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ABSTRACT

Yes-associated protein (YAP) is a transcription regulator with a highly sig-
nificant role in a wide variety of cancers. When YAP is transported into the
cell nucleus, it activates a programme of genes which promote cell prolifer-
ation and confer resistance to regulatory signals that normally limit tissue
growth. YAP has been shown to promote malignancy and metastasis in
tumours and is thus the object of much current biological and medical re-
search. The aim of this thesis is to investigate quantitatively the factors
which cause excessive nuclear accumulation of YAP in cancer-associated fi-
broblasts. To this end, we utilise data from two common experimental tech-
niques, fluorescence recovery after photobleaching (FRAP) and fluorescence
loss in photobleaching (FLIP).

We develop the theory of FRAP, deriving several new (to our knowledge)
approximation formulas. We establish conditions to ensure the viability
of parameter estimation and propose a fitting protocol which can theoreti-
cally produce, at the very least, estimates of the ratio of bound to unbound
molecules at chemical equilibrium. We implement a numerical cell simula-
tion which we then fit to empirical FRAP data from fibroblast nuclei.

FLIP can be used to estimate the rate of shuttling between the nucleus
and cytoplasm. This process depends on the 3D geometry of the nuclear
membrane, yet often only 2D imaging data are available. We propose a
simple ODE model which can account for 3D effects when only 2D data are
available. We also implement a numerical FLIP model which incorporates
active transport across the nuclear membrane and cell motion during the
experiment. Using both the ODE and PDE FLIP models, we are able to
investigate quantitatively YAP nucleocytoplasmic shuttling, and the ratio of

bound to unbound YAP molecules at equilibrium in fibroblast cytoplasm.
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Combing FRAP and FLIP results, we quantify the differences in YAP reg-
ulation between normal fibroblasts (NFs) and cancer-associated fibroblasts
(CAFs). We find that, in order of importance, increased nuclear import,
reduced nuclear export, weaker binding reactions in the cytoplasm and
stronger binding reactions in the nucleus all contribute to the localisation
of YAP to the nucleus in CAFs. Though YAP is the immediate focus of the
thesis, the methodology we develop could be applied to a wide variety of

other proteins.
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INTRODUCTION

Yes-associated protein 1 (hereafter referred to as YAP) is the focus of in-
tense interest given its remarkable biological properties in development, tis-
sue homeostasis and cancer. When localised to the nucleus, YAP activates
a programme of genes which boost cell growth, mitosis, and resistance to
apoptosis [1-4]. It also possesses the ability to un-differentiate cells [5-7].
YAP is essential in embryonic development, organ growth and wound heal-
ing [5,8410]. Yet its ability to promote tissue growth is potentially fatal when
activated errantly. Elevated YAP activity has been identified in dozens of
different solid cancers [8,9]. In tumours, YAP promotes malignancy and
metastasis [11-13], and is associated with poor clinical outcomes [14)[15].
As such, YAP is an appealing therapeutic target in cancer and regenerative
medicine [9)[12].

Most pertinently to this project, elevated nuclear localisation of YAP may
cause fibroblasts (cells which possess the ability to remodel surrounding tis-
sue) to adopt a ‘cancer-associated” phenotype. Cancer-associated fibroblasts
(CAFs) promote tumour progression and metastasis and have been identi-
fied in many types of solid tumour [16,/17]. In some cases, they partially
dissolve the extra-cellular matrix (ECM), creating tracks that enable subse-
quent cancer cell invasion [17]. Furthermore, neighbouring fibroblasts can,
via mechanosensing, detect remodelling of the ECM by CAFs, increasing

YAP activity in response [18]. This process may establish a potent feedback
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loop where CAFs recruit nearby fibroblasts, while simultaneously promot-
ing tumour growth and metastasis [18].

The objective of this thesis is to investigate the elevated YAP activity in
cancer-associated fibroblasts. Current literature (summarised in sug-
gests that YAP is proximally regulated by four processes: binding reactions
in the cytoplasm, binding reactions in the nucleus, nuclear import and nu-
clear export.

To investigate protein dynamics and localisation within living cells, re-
searchers often utilise fluorescence microscopy techniques; in particular flu-
orescence recovery after photobleaching (FRAP) and fluorescence loss in
photobleaching (FLIP). FRAP can be used to investigate protein diffusion
and binding reactions within cellular compartments (such as the cytoplasm
or nucleus), while FLIP can be used to investigate transfer between compart-
ments. This is accomplished by fitting mathematical models to empirical
data, with the model parameter values thereby obtained representing rates
of reaction and translocation.

The question naturally arises: under which circumstances can binding
kinetics be accurately dissected using quantitative FRAP analysis? This the-
sis is essentially split between this theoretical problem, and the empirical
problem of YAP dynamics in fibroblasts.

The remainder of this chapter is a literature review concerned with mathe-
matical modelling of FRAP and FLIP, parameter estimation and the biology
of YAP. In chapter 2| we derive conditions which guarantee the viability of
parameter estimation in FRAP. In chapter 3| we test our predictions numeri-
cally and go on to propose a general parameter fitting scheme. We then turn
to the empirical YAP problem in chapter 4, applying a pixel-based compu-
tational model to investigate binding kinetics in the nucleus. Finally, in
chapter 5| we use a FLIP modelling approach to investigate binding kinetics

in the cytoplasm and transfer across the nuclear membrane.
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1.1 FLUORESCENCE RECOVERY AFTER PHOTOBLEACHING

The development of live cell fluorescence microscopy has revolutionised
molecular cell research. Much modern fluorescence microscopy depends
upon the use of the green fluorescence protein (GFP) and its variants. GFP,
first isolated from the jellyfish Aequorea Victoria, has the ability to absorb
energy from light in the ultra violet to blue wavelength range, which is then
released by radiating green light [19]. By modifying cells to express a fusion
of GFP with a particular target protein (tagging or labelling), researchers are
able to study gene expression and protein localisation within the living cell
[20]. This is done by illuminating the target cell with light of an appropriate
wavelength and detecting the fluorescent emission.

GFP and other fluorescent proteins have a finite fluorescent lifetime, so
the fluorescent emission will decline given continued exposure to high in-
tensity light (this process is known as photobleaching). FRAP is a deliberate
exploitation of photobleaching to measure the mobility of molecules in liv-
ing cells.

In typical FRAP experiments, a short sequence of images is acquired prior
to photobleaching. These serve to document the initial spatial distribution
of the fluorescent molecule. The next step is photobleaching: a small de-
tined region of interest is briefly illuminated with high intensity light, usu-
ally delivered by a laser. This creates a high concentration of photobleached
(or simply bleached) protein molecules within the region of interest. Next,
the laser intensity is attenuated in order to acquire a longer sequence of im-
ages, ideally with minimal photobleaching. During this period, the motion
of both non-bleached and bleached GFP molecules will lead to the spatial
re-distribution of the fluorescent signal. Passive transport processes, such
as Brownian motion, will create a net transfer of bleached molecules out of
(and a net transfer of unbleached molecules into) the region of interest, caus-
ing a relaxation towards equilibrium. This is referred to as the fluorescence

recovery. The speed of the fluorescence recovery is a measure of the mobil-
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ity of the target species. The average intensity of fluorescent emission from
the region of interest is recorded against time to construct the fluorescence

recovery curve [21-24].
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Figure 1: Normalised intensity during a simulated FRAP experiment. Prior to photo-
bleaching it is assumed the intensity is 1. The intensity drops during the bleach-
ing phase, although this could not be observed experimentally due to the high
light intensity required for photobleaching. After photobleaching, the recovery,
following equation (7), may be observed. In this example, the recovery curve

approaches 80% of its pre-bleach value because 20% of the protein is immobile.

An idealised example of FRAP data is presented in figure [1| which rep-
resents the average intensity of the fluorescent emission from within the
bleach region. Photobleaching causes a sharp decline in intensity, followed
by the fluorescence recovery. The cell does not necessarily fully recover to
the pre-bleach equilibrium as some of the protein may be immobile.

The early development of FRAP was quite highly collaborative and decen-
tralised [28]. Poo and Cone pioneered the use of photobleaching to measure
the mobility of the light sensitive receptor protein, rhodopsin, in the pho-
toreceptor membranes of rod cells [31-33]. Peters et al. subsequently stud-

ied the motion of fluorescence-labelled proteins in erythrocyte membranes



1.1 FLUORESCENCE RECOVERY AFTER PHOTOBLEACHING

using a static laser with photo-multiplier tube as a detector [34]. FRAP has
since been widely adopted by researchers; over the past decade, FRAP has
featured in over 150 studies per year [44]. Although numerous improve-
ments have been made to FRAP procedure since it was first introduced, the

fundamental idea has not changed [25].

1.1.1 Laser intensity profile

Let I(x,t) be the intensity of the laser light at coordinate x and time t. We
refer to I as the intensity profile. The intensity profile is given a solution of

the Fraunhofer diffraction equation. For a circular aperture, this is the Airy

Normalised intensity /Units
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Figure 2: Example intensity profile, I(r,t), given by formula (1), normalised so that the
maximum intensity is 1. Also plotted is the best-fit Gaussian function, which is
clearly a good approximation for small r, yet the approximation breaks down

for larger r due to the presence of high order diffraction rings.

pattern [26],

I(x,t) =I(r,t) = Do(t)ma” (211(2%517/@20)))2, (1)

A2z3 2mar/(Az)
where r is the distance in the focal plane from the centre of the beam. Addi-
tionally, ®¢(f) is the radiant flux admitted by the aperture (which is depen-

dent on t due to variations in laser power), a is the radius of the aperture, A
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is the wavelength of light and zj is the image distance. Here J; is a first or-
der Bessel function of the first kind. An example intensity profile is plotted
in figure [2| For the purposes of fluorescence imaging, the intensity profile,
I, can also be thought of as the point spread function (PSF) of the imaging

system, which we discuss further in section [1.1.4]

1.1.2  Photobleaching

In this subsection we provide a more detailed physical description of the
process of photobleaching. Prior to photobleaching, the vast majority of
molecules exist in a ground energy singlet state, in which all electrons are
paired [44]. Let So be the singlet ground energy state. Irradiated by light
of wavelength v, the fluorophore has a probability to absorb the photon
energy, E, given by the Planck-Einstein relation, E = hv, which causes it to
transition into an excitation singlet state, S;. The excess energy is rapidly
dissipated (the lifetime of the excitation state is of the order of 107 seconds)
in one of a variety of ways; significantly, by fluorescent emission, or by
transition into a triplet state, T; in which there are two unpaired electrons
[44]. The triplet state has a far greater characteristic decay time than S;,
typically of the order of 107 to 103 seconds, which is sufficient time for the
fluorophore to react chemically with other excited molecules or free oxygen
in the environment [44]. In that event, the reaction induces conformational
change in the fluorophore, yielding a non-fluorescent product, which is the
main mechanism by which photobleaching occurs [44]. In a well-mixed
system, this process can be described by the system of ordinary differential

equations,

(

d[StO] = —k1[Sp] + k2[S] + k4[T4],

Q.

1]

N\
2
<o)

= k1[Sp] — k2[S;] — ka[S4], (2)

R
—

S = KalS)) — [T,
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where [S;] is the concentration of fluorophore molecules in the ground en-
ergy singlet state, [S;] is the concentration of molecules in the excited singlet
state, and [T;] is the concentration of molecules in the triplet state. The rate

ki is proportional to light intensity,
ki = k1,

where I is the excitation light intensity, given by formula (1), and k; is
a constant of proportionality. Given the average lifetime of the excitation
states, k, must be of the order of 10° s~! to 10° s~!, while k, and k3 must
be of the order of 10° s7! [44]. In the limit I — oo, the system of equations
will rapidly approach equilibrium, so we may make a quasi-steady state
assumption. If we assume that [Sy] + [S;] + [T;] = 1 (in which case, Sy, 5;
and T; are the fractions of molecules in the ground, excitation and triplet

states respectively) then the steady state of (2) is

[T ] _ k1k3
Y ka(ks k) +ka(ko + k)"
As I — oo, k1 — oo, therefore [T;] — k3/ (k3 + ku).

(3)

If we assume that the availability of free oxygen and other excited molecules
is much greater than the availability of T; molecules, then the extent to
which they are depleted by reaction with T; is effectively negligible. In
this case, the rate of reaction is approximately proportional to [T;]. Re-
calling that it is these reactions between T; and other molecules which are
responsible for photobleaching, then the rate of photobleaching per unit con-
centration of fluorophore molecules is approximately Rpjeach[T;], for some
constant, Rpjeacn- Hence it follow from equation (3) that, as I — oo, the
rate of photobleaching per unit concentration asymptotically approaches
Ryjeachks/ (k3 + k).

Let w(x, t) be the concentration of fluorescent (i.e. not yet photobleached)

molecules at position x and time t. Assume, for the moment, that these
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molecules are immobile and non-reactive. The rate of photobleaching, aa—w,
is
ow

E(X; t) = _Rbleach[Tl](x/ t)ZU(X, t)' (4)

Substituting (3) into (4) yields,

=) e, 5)
where a7 = Rpjeacnks, &2 = ki(ks + kq)k;, and az = ky(kp + k3). The rate of
photobleaching is a saturating function of laser intensity, I. If I < a3/ay,
then it is clear from (5) that

ow

5 = —al(x, t)w(x, ), (6)

where & = a1 /3.

1.1.3 Static laser FRAP

The earliest FRAP experiments were performed with a static laser beam
[29,30]. In static laser FRAP, both bleaching and imaging are typically per-
formed with the same laser. At the end of the photobleaching phase of the
experiment, the laser intensity is attenuated so the fluorescence recovery
can be observed. Observation of the sample requires continual exposure
to light, because the delay between a fluorophore absorbing energy from
a photon and re-radiating that energy is typically a few milliseconds long
(see section or [44]). Ideally this exposure will causes minimal further
photobleaching.

Let w(x,y,t) be the local concentration of fluorescent molecules at co-
ordinate (x,y) and time t. For a static laser FRAP experiment, the observed

fluorescent light intensity across the bleach region, F, is given by

F(t)=q [[ o,y 01y, )dx'dy, @
R
where g is the quantum yield of the fluorophore and F is also known as the

fluorescence recovery curve [29,30].
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In some cases, a fraction of the protein of interest may be stably bound
to a cellular structure, rendering it immobile. In this case, there will be an
incomplete fluorescence recovery. Figure [1| includes a theoretical example
in which 20% of the protein is immobile. If there is an immobile fraction,

the recovery curve can be normalised as follows,

F(t) ZF(t)Mf-l-(l—Mf)Fo (8)

where F(t) is the fluorescence recovery curve supposing complete recovery,

My € [0,1] is the mobile fraction and Fy is the initial post-bleach recovery.

1.1.4 Scanning laser FRAP

Perhaps the single most significant development in FRAP protocol was the
adoption of the confocal scanning laser microscope (CSLM). In scanning
FRAP, the beam is scanned repeatedly across the sample under observation
in a raster pattern. Whereas conventional static FRAP can only provide
temporal information as indicated by equation (7), scanning FRAP yields
spatio-temporal information, producing a series of images (frames) of the
entire sample region under observation [39-43]. The observed fluorescence
intensity, f is the product convolution of the fluorophore concentration, w

with the PSF [27],
flryt) = w(xy,holxy) = q [ wx—x,y-y,HIE 1)y o)

Bleaching with a CSLM

The CSLM can also be used for photobleaching. As the laser scans across
the sample, an acousto-optical modulator (AOM) dynamically varies the
intensity of the beam based on its position so that the beam has intensity

B(x,y) at position (x,y) [286].
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Figure 3: (A) A raster scan pattern and an Airy disk-type intensity distribution. Solid
lines indicate that the beam is on, while dashed lines indicate it is off. (B) Raster
bleaching of a square bleach region after a single scan. The profile does not
perfectly conform to the geometry of the bleach region, but is slightly rounded,
due to the effect of convolution with the PSE. It is assumed that the pre-bleach
intensity is 1. (C) Raster bleaching of a square bleach region after a single scan.
The scan lines have been set too far apart so that visible gaps emerge. (D)
Concurrent bleaching and diffusion. The effect of 20 scans (i.e. lasting 1 second)
over a sample with diffusivity D = 1um?s~!. Repeated scanning causes a much

greater drop in intensity than is observed in (B) or (C).

The effective bleaching profile (functionally equivalent to intensity), K(x, y),
is the convolution of the beam intensity, B with the PSF, I, [61]]

K(x,y) =B®I = //]RZB(x’,y')I(x—x',y—y’)dx’dy'. (10)

10



y /pm

y /pm

1.1 FLUORESCENCE RECOVERY AFTER PHOTOBLEACHING

The unbleached fluorophore concentration is [61]

dw

Sy 1) = —aK(xy)w(xy, 6. (11)
A - Image mask B -t=1/(3FPS)
10
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8 . 0.99
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6 g
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Figure 4: (A) A user-defined image mask. (B-D) Photobleaching at three different times
after the beginning of photobleaching, as indicated where FPS = 20 s~!. (B)
One third of the way through a complete scan. (C) Two thirds of the way

through a complete scan. (D) Immediately after a single complete scan.

Two figures are included which were produced by numerical simulation
of scanning FRAP. Figure illustrates the PSF and the raster scan. The
beam traces horizontally from left to right until it reached the end of the
right boundary of the imaged region. Then the laser intensity is set to 0

and the beam retraces diagonally to the next scan line. This process repeats,

11
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forming a sawtooth wave, until the beam reaches the bottom right, from
where it retraces back to the top left diagonally and repeats. In figure
we can observe the effect of scanning photobleaching. When the beam is
outside of the defined bleach region, the laser intensity is set to 0. The
resulting bleaching profile is not perfectly square, but slightly rounded due
to the effect of the convolution with the PSF, as indicated by formula (10).
Figure3[C is similar, except that the distance between the scan lines is greater
than the diameter of the beam, leaving gaps in the post-bleach profile. In
figure D, despite the fact that the bleach region is square, diffusion during
photobleaching drives the post-bleach profile towards circular symmetry.
Figure [4] shows the process of photobleaching according to an arbitrary
image mask during a single scan. The image is produced by varying the
laser intensity as it scans across the sample, based on position. Whenever
the beam is centred on a point at which the image mask 4JA is white, the
intensity is set to 0. This means that only the black pixels in [g/A are ‘written’
into the sample. This shows how photobleaching of an arbitrary image may
be conducted, as well as the distortion of the image by convolution with the

PSF (figure [4B-D) as predicted by equation (10).

1.2 FRAP MATHEMATICAL ANALYSIS

The earliest FRAP experiments involved the use of a static laser beam to
investigate the lateral diffusion of proteins in biological membranes [32-38].
Naturally, the earliest quantitative FRAP studies were based on models of
diffusion in 2D domains. With time, however, both FRAP experimental
practice and FRAP modelling grew in scope and complexity. The introduc-
tion of the confocal scanning laser microscope in FRAP enabled the use of
spatio-temporal information, while early studies had used only temporal
information. Whereas early experiments had been focused on flat mem-
branes, the application of FRAP to voluminous cellular compartments, such

as the cytoplasm and the nucleus, necessitated the development of new 3D

12
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FRAP models. Additionally, models were developed to incorporate other
processes, such as binding kinetics. In this section we review the origin of
quantitative FRAP modelling, and its subsequent development, with refer-

ence to a collection of significant examples.

1.2.1  Diffusion

To begin, we will consider models of ‘Fickian” diffusion. It is assumed that
protein mobility is solely due to diffusion, which can be described by Fick’s
second law,

ow

_ = 2
o DV-<w. (12)

Axelrod et al., 1976

The earliest quantitative study of FRAP was published by Axelrod et al. in
1976 [29]. It assumes the protein is mobile in an infinite 2D plane with radial

symmetry about the origin, hence

10 ow
2 P — —_—
vw_rar(rar)' (13)

where r is the distance from the origin. The FRAP experiment is split into
three phases: a pre-bleach phase, t € (o0, —T), a bleach phase, t € [—T,0),
and a post-bleach observation phase [0, o).

It is assumed that the protein has reached homogeneous equilibrium be-
fore the beginning of the experiment; for t < —T, w(r,t) = weq. It is further

assumed that diffusion during the bleach phase is negligible, so that

%_Z:(r,t) = —al(r)w(r,t), (14)
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fort € [-T,0). Although I(r) is strictly speaking an Airy-disk (formula (1)),
this results in a system which is not amenable to analysis, so Axelrod et al.

model the intensity distribution as a Gaussian function,

I(r) = Ipe 2°/m”, (15)

A Gaussian function is a reasonably good fit to the real intensity distribu-
tion (see figure ,' however, for several reasons, the nominal radius of the
Gaussian beam, r, is greater than the optical resolution of the microscope.
First, the light contained within the high order diffraction rings causes more
photobleaching far from the origin than a Gaussian function would predict.
Secondly, saturation effects (see equation (5))) result in less bleaching close
to the origin. The combination of these two factors have the effect of flatten-
ing the best-fit Gaussian profile [64,66]. Additionally, membrane curvature
tends to expose more bleachable surface area, creating a larger effective
bleach region [99]. Because r, is hard to predict, it is best to take it as a
titting parameter.

Solving with a Gaussian laser profile implies that
w(r,0) = Weqexp (—al(r)T) = weqexp (—Ke_2’2/75> , (16)

where K = aT]j is considered to be the bleaching depth. Next comes the re-
covery phase for t € [0,00) during which it is assumed that photobleaching
is negligible so fluorescent protein dynamics can be modelled by Fick’s law
(12). It is assumed that the domain has infinite spatial extent, so that the far

field conditions,

lim w(r, t) = weq, VtER, (17)

r—00

apply, which closes the model. This assumption is clearly appropriate
if the membrane is much larger than the bleach spot, but not otherwise.
Axelrod et al. then solve the diffusion equation subject to the far-field
condition and the initial condition (16). The solution, w(x, y, t) is given

14
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by the product convolution of the initial condition with the Green’s function

for 2D radially symmetrical diffusion,

(o) / / 4,/,0) 1Dt exp (_ (x — x’)zgt(y —3//)2) dx'dy’.
(18)

Axelrod et al. evaluate to obtain and expression for w. The fluores-
cence recovery curve is then the product convolution of w with the laser
intensity, according to (7). Of course, the intensity, I, is assumed to be Gaus-
sain, in accordance with (15). The resulting recovery curve may be written

as a series,

(=K)"
n!(1+n[1+2t/tp))’

E(t)/Fo=Y (19)
n=0

where Fo = lim;_,o F() and

2
_n

p = iD

The authors also considered a uniform circular disk model of laser intensity;,

Ihifr <r,,
n=4" """ (20)

0ifr > ry.

In this case, they obtained another series solution,

F(t) — F 2 2 2
et (b))
o 2 2n+2) (n+ 1) (1p/t)"+2

(n1)?[(n +2)!2 '
where Fy = F(0), and Iy and I; are modified Bessel functions of the first
kind. Note that is semi-normalised (it asymptotically approaches 1 as
t — oo) while is fully normalised (it both approaches 1 and equals to 0
att =0).
By fitting the recovery formulas or to empirical data, estimates of

the diffusivity, D, can be obtained from which inferences about molecular
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mobility may be made. Naturally, the model of Axelrod et al. has some
limitations. Due to the assumption of an infinite domain, it works only for
bleach spots much smaller than the membranes under investigation. Be-
cause of the assumption of instantaneous photobleaching, it works only for
slow-diffusing proteins. It also fails to account for photobleaching during
the observation phase of the experiment. Nevertheless, it is the seminal
quantitative FRAP study and, as we will see in the remainder of the section,
many of the more sophisticated models which have since been proposed are

in fact generalisations of this original model.

Soumpasis, 1983

One minor drawback of the analysis of Axelrod et al. is the expression of the
recovery curves in terms of infinite series. Starting from identical assump-
tions, Soumpasis was able to derive an analytically closed expression for the
recovery curve [30]. Assuming a uniform disk laser profile, (20), Soumpasis

derived the following expression for the fully normalised recovery curve,

F(t) — Fo . 2TD ZTD 2TD
ron oo () () () e

where Iy and I; are modified Bessel functions of the first kind. Formula
is tidier than the infinite series of Axelrod et al.. However, in practice,

the asymptotic expansion,

L(z) = e* (1 A1 WP -1)(HA-9) > , (23)

27z 8z 2!(8z)2
is necessary to compute F(t) for small values of ¢, so the problem of using
infinite series is not totally avoided. Much like the model of Axelrod et al.,

generalisations of are featured in much subsequent model analysis.

16



1.2 FRAP MATHEMATICAL ANALYSIS

1.2.2  Scanning FRAP

In section we discussed how scanning FRAP differs from conventional
static FRAP in that the laser scans repeatedly across the target sample.
This process of repeated scanning typically takes several seconds, during
which time there may be non-negligible diffusion. Applying the conven-
tional FRAP models of Axelrod et al. and Soumpasis, both of which assume
no concurrent bleaching and diffusion, to scanning FRAP yields underes-
timates of D, with the degree of the underestimation dependent upon the
bleach spot size and scan time [45-47].

Strictly, it is necessary to solve the combined bleaching-diffusion equation,

ow
ot

but this has no known analytic solutions for general I(r). To apply conven-

(r,t) = DVzw(r, t) —al(r)w(r,t), (24)

tional FRAP theory to scanning FRAP, it is therefore required to make some

phenomenological assumptions.

Kang et al., 2009

One method, provided by Kang et al. [48], is a modification of the conven-
tional theory of Axelrod et al.. All model assumptions are identical except
that, to account for diffusion during the bleaching phase, the model as-
sumes that the sample is instantaneously bleached by a laser of radius r,
the effective radius,

Tese(r) = Toe /7. (25)
The initial conditions of the recovery phase are then
w(r,0) = Weq €XP (—Kee_2r2/73> ) (26)

The approach from this point is similar to Axelrod et al. The diffusion equa-
tion is solved subject to initial conditions and far field condition

(17). This amounts to an experiment in which the sample is bleached with a
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laser of radius r, and then imaged with a laser of radius r,, as per (15). The
resulting recovery curve is

- (=K’
; (14 n[(r,/r.)2+8Dt/7r?]) (27)

Satisfyingly, exactly coincides with the series solution of Axelrod et al.
in the case where r, = r,. Further, can be rewritten more concisely

as
F(t) ¢
I E’Y(C/ K), (28)
where
1
g = 2
2t | 13
D + r2
and

K
1K) =[x e,
0

is the incomplete gamma function.

The main advantage of this model is that it is a conceptually simple gen-
eralisation of established theory. The effective radius, r., can easily be deter-
mined by fitting to the first post-bleach frame, using spatial information
provided by the CSLM. Although spatial information is available (and, in-
deed, required to fit r,), it is not utilised for the purposes of fitting the
diffusion coefficient, D, as the recovery curve formula involves only
temporal data. It is arguably a disadvantage of the method of Kang et al.

that it under-utilises data in this way.

Jonasson et al., 2008

An alternative approach, which does utilise spatio-temporal information, is
the model of Jonasson et al. [49]. The authors make no assumptions about
the shape of post-bleach profile. Instead, they reason that diffusion will
eventually blur the distribution of unbleached molecules until a Gaussian

concentration profile develops. Let the time at which this occurs be t = 0
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and suppose that the concentration profile at that time is wp, a Gaussian

function of radius ry, i.e.

2
0 o

where ag, a1 and ryp must be obtained by fitting to data. Solving the

a r?
wo(r) = ay — — exp ( : (29)
diffusion equation with initial conditions yields,

w(r,t) =ay— Za—l exp (#) . (30)

r§+4Dt rg+4Dt
Fitting (30) to data yields an estimate of the diffusivity coefficient, D. This
method has its own disadvantages, however. Most significantly, information
before t = 0 is discarded, which is a problem because early time data are
actually more characteristic of a diffusive recovery [48] so we might expect

this method to produce less accurate estimates of D than other methods.

1.2.3 3D FRAP

Over time, researchers became increasingly interested in the use of FRAP to
investigate protein mobility in cellular compartments such as the cytoplasm
[50-53], the nucleus [51+54], and also extracellular media [55-59]. Within
these media, unlike membranes, proteins have genuine three dimensional
mobility, and so three dimensional FRAP models were required. One of
the problems of adapting FRAP modelling to three dimensional space is
to describe mathematically the three dimensional intensity profile of the
confocal laser. If the optical equipment has large numerical aperture, out of
focus light above and below the focal plane forms a conical shape which is
difficult to deal with analytically [60], and to our knowledge, no modellers
have attempted to do so.

There are two common methods to approximate the 3D intensity profile,
given a small numerical aperture. The first method assumes that the light

is highly columnar, so that the beam has approximately uniform intensity
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throughout the depth of the sample. If this is the case, the intensity distri-
bution is approximately cylindrical and totally penetrates the sample in the
axial direction. Hence the concentration gradient of bleached molecules is
entirely radial, and there is no net axial transport of fluorescent material, so
a 2D model is applicable [61,62].

In the second case, it is assumed that the high intensity light is somewhat
constrained to the focal plane, so that photobleaching creates a concentra-
tion gradient of fluorescent material in the axial direction (as well as the
radial direction). In this case, there is genuine 3D diffusion. It is common
practice to model the intensity distribution phemonologically as radially

and axially Gaussian [43}/61], so that

2 52
I(r,z) = Ipexp (—2 (a + g)) : (31)
To be clear, the Gaussian function is used mainly for reasons of analytic

convenience.

Blonk et al., 1993

An early example of a three dimensional FRAP model (as well as the earliest
scanning FRAP model) is Blonk et al. [43]. Despite seeking to describe scan-
ning FRAP, this model actually assumes that the bleaching beam is static
and that diffusion during the bleaching phase is negligible. Hence the post-
bleach profile is

2 2
w(r,z,0) = Weqexp(—aTI(r,z)) = Wweqexp (—Kexp (—2 (:—2 + ;—2) )) :
n n
(32)
It remains to solve the diffusion equation subject to initial conditions
(32). This model utilises spatio-temporal data, so it is required to take the

product convolution of the concentration, w(r,z,t) and the point spread

function, I(r,z).
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The authors assume that the fluorescent emission is observed via a de-
tector with a cylindrical space window centred in the focal plane, of total
height 2Azy and radius rg. Note that 7y and Az are not the same as r, and
zy in general, as the laser and the imaging apparatus may have different

optical resolutions. The visible fluorescent light intensity is given by

"o 2 AZO !/ / / / / / /
f(r,z,t):/o /0 / I(r,z2Yw(r—r,z—2,t)rdrde’dz". (33)

7AZO
Blonk et al. obtained explicitly an expression for f, but it is omitted here
for the sake of space. The expression readily simplifies, however, in the limit

ro, Azg — oo, which is valid in the case of a fully open aperture,

frzt) i (—K)m g=2mz*/ (zhom) o=2mr%/ (17 pm) .
fo =y m! N Bun / 34

where

2t 2
am:1+m<1+;), TZ:Z—”

z

and

2t r2
ﬁm—1+m(1+%), TD—E.

While this is a significant early example of scanning FRAP modelling, the
assumption of a static bleaching beam in scanning FRAP is highly unrealis-

tic.

Braeckmans et al., 2003

A subsequent model by Braeckmans et al. explicitly incorporates CSLM
scanning effects in both bleaching and imaging [61]. The model assumes
that the extent of diffusion during photobleaching is insignificant. Braeck-
mans et al. began by considering a single line scan, then extended their

analysis to show that, in general, the post-bleach profile is

!
w(x,Y,0) = Weq eXp (—@K(x,y,z)) , (35)
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where ¢ is the scanning speed and Ay is the spacing between scan lines.
The bleaching function, K(x, v, z), is the product convolution of the bleach

region geometry B(x,vy) with the laser intensity,
gon g y y y

K(x,y,z) =B®I = //ZB(x’,y')I(x—x',y—y’,z)dx'dy'. (36)
R

Recall that B(x,y) is the pre-programmed intensity of the beam at position

(x,y). The authors assume that B is a uniform disk of radius r,

lifr <y,
B(r) = (37)
0if r > ry.

If r, > ry, then the laser can be considered to have negligible radius, in

which case it is approximated by the Dirac delta function,

I(x,y,z) = Ioé(x,y)efzz/‘z%. (38)

By the sifting property of the Dirac delta function it follows that

Ioe_zz/Z% ifr <ry,
K(r,z) = (39)
0if r > ry.

The bleaching depth, K is defined as

I
Ko—ﬂ

= Ay (40)

In the case of a fully open aperture, the fluorescence recovery curve is

0 (G55) (- e (52) () 0 ()

where

).

(41)

_
4D’

The similarity to Soumpasis model (the term involving zeroth and first

2t
ocm:1+m(1+—>, Ty

Tz

order modified Bessel functions of the first kind, I and I;) is a consequence
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of the similar assumption of bleaching a uniform disk. The assumption of a
Dirac delta PSF simplifies the analysis, yet the approximation is valid only
if the radius of the bleach spot is at least 10 times greater than optical reso-
lution [44]. However, the model assumes that space is infinitely expansive
so it requires the bleach spot to be much smaller than the object being in-
vestigated. Consequently, the range of length scales over which the model

is valid may be rather limited.

1.2.4 Multi-photon excitation

We have seen models that incorporate 3D protein mobility, but so far they
have all been concerned with 2D bleaching and imaging, which is a lim-
itation of single photon excitation FRAP. Genuine 3D imaging is possible
using multi-photon excitation. Multi-photon excitation is similar in prin-
ciple to single photon excitation except that the fluorophore must absorb
the energy of two or more photons, potentially of different wavelengths, to
enter an excitation state [67,68].

In single photon excitation there is always substantial bleaching above
and below the focal plane. In multi-photon excitation, the volume of exci-
tation (hence of photobleaching and fluorescent emission) is more closely
confined to the focal plane [60]. In this section we review some examples of
fully three dimensional FRAP modelling which utilise multi-photon excita-

tion.

Mazza et al. 2008

We begin with the multi-photon excitation model of Mazza et al. [63]. As-
suming that a fluorophore must absorb the energy of n photons simultane-
ously to enter an excitation state, then the local rate of photobleaching is
not proportional to the local intensity, I, but rather the n-th power of the

intensity, I".
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Mazza et al. allow for the possibility that the laser light is pulsed, but they
assume that photobleaching is effectively instantaneous compared with dif-
fusion. Under these assumptions, the rate of photobleaching is proportional
to the time average of I" during the bleach phase,

(I"(r,2)) = = /0 I"(r, 2, £)dt.
T/)-r

It remains to determine the functional form of the time average n-photon
intensity, (I"). Empirical studies suggest that (I") is well-approximated by
a Gaussian function, even for a system with large numerical aperture [60].
Hence we can set

2 2
) = e (-2 (5 +5 ). @)
5, Za,
where 7., = 1./+/n and z,,;, = z/+/n are the effective radial and axial resolu-
tion of the n-photon beam.

As with the model of Braeckmans et al., we suppose that radius of the
bleach spot radius is much greater than the optical resolution of the micro-
scope, so that the point spread function has effectively negligible radius and
can therefore be approximated by the Dirac delta function. In this case, we

have
(I"(r,2)) = (Io)d(x, y)e /%, (43)

The post-bleach intensity is given by,

Xn
w(x,y,z,0) = Weq €XP (—nCAyK(x,y,z)> , (44)

where «;, is the n-photon sensitivity of the fluorophore and K(x,y,z) is the
bleaching function. Note that (44) is a generalisation of the initial conditions
of Braeckmans et al. (equation (35)). The bleaching function K(x,y, z) is the
convolution of the bleaching geometry B(x,y) and the average intensity

(I'(x,y,z,t)) (ie. the Dirac delta function as in (43)),

K(x,y,2) =B (") = [[ BE)(I"x—x,y—y,2)dvdy.  43)
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Mazza et al. assume that B is a uniform disk of radius r,, as in (37). The

bleaching depth parameter is

-~ neAy’

KOn (46)

Suppose fluorescence recovery is observed using m-photon excitation.
The m-photon intensity profile, I", is assumed to be Gaussian with radial
and axial resolution ry,, and z;, respectively. Note that these are differ-
ent because intensity saturation effects tend to flatten the bleaching laser
intensity [62-64]. The observed fluorescence intensity may be written in

cylindrical coordinates as,

(47)

f(r,z,t) © (—Kb)  zZen iz?
JAULZ20 i I, T
Foo L 22 +8iDt P\ 22 1 8iDt

1 2 (T 2 rr’
X ——¢ DI o | dr’.
2Dt° /0 ¢ <2Dt) !

Equation (47) can be used to predict the fluorescent concentration at each

point (r,z), although this does require numerically approximating the in-
tegral, which cannot be evaluated exactly. It is also possible to derive a

fluorescence recovery curve for this model, which is

F(t) © (=Kb)  zen 21p 21p 21p
— =1 n 1— L (=2)+n(=2)]).
Feo L 22, + 8iDt A R

Deschout et al., 2010

All of the models we have so far considered require radially symmetric
bleach geometries. The model of Deschout et al. is distinct in that it requires
a rectangular bleach region. It is also an example of a confocal model which
does not assume Dirac delta PSF, and so it remains a good approximation

for bleach regions of smaller length scale than previous models [65].
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The bleaching function, K(x,y,z) is defined identically to equation @,
the product convolution of the intensity profile (I"(x,y,z)) and and image

mask B(x,v), a rectangle of dimensions I, x I,

1if (x,y) € [=1x/2,1c/2] x [-1,/2,1,/2],
B(x,y) = (49)
0 otherwise.

The PSF is once again assumed to be radially and axially Gaussian as in
(42). For simplicity Deschout et al. assume photobleaching to be a linear (as

opposed to exponential) process, so that the post-bleach profile is

w(x,Y,2,0) = Weq (1 — n?ZyK(x,y,z)) . (50)

Equation (50) is the linearisation (i.e. the Taylor expansion truncated to
first order) of (44) which is a valid approximation if the amount of photo-
bleaching is fairly limited.

Observations are made with m-photon excitation. The image of the sam-
ple is the product convolution of the fluorescent concentration and a Gaus-
sian function with radial and axial resolution, r; and z;. The resolutions of
the multi-photon PSF are r,,, = r4/+/m and z4,, = z4/+/m. The bleaching
depth is

TT0 Te\ 2
Ko = "(0,0,0)) ().
0= gea 10,0,0)) (% G1)
It is convenient to define the quantities,
e — rim + i’gn ZZ — thim + Zgﬂ
mmn — > ’ mmn — > .

The fluorescence intensity is given by

flxyzt) . Ko z 1 2
fo YT a gz, +apt P\ 2, apr ) ST W),
(52)
where

Fi(x) = |erf il 750 h/2 — erf _ YT E b/2 , (53)
\/ 1%, +4Dt \/ 1%, + 4Dt
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and

(54)

l,/2 —-1,/2
Fyly) = |erf _yEhi2 ) orf | Y72 v/
\/ 12, +4Dt \/ 12, + 4Dt

The error function, erf(x), is defined as

2 AR
erf(x) = ﬁ/o e dx.

Equation can also be reduced to two dimensional FRAP. In this case,
there would be single photon excitation so m = n = 1. Also, z = 0 and

ze — 00, leaving

Fod2l) 1 2507 (55)

This model has many appealing features: being pixel-based it allows fit-
ting with spatio-temporal information, it works even for small bleach re-
gions close to the optical resolution limit, and it is analytically closed. Ar-
guably the most significant disadvantage is the assumption of instantaneous
photobleaching. In figure 3D, we saw the post-bleach profile after bleach-
ing material with diffusivity D = 1 yms~! for 1 second was almost entirely
radially symmetric and could in no way be fitted by a rectangular function
(50). Yet GFP in cytosol has a much greater diffusivity of approximately 30
ums~! [70]. This suggests that the rectangular bleach region model is appro-

priate only for very short bleaching times or for slow-diffusing molecules.

1.2.5 Reaction-diffusion

FRAP is not limited to pure diffusion problems, it can also be used to study
protein reaction kinetics. The simplest and most widely considered case is
that of a single reversible reaction in which a protein, A, associates tran-

siently with a binding partner, B, to form a complex C,

A+B——C.
-
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The law of mass action implies that, in a well-mixed system, the concen-

trations of A, B and C evolve according to

diA] — _g+[A][B] + k7 [C],

K+[A][B] + k~[C], (56)

Suppose that protein A is tagged with a fluorophore. Let u be the concen-
tration of unbleached A, which has diffusivity D, and v the concentration

of unbleached C with diffusivity D,. Then, for u and v we have,

W = —ktu+k v+ D, Vu,
(57)

% = +ktu—kv+ D,V?v,
where k™ = kT [B]. Note that, since B is not tagged, it contributes nothing
to the fluorescence recovery and so does not appear in equation (57) except
as a factor of k*. Equation (57) has appeared widely in many FRAP studies,

some of which consider the binding partners to be immobile (D, = 0) [69-

74] and others that allow D, > 0 [75-78]. The total fluorescence is given by
w=u-+0o, (58)
while the equilibrium concentrations are

k= kT
Ueq = mweq/ Ueq = mweq- (59)

Sprague et al., 2004

One of the most widely cited studies of reversible binding kinetics is a 2004
paper by Sprague et al. [70]. The authors assume that the protein complexes,

C, are immobile, hence D, = 0. Analytically closed solutions to (57) are not
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available, but a possible approach is to take the Laplace transform, which is

defined by

Lig)= | ghear, (60)

for a function g. It is assumed that there is a uniform bleach spot of radius

4, hence the post-bleach conditions are

lifr<ry,
w(r,0) = (61)

0if r > ry,
along with u(r,0) = ueqw(r,0) and v(r,0) = veqw(r,0). This approach di-
rectly yields the fully normalised recovery curve F(t) which satisfies F(0) =

0 and lim;_, F(t) = 1. The Laplace transform of F is

©» | =

k' eq
s+ k— 1+k’
(62)

£UFYE) = § = "1 = 2K (up (D rap(s))]) (14

where

0= 5, (1 55 )

This model has several limiting assumptions, most obviously instanta-
neous photobleaching. Additionally, the model works only for bleach spots
of radius much greater than optical resolution due to the absence of convo-

lution with the PSE.

Kang et al. 2010

Kang et al. also published a reaction diffusion model which was a gener-
alisation of earlier work on pure diffusion [76]. It makes several technical
improvements on the model of Sprague et al.: it allows for protein redistri-

bution during photobleaching and includes mobile binding sites. As with
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the pure diffusion model of Kang et al. (2009) [48] it is assumed that the
post-bleach profile is

w(r,0) = Weq eXp (—Kefrz/rg> , (63)

where K and 7, are taken to be fitting parameters. The authors have derived

the following fluorescence recovery curve,

b
Dy — Dy

The various functions and constants included in are defined as fol-

F(t) = tieqe ™ ' F(Dut) + veqe ® ' F(Dot) + I(t).  (64)

lows:

D, pAt—pust, [1+1—
Z(t):/ e Vktk

Dy kKt + k- (Fl (Sr t) + FQ(S, t))JT"(St)dS,

DM_D'U ! V_Du_D'U,

Fi(s, t) = (k”i);?zs’ +k /?i—j> I <2t\/k+k,D(j)zB?s))(s—Dv)> ,

Fa(s,t) = 2VkHk 1o <2t¢k+k_(D” —o)ls Dv)) .

Du - D (%
The function F is the solution to the pure diffusion problem with diffu-

sivity s,

— S (_K)n
PN = L Tl /) + Sst772])

n=0
Quite apparently, the major disadvantages of this model are its complex-

(65)

ity and lack of analytic closure.

1.2.6  Reaction-diffusion approximations

Due to the complexity of the reaction-diffusion model, it is often prefer-

able to consider simplifying limiting cases, which have been provided by
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Sprague et al. [70]. Note that the time scale of diffusion of unbound molecules
across the bleach region is 7p, = r2/(4D,,). Similarly the average time be-

tween binding reactions is 7+ = 1/k™. Therefore the dimensionless ratio,

Dy

= , 66
1= (66)
is a measure of the mobility. The larger #, the greater the distance a protein
can be expected to travel between binding events. Simplifying approxima-

tions may be applied if 7 is either extremely large or extremely small.

Reaction limited recovery

In the limit # — oo, the unbound protein is highly mobile so that the un-
bound fraction of protein (of concentration u) reaches equilibrium quasi-

instantaneously. Hence (57) becomes

e ©7
% =kt teqg — kv =k (veq — V).
System (67) can readily be solved to obtain
F(t ke
%o) =1—0eqe ¥ L. (68)

We will give this simple exponential model greater consideration in sec-

tion

Effective diffusion recovery

In the opposing case, 7 — 0, reactions occur far more rapidly than diffu-
sion, hence the system rapidly converges to local chemical equilibrium at
each point in space so that u(x,y,z,y) = ueqw(x,y,2,t) and v(x,y,z,y) =
Veq (%, Y,2,t). Taking the sum, %—’f + %—Zt’ = %—‘f yields

ow

T uquuvzw + vquvvzw = Dot V2w. (69)
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According to (69), the system closely resembles a pure diffusion model with

effective diffusivity,

ktD,+k D

which is a generalisation of the notion of effective diffusivity derived by

Crank [274].

1.2.7 Exponential models

Arguably the simplest recovery curve models are the simple exponential

model [79]

E(t)
Feo

where A is a constant and 7 is the time scale of the recovery (both of which

=1—Ae /T, (71)

can be determined by fitting). The exponential model can be generalised

to [80]

F(t al
M1y s, 72
o i=1

where A; is a constant which determines the size of the contribution of
mode i to the recovery and 7; is the time scale of the recovery of mode i.
Though useful, analytical FRAP models can be somewhat complicated
and tend to have rather specific assumptions. It is perhaps not surprising
that experimentalists have often preferred simply to analyse their data with
the exponential formula [81-89]. As we saw in section the exponen-
tial model is a perfectly reasonable approximation to a reaction-diffusion
system with rapid diffusion, yet it is often applied to pure diffusion sys-
tems [9o]. It is not obvious that this practice is theoretically justified, as
the exponential formula is not the solution to the equations which
model pure diffusion fluorescence recoveries. Furthermore, it is common

to assume that the number of exponential components required to fit the
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recovery curve is the number of modes contributing to the fluorescence re-
covery [91-95] even though this is not necessarily the case and in fact it is
not strictly speaking possible to fit a purely diffusive recovery (which would
have only a single mode) with any finite number of exponentials [99].
Nevertheless, Taylor et al. [go] have provided a mathematical basis for
the use of exponential formulas to model pure diffusion. If the diffusion

equation is solved on a disk of radius r,, using initial conditions,

0if r <y,
w(r,0) = (73)
Weq if r =1,
and Dirichlet boundary conditions
w(l,t) = Weq, (74)

then the radially symmetric concentration profile can be written as an infi-

nite series,

w(r, t) —1— o 2Jo(amr) e~ nDt

Weq = a1 (@mtn) ’ 75)

where a,, are the solutions to Jo(7n&n) = 0. Integrating over the disk yields

the recovery curve.

F(t) - 4 —a%,lDt.

oL

Truncating to N terms yields the multi-exponential recovery curve (72).

(76)

1.2.8 Numerical model analysis

One of the weaknesses of the analytical approach is the lack of solutions
to the bleaching-diffusion equation, which makes it technically impossi-
ble to account for diffusion during photobleaching and forces modellers

to make potentially unphysical assumptions about the post-bleach profile.
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Furthermore, analytical models typically do not directly account for unin-
tended photobleaching caused by imaging during the recovery phase. A
workaround is to normalise the recovery curve prior to analysis which can
be approached in several ways. One way is to perform preliminary control
experiments [73}96], imaging a sample without any prior photobleaching,
then recording the loss of fluorescence. Alternatively, one can measure the
intensity drop in an external control region during the main experiment [61].
In either case, the recovery curve is normalised by the control intensity
to account for passive photobleaching, though neither method is perfect.
The former method fails to account for intensity fluctuations during the
main FRAP experiment, while the latter method may introduce additional
stochastic noise. Further, due to the potential presence of an immobile frac-
tion, one cannot reliably make simple linear adjustments to the recovery
curve, complicating the normalisation process [97].

Another significant, though unavoidable, limitation is the assumption of
infinite space. This is essential because otherwise the exact solution cannot
be derived from the product convolution of the initial post-bleach conditions
with the Green’s function. However, an infinite model necessarily fails to
take into account cell geometry and boundary effects, which can introduce
significant errors in parameter estimation [98,99].

Numerical methods do not suffer from these limitations. For example,
Braga et al. proposed a model of FRAP in the cell nucleus; a reaction-
diffusion model which approximated the nucleus as a circular domain with
homogeneous Neumann boundary conditions [75] (even this quite simple
system cannot be solved analytically). Furthermore, numerical models can
theoretically attain any level of biological realism (albeit with concomitant
computational cost). Numerical models have been proposed which can
handle anisotropic diffusion [100], inhomogeneous distribution of binding
sites [72], simultaneous bleaching and diffusion [101,102] and arbitrary

photobleaching profiles [104]. Numerical software, such as Virtual Cell or
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PyFRAP, can handle arbitrary cellular geometry [106], including tortuous
effects exerted by obstacles [105].

A very comprehensive model for the raster scan motion of the laser dur-
ing bleaching and imaging was published by Erdel and Rippe [103] in 2012.
However, their approach requires computation times of several days for a
single parameter set. More recently, a 3D computational FRAP model that
incorporates particle diffusion, cell boundary effects, and the optical proper-
ties of the scanning confocal microscope, and which utilises general purpose
computing on graphics processing units to reduce run time, was proposed
by Kingsley et al. [99]. Besides deterministic FRAP models, there also exist
stochastic approaches that track the diffusion and interactions of individual
molecules and can be ‘solved” using Monte Carlo methods [107,/109].

While the advantages of numerical models are clear, disadvantages in-
clude the increased computational cost of parameter fitting and the require-

ment of dedicated programming to implement numerical methods.

1.2.9 Integral transform methods

It is not always necessary to compute solutions to the diffusion equation
explicitly. Numerous FRAP parameter fitting protocols exist which use in-
tegral transform methods, such as the Fourier transform [110], the Hankel
transform [111]], or the Laplace transform [70]. Taking the Fourier transform
of the diffusion equation results in [110]

daw i
5 (Pat) = =4 D(p* + )@ (p, g, 1), (77)

where p and g are the spatial frequencies. Being a linear ordinary differen-

tial equation, is straightforward to solve,

@(p,q,t) = @(p,,0) exp (—47*D(p* + 4t - (78)
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Equation can be rearranged in terms of D to give

p . n@p,g,t2)/D(p,q,t))
4r(p? +¢%) (h — 1)

for any times t; and tp, t» > t;. The Fourier transform is a rather sim-

(79)

ple and elegant method to obtain an explicit formula for D which has the
highly desirable quality of being independent of the initial post-bleach dis-
tribution of fluorophores. Although it is necessary to measure empirically
the distribution of fluorescent protein at two or more separate time points,
formula (79) does not depend on an exact (or approximate) mathematical
description of the post-bleach profile. The method is therefore compatible
with arbitrary bleaching geometry, regardless of the extent of diffusion dur-
ing the bleaching phase. However, the authors note that the Fourier method
requires higher signal-to-noise ratio to achieve acceptable precision.
Additionally, the Fourier transform can also be used in numerical mod-
els. Roding et al. have recently published a reaction-diffusion (with im-
mobile binding sites, D, = 0) numerical model which is compatible with
arbitrary bleach region geometry using spectral methods [112]. Spectral
methods generally have exceptional convergence properties compared with

more conventional methods such as finite differences [113].

1.2.10 Other uses of FRAP

Active transport models

Active transport has been incorporated into various models of bio-molecular
transport, including neurofilament transport along axons in neurons [115,
116] motor-driven particles [117] and transport in microtubule networks
[118]. Nevertheless, it has received far less attention in FRAP studies than
passive transport by diffusion. Nevertheless, an early example of a directed
transport model, concerned with electrophoresis in membranes, was pro-

posed by Axelrod et al. (1976). The model includes simulataneous diffusion
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and directed transport so that the concentration distribution of fluorescent
protein, w(x,y, t) is
ow

ow
—_ = 2 JE—
o DV w+Vay, (80)

where V is the transport velocity. Assuming quasi-instantaneous bleaching
and an infinite spatial domain, the authors derived the following equation

for the fluorescence recovery curve,

F(t) & ((=K)™exp [—2t*/tym(14+m(1+2t/1p))])
Fo m!(1+m(1+2t/1p)) ’

(81)

where Ty =1,/ V.

More recently, Ciocanel et al. [119] considered a slightly different model in
which the molecules under investigation switch between an active transport
state and a passive transport state. The dynamics are modelled by a system
of partial differential equations,

%—”t‘ = Vg—; —ktu+k-o,
% =DV¥+ktu—ko,

(82)

which is solved numerically.

Anomalous diffusion

We have so far considered only models of normal diffusion. A characteristic
of normal diffusion is that the mean square displacement of the distribution

of particles, has a linear relationship with time,

MSD « t. (83)

In reality the macro-molecular cellular environment is crowded and het-
erogeneous [122]], which tends to obstruct diffusion. Molecules also undergo
transient immobilisation due to binding events [127,/128] and hydropho-
bic/electrostatic interactions [129,/130]. For these reasons, it may be more

appropriate to model protein transport with anomalous diffusion. There is a
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consensus that in anomalous diffusion the MSD scales with time according

to a power law [120-125]

MSD « t#, (84)

which can be achieved if the diffusivity itself is time dependent,

D(t) =Tt ™", (85)

It is worth noting that distinguishing anomalous from normal diffusion
is very difficult without prior knowledge since in both cases the recovery
curves have similar shape [120,/131]. Nevertheless, several FRAP models of
anomalous diffusion have been proposed over the years.

One deterministic approach, which was taken by Lubelski and Klafter
[132], is to use a fractional diffusion equation which is consistent with
the power law (84). There are also stochastic models of anomalous diffu-
sion, which can be implemented computationally using Monte Carlo meth-
ods [133]. Another approach, taken by Kang et al. [135] is to make no as-
sumptions about the precise nature of the time dependence of the diffusivity
coefficient, and instead to model D as an unknown function of time. Adapt-
ing a simplified equation to extract diffusion coefficient from FRAP data
derived in previous work [134], the authors show that the time-dependent

anomalous diffusivity equation is approximately

_ R+ (F() — (Fo— F0)
o) =5 (S e ) )

where r,, is the nominal radius of the Gaussian bleaching profile and r, is
the effective radius of the post-bleach profile which must be determined by
parameter fitting, and F’(¢) can be determined by numerical differentiation
of the recovery curve. In this way, assumptions about the time-dependence

of the diffusivity are avoided.
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1.2.11  Complications

Having considered the theoretical aspects of FRAP, we will conclude this
review by briefly discussing the effects which can complicate the procedure
in practice. To begin with, emitted light will be attenuated as it passes
through biological material above the focal plane before it can reach the
detector apparatus. This is especially true if the emission wavelength of
the fluorophore is close to its optimal absorption wavelength, since then
photons emitted from flurophores within the focal plane will be absorbed
by flurophores outside of the focal plane. Even if this leads to subsequent
photon emission, the emitted light will be out of focus. This effect, known as
inner filtering, is a well-document complication in fluorescence microscopy
[136,137]-

Reversible photobleaching is another complication. The energy absorbed
from a photon causes a fluorophore to enter an excitation state in which
it can react chemically with other molecules in its surroundings. These re-
actions, which are the cause of photobleaching, may actually be reversible
[138}139]. In this case reversible photobleaching will accelerate the fluores-
cence recovery, causing overestimation of the mobility of the molecule under
investigation. Conversely, the tagged protein of interest may oligomerise to
form larger molecules. GFP and several other fluorescent proteins have
been demonstrated to oligomerise at high concentrations [140]. As dimers
and oligmers have greater mass than monomers, this process reduces the

observed mobility of proteins in FRAP.

1.3 FLUORESCENCE LOSS IN PHOTOBLEACHING
Fluorescence loss in photobleaching (FLIP) is a fluorescence microscopy

technique which is distinct from, though closely related to FRAP. FLIP can
also be performed with a CSLM, and FLIP and FRAP are often used in con-
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junction [141-143]]. In FLIP, a target region is photobleached repeatedly, and
the loss of fluorescence in a separate reporting region located elsewhere in
the cell is monitored [141,144}145]. Bleaching in one cellular compartment
(for example, the nucleus, the cytoplasm or an organelle) causes a loss of
intensity in one or more adjacent compartments, which is evidence of trans-

port of the target protein between them [21}144,146].
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Figure 5: An idealised example a FLIP experiment showing the total intensity of fluores-

cent emission in the bleached compartment and the adjacent compartment.

In figure |5l we have included an idealised example of a FLIP experiment.
The fluorescence intensity initially declines in the bleached compartment.
This forces the gradient of bleached /unbleached molecules across the sep-
arating membrane between the compartments out of equilibrium, creating
a net transfer of unbleached molecules into the bleached compartment, and
bleached particles out of the bleached compartment. The greater the rate
of fluorescence loss in the adjacent compartment, the greater the continuity

across the separating membrane.
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Figure 6: A simplified two compartment conception of a cell used in FLIP modelling. The
main compartments are the nucleus, ()y, and the cytoplasm, ()c. The nuclear
membrane, I'y, is denoted by a dotted line, as it is partially permeable. The cell

membrane, I'c is a solid line, as it is assumed to be impermeable.

1.4 FLIP MATHEMATICAL ANALYSIS

Compared with FRAP, FLIP has received relatively little attention from
mathematical modellers. Only a handful of FLIP models have been pro-
posed, which can be split into two categories: ODEs [147-149] and PDEs
[150-152]. In this section, we consider examples of both of these approaches.
We assume that the cell is formed of two compartments, the cytoplasm and
the nucleus (although FLIP studies of other structures, such as the endoplas-
mic reticulum, exist [147]).

Let Q¢ and Qy represent the cytoplasm and the nucleus respectively.
Further, let I'y be the boundary between the cytoplasm and the nucleus (i.e.
the nuclear membrane) and I'c be the outer boundary of the cytoplasm (i.e.
the cell membrane). By assumption, there is protein flux across I'y;, but not
across I'c which is presumed impermeable. Of course, in reality there may
be transfer of protein between adjacent cells, or perhaps between cells and
extracellular media. These processes could potentially be investigated with

a kind of generalised FLIP experiment; bleaching one cell and monitoring
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the decline of fluorescence intensity in its neighbours, but they are neglected
here.

The FLIP model is represented schematically in figure [ Let w¢(x, t) be
the fluorescent concentration at position x and time ¢ in Q. and wy,(x, t) be
likewise for €),. We can also define the total masses of fluorescent protein

in each compartment as follows:

W, (t) = / we(x, AV, Wy(t) = / wn(x, )dV.

C n

1.4.1  ODE modelling

The simplest FLIP model involves linear ordinary differential equations.
This approach assumes that the transfer of molecules between cellular com-
partments will generally evolve over a much slower time scale than molecu-
lar redistribution within compartments. Hence the redistributive dynamics
within compartments can be neglected and the total concentrations, W, (t)

and W, (t), will evolve according to a system of ODEs [148,|149]

dg\{c =~k We +k_1W, — kO(t)Wc/
(87)

AW — g We — k1 W,
where k; and k_; are the aggregate cross-membrane transport rates and
ko(t) is the time-dependent rate of bleaching. The simplicity of this model
is both its most significant strength and weakness, in different respects. It is
straightforward and computationally economical to fit with experimen-
tal data to obtain estimates of k1 and k_1. Yet these transport rates give only
a general idea of inter-compartmental continuity, and reveal nothing about

the mechanisms which underpin cross-membrane transport.
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1.4.2 PDE modelling

Systems of partial differential equations (PDEs) can model FLIP in greater
detail than ODEs [150-152]. Here we consider a recent example published
by Hansen et al. [152]. It is supposed that the protein is temporarily im-
mobilised by transient binding reactions in both compartments, hence the

equations for the entire cell are

W =V (D(x)Vu) +kt(x)o — k= (x)u — al(x,t)u, (38)

%—zt’ =kt (x)u — k= (x)v —al(x,t)v,
where [(x, ) is the effective laser intensity at position x and time ¢, u(x, ) is
the concentration of mobile protein and v(x, t) is the concentration of bound
immobile protein. The diffusivity, D, and the reaction rates, k™ and k~, are
spatially dependent because they vary between the nucleus and cytoplasm.
While equation is effectively identical to the reaction-diffusion models
sometimes used in FRAP, the difference is that, in the FLIP model, there is
an internal interface which represents the nuclear membrane, I'y.

The nuclear membrane is modelled as a semi-permeable membrane, across
which there is flux of material dependent on the concentration difference of
free protein, J = +p(u™ — u~)f, where p is the permeability and f is the
unit outward normal vector of the nucleus. Transport across the nuclear

membrane is modelled by a Robin boundary condition at I'y;,
(DVu) - fi|py = —p(u” —u”), (DVu)- ()|, = —p(u” —u"), (89)

where a + superscript indicates that one is approaching I'y from within
the nucleus and a — superscript likewise from the cytoplasm. In addition,
it is assumed that there is no transport of protein into or out of the cell,
so a homogeneous Neumann boundary condition is imposed at the cell
membrane, ',

(Vu-A)|r. =0. (90)
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It is also assumed that bound protein is unable to cross any membranes,

hence
(Vo-f)|r, = (Vo -ii)|r, =0. (91)
Hansen et al. numerically solved the model equations using a Galerkin
method implemented in FEniCS. Naturally, the PDE model provides more
detailed insight in exchange for greater computational cost and more de-
grees of freedom in parameter fitting. The ODE model, (87), is an asymp-
totic limit of the PDE model which we will derive explicitly in chapter

1.5 PARAMETER ESTIMATION/NON-LINEAR OPTIMISATION

The purpose of FRAP modelling is to obtain parameter estimates which
reveal some biophysical information about the system under investigation.

In this section we review a collection of common parameter fitting methods.

1.5.1 Nonlinear least squares

The most conventional parameter estimation method is the method of least
squares. We begin by defining an objective function, ¢, which represents the
distance between some empirical FRAP data and the output of a theoretical
model. Let 6 be a vector of model parameter values, then for continuous

time data

9(0) = [ (F(t:6) = Faa(0) Pl (92)
where F(f;0) is a fluorescence recovery curve generated by the model with
parameters 0, and Fgu,(t) is an empirical recovery curve. Similarly, for
discrete time data we can define the objective function as the residual sum

of squares,

1t

$(0) = Y (F(t;0) — Faara(te))™ (93)

k=1
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For spatio-temporal data, we have

Pspace (0) = / { / / f(,9,50) — foa(x,y,t))?dxdy [ dt,  (94)

where f(x,y,t;0) is the fluorescence intensity at position (x,y) and time ¢
generated by the model with parameters 6, and fpata (X, Yy, t) is the empiri-

cally observed fluorescence intensity. Likewise for discrete data,

ny My ny

J)space Z Z Z f(xi, Yijr ti;0) — fpata(Xi, Yjr tk)) . (95)

=1lj=1i=
The minimum of the objective function can be found algorithmically,
for example using the well-known Nelder-Mead algorithm [278,279]. The
method of non-linear least squares is the most conceptually rudimentary,

but also most adaptable fitting method.

1.5.2  Maximum likelihood

A closely related alternative to the least squares method is maximisation of

the log-likelihood [49],

ne My ny

M
1(9) = _log 271—0— Z Z Z xu]/]ltkr fdata(xzry]rtk)) , (96)

=1j=1i=
where M = nynyn; is the total number of data points and ¢ is the standard
deviation of the noise. It is clear from that, in practice, the log-likelihood
method is functionally equivalent to the least squares fitting routine. How-
ever, it has the advantage that it readily yields an error estimate of the fitted

parameters in terms of the Fisher information matrix, which we give greater

consideration in section
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1.5.3 Variance methods

Kubitscheck et al. have argued that the statistical properties of diffusion
can be used to estimate the diffusivity coefficient [39]. The central second

moment, my (equivalently, the variance) of the bleached molecules is

pt) = [ (62 + ) (weq = w(x,,1)dxdly, ©7)

where (weq — w(x,y,t)) is the concentration distribution of bleached molecules.

Kubitscheck et al. showed that the variance follows a linear relationship,
pa(t) = 4M¢Dt + (x5) + (v5), (98)

where

() = | /Isz(x,yIO)xzdxdy, W) = | /Ww(x,y,o)yzdxdy-

Fitting the variance of the spatial distribution of bleached material with a
straight line, the gradient of which is precisely 4MD, returns an estimate
of D. The variance method is a significant advantage that it will work for
any radially symmetric initial post-bleach profile, although only for pure

diffusion systems.

1.5.4 Maximum entropy methods

So far we have only considered models with one or two diffusivity coeftfi-
cients. However, a biological molecule may exist in multiple states with dif-
ferent diffusive properties. That is, it may be stably incorporated into many
different complex molecules of different diffusivities. Supposing that there
is negligible conversion between the different diffusive states on the time
scale of the FRAP experiment, there will arise a heterogeneous fluorescence
recovery which is the weighted sum of several pure diffusion fluorescence

recoveries. Let
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1 - f(xlyr t/ Diiri)
be the normalised fluorescence intensity at point (x,y) and time ¢ for a pure

diffusion system with diffusivity D; and bleach region radius r;. The general

heterogeneous diffusive recovery can be written as

floy,t) =1=Y kif(x,y,t; D, 1), (99)
i=1

where np is the number of diffusive states. It is possible to attempt to fit (99)
to empirical data using a conventional least-squares method. However, the
quality of the data required to achieve a reliable fit increases substantially
with np [154]. Furthermore, it would require extensive model selection to
determine the optimal value of np. An alternative approach is to assume
that np is large and then attempt to find the optimal probability, k;, that
a molecule has diffusivity D;, Vi. To give an example, Xiong et al. [153]
have taken this approach, employing a maximum entropy method. The
principle of maximum entropy states that the probability distribution which

best represents a system is the one which maximises the Shannon-Claude

entropy [155],

n
— Z kilogk;. (100)
i=1

The entropy, S is maximised subject to the least squares constraint x> = M,

where M is the total number of data points. The test statistic x* is given by

me (X0, te) — faata (X0 V), )2
¢ LTt i, o
where fq.1a is empirical fluorescence microscopy data, f is the simulated
data given by formula (99) and ¢? is the corresponding variance. The max-
imum entropy method ensures that the final distribution does not contain
more features than statistically warranted by the data [156]. Deriving a prob-

ability distribution of diffusivities is far less limiting than estimating a small
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number of parameter values. However, the maximum entropy method has
greater computational cost than conventional least squares which may force
the user to model f(x,y,t) analytically (Xiong et al. chose the rectangular
FRAP model of Deschout et al. [65]). Consequently, this method cannot real-
istically benefit from accurate descriptions of photobleaching, cell geometry,
boundary conditions and other attractive features which are exclusive to

numerical models.

1.5.5 Fisher information and parameter estimability

Parameter estimability can be predicted using the Fisher information matrix.
Suppose we are given data collected at a set of time points, t;. Let At =
tir1 —t;, for all i, be the time step, so that 1/At is the frame rate of the
imaging process; let Y; be the fluorescence recovery curve data values at
the sample times t;; and F;(0) = F(t;;6), with 6 being the vector of model
parameters. Assuming the fundamental accuracy of the model, empirical
data may be described by the sum of the output of the mathematical model

and a stochastic variable such that,

Y; = F(0) + 0iGi, (102)
where the ¢; are normally distributed random variables and ¢; the standard
deviations which account for the scale of the observational uncertainty. The

objective function may be defined as

4)(9) — Z (Fi(e) — Yi)z

2
i 20;

where the factor of 2 is purely for notational convenience. The global min-

/ (103)

imum of the objective function, 6*, corresponds to a maximum likelihood
estimate of model parameters [157]. The Fisher information matrix is the

Hessian matrix of the objective function [158,/159],

9%¢
L = 36,06, |, (104)
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where y and v are parameter indices. Substituting into gives

1 0 oF; oF; 1 [ 9F oF 0%F;
=Y S (Fel—yo i)=Y = (21 F-Y)).
o =X 0259, (F 98, Ylam) Lo (aey 26, * 6,08, i =Y

i

If the system is well-described by the model, then F;(6*) = Y;, so the term

involving second derivatives vanishes and the FIM simplifies to

1 3F 9F
=27 2,28,

: (105)
9*

If an eigenvector of the FIM has a large corresponding eigenvalue, then
the combination of parameters given by the eigenvector is identifiable [160].
Models containing a mixture of identifiable and non-identifiable parameters
(for which the eigenvalues of the FIM are spread across a logarithmic scale)
are said to be sloppy [157]. Sloppy models characteristically include certain
parameters, or combinations of parameters, in which even substantial vari-
ations do not significantly affect the behaviour of the dependent variables.
In geometric terms, there is a manifold within the space of model param-
eters which is approximately a flat minimum of the objective function so
that the unique exact global minimum cannot be easily located. Numer-
ous sloppy models have been identified within the mathematical biology

literature, usually those with large numbers of parameters [160-163].

1.6 YAP BIOLOGY

Since the discovery of YAP by Sudol [193], research on YAP has turned into
a burgeoning field [169,[170]. The objective of this section is to review the
literature on YAP, with a particular focus on its role in cancer and its regula-
tion. We introduce the topic with a general discussion of certain biological
phenomena: protein localisation, contact inhibition of proliferation and the

related topic of mechanotransduction.
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1.6.1  Protein localisation

Localisation refers to the distribution of protein molecules within a cell. Pro-
teins may have different functions in different cellular compartments such
as the cytoplasm, the nucleus, or various organelles. The same protein may
serve different purposes depending on whether it is localised to the nucleus
or the cytoplasm, for example. Hence protein localisation provides cells
with an economical method to achieve functional diversity [166]. Aberrant
protein localisation is associated with an array of human pathologies, cru-

cially including a variety of cancers [167,168].

1.6.2  Contact inhibition of proliferation and mechanotransduction

Cells possess the ability to detect the presence of adjacent cells and mechani-
cal forces in their microenvironment. Sensing neighbouring cells is essential
for tissue integrity. For example, contact inhibition of proliferation (cell—cell
contact-induced arrest of cell growth) underlies homeostatic control of cell
density and organ size [194,/195]. One of the characteristics of cancerous
cells is their resistance to contact inhibition [164].

Many eukaryotic cells also possess the ability to convert local external
mechanical cues into chemical signals which regulate cell behaviour [165].
These cues include three closely related factors; cell shape, internal cel-
lular isometric tension and the stiffness of the extracellular matrix (ECM)
[243-245]. The ECM is a collection of interstitial molecules which provide
structural support to tissue. Its structural and mechanical properties are
largely dependent upon three components; elastic fibres, collagen fibres,
and proteoglycans. Elastic fibres endow tissue with extensibility, while col-
lagen fibres provide material strength and increase the stiffness of the ECM.
Proteoglycans have net negative electrostatic charge, attracting positively

charged sodium ions and in turn attracting water via osmosis, ensuring
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that the ECM and resident cells remain extensively hydrated, thereby con-
tributing to the compressive stiffness of connective tissue [183].

Cells are in constant isometric tension with the ECM. The equilibrium
of forces in the tissue microenvironment controls the shape and volume
of cells while also regulating their function via mechanosensing [224)}225].
It has been suggested that cells probe the external resisting forces of the
ECM and neighbouring cells by developing internal forces of increasing
magnitude [228-230]. On a larger scale, regulation of cells by mechanical
cues maintains organ functionality, while changes in the mechanical bal-
ance between the cells and the surrounding environment result in tissue
malfunctioning or malignant transformation. Mechanical properties of tu-
mours differ substantially from normal cells and tissues. Changes in stiff-
ness or elasticity regulate pro-metastatic behaviours of cancer cells [226,227].
Localisation of YAP has been revealed as one of the central components in

the regulation of contact inhibition and mechanotransduction [194}196}197].

1.6.3 YAP at the roots of cancer

YAP is a transcription co-regulator which, when localised to the nucleus, in-
teracts with the TEAD family of transcription factors [4,171] to regulate gene
transcription [3,205-207]. Specifically, YAP regulates a coherent gene pro-
gramme involved in proliferation, DNA replication and repair, nucleotide
metabolism, and mitosis [1+3], while inhibiting apoptotic genes [4]. YAP
promotes various processes which require cell proliferation. It is essen-
tial for embryonic development, organ growth and wound healing [5,8-10].
YAP also regulates angiogenesis (the formation of new blood vessels by the
extension of existing vasculature) and heart development [201-204].

Given its role in promoting tissue growth, it is not surprising that YAP
dysregulation causes a variety of pathologies linked with hyperprolifera-
tion [1}/196}197,200]. The forced expression of YAP leads to organ over-

growth and, almost invariably, to the development of cancer [8,9]. Indeed,
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there is evidence that YAP is specifically required for proliferation and sur-
vival of tumour cells [8,9]. Aberrant expression or localisation of YAP has
been identified in a broad range of aggressive human solid cancers [11-13].
Furthermore YAP overexpression is associated with poor prognosis in can-
cer patients [14}15] and is thought to confer resistance to targeted thera-
pies [15].

Aside from promoting cell growth and inhibiting apoptosis, YAP also
regulates the expression of genes that drive cell migration, potentially en-
hancing the risk of metastasis in cancer [3,208|]. Additionally, YAP possesses
the ability to ‘reprogram” mature differentiated cells into their correspond-
ing less-differentiated progenitors, possibly leading to the creation of cancer
stem cells [5-7]. There is a compelling case for targeting YAP for therapeu-
tic intervention, and the search for small-molecule drugs that are able to

modulate YAP activity is an active field of research [9,12]

1.6.4 YAP and contact inhibition

The Hippo pathway

YAP is a well-documented target of the Hippo signalling pathway [174].
Hippo is a highly evolutionarily conserved pathway which controls organ
size and functions as a tumour-suppressor [172]. The upstream regulators of
YAP include various kinases (proteins capable of phosphorylating other pro-
teins [173]]) involved in the Hippo pathway, including MST1/2, MOB1A /B
and LATS1/2. MST1/2 and phosphorylated WW45 bind to form an ac-
tive enzyme which phosphorylates LATS1/2. Phosphorylated LATS1/2 in
turn binds with MOB1A /B to form a complex capable of phosphorylating
YAP [8,170,174,209].

Phosphorylated YAP is marked for degradation by proteasomes [176].
Additionally, phosphorylation creates binding sites for regulatory 14-3-3

proteins which form an anchor sequestering YAP in the cytoplasm [175],
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though this effect alone is not sufficient fully to prevent YAP transport into
the nucleus [177].

The suppression of YAP by the Hippo pathway is one of the cell regu-
latory mechanisms responsible for contact inhibition of proliferation [182].
The clearest link between YAP-mediated contact inhibition and Hippo is
Merlin, a tumour-suppressor protein [178] and known upstream regulator
of Hippo [8,180}209]. At low cell density, MST-LATS kinase complexes are
inactive, and unphosphorylated YAP is free to enter the nucleus [288]. In
confluent cell cultures, Merlin is preferentially located near to the tight junc-
tions between adjacent cells, where it forms protein scaffolds [179] which
promote the phosphorylation of LATS by MST/WW45 complexes. [180].
There is also evidence that Merlin negatively regulates YAP target gene

expression by promoting the export of YAP from the nucleus [181].

wE-catenin

Another significant contact inhibition mechanism is the regulation of YAP
by aE-catenin at adherens junctions (AJs). AJs are macromolecular com-
plexes that mediate adhesion between cells [219,[220]. They are formed of
various proteins, though the most relevant for our purposes is aE-catenin,
a linking protein between AJs and the cell cytoskeleton, which has been
identified as a mechanosensor at AJs [222]223] essential for contact inhibi-
tion [194)[210].

Several studies have revealed important roles of A] components in YAP
regulation [194,210,/216-218], and there is evidence that aE-catenin exerts
tumour-suppressing functions by inactivating YAP [194),210-213]. Cells pos-
sess the ability to sense mechanical stretching at AJs [214]. At high, but not
low, cell density, YAP forms a tripartite complex with aE-catenin and 14-3-3
proteins [210]. Disengagement of cell-cell adhesions is sufficient to unleash
YAP activity [215]. Similarly in aE-catenin-null cells, YAP has elevated nu-
clear concentration [194], which amounts to compelling evidence of YAP

regulation by aE-catenin at AJs.
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1.6.5 Mechanotransduction and the ECM

Many cells possess the ability to detect various physical signals in their
surrounding environment, including mechanical forcing and ECM stiffness
[242]. Under conditions of high ECM stiffness, cells tend to favour prolif-
eration over apoptosis and experience reduced sensitivity to contact inhi-
bition [187]. Softer substrates and cell crowding both act to diminish cell
proliferation [243-245].

There is abundant evidence implicating YAP in mechanosensing. If YAP
is knocked down, cells grown on a stiff substrate exhibit a phenotype similar
to that of cells grown on soft substrate. On the other hand, overexpression
of YAP in cells grown on a soft substrate causes cells to behave as if they
were on a stiff substrate [177].

The regulation of YAP by mechanical forcing is dependent on the forma-
tion of actin stress fibres [239,[243]. Actins are a family of proteins that form
microfilaments, and are a constituent of the cytoskeleton [233]. In response
to mechanical forcing F-actin is polymerised to form stress fibres [18]. These
stress fibres transmit forces to focal adhesions [231]], structures which link
the cell with the ECM [229,232)234]. Stress fibre formation is dependent on
several proteins: the Rho family of GTPases, Rho-associated kinase enzymes
(ROCK) and myosin light chain kinase [235-237]. Inhibition of any of these
proteins prevents stress fibre formation and converts the cell to a state of
low tensile forces [235-237] and also inactivates YAP [177,238]. Conversely,
F-actin polymerization results in increased activity of YAP [241].

In response to stress fibre formation, YAP is recruited to focal adhe-
sions [185] where it is phosphorylated by Src family kinases. YAP which
has been phosphorylated by Src is marked for translocation into the nu-
cleus (note that phosphorylation by Src and phosphorylation by Hippo ki-
nases occur at different locations on the YAP molecule, producing different
effects) [186]]. Src increases the association of YAP with TEAD and decreases

its association with 14-3-3 proteins even where Hippo signalling remains ac-
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tive [187]. A lower affinity for 14-3-3 proteins frees up a greater number
of YAP molecules for translocation into the nucleus, while a greater affin-
ity for TEAD anchors YAP molecules to chromatin in the nucleus, reducing
the number of molecules available for export to the cytoplasm [149]. Some
studies have suggested that Src has an inhibitory effect on LATS, which
might decrease the inhibitory phosphorylation of YAP by the Hippo path-
way [184,240].

There is another important mechanism by which mechanical forcing, me-
diated by focal adhesions, activates YAP, dependent upon connections be-
tween focal adhesions and the nucleus. There are actomyosin fibres running
from focal adhesions to the apical surface of the nucleus [246]. Contractile
force generated by actomyosin activity flattens the nucleus and opens up
nuclear pores. Such an opening increases the rate of YAP import without af-
fecting the export rate [247]. To be clear, if YAP diffused passively across the
nuclear membrane, opening nuclear pores would equally increase both the
import and export rate. However, YAP, like other large proteins, is actively
transported between the nucleus and cytoplasm using energy [302]. This
process of stretching nuclear pores therefore increases the rate at which
the cell is able to selectively import YAP into the nucleus, rather than in-
creasing the rate of bidirectional passive transport between the nucleus and

cytoplasm.

1.6.6 Wnt signalling and heat shock factors

Wnts are a family of growth factors involved in cell proliferation, stem cell
expansion, regeneration, and tumorigenesis [254,255]. The core of the Wnt
pathway is the regulation of its nuclear transducer B-catenin by a cytoplas-
mic destruction complex, consisting of other proteins. The arrival of a Wnt
ligand causes functional inactivation of the destruction complex, resulting

into B-catenin accumulation [254]. YAP is a component of the B-catenin
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destruction complex. Thus, whenever Wnt signalling is inactive, YAP is
sequestered in the cytoplasm in the destruction complex [198,199].

Recent research has revealed Wnt signalling as a link between YAP and
heat shock factor 1 (HSF1) [258]. HSF1 is a regulatory protein that enhances
cellular survival in the face of heat stress. In tumours, HSF1 promotes can-
cer cell survival and metastasis [256}257]. HSF1 targets genes that promotes

malignant behaviour in cancer by activating YAP via Wnt signalling [258].

1.6.7  YAP feedback loop in fibroblasts

While YAP is a target of various mechanisms including the Hippo path-
way and mechanical forces, it also has the power to regulate these mech-
anisms, creating a feedback loop. YAP also controls the expression of up-
stream regulators of the Hippo pathway [248-250] and of the cytoskeletal
machinery [18,[251-253]. YAP transcriptionally controls FA formation and
cytoskeleton stability, in turn determining cell mechanics and the degree of
cell adhesion to the ECM [251].

YAP feedback mechanisms are highly significant in fibroblasts, cells which
possess the ability to remodel the ECM [16]. Fibroblasts respond to in-
creases in ECM stiffness by increasing proliferation and suppressing apop-
tosis, but also by increasing collagen synthesis, thickening and strengthen-
ing the ECM [260,261]. YAP knockdown reverses these outcomes, reverting
cells to a state more indicative of a pliant ECM. [262}263].

Consequently, there may arise a potent positive feedback loop whereby
ECM rigidity activates YAP target gene transcription in fibroblasts, which in
turn increases ECM rigidity [18]. ‘Cancer-associated” fibroblasts, in which
YAP is transcriptionally active, are found in many solid tumours, and are
known to remodel the ECM to create conditions more favourable to metas-
tasis [16}17]. In some cases, they partially dissolve the ECM, creating tracks

that enable subsequent cancer cell invasion [17].
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1.6.8 Summary of YAP biology

The Hippo signalling pathway promotes the association between YAP and
14-3-3 anchoring proteins, sequestering YAP in the cytoplasm [170)175,[177].
Src, activated downstream of stress fibre formation in response to mechan-
ical forcing, possibly suppresses Hippo signalling to some extent and re-
duces the affinity between YAP and 14-3-3 proteins even if Hippo remains
active. [184}240]. YAP is involved in B-catenin destruction complexes. The
presence of Wnt ligand releases YAP from these complexes, potentiating
entry into the nucleus [198}[199]. In crowded environments, YAP forms a

complex with aE-catenin, another route to cytoplasmic sequestration [194

210-213].

Heat stress Cell contact ECM tension

HSF1 oE-catenin Merlin Stress fibres \
Wnt Hippo / Open nuclear

signalling signalling pore complexes

Nucleus Nuclear
binding import

Key: —p Activation ——] Inhibition
Input YAP activation @) YAP inhibition

Figure 7: Schematic summary of YAP regulation.

There are connections between the apical surface of the nucleus and the
cell outer membrane. External tension is transferred to the nucleus, pulling

open nuclear pore complexes and facilitating YAP entry into the nucleus

57



1.6 YAP BIOLOGY

[247]. Conversely, nuclear localised Merlin promotes the expulsion of YAP
from the nucleus by active transport [181].

Src promotes interactions between YAP and TEAD, which by extension
increases TEAD-mediated interactions between YAP and chromatin in the
nucleus [187]. YAP binding with chromatin reduces the total rate of nuclear
export just as binding with anchor proteins in the cytoplasm reduces the
rate of nuclear import [149].

We notice that the direct regulation of YAP entry into the nucleus (and
hence transcriptional activity) is influenced by four factors: binding reac-
tions in the cytoplasm, nuclear export, binding reactions in the nucleus and
nuclear import. The remainder of this thesis is dedicated to investigating
these mechanisms quantitatively, in both cancer-associated and normal fi-

broblasts, using FRAP and FLIP empirical data.
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MATHEMATICAL ANALYSIS OF FLUORESCENCE
RECOVERY AFTER PHOTOBLEACHING

The focus of this chapter is the mathematical analysis of fluorescence recov-
ery after photobleaching (FRAP). Many mathematical studies of FRAP have
been published, mainly on pure diffusion models of FRAP, or two-species
models with a single reversible binding reaction (reviewed in chapter 1).
Analytically closed expressions for the fluorescence recovery curve have
been derived for pure diffusion models, but it is not possible to do so in
the case of two species models, though several approximations have been
derived in limit cases. Although these well known approximation formulas
are correct, to our knowledge they have never been formally mathematically
derived. Furthermore, the precise form of the approximations, as they are
commonly presented, may give the impression that fewer model parameters
are estimable, in certain circumstance, than is actually the case.

In this chapter, we both re-derive established asymptotic formulas and
derive new generalisations using using formal asymptotic methods. Us-
ing Fisher Information, we then use our new extended formulas to derive
sufficient conditions under which every parameter of a two species reaction-
diffusion FRAP model may be estimated from empirical data. We will apply
this analysis both to the conventional analysis of FRAP recovery curves, and
to confocal scanning FRAP.

Next we turn our attention to more general FRAP models. We derive

several new limiting case approximations of multi-species FRAP models.
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We also show that FRAP analysis can theoretically be used, not only to
quantify model parameters, but also to deduce qualitative results, such as
the order of reaction with systems with more than two interacting chemical

species.

2.1 MATHEMATICAL MODEL

In its most general form, the FRAP model is based on a reaction-transport

equation,

ou

g = f(u/ X, t) -V (J(u/ X, t))/ (106)
where u(x,t) = (ui(x,t),...,uy(x,t))T is the vector of concentrations of

each of species, u; at spatial position x € R™ (m = 1,2,3) and time t €
R. The vector-valued function f : R" x R” x R — R”" gives the rates of
conversion between each species due to chemical reaction. The flux term, J :
R" x R™ x R — R" determines the type of transport to which the chemical
species, u;, are subjected.

To begin with, we consider the single reversible reaction,
]E-f—
A+B k:‘ C,

though we consider more general problems in in sections and
The law of mass action implies that, in a well-mixed system, the concentra-

tions of A, B and C evolve according to

A& — _k+[A][B] + k7 [C),

k+[A][B] + k~[C], (107)

where [X] denotes the concentration of X. In FRAP, a protein under in-
vestigation is tagged with a fluorescent probe. We assume that the sys-

tem reaches steady state before the beginning of the experiment, so that
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[A] = [A]", [B] = [B]", [C] = [C]". Photobleaching does not degrade any
protein and so does not perturb the concentrations [A], [B] or [C], which
remain in equilibrium. Let u be the concentration of the fluorescent (not
photobleached) protein A, and v be the concentration of fluorescent C (a
complex which contains fluorescent A). The equations arising from FRAP
on protein A, which model there free and bound protein fractions (# and v

respectively), are then

du — ety + ko,

- (108)
% =ktu—k-o,
where k* = kT[B] = kT[B]" ([B] = [B]" because the system is in equilib-

rium).

2.1.1  The FRAP forward reaction rate

It is important to note that the rate of reaction in the FRAP equation (108),
kT, is distinct from the rate of reaction per unit concentration in the mass
action equation , kT. The forward reaction rate constant, k*, is de-
pendent upon the equilibrium concentration of unoccupied binding sites at
chemical equilibrium, [B]*, and hence on the total concentration of protein,
A7t = [A] 4 [C] (the greater the total concentration of protein, the greater
the fraction of occupied binding sites at equilibrium). To make this relation-
ship explicit, let By = [B] + [C] be the total binding site concentration. The
steady state of can be re-written as

(FHA B = K [CT,

[A]" +[C]" = Ar, (109)

[B]" + [C]" = Br.

\
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We can express k™ = k™ [B]” in terms of At by solving for [B]". Setting
B=k +k"(Ar — Br), reduces to a quadratic,

kT[B]* + BB —kTBr =0,

which has solution,

B+ \/,52 + 4ktk~Br

+
k 2

(110)

The second solution of the quadratic is discarded as it always yields a neg-
ative value of k™, which is unphysical.

Suppose we were to increase the total protein concentration, Ar. As
Ar — oo, B — oo. Likewise, as B — oo, \/‘82—1—412+k—BT — B in which
case implies that k* — 0.

As the total concentration of protein increases, the concentration of un-

occupied binding sites at chemical equilibrium decreases hence, all other
factors being equal, the association rate, k™, also decreases. This result must
be taken into consideration when comparing FRAP data from different cells
(as in chapter [4). For example, suppose we were comparing measurements
of k™ in the nuclei of two different cells. The total concentration of a pro-
tein in the nucleus is affected by various factors, including nuclear import
and export rates, and the total level of expression of the protein by the cell.
Hence, k™ is not a pure measure of the chemical properties of the protein
(as k™ would be); rather, it is somewhat confounded by other factors not

directly related to the chemical reaction under investigation.

2.2 TWO-SPECIES REACTION-DIFFUSION MODEL

In this section we will analyse the common [69-78] two species FRAP model.
We assume that a diffusible molecular species, A, associates reversibly with

a binding partner, B, to form a complex, C, according to

A+B——C.
-
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We further assume that B is homogeneously distributed. Under the as-

sumption of mass action, the concentrations of A, B and C are governed

by

IAl — _Ek*[A][B] + k~[C] + DAV2[A],
I8 — _E+[A][B] +k~[C] + D V2[B], (111)
9 — k[A][B] — k~[C] + DcV2[C],

where [X] denotes the concentration of X. In the course of the FRAP exper-
iment, the concentrations [A], [B] and [C] are assumed not to change. The
reaction is assumed to have reached equilibrium before the start of the ex-
periment and, since FRAP does not eliminate any of the existing molecules,
this equilibrium is unperturbed.

Let u(x, t) be the concentration of species A at point x and time ¢ that is
fluorescent (not photobleached), and D, = D4 be the diffusivity of A (note
that photobleaching is assumed not to alter the diffusivity or reactivity of
the molecules). Likewise, let v(x,t) be the concentration of the fluorescent

C species and D, = D¢ be its diffusivity. The resulting FRAP model is

&

(x, 1) = —kTu(x, t) + k= o(x,t) + D, V?u(x,t) — al(x, t)u(x,t),

Q)|

t

St(x t) = +ktu(x, t) —k~v(x, t) + D, V20(x,t) — al(x, t)v(x,t),

(112)

QU

where I(x, t) is the intensity profile of the laser acting upon the sample, and
« is the sensitivity of the fluorescent tag to photobleaching. For convenience
we measure fluorescence in units such that ueq + veq = 1, where ueq and veq
are the pre-bleach homogeneous steady states,
k= Kkt
Ueq = ey Veq = = (113)
Due to conservation of mass, the concentration of bleached A is upjeach =

Ueq — u and that of bleached C is Upjeach = Veq — 0.
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2.2.1 Radial symmetry

For analytic purposes, we assume the system to be radially symmetric.
Let r = \/x? 4 y2, and non-dimensionalise by setting ' = r/r,, where 7,
is the radius of the bleach region of interest and + = k*t. The resulting

equations (setting I = 0) are

0 10 d (114)
= U — KU+ 01 == (1”—5),
where
6=Dy/D,, x=k /kT, n=D,/(k"r3), (115)

are positive dimensionless numbers. We solve the initial value problem for
on an infinite spatial domain with far field conditions
lim u(r',t') = tteq, lim v(r', ') = veq, (116)

r'—o0 r'—o0

and initial conditions
u(r',0) = Up(r') = ueqH(r' — 1), 0(r,0) = Vo(r') = veqH(r' — 1), (117)

where H is the Heaviside step function. Initial conditions are appro-
priate if all available material inside the region of interest is bleached instan-
taneously.

We will show that the orders of magnitude of the dimensionless param-
eters 77, k and ¢ determine whether the model parameters, D, D,, k* and

k~ are estimable. The region of interest, RO], is a disk of radius r,,

ROL={r|r<r}={|r <1} (118)

Letw(r,t) = u(r,t) +v(r,t). Strictly, the fluorescence intensity that would
be observed with a scanning laser microscope is the convolution of w with

the optical point spread function, as in equation (9) of section (chapter
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1). However, we assume that the point spread function is the Dirac delta
function, so that the observed fluorescence is exactly w [61,63]. Similarly,
the recovery curve, F, is simply

F(t) = nlrz /ROIw(r,t)dr. (119)

It is also useful at this stage to introduce the following function,
Fs(z) = e *(Io(z) + I1(z)), (120)

where Iy and I; are modified Bessel functions of the first kind. The function,
Fs, is the recovery curve of a single species pure diffusion system,

9D _ DV2®,
ot

with step function initial conditions and far-field conditions, the recovery

curve is [30]

- ( r2 ) -7 Jror@(r, t)drif t >0,
S ==

(121)
2Dt 0if t = 0.

Note that F5(0) =1, as Ip(0) = 1 and I;(0) = 0. Also, the well known large

limit asymptotic expansion of I,,(z) [267],

implies that

eZ

et 2
+ =4/ —.
27z \/27‘(7:) iz

The small and large argument limits of g are then

e “(In(z) + I1(z)) ~ e * (

lim Fg =1. lim F5 =0, (122)

z—0 Z—0
which justifies the imposition of Fs(r2/(2Dt))|;—o = 0 and implies that
lim; 00 Fs(r2/(2Dt)) = 1.
The full reaction-diffusion equation does not have closed form ana-
lytic solutions, however approximations are possible in asymptotic limiting

cases of the dimensionless parameters 7 and «.
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2.2.2  Asymptotic analysis

In the following subsections, we will derive approximation formulas in sev-
eral limiting cases of the FRAP model. We will make repeated use of the
asymptotic series expansion,

u(r,t) = ug(r,t) +euq (r,t) + €2un(r, t) + ...,

(123)
v(r,t) = vo(r,t) +€vq(r,t) + v (r,t) + ...,

where € is a dimensionless variable which will be defined as appropriate.

2.2.3 Rapid equilibration (y > 1)

The larger the dimensionless parameter 7, the more rapidly the unbound
protein equilibrates across the bleach region. Suppose that 7 — oo and
the product 70 converges to a finite limit (lim; . (d7) € [0, 0)), then the

fluorescence recovery curve reduces to:

0 Py T R Sy COR ) PO
T+ S\apt ) Tk vk ¢ S\2D,t)| )"

(124)

Proof. To derive formula we used used matched asymptotics, splitting
the problem over a long time scale and a short time scale.
Long time scale

We begin by setting € = 1/7. Substituting expansion into the non-
dimensional system yields

6% = e(kvg — up) + V’2u0 + eV’2u1 + 0(62),

90 +e% = (g — xvg) + €(uy — k01) + £V200 + 6V"201 + 8eV"%0, + O(€?),
(125)

where O(€?) denotes all terms of order €? and higher. As € — 0, clearly we

are left with V’2uy = 0. By the radial symmetry assumption,
19 d
V/ZMO = (1’/ u0> =0,

r’ or’ or’
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which can be integrated to give

ou
" =alt),

for some function c1(#'). Further integration yields,
ug(r',t') = c1(t') log(r') + ca(t').

However, this would imply lim,/ o uo(7, ') = —co, which is physically im-
possible, so c; = 0 and we are left with

ug(r',t') = cp(t).
We are able to solve for c; by applying the far-field condition to u,

Ueqg = lim ug = lim ¢ = c3.

r'—o0 r'—o0
Hence 1y = ueq, a constant. Our assumption that 6 = J/€ converges to
a finite value is important; if /€ were divergent, then we would also have
V205 = 0, which would imply that vy = veq. In this case, the concentration
of fluorescent material would be constant to first order, yielding a practically
imperceptible fluorescence recovery for large r7. With the constraint that the
limit of 6 /€ is finite, as € — 0, reduces to

aUO 5 2
Sy = teq — KO0 + EV’ o, (126)
where we have used the fact that uy = ueq. Noting that k+ueq = k™ veq and
making the substitution vy(r,t) = veq — 9(7, t), we arrive at

07

5 = kot D,V?3, (127)

where we should note that has been restored to dimensional form. The
solution to subject to Dirac delta initial conditions is [264]

- 1 _ r?
o(r, t) = 2D P (—k~t) exp (—4th) : (128)
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The general solution of is the product convolution of the initial con-

dition with the Green’s function,

0(x,y,t) // («, v/, 0
(129)

which can be translated to polar coordinates by setting x = rcosf, y =

I C e Vi
exp( k—t 1Dyt dxdy,

ysinf, x' =1 cost’, and iy’ = ' cos 6’ to give

y exp(—k7t) /2”/ ’2+r2—27r’cos(9’—6) 1
o(r',t) = 47TDU o(r',0) exp 1D.t r'dr'd6

_ exp(=k7t) /°°~ / Pt /2” rr'cos(6 —0)\ ] .
= 4Dt o o(r',0) exp 1Dt | exp 2D de’| r'dr'.
(130)

Since cos €’ is a 27-periodic function,

2 rr’ cos(8' — 6) ;[T rr’ cos(0") ,
/o exp( 2Dt >d9 _/0 exp (Tvt) de

rr’ cos(0') ,
_2/ ( Dot )dG, (131)

At this stage we can introduce the following integral definition of the Bessel

function I [268],

1

Ip(z) = p /On exp(zcos(6))do. (132)

Now and may be applied to (130), yielding

3 exp(—k~t) [ 2 4 12 rr’
o(r, t) = %/0 o(r',0) exp (— Dt ) Iy (ZDUt) r'dr’. (133)

We may make further progress by use of the integral identities [265]]

00 2 2
[ 1w (ps) exp(—pssds = sz exp (55 )1 () )

where J, is an order v Bessel function of the first kind, and [266]
Sty

/OT 'Jo(sr')dr = 512 zJo(z)dz = %]ﬂrns). (135)

0
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By applying to witha =71, p =7, p2 = Dyt, v =0 we get

9(r,t) = veqexp(—k™t) /Ooo [/Orn ]o(r’s)r’dr’} Jo(rs) exp(—Dyts?)sds
= Veql'n eXp(—k™t) /OOO Jo(rs)J1(rus) exp(—thsz)ds. (136)

At this point we define the normalised integral V() = ( Ji<r. ﬁdA) /(rtr?),
by which (136)) becomes,

V(t) /000 [/Orn ]O(rs)dr} J1(rns) exp(—Dts?)ds.

Then with further application of we obtain

N 2

V(t) = 2veqexp(—k™t) /oo %]%(rns) exp(—Dyts*)ds.
0

Setting z = rys,

- © 1 D,
V(t)exp(k t) = ZUeq/O E]%(z) exp (— r2t22) dz. (137)

n
It is possible to reduce (137) to a much simpler expression by differentiating
both sides with respect to t,

d . . © D, , Dot
E(V(t) exp(k™t)) = —Zveq/o r—%vjl(z) exp (— r;} z )zdz.

n

Now is once again applicable with & = g =1, p?> = Dyt/72, and v = 1.

" W) explk ) = —veq [ L exp (- Vg (7 gy
o drrt TR — )y w 9P\ Top,r ) 2D, F

Firstly, define the characteristic diffusion time of the bound fraction as
1% = r2/(4D,). Next make the substitution { = 27%/t', which implies
that dt’/t' = —d{/, hence

Ve ) ~V0) = v [ cop(-OLEA  (39)
It is possible to make progress with firstly by simply noticing that
V(0) = veq. Secondly, motivated by an appropriate identity [269], we can

see that

— / %e‘zll(z)dz =e “(Io(z) + Ii(z)) +c. (139)
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The well known asymptotic large limit expansion of I,,(z) [267],

implies that

Z(Io(z)+11(z))N€Z< m* m): 2,

for large real values of z. It is then obvious that as z — oo

lim e *(Ip(z) + I1(z)) = 0. (140)

Z—00

With formula and limit (140), (138) becomes

V(t)exp(k™t) — veq = —VeqeXp (_2:}5> (Io (z: ) +1; (2?%)) ,

equivalently,

V(t) = veqexp(—kt) <1 ~exp (—2:5> (10 <2:5> 4y (ZZD))) .

The contribution to the fluorescence recovery due to vy is

Ey(t) = (frgrn vo(r, t)dA) /(7r3) = veq — V(t). Finally, we arrive at

- . 2% 272
Pv(t) = Z)eq —veqe_k f |:1 —E_ZTD/t (IO (%) +Il ( :D)>1 .

Recalling our definition of Fs and substituting T3 = r2/(4D,), we are left

with,

_ rz
Fy(t) = Veq — veqe*k f (1 — Fs (ZDn t)) . (141)
1%

Short time scale
The above approximation breaks down over the short time scale, t' =
O(e), so it is helpful to introduce the re-scaling t' = €7, under which the

asymptotic expansion becomes

Ao 4 % — e(kvg — thg) + V"up +€V?u; + O(e?), (142)
142
% 1 e = e(uy — kvp) + 0V200 + 6 V%01 + O(€2),
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which reduces to

auo o ” avo o
aT - v M(), BT - 0/ (143)

as € — 0. The dynamics of u( are governed purely by diffusion, implying

that, if we define F, analogously to F, such that

Lo drde
F t) = /t 7
0= [ ) sl (149)
we conclude that
1,2
) = s (510 ). (149

Noting that the total fluorescence recovery curve is given by F(t) = F,(t) +

F,(t), we have

r —kt ra
F(t) = ueqfs (m) + Ueq (1 —e {1 — Fs (2D0t>}) . (146)

Finally, substituting ueq = k= /(k* + k™), veq = kT /(k* + k™), we arrive at

_ Kk r k* —kt i
Ft) = =7 <2Dut) = (1_" {1_& (2Dz,t)D'

(147)
0

In physical terms, the fluorescence recovery in this case is bi-phasic, which
can be observed in figure Over the short time scale, there is a brief,
diffusion-driven equilibration of the unbound protein. Over a longer time
scale, the fluorescence recovery is limited by the rate at which protein dis-
sociates from binding sites.

Figure g gives a sense of the shape of the objective function in this case. It
is clear that the objective function attains its minimum value on a manifold,
which is approximately a one dimensional straight line parallel to the D,
axis. In practical terms, this suggests that recovery curves with different
values of k™, k= and D, would be easily distinguishable. However, recovery
curves with different values of D,, all other parameters being equal, will

be almost identical. This result suggests that estimation of all parameters
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(A) Long time scale
T

—_

o
o]
T
1

o
o
T

1

I
~
T

I

Intensity /Units

0.2

Full simulation b
— — — Reaction limited approximation

0 ! ! ! ! ! \ \ \ \
0 1 2 3 4 5 6 7 8 9 10

Time /s
(B) Short
T

time scale
T

Full simulation

0.8 — — — Pure diffusion |
R rOeopo r2/D,

0.4 .

Intensity /Units

02 .

O 1 1 1 1 1 1 1 1 1
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Time /s

Figure 8: Numerically simulated fluorescence recovery curve with 17 >> 1. (A) Long time
scale recovery compared with the exponential model (149). (B) Short time scale

recovery compared with a pure diffusion recovery with diffusivity D,,.

except Dy, will be practicable. We will revisit this issue in section|2.2.5|where
we derive the Fisher information matrix.

It is possible to derive a further sub-approximation of (147). The limits
state that lim; . Fs(z) = 0 and lim,_,¢ Fs(z) = 1. Therefore,

2 2
r r
lim f( L ):0, and lim ]:( L ):1, vVt > 0.
$2/Dysco”  \ 2Dyt 2 Dns0” S \ 2Dyt

Equivalently, if the slow diffusion time scale is sufficiently long (r2 /D, > 1)
and the time scale of rapid diffusion is sufficiently short (r2/D, < 1), then
reduces to the well known formula [70}270}271}273]282] for ‘reaction

limited” dynamics,

_ Kk k* k) _ kY ke
F)= e tere e ) =1 mpee
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Figure 9: Logarithm of the numerically constructed objective function, log(¢), in the
rapid equilibration (reaction limited) regime. Colour indicates the size of
the sum of square errors between a single simulated fluorescence recovery
curve spanning 15 seconds (1024 data points) generated with parameter values
D, = 20.0um?s~',D, = 0.00um?s~',k* = 2.00s~1,k~ = 1.00s7!, and a sec-
ondary simulated recovery curve generated with indicated parameter values.
Each subplot displays variation in one of the six possible pairs of parameters,

with the remaining two parameters held at the correct value in each case.
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or equivalently,
F(t) =1 — veqe ¥ . (149)
2.2.4 Intermediate equilibration (1 = O(1))

No known approximations describe the dynamics of the intermediate case
in which 7 = O(1), but this does not mean that analysis is impossible.
In order to derive formula we introduced an asymptotic expansion
in terms of a small parameter € = 1/7 to produce an approximation which
holds whenever 7 is large. By extending this expansion to first order, we are
able to produce an approximation which is accurate for somewhat smaller
values of 17 and so gives some insight into the behaviour of the system as it

approaches 7 = O(1). The first-order extension of formula (148) is

F(t) =1

Tk kS 3D, K+ 1 k-
which holds for r%/ D,<landt> €.

Proof. We begin by taking the expansion to first order, eliminating
the “zeroth” order terms, which we have already balanced, and cancelling
€ throughout. Then, once again considering the limit §,¢ — 0, we are left
with

V"?u; = ug — xvy,

; (151)
% = +(u; —xv1) + gV’zvl.

Since, 1 and v entirely satisfy the far field conditions (116), for consistency
we impose

lim u1(v',#') =0 lim vy(+,¥') = 0. (152)

r—00 r—00
When #' > 1, we have vg(r, ') = veq, hence V"?uy = 1ieq — kveq = 0, which
taken together with implies that u(r/, ') = 0 for ¥’ > 1. Imposing the

continuity condition u1(17,#) = 0, we then solve for u; on 7’ <1 to get
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Figure 10: Logarithm of the numerically constructed objective function, log(¢), in the
intermediate equilibration regime. Colour indicates the size of the sum of
square errors between a single simulated fluorescence recovery curve span-
ning 15 seconds (1024 data points) generated with parameter values D, =
18.1um?s~1, D, = 0.0718um?s~!,k* = 38.3s71,k~ = 68.2, and a secondary
simulated recovery curve generated with indicated parameter values. Each
subplot displays variation in one of the six possible pairs of parameters, with

the remaining two parameters held at the correct value in each case.

]. a /aul Kt/
P < (153)

—xt' —
rW) = Ueq — KVeq(1 — €™ ) = ueqe™™",
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which implies that

u(r',t') = —ueqe”‘t/(r’2 - 1), (154)

where we have used the symmetry condition aa% 0= 0. Further analytic
r=

progress is possible in the limiting case 6 /e — 0. Multiplying through
with the integrating factor !’ yields

1
Z”eq(”l2 —-1). (155)

1001
A S v =

ot 7 (01" )=

Taking v1(#/,0) = 0 as the initial condition, we are left with

12

1 /
o (r,t) = Zueq(r —1)te . (156)

We may precisely express the asymptotic expansion as follows

u(r,t) = tleq + €Ltteqe ™" (r* = 1)+ O(e?),

/ o (157)
0(r, 1) = veq(1 — €') + €gueqt’e ™ (r'* — 1) + O(€?).
In dimensional form and truncated to first order, we have
u(r,t) = tieq (1 - %e_k—f(r2 — r%)) ,
. g (158)
0(r,t) = veq (1 —e M gk te R (2 — r%)) :
We are now able to evaluate the integral,
27
= ) t))drdt,
mz (/) +o(r,t))dr (159)
to obtain the fluorescence recovery function,
okt
F(t) =1—veqe ¥ ' = 22" Tno—kt(1 4k p), (160)
3Du
O

In contrast with formula (149), D, appears explicitly in (150), which im-
plies that it could be estimated if the other model parameters were known.
The full significance of this result will be discussed in section [2.2.7}

By contrasting figures [g] and [10} it can be seen quite clearly how reducing
the value of the dimensionless parameter # changes the shape of the objec-

tive function. In particular, in the subplots that involve D, (figure [10B,D,
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and F), there is a clear unique local minimum of the objective function - in
contrast with the manifold in figure [gB,D and F - which tends to support
the prediction that D, is estimable when # = O(1) (at least when other

parameters are known).

2.2.5 Slow equilibration (n < 1)

In the limit 7 — 0, we define the small parameter by € = 7. The fluorescence

recovery approximation is simply

2
,
F(t) = F T, 161
0 =7 (35) (161)
where D¢, the effective diffusivity, is
ktDy + k=D
Deff = kij + k+ - (162)
Proof. Set € =y so that becomes
duy __ 2
3¢ = Kvo — up + €V'ug,
16
. - (163)
S5 = Uo — Kvg + deV=0g
Short time scale
In the limit € — 0 (163)) becomes
dug _
5 = KOp — Uy,
; (164)
S = ug — K.
Note that wy = ug + vg is time-invariant, as % = aa% + % = 0. Further,

we have ug — kwg/(1+x),v9 — wo/(1+«) as t' — oo.
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Long time scale

The time-invariant approximation of wy fails over sufficiently long time
scales (' = O(1/€)), which we may investigate by re-scaling time such

that we have ¢/ = 7/¢€ for T = O(1). Under this re-scaling (163) becomes

Ga%(”/,T/e) =xvg(r',T/€) —ug(r',T/€) +eV'?uy(r',7/e€),

eaa%(r’,r/e) = ug(r',t/€) —xvg(r',T/€) + eV ?vo(r',T/€).

(165)

Adding the two equations in system (165) neutralises the zeroth order terms

duy | 90
oT 0T

where we have cancelled € throughout. As € — oo, ' — o, leaving uy =

kwo/ (1 +x),v9 = wo/ (1 + ). Therefore, (166) becomes

Jwg K o "
ot _(1+K+1—|—K>v wo- (167)

= V?uy(r',1/€) 4+ 6V"%vy, (r',7/€), (166)

At this point it is convenient to re-dimensionalise, finally yielding

of kTt +k-

V2wg = DegVwy, (168)

hence the total fluorescence concentration recapitulates the behaviour of a

pure diffusion system and the fluorescence recovery function is

2
F(t) = Fs (21;fot) : (169)

]

As the recovery curve depends only on Dgg, this is the only es-
timable combination of parameters. As 7 — 0, a manifold within the pa-
rameter space, defined by (162), emerges upon which the value of the objec-
tive function is approximately zero, which is clearly visible in any subplot
of figure [11} No pair of parameters could be estimated even if the values of
the other two were known. It would be necessary to determine three of the

parameters to determine the fourth. If the diffusivities, D, and D,, could
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Figure 11: Logarithm of the numerically constructed objective function, log(¢), in the
slow equilibration (effective diffusion) regime. Colour indicates the size of the
sum of square errors between a single simulated fluorescence recovery curve
spanning 15 seconds (1024 data points) generated with parameter values D, =
15.0um?s~1, D, = 0.374um?s~1,k* = 1000s~1,k~ = 5000, and a secondary
simulated recovery curve generated with indicated parameter values. Each
subplot displays variation in one of the six possible pairs of parameters, with

the remaining two parameters held at the correct value in each case.

be independently determined, then at most the ratio of the reaction rates,

x = k= /kT could be estimated.
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Like the rapid equilibration case, the slow equilibration recovery is bi-
phasic. The early phase consists of a rapid convergence to local chemical
equilibrium between the bound and unbound species (v and u respectively)
which is imperceptible because it does not alter the total concentration of

fluorescent protein, w.

Dissimilar reaction rates (x > 1)

If we take k — oo, we find that ueq = /(1 +x) — 1, so almost all avail-
able material will be in the unbound state, and the system will be closely

approximated by pure diffusion. The recovery curve is

2
_ "
o= (1) -
Since,
D, +«xD
Deg = ﬁ/ (171)

it is clear that D, — D, as k — oo. In effect, the k¥ > 1 case coincides with
the 7 < 1 case, except that k = k= / k* could not be estimated in the x > 1

case even if D, and D, could be independently measured.

Dissimilar reaction rates (xk < 1)
As k¥ — 0 almost all available molecules are in a bound state, such that the
recovery curve can be approximated by

r

2
F(t) = Fs <25vt>, (172)

and D, is the only measurable parameter. As x — 0, Degr — Dy, so this case

coincides with the 7 <1 case, except that « itself is always inestimable.
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Fisher information and parameter estimation

In this section we derive the Fisher information matrix from the (7 > 1)
asymptotic formula (124). Recalling the definition given in section the

Fisher information matrix is

1 OF oF
he=T 2 5550, (173)
where F; = F(t;) (F is defined in (124))), and 6, and 6, are model parame-
ters. The eigenvalues of the Fisher information matrix derived from
formula are plotted in figure [12| (see below for a derivation). One of
the eigenvalues (figure [12]A) is many orders of magnitude smaller than the

other three. On this basis we expect that there will be a manifold within the

parameter space which represents a flat minimum of the objective function,

P(0) = Z(F(fz’;Q) — Faaa(1:))?, (174)
"
At < o (175)

Returning briefly to figure[12A, it is quite clear that the magnitude of the
smallest eigenvalue is increased as At decreases and 7, increases. Interest-
ingly, two other eigenvalues (figure and D) visibly decline, for fixed
At, as r, increases. Nonetheless, it is clear that every model parameter is

estimable in this case provided condition (175) holds.

Derivation of the FIM

We begin by differentiating the function
Fs(z) = e (Io(z) + Li(2)),

using the identities,

—Ip(z) = Li(2), (176)
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Figure 12: Logarithm of the eigenvalues, log(A;), of the Fisher information matrix com-
puted from formula for different values of the r,, and At. Each subplot
corresponds to one of the four eigenvalues, (A) A1, (B) A2, (C) Az and (D) A4.

and
d « d 1
L le(2) = L1 (z) + “L(z) . hi(z) = Io+ “h(2). (177)
From (176) and it follows that
d.Fs . e *I4 (Z)
dZ - Z . (178)

Then, taking z = (r2)(2Dt) ! it remains to apply to chain rule to conclude

that 5 .
2 e_z%tll 4T
2r () =) 79
It follows that 5
e e ()
9D, Kt k- D, (180)
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and ,
_ 2
OF _ k0 (288) 181
oD,  kt+k- D, '
It follows from the quotient rule that
- 2 — 2 -
or ket (B (e + T (i) o)
okt (kt +k—)2 ’

and

op  kte k! (]—"5 (z,gﬁvt> (1+k+t) +ekt — (kT + k)t — Fs (Wzt) Kt 1)

ok— (kT + k)2
(183)

Now that we have explicitly derived the partial derivatives of F with respect

to each of the four model parameters, we can define the matrix

oD, oD, 0D, 90Dy okt 9D, ok~

<8F)2 OF OF OF OF OF OF
oF oF <8F>2 oF dF  OF OF

OF oF [ oF OF oF OF
I = oD, oD, \ 9D, oD, ok ) oD, ok (). (184)
OF oF  JF JoF ([ doF OF oF
0D, okt 9Dy ok* okt okt ok~
oF oF  oF oF oF oF (oF\?
dD, ok— 0D, ok~ okT ok~ ok~
Then the Fisher information matrix is simply,
1
I=) ;L’- (185)

i Vi
2.2.6 Parameter identifiability in static laser FRAP

Here we summarise the conditions which guarantee parameter identifiabil-
ity in static laser FRAP modelling. Suppose we have a theoretical recovery
curve based on the solution to a mathematical model F(t;0) for parameter
values 0, and some recovery curve data Fpa, (f). Recall that in static laser
FRAP the only observable quantity is the convolution of fluorescent protein

concentration, w, and laser intensity. Under our assumptions this is simply

1
F( = /R _wl(rt)dr.
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The objective function, ¢, is then defined as the residual sum of squared

errors,

¢(0) = Y (F(t:;0) — Foawa(t:))* (186)

i

The model includes four physical parameters that are unknown, 6 =
(Dy, Dy, kt,k™) and two experimental parameters: r,, the radius of the
bleach region of interest and At = t; 1 — t;, the time interval between data
points.

All model parameters are estimable if # > 1, when condition holds.
This means that we require the following conditions on the physical param-
eters

-
e O(1), D, <« D,, (187)

and the following conditions on the experimental parameters

D, r2
m L1 At D_u (188)

These results imply that smaller bleach region radius and higher frame
rate data acquisition are generally preferable in principle. However, this is
not necessarily practical; 7, cannot be reduced arbitrarily as the resolution

of an optical system is limited by diffraction.

2.2.7 DParameter identifiability scanning laser FRAP

Scanning laser FRAP, unlike static laser FRAP, may yield a detailed record-
ing of an entire cell. In this case, we may attempt to fit the total fluorescence
w(x,t), not just the recovery curve F(t). Under the assumption of radial
symmetry, let

w(r, t;0) = u(r,t;0)+o(r,£0), (189)
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for some parameter values, 6, and let wp,(7,t) be some appropriate fluo-

rescence microscopy data. The objective function in this case is defined as

Qbspace(e) = ZZ(wData(rj/ ti) - ZU(T]', ti))2~ (190)
L)

It has already been observed that the process of averaging across the
bleach region of interest to compute the recovery curve effectively destroys
a significant amount of information [41,275], so we expect that it will be
advantageous to define the objective function as in (190). Here we will pro-
pose simple conditions to ensure parameter estimability in confocal scan-
ning FRAP.

Once again, we have four physical parameters, § = (D,, Dy, k™, k™), though
this time we have three experimental parameters: Ar, the length scale of a
pixel of the micrograph, At, the duration of one frame, and L, the length
scale of the whole field of view.

We could, in principle, construct a recovery curve, Fj, of radius r, so
that y = D,/ (kTr,) > 1 provided that Ar < r, (clearly we cannot have a
recovery curve radius smaller than one pixel),

Fi(t;0) = Y, (wpaalrjti) — w(rj, )%
{jlrj<ra}
As we saw in section we could use this recovery curve to estimate
k™, k~ and Dy, but not necessarily D, except for very high frame rate data.
Likewise, we could construct a second recovery curve, F,, of radius 7, so
that 5’ = D,/ (k*r},) = O(1) provided that L > 77,
Et;0)= Y, (wpaa(rjt;) —w(rj, t))%
{lrj<ru}
From the results of section (formula (150)) we know that D, will be
estimable if ' = O(1) or greater, as long as the other model parameters are
known, but this is certainly the case because estimates can be obtained from
the first recovery curve of radius r,. However, certainly all the information
contained within F; and F, is contained within w (indeed, w contains in-

formation about the fluorescence recovery on all length scales between Ar
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2.3 GENERAL RESULTS FOR MULTI-SPECIES MODEL

and L). Therefore, fitting w by minimising ¢space Will produce accurate es-
timates of all desired parameters. In summation, we expect that all model

parameters will be estimable as long as

-
P O(1), Dy, < D,, (191)
and
Az >l g Rt (192)

There is also an extremely weak implicit constraint on At, that the frame rate
is not so low that the fluorescence recovery is totally imperceptible. These

theoretical predictions are tested numerically in chapter

2.3 GENERAL RESULTS FOR MULTI-SPECIES MODEL

In the next sections, and we will consider some special cases of
multi-species FRAP models. We will make repeated use of a handful of
general results which we will discuss in detail here and then reference later
on to avoid repetition. We begin with the n species linear reaction-diffusion
system

Jdu

5 = Ku+ DV?u, (193)

where u = (u, ..., un)T is the vector of concentrations, K is an n X n matrix
of rank n — 1 and D is a diagonal matrix. Here K contains all the reaction

rates, and D contains all the diffusivities. There is a unique homogeneous

steady state of (193), ueq = ((teq)1, - - -, (teq)n)’ which satisfies

n
Kueq =0, Z(ueq)j =1.
=1

Equation is subject to the initial conditions
uj(r,0) = (ueq)H(r —rn), Vj€{l,...,n},

where H is the Heaviside step function, and far-field conditions

lim u;(r,0) = (teq);, Vj€{l,...,n}. (194)

r—00
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2.3 GENERAL RESULTS FOR MULTI-SPECIES MODEL

The four general notions which can be invoked to derive approximation

formulas for multi-species systems are as follows, and are discussed in de-

tail in the following sections.

2.3.1

Linearity - the fluorescence recovery curve is the sum of the partial

recovery curves for each species.

Similar reaction rates - all reaction terms must be of a similar order
of magnitude (equivalently, all reactions must occur of a similar time
scale) or else the concentration of at least one of the species will be

negligibly small.

High mobility - any species which diffuses rapidly relative to the rate

of reaction approximately obeys a pure diffusion equation.

Effective diffusion - if the rate of reaction is much greater than the rate
of diffusion of each species across the bleach region, the entire sys-
tem will resemble a pure diffusion system with an effective diffusivity

which can be explicitly calculated.

Linearity

The recovery curve is the average of the total fluorescent material across the

bleach region

1

F(t) = Avg (éu,(r,t)) =2

(r,t)rdrd6

ROIL;Z

-y

(r, t)rdrdf = ZAvg u;(r,t)).

i Jror =

In a decoupled system, it suffices to solve for each species individually. The

general solution is a linear combination of the solutions of each individual

species.
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2.3 GENERAL RESULTS FOR MULTI-SPECIES MODEL

2.3.2 Balanced reaction rates

Consider a reaction which converts between two species, u; and uj,

Kt

ij
u — u;.

We can define a dimensionless parameter k;; = kl.;/ k; For all 7,j, x;; =
O(1). At steady state, each reaction must be in equilibrium, so k;;(ueq)i =
k;]f (Uteq)j, which means that (ueq); = &ij(Ueq);- Due to the condition

Yi1(tteq)j = 1, we must have 0 < (ueq); < 1. Since (ueq); is upper-
bounded by 1, in the limit as x;; — 0, (ueq)i = Kij(theq);j — 0. Recall
that u;(r,t) = (ueq); in the pre-photobleached state. Clearly the concen-
tration of fluorescent protein can never exceed the pre-bleach concentration,
so u;(r,t) < (ueq)i Vr,t, which implies that u;(r,t) — 0 as (ueq); — 0. One
can follow a similar argument to show that u;(r,t) — 0 as x;; — co. We
must have x;; = O(1) Vi, j or else the concentration of one or more of the

species is approximately 0 and the order of the system is thereby reduced.

2.3.3 High mobility

Assume that the balanced reaction rates property (section is satisfied.
The general equations can be rewritten as follows,
% = Z(Kijuj) + Dy, Vu; = Z(Kij”j) — (=Kij)u; + Dy, V?u;.  (195)
j j#i
The rate of change of concentration of species i is the sum of all reactions
which convert species j to species i Vj minus the sum of the rates of all the
reactions which consume species i, plus diffusion. Let k; = —Kj; and intro-

duce dimensionless parameters, 7, t/, so that r = r,,+/, t = '/ (k;). Equation

becomes

ou; 1

a_t’l = Y (Kijuj) — ui +1;V"%u;, (196)
i jZi
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where 7; = Dy, / (k;r2). The species u; is highly mobile in the limiting case

where #; — co. Now consider a second species 1,

duy,
ot’

1
= Y (Kijitj) + Oilli V1, (197)
&
j

where 4,,; = Dy,,/D,,. The dynamics of u,, depend on the product 4,,;%;. If
Omitli — oo, then both u,, and u; are highly mobile. However, if as 77; — oo,
we allow J,,; — 0 in such a way that the product J,,;7; converges to a finite

value, then u,, is not highly mobile. Set #; = 1/€ and (196) becomes

auz

1
Erab e Z Kjju;) — u; + ;V'zui = V"?u; + O(e) = 0. (198)
1

L#

As €; — 0, we are left with V"2u; = 0. To be consistent with the far-field

conditions (194), we must have u; = (ueq) Hence, (197) becomes

ou
atr/n = k Z mj ueq k Z m]u] +5m1771V Um, (199)
Ljer L j¢R

where R C {1,...,n} is the set of highly mobile species. If we re-scale (198)
by setting t = €;T, we get

ou;
a—Tl = V"u; + O(e). (200)

Over a short time scale + = O(e), the highly mobile species follow inde-
pendent, pure diffusion dynamics. Over the long time scale t = O(1), the
high mobility species reach equilibrium and thus their concentrations are
constants in the remaining equations for the low mobility species. By linear-
ity, the recovery curve, is the sum of the concentration averages of the high

mobility species and the remaining low mobility species,

2 Avg(u;) + Avg (2 ul> . (201)

i€R i¢R

Since the high mobility species obey pure diffusion, can be re-written

_Y R (ZDW ) + Avg (2 ) | (202)

i€ER i¢R

as
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2.3 GENERAL RESULTS FOR MULTI-SPECIES MODEL

In summary, in systems with high mobility species, the solution can be
found by setting all of the highly mobile species to their equilibrium values,
u; = (Ueq)i, solving the remaining system, then adding in the contributions

to the recovery curve from the highly mobile species at the end.

2.3.4 Effective diffusion

Without loss of generality, let u; be the species with the highest diffusivity,
D, = max]-:L._,,n{Duj}. Recall the non-dimensionalised rate equation for

an arbitrary species, u,, (wWhich may be u;),

oy,
ot’

1
= 0 E (Km]u]) + (5mﬂ7ivlzum, (203)
;&
J

where d,,; = Dy,, /Dy, € [0,1]. If we set € = 1; and take € — 0, reduces

to

ou 1
ati,ﬂ =% Y (Kypjttj). (204)
=
j

Ast — oo, must converge to equilibrium at each point in space.

tlgglo Um = (Ueq)m Z uj = (tleq)m (205)

where w =Y

j—1 tj. Now, set t' = 7/€ and becomes

ou 1 >
68_: “% ;(ijuj) + 6,,i€V Uy, (206)

If we add each instance of (206) for m = 1,...,n, the reaction terms will
cancel. We can then cancel ¢, leaving
au
Z = = Z [)Mmv um) (207)
m=1

where we have returned to dimensional units. However, evaluating (207) in

the limit case yields

ow 1
oF = Z((”eq)iDui)vzwi/
i=1
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which is equivalent to a pure diffusion system with effective diffusivity

n

Degt = Y ((tteq)iDy;)-

i=1
2.4 MULTI-SPECIES SEQUENTIAL REACTIONS

In this section we consider the interactions between five molecules, A, B, C,
D and E. A binds reversibly with B to form a complex C, which is stabilised
by a further reversible reaction with D to form a second complex, E.

K
A+B—=0C(,
=

1

]‘<+
C+D=E.
=

2

Assuming mass action kinetics, the governing equations are

¢

AN = _Kf[A][B] + K7 [C] + DAV2[A],

Aol = —Kf[A][B] + Ky [C] + D5 V2B,

A _ £A][B] - k;[C] — k5 [C)[D] + k5 [E] + D5V2[C], (208)
Il = % [C)[D] + k; [E] + DpV2(D],

Il — &5 [C)[D] - k; [E] + Dc V2[E].

\
Suppose that species A is tagged, and a FRAP experiment is conducted.
Only molecules that contain fluorescent A will be perceptible. Let u, v and
w be the fluorescent fractions of A, B, and C respectively. The resulting

FRAP system is
W = —kfu+kyo+ D,V

% — kfu— (k{ +kf)o +kyw + Dy V20, (209)

where the forward rates of reaction are given by

K = KB, k= KDL
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2.4 MULTI-SPECIES SEQUENTIAL REACTIONS
System has a homogeneous steady state which satisfies
o g to g _
ki tleq = ki Veq, ky Veq = ky Weq, Ueq + Veq + Weq = 1,

which can be rearranged to give

K1K2 ) 1

og = ——————— Vg = ————————, Weqg = ———————— 210
U +ro+1 % kot +1 Y gt +17 (210)

where the dimensionless parameters x; and «, are defined as

ko _k

K1 = — Ky = —.
+7 +
K k]

By the principle of effective diffusivity, if the reactive time scale of is
much faster than the diffusive time scale, the system will appear indistin-

guishable from a single species pure diffusion system with diffusivity,

K1K2Du + K2Dv + Dv

Def = tteqDu + VeqDo + WeqDw = Kikp +x2 +1

(211)

The system of equations has no closed form solutions, however
much like the two species model, we are able to derive approximation for-
mulas in several limiting cases. In section we consider the case where
u is highly diffusive, w is immobile and v has some non-zero intermediate
diffusivity. In section we consider the case in which u and v are highly
mobile but w is immobile, then in section we consider the case where
u is highly mobile but v and w are immobile. Having solutions in these par-
ticular cases is potentially useful as it theoretically enables us to determine
the order of reaction when two proteins interact mutually dependently with

an immobile binding partner, as explained in section [2.4.4}

2.4.1  Three disparate diffusive time scales

It is clear that E must be a larger molecule than C, which must be larger than
A. It is therefore possible that A, C, and E have three disparate diffusive
time scales. We begin by considering the case in which A is highly mobile

(Dy/ (ki) — o), E is immobile Dy, /r2 — 0 and C has some intermediate
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2.4 MULTI-SPECIES SEQUENTIAL REACTIONS

mobility. In this case, by the principle of high mobility, we can set u = ieq

and attempt to solve the remaining system for v and w, which is

% = kT tteq — (k{ + k3 )0 +kyw+ Dy V30, (212)
W — kfv—ky + Dy V?w.

We can simplify by making the substitution, v = veq — 7, W = Weq —

W, to give
% = —(k; +ky)0+k, @+ D,V?3,
~ (213)
W = kfo—kyw
Note that
Veq, T < Ty,
o(r,0) = do(r) = “ !
O/r S rl’ll
and
Weq, < 1y,
w(r,0) = Wy = “ "
0,r <ry.

System does not have a closed form solution, but some analytical

progress is possible by taking the Laplace transform,
V(s) = L{7}, W(s) = L{w}.
The Laplace transform of the time derivative is

dJ7 _ * 90 —st 34 __ [x,—st]® st _ o
‘C{at}(s)_/o o (1 )etde = [e™] +s/0 de~stdt = sV — 6(r),

and likewise for W. The Laplace transform of is

sV = —(ky +k3 )V +ky; W+ D, V2V + 4,

(214)
sW =kyV —ky, W + .
Clearly,
- k;V + o
 os+k,
which can be substituted into, (214), yielding
kyV+@
sV +—(ky +kH)V +k;y (%H—k_") + D, V2V + 9. (215)
2
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Equation can be re-arranged to get

s ky +ki ki k 1 k; @
VWV - 1+ 2 24 A2 |\ v=—"|5+-2 . (216
Dv< s+ky, s(s+ky) o\ 0 sk, (216)

We can then make the substitution

+ — — 7 — —
s S ky +k; ki ky 1 k5 Weq
=—[1+ + , U= —|veq+ 4.
1 D, ( s+ky, s(s+ky) Dy \ 1" s+k,

Then, (216) becomes

2 2 _u/rgrn;
V<V —q°V = (217)

0,r > ry.

If we make the substitution r = ¥/ /g, we end up with

2’V 19V —Ur<ry,
v2y _y =27 297 2 q
V=V or'? + r’ or'! 4 07> 7 (218)
7 ne

For r > ry, (218) is Bessel’s differential equation. For r < ry, the substitution
V =U/q— V', reduces (218) to Bessel’s equation. Hence,
V= q% —wu1lo(gr),r <y,

(219)
V = axKo(gr),r > ry,

where Iy and K are modified Bessel functions of the first and second kind
respectively. The solution, V, must not depend on Ky for » < r,, nor on
Iy for r, > r, as Kq is divergent at r = 0, and I is diverges as r — oo.

Continuity implies V and aa_‘r/ must coincide at r = r, so

u
27

arlo(qrn) + a2Ko(qrn) =

-

a1l (qrn) — a2Kq(grn) = 0.

It follows that
2 = Ur,Ki(grn)

q
We know that u + v + W = Ueq + Veq — U + Weq — W since u is highly mobile.

By assumption tleq + Ueq + Weq = 1, therefore u +v+w =1 -0 — @. The
Laplace transform is
1 k2+ V +wy

1
L{iu+v+wt=-—V-W==--V —
s s s+k,

4
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so the Laplace transform of the recovery curve is

1 kT We
L{F} =Avg(L{u+v+w}) = o (1 + ; —|—2k) Avg(V) — X _ij. (220)
2 2

Now we only require the average of V, which is

27T

Avg(V)

= nrz [— - lelo(qr)] rdrdé.

Using the fact that d11 = rlp, we have that

u 2w
V=" — (). (221)

7 raq
Finally, substituting the expression for V (221) into (220), using the defini-

tion of &, the Laplace transformed recovery curve is

1 1 k5 we k+ We
L(F) =2~ ap, (veq+—j q) (1+ 2_><1—211<rnq>1<1<qrn>>— =
0

S +ky s+ k, s—i—kz_

which can be numerically inverted to yield F(t).

2.4.2  Two highly mobile species

The analysis is considerably simpler if both A and C are highly mobile.
Following the high mobility principle we can set, u = ueq and v = veq, then

solve the remaining system, which is simply

ow _
T k (Weq — w) + Dy VZw. (222)

Equation is virtually identical to the problem which was considered
in section so we can follow a similar procedure to get

F(t) = tteqF: " + Veq F " +tweq (1 —e R |1 - F "
—Heals \ op 1) T Pa”s 2Dt eq S\ 2Dyt '

(223)

If we let 1’% /Dy — 0 (hence r%/ D, — 0 also, as D,, > D) we are left with

F(t) =1 — weqe 2! {1 — Fs (Zlir)%wt)} : (224)
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Likewise, if 2/ Dy — oo (w is immobile on the time scale of the experiment)
n p

F(t) =1 — weqe 2" (225)

In this case the recovery curve of the three species system is indistinguish-

able from a two-species reaction limited system.

2.4.3 Two immobile species

We now consider the special case in which v and w are immobile (D, =
Dy, = 0), but u is highly mobile (D, /(kjr3) — o). As u is highly mobile,

we set U = ueq and attempt to solve the remaining system,

(226)
L =kiv—kyw,
where we have used the fact that kfueq = ki Ueq- As in section the

transformation v = veq — 0 and w = weq — @ simplifies system (226) to

9 = —(ky +k5)0+k, @,
S (227)
where
Veq, T < 1y,
o(r,0) = To(r) 4 !
Olr S rlfl/
and
Weg, ¥ < 1y,
D(r,0) =y =4 !
0,r<ry
The solution of system (227) is
0
i ci(r)e My, +cp(r)e My, (228)
W
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where A1, A; and vy, v, are respectively the eigenvalues and eigenvectors of

the matrix
—(ky +ky) Ky
ky —ky

A=

The functions ¢1 (7) and c;(r) are determined by the initial conditions, ¢1 (r) =
co(r) forr > ry,
0o(r)
Wo(r)

Though the eigenvalues and eigenvectors of matrix A can be computed in

= c1(r)v1 + c2(r)va.

terms of the reaction rates, the resulting expression is lengthy and does not
readily simplify. Instead, set & = 1011 + 1012, B = 2021 + C2022 Where vj;

is the jth element of eigenvector v;,
G4+ =wae M+ ,Be_AZ. (229)

If we take Du/r% — oo, thenu+ov+w=u+ Ueq — 0+ Weq — W. By linearity,
the recovery curve is then

2
F(t) = tteqFs n_ + Veq + Weq — we Mt — B2t (230)
2Dt
Taking D,, /72 — oo, becomes

F(t) =1 —ae Mt — e, (231)

2.4.4 Determining the order of reaction

Suppose we have two highly mobile proteins, A and B, which interact with
an immobile molecule or cellular structure, D, to form an immobile complex,

ABD,
A+B+D —=— ABD.

This system could model the interaction between a transcription factor, a
transcription co-regulator and DNA. The trasnscription factor and transcrip-

tion co-regulator are proteins which interact with DNA to activate or inhibit
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the expression of certain genes. As the transcription factor and co-regulator
are both proteins localised to the cell nucleus, they are likely to have high
mobility [276]277], while the chromatin (DNA molecule) is totally immo-
bile [282].

Suppose that it is known that A, B and D interact, but that the order of
reaction is unknown. It may be informative, if it is possible, to determine the
order of reaction by performing separate FRAP experiments on the proteins
A and B.

The first possibility is that A and B react to form a complex that binds
with D,

A +B — AB,
AB +D == ABD.

If this is the case, then the recovery curve will depend on the mobility
of the complex, AB. If AB is not highly mobile, then both A and B will
fall into the regime with three disparate diffusive timescales discussed in
section The recovery curves for both A and B will depend on the size
of the bleach region radius, so this regime can be identified by repeating the
FRAP experiment with bleach spots of different sizes. If protein complex
AB is itself highly mobile, then both A and B will be highly mobile, which is
the scenario discussed in section FRAP experiments on A and B will
produce single exponent recovery curves with identical dissociation rates
(the rate of dissociation of AB from D).

Alternatively, it may be that A reacts with D to induce some conforma-

tional change which enables B to bind, forming the complex ABD,

A +D — AD,
B+ AD —= ABD.

In this case, A and B will have different recovery curves; B will obey a
two species model and so its recovery curve will be approximately equal

to a single exponential expression, while A will follow the three species
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model discussed in section[2.4.3] The recovery curve for A will be composed
of two exponential terms, although the exponents will be eigenvalues, not

dissociation rates. There is also a third case in which B reacts with D first,

followed by A,

B+D <= BD,
A + BD == ABD.

However, as A and B are arbitrary labels, there is no need to consider this
case separately.

(A) - single exponential, AIC = —385.865
T T T

1 T T T T T L —
‘E 08 -
)
~
2
g 06 n
s
=
Model simulation
0.4 Exponential curve fit | |
! ! ! ! ! ! 1 1 1
0 1 2 3 4 5 6 7 8 9 10
Time /s
(B) - double exponential, AIC = —1166.023
1 T T T T T T 1 I —
‘E 08 -
)
~
2
g 06 n
oy
=
0.4 _
! ! ! ! ! ! ! ! !
0 1 2 3 4 5 6 7 8 9 10
Time /s

Figure 13: Numerical simulation of the three species sequential reaction, fitted with (A)
a single exponential and (B) a double exponential according to formula (232).
The double exponential formula, as expected, provides a better fit, which is
visually apparent. The Akaike information critereon (AIC) also has a much
lower value in the case of the double exponential formula which implies a

better fit to data.

99



2.5 MULTI-SPECIES PARALLEL REACTIONS

In summary, it is in principle possible to determine the order of reaction
in a three species system with two highly mobile proteins and an immobile
binding partner. It is simply necessary to perform FRAP experiments on

both proteins, then attempt to fit the recovery curves with the formula

F(t)=1- szie_”, (232)

forn=1,2.

The Akaike information criterion [159] can be used to determine whether
the single or double exponent model is a better fit. If the best fit for the
recovery curve is a single exponent for both proteins, A and B, and both
recovery curves have identical dissociation rates, A;, then the proteins react
with each other before binding with D. If this is not the case, then one of
the proteins must bind with D before the other is able to do so. In this case,
one of the recovery curves will be best approximated by a single exponent
model, while the other will be best approximated by a double exponent
model. The protein with the double exponential recovery curve is the first

to react with the immobile binding partner.

2.5 MULTI-SPECIES PARALLEL REACTIONS

In this section we consider a molecular species which is subject to n inde-
pendent reversible reactions with n different types of binding site,
7+

2
A +B; ﬁk;_ C,.
;

Assuming mass action kinetics, the governing equations are

(

Il _yn (—KS[A][Bi] + k7 [G]) + DAV?A4,
By (—k+[A][B] +k; [Cl]) + Dp, V2B, (233)
%Gl — £ [A][B] — k; [Ci] + D¢, V2C..
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If A is tagged, then the equations governing the FRAP experiment are

W=y (—kfu+k;v;) + DV,
) (234)
thl = k+ ki_vi + Dvivzvi,

where u is the normalised concentration of fluorescent A, and v, is the nor-
malised concentration of fluorescent C;. The forward reaction rates are k;r =
k" [Bi]. The homogeneous steady states of satisfy ki tteq = ki (veq); for
i=1,...,n. Therefore,

1 Kj

— o) =, 2
1+ Z?:l K; ( eq)] 1+ Z?:l K; (235)

ueq —

where x; = k;r /k; .
If the rate of reaction is much greater than the rate of diffusion across the
bleach region, then resembles a single species pure diffusion system

with effective diffusivity

u + Z? 1 KiDv,-

D —
eff 1+ZZ 1KZ

2.5.1 Rapid equilibration

If u is highly mobile, we can set u = ueq and solve

dv; _

using the fact that k;rueq = k; Veq- The system is now decoupled, so we can
solve for each v; separately following the method in section By linear-

ity, the recovery curve is the sum of the average of each separate solution,

F(t) = teqTs (ZD t>+i{veq (1_6 it{l_FS (Z;it”)}

(237)

As Dy /12 — oo and Dy, /73 — 0 (237) reduces to

n

F(t)=1- Z(Ueq)ieik;tr (238)

i=1
which has appeared in previous quantitative FRAP studies [80].
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2.6 CHAPTER SUMMARY

In this chapter we used formal asymptotic methods to derive new approx-
imations in limiting cases of of the linear reaction-diffusion FRAP model.
We found that not every parameter even in a two species FRAP model is
estimable in general. Using Fisher information, combined with our new ap-
proximations, we proposed sufficient conditions to ensure that every model

parameter is estimable. For conventional recovery curve analysis, the condi-

tions are
=
s =0(1), D, < D,
and
D, r2
1 At L
k2 S5 A,

where r, is the radius of the bleach region and At is the regular time inter-
val between data points. In scanning FRAP, the use of spatial information
relaxes the requirement on At, so that the model parameters are fully es-
timable whenever

e > st
where L is the length scale of the imaged region. In the next chapter, we
will numerically test these theoretical predictions.

We also considered the problem of multi-species FRAP modelling. We
derived several approximation formula which can potentially be used to
determine the order of reaction when two proteins interact mutually depen-

dently with an immobile binding partner.
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NUMERICAL ANALYSIS OF FLUORESCENCE RECOVERY
AFTER PHOTOBLEACHING AND A GENERAL
PARAMETER FITTING SCHEME

In chapter 2| we posited conditions that ensure the estimability of FRAP
model parameters in terms of the values of the parameters themselves. In
this chapter, we aim to revisit briefly our earlier predictions, and test them
against numerically simulated synthetic data. In addition, the analysis in
chapter [2| has two limitations. First, it is local to the optimal point and
does not reveal anything about the viability of global parameter fitting with
general initial guesses that may be far from the global minimum. Secondly,
it applies only to the idealised case with step function initial conditions. We
will use numerical data to broaden our earlier results and test predictions
in this chapter.

We find that, consistent with our theoretical predictions, estimability is
determined by the parameter regime; the magnitudes of the dimensionless
constants 77 and x. There is full parameter estimability only when 7 > 1
and ¥ = O(1). In other regimes, progress is possible only if the diffusion
coefficients D, and D, are separately measured.

Methodology is discussed in section [3.1{and main results are presented in
sections [3.2|and In section [3.4) we present a test to determine the param-
eter regimes; hence, what additional experiments, if any, will be required.
This chapter concludes with section [3.5(in which we propose a simple, yet

general parameter fitting algorithm.
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3.1 METHODOLOGY

3.1 METHODOLOGY

Our first aim is to test the feasibility of fitting the two species reaction-
diffusion FRAP model to data,
W = —ktu+k~v+ Dy V2u—I(r,t)u(r, t),
(239)
%—zt’ =kTu—k v+ Dy,V?v0 — I(r,t)o(r,t).
Note that we are assuming radial symmetry, hence u (the free protein frac-
tion) and v (the bound protein fraction) depend on r, the distance from the
centre of the bleach region. System is solved numerically with the
laser profile I(r,t) defined for t € [—tpjeach, ),
H(r,—r), ift € [—t ,0
I(r, t) _ ( n ) [ bleach ) (240)
0if t € [0,00),
where H is the Heaviside step function. We impose zero-flux boundary

conditions on a disk of radius R,

a_u
or

_ ou

= — =0, (241)
r=0 or

r=R

and likewise for v. The radially symmetric Laplacian is

2y .
294 if r =0,

Vu = (242)

r

10u u
?—+wlf7’>0,

where the result at r = 0 is a consequence of I'Hopital’s rule. Using a central

difference approximation of the Laplacian (243)),

u(riq,t;)+u(ri_1,t;)—2u(r;t;) .
2(1+1z) (]11) (]l)lf

5 r: =0,
Viuri ) =9 o §<r 0 ul t)]+< ) —2u(rt)
1 oulrjndi) —ulrj—1ti) | W ) TG h) 7 ATl L
r_j 557 + 572 lf 7"] > 0,
(243)

where 47 is the mesh spacing, we produce a semi-descretised approximation
to to which we apply a stiff ODE solver (MATLAB’s ode23s function)

to obtain numerical solutions upata(7j,t;), UData(7), i), Which represent the
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3.1 METHODOLOGY

mobile and bound fluorescent fractions at position r; and time #;. We use
the subscript ‘Data’ to denote (synthetic) experimental data. The total fluo-

rescence intensity is

Wpata (7}, ti) = Upata (7}, i) + UData (7}, ti)- (244)

For continuous data the recovery curve is

1

PD t (t) - —=
ata 77.'7"%

2 pry 2 n
/ / Wpata (7, t)rdrdd = — / Wpata (7, £)rdr.
o Jo r2 Jo

Discretising, with r; = jor, gives
2

Foata(ti) == Y. Wpata(rj, t)idr™. (245)
rn {]'EN‘T’]'ST},}

There is evidence that bleaching a cell multiple times with different bleach
spot radii can improve parameter estimation [102]. We certainly want to
include this option in our synthetic tests. Suppose we bleach a cell npjeach
times, and that the bleaches are indexed by a number, k = 1, ..., npjeach- Let
rk be the nominal bleach region radius used in experiment k, wk,_  the total

fluorescence, and F¥_, . the recovery curve (note the superscript k is an index

ata
and is not intended to mean ‘raised to the power of k’).

For each instance, k, with bleach region radius, rﬁ, we solve nu-
merically to obtain u* (rj,t;) and ok (rj,t;). We define the total fluorescence
w*(r;,t;) and the fluorescence recovery curve F¥(r;, t;) as in (244) and
respectively. We define the objective functions, ¢ and ¢space, as

k=1 i

¢ = bliaCh [Z(F{Sata(ti) - Fk(ti))2] ’ (246)

and
Npleach

$space = Z [Z Z(w]kData(rjr ti) — wk(rjz ti))2] ’ (247)
k=1 | j i

whose minima we attempt to find with the Nelder-Mead downhill simplex

algorithm [278,279] (using the fminsearch function of MATLAB). Note that

scanning laser FRAP would be required in practice to obtain wp,t,. Since

we know the values of the parameters used to generate wp,t,, we can easily

105



3.1 METHODOLOGY

measure the accuracy of the fitting procedure. Let 6; be any model param-
eter (Dy,, Dy, k*, k™) used to generate wpat,, and 6; be the fitting procedure
output, then the proportional estimation error is

w_ 16 =6 |

Pll elh s (248)

where once more the superscript & is an index (the index of the experiment).

The mean error is then simply

1 Nrun
o= Y o ul. (249)
run |

In each case we take 1y, = 1024. In this way we are able to condense
information about the accuracy of parameter estimation in the various dy-
namic regimes (rapid equilibration, intermediate and so on) into a single
variable. However, we have found that the distribution of parameter esti-
mates may be thick-tailed such that neither the mean nor the median errors
are especially informative. In these cases, the mean error is skewed by a
minority of outliers, while the median error is approximately 0. For this
reason we also recorded the number of instances, n;(u), which returned

values 0" such that 4" < p. The fraction of such cases is simply

fily = W), (250)

Nyrun

where u has a chosen value. For example, if 4 = 0.01, then f;(¢) would be

the fraction of instances which returned estimation errors of less than 1%.

3.1.1  Parameter generation

The parameter inputs for each synthetic experiment were generated ran-

domly following a process which is described below.

1. Generate a uniformly distributed positive random value for D,. We
set D, < 50 um?s~! to keep the diffusivity in a biologically realistic
range [48]].
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3.1 METHODOLOGY

2. Pick a random real number 7j € [—3,3] from a uniform distribution,
and set the dimensionless parameter 7 = 107. If 7 > 1, we consider
the dynamics to be ‘rapid equilibration’. If —1 < 77 < 1 we consider
the dynamics to be ‘intermediate’. Finally, if 7 < 1 we consider the

dynamics to be ‘slow equilibration” (effective diffusion).
3. Set the association rate k™ = D,/ (r27).

4. Pick a random real number & € [—1,1] from a uniform distribution,
and set the dimensionless parameter x = 10%. Cases where ¥ > 1 or

& < 1 are handled separately.
5. Set the dissociation rate kK~ = xk™.
6. Pick a random real number 6 € [0,107!] from a uniform distribution.
7. Set the slow diffusivity D, = éD,,.

Initial guesses are generated in two different ways. In the first method,

the ‘local” method, each initial guess, 6%, is of the form

f =0f(1+p), (251)

where p € [—0.5,0.5] is a uniform random variable. This ensures that initial
guesses are within 50% of the correct parameter value in each case. For the
second method, the ‘global’ method, steps 1-7 were repeated to generate

independent random initial guesses.

3.1.2 Procedure summary

It may be helpful at this stage to recap some of the key details of the process
used to produce the aggregate measures of parameter estimation accuracy,
u; and f;. Note that there are 1,y separate synthetic experiments included
in each data set (each table in section [3.2|is one data set), the experiments

are indexed by h = 1, ..., nuyn = 1024. Each experiment involves bleaching
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3.2 COMPUTATIONAL RESULTS

Npleach times with different bleach region radii, indexed by k = 1, ..., npjeach
(Mpleach is varied to investigate the effects of fitting multiple fluorescence
recoveries on parameter estimation accuracy). The steps involved in the

procedure are outlined below.
1. Generate a set of parameters as described in section

2. Simulate a FRAP experiment using nyjeacn different bleaches with dif-
terent bleach region radii, and record the #pje,cn fluorescence recover-
ies (all these synthetic data use the parameters generated in step 1 as

inputs).
3. Generate a set of initial guesses as described in section

4. Attempt parameter estimation by minimising the objective function

(either ¢ (246) or Pspace (247), as appropriate).

This process is repeated n.yn times for each data set.

3.2 COMPUTATIONAL RESULTS

This section contains the results obtained by the methodology described
in section the results being collated in tables. Odd numbered tables
display the mean estimation error, y; as defined in (249). These estimates
were obtained using ‘local” initial guesses, as defined in section Even
numbered tables display the fraction of parameter estimates which were
within 1% of the correct value, f;(0.01) as defined in (250). These estimates
were obtained using ‘global’ initial guesses, as defined in section

We have included fitting results for each of the four model parameters,
Dy, Dy, k* and k—, as well as Do and Ueq, defined as

Dk~ + Dokt Kt
kt+k= 7 T k4 k

Degs =

108



3.2 COMPUTATIONAL RESULTS

In chapter 2| we predicted that parameter estimability would be deter-
mined by the parameter ‘regime” which is the magnitude of the dimension-

less constants
D, k—

N = 2 K=
To investigate the effect of varying 7 and x on parameter estimation accu-
racy, we have broken down the results by regime.

We investigated the effects of fluorescence recovery frame rate and the use
of spatial information. We used two values for the interval between frames,
At: At =5 x 1072 s (standard frame rate), and At = 1 x 10~* s (high frame
rate). Where spatial information was utilised, we used ¢space, formula (247),
as the objective function. Otherwise, we used ¢, formula . We also
investigated the possibility of fitting certain parameters separately and then
using the FRAP experiments only to measure the remaining parameters.
For some of the parameter fits (as indicated), we simply supplied the correct
values of D, and D, and attempted to estimate only k™ and k™. Of course,
in reality, this process of separately determining D, and D, would require

some additional experiments.

n>1

In the case when 77 > 1 and x = O(1) we predicted that the reaction rates, k™
and k~, and the slow diffusivity, D, would be estimable from either recovery
curve or spatial data. We predicted that the fast diffusivity, D,, would be
estimable using recovery curve data of sufficiently high frame rate (but not
in general). We further predicted that the use of spatial information would
greatly reduce the frame rate necessary to estimate D,, accurately.
Computational results, presented in table [1, are consistent with all of our
predictions. In row 1, we see that fitting a low frame rate recovery curve pro-
duced estimates of D, k™ and k~ with mean errors of less than 2%, but the
error was much higher for D,,. Using a high frame rate recovery curve (row

2) reduced the error in the estimate of D, to a similar level to the other pa-
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3.2 COMPUTATIONAL RESULTS

Row | Spatial | HFR | Dy, | Dy | kT | k= | Deg | Veq

1 - - 26.1 | 1.15| 048 | 043 | 214 | 0.51
2 - v 151|171 1022102159 |0.63
3 v - 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00

Table 1: Mean percentage estimation error, y;, generated using local initial guesses, for
the indicated parameters. A checkmark in the ‘HFR’ column indicates that a
high frame rate fluorescence recovery was used. A checkmark in the ‘Spatial’
column indicates that the spatial objective function, @space equation (247), was
used; otherwise the conventional objective function ¢ equation (246) was used.

Regime: 7 > 1.

rameters. The use of spatial information (row 3) even at conventional frame

rate produced highly accurate estimates of all the parameters, as expected.

Row | 779 Dy | Dy |kt |k™ | De | veq

1 o >1 94.0194.0|94.1|94.0|94.0 | 94.0
2 o =0(1) | 26.6 | 26.6 | 29.1 | 29.3 | 27.3 | 28.7
3 o >1 - - 100 | 100 | 100 | 100

Table 2: Percentage of estimates of the indicated parameters which were accurate to
within 1% of the correct values, f;(0.01). Initial guesses were generated using
the ‘global’ method. The regime of the initial guess is #9. A hyphen (-) in a
cell indicates that the corresponding parameter was not estimated, but was ‘sep-

arately determined’ by supplying the correct value directly. Regime 7 > 1.

Next turning our attention to table |2 we see that, using generic initial
guesses in the 77 > 1 regime (row 1), accurate estimates (i.e. having an error
of less than 1% of the correct value) of all four model parameters were ob-
tained in 94% of cases. We notice (row 2) that the accuracy fell substantially
when initial guesses were made in the 7 = O(1) regime. When the initial

guess was far from the correct parameter values, the fitting algorithm often
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3.2 COMPUTATIONAL RESULTS

became stuck at a local minimum of the objective function and so never

located the global minimum.

n=0(1)

We did not make any strong predictions about the feasibility of parameter
estimation in the 7 = O(1) regime. However, we conjectured that there
would be increasing parameter multiplicity as the value of # declined, that
different combinations of parameters would yield almost identical model
outputs, making it very difficult in practice to choose the correct parameter
values. Results in table [3| indicate large estimation errors for each of the
four parameters, even when using spatial information and high frame rate
data. An interesting exception is the effective diffusivity, Deg which was

estimated with a mean error of less than 2%. This is surprising, as we

would not necessarily, on the basis of the results in sections [2.2.4] and |2.2.5|

(chapter 2) expect Deg to be estimable unless 77 < 1.

Row | Spatial | HFR | D,, | D, | k* k™ | Deff | Veq
1 v v 453 | 3730 | 1290 | 318 | 1.95 | 378

Table 3: Mean percentage estimation error, y;, generated using local initial guesses, for
the indicated parameters. A checkmark in the "HFR’ column indicates that a
high frame rate fluorescence recovery was used. A checkmark in the 'Spatial’
column indicates that the spatial objective function, @space equation (247), was
used; otherwise the conventional objective function ¢ equation was used.

Regime: 7 = O(1).

One method to circumvent the problem of multiplicity is to determine
certain parameters independently using separate experiments. We investi-
gated the effect of measuring the diffusivities, D, and D, separately. Results
(table l4) imply that accurate estimation of the reaction rates, kt and k7, is
possible if D, and D, are known, but only if the initial guesses of kT and

k™ are in the 7 = O(1) regime.
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3.2 COMPUTATIONAL RESULTS

Row | 7o Dy | Dy |kt |k™ | De | veq

1 o =0(1) | 23.0 | 20.1 | 20.7 | 24.2 | 99.6 | 22.3
2 o> 1 - - 19.1 1 19.1 | 19.1 | 19.1
3 no=0(1) | - - 97.5197.5|98.0 | 97.8

Table 4: Percentage of estimates of the indicated parameters which were accurate to
within 1% of the correct values, f;(0.01). Initial guesses were generated using
the ‘global’ method. The regime of the initial guess is 9. A hyphen (-) in a
cell indicates that the corresponding parameter was not estimated, but was ‘sep-

arately determined’ by supplying the correct value directly. Regime: 1 = O(1).

n <1

We predicted (in agreement with previous studies [70,76]) that in the < 1

regime, only the effective diffusion coefficient,

D,k™ + Dyk™
kt+k=

Degs =

would be estimable.

Row | Spatial | HFR | D, | D, |k* k= Deff | Veq
1 v v 1270 | 5130 | 3670 | 1110 | 0.53 | 992
2 - - 2430 | 6150 | 9730 | 1350 | 0.34 | 1210

Table 5: Mean percentage estimation error, y;, generated using local initial guesses, for
the indicated parameters. A checkmark in the "HFR’ column indicates that a
high frame rate fluorescence recovery was used. A checkmark in the ‘Spatial’
column indicates that the spatial objective function, ¢gpace equation (247), was
used; otherwise the conventional objective function ¢ equation was used.

Regime: 7 < 1.

Results (table [5) support this prediction. It is not possible (row 1) to

estimate any parameters accurately, even with high frame rate spatial data,
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3.3 MODEL UNCERTAINTY AND MULTIPLE CURVE FITTING

yet Deggs can be accurately estimated given only low frame rate recovery

curve data (row 2).

1 o <1]254]078 059059980195

2 o <1]- - 92.2 | 92.2 | 100 | 100

Table 6: Percentage of estimates of the indicated parameters which were accurate to
within 1% of the correct values, f;(0.01). Initial guesses were generated using
the ‘global’ method. The regime of the initial guess is #g9. A hyphen (-) in a
cell indicates that the corresponding parameter was not estimated, but was ‘sep-

arately determined’ by supplying the correct value directly. Regime: # < 1.

If D, and D, are known, it ought to be possible to estimate the ratio
k= /k™, and hence the bound fraction, Ueq- Predictably, veq was estimated
accurately (within 1% of the correct value) in 100% of instances (row 2).
Surprisingly, the individual reaction rates, k™ and k~, were accurately es-
timated in almost as many instances 92%. Bearing in mind that in these
experiments we allowed 1073 < n < 1071, these results suggest that many
of the instances of the synthetic data were actually closer to the 7 = O(1)
regime than the true 7 — 0 limit. This indicates that it requires an extremely
small value of 7 for data to fall fully into the 7 < 1 regime, which is of some
biological significance. Recalling that 7 = (%) / (%) is the ratio of the
reactive timescale to the diffusive timescale across the bleach region of in-

terest, our results imply that ‘effective diffusion” will only be encountered

in systems with extremely highly transient chemical interactions.

3.3 MODEL UNCERTAINTY AND MULTIPLE CURVE FITTING

Empirical data similar to the idealised (i.e. almost noise-free) synthetic data

used in section [3.2] are unlikely to be encountered in reality. In this section
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3.3 MODEL UNCERTAINTY AND MULTIPLE CURVE FITTING

we reproduce the results of the section 3.2} but including explicit uncertainty
in the synthetic data.
Empirical data points, Y; may be described by the sum of the output of

the mathematical model, F; and a stochastic variable such that,
Y; = F(0) + 0:¢;, (252)

where the ¢; are normally distributed random variables with mean 0 and
standard deviation 1, and the o; account for the scale of the observational
uncertainty [157]. We let ¢; be independent and identically distributed ran-
dom variables drawn from a normal distribution with zero mean and unit

variance, and 0; = ¢ Vi.

Row | o Npleach | Du D, k™ k~ Veq

1 0.00 |1 100 100 100 100 100

> |oo025 |1 56 (78) | 48 (66) | 73 (93) | 84 (94) | 92 (99)
3 |oo025 |2 54 (88) | 66 (79) | 83 (95) | 85 (95) | 96 (99)
4 | 00253 70 (92) | 74 (85) | 92 (98) | 96 (99) | 97 (99)
5 |oo5 |1 26 (50) | 35 (54) | 46 (72) | 60 (80) | 78 (90)
6 |oo5 |2 28(56) | 41(63) | 62(83) | 70(88) | 81(93)
7 loos |3 43(66) | 50(75) | 70(94) | 78(93) | 88(97)

Table 7: Percentage of results within 5% of the correct value, f;(0.05) and, in brackets,

percentage of results within 10% of the correct value, f;(0.1).

There are two other important methodological differences between this
section and section First, we used multiple start parameter estimation.
We generated a sample of initial guesses, ran separate instances of the pa-
rameter fitting algorithm for each, and then selected the output which pro-
duced the lowest value of the objective function. The second important
difference was that, for each instance of the synthetic data with certain pa-
rameter values, we attempted a fit using multiple fluorescence recoveries

(Mpleach = 1,2,3) with different bleach region radii.
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3.3 MODEL UNCERTAINTY AND MULTIPLE CURVE FITTING

Fitting results for different values of ¢ and npjeacn are collated in table
[7} Increased uncertainty, o predictably reduced fitting reliability. Interest-
ingly, veq turned out to be strongly estimable, more so than either k* of k™

individually.

3.3.1 The value of multiple recovery fitting

The quality of the parameter estimation is increased by fitting fluorescence
recoveries with different bleach region sizes (table [7). With this in mind,
one approach might be to conduct FRAP experiments with different bleach
region sizes on separate cells; however, fitting a sample of cells with a single
set of parameters is not ideal, as there is natural variation between cells. For
this reason, we propose bleaching the same cell multiple times, varying the
size of the bleach region. This would, of course, lengthen the duration of ex-
periments which is time-consuming and increase the risk of non-negligible
cell motion during the experiment. We suggest that a reasonable compro-
mise might be to use only two different bleach region radii. The outline of

the FRAP protocol is:

1. Record pre-bleach frames.

2. Bleach using first user-defined bleach region radius (radius 1).

3. Record fluorescence recovery until the cell reaches equilibrium.
4. Bleach using second user-defined bleach region radius (radius 2).

5. Record fluorescence recovery until the cell reaches equilibrium.

A theoretical example of how a FRAP experiment might look with this
procedure is plotted in figure
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Figure 14: A simulated example of FRAP with double photobleaching. Circular bleach
regions with two different radii, 0.3 ym and 0.7 um, were used. The biophys-
ical parameters were; D, = 20;1m2s_1,D1, = 0,kt = k= = 1s71. (A) The
averaged intensity across the bleach region of interest over time. Intensity
during photobleaching is presented by a dotted line since this would not be
measurable in practice. (B) The two recovery curves, both normalised to begin
at 0 and end at 1, overlaid. Note that the fact that these recovery curves are
almost identical suggests that the recovery curve is well-approximated by the

reaction limited formula (149), which would imply that 7 > 1 and D, = 0.

3.4 REGIME IDENTIFICATION

We have so far determined that the reliability and accuracy of parameter es-
timation are determined by the parameter regime of the data. However, one
does not automatically know the regime of experimental data. The objective
of this section is therefore to determine the precise boundary between the
regimes and propose a method to determine the regime of arbitrary FRAP

data. To this end, we ran numerical experiments in which we attempted

116
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titting on synthetic data with procedurally generated parameter inputs, as
described in section but precisely controlling the values of the dimen-

sionless quantities, 77 and x. We consider 7 in section and « in section

B-4-2

3.4.1 The effect of varying n

In order to locate the boundary between the regimes we ran a sample
of parameter fitting experiments with 5 values in a set of intervals, 7 €
[107,107+01] with 7 € {..,—0.2,-0.1,0,0.1,0.2,...}, and recorded the frac-
tion of output parameter estimates with an error of less than 1% relative
to the correct corresponding parameter input value (f;(0.01) as defined in
(259)).

Results (figure [15) indicate that, as expected, the reliability of the fit gen-
erally increased with the value of 7. When D, and D, were known, fits of
the reaction rates, k™ and k—, were consistently accurate for 7 > 1094 ~ 2.51
(tigure ). Fitting all four parameters reliably, however, required 1 >
1017 ~ 50.1 (figure [15B).

We would expect that, in the regime where accurate estimation of all
model parameters is possible, the rapid equilibration formula ought
to approximate the recovery curve. Accordingly, it is clear in figure
that the error between formula and simulated data, ¢, decreases as
11 increases, and is negligible for 7 > 107. Similarly, we would expect the
slow equilibration (effective diffusion) formula to be a good approxi-
mation where estimation of k* and k™ is not possible. Although the error,
¢p, decreases as 17 decreases, as we would expect, it does not appear that the
effective diffusion formula is a good approximation when 1 = 10%%. This
suggests that for 7 & 1, neither the effective diffusivity Deg, nor k™ and k™
individually, are estimable with total accuracy.

We can place data into one of three regimes: rapid equilibration (7 >

10'7), intermediate (10%* < 5 < 10'7), and slow equilibration 7 < 10%4. If
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Figure 15: (A) Fraction of parameter estimates within 1% of the correct value (f;(0.01) as
defined in (250)) when attempting to fit just k™ and k~. Each data point is cal-
culated from nyyn = 128 instances of fitting with 17 € [#min, max] Where #min
is indicated and log;,(#7max) = 10g;o(#min) +0.1. (B) identical to (A), except at-
tempting to fit D,;, Dy, k' and k™. (C) Residual sum of squared errors between
a simulated fluorescence recovery curve and recovery curves computed by the
rapid equilibration formula (¢r) and the slow equilibration (effective
diffusion) formula (¢p). Parameters were D, = 30 um?s~!, D, = 0.01
um?s~1, r, = 0.5 um, k™ =k~ = D,/ (r2y) for variable 7. The rapid equilibra-
tion error, ¢r, decreases as 7 increases, while the effective diffusion error, ¢p,

increases.

the regime can be determined, then the required course of action is obvi-
ous: in the rapid equilibration regime full parameter fitting is possible, in

the intermediate regime the reaction rates can be estimated after separate
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experiments to determine the diffusivities have been conducted, while in
the slow equilibration regime at most the ratio of the reaction rates can be
estimated.

We propose that the regime can be identified by attempting separate fits
which are restricted to particular regimes. The best fit corresponds to the
correct regime of the data. We measured goodness-of-fit with the Akaike

information criterion [159],

AIC = 2Nparam + Ndata l0g(¢), (253)

where Nparam is the number of model parameters, Ng,¢, is the number of
data points and ¢ is the objective function/residual sum of squared errors.
The model with the smallest AIC is in general the best fit with the least
degree of over-fitting.

We tested procedurally generated data by fitting in the three major model
regimes, as well as by fitting with a pure diffusion model. The restricted
parameter estimation was implemented using MATLAB’s constrained opti-
misation algorithm, fmincon. We define AICRg as the AIC resulting from a
model fit which is limited to the rapid equilibration regime, while AIC; and
AlCgg are likewise for the intermediate regime and the slow equilibration
regimes respectively. AICp is the AIC of the pure diffusion model fit. Note
that Nparam = 4 for AICrg, AIC; and AICsg, while Nparam = 1 for AICp.
For this reason, the pure diffusion model yields a lower AIC than the full
reaction-diffusion model in cases where the residual sum of squared errors,
¢, are equal.

Results in table |8 indicate that, for both intermediate and rapid equilibra-
tion, constrained fitting in the correct regime produced the best fit in all
cases, which strongly supports our contention that this method can be used
for regime identification. In a minority of cases, the pure diffusion model
provided a better fit than the full model in the slow equilibration regime,
hence a slow equilibration recovery cannot reliably be distinguished from

a purely diffusive recovery. This is to be expected, as the fluorescence re-
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3.4 REGIME IDENTIFICATION

X (regime) | AICx < AICgg | AICx < AIC; | AICk < AICgg | AICk < AICh
Large 77 (RE) - 100% 100% 100%
Intermediate (1) 100% - 100% 100%
Small 7 (SE) 100% 100% - 84.4%

Table 8: Regime identification with constrained parameter fitting tested on a sample of
128 synthetic experiments for each regime. The leftmost row indicates the regime
of the data: rapid equilibration (RE), intermediate (I) and slow equilibration (SE).
Each cell displays the percentage of cases in which the AIC in a regime indicated
by the column was greater than the AIC in the correct regime indicated by the

Trow.

covery in slow equilibration regime tends to resemble pure diffusion with

effective diffusivity, Deg.

3.4.2 The effect of varying

As with 7, we began investigating the effect of varying x on parameter
estimation by locating the boundary between the regimes. Computational
results (figure [16/A, B) indicate that parameter estimation deteriorates the
further x deviates from 1 in either direction. We found that 10799 < x <
10%3 ensured reliably accurate estimation of all four model parameters.

As k — oo, the system asymptotically approaches a pure diffusion re-
covery with diffusivity, D,, and likewise for D, as x — 0. Yet the pure
diffusion model with the appropriate diffusivity is a better approximation
for x = 107 than for x = 10%°3 (figure ). We believe that this asym-
metry can be explained as follows. Since D, > D,, the diffusive recovery
with diffusivity D, is faster, hence there are comparatively fewer data points
available with the fluorescence recovery in progress, ultimately leading to

less accurate parameter estimates.
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Figure 16: (A) Fraction of parameter estimates within 1% of the correct value (f;(0.01)
as defined in ) when attempting to fit D, Dy, k™ and k~. Each data
point is calculated from nyyn = 128 instances of fitting with ¥ € [Kmin, Kmax]
where #pip, is indicated and log;,(kmax) = 10g;(kmin) + 0.1. (B) Similar to (A),
except over a different range of values of xpin. (C) Residual sum of squared
errors between a simulated fluorescence recovery curve and recovery curves
computed by the pure diffusion formula with diffusivities D, (¢u) and
D, (¢»). Parameters were D, = 8 um?s~!, D, = 1 um?s~1, r, = 0.5 um,
k™ =1s"!and k= = k" for variable k. The goodness-of-fit of pure diffusion
with diffusivity D, improves as x increases, while the fit with diffusivity D,

improves as x decreases.

Next, we tested whether constrained fitting can identify the magnitude of
k, similar to # in section Again, we computed the Akaike information

criterion of various fits limited to different regimes: AICy for x > 10953,
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3.4 REGIME IDENTIFICATION

AICy for ¥ < 10799, and AICp for the pure diffusion model. For fits where
x was of intermediate magnitude (107%% < x < 10°%%), we also imposed
7 > 1017 (ie. the rapid equilibration regime considered in section .
We made this imposition because rapid equilibration is the sole regime in
which full parameter estimation is possible, so identifying it is the most

important problem.

X (regime) AICy < AICy | AICx < AICgg | AICx < AICy | AICx < AICpH

Large « (U) - 100% 82.0% 95.3%
Intermediate x (RE) 100% - 100% 100%

Small x (V) 89.1% 88.3%* - 100%

Table 9: Regime identification with constrained parameter fitting tested on a sample of
128 synthetic experiments for each regime. The leftmost row indicates the regime
of the data: x > 10%5% (U), rapid equilibration with intermediate x (RE), and
k < 10799 (V). Each cell displays the percentage of cases in which the AIC in a
regime indicated by the column was greater than the AIC in the correct regime

indicated by the row. .

Results (table [g) clearly indicate that the x > 1 and k¥ < 1 regimes cannot
always be distinguished from one another, nor can they always be distin-
guished from pure diffusion; however this is unavoidable as both regimes
are approximately diffusive.

For rapid equilibration data, the fit constrained to the rapid equilibra-
tion regime gave the best fit in all cases, which encouragingly suggests that
this regime can be identified. On the other hand, for x < 1 data, the fit
constrained to the rapid equilibration regimes gave a better fit in 11.7% of
cases. Judging by goodness-of-fit alone, we would erroneously conclude
that these data were rapid equilibration, leading to potentially wildly in-
accurate parameter estimates. However, in all of these instances we had
& < 10799 + 1073 where & is the estimated value of . The algorithm clearly
converged towards a point which was as close as possible to the x < 1

regime (the correct regime). We therefore imposed the additional rule that
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3.4 REGIME IDENTIFICATION

a regime is not considered viable if the constrained fit in that regime yields
parameter estimates at the boundary between regimes. With the addition
of this rule, in all of our numerical tests we were able to identify the rapid
equilibration regime without any false positives or false negatives.

It is worthwhile noting that, even though the fluorescence recovery ap-
proximates pure diffusion as ¥ — co or k — 0, the x > 1 and k¥ < 1 regimes
could not be reliably identified with model selection alone. For ¥ > 1 and
k < 1, we found that AICgrg < AICp in 63.3% and 74.2% of cases respec-
tively. In other words, the reaction-diffusion model produced a better fit
than the pure diffusion model in the majority of cases. It is clear, then,
that constrained fitting of the reaction-diffusion model is essential for the

purposes of regime identification.

3.4.3 The quasi-diffusive regimes, 1 < 1,k > land x < 1

Although the # > 1 and 7 = O(1) regimes can be identified, the ¥ < 1,
x > 1and 7 < 1 regimes cannot be differentiated from one another as they
all somewhat resemble diffusive recoveries. However, this is no problem, as
these regimes can easily be identified by other means. Suppose that D is
optimum diffusivity obtained from fitting the pure diffusion model to data.
If D~ Dy then x > 1 and veq =~ 0, while if D ~ D, then ¥ < 1 and veq ~ 1.
If it is clear that D, < D < D,, then D = D.y and x can be calculated.
In summary, it is always possible, in principle, to determine the parameter
regime, and by extension, which parameters are estimable and under what

circumstances, of given FRAP data.
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3.5 GENERAL FITTING ALGORITHM

The results of this chapter naturally lead us towards an idea of a general
FRAP fitting algorithm. To conclude, we outline our proposed FRAP fitting

procedure in this section (summarised as a flow chart in figure [17).

FRAP on an immobile species

To simulate a FRAP experiment as accurately as possible, it is essential to
know the spatial profile of the bleaching laser - that is, the image mask
which is ‘written” into the sample by the laser during photobleaching. In
testing we have found that this profile is surprisingly not well-approximated
by any of the obvious candidate functions. We therefore believe that it will
be advantageous to perform preliminary a photobleaching experiment on
a protein which is known to be immobile. By observing the distribution
of fluorescent immobile protein after photobleaching, it is easy to infer the
profile of the bleaching laser, which can then be used in simulations of the
main FRAP experiments without needing to know its functional form. An
example of this process, using histone H2B, is detailed in chapter |4l Of
course, this procedure requires a small number of additional experiments
(we were able to construct a laser profile with four separate H2B instances),
but removes a potentially inaccurate assumption and therefore eliminates
one source of avoidable error. If different bleach region sizes are used, sep-

arate preliminary experiments are preferred for each size.

Main FRAP experiments

The FRAP experiments themselves proceed normally, with the only modi-

tication being the use of two different bleach rergion radii per cell, as de-

scribed in section
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FRAP on Main FRAP
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Figure 17: The FRAP parameter fitting algorithm. Steps highlighted in blue require direct

actions by experimenters.
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3.5 GENERAL FITTING ALGORITHM

Importing data

Data acquisition being complete, the data must be converted into a usable
format. We were given data in the form of a *Ism file, which we converted
to a series of images using ImageJ]. The images were then imported into

MATLAB with the imread function.

Initial regime identification

Initial regime identification proceeds just as described in section Fitting
the FRAP model to data using constrained parameter estimation can sort
the data in one of three categories: the rapid equilibration regime (7 > 1
and x = O(1)), the intermediate regime (3 = O(1) and x = O(1)) or one of
the quasi-diffusive regimes (7 < 1 and x = O(1), or k > 1, or k < 1).

The quasi-diffusive regimes cannot reliably be distinguished by this method
of constrained optimisation; however, if the diffusivities, D, and D,, are
known, then it is simple to identify which one of these regimes is correct.
It is only necessary to fit a pure diffusion model to the data, obtaining an
estimate of the diffusivity, D. If D ~ D,,, thenx > 1;if D =~ D,, then x < 1.
Otherwise, if D, < D < D,, then the data are in the effective diffusion
regime (7 < 1 and x = O(1)).

The rapid equilibration regime

In the rapid equilibration regime (7 > 1 and ¥ = O(1)) all model parame-
ters, Dy, Dy, k™ and k™, can be reliably estimated by fitting the FRAP model

to data. No further experiments are required in this case.

Estimating Dy, and D,,.

Outside of the rapid equilibration regime, it is necessary to measure the
diffusivities, D, and D,, independently. It may be possible to estimate the
diffusivity of the unbound protein of interest, D,, with a FRAP experiment

on a physically similar but inert protein (perhaps a binding-deficient mutant
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of the protein of interest). The diffusivity of the binding partner molecule,
D,, might be estimated with FRAP on a protein constituent of the binding
complex. If it is unfeasible to measure one or both diffusivities experimen-

tally, they can be estimated with the Stokes-Einstein relation.

The intermediate regime

In the intermediate regime (y = O(1) and ¥ = O(1)) the reaction rates,
k™ and k™, can be estimated by fitting the FRAP model to data, although

estimates of D, and D, must be supplied.

The quasi-diffusive regimes

There are three quasi-diffusive regimes: slow equilibration (7 < 1 and x =
O(1)), fast diffusion (x > 1), and slow diffusion (x < 1). In the slow
equilibration regime, the ratio of the reaction rates k= /k™ can be estimated

using the formula
D - D'U
Du - D '

In the remaining two quasi-diffusive regimes, it is technically possible to

k= /kT =

estimate the fraction of bound protein at chemical equilibrium, veq. Simply,
in the fast diffusion regime, Ueq ~ 0, while in the slow diffusion regime

~

Ueq ~ 1.

3.6 CHAPTER SUMMARY

This chapter dealt exclusively with numerically simulated FRAP experi-
ments. We found evidence support our prediction that the feasibility of
parameter estimation depends on the regime of the data, determined by the
dimensionless constants 1 and «. In regimes where parameter estimation is
not feasible, we found that progress can be made by estimating the diffusiv-
ities, D, and D, with separate experiments. We proposed a simple FRAP

fitting protocol which relies on estimating the regime of the data, then per-
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forming parameter estimation and additional experiments (as required) to
maximise the amount of information which can be extracted from FRAP

data.
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APPLYING NUMERICAL PARAMETER FITTING TO
EMPIRICAL FLUORESCENCE RECOVERY AFTER
PHOTOBLEACHING DATA

In chapters |2{and [3| we theoretically established the feasibility of parameter
estimation in FRAP. In this chapter we apply numerical parameter fitting (as
discussed in chapter [3) to empirical fluorescence microscopy data which has
been supplied by the tumour cell biology laboratory at the Crick Institute.

We have so far considered a rather idealised FRAP model, so we must
slightly modify the FRAP model itself before we can apply it to empirical
data. We must also make some adjustments to the data, for example to
control for passive photobleaching during the recovery phase of the experi-
ment. In section |4.1l we pose the mathematical model of FRAP and outline
the numerical methods used in the model simulation in section The
focus of section |4.3|is the methodology we use to obtain an empirically val-
idated numerical description of the laser bleaching profile. In section
we explain, with reference to an example, the additional steps required to
utilise this model to practical ends.

In total, we analysed data from 264 individual FRAP experiments, includ-
ing wild type YAP in both normal fibroblasts (NFs) and cancer-associated
tibroblasts (CAFs), and wild type TEAD (CAFs and NFs). Also included
are two mutant variants of YAP: 5SA (NFs and CAFs) and S94A (NFs and
CAFs). In addition, we analysed data on enhanced green fluorescent protein

(EGFP) which serves as a control. The data are placed in proper biological
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context in section Finally, results are presented in full and their impli-

cations discussed in section We consider model limitations in section

4.1 MATHEMATICAL MODEL

Following previous studies [70,|71,[76], we assume that a diffusible molec-
ular species, A, associates reversibly with a binding partner, B, to form a
complex, C. Departing from our work in previous chapters, we do not as-
sume that the domain under investigation is infinite, nor do we assume that
binding partner B is homogeneously distributed.

We suppose that the domain under investigation may be represented by
the set ) C R%. Let u(x, t) be the concentration of species A at point x € IR?
and time t € [0,c0) that is fluorescent (not yet photobleached), and D, be
the diffusivity of free protein, A. Likewise, let v(x, t) be the concentration of
the fluorescent bound protein, C, and D, its diffusivity. The resulting FRAP

model is

(x,t) = —kT(x)u(x,t) + k~o(x,t) + D, V?u(x, t) — al(x, t)u(x, t),

QJlQJ

u
t

S5

(x,t) = +kT(X)u(x,t) —k~v(x, t) + D,V?0(x,t) — al(x, t)v(x, 1),
(254)
where I(x,t) is the intensity profile of the laser acting upon the sample,
and « is the sensitivity of the fluorophore to photobleaching. Note that
u and v are not separately measurable. Only the total fluorescent protein

concentration w,

w(x, t) = u(x, t) +ov(x,t), (255)

can be measured empirically
We assume that, over the time scale of the FRAP experiment, minimal

transfer of material takes place between cellular compartments (such as the
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cell nucleus and cytoplasm), so we impose homogeneous Neumann bound-
ary conditions

Vu-fi|yn =0, Vov-fi|yq =0, (256)

where dQ) is the boundary of the domain () and fi is the unit outward
normal vector.
We assume that prior to photobleaching the cellular compartment has

already reached equilibrium. This leads to the initial conditions
u(x,0) = tleq, v(x,0) = veq(x,0), (257)

where ueq and veq are the non-trivial steady states of system when
I = 0 (note that we have allowed veq to be heterogeneous, but not ueq for
reasons we will explain presently). Boundary conditions and initial
conditions close the model if I(x,t) is defined. Also, the total

pre-bleach protein concentration, weq, is simply

w(X,0) = Weq(X) = Ueq + Veq(X). (258)

In principle, formula (258) gives a constraint on the pre-bleach fluorescent

protein concentration, ueq. Since there cannot be negative amounts of bound
protein at any point, it is clear that

Ueq < E(Igg(weq(x))/ (259)

yet in practice does not strictly hold due to the stochasticity of experi-
mental data.

If the binding partner, B, is diffusible, then it is distributed homoge-
neously throughout the cellular compartment at equilibrium, in which case
kT is spatially invariant and there is a homogeneous steady state, Ueq, Ueq,
satisfying

kT lheq = k™ Veq- (260)

However, if the binding partner B is non-diffusible, then it may be heteroge-

neously distributed. In this case k™ is a non-uniform function of x and not a
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model parameter. Therefore, for the purposes of parameter fitting, we shall
instead consider the steady state value ueq, which is necessarily a constant.

To prove this, we simply substitute ueq and veq into (254),

3 (x) = 0 = —k* (X)tteq(X) + k™ 0eq(x) + Dy V2tteq(x),

agiq (x) =0 = +kT (X)tteq(x) — k™ veq(x) + vazveq(x). o
Adding both equations, the reaction terms cancel to give
Dy, V1ieq(x) + Dy V?0eq(x) = 0. (262)
Since D, = 0 in this case, reduces to Laplace’s equation
Vzueq =0, (263)
Multiplying the boundary condition at equation by ueq gives
Ueq(Viteq - i) [pn= (tteqVileq) - At [5o= 0. (264)
Let | be defined as the integral
J= jlgﬂ(uquueq) -AdS = 0. (265)

Then, by the divergence theorem,
[ = /Q V - (1eqViteq)dV = /Q (Viteq - Viteq)dV + /Q t1eqV21ieqdV.  (266)
Since | = 0 and VZueq =0,
| = /Q (Viteq - Viteg)dV = /Q | Viteg||2dV = 0. (267)

As [[Vueql| is non-negative, in order to have the integral (267) evaluate to
zero we must have || Viueq(x)|| = 0 Vx € Q, which implies that Viueq = 0 or,

equivalently, that ueq is uniform, as required.

4.1.1  The bleaching/imaging laser 1(x, t)

To solve numerically, we require a mathematical description of the

bleaching laser, I(x,t). Let tpjeacn be the duration of the bleach phase.
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Although many conventional FRAP studies assume that tpjeacn, = 0, in
confocal scanning FRAP the laser scans the sample repeatedly to achieve
photobleaching, which typically takes several seconds [76]. At t = tpjeach
the bleaching phase ends and the recovery phase begins, which lasts until
t = teng; the duration of the recovery phase is then teng — fpleach-

The laser intensity, I, is given by

Lye(x) ifte |0t ,
I(x, t) _ pre( ) [ bleach) (268)

Ipost(t) ift € [tbleach/ tend]'
We find that neither Iyre nor Ipost can be easily described by common math-

ematical functions, and we instead derive numerical approximations from

data. We discuss Ipre in detail in section and Ipost in section

4.1.2  Parameter estimation

Here we briefly summarise the parameter estimation problem arising from
system (254). The independent variables are the spatial coordinates, x € Q),
and time elapsed since the start of photobleaching t € [0, fongq]- The only
empirically measurable dependent variable is the total concentration of flu-
orescent protein, w(x, t) = u(x, ) + v(x, t). The unknown model parameters

are:

D, € [0,00) - the diffusivity of the unbound protein.

D, € [0, 00) - the diffusivity of the bound protein complex.

k= € [0,00) - the reverse reaction rate, the rate of dissociation of pro-

tein from the complex.

Ueq € [0, maxyeq (Weq(x))] - the initial pre-bleach concentration of un-

bound protein (note that this is a partial relaxation of constraint (259)).
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e & € [0,00) - the sensitivity of the fluorophore to photobleaching. It is
possible that a could be determined in a separate experiment, but we

will not assume so.

The association rate, k' (x), is not included in the above list because it is
a function of space, rather than a parameter. Once uq and k™ are known,
k™ (x) can be inferred from weq(x).
Let wpata (X, t) be empirical fluorescence microscopy data and 6 = (D, Dy, k™, tieq, &)

be the vector of fitting parameters. The objective function ¢(6) is defined as

P(0) = /t;dh | (@0 6) — woua(x,£)dVat, (269)
Note that only data from the recovery phase, t € (fyjeach, fend), may be used
to calculate ¢; no data are collected during the bleaching phase. Similar
to various prior studies [72}104-106], we approximate system numer-
ically in order to compute the objective function (269), thereby enabling us
to produce a maximum likelihood estimate of the values of the model pa-
rameters [157]. There are, however, several preliminary steps which we will

tirst discuss in detail in the following section.

4.2 NUMERICAL METHODS

The FRAP model must be simulated numerically, which is accomplished
using a finite difference method. First, the active domain, (), is decomposed

into a set of grid points, x;, indexed by i. We begin with the regular grid,
G = {(jax, kdy)|j k € Z},

which has horizontal spacing Ax and vertical spacing Ay. The discrete active
domain of the simulation, () , is just the grid points which are contained
within ),

O=0naG.
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Having established the discrete domain, we define variables at each grid

point equal to the value of the corresponding function at that point,
ui(t) = M(Xi,t), ?Ji(f) = Z)(Xi,t), k+ = k+(Xi), Ii(t) = I(Xi),

for x; € Q).
It remains to define the discrete Laplacian,

1
V%ui = A_x2 Z (uj—ui)+m Z (M]'—Mi),

jenny (i) jenny (i)
where nn, (i) is the set of nearest neighbours (grid points adjacent to x;)
which are vertically aligned with x;, and likewise nny () is the set of nearest

neighbours which are horizontally aligned with x;. It is then simple to

reduce the full FRAP PDE model to the semi-discrete model,

Q.

f(t) = —kFui(t) + k= o;(t) + DuV2u;(t) — aLi(t)u;(t),

2
3

(270)

Q.

i (t) = K u(t) — k™o (t) — ai(t)vi(t).

(oW

The solution to the system of equations, (270), can be approximated with
an appropriate ODE solver. We chose MATLAB’s variable order stiff solver,
odelb5s, as this method is numerically stable even for relatively large time
step sizes, although it is required to compute the Jacobian. However, since
is linear, the Jacobian may be computed explicitly and supplied di-

rectly to the solver, so ODE15s is an efficient solver for our purposes.

4.3 THE BLEACHING LASER Ipre(X)

Quantitative studies of FRAP often assume that the intensity profile of the
bleaching laser, Iyre(X), is given by a standard function, such as a Gaus-
sian function [29,/48,|74,[76,280], or circular [30,[70] or square-shaped [65]
step functions. However, since we have been supplied with fluorescence
microscopy data from an immobile protein (histone H2B) we are able to ob-

tain an empirical description of the bleaching laser intensity profile, Ipre(x),

135



4.3 THE BLEACHING LASER Ipre(X)

B

0 5 10 15 20 0 5 10 15 20

G - Normalised recovery curves
1 T T T T T

<)

©
T

|

Intensity

0 I I I
0 5 10 15 20 25 30

Time /s

Figure 18: (A-C) H2B fluorescence intensity distributions in three separate cells at pre-
bleach equilibrium. (D-F) The same three cells immediately after photobleach-
ing. (G) Averaged H2B fluorescence intensity across the regions of interest in
two sets of cells. The intensity recovers only to a minuscule extent during the
experiment, which suggests that H2B has sufficiently low mobility that it can

be used to infer the bleaching laser intensity distribution.

which we introduced in section We can then use this laser profile in
all subsequent instances of the FRAP simulation.

Suppose that an inert, non-diffusible molecule has a concentration g(x, ),
which is scaled so that its sensitivity to photobleaching, « = 1 (we are able
to make this assumption because the photobleaching sensitivity is taken to

be a fitting parameter in the analysis of the main proteins of interest, such
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as YAP and TEAD). The governing equation of g during the bleaching phase

is simply

9q

ﬁ(x,t) = _Ipre(x)Q(X/t)/ (271)
which has solution

q(x,t) = q(x,0)e pre)t, (272)

for t € [0, tpleach]- Inversion of at t = tpjeach reveals that the bleaching
laser profile is

fre(x) =~ log (12 ), @79
It is thus possible to infer Ipre(x) from a pre-bleach frame, g(x,0), and the
first post-bleach frame, (X, tyleach)-

To measure Ipre(x), we used FRAP data from histone H2B, a protein con-
stituent of chromatin [281]. In figure the pre-bleach (A-C) and post-
bleach (D-F) frames from two different cells are shown. From the ‘recovery’
curves (figure G) it is clear that H2B is immobile over the time scale of
the experiment. Hence H2B can be used to estimate reliably the bleach laser
profile.

Laser profiles derived from H2B data using formula are shown in
tigure Figure displays the average of a sample of laser profiles
re-centred on the same point, indicated by the red x. All available FRAP
experiments on H2B had been photobleached using the largest bleach re-
gion size, the 17 x 17 pixel region; however, in the experiments on wild
type YAP, two smaller bleach region sizes were used, the intermediate re-
gion size, 14 x 14 pixels, and the smallest region size, 11 x 11 pixels (where
each pixel had a side length of 0.128 um). In the absence of H2B data using
these bleach region sizes, the smaller bleach region sizes were obtained by

a linear re-scaling of the 17 x 17 region (figure [19B, C).
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Figure 19: Laser profiles. The centre of the laser is in each case shown with a red x. (A)
Laser profile for the 17 x 17 bleach spot, directly inferred from H2B data. (B)
Laser profile for the 14 x 14 bleach spot, obtained by re-scaling the 17 x 17
profile. (C) Laser profile for the 11 x 11 bleach spot, obtained by re-scaling the
17 x 17 profile.

Previous quantitative studies of FRAP have commonly assumed that the
bleaching laser profile is well-approximated by a simple mathematical func-

tion; such as a circular step function [30,70]

1 ifre0,ry]
Ipre(x) = (274)
0 ifr>ry,,

or a Gaussian function [29,48,74,76|280]

2
.
25

Ipre(x) =€ 7, (275)
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where ¥ = ||x||. Interestingly, our empirically-derived profiles do not re-
semble either of these functions. First, we notice that the shape of the laser
profile is not perfectly symmetrical, but appears to be slightly elongated
in the horizontal direction. We therefore also considered a more general

Gaussian function, with mixed length scales x, and v,
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Figure 20: (A) Post-bleach H2B fluorescence intensity fitted with simulated post-bleach
profiles generated using step function intensity (274), Gaussian intensity (273),
and mixed Gaussian intensity (276). (B) Post-bleach H2B fluorescence inten-
sity on a line through the centre of the bleach region which is parallel to the
x-axis, fitted with the mixed Gaussian intensity post-bleach profile. (C)

Same as (B) for the y-axis.

_2 v
Iore(x) = ¢ <"n n/, (276)
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where x = (x,y). Yet this also appears to be a poor fit to data (figure [20B, C).
The Gaussian function underestimates the true extent of the photobleaching
far from the centre of the region of interest.

We can only speculate about the reasons why the bleach profile is so
unusual. In confocal scanning FRAP, the bleach profile is formed by mod-
ulated the intensity of the laser as it scans across the sample, so it can
potentially take any shape [286]. As far as we are aware, the laser micro-
scope was programmed to bleach a Gaussian profile. As we discussed in
section of chapter [1} at high light intensities the rate of photobleach-
ing varies sub-linearly with intensity, which tends to flatten the bleach pro-
file [62-64]. Consequently, the Gaussian model relatively overestimates the
extent of bleaching close to the centre of the bleach region and relatively un-
derestimates the extent of the bleaching at the periphery. We are unable to
prove that this is the explanation, given the available data, but it is certainly
consistent with our observations.

The asymmetry of the leach profile might also be explained as follows:
as the laser scans across each raster line, it has high horizontal velocity and
zero vertical velocity. If the rate of dynamic variation of laser intensity is not
much larger than the horizontal scan rate, then the bleach profile may be
stretched in the horizontal direction. Regardless of the reasons, the failure
of typical mathematical models of the bleach profile to conform to data is
clear. It would certainly be interesting to find out whether this phenomenon
is common and, if so, how it has affected parameter estimation in studies

which assume Gaussian or step function bleach profiles.

4.4 FITTING PRELIMINARIES

There are a few simple processes which must be applied to FRAP data in
each instance prior to parameter fitting. First, it is necessary to determine
the active domain, (), on which to run the numerical FRAP model (section

4.4.1). Next, we must determine the intensity of the light which causes
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4.4 FITTING PRELIMINARIES

bleaching during the recovery phase, Ihost(t) (section [4.4.2). Additionally,
we must prescribe the initial condition of the numerical model, weq(x) (sec-
tion [4.4.3). Once these steps are completed, the FRAP model is closed

and we may proceed with the parameter fitting simulation.

4.4.1 Identifying the active domain

For all the data we consider in this chapter, the active domain under con-
sideration, (), is the cell nucleus (note that we will investigate translocation
between the nucleus and the cytoplasm in chapter|s). For each assay, we are
given a recording of a cell comprising 250 frames from which we seek to
determine the precise geometry of (). As there is substantial noise in each
individual frame, we begin by blending all of these frames into a single
image by taking an average (figure 21/A).

The proteins of interest, YAP and TEAD, associate with chromatin bind-
ing sites which are inhomogeneously distributed throughout the nucleus.
Therefore YAP and TEAD themselves are inhomogeneously distributed at
chemical equilibrium. Given the inhomogeneity of protein of interest con-
centration within the nucleus, as well as the complexity of nuclear boundary
(specifically, the presence of internal obstructions), we found that edge de-
tection algorithms such as the Sobel method were not consistently effective
at identifying the geometry of the nucleus. For this reason, a GUI was im-
plemented in MATLAB to allow the user to draw around the nucleus (or
other relevant structure as the case may be) by selecting a sample of points
(figure [21B). By interpolating between this points with a polynomial spline,
a continuous closed curve is drawn. This curve is taken to be the nuclear
boundary and all exterior points are excluded from the active domain (fig-
ure 21B,C).

In the example presented in figure 21| the cell nucleus is quite clear, an
approximately elliptical region of relatively low YAP concentration. We also

notice that there are a handful of dark regions inside the nucleus where the
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Figure 21: An illustration of the process of identifying the active domain for the simula-
tion. (A) All 250 frames of fluorescence microscopy imaging of a cell during a
FRAP experiment averaged to form a single image. (B) The cell nucleus is iso-
lated by tracing its boundary with a closed curve shown in red. (C) The region
outside the nucleus is excluded. Obstructions are isolated by tracing around
them with closed curves shown in red. (D) The obstructions are excluded. The

remaining region is taken to be the active domain for the simulation.

concentration of the protein of interest (YAP in this case) is much lower than
elsewhere. It is possible that these dark regions are impermeable obstruc-
tions, such as nucleoli or dense regions of DNA. We identify the dark
regions as we identified the nuclear boundary, and then exclude them from
the active domain (figure 21C,D).

It is possible that there could be diffusion across these dark, protein-
deficient regions. We must bear in mind that we are posing a two-dimensional

model of a three-dimensional structure and that there may well be diffusion
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4.4 FITTING PRELIMINARIES

above and below the obstructions within the nucleus, which would resem-
ble diffusion across the obstructed regions in the 2D plane. In this case it
would be a mistake to exclude them form the active domain. For a sample
of cells, we tested parameter fitting in both cases; including the chromatin
deficient regions in (), and excluding them. We found that changing our
assumptions about the chromatin-deficient regions had only a small effect
on the fitting output. We believe that this is because the proteins we are
investigating are highly mobile. They are able to diffuse around obstacles
almost as quickly as they could diffuse through the space occupied by the
obstacles. We expect that the precise details of cellular geometry would be
more important if the proteins under investigation were less mobile, but

have no available data to test this claim.

4.4.2  Passive bleaching Iost(xX)

In practice, the imaging laser causes a small amount of unintentional pho-
tobleaching during the recording of the fluorescence recovery, so that the

total amount of fluorescent protein inside the nucleus,

W(t) :/Qw(x,t)dV, (277)

will decay over time. It follows that

dw ow
Since, w(x, t) = u(x,t) + v(x,t),
dW ou  dv
G /Q (a + a) av, (279)
Substituting equation yields
dw
T /Q (Duvzu + D,V?0 — & post (£)u — odpost(t)v> dv. (280)

By the divergence theorem

/ D, V2udV — ?{ D,V - AdS = 0, (281)
(@) 0
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due to the zero-flux boundary condition (256). Likewise,
/ D,V20dV — }{ D,Vo - AdS = 0. (282)
o} 00

Therefore

dWw

W = /Q (—(leost(t)l/l — Délpost(t)?}) dVv = _deost(t) /Q(u + Z))dV (283)

In conclusion,

ii_vz’ = —alpost(YW(E) = a(E)W(2). (284)
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Figure 22: The decay of the total quantity of fluorescent material, W, inside the cell nu-
cleus compared with two simulations. In the first simulation, the bleaching
rate, a(t), was variable as defined by formula (285). In the second simulation,
a was assumed to be a constant which was determined by minimising the

residual sum of squared errors.

The total fluorescence, W(t) is measured empirically. A moving average
filter is then applied to produce the smoothed function W(t) the derivative

of which, W’ (1), is then computed numerically. Finally, we are left with

a(t) = =—=. (285)
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4.4 FITTING PRELIMINARIES

We might expect the passive bleaching function a(t) to be a constant, yet
surprisingly in experiments the rate of passive phototbleaching turns out to
be unsteady, as shown in figure with a constant bleaching rate model

giving a poor fit to data, possibly due to laser intensity fluctuations [44]].

4.4.3 The initial condition, weq(x)

In section |4.3| we saw that the protein binding partner, chromatin, is both
immobile and imhomogeneously distributed. Since the distribution of chro-
matin varies from cell to cell, it will be necessary to determine the precise
distribution in each case.

In principle, we could simply record the cell at pre-bleach steady state,
but the data are noisy and we were provided with only three frames of
pre-bleach recording. In this section we will outline in detail the process
used to estimate the initial distribution of the protein of interest (YAP or
TEAD) at pre-bleach equilibrium, weq(x). Since the spatial structure of the
cell is somewhat obscured by stochastic effects in any individual frame, it
is necessary, as in section to obtain a static image of the cell by aver-
aging many frames. However, each recording includes only three frames of
the cell pre-bleach, which is inadequate (figure 23[C). If we simply average
every frame of the recording we will obviously under-estimate the equilib-
rium concentration of protein (and hence chromatin) near to the bleach spot
(figure [23]A) because of photobleaching. We therefore wish to average only
those frames for which the cell is close to chemical equilibrium.

It can be observed (for example in the recovery curves depicted in figure
[22]A) that the cells under investigation typically reach post-bleach equilib-
rium midway through the recording. Therefore, in each cell we identified
a threshold time, which is the point at which the smoothed recovery curve
attains 99% of its asymptotic limit, beyond which we assumed the cell to be
in post-bleach equilibrium. We then simply averaged all the frames taken

after the threshold time (figure ) as a form of noise reduction. One final
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Figure 23: (A) An average of the frames before the cutoff time at which the cell has
reached post-bleach equilibrium. Notice that there is a dark spot near the cen-
tre of the nucleus due to photobleaching. (B) An average of the frames after
the cutoff time at which the cell has reached post-bleach equilibrium. Notice
the absence of the dark spot near the centre of the nucleus since the cell has
reached equilibrium. (C) The average of the three pre-bleach frames. This
image is particularly noisy. (D) The estimate of the pre-bleach equilibrium
which will be used in the cell simulation, created by linearly re-scaling the in-
tensity of the post-bleach equilibrium to match the intensity of the pre-bleach

equilibrium.

remaining problem is that the total quantity of protein at post-bleach equi-
librium is significantly lower than at pre-bleach equilibrium. To resolve this
we simply re-scale the post-bleach average intensity linearly to minimise
the error between the post-bleach average intensity (figure [23B) and the em-
pirical pre-bleach average (figure [23IC) to produce the best fit of the noisy
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4.5 BIOLOGICAL CONTEXT AND EXPERIMENTAL DATA

pre-bleach profile with the relatively smooth, averaged post-bleach intensity

profile. The output of this process can be seen in figure [23D.

4.5 BIOLOGICAL CONTEXT AND EXPERIMENTAL DATA

Before we discuss the model fitting results, let us briefly revisit the relevant
biological background (discussed in greater detail in chapter 1). Recall that
we are primarily interested in two interacting proteins, YAP and TEAD. YAP
(yes-associated protein) is a transcription co-regulator which regulates vari-
ous genes that promote cell growth and inhibit apoptosis [288,289]. When
YAP is aberrantly localised to the cell nucleus, it interacts with TEAD and
chromatin (DNA) to cause tumorigenesis by promoting uncontrolled cell
proliferation [9,290]. The tumorigenic activity of YAP is dependent upon its
interactions TEAD transcription factors [206,291].

Under normal circumstances, YAP is regulated by the Hippo signalling
pathway [10,170]. Hippo phosphorylates YAP, which inhibits its interactions
with chromatin by a number of different mechanisms. Phosphorylated YAP
is anchored in the cytoplasm by regulatory proteins [175], while its rate
of degradation by proteasomes [176] and its rate of export from the cell
nucleus [292}293]] are both increased.

We analysed data on the following proteins:

o Wild type YAP (WT YAP) - the typical form of the transcription co-
regulator, YAD, as it appears in nature. Some WT YAP data are pre-
sented in figure [24] (NFs) and [25| (CAFs). The YAP concentration is
visibly greater outside the nucleus in NFs, due to regulation by Hippo.

Sample size: 30 NFs and 30 CAFs.

e Wild type TEAD (TEAD) - the typical form of the transcription factor
and functional partner of YAP, TEAD, as it appears in nature. Some

TEAD data are presented in figure |26/ (NFs) and [27] (CAFs). Interest-
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Figure 24: Wild type YAP, normal fibroblasts. (A-F) Images of six randomly selected cells
obtained by averaging three pre-bleach frames. (G) Averaged, normalised

fluorescence recovery curves from three different sets of experiments with

different sizes of bleach region.
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Figure 25: Wild type YAP, cancer-associated fibroblasts. (A-F) Images of six randomly

selected cells obtained by averaging three pre-bleach frames. (G) Averaged,
normalised fluorescence recovery curves from three different sets of experi-

ments with different sizes of bleach region.
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Figure 26: TEAD, normal fibroblasts. (A-F) Images of six randomly selected cells ob-
tained by averaging three pre-bleach frames. (G) Averaged, normalised fluo-
rescence recovery curves from three different sets of experiments. These dif-
ferent experiments used an identical bleach region radius (17 x 17). For this
reason, the curves are unlabelled as the difference between the experiment
sets is meaningless out of context. Note that, since the experiments used a
single bleach region radius, the differences between the recovery curves are a

product of variation between cells.
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TEAD, cancer-associated fibroblasts. (A-F) Images of six randomly selected
cells obtained by averaging three pre-bleach frames. (G) Averaged, normalised
fluorescence recovery curves from three different sets of experiments. These
different experiments used an identical bleach region radius (17 x 17). For this
reason, the curves are unlabelled as the difference between the experiment
sets is meaningless out of context. Note that, since the experiments used a
single bleach region radius, the differences between the recovery curves are a

product of variation between cells.
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Figure 28: 5SA YAP, normal fibroblasts. (A-F) Images of six randomly selected cells ob-

tained by averaging three pre-bleach frames. (G) Averaged, normalised fluo-
rescence recovery curves from three different sets of experiments. These dif-
ferent experiments used an identical bleach region radius (17 x 17). For this
reason, the curves are unlabelled as the difference between the experiment sets
is meaningless out of context. Note that, since the experiments used a single

bleach region radius, the differences between the recovery curves a product of

variation between cells.
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Figure 29: 5SA YAP, cancer-associated fibroblasts. (A-F) Images of six randomly selected
cells obtained by averaging three pre-bleach frames. (G) Averaged, normalised
fluorescence recovery curves from three different sets of experiments. These
different experiments used an identical bleach region radius (17 x 17). For this
reason, the curves are unlabelled as the difference between the experiment sets
is meaningless out of context. Note that, since the experiments used a single
bleach region radius, the differences between the recovery curves a product of

variation between cells.
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Figure 30: S94A YAP, normal fibroblasts. (A-F) Images of six randomly selected cells
obtained by averaging three pre-bleach frames. (G) Averaged, normalised
fluorescence recovery curves from three different sets of experiments. These
different experiments used an identical bleach region radius (17 x 17). For this
reason, the curves are unlabelled as the difference between the experiment sets
is meaningless out of context. Note that, since the experiments used a single
bleach region radius, the differences between the recovery curves a product of
variation between cells.Also note that S94A has a lower signal-to-noise ratio
than other proteins. This is simply because the concentration of S94A in the

nucleus is lower than of other proteins.
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Figure 31: S94A, cancer-associated fibroblasts. (A-F) Images of six randomly selected
cells obtained by averaging three pre-bleach frames. (G) Averaged, normalised
fluorescence recovery curves from three different sets of experiments. These
different experiments used an identical bleach region radius (17 x 17). For this
reason, the curves are unlabelled as the difference between the experiment sets
is meaningless out of context. Note that, since the experiments used a single
bleach region radius, the differences between the recovery curves a product of
variation between cells. Also note that S94A has a lower signal-to-noise ratio
than other proteins. This is simply because the concentration of S94A in the

nucleus is lower than of other proteins.
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ingly, TEAD appears to be almost entirely absent from the cytoplasm.
Sample size: 37 NFs and 36 CAFs.

e Mutant 5SA YAP (5SA YAP) - a mutant variant of YAP. The muta-
tion substitutes serine amino acid for alanine in five sites preventing
phosphorylation by the Hippo signalling pathway. 55A YAP is highly
tumorigenic [288}294]. Some YAP 5SA data are presented in figure
(NFs) and |29| (CAFs). YAP concentration in the nucleus is visibly
greater than in the cytoplasm (also contrast with figures [24/ and
due to the absence of inhibition by the Hippo pathway. Sample size:
30 NFs and 26 CAFs.

e Mutant S94A (S94A YAP) - a mutant variant of YAP. The mutation sub-
stitutes a single serine for alanine. S94A YAP is physically incapable of
interacting with TEAD [295,296]. Some YAP S94A data are presented
in figure 30| (NFs) and [31] (CAFs). Sample size: 30 NFs and 30 CAFs.

e Enhanced green fluorescent protein derived from the jellyfish Aequorea
victoria [297]. In this context EGFP refers to the fluorescent protein
itself, not a fusion with another protein of interest. Sample size: 15

cells.
All our results are from fibroblast nuclei; both normal (healthy) fibroblasts

(NFs) and cancer-associated fibroblasts (CAFs).

4.6 MAIN RESULTS

In this section we present the results of the mathematical FRAP analysis, by

which we obtained estimates of the following quantities:

e The aggregated pre-bleach concentration of protein inside the nucleus,

dv
W — Jo Weq )
e = T dv

e The rate of dissociation of protein from chromatin, k.
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e The average dwell time of a protein molecule at a binding site, Tgwen =

1/k.

e The fraction of the total mass of protein inside the nucleus which is

bound to chromatin at equilibrium, veq.

. .. k™o, . .
e The effective association rate, kT = 1= (we use this measure since
eq

the true association rate is spatially inhomogeneous).

e The diffusivity of the protein, D,,.

Each cell was analysed individually and then mean parameter estimates
were computed for each cell type. Estimates were excluded from the sample
mean calculation if they were more than three median absolute deviations
away from the median. If we revisit the results of table |2 in section we
find that, even for ideal data in the # >> 1 regime, inaccurate parameter
estimates were produced in about 6% of cases. We therefore believe it is
sensible to remove outliers parameter estimates, as these outliers could be
an artefact of the model fitting, rather than genuine results of biological
relevance. Mean parameter estimates and 95% confidence intervals may be
found in figure

There is significant variation in estimates of Weq and veq for different YAP
variants, with 5SA being the greatest and S94A being the lowest (figure[32/A,
B). Dwell time (figure [32]E) followed the same trend. This trend is strongly
concordant with expectation based on the existing literature (explained in
section[4.5). Of all the proteins, TEAD had the greatest fraction of molecules
bound at equilibrium (veq =~ 88% for both CAFs and NFs), and was nearly
entirely absent from the cytoplasm (figures[26/and [27). These results suggest
that TEAD serves no important purposes in the cytoplasm in fibroblasts.

Diffusivity estimates for YAP and TEAD were between 20-40 um?s~!.
The most mobile protein was EGFP with a diffusivity of approximately 56
um?s~!. These estimates were within the rage of free protein diffusivities

reported in the existing literature [76]. The relatively high mobility of EGFP
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Figure 32: Mean parameter estimates for each of the six main model parameters and each
bounds of the 95% confidence intervals.



4.6 MAIN RESULTS

is expected, as the proteins observed in FRAP are generally a fusion of a
protein of interest (e.g. YAP or TEAD) with a fluorescent protein. Naturally,
the fluorescent protein by itself, being a smaller molecule, can be expected
to be more mobile.

We can compare different cell types with effect size calculations. The
statistical size of the difference between two sets of data is measured by

Cohen’s d, defined as

(S o B (286)
\/(n1—1)012+(n2-1)022

ny+ny—2

where p; and py are the mean estimates of each parameter for the two
cell types being compared, o; and o, are the standard deviations, and 7
and ny are the sample sizes. Measures of effect size, such as the d index,
give a clearer indication of biological importance than statistical significance
alone [283}284]. Results are illustrated in figures and

The total average concentration, Weq, of WT YAP is significantly greater in
CAFs than in NFs, so that the quantity of YAP which is bound to chromatin
at equilibrium (hence the biological effect) is much greater in CAFs, even
though the bound fraction, veq, is only slightly greater in CAFs. The bonds
between YAP and chromatin are much more stable in CAFs, evidenced by
that fact that the dissociation rate k™ is significantly lower. Nonetheless, the
association rate, kT, is greater in NFs, which may seem counter-intuitive as
it would be a waste of bioenergetic resources to transfer a greater mass of
YAP into the nucleus only for it then to have a weaker affinity for chromatin.
However, as we saw in section chapter |2, all other things being equal,
k™ is a monotone decreasing function of the total protein concentration,
Weq. Since Weq is greater in CAPs, it is natural that k™ would be lower
unless the affinity between YAP and chromatin were much stronger in CAFs.
Equivalently, since there are fewer YAP molecules per unit of space in NF

nuclei, there is less competition for binding sites and so association events
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Figure 33: Comparison of parameter estimates between cancer-associated fibroblasts
(CAFs) and normal fibroblasts (NFs) measured using Cohen’s d (286). The
canonical thresholds for small, medium, large and very large effect sizes are

also plotted.

occur more frequently. It follows that there is a greater association rate in
NFs.

The recorded differences between CAFs and NFs in terms of TEAD are so
small that they are likely to be biologically insignificant (figure [33[B). These
results suggest that disregulation and overexpression of TEAD transcription
factors do not contribute substantially to a fibroblast adopting the cancer-
associated phenotype.

Mutant 5SA YAP, as with WT YAP, has a significantly greater equilibrium
concentration in CAFs than in NFs (figure ). Unlike WT YAP, however,
k* is greater which implies that YAP actually has greater avidity for chro-
matin in 5SA CAFs. Also unlike WT YAP, we found that the bonds between
5SA YAP and chromatin are less stable in CAFs, as the dissocation rate k—
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Figure 34: Comparison of parameter estimates between different variants of normal fi-
broblasts (NFs) measured using Cohen’s d (286). The canonical thresholds for

small, medium, large, very large and huge effect sizes are also plotted.

is greater, although this difference is moderate. In mutant S94A, the trend
that CAFs have higher equilibrium YAP concentrations is actually reversed.
Both the equilibrium concentration, Weq, and the bound fraction, veq, are
moderately lower in CAFs (figure ). We will return to the implications
of this result presently.

The effect of the 5SA mutation in both CAFs and NFs is to increase
the equilibrium concentration and the chromatin-bound fraction of YAP, al-
though by different means. In NFs this increase in bound fraction is driven
by stabilisation of YAP binding (figure ), while in CAFs it is driven by
increasing the avidity of YAP (figure [35C). The equilibrium concentration is
significantly greater in 5SA NFs than in WT CAFs, while the bound fraction
is moderately greater. Again, this effect is driven by increased stabilisa-

tion of the reactions in the 5SA mutant cells (figure ). The fact that Weq
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Figure 35: Comparison of parameter estimates between different variants of cancer-
associated fibroblasts (CAFs) measured using Cohen’s d (286). The canonical
thresholds for small, medium, large, very large and huge effect sizes are also

plotted.

and veq are both greater in 5SA mutants CAFs and NFs than in WT CAFs
strongly suggests that the Hippo pathway must still, to some extent, remain
active in CAFs, even if it is diminished, otherwise the 5SA mutation would
have no effect in CAFs.

Inverse to the 5SA mutant, the S94A mutation decreases Weq and veq in
both CAFs and NFs. In CAPFs, the reduction in Weq is huge. There is also a
very large reduction in veq, driven by a loss of bond stability, or equivalently
an increase in k~ (figure ). In NFs there is an appreciable reduction in
Ueq driven by a loss of binding stability, but this effect is far more moderate
(figure [34D). The S94A mutation does not ‘revert’ the nuclear YAP concen-
tration of a CAF to that of a NF; in S94A mutant CAFs Weq and veq are even
lower than in WT NFs (figure ). These facts, taken together, imply that
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YAP undergoes some TEAD-mediated interactions with chromatin in NFs,
otherwise the S94A mutation would have no effect in NFs.

Our results suggest that YAP undergoes some TEAD-independent inter-
actions with chromatin, which are perhaps unrelated to its function as an
oncogene, as approximately 40 — 50% of S94A YAP is bound to chromatin
at equilibrium. It is conceivable that the parameter fitting overestimates veq,
but this is unlikely because it produced an estimate of veq ~ 0 for EGFP
and there is no reason to believe that it would be incapable of doing so for
YAP. The fact that the S94A causes a greater reduction of Weq and veq in
CAFs suggests that the TEAD-independent interactions between YAP and
chromatin are favoured in NFs (figure [33D). If these TEAD-independent
interactions do not lead to the activation of tumorigenic genes, that may

explain part of the difference between the NF and CAF phenotypes.

4.7 EVALUATING MODEL LIMITATIONS

Naturally the FRAP model which we have used throughout this chapter has
limitations. Most notably, we have simplified the complicated dynamics of
a protein in the living cell to a set of simple reaction-diffusion equations.
Of course, some degree of simplification is inevitable, as the greater the
intricacy of the model, the higher its computational cost, and the greater the
risk of over-fitting empirical data. Other limitations include our assumption
of negligible protein transfer between the nucleus and the cytoplasm, and
our assumption of negligible cell motion during the experiment. In this

section, we show that both of these conditions approximately hold.

4.7.1  Transfer of protein across the nuclear membrane.

The FRAP model assumes that there is no transfer of protein between be-

tween the nucleus and the cytoplasm. This assumption is obviously unre-
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4.7 EVALUATING MODEL LIMITATIONS

alistic; however, given the data provided to us, including the cytoplasm in
the model would have been difficult. The laser microscope was centred on
the nucleus of each cell under investigation and was zoomed in so far that,
for many cells, very little of the cytoplasm is visible in the recordings (this
is particularly clear in figures and [31] for example). As a result, a
FRAP model involving the cytoplasm would be largely unempirical, as the

full geometry of the cytoplasm is unknown in most cases.
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Figure 36: Average relative decline in intensity (due to the decline in the concentration of
fluorescent YAP) in the cytoplasm of a sample of fibroblasts. Calculated using

FLIP data from a sample of 24 NFs and 23 CAFs.

The model can nevertheless be considered reliable if the mass of protein
exchanged between the nucleus and cytoplasm is relatively small on the
time scale of the experiment. We can use fluorescence loss in photobleach-
ing (FLIP) data to investigate whether this is the case. FLIP is a fluorescence
microscopy technique which we will discuss in detail in chapter 5} For the
purposes of this section, it is sufficient to note that FLIP experiments re-
quire the imaging of entire cells, and that FLIP data can therefore be used

to investigate the transfer of protein across the nuclear membrane.
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4.7 EVALUATING MODEL LIMITATIONS

For our FRAP and FLIP data, bleaching takes place in the nucleus, creat-
ing a net transfer of fluorescent protein into the nucleus from the cytoplasm.
The rate of decline of fluorescent protein concentration in the cytoplasm is
therefore a measure of the degree of continuity between the two compart-
ments. In figure 36| we plot the normalised concentration of YAP in the
cytoplasm averaged across 24 NFs and 23 CAFs. For both cell phenotypes,
the cytoplasmic YAP concentration remains above 95% of its initial value
on the time scale of a FRAP experiment (approximately 15 s for YAP). This
justifies our assumption that protein transfer between the nucleus and cyto-

plasm is negligible in FRAP.

4.7.2  Cell motion

The cells under investigation are not fixed and static, yet we have assumed
that they experience negligible motion in the course of the FRAP experi-
ments. We investigated the extent of cell motion in FRAP using the method-

ology described in section chapter [5s} For each FRAP experiment, we
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Figure 37: Average straight line distance (norm of the displacement) of cell nuclei from
their positions at the beginning of the FRAP bleach phase. For reference, hor-
izontal dashed lines represent integer multiples of the length scale of a single

pixel (0.176 um).
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tracked the motion of the nucleus relative to its position at the start of the
bleach phase, measured the straight line distance (i.e. the Euclidean norm
of the displacement) of the nucleus from its original position, and then cal-
culated the population average.

The average displacement of NFs and CAFs is plotted against time in
tigure Results show that, while there was some degree of motion, it
was generally small; equivalent to less than one pixel for NFs and less than
two pixels for CAFs. We conclude that cell motion can be safely ignored in

FRAP for our purposes.

4.8 CHAPTER SUMMARY

In this chapter we implemented a numerical FRAP model. We used a stan-
dard two-species mathematical FRAP model which incorporates diffusion
and binding kinetics. Our method utilised an empirically derived model
of the laser profile required to simulate the bleaching phase of the FRAP
experiment, and also incorporated unintentional passive bleaching caused
by the imaging laser during the recovery phase. Our method can be readily
applied to almost any two-dimensional cellular geometry.

We applied the fitting method to empirical data obtained from two dif-
ferent fibroblast phenotypes: normal and cancer-associated. Two proteins
were studied, YAP and TEAD. In addition to wild type YAP, two mutant
variants, 5SA YAP and S94A YAP, were also studied. We found that there
is greater localisation of YAP to the nuclei of cancer-associated fibroblasts
than normal fibroblasts, although the proportion of YAP molecules bound to
chromatin are similar in both phenotypes. Additionally, the 55A mutation
strongly increases YAP localisation to the nucleus and the affinity between
YAP and chromatin. Inversely, the S94A mutation strongly decreases YAP
localisation to the nucleus and the affinity of YAP and chromatin, especially

in cancer-associated fibroblasts.
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Recall that 5SA YAP is resistant to phosphorylation by the Hippo sig-
nalling pathway and is highly tumorigenic, and that S94A YAP is incapable
of interacting with TEAD. Given that relevant background, knowing little

else about YAP, our results adequately demonstrate that:

e YAP localisation to the nucleus and the total concentration of YAP
bound to chromatin are much greater in CAFs, suggesting that YAP
has a role in creating the CAF phenotype.

e The Hippo signalling pathway reduces YAP localisation to the nucleus

(hence, activation of YAP target genes).

e Some of the interactions between YAP and chromatin are mediated by

TEAD.

Of course, YAP is a thoroughly studied protein and these results are well-
established. This being this case, the fact that our results agree strongly
with the existing literature is an encouraging validation of our method of
analysis.

We also found (non-dispositive) evidence that the Hippo pathway re-
mains active in cancer-associated fibroblasts and that YAP has some TEAD-
mediated interactions with chromatin even normal fibroblasts. We proposed
that YAP undergoes multiple different kinds of interactions with chromatin
which are independent of TEAD and that these reactions are prioritised in
normal fibroblasts. We found that almost all available TEAD in a cell will
be bound to chromatin at any given time and that TEAD molecules has a
long dwell time on chromatin. Furthermore, we found no evidence of signif-
icant differences between TEAD in normal fibroblasts and cancer-associated
fibroblasts, suggesting that disregulation of TEAD is not a significant factor

in the formation of CAFs.
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FLUORESCENCE LOSS IN PHOTOBLEACHING

The focus of this thesis so far has been fluorescence recovery after photo-
bleaching (FRAP). In this chapter, we turn our attention to a different fluo-
rescence microscopy technique: fluorescence loss in photobleaching (FLIP),
which is often used in conjunction with FRAP [141-143]. In FRAP, a tar-
get region of interest within a cell is photobleached once by exposure to
high intensity laser light, then the return to equilibrium is observed. In
FLIP, by contrast, a target region is photobleached repeatedly, and the loss
of fluorescence in a separate reporting region located elsewhere in the cell
is monitored [141}|144}/145]. In this way, FLIP can be used to determine the
continuity between organelles or cellular compartments [21}144,146].

Figure 38| displays an example of raw FLIP data which has been pro-
vided to us by the tumour cell biology laboratory at the Crick Institute. The
bleaching laser is focused on a point within the nucleus of a chosen cell
(indicated by the red x). Repeated photobleaching causes a loss of fluo-
rescence intensity within the nucleus. Shuttling between the nucleus and
cytoplasm creates a net transport of unbleached fluorescent molecules into
the nucleus, reducing the intensity in the cytoplasm. The shorter the delay
between the loss of fluorescence in the two compartments, the greater the
rate of exchange of protein between them.

We begin this chapter in section [5.1] by posing a FLIP model. This model
is an extension of the system of partial differential equations (PDEs) used

to model FRAP in previous chapters to include two cellular compartments
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Figure 38: Raw FLIP data. (A-D) Frames from a recording taken with a scanning confocal
laser microscope during a FLIP experiment. The bottom left corner of the
square bleach region is marked with a red x. (E) average fluorescence intensity

across the nucleus and cytoplasm of the cell under investigation over time.

and coupling between them. In section [5.2l we will carry out an asymptotic
analysis of the FLIP model in the limiting case where transfer of protein
between compartments is much slower than the redistribution of protein
within compartments. We will rigorously demonstrate that the model re-

duces to a system of ordinary differential equations (ODEs) in this scenario.
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We have also developed a finite element simulation of the full FLIP model
which we will explain in section We have been provided with FLIP
data on yes-associated protein (YAP), for cancer-associated and normal fi-
broblasts. In section [5.4] we will fit both the ODE and the PDE models to

empirical data to obtain information about YAP regulation in fibroblasts.

5.1 FLIP MODEL

To begin, it is necessary to formulate a model which is appropriate for yes-
associated protein (YAP) data with which we have been supplied. First,
suppose the cell is divided into two compartments; the nucleus and the
cytoplasm. Let the set Q, C R“ denote the nucleus and Q. C R? the
cytoplasm (d = 2,3), with dQ),, and 9} being their respective boundaries.
We model the nuclear membrane, which separates the two compartments,
as a curve (in two dimensions) or a surface (in three dimensions), denoted
by I'. Note that (), N9}, = I'. We also allow for internal impenetrable
regions within the compartments (for example, nucleoli inside the nucleus).
See figure [39|for a schematic representation of this breakdown of the cell. A
suspected nucleolus is represented by a hole in the nucleus.

YAP interacts with chromatin in the nucleus to form a complex, just as in
chapter [g In the cytoplasm, YAP interacts with regulatory proteins which
may anchor YAP molecules in the cytoplasm [300}301]. We model YAP
transport within each compartment with a pair of reaction-diffusion equa-
tions. Naturally, the flux of YAP into and out of impenetrable cellular struc-
tures is 0, as is the flux of YAP across the cell membrane. Some recent
quantitative FLIP studies (for example [152]) have modelled the boundary
between cellular compartments as a partially-permeable membrane. How-
ever, the nuclear membrane is impassable large molecules, which must be
translocated across nuclear pores via active transport [298]. This transport
is bi-directional, so proteins can be selectively added to or removed from

the nucleus [299]]. It is known that YAP nucleocytoplasmic shuttling is an
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Figure 39: A sketch of a cell broken into two regions; the nucleus ,{},;, and the cytoplasm,
Q. Solid lines denote impermeable boundaries, while the dashed line, T,

denotes the permeable membrane separating the nucleus and cytoplasm.

active transport process [302]]. Because shuttling is an active, rather than a
passive process, it is possible for there to exist a concentration gradient of
unbound protein across the nuclear membrane at equilibrium.

We assume that protein transport in the nucleus is governed by the fol-

lowing system of equations,

St = =k uy + kv, + Dy, V2uy — al(x, t)uy,
(287)
aait” = kfuy — k;; vy + Dy, V20, — al(x, 1)y,

where u, is the concentration of unbound protein and v, is the concentra-

tion of bound protein in the nucleus, and u. and v, are respectively the
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concentrations of unbound and bound protein in the cytoplasm. Likewise,

the cytoplasm equations are

|QJ

utc — _kz’_uc + kc_vc + Ducvzuc,

Q|

(288)

(5]

U __ — 2
tC —_— kjuc - kC UC + DZ)CV UC'

Q)|

The two systems of equations, (287) and (288), are coupled at the nuclear

membrane, I', by the Robin boundary conditions
Ducvzuc il ’F: koutn — kintic, (289)

and
Du, Vit - i |r= Kintte — Koutttn. (290)
The boundary conditions, and (290), are intended to model the
asymmetric shuttling of protein between the nucleus and cytoplasm by ac-
tive transport. These boundary conditions may be contrasted with the ho-
mogeneous Neumann boundary conditions assumed for the FRAP model in
chapter 4 As we saw in section the duration of the FRAP experiment
is so short that protein transport across the nuclear membrane is effectively
negligible, but this is not the case for FLIP. In the special case kin = kout
the boundary conditions coincide with a passive transport model. Finally,
the homogeneous Neumann conditions imposed on the rest of the compart-

ment boundaries,

Vu, - fi |aQn\r: 0, Vo, -flyn,=0, (291)
and

Ve -fi [5o.r=0, Voc-fi[0,=0, (292)

close the model for given initial conditions. It is also helpful to define the

total fluorescent protein concentration in each compartment,
Wn (X, 1) = uy(x,t) +op(x, 1), we(x,t) =uc(x,t) +vc(x,t). (293)

The quantity f, is the fraction of protein which is freely diffusing, or

unbound, inside the nucleus at equilibrium. It is given by

—
fn ;

= m/ (294)
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and likewise for the cytoplasm,
ke

= m (295)

fe

5.2 ASYMPTOTIC ANALYSIS OF THE FLIP MODEL

Having posed the FLIP model, we will now consider an asymptotic limit in
which the model reduces to a system of ordinary differential equations. Let
[x] denote units of length, [f] denote units of time. Given that

]2

B
[D”n]_ [t] ’ [V n ] [x];

from the boundary condition (297), we can infer that

o) = lhnt] = 5.

Hence we can make the substitution,
X = Lnx/, t — Lnt//kln,

where x' and # are dimensionless variables. The length scale, L;, is the

diameter of the nucleus
Ly = sup{|x —yll[x,y € Qn}.

Under this substitution, (287) becomes

. _ D
—Izlz ag‘t” = —kfu, +k, v, + 7 V"2u, — aluy,
” (296)
kin _ D
oG8 = kyun —kyon + N3 V20, — alvy,.

Likewise, the Robin boundary condition becomes

Du, o1 A
L “V'u,-fi |F: kintte — koutUy. (297)
n
Rearranging gives
kiL D

852” = 7< - (_un + Knvn) + L. ”Ln vlzun - “,f.L” Un,

m mtn m (298)
o, __ k+Ln Dy 12 alL
=k (Uy — Kn0p) + 1 0n V' vy — oy,
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with the boundary condition

kinLn

Vi - |F— D (uc - pun)/ (299)
Un
where
Dv k, kout
5 — L = n =
n Dun 7 KT’Z kjl_ 7 P kin 7
are all dimensionless parameters. Now, set
kinLn
=D,

and multiply (298) by € to get

+72
e — kily (—ty + x000) + VU, — Auy,
v (300)
kL2
eagt” = Bt 1 (1 — KpOy) + 6, V%0, — Avy,.
Boundary condition (299)) becomes
Viuy - [r= €(ue — puy). (301)

Note that the dimensionless parameter A is given by

oILZ L2 1  1p

A= = : =—,
Dy, Dy, «l 7

which is the ratio of the timescale of diffusion across the compartment tp =
L2/ D,, to the time scale of bleaching 7, = 1/(«I). Now, take e — 0, 6, — 0

and A — 0, giving

0= kjuL% (—uy + x,0,) + V7?1,
i (302)
0= [C)unn (un - K”Un)’
and
V'u, - fi ’1": 0. (303)
Adding the two equations in yields
vlzun =0. (304)

Equations (303) and together imply that u, is spatially uniform, such
that u, = u,(t). By equation (302), u, = x,v,, hence

"
vu(t) = u:lc—ff) = Z—”un(t). (305)
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Recalling that w, = u, + vy, fu = k;/(k; + k) and b, = 1 — f,,, it
follows that

Uy = fnwn/ Uy = bywy.

By adding the pair of equations in system (287), we get

0
E(un +oy) = Dunvzu,1 + Dvnvzvn —al(uy +vp), (306)

which can be integrated to give,

d

/ —(wc)dV:/ DuCVZquV+/ DUCVZUCdV—/ alw.dV. (307)
0, ot Q. Q. Q.

By the divergence theorem,

4 / (wy)dV = }’{ Dy Vi, - fdS + f Dy, Vo, - fdS — /Q alw,dV.
. O, (O n

dt Jo
(308)
The surface integrals in can be replaced using the boundary conditions

(297, .

I /Qn(wn)dV = ﬁ(koutun — kinty)dS — /Qn xlw,dV. (309)

If we were to take the limit kj,L./D,. — 0, we would find, through a

derivation which is essentially identical to the one we have just seen, that
ue = fewe(t). In this case, would yield,

dw,

W‘QJ = |F‘ (koutun - kinuc) - ﬁwc/ (310)

where
(@) —_/ dV, r —_j{ds, lBt —_/ ol X,td[/.
| C| . | | T () . ( )

Equivalently,

dw
(oM dtn = |T'| (kinfewe — Kout fnwn) — Bwn, (311)
and
dw
|Qc|_c = |r| (koutfnwn - kinfcwc) ’ (312)
dt
which can be rewritten as
dwe  |Qq| (T 1N
ar |Qc| |Qn‘koutfnwn mkmfcwc ’ (313)
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and
dw, IT| IT| B
= —kinfew. — =k Wy — T~ Wn. 1
dt || infe e Q| outfnn Q" (314)

In summary, we are left with the system of linear ODEs

dw
I = v (ToutWn — FinWe),

. (315)
Czﬁn = (7’inwc - 7'ou’cwn) - ,Bwn/

where

r Q
rs = |(|)7|1|’ Tout = rSkoutfn/ Tin = rskinfC/ ry = ||Qzl|| .

Note that the pre-experiment steady state gives a constraint on 7oyt and riy,

o o wC(O)
ToutWn (0) = rinwc(0), Four = rm—wn 0)

By setting
i ‘r|kinfc — |1—"k0utfn
mn ‘QC ’ / out ‘Qn ‘ ’

we can rewrite (315), to get

dw, / ! !
T = "inWe — ToutWn — B'wn,

(316)

G = ToutWn — i We,

where W,,=|Q,|w, and W, = |Q.|w,.. The ODE model has appeared in
previous quantitative FRAP studies [148}149]. Fitting to data certainly
reveals information about the aggregate rate of transport between compart-
ments, but not about the individual factors which affect protein transport;
binding (fy,fc), cross-membrane flux (kin, kout) and cell geometry (|T|, [Q],
|Q)|). Given complete information about a cell, ||, |Q},| and || may be
known. However, in practice we are often only supplied with a two dimen-
sional image of a cell when we technically require information about its
three dimensional structure. Given the form of equation (315), the volume
ratio of cellular compartments, ry is a parameter which can be inferred by
model fitting, yet it remains to estimate the surface area to volume ratio of
the nucleus, rs. Once this is done, we can estimate the flux parameters, ki,
and kout, as long as we have estimates of f, and f., which can either be ob-
tained by FRAP experiments or by simulating the PDE model numerically
(see section [5.3).
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5.2.1 Nucleus shape and the surface area to volume ratio

Even if we cannot observe the three dimensional structure of the nucleus, we
can estimate its surface-area-to-volume ratio, rg, under certain assumptions
about its shape. Most cell nuclei are approximately spherical or ellipsoidal
[303]. If we assume that the nucleus is spherical, we can fit a circle to the
nuclear boundary as it appears in the raw data. Then, assuming that the

best-fit radius, R, is the radius of the nucleus, we have

3
rs (sphere) = >. (317)

Alternatively, we can suppose the nucleus is an ellipsoid with principal
semi-axes of length a, b and c, and fit an ellipse to the image of nuclear
boundary. Let 4 and b be the lengths of the semi-major and semi-minor
axes of the best-fit ellipse respectively (hence a > b necessarily). This leaves
c as an unknown. However, we might assume that ¢ would be of similar
scale to 4 and b. We therefore split the elliptical model into two limiting
sub-cases: ¢ = a and ¢ = b. In either case, the surface-area-to-volume ratio

can be approximated by

rs (ellipsoid) ~ (318)

3 ((ab)P + (ac)? + (bc)p)%
abc 3 ’
where p = 1.6.

We can also assume (rather unrealistically) that the cell is two dimen-
sional, in which case |I'| and |Q),| (hence rg) can be computed directly.

We computed rg for the average NF and CAF under these various as-
sumptions (table [5.2.1). The different three dimensional nucleus models
give fairly consistent estimates of rg for both CAFs and NFs, only the two
dimensional model significantly differs. This is reassuring as it indicates
that rg is quite robustly estimable, even if the full geometry of the nucleus
is unknown.

Figure [40] illustrates an example of ODE model fitting to data. Figure
indicates that the ODE model approximates this particular cell
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Figure 40: (A) Fit of the ODE model to empirical NF data. (B) The residual sum of
square errors between NF data and the ODE model for varying values of ry
and 7in. (C) Two dimensional image of a NF nuclear membrane fitted with an

ellipse and a circle.

reasonably well, while the plot of the residual sum of square errors in [40B
suggests that the fit of i, and ry is unique. Figure [4olC gives an example of
titting the circular and elliptical nucleus models to empirical data. The el-
liptical model clearly follows the data much more closely. Notwithstanding,
the spherical nucleus model will be used for the remainder of this chapter,
since the estimates of rs do not vary substantially between different models,

and it eliminates the need to introduce the additional unknown, c.
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Ellipsoid (c = b) | Spherical | Ellipsoid (¢ =a) | 2D

NF 0.4528 0.4075 0.4011 0.2865
CAF 0.3563 0.3308 0.3261 0.2281

Table 10: Average surface-area-to-volume ratios calculated from a sample of 24 real NFs
and CAFs under four different modelling assumptions: the spherical model
(317), the ellipsoidal model for two different assumptions about the un-
known semi-axis length ¢, and the two dimensional model. The differences
between CAFs and NFs are caused by the fact that CAFs are significantly larger

cells with larger nuclei.

5.3 NUMERICAL SIMULATION OF THE FLIP MODEL

In this section, we explain, with reference to an example, the process we
used to simulate FLIP experiments numerically. Following the example
of previous quantitative FLIP studies [151,[152], we used a finite element
method which we implemented in MATLAB. To begin, it is obviously nec-
essary to identify, from an image of a cell, the nucleus and the cytoplasm.
Fortunately, to this end we can employ precisely the same method used to

identify cell nuclei described in chapter

5.3.1 Compensating for cell motion

FLIP experiments typically take considerably longer than FRAP. The experi-
ments analysed in this chapter had a duration of approximately 300 seconds.
Because the cells under investigation are motile, they can move appreciably
in the course of a FLIP experiment. It is necessary to make adjustments to
the data which compensate for cellular motion, or else it will be a source of
error when attempting to fit the numerical model. Figure |41] features four

images of a target cell which are taken 100 seconds apart. It is clear that,
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Figure 41: (A-D) Four images of the target cell in a FLIP experiment. The original posi-

tions of the nuclear membrane and the external cell membrane are also plotted.

The cell drifts further from its original position as the experiment proceeds.
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by the end of the experiment, the nucleus and cytoplasm of the cell are not

aligned with their original positions at the start of the experiment.

A -t =300s B - t = 300s translated
120 120
100 100
Y 80
~
>
60 60
Nucleus boundary
40 40 — — — Cell boundary
0 20 40 60 80 0 20 40 60 80
x [/pm z [pm
C
2 T T T T T

r displacement

y displacement

Displacement /um
o

) I I I I I
0 50 100 150 200 250 300
Time /s

Figure 42: (A) The position of the cell 300 seconds after the beginning of the experiment.
(B) The translated image of the cell 300 seconds after the beginning of the
experiment. The nucleus is now realigned with its original position at the
start of the experiment. (C) A plot of the x and y cell displacements, x;(t) and

y4(t), against time.

The motion tracking problem is complicated somewhat by two factors.
First, the recording of the cell is noisy. Secondly, the image of the cell be-
comes incrementally darker in each cell due to photobleaching. We found
that an effective method is to established a map which translates the empir-

ical fluorescence intensity profile, w(x,y,t) by (x4,v4). In this way, we are
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5.3 NUMERICAL SIMULATION OF THE FLIP MODEL

left with an optimisation problem: at each time point, ¢, for which we have
data: find x; and y; which minimise the objective function,

2
dxdy,

Pr(xa,¥a) = /

[ wx + x4,y + ya, t) w(x,vy,0)
Qp

Ja, wex + x4,y +ya, t)dxdy a Ja, w(x,y,0)dxdy
(319)

Note that this definition of ¢ compensates for the loss of fluorescence in-
tensity over time.

Figure 42| contains images of the target cell before and after translation.
After translation, the nucleus is realigned with its original position. How-
ever, the entire cell is not quite perfectly aligned since it is a non-rigid struc-
ture and it has deformed during the experiment. Nevertheless, the defor-
mation is rather slight and the translation is certainly an improvement over

nothing.

5.3.2 The bleaching laser

As the target cell moves, the position of the bleaching laser will move rel-
ative to the cell. This dynamic laser is a feature we have built into our
numerical FLIP model. Unlike the FRAP experiments featured in chapter 4]
the laser profile used in the FLIP experiments was a 1.848 pum x 1.848 um
square box. Regrettably we were unable to determine the laser profile em-
pirically as we did in chapter |4.3] with H2B, due to a lack of data. Instead,

we assumed that the laser intensity to be a square step function,

I t) = Lif x € [xpi(t), xp1(t) + Ax] O [ypi(t), yoi (t) + Ayl, (320)

0 otherwise,

where Ax = Ay = 1.848 um, with (xp(t), ypi(t)) being the bottom left cor-
ner of the square at time t. Having already determined the translation

which restores the cell nucleus to its original position, (x;(t),y4(t)), we

have (xp1(t), yp1(t)) = (xp1(0) + x4(t), yb1(0) + ya(t)).
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A -t=0s B -t=100s
90 90
g 88 = 88
3 3
~ ~
> 86 = 86
84 84
30 35 30 35
T /pm T /pm
C - t/: 200s D - t/: 300s
90 90
g 88 = 88
3 3
~ ~
> 86 > 86
84 84
30 35 30 35
x [pm x [pm
E - Relative laser displacement
2 T T T T T
g
SRl [ m
=
- / :
2 \
2
% -1F z position \ N
A y position
) 1 1 1 1 1 \_
0 50 100 150 200 250 300
Time /s

Figure 43: (A-D) Set of mesh points, B (322), embedded within an unstructured mesh.
The position of the laser at the indicated time is marked by a red square.
(E) A plot of the x and y coordinates of the laser displacement, (£p(t) —
2p1(0), Jp1(t) — Jp1(0)), interpolated onto the grid G.

The square step function laser profile cannot readily be approximated on
a general unstructured mesh, so we must be careful to include within the
simulation mesh a set of points, B, which are appropriate for the square
laser geometry. Define,
Ax Ay

oy = 1/

ox = ,
nx_l 1’1]/—

for some ny,n, € IN. Then define the set of rectangular grid points,

G = {(x1(0) + 6%,y (0) + joy) i, j € Z}.
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5.3 NUMERICAL SIMULATION OF THE FLIP MODEL

We interpolate (xp}, yp;) onto the grid G, letting (%,1(¢), p1(f)) € G be the

interpolations. Now define,

B(t) = {(Ru1(t) + 10, () + joy)[i € {0,1, ., mx =1}, j € {0, 1,...,ny = 1}},
(321)
which is the set of mesh points covered by the laser at time t. Finally, define

B as the union of the sets B(t) at each discrete time point in the simulation,

B=J B(t). (322)
k=1

As indicated in figure 43, the relative motion of the laser is modelled as a

series of discrete jumps between mesh points.

5.3.3 The simulation mesh

Separate meshes are generated for the nucleus and the cytoplasm. We be-
gin by generating a set, I', of evenly spaced points which lie along the curve,
I', that separates the cytoplasm from the nucleus. It is essential that the
elements of " are contained within both (), and ). since there must be ex-
change of protein between the two compartments on their shared boundary.
We also generate 9}, \ T, which is the set of points lying along the closed
curves at the boundary of the nucleoli, contained within the nucleus. The
set of points, B, is also added to the mesh.

Turning our attention to the cytoplasm mesh, as well as I' we add 9Q), \ T’
which is a set of evenly spaced points lying along the exterior boundary
of the cell (the cell membrane). Having specified the points which must
be including, mesh generation is completed using a constrained Delaunay
triangulation with the meshad MATLAB function [304]. See figure |44/ for an

example mesh.

184
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Impermeable boundary

= = =Partially permeable membrane

Original laser position

Figure 44: A mesh generated from NF data.
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5.3 NUMERICAL SIMULATION OF THE FLIP MODEL

5.3.4 Finite element matrices

Having assembled the mesh, the next stage is to reduce the PDE model to a
‘semi-discrete” approximation. Consider the equation,

ou
a_tn = —ktuy + kv, + Dy, Vi, (323)
The first step of the finite element method is to multiply by an arbitrary
function, b(x), and integrate over (),

duy,
q ot

bdV = —k / unbdV + ko / 0,bdV + / Dy VZu,bdV.  (324)
0 0 0
By Green’s first identity, it follows that

/ DuV2unbdV = ¢ b(Dy, Vit - 2)dS — / Dy, Vi, - VbdV,  (325)
QO (@)

o0

hence
7§ b(Dy, Vity - £)dS = f b(Dy, Vit -7)dS = f b(kintte — Koutitn)dS. (326)
Q r r
At this stage, we make the substitution
p p
X, t) = Zunj(t)bj(x), vn(x,t) = Zvnj(t)bj(x), (327)
j=1 j=1
from which it follows that

/Qun(tx x)dV = /Zun] x)dV = Zun] /ij(x)b,-(x)dV,

j=
(328)

and
4
/Q Vun(t,x)-Vbi(x)dV:];unj(t) /Q Vbi(x) - VBi(x)dV.  (329)

Now we turn our attention to the surface integral,

P
# i) (ds = Ym0 #.5,0ds, (330)
which becomes
P
# bixu(1)ds = L0 # 50t (x)ds. (331)
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5.3 NUMERICAL SIMULATION OF THE FLIP MODEL

If we also make the substitution
q q
uc(x, t) = Z ucjr(H)bjr(x), ve(x,t) = Z Onjr (£)byr (x), (332)
j'=1 j'=1
we get
q
ﬁbi(x)uc(t)dS = Z ucjr(t) qu_bi(x)bj/(x)ds. (333)
j'=1

For clarity, we will always use i and j to denote indices in the nucleus mesh
and 7’ and j’ to denote indices in the cytoplasm mesh. At this stage, we can

define the vectors,
T T
u, = (unll---/ ui’lp) ;r Vn = (Ui’ll/---/ Uﬂp) ’

and

Uc = (uCl/'“/ ucq)T/ Ve = (UC1/"'I ch)T/

which enables us to reduce to the semi-discrete approximation

Mmply, = _k:{mnun + k;mnvn + Dun lhay, + kin‘,bcuc - kout(f)nun/ (334)

where we have used identities (328), (329), (331) and (333). The matrices m,,

s, ¢n and ¢, are defined as follows,

() = [ bi(x)b(0dV, (335)
() == [ Vbi(x)- Vbi(xdV, (336)
(4 = 00,0, 637)
which are all p x p matrices, and
(¢l = . b0y (x)as, (339)
which is a p x g matrix. Next we consider the simplified system
duy,
= (0 t) = —al(x Hu(xt). (339)
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Using identity (328) we get

duy, B
/Q S (x, )b (x)dV = /Q I(x, Du(x, )b(x)dV. (340)
We also make the substitution,
P
I(x, thu(x,t) = ) L(t)u;(t)b;(x), (341)
=1
so that becomes

P p
];ﬂj(t) /Qn bz(x)b](x)dV: —IX]; I](t)u](t)/ﬂbz(x)b](X)dV, (342)

which can be re-written as

The matrix Z(t) is defined as

L(t)ifi=]j
] 7

Z(t) = (344)
0 otherwise,

where

1 if Xj € B(t),
i(t) = (345)
0 otherwise.

Set B is defined in equation (321)), the set of mesh points which are covered
by the laser at time t.
Having considered the simplified equations and (339), the full FLIP

model can be reduced to the semi-discrete approximation,

y
My, = _k:mnun + k;mnvn + Dunlnun + kin(Pcuc - kout(Pnun - “I(t)mnun;

mnv;/l - k;l‘rmnun - k;mnv” + Dvnlnun - “I(t)mnun,

. — / /
mele = _kj—mcuc + kc MeVe + Duclcuc + kout¢nun - kin(PcuC/

mcvc = kg»mcuc - k;mcvc + D'Uclcuc.
(346)

The remaining matrices are defined by

(me)jj = /Q bir(x)by (x)dV, (347)
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() = — /Q Vb (x) - Vb (x)dV, (348)
()5 = 000,04, (349)

and
(#0)i = b (0by (x)ds. (350)

It remains to decide on a set of basis function b;(x), i = 1, ..., p and by (x),
i'=1,.. g. We choose piece-wise linear functions satisfying,
1if x = x;,
bi(x) = (351)
0if x =xj,j # 1,
where x; and x; are mesh points. All the matrices in equation are then
sparse, since (11,);; = 0 if x; and x; are not adjacent, and likewise for all

other matrices.

5.3.5 Example simulations

In this section we include two example simulations of the FLIP model. In
simulation 1, parameters have been chosen which ensure that the timescale
of exchange of protein between cellular compartments is significantly greater
than the timescale of protein redistribution within compartments. This con-
dition theoretically ensures the validity of the ODE approximation (315).
As the analysis of section [5.2) would predict, the distribution of fluorescent
protein remains approximately uniform across both cellular compartments
(figure [45).

Simulation 2 is intended to contrast simulation 1, the simulation param-
eters being chosen so that the ODE model ought not to be applicable. The
loss in fluorescence intensity is localised to the bleach region and that part

of the cytoplasm which is closest to the nucleus (figure [46).
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Figure 45: (A-D) Snapshots from a finite element FLIP simulation taken at the indi-

= 03Jm 2572, kin = 021ums™!, kow = 03ums™!, k; = k} = 1s71,
ki =043s"1, k} = 0.62s7!

cated times. The simulation parameters were D,, = D, = 40um?s~!

As expected, the ODE model is a good approximation to simulation
1, but not simulation 2 (figure . In particular, the ODE model overesti-
mates the rate of loss of intensity in the cytoplasm, while underestimating
intensity loss in the nucleus, which indicates that the ODE model overes-

timates the continuity between the two compartments. This is just as we
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Figure 46: (A-D) Snapshots from a finite element FLIP simulation taken at the indicated

times. The simulation parameters were D, = D,,, = 1ym2s’1, a=>5 ]m’zs’z,

kin = 6ums™!, kout = 10ums™1, k; =k =157, kf = 1s71, k} = 1.22s71

would predict, as the ODE model assumes that the diffusivity of the protein

within each compartment is not a limiting factor. In simulation 2, intra-

compartmental diffusion is quite slow compared with inter-compartmental

transport, so this assumption does not hold.
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Figure 47: Average fluorescence intensities across the nucleus and cytoplasm against time
taken from finite element FLIP simulations, contrasted with the predictions
of the ODE model (315). The PDE FLIP model was run using (A) the same

parameters as the simulation featured in figure[45)and (B) the same parameters

as in figure @

5.4 METHODOLOGY

We have been supplied with a sample of FLIP data on wild-type YAP in
24 NFs and 23 CAFs. In this section, we outline the methods used to anal-
yse the data, with reference to the previous sections in this chapter, and
present the results. In particular, we are interested in obtaining estimates
of the cross-membrane flux parameters, ki, and kout because these are not
estimable from FRAP data, as we discussed in section [4.7.1} due to the very

limited data amount of data acquired in the cytoplasm.
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First the cell data are normalised to account for unintentional photo-
bleaching caused by the imaging laser. A cell which is not subject to in-
tentional phototbleaching is chosen as an external control. We subtract the
background intensity (i.e. the intensity of a region which contains no cells),
then normalise by the average intensity of the external control cell. We call
the total fluorescence intensity (after normalisation) at point x and time ¢
Wpata (X, £)-

For each cell we manually select two reporting regions, one in the nu-
cleus, ();;r, and one in the cytoplasm ().,. The average intensities across the

reporting regions are

1 1
WyData (f) = m/ﬂ Wpata (X, 1)V, Wepata(t) = m/ﬁ Wpata (X, 1)dV.

Let wy,(t60), wc(t;0) be a solution to the ODE model for a set of

parameter values, 6. Define the objective function, ¢ as

$6) = [ (wnpaa®) — 0a(5:6) Pt + [ (wepa(t) — e (56) .

We then solve a constrained optimisation problem, minimising ¢, yielding
estimates of ri, and 7oy, the total rates of nuclear import and export. We
then calculate the mean radius, R, of the nucleus and determine the surface
area-to-volume ratio, rg, as described in section

Continuing, we carry out a numerical PDE simulation, following section
Let w(x, t) be the total fluorescence intensity at x and ¢ predicted by the
numerical solution of the PDE FLIP model. We define the second objective

function, @space, as follows,

4)71(9) = /OT ‘/Qn(wData(X/ t) - wn(x, t; 9))2dth,

0c6) = [ [ (wpmalx ) — (3, 156) 2V,
(PSpace(@) = (Pn(e) + (PC(G)'

By finding the minimum of ¢space, we are provided with estimates of f

and f; (the fractions of unbound protein at equilibrium in the nucleus and
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cytoplasm respectively). To reduce the degrees of freedom, we set D,,, for
each cell equal to the mean estimate obtained by FRAP in chapter |4 and
set D,. = D,,. These assumptions are unlikely to be a great source of
error, as we have already established that the fast diffusivity coefficient is a
sloppy parameter. Having firmly established with H2B data in section
that D,, = 0, as chromatin is immobile, we also assume that D, = 0. This
assumption enables us to investigate the extent of YAP immobilisation in
the cytoplasm in NFs and CAFs.

By this process we additionally end up with estimates of ki, and kout, but
these are not recorded because the simulation is two dimensional so we

cannot ensure that the estimates are accurate. Instead, we set

Tin __ Tout
—F s Kout = —
rsfc rsfn

using estimates of i, and 7oyt from the ODE model, and estimates of f, and

fc from the PDE model. To establish fully the differences between CAFs

kin -

and NFs we measure several equilibrium constants: the YAP concentration

in the nucleus,
1
N= o [ wpaa(x,0)dV,
’ Qn ’ a, Data( )
the YAP concentration in the cytoplasm,

1
C= o] /Q Wpata(x,0)dV,
C c

and the total mass of YAP across the whole cell

M= /Q Wpata(%,0)dV + /Q Wpata (%, 0)dV.
5.5 RESULTS
YAP is a target of the Hippo tumour suppressing pathway [170]. YAP sup-
pression occurs by a variety of mechanisms: nuclear exclusion, sequestra-

tion in the cytoplasm and degradation [10,[175,176,196]. YAP suppression

can theoretically be measured by parameter estimation with the FLIP model.
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Nuclear exclusion will lower kj,, and/or raise kout, while cytoplasmic seques-
tration will tend to lower f. (in particular, interactions between YAP and
14-3-3 proteins). The FLIP model does not measure protein degradation,
but the total mass of protein in a cell, M, is an indirect measure of the rate
of degradation, as we would expect that M would tend to be lower in cells
with a greater degradation rate. Of course, this is an imperfect measure,
since M is also affected by the rate of protein production by translation. In
this section we will present parameter fitting results and check whether they
are consistent with biological understanding.

The results in this section are grouped into three main tables. Table
includes measurements of equilibrium constants, M, N and C. Tables
and (13| contain parameter estimates obtained via the ODE and PDE models
respectively. The statistical difference (Cohen’s d) in each variable between
CAFs and NFs is calculated and classified (small, medium, large etc.) ac-

cording to canonical classification of effect size [285].

CAF NF
Lower | Mean | Upper || Lower | Mean | Upper d (CAF-NF)

<

297 395 492 217 280 343 +0.6 (medium)

N || o.41 0.46 0.51 0.22 0.25 0.28 +1.99 (huge)

@

0.28 0.32 0.36 0.42 0.48 0.54 || -1.31 (very large)

Table 11: Calculations of the total mass of protein per cell, M, nuclear protein concentra-
tion, N, and cytoplasm protein concentration, C. Lower and upper estimates
are the 95% confident intervals. The rightmost column is Cohen’s d, an effect

size measure of the difference between CAFs and NFs.

We notice that N is much greater in CAFs while C is much greater in
NFs, which is consistent with the sequestration of YAP in cytoplasm in NFs
(table[11). We find that M is moderately greater in CAFs which is consistent
with (though does not prove) a greater rate of YAP degradation in NFs.
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CAF NF
Lower | Mean | Upper || Lower | Mean | Upper d (CAF-NF)
Tin 0.036 | 0.045 | 0.054 || 0.020 | 0.025 | 0.031 +1.16 (large)
Tout 0.025 | 0.031 | 0.036 || 0.038 | 0.048 | 0.058 -1.02 (large)
tin/7s || 0.11 0.14 0.17 0.049 | 0.62 0.75 || +1.46 (very large)
tin/7s || 0.076 | 0.095 | 0.011 || 0.0.096 | 0.12 0.14 -0.52 (medium)

Table 12: Estimates of the aggregate transport rates, 7, and rout, Obtained by fitting the

ODE model to data. Also, the aggregate transport rates normalised by

nucleus surface-area-to-volume ratio, rs. Lower and upper estimates are the

95% confident intervals. The rightmost column is Cohen’s d, an effect size

measure of the difference between CAFs and NFs.

CAF NF
Lower | Mean | Upper || Lower | Mean | Upper | d (CAF-NF)
fn 0.14 0.23 0.39 0.23 0.32 0.41 || -0.43 (medium)
fe 0.32 0.44 0.56 0.23 0.36 0.50 +0.26 (small)
kin | 0.021 | 0.83 1.65 0.14 0.47 0.83 +0.24 (small)
kout | 0.53 0.96 1.38 0.29 1.14 1.98 -0.13 (small)

Table 13: Estimates of the fraction of protein unbound at equilibrium in the nucleus and

cytoplasm, f, and f; respectively, obtained by fitting the PDE model to data.

Also, the cross-membrane flux parameters, ki, and kout which are estimated

as follows. First estimate royt/7s with ODE model fitting (see table , then

set kout = (Tout/1s)/ fn where f, is estimated by PDE model fitting (and like-

wise for rin). Lower and upper estimates are the 95% confident intervals. The

rightmost column is Cohen’s d, an effect size measure of the difference between

CAFs and NFs.

Similarly, ODE model fitting yielded large differences between CAFs and

NFs in terms of the aggregate transport rates, ri, and oyt (table . PDE

model fitting (table|13)) revealed differences which were fully consistent with

biological expectation: f. and kj, were greater in CAFs, while kq,+ was lower
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(fn was also lower in CAFs which suggests greater interaction between YAP
and chromatin).

The effect sizes for each of these differences individually were small to
moderate, which suggests that there is no single dominant regulatory mech-
anism responsible for the cytoplasmic sequestration of YAP in normal fi-
broblasts. Greater YAP degradation, binding with cytoplasmic regulatory
proteins, a reduced rate of nuclear import and a greater rate of export via
nuclear pore complexes all have an individually small, but collectively sig-

nificant, effect.

5.5.1 Concordance between FRAP and FLIP

There is some overlap between the FLIP results in this chapter, and the
FRAP results in chapter |40 Both yield estimates of the unbound protein
fraction in the nucleus, f,. It is appropriate to check if the two different

methods produce consistent results.

FLIP FRAP
Mean | ¢ ||Mean | o d (FLIP-FRAP)
CAF | 0.23 |o0.21 || 0.27 | 0.078 -0.30 (small)
NF 0.32 | 0.22 || 0.30 | 0.14 | +0.096 (very small)

Table 14: Mean estimates of f, obtained by FLIP and FRAP model fitting, as well as the
standard deviation ¢ of the estimates. Effect size calculations, reveal only small

differences between the two methods.

Table 14| contrasts FLIP and FRAP results. It is clear from the smaller stan-
dard deviation in parameter estimates that FRAP gives superior results, but
this is to be expected given the lower temporal resolution of FLIP. Neverthe-
less, we found only statistically small differences between the two methods,

which is an encouraging validation of the FLIP methodology.
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5.6 CHAPTER SUMMARY

In this chapter we began by posing a PDE model of FLIP. This model was
fairly generic and could be applied to a wide variety of proteins. Although
ODE modelling has been applied to FLIP in previous studies, to our knowl-
edge the relevant ODE has never been formally derived as an asymptotic
limit case until now. The formal derivation also enabled us to account for
the transport of protein across the nuclear membrane in three dimensions,
even when only two dimensional imaging data are available. We derived
a new (to our knowledge) finite element FLIP simulation procedure which
can compensate for cellular motion during experiments.

Parameter fitting yielded results which were both consistent with current
biological understanding of YAP and concordant with previous FRAP re-
sults. We found that the sequestration of YAP in the cytoplasm in normal
tibroblasts is the result of a combination of several regulatory mechanisms.
Anchoring by proteins in the cytoplasm, reduced nuclear import, increased
nuclear export, and reduced binding with chromatin all contribute a small
amount to the cytoplasmic sequestration of YAP in NFs. Collectively, they
produce a large effect, with cytoplasmic YAP concentrations being much
greater in NFs and nuclear YAP concentration being much greater in CAFs.

An interesting weakness of the FLIP model is that it cannot distinguish
different states in which the protein of interest has similar mobility. Sup-
pose that the protein binds with another mobile protein in the cytoplasm to
form a complex with diffusivity, D,., where D, ~ D, .. Even though this
complex is part of the bound fraction of protein, it would be detected as part
of the free fraction of protein due to its high mobility. Suppose further that
this protein complex is not translocated to the nucleus. The model assumes
that all free protein molecules in the cytoplasm may be imported into the
nucleus, yet in this case there would be protein molecules which were (er-
roneously) identified as free which were not susceptible to nuclear import.

While the presence of such a highly mobile bound fraction in fact constitutes

198



5.6 CHAPTER SUMMARY

a reduction of f, (relative to a cell which is identical, except that it does not
form these high mobility protein complexes), it would be detected by model
titting as a reduction in the import flux, ki,. This is significant, as we might
assume that ki, and kout are determined by the properties of the nuclear
pore complexes, but this is not entirely true. It must be taken into consider-
ation that the FLIP model does not give a totally accurate characterisation
of a cell, and that information about many different cellular processes may

be compressed into a single model parameter.
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CONCLUSION

Yes-associated protein (YAP) is a potent onctoprotein which promotes malig-
nant behaviour in cancer cells when it is localised to the nucleus [170]. This
thesis was originally motivated by an empirical question: what explains the
elevated nuclear concentration of YAP in cancer-associated fibroblasts? YAP
localisation is proximally regulated by four mechanisms which can be inves-
tigated by FRAP/FLIP: binding reactions in the cytoplasm, nuclear export,
binding reactions in the nucleus and nuclear import. Additionally, YAP is
regulated by proteasomal degradation, although this cannot be investigated
directly by either FRAP or FLIP. This led to the main theoretical question of
the thesis: under what conditions can protein binding kinetics be dissected

quantitatively using FRAP?

6.1 MATHEMATICAL ANALYSIS OF FRAP

The content of chapter |2l was wholly theoretical. We derived a generalisa-
tion of a well-known FRAP asymptotic approximation formula. From this
formula, we explicitly computed the Fisher information matrix and deter-
mined conditions which guarantee viable parameter estimation in conven-
tional (i.e. recovery curve-based) FRAP. We expanded a simplified version of
the asymptotic formula to first order to determine conditions guaranteeing

parameter estimability in pixel-based scanning FRAP.
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Additionally, we considered models of three interacting species and de-
rived new (to our knowledge) approximation formulas in certain limiting
cases. We also found that FRAP could theoretically be used to determine
the order of reaction in three-species systems; the number of exponential
functions required to fit a recovery curve is an indicator of order of reac-

tion.

6.2 NUMERICAL ANALYSIS OF FRAP AND A GENERAL PARAMETER FIT-

TING SCHEME

In chapter [3| we ran in silico FRAP experiments to test the predictions of
chapter [2, finding good agreement. We also found that fitting multiple flu-
orescence recoveries with different bleach region radii reduces parameter
multiplicity in noisy systems. We then proposed a general FRAP fitting
protocol. Each cell is bleached twice and the fluorescence recoveries are
titted with a computational model. Constrained model fits are used to de-
termine the parameter regime of the data. In the rapid equilibration regime
(Dy/(kTr2) > 1) it is possible to estimate all model parameters. Outside
of this regime, it is necessary to run separate experiments to estimate the
diffusivities, D, and D,. Theoretically, it is always possible to determine
the bound fraction of protein at equilibrium, if not the individual reaction

rates.

63 INVESTIGATING YAP WITH FRAP? MODEL FITTING

We implemented a pixel-based finite difference numerical model of FRAP
in the cell nucleus (chapter [4). This model allowed for inhomogeneous dis-
tribution of binding sites, and time dependent photobleaching which might
be caused by laser intensity fluctuations. It also benefited from an empirical

bleaching intensity profile derived from the immobile nuclear protein, H2B.
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64 FLUORESCENCE LOSS IN PHOTOBLEACHING

This model was fitted to YAP data from both CAFs and NFs. In addition to
wild type YAP, data on YAP mutants 5SA and S94A were also investigated.
The 5SA mutation causes YAP to resist phosphorylation (hence inhibition)
by the Hippo signalling pathway, while the S94A mutation makes YAP un-
able to bind with TEAD transcription factors. We included, as a control,
data on unassociated enhanced green fluorescent protein, EGFP.

Our expectation was that the bound fraction of YAP would be greater
and/or bonds between YAP and chromatin would be more stable in CAFs
than NFs. We would expect that the S94A mutation would significantly de-
crease the bound fraction of YAP in both CAFs and NFs. The control, EGFP,
is not known to interact with anything in the nuclei of human cells and
so was expected to have a bound fraction of approximately 0. Our results
showed good agreement with all of these predictions. Further, we found
that, although the bound fraction of S94A YAP was reduced relative to wild-
type YAP, it was not reduced to 0, which is evidence of TEAD-independent
interactions with chromatin. We also found that the 5SA mutation boosted
the bound fraction of YAP which we did not expect based on our review
of the YAP literature in chapter [1] (section [1.6). This result implies that
phosphorylation of YAP by Hippo signalling diminishes its affinity with

chromatin.

64 FLUORESCENCE LOSS IN PHOTOBLEACHING

In chapter [5|we turned our attention to FLIP. We developed a finite element
model of FLIP which included internal obstructions within the nucleus, ac-
tive transport across the nuclear membrane, and cell motion during the
experiment. To our knowledge, no previous model has incorporated all of
these features.

We used parameter fitting of our FLIP model to study wild-type YAP
in CAFs and NFs. We expected the nuclear import rate, and bound frac-

tion in the nucleus to be greater in CAFs, and the nuclear export rate and
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bound fraction in the cytoplasm to be greater in NFs. Results were in good

agreement with these expectations.

65 SUMMARY OF EMPIRICAL RESULTS: THE DIFFERENCE BETWEEN

CAFS AND NFS

YAP localisation to the nucleus is influenced by five variables which we are
able to measure: the mobile fraction in the nucleus, f,, the mobile fraction
in the cytoplasm, f., the import and export flux terms, ki, and kout, and the
total cellular mass of YAP, M (this is indirectly a measure of degradation
and production, as a higher rate of degradation will drive down M, while a
higher rate of production will increase it). An advantage of quantification is
that we are able to rank-order these factors by importance. At equilibrium,

the total mass of YAP in the nucleus, N, is given by

kin f crv
— (352)
koutfn + rVkmfc
where ry is the volume ratio of the nucleus to the cytoplasm. We can take

N=M

the mean estimates of f;, kin, kout, M and ry from FLIP data, and f, from
FRAP data (FLIP also provided estimates of f, but the FRAP estimates had
tighter confidence intervals). We computed the value of N for a theoretical
average NF, then switched each parameter value individually to the mean

estimate in CAFs and recorded the proportional change in N.

kin M kout f c f n
Nuclear YAP boost || 64.5% | 41.1% | 32.5% | 20.0% | 9.30%

Table 15: Percentage change in theoretical nuclear YAP mass when switching one param-
eter value from the NF average to the CAF average. The percentages do not
add to 100% because there are diminishing returns on changing two or more

parameter values simultaneously.

Results (table clearly indicate that the import flux, ki, is the single
most important factor distinguishing CAFs from NFs. Recall that ki, is
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boosted by extra-cellular matrix (ECM) tensile forces, which are transmitted
to the nucleus via actomyosin filaments, and open nuclear pore complexes
on the apical surface of the nucleus [247]. Since CAFs remodel the ECM
to boost its rigidity, increasing the tensile force exerted on nearby cells [18],
this result suggests a highly significant role for fibroblasts in boosting YAP

localisation to the nucleus, and hence in the progression of solid tumours.

6.6 POSSIBILITIES FOR FUTURE WORK

The empirical results of chapters |4/ and [5{ could be strengthened with addi-
tional data. For example, only FLIP data on wild type YAP were available,
but it would be interesting to know the rates of nucleocytoplasmic shuttling
for the 55A and S94A mutants also. In particular, since the 5SA mutant
is resistant to phosphorylation by the Hippo pathway, FLIP could be used
to determine what effect Hippo signalling has on the nuclear import and
export of YAP. This is a good example of how quantitative FRAP /FLIP anal-
ysis can lead to qualitative insights about protein regulation.

The mathematical model fitting applied to YAP here could quite read-
ily be applied to other proteins, particularly to proteins which have been
less extensively studied than YAP, which could yield important information
about protein dynamics. This would be also a good opportunity to test the
model fitting protocol proposed in chapter

Indeed, the case for further collaboration between modellers and exper-
imentalists is quite strong generally. Despite the wealth of FRAP models
that have been published, researchers have often been content with expo-
nential formula fitting that gives a general picture of protein mobility, but
not much more [go]. Due to the difficulty of solving even a simple two
species reaction-diffusion equation analytically, proper analysis of binding
kinetics realistically requires numerical methods. Yet numerical methods,
requiring dedicated programming, have had a rather limited impact; one

fairly recent review which was co-authored by a large team of FRAP ex-
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6.6 POSSIBILITIES FOR FUTURE WORK

perts surmised “their use has been and most likely will be limited to very
specific cases” [44]. It is likely that, without direct collaboration between
modellers and researchers, much FRAP data will be under-analysed.
Another more speculative direction for future work would be modelling
of newer experimental techniques, such as optogenetics. Optogenetics is a
technique that has emerged over the past decade which can be used to in-
vestigate protein mobility in live cells. Briefly, a photo-responsive complex
is used to sequester a fluorophore-tagged protein under investigation on the
surface of the mitochondria. Illumination with blue light releases protein
molecules from the mitochondria. Their subsequent spread throughout the
cell, including entry into the nucleus, is observed. Cessation of blue light
illumination leads to re-sequestration on the surface of mitochondria [305].
This process could potentially be modelled by an adaptation of the FLIP
model in chapter |51 The required modifications would include explicit in-
clusion of mitochondria and modelling of the reversible sequestration of

protein on the mitochondrial surface.
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