietoris-Rips or Cech

methods.

Figure 22: A topdown view of the Delaunay Triangulation of a point-cloud
version of a root system. The original root system is shown in
blue. Tetrahedrons with negligible area have been omitted.
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6.3 line-based filtration

An alternative approach when working on root systems is to treat the sub-

set of lines in Euclidean space as the space on which the homology is per-

formed. What this means in practice, is that a filtration is created by assign-

ing every point a number, and then looking at the homology of the growing

subspace formed by the filtration.

This allows us to create a ’persistence diagram’ for that root system that

does not depend on any choice of representation (which converting to a

point-cloud will have).

Since root systems will not have any loops or voids in them, then neither

will the filtration subspaces. Thus we only need to calculate the homology

for the ’1-dimensional holes’.

The main disadvantage with this approach is that the subspace may not

capture all information related to the topology of the root system. It also

does not have the guarantee of stability that the point-cloud approach has.

6.4 alternative point cloud representations

Our approach includes every point in the root system as being a significant

point. Since most of the root system is considered to be a straight line, this

means there is no distance between points and it is much harder for large

holes to form. While this approach is fine, we can consider an alternate

approaches that only include select ’important’ points in our point cloud

representation to allow for greater distance between points.

One simple approach is to consider using only the start and end points of

each root. We may assume that this would give more emphasis to smaller

lateral roots, since there are more of them and therefore more points; how-

ever the fact that the end points of the primary roots are much further away

from nearby points means they will have a much larger persistence class.
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6.5 comparing persistence diagrams

A persistence diagram is a multiset of points,
{

(u, v) ∈ R2 : u, v ≥ 0, u ≤ v
}

.

The assumption is that the larger the difference between u and v, then the

more ’important’ the feature is. We can imagine an infinite number of zero-

length points on the diagonal, (v, v), that do not correspond to any feature.

Comparing two diagrams and working out a distance between them is

an open area of research and standard methods may not perform well in all

cases. Since our data is very unusual we will be considering some alterna-

tive methods to see if they work better.

6.5.1 Alternative approaches

k most significant classes

The key issue that makes comparing persistence diagrams difficult is that

different persistence diagrams have different number of ’points’ within them.

We can bypass this problem by choosing k points from each diagram to act

as representatives for their diagram. This does mean discarding informa-

tion, but it does simplify analysis.

We select the k points that have the greatest persistence (||xU − xL||), since

these are most likely to represent significant topological features. We order

these points from greatest persistence to least persistence, {x(1), . . . , x(k)}

(where ||xUi − xLi|| is decreasing in i).

We can then define a distance between two diagrams as,

Dp(X, Y) =

[
k

∑
i=1
|x(i) − y(i)|p

] 1
p

. (58)
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Distribution analysis

Here we treat the internal sizes of the points in the multiset as a random

sample from a distribution. Then we can use the estimated deviance be-

tween these distributions as a distance measure.

We can also easily test for differences in mean and variance as a simple

hypothesis test. This test can be extended to allow us to test multiple per-

sistence diagrams simultaneously.

6.6 limitations of tda

Topological Data Analysis is a new and active area of research and unfortu-

nately there are still some limitations to its effectiveness. The biggest issue

is that it is difficult to interpret and draw conclusions from results. This

is not surprising since Homology groups are difficult to visualise and inter-

pret on their own, so differences between them are very unlikely to be easily

interpreted either.

This leads to the common impression that TDA is a ’black box’, where

you insert some data, it outputs a result, but it is impossible to understand

what that result means for the dataset or how that result came about.

We can help improve this by attempting to visualize the homology gener-

ators. This is not simple to do with the filtrations built on Euclidean space

(such as Chech and Vietoris-Rips filtrations) but we can find an approach

with the line filtrations that are built on the root system itself.

6.7 interpretation of persistent homology results

The biggest problem with TDA as it stands, is that it has a ’black box’ nature.

You put data into the method and you may get a significant result but it is

very difficult to understand how this result may relate back to the original

data.
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6.7.1 Visualizing Homology Classes

In Figure ??, we see the homology generators of a line filtration based on

the vertical distance.

The first row pictures the root with each point coloured from blue to red

to show the ascending values of the filtration at that point.

The second row shows the homology generators that are found using

Persistent Homology method. They are plotted as a Persistence diagram

and a Bar chart. Each generator is coloured with a randomly chosen colour.

The third row shows the root but each point is associated with a Homol-

ogy generator. The idea is that a subset of points can be associated with each

Homology generator. Each of the subsets is a ’group generator element’ for

each of the persistent homology groups that the particular generator spans

(and only those groups). These subsets can be easily found by tracking

when the classes of the filtration merge together.

The segments of root that change vertically are associated with large ho-

mology generators. This shows that they are very significant features in the

context of the vertical distance filtration. The central vertical stem is the

largest feature, which is as expected.

The segments of root that are mostly horizontal (and vary only a little

vertically) however, tend to be broken up into small classes. This means

that these are not significant features in the context of the vertical filtration

and can be ignored.

6.8 visualizing locations of holes in the vietoris-rips

We can use a more complex version of this process to visualize the locations

of holes in the Vietoris Rips complex. This is done by choosing a represen-

tative cycle for each homology class that best encloses a hole at its peak size.
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Unlike before, these holes are not constrained to be contained on the root

system.

The question is how do we interpret holes in the root system. A hole

is formed when roots are close at one point, become distant, and then get

close to each other again. This can be interpreted as an inefficiency in the

system as the roots should ideally be spreading out further and further.

In Figures 23 and 24, we can see two root systems with very different

distribution of ’holes’. The first has more holes and the holes are larger

in size. Conversely, the second has fewer holes and they are smaller. The

key difference is that while both systems have three large primary roots;

the second system has one primary growing down and two of its roots

spread outwards in different directions, and the first system has three roots

that initially spread out at evenly spaced angles, but then grow downwards

creating a void in the centre.
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Figure 23: Visualization of the holes found by the Veitoris-Rips persistent
homology method. There are some very large holes that span the
root system.
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Figure 24: Visualization of the holes found by the Veitoris-Rips persistent
homology method. The holes are much smaller.
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6.9 conclusion

Topological Data Analysis presents a new perspective to analyse data, that

emphasises topological differences between structures rather than geomet-

ric. It is our hope that this new topological perspective will assist us in

identifying new phenotypes that have not been identified before.

In the next chapter we will conduct a simulation study to see how the

Pairwise Hausdorff and TDA methods perform on simulated root system

data.
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7
S I M U L AT I O N S T U D Y

7.1 simulated dataset

We will be using a standard simulated dataset from Lobet et al. (2016). This

is a dataset of 10,000 simulated RSML roots, using a variety of input param-

eters. The original intention of this dataset was to provide a standardised

dataset for analysing the performance of image analysis methods.

The data was generated using two different algorithms that simulate

’monocot’ plants and ’dicot’ plants respectively. There are many subtle bi-

ological differences between these two types of plants, however the main

difference that we are interested in, is that a ’monocot’ root systems are

fibrous and have multiple large roots branching from the seed, whereas ’di-

cot’ root systems have a single main root called the ’tap root’. The wheat

plants we are studying are ’monocot’ plants.

There are 5,000 monocot and 5,000 dicot plants in total. Each are divid-

ing into 250 groups of 20 plants, where each group has different randomly

generated parameters.

7.2 common cases

It is unlikely that we will be analysing a dataset of 10,000 3D roots, due to

the expense of acquiring 3D scans. We expect any datasets to be comprised
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of around 20-50 plants. In addition we will be focusing on wheat roots that

are ’monocot’ plants.

In order to better simulate the datasets we will likely be encountering, we

will only be looking at small subsets of the 5,000 simulated monocot roots.

There are three scenarios that we wish to consider.

1. Two randomly selected ’simulation groups’.

2. Two groups of randomly selected plants, sampled from any the whole

dataset.

3. Two groups of randomly selected plants, sampled from a single ran-

domly chosen ’simulation group’

Each of these scenarios gives two groups, consisting of 10 plants each.

Now, simply simulating a given scenario once is insufficient, so we simulate

each scenario hundreds of times, and see what variety of results we get.

We will use linear discriminant analysis to see how well our pairwise

methods perform in these three scenarios. The goal is to use the first k MDS

variables to predict which group the plant came from. We will use cross

validation to determine how well the LDA performs. We can then use the

performance of these LDA to choose a value for k.

Note that we have not concerned ourselves with verifying the assump-

tions of LDA. The purpose of this analysis is not to create a simple measure

of fit quality for each method, and not to suggest the model is accurate.

7.3 pairwise distance approach

7.3.1 Elimination of Angle Differences

In order to eliminate the factor of horizontal rotation, we fix one root system

and rotate the second root system about the vertical axis by the angle θ to

find the minimum pairwise distance.
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There are several questions we need to answer. The first is how many

values of θ to we need to evaluate. We need to find the global minimum of

the function θ → < . This function is continuous but may not be smooth.

7.3.2 Hausdorff Distance

Figure 25: Plot of two different root systems, ”monocot-134-9-14” and
”monocot-135-4-20”. Side views on the left, top-down views on
the right.

We can see an example of this rotation function in figure 26, and it’s clear

that the function is very unpredictable. There are multiple local minima

across the range of θ and two of them are close to being the global minimum.

If we can start at a point close to the global minimum, then we can use

a steepest descent method to optimize across this function. Finding a point
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Figure 26: Effect of rotation on the pairwise Hausdorff distance between two
different plant root systems (see Figure 25). In this case, rotation
has a large effect on the distance measure.
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Figure 27: Plot of two different root systems, ”monocot-189-4-14” and
”monocot-132-1-20”. Side views on the left, top-down views on
the right.
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Figure 28: Effect of rotation on the pairwise Hausdorff distance between two
different plant root systems (see Figure 27). In this case, rotation
has little effect.
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close to the global minimum can be found by evaluating the function at

angles θ degrees apart along (where θ is small) and using the smallest angle

as a starting point.

However with the Hausdorff function there is a special case to this, where

rotation does not have a large effect. For an example, see figure 28, where

the function appears to be a straight line (it is not a straight line if we looked

closer). What has happened here is that both roots have a long straight

central stem that goes down from the origin point, and the tips of these

stems are their most extreme points. One of these plants stems is much

longer than the other, and the Hausdorff method identifies these two points

as being the most important extreme differences. Since the two points are

so close to the vertical axis, horizontal rotation has little effect on them and

so the rotation function appears to be flat.

In terms of performance under LDA, we can see in Figure 29, that the

method is quite successful at assigning values in case 1, even when k = 1.

As k increases, the probability of correct classification falls a bit, but this

is expected as later MDS variables are more noisy and less likely to add

useful information. There seems to be a peak around k = 3, but given the

large confidence intervals this is not significant.

In cases 2 and 3, the LDA achieves a roughly 50% success rate. This is

what we expected to see, since the MDS variables were not related to the

arbitrary group assignments, so this should perform about the same as a

coin toss.

7.3.3 Pseudo Hausdorff Distance

We can apply the same rotation analysis to the Pseudo-Hausdorff distance

metric. We can see equivalent examples in Figures 30 and 31. As before the

rotation functions are very unpredictable with several local minima, how-

ever the rotation function in Figure 31 is not an almost-straight line as it
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Figure 29: LDA correct classification probability for various choices of k.
The dotted lines represent the upper and lower 95% confidence
intervals.
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was in Figure 28. This is because the Pseudo-Hausdorff is always affected

by changes in the underlying points.

Figure 30: Effect of rotation on the pairwise Pseudo-Hausdorff distance be-
tween two different plant root systems. (see Figure 25)

Looking at the effect that different number of approximation points has

on the Pseudo-Hausdorff metric, in Figure 32, we can see the rotation func-

tions at various levels of approximation. Unlike the regular Hausdorff met-

ric, this has a strong effect on the result, with each of the values appearing

to be inversely proportional to the number of levels. This is likely because

of a large number of ’small distances’ between adjacent points affecting the

average.

This is an unfortunate effect and definite downside to this approach. We

will still include the Pseudo-Hausdorff distance in our analysis, since we can
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Figure 31: Effect of rotation on the pairwise Pseudo-Hausdorff distance be-
tween two different plant root systems. (see Figure 27)
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partially control this effect by keeping the approximation levels consistent

throughout all comparisons.

Figure 32: Effect of rotation and the number of approximation points on the
pairwise Pseudo-Hausdorff distance between two different plant
root systems.

For performance under LDA, we can see in Figure 33, that, like the regular

Hausdorff method, we achieve good accuracy in case 1. There does not seem

to be a peak, but the accuracy falls for higher k.

Cases 2 and 3 have the same expected 50% accuracy as discussed in the

Hausdorff case.
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Figure 33: LDA correct classification probability for various choices of k.
The dotted lines represent the upper and lower 95% confidence
intervals.
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7.4 topological data analysis

We do not need to account for rotation with the TDA approach so the

only question is the level of approximation required. We will be using

the Vietoris-Rips complex and bottleneck distance metric, since these have

readily available computationally efficient methods (Fasy et al., 2017) and

they work well on our plant data.

Figure 34: Effect of the number of approxiation points on the value of a
TDA comparison, using the Vietoris-Rips complex and bottleneck
metrics.

From Figures 34 and 35, we can see that the bottleneck distance seems

to approach to being around a single value, albeit with significant varia-

tion. Unfortunately it is not computationally reasonable to calculate the

111



7.4 topological data analysis

Figure 35: Effect of the number of approxiation points on the value of a
TDA comparison, using the Vietoris-Rips complex and bottleneck
metrics.
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Rips complex for large numbers of points, so we will have to settle for a

compromise.

For performance under LDA, we can see in Figure 36, that, like the regular

Hausdorff method, we achieve good accuracy in case 1. There does not seem

to be a peak, but the accuracy falls for higher k.

Cases 2 and 3 have the same expected 50% accuracy as discussed in the

Hausdorff case.

Figure 36: LDA correct classification probability for various choices of k.
The dotted lines represent the upper and lower 95% confidence
intervals.

7.5 choice of k for mds

Looking at the effect of k on classification accuracy in Figures 29, 33 and 36

that a large value of k does not seem to make a large difference on the clas-

sification rate. Each of them seems to have a significant boost at either k = 2

or k = 3 and therefore we will choose k = 3 as our choice for comparisons in

the analysis of practical data.
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7.6 conclusion

The Hausdorff and TDA approaches have both performed well on our sim-

ulated dataset, able to find significant differences where they occur and

failing to find significant differences where there are none. Our simulated

dataset has a large amount of shape variation though, and it is possible that

real world datasets may have more subtle differences.

In the next chapter we will apply our results to a real world dataset.
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8.1 dataset

The data consists of 32 CT scans of the root systems of individual wheat

plants. This provides us with a ’skeletonised’ view of all the roots. Examples

of these skeletonised plants can be seen in Figure 37.

The wheat plants are grown from 4 different genotypes, denoted as ’44’,

’72’, ’Rialto’ and ’Savannah’. The ’44’ and ’72’ plants are cross-breeds of

the ’Rialto’ and ’Savannah’ genotypes. 8 plants were chosen from each

genotype, 4 were grown in a ’drought’ environment and 4 were grown in

an ’well-watered’ environment.

So, we have a balanced experiment, with a ’Genotype’ factor (with 4 lev-

els), an ’Irrigation’ factor (with 2 levels), and 4 replicates in each group, for

a total of 32 data points.

We are interested in seeing if there is interaction between the two fac-

tors. We have enough replicates that this is feasible without much loss of

experimental power.

In addition to the CT scans of the wheat plants, we have several additional

variables that measure various properties of the wheat plant at harvesting.

These are,

• Plant height (cm)

• Total above-ground biomass (g)
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(a) 44/Drought (b) Savannah/Drought

(c) 72/Drought (d) 72/Well-Watered

(e) Rialto/Well-Watered (f) Savannah/Well-Watered

Figure 37: A selection of wheat Roots from our dataset, rendered in 3D.
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• Fertile shoots

• Infertile shoots

• WinRHIZO total length (m)

• Initial column weight

• Final column weight

• Water uptake (L/plant)

Most of these are self-explanatory, with the exception being WinRHIZO

Total Length, which measures the total length of the root system using Win-

RHIZO, a different method to the CT scans. We wish to see if our method

matches that of the WinRHIZO measurements.

8.2 relationships with summary statistics

There are a wide variety of summary statistics that can be measured from

our root system and we wish to see if these are affected by the genotype

and irrigation factors, and their interaction.

Since there is such a large number of statistics that are used to measure

the plant roots, we have to be careful to ensure that we are not ’farming for

significant p-values’. In order to prevent this, we will reduce our rejection

threshold. It is difficult to choose a reduced p-value threshold since the

choice of threshold is always essentially arbitrary. We have chosen a thresh-

old of 0.001, and our reasoning is simply that we have roughly 50 traits that

we can measure from a plant and so we divide the standard p-value thresh-

old of 0.05 by 50 to get 0.001, which a simple round number. We could use a

more sophisticated method but we believe that 0.001 is a satisfactory choice.

Let Yi be a statistic of the ith plant, we can model its relationship with the

Genotype and Irrigation factors as,

Yi = µ + Genotypeiβ1 + Irrigationiβ2 + Interactioni + εi, (59)
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where Genotypei, Irrigationi and Interactioni are rows of the contrast ma-

trices that represent the genotype and irrigation factors, and their interac-

tion factor respectively. µ, β1, β2 and β3 are the parameters to be estimated

and εi ∼ N(0, σ2), is the error term.

We can reduce the number terms using AIC reduction methods, if neces-

sary. We use the stepwise reduction algorithm from the ’mass’ r package

(Ripley et al., 2013) to choose the combination of parameters that give the

lowest AIC.

8.2.1 Root Count

As an example of the results, we will use the statistic of Root Count.

Root count is a simple measure of the plants root system, that counts

the number of offshoots that are made, regardless of length. If the plant

has more roots, it will have an improved ability to take up water but will

require more water due to the increased biomass. So it is very possible

that the plant may respond when it is in drought conditions, either growing

more roots to try to find more water, or growing less roots to try to conserve

what little water it finds.

As we can see in Figure 38, there is a substantial increase in root count

when the environment is well watered. There does not seem to be a rela-

tionship with the genotype. We can confirm this analytically using ANOVA,

as shown in Table 2.

8.2.2 Multi-Analysis of Various Statistics

We perform our analysis on multiple properties. The results of this can

be see in Table 3. The table contains the results of partial tests for the

significance of each factor, the results of an overall test for significance, and
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Figure 38: Plots of root count with genotype and irrigation treatment.

Variable Df Sum Sq Mean Sq F val P-Value

Genotype 3 239 80 1.537 0.23
Irrigation 1 2195 2195 42.313 1× 10−06 (***)
Interaction 3 239 80 1.538 0.23
Residuals 24 1245 52

Total 31 3918 2406

Note: (·) p<0.1; (*) p<0.05; (**) p<0.01; (***) p<0.001

Table 2: Anova test performed on the ’Root Count’ measurement. There is
a strong relationship with the Irrigation factor.
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the result of an overall test after irrelevant factors have been removed by

AIC reduction.

We have also included several statistics related to the ’unravelled’ version

of the root system (see Section 3.6).

We can see that quite a few of them have a relationship with our factors,

mostly with the Irrigation factor.

Genotype Irrigation Interaction P.Value Reduced
Root Length Total 0.16 0.00034* 0.15 0.0041 0.0041

Root Length Average 0.42 0.00038* 0.86 0.022 0.00016*
Width 0.92 5e-04* 0.28 0.022 0.00027*

Width (Unravelled) 0.0064* 0.55 0.027* 0.0061 0.0061

Height 0.15 0.0075* 0.88 0.077 0.012

Width/Height Ratio 0.95 0.0024* 0.33 0.07 0.0014

Width/Height Ratio (Unravelled) 0.0084* 0.39 0.025* 0.0065 0.0065

Horizontal Angle 0.2 0.31 0.89 0.49 -
Vertical Angle 0.001* 0.026* 0.15 0.0016 0.0016

Avg Tortuoisity 0.0072* 0.98 0.37 0.035 0.0054

Avg Tortuoisity (Unravelled) 0.00034* 0.38 0.12 0.0014 0.0014

Root Count 0.23 1e-06* 0.23 9.4e-05* 8.4e-07*
Convex Hull Surface Area 0.5 0.00095* 0.18 0.017 0.017

Convex Hull Surface Area (Unravelled) 0.0084* 0.73 0.3 0.034 0.0072

Centre of Mass (Horizontal) 0.68 0.025* 0.42 0.24 0.02

Centre of Mass (vertical) 0.27 0.0028* 0.84 0.061 0.002

Plant Height 1.3e-05* 1.2e-11* 0.016* 3.5e-10* 3.5e-10*
Total above-ground biomass 1e-07* <2.2e-16* 0.84 1.1e-14* <2.2e-16*

Fertile shoots 0.31 3.4e-12* 0.029* 1.3e-09* 1.3e-09*
Infertile shoots 0.16 7.9e-11* 0.0036* 1.1e-08* 1.1e-08*

WinRHIZO total length 0.4 <2.2e-16* 3.9e-07* <2.2e-16* <2.2e-16*
Initial column weight 0.71 0.5 0.08 0.27 0.27

Final column weight 0.71 0.095 0.95 0.69 0.07

Water uptake 4.2e-06* 3.8e-16* 0.0071* 6.8e-14* 6.8e-14*
RLD 0-20cm 6.3e-09* <2.2e-16* 4.9e-06* <2.2e-16* <2.2e-16*

RLD 20-40cm 0.00085* <2.2e-16* 0.0014* <2.2e-16* <2.2e-16*
RLD 40-60cm 5.3e-11* 1 3.8e-05* 2.7e-10* 2.7e-10*
RLD 60-80cm 0.00015* 1.2e-05* 5.5e-07* 4.1e-08* 4.1e-08*

Table 3: Results of Anova tests performed on a large number of properties.
The Genotype, Irrigation and Interaction columns contain the p-
values of partial tests for relationships with those individual terms.
The p-value column has the overall test for any relationship. The
’reduced’ column has the overall test when unnecessary terms have
been removed with AIC reduction methods.
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Mean 72 Rl Sv W W:72 W:Rl W:Sv
Root Length Total 68* -6.8 3 -9 11 -2.6 0.059 18

Root Length Average 2.6* -0.37 -0.41 -0.37 -0.73* 0.27 0.28 0.19

Width 0.61* 0.017 -0.019 -0.0099 0.037 -0.013 0.058 0.048

Width (Unravelled) 2.1* -0.36 -0.42* -0.12 -0.51* 0.41 0.56* 0.85*
Height 4.4* 0.0046 0.036 0.062 0.071 -0.026 0.0069 -0.031

Width/Height Ratio 0.14* 0.0038 -0.0054 -0.004 0.0062 -0.0021 0.012 0.011

Width/Height Ratio
(Unravelled)

0.47* -0.081 -0.098* -0.033 -0.12* 0.094 0.12* 0.19*

Horizontal Angle -0.57 0.37 0.43 2.1 0.17 -0.87 -1.2 -1.2
Vertical Angle 0.97* -0.068* -0.044 -0.11* -0.093* 0.069 0.1* 0.053

Avg Tortuoisity 0.92* 0.0054 -0.0043 -0.025 0.0073 -0.024 0.0068 -0.012

Avg Tortuoisity (Un-
ravelled)

0.95* 0.006 -0.0043 -0.021* 0.0041 -0.015 0.0083 0.0015

Root Count 27* 1.2 6.5 -0.25 16* -3.8 -2.2 10

Convex Hull Surface
Area

13* -0.24 -0.46 -0.021 0.23 0.16 1* 0.46

Convex Hull Surface
Area (Unravelled)

34* -2.9 -5 1.2 -3.3 2 5 8.5

Centre of Mass (Hor-
izontal)

0.1* 0.0025 0.008 -0.0062 0.04 0.019 -0.043 0.045

Centre of Mass (verti-
cal)

1.7* -0.078 -0.16 -0.0012 -0.14 -0.047 -0.0055 -0.13

Plant Height 55* 0.65 -4 1.6 7.4* 8.2* 3.2 9.1*
Total above-ground
biomass

24* 1.9* -0.65 3.2* 7.7* 0.50 -0.087 0.76

Fertile shoots 4.8* -0.5 -0.25 -0.75 2.8* 0.75 1.2 2.8*
Infertile shoots 2.5* 0 0.25 1.8* -2.2* 0.75 -0.25 -2*
WinRHIZO total
length

26* -1.4* 0.26 -1.6* 4.9* 2* -0.75 2.9*

Initial column weight 46* 0.54 0.63 0.82 1.6* -1.4 -1.3 -2.6*
Final column weight 46* 0.032 0.43 -0.0077 -0.28 0.015 -0.3 -0.15

Water uptake 17* -1.9* -1.6* -2.2* 6.7* 0.69 -2.6* -0.50

RLD 0-20cm 1.1* 0.092* 0.032 -0.052 0.66* 0.095 -0.28* -0.11

RLD 20-40cm 0.91* -0.052 -0.11* -0.11* 0.46* -0.065 0.042 0.13*
RLD 40-60cm 0.80* -0.1* 0.07* 0.12* -0.0075 0.092* 0.0025 -0.065*
RLD 60-80cm 1.3* -0.16* 0.052 -0.22* -0.33* 0.18* 0.12 0.5*

Table 4: Coefficients of fitted linear models on properties in Table 3. The as-
terisk * next to a coefficient denotes that the coefficient is significant
at the 0.05 threshold.
W=Well-watered, Rl=Rialto, Sv=Savannah
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Mean 72 Rl Sv W W:72 W:Rl W:Sv
Root Length Average 2.3* - - - -0.55* - - -
Width 0.6* - - - 0.06* - - -
Root Count 29* - - - 17* - - -
Plant Height 55* 0.65 -4 1.6 7.4* 8.2* 3.2 9.1*
Total above-ground
biomass

24* 2.1* -0.7 3.6* 8* - - -

Fertile shoots 4.8* -0.5 -0.25 -0.75 2.8* 0.75 1.2 2.8*
Infertile shoots 2.5* 0 0.25 1.8* -2.2* 0.75 -0.25 -2*
WinRHIZO total
length

26* -1.4* 0.26 -1.6* 4.9* 2* -0.75 2.9*

Water uptake 17* -1.9* -1.6* -2.2* 6.7* 0.69 -2.6* -0.50

RLD 0-20cm 1.1* 0.092* 0.032 -0.052 0.66* 0.095 -0.28* -0.11

RLD 20-40cm 0.91* -0.052 -0.11* -0.11* 0.46* -0.065 0.042 0.13*
RLD 40-60cm 0.80* -0.1* 0.07* 0.12* -0.0075 0.092* 0.0025 -0.065*
RLD 60-80cm 1.3* -0.16* 0.052 -0.22* -0.33* 0.18* 0.12 0.5*

Table 5: Coefficients of fitted linear models on properties in Table 3, that
wered reduced using AIC reduction and are significant at the 0.001

threshold. The asterisk * next to a coefficient denotes that the coef-
ficient is significant at the 0.05 threshold. A blank entry means that
term was removed during AIC reduction.
W=Well-watered, Rl=Rialto, Sv=Savannah

8.3 comparison of factor means

The linear models are very useful for inferences from our data but are not

ideal for interpreting differences between the effects of different factors. In

order to better interpret how our data varies in practice, we can use Tukey’s

HSD (honest significance difference) test. This test when performed on data

with multiple groups will calculate the significance of differences between

all possible pairs of means.

This allows us to tell if, for example, the mean Rialto plant height is

significantly different from the mean Savannah plant height, or if the mean

well-watered root count is significantly different from the mean drought

root count.

In Figures 39 - 51, we have taken the significant properties we found in

Section 8.2.2 and plotted boxplots of each property in terms of genotype

individually, irrigation individually, and the combination of the two. Each

factor’s boxplots are plotted in ascending order of their mean value (so the
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8.3 comparison of factor means

order is different for each plot). Blue rectangles are then added that join

together any levels that are not significantly different according to a Tukey

HSD test.

For example, in Figure 42 on page 127, we see three boxplots of Plant

Height.

The first plot in the upper left is the plant height versus genotype, and all

four boxplots are within the same blue rectangle. This means that none of

the means of the genotypes are considered significantly different from each

other (note that this ignores the irrigation and interaction factors).

The second plot in the upper right is plant height versus the irrigation

factors, and both bars are in seperate blue rectangles. This means that that

the drought and well-watered means are considered significantly different

from each other.

The third plot in the bottom is plant height versus the combined geno-

type and irrigation factor. This is the most complex plot, since there are a

lot more levels. Three of the blue rectangles overlap, which occurs when

two groups means are significantly different to each other but are not sig-

nificantly different to a third group mean. This is possible since ’not signifi-

cantly different’ is not the same thing as saying that the means are equal.

We can see that ’72/Watered’ and ’Savannah/Watered’ are separated from

the rest of the group with their own blue rectangle. This could mean that

these two genotypes grow significantly taller, but only in watered condi-

tions.

For the other groups, it’s a little more ambiguous but we can see some

differences. For example, ’Rialto/Drought’ and ’Rialto/Watered’ are signif-

icantly different, as well as ’44/Drought’ and ’44/Watered’, so we can tell

that being watered does have a positive effect on all the genotype group

means.

We can also see that the four ’Genotype/Drought’ groups are all not

significantly different to each other, which is very different from the four
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8.3 comparison of factor means

’Genotype/Watered’ groups, where ’72/Watered’ and ’Savannah/Watered’

are significantly different from ’Rialto/Watered’ and ’44/Watered’.

Figure 39: Boxplot of ”Root Length Average” versus the genotype, irrigation
factors and their combination. The factors are plotted in ascend-
ing order in terms of mean. The blue boxes denote that any two
factors within the same box are not significantly different.

In Figure 39, ”Root Length Average” is clearly dependent on the irrigation

factor, with being ’Well-watered’ reducing the average. We can see that ’44

Drought’ is considered significantly different from ’Sav Watered’, however

AIC reduction removed the interaction term as unnecessary, this is likely

just the Irrigation factor being expressed.

In Figure 40, ’Width’ has a relationship with the Irrigation factor but noth-

ing else is significant. This is an interesting case because there isn’t enough

evidence to see a strong relationship with any of the Genotype/Irrigation
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8.3 comparison of factor means

Figure 40: Boxplot of ”Width” versus the genotype, irrigation factors and
their combination. The factors are plotted in ascending order in
terms of mean. The blue boxes denote that any two factors within
the same box are not significantly different.
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pairs individually, and it’s only when combined that we see the relationship

with Irrigation. This occurs because when the Irrigation data is pooled into

their two sets there is sufficient evidence to find a significant difference, but

individually none have enough evidence..

Figure 41: Boxplot of ”Root Count” versus the genotype, irrigation factors
and their combination. The factors are plotted in ascending order
in terms of mean. The blue boxes denote that any two factors
within the same box are not significantly different.

In Figure 41, we see ”Root Count” is affected by the Irrigation factor.

Rialto/Drought is considered significantly different from the other Geno-

type/Drought pairs, but since the Interaction factor was removed by AIC

reduction, we can conclude this is not evidence of a deeper relationship.

In Figure 43, there is a relationship with Irrigation and Genotype, how-

ever the Genotype effects are masked by the large Irrigation effect when
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8.3 comparison of factor means

Figure 42: Boxplot of ”Plant Height” versus the genotype, irrigation factors
and their combination. The factors are plotted in ascending order
in terms of mean. The blue boxes denote that any two factors
within the same box are not significantly different.
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8.3 comparison of factor means

Figure 43: Boxplot of ”Total above-ground biomass” versus the genotype,
irrigation factors and their combination. The factors are plotted
in ascending order in terms of mean. The blue boxes denote
that any two factors within the same box are not significantly
different.
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looking at Genotype alone. We can see that there is a similar difference

between ”Rialto” and ”Savannah” factors in both drought and watered con-

ditions.

Figure 44: Boxplot of ”Fertile shoots” versus the genotype, irrigation factors
and their combination. The factors are plotted in ascending order
in terms of mean. The blue boxes denote that any two factors
within the same box are not significantly different.

In Figure 44, there is a very clear evidence of a relationship with Irrigation

and no evidence for Genotype or their interaction.

For the remaining Figures 45-51 the various measures exhibit a strong

relationship with Genotype, Irrigation and their Interaction. Each of the

Genotypes responds slightly differently to drought and watered conditions.

129



8.3 comparison of factor means

Figure 45: Boxplot of ”Infertile shoots” versus the genotype, irrigation fac-
tors and their combination. The factors are plotted in ascending
order in terms of mean. The blue boxes denote that any two
factors within the same box are not significantly different.
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Figure 46: Boxplot of ”WinRHIZO total length” versus the genotype, irri-
gation factors and their combination. The factors are plotted in
ascending order in terms of mean. The blue boxes denote that
any two factors within the same box are not significantly differ-
ent.
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8.3 comparison of factor means

Figure 47: Boxplot of ”Water uptake” versus the genotype, irrigation factors
and their combination. The factors are plotted in ascending order
in terms of mean. The blue boxes denote that any two factors
within the same box are not significantly different.

132



8.3 comparison of factor means

Figure 48: Boxplot of ”RLD 0-20cm” versus the genotype, irrigation factors
and their combination. The factors are plotted in ascending order
in terms of mean. The blue boxes denote that any two factors
within the same box are not significantly different.
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Figure 49: Boxplot of ”RLD 20-40cm” versus the genotype, irrigation factors
and their combination. The factors are plotted in ascending order
in terms of mean. The blue boxes denote that any two factors
within the same box are not significantly different.
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Figure 50: Boxplot of ”RLD 40-60cm” versus the genotype, irrigation factors
and their combination. The factors are plotted in ascending order
in terms of mean. The blue boxes denote that any two factors
within the same box are not significantly different.
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Figure 51: Boxplot of ”RLD 60-80cm” versus the genotype, irrigation factors
and their combination. The factors are plotted in ascending order
in terms of mean. The blue boxes denote that any two factors
within the same box are not significantly different.
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8.4 analysis of individual root strand properties

Our dataset has a relatively small number of plants, but each individual

plant has a large number of root strands, and naturally we might ask if we

could analyse properties of these strands to increase the number of points in

our dataset. The problem with this approach is that individual root strands

are not independent of each other. If a plant had its growth stunted, then all

the roots of the plant would be smaller, and if that reason was not related to

its genotype or irrigation conditions then we have a hidden factor that will

bias our results.

So each individual plant may have a bias affecting its root’s properties,s

that is not related to genotype or irrigation. We can model this as a ’random

effect’, to create a mixed effects model. Let Yi,j be a property of the jth root

strand from the ith plant, then we model it as,

Yi,j = µ + β1Genotypei + β2Irrigationi + Interactioni + Zi + εi,j, (60)

where, Zi ∼ N(0, γ2), is the ith plants random effect. The values of Zi

are random and would be different every time we repeated the experiment

with new plants. Each Zi is distributed as a normal variable with mean 0

and unknown variance γ2.

Using this model we can analyse individual root strands, which effec-

tively increases the number of data points from 32 to 1197, with the trade

off of requiring a more complex model which has unobservable effects (the

individual plant effects).

8.4.1 Root Strand Length

We wish to see if each the length of each root strand is related to our en-

vironment factors. We model our mixed effects model, and the results are

found in Table 6 and Figure 52. We can see that ’Watered’ has a negative
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effect on root length (-0.678), which is reasonably consistent with the effect

that ’Watered’ has on ’Root Length Average’ (-0.73). Note: We wouldn’t

expect them to line up perfectly since we are using different methods on

slightly different datasets. The ’plant effect’s variance is quite small com-

pared to residuals (and we will later see that it is not significant), which

would imply that individual plant conditions (that are unrelated to Irriga-

tion/Genotype), do not seem to have an effect on root length average.

Estimate Std. Error t value
(Intercept) 2.53 0.181 13.9

72 -0.353 0.254 -1.39

Rialto -0.392 0.247 -1.59

Sav -0.325 0.257s -1.27

Watered -0.678 0.238 -2.84

72:Watered 0.24 0.337 0.711

Rialto:Watered 0.283 0.328 0.862

Sav:Watered 0.150 0.333 0.452

(a) Fixed Effects
Variance Std.Dev

Plant Effect 0.03432 0.1852566

Residuals 2.63633 1.623678

(b) Random Effects

Table 6: Results of a mixed model analysis of Root Lengths.

8.4.2 Multi-Analysis of Various Statistics

We apply our Mixed model to a variety of traits, and summaries of the

results of those analyses are shown in Tables 7 and 8. Four traits were found

to be significant at the 0.001 threshold, ”Root Length”, ”Height”, ”Vertical

Angle” and ”Avg. Tortuosity (unravelled)”.

Interestingly, ”Vertical Angle” is significantly lesser for ”Savannah” plants

and has a significant random plant effect. This is because, the Wheat plants

spread some of their roots directly downwards and others travel outwards

first before travelling down. However, several Savannah plants don’t have
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many roots growing directly down, and this is not correlated with Irriga-

tion.

Genotype Irrigation Interaction P.Value Reduced
Root Length 0.24 2.7e-05* 0.73 0.0025 3.3e-05*

Width 0.92 0.055 0.75 0.62 -
Width (Unravelled) 0.3 0.043* 0.83 0.34 0.34

Height 0.078 1.2e-07* 0.72 8e-04* 8e-04*
Width/Height Ratio 0.62 0.19 0.53 0.47 -

Width/Height Ratio (Unravelled) 0.61 0.2 0.54 0.47 -
Horizontal Angle 0.97 0.52 0.53 0.9 -

Vertical Angle 5.2e-05* 0.0098* 0.054 0.00015* 0.00015*
Avg Tortuoisity 0.0017* 0.96 0.34 0.013 0.013

Avg Tortuoisity (Unravelled) 1.4e-05* 0.32 0.071 0.00017* 0.00017*
Centre of Mass (Horizontal) 0.86 0.021* 0.98 0.53 0.53

Centre of Mass (vertical) 0.19 5.7e-05* 0.96 0.0046 0.0046

Start Pos (Vertical) 0.81 0.96 0.39 0.8 -
End Pos (Vertical) 0.14 2.5e-05* 0.87 0.0017 0.0017

Table 7: Results of Anova tests performed on a large number of properties.
The Genotype, Irrigation and Interaction columns contain the p-
values of partial tests for relationships with those individual terms.
The p-value column has the overall test for any relationship. The
’reduced’ column has the overall test when unnecessary terms have
been removed with AIC reduction methods.

Mean 72 Rl Sv W W:72 W:Rl W:Sv σ(Plant)
Root Length 2.3* -0.5* 0.15

Height 2.2* -0.31 -0.37 -0.38 -0.62* 0.17 0.28 0.12 0

Vertical Angle 0.98* -0.073* -0.046 -0.12* -0.096* 0.075 0.11* 0.058 0.029*
Avg Tortuoisity
(Unravelled)

0.95* 0.0061 -0.0025 -0.021* 0.004 -0.014 0.0064 0.0029 0.0036

Table 8: Coefficients of fitted linear models on properties in Table 7, that are
significant at the 0.001 threshold. The asterisk * next to a coefficient
denotes that the coefficient is significant at the 0.05 threshold. A
blank entry means that term was removed during AIC reduction.
W=Well-watered, Rl=Rialto, Sv=Savannah
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Figure 52: Boxplot of ”Root Length” versus the genotype, irrigation factors
and their combination. The factors are plotted in ascending order
in terms of mean. The blue boxes denote that any two factors
within the same box are not significantly different.

140



8.4 analysis of individual root strand properties

Figure 53: Boxplot of ”Height” versus the genotype, irrigation factors and
their combination. The factors are plotted in ascending order in
terms of mean. The blue boxes denote that any two factors within
the same box are not significantly different.
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Figure 54: Boxplot of ”Vertical Angle” versus the genotype, irrigation fac-
tors and their combination. The factors are plotted in ascending
order in terms of mean. The blue boxes denote that any two
factors within the same box are not significantly different.
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8.5 results of trait analysis

There are numerous traits and properties that are strongly associated with

the species and drought factors and their interactions. It is difficult to inter-

pret all of the complex interactions between these factors though.

No trait appeared to have a significant relationship with the genotype

factor alone, which is surprising since Rialto and Savannah are known to

have different root lengths. This may be because the wheat was scanned

before being fully grown.

In Table 9, we can see the effects that watfer has on measured traits (that

we can identify as being significant). We have also included a measure of the

”relative effect”, this is the effect as a percentage of the standard deviation

of the trait. The ”Root Count”, ”Root Length Total” and ”Plant Height” are

the traits most affected by Irrigation, with more roots being grown in a well-

watered environment. The average root length is slightly reduced but not

by a very large margin.

However we can break these effects down even further in Tables 10, 11,

12 and 13 and look at individual effects. Each has a slightly different re-

sponse, for example Plant Height is only increased by being watered in ”72”

and ”Savannah”. We can conclude that the different genotypes respond to

drought in different ways, which is an important result since that is not an

assumed fact and we can use it to determine which is more resilient.

Most of the significant results we have inferred are related to metadata

about the plant, and not the scanned roots. Root Count and Root Length

Total were the most significant factors and, even then, only in the pooled

effect of irrigation. This seems to show there is not a lot of shape variation

within the scanned root data, however while we have tested a large number

of traits, there is no reason to believe that we have not missed an important

trait. This approach has provided a lot of insight but there is no way to tell

if it is complete.
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Effect Std. Error Relative Effect
Root Length Total 7.27 2.68 56.464%

Root Length Average -0.273 0.0896 -2.119%
Width 0.03 0.0103 0.233%

Root Count 8.28 1.89 64.358%
Convex Hull Surface Area 0.322 0.125 2.506%

Plant Height 6.25 1.21 48.596%
Total above-ground biomass 4.01 0.502 31.139%

Fertile shoots 1.97 0.247 15.300%
Infertile shoots -1.31 0.213 -10.200%

WinRHIZO total length 2.98 0.224 23.188%
Water uptake 3.05 0.386 23.740%
RLD 0-20cm 0.295 0.0341 2.290%
RLD 20-40cm 0.244 0.0162 1.899%

Table 9: Significant effects of the ’Watered’ factor on our set of measured
traits. (The ’Drought’ factor has the negative of these effects.)

Effect Std. Error Relative Effect
Fertile shoots 1.16 0.436 8.986%

Infertile shoots -1.44 0.339 -11.172%
WinRHIZO total length 2.64 0.253 20.497%

Water uptake 5.08 0.446 39.511%
RLD 0-20cm 0.35 0.028 2.718%

RLD 20-40cm 0.286 0.0214 2.225%
RLD 40-60cm -0.0294 0.0129 -0.228%
RLD 60-80cm -0.183 0.0328 -1.423%

Table 10: Significant partial effects of the combination of 44 and ’Watered’
factors on our set of measured traits. (the ’Drought’ equivalent
has the negative of these effects)

Effect Std. Error Relative Effect
Plant Height 10.4 1.47 80.945%
Fertile shoots 1.41 0.436 10.929%

WinRHIZO total length 3.22 0.253 24.985%
Water uptake 3.92 0.446 30.457%
RLD 0-20cm 0.537 0.028 4.175%

RLD 20-40cm 0.169 0.0214 1.311%
RLD 40-60cm -0.0419 0.0129 -0.325%
RLD 60-80cm -0.161 0.0328 -1.248%

Table 11: Significant partial effects of the combination of 72 and ’Watered’
factors on our set of measured traits. (the ’Drought’ equivalent
has the negative of these effects)
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Effect Std. Error Relative Effect
Fertile shoots 2.16 0.436 16.757%

Infertile shoots -1.44 0.339 -11.172%
WinRHIZO total length 2.15 0.253 16.728%

RLD 0-20cm 0.102 0.028 0.794%
RLD 20-40cm 0.216 0.0214 1.681%
RLD 40-60cm 0.0431 0.0129 0.335%

Table 12: Significant partial effects of the combination of Rialto and ’Wa-
tered’ factors on our set of measured traits. (the ’Drought’ equiva-
lent has the negative of these effects)

Effect Std. Error Relative Effect
Plant Height 12.2 1.47 94.934%
Fertile shoots 3.16 0.436 24.529%

Infertile shoots -1.69 0.339 -13.114%
WinRHIZO total length 3.93 0.253 30.542%

Water uptake 2.39 0.446 18.567%
RLD 0-20cm 0.19 0.028 1.474%

RLD 20-40cm 0.306 0.0214 2.380%
RLD 40-60cm 0.0281 0.0129 0.219%
RLD 60-80cm 0.102 0.0328 0.792%

Table 13: Significant partial effects of the combination of Savannah and ’Wa-
tered’ factors on our set of measured traits. (the ’Drought’ equiva-
lent has the negative of these effects)
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8.6 other properties

8.6.1 Horizontal Growth

We wish to see if the plants growth has a bias to one side or another (poten-

tially caused by orientation to the sun or some other external environmental

factor), or if the roots spread out randomly in all directions in the horizontal

plane.

We can do this by performing the Rayleigh Test for Uniformity on each

plants set of horizontal growth angles. This will give us a p-value that in-

dicates when the growth angles have a bias to one particular direction. We

have to perform this test separately on each root system, in order to elimi-

nate the ’orientation of the column in the CT scanner’ which is a nuisance

variable. Once we have performed these tests for each plant, we can com-

bine them into a single overall test, using Fisher’s method.

Performing this combined test for our data gives a p-value of 0.998, which

is not significant. From this we conclude there’s no evidence in our data of

a bias to a given direction.

8.7 pairwise distance approach

In this section we will analyse the dataset using our two Hausdorff metrics.

We will be running this analysis of the original and unravelled versions of

our dataset.

We begin by performing the large sets of comparisons, to produce four

32x32 matrices that are plotted in Figures 55, 56, 57 and 58. We use hi-

erarchical clustering to try to group similar plants together. It is difficult

to analyse the plants in this format, and there does not appear to be any

obvious clustering.
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Figure 55: Heatmap view with Hierarchical clustering of the pairwise dis-
tances calculated by using the Hausdorff distances on the origi-
nal data. The coloured sections on the top and left axis represent
the Irrigation and Genotype factors on that entry.
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Figure 56: Heatmap view with Hierarchical clustering of the pairwise dis-
tances calculated by using the Hausdorff distances on the unrav-
elled data. The coloured sections on the top and left axis repre-
sent the Irrigation and Genotype factors on that entry.
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Figure 57: Heatmap view with Hierarchical clustering of the pairwise dis-
tances calculated by using the Pseudo Hausdorff distances on
the original data. The coloured sections on the top and left axis
represent the Irrigation and Genotype factors on that entry.
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Figure 58: Heatmap view with Hierarchical clustering of the pairwise dis-
tances calculated by using the Pseudo Hausdorff distances on
the unravelled data. The coloured sections on the top and left
axis represent the Irrigation and Genotype factors on that entry.

150



8.7 pairwise distance approach

We now transform this data using Multi-dimensional scaling to a set of 3

MDS variables. The choice of 3 MDS variables was discussed and justified

in Section 7.5. We can see plots of the MDS variables for the various combi-

nations in Figures 59, 60, 61 and 62. Visually, it is difficult to find any form

of pattern within the results.

Figure 59: Scatterplot of the MDS variables derived from the Hausdorff met-
ric over the original dataset.

We can perform Multivariate Analysis-of-variance (MANOVA) tests to

see if any of the results have significant relationships with our factors (An-

derson et al., 1958). The results of these tests are seen in Table 14. Since we

are performing 12 tests we will set our p-value significance threshold to be

at the 0.05
12 = 0.00416 threshold. Unfortunately, while the Hausdorff/Original

seems to be fairly low, ultimately none of these tests appear to be significant,

151



8.7 pairwise distance approach

Figure 60: Scatterplot of the MDS variables derived from the Hausdorff met-
ric over the unravelled dataset.
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Figure 61: Scatterplot of the MDS variables derived from the Pseudo Haus-
dorff metric over the original dataset.
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Figure 62: Scatterplot of the MDS variables derived from the Pseudo Haus-
dorff metric over the unravelled dataset.
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which is consistent with the conclusions of our traits analysis, in Section 8.5,

since very few traits had a significant relationships with our factors.

The MANOVA tests have several assumptions, such as normality and ho-

mogeneity of variances and covariances, and these appear to be reasonable

for our data, although it is difficult to tell given the small sample size. There

are also some minor outliers in the data which the MANOVA test can be

sensitive to.

The one measured trait that had a very large relationship with Irrigation

was the ”Root count”, and it seems the Hausdorff style metrics are having

difficulty picking that up. This is not entirely unexpected since two roots

that follow each other closely can effectively ’mask’ each others effect on the

results, so it may be that root count cannot be effectively estimated using

this approach.

This is a disappointing result since it does not find any significant rela-

tionships, but it does the advantage of being a little more definitive than

our traits results (since a non-significant trait result could simply be that

there a missing trait that we missed). We can say with confidence that there

are no relationships with shape at least in terms of ’broad strokes’ shape

distribution. Any relationships that exist must be subtler and not obvious

from a visual glance.

This is in contrast to the traits results where we had to add the proviso

that ”we may have missed an obvious significant trait.” With this approach

we can at least say ”if we have missed any significant relationships then

they are probably not very obvious.”

Irrigation Genotype Interaction
Hausdorff/Original 0.013 0.61 0.79

Hausdorff/Unravelled 0.61 0.28 0.81

Pseudo Hausdorff/Original 0.44 0.77 0.71

Pseudo Hausdorff/Unravelled 0.33 0.37 0.7

Table 14: P-Values for various tests on different combinations of metric and
dataset for a relationship with different factors.
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8.8 topological data analysis

8.8 topological data analysis

Now we wish to perform a TDA analysis on our original data and the

estimated unravelled version.

We perform the Persistent Homology method based on the Vietoris-Rips

complex on each of the plants and its unravelled version. The results of this

can be seen in Figures 63 and 64. It is difficult to see any form of pattern

from the barcodes alone. We may notice that the 1-dimensional homology

classes in the unravelled dataset’s barcodes are more spread out than those

in the original dataset’s barcodes.

Figure 63: Barcodes of the Vietoris-Rips of the plants in the original dataset.
0-dimensional homology classes are pictured in black, and 1-
dimensional homology classes are pictured in red.

We can perform the bottleneck distance analysis using both the 0-dimensional

and 1-dimensional classes, and then perform MDS to get an overview. We

can see the results in Figures 65 and 66, and it looks like MDS 3 of the

original data is affected by the Irrigation. We can test for relationships us-

ing manova tests (at the 0.05
6 = 0.0833 threshold since we are doing 6 tests),

the results of which are seen in Table 15, and it does seem that there is a

relationship between Irrigation and the original data MDS variables.

In addition there seems to be a ”horse-shoe effect” (as labelled by (Kendall,

1971)) in the plot of the ’Original data - MDS 1 vs MDS 2’. This occurs when
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8.8 topological data analysis

Figure 64: Barcodes of the Vietoris-Rips of the plants in the unravelled
dataset. 0-dimensional homology classes are pictured in black,
and 1-dimensional homology classes are pictured in red.

large distances are difficult to distinguish from moderate distances, and the

points form a horseshoe shape (Mardia et al., 1979, p412)

Irrigation Genotype Interaction
Original 0.002* 0.27 0.95

Unravelled 0.9 0.036 0.075

Table 15: P-values for various MANOVA tests on different datasets for a
relationship with different factors.

After some exploration it appears that MDS 3 is strongly correlated with

the Root Count, see Figure 67, which we know from before is affected by

Irrigation.

A problem with this result, is that while we could interpret that MDS

3 is a measurement of ”Root Count”, it is also possible to interpret that

MDS 3 is measuring something else that is correlated with root count or

measuring a combination of things that includes Root Count. This is an

unfortunate limitation of TDA that it is difficult to interpret the results and

their relationship with our data.
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Figure 65: MDS variables from the TDA analysis of the original datsets
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Figure 66: MDS variables from the TDA analysis of the unravelled datsets
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8.8 topological data analysis

Figure 67: Plot of MDS 3 (original data) Root Count.
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8.9 conclusion

8.9 conclusion

Our three approaches have allowed us to examine our datasets from three

different perspectives and we have found similar results from all three. Our

traits analysis provided us with a lot of significant relationships but mostly

with ’metadata’ traits and not with traits from our scanned root systems,

with ”Root Count” being the only trait that was related to Irrigation. The

Hausdorff metrics failed to find any significant relationships, but the TDA

approach was also able to detect a significant relationship with a variable

that was strongly correlated with Root Count.

From these results we can safely conclude that there is a significant rela-

tionship between Root Count and Irrigation.
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9
C O N C L U S I O N S A N D F U RT H E R W O R K

In this chapter we will summarise the findings of our thesis and consider

possible future avenues of research.

9.1 results of our investigations

The CPIB Future Roots project has developed a method for scanning the

roots of plants while they are in soil, and has been running experiments on

wheat plants to understand responses to drought conditions. The aim of this

thesis has been to develop a framework in which these scanned root systems

can be analysed. This framework comprises of three different approaches.

In Chapters 1 and 2, we introduce the background of the Future Roots

project, the biology of root systems, and the existing analysis methods that

we will be basing ours upon.

In Chapter 3, we look at root systems and how they are structured and

identify the approaches that we will be needing to take to fully understand

them. We also describe nuisance factors of ”horizontal rotation and transla-

tion” that will need to be eliminated from our analysis. We then described

a problem with plant roots growing too large and hitting the boundary of

their container, disrupting their path, and propose an ’unravelling’ method

to estimate the path the root would have taken if the boundary were not

there.
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9.1 results of our investigations

In Chapter 4, we describe the approach based on measuring ”traits” or

simple statistics of a plant root system and testing for significant relation-

ships. This is the conventional approach that is used to analyse root shapes.

In our simulated study and our practical data, it proves itself to be an effec-

tive method for shape analysis. Its advantages are that it is simple, based

on well-established ideas and results can be easily interpreted, but its key

disadvantages are that there may be traits that are missed, and that there are

some complex properties of root systems that cannot be properly described

by fixed-dimensional statistics.

In Chapter 5, we develop methods for pairwise comparison of root sys-

tems. This approach, which uses metrics to find a distance between two

roots, is a lot more flexible than traits since we can ensure that any differ-

ence between the two root systems means that our statistics will identify

them as being different. We describe the Hausdorff metric and, after iden-

tifying weaknesses of the Hausdorff metric, we describe a slight variant

which we call the Pseudo-Hausdorff metric that compensates for them. We

also discuss how the nuisance effects of ’horizontal rotation’ and ’horizontal

translation’ can be eliminated from comparisons between root systems.

The pairwise comparison approach has the advantage that it can capture

any form of shape differences between two roots systems and test for signif-

icant relationships, however it does have the disadvantage that if there are

multiple shape differences it is difficult to identify them from the output

and one strong shape difference may mask a smaller one.

In Chapter 6, we apply Topological Data Analysis methods to root sys-

tems, specifically the Persistent Homology method. This builds a ’barcode’

of homology classes or ’holes’ that represent important features in our root

system. In our simulated study and our practical data, this method per-

formed effectively and was able to identify significant relationships. The

advantage of this approach is that it exposes an aspect of a dataset that was

previously hidden.
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9.1 results of our investigations

The major disadvantage is that it is very difficult to interpret what this

new ’aspect’ actually represents. Barcodes are very abstract and it is difficult

to understand how they relate to the original point cloud.

In Chapter 7, we performed a simulation study using an existing dataset

of simulated images. Our approaches were able to effectively and consis-

tently identify shape differences within the simulated sets, and would also

fail to identify shape differences where none existed.

In Chapter 8, we applied our approaches to an existing practical dataset

from the FutureRoots program. The dataset consisted of plants chosen

from four genotypes (”44”, ”72”, ”Savannah” and ”Rialto”) grown under

”Drought” and ”Watered” irrigation conditions. The results of analysing

this dataset using each of our three approaches were consistent with each

other and we were able to show that under drought conditions the number

of roots grown is significantly reduced.

The ’measured traits’ approach was also able to make use of additional

metadata that showed complex relationships between Irrigation and Geno-

type, for example, ’Plant Height’ was significantly increased under well-

watered conditions for two of the genotypes (72 and Savannah) but had no

change for the other two (44 and Rialto).

The pairwise distance using Hausdorff distance metrics failed to find a

significant relationship which is a pity but from that we can at least assume

that there is not a ’large’ amount of shape differences between the various

populations.

The TDA approach provided us with a large amount of new data, which

is difficult to interpret its meaning. We were able to show that there is a

significant relationship with the irrigation condition, likely due to a strong

correlation with root count.

Our dataset is not huge and does not appear to have any large shape

differences from what we can tell, so this was a challenging dataset to anal-

yse. We believe that we have demonstrated the effectiveness of all three

approaches as well as the limitations that each one possesses.
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9.2 further work

9.2.1 Time Series Analysis

One experiment that we wished to analyse was that of ’time series’, where

a single plant is repeatedly scanned over the length of its growth cycle. The

goal would be to create a sequence of daily scans that follow the plants

root system from the beginning of its germination until it is ready to be

harvested. We could then analyse its growth and try to answer questions

about how predictable its future structure was and how existing structures

might change.

Unfortunately we were unable to perform these experiments due to logis-

tical issues. Scanning a wheat column takes time and there was not enough

room on the schedule to perform daily scans of more than one or two plants.

In addition, wheat plants have a chance of failure, especially when growing

in drought conditions, and if the plant failed too quickly, we could not be

certain the data would be useful.

Despite this, some time series scans of growing wheat plants and bar-

ley plants were successfully performed, but then there were further issues

with the ’skeletonization’ software having difficulty consistently lining up

the various scans to a common frame of reference. It would have been dif-

ficult to tell if small changes in structure were related to actual changes or

measurement error.

Due to the low amount of samples available and the various measure-

ment issues, we decided to focus on the traditional experiments that simply

scanned the plants at the end of their growth cycle.

Despite this, we feel that examining a plants root system as it grows is

potentially an important and insightful experiment to perform, if the issues

could be solved.
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9.2 further work

9.2.2 Soil Analysis

One avenue that was considered but not pursued, was analysis of the raw

CT images. The CT scans capture a lot of detail about the state of the soil

as well as the plant’s root system. It is possible to analyse this data to get

information about the location of soft soil, hard soil, water and air pockets.

The first difficulty to performing such an analysis was the size of the data,

with even a single column scan containing several gigabytes of information.

This makes developing a full analysis method difficult since it requires a lot

of processing time to perform even a basic analysis. Approximation of the

soils contents is not feasible either, since even though the data is very high

resolution, the small soil particles and the plants roots are still at the limit

of what that high resolution can capture.

This difficulty could be overcome, but there is also the issue that the CT

scan has a built-in error that is not simple to account for. CT scanners work

by projecting a stream of x-rays through the object at a wide range of angles,

and recording what passes through. The idea being that dense objects will

absorb the rays slightly while air and less dense objects will let them pass.

From this you can reconstruct the contents of the object you were scanning.

The problem is that dense objects can leave a ’shadow’ on the nearby area

and the scan will detect slightly denser areas around a dense object, and it

is difficult to know how far this effect extends.

The ’shadow’ issue could potentially be fixed with a higher resolution

scan or a more sophisticated scanning technique, but that is not feasible

with the current technology available.

Despite the difficulties, we believe that an analysis of the soil and its

relation to the wheat plants growth would be an useful analysis, especially

if it were combined with the time series approach outlined above.
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9.2 further work

9.2.3 QTL Analysis

In addition to metadata about the plants root system and growth, we also

have genetic information about its DNA. The roots used in our experiments

are cross-breeds that have been created to use in a method called QTL Anal-

ysis. Given a single continuous phenotype from a large variety of different

plant genotypes, QTL analysis can track the changes in DNA to look for po-

sitions in a DNA strand that are correlated with changes in the phenotype.

QTL analysis is applicable to the results obtained from our methods, since

the MDS variables generated from pair-wise analysis are continuous pheno-

type data. It is possible that we may find a DNA region that is correlated

with the MDS variable, that was not known to correlate with more conven-

tional traits.
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