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Abstract

Recent experiments [P. Brunet, J. Eggers, and R. Deegan, Phys. Rev. Lett.
99, 114501 (2007)] have shown that a liquid droplet on an inclined plane can
be made to move uphill by sufficiently strong, vertical oscillations. In order
to investigate this counterintuitive phenomenon we will derive three different
models that qualitatively reproduce the main features of the experiment.

For the first model the liquid’s inertia and viscosity are assumed negligible,
so that the motion of the droplet is dominated by the applied acceleration
due to the oscillation of the plate, gravity and surface tension and that the
droplet is thin. We explain how the leading order motion of the droplet can be
separated into a spreading mode and a swaying mode. For a linear contact line
law, the maximum rise velocity occurs when the frequencies of oscillation of the
two modes are in phase. We show that, both with and without contact angle
hysteresis, the droplet can climb uphill and also that, for certain contact line
laws, the motion of the droplet can produce footprints similar to experimental
results. We show that if the two modes are out of phase when there is no
contact angle hysteresis, the inclusion of hysteresis can force them into phase.
This in turn increases the rise velocity of the droplet and can, in some cases,
cause a sliding droplet to climb.

For the second model we use a two-dimensional flow where the Reynolds
number is assumed large enough for viscosity to be neglected. We show that
the leading order motion of the droplet can be separated into the same two
modes and the net motion of the droplet is an oscillatory function of the
frequency. For increasingly non-wetting droplets we discover that the rise
velocity begins to oscillate very rapidly as a function of the static contact angle.
What we also discover is that the change in the free surface of the droplet is
actually a wave travelling travelling across the droplet, and the amount of
modes present coincide with the rapid change in the rise velocity. Using a

cubic contact line law and contact angle hysteresis we observe a droplet that



can climb uphill for parameter values similar to that of the experiment. With
the addition of a time dependent term within the contact line law we show
that it is possible to obtain a multi-valued relationship between the velocity of
the contact line and the respective contact angles, reproducing experimental
observations seen for unsteady, moving contact lines.

For the third model we again assume that the liquid’s viscosity is negligible,
similar to model 2, only now for a three-dimensional, thin droplet. For very
small amplitudes the motion of the droplet is a combination of a swaying
mode and a spreading mode that interact causing a net motion of the droplet.
This motion is found to be an oscillatory function of the driving frequency
and the magnitude of the peak rise velocity is proportional to one over the
frequency squared. By examining the velocity of the centre of the droplet
and the displacement of the contact line we see that the absolute maximums
of both of these, over one period of oscillation, contain natural frequencies,
which are evenly spaced with respect to the square root of the frequency of

the oscillation.
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Chapter 1
Introduction

The focus of this work is the mechanics of a droplet on an inclined substrate,
and the surprising uphill motion that can be obtained when vertical oscillations
are applied. The inspiration for this work is an experiment carried out in 2007
by Brunet, Eggers and Deegan [8] who found that they could always cause a
droplet to climb uphill if the amplitude of the applied acceleration was large
enough. The reason we will cover this work is that it is about an unsteady flow
containing a contact line, an area of fluid dynamics with a lot of experimental
research [8][9][27][30][34] and has been shown to produce some very counter-
intuitive results.

Picture a droplet sliding down the side of a window. This everyday phe-
nomenon may seem insignificant but the precise physics of the motion of the
droplet is poorly understood. When an interface between two fluids comes in
contact with a solid it forms what is known as a contact line. When such a line
is present, the dynamics of a flow are altered greatly and, as we shall discover,
can produce some unusual results. When a droplet is on a surface, a slope is
formed between the fluid and the solid at the contact line. The gradient of
this slope is known as the contact angle and it is believed there is a strong
correlation between the size of this angle and the velocity of the contact line
[7][23][33]. Returning to the droplet on a window, it may not necessarily be
sliding down as it could be at rest on the surface. When talking about the
relationship between the velocity of the contact line and the size of the contact
angle, there will usually be a range of angles where the contact line remains
stationary. This is known as contact angle hysteresis and is a very important
mechanism we will need to examine.

The reason we will discuss moving contact lines is that flows containing
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Figure 1.1: The balancing of the horizontal components of surface tensions at
a contact line to form Youngs equation.

them are commonly found in modern day industry, including things such as
coating processes [36], the application of pesticides, digital micro fluids [18],
painting, cooling processes and even inkjet printers [12]. Considering the ex-
tent in which we encounter dynamic contact lines it would be assumed that

they are better understood.

1.1 Static contact lines

Young [37] was the first person to derive an equation for calculating static con-
tact angles (i.e. the contact angles for stationary droplets), known as Young’s
equation. Using the assumption that the solid/gas, gas/liquid and liquid/solid
interfaces all possess a constant surface tension, Young deduced that the static

contact angle can be found using
0'20080520'1—0'3, (11)

where o; represent the surface tension at the interfaces and 6, is the static
contact angle (see figure 1.1). Dussan V. [14] explained that Young’s equation
is hard to verify experimentally due to the inability to measure the surface
tensions of the solid/gas and liquid/solid interfaces.

A direct measurement of the contact angle can also pose problems. Dettre

and Johnson [13] showed this by placing fluid droplets on a horizontal surface,



which appeared flat on a length scale similar to that of the droplet but actually
contained concentric axially symmetric scratches in the form of a sine wave.
They used this experiment to show that the observed contact angle 6 does
not match the actual one 65, and most importantly two droplets sitting in
different positions will have different observed contact angles but the actual
contact angles are the same. This example of surface roughness is a cause of
hysteresis. Zisman [38] showed that only by treating ‘very smooth’ surfaces

could he achieve no contact angle hysteresis.

1.2 Steady, dynamic contact lines

When a viscous fluid is in contact with a rigid body it satisfies a ‘no-slip’
condition on the liquid/solid interface. The presence of a moving contact line
seems to contradict this. Any classical approach to a problem such as this
leaves a singularity in the shear stress along the contact line which is left
unresolved [15][25][29].

Moffatt [29] examined the flow in a wedge where one of the surfaces was
rigid and the other was either rigid or free; the latter of these two is similar
to the way in which the fluid moves near a contact line. He modelled the
flow using a creeping flow approximation and observed that very close to the
corner of the wedge eddies formed within the flow. For the case of a rigid
surface and a free one he still encountered a discontinuity in the velocity at
the corner, where the free surface must be distorted both by surface tension
and by pressure gradients. This analysis also requires the shape of the free
surface to remain flat.

Using a combination of experiments/theory Dussan V. and Davis [15]
showed that at the fluid/fluid interface in the vicinity of the contact line, the
fluids undergo a ‘rolling’ motion. They did this by injecting dye into droplets,
set up in different ways, in order to watch how the particles within the flow
move. The theory still left the shear stress at the contact line as singular as
well as leaving the velocity at the contact line undefined.

To deal with the stress singularity near the contact line, the problem has
been examined at both a microscopic and a macroscopic level [11][19]. When
looking at the problem at a microscopic level we are looking at the intermolec-
ular forces and how they influence the flow [21][24]. The macroscopic approach

looks at the problem on a length scale similar to that of the droplet. This usu-



ally involves dealing with the singularity using some sort of ‘slip condition’
close to the contact line.

In addition to a method for eliminating the stress singularity, we also need a
way to calculate the velocity of the contact line. Experimentally it is commonly
shown that there is a relationship between the velocity of the contact line and
the contact angle [23][28][33], an approach we will consider in more detail.

Huh and Scriven [25] looked at a similar example to Moffatt [29] and solved
it using the stream function for a two-dimensional, creeping flow approxima-
tion. Similarly they concluded that using a no-slip condition all the way up to
the contact line results in a singularity in the stress. One solution they sug-
gested to overcome the discontinuity is to replace the no-slip condition with a
linear slip condition but they were unable to satisfy this new condition using
any form of their stream function. Another method they examined is a lubri-
cation flow model which concluded that long range interactions dominate the
local force balance on the interface near the contact line and that increasingly
free slip when approaching the contact line can cause the shear stress to re-
main finite. Unfortunately this lubrication flow model can only properly be
applied to very small dynamic contact angles.

Hoffman [23] examined the motion of a contact line experimentally by mea-
suring the velocity of an advancing meniscus and their apparent contact angles
by driving fluids through a tube using a plunger. He found a strong correla-
tion between the apparent contact angle and the capillary number, which is
the balance between the viscous forces and the surface tension at the liquid/air
interface, (plus a shifting factor) for the liquid/air interface in motion when
viscous and interfacial forces are dominant. This gave good experimental data
to examine the velocity at the contact line and was expanded by Hoffman [24]
to also include the theory. He did this by looking at the capillary number as
a function of the dynamic contact angle. He created a two part model where
the mechanism of the effect depends on the size of the contact angle. For con-
tact angles less than 120 degrees the motion of the contact line is dominated
by liquid diffusion. For this, molecules of fluid on the surface have ‘preferred
absorption sites’ where they tend to sit. When a flow is advancing the po-
tential energy of the molecules is increased up to a point where the can jump
to the next site. For contact angles approximately 180 degrees the velocity
is dominated by a ‘tank tread” motion. Here the molecules on the liquid/gas

interface are consecutively pushed on the solid, once their potential energy is



large enough, causing the tread like movement. The energy required again is
generated by the advancing fluid. For angles between these two the velocity is
a combination of these two mechanisms. This model shows good agreement to
results obtained by Hoffman [23] as well as others, although it takes no iner-
tial or gravitational effects into account and only works for liquid /gas systems.
When comparing experimental data to this model the molecular structures of
the liquid and the solid are both very important.

Hocking [19] postulated that when one fluid displaces another on a solid
boundary, the displaced fluid remains at a microscopic level within the ir-
regularities of the surface causing the discontinuity to by replaced by a slip
condition. This suggests that the velocity of the contact line is related to a
slip coefficient between the two fluids.

Marsh, Garoff and Dussan V. [28] looked at the relationship between the
size of the contact angle and the velocity of the moving contact line by sub-
merging cylinders, inclined at various angles, into a bath of silicon oil. They

found that the relationship could be written as
H = (2960 + 40)C¢a0.347ﬂ:0.002’ (12)

where C'a is the Capillary number.

Hocking [21] later looked at droplets spreading over a surface with the
inclusion of intermolecular forces. Instead of assuming the radius (contact
line) evolves explicitly from the contact angle, instead the contact angle is a
fixed term calculated in terms of the relative strengths of the fluid-fluid and
fluid-solid attractions. Hocking deduced a term for the spreading of a thin
droplet (‘thin’ meaning that the contact angle is small) over a surface under
the effects of capillary, viscosity and intermolecular forces. He concluded that
the radius of the drop is proportional to ¢/, irrespective of the solid/liquid
used. Although this model only works up to the point where the droplet
has reached some equilibrium shape, Hocking extended this [22] to cover fully
wetting droplets.

By examining the spread of silicone oil drops on horizontal surfaces, Tanner
[33] used lubrication approximations to find a relationship between the speed
of the contact line and the contact angle. Since the spreading of the oil matches
a slow viscous flow, Tanner deduced that the movement is dominated by both

the surface tension and the viscosity of the drop. By using an inflection point



near the edge of the drop, Tanner calculated that
6 o Ca'’?, (1.3)

with good agreement to experiments; a result very similar to [28]. The lubri-
cation approximation theory fails however for drop thicknesses below 2 to 9
x107®m (for increasing viscosity) where the inclusion of other effect may be
important.

Further work relating to [33] was carried out by Eggers and Stone [17]
where they produced two models, one which incorporates van der Waals forces
and the other which allows slip at the contact line to attempt to give a more
accurate relationship between the speed and the contact angle. Both models,
although different, give that the contact angle cubed is proportional to the
Capillary number multiplied by a logarithmic term, involving the Capillary
number to the order of some power, where the power differs depending on the
model. They also include experimental results in which both models show
good comparison. Unfortunately both [33] and [17] make the assumption that
the fluid is fully wetting and so no equilibrium contact angle, or hysteresis, is
included.

Shikhmurzaev [32] produced a paper that contains a long and detailed
explanation of the moving contact line problem as well as a review of many
different approaches to solving this problem, including both intermolecular
forces and slip conditions near the contact line to resolve the discontinuity.
In addition to this Shikhmurzaev included a model to solve the problem that
focuses on the process of interface formation (or disappearance) from first
principles. The incompleteness of this model has been covered in great detail
by Billingham [6].

1.3 Unsteady, dynamic contact lines

So far every example looked at has been of a steady flow however Ting and Per-
lin [34] examined dynamic contact lines from a different approach. By placing
a vertical plate in a water bath and oscillating it vertically they examined how
contact lines evolve in a non steady flow. This is interesting because instead of
working with a droplet they have taken a two-dimensional problem in order to

solely focus on how the velocity at the contact line relates to the contact angle.



When carrying out the experiment they varied the frequency and amplitude
of the oscillations in order to produce results for Reynolds numbers varying
between 1 and 1900. For amplitudes < 1 mm the flow at the contact line
exhibited the no-slip condition, where the velocity matched that of the plate
and was independent of the changing contact angle. For larger amplitudes the
flow at the contact line acts either in a free-slip motion, which means that
the contact angle remains constant but the velocity of the flow changes, or
a partial-slip motion which is an intermediate between no-slip and slip. The
frequency of the oscillations also caused the results to change although not by
much when compared to changing the amplitude and so is neglected in the
analysis. Similar to [15] and [19] they deduced that only near the contact line
would the fluid not follow the no-slip boundary condition but they were un-
able to define the length of the slip region. Finally, a model for the boundary
conditions on the plate is derived which consists of three parts. Away from
the contact line the flow obeys the no-slip condition but in a region close to
the contact line the flow is related to the vorticity of the fluid near the bound-
ary region. At the contact line the flow is a function of the gradient of the
slope between the fluid and the plate (i.e. the contact angle) but to calculate
this function the ‘capillary coefficient’ (a non linear function which depends
on time, the amplitude and the frequency) needs to be known. The model
included for this coefficient is not ideal and further work needs to be done on
the contact line acceleration in order to improve this.

Lyubimov, Lyubimova and Shklyaev [27] also examined moving contact
lines for an unsteady flow using a hemispherical drop on a vertically oscillating,
horizontal plane. Since they were looking at very large frequency oscillations
they assumed the Reynolds number is large enough to ignore the effects of
viscosity in the problem. For the boundary condition at the contact line they
let the velocity of the contact line equal the change in the contact angle from its
equilibrium angle times the ‘phenomenological constant’, a parameter related
to the wettability of the fluid. They first examined the movement of the
contact line for natural oscillations where they found that the contact line law
used was responsible for oscillation damping. They also looked at forced and
non-linear oscillations in which a resonant frequency would be obtained. They
discovered that in the presence of dissipation on the contact line caused not
only a damping on the amplitude of the resonant frequency but also a shift in

the resonant frequency. Although contact angle hysteresis was mentioned in



Figure 1.2: Frames taken of the droplet climbing the oscillating substrate. The
time intervals are evenly space such that the last frame is exactly one period
of oscillation after the first. The vertical black line present in the first and last
frame is situated in the same place relative to the substrate in order to show
the distance covered by the droplet over a single period.

their paper, it was not included in the model.

Brunet, Eggers and Deegan [8][9] focused on a liquid droplet placed on
an inclined substrate, which is partially wetted by the drop. The droplets
were a glycerol-water mixture, with a volume V ranging between 0.5 and 20
11, placed on a Plexiglas substrate inclined at an angle a of up to 85° to
the horizontal. When the plate was stationary the droplet would either slide
down or remain pinned, depending on the size of the droplet and the angle of
inclination, however when a vertical, sinusoidal oscillation was applied a third
option was observed. Brunet et al discovered that by oscillating the substrate
vertically at accelerations of up to 50 times the acceleration due to gravity,
and frequencies between 30 to 200 Hz, they could cause the droplet to climb
uphill (figure 1.2).

What Brunet et al found was that this unusual phenomenon is the result of
an up and down symmetry breaking, due to the presence of the substrate, and
has little to do with the presence of gravity. They deduced that, irrespective of
the volume or viscosity of the liquid, the angle of inclination or the frequency of
the oscillations, the droplet can always be made to climb uphill if the amplitude
of the acceleration is large enough. This is limited however by the droplet
‘breaking up’ before the onset of climbing if the liquid’s viscosity is too small.

In addition to oscillating an inclined substrate vertically, Brunet et al also
took a horizontal substrate and oscillated at an angle; again to produce the
same effect but without the acceleration due to gravity. They carried out this
experiment with both sessile droplets (on top of the horizontal substrate) and
pendant droplets (underneath the horizontal substrate). They found that for

both cases when the vertical component of the substrates motion was towards



Parameter Symbol | Typical Value | Units
Volume % 5x 1077 m?
Contact Angle 0o 1.08 rad
Density p 1190 kgm™3
Viscosity v 3.1 x107° m?s!
Surface Tension o 0.066 kg s
Acceleration ao 174 ms 2
Frequency f 50.77 s~1
Slope a /4 rad

Table 1.1: Typical values for the parameters taken from [8].

the droplet (up for sessile and down for pendant), the horizontal component
of the substrate motion would coincide with the direction that the droplet
travels. This result shows that the first experiment would always produce a
climbing droplet with the absence of gravity.

The typical parameter values used to produce most of the results published
in [8] are shown in Table 1.1. This has been included as a set of values that
will be used in order to compare the results from the experiment with that of
the models outlined in the following sections.

Similar to [8], Noblin, Kofman and Celestini [30] placed a droplet on a
horizontal surface and applied horizontal and vertical oscillations of different
amplitudes and with a phase difference. They discovered that by changing
the amplitudes and phase they could actually tune the droplets to move at
a desired speed and direction. They also noted that by setting the phase to
equal 7 they could directly relate this experiment to that by Brunet et al.

1.4 Recent droplet models

The motion described in [8] is the focus of work carried out by Benilov [1] in
which he created a model of two-dimensional droplet. By examining the case
where the frequency is small enough a model was derived in which the inertia
and viscosity of the fluid are negligible compared to its surface tension; this is
known as the quasistatic approximation. The main result obtain by Benilov
was that the droplet can be made to climb uphill if the acceleration of the plate
is a combination of deep, narrow troughs and low, wide peaks. He showed this
result analytically for the case where the droplet is thin and numerically for

the general case. These results require the acceleration of the substrate to be



asymmetric whereas in [8] it was in fact sinusoidal.

Benilov [2] looked at another model, this time for a three-dimensional,
thin droplet, where the strength of the vibration induced inertial force is as-
sumed small in comparison to the droplet’s surface tension. Again using the
quasistatic approximation he showed that the three-dimensional droplet could
climb uphill for a sinusoidal oscillation, now similar to [8]. Benilov produced
an asymptotic solution to the velocity of the droplet for small amplitude oscil-
lations. The solution gives a droplet which can either climb up or slide down
the substrate and also compares the difference between modelling the droplet
in two-dimensions or three-dimensions, but due to the simplicity of the contact
line law hysteresis could not be included.

This model has been extended by Benilov and Cummins [4] with the re-
moval of the thin droplet approximation. They showed that again the qua-
sistatic approximation resulted in a droplet that could either slide down or
climb up hill in the small amplitude limit. The additional results showed that
by increasing the magnitude of the contact angles the droplet would begin to
climb uphill at lower amplitudes; however when the magnitude of the contact
angles reached a certain size, with respect to the chosen contact line law, the
frequencies where the droplet would climb became bounded by a critical value.
Although the allowance for order one contact angles gives a more physically re-
alistic model, the lack of contact angle hysteresis still restricts the comparison
to [8].

Another model was produced by Benilov and Billingham [3], who used two-
dimensional inviscid shallow water equations in order to match qualitatively
the main features of [8]. They produced an asymptotic solution for the rise
velocity for small amplitude oscillations (again lacking hysteresis) and also
a numerical solution which examined larger amplitude oscillations and con-
tained the effects of hysteresis. Since the droplet was assumed to be thin a
quantitative comparison between their results and the actual experiment was
unobtainable. All the models mentioned above have shown that the leading
order motion of the droplet, for small amplitude oscillations, can be separated
into two modes; one of which is even with respect to the centre of the droplet
and one which is odd. They have all also either noted or shown the importance
of hysteresis in this problem.

Walker [35] produced a two-dimensional model of a droplet with moving

contact lines that includes both viscosity and inertia. The framework has been

10



designed to easily incorporate other physical effects (such as electric fields and
thermal effects) and can also be extended to a full three-dimensional model
(although not quite as easily). The proposed model has used a slip condition
close to the contact line to avoid the discontinuity and a linear contact line
model, although this can be modified to make it non-linear by altering the
dissipation functional. Unfortunately the model has not been compared to

any experimental results and so the accuracy cannot be commented upon.

1.5 Overview

Over the course of this thesis we will look at several models for the experi-
ments described in [8] using different approximations. Before explaining each
model separately we will first cover the general assumptions that are made
throughout the whole of the work. First of all we shall assume in all of these
models that the liquid’s viscosity is negligible. This is a similar approach to
2][3][4] as opposed to [26] who examined Stokes flow for describing the prob-
lem. The advantage of this assumption is that an inviscid fluid does not require
the ‘no-slip’ condition to be applied on the liquid/solid interface and so the
discontinuity of the velocity at the contact line is negated.

The next general assumption we will make is how we will define the dy-
namics of the contact line. There currently is no definitive way in which we
should model the velocity at a moving contact line, although many experi-
ments [7][23][28][33] have found a strong correlation between the size of the
dynamic contact angle and the velocity of the contact line. Therefore we will
use a method similar to [2][3][4][20] in which we will assume that the velocity
at the contact line v = f(#) where

f<o0 if 0 < Og,
=0 if Op>02>04 (1.4)
f>0 if 0> 04

This is known as the contact line law where 6 4 is the advancing angle, 0 is the
receding angle and the difference between them will be known as the hysteresis
interval. We will also look at the case where 04 = 0z = 0y, i.e. no contact
angle hysteresis, and in addition will later add a time dependent term to the

left hand side of the law in order for the velocity to not be a single valued func-

11



tion of the angle. We can now use (1.4) to easily change the contact line law
and see what effect this has on our results. These are the two main assump-

tions that we will use and so now let us outline each of the chapters separately.

Chapter 2: In this chapter we will cover our first model, which will be a
three-dimensional, thin droplet where the fluid’s inertia and viscosity are neg-
ligible meaning that the droplet’s shape is determined by balancing surface
tension with gravity and vibration-induced inertial force. This is done using
the quasistatic approximation, similar to [2], only instead of finding the small
amplitude asymptotic solution we will use a boundary integral method and
solve the problem numerically. This will allow for large amplitude oscillations
as well as the inclusion of hysteresis and altering of the contact line law. The
main benefits of this model are that, if we assume that the oscillations are slow
enough, the quasistatic approximation agree with some of the experiments in
[8] and we are able to use this model to examine how the mechanics change
when we introduce contact angle hysteresis. We begin this chapter by out-
lining the model in section 2.1, as well as the solution method in section 2.2.
We then move onto examining the results in section 2.3, starting with a small
amplitude comparison between this model and [2] and moving onto larger am-
plitudes, the inclusion of hysteresis and alternate contact line laws. We end

this chapter with an overall discussion of the model in section 2.4.

Chapter 3: This is the largest of the chapters where we will look at a two-
dimensional, inviscid droplet. This model is similar to [3] only we are able to
vary the magnitude of the contact angles since we have not used the shallow
water approximation. The main benefit of this model is the ability to change
the magnitude of the contact angles allowing the droplets to be thick, whilst
including the physical effects of inertial forces and a variable contact line law.
We will derive the governing equations in section 3.1 and then examine the
mechanics for small amplitude forcing in section 3.2. This is followed by an
explanation of the solution method for larger amplitude forcing in section 3.3.
In section 3.4 we will examine the results produced by the solution method,
starting with some numerical verifications and examples of limitations of the
model. We will then examine how varying the parameters affects the solution
for a linear contact line law and move onto non-linear contact line laws, such

as the inclusion of hysteresis. The final results we will look at will be for a time

12



dependent contact line law making some comparisons with [8] and discuss the

model in full in section 3.5.

Chapter 4: This chapter contains the final model we will look at which
is a three-dimensional, inviscid, thin droplet. This model is again similar to
[3] but for a full 3-D problem, i.e. a droplet not a ridge. The main benefit of
this model is that it includes the effects of inertia and although the droplet
is assumed thin, shallow water models such as these often produce reasonable
results. We will derive the governing equations in section 4.1 and then examine
the mechanics for small amplitude forcing in section 4.2. This section includes
separating the leading order motion into two modes, solving a boundary layer
at the contact line and then comparing the small amplitude results to Model
2. We will then examine the high frequency asymptotic limit in section 4.3

and finally end with a discussion of the model in section 4.4.
Chapter 5: We will finalise this work with some conclusions made about

each of the models, how they compare to each other and [8] and any further

work that can be done to improve on this.
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Chapter 2

Model 1: The surface tension
dominated, three-dimensional,

shallow droplet

In this chapter we will look at a thin, three-dimensional droplet where the
fluid’s inertia and viscosity are negligible meaning that the droplet’s shape is
determined by balancing surface tension with the applied forces from gravity
and the oscillating plate. The benefits of this model are that the simplifications
make it quite easy to solve and are justified for slow frequency oscillations. The
simplifications reduce the problem to a linear equation for the height of the
droplet, along with mass conservation and the boundary conditions at the

contact line.

2.1 The model

2.1.1 Three-dimensional Navier-Stokes equations

Consider a droplet of liquid of density p, kinematic viscosity v and surface
tension o on a plane, solid substrate that is inclined at an angle o to the
horizontal and oscillating sinusoidally and vertically. We fix the frame of
reference so that the substrate lies in the plane z = 0 and the positive x—axis
is uphill. This means that gravity and the acceleration due to the substrate
can be combined to make an effective gravity acting at an angle 7/2 — « to
the z—axis, given by a(t) = g + agsinwt, where g is the acceleration due

to gravity and ag and w are the maximum acceleration and frequency of the
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Figure 2.1: A droplet and the coordinate system.

oscillations of the substrate. The domain of solution for this problem is the
droplet, 0 < z < h(z,y,t), where h is the height of the free surface above the
plane z = 0 and z and y lie in the footprint of the droplet, R(¢). The contact
line is at OR(t), the boundary of R(t), as shown in figure 2.1. By writing the
body forces per unit volume as the potential of the effective gravity, we can

write the Navier-Stokes equations as
du 9 .
P = —Vp+ prVu — paV (zsina + z cos ), (2.1)

V.u=0. (2.2)
The traction boundary condition at the free surface is

n-Sn=o0k, t-Sn=0 onz=h(z,y,t),

where S is the stress tensor, i is the outward unit normal on the surface, t is

the unit tangential vectors on the surface, o is the surface tension and « is the

curvature of the surface. The stress tensor is S = —pl + 2prve where I is the
unit tensor and the components of e are e;; = % (% %). By expressing
J i

the curvature as minus the divergence of the normal, the traction boundary

condition perpendicular to the surface becomes

p—2pvn-(en) =0V -n, on z = h(z,y,t). (2.3)

15



We also have

h(x,t) =0, for x,y € OR(t), (2.4)

in addition to a no-slip condition where the fluid is in contact with the sub-
strate; however this has no been included since we will be assuming inviscid
flow and will therefore neglect this equation. From the continuity equation we

known that the conservation of mass is,

p// h(z,y,t)dzdy = M, (2.5)
R(t)

where M is the initial mass of the droplet. We will assume that the velocity

of the contact line is a function of the contact angle,

dx

v(6), for x,y € OR(t), (2.6)

where n, the normal along the contact line, points away from the droplet
and v(#) is the contact line law given by (1.4). In Benilov’s small amplitude
solutions [2] the forcing from the substrate is small enough to cause only small
changes from the equilibrium contact angle, in which case the contact line

velocity can be written as a Taylor expansion about 6,
1
v(f) =V'(0 — ) + §V”(6 —00)* + ..., (2.7)

where V/, V" are the first and second derivatives of the contact line law at

equilibrium.

2.1.2 Dimensionless variables

In order to simplify (2.1)-(2.7) we write the equations in dimensionless form,

using scaled variables [2],

r=Rox, y=Roy, z=Robyz, u=Uu v=U0, w=Ubw,

~ 0'90 1
0 = 0,0 =apa, t=1Tt = —7p = —w.
oY a aop, ) b R0p7 w TW

A~

Here Ry is the typical length scale, U = Ry/T and T' = / Ry/g. We have scaled
the pressure using the capillary pressure scale and also, in order to make it

easier compare our solution to Benilov’s, we define Ry such that 2mpfy RS = M.
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We will assume that the droplet is thin, 6y < 1, and seek the leading order
asymptotic solution. Henceforth the variables will be dimensionless, with hats
omitted (unless stated otherwise). The dimensionless  momentum equation

18

du 9] 0*u )
1= —g[p%—ea (x 4+ v2)] + o2 [@—FO(QO)} : (2.8)
where the effective gravity becomes
a(t) = a + sin(wt), (2.9)

with a = g/ap, and similarly

2

dv 0 v 2
T oy [p+ea(z +vz)] + 02 [@ + 0(90)} : (2.10)

The dimensionless parameters

B pagR3 sin a 0,

Y

b, 7= tane’

characterise the strength of the effective gravitational force relative to surface
tension and the ratio of the slope of the droplet’s surface to the slope of the

substrate. The other dimensionless parameters are

_ pRig _ v/ Rog
61 - ) 52 - 3 )
ol by

which represent the balance between the inertial and viscous forces and the
droplet’s surface tension respectively. The z component of the momentum

equation is

dw 9, O*w
Hgélg =% [p + ea(x 4+ v2)] + 030, {W + 0(98)} : (2.11)
Similarly, (2.3) becomes
2 du 2 2
P+ 20205 [V(h —2) - @] = —V=h+ O(6)*, on z = h(z,y,t), (2.12)

where V2 = 86—;2+§—;. Our next step is to simplify (2.8)-(2.12) further by taking
only the leading order terms when d1,4d5,0p < 1. In order to evaluate how

accurate these assumptions are we will use typical values of each parameter
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from [8] (see Table 1.1) in order to estimate the sizes of the dimensionless
parameters. In order to make some progress, we have assumed that 6y < 1 so
that we can use the small slope approximation. Although 6, is not small in
the experiments, we can still expect to draw some sensible conclusions about
the mechanisms that are relevant to this problem, and note that shallow water
models like ours often produce reasonable results, even when the small slope
approximation is not obviously relevant to the real physical problem. Inserting

the typical values into the dimensionless parameters gives
51 ~ 013, (52 ~ 0042,

which shows that inertia is more important than viscous forces, and that we
can reasonably neglect them both at leading order compared to surface tension

and the applied acceleration. The other parameters are typically
e~ 1.63 v~ 1.08, w ~ 3.06, a ~ 0.056,

which shows that the small ¢ asymptotic solution is not likely to be a good
approximation for the actual experiment. A similar comparison is carried out
in section V. of [4] which agrees that the quasistatic approximation will hold

for some of the experiments.

2.1.3 Governing equations

Now that we have covered how physically realistic our model is, the next step
is to apply the assumptions we are using and obtain the governing equations.

By keeping only the leading order terms in (2.8) - (2.11) we are left with
p(z,y,2,t) = —ea(t)(x +vz) — F (1), (2.13)

where the gradient operator has been integrated out producing an arbitrary

function, F(t). Next we will take the leading order form of (2.12) to give
p=—-V2h, on z = h(z,y,t), (2.14)

and by combining (2.13) and (2.14) on the free surface, z = h(z,y,t), reduce
this three-dimensional problem to a two-dimensional one where the height of

the droplet is an unknown variable. The new equation (with ~above the V
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omitted) is
[V? = eva(t)] h(z,y,t) = ea(t)z + F(t), (2.15)
whilst the boundary condition for the height of the droplet along the contact

line remains

h(z,y,t) =0 for z,y € OR(t). (2.16)

Equation (2.5) becomes

// h(z,y,t)dedy = 2, (2.17)
R(t)

and (2.6) becomes

n- %—)f =0— 1—1—%1}"(9— 12 +0(0—1)% (2.18)

where U = V'0,v" = V"02/U and X = (z,y) € OR(t). Since we are dealing

with small contact angles we know that

9:—%, for x,y € OR(1).

We will alter (2.18) in later sections to look at different contact line laws,
including hysteresis. Note that a(t) changes sign as a function of time, so
that (2.15) can be the inhomogeneous Helmholtz equation, inhomogeneous,

modified Helmholtz equation or Poisson’s equation.

2.2 Solution method

2.2.1 Redefined droplet height

In order to solve (2.15)-(2.18) we will first redefine the height in order to absorb
the right hand side of (2.15) leaving the remaining equation homogeneous. The
redefined height, H(x,t) [where x = (x,y)], is defined to be

—eax®/6 — Fx?/2, ~a =0,

(2.19)
z/y+ Fleya,  ~a#0,

H(x,t) = h(x,t) + {

where the two options exist since v can equal zero for the theoretical case of a

vertical substrate and a will often become zero as the substrate oscillates. At
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no point can € equal zero without v or a technically becoming infinite, keeping

eva bounded. Inserting (2.19) onto (2.15) gives
(V? —eva) H(x,t) = 0. (2.20)

Now that we have a new governing equation we will describe the solution
method that we will use [31]. If we define a Green’s function G(x;xg) such
that

(V? = eva) G(x;x0) = —6(x — Xo),

for all values of eya, where §(x — xg) is the two-dimensional delta function,

we can combine this equation with (2.20) to give
/ [G(x;%0)V?H (x,t) — H(x,t)V’G(x;%0)] dA = / H(x,t)0(x — x¢)dA.
R R

Now by using the divergence theorem on the left hand side of the equation,
along with the integral properties of the delta function on the right hand side,

we get

1 oH V) oG
- | H t) = G(x;%9)—(x,t)dl— —(x;x0)H (x,t)dl, (2.21
(5) 600 = [ Gxixa) i [ S pxixa) Gt (2:2)
where the principal value of the second integral has to be taken and the factor
of 1/2 in front of H(xo,t) has to be included when xo € OR. This is the
boundary integral equation [31] and it is ideal for solving our problem as it
requires us just to solve on the contact line instead of the entire droplet. The

Green’s function G(x,Xg) for this problem is

—Yo (k|x — x0]) /4, ~va <0,
G(X7 XO) = —In |X - XO|/27T7 ya = 0, (222>
Ko (k|x — x¢|) /27, ~ya > 0,

where Yy and K are the regular and modified Bessel functions of the second
kind respectively and k* = |eya|. Now inserting the redefined height into
(2.16) gives

. 3 —F 2 2 —
H(x,t):{ car’/6 — Fa’f2, ya=0, for x € OR(t),  (2.23)

z/v+ Fleva,  ~ya#0,
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whilst (2.17) becomes

/ Hix, )dA = 27 — / / (leaﬁ + 1F(t)x2> dA,
R(t) R(t) 6 2

(2.24)
1, 1.,
=21 — ng | —eax” + - F(t)z” ) dl,
for ya = 0 and similarly
1, 1
H(x,t)dA =27 + Ny | —a* + —F(t)x ) di, (2.25)
R(1) OR(t) 2y eya

for va # 0, where n, is the z—component of the outward normal to OR. The

contact angle is now given by

. 2 J— =
OH +{ ng (ear®/2 = Fz), ~a =0, for x € OR(t), (2.26)

Na/7, va # 0,

and we can now use (2.21) - (2.26), along with (2.18), to set up our numerical

solution method (which will be implemented using Matlab).

2.2.2 Discretisation

We begin by discretising the boundary into /N nodes that are connected using
straight lines. These are the simplest elements to use since it only requires
knowledge of the nodes to define the domain. The set of parameterised, one-

dimensional elements can be written as

wherei =1,...,N, Z; = (;41 + ;) /2, Ax; = (241 — ;) /2 (with similar for y)
and xyy1 = x; since the boundary is closed. This means that the differential

arc length for each element is given by

A0 = /A2 1 dg2"” = |Axgde.

The simplest approximation that we can use to solve the boundary integral
equation is using uniform elements, i.e. the functions H(x,t) and n- VH(x,t)
are constant over each boundary element and so can be replaced by f; and

q; respectively. Applying this to (2.21), and assuming that x, lies on the
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boundary, gives

N N
1
at each time step, where
a;(xg) = / G(x;x0)dl, Bi(%0) = / n - VG(x;x0)dl,

are known as the influence coefficients. Now if we knew f; and ¢;, we could
use this equation to find the height at all points within the droplet (with the
factor of 1/2 removed), however what we will use this equation for is to find
q; on each element with our prior knowledge of f;. Since we are looking for xq

on the boundary we will evaluate it at the midpoint of each element giving

We will use this in order to write (2.27) as
Ajiqi = Bji fi, (2.28)
for

1 . 1 1 ‘
Ay = |Ax| / GxR)AE, By = i+ A / n® . VG(xD: %,)de,
—1 -1
(2.29)

where §;; is the Kronecker delta.

2.2.3 Influence coefficients

Our next step is to evaluate the influence coefficients for the two situations i
does or does not equal j. Since we already know that G(x,xg) takes the form
of either a logarithm or a regular or modified Bessel function of the second
kind, we know that the integrals in (2.29) will not always have an analytical
solution and therefore when i # 7 we will solve these integrals using the Gauss-
Legendre quadrature. Using this the integral of a non singular function f(§)

over the interval [-1,1] is approximated with a weighted sum of the values of
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&k W

0 0.569
+0.538 | 0.479
+0.906 | 0.237

Table 2.1: Roots of the Legendre polynomial P5(£) with corresponding weights
used to solve the Gauss-Legendre quadrature (to 3 significant figures).

the integrand at selected locations, in the form

1 Q
/ U~ Y (6. (2.30)

where () is a specified number of quadrature base points, &, is the kth root of
the Legendre polynomial Pg(&), taking values in the interval [-1,1], and wy, is

a weight function given by

_ 2(1 — &)° W —
ST QD P& ; L

We find that 5 quadrature points provides enough accuracy. The roots and
corresponding weights for 5 quadrature points are given in Table 2.1. Now if

we return to (2.29) we know that

5
Aji = |AXi| Z G(}_(i + AXifk; )_cj)wk, 7 7& j, (231)
k=1
1 ° oG
2(5JZ + ; (AyZ — Ax; 8y) Wy, i # 7, (2.32)
since n¥ = (Ay;, —Ax;)/|Ax;|. The derivatives of the Green’s functions,

(2.22), with respect to x and y are

k(x, — x0p) Y1 (K|x — Xol) /4|x — X0|,  7a <0,
—(xp — x0p)/27|% — Xo|?, ~va =0, p=1,2.
—k(z, — wop) K1 (k|x — Xo|) /27|x — Xo|, 7a >0,

00 _
ox,

(2.33)
As well as solving each element numerically for ¢ # j we also need to use the
analytical solution for when i = j; since each of our Green’s functions (and

their derivatives) are singular at x = xq. By referring back to (2.27) we will

23



begin by evaluating the second of these two integrals as it is a lot simpler.
Using (2.33) we know that the second integral for each Green’s function takes

the form .
] [0 (60— x50~ ol
—1

so when xg lies on element ¢ we know that n is perpendicular to x — xq giving

1
5
Now for the first integral we will need to approximate our Bessel functions for

when |x — xo| < 1 giving

1 { In(k/2) +vp, va#0, (2.35)

1
G(x;%xg) % —— In|x — Xo| — —

( 0) 2T ’ 0‘ 2 07 ya = 07
where v is Euler’s constant (not to be confused with v the ratio of the slope
of the droplet’s surface to the slope of the substrate). Now if we insert this
approximation of the Green’s functions into the first integral in (2.27) we get

’AXi‘ ’AXi‘

In(k/2
Aii:—(1—1n|Axi|)—_{ n(k/2) +vg, va#0,
T T

2.36
0, va = 0. ( )

We have now evaluated both of the influence coefficients and from (2.23) we
know that H(x,t) on each element of the boundary takes the form f; = g; +
F(t)g;, we can rewrite (2.28) as

Aini - BjigiF(t) = sz’@z‘- (237)

2.2.4 Mass conservation

Although we have a linear system of equations that we can solve for ¢; given
fi we still have an unknown we need to find, F'(¢). In order to do this we need
to evaluate the integral constraint given by (2.24) and (2.25), i.e. solve an

equation of the form

/ H(x,t)dzdy = 27 + / ngr(z)dl
R(t) IR(t) (2.38)

+F(t) / ngs(x)dl = 2w + 7 + F(1)s,
IR(t)
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€a 1
ye=0)-5 41-5 3
ya # 0 5 2|z 1

Table 2.2: The known constants for 7 and s.

where H(x,t) is given by (2.21) and r(x), s(z) are known functions. The right
hand side of (2.38) is the easiest of the two and so we will solve this first.
Again from (2.24) and (2.25) we know that both r(z) and s(x) are of the form

r(x),5(x) = crgx" ),

where ¢ and n are both constants, and so by discretising the boundary (with

subscripts omitted) we get

with constants given in Table 2.2. Next we will take the left hand side of (2.38)
and insert (2.21) to give

//72(1‘,) H(xo,t)dA(x¢) = /(9R(t) [n(x).VH(X, t)//R(t)G(Xo;X)dA(XO)

- Hex oo [ [ ) VG<xO;x>dA<xO>] ().
(2.39)

In order to make the next steps easier to follow we have written if each term in
(2.39) is a function of either x or xo (or both), and also swapped these around
in the Green’s function without changing the problem. In order to solve this
triple integral we will alter it until it is a double integral around the boundary
and use the same discretisation as before to solve. The integral involving VG

is the easiest of the two to simplify, by using the divergence theorem we get

/] |, Vb)) = - /] | VoGl

(2.40)
_ / n(X0>G<X0,X)dl(XO)7
OR(1)
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where V| is the gradient operator with respect to xo. In order to simplify
the integral of G over the domain, we will first define a new function G(xq; x)
such that

G(x0;x) = V- [(xo - X)é(XO;X)] . (2.41)

By returning to (2.22) we know that all our Green’s functions have the form

G(x0;x) = f(|xo — x|), and so by letting r = xo — X we can rewrite (2.41) as

1) =V (vf) = T2 [2fr)].

Now by rearranging this we get
~ " g
flr)= [ —f(s)ds,
0

72

which we can solve, and rewrite in its original form, to give our new function

as
7Yy (k)/2k +1/k2,  eya <0,

G(x0;X) = o In|xg —x|/2—1/4, eya =0, (2.42)
Ki(k)/k—1/k*,  eya >0,

where k = k|xo — x|. We can now use this to simplify the other integral in
(2.39) giving

G(x0;x)dA(xg) = Vo |(x0 — x)G(x0; %) | dA(xq),
/ R(t) / R(t) [ ) ] (2.43)
= / n(xop) - (xo — X)G(X0; x)dl(X0)-
IR(t)
Inserting both (2.40) and (2.43) into (2.39) gives
//73@) Hxo, )dAlx0) = /aR(t) /an(t) 060G o)) (2.44)
0(x) - VH(x, (o) - (xo — X)G(x0:X) | dl(x)l(xo).

which is now in a form that we can discretise as before. If we again discretise
the boundary into straight elements and assume that the redefined height, and

its derivative, are constant on each element we get

N
// H(xq)dA(xq :Z a;q; + bifi) , (2.45)
=1
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at each time step, where

b= 3 06 (¥ [, [, csama

j=1
Similar to before we will now evaluate these integrals using the Gauss-Legendre
quadrature when ¢ # j and analytically when ¢ = j. Starting with the first

integral we get

5
J#i k=1 (246>
Xé()_(j + AXJ&; X; + AXifk)wkwla

where the analytical solution to the integral for ¢ = j is 0. The second integral

is given by
b; = Z Ax; - Ax; Z G(X; + Ax;&; X + Ax,ﬁk)wkwl]

—|—/ / G(%x;x)dl(x)dl(x),

where the analytical solution to the integral for 7 = i can be evaluated fully

(2.47)

when ya = 0, or by using the asymptotic approximation for the Green’s func-

tion otherwise. The solution to the remaining integral in (2.47) is

// (%; x)dI(%)dl(x) = 2|AX‘|2 {1n(4|Axi|)—g]

B 2|Axi|2 In(k/2) +vg ~a#0,
7r 0 va = 0.

(2.48)

Now we have shown the numerical method for the integral constraint we will
combine (2.38) with (2.45), and again let f; = g; + F(t)g;, to get
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which we can now combine with (2.37) to give

A | —-Bh a Bg

a |bTg—3 F o7 + 7 — bTg

and finally we can solve to approximate 0H/0n on each element. With ¢; we

can find the contact angle on each element, by discretising (2.26), using

i=1,..,2N,

(9 Ayz (6&1‘_?/2 — F i’z) /|AXi‘, ya = 0,
i = —q; +
Ayi/ Y|AX1|7 ya # 0,

which we will use to evolve the boundary.

2.2.5 Evolution of the boundary

The discretised boundary integral equation, along with the volume conserva-
tion equation provide enough information to solve for 0H/0n and F(t) on the
boundary. These can now be used to obtain the contact angle between the
droplet and the plate at each of the grid points providing enough information

to solve the equation

dX;
dt

This is a modified version of equation (2.18) in which the movement of the

nodes which define the contact line have been decomposed into a movement
in the normal and tangential direction. The normal component of the contact
line’s velocity is given by (2.18), and the contact angle, whilst the tangential

component is

T; = N® [\/(xm — )2+ i1 — ¥0)? — V(@ — wi1)? + (i — yz'fl)Q] :
(2.52)
This function [5] is designed to keep the grid spacing ratios constant so that the
nodes along the boundary remain evenly spaced as the droplet evolves. Now
in order to evaluate (2.51) at each time time step we will use Crank-Nicolson
time stepping [10] and we will solve using the Newton method. The reason we
require the use of implicit time stepping is that if we use explicit time stepping

the velocity of the contact line, as specified by the contact line law, will not
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be the same as the velocity determined from solving the boundary integral

equation equation meaning we could not conserve mass.

2.2.6 The Newton method

The Newton method (or Newton-Raphson method) is a very accurate way of

solving systems of equations of the form

T; — :c;f’At

AL = fi(xy, ., oy, 2782l fori=1,..., N, (2.53)

At are known. This is an iterative method that

where z; are unknown and !~
works by taking a calculated guess to the exact solution to x; and solving the

equation

N
0=rizy,....,xN) + Z Jij(z1,...,xn)Axy, fori=1,.. N, (2.54)

j=1

where r; is the residual of (2.53) for the guessed solution, Az; are the first
order errors in the guess and J;; is a numerical approximation of the Jacobian,

given by
ri(z1, x40, o) — (T, T, L TN)
5 )

for some prescribed 6. Once (2.54) has been solved the new ‘guess’ is given by

Jij -

new __

Y = x; + Ax; and then the method is repeated. Assuming that the initial

guess is close enough to the exact solution to avoid any local minimums, the

T

Newton method will very efficiently close in on a solution for x; that gives
max |7;(x1, ...,xn)| < Er. As this is a numerical method we will not get the
exact solution (unless f; is a linear function of z;) and so instead will find a
solution accurate to O(Er). As long as the time steps are small enough a good

initial guess is the solution to the previous time step.

2.3 Results

2.3.1 Validation of the solution method

Now we have described our solution method, we shall compare it to some
analytical solutions tp check its accuracy. We will begin by solving (2.20)
along with the boundary conditions (2.23)-(2.26) for the special case where
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the boundary is a fixed circle of radius R. We can solve this analytically for
all values of eya and so this will be an appropriate test for our boundary
integral method. After this we will test the convergence rates for the grid
spacing and time step sizes to ensure they are converging at the correct rate.
Our final comparison will be between our full time dependant solution and
the small amplitude asymptotic results [2] for the special case where € < 1.
Once we have made comparisons in order to verify our method we will look
at the results for larger amplitude oscillations, the inclusion of hysteresis and

different contact line laws.

An example using a fixed boundary

We already know that in (2.20) a is the oscillatory term but for our first fixed
boundary example we will set v = 0. This allows us to keep a more general
solution since setting a = 0 loses one of the terms in (2.23). For the other two
examples we will set v > 0 and then look at the solutions to the two different
sign choices for a. The solution to (2.20), along with (2.23)-(2.24), in polar
coordinates for the case where v = 0 is
H(r,¢) = % (R2 — 72 4 2r% cos? qb) — %ear cos ¢ (R2 —r? 4 %7“2 cos? gb) .
(2.55)
Since the normal of the boundary is always pointing out radially for a disk,
we can differentiate the redefined height with respect to r and insert this into

(2.26) to give the contact angle as

8 1
0(¢p) = ™ ZeaR2 cosop, v =0. (2.56)
In order for our dimensionless contact angle to equal 1 when there are no
external forces applied we will need to set R = 2, which is again due to the
scale that we have used to non-dimensionalise the mass of the droplet. A

similar method can be used when ya < 0 to give the results

H(T7 ¢) . 2J0(k?7“) RJl(k’T’)

= RhRGR) T AR Cos @, (2.57)
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Figure 2.2: The difference between the numerical solution and the analytical
solution for the contact angle in a fixed circular domain with € = 1, ya greater
than, less than or equal to 0 and a linear contact line law with no hysteresis.

where J,, is the Bessel function of the first kind and (as a reminder) k? = |evyal.
Using (2.26) gives the contact angle as
_ 2kJi(kR) 1 Jo(ER) — Jo(kR)

_ AR L
R2L(kR) 5 YA

0(o) cosp, ~vya<0. (2.58)

The solution for the final case, where ya > 0, is

21y (kr) N RI(kr)

Hr0) = ~maL,Ger) ¥ 3L(kR)

Cos ¢, (2.59)
where [, is the modified Bessel function of the first kind. This gives the contact
angle as

2kl (kR) 1 Iy(kR) + I(kR)

_ Rl Ly R
RL(ER) 5 21, (kR)

6(9) cos ¢, va > 0. (2.60)
If we examine the dimensionless contact angle for both (2.58) and (2.60) in

the limit of £ — 0 we retrieve (2.56), meaning R still needs to equal 2.

Convergence tests

Now that we have an analytical result for the contact angle, for the simplified
case of a fixed circular boundary, we can now compare them to the numerical
result with the difference between the two contact angles shown in figure 2.2.
We can see from this graph that not only is the size of the error small but it
is also converging at the correct rate [Af o< (Az)?].

In addition to verifying the accuracy of the boundary integral formulations
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Figure 2.3: The convergence rate of the rise velocity for both space (left) and
time (right) for e = 0.01,7 = 25,w = 4,a = 1/25,v” = 0 and no hysteresis.

for a time independent case, we will look at the rate in which our full solution
converges with respect to its grid and time spacings. The discretisation we have
used for the boundary, as well as using Crank-Nicolson time steps, means that
the accuracy of the solution should converge quadratically in both space and
time. In order to show this we have made a plot of the rise velocity against the
grid spacing squared as well as the time steps squared (see figure 2.3). Both of

these graphs are linear meaning that they are converging at the correct rate.

Comparison with small amplitude asymptotic solution

We will begin by comparing our numerical solution of (2.15)-(2.18) to Benilov’s
asymptotic solution for € < 1, [2]. The main result that Benilov obtained was
the rise velocity of the droplet,

o [V[3+4w?(1—0")] a

B) — — - 2), 2.61
V. € 12(9 + 40?) . +o(€”) (2.61)

We can deduce from this that V;'® is monotone increasing with w for v” < 2/3,
monotone decreasing for v” > 2/3 and independent of w for v = 2/3. Al-
though Benilov included the quadratic term in the Taylor expansion of the
contact line law in [2], for larger values of €, for which the range of contact
angles that are driven by the oscillation, is larger, this leads to an unphysical
model, since the contact line velocity may be a decreasing function of contact
angle. We therefore focus on the case v” = 0 for our fully non-linear simula-
tions, as well as an alternative, cubic law, in section 2.3.3. We also know that

when @ = O(e), V;\\®) = O(€?). Rearranging (2.61) also gives us the condition
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for zero rise velocity,

12(9 + 4w?)
Y3+ 4(1 —v")w?|

These are the two results with which we will compare our solutions. We firstly

e=a (2.62)

fix € and v and examine the rise velocity, V, and W(B), as w varies. Figure
2.4 shows a comparison between our results and the asymptotic solution for
a linear contact line law and a quadratic one with v” = 0.4, which shows
good accuracy for small e. The other comparison, a curve showing zero rise
velocity, is the left graph given in figure 2.9, which is discussed in the next
section. Our next goal will be to include contact angle hysteresis in the model
and to examine how and why this affects the rise velocity. Before we do this we
take (33) and (35) from [2] and write the first order correction for the radius
of the droplet as a function of polar angle ¢, in a stationary frame of reference

as )
v dsinwt —2wcoswt 1

RW (¢, 1) =€ 15 01 A’ ;coswtcosgb :

where ¢ = 0 is the positive x—axis. This is the leading order motion of
the droplet and it consists of a term with ¢ dependance - the swaying mode
- and a term without - the spreading mode. Although these two modes are
independent of each other at leading order and individually give no net motion,
the non-linear interaction between the two causes the droplet to climb or slide,

[2][3]. If we write this in terms of a phase shift we obtain

7 cos [wt — tan™! (2w/3) — m/2] L cos wt

3 V9 + 42

RW (g, t) = { cos<b} . (2.63)
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Figure 2.5: Rise velocity of a droplet against the frequency where ¢ = 0.04, v =
25, a linear contact line law and hysteresis intervals of 0.02, 0.2 and 0.4 re-
spectively. The dashed line represents the rise velocity of the droplet for the
same parameter values but no contact angle hysteresis present.

and we can see that the phase difference between the two modes varies mono-
tonically with w from 7/2 out of phase, when w = 0, to fully in phase, as
w — oo. What we can conclude from [2] is that for a linear contact line law
(v” = 0) the largest rise velocity occurs when the spreading and swaying modes
are in phase, in qualitative agreement with [3]. We will use this result to help
understand how the addition of contact angle hysteresis to the model changes

the rise velocity.

2.3.2 The effect of hysteresis

Now that we have some confidence in our numerical solution method, we in-
clude contact angle hysteresis in the model, so that 64 > 6z. When € is
sufficiently small, this pins the whole contact line, so that the droplet cannot
move. We will begin our investigation by considering the case ¢ = 0.04, v = 25
and v"” = 0, which we studied in the previous section. With the inclusion of
hysteresis in the problem we can no longer define 6, as the angle at which the

contact line is stationary and so we will redefine it as

0y = %;, (2.64)
where hyg is the height of the unperturbed droplet. We will scale both #4 and
0r with respect to the redefined 0y and define the hysteresis interval as the
difference between the advancing and receding angles. Figure 2.5 shows the rise
velocity of the droplet for increasing hysteresis intervals with e = 0.04,v =5
and a linear contact line law. Firstly, these graphs show that a small hysteresis

interval does not cause much of a change in the overall motion of the droplet.
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Figure 2.6: (i) The velocity of the centre of the droplet (taken along the
x—axis) over one period of oscillation for increasing contact angle hysteresis.
(ii) The rise velocity of the droplet for increasing contact angle hysteresis.
(iii) and (iv) The velocity of the centre of the droplet and the contact line
over one period of oscillation for no hysteresis and a hysteresis interval of 0.2
respectively. Each of the markers on (ii) coincide with the velocity profiles on
(i) with the white squares also matching the results shown in (iii) and (iv).
The parameters are € = 0.53,v = 1,w = 1.5,a = 1/25 and v" = 0.

They also show that when a large enough hysteresis interval is present, for
w = O(1), the droplet will climb uphill instead of sliding down and also that
the rise velocity is not as large for large enough w. Finally figure 2.5 also shows
that for the given parameters, the hysteresis interval can become large enough
that the droplet continues to move but the contact line is fully pinned.

In order to understand how contact angle hysteresis changes the motion of
the droplet we will now look at the velocity of the centre of the droplet (taken
along the z—axis) over one period of oscillation, for different parameters. As
already stated the leading order motion of a droplet on an inclined plane
with small amplitude oscillations can be written as the combination of two
independent modes, a spreading one and a swaying one. We can also see from
(2.63) that the spreading mode scales linearly with v and so we will examine
how the size of this affects the interaction between the modes when contact
angle hysteresis is included.

For our solution, where € is not necessarily small, we will define the swaying

mode as the difference between the position of the leading edge and the trailing
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edge and the spreading mode as the mean of the two. We will begin with the
case v = 1 which produces a spreading mode that is numerically smaller than
the swaying mode. We can see in figure 2.6.i that increasing the size of the
hysteresis interval reduces the magnitude of the velocity of the droplets centre
proportionally. This is because the leading order motion is dominated by
the swaying mode (figure 2.6.iii) and so as the velocity of the contact line
is restricted from the inclusion of hysteresis, the actual shape of the droplet
remains unchanged. If we look at the velocity profile, with no hysteresis,
carefully we can see that first of all the droplet spends more time sliding than
it does climbing but also that the magnitude of the peak is slightly larger
than that of the trough (these points are better illustrated in figure 2.7.1). If
we now take the area of the climbing section of the graph and compare it to
the sliding section, we will see that when no hysteresis is included the net
motion of the droplet is down the substrate. As larger hysteresis intervals are
included into the problem, both the peak and the trough are being ‘reduced’
at the same rate, and so what is effectively happening is a larger proportion of
sliding distance is being removed compared to the climbing distance. Due to
this what eventually occurs (figure 2.6.ii) is that the net motion of the droplet
becomes positive. This continues up to a peak rise velocity where eventually
the contact angle hysteresis starts to become too large, until eventually the
droplet becomes pinned giving zero net motion.

Now we will look at an example of when v = 25, so that the magnitude
of the spreading mode velocity is of a similar order to that of the swaying
mode velocity. We have also changed the value of a from 1/25 to 1/5, in
order to better emphasize the different durations of the droplets climbing and
sliding periods, as well as reducing €, in order to stop the receding contact
angle from reaching zero. Now we are dealing with a v large enough that both
modes are of similar magnitude (figure 2.7.iii), we will also need to consider the
phase difference between them that is controlled by w. This phase difference
ranges from /2 to 0 as w varies between 0 and oo and depending on how
large the phase difference is changes how the inclusion of hysteresis affects
the velocity profile. We will begin with w = 1.5 as shown in figure 2.7 which
approximately gives a phase difference of 7/4. As we can see initially the
droplet is sliding down the substrate, but when hysteresis in included in this
problem the velocities of both the spreading mode and the swaying modes are

forced to be zero at the same time (figure 2.7.iv). This causes the two modes to
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x—axis) over one period of oscillation for increasing contact angle hysteresis.
(ii) The rise velocity of the droplet for increasing contact angle hysteresis.
(iii) and (iv) The velocity of the centre of the droplet and the contact line
over one period of oscillation for no hysteresis and a hysteresis interval of 0.2
respectively. Each of the markers on (ii) coincide with the velocity profiles on
(i) with the white squares also matching the results shown in (iii) and (iv).
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Figure 2.8: (i) The velocity of the centre of the droplet (taken along the
x—axis) over one period of oscillation for increasing contact angle hysteresis.
(ii) The rise velocity of the droplet for increasing contact angle hysteresis.
(iii) and (iv) The velocity of the centre of the droplet and the contact line
over one period of oscillation for no hysteresis and a hysteresis interval of 0.2
respectively. Each of the markers on (ii) coincide with the velocity profiles on
(i) with the white squares also matching the results shown in (iii) and (iv).
The parameters are € = 0.125,7 = 25,w = 20,a = 1/5 and v" = 0.

be in phase meaning that the droplet experiences a more positive rise velocity,
which is the reason why the sliding droplet begins to climb in figure 2.5. As
the hysteresis interval is increased the velocity becomes restricted enough for
the rise velocity to begin to decrease, up to the point where the contact line
is once again pinned.

For the final example, shown in figure 2.8, we will look at the same param-
eters as before only now with w = 20 so that the modes are approximately in
phase before hysteresis is included. Due to this fact the inclusion of hystere-
sis does not cause a dramatic increase in the rise velocity like figure 2.7 (it
does produce a small increase since the two modes were only approximately
in phase prior), and instead the velocity profile begins to decrease near the
edges of the curve whilst remaining the same at the peak/trough. The point
at which the entire velocity profile begins to decrease, similar to figure 2.6,
begins at the hysteresis interval 0.4 and is the reason why a slight increase in
the rise velocity can be seen at this point. This example helps to explain why

the rise velocity of the droplet is smaller for large enough w in figure 2.5.
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Figure 2.9: A slide-climb phase diagram for the droplet to compare between
no hysteresis (left) and hysteresis (right) for 7+ = 1. The contact line law is
given by V(0) = 6 —1 for no hysteresis and V(0) = 6 —1.1 for (# > 1.1),0—0.9
for (f < 0.9) and 0 in between, otherwise.

Now we will look at phase diagrams for when the droplet is either sliding
or climbing for a given frequency and amplitude. This is shown in figure 2.9
and some observations can be made from these graphs: (i) the graph on the
left is very similar to figure 4 in [2] (with differences coming from the fact that
€ ~ 0.56 — 1.24). (ii) The main difference between these phase diagrams is
that when hysteresis is included a smaller value of € is required to make the
droplet climb and also a static region appears for very small e. (iii) There is no
transition between the sliding and climbing sections, on the hysteresis phase
diagram, where the droplet remains static. This means that it is difficult to
compare this graph to the one produced by [8]. Unfortunately we are unable
to conclude why this static section does not appear.

In this section we have examined how adding contact angle hysteresis into
the model changes the rise velocity of the droplet and why it can cause a
sliding droplet to climb by including it. We began by recognising that since
the motion can be separated into two modes, that hysteresis may affect both
of the modes differently and so we would have to vary v in order to cover all
possibilities. For the case v = 1 we found that the motion is dominated by
the swaying mode alone and so this is all we needed to focus on. Over a single
oscillation a droplet will tend to slide for a longer period than it is climbing,
due to the added effect of gravity, and due to this the inclusion of hysteresis
favours the uphill motion instead which can often cause a previously sliding
droplet to climb. We then moved onto the case where the spreading mode was
of similar size to the swaying mode and found that depending on the frequency

of the oscillations the two modes have a phase difference between them. When

39



0.01
K

0.008
Increasing
r hysteresis ]
0.006
\ >

‘ 0.004 |

o
N

o
=

o

Velocity of center of drop

o
e

0.002

-0.2

0.2

0.2 0.4 0.6 0.8 1 0 0.1 0.2 0.3 0.4 0.5 0.6
Time period Increasing contact angle hysteresis

(=}

| (i) | (v)

Swaying mode
—-—-— Spreading mode

o

Mode velocities

Mode velocities

S
2

v L L L 0.2 L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time period Time period

-0.2

Figure 2.10: (i) The velocity of the centre of the droplet (taken along the
x—axis) over one period of oscillation for increasing contact angle hysteresis.
(ii) The rise velocity of the droplet for increasing contact angle hysteresis.
(iii) and (iv) The velocity of the centre of the droplet and the contact line
over one period of oscillation for no hysteresis and a hysteresis interval of 0.2
respectively. Each of the markers on (ii) coincide with the velocity profiles on
(i) with the white squares also matching the results shown in (iii) and (iv).
The parameters are € = 0.125,7 = 25,w = 1.5,a = 1/5 and a cubic contact
line law.

hysteresis is included the two modes are forced into phase which causes the
rise velocity to increase. If w is large enough for the two modes to already be
in anti-phase, the inclusion of hysteresis just causes the magnitude of the rise
velocity to decrease. All three of these situations will eventually reach a point

where the contact line remains pinned for a large enough hysteresis interval.

2.3.3 Alternative contact line law

So far we have considered the contact line law to be a linear function of the
contact angle. Therefore in this section we will examine the effects of a cubic

contact line law on the mechanics of the problem. For this we will use

vald — 0.4 for § > 0,4,
b(0) = 0 for B4 > 0 > Op, (2.65)
—URlé - éR|3 for éR Z é,
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in dimensionless form where v4 r are dimensionless velocities. This equation
has been shown to match the behaviour of the contact line velocity [33] with
more accuracy than the linear law used previously. In this section we compare
this law to our previous one, as well as attempting to make a qualitative
comparison to the actual experiment. For simplicity we will set v4 p = 1 for
the remainder of this chapter.

The magnitude of the contact angle is proportional to € and from exam-
ination of both of the contact line laws we know that the magnitude of the
velocity in the original model is proportional to € also, but the new law is
proportional to €3. This means that for small € the rise velocity is larger for
the linear contact line law however as e reaches O(1) the cubic law overtakes
it. Also due to the non-linearity of the cubic contact line law, the mode ve-
locities are in phase for small w and so the inclusion of hysteresis causes the
rise velocity to decrease, whereas it would increase for a linear contact line law
with the other parameters equal. The latter can be seen more clearly in figure
2.11 which has parameter values identical to the results shown in figure 2.7
only using the cubic contact line law instead. For the case where there is no
hysteresis the shape of the velocity profile of the swaying mode is very similar
for both of these figures, with the main difference being the rise velocity of the
droplet approaches the solid line in figure 2.11 cubically whereas it approaches
the line in figure 2.7 linearly (as expected). When hysteresis is included the
rise velocity of the droplet decreases, since the modes are already in phase,
and the velocity profile changes similar to figure 2.6. This again supports our
explanation that the increasing rise velocity is due to the phase difference of
the modes being forced to zero, as well as showing the main difference changing
the contact line law makes to the velocity of the droplet.

Now we will look at a slide-climb phase diagram similar to figure 2.9 only
now with the contact line law being cubic. The main thing we can observe
in these graphs is how little the added hysteresis affects the line where the
droplet begins to climb. This is due to the fact that the modes are already in
phase without including hysteresis and so the addition of a hysteresis interval of
only 0.1 will change the magnitude of the rise velocity but does little to change
where it becomes positive. Also it seems as if these results are independent of
w but this is again due to how little changing w affects the phase difference
between the modes. It should be noted that a similar result can occur for our

original contact line law [equation (2.62) with v” = 2/3|. Unfortunately these
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Figure 2.11: A slide-climb phase diagram for the droplet to compare between
no hysteresis (left) and hysteresis (right) for v = 1. The contact line law is
given by V(0) = (6 — 1)3 for no hysteresis and V() = (0 — 1.1)3 for (0 >
1.1), (6 — 0.9)3 for (# < 0.9) and 0 in between, otherwise.

results do not show much similarity to [8] meaning we cannot use this as a

qualitative comparison to actual experiments.

2.3.4 Droplet footprints

Finally, we will briefly study how the shape of the footprint of the droplet
changes as it moves across the substrate. We will look at how it differs with
or without hysteresis and also how changing the contact line law affects it.

As well as looking at how the droplet evolves as the substrate oscillates we
can first examine the footprint for the simplified case of a stationary substrate,
where the droplet slides down the plane. If there is no hysteresis, or if (64 +
0r)/2 = 1, so that the hysteresis interval is symmetric, the footprint remains
close to circular as it slides. The shape is more interesting for an asymmetric
hysteresis interval and a small receding contact angle. In this case, the droplet
deforms in three stages (figure 2.12). The first stage of the motion is for the
lower half to slide down the plane with the top half moving more slowly. The
lower half also thins in the lateral direction whereas the upper half spreads
out slightly. We will see similar behaviour when the plane is oscillating (figure
2.14). However, unlike the unsteady flow, the droplet continues to move in
the same direction and in the second stage of the initial motion the receding
contact line begins to catch up with the advancing contact line. The bottom
of the droplet is noticeably thinner than the top.

As the droplet continues to slide, the top of the droplet also thins laterally,
until a steady state is reached in which the lateral thickness of the droplet has

reached an equilibrium value somewhat smaller than the initial width. It has
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Figure 2.12: The four stages a sliding droplet undergoes on a stationary sub-
strate ranging from an unperturbed shape to its steady state (from left to right
respectively) for e = 0.4, = 5,w = 0, a linear contact line law, §4 = 1.1 and
fr = 0.4. Constant time increments have been taken in between each stage.

been shown [16] that, for a model with prescribed values for the advancing
and receding contact angles, the round rectangle shape (the final stage given
in figure 2.12) is in fact the only shape that is allowed in order to avoid
singularities. If we instead look at a plot of the full surface of the sliding droplet
for these same time increments (figure 2.13) we can see that the rounded
rectangle shape is the result of the trailing end of the droplet thinning out
whereas the leading end remains almost unchanged.

When the plate is oscillating, for a linear contact line law with no hys-
teresis, or if the hysteresis interval is symmetric, as for the steady flow, the
footprint remains circular. For asymmetric hysteresis intervals, we observe
almost circular footprints with the base of the droplet expanding slightly for
(04 +0gr)/2 < 1 or contracting slightly for (04 + 0g)/2 > 1. Although these
are not significant, changing the contact line law can make a big difference.

Now we will return to the cubic contact line law with g = 0.5 and 64, = 1.1
in order to see the effect of a small receding contact angle. Figure 2.14 shows
what the footprint looks like for these parameters and the result is a sliding
droplet where the lower part of the contact line moves a lot more than the
higher part. The droplet deforms mainly in the downhill direction. This is
the most interesting result produced in terms of footprint shapes as it very
closely resembles results shown in figure 4 of [8] which shows that our model
can produce results comparable to the actual experiment despite its simplified

assumptions.
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Figure 2.13: 3D plots of the four stages a sliding droplet undergoes on a
stationary substrate ranging from an unperturbed shape to its steady state
for e = 0.4,7 = 5,w = 0, a linear contact line law, 84 = 1.1 and 0 = 0.4.
Constant time increments have been taken in between each stage.
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Figure 2.14: Example footprint of a sliding droplet, for ¢ = 0.44,v = 4.5,w =
5, a cubic contact line law, #4 = 1.1 and 0z = 0.5.
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The final result we will show for Model 1 is a three-dimensional plot of a

droplet as it oscillates over one time period (figure 2.15).

2.4 Discussion

In this chapter we have considered the motion of surface tension dominated,
oscillating droplets, and neglected the effects that inertia and viscosity have
on the fluid. We also assumed that the slope of the free surface is small. If the
magnitude of the forcing is sufficiently small we found that a droplets motion
can be separated into two modes and the non-linear interaction between these
modes is what causes the droplet to slide or climb. The droplet can climb
uphill for most parameter values as long as w is large enough with the rise
velocity reaching its maximum when the two modes are in phase. Adding
hysteresis can cause an otherwise sliding droplet to climb by forcing the two
modes into phase producing a larger rise velocity. Although we could not
compare this model directly to the experimental results in [8] it is possible
to obtain footprints similar to those observed in the actual experiment. We
also looked at how a small receding contact angle leads to non-circular contact
lines. In spite of the strong simplifications that we have used, we have been
able to examine the effect of contact angle hysteresis on the rise or fall of

strongly driven droplets.
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Figure 2.15: 3D plots of the motion undergone by a droplet over the course of
one time period for € = 0.8,7 = 1,w = 1, a linear contact line law, 0, = 1.1
and 0 = 0.9. Constant time increments have been taken in between each

stage.
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Chapter 3

Model 2: The inviscid,

two-dimensional droplet

In this chapter we will look at a two-dimensional, inviscid droplet. The benefits
of this model compared to Model 1 are that we will not neglect inertia and
that we can vary the thickness of the droplet. The advantage of these changes
are that the inclusion of inertial forces will much better describe the motion
of the fluid and O(1) contact angles mean the results are much closer to the
experiment [8]. The downside of this model compared to Model 1 is that we
are looking at a two-dimensional ‘ridge’ instead of three-dimensional droplet.
Since the flow is initially irrotational we know that it will remain this way, since
we have assumed it to be inviscid, and so we can simplify the flow velocity
u as the gradient of the velocity potential ¢. These simplifications will mean
we just need to solve Laplace’s equation throughout the fluid and Bernoulli’s
equation and the kinematic condition on the surface, along with the boundary

conditions at the contact points.

3.1 The model

3.1.1 Two-dimensional Euler equations

Consider an incompressible fluid of density p and surface tension o, on a
substrate inclined at angle o to the horizontal that is oscillating sinusoidally,
with amplitude ag and frequency w, parallel to gravity. The frame of reference
is aligned with the x—axis such that these oscillations act at an angle 7/2—« to

the substrate. We will assume that the viscous forces are weak in comparison
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i aft)=g+ aosin(wt)

Figure 3.1: Setup for the droplet including coordinate system.

to the surface tension and inertia in order to use the equations

V.-u=0, (3.1)

‘fl_;l _ _lvp_a(t)V(xsinomLycosoz), (3.2)
p

where u is the flow velocity, p is the pressure and a(t) = g + agsin(wt) is
the combined acceleration of gravity and the oscillating plate. We will use
(3.2) only on the surface of droplet so that the pressure will be given by the
curvature k, i.e. p = —ok. The next step will be to use the assumption that

the flow is irrotational to let u = V¢ so that we can rewrite (3.1) as
V3¢ =0, (3.3)

throughout all of the droplet. Now we are using the velocity potential we will
rewrite (3.2) as
dp 1

5+ 3IVel - o b a(Xsina+Ycosa)=0, onx=X(s1), (34)
p
as well as now having the kinematic condition

dX 8¢

n—- = on x = X(s,1), (3.5)
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where X(s,t) is the free surface of the droplet and s € [0, L(t)] is the arc
length. The other boundary condition that is present is the impermeability
condition

v=20, ony=0,

which we will satisfy implicitly with our choice of ¢ within our solution method.

The contact line model

For our model we have assumed our fluid is two-dimensional meaning that
we can reduce our contact line down to two contact ‘points’, where the free

surface is in contact with the substrate. We can write this as
X=z_, Y=0 ats=0, (3.6)

X=xz,, Y=0, ats=1L, (3.7)

where z1 are the x value of the contact points. Now the velocity at these

points is given by

0¢p dr_ d_

% = W COS 0_, % = U(e_), at s = 0, (38)
3(b . dl'+ d$+ . .

9 = ap < 0y, i v(fy), ats=1L, (3.9)

where v(f.) is the contact line law given by (1.4) and

Y /0s
0X/0s| _,’

~ 0Y/0s
0X/0s|,_;

tanf_ = tanf, =
Initially we will examine when the force per unit length applied by the oscil-
lating plate is small, in comparison to the droplet’s surface tension, and there
is no contact angle hysteresis; meaning that we can approximate the contact
line law using a Taylor expansion for contact angles close to the equilibrium
angle. Later we will examine larger amplitude oscillations, as well as more

realistic contact line laws and the inclusion of contact angle hysteresis.

3.1.2 Moving reference frame

We will now go through a couple of steps that will make solving (3.3)-(3.9) a

little easier. The first will be to use a moving reference frame in order to keep
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the droplet centered at the origin. This will make using a polar coordinate
system a lot simpler and make the solution time periodic. To do this we will

define the velocity of the frame as

1 (fdxy dx_
Vs(t)—§ (WjLW)’

so that the droplet in this new frame will still move, but the contact points will
always be an equal distance from the origin. This means that the variables in
the new frame (denoted with a subscript n) need to be redefined using
1 1

xzxn+§(ac++x_), ¢:¢n+‘/sxn7 D(t):§<x+_x—)7
and so instead of finding the leading and trailing ends of the droplet (2 and
x_ respectively) we will now solve for D, the half-width of the droplet, and V;,
the velocity of the droplet’s centre. Applying these redefinitions to (3.3)-(3.9)

and omitting subscripts gives

Vi =0, (3.10)
where
op 1 5 dVg oK . B B
T §|V¢| + = ” +a(Xsina+Ycosa)=0, onx=X(s,t),
(3.11)
dx  0¢
D= on x = X(s,1), (3.12)
and
dD ¢ dD
% —U(e_)"i_‘/s, y—O, % = —ECOSQ_, at 8—0, (3].3)
dD d¢ dD
E—U(&)—VQ, y =0, %—Ecos&, at s = L. (3.14)

3.1.3 Dimensionless variables

The next step we will carry out is non-dimensionalising our variables so that
we can generalise our results by only having to vary specific dimensionless
parameters. We will define our scales in order to write (3.10)-(3.14) in a

dimensionless form that is comparable to [3] whilst keeping (3.10) unchanged.
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These scales are

l)2 ~ ~ D A
v =Dyt, y=Dyg, o¢=-2¢ t=TF V=22v,
. r r (3.15)
a = Cbgd, R = D—fi, D= D()D, S = Doé, L= D()L,
0

where Dy is the radius of an unperturbed droplet and 6, is the magnitude of

the contact angle. We will also define the time scale as

e
0'90

in order to balance the surface tension with the material derivative. These
scalings give rise to some new dimensionless parameters
agD? sin « 7
A (3.16)

tan o’

0'90

which characterise the strength of the effective gravitational force relative to
surface tension and inertia and the ratio between the slope of the droplets
surface and the slope of the substrate respectively. As well as these, the other

dimensionless parameters are given by
w=2aTf, ¢=-—, (3.17)

which are the dimensionless frequency of the oscillations and the gravitational
acceleration respectively. The final parameter that will appear in the governing
equations is #y. Now we have our set of parameters we should check their
typical sizes, using Table 1.1. Due to the definitions used in Model 1 we
calculated the diameter of the droplet using the mass scaling but since Model
2 is two-dimensional this cannot be done. Instead we will extrapolate from [8]
that a droplet with a volume of 5 ul will have a radius of approximately 1 mm.
Now using typical values we know that parameter values which match those

used in [8] are given by
€r 205, v~1.08 ©~130, §~2.75x1072, 6~ 108 (3.18)

As well as this we also need to justify our assumption that the flow is inviscid,

i.e. that the Reynolds number is large. Since our velocity is scaled using the
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length over the time scale then the Reynolds number is given by

D2
Re = =2 ~ 7.89.
=T

14

3.1.4 Governing equations

Now we have examined our dimensional scalings and justified our choices used

to balance them we will use them to rewrite (3.10)-(3.14) as

V2 =0, (3.19)
with
8<b 2 dVs 1 v
X Y| = =X 2
Gt glVoP+ G- e (X4 1Y) =0 onx=X(s0, (3:20)
dx  0¢
I =g, OnX= X(s,t), (3.21)
and
dD o6 dD
- =v0-)+V,, y=0, 95 = —ECOSQ,, at s =0, (3.22)
dD 96 dD
” =v(f;) -V, y=0, 95 = %COSH_H at s =1L, (3.23)

where hats have now been omitted for simplicity. These are the governing
equations that we will solve both asymptotically and numerically, the methods

for which are contained in sections 3.2 and 3.3 respectively.

3.2 Small amplitude asymptotic solution

3.2.1 Polar coordinates

Now we will solve the (3.19)-(3.23) asymptotically for small e. This corre-
sponds to the forcing being small in comparison to the droplet’s surface ten-
sion and inertia. In this section we are looking at a linear expansion of (3.19)
- (3.23) and so we will only examine the case where 4 = 0r = 0, i.e. there is
no contact angle hysteresis present. Since € is small the shape of the droplet
will only ever be slightly perturbed from the initial state and so the contact

angles will always remain near equilibrium. This means that we can replace
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Figure 3.2: Setup of the model in polar coordinates. Y is the distance of the
substrate above the origin, # is the magnitude of the contact angles and (r, )
is the coordinate system.

the contact line law with a Taylor series expansion for 61 =~ 6, giving

o 01 L, 0y ’
v(6s) = v <9_0_1) + 50 (9—0—1) T (3.24)

where v',v” are the dimensionless derivatives of the contact velocity at equi-
librium. To make our expansion easier we will begin by converting to a polar
coordinate system and also have the moving frame of reference sit at a height
Y = cot 6y above the horizontal axis (see figure 3.2). Applying all of these to

the system gives

Vi =0, (3.25)
where
1 d
o9 + 2|Vl + V;Rcos9+ T Dy
ot 2 dt o 6o (3.26)
—eaRR (0089 + 91 sin 9) , onr=R(01),
0
OR 09 1 ORO¢ B
where R(6,t) is the free surface. At the contact points we know that
dD dD
R=vY?4+D? v(ly)—— =4V, %::FY—,
dt a6 dt (3.28)
to="2 Ftan ' | — '
T Y )’
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where the contact angles are now given by

DR+YR
tanfly = ———. 2
W TYRT DR (3:29)
On the substrate the impermeability boundary condition becomes
0o 10¢ cot O
— t0—— =10 = ) 3.30
or teo r 00 ’ " sin 6 ( )

Now we have the equations in a form that we can expand more easily, we
will assume ¢ < 1 and look for an asymptotic solution to these equations.
The leading order solution, which represents a droplet with no external forces

acting upon it, is

sin 00 1

=270
¢0 90 )

= - V = 07 331

sin 6, 0 ( )
and the unperturbed half-width of the droplet has been scaled to equal 1.
We can see from (3.31) that the leading order solution, or the exact solution
when there is no external force applied, is a stationary segment of a circle
where the size (and positioning above the x—axis) are both determined by the

equilibrium angle 6,. The area of this segment is given by

. 290 — SiIl(QQO)

Ay = ——mM——. .32
07 1 = cos(26,) (3:32)

Now we have obtained the leading order solution we will look at the first order
expansion of (3.25) - (3.28), which will give us the leading order deformation of
the droplet over the period of an oscillation, and the second order expansion,

which will give us the leading order mean velocity of the droplet.

3.2.2 Asymptotic expansion

We will obtain the first and second order asymptotic equations for small ampli-
tude oscillations one equation at a time, expanding terms within the equations

separately if deemed necessary. The asymptotic expansions are

(b(ra 07 t) = ¢0(t) + Eél(ra 97 t) + €2¢2(7", 97 t) Tt
R(e,t) = R(] + 6R1(0,t> + €2R2<9,t) + coey
V() =eVi(t) + €Va(t) + ..., D(t) =1+eDy(t) + €Dy(t) + ...
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We will begin with (3.25) which is very simple to expand and separate since

the Laplace operator is linear giving
V¢p =0, (3.33)

V¢ = 0. (3.34)

The next step is to expand (3.26). To do this we will split the equations and
expand each term separately. The partial derivative of the velocity potential

with respect to time becomes

00| _ 0% | 961 00

P
ot|,_, ot o " o +... onr=Ry, (335)

2
R
T g, T

whereas the modulus of the velocity squared is
Vo|* =|Vei|* + ..., onr=R,. (3.36)

The most complicated term to expand in (3.26) is the curvature, which in

polar coordinates is given by

B R2+(R/)2—RR”
o (R2+(R’)2)3/2 ’

and so we will expand this into powers of € to give

K

1 Ri+R <R’2 + Ry RI+(R)?/2+ 2R R

= — ————= ... (3.37
R, R R I )* (3.37)

Inserting (3.35)-(3.37) back into (3.26), expanding the rest of the terms into
powers of € and then separating the powers gives the first and second order

equations as

d /!
%—i— ERO cosf — R;LRQRI = —sin(wt) Ry <cos€ + elsinﬁ) , onr =Ry,
0

’ (3.38)
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and

0 dVv: R+ R : :
% + d—;Rg cosf — 290—]%(2)2 = —[gRo + sin(wt) Ry] (0089 + elosm 9)
¢y dV; 1 Ri + (RY)?/2 + 2R, R
_Rlatar_ERlcose_§|V¢l|2_ L 160R8 17 OHT’:R(),
(3.39)

respectively. Next (3.27) can be separated into powers of € to give

OR, _ 96, B
o o T (340

ORy O 961 1 OR, d¢n
B Rh e ,
ot or o2 R2 00 00

We will now expand each of the boundary conditions in (3.28). To do this we

on r = Ry. (3.41)

first must expand

0= g Ftan~ ' (Dtanfy),

which becomes

f = g F 00 F eDq sin 90 COos 6)0 + 62 (D2 — Dy sin2 00) sin 90 COs 60 + .., (342)

at the boundary points. In addition to this we need to separate (3.29) into

powers of € which gives

tan 0y = tanfy + etan 6y (D) £+ secOyR)) + € tan by [Dy + Ry R
+tan? 0y (R))? £ (sec O R, + tan GoRlR’l)] -

and so by writing 04+ = 0y + €041 + €209 + ... we get
011 = sin gy cos Oy Dy + sin by Ry, (3.43)

01y = sin by cos Oy[Dy — Ry (R + Ry)] £ sin (R, —sinfgR1Ry).  (3.44)

Inserting (3.42) into the first boundary condition in (3.28) and expanding in

powers of € gives

Rl = D1 sin 90, at 0 = g + 90, (345)
1 OR
Ry = D5 sin 0+ D sin 0 cos 6, (§D1 cos Oy * 8_91) , atf= g:FQD. (3.46)
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The second boundary condition of (3.28) is expanded to give

le eil dDQ Hﬂ 1 ‘9:2|:1 s
— V=0 — — 24tV ==+ = t=—=F460 3.47
g EVmvRn g EVR YR g atf= 5 F b, (347)

dD1 sin 90 8R1 ™
o4V = D+ — = — 4
o tVi=v G (60890 1 09>, at 0 = o F b, (3.48)
dD sin 6 0*R OR . OR
d—;i%:U/ 600 [COSQO <D2—R%—R16721) :ta—;:FSlneoRla—el}
1 ,sin“6 OR,1? T
+§U” 9(2) 0 [CoseoDlia_;} s t9:§:|:90
(3.49)
The final boundary condition in (3.28) is expanded as
0 0 ~ 0? dD dD T
which can be separated to give
aqbl o le . ™
W = Fcot 90W7 at 0 = § + 00, (350)
8¢2 dDQ ~ 82¢1 T
W = F (COt QOW — 0, 902 R at 0 = 5 + 9()- (351)

Now we have expanded our equations and separated them for powers of €, we
will now look at each system of equations independently and solve them to

find an asymptotic expansion for the rise velocity.

3.2.3 First order terms

In this section we will look at the first order asymptotic expansion of (3.19)-
(3.23). We will begin by removing the time dependence from the equations
and then look at the shallow water limit which will be our first comparison to
[3]. After this we will separate the odd terms from the even ones in order to
examine the problem in terms of two independent modes. A summary of the

first order equations, taken from section 3.2.2, are

Vip, =0, (3.52)
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where

Opy  dVi cosf sin?6, [(O*R,
- T = = Ry
ot dt sinf, 0o 002

i t
- S;?IEC;O) [ 0sf + — o (Sin«9 — cos 00)} , onr =Ry,
(3.53)
ORy  0¢y -~
o or> U7 Fo, (3.54)
and
B . 0¢1 dDy T
Ry = D;sin b, 20 = F cot Oy—— o at 0 = 5 F Oy, (3.55)
,sin 6 8R1 ,sin gy dD, T
0D — — | = t0=—T0, (3.
T -+ < 6 cos 6y D, o 0, a 2:F b (3.56)

In order to simplify these equations we will extract the time dependence since

it only appears explicitly as sin(wt). We will do this by defining

o =N {éei‘”t} , Vi=R {‘N/ei“’t} , R =S {f{em} , D1 =S {Dei“’t} ,
(3.57)

and so if we insert these into (3.52) - (3.56) and cancel the exponential terms

we get
V3¢ =0, (3.58)

where

e S (TR R)
e (3.59)
1 .
= nhe |:COS(9 + — e (sm@ — cos 90)} , onr=Ry,
_ 0
wR = a—f, on r = Ry, (3.60)
and ~

R = sin 6D, % = F cot fpwD, at 0 = g F 6o, (3.61)

sin 6y OR T4 ( ,sin 6

~ T
G a0 0 cos Oy zw) 0, atd 5 Fb. (3.62)
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We now have a linear system of equations and by replacing (3.58) with a
boundary integral equation we can solve them simultaneously to get R, o,V
and D. Now we have the first order time independent equations we will look
into some methods for simplifying these equations further. First off all we will
decouple V and D using symmetry arguments and then we will look at both
the thin droplet and low frequency asymptotic limits of the equations. After
this we will use a conformal map to produce an alternate method for solving.

The numerical solution method for (3.58)-(3.62) can be found in section 3.3.2.

Odd and even modes

From observation of (3.58)-(3.62) we can see that the forcing terms are either
even or odd about § = 7/2 and so, since all the equations are linear, we are
able to separate both <z~5 and R into an even function and an odd one with
respect to § = m/2. The benefit of this is that it decouples V and D from
each other, meaning that the leading order motion of the droplet is actually
a combination of two independent motions, one which is symmetric about the

centre and one that is antisymmetric. And so if we write

¢(T7 8) = ¢E<T’ 0) + ¢O(r7 6)7 R(e) - RE(Q) + RO<9)7 (363)

where the subscript E' is even and O is odd about 6§ = /2. Now if we insert

these into (3.58)-(3.62) we can write the even mode equations as

Vg =0, (3.64)
where
sin?fy [ 0*Rp y(sin 6 — cos 6y)
W¢E 90 ( 062 RE) = 00 sin 90 s onr= R[), (365)
0
wREp = %, on r = Ry, (3.66)
and
Ry = sinfyD, % — — cot BywD, at § = ~ — 6o, (3.67)
00 2
ORp 1w - T
T <cos o — em 00) D, atf= B 6o, (3.68)



8RE . 8¢E . . ™

This system of equations describe how the droplet ‘spreads’ over the substrate.
One thing to notice from these equations is that + can be scaled out of the
equations by redefining each of the unknowns to scale linearly with . Now

we will look at the other set of equations given by
Vpo =0, (3.70)

where

in?6, [ O0*R 0 ~
wo + SO0 ( 0 +RO) =SS0 (1 wl). mr=R. (3T

00 062 Sineg
0
wRo = %, onr = Ry, (3.72)
and
0do ,sinfyORo ~ T
Ro=0, — =0 — =3V t=——40 3.73
0=0, G5 =0 Vmmgy iV atf=g5 -6, (373
T
RO = O, (250 = 0, at 0 = § (374)

This is the other system of equations and it describes how the droplet ‘sways’
along the substrate. What these sets of equations show is that V is only
associated with the swaying mode whereas D with the spreading mode. Later

we will see the interaction between these produces a net velocity of the droplet.

Thin droplet asymptotic limit

In this section we will cover a method we will use to check our first order,
time independent equations (3.58)-(3.62). What we will do is take the limit as
0y — 0 to find the shallow water limit of our equations in order to compare our
model to [3]. We begin by scaling 6, out of our variables so that the domain

remains bounded in this limit. We will start with

- g — fox, (3.75)
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which gives the limits « € [—1, 1]. This means the derivatives become

9__16 & _ 108
90 Oyox 002 03 0x%

Our other variable is redefined as

(3.76)

since this counteracts both the distance between the droplet and the horizontal

axis tending to infinity and the thickness of the droplet tending to zero as

6o — 0. Similar to above the derivatives are given by

o__ 1o &» _1&
or 00y Orr 020y

however the limits are slightly more complicated. The free surface is given by

the limit y = 0 whereas the other other limit is given by

cot 6y 1

= — 0
cos(fpx)  sinby oY

which can be rearranged to

~ cos(fox) — cos by

By sin by cos(fox)

As 0y — 0 the other boundary becomes

1 — a2

y = +0(63).

Now that we redefined our variables we will insert them into each of (3.58)-

(3.62) and look at the small § limit. Starting with (3.58) we get

1% sin 6, 99 N sin® 6, P
02 0y2  0o(1 — Oysinboy) Oy 02(1 — Oy sinOpy)? 02

0,

which can be rearranged to give

P¢ ., [0 ¢ .
a—y2 —90 (a—y - @ +O((90>

61
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From (3.77) we can expand ¢ asymptotically for small 6, as

(2,y) = da(,y) + 050(7,y) + -, (3.78)
and so inserting this into (3.77) we get

82¢a —0 82¢b o aQba . 82¢a
oy2 7 oyt Oy Ox?

These can both be solved easily to give
Pal,y) = Alx)y + B(x), (3.79)

o, y) = —g A2 + 5 (Alw) = B(@) y* + Claly + D(@). (3:80)

Now we will apply the impermeability boundary condition in order to eliminate
some of these unknowns. So if we take the first order, time independent version
of (3.30), i.e. ) )

0¢ 10¢

—- t0—— =0
or oo r 96 ’

and replace the polar coordinates with our new variables we get

~ cot by
~ sinf’

8_@ sin 0y tan(fyx) 8_g5 B 1— 22

_— prm— = 2
dy 1 —6ysinbyy Ox 0, ony +0(60).

Again, by letting 6y — 0 this reduces to

Do o 1 — 22

and so by expanding ¢ the same way as before we get,
-0 7 = . 3.81
dy Oy Y or ony 2 (3.81)

Now if we insert (3.79)-(3.80) into (3.81) we get

A =0 cw)=(5Epw) .
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or

i B’(x)) y+D(x).  (3.82)

1 1—
¢a = B(x), ¢ =—3B"()y*+
2 2
Our next step now is to insert ¢, and ¢, into the free surface and the contact
point boundary conditions in order to obtain the shallow water equations we

want. So if we take (3.60) and replace the variables and ¢ we get

2

wR(z) = —6, (1 - B’(:c))/ +O(6).

From observation of this equation we know that we can use the expansion

R(x) = 6ph(z) + O(63) and also if we replace B'(z) with u(x) we get

2
wh+ 2 (1 ’ u> —0. (3.83)

If we do the same for (3.59) we get

N . 2 2
w6 + OBy +wvsm(90x) | sin 6o <0 h N 9§h>
Ox?

1

= (sin(@ox) + gl(cos((%x) — CoS 00)) +0(03), ony=0,

sin 90 0

sin g 02

and by letting 6y — 0 this becomes

9 2
wB(x)—l—wa—F@:x—l—v :

If we differentiate this with respect to z it becomes

3

v 2
wu + w +8:U3

=1—x. (3.84)

Finally we need to do the same thing for the boundary conditions at the

contact points and so (3.61)-(3.62) become

. . on 1 - .
h=D, uw=+4wD, = _Vx+ (i+1) D,  atz==+l. (3.85)
or ' '

By taking (3.83),(3.84) and (3.85) and separating v and h into odd and even
functions about z = 0 gives (3.26)-(3.31) in [3]. We can conclude from this

section that our first order, time independent equations are accurate in the
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limit of 5 — 0.

Low frequency asymptotic limit

We have a set of equations for both the spreading and swaying modes and now
we will look at the case where w < 1. In order to do this we start with the

swaying mode, equations (3.70)-(3.74), and expand our variables as

do(r,0) = whs(r,0)+ ..., Ro(f) = Ro(0) +wRs(0)+..., V =Vy+wVs+..,

(3.86)
where we know V¢ will equal zero up to order w, and any constants will
have to be zero since ¢p also needs to be odd. Inserting these expansions into
(3.71)-(3.74) and taking the leading order terms gives

O%R., 0o
g0 L Ry = —2 cos, 3.87
062 Sty (3.87)
where
Ro=0, atf= g (3.88)
8Ra . iHOVa N s
Ra=0, pt=t atf=5 0 (3.89)

We will now solve these equations to find R and V for the case where w = 0.

Solving (3.87) and inserting the boundary conditions gives
80 77 .
[90 cot Oy cos O — <§ — 9) sin 6] ,

a — .
2sin® 6,

v’ 20, — sin(26y)

Ve 2sinfy 07 1 — cos(26,)

Now we have the leading order solution we will solve the order w terms, given
by

0%R; 0.V,
Ry = —227% cos 3.90
o2 T T T, 00 (3.90)
Rs=0, 0= g (3.91)
. 8R5 o i@oVﬂ . m
Ry=0, =i 6= —bo. (3.92)
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These equations are solved almost identically to (3.87)-(3.89), giving

GOVa ™ .
Rﬁ = _QSing 00 00 cot 6(] cosf — (§ — 0) sin 9i| y
Vo= - Ay = V2
7T T 2sing, 0T e

We can now combine these back together and write

~ 2sin® 6,

Ro (1 — iw\N/a> [00 cot 6y cos 6 — (g — 0) sin 9} + ..., (3.93)

V=", (vaa) o V=iV (3.94)
Since Rp is an odd function with respect to 6 = 7/2 then we already know
that mass is conserved. Now we have solved the odd mode in order to find V,
we will also solve the even mode.

The even mode is more complicated to solve asymptotically compared to
the odd mode since ¢ can be constant at leading order, and in fact will be
needed in order to satisfy mass conservation. This means that for the even

modes the variables will be expanded as

Sp(r,0) = 201+ bt w1, 0) ..
Rg(0) = Ra(0) + wRy(0) + ..., D =D, +wDy+ ...,

(3.95)

where the ¢_; term is included to balance (3.65). Now inserting these into

(3.65)-(3.69) and expanding gives the order 1 terms as

32Ra Y . 90 sin 00
502 + R, = NI {sm@ — (cos 0o + 5 ¢1)] , (3.96)
OR T
= = t0=— :
=0 a > (3.97)
OR,
R, = D, sin 6, 50 —D,cosfy, atf= g — . (3.98)

Now, in order to solve for ¢_; we also need the equation

7T/2+90
/ o R0 =0 (3.99)
7/2—6g
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Solving (3.96) gives

T ) 0y sin 0
R, = 28%360 [<§—6> cosf + Bsinf — 2 (c0890+ 0 5 0¢1)1 ;

where B is a constant of integration. Inserting the boundary conditions at

0 =m/2— 0y gives

2
D,sinf, = m {(1 — ;qﬁ_l) 0o sin by + (B — 2) cos 00} ,
—D, cosfy = 7 [(B—1)sinfy — 6y cos by .

2sin® 6,

Combining these equations gives

2
B =1+ cos® 0y + =¢_16, sin O, cos b,
f)/

ol [90 — sin O cos 6,

2
o= — —¢_16y| .
2 sin 6y 7¢1o

sin2 90
Now we need to apply the last constraint to solve for ¢_; and give us the
spreading mode. Since our function is even about § = 7/2 we can reduce the

integral to

w/2
/ Ra(6)d0 = 0,

/200

where

_ i T 2 o
“ = 25 b, [(2 9)0089—|—(1+COS Ho)sm9 2 cos By

—i—ztb,lﬁo sin By (cos Oy sin 6 — 1)} .
8

Looking at each part of this integral separately we get

/ﬂ Z: (g - 9) cos df — [(g _ 9) sin 9} :Ze + /7r Z: sin 6

= [(g — 6) sinf — cos@]ﬁ/2

w/2—60

= sin 6y — 0y cos by,

/2 w/2
/ sin 0df = sin 6, / df = 0,
7T/2790 77/2*00
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and so inserting R, into the mass conservation constraint gives

2 4 cos? 0y — 36, cot 0,
6y — sin 6y cos 8y

2
—¢—100 =
~

and so

oy A4 2 4 cos? Oy — 36, cot Oy
“ 2sin6, 0y — sin O cos O, ’

Now that we have the leading order solutions we will look at the order w terms,

given by )
aa;z" R, = —Si?T(ﬁ;O, (3.100)
% =0, atf= g, (3.101)
Ry = Dysin by, 35217 _ uwsfeo ~ Dycosfy, at O — g G (3.102)

Similar to before we will solve (3.100) to give

~ bogo

SiIl2 90

Ry =

(14 Asinf),
where A is a constant of integration. Before applying the boundary conditions
at 0 = /2 — 0y we will first apply the mass conservation constraint to give

0o

sin (90 .

A=

Now we will apply the boundary conditions to give

1D, sin 6y
¢0 = f )
v AO

’lﬂoDa 1-— 90 cot 00
v By —sinfycos by

Dy =

Now if we combine the terms back together we get

~ 290 1-— 90 cot 90
D=D,1—-w— - 3.103
( w v’ 8y — sin 6, cos 6y + ( )

We have now finished our low frequency asymptotic limit of (3.58)-(3.62) and

have some more results we can compare to our other solution methods.
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Conformal mapping

An alternative way to solving (3.58) - (3.62) is to map the domain from a

droplet to the upper half of the imaginary plane, using the transformation

1+ 2—icoth\™"
= . 3.104
v (1—2—1—2’001390) ( )

This will map the base of the droplet onto the positive real line and the
surface of the droplet onto the negative real line with the point x = —1,
y = cot 6y becoming the origin. Although this method seems unnecessary and
mathematically more complicated, it produces an integral which is numerically
simpler to solve and so, from our point of view, worth doing. We will now set
up the equations along the line v = 0 where first of all the impermeability

condition will still hold on the base of the droplet and so

0 99

%—%—O, foru>0, wv=0. (3.105)
Next we will transform the kinematic condition on the surface of the droplet,
which is ~
0¢ - 1
— =wR = : 3.106
ar O T T 0o ( )

By differentiating (3.104) with respect to z and letting » = 1/sin 6y we get

Vuw = (i,—1)

m sin” by ( it/ 4 it >7#90’ (3.107)

Oo(sin 6 — cos Oy) \ e~ 0o=7/2) — ¢if

or more simply Vw = (i, —1)b(6), where b(f) is a real function of §. Now we
can convert (3.106) into

0pu 990w _ -

%ar_l_%@r_w ’

and since %—’;’ = i% this becomes
op  wR(H)
— = f 0 = 0. 3.108
5 00) oru<0, w ( )
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Since g—‘f = 0 along the positive real line the solution of Laplace’s equation can

be written as

In |u — €| d¢, (3.109)

v=0

~ 0 x
¢<u,0>—¢m:1/ 99

T ) oo OV

where ¢, is a constant required so that <5 — oo — 0 as u — +oo. Now we

can transform (3.109) into polar coordinates to give

_ w /2460 o N N
3(1/sin b, 0) = doo — — / R()In ‘u(e) —u(@)]ad,  (3.110)
msinby Jx/o-g,
where p
cil0o—7/2) 4 it \ /%
u() = (e—i(Qo—W/Q) — ew) . (3.111)

We can now use (3.110) to eliminate ¢ and %; from the problem and so the

new system of equations is

sin®, (R - w? ~ A NP ¥
G (W + R) — ?/R(H) In ‘u(@) — u(@)‘ df + wV cos 6

(3.112)
= cosf + %(sin@ — cos ) — W sin by,
0

where

DTy 8R Z@ov iw@o A . ™
R = Dsin6,, %—U,Sin90i<cosﬁo— )D—O, at6—§:|:00.
(3.113)

Since we now also have a new unknown ¢,, we will apply mass conservation

in the form

7T/2+00 _
/ R(6)do = 0. (3.114)

/2—00
Now we have an integral equation to solve for R using the numerical solution

method in section 3.3.2.

3.2.4 Second order terms

When deriving the first order asymptotic equations, (3.57) shows that all the
terms in the solution are periodic and so the resulting droplet will not have

any net motion on the substrate. In order to examine the rise velocity of the
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droplet, we need to expand the system of equations further than the first order
terms and find the steady part of the second order terms. Since we are looking
for the steady terms, ¢ can be uncoupled from the rest of the problem and
so we will only look at the second order expansion of (3.20), along with the
boundary conditions for Ry. Again we obtain the second order equations from

section 3.2.2 giving

0o 0%, dVy cos0  dV) 1 9
v Ry ——+— R 0+ V|
ot | _p "V otor| " dt singy a0 3| VOrl—ry
Sin2 90 82R2 Sin3 90 1 ('3R1 2 82R1
= Ry ) — R+ - —— 2R —— | (3.115
% (ae2+ 2) % 1+2(89>+ gz | (3119)
g . v o,
(sin o + sm(wt)Rl) (COSG + e sin 9) ,
where

1 OR
Ry = Dy sin 90 + Dy Sil’leo COS 6(] (§D1 COS 60 + —1> s at 0 = E F 60,

00 2
(3.116)
8R2 00‘/2 90 dD2
N + Dy — — 0 2
00  v'sinb, (COS bl v'sinby dt )
. 8R1 82 Rl v” sin 90 8R1
= Sin eole + (R% + le> COS (90 — 27}/00 2 cos eoDlw
OR\> T
+ |cos® Oy D} + (8_91) } , atf= 5 F b,.
(3.117)

Now if we extract only the steady parts of these equations, ignoring any peri-

odic terms, we get

2 2

82R2 = wQO ~ sinQO E)R 6)0 8gz~5
o 222 — (sing, — 270 2 ofl | Yo o9
<ae2 +R2) <Sm 0 2sm290> B+ =38 T2 |ae| T
Oog ~sin 0o vsinf\ ~  2sin®6, - 9*R*
0 —— R 0 R R
S’ 0, (COS T >+ Sin 0, {(COS T )T e o
—wRV* cos 0} ,
(3.118)
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where

- 1. 1 . - OR* T
Ry — D5 sinby = EsmHOcos@O [§C0890|D|2:t§]%{D 50 }] , atf= §$00,

(3.119)
OR, - Oy -~ sin 6y _OR* _92R* v cosby ~ OR*
—~ 4+ Dy — Vo = t 0 — D
g0 02 e, 2T 2 g Tt lim e P
~ 2
costy, ~, v"sinby 9, 152 . |OR T
+ | —— — 0 — t0=—-7F80
(3.120)

We can now use the solution to the first order equations in order to solve this
simple second order ordinary differential equation for Ry, and use the extra
boundary conditions to find the constant part of V5, which we will call V,.. We
have two different solutions to the two-dimensional inertia problem; one which
solves for the full problem and one which solves the asymptotic solution up to
the order €. Before comparing the two solutions we will first look at another

method for finding the rise velocity.

Force balance

We can calculate the rise velocity of the droplet either by solving for the
second order terms in the asymptotic expansion of the equations, or a much
easier method is to integrate the momentum equations over the domain, and
an oscillation period, to find the average rise velocity. Similar to equations

derived previously, the equations for the droplet in a moving reference frame

e d dV. 1
u
— "R =— f 3.121
a T T (8121)
where f = —a(1,7/6). Along with the momentum equation we also have
Vou=0, (3.122)
and
dx
y =0, gl +V(01) — V5, at v = £D. (3.123)
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Using Reynold’s transport theorem,

d du du

the momentum equation can be integrated to become

i </ udA + %Agf() :l VkdA + GfA(),
dt \ J,, 0

0JAa,
1 D

=— nkdS + ef Ay.
0o J_p

The x—component of this equation is given by

d 1 [P
— (/ udA + VSAO) = —/ nykdS — eaAy, (3.124)
dt \ J 4, 0o J-p

and if we express the surface of the droplet as y = h(z,t) we get

oo\ e
e = "o Ox T a2 ox ’

2
dS =4/1+ <%) dzx.
ox

Now if we insert each of the into the curvature integral in (3.124) we get

12170
o2\
nykdS = 1+ =—
MV 81’
-D

We also know that oh

— =Ftanfy, atxz==£D,

ox
giving

cos B, — cosf_ = bheaAy. (3.125)

By rearranging (3.24), we get

0L =6

Vi U” Vi 2
14— —-—1—
T T (v’ R E
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and so

2 — 1 " dD
cosfy —cosf_ = ——0sin b {Vs - = (U—, — 0 cot 90) VS—] + ... (3.126)
v v\ v dt

Now if we combine (3.125) and (3.126) and rearrange we get

— 1 [ dD gAgt’
Vi=—|——6pcotby | Vi— — €+ 3.127
v’ <v’ 0o 0) i 2sin 6y ( )

Using (3.32) along with the first order asymptotic solutions for Dy and V; we

get the mean velocity as

"

o [ w v ~ gvl 290 — sin(290)
Vi=e {201 (v’ 0 CO 0) R (V ) 2sinfy 1 — cos(26y) (3.128)

This is the rise velocity of the droplet, when the amplitude is small, and we
have obtained vital information about the mechanism of the phenomenon using
this equation. First of all we can see that when € is small the rise velocity is
proportional to €2, this again tells us that the leading order motion of the
droplet produces zero net motion. We can also see that the rise velocity is

made up of two terms which we can write as
V./e =V, +V, (3.129)

The first term, V,, is the result of the oscillating substrate and so depends on
the frequency of the oscillations as well as the real part of V D*. This shows us
that it is the interaction between the two modes which allows the droplet to
climb uphill. The second term, V,, depends on the strength of gravity relative
to oscillations and for a fixed droplet size, and will apply a negative shift to
the value of the rise velocity.

We can now use (3.128) to look at how the rise velocity changes with the
magnitude of the contact angles. In the limit of 6y — 0 (3.128) reduces to

/

V, = ¢ [% <Z— - 1) R (VD*) . %1 , (3.130)

which is the same as (3.44) from [3] (with a factor of 2/3 difference which
needs correcting in [3]). When comparing (3.128) and (3.130) we can see

that the only differences between the equations are two separate functions of
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fy. The first function comes from the more complicated approximation of the
curvature for thick droplets whilst the second is the area of the two-dimensional
droplet. As the magnitude of the contact angles increases the first of these
terms decreases until reaching zero at 6y = 7/2. As the magnitude increases
further this term continues to become increasingly negative up to point where
it tends to minus infinity as 6, tends to m. The area of the droplet grows
positively as 6, increases and tends to infinity as 6y tends to . The reason for
this is that physically the limit of 6y — 7 represents a completely non-wetting
fluid however, due to dimensional scalings, the droplet is always in contact
with the substrate in range € [—1,1]. Due to this the size of the droplet
has to increase substantially to negate the liquid/solid interface and so this is
why the area of the droplet increases as such. The rates at which these two

functions grow are

AO ™
7T—6)0’ sinQOO( (7'('—90)37

By cot By ox — as 0y — oo.

What this means is as the droplets become increasingly non-wetting, the rise
velocity of the droplet is dominated by the affects of gravity over the oscilla-
tions of the substrate.

To summarise, the small amplitude asymptotic approximation has shown
that the leading order motion of the droplet (for small €) is a combination
of two periodic modes. Although these modes give zero net motion on their
own, we can see from (3.128) that the non-linear interaction between them
is what causes the droplet to climb up the substrate. We have also shown
that the small contact angle limit gives us the shallow water equivalent model
as required. We now have the full method, as well as two small amplitude
methods, to obtain the rise velocity and so in the next section we will outline
the solution methods for (3.19)-(3.23), the first and second order asymptotic

equations and the conformal mapping equations.

3.3 Numerical solution method

3.3.1 The full problem

In this section we will cover the solution method that we will use to solve (3.19)-

(3.23) numerically, as well as some problems that arise due to this method and
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how we will fix them. Apart from (3.19) the rest of our equations are on the
surface of the droplet (or the contact points) and so in order to simplify the
problem we will use the boundary integral method [31] to replace (3.19) with an
integral equation on the boundary. Since we have reduced the solution domain
to the surface of the droplet we can discretise this into N straight elements
and solve our system at each node. To deal with the time dependency we will
use implicit time stepping to find z,y,¢ and V; at time ¢ using a previous
time ¢t — At. The reasons for using an implicit time step are to deal with the
stiffness of the system and, more importantly, the evolution of the contact
points. The latter of these is important since the velocity of the nodes at the
contact points is a function of the contact angles and so using the droplet’s
shape at a previous time would not be numerically stable. We will begin by

transforming (3.21) into

dt  on
where n, s are the normal and tangential vectors at the surface and T at each
node will be the spring function (2.52), keeping the grid spacing between each

node equal. We can therefore write this in discretised form as

X; — Xf_At B %
At on

) n, —T;s; =0, fori=2 .. N. (3.131)

Next we will discretise (3.20) but first we will need to replace the partial

derivative with respect to t with a full derivative. To do this we will use

0¢ do dx Cde (99\® .00
a—a‘aw—a‘(%) T

meaning that (3.20) transforms into

0= O L (00N L (06\® . (08\ | Vi VI
A 2\an) t2l\as) TG )t A

1 (A 1 ry
——/ii—i‘ a .’L'Z'—i-— i :O,
g, T E 0,7

(3.132)

for ¢ = 2,..,N. As well as these time dependent equations we will also need

to discretise 6 boundary conditions for z,y and ¢ as well as an extra one for
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Vs. So by discretising (3.23) we get

t—At t—At

DTN Ly V@) =0, NELTINSL Ly gy =0, (3.133)

At At
Yy = 0, YN+1 = O, (3134)
—4 3 o t=At
b3 — 4¢a + 391 TN g0 = 0,

2xa = x4 At R (3.135)

On-1 — 40N +3PN+1 TNyl — vy cosf. — 0

2|XN+1 - XN‘ At * ’

with the extra condition given by

T+ INy1 = 0. (3136)

Although we have now approximated (3.19)-(3.23) as a set of nodes there are
still some terms listed which we have not yet explained how to approximate.
The curvature and unit normal on the surface (denoted by r; and n; respec-
tively), as well as the contact angles 6., will be approximated using curved arcs
across sets of 3 grid points. The tangential derivative of ¢ will be found using
a finite difference method whilst the normal derivative we will obtain from the
boundary integral equation. These approximation methods are covered in the

following sections.

Curved arc approximations

In order to approximate x and n at each node, as well as 8. at the contact
points, we will look at sets of three adjacent nodes and join them using a curve.
We will then use this curve to find a midpoint Xz(f), which is an equal distance
away from each node, and the radius R;, which is the length of this distance.

So for the points x;_1, x; and x;,; the midpoint is given by

) = 1y —y) (@ —2in) = (47 — vl D) (@i — m)
b 2 (Yirr —yi) (@i — 1) — (Y — Yi1) (Tig1 — T) (3.137)
. 1 LTiy1 — l‘z)(l“z - Iz’—l)(xi—l — Ti41
2 (Wis1 —yi) (@ — 2ic1) — (Yi — Yio1)(Tig1 — Jiz‘)’
y 1 (i — yi-1) (255 — v — yia)
e =2 |z +xig — : (3.138)
p 2 T; — Tj—q
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Figure 3.3: The rate of convergence for the maximum difference between the
numerical and analytical solutions to the curvature against the amount of grid
points. The logarithmic plot has a gradient of -2.

and the radius is

R, = \/(g; . mf;')>2 + (yz- - },“)2. (3.139)

Using these we can calculate the curvature and unit normal for each node on

the free surface as

1 ‘ 0 _ , 0 _,,

where the plus or minus are decided by d; = 0, where
d; = (xz - -f;(,i)) (yi+l - yifl) - (yi - y},")) (IL’iH - xifl)- (3-141)

We can also use these arcs to calculate #4 at the contact points as

™ 1 yz(72) — W ™ 1 yz(7N) —YN+1
0. =—+tan " | ——— |, 0O, = 5 +tan | V" | . (3.142)

2 ZL';S?) — T (L’;N) — TN+1

In order to test these approximations we will compare it to an analytical

solution using the simple example

hz) = (%m) G—:ﬂ)g, for z € {—%ﬂ

We have chosen this since it creates a droplet shape similar to those produced
by the model whilst being simple enough to differentiate twice in order to

calculate the curvature. The convergence rate for the maximum difference
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between the numerical and analytical solutions of the curvature is shown in
figure 3.3. The solution is converging with grid spacing squared, as it should,

showing our method for calculating s, n and 0, is correct.

Laplace’s equation

If we look at (3.19)-(3.23) we can see that apart from Laplace’s equation, the
rest of our system only requires knowledge of the free surface in order to solve
the problem. Now if we use the boundary integral method we are able to

replace Laplace’s equation with

3000 = [ Goexgocniee - [ )i o)

OR(t)

(3.143)
where f(x,t) is the function that Laplace’s operator was being applied to and
X is on the boundary OR. This reduces the solution domain to the free surface
meaning we no longer need to solve throughout the rest of the fluid. When
solving the full system of equations we will use this method to approximate
0¢/0n at each node given ¢ however, we know from section 3.2.2, when € is
small the function ¢ is an order € larger than the normal derivative of ¢. This
can cause the solution to be unstable over a large number of time steps. In

order to overcome this we will introduce the stream function v that can be

defined as

9o O
0¢ _ o
2 = po (3.145)

and use (3.143) to instead find 1) given its normal derivative, obtained using
(3.144). From here we can then use (3.145) to find d¢/0n from 1. The reason
we need to cover whether we are using ¢ or v is that it will change the Green’s
function we need. The boundary we are integrating over is made up of the free
surface X(s,t) as well as the base of the droplet y = 0. We know that along
the base the normal derivative of the velocity potential is zero and the stream
function is an arbitrary constant (which we will set to zero). This means that

if we use a Green’s function of the form

1
G*(x;%q) = ~5r [ln Ix — xo| £In/(z — 20)2 + (y + v0)?| (3.146)
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where we use plus for solving ¢ and minus for ¢, we can reduce the integral
to just the free surface. Now we have our Green’s functions we will need to
discretise the boundary into N straight elements and integrate across each of
them. If we assume that the function f and the normal derivative of f are

both constant on these elements, we can reduce (3.143) to

f(xo,t Z Bi (x0,t) fi(t) — (Xo,t)gi(t)}a (3.147)

=1

where g; is the normal derivative of f on the ith element (E;),

o (xo,1) = /E [ln X — Xo| £ In+/(z — 20)% + (y + yO)Q} di(x),

and

i B n-(x—xg) , ng(z—x0)+ny,(y+yo) N
o) = [ [P et

Now we need to solve the integral on each element. Unlike in section 2.2
we only need to integrate logarithmic functions which, unlike the Bessel and
Modified Bessel functions, we can do analytically. Therefore for this model
we will not be using the Gauss-Legendre quadrature to solve our boundary
integral equation; unlike Model 1. Since we have approximated each element

to be straight, we can write
xD = x; 4+ xgqu, for u €[0,1],

where X371 = Xj11 — Xj, and so on each element

(—ym, $21)

dl = ]x21|du, n=
|21

If we insert these into af and 5 we get

1
Ozzi(Xo,t) = |X21| |:/ In \/(1’10 + 562116)2 + (Z/IO + y21)2du
0

1
i/ In v/ (210 + 2210)? + (G10 + yaru)2du |
0
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and

1
T21Y10 — Y21%10
(xo,1) o (210 + 2211)? + (Y10 + y21u)?

1 2/ —_—
:I:/ $21yl(; 92_1%0 du .
o (10 + z21u)? + (Y10 + Yy21u)

where x190 = X; — X and ¥19 = y; + yo. If we compare the two integrals in
+

%

either o or ﬁli we can see that they are the same, only the left integral for
each contains y;9 whilst the right integral contains ;9. This means we only
need to solve the two left integrals and just write down the others. We will

begin with the first half of ﬁli which can be rearranged to look like

T21Y10 — T10Y21

1
I3 = / du.
7 o |X10|? + 2(z10%21 + Y10Yo1 )u + |Xa1 [Pu?

To solve this integral we will begin by completing the square on the denomi-

nator and then by using the substitution

2
X1 | u + T10T21 + Y10Y21 = (T21Y10 — T10Y21) tan v,

we get the solution to the integral as

b_
Ig=tan ' | ————
7 o (a_—i-mQ_)’

or in terms of the full solution

B (x0,t) = tan™" (b—2> + tan~! (b—+) . (3.148)

a_+m ay +m?i

where

a+ = x10x21+(yiiyo)y21, by = xz1(y¢iyo)—x1oy21, mi = xfo+(y7;iyo)2'
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Now we will again do this but for the first part of a;t, which expands to gives

1
[a = / In \/<|X21|2U + X10 * X21>2 + |X10|2|X21|2 — (XIO . X21)2du
0

—1In |X21|,

b u=1
_ = sec? v1n /b2 sec2 vdv — In |Xaq],
X212
X21 u=

0

b r u=1 u=1
= — |tanvln /b2 sec? v — / tan? vdv} — In |xa1],
|X21’ L u=0 u=0
b - u=1
= — tanvln\/bQ_ (1+tan2v)+v—tanv] — In [x21],
|X21| L u=0
1 2,
= —— |(Jx21)*+ a-) In \/b2_+(|X21|2+a_)2+b_tan_1 P+ a-
x21[? | b_

—|x21|* —a_ln/b* +a% —b_tan! (Z—)} — In |x91],

2 2 2
:ln\/m2_+|X21’2+2a_+ | a|2 ln\/m_+|X212| R
X21

m

b [ b
’X21’2 mZ +a_
Again if we write out the whole solution we get
Cl/?:(Xo,t) = |X21‘ <ln \/m% + |X21‘2 + 2a_ — 1) + b tan_l <2b—>
|21 m2 4+ a_

. 2 4 2q_ 249
+—|a |ln\/1+|X21| oy 4 1n\/1+—|le| 20y
X21

mZ |X21] me
+ | 1 2 249 1) + by -1 by
Xo1| | Iny/m3 + [x21|> + 2a4 — ‘le‘tan e B
T +
(3.149)

Now that we can solve the integral analytically for each element on the bound-
ary, we will take x¢ as the midpoint of each element and then we can write

(3.147) in matrix form as
B fi = A5gs, (3.150)

where

B = g <#t) B S (#Q |
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Before we use this to solve for d¢/dn we will cover how Aﬁ- and B]ﬂ; are affected

by j =i. For simplicity we will start by stating that when ¢ = j

1, 1
= —— b_ — 0 2 — — 2
a 2|X21| s 5 m_ 4|X21| s
and also
= P b, by = 2m 2 L P (G —
ay = 2|X21| + Y21Y21, + = Toa1Y21, ML= 4|X21| + P21(Y21 — Y21),

where o1 = y;11 + y;- This means that

Y3 — |x21|?/4

BE =7+ tan™! <&> : (3.151)

and

X 1
A5 = |xa] <1n | 221| - 1) + | |x21] (m \/Z|X21|2 + o1 (Y1 + yo1) — 1)
_ 9
4 (3/21y21 _ |X21’) n 1+ _ yzl_gm _

[x21] 2 %2112/4 + U351 — Y2192

21921 1 T21Y21
+ tan — 7 .
|X21| <y§1 - |X21|2/4>}
(3.152)

We have now covered how we will discretise the boundary integral equation

as well as explaining the value of each entry in the resulting matrices. We can
now use this to solve for d¢/0n, either directly from ¢ or via 9.

If we wish to solve directly from ¢ we we set our matrix equation up as
+. _ npt
Aj9i = B fi, (3.153)

where ¢; is the normal derivative of ¢, approximated at the centre of the
element, and f; = (¢i11 + ¢;)/2. To solve matrix divide both sides by A;ri in

order to give g; and then we use

¢ 9i T gi—1 .
— ] == f =2 ... N 154

which will allow us to approximate d¢/0n on all of the nodes apart from the
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contact points. If we instead use 1 to solve this we instead use the equation

where f; is ¢ approximated onto each element and g; = (i1 — &) /|Xir1 — Xil-
This time we solve the equation by matrix dividing each side by Bj; and use
the fact that ¢y = ¥y to find ¥ at each node. Finally, we then use

(3_‘15) e N S Y 7 (3.156)

on n 2’Xi+1 — Xi|

It should be noted that any element length |x;.1 — X;| can be used since the
spring function (2.52) keeps all the elements evenly spaced. Now that we
have our method for approximating d¢/dn on the free surface we can use our
solution method to solve (3.19)-(3.23). Before we can use this to compute a
solution it turns out that over a large amount of time steps the results begin
to degrade due to numerical error. What happens is the area of the droplet
changes by an insignificant amount at each time step and so by the time the
solution converges this change is noticeable. In order to overcome this we will
introduce a source function to the droplet in order to maintain a fixed area

without affecting the physics of our model.

Conserving mass - numerical accuracy

As the results converge to their periodic solution, the mass of the droplet
changes insignificantly each time step due to numerical error within the solu-
tion method. Although this does not cause much of a problem at each step,
the overall change can be noticeable and so we need to create a method for
dealing with this inaccuracy. The method we will use is to introduce an imag-
inary source into the droplet in order to maintain a constant area [5]. This

means that the continuity equation needs to be written as
V2 = —2mqd(x — X), (3.157)

where ¢ is the strength of the source and X is the location of the source and
d(x—x) is the two-dimensional delta function. The factor in front of the source
term is an arbitrary constant that has been chosen for simplicity. Now when

we derive the boundary integral equation, using Poisson’s equation above, we
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get

) 0)0) 1 - oG
/8R G<X’XO)8_ndl<X> - §¢(X) — - ¢(X)a_ndl(x)

— —2mq / G(x;%0)0(x — X)dA(x), (3:158)
R
= qln|xg — x|,

for x¢ on the boundary JR. When solving for v instead of ¢ we need to
remember that the stream function is the imaginary counterpart to ¢ and so

the boundary integral equation will therefore be

. a_w X—l %) — X% x) = anfl yO_g
| Glxixa) Gdio) - o) — [ v Zrie0 = gt (%é)@)

We now have an extra unknown ¢ and in order to solve for this at each time
step we will add the constraint
dA
— =0, 3.160

where A is the area of the two-dimensional droplet. We can use the fact that

A:E/deA,
2 Ja
1
:—/n-rdl7
2 Jx
L N
= - n - rdl,
2,

N 1
1 : B i
= =3 xiia - Xi\/ o1 (Yi + Y215) — Yor (T3 + IQIS)dS,
2 0 Xip1 — X

1 N
= 5 Z(%‘Hyz‘ - xz‘yz‘+1)7
i=1

and so inserting this into (3.160) we get

N

2At Z [miﬂyi — TiYir1 — (T Y — %?/iﬂ)t*At] = 0. (3.161)

i=1
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Figure 3.4: The change in area of the droplet between the initial state and
the mean area of the periodic solution against the frequency of the oscilla-
tions. The solid line is when the source function is included to conserve mass
whereas the dashed line has no source function. The error bars represent the
maximum/minimum area of the droplet over the period of oscillation. The
parameter values are ¢ = 0.1,7 = 50, = 1,v" = 0.5,v” = 0,9 = 0 and no
hysteresis.

In order to see the necessity of this source function figure 3.4 shows the change
in the area of the droplet between the initial state and the final periodic solu-
tion. If we looked at the difference in the rise velocities for these two methods
they are very similar, indicating that the source function is not needed, but
the method without the source function could not converge to a solution for
w > 1.75. The frequency at which a solution can no longer be found decreases
as we increase the amplitude of the oscillations and so the lack of a source

function very much limits the numerical method.

Solution convergence

When computing a solution by the full numerical method we need to decide
at what point the solution has converged to its periodic state. In order to
calculate this we will use a method of comparing the periodic solution over
two time periods. Once the change in the mean of the solution is small enough

over the two time periods we can deduce that the solution has converged.
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Figure 3.5: The convergence of the solution for an unconverged solution (left)
and a converged solution (right). The parameter values used are e = 0.1,y =
S5w=1,0p=1,v=0.51"=0,9=0,04 = 1.03 and 6 = 0.97.

Mathematically we can write this as

max |V (t) — Vi(t — 27 /w)|
max |V (t) + Vi(t — 27 /w)|

<er, fort e [ty,to+2m/w],

where Vj is the velocity of the swaying mode, er is the error that we decide to
set the accuracy and £, is some arbitrary value such that ¢t > t, always satisfies
the above condition. As the solution converges we get results such as shown
in figure 3.5, where the unconverged solution has an error of 0.1538 and the
converged one is 4.8796 x 1074, This method is used such that the solution to
the swaying mode is accurate to over 99%. With this we can assume the rest

of the solution is just as accurate, depending on numerical error.

3.3.2 First order asymptotic, time independent prob-

lem

In this section we will cover the solution method we will use to solve (3.58)-
(3.62). We will again discretise the free surface into N straight elements and
solve for ¢ and R at each of them. In order to approximate 8(;5/ Or on each
inner node we will use (3.153)-(3.154) since the first order problem is time in-

dependent. Apart from the boundary integral equation the rest of the system,
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with tildes omitted, is given by

inf; NZ?sin®6, 40?2
Wi + WVt SH;, SR — (2— 2 ) Ri+ Rin
sin 6, 40; N?2 (3.162)
1 :
— o [sin@i—l—elo(cos@i—coseo)} , fori=2,...,N,
wR; — (%)i —0, fori=2,..,N, (3.163)
where 0; = 0y[2(i — 1)/N — 1]. The boundary conditions are now
Ry —sinfyD =0, Rysi —sinfyD =0, (3.164)
—4 —4 _
N?)gb1 02 + 93 +wcot gD =0, N3¢N+1 ON + N1 +wcot BpD = 0,
460, 40,
(3.165)
3R1 —4Rs + R3 i60yV iwby
N 0y — D=0 3.166
46, + v’ sin O + (COS 0 o sin 90) ’ ( )
SRN_H — 4RN + RN_1 290‘/ iwéo
N — Oy — D =0. 1
40, v’ sin 0y + (COS O W sin 90> 0. (3.167)

This is the system of equations we will use to find the numerical solution to
(3.58)-(3.62). If we require only the odd mode we can remove the 7 term as well
any anything involving D whereas if we want only the even mode we remove
the sin#; term and anything involving V. This is one method for finding
the first order, time independent solution to the small amplitude asymptotic,

another is described below.

Conformal mapping

Now we will look at the solution method for (3.112)-(3.114). Let us start by
looking at the integral

dé, (3.168)

where

—7 y 7(/90
™ m e -+ 629
2 0, 2 05 U( ) ( ela SZG >

In order to solve this problem numerically it will be useful to remove the

singularities from (3.168) and solve these analytically to smooth out the func-
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tions being integrated. As 0 tends to a the logarithm within the integral is
dominated by
- ln ‘9 —a

and also as 6 tends to 0 the logarithm is dominated by
In (9 - é’ .

We will remove both of these terms from the main integral and solve them

separately, giving
b A R . 5 b A . .
1(6) :/ R(G)K(G,Q)d9+/ 1n)9 e‘de——/ R(@)ln’@—a‘de,
= Ic(6) + 10(6) - ~ L,

where

K(6,0) =In ‘u(@) —u(d)

—111‘9—@‘ —l—zln(é—a).
0o

Now we will look at each integral and see how we will solve them numerically.
The first integral Ix now contains a well behaved function across the domain
and so can be solved numerically by separating the boundary into N straight

elements and using Simpson’s rule on each section giving

20 [N 1 _ i
<Yo {ZK 9 9 2 [K(@,@l)Rl +K(9,9N+1)RN+1} +

For the other two integrals, if we again approximate the domain in N straight

elements, we can solve them analytically using

L) = o i {iw =005+ 37360 Feat

1 ~
|:(9i+1 —x)Si(z) — 571(3”)} Ri} ;
where x can represent either # or a and

Si(x) = (0iv1 — @) 0 [0i41 — 2| = 1] = (6; — ) [In[6; — = — 1],
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and

1 1
Now if we reinsert this back into (3.112) we get
N2sin® 6y [ ~ 402N -~ = 2 . ~
# Rifl — S — Rz + Ri+1 - w—IzJRj + wV cos (91
465 N? m (3.169)

= cosf; + gl(sin& —cosby) — whssinby, fori=2,....N,
0

where [;; is the integral separated into R; terms. The boundary conditions

become
Ry — Dsinfy =0, Ry — Dsinfy=0, (3.170)
3R, —4Ry+ Ry 6,V iwldy \ =
N — 6y — D= 171
46, v’ sin 6, st v’ sin 0, 0 (3.171)

3Ryns+1— 4Ry + Ry_1 N 0,V

N
40, v’ sin 0,

+ (cos g, — — 200 ) D=0, (3.172)

and the mass conservation constraint becomes

9% N/2 N/2—1
3—]\(; Ry + 3; Ry +2 Zl Ryii1+ Ry | = 0. (3.173)

Now we have two different solution methods for the small amplitude asymp-

totic problem, we will move onto our final solution method

3.3.3 Second order asymptotic, time averaged problem

This is the last solution method we will cover for model 2 and it is also the
easiest. In order to make this neater we will write the right hand sides of
(3.118)-(3.120) as some functions f;, g; and h;, for i = 1,..., N + 1. If we
again approximate the boundary as N straight elements and by using a finite

difference method we get

N? [ N2\ - ,
4—9(2) |:Ri_1 — (2 - 4—9(2)) RZ + Ri+1:| = fi7 for ¢ = 2, ceey N, (3174)
where
Rl - DSiIl 90 = g1, RN+1 - DSil’l 90 = JgN+1, (3175)
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3R, — 4Ry + Ry - 0,V

N D— =h 3.176
460, + v’ sin 0y b ( )
P 4R R _ 0oV
N3RN+1 Ry + Ry + D4 2 = hni1. (3.177)
40, v’ sin Oy

Now we have covered each solution method we can now move onto the results

they produce and start to compare them to each other, as well as [3],[8].

3.3.4 Validation of solution methods

Now we have covered the solution methods for the different ways in which we
can solve our governing equations, the next step is to check the convergence
rates of each method. Since we have multiple methods for solving the first
order asymptotic problem, as well as finding the rise velocity for ¢ < 1, we
will begin by comparing the methods to each other. Then we will choose
which small amplitude approximation method gives the most accurate results
and compare that to our low frequency asymptotic results. Finally we will use
this to compare to the results for our full solution method to (3.19)-(3.23) in
the small amplitude limit, as well as checking the rate of convergence of the
full numerical method for both space and time.

Now let us look at the first order equations that use the boundary integral
method and compare the results to the conformal mapped integral equation.
When looking at the order of magnitude of the error we see that the two
very different methods give almost identical results. This would suggest that
we have correctly computed two different methods for finding the first order
asymptotic solution to the small amplitude problem. In order to decide which
of the two methods to use we will compare the convergence rates in space for
both the methods. We can see from figure 3.6 that the method where we used
conformal mapping produces a solution that converges a lot faster and so this
will be what we use for future comparisons.

We will now carry out a similar test for the methods we can use to obtain
the rise velocity. We will look at comparing the second order asymptotic equa-
tions (solved using a finite difference method) to the force balance, depending
on the results from the first order equations. We will keep using the conformal
map as our method to solve the first order problem, and then use the results
from this to solve both the second order methods. If we look at figure 3.7 we
can see that the force balance converges faster than the asymptotic method.

This should be obvious because both methods are accurate up to order €2 but
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Figure 3.6: Convergence tests for the two different solution methods of the
first order asymptotic problem, plotting the maximum error of the modulus
of V — Vj, across the range w € (0,12], against the number of grid points
(where Vo is the converged first order solution). The parameter values are
v =05,00=1,v" = 0.5 and the logarithmic plots have a gradient of -2.

1072¢

Second order asymptotic solution

— — —Force balance solution

Ve — Vil

Number of nodes

Figure 3.7: Convergence tests for the two different solution methods for the rise
velocity of the droplet, plotting the maximum error of the modulus of V. — V,,
across the range w € (0,12], against the number of grid points (where Vg is
the converged rise velocity). The parameter values are v = 5,0y = 1,v' =
0.5,v” = 0,9 = 0 and the logarithmic plot for the dashed line has a gradient
of -2.
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Figure 3.8: The first order, time independent, absolute value of the velocity
of the centre of the droplet, Vj, against 6y for v = 1,v(0) = (0/6y — 1)/2, and
w =103 (left) and 1072 (right).

the second order asymptotic equations are a system that we still approximate
numerically using a finite difference method; introducing a larger amount of
error in comparison to the force balance equation. This error can be seen in the
solid line since it is not linear for results with less than 100 nodes. From these
two sets of results we can confirm that when we examine the small amplitude
limit of our problem we will use the conformal mapped first order solution
along with the force balance as our small amplitude method.

Although the agreement between the boundary integral and the conformal
mapping methods would suggest that our results are accurate; we will still
confirm this using an analytical solution to compare with. Therefore we will
now compare the solution for the absolute values of V and D between the
conformal mapping method and the low frequency asymptotic method. We
will begin with the velocity of the centre of the droplet, V, shown in figure
3.8. It is clear from the left graph that for very small w the two solutions
are almost identical however as w increases there is a higher order term that
begins to dominate near #y = 7. When comparing the first order correction to
the half width D (figure 3.9) we see that, for the values of w chosen, the results
stay almost identical. For frequency values larger than shown on these graphs
this again is no longer the case, meaning that again a higher order term must
dominate for 6 close to . This shows us that the small amplitude solution is
correct in the low frequency limit, for contact angles up to 2.8.

We have now shown that the chosen small amplitude asymptotic solution

method is accurate and so we will use this to compare to the full solution
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Figure 3.9: The first order, time independent, absolute value of the half width
of the droplet D against 6, for v = 1,v(0) = (0/6y —1)/2, and w = 1072 (left)
and 1072 (right).
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Figure 3.10: Comparison between full numerical solution method and the
conformal mapping/force balance solution method for the rise velocity against
w. The parameter values are ¢ = 0.1,y = 5,0y = 0.05,v” = 0,9 = 0 and
v =0.5.
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Figure 3.11: The convergence rate of the rise velocity for both space (left) and
time (right) for e = 0.5,y = 1,w = 1,v' = 0.5,v” = 0, ¢ = 0 and no hysteresis.

method for € < 1. We have done this in figure 3.10 for small 6, and considering
€ is as large as 0.1, in the full solution method, the results are very close. Not
only is this a good indication of how accurate the solution methods are in
comparison to each other but we can also compare this graph to figure 2 of [3]
to verify that the model is correct when compared to the shallow water limit.

The final verification we will use to check our solution method is to check
the rate at which the solution converges with respect to space and time. The
discretisation of the boundary, along with the integral method used, means
that the solution is accurate to the order of grid spacing squared. Also we
have used an implicit time step which is accurate to the order of the time
step. We can see from figure 3.11 that the solution is converging correctly in
both space and time as required. What we have done in this section is verified
that both the small amplitude asymptotic solution methods, as well as the full

solution method, work and are accurate.

3.3.5 Breaking the droplet

In order to examine more physically realistic parameter values we will need to
look at cases where € is too large to be approximated using the small ampli-
tude asymptotic results. What we will find however is that when the forcing
becomes too large it can cause the droplet to ‘break’. What we mean by the
droplet breaking is for one of the next four things to occur.

The first type of break is shown in figure 3.13 and it is when the contact
angle at the trailing end of the droplet reaches zero. This is the most common

type of break we will encounter as the parameter values required are very close
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Figure 3.12: The small amplitude asymptotic solution for the magnitude of
the velocity of the centre of the droplet (solid) and the change in the half width
of the droplet (dashed) against the frequency, for v = 5,0y = 1 and v/ = 0.5.
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(ii) ‘V‘ > ‘D
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Figure 3.13: Picture of a droplet where the contact angle at the trailing end
has reached zero. The parameter values are e = 1,7 = 1l,w = 2,0y = 1,0 =
1,v” =0 and g = 0 with no contact angle hysteresis.

95



Figure 3.14: Picture of a droplet where part of the fluid almost pinches off
from the rest of the droplet. The parameter values are € = 0.4,y = 25, w =
2,00 =1, =259"=0and g =0 with no contact angle hysteresis.

to the ones in (3.18), i.e. both 7 and 6, are approximately 1 and the frequency
of the oscillations fall into a range given by (ii) in figure 3.12. What happens is
the magnitude of the velocity of the centre of the droplet is much larger than
that of the change in the half width of the droplet. As the droplet climbs back
uphill the bulk of the fluid, as well as the advancing contact point, travel much
faster than the contact line law at the trailing end will allow. This causes the
fluid to thin out at the trailing end up to the point where the contact angle
reaches negative values.

The second type of break is when part of the droplet almost ‘pinches off’
as the substrate oscillates. An example of this is shown in figure 3.14 and
it occurs when the magnitude of the change in half width is much greater
than the velocity of the centre of the droplet. Since D is proportional to y
this result is more likely to occur when 7 is large; which physically means the
magnitude of the contact angles is larger or the inclination of the substrate
is smaller. Again referring to figure 3.12 breakages such as these can occur
in sections labelled (i). When the normal component of the acceleration is
acting upwards the fluid moves away from the substrate, if the magnitude
of the acceleration is large enough this will continue until the fluid closer to
the substrate begins to thin. When part of the droplet becomes too thin the
numerical method can no longer compute a solution.

The third example is when a part of the free surface touches the substrate
(other than at the contact points) and is shown in figure 3.15. Results such as

these are obtained very similarly to when the droplet ‘pinches off’ only now
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Figure 3.15: Picture of a droplet where the free surface touches the substrate
a the midpoint. The parameter values are e = 0.4,y = 20,w = 2,0y = 1,0 =
2.5,v" =0 and g = 0 with no contact angle hysteresis.

when the acceleration is acting in the opposite direction. The other way for
this to occur is if the contact angles are multiplied by a large enough factor
in the contact line law (i.e. v’ is large enough) in order for the trailing end to
keep up with the bulk of the fluid before the contact angle reaches zero. For
a large enough € the droplet will spread out enough that the height between
the contact points reaches zero causing the free surface to touch.

The final type of break is shown in figure 3.16 and it is when the advancing
angle reaches values larger than 7. This is very uncommon since it again needs
v to be smaller than 1 but also §y has to be larger than 7/2 (for the current
contact line law). What happens is similar to our first example only now the
equilibrium contact angle is much larger and so instead of the receding angle
not being able to keep up with the velocity of the fluid, the advancing angle
cannot keep up and so the bulk of the fluid begins to overlap. Eventually this
can get too large and the contact angle at the advancing end goes beyond 7.

Depending on what parameter values and contact line law are chosen, many
different unusual shapes can occur, e.g. the free surface touching the substrate
at multiple points or parts of the droplet pinching off near each contact point,

however each example will fall into one of these categories.
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Figure 3.16: Picture of a droplet where the contact angle at the leading end
has 7. The parameter values are e = 5,7 = 0.1,w = 2,0y = 2,0 = 1,v" =
and g = 0 with no contact angle hysteresis.

3.4 Results

3.4.1 Linear contact line law

In this section we will examine the motion of the droplet for a linear contact
line law. We will initially increase the amplitude of the oscillation in order
to diverge away from the asymptotic results, and then we will follow up by
varying the other parameters whilst keeping e relatively large. We will use
these results to examine how the solution to the model changes as we vary

certain parameters, all whilst maintaining a linear contact line law.

Larger amplitude oscillations

The amplitude of the oscillations is the driving force that causes the droplet to
climb uphill and so we will examine it for relatively large sizes (e up to order
1) and see how it changes the motion of the droplet compared to the small
amplitude asymptotic results. We have already looked at the rise velocity
against w for very small amplitude oscillations (figure 3.10) and so we will
extend these results for larger values of e. This analysis is useful to see how
large we can make the forcing in order to produce results for parameter values
similar to [8]. We can see from figure 3.17 that for small 6, the rise velocity
is proportional to the amplitude squared. What is interesting about this is
how little the proportionality changes as € is increased up to 1, meaning that

the small amplitude asymptotic solution is a good approximation for even
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Figure 3.17: The rise velocity of the droplet against w for v = 5,60, = 0.05,v' =
0.5,v” = 0,9 = 0 and no hysteresis. The dashed line is the small amplitude
asymptotic solution whilst the solid lines, following the direction of the arrow,
coincide with € = 0.25,0.5,0.75, 1 respectively. The results stop at w = 8.225
for ¢ = 0.75 and 6.975 for ¢ = 1 due to the contact angle at the trailing end
reaching zero.
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Figure 3.18: The rise velocity of the droplet against w for v = 5,60y = 1,0 =
0.5,v” = 0,9 = 0 and no hysteresis. The dashed line is the small amplitude
asymptotic solution whilst the solid lines, following the direction of the arrow,
coincide with e = 0.25,0.5,0.75, 1 respectively. The results stop at w = 3.975
for ¢ = 0.75 and 0.55 for ¢ = 1 due to the contact angle at the trailing end
reaching zero. In addition to this the results for ¢ = 1 do not start until
w = 0.25 due to the droplet almost pinching off for frequencies lower that this.

larger amplitude oscillations (also shown in [3]). However when we increase
the magnitude of the contact angle so that 6, = 1 this is no longer the case. For
larger contact angle droplets we see that again the small amplitude asymptotic
solution matches well for € up to 0.25 but as we increase this further the rise
velocity stops being proportional to €2, especially at the initial peak. What
we can also observe from this graph is that for contact angles with a larger
magnitude, the values for e that cause the droplet to ‘break’; do so at a lower
frequency (type of break similar to figure 3.13). In addition to this we can
see that for ¢ = 1 the frequencies that produce a result without the droplet
breaking do not start until w = 0.25 because for values lower than this the
droplet breaks similar to figure 3.14.

Now let us examine why the droplet breaks for the frequencies that it does.

We will only look at the case where 6, = 1 as it covers the smaller ¢, case
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also. For the case where the contact angle at the trailing end of the droplet
reaching zero we will need to look at the top graph in figure 3.19. We can
see from this graph that the small amplitude asymptotic solution contains a
peak swaying velocity, where the back-and-forth motion of the droplet will be
at a maximum. Since the frequency is low the acceleration of the swaying
mode is not too large meaning the droplet has a chance to keep up before the
contact angle of the trailing end reaches zero. As we increase the amplitude
of the oscillations a second peak begins to form at around w = 1.8 and a third
peak at w = 8.5. This second peak still causes little problem due to how low
the frequency of the oscillation is but at the third peak the droplet again has
a large swaying mode velocity, but with a large acceleration now also. This
causes the leading end of the droplet to move faster than the trailing end,
continuing up to a point where the distance between the two is too large and
the contact angle at the trailing end reaches zero. Now for the case where
the droplet begins to pinch off we will use the bottom graph in figure 3.19.
We can see here that there is a peak in the change of the half width of the
droplet at w = 0. This means that the smaller the frequency the closer the
contact points get, during a period of oscillation, and the bulk of the fluid is
propelled above the substrate to compensate. As we increase the amplitude of
the oscillations this amplifies until most of the fluid is accelerating away from
the substrate. When this occurs part of the droplet begins to thin as the fluid
moves further away up to the point where the fluid almost pinches off, i.e. the
droplet breaks.

What both figures 3.17 and 3.18 show us is that for even a linear contact
line law we can produce a droplet that either slides down the substrate or
climbs up it depending on the frequency of the oscillations. In addition to this
we see that both the rise velocities alternate between negative and positive and
the magnitude of the peaks/troughs decrease, as w increases. The former of
these two is due to the inertial forces in the fluid whereas the latter is because
the magnitude of the swaying mode is proportional to w™! and the spreading
mode to w=2. These proportionalities are shown for the shallow water limit in
[3] using a high frequency approximation however, due to the presence of the
boundary integral equation, we are unable to show this analytically for this

model.
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Figure 3.19: The velocity of the centre of the droplet (top) and the change
in the half width (bottom) of the droplet against w for v = 5,0y = 1,0 =
0.5,v" = 0,9 = 0 and no hysteresis. The dashed line is the small amplitude
asymptotic solution whilst the solid lines, following the direction of the arrow,
coincide with € = 0.25,0.5,0.75, 1 respectively. The results stop at w = 3.975
for ¢ = 0.75 and 0.55 for ¢ = 1 due to the contact angle at the trailing end
reaching zero. In addition to this the results for ¢ = 1 do not start until
w = 0.25 due to the droplet almost pinching off for frequencies lower that this.
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Figure 3.20: The rise velocity of the droplet against w for e = 0.5,60y = 1,0 =
0.5,v" = 0,9 = 0 and no hysteresis. The value of v increases in the direction
of the arrow as 1,5,8,10 respectively. The results stop at w = 4.125 for v = 8
and 2.125 for v = 10 due to the contact angle at the trailing end reaching zero.

Varying the thickness to inclination ratio

In addition to e the other new dimensionless parameter we obtained from
balancing the dimensional scalings in the governing equations was -, the ratio
between the slope of the droplets surface and the slope of the substrate. Now
we have looked at what varying the amplitude of the oscillations does to the
rise velocity of the droplet we should examine what varying + does also. We
already know from section 3.2.3 that D, the first order correction to the half
width of the droplet, scales linearly with v. Applying this knowledge to (3.128)
shows that for small amplitude oscillations the rise velocity scales linearly with
v also (when g = 0). When we increase the amplitude of the oscillation this is
no longer the case, and the increase in 7y causes the rise velocity to change in
a very similar way to increasing e (but not quite as much, figure 3.20). If we
refer back to (3.20) we see that the forcing normal to the substrate is given by
eyva and so this is the reason why increasing one is similar to increasing the

other; however the forcing tangential to the substrate is given by ea, so this
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Figure 3.21: Model of the droplet at equal time intervals over one period of
oscillation. The parameter values are ¢ = 0.5,0) = 1,w = 2,0 = 0.5,0v" =
0,9 = 0, no hysteresis and v = 1 for the darker shaded droplet and 10 for the
lighter shade.

is why increasing the amplitude of the oscillations has a larger impact on the
rise velocity compared to increasing the thickness to inclination ratio by the
same factor. We can also see from figure 3.20 that if we make v too large we
can cause the droplet to break again similar to before. Physically a large ~
means that the substrate is inclined at a small angle and so we will stick to
v € (0,10]. We will finish examining how varying 7 affects the results with a
look at the motion of the droplet over a period of oscillation for two different ~
values. This can be seen in figure 3.21 at four evenly spaced time increments.
It is clear from these graphs that increasing + has a large affect on the motion
of the droplet whereas the darker shaded drop (7 = 1) changes very little over

the period of oscillation.

Varying the magnitude of the linear contact line law

We already know how much contact line laws can dominate fluid dynamics
problems, even though we know little behind the mechanics at the actual
contact lines. We will now vary the parameter v’ to show that even if we keep
our contact line law linear, the weighting attached can completely alter the
results. What we can see from figure 3.22 is that we increase v’ by a factor
of 2, the result changes quite significantly. Also by doing this again (figure
3.23) we see a reverse in the direction of the rise velocity, with the frequencies

which produced a climbing droplet now slide and vice versa. This result is
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Figure 3.22: The rise velocity of the droplet against w for v = 5,60y = 1,v" =
1,v" = 0,9 = 0 and no hysteresis. The dashed line is the small amplitude
asymptotic solution whilst the solid lines, following the direction of the arrow,
coincide with € = 0.25,0.5,0.75, 1 respectively. The dotted line represents the
small amplitude asymptotic solution when v" = 0.5. The results for e = 1 do
not start until w = 0.375 due to the droplet almost pinching off for frequencies
lower that this and stop at w = 3.75 due to the contact angle at the trailing
end reaching zero.

105



001 T T T T T

0.005

-0.005

-0.01 ' ' ' ' '

/

Figure 3.23: The rise velocity of the droplet against w for v = 5,0y = 1,0 =
2,v" = 0,9 = 0 and no hysteresis. The dashed line is the small amplitude
asymptotic solution whilst the solid lines, following the direction of the arrow,
coincide with € = 0.25,0.5,0.75, 1 respectively. The dotted line represents the
small amplitude asymptotic solution when v = 0.5. The results for ¢ = 1 do
not start until w = 0.375 due to the droplet almost pinching off for frequencies
lower that this and stop at w = 2.75 due to the contact angle at the trailing
end reaching zero.

very important to show how dominated this problem is by the contact line,
again shown in [3] for the shallow water limit, where if we change the constant
v' a small amount the solution can change very rapidly. We also see that
the droplets still break for € = 1 only now for different values of w. Now let
us consider the limit of v — oo which corresponds to fixed contact angles.
From (3.128) we see that in the large ¢’ limit the oscillating term is O(1/v)
whereas the gravity term is O(v"). What this means is the droplet will always
slide down hill regardless of the other parameter values (again covered in [3]).
As we decrease the size of v' we get a rise velocity such as the one shown in
figure 3.24. We can see from this graph that apart from certain spikes the
rise velocity tends to zero for most frequencies. In order to understand what
these spikes mean we will need to look at the case where the contact points
are pinned (next section).

What this section has shown us is how dominated this problem is by the
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Figure 3.24: The small amplitude asymptotic solution for the rise velocity of
the droplet against the frequency for v = 1,6, = 1,9’ = 0.05,¢” = 0 and
g = 0.

contact line law.

Pinned contact points

If we pin the contact points the rest of the droplet will still continue to shake
on the spot when an oscillation is applied. Equations (3.58) - (3.62) but with

pinned contact points are

V26 =0, (3.178)
where
~ SiIl2 00 3ZR ~ 1 Yo

wo + % (W+R> = b (cos@+0—0(s1n9—60890)) , r = Ry,
) (3.179)

-0
Wit = a—ff, "= Ry, (3.180)

and -

. e s

If we compare these equations to (3.58) - (3.62) the only difference is that V
and D both equal zero and so the boundary conditions for the derivative of

R are not required. Instead we will use these derivatives of R to look at the

107



.

6 8 10 12

Figure 3.25: The maximum displacements of the contact angles against w for
v = 5,00 = 1 and pinned contact points. The difference between 6, and
0_ represents the swaying mode (left) whilst the sum of the two represents
the spreading mode (right). The singularities are when the modes vibrate at
resonant frequencies.

contact angles, given by

Q:I: = 90 + esinﬁog—}; + 0(62), at 0 = g + 90, (3182)

and since we want to look at the odd and even modes we can examine the
spreading mode using 6, +6_ and the swaying mode using 6, —6_. If we solve
these equations using a similar method as we did for (3.58) - (3.62) we can
see that, for the range of w we are looking at, both modes contain resonant
frequencies, as shown in figure 3.25. These resonant frequencies match up
with the spikes shown in figure 3.24. We conclude that the reason the rise
velocity increases so much at these frequencies is due to the increased motion
that occurs on the surface of the droplet when the contact line law is greatly
restricted. This effect is also visible when contact angle hysteresis is included

in a later section.

The addition of gravity

When thinking about this problem initially the presence of gravity would make
you assume that the droplet would roll down the substrate; however in spite
of the constant force acting downwards, the droplet can still manage to climb.
So far in all of the results for this model we not yet incorporated the constant
acceleration due to gravity therefore we must see how the addition of it changes
the results. If we refer back to (3.128)-(3.129) we know that for small amplitude
oscillations, the effect of gravity on the rise velocity is separate to the oscillating
substrate and depends on the magnitude of the contact angles and the contact

line law used. In order to see how the rise velocity of the droplet is effected
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Figure 3.26: The rise velocity of the droplet against the frequency of the os-
cillations for € = 0.5,y = 5,0y = 1,v" = 0.5 and v = 0. The solid line is
when there is no gravity included and the dashed line includes gravity with a
strength 25 times weaker than the magnitude of the oscillations. The rise ve-
locities have been shifted by an amount proportional to ¢ in order to look how
how the curves change when gravity is included, instead of just the negative
shift that occurs for all w.
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Figure 3.27: The evolution of the droplet over one period of oscillation for
e=05,7v=5w=2,0=1,v=0.5 and v" = 0. The solid line is when there
is no gravity included and the dashed line includes gravity with a strength 25
times weaker than the magnitude of the oscillations.

by gravity for larger values of ¢, we will compare the rise velocity for g = 1/25
with g = 0. In order to examine the shape of the curves we will also subtract
off the gravity term from (3.129) so that the rise velocities overlap.

The results for this are shown in figure 3.26 and it is quite clear that for
e = 0.5 the effects of gravity are still just a negative shift of V.. We will also
examine the shape of the droplet at four evenly spaced time steps over a period
of oscillation to see if the inclusion of gravity does anything to the shape of
the droplet. We can see in figure 3.27 that again, the inclusion of gravity does
little to the shape of the droplet. Increasing the amplitude of the oscillations
further, up to € = 1, still gives results that are very similar with or without
gravity and also the droplets break for the same values of w. What we can
conclude from this is that for the values of ¢ we are using, the inclusion of
gravity does very little to change to the results and so setting it to zero has

done little to impede our understanding of the mechanics behind this problem.

Varying the magnitude of the contact angles

Already we have used our model to look at the case where 6, — 0 in order
to compare with [3] and also looked at 6y ~ 1 so that the size of the droplets
are more physically realistic. We will now look at the difference in the rise
velocity as we increase 6y and, more specifically, look at what happens to

the motion of the droplet as 6y tends to w. We will begin by looking at the
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Figure 3.28: The rise velocity of the droplet against the frequency of the oscil-
lations as the magnitude of the contact angles increases. The other parameter
values are e = 0.1,7 = 5,0 = 0.5,v” = 0,9 = 0, no contact angle hysteresis
and 6, starting at 0.2 and increasing in multiples of 0.2.
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Figure 3.29: The rise velocity of the droplet against the magnitude of the
contact angles for w = 2,v" = 0.5,v"” = 0, g = 0 and no hysteresis. The dashed
line is the solution given by the first order asymptotic method, along with the
force balance, whilst the markers are results obtained from the full solution
method with e = 0.1 and v = 1.

rise velocity of the droplet against the frequency, as we slowly increase 6, up
to 1.4, shown in figure 3.28. We can see the as the magnitude of the contact
angles increases up to 1 the peak rise velocity also increases and also the peaks
frequency decreases. After this point the frequency continues to decrease but
the peak also begins to as well. This continues until 0y = 7/2, where the rise
velocity is zero for all frequencies.

As the magnitude of the contact angles surpasses 7/2 the peaks switch
signs and begin to increase in size (see figure 3.29 where we have now fixed w
and plotted the rise velocity against 6). What is interesting about this graph
is when the magnitude of the contact angles surpasses 2.5 the rise velocity
begins to vary quite rapidly with 6y. Looking at the asymptotic result on
its own would yield the conclusion that there must be some numerical error
encountered within the solution method but if we also include results obtained
from the full solution method we observe very good agreement between the
two. This leads to the conclusion that the unusual erratic behaviour is actually
an interesting result that we need to examine further. The lack of markers
shown on figure 3.29 is because of the time taken for the solution method to
converge for larger values of y as well as the fact that, for the current contact

line law, the full solution method encountered breakages similar to figure 3.16
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Figure 3.30: Comparison between the asymptotic solution solution and the full
solution for the rise velocity of the droplet against the frequency of oscillation
with vy =1,w =2,v" =0.5,v” =0, ¢ = 0 and no hysteresis.

as 6y surpassed 2.7. We have however taken a small section of figure 3.29 and
compared the asymptotic result to the solution method more accurately, shown
in figure 3.30. We can see from this graph that halving the value of € does
little to change the rise velocity of the full solution and so reducing it further
will not produce a solution much closer to the asymptotic one. Although the
two methods give results that vary slightly at the ‘peaks’, both rise velocities
give the same, unusual behaviour that we want to examine and the similarity
between the two means that this is indeed caused by the mechanics of the
problem and not an error within the method.

To examine this problem further we will vary w and fix 6, instead, shown in
figure 3.31. The first thing we can see is that for large 0y the rise velocity also
varies rapidly for w as well. Although it looks like the third graph contains
a set of singularities it is actually just rapidly varying similar to figure 3.29.
Another thing we can take from these graphs is the change in the order of
magnitude of V,/ve? as we increase 6. By looking at the y—axis we can see
that increasing 6y by 1 increases the rise velocity by an order of 10. The only

other quantity that changes at a similar rate is the area of the droplet given
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Figure 3.31: The asymptotic solution for the rise velocity of the droplet against
w for v = 0.5,9” = 0,9 = 0 and no hysteresis. The three graphs from top to

bottom are for 8y = 1,2 and 3 respectively.
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Figure 3.32: The rise velocity of the droplet against the square root of the
droplet’s area in the range 6 € [2,3], for w = 2,¢v" = 0.5,0” = 0,9 = 0 and
no hysteresis. The dashed lines represent extra modes appearing on the free
surface.

by (3.32). If we now look at figure 3.29 again but divide the rise velocity by
the square root of the area and plot this against the square root of the area
instead of 0y we get a result that looks more uniform, shown in figure 3.32.
Unfortunately the reason for using the square root of the area as both a scaling
on the rise velocity, as well as x—axis, is unknown.

Now we will look into what changes between each of these rapidly varying
peaks by examining the shape of the droplet for a value of 6, between each
peak. The results of this are shown in figure 3.33 and it becomes quite clear
that each dashed line in figure 3.32 coincides with an extra mode on the surface
of the droplet.

To finish this section we will look at the rise velocity of the droplet as we
vary both the w and 6y (figure 3.34). This graph clearly shows how must the
rise velocity varies with both 6y and w in the limit of 8, — 3. For 6, very close
to 3 the results have not fully resolved since taking results at too many points
makes the graph hard to read.

To summarise, we have looked at the motion of the droplet for a linear
contact line law whilst varying all other parameters. We found that in the
thin droplet limit the rise velocity remains proportional to €2 for values of € up

to 1 but for more realistic size contact angles this was no longer the case. The
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Figure 3.33: The shape of the droplet at for a given time where € = 0.5, =
l,w = 2, = 050" = 0,9 = 0 and no hysteresis. The value of 6, for
each graph is 1,2.2,2.5,2.65,2.74,2.8,2.84 respectively and the filled graphs
represent the solution to the full numerical method whereas the unfilled graphs
are the small amplitude asymptotic solutions.
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Figure 3.34: A 3-D plot of the rise velocity against the frequency of the oscil-
lations and the magnitude of the contact angles for v = 1,v" = 0.5,9” = 0 and
g = 0.

117



larger forcing causes the rise velocity to increase proportionally faster than €
in the range w € [0,2.5] however for frequency values greater than this the
rise velocity remains proportional to the amplitude squared as € increases. In
addition to this we saw that when the forcing was large enough there is a range
of low frequencies where a bulk of the fluid can be made to almost pinch off
from the rest of the droplet, a result that was not present in [3].

We examined what happens when we increase ~, which is equivalent to
increasing the forcing perpendicular to the substrate. This had a very similar
effect on the rise velocity as increasing € but the magnitude of the change is
slightly lower due to the forcing parallel to the substrate remaining the same.
We have shown how dominant the contact line law is for this problem; by
altering the linear law by just a small constant we observed the rise velocity
of the droplet change a significant amount. Even more importantly a sliding
droplet can been shown to climb and vice versa. This helps to show how little
we know about the mechanics of the contact line law and how important it is
for unsteady problems involving a contact line. Next we showed that although
the gravitational force was important when measuring the rise velocity of the
droplet, the inclusion of it does little to change the mechanics of the problem.

Finally we examined how varying the magnitude of the contact angles can
alter the problem. We found that for very small 6y the solution matched
very closely to the shallow water limit [3], and as 6, is increased to 1 the
magnitude of the initial peak in the rise velocity increased and the frequency
of it decreased. Now as 6y tends to 7/2, the rise velocity decreases for all
frequencies until it reaches zero. After 6, surpasses 7 /2 the rise velocity begins
to increase much quicker than it decreased and as #y nears 7 the rise velocity
changes very rapidly. It turns out that on the free surface of the droplet modes
begin to form as 0y gets large, and it is these modes that cause the rapid change
in the rise velocity.

The main conclusion we make take from this section is that for even the
most basic contact line law, without physical effects such as hysteresis, we
can create a model of a droplet that can both climb up and slide down the
substrate when a sinusoidal oscillation is applied parallel to the acceleration

due to gravity.
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Figure 3.35: The rise velocity of the droplet against w for v = 5,60y = 1,0 =
0.5,v" = 0.2,9 = 0 and no hysteresis. The dashed line is the small amplitude
asymptotic solution whilst the solid lines, following the direction of the arrow,
coincide with € = 0.25,0.5,0.75, 1 respectively. The dotted line is the small
amplitude asymptotic solution for v” = 0. The results stop at w = 5 for
e = 0.5, 1.05 for € = 0.75 and 0.45 for ¢ = 1 due to the contact angle at the
trailing end reaching zero.

3.4.2 Non-linear contact line law

As we already know the velocity of the contact line most certainly cannot be
modelled as a linear function of the contact angles. In this section we will
alter the contact line law in order to see whether we can produce results more
qualitatively comparable to [8]. We will begin with the quadratic term already
present in the small amplitude asymptotic solution, and then also look at cubic
contact line laws [33]. In addition we will include contact angle hysteresis and

look at some alternate laws to see how it changes the results.

Quadratic contact line law

When we examined the small amplitude asymptotic approximation we ex-
panded (3.25)-(3.28) up to order 2. This meant that the Taylor expansion of
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Figure 3.36: The velocity of the contact points as a function of their respective
contact angles for a contact line law with both a linear and a quadratic term.

the contact line law contained a quadratic term weighted by v” and so in this
section we will look at some results when v” # 0. If we use a fully quadratic
contact line law we will result in a local minimum at 6 = 6, which is very un-
realistic (and unhelpful) therefore we will keep the linear term and set v” < v'.
If we now examine the rise velocity produced using this quadratic contact line
law (figure 3.35) there are a few points we can discuss. First of we see that the
magnitude of the peaks has decreased significantly. The reason for this can be
seen in the oscillating term of (3.128) which is weighted by (v"/v" — 6, cot 6y).
For the value of 6 used the magnitude of this term decreases as the ratio v” /v
increases. We can also see from this graph that the solution breaks for smaller
values of € compared to the solely linear case. This is due to the fact that with
the additional quadratic term, the speed of the leading contact point has been
increased whilst the trailing point has been reduced. The most common cause
for the droplet breaking is the trailing end not being able to keep up now, and
when using a quadratic contact line law, this occurs for lower values of e.
Although the addition of a quadratic term in the contact line law still
produces a droplet that can still either climb up or slide down the substrate
when an oscillation is applied, the unusual form of the contact line law (figure

3.36) is unhelpful and so we will not examine it any further.
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Figure 3.37: The rise velocity of the droplet against w for y =5,00 =1,9 =0
and a contact line law given by v() = (6 — 6y)/2v/00. The dashed line is
the small amplitude asymptotic solution whilst the solid lines, following the
direction of the arrow, coincide with ¢ = 0.25,0.5,0.75,1 respectively. The
results stop at w = 5 for e = 0.75 and 4.05 for € = 1 due to the contact angle
at the trailing end reaching zero. In addition the results for ¢ = 1 do not start
until w = 0.375 due to the bulk of the fluid almost pinching off.
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A square root in the contact line law

We will now look at a contact line law that includes the condition v — —o0 as
0 — 0, in order to examine if we can increase the amplitude of the oscillations
compared with the linear contact line law. In order to do this we will model
the velocity of the contact line as
o0) = S0
21000

where the square root has been chosen in order to fulfill the new condition,
as well as agree with (4.9) in [3] as 6y — 0. Although this new law has no
physical significance we will use it to look at the mechanics of the problem
as € is increased. If we now look at some results produced by this new law
(figure 3.37) we can see there are a couple of points worth discussing. The
first being that the magnitude of the rise velocity has over doubled that of a
fully linear contact line law even for e = 0.25. The reason for this is if we look
at the change in the force balance result (A.7) we can see the v” /v’ has been
replaced with a —1. This means when comparing the results for v = 0 and
0y = 1 we get an increase in the magnitude of the rise velocity by a factor of
2.56. In addition to this we can also see from figure 3.37 that we now need
a higher frequency in order for the droplet to break, as expected. What both
figures 3.35 and 3.37 show us is that significant changes are seen in the results
when we alter the contact line law; again signifying the importance of it in
this problem. The final note we will make about this contact line law is that

if we set 6y < 1 we get the same results as figure 5 in [3].

Cubic contact line law

We have looked at some different non-linear contact line laws in order to see
how the mechanics of the problem changes but now we will attempt to use
something more realistic. To do this we will use results obtained for a steady
flow [14][33] and model a contact line law similar. The contact line law will

now contain a linear term (weighted by v' = 1) and a cubic term, giving

v(8) = (% - 1) + (9% - 1)3. (3.183)

122



v(6)

Figure 3.38: The velocity of the contact points as a function of their respective
contact angles for a contact line law with a square root.
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Figure 3.39: The rise velocity of the droplet against w for y =5, =1,9 =0
and a contact line law of the form v(0) = (0/6y — 1) + (6/6y — 1)3. The
dashed line is the solution for a linear contact line law and ¢ = 0.1 and v/ =1
whilst the solid lines, following the direction of the arrow, coincide with € =
0.25,0.5,0.75, 1 respectively. The results for € = 1 do not start until w = 0.375
due to the bulk of the fluid almost pinching off.
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Figure 3.40: The velocity of the contact points as a function of their respective
contact angles for a contact line law with both a linear and a cubic term.

Some results given by this new law can be seen in figure 3.39 and, as ex-
pected, when the amplitude of the oscillations are small the rise velocity is
very similar to the linear contact line law. Again similar to the linear contact
line law increasing the amplitude of the oscillations causes the magnitude of
the initial peak to increase however unlike the linear law the initial trough
becomes increasingly positive also. The rise velocity for w € [0,2.5] continues
to grow faster and faster as € approaches 1, and we can also see that for higher
frequencies the droplet does not break due to the increased velocity at the
trailing end of the droplet, with the addition of the cubic term. Unfortunately
we are still unable to increase € much further without the droplet breaking for
all w e [0,2].

The reason the droplet breaks is due to a bulk of the fluid almost pinching
off which is a result of v being too large. If we look back at (3.18) we see that
~ is approximately 1 during the actual experiment and therefore by reducing
it for this analysis we can reach the values of € we want (figure 3.41). Unfortu-
nately what the left graph shows us is that as we increase the amplitude of the
oscillations whilst using this contact line law, the rise velocity of the droplet

decreases. This is the opposite of what we wish to achieve.

Hysteresis

Hysteresis is a very important mechanism in contact line dynamics and plays

an important role in the droplet climbing up hill. When talking about hys-
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Figure 3.41: The rise velocity of the droplet against e (left) and the velocity
of the centre of the droplet over a period of oscillation, for € increasing in the
direction of the arrow from 1 to 2 in increments of 0.2 (right). The other
parameters are v = 1,w = 1.5,6y = 1,9 = 0 and a contact line law given by

v(0) = (0/60 — 1) + (68, — 1),

teresis we return to a contact line law that includes both 64 and #g, and so we
will begin by adding a very small hysteresis interval, 87, which will be defined
as

Or =04 — O (3.184)

The term hysteresis interval shall only be used for the cases where the average
of 04 and Op is 0y (as defined) however when we compare this model to [8] we
will use the definition
cosf + cosOg
cos by = 5 ,

similar to their method. This means that 6y will no longer be the mean (unless

04 = 0r = 0y). The first results we will look at is the rise velocity for the same
parameters as figure 3.18, only now with the inclusion of hysteresis.

We can see from figure 3.42 that adding hysteresis into the problem (even
a small amount) causes a large change in the rise velocity. We will now look
at how the rise velocity is affected by examining it in sections. For the initial
section when w € [0, 1] we see that adding very small amount of hysteresis to
the model causes the rise velocity to increase but as the hysteresis interval is
increased the velocity drops again and develops a strange zigzag pattern. We
are unsure why this occurs, it is another unusual result of an unsteady flow
with a contact line. The next section isw € [1, 3], and the addition of hysteresis

causes a large increase in the magnitude of the peak/trough. The reason for

125



0015 T T T T T

0.01

0.005

-0.005

-0.01

-0.015 ' ' ' ' '
0 2 4 6 8 10 12

Figure 3.42: Rise velocity of the droplet against w for e = 0.1,y = 5,0y =
1,v" = 0.5,9” = 0 and ¢ = 0. The dashed line represents the rise velocity
when there is no contact angle hysteresis present whilst the solid lines have a
hysteresis interval of 0.02 (1), 0.04 (2) and 0.06 (3) respectively.
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Figure 3.43: The rise velocity of the droplet against the hysteresis interval for
e=01,7v=5,0p=1w=2,v=050"=0and g =0.

this is that a resonant frequency of a pinned droplet can be found in this
range (figure 3.25) and so as the contact angle hysteresis restricts the motion
of the contact line, the droplet in this range shakes quite rapidly causing a net
motion to still occur. This range of frequencies is in fact the final section that
produces a rise velocity as we increase the hysteresis interval towards the limit
of pinned contact lines. The final section we will look at is w € [9.5, 10.5], where
the addition of hysteresis has caused a droplet with almost zero net motion
to begin to slide very rapidly. This is again due to a resonant frequency for
a pinned droplet being at w = 10. Apart from these sections the effects of
hysteresis are either a small change in the rise velocity or, as w gets larger, the
contact points become pinned due to the relative sizes of the contact angles not
being able to overcome the hysteresis interval. Another way of examining the
effects of hysteresis on the rise velocity is to fix the frequency and increase the
hysteresis interval (figure 3.43). We can see that as we increase the 6; the rise
velocity initially increases, as we saw in figure 3.42, however once it reaches
its peak (6; = 0.08) the hysteresis interval begins to restrict the motion of the
contact points instead. This occurs up to a point where V; is only negative
or zero (f; = 0.14). After this the more we increase the hysteresis interval

the smaller the negative part of the swaying mode velocity becomes until the
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Figure 3.44: The velocity of the contact points as a function of their respective
contact angles for a contact line law with contact angle hysteresis.

contact points are completely pinned (6; = 0.16). In addition to this we will
also examine how the velocity of the contact points look as a function of their
respective contact angles (figure 3.44). As expected the velocity increases and
decreases linearly when the contact angle is larger than 64 or smaller than 0y

respectively and is zero otherwise.

Contact line dependence

We observed in section 3.4.1 that varying the weighting parameter of a linear
contact line law can cause the rise velocity of the droplet to change dramat-
ically. Now we will look how dominant an effect the contact line law has on
the rise velocity when hysteresis is present (figure 3.45). We can see that as
the hysteresis interval increases the magnitude of the rise velocity increases
(as expected) but what is also clear, and more interesting, is that the three
different lines are converging to a similar result. This suggests that although
the contact line law is a very important component of this problem, the pres-
ence of contact angle hysteresis can be more dominant meaning less emphasis
needs to be put on it. The importance of this result is that there is little yet
known about modelling an unsteady contact line and so if we can negate the
importance of it we will have an easier time understanding the problem.
Now to explain the mechanics behind this result. The effects of adding
hysteresis to a contact line law is similar to adding a restriction to it and so

adding a hysteresis interval of 1 would be similar to halving ¢’. This would

128



Figure 3.45: The rise velocity of the droplet against w fore = 0.1,7 = 5,09 = 1,
a linear contact line law and no gravity. The different lines on each graph
represent different constants within the contact line law whilst the different
graphs (top to bottom) represent hysteresis intervals of 0.02, 0.04 and 0.06
respectively.
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Figure 3.46: The small amplitude asymptotic solution for the rise velocity
of the droplet against w where v = 5,0, = 1,v" = 0.01,v” = 0 and g = 0.
The dashed lines (including the two vertical solid lines) represent the droplet’s
resonant frequencies for the pinned contact point oscillations.

effectively decrease each arbitrary constant meaning the difference between
them decreases also. This is the reason the results are getting closer together,
and also why the solid line begins to show the resonant point first.

We have looked at how adding hysteresis is similar to decreasing v" and
so we will now see how decreasing ¢’ is similar to adding hysteresis. We will
do this by examining the small amplitude asymptotic solution for the rise
velocity for v/ = 0.01 (figure 3.46). We can see that the droplet’s modes
approach resonant points for w ~ 2.7 and 5.9 however the third resonant point
only produces a small peak at w ~ 10. What can also be seen in this graph is
that for the interval between the first two resonant frequencies the rise velocity
does not reach zero due to the fact that these modes are close by. This means
that the droplet still shakes at quite large amplitudes and so still produces a

net motion.

Typical, steady dynamic contact line law

What we discovered using a cubic contact line law is that we can use it to
reach parameter values close to that of the actual experiment [8], but when
we do the droplet slides. What we have also discovered is that for w € [1,2.5],
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Figure 3.47: The rise velocity of the droplet against € for v = 1,6y = 1,w =
1.5,9 = 0.0275 and a cubic contact line law. For the contact angle hysteresis,
0,4 increases in increments of 0.05 and fr decreases in increments of 0.06 in
the direction of the arrow, starting at no hysteresis.

the inclusion of contact angle hysteresis can increase the rise velocity. Now by
combining these we will see if we can cause a droplet to climb uphill for exper-
imental values. We should note that during the experiment the dimensionless
advancing and receding contact angles were observed to be 1.25 and 0.7 re-
spectively, and therefore make an uneven hysteresis interval. What we will
examine is how adding increased amount of hysteresis affects the maximum
€ we can use without the droplet breaking and additionally what effect this
has on the rise velocity. The results in figure 3.47 show us that as we increase
contact angle hysteresis we are no longer able to produce results for as large
an amplitude. The reason for this is that the amplitude of the oscillations
will affect the motion of the fluid whereas the hysteresis affects the motion of
the contact points. By increasing the hysteresis we restrict the motion of the
points whilst the bulk of the fluid is still attempting to travel a similar distance
as with the decreased amount of hysteresis. The result of this is the contact
angle at the trailing end of the droplet is more likely to reach zero, giving the
results shown in figure 3.47. What is more interesting about this graph is the
fact that the rise velocity does increase with hysteresis, up to a point where it
is positive for the desired values of #4 and . An additional way we can use
this contact line law to compare to the experiment is by examining the shape
of the droplet over one period of oscillation (similar to figure 1.2). We can see

from figure 3.48 the shape of the droplet as it climbs up the substrate. This
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Figure 3.48: Model of the droplet at equal time intervals over one period of
oscillation. The parameter values are ¢ = 1,7 = 1,6 = 1,w = 1.5,9 =
0.0275,6,4 = 1.25,0r = 0.7 and a cubic contact line law.
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Figure 3.49: The rise velocity of the droplet against the frequency for ¢ =
1,y=1,00=1,9g=0.04,04 = 1.25,0g = 0.7 and a cubic contact line law.

shows the characteristics of the climbing flow, where the contact angle at the
‘bottom’ of the droplet varies more than at the ‘top’, and by taking the aver-
age over one period of oscillation for the displacements in the contact points
due to the change in angles, we see a net gain up the substrate. Unfortunately
apart from that it is difficult to use these graphs as a comparison. We will now
look at how the rise velocity changes with the frequency for these parameter
values (figure 3.49). We can see from this graph how for these larger values of
e and the realistic contact angle hysteresis the droplet is able to climb up the
substrate. Unfortunately if we make a direct comparison between figure 3.49
and any horizontal line drawn across figure 2 of [8] we see that the results of
this contact line law still do not follow the same pattern of those seen in the
experiment. We can however state the rise velocity in both cases tends to zero
as the frequency increases. For completeness, we can see in figure 3.50 that
the shape of the contact line law is similar to that shown in [14][33] for their
analysis of steady moving contact lines.

To summarise, we have examined how the behaviour of the droplet changes

when we use a non-linear contact line law. We began by looking at a quadratic
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Figure 3.50: The velocity of the contact points as a function of their respective
contact angles for a cubic contact line law with contact angle hysteresis.

law which is consistent with the small amplitude asymptotic solution. What
we found from this is that, in addition to this law being physically unrealistic,
the quadratic term causes the magnitude of the rise velocity peaks to decrease
as well as causing the droplet to break for smaller amplitudes compared to the
linear law.

We then moved onto a contact line law with a factor of 1/v/8 included,
to help encourage the contact angle at the trailing end of the droplet to not
reach zero. This law did the opposite of the previous one, both increasing the
magnitude of the peaks as well as the range of results that could be obtained
before the droplet breaks. So far both of these laws have little theoretical
justification however and are just included to see how they alter the mechanics
of the system.

Next we used a cubic contact line law in order to move towards something
more physically realistic. What we found using this law is that the additional
term allowed us to reach solutions to even higher amplitude oscillations, even
for parameters similar to the experiment, however what we also found was
that for these values the droplet slid downhill.

We then added contact angle hysteresis to the linear contact line law and
found that it altered the results quite significantly. The magnitude of the rise
velocity of the droplet increased quite substantially for frequencies near the
pinned contact points resonant frequencies, whereas it tended to zero in other

areas. We also discovered that the weighting parameter v’ has a decreased

134



effect on the rise velocity the larger the hysteresis interval.

Finally we combined the last two contact line laws in order to produce a
velocity dependence similar to that observed in experiments on steady moving
contact lines. What this showed is that we can use parameter values similar to
the experiments and produce a droplet that can either climb up or slide down
the substrate. This is mainly due to the addition of contact angle hysteresis
and how the larger it was, the more the rise velocity increased (even though it
caused the maximum allowed amplitude of oscillations to decrease). Overall
we have shown how different singled-valued contact line laws can change the
mechanics of the problem whilst still all producing droplets that can either

move up or down the substrate.

3.4.3 Time dependent contact line law

So far we have only examined results for the case where the velocity of the
contact points is a single valued function of the respective contact angle how-
ever we know from [34][8] that this is not the case for an unsteady flow. In

this section we will add a time dependency to the contact line law of the form

d
Td—z +v=f(0), atz==+D, (3.185)

where 7 is a constant which we will prescribe and f(#) is some function of
the contact angle similar to the previous two sections. We currently have no
physical justifications for using this law. We are just examining how it changes
the mechanics of the problem, and to see if it produces results closer to that
of [8]. We will begin by setting f(0) = (0/0y — 1) and see how the addition of
the time dependency compares to the linear contact line law with o' = 1. If
we now compare the results for when 7 = 0 and 0.1 (figure 3.51) we see that
although the rise velocity has changed, it is nothing significant. The reason the
difference between 7 = 0 and 7 = 0.1 increases with w is due to the w?7? term
in (A.11). In addition to this the droplet also does not break in the range of
frequencies for € = 1, unlike the purely linear case. What is more interesting is
if we now look at the velocity of the contact points as a function of the contact
angles. We can see from figure 3.52 that when the contact line law has a
time dependency the velocity of the contact points are no longer singled value
functions of the contact angles. Due to f(6) being linear, and without the

presence of contact angle hysteresis, we see that the new relationship between
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Figure 3.51: The rise velocity of the droplet against w for vy =1,0p =1,9 =10
and f(6) = (0/6y—1) within the time dependent contact line law with 7 = 0.1.
The dashed line is the small amplitude asymptotic solution whilst the solid
lines, following the direction of the arrow, coincide with ¢ = 0.25,0.5,0.75,1
respectively. The dotted line is the small amplitude asymptotic solutio for
7=0.
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Figure 3.52: The velocity of the contact points as a function of their respective
contact angles for a time dependent contact line law with 7 = 0.1 and f(0) =
(0/6y — 1). The left graph is for w = 1 and the right is for w = 6. The dashed
line is 6, and the solid line is 6_.
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Figure 3.53: The rise velocity of the droplet against the frequency of the
oscillations for e = 0.5,y = 1,0y = 1,9 = 0 and f(0) = (/6 — 1) within the
time dependent contact line law. The solid lines, following the direction of the
arrow, coincide with 7 = 0,0.01,0.1,0.25,0.5,0.75, 1 respectively. The results
stop at w = 2.575 for 7 = 0.75 and 2.45 for 7 = 1 due to the contact angle at
the trailing end reaching zero.

v(#) and € is that of an ellipse; where the thickness is dependent on the size

of w. This is one step closer to results for an unsteady dynamic contact line.

Increasing 7

Now that we have introduced a new parameter in this section we should vary
it to see how it alters the results. We already know that the difference between
7 =0 and 0.1 is quite small for the frequency range we are using but when we
start to increase 7 further we can see from figure 3.53 that the results start
to change significantly. The reason for this again is due to the w?7? term in
(A.11) which grows very large for 7 = 0.75 and 1, causing the rise velocity to
become significantly larger compared to 7 = 0 and also causes the droplet to
break. If we now look at the contact line law shown in figure 3.54 we can see

that increasing 7 increases the width of the ellipse. What we can also see from
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Figure 3.54: The velocity of the positive contact point as a function of 6,
for a time dependent contact line law with 7 increasing as 0,0.1,0.5,1 and
f(0) = (0/6y — 1). The left graph is for w = 1 and the right is for w = 6. The
right graph has no line for 7 = 1 as the droplet broke before then.

this though is that for w = 6 not only does the width of the ellipse increase

but so does the whole radius.

The addition of gravity

Similar to before we will again set g # 0 in order to see if this makes any
significant changes to the results, apart from a shift in the rise velocity. If we
compare the shape of the rise velocity against the frequency, with and without
the acceleration due to gravity (figure 3.55), we see very little change between
the two curves for w € [0, 3] and only a slight change for w larger than 3. This
would again suggest that we can set ¢ = 0 without much loss of generality for
the mechanics of the problem, however if we now look at the velocity of the
contact points we see this may not be the case. The contact line law shown
in figure 3.56 shows us that when the acceleration due to gravity is present in
the problem, there is a shift between the velocity of the contact points as well
as the rise velocity. Although this change has little effect on the rest of the
solution it does show us that gravity should not be ignored when using a time

dependent contact line law.

Additional cubic term

Now that we have established that adding a time dependence to the contact

line law is a step closer to a more realistic unsteady flow we will alter the
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Figure 3.55: The rise velocity of the droplet against the frequency of the
oscillations for € = 0.5,y = 1,6y = 1,7 = 0.1 and f(#) = (0/6y — 1) within
the time dependent contact line law. The solid line is when there is no gravity
included and the dashed line includes gravity with a strength 25 times weaker
than the magnitude of the oscillations. The rise velocities have been shifted
by an amount proportional to ¢ in order to look how how the curves change
when gravity is included, instead of just the negative shift that occurs for all
w.
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Figure 3.56: The velocity of the contact points as a function of their respective

contact angles for a time dependent contact line law with 7 = 0.1, f(0) =

(0/60y — 1) and g # 0. The dashed line is 6, and the solid line is 0_.
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Figure 3.57: The rise velocity of the droplet against w for v = 1,0) = 1,9 =
0,7 = 0.1 and f(0) = (0/6y — 1) + (6/6y — 1)® within the time dependent
contact line law. Following the direction of the arrow coincides with ¢ =
0.25,0.5,0.75, 1 respectively.
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Figure 3.58: The velocity of the contact points as a function of their respective
contact angles for a time dependent contact line law with 7 = 0.1 and f(0) =
(0/6g— 1)+ (0/6p — 1)3. The left graph is for w = 1 and the right is for w = 6.
The dashed line is 6, and the solid line is 6_.

function f(#) to make it non-linear similar to before. Now we will add a cubic

0 0 5

and examine how the solution changes. We can see in figure 3.57 that with the

term so that

additional term we still get the peak and trough in the range of frequencies
used but compared to the solely linear f(6), the magnitude of the inflection
points has increased. Also as we increase € the magnitudes of the inflection
points increase but also we can see that the trough shifts to a lower frequency.
What is also possible with this contact line law is we can again insert parameter
values similar to the experiment and get results, however they once again show
that without hysteresis the droplet will slide. If we now examine the velocity
at the contact points (figure 3.58) we see that for w = 6 we get shapes very
similar to when f(#) was linear, but for w = 1 it follows more of a cubic shape

but again as a multi valued result.

Hysteresis

For the single valued contact line laws the addition of contact angle hysteresis
gave ranges of 6+ where the velocity of the contact points would equal zero.
For the time dependent law this is not necessarily the case. We will now look

at the change in the rise velocity of the droplet when hysteresis in included.
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Figure 3.59: The rise velocity of the droplet against w for e = 0.1,y = 1,6y =
1,g=0,7=0.1and f(0/0y > 04) = 6/60y — 04, f(0/0y < Ogr) = 0/0y — Or and
f(0) = 0 otherwise. The dashed line represents the rise velocity when there
is no contact angle hysteresis present whilst the solid lines, in the direction of
the arrow, have a hysteresis interval of 0.02, 0.04 and 0.06 respectively.

The first thing we can see from figure 3.59 is that when even a small amount
of contact angle hysteresis is included (the same amount as figure 3.42) the
magnitude of the rise velocity increases by over a factor of 5; which is a huge
increase compared with the inclusion of hysteresis in section 3.4.2. We can also
see that there is a narrow trough forming for w € [3,4] as ; is increased and
for 8; = 0.06 a very rapid increase in the rise velocity occurs for w = [3.5, 3.6].
This increase is due to the velocity at 6_ reaching zero within this frequency
range causing an abrupt stop in the rise velocity. The other thing we will note
from figure 3.59 is when w € [5, 6] and the hysteresis interval is very small we
get a sliding droplet, but as we increase #; the droplet then begins to climb.
This is an unusual result since we have observed sliding droplets begin to climb
when we go from no hysteresis to some hysteresis, but not when we go from a
small amount of hysteresis to a larger amount.

Now we will take the approach of fixing the frequency and look at the
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Figure 3.60: The rise velocity of the droplet against the hysteresis interval for
e=01,y=1,00 = 1,w=2and f(0/0y > 0a) = 0/0y — 04, f(0/0s < Or) =
0/0y — 0r and f(0) = 0 otherwise.

rise velocity as we increase ;. We see in figure 3.60 that the rise velocity of
the peak is greater and it takes a larger hysteresis interval to pin the contact
points, compared to the similar result shown in section 3.4.2. Both figures
3.59 and 3.60 show us that the inclusion of hysteresis in the model can give
a large increase in the rise velocity, which will be useful when increasing the
amplitude of the oscillations and the amount of contact angle hysteresis.

The final way we will examine is how increasing the amount of hysteresis
effects the mechanics of the problem, is to look at the time dependent contact
line directly. We can see in figure 3.61 that as we add a larger amount of
hysteresis to the problem the velocity at the contact points slowly develops a
range of contact angles where the points are pinned, however unlike the time
independent law this is not exactly for the range 6z < 6 < 64. We also see as
we can increase the amount of hysteresis the contact angles range increases,
as we would expect, since the points are moving slower in comparison to the

rest of the fluid with increasing ;.

Modelling the experiment

Our final analysis for this section will be to use a contact line law to try and

find qualitative agreement between this model and the experiment. Due to the
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Figure 3.61: The velocity of the contact points as a function of their contact
angles for a time dependent contact line law with w = 2,7 = 0.1 and f(6/6, >
0a) =0/00 — 04, f(0/0y < Or) = 60/0y —Or and f(#) = 0 otherwise. The left
graph shows 6,4 and the right graph 6z. The hysteresis interval increases in
the direction of the arrow as 0,0.02,0.04,0.06 respectively.

unusual behaviour of unsteady, moving contact lines it is difficult to decide how
best to model them and so the approach we will take it to use the cubic contact
line law with hysteresis, but with the time dependency included so that v(#) is
not a single valued function of the contact angle. When including the effects
of hysteresis we find that the maximum value of ¢ we can use without the
droplet breaking is reduced. For w = 1.5 we are able to reach ¢ = 1 but for
the entire range w € [0, 6] we are only able to reach € = 0.8 due to the droplet
breaking for w € [2.5,3.5]. This means that for the rise velocity against the
frequency shown in figure 3.62 we have used the latter for a complete curve.
This however is not a problem because the results that are possible for e = 1
give a rise velocity very similar to that shown on the graph and so this is
the reason why we have not plotted several curves with the ‘broken’ section
missing. We can see in this graph that once again the results are very similar
to figure 3.49, with a droplet that can either climb or slide for the desired
parameter values. We will now look at the shape of the droplet as it climbs up
hill as shown in figure 3.63. What we can see from this (similar to before) is
how the bulk of the fluid is responsible for the overall uphill motion however
the shape of the surface is still not an informative comparison between this
model and the experiment. What we will do for a qualitative comparison

between the two is to look at the velocity of the contact points as a function
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Figure 3.62: The rise velocity of the droplet against the frequency for e =
0.8,7v=1,0p =1,9g =0.04,04 = 1.25,0r = 0.7 and a contact line law mod-
elling the experiment.
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Figure 3.63: Model of the droplet at equal time intervals over one period of
oscillation. The parameter values are ¢ = 1,7 = 1,6 = l,w = 1.5,g9 =
0.0275,04 = 1.25,0r = 0.7 and a contact line law modelling the experiment.
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Figure 3.64: The velocity of the contact points as a function of their respective
contact angles taken from the experiment. The left graph is for a sliding
droplet and the right graph is for a climbing droplet. The dashed lines are 6,
and the solid lines are 6_.

of the contact angles.

If we combine the results in figure 6 of [8] we get the results shown in
figure 3.64 which show the dimensionless velocity of the contact points as a
function of their respective angles, for a sliding and a climbing droplet, from
the experiment. We will compare these graphs with those shown in figure 3.65,
which are the velocity of the contact points given by the model for parameter
values similar to the experiment. Although not shown on the graphs, the
dimensionless velocities from both sets of results are of order 107!. If we
start by looking at the velocities of 8, (the dashed lines) we see that for all
four graphs it is increasing with the contact angle. For the experiment 6,
has a section for it’s sliding droplet where the velocity crosses over itself and
then crossing back. This is very unexpected and although we do not know
why it occurs we should note that the velocity of the contact point in the
model ‘loops around’ for a similar section of the contact angles. If we now
compare the results given by #_ we can see that, quite simply, the results do
not match. For the sliding droplet they show that the velocity of the contact
point is negatively affected by increasing the contact angle whereas for the
climbing droplet it seems to be circular. Both of these behaviours are very
unusual (especially 6_ for a sliding droplet) and have not been explained in any
literature covered. This is another prime example of how little we know about
unsteady contact lines and although the results give insight into the mechanics
of the flow, the model of the dynamic contact line is still incomplete.

To summarise, we have examined the effects of introducing a time deriva-
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Figure 3.65: The velocity of the contact points as a function of their respective
contact angles for a contact line law modelling the experiment. The left graph
is for a sliding droplet and the right graph is for a climbing droplet. The
dashed lines are 6, and the solid lines are #_. The box in the left graph is a
zoomed in section of the box on the larger graph.

tive to the left hand side of the contact line law and varying the dependency
on the contact angle. We began with the law being linearly dependent on
the contact angle and examined how the time derivative altered the results
compared to section 3.4.1. What this showed is that although the change in
the rise velocity did not seem significant, the effect that the new law had on
the velocity of the contact points was. The contact point velocity has become
a multi-valued function of the respective contact angle, just as experiments on
unsteady flows have shown. In addition to this it also tells us that the width
of the ‘contact velocity ellipses’ increase with the frequency of the oscillations.
Increasing the size of 7 causes the rise velocity of the droplet to increase quite
significantly and also increases the width of the ellipse in the contact line law.

The next step was to examine some of the changes we made for single-
valued contact line laws to see how they affected the new ones. The addition
of gravity caused little change in the mechanics of the problem for w € [0, 3]
but for frequencies larger than this the shape of the rise velocity curve begins
to diverge from that of no gravity. In addition to this the velocity ellipses of
both contact points begin to shift away from each other.

When altering the right hand side of the contact line law to include a cubic
term we again see a change in the shape of the rise velocity compared to the
time independent law. What is more interesting is the shape of the velocity

ellipse. For w > 3 the shape of the ellipses are almost identical to that of the
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solely linear f(6) but for lower frequencies we find that the general shape of
the middle of the ellipses (measured from the minimum contact angle to the
maximum) follows a more cubic shape.

Contact angle hysteresis has some considerable changes on the rise velocity
for a time dependent contact line law. First of all the magnitude of the peaks
increase a lot more in comparison to single-valued contact line laws with the
addition of hysteresis. We also see that a rather significant trough for a small
amount of hysteresis can become a rather significant peak when the amount
of hysteresis increases. This is very unusual behaviour that has not been seen
in any other results.

Combining both hysteresis with the cubic f(#) we attempted to create
a model contact line law qualitatively comparable to [8]. Using parameter
values similar to that of the experiment we found a droplet that can either
climb up or slide down the substrate depending on the frequency, however
when examining both the shape of the droplet using the model and frames
from the actual experiment a comparison could not be made. Finally we took
the velocity of the contact points for both a sliding droplet and a climbing one
and compared the model to the experiment, and although 6, shows similarities

between the two, 6_ is completely different.

3.5 Discussion

In this chapter we have considered the motion of a two-dimensional, inviscid
droplet travelling along an inclined, oscillating substrate. If the magnitude
of the forcing is sufficiently small we found that a droplets motion can be
separated into two modes and the non-linear interaction between these modes
is what causes the droplet to slide or climb. By making the magnitude of
the contact angles sufficiently small we also showed quantitative agreement
with the shallow water solution [3]. When examining the rise velocity of the
droplet we discovered that it is an oscillatory function of the frequency, due to
the inertial forces within the fluid, in addition to being dampened by it. This
means that the maximum rise velocity will be given by the size of the initial
peak. When examining the rise velocity for a basic linear contact line law we
altered its weighting by a constant and found this to have a significant effect
on the results, with the droplet sliding for regimes where it was climbing and

vice versa. This shows just how dominated this problem is by the contact line
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law. When examining pinned contact points we found that the two modes
had resonant frequencies causing a large distortion in the shape of the droplet.
When increasing the magnitude of the contact angles, causing the droplet to
become increasingly more non-wetting, we discovered rapid changes in the rise
velocity as well as an increase in the peaks. This unusual behaviour turned
out to be a result of modes appearing on the surface on the droplets. Further
examination showed that the size of the peaks in rise velocity, as well as the
number of modes on the surface, are both proportional to the dimensionless
area of the 2-D droplets.

Using non-linear contact line laws caused several changes with the results,
some expected but others not. This includes the cubic law allowing us to reach
the parameter values of [8] but unfortunately the result of this was a sliding
droplet instead of a climbing one. The inclusion of contact angle hysteresis
allowed for the peak rise velocity to increase to double that of no hysteresis.
A more interesting results is the fact that as we increase the hysteresis fur-
ther, causing the rise velocity to decline, there is a set of values where the
rise velocity becomes negative before reaching the pinned contact points. In
addition to the initial peak growing with hysteresis there are also other fre-
quencies, at the points corresponding to the pinned swaying modes resonant
frequencies, where the magnitude of the rise velocity increases significantly.
This shows us that near these points we are able to increase the hysteresis to
values similar to the experiment and still produce a rise velocity. With this
additional knowledge the next step was to include the cubic contact line law
with experimental parameters and examine the results. With the inclusion of
hysteresis we found that the experiments parameters will cause a droplet to
climb uphill as required.

The final approach was to consider a time dependent contact line law that
causes the velocity of the contact points to no longer be single value functions
of their respective contact angles (a result commonly observed for unsteady
dynamic contact lines). We found that the additional term in the contact line
law caused the rise velocity to change slightly, but what was more important
is that fact that the linear relation between the velocity of the contact points
and their respective contact angles had become elliptical (with the width of
the ellipse increasing with frequency). Altering the right hand side of the
contact line law caused changes such as the ellipse curving for a cubic law and

a very large increase in the peak rise velocity with the inclusion of hysteresis.
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Following a similar method to the previous section we used a time dependent,
cubic contact line law with hysteresis and parameter values similar to the
experiment to attempt to make qualitative comparisons to [8]. Unfortunately
the examination of the contact point velocities shows us a comparison between
the two cannot be made. Overall, we have shown that the approximations
made are sufficient for a droplet to either climb uphill or slide downhill for
parameter values similar to [8]. Due to the ability to vary the magnitude of
the contact angles we are able to examine ‘thick” droplets that, when moving,
have the ability to overhang their contact angles, which is a big improvement

when examining the shapes of droplets undergoing large amplitude forcing.
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Chapter 4

Model 3: The inviscid,
three-dimensional, shallow

droplet

In this chapter we will look at the thin, inviscid, three-dimensional droplet.
The difference between this model and Model 1 is that we have now included
inertia without needing to make other simplifications to compensate. When
compared to Model 2 we are now looking at a thin, three-dimensional droplet
instead of a thick, two-dimensional one. This adds more accuracy in the
geometry of the problem whilst losing the O(1) contact angles which are closer
to the experiment [8]. Using these simplifications means we only need to
solve the inviscid, two-dimensional shallow water equations, along with the

boundary conditions at the contact line.

4.1 The Model

4.1.1 Two-dimensional shallow water equations

Consider a droplet of liquid of density p, kinematic viscosity v and surface
tension ¢ on a solid substrate that is inclined at an angle a to the horizontal
and oscillating sinusoidally and vertically. The frame of reference will be fixed
so the substrate lies on the plane z = 0 with the positive x—axis pointing
uphill, so gravity and the acceleration due to the substrate can be combined
to make an effective gravity acting at an angle /2 — « to the x—axis. In order

to simplify this problem we will make the assumptions that the Reynolds
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number is large (so that the viscous forces can be neglected) and that the
droplet is very thin. Using these assumptions we can reduce the Navier-Stokes

equations to the two-dimensional shallow water equations, i.e.

ou R —

E+(U~V)U—pvv h+f, (4.1)
Oh
E +V. (llh) =0, (4'2)

where h(x,t) is the thickness of the droplet, u(x,t) is the fluid’s velocity, f
is the body acceleration per unit mass and x = (z,y) is a two-dimensional
coordinate system. The effective gravity is given by a(t) = g + agsin(wt),
where ¢ is the gravitational acceleration and ag and w are the magnitude and
frequency of the oscillations of the substrate. We will write the body force as

a potential of the form
f=—aV(zsina+ hcosa), (4.3)

meaning we can write (4.1) as

0

a—ltl +(u-V)u+V <ax sina + ah cos a — EV%) = 0. (4.4)
p

Now we need to define some boundary conditions in order to solve (4.2) and

(4.4). If we define the contact line as x = X(¢) then the boundary conditions

for the droplet are
on x = X(t), (4.5)

where n is the unit normal on the xy—plane pointing away from the droplet.
These boundary conditions mean the height of the droplet is always zero at the
contact line and the velocity of the contact line is given by (1.4). In addition

to this the contact angle will be given by

oh
0= o on x = X(t), (4.6)

where 0/On =n- V.
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Figure 4.1: Example droplet and x,y coordinate system. The lines [; and [y
represent the sections of the boundary used to keep the area of the footprint
equal about the origin.

4.1.2 Moving reference frame

In order to keep the droplet centered around the origin we will now fix the
frame of reference to be travelling at some velocity V' along the z—axis. To

do this we will apply the transformation
r=T+c(t), u=u+V, (4.7)

where V(t) = % and c(t) is defined such that the area of the fluid in contact
with the substrate is equally spaced about the origin. We therefore need to

add an extra constraint given by

/ n-rdl = / n - rdl, (4.8)
l1 l2

where [; is the edge of the footprint going from the most positive end of the
T—axis to £ = 0 and [y is the edge of the footprint going from = = 0 to the
most negative end of the Z—axis (figure 4.1). Transforming the reference frame

this way means that

9
or’

WL‘V

and the new set of governing equations (with tildes omitted) are

ou dV . 0 2 _
E-I-Ex—i-(u-V)U—i-V{axsma—(;V —acosa) h] =0, (4.9)
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oh
z . = 4.1
BT +V - (uh) =0, (4.10)
dx A
h =0, un=n-— =v(f) —Vn,, onx=X((t)—c(t)z, (4.11)

along with (4.8).

4.1.3 Dimensionless equations

In order to simplify our equations we will introduce a set of scales so we can
non-dimensionalise the problem and make Model 3 easier to compare to [3]

(or the small #y limit of Model 2). These scaling parameters are

- X X _
X = L)_(, h = 90Lh, u = Tﬁ, v = TQ_), a = apa, t= Tt,
(4.12)
where our time scale will be
pL?
T =4/ — 4.13

in order to balance the surface tension with the material derivative and our
mass scale is
T
M = ZpeoL?’, (4.14)

in order for the unperturbed, dimensionless droplet to have a unit radius.

When using these scalings we will obtain the dimensionless parameters

_ pagLl?sina 0o

7= tan o’

4.1
py (4.15)

which characterise the strength of the effective gravitational force relative to
surface tension and the ratio between the slope of the droplet’s surface and the
slope of the substrate respectively. As well as these, the other dimensionless

parameters are given by

o=2Tf, §=-L, (4.16)
€ago

which are the dimensionless frequency of the oscillations and the gravitational

acceleration respectively. The dimensionless effective gravity is now given by

a(t) = sin(wt) + €g,
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so that we can expand a(t) in powers of € whilst keeping the dimensionless
gravity of O(1) when ¢ < 1. Now that we have a set of dimensionless pa-
rameters we will check their typical sizes using Table 1.1. Since we are again
using a three-dimensional model we can use the mass scaling to calculate that
our typical length scale is approximately 1.81 mm. Now if we use the rest of
the values in Table 1.1 we know that our dimensionless parameters have the

typical values
ex~6.73 ~v~108, w~3.16, §g~838x1073 6, ~ 1.08.

As we can see from these values, the assumption that the droplet it thin is
far from accurate. What we will do with this model is to use the thin droplet
approximation and see if our results can compare qualitatively to the actual
experiment [8]. The other assumption we have made is that the Reynolds
number is large enough for us to ignore the viscosity of the fluid. Again, by
using our parameters, we can write the Reynolds number as

12

Re = — ~ 10.62.
¢ Tv

4.1.4 Governing equations

Now we have justified our dimensional scalings, we will apply them to (4.9)-

(4.11) and rearrange to give (with bars omitted)

g—? + (u- V)u + V]ea(x + vh) — V?h] = 0, (4.17)
Oh
dx .
h=0, u-n=uv(0) =n-—, on x = X(t) — c(t)z, (4.19)

/ n-rdl = / n - rdl. (4.20)
ll l2

These are the governing equations for our model of a three-dimensional, invis-
cid, thin droplet on an oscillating substrate. Now we will solve these equations

in the limit of small amplitude oscillations.
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4.2 Small amplitude asymptotic solution

4.2.1 Polar coordinates

Now that we have our governing equations we will solve them for the small
amplitude limit. In order to do this we will begin by converting from the
Cartesian coordinate system (z,y) to the polar coordinate system (r, ¢) such
that the line ¢ = 0 is along the positive x—axis and the contact line is now
given by r = R(¢,t). Applying this to (4.17) - (4.20) gives

aa—ltl +(u-V)u+V Kea + %) rcos¢ — (V? —eay)h| =0, (4.21)
oh
5tV (uh) =0, (4.22)
dr
h =0, u-n:n-%:v(ﬁ)—an, on r = R(¢p,t), (4.23)
= (4.24)
10r)’ /2 10r)’
R 8¢ R 8¢

In this section we are solving (4.21)-(4.24) for € < 1, meaning that the contact
angles will only ever differ slightly from the dimensionless equilibrium angle.
This means that we are able to approximate the contact line law as a Taylor

expansion about the point § = 1, giving
! 1 " 2
v(0) :0(0—1)+§v -1+ .., (4.25)

where v',v” are the dimensionless parameters for the derivatives of the velocity

at the equilibrium angle.

4.2.2 An unperturbed droplet

Before expanding (4.21)-(4.24) asymptotically for small € we will first solve
them for the simplified case where ¢ = 0. Since this represents an unperturbed
droplet then the velocities u and V' both equal zero and hg(r, ¢) will be axis-

symmetric. The resulting equation is

19 (r%) — by, (4.26)



where by is a constant of integration, and the boundary conditions are given

by
oh
ho = 0, 8—;’ =—1, atr=1, (4.27)
where the unperturbed droplet radius is a result of the dimensional scalings.
The solution to this problem is
1—1?

ho(r) = 5 +bylnr, (4.28)

where the b, is another constant of integration which needs to equal zero for

the height to remain bounded within the droplet.

4.2.3 Asymptotic expansion

Now that we have the zeroth order solution we will now expand each of the

unknown functions, for small amplitude oscillations, as

h(r,¢,t) = ho(r) + ehi(r, ¢,t) + ha(r, . ) + ...,
u(r, ¢,t) = eus(r, ¢, t) + uy(r, ¢, t) + ...,

V(t) = €V1(t) + 62‘/2(t) + () R(¢, t) =1+ eRl(gbv t) + €2R2<¢7 t) + )
(4.29)
and use these to expand our equations into orders of e. Now inserting these

expansions into (4.21) gives

8u1 28112 2 . d‘/l
“or +e€ 5 +e(w - V)uu +V {e (sm(u)t) + %> T COS ¢

d
+ € (g + %) rcos ¢ — V2 (ho + €hy + €2hy) + ey sin(wt)hg

+€e>y(sin(wt)hy + gho)] = O(€°),
which can be separated into

_ 2

Oy +V [(sin(wt) - %> 7 cos ¢ — V2hy + v sin(wt) 2T =0, (4.30)

ot dt
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and

% +(u;-V)u; +V [(g + %) 7 cos ¢ — VZhy + 7 (sin(wt)hy

ot dt
=] =0
— =0.

Similarly if we expand the variables in (4.22) and separate powers of € we get

(4.31)

8h1 1— 7”2
E + V . (111 9 ) = 0, (432)
and 5h . )
_8152 + V- <u2 ! ) + V- (uihy) =0. (4.33)

Now we have the first and second order equations we need to also expand
the boundary conditions. The height of the droplet at the boundary can be

expanded to give

oh oh,y 1 0?h
ho+ehy +€hy+ (e Ry +62R2)8—:+62R18—7}+§E2Rf 8r20 =0(%), onr=1,
which we will separate into
hy = Ri(o,t), onr=1, (4.34)
and oh
h2 = R2(¢, t) — Rl(Qb, t)a—rl + Rl(gb, t)2, onr=1. (435)

Before expanding the other boundary conditions we will first express the nor-

1 90R
(L-3%)

n— s
2
1+(§—R)

meaning the other boundary condition on the contact line can be written as

us O _ OR _ LOR\" sin ¢ O
“"Ros ot _Uw)\/H(R@cb) V<COS¢+ R 3¢>’

mal of the droplet’s footprint as

Q
©-
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which can be transformed into

PR — €— JR— 3 —=
€ +e T + O(€’) = evy

or RO a¢
sin ¢ OR,

+ 2vy — €Vicosp — €2 (Vgcosgb—l—Vl e a—¢)+0(63), onr=1.

e,y + 62 (u .+ R1 8’&7«1 Ugp1 (9R1> . 8R1 28R2

This can be separated into

uﬂ—%—vl—‘/}cosmb, onr=1, (4.36)
and
ou, Uy OR OR . OR
Uro + Ry 87’1 — Ri;la_qbl = 8_752 = vy —Vgcosgzb—\/lsmqbg—q;, onr=1,
(4.37)
where .
v(0) = evy + vy + ... =0 (0 — 1) + 5@"(6 — 1)+ ... (4.38)
Now if we expand (4.6) we get
_ 0Ohg Ohy  ,0hy 9%hy o 0%y
0 = 5 " an "€ B €(R1+ER2)8n8r € Rlanar—i-...,
1, (0R\> 0hy ,OR 8hy  ,0hy
—1— 2 == — 2 _ 2 2
26(8¢) 68r+6 96 00 €8T+€R1—|—ER2
0%hy
— R, 5,2 +.., onr=1,
(4.39)

giving

or
44
B P P N 2. A BN T PR T
TR T T e T2\ 0 2" [T or
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Finally, (4.24) can be expanded as

w/2 T
| Ras= [ mo.
0 w/2

1 1 (OR\? m 1 1 (OR\?
R2+—R%—Z(_l) d¢:/ Ry + - R} ( 1)
w/2

> 36 ;=1\ 3s ) |99

(4.41)

w/2
J

4.2.4 First order terms

Now we have expanded all the equations asymptotically for small e, we can
group together all the equations of order € in order to solve them. This gives

our first order system of equations as

oy + V | sin(wt) + M rcosg — Vhy + 1 sin(wt)(1 —7?)| =0, (4.42)
ot dt 2
oh, 1 .
where
OR oh
hi = Ry, uﬂ:@_tlzvl [Rl—a—rl} —Vicosg, onr=1, (4.44)
and
w/2 ™
/ Rid¢ = / Rdg. (4.45)
0 w/2

From observation we can see that (4.42)-(4.45) is a linear system of equations
where the time dependency only appears explicitly as sin(wt). This means we

are able to remove the time dependance using

w(r, ¢, t) = R[a(r, p) expliwt)],  Vi(t) = R[V exp(iwt)], (4.46)
ha(r, ¢,t) = S[h(r, ¢) exp(iwt)],  Ri(¢,t) = S[R(¢) exp(iwt)],
which will convert (4.42) - (4.45) to
wu + wf/V(r cosp) + V <V2iz> = V(rcos¢) — rt, (4.47)
wh + %V S(a(1—7r?) =0, (4.48)
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h=R, a=wR, onr=1, (4.49)

. - ) ]
ah——(VCOS¢+wR>+R, onr=1, (4.50)

ar i
/2 T
/ Rdg = / Rdo. (4.51)
0 w/2

This system of equations is equivalent to (3.21)-(3.23) of [3], only now for

and

a three-dimensional droplet instead of a two-dimensional ‘ridge’. Similar to
Benilov and Billingham we can separate (4.47)-(4.51) into a spreading and a
swaying mode, by looking at the ¢ dependence of each term. This means we

can separate each of our unknown functions into

W(r, @) = Usy (1) COS P + usy(1),  V(r, ) = Vg (1) SiN D,

- (4.52)
h(r, @) = hgw(r) cos ¢ + hgy(r).

Since R(¢) has to either be a constant or a function of cos ¢, we can use (4.51)
to verify that it must be a constant, which we will denote as R. By separating

the ¢ dependencies we get that the swaying mode is given by

0 1
owt WV + = |V = < he =1, 4.53
Wlgyy + WV + 5 {V 7“2} (4.53)
1, 1
Wiy —wV — = V" — — | hyy = —1, (4.54)
r r
10 ) 1—7?
thw + 55 [(]. —Tr )usw} + 2—T(U5w + Usw) = 0, (455)
Ohgw V
hew =0, Uz, =0, Erailowt at r =1, (4.56)
hew =0, 2% _ 0 at =0 (4.57)
sw T Y ar - Y - Y .

with the tilde neglected. The equations relating to the spreading modes are

%,
Wity + - [VPhg] = —r, (4.58)
19
whgy, + 2B [r(1 = r?)ug) =0, (4.59)
Oh,
hy =R, g =wR, L= (1+ %) R, atr=1, (4.60)
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What we have managed to achieve in this section is to simplify a system of

=0, wusp =0, atr=0. (4.61)

partial differential equations, dependent on (r,¢,t), to two set of ordinary

differential equations dependent on only 7.

4.2.5 The spreading mode

Now we have separated the first order asymptotic equations into two modes
we will deal with each separately; first of all the spreading mode. To solve
(4.58) - (4.61) numerically we will first have to deal with the singular point
present at » = 1. To do this we will begin by looking at the equations as r — 1
and then use these, along with the boundary conditions, in order to get an
asymptotic, boundary layer solution for r € [rg,1]. We can then solve (4.58) -
(4.61) numerically up to the point r = 7.

We will start our boundary layer at the point » = 1 —  and so within this
region the variable will be defined as r = 1 — dx, where x is our new variable
and [0] < 1 is a constant, and the unknown functions will be called A}, and

uf,. Inserting these into (4.58) and (4.59) and letting § — 0 gives

o*h,

0 +
— (@) _ p (4.62)

oz P

:0’

which solve to give

~

A . 1 - 1 4 D

hi(z)=A+ Bz +C2? ul () =wA+ §wa + ngx2 +—, (4.63)
x

where D will need equal zero. Now if we reinsert r into (4.63) and apply the

boundary conditions (4.60) we get
w
hi(r) = R— (1 + ,—,) R(1—7)+C1—1)

(2%

1 w 1 (4.64)
ut(r) = wR — 5 (1 + ﬁ> wR(1 —7r)+ ng(l —7)?,
where C' is now another unknown we need to solve for. We can now use h;;
and ujp to create a set of boundary condition at » = 1—¢ for the full equations
giving

0
Wiksp + o [V2hsp] = —r, (4.65)
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whep + iag [7(1 = r?)ug) =0, (4.66)

2r Or

hssz—(s(Hi,)RM?C, %Z(H%)R—zaa at r=1—0

w or 1w
(4.67)
w w 1

gy = wR — 05 (1+ E) R+ 80, (4.68)

Oh
_8rp =0, wugp=0, atr=0, (4.69)

with the extra boundary condition given by
0?h,

8r2p =2C, atr=1-0. (4.70)

We will solve this system of equations using a finite difference method accurate
to the order of grid spacing squared. Now we have a numerical system to solve

we will also solve a simpler set of equations analytically in order to compare.

Low frequency approximation of the spreading mode

We will now look at the case where w < 1 representing a very low frequency
oscillation. We will do this since mathematically it uncouples hy, and u, in
(4.58)-(4.61), leaving them both relatively simple to solve. For the asymptotic
expansion we will refer to the unknown functions as h, and u, respectively

and expand in orders of w giving

ha = ho(r) + whi(r) + O(W?), U = wuy (1) + wus(r) + O(w?),

(4.71)
R = Ry +wR; + O(w?).

Since w = 0 corresponds to a steady motion of the droplet, u, will equal zero
meaning it begins at order w. Also we will include uy since we will need to
go once step further solving for u, in order to find Ry (as shown below). The

leading order equations are therefore

o109 ( oh
5 ()] == (72
Ohy  Pho -
5 =33 = 0, atr=0, (4.73)
Oh
_ o _ _ 1. 474
ho Ro, ar Ro, at r ( 7 )
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The next set of equations for Ay, are

0 |10 ([ Oh
or [FE (r arl)] -0 e
3
—86]?: = aa,:;l = 0’ at r = 07 (476)
h
hy = Ry, %:Rﬁr%, at r = 1. (4.77)

Solving both of these sets of equations gives

1 2 Y 2\2 1 2 1 Ry 2
ho = 2R0(1—|—’l“ ) 32(1 r ) s hl = 2R1(1 +r ) 2“}/(1 r ) (478)

Now we will solve the equations for u, in order to find out R. The equations

for u; /9 are therefore

9,
o [r(1 = r)uyp] = =2rhop, (4.79)

where
uyp =0, atr=0, Uy = Ry, atr=1 (4.80)

Solving this for u; and applying the condition at r = 0 gives

v 1 Ry
(I—=r)(1+7r)u = 35" (1 —r 4 §r4) — " (2+17), (4.81)

and in order to examine the behaviour as r — 1 we will set r =1 — 7 and let

17— 0. So as r — 1 we get

y R
mnRo = 56 (1+2n+0(%) — IO (3=2n+0(n%), (4.82)

which can be rearranged to

v 3Ry ¥ 1 247 2
L2 R -7 — 4
%6 1 + {48 (2 1= Ry O(n?), (4.83)
which is correct as n — 0 as long as
Y
Ry = . 4.84
o= (484
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0.1 ‘ 0.02 — Numerical solution (NS)
----- NS without boundary layer
; ol — — - Low frequency asymptotic solution
/ L
0fi
— ! —
o ! o
= i = -0.02
= i &
0.1}
i -0.04 ¢ AN -
] ~
i
i
-0.2 : -0.06 :
0 0.5 1 0 0.5 1
w w

Figure 4.2: Comparison between numerical and asymptotic solution for R
with v = 5,v(0) = 0.5(f — 1) and 6 = 0.01. The solid line is the full numerical
solution method whereas the dot-dashed line is the solution method without

the boundary layer.

Inserting this back into u; gives

7 — 3r?

4.85
288 ( )

Uy =yr

Next we will solve for us to find R;. Similar to before the equation becomes

R

1150 (2—7%) - Ri(2+17)], (4.86)

(1 —1r?)uy =

which can only be solved as r — 1 if

R, = 20 (4.87)

1= .
v’

To summarise, the low frequency asymptotic solution to (4.58)-(4.61) is

_ R o Yo e Roo o 2
he = 5 (1+77) 32(1 ) wgwl(l 2r°) + O(w?), (4.88)
7 —3r? ) 1 )
Ua = WYT 5o +O0(w*), R=R <1 +w3w/) + O(w?), (4.89)

where Ry = v/72. We can see from figure 4.2 that the inclusion of the bound-
ary layer is very important in the solution method, especially for w < 1, and
also from figure 4.3 the solution is converging at a rate of grid spacing squared

and 42, as it should.
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(ax)? %107 OF

Figure 4.3: The convergence rate of the numerical solution for R, compared
to the low frequency analytical solution, for grid spacing with § = 0.001 (left)
and 0 with 200 grid points (right). The other parameter values are v = 5,w =
0.1,v(0) = 0.5(6 — 1).

4.2.6 The swaying mode

Now we will use a similar method to solve for the swaying mode. By combining
(4.53) and (4.54) we get

0
Il - 4.
Ugy + o (rvsw) = 0, (4.90)

which we will use instead of (4.54). Now if we let r = 1 — dx again, call the
unknown functions hf, , uf, and v}

qw> Ugy S, and let 6 — 0 we can replace (4.53),(4.55)
and (4.90) with

Ph,

+ +
a : G(xusw) — wh+ avsw
xXr

=9 oz W Ox

= 0. (4.91)

These solve to give

. 1 o~ 1 ., D
hi (z) = A+ Br+C2?  ul (v) =wA+ éwB:v + ng’xZ +—=, vl =F,
T

(4.92)
where D is required to be zero. If we insert the boundary conditions given in
(4.60) these become

%
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where

V= firer- (w2 )v].
v

We now have a full set of equations with boundary conditions at r = 1 — ¢

given by
0 , 1

o {V — 7“_2] hw + Wllgy +wWV =1, (4.94)
wu +g(rv )=0 (4.95)

sSw ar sSw - ) M

10 1—72

R 1 — 2 = 4.

thw + o Or [T( r )usw} + o Vsw 0, ( 96)
- —5,K, vtV =Y eV B atr=1-4
W 2 200’ 6
) (4.97)
oh \% - ou wV wV
= — —V = — 00— tr=1-96 4.98
or v’ ’ or 2iv’ 30 T ’ (4.98)
a Sw

how = 0, gr —0, atr=0. (4.99)

Similar to the spreading mode, we will use a finite difference method to solve

these equations.

Low frequency approximation of the swaying mode

We can look at the case where w is small which will allow us to uncouple
hsw from ug, and v,,. We are only really interested in finding the first order
expansion for V' which means we can actually just solve (4.53) along with the

boundary conditions on hg,. Using the expansions

ho(r) = ho(r) + whi(r) + O(w?),  V =Vy+wVi + O(w?),

4.100
Usw = O(w), Vg = O(w), ( )

where we have labelled the unknown function as hy, gives (4.53) - (4.57) as

9% [10
Oor? [;8r(h0r)} - (4101)
9%ho
— — = 4.102
ho 52 0, atr=0, (4.102)
Ohg Vo
_ -9 — 4.1
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0.02 : 0.129 — Numerical solution (NS)
----- NS without boundary layer
0.128 — — - Low frequency asymptotic solution

0.127 1

I(V)

0.126 1

0.125¢

0.124

w w

Figure 4.4: Comparison between numerical and asymptotic solution for V'
with v = 5,0(0) = 0.5(0 — 1) and 6 = 0.01. The solid line is the full numerical
solution method whereas the dot-dashed line is the solution method without
the boundary layer.

and similarly

0% [10

— |-=—(h = -V 4.104

or? {r 87’( 17")} 0 ( )
0%hy

hy = 52 = 0, atr=0, (4.105)

ohy Wy
= = =1. 4.1
hy =0, il at r (4.106)

Solving both of these sets of equations gives

= —gr =) 1= | 4 0 (4.107)
_w ) 2
V= 1 +w T + O(w?). (4.108)

We can see from figure 4.4 that the inclusion of the boundary layer is not
as important for the swaying mode in comparison to the spreading one but
we will still keep it to increase accuracy. We also see from figure 4.5 that the
solution is converging at a rate of grid spacing squared and §2, similar to the
spreading mode. Now we have covered the first order solutions for small € we
will move onto the second order problem which will allow us to calculate the

rise velocity of the droplet.
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Figure 4.5: The convergence rate of the numerical solution for V', compared
to the low frequency analytical solution, for grid spacing with § = 0.001 (left)
and 0 with 200 grid points (right). The other parameter values are v = 5,w =
0.1,v(6) = 0.5(6 — 1).

4.2.7 Second order terms

Now we will look into finding the rise velocity using the answers obtained from
the first order problem. The first method we will look at for doing this is to
return to the second order asymptotic problem and solve that to find V5. Since
the rise velocity is the constant part of the second order asymptotic solution
of V5, we will take the time average of the equations obtained in section 4.2.3,

which uncouples hy and us, meaning we only need to look at

3u2

dV:
o T (- V)u; +V [(g+d—;) 7 cos ¢ — V2hy

12 (4.109)
+7 (Sin(wt)h1 +g 5 )} =0,

oh OR . OR
hQZRQ—Rla—TIJer, a—;:vg—%cosgzﬁ—vlsmqﬁa—(;, at r =1,
(4.110)
/2 1 1 (OR\” i 1 1 (OR\*
R+—R2——(—> d :/ R+—R2——(—) dop,
/02214a¢¢7r/22214a¢¢
(4.111)
where
ve =0 |R —ah2—Rthl—1 OR, 2 +lv” R —%2 (4.112)
2 > o Yorz2 2\ 8¢ 2 Yoar | 0 Y
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Since we know that R; is only a function of time, the time averaged versions

of these equations are

S 1oy 1—12 ,-
(u - V) + 'V | greosé+ 53%{h}+g ) = V| =0, (4113)

oh  — Phy " oh1® 1o
E:R_R1W+2_Q)/|: 1—5] —JVCOSQb, atT:L (4.114)
e h
h=R+ R, (Rl—@), at r =1, (4.115)
or
T/2 T
/ Rdo — / Rdo. (4.116)
0 w/2

Now we need to sort out the time averaged terms included, starting with

(u; - V)u; which we can write as
(uy - V)u, = %V|u1\2 —u X (V xuy), (4.117)
and from (4.47) we know that u; can be written as a potential meaning that
V xu =0. (4.118)

We can now write our second order equations as

o1 1(ay . 1=
Vzh_Z]ﬁ]2+grcos¢+7(§§fﬁ{h}+g 2T ) + ¢, (4.119)
- 1 ~ ~
=R+ S { RV feosg, atr=1, (4.120)
v

@ =R— %EFE {Razh* } + 4(2;/:)3 ‘wﬁi—i— f/cosgzﬁ’2 — %Vcosgzﬁ7 at r =1,
(4.121)
where ¢ is an arbitrary constant. If we expand out |[@|*> and |wR + V cos ¢
we can see that the ¢ dependance in this problem exists in the forms cos ¢
and cos(2¢) only. We can therefore separate (4.119)-(4.121) into three sets of
equations; one that describes the correction to the spreading mode, one which
is the correction to the swaying mode and a new set of equations describing the
distortion of the droplet. The rise velocity V only appears in the correction to

the swaying mode (i.e. a cos¢ term) and so this is the only set of equations
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we will look at. We also know from the extra constraint that R contains a
constant term and a cos(2¢) term meaning we can uncouple this also. The

equations we want to look at are

1Y\ - 1 .
(V2 _ ﬁ) Beos = 5?& {uspuly, + vhsw}t + gr, (4.122)
where

_ _ 1 -

heos = 0, at r =0, heos = F% {RV*} , at r =1, (4123)
v
Oheos 1 wv” o~ ~ _92h* 1 -

= - *— N tr=1. 4.124
o 2%{@')3” i } gVt (4.124)

4.2.8 Force Balance

An easier method for finding the rise velocity is to integrate the momentum
equations over the volume of the droplet to obtain the force applied to the
droplet and then by integrating again, but now over one period of oscillation,
we will get the net force applied to the droplet, which should give us the rise

velocity. So we will begin with the shallow water equations

0 dVs
—u—l—(u-V)u—V(VQ—E'ya)hjL ea + x =0, (4.125)
ot dt
oh
— 4+ V- (hu) = 0. (4.126)
ot
Combining these equations and using suffix notation gives
O(hu;) Ou; J(huy) 9h oh dVs
hu; ; 2 —h h— hdy; = 0,
ot + Oz, o Oz, 3%@? e ox; et dt =0
(4.127)

which can be simplified to

ot gu; oz \'022) "oz 022 T2,

dV,
) héy; =
+(ea+ dt) 11 =0,

(4.128)
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which we will finally change to
o [, 0% 0 (oh on\ 10 (0h\*
2 83:2 637]'

ot ox; d; \ 03 Oz; \ Ox; Ox;
1 Oh? dV
+ 56’70, oz, + <66L + o hé; = 0,
(4.129)

We will now integrate over the area of the footprint, using the divergence
theorem and the fact that
hdA =V, (4.130)
R

for volume V), to give
1 1
/ hu(u-n) — nhV?h + Vh@ — —n|Vh|]* + Zeyanh?| dl
AV

O(hu) .

(4.132)

and now by applying
on x € 0R,

h(x,t) =0

gives
oh 1 dV
— §H|Vh|2:| dl + (E(I + %> Vx = 0. (4133)

/R o) 44 4 /a i {Vh%

ot
Next we will look at the other boundary conditions. We have
oh _ 1 9RO 10hOR | 10h
oh or  RZ 96 96 oh Roros T Ros
= or — RZ? 0¢ 0¢ ) a_:R 0 Raqﬁ:o, on x € OR,
UG TGy
R 0¢ R 0¢
(4.134)
which can be rearranged to give
h —0 1 0h 7940
6_ = y Ea— = R 9 s on xX € 873, (4135)
oy (lf”—R>2 v iy (l@)Q
R 9¢ R 9¢
§—Loig
R 00 (4.136)

and so
1 1
Vh% — —n|Vh|2 = —6? )
on 2 2 L or) 2
(i)
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Rearranging (4.25) gives

v U’/U2
0 = 1+U— OOE + .., (4.137)
and so 5 9 y
2 v v v
02 = 1+?+ Tk (1—;) + .. (4.138)

where v is of order e. Substituting (4.138) into (4.136) and integrating around

the boundary gives

1 27 9 2 " f-_l_gg
—/ Rll+24+ 2 (1-2)+.. R 9
2 0 4 (,U/)Q g 2
1_|_<l8_R)
R 0¢

Next we will write v = €0 and expand

dg.  (4.139)

R(¢> t) =1+ ERl(t) + 62R2(¢7 t) T+

and rewrite (4.139) as

1 2m 2A 2R ~ ~2 "
—/ 1—|—6R1+62R2+6—U+62 lv—i—eZU 1—U— + .| T
2 B v v (U/)2

which can be rearranged to

1 R 2 1 R 2w 1 " 2w
e 1/ R+ = 1/ ofdo + <1—”—)/ 0%8do
0 v 0 (v 0

2 2 v
1[0
2
—e- | Z(r ) d
€3 /0 36 ( 2¢ ) do +
(4.140)
The integrals within this can be solved, leaving
7T L, T v"\ ORy .
65(1 +eR)(Vi + Vo)X + € ()2 (1 — ?) Wle + ... (4.141)
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Now if we substitute this into (4.133) we get

/a(h Jaa + [ﬁ+e—(R1m+\/2)+e T (1—“->@v1
R

ot (v")? v ) Ot
+ealVp + VSV Xx=10
€a x = 0.
T dt

(4.142)

Next we need to alter the remaining integral in (4.142). By writing it as

2r  rR(¢,t) I(h

/ / ) ra, (4.143)

we can use Reynold’s transport theorem to change this to

Td (" OR J
/0 {@/@ (hu)rdr — Z=h(R, ¢, t)u(R, ¢,t)R} do = E/Rmu)dA’

(4.144)
and we can use this to take a time average of (4.142) leaving
o, o, L dR, .. gv’
RyVi+ Vo + o < v’) o Vi + 1 0, ( )

since V = 7/4. Finally we will time average these terms using Ry and V; from

(4.46) and write the rise velocity of the droplet as

— w [v" -~ gv
Vel 2 (51w } s{vir} -2, 4.14
: {2( )m v+ s {ve) -2 (4.146)
We now have two separate methods to find the rise velocity of the droplet, and
so the first test will be to compare the two solutions. If we attempt to solve

the problem for small w both the second order asymptotic problem for ¢ and

the force balance both give

V_v 2
62*4<144 g) +0(?), (4.147)

which is very encouraging that two completely different methods can give the
exact same answer for w = 0. Unfortunately the correction term is of order w?
and so we cannot calculate it without returning to the first order asymptotic
problem and expanding that up to order w? also. The comparison between the
two solutions, along with the point which they should both tend to as w — 0,

can be seen in figure 4.6. Since both methods give such similar answers which
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Figure 4.6: The rise velocity of the droplet against the frequency for v =
5,v(0) = 0.5(f — 1) and g = 0. The solid line is given by the second order
asymptotic solution, the dashed line is the force balance and the black dot is
the solution for w = 0.

both seem to tend to the correct answer at w = 0 we can safely say that the
numerical method is accurate. The difference between these two curves comes
from the numerical error present in the second order asymptotic equations.
For convenience we will use the force balance in any further calculations of the

rise velocity.

4.2.9 Comparison between model 2 and 3

Although we cannot compare this model directly with [8], due to only being
able to examine small amplitude oscillations without the inclusion of contact
angle hysteresis, we can compare our three-dimensional, inviscid droplet to the
small contact angle limit of Model 2. This is an interesting comparison as it
will show how the mechanics of the problem change between using a ‘ridge’
and a droplet. If we begin this comparison by looking at both (3.130) and
(4.146) there is actually only two differences (since R = D). The first of these
differences is the constant attached to the gravity term, which is the result
of the dimensionless scales that were chosen. To compensate for this we will
compare solutions when g = 0. The second difference is the extra term that
is present in (4.146) that does not depend on g or tend to zero with w. This
is interesting since for g = 0, the limit of w — 0 corresponds to a droplet on
a surface with no external forces being applied, and so the resultant droplet
should remain fixed. However w — 0 is a singular limit in this case, and for

Model 3 the rise velocity is not zero but actually (4.147) shows it is a function
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of vv'.

Now we will compare the solutions of the models (figure 4.7) for the swaying
modes velocity, the radial displacement and the rise velocity of the droplet.
The first thing we can see from these graphs is that for all three, the lines are
very similar. The actual difference between the two solutions is that magnitude
of the peaks are smaller and the frequencies are higher for Model 3 compared
to 2. What we can conclude from this is that changing between a 2-D and
a 3-D model will cause the solution to change but by how much, for larger

amplitude oscillations and non-linear contact line laws, is not yet known.

4.3 High frequency, small amplitude limit -
WKB

We will now examine a special case of our first order problem, which is the
limit as w — oo. To do this we will examine both modes separately and use the
standard WKB substitution of an exp(w'/?y) in order to solve (4.53)-(4.61) in
the large w limit. We will begin by solving the spreading mode, followed by
the swaying one and then finally address the singular point at » = 1 for both
of the modes by setting up a boundary layer.

4.3.1 High frequency spreading mode

To solve (4.58)-(4.61) we will first combine these equations to eliminate hy),
and then we will use a substitution for wu,, to solve the remaining equation.
As stated, if we combine (4.58) and (4.59) we get

% [%% (r% {%% [7(1 = 7%)ugy] })} — 2w(wug +r) =0, (4148

2
Ugp = 0, aa:f;p =0, atr=0, (4.149)
9\ OUgp
ugp =wR, (1—r )_37“ =0, atr=1, (4.150)
1 — 282 s o <
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Figure 4.7: A comparison between model 2 (the two-dimensional, inviscid
droplet) for 6y = 0.05 and model 3 (the three-dimensional, shallow, inviscid
droplet). The first graph is of the maximum velocity of the swaying mode
over a period of oscillation, the second is the maximum displacement of the
spreading mode over a period of oscillation and the third graph is the rise
velocity of the droplet. All three graphs are plotted against the frequency of
the oscillations for v = 5,v" = 0.5,v” =0 and g = 0.
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Next we will simplify this problem by letting us, = —yr + ®/(1 — r?), leaving

o (10 010 2w?
o Lo Uar Lo 00))| - 100 )
0*P
= —_— = = 4.1
=0, S5=0, r=0, (4.153)

where the boundary conditions at » = 1 are derived in section 4.3.3. If we

expand out the differential equation in (4.152) we get

ort  rord  r20r2  r3or

rd 1 —r2?

9'e 200 30°d 300 {3 zoﬂ}@_o

By letting ® = a,, exp(y/wi,(r)), in the limit of w — oo this becomes

2 2 0
’\4 13 -1
——t — =0 . 4.154
Now if we let 1, = ¥no + w™?%,; + ... and separate (4.154) into powers of
w2 we get
2
o)t = —— 4.155
<wn0> 1 — 7"2’ ( )
1 0 10
= ') === '3 4.156
1%1 27“(77%])3 aT [T(1/}n0) } 287“ [Il (T(wTLO) )] ( )
solving these gives
1 — r?)3/8 exp(—3inm /4
o = Fryexplina/2)+ 4,y =t | USRIy
(4.157)
where A, B are arbitrary constants of integration and
f(r) = 21/4/ (1 — s?)"1/4ds. (4.158)
0
Inserting these back into ® gives
(1—r2)3/8 3 .
d= "l Y queVelelinT/2) 4 (4.159)

N

n=0
and since we know that ® — 0 as r — 0 we can take the solution

(1 _ 7"2)3/8

o(r) = 7

[ersin(vwf(r)) 4+ casinh(Vwf(r)] + ..., (4.160)
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where ¢; andcs need to be determined by the boundary conditions at r = 1.

4.3.2 High frequency swaying mode

Unlike the spreading mode, the swaying mode is a little messier to calculate
the large w limit and so we will keep the equations separate instead of solv-
ing a single fourth order ODE. We will being by letting vg, = V — 1/w +
exp(v/wv)/(1 — r?) in order to transform (4.54) into

1

. (4.161)

[VQ— 1}]1 weVv

) — T o>
72 1—1r2

and also by combining (4.53) and (4.54) we get

0 B 1 1 oy 140 o
usw——a (7‘1})—— (v—;) —ﬁ |:\/ETE+ 1—7"2 € . (4162)

2 1
Wy + - (v - —) = yeV®, (4.163)
w w

where

oWN® | _ip (31200 0% 1, 31
X:7"<E> 4+ l2 (__+r7>+w 27"(—. (4.164)

Now using (4.163) we get

2 2 2
S AT VA O N O T T
r

or? r or r2 or Or ar2
1 ov L (PP  1ox 1 o
+7“X87")+w (8r2+7’8r_r2x <

and so (4.161) becomes

W\, oxoy 9 1 N o )
X(E) twt (Q§§+XW+;XE = +O(w™). (4.165)
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Now if we let ¢ = g + w2, + ..., similar to before we get

2 2
X = Xo +w_1/2X1 I (%) 4+ /2 [%3150 o n 0*g

or Or " or?
3—7“2 8@[)()
1 —7“2?} + ...

and inserting this into (4.165) gives

0o \" |, i (O [v 0 (3. (0 3
(87") o or 87"+87“ 21n or +21nr

. (4.166)
2 _ -1
mpmi=r ))} 1o oW
Separating this for orders of magnitude of w=1/2 gives
0y, ;
:{f 0 _ 21/4(1 _ 7,.2)—1/46“17"/2’ for n = 07 1’ 2’ 37 (4167)
-
and o 9
nl —3/8 —3inw/4,.—3/2 2\5/8
= :E[ln(z [Bem3inm/Ap=3/2(1 — y2)5/%)] | (4.168)
If we solve both of these and insert them back into (4.162) we get
1 (1—72)3/% & :
= ——V b, Vwf(r)exp(inm/2) 4 4.169
u w \/77(1 — 7"2) Z € + ) ( )
n=0

and now if we write s, = 1/w—V +¥/(1—r?) to match the spreading mode,
along with the fact that OV /0r = 0, we get

(1 _ 7,2)3/8

R~

¢s [cos(vwf(r)) — cosh(vwf(r))] + ..., (4.170)

where again
fr) =2 [ 1=y s
0

but now ¢, appears as an unknown in the boundary conditions at » = 1. Both

U and ® are both very similar to ®, and ®, only with an extra factor of r—1/2.

181



4.3.3 The conditions for the upper boundary

In this section we will use the redefinitions of both wg, and wu,, and then use
(4.56)-(4.57) and (4.60)-(4.61) in order to find the boundary conditions for &
and ¥ at r = 1. These will then be used to find the unknown constants in
the high frequency limit. We will begin by taking (4.59) and inserting the
redefinition

P o
=T 5@7; (4.171)

where d; is equal to one if we are looking at the forced problem or zero for

Usp

the unforced problem. We have included this because we will use the high
frequency asymptotic results to examine both. It should be noted that from
(4.171) we already know that

®=(1-1% <u5p + 5f1r> :
w
and so ®(r = 1) = 0. Now if we look at (4.59) in terms of ® we get

0P ®
5 = —2whp — — - 20¢(2r? — 1)

g2

Y

and by differentiating this with respect to r we also get

0P L w@hsp 18<I>+ ) ~y
orz or ror r? '

Now if we let » = 1 and insert the boundary conditions

Ohg w
hegp =R, ug =wR, 8rp:<1+w>R’ at r =1,
we get
0P 0*d 3 ’R
®—0, —:—2<5f1+w3>, T2 96,2 20 atr=1.
or w r2 w w’
(4.172)

Now that we have the boundary conditions for the spreading mode, our next
step it to define the conditions for the swaying mode. For these conditions we

will start with (4.55) and we will insert the redefinition

v 1
+05—, (4.173)
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Again, we can see that from (4.173) that

)

and so ¥(r = 1) = 0. Now if we insert ¥ into (4.55) we get

gl

U= (1-r?% (u—éf

ov U1 —172 3r2 —1
a._ = _2thw - - - Vg + 5f - y
or r r wr

along with the derivative

O 5 Ohsu 18\IJ+\I! 1—r28vsw+1+7’2 +51+3r2
—_— w Vsw
or? or ror r? r or 72 o

Now if we let » = 1 and insert the boundary conditions

h
how =0, Usgy =0, Vg = Cy4, Ohsu :,K, at r =1,
or '’
we get
o 1 0*U wV
U =0 =20 =2|d,— tr=1 4.174
T or fw’ or? (f '’ )’ avr » )

where ¢, is an arbitrary unknown we must discover.

4.3.4 Boundary Layer

We will now find the unknowns ¢ 234 in the functions ® and ¥ by using
a boundary layer near » = 1 as well as the boundary conditions derived in
section 4.3.3. To do this we will have to solve the equation

oN*Fr F

= 4.1
X+ X 0 (4.175)

where F' can be replaced by ® or W. Instead of solving this problem exactly
we will look at the limits of X tending to 0 and oo in order to solve for the

unknowns. First of all we know that four linear solutions to (4.175) can be
defined as

Fi~1l, F~X, F~X? Fi~X% as X —0, (4.176)
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and since we know that at the boundary

OF ~2/3 O*F —4/3

F =0, a—X:2w as, 8X2:2w

as, at X =0, (4.177)

we can define
F =20 30, Fy +w*3ayFs + BF}, (4.178)

where a; 2 and B are dependant on if we are solving for ® or W. Next if we
take the outer solutions for ® and ¥ and look at the limit of » — 1 we know
that

F — 9-5/8,~1/4 x3/8 <b16—4iX3/4/3 n b2e4¢X3/4/3 4 b3e—4x3/4/3

(4.179)
+b464Xs/4/3> , as X — oo,

. . . S5r3/4 3/4
and so F} 534 must be some linear combination of X 3/8eF4X™"/3  x3/8FAXYE/5

- l.e.
F An A A A e HXY3
F. Ay Agy Ay A 4X3/4/3
2 | _ x3/8 21 22 23 24 € e | s X - oo,
F3 Azp Az Asz Asy e /
Fy Ap A Ay Ay 64)(3/4/ 3
(4.180)

Using our current knowledge of F' we know that F} 434 are real, and so

A = A,

nl»

(Anz) = S(Ang) =0.
Now if we equate (4.178) and (4.179) we get

275/8,y =14y = 20w 2Ba, Agy + wBay Ay + BA,,
27580 Vb, = 2w 2B ay Ay, + w M Bay AL 4+ BAY,,
275/8, 74y = 2w 230, Ags + w3ayAs3 + BAys,
275/8, A, = 2w B4y Agy + w3 asAss + BAy.

(4.181)

Now we must look at each problem separately in order to find our solutions.

For the spreading mode we have

2
F:q)7 a1:_<5f%+WR>, CLQZ—((ngg—FWR)’

2’

184



by

—1ice

iwl/2f(1)

bg = iCl

o2 f(1)

b3 = C9 e 1/2f(1) b4

Now inserting these into (4.181) and rearranging we get

98y, jé;é (2A21 . 31‘21;,;) _WPR (% n ?5}) + BA,,.
12708y e, = f}é;yg (214;1 + 2/3) — W3R (:11;/13 1:15’/1) + BA},,

0-5/8,~1/1eC ¢, — —% (2 Ags + 3/3;?) _2BR (% 1?5?) + BAys,
—275/8y 7=y = —% (2A24 313;’;) —Ww’R (% %) + BAy,

where ¢ = w'/2f(1), and we know that A,,, — O(1) as w — oo giving the

leading order equations as

. ' 9 2/3R
—i27 08y Wity = —@%Am —— Az + BAg,
’ 9 2/3R
§275/8 WA= — _5fT7/3 51 — ——— Az + BAY,
wz 2/3R (4.182)
0-5/8,y1/A L 5}0%,423 Ass + BAys,
9 2/3R
0= —5fT’Y/3A24 Ass + BAy.

Now for the unforced problem we can rearrange the last equation to give

_ WPR Ay
A44 ’

w'
which more importantly can be inserted into the others to give

A41 A34 - A31A44

2 H(1)
AjAzg — Ay Ap

(4.183)

This is interesting since the right hand side is a complex number with unit

modulus, and therefore w is real at leading order, and
2w f(1) 4+ m ~ 2Q0f(1) + 20,

or just
(4.184)



where )y is an undetermined real constant and 2; ~ 2.20. Also we will note

that the magnitude of Ay A3y — A31 A4 is equal to

w'ey

- 25/8w11/12RA44’

for completeness. Now we will move onto the swaying mode which means we

now have
) )
F=v, o i V., ay= {f (1—|- )V—I—C;L},
w w
b = Cg@ZWUQf( ), b2 = 03€7iw1/2f(1)7 b3 = —036“"1/2f(1)7 b4 = _0367“’1/2“1)7

and also we will replace B with C to avoid confusion. Now inserting these into

(4.181) and rearranging we get

A ) A
-1/4 ¢, . 9f 31
w = WIE <2A21 + I

2—5/8

2490 Az Asy
wl/3 * w + w'

+ csAsy + C A,

95/8,~1/4e=iCpy —

w1/3

My A )
w

0!

+ c A5 + C Ay,

S (

v (s
2A93

1/3

v

) A A
_o-5/8 —1/4 ¢ . _ _°f 33 33 33
2wee = wd/3 <2A23 + w2/3 wt/3 + + iv’)
C4A33 ‘|‘ CA43,
) A 2A A A
_9-5/8, —1/4_—C f 34 24 34 34
2w e ey = w/3 <2A24 w?/3 AT iv’)

where once again the leading order terms are

2” 5/8 —1/4 ZCCg = 5fT/3A21 +

275/8

_2—5/8w—1/4e§

C3 = 5f 5/31423 +

wil/ 6 C —(Sf 5/3A;1+<
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Figure 4.8: The absolute values of V and R against w'/? for v = 1 and v’ = 0.5.
The vertical dashed lines show the real parts of the natural frequencies of the
drop’s free oscillations. The dotted lines show the dependencies w™! and w™2.

Now we can rearrange the last equations to give
V A
C=—(ei——— )52,
Wwwl/3 ) Au

e2iw1/2f(1) _ Ay Azg — Az1Au
Afy Ay — A5 Aug

Again the right hand side is a complex number with unit modulus, only now

which in turn gives

(4.185)

we get
w1/2 ~ QO + an, (4186)

meaning that there is a shift in w'/? of /2 for the two modes. The values

for w'/? that correspond to the vertical dashed lines in figure 4.8 are
2.0736 3.4641 4.5771 5.7749 6.8447 8.0031 9.0747,
meaning that the spacing between is

1.3905 1.1130 1.1978 1.0698 1.1584 1.0716.
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If we take the average of these (excluding the first value in order to allow the
solution to converge) we get an average spacing of 1.12 which is roughly the

expected shift in w!/?.

4.4 Discussion

In this chapter we have considered a three-dimensional, thin droplet, with
surface tension and inertia, on an oscillating plate. When small amplitude
forcing is applied we found that the motion of the droplet is a combination
of two modes, one with no ¢ dependance and one that is proportional to
cos ¢. Separately, these two modes give the droplet either an up-and-down
the plane swaying motion or a radially in-and-out spreading motion, both of
which cause zero net motion. When we examined the non-linear interaction
between these two modes we saw that the interaction between them gives the
droplet a net motion, either climbing uphill or sliding down. Following this we
compared the results of this model with that of Model 2 (in the small contact
angle limit). The differences between the two models are only minor, with the
absolute values of the swaying modes velocity and the radial displacement both
producing similar shaped curves to the 2-D model. For this model however the
peaks of these curves are smaller in magnitude and occur at higher frequencies.
When comparing the rise velocities we again see a difference in the magnitude
and location of the peaks but overall the shape of the curves are relatively
similar. This being said, since we made the comparison for g = 0 the rise
velocity of Model 2 tends to zero with the frequency whereas with this model
it reaches a positive value that depends on v and v’.

We then moved onto the high frequency, small amplitude limit of the model
and examined the behaviour of the swaying mode’s velocity as well as the
spreading mode’s radial displacement. We saw that the absolute values of both
of these contain natural frequencies that are averagely spaced at w'/? ~ 1.1.
We could also use this to see that the velocity decreased at a rate of 1/w

whereas the radial displacement was at a rate of 1/w?.
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Chapter 5
Conclusion

For this thesis we have considered a variety of different methods for modelling
a droplet climbing uphill when placed on an inclined plane and vibrated ver-
tically and sinusoidally [8]. When attempting to model flows that contain a
moving contact line two problems arise. The first of these problems is the sin-
gularity in the shear stress located at the solid /liquid /fluid interface. Classical
continuum mechanics states that a viscous fluid will retain the velocity of any
solid it is in contact with along its boundary interface, however this suggests
that a droplet on a surface will always remain pinned in one place; a suggestion
that we already know to be false. In order to resolve this problem we have as-
sumed that the Reynolds number is large enough for viscosity to be neglected
within the models. This allows us to not worry about the ‘no-slip’ condition,
negating the singularity within the stress. The second problem is the method
for which we will calculate the velocity of the contact line. In order to resolve
this we have used a method similar to [2][3][4][20], which models the contact
line velocity as some prescribed function of the respective contact angle. The
reason we have chosen this method is that strong correlations between the ve-
locity of the contact line and the size of the contact angles have been observed
experimentally [7][23][33], be it for steady flows. Now that we have a descrip-
tion of the general assumptions used throughout the thesis we will cover each
model separately explaining advantages, disadvantages and results.

We began with Model 1 which was designed using the quasistatic approx-
imation; which assumes that the surface tension of the droplet, along with
the force of the applied accelerations, dominates over the inertial and viscous
forces of the fluid. In addition to this we applied the assumption that the

slope of the free surface is small. This model was introduced in [2] who went
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on to solve the small amplitude forcing problem asymptotically to find the rise
velocity of the droplet. If the magnitude of the forcing is sufficiently small
we found that a droplet’s motion can be separated into two modes, and the
non-linear interaction between these modes is what causes the droplet to slide
or climb. The droplet can climb uphill for most parameter values as long as
w is large enough, with the rise velocity reaching its maximum when the two
modes are in phase. Using a boundary integral method, we have solved the
larger amplitude forcing problem numerically which also allowed us to extend
the model to include physical effects such as contact angle hysteresis. What
we discovered from this is that adding hysteresis can cause an otherwise sliding
droplet to climb by forcing the two modes into phase, producing a larger rise
velocity. As well as hysteresis we looked at quadratic and cubic contact line
laws that, although produced results different to a linear law, did not make
a significant change to the mechanics of the problem. Although we could not
compare this model directly to the experimental results in [8] it is possible
to obtain footprints similar to those observed in the actual experiment. We
also looked at how a small receding contact angle leads to non-circular con-
tact lines. In spite of the strong simplifications that we have used, we have
been able to examine the effect of contact angle hysteresis on the rise or fall
of strongly driven droplets. Further work which could be implemented to im-
prove on this model would be to look at the case where the droplet is no longer
assumed thin. This would improve the analysis on the shape of the droplet as
it climbs/slides whilst maintaining the quasistatic approximation. A deriva-
tion of this, along with the small amplitude asymptotic analysis, has already
been carried out [4] and so we would be required to find a numerical solution
for larger amplitudes.

We followed this with Model 2, a two-dimensional droplet where we as-
sumed that the Reynolds number is large enough to neglect the fluids viscos-
ity. This model is an extension of [3], allowing the thickness of the droplets
to be varied instead of assuming it to be small. In the thin droplet limit
this model shows quantitative agreement with [3]. Similar to Model 1 we
found that for small amplitude oscillations a droplet’s motion can be sepa-
rated into two modes and the non-linear interaction between these modes is
what causes the droplet to slide or climb. Due to the inertial forces present
within the fluid the rise velocity of the droplet oscillates between climbing and

sliding and the magnitude of the respective peaks decreases with increasing
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frequency squared. When non-dimensionalising the small amplitude contact
line law a variable parameter was left weighting the linear term. What we
discovered was that varying this parameter caused significant change to the
solution; with frequencies that once cause the droplet to climb now made them
slide and vice versa. This result verified just how dominated the problem is
by the presence of the contact line. When extending this further to look at
pinned droplets we found that the two modes had resonant frequencies that
caused large distortions in the shape of the free surface. When increasing the
magnitude of the contact angles we found that in the limit of non-wetting the
rise velocity began to oscillate rapidly with increasing magnitude. This be-
haviour was the result of surface modes appearing for thick droplets, a result
not discoverable using a shallow water model.

Again with the use of a boundary integral method, we have solved the
larger amplitude forcing problem numerically and looked at alternate contact
line laws and contact angle hysteresis. With the use of a cubic law we could
reach similar parameter values to that of the experiment, but without the
effects of hysteresis the result was a sliding droplet. With the addition of
hysteresis we found that the peak rise velocity increases and for frequencies
near the pinned resonant frequencies, we found that even for large amounts of
hysteresis a rise velocity is still obtainable. When combining both to examine
a contact line law similar to [33] we were able to produce a climbing droplet
using parameter values similar to the experiment. The shape of the droplet,
as well as the velocity of the contact points against the contact angles, were
not yet comparable to [8] and so an extra component needed to be added to
the contact line law. This came in the form of a time dependent term on
the left hand side of the law, weighted by a dimensionless parameter 7. This
caused the velocity of the contact points to be multi-valued functions of their
contact angles giving results closer to that of experiments involving unsteady,
dynamic contact lines. We then examined this new law for many of the same
conditions as previous in order to see how the solution would be affected.
What we found when attempting to analyse the experiment was again that
we could cause a droplet to climb uphill for the parameters that we desired.
In addition to this the shape of the droplet was closer to the experiment than
before as well as the velocity at the contact points. When directly comparing
the results to the experiment however we found that there was still something

missing, mainly due to how unusual the contact point velocities look from [8].
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Although a quantitative comparison still cannot be made we have found a lot
of similarities between this model and the experiment. The inclusion of the
time dependency within the contact line law is a large step towards replicating
experimental results, however comparisons still are unable to be made. Many
experiments/theory for steady moving contact lines have predicted multiple
regions where the velocity dependency on the contact angle changes. In order
to extend this model further something similar may be required to make it
more realistic. Another approach would be to include a boundary layer at the
liquid/solid interface that incorporates viscosity; this however would require a
slip condition close to the contact points to avoid the shear stress singularity.

We finished with Model 3 which is a three-dimensional, thin droplet where
we have ignored the viscosity of the fluid. This again is an extension of [3]
only now by examining a droplet instead of a two-dimensional ridge. A fa-
miliar result when examining this problem for small amplitude oscillations is
the ability to separate the leading order motion of the droplet into two modes,
again present in this model. When analysing the non-linear interaction be-
tween the two modes there is a term present that is positive when both the
acceleration due to gravity and the oscillation of the plate are both set to
zero. This is an unusual situation where the droplet has a net motion when
no forcing is applied. Examining the high frequency, small amplitude limit
of the model we found that the velocity of the swaying mode and the radial
displacement both contain natural frequencies that are averagely spaced at
w'/? &~ 1.1. Unfortunately the lack of a numerical solution method means we
are unable to solve the larger amplitude problem and hence, compare these
results to that of [8]. Due to the nature of this problem a method which can
deal with two-dimensional shallow water equations with a contact line will
be required. The completion of this would allow us to examine larger ampli-
tude oscillations, as well as incorporate contact angle hysteresis and different
contact line laws, within our model.

A direct comparison between Model 1 and either of the other two would
not produce any beneficial results due to the significant change the lack of
inertia presents. We can however compare Models 2 and 3 and discuss the
benefits we they provide. Unfortunately we can only do this for the small am-
plitude solution since Model 3 is not yet complete. First of all let us note that
the difference between these models is that Model 2 has been assumed two-

dimensional and with variable thickness whereas Model 3 is three-dimensional
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and thin. The advantage of Model 2 therefore is that it allows contact angles
of O(1) magnitudes which is very important since the dynamics of the contact
line are what we wish to understand. Model 3 on the other hand is geomet-
rically closer to the actual experiment providing a full contact line instead
of two contact points. When comparing the two models for small amplitude
oscillations and for thin droplets we see that the shape of the results are very
similar. We do find that the magnitude of the peaks are larger for Model 2
and they occur at lower frequencies. As already mentioned the rise velocity
of a ‘Model 2’ droplet tends to zero with the frequency whereas a ‘Model 3’
droplet does not. Without the large amplitude solution to Model 3 a more in
depth comparison cannot yet be made. One issue we can discuss regarding
Models 2 and 3 is the size of the Reynolds number and how we have used it.
When deriving the governing equations we balanced the surface tension with
the inertia in both models and the result of this was a Reynolds number of
approximately 10. We then went on to argue that this number is large enough
for us to neglect viscosity in the problem however some would suggest that this
is wrong. In order to solve this problem we have looked at the case where we
balance the inertia with the applied acceleration (section B) and have shown
that we can achieve a Reynolds number almost 10 times this amount without
much change to the governing equations. In fact for the case where e = 1 (the
value used when attempting to compare to the experiment in section 3.4) the
governing equations are exactly the same. We can conclude from this that the
analysis provided for large amplitude oscillations is indeed relevant with the

approximations used.

5.1 Future work

Over the course of this work we have discussed three different models that all
produce qualitative comparisons to [8] but there are still improvements that
can be made. Model 1 uses the quasistatic approximation to look at the uphill
motion of the droplet when the frequency of the oscillations are slow and the
droplet is thin. The main improvement that could be made to this model is
to extend it to include thick droplets. This would in fact be an extension of
[4] similar to the way in which Model 1 is an extension of [2].

For Model 2 we looked at a two-dimensional droplet where the viscosity

of the fluid is assumed negligible. In order to improve this we could extend
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the model to be fully three-dimensional. The benefit of this would be that the
rise velocity and the shape of the footprint would be much more comparable
to [8] when using a droplet. Compared with thin droplet approximations the
change from two- to three-dimensions would greatly change the way in which
the vibrations travel across the surface of the droplet (mentioned in [2] for thin
droplets).

Model 3 is a thin, three-dimensional droplet where the viscosity of the fluid
is assumed negligible. So far only a small amplitude asymptotic solution has
been derived and so the next step is to solve the general case for O(1) e. In
order to do this a method for solving two-dimensional shallow water equations
with a contact line needs to be used.

Now that we have mentioned some ways we can improve each model sep-
arately there is some other future work that could be carried out. First of all
a justification needs to be made for the time dependent contact line law used
in section 3.4.3. Once a physical reason for this has been found, the next step
would be to introduce similar laws to Models 1 and 3. Another improvement
which could be made is to introduce the effects of viscosity within the models,
ideally in a boundary layer close to the substrate. This would mean that a
slip condition would also need to be introduced near the contact lines(points).

A much simpler change we could make to all of these models is to alter
the way in which the effective gravity is included in the governing equations.
By making gravity only act vertically down and having the acceleration due
to the oscillations act at an angle, we can use these models to compare with
the second experiment in [8]. In addition to this we could also separate the
oscillatory acceleration into a horizontal and a vertical component and have
them both acting with different amplitudes and a phase difference. This would
allow us to use our models to compare with [30].

In addition to improving current models, a new model could be created to
simulate the full Navier-Stokes equations for a flow with a contact line. This
would be very similar to [35] but would focus on modelling the contact line

law in order to quantitatively compare to [8].
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Appendix A

Force balance for alternative

contact line laws

In this section we will cover the analytical method for finding the rise velocity
of the droplet by balancing the forces, as shown in section 3.2.4, but for contact
line laws different to (3.24). We will still use the assumption that the contact
angles only differ from their initial state by a small amount in order to solve
this problem asymptotically for small e. We start with (3.125) only now we

will write the contact angles as asymptotic expansions of the form
Qi = 90 + EQH: + 6292i + ... (Al)

Now by inserting (A.1) into (3.125) and taking the time average over one

period of oscillation we get

5. -0.=— (\MZ B \9—\2) cotty— 220 L0, (A

sin 90

where 6, is the constant part of oy and 6, = {éi exp(iwt)}. By writing

the velocity of the contact points in the form
Uy = eviy + EVay + ..., (A.3)
and inserting this into the second equation of (3.28) we get

b =wD+V, 7L=+V, (A.4)
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where the ‘bars’ and ‘tildes’ have the same meaning that they did with 6.
The final step to finding the rise velocity is to include a relationship between
the velocity of the contact points and the contact angles, i.e. a contact line
law. If we used the Taylor expanded law (3.24) at this point we would again
obtain (3.128) as expected.

A.1 A square root in the contact line law

The first alternative contact line law we will look at is

(A.5)

which is used to make the contact line velocity unbounded as 6 — 0. If we
expand both 64 and vy and then separate into orders of € we get

fo ) fo

01t = o i O2r = o Vo + E (v1+)%. (A.6)

2(v'
Now if we use the same methods as in section 3.2 to transform these into
time-independent equations, and insert them [along with (A.4)] into (A.2) we

get
w
20/

vy Ay

Vi=- 2 sin 6,

(1 + 6o cot 9@%{?[}*} - +O(e). (A7)

Comparing this to (3.128), where V, = €2V, we see that the only difference is
the v” /v’ term has been replaced by a —1.

A.2 Time dependent contact line law

The second alternative contact line law we will look at is

dvi ’ Qi 1 " Qi 2
— = — -1 = — -1 A8
o T ”(90 27\ % ! (4.8)
which causes the velocity of the contact points to become a multi-valued func-

tion of the contact angles; closer matching actual results for unsteady flows.
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Expanding 6+ and vy the same as before we get

! d
Ql:l: = U_ (7' iEs + Ul:t) )
to

v dugs v by dvit ?
s = _Y b [ due |
S (T ar J”’Qi) w2 \Tar T

This shows that since #;+ has changed compared to using (3.24) we will also

(A.9)

need to alter the first order time-independent equations slightly, i.e. replace
(3.62) with

sin 90
0o

,Sineoaé N ’
o %—l-(wr—z)‘/:l: [v

COS¢90+M(WT—Z')} D=0, atf= g:FQO-

(A.10)
Taking the time-independent versions of (A.9) and inserting them [and (A.4)]

into (A.2) we get

U”

V= (— — 6 cot 90> (1+w?r?) %{f/ﬁ*} _ vy A + O(e). (A.11)

20" \ v 2 sinfy,

Comparing this to (3.128) we see that the only difference is the term that
comes from the oscillating plate is multiplied by a term that depends of w and

7. This also shows that for 7 = 0 we get the original problem back, as we
should.
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Appendix B

Balancing the inertia with the

acceleration of the substrate for
Models 2 and 3

When non-dimensionalising the governing equations for both Models 2 and 3
we defined the time scale T' in order to balance the typical surface tension

force in the droplet with the inertia, i.e.

3
T = ‘/p_DO7 (B.1)
0'(90

where Dy = L when switching between Models 2 and 3 (however for the rest
of this section we will refer to it as Dy). The reason we chose this balance
was to make easier comparison between these models and [3], in addition to
having a simple way to examine small amplitude forcing asymptotically. The

result of this is a Reynolds number for the model given by

Re— L, [70Do (B.2)
v\ p

Now if we insert values from the experiment into (B.2) we will find that the
largest possible Reynolds number we can get is 13.67, with a typical value
given approximately as 10. During the analysis we concluded this was large
enough to neglect the affects of viscosity in the problem. A more appropriate

balance may have been to balance the inertia with the applied acceleration
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from the oscillating substrate. The result of this is a time scale given by

D
T=y/—2, (B.3)
Qg sin o

with the respective Reynolds number

Re = —\/aODgSino‘_ (B.4)

14

Now if we again insert the experimental values into (B.4) we achieve a maxi-
mum Reynolds number of 98.71, with a typical value of 32.00. Therefore using
this balance provides a much stronger argument for the neglect of viscosity
in the models. Now we have explained the argument for a different scaling
balance we need to check how it alters the equations. For Model 2 the only
equation that is affected is (3.11), which now looks like (with hats omitted)

0 1
—¢+—|V¢]2+—x—i€+a(az—l—ly)20, (B.5)

at - 2
where v and € are the same as before. What we can see from (B.5) is almost
unchanged, with € moved from the forcing to under the curvature. Now if we
repeat this for Model 3 we only change (4.9) that now looks like

0 1
8—‘; +(u-Vu+Vv [a(m +h) — —VQh] =0, (B.6)

€
again with e shifting from the forcing to the curvature. What we have shown
in this section is that there is a different method for balancing the dimensional
scales in both Models 2 and 3 which give a much larger Reynolds number
without causing significant change to the governing equations. This does how-

ever cause a large change in the small amplitude asymptotic solutions and so
should only be used for € of O(1).
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