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Abstract

Recent developments in technology have led to accelerated growth of data, and the associated

challenges of extracting information from them. Recently, the knowledge discovery process

has become a central issue in extracting knowledge from data. Within this, feature selection

(FS) acts as a preprocessing procedure, playing an essential role in aiming to discover

a minimal feature subset or a reliable feature ranking sequence to represent the original

data. However, practical datasets are inherently uncertain and imperfect due to the noise,

incompleteness, and inconsistency which always exists. In this research, the fuzzy theory is

introduced as a unified framework to model these uncertainties in the FS process.

Unlike semantics-preserving FS algorithms that output a final feature subset, this research

aims to explore efficient feature ranking-based methods that rank the features based on feature

importance. To begin with, this research investigates a fuzzy entropy-based FS and classi-

fication framework with several essential components. Different evaluation measurements

and functions are implemented to find the combination which achieves the best performance.

The proposed method has produced relatively high and stable classification accuracy when

gradually removing features, indicating better performance than other comparable methods.

Further, on account of the lack of suitable measurements to evaluate and compare FS algo-

rithms effectively, two new evaluation methods are proposed on the aspects of accuracy and

robustness. The proposed weighted accuracy and robustness measures have proven to be

more sensitive on real-world and synthetic datasets. A multi-criteria evaluation method based

on radar charts is also introduced, to comprehensively measure overall performance.
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Next, this research investigates and proposes a novel ensemble learning framework to fur-

ther improve FS algorithms’ performance. The proposed method consists of three main steps:

distribution generation of feature importance using bootstrap, distribution ensemble using

aggregation methods, and defuzzification for feature ranking. Various methods represent the

importance of features, such as score-based, rank-based, and fuzzy-based approaches. Both

weighted combination and fuzzy aggregation methods are used to aggregate the different

distributions. Following tuning using a reference data repository, the best combination

approach is chosen for each of the score, rank, and fuzzy-based approaches, respectively.

Compared with the base FS methods after the bootstrap process and the other state-of-the-art

FS methods, the proposed methods have produced better performance on the testing data

repository, especially for the technique using a fuzzy-based approach and drastic sum S-norm

aggregation. It has shown that the proposed ensemble learning framework can improve the

performance of FS algorithms in multiple aspects.

From the literature, there are a large number of FS methods, and it is impossible to state

the best FS method for all kinds of data. Hence, this research finally develops a meta-learning

framework to recommend a suitable FS method for a given dataset. Various synthetic datasets

are generated as the training data repository, which is used to tune the parameters of the

framework. Subsequently, a meta-learning framework is constructed by extracting six meta-

features of the training data repository, applying the FS algorithms with the best multi-criteria

performance as the meta labels, and utilizing the fuzzy similarity measure-based method as

the classifier. In experiments, the proposed framework successfully recommends the best

FS method from the candidate methods for six out of ten testing datasets with negligible

additional time.

The limitations of the proposed methods, possible improvements, and future research

directions are discussed in the last chapter of the thesis.
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Chapter 1

Introduction

The rapid development of cutting-edge technologies in information and computer science

has primarily increased efficiency and productivity in various aspects. In the meantime, it

effectively generates vast amounts of data [43, 183]. Accelerated growth of data and the

challenges associated with extracting meaningful information from them have given rise to

the field of knowledge discovery. This field describes the process of uncovering previously

unknown trends, patterns, relationships, and knowledge from data [80]. As Rutherford D.

Rogers mentions, "we are drowning in information and starving for knowledge" [176]. A

growing gap exists between the ever increasing volumes of data being generated and our

limited abilities to understand it.

1.1 Background

Typically, data is composed of a number of examples that are characterized by some features.

The majority of the datasets used in the research come from a single data source which is

always assumed to be independent and identically distributed (i.i.d). On the other hand, the

data could also come from multiple and heterogeneous sources such as text, images, tags
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and videos in social media. In addition, stream data has become more and more prevalent in

real-world applications, such as user-generated post data on Twitter [128].

1.1.1 Knowledge Discovery Process

Knowledge is valuable when it can be used efficiently and effectively. Recently, the knowl-

edge discovery process has become central to this issue [90]. The term knowledge discovery

refers to the process of finding knowledge in data, which emphasizes the high-level applica-

tion of particular data mining methods. Nowadays, discovering knowledge from data has

become an essential and challenging target. Recent decades have also witnessed a revolution

in the theory and application of artificial intelligence to achieve superior performance in

many areas, such as decision making, clustering, regression, etc [113]. In general, the overall

process of finding and interpreting knowledge from data involves the repeated application of

the steps below [55].

Fig. 1.1 An outline of steps of the knowledge discovery process

1. Data Selection: The target dataset is created by selecting a dataset or focusing on a

subset of variables or data samples on which discovery is performed.

2. Data Cleaning: This step includes removing noise or outliers, handling any missing

values, and collecting the necessary information to model noise.

3. Data Reduction: This step aims to find useful features to represent the data using

dimensionality reduction or transformation methods.
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4. Data Mining: This step searches for patterns of interest in a particular typical form,

such as classification, regression and clustering.

5. Interpretation/Evaluation: This step evaluates the knowledge concerning validity,

usefulness, novelty, and simplicity.

Within this generic framework, the data mining stage represents the study of algorithms

that automatically improve their performance with experience using machine learning meth-

ods. Machine learning algorithms can be broadly categorized in the literature into supervised

and unsupervised learning methods. Supervised learning is the machine learning task of

learning a function that maps an input to an output using labelled datasets [177]. On the

other hand, unsupervised learning learns the patterns from untagged data using machine

learning algorithms. These algorithms discover the hidden patterns in data without labelling

information [82].

1.1.2 Dimensionality Reduction

Practically, the extensive and complex data commonly face the curse of dimensionality

problem. In some cases, the limited number of training samples are sparsely distributed

within a high dimensional feature space [10]. The concept "sparsely distributed" indicates

when the number of samples is far less than the number of features. Then the distribution

of the limited samples becomes sparse in the data space. However, many features are either

irrelevant or redundant, which do not provide any useful or additional information. When the

learned models are not generic for unseen data samples, it may also lead to the overfitting

problem [119]. Moreover, the high dimensional datasets could also lead to a significant

increase in memory usage and high computational cost in the data analysis process [128].

The principle of Occam’s Razor states that "plurality ought never to be posited without

necessity" [182]. It is also called the principle of parsimony and paraphrased as "the simplest
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explanation is usually the best one" [15]. This principle has been widely applied as a scientific

and philosophical rule to mean that entities should not be multiplied unnecessarily. With

the increasing amount of available big data, dimensionality reduction techniques gradually

become active research topics and play significant roles in the issues above. Dimensionality

reduction decreases the dimensions of the data space such that the low-dimensional represen-

tation maintains some meaningful characteristics of the original space, which is ideally close

to its intrinsic properties [206]. There are two main approaches to dimensionality reduction,

being feature extraction and feature selection. Feature extraction is a process that extracts a

set of new features from the original ones through some functional mapping. Using linear or

nonlinear combinations, it projects the original high dimensional feature space into a new

low dimensional one. Some well known examples include Principle Component Analysis

(PCA) [217], Linear Discriminant Analysis (LDA) [143], ISOMAP [201], etc.

In comparison, feature selection (FS) is a process that chooses a subset of features

from the original feature set. Instead of creating new feature combinations, FS methods

include and exclude features presented in data without changing their morphology [69].

It has been widely used as the pre-processing technique for supervised and unsupervised

learning applications, such as classification, clustering and regression. Even though the label

information is needed in some FS methods to guide the selection process, many unsupervised

FS methods still exist independent of the labelling and are suitable for unsupervised scenarios.

In the knowledge discovery area, FS methods have demonstrated many potential benefits over

the past decades. Firstly, they are ordinarily computationally efficient and can provide highly

readable and interpretable results [90]. Secondly, by selecting the discriminant features, they

can help in the visualization and understanding of the characteristics of data. Thirdly, the use

of FS methods also reduces the storage, training, and measuring requirements. Due to the

reasons above, this thesis mainly focuses on FS methods.
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1.1.3 Feature Selection Methods

In recent decades, FS methods have become one of the most frequently used and essential

techniques in the data preprocessing stage [119]. By directly selecting a subset of relevant

features for model construction, FS methods maintain the physical meaning of the original

features and give models better readability and interpretability compared to feature extraction

methods [128]. There are three types of FS methods, i.e. wrapper, embedded and filter

methods. Wrapper methods select valuable features depending on specified learning algo-

rithms, while embedded methods integrate the FS process into learning. In contrast, filter FS

methods are independent of learning algorithms in that they identify a feature subset from

the original space based on a set of given evaluation criteria.

From the literature, FS methods are widely applied in many practical problems. Firstly,

FS methods are generally used to improve or optimize decision-making performance. The

underlying principle is similar to the peaking phenomenon where the prediction performance

would decrease after a peak with the increasing number of features [90]. There are irrelevant

and redundant features within a feature space in practical datasets. The irrelevant features

provide very little or even no predictive power. The redundant features give no additional

information than the currently selected ones [119]. It becomes challenging to model the data

mixed with such irrelevant and redundant features in the knowledge discovery process. A

correct selection of relevant features could lead to an improvement of the inductive learner

in terms of learning speed, generalization capacity or simplicity, etc [16]. Therefore, FS

methods can simultaneously increase predictive performance and reduce the computational

cost by removing irrelevant and redundant features.

Secondly, FS methods can drastically reduce the feature space of very high-dimensional

datasets. Otherwise, the high dimensionality of data may lead to the underfitting problem,

thereby becoming unsuitable for further processing. This issue is prevalent in some areas,

such as bioinformatics. For example, a typical bioinformatics problem might be distinguish-
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ing cancer patients from healthy people using gene expression profiles [220]. However,

because of the enormous expense of collecting the gene expression microarrays, the number

of samples in the existing gene expression datasets is tiny, where few of them exceed a

hundred. On the other hand, the number of genes or features typically surpasses thousands or

ten thousand. This is named the "Large P, Small N" problem in the machine learning area

and can be addressed using FS methods.

Thirdly, FS methods may minimize the presence of redundant features by reducing the

dimensions of potentially extensive datasets. In some areas, the acquisition and measurement

of specific features are inconvenient and inaccessible to a particular degree. Therefore,

by determining which features should be available to systems, FS methods could help

simplify the design and implementation of actual machine learning methods and minimize

the requirements for collecting various features. In the biological realm, FS methods can

help recommend new metabolic pathways by identifying the essential features. Besides, they

can also assist in the identification process for the hidden connection of specific cellular

processes [49].

Fourthly, by minimizing the dimensionality of input feature spaces and preserving the

data semantics simultaneously, FS methods can help reduce the data storage requirements.

The corresponding processing speed could also be accelerated by employing a simpler

machine learning model after using FS methods [127].

1.1.4 Motivations and Limitations

As mentioned before, a suitable FS method aims to provide advantages such as better

predictive performance, reduced computational requirement, and the enhanced identification

of relevant features. However, some central issues still exist to be addressed based on the

literature.
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1. Noise and uncertainty In practical applications, the presence of noise is arguably

inevitable. Noise is introduced in many stages, such as data acquisition and transformation.

In general, there are two types of noise: feature noise and class noise. Feature noise occurs

when independent features contain either incorrect or missing values. Class noise occurs

with the inclusion of contradictory examples and misclassifications. Contradictory examples

refer to the same examples which appear more than once with different classifications,

while misclassifications stand for the instances labelled with the wrong classes [241]. Data

interpretation, modelling, and performance evaluation processes are undoubtedly affected by

these sources of noise. The reduced-sized or poorly qualified datasets may also deteriorate

FS results. Furthermore, the noise could misguide the downstream decision-making process

and lead to suboptimal results.

However, there is no ideal noise handling mechanism to clean or remove all noise

altogether. Noise tolerance or so-called noise resistance generally becomes desirable for

tools and techniques. Many approaches are proposed to enhance the noise tolerance of

machine learning methods. However, this also leads to increased attention on the ability of

noise resistance and robustness for FS methods [5, 70]. On the other hand, practical datasets

are inherently uncertain and imperfect due to the existence of noise, incompleteness, and

inconsistency. There exist many incomplete features and text-based information within the

data from sensors, social media, financial records, etc [8]. Appropriate analysis of such data

requires advanced analytical techniques for efficiently predicting future courses with high

precision and advanced decision-making strategies [77]. In this case, it becomes an essential

demand to provide data reduction and handle the uncertainty for crisp and real-valued datasets

simultaneously. FS methods with the property of producing consistent and robust FS results

remain desirable.

From the literature, fuzzy sets and systems could provide a mechanism where real-valued

features are effectively managed [228]. Fuzzy theory acts as a unified framework to model
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the vagueness, imprecision, and uncertainty present in information. Through transforming

values into belonging to one or more fuzzy sets using the membership functions, vagueness

and uncertainty of data are modelled and further exploited to enable reasoning [90]. Under

these circumstances, there has been increasing attention on employing fuzzy theory and

fuzzy techniques in the FS area in recent decades.

2. Data dependent performance A vast body of different FS methods exists in the litera-

ture. However, the proliferation of FS algorithms does not necessarily lead to a general frame-

work to help select the most suitable methods amongst the many existing algorithms [16].

Besides, the relationship between different datasets and their FS performance is still unclear

for many FS algorithms. To make a correct decision on choosing the most suitable algo-

rithms, a user needs to know the domain knowledge well and to fully understand the technical

details of the available algorithms. Otherwise, different FS methods have to be tested and

evaluated on various kinds of datasets using a trial and error approach, which can prove

to be time-consuming and costly, especially on very large datasets [16, 190]. Therefore, it

becomes an issue to choose and apply suitable FS algorithms where their performance varies

in a data-dependent manner.

3. Lack of attention on stability FS methods’ stability is defined as producing consistent

feature preferences on different data subsets sampled from the same distribution. It quantifies

how FS results are affected by different datasets from the same application scenario [102]. A

stable FS algorithm aims to produce similar and consistent feature rankings or subsets under

different training data variations [219]. The instability of input data may result in different

outcomes, making the conclusion unreliable.

Nevertheless, in most cases, FS research mainly focuses on improving the predictive

performance and extracting a smaller feature subset. In many practical applications such as

gene selection, biological recognition, and cancer detection, a suitable FS method requires
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not only high prediction accuracies but also a high level of stability [62, 45]. However,

surprisingly, the stability of FS techniques receive relatively little attention in the previous

research.

With increased focus on research into high dimensional datasets, the stability of various

FS methods becomes an increasingly important issue. On the one hand, improving the

algorithms’ stability can help select the relevant features with higher confidence and lower

processing time. On the other hand, it also provides domain experts with quantified evidence

on the results’ reliability, which is particularly crucial in biological areas such as genomics,

DNA-microarrays, proteomics, and mass spectrometry. The motivation for improving

stability is to provide confidence in the analysis of results, and to select the features which

are relatively robust to any perturbations of input data [102]. Otherwise, the ignorance of

stability issues and inconsistent FS results may reduce the experts’ assuredness during the

selected features’ validation process.

1.2 Aims and Objectives

The FS process achieves dimensionality reduction by identifying and removing irrelevant

and redundant features from data without altering the features themselves. At the same

time, it provides many potential benefits, such as improving the computational efficiency

of decision-making processes, reducing the measurement and storage requirements of data,

and facilitating the readability and interpretability of the resulting knowledge. Some FS

methods identify the feature subset without ranking the feature importance, such as the

wrapper approach. Alternatively, FS methods which rank the features and obtain a feature

sequence according to the feature importance can better represent the inherent difference

and significance among the features, and so it is these which are mainly investigated in this

research.
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Although many FS methods have been proposed in the literature, some issues remain to be

addressed. Firstly, the performance of FS methods is primarily evaluated using the accuracy

of the subsequent decision-making tasks, whereas the repeatability and robustness of the

methods are not often also considered. Secondly, the instability of data noise and methods

may primarily affect the FS result. Hence, a ranking-based FS method that incorporates

fuzzy theory to handle uncertainty needs to be better investigated. Thirdly, an FS method

may only perform well on a particular dataset type. The relationship between the datasets

and their FS performance is still unclear for many FS methods, resulting in a lack of clarity

amongst some researchers as to which method to select for which dataset [189]. Besides,

many learning-based FS methods suffer from data scarcity for training, which leads to poor

generalizability when being applied to a new dataset.

This essential research that this thesis aims to explore is to create solutions for a better

understanding of feature importance, such that the features represent the inherent charac-

teristics of data well and allow comprehensively good performance to be achieved. Some

objectives to achieve this overall aim and to try to address many of the issues mentioned

above are as follows.

1. Explore a ranking-based FS method that incorporates fuzzy theory to handle the various

uncertainties that may be present, thereby producing good predictive performance.

2. Review the existing performance evaluation metrics for FS method comparison and

propose new metrics if supplementary to the existing methods.

3. Develop an ensemble learning framework that combines different FS methods to

achieve better feature ranking.

4. As an alternative to this ensemble learning framework, develop an FS recommendation

framework to suggest a suitable FS method for a given dataset. In order to overcome

the data scarcity problem, the feasibility of using synthesized data for training a meta-
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learning framework to achieve feature ranking is also investigated, and evaluated on

various real datasets.

1.3 Thesis Structure

The remainder of this thesis is organized with the following chapters. Chapter 2 presents

the literature review and background knowledge of FS methods, fuzzy theory, ensemble

learning and meta-learning. For FS methods, the definition, general procedures, and different

approaches are introduced at the beginning. Next, a further review of filter FS methods is

discussed. Four important concepts are introduced concerning some aspects of fuzzy theory,

including fuzzy sets, fuzzy entropy, fuzzy similarity, and fuzzy systems. The ensemble

learning and meta-learning approaches are discussed with basic concepts, techniques, and

main issues are highlighted.

Chapter 3 presents a fuzzy entropy-based FS framework that includes three ideal vector

calculations, three similarity measures, and three fuzzy entropy functions. Different feature

removal orders based on fuzzy entropy values are evaluated and compared. Based on three

public datasets’ experimental results, the recommendation is made as to the optimized

combination using the ideal vector, similarity measure, and fuzzy entropy function for FS.

Besides, the performance of the optimized framework is compared with the other classical

filter-based FS methods.

Chapter 4 introduces the experimental datasets and proposes several evaluation metrics to

measure the FS algorithms’ performance. At first, twenty practical datasets and a synthetic

dataset are introduced with detailed descriptions. After reviewing the existing performance

evaluation metrics, several novel evaluation methods are proposed for accuracy and robust-

ness. A comprehensive evaluation measurement based on a radar chart is also introduced to

measure FS methods’ performance from a multi-criteria perspective.
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Chapter 5 presents an ensemble framework to aggregate FS results to produce a better

performance on multiple aspects. Three main steps are introduced in the framework: distri-

bution generation of feature importance, distribution ensemble using aggregation methods,

and defuzzification for feature ranking. Three different approaches are proposed to generate

feature importance distributions, including score, rank, and fuzzy-based approaches. The

experiments are conducted using different repositories for methods tuning and performance

testing. Furthermore, the proposed method is compared with the other state-of-the-art FS

methods.

Chapter 6 presents a meta-learning framework to recommend the FS method with the

best multi-criteria performance for a given dataset using a fuzzy similarity classifier. First,

the framework is introduced comprising the three main steps: training data repository

generation, metadata construction, and recommendation using a fuzzy similarity measure.

Next, the experiments are conducted using different data repositories for parameter tuning

and performance testing.

Chapter 7 concludes the thesis by summarizing the main points and outcomes. The

contributions and limitations of the research in this thesis are discussed. In the end, the scope

for future work in various directions is reviewed.

1.4 Contributions to Knowledge

This research has contributed four peer-reviewed conference papers and one journal paper

under preparation. The publications are listed below.

1. Zixiao Shen, Xin Chen and Jonathan M. Garibaldi, "Performance Optimization of a
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Chapter 2

Literature Review

This chapter presents a literature review of the research in this thesis. Firstly, Section 2.1

provides a comprehensive review of FS methods. Secondly, Section 2.2 discusses some

basic concepts and introduces the background knowledge of fuzzy theory, including fuzzy

sets, fuzzy entropy, fuzzy similarity, and fuzzy systems. Last, Section 2.3 and Section 2.4

introduce the ensemble learning and meta-learning, respectively.

2.1 Feature Selection Methods

FS’s main aim is to extract a minimal feature subset from a problem domain while retaining

a high accuracy to represent the original data [38]. It acts as one of the most widely used

and essential techniques in the data pre-processing stage and an indispensable component

in the machine learning area [102]. It is also called variable selection, attribute selection,

or feature subset selection in different areas such as machine learning, pattern recognition,

signal processing, etc.

The central premise of applying an FS technique is that many features in the original

data are either irrelevant or redundant, which can be removed without the loss of much

information [172]. Irrelevant features provide no helpful information, and redundant fea-
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tures provide no additional information than the currently selected ones. In comparison,

relevant features are neither irrelevant nor redundant to the target concepts. Nevertheless, the

information about relevant features is normally an unknown knowledge in many practical

scenarios. Therefore, different techniques are developed to explore the candidate features to

better represent the domain knowledge [97, 119].

In general, the application of FS methods can provide many benefits in practical applica-

tions. First, the correct selection of relevant features can help provide a good insight into

the underlying concept of the problem and improve the overall predictive performance [38].

Second, eliminating irrelevant and redundant features can drastically reduce the running time

and storage requirements for the subsequent learning algorithms. Third, FS methods can also

help better understand the data, increase the comprehensibility of the learning results and

gain knowledge from the visualization process.

2.1.1 Definitions

FS refers to the problem of selecting the most relevant features to the target event for a given

dataset. Unlike other dimensionality reduction approaches, FS methods can preserve and

maintain the original meaning of features after the selection process [128]. Many researchers

define FS methods [38] from various aspects. By Kira and Rendell’s definition, FS aims to

find the minimal-sized feature subset, which is necessary and sufficient to infer the target

event [107]. From Narendra and Fukunaga’s viewpoint, FS aims to select a feature subset

such that the value of a criterion function is optimized over all subsets [147]. From Koller

and Sahami’s perspective, by choosing a suitable feature subset, FS can be used to improve

the prediction accuracy and decrease the data structure’s complexity and size [112].

A feature is defined as ‘relevant’ when it is highly correlated with the target task. Other-

wise, it may be defined as ‘irrelevant’ when uncorrelated with the target task. Redundant

features refer to those with no more information than the currently selected features, and
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irrelevant features provide no helpful information in any context. The existence of redundant

and irrelevant features can misguide decision-making results to a certain degree [172]. In this

case, FS methods are designed to identify and remove the irrelevant and redundant features

that do not contribute to or reduce the models’ performance. Feature relevance has acted as

an independent and essential measurement, which needs to be defined appropriately. This

section gives the definitions of FS methods and feature relevance below.

1. Definition of feature selection Given a dataset D that is composed of S samples and N

features, the numbers of features in the original feature set F and the reduced feature subset

F′ are represented as |F| = n, |F′| = m,(n ≥ m). Let L(.) be an evaluation criterion to be

maximized and defined as L : F′ ⊆ F→ℜ. Therefore, the candidate feature subset can be

constituted with any of the following conditions [119].

– Condition 1: Find the optimal feature subsets F′ to maximize L(F′) where m < n and

F′ ⊂ F.

– Condition 2: Set a threshold θ and then find a feature subset with the smallest feature

number (m) which meets the condition L(F′)> θ .

The choice of the different performance evaluation function L(.) can result in the various

selected feature subsets. Among them, one of the most widely used evaluation metrics is

given below.

2. Definition of relevance Investigating the relationship between superior features and

relevance becomes an important issue. There are different definitions for features to be

’relevant’ in the machine learning area. Among them, one of the widely used definitions

refers to the notion of being ’relevant’ to target concepts [14].

3. Relevant to the target task A feature F is relevant to the target task when there is a

pair of examples a and b in the sample space such that a and b differ only in their assignment
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to the feature F and C(a) ̸=C(b). For the real-valued data, the feature F is relevant when

there are some examples in the sample space for which the changes in the F value affect the

decision making results [14].

The notions of relevance are helpful from the viewpoint of deciding which features to

be kept or ignored. Relevant features are normally essential to retain. Otherwise, their

elimination may give rise to an increase in the ambiguity of data. However, the definition of

relevance is independent of any specific learning algorithm. The selection of the relevant

features may not necessarily be beneficial for the downstream algorithm [14].

2.1.2 General Procedures and Approaches

In the ideal cases, all the candidate feature subsets can be searched and evaluated to locate

the absolute best one for the given training dataset. However, the ideal solution to search

all the candidate feature subsets proves to be ordinarily exhaustive, costly, and practically

prohibitive, even in medium-sized datasets. For those issues, some sub-optimal search

strategies are applied in the FS process, shown as follows.

1. Framework of the main steps There are four main steps within the FS framework in

the literature, which include subset generation, subset evaluation, stopping criterion, and

result validation. The overall framework of the main steps is illustrated in Fig. 2.1.

Fig. 2.1 Main steps and framework of feature selection
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At first, feature subsets are selected using various search strategies in the subset generation

process [135]. Then their performance is compared with the previous best one using specific

evaluation metrics. Hence, the optimal feature subset is continuously renewed by the subset

with better performance. The process will be repeated until a predefined stopping criterion is

satisfied [38, 119]. To be specific, the four main steps are listed below.

1. Subset Generation: Generate the next candidate feature subset from the original one.

2. Subset Evaluation: Evaluate and score the performance of the feature subsets using

the certain criterion.

3. Stopping Criterion: Set up the threshold to stop the loop based on the evaluation

function. Some widely used stopping criteria include:

(a) Some prerequisites are met, such as maximum iteration number, the minimum

number of features, minimum classification error rate, etc.

(b) The deletion or addition of the features in the feature subsets produces little

difference in the performance.

(c) The search process is completed.

4. Result Validation: Validate the effectiveness of selected feature subsets using the

downstream decision-making methods.

Besides, the general procedures for FS can be illustrated in Algorithm 1. There exist

plenty of FS methods in the literature. Those methods are grouped into the categories shown

below based on different principles.

2. Supervised, unsupervised and semi-supervised approaches FS methods can be

generally categorized as supervised, unsupervised, and semi-supervised approaches based

on the availability of class labels. Supervised FS methods use labelled data for FS and

evaluate feature relevance by measuring the correlation between feature values and the

class labels. Therefore, the class label of each sample is given beforehand. Hence, it
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Algorithm 1 General algorithm for FS [119]
Input:

1: F: Feature set of the dataset
2: SG: Successor Generation Operator
3: E: Evaluation measurement
4: θ : Stopping Criteria

Output: Fopt : Optimal feature set
5: initialize:
6: F′:= Start_point(F)
7: Fopt := Best of F′ using E
8: repeat:
9: F′:= Search_Strategy(F ′,SG(E),X)

10: Fopt := Best of F′ according to E
11: If E(F′)≥ E(Fopt) or {E(F′) == E(Fopt) and |F′|< |Fopt |}
12: Fopt = F′
13: until Stop criteria are satisfied

becomes natural to include the features related to the classes and exclude those that are not.

For example, correlation-based FS (CFS) relies on an underlying hypothesis that "a good

feature subset contains features highly correlated with the class, yet uncorrelated with each

other" [73]. Besides, the corresponding predictive accuracy can also guide the FS process as

an independent evaluation index.

Unsupervised FS methods evaluate the feature relevance by the capability of keeping

particular properties of the data, such as the variance or the preservation of locality [233].

The class labels are not given in advance. Therefore, without any guidance of class labels for

relevant information, FS in unsupervised scenarios proved to be a much harder problem [172].

This approach searches for feature subsets with reduced size to uncover the interesting natural

groups from the data based on a chosen criterion [50]. In real-world applications, there

exist many unlabelled and small labelled datasets. To deal with the "small labelled sample

problem", semi-supervised FS methods are developed to use both labelled and unlabelled

data during the FS process.
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3. Ranking based and subset based approaches According to the implemented internal

procedures and results, FS methods can be grouped as ranking-based and subset-based

approaches. The ranking based approach ranks the features using the degree of relevance.

Many FS algorithms have employed it as a principal or auxiliary selection mechanism

because of its simplicity, scalability, and empirical success. A typical ranking-based filter

FS method is composed of two steps. Firstly, the features are ranked using some feature

evaluation criteria. Secondly, the features with lower ranks are removed based on a predefined

threshold. The importance evaluation procedures can be either univariate or multivariate.

The univariate scheme ranks each feature individually regardless of other features. In

contrast, the multivariate method ranks multiple features in a batch [128]. However, in some

cases, a completely irrelevant feature may still significantly improve the performance in the

combination process [68].

The subset evaluation FS approach constructs the candidate feature subsets directly using

various search strategies, such as exhaustive search, quick reduct, etc [90]. The exhaustive

search constructs a way of systematically listing all potential solutions to the problem,

proving brute force to the feature subset selection process. Besides, some other algorithms

attempt to calculate a reduced-sized feature set without exhaustively generating all possible

subsets. For example, the QUICKREDUCT algorithm starts with an empty set and adds the

features, resulting in the most significant increase in the rough set dependency metric [32].

However, those methods are not guaranteed to find a minimal and optimal subset. They

usually result in a close-to-minimal subset, which is still helpful in significantly reducing the

datasets’ dimensionality [90].

4. Wrapper, embedded, and filter approaches Based on the dependency with learning

algorithms, FS methods are roughly classified into three types, i.e., wrapper, embedded, and

filter methods [30]. The brief introduction for those approaches is shown as follows.
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•Wrapper FS Approach Wrapper FS approaches can be formalized as a combinatorial

optimization problem. The FS methods maximize the learned hypothesis’s quality by feeding

back the decision-making outcome to seek the optimal feature subset. By incorporating the

classification performance of the predefined learning algorithm, the wrapper FS methods

explore the relationship and search for an optimal feature subset [110]. Different wrapper

algorithms are generated through the various subset generation and evaluation metrics.

Through adding or removing the features within the feature subsets, multiple methods are

used to find the optimal combination and maximize the model’s performance [118]. However,

the algorithms’ search space becomes enormous when the number of features increases

significantly in high-dimensional datasets. It may also make the FS methods impractical

in real applications [128]. Besides, the subsets produced by the wrapper approaches are

explicitly tied to the learning algorithm, which may not be useful and applicable in a general

sense [110].

• Embedded FS Approach The embedded approach integrates the FS process with

learning phases at the same time [136]. In the embedded methods, the FS process is integrated

as part of the learning algorithm. Firstly, the embedded methods train a machine learning

model. Then they derive the feature importance from this model, which measures how

much a feature is essential when making a prediction. Finally, the methods remove non-

important features using the derived feature importance. Compared with wrapper FS methods,

the embedded approach interacts with the learning algorithms at a lower computational

cost. It provides a trade-off solution between filter and wrapper approaches. The feature

dependencies are captured by considering the relationship between the input and output

features and searching locally for features with better discrimination. Some famous examples

include ridge regression [83], lasso [203] and random forest [132].
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• Filter FS Approach Unlike the previous two FS approaches, filter FS methods are

independent of any inductive learning algorithm. There are generally two classes of filter FS

methods: ranking-based and search-based. A measure is incorporated in the ranking-based

filter FS method to evaluate the feature subsets and filter out irrelevant features, such as

heuristic scores. Features are therefore ranked based on their significance and quality. The

feature ranking step is widely applied as the essence of the FS process, while the number

of chosen features is specified by the users or analytically determined [196]. The process

becomes quite computationally efficient, especially in the case of very high dimensional

datasets [172].

On the other hand, the search-based filter methods perform a search through the space of

feature subsets, such as Correlation-based FS. The exhaustive search is usually intractable,

especially when the size of feature space becomes exponential with the increase of the number

of features. Therefore, various methods have been used to find the suitable feature subsets,

such as greedy hill-climbing search strategies [108], best-first search, beam search [170], etc.

However, the filter-based FS methods still face many disadvantages. Firstly, the ranking-

based filter methods are not good at considering and investigating the dependencies between

multiple features compared to the embedded and wrapper methods. Different features are

evaluated and scored individually and separately by many filter-based FS methods. Secondly,

the selected features may not be suitable for the target learning algorithms due to lacking

a specific learning algorithm that guides the FS phase [128]. The following section briefly

introduces the filter-based FS method to help form a comprehensive perspective.

2.1.3 Filter-based Feature Selection Methods

In general, typical filter-based methods for feature ranking consist of two steps: first, rank

the features based on the specific evaluation criteria; second, select the features with higher

scores than a predefined threshold [200]. In this case, the feature ranking procedure becomes
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essential within the FS approach and can be used to guide the further machine learning

process [163]. Therefore, the ranking-based FS methods gradually emerge as an active and

growing research topic in the machine learning area. The rationale behind this phenomenon

lies in that many machine learning issues are ranking problems by nature [172]. There are

plenty of different kinds of filter FS in the literature. From a methodological point of view,

filter FS methods are generally categorized into four groups, which include similarity-based,

information-based, statistical-based, and graph-based approaches [129].

1. Similarity-based approach Similarity-based FS methods assess features’ importance

by measuring their ability to preserve data similarity. Data similarity derives from label

information on supervised FS and distance metric measures on unsupervised FS. An affinity

matrix is built at first; afterwards, the feature scores are obtained. The methods achieve excel-

lent performance in both supervised and unsupervised scenarios. However, on account that

each feature is evaluated individually, the methods cannot handle features’ redundancy [129].

Some examples are shown below.

• Laplacian Score Laplacian Score FS method selects features based on their locality

preserving power in an unsupervised scenario. The intrinsic principle depends on the

observation that local geometric structure is crucial for discrimination, which means that two

data points are probably related to the same topic when close to each other. The framework

of this method is fundamentally based on Laplacian Eigenmaps and Locality Preserving

Projection processes [81].

• Fisher Score Fisher score-based FS method is a supervised FS algorithm. It selects

features based on the property that the feature values from the same class are similar, and

those from different classes are dissimilar to each other [48]. For a given dataset, the fisher

score of the ith feature F i is calculated in Equation 2.1.
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Fisher_Score(F i) =
∑
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j=1 S j(µ

i
j−µ i)2

∑
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2
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(2.1)

where C represents the number of classes; S j indicates the number of samples in the jth class

C j; µ i represents the mean value of feature F i; µ i
j indicates the mean value of feature F i in

class C j; σ2
i j stands for the variances of feature F i for the samples in class C j [129].

• ReliefF ReliefF is an extension of the Relief method, which is not limited to two-class

problems. It is pretty robust and can deal with incomplete and noisy data. The Relief and

ReliefF FS methods are iterative, randomized, and supervised FS approaches that estimate

the features’ dependencies in a unified view. Their core concept is to evaluate the features’

quality based on samples’ distinction. For a randomly selected sample, the algorithm

searches for its K nearest neighbours from the same class (nearest hits) and the different

classes (nearest misses), respectively. Therefore, the feature score is updated based on the

corresponding feature values, nearest hits, and nearest misses. The conditional probabilities

are also approximated using the relative frequencies [171]. The pseudo-code for the original

Relief algorithm is shown below.

Algorithm 2 The Relief algorithm
Input: A vector of feature values and the class value for each training sample;

1: n: number of training samples;
2: α: number of features;
3: m: number of random training samples out of n used to update W ;

Output: The vector W of feature scores that estimate the quality of features.
4: Begin:
5: Set all weights W [A] = 0;
6: For i = 1 to m do
7: randomly select a ’target’ sample Ri;
8: find the nearest hit H and nearest miss M samples;
9: For A = 1 to α do

10: W [A] =W [A]−di f f (A,Ri,H)/m+di f f (A,Ri,M)/m
11: End
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An essential idea of the original Relief algorithm is to estimate the quality of features

based on how well their values distinguish between the samples that are close to each other.

For this purpose, given a randomly selected instance Ri, the Relief method searches for its

two nearest neighbours: one from the same class, which is called nearest hit H, and the other

from a different class, called nearest miss M. The quality estimation W [A] is updated for all

features A depending on their values of Ri, M, and H. This process is repeated for m times,

where m is a user-defined parameter.

2. Statistical-based approach The statistical-based FS approach assesses the features’

relevance using different statistical measures, which is simple and straightforward. It analyzes

the features individually and filters out the unwanted ones. It is very computationally efficient

and can be widely applied. However, the separate and independent feature evaluation process

may ignore the features’ redundancy inevitably [129]. Some representative FS algorithms

are introduced below.

• T-Score T-Score based FS approach is used for binary classification problems, which

computes the ratio between the mean and variance difference of two classes. The importance

of a given feature is defined by how much it differs from the means of the two classes

statistically [39]. The high values of the t-score indicate the corresponding features are more

important. The t score value of feature F is calculated as:

T _Score(F) = |µ1−µ2|/

√
σ2

1
n1

+
σ2

2
n2

(2.2)

where µi, σi and ni (i = 1,2) represent the mean values, standard deviation and numbers of

samples of two different classes respectively.

• Gini Index Feature Selection (GIFS) Gini index, or called Gini impurity, measures

the inequality of a frequency distribution, which is a statistical dispersion [61]. Gini index-
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based FS approach quantifies the features’ ability to separate the samples from different

classes. Given a feature F , which separates the dataset into W and Ŵ, the Gini index score

of that feature is calculated below [129].

GI_Score(F) = min
W

(
p(W)(1−

C

∑
s=1

p(Cs|W)2)+ p(Ŵ)(1−
C

∑
s=1

p(Cs|Ŵ)2)

)
(2.3)

where p(.) and p(Cs|W) represent the probability and conditional probability on class s of

W respectively. Lower Gini index values indicate more important and relevant features.

• Correlation based Feature Selection (CFS) CFS method couples the evaluation

formula with an appropriate correlation measurement and a heuristic search strategy. The

central hypothesis is that good feature sets contain highly correlated features with the class,

yet uncorrelated with each other [73]. A correlation-based heuristic method to evaluate the

worth of a feature subset S is calculated in Equation 2.4.

CFS_Score(S) =
kRCF√

k+ k(k−1)RFF
(2.4)

where RCF and RFF stand for the mean feature class correlation and average feature-feature

correlation respectively. CFS score represents the heuristic merit of the feature subset S with

k features [129].

3. Information-based approach The information-based filter FS approach maximize the

feature relevance and minimize feature redundancy by exploiting different hand-designed

information criteria [48]. The relevance and redundancy of the features are considered in

a probabilistic framework. Considering that the features’ relevance is typically measured

based on the class labels, most existing information-based FS methods only work in a
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supervised scenario [129]. Some basic concepts and representative algorithms are introduced

as follows [26].

1. The entropy value of a random feature X is defined in Equation 2.5.

H(X) =−∑
x∈X

P(x)log(P(x)) (2.5)

where x and P(x) represent the specific value and its probability among all possible

values of X .

2. The conditional entropy of X is calculated given the label information Y .

H(X |Y ) =−∑
y∈Y

P(y) ∑
x∈X

P(x|y)log(P(x|y)) (2.6)

where P(y) and P(x|y) represent the priori probability of y and the conditional proba-

bility of x given y respectively.

3. The mutual information between X and Y is calculated in Equation 2.7.

I(X ;Y ) = H(X)−H(X |Y ) = ∑
x∈X

∑
y∈Y

P(x,y)log
P(x,y)

P(x)P(y)
(2.7)

where P(x,y) represents the joint probability of x and y, the mutual information is

symmetric and will shrink to zero when the features are independent.

•Mutual Information Feature Selection (MIFS) MIFS method considers both feature

relevance and redundancy in the FS phase [9]. The feature scores of the new unselected

feature Xk are formulated in Equation 2.8.

JMIFS(Xk) = I(Xk;Y )−β ∑
X∈S

I(Xk;X) (2.8)
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It is based on the rationale that good features are strongly correlated with class labels

and highly uncorrelated with each other. In Equation 2.8, the first term I(Xk;Y ) evaluates

the feature relevance with class labels; the second term measures the mutual information

among the currently selected features. The feature redundancy is minimized by penalizing

the features with a high mutual information [129]. The overlapped information between the

candidate and existing features is regulated using a proportional term β .

•Minimum Redundancy Maximum Relevance (MRMR) From Equation 2.8, the

MRMR method is proposed by setting the β value as the reverse value of the number of

selected features [161].

JMRMR(Xk) = I(Xk;Y )− 1
|S| ∑X∈S

I(Xk;X) (2.9)

In Equation 2.9, the feature redundancy is gradually reduced when the number of selected

features increases. The increasing number of the selected non-redundant features makes

it much difficult to add a new non-redundant one. Besides, pairwise independence among

features becomes robust when more features are added inside [26].

• Fast Correlation Based Filter (FCBF) Unlike the previous approaches by the unified

conditional likelihood maximization framework, FCBF exploits the feature-class and feature-

feature correlation simultaneously. With a predefined threshold δ , feature subset S with

high correlation of class labels is firstly selected with SU ≥ δ , while SU is short for the

symmetric uncertainty. The symmetric uncertainty is used to compensate for the information

gain’s bias toward features with more values. Then it is normalized between 0 and 1, while 1

indicates the complete prediction and 0 stands for independence. The symmetric uncertainty

SU between the features S (XS ∈ S) and the class label Y is calculated below [226].
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SU(XS,Y ) = 2
I(XS;Y )

H(XS)+H(Y )
(2.10)

Feature X j is redundant with feature Xk when SU(X j,Xk)≥ SU(Xk,Y ). The redundant

feature set is denoted as SR and further split into S+R and S−R , which represent the redundant

features are contained to feature Xk with SU(X j,Xk)> SU(Xk,Y ) and SU(X j,Xk)< SU(Xk,Y )

respectively. Various heuristic algorithms are implemented on SR to remove the redundant

features and retain the most relevant ones with the class labels [129].

4. Graph-based approach The graph-based FS approach builds an undirected fully-

connected graph to represent the feature distributions and relationships. The structure within

the features is taken explicitly as prior knowledge and fed into the FS process. It holds

the advantage of handling both feature relevance and feature redundancy. However, the

mechanism within the methods leads to high computational costs. The model’s complexity

also makes it challenging to infer the data structures for FS purpose [237]. Some typical

examples of this approach are shown below.

• Infinite Feature Selection (IFS) IFS is an unsupervised graph-based FS method,

which exploits the matrices’ power series’ convergence properties. The method measures

the features’ importance by considering the selection of features as a path with an infinite

number. Firstly, an undirected fully-connected graph G = (V,E) with the given feature set

distributions are built. Nodes V represent the feature distributions. Edges E codify their

independence. Feature subsets are described using the paths in the graphs. Secondly, the

energy of the path is calculated using the edges’ product. The paths with higher energy mean

a higher score and more independent nodes. Thirdly, the feature score of every single feature

is computed to represent the features’ importance or independence [175].
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• Eigenvector Centrality Feature Selection (ECFS) ECFS method identifies the

features’ importance into an arbitrary set of cues and ranks the features afterwards. By

mapping the FS problem into an affinity graph using nodes (on behalf of features), features’

importance is measured by indicators of centrality such as eigenvector centrality. Firstly, the

weighted edges are defined using an undirected graph G = (V,E) associated with adjacency

matrix A. Secondly, the graph is weighted based on some reasonable criteria which are

related to class separation. The design of the ϕ function is an essential operation in this

step. It is handcrafted or automatically learned from data and used to weight the graph using

different heuristics. Thirdly, the nodes that correspond to the individual eigenvector centrality

within graphs are identified and scored. The rationale behind the eigenvector centrality lies

in that a node or feature proves to be important when it is linked to other important ones with

high scores [173].

• Infinite Latent Feature Selection (ILFS) ILFS is a robust probabilistic latent graph-

based FS method. It considers all the possible feature subsets as paths on a graph and

bypasses the combinatorial problem analytically. FS is then mapped as an affinity graph by

considering the feature subset to connect the set of nodes. One unique characteristic of this

approach is that a given feature’s importance is modelled to be a conditional probability of a

latent feature. Therefore, the method can model the important hidden feature behind data,

which is relevant as an abstract latent feature [174].

2.1.4 Other Feature Selection Methods

There are many other well-known and widely used FS methods in the literature, such as

evolutionary computation, fuzzy-based methods, etc. A general introduction is provided for

those FS methods as below.
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1. Evolutionary based FS methods When considering feature interactions, it could make

an individual relevant feature redundant or a weakly relevant feature highly correlated to

the decision-making outcome, which is undesirable. The evolutionary-based algorithm is

proposed to address these issues, which is a generic optimization technique that mimics the

ideas of natural evolution. Compared with the traditional search methods, their population-

based mechanism can produce multiple solutions in a single run and is particularly suitable

for multi-objective problems. In general, there are three basic steps. Firstly, parents create

offspring (crossover). Secondly, the individuals undergo some minor changes (mutation).

Thirdly, the likelihood of survival is higher for fitter individuals (selection). One of the

famous examples is the genetic algorithm, which is a metaheuristic inspired by the process of

natural selection [214]. On the other hand, the evolutionary computation holds a significant

limitation on requiring a relatively high computational cost due to the involvement of a large

number of evaluations [222].

2. Fuzzy based FS methods Practical datasets are typically imperfect with some text-

based information, noise and incomplete features. Fuzzy methods are designed to model the

vagueness, imprecision, and uncertainty [8]. It becomes a natural and straightforward process

to overcome the real datasets’ practical problems and integrate fuzzy methods with the FS

process. Therefore, various fuzzy methods are applied to solve the FS problems. In the

literature, many widely used fuzzy-based FS methods are proposed from different technical

perspectives. In 1999, the concept of fuzzy feature selection was proposed by Rezaee et al.

to describe the method which selects the optimal fuzzy sets automatically using conventional

search techniques and a representative labelled data set. The optimal subset of fuzzy features

is determined after projecting the original dataset onto a fuzzy space [169]. In 2002, a fuzzy

neural network-based method was proposed by Li et al. for pattern classification and FS.

The proposed neural network attempts to select the essential features from the original ones

and maintain the maximum recognition rate [130]. In 2004, Jensen and Shen introduced
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a semantics-preserving dimensionality reduction method based on rough and fuzzy rough

sets [93, 94]. This method has already been widely used in many applications, such as web

categorization [92].

Besides, many FS methods mentioned above need user-supplied information in the algo-

rithm, such as the number of features to be selected, the threshold to terminate the algorithm,

etc. Jensen and Shen [90] have developed some techniques to reduce the dimensionality

and preserve the features’ meaning using the data alone without any additional information,

which are introduced below.

• Rough set attribute reduction (RSAR) Rough set theory acts as an extension of

the conventional set theory, which is generally defined using topological operations, i.e.,

approximations [159]. It is used to discover the data dependencies and reduce the number of

features only using the information within the datasets [91]. Given a dataset with discretized

feature values, RSAR aims to find the original features’ most informative subset. By using

the granularity structure of data, no additional parameters are needed. However, the RSAR

method still faces the restrictive requirement that all data is discrete and the limitation of

handling noisy data [90].

• Fuzzy-rough set based feature selection (FRFS) In order to overcome the main

limitation of RSAR, which can only operate effectively on the discrete-valued datasets, the

FRFS method has been developed with the use of fuzzy-rough sets and the new measure of

feature significance, which is the fuzzy-rough degree of dependency [94]. By utilizing fuzzy-

rough sets to handle the real-valued features via fuzzy tolerance relations instead of crisp

equivalence, the FRFS method achieves better noise and uncertainty handling performance.

Therefore, it can be used to reduce the dimensionality of the discrete, real-valued noisy data,

or a mixture of both without any user-supplied information [93].
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2.2 Fuzzy Theory

Zadeh proposed fuzzy theory in 1965 based on the mathematical theories of fuzzy logic and

fuzzy sets [228]. By introducing the membership functions in the fuzzy IF-THEN rules, the

fuzzy theory extends the true or false boolean logic, provides valuable flexibility for reasoning,

and quantifies the inaccuracies and uncertainties [41]. With the capability to interpret the

vagueness of information, the fuzzy theory is then widely applied to represent human

knowledge and model data’s ambiguity [126]. Therefore, some background knowledge has

been introduced on fuzzy theory as follows.

2.2.1 Fuzzy Sets

Fuzzy mathematics provides the fundamental languages and theoretical basis in fuzzy theory.

The principle of fuzzy mathematics is to generalize crisp sets in classical mathematical theory

using fuzzy sets [211]. In specific applications, all the possible elements are depicted as

the universe of discourse, or universe set U. Therefore, the definition of fuzzy sets is given

below.

1. Definition of fuzzy sets A fuzzy set within a universe set U is characterized using a

membership function µ(x) with the values between 0 and 1. For instance, a fuzzy set A in

U is represented as a set of ordered pairs of a generic element x, and the membership value

µA(x) [211].

A = {(x,µA(x))|x ∈ U} (2.11)

When U is continuous, A is named continuous fuzzy set, as shown in Equation 2.12.

A =
∫
U

µA(x)/x (2.12)
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When U is discrete, A is named discrete fuzzy set, as shown in Equation 2.13.

A = ∑
U

µA(x)/x (2.13)

In Equation 2.12 and 2.13, the integral and summation signs neither indicate integration

nor arithmetic addition operators. Those operators represent the collection of all points x ∈U

in the membership function µA(x).

2. Basic concepts and operations Some basic concepts and terminologies in fuzzy sets

are introduced as below [211].

• Support: The support of a fuzzy set A in the universe set U is a set which contains all

the elements of U with nonzero membership values in A.

supp(A) = {x ∈U |µA(x)> 0} (2.14)

• Fuzzy Singleton: A fuzzy set whose support is a single value in U.

• Height: Largest membership value in the fuzzy set.

• Normal Fuzzy Set: A fuzzy set with the height equals one.

Assuming that A and B are fuzzy sets in the same universe set U, some basic fuzzy

operations are given below.

• Equal: A and B are equal if and only if µA(x) = µB(x) for all x ∈ U.

• Contain: B contains A, denoted by A⊆ B, if and only if µA(x)≤ µB(x) for all x ∈ U.

• Complement: Complement of A is a fuzzy set Ā in U with the membership function

defined in Equation 2.15.

µĀ(x) = 1−µA(x) (2.15)

• Union: Union of A and B is a fuzzy set in U, denoted by A∪B with the membership

function in Equation 2.16.
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µA∪B(x) = max[µA(x),µB(x)] (2.16)

• Intersection: Intersection of A and B is a fuzzy set A∩B in U with the membership

function in Equation 2.17.

µA∩B(x) = min[µA(x),µB(x)] (2.17)

In Equation 2.16, the fuzzy set A∪B is defined as the smallest fuzzy set containing both

A and B. The fuzzy set A∩B defined by Equation 2.17 shows the largest fuzzy set contained

by both A and B. However, the definition above is only one type of operation on fuzzy sets.

Many other possible solutions still exist in the literature for practical applications. Therefore,

the following subsections introduce other types of operations on fuzzy sets.

3. Further operations on fuzzy sets

• S-norms S-norm is a kind of generalized form of fuzzy union, which maps the

membership functions of fuzzy sets A and B into the union of A and B [211].

s[µA(x),µB(x)] = µA∪B(x) (2.18)

Given that the function s is a union operator, a, b, and c represent the membership

function’s values, the following requirements are satisfied.

1. Boundary Condition: s(1,1) = 1,s(0,a) = s(a,0) = a

2. Commutative Condition: s(a,b) = s(b,a)

3. Nondecreasing Condition: b≤ c⇒ s(a,b)≤ s(a,c)

4. Associative Condition: s(s(a,b),c) = s(a,s(b,c))
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The boundary condition represents the extreme cases of a union function. The commuta-

tive condition ensures the order insensitivity character of fuzzy sets during the combination

process. The non-decreasing condition leads to the monotone increasing characteristics,

where an increase in membership values of the two fuzzy sets should lead to an increase in

the membership value of their union. The associative condition ensures the extension ability

within different fuzzy sets. Some examples of s-norms are illustrated as below [211].

• Drastic sum

sds(a,b) =


a i f b = 0

b i f a = 0

1 otherwise

(2.19)

• Algebraic sum

sas(a,b) = a+b−ab (2.20)

• Einstein sum

ses(a,b) =
a+b

1+ab
(2.21)

• Dombi class [44]

sλ (a,b) =
1

1+[(1
a −1)−λ +(1

b −1)−λ ]−1/λ
, λ ∈ (0,∞) (2.22)

• Yager class [223]

sω(a,b) = min[1,(aω +bω)1/ω ], ω ∈ (0,∞) (2.23)

Different choices of the parameters λ and ω in the Dombi and Yager class define a

specific s-norm.
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• T -norms Unlike s-norms, t-norms represent the binary operation to generalize the

intersection by transforming the membership functions of fuzzy sets A and B into the

intersection of A and B.

t[µA(x),µB(x)] = µA∩B(x) (2.24)

Given that the function t is qualified as an intersection, the following requirements need

to be met.

1. Boundary Condition: t(0,0) = 0; t(a,1) = t(1,a) = a

2. Commutative Condition: t(a,b) = t(b,a)

3. Nondecreasing Condition: b≤ c⇒ t(a,b)≤ t(a,c)

4. Associative Condition: t(t(a,b),c) = t(a, t(b,c))

For the s-norms introduced beforehand, there is a corresponding t-norm. Based on the

requirements above, the t-norms are shown below.

• Drastic product

td p(a,b) =


a i f b = 1

b i f a = 1

0 otherwise

(2.25)

• Algebraic product

tap(a,b) = ab (2.26)

• Einstein product

tep(a,b) =
ab

2− (a+b−ab)
(2.27)

• Dombi class [44]

tλ (a,b) =
1

1+[(1
a −1)λ +(1

b −1)λ ]1/λ
, λ ∈ (0,∞) (2.28)
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• Yager class [223]

tω(a,b) = 1−min[1,((1−a)ω +(1−b)ω)1/ω ], ω ∈ (0,∞) (2.29)

• Averaging Operators Given that a and b represent the values within the membership

function, the s-norms and t-norms hold the following inequality functions [211].

max(a,b)≤ s(a,b)≤ sds(a,b)

td p(a,b)≤ t(a,b)≤ min(a,b)
(2.30)

It is seen that the value range of s-norms and t-norms could not cover all the interval

between min(a,b) and max(a,b). Therefore, the averaging operators are introduced to fill

the gap between min(a,b) and max(a,b). The averaging operators map the value space of

[0,1]× [0,1] into [0,1], which is denoted by v. Some examples are listed as below.

• Max-min averages

vλ (a,b) = λmax(a,b)+(1−λ )min(a,b), λ ∈ [0,1] (2.31)

• Generalized means

vα(a,b) = (
aα +bα

2
)1/α , α ̸= 0 (2.32)

• Fuzzy and

vp(a,b) = pmin(a,b)+
(1− p)(a+b)

2
, p ∈ [0,1] (2.33)

• Fuzzy or

vγ(a,b) = γmax(a,b)+
(1− γ)(a+b)

2
, γ ∈ [0,1] (2.34)

The max-min averages and generalized means cover the whole interval between min(a,b)

and max(a,b) by using different parameters. In addition, ’fuzzy and’ and ’fuzzy or’ cover
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the value ranges [min(a,b), a+b
2 ] and [a+b

2 , max(a,b)] respectively. In summary, the overall

comparison among the fuzzy aggregation operators are shown in Fig. 2.2.

Fig. 2.2 Comparison of the fuzzy aggregation operators

2.2.2 Fuzzy Entropy

Based on Shannon’s theory [186], information is normally evaluated through the measure-

ment of uncertainty. On the other hand, fuzzy information is denoted to measure the fuzziness

of fuzzy sets [115]. Fuzzy entropy represents the measure of fuzzy information from fuzzy

sets or fuzzy systems. Different from the classical Shannon entropy, which utilizes the

probability information, fuzzy entropy includes vagueness uncertainties and excludes any

probabilistic concept [34].

Fuzzy entropy is defined using the membership function and customarily used to evaluate

fuzzy sets’ fuzziness. Through processing within a fuzzy structure, fuzzy entropy is widely

applied in many areas [114]. In 1972, fuzzy entropy was mathematically defined by Luca

and Termini [40] using Shannon’s function. Four properties are introduced to design the new

fuzzy entropy functions and gradually become a widely accepted criterion.
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1. Luca-Termini axioms Given a fuzzy set A defined in the universe set U, the membership

function is denoted as µA. The axioms of a fuzzy entropy measure H(A) of a fuzzy set A are

depicted below.

• Axiom 1: H(A) = 0 iff A is a crisp set.

• Axiom 2: H(A) is maximum iff µA(x) = 0.5, ∀x ∈ A.

• Axiom 3: If A is less fuzzy than B, then H(A)≤ H(B).

• Axiom 4: H(A) = H(Ā), where Ā denotes the complement of A.

2. Different fuzzy entropy functions Based on Luca-Termini Axioms, many fuzzy

entropy functions are proposed in the literature. Given a fuzzy set A with N values, µi repre-

sents the ith membership values (1≤ i≤ N); P = {p1, p2, ..., pN} indicates the probability

distribution functions. Hence, different proposed fuzzy entropy functions are shown as below.

1. Probabilistic Entropy (Zadeh’s Entropy): Probabilistic entropy depicts the uncertainty

associated with a fuzzy event [228]. It is defined as a weighted Shannon entropy using

the membership values below [229].

H1(A) =−
N

∑
i=1

µi× pi× log pi (2.35)

2. Non-Probabilistic Entropy (Luca’s Entropy): Non-probabilistic entropy measures the

fuzziness and interprets the information as an extension of Shannon entropy. It is

introduced by Luca et al. [40] and shown in Equation 2.36.

H2(A) =−
1
N

N

∑
i=1

[(µi log µi)+(1−µi) log(1−µi)] (2.36)

3. Weighted Measures of Fuzzy Entropy (Parkash’s Entropy): Two weighted measures of

fuzzy entropy, which are essentially the same, are proposed by Parkash et al. within

the maximum entropy principle [155]. The entropy functions are shown below.
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H3(A;W ) =
N

∑
i=1

wi[sin
πµi

2
+ sin

π(1−µi)

2
−1] (2.37)

H4(A;W ) =
N

∑
i=1

wi[cos
πµi

2
+ cos

π(1−µi)

2
−1] (2.38)

4. Geometry of Fuzzy Entropy (Kosko’s Entropy): In 1986, Kosko defined the fuzzy

entropy based on the hypercube geometry with the concepts of overlap and under-

lap [114], as shown in Equation 2.39.

H5(A) =
∑

N
i=1(µi∧ µ̄i)

∑
N
i=1(µi∨ µ̄i)

(2.39)

where µ̄i represents the ith membership value of the complement of fuzzy set A.

2.2.3 Fuzzy Similarity

The similarity is normally defined as a generalized form of equivalence. The fuzzy similarity

is a kind of fuzzy relation with various conditions, such as reflexive and symmetric [33, 230].

It is a valuable tool and widely applied in multiple applications, such as classification. Fuzzy

similarity-based classifiers are supervised and non-parametric processes, which classify the

multi-valued objects by finding the inherent similarities [47].

1. Łukasiewicz Structure A generalized form named Łukasiewicz-structure is utilized as

a similarity measure. The Łukasiewicz algebra represents a continuous t-norm and defines

the membership function as a fuzzy structure [139]. Łukasiewicz-structure defines the

objects’ memberships based on the principle that the mean of different Łukasiewicz-structure

functions is still a Łukasiewicz-structure function. It has a multi-valued structure with a
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solid connection to the first-order fuzzy logic [152]. The mathematical background is shown

below.

• Łukasiewicz Algebra Given that R represents the set of real numbers, the infinite-

valued Łukasiewicz algebra is defined as ⟨I,→,∧,∨,⊗,⊕,¬⟩ on the unit interval I :=

[0,1] := {x ∈ R : 0≤ x≤ 1} in the following [36].

• Implication: (→)Ł a→ b := min(1,1−a+b)

• Conjunction: (∧)Ł a∧b := min(a,b)

• Disjunction: (∨)Ł a∧b := max(a,b)

• Strong conjunction: (⊗)Ł a⊗b := max(0,a+b−1)

• Weak disjunction: (⊕)Ł a⊕b := min(1,a+b)

• Negation: (¬)Ł ¬a := 1−a

A lattice, denoted as ⟨L,≤,∧,∨⟩, is referred to a partially ordered set when x∧ y and

x∨ y both exist in L (∀x,y ∈ L). It is called residuated when the number 1 is regarded as the

greatest element; binary operation multiplication, ⊙; residuum,→, as shown in the following

conditions [139].

1. ⊙ is associative, commutative and isotone.

2. a⊙1 = a, ∀a ∈ L.

3. ∀a,b,c ∈ L, a⊙b≤ b iff a≤ b→ c.

• Generalized Lukasiewicz-Structure Given that L is the real unit interval [0, 1] en-

dowed with the usual order relation, then the generalized Łukasiewicz-structure is constructed

using the residuated lattice in Equation 2.40.

a⊙b = p
√

max{ap +bp−1,0}

a→ b =min{1, p
√

1−ap +bp}
(2.40)
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where p is a fixed number. It becomes the normal Łukasiewicz structure when p = 1.

• Fuzzy Similarity Given that L and X are the residuated lattice and a non-empty set,

respectively, the fuzzy similarity is defined as the L valued binary relation S in X with the

following conditions [205]. It is also called a Łukasiewicz-valued fuzzy similarity.

1. ∀x ∈ X : S⟨x,x⟩= 1

2. ∀x,y ∈ X : S⟨x,y⟩= S⟨y,x⟩

3. ∀x,y,z ∈ X : S⟨x,y⟩⊙S⟨y,z⟩ ≤ S⟨x,z⟩

2. Maximal fuzzy similarity Given that a dataset D has M samples and N features

F1, ...,FN , the fuzzy similarity for comparing any two samples x j,xk (x j,xk ∈ D) within the

feature Fi is depicted as [205]:

SFi⟨x j,xk⟩= x j(Fi)↔ xk(Fi), 1≤ i≤ N (2.41)

where 1≤ j,k≤M and j ̸= k. Through averaging the fuzzy similarity among all the features,

the maximal fuzzy similarity is depicted below.

S⟨x j,xk⟩=
1
N

N

∑
i=1

(x j(Fi)↔ xk(Fi)) (2.42)

To emphasize different feature importance, various non-zero weights (w1, ...,wN) are

applied on features using the formula below [205].

S⟨x j,xk⟩=
∑

N
i=1 wi(x j(Fi)↔ xk(Fi))

∑
N
i=1 wi

(2.43)

In Łukasiewicz structure, the equivalence relation a↔ b is defined as 1−max{a,b}+

min{a,b} or equally 1− |a− b|. Therefore, the formula of maximal fuzzy similarity is

represented in Equation 2.44.
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S⟨x j,xk⟩= 1− 1
N

N

∑
i=1
|x j(Fi)− xk(Fi)| (2.44)

Hence, the formula with different weights is shown below.

S⟨x j,xk⟩= 1− ∑
N
i=1 wi|x j(Fi)− xk(Fi)|

∑
N
i=1 wi

(2.45)

From Equation 2.40, the generalized Łukasiewicz structure implicates that a→ b =

min{1, p
√

1−ap +bp}. Therefore, the following form is given below.

a↔ b =(a→ b)∧ (b→ a)

=min{1, p
√

1−ap +bp}∧min{1, p
√

1−bp +ap}

=min{ p
√

1−ap +bp}, p
√

1−bp +ap}

= p
√

1−max{ap,bp}+min{ap,bp}

= p
√

1−|ap−bp|

(2.46)

Hence, the formulas of maximal fuzzy similarity are depicted in Equation 2.47 and 2.48.

S⟨x j,xk⟩=
1
N

N

∑
i=1

p
√

1−|xp
j (Fi)− xp

k (Fi)| (2.47)

S⟨x j,xk⟩=
∑

N
i=1 wi p

√
1−|xp

j (Fi)− xp
k (Fi)|

∑
N
i=1 wi

(2.48)

The correct choice of the power value p in the generalized Łukasiewicz structure can

significantly improve the decision-making performance.
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2.2.4 Fuzzy Systems

Fuzzy systems are knowledge-based or rule-based systems, which consist of the so-called

fuzzy IF-THEN rules. A fuzzy IF-THEN rule is an IF-THEN statement using the membership

functions to characterize the natural languages. The fuzzy system, also named fuzzy logic

system (FLS), utilizes fuzzy logic and fuzzy theory as the basis to represent knowledge [140].

It simultaneously handles numerical data and linguistic knowledge by nonlinear mapping an

input data vector to a scalar output. The enormous number of possibilities and mappings lead

to the proliferation of various fuzzy systems [141]. There are three types of fuzzy systems:

pure fuzzy systems, Takagi-Sugeno-Kang (TSK) fuzzy systems, and Mamdani fuzzy systems.

Compared with the other alternatives, Mamdani fuzzy systems provide a natural framework

to represent the knowledge using different fuzzy principles [211]. Therefore, it has become a

widely used fuzzy system and is introduced below.

1. Framework of Mamdani fuzzy system The Mamdani fuzzy system transforms the

real-valued variables and fuzzy sets using a fuzzifier and defuzzifier. The overall framework

and basic configurations of the Mamdani fuzzy system are shown in Fig. 2.3.

Fig. 2.3 The framework of Mamdani fuzzy systems

Mamdani fuzzy systems map the crisp inputs into the crisp outputs with four components:

fuzzifier, fuzzy inference engine, fuzzy rules, and defuzzifier. Using the established rules, the

fuzzy system, which maps from inputs to outputs, can be expressed quantitatively as y = f (x).

In the framework of Fig. 2.3, crisp numbers are mapped into fuzzy sets using fuzzifiers at the
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beginning. Fuzzy rules, which are a collection of IF-THEN statements, are then extracted

from human knowledge or numerical data [212]. Next, the fuzzy inference engine maps

the fuzzy sets into fuzzy sets based on the generated fuzzy rules [141]. Finally, defuzzifiers

transform the output fuzzy sets back into crisp numbers. The different components of a fuzzy

system are shown as follows.

2. Components of the Fuzzy System

• Fuzzification Fuzzification maps a real-valued point x∗ ∈ U⊂ RN ,x∗ = (x∗1, ...,x
∗
N)

into a fuzzy set A′ in U. The fuzzification process could provide the fuzzy system manifold

benefits, such as suppressing the input noise, simplifying the subsequent computations, etc.

Given that ai, bi (1≤ i≤ N) are the positive parameters and t-norm ⋆ is the algebraic product,

different kinds of fuzzifiers are introduced below [211].

1. Singleton Fuzzifier: A singleton fuzzifier maps a real-valued point into a fuzzy single-

ton, as shown in Equation 2.49.

µA′(x) =


1 i f x = x∗

0 otherwise
(2.49)

2. Gaussian Fuzzifier: A gaussian fuzzifier maps x∗ ∈ U into the fuzzy sets with the

gaussian membership function.

µA′(x) = e−(
x1−x∗1

a1
)2
⋆ ... ⋆ e−(

xN−x∗N
aN

)2
(2.50)

3. Triangular Fuzzifier: A triangular fuzzifier maps x∗ ∈ U into the fuzzy sets with the

triangular membership function.
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µA′(x) =


(1−

|x1− x∗1|
b1

)⋆ ... ⋆ (1−
|xN− x∗N |

bN
), i f |xi− x∗i | ≤ bi

0, otherwise
(2.51)

• Fuzzy Rules Base The fuzzy rule base is the heart of a fuzzy system, consisting

of a set of fuzzy IF-THEN rules. The other components are used to implement these rules

reasonably and efficiently. Specifically, the following fuzzy IF-THEN rules are comprised in

the fuzzy rule base.

Rulel : IF x1 is Al
1 and ... and xn is Al

n, T HEN y is Bl (2.52)

where Al
i and Bl present fuzzy sets in Ui⊂R and V⊂R, respectively. x=(x1,x2, ...,xn)

T ∈

U and y ∈ V are the input and output variables of the fuzzy system. Besides, Rulel stands for

the lth rule (l = 1,2, ...,M), where M stands for the number of total rules in the fuzzy rules

base [211].

• Fuzzy Inference Engine By using fuzzy logic principles, the fuzzy inference engine

combines the fuzzy IF-THEN rules of the fuzzy rule base into a mapping from a fuzzy set A

in U to a fuzzy set B′ in V. In the literature, there are generally two inference approaches

using a set of rules: composition-based inference and individual-rule-based inference. In

composition-based inference, all rules in the fuzzy rule base are combined into a single fuzzy

relation in U×V, which is viewed as a single fuzzy IF-THEN rule. For the individual-rule-

based inference, each rule in the fuzzy rules base determines an output fuzzy set. Besides,

the output of the whole fuzzy inference engine is the combination of the M individual fuzzy

sets. Those combinations can be taken either by a union or an intersection [211].
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• Defuzzification Defuzzification process maps a fuzzy set B′ ∈V⊂RN into the crisp

point y∗ ∈ V. Conceptually, it selects the most representative point in V to represent the

fuzzy set B′. From the literature, some widely used defuzzifiers are introduced below [211].

1. Center of Gravity Defuzzifier: A center of gravity defuzzifier specifies y∗ as the center

of area covered by membership function of B′, as shown in Equation 2.53.

y∗ =
∫
V yµB′(y)dy∫
V µB′(y)dy

(2.53)

where
∫
V represents the conventional integral.

2. Center Average Defuzzifier: The fuzzy set B′ represents the union or intersection of

different fuzzy sets. The weighted average of the centers of the fuzzy sets is estimated

using a good approximation of Equation 2.53. Given that the number of the fuzzy sets

is M and the center of gravity of the fuzzy set B j (1≤ j ≤M) is ȳ j, the defuzzifier is

depicted as below [141].

y∗ =
∑

M
j=1 ȳ jµB j(y j)

∑
M
j=1 µB j(y j)

(2.54)

3. Maximum Defuzzifier: A maximum defuzzifier selects the fuzzy sets’ maximum values

as the output, which is a computationally efficient approach. When only a single point

is contained in the fuzzy set’s height, the output y∗ is uniquely defined. If the maximum

values contain more than one data point, various defuzzifiers are proposed, such as the

smallest of maximum, largest of maximum, or mean of maximum defuzzifiers [211].

2.3 Ensemble Learning
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2.3.1 Background

Ensemble learning is defined as a machine learning paradigm that trains multiple learners to

solve the same problem. Unlike the common machine learning approaches, which only learn

one hypothesis, the ensemble methods construct a set of hypotheses and combine them [239].

It is known to obtain better performance than a single one and has become a prolific field

in the machine learning area. As the old proverb said, "two heads are better than one." The

rationale behind ensemble learning is to build a set of hypotheses using different methods and

combine them in order to obtain better results [25]. An ensemble contains various learners

named base learners or base methods. The generalization ability of an ensemble is usually

stronger than that of base methods. Ensemble learning is quite effective in practice because

it can boost weak learners, which are slightly better than a random guess, to strong learners

with high predictive performance [239]. Unlike the typical approach that builds a single

learning model to solve the problem, diverse kinds of base methods and their variance control

make this approach effective and successful in many practical applications.

The idea of using ensemble learning is not only applicable to classification but also

beneficial to improving some other machine learning disciplines such as FS. By combining

the output of different FS algorithms, ensemble FS methods provide a solution to understand

the feature importance better and bring about many potential benefits at the same time.

Firstly, by representing the inherent characteristics of data well, ensemble FS methods

can produce a comprehensively good performance, especially on stability and robustness.

Secondly, ensemble FS methods act as the unified approach to stabilising the feature scores

and assigning the weights and ranks among all the features. Rather than utilize a single

FS technique, ensemble methods combine multiple models to solve particular problems.

Therefore, the users can be released from the pressure of choosing the optimal one. Thirdly,

the optimal feature ranking result can hardly be attained due to a particular FS method having

constrained search space. Ensemble FS methods help alleviate this problem by aggregating
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the outputs from various FS methods and producing a better approximation to the optimal

feature ranking sequence [179]. Fourthly, the ensemble FS framework provides solutions to

handle the high discrepancy in the results caused by the increasing number of various FS

methods.

2.3.2 Existing Approaches

Numerous effective techniques within ensemble learning are developed from the literature to

improve FS methods’ performance. The famous examples using ensemble learning include

bagging and boosting [240]. The bagging methods increase the performance and reduce the

variance of the final result through the repeated sampling process, such as Random Forest,

etc [122]. Besides, the boosting methods improve the performance mainly by fitting the errors

produced by the weaker learners, such as Gradient Boosted Decision Tree (GBDT), etc [221].

In general, the data perturbation strategy increases FS methods’ stability through perturbing

the training set, adding new data, and integrating multiple FS methods. Specifically, random

sampling reorganizes the original training datasets and integrates the feature subsets to

improve the possibility of choosing a similar feature sequence, leading to higher stability and

robustness.

In 2008, by investigating the different ensemble FS methods, Syeys et al. have proved

that the ensemble approach can achieve reasonably good performance on high-dimensional

datasets with small sample sizes. The results indicate that the ensemble techniques provide

more stable feature subsets than a single FS method. Besides, they also investigated the

impact of the ensemble FS method on classification performance. Therefore, it is concluded

that incorporating both classification performance and robustness in the evaluation strategy

will improve the model’s overall performance [179]. In 2010, targeted for the gene selection

problem in the bioinformatics area, Zhao et al. proposed a novel approach to integrate

different types of knowledge to identify biologically relevant genes [236]. In 2012, to make
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further improvements on the performance, Li et al. proposed a diversity regularized ensemble

feature weighting framework. The base selectors are constructed by local learning with the

logistic loss for robustness to huge irrelevant features and small samples [131]. In 2014,

Mitchell et al. implemented a task-parallel version of the random forest algorithm using

the bootstrap aggregation sampling process. By ranking the results from each base learner,

the FS method’s final result is obtained [145]. In 2017, Moran-Fernandez et al. proposed

a distributed approach to data partitioned by features. From the experiments, it can be

concluded that the proposed method significantly reduced the runtime while maintaining

the classification performance [146]. In 2017, Borja et al. presented several FS ensemble

configurations based on combining rankings of features from individual rankers according to

the combination method and threshold value used. Different synthetic, real classical, and

even bioinformatic datasets have been used to evaluate the performance of each proposed

ensemble configuration [184].

From the literature, the individual FS methods from an ensemble approach are known

as base selectors. Based on the chosen base selectors, ensemble FS methods are generally

categorized into homogeneous approach (data variation approach), and heterogeneous ap-

proach (function variation approach) [16]. When the base selectors are all of the same kind

of FS method, the ensemble is known as homogeneous. In this case, the same FS method

is implemented on different nodes distributed by the datasets. Otherwise, the ensemble ap-

proach is named heterogeneous, where different FS methods are applied to the same training

dataset [185]. The detailed introduction and literature review of the applied techniques on

homogeneous and heterogeneous approaches are shown below.

• Homogeneous approach By definition, a homogeneous method implements the same

FS algorithm on different subsets of the data. The computational time can also be reduced

by processing the data in parallel nodes [185]. In the literature, various methods have been

proposed by researchers. In 2012, Nikulin et al. developed a homogeneous ensemble FS
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method to deal with the imbalanced datasets and classes using Wilcoxon based FS method.

The use of the Wilcoxon criterion can help the computation for sparse data [150]. In 2017,

Pes et al. evaluated and discussed the rationale, effects and implications of the homogeneous

ensemble approach on various aspects, such as predictive accuracy and stability. The genomic

benchmarks’ results provide helpful insight into both the benefits and the limitations of such

an ensemble approach [162]. In 2020, Soheili et al. analyzed nine different rank fusion

methods within a homogeneous ensemble feature ranking algorithm. The statistical analysis

revealed that no significant difference in the performance of those rank fusion methods

was found [194]. In 2021, Hosni et al. investigated different filter FS techniques to check

the predictive capability of various machine learning techniques. Then, they concluded

that the homogeneous ensembles are statistically more accurate than each of the single

techniques [85].

• Heterogeneous approach By definition, a heterogeneous method applies different FS

methods to the same dataset for training. The use of the heterogeneous approach can help

ensure a stable and robust FS result in various applications [185]. In 2012, Bolon-Canedo

et al. described a new heterogeneous ensemble framework for FS, which consists of five

filter FS methods with different metrics, and a variety of strengths and weaknesses. The

diversity among the base selectors was guaranteed to take advantage of different methods and

therefore boost the overall performance [17]. In 2016, Haque et al. proposed a genetic-based

search method to find the optimum combination of the heterogeneous ensemble FS method.

From the empirical study and experimental results, the genetic algorithm is proven to be a

superior and reliable approach for heterogeneous ensemble construction [75]. In 2017, Hosni

et al. investigated the impact between the estimated accuracy of heterogeneous ensembles

and two widely used filter FS methods, which include correlation-based FS and ReliefF

method [84]. In 2018, Brahim et al. proposed a heterogeneous ensemble FS approach

based on the reliability assessment of FS methods, which aims to provide a unique and
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stable FS without ignoring the aspect of predictive accuracy. The results indicated that the

proposed approach improved the classification performance and stability on high dimensional

datasets [21].

2.3.3 Main Issues

As mentioned above, various ensemble FS methods have been proposed on the aspect of

both homogeneous and heterogeneous approaches. The homogeneous approach utilizes the

data’s information, while the heterogeneous approach takes advantage of multiple methods.

However, the FS methods that incorporate homogeneous and heterogeneous approaches into

the same framework have rarely been reported. Besides, some central issues still need to be

clarified and addressed when designing the ensemble FS framework in general.

1. Selection of base selectors A vast body of different FS methods exist, such as filter,

embedded, and wrapper approaches. Among them, many FS methods have been utilized

as the base selectors from the literature. In Minaei-Bidgoli’s work, the improved fuzzy

entropy-based FS methods have been used to solve the drawback of parameter sensitivity

with the ensemble-based approach [144]. From Bolon-Canedo’s paper, five filter FS methods

based on different metrics were employed as the base selectors, such as correlation-based

FS, consistency-based filter FS, information gain FS, ReliefF, etc [17]. From Zhou’s work,

different reliefF algorithms (combined as multi-reliefF methods) acted as the base selectors

within an improved ensemble FS framework [238].

From the literature, it can be concluded that filter methods are preferred over the other FS

methods because they are independent of the learning algorithms with high computational

efficiency. In practice, the choice of the base selectors remains an essential topic in the FS

area. A good and reasonable selection of the FS methods can benefit the ensemble method’s

final performance.
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2. Bootstrapping aggregation process Bootstrap aggregation, or named bagging, is one

of the essential steps within some of the ensemble FS methods’ frameworks. It can improve

machine learning methods’ generalizability and predictive performance by using the data

perturbation strategy. Recently, it has gradually become a widely-used meta-algorithm in

the FS area. In 2014, Zhou et al. proposed an improved ensemble FS framework with the

use of random sampling and random FS to increase the performance on stability and reduce

the computational cost at the same time. The bootstrap aggregation process was utilized

to aggregate the results of multi-ReliefF methods [238]. In 2017, Pes et al. designed an

ensemble framework with bootstrap sampling for FS. Two different strategies were applied

to integrate the feature ranking results, including median and exponential aggregation [162].

In the bioinformatics area, the bootstrap aggregation process can generate various bags and

therefore enhance the FS methods’ stability, which is essential in biological research [1, 179].

The literature has different ways of representing the FS methods’ results using the

bootstrap aggregation process. However, a comprehensive discussion and comparison among

those methods are rarely reported to the author’s best knowledge. Hence, it is still desirable

to find some novel methods to aggregate different methods’ results more effectively with an

all-around better performance.

3. Selection of aggregation methods Various aggregation approaches emerged using FS

evaluation criteria within the ensemble learning framework, such as simple and complex

methods. Examples of the simple combination include minimum, mean, median, etc [215].

The complex methods include weighted mean aggregation (WMA), complete linear aggrega-

tion (CLA) [1] and so forth. In the literature, researchers have developed various methods for

the aggregation process. In 2002, Joachims et al. utilized an SVM-rank algorithm to learn

the ranking functions and combine different methods [96]. In 2010, Yang et al. developed

a Multi-Criteria Fusion based Recursive Feature Elimination (MCF-RFE) to improve both

the classification performance and stability of FS results [224]. In 2012, Kolde et al. uti-
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lized RobustRankAggreg (RRA) package to improve the efficiency and accuracy during the

combination process [111].

There are various ways of aggregating different FS methods’ results in the literature.

However, according to the author’s best knowledge, a comprehensive discussion and compar-

ison within those methods are still limited. Besides, developing novel approaches to better

aggregate various methods’ results for specific applications is still needed.

2.4 Meta Learning

2.4.1 Background

1. Introduction With the increasing number of high-dimensional datasets, FS gradually

becomes one of the critical steps in the machine learning area. Many kinds of FS methods

were proposed in the literature [128]. However, no single dominating FS method always

obtains the best performance in all aspects [218]. One of the main issues is that those FS

methods’ performance varies data-dependently. It seems impossible to state categorically the

optimal FS method which provides the best performance for all kinds of data [86]. Hence, for

a given dataset without a priori knowledge, various methods need to be experimented with

using a trial and error approach. Therefore, the process of selecting a suitable FS method

becomes time-consuming, costly, and even unachievable in the unsupervised scenarios [190].

Under the circumstances that no single method can always perform the best in all cases,

many different approaches have been proposed in the literature. In the last section, ensemble

learning methods can construct an ultimate FS method that consistently achieves optimal

performance by assuming that the output combination of multiple models is better than a

single one. In this section, meta-learning methods, also described as the formal method

integration [153], can help solve this problem by finding and recommending a suitable FS

method for a given dataset. The related and even broad concept of "automated machine
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learning" (AutoML) has become increasingly essential and recently gained more attention in

the literature [209, 124]. To better understand those concepts, this section provides a general

description of AutoML as follows.

2. Automated Machine Learning (AutoML) As illustrated by the name "automated

machine learning", AutoML combines automation and machine learning. It is defined as

a computer program with good generalization performance on the input data and given

tasks. AutoML aims to take humans’ place in identifying configurations that are proper

to machine learning computer programs with little computational cost. Besides, one of its

goals is to construct high-level controlling methods over learning tools to find the proper

configurations automatically and efficiently [225]. Inspired by the human-involved process

in the automation area, a framework for AutoML can be summarized as shown in Figure 2.4.

Fig. 2.4 Basic framework of AutoML [225]

In the framework, the AutoML controller takes the place of human beings to search for the

learning tools’ proper configurations. There are two critical components within the controller:

evaluator and optimizer. The evaluator aims to measure the learning tools’ performance

with configurations from the optimizer. Optimizer aims to update or generate the learning

tools’ most suitable configurations [225]. Based on how to solve an AutoML problem, the

existing techniques can be divided into basic and experienced ones. The basic techniques are

categorized using the optimizer and evaluator. On the other hand, the experienced techniques

learn and accumulate knowledge from the past searches or external data, including meta-
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learning and transfer learning [154, 209]. The following parts introduce and discuss the

definition and applications of meta-learning to form a better understanding.

3. Definition of Meta Learning Meta-learning, also named learning to learn, is designed

to learn the meta knowledge in order to improve the model learning performance [22]. It

learns the new tasks faster by learning from the experience or the "meta-data". By observing

how different machine learning approaches perform on the learning tasks, meta-learning

methods learn to select the most appropriate FS method for a given dataset. In practice,

meta-learning methods can improve machine learning architectures’ design and help select

the most suitable algorithms using a data-driven approach [207]. It is normally trained to

learn the relationship between the characteristics of the training datasets and the suitable

algorithms [156].

The challenges behind meta-learning methods lie in learning from prior experience in a

systematic and data-driven approach. Firstly, meta-data need to be collected, which describe

prior learning tasks and previously learned models. The exact algorithm configurations are

used to train the models, including hyperparameter settings, pipeline compositions, and

network architectures. Secondly, the knowledge is extracted and transferred from the prior

meta-data for searching the most suitable models in later tasks [207].

2.4.2 Applications

Meta-learning methods could not only dramatically improve the design of the machine learn-

ing structure but also solve the model selection issue with a data-driven approach [207]. With

those benefits, the methods are widely applied in different machine learning areas, such as

classification, regression, optimization, time series prediction, etc [117, 124, 125]. Scholars

investigated the applications of meta-learning for FS [156, 56] in two main aspects. One

aspect is algorithm selection, which chooses the best algorithm by learning the relationship
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between the characteristics of data and the performance of different algorithms [100]. The

other one is parameter selection, which determines the optimal parameters within a sophis-

ticated method [167]. Specifically, the AutoML and meta-learning methods are applied in

several popular areas, such as hyperparameter optimization, feature engineering, etc. Besides,

neural architecture search (NAS) has become an essential and particular topic for neural

networks, targeting deep learning. The NAS method configures the features, models and

algorithms simultaneously [78, 225]. Therefore, the concept of NAS is firstly introduced in

this section, followed by the other application areas.

1. Neural Architecture Search (NAS) NAS methods are currently a widely studied

research topic, which targets searching for suitable deep network architectures that suit the

learning problem. They can automatically search the neural network architectures for a

given problem. Therefore, it can help remedy the difficulties of manually designing neural

networks [242]. Recent research in the meta-learning area focuses on the neural architecture

search based on its robust, generic, and versatile properties. However, this may lead to a high

computational cost when exploring suitable configurations.

2. Hyperparameter optimization Hyperparameter optimization methods choose a set of

hyperparameters for a specific learning algorithm. The inherent hyper-parameters stand for

the parameters used to control the learning process by itself [78].

3. Feature Engineering Feature engineering methods aim to construct features from the

data so that the subsequent learning tools can achieve good performance. The process has

two main steps: creating features from the data and enhancing features’ discriminative ability.

However, the first step heavily depends on the application scenarios and humans’ expertise,

with no standard or principled methods. The second step, feature enhancing methods, applies
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when the original features from the data may not be good enough. Some post-processing

steps need to be performed to improve the learning performance [12].

There are three kinds of methods to enhance features from the literature. (1) dimension

reduction: reduces the number of random features by obtaining a set of principal ones. It

becomes valid and valuable when the meta-features have gained significant redundancy

with high feature dimensionality. (2) feature generation: constructs new features based on

pre-defined operations. In some cases, the new interactions among the original feature may

significantly improve the learning performance [105]. (3) feature encoding: re-interprets the

original features using dictionaries learned from the data. The indiscriminate samples in the

original space may become separable in the new space [51].

The proper use of feature engineering could lead to many potential benefits, such as

high computational efficiency. Domain knowledge, data science expertise, and even the trial

process are still required in the manual stage to design and select the most appropriate meta

features [78]. Because of its high computational efficiency, this research investigates and

applies the feature engineering approach.

2.4.3 Main Issues

In the literature, some central issues of applying feature engineering are discussed below.

1. Construction of training data repository The central concept of meta-learning is

to learn the knowledge from a data repository. Hence, the selection and construction of

different data repositories become especially important. Many real-world datasets are used

to construct the meta database in the literature. Parmezan et al. [156] utilized 150 practical

datasets during the meta-learning process. However, it is time-consuming and sometimes

even restricted by ethical issues to collect various datasets from real-world applications,

especially in the biomedical area. Different data sources may need various types of consent,
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such as informed consent, broad consent and implied consent [54, 202]. More importantly,

these real-world datasets may not cover a wide range of characteristics similar to the given

unseen dataset under consideration.

2. Selection of meta features Meta features are used to depict certain relationships with the

algorithm performance. The selection of meta-features is dependent on the related problem.

In 2014, Shafait et al. generally classified the meta-features into five different groups,

including simple, statistic, information theoretic-based, model-based, and land-marking

based [168]. In 2017, Cruz et al. proposed and extracted 15 sets of meta-features in the

research [35]. In 2019, Vanschoren et al. provided a concise overview of the most commonly

used meta-features for the reason they are indicative of model performance [208].

3. Construction of meta model Meta model refers to the decision-making method to

recommend the most suitable configurations given the new task’s meta-features. It learns

the complex relationship between the extracted meta-features and the meta label using

specific configurations. In the literature, there are a vast number of research on building meta

models in the meta-learning process, including decision trees, support vector machine, KNN,

etc [22, 124, 156]. However, the fuzzy-based approach is rarely reported as the meta-model

before, to the author’s best knowledge.

2.4.4 Existing Approaches

In the literature, the research on meta-learning can be generally categorized in five different

directions: based on metric learning, based on parameter training, based on gradient opti-

mization, based on memory augmentation and based on data augmentation. The detailed

description of those directions is shown as follows.
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1. Based on metric learning In 2015, Koch et al. explored a method by learning siamese

neural networks to solve the one-shot image recognition problem. A unique structure has

been employed to rank the similarity between the inputs [109]. In 2016, Vinyals et al.

introduced Matching Networks, a new neural architecture by employing the ideas from

metric learning based on deep neural features. The framework can learn a network that maps

a small labelled support set and an unlabelled example to its label [210]. In 2017, Snell et

al. proposed Prototypical Networks, which learn a metric space where the classification is

performed by computing the distances to prototype representations of each class [193]. In

2018, Sung et al. presented a conceptually simple, flexible, and generic framework called

Relation Network by training end-to-end from scratch. The framework learns a deep distance

metric to compare a small number of images within episodes [199].

2. Based on parameters training In 2017, Finn et al. proposed a well-known algorithm

named Model-Agnostic Meta-Learning (MAML), which is compatible with any model

trained with gradient descent and can be applied to different learning problems. The model’s

parameters are explicitly trained so that a small number of gradient steps can generate good

generalization performance on that task [57]. In 2019, Sun et al. proposed a novel few-shot

learning method called Meta-Transfer Learning (MTL) which learns to adapt a deep neural

network for few-shot learning tasks. The "transfer" process is achieved by learning the

scaling and shifting functions of deep neural network weights for each task [198].

3. Based on gradient optimization In 2017, Ravi et al. proposed a Long Short Term

Memory (LSTM) based meta-learner model to learn the optimization algorithm. The LSTM

meta learner can utilize its state to represent the learning updates of a classifier’s parameter.

It is trained to discover both a good initialization of the learner’s parameters and a successful

mechanism to update the learner’s parameters for some new classification task [166].
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4. Based on memory augmentation In 2016, based on the architectures with augmented

memory capacities, such as Neural Turning Machines (NTMs), Santoro et al. demonstrated

the ability of a memory-augmented neural network to rapidly assimilate new data and leverage

this data to make accurate predictions using only a few samples [180]. In 2018, Cai et al.

proposed Memory Matching Networks (MM-Net), a novel deep architecture with the idea of

augmenting Convolutional Neural Networks (CNNs) using memory and learning to learn the

network parameters for the unlabelled images in one-shot learning [27].

5. Based on data augmentation In 2017, Hariharan et al. introduced the techniques to

hallucinate additional training examples for data-starved classes in the few-shot recognition

problem [76]. In 2018, Wang et al. also presented an approach to low-shot learning which

uses a trained hallucinator to generate additional examples [213]. In 2018, based on the idea

that fake samples produced by the generator can help classifiers learn a sharper decision

boundary between different classes from a few samples, Zhang et al. proposed a conceptually

simple and generic framework named MetaGAN to boost the performance of few-shot

learning models [234]. In the same year, Gao et al. proposed a novel approach, Covariance-

Preserving Adversarial Augmentation Networks (CPAAN), to low-shot learning, which can

augment data for novel classes by training a cyclic GAN model [60].

2.5 Summary

This chapter presents an overview of four fundamental concepts: FS methods, fuzzy theory,

ensemble learning and meta-learning in this research. The literature review and background

knowledge of those concepts are also discussed. To begin with, this chapter introduces

the definitions and working principles of many FS methods in the literature, such as the

ranking-based, subset-based, wrapper, embedded, and filter approaches. Unlike the other

techniques, the ranking-based filter FS methods are independent of any learning algorithms,
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which are computationally efficient, especially in the case of high dimensional data. For these

rank-based filter methods, a measure is incorporated to evaluate the features’ importance and

filter out irrelevant features, where features are therefore ranked based on their significance

and quality. Hence, with the investigation of the different ranking-based filter FS methods,

this research aims to create solutions for a better understanding of feature importance,

such that the features can represent the inherent characteristics of data well and achieve

comprehensively good performance.

With the knowledge that noise and uncertainty exist in practical datasets, the fuzzy theory

is introduced as a unified framework to model the uncertainties. Four related concepts are

introduced: fuzzy sets, fuzzy entropy, fuzzy similarity, and fuzzy systems. Introducing the

fundamental knowledge and different categories of FS methods and fuzzy theory helps build

a good foundation to explore ranking-based FS methods using fuzzy theory. Therefore, it

naturally leads to the research in Chapter 3, which explores a ranking-based FS method

that incorporates fuzzy theory to handle uncertainties, thereby producing a good predictive

performance.

Additionally, the introduction of various FS methods raises a question: how to reasonably

and sensitively measure the performance of different FS techniques. Many FS methods are

normally evaluated using the downstream predictive performance alone. Other aspects of

FS performance receive relatively little attention. It may lead to a biased result during the

evaluation process. Therefore, Chapter 4 aims to discuss and tackle this issue in more detail

by reviewing the existing performance evaluation metrics for FS method comparison and

proposing new metrics that are supplementary to the existing methods.

Given a range of various FS algorithms, Section 2.3 introduces and describes ensem-

ble learning, which provides a solution to combine different FS methods to obtain better

performance. However, the majority of the existing ensemble learning methods are either

homogeneous or heterogeneous. Therefore, the research in Chapter 5 aims to develop an



2.5 Summary 65

ensemble learning framework which combines homogeneous and heterogeneous approaches

using the fuzzy-based framework to achieve better feature ranking.

On the other hand, as an alternative to the ensemble learning framework, Section 2.4

discusses meta-learning, which can help find and recommend a suitable FS method for a

given dataset. Various existing approaches are introduced, such as metric learning-based, data

augmentation-based, etc. The research in Chapter 6 aims to develop an FS recommendation

framework to suggest a suitable FS method for a given dataset. In order to overcome the data

scarcity problem, the data augmentation techniques are employed by using synthesized data

for training a meta-learning framework to achieve feature ranking.





Chapter 3

Performance Optimization of a Fuzzy

Entropy based FS Method

3.1 Introduction

Unlike the semantics-preserving FS algorithms that output the final feature subset [93], this

chapter aims to explore an efficient feature ranking-based method that ranks the features

based on feature importance rather than producing a feature subset. As discussed in Sec-

tion 2.2.3, similarity measure becomes one of the fundamental mathematical processes, while

Łukasiewicz-Structure is similarity based and has been applied in many pattern recogni-

tion problems. In 2001, Pasi Luukka followed the Łukasiewicz-Structure and proposed a

similarity based classifier using generalized mean [139]. In his later published work [138],

combined with this similarity-based classifier, fuzzy entropy measures were used to achieve

FS. The fuzzy entropy measure is used as a fuzziness measure, which evaluates the global

deviations from the type of ordinary fuzzy sets [8]. The method successfully managed to

discard the non-important features from the candidate feature set. The FS method based on

fuzzy entropy measures can facilitate the classification task to be performed faster with an

increased classification accuracy. Besides, the method is highly computational efficient with
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a readily comprehensible framework, which can be easily adapted to different applications.

Therefore, this chapter mainly investigates the fuzzy entropy-based FS method.

The fuzzy entropy-based FS method proposed by Pasi Luukka mainly consists of three

fundamental components, i.e., ideal vector calculation, similarity measurement, and fuzzy

entropy calculation [138]. The similarity-based classification procedure is used as a classifier

within the framework, while the fuzzy entropy-based FS technique is utilized as the FS

process. Based on Luukka’s work, this chapter comprehensively compares different mea-

surements for each of these components and to other state-of-the-art FS methods. The main

work of this chapter is the performance optimization of a fuzzy entropy-based FS method,

including: (1) implementation of three different measurements for the critical components

in the framework; (2) comprehensively comparison of the performance on different combi-

nations of the measures; (3) comparison of different feature elimination processes for the

classification models.

3.2 Methodology

Based on the method in Luukka’s paper [138], a data-driven framework is implemented by

incorporating various ideal vector calculations, fuzzy entropy functions, and fuzzy similarity

measures together. The overall structure of the framework is illustrated in Fig. 3.1.

The implemented method aims to classify a total number of S samples into the number of

C different classes ck,k ∈ [1,C] by their feature vector x⃗i. The value i represents the index of

the samples. The number of features of x⃗i is denoted as N. Procedures of the implemented

method are described below.

Step 1: For the training set, normalize each feature value into the range between 0 and 1 using

the min-max normalization process [88]. The maximum value of each feature needs

to be carefully determined to avoid using outliers. The outliers are identified if they
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Fig. 3.1 Flowchart of fuzzy entropy-based FS framework. The blue dashed lines and red
solid lines represent the data flows for the training and testing processes, respectively.

exceed three times the standard deviation from the mean value for each feature. Both

the training and testing process undertake the same normalization procedure.

Step 2: Based on the normalized values in Step 1, calculate ideal vector v⃗k for the kth class.

Step 3: Apply the same normalization process of Step 1 to the testing dataset.

Step 4: Calculate the fuzzy similarity values between the feature vector x⃗i of the testing samples

and the ideal vector v⃗k in Step 2.

Step 5: Based on the similarity values in Step 4, construct a similarity matrix with the dimen-

sions of S×C×N. Calculate each feature’s fuzzy entropy value (column of the matrix)

and subsequently rank the features according to the values.

Step 6: Select the features and classify the testing set based on the ranked feature sequence

from Step 5.

There are four main parts in the framework: ideal vector calculation, fuzzy similarity

measurement, fuzzy entropy-based FS, and maximal fuzzy similarity classification. The

detailed descriptions of these procedures are introduced in the following subsections.
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3.2.1 Ideal Vector Calculation

The ideal vector is designed to be representative of the corresponding class. The vector

can be user-defined or calculated from some samples which belong to the class. One of the

simple ways to achieve this is to the generalized mean [138]. Therefore, the ideal vector

represents the "mean" property of the samples in each class. Different methods can be used to

calculate the ideal vector, namely, arithmetic means, geometric means, and harmonic means,

as expressed in Equation 3.1, 3.2 and 3.3, respectively. In those equations, Ck indicates the

number of samples for the kth class; the value j, j ∈ [1,N] represents the feature index. The

performance comparing different ideal vector calculations is reported in Section 3.3.2.

1. Arithmetic mean: Given the kth class and jth feature, the arithmetic mean v⃗A
k ( j) is

calculated in Equation 3.1.

v⃗A
k ( j) =

∑
Ck
i=1 x⃗i( j)

Ck
(3.1)

2. Geometric mean: Given the kth class and jth feature, the geometric mean v⃗G
k ( j) is

calculated in Equation 3.2.

v⃗G
k ( j) = Ck

√√√√ Ck

∏
i=1

x⃗i( j) (3.2)

3. Harmonic mean: Given the kth class and jth feature, the harmonic mean v⃗H
k ( j) is

calculated in Equation 3.3.

v⃗H
k ( j) =

Ck

∑
Ck
i=1[1/⃗xi( j)]

(3.3)
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3.2.2 Fuzzy Similarity Measurement

In this section, the similarity measurement is presented in the form of generalized Łukasiewicz

algebra [178]. It measures the similarity between the jth element of feature vector x⃗i and the

corresponding jth element of each class’s ideal vector. The calculation process is described

mathematically in Equation 3.4.

Sim⟨⃗xi, v⃗k, j⟩= p
√

1− |⃗xi( j)p− v⃗k( j)p|, p > 0 (3.4)

where p is a hyper parameter to be optimized in Section 3.3.2. A similarity value is calculated

for each feature in each class for each sample. Subsequently, a similarity matrix P with the

dimensions of (S×C)×N is constructed, as shown in Table 3.1. The next subsection will

describe the fuzzy entropy calculation process for each feature.

Table 3.1 The formal denotation of a similarity matrix

Data Feature 1 Feature 2 ... Feature N

x⃗1 Sim⟨x⃗1, v⃗1,1⟩ Sim⟨x⃗1, v⃗1,2⟩ ... Sim⟨x⃗1, v⃗1,N⟩
x⃗1 Sim⟨x⃗1, v⃗2,1⟩ Sim⟨x⃗1, v⃗2,2⟩ ... Sim⟨x⃗1, v⃗2,N⟩
... ... ... ... ...
x⃗1 Sim⟨x⃗1, v⃗C,1⟩ Sim⟨x⃗1, v⃗C,2⟩ ... Sim⟨x⃗1, v⃗C,N⟩
x⃗2 Sim⟨x⃗2, v⃗1,1⟩ Sim⟨x⃗2, v⃗1,2⟩ ... Sim⟨x⃗2, v⃗1,N⟩
... ... ... ... ...
x⃗S Sim⟨x⃗S, v⃗C,1⟩ Sim⟨x⃗S, v⃗C,2⟩ ... Sim⟨x⃗S, v⃗C,N⟩

3.2.3 Fuzzy Entropy based Feature Selection

In order to reduce the dimensionality and discard the non-important features, the fuzzy

entropy-based FS process [138] is used to rank the features. Fuzzy entropy is the basic

definition of the fuzzy information process and is widely used to measure the degree of

vagueness in the various areas [114].

Based on the previously constructed similarity matrix, each feature’s fuzzy entropy value

(each column of the matrix P) is calculated using the fuzzy entropy functions described
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below. The matrix P(r, j) represents the value of the rth row and jth column in the similarity

matrix. These similarity values are utilized as the fuzzy set’s membership function during the

fuzzy entropy calculation process. Three different fuzzy entropy functions from Section 2.2.2

are implemented as expressed below.

1. Non Probabilistic Entropy (Luca’s method)

H1( j) =−
S×C

∑
r=1

[(P(r, j) logP(r, j))+(1−P(r, j)) log(1−P(r, j))] (3.5)

2. Weighted Measures of Fuzzy Entropy (Parkash’s method)

H2( j) =
S×C

∑
r=1

[sin
πP(r, j)

2
+ sin

π(1−P(r, j))
2

−1] (3.6)

3. Geometry of Fuzzy Set and Entropy (Kosko’s method)

H3( j) =
∑

S×C
r=1 (P(r, j)∧ (1−P(r, j)))

∑
S×C
r=1 (P(r, j)∨ (1−P(r, j)))

(3.7)

Subsequently, the fuzzy entropy values are used for feature ranking and selection. A

fuzzy similarity-based classification process is then performed using the selected features.

3.2.4 Maximal Fuzzy Similarity Classification

The classification method is based on the maximal fuzzy similarity measures proposed by

Luukka et al. [139]. Three similarity measurements are implemented for the ideal vector

calculation.

1. Similarity measure based on arithmetic mean

SimA⟨⃗xi, v⃗k⟩=
1
N′

N′

∑
j=1

p
√

1− |⃗xi( j)p− v⃗k( j)p| (3.8)
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2. Similarity measure based on geometric mean

SimG⟨⃗xi, v⃗k⟩= N′

√√√√ N′

∏
j=1

p
√

1− |⃗xi( j)p− v⃗k( j)p| (3.9)

3. Similarity measure based on harmonic mean

SimH ⟨⃗xi, v⃗k⟩=
N′

∑
N′
j=1

1
p
√

1−|⃗xi( j)p−⃗vk( j)p|

(3.10)

In Equation 3.8, 3.9 and 3.10, x⃗i represents the feature vector of the ith sample in the

testing set after feature selection. v⃗k( j) stands for the recalculated ideal vector with the

reduced dimension in the training set. N′ is the number of the selected features. The

parameter p is the same as that in Equation 3.4. Each testing sample is then classified into

the class that produces the highest similarity value. It is noteworthy to mention that, based on

the reduced feature subset, other classifiers can also be applied and compared, e.g., random

forest, support vector machine, etc. The comparison between different classifiers is not the

main focus of this chapter.

3.3 Experiments & Results

3.3.1 Materials

The experiments are based on commonly used numerical datasets as an initial test for method

illustration and comparison. Three publicly available datasets are chosen from the UCI

machine learning repository [46], which were all extracted from real-world problems with

various features, samples, and sample distribution. The three datasets are all widely used in

the data mining area for evaluating the performance of different methods. Hence, this research
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work utilized these datasets to assess and compare the proposed methods’ performance. The

general properties of the datasets are shown in Table 3.2.

Table 3.2 Description of the experimental datasets

No. Datasets #C #F #S #S Distribution over #C

1 WBC 2 9 682 239 / 443
2 WDBC 2 30 569 212 / 357
3 Parkinsons 2 22 195 48 / 147

3.3.2 Evaluation on Different Combinations

The combination of three ideal vector calculations and three similarity measures for classifi-

cation were colour-coded and listed in Table 3.3. The experiments were performed using

different combinations of the methods listed for ideal vector calculation and classification.

Table 3.3 Different combinations for classification

Ideal vector Classification methods Name Line

Arithmetic mean
Arithmetic mean A-A
Geometric mean A-G
Harmonic mean A-H

Geometric mean
Arithmetic mean G-A
Geometric mean G-G
Harmonic mean G-H

Harmonic mean
Arithmetic mean H-A
Geometric mean H-G
Harmonic mean H-H

Experiment: In this experiment, the complete sets of features were used for both training

and testing without eliminating any features, which allows a fair comparison of different ideal

vector calculations combined with different fuzzy similarity measures and the p value (in

Equation 3.4) optimization. The data samples in the three datasets (summarized in Table 3.2)

are generally balanced for each class. Therefore, classification accuracy is utilized as the

evaluation metric because it is easy to understand and performs well on balanced datasets.
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The classification accuracy is defined as the number of correctly classified samples divided

by the total number of samples.

Same as the evaluation in Luukka’s work [138], the datasets were divided into two halves.

One half was used for training and the other half for testing. Additional to the experiment

in Luukka’s paper [138], the experiments were repeated 1000 times for each p value (in

Equation 3.4) with random two-half group splitting. Note that all the remaining experiments

in this chapter for classification accuracy calculation were tested based on the same evaluation

mechanism, if not explicitly described.

Result & Discussion: The mean classification accuracy curves of the aforementioned

combinations on three experimental datasets were plotted in Fig. 3.2.

(a)WBC (b)WDBC

(c)Parkinsons

Fig. 3.2 Mean classification accuracies with different p values
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Fig. 3.2-(a) shows the results of the mean classification accuracies in the WBC dataset.

In this case, the ideal vector calculation using the arithmetic and geometric mean produced

similar results, much higher and more stable than the harmonic mean. The curves of the

harmonic mean methods vary dramatically when the p value is greater than 5.

Fig. 3.2-(b) shows the mean classification accuracies for the WDBC dataset at different p

values. Different classification methods with the same ideal vector function produced similar

performances. The accuracy using arithmetic and geometric mean methods in the ideal vector

calculation process decreased slowly when the p value increased. However, in the harmonic

mean method, the accuracy increased sharply and peaked at p = 3. Subsequently, the mean

accuracies decreased slowly along with the other two ideal vector calculation methods.

Fig. 3.2-(c) presents the results in Parkinsons dataset. The arithmetic means method

on calculating the ideal vector produced a stable mean classification accuracy of around

0.73. The accuracy of the methods using the geometric mean for ideal vector calculation was

maximized at the value around 0.78 and dropped quickly when p was greater than 2. The

harmonic mean methods on ideal vector calculation produced the worst and most inconsistent

results.

Overall, the geometric mean method for calculating the ideal vector produced the maximal

classification accuracies when p was around two on all the experimental datasets. It may

be because the geometric mean is a relative measure and gives more weight to the small

feature values. When p was around two, the geometric mean can represent the ideal vector’s

characteristics well, leading to better performance on classification accuracy. There are

not many differences by using the three different similarity functions for classification.

Therefore, geometric mean methods were utilized in the following experiments for ideal

vector calculation and maximal similarity classification. The value p in Equation 3.4 and 3.9

was set to be 2.



3.3 Experiments & Results 77

3.3.3 Evaluation on Fuzzy Entropy Methods

Experiment: This experiment compares the feature ranking sequences produced by three

different fuzzy entropy methods in Section 3.2.3. The fuzzy entropy values ranked the

features from the highest to the lowest. The entropy values were normalized into the range

between 0 and 1 using min-max normalization to compare different methods.

Result & Discussion: For ease of comparison, Luca’s method was chosen as the reference

ranking sequence in the horizontal axis of Fig. 3.3. All the indices of features were sorted

based on the reference ranking.

(a)WBC (b)WDBC

(c)Parkinsons

Fig. 3.3 Scaled entropy values of the sorted features

It is observed from Fig. 3.3 that different fuzzy entropy functions produced similar

ranking sequences for the three datasets. Luca’s and Parkash’s methods resulted in an almost
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identical ranking sequence for all the datasets. Kosko’s method showed disagreement at

multiple points with the other two, especially in the Parkinsons dataset. In general, the three

methods’ ranking differences did not significantly impact the final classification performance

from the experimental results. Therefore, to facilitate the performance comparison, Luca’s

method of the fuzzy entropy function was chosen in the final framework, which can produce

a similar ranking sequence and consistent entropy values to the other two methods.

3.3.4 Evaluation on Removing Order of Fuzzy Entropy Methods

Experiment: To explore the optimal FS process, different feature removal orders and the

FS approaches based on the entropy values were implemented and compared. One method

removed the feature with the highest entropy value each time. On the contrary, the other

method removed the feature with the lowest entropy value each time.

Result & Discussion: The mean classification accuracy curves with two different feature

removal orders on the three experimental datasets are plotted in Fig. 3.4.

From Fig. 3.4, it can be seen that the method which removed the feature with the lowest

entropy value each time produced a higher performance even when half of the features were

removed on all the experimental datasets. In contrast, the performance dropped significantly

on the experimental datasets once the feature with the high entropy value was removed. It

is expected, as a higher entropy value indicates a larger variation in the feature values and

more information than those with lower entropy values. Hence, the features with higher

fuzzy entropy values are more informative and essential, and vice versa. Therefore, it can be

concluded that the FS approach, which eliminates the feature with the lowest entropy value

each time, produces better performance.
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(a)WBC (b)WDBC

(c)Parkinsons

Fig. 3.4 Comparison of the different feature removing orders based on fuzzy entropy values

3.3.5 Performance Comparison with Other FS Methods

Based on the previous experiments’ results, the optimized combination among different

methods in the proposed FS and classification framework was found. The optimal choice and

settings are the geometric mean method for ideal vector calculation and classification function

with p = 2, and Luca’s method for fuzzy entropy calculation. The proposed method was

compared with six state-of-the-art filter-based FS methods and an embedded FS method after

the paratermeters tuning process, which are Chi-Square based [95], Correlation based [73] ,

Gain Ratio based [104], Information Gain based [123], ReliefF based [134], Symmetrical

Uncertainty based [227] and Random Forest (embedded FS method) [122].
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Experiment 1: An experiment is performed by evaluating the mean classification accuracy

while gradually removing the lowest-ranked feature each time. Two-fold cross-validation is

implemented, while half of the dataset is for training and half data for testing. All the FS

methods for comparison have been tuned with the comparatively optimal parameters and

settings within the training process. The chosen compared FS methods rank the features

from the higher to lower values. The same maximal similarity classifier with the geometric

method was used for the downstream decision-making task after the FS process for all the

compared methods.

Result & Discussion 1: The mean classification accuracy curves of different FS methods

on three datasets are presented in Fig. 3.5.

(a)WBC (b)WDBC

(c)Parkinsons

Fig. 3.5 Comparison on mean classification accuracies of different FS methods



3.3 Experiments & Results 81

Fig.3.5-(a) shows that in the WBC dataset, the proposed method produces the highest

classification accuracies among all the methods, with the number of removed features

increasing from 0 to 6. In the WDBC dataset (Fig.3.5-(b)), the top two performers are the

proposed method and the ReliefF method. The classification accuracies keep increasing even

when about 20 features are removed using the proposed method. For the Parkinsons dataset

(Fig. 3.5-(c)), the proposed method produces a stable performance with the arguably highest

classification accuracies until 14 features are removed.

Another important observation is that the proposed method’s classification accuracy gen-

erally follows the trend of gradually increasing, achieving peak performance, and decreasing

when features were gradually removed for all three datasets. It is a good indication that the

features were ranked reasonably well from the least to the most important. However, the

performances of other methods changed dramatically when features were gradually removed

(Fig. 3.5-(b) and Fig. 3.5-(c)).

Experiment 2: There is still a lack of standardised metrics for the performance comparison

within different FS methods. One option from the literature is to report the highest classi-

fication accuracy despite the number of selected features. Alternatively, the classification

accuracies are compared based on the same number of selected features. Arguably, if the

classification result is essential, the first option should be applied. In this section, different

FS methods were compared, where the compactness, representative, and relevance of the

selected features were more important in this case. Therefore, the second option was adopted

to compare different FS methods.

Result & Discussion 2: The proposed method was used as the reference method to compare

with each of the other competitors. The number of selected features (denoted as NS) with

the highest mean classification accuracy was used as the reference. For other methods, the

highest mean classification accuracies were reported with the selected number of features
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less than or equal to NS. For comparison, higher classification accuracy indicates better FS

performance. The mean classification accuracies (Acc.) and the selected number of features

(Nb.) of the three experimental datasets are shown in Table 3.4.

Table 3.4 Classification accuracy and feature numbers of different FS methods

Methods WBC WDBC Parkinsons
Acc.(%) Nb. Acc. (%) Nb. Acc. (%) Nb.

Proposed 96.97 7 94.86 8 78.23 9
Chi Square 95.86 7 93.67 5 77.70 2

CFS 96.95 7 93.86 4 78.72 3
Gain Ratio 95.83 6 93.73 5 78.09 6
Info. Gain 96.53 7 93.71 5 77.43 2

ReliefF 96.96 7 95.21 4 78.26 8
Sym. Unc. 95.84 7 93.68 5 77.19 3

Random Forest 96.52 7 94.13 8 79.10 4

Additionally, McNemar’s test [13] was applied to test the statistical significance of

the binary classification results for each of the two compared methods. The P values

of McNemar’s test for the pairwise tests between the proposed method and each of the

competitors are presented in Table 3.5.

Table 3.5 P values of McNemar’s test for the pairwise tests between the proposed method
and each of the competitors

Methods WBC WDBC Parkinsons

Chi square <0.01 <0.01 <0.01
CFS 1.00 <0.01 <0.01

Gain Ratio <0.01 <0.01 <0.01
Info. Gain <0.01 <0.01 <0.01

ReliefF 1.00 <0.01 <0.01
Sym. Unc. <0.01 <0.01 <0.01

Random Forest <0.01 <0.01 <0.01

For the WBC dataset results in Table 3.4, it is observed that the proposed method produced

the best mean classification accuracy compared with other methods with S = 7. In Table 3.5,

the proposed method is statistically better than Chi-Square, Gain Ratio, Information Gain,

Symmetrical Uncertainty and Random Forest methods but no statistical differences to the

CFS and ReliefF methods. For the WDBC dataset, the proposed method produced the
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second-best classification accuracy with S = 8. The other methods produced an individually

higher performance using about 4 or 5 features rather than eight features.

However, from Fig. 3.5-(b), the proposed method still produced the second-best per-

formance if five features were used (the value corresponds to 26 in the horizontal axes of

Fig. 3.5-(b)). According to Table 3.5, the proposed method was statistically worse than the

ReliefF method but statistically better than the other methods. For the Parkinsons dataset,

the proposed method (NS = 9) ranked fourth, which was statistically worse than the CFS (3

features), ReliefF method (8 features) and Random Forest (4 features). The other methods

were statistically worse than the proposed method.

In principle, the fuzzy entropy values can provide objective evidence on the features’

importance. It will benefit and guide the FS process, especially when combined with the

fuzzy similarity classifier. The features with higher fuzzy entropy values are found to

represent the information of the data better than the features with lower fuzzy entropy values.

Consequently, it results in a better performance for classification. Moreover, the calculation

of fuzzy entropy values is independent among different features, which leads to a much more

stable performance when calculating the classification accuracy.

3.4 Summary

In this chapter, based on Lukka’s fuzzy entropy FS framework, different methods were

implemented using the framework’s key components, including the combinations of using

three ideal vector calculations, three maximal similarity classifiers, and three fuzzy entropy

functions. All the evaluations were performed on three widely used publicly available

datasets with different data sparsity. The experiments were thoroughly evaluated by evenly

and randomly splitting the dataset into the training and testing group and repeated 1000

times. The experimental results have shown that using the geometric method for ideal

vector calculation (p = 2), the geometric method for similarity classifier (p = 2), and Luca’s
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method for fuzzy entropy calculation have produced the most stable performance and highest

classification accuracy. Additionally, it can achieve better performance by removing the

features with the lowest entropy values.

The proposed method was further compared with the other seven state-of-the-art filter-

based FS methods. The mean classification accuracies were evaluated using the same number

of selected features. McNemar’s test was applied to evaluate the statistical differences

for the pairwise comparisons. The proposed method produced the highest classification

accuracy for the WBC dataset, the 2nd and 4th best for WDBC and Parkinson’s datasets. The

proposed method, ReliefF and Random Forest were the top performers among the compared

methods. More importantly, the proposed method produced the stablest performance on the

experimental datasets when the features were gradually removed.

To sum up, this chapter represents a very early work in this thesis and relates to other

chapters on various aspects. The fuzzy-entropy based FS method was an initial investigation

to develop an FS method for a given dataset. The method has produced a reasonably good

and stable performance on classification. However, there are still many limitations in the

research on finding the most suitable feature ranking sequence for a given dataset. Firstly,

it is still not straightforward to evaluate and compare the overall performance of different

FS methods based on multiple classification accuracy values produced by different feature

subsets. Therefore, it suggests the need to establish better evaluation methods for method

comparison. This leads to the proposed evaluation methods in Chapter 4. Secondly, the

proposed method does not always achieve the best performance on all tested datasets, which

could be improved by introducing more advanced techniques. Hence, other kinds of FS

frameworks are explored in the later chapters. For instance, by combining different FS

methods into a single framework, ensemble learning is investigated in Chapter 5. Moreover,

the idea of selecting the best combination method in this chapter leads to the proposed

meta-learning framework in Chapter 6.



Chapter 4

Evaluation of Feature Selection Methods

4.1 Introduction

As demonstrated in Chapter 3, a good evaluation method is an essential part for comparing

different FS methods and subsequently guiding the development of effective FS algorithms.

In the literature, evaluation metrics are used to assess the FS methods’ performance, and

various measurements have been proposed to evaluate different algorithms from multiple

aspects, such as effectiveness and usefulness. Research findings indicate that FS methods’

performance varies that is highly dependent on the applied evaluation metrics [188]. The

evaluation and comparison process among different FS methods can help better understand

the internal mechanism and recommend a suitable algorithm. Besides, the research on

evaluation methods can also help establish a theoretical and practical basis to improve the

FS methods’ performance. Thus, selecting a suitable evaluation metric becomes essential

for choosing the most appropriate FS method. Many previous studies normally focus on

evaluating an algorithm from a single aspect, such as predictive performance, stability,

etc [181, 151]. Some other issues also remain to be addressed, as discussed below.

Firstly, an FS algorithm’s predictive performance is typically dependent on a specific

classifier. By gradually removing the least important features, the performance curves are
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constructed with a reducing number of features. In practice, various metrics have been utilized

to evaluate the overall FS methods’ performance, such as the maximum and average [187]

of the measured values of the whole performance curve. In this case, these methods are not

sensitive enough to capture the dynamic performance of the feature ranking sequence.

Secondly, some evaluation measures can help assess the reliability and consistency

of the FS methods’ output using different training subsets sampled from the same data

distribution [102]. In the literature, various measurements have been proposed to evaluate

the FS algorithms’ stability, such as weights-scores, ranks or a selected feature subset [102].

Research on stability measures mainly focuses on evaluating the variation of the results

produced by the algorithm on multiple runs on randomly sampled data. Instability arises

when little agreement occurs over the selected features in these multiple runs, which prevents

a correct and sound interpretation. Besides, as it reduces the trust towards the selected

features, instability can also have a strongly impact to the validation process by domain

experts. In the biomedical field, the experts may prefer a more stable FS algorithm over

an unstable and even slightly more accurate one [102, 179, 71]. Practically, a reliable FS

method should produce a consistent feature ranking sequence even using a data subset [70].

However, to the author’s best knowledge, the ability to maintain consistent results across

different data sizes has not been proposed as an evaluation metric.

Thirdly, most metrics only evaluate FS algorithms from independent aspects. However,

an FS method with good predictive performance may not necessarily lead to superior perfor-

mance on stability. Those disparate measurements and evaluation metrics are insufficient

and inefficient to assess FS methods’ overall performance. In the case of choosing only one

FS algorithm out of a set of candidate techniques, the decision can not only be taken based

on a single metric, such as accuracy, as it may have low stability at the same time [191]. It

becomes challenging to compare and conclude FS’s performance using multiple independent
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assessments. Hence, it is in demand to quantify the methods’ performance from different

aspects but represented by a single measurement value.

As declared in Section 1.2, one of the objectives in this thesis is to review the existing

evaluation metrics for FS method comparison and propose new and suitable metrics when

necessary. After reviewing the existing evaluation metrics for FS method comparison, this

chapter supplements FS evaluation metrics’ research with the following contributions: (1)

proposed a weighted accuracy evaluation metric to comprehensively measure the FS methods’

predictive performance within a normalized value range; (2) proposed a novel measurement

to infer the FS methods’ robustness based on the evaluation using different size of datasets;

(3) designed a multi-criteria evaluation metric to comprehensively measure the FS methods’

overall performance on three independent aspects: accuracy, stability and robustness.

4.2 Datasets

4.2.1 Real-world datasets

Many real-world datasets with different characteristics and properties are employed to

evaluate and compare FS methods’ performance. Those datasets are drawn from the UCI

machine learning repository for their applicability in the literature [46]. Twenty widely used

public datasets with a different number of classes, features and samples are utilized in this

research, with the overall descriptions shown in Table 4.1. The total number of classes (#C),

number of features (#F), number of samples (#S) and the sample distribution per class (#S

Distribution over #C) are shown in the table.
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Table 4.1 General description of the real-world datasets

No. Datasets #C #F #S #S Distribution over #C

1 Banknote 2 4 1372 610 / 762
2 Mammographic 2 5 830 403 / 427
3 PIMA 2 8 768 268 / 500
4 WBC 2 9 682 239 / 443
5 CMSC 2 18 540 46 / 494
6 Statlog Heart 2 13 270 120 / 150
7 WDBC 2 30 569 212 / 357
8 Sports Articles 2 59 1000 365 / 635
9 Appendicitis 2 7 106 21 / 85

10 BCC 2 9 116 52 / 64
11 Wine 3 13 178 48 / 59 / 71
12 Parkinsons 2 22 195 48 / 147
13 Glass 6 9 214 9 / 13 / 17 / 29 / 70 / 76
14 Spectfheart 2 44 267 55 / 212
15 Breast Tissue 6 9 106 14 / 15 / 16 / 18 / 21 / 22
16 Dermatology 6 34 358 20 / 48 / 48 / 60 / 71 / 111
17 Sonar 2 60 208 97 / 111
18 Musk 2 166 476 207 / 269
19 Colon Cancer 2 2000 62 22 / 40
20 Lung 5 3312 203 6 / 17 / 20 / 21 / 139

Many practical datasets are applied to evaluate the FS methods in diverse application

scenarios. A brief introduction of these datasets is listed below.

1. Banknote: This dataset originated from the banknote-like specimens’ images. The

features were extracted by wavelet transform tools using statistical characteristics of the

transformed images, such as variance, skewness, entropy, etc [46].

2. Mammographic: This dataset contains the patients’ age, an assessment, and three

attributes from BI-RADS 1. It can be used to predict the severity of a mammographic mass

lesion [52].
1BI-RADS stands for Breast Imaging Reporting and Data System
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3. PIMA (Pima Indians Diabetes Dataset): This dataset contains the information of

persons with or without diabetes based on the medical predictor features, such as the number

of pregnancies, BMI, insulin level, age, etc [192].

4. WBC (Wisconsin Breast Cancer): This dataset predicts benign or malignant cancer

with nine visually assessed features. After removing the NaN valued samples inside, the

number of samples becomes 682 afterwards [216].

5. CMSC (Climate Model Simulation Crashes): This dataset contains the records of

simulation crashes encountered. Its goal lies in predicting the climate model simulation

outcomes using the normalized climate model input parameters [137].

6. Statlog Heart: This dataset contains information on the presence of heart disease in

the patient. It is the reduced-sized version of Heart Disease databases [24].

7. WDBC (Wisconsin Diagnostic Breast Cancer): This dataset consists of the features

from a digitized image of a breast mass to describe the cell nuclei’s characteristics in a fine

needle aspirate [197].

8. Sports Articles: This dataset presents 1000 sports articles that Amazon Mechanical

Turk labels as objective or subjective. Their corresponding raw texts, extracted features, and

URLs were retrieved and provided in the data [72].

9. Appendicitis: This dataset presents seven medical measures which are taken from 106

patients. The class labels represent whether the patient has appendicitis or not [46].

10. BCC (Breast Cancer Coimbra): This dataset provides the observed clinical features

for 64 patients with breast cancer and 52 healthy controls [158].

11. Wine: In the dataset, the origin of wines is estimated using chemical analysis.

Thirteen features are extracted from three types of wines by the analysis process [2].

12. Parkinsons: This dataset consists of the biomedical voice measurements from people

with or without Parkinson’s disease (PD). The data can be used to discriminate the persons

with PD from the healthy people [133].
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13. Glass: This dataset introduces six types of glass in terms of their oxide content, such

as refractive index, sodium, magnesium, aluminium, silicon, etc [53].

14. Spectfheart: This dataset describes and diagnoses cardiac SPECT 2 images. The

data consists of 2 classes, 267 samples with 44 continuous features, which are extracted and

summarized from the images [121].

15. Breast Tissue: This dataset comprises the impedance measurements on freshly

excised breast tissue at the frequencies of 15.625, 31.25, 62.5, 125, 250, 500, and 1000

KHz [98].

16. Dermatology: This dataset contains 34 features that all share the clinical charac-

teristics of erythema and scales with minor differences. The samples are classified into six

different groups based on the diseases [66].

17. Sonar: This dataset consists of two major classes, which are mines and rocks. Each

sample contains 60 features with a value ranging between 0 and 1. The data values represent

the energy using a specific frequency band integrated over a given time period [63].

18. Musk: In this dataset, whether new molecules are musks or non-musks can be learned

and predicted. The molecules are described using 166 features which depend upon the exact

shape or the conformation [42].

19. Colon Cancer: It is collected from patients with colon cancer, where tumour biopsies

show tumour negative and normal positive biopsies originated from health parts of colons

of the same patients. The dataset comprises 40 colon tumour samples and 22 normal colon

tissue samples, which are analyzed using an Affymetrix oligonucleotide array [4].

20. Lung: This dataset contains 203 samples within five classes. Initially, there are

12600 genes within each sample. After a preprocessing step that removes genes with

standard deviations smaller than 50 expression units, a dataset with 3312 features is produced

afterwards [28].

2SPECT stands for Single Proton Emission Computed Tomography.
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4.2.2 Synthetic Datasets

This section introduces synthesized datasets to evaluate and compare the evaluation metrics’

performance in different situations. Madelon datasets are chosen on account of their high

flexibility and variability [69]. The detailed generation procedures are described below.

1. Parameters within Madelon Dataset Madelon datasets are designed to cover a wide

range of values for a different number of classes, features, and samples. By implementing

the methodology which is firstly proposed in the NIPS 2003 feature selection challenge [67],

various kinds of Madelon datasets are generated by varying 11 different parameters, as listed

in Table 4.2. The constructed datasets present high flexibility in the choices of the number of

classes, features, and samples.

Table 4.2 Parameters for data synthesis using Madelon dataset

Alias Meaning

P1 Number of Classes
P2 Number of Useful Features (initially drawn to explain the concept)
P3 Number of Redundant Features (linearly dependent upon the useful features)
P4 Number of Repeated Features (repeating P2 and P3 at random)
P5 Number of Useless Features (Drawn at random regardless of class label)
P6 Number of Samples per Cluster
P7 Number of Cluster per Class
P8 Random Seed
P9 Factor multiplying the hypercube dimension (class separation)
P10 Fraction of y labels to be randomly exchanged (flip y)
P11 Flag to enable or disable random permutations

2. Generation of Madelon dataset A Madelon dataset is generated from an empty matrix

by gradually adding useful, redundant, repeated, and useless features. As illustrated in [18],

the data values are then distorted by adding the noise, flipping labels, shifting and rescaling

during the generation process. The detailed generation procedures are shown in Fig. 4.1.

In the framework, all the steps can be enabled or disabled independently. The generation

process takes the following steps to draw a randomized dataset.
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Fig. 4.1 The generation procedures of Madelon dataset

Step 1: Construct useful features:

• Add the empty matrix with a number of Gaussian clusters which are on the

vertices of a hypercube in a subspace of dimensions using P2.

• Add some covariance to the previous generated Gaussian clusters by multiplying

a random matrix with uniformly distributed random numbers between -1 and 1.

• Each Gaussian cluster is placed randomly on the hypercube vertices by adding or

subtracting P9.

Step 2: To construct the redundant features, multiply the previous generated Gaussian clusters

of P2 by another random matrix with uniformly distributed random numbers between

-1 and 1.

Step 3: Draw repeated features randomly from useful and redundant features.

Step 4: Draw useless features with the number of P5 at random using the Gaussian distribution.

Step 5: Add y label errors randomly. A random fraction P10 of labels is exchanged.

Step 6: The features are shifted and rescaled randomly.

Step 7: The features and patterns are randomly permuted.

Step 8: Inverse random indices are created and applied on both features and labels.

Step 9: Create several replicates by adding random noise. Some replicates are introduced with

a bit of random noise.
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4.3 Review of Performance Evaluation Methods

Performance evaluation methods are the fundamental tools in the FS research. A reliable

evaluation method is required to fairly compare different FS algorithms based on their

performance. Hence, this section reviews different evaluation metrics from various aspects

of the literature, such as predictive and stability measures.

4.3.1 Review on Predictive Measures

FS algorithms are typically evaluated with machine learning methods for the predictive

performance on decision-making tasks such as classification and regression. The FS methods

are ultimately used to improve the downstream decision-making performance with simpler

models and fewer features. Therefore, this section reviews the predictive measures for FS

methods in different aspects.

1. Commonly Used Evaluation Metrics Various evaluation metrics are employed to mea-

sure the predictive performance, including accuracy, F1 score, precision, recall, specificity,

the area under the curve (AUC), etc [116]. From the literature, some representative evaluation

metrics are introduced below.

• Accuracy: It is defined as the proportion of correctly classified samples and frequently

reported in machine learning studies [29]. However, in the cases when the labels are

imbalanced, the use of accuracy may lead to biased results [89].

• Recall: It is defined as the proportion of the positive samples which are correctly iden-

tified. It also provides an informative measure to understand the model’s correctness,

especially when the false-negative samples are costly, making it essential to focus on

one class. However, it could also be biased by over-predicting the positive class [181].

• Precision: It is defined as the proportion of samples predicted as being in a positive

class that was correct predictions. Unlike the metrics such as recall, this measurement
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can avoid the defect caused by over-predicting the positive class [19]. However, the

metric can also be maximized by predicting the positive class for a few of the highest

confidence samples [181].

• F1: It is defined as the harmonic mean of precision and recall to overcome their

shortcomings, respectively. On the other hand, the use of F1 may still be biased by the

over-predicted positive class [19].

• Kappa: It is a concordance for categorical data to measure the agreement relative to

what would be expected by chance. The kappa values range from -1 to 1, where 0

represents classifying randomly, and 1 indicates the perfect classification [181].

• Root Mean Square Error (RMSE): It measures the Euclidean distance between the

predictions and the ground truth labels. Lower values mean better performance, while

0 indicates no error at all. This is commonly used to handle regression problems since

it can be easily calculated for continuous labels [160].

2. Accuracy Sequence Generation In the FS research, the predictive performance of the

algorithms is usually related to the number of selected features [90]. Different predictive

performance is produced using various features for the specific FS method. Predictive

accuracy sequence is normally calculated with the different numbers of removed features.

The downstream decision-making technique is applied to calculate the predictive accuracy

for each feature subset. The detailed procedures are generalized as below.

1. Divide the dataset into the training set and testing set by K-fold cross-validation;

2. Implement the FS method on the training set to rank the features;

3. Remove the least essential feature one by one. Train the model on the training set with

the retained features and predict on the testing set;

4. For the different number of features, calculate the mean accuracy among all the folds.
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The above procedures generate a series of accuracies using different numbers of features.

The generated accuracy sequences can be demonstrated and illustrated by Fig. 4.2.

Fig. 4.2 Demonstration of accuracy sequences by different FS methods

3. Evaluation Indices As illustrated in Fig. 4.2, the generated accuracy sequences provide

a clear and straightforward way to represent different FS methods’ performance. However,

it is still in great demand to evaluate the FS methods’ performance using some evaluation

indices. In the literature, some evaluation metrics are utilized to address these issues, such

as the maximum or average [187]. Formally, given a training dataset D with N features, the

subsequent decision making result from a ranking-based FS algorithm can be represented as

Acc0, Acc1, ..., Acci, ..., AccN−1, where Acci stands for the classification accuracy with the

number of i features being removed.

• Maximal Accuracy It is defined to measure the overall maximal accuracy of the

generated sequences.
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Max Acc.= max{Acc0, Acc1, ..., AccN−1} (4.1)

This measure helps compare the FS methods using their achieved maximal accuracy.

However, many FS methods may result in the same maximal accuracy, indicating that the

measure may not be effective enough to distinguish their performance.

• Average Accuracy It is defined to measure the overall average accuracy of the

generated sequences, as expressed in the equation below.

Avg Acc.=
∑

N−1
i=0 Acci

N
(4.2)

By taking the average accuracy value of the generated sequence, it can significantly reduce

the possibility of producing the same evaluation index. However, the accuracy of using

different feature subsets is contributed equally to the average score, which does not consider

the number of retained features. Besides, those measures may not be sensitive enough to

distinguish the different performances for certain datasets. Therefore, an evaluation method

that can comprehensively and sensitively measure predictive performance is desirable.

4.3.2 Review on Stability Measures

1. Background Selecting a good FS method also requires a proper way to quantify the

stability. In general, stability measures the sensitivity of an FS method’s output on different

training sets from the same distribution [102]. An FS algorithm’s stability is related to the

robustness of the feature preferences concerning the data’s minor modifications. When the

changes of the selected feature subsets are small, the method is then considered stable. On

the other hand, instability refers to the fact that the selected features may drastically change

even after marginal data modifications, or more generally, after some fine-tuning of the

data production or analysis pipeline [74]. Unstable FS results may also easily lead to the
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degraded performance in the final classifier due to the failure to identify the most relevant

features [195]. Significant variations in the FS results signify the potential problems, which

lead to less confidence by the domain experts.

The ranking-based FS algorithms can produce either features’ ranking or weights, which

typically assess the feature’s importance in a predictive model. Each type of FS requires

dedicated stability measures [74]. From the literature, many subset-based FS stability

measures have been proposed, such as Kuncheva index [120] and Jaccard index [101]. Under

such a profusion of different measures, it becomes challenging to justify a particular index

and compare the results of works based on different metrics. Furthermore, the large number

of available measures can also lead to inconsistent method comparison across different

publications, where the researchers may select the index that makes their algorithm look the

most stable [20].

2. Evaluation Procedures A stable method produces a consistent feature ranking result

using different datasets sampled from the same distribution. Recent research mainly focuses

on the stability indices and introduces various metrics such as Hamming distance, correlation

coefficients, consistency and information theory [106]. A consistent feature ranking result

and a fixed feature score are crucial in FS. By introducing the data perturbation using K-fold

cross-validation, a widely used stability measure can be formalized below [188].

Firstly, the feature ranking sequence and the feature scores under different data subsets

are firstly generated using K-fold cross-validation (K is set as 10 in this research). Then, the

average correlation values among the ranking sequence or scores are calculated by employing

different evaluation metrics. The detailed procedures of the algorithm are shown as follows.

1. Divide the data into the training set and testing set using K-fold cross-validation.

2. Implement the FS method on the training set and produce the feature scores or feature

ranking sequence.
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3. Calculate the correlation between the feature scores or feature ranking sequences

among different folds.

SV =
∑

K−1
i=1 ∑

K
j=i+1 S(fi, f j)

K(K−1)/2
(4.3)

where S(., .) represents the correlation coefficient using the chosen evaluation metric.

fi and f j stand for the feature scores or feature ranking indices of the ith and the jth

sample, respectively.

4. Average all pair-wise correlation values as the final result of stability.

3. Similarity Measurement The choice of a suitable correlation measurement to compare

FS results’ similarity remains one of the critical issues. For the ranking-based FS methods, the

feature importance can be expressed using a series of feature scores. The ranking sequence

is obtained by sorting the feature scores in descending order. More formally, given that a

training dataset D with N features, the result from a filter type FS algorithm can be expressed

below [102].

Scoring : s = (s1, s2, ..., sN), si ∈ S⊂ RN , 1≤ i≤ N

Ranking : r = (r1, r2, ..., rN), ri ∈ {1, 2, ..., N}
(4.4)

where si and ri represent the feature score and feature ranking index of the ith feature,

respectively. Based on those different morphologies of FS results, the evaluation metrics are

normally categorized into two approaches, which are feature scores based and feature ranking

based. The former approach utilizes the feature scores in the similarity calculation process,

such as the Pearson correlation coefficient. The latter approach evaluates the correlation

values between the feature ranking indices to quantify the stability, such as Spearman’s
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rank correlation coefficient and Canberra distance [106]. The detailed information on those

evaluation metrics is shown below.

• Pearson Correlation Coefficient (PCC) It is a statistical metric to evaluate the linear

correlation between two variables using the following definition [11].

PCC(s,s′) = ∑
N
i=1(si− s̄)(s′i− s̄′)√

∑
N
i=1(si− s̄)2 ∑

N
i=1(s

′
i− s̄′)2

(4.5)

where s and s′ represent two different feature score sequences with the mean values s̄ and

s̄′. The values of PCC range between -1 and 1, while -1 and 1 indicating the perfectly

anti-correlated and correlated respectively. The value 0 means no correlation.

• Spearman’s Rank Correlation Coefficient (SRCC) It is a non-parametric approach

to measuring the correlation between the ranking sequences and assessing the features’

relationship using a monotonic function. The formal definition of this approach is shown

below [232].

SRCC(r,r′) = 1−6
N

∑
i=1

(ri− r′i)
N(N2−1)

(4.6)

where r and r′ represent two feature ranking sequences with full sorted lists. The values of

SRCC are in the range of [-1, 1], which represent perfectly anti-correlated (-1) and correlated

(1), respectively. The value 0 means no correlation.

• Canberra Distance (CD) It is a weighted version of the classic L1 distance by

measuring the ranked list’s disarray. After dividing the absolute differences between ranks

by their sums, the sum is calculated on N different features, as shown in Equation 4.7 [99].
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CD(r,r′) =
N

∑
i=1

|ri− r′i|
ri + r′i

(4.7)

where the values of CD range from 0 to infinity. The smaller values mean a higher similarity

between the ranked lists.

In general, the PCC assesses the linear relationship between the feature scores. The CD

evaluates the absolute difference between the feature ranking sequences without a normalized

value range. In comparison, the SRCC measures the rank order of the features with a

monotonic relationship. Because of its normalized value range and robustness to the outlier,

the SRCC is frequently applied as the evaluation metric in this research.

4.4 The Proposed Evaluation Methods

FS methods ultimately aim to improve the downstream decision-making performance (e.g.,

classification accuracy) with simpler models and fewer features. After the pre-processing

process, the feature ranking sequence is obtained from the most to the least significant. FS

methods’ predictive performance is measured with different decision-making techniques

by gradually eliminating the unimportant features. Different measures have been proposed,

as reviewed in the previous section. However, many of them suffer from various shortages.

Nevertheless, this section describes the proposed new evaluation metrics, which aim to

comprehensively measure and evaluate the predictive performance of different FS methods.

Specifically, the proposed measure is expected to have the following properties. (1) Unifor-

mity: all the values are normalized into the range between -1 and 1 for a better comparison

among different datasets. (2) Sensitivity: it is sensitive to the changes and variations of

different feature ranking sequences [31].
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4.4.1 Weighted Accuracy Measure

1. General Procedures In general, the proposed weighted accuracy is calculated in two

steps. Firstly, as illustrated in Section 4.3.1, the performance sequences are generated by

the decision-making algorithms on gradually reduced feature subsets. Then, the overall

predictive performance is subsequently calculated in a weighted manner, which is defined as:

Weighted Acc.=
∑Acc. ∗ %RemovedFeatures

∑%RemovedFeatures

=
∑

N
i=1 Acci ∗ i

∑
N
i=1 i

(4.8)

where %RemovedFeatures and Acc. stand for the proportion of the removed features and the

predictive accuracy, respectively. As illustrated in the "Accuracy Sequence Generation" step

in Section 4.3.1, the predictive accuracy sequence is produced by removing the features from

the least significant to the most. In Equation 4.8, higher weights or larger %RemovedFeatures

values are assigned to the predictive accuracies with more important features. An FS method

produces a higher weighted sum when the features are ranked correctly. Compared with

the commonly used statistical measurements such as mean and maximum, the proposed

evaluation metric becomes more reasonable and robust in evaluating the overall predictive

performance.

2. Overall Algorithm The overall algorithm to measure the predictive performance is

illustrated in Algorithm 3.
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Algorithm 3 The general algorithm for predictive accuracy evaluation
Input:

1: N: Total number of features;
2: K: Total number of folds for cross validation;
3: FS: The feature selection method to be evaluated;
4: ML: The down-stream machine learning method;

Output: WA: Weighted predictive accuracy
5: Begin:
6: for n = 1 to N−1 by 1 do:
7: Split the data into K equal size subset;
8: for k = 1 to K by 1 do:
9: Testing set: The kth data subset; Training set: The remaining data subsets.

10: FR← Implement FS on Training set and produce the feature ranking sequence.
11: Reduced training/testing set← Remove n least important features by FR.
12: Model with ML on Reduced training set and predict on Reduced testing set.
13: Accn,k ← Calculate the predictive accuracy on Reduced testing set.
14: Accn = ∑

K
k=1 Accn,k/K

15: WA = (∑N−1
n=1 n∗Accn)/(∑

N−1
n=1 n) = 2∑

N−1
n=1 [n∗Accn]/[(N−1)N]

16: Return WA

In general, weighted accuracy is informative and convenient for calculation. Because

the accuracy values range between 0 and 1, it guarantees the uniformity and normalization

of the measures. Besides, the principle within the proposed method is also simple and

straightforward with high interpretability.

4.4.2 Robustness Measure

Unlike the stability measure introduced in Section 4.3.2 which evaluates the methods’ equi-

librium and tendency on recovering from perturbations, the robustness is defined to evaluate

the ability of the FS methods on resisting bad cases or situations. From the perspective of

domain experts, stable and robust FS algorithms are preferred when minor changes occur

in the dataset. Robust methods can give domain experts more confidence in the selected

features. Practically, a suitable FS method produces a consistent feature ranking sequence

even using a data subset [70, 188]. Therefore, a new metric is proposed to measure FS

methods’ robustness using different data subsets.
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There are two steps in the calculation process of robustness measures. Firstly, a similarity

sequence is generated using the gradually reduced data’s proportion. Afterwards, a single

value is calculated using a weighted sum of the similarity sequence to represent the FS

methods’ performance on robustness. The detailed instructions are shown below.

1. Similarity Sequence Generation The similarity sequence is defined to evaluate the

correlation coefficient of the produced feature scores or the ranking sequences between the

full-sized and reduced-sized data. Various correlation metrics are utilized in the calculation

process. Detailed procedures are listed below.

1. Randomly sample and construct the reduced datasets by gradually eliminating the

proportion of 1− p samples, where p = 1, 0.9, ..., 0.1.

2. Repetitively apply the FS methods on the reduced sized data and calculate the corre-

sponding FS results, i.e. feature score or feature rank sequence.

3. Calculate the similarity between the FS results on the full sized data (p = 1) and the

reduced sized data (p = 0.9, ..., 0.1) using different evaluation metrics.

4. Repeat the calculation process N times on the random permutations, and take the

average as the output.

In the fourth step of the similarity sequence generation process, the calculation process is

repeated N times to avoid bias and occasional cases. More repeated times of the calculation

process will lead to more objective results. By considering the efficiency requirement, this

research empirically set N to 10. Through implementing the above procedures, a series of

correlation coefficients can be obtained using the different proportions of the removed data.

Fig. 4.3 shows an example of the generated similarity sequence by using Spearman’s rank

correlation coefficient.
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Fig. 4.3 Demonstration of similarity sequences using different proportions of removed data

2. Weighted Robustness Calculation A single value is computed to represent the overall

performance on robustness with the following definition.

Weighted Robustness =
∑Corr ∗ %RemovedData

∑%RemovedData
(4.9)

where %RemovedData and Corr represent the proportion of the removed data (1− p) and

the corresponding correlation values, respectively. Based on Equation 4.9, the correlation

values with a larger proportion of the removed data will hold higher weights.

3. Overall Algorithm The procedures to measure the robustness of an FS method are

shown in Algorithm 4.

This algorithm provides a new solution to measure FS methods’ ability of producing

stable FS results on various sizes of datasets. The correlation coefficient values range between

0 and 1. The evaluation process is also easy to be understood and can provide intuitive results,

which proves to be interpretable.
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Algorithm 4 The general algorithm for robustness evaluation
Input:

1: N: Total number of the features
2: K: Total number of folds for cross validation
3: FS: Feature Selection method
4: CorrEval: Evaluation Metrics

Output: WR: Weighted robustness value
5: Begin:
6: for random = 1 to 10 by 1 do:
7: Randomly permutate the data samples
8: for p = 1 to 0.1 by -0.1 do:
9: data subset p← The reduced datasets with the number of p×N samples

10: feature ranks[p], feature scores[p]← implement FS method on data subset p
11: corr[p] = CorrEval(feature ranks or scores[1], feature ranks or scores[p])
12: CorrM = mean value of corr over different random permutations
13: WR = [∑1

p=0.1CorrM[p]∗ (1− p)]/[∑1
p=0.1(1− p)]

14: Return WR

4.4.3 Application Scenario

It can be seen that the proposed weighted accuracy and robustness measures are only

applicable when the feature ranking sequence is generated. In the case of the weighted

accuracy measure, the accuracy sequence is calculated by gradually removing the least

essential feature one by one. Then the classification model is trained on the training set

with the retained features and predicted on the testing set. Hence, the overall predictive

performance is subsequently calculated in a weighted manner. Similar to the weighted

accuracy, the robustness measure also needs to generate the feature ranking or feature score

sequence during the similarity calculation process. Hence, for the method without a feature

ranking process (baseline), the proposed evaluation metrics cannot be applied. This is also

discussed in the method limitation section in Chapter 7.
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4.5 Evaluation and Results

This section evaluates the performance of the proposed evaluation metrics. In comparison,

the evaluation metrics are also illustrated and examined on both real-world and synthetic

datasets. Some other widely-used standard measurements are also included and compared in

this research.

4.5.1 Evaluation on Weighted Accuracy Measure

Based on the definition provided in equation (4.8), the accuracy values range from 0 to 1

(0≤ Acc.≤ 1) and the following inequation can be derived.

0 =
∑

N
i=1 0∗ i

∑
N
i=1 i

≤ ∑
N
i=1 Acci ∗ i

∑
N
i=1 i

≤ ∑
N
i=1 1∗ i

∑
N
i=1 i

= 1 (4.10)

In Equation 4.10, when all the accuracy values become 0, the weighted accuracy is 0. On

the other hand, the weighted accuracy becomes 1 when all the accuracy values equal 1.

1. Case Study on the Iris Dataset The Iris dataset is chosen to illustrate the advantages

of using the weighted accuracy. This dataset contains three classes of 50 samples each,

where each class refers to a type of iris plant. Four distinct features exist, including sepal

length (F1), sepal width (F2), petal length (F3), and petal width (F4) [58]. To illustrate the

results of the generated accuracy sequence, this section firstly implements 5 FS methods

from the literature, including Infinite based FS (IFS) [175], Variance-based FS (VFS) [128],

Trace-Ratio Criteria [149], Mutual Information based FS (MIFS) [231] and Correlation-

based FS [73]. The feature ranking sequence (alias as "Set": 4, 3, 2, 1) is also utilized for

performance comparison. During the experiments, KNN is implemented for the subsequent

classification process, where K = 5. The corresponding accuracies using different FS methods

are shown in Table 4.3.
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Table 4.3 Feature ranking results on Iris dataset by different FS methods

Methods Ranking Acc. with Removed F. Max. Avg. WA1 2 3 4 0 1 2 3

IFS 3 2 1 4 .980 .960 .953 .953 .980 .962 .954
VFS 3 1 4 2 .980 .973 .953 .953 .980 .965 .957
TR 3 4 2 1 .980 .967 .960 .953 .980 .965 .958

MIFS 3 4 1 2 .980 .973 .960 .953 .980 .967 .959
Set 4 3 2 1 .980 .967 .960 .960 .980 .967 .961

CFS 4 3 1 2 .980 .973 .960 .960 .980 .968 .962

In Table 4.3, the column "Ranking" represents the ranking sequence of the FS method

from the most important to the least. The column "Acc. with Removed F." stands for the

corresponding classification accuracy using KNN on the gradually removed feature subset.

The column "Max." indicates the maximal accuracy of "Acc. with Removed F.". The column

"Avg." stands for the average accuracy, while the column "WA" illustrates the proposed

weighted accuracy for each of the FS methods.

From Table 4.3, it can be seen that different FS methods produce different feature ranking

results. All the ranking results have the same highest accuracy with 0 feature removed.

Hence, it indicates that the maximal accuracy is not able to distinguish the difference between

different FS methods. Besides, the average value of the accuracy sequence can somehow

avoid the previous issue to a certain degree. It averages the generated accuracy sequence and

assigns each value using the same weights. However, the average accuracy shares the same

result for the MIFS and Set methods. By inspecting the detailed accuracy values, the Set

is better than MIFS because it produces an accuracy of 0.96 even when three features are

removed. A similar problem can be observed for the methods of VFS and TR. In comparison,

by assigning the accuracy values using different weights, the proposed weighted accuracy can

significantly reduce the chance of repetition and score the feature ranking sequence sensibly.

The results indicate that the weighted accuracy can distinguish all the differences between

the feature ranking sequences in this example dataset.
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2. Comparison of Sensitivity on the Real-world Datasets Several public datasets from

the UCI machine learning repository are used to compare the evaluation metrics’ performance.

General information of those datasets is provided in Section 4.2.1. The datasets with only 5

to 8 features are chosen for illustration purposes by considering the computational efficiency,

including Mammographic (Mammo.), Vertebral, Wholesale and PIMA. Given a dataset with

N features, there are N! different feature ranking sequences (#P.), as shown in Table 4.4.

In order to assess the sensitivity of different evaluation metrics on the accuracy, those

measurements are applied to the datasets using all features’ total permutations. Three

widely-used machine learning methods are then employed in the subsequent decision-making

process: K-Nearest Neighbors (KNN), Logistic Regression (LR) and Naive Bayes (NB).

Then, the number of distinct values by the different evaluation metrics is counted and shown

in Table 4.4.

Table 4.4 Numbers of distinct values using different evaluation metrics

No. Datasets # F. # P. Classifier Max Avg. WA

1 Mammo. 5 120
KNN 8 104 113
LR 7 109 118
NB 3 99 109

2 Vertebral 6 720
KNN 6 347 536
LR 3 260 376
NB 6 300 513

3 Wholesale 7 5040
KNN 11 1148 2334
LR 15 928 2068
NB 13 1336 2669

4 PIMA 8 40320
KNN 27 25364 37198
LR 15 21686 36247
NB 43 23093 36803

In Table 4.4, the column "#F." represents the number of features for the dataset. The

column "#P." indicates the number of total permutations of the feature ranking sequence for

each dataset, which equals the factorial of the features’ number. Based on the changes in total

permutations, the number of distinct average accuracy values has increased drastically from

around 100 to more than 40 thousand. However, the maximal accuracy could only produce a
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tiny proportion of the total permutation numbers. The average accuracy has produced a much

higher proportion of the distinct values in comparison. Moreover, the proposed weighted

accuracy is able to produce significantly more distinct values than the maximal and average

accuracy. It has increased more than 50% of the distinct values compared to the average

accuracy.

3. Comparison of Sensitivity on the Synthetic Datasets This section utilizes the synthetic

datasets to evaluate and compare the sensitivity performance of the weighted accuracy

measures. As introduced in Section 4.2.2, Madelon datasets are employed with a different

number of useful or useless features.

3.1 Comparison using different numbers of useful features Firstly, the sensitivity

performance of different measures is evaluated on Madelon datasets with a different number

of useful features. By fixing other parameters and varying the number of useful features

from 5 to 25, various Madelon datasets are constructed correspondingly. Then, the standard

deviation of the evaluation results is compared on those Madelon datasets using three accuracy

measures, including maximal, average and weighted accuracy, as shown in Figure 4.4.

Fig. 4.4 Comparison of accuracy metrics on Madelon datasets with different useful features
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3.2 Comparison using different numbers of useless features Secondly, the sensitivity

performance of accuracy measures is also compared on the Madelon datasets using various

useless features. Same with the case in the useful features, this experiment constructed

different kinds of Madelon datasets by fixing the other parameters and varying the number of

useless features from 0 to 30. Figure 4.5 compares the standard deviation of the accuracy

measures using various FS methods on the Madelon datasets with 0 to 30 useless features.

Fig. 4.5 Comparison of accuracy metrics on Madelon datasets with different useless features

It can be seen that the proposed weighted accuracy measure produced a much larger

standard deviation using the 5 FS methods on different Madelon datasets with various useful

and useless features. This indicates that the results of weighted accuracy can vary significantly

with a wide value range. To a certain degree, the weighted accuracy measure proves to be

more sensitive to the changes across different datasets.

4.5.2 Evaluation on Robustness Measures

The evaluation metric on stability measures the similarities between the ranked features across

different folds in K-fold cross-validation in the literature. However, most measurements only

focus on the performance variation in a fixed data size, which cannot depict the FS methods’



4.5 Evaluation and Results 111

performance on the data with different sizes. Therefore, a new metric is proposed to evaluate

the FS methods’ performance using different sizes of the data subsets, which indicates the

robustness of an FS method when handling data with varying sizes. The values’ range

of robustness is also dependent on the adopted measurements. Here, similarity measures

are used to indicate the feature ranking differences when different sized data is used for

evaluation. Many similarity measures range from -1 to 1 by definition, including the Pearson

correlation coefficient and Spearman’s rank correlation coefficient. Then the following

inequation can be derived.

−1≤
∑

1
p=0.1CorrM[p]∗ (1− p)

∑
1
p=0.1 1− p

≤ 1 (4.11)

From Equation 4.11, the robustness values range from -1 to 1, which ensures the mea-

sures’ uniformity and normalization. p is the proportion of data included in evaluation (e.g.

p=0.1,0.2,0.3...,1). The following sections will discuss the sensitivity characteristics of the

measurement.

1. Case Study on the Iris Dataset As introduced before, the performance on stability

(often used in the literature) is not necessarily identical to robustness. Therefore, this section

evaluates and compares the robustness measure with stability using different K values (i.e.

the number of folds in cross-validation). Iris dataset is chosen as a case study on account

of its simplicity and popularity. Five FS methods are included for comparison: IFS, VFS,

Trace-Ratio Criteria, MIFS and CFS. Spearman’s rank correlation coefficient (SRCC) is

utilized to measure similarity. Table 4.5 compares the stability and robustness measures on

the iris dataset. The stability within the FS methods is evaluated using a different number of

folds (i.e. 2, 4, 5, and 10).

It can be seen that all 5 FS methods have achieved relatively high performance on both

stability and robustness. The majority of their performance on stability remains to be one,
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Table 4.5 Comparison of the stability and robustness on Iris dataset

Methods Stability with K Robust10 5 4 2

IFS 1 1 1 0.800 0.992
VFS 1 1 1 1 0.993
TR 1 1 1 1 0.996

MIFS 0.907 0.880 0.900 0.800 0.886
CFS 1 1 1 1 0.956

even using different K values. So from the perspective of stability, the chosen 5 FS methods

have achieved very similar (some of them are identical) performance on stability. On the

other hand, by measuring the performance using the different proportions of the removed

data, the robustness measure can provide quantitative numbers to distinguish the performance

of those FS methods. Therefore, the robustness measure proves to be a more sensitive and

distinguishable evaluation metric for the iris dataset.

2. Comparison of Sensitivity on the Real-World Datasets The stability (Sta) and robust-

ness (Rob) measures are further compared quantitatively using four public datasets from the

UCI machine learning repository. Five FS methods, including IFS, VFS, TR, MIFS and CFS,

are implemented for comparison. Stability is calculated using 10-fold cross-validation. To

better quantify the sensitivity performance of the evaluation metrics, the standard deviation

(STD) of the measures is reported, as shown in Table 4.6. Therefore, the larger the STD,

the more sensitive one method is to the changes. The more sensitive, the more likely to

distinguish the different performances across different methods.

In Table 4.6, it can be seen that different FS methods have produced diverse kinds of

stability and robustness values. The robustness measure has always produced a larger STD

value than the stability measure, which indicates a better capability of distinguishing the

differences across different methods.
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Table 4.6 Performance comparison of stability and robustness using different FS methods

FS
Methods

Datasets
Mammo. Vertebral Wholesale PIMA
Sta Rob Sta Rob Sta Rob Sta Rob

IFS 1.00 .940 .989 .947 .976 .887 .958 .911
VFS .940 .811 .973 .956 .981 .966 1.00 1.00
TR .849 .626 .853 .806 1.00 .986 .987 .909

MIFS .947 .881 .797 .580 .891 .821 .817 .671
CFS .964 .925 .844 .360 .929 .654 .992 .930

STD .056 .128 .085 .257 .044 .134 .076 .125

3. Comparison of Sensitivity on the Synthetic Datasets This section utilizes the synthetic

datasets to compare the sensitivity performance of the robustness measures. Same as before,

the Madelon datasets introduced in Section 4.2.2 are implemented here, with different

numbers of useful and useless features.

3.1 Comparison using different numbers of useful features This section evaluates

the sensitivity performance of stability and robustness measures on Madelon datasets with

different numbers of useful features. By fixing the other parameters and varying the number

of useful features from 5 to 25, various Madelon datasets are constructed accordingly.

Figure 4.6 shows the standard deviation values of stability and robustness using different FS

methods on the Madelon datasets with 5, 10, 15, 20 and 25 useful features.

Fig. 4.6 Comparison of stability and robustness using different number of useful features
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3.2 Comparison using different numbers of useless features The sensitivity perfor-

mance of stability and robustness is also compared on the Madelon datasets with different

numbers of useless features. Various Madelon datasets are generated by fixing the other

parameters and varying the number of redundant features from 0 to 30 (i.e. 0, 5, 10, 15, 20,

25 and 30). Figure 4.7 shows the comparison of the standard deviation values produced by

different FS methods.

Fig. 4.7 Comparison of stability and robustness using different number of useless features

In Figure 4.6 and Figure 4.7, the robustness measure has achieved a significantly higher

standard deviation for the methods of IFS, VFS, Trace Ratio and MIFS methods. Besides,

the CFS method has consistently produced zero STD values for both stability and robustness

measures on the Madelon datasets. This is due to the CFS method producing exactly the

same feature ranking sequence in the experiments. In conclusion, the proposed robustness

measure has a better capability than the stability measure in capturing the differences between

different FS methods in different training scenarios.

4.6 Multi-Criteria Measurement and Runtime Analysis
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4.6.1 Background

The previously proposed evaluation metrics only provide individual aspects of evaluating

FS algorithms. However, those disparate measurements and individual criteria evaluation

metrics are insufficient and inefficient to illustrate FS methods’ overall performance. Hence,

it is in demand to quantify the methods’ performance to drill down into different aspects

at various levels of detail. For this purpose, a multi-criteria measurement is proposed to

evaluate the comprehensive performance of FS methods. Therefore, a multi-criteria metric is

developed in relation to each measurement. By integrating the separate evaluation metrics,

this section utilizes a radar chart to evaluate and compare different FS methods’ performance

comprehensively, as shown in Fig. 4.8.

Fig. 4.8 Multi-criteria measurement using the radar chart

A radar chart is a two-dimensional chart representing the multivariate data using the axes

from the same starting point [165]. In Fig. 4.8, the FS methods’ performance is represented

by the polygons with different colours, and each axis indicates a one side aspect of the
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method. By comprehensively considering the multiple aspects of FS algorithms, the overall

performance is measured using the polygon area.

4.6.2 General Procedures of Multi-Criteria Measure

Radar charts are used to compare the performance of FS methods on multi-dimensional as-

pects. When different radar charts’ axes represent a single property, the relative performance

distributions of the FS methods are characterized using the geometries of their property

profiles [156]. In this research, FS methods’ performance is depicted using triangles with

three independent axes, i.e., accuracy, stability, and robustness. The detailed instructions are

shown below.

Step 1: Radar Chart Construction In the beginning, the FS methods are implemented on

the datasets to calculate the corresponding three independent evaluation metrics in Section 4.4.

The radar chart is constructed subsequently using the independent axes, as shown in Fig. 4.9.

In Fig. 4.9, the left subgraph demonstrates the performance comparison among different FS

methods, and the right subgraph inspects a single radar chart in detail.

(a) Multiple Methods (b) Single Method

Fig. 4.9 Multi-criteria measurement using the aspects of accuracy, stability, and robustness



4.6 Multi-Criteria Measurement and Runtime Analysis 117

Step 2: Normalized Area Calculation The normalized area of a radar chart is used to

represent the comprehensive performance of the FS method. From Fig. 4.9-(b), the total area

of the radar chart consists of three small triangles, which are A1, A2, and A3. The area of

those small triangles formed from the meeting edges with vertices is calculated below (A1

for example).

Area(A1) =
a∗b∗ sin(2π/3)

2
(4.12)

where a and b denote the two sides of the triangle. For each small triangle, the intersection

angle is 2π/3. Hence, the normalized area with the values ranging between 0 and 1 is

calculated in Equation 4.13.

norm Area =
1/2∗ (a∗b+b∗ c+a∗ c)∗ sin(2π/3)

1/2∗3∗ sin(2π/3)
=

ab+bc+ac
3

(4.13)

For the given FS algorithm, the area’s normalized value reflects the method’s overall

quality. A higher value indicates a better FS performance from a comprehensive perspective.

4.6.3 Demonstration of Multi-Criteria Measurement

Four state-of-the-art FS methods were implemented on three public datasets (Statlog Heart,

Parkinsons and Dermatology) to investigate the utility of the multi-criteria measurement,

which includes CFS, ReliefF, MIFS and IFS methods. KNN is chosen as the classifier (K

= 5). Spearman’s rank correlation coefficient was used as the similarity measurement. The

graphical representation of the constructed radar charts is shown in Fig. 4.10.

In Fig. 4.10, different FS methods propose the radar charts using various shapes. Hence,

the normalized area for each radar chart is calculated to compare and discriminate the

corresponding performance of the different FS approaches, as shown in Table 4.7.
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(a) StatlogHeart (b) Parkinsons (c) Dermatology

Fig. 4.10 Radar charts of multi-criteria performance on different datasets

Table 4.7 Performance comparison of the normalized area of radar chart

FS Method Datasets
Statlog Heart Parkinsons Dermatology

CFS 0.557 0.602 0.791
ReliefF 0.567 0.703 0.700
MIFS 0.434 0.449 0.716
IFS 0.695 0.764 0.644

In Table 4.7, each FS method under the different datasets has scored a value to represent

their overall performance. The normalized area evaluation metric has provided a new and

comprehensive solution to compare the different FS methods’ performance.

The multi-criteria evaluation metric is adopted as a critical evaluation index in the

later chapters. It is utilized to comprehensively evaluate the performance of different FS

methods. Considering the multiple aspects of the FS methods, such as accuracy, stability, and

robustness, it provides a comprehensive view when comparing the FS methods’ performance.

However, many issues still need to be addressed to thoroughly investigate the proposed

normalized area measure’s utility. It would require additional work to verify it fully, which

will be discussed in Chapter 7.
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4.6.4 Run Time Analysis

This section evaluates and analyses the run-time of the proposed evaluation metrics, including

weighted accuracy, robustness, and multi-criteria performance. Then, the performance of the

CFS method is evaluated on the Madelon datasets with different numbers of useful features,

where the other parameters are fixed. The programs were implemented using Python and ran

on a laptop with 2.6GHz, Intel(R) Core(TM) i7-10750H CPU, and 16GB RAM. The average

execution time (second) is presented in Figure 4.11 respectively, by running the evaluation

process ten times for each generated Madelon dataset.

Fig. 4.11 Runtime analysis on Madelon datasets with different numbers of useful features

It can be seen that the calculation of the weighted accuracy takes the least time, followed

by robustness and multi-criteria performance. It should be mentioned that the run-time of the

weighted accuracy also depends on the implemented classifier. With the addition of useful

features in Madelon datasets, the run-time of all the evaluation metrics increases linearly.

Due to its straightforward calculation process and low computational cost, it can be easily

applied and scaled to higher-dimensional datasets.
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4.7 Summary

This chapter has introduced the materials and evaluation methods of this research. After

reviewing the existing performance evaluation metrics for FS method comparison, some new

evaluation metrics are proposed in this chapter. In the beginning, Section 4.2 provides a

general description of both the real-world and synthetic datasets. For the real-world datasets,

twenty real-world public datasets are included with different numbers of classes, features,

and samples. The Madelon dataset is introduced and discussed as the synthetic dataset. Then,

Section 4.3 reviews the performance evaluation methods on predictive and stability measures.

Two new evaluation metrics are proposed in Section 4.4, including weighted accuracy and

robustness. Afterwards, their performance has been thoroughly investigated and compared in

Section 4.5. In order to comprehensively measure the performance of different FS algorithms,

a multi-criteria evaluation method is also introduced based on radar charts in Section 4.6.

The run time of all the proposed metrics is also provided. In general, the proposed evaluation

methods provide better evaluation capabilities in differentiating different FS methods than

the existing methods in the literature. Chapters 5 and 6 will apply the proposed methods for

method evaluation and comparison.



Chapter 5

Ensemble Learning Framework for

Aggregating Different FS Methods

5.1 Introduction

Ensemble learning is a general framework in the machine learning area to seek better

predictive performance. Recently, it has become a prolific field of machine learning based

on the assumption that the combination of multiple models’ outputs is better than a single

one. The rationale of ensemble learning is to build a set of hypotheses using various methods

and combine them to produce better results afterwards [25]. Generally, the base learners in

the ensemble framework should be as accurate and diverse as possible to achieve a good

performance [239].

A typical approach in an ensemble method consists of two steps. The first step is to apply

several base learners sequentially or in parallel. Then the base learners are combined, where

the majority voting and weighted averaging are the most popular combination schemes for

the cases of classification and regression, respectively [239]. The use of ensemble learning

proves its effectiveness over recent years. In the literature, there are different approaches,

such as boosting and bagging. The boosting approach utilizes a set of base learners to
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improve the model’s performance. The central idea behind boosting is the application of

homogeneous algorithms sequentially [59]. On the other hand, bagging aims to improve

the predictive performance by applying the base algorithms parallelly. The critical point

of bagging is to use multiple base learners trained separately with random samples in the

training set [23].

This chapter investigates and explores the use of ensemble learning to improve the

performance of FS methods. By combining the output of several feature selectors, the

ensemble FS method can provide a solution to better understand the feature importance,

which represents the inherent characteristics of the data well and achieves comprehensively

good performance. Furthermore, the users can also be released from the pressure of choosing

a single method.

5.2 Methodology

Unlike the homogeneous or heterogeneous approaches (explained in Section 2.3.2) in the

bagging process, this chapter proposes a new framework that simultaneously utilizes both

homogeneous and heterogeneous approaches. The proposed method aims to take the advan-

tages of the data’s information by data variation and the algorithm’s knowledge by function

variation. The performance of different combination methods is also evaluated and compared.

In general, three main steps are introduced in the framework, which include: (1) distribution

generation of feature importance; (2) distribution ensemble using aggregation methods; (3)

defuzzification for feature ranking. Several different approaches are also included within the

main steps, as shown in Fig. 5.1.

As illustrated in Fig. 5.1, the first step of the proposed method generates the distribution

of the feature importance from different FS algorithms using three approaches: score-

based, rank-based, and fuzzy-based. Then, those distributions by different FS methods are

combined and aggregated for each feature, respectively. The weighted combination and
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Fig. 5.1 Overview of the proposed ensemble framework

fuzzy aggregation methods are utilized during the process. In the last, after aggregating the

distributions from different FS methods in step 2, the third step calculates each feature’s

final importance score using the defuzzification approach. At last, the corresponding feature

ranking sequence can also be produced afterwards.

To be specific, for a given dataset with N features, the proposed method aims to rank

the features from the most to the least significant by combining M different filter-based FS

methods. The feature ranking result is then used for decision-making tasks (e.g., disease

discrimination). The overall procedure of different steps and their relationships are shown in

Fig. 5.2, with the detailed instructions of each step described as follows.

Fig. 5.2 Schematic diagram of the proposed ensemble method
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5.2.1 Distribution Generation of Feature Importance

The bootstrap aggregation process is firstly applied to construct a number (denoted as L) of

data subsets to increase FS methods’ generalizability. M different FS methods (denoted as

FS j, j ∈ [1, ...,M]) are then applied on these subsets to generate the feature scores for each

subset per method. Distributions are constructed using L bootstrap subsets to represent the

importance of each feature. Three approaches are proposed to generate the distributions,

respectively: score-based, rank-based, and fuzzy-based. An overview of the distribution

generation of feature importance is illustrated in Fig. 5.3. The detailed procedures and

demonstration examples are shown as follows.

Fig. 5.3 Illustration of the distribution generation of feature importance process

1. Bootstrap Aggregating Process Randomly select the samples and generate L diverse

and equal-sized data subsets with replacement (denoted as Subset l, (l ∈ [1, ...,L])).

2. FS Method Deployment Apply FS method FS j on Subset l, and calculate the feature

score (denoted as Si
j,l) of the ith feature (i ∈ [1, ...,N]). For FS method FS j, the calculated

feature scores of different features and subsets are represented in Table 5.1.

3. Feature Score Normalization Normalize the feature scores of each FS method into the

range of [0, 1] using min-max normalization [87], as expressed in Equation 5.1.
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Table 5.1 Generated feature scores by the FS method FS j

Feature Scores 1 2 ... i ... N

1 S1
j,1 S2

j,1 ... Si
j,1 ... SN

j,1
2 S1

j,2 S2
j,2 ... Si

j,2 ... SN
j,2

... ... ... ... ... ... ...
l S1

j,l S2
j,l ... Si

j,l ... SN
j,l

... ... ... ... ... ... ...
L-1 S1

j,L−1 S2
j,L−1 ... Si

j,L−1 ... SN
j,L−1

L S1
j,L S2

j,L ... Si
j,L ... SN

j,L

normSi
j,l =

Si
j,l−min{S j}

max{S j}−min{S j}
(5.1)

where min{S j} and max{S j} represent the minimum and maximum values of the calculated

feature scores using the FS j method on all features.

4. Feature Discretization After the FS method deployment and normalization process,

the feature scores by different FS methods become non-uniformity with various data density

and value ranges, which prevents them to be aggregated fairly. Thus, a feature discretization

process is introduced to ensure that different feature distributions are in a similar value range

and comparable. In this section, each feature space is divided into 101 equal-sized interval

scores (set as U).

U = {0,0.01,0.02, ...,0.98,0.99,1} (5.2)

The previously normalized feature scores are discrete and mapped into the element of set

U (denoted as dSi
j,l).

5. Feature Importance Representation This section explores the suitable solutions to

represent the feature importance. Thus, the distributions or fuzzy sets which describe the
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features’ importance are constructed. Three approaches are introduced based on the generated

distributions’ morphology, e.g., score, rank, and fuzzy-based approaches.

5.1 Score based approach Feature scores are produced by many FS methods to

represent certain features’ importance. They are usually directly correlated with the features’

importance. Higher feature score values typically indicate more essential features. In practice,

it may vary significantly when the features are assigned to the particular feature scores across

different FS methods. Hence, a score-based approach is proposed to describe and model

the features’ importance and variations. By assembling the feature scores for each feature,

the probability density function (PDF) of the score-based method is constructed. The PDF

provides a comprehensive and detailed description of the distribution of the feature score

values for each feature and each FS method. It has also been widely applied in many machine

learning areas and therefore been adopted here.

1. Given the FS method FS j and the ith feature, combine the normalized feature scores

from L different data subsets into a list Fscorei
j.

Fscorei
j = {dSi

j,l|l ∈ [1, ...,L]} (5.3)

2. Represent the distribution Dist i
j based on Fscorei

j in Equation 5.4.

Dist i
j = {(x,PDF i

j(x))|x ∈U} (5.4)

where the probability density function PDF i
j(x) is calculated in Equation 5.5. ∀x ∈U ,

f req(x,Fscorei
j) represents the number of x’s occurrence in Fscorei

j.

PDF i
j(x) =

 f req(x,Fscorei
j)/L x ∈ Fscorei

j

0 x /∈ Fscorei
j

(5.5)



5.2 Methodology 127

The distribution Dist i
j(x) represents the feature scores and indicates the corresponding

feature importance.

5.2 Rank based approach In practice, the feature score distributions vary a lot across

different FS methods. When combining the results from various FS algorithms, it is assumed

that the probability of scoring all feature values is evenly distributed for all FS methods.

Otherwise, some biases could be introduced when combining the feature scores from different

FS methods. The rank-based approach is proposed as the rank indices are consistent across

different FS methods, which could minimize the bias in the aggregation process. The detailed

procedures of this approach are described as below.

1. Based on the calculated feature scores, rank the features and produce the ranking index

(denoted as Ri
j,l) of the ith feature on FS method FS j and data Subset l.

2. For the FS method FS j and the ith feature, combine the feature ranking indices from L

subsets into a list Franki
j.

Franki
j = {Ri

j,l|l ∈ [1, ...,L]} (5.6)

3. Constitute the distribution Dist i
j based on Franki

j using Equation 5.7.

Dist i
j = {(x,PDF i

j(x))|x ∈U} (5.7)

where the probability density function PDF i
j(x) is calculated in Equation 5.8. ∀x ∈U ,

f req(x,Franki
j) represents the number of x’s occurrence in Franki

j.

PDF i
j(x) =

 f req(x,Franki
j)/L x ∈ Franki

j

0 x /∈ Franki
j

(5.8)
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5.3 Fuzzy based approach The score-based and rank-based approaches face some

limitations and disadvantages in practice. Firstly, the calculation process of the different

distributions generated by the score-based approach is time-consuming. It takes time and

storage to save and combine those different PDF distributions. Secondly, there are limited

numbers of aggregation methods based on these distributions. In this case, a fuzzy-based

approach is proposed here. The fuzzy-based method could be exceptionally efficient and

space-saving by utilizing the Gaussian distributions for representing the feature importance.

Besides, many aggregation methods from the literature can be applied in the aggregation

process.

The FS calculation of different subsets is regarded as independent and identically dis-

tributed (i.i.d) experiments on account of the bootstrap process. Based on Bernoulli’s law of

large numbers [64], for any positive number ε , we have

lim
L→∞

P{|
f req(x,F i

j)

L
−µ|< ε}= 1 (5.9)

Equation 5.9 indicates that when L becomes large enough, f req(x,F i
j)/L can be used to

represent the membership function values µ i
j(x), as shown in Equation 5.10.

µ
i
j(x) =


lim
L→∞

f req(x,F i
j )

L x ∈ F i
j

0 x /∈ F i
j

(5.10)

Membership function µ i
j(x) represents the feature scores that indicate the corresponding

feature’s importance. The feature scores with higher membership values contribute more for

the features’ importance calculation. A fuzzy-based approach is proposed to represent the

features’ importance in this situation. The detailed instructions are described as below.

1. For FS method FS j and the ith feature, calculate the mean value meani
j, standard

deviation δ i
j and height height i

j from the probability density function PDF i
j(x).



5.2 Methodology 129

2. Constitute a normalized type-1 fuzzy set to represent the distribution of importance on

the ith feature and FS method FS j, as expressed in Equation 5.11.

Dist i
j = {(x,µ i

j(x))|x ∈ X} (5.11)

Based on Bernoulli’s law of large numbers, distributions of membership function µ i
j(x)

are depicted as Gaussian shaped. The membership function µ i
j can be constructed

using Equation 5.12.

µ
i
j(x) =

1√
2πδ i

j
exp(−

(x−meani
j)

2

2(δ i
j)

2 ) (5.12)

6. Illustration of the Distribution Generation Process Two state-of-the-art FS methods

are implemented on feature 1 of Vertebral dataset [46], which are correlation-based FS (CFS)

and ReliefF. In the experiment, L is set as 1000. The generated distributions of CFS and

ReliefF using score, rank and fuzzy-based approaches are shown in Fig. 5.4, 5.5 and 5.6,

respectively.

(a) CFS (score based) (b) ReliefF (score based)

Fig. 5.4 Generated distributions using the score based approach

From Fig. 5.4, 5.5 and 5.6, it can be seen that the distributions of different FS methods

vary significantly on the morphology and some general characteristics such as mean, height,

and width. Hence, it becomes clear that different FS methods score features differently.

On the one hand, it may be on account that those FS methods give different weights to the
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(c) CFS (rank based) (d) ReliefF (rank based)

Fig. 5.5 Generated distributions using the rank based approach

(e) CFS (fuzzy based) (f) ReliefF (fuzzy based)

Fig. 5.6 Generated distributions using the fuzzy based approach

features. On the other hand, it may also be due to that those methods consider the different

properties in terms of what makes a feature important. Therefore, it can be observed that

the generated distributions help in providing insights into the features’ importance from the

perspectives of different FS algorithms.

In addition, the later ensemble and defuzzification process can also help form an overall

idea of the features’ importance from a view of multiple FS algorithms. By effectively

weighting, aggregating and incorporating the feature importance from different FS methods,

the final generated distributions aim to provide a more comprehensive way to illustrate the

features’ importance.
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5.2.2 Distribution Ensemble using Aggregation Methods

The distribution results from different FS methods are aimed to be aggregated together to

construct a final feature distribution. The process of this step is illustrated in Fig. 5.7. Based

on the employed techniques, the aggregation approaches include weighted combination and

fuzzy aggregation methods.

Fig. 5.7 Illustration of the distribution ensemble using different aggregation methods

Approach 1: Weighted Combination Methods For the ith feature, the distributions from

M different FS methods are aggregated using the weighted sum shown in Equation 5.13.

comDist i = {(x,Dist i
com(x))|x ∈U}

where Dist i
com(x) =

M

∑
j=1

wi
j×Dist i

j(x)

subject to
M

∑
j=1

wi
j = 1

(5.13)

Various combination methods are proposed under this aggregation framework. At first,

the distribution index is calculated to quantify the inherent characteristics of FS methods.

Several weights calculation functions are introduced below.
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1. Distribution Index Calculation Distribution indices act as the independent metric

to represent the dispersity of the generated distributions of score-based and rank-based

approaches. Various metrics are applied to measure the distribution index using different FS

methods, shown as follows.

• Statistical Index: The statistical index is used to measure the variations and changes of

the individual data points [7]. In the statistical area, standard deviation (STD) is widely

used to quantify the variation or dispersion of data. Given the hypothesis that the

standard deviation of F i
j (denoted as SD(F i

j)) is proportional to the uncertainty of the

FS method, the distributions with higher STD are supposed to hold higher uncertainty,

hence contribute less for the combined results [79].

• Fuzzy Entropy: Different fuzzy entropy functions introduced in Section 2.2.2 are used

to calculate the entropy values of the distributions, such as weighted measures of fuzzy

entropy (Parkash’s Method) [155], etc. The same as the standard deviation, fuzzy

entropy values of distributions are also proportional to FS methods’ uncertainty. The

FS methods with high uncertainty and higher fuzzy entropy values will contribute

less to the combined results. In this research, weighted measures of fuzzy entropy

(Parkash’s method) are implemented, as shown below.

H(x) = ∑
x
[sin

πµ(x)
2

+ sin
π(1−µ(x))

2
−1] (5.14)

where µ(x) represents the membership function value of x, and H(x) indicates the

fuzzy entropy values.

2. Weights Calculation Functions After producing the distribution index, the weights

calculation functions are used to calculate the corresponding weights in Equation 5.13.

• Reciprocal Weights (RW): By using reciprocal approach, the reciprocal weights calcu-

lation function is defined in Equation 5.15.



5.2 Methodology 133

wi
j =

1/Index(F i
j)

∑
M
j=1[1/Index(F i

j)]
(5.15)

where Index(F i
j) indicates the distribution index of the feature F i

j .

• One Minus Weights (OW): Another weights calculation function using normalized

distribution indices is shown as below [79].

wi
j =

1− Index(F i
j)

∑
M
j=1[1− Index(F i

j)]
(5.16)

Approach 2: Fuzzy Aggregation Methods Fuzzy aggregation acts as the linear extensions

of Boolean connectives in the scale between 0 and 1 [142]. Different fuzzy aggregation

methods combine the generated fuzzy sets using the fuzzy-based approach. As introduced

in Section 2.2.1, various fuzzy operators are proposed in the literature, such as S-norm

and T-norms. T-norms operators typically produce the intersection among fuzzy sets and

eliminate other information outside the region, leading to the loss of information in the

aggregation process. On the other hand, S-norms are the generalized form of fuzzy union,

which integrates different fuzzy sets. Most of the information has been retained using S-

norms, which are chosen in this research. As introduced in Section 2.2.1, there are different

kinds of S-norms, such as Dombi class, Yager class, etc. A parameterized family of S-norms

Yager class is chosen on account that it can cover different situations in the value range (as

shown in Fig. 2.2).

1. Yager Class In consideration of the computability and practicability, Yager class [223]

is chosen for research with different parameter values. Given that a and b represent the

membership function values of different fuzzy sets, the Yager class is represented below,

where ω stands for the function parameter.

sω(a,b) = min[1,(aω +bω)1/ω ], ω ∈ (0,∞) (5.17)
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2. Drastic Sum In the extreme case, when ω becomes 0, Yager class turns to be drastic

sum S-norm Sds(a,b), as shown in Equation 2.19.

sds(a,b) =


a i f b = 0

b i f a = 0

1 otherwise

(5.18)

The combined fuzzy sets after the fuzzy aggregation process using the Yager class with

different parameters (ω = 1000, 10) and drastic sum S-norms are visualized in Fig. 5.8. Red

and blue lines show the original fuzzy sets. The black dashed line indicates the fuzzy sets

after aggregation.

(a) Yager class with ω = 1000 (b) Yager class with ω = 10 (c) Drastic sum

Fig. 5.8 Demonstration of the fuzzy aggregation process

5.2.3 Defuzzification for Feature Ranking

1. Defuzzification After combining different fuzzy sets, a single value is computed using

defuzzification processes. Based on Section 2.2.4, centroid defuzzifier, or named center of

gravity defuzzifier is applied in the process, as shown below.

y∗ =
∫
V yµB′(y)dy∫
V µB′(y)dy

(5.19)

where defuzzification maps a fuzzy set B′ ∈ V⊂ RN to the crisp point y∗ ∈ V.
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2. Feature Ranking The feature ranking sequence is obtained from the highest to the

lowest value based on the final defuzzified feature scores for the score-based and fuzzy-based

approaches. The feature ranking sequence is easily produced for the rank-based approaches

by sorting the combined ranks from the smallest to the largest ranking numbers. Afterwards,

the feature ranking sequence is utilized as guidance for the subsequent decision-making

process.

5.3 Experiments

To further investigate the performance of different approaches in the proposed FS framework,

various datasets and evaluation metrics are applied for performance comparison and analysis.

5.3.1 Data Repository

The data repositories for training and testing purposes are constructed from public datasets.

1. Training data repository for methods tuning Ten datasets from the UCI machine

learning repository with a different number of classes, features and samples are chosen

to tune the optimal combination or parameter in the proposed framework. Some general

information about the datasets is shown in Table 5.2.

Table 5.2 Description of training data repository for methods tuning

No. Datasets #C #F #S #S Distribution over #C

1 Mammographic 2 5 830 403 / 427
2 PIMA 2 8 768 268 / 500
3 Statlog Heart 2 13 270 120 / 150
4 WDBC 2 30 569 212 / 357
5 Sports Articles 2 59 1000 365 / 635
6 Parkinsons 2 22 195 48 / 147
7 Dermatology 6 34 358 20/48/48/60/71/111
8 Sonar 2 60 208 97/111
9 Musk 2 166 476 207/269
10 Colon Cancer 2 2000 62 22 / 40
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where #C, #F and #S represent the number of classes, features, and samples, respectively.

The samples’ distribution over different classes is also included (#S Distribution over #C).

2. Testing data repository for performance testing Another ten datasets with a various

number of classes, features and samples are chosen for independent evaluation, as shown in

Table 5.3. Those datasets are aimed for final performance analysis and comparison.

Table 5.3 Description of testing data repository for performance testing

No. Datasets #C #F #S #S Distribution over #C

11 Banknote 2 4 1372 610 / 762
12 WBC 2 9 682 239 / 443
13 CMSC 2 18 540 46 / 494
14 Appendicitis 2 7 106 21 / 85
15 BCC 2 9 116 52 / 64
16 Wine 3 13 178 48 / 59 / 71
17 Glass 6 9 214 9 / 13 / 17 / 29 / 70 / 76
18 Spectfheart 2 44 267 55 / 212
19 Breast Tissue 6 9 106 14 / 15 / 16 / 18 / 21 / 22
20 Lung 5 3312 203 6 / 17 / 20 / 21 / 139

5.3.2 Selection of FS Methods

Different FS methods are introduced for performance analysis and comparison, including the

base selectors, proposed ensemble FS methods, and other state-of-the-art FS methods.

1. Base Selectors Four widely used algorithms from different filter FS categories are

implemented as the base selectors. The general description of the base selectors is shown in

Table 5.4.

Table 5.4 General description of the base selectors

No. Alias Name Category Supervision

1 CFS Correlation based FS [73] Statistical-based FS Supervised
2 ReliefF ReliefF FS [171] Similarity-based FS Supervised
3 MIFS Mutual Information based FS [231] Information-based FS Supervised
4 IFS Infinite based FS [175] Graph-based FS Unsupervised
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2. The Proposed Ensemble Methods By incorporating various distributions of feature

importance using the aggregation methods in Section 5.2, different proposed FS methods

are introduced as follows. The filter-based FS methods in Table 5.4 were chosen as the

base selectors. The number of bootstrap subsets L was set as 1000. The bootstrap process

indicates that 63.2% of data samples are implemented with replacement each time.

• Score based Approach By incorporating the different distribution indexes and

weighting schemes, the proposed ensemble FS framework using the score-based approach is

shown in Table 5.5. In the following research, the ensemble methods are represented using

the column "Abbr.".

Table 5.5 Proposed ensemble FS methods using the score based approach

No. Abbr. Distribution Generation Distribution Index Weighting Scheme

1 S_SRW Score based Standard Deviation RW
2 S_SOW Score based Standard Deviation OW
3 S_PRW Score based Parkash’s Entropy RW
4 S_POW Score based Parkash’s Entropy OW

• Rank based Approach The proposed ensemble FS framework using the rank-based

approach is shown below by employing different distribution indexes and weighting schemes.

Table 5.6 Proposed ensemble FS methods using the rank based approach

No. Abbr. Distribution Generation Distribution Index Weighting Scheme

1 R_SRW Rank based Standard Deviation RW
2 R_SOW Rank based Standard Deviation OW
3 R_PRW Rank based Parkash’s Entropy RW
4 R_POW Rank based Parkash’s Entropy OW

• Fuzzy based Approach By incorporating various fuzzy aggregation techniques such

as the Yager class and drastic sum S-norms, the proposed ensemble methods using the

fuzzy-based approach are shown in Table 5.7.
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Table 5.7 Proposed ensemble FS methods using the fuzzy based approach

No. Abbr. Aggregation Approach Parameter Setting

1 F_Yager S-norm (Yager Class) 1000, 10, 0.1, 0.001
2 F_DS S-norm (Drastic Sum) None

3. The FS Methods for Performance Comparison Other state-of-the-art FS methods

with different categories and supervision statuses are used for performance analysis and

comparison. The detailed information on the FS methods is shown in Table 5.8.

Table 5.8 Description of the FS methods for performance comparison

No. Alias Name Category Supervision

1 Lap Score Laplacian Score FS [81] Similarity-based FS Unsupervised
2 SPEC SPEC [235] Similarity-based FS Unsupervised
3 Gini Index Gini Index based FS [61] Statistical-based FS Supervised
4 F Score F Score based FS [164] Statistical-based FS Supervised

5.3.3 Methods Tuning on the Training Data Repository

The proposed methods were first applied to the data repository for methods tuning to in-

vestigate the proposed method’s performance using different combinations or parameters.

Ten-fold cross-validation was used in the process. The random forest classifier was selected

for the decision-making process based on the sorted features because of its bagging character

and robustness to outliers and nonlinear data. Spearman’s rank correlation coefficient was

utilized in the stability and robustness evaluation metrics. Hence, FS methods’ performance

is reported using the different evaluation methods in Chapter 4: accuracy, robustness, and

multi-criteria performance. The methods tuning process was implemented separately using

three distribution generation approaches: score-based, rank-based, and fuzzy-based.

1. Evaluation Criteria among Different Datasets As for any FS method, its performance

varies typically on different datasets. To better evaluate the algorithms’ overall perfor-
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mance on different datasets, several evaluation methods were proposed and utilized in the

experiments that follow.

• AVG: Average performance values in the data repository;

• Ranking Index: It indicates the ranking index among different FS methods. Lower

values mean higher ranks and better performance. When more than one method

produces the same results, "joint rank" is used, which measures the average value of

the ranking order. For instance, ranking index 1 indicates the FS method produced the

best performance. When two methods produced the same best performance, both of

them were scored 1.5, therefore.

• ARI: Average ranking index indicates the mean ranking index in the data repository.

2. Methods Tuning of the Score based Approach From Table 5.5, four ensemble FS

methods with the score-based approach were implemented under different distribution indexes

and weighting schemes. This section compares the performance using three evaluation

metrics in Chapter 4: accuracy, robustness, and multi-criteria. The numbers in bold represent

the optimal performance values for the given datasets. The numbers in the brackets indicate

the method’s ranking index in that dataset.

I. Accuracy The performance comparison on accuracy is shown in Table 5.9.

Table 5.9 Methods tuning of the score based approach on accuracy

No. Datasets Ensemble Methods using Score based Approach
S_SRW S_SOW S_PRW S_POW

1 Mammographic .766 (4) .767 (2) .767 (2) .767 (2)
2 PIMA .716 (3) .715 (4) .718 (2) .719 (1)
3 StatlogHeart .714 (4) .735 (1) .730 (2) .727 (3)
4 WDBC .922 (3) .926 (1) .923 (2) .904 (4)
5 Sports Articles .762 (4) .767 (1) .765 (2) .763 (3)
6 Parkinsons .793 (1) .789 (3) .790 (2) .699 (4)
7 Dermatology .683 (4) .719 (1) .687 (3) .718 (2)
8 Sonar .479 (4) .520 (2) .526 (1) .501 (3)
9 Musk .495 (1) .481 (3) .483 (2) .478 (4)
10 Colon Cancer .830 (3) .831 (1.5) .831 (1.5) .760 (4)

AVG (ARI) .716 (3.1) .725 (1.95) .722 (1.95) .703 (3)
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II. Robustness The performance comparison on robustness is shown in Table 5.10.

Table 5.10 Methods tuning of the score based approach on robustness

No. Datasets Ensemble Methods using Score based Approach
S_SRW S_SOW S_PRW S_POW

1 Mammographic .908 (4) .950 (2) .954 (1) .947 (3)
2 PIMA .936 (3) .971 (1) .898 (4) .968 (2)
3 StatlogHeart .951 (1) .876 (3) .888 (2) .534 (4)
4 WDBC .884 (3) .892 (2) .929 (1) .342 (4)
5 Sports Articles .865 (2) .911 (1) .848 (3) .660 (4)
6 Parkinsons .848 (1) .813 (2) .787 (4) .804 (3)
7 Dermatology .624 (2) .867 (1) .553 (4) .559 (3)
8 Sonar .949 (1) .929 (3) .931 (2) .685 (4)
9 Musk .866 (1) .797 (2) .796 (3) .757 (4)
10 Colon Cancer .337 (3) .585 (1) .356 (2) .267 (4)

AVG (ARI) .817 (2.1) .859 (1.8) .794 (2.6) .652 (3.5)

In Table 5.9, S_SOW method produces the overall best performance on accuracy in the

data repository for method tuning. Besides, for the aspects of robustness in Table 5.10, the

S_SOW method also produces the relatively optimal performance, which outperformed the

other competitors on both AVG and ARI. Comparatively, the S_PRW method ranks second

place on the accuracy, while the S_SRW method ranks second on robustness.

III. Multi-Criteria Based on the evaluation metrics in Section 4.6, the methods were

tuned comprehensively using multi-criteria evaluation metric, as shown in Table 5.11.

Table 5.11 Methods tuning of the score based approach on multi-criteria

No. Datasets Ensemble Methods using Score based Approach
S_SRW S_SOW S_PRW S_POW

1 Mammographic .764 (4) .803 (2) .806 (1) .802 (3)
2 PIMA .768 (3) .783 (2) .749 (4) .789 (1)
3 StatlogHeart .771 (1) .732 (3) .745 (2) .432 (4)
4 WDBC .845 (3) .874 (2) .897 (1) .424 (4)
5 Sports Articles .731 (2) .782 (1) .703 (3) .570 (4)
6 Parkinsons .747 (1) .714 (2) .675 (3) .661 (4)
7 Dermatology .477 (2) .731 (1) .408 (4) .440 (3)
8 Sonar .615 (3) .632 (2) .636 (1) .422 (4)
9 Musk .577 (1) .519 (3) .520 (2) .493 (4)
10 Colon Cancer .458 (2) .587 (1) .439 (3) .325 (4)

AVG(ARI) .675 (2.2) .716 (1.9) .658 (2.4) .536 (3.5)

From Table 5.11, S_SOW method produces the optimal comprehensive performance

among the different competitors. It indicates a better performance to utilize the standard
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deviation as the distribution index and OW as the weighting scheme than the other competitors.

Therefore, this research chooses the S_SOW method for further performance analysis.

3. Methods Tuning of the Rank based Approach From Table 5.6, four ensemble FS

methods of the rank-based approach were constructed. Based on the evaluation methods in

Chapter 4, this section evaluated and compared the performance on different aspects, e.g.,

accuracy, robustness and multi-criteria.

I. Accuracy The performance comparison on accuracy is shown in Table 5.12.

Table 5.12 Methods tuning of the rank based approach on accuracy

No. Datasets Ensemble Methods using Rank based Approach
R_SRW R_SOW R_PRW R_POW

1 Mammographic .825 (4) .827 (2) .827 (2) .827 (2)
2 PIMA .717 (2.5) .740 (1) .717 (2.5) .698 (4)
3 StatlogHeart .728 (3) .733 (1) .731 (2) .712 (4)
4 WDBC .921 (3) .923 (1) .922 (2) .910 (4)
5 Sports Articles .765 (3) .767 (1.5) .767 (1.5) .763 (4)
6 Parkinsons .794 (2.5) .794 (2.5) .795 (1) .792 (4)
7 Dermatology .722 (2) .725 (1) .714 (3) .707 (4)
8 Sonar .498 (4) .566 (2) .564 (3) .575 (1)
9 Musk .497 (1) .491 (2) .482 (4) .483 (3)

10 Colon Cancer .792 (4) .829 (2.5) .830 (1) .829 (2.5)

AVG(ARI) .726 (2.9) .740 (1.65) .735 (2.2) .729 (3.25)

II. Robustness The performance comparison on robustness is shown in Table 5.13.

Table 5.13 Methods tuning of the rank based approach on robustness

No. Datasets Ensemble Methods using Rank based Approach
R_SRW R_SOW R_PRW R_POW

1 Mammographic .720 (4) .876 (1) .756 (2) .725 (3)
2 PIMA .885 (2) .974 (1) .866 (3) .436 (4)
3 StatlogHeart .920 (1) .897 (3) .906 (2) .454 (4)
4 WDBC .913 (2) .917 (1) .886 (3) .333 (4)
5 Sports Articles .865 (2) .946 (1) .861 (3) .828 (4)
6 Parkinsons .911 (2) .913 (1) .905 (3) .271 (4)
7 Dermatology .829 (3) .863 (2) .871 (1) .661 (4)
8 Sonar .824 (4) .866 (1) .856 (3) .861 (2)
9 Musk .873 (1) .800 (2) .794 (3) .751 (4)

10 Colon Cancer .652 (1) .619 (2) .611 (3) .558 (4)

AVG(ARI) .839 (2.2) .867 (1.5) .831 (2.6) .588 (3.7)
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For the aspects of accuracy and robustness in Table 5.12 and 5.13, R_SOW method

produces the overall best performance of both AVG and ARI values in the data repository for

methods tuning. Comparatively, the R_PRW method ranks the second place on the accuracy,

while the R_SRW method ranks the second on robustness.

III. Multi-Criteria Based on the multi-criteria evaluation method introduced in Sec-

tion 4.6, the performance of different ensemble FS methods of the rank-based approach is

compared and shown in Table 5.14.

Table 5.14 Methods tuning of the rank based approach on multi-criteria

No. Datasets Ensemble Methods using Rank based Approach
R_SRW R_SOW R_PRW R_POW

1 Mammographic .685 (4) .798 (1) .708 (2) .690 (3)
2 PIMA .743 (2) .809 (1) .723 (3) .281 (4)
3 StatlogHeart .767 (1) .755 (3) .756 (2) .346 (4)
4 WDBC .879 (2) .887 (1) .853 (3) .290 (4)
5 Sports Articles .745 (2) .807 (1) .744 (3) .721 (4)
6 Parkinsons .803 (1) .797 (2) .793 (3) .322 (4)
7 Dermatology .698 (3) .731 (1) .724 (2) .559 (4)
8 Sonar .564 (4) .617 (1) .609 (2) .607 (3)
9 Musk .578 (1) .526 (2) .518 (3) .486 (4)

10 Colon Cancer .648 (1) .637 (2) .632 (3) .598 (4)

AVG(ARI) .711 (2.1) .736 (1.5) .706 (2.6) .490 (3.8)

In Table 5.14, R_SOW method produces the overall best performance on both AVG and

ARI values and the best performance on 6 out of 10 datasets. It indicates a reasonably good

performance utilizing the standard deviation and OW weighting scheme in the weighted

combination process. Therefore, the R_SOW method is chosen as the representative of the

rank-based approach for further performance analysis and comparison.

4. Methods Tuning of the Fuzzy based Approach The fuzzy-based approach was

implemented with the fuzzy aggregation methods from Table 5.7 in the data repository for

methods tuning. Based on the evaluation metrics from Chapter 4, the performance was

compared on three aspects: accuracy, robustness and multi-criteria performance.

I. Accuracy The performance comparison on accuracy is shown in Table 5.15.
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Table 5.15 Methods tuning of the fuzzy based approach on accuracy

No. Datasets F_Yager with different ω F_DS1000 10 0.1 0.001

1 Mammographic .769 (4) .746 (5) .772 (3) .827 (1.5) .827 (1.5)
2 PIMA .717 (4) .706 (5) .724 (1) .728 (2.5) .728 (2.5)
3 StatlogHeart .705 (5) .743 (2) .757 (1) .730 (3.5) .730 (3.5)
4 WDBC .926 (3) .924 (5) .925 (4) .928 (1.5) .928 (1.5)
5 Sports Articles .735 (5) .767 (1.5) .767 (1.5) .761 (3.5) .761 (3.5)
6 Parkinsons .790 (5) .811 (1) .793 (4) .798 (2.5) .798 (2.5)
7 Dermatology .667 (3) .684 (1.5) .684 (1.5) .647 (4.5) .647 (4.5)
8 Sonar .452 (5) .490 (1) .488 (2) .468 (3.5) .468 (3.5)
9 Musk .528 (2) .486 (4) .444 (5) .528 (2) .528 (2)

10 Colon Cancer .713 (5) .716 (4) .724 (3) .767 (1.5) .767 (1.5)

AVG (ARI) .700 (4.1) .716 (3) .710 (2.6) .718 (2.65) .718 (2.65)

II. Robustness The performance comparison on robustness is shown in Table 5.16.

Table 5.16 Methods tuning of the fuzzy based approach on robustness

No. Datasets F_Yager with different ω F_DS1000 10 0.1 0.001

1 Mammographic .638 (5) .721 (4) .906 (3) 1.00 (1.5) 1.00 (1.5)
2 PIMA .799 (5) .901 (4) .925 (3) 1.00 (1.5) 1.00 (1.5)
3 StatlogHeart .708 (4) .565 (5) .801 (3) .874 (1.5) .874 (1.5)
4 WDBC .611 (4) .500 (5) .860 (3) 1.00 (1.5) 1.00 (1.5)
5 Sports Articles .336 (5) .606 (4) .897 (1) .872 (2.5) .872 (2.5)
6 Parkinsons .491 (5) .607 (4) .649 (3) 1.00 (1.5) 1.00 (1.5)
7 Dermatology .305 (5) .838 (3) .717 (4) .972 (1.5) .972 (1.5)
8 Sonar .834 (3) .600 (5) .797 (4) 1.00 (1.5) 1.00 (1.5)
9 Musk .992 (3) .439 (5) .664 (4) 1.00 (1.5) 1.00 (1.5)

10 Colon Cancer .340 (3) .018 (5) .273 (4) .982 (1.5) .982 (1.5)

AVG(ARI) .605 (4.2) .580 (4.4) .749 (3.2) .970 (1.6) .970 (1.6)

On the aspects of accuracy and robustness in Table 5.15 and 5.16, F_Yager method

produces better performance with a smaller parameter value ω . When ω became close to 0

(ω = 0.001 in this experiment), the F_Yager method produces the same best results as the

drastic sum method F_DS. Besides, the F_DS method outperforms the other competitors on

the majority of the datasets on robustness.

III. Multi-Criteria Based on the comprehensive evaluation methods in Section 4.6, the

methods of the fuzzy-based approach were compared using the multi-criteria performance,

as shown in Table 5.17.
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Table 5.17 Methods tuning of the fuzzy based approach on multi-criteria

No. Datasets F_Yager with different ω F_DS1000 10 0.1 0.001

1 Mammographic .382 (5) .648 (4) .750 (3) .885 (1.5) .885 (1.5)
2 PIMA .561 (5) .727 (4) .786 (3) .819 (1.5) .819 (1.5)
3 StatlogHeart .548 (4) .507 (5) .705 (3) .747 (1.5) .747 (1.5)
4 WDBC .550 (5) .558 (4) .850 (3) .950 (1.5) .950 (1.5)
5 Sports Articles .265 (5) .552 (4) .775 (1) .735 (2.5) .735 (2.5)
6 Parkinsons .427 (5) .513 (4) .560 (3) .865 (1.5) .865 (1.5)
7 Dermatology .238 (5) .670 (3) .618 (4) .749 (1.5) .749 (1.5)
8 Sonar .514 (3) .394 (5) .512 (4) .645 (1.5) .645 (1.5)
9 Musk .681 (3) .272 (5) .423 (4) .685 (1.5) .685 (1.5)

10 Colon Cancer .239 (4) .047 (5) .330 (3) .835 (1.5) .835 (1.5)

AVG(ARI) .441 (4.4) .493 (4.3) .631 (3.1) .792 (1.6) .792 (1.6)

In Table 5.17, the multi-criteria performance of the F_Yager method increases with the

decrease of parameter ω values in Yager class S-norm. When ω = 0.001, the F_Yager

method produces the best performance in 9 out of 10 datasets, the same as the F_DS method.

It highlights the outstanding performance in applying the drastic sum fuzzy aggregation

method. In summary, the fuzzy-based approach using Yager class S-norm F_Yager (ω close

to 0) or drastic sum S-norm method F_DS produce the best performance using the different

evaluation methods, including accuracy, robustness, and multi-criteria performance. As the

drastic sum is a more straightforward expression than Yager class S-norms, the F_DS method

is chosen for further performance analysis and comparison.

5. Discussion The optimal methods were selected based on accuracy, robustness, and,

more importantly, multi-criteria performance. The S_SOW method produced the overall best

performance in the data repository of tuning for the score-based approach. For the rank-

based approach, the R_SOW method achieved the best performance. It indicates a superior

performance by utilizing the standard deviation as the distribution index and OW as the

weighting scheme in the score and rank-based framework. This may be on account that the

standard deviation can better represent the uncertainty of feature importance in different FS

methods. Through aggregating the various FS methods using the one minus weights, the

ensemble framework can take the most advantages of the base selectors, which leads to better
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overall performance. For the fuzzy-based approach, the F_DS method produced the best

result. This may be because the drastic sum can help aggregate the various FS methods with

all the inherent information, which leads to better performance, especially on the aspects of

stability and robustness. Its multi-criteria performance is also enhanced. Therefore, S_SOW ,

R_SOW and F_DS methods are chosen as the representative for performance analysis and the

later research.

5.3.4 Performance Analysis on the Testing Data Repository

In this section, the proposed methods with score, rank and fuzzy-based approaches are

evaluated on the testing data repository to further investigate and analyze the ensemble FS

framework. Firstly, to verify the effectiveness of the aggregation approach, the performance

of using each of the individual base selectors after the bootstrap process is produced as

the baseline. Then they are also compared with using simpler and more straightforward

approaches, such as average, etc. Thirdly, to objectively and fairly assess the proposed

methods’ performance, several other state-of-the-art FS methods are included for further

comparison and analysis. Finally, the proposed methods are evaluated and compared with

other widely used ensemble approaches.

1. Comparison with the Base Selectors after Bootstrap To explore the effects of the

bootstrap process and the aggregation approach on FS results separately, the proposed

method’s performance was compared with the base selectors that utilized the same bootstrap

process. The "base selectors after bootstrap" indicate the FS methods which utilize the

bootstrap to generate the feature distributions and defuzzify without any combinations or

aggregation procedures. In Table 5.18, 5.19 and 5.20, the operators (+/-) indicate that

the bootstrap process has the increased (+), decreased (-) or same (no mark) performance

compared to the base selectors without bootstrap. The numbers in brackets represent the
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joint ranking index of the different FS approaches. The numbers in bold indicate the best

performance of the given dataset. Based on the evaluation methods in Chapter 4, the

performance is measured on three aspects, including accuracy, robustness and multi-criteria.

I. Accuracy Performance analysis on accuracy is shown in Table 5.18.

Table 5.18 Performance analysis with the base selectors after bootstrap on accuracy

No. Datasets Base Selectors After Bootstrap Proposed Ensemble Methods
CFS ReliefF MIFS IFS S_SOW R_SOW F_DS

11 Banknote .851 (4) .757 (5) .864 (2) .607 (7) .673 (6) .864 (2) .864 (2)
12 WBC .947 (1) .945− (3) .942+ (6) .944 (5) .945 (3) .945 (3) .927 (7)
13 CMSC .915 (4) .915 (4) .915 (4) .915 (4) .915 (4) .915 (4) .915 (4)
14 Appendicitis .823− (4) .836− (1) .819+ (5) .806+ (7) .817 (6) .825 (3) .832 (2)
15 BCC .307 (7) .467− (3) .521− (1) .404− (4) .319 (6) .394 (5) .519 (2)
16 Wine .857− (2) .738− (6) .877 (1) .735− (7) .846 (4) .845 (5) .847 (3)
17 Glass .349 (3) .256 (7) .383+ (1) .305− (6) .309 (5) .341 (4) .364 (2)
18 Spectfheart .786+ (4) .782 (7) .785− (5.5) .789 (2) .785 (5.5) .787 (3) .791 (1)
19 Breast Tissue .267 (7) .303− (3) .270+ (6) .297+ (5) .301 (4) .304 (2) .340 (1)
20 Lung .681 (3.5) .681 (3.5) .680+ (6.5) .682 (1) .681 (3.5) .681 (3.5) .680 (6.5)

AVG (ARI) .678− (3.95) .668− (4.25) .706+ (3.8) .648 (4.8) .659 (4.7) .690 (3.45) .708 (3.05)

II. Robustness Performance analysis on robustness is shown in Table 5.19.

Table 5.19 Performance analysis with the base selectors after bootstrap on robustness

No. Datasets Base Selectors after Bootstrap Proposed Ensemble Methods
CFS ReliefF MIFS IFS S_SOW R_SOW F_DS

11 Banknote .779− (7) .934+ (5) .996 (3) .911+ (6) 1.00 (1.5) .970 (4) 1.00 (1.5)
12 WBC .928+ (2) .812+ (7) .905+ (5) .925+ (3) .904 (6) .924 (4) 1.00 (1)
13 CMSC 1.00 (1.5) .555+ (4) .549+ (5) -.005+ (7) .479 (6) .867 (3) 1.00 (1.5)
14 Appendicitis .399− (7) .513− (4) .580+ (3) .677+ (2) .434 (6) .495 (5) 1.00 (1)
15 BCC .326− (7) .807+ (3) .358− (6) .913+ (2) .488 (4) .456 (5) 1.00 (1)
16 Wine .770+ (7) .920− (2) .889+ (5) .851+ (6) .899 (4) .909 (3) 1.00 (1)
17 Glass .895− (6) .965+ (2) .801+ (7) .931+ (5) .942 (4) .949 (3) 1.00 (1)
18 Spectfheart .564+ (7) .784+ (3) .596+ (6) .815 (2) .773 (5) .783 (4) 1.00 (1)
19 Breast Tissue .180− (7) .971− (2) .818+ (5) .868+ (3) .784 (6) .823 (4) 1.00 (1)
20 Lung .578− (7) .951+ (2) .621+ (6) .941+ (3) .891 (4) .868 (5) 1.00 (1)

AVG (ARI) .642− (5.85) .821+ (3.4) .711+ (5.1) .783+ (3.9) .759 (4.65) .804 (4) 1.00 (1.1)

In Table 5.18, the proposed S_SOW and R_SOW methods produce a comparable per-

formance with the four base selectors after bootstrap. F_DS method produces the best

performance, outperforming all the base selectors and the other ensemble methods on both

AVG and ARI values. Besides, it is also observed that the bootstrap aggregation for individual
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base selectors did not lead to higher accuracy in many cases on different datasets and FS

methods. It indicates the improved accuracy mainly results from the aggregation methods

rather than the bootstrap process. In Table 5.19, comparing the performance of base selectors

before and after bootstrap aggregation, the bootstrap process leads to an increase in robust-

ness in most datasets. However, one of the proposed methods, F_DS, further outperformed

all the other competitors and produced significantly high performance in the testing data

repository on the aspect of robustness.

III. Multi-Criteria Based on the evaluation methods in Section 4.6, the performance

is analyzed and compared using the multi-criteria evaluation method in Table 5.20.

Table 5.20 Performance analysis with the base selectors after bootstrap on multi-criteria

No. Datasets Base Selectors After Bootstrap Proposed Ensemble Methods
CFS ReliefF MIFS IFS S_SOW R_SOW F_DS

11 Banknote .704− (6) .739+ (5) .907 (2) .634+ (7) .782 (4) .891 (3) .909 (1)
12 WBC .905+ (3) .812+ (7) .882+ (6) .900+ (4) .887 (5) .906 (2) .951 (1)
13 CMSC .943 (1.5) .588+ (4) .585+ (5) -.025+ (7) .458 (6) .833 (3) .943 (1.5)
15 Appendicitis .504+ (6) .556− (4) .598+ (3) .635+ (2) .458 (7) .534 (5) .888 (1)
16 BCC .226− (7) .536+ (3) .284− (6) .559+ (2) .295 (5) .311 (4) .679 (1)
17 Wine .744− (6) .751− (5) .828+ (2) .678+ (7) .823 (3.5) .823 (3.5) .898 (1)
18 Glass .507− (3) .481+ (6) .454+ (7) .496− (5) .505 (4) .527 (2) .576 (1)
19 Spectfheart .556+ (7) .711+ (3) .578+ (6) .735 (2) .695 (5) .704 (4) .861 (1)
20 Breast Tissue .115− (7) .514− (2) .421+ (5) .452+ (3) .412 (6) .448 (4) .560 (1)
20 Lung .484− (7) .744+ (2) .521+ (6) .740+ (3) .696 (4) .685 (5) .786 (1)

AVG (ARI) .569+ (5.35) .643+ (4.1) .606+ (4.8) .580+ (4.2) .601 (4.95) .666 (3.55) .798 (1.05)

In Table 5.20, the proposed method using the fuzzy-based approach F_DS produced

the best performance on all the datasets in the testing data repository, which significantly

outperformed all the other competitors. It indicates a superior performance in utilizing the

fuzzy-based approach with drastic sum S-norm aggregation. Another proposed method,

R_SOW , also produced a good performance, which excels the four base selectors on AVG

and ARI values. The score-based approach S_SOW produced the middle-level performance

with the base selectors, which is lower than ReliefF and MIFS; higher than CFS and IFS on

the AVG values.
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2. Comparison with Other State-of-the-art FS Methods In order to objectively and

fairly evaluate the performance of the proposed ensemble methods, four state-of-the-art FS

methods were utilized for performance analysis and comparison in Table 5.8, which are Lap

Score, SPEC, Gini Index, and F Score methods. Based on the particular evaluation methods

in Chapter 4, the performance is measured on three different aspects, including accuracy,

robustness and multi-criteria. In Tables 5.21, 5.22 and 5.23, the numbers in brackets represent

the joint ranking indices of each FS method compared with the others for the given dataset.

I. Accuracy Performance analysis on accuracy is shown in Table 5.21.

Table 5.21 Performance analysis with the state-of-the-art FS methods on accuracy

No. Datasets The State-of-the-art FS Methods Proposed Ensemble Methods
Lap Score SPEC Gini Index F Score S_SOW R_SOW F_DS

11 Banknote .580 (6) .556 (7) .864 (2.5) .864 (2.5) .673 (5) .864 (2.5) .864 (2.5)
12 WBC .940 (5) .942 (3.5) .942 (3.5) .939 (6) .945 (1.5) .945 (1.5) .927 (7)
13 CMSC .915 (4) .915 (4) .915 (4) .915 (4) .915 (4) .915 (4) .915 (4)
14 Appendicitis .816 (4) .801 (6.5) .801 (6.5) .814 (5) .817 (3) .825 (2) .832 (1)
15 BCC .501 (4) .397 (5) .556 (2) .564 (1) .319 (7) .394 (6) .519 (3)
16 Wine .761 (7) .785 (6) .813 (5) .831 (4) .846 (2) .845 (3) .847 (1)
17 Glass .191 (7) .277 (5) .364 (1.5) .244 (6) .309 (4) .341 (3) .364 (1.5)
18 Spectfheart .791 (2.5) .793 (1) .779 (6.5) .779 (6.5) .785 (5) .787 (4) .791 (2.5)
19 Breast Tissue .307 (3) .249 (7) .340 (1.5) .303 (5) .301 (6) .304 (4) .340 (1.5)
20 Lung .680 (5.5) .683 (1) .680 (5.5) .680 (5.5) .681 (2.5) .681 (2.5) .680 (5.5)

AVG (ARI) .648 (4.8) .640 (4.6) .705 (3.85) .693 (4.55) .659 (4) .690 (3.25) .708 (2.95)

II. Robustness Performance analysis on robustness is shown in Table 5.22.

Table 5.22 Performance analysis with the state-of-the-art FS methods on robustness

No. Datasets The State-of-the-art FS Methods Proposed Ensemble Methods
Lap Score SPEC Gini Index F Score S_SOW R_SOW F_DS

11 Banknote 1.00 (3) 1.00 (3) 1.00 (3) .992 (6) 1.00 (3) .970 (7) 1.00 (3)
12 WBC .708 (7) .888 (5) .895 (4) .873 (6) .904 (3) .924 (2) 1.00 (1)
13 CMSC .066 (7) .101 (6) .546 (4) .574 (3) .479 (5) .867 (2) 1.00 (1)
14 Appendicitis .660 (3) .812 (2) .617 (4) .591 (5) .434 (7) .495 (6) 1.00 (1)
15 BCC .752 (2) .396 (7) .572 (4) .632 (3) .488 (5) .456 (6) 1.00 (1)
16 Wine .441 (7) .511 (6) .823 (5) .911 (2) .899 (4) .909 (3) 1.00 (1)
17 Glass .866 (6) .874 (5) .986 (2) .860 (7) .942 (4) .949 (3) 1.00 (1)
18 Spectfheart .509 (6) .164 (7) .717 (5) .791 (2) .773 (4) .783 (3) 1.00 (1)
19 Breast Tissue .440 (6) .184 (7) .910 (2) .802 (4) .784 (5) .823 (3) 1.00 (1)
20 Lung .519 (6) .211 (7) .682 (5) .801 (4) .891 (2) .868 (3) 1.00 (1)

AVG (ARI) .596 (5.3) .514 (5.5) .775 (3.8) .783 (4.2) .759 (4.2) .804 (3.8) 1.00 (1.2)
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Compared with the performance of the state-of-the-art FS methods, the proposed ensem-

ble methods F_DS and R_SOW produce the best and second-best overall performance in the

testing data repository on the aspects of accuracy and robustness. In Table 5.21, the F_DS

method produces the best performance on 6 out of 10 datasets. For robustness in Table 5.22,

the F_DS method produces the best performance on all the testing datasets. Besides, the

R_SOW method gets the overall second-best performance, which is better than any of the

FS methods in comparison. It indicates a superior performance in utilizing the proposed

ensemble learning framework.

III. Multi-Criteria Based on the evaluation methods in Section 4.6, the performance

is analyzed and compared using the multi-criteria measurement, as shown in Table 5.23.

Table 5.23 Performance analysis with the state-of-the-art FS methods on multi-criteria

No. Datasets The State-of-the-art FS Methods Proposed Ensemble Methods
Lap Score SPEC Gini Index F Score S_SOW R_SOW F_DS

11 Banknote .720 (6) .704 (7) .909 (1.5) .905 (3) .782 (5) .891 (4) .909 (1.5)
12 WBC .710 (7) .877 (4) .873 (5) .830 (6) .887 (3) .906 (2) .951 (1)
13 CMSC .180 (6) .097 (7) .563 (4) .599 (3) .458 (5) .833 (2) .943 (1)
14 Appendicitis .640 (3) .729 (2) .590 (4) .571 (5) .458 (7) .534 (6) .888 (1)
15 BCC .331 (4) .245 (7) .419 (3) .440 (2) .295 (6) .311 (5) .679 (1)
16 Wine .460 (7) .513 (6) .695 (5) .805 (4) .823 (2.5) .823 (2.5) .898 (1)
17 Glass .388 (7) .451 (5) .570 (2) .417 (6) .505 (4) .527 (3) .576 (1)
18 Spectfheart .346 (6) .255 (7) .661 (5) .715 (2) .695 (4) .704 (3) .861 (1)
19 Breast Tissue .166 (6) .146 (7) .520 (2) .427 (4) .412 (5) .448 (3) .560 (1)
20 Lung .327 (6) .277 (7) .498 (5) .619 (4) .696 (2) .685 (3) .786 (1)

AVG (ARI) .427 (5.8) .429 (5.9) .630 (3.65) .633 (3.9) .601 (4.35) .666 (3.35) .805 (1.05)

In Table 5.23, the proposed method F_DS produces the best performance on all the

testing datasets compared with the other competitors. R_SOW method produces the second-

best performance on the testing data repository. The S_SOW method gets the middle-level

performance among the four competitors, which is better than Lap Score and SPEC; worse

than Gini Index and F Score methods. It demonstrates the proposed ensemble FS framework’s

superior performance compared with the state-of-the-art FS methods.
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3. Overall Comparison with Simple Approaches and Other Ensemble Methods From

the previous evaluation and comparison process, it can be seen that the fuzzy-based approach

with drastic sum S-norm (F_DS method) has achieved the overall best performance on

both the training and testing data repository. Nevertheless, to demonstrate the utility and

effectiveness of the proposed method, it is further evaluated and compared with simpler

aggregation approaches and other state-of-the-art ensemble techniques.

3.1 Description of the simpler approaches and other ensemble methods Within the

fuzzy-based method, some simple approaches for aggregation are included and compared. By

utilizing the different parameters within the max-min averages (introduced in Section 2.2.1),

the minimal (λ = 0), average (λ = 0.5), and maximal (λ = 1) aggregation within the fuzzy-

based method are used for performance comparison. Besides, two other ensemble FS

methods are also included (i.e. random forest [122] and gradient-boosting decision tree

(GBDT) [221]).

3.2 Performance comparison using the multi-criteria evaluation metric This section

compares and assesses the F_DS method with the simpler approaches and other ensemble

methods on multi-criteria performance. The KNN classifier was selected in the decision-

making process because it can achieve high consistent results without a specialized training

phase. Spearman’s rank correlation coefficient was utilized in the stability and robustness

measures within the multi-criteria performance evaluation. By implementing the multi-

criteria performance in Section 4.6, the evaluation and comparison of the different FS

methods are reported in Table 5.24.

From Table 5.24, it can be seen that except for the case of random forest in the Ban-

knote dataset, the proposed method produced better performance on almost all the datasets

compared with the simpler approaches and the two popular ensemble methods. Besides, the

proposed method also achieved the best performance in the testing data repository, which
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Table 5.24 Performance analysis with simpler approaches and other ensemble methods on
multi-criteria

No. Datasets Simpler Approaches Other Ensemble Methods Proposed Method
Minimal Average Maximal Random Forest GBDT F_DS

11 Banknote .455 (6) .878 (4) .741 (5) .918 (1.5) .908 (3) .918 (1.5)
12 WBC .838 (3) .757 (5) .615 (6) .887 (2) .778 (4) .948 (1)
13 CMSC .247 (5) .258 (4) .153 (6) .622 (2) .533 (3) .943 (1)
14 Appendicitis .329 (5) .369 (4) .201 (6) .661 (2) .568 (3) .873 (1)
15 BCC .459 (2) .342 (5) .287 (6) .431 (3) .352 (4) .746 (1)
16 Wine .618 (2) .353 (6) .403 (5) .608 (3) .469 (4) .781 (1)
17 Glass .480 (3) .503 (2) .319 (5) .452 (4) .288 (6) .569 (1)
18 Spectfheart .522 (4) .585 (2) .363 (6) .571 (3) .377 (5) .806 (1)
19 Breast Tissue .363 (3) .287 (5) .142 (6) .394 (2) .320 (4) .547 (1)
20 Lung .722 (2) .473 (4) .198 (5) .507 (3) .057 (6) .793 (1)

AVG (ARI) .503 (3.5) .480 (4.1) .342 (5.6) .605 (2.55) .465 (4.2) .792 (1.05)

outperformed others using both AVG and ARI values. Therefore, from the perspective of the

multi-criteria performance, the proposed method is demonstrated to hold a better performance

for FS, even compared with the other approaches and ensemble frameworks.

3.3 Statistical analysis of the results Additionally, McNemar’s test is applied to test

the statistical significance of whether the proposed method is better than the compared

method. The P values of McNemar’s test for the pairwise tests between the proposed method

and each competitor are shown in Table 5.25.

Table 5.25 P values of McNemar’s test for the pairwise test on whether the proposed method
is better than the competitor on multi-criteria

No. Datasets Simpler Approaches Other Ensemble Methods
Minimal Average Maximal Random Forest GBDT

11 Banknote <0.01 <0.01 <0.01 1.00 <0.01
12 WBC <0.01 <0.01 <0.01 <0.01 <0.01
13 CMSC <0.01 <0.01 <0.01 <0.01 <0.01
14 Appendicitis <0.01 <0.01 <0.01 <0.01 <0.01
15 BCC <0.01 <0.01 <0.01 <0.01 <0.01
16 Wine <0.01 <0.01 <0.01 <0.01 <0.01
17 Glass <0.01 <0.01 <0.01 <0.01 <0.01
18 Spectfheart <0.01 <0.01 <0.01 <0.01 <0.01
19 Breast Tissue <0.01 <0.01 <0.01 <0.01 <0.01
20 Lung <0.01 <0.01 <0.01 <0.01 <0.01

From Table 5.25, it is observed that the proposed method produces a significantly better

performance than the other competitors, except for random forest in the Banknote dataset.
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4. Discussion In the performance analysis process with the base selectors after bootstrap,

the proposed ensemble FS method F_DS outperforms the base selectors. The ensemble

methods F_DS and R_SOW produce the overall best and second-best performance with the

use of different evaluation metrics. In the performance analysis with the other state-of-the-art

FS methods, F_DS and R_SOW methods also outperform the four other state-of-the-art FS

methods in terms of accuracy, robustness and multi-criteria performance. Remarkably, the

F_DS method’s performance on robustness is significantly higher than the others on almost

all the testing datasets. Afterwards, the F_DS method is further compared and evaluated

with the simpler approaches and some other ensemble FS methods. The proposed F_DS

method has achieved significantly better performance on almost all the testing datasets. To

sum up, in the testing data repository, the proposed ensemble FS framework has produced a

comprehensively outstanding performance on multi-criteria, which indicates a reasonably

good decision-making performance with a stable feature ranking sequence and a high level

of robustness on the reduced size datasets.

5.4 Discussion

Four different state-of-the-art FS methods are utilized as the base selectors within the

proposed ensemble framework. Those four base selectors are chosen and carefully picked

up to represent the different categories of the ranking-based filter methods. Nevertheless,

the proposed ensemble method is a dynamic framework where more diverse FS methods

could be included. The proposed ensemble method aims to form a generalized framework to

incorporate the different kinds of algorithms together. In addition to the utilized FS methods,

more state-of-the-art FS techniques could also be employed for the performance comparison.

From the experiments in Section 5.3, it can be seen that the F_DS method has achieved

relatively good performance on multi-criteria performance. At the same time, the F_DS

method also produced significantly high scores on robustness. It may be because the drastic
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sum aggregation method can eliminate the most noise and changes within the features’

distributions. Rather than combining the distributions with all information in detail, the

drastic sum aggregation focuses on the values’ coverage and ignores the small changes within

them. Therefore, its performance on stability and robustness can be significantly enhanced.

5.5 Summary

This chapter has proposed an ensemble learning framework to combine the different FS

results, which consists of three main steps: distribution generation of feature importance,

distribution ensemble using aggregation methods, and defuzzification for feature ranking. Dif-

ferent approaches are utilized to represent the features’ importance by generating the various

distributions using the bootstrap process, such as score-based, rank-based, and fuzzy-based

approaches. Next, a distribution ensemble using aggregation methods is implemented with

various weighted combinations and fuzzy aggregation methods. At last, the defuzzification

process is implemented for feature ranking.

The training and testing data repository are introduced for tuning the methods and the

performance analysis process. The proposed method is first evaluated on a training data repos-

itory to select the best aggregation methods for the score, rank, and fuzzy-based approaches.

Based on the evaluation methods in accuracy, robustness, and multi-criteria performance, the

S_SOW , R_SOW and F_DS methods produced the best performance respectively and therefore

were chosen as their representatives. Subsequently, their performance was evaluated and

compared on the testing data repository with the base selector after bootstrap, other FS

methods, the simpler approaches and two other ensemble techniques.

From the experimental results, the proposed method with the fuzzy-based approach using

drastic sum S-norms (F_DS) has produced the overall best performance on the testing data

repository. Specifically, the performance values of F_DS on robustness are significantly

higher than other methods, which indicates an excellent capability to deal with the variations
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in the distribution generation process. For classification accuracy, F_DS also produced

the overall best performance. It is observed that the bootstrap process for individual base

selectors did not lead to higher accuracies for many tested datasets. Hence, the proposed

ensemble method’s improved performance is not due to the bootstrap process but mainly to

the method aggregation step.

As for the other methods in the ensemble FS framework, the R_SOW method has produced

the second-best performance on the testing data repository. It is the proposed method using

a rank-based approach with standard deviation as the distribution index and OW as the

weighting scheme. The R_SOW method also performed better than the S_SOW method, which

utilized the same aggregation method. It may be because the biases could be introduced

when combining the feature scores from different FS methods with a score-based approach.

In comparison, the rank-based approach’s rank indices were consistent among different

FS methods; hence they could be aggregated better from different FS methods without

introducing a bias.



Chapter 6

Meta Learning Framework for

Recommending Suitable FS Methods

6.1 Introduction

As introduced in Section 2.1, there are many different FS methods in the literature. Based on

the dependency with the learning algorithms, FS methods are grouped into three types, i.e.,

filter, wrapper, and embedded methods. There are subset search-based and ranking-based

methods within the filter methods. The ranking-based filter methods could also be generally

grouped into four FS categories: similarity-based, information-based, statistical-based, and

graph-based [128]. However, one of the main issues for applying those different FS methods

is that the FS methods’ performance varies in a data-dependent manner. It is not possible

to state the best FS method categorically to provide the best performance for all kinds of

data [86]. The relationship between the data and their FS performance is still unclear and

lacks cognition in many cases. Many learning-based FS methods suffer from data scarcity for

training with poor generalizability when applying to a new dataset. It poses an interesting and

challenging problem to select the most suitable FS method for a given unseen dataset [156].
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In this chapter, the meta-learning method is adopted to solve this problem by choosing the

best algorithm for a given dataset [22]. It is typically trained to learn the relationship between

the characteristics of training datasets and their best FS methods [156], which is precious and

of great importance in the machine learning area. As discussed in Section 2.4.4, different

meta-learning approaches exist, such as metric learning-based, parameter training-based,

gradient optimization-based, memory augmentation-based, data augmentation-based, etc. In

practice, one of the key challenges for machine learning-based FS method is the lack of good

training data with diverse characteristics. Data augmentation and synthetic data generation

have gradually become widely-used techniques to address this issue in the literature. In 2011,

Albuquerque et al. presented a novel framework to generate the synthetic high-dimensional

datasets [3]. In 2013, Bolon-Canedo et al. reviewed the different synthetic datasets in the

FS research area [18]. In 2014, Tomas et al. proposed two strategies to generate synthetic

multi-label datasets under the framework "Mldatagen", which is a publicly available data

generator [204]. In 2018, Avino et al. proposed a new method to generate synthetic but

plausible healthcare record datasets [6]. In 2018, Dandekar et al. performed a comparative

study of different synthetic data generation techniques under various machine learning

techniques [37]. In 2019, Kamilaris et al. described the preliminary work on generating

synthetic training data for the deep learning models [103].

Therefore, on the basis of the different kinds of techniques from the literature, this

chapter aims to develop an FS recommendation framework to suggest a suitable FS method

for a given dataset. In order to overcome the data scarcity problem, the feasibility of using

synthesized data for training a meta-learning framework is investigated and explored to

achieve feature ranking.
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6.2 Methodology

The overall framework of the meta learning method is shown in Fig. 6.1. Blue lines and red

lines represent the data flow for the training and testing processes, respectively.

Fig. 6.1 The overall framework of the proposed meta learning method

The proposed method consists of four steps: training data repository generation, meta

feature extraction, meta data construction, and recommendation modelling. The meta-

features and meta labels are constructed on synthetic datasets in the training phase. After

implementing and comparing different FS methods on the synthetic datasets, the meta label

is generated to represent the most suitable FS method given a dataset. Another option is

to recommend a ranked list of potentially suitable FS methods, making it a multi-label

problem. To simplify the learning process and be more practical, only the most suitable

method is recommended in the proposed method. More discussion is included in Chapter

7. Then, based on the synthetic datasets, a set of meta-features are extracted to represent

the characteristics of the synthetic datasets. On account of its high flexibility, computational

efficiency and good performance, a fuzzy similarity-based classifier from Chapter 3 is then

adopted during the decision-making process. In the testing phase, the same meta-features are

extracted from the testing dataset. By applying the trained recommendation model, the most

suitable FS method is subsequently produced. The detailed information is described below.
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6.2.1 Synthetic Training Data Repository Generation

In this section, a data repository is constructed to cover a variety of characteristics using data

synthesis. Compared with the other synthetic datasets, Madelon dataset [69] is chosen on

account of its high flexibility and variability. By changing the parameters, Madelon datasets

can be designed to cover a wide range of values that are similar to real-world datasets. The

detailed process of generating the synthetic datasets is described in Section 4.2.2.

6.2.2 Meta Feature Extraction

To learn meta features from the synthetic datasets, a set of meta features are extracted from M

different datasets Di, i = 1, ...,M. For the given dataset Di, it contains the number of Si data

samples (E1,E2, ...,ESi) and Ni features (F1,F2, ...,FNi). The corresponding label information

is represented using class C,(c1,c2, ...,cSi) for different data samples. The overall illustration

of the data structure is shown in Table 6.1. Subsequently, several different meta feature

extraction methods are introduced as follows, which are derived from the Di dataset [157].

Table 6.1 The structure of the generated synthetic dataset

Samples Features Class
F1 F2 ... FNi

E1 v11 v12 ... v1Ni c1
E2 v21 v22 ... v2Ni c2
... ... ... ... ... ...
ESi vSi1 vSi2 ... vSiNi cSi

The datasets’ standard measures are generally classified into different categories: simple,

statistics-based, and information theory-based. These meta-features are formalized and shown

as below [157]. Those features are suggested in the literature [157, 207] to best capture

the characteristics of datasets from different aspects. Other feasible feature representation

methods could be investigated in future work, which are discussed in Chapter 7.
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1. Simple measures Those measures aim to describe the general characteristics of the

datasets.

1. Number of Samples (NS): The number of samples per feature of the dataset.

2. Number of Features (NF): The number of features of the dataset.

3. Number of Classes (NC): The number of classes of the dataset.

4. Number of Samples per Feature (S/F): The number of samples per feature (NS/NF).

5. Number of Samples per Class (S/C): The number of samples per class (NS/NC).

2. Statistical based measures Those measurements characterize a dataset by extracting

the measures in the statistical area.

1. Average Asymmetry of Features (AAF): It measures the average value of Pearson’s

asymmetry coefficient. The formulation quantitatively summarizes the skewness of

distribution, as shown in Equation 6.1.

AAF(Di) =
3
Ni

Ni

∑
j=1

Mean(Fj)−Median(Fj)

Std(Fj)
(6.1)

where Mean(Fj), Median(Fj) and Std(Fj) indicate the average, median and standard

deviation values of feature Fj respectively. j represents the index of the features.

2. Average Correlation between Features (ACF): It measures the average value of Pear-

son’s correlation coefficient between different features.

ACF(Di) =
2

Ni(Ni−1)

Ni−1

∑
j=1

Ni

∑
k= j+1

Pearson(Fj,Fk) (6.2)

where Pearson(Fj,Fk) indicates the Pearson’s correlation between feature Fj and Fk.

3. Average Coefficient of Variation of Features (ACVF): It measures the average coefficient

of variation by the ratio of the standard deviation and the mean of the feature values.
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ACV F(Di) =
1
Ni

Ni

∑
j=1

Std(Fj)

Mean(Fj)
(6.3)

3. Information theory based measures Those measures characterize the nominal features

and their relationship to the class attribute.

1. Feature Entropy: The distribution’s entropy of the feature in a dataset D, which

originates from the communication theory area, is defined in Equation 6.4.

Entropy(Di) =−
Ni

∑
i=1

[pi× log2(pi)] (6.4)

where pi,1≤ i≤ n represents the occurrence probability of the given feature.

2. Average Entropy of Features (AEF): It measures the average amount of the information

provided by each feature for the aims of class prediction.

AEF(Di) =
1
Ni

Ni

∑
k=1

Entropy(Fj) (6.5)

where Entropy(Fj) measures the distribution’s entropy of feature Fj.

6.2.3 Meta Data Construction

Meta data consists of the extracted meta features and meta labels. Meta labels represent the

FS method with the best performance.

1. Meta label generation This section aims to generate the meta label for each dataset in

the training data repository. The derived meta-features and associated labels are used for

model learning to recommend the best FS method for a given unseen dataset. In this situation,

the label is set as the best FS method for a given training dataset. The comprehensive
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evaluation method on multi-criteria performance (introduced in Section 4.6) is used to

measure the FS performance. After implementing the FS methods (FS1,FS2, ...,FSL) on the

training data repository for different datasets Di, the results are illustrated in Table 6.2.

Table 6.2 Performance measures of FS methods on different datasets

Data Different FS Methods Optimal
MethodFS1 FS2 ... FSl ... FSL

D1 value11 value12 . . . value1l . . . value1L Opt1
D2 value21 value22 . . . value2l . . . value2L Opt2
. . . . . . . . . . . . . . . . . . . . . ...
Di valuei1 valuei2 . . . valueil . . . valueiL Opti
. . . . . . . . . . . . . . . . . . . . . ...
DM valueM1 valueM2 . . . valueMl . . . valueML OptM

In Table 6.2, valueil indicates the multi-criteria performance value on dataset Di using

FS method FSl . The optimal method Opti stands for the algorithm with the maximal multi-

criteria performance on the dataset Di. It is worth noting that when an FS method is the

second-best for all the datasets, it is a good choice but would not be featured in the meta-data

as a possible choice. This proposed meta-learning method aims not to select a method that

can generally perform well on most datasets but to select the best suitable method for a given

dataset. If a method can be selected as the best option with high confidence for a given

dataset, the user should not need to consider the second-best option. More discussion is

added to Chapter 7 as future work for this point.

2. Construction of meta data Subsequently, the meta data is constructed by combining

the calculated meta features MFp, (1≤ p≤ P) and the meta label for each dataset Di. The

decision-making model is trained to recommend the optimal FS method for a given dataset

based on the meta data. Constructed meta data is next illustrated using Table 6.3.
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Table 6.3 Demonstration of meta data

Data Meta Features Meta Target
MF1 MF2 ... MFp ... MFP

D1 w1,1 w1,2 ... w1,p ... w1,P Opt1
D2 w2,1 w2,1 ... w2,p ... w2,P Opt2
. . . . . . . . . . . . . . . . . . . . . . . .
Di wi,1 wi,1 ... wi,p ... wi,P Opti
. . . . . . . . . . . . . . . . . . . . . . . .
DM wM,1 wM,1 ... wM,p ... wM,P OptM

6.2.4 Recommendation using Fuzzy Similarity Measure

As introduced in Chapter 4, a fuzzy similarity measure-based framework is implemented to

train the classification model using the generated meta dataset. The overall structure of the

classification framework is illustrated in Fig. 6.2. The blue and red lines show data flows for

the training and testing processes, respectively.

Fig. 6.2 The framework of fuzzy similarity-based classifier

The model training process aims to classify a total number of M samples Di (1≤ i≤M)

into L different classes FSl , (1≤ l ≤ L) by their feature vector x⃗q. q is the index of the data

samples in each class. Cl represents the number of data samples for the lth class. Based

on the performance comparison results reported in Chapter 4, the similarity measure-based

classifier is selected and implemented with the following steps.

Step 1: For the training set, standardize each feature using the normalization process [65].
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Step 2: Based on the standardized values from Step 1, calculate the ideal vector v⃗l for the lth

class using geometric mean.

v⃗l(p) = Cl

√√√√ Cl

∏
q=1

x⃗q(p), 1≤ p≤ P (6.6)

where p and P represent the index and the total number of meta features respectively.

Step 3: The same standardization process from Step 1 is applied to the meta features extracted

from the test dataset. Subsequently, the feature vector y⃗r of the meta features is

produced, where r indicates the index of the data samples in the test set.

Step 4: Based on the maximal fuzzy similarity measures introduced in Chapter 4, a similarity

measurement in the form of generalized Łukasiewicz algebra is used. The geometric

mean is used to combine the similarity measures from different features.

S⟨y⃗r, v⃗l⟩= P

√√√√ P

∏
p=1

√
1−|y⃗r(p)2− v⃗l(p)2| (6.7)

where S⟨y⃗r, v⃗l⟩ represents the fuzzy similarity value between the feature vector of the

testing set and the ideal vectors obtained from the training set.

Step 5: Classify the test datasets into the class with the corresponding ideal vector using the

produced highest fuzzy similarity value.

The process can recommend the most suitable FS method for a given test dataset after-

wards.
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6.3 Experiments

6.3.1 Materials

This section introduces the data repositories and the FS methods for the experiments. The

data repositories for parameters tuning and performance testing are firstly introduced and

shown below.

1. Data Repository for Parameters Tuning Ten public datasets from the UCI machine

learning repository with different data sparsity levels are chosen to help generate the synthe-

sized data repository as realistic as possible for training. The general information about the

datasets is shown in Table 6.4, with detailed information described in Section 4.2.

Table 6.4 Description of training data repository for methods tuning

No. Datasets #C #F #S #S Distribution over #C

1 Mammographic 2 5 830 403 / 427
2 PIMA 2 8 768 268 / 500
3 Statlog Heart 2 13 270 120 / 150
4 WDBC 2 30 569 212 / 357
5 Sports Articles 2 59 1000 365 / 635
6 Parkinsons 2 22 195 48 / 147
7 Dermatology 6 34 358 20/48/48/60/71/111
8 Sonar 2 60 208 97/111
9 Musk 2 166 476 207/269
10 Colon Cancer 2 2000 62 22 / 40

where #C, #F and #S represent the number of classes, features, and samples, respectively.

The data density or sparsity is calculated using the ratio between the number of samples,

features, and classes (#S/#C/#F).

2. Data Repository for Performance Testing Another ten datasets with various data

sparsity are chosen for independent evaluation, as shown in Table 6.5. Those datasets are

aimed for final performance analysis and comparison.
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Table 6.5 Description of testing data repository for performance testing

No. Datasets #C #F #S #S Distribution over #C

11 Banknote 2 4 1372 610 / 762
12 WBC 2 9 682 239 / 443
13 CMSC 2 18 540 46 / 494
14 Appendicitis 2 7 106 21 / 85
15 BCC 2 9 116 52 / 64
16 Wine 3 13 178 48 / 59 / 71
17 Glass 6 9 214 9 / 13 / 17 / 29 / 70 / 76
18 Spectfheart 2 44 267 55 / 212
19 Breast Tissue 6 9 106 14 / 15 / 16 / 18 / 21 / 22
20 Lung 5 3312 203 6 / 17 / 20 / 21 / 139

3. Selection of FS methods Four representative algorithms from different ranking-based

filter FS categories were chosen and implemented in this experiment. They are carefully

selected from different categories as a representative method for each category. The four

FS methods are utilized as the preliminary test and evaluation of the framework. It helps

to perform FS from different perspectives. Potentially, more methods could be included in

future work, as the proposed meta-learning framework is sufficiently generic to include more

methods. The general description is provided in Table 6.6.

Table 6.6 General description of the implemented FS methods

No. Alias Name Category Supervision

1 CFS Correlation based FS [73] Statistical-based FS Supervised
2 ReliefF ReliefF FS [171] Similarity-based FS Supervised
3 MIFS Mutual Information based FS [231] Information-based FS Supervised
4 IFS Infinite based FS [175] Graph-based FS Unsupervised

6.3.2 Synthetic Training Data Repository Generation

1. Parameters setting of Madelon datasets The general information and characteristics

are extracted from the practical training data repository in Table 6.4, as listed as follows.

(1) Number of classes ranges from 2 to 6. (2) Number of features ranges from 5 to 2000,

whereas the majority of them are below 60. (3) Number of samples ranges between 62 and
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1000. (4) Number of samples per class ranges from 31 to 500. (5) Number of samples per

class per feature is between 0.02 to 83. Based on the extracted information, the parameter

values in Madelon datasets were set correspondingly, as shown in Table 6.7.

Table 6.7 Value range of the parameters in the Madelon dataset

Alias Meaning Value Range

P1 Number of Classes [2, ..., 10]
P2 Number of Useful Features [4, 5,..., 20]
P3 Number of Redundant Features [0, 1,..., 20]
P4 Number of Repeated Features [0, 1,..., 20]
P5 Number of Useless Features [0, 1,..., 20]
P6 Number of Samples per Cluster [10, 11,..., 70]
P7 Number of Cluster per Class [2, 3,..., 7]
P8 Random Seed [1, 2,..., 1000]
P9 Factor multiplying the hypercube dimension [2, 3,..., 10]
P10 Fraction of y labels to be randomly exchanged [0.01, 0.02, ..., 0.1]
P11 Flag to enable or disable random permutations [0, 1]

According to the procedures in Section 4.2.2, 1000 synthetic datasets were generated

using the randomly chosen and combined parameter values in Table 6.7.

2. Comparison of the meta feature distribution Six meta-features were extracted from

the 1000 synthetic datasets, which include Number of Samples per Feature (S/F), Number

of Samples per Class (S/C), Average Asymmetry of Features (AAF), Average Correlation

between Features (ACF), Average Coefficient of Variation of Features (ACVF) and Average

Entropy of Features (AEF). Within the simple measures, the number of Samples per Feature

(S/F) and the number of Samples per Class (S/C) are chosen to illustrate the distribution and

density of the datasets. Besides, the average entropy of features (AEF), which measures the

average performance on features’ entropy, is utilized to represent the information theory-

based measures. The same meta-features were also extracted from the practical training data

repository in the meantime. Hence, the distribution comparison of the meta-features from
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the practical and synthetic training data repositories is shown in Fig. 6.3. The blue and red

bars represent the practical and synthetic training data repositories.

(a)S/F (b)S/C (c)AAF

(d)ACF (e)ACVF (f)AEF

Fig. 6.3 Distribution comparison of the meta features

It is seen that the distributions of the synthetic training repository cover the value range

of the practical training datasets well on the meta-features S/C and ACVF. However, the

synthetic data holds a slightly smaller range for the other meta-features than the practical

datasets. Meta feature S/F and AEF of the synthetic datasets are lower or higher than the

practical training datasets’ corresponding value ranges. It can be further improved by fine

adjusting the parameters in the data synthesis procedures.

3. Comparison of the meta label distribution Through implementing the FS methods in

Table 6.6, the comprehensive evaluation metric from Section 4.6 was chosen for performance

evaluation and comparison. The random forest was chosen as the downstream classifier

based on its excellent performance and robustness to nonlinear datasets in the multi-criteria
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performance evaluation method. Spearman’s rank correlation coefficient was utilized in the

stability and robustness evaluation metrics. After implementing the four FS methods on the

training data repository, the number of times on achieving the best performance was 4 by

CFS, 0 by ReliefF, 0 by MIFS, and 6 by IFS (a total of 10 datasets). Comparatively, the

number of times on the best performance produced on the synthetic training data repository

was 266 by CFS, 443 by ReliefF, 173 by MIFS, and 118 by IFS, respectively (a total of 1000

datasets). The comparison of the distributions on meta labels for practical and synthetic

training data repositories is shown in Fig. 6.4. The blue and red bars represent the practical

and synthetic training data repositories.

Fig. 6.4 Distribution comparison of the meta labels

From Fig. 6.4, in the practical training data repository, CFS and IFS were consistently

selected as the best methods, whereas ReliefF and MIFS were never selected. However,

the selected best method was distributed equally across all four methods for the synthetic

datasets. It shows one of the benefits of using synthetic datasets for meta-learning rather than

real datasets, as the synthetic datasets cover a wider variety of situations.
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6.3.3 Performance Evaluation Results

1. Recommendation of FS methods on Testing Data Repository After constructing

the meta data and applying the fuzzy similarity measure-based classifier, the meta-learning

process was implemented on the testing data repository. The evaluation results on multi-

criteria performance by applying each of the four FS methods to the test datasets are listed

in Table 6.8. Comparatively, the FS method, which produced the highest multi-criteria

performance value, was set as the ground truth ("Best Method" column). The recommended

FS method suggested by the proposed meta-learning framework is listed in the last column of

Table 6.8. The bold numbers indicate the best performance. The numbers with apostrophes

represent the second-best performance.

Table 6.8 FS methods comparison and recommendation using multi-criteria performance

No. Datasets FS Methods Best Method RecommendCFS ReliefF MIFS IFS

11 Banknote .705 .707′ .907 .632 MIFS MIFS
12 WBC .903 .794 .866 .898 CFS CFS
13 CMSC .943 .559 .536 -.038 CFS CFS
14 Appendicitis .492 .575′ .477 .589 IFS ReliefF
15 BCC .227 .271 .333′ .547 IFS ReliefF
16 Wine .749 .821 .809′ .674 ReliefF MIFS
17 Glass .509 .476 .364 .502′ CFS CFS
18 Spectfheart .522 .691′ .390 .735 IFS IFS
19 Breast Tissue .120 .535 .388 .415′ ReliefF IFS
20 Lung .487 .735 .507 .731′ ReliefF ReliefF

It can be observed that the proposed framework has successfully recommended the best

method in 6 out of 10 datasets, which include Banknote, WBC, CMSC, Glass, Spectfheart

and Lung. In Appendicitis, Wine, and Breast Tissue datasets, the recommended method

ranked second, slightly lower than optimal. In the other dataset (i.e., BCC), the proposed

method cannot accurately predict the best method. It may be on account that the distributions

of the meta-features in the dataset lie outside the value ranges of the synthetic training data

repository. Besides, the contribution of each meta feature to FS method recommendation may

be highly dependent on whether the value distribution of the synthesized data covers the value
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distribution of the real datasets. As shown in Fig. 6.3, there are mismatched distributions

between the synthetic datasets and the real datasets for some of the meta-features.

However, the performance of the proposed framework can be further improved by refining

the data synthesis process in Section 6.2.1. By tuning the parameters in the Madelon datasets,

various kinds of synthetic datasets can be generated accordingly. It would help build a training

data repository with a broader value range of the distributions within the meta-features and

therefore contribute to the final performance. Nevertheless, a few aspects can be improved,

which are discussed in the future work (Chapter 7).

2. Comparison on the Recommended Best Methods Through counting the number of

the recommended best method in the testing data repository, the performance between the

proposed method and the individual FS methods are displayed and compared in Fig. 6.5. It

is seen that the proposed meta-learning method produced the best performance compared

with the individual FS method. In the testing data repository, the proposed meta-learning

framework successfully recommended the best method on 6 datasets out of 10. In contrast,

the individual FS methods achieved the best performance in 3, 3, 1, and 3 cases, respectively.

Fig. 6.5 Comparison on numbers of the achieved best methods
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6.3.4 Evaluation on Computational Cost

This section reports and compares the execution time using FS methods and the meta-learning

framework. The programs were implemented using Python and ran on a laptop with 2.6GHz,

Intel(R) Core(TM) i7-10750H CPU, and 16GB RAM. By running each method ten times on

the same dataset, the average execution time (s) is reported in Table 6.9.

Table 6.9 Average run-time using different methods (seconds)

No. Datasets Individual Methods Meta
Learning

Total Run
TimeCFS ReliefF MIFS IFS

11 Banknote 5.39 86.91 6.82 4.35 0.95 7.77
12 WBC 8.59 33.18 11.03 8.29 0.02 8.61
13 CMSC 19.63 30.74 22.36 17.41 0.71 20.34
14 Appendicitis 6.00 6.92 7.11 6.24 0.02 6.94
15 BCC 7.80 8.76 9.27 7.90 0.03 8.79
16 Wine 11.49 13.43 14.18 11.27 0.05 14.23
17 Glass 8.33 12.74 11.39 8.14 0.04 8.37
18 Spectfheart 40.24 42.19 48.19 40.05 0.09 40.14
19 Breast Tissue 7.69 9.36 10.79 7.92 0.03 7.95
20 Lung 4532 4275 5180 6876 1.67 4277

In Table 6.9, the "Meta Learning" column indicates the execution time of the method

selection. Subsequently, the whole FS process’s total run time using the proposed method

is the summation of the meta learning time and the recommended FS method run time, as

shown in the column "Total Run Time" in Table 6.9.

It is seen that the meta-learning framework takes less than two seconds to run in all cases.

The proposed meta-learning framework and the recommended FS method have consumed a

moderate amount of time by inspecting the total run time and comparing it with the individual

FS methods. It indicates a comparatively little additional computational cost incurred on

implementing the meta-learning framework, which demonstrates the approach’s applicability.

The meta-learning method provides an efficient way to learn the potentially optimal FS

method.
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6.3.5 Discussion

The results show that the proposed method has successfully recommended the correct FS

methods on 6 out of 10 testing datasets. However, it has to be admitted that the experimental

result is only based on a small number of testing datasets. From the author’s perspective, it is

acknowledged that more datasets need to be included to investigate the proposed method’s

performance thoroughly. It is of great value to include the datasets from the different areas

with various classes, features, samples and sample distributions.

One option is to generate synthetic datasets for evaluation. However, since the meta-

learning process was performed on a large number of synthetic data, evaluation on the

synthetic datasets with similar characteristics may result in over-optimistic results. On

the other hand, more real-world datasets could be used to evaluate the proposed method’s

performance better. Because collecting and applying those real-world datasets are time-

consuming, more evaluation will be performed in future work. Moreover, the code and

trained model are freely available to encourage further development and evaluation on more

datasets by the research community.

Another potential experiment is to add the ensemble learning method developed in

Chapter 5 into the meta-learning framework. However, based on the experimental results

from Chapter 5, the proposed ensemble method is able to achieve the best performance on

almost all the testing datasets. Hence, it becomes unnecessary to utilize a meta-learning

process to select the best FS method, which is known to be the ensemble learning method

in most cases. On the other hand, on account that the ensemble learning method is time-

consuming, it would take a long time to run during the training process. Therefore, ensemble

learning has not been applied within the meta-learning approach in this research. The

meta-learning and ensemble learning methods are treated as two alternative solutions for FS.

In addition, the fuzzy similarity-based classifier is utilized in this chapter, as it was used

in previous chapters. The performance may also depend on the selection of the classifier.
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However, the proposed meta-learning is a generic framework, indicating that other linear or

non-linear classifiers could be used. More comparisons could be performed in future work.

As for the computational cost, the proposed method has not led to a significantly longer

overall execution time, which indicates high computational efficiency. Apart from the

very time-critical situations, the proposed method can be widely used and applied. Rather

than randomly choosing one FS method, the pre-selection process using the meta-learning

framework can produce a good performance with a minimal additional computational burden.

It becomes an attractive potential method to be used when a wide variety of candidate

algorithms are considered.

6.4 Summary

This chapter proposed a meta-learning method to recommend the most suitable FS method

from four candidate algorithms. By using the data synthesis technique in constructing the

training data repository, a new solution is developed within the data augmentation-based meta-

learning method category, as introduced in Section 2.4.4. Instead of employing real-world

datasets during the meta-learning process, 1000 different synthetic datasets were generated

to form the training data repository. A practical training data repository that consists of ten

datasets was used to tune the generation procedures’ parameters. Six meta-features were

extracted from the synthetic training data repository. The performance of the FS methods was

measured using the multi-criteria measurement introduced in Chapter 4. A fuzzy similarity

measure-based framework from Chapter 3 was applied to train a classification model based

on the generated meta datasets. The proposed method has successfully recommended the FS

method with the highest performance on six datasets by evaluating the proposed method on

ten independent testing datasets from real-world applications. The performance is better than

any of the individual FS methods. Besides, the proposed method is computationally efficient

with little additional time cost to the FS process.





Chapter 7

Conclusions

This chapter concludes the thesis by summarising the main points and research outcomes.

Further, this chapter presents a discussion concerning potential limitations and outlines some

avenues for future work.

7.1 Thesis Summary

As stated in Chapter 1, the essential research aim of this thesis is to explore solutions for

a better understanding of feature importance that represents the inherent characteristics of

diverse datasets well and achieves good performance as assessed from a more comprehensive

perspective that just performance alone. The objectives are identified as follows.

1. Explore a ranking-based FS method that incorporates fuzzy theory to handle the various

uncertainties that may be present, thereby producing good predictive performance.

In the popular fuzzy entropy-based FS framework proposed by Luukka, the origi-

nal framework consists of three fundamental components: ideal vector calculation,

similarity measurement, and fuzzy entropy calculation. Different measures and func-

tions were introduced in the framework, and the various performance evaluated. This
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novel comprehensive comparison of components, whilst not conclusive, provided

valuable insights into the use of fuzzy components and how they might be used in later

developments.

2. Review the existing performance evaluation metrics for FS method comparison and

propose new metrics if supplementary to the existing methods.

This objective led to a fundamental evaluation of various performance metrics that

may be utilized to provide a more comprehensive overall picture of how different

FS methods compare, taking into account robustness and stability, in addition to the

standard assessment of performance.

3. Develop an ensemble learning framework that combines different FS methods to

achieve better feature ranking.

An ensemble learning method was developed to seek better performance. By aggregat-

ing the output of several base FS algorithms, the ensemble FS method was intended to

better assess the importance of each feature, thereby achieving comprehensively good

performance.

4. As an alternative to this ensemble learning framework, develop an FS recommendation

framework to suggest a suitable FS method for a given dataset. In order to overcome

the data scarcity problem, the feasibility of using synthesized data for training a meta-

learning framework to achieve feature ranking is also investigated and evaluated on

various real datasets.

There are a large number of FS methods. It is impossible to conclude the optimal

FS method in the sense of providing the best performance for all kinds of data. The

relationship between the data and the corresponding performance of the various FS

methods available is unclear. Besides, many FS methods suffer from data scarcity

within the training process, resulting in poor generalization when being applied to a
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new dataset. This experimentation suggested that a valuable and interesting problem

would be to try to identify the most suitable FS method for any unseen dataset.

Chapter 2 reviewed background material and existing literature in four separate sections:

FS methods, fuzzy theory, ensemble learning and meta-learning. FS methods aim to dis-

cover the minimal feature subset to represent the original data with different procedures and

approaches. The use of FS methods leads to many benefits in real-world applications. Never-

theless, the presence of noise and uncertainty is arguably inevitable in practice. Therefore,

the fuzzy theory was considered as a unified framework to model the vagueness, imprecision,

and uncertainty present in this context. By providing a brief review of fuzzy sets, fuzzy

entropy, fuzzy similarity, and fuzzy systems, standard notations and definitions within fuzzy

theory were established. Furthermore, this chapter reviewed the commonly used ensemble

learning and meta-learning from the literature to understand the feature importance better,

and to develop a better understanding of combination methods for FS, together with other

potential approaches to recommendation frameworks. Their background, techniques and

main issues are introduced and discussed afterwards.

Chapter 3 investigated a fuzzy entropy-based FS method of Luukka’s framework on three

widely used public datasets. Different methods were implemented and compared in each

framework’s key components with three ideal vector calculations, three maximal similarity

classifiers, and three fuzzy entropy functions. Based on the experimental results, the optimal

method was selected using the geometric method for ideal vector calculation (p = 2), the

geometric method for similarity classifier (p = 2), and Luca’s method for fuzzy entropy

calculation. Compared with the other six classical filter-based FS algorithms, the selected

method produced a reasonably good performance. This chapter inspired selecting the best

combinations in the FS framework, which led to the meta-learning method in Chapter 6.

Besides, the introduced fuzzy similarity-based classification method was later applied as the

downstream decision-making method used in Chapter 6.
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In Chapter 4, after reviewing the existing performance evaluation metrics for the com-

parison of alternative FS methods, several evaluation metrics were proposed to take into

account the various aspects of accuracy, robustness, and stability, together with a mechanism

to combine them into an overall multi-criteria evaluation. The general calculation procedures

for each proposed evaluation method were presented, together with a set of experiments

to demonstrate their effectiveness. This chapter also introduced a multi-criteria evaluation

method using the concept of radar charts to comprehensively measure the performance of FS

algorithms in a user-accessible manner.

In Chapter 5, an ensemble learning framework was proposed to combine the FS results.

The framework consists of three main steps: distribution generation of feature importance,

distribution ensemble using aggregation methods, and defuzzification for feature ranking.

Different distribution generation and aggregation methods were implemented for the ensem-

ble learning and decision-making process. Ten public datasets were used as the training data

repository for methods tuning. Another ten datasets were utilized as the testing data repos-

itory for independent performance testing. The optimal combination was selected for the

score, rank, and fuzzy-based approaches, respectively. Subsequently, the proposed methods

were evaluated on the testing data repository for performance analysis and comparison.

Chapter 6 addressed the last objective by developing an FS recommendation framework.

A meta-learning method was proposed to recommend the most suitable FS algorithms from

the candidate ones. Rather than utilize real-world datasets for training, 1000 synthetic

datasets were generated as the training data repository. A practical training data repository

that consists of ten datasets was used for parameter tuning in the generation procedures.

Six meta-features were extracted afterwards. By utilizing the comprehensive performance

framework introduced in Chapter 4 as the meta label and the fuzzy similarity measure-based

method in Chapter 3 as the classifier, the proposed method successfully recommends the best

FS method on six out of ten datasets with a reasonably high computational efficiency.
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7.2 Contributions

The key contributions of this thesis are summarized in this section.

1. Optimized method of a fuzzy entropy-based FS and classification framework

Chapter 3 investigates a fuzzy entropy-based FS method with different ideal vector

calculations, maximal similarity classifiers, and fuzzy entropy functions. Based on the

experimental results, the optimized method is found to be based on the geometric method

for ideal vector calculation (p = 2), the geometric method for similarity classifier (p = 2),

and Luca’s method for fuzzy entropy calculation. This chapter also concludes that the FS

approach that eliminates the feature with the lowest entropy value each time produces better

performance.

2. New evaluation methods on the aspects of accuracy, robustness, and multi-criteria

performance

Various measures are used to evaluate the FS results in the literature on accuracy and

stability. However, those measures could not comprehensively evaluate the performance

of the various FS methods in a comprehensive manner. Furthermore, the robustness of FS

techniques is a consideration that has received relatively little attention in the past.

Chapter 4 has proposed several new metrics to evaluate FS results on the accuracy, robust-

ness, and multi-criteria performance. For the individual evaluation metrics such as accuracy

and robustness, a higher weight was assigned to the evaluation values with more important

features. Based on the experiments, those measurements are more reasonable and sensitive

than the commonly used evaluation metrics, such as the mean and maximum. Besides, the

proposed evaluation method on multi-criteria performance provides a comprehensive view of

FS methods. A radar chart that incorporates the various aspects has been utilized to represent

and visualize the comprehensive performance.



180 Conclusions

The evaluation methods are utilized to compare FS methods in Chapters 5 and 6. More-

over, those measurements are also used in a set of papers published in the FUZZ-IEEE

conferences [188, 189].

3. An ensemble learning framework for aggregating FS methods

In the literature, ensemble FS methods are generally categorised into homogeneous and

heterogeneous approaches. Chapter 5 proposes a novel ensemble learning framework that

simultaneously incorporates homogeneous and heterogeneous approaches. It consists of

three main steps: distribution generation of feature importance, distribution ensemble using

aggregation methods, and defuzzification for feature ranking. The distributions of feature

importance are generated using score, rank, and fuzzy-based approaches. Different aggre-

gation methods are implemented, including weighted combination and fuzzy aggregation

methods. After the method tuning process using ten real-world datasets, the optimal FS com-

binations were chosen based upon the score, rank, and fuzzy-based approach. The methods

which utilize standard deviation as the ‘distribution index’ and ‘one minus weights’ as the

weighting scheme produce the best performance for both score and rank-based approaches.

The rank-based approach produces better performance than the score-based approach, which

may introduce biases when integrating the feature scores from different FS methods. The

fuzzy-based approach with a drastic sum S-norm produces the highest performance on the

testing data repository, even compared with the other state-of-the-art FS methods.

4. A meta learning framework based on data synthesis

The meta-learning process learns the knowledge from a data repository in this research.

As introduced in Section 2.4.3, the data repository construction becomes a fundamental

issue. Collecting various datasets from real-world applications is a time-consuming process

and customarily restricted by ethical issues, especially in the biomedical area. From the

literature, various real-world data sources may need different types of consent, such as
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informed consent, broad consent and implied consent [54, 202], which therefore decrease

the availability of those datasets.

A training data repository was constructed to cover a variety of characteristics using data

synthesis. The Madelon dataset was chosen based on its high flexibility and variability. It

can be generated from an empty matrix by gradually adding useful, redundant, repeated, and

useless features. This chapter constructs a training data repository with ten public datasets

for parameter tuning in the synthetic training datasets. Therefore, the synthetic training data

repository can generate a broader distribution of meta-features and nearly equally distributed

meta labels. Besides, there are many parameters and steps to construct the synthetic datasets.

Different synthetic datasets can be composed in the training phase by changing the parameter

values, including or excluding the specific generation steps.

7.3 Limitations

The limitations of the work in this thesis are discussed in this section.

1. Performance optimization of the fuzzy entropy based FS framework

Chapter 3 remains a very early work in this thesis with some shortcomings and limitations

which could be further improved in the future. The experiments were implemented only on

three real-world datasets, which is insufficient to cover the datasets with different numbers of

classes, features, samples, and sample distributions. Besides, the performance comparison

process focuses on classification accuracy using the metrics, such as the highest achieved

accuracy. The evaluation methods proposed in Chapter 4 have not been utilized and applied

here. Furthermore, the evaluation results of this chapter are also not straightforward compared

with those in Chapters 5 and 6.
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2. The comprehensive evaluation method for multi-criteria performance The multi-

criteria evaluation method favours the algorithm which produces a balanced performance

in different aspects. Hence, a method with significantly higher performance on one aspect

may not stand out by the multi-criteria performance. Using radar charts is also sensitive to

the order of the coordinating axes when the number of the evaluation aspects is more than 3.

This issue would need in-depth exploration, if the concept of multi-criteria radar charts was

to be developed further.

Besides, it should be emphasized that the proposed evaluation metrics cannot be applied

to the methods without generating a feature ranking. The weighted accuracy, robustness

and multi-criteria performance measures are applied with the prerequisites that the feature

ranking sequences are constructed.

On the other hand, in Section 4.6, only three real-world datasets have been used for

the demonstration of the multi-criteria performance. Four state-of-the-art FS methods are

utilized with kNN as the classifier and Spearman’s rank correlation coefficient as the similarity

measurement. Nevertheless, those choices do not sufficiently represent the wide range of

potential different real-world situations. This experimentation still needs to be significantly

expanded to thoroughly investigate the utility of the proposed normalized area measure.

3. The computational cost of ensemble learning framework

In Chapter 5, the ensemble learning method is rather time-consuming because of the

bootstrap aggregation process. Even though the base selectors are chosen from the filter

FS approaches, well-known for their high computational efficiency, the overall ensemble

learning process still significantly increases the computational time. The running time of

ensemble learning is proportional to the number of bootstraps. Many bagging processes are

needed to describe feature importance distributions accurately, which inevitably will lead to

an increase in computational cost.
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4. The performance of meta learning framework

Firstly, it can be seen that the distributions of meta features generated in the synthetic

training data repository could not fully and perfectly cover the value range of those found in

the practical training data repository. The synthetic dataset holds a slightly smaller range than

the practical datasets in respect of the different meta-features. It may prevent the proposed

method from achieving the best performance. Besides, whether these features are sufficient

for determining the best FS method still remains ambiguous. More research needs to be

applied on whether enough information has been encoded within the datasets to allow the

proper selection of the best FS method. More efforts also need to be made to generate

synthetic datasets which are more similar to the real ones.

Secondly, the meta label is generated within the meta-learning framework to represent the

FS method with the best performance. This option probably leads it to be overly restrictive.

Nevertheless, it is worth noting that when an FS method is second-best for all the datasets, it

is still a good choice but would not feature in the meta-data as a possible choice. Therefore,

it would make more sense to make this into a multi-label problem and be able to recommend

more than one method.

Thirdly, only four FS methods have been chosen as the representative algorithms from

different ranking-based filter FS categories. The number of FS methods in the experiment

thus remains quite limited. More FS algorithms could be included by principle. Therefore, to

sum up, these aspects indicate that the results in Chapter 6 are still provisional and need to

be further explored in the future, especially if the approach is to be more widely used.

7.4 Future Work

This section presents some potential new directions and future work based on this thesis.

1. Further investigation on the fuzzy entropy based FS framework
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In Chapter 3, the fuzzy entropy-based FS methods need to be further evaluated on an

extensive number of datasets with different classes, features, samples, and sample distribu-

tions. Various datasets should be included for the performance evaluation and comparison,

such as different real-world or even synthetic datasets. Besides, the performance comparison

process can be enhanced using the proposed evaluation methods from Chapter 4. The fuzzy

entropy-based FS methods should be evaluated comprehensively using the proposed weighted

accuracy, robustness and even multi-criteria performance.

2. Further investigation on the proposed evaluation metrics

In Chapter 4, the comprehensive and statistical properties of the proposed measurements

need to be thoroughly investigated. In the future, more FS methods from various cate-

gories should be experimented upon utilizing a large volume of datasets using the proposed

evaluation methods. More datasets with different classes, features, samples, and sample

distributions, such as real-world and synthetic datasets, need to be included. It would help

establish a comprehensive view of the FS methods, which could enhance the FS method

selection in future research.

3. Further investigation on the ensemble learning framework

The research in Chapter 5 can be explored and investigated to further improve the

performance of the methods, especially on accuracy. Other aggregation methods from the

score, rank and fuzzy-based approaches could be experimented with and implemented on

more extensive training and testing data repositories. Furthermore, the bootstrap aggregation

process needs to be further accelerated to improve the computational efficiency of the

proposed methods, and thereby reduce their computational cost.

4. Further investigation on the meta learning framework
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The overall performance of the meta-learning frameworks in Chapter 6 can be further

improved with the following procedures. Firstly, more extensive and diverse synthetic

datasets should be generated by including and choosing different steps and parameters in the

Madelon datasets generation process. It would help to build a training data repository with a

broader range of values of the distributions and therefore contribute to the final performance.

As mentioned before, the proliferation of synthetic training data repositories could provide

a broader range of distributions for the meta-features. This work can also use evaluation

metrics to compare the practical and synthetic training data repositories, such as the Wilcoxon

sign rank test, etc. It is of great value to generate the synthetic datasets as naturally as possible

and improve the performance of the meta-learning framework.

Secondly, more meta-features can be included from the literature to comprehensively

evaluate the characteristics of a wider set of datasets, with respect to various aspects such

as skewness, kurtosis, sparsity, Fisher’s discriminant, landmark, etc. Besides, more real-

world datasets in practice or from the literature could be used to evaluate and compare the

performance of the proposed method.

Thirdly, other decision-making methods could be applied instead of utilizing a fuzzy

similarity classifier, such as random forest, support vector machine, etc. Their predictive

performance could be evaluated and compared with the fuzzy similarity classifier. Besides,

other meta-learning frameworks can also be investigated and compared with the proposed

method using the same training and testing data repository.

5. Evaluation on the computational cost using the synthetic datasets

Although the performance of FS methods is investigated thoroughly with respect to

the accuracy, robustness and multi-criteria performance in this thesis, their computational

efficiency properties have not been well studied yet. The characteristics of the computa-

tional cost in various FS methods from different categories are still unclear. One possible

underlying problem in measuring the computational cost is that the running time of different
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FS methods depends on the experimental datasets. Their inherent characteristics could also

affect computational performance, such as the number of samples, features, classes, etc.

A set of synthetic datasets could be generated for performance evaluation and comparison

to understand their relationship better. For example, to investigate how the performance

scales according to the sample size, the synthetic datasets can be generated by increasing the

number of samples in a controlled manner. Therefore, an in-depth study can be introduced to

analyze the performance.
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