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Abstract

Imaging through magnetic induction has inherent advantages over rival technologies, in-

cluding being safe, contactless, and capable of both the location and characterisation of

underlying electrical properties. Applications are wide-ranging, varying from geophysical

investigations of the sub-surface, through security screening of baggage, to medical imag-

ing. This research aims to improve the quality of image reconstructions from inversion.

A derived set of magnetic fields use orthogonality to maximise the available informa-

tion. Necessary generalisations of existing forward models then include accounting for

magnetometer measurements and inhomogeneous magnetic fields. Adapted sensitivity

formulations move to a rectangular matrix with scaling computational advantages as im-

age resolution increases. Well suited to augmentation, this also allows the combination

of multiple magnetic profiles into a single inversion. An examination of relevant inverse

theory covers appropriate analysis tools and a library of algorithms. Individually algo-

rithms have varying convergence properties, computational requirements, and regularising

effects, with the specific choice subsequently problem dependent.

An approach to produce a set of the aforementioned magnetic fields with a single modular

system by varying the driving currents is evaluated, alongside a framework to quantita-

tively assess whether a particular profile is a unique component of that set. Various designs

demonstrate the robust nature of the design procedure and the influence of parameters

such as component composition, driving current precision, and the regularisation term.

Finally, an evaluation considers the culmination of the preceding work applied to three-

dimensional inversion in MIT. Increasing the number of spatially unique magnetic fields

leads to a demonstrable improvement in image quality, with significant enhancement

possible using improved orthogonality. Orthogonality also appears to reduce the com-

putational effort required to reach semi-convergence for multiple algorithms, reducing

inversion time. Expanding the number of fields explicitly enables overdetermined prob-

lems to be constructed, which show reduced noise sensitivity as the number of orthogonal

fields increases. This behaviour holds for various, less ideal conductivity distributions,

as well as for low conductivities and higher resolutions. A demonstration also covers the

applicability of numerous novel inversion algorithms and the potential associated with

optimisation.
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Glossary

ART Algebraic Reconstruction Techniques.

CART Column-Action Reconstruction Technique.

CAV Component Averaging.

CG Conjugate Gradient.

CGLS Conjugate Gradient Least Squares.

dGSVD Damped Generalised Singular Value Decomposition.

DROP Diagonally Relaxed Orthogonal Projections.

dSVD Damped Singular Value Decomposition.

EIT Electrical Impedance Tomography.

EM Electromagnetic.

ERT Electrical Resistivity Tomography .

FISTA Fast Iterative Shrinkage-Thresholding Algorithms.

GCV Generalised Cross Validation.

GMRES Generalised Minimal Residual.

GSVD Generalised Singular Value Decomposition.

IRN Iteratively Reweighted Norm.

LR Low-Rank.

MIT Magnetic Induction Tomography.

MRNSD Modified Residual Norm Steepst Descent.

MULTISSIM3 Structural Similarity Index.
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v

NNFCGLS Non-Negative Flexible Conjugate Gradient Least Squares.

OPM Optically Pumped Magnetometer.

RMS Root Mean Squared.

RMSLE Root Mean Squared Logarithmic Error.

SIRT Simultaneous Iterative Reconstruction Techniques.

SSIM Structural Similarity Index.

SVD Singular Value Decomposition.

TGSVD Truncated Generalised Singular Value Decomposition.

TSVD Truncated Singular Value Decomposition.
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Chapter 1

Introduction

1.1 Tomography and Electromagnetic Imaging

Tomography concerns creating an image of some physical property through any penetra-

tive wave, often but not exclusively achieved using 2D slices. The most popular is probably

X-Ray Tomography - a “CT scan”. Electromagnetic (EM) tomography methods aim to

create images of the passive EM properties present in a region of investigation, where

the dominant response is usually conductivity. Numerous approaches exist, with often

physically identical techniques having varying application-dependent naming conventions.

Prevalent examples would be; Electrical Resistivity Tomography (ERT), a widely used

geophysical technique utilising surface measurements of electrical resistivity responses;

and the mathematically identical Electrical Impedance Tomography (EIT), used for non-

invasive imaging of biological resistivity. The link between geophysical techniques and

their smaller-scale counterparts is a particular source of inspiration in this thesis. Sim-

ply put, this is because geophysical problems are typically harder to solve. They have

a large-scale variable nature, complicated by increased complexity from significant, of-

ten overwhelming[1, 2], and varied noise contributions[3, 4]. Frequently they are massively

underdetermined, meaning there are significantly fewer measurements than resolved pa-

rameters. Robust techniques and meticulous survey design appropriate for a geophysical

problem are therefore highly likely to benefit to smaller-scale problems. A variety of rele-
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2 Chapter 1. Introduction

vant geophysical techniques exist which the reader may investigate using [5, 6, 7, 8], with

combinations often finding practical application in improving image quality[9].

Magnetic Screen/Shield

Excitation Field

σ > 0
Induced Eddy-

Currents

Secondary 
Response 

Field

Figure 1.1: The basic procedure of a MIT investigation.

Magnetic Induction Tomography (MIT) is a contactless electromagnetic imaging process

capable of imaging a complete set of a materials’ passive EM properties: conductivity

(σ), permeability (µ), and permittivity (ϵ)[10]. MIT attempts to image electrical proper-

ties using some variation on a simple physical relationship. An induction system applies

a time-varying primary magnetic field to a region. This interacts with material, inducing

eddy currents and a subsequent secondary magnetic field, dependent on the aforemen-

tioned properties, Figure 1.1. For inversion, a sensitivity formulation is necessary to relate

measurements of the secondary magnetic field to the underlying electrical properties[11, 12].

Numerous naming conventions exist for this technique, including but not limited to: Mu-

tual Inductance Tomography (MIT again), Electromagnetic Topography (EMT), Electro-

magnetic Induction Tomography (EIT) and Eddy-Current Tomography[10, 13, 14].

The simplest conceptually relevant geophysical EM technique is DC electrical resistiv-

ity surveying, discussed in [15, 16, 17], and [18]. A set of electrodes with galvanic contact

induce currents with the resulting potential measured at other electrodes[15]. Knowledge

of the injected current and geometric distribution can be related to apparent resistivity -

a measure of the material resistivity where injection passes through a uniform half-space.
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This value is some average over the region of interrogation, an integrated value depen-

dent on all passive-electrical properties[19], and is a measure relevant to any contactless

EM study. That averaging also increases with measurement distance, limiting feature

resolution[16].

Classical applications rely on four electrodes in an extensive list of application dependent

configurations[15, 20] which have been revolutionised by modern technological developments[21].

This inspires this MIT investigation, with the use of orthogonal spatial excitation[22] and

optimised detection being an established approach to improve image quality.

MIT-based geophysical exploration techniques have two rough categories, frequency do-

main methods which make measurements of the induced magnetic field and the associated

response, and time domain (or transient) methods which make measurements of the de-

cay of the associated response[23]. Frequency Domain systems have physical advantages

over their transient counterparts[24], the most fundamental being greater dynamic range

in the presence of noise[25]. Response contamination in the presence of the primary field

generally restricts investigation depth, whereas transient measurements occur while the

primary field is ‘off’. This, theoretically, allows for the application of stronger transmit-

ters and the detection of weaker responses, which may explain the dominance of transient

systems in modern commercial applications[26].

Both MIT approaches have several fundamental advantages over rival EM techniques.

They are contactless, allowing surveying to occur in motion enabling increased survey

size and speed. Typically scalable, with imaging volume implicitly linked to the coil-

sensor array dimensions. They are also non-ionising, meaning they can be applied safely

in delicate ecosystems without shielding. This thesis focuses on frequency domain tech-

niques, motivated by the aforementioned dynamic range, which historically suffer from

low resolution, with analysis frequently performed through direct interpretation of appar-

ent conductivity rather than quantitative inversion. See Equation 2.3 in the next chapter
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for more details on the conventional approach.

Geophysical applications of techniques suited to measurements of conductivity are incred-

ibly broad. Natural geologic studies include hydro-geological investigations of aquifers/

groundwater stores[27], mineral exploration[21] and petro-physical investigations [28]. Man-

made investigation can then incorporate near-surface waste dumps[29], submerged con-

ductors, building foundations, archaeological investigations[30] and identification of unex-

ploded ordinance (UXO)[16, 21]. Combined, these cover a conductivity range of up to 25

orders of magnitude (diamond - copper)[31], though this will be site-specific.

Investigations may also concern marine environments[32], often at very low, near-static,

frequencies[33](≈ 0.02 − 10Hz). Practicalities in this context typically restrict the appli-

cability of magnetic methodologies[34, 35] especially when attempting to translate those

systems to land[36, 37, 38, 39]. Airborne approaches also exist, which can rapidly image

much larger areas than their counterparts. Like land-surveying, modern systems are

dominated by transient methodologies[26]. For more information, see great review articles

in [26, 40, 41, 42, 43]. Semi-airborne methods have also been considered to tackle an-

thropic noise, survey precision, and increase investigation depth[44, 45].

The design and modelling of a theoretical MIT system capable of producing varied

spatial excitation is non-trivial. The complexity further increases for an experimental

device which may include: transmission coil(s), signal generators, power supplies, am-

plifiers, sensors or detector coils, data-acquisition tools, compensation circuits (to filter

out the primary field) and translation stages to control measurement positions precisely.

Coupling these together is the associated control software, signal processing techniques,

alongside underlying physical models with sufficient computational resources to enable

high-accuracy modelling. An example is in Figure 1.2. A geophysical approach also ne-

cessitates a portable system, with high-precision location mapping, and optimisation to

minimise the time involved in large-scale surveying.
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Signal 
Generator

Transmission 
Coils

Current 
Amplifier

Oscilloscope

Host 
Computer/ 

Power Supply

Excita�on Measurement Processing

Image 
Reconstruc�on

Post-Processing

Inversion 
Algorithm

Physical ModelsMagne�c 
Shielding/Screening
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Processing

DAQ
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/Detector Coils
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So�ware

Object 
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Figure 1.2: A block diagram of the components of a simple MIT system which performs
image reconstruction through an inversion procedure. Assuming a static set of trans-
mission coils, individual amplitude modulation of time-varying source currents is also
necessary to produce variable spatial excitations. This modulation must have high phase
stability to ensure field generation performs as intended, and, as evidenced in Section
5.1.2, this modulation must have significant precision.

1.2 Aims, Objectives & Description of the Work

This thesis aims to perform a theoretical investigation into the MIT problem, attempt-

ing to improve the quality of image reconstructions resulting from an ill-posed inverse

problem. A heuristic approach has been taken, exploring a variety of free parameters in

the formulation with a focus on the application of spatially varying magnetic field land-

scapes. Beginning with theoretical developments, identifying an theoretically infinite set

of orthogonal target fields which should maximise the information content in measured

responses, and a design procedure which aims to practically produce multiple of those

fields from a singular modular system by varying the driving currents.

A framework is developed, providing a novel Green’s function approach which enables

full-phasor modelling of MIT with inhomogeneous magnetic fields. It also enables the

necessary three-axial magnetometer measurements and provides an associated sensitivity

formulation to allow volumetric inversion for conductivity. The design of the sensitivity

formulation permits multiple profiles to be combined into a single inverse problem by aug-
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mentation whilst minimising the computational requirements by moving to a rectangular

sensitivity matrix. A further approximate scheme is introduced, ideal for prototyping

because: it is independent of conductivity and requires substantially fewer computations

than a comparative full-phasor model. Contrasted with a conventional FEM approach,

these provide substantial versatility to explore various free parameters in the system.

In chapter 4 this is advanced to consider linear inversion, including detailing various

concepts which are often a stumbling block for new researchers working with ill-posed

physical inverse problems such as this one. The associated theory applied to MIT is

frequently application specific, so various analysis tools are presented, alongside a range

of appropriate algorithms, up to some state-of-the-art choices. The resolution matrix is

introduced, which is another standard tool utilised in the quantitative analysis of geo-

physical inversion problems, followed by a brief discussion of image-quality metrics.

Subsequently, the text considers the proposed modular magnetic field design methodol-

ogy, attempting to highlight some key pitfalls. A series of examples examine the influence

of a variety of parameters, including: the number of modular elements, the assortment of

generated fields, determining relative field quality and uniqueness, the necessary current

control precision, the influence of regularisation, as well as the adaptability of the excita-

tion patterns to different volumes.

The final chapter then combines the theoretical framework with the fields generated

through the design procedure to solve the linear inversion problem in MIT. It details

the impact of applying the realistically generated quasi-orthogonal fields from the previ-

ous chapter to the linear inversion problem in MIT, identifying benefits associated with

varied spacial interrogation and subsequently increasing the orthogonality. This is com-

bined with modern inversion techniques and considerations of computational optimisation

to identify the areas of improvement investigated through this research.



Chapter 2

History and Developments in

Magnetic Induction Tomography

The oldest recognised application of MIT involved measuring the response signal directly

and can be used to detect faults within conductive objects. A region of constant con-

ductivity should produce a constant response. A localised change in the response then

identifies a region of differing conductivity. An early application of this methodology,

sometimes known as eddy-current detection, was in aviation. Any aircraft in flight under-

goes considerable stress, with cyclical stress fatigue cracks are able to form and propagate

outwards from the regions of highest stress[46, 47]. These pose potential safety risks, and

their propagation increases maintenance costs if undetected. Eddy-current detection was

a well established methodology to detect such cracks by 1980, estimated to save millions

of dollars a year[46]. Eddy-current imaging methods hold clear advantages for imaging

metallic objects as their high-conductivity leads to a large, easily measurable response.

Recent research in metallic imaging has attempted to produce an automated setup[48]. A

planar Helmholtz induction system, coupled with four hundred sensor coils, and a dual-

phase lock-in amplifier, allows measurements of both in-phase and out-of-phase response

components. Images of the variation in the detected phase were plotted automatically

with LabVIEW control software, avoiding necessary inverse procedures required to explic-

7



8 Chapter 2. History and Developments in Magnetic Induction Tomography

itly characterise the conductivity. Related approaches are ubiquitous, with most authors

performing experimental work attempting to avoid noise-magnifying inverse procedures

by producing plots of measured data rather than passive-electrical properties. Examples

undergoing a regularised inversion process, such as [49], are likely to omit the magnitude

values because these are significantly harder to reproduce in practice.

Another recent proposal in metallic imaging is Rotational MIT. An equal distribution

of sensors are placed in an annulus. Responses from an induction coil are measured, the

system is rotated, and further measurements are taken. The result is a simple method

to increase the number of independent measurements without additional excitation el-

ements. This demonstrates increased resolution where signal-to-noise ratios are greater

than 20dB, likely restricting its use in low-conductivity environments[50].

Medical applications of MIT have seen significant research recently, with a number of

malignant tissue properties detectable utilising MIT at different frequencies[51]. Mod-

ern works have considered miniaturising the induction system, including just a single

coil[52, 53], and accelerating imaging time. This can be achieved by relocating a single coil

at a fixed RF frequency and collecting associated coil loss data. Coil loss data considers

the resistive loss due to inductive coupling between the coil and sample region. The vari-

ations in coil loss data can then be related analytically to a conductivity distribution[52].

Optical tracking of this single coil was later introduced to accelerate imaging time[53].

In many MIT systems, the out-of-phase component holds all information with respect

to the conductivity response. Highly-phase stable devices are then integral to any MIT

approach which makes such measurements, typically associated with regions of low con-

ductivity or experiments at low excitation frequencies. A highly phase-stable detection

amplifier was developed in [54] for use in the medical sphere at ambient temperatures from

35 - 50◦C. This is equally applicable in high-frequency measurements of metallic objects

where small drifts in temperature with conventional equipment will lead to large drifts
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in the phase measurement[14]. It is noteworthy that the amplifier and phase-detection

method required is highly dependent on the exact magnetic fields induced and subse-

quently measured[14].

The introduction of Optically Pumped Magnetometers (OPMs) holds the potential to

revolutionise MIT, with highly accurate three-axis detection potentially possible in un-

shielded environments without requiring considerations of background noise[55, 56]. An

OPM is essentially a group of atoms optically pumped into a known quantum state, sen-

sitive to the magnetic field which needs to be measured. These are then probed by a

resonant laser which may allow for sensitivities up to 10−15 T√
Hz

in low frequency mag-

netic fields[57] - particularly suitable to MIT. These devices are highly sensitive to small

magnetic fields and utilise weak lasers in a room temperature setup to perform continu-

ous measurements with low power draw. One existing OPM applied to MIT operates at

2− 6× 10−12 T√
Hz

[56].

2.1 Frequency Domain MIT - The ‘Slingram’ Method

for Geophysics

2.1.1 A Classic Device: EM34-3

The best-known geophysical application of MIT is likely the frequency-domain ‘Slingram’

method[58]. The first documented use of this method appears to be from 1948, in a

company founded by German physics professor Freidrich Forster, citing technologies de-

veloped during the second world war. Investigations are confined to the quasi-stationary

limit at low induction numbers, recognised by a World Trade Organisation international

standard[59]. For geophysical uses, this typically limits the frequency of the induced field

to below a few kilohertz. Measurements of the in-phase (Hp(r
′′)) and quadrature (Hs(r

′′))

components of the vertical magnetic field are made, usually at several frequencies[60]. A

ratio of the two leads to apparent conductivity. Contour maps of the apparent conductiv-



10 Chapter 2. History and Developments in Magnetic Induction Tomography

ity may be interpreted directly to infer subsurface parameters, bypassing a quantitative

connection to the generating conductivity through the use of inversion[16]. This includes

differentiating between conductive fault and shear zones.

The Geonics EM34-3 represents a simple example of such a system, with two (conven-

tionally horizontal co-planar) magnetic dipoles as the receiver and transmitter, shown in

Figure 2.1. Three inter-coil separations, at 10,20 and 40m, with a fixed frequency, gener-

ate responses from shallow depths between 6-30m[61]. Contour mapping of the resulting

apparent conductivity measurements and careful analysis of anomalies in the data can de-

tect underground features such as cavities and groundwater aquifers[62]. For this system,

a response parameter, Q, can be defined as[63],

Q = r

√
σµω

2
, (2.1)

where r is the inter-coil separation, µ is the permeability of the region (assumed to be

constant), and ω is the angular frequency of the source magnetic field. If Q << 1 is true

for all interrogated conductivities, a fixed coil separation and frequency can be used to

image at a fixed depth. This approximation will only hold for ground conductivities under

approximately 1000 mS/m and requires systems where the coil separation is significantly

less than the skin depth[61] - the aforementioned limit of low induction numbers. The

‘skin depth’ (δ) is defined as the depth over which the primary magnetic field strength

decays to 1/e of its max value[60];

δ =

√
2

ωµσ
=

r

Q
. (2.2)

The skin depth is also a measure of the characteristic length-scale of the investigation.

In this limit the ratio of the two magnetic fields, is directly proportional to the apparent

subsurface conductivity[61],

σa =
4

µ0ωr2
(
Hs(r

′′)

Hp(r′′)
). (2.3)
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A commonly encountered issue in this setup is related to the relative strengths of the

Figure 2.1: The Geonics EM34-3 is a frequency-domain geophysical MIT system. The
transmission and receiver coils (orange) have a 63cm radius and width of 5cm, with the
total system weighting 20.5kg. A lightweight shielded cable (black) is used as a reference
to remove the primary field from the measurements. The system can image conductivities
in the range of 10-1000mS/m with a measurement accuracy of +/− 5% at 20mS/m. An
‘XL’ system which can induce a stronger primary magnetic field exists for areas with
significant noise components. Image from www.geomatrix.co.uk.

primary and quadrature magnetic fields[16]. The quadrature component is often several

orders of magnitude smaller than the primary field, necessitating some way of filtering out

primary contributions. In simple setups, geometric nulling by ensuring transmission and

receiver coils are mutually orthogonal can be sufficient to overcome this issue[25, 64, 65]. The

quadrature component is also easily masked due to environmental noise, systematic[66] &

random calibration errors, temperature instability or even the minute variations in the

magnitude of the applied currents due to an unstable power source[67, 68, 69].

Additional electromagnetic information can be acquired using multiple dipole modes[61]

- the typical application of the EM34-3, known as a horizontal dipole-mode (HDM), has

the transmission coil placed with a horizontal alignment to the subsurface. The vertical

dipole-mode (VDM), requiring a ninety-degree rotation of the transmission coil, typically

www.geomatrix.co.uk
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has twice the investigation depth at the cost of near-surface resolution[16, 70]. With further

depth information also generated by varying excitation frequency[16], with a good refer-

ence on multi-configuration devices available is in[15]. Investigations have also considered

non-standard coil orientations [71], identifying additional information for three-dimensional

inversions can be extracted via a forty-five-degree coil inclination, but practically there is

little gain to such non-standard coil orientations.

Despite being an early example of slingram surveying, the Geonics EM34-3 still has its

place today. A recent survey investigating seawater intrusion in the Martil-Alila plain,

Morocco[72] found the EM34-3 in both horizontal and vertical dipole modes presents a pow-

erful tool. Several advantages over traditional gravity and electrical surveys are noted,

including speed, cost-effectiveness, flexibility and sensitivity to small changes in conduc-

tivity. D. Gomez-Ortiz et al.[73] applied the system with both dipole modes to image

thermal anomalies in dry rock systems, noting that highly-resistive areas are associated

with high-temperature zones. They found the slingram survey to be a reliable tool for

providing both location and the lateral/vertical extent of thermal anomalies.

A recent study by Ame Thato Selepeng et al.[74] considered interpretations of the ‘un-

physical quantity’ of negative conductivity. The negative values can be useful in the

sub-surface characterisation of highly conductive zones. As an anisotropic effect, it can

be removed from data by data acquisition in multiple dipole modes. Despite the advances

in inversion codes[75] others using this system (or similar) simply use it with a direct

interpretation to identify areas of interest for subsequent investigation[76, 77].

2.1.2 Technological Development

The development of a geophysical MIT system is non-trivial. Investigations depths may

vary from tens of centimetres to hundreds of kilometres, including numerous environments,

making singular system design near-impossible. One commercial focus has been tackling

the difficulty of measuring quadrature components. ‘Fixed-boom’ systems involve a fixed
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transmitter-receiver separation and mounting apparatus. They allow automated primary

field cancellation but limit investigation depth[60], and may be complemented by filters

and compensation circuits. An example would be the EM31-MK2 system, Figure 2.2.

(a) The EM31-MK2 fixed-boom system. (b) The EM31-MK2 and its GPS tracker.

Figure 2.2: The EM31-MK2 is a standard fixed-boom system. Transmission and detection
coils have a fixed separation of 3.66m at 9.8kHz. It images a similar conductivity range
with comparable accuracy to the EM34-3, limited to depths up to 6m whilst being roughly
half the weight - suitable for surveying by a single operator. Images from www.geomatrix.

co.uk.

Approximate compensation is common, but error-prone in practice[1]. Source-receiver

separation errors impact the in-phase measurement significantly and are often magni-

fied during large surveys[78, 79], whereas the out-of-phase component is typically stable in

their presence[80]. Electrical instabilities exist in much commercial instrumentation[81],

inspiring the development of the DUALEM-1S instrument which also demonstrated self-

calibration and internal data storage[82, 83]. Later developments towards three-dimensional

subsurface characterisation[60] include multi-frequency generators[84], multi-coil induction

systems[85, 86], continuous data & position acquisition tools (GPS Tracking) and airborne

investigations[70, 43].

www.geomatrix.co.uk
www.geomatrix.co.uk
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Arguably the DualEM-421S, Figure 2.3, is the state-of-the-art[87, 88, 89, 90]. It is multi-

configuration with six receivers of varying orientations, operating at different frequencies

below 10Hz. It demonstrates improved data acquisition and measurement precision, in-

cluding allowing for magnetic susceptibility measurements[91, 92, 93], but struggles with

small conductivity contrasts[94]. The CEM-2[95] in an alternative using three co-planar

coils, with pulse width modulation allowing the combination of multiple frequencies into a

single waveform with arbitrary intervals. The third ‘bucking’ coil measures and cancels the

primary field. Similar multi-receiver approaches are seen in marine environments[1, 96, 97],

suggesting inherent advantages to multiple simultaneous measurement positions[75]. This

consistency forms part of the inspiration to formulate an MIT problem which allows for

an arbitrary set of tri-axial measurements.

(a) Typical use of the device.
(b) Coil configurations which allow six si-
multaneous measurements.

Figure 2.3: The DualEM-421S is a high sensitivity device and contains six horizontally
(HCP)/ vertically (PRP) aligned detection coils. It has a maximum penetration depth of
roughly 10m, and data is acquired at up to 10km/h with high lateral resolution. Images
from DUALEM Marketing and ramboll.com.

Theoretical developments include Sternberg et al.[25] presenting Alternating Target An-

tenna Coupling (ATAC). Controlled dipole rotations allow multiple response measure-

ments. During rotations, the source-target coupling varies, whilst the primary field con-

tribution does not. This allows the removal of that contribution from the data and results

in a thirty-percent improvement in depth resolution. Differential Target Antenna Cou-

https://dualem.com/products/
https://ramboll.com/-/media/files/rgr/documents/markets/transport/g/geophys/5_dualem_datablad_metode_dualem_a_uk.pdf
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pling (DTAC) generalises this with independent transmitter/receiver rotations and larger

magnetic moments. Other works have considered multi-frequency resonant networks,

which identify resonances via a Fourier transform of a low-frequency square pulse[98] to

maximise information. Inductive Source Resistivity (ESR) combines both electric and

magnetic field measurements from a single source to provide complementary information,

though it has seen little practical use[99, 100, 101].

Modern investigations often apply multiple techniques either as calibration steps[102, 103]

or into joint inversions[16, 104, 105, 106, 107] to overcome intrinsic methodological limitations.

But MIT is still used alone [30, 108, 109] including research to extend the range of problems

it can be applied to[110, 111].

Developments have also concerned themselves with the ubiquitous issue of noise. A

major source in any MIT study is the electronics involved[112, 113]. This could be ap-

proached using physical shielding[114], passive interference filtering[115, 116, 117, 118, 119, 120],

active interference filtering[81, 121, 122, 112], as well as improved, highly stable, induction

circuitry[123, 124, 125, 126]. Modelling noise is a key issue which can include excluding fea-

tures which influence EM transmission[1, 127, 128] or effects such as frequency-dependent

induced polarisation[23].



Chapter 3

Forward Modelling

This chapter begins with the basic framework for modelling in Electromagnetism and

introduces the hypothesis that orthogonal fields should be beneficial for the MIT inverse

problem. Given this, a standard set of well-known orthogonal magnetic fields are detailed.

To produce these an algorithm is derived, capable of taking various arbitrary inputs cov-

ering coil geometries, target field, and generation volume, then returning an appropriate

set of currents through individual coils to produce that field. The ill-posed nature of this

calculation is overcome by utilising a minimisation coupled with the current norm. A

further development considers generalising this to utilise three-dimensional distributions

of current density. Finally, a mathematical framework to model the entire MIT prob-

lem is introduced, aiming to overcome the limitations of a traditional approach when

applying numerous inhomogeneous magnetic fields. The first development is a full-phasor

model extended to a Greens’ function solution with various computational advantages. A

secondary development then covers an approximate phase-separated regime, which links

closely to existing geophysical models for the MIT problem. This has additional compu-

tational advantages because the sensitivity is conductivity-independent.

For any researcher attempting to get involved in MIT-related research, the confusing lit-

erature, terminology, and theory are often significant stumbling blocks to making progress

with an idea. Even with analytic expressions, the computational requirements of a com-

plete model are almost guaranteed to be extreme. The following theory section attempts

16
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to explain all the related components of a specific model in a coherent framework. Indi-

vidual components are not all that complex - combining them into a coherent system is

where the difficulty lies.

For this model in Magnetic Induction Tomography, a complete mathematical descrip-

tion can be broken into two sections. The forward model - considers most of the physics,

including the generated magnetic fields, and their interaction with material to produce a

measurable response. The Inverse Model - relating the sensitivity calculation and mea-

surements to some unknown image of the passive electric properties by applying inversion

algorithms.

Using Maxwells’ equations, given in differential form:

Gauss’ Law ∇⃗ · E⃗(r⃗) =
ρ(r⃗)

ϵ(r⃗)
, (3.1a)

Gauss’ Law of Magnetism ∇⃗ · B⃗(r⃗) = 0, (3.1b)

Faraday’s Law ∇⃗ × E⃗(r⃗) = −∂B⃗(r⃗)

∂t
, (3.1c)

Ampere’s Law ∇⃗ × B⃗(r⃗) = µ(r⃗)J⃗(r⃗′) + µ(r⃗)ϵ(r⃗)
∂E⃗(r⃗)

∂t
. (3.1d)

Here, B⃗(r⃗) and E⃗(r⃗) are the spatially varying multi-dimensional vector electric and mag-

netic fields in region r⃗, ρ(r⃗) is the volume charge density, ϵ(r⃗) is the permittivity of the

region, J⃗(r⃗′) is the vector current density providing the source field from some induction

geometry, r⃗′, and µ(r⃗) is the spatially varying permeability of the region. From Gauss’

Law of Magnetism, one can then immediately conclude from the grad curl vector identity

the existence of a magnetic vector potential, A⃗(r⃗), defined by;

B⃗(r⃗) = ∇⃗ × A⃗(r⃗). (3.2)

To be uniquely defined, the divergence of this quantity must also be defined, with various

choices in use depending on the specific application. This choice of divergence is known
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as a gauge choice and will be explicitly specified where relevant.

3.1 Magnetoquasistatics

Magneto-quasistatics applies to any situation where sources are static, varying slowly, or

repetitively in time. The natural choice of gauge for this problem is the Coulomb Gauge,

∇⃗ · A⃗(r⃗) = 0. (3.3)

Under these conditions, all time-derivatives approach zero, leading Equation (3.1d) to

simplify to,

∇⃗ × B⃗(r⃗) = µ(r⃗)J⃗(r⃗′). (3.4)

Even in conductive media it is often true to say that the permeability varies little, if at

all, spatially so µ(r⃗) = µr = µ0µr is true, where µ0 is the permeability of free space.

Substituting Equation (3.2) in and combining the definition of the curl of the curl with

the gauge choice leads to,

∇2A⃗(r⃗) = −µrJ⃗(r⃗′), (3.5)

an integral solution for which can be found through the method of Greens’ functions,

A⃗(r⃗) =
µr

4π

∫ ∫ ∫
J⃗(r⃗′)

|r⃗ − r⃗′|
d3r⃗′. (3.6)

Reusing the definition in Equation (3.2) leads to the well known Biot-Savart law,

B⃗(r⃗) =
µr

4π

∫ ∫ ∫
J⃗(r⃗′)× (r⃗ − r⃗′)

|r⃗ − r⃗′|3
d3r⃗′. (3.7)

This can then be used in combination with the superposition principle, allowing the quasi-

static magnetic field generated by an arbitrary number of current sources to be calculated.

Assuming that the current sources - or coils - are constructed of filament (i.e infinitesimally
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thin) wires, such J⃗(r⃗′) = Idr⃗′,

B⃗(r⃗) =
µr

4π

∫ ∫ ∫
Idr⃗′ × |r⃗ − r⃗′|
|r⃗ − r⃗′|3

d3r⃗′, (3.8)

where I is some constant current through wire element of direction dr⃗′.

The primary focus of this thesis considers a theoretical, simulation-based study with

custom codes. Appendix B details an analytic solution to Equation (3.8) for a general

wire segment, confirming the numerical implementation holds for a simple square current

loop and extends to curved geometries.

3.2 Target Magnetic Fields for Magnetic Induction

Tomography

In MIT an ideal approach would be the ability to create a small, localised, oscillating

’hot-spot’ magnetic field scanning across a region of interest; this focused field forms

eddy-currents only in a small volume. Responses could then be directly attributed to a

specific location in space, allowing easy three-dimensional mapping of the passive electric

properties. Fundamental physical limitations in electromagnetism mean this is practically

impossible to achieve.

In the thought experiment, the applied magnetic field never self-interacts, leading to an

unambiguous relation between the response and underlying passive electrical properties.

A proposal is that a set of magnetic fields with zero overlap - which are orthogonal - would

therefore be an ideal way to investigate a region of interest. Each successive magnetic

field provides unique information, with increased information from magnetic field profiles

of greater complexity.

One possible source of appropriate magnetic fields is inspired by traditional ’shimming’
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approaches to produce a uniform magnetic field. If the only source currents in the system

are inside the coil(s), the region of investigation is current free and so[129];

∇⃗ × B⃗ = ∇⃗ · B⃗ = 0. (3.9)

Under this assumption a magnetic scalar potential (Ψ) can also be introduced;

B⃗ = −∇⃗Ψ = ∇⃗ × A⃗. (3.10)

Using the Coulomb gauge, the following relationships hold;

∇⃗ · ∇⃗Ψ = ∇⃗ × ∇⃗ × A⃗ = 0, (3.11)

and,

∇⃗ × ∇⃗ × A⃗ = −∇⃗2A⃗. (3.12)

There are then three Laplace equations defining the magnetic fields inside the current free

volume,

∇⃗2Ψ = 0, ∇⃗2A⃗ = 0, ∇⃗2H⃗ = 0. (3.13)

This means, given a solution to the Laplace equation for Ψ, there is also a solution for A⃗

and H⃗.

An ideal solution to the Laplace equation, well known to any undergraduate studying

the hydrogen atom, comes in the form of spherical harmonics - an infinite, mutually

orthogonal set of mathematical objects. In magnetic shimming, a particular generated

magnetic field is decomposed into a set of spherical harmonic coefficients. A common ap-

proach for uniform fields is to then design a shim system which cancels the leading-degree

error harmonic, improving the homogeneity of the generated profile.

This tells us that there exists a set of infinite, mutually orthogonal functions, which
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are a natural solution to the governing equations for the production of magnetic fields.

Choosing a particular system wide target harmonic for Ψ then leads to related orthogonal

functions in A⃗ and H⃗, and established theory exists to produce specific spherical harmonic

magnetic fields.

For real, measurable, magnetic fields which avoid complex phase relationships the set

of ‘real’ spherical harmonics are a pertinent choice. Other texts may refer to these as

‘tesseral’ spherical harmonics or spherical harmonics of sine/cosine type which are de-

fined as,

Tm
n (r, θ, ϕ) =

(
rn

r−n−1

)
Yn,m(θ, ϕ) =



(
rn

r−n−1

)
XPn,|m|(cos θ) sin(|m| ϕ), if m < 0,(

rn

r−n−1

)
XPn,m(cos θ), if m = 0,(

rn

r−n−1

)
XPn,m(cos θ) cos(m ϕ), if m > 0.

(3.14)

Here X is some normalisation constant, Y m
n (θ, ϕ)) is the normalised angular portion of a

spherical harmonic, and Pn,m is the associated Legendre polynomial of degree n, order m.

There are many possible choices of normalisation, here it is chosen so the overlap integral

between the angular portion of two harmonics is,

∫ ∫
Tn,m(r = 1, θ, ϕ)T ∗

n′,m′(r = 1, θ, ϕ) = δn,n′δm,m′ , (3.15)

where δn,n′ is the Kronecker delta function and the normalisation is,

Xi = (−1)m
√
2

√
(2n+ 1)

(4π)

(n− |m|)!
(n+ |m|)!

. (3.16)

Various contrasting naming conventions and normalisation terms are in use across the

literature, including [129], which instead refer to a subset of the real spherical harmonics,

m ̸= 0, as tesseral harmonics with m = 0 known as zonal harmonics. The functions

utilised in this thesis are tabulated for reference in Appendix A.
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3.3 Generating Spherical Harmonic Magnetic Fields

There is a volume of well-established theory to design induction systems capable of produc-

ing specific spherical harmonic magnetic fields with high fidelity. Production of multiple

magnetic fields of this type presents a design problem in a practical setting - one cannot

realistically couple numerous unique coil designs together into a device with a reasonable

footprint. This body of work considers the potential to use a single modular induction

system composed of simple building blocks to produce multiple magnetic fields by varying

the amplitude of current driven to individual components.

This can be achieved by utilising an inverse method to solve the governing system of

equations defined in Equation (3.8) for current, provided knowledge of both a geometry,

and a generation volume. Differentiating Equation (3.8) with respect to current leads to

a related equation for the magnetic flux sensitivity to current,

∂B⃗(r⃗)

∂I
= M⃗ I(r⃗) =

µr

4π

∫ ∫ ∫
dr⃗′ × (r⃗ − r⃗′)

|r⃗ − r⃗′|3
d3r⃗′. (3.17)

In terms of a discrete approximation of the integral expression, this can then be re-

expressed as a linear matrix equation,

B⃗j =
K∑
k=1

Ik
∂B⃗j

∂Ik
=

K∑
k=1

Ik M⃗ I
jk, (3.18)

where M⃗ I
jk represents the sensitivity to the overall magnetic field from wire element, k,

at measurement position(s) j, and Ik is the associated current element which generates a

magnetic field B⃗j.

The inverse procedure can then be formulated as a least squares minimisation, with a

cost function for a specific target field Bdesired being,

Φ =
∑
j

(B⃗desired
j −

K∑
k=1

Ik M⃗ I
jk)

2. (3.19)
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Generally, this is an ill-posed problem due to the existence of infinite, unique, current

distributions which can equally generate an arbitrary magnetic field and so requires reg-

ularisation - a subject tackled in more detail in the inverse theory portion of this thesis.

A simple approach is the addition of any penalty term which varies quadratically with

current, commonly known as Tikhonov regularisation,

Φ =
∑
j

(B⃗desired
j −

K∑
k=1

Ik M⃗ I
jk)

2 − λI2k , (3.20)

where λ is some adjustable weighting parameter. This weighting is commonly known as

a minimisation with respect to the current norm. It determines the balance between a

smooth distribution of current across all sources K, and a distribution which reproduces

the target field. Minimising this cost function leads to,

Ik = (M⃗ I
⊤
jk M⃗ I

jk − λ I⊤ I)
−1

(M⃗ I
jk B⃗desired

j ), (3.21)

where I is the identity matrix. λ physically represents the relative weighting of minimi-

sation of the current-norm across the system compared to the target-field minimisation.

Large λ values result in a well-conditioned inverse problem with a smooth distribution

of source currents to the detriment of accurate generation of B⃗desired
j . Conversely, the

product of a smaller value is a less well-conditioned problem, with a nuanced distribution

which may vary abruptly to produce B⃗desired
j more accurately. This is valid for any phys-

ically attainable choice of B⃗desired
j , giving a best approximation where a specific system

cannot accurately produce that field.

Choosing a specific spherical harmonic as the target systems’ magnetic scalar potential,

Ik = (M⃗ I
⊤
jk M⃗ I

jk − λ I⊤ I)
−1

(M⃗ I
jk ∇⃗Ψ) (3.22)

= (M⃗ I
⊤
jk M⃗ I

jk − λ I⊤ I)
−1

(M⃗ I
jk ∇⃗Tm

n (r, θ, ϕ)). (3.23)
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In [129], Equations [13], [14] and [15] give expressions for the target magnetic fields with

m ≥ 0, which are extended in an Appendix of [130] to cover the complete set m = −n : n.

A subset of the fields used in this research can be found tabulated in Appendix A.

The result in Equation (3.23) is an expression which can be applied to utilise a single

induction geometry, composed of an array of simple building blocks, to produce a range

of approximately orthogonal magnetic fields. Section 5.1 considers a variety of possible

systems which may adequately solve this design problem. Appendix B.0.3 details testing

undertaken to ensure this reproduces known results.

3.4 Basis Set Expansion

It is often useful to express the fields, [Bx(r⃗), By(r⃗), Bz(r⃗)], which result from the current

distributions produced with Equation (3.23) in terms of a series of basis functions. The

result is a set of coefficients describing a particular profile, providing a memory-efficient

manner to store descriptions of numerous functions. The most appropriate basis set is

the spherical harmonics already introduced in Equation 3.14,

F⃗ (r⃗) =
∞∑
n=1

n∑
m=−n

Cn,m

(
rn

r−n−1

)
Yn,m(θ, ϕ), (3.24)

where F⃗ (r⃗) is any arbitrary vector function and Cn,m are weighting coefficients, - calcu-

lated by taking an overlap integral (Equation (3.15)) with a series of harmonics, repeated

over each vector component of the field. Alternatively, an inversion method, which min-

imises a cost-function of the form Equation (3.19), can be used to derive these coefficients.

A specific field is then defined by 3× Ñ coefficients where Ñ is the number of basis func-

tions.

Ideally, this uses an infinite number of harmonics, but in practice truncating at the n+2th

degree, where n relates to the degree of the target harmonic, is sufficient. Numerical ex-

periments undertaken during this research suggest this is within 0.01% accuracy. Beyond
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efficient storage, this can also minimise the computational strain of calculations. Com-

bining this expansion for A⃗ with a Laplace expansion of the greens function reduces the

integration problem to a series of overlap calculations weighted by coefficients Cn,m.

A useful generalisation of this concept is to replace the scalar basis functions with their

gradients which also form an orthonormal basis,

F⃗ (r⃗) =
∞∑
n=1

n∑
m=−n

Cn,m∇⃗Tm
n (r, θ, ϕ). (3.25)

The result is Ñ coefficients which are ideal for the analysis of the B⃗ results from Equation

(3.23). In the perfect case, there is a single non-zero coefficient corresponding to the target

harmonic, otherwise, the coefficient distribution provides a simple comparison between

individual fields.

3.5 Three Dimensional Current Sources & The Finite

Element Method

The eddy-current response in MIT is proportional to the strength of the primary magnetic

field. Producing a stronger primary field will therefore enable a greater dynamic range in

the detectable responses. In this thesis it is proposed that solid three-dimensional current

sources may allow the production of a stronger magnetic field than a comparable wound

source with the same footprint.

Assuming an individual coil contains no free charges, Equation (3.1a) reduces to the

Laplace equation,

∇⃗2V (r⃗) = 0, (3.26)
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where V (r⃗) is some electric scalar potential abiding by the Coulomb gauge. The electric

field is a standard gradient operation on the potential,

E⃗(r⃗) = −∇⃗V (r⃗). (3.27)

Subsequently, the current density can be found,

J⃗(r⃗) = σ⃗(r⃗)E⃗(r⃗), (3.28)

where σ⃗(r⃗) is the conductivity of the source material. This could be spatially varying and

anisotropic, but it is assumed sources are a block of uniform conductivity for simplicity

- J⃗(r⃗) = σE⃗(r⃗). To drive a current through a coil, an infinitesimal cut is made in the

geometry to form two driving faces, demonstrated in Figure 3.1 for a square coil.

(a) (b)

Figure 3.1: An example rendering of the cut coil geometry.

Any typical source then has two key boundary conditions. Along the two driving faces a

known potential difference is applied, resulting in a Dirichlet boundary condition. Else-

where, the electric field should be parallel to the source-air interface, corresponding to a
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zero Neumann boundary condition. Mathematically this states,

Dirichlet: V (r⃗b) = Γ, Γ ∈ N, (3.29a)

Neumann:
∂V (r⃗b)

∂n⃗
= 0, (3.29b)

where (r⃗b) represents points to which the boundary condition is applied, Γ is some con-

stant voltage difference between faces, and ∂n⃗ is the normal derivative.

Deriving an expression relating Equation (3.23) and Γ is necessary to evaluate whether a

modular array of solid sources are capable of producing the target fields. An approximate

way to achieve this is via Ohms law,

Γ ≈ IΩR ≈
Id

σAsec

, (3.30)

where ΩR is the electrical resistance of a solid source, d is approximated by the path

length of an electron flowing due to Γ, and Asec is the area of a driving plate.

A flexible approach to solving Equation (3.26) is the Finite Element Method (FEM)

which, aided by CAD design and open-source optimised meshing tools such as GMSH,

enables the calculation of the current density inside a generic three-dimensional geometry.

The FEM is a well studied numerical method so only a brief introduction will be provided

here, with introductory papers found useful by the author in [131, 132, 133, 134] as well as

a more detailed textbook in [135]. The implementation here was hand built in MATLAB

utilising the aforementioned third-party meshing software and some features of the inbuilt

Partial Differential Equation Toolbox[136].

There are four stages: Dividing the geometry into elements, deriving the governing equa-

tions for a typical element, assembling all elements in the solution region, and solving the

resultant system of matrix equations. Over a particular element, the functional approxi-
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mation is,

fζ =
∑
i

f i
ζN

i, (3.31)

where N i is a set of basis functions at individual nodes, edges or cells depending on the

specific formulation.

Having assembled a model suitable for the current density through arbitrary geometries,

the governing PDE (Equation (3.5)) is then solved to find the related magnetic field. The

FEM can again be applied, which requires a further generalisation to allow two additional

degrees of freedom in each calculation, noting the magnetic vector potential is simply sep-

arable in Cartesian coordinates to [AxAyAz]. Compared to an integrated approach such

as in Equation (3.8), FEM also guarantees implicit field continuity, variable boundary

conditions, and knowledge of the field in the entire simulation domain.

Boundary conditions must be carefully implemented when formulating any FEM model.

Assuming the Coulomb gauge there are four internal boundary conditions: the normal

component of B⃗ should be continuous, the tangential component of B⃗ will be discon-

tinuous by some surface current density K⃗, both components of the associated vector

potential should be continuous, and the normal derivative of the potential will be discon-

tinuous by K⃗ [137]. Often K⃗ = 0 is true and will be assumed here for simplicity. The edges

of the simulation domain are usually treated differently, however, they may be treated as

far-field boundaries with a Dirichlet condition using Γ = 0. This is a physical assumption

that the source magnetic field is fully enclosed by the simulation domain - valid as long as

the volume is appropriately large for the sources in a specific application. If this assump-

tion is invalid there is likely to be some subtle relationship which will be very application

specific, particularly where magnetically shielded environments are involved.
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3.6 Traditional MIT

Any magnetic induction tomography based investigation must also consider the related

responses from the region of interest due to the time-varying magnetic fields applied by

the induction system. This response relates to the interaction between that field and the

passive electrical material(s) with which it interacts. A good starting point is a discussion

of a traditional approach and its apparent limitations in the context of our system of

multiple orthogonal magnetic fields.

As developed so far in this thesis, this begins with a coil model for the excitation

field[138, 139]. Using a topological approach individual coils can be modelled as the surface

of an open-ended cylinder which carries some tangential current J⃗s whilst acting as a

perfect insulator along the axial direction. Multiple coils of this type, often in an annu-

lar array, are then contained, either in a perfect electrically conducting shield that zeros

the tangential component of the electric field, or one which is sufficiently large to allow

far-field boundary conditions.

In phasor form, where all fields and sources are of the form E⃗(r⃗, t) = E⃗(r⃗)eiωt, Maxwells’

equations can be expressed as:

∇×
( 1
µ
∇× E⃗(r⃗, t)

)
+ iω(σ(r⃗) + iωϵ(r⃗))E⃗(r⃗, t) = −iωJ⃗s(r⃗′, t). (3.32)

The displacement current can be neglected when σ(r⃗) is sufficiently large compared to

ωϵ(r⃗), combining this with a vector potential formulation where E⃗(r⃗, t) = −iωA⃗(r⃗, t) then

leads to a governing equation for eddy-responses,

∇×
( 1
µ
∇× A⃗(r⃗, t)

)
+ iωσ(r⃗)A⃗(r⃗, t) = −iωJ⃗s(r⃗′, t). (3.33)

The remaining component of a forward model in MIT is the sensitivity[140] - the rela-

tionship between measured responses and the underlying material which produces them.
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Conventionally this is the linearised change in the voltage measured at a detector coil due

to a perturbation in conductivity which occurs whilst J⃗s from an excitation coil is held

constant.

Solving the governing equation with a FEM, the discrete model of a vector potential

inside a specific element, A⃗ζ , can be expanded in terms of a set of basis functions N i

containing an imaginary component[141],

A⃗ζ =
∑
i

A⃗i
ζN

i. (3.34)

Taking an excitation-detection coil pair (t, q), the relationship between the measured value

at q and the conductivity of a specific element is[138, 139],

∂Vt,q

∂σζ

= − ω2

ItIq
At

ζ

(∫
Ωζ

∑
i

N i
ζ ˙N i

ζ

⊤
)
Aq

ζ , (3.35)

where Ωζ is the volume of an element. Conveniently,
( ∫

Ωζ

∑
i N

i
ζ ˙N i

ζ
⊤)

relates directly

to the stiffness matrix commonly generated as part of a FEM formulation.

This formulation does not fit with the proposed use of spherical harmonic magnetic fields

produced by a modular system. The explicit coupling of two coils does not provide a clear

way to account for a field produced by an amalgamation of sources per Equation (3.23).

Pickup coils measure only the perpendicular component of magnetic flux, compared to

responses which are inherently anisotropic and therefore require three-axis measurements.

Even triaxial workarounds[142] survey the average field over their area, making them poorly

suited to inhomogeneous fields[143].

Implicit use of the FEM also introduces further issues. In three dimensions, conform-

ing to complex geometries requires numerous elements. The stiffness matrix is a square

matrix of dimensions [ζ × ζ], adding significant computational requirements in an inverse

problem, even when limited to matrix methods in a well-suited programming language.
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This then scales drastically if generalised to multiple magnetic fields - each composed of

a unique [ζ × ζ] matrix. There is no clear approach to combine individual matrices into a

coherent inversion problem - augmentation leads to incredibly large matrices, separated

inversions necessitate further post-processing. For geophysics, where ζ becomes substan-

tially larger, this quickly becomes unworkable at any realistic resolution.

Formally when considering the entire domain, zero-Dirichlet conditions exist at the bound-

aries, producing a singular stiffness matrix. Eliminating these adds additional compu-

tations consisting of either: a stiff-spring approximation, or a nullspace linear algebra

approach[136] to produce an invertible sensitivity map. Formulations which use a sepa-

rated region of interest[139] still require measurement positions and that region inhabit

the same volume, often necessitating the implicit inclusion of conductive coils in that

formulation[144].

3.7 Quasi-static Eddy-Currents

To overcome the limitations associated with a traditional approach, this proposal first re-

derives the governing equation. Using the phasor convention to solve the time-derivative,

Equation (3.1c) becomes,

∇⃗ × E⃗(r⃗, t) = iωB⃗(r⃗, t). (3.36)

Taking the curl of Equation (3.1d) leads to,

∇⃗ × ∇⃗ × B⃗(r⃗, t) = µr∇⃗ × J⃗(r⃗′, t) + µr∇⃗ × ϵ(r⃗)
∂E⃗(r⃗, t)

∂t
. (3.37)

Assuming a scalar permittivity, further substituting in Equation (3.28) and utilising the

trivial solution to the time integral in phasor form leads to,

∇⃗ × ∇⃗ × B⃗(r⃗, t) = µr(σ(r⃗) + iωϵ)∇× E⃗. (3.38)
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Combining Equations (3.36) and (3.1b) and a well-known vector identity this then be-

comes,

−∇2B⃗(r⃗, t) = iωµrB⃗(r⃗, t)(σ(r⃗) + iωϵ). (3.39)

Following the work introduced in [145] then generalised in [146], assume that B⃗(r⃗, t) is

a linear superposition of two components. B⃗i is the impressed field produced by current

sources external to the region of interest, r⃗, which is presumed to have zero curl. B⃗e is

the eddy or induced field, arising in response to the time-varying impressed field. This

leads to,

−∇2B⃗e(r⃗, t) = iωµr(σ(r⃗) + iωϵ)(B⃗i(r⃗, t) + B⃗e(r⃗, t)). (3.40)

Under a quasi-static assumption, where ω is small, and therefore the displacement current

can be neglected, this expression simplifies to the vector-Helmholtz expression presented

in [146],

−∇2B⃗e(r⃗) = iωµrσ(r⃗)(B⃗i(r⃗) + B⃗e(r⃗)). (3.41)

Once the induced field is known, the eddy-current density J⃗e is easily calculated,

∇⃗ × B⃗e(r⃗) = µ0J⃗e(r⃗). (3.42)

The quasi-static approximation imposes strict limits on the highest operating frequency

of the impressed magnetic field, requiring that the system is significantly smaller than a

single wavelength in free space. The proportionality between wavelength and skin depth

leads to a simple approximation - the skin depth should be larger than the interrogated

conductive objects, allowing edge effects to be neglected, and ensuring B⃗i is not dissipated

internally.

FEM formulations are often computationally expensive, especially with multiple im-

pressed fields. Mesh quality is also important, which may require a different mesh for

each individual impressed field, ultimately leading to a cumbersome modelling procedure.

For rapid prototyping, an integral formulation is often advantageous. Re-expressing the
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governing partial differential equation,

−∇2B⃗e(r⃗) = k(r⃗)2(B⃗i(r⃗) + B⃗e(r⃗)), (3.43)

with k(r⃗) =
√
−iωµrσ(r⃗). This vector-Helmholtz equation may be solved using the

method of Greens’ functions in an approach analogous to formulating Equation (3.8).

The most appropriate Greens’ function will vary with application, with three relevant

candidates being[147, 148],

Stationary Wave:
− cos(k(r⃗) |r⃗ − r⃗′′|)

4π|r⃗ − r⃗′′|
, (3.44a)

Incoming Wave:
−e(+ik(r⃗)|r⃗−r⃗′′|)

4π|r⃗ − r⃗′′|
, (3.44b)

Outgoing Wave:
−e(−ik(r⃗)|r⃗−r⃗′′|)

4π|r⃗ − r⃗′′|
, (3.44c)

where r⃗′′ are measurement positions in n-dimensional space. For the induced field in a

quasi-static limit, the outgoing wave is a natural choice, which leads to the Sommerfield

radiation boundary condition - ensuring no energy can come from infinity to the source,

which is described mathematically as,

lim
|r⃗ |→∞

|r⃗ |
n−1
2

(
∂

∂|r⃗ |
− k(r⃗)2

)
B⃗(r⃗) = 0, (3.45)

with n = 1,2,3 being the spatial dimensions. This assumes that generated fields are finite

at their origin and decay to zero at an infinite distance. The resulting expression for the

induced field at some measurement positions is,

B⃗e(r⃗′′) = −
1

4π

∫ ∫ ∫
B⃗i(r⃗)k(r⃗)

2e−ik(r⃗)|r⃗−r⃗′′|

|r⃗ − r⃗′′|
dr⃗ 3, (3.46)

which, to the authors’ knowledge, has not been applied to MIT. This full-phasor model

allows any impressed magnetic field to be related to the subsequent vector response gen-

erated due to an arbitrary structure of material(s) with passive-electric properties.
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A useful approximation may be to assume the spatially varying passive electrical proper-

ties, conductivity in this case, behave as a piece-wise linear constant:

k(r)→
∑
ζ

kζ , (3.47)

which is valid under the assumption that a region is divided into small enough discrete

segments. This results in,

B⃗e(r⃗′′) = −
∑
ζ

k2
ζ

4π

∫
Ωζ

B⃗i(r⃗)e
−ikζ |r⃗−r⃗′′|

|r⃗ − r⃗′′|
dr⃗ 3. (3.48)

Numerous numerical approaches exist to solve this integral equation, discussed in more

detail in Appendix C, with Gaussian quadrature providing an obvious high-accuracy ap-

proach. The sensitivity, ∂ ⃗Be(r′′)
∂kζ

, is then most easily found through a perturbation ap-

proach. Experimentally this involves sweeping a small test object over the imaging re-

gion, then measuring B⃗e at each location[149].Numerically, this translates to successive

small perturbations in each element, kζ , the size of which determines the model precision.

However, for any practical number of elements, the computational requirements for cal-

culations become extreme[149].

The key result here is a rectangular sensitivity matrix with dimensions of [ζ × 3 nr′′ ],

where 3 nr′′ is the number of measurements taken with a three-axis magnetometer. Typi-

cally ζ ≫ 3 nr′′ , making this matrix significantly less computationally expensive to invert

than a conventional square matrix. When applying multiple magnetic fields, augmenta-

tion can be utilised, combining all information into a single coherent matrix, requiring

one inversion and producing one image from all measurements.

This formulation, in principle, allows an arbitrary set of impressed magnetic fields from

an indiscriminate induction system to be related to the subsequent response measured at

a point-like sensor due to any particular structure of material(s) with some conductive
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properties. The resulting sensitivity can then be calculated coherently, representing all

impressed fields in a compact system of equations ready for inversion.

3.8 Approximate Formulations for Prototyping - Vec-

tor Potential

Both of the forward modelling and sensitivity formulations discussed are computationally

expensive to apply. The latter has significant computational costs to find the sensitivity

matrix, whilst the former results in a significantly larger square matrix which is costly to

invert. These issues are magnified when including multiple magnetic fields, particularly

during system prototyping.

An alternative formulation takes a similar approach to traditional MIT, beginning with

Amperes’ law, Equation (3.1d). Under the quasi-static approximation with displacement

current neglected and a homogeneous permittivity,

∇⃗ × B⃗(r⃗) = µrJ⃗Total. (3.49)

This contains a linear combination of current density terms,

J⃗ = J⃗s + J⃗e + J⃗v, (3.50)

where J⃗v are current densities related to the motion of a conductive object in the impressed

field. For a stationary system applying Equation (3.28) leads to,

∇⃗ × B⃗(r⃗) = µrJ⃗(r⃗′) + µrσ(r⃗)E⃗(r⃗). (3.51)
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Substituting in the vector potential from Equation (3.2) combined with the Coulomb

gauge and a vector identity,

−∇2A⃗(r⃗) = µrJ⃗(r⃗′) + µrσ(r⃗)
∂A⃗(r⃗)

∂t
. (3.52)

The gauge choice here is only valid where the induced magnetic field is not dissipated

inside an object due to the skin effect, else edge effects begin to dominate the system,

and the electric potential can no longer be neglected. Applying the phasor convention to

solve for the time-dependence,

−∇2A⃗(r⃗) = µrJ⃗(r⃗′) + iωµrσ(r⃗)A⃗(r⃗). (3.53)

Using a series expansion the magnetic vector potential can be split into an in-phase and

out-of-phase component, vectors a⃗ and i⃗b respectively. Leading to two coupled governing

equations,

Real: −∇2a⃗(r⃗) = µrJ⃗(r⃗′)− ωµrσ(r⃗)⃗b(r⃗), (3.54a)

Imaginary: −∇2⃗b(r⃗) = ωµrσ(r⃗)⃗a(r⃗). (3.54b)

In the limit a⃗ ≫ b⃗ Equation (3.54a) becomes identical to Equation (3.5) but in terms of

the in-phase component,

∇2a⃗(r⃗) = −µrJ⃗(r⃗′), (3.55)

which can be solved using a standard Greens’ function solution, a⃗(r⃗) = µr

4π

∫ J⃗(r⃗′)

|r⃗−r⃗′|
d3r′.

This regime specifies then that the in-phase component is related directly to the applied

magnetic field, whilst the out-of-phase component is the sole component dependent on

the passive electric properties of the region of interest, in this case, conductivity.

Taking a Greens function solution to the out-of-phase component,

b⃗(r⃗′′) =
µrω

4π

∫ ∫ ∫
σ(r⃗) a⃗(r⃗)

| r⃗′′ − r⃗ |
d3r, (3.56)
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where b⃗(r⃗′′) is then the out-of-phase response measured at some detection points r⃗′′.

Explicitly, this derivation relies on µrωσ(r⃗) being suitably small. In simple geometries this

depends on the skin depth being small enough that the magnetic field fully penetrates

the object. Under the influence of multiple quasi-orthogonal magnetic fields combined

with complex conductive structures, the skin depth becomes poorly defined, necessitating

a more rigorous definition of the applicability of this model. Equation (3.55) requires

explicitly that,

|∇⃗2a⃗| ≥ |µrωσb⃗|, (3.57)

from which a sufficiently small µrωσ(r⃗) can be estimated for a specific magnetic field.

Appendix D provides some information on the limitations of this model by investigating

two simple systems with Equation 3.41.

To formulate a sensitivity relationship in terms of conductivity, again assume it behaves

as a piece-wise linear constant, hence,

b⃗(r⃗′′) =
µrω

4π

∑
ζ

σζ

∫
Ωζ

a⃗(r⃗)

| r⃗′′ − r⃗ |
d3r, (3.58)

where Ωζ is again the volume of a specific element within a discrete model. Differentiating

this expression with respect to conductivity then describes the sensitivity of the out-

of-phase response, at some measurement positions r⃗′′, due to some external impressed

magnetic field a⃗(r⃗).

∂b⃗(r⃗′′)

∂σζ

=
µrω

4π

∫
Ωζ

a⃗(r⃗)

| r⃗′′ − r⃗ |
d3r. (3.59)

The result is another sensitivity formulation which implicitly leads to a sensitivity matrix

of dimensions [ζ × 3 nr′′ ] for three-axis measurements. Compared to the perturbation

approach this fully-integration dependent model also requires significantly less computa-

tions to construct, whilst depending only on a specified discrete volume, the input field(s)

and a choice of measurement positions. This means a single calculation can be used for

a range of conductive geometries and magnitudes, provided the required approximations
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are met - perfect for system prototyping.

In this framework the forward model is a simple linear matrix equation:

b⃗κ =
∑
ζ

σζM⃗
A
ζκ, (3.60)

where M⃗A
ζκ is the sensitivity, ∂b⃗(r⃗′′)

∂σζ
, for elements ζ and measurements κ.

Equation (3.58) and the subsequent sensitivity formulation can also make use of the

previously introduced series expansion. This leads to,

b⃗(r⃗′′) =
µrω

4π

∞∑
n=0

n∑
m=−n

Cnm

∑
ζ

σζ

∫
Ωζ

Tm
n (r⃗)

| r⃗′′ − r⃗ |
d3r. (3.61)

Taking a harmonic expansion of the Greens’ function then simplifies the computation of

the integral,

b⃗(r⃗′′) = µrω
∞∑

n′=0

n′∑
m′=−n′

∞∑
n=0

n∑
m=−n

Cnm

∑
ζ

σζ
Tm′

n′ (r⃗′′)

2n′ + 1

∫
Ωζ

Tm
n (r⃗)Tm′

n′ (r⃗)d3r. (3.62)

In a real-world experiment, the applicability of this and the upcoming model is restricted

by numerous factors, including: source current density, source frequency, detector sensi-

tivity, and the dynamic range of detection. At a small scale, safety concerns limit the

strength of source currents. There may be a trade-off between a magnetic field which

completely penetrates the object and one which generates a detectable response. Modern

optically pumped magnetometers will significantly increase the applicable range of this

model but may require appropriate magnetic shielding to utilise.
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3.9 Approximate Formulations for Prototyping - Mag-

netic Field

For a real-world implementation of MIT, there is an obvious flaw in the preceding formu-

lation because measurements are made of the magnetic field, not a vector potential. In

a geophysical problem, there are further issues associated with reconciling the predicted

data and a conventional approach utilising the apparent conductivity, Equation (2.3).

Two separate approaches can derive a related model in terms of the magnetic field. Using

the definition of a magnetic vector potential,

H⃗s(r⃗′′) = ∇⃗ × b⃗(r⃗′′), (3.63)

recalling H⃗s(r⃗′′) is the out-of-phase or quadrature component of magnetic flux as measured

at a detector. Substituting in Equation (3.58), applying the vector identity

∇⃗ ×
(
f(r)G⃗(r)

)
= f(r)∇⃗ × G⃗(r)− G⃗(r)× ∇⃗f(r),

and noting the coordinate dependence of the ∇ operator leads to,

H⃗s(r⃗′′) =
ω

4π

∑
ζ

σζ

∫
Ωζ

a⃗(r⃗)× (r⃗′′ − r⃗)

| r⃗′′ − r⃗ |3
d3r. (3.64)

The sensitivity formulation in terms of magnetic flux is then simply,

∂H⃗s(r⃗′′)

∂σζ

= M⃗ζκ =
ω

4π

∫
Ωζ

a⃗(r⃗)× (r⃗′′ − r⃗)

| r⃗′′ − r⃗ |3
d3r. (3.65)

This is the formulation used for investigatory MIT inversion problems later in this thesis.

The same expression, but with an explicit i term denoting the out-of-phase nature of this

response, can be found in a geophysical framework by following the derivation in [150],

generalised to a generic source magnetic field and an unspecified set of detector positions.

The primary field can be found through Equation (3.8) where r⃗ → r⃗′′, which leads natu-

rally to calculations of the apparent conductivity.
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The layered nature of this model, coupled with the highly ill-posed related inversion

problems, necessitates a need to minimise the number of computations whilst maximising

the related numerical accuracy, particularly for synthetic studies. To understand why,

consider the components of a complete model for spherical harmonic fields in magnetic

induction tomography.

An induction system is constructed of several arbitrarily shaped current sources, each

requiring many elemental segments to calculate the resulting magnetic field. These gen-

erate numerous independent, approximately orthogonal magnetic fields, which interact

with a discrete region composed of many three-dimensional voxels to produce some re-

sponse, measured at an array of positions. A secondary calculation constructs an inversion

map - usually the sensitivity calculation from the forward model with fewer voxels to en-

able image reconstruction. Extensions to geophysics then require repeated modelling at

numerous source locations while considering dramatic increases in the modelling volume,

multiplying the number of computations.

The approach used in Equation (3.62) could be applied here to solve Equation (3.65).

The result is: a superposition of analytic composites to find a⃗(r⃗) (Appendix B), followed

by a solution to Equation (3.24), then a nested summation combined with a solution to

the radial integration up to the n/n′ th degree. In practice taking the expressions for a⃗(r⃗),

then solving the integral directly with Gaussian Quadrature (Appendix C) is often more

efficient. Multi-dimensional arrays and matrix mathematics can be further manipulated

for computational efficiency.

In summary, this chapter has covered the key equations imperative to modelling an MIT

problem. It provides a novel algorithm designed to produce an arbitrary magnetic field

given a system of coils and a generation volume by varying the current through indi-

vidually controlled elements. It extends the existing approaches to model the responses,
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and sensitivity to inversion, to allow the utilisation of a system of inhomogeneous fields.

Greens function solutions to the full-phasor system, and a simplified approximate regime

are given, intending to minimise the computational expense of both the forward and

inverse models.



Chapter 4

Inverse Theory & Image

Reconstruction

The overarching aim of this chapter is to present the complexity of ill-posed inversion prob-

lems intuitively in the context of MIT, including numerous tools to analyse the system,

select an appropriate algorithm, find a solution, and quantitatively assess that solution. It

also intends to highlight a frequent disparity between theory and practical reality, where

apparently invalid algorithms have proven to be incredibly effective in subsequent work.

Considerations include a library of appropriate algorithms ranging from those suited to

simple smooth problems, increasing the complexity, to those with sharp discontinuities.

Each imposes a particular subspace to imply some desired property of the solution, and as

a result, there is no ‘best’ choice. Each also obtains a balance between speed, quality, and

stability of the solving process, with this work identifying optimisable parameters able to

be adjusted to achieve a desired outcome. The discussion covers methods to select the

regularisation parameter and, subsequently, an appropriate quantitative solution without

manual intervention given the infinite number of permutations and semi-convergent na-

ture of many of these approaches. Individual algorithms come from other research fields,

up to some state-of-the-art solutions, with appropriate modifications where necessary.

Most are wholly novel to MIT and typically exhibit significant computational advantages

42
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to the widely used Tikhonov inversion, removing computational bounds concerning the

maximum resolution attainable and the number of measurements involved.

The inverse problem in MIT works to find the causal passive electric responses which

produce a set of eddy-magnetic observations. Formulations like Equation (3.60) lead to a

linear inverse problem,

σζ = M−1
ζκ bκ, (4.1)

where the lack of vector notation in Mζκ identifies this may refer to a problem formulated

in terms of the magnitude of the magnetic field. A trivial solution to this problem does

not exist, for there are infinite conductivity profiles which could generate any given bκ.

This is often referred to as an ill-posed problem in the Hadamard sense[151], which is true

for most inverse problems in Electromagnetism.

Regardless of formulation, the sensitivity matrix Mζκ is also ill-conditioned, suggesting

individual measurements (columns) are nearly-linearly independent[152]. Any tiny pertur-

bation in the observations leads to a colossal change in the estimated causal properties.

Deriving a related matrix which is well conditioned also fails to guarantee an adequate

solution[152]. Further imposing additional constraints like confining the solution norm by

some parameter gives rise to a non-linear dependence on the parameter, so the parameter

choice is obscure even for an ideal problem[152].

From a purely mathematical perspective, the inverse of any matrix is also only well de-

fined for a square, or well-determined set of equations (κ = ζ). Where this isn’t true a

standard approach is to minimise a least squares cost function, like Equation (3.20),

min
σζ

||Mζκσζ − bκ||2. (4.2)

The solution norm is then, the value of this function for a particular solution, σsol
ζ .
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4.1 Singular Value Decomposition

The Singular Value Decomposition (SVD) is a standard tool which provides some use-

ful insights into the consequences of ill-conditioning and consists of a decomposition of

Mζκ
[153],

Mζκ = U η V⊤ =
∑
i

ui ηi v
⊤
i i = 1, ...,min(ζ, κ), (4.3)

where U ∈ Rζ×ζ and V ∈ Rκ×κ are matrices with orthonormal columns such, UU⊤ =

VV⊤ = I, with the columns known as the left-singular and right-singular vectors of the

sensitivity matrix respectively, while η ∈ Rζ×κ is a diagonal matrix with non-negative

decreasing valued entries known as the singular values. For a system of κ singular values,

the ratio of η1/ηκ is known as the condition number of the sensitivity matrix[154, 153]. From

the SVD, consider the following quantities[152, 155],

Mvi = ηiui

||Mvi||2 = ηi

 i = 1, ...,min(ζ, κ) (4.4)

A relatively small ηi specifies that there exists a linear combination of the columns of Mζκ

where ||Mvi||2 = ηi is also small. As ηi → 0, the associated singular vectors therefore

become increasingly oscillatory[152]. The forward problem becomes,

bκ = Mζκσ
sol
ζ =

∑
i

ηκ(V
⊤
ζκ σsol

ζ ) Uζκ. (4.5)

The multiplication by η leads to a damping effect on those oscillatory singular vectors.

This is reversed in the inverse problem, amplifying any small errors in bκ so that they dom-

inate the final solution[152]. A visual representation of this amplification is in Figure 4.1

for a linear inversion of a specific MIT problem. The solution (right) is noise corrupt with

highly oscillatory variations in magnitude despite being an accurate least-squares solution.

An additional insight gained from applying the SVD is that it demonstrates that Equa-
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Figure 4.1: A perfect reconstruction (left) compared to a direct linear inverse solution
(right) which suffers from noise amplification. A subsequently defined induction system,
Figure 5.35, producing nineteen magnetic fields, is coupled with twenty-five point-like
sensors detecting the three axial components of the magnetic response from Equation
3.48 giving κ = 1425. Combined with Gaussian white noise at a level equivalent to the
noise floor of a Lakeshore Telsameter, the target image is a [10 × 10 × 10] grid of cubic
voxels, such ζ = 1000 in the inversion.

tion (4.1) and the ”generalised” least-squares cost function result in identical solutions[152],

σLSQ =
∑
κ

U⊤
ζκbκ

ηκ
Vζκ. (4.6)

For synthetic studies like those considered here, another key concept is the inverse crime[156].

Within the confines of a particular model, one can produce a set of perfect, noise-free ob-

servations. When inverted these may lead to flawless solutions which are in fact physically

unattainable. This links directly to the ill-conditioning of the problem.

Some examples for three-dimensional MIT inversions are provided in Figures 4.2 and

4.3, showing this is relatively ubiquitous and can allow logically impossible inverse solu-

tions to be found. Both of these demonstrations use the induction system in Figure 5.35

to produce signals.

The inverse crime is easily overcome, but it is important to do so. In many cases simply

varying the discretisation between the forward and inverse models can add a large enough
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(a) A flawless image can be produced by identical forward/inverse models.

(b) With Gaussian noise at 0.1% of the
signal magnitude.

Figure 4.2: A demonstration of the inverse crime in a simple, synthetic, three-dimensional
MIT problem which varies smoothly from 10−2 to 10−3S/m. Though easily overcome,
there is clear potential to get carried away with seemingly perfect results which can never
be practically reproduced. The quoted error values use the MULTISSIM3 metric[157].

perturbation. Best practice is to also include some additive noise with the observations

which are to be inverted,

binvertκ = bsyntheticκ eκ, (4.7)

where e is some measure of noise - typically a white or Gaussian distribution.
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Figure 4.3: The inverse crime is ubiquitous and enables logically impossible problems, here
ζ = 1, 000, 000 and κ = 4. Though there is some blurring, the object and magnitudes are
reproduced definitively, as is an overwhelming majority of the background.

4.2 An Introduction to Regularised Inverse Methods

The discussion demonstrates that a trivial solution using standard linear algebra is un-

suitable. Regularisation and associated methods provide a more sophisticated approach

allowing information about the desired solution to be incorporated, which aims to extract

a stable, favourable choice. This also means the initial set of linear equations is no longer

being solved, instead, a balance between matching the set of linear equations and any

additional constraints is sought[152].

The best known approach is Tikhonov regularisation[158] which was briefly introduced

for Equations (3.21) and (3.23). This selects a solution by considering the addition of a

side constraint,

σλ
ζ = argmin

{∣∣∣∣Mζκσζ − bκ
∣∣∣∣2
2
+ λ2

∣∣∣∣L(σζ − σ∗
ζ )
∣∣∣∣2

2

}
, (4.8)

where λ is known as the regularisation parameter, L is the regularisation or Tikhonov

matrix, and σ∗
ζ is some initial guess of the solution. λ controls the relative importance

of the side constraint relative to the least-squares solution to the system of equations. A
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more familiar expression arises by solving this with matrix mathematics,

σλ
ζ =

(
M⊤

ζκMζκ + λL⊤L
)−1

(Mζκbκ + λL⊤Lσ∗
ζ ), (4.9)

which simplifies to the form seen in Equation (3.21) when the initial guess is zero. The

regularisation matrix in a Tikhonov approach specifies the form of additional constraints

- the desired properties of a subsequent solution. The most common form has already

been encountered in this thesis, L = I, known as L2 regularisation, giving preference to

solutions with smaller 2-norms[159]. For an image reconstruction problem such as this, this

regularisation implies some smoothness to the final solution, which may lead to blurring

or bleeding around regions of variable conductivity.

This matrix has additional uses beyond acting as a direct side constraint in the prob-

lem. In iterative and truncated inverse methods, additions such as preconditioning, prior-

conditioning, and enrichment can benefit both convergence speed and the quality of the

final solution. Some implementations may be valueless in a Tikhonov inversion, but highly

successful in an iterative scheme or visa-versa. Regardless of the application, a regulari-

sation matrix imparts additional information about the expected solution into the inverse

procedure, restricting the available parameter space to select a more desirable solution.

Consequently the success of any regularised inverse procedure will always be very problem

specific. Even in MIT a conventional problem considering fault detection in metals could

be well suited to an edge-detection algorithm, whereas a large-scale conductivity profile

encountered in a geophysical survey may vary in a manner better suited to a smoothness

constraint. Appendix E provides a more comprehensive discussion of the variety of forms

this matrix may take.

It can be shown using the SVD that the purpose of a regularisation method is to dampen,

adjust, or remove the contributions from the smallest singular values[152]. This requires
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some filter factors, fi, be introduced to the least squares solution,

σReg
ζ =

∑
κ

fi
U⊤
ζκbκ

ηκ
Vζκ, L = I (4.10)

assuming the regularisation matrix is the identity for simplicity. The choice of filter fac-

tors then should decay to zero so the contributions from smaller singular values of ηκ,

which amplify noise, are removed from the final summation. The difference between ef-

fectively any regularisation or inverse approach is how the filter factors are defined and

subsequently applied[155].

From Equation (4.8) with L = I the filter factors take the form[152],

fi =
η2κ

(η2κ + λ2)
, (4.11)

which illustrates the regularisation has no influence for λ > η1
[155].

One major issue associated with Tikhonov inversions is the computational requirements,

with just the inversion step of a [ζ × ζ] matrix scaling as O(ζ3)[160].

4.3 Truncated Inverse Methods

The SVD of the system of equations and related filter factors leads directly to a more

intuitive approach to regularisation. Instead of adding additional assumptions to the

model, high-frequency singular values could be ignored completely. This is known as a

truncated method and a number of variations exist. The simplest is perhaps the Truncated

SVD (TSVD) using filter factors of the form[161],

fi(ηκ) =


1, if κ < λ,

0, if κ > λ,

(4.12)
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and so λ acts as a threshold[162]. This is also the only regularised solution which has no

null-space component which overlaps with the sensitivity matrix, and thus is the only

method which does not impart some a priori information through the regularisation ma-

trix restricting the available parameter space[161].

The General Singular Value Decomposition (GSVD) is an extension of the SVD and

considers a matrix decomposition of the matrix pair [M L][163, 164, 165]. For a matrix

L ∈ Rp×κ in a general ill-posed problem where η ≥ κ ≥ p is true, this takes the form

Mζκ = Ũ

Σ̃ 0

0 Iκ−p

X−1, L = Ṽ (Ã , 0)X−1, (4.13)

where Ũ ∈ Rη×κ and Ṽ ∈ Rp×p are orthonormal matrices similar to those in the SVD,

X ∈ Rκ×κ is a non-singular matrix and Σ̃ and Ã are p×p diagonal matrices, with ordered

non-negative entries. The ratio of the values in Σ̃ and Ã are then used to define the

generalised singular values of the decomposed matrix pair[163, 164, 165].

The final κ − p columns in X capture the basis vectors contained in the null-space of

a chosen regularisation matrix L. An important characteristic for any L matrix is that

known features of the desired solution can be represented by vectors in the matrix null-

space and doing so ensures they are not damped in the regularised reconstruction[166].

Hence X provides insight into the regularising properties of a specific matrix and the

type of solution it gives preference to.

As with the TSVD a threshold can then be applied to produce a regularised reconstruc-

tion known as the Truncated General Singular Value Decomposition (TGSVD)[165]. This

approach allows for a hybrid between direct truncation of noisy components of the model,

and the addition of a priori information from L.

A pair of related approaches are the damped Singular Value Decomposition (dSVD)[167]
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and damped General Singular Value Decomposition(dGSVD)[152]. These are more nu-

anced with the filter factors of 1 and 0 replaced with smoothly decaying filter factors,

fi(ηκ) =
ηκ

ηκ + λ
. (4.14)

The key feature is that these decay at a significantly slower rate than those introduced by

the related Tikhonov methods. In theory this results in less filtering per truncation step,

allowing a more optimal solution to be found by sampling a more finely-tuned parameter

space.

A final notable method is Truncated Total Least Squares (TTLS), designed for the situ-

ation where neither the sensitivity matrix or data are known precisely - this can often be

relevant when modelling and working with data from a real-world experiment[168, 152].

4.4 Regularisation Parameter Selection and The L-

Curve

In Tikhonov and truncated approaches to finding an inverse solution, there is a regu-

larisation parameter, λ. The influence of that parameter is highly non-linear, and the

choice determines the trade-off between selecting an accurate solution to a given system

of equations or one that meets given a priori assumptions.

A convenient and intuitive graphical approach is known as the L-curve, with an early

application in [169]. This characteristic curve is a log-log scale plot of the residual norm,

||Mζκσ
reg
ζ − bκ||2, to the regularised (semi-)norm, ||Lσreg

ζ ||2, for a range of valid values of

λ, Figure 4.4.

When λ is small, most filter factors are close to unity and perturbation errors will

dominate the final solution. Conversely, as λ becomes large, the filter factors become
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Figure 4.4: The generic shape of an L-curve is given in terms of the MIT modelling
parameters used in this thesis. This curve is idealistic and therefore is unlikely to be found
in a practical application. Two regions are apparent; one where the perturbation error,
or error associated with noise quantities in the model, dominates the final solution; one
where the regularisation error, or the smoothness implied by the side constraint imposed
on the model dominates, and varying the regularisation parameter has little influence on
the solution.

very small, and the regularisation error then dominates the result. An optimal selection,

in terms of a balance between the solution to the linear system of equations and the

imposed side constraint, is then located at the point of maximal curvature on the log-log

plot, as shown for an ideal inverse problem in Figure 4.4[170]. This represents one method

of selecting the optimal amount of regularisation for an unknown problem, though the

exact form varies between Tikhonov and Truncated methods. Part of the convenience is

that no estimate of the measurement error is required to select a value.

A robust approach, it provides a visual reference which can impart additional insight

into a problem. For example, if the shape deviates significantly, this may identify that
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Tikhonov methods are unable to solve a specific problem for any λ value.

Depending on the problem, other approaches may be more practical. When both ζ and

κ are large, computing a solution at a near continuum of regularisation parameters is

computationally expensive. If an estimate of the measurement error can be made, a quick

and simple estimation of the parameter comes from the discrepancy principle amounting

to choosing λ such,

||Mζκσ
Reg
ζ − bκ||22 = ||e||2, (4.15)

is true[152, 162] when ||e||2 is the estimate of the error. The quality of the resulting solution

is then implicitly linked to the accuracy of the estimated error. In MIT this may apply

when the dominant source of error is associated with a commercial magnetometer which

has been locally calibrated to account for any environment variables. A closely related

approach is known as the Miller Criterion which includes a statistical estimate of the

distribution of the solution[162].

A statistical approach leads to Generalised Cross Validation (GCV). The premise is that a

well-chosen solution should be able to accurately predict any single excluded measurement

from the vector bκ. A regularisation parameter should then minimise the GCV function,

G ≡
||Mζκσ

Reg
ζ − bκ||22(

trace[Iζ −MζκM I
ζκ]

) , (4.16)

where M I
ζκ is a matrix for which σReg

ζ = M I
ζκbκ is true[152, 162]. This is widely used and,

using the SVD and filter factors, the computation of the denominator can be significantly

simplified[155]. It is also often used as a stopping rule for iterative inversion algorithms

because of its statistical rigour.

All approaches to parameter selection are imperfect. In a hypothetical test case where

the sought solution is already known, and a perfect continuum of λ values can be trialled

with infinitely precise mathematics, a better value can almost certainly be selected.
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4.5 Iterative Regularisation and Image Reconstruc-

tion Algorithms

Tikhonov methods have found wide application in historical MIT problems, with the

application of TSVD also seen in texts such as [171]. These schemes are advantageous be-

cause they are: robust, easily applied, involve minimal algorithmic complexity, and for the

limited data available in conventional MIT, often require few computations to produce an

image. But those approaches scale cubically with the number of variables, often restrict-

ing MIT to low-resolution, two-dimensional images, with as few as 32 measurements[49, 48].

In part, this explains the rarity of geophysical MIT inversions.

Modern image reconstruction algorithms designed for large-scale ill-posed problems form

an entire active research field. The algorithmic complexity of these algorithms historically

means their application to novel inversion problems like this is unusual. Thankfully a va-

riety of open-source modular packages exist to overcome this, such as [155, 172, 173, 174,

175]. A brief introduction to a subset of the available algorithms follows each included

because they have found some application to MIT during this body of research. Numerous

permutations exist when considering the various constraints and coupling to regularising

matrices like those in Appendix E.

A simple iterative least-squares method is the addition of a non-negative constraint,

min
∣∣∣∣Mζκσζ − bκ

∣∣∣∣
2

subject to σζ ⩾ 0. (4.17)

This functions by computing a possible solution, adjusting it through increasingly smooth

steps, and then stopping at a solution which meets both the constraint and solves the

least-squares problem[176].
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4.5.1 Conjugate Gradient Algorithms

The conjugate gradient (CG) or conjugate gradient least squares (CGLS) approach can be

applied directly to an ill-posed system of equations, with a regularising effect dependent

on the number of iterations[177, 152, 155]. λ is then the number of iterations. At the λth

step,

min
∣∣∣∣Mζκσ

λ
ζ − bκ

∣∣∣∣
2

subject to σλ
ζ ∈ Kλ(M

⊤
ζκMζκ,M

⊤
ζκbκ), (4.18)

where Kλ is the Krylov subspace associated with the λth step of the algorithm applied to

M⊤
ζκMζκσ

λ
ζ = M⊤

ζκbκ. This functions as a Tikhonov variant with a side constraint.

A Krylov subspace is defined explicitly as,

Kλ(M
⊤
ζκMζκ,M

⊤
ζκbκ) = span

{
M⊤

ζκbκ,M
⊤
ζκMζκM

⊤
ζκbκ, . . . , (M

⊤
ζκMζκ)

λ−1M⊤
ζκbκ

}
, (4.19)

where span means every vector in the subspace is a linear combination of the constructed

basis[155, 178]. The subspace involves a series of vector multiplications, with calculations

O(ζ) opposed to O(ζ3) in a Tikhonov approach[178, 179]. This calculation efficiency has

various consequences, such as, in a limiting case, identical hardware may solve a higher-

resolution problem.

The filter factors relate to the Ritz polynomial at a certain iteration,

Pλ(η) =
λ∏

j=1

(
θ
(λ)
j

)2

− η2(
θ
(λ)
j

)2 . (4.20)

where
(
θ
(λ)
j

)2

are known as the Ritz values and η are the non-zero singular values[152].

Ritz values specify the λ eigenvalues of M⊤
ζκMζκ restricted to the specific Krylov subspace,

Kλ(M
⊤
ζκMζκ,M

⊤
ζκbκ). The filter factors are then[152],

f
(λ)
j = 1− Pλ(ηj), j = 1, . . . , λ. (4.21)
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A useful variant is Brakhage’s ν-method[180]. Analogous to dSVD, it is less sensitive to the

iteration number and can theoretically select a more optimal solution. It considers two

problem-independent update vectors which rely on λ and some specified value 0 < ν < 1.

The filter factors can be expressed as Jacobi polynomials, and the integration of precon-

ditioning matrices is possible[155].

Theoretically, CG methods are implicitly derived to solve systems of equations with a

symmetric positive definite sensitivity matrix only. This suggests that the dense, rectan-

gular, augmented matrices proposed as part of this investigation into multiple orthogonal

source fields are not well suited to CG solutions. Despite this, some data demonstrating

their practical superiority over Tikhonov methods is in Chapter 6.

From the theoretical note, various generalisations principally better suited to the problem

exist. The bi-CG algorithm is a simple extension where both the original linear system

and the conjugate system, b∗κ =
∑

ζ σ
∗
ζM

⊤
ζκ, are solved for at each step, with two residual

vectors per iteration[181]. A further generalisation is the bi-CG stabilised method which

introduces a secondary ill-posed inversion algorithm to perform repair steps. Repair steps

attempt to improve solution quality, and the natural form considers the use of first-order

polynomials[182], with variants such as bi-conjugate gradients stabilised (l) extending this

to higher orders.

4.5.2 Algebraic, Column-Action & Simultaneous Iterative Al-

gorithms

Algebraic Reconstruction Techniques (ART) typically proceed as row-action methods, act-

ing upon each measurement sequentially during an individual iteration. Column-Action

Reconstruction Technique (CART) methods are similar, acting instead on each voxel in

sequence. Simultaneous Iterative Reconstruction Techniques (SIRT) meanwhile solve all

equations at the same time during a particular iteration, analogous to Tikhonov methods.

MATLAB implementations of all the algorithms come from [174].



4.5. Iterative Regularisation and Image Reconstruction Algorithms 57

Any ART method is differentiated only by the sequential process order of individual

measurements. Each step updates the entire solution for the κ = nth row of the transpose

of the sensitivity matrix as[173],

σ ← σ + νλ
bn −M⊤

n σ

||M⊤
n ||22 + αλ

M⊤
n , (4.22)

where νλ is the relaxation parameter and αλ is an additional damping parameter. νλ is

the primary convergence parameter, taking a value in the range [0,2] which may be fixed

or vary with λ. The best known is the Kaczmarz method, where νλ is fixed and each

iteration consists of a ordered pass through all measurements, n = 1, 2, . . . , κ[173, 183, 184].

The Randomised Kaczmarz method[173, 185] attempts to speed convergence by randomis-

ing the order of n, something well suited to large-sparse over-determined matrices. The

symmetric Kaczmarz method consists of a double sweep[173, 186], with one forward and

the other inverse, n = 1, 2, . . . , κ− 1, κ, κ− 1, . . . , 2, 1. An iteration-dependent relaxation

parameter (νλ → 0 as λ → ∞) forces the algorithm to converge to the weighted-least

squares solution[187] as λ ≈ ∞.

Side constraints, such as upper and lower inequality bounds on σ, can also be included.

Non-negativity is of particular relevance given σ ≥ 0 is true in nearly all settings[74]. An

upper bound can also accelerate convergence and improve the final image quality, with

appropriate choices set by either the problem at hand or physical limits. Permutations

including different constraints then formulate at least twelve algorithms, all of which can

be further tuned by adjusting νλ and αλ.

A straightforward alternative is CART methods which consider an update vector at the

ζ ≡ nth column, or an individual voxel,

σn ← σn + νλ
M⊤

n (b−Mσ)

||Mn||22 + αλ

. (4.23)
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The sequence is adjustable, and the various constraints may be integrated, leading to al-

gorithms with dissimilar inversion properties. Theoretically, this algorithm is well suited

to our MIT problem. Convergence analysis[188] suggests it is best suited to those where

individual measurements are independent - guaranteed with perfectly orthogonal mag-

netic fields. It also approaches the optimal solution faster during early computations,

before update size slows, allowing early stopping without majorly affecting image quality

compared to other algebraic techniques[189, 188, 190].

SIRT algorithms, in general form, at a particular iteration are given by,

σλ+1 = σλ + νλTM
⊤
ζκD(bκ −Mζκσ

λ
ζ ), (4.24)

where σλ+1 denotes the new iteration vector, σλ denotes the current iteration vector

or initial guess at λ = 0. Once again, various constrained permutations exist for each

algorithm. Individual methods can be differentiated by the choice of [T,D] the simplest

of which is the classical Landweber method, T = D = I,

σλ+1 = σλ + νλM
⊤
ζκ(bκ −Mζκσ

λ
ζ ). (4.25)

The Cimmino method[173, 191, 192] is a little more nuanced. Each iterate is the average

of the projections of the previous iterate on all affine hyperplanes[193, 194, 195] defined by

the series of measurements, κ. Two extensions consider that the equal weighting of each

projections’ contribution to the solution is less than ideal in large-sparse systems (such as

geophysical MIT). Component Averaging (CAV)[196] and Diagonally Relaxed Orthogonal

Projections (DROP)[197] both take heuristic approaches to include any sparsity-related

information. In dense systems, these reduce to Cimminos’ method with additional com-

putational overheads[173].

All of the iterative algorithms introduced are semi-convergent. As the number of itera-

tions increases, the solution quality will improve, before decaying away to noise-corrupted
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results comparable to an un-regularised choice. Various ’stopping rules’ exist to estimate

an ideal iteration number, including the previously introduced discrepancy principle and

GCV. More information is found in [198] or [155, 172, 173, 174, 175].

4.5.3 Further Inversion Algorithms & Combination Approaches

The entire IR Tools [175] package is implemented as part of this exploration into algo-

rithms suitable for our MIT problem, the mathematical details of which will be omitted

for brevity. Practically hybrid least-squares and related algorithms are particularly inter-

esting, designed to avoid the characteristic semi-convergent behaviour of typical inversion

algorithms. They are effectively convergent, bypassing the need for a stopping rule. Func-

tionally they apply a specific penalisation to the least squares problem after restriction

to a specific Krylov subspace (e.g Equation 4.19 for CGLS), instead of building that sub-

space from a chosen penalisation.

To ensure a point of reference, both where algorithms may arise in subsequent inverse

problems, and to those which this researcher found useful but the limited format of a

thesis did not allow to be formally quantified, a list of IR tools derived algorithms are:

• Non-Negative Flexible CGLS (NNFCGLS), which functions with a preconditioner

which changes with each iteration, and includes the integration of various regulari-

sation matrices.

• Enriched Least Squares, a modified CG algorithm using a low-dimensional Krylov

subspace to solve the penalised least-squares problem whilst incorporating addi-

tional information about the desired solutions. This can be coupled with various

regularisation matrices and use a custom choice of enriched subspace.

• Constrained Least Squares, a projected-restarted method which includes box/energy

constraints and the various regularisation matrices.

• Iteratively Reweighted Norm (IRN) approach, constructing a 1-norm solution through

inner/outer iterations and any other algorithm as an initial guess.

• Fast Iterative Shrinkage-Thresholding Algorithm (FISTA) which solves the Tikhonov
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problem in a computationally efficient manner, well suited to large-scale problems

even with dense matrix data, and may include box and/or energy constraints.

• Modified Residual Norm Steepest Descent method (MRNSD), a non-negatively con-

strained steepest-descent algorithm.

• Various generalised minimal residual methods (GMRES) apply Arnoldi iterations,

including a converging hybrid version.

Further developments of state-of-the-art algorithms which function as extensions of IR-

tools include the Hybrid JBD approach[199] designed for edge-enhancement and the Krylov

low-rank (LR) solvers[200] designed for computational efficiency. There is also a package

of ’lasso’ methods, which focus on applying a 1-norm in iterative solutions, found in [201].

Given various inverse solutions enabled by this library of algorithms, it is plausible to

generate multiple good solutions. In principle, the major difference between algorithmic

solutions should be perturbations in elements related to magnified noise contributions in

the problem, particularly for those which make similar assumptions. Further improve-

ments in image quality could come from combining solutions in a post-processing step,

such as taking standard averages. Care is required as each final image is no longer an

explicit solution to the system of equations, likely compelling a manually observed process.

Given that noise corruption is a significant source of error in any solution, standard

noise filters designed for image reconstruction may also be relevant. Three-dimensional

image reconstructions limit the available choices, but: Gaussian noise filters, box filters,

median filters, and band-pass filters have all been considered.

4.6 Resolution Matrix

A resolution matrix is a geophysical tool, which uses a square kernel function to provide

insight into the influence various components of the forward model have on the ability to

resolve parameters in the inverse problem[202].
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There are two component matrices required, the forward map

Fζζ = MζκM
⊤
ζκ, (4.26)

and the generalised inverse which inverts that matrix using some explicit scheme,

F†
ζζ = (MζκM

⊤
ζκ + λL⊤L)−1, (4.27)

for a Tikhonov regularised inverse. The resolution matrix is then,

RM
ζζ = F†F. (4.28)

For the perfect resolution of all parameters, the result is the identity matrix. Columns

give insight into the imaging of anomalies present in a specific element through the com-

bined process of measurement and then inversion. Diagonal values, often known as the

Model Resolution, represent the resolution of individual voxels[203, 204]. A value of unity

represents perfect resolution whilst zero denotes a cell which is unresolved[203, 204]. The

mean of these is known as the Information Efficiency, or average information content[202],

describing the average resolution of the entire model.

The choice of regularisation in the inverse map imparts some bias to the results. The

use of the identity matrix involves minimal assumptions and enables a focus on varied

forward modelling. λ is again a variable with a non-linear dependence, selected with the

L-curve. An open avenue for investigation is exploring the impact of various regularisation

schemes, for example, by comparing this result to those from other strategies.

4.7 Magnetic Field & Image Quality Metrics

Both image reconstruction and assessment of magnetic field generation necessitate quali-

tative methodologies to assess result quality. Investigations have considered several inter-

changeable metrics. None of these is capable of quantifying the variation in image quality
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as well as physical observation of the result.

The simplest error metric considered is the Root Mean Squared (RMS), which for a

specific solution σsol is,

RMS =

√∑
(σsol − σtrue)2

ζ
, (4.29)

where ζ in this context is the number of elements (pixels, voxels etc.) in the final image.

For an vector magnetic field this becomes,

RMS =

∑√
(Bx,sol −Bx,targ)2 + (By,sol −By,targ)2 + (Bz,sol −Bz,targ)2

ζ
, (4.30)

where ζ in this context is the number of points sampled in the discrete representation of

the field. Another metric which is often useful for non-negative results which vary over

multiple orders of magnitude is the Root Mean Squared Logarithmic Error given by,

RMSLE =

√∑
(log(σsol + 1)− log(σtrue + 1))2

ζ
. (4.31)

Another applicable metric is a normalised overlap integral, posed as,

OV ERLAP =

∫
(σsol σtrue) dV∫
(σtrue σtrue) dV

, (4.32)

leading to a value between 0-1, with 1 representing a perfect image. For consistency and

ease of use, it is often beneficial to convert this into the range 1-0 with zero representing

a perfect image. In a discrete problem, this becomes a sum over a pair of dot products

between individual elements.

For two-dimensional images, a metric defined explicitly in terms of image quality is the

Structural Similarity Index (SSIM)[205]. Combining local image structure (i.e patterns

of pixels), luminance, and contrast into a single metric intends to represent a subjective
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human quality score. Quantitatively this becomes,

SSIM(x, y) = [s(x, y)]α · [l(x, y)]β · [c(x, y)]γ


Structure, s(x, y) = Σxy+C1

ΣxΣy+C1
,

Luminance, l(x, y) = 2µ̄xµ̄y+C2

µ̄x
2+µ̄y

2+C2
,

Contrast, c(x, y) = 2ΣxΣy+C3

Σ2
x+Σ2

y+C3
,

(4.33)

where Σxy is the covarience of images x,y, Σx, Σy are the local standard deviations, µ̄x,

µ̄y are the local means and α, β, γ, C1, C2, C3 are constants. The resulting value ranges

between 0-1, where 1 represents a perfect match.

The image reconstructions in this thesis consider volumetric images, leading to the Multi-

SSIM3 metric[157]. Assessment concerns a combination of luminance, contrast, and struc-

ture terms upon several versions of the volume, at multiple scales. Designed to closely

match a human perception this has a value between 0-1, which is re-scaled with zero

representing a perfect image for consistency.

Overall, this chapter has presented the complexity of ill-posed inverse problems in the

context of MIT. It has covered several tools to analyse the system, select an appropriate

algorithm, find a solution, and quantitatively assess that solution. It provides a library

of algorithms and identifies links between them and the properties of a desired solution.

Individual algorithms are of varying complexity, novel to MIT, and include some state-

of-the-art approaches. All exhibit computational advantages to traditional, widely used,

approaches in MIT and should remove computational bounds on both the maximum

attainable resolution and the number of measurements made.



Chapter 5

Induction Systems For Orthogonal

Magnetic Field Generation

Equation (3.23),

Ik = (M⃗ I
⊤
jk M⃗ I

jk − λ I⊤ I)
−1

(M⃗ I
jk ∇⃗Tm

n (r, θ, ϕ)),

is derived in an effort to utilise a single modular system of coils to produce a range of

orthogonal spherical harmonic magnetic fields in a compact manner. Even confining the

investigation to simple building blocks like square, circular, and saddle coils produces a

complex design problem. The goal of this chapter is to develop a deeper understanding of

this novel field generation philosophy and establish some intuition for pertinent questions

such as:

• What influence does the coil composition have on orthogonality properties?

• How many magnetic fields can be produced?

• What approach can be used to identify unique magnetic fields?

• How precise does a current control system need to be to produce these fields?

• What limitations/issues are associated with the generated current distributions?

• How should regularisation be applied?

There are two broad categories for applications; localised where the system may enclose

the volume of interest, similar to X-ray screening or MRI scanners; and portable applica-

64
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tions, for investigation of larger regions such as geophysical surveys or shipping containers.

Regardless of the application, these systems are scalable, allowing analysis on normalised

scales to be adjusted depending on end-user requirements within physical limitations.

5.1 Induction Systems - Localised Applications

5.1.1 Experimental System: Four Coils

One approach to produce multiple, independently orthogonal, magnetic fields is using four

square coils, orientated along the X and Y axes of a volume like Helmholtz pairs. This

is predominantly a theoretical analysis used to inform a linked miniature experimental

setup - designed to verify that AC spherical harmonic fields, coupled with magnetometer

measurements, are beneficial to the MIT imaging problem.

This first section presents a robust approach to identify whether a particular magnetic

field can be considered mutually unique within a set of generated profiles - whether each

is ‘quasi-orthogonal’. It proceeds to highlight that calculating currents for various spher-

ical harmonic targets reproduces intuitive results and provides added value by producing

additional unexpected field profiles. The resulting fields are spatially dissimilar but have

minimal orthogonality properties, providing a baseline set of fields. Later, a comparison

is made between these and higher quality results more representative of the targets to

highlight the influence of improving the orthogonality of the applied fields in the MIT

inverse problem.

Construction of individual coils consists of a ten-by-ten layered structure of wire gauge no.

31 with a single set of terminals, wrapped into a square coil with an inner side length of

50mm and an outer side length of 54mm. Four of these are mounted in an insulating base

as shown in Figure 5.1a. A signal generator produces a sinusoidal signal at some fixed

frequency, which passes through a bipolar amplifier, and then an amplitude control cir-

cuit, powering the coils. At 50KHz using a parallel configuration of the maximum current
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(a) The experimental induction sys-
tem.

(b) The electric potential for a parallel input current of
130mA.

Figure 5.1: The simple bi-axial Helmholtz setup utilised as a proof of principle of MIT
with a modular induction system, and the associated simulated model of the electric
potential for coils powered in parallel.

of 130mA, there is a mutual inductance of 2.1± 0.1mH and a resistance of 11.9± 0.1Ω,

for which an electric potential model produced in MATLAB is in Figure 5.1b. Field mea-

surements use a Lakeshore F71 Teslameter with a triaxial mounted probe, which features

a sensitivity of 0.1µT at frequencies up to 70kHz.

To apply Equation (3.23) to this system, consider targeting the set of magnetic fields

described by spherical harmonics from n = 1,m = −1 to n = 6,m = 6 - a total of

48. In subsequent work these are numbered linearly in order of appearance, for example,

n = 1,m = −1 would be field 1, n = 2,m = 2 would be field 8 and so on. A subset

of these are tabulated in the Appendix A for clarity. A generation volume must also be

specified, which defines the imaging region or scanner bore in the MIT problem. This

must be carefully selected, balancing a region small enough that all component coils can

interact to control the spatial distribution of the magnetic field, but large enough that the

subsequent volume is of practical use. The algorithmic results depend implicitly on this

volume and the geometric properties of sources, so any variations will alter the resulting

current distributions in general. Here a centralised cube with a side length one-quarter of

an individual current source is used. The resulting sensitivity matrix applies Equation B.1
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with 27,000 points, resulting in a 81000× 4 augmented M I
jk term. The condition number

is 5.8 which is strongly linked to the simplicity of the design, and makes the regularisation

term relatively unimportant.

A result of the simplicity of this induction system is a limited ability to produce mag-

netic fields which are mutually unique and well-representative of the targeted harmonic

functions. One approach to analyse this is through the RMS, comparing the normalised

spatial profile of the three-dimensional field targeted in Equation (3.23) to the equivalent

produced by taking the resulting current distribution and solving Equation (3.18) using

Equation 4.30. The results for the target set are in Figure 5.2.

The specific normalisation used to calculate these values here and throughout the thesis

is: taking the target function divided by its magnitude, and the actual field divided by its

magnitude before calculating the component-wise residuals. We note in passing that the

target fields are simply mathematical constructs, and their magnitudes are arbitrary, but

have been scaled to provide physically realistic values which may not be entirely consis-

tent with the generated fields throughout this chapter. In reality reproducing the spatial

distribution and variation in magnitude specifies whether the target orthogonal magnetic

field has been generated.

This indicates how well each target field is reproduced. Identifying the unique, quasi-

orthogonal, results concerns simply selecting fields below some arbitrary cutoff denoting

a ’good’ approximation. Four obviously meet this criterion: the best being two of the

gradient fields n = 2,m = 0 at 0.35% error, then n = 2,m = 2 at 0.53% error; followed

by the two axially symmetric linear fields at n = 1,m = ±1 with 5.5% error. These are

intuitive given what is effectively a pair of Helmholtz coils producing X-Y symmetry, and

utilise unitary currents which could be selected manually, values which do not change

with double the generation volume. That volume adjustment does impact the RMS val-

ues, which increase to 2.7%, 3.5% and 18% respectively as edge effects are incorporated.
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Beyond an indication, the RMS has limited value in assessing these magnetic fields.

Higher-degree harmonics have spatially varying magnitudes, and areas of weaker field

strength have smaller residual values with a suppressed contribution to the RMS. There

is no information pertaining to the uniqueness of individual fields; large values may relate

to poor harmonic approximations, but the spatial distribution of magnetic field still pro-

vides additional information; in certain cases, Equation (3.23) suggests identical current

distributions for different targets, which have unrelated RMS despite being physically

identical.

Convention would suggest mapping the current distributions and the resulting field sim-

ulations to perform this evaluation[129]. Whilst valid, this approach quickly becomes

impractical; 48 volumetric images of the three-axial vector fields exist, along with corre-

sponding current distributions; these require permutative comparison and manual sepa-

ration. Magnification of complexity occurs with an increasing number of coils as more

complex fields can be produced. A tolerance-based comparison of the current distribu-

tions can simplify things, for instance, normalising distributions to ±1A, with a tolerance

of 0.5A reduces this to a set of 16 possibly unique magnetic fields. The physics of field

generation necessitates further analysis though, for example, two dissimilar distributions

can produce an effectively identical magnetic profile.

Applying Equation (3.25), for example, using a least-squares minimisation of the simu-

lated field against a set of targets is a more robust approach to performing this analysis.

As a limited system, basis functions up to n = 6 are sufficient to characterise the re-

sulting magnetic fields to 0.01% accuracy, resulting in a matrix of 48x48 coefficients for

all targeted magnetic fields. Diagonal elements relate to the target field, which ideally is

the dominant coefficient providing a quick reference to the success of Equation (3.23). In

general, a row-wise comparison of the harmonic composition is necessary. Similarities in

characterising coefficients can then highlight similar profiles and those which potentially
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Figure 5.2: The various RMS values for each magnetic field produced by the four coil in-
duction system compared to the targeted spherical harmonic. Production of four intuitive
harmonics is easily achieved, but no conclusive information pertains to the usefulness of
the remaining forty-four beyond they are poor representations of their target. The mean
of these values over all 48 fields is 66%, indicating a limited ability to reproduce the tar-
get profiles. A row-wise comparison of coefficients resulting from Equation (3.23) leads
to twelve unique fields, highlighted with blue stars, with an improved mean RMS of 47%.

have significant overlaps. Using a tolerance results in twelve unique magnetic fields, some

of which are degenerate - arising from reversing the polarity of current at all four coils.

Conventional MIT uses degenerate fields to extract additional information, and multiple

activated coils are likely to increase the signal-to-noise ratio vindicating their usefulness.

An overlap integral of each profile with the remaining eleven provides further quantitative

confirmation of relative uniqueness, Figure 5.3. Despite some significant overlaps between

some fields, each is generally suitably dissimilar. Even where the overlaps are large, near-

ing 0.7, each field will provide some variation in interrogation compared to a traditional

MIT approach. In turn, this will provide unique information to the inverse problem. Neg-

ative overlaps are of less concern because, as previously discussed, degenerate fields are

known to be valuable in MIT.

These can be labelled with respect to the target harmonic, though the simplicity of this de-
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Figure 5.3: The values resulting from a permutative calculation of the overlap integrals
between all twelve selected fields. The diagonal represents the overlap of a particular
magnetic field with itself and has the expected value of unity. The symmetry between
each half (above and below the diagonal) further mirrors expectation - for example, the
overlap between field one with field two, compared to field two with field one, should have
the same result.

sign means the majority are not accurate depictions of their namesake: n = 1, m = −1 : 1,

n = 2, m = −2 : 2, n = 3, m = −3, n = 4, m = −3, n = 5, m = −2, 0, highlighted

with blue stars in Figure 5.2. A less intuitive unique excitation pattern relates to the

n = 5, m = 0 field given in Figure 5.4, highlighting how the algorithm can select non-

integer current ratios for multiple sources to produce unique magnetic field data. Note

that the n = 1, m = 0 target field is a linear-z profile which intuitively cannot be gener-

ated by this induction system, yet in terms of this analysis it is a spatially unique field.

The experimental setup utilised a single manually controlled power supply to control

the sinusoidal current supplied to all coils. Amplitude adjustments involve introducing

resistors or polarity changes between the amplifier and a specific coil, limiting the avail-

able ratios to a subset of the twelve unique fields - the four accurate spherical harmonics

(n = 1,m = ±1, n = 2,m = 0 and n = 2,m = 2).
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Figure 5.4: The coil excitation pattern for the n = 5, m = 0 target harmonic.

(a) The coil excitation pattern for n = 1, m =
−1.

(b) The coil excitation pattern for n = 1, m =
1.

(c) The coil excitation pattern for n = 2, m =
0.

(d) The coil excitation pattern for n = 2, m =
2.

Figure 5.5: The set of normalised current ratios implemented in the experimental MIT
system, with the green block identifying the field generation region. This region is chosen
as an ideal internal volume for the production of spherical harmonic magnetic fields.

The excitation patterns are found in Figure 5.5 and are intuitive given the induction
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geometry and rotational symmetries of the target magnetic profiles. The lack of a trans-

lation stage impeded precise mapping, and as Helmholtz/anti-Helmholtz magnetic fields,

the experimental field mapping results are disinteresting beyond qualitative verification.

The omission of the field maps is justified for this reason and in the interest of brevity.

In summary, this section presents a robust approach to analyse magnetic fields gener-

ated by the optimisation of currents for a simple fixed coil geometry. As a limiting

case, one expects the potential to produce only a fractional subset of possible spherical

harmonic magnetic fields. Those provide an intuitive verification, with the analysis identi-

fying several unexpected, mutually unique profiles. Despite being poor representations of

the target spherical harmonics, their relative independence should add value in providing

varied spatial interrogation in an MIT problem. They also form a set of independent, but

not orthogonal, fields, providing a baseline to compare to more orthogonal fields in the

next chapter.
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5.1.2 Theoretical System 1: Cylindrical Coil Array

Consider an open-ended cylindrical topology with analogies in MRI or millimetre wave

scanners. The most appropriate conforming modular components are circular and saddle

coils, where the number of elements relates directly to the complexity of the generatable

set of fields. The complexity increases with the harmonic degree, requiring more compo-

nents and/or a more nuanced distribution of elements.

This section aims to highlight the versatility of the current distribution calculations and

the framework to quantify the resulting magnetic fields with respect to the orthogonal

target functions. It demonstrates that it is feasible to produce more complex spherical

harmonic fields with reasonable accuracy whilst establishing some bounds on the current

control required for generation. Further work highlights the influence of λ (the relative

weighting of the current-norm) on both fidelity and the field-per-unit current.

The symmetries in the highest-degree target fields, n = 6, and the number of spatial

variations can inform the distribution of modular components. A structure divided into

a six-by-six grid of saddle coils along the azimuth, with two circular end-coils to provide

additional transverse field control is proposed, seen in Figure 5.6. The circular end coils

have a radius of 2 normalised units, separated by 4 units, with individual saddle coils

having an arc length by z-extent of approximately 2.1 x 0.47 units.

Equation (3.23) is then applied using a centred cubic volume with dimensions of one

normalised unit. Individual inductors are assumed to contain one-hundred wire turns,

and the results are normalised to ± 1A. This covers a volume with approximately half the

radius of the enclosing cylinder, and double the z-extent of the dominant component sad-

dle coil. Dimensions relative to the system are equivalent to the four coil analysis. Using

the same calculation process leads to an 81000×38 augmented M I
jk term with a condition

number of 2.69 × 103. The choice of an appropriate λ value varies with the target field,

so an L-curve estimates a value, which is then scaled uniformly to give preference to high
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Figure 5.6: A coil structure composed of a six-by-six grid of saddle coils distributed around
the azimuth coupled with two circular end coils. Each has individual current control so,
by activating them in different sequences, multiple magnetic fields can be produced from
a single geometry.

fidelity fields - see the discussion around Figure 5.16 for more details - with values in the

range 2.6× 10−16 ≤ λ ≤ 4.3× 10−13.

A subset of the excitation patterns corresponding to the harmonics at n = 3, 4, 5, 6,

m = −1,−2,−4, 2 are provided in Figures 5.7, 5.8, 5.9 and 5.10. Each subplot presents

the excitation pattern, then quiver plots of the target, and simulated magnetic fields from

that current distribution.

The related RMS data is provided in Figure 5.11, calculated is discussed in Section 5.1.1,

demonstrating an obvious improvement relative to the previous system. For quick refer-

ence, the average RMS, dubbed Mean Field Fidelity henceforth, is an indicative value,

8.5% here.

The advantage of determining current distributions via Equation 3.23 is immediately
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(a)

(b) (c)

Figure 5.7: 5.7a) The excitation pattern in terms of normalised current distribution be-
tween the array of coils. 5.7b) The target function related to the gradient of the real
spherical harmonic n = 3 m = -1. 5.7c) The reconstruction from the excitation pattern
with 0.7% RMS error, colour bar gives values in Tesla.

apparent for a system with thirty-eight sources. Even with an innate understanding of

the links between the geometries and generated fields, selecting an appropriate distribu-

tion for the simplest linear fields is not a trivial task. With forty-eight fields of increasing

complexity, this quickly becomes impractical.

As this system can produce some n = 6 spherical harmonic fields with good RMS ac-

curacy, it becomes relevant to consider another thought experiment. Assume a system

exists and is capable of producing all spherical harmonics with m = 0 perfectly over a

unit cube centred at the origin. As the degree increases, so do both complexities in the

spatial magnetic field landscape variation and the associated gradient in field strength
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(a)

(b) (c)

Figure 5.8: 5.8a) The excitation pattern in terms of normalised current distribution be-
tween the array of coils. 5.8b) The target function related to the gradient of the real
spherical harmonic n = 4 m = -2. 5.8c) The reconstruction from the excitation pattern
with 1.6% RMS error, colour bar gives values in Tesla.

across any specific volume of interest. Examples for n = 3 and n = 9 are in Figure 5.12,

with a physical scaling as discussed in Section 5.1.1. Both are plotted with an identical

colour map to ease visual comparison.

The low degree harmonic varies in field amplitude by roughly three orders of magni-

tude over the volume - from 7.9 × 10−6T to 9.4 × 10−9T. The comparable high degree

harmonic ranges by twelve orders of magnitude - from 1.0× 10−5T to 2.0× 10−17T - over

the same volume. Contrasting the two the bulk response is smaller in the n = 9 field but
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(a)

(b) (c)

Figure 5.9: 5.9a) The excitation pattern in terms of normalised current distribution be-
tween the array of coils. 5.9b) The target function related to the gradient of the real
spherical harmonic n = 5 m = -4. 5.9c) The reconstruction from the excitation pattern
with 14% RMS error, colour bar gives values in Tesla.

contains an increase in local information at the volumes’ extrema.

From a pure mapping perspective n = 9 hits the dynamic limit of fields which can be

fully characterised, even by the most idealised superconducting quantum interference

device[206] with an appropriate uniform increase in amplitude. For volumetric MIT al-

lowances must be made for: contactless measurements, the maximum generation region

relative to inductors, the weak integrated out-of-phase response, and the dynamic range

in the detectable conductivity. Higher degree harmonics then become impractical for

anything but the characterisation of minute edge-based variations, coupled with compu-

tational complexity, this sets a natural truncation point at n = 6. Higher degree fields



78 Chapter 5. Induction Systems For Orthogonal Magnetic Field Generation

(a)

(b) (c)

Figure 5.10: 5.10a) The excitation pattern in terms of normalised current distribution
between the array of coils. 5.10b) The target function related to the gradient of the real
spherical harmonic n = 6 m = -1. 5.10c) The reconstruction from the excitation pattern
with 6.4% RMS error, colour bar gives values in Tesla.

may find use in other applications, such as non-destructive fault analysis, where the effect

is a decrease in the effective ’spot size’ of interrogation.

The RMS values in Figure 5.11 identify three outliers which may require analysis to

ensure they are useful members of an orthogonal set. Each has symmetries which are

not adequately reproduced in the angular components of this design. Uniqueness is more

accurately determined by Equation (3.25). Successful generation of some n = 6 fields

requires a basis of nmax ≥ 8. Taking n = 9 there is a matrix of 48x99 coefficients charac-
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Figure 5.11: A plot of the various RMS values for each magnetic field produced by the
induction system compared to the targeted spherical harmonic. The Mean Field Fidelity
over all 48 fields is 8.5%. There are three distinct RMS outliers which warrant additional
investigation at field numbers 15, 24 and 35 (n = [3, 4, 5], m = [3, 4, 5] respectively).
Equation 3.25 coupled with overlap calculations suggest two non-unique fields, 16 and 26
(n = 4,m = −4 & n = 5,m = −5 respectively), leaving 46 quasi-orthogonal magnetic
fields with a Mean Field Fidelity of 7.5%.

(a) The target field related to the n = 3,m = 0
spherical harmonic.

(b) The target field related to the n = 9,m =
0 spherical harmonic.

Figure 5.12: A comparison of a perfect ’low’ degree spherical harmonic magnetic field
and a perfect ’high’ degree spherical harmonic magnetic field, plotted in Tesla for a setup
which assumes one-hundred wire turns in the current sources.
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terising the entire system, which a tolerance-based comparison reduces to ten potentially

similar fields - in five pairs.

A normalised overlap integral between a pair gives an additional measure of similarity,

where orthogonal results have values ≈ 1×10−16 for finite-precision numerical mathemat-

ics, and identical results approach unity. The systems’ complete results are in Figure 5.13.

From this, two field-pairs have significant overlap (exceeding 0.5): n = 4,m = −4 and

n = 6,m = −4, and n = 5,m = −5 and n = 5,m = −1. The field with the highest RMS

value from these pairs is removed, leading to the 46 unique magnetic fields identified in

Figure 5.11. These results again highlight the limits of an RMS evaluation, where the two

highest RMS fields are unique, but one 10% better is not. Most of these are high-quality

spatial approximations of the target harmonics, where most of the error is associated with

producing variations in magnitude over the volume.

Field configurations in Figures 5.7, 5.8, 5.9 and 5.10 typically have a good spatial match in

the magnetic distribution, though Figure 5.9 has fewer areas of peak field than intended.

Most of the error is associated with the variation in field strength over the generation

volume. For Figures 5.7 and 5.8, the peak value is around twenty times smaller than ex-

pected, increasing to three/four orders of magnitude in Figures 5.9 and 5.10 respectively.

This is relatively ubiquitous throughout this work and limits the absolute orthogonality

of the generation procedure.

The lower-quality magnetic fields have some functional overlap with the remaining gener-

ated set which must be considered to characterise uniqueness. Through Equation (3.25),

and overlap calculations, we find a maximal similarity of 12% and 28% for Figures 5.9

and 5.10 respectively, identifying each provides some unique information.

The generation volume is also relatively small, which links explicitly to the subsequent

interrogation region. As scaleable physics, theoretically, a larger induction system is
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Figure 5.13: The values resulting from a permutative calculation of the overlap integrals
between all forty-eight evaluated fields. Compared to the previous four-coil system, Fig-
ure 5.3, there is significantly less overlap between individual magnetic fields suggesting
this system provides results which are significantly closer to true orthogonality. Two
magnetic fields have an overlap value greater than 0.5 and therefore have relatively poor
orthogonality.

sufficient to target any specific volume. These results demonstrate a clear, intuitive im-

provement in field quality, variability, and orthogonality by introducing additional source

elements.

The focus on idealised, high-fidelity magnetic fields does mean these results are relatively

unstable in the presence of errors in the current supply. The variation in field fidelity with

the precision in current control is in Figure 5.14. Fluctuations beyond ±0.0001 adversely

impact field quality, though at three decimal places this difference is small, reducing the

Mean Field Fidelity to 9.1%. Further losses in precision will have a significant impact,

with only the harmonics up to n = 2 maintaining a reasonably consistent fidelity value
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with control up to ±0.01A.

Figure 5.14: The variation in RMS fidelty across the range of individual magnetic fields
with fluctuations in the precision of the supplied current. There is little distinguishable
difference between an idealised system and one precise up to 4 decimal places relative to
a maximal current of ±1A (max deviation of ±0.1%), so the data is excluded for ease of
interpretation.

The high condition number for the inversion problem means that the final results are

highly-nonlinear with respect to λ. One consequence of the subsequent ill-posed nature of

the problem is that the repeatability of results is notoriously problematic, with dependen-

cies on the available machine precision and specific hardware contributing to the final set

of current ratios. The extreme variability is easily highlighted by taking the λ values and

varying them by a scale factor, 10±1. For 10−1, the range becomes 2.6×10−17 ≤ λ ≤ 4.3×

10−14 and the Mean Field Fidelity value falls to 39.50± 23.14%. Adding further smooth-

ing to the current distribution, shifting regularisation to 2.6 × 10−15 ≤ λ ≤ 4.3 × 10−12

changes the Mean Field Fidelity value to 38.22 ± 26.77%. An overlay of the resulting

fidelity plots for each magnetic field with this variation in regularisation is in Figure 5.15.

From this data, it is apparent that a quasi-optimal value results from a uniformly scaled

L-curve value for each magnetic field - the same scaling was used for the previous four

coil setup and will be used for any upcoming systems. Some improvement occurs for the
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Figure 5.15: A plot concerning the variation in RMS fidelity for each of the individual
magnetic fields when the the amount of regularisation is varied.

n = 6,m = ±5 profiles (fields 37 & 47) due to an increase in the regularisation suggesting

some benefits are associated with manual refinement of λ. That said a best choice of value

in this approach is dependent on: the number of coils, their shapes & spatial distribution

(e.g inter-coil separation(s)), the target generation volume & the number of points sam-

pled in that volume, as well as the previously mentioned uncontrollable variables such as

specific hardware & available machine precision. Combined this means practically, espe-

cially for the system prototyping considered in this thesis, manual selection of the ideal

λ value is incredibly inefficient, if not entirely impractical.

Beyond the impact on the quality of each magnetic field, another approach to the anal-

ysis of the influence of the regularisation parameter is the consider the physical impact

in terms of the magnetic field strength produced per unit current - B0

N
∑

k |Ik|
as a function

of λ. Choosing a specific field - the linear n = 1,m = 0 for simplicity - B0 is then the

characteristic field strength in the region of uniformity, Figure 5.16.

The general trend is much as expected - increasing regularisation improves the power

efficiency of the current distribution due to an increase in smoothing. In the central re-
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Figure 5.16: A plot concerning the variation in the field per unit current for the n = 1,m =
0 magnetic profile with different levels of regularisation. The left-hand axis gives the field
per unit current data (Black Line), whilst the right-hand axis provides the RMS value
relating to the target magnetic field (Red Dotted Line). The blue diamonds highlight the
data analysed in the preceding sections of this chapter. The relative RMS value is also
included with an arrow because it deviates from the limiting values on the y-axis.

gion, the oscillations identify modes which are more/less power efficient due to inter-coil

interactions. The increased power efficiency typically comes at the cost of reduced fidelity,

as a smooth distribution is unable to reproduce the target magnetic field profile accurately.

This plot also identifies that the RMS value can be improved slightly by further vary-

ing the amount of regularisation used, though this improvement is just 0.05% and so is

not likely to significantly impact the orthogonality properties of the specific magnetic field.

In conclusion, the presented system consists of thirty-eight modular coils, primarily of

the saddle type. It can produce forty-six unique spherical-harmonic type magnetic field

profiles, with the majority accurate depictions of the target. This is achieved by simply

varying the currents through individual coils, assuming an ability to control current to a

precision of at least ±0.001A relative to a normalised max value of 1A. λ has an expected

highly non-linear dependence, and the choice is incredibly influential on the orthogonality

properties of the final generated profiles, so selection requires care.
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5.1.3 Theoretical System 2: Closed-Cylindrical Coil Array

Next, the induction system explored here considers a slightly more restrictive topology,

with several coils enclosing each end of the cylinder. This small sub-array intends to

provide greater transverse control of the magnetic field profile, leading to a higher fi-

delity on some magnetic fields. Potentially, the application of this design is similar to

the previous cylindrical one, where it is easy to imagine sliding ends allowing objects of

interest to be placed inside the system, before they are replaced, and interrogation occurs.

This section further highlights the versatility of the current distribution calculations when

considering variable excitation geometries in a single system. It also demonstrates that

the framework established in the previous two sections is robust and presents a design

capable of producing forty-eight near-orthogonal magnetic fields, each being a good ap-

proximation to a particular spherical harmonic function.

To settle on a final design an iterative procedure explored a series of potential coil dis-

tributions and their subsequent fidelity for the entire set of magnetic fields. The overall

volume is identical to that in Figure 5.6, with the same field generation space such that the

two problems are directly comparable. Recalling the Mean Field Fidelity value already

introduced, a series of coil distributions can be compared by varying the number of coils

across/around the three distinct axes, and then performing an analysis with that value.

The result is saddle coils of various arc and side lengths and, for simplicity, symmetric

distributions of either: a single coil, a three-by-three, or a three-by-three grid of circular

elements at the end-caps.

A total of 192 arrays were examined, with some designs containing an equal number

of coils. For example, a system with fourteen induction coils may use two circular end

coils, a discretisation of four around theta, and three along the axis. Denoting this struc-

ture as [2*1,4,3], different systems of fourteen could also be constructed as [2*1,3,4] or

[2*4,2,3]. In seeking a coil design which produces the highest-accuracy spherical harmonic
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Figure 5.17: An iterative procedure exploring the ability of a discrete cylindrical coil
structure, composed primarily of saddle coils, to reproduce a target set consisting of the
first forty-eight spherical harmonic magnetic fields, using Equation (3.23).

field generation across the entire set, typically overlap analysis (Equation (3.15)) and in-

version calculations are then confined to the design with the lowest RMS value. Figure

5.17 holds the complete data set, covering all 192, with the associated Mean Field Fidelity

and standard deviation across the entire set of forty-eight magnetic fields.

In general, the trend here follows expectations. With an increasing number of coils,

there is an increase in magnetic field reconstruction accuracy, coupled with diminishing

returns as the size, and therefore region of influence, of individual saddle coils decreases.

Various designs are of interest depending on the specific application considered. For ex-

ample, seeking the simplest capable of producing a high-quality approximation to the set

of forty-eight magnetic fields, one could consider the design with the least amount of coils

with a Mean Field Fidelity below 10%. In that case, two, structured as [2*4,5,5] and

[2*9,5,3], both achieve this aim with thirty-three coils. The former achieves this with a

slight increase in field accuracy, 9.67±8.60%, whilst the latter uses fewer saddle coils with

slightly worse accuracy, 9.71± 10.07%.

The theoretical aim of this thesis is to produce a set of perfectly orthogonal magnetic
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fields from a modular induction system, for which the design with the lowest possible

Mean Field Fidelity is sought. From Figure 5.17 this is one using sixty-six induction coils,

structured [2*9,6,8], with a Mean Field Fidelity of 2.2% which is a significant improve-

ment on the previous design. For this design, Equation (3.23) is again ill-posed with a

condition number of 2.3×104. The fidelity plot for all forty-eight targeted magnetic fields

Figure 5.18: An induction system designed for a security application of MIT, and derived
from the iterative procedure in Figure 5.17, consisting of sixty-sixty induction coils -
forty-eight saddle coils and eighteen circular coils structured [2*9,6,8]. This system again
assumes individual current control for each coil, allowing a set of excitation patterns to
be produced relating to multiple quasi-orthogonal magnetic fields.

is in Figure 5.19, with only six having an RMS greater than 5%, compared to eighteen in

the equivalent thirty-eight coil system. The regularisation applied uses the same scaled

L-curve approach discussed previously, leading to a range of 4.0×10−17 ≤ λ ≤ 6.0×10−15.

The upper value of 6.0× 10−15 relates to the n = 6,m = 6 field profile and was manually

adjusted from the standard L-curve scaled value used for the other magnetic fields, which

suggested an overly-smooth value of 1.2×10−13. This overly-smoothed value resulted in a

magnetic field which had significant overlap with a variety of the other generated profiles,

most prominently with the n = 6,m = 2 field. The adjusted result still overlaps most

significantly with that field but with a nominal overlap of at least two orders of magnitude
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less (0.98 vs 0.007 for an overlap integral normalised to unity for identical profiles). The

overlap values in Figure ?? represent a vivid improvement over the thirty-eight coil system.

Two magnetic fields allow for qualitative analysis & discussion in this section - one

Figure 5.19: A plot of the various RMS values for each magnetic field produced by the
closed-cylindrical induction system compared to the targeted spherical harmonic field.
The Mean Field Fidelity for this data is 2.2%, and twenty-three are produced with an
RMS less than 0.5%.

high-quality and one low-quality field. The low-quality field is easily identified in Figure

5.19, as the n = 6,m = 6 target spherical harmonic. It has a 15% error as shown in

Figure 5.21, and is the only apparent outlier from an RMS evaluation of all forty-eight

magnetic fields. The n = 6,m = −4 field is the best accuracy sixth degree magnetic field,

with an associated RMS of 0.06% as shown in Figure 5.22.

As comparable systems, the fidelity values in Figure 5.11 for the thirty-eight coil system,

Figure 5.6, can be compared directly to Figure 5.19. There is a substantial improvement

in fidelity, with only the fields already accurately generated failing to improve significantly

in the presence of additional current sources. For direct comparison of RMS values, the

n = 3,m = −1 profile has improved from 0.70% to 0.22%, the n = 4,m = −2 profile

from 1.6% to 0.3%, the n = 5,m = −4 profile from 14% to 0.05% and the n = 6,m = 2

profile from 6.4% to 0.95%. This identifies a clear benefit to the introduction of addi-
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Figure 5.20: The values resulting from a permutative calculation of the overlap integrals
between all forty-eight produced fields. Compared to the thirty-eight coil system, Figure
5.13, there is a vivid improvement in the orthogonality properties. With a most signif-
icant overlap of around 0.2, this set of magnetic fields should be ideal for investigating
the influence of quasi-orthogonal interrogation in MIT with a system which should be
relatively easy to construct.

tional current sources, balanced against practical requirements such as the development

of a control system capable of handling precision control of roughly sixty percent more

individual time-varying source channels.

The condition number scales proportionally, with a sixty percent increase in the number

of sources corresponding to a sixty percent worsening of the conditioning of the problem.

The size of this value has wider implications on the stability solutions from Equation

(3.23) with respect to the value of λ as highlighted in Figure 5.15, suggesting a simple

L-curve based Tikhonov method may be less appropriate for complex systems with many
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(a)

(b) (c)

Figure 5.21: 5.21a) The excitation pattern in terms of normalised current distribution
between the array of coils. 5.21b) The target function related to the gradient of the real
spherical harmonic n = 6 m = 6. 5.21c) The reconstruction from the excitation pattern
with 15% RMS error, colour bar gives values in Tesla.

current sources. The obvious solution to this may be to apply a more nuanced inversion

algorithm to minimise the initial least-squares problem rather than the simple smoothed

Tikhonov identity approach used in Equation (3.23).

This is practically possible by utilising the existing codes associated with this thesis, and

would likely represent an avenue of interesting future research, particularly as the inves-

tigation moves away from rapid design prototyping. Many of the algorithms in Chapter

4 will be applicable, but something which samples a finely-tuned parameter space like
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(a)

(b) (c)

Figure 5.22: 5.22a) The excitation pattern in terms of normalised current distribution
between the array of coils. 5.22b) The target function related to the gradient of the real
spherical harmonic n = 6 m = -4. 5.22c) The reconstruction from the excitation pattern
with 0.06% RMS error, colour bar gives values in Tesla.

Brakhage’s ν-method may be the most obvious candidate for initial investigation. The

formulation of Equation (3.23), and the subsequent link to the Biot-Savart law by a sim-

ple matrix operation (Equation (3.18)) means that any specific solution can be related to

the various ranking methodologies’ in a computationally efficient manner. The problem

is then particularly well suited to iterative inversion algorithms because the intended out-

come of a perfect solution is known before the inverse algorithm is applied.

Knowledge of the desired result allows, assuming sufficient computational resources, any
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iterative algorithm to be run well past the point of semi-convergence, with the solutions

at each iterate stored. These can then be ranked in post-processing and the best possible

solution selected heuristically from those rankings to find an ideal current distribution to

produce a specific field profile. This avoids the application of sub-optimal stopping rules

or heuristic estimation of the number of iterations entirely.

Moving on to analyse specific magnetic fields, the low-quality result, n = 6,m = 6, is

perhaps of most interest. When applying the same selection criteria for λ as used else-

where (leading to λ = 1.2×10−13), the resulting profile has an RMS value of 35%, making

it a more significant outlier for this system & worse than the result from the preceding

thirty-eight coil system. The resulting magnetic field using that criteria matched the spa-

tial distribution of the target well in the corners but poorly over the remaining volume,

with specific issues relating to significant unwanted bulk responses on the faces of the

sampled volume. Through manual adjustment of λ, the selected profile in Figure 5.21 is

the best ranking option within the model constraints, with significant improvement to the

RMS value and the system-wide overlap. Visually this is perhaps surprising because the

spatial distribution of the improved profile deviates from the target field at most of the

sampled positions, again highlighting the limitations of an RMS analysis in this field gen-

eration problem. The result also has a weaker peak field and a smaller range in strength

across the volume whilst providing a lower field per unit current. A reduced field per unit

current relates, in part, to the reason this field wasn’t suggested by the L-curve, recalling

that the regularisation term favours power efficiency.

Figure 5.22 is easier to evaluate. Following the previous design, this field fails to pro-

duce the correct variation in magnitude. The result is some functional overlap with the

other components of this set of fields, peaking at 1.9% with the generated approximation

to the n = 4,m = −4 harmonic. Given the harmonic symmetries, this is sensible but is

small enough that the field can be classified as quasi-orthogonal.
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Overall this design successfully produces a larger set of higher-quality spherical harmonic

magnetic fields compared to the equivalent system in Figure 5.6. The improvement is gen-

erally quite significant, though three are produced with a slightly lower accuracy when

applying the same regularisation criteria. The result is a system which can accurately

generate all forty-eight targeted quasi-orthogonal magnetic fields. These provide a set of

realistically generated high-accuracy fields, which are applied in the next chapter as the

ideal excitations whilst investigating the influence of orthogonality in the MIT inverse

problem.

5.1.4 Theoretical System 3: Hexagonal Array

This theoretical system was designed during an exploration of iterative improvements to

the experimental four coil setup. Relative to an imaging problem built around a set of

quasi-orthogonal magnetic fields, that system has two obvious flaws. One relates to the

limited number & quality of the magnetic fields produced by the system, whilst the other

concerns the small generation volume where those fields have the desired properties. Costs

constraints and control system challenges confined this to a theoretical analysis, with eval-

uation of the first forty-eight spherical harmonic fields.

This section focuses on the impact of the generation volume in Equation 3.23. It con-

siders whether a larger relative internal volume is feasible for field generation and the

stability of the excitation patterns concerning that volume. It establishes advantages to

dynamically produced excitation patterns, suggesting results should always be tailored to

end-user requirements.

The design consists of a sequence of rectangular coils encompassing an elongated cylin-

drical region for a security application. The geometry, Figure 5.23, is composed of a total

of eighteen individually controlled coils arranged into a three-by-six grid. In normalised

units, individual coils have a length of two along XY and three along Z. Attempting to

quantify the intended improvements over the equivalent four coil design, the evaluation
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of the field generation problem uses two stages. In stage one, the system targets an

equivalent evaluation volume. In stage two, that volume is increased, and the stage one

excitation patterns are contrasted with some dynamically produced results.

Figure 5.23: An induction system constructed from a three-by-six grid of rectangular
coils.

For stage one, Equation (3.23) is then applied to a centred internal cuboid shaped

volume with dimensions again set to be twenty-five percent those of a single inductor,

[0.5× 0.5× 0.75] in normalised units. The condition number for this system is 2.4× 103,

which using the same scaled L-curve approached discussed in the previous designs, leads

to a range of regularisation values from 1.1× 10−16 ≤ λ ≤ 6.0× 10−14. The fidelity values

are found in Figure 5.24.

In stage two, the volume is increased significantly to [1.4 × 1.4 × 6] in normalised units.

This is an 8-fold increase in the Z volume and a roughly 3-fold increase in the XY volume.
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Figure 5.24: The distribution of RMS fidelity values, relative to the target harmonics,
for this system (black) and the four coil setup (red), concerning the stage one analysis.
Blue circles highlight the useful/unique fields generated by the four coil array for easier
comparison. The Mean Field Fidelity for this system, including all forty-eight magnetic
profiles, is 27%.

Figure 5.25: A view of the induction geometry including the region over which currents
are calculated in stage two to generate target magnetic fields, and a set of normalised
axes over which it is evaluated.

Relative to a single inductor, this is double the Z extent and seventy percent the XY

extent, whilst compared to the volume of the scanner, this becomes [35× 70× 60]%, with

the squashed X-Y extent relating to the distribution of coils highlighted in Figure 5.25.

The resulting contrast of fidelity values is in Figure 5.26.
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Figure 5.26: The distribution of RMS fidelity values for the hexagonal induction system in
the stage two system analysis, considering excitation patterns for an increased interroga-
tion volume. The static excitation patterns (black) lead to a Mean Field Fidelity of 43%,
whereas the dynamically produced excitations’ (red) reduce this to 26% for regularisation
values in the range 2.4× 10−14 ≤ λ ≤ 7.4× 10−14.

The stage one excitation patterns are evaluated using the same process detailed for the

thirty-eight coil cylindrical system, considering the RMS, the distribution of coefficients

from Equation (3.25), and normalised overlap integrals between the generated results.

This identified twenty-nine unique profiles, which have a Mean Field Fidelity value of

22% and are identified in Figure 5.27.

Figure 5.27: A plot of the various RMS values for each magnetic field produced by the
hexagonal induction system in the stage one volume compared to the targeted spherical
harmonic field, with the unique profiles identified by cyan stars. The Mean Field Fidelity
for the unique data from the 18 coil array is 22%.
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The highest quality magnetic field from the stage one results is the n = 1,m = −1

harmonic with an RMS of 0.06%, demonstrating an improvement of nearly a factor of ten

in RMS compared to the equivalent field from the four coil model. The lowest quality

unique field is (loosely) related to the n = 5,m = 5 harmonic with an RMS of 58%. The

excitation pattern, target, and generated magnetic fields of the best & worst reproduced

spherical harmonic fields from the filtered set can be seen in Figures 5.28 and 5.29 respec-

tively.

(a)

(b) (c)

Figure 5.28: 5.28a) The excitation pattern in terms of normalised current distribution
between the array of coils. 5.28b) The target function related to the gradient of the real
spherical harmonic n = 1 m = -1. 5.28c) The reconstruction from the excitation pattern
with 0.06% RMS error, colour bar gives values in Tesla.

For stage 2, both sets of excitation patterns, Figure 5.26, analysed through the tolerance-

based coefficient analysis suggest the potential to produce thirty unique magnetic profiles
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(a)

(b) (c)

Figure 5.29: 5.29a) The excitation pattern in terms of normalised current distribution
between the array of coils. 5.29b) The target function related to the gradient of the real
spherical harmonic n = 5 m = 5. 5.29c) The reconstruction from the excitation pattern
with 58% RMS error, colour bar gives values in Tesla.

over a significantly larger volume - though the specific thirty targets are different in the

two problems. Given the pre-existing analysis on the ’unchanged’ excitation patterns,

combined with the need for brevity and the clearly improved Mean Field Fidelity values,

magnetic field results are presented only for the modified excitation patterns (red dotted

line in Figure 5.26). The unique profiles in that data are identified in Figure 5.30.

The highest quality unique magnetic field from the stage two results is the n = 4,m = 2

with an RMS of 8.0%, Figure 5.31. The lowest quality unique field is the n = 1,m = 0
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Figure 5.30: The RMS fidelity distribution for all target harmonics, as produced by the
dynamically calculated excitation patterns with an increased volume, with unique profiles
identified by cyan stars. The Mean Field Fidelity for the unique data from the eighteen
coil array is 29%, which has increased compared to the analysis of the forty-eight fields
because several low RMS profiles are not unique.

with an RMS of 77%, Figure 5.32.

Interpreting Figure 5.24 with considerations of the functional form of individual magnetic

fields, this induction system is biased towards control of the magnetic field along the Y

axis. Consider the n = 1 m = ±1 fields. As profiles with simple rotational symmetries, an

unbiased system would produce appropriately symmetric results, such as those in Figures

5.5a and 5.5b. At higher degrees, the axial functional dependencies become non-linear,

contributing significantly to the relative improvement in field reconstruction quality for

certain profiles. For other harmonics, like n = 2, m = 1 (harmonic field number 7),

the target is wholly independent of the Y axis, and this bias inhibits the field quality. It

and the related diagonal coils also restrict the XY extent of well-controlled magnetic field.

The results for the stage one analysis identify some successes. The setup can produce

over double the number of unique magnetic fields, though this requires many more indi-

vidually controlled sources. Individual magnetic fields are generally of higher quality, with

little RMS improvement only on the two second-degree profiles already well produced by

four coils. The flaws of a sole-RMS analysis are clearly identified, with various relatively
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(a)

(b) (c)

Figure 5.31: 5.31a) The excitation pattern in terms of normalised current distribution
between the array of coils. 5.31b) The target function related to the gradient of the real
spherical harmonic n = 4 m = 2. 5.31c) The reconstruction from the excitation pattern
with 8.0 % RMS error, colourbar gives values in Tesla.

low error fields failing to exhibit the expected quasi-orthogonal properties, whilst others

with much higher RMS values are approximately unique. There is no obvious cut off,

with the second lowest RMS magnetic field, harmonic 39, having significant overlap with

at least one simpler profile.

The high-quality magnetic field, Figure 5.28, has few notable features and is highly

uniform as is implied by the RMS value. The excitation pattern is of more interest.

Axially opposing coil pairs behave in unison, and the excitation pattern has the expected

symmetries predicted from extrapolating a Helmholtz system. The variation in current

contributions is surprising, with distant, off-axis components clearly important, ensuring
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(a)

(b) (c)

Figure 5.32: 5.32a) The excitation pattern in terms of normalised current distribution
between the array of coils. 5.32b) The target function related to the gradient of the real
spherical harmonic n = 1 m = 0. 5.32c) The reconstruction from the excitation pattern
with 77 % RMS error, colourbar gives values in Tesla.

the high uniformity relative to the four coil result. The result in Figure 5.29 is interesting

because it is a low-quality spherical harmonic but exhibits quasi-orthogonality. Visual

analysis suggests it is likely that there is degeneracy with the n = 1,m = 1 result, but

these are vector quantities. This result acts in the opposite direction, leading to a nor-

malised overlap value of approximately −0.9. As degenerate fields are already widely used

in MIT, there is clearly some value associated with this result, vindicating its inclusion.

The ten percent which doesn’t overlap will also capture additional information, though

quantifying the significance is for a future investigation.
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Given the capability to produce more quasi-orthogonal fields, the next stage considers

whether an expansion of the interrogation region is possible. The results, Figure 5.26,

use the scaled L-curve values leaving space for future field refinement by varying λ. Con-

trasting the two data sets identifies a limited capability to produce accurate spherical

harmonics inside a larger volume. The dynamic excitation patterns generally perform

better, quantitatively highlighted by an improvement in the Mean Field Fidelity. In ei-

ther case, thirty unique quasi-orthogonal fields are produced in a volume over sixty times

larger, allowing the conclusion of success in the stage two analysis.

The high-quality stage two field, Figure 5.31, helps identify both the advantages and

disadvantages of the greater relative z-volume. The central band of six coils can influence

the centre of the volume somewhat independently, aiding the production of the null field

region characteristic of higher degree harmonics. The outer regions also demonstrate a

good spatial match, with the majority of the error fitting the theme of poorly controlled

variations in magnitudes.

The low-quality result, Figure 5.32, behaves similarly. Individual layers act with some in-

dependence, and the spatial distribution has the expected uniformity in Bz. The massive

RMS value relates to the significant variations in field strength. Interestingly this profile

does lead to some magnetic field hot-spots, which perhaps makes the result more interest-

ing than the target harmonic. Those regions may produce additional local information,

aiding the characterisation of conductivity variations.

The independent action of coil layers means, over the extended volume, this problem

may benefit from a different inversion algorithm. One which does not implicitly assume a

smooth current distribution would be advantageous. Practically though, careful consid-

eration is necessary because inductance effects between individual coils will be magnified

by larger discontinuities, likely detracting from the final field quality.
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In conclusion, this arrangement of eighteen rectangular coils can produce a quasi-orthogonal

set of at least twenty-nine unique magnetic profiles. It demonstrates that a significantly

larger interrogation region can be used, though this detracts from the quality of the in-

tended spherical harmonics. There are advantages to dynamically produced excitation

patterns, which practically should be set by end-user requirements before calculations are

performed.

5.2 Induction Systems - Scanning Applications & Three-

Dimensional Current Sources

This section considers a transportable coil design for applications where the region of in-

terest cannot be confined inside a system, limiting the overall control of the magnetic field.

It also considers the possibility of utilising solid-geometry induction coils with a spatially

varying current density. The intention was to establish whether these could benefit the

accuracy of spherical harmonic field generation.

In large-scale problems like sub-surface geophysics, physical restrictions confine the in-

duction system to a plane above the region of interest. Control over the functional form

of the magnetic field is possible only close to the system, and profiles requiring variations

along the z-axis become significantly harder to generate. These problems also require

considerations of portability, with large-scale scanning preferring a minimal number of

coils.

A simple topology is a planar design composed of an array of coils which may be laid flat

and scanned across a survey region. Given the application of the superposition principle,

careful experiment planning may allow fewer coils to gather data if intercoil induction

effects are negligible, but this would increase the survey time. Functionally, generating a

set of spherical harmonics requires a more nuanced design. Odd distributions, like a five-

by-five grid, are well suited to odd harmonics, n = 1, 3, 5 . . ., whereas even distributions
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are ideal for the even harmonics, n = 2, 4, 6 . . .. The number of components again links

to the maximum amount of generatable variations and approximates the highest possible

degree.

5.2.1 Array Composition

One way to address the odd/even problem is with a co-planar arrangement, inclusive of

some small but negligible buffer between layers. Using a variable structure enables a sys-

tem with both odd and even symmetries, which should permit a broader set of accurate

spherical harmonic fields. A simple arrangement of this type would be a two-by-two grid

on one plane with a single coil on a separate plane. Interestingly, this distribution has a

relatively low condition number in Equation (3.23), even with many elements.

Another iterative process in terms of the Mean Field Fidelity enables a quick evalua-

tion of where the quasi-optimal design may lie, with the first twenty-four harmonics, up

to n = 4, m = 4, targeted in Figure 5.33.

Figure 5.33: An iterative procedure exploring the ability for a planar square coil structure
to reproduce a target set consisting of the first 24 spherical harmonic magnetic fields
specified for Equation (3.23).

The Mean Field Fidelity plateaus rapidly, with little improvement apparent above the
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use of forty-one coils - a coplanar structure with a lower layer of five-by-five and an upper

four-by-four array of square coils. This, as well as the lack of variation in the standard

deviation compared to the cylindrical setup, Figure 5.17, can be directly attributed to

the form of the induction system well suited to the functional symmetries in the target set.

The negligible buffer between layers makes this design effectively planar, with all cur-

rent density confined to an XY plane. This enables magnetic field variation along X or

Y but introduces no additional Z control compared to a single current loop. Fields re-

quiring Z-variations then become the dominant source of error, and control of the spatial

field distribution is only possible up to depths approaching the size of the system, likely

limiting investigations to very near-surface surveying in a geophysical setting.

From Figure 5.33, a quasi-optimal balance between maximising spherical harmonic field

quality and minimising the number of coils is a thirteen-coil system. Two different models

are then used to properly assess the potential of this induction system - Filament Cur-

rent Sources and Solid Current Sources. These are intended to be roughly equivalent,

with filament coils given a hundred turns and the solid coils designed to have a matching

physical footprint. The driving potential for solid sources in Equation (3.29a) is scaled

empirically, so the bulk current density resulting from Equation (3.28) is approximately

equivalent.

To thoroughly compare and contrast these coil models, three magnetic profiles are pre-

sented for analysis - composed of the best and worst fields from Figure 5.39 and one

additional result. The intention is to allow a fair discussion of the advantages, disad-

vantages and differences between the two coil models. Of interest is how the differences

between the two models influence the final quality and composition of the targeted quasi-

orthogonal magnetic field set, as well as the resulting magnetic field strength.
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5.2.2 Three-Dimensional Current Sources

A system with three-dimensional current sources begins with a single component coil,

Figure 5.34. As described in Section 3.5, a model uses a pair of coupled FEM problems

to find the resulting magnetostatic field. Given a simple unit coil, the thirteen coil array

Figure 5.34: A three-dimensional current source used as the building block of the induction
system. This is a hollow-cored square coil with outer side length of 2.5, inner side length
of 1.5 and height (Z dimension) of 0.1 on normalised scales. This is then modelled as a
solid block of copper through which a current is driven.

can then be constructed to match the source geometry in the filament coil setup. The

resulting system is given in Figure 5.35.

To finalise an FEM model, a black-box simulation - i.e one contained in a volume large

enough that the magnetic fields at its boundary can be assumed to be near-zero allowing

the application of Dirichlet boundary conditions - is used with the associated geometry

for the XZ plane given in Figure 5.36. A solution to Equation (3.23) results from mapping

the induction system onto a two-dimensional setup, Figure 5.43, with the average dimen-

sions of the three-dimensional array. The normalised current ratios are combined with

the finite-element solution to Equation (3.26) on cut coils to specify the source current

densities, leading to excitation patterns. The derivation of the driving potential comes

from those ratios and Equation (3.30). Taking an XY view of a single coil, the value of d

is then estimated empirically by assuming the average electron will take a roughly circular

path around the coil as shown in Figure 5.37. This value is mesh-specific, defined for a
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Figure 5.35: An XY view of the design constructed from thirteen solid unit coils. The
inter-coil separation is at 10% of the outer side length. The two layers of coils are physi-
cally stacked, with the four coil layer placed directly on top of the nine coil layer with a
total normalised height of 0.2.

bulk current density (cyan) equivalent to a reference filament coil with a hundred wire

turns.

An exact excitation pattern, in terms of the magnitude of the electric field, for the opti-

mised currents related to the linear n = 1, m = 0 magnetic field is given in Figure 5.38a.

However, the relative contribution of each coil to the final magnetic field is ambiguous,

and the direction of the current flow is unknown when plotting the magnitude. For ease

of interpretation, it is easiest to use the average current density, weighted by the direction

of current flow, Figure 5.38b.

Figure 5.36 contains fifteen conformal sub-domains meshed using the open-source GMSH
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Figure 5.36: The complete geometry required to specify a ’black-box’ magnetostatics
simulation for the three-dimensional coil array. The spherical region specifies the field
generation region for Equation (3.23), inside of which the analysis will assess the potential
to produce a set of quasi-orthogonal magnetic fields.

Figure 5.37: The path used to empirically estimate d in Equation (3.30) to ensure the
generated magnetic field is approximately the same for solid and filament current sources,
plotted over a cut coil. The colour map references current density, from minimal (dark
blue) through average (cyan) to max (red).

software, which includes tools for fine-tuning and optimising the composition of the mesh.

The spherical region allows the focusing of significant mesh refinements for computational

ease.
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(a) The Exact Excitation Pattern. (b) A Simplified Excitation Pattern, in A/m.

Figure 5.38: Two visualisations of the excitation pattern associated with the n = 1, m = 0
magnetic field for an array of solid copper coils.

To perform a consistent analysis the results at nodes within the prescribed spherical

optimisation region are extracted and compared with the target magnetic fields. The

distribution of fidelity values across the twenty-four target magnetic fields is in Figure

5.39 with a Mean Field Fidelity value of 33%

Figure 5.39: The distribution of RMS values for magnetic fields produced by a thirteen
square coil induction system, with the unique profiles identified by cyan stars. The Mean
Field Fidelity is 33% for all twenty-four profiles and is 30% for the unique data.

Recall the limited value in a lone RMS analysis of these fields. Using Equation (3.25)

with a tolerance-based comparison leads to the conclusion that there are nineteen unique

profiles from this thirteen-coil system. These are in highlighted Figure 5.39 with an ad-
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justed Mean Field Fidelity of 30%. The non-unique fields can be grouped into four sets

of fields with similar order, Table 5.1.

1: n = 2,m = 2, n = 3,m = 2, n = 4,m = 2.
2: n = 3,m = −2, n = 4,m = −2.
3: n = 3,m = −3, n = 4,m = −3.
4: n = 3,m = 3, n = 4,m = 3.

Table 5.1: Overlapping fields from the thirteen coil field generation problem.

The symmetries and the specific issues with generating fourth-degree SH field profiles

match the theoretical expectations identified at the start of this section. For the three-

dimensional array, the highest-quality field corresponds to the n = 2, m = −2 harmonic,

Figure 5.40c, and the lowest-quality result is the n = 1, m = 0, Figure 5.41c. The other

comparative field relates to the n = 2,m = 1 profile, Figure 5.42c.

5.2.3 Filament Current Sources

The geometry of the comparative filament system, also used to find the excitation current

distributions, is in Figure 5.43. Each is assigned one-hundred wire turns with currents

in the normalised range of [−1 ≤ I ≤ 1]A. This analysis reuses the nodal coordinates

from the spherical region associated with the three-dimensional array to allow a direct

comparison. The distribution of fidelity values across the twenty-four target magnetic

fields is in Figure 5.44, with a Mean Field Fidelity value of 29%. Applying the tolerance-

based comparison to the results from Equation (3.25) identifies the same nineteen unique

profiles, with a reduced Mean Field Fidelity of 26%.

From the RMS values, the highest and lowest quality spherical harmonic fields differ

using filament coils, with the highest quality reconstruction relating to n = 1, m = 0 at

6.1% RMS, Figure 5.47, and the lowest quality unique profile relating to n = 4, m = −4

at 53% RMS. Figure 5.46 gives the comparable result for the n = 2, m = −2 at 11%

RMS, and Figure 5.47 gives the result for the n = 2, m = 1 at 33% RMS. For brevity,

the excitation patterns are omitted from this filament coils section as the set of optimised

currents are the same in both problems, only differentiated by the visualisation.
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(a)

(b) (c)

Figure 5.40: 5.40a) The excitation pattern in terms of normalised current distribution
between the array of coils. 5.40b) The target function related to the gradient of the real
spherical harmonic n = 2 m = -2. 5.40c) The reconstruction from the excitation pattern
with 11.1% RMS error, colour bar gives values in Tesla.

5.2.4 Comparison & Analysis

An initial comparison considers the RMS evaluation of field quality, Figures 5.39 and

5.44. The results are broadly consistent, with a slightly better Mean Field Fidelity from

the filamentary system. The preference toward that system links well with the current

density models. From Figure 5.37, each solid coil has some variance in the applied current

density, which will impact the smoothness of the resulting magnetic field and introduce

additional noise. Despite this, the RMS demonstrates marginal improvements for ten

magnetic fields, eight of which are unique. These are usually directly-symmetric harmon-

ics of odd order, with six paired results at n = 1,m = ±1, n = 2,m = ±1, n = 3,m = ±3.
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(a)

(b) (c)

Figure 5.41: 5.41a) The excitation pattern in terms of normalised current distribution
between the array of coils. 5.41b) The target function related to the gradient of the real
spherical harmonic n = 1 m = 0. 5.41c) The reconstruction from the excitation pattern
with 48.7% RMS error, colour bar gives values in Tesla.

This potentially suggests limited improvements for certain functional symmetries. Nu-

merical errors associated with the inexact FEM model may also impact these values when

contrasted with the analytic filament solution, preventing a clear conclusion from being

drawn.

Contrasting the two versions of the n = 2,m = −2 field, Figures 5.40 and 5.46, the

spatial distribution of the filamentary result is a good match, whereas, the solid system

matches well in the outer-edges, but has a larger internal volume of weaker magnetic field.

Both exhibit an excessive field gradient between inner and outer regions when compared
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(a)

(b) (c)

Figure 5.42: 5.42a) The excitation pattern in terms of normalised current distribution
between the array of coils. 5.42b) The target function related to the gradient of the real
spherical harmonic n = 4 m = -4. 5.42c) The reconstruction from the excitation pattern
with 29.9% RMS error, colour bar gives values in Tesla.

to the target profile.

The distinguishing feature is the strength of the final magnetic field, which is approxi-

mately sixty times stronger throughout the volume of interest when produced by the solid

inductors. In terms of practical implementation in MIT, this is advantageous because the

associated eddy-currents produced in response to this particular magnetic field profile

will be significantly stronger. Stronger eddy-currents have multiple potential implications

including, but not limited to: allowing the detection of a greater range of conductivities

with a specific magnetometer, the use of lower-frequency currents to minimise in-phase
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Figure 5.43: The geometry of the thirteen, co-planar square coil, filamentary, induction
system. The aspect ratio is stretched along the Z-axis to ease interpretation, with the
absolute separation between layers less than one-tenth the side length of an individual
coil.

Figure 5.44: A plot of the various RMS values for each magnetic field produced by the
filament version of this induction system. The Mean Field Fidelity for the complete data
is 29%, which reduces to 26% for the nineteen unique field profiles, which match those in
Figure 5.39.

response contributions, and allowing the detection of conductive objects with a smaller

volume.

The n = 1, m = 0 fields, Figures 5.41 and 5.45, are interesting because of the disparity
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(a) (b)

Figure 5.45: 5.45a) The target function related to the gradient of the real spherical
harmonic n = 1 m = 0. 5.45b) The reconstruction from the excitation pattern with
6.1% RMS error, colour bar gives values in Tesla.

(a) (b)

Figure 5.46: 5.46a) The target function related to the gradient of the real spherical
harmonic n = 2 m = -2. 5.46b) The reconstruction from the excitation pattern with
11 % RMS error, colour bar gives values in Tesla.

in RMS values. The difference arises from more significant variations in magnitude, with

the solid coils displaying reduced control over the z-component at distances comparable

to the size of a single inductor. There is similar behaviour for the n = 2, m = 0 result,

suggesting the solid model has a noticeable unintended impact on the ability to produce

magnetic fields with a dominant Z component. It is stronger than the filament result

everywhere, ranging by a factor of between sixty and one-hundred-and-twenty times. The

n = 2, m = 1 results, Figures 5.42 and 5.47, are also limited by control of the z-component

and variations in magnitude. Interestingly the spatial distribution in the field is a good

match throughout, but there is an obvious loss of strength with distance. The result is a
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(a) (b)

Figure 5.47: 5.47a) The target function related to the gradient of the real spherical
harmonic n = 2 m = 1. 5.47b) The reconstruction from the excitation pattern with
33 % RMS error, colour bar gives values in Tesla.

larger gradient than intended, which varies more significantly in the filament model. The

solid coils still produce a universally stronger field, ranging by a factor of sixty to two

hundred times.

In conclusion, differences are insignificant in the functional form of the fields produced by

either current density model. Three-dimensional sources may have some minute functional

advantages for specific targets, but the two-dimensional system makes higher-quality

spherical harmonic approximations overall. The three-dimensional system does gener-

ate significantly stronger fields, ranging from one to two orders of magnitude. Nominally

this allows for the detection of lower conductivity materials, the use of lower-frequency

source currents, or the detection of smaller conductive objects.

5.3 Summary

Through this chapter an understanding of the proposed novel field generation philosophy

is established, and the influence of various parameters investigated.

Section 5.1.1 provides some verification, highlighting that intuitive results can be re-

produced. It further establishes that the RMS can give limited information on the field

quality with respect to a target function, but not on whether a result is a unique member
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of a (quasi-) orthogonal set. A combination of harmonic expansion into a set of basis

functions and overlap integrals provides a robust framework for this assessment.

Section 5.1.2 establishes that increasing the number of coils substantially impacts the

number and quality of generated fields. It identifies bounds on the precision of current

control required from coil drivers in any practical design whilst demonstrating that λ is

highly non-linear and incredibly influential on the orthogonality properties. There is also

a trade-off between the fidelity (and subsequent orthogonality) of a generated profile and

the field-per-unit current linking directly to choosing the current-norm as the stabilisation

term in Equation 3.23.

Section 5.1.3 presents an idealistic design, with an average RMS across all 48 fields of

just 2.2%. Overall this design successfully produces a larger set of higher-quality spher-

ical harmonic magnetic fields compared to the equivalent system in Figure 5.6, and the

improvement is generally quite significant. These provide a set of realistically generated

high-accuracy fields, which are applied in the next chapter as the ideal excitations whilst

evaluating the impact of orthogonality in the MIT inverse problem.

Overall, this chapter demonstrates that the algorithm in Equation 3.23 can successfully

produce excitation patterns for various geometries. Many unique profiles are possible,

even with a simple geometry, exceeding the number of coils. Increasing the number of

coils is necessary to maximise orthogonality, and adaptive selection of the relative weight-

ing of the current norm term (λ) is imperative and depends on all the inputs: target field,

coil geometry, and excitation volume. The variability in any practical problem means λ

should be selected quantitatively, with an L-curve-based method demonstrated to be ver-

satile. A scannable system is also possible, but this sacrifices the control of the magnetic

field along the Z-axis.



Chapter 6

Eddy-Currents & Inversion

Problems In MIT

Through this chapter, we attempt to comprehensively verify the main features of the

proposed approach to MIT. We demonstrate that including additional, spatially varying

magnetic field profiles in an augmented approach to inversion can produce higher-quality

images from inversion. Improving the orthogonality also has clear advantages to the im-

age quality and minimises the computational effort (a proxy for inversion speed) required

to produce them. This is true at high and low conductivities, even in less-than-ideal dis-

tributions, and at a high resolution where the problem becomes vastly underdetermined.

Iterative algorithms are demonstrably superior to their traditional Tikhonov counterparts,

which could not solve any of the problems considered. The specific choice of algorithm

will always depend on the optimal balance between speed, inversion stability, and solution

quality required for an application. We demonstrate the potential of numerous novel al-

gorithms, including highlighting a disparity between the theoretical validity and practical

usability of CGLS-type algorithms.

6.1 Application of Quasi-Orthogonal Magnetic Fields

This initial problem verifies the main hypothesised features of this novel approach to MIT.

There are benefits to applying an increasing number of mutually unique magnetic field

118
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landscapes, and improving the orthogonality of those landscapes maximises the available

information leading to demonstrable improvements in the quality of image reconstructions.

It shows iterative inversion algorithms are consistently superior to traditional Tikhonov

counterparts and that improved orthogonality has further benefits in reducing the com-

putational requirements needed to reach semi-convergence. Individual algorithms have

specific advantages and combined ensure the improvements relate to the application of

additional magnetic field profiles rather than any apriori assumptions.

A fixed forward problem is defined to compare results when the area is excited by twelve

fields from the four coil induction system, Section 5.1.1, and an equivalently scaled, ideal-

istic, sixty-six coil system, Section 5.1.3, targeting the same harmonics. Those have linear

numbers 1− 9, 17, 28, 30, which the idealised system forms with less than 2% RMS.

Figure 6.1: The discrete volume defined in the forward problem to generate synthetic
signals.

This applies the approximations associated with Equation 3.65 and divides that volume

into a 100× 100× 100 grid of cubic voxels, recalling this covers a volume with dimensions

one-third a coil side length, presented in Figure 6.1. The sensor choice is influential, so

four arbitrary measurement positions are chosen relative and external to that imaging vol-
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ume to formulate a contactless problem. These are presented in Figure 6.2, with all four

Figure 6.2: The arbitrary sensor distribution, as defined relative to the four coil system.
Two sensors lie in-plane with the induction coils with length along the y-axis. The loca-
tion of the other two sensors is above and below the induction system in-plane with the
top/bottom of those coils.

skewed off-centre towards the viewpoint to minimise any bias relating to the commonly

manipulated perfect axial symmetries. With sixty-six coils scaled to have an identical

field generation volume, these sensors are contactless but located inside the cylindrical

scanner bore. A specific conductivity profile representing a simple cluttered environment

is specified over that volume, presented in Figure 6.3. These have normalised dimensions

of; 0.2 in X, 0.4 in Y, 0.1 in Z for copper and; 0.4 in X, 0.1 in Y, 0.1 in Z for aluminium.

Simulation of the responses applies Equation 3.63 to this discrete problem for each coil

system. With three-axial measurements, twelve fields, and four detectors, there are a

maximum of one-hundred-and-forty-four responses. To avoid the inverse crime, these are

combined with Gaussian white noise at one-percent of the signal magnitude, finalising a

complete forward model.

Formulation of an inverse problem allows an evaluation of the influence varied magnetic

field landscapes have on the ability to resolve the underlying conductivity profile. The
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(a) The conductivity plotted relative to the
induction system.

(b) An alternative view of the conductivity,
setting empty voxels to be transparent.

Figure 6.3: The specified conductivity distribution consists of two separate objects made
of copper (red, σ = 5.89× 107 S/m) and aluminium (yellow, σ = 3.69× 107 S/m), which
have dimensions ranging from five to twenty times smaller than a single coil side length.
In 6.3a, blue identifies the empty-space regions of the imaging volume as plotted relative
to the four coil system.

limited data restricts the reasonably parameterised number of voxels so a sensitivity ma-

trix calculation utilises Equation 3.65 for a dimensionally identical volume containing

two-hundred-and-sixteen, or a 6 × 6 × 6 grid of cubic voxels. Individually, these are

twenty times smaller than a coil side length. Depending on the number of magnetic land-

scapes applied, this formulates an underdetermined inverse problem with two-hundred-

and-sixteen parameters and between twelve and one-hundred and forty-four pieces of data.

Quantitative analysis can apply two tools from Chapter 4: the condition number and

the information efficiency. The information efficiency uses a Tikhonov identity generalised

inverse and a λ value selected via the L-curve, using the noisy signals from each forward

model. The contrasting results for each system are given in Figures 6.4 and 6.5 respec-

tively.

Inverse solutions then rely on selecting an appropriate algorithm, with the small size

of these inverse problems allowing multiple to be applied rapidly. Tikhonov methods

were unable to solve this problem for any number of magnetic fields, producing corrupt

results typically spanning ≈ ±109 S/m, even for 10−40 ≤ λ ≤ 1040 with all matrix combi-
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Figure 6.4: The variation in condition number as an increasing number of magnetic field
landscapes are incorporated into an inversion problem attempting to resolve two-hundred-
and-sixteen voxels. Each addition adds twelve measurements to the problem, defining an
underdetermined problem with between twelve to one-hundred and forty-four pieces of
data.

Figure 6.5: The variation in the information efficiency with an increasing number of
magnetic field landscapes, as considered in an underdetermined inverse problem containing
two-hundred-and-sixteen evenly distributed cubic voxels.

nations in Appendix E. This is one indication of the superiority of iterative algorithms,

with basic choices producing an interpretable image with just twelve measurements.
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Applying multiple algorithms serves several purposes, including demonstrations that:

• The variation in image quality is robust, independent of the selected prior.

• There is a balance between speed, image quality, and solution stability.

• There are benefits to additional constraints.

• The algorithmic choice significantly impacts image quality.

Five algorithms are selected, the core details of which are in Chapter 4. The specific non-

negative Landweber implementation uses a line-search to select an iteration-dependent

relaxation parameter for convergence speed, whilst the SART algorithm uses physical

box constraints of 0 ≤ σ ≤ 6.3 × 107 S/m. Non-negatively constrained CGLS refers to

the NNFCGLS approach from [175]. From those algorithms, image quality results are in

Figure 6.6, with sub-figures comparing the influence of increased field orthogonality.

The number of included magnetic fields also influences the time taken to reach semi-

convergence, which also varies between algorithms. The iteration results for four algo-

rithms are in Figure 6.7, with the CART algorithm omitted because nearly all solutions

utilise the same time-limited number of iterations.

For this and all subsequent inversion analyses, the MULTISSIM3 metric quantitatively

assesses the images produced at all iterations, with the best image selected from this

metric. This metric provides quantitative insights into trends and changes in these exper-

iments but is not a substitute for a complete qualitative analysis of the resulting images.

Results are, therefore, idealistic, bypassing the general requirement to apply a stopping

rule. However, how necessary this is will be explicitly coupled with the algorithmic sta-

bility.

This problem is, contextually, information deficient, so the measurements are likely to

be unable to completely capture the additional information provided by various field pro-

files, particularly as harmonic n increases and the number of spatial variations increases.

The simulated eddy-currents from Equation (3.63) are easily-differentiable between ap-
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(a) Four Coils

(b) Sixty-Six Coils

Figure 6.6: The variation in image quality, as characterised by the MULTISSIM3 met-
ric for voxel-based imagery, with increasing numbers of magnetic fields. The subplots
compare identical models differentiated only by the quality of the generated spherical
harmonic magnetic fields, demonstrating the influence of increased magnetic field orthog-
onality.

plied fields, indicating the capture of additional information.

Figure 6.4 demonstrates that the conditioning of the problem increases with the addition

of magnetic fields, meeting expectations as the systems tends towards a well-determined

problem. The variation is much smaller, and the system is significantly less sensitive to
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(a) Four Coils (b) Sixty-Six Coils

Figure 6.7: The semi-convergent point, in terms of optimal iteration number for the
specified problem from the MULTISSIM3 metric. Subplots compare magnetic fields with
differing orthogonality properties, where the CART algorithm is omitted because only one
of twenty-four results does not use the allowed 2500 iterations - Figure 6.7a, one magnetic
field, CART uses fifty-seven.

noise when applying highly-orthogonal fields with increased measurement independence.

The initial indication is, therefore, that orthogonal magnetic fields aid the ability to solve

the inverse problem in MIT.

The condition number is not a physical parameter, so significant variation occurs when

applying a vector-potential model such as Equation (3.58) instead of this flux model.

From the first simulated field from four coils, there is a symmetric Ax, Ay distribution

and a Az component around 13 orders of magnitude smaller. The calculation of the singu-

lar values of the sensitivity matrix (applying Equation (4.3)) leads to a condition number

of 4.3 × 1014, whilst excluding the Az contribution reduces this to 49. In reality, the Az

contribution approaches zero, compounding the issue by introducing singular values of

zero, leading to an infinite condition number. A numerical quirk, exclusion of Az has no

influence on image quality even with 10% measurement noise, suggesting the condition

number is a poor metric to solely quantify the physical invertibility of a particular system

in this framework.

Figure 6.5 shows an increase in the average information content with the addition of mag-



126 Chapter 6. Eddy-Currents & Inversion Problems In MIT

netic fields, and that information content consistently increases in measurements from

more orthogonal field profiles. Therefore, expanding the number of orthogonal magnetic

fields improves the resolvability of the inverse problem. The consistently low values accen-

tuate the understanding of the difficulties in producing a successful Tikhonov inversion.

The oscillatory behaviour is unexpected with further testing demonstrating the preser-

vation of shape, even when varying λ. This suggests some physical dependency which

fluctuates with the number of fields, perhaps related to the limited number of measure-

ments.

The quantitative image quality data in Figure 6.6 further demonstrates the value of ap-

plying spatially varying magnetic fields and increasing their orthogonality. Increasing the

number of fields leads to a clear improvement in image quality for all five algorithms, and

four of five algorithms demonstrate significant benefits to greater orthogonality. All five

algorithms also use substantially fewer iterations when applying more orthogonal mag-

netic fields, implying inversions are produced faster with less computational effort, Figure

6.7. The improvement in speed is also typically more significant as the number of highly-

orthogonal profiles increases. Individually each highlights how an appropriate choice of

algorithm will further benefit reconstruction quality, though this is problem specific. Be-

yond image quality, the individual choice also has features of interest suited to different

end-user requirements.

The error metric quantitatively illustrates trends and changes, but as previously sug-

gested, when used exclusively is arbitrary. Therefore, investigating the ability to produce

characterising, volumetric images of a conductivity distribution is incomplete without con-

sidering those images. For brevity, the inclusion of only a subset of the one-hundred and

twenty image reconstructions composing Figure 6.6 is possible. Some aid the discussion

of the strengths of individual algorithms, whilst the CART and Landweber algorithms

with 1, 3, 6 and 12 fields provide a visual illustration of the benefits of augmented use of

quasi-orthogonal profiles. Each figure compares a perfect resolution-specific image (left)
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to a reconstructed solution from inversion (right), using a matched colour map with a

variable solution-dependent range. Each also suppresses noise below one percent of the

peak (copper) conductivity and highlights object voxels through variable transparency

to aid interpretation. The selected angle attempts to provide an idealised projection of

a three-dimensional system however an interactive analysis (rotating, panning, varying

transparency) was necessary for a detailed qualitative evaluation.

Figure 6.8: The best image reconstruction from the CGLS iterative reconstruction algo-
rithm for a system which applies twelve harmonic-inspired magnetic fields generated by
four coils.

CGLS is theoretically invalid due to the lack of a positive-definite sensitivity matrix. Em-

pirically, this is a fast, easily implemented algorithm which produces substantially better

images than comparable corrupt Tikhonov results. It does particularly well at character-

ising the object magnitudes, Figure 6.8, whilst using the fewest computations, Figure 6.7.

This speed will be particularly advantageous for practical resolutions. However, images

contain significant smoothing and sizeable infeasible negative conductivities around 20%

of the expected peak magnitude, meaning poor reproduction of the majority of the volume.
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The NNFCGLS algorithm, Figure 6.9, demonstrates the substantial benefits of includ-

Figure 6.9: The best image reconstruction from the NNFCGLS iterative reconstruction
algorithm for a system which applies twelve harmonic-inspired magnetic fields generated
by four coils.

ing simple physical constraints balanced with increased computational requirements to

produce the solution. For these images, the algorithm uses 204 iterations compared to

36 from the simple implementation, with a 10% improvement in image quality and elim-

ination of unfeasible values. There is a reduction in smoothing effects, leading to better

object localisation. Increased field orthogonality produced by the sixty-six coil system

benefits both image quality, Figure 6.10, and computation speed, requiring just 67 it-

erations to converge. The IR tools implementation also contains a GCV stopping rule,

preventing over-iteration and further minimising wasted computations.

The SART algorithm incorporates box-constraints preventing the over-estimations of con-

ductivity prevalent in other solutions, Figure 6.11, enabling the best characterisation of

the copper object for all solutions contained in Figure 6.6. Once again, increased or-

thogonality leads to a quicker solution, with semi-convergence falling from 14823 to 1455

iterations. This is true for all five algorithms, suggesting that as induced field inde-
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Figure 6.10: The best image reconstruction from the NNFCGLS iterative reconstruction
algorithm for a system which applies twelve harmonic-inspired magnetic fields generated
by sixty-six coils.

pendence increases, the solution space becomes more highly constrained, enabling faster

convergence.

Theoretically, the CART algorithm is particularly well suited to this novel approach to

MIT with orthogonal fields augmented into a single inverse problem owing to the hy-

pothesised independence of measurements. The results for a single magnetic field are

given in Figure 6.12 comparing one produced by four coils (top), sixty-six coils (bottom)

followed by the related iterative behaviour, Figure 6.13. Contrasting the two solutions,

Figure 6.12, a clear improvement in image quality is associated with the more orthogonal

magnetic field, including enhanced object location, characterisation, and noise reduction.

Neither object is localised well with the better image, Figure 6.12b, identifying a larger

lower object and a smaller upper one - each with spatially varying conductivity.

The less orthogonal field is the only one of twenty-four CART solutions in Figure 6.6
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Figure 6.11: The best image reconstruction from the constrained SART iterative recon-
struction algorithm for a system which applies twelve harmonic-inspired magnetic fields
generated by sixty-six coils.

to pass semi-convergence in 2500 allowed iterations, Figure 6.13, but image quality falls

little over the remaining iterations highlighting one key advantage of this algorithm. A

comparable NNFCGLS approach with the same forward model decays rapidly away from

the optimal result, Figure 6.14, making the practical selection of a near-optimal solu-

tion more difficult. Interestingly it appears the more orthogonal field from sixty-six coils

improves the stability of the solving process. There is clearly a larger region of near-

optimal solution, likely making it easier to select, and a slower decay to the point of

semi-convergence when compared to the lower quality field from four coils.

The figure format is repeated sampling images from three, six, and twelve magnetic field

profiles in Figures 6.19, 6.20, 6.21 respectively, with iterative behaviour provided con-

currently in Figures 6.16, 6.17, 6.18. Individually each identifies consistently improved

image quality when applying higher-quality spherical harmonic magnetic fields, true after

any reasonable number of iterations, Figures 6.13, 6.16, 6.17, 6.18. The implication is
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(a) Four Coils.

(b) Sixty-Six Coils.

Figure 6.12: The image reconstructions from the CART iterative reconstruction algorithm
for a system which applies a single harmonic-inspired magnetic field, comparing four coil
and sixty-six coil systems.

more orthogonal induced fields lead to increasingly independent eddy-responses, benefit-

ing image quality as hypothesised. The shape of the blue curve in Figure 6.17 is also

characteristic of this algorithm nearing semi-convergence, whilst all four orange results

are yet to approach the first local minima. The implication is that further improvement
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Figure 6.13: Iterative behaviour of the CART reconstruction algorithm for a system which
applies a single harmonic-inspired magnetic field produced by two different induction
systems.

Figure 6.14: Iterative Behaviour for the NNFCGLS algorithm using a single-harmonic
inspired magnetic field produced by two different induction systems.

in image quality is possible with additional computation, something verified in Figure

6.15, which runs the simulation from Figure 6.12b with six-hundred times more iterations

(1.5× 106) leading to a 12.3% improvement without reaching semi-convergence. The re-

quirement is substantially more time, especially as CART has the slowest single iteration

of the five selected algorithms. Practical use necessitates an early truncation, with 2500

iterations selected heuristically to roughly match the maximum allowed time for the other

four algorithms.
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Figure 6.15: Iterative behaviour of the CART reconstruction algorithm for a system which
applies a single harmonic-inspired magnetic field produced by sixty-six coils over 1.5×106

iterations.

Figure 6.16: Iterative behaviour of the CART reconstruction algorithm for a system which
applies three harmonic-inspired magnetic fields from two induction systems.

Figure 6.17: Iterative behaviour of the CART reconstruction algorithm for a system which
applies six harmonic-inspired magnetic fields from two induction systems.
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Figure 6.18: Iterative behaviour of the CART reconstruction algorithm for a system which
applies twelve harmonic-inspired magnetic fields from two induction systems.
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(a) Four Coils.

(b) Sixty-Six Coils.

Figure 6.19: The image reconstructions from the CART iterative reconstruction algorithm
for a system which applies a three harmonic-inspired magnetic fields, comparing four coil
and sixty-six coil systems.
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(a) Four Coils.

(b) Sixty-Six Coils.

Figure 6.20: The image reconstructions from the CART iterative reconstruction algorithm
for a system which applies a six harmonic-inspired magnetic fields, comparing four coil
and sixty-six coil systems.
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(a) Four Coils.

(b) Sixty-Six Coils.

Figure 6.21: The image reconstruction and associated behaviour of the CART iterative
reconstruction algorithm for a system which applies a twelve harmonic-inspired magnetic
fields, comparing four coil and sixty-six coil systems.
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All CART images using the four coil system contain some central phantom noise elements.

Misinterpretation of these as an additional highly conductive object is not unlikely as their

magnitude exceeds that of the real aluminium object. This phantom does not exist in any

images associated with the sixty-six coil system. Contrasting the four Figures 6.12, 6.19,

6.20, 6.21, concurrently an increasing number of augmented fields produces demonstrable

improvements in the accuracy of object location, characterisation of the target magni-

tude, and object uniformity, as well as a reduction in noise regardless of field quality.

This is most significant between one and six fields, Figures 6.12 & 6.20, which reaffirms

the approximately flat change in image quality seen in Figure 6.6 relating mostly to small

reductions in noise and slight improvements in magnitude reproduction.

This suggests there is little benefit to the final six applied magnetic fields in either case.

However, those profiles are of increasing spatial complexity. Viable mapping of those

variations would require significantly more measurements and/or voxels, necessitating an

inverse problem of higher complexity to characterise and assess their feasibility.

From Figure 6.6, the Landweber variant consistently produces the best image quality

and is more advantageous as the orthogonality of the magnetic fields increases. For an

end-user, this is contrasted in Figure 6.7 with a significant increase in computational effort

compared to the NNFCGLS algorithm, suggesting it is ideal when computation time is

less important.

For one magnetic field the images from the two induction systems are in Figure 6.22.

Contrasted with Figure 6.12 the improvement is significant: there is a substantial reduc-

tion in noise, better object localisation, and more accurate magnitude characterisation.

The four coils result has none of the high magnitude phantom voxels seen in the CART

reconstructions and has a less significant overestimate of the peak conductivity. Compar-

ing sub-figures 6.22a and 6.22b there is a clear improvement associated with the sixty-six

coil system, comprising of less noise, and improved localisation of the two objects. The
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(a) Four Coils.

(b) Sixty-Six Coils.

Figure 6.22: The image reconstruction and associated behaviour of the constrained
Landweber iterative reconstruction algorithm for a system which applies a single
harmonic-inspired magnetic field, comparing four coil and sixty-six coil systems.

projection in Figure 6.15 obtains a similar error while requiring over thirty times more,

individually slower, iterations than the 5 × 104 used to produce Figure 6.22b implying

this Landweber variant is vastly more efficient.
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(a) Four Coils.

(b) Sixty-Six Coils.

Figure 6.23: The image reconstruction and associated behaviour of the constrained
Landweber iterative reconstruction algorithm for a system which applies a three harmonic-
inspired magnetic fields, comparing four coil and sixty-six coil systems.

As with the CART data, the resulting images for three, six, then twelve magnetic fields

generated by both systems can be found in Figures 6.23, 6.24, and 6.25 respectively. Re-

gardless of field quality, increasing the number of magnetic fields results in better-quality

images with an obvious noise reduction. Both objects become increasingly uniform, suc-
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(a) Four Coils.

(b) Sixty-Six Coils.

Figure 6.24: The image reconstruction and associated behaviour of the constrained
Landweber iterative reconstruction algorithm for a system which applies a six harmonic-
inspired magnetic fields, comparing four coil and sixty-six coil systems.

cessfully approaching the target structure. The conductivity is consistently over-estimated

with either system but is roughly proportionally correct. The main deviation from this is

Figure 6.23, which produces the most accurate characterising image of the upper object,

comparable to Figure 6.8 regardless of the fields’ orthogonality. The more orthogonal
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(a) Four Coils.

(b) Sixty-Six Coils.

Figure 6.25: The image reconstruction and associated behaviour of the constrained
Landweber iterative reconstruction algorithm for a system which applies a twelve
harmonic-inspired magnetic fields, comparing four coil and sixty-six coil systems.

fields persistently produce better images and usually have a less significant overestima-

tion of the peak conductivity. The overestimate also reduces consistently as more profiles

are added from the sixty-six coil system.
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Sub-figures 6.24b and 6.25b are interesting because subjective interpretation implies

twelve fields produce a slightly lower quality image. The twelve fields result contains

fewer noise voxels and improved identification of the copper object but a lower quality

characterisation of the upper aluminium object, highlighting a limitation associated with

any attempts to quantitatively assess image quality. Other error metrics were considered

but proved to be a worse match to the subjective assessment, particularly when evaluating

iterative behaviour like in Figure 6.13.

Overall, this problem successfully verifies the main hypothesised features of our novel

approach to MIT. Applying an increasing number of spatially unique magnetic fields as

part of an augmented inversion problem leads to significant, demonstrable improvements

in the quality of the final solutions. Increased field orthogonality further benefits the

quality and minimises the computational requirements to reach semi-convergence, ac-

celerating solution speed. Iterative inversion algorithms are superior to the traditional

Tikhonov methods, which cannot solve any of the twenty-four sampled problems. Individ-

ual algorithms have specific advantages which may make them more suitable for various

end-users. In combination, these verify that the variation associated with our MIT ap-

proach is related to the increasing augmentation of magnetic field profiles rather than the

careful choice of apriori information. Individually, the results demonstrate an ability to

image and characterise two dissimilar metallic objects in a cluttered environment. The

ability to rapidly produce multiple, high-quality solutions also suggests there is potential

to improve results further through post-processed combinations.

6.1.1 Varying The Conductivity Distribution

Given the success of the preceding analysis, it is worth considering the validity of this

approach with different conductivity distributions, particularly one that has a poor func-

tional overlap with the high magnitude components of the target spherical harmonic

magnetic fields. The high-quality fields generated by sixty-six coils performed consistently

better in the previous discussion, so evaluation uses those results exclusively. Through
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the following two problems, we further demonstrate the benefits of applying orthogonal

magnetic field landscapes, suggesting our proposal is robust even in less ideal conditions.

The existing sensitivity calculations from Equation 3.65 can be reused, with the loca-

tion of the conductive blocks in the forward model adjusted to the positions shown in

Figure 6.26. New signals are then produced with minimal computations using a simple

matrix operation and combined with another one-percent white Gaussian noise profile.

Maintaining a two-hundred-and-sixteen voxel resolution allows the reuse of the existing

sensitivity matrix. This remains an intentionally information deficient problem, designed

to highlight how quasi-orthogonal fields capture additional information through their aug-

mented combination. The condition number is unchanged, Figure 6.4, and the information

efficiency maintains a form which is visually indistinguishable from Figure 6.5.

The quantitative data concerning the variation in image quality with the number of

applied magnetic fields for this conductivity profile is in Figure 6.27. The relative per-

formance of individual algorithms mirrors that seen in Figure 6.6, with the constrained

Landweber algorithm producing the best image quality. The CART algorithm again fails

to converge in the allowed iterations, indicating that further improvements in image qual-

ity are probable, as demonstrated previously in Figure 6.15.

There are clear benefits to increasing the number of augmented fields regardless of the

algorithm when varying from one to four. The quantitative variation then becomes more

algorithm-dependent, but the best-performing algorithms continue to show improvements

in image quality beyond this. The best qualitatively assessed image occurs using the

Landweber algorithm with twelve magnetic fields, seen in Figure 6.28. The two objects

can be clearly identified, and their dimensions are characterised with minimal background

noise.
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(a) The new conductivity distribution plotted from the angle in Figure
6.3a.

(b) Another view using variable transparency.

Figure 6.26: The second conductivity distribution considered, utilising the same copper
(5.89× 107 S/m) and aluminium (3.69× 107 S/m) blocks at different locations within the
imaging volume. Blue in 6.26a again identifies the empty-space regions of the imaging
volume.

A further experiment considers another conductivity profile further from the ideal, Figure

6.29. The quantitative data concerning the variation in image quality with the number
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Figure 6.27: The variation in image quality, as characterised by the MULTISSIM3 metric
for voxel-based imagery, with increasing numbers of highly orthogonal magnetic fields
produced by a sixty-six coil system.

Figure 6.28: The best image reconstruction from the particular Landweber iterative recon-
struction algorithm for a system which applies twelve harmonic-inspired magnetic fields
generated by sixty-six coils to the second set of block positions.

of applied magnetic fields for this conductivity profile is in Figure 6.30.
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(a) The new conductivity distribution. (b) Another view using variable transparency.

Figure 6.29: The second conductivity distribution considered, utilising the same copper
(5.89× 107 S/m) and aluminium (3.69× 107 S/m) blocks at different locations within the
imaging volume. Blue in 6.29a again identifies the empty-space regions of the imaging
volume.

The relative performance of the algorithms is again similar, with an interchange between

CART and CGLS similar to the four coils results for the first block position. The data

Figure 6.30: The variation in image quality, as characterised by the MULTISSIM3 metric
for voxel-based imagery, with increasing numbers of highly orthogonal magnetic fields
produced by a sixty-six coil system for the least ideal set of block locations.

again affirms that there are quantifiable benefits to an increased number of orthogonal

profiles, though this is less clear-cut than previous results. Partially this relates to the

functional overlap between the profiles and the conductivity. The more complex fields



148 Chapter 6. Eddy-Currents & Inversion Problems In MIT

have a much weaker field in the conductive region, so the ensuing measurements are ex-

pected to capture less additional information. Quantitatively, the highest quality result is

from the NNFCGLS algorithm with four fields with a MULTISSIM3 error of 17%, Figure

6.31. Subjectively, the twelve fields’ result is of higher quality, having a lower overesti-

mate of the copper conductivity, slightly fewer noise voxels, and suggesting more uniform

conductivities in each block, Figure 6.32.

Figure 6.31: The best image reconstruction from the particular Landweber iterative re-
construction algorithm for a system which applies four harmonic-inspired magnetic fields
generated by sixty-six coils to the third choice of block positions.

Overall one can conclude further success, with increasing field augmentation leading to

demonstrable improvements in image quality. Given the object locations are less idealistic

with respect to overlaps with the generated fields, this also suggests there is some robust

benefit to the proposed orthogonal field landscapes even in a more general setting.
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Figure 6.32: The best image reconstruction from the particular Landweber iterative recon-
struction algorithm for a system which applies twelve harmonic-inspired magnetic fields
generated by sixty-six coils to the third choice of block positions.

6.2 Optimising Sensor Positions

To this point, the choice of sensor positions has been entirely arbitrary. Practically, it is

perhaps possible to identify an ideal set of sensor positions for the individual magnetic

fields. However, in the augmented inversion problem, we consider measurements from

numerous spatially unique profiles. Physically there will always be a trade-off between

the ideal positions for each profile and those which are better for the system as a whole.

Predicting the system-wide ideal locations is particularly challenging, so it is sensible then

that some optimisation procedure could be particularly advantageous.

In optimisation, a local minima relates to a specific region of the search space, whilst

a global minima is the minimum value for all possible parameters. Their equivalence is

universally true for a quadratic polynomial, whereas a comparable quartic function has

two minima for which the global minima is the lowest. MIT is likely to have numerous

local minima, so algorithms from the MATLAB Global Optimisation toolbox are applied.
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The process may minimise the condition number of a particular sensitivity matrix, the

number of iterations to produce an inverted image of a specified quality or the overall error

in image reconstruction. The latter is perhaps the most pertinent but is also extremely

computationally expensive. Consider the process to produce one evaluation of image

quality for a fixed system with precalculated excitation patterns: A forward model solves

Equation 3.63 for all applied magnetic fields and sensor positions coupled to a particular

conductivity profile, application of a noise profile occurs, then an inverse model solves

Equation 3.65 at a target resolution, application of regularisation algorithms is necessary

to produce solutions, then finally these are compared to some error metric.

For this reason, a proof of principle occurs using the four coil system with a target

resolution of two-hundred-and-sixteen voxels, demonstrated in Figure 6.6a, varying the

four sensor positions in an attempt to improve the best image. Figure 6.7a identifies the

NNFCGLS algorithm to give an ideal balance between speed and image quality, with the

best image produced with twelve magnetic fields. Non-linear constraints are imperative to

prevent sensors from being placed inside the imaging region but within a practical range

of the generating coils, excluding various common optimisation algorithms.

A comparison is made between two algorithms and their arbitrary counterpart. The

Pattern Search algorithm is a good starting point because it provably converges to a solu-

tion with any constraint, even for non-smooth functions, but this is not guaranteed to be a

global minimum. Non-linear constraints necessitate a particular variant, the Augmented

Lagrangian Pattern Search algorithm, [207]. The Global Search algorithm aims to find a

global minimum or identifies the best of many local minima depending on the problem,

as described in [208].

The resulting optimised sensor positions from the Pattern Search are in Figure 6.33. The

comparable Global Search positions are then in Figure 6.34. These deviate significantly
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Figure 6.33: The optimised sensor distribution from the application of an Augmented
Lagrangian Pattern Search algorithm, where non-linear constraints ensure sensors are
located external to, but within a reasonable range of, the induction system.

Figure 6.34: The optimised sensor distribution from the application of a Global Search
algorithm, where non-linear constraints ensure sensors are located external to, but within
a reasonable range of, the induction system.

from the original distribution, given in Figure 6.2. The likelihood of manually selecting

these positions, especially given the relative dissimilarities, is low.

The related condition number data when varying between one and twelve fields is in

Figure 6.35, with the optimised results demonstrating a systematically higher condition
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Figure 6.35: An overlay of the condition number values when varying the number of
magnetic field landscapes comparing the arbitrarily chosen and Pattern Search optimised
sensor positions.

number. This implies a greater sensitivity to noise, which appears to be an unintended

detrimental consequence of this optimisation. The subsequent Information Efficiency val-

Figure 6.36: An overlay of the Information Efficiency values when varying the number of
magnetic field landscapes comparing the arbitrarily chosen and Pattern Search optimised
sensor positions.

ues are in Figure 6.36, with the optimised results indicating a substantial improvement in

average model resolution regardless of the number of magnetic fields. The two optimised

systems overlap significantly, with obvious differences only between four and seven fields.
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These values indicate no clear preference for either of the optimised sensor distributions.

Figure 6.37: The variation in image quality, as characterised by the MULTISSIM3 metric
for voxel-based imagery, with increasing numbers of magnetic fields for sensor positions
optimised by a Pattern Search.

The image quality data for the Pattern Search optimised sensors is in Figure 6.37, with the

same experiment from the Global Search optimisation found in Figure 6.38. To highlight

Figure 6.38: The variation in image quality, as characterised by the MULTISSIM3 metric
for voxel-based imagery, with increasing numbers of magnetic fields for sensor positions
optimised by a Global Search.

the influence of these optimisations, an overlay compares the results for the NNFCGLS
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algorithm in Figure 6.39. The optimised image reconstruction from the Pattern Search

Figure 6.39: The variation in the MULTISSIM3 metric with the number of magnetic
fields, for the three different sensor distributions when applying the NNFCGLS inversion
algorithm utilised in the optimisation.

is in Figure 6.40. Compared to Figure 6.9, there is a substantial reduction in noise, with

the blocks of conductivity characterised with greater uniformity. This image also demon-

strates an improvement compared to the arbitrary sixty-six coils result, which was given

in Figure 6.10, again concerning reduced noise and smoother object characterisation. The

related optimised image from the Global Search sensor optimisation is in Figure 6.41.

This demonstrates a further noise reduction compared to the Pattern optimised sensors,

with additional improvements to object characterisation.

Reassuringly, regardless of algorithm or sensor positions, there is a clear trend that an

increased number of augmented magnetic fields results in reduced image-reconstruction er-

ror, further validating the hypothesis. For this specific problem, both algorithms improve

image quality, with the most significant change relating to the GlobalSearch algorithm.

These match expectations given GlobalSearch intends to select the global minimum, and

high-quality solutions already exist, leaving little space for significant improvements. The

Pattern Search also demonstrates a slight enhancement to the Landweber solution with

twelve magnetic fields, but all other algorithms perform worse than their arbitrary coun-
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Figure 6.40: The pattern optimised image reconstruction for the NNFCGLS iterative
reconstruction algorithm with the twelve fields generated by four coils.

Figure 6.41: The globally optimised image reconstruction for the NNFCGLS iterative
reconstruction algorithm with the twelve fields generated by four coils.
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terpart. This is generally true for all five algorithms with fewer than twelve magnetic

fields. The implication is that optimisation provides demonstrable improvements only

on a specific fixed problem. In a limiting case such as fault analysis, this has inherent

advantages. However, more frequently, this formulates sensor position optimisation as a

dynamic, object-dependent problem requiring continual recalculation.

In future work, Multi-Objective optimisations may be beneficial, for example, minimi-

sation of the reconstruction error and condition number, perhaps while maximising the

strength of measured responses and the information efficiency. The Parento front should

then highlight numerous solutions, with selection depending on an end-users specification.

Other parameters, like resolution, the number of sensors, the size of the imaging volume,

or the number/composition of field profiles, can also be optimised to improve inversion

quality. Though, these are dependent on the specific goals and constraints of end-users.

To summarise, optimisations can successfully improve image quality in this generalised

MIT problem, even for a well-solved problem. The results are computationally expensive

and highly application specific. They are also unintuitive, and it would be unlikely they

could be selected without the aid of an optimisation procedure. Given the implicit depen-

dence on conductivity, these optimisations would almost certainly need to be dynamically

calculated, which may limit their widescale applicability. Where the need for high-quality

images exceeds the requirement for rapid image reconstruction, such as quality control,

sensor position optimisation could be particularly effective.

6.3 Other Problems

6.3.1 Increasing The Number of Magnetic Fields

The sixty-six coil system utilised extensively up to this point can produce many more

quasi-orthogonal fields than just twelve. To further validate the hypothesis, this section

will examine whether applying additional magnetic profiles benefits image quality. The
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initial problem, with the conductivity distribution in Figure 6.3, enables a direct compari-

son targeting a two-hundred-and-sixteen voxel image, but this time including between one

and forty-eight magnetic fields. The new forward-modelled signals are again combined

with one-percent white noise and solved with the same five algorithms.

The augmented application of magnetic fields is identical up to the ninth, then devi-

ates from the previous model as they arise in the linear order of appearance associated

with Figure 5.19. This new problem becomes well-determined with eighteen magnetic

fields, tending to an over-determined problem with approximately 2.7 times more data

than voxels with all forty-eight - a total of five-hundred and seventy-six unique measure-

ments from four sensor positions.

Figure 6.42: The variation in condition number as an increasing number of orthogonal
magnetic field landscapes are augmented into an inversion problem which attempts to
resolve two-hundred-and-sixteen voxels, with each step incorporating twelve additional
measurements. The black dotted line marks where the problem becomes well-determined.

Qualitative assessment of this system is considered in terms of the condition number and

the quality of image reconstructions. Figure 6.42 demonstrates that once the problem

becomes well-determined, increasing the number of orthogonal magnetic field landscapes

leads to a substantial fall in the condition number of the problem. The suggestion is
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that the problem becomes less sensitive to noise when increasing the amount of data,

potentially an additional advantage to increasing the number of orthogonal fields in an

augmented inversion. Even at its maxima, the condition number is at least a factor of

104 lower than the four coils result in Figure 6.4.

Figure 6.43: The variation in image quality, as characterised by the MULTISSIM3 metric
for voxel-based imagery, with increasing numbers of highly orthogonal magnetic fields up
to the entire set produced by a sixty-six coil system.

Of paramount interest is the change in image quality, for which the results are in Figure

6.43. All five algorithms demonstrate some improvement beyond twelve magnetic field

landscapes, the significance of which varies. The best performing Landweber algorithm

exhibits continual improvement up to forty-seven applied fields, whilst the second best

peaks with thirty-three.

The forty-seven fields image reconstruction is in Figure 6.44, which is contrasted with

the comparable best image from the initial twelve fields in Figure 6.25b. This result is

a smaller overestimate of the copper conductivity, with that object surrounded by fewer

noise voxels. It also demonstrates a more accurate characterisation of the aluminium

objects’ conductivity, though it contains an additional noise voxel.
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Figure 6.44: The best image reconstruction from the particular Landweber iterative re-
construction algorithm for a system which applies forty-seven harmonic-inspired magnetic
fields generated by sixty-six coils.

This problem is solved particularly well with a limited number of fields, leaving neg-

ligible space for significant improvements with more data - especially with a 1% noise

profile and large condition number. As previously discussed, it is unlikely that the resolu-

tion nor the specified number of measurements will be able to fully quantify the benefits

of this approach to MIT. This becomes more pertinent for fields with higher n values,

such as those in Figures 5.21 and 5.22, where a single voxel may incorporate, and average,

many of the induced variations in the magnetic field.

Even for this very limited problem, the data support the hypothesis that increasing the

number of quasi-orthogonal magnetic fields allows a quantifiable improvement in image

quality. It also suggests the potential to reduce the sensitivity to noise in the inverse

problem purely by varying the driving currents supplied to a modular system.
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6.3.2 Increasing The Number of Measurements

Continuing with the sixty-six coil system, the other property we have yet to investigate is

the significance of the number of measurements. Inversion theory suggests that additional

data provide a closer approximation to a continuum and should reduce the sensitivity to

noise of the inversion problem. This should, in turn, be beneficial to the final image qual-

ity. As previously demonstrated, the actual positions of individual sensors are incredibly

influential on the result. Hence a future investigation may consider optimisation of a

larger sensor array.

The obvious approach to considering more measurements is to simply take one at the

Figure 6.45: A system which uses sixty-six measurement positions, placed at the centre
of each induction coil.

centre of each induction coil, shown in Figure 6.45. This has analogies with conventional

MIT systems which may use off-coils as detectors or have detection coils placed close to

excitation coils. The result is a problem with one-hundred and ninety-eight (sixty-six by

three-axis) measurements per applied magnetic field. Maintaining the remaining parame-

ters from the existing two-hundred-and-sixteen voxel inversion of the conductivity profile

in Figure 6.3 this leads to an excess of data, with multiple fields reaching a 44 : 1 ratio
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when applying all forty-eight.

Figure 6.46: The variation in condition number when a significantly larger number of
measurements are made of each orthogonal magnetic field.

For this over-determined problem, the condition number becomes significantly more sta-

ble but shows some improvement as the number of fields increases, Figure 6.46. It peaks

roughly two orders of magnitude below the well-determined result in Figure 6.42, and

is typically an order of magnitude better than the comparable over-determined results.

The associated image quality data is in Figure 6.47. There is no significant change in

the relative performance of the individual algorithms, though the NNFCGLS and SART

algorithms now perform very similarly.

Separately, contrasting with Figure 6.43, all the algorithms tend to produce higher quality

images, though the difference is marginally worse with CART. CGLS maintains the curve

shape but performs substantially better (at least 5%) at all points. SART also performs

consistently better, and the additional measurements remove the drop-off in image quality

seen above fifteen augmented profiles. The best image occurs with thirteen profiles, but

the variation in error is flat afterwards, peaking at just 0.3%.
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Figure 6.47: The variation in image quality, as characterised by the MULTISSIM3 metric
for voxel-based imagery, with increasing numbers of highly orthogonal magnetic fields
from an idealised sixty-six coil system with the same number of measurements per profile.

Demonstrable improvements also transpire with the Landweber algorithm, where the best

image has 3.3% error using seven profiles, with a similarly flat variation of 1.7% after-

wards. One sample, using forty-three profiles, performs worse than its four measurement

counterpart, but only by 0.3% on a solution which achieves significant accuracy. The

highest-quality solution is in Figure 6.48.

Overall, this data demonstrates that increasing the number of measurements will im-

prove the conditioning of the problem regardless of the number of field profiles. With

more measurements, the conditioning also improves with an increasing amount of aug-

mented magnetic fields. There is a consistent benefit to the final image quality, though

the marginal improvements at points undoubtedly relates to the simplicity of the problem.

6.3.3 High Resolution/Low Conductivity with Novel Algorithms

The final set of problems demonstrates the breadth of the proposed approach to MIT.

They consider significantly higher resolution inversions, targetting a characterisation at
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Figure 6.48: The best image reconstruction from the particular Landweber iterative re-
construction algorithm for a system which applies seven harmonic-inspired magnetic fields
generated by sixty-six coils and measured at sixty-six points.

low conductivity, and several advanced, novel inversion algorithms. Consider the forty-

eight profiles and four three-axis measurement positions studied in Section 6.3.1, which

has a total of 576 measurements. A specific conductivity profile is in Figure 6.49, com-

(a) The conductivity plotted relative to the
induction system. (b) An alternative view of the conductivity.

Figure 6.49: The specified conductivity distribution consists of two separate layers (red,
σ = 1× 10−2 S/m and blue, σ = 1× 10−3 S/m), both of very low conductivity similar to
that in some geophysical problems.
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pleting the forward model. It is a simple two-layer low conductivity structure where the

entire imaging volume produces an eddy response.

The inverse model targets an image with 8000 voxels, or a 20×20×20 grid, a significantly

higher resolution. Individual voxels are of normalised side length 0.05, compared to 0.167̇

in the previous problem. Against all forty-eight fields, this is approximately 14 voxels

for each measurement. This problem also provides space to demonstrate the applicability

of additional novel algorithms from Chapter 4 to MIT. As this problem is in a different

conductivity range with an unrelated structure, the best-choice of algorithm may differ

significantly.

A limited quantitative evaluation using fields [1, 6, 12, 18, 24, 30, 36, 42, 48] is in Figure

6.50. The omission of a complete analysis with a variable number of magnetic fields

builds on an assumption from the preceding data that using all forty-eight fields should

produce something near the optimal solution. This links to significant increases in calcu-

lation time both in the sensitivity calculation and the inversion stage. There is a heavy

weight towards the inversion step, with the TTLS algorithm requiring approximately ten

minutes to evaluate and the CART algorithm requiring fifty minutes. For this problem,

seventeen algorithms from the library could solve it with an error below 0.5%. These

include: TTLS, NNFCGLS, Brakhage’s ν-method, Non-negative Landweber, Enriched

CGLS, Adaptively-constrained IRN and FISTA.

Two of the best results from the TTLS and first-derivative preconditioned CGLS al-

gorithms are in Figure 6.51 and 6.52, with the latter giving the best available solution at

0.17% error. These highlight the issues associated with analytic error measurements for

image reconstruction, even when using metrics designed for this class of problem. From

the previous discussion, the error values quoted for both algorithms imply an incredibly

high-quality result.
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Figure 6.50: The variation in image quality, as characterised by the MULTISSIM3 metric
for voxel-based imagery, with increasing numbers of highly orthogonal magnetic fields
from an idealised sixty-six coil system with four measurements per profile reconstructing
a problem with eight-thousand parameters.

Yet human instinct when interpreting the visual results is that these images are much

worse than the metric suggests. The RMS is similarly unhelpful, at 0.0016 and 0.0013

respectively. In part, these results will relate to the fact that there is an accurate char-

acterisation of the vast majority of voxels. Much of the error is due to smoothing effects

failing to reproduce the smaller, upper high conductivity layer. Characterisation of the di-

mensions of this layer is better with the CGLS variant, weighted against greater variations

across the bulk of the lower layer. Both solutions also feature some small anomalously

negative conductivities (darkest blue). These are in areas with no overlap, linking directly

to numerical instabilities in the problem, so post-processing could filter these by taking a

weighted combination of the two results.

Constrained Least Squares is a viable alternative algorithm producing a result with a

slightly lower error metric than TTLS (0.31%) but no infeasible values. It uses physi-

cal box constraints and a non-negative energy constraint. The result is in Figure 6.53,

with the second subfigure using variable transparency to highlight that this approach

suggests some voxels of exactly zero conductivity. The variable transparency allows the

visualisation of otherwise hidden voxels on the projected images. Careful selection of an
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(a) A solution view.

(b) An alternative view.

Figure 6.51: The best image reconstruction from the Truncated Total Least Squares
(TTLS) algorithm for a system which applies forty-eight orthogonal magnetic fields mea-
sured at four locations. Subfigures compare diagonally opposing corners to aid compre-
hension.

appropriate positive energy constraint may further benefit solution quality but is difficult

to estimate for an unknown problem. To the authors’ knowledge, the application of TTLS

and Constrained Least Squares to MIT is novel, and both have demonstrable value in this

regime.
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(a) A solution view.

(b) An alternative view.

Figure 6.52: The best image reconstruction from a first-derivative preconditioned CGLS
algorithm for a system which applies forty-eight orthogonal magnetic fields measured at
four locations. Subfigures compare diagonally opposing corners to aid comprehension.

The conductivity profile is reasonably simplistic, so a second problem considers including

an occlusive object. As seen in Figure 6.54, this is uniform along the y-axis and given

the average conductivity of the two layers. The forward model again uses a consistent

forty-eight fields from sixty-six coils with four measurement positions.
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(a) A solution view.

(b) An alternative view.

Figure 6.53: The best image reconstruction from a Constrained Least Squares algorithm,
using physical box limits (zero & silver) and a non-negative energy value, for a system
which applies forty-eight orthogonal magnetic fields measured at four locations. Subfigures
compare diagonally opposing corners to aid comprehension.

Sixteen algorithms meet the 0.5% threshold specified for an occlusion-containing dis-

tribution. Three of those are of particular interest, producing some of the best results

whilst also being novel for MIT: FISTA, a variant of IRN (using adaptive box constraints
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(a) A plot relative to the induction system. (b) An XZ view of the conductivity.

Figure 6.54: The specified conductivity distribution consists of two separate layers (red,
σ = 1 × 10−2 S/m and blue, σ = 1 × 10−3 S/m) and an internal occlusion (green,
σ = 5× 10−3 S/m).

set at physical conductivity bounds, non-negativity and silver), and Brakhage’s ν-method.

The associated solutions are in Figures 6.55, 6.56, and 6.57. Qualitatively, the best result

is from FISTA, followed by IRN and then the ν-method. All three results reproduce the

two layers of conductivity reasonably well and identify an anomalous conductive occlusion

embedded between them. That occlusion has roughly the expected symmetry along the

Y-axis but underestimates the conductivity. In all cases, that object is an anomalous

smudge rather than a precise characterisation of the individual features.

The FISTA and the IRN solutions feature some exact zeros, highlighted as transpar-

ent voxels. The implication is a poor characterisation of parts of the low conductivity

layer, detracting from overall image quality. The zeros are similar between the two algo-

rithms, which suggests that post-processed combinations of the two would provide little

benefit. The ν solution contains only positive conductivity values with a minimal value

of 1.3× 10−3, meaning it finds a more uniform lower layer without errant zero values but

also over-estimates the conductivity of that area.

Other than minor variations in the image quality and particular noise voxels, the main

reason for including these three similar results is differences in iterative behaviour, Figure

6.58. The ν algorithm continues to 5 × 105 iterations, but the error exceeds 50% after
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(a) A solution view.

(b) An XZ view.

Figure 6.55: The best image reconstruction from a FISTA algorithm for a system which
applies forty-eight orthogonal magnetic fields measured at four locations. Subfigures
provide different viewpoints to aid interpretation.

1 × 104 iterations, and → 100% after 1 × 105 making it unstable. Total time was 846

seconds, with the optimal reached after 0.3s. The other two algorithms, FISTA and the
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(a) A solution view.

(b) An XZ view.

Figure 6.56: The best image reconstruction from a variant of the IRN algorithm for a
system which applies forty-eight orthogonal magnetic fields measured at four locations.
Subfigures provide different viewpoints to aid interpretation.

IRN variant, are automatically stopped by inbuilt stopping rules at 2.5×103 and 3.7×105

iterations with errors around 1.2%. FISTA took 9.3 seconds, with the optimal found after
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(a) A solution view.

(b) An XZ view.

Figure 6.57: The best image reconstruction from Brakhage’s ν-method for a system which
applies forty-eight orthogonal magnetic fields measured at four locations. Subfigures
provide different viewpoints to aid interpretation.

1.9 seconds, and the IRN variant ran for a total of 1.7×103 seconds, reaching an optimum

after 222.5 seconds.
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Like the CART algorithm, the IRN variant is much more stable after many iterations,

Figure 6.58: The contrasting iterative behaviour of the three sampled algorithms, as
characterised by the MULTISSIM3 metric. The forward model uses the idealised sixty-six
coil system, with four measurements per profile, to reproduce eight-thousand parameters
for a two-layer conductivity distribution which also contains an occlusion.

making it more practical where inversion time is not a concern. The ν solution converges

in the fewest iterations, which may be advantageous with increasing numbers of parame-

ters.

Overall, these problems identify that forty-eight orthogonal fields can produce images of

a filled conductive region at a significantly higher resolution, even with just four measure-

ments per magnetic profile. These include reasonable characterisation of the conductivity

values and the material structure. Identification and characterisation of an embedded

conductive object is also possible, though precise feature imaging was not. Advanced

inversion algorithms enable both inversions and appear to be novel in MIT. Future work

could consider whether this is possible with a more reasonable number of measurements.
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6.4 Future Work

There are a variety of investigations worth considering as research into orthogonal mag-

netic fields for MIT progresses. The conductivity distributions considered both here and

throughout the literature are relatively simplistic. For security applications, such as

baggage scanning, considerations of significantly more complex structures will be essen-

tial. This may include the shape of objects, the distribution and quantities of material

throughout the scanner, the variety of possible properties incorporating inhomogeneity,

and variability in the number of potentially overlapping items. Initial steps may consider

a more cluttered environment, containing perhaps three or four different objects. Shielded

objects, for example, uranium in a lead container would be of particular interest given

conventional X-ray scanning is unable to image such objects.

Crucial work towards such goals will concern adapting the voxel meshing procedure.

Conformal elements will become necessary, as will techniques such as adaptive mesh

refinement to minimise the number of resolved parameters whilst maximising the quality

in the inverse problem.

The vast variety of existing inversion algorithms is also worth further investigation. A

notably interesting one is Enriched Least Squares. The augmented method of formulat-

ing a sensitivity matrix attempts to force spherical harmonic orthogonality into adjacent

rows. Supplying a subspace with a related harmonic enrichment would sensibly benefit

image quality and should positively impact solution speed.

A related formal study of algorithmic combination and post-processing techniques is also

sensible. The main distinguishing feature between good solutions should relate to noise

magnification, so combinations of algorithms are potentially a simple way to minimise

error. These could be weighted by the model misfit - how well an individual solution

solves the original system of equations.
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Other work may consider optimisation of other free parameters like the resolution or

dimensions of the image reconstruction volume and consider Multi-Objective functions

as discussed in Section 6.2. One of specific interest concerns the composition of quasi-

orthogonal magnetic field profiles in the augmented inverse problem. Figure 6.59 demon-

Figure 6.59: The variation in image quality, as characterised by the MULTISSIM3 metric
for voxel-based imagery, when the twelve magnetic fields from sixty-six coils in the initial
problem are applied separately. There is a clear correlation between the various algorithms
which suggests functional interaction between fields and the conductive material allows
for improved image quality.

strates that an augmentation approach to the test problem in Figure 6.6b provides higher

quality solutions than the individual application of the component fields. But there is

also variability in the quality of reconstructions produced by each. This likely relates to

functional overlaps between the interrogation regions of specific profiles and conductive

material, with a preference for areas of high magnitude.

An optimisation could identify the best profiles to apply, which has numerous poten-

tial benefits. Experimentally this could speed up the process, minimising data gathering

time by reducing the number of time-dependent excitation patterns. There are also com-

putational benefits, with fewer measurements translating to a smaller sensitivity matrix,

decreasing the evaluation time of any inversion procedure. However, it may be that, as
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with sensor positions, this would have to be a dynamic process for successful applica-

tion to an unknown problem. Similar work may consider further improvements to the

orthogonality of the generated profiles, the number of sensor positions, the strength and

frequency of the applied fields, and the target resolution. Multi-objective optimisation

could account for a number of these to produce an optimal system and perhaps consider

reducing the overall sensitivity to noise of the final design in a single process.

6.5 Conclusion

In this chapter, we have verified the main hypothesised features of our proposed MIT

methodology. Our augmented approach to inversion uses a system of spatially varying,

relatively unique magnetic fields produced by the practical induction systems developed

in the previous chapter.

We demonstrate that increasing the number of fields can improve the quality of image

reconstructions significantly, reducing noise and allowing the accurate location and char-

acterisation of objects. We illustrate this at high and low conductivities with an identical

system, suggesting our approach is robust to variation.

Improving the orthogonality of the applied fields has consistent benefits for image quality,

in some cases by up to 40% (see Figures 6.6 or 6.12 for example), alongside consistently

reducing the computational effort (number of iterations) required to find those solutions.

It may also improve the stability of the inversion algorithms (see Figure 6.14), making the

practical selection of a near-optimal solution more probable in a realistic setting. Com-

bined, this suggests multiplicative benefits to applying quasi-orthogonal magnetic field

profiles.

Iterative algorithms are consistently superior to their Tikhonov counterparts, which can-

not provide a solution. We consider the potential of various novel algorithms and high-

light a disparity between the theory (which states CGLS-type algorithms are invalid)
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and practical reality (where CGLS algorithms can produce high-quality results). Careful

consideration of the balance between speed, stability, and image quality is imperative in

algorithmic choice.

Future work should consider more complex conductivity environments and further op-

timisation, like identifying the best magnetic excitations to apply. A detailed analysis

of state-of-the-art inversion algorithms may also be beneficial. With numerous solutions

available, a comprehensive investigation into post-processing is also likely to improve

image quality by eliminating some of the natural variation arising from an ill-posed prob-

lem.
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Summary

This body of work has explored a set of orthogonal magnetic fields which are theoretically

ideal for magnetic-induced interrogation. These are linked to spherical harmonics, with a

system-wide scalar potential defined for a particular harmonic, leading to an infinite set of

mutually orthogonal inhomogeneous profiles. A technique proposes to produce multiple

profiles from a modular induction system composed of arbitrary elements by indepen-

dently varying the current driven to them, similar to common active magnetic-shielding

approaches using matrix coils[209]. An estimate of the excitation patterns for arbitrarily

distributed elements, and any physically feasible magnetic profile comes from a regularised

inverse problem. There is also a framework to model three-dimensional sources with spa-

tially varying current densities.

A discussion of the existing conventions associated with modelling the measured response,

and calculating the sensitivity to variations in conductivity from a typical MIT system, re-

veals several limitations. These include an inability to account for inhomogeneous fields,

difficulties associated with modelling magnetometer-based measurements, and a large

square sensitivity matrix for each applied magnetic field. From a governing Helmholtz

equation, a full-phasor derivation introduces a novel greens function approach to model

the problem in a framework which supports the spherical harmonic magnetic profiles.

Whilst computationally expensive, this produces a rectangular sensitivity matrix for a

predetermined set of measurement positions, with augmentation enabling a single inver-
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sion problem for many field profiles.

A further derivation provides simplified models for both the magnetic vector potential

and magnetic flux. For an appropriate problem, this provides quick and easy calcula-

tion which is stable over a range of conductivities. The result is an ability to effortlessly

estimate the eddy responses from, and sensitivity to, a variety of problems, with a rect-

angular sensitivity matrix suited to augmentation - perfect for rapid prototyping of new

MIT systems.

Progression of this work then moves the considering inversion, specifically in terms of

a linear, discrete, ill-posed problem, which, in principle, may apply to any of the pre-

ceding eddy-current models. The problem is typically ill-posed because there are infinite

equally valid solutions to any specific set of measurements, and ill-conditioned, where ex-

treme amplification of any tiny noise component occurs during inversion. Ill-conditioning

leads naturally to the singular-value decomposition, which defines the condition number -

a value which can quantify the noise sensitivity. The high sensitivity to noise also relates

directly to a definition of the inverse crime in the context of MIT.

A solution to ill-posed/ill-conditioned problems is to apply regularisation. Functionally

this works by introducing some additional information or assumptions about the proper-

ties of a result to select one which is both suitable and stable. An entire field of research

is dedicated to these methods, though few have seen active application to MIT. The most

common is Tikhonov regularisation which is simple and easy to implement, but the com-

putation time scales dramatically with resolution. The SVD then identifies the function

of regularisation is to introduce some filtering to the inverse problem, which leads instinc-

tively to truncated inverse methods. A natural progression is then to iterative inversion

algorithms where the regularisation parameter becomes the number of iterations. Dif-

ferent algorithms impart various assumptions about the sought solution, and these are

typically semi-convergent.
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Part of the difficulty of this type of inversion is that the regularisation parameter λ

is problem specific and highly non-linear. Too little allows noise corruption to persist,

but too much and the solution is a poor fit to the data. Realistically the target solution

is unknown, and some automated selection criteria are required. Many possible methods

exist, each with associated advantages and disadvantages, but a consistent feature of all

existing approaches is that they select a sub-optimal solution.

Differentiation of individual algorithms beyond the regularisation scheme concerns the

computational work involved in each iteration and their convergence properties. The

convergence properties are particularly pertinent to selecting the optimal solution. In an

ideal case of semi-convergence, the solution updates shrink, becoming smaller around this

optimum. The result should then be relatively stable over many iterations making the

accuracy of automated selection criteria less critical. The balance is, therefore, between

the best possible image quality determined by the suitability of a regularisation scheme,

desirable convergence qualities, and computational limitations. In reality, no single algo-

rithm is ideal, motivating the availability of a library of relevant options.

The field design procedure can produce a set of many unique magnetic profiles, even

from a simple modular system. With four square coils, twelve are possible, but these

are poor representations of the orthonormal target set. Determining uniqueness is tricky,

with many nuanced components involved in the final functional form of a magnetic field

profile. RMS analysis and comparison of excitation patterns can provide some indication,

but this is not rigorous. A robust framework seeks to evaluate this generally through

a combination of the harmonic composition of individual fields, a tolerance approach to

cross-comparison, and overlap calculations for additional verification.

Though it may be possible to produce quality spatial approximations of higher complexity

harmonics, the sixth degree provides a good truncation point for this MIT investigation.
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With thirty-eight coils targeting all harmonics up to and including that degree, the ad-

vantages of the excitation design procedure and the necessity of a robust framework to

analyse uniqueness is much clearer. With this many elements, forty-six quasi-orthogonal

fields of the spherical harmonic type are possible. These are typically a quality match to

the spatial distribution but have limited success in producing intended magnitude varia-

tions.

To maintain the attained accuracy, high-precision current drivers with control to at least

0.1% of the peak amplitude are necessary. This is less critical for many low-degree harmon-

ics, so where fewer fields will suffice, simpler experimental apparatus may be appropriate.

The nonlinearity of the regularisation parameter significantly influences the quality of

the generated harmonic approximations. Ignoring it is perilous, manual selection is slow,

and analytic calculations are computationally expensive. Minute variations may cause a

notable reduction in field quality and have a pronounced impact on the field produced

per unit current. For MIT, this measure is imperative because it directly relates to how

detectable a response field will be.

Further increases in the number of control elements lead to an idealistic setup which

can produce forty-eight orthonormal profiles, targeting up to the sixth-degree harmonics.

Most of these are quality representations of the target with below 2% RMS error. Sim-

plified designs, such as eighteen rectangular elements, can also produce numerous fields.

A significantly larger interrogation region is also feasible, but this detracts from the ac-

curacy of the spherical harmonics. Dynamic calculations of the excitation patterns may

compensate for this and are imperative when the interrogation region is varied.

Production of spherical harmonic-type fields is also possible with a co-planar system. The

intention is to produce a scannable device, but there are limitations on harmonic quality

due to an inability to generate significant variations along the z-axis. Improvements may

be possible by varying the offset between layers or the side length of component coils to
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provide greater control. Three-dimensional current sources have minimal influence on the

functional form of the generated magnetic field but appear to provide a stronger magnetic

field. However, the practicalities of driving current through a relevant device may negate

any advantages.

The final chapter evaluates the influence of multiple mutually unique quasi-orthogonal

magnetic fields when applied to MIT. There is an explicit dependence on an augmented

inversion for all profiles and measurements enabled by the preceding derivations. Initial

analysis establishes that mutually unique magnetic profiles of any form provide additional

information, which improves the average resolution of each voxel and the quality of the

resulting images.

Increasing the orthogonality of those profiles has a significant impact, drastically reduc-

ing the sensitivity to noise whilst substantially improving the voxel resolution and image

quality. The computational effort required to produce the solution, regardless of the al-

gorithm, is also reduced. These benefits to image quality also hold even when considering

far less ideal conductivity distributions, implying the novel approach to MIT is robust.

This problem also confirms the expected superiority of modern inversion algorithms over

their traditional Tikhonov counterparts. Tikhonov methods cannot solve the forty-eight

sampled problems (12 from four coils, 3× 12 from sixty-six with various block locations).

The computational efficiency of the augmented sensitivity formulation also enables the

optimisation of various parameters. Sensor positions are incredibly influential and can

produce significant improvements in image quality. A Global-search algorithm performs

better on the specified problem than a Pattern Search, but neither is particularly robust

under perturbation. The specificity of the resulting optimisations means this process must

be dynamic in practice, especially given their increased sensitivity to noise.

Increasing numbers of orthogonal magnetic fields lead to further quantitative benefits,
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including consistent improvements in image quality. Once a problem becomes overde-

termined, something vastly easier to achieve when it is possible to produce 48 unique

measurements per detector, orthogonal excitation enables a reduction in noise sensitivity.

Additional measurements are also intuitively beneficial, demonstrating that this excita-

tion procedure is effective even with an information excess.

The final set of problems further demonstrates the versatility of this methodology. It

functions well in a different, much lower conductivity regime and can produce higher-

resolution images. Detection of an average conductivity occlusion is also possible, but

with limited characterisation from four measurements. Six additional novel inversion al-

gorithms perform best on these problems, each with distinguished convergence properties.

The presented research has achieved a number of the original aims. It is now possi-

ble to generate many quasi-orthogonal magnetic fields from any arbitrary distribution

of modular current elements and consolidate them into a single memory-efficient inverse

problem for MIT. The methodology appears robust and can produce high-quality three-

dimensional characterising images with MIT through variable quasi-orthogonal spatial

interrogation. It is possible to do this rapidly with augmented inversion, utilising vari-

ous novel algorithms to maximise image quality and solution stability whilst minimising

evaluation time. Future work should focus on experimental verification and then consider

further optimisations, including minimising the number of applied fields and condition

number, alongside maximising signal-to-noise, resolution, and image quality. Potential

future applications are broad; enclosed excitation systems may produce safe, contactless

medical images; interrogate suspect packages in an airport; or even detect the moisture

content of food during manufacturing. Scannable designs could perform sub-surface geo-

physical image reconstruction or examine the contents of cargo containers.
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[129] F. Roméo and D. I. Hoult, “Magnet field profiling: Analysis and correcting

coil design,” Magnetic Resonance in Medicine, vol. 1, no. 1, pp. 44–65, 1984.

https://onlinelibrary.wiley.com/doi/abs/10.1002/mrm.1910010107.

[130] P. J. Hobson, Magnetic Field Design for Quantum Technologies. PhD thesis, Uni-

versity of Nottingham, 07 2022.

[131] P. Silvester, “High-order polynomial triangular finite element for potential prob-

lems,” International Journal of Engineering Science - INT J ENG SCI, vol. 7,

pp. 849–861, 08 1969.

[132] N. Demerdash, T. NEHL, and F. FOUAD, “Finite element formulation and analysis

of three dimensional magnetic field problems,” Magnetics, IEEE Transactions on,

vol. 16, pp. 1092 – 1094, 10 1980.

[133] N. Demerdash, F. Fouad, T. Nehl, and O. Mohammed, “Three dimensional finite

element vector potential formulation of magnetic fields in electrical apparatus,”

Power Apparatus and Systems, IEEE Transactions on, vol. PER-1, pp. 4104 – 4111,

09 1981.

[134] M. Sadiku, “A simple introduction to finite element analysis of electromagnetic

problems,” IEEE Transactions on Education, vol. 32, no. 2, pp. 85–93, 1989.

[135] M. Sadiku, A. Shadare, and S. Musa, “Computational electromagnetics,” Interna-

tional Journal of Engineering Research, vol. 6, pp. 414–416, 08 2017.

[136] I. The MathWorks, Partial Differential Equation Toolbox. Natick, Massachusetts,



BIBLIOGRAPHY 199

United States, 2021. https://www.mathworks.com/help/pde/.

[137] D. J. Griffiths, Introduction to electrodynamics; 3rd ed. Upper Saddle River, NJ:

Prentice-Hall, 1999. https://cds.cern.ch/record/611579.

[138] M. Soleimani, “Sensitivity maps in three-dimensional mag-

netic induction tomography,” Insight - Non-Destructive Test-

ing and Condition Monitoring, vol. 48, no. 1, pp. 39–44, 2006.

https://www.ingentaconnect.com/content/bindt/insight/2006/00000048/00000001/art00007.

[139] M. Soleimani, W. Lionheart, A. Peyton, X. Ma, and S. Higson, “A three-dimensional

inverse finite-element method applied to experimental eddy-current imaging data,”

IEEE Transactions on Magnetics, vol. 42, no. 5, pp. 1560–1567, 2006.

[140] D. Dyck, D. Lowther, and E. Freeman, “A method of computing the sensitivity of

electromagnetic quantities to changes in materials and sources,” IEEE Transactions

on Magnetics, vol. 30, no. 5, pp. 3415–3418, 1994.
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Appendix A

Spherical Harmonic Look-Up Tables

The real, or tesseral, spherical harmonic functions utilised to generate magnetic fields in

this thesis are given by Figure A.1-A.4, followed by a tabulated list of the first 24 magnetic

fields.
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Figure A.1: The real spherical harmonics up to n = 3, m = 3 from [Source].

http://www2.cpfs.mpg.de/~rotter/homepage_mcphase/manual/node131.html
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Figure A.2: The real spherical harmonics for n = 4 from [Source].

http://www2.cpfs.mpg.de/~rotter/homepage_mcphase/manual/node131.html
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Figure A.3: The real spherical harmonics for n = 5 from [Source].

http://www2.cpfs.mpg.de/~rotter/homepage_mcphase/manual/node131.html
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Figure A.4: The real spherical harmonics for n = 6 from [Source].

http://www2.cpfs.mpg.de/~rotter/homepage_mcphase/manual/node131.html
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Figure A.5: The first nine spherical harmonic magnetic fields.
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Figure A.6: Spherical harmonic magnetic fields 10-19.
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Figure A.7: Spherical harmonic magnetic fields 20-24.



Appendix B

Biot-Savart Law & Numerical

Validation Problems

This section begins by finding an analytic solution to Equation (3.8) at some arbitrary

point in space, r⃗, due to a finite-length wire segment with unspecified orientation carrying

some current I. For numerical ease this is completed in the Cartesian coordinate system,

though this does lead to a relatively cumbersome expression.

For a segment extending from [x′
1, y

′
1, z

′
1] to [x′

2, y
′
2, z

′
2] comprehension of the resulting

expression is aided by defining some additional terms of the form, x̃1 = x − x′
1 and

x̃2 = x − x′
2. The term x̃1 is then a geometrical relationship linking a measurement
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coordinate x to a related point on the current carrying segment, x′
1. This leads to,

Bx(r⃗) =
µ0I

4π

(
−

(
− ỹ1(

z̃1

(x̃1
2 + ỹ1

2)(x̃1
2 + ỹ1

2 + z̃1)
1
2

− z̃2

(x̃1
2 + ỹ1

2)(x̃1
2 + ỹ1

2 + z̃2)
1
2

)
)

(B.1)

+
(
− z̃1(

ỹ1

(x̃1
2 + z̃1

2)(x̃1
2 + ỹ1

2 + z̃1)
1
2

− ỹ2

(x̃1
2 + z̃1

2)(x̃1
2 + ỹ2

2 + z̃1)
1
2

)
))

,

By(r⃗) =
µ0I

4π

(
−

(
− x̃1(

z̃1

(x̃1
2 + ỹ1

2)(x̃1
2 + ỹ1

2 + z̃1)
1
2

− z̃2

(x̃1
2 + ỹ1

2)(x̃1
2 + ỹ1

2 + z̃2)
1
2

)
)

(B.2)

+
(
− z̃1(

x̃1

(ỹ1
2 + z̃1

2)(x̃1
2 + ỹ1

2 + z̃1)
1
2

− x̃2

(ỹ1
2 + z̃1

2)(x̃2
2 + ỹ1

2 + z̃1)
1
2

)
))

,

Bz(r⃗) =
µ0I

4π

(
−

(
− x̃1(

ỹ1

(x̃1
2 + z̃1

2)(x̃1
2 + ỹ1

2 + z̃1)
1
2

− ỹ2

(x̃1
2 + z̃1

2)(x̃1
2 + ỹ2

2 + z̃2)
1
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(B.3)

+
(
− ỹ1(

x̃1

(ỹ1
2 + z̃1

2)(x̃1
2 + ỹ1

2 + z̃1)
1
2

− x̃2

(ỹ1
2 + z̃1

2)(x̃2
2 + ỹ1

2 + z̃1)
1
2

)
))

.

The analytic solution to Equation (3.17) is found by simple differentiation of this expres-

sion with respect to I. A related expression can also be found for the Magnetic Vector

Potential by solving Equation (3.55) in the same manner. Combination of this expression

with a superposition derived summation over multiple wire-segments allows the calcula-

tion of both the magnetic flux from, and the flux-sensitivity with respect to current due

to, an arbitrarily shaped (closed-loop) current source at any point in space. This concept

can be further extended to find the field produced by multiple such sources acting as a

single induction system.

B.0.1 Validation 1: Square Loop

A simple numerical verification problem concerns a simple square current loop of side

length S, for which the on axis flux solution for a coil in the XY plane is given by[210],

Bz =
µ0I

2π

S2

[z2 + S
2

2
]
√

z2 + 2(S
2
)2
. (B.4)



217

Figure B.1: The square current source modelled, and the related sampling points for
comparison to an analytic result in the first validation problem. The scales are normalised
for convenience.

The geometry, consisting of four wire segments, is generated and Equation (B.1) is com-

bined with Equation (3.18) to find the associated magnetostatic field. The results for

this implementation are given in Figure B.2 for completeness and confirms this analytic

technique holds exactly for the test problem and has been correctly implemented for a

simple geometry.

This is programmed in MATLAB which is well suited to matrix calculations, but poorly

suited to looped computations. For this reason, noting the arbitrary case of individual

inductors (i), measurement/simulation positions (j) and wire elements in an individual

inductor (k), it is convenient to repeat the various vectors containing the related data

into three dimensional arrays of size [i, j, k]. For example, the number of measurement

positions is a vector of size [1xj] which is then repeated i times in dimension 1 and k

times in dimension 3. This reduces the arbitrary problem, with three dimensional simula-
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Figure B.2: A comparison between the numerical results from a square current source
constructed of four individual wire segments and the analytic result for the same square
current loop.

tions of [Bx, By, Bz], to a series of matrix-vector operations which can be solved effectively

instantaneously provided the set of matrices stay within the available memory.

B.0.2 Validation 2: Curved Geometries

A problem of more interest is the extension of the application of this equation to curved

geometries, for example circular coils which are convenient because they technically have

an infinite number of sides. For a circular coil of radius R orientated along the XY axis,

the on axis magnetic flux due to the current source is given by,

Bz =
µ0

4π

2πR2I

(z +R2)3/2
. (B.5)

The visual form of a circle as approximated by varying numbers of straight-segments can

be seen in Figure B.3. Using the same numerical approach of Equation (B.1) combined

with Equation (3.18), the results for those geometries are given in Figure B.4.
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Figure B.3: The various approximations to a circular coil as constructed with a varying
number of individual line-segments. Scales are normalised.

Figure B.4: A comparison between the numerical results for various approximately circular
current sources constructed of a varying number of segments and the analytic result for
a perfect circular current loop.
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The behaviour matches the intuitive conclusion from the visualisation of approximations

to a circular coil. With a small number of elements there is some deviation between the

numerical and analytic solution, tending to an exact answer with around 10,000 segments.

This leads to an additional caveat in the simulation of curved geometries requiring some

minimal amount of discretisation.

B.0.3 Validation 3: Least-Squares Optimised Currents

Knowing from Appendices B.0.1-B.0.2 that the basic physics is simulated correctly, Equa-

tion (3.23) should be able to reproduce known behaviour given multiple current sources.

The obvious candidate is the well studied Helmholtz pair, which has optimal separations

of half the diameter and 0.5445 times the side length for circular and square coil pairs

respectively[211].

A rendering of two square inductors of this type is provided in Figure B.5. This pair

Figure B.5: A three dimensional rendering of a Helmholtz pair. Here the spherical region
represents the volume of interest in the optimisation problem - the region over which the
coils should have good control of the form of the magnetic field.

is the perfect test candidate because equal currents produce a uniform on-axis magnetic

- corresponding directly with the n = 1 targets, which differ only by rotations onto each
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Cartesian axis. Opposite currents then produce an anti-helmholtz field which relates to

the n = 2, m = 0 target, leading to six test-cases demonstrating the implementation of

Equation (3.23).

Figure B.6: A depiction of the currents derived from the optimisation procedure for the
Helmholtz test case with the induction system orientated in the XY plane. The intention
is to produce a uniform Bz field, and so this result matches intuition with identical currents
through each coil.

The test results for the n = 1, m = 0 case are depicted in Figure B.6, matching ex-

pectations up to thirteen decimal places of precision. Repeating this process along the

three possible orientations then confirms the algorithm can correctly target B⃗x, B⃗y and

B⃗z.



Appendix C

Numerical Solutions to Integral

Expressions

Two distinct mathematical approaches to modelling MIT have been considered. The

first formulates the problem as a partial differential equation and is well suited to the

finite-element approach. The second uses some integral expression, for which a different

numerical approach is often necessary where analytic solutions do not exist.

A simple, easy to comprehend, approach to numerical integration is the midpoint rule.

This can be used widely, especially in problems such as Equation (3.23) where the nu-

merical accuracy of the final solution is not essential. For an arbitrary one-dimensional

function, f(x), divided into nmp segments over the interval [a,b],

G(x) =

∫ b

a

f(x) =

nmp−1∑
κ=1

(xκ+1 − xκ)f
(
0.5(xκ+1 + xκ)

)
, (C.1)

with each segment then of length b− a/nmp. In essence, this represents an approximation

of the curve, f(x) in term of piece-wise constant functions. The main advantage of this is

it is a quick, easily implemented method with accuracy limited by the number of discrete

points used. However for high accuracy in three-dimensional problems this often requires

a significant number of points.
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More accurate discrete approximations of an integral expression are useful to reduce the

number of computations required to solve a model. The composite Simpsons rule is an-

other well-known example that, in the analogy, considers approximating the function in

terms of piece-wise quadratic functions. Requiring an even number of intervals, nsimp,

this becomes,

G(x) =

∫ b

a

f(x) =
h

3

nsimp/2∑
κ=1

[
f
(
x2κ−2

)
+ 4f

(
x2κ−1

)
+ f

(
x2κ

)]
, (C.2)

with h = (b−a)
nsimp

, xκ = a + κh and κ = 0, 1, ..., n. Both of these numerical integration

approaches can be described as quadrature rules, or weighted sums of function values at

some points within the integration domain.

This brings us to an important class of quadrature rule - the Gaussian quadrature rule.

An n point Gaussian quadrature rule is a numerical approach used to find an exact result

when integrating polynomials of degree 2n − 1. This is achieved by specific choices of

weights and nodes, such,

G(x) =

∫ 1

−1

f(x)dx =
n∑

κ=1

wκf(xκ). (C.3)

The most common is known as Gauss-Legendre quadrature, in which case the weights

become,

wκ =
2

(1− x2
κ)[P

′
n(xκ)]

, (C.4)

and the nodes are then given by the κth roots of the associated Legendre polynomial such,

Pn(xκ) = 0. (C.5)

More often than not, an integration problem of interest involves some arbitrary bound

[a, b] rather than the standard interval [−1, 1], requiring a change of interval,

∫ b

a

f(x)dx =

∫ 1

−1

f(
b− a

2
Ω +

b+ a

2
)
∂x

∂Ω
dΩ, (C.6)
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with ∂x
∂Ω

= b−a
2
. The n-point Gaussian quadrature rule then becomes,

∫ b

a

f(x)dx ≈ b− a

2

n∑
κ=1

wκf(
b− a

2
Ωκ +

b+ a

2
), (C.7)

leaving the need to be able to calculate appropriate nodes, xκ, and weights, wκ, for a

general problem. The Golub-Welsch algorithm is applied, which involves expressing a

three-term recurrence relation resulting from the orthogonal set of (associated Legendre)

polynomials in matrix form, and then finding the eigenvalues of the resulting tridiagonal

matrix[212]. The root finding problem is thereby reduced to a simple eigenvalue problem

which can be solved relatively efficiently in a matrix-based programming language.

Beyond the obvious convenience of highly accurate solutions to integration problems,

Gaussian quadrature rules are also useful due to their flexibility. For example, a geo-

physical application of Equation (3.46) may consider a semi-infinite bound, leading to a

problem of the form, ∫ ∞

0

e−xf(x)dx, (C.8)

which is well suited to the application of the generalised Laguerre polynomials, also known

as Gauss-Laguerre quadrature[213]. Analogously, problems over an infinite bound maybe

expressed in the form, ∫ ∞

−∞
e−x2

f(x)dx, (C.9)

for which Hermite polynomials, and the associated Gauss-Hermite quadrature becomes

the ideal numerical method[214]. Application of a form of Gauss quadrature to functions

with endpoint singularities may find Jacobi polynomials, and the associated Gauss-Jacobi

quadrature useful, whilst Chebyshev polynomials and Chebyshev–Gauss quadrature are

useful for functions of the form
√
1− x2.



Appendix D

Frequency Domains and the Skin

Depth

This appendix helps to identify appropriate uses of the approximate model developed in

Equation 3.59 by exploring the impact of frequency on the skin effect.

D.1 Helmholtz Equation

An initial discussion begins with verification that the vector Helmholtz expression, Equa-

tion (3.41), is correctly implemented and can be extract directly from the reference paper

[146] for the eddy-currents induced in a conducting sphere. Specifically a homogeneous

sinusoidally oscillating magnetic flux of 0.1T is applied along the Z axis at 10kHz across

a highly conductive sphere at 5MS/m.

Much of the literature suggests solving this problem requires edge-FEM, or some sim-

ilar complex approach which is difficult and time-consuming to initiate. This is verified

by the fact that a linear tetrahedral mesh generated using Delaunay triangulation fre-

quently fails to produce the expected results. Applying NETGEN optimisation from the

open-source GMSH software can overcome this issue, allowing fairly high-quality solutions

to be found with linear nodal elements, Figures D.1a and D.1b. The reference problem

samples the eddy-current distribution explicitly for a line in the Y-axis, with an appropri-
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(a) Real (b) Imaginary

Figure D.1: The eddy-current distribution in a highly conductive sphere due to a homo-
geneous sinusoidally oscillating 10kHz magnetic field at 0.1T induced along the Z axis.

ate analytic solution which is provided in Figure D.2. The inaccuracies near the edges of

the sphere could be rectified in a number of ways: by applying an edge-based FEM, using

higher order nodal elements, or reducing the operating frequency therefore minimising

the influence of the skin effect.

Figure D.2: A comparison between the analytic and nodal finite-element solution to the
Helmholtz equation for a highly conducting sphere experiencing a homogeneous sinu-
soidally oscillating 0.1T induced field at 10KHz.
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D.2 A Conductive Sphere

An discussion of the influence of the frequency of the impressed magnetic field, and the

skin effect on the ability to image a region of material with passive electric properties

can begin by varying the validation system in Figure D.1. For a highly conductive sphere

in a uniform magnetic field at some quasi-static frequency, recall the skin depth can be

estimated as,

δ =

√
2

ωµσ
.

Initially, this is approximately 2.3mm - one fifth of the conductive sphere. The skin effect

is then clearly reflected in the response profile of the sphere, Figure D.2 with a multi-

phased response concentrated in the upper layer of the sphere. The response strength

decays approaching the centre of the object, meaning central regions are effectively not

interrogated by the applied magnetic field. For a three-dimensional imaging problem, this

is clearly a problem because there is little information about the central regions in any

measured response.

The skin-depth can be used to estimate a frequency which should allow thorough three-

dimensional interrogation. From a rough estimate this corresponds to 540Hz to ensure

radial penetration of the field, which has a notable effect on the distribution of eddy-

currents - Figure D.3. The majority of the response is out-of-phase, with a simple linear

profile containing most of the conductivity information. This may simplify experimenta-

tion because this component can be measured in the presence of a significantly stronger

impressed magnetic field. Perfect characterisation must account for both components,

with purely out-of-phase characterisation likely to underestimate the conductivity due to

the ’missing’ contributions from the in-phase response.

Doubling the skin depth to the diameter of the sphere leads to an approximate fre-

quency of 135Hz and the eddy-current distribution given in Figure D.4. Physically this

implies an impressed field which completely penetrates the sphere without dissipation.
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Figure D.3: The eddy-current distribution in a highly conductive sphere due to a homo-
geneous sinusoidally oscillating 540Hz magnetic field at 0.1T impressed along the Z axis.

The in-phase component is now effectively negligible, hence all in-phase measurements

Figure D.4: The eddy-current distribution in a highly conductive sphere due to a homo-
geneous sinusoidally oscillating 135Hz magnetic field at 0.1T impressed along the Z axis.

can be directly attributed to the impressed field provided by the induction system. The

out-of-phase component has then seen a linear reduction proportional to the frequency

of the impressed field, and contains all information about the conductivity of the interro-

gated region. Experimentally both frequencies have a linear out-of-phase response, with
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a balance sought between producing a detectable response and maintaining a minimal

in-phase contribution - something most easily achieved by increasing the strength of the

impressed field.

D.3 A Two Object System

The skin-effect is a ubiquitous problem but unfortunately becomes significantly more

complex in systems with multiple objects, even with a simple impressed field. Take a

slightly more complicated system with a same 5MS/m spherical object suspended at the

centre of a box with a side-length equivalent to 32 radii - depicted in Figure D.5. Using

Figure D.5: A rendering of the geometry of the sphere suspended in a box test system.

the same homogeneous z-field at 0.1T and 10KHz, the box is assumed to be filled with

seawater with a conductivity of 4.8S/m. A naive interpretation would assume then that

the six orders of magnitude conductivity contrast would make the spherical object easily

identifiable yet in reality this is far from true as seen in Figure D.6.

There is effectively zero eddy-current penetration inside the spherical object, with just a

small peak in the upper surface layer. A similar effect is seen in the conductive box, with

minimal response from roughly fifty-percent of the volume and, where the vast-majority

of the systems’ response is concentrated in the upper layer. The phase contributions also

change directions between the skin-effect seen in each object, and the roughly equal but
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Figure D.6: The eddy-current distribution in a system consisting of a highly conductive
sphere suspended at the centre of a seawater box due to a homogeneous sinusoidally
oscillating 10KHz magnetic field at 0.1T impressed along the Z axis and sampled on a
line at Y,Z = 0.

opposite composition of the high-conductivity response means any measurements of an

amalgamated total response would be likely to render that object undetectable. The rel-

ative magnitudes are more easily understood by accounting for the volumetric nature of

eddy-currents, but the complex phase relationship is not.

This can also help to identify the limitations of the simple estimation of the skin-depth

in Equation (2.2). The highest conductivity is the sphere, and an MIT system wishes to

ensure complete penetration of the whole domain. Taking σ to be that of the sphere and

δ to be the size of the domain leads to an impressed field frequency of just 8.28× 10−5Hz.

This is effectively a DC magnetic field which is apparent in the subsequent distribution

of eddy-currents given in Figure D.7. Relating this to the flux theoretically detected, this

would require a measurement of order 1×10−7T in the presence of a 0.1T impressed field.

Taking the limit where this incredibly weak response can be detected accurately (and

measurements can be made inside the metallic sphere), there is still an additional issue

for MIT. The eddy response is completely localised to the highly conductive object, with

essentially no interrogation of the much larger box in which it is embedded, leading to an
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Figure D.7: The eddy-current distribution in a system consisting of a highly conductive
sphere suspended at the centre of a seawater box due to a homogeneous 8.28 × 10−5Hz
magnetic field at 0.1T impressed along the Z axis and sampled on a line at Y,Z = 0.

MIT system which can only detect a small fraction of the volume it intends to image -

far from ideal.

The balance to be sought then is the offset between fully inducing eddy-currents in the

region of interrogation, and generating a responses which are significant enough to be

detected. Most frequencies require considerations of the full-phase relationship for accu-

rate characterisation. At 0.06Hz - δ ≈ spheres’ radius - response is approximately equally

distributed between the in and out-of-phase contributions. The resulting response field is

however much stronger making it significantly easier to detect.

Detection of both regions of conductivity can be achieved with careful choice of the induc-

tion frequency, however characterisation beyond the geometry of the objects is a difficult

task. To do so, the frequency of the impressed field must be high enough that a response

is generated from the bulk volume, but not too high that the skin effect dominates as

in Figure D.6. In this system, a frequency roughly in the range 250Hz to 2KHz should

be sufficient to detect both regions with responses in a manner equivalent to the naive

physical expectation. Though both regions are detected through this frequency range,



232 Chapter D. Frequency Domains and the Skin Depth

Figure D.8: The eddy-current distribution in a system consisting of a highly conductive
sphere suspended at the centre of a seawater box due to a homogeneous 0.06Hz magnetic
field at 0.1T impressed along the Z axis and sampled on a line at Y,Z = 0.

(a) 250Hz (b) 2KHz

Figure D.9: The eddy-current distribution in a system consisting of a highly conductive
sphere suspended at the centre of a seawater box due to a homogeneous magnetic field at
0.1T with two frequencies impressed along the Z axis and sampled on a line at Y,Z = 0.

there is no flux penetration inside the sphere in either case. Thorough characterisation

would likely require the application of multiple frequencies, for example 2KHz could pro-

vide information about the seawater box then 0.06Hz could ensure penetration of the

conductive sphere.
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There are also resonances which may be useful to provide further information with respect

to what materials are present, which is identified in Figure D.9 by the direction-change in

the magnitude between the two frequencies. Similar behaviour occurs in the out-of-phase

component which can be seen by comparing Figure D.9 and D.8. Searching for resonances

using frequency-sweeps is likely to find practical application in establishing an appropriate

frequency for a particular MIT interrogation problem.



Appendix E

Regularisation, Preconditioning, and

Prior-conditioning Matrices

Whilst the improved MIT formulations discussed in this thesis can vary significantly from

a traditional implementation, the physics involved and subsequent inverse problem are

similar enough that the same types of regularisation matrices have a good chance of being

successful. As a result, the first set of regularisation matrices to be discussed are taken

from existing literature in MIT.

The most common is the identity matrix[215] [216] [217] [218],

L = I =



1 0 0 · · · 0

0 1 0 · · · 0

0 0 1 · · · 0

...
. . .

0 0 0 · · · 1


, (E.1)

of dimensions (κ×ζ) for our existing set of equations. The influence of this regularisation

approach has already been discussed in the previous section.

Beyond the identity matrix, the most common choice of L is plausibly a banded ap-

234
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proximation to the Y th order derivative operator derived from a finite-difference stencil.

The first order matrix in banded form, L1, is given by,

L1 =



−1 1 0 0 · · · 0

0 0 −1 1 · · · 0

...
...

. . . . . .

0 0 0 0 −1 1


, (E.2)

with dimensions of (κ− 1× κ). This matrix has a uniform null-space, and so a constant

component of the solution to the inverse problem this is applied to will not be suppressed

by subsequent regularisation.

Often, particularly in the iterative schemes discussed later, a square regularisation matrix

is required. To avoid inhibiting the smoothing properties of the matrix, the best approach

is to add some small perturbation (ϵ̃) to form a square matrix for example,

L̃1 =



−1 1 0 0 · · · 0

0 0 −1 1 · · · 0

...
...

. . . . . .

0 0 0 0 −1 1

0 0 0 0 0 ϵ̃


, (E.3)

where the perturbation is appended as an additional row, with a prepended/inserted row

also possible. This forces the related element of the solution to have some magnitude

related to the size of the perturbation - i.e a small perturbation leads to a small conduc-

tivity in the respective element in an MIT problem.

Beyond the first-derivative operator, the second order derivative operator, or Laplace
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operator, in banded form is,

L2 =



−1 2 −1 0 · · · 0

0 −1 2 −1 ...

...
. . . . . . . . . 0

0 0 0 −1 2 −1


, (E.4)

with dimensions of (κ − 2 × κ). In this case, the null-space means this regularisation

approach does not affect constant or linear vectors in the solution space[166].

One approach to produce a square regularisation matrix for the L2 matrix is by the

addition of boundary conditions. For Dirichlet conditions this becomes,

L̃2 =



2 −1 0 0 · · · 0

−1 2 −1 0 · · · 0

0 −1 2 −1 ...

...
. . . . . . . . . 0

0 0 0 −1 2 −1

0 0 0 0 −1 2


, (E.5)

whilst Neumann conditions lead to,

L̃2 =



1 −1 0 0 · · · 0

−1 2 −1 0 · · · 0

0 −1 2 −1 ...

...
. . . . . . . . . 0

0 0 0 −1 2 −1

0 0 0 0 −1 1


, (E.6)

with combinations of the two also possible depending on the specific problem[166]. In MIT

Dirichlet conditions are often appropriate in medical or defence applications, where the

measured response can be confined to a small known region of interest. Neumann condi-
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tions may be more appropriate in a geophysics application, where the conductivity profile

is typically continuous. Both banded derivatives, Equation (E.2) and Equation (E.4), can

be found directly applied to MIT in [218] with analysis of their effectiveness on a system

which produces a ’simple’ magnetic field.

Anti-reflective boundary conditions can be applied through the use of zero padding at

each end of the matrix in Equation (E.4). This then preserves the continuity of both the

solution and its first derivative at the boundary and should be a more effective smooth

matrix than the alternatives when the desired conductivity profile has a significant linear

component[166].

Another approach to modifying Equation (E.4) to generate a square regularisation ma-

trix is through the use of a circulant extension - well suited to problems with periodic

solutions[219]. For problems with desired solutions containing both periodicity and lin-

ear growth, taking a weighted average of the anti-reflective boundary conditions and

circulant extensions - the ’weighted average of circulant and zero-padded regularisation

operators[219]’ - can be an ideal modification. Here the null space then contains discretiza-

tions of both linear and slowly oscillating functions.

An alternative way to approximate the Laplace regularisation operator in Equation (E.4)

for MIT based regularisation is through the construction of a nearest-neighbours matrix

N[215] [220] [171] with L⊤L = N and,

Nij =


nele, for i = j,

−1, for i,j neighbours ,

0, otherwise ,

(E.7)

where nele is the number of elements which share a common face. The exact form of this

matrix is dependent upon the form of discretisation used and is noticeably simpler for

structured grids.
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For both L1, L2, and all their variants, the null-space constrains the problem towards

some increasingly smooth result, plus whatever other apriori information is included in

the null-space of L. These matrices are mostly sparse and this can be utilised to minimise

the storage space when κ gets large, assuming the inverse procedure is capable of handling

sparse matrices. The package developed by Hanson in [155] allows higher order derivatives

to be experimented with as well which can be useful for some highly non-linear problems.

Another explicit regularisation approach well suited to MIT is one which includes a

variance uniformization constraint. In this approach the regularisation matrix is cho-

sen to account for the strong attenuation of electromagnetic phenomena within media

as the distance from the source increases. Recalling the SVD of the sensitivity matrix,

Mζκ = UηV⊤, the regularisation is then chosen such, L⊤L = VDV⊤, with the D matrix

defined by,

D =
η√
c
− η2 (E.8)

where c is some additional scalar regularisation parameter[215] [221].

There are a broad number of additional approaches which fall into this category of Reg-

ularisation Matrices, and including them all is an impossible task. For this reason, the

reader is referred to some relevant papers for others which were implemented, tested, and

found to be applicable to at least one MIT inversion problem over the course of this PhD -

noting that the sheer volume of algorithms implemented means it is effectively impossible

to include data for all of them.

Two algorithms which focus on edge-detection, or the reconstruction of sharp bound-

aries in high-contrast MIT such as metals in air are the Total Variation approach [139]

and Sobel regularisation [222]. A more state-of-the-art approach considers the application

of Fractional Regularisation Matrices[223], this was found to be particularly relevant in

full-phased inverse problems, where the sensitivity matrix is some combination of real



239

and imaginary components such as those derived from Equation (3.41).

The majority of the methods discussed so far can be implemented relatively conveniently

by making use of the package already widely cited throughout this thesis in [155], with

some simple modifications required to properly implement the extensions and boundary

conditions on various regularisation matrices.
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