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Abstract

In this thesis, we analyse massless fermion creation by time-dependent bound-

aries in (1 + 1)-dimensional flat spacetimes. We consider two distinct senses in

which the boundaries are said to be time-dependent. On one hand, we study a

boundary which remains at rest with respect to a family of inertial observers

but imposes a time-dependent boundary condition. On the other hand, we

study a boundary that moves along a timelike trajectory while imposing a time-

independent boundary condition, that is the MIT bag boundary condition. In

both cases, we calculate the stress-energy tensor of the spinor field describing

the fermions, renormalised via the point-splitting method, and the response of

an inertial Unruh-DeWitt detector coupled linearly to the scalar density of the

field. Throughout our analysis, we compare our results to those readily available

in the literature for a massless scalar field in similar settings.

In the motionless evolving wall analysis, we first consider a wall that imposes

a generic boundary condition parametrised by four arbitrary time-dependent

functions. Some of the boundary conditions may be interpreted as arising from

a combination of idealised scalar and electric potentials. We find that the wall

generates an energy burst of finite magnitude when the evolution is smooth.

The response of an inertial detector passing through the generated energy burst

is also finite. We then analyse an evolving wall that simulates the creation or

demolition of a wall that imposes a double-sided MIT bag boundary condition.

In the limit of rapid MIT wall creation or demolition, the energy burst displays a

delta function squared divergence but, within first order perturbation theory, the

detector response diverges only logarithmically in the duration of wall evolution.

The results add to the evidence that a localised matter system may not be as
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sensitive to the divergence in local expectation values of field observables such

as the stress-energy tensor.

In the moving wall analysis, we first consider a wall that moves along an

arbitrary timelike trajectory. We find that the stress-energy tensor of the field

is identical to that of a massless scalar field in the moving mirror spacetime. By

contrast, we find that the transition rate of an inertial Unruh-DeWitt detector

coupled linearly to the scalar density of the spinor field is generically different

from that of a detector coupled linearly to a scalar field or its derivative. Hence,

an observer examining just the stress-energy tensor sees no difference between a

fermion and a boson, neither at late times nor early, while an observer equipped

with an Unruh-DeWitt detector will generically be able to distinguish fermions

from bosons. We then analyse a wall trajectory for which a mirror scattering a

scalar field following the same trajectory is known to emit thermal radiation in

the far future. We find that the late time transition rate of the fermionic detector

is proportional to the Helmholtz free energy density of a fermionic thermal bath,

hence showing a clear sign of Fermi-Dirac statistics, with no counterpart in the

response of a scalar detector.
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Chapter 1

Introduction

At the fundamental level, our current understanding of the physical world is

based on two disunited theories: quantum field theory and general relativity.

The former describes known elementary particles, such as electrons and quarks,

and three out of four known fundamental forces in the universe, namely the

electromagnetic force, the weak nuclear force and the strong nuclear force. The

latter, on the other hand, describes spacetime itself and encodes gravity as the

spacetime curvature.

Despite much effort that has been put into quantising gravity over the last

century, no satisfactory complete theory of quantum gravity has been found to

date. A major reason for this lack of success is the lack of verifiable prediction.

Quantum gravity effects are expected to be significant on the Planck scale char-

acterised by the Planck energy (~c5/G)
1
2 ≈ 1.221 × 1019 GeV, the Planck time

(~G/c5)
1
2 ≈ 5.391× 10−44 s and the Planck length (~G/c3)

1
2 ≈ 1.616× 10−33 cm.

Needless to say, designing an experiment to probe such a scale is not an easy

task. Even the Large Hadron Collider, which collides protons on an energy scale

of TeV, is nowhere near the regime of interest.

Taking a step back, the framework of quantum field theory in curved spacetime

[1–6] explores the behaviour of matter and non-gravitational forces, modelled

as quantum fields, in a curved spacetime, modelled by general relativity. It is

1
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expected that this framework is applicable in the regime where classical aspects

of gravity play an important role but its quantum nature is negligible. The early

universe, sufficiently long after the big bang so that quantum gravity effects may

be ignored, and the vicinity of a black hole whose Schwarzschild radius is bigger

than the Planck length are examples of such a regime.

In the 1960’s, Parker adopted this point of view and found that particles

were created out of the vacuum in an expanding universe [7–9]. The effect,

although predicted to be too small to be measured with present technologies,

provides a mechanism that could explain the origin of the large scale structure of

the universe. Later, in 1975, Hawking considered a spacetime describing a star

undergoing gravitational collapse to form a black hole [10]. He discovered that

an observer far away from the star will see, in the far future, thermal radiation

of particles with temperature TBH = ~κ/(2πckB), where ~ is the reduced Planck

constant, κ is the surface gravity of the black hole, c is the speed of light and

kB is the Boltzmann constant. Since this is a late time phenomenon, Hawking

interpreted that the radiation originates from the black hole. This led to the

conclusion that black holes radiate, lose mass and shrink when quantum effects

are taken into account, contradicting the common wisdom of the time that black

holes do not radiate.

On one hand, the discovery that black holes emit thermal particles com-

plements Bekenstein’s earlier proposals that black holes should have physical

entropy and temperature [11] and that a universe with black holes obey a gener-

alised second law of thermodynamics [12]. On the other hand, the discovery that

black holes lose mass and shrink leads to a new puzzle. While the elusive full

theory of quantum gravity is required to explain the endpoint of such an evap-

oration, one may proceed by assuming that black holes evaporate completely

and study the consequences of such an assumption. Indeed, this is exactly what

Hawking did in [13], where his analysis led to the much debated information loss

paradox [14].
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An issue that curved spacetime quantum field theory put under the spotlight

is the ambiguity in determining the particle content of a state using the conven-

tional definition of a particle, which relies on plane wave mode decomposition

of the field. One way to address the issue is by focusing instead on expectation

values of local covariant quantities such as the stress-energy tensor. In this way,

any discrepancy should only be an artefact and can be resolved by an appro-

priate coordinate transformation. Alternatively, one could resolve the issue by

defining the notion of a particle operationally by means of a particle detector. In

this approach, a localised quantum system — that is, the detector — interacting

with the field in a certain way is what an observer observes. After interacting

with the field for a period of time, the detector will undergo an excitation or a

de-excitation. In the case of an excitation, the field state is said to contain a

certain amount of particle. This pragmatic approach was initiated by Unruh [15]

to clarify Hawking’s result and then later simplified by DeWitt [16].

Recently, there has been an interest in a particle detector that interacts with

fermions [17,18], specifically via a quadratic coupling introduced by Takagi [19].

Of particular interest to us is a result discovered in [18]. For massless fields, it

was found that the response of a detector coupled linearly to the scalar density of

a Dirac field in Minkowski spacetime with d ≥ 1 spatial dimension(s) is propor-

tional to that of a detector coupled linearly to a real bosonic field in a Minkowski

spacetime with 2d+ 1 spatial dimensions. It was also shown, in particular, that

a uniformly accelerating detector registers a Planckian distribution of particles.

These results raise a question on the ability of such a detector to probe features

of a fermionic field and distinguish fermions from bosons.

In this thesis, we study massless fermion creation by time-dependent bound-

aries in 1 + 1 dimensional flat spacetimes. We consider two distinct senses in

which the boundaries are said to be time-dependent. On one hand, we examine

a boundary which is at rest with respect to a family of inertial observers but

imposes a set of time-dependent boundary conditions. On the other hand, we
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examine a moving boundary that imposes a time-independent boundary condi-

tion. We will refer to the former type of boundary as an evolving wall while to

the latter type as a moving wall. In both cases, we are interested in particle

creation from the vacuum. Therefore, in Heisenberg picture, we assume that

the spinor field describing the fermions is in a state corresponding to the early

time vacuum. We first calculate the renormalised expectation value of the field’s

stress-energy tensor to clarify the flow of energy in the system considered. Then,

we analyse the response of an Unruh-DeWitt detector coupled to the scalar den-

sity of the field. For simplicity and to isolate the time-dependent effects of the

boundary, we focus only on a static detector.

Before proceeding, let us review some motivations for studying time-dependent

boundaries in flat spacetime quantum field theory. On one hand, this area of

study is interesting in its own right. In 1948, Casimir considered a situation

where two neutral conducting plates are placed in parallel to each other, sepa-

rated by a distance d, in the presence of a quantised electromagnetic field in the

vacuum state [20]. The plates put a constraint on the allowed quantum modes

within the cavity, inducing a finite shift in the vacuum energy of the system as

compared to the situation without any plate. As a consequence of the finite shift

in energy, Casimir predicted that each plate will experience an attractive force

per unit area with a magnitude proportional to d−4 towards each other. After an

inconclusive early experiment by Sparnaay in 1958 [21], experiments carried out

in later years confirmed Casimir’s prediction with increasing precision [22–24].

The situation gets more interesting when the boundary condition is allowed to

vary in time. Specifically, when the two plates above are set in motion, Moore

predicted, in 1970, that photons can be created from the vacuum [25]. Termed

the dynamical Casimir effect, this phenomenon was experimentally verified for

the first time in 2011 using a superconducting circuit that simulates mechanical

motion by an electrically-modulated boundary condition [26].
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On the other hand, time-dependent boundaries in flat spacetime quantum

field theory provide simple models that have been used time and again to gain in-

sights on complicated phenomena in curved spacetime quantum field theory. The

Davies-Fulling moving mirror model [27,28] is a well-known example. Two years

after Hawking’s discovery of black hole radiation, Davies and Fulling showed that

a moving mirror in 1 + 1 Minkowski spacetime can produce similar thermal ra-

diation provided the mirror follows a trajectory satisfying certain characteristic

behaviour at late times. The similarity provides a strong motivation to study

the simple Davies-Fulling model to gain insights on various aspects of black hole

physics. For selected references, see [29–38]. A mirror trajectory where the Bo-

goliubov coefficients describing particle production are in exact correspondence

with those of a null shell collapse, for instance, is given in [39].

Another example in the context of Hawking radiation is the wall creation

model [40]. In the paper, Brown and Louko revisited the problem of mirror

creation, previously considered by Obadia and Parentani in the context of per-

turbation theory [41], and solved it nonperturbatively for a massless scalar field.

The motivation behind the study was to provide an exactly solvable model of dy-

namical quantum correlation breaking which is the main ingredient in the black

hole firewall argument [42]. In addition to calculation of local energy density,

which was found to be infrared divergent on future lightcones of the creation pro-

cess, Brown and Louko also considered the response of an inertial Unruh-DeWitt

detector passing through the energy burst. Subject to an infrared ambiguity, it

was found that the response remains finite in the sharp creation limit. The re-

sult adds to the evidence that an actual detector coupled to the field may be less

sensitive to divergences in the local energy density [43,44].

Closely related to [40] is the work by Harada, Kinoshita and Miyamoto [45].

In addition to a sudden appearance of a two-sided Dirichlet mirror, the authors

also considered a sudden disappearance of an existing mirror. The two situations

are proposed to mimic a splitting and a merger of spacetime respectively. Even
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though it was found that both a sudden appearance and a sudden disappearance

of a two-sided Dirichlet mirror highly excites the vacuum, resulting in an infinitely

strong flux of outgoing energy, the former seems to be more singular due to the

existence of a term proportional to the delta distribution squared.

In Chapter 2, we begin with a review of fermions in 1+1 Minkowski spacetime.

Then, we introduce and review the notion of Unruh-DeWitt particle detector.

We discuss, in particular, the technical difficulties that arise in dealing with a

detector that couples quadratically to the field.

In Chapter 3, we consider a non-moving time-dependent four-parameter wall

that imposes a particular self-adjointness boundary condition at any instance

of time for a massless spinor field. Some of the boundary conditions can be

interpreted as arising from idealised non-local separable potential [46] with time-

dependent strength. Our main results concern the local energy flow due to the

wall’s time evolution and the response of an inertial Unruh-DeWitt detector

coupled linearly to the scalar density of the field [17–19].

We find that the renormalised stress-energy tensor of the field contains at

most first derivatives of the parameters characterising the wall. Thus, if the wall

evolves smoothly, the energy burst is finite and non-vanishing. For the detector

response, we find that all four parameters simply redefine the switching function

of the detector. Roughly speaking, the response to a general time-dependent four-

parameter wall can be expressed as a sum of the response to a static impermeable

wall. In each term of the sum, the switching function is substituted by a specific

modified switching function involving some of the wall parameters. As a result,

consistent with the local energy flow, the probability of the detector to be excited

as it passes through the energy burst emitted by the wall is also finite (within

first order perturbation theory).

For concreteness and to allow comparison with the scalar field analysis [40,45],

we consider the appearance and disappearance, both rapidly and smoothly, of

an impermeable wall that imposes MIT bag boundary conditions [47] on each
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side. We find that the results display striking differences from those for a scalar

field, particularly in the stress-energy tensor, but share common features in the

response of a particle detector.

The energy burst from the wall is finite for any smoothly appearing and

disappearing wall without any infrared ambiguity. The expression of the local

energy density takes the same form in the two situations. In particular, there

is no extra term that arises only in one of the situations. In the rapid process

limit, the local energy density displays a delta distribution squared divergence.

However, since there is no additional infrared divergent pre-factor, the energy

density divergence can be said to be weaker than that of a wall creation for a

scalar field. The total energy injected into the field diverges at least as fast as δ−1

where δ is the duration of wall evolution. The exact rate of divergence depends

on how the limit δ → 0 is taken. In some cases, we show that the divergence is

as fast as Kδ−1 for some constant K.

The response of a particle detector for either a scalar or a spinor field is

finite when the wall is created smoothly. In the limit of rapid creation, the

response function diverges only logarithmically in the duration of wall evolution,

similar to that observed in [40]. This further adds to the evidence that an actual

local detector coupled to the field may be less sensitive to divergences in the

local energy density. For either field, the divergent term comes solely from the

moment at which the particle detector crosses the pulse of energy emitted by the

suddenly appearing wall. For a spinor field, all the results mentioned also hold

for a wall demolition.

In Chapter 4, we analyse the moving wall model for a massless spinor field.

Our aim is to discern what a local observer would observe, particularly when the

wall follows a trajectory that would produce thermal radiation at late times. To

this end, we focus on two local observables, namely the renormalised stress-energy

tensor of the field, which encodes the flow of energy, and the transition rate of an

Unruh-DeWitt detector coupled linearly to the scalar density of the field [17,18].
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The latter is of special interest following Louko and Toussaint’s aforementioned

result [18], which shows that the response of such a detector contains a Planck

factor instead of a Fermi-Dirac factor when undergoing a uniform acceleration

in Minkowski spacetime.

When the field is in the early time vacuum state, we find that the renormalised

stress-energy tensor for an arbitrary smooth timelike wall trajectory is identical

to that of a massless scalar field at all times [1, 28, 48]. This implies that an

observer will not be able to distinguish fermions from bosons by examining only

the flow of energy. On the contrary, an observer using an Unruh-DeWitt detector

will generically be able to distinguish fermions from bosons. For concreteness,

we consider a trajectory for which a mirror reflecting a scalar field is known to

emit thermal radiation in the far future [49,50]. For the wall reflecting a fermion

field, we find that the detector’s late time transition rate is proportional to the

Helmholtz free energy density of fermions in a thermal bath, hence showing a

clear sign of Fermi-Dirac statistics.

In Chapter 5, we summarise our results and discuss the limitations of our

analysis that could be a source of ideas for future projects.

We emphasise here that we are analysing a massless fermionic field. As such,

one should have in mind massless neutrinos instead of photons. This means, in

particular, that the totally reflecting, impermeable boundary that we consider

in this thesis is not a conventional real-world mirror that reflects photons while

being virtually invisible to a stream of neutrinos. To keep the readers reminded,

we use the phrase “wall” instead of “mirror” to describe the physical boundary.

We also note here that, aside from the no-wall boundary condition, almost all

other boundary conditions that appear in this thesis are purely mathematical.

The only other physical boundary condition is the MIT bag boundary condition

[47] used to model the totally reflecting, impermeable wall. It has its origin

in the study of hadrons and quark confinement at the phenomenological level.
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However, we are not aware of any laboratory setting that could emulate the

boundary condition.

We use an asterisk ∗ for complex conjugation. O(x) denotes a quantity such

that O(x)/x remains bounded as x→ 0, O∞(x) denotes a quantity that goes to

zero faster than any positive power of x as x→ 0 and o(1) indicates a quantity

that vanishes in the limit considered. Our metric signature is (+,−) and we

adopt units in which ~ = c = kB = 1 throughout the analysis. We also adopt

the Einstein summation convention where repeated indices are summed over.



Chapter 2

Fermions and Particle Detector

In this chapter, we review some aspects of a massless spinor field in 1 + 1

Minkowski spacetime and the response of an Unruh-DeWitt particle detector

[15, 16] which interacts with the field via a coupling to the field’s scalar den-

sity [17–19]. We discuss, in particular, the technical difficulties that arise with

the chosen coupling.

2.1 Fermions in Minkowski Spacetime

2.1.1 Quantum Spinor Field

Consider a (1 + 1)-dimensional Minkowski spacetime, in the standard global

coordinates xµ = (t, z) and the metric ηµν = diag(1,−1). Null coordinates

u := t − z and v := t + z are defined as per usual. Massless fermions in this

spacetime are described by a two-component spinor field ψ(t, z), obeying the

Dirac equation

iγµ∂µψ = 0, (2.1.1)

where γµ are the Dirac gamma matrices satisfying {γµ, γν} = 2ηµνI, where I is

the identity matrix. In what follows, note that we will use ψ(u, v) as a shorthand

10
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for ψ(t(u, v), z(u, v)). The Dirac inner product (ψ1, ψ2) between any two solutions

ψ1 and ψ2 of the Dirac equation (2.1.1), evaluated on a constant t hypersurface,

is given by

(ψ1, ψ2) =

∫ ∞
−∞

[ψ1(t, z)]†ψ2(t, z) dz . (2.1.2)

Following the convention of [51, 52], we introduce a spinor basis {U+, U−} that

is orthonormal, in the sense that U †+U− = U †−U+ = 0 and U †+U+ = U †−U− = 1,

and satisfies

γ0γ1U± = ±U±, γ0U± = U∓. (2.1.3)

We denote the coefficients of U+ and U− in ψ(t, z) with ψ+(t, z) and ψ−(t, z)

respectively so that ψ(t, z) = ψ+(t, z)U+ + ψ−(t, z)U−.

The Dirac equation (2.1.1) implies that ψ+(t, z) is an arbitrary function of u

while ψ−(t, z) is an arbitrary function of v. Hence, ψ+(t, z)U+ and ψ−(t, z)U− are

the right-moving and left-moving components of ψ(t, z) respectively. A complete

set of plane wave mode solutions, normalised so that (ψσ,k, ψσ′,k′) = δσσ′δ(k−k′),

is given by

ψr,k =
1√
2π
e−ikuU+, (2.1.4)

ψl,k =
1√
2π
e−ikvU−, (2.1.5)

where k ∈ R \ {0}. The subscript r or l reminds us whether the solution is a

right-mover or a left-mover. The field ψ(t, z) can then be expanded as

ψ(t, z) =

∫ ∞
0

(
ar,kψr,k + al,kψl,k + b†r,kψr,−k + b†l,kψl,−k

)
dk . (2.1.6)
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To quantise the field, we promote ψ(t, z) to an operator and impose the

equal-time anticommutation relations

{ψa(t, z), ψb(t, z′)} = {ψ†a(t, z), ψ
†
b(t, z

′)} = 0, (2.1.7)

{ψa(t, z), ψ†b(t, z
′)} = δabδ(z − z′). (2.1.8)

This is equivalent to promoting the coefficients ar,k, al,k, br,k, bl,k and their her-

mitian conjugates, respectively, to a set of annihilation and creation operators,

with non-vanishing anti-commutators

{aσ,k, a†σ′,k′} = {bσ,k, b†σ′,k′} = δσσ′δ(k − k′), (2.1.9)

where k, k′ > 0. The annihilation operators define the standard Minkowski

vacuum state |0M〉, which satisfies

ar,k |0M〉 = al,k |0M〉 = br,k |0M〉 = bl,k |0M〉 = 0 for k > 0, (2.1.10)

and is normalised to 〈0M|0M〉 = 1.

2.1.2 Field Propagators

In the convention of [18, 19], the positive and negative frequency propagators of

ψ(t, z) are defined as

S+
ab(u, v;u′, v′) := 〈0M|ψa(u, v)ψb(u

′, v′) |0M〉 , (2.1.11)

S−ab(u, v;u′, v′) := 〈0M|ψb(u′, v′)ψa(u, v) |0M〉 , (2.1.12)

respectively, where ψ = ψ†γ0 is the Dirac conjugate of ψ. Substituting the

general solution (2.1.6) and using (2.1.4) – (2.1.5) as well as (2.1.10), we obtain
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that

S+
ab(u, v;u′, v′) =

∫ ∞
0

dk

2π

(
e−ik(u−u′)U+,aU

†
+,c + e−ik(v−v′)U−,aU

†
−,c

)
γ0
cb, (2.1.13)

S−ab(u, v;u′, v′) =

∫ ∞
0

dk

2π

(
eik(u−u′)U+,aU

†
+,c + eik(v−v′)U−,aU

†
−,c

)
γ0
cb, (2.1.14)

where U±,i is the i-th component of a 2 × 1 matrix representation of U±, U †±,j

is the j-th component of a 1 × 2 matrix representation of U †± and γ0
ij is the

(i, j) entry of a 2 × 2 matrix representation of γ0. We interpret S+
ab and S−ab as

distributions in the sense of ε→ 0+ via the prescription

∫ ∞
0

dp e±ipz → lim
ε→0+

∫ ∞
0

dp e±ipz−pε = lim
ε→0+

±i
z ± iε

. (2.1.15)

This gives us

S+
ab(u, v;u′, v′) = − i

2π

1

u− u′ − iε
U+,aU

†
+,cγ

0
cb −

i

2π

1

v − v′ − iε
U−,aU

†
−,cγ

0
cb,

(2.1.16)

S−ab(u, v;u′, v′) =
i

2π

1

u− u′ + iε
U+,aU

†
+,cγ

0
cb +

i

2π

1

v − v′ + iε
U−,aU

†
−,cγ

0
cb,

(2.1.17)

where the limit ε→ 0+ is implicitly implied. Note that in the case of a spacetime

without boundary here, the prescription (2.1.15) is equivalent to the commonly

used regularisation t− t′ → t− t′ − iε.

2.1.3 Stress-Energy Tensor

The stress-energy tensor of a Dirac field is given by [1]

Tµν =
i

2

[
ψγ(µ∂ν)ψ − (∂(µψ)γν)ψ

]
, (2.1.18)



2.1. Fermions in Minkowski Spacetime 14

where γµ := ηµνγ
ν and A(µν) := (Aµν + Aνµ)/2 denotes the symmetric part of a

tensor Aµν . Using (2.1.4), (2.1.5), (2.1.6) and (2.1.10), we obtain the components

of the vacuum expectation value 〈Tµν〉M ≡ 〈0M|Tµν |0M〉, which are given by

〈Ttt〉M = 〈Tzz〉M = −2

∫ ∞
0

k

2π
dk , (2.1.19)

〈Ttz〉M = 〈Tzt〉M = 0. (2.1.20)

Clearly, some of the components are divergent. This is the well-known divergence

attributed to the fact that each mode, particularly the ultraviolet modes, has a

non-vanishing contribution to the vacuum expectation value 〈Tµν〉M. In non-

gravitational settings, however, only energy differences can be measured. Hence,

this infinite vacuum energy density is subtracted away to obtain a renormalised

expectation value of the stress-energy tensor.

We shall adopt the point-split renormalisation method [1]. In this method,

one starts by point-splitting the stress-energy tensor Tµν so that

Tµν(t, z) = lim
t′,z′→t,z

i

2

[
ψ(t, z)γ(µ∂

′
ν)ψ(t′, z′)− (∂(µψ(t, z))γν)ψ(t′, z′)

]
, (2.1.21)

where the prime in ∂′ν indicates a derivative with respect to t′ and z′, as opposed

to t and z. Using (2.1.6), (2.1.9), (2.1.10) and (2.1.12), we can formally express

the components of 〈Tµν〉M as

〈Ttt〉M = lim
u′,v′→u,v

i

2

[
∂uF (u, v;u′, v′) + ∂vF (u, v;u′, v′)

]
, (2.1.22)

〈Tzz〉M = lim
u′,v′→u,v

i

2

[
∂uG(u, v;u′, v′)− ∂vG(u, v;u′, v′)

]
, (2.1.23)

〈Ttz〉M = 〈Tzt〉M = lim
u′,v′→u,v

i

4

[
− ∂uF (u, v;u′, v′) + ∂vF (u, v;u′, v′)

− ∂uG(u, v;u′, v′)− ∂vG(u, v;u′, v′)
]
, (2.1.24)
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where

F (u, v;u′, v′) := Tr
{
S−(u, v;u′, v′)γ0

}
− Tr

{
S−(u′, v′;u, v)γ0

}
, (2.1.25)

G(u, v;u′, v′) := Tr
{
S−(u, v;u′, v′)γ1

}
− Tr

{
S−(u′, v′;u, v)γ1

}
. (2.1.26)

Substituting (2.1.17) into (2.1.25) and (2.1.26), we obtain

〈Ttt〉M = 〈Tzz〉M = lim
u′,v′→u,v

1

4π

[
1

(u− u′ + iε)2
+

1

(u− u′ − iε)2

+
1

(v − v′ + iε)2
+

1

(v − v′ − iε)2

]
, (2.1.27)

〈Ttz〉M = 〈Tzt〉M = lim
u′,v′→u,v

1

4π

[
− 1

(u− u′ + iε)2
− 1

(u− u′ − iε)2

+
1

(v − v′ + iε)2
+

1

(v − v′ − iε)2

]
, (2.1.28)

where the limit ε→ 0+ is again implicitly implied.

Suppose that we are interested in the renormalised expectation value of the

stress-energy tensor when the field is in the state |Ψ〉, that is 〈Ψ|Tµν |Ψ〉ren. Its

components are defined by subtracting the corresponding Minkowski vacuum

component, (2.1.27) or (2.1.28), and taking the limit ε → 0+ before taking the

coincidence limit u′, v′ → u, v. The necessity to set ε = 0 before taking the

coincidence limit will be exemplified in Chapter 4 where we would otherwise get

a divergent result.

We note that it is not sufficient to simply identify from an integral expression

of 〈Ψ|Tµν |Ψ〉, the term equal to the right-hand side of (2.1.19) and subtract

it away under the integral. We will see in Chapter 3, where |Ψ〉 corresponds

to the early time vacuum, that this simple subtraction would give a result that

contradicts the result from point-split renormalisation.
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2.2 Particle Detector

We now turn our attention to the notion of a particle detector. Specifically, we

consider a point-like Unruh-DeWitt detector [1,15,16] with two energy levels |0D〉

and |ω〉, associated to energies 0 and ω respectively, following a smooth timelike

trajectory (u(τ), v(τ)) where τ is the detector’s proper time. When ω > 0, the

state |0D〉 corresponds to the detector’s ground state while |ω〉 corresponds to

the excited state. When ω < 0, the roles are exchanged.

We couple our detector to the spinor field via the interaction Hamiltonian

[17–19]

Hint = cµ(τ)χ(τ)ψ(u(τ), v(τ))ψ(u(τ), v(τ)), (2.2.1)

where c is the coupling constant, µ(τ) is the detector’s monopole moment and

χ(τ) is a switching function that specifies how the interaction is switched on and

off [53]. We assume that χ takes non-negative real values and is smooth with

compact support. Note the absence of normal ordering in the interaction Hamil-

tonian above. This choice of coupling, unsurprisingly, introduces a divergence in

the response of the detector. In Section 2.2.1, we present a technical prescription

to handle the divergence and then, in Section 2.2.3, comment on an alternative

interaction Hamiltonian that involves normal ordering .

2.2.1 The Response Function

Suppose that the detector is prepared in the state |0D〉 and the field is in an

arbitrary state |Ψ〉 before the interaction is turned on. Working within first

order perturbation theory, the probability P (ω) for the detector to have made

a transition to the state |ω〉 and the field to any state after the interaction has
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ceased factorises as [1]

P (ω) = c2|〈0D|µ(0) |ω〉|2F (ω). (2.2.2)

The pre-factor |〈0D|µ(0) |ω〉|2 depends only on the internal structure of the de-

tector. All dependence on the field’s initial state, the detector’s trajectory and

the switching function are encoded in the response function F (ω), which reads

F (ω) =

∫ ∞
−∞

dτ

∫ ∞
−∞

dτ ′ e−iω(τ−τ ′)χ(τ)χ(τ ′)W (2,2̄)(τ, τ ′), (2.2.3)

where W (2,2̄)(τ, τ ′) ≡ W (2,2̄)(u(τ), v(τ);u(τ ′), v(τ ′)) is the pull-back of the two-

point correlation function

W (2,2̄)(u, v;u′, v′) := 〈Ψ|ψ(u, v)ψ(u, v)ψ(u′, v′)ψ(u′, v′) |Ψ〉 (2.2.4)

onto the detector’s worldline. In an abuse of terminology, we will drop the pre-

factor and refer to F (ω) as the transition probability.

Using the properties W (2,2̄)(τ, τ ′) = [W (2,2̄)(τ ′, τ)]∗, the response function

(2.2.3) can be expressed as [53,54]

F (ω) = 2

∫ ∞
−∞

dr χ(r)

∫ ∞
0

ds χ(r − s) Re
{
e−iωsW (2,2̄)(r, r − s)

}
. (2.2.5)

The main advantage of expressing F (ω) in the form of (2.2.5) is that the following

causality structure of the detector’s response can be extracted. The transition

probability of the detector after all interaction has ceased is given by the sum

of contributions from every time r where χ is non-vanishing, that is, when the

detector interacts with ψ. The contribution at each time r in turn is given by

the sum of correlations between ψψ at the time r and ψψ in the past, back until

when the detector-field interaction is switched on.
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We are particularly interested in the detector’s response when the field is

initially in the vacuum state, that is when |Ψ〉 = |0〉M for this chapter. By virtue

of (2.1.10), we can formally write the two-point function (2.2.4) in terms of the

positive and negative frequency propagators as [18]

W (2,2̄)(u, v;u′, v′) = Tr
{
S+(u, v;u′, v′)S−(u′, v′;u, v)

}
+ Tr

{
S−(u, v;u, v)

}
Tr
{
S−(u′, v′;u′, v′)

}
, (2.2.6)

where the trace is over spinor indices. As S+ and S− are distributions, (2.2.6)

needs to be understood in a distributional sense. The response function F (ω) in

turn, be it in the form of (2.2.3) or (2.2.5), should be evaluated as follows: make

the replacementW (2,2̄) → W
(2,2̄)
ε , whereW

(2,2̄)
ε is the appropriate smooth function

whose ε → 0+ limit is the distribution W (2,2̄), then perform the double integral

and finally take the limit ε → 0+. However, there are two technical difficulties

that need to be addressed in defining the appropriateW
(2,2̄)
ε . These difficulties are

related to the fact that, as can be seen from (2.2.6), W (2,2̄) contains a product of

two distributions and, in the second term of (2.2.6), each of the two propagators

is “evaluated” at coincident spacetime points. The latter, in particular, is the

source of the divergence mentioned at the beginning of this section.

Let us start with the first term in (2.2.6). Viewed as distributions, S+ and

S− are well-defined individually as the ε → 0+ limits of (2.1.16) and (2.1.17)

respectively. Upon multiplication, each factor should a priori come with its own

ε parameter, say ε+ and ε−, which need not be equal or even related to each

other. This gives us

Tr
{
S+(u, v;u′, v′)S−(u′, v′;u, v)

}
= − 1

4π2

[
1

(u− u′ − iε+)(v − v′ − iε−)
+

1

(u− u′ − iε−)(v − v′ − iε+)

]
,

(2.2.7)
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where the limits ε± → 0+ are implied. When pulled back onto the detector’s

wordline to evaluate the corresponding detector response contribution, the order

in which the limits are taken could be expected to matter since such limits need

not, in general, commute. However, notice that each term in (2.2.7) is a product

of two distributions with different sets of variables. Since each factor in each

term may be evaluated, after a suitable change of variables, using the Sokhotsky

formula

lim
ε→0+

1

x− iε
= P

(
1

x

)
+ iπδ(x), (2.2.8)

where P(1/x) denotes the Cauchy principal value, (2.2.7) does define the same

distribution on R4 regardless of the order in which the two limits are taken.

Hence, we may set ε+ = ε− before pulling them back onto the detector’s worldline.

This way of defining a product of two distributions is implicit in [18].

Now consider the second term in (2.2.6). Due to the coincidence limit, S−

in this term is not well-defined. However, we see from (2.1.14) and (2.1.17) that

the trace of S− is proportional to U †±γ
0U±, which vanishes by virtue of (2.1.3)

and the orthogonality of the spinor basis. Hence, if we take the spinorial trace

in Tr{S−(u, v;u, v)} before performing any other operations, that is by defining

Tr{S−(u, v;u, v)} as the coincidence limit of Tr{S−(u, v;u′, v′)}, then each factor

in the second term of (2.2.6) vanishes. Accepting this definition, we shall drop

the second term in (2.2.6).

With the technical prescriptions above, the regularised two-point function

W
(2,2̄)
ε in the absence of a boundary is given by

W
(2,2̄)
ε,NW(u, v;u′, v′) = − 1

2π2

1

(u− u′ − iε)(v − v′ − iε)
, (2.2.9)

in agreement with [18]. Note that we have added the subscript “NW” in (2.2.9)

as a reference to “no-wall” in order to distinguish the two-point functions in

various situations that we will consider later. Theorem 1 of [18] states that the
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corresponding response function (2.2.3), which we will also add the subscript

“NW”, is twice the response function of an Unruh-DeWitt detector, coupled

linearly to a scalar field in 3 + 1 Minkowski spacetime. Hence, from (3.8) of [53],

and accounting for the difference in the sign convention, it follows that

FNW(ω) = − ω

2π

∫ ∞
−∞

dr [χ(r)]2 +
1

π2

∫ ∞
0

ds

s2

∫ ∞
−∞

dr χ(r)[χ(r)− χ(r − s)]

+
1

π2

∫ ∞
−∞

dr χ(r)

∫ ∞
0

ds χ(r − s)
(

1

s2
− cos(ωs)

(∆x)2

)
, (2.2.10)

where ∆x = x(r) − x(r − s) is the geodesic distance between the detector’s

spacetime coordinate at proper time r and r − s, and (∆x)2 is a shorthand for

ηµν∆x
µ∆xν .

2.2.2 The Transition Rate

In analysing time-dependent situations, one often wants to know not just the

transition probability but how it changes over time. The notion of instantaneous

transition rate introduced in [53], which we will now review, is one way to do so.

Suppose that the switching function takes the form

χ(r) = hon

(
r − τ0 + δ

δ

)
× hoff

(
−r + τ + δ

δ

)
, (2.2.11)

where τ and τ0 are real parameters satisfying τ > τ0, δ is a small positive

parameter, and hon and hoff are smooth non-negative functions such that hon(x) =

hoff(x) = 0 for x ≤ 0 and hon(x) = hoff(x) = 1 for x ≥ 1. Then, the detector-

field interaction is smoothly switched on during the interval (τ0−δ, τ0) according

to the function hon, stays at a constant coupling strength c for the interval

∆τ = τ − τ0 and is smoothly switched off during the interval (τ, τ + δ) according

to the function hoff.

The instantaneous transition rate Ḟ (ω, τ) of the detector is defined as ∂τF (ω).

Operationally, Ḟ (ω, τ) cannot be measured by a single or even an ensemble of
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particle detectors since a measurement would change the initial condition for the

dynamics of the detector. Instead, we need an ensemble of ensembles of particle

detectors to measure Ḟ (ω, τ) [55,56]. While this means that Ḟ (ω, τ) is difficult to

be measured in practice, it has a very useful intuitive physical interpretation that

makes it suitable for theoretical investigation. It quantifies how the transition

probability would change if the detector continues to interact with the field, at

constant coupling c, for an infinitesimal extra time. Taking the limit δ → 0 to

eliminate any switching effect, the result for a detector in Minkowski spacetime

without a wall is readily available from (4.11) of [53], that is

ḞNW(ω, τ) = − ω

2π
+

1

π2

∫ ∆τ

0

(
1

s2
− cos(ωs)

(∆x)2

)
+

1

π2∆τ
. (2.2.12)

We note that the sharp switching limit δ → 0 should be taken after differentiating

F (ω) with respect to τ . This is due to the second term in (2.2.10) which diverges

as δ → 0. For details of the issue, see [53].

2.2.3 Normally-Ordered Coupling

Instead of (2.2.1), one may also consider the interaction Hamiltonian [17]

Hno
int = cµ(τ)χ(τ) : ψ(u(τ), v(τ))ψ(u(τ), v(τ)) :, (2.2.13)

where : ψψ : denotes normally-ordered scalar density. In this case, only the

first term of (2.2.6) contributes to the two-point function W (2,2̄)(u, v;u′, v′) [18].

The divergence issue due to the second term of (2.2.6) hence does not arise.

Indeed, the normally-ordered interaction Hamiltonian (2.2.13) is proposed in [17]

precisely to address the divergence issue.

In Minkowski spacetime without a wall, the end result is the same whether one

discards the divergence by means of operation ordering, as we did above, or by

working with (2.2.13). However, in the presence of a boundary, the second term of
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(2.2.6) contains a term which gives a finite contribution to the detector response.

Hence, a detector interacting via the non-normally-ordered Hamiltonian (2.2.1)

will have an additional term in its response function when compared to a detector

interacting via the normally-ordered Hamiltonian (2.2.13). To make it easily

identifiable, we will denote the additional term with a superscript “(2)” — for

instance, F
(2)
MIT(ω) in (3.3.6).

In what follows, we will focus primarily on a detector interacting via (2.2.1)

and make occasional comments about one interacting via (2.2.13). In particular,

we will regularly remind the readers whether a given formula is valid for both

interactions or not. In the latter case, we will remind the readers which term

is the additional term that arise due to the use of the non-normally-ordered

Hamiltonian (2.2.1).



Chapter 3

Fermions from An Evolving Wall

In this chapter, we consider an evolving wall that remains at rest with respect to

the spatial coordinate z but imposes time-dependent boundary conditions. We

begin in Section 3.1 by introducing at the wall a boundary condition with four

independent parameters, all of which may depend on time. We then identify a

discrete set of time-dependent boundary conditions, each of which interpolates

smoothly between no wall and a wall with the two-sided MIT bag boundary

condition [47], henceforth referred to as an MIT wall. We consider both the case

when the MIT wall is created and the case when the MIT wall is demolished.

We end the section with a discussion on possible correspondence between the

presented boundary conditions and an idealised delta potential. In Section 3.2,

we quantise the field and analyse the energy burst coming from the evolving wall.

We calculate, in particular, the amount of energy transmitted into the field by

the creation and demolition process of the MIT wall. In Section 3.3, we focus our

attention to the response of an inertial Unruh-DeWitt particle detector which

remains at rest with respect to the evolving wall. After considering a static MIT

wall, we analyse the response to a general evolving wall. Finally, we consider the

response when an MIT wall is created or demolished, both in a finite amount of

time and instantaneously.

23
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3.1 The Evolving Wall

3.1.1 Generalised Boundary Condition

The Dirac equation (2.1.1) can alternatively be written as

i∂tψ = −iα∂zψ, (3.1.1)

where α = γ0γ1. In this form, the operator D := −iα∂z on the right-hand-side of

the equation is also known as the Dirac operator [57]. To introduce an evolving

wall at z = 0, we replace (3.1.1) with

i∂tψ = DU(t)ψ, (3.1.2)

where DU is a four-parameter family of self-adjoint extensions of the Dirac op-

erator D on disjoint half-lines.

In Appendix A.1, we show that each self-adjoint extension DU is characterised

by a 2 × 2 unitary matrix U , hence by four independent parameters. We have

allowed U to depend on t in (3.1.2) to impose, in the spinor basis {U+, U−}, the

time-dependent boundary condition

ψ+(t, 0+)

ψ−(t, 0−)

 = U(t)

ψ+(t, 0−)

ψ−(t, 0+)

 , (3.1.3)

where

U(t) := eiϕ(t)

 eiϕ1(t) cos θ(t) ieiϕ2(t) sin θ(t)

ie−iϕ2(t) sin θ(t) e−iϕ1(t) cos θ(t)

 . (3.1.4)

With the parametrisation (3.1.4), note that different sets of ϕ, ϕ1, ϕ2 and θ need

not imply distinct boundary conditions. For a given ϕ1, ϕ2 and θ, the cases of
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ϕ = 0 and ϕ = 2π, for instance, obviously correspond to the same U , hence the

same boundary condition.

To assist the standard definition of an early time vacuum when we quan-

tise the field, we require that U(t) depends on t only over a finite interval

of time. Additionally, looking ahead to a detector response calculation, we re-

quire that all four parameter functions, ϕ(t), ϕ1(t), ϕ2(t) and θ(t), are smooth

functions of time.

3.1.2 Appearance and Disappearance of an MIT Wall

In [47], Chodos and collaborators consider confining fermions in a region whose

position of boundary is not determined a priori. By matching the field at the

boundary and then taking the field mass to infinity in the exterior region, they

obtain the boundary conditions1

inµγ
µψ
∣∣
boundary

= ψ
∣∣
boundary

, (3.1.5)

−nµ∂µ(ψψ)
∣∣
boundary

= 2B, (3.1.6)

where nµ is the inward-directed unit normal to the boundary and B > 0 is a real

constant. The linear boundary condition (3.1.5) is responsible for confining the

fermions in the region while the non-linear boundary condition (3.1.6) allows for

the position of the boundary to be determined dynamically [58]. Since we have

fixed the position of our wall to be at z = 0, (3.1.6) plays no role in our analysis

and only (3.1.5) is relevant.

A confinement to the right portion (z > 0) of the spacetime corresponds

to nµ = (0, 1) whereas a confinement to the left portion (z < 0) of the space-

time corresponds to nµ = (0,−1). The two-sided MIT bag boundary condition

1Note that (3.1.6) is (5.3b) of [47]. The minus pre-factor on the left-hand side of (3.1.6)
accounts for the difference in sign convention.
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imposed by the MIT wall hence reads

(1∓ iγ1)ψ(t, 0±) = 0. (3.1.7)

In the spinor basis {U+, U−}, the boundary condition (3.1.7) reduces to

ψ±(t, 0±) = −iψ∓(t, 0±). (3.1.8)

Recall that ψ+U+ and ψ−U− are respectively the right-moving and left-moving

component of the massless field ψ. The boundary condition (3.1.8) implies that,

up to some constant, the right-moving component of the field for z > 0 is deter-

mined only by the left-moving component that hits the wall from the same side

and not by anything from the left portion of the spacetime. Similarly, the left-

moving component of the field for z < 0 is determined only by the right-moving

component from the left portion of the spacetime. So, we see that the MIT wall

is totally reflective on both sides.

From (3.1.3), we see that the absence of a wall is described by U(t) = I, which

translates (3.1.3) to a continuity condition across z = 0 for each field component.

The presence of an MIT wall, on the other hand, is given by

U(t) = UMIT ≡

 0 −i

−i 0

 . (3.1.9)

Among all possible ways of smoothly changing the boundary condition from

U(t) = I to U(t) = UMIT, we shall pay particular attention to the ones de-

scribed by the following discrete family of one-parameter subgroups of boundary

conditions,

Un(t) = e2inθ(t)

 cos θ(t) (−1)n+1i sin θ(t)

(−1)n+1i sin θ(t) cos θ(t)

 , (3.1.10)
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where the integer n indexes the subgroups. This amounts to setting ϕ(t) = 2nθ(t),

ϕ1(t) = 0 and ϕ2(t) = (n+ 1)π.

The appearance of an MIT wall is described by

θ(t) = θ1(t) :=


0 for t ≤ t0,

h1(t) for t0 < t < t0 + δ,

π
2

for t ≥ t0 + δ,

(3.1.11)

where h1(t) is some smooth function interpolating the initial and final conditions.

The disappearance of an MIT wall is described by

θ(t) = θ2(t) :=



π
2

for t ≤ t0,

h2(t) for t0 < t < t0 + δ,

0 for t ≥ t0 + δ,

(3.1.12)

where h2(t) is another smooth interpolating function. In both cases, δ > 0 is

the amount of time taken for the process the complete. The limit δ → 0 thus

corresponds to sudden appearance and disappearance of an MIT wall.

3.1.3 Correspondence to Delta Potential

In physics, the presence of a point source or a thin wall is often described by a

delta potential in the equation of motion. If we suppose that the wall in Section

3.1.1 and 3.1.2 can be represented by a combination of time-dependent point-like

real scalar and electric potentials, this amounts to replacing (3.1.1) with

i∂tψ = −iα∂zψ + (S(t)β + V (t))δ(z)ψ, (3.1.13)

where β = γ0. The strengths of the scalar and electric potentials are given by the

real functions S(t) and V (t) respectively. The corresponding boundary condition
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imposed by the delta potential is then usually derived by taking the limit ε→ 0

after integrating both sides of the equation of motion over a small interval [−ε, ε],

where ε > 0.

Unlike the Klein-Gordon or the Schrödinger equations, however, the Dirac

equation is first order in spatial derivative. The addition of a delta potential

into the equation, like in (3.1.13), implies that ψ is discontinuous at z = 0. This

makes the expression such as

∫ ε

−ε
δ(z)ψ(z) dz , (3.1.14)

which appears in the derivation of boundary condition imposed by (3.1.13), ill-

defined. Hence, without an additional information or a prescription to define

(3.1.14), it is not clear what sort of boundary condition the equation (3.1.13)

imposes. In [59,60], it was pointed out that the definition

lim
ε→0+

∫ ε

−ε
δ(z)ψ(z) dz :=

1

2
(ψ(0−) + ψ(0+)) (3.1.15)

is not appropriate when the δ-potential is considered as the limit of a family of

local potentials. However, if the δ-potential is considered as the limit of a family

of non-local separable potentials, then (3.1.15) is indeed correct [46].

In Appendix A.2, we show that if the boundary condition (3.1.3) is taken

to arise from (3.1.13) with the prescription (3.1.15), then the following relations

must hold (suppressing dependence on t),

(−1)c1 [(V 2 − S2 − 4) cosϕ+ 4V sinϕ] cos θ = S2 − V 2 − 4, (3.1.16)

(−1)c2 [(V 2 − S2 − 4) cosϕ+ 4V sinϕ] sin θ = 4S, (3.1.17)

4V cosϕ− (V 2 − S2 − 4) sinϕ = 0, (3.1.18)

where c1 and c2 are integers. For the wall appearance and disappearance de-

scribed by (3.1.10) - (3.1.12), in particular, the strengths of the scalar and electric
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potentials are given by (restoring dependence on t)

S(t) =
2(−1)n sin θ(t)

cos θ(t) + cos 2nθ(t)
, (3.1.19)

V (t) = − 2 sin 2nθ(t)

cos θ(t) + cos 2nθ(t)
. (3.1.20)

Notice that, unless n = 0, both S(t) and V (t) necessarily diverge at some point

of time along the evolution. This may hint that only n = 0 models a physically

realisable process.

We note that [46] actually only considered a time-independent potential. So,

in deriving the correspondence above, we have implicitly assumed that the defini-

tion (3.1.15) remains valid when the strength of our family of non-local separable

potentials is time-dependent. To put the correspondence on a solid foundation,

it is necessary to first solve the equation (3.1.13) with the δ-potential replaced

by a class of non-local potentials, take the δ-function limit and show that the

solutions coincide with that obtain in the next section where we use the self-

adjoint extension method. Since we have not verified this is the case, we would

like to stress that the rest of our calculations are based on the well-defined self-

adjointness boundary conditions introduced in Section 3.1.1 rather than the δ-

potential framework described in this section. The latter is meant to provide

some physical insights to possible interpretation of the wall parameters, that is

as scalar and electric potentials.
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3.2 Radiation from An Evolving Wall

3.2.1 Mode Solutions and Quantisation

Recall that ψ+ and ψ− are functions of u and v respectively for a massless field.

Hence, we consider the mode solution ansatz

ψin

r,k(u, v) =


1√
2π
e−ikuU+ + Er,k(v)U− for z < 0,

Fr,k(u)U+ for z > 0,

(3.2.1)

ψin

l,k(u, v) =


El,k(v)U− for z < 0,

Fl,k(u)U+ + 1√
2π
e−ikvU− for z > 0,

(3.2.2)

where Er,k(v), Fr,k(u), El,k(v), Fl,k(u) are functions to be determined. The right-

moving part of ψin
r,k(u, v) is a multiple of e−ikuU+ for z < 0 to indicate the fact that

this part has no knowledge of the wall, since this part originates from left past

null infinity. For similar reason, the left-moving part of ψin
l,k(u, v) is a multiple

of e−ikvU− for z > 0. The superscript “in” indicates that this ansatz reduces to

an appropriate set of stationary mode solutions at early times. The subscripts r

and l, on the other hand, indicate that the solutions reduce to (2.1.4) and (2.1.5)

respectively in the absence of a wall.

Substitution of (3.2.1) – (3.2.2) into (3.1.3) with the general boundary con-

dition (3.1.4) then gives

ψin

r,k(u, v) =


1√
2π
e−ikuU+ + i√

2π
e−ikv+iϕ(v)−iϕ2(v) sin θ(v)U− for z < 0,

1√
2π
e−iku+iϕ(u)+iϕ1(u) cos θ(u)U+ for z > 0,

(3.2.3)

ψin

l,k(u, v) =


1√
2π
e−ikv+iϕ(v)−iϕ1(v) cos θ(v)U− for z < 0,

i√
2π
e−iku+iϕ(u)+iϕ2(u) sin θ(u)U+ + 1√

2π
e−ikvU− for z > 0.

(3.2.4)
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The mode solutions above are normalised in the Dirac inner product (2.1.2) so

that they satisfy (ψin
σ,k, ψ

in

σ′,k′) = δσσ′δ(k − k′) for k, k′ ∈ R \ {0}.

Given the mode solutions (3.2.3) and (3.2.4), a general solution to the Dirac

equation (3.1.2) can then be expanded as

ψ(u, v) =

∫ ∞
0

dq
(
ain

r,qψ
in

r,q + ain

l,qψ
in

l,q + bin†r,qψ
in

r,−q + bin†l,qψ
in

l,−q

)
. (3.2.5)

Since the modes reduce to early time stationary modes, it is reasonable that,

upon quantisation, we promote ain
r,q, a

in
l,q, b

in
r,q and binl,q to be annihilation operators

associated with excitations of the field before the wall starts to exhibit time de-

pendence. The hermitian conjugates ain†
r,q, a

in†
l,q , bin†r,q and bin†l,q , on the other hand,

are promoted to be creation operators. The non-vanishing canonical anticom-

mutators are

{ain

σ,p, a
in†
σ′,q} = {binσ,p, b

in†
σ′,q} = δσσ′δ(p− q), (3.2.6)

where p, q > 0. The in-vacuum state |0in〉 is normalised so that 〈0in|0in〉 = 1 and

satisfies

ain

r,k |0in〉 = ain

l,k |0in〉 = binr,k |0in〉 = binl,k |0in〉 = 0 for k > 0. (3.2.7)

3.2.2 Field Propagators

The positive and negative frequency propagators are defined similar to (2.1.11)

and (2.1.12). The only difference is that the Minkowski vacuum is replaced by

the in-vacuum, so that now

S+
ab(u, v;u′, v′) := 〈0in|ψa(u, v)ψb(u

′, v′) |0in〉 , (3.2.8)

S−ab(u, v;u′, v′) := 〈0in|ψb(u′, v′)ψa(u, v) |0in〉 , (3.2.9)
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respectively. For our purposes, we only need to know the expressions for (3.2.8)

and (3.2.9) when (u, v) and (u′, v′) are both on the same side. Using (3.2.3) –

(3.2.7), followed by the prescription (2.1.15), we obtain

S+
ab(u, v;u′, v′)

= − i

2π

1

u− u′ − iε
U+,aU

†
+,cγ

0
cb +

1

2π

eiϕ(v)−iϕ2(v) sin θ(v)

v − u′ − iε
U−,aU

†
+,cγ

0
cb

− 1

2π

e−iϕ(v′)+iϕ2(v′) sin θ(v′)

u− v′ − iε
U+,aU

†
−,cγ

0
cb

− i

2π

ei[ϕ(v)−ϕ(v′)]−i[ϕ2(v)−ϕ2(v′)] sin θ(v) sin θ(v′)

v − v′ − iε
U−,aU

†
−,cγ

0
cb

− i

2π

ei[ϕ(v)−ϕ(v′)]−i[ϕ1(v)−ϕ1(v′)] cos θ(v) cos θ(v′)

v − v′ − iε
U−,aU

†
−,cγ

0
cb, (3.2.10)

S−ab(u, v;u′, v′)

=
i

2π

1

u− u′ + iε
U+,aU

†
+,cγ

0
cb −

1

2π

eiϕ(v)−iϕ2(v) sin θ(v)

v − u′ + iε
U−,aU

†
+,cγ

0
cb

+
1

2π

e−iϕ(v′)+iϕ2(v′) sin θ(v′)

u− v′ + iε
U+,aU

†
−,cγ

0
cb

+
i

2π

ei[ϕ(v)−ϕ(v′)]−i[ϕ2(v)−ϕ2(v′)] sin θ(v) sin θ(v′)

v − v′ + iε
U−,aU

†
−,cγ

0
cb

+
i

2π

ei[ϕ(v)−ϕ(v′)]−i[ϕ1(v)−ϕ1(v′)] cos θ(v) cos θ(v′)

v − v′ + iε
U−,aU

†
−,cγ

0
cb, (3.2.11)

when z, z′ < 0, and

S+
ab(u, v;u′, v′)

= − i

2π

1

v − v′ − iε
U−,aU

†
−,cγ

0
cb +

1

2π

eiϕ(u)+iϕ2(u) sin θ(u)

u− v′ − iε
U+,aU

†
−,cγ

0
cb

− 1

2π

e−iϕ(u′)−iϕ2(u′) sin θ(u′)

v − u′ − iε
U−,aU

†
+,cγ

0
cb

− i

2π

ei[ϕ(u)−ϕ(u′)]+i[ϕ2(u)−ϕ2(u′)] sin θ(u) sin θ(u′)

u− u′ − iε
U+,aU

†
+,cγ

0
cb

− i

2π

ei[ϕ(u)−ϕ(u′)]+i[ϕ1(u)−ϕ1(u′)] cos θ(u) cos θ(u′)

u− u′ − iε
U+,aU

†
+,cγ

0
cb, (3.2.12)
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S−ab(u, v;u′, v′)

=
i

2π

1

v − v′ + iε
U−,aU

†
−,cγ

0
cb −

1

2π

eiϕ(u)+iϕ2(u) sin θ(u)

u− v′ + iε
U+,aU

†
−,cγ

0
cb

+
1

2π

e−iϕ(u′)−iϕ2(u′) sin θ(u′)

v − u′ + iε
U−,aU

†
+,cγ

0
cb

+
i

2π

ei[ϕ(u)−ϕ(u′)]+i[ϕ2(u)−ϕ2(u′)] sin θ(u) sin θ(u′)

u− u′ + iε
U+,aU

†
+,cγ

0
cb

+
i

2π

ei[ϕ(u)−ϕ(u′)]+i[ϕ1(u)−ϕ1(u′)] cos θ(u) cos θ(u′)

u− u′ + iε
U+,aU

†
+,cγ

0
cb, (3.2.13)

when z, z′ > 0. In all four expressions above, the limit ε→ 0+ is implied.

3.2.3 Energy Burst from A General Evolving Wall

We are interested in the energy transmitted into the field by the evolving wall.

To obtain the renormalised expectation value of Tµν in the in-vacuum state, that

is 〈Tµν〉inren ≡ 〈0in|Tµν |0in〉 − 〈Tµν〉M, we employ the point-split renormalisation

procedure outlined in Chapter 2. Using (3.2.5), (3.2.6), (3.2.7) and (3.2.9), we

obtain a set of expressions analogous to (2.1.22) – (2.1.24) for the components

of 〈0in|Tµν |0in〉. The negative frequency propagator that appears in the corre-

sponding expressions of F (u, v;u′, v′) and G(u, v;u′, v′) in this case is, of course,

(3.2.9) instead of (2.1.12). This allows us to use (3.2.11) and (3.2.13) in our

calculation of 〈Tµν〉inren.

Performing the subtraction of 〈Tµν〉M before taking the coincidence limit, we

obtain, for z < 0,

〈Ttt〉inren = 〈Tzz〉inren = 〈Ttz〉inren = 〈Tzt〉inren =
1

4π
fL(v), (3.2.14)

where

fL(v) = (∂vϕ(v))2 + (∂vϕ1(v))2 cos2 θ(v) + (∂vϕ2(v))2 sin2 θ(v) + (∂vθ(v))2

− 2 ∂vϕ(v)
[
∂vϕ1(v) cos2 θ(v) + ∂vϕ2(v) sin2 θ(v)

]
. (3.2.15)
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Meanwhile, for z > 0,

〈Ttt〉inren = 〈Tzz〉inren = −〈Ttz〉inren = −〈Tzt〉inren =
1

4π
fR(u), (3.2.16)

where

fR(u) = (∂uϕ(u))2 + (∂uϕ1(u))2 cos2 θ(u) + (∂uϕ2(u))2 sin2 θ(u) + (∂uθ(u))2

+ 2 ∂uϕ(u)
[
∂uϕ1(u) cos2 θ(u) + ∂uϕ2(u) sin2 θ(u)

]
. (3.2.17)

From (3.2.14) – (3.2.17), we see that there will always be a finite pulse of energy

on, and only on, the future lightcones of a smoothly evolving wall. This is

illustrated in Figure 3.1 for an MIT wall creation.

Before we proceed, let us return to the remark made in Chapter 2 regarding

renormalisation. Suppose that we had calculated 〈Tµν〉in ≡ 〈0in|Tµν |0in〉 by

substituting (3.2.3) – (3.2.5) directly into 〈Tµν〉in. Then, we would have obtained,

for z < 0,

〈Ttt〉in = 〈Tzz〉in = −2

∫ ∞
0

p

2π
dp+ gL(v), (3.2.18)

〈Ttz〉in = 〈Tzt〉in = gL(v), (3.2.19)

where

gL(v) =

∫ ∞
0

dp

2π

(
−∂vϕ(v) + ∂vϕ1(v) cos2 θ(v) + ∂vϕ2(v) sin2 θ(v)

)
, (3.2.20)

and for z > 0,

〈Ttt〉in = 〈Tzz〉in = −2

∫ ∞
0

p

2π
dp+ gR(u), (3.2.21)

〈Ttz〉in = 〈Tzt〉in = −gR(u), (3.2.22)
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Figure 3.1: An MIT wall creation at z = 0. The process of wall creation begins
at t = t0 and completes after δ unit of time. The wall emits non-vanishing
energy pulse while being created. The figure also shows an Unruh-DeWitt (UdW)
detector at z = d > 0.

where

gR(u) =

∫ ∞
0

dp

2π

(
−∂uϕ(u)− ∂uϕ1(u) cos2 θ(u)− ∂uϕ2(u) sin2 θ(u)

)
. (3.2.23)

Comparing (3.2.18) – (3.2.23) to (2.1.19) – (2.1.20), we would then have

identified the first terms of (3.2.18) and (3.2.21) as the vacuum contribution

in the absence of wall, and interpreted the remaining terms as coming from the

wall. Since these remaining terms are independent of p, we would have concluded

that the renormalised stress-energy tensor is, in general, ultraviolet divergent.

Furthermore, we would have concluded that there is no energy burst if ϕ, ϕ1

and ϕ2 are held constant and only θ evolves. These conclusions would have been

incorrect, as the expressions (3.2.14) – (3.2.17) obtained by point-splitting show.

3.2.4 Energy Burst during Wall Creation and Demolition

Keeping in mind the relations (3.2.14) and (3.2.16), we focus here only on 〈Ttt〉inren.

Substituting ϕ(t) = 2nθ(t), ϕ1(t) = 0 and ϕ2(t) = (n + 1)π into (3.2.15) and
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(3.2.17), we obtain the corresponding renormalised energy density expectation

value for the wall appearance and disappearance scenarios described by (3.1.10)

– (3.1.12), that is

〈Ttt〉inren =
1 + 4n2

4π
×


[∂vθ(v)]2 for z < 0,

[∂uθ(u)]2 for z > 0.

(3.2.24)

A few remarks are in order. First, contrary to the scalar field case [40, 45],

which displays an infrared divergence, the energy pulse emitted by our wall

is always finite for smooth wall creation and demolition. Second, we can see

that 〈Ttt〉inren takes the same form for both wall appearance and disappearance,

again in contrast to the scalar field [45]. Third, in the rapid process limit, we

have ∂vθ(v) → δ(v − t0) and ∂uθ(u) → δ(u − t0) where δ(x) is the Dirac delta

distribution. It follows that 〈Ttt〉inren is proportional to the square of the delta

distribution on either side for both rapid wall creation and demolition. However,

the square of the delta distribution is non-existent. Hence, 〈Ttt〉inren is ill-defined

in the rapid process limit.

The total energy transmitted into the field during the creation or demolition

process is given by

〈E〉 =

∫ ∞
−∞
〈Ttt〉inren dz , (3.2.25)

where the integral may be evaluated on any constant t hypersurface in the region

t > t0 + δ. Substituting (3.2.24) into (3.2.25) and using (3.1.11) – (3.1.12), we

find that

〈E〉 =
1 + 4n2

4π

(∫ t0+δ−t

t0−t
[h′j(t+ z)]2 dz −

∫ t−(t0+δ)

t−t0
[h′j(t− z)]2 dz

)

=
1 + 4n2

2π

∫ δ

0

[h′j(t0 + x)]2 dx , (3.2.26)
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where j = 1 and j = 2 correspond to wall creation and demolition respectively.

To obtain the second line of (3.2.25), we first change the integration variable

z → −z in the second integral so that it becomes identical to the first integral.

Then, after adding the two integrals, we perform another change of variable

z → x = z − t0 + t.

To establish the lower bound of 〈E〉, start by noting that

∣∣∣∣∫ δ

0

h′j(t0 + x) dx

∣∣∣∣2 = |hj(t0 + δ)− hj(t0)|2 =
π2

4
, (3.2.27)

where we have used (3.1.11) for a wall creation or (3.1.12) for a wall demolition.

The Cauchy-Schwarz inequality then implies that2

π2

4
=

∣∣∣∣∫ δ

0

h′j(t0 + x) · 1 dx

∣∣∣∣2 ≤ ∫ δ

0

∣∣h′j(t0 + x)
∣∣2 dx ·

∫ δ

0

|1|2 dx , (3.2.28)

from which we obtain the lower bound of the integral in (3.2.26),

∫ δ

0

[h′j(t0 + x)]2 dx ≥ π2

4δ
. (3.2.29)

It follows then that 〈E〉 ≥ Kδ−1 for some real δ-independent constant K. The

total energy transmitted into field by the creation or demolition process hence

diverges as δ → 0. The exact rate of divergence depends on how the limit δ → 0 is

taken. In Appendix A.3, we illustrate a class of constructions where the equality

in 〈E〉 ≥ Kδ−1 holds for a wall creation.

3.3 Unruh-DeWitt Detector Response

Let us now turn our attention to the response of an Unruh-DeWitt particle

detector. Specifically, we consider a detector which is at rest with respect to the

2Thanks to Sangchul Lee for responding to the question posted on Mathematics Stack
Exchange (https://math.stackexchange.com/questions/2305650) and showing how the Cauchy-
Schwarz inequality implies the lower bound (3.2.29).
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wall. Supposing that the detector’s position is z = d > 0, we parametrise its

trajectory as

(t(τ), z(τ)) = (τ + d, d). (3.3.1)

This parametrisation is such that information about an event at the spatial origin

z = 0 on t = tevent hypersurface will be received by the detector when it crosses

the event’s future lightcone at τ = tevent.

Recall that the two-point function W (2,2̄)(u, v;u′, v′) is defined by (2.2.4).

When |Ψ〉 = |0in〉, by the properties (3.2.7) of the in-vacuum |0in〉, W (2,2̄) is

again given by the formula (2.2.6), which we reproduce here for convenience:

W (2,2̄)(u, v;u′, v′) = Tr
{
S+(u, v;u′, v′)S−(u′, v′;u, v)

}
+ Tr

{
S−(u, v;u, v)

}
Tr
{
S−(u′, v′;u′, v′)

}
. (3.3.2)

The positive and negative frequency propagators in (3.3.2), of course, are given

by (3.2.8) and (3.2.9) respectively, instead of (2.1.11) and (2.1.12). In Section

2.2.3, we have stated that the second term of (3.3.2), in the presence of a wall,

contains a term that gives a finite contribution to the detector response. To

demonstrate this point, we begin by considering in Section 3.3.1 the static MIT

wall. As it turns out, the results from this time-independent analysis will also

be useful later, when we analyse the general time-dependent wall.

3.3.1 Static MIT Wall

Comparing (3.1.4) and (3.1.9), we see that a static MIT wall can be represented

by the set of parameters ϕ(t) = 0, ϕ2(t) = π and θ(t) = π/2. The parameter

ϕ1(t) may be left arbitrary. Substituting this choice into (3.2.12) – (3.2.13), we
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obtain that for z, z′ > 0,

S+
ab(u, v;u′, v′)

= − i

2π

1

u− u′ − iε
U+,aU

†
+,cγ

0
cb −

1

2π

1

u− v′ − iε
U+,aU

†
−,cγ

0
cb

+
1

2π

1

v − u′ − iε
U−,aU

†
+,cγ

0
cb −

i

2π

1

v − v′ − iε
U−,aU

†
−,cγ

0
cb, (3.3.3)

S−ab(u, v;u′, v′)

=
i

2π

1

u− u′ + iε
U+,aU

†
+,cγ

0
cb +

1

2π

1

u− v′ + iε
U+,aU

†
−,cγ

0
cb

− 1

2π

1

v − u′ + iε
U−,aU

†
+,cγ

0
cb +

i

2π

1

v − v′ + iε
U−,aU

†
−,cγ

0
cb. (3.3.4)

Implementing the procedure that leads to (2.2.9), but now using (3.3.3) and

(3.3.4), gives us

W
(2,2̄)
ε,MIT(u, v;u′, v′)

= − 1

2π2

[
1

(u− u′ − iε)(v − v′ − iε)
− 1

(u− v′ − iε)(v − u′ − iε)

− 2
u− v

((u− v)2 + ε2)

u′ − v′

((u′ − v′)2 + ε2)

]
, (3.3.5)

where the subscript “MIT” indicates that (3.3.5) is associated to the static MIT

wall. The first two terms in (3.3.5) come from the first term in (3.3.2) after we

set both epsilons in the product to be equal to each other. Note that the first

term of (3.3.5) is none other than the no-wall two point function (2.2.9). The

last term in (3.3.5) comes from the second term in (3.3.2) as follows. Unlike in

the no-wall case, we see from (3.3.4) that not every term is ill-defined at the

coincidence limit. After dropping those ill-defined terms by operation ordering,

each factor in the second term of (3.3.2) becomes a well-defined distribution.

Since each factor is defined on a different R2, the product is also a well-defined

distribution regardless of whether the two ε parameters associated with each

factor are distinct or otherwise. Choosing to work with a single ε then gives the

last term in (3.3.5).
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In Appendix A.4, we show that the response of a detector at z = d in the

presence of a static MIT wall at the origin is given by

FMIT(ω) = FNW(ω) + F
(1)
MIT(ω) + F

(2)
MIT(ω), (3.3.6)

where

FNW(ω) = − ω

2π

∫ ∞
−∞

dr [χ(r)]2 +
1

π2

∫ ∞
0

ds

s2

∫ ∞
−∞

dr χ(r)[χ(r)− χ(r − s)]

+
1

π2

∫ ∞
−∞

dr χ(r)

∫ ∞
0

ds χ(r − s)
(

1

s2
− cos(ωs)

s2

)
, (3.3.7)

F
(1)
MIT(ω) =

1

4π2d
Re

{
e−2iωd

[
iπG(2d)

+

∫ ∞
0

dr
G(2d+ r)e−iωr −G(2d− r)eiωr

r

]}
, (3.3.8)

F
(2)
MIT(ω) =

1

2π2d2

∫ ∞
−∞

duχ(u)

∫ ∞
0

ds χ(u− s) cos(ωs), (3.3.9)

G(y) :=

∫ ∞
−∞

duχ(u)χ(u− y). (3.3.10)

The first term in (3.3.6) corresponds to the first term in (3.3.5), which, as noted

above, is none other than the no-wall two point function (2.2.9). It is no surprise

then that (3.3.7) is none other than (2.2.10) with (∆x)2 = s2. The second and

third terms in (3.3.6) correspond respectively to the second and third terms in

(3.3.5). Thus, for a detector interacting with the field via the normally-ordered

Hamiltonian (2.2.13), the last term in (3.3.6) does not contribute.

We also show in Appendix A.4 that, in the large energy gap limit |ω| → ∞,

FMIT(ω) = −ωΘ(−ω)

π

∫ ∞
−∞

du [χ(u)]2 +
Θ(−ω)

2πd
sin(2ωd)G(2d)

+O∞
(
|ω|−1

)
, (3.3.11)

which applies to both types of interaction (2.2.1) and (2.2.13). The non-vanishing

first and second terms in (3.3.11) originate from FNW(ω) and F
(1)
MIT(ω) respectively.
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For a detector interacting with the field via the non-normally-ordered Hamilto-

nian (2.2.1), the vanishing term O∞(|ω|−1) includes F
(2)
MIT(ω).

3.3.2 General Evolving Wall

Now, let us consider a general evolving wall. We show in Appendix A.5 that the

detector response can be written, roughly speaking, as a sum of the response to

a static MIT wall but with the switching function of each term modified by the

wall parameters. After some rearrangement, we show in Appendix A.5 that the

regulator-free expression can be written as

FGEW(ω) = F
(0)
GEW(ω) + F

(1)
GEW(ω) + F

(2)
GEW(ω) (3.3.12)

where the subscript “GEW” indicates a general evolving wall,

F
(0)
GEW(ω) = −ωΘ(−ω)

π

∫ ∞
−∞

du [χ(u)]2 + ∆F
(0)
GEW(ω), (3.3.13)

F
(1)
GEW(ω) =

Θ(−ω)

2πd
sin(2ωd)[G3(2d)−G4(2d)] + ∆F

(1)
GEW(ω), (3.3.14)

F
(2)
GEW(ω) =

1

2π2d2

∫ ∞
0

ds cos(ωs)G3(s), (3.3.15)

∆F
(0)
GEW(ω) =

1

π2

4∑
j=1

∫ ∞
0

ds
cosωs

s2

∫ ∞
−∞

duχj(u)[χj(u)− χj(u− s)], (3.3.16)

∆F
(1)
GEW(ω) =

1

4π2d

[
cos(2ωd)

∫ ∞
0

dr cosωr
G3(2d+ r)−G3(2d− r)

r

− cos(2ωd)

∫ ∞
0

dr cosωr
G4(2d+ r)−G4(2d− r)

r

− sin(2ωd)

∫ ∞
0

dr sinωr
G3(2d+ r) +G3(2d− r)− 2G3(2d)

r

+ sin(2ωd)

∫ ∞
0

dr sinωr
G4(2d+ r) +G4(2d− r)− 2G4(2d)

r

]
,

(3.3.17)

Gj(y) =

∫ ∞
−∞

duχj(u)χj(u− y), (3.3.18)
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and the modified switching functions χj, for j = 1, 2, 3, 4, are given by

χ1(τ) = cos(ϕ(τ) + ϕ1(τ)) cos θ(τ)χ(τ), (3.3.19)

χ2(τ) = sin(ϕ(τ) + ϕ1(τ)) cos θ(τ)χ(τ), (3.3.20)

χ3(τ) = cos(ϕ(τ) + ϕ2(τ)) sin θ(τ)χ(τ), (3.3.21)

χ4(τ) = sin(ϕ(τ) + ϕ2(τ)) sin θ(τ)χ(τ). (3.3.22)

The last term in (3.3.12), that is F
(2)
GEW(ω), is the additional term that arises due

to the use of a non-normally-ordered Hamiltonian (2.2.1).

The large energy gap limit of FGEW(ω) is given by

FGEW(ω) = −ωΘ(−ω)

π

∫ ∞
−∞

du [χ(u)]2 +
Θ(−ω)

2πd
sin(2ωd)

∫ ∞
−∞

duχ3(u)χ3(u− 2d)

− Θ(−ω)

2πd
sin(2ωd)

∫ ∞
−∞

duχ4(u)χ4(u− 2d) +O∞
(
|ω|−1

)
. (3.3.23)

The asymptotic result (3.3.23) above is immediate once one notices that all

four modified switching functions (3.3.19) – (3.3.22) are smooth functions with

compact support and the large energy gap limit calculations in Appendix A.4

for a static MIT wall depend precisely on the fact that χ is a smooth function

with compact support. As with (3.3.11), note that (3.3.23) is valid for both

interaction Hamiltonians (2.2.1) and (2.2.13).

3.3.3 Wall Appearance

To obtain a clearer understanding on how the detector responds when the wall

suddenly changes, we now turn our attention to the scenario of wall appearance

described in Section 3.1.2. In this situation, the modified switching functions
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(3.3.19) - (3.3.22) read

χ1(τ) = cos(2nθ(τ)) cos θ(τ)χ(τ), (3.3.24)

χ2(τ) = sin(2nθ(τ)) cos θ(τ)χ(τ), (3.3.25)

χ3(τ) = (−1)n+1 cos(2nθ(τ)) sin θ(τ)χ(τ), (3.3.26)

χ4(τ) = sin(2nθ(τ)) sin θ(τ)χ(τ). (3.3.27)

Upon substitution of the condition (3.1.11), we obtain

χ1(τ) =


χ(τ) for τ ≤ t0,

cos(2nh1(τ)) cosh1(τ)χ(τ) for t0 < τ < t0 + δ,

0 for τ ≥ t0 + δ,

(3.3.28)

χ2(τ) =


0 for τ ≤ t0,

sin(2nh1(τ)) cosh1(τ)χ(τ) for t0 < τ < t0 + δ,

0 for τ ≥ t0 + δ,

(3.3.29)

χ3(τ) =


0 for τ ≤ t0,

(−1)n+1 cos(2nh1(τ)) sinh1(τ)χ(τ) for t0 < τ < t0 + δ,

−χ(τ) for τ ≥ t0 + δ,

(3.3.30)

χ4(τ) =


0 for τ ≤ t0,

sin(2nh1(τ)) sinh1(τ)χ(τ) for t0 < τ < t0 + δ,

0 for τ ≥ t0 + δ.

(3.3.31)

Due to the factor sin(2nθ(τ)), χ2 and χ4 effectively switch on only during the

interval t0 < τ < t0 + δ and thus only give rise to some sort of transient ef-

fect. The factors cos θ(τ) and sin θ(τ) effectively determine when the modified

switching functions χ1 and χ3 switch off and on respectively. The value of n,
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roughly speaking, determines how often χj switches on and off within the interval

t0 < τ < t0 + δ before settling down.

The response of the detector to wall appearance can obtained straightfor-

wardly by substituting ϕ(t) = 2nθ(t), ϕ1(t) = 0 and ϕ2(t) = (n + 1)π into

(3.3.12) - (3.3.23). Notation-wise, we replace the subscript “GEW” with “WC”

in this setting to indicate wall creation. From (3.3.28) - (3.3.31), we see that

if the detector operates only within the future lightcone of the fully developed

wall (so that χ(τ) = 0 for τ ≤ t0 + δ), we have χ1(τ) = χ2(τ) = χ4(τ) = 0 and

may replace all χ3(τ) in FWC(ω) with χ(τ). It follows that the response in this

situation is identical to that in Section 3.3.1 where we have a static MIT wall.

Now, let us return to the general situation where the detector may start to

operate at arbitrarily early time. When δ is finite, we show in Appendix A.6.1

that in the large |ω| limit, the response function is given by

FWC(ω) = −ωΘ(−ω)

π

∫ ∞
−∞

du [χ(u)]2 +
Θ(−ω)

2πd
sin(2ωd)

∫ ∞
t0+2d

duχ(u)χ(u− 2d)

+
Θ(−ω)

2πd
sin(2ωd)∆FWC(ω) +O∞

(
|ω|−1

)
. (3.3.32)

The first term is simply the response in absence of a wall while the second term

is the response due to the existence of the wall. The contribution from the wall

appearance process itself is given by the third term which is only O(δ) — see

Appendix A.6.1 for an explicit expression of ∆FWC(ω). Note that, since (3.3.32)

follows directly from (3.3.23), it is valid for both types of interaction Hamiltonians

(2.2.1) and (2.2.13).

In order to compare the response of our detector to that in [40], we shall

consider the rapid wall creation limit. If we first take the limit of large |ω|, we

need to consider two distinct cases separately. If ω < 0, then it does not make

sense to take the limit δ → 0 because the limit of large |ω| does not yield a

finite result to begin with. If, on the other hand, ω > 0, then FWC(ω) vanishes

already in the limit of large |ω|, implying that the detector does not give any
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response to a rapid wall creation. While this may seem contradictory to the

energy (density) analysis results in Section 3.2.4 at first, one should remember

that we have ignored any dependence on δ in the O∞(|ω|−1) term since we are

taking the large |ω| limit first. As δ becomes comparable to |ω|−1, the expression

(3.3.32) may no longer be valid. This brings us to our next result.

In [40], the authors keep the energy gap ω finite and take the rapid process

limit δ → 0 first. So, it is only fair that we consider a similar analysis for

comparison. We will see that the result is different from that obtained above,

as anticipated. This shows that the two limits do not commute. As argued in

Appendix A.6.2, for finite ω, the limit δ → 0 gives

FWC(ω) = − [χ(t0)]2

π2
ln(|ω|δ) + FNW(ω) + F

(0)
RWC(ω)

+ F
(1)
RWC(ω) + F

(2)
RWC(ω) +O(δ) (3.3.33)

where

F
(0)
RWC(ω) = − [χ(t0)]2

π2
γ +

1

π2

∫ ∞
0

ds cos(ωs)
f(s)− sf ′(0)

s2

− 1

π2

∫ ∞
0

ds
f(s)− sf ′(s)

s2
ln s− χ(t0)

π2

∫ ∞
t0

duχ′(u) ln(u− t0)

− 1

π2

∫ ∞
t0

duχ(u)

∫ ∞
u−t0

ds
χ′(u− s)

s
, (3.3.34)

F
(1)
RWC(ω) =

Θ(−ω)

2πd
sin(2ωd)H1(2d)

+
1

4π2d
cos(2ωd)

∫ ∞
0

dr cosωr
H1(2d+ r)−H1(2d− r)

r

− 1

4π2d
sin(2ωd)

∫ ∞
0

dr sinωr
H1(2d+ r) +H1(2d− r)− 2H1(2d)

r

+
1

4π2d
cos(2ωd)

∫ ∞
2d

dr
cosωr

r
f(r − 2d)

+
1

4π2d
sin(2ωd)

∫ ∞
2d

dr
sinωr

r
f(r − 2d), (3.3.35)

F
(2)
RWC(ω) =

1

2π2d2

∫ ∞
0

ds cos(ωs)H1(s), (3.3.36)
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γ is the Euler-Mascheroni constant and

f(s) =

∫ t0+ s
2

t0− s2

dv χ(v +
s

2
)χ(v − s

2
) (3.3.37)

H1(y) =

∫ ∞
t0+y

duχ(u)χ(u− y). (3.3.38)

The second last term in (3.3.33), that is F
(2)
RWC(ω), does not contribute if the

detector interacts with the field via the normally-ordered Hamiltonian (2.2.13).

Two observations can be made. First, for any finite energy gap |ω|, the

response diverges logarithmically in the duration of wall evolution δ as δ → 0

unless the detector does not operate at the moment it crosses the lightcone of

the wall creation event. A similar behaviour is shown by the detector considered

in [40].3 Recalling that the total energy transmitted into the field is 〈E〉 ≥ Kδ−1,

we observed once again that a local matter system being less sensitive to a

divergence in energy (density) [40,43,44]. Second, all dependence on n is hidden

in O(δ). Given that n only gives rise to transient effect while the wall is being

created, this is not very surprising. Nevertheless, this is not entirely consistent

with the result in Section 3.2.4 where n plays a role in determining how fast 〈E〉

diverges as δ → 0.

Due to divergence of the term ln δ as δ → 0, the large |ω| limit of rapid wall

creation is not well-defined for any sign of ω. Nevertheless, we can still look at

the large |ω| limit of terms that remain finite as δ → 0. Ignoring any dependence

3To make the comparison, it is important to note that we did not introduce any cutoff in
this paper. The detector response in [40] diverges logarithmically as we take the infrared cutoff
µ→ 0 unless the detector does not operate at the moment of crossing.
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on ω in O(δ), repeated integration by parts gives

F
(0)
RWC(ω) = − [χ(t0)]2

π2
γ − 1

π2

∫ ∞
0

ds
f(s)− sf ′(s)

s2
ln s

− χ(t0)

π2

∫ ∞
t0

duχ′(u) ln(u− t0)

− 1

π2

∫ ∞
t0

duχ(u)

∫ ∞
u−t0

ds
χ′(u− s)

s
+O

(
|ω|−2

)
, (3.3.39)

F
(1)
RWC(ω) =

Θ(−ω)

2πd
sin(2ωd)H1(2d) +O

(
|ω|−2

)
, (3.3.40)

F
(2)
RWC(ω) = O

(
|ω|−2

)
(3.3.41)

as |ω| → ∞. The non-vanishing terms in FNW(ω) and F
(1)
RWC(ω) are expected

from (3.3.11). Unlike in [40], the remaining terms do not come strictly from the

moment of crossing the lightcone of the wall creation event. Some of them arise

from the fact that the wall was created at some finite point in the past. Although

this phenomenon of remnant response seems to mimic one that arises in [61], the

result here should not be taken seriously since we have ignored the divergence

associated with ln δ. In any case, we see that the two limits δ → 0 and |ω| → ∞

do not commute.

Perhaps, a more appropriate way would be to take the limit δ → 0 and

|ω| → ∞ simultaneously. This can be done if we first let δ = a/|ω|, where a is

an arbitrary constant, and then take the limit |ω| → ∞. In this way, O(δ) turns

into O(|ω|−1) and (3.3.39) - (3.3.41) are still valid. However, we now have a term

proportional to ln a which is arbitrary.

3.3.4 Wall Disappearance

Similar analysis as Section 3.3.3 and Appendix A.6 can also be done for wall

disappearance. Since most properties of the result are similar to previous case,

we only note here the differences.
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First, the large |ω| limit of the response function when the disappearance

process takes place over a finite interval is now

FWD(ω) = −ωΘ(−ω)

π

∫ ∞
−∞

du [χ(u)]2 +
Θ(−ω)

2πd
sin(2ωd)

∫ t0

−∞
duχ(u)χ(u− 2d)

+
Θ(−ω)

2πd
sin(2ωd)∆FWD(ω) +O∞

(
|ω|−1

)
(3.3.42)

where the subscript “WD” stands for “wall demolition”. When 2d < δ,

∆FWD(ω) = (−1)n
∫ t0+2d

t0

du cos(2nh2(u)) sinh2(u)χ(u)χ(u− 2d)

+

∫ t0+δ

t0+2d

du cos(2nh2(u)) sinh2(u)χ(u)

× cos(2nh2(u− 2d)) sinh2(u− 2d)χ(u− 2d)

−
∫ t0+δ

t0+2d

du sin(2nh2(u)) sinh2(u)χ(u)

× sin(2nh2(u− 2d)) sinh2(u− 2d)χ(u− 2d), (3.3.43)

whereas when 2d ≥ δ,

∆FWD(ω) = (−1)n
∫ t0+δ

t0

du cos(2nh2(u)) sinh2(u)χ(u)χ(u− 2d). (3.3.44)

Similar to the wall creation case, the last term in (3.3.43) vanishes when n = 0.

Compared to (3.3.32), there are only two differences. One, the second term now

integrates from −∞ to t0 to account for the fact that the wall is pre-existing.

Two, ∆FWD(ω) is slightly different from ∆FWC(ω). Nevertheless, the response

function displays the same discrepancy as for wall creation when compared to

the energy density (3.2.24).

Second, for finite ω, the rapid wall disappearance limit only replaces H1 in

wall creation case (3.3.38) with

H2(y) :=

∫ t0

−∞
duχ(u)χ(u− y). (3.3.45)



Chapter 4

Fermions From A Moving Wall

In this chapter, we turn our attention to an MIT wall that moves along a non-

stationary timelike trajectory. We begin in Section 4.1 with a discussion of

the boundary condition. After solving the equation of motion and quantising

the field, we calculate its renormalised stress-energy tensor. We consider the

response of an Unruh-DeWitt detector in Section 4.2. Keeping the detector

and wall trajectories arbitrary, we discuss some general features of the detector

response. Specialising to a static detector, we then calculate the transition rate

for a wall moving on an arbitrary trajectory. Finally, we consider a wall that

moves along a trajectory that models a collapsing star and discuss the significance

of the late time transition rate.

4.1 Quantum Spinor Field with A Moving Wall

4.1.1 The Moving MIT Wall

Consider an MIT wall that follows a prescribed timelike trajectory defined by

W (u, v) = 0 where W (u, v) := v − w(u) for some smooth function w(u). We

denote the position z of the wall at any given time t with zw(t). In order to ensure

that the early time state is well-defined, we restrict ourselves to wall trajectories

which are asymptotically inertial in the far past. At late times, the condition

49
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need not hold. We allow for wall trajectories which are asymptotically null in

the far future.

We consider a two-component spinor field ψ that lives in the spacetime por-

tion to the right of the wall, that is the region given by v ≥ w(u). The Dirac

inner product (ψ1, ψ2) between any two solutions ψ1 and ψ2 of Dirac equation

(2.1.1) in this portion of spacetime reads

(ψ1, ψ2) =

∫ ∞
zw(t)

[ψ1(t, z)]†ψ2(t, z) dz . (4.1.1)

The boundary condition on the surface of the wall is given by (3.1.5). Due to the

way we parametrise W (u, v), the inward-directed unit normal nµ in the moving

wall case here is given by

nµ =
∂µW√

|ηαβ∂αW∂βW |
=

1

2
√
w′(u)

(1− w′(u), 1 + w′(u)). (4.1.2)

The direction of nµ as given in (4.1.2) may be verified by considering, for instance,

a wall which is static at the origin in the far past. During the early time of such

a scenario, w(u) = u, so we have nµ = (0, 1), in agreement with nµ used in

Section 3.1.2 for a static MIT wall that confines the field to the spacetime region

z > 0. Should we parametrise W (u, v) as w(u) − v, then nµ as defined by the

first equality in (4.1.2) would be leftward, hence outward, directed.

Substituting (4.1.2) into the boundary condition (3.1.5) and using the fact

that a massless field propagates on null geodesics, we have

ψ+(u) = −i
√
w′(u)ψ−(w(u)) (4.1.3)

everywhere to the right of the wall. Note that the reflected field is not only

sensitive to the existence of the wall but also to the instantaneous motion of the

wall through w′(u). In particular, w′(u) directly influences the reflected field’s

amplitude. This phenomenon, which is not observed in the scalar field case, plays
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an important role in ensuring, for instance, the convergence of the renormalised

stress-energy tensor below.

4.1.2 Mode Solutions, Quantisation and Propagators

For a wall that moves inertially in the far past, we only need to consider an in-

mode ansatz ψin
k whose left moving part is proportional to e−ikvU−. The boundary

condition on the wall’s surface then implies that

ψin

k (u, v) = −i
√
w′(u)

2π
e−ikw(u)U+ +

1√
2π
e−ikvU−, (4.1.4)

where a normalisation choice has been made so that the mode function is nor-

malised in the Dirac inner product such that (ψin
k , ψ

in

k′) = δ(k − k′) for any

k, k′ ∈ R \ {0}.

A general solution to the Dirac equation in the moving wall spacetime can

then be expanded as

ψ(u, v) =

∫ ∞
0

dk
(
ain

kψ
in

k (u, v) + bin†k ψ
in

−k(u, v)
)
, (4.1.5)

where ain
k , b

in
k and ain†

k , b
in†
k are the set of annihilation and creation operators re-

spectively with non-vanishing anticommutators {ain
k , a

in†
k′ } = {bink , b

in†
k′ } = δ(k−k′)

for k, k′ > 0. As in Chapter 3, these operators define a normalised in-vacuum

state |0in〉 satisfying 〈0in|0in〉 = 1 and

ain

k |0in〉 = bink |0in〉 = 0 for k > 0. (4.1.6)
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The positive and negative frequency propagators are defined similarly to

(3.2.8) and (3.2.9) respectively, that is

S+
ab(u, v;u′, v′) := 〈0in|ψa(u, v)ψb(u

′, v′) |0in〉 , (4.1.7)

S−ab(u, v;u′, v′) := 〈0in|ψb(u′, v′)ψa(u, v) |0in〉 . (4.1.8)

The in-vacuum state in (4.1.7) and (4.1.8) now refers to that defined in (4.1.6)

instead of (3.2.7). Using (4.1.4) – (4.1.6) followed by the prescription (2.1.15),

we obtain that the positive and negative frequency propagators are given by

S+
ab(u, v;u′, v′)

= − i

2π

√
w′(u)w′(u′)

w(u)− w(u′)− iε
U+,aU

†
+,cβcb −

1

2π

√
w′(u)

w(u)− v′ − iε
U+,aU

†
−,cβcb

+
1

2π

√
w′(u′)

v − w(u′)− iε
U−,aU

†
+,cβcb −

i

2π

1

v − v′ − iε
U−,aU

†
−,cβcb, (4.1.9)

S−ab(u, v;u′, v′)

=
i

2π

√
w′(u)w′(u′)

w(u)− w(u′) + iε
U+,aU

†
+,cβcb +

1

2π

√
w′(u)

w(u)− v′ + iε
U+,aU

†
−,cβcb

− 1

2π

√
w′(u′)

v − w(u′) + iε
U−,aU

†
+,cβcb +

i

2π

1

v − v′ + iε
U−,aU

†
−,cβcb (4.1.10)

respectively, where the limit ε→ 0+ is, as usual, implied.

4.1.3 Stress-Energy Tensor

Let us now consider the renormalised in-vacuum expectation value of the stress-

energy tensor of the field 〈Tµν〉inren ≡ 〈0in|Tµν |0in〉 − 〈Tµν〉M. Similar to Section

3.2.3, we find a set of expressions analogous to (2.1.22) – (2.1.24) for the com-

ponents of 〈0in|Tµν |0in〉 after a similar formal manipulation. The only difference

is that it is now the moving wall negative frequency propagator that appears in

the corresponding expressions of F (u, v;u′, v′) and G(u, v;u′, v′).



4.1. Quantum Spinor Field with A Moving Wall 53

Using (4.1.10), upon point-splitting and subtraction of the Minkowski vacuum

contribution, we obtain

〈Ttt〉inren = 〈Tzz〉inren = −〈Ttz〉inren = −〈Tzt〉inren = − 1

24π
(Sw)(u), (4.1.11)

where

(Sw)(u) =
w′′′(u)

w′(u)
− 3

2

(
w′′(u)

w′(u)

)2

(4.1.12)

is the Schwarzian derivative of w(u) with respect to u. Upon comparison, we

find that every component of the renormalised stress-energy tensor expectation

value above is identical to that of a massless scalar field at all times [1, 28, 48].

Hence, an observer examining only the stress-energy tensor will not be able to

discern that the radiation is made up of fermions.

Two technical remarks are in order. First, as mentioned in Section 2.1.3,

when calculating 〈Tµν〉inren via the point-splitting method, the parameter ε should

be set to zero before taking the coincidence limit. In the moving wall case here,

should we do otherwise, 〈Tµν〉inren will be proportional to (1−w′(u)2)ε−2, which is

divergent. Second, the appearance of a third derivative in (4.1.11) can be seen

as follows. For concreteness, let us take 〈Ttt〉inren as an example. Similar remarks

apply to other components of the stress-energy tensor. Also, since all divergent

terms eventually cancel out during the calculation, we focus only on how the

non-vanishing finite part of 〈Ttt〉inren emerges. From the analogue of (2.1.22) for a

moving wall, which is

〈0in|Ttt |0in〉 = lim
u′,v′→u,v

i

2

[
∂uF (u, v;u′, v′) + ∂vF (u, v;u′, v′)

]
, (4.1.13)

where

F (u, v;u′, v′) = Tr
{
S−(u, v;u′, v′)γ0

}
− Tr

{
S−(u′, v′;u, v)γ0

}
, (4.1.14)



4.2. Unruh-DeWitt Detector Response 54

with S− referring to (4.1.10), we know that 〈0in|Ttt |0in〉 is proportional to the

first derivatives of F (u, v;u′, v′). All non-vanishing finite contributions to 〈Ttt〉inren

comes from the u-derivative part of 〈0in|Ttt |0in〉, which is given by

∂uF (u, v;u′, v′) ∝ 1

2

√
w′(u′)

w′(u)

w′′(u)

w(u)− w(u′)
−
w′(u)

√
w′(u)w′(u′)

(w(u)− w(u′))2
. (4.1.15)

Note that, due to the trace operation in (4.1.14), only the first and fourth terms

of (4.1.10) contributes to F (u, v;u′, v′), hence why ∂uF takes the form given

above. Now, notice that we have written the coincidence limit in (4.1.13) such

that u′, v′ approaches u, v. So, we should think of u as a fixed point and expand

∂uF around u′ = u. In particular, observe the second term in (4.1.15). Its

denominator is of order (∆u)2. So, we have to expand
√
w′(u′) at least up to

order (∆u)2 to obtain the finite part. The coefficient of
√
w′(u′) at the order

(∆u)2 involves w′′′(u), hence the appearance of a third derivative in (4.1.11).

4.2 Unruh-DeWitt Detector Response

We consider now an observer equipped with a point-like Unruh-DeWitt detec-

tor. To ensure that the observer is on the same side as the field ψ and never

collides with the wall even in the asymptotic past and future, we require that

the condition v(τ) − w(u(τ)) ≥ hmin holds for all τ ∈ R, where hmin is a real

positive constant. We will refer to this constraint as the no-collision condition.

For a given wall trajectory w(u), the requirement puts a restriction on the de-

tector’s trajectory. Conversely, a given detector trajectory limits our choice of

wall trajectory w(u).

4.2.1 The Response Function

By the properties (4.1.6) of the in-vacuum |0in〉, the two-point function W (2,2̄)

in the in-vacuum is again given by the formula (2.2.6), with the positive and
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negative frequency propagators appropriately replaced by (4.1.9) and (4.1.10)

respectively. Implementing the method of handling product of distributions and

the coincidence limit discussed in Chapter 2, we obtain

W
(2,2̄)
ε,MW(u, v;u′, v′)

= − 1

2π2

[ √
w′(u)w′(u′)

(w(u)− w(u′)− iε)(v − v′ − iε)
−

√
w′(u)w′(u′)

(w(u)− v′ − iε)(v − w(u′)− iε)

− 2

√
w′(u)(w(u)− v)

((w(u)− v)2 + ε2)

√
w′(u′)(w(u′)− v′)

((w(u′)− v′)2 + ε2)

]
, (4.2.1)

where the subscript “MW” stands for “moving wall”. Substituting (4.2.1) into

the response function (2.2.5), we have that

FMW(ω) = F
(0)
MW(ω) + F

(1)
MW(ω) + F

(2)
MW(ω), (4.2.2)

where

F
(0)
MW(ω) = lim

ε→0+
− 1

π2

∫ ∞
−∞

dr χ(r)

∫ ∞
0

ds χ(r − s)

× Re

{
e−iωs

√
w′(u(r))w′(u(r − s))

(w(u(r))− w(u(r − s))− iε)(v(r)− v(r − s)− iε)

}
,

(4.2.3)

F
(1)
MW(ω) = lim

ε→0+

1

π2

∫ ∞
−∞

dr χ(r)

∫ ∞
0

ds χ(r − s)

× Re

{
e−iωs

√
w′(u(r))w′(u(r − s))

(w(u(r))− v(r − s)− iε)(v(r)− w(u(r − s))− iε)

}
,

(4.2.4)

F
(2)
MW(ω) =

2

π2

∫ ∞
−∞

dr
χ(r)

√
w′(u(r))

w(u(r))− v(r)

∫ ∞
0

ds
χ(r − s) cos(ωs)

√
w′(u(r − s))

w(u(r − s))− v(r − s)
.

(4.2.5)

In arriving at (4.2.5), which comes from the last term in (4.2.1), we have used the

no-collision condition and the fact that χ has a compact support to show that

the integrand has an integrable upper bound. Then, justified by the dominated
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convergence theorem, we set ε = 0 under the double integral. Note that, F
(2)
MW(ω)

arises due to the use of a non-normally-ordered Hamiltonian. For a detector

interacting via a normally-ordered Hamiltonian, F
(2)
MW(ω) does not contribute.

Before proceeding with the analysis, we would like to introduce the notion

of “return time” and comment on the singularity structure of F
(1)
MW(ω). Consider

any right-moving component of ψ that intersects the detector at some proper

time τ . When propagated backwards along the null line u(τ), the right-mover

will be reflected by the wall at v = w(u(τ)) and becomes a left-mover which may

intersect the detector at some earlier proper time τe. This is guaranteed if the

detector follows a trajectory which is asymptotically inertial in the far past. In

such cases, we define the return time ∆tret(τ) at proper time τ as the difference

τ − τe. To determine the quantity, notice that if we start from τe and propagate

the left-mover forward in time, it will intersect the wall at v = v(τe). Hence, the

return time ∆tret(τ) satisfy the equation

v(τ −∆tret(τ)) = w(u(τ)) =⇒ ∆tret(τ) = τ − v−1(w(u(τ))). (4.2.6)

Notice that s = ∆tret(r) is precisely where the integrand of F
(1)
MW(ω) is singular

when ε = 0. Non-existence of ∆tret(r) for a given r then implies that the first

factor in the integrand is regular at that r. Note also that the condition v(r)−

w(u(r − s)) ≥ v(r) − w(u(r)) ≥ hmin, which is true for any non-intersecting

timelike detector and wall trajectories, implies that the second factor of the

integrand has no singular points for any r ∈ R.

4.2.2 The Transition Rate

We now specialise to a detector resting at z = d and parametrise its worldline as

(3.3.1). In terms of null coordinates, the parametrisation is

(u(τ), v(τ)) = (τ, τ + 2d). (4.2.7)
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The no-collision condition now reads τ + 2d − w(τ) ≥ hmin. Since ∆tret(τ) =

τ + 2d− w(τ) in this case, we incidentally have ∆tret(τ) ≥ hmin.

Using methods in [49, 53, 62, 63], we evaluate the limit ε → 0+ of F
(0)
MW(ω)

explicitly and obtain

F
(0)
MW(ω)

= − ω

2π

∫ ∞
−∞

dr [χ(r)]2 +
1

π2

∫ ∞
0

ds

s2

∫ ∞
−∞

dr χ(r)[χ(r)− χ(r − s)]

+
1

π2

∫ ∞
−∞

dr χ(r)

∫ ∞
0

ds χ(r − s)

(
1

s2
−

cos(ωs)
√
w′(r)w′(r − s)

s(w(r)− w(r − s))

)
.

(4.2.8)

For F
(1)
MW(ω), setting ε = 0 in the second factor introduces an error of order ε which

hence vanishes as we take the limit ε → 0+. The remaining term, viewed as an

integral over r, has an integrand that is bounded uniformly by an ε-independent

constant. Together with the fact that χ has a compact support, we may use

dominated convergence theorem to justify commuting the limit ε→ 0+ through

the outer r-integral and obtain

F
(1)
MW(ω)

=
1

π2
Re

{∫ ∞
−∞

dr χ(r) lim
ε→0+

∫ ∞
0

ds
e−iωsχ(r − s)

√
w′(r)w′(r − s)

(s−∆tret(r)− iε)(s+ ∆tret(r − s))

}
.

(4.2.9)

One may then proceed to evaluate the limit ε→ 0+ using the Sokhotsky formula

(2.2.8) if the singularity s = ∆tret(r) is within the range of integration. Other-

wise, if the singularity is outside the range or on the boundary, one may simply

set ε = 0 under the integral. The latter is justified by the fact that the singu-

larity is suppressed by the switching function.1 For our purpose here, however,

F
(1)
MW(ω) as given by (4.2.9) is sufficient. As for F

(2)
MW(ω), substitution of (4.2.7)

1This can be seen by evaluating the inner s-integral for arbitrary χ using the Sokhotsky
formula, then specialising to one where χ(r − s) = 0 for s ≥ ∆tret(r).
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into (4.2.5) gives

F
(2)
MW(ω) =

2

π2

∫ ∞
−∞

dr χ(r)

√
w′(r)

∆tret(r)

∫ ∞
0

ds χ(r − s) cos(ωs)

√
w′(r − s)

∆tret(r − s)
.

(4.2.10)

Now that we have the regulator-free expressions of the response function,

we can calculate the detector transition rate. Following the procedure in [53],

we first substitute (2.2.11) into (4.2.8) – (4.2.10). Then, we differentiate the

response function with respect to τ and take the sharp switching limit δ → 0 to

obtain the transition rate

ḞMW(ω, τ) = Ḟ
(0)
MW(ω, τ) + Ḟ

(1)
MW(ω, τ) + Ḟ

(2)
MW(ω, τ), (4.2.11)

where

Ḟ
(0)
MW(ω, τ) = −ω

π
Θ(−ω) +

1

π2

∫ ∆τ

0

ds cos(ωs)

(
1

s2
−

√
w′(τ)w′(τ − s)

s(w(τ)− w(τ − s))

)

+
1

π2

∫ ∞
∆τ

ds
cos(ωs)

s2
, (4.2.12)

Ḟ
(1)
MW(ω, τ) = lim

ε→0+

1

π2

∫ ∆τ

0

dsRe

{
e−iωs

√
w′(τ)w′(τ − s)

(s−∆tret(τ)− iε)(s+ ∆tret(τ − s))

}
,

(4.2.13)

Ḟ
(2)
MW(ω, τ) =

2
√
w′(τ)

π2∆tret(τ)

∫ ∆τ

0

ds cos(ωs)

√
w′(τ − s)

∆tret(τ − s)
. (4.2.14)

A few technical remarks are in order. First, similarly to (4.2.9), the evaluation

of ε→ 0+ limit in (4.2.13) depends on the relationship between ∆τ and ∆tret(τ).

We may simply set ε = 0 under the integral when ∆τ < ∆tret(τ) and use the

Sokhotsky formula (2.2.8) when ∆τ > ∆tret(τ). However, when ∆τ = ∆tret(τ),

the limit is undefined since the singularity occurs at the boundary of integration

interval and there is no switching function in (4.2.13) to suppress the divergence.

Hence, the expressions above are valid only when ∆τ 6= ∆tret(τ). Second, the
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integrand of Ḟ
(2)
MW(ω, τ) oscillates about a non-zero constant at large s. We thus

have to keep the switch-on time τ0 strictly finite. Third, if one is working with

the normally-ordered interaction Hamiltonian (2.2.13), the previous two remarks

do not apply. Since Ḟ
(2)
MW(ω, τ) does not contribute to the transition rate, we may

push the switch-on time τ0 to the asymptotic past. When this is done, the last

term in (4.2.12) is O(1/∆τ) and the limit ε → 0+ in (4.2.13) should only be

evaluated using the Sokhotsky formula (2.2.8).

4.2.3 Collapsing Star Model

Of particular interest to us is the detector transition rate at late times when the

wall follows a trajectory that produces Hawking-like radiation in the far future.

Such a trajectory has the characteristic asymptotic behaviour [1, 28]

zw(t)→ −t− Ae−2at +B as t→∞, (4.2.15)

where a, A and B are positive constants. The parameter a, in particular, plays

the role of the surface gravity κ in the Bekenstein-Hawking temperature TBH

mentioned in Chapter 1. For concreteness, let us consider the trajectory [49,50]

w(u) = −1

a
ln
(
1 + e−au

)
, (4.2.16)

where a > 0. Using the formula sinh−1(x) = ln
(
x+
√
x2 + 1

)
, we obtain that

zw(t) =
1

a
ln

(
−e

at

2
+

√
e2at

4
+ 1

)
. (4.2.17)

At early times, the wall moves with an inertial motion as required. The trajectory

(4.2.16) asymptotes to zw(t) = 0 from the left as t→ −∞. At late times, the wall

approaches a null trajectory with v = 0 as the asymptote and (4.2.17) satisfies

(4.2.15) with A = 1 and B = 0. The worldline of a wall following the trajectory

(4.2.16) is illustrated in Figure 4.1.
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UdW detector

Receding wall

d

t

z

t + z = 0

Figure 4.1: A receding wall in Minkowski spacetime and an Unruh-DeWitt
(UdW) detector at z = d > 0. The dashed line t + z = 0 shows the future
asymptote of the wall.

From previous particle detector calculations involving a massless scalar field

[49, 50], one may expect that the late time transition rate in our case here to

contain a term proportional to the Fermi-Dirac statistics, that is

Ḟ (ω, τ) = f(ω, a)Θ(−ω) +
g(ω, a)

1 + e2πω/a
+ h(ω, a), (4.2.18)

where f , g and h are some functions of ω and a. The first and second terms rep-

resent the contributions from undisturbed left-movers and thermal right-movers

respectively. However, as shown in Appendix B, this is not the case. The late

time transition rate of a static detector at z = d, interacting with the field via

either interaction Hamiltonian (2.2.1) or (2.2.13) is in fact given by

Ḟ (ω, τ) =
a

2π2
ln
(

1 + e−
2πω
a

)
+ o(1) (4.2.19)
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when it is switched on at an arbitrary fixed finite τ0. The same holds when

the detector interacts via (2.2.13) and is switched on in the asymptotic past.

Comparing (4.2.19) to (4.2.18), two observations can be made.

First, the separation between contributions from undisturbed left-movers and

thermal right-movers is not apparent in (4.2.19). This can actually be traced back

to the quadratic nature of the detector-field coupling whose general feature is to

couple the left-moving and right-moving components of the field in W (2,2̄).

Second, (4.2.19) contains no term that is proportional to the number density

of fermions with energy ω in a fermionic thermal bath at temperature a/2π, as

suggested in (4.2.18). Our detector hence is not counting the number of fermions

with energy ω in usual sense of particle counting. Recall, nevertheless, that the

Helmholtz free energy of fermions in length L at temperature T = a/2π is given

by [64]

F = −2L

∫ ∞
0

dω

2π

[
ω + 2× a

2π
ln
(

1 + e−
2πω
a

)]
. (4.2.20)

The first term is the vacuum energy, hence may be ignored. The factor two

in the second term accounts for the existence of fermions and anti-fermions.

Meanwhile, the overall factor two outside the integral accounts for the existence

of a left-mover and a right-mover for each energy. We see that, for ω > 0,

the transition rate (4.2.19) is actually proportional to the Helmholtz free energy

density of fermions with energy ω in a thermal bath at temperature a/2π. An

observer equipped with a detector will therefore be able to infer that the late

time radiation from the wall is made of fermions.



Chapter 5

Conclusions

In this thesis, we have analysed massless fermion creation by time-dependent

boundaries in (1 + 1)-dimensional flat spacetimes. We considered two distinct

senses in which the boundaries are said to be time-dependent. On one hand, a

boundary which remains at rest with respect to a family of inertial observers but

imposes a time-dependent boundary condition. On the other hand, a bound-

ary that moves along a timelike trajectory while imposing a time-independent

boundary condition, specifically the MIT bag boundary condition. In both cases,

we have calculated the stress-energy tensor of the spinor field describing the

fermions, renormalised via the point-splitting method, and the response of an in-

ertial Unruh-DeWitt detector coupled linearly to the scalar density of the field.

Throughout our analysis, we have compared our results to those readily available

in the literature for a massless scalar field in similar settings.

In Chapter 3, we focused our attention to the motionless evolving wall, which

was taken to impose a boundary condition parametrised by four arbitrary time-

dependent functions. Technically, at any instance of time, the wall imposes a

particular self-adjointness condition of the Dirac operator. We argued that some

of the boundary conditions may be interpreted as arising from a combination

of idealised scalar and electric potentials. In this setting, we have analysed the

properties of the energy flux emitted by the wall and also the response of an

62
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inertial Unruh-DeWitt particle detector that passes through the energy burst.

Our findings are as follows.

First, when the field is in a state corresponding to early time vacuum, the

energy flux is finite for any smoothly evolving wall. This is deduced from the

field’s renormalised stress energy tensor (3.2.14) – (3.2.17). Second, the response

of a detector that passes through the energy burst can be expressed, roughly

speaking, as a sum of the response to a static impermeable wall. For each term in

the sum, the switching function is multiplied by specific trigonometric functions

involving the wall parameters. As such, within first order perturbation theory,

the detector’s probability of excitation due to the wall’s evolution is finite for

any smoothly evolving wall.

For concreteness, we considered the creation and demolition of an imperme-

able wall that imposes MIT bag boundary condition [47] on both sides — the MIT

wall for short. We chose discrete one-parameter families of the self-adjointness

boundary condition (3.1.10) to describe the process. The discrete parameter

n ∈ Z can be thought as labelling different ways to carry out the process. We

analysed in detail the behaviour of the energy flux, the total energy transmitted

into the field by such a process and the response of a particle detector in the

rapid process limit, and compared our spinor field results to that of a scalar field

analysis carried out in [40,45]. The results obtained are as follows.

First, for any smooth process of wall creation or demolition, the energy flux

emitted by the wall is finite. From (3.2.24), we see that large values of |n| lead to

a higher energy flux. Second, in rapid process limit, the burst of energy displays

a delta distribution squared divergence. The total energy transmitted into the

field diverges at least as fast as the inverse of the wall’s evolution duration δ.

The exact rate of divergence depends on how the limit δ → 0 is taken. Third,

the detector’s response is finite for any smooth MIT wall creation or demolition.

Fourth, in the limit of large detector energy gap ω but finite δ, contributions

from the wall’s evolution itself, as opposed to the wall’s existence, is only of
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order δ. While this may seem contradictory to the energy density result at first,

the conclusion is not expected to hold in the rapid process limit, that is when

δ−1 is comparable to ω. This suspicion is supported by our subsequent analysis,

which brings us to our fifth point. In the limit of rapid process but finite detector

energy gap, the detector’s response indeed diverges. However, the divergence is

only logarithmic in the duration of wall’s evolution. This adds to the evidence

that, within first order perturbation theory, a localised matter system coupled

to the field may not be as sensitive to the divergence in local expectation value

of field observables such as the stress-energy tensor [40,43,44].

In Chapter 4, we turned our attention to the moving wall analysis. To ensure

a well-defined early time state, we have restricted ourselves to a wall that follows

an asymptotically inertial trajectory in the far past. When the spinor field is

in a state corresponding to early time vacuum, we found that the wall radiates

in such a way that the stress-energy tensor of the spinor field (4.1.11) is exactly

equal to that of a massless scalar field at all times [1, 28, 48]. This implies, in

particular, that an observer examining only the stress-energy tensor is unable to

tell whether the radiation is made of fermions or bosons.

We then considered an observer who analyses the radiation using an Unruh-

DeWitt detector. Specifically, we focused on a static observer and calculated the

transition rate of the detector. Even though it is operationally difficult to be

measured since an observer requires an ensemble of ensembles of detectors to do

so, the transition rate has an intuitive physical interpretation. It quantifies how

the transition probability of the detector would change when the detector contin-

ues to interact with the field at maximum coupling strength for an infinitesimal

additional time. We found that the transition rate is finite at almost all times.

It is divergent only when the detector-field interaction period coincides with the

time taken for the field to be reflected back, backwards in time, to the observer.

When compared to the corresponding result for a massless scalar field [49, 50],

we found that the transition rate (4.2.11) indeed takes a different form. Hence,
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an observer equipped with an Unruh-DeWitt detector will generically be able to

distinguish fermions from bosons.

As an illustration, we then considered a wall trajectory for which a mirror

reflecting a scalar field following the same trajectory is known to emit thermal

radiation in the far future [49,50]. For the wall reflecting a fermion field, we ob-

tain an interesting result for the detector’s late time transition rate: the detector

clicks at a rate proportional to the Helmholtz free energy density of fermions,

whose energy matches the detector energy gap ω, in a thermal bath at temper-

ature T = a/2π. On one hand, this is to be contrasted with the expectation

that the detector counts the number of particles, hence should contain a term

proportional to the number density of thermal fermions with energy ω. On the

other hand, the late time transition rate is to be compared with the correspond-

ing result for a massless scalar field φ where the detector partially clicks at a rate

proportional to the number density of bosons, with energy ω, in a thermal bath

of the same temperature [49, 50]. The latter comparison shows that our second

observer can indeed conclude that the radiation consists of fermions.

There are several limitations in our analysis that could be a source of ideas for

future projects. First, we have only considered massless spinor fields in 1 + 1 flat

spacetimes. For a more realistic model of a Dirac field in 3+1 dimensions, it is im-

portant to consider massive fields. The problem of a motionless time-dependent

spherical shell in 3 + 1 Minkowski spacetime, for instance, can be reduced to

the problem of a motionless time-dependent wall in 1 + 1 half-Minkowski space-

time. However, even if the 3 + 1 Dirac field is massless, separation of variables

introduces an effective potential, which acts like a space-dependent mass term,

to the 1 + 1 problem. Furthermore, unlike a scalar field, there is no spherically

symmetric mode which would reduce to a massless 1 + 1 field. Second, the type

of detector-field coupling we chose in the thesis is primarily for simplicity. At the

moment, it is not known whether such a detector models any real world localised

matter system. An investigation into other types of coupling, such as vµψγ
µψ,
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where vµ is the detector’s velocity, would be fruitful. Third, we have focused

exclusively on the response of a static detector. It would be interesting to see

how the detector’s motion, inertial or otherwise, would change the results.

Fourth, specifically for the motionless evolving wall analysis, the boundary

conditions we studied in this thesis is purely mathematical - except the no-

wall and perhaps the MIT wall boundary conditions. It would be interesting

to investigate the role of each wall parameter in real-world experiment. The

correspondence to an idealised delta potential given in Section 3.1.2 could be a

starting point for such an investigation.

Fifth, specifically for the moving wall analysis, only a wall trajectory that

models a collapsing star has been considered in detail. Another interesting wall

trajectory is one where the wall accelerates uniformly for a certain period of time.

The similarity between the stress-energy tensor a scalar field and a spinor field

implies that the wall analysed in this thesis also does not radiate when it is accel-

erating uniformly. For a scalar field, Davies and Fulling argued that a detector

detects particle fluxes albeit the absence of any radiation [28]. However, Groove

later made an analysis that resolves the discrepancy [65]. After identifying an

approximation that led Davies and Fulling to their conclusion, he showed that

a detector operating only in the region where the mirror accelerates uniformly

indeed detects no particle. A calculation of the transition rate for our detector

in a similar setting would thus complement Groove’s work.

Finally, the scalar detectors that our results are compared against couple

linearly either to the scalar field itself or its derivative. It would be interesting

to consider a scalar detector that couples linearly to the scalar density φ†φ of

the scalar field. In particular, we see in Section 4.2.3 that the left-moving and

right-moving components of the spinor field conspire in such a way that the late

time transition rate of our detector is proportional to the Helmholtz free energy

density of mode ω in a fermionic thermal bath. It would be interesting to see if

a similar phenomenon occurs for the φ†φ detector.



Appendix A

Supplement for Evolving Wall

Analysis

A.1 Self-adjoint Extensions of the Dirac Oper-

ator on Disjoint Half-Lines

Consider the massless field Dirac operator D = −iα∂z acting on the Hilbert

space H =
←
H⊕

→
H, where

←
H = L2((−∞, 0])⊕L2((−∞, 0]) and

→
H = L2([0,∞))⊕

L2([0,∞)). We equip H with the inner product

(φ1, φ2) =

∫ 0

−∞
[φ1(z)]†φ2(z) dz +

∫ ∞
0

[φ1(z)]†φ2(z) dz , (A.1.1)

where φ1, φ2 ∈ H. Let the initial domain of D be

D(D) = {φ ∈ H | ∂zφ ∈ H, φ(0−) = φ(0+) = 0}, (A.1.2)

where φ(0−) and φ(0+) are respectively the limiting values of the parts of φ(z)

that lie in
←
H and

→
H as z approaches 0.

The fact that the limits in (A.1.2) exist so that we can impose the vanishing

boundary condition at z = 0 can be seen as follows. For clarity, let the parts of

67
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φ(z) that lie in
←
H and

→
H be denoted

←
φ(z) and

→
φ(z) respectively. Now, observe

that the condition ∂zφ ∈ H for every φ ∈ D(D) implies that ∂z
←
φ± ∈ L2((−∞, 0])

and ∂z
→
φ± ∈ L2([0,∞)), where, recall that, the subscripts + and − indicate

the terms being the coefficient of the spinor basis U+ and U− respectively. It

follows that for any a ∈ (0,∞) and b ∈ (0,∞), ∂z
←
φ± is square integrable in the

closed interval [−a, 0] and ∂z
→
φ± is square integrable in the closed interval [0, b].

Hence, ∂z
←
φ± and ∂z

→
φ± are integrable in these respective closed interval, which

implies that the functions
←
φ± and

→
φ± are absolutely continuous, and in particular

continuous, in these respective closed intervals. The continuity at z = 0, in the

sense of a one-sided continuity, shows that the limits φ(0−) and φ(0+) exist.

In addition to implying the continuity of
←
φ± and

→
φ± that we’ve just stated,

the conditions ∂z
←
φ± ∈ L2((−∞, 0]) and ∂z

→
φ± ∈ L2([0,∞)) also imply that

lim
z→−∞

←
φ±(z) = lim

z→∞

→
φ±(z) = 0 ∀φ ∈ D(D). (A.1.3)

See, for instance, pages 85 – 86 of [66] for the proof.

Consider now the adjoint of D, denoted D†. The adjoint’s domain D(D†)

consists of ψ ∈ H such that there exists D†ψ ∈ H satisfying the condition [67]

(ψ,Dφ) = (D†ψ, φ) ∀φ ∈ D(D). (A.1.4)

Integrating the left hand side of (A.1.4) by parts, we obtain

(−iα∂zψ, φ) = (D†ψ, φ) ∀φ ∈ D(D), (A.1.5)

where the boundary terms vanish due to the vanishing of φ ∈ D(D) at infinity

and at z = 0 on both sides. From (A.1.5), we have that D† = −iα∂z in H and

D(D†) = {ψ ∈ H | ∂zψ ∈ H}. (A.1.6)
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As above, the condition ∂zψ ∈ H implies that, for every ψ ∈ D(D†), the limits

ψ(0−) and ψ(0+) exist and ψ(z) vanishes at infinity. However, note that there

is no boundary condition imposed on ψ ∈ D(D†) at z = 0 on either side. Since

D(D) 6= D(D†), our initial operator (D,D(D)) is clearly not self-adjoint.

To find self-adjoint extensions of (D,D(D)), we need to expand D(D) and

shrink D(D†) until the two coincide. To this aim, we relax the boundary condi-

tion in (A.1.2) so that elements of D(D) can be non-vanishing at z = 0. At the

same time, we require that elements of D(D†) obey some boundary condition

at z = 0. We denote the new domain of D and D† with D′(D) and D′(D†)

respectively. Remember that, by construction, φ ∈ D′(D) on the negative real

line lives in a different subspace than that on the positive real line. Therefore,

φ ∈ D′(D) need not have the same limit on both sides of z = 0. The same

remark applies to ψ ∈ D′(D†).

To derive explicitly the boundary condition such that D′(D) = D′(D†), hence

characterising the self-adjoint extensions of our initial operator (D,D(D)), con-

sider the sesquilinear form

B(ψ, φ) := i [(ψ,−iα∂zφ)− (−iα∂zψ, φ)]

= ψ†(0−)αφ(0−)− ψ†(0+)αφ(0+), (A.1.7)

where ψ ∈ D′(D†) and φ ∈ D′(D). In the second line, we have used the properties

(A.1.3) for φ ∈ D′(D) and a similar properties for ψ ∈ D′(D†). Expanding ψ

and φ in terms of the spinor basis {U+, U−} allows us to write

B(ψ, φ) = u†

I 0

0 −I

 v, (A.1.8)
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where I is the 2× 2 identity matrix and

u :=



ψ+(0−)

ψ−(0+)

ψ+(0+)

ψ−(0−)


, v :=



φ+(0−)

φ−(0+)

φ+(0+)

φ−(0−)


. (A.1.9)

By the lemma in Appendix A of [68], it follows that the self-adjoint extensions

of our initial operator (D,D(D)) are parametrised by the boundary condition

ψ+(0+)

ψ−(0−)

 = U

ψ+(0−)

ψ−(0+)

 , (A.1.10)

where U is a 2× 2 unitary matrix, which we shall parametrise as

U = eiϕ

 eiϕ1 cos θ ieiϕ2 sin θ

ie−iϕ2 sin θ e−iϕ1 cos θ

 , (A.1.11)

where (ϕ, ϕ1, ϕ2, θ) ∈ R4. Note that the arrangement of (A.1.10) and the choice

of parametrisation (A.1.11) are so that U = I corresponds to the essentially

self-adjoint Dirac operator on the full real line R. As noted in the main text,

due to the way we parametrise U , there are more than one set of parameters

(ϕ, ϕ1, ϕ2, θ) corresponding to the same unitary matrix U .

A.2 Correspondence to δ-potential

Integrating both sides of (3.1.13) over a small interval [−ε, ε], where ε > 0, and

taking the limit ε→ 0, we obtain

iα(ψ(0+)− ψ(0−)) = (S(t)β + V (t)) lim
ε→0+

∫ ε

−ε
δ(z)ψ dz , (A.2.1)
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where ψ(0±) ≡ ψ(t, 0±). In arriving at (A.2.1), we have assumed that ∂tψ on the

left hand side of (3.1.13) is continuous and, in particular, does not behave like

δ(z) at the origin. Instead of using (3.1.15) from the outset, let us begin here

with a more general version, that is

lim
ε→0+

∫ ε

−ε
δ(z)ψ(z) dz := h−ψ(0−) + h+ψ(0+), (A.2.2)

where h− and h+ are real positive constants that add up to one. A definition

analogous to (A.2.2) is used, for instance in [69], to describe an asymmetric δ-

shell. In our case here, (A.2.2) describes a δ-potential wall that treats the right

and left portions of the spacetime differently.

Substituting (A.2.2) into (A.2.1) and expanding ψ(0±) in the spinor basis

{U+, U−}, the terms proportional to U+ give

(i− V (t)h+)ψ+(0+)

= (i+ V (t)h−)ψ+(0−) + S(t)h+ψ−(0+) + S(t)h−ψ−(0−) (A.2.3)

while the terms proportional to U− give

(i− V (t)h−)ψ−(0−)

= (i+ V (t)h+)ψ−(0+) + S(t)h−ψ+(0−) + S(t)h+ψ+(0+). (A.2.4)

To find the relation between (S(t), V (t), h−, h+) and (ϕ(t), ϕ1(t), ϕ2(t), θ(t)),

we need to bring (A.2.3) – (A.2.4) into the form of (3.1.3). This can be done as

follows. We multiply (A.2.3) with (i − V (t)h−) and eliminate ψ−(0−) from the

resulting equation using (A.2.4). After some rearrangement, we obtain

(V (t)2h−h+ − S(t)2h−h+ − iV (t)− 1)ψ+(0+)

= (S(t)2h2
− − V (t)2h2

− − 1)ψ+(0−) + iS(t)ψ−(0+). (A.2.5)
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Analogously, we multiply (A.2.4) with (i − V (t)h+) and eliminate ψ+(0+) from

the resulting equation using (A.2.3). After some rearrangement, we obtain

(V (t)2h−h+ − S(t)2h−h+ − iV (t)− 1)ψ−(0−)

= (S(t)2h2
+ − V (t)2h2

+ − 1)ψ−(0+) + iS(t)ψ+(0−). (A.2.6)

Now, notice that the factor V (t)2h−h+−S(t)2h−h+− iV (t)− 1 on the left hand

side of (A.2.5) and (A.2.6) never vanishes. If V (t) = 0, then the remaining

terms is always less than or equal to −1. If V (t) 6= 0, then the factor certainly

does not vanish. Hence, we can divide both sides of (A.2.5) and (A.2.6) with the

factor. Upon comparison with (3.1.3) and (3.1.4), we can make the identifications

(suppressing the dependence on t in all parameters)

S2h2
− − V 2h2

− − 1

V 2h−h+ − S2h−h+ − iV − 1
= ei(ϕ+ϕ1) cos θ, (A.2.7)

S

V 2h−h+ − S2h−h+ − iV − 1
= ei(ϕ+ϕ2) sin θ, (A.2.8)

S2h2
+ − V 2h2

+ − 1

V 2h−h+ − S2h−h+ − iV − 1
= ei(ϕ−ϕ1) cos θ, (A.2.9)

S

V 2h−h+ − S2h−h+ − iV − 1
= ei(ϕ−ϕ2) sin θ. (A.2.10)

Since the left-hand side of (A.2.8) and (A.2.10) are identical, we have that

ϕ2 = c2π, where c2 ∈ Z. The two constraints then reduce to a single one.

We now specialise to the case of a symmetric δ-potential where h− = h+ = 1/2.

The first thing to note is that the left-hand side of (A.2.7) and (A.2.9) are now

identical, implying that ϕ1 = c1π, where c1 ∈ Z. We are now left with

S2 − V 2 − 4

V 2 − S2 − 4iV − 4
= (−1)c1eiϕ cos θ, (A.2.11)

4S

V 2 − S2 − 4iV − 4
= (−1)c2eiϕ sin θ. (A.2.12)
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Using the fact that sin θ and cos θ never vanish simultaneously, we obtain (3.1.16)

– (3.1.18) after separating the real and imaginary parts of the constraints (A.2.11)

– (A.2.12).

The boundary conditions (3.1.10) used for wall appearance and disappearance

correspond to (−1)c1 = 1, c2 = n+ 1 and ϕ = 2nθ. In order to solve the system

of coupled hyperbolic equations obtained and express S and V in terms of n and

θ, we analyse the following cases separately: n = 0 and n 6= 0; sin 2nθ = 0 and

sin 2nθ 6= 0; cos θ+ cos 2nθ = 0 and cos θ+ cos 2nθ 6= 0. We found that S(t) and

V (t) can eventually be written as in (3.1.19) – (3.1.20) for any value of n and θ.

Whenever (3.1.19) – (3.1.20) diverges, S(t) and V (t) are undefined.

A.3 Total Energy of Creation and Demolition

Process

For a wall creation, we may write θ(t0 + x) = (π/2)fδ(x), where fδ(x) is some

smooth function satisfying fδ(x) = 0 for x ≤ 0 and fδ(x) = 1 for x ≥ δ. To

construct the family of functions {fδ(x)} labelled by δ > 0, we may consider

compressing a given reference function fr(x) such that

fδ(x) = fr(sx
a) for x > 0, (A.3.1)

where s is the stretching factor and a is some positive real number. From the

condition fδ(δ) = fr(sδ
a) = fr(r), it follows that s = r/δa and

f ′δ(x) =
arxa−1

δa
f ′r

(
rxa

δa

)
. (A.3.2)

Now, consider the integral part of (3.2.26). For generality, we substitute the

exponent of the integrand with p here, where p is any non-negative integer. For
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a wall creation described by the function fδ(x) above, we have

∫ δ

0

[h′1(t0 + x)]p dx =
(π

2

)p ∫ δ

0

[f ′δ(x)]p dx

=

(
ar

1
a

δ

)p−1 (π
2

)p ∫ r

0

y
(p−1)(a−1)

a [f ′r(y)]p dy . (A.3.3)

To obtain the first equality, recall (3.1.11), from which we have h′1(t0 + x) =

θ′(t0 + x), and hence h′1(t0 + x) = (π/2)f ′δ(x), for the interval 0 < x < δ. The

second equality follows from the use of (A.3.2) and a change of integration vari-

able x → y = rxa/δa. For any δ > 0, we know that the left-hand side is

necessarily finite because h′1(t0 + x) is bounded. Since the pre-factor on the

right-hand side is finite, the y-integral in the second line necessarily converges.

More importantly, the y-integral is independent of δ. Writing the right-hand

side of (A.3.3) as K ′δ1−p, where K ′ is a δ-independent constant, it is clear how

the left-hand side depends on δ. Substituting p = 2, it follows that, for (3.2.26),

〈E〉 = Kδ−1, where K = (1 + 4n2)(2π)−1K ′.

A.4 Static MIT Wall Response Function

For a detector whose trajectory is parametrised by (3.3.1), a substitution of

(3.3.5) into the response function (2.2.3) or (2.2.5) gives

FMIT(ω) = FNW(ω) + F
(1)
MIT(ω) + F

(2)
MIT(ω), (A.4.1)

where FNW(ω), by virtue of being the contribution corresponding to the first

term of (3.3.5), which is the no-wall point function, is given by (2.2.10) with
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(∆x)2 = s2. The remaining two terms are given by

F
(1)
MIT(ω) = lim

ε→0+

1

π2

∫ ∞
−∞

duχ(u)

∫ ∞
0

ds χ(u− s) Re

{
e−iωs

(s− iε)2 − 4d2

}
, (A.4.2)

F
(2)
MIT(ω) = lim

ε→0+

1

π2

∣∣∣∣∫ ∞
−∞

dτ e−iωτχ(τ)
2d

4d2 + ε2

∣∣∣∣2. (A.4.3)

The first, second and third terms in (A.4.1) correspond to the first, second and

third terms of (3.3.5) respectively.

Let us first analyse F
(1)
MIT(ω). Using the method of partial fractions, we can

write F
(1)
MIT(ω) as a sum of two terms, F

(1)
MIT,s(ω) and F

(1)
MIT,r(ω), where

F
(1)
MIT,s(ω) = lim

ε→0+

1

4π2d

∫ ∞
−∞

duχ(u)

∫ ∞
0

ds χ(u− s) Re

{
e−iωs

s− 2d− iε

}
, (A.4.4)

F
(1)
MIT,r(ω) = − lim

ε→0+

1

4π2d

∫ ∞
−∞

duχ(u)

∫ ∞
0

ds χ(u− s) Re

{
e−iωs

s+ 2d− iε

}
. (A.4.5)

The integrand of F
(1)
MIT,s(ω) contains a singularity at s = 2d > 0 when ε = 0.

After a change of variable s → r = s − 2d, we may use the Sokhotsky formula

(2.2.8) to find the limit ε→ 0+ of the inner integral. This gives us

F
(1)
MIT,s(ω) =

1

4π2d
Re

{
e−2iωd

[
iπG(2d) +

∫ 2d

0

dr

r

(
G(2d+ r)e−iωr −G(2d− r)eiωr

)
+

∫ ∞
2d

dr

r
G(2d+ r)e−iωr

]}
, (A.4.6)

where G(y) is as given by (3.3.10). For F
(1)
MIT,r(ω), notice that the integrand is

bounded from above and, due to the switching function, has a compact support.

Hence, by dominated convergence theorem, we may set ε = 0 under the double

integral. After a change of variable s→ r = s+ 2d, we obtain

F
(1)
MIT,r(ω) = − 1

4π2d
Re

{
e−2iωd

∫ ∞
2d

G(2d− r)eiωr
}
. (A.4.7)

Combining (A.4.6) and (A.4.7), we obtain (3.3.8).
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Next, consider F
(2)
MIT(ω). From (A.4.3), we see that, similar to F

(1)
MIT,r(ω), the

integrand is bounded from above and, due to the switching function, has a com-

pact support. Hence, dominated convergence theorem implies that we may set

ε = 0 under the integral. The form given in (3.3.9) follows when we set ε = 0 in

the last term of (3.3.5) for a static detector and substituted it into (2.2.5).

Large Energy Gap Limit

The large energy gap limit of FNW(ω) is readily available from [53], that is

FNW(ω) = −ωΘ(−ω)

π

∫ ∞
−∞

du [χ(u)]2 +O∞
(
|ω|−1

)
. (A.4.8)

To obtain large |ω| expression of F
(1)
MIT(ω), we start by writing (3.3.8) as

F
(1)
MIT(ω) =

1

4π2d
Re

{
e−2iωd

[
2iπG(2d)Θ(−ω)

+

∫ ∞
0

dr cosωr
G(2d+ r)−G(2d− r)

r

− i
∫ ∞

0

dr sinωr
G(2d+ r) +G(2d− r)− 2G(2d)

r

]}
(A.4.9)

by adding and subtracting 2G(2d) sinωr/r under the r-integral and using the

identity
∫∞

0
(sinωx/x) dx = (π/2) sgn(ω). The method of repeated integration

by parts, integrating the trigonometric factor [70], then shows that the integral

terms are O∞(|ω|−1).

The double integral in (3.3.9) is absolutely convergent, allowing us to reverse

the order of integration [71]. Then, the large |ω| of F
(2)
MIT(ω) can be obtained

by repeated integration by parts, integrating the trigonometric factor [70]. This

gives F
(2)
MIT(ω) = O∞(|ω|−1). Combining the results, we obtain (3.3.11).



A.5. General Evolving Wall Response Function 77

A.5 General Evolving Wall Response Function

Implementing the procedure that leads to (3.3.5), but now using (3.2.12) and

(3.2.13), we obtain, for z, z′ > 0,

W
(2,2̄)
ε,GEW(u, v;u′, v′)

= cos ([ϕ(u)− ϕ(u′)] + [ϕ1(u)− ϕ1(u′)])W
(2,2̄)
ε,NW cos θ(u) cos θ(u′)

+ cos ([ϕ(u)− ϕ(u′)] + [ϕ2(u)− ϕ2(u′)])W
(2,2̄)
ε,NW sin θ(u) sin θ(u′)

+ cos ([ϕ(u) + ϕ(u′)] + [ϕ2(u) + ϕ2(u′)])W
(2,2̄)
ε,MIT1

sin θ(u) sin θ(u′)

+ 2 Re
{
ei[ϕ(u)−ϕ(u′)]+i[ϕ2(u)−ϕ2(u′)]W

(2,2̄)
ε,GEW1

}
sin θ(u) sin θ(u′)

+ 2 Re
{
e−i[ϕ(u)+ϕ(u′)]−i[ϕ2(u)+ϕ2(u′)]W

(2,2̄)
ε,GEW2

}
sin θ(u) sin θ(u′), (A.5.1)

where W
(2,2̄)
ε,NW is as given by (2.2.9),

W
(2,2̄)
ε,MIT1

(u, v;u′, v′) =
1

2π2

1

(u− v′ − iε)(v − u′ − iε)
(A.5.2)

is the second term in (3.3.5) and

W
(2,2̄)
ε,GEW1

(t, z; t′, z′) =
1

4π2

1

4zz′ + 2iε(z − z′) + ε2
(A.5.3)

W
(2,2̄)
ε,GEW2

(t, z; t′, z′) =
1

4π2

1

4zz′ + 2iε(z + z′)− ε2
. (A.5.4)

Recall that the two point function is given by the formula (3.3.2). The first three

terms in (A.5.1) come from the first term of (3.3.2) while the last two terms in

(A.5.1) come from the second term of (3.3.2).

Substituting (A.5.1) into (2.2.5) then gives

FGEW(ω) = F
(0)
GEW(ω) + F

(1)
GEW(ω) + F

(2)
GEW(ω) (A.5.5)
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where

F
(0)
GEW(ω) = lim

ε→0+

−1

π2

∫ ∞
−∞

duχ(u)

∫ ∞
0

ds χ(u− s) Re

{
e−iωs

(s− iε)2

}
f0(u, s),

(A.5.6)

F
(1)
GEW(ω) = lim

ε→0+

1

π2

∫ ∞
−∞

duχ(u)

∫ ∞
0

ds χ(u− s) Re

{
e−iωs

(s− iε)2 − 4d2

}
f1(u, s),

(A.5.7)

F
(2)
GEW(ω) =

1

4π2d2

∫ ∞
−∞

duχ(u)

∫ ∞
0

ds χ(u− s) cos(ωs)f2(u, s), (A.5.8)

and

f0(u, s) = cos
(
[ϕ(u)− ϕ(u− s)] + [ϕ1(u)− ϕ1(u− s)]

)
cos θ(u) cos θ(u− s)

+ cos
(
[ϕ(u)− ϕ(u− s)] + [ϕ2(u)− ϕ2(u− s)]

)
sin θ(u) sin θ(u− s),

(A.5.9)

f1(u, s) = cos
(
[ϕ(u) + ϕ(u− s)] + [ϕ2(u) + ϕ2(u− s)]

)
sin θ(u) sin θ(u− s),

(A.5.10)

f2(u, s) =
{

cos([ϕ(u)− ϕ(u− s)] + [ϕ2(u)− ϕ2(u− s)])

+ cos([ϕ(u) + ϕ(u− s)] + [ϕ2(u) + ϕ2(u− s)])
}

sin θ(u) sin θ(u− s).

(A.5.11)

Note that W
(2,2̄)
GEW1

and W
(2,2̄)
GEW2

are bounded from above for a detector at rest. In

arriving at (A.5.8), we have used that fact and the fact that χ has a compact

support to use the dominated convergence theorem and bring the limit ε → 0+

under the double integral of the response function.

To further simplify the expression, recall the two trigonometric identities

cos(A±B) = cos(A) cos(B)∓ sin(A) sin(B), (A.5.12)

cos(A) + cos(B) = 2 cos

(
A+B

2

)
cos

(
A−B

2

)
. (A.5.13)



A.5. General Evolving Wall Response Function 79

The first identity allows us to write (A.5.6) and (A.5.7) as

F
(0)
GEW(ω) =

4∑
j=1

lim
ε→0+

−1

π2

∫ ∞
−∞

duχj(u)

∫ ∞
0

ds χj(u− s) Re

{
e−iωs

(s− iε)2

}
, (A.5.14)

F
(1)
GEW(ω) = lim

ε→0+

1

π2

∫ ∞
−∞

duχ3(u)

∫ ∞
0

ds χ3(u− s) Re

{
e−iωs

(s− iε)2 − 4d2

}
− lim

ε→0+

1

π2

∫ ∞
−∞

duχ4(u)

∫ ∞
0

ds χ4(u− s) Re

{
e−iωs

(s− iε)2 − 4d2

}
,

(A.5.15)

where χj for j = 1, 2, 3, 4 are given by (3.3.19) – (3.3.22). The second identity,

on the other hand, gives

F
(2)
GEW(ω) =

1

2π2d2

∫ ∞
−∞

duχ3(u)

∫ ∞
0

ds χ3(u− s) cos(ωs). (A.5.16)

Each term in (A.5.14) is none other than the response of the detector in ab-

sence of wall, but with a modified switching function given by one of (3.3.19)

- (3.3.22). Similarly, each term in (A.5.15) is simply F
(1)
MIT(ω) with a modified

switching function. Comparing (A.5.16) and (3.3.9), we notice a similar pattern.

Since derivations of regulator-free expressions of FNW(ω) and F
(1)
MIT(ω) rely only

on the fact that χ is bounded and has compact support [53], similar results follow

immediately. Together with the fact that

4∑
j=1

[χj(τ)]2 = [χ(τ)]2 (A.5.17)

for any functional form of ϕ(τ), ϕ1(τ), ϕ2(τ) and θ(τ), we obtain (3.3.13) and

(3.3.14).
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A.6 Wall Creation Response Function

A.6.1 Large Energy Gap Limit for Smooth Wall Creation

Recall first that (3.3.23) is valid for a general evolving wall. Therefore, the large

|ω| limit of FWC(ω) can easily be obtained by substituting (3.3.30) and (3.3.31)

into (3.3.23).

To write the large |ω| limit of FWC(ω) in the form given by (3.3.32), we need

the expressions for
∫∞
−∞ duχ3(u)χ3(u−2d) and

∫∞
−∞ duχ4(u)χ4(u−2d) where χ3

and χ4 are given respectively by (3.3.30) and (3.3.31). Since the expressions are

slightly different for 2d < δ and 2d ≥ δ, let us consider the two cases in turn.

Consider first 2d < δ. Since χ3(u − 2d) is simply χ3(u) that is shifted by

u = 2d to the right on a χ3-to-u graph, χ3(u)χ3(u− 2d) vanishes for u ≤ t0 + 2d

when χ3 is given by (3.3.30). Therefore, we have that

∫ ∞
−∞

duχ3(u)χ3(u− 2d)

=

∫ t0+δ

t0+2d

du cos(2nh1(u)) sinh1(u)χ(u)

× cos(2nh1(u− 2d)) sinh1(u− 2d)χ(u− 2d)

+ (−1)n
∫ t0+2d+δ

t0+δ

duχ(u) cos(2nh1(u− 2d)) sinh1(u− 2d)χ(u− 2d)

+

∫ ∞
t0+2d+δ

duχ(u)χ(u− 2d)

=

∫ t0+δ

t0+2d

du cos(2nh1(u)) sinh1(u)χ(u)

× cos(2nh1(u− 2d)) sinh1(u− 2d)χ(u− 2d)

+ (−1)n
∫ t0+2d+δ

t0+δ

duχ(u) cos(2nh1(u− 2d)) sinh1(u− 2d)χ(u− 2d)

+

∫ ∞
t0+2d

duχ(u)χ(u− 2d)−
∫ t0+2d+δ

t0+2d

duχ(u)χ(u− 2d), (A.6.1)
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where we have added and subtracted
∫ t0+2d+δ

t0+2d
duχ(u)χ(u − 2d) to obtain the

second equality. By a similar observation, when χ4 is given by (3.3.31), we have

∫ ∞
−∞

duχ4(u)χ4(u− 2d)

=

∫ t0+δ

t0+2d

du sin(2nh1(u)) sinh1(u)χ(u)

× sin(2nh1(u− 2d)) sinh1(u− 2d)χ(u− 2d). (A.6.2)

Substituting (A.6.1) and (A.6.2) into (3.3.23), and recollecting terms, we obtain

(3.3.32) with ∆FWC(ω) given by

∆FWC(ω) =

∫ t0+δ

t0+2d

du cos(2nh1(u)) sinh1(u)χ(u)

× cos(2nh1(u− 2d)) sinh1(u− 2d)χ(u− 2d)

+ (−1)n
∫ t0+2d+δ

t0+δ

duχ(u) cos(2nh1(u− 2d)) sinh1(u− 2d)χ(u− 2d)

−
∫ t0+2d+δ

t0+2d

duχ(u)χ(u− 2d)

−
∫ t0+δ

t0+2d

du sin(2nh1(u)) sinh1(u)χ(u)

× sin(2nh1(u− 2d)) sinh1(u− 2d)χ(u− 2d). (A.6.3)

Since each integrand is bounded, each integral in (A.6.3), and hence ∆FWC(ω),

is O(δ). Note that the last term in (A.6.3) vanishes when n = 0.

Next, consider 2d ≥ δ. By a similar observation as above, we obtain

∫ ∞
−∞

duχ3(u)χ3(u− 2d)

= (−1)n
∫ t0+2d+δ

t0+2d

duχ(u) cos(2nh1(u− 2d)) sinh1(u− 2d)χ(u− 2d)

+

∫ ∞
t0+2d

duχ(u)χ(u− 2d)−
∫ t0+2d+δ

t0+2d

duχ(u)χ(u− 2d), (A.6.4)
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and

∫ ∞
−∞

duχ4(u)χ4(u− 2d) = 0, (A.6.5)

where (A.6.5) follows from the fact that χ4(u) 6= 0 only for t0 < τ < t0 + δ. It

follows that, when 2d ≥ δ, ∆FWC(ω) in (3.3.32) is given by

∆FWC(ω) = (−1)n
∫ t0+2d+δ

t0+2d

duχ(u) cos(2nh1(u− 2d)) sinh1(u− 2d)χ(u− 2d)

−
∫ t0+2d+δ

t0+2d

duχ(u)χ(u− 2d). (A.6.6)

A.6.2 Rapid Creation Limit at Finite Energy Gap

We start by analysing the wall creation version of (3.3.13) and (3.3.16), which are

denoted by F
(0)
WC(ω) and ∆F

(0)
WC(ω) respectively. The convergence of the latter re-

lies on us performing the u-integral before the s-integral, but not the summation

over j = 1, ..., 4. Therefore, we may do the latter first to obtain

4∑
j=1

χj(u)[χj(u)− χj(u− s)] = χ(u)[χ(u)− χ(u− s)] + χ(u)χ(u− s)χ̂(u, s),

(A.6.7)

where

χ̂(u, s) := 1− cos(2n[θ(u)− θ(u− s)]) cos(θ(u)− θ(u− s)). (A.6.8)

This allows us to write

F
(0)
WC(ω) = FNW(ω) +

1

π2

∫ ∞
−∞

duχ(u)

∫ ∞
0

ds χ(u− s) cos(ωs)
χ̂(u, s)

s2
(A.6.9)

where the interchange of integration order in the second term is justified by ab-

solute convergence of the double integral [71], which in turn follows from bound-
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edness of χ̂(u, s)/s2 at s = 0. For convenience, we shall denote the second term

in (A.6.9) above as ∆F
(0)
RWC(ω).

From (3.1.11), we can deduce the values of the χ̂(u, s) in different regions of

us-plane and obtain

∆F
(0)
RWC(ω) =

1

π2

∫ ∞
t0+δ

duχ(u)

∫ ∞
u−t0

ds χ(u− s)cos(ωs)

s2
+O(δ). (A.6.10)

The term O(δ) contains all double integrals whose absolute values can be esti-

mated to be of order δ. Adding and subtracting χ(u−s)/s2 under the s-integral,

we have

∆F
(0)
RWC(ω) = − 1

π2

∫ ∞
t0+δ

duχ(u)

∫ ∞
u−t0

ds χ(u− s)1− cos(ωs)

s2

+
1

π2

∫ ∞
t0+δ

duχ(u)

∫ ∞
u−t0

ds
χ(u− s)

s2
+O(δ). (A.6.11)

Now, we add and subtract a double integral similar to the first term but with

the outer u-integral integrating from u = t0 to u = t0 + δ. One of them can be

combined with the first term to make the outer u-integral starts from u = t0 while

the other term, since its integrand is bounded and has a compact support, can

be included in the O(δ) term. Then, we can write ∆F
(0)
RWC(ω) = ∆F

(0)
RWC,ind(ω) +

∆F
(0)
RWC,dep(ω) +O(δ), where

∆F
(0)
RWC,ind(ω) =

1

π2

∫ ∞
t0+δ

duχ(u)

∫ ∞
u−t0

ds
χ(u− s)

s2
, (A.6.12)

∆F
(0)
RWC,dep(ω) = − 1

π2

∫ ∞
0

ds
1− cos(ωs)

s2
f(s), (A.6.13)

and f(s) is as given in (3.3.37). The subscripts “ind” and “dep” refer to the fact

that ∆F
(0)
RWC,ind(ω) and ∆F

(0)
RWC,dep(ω) are the ω-independent and ω-dependent part

of ∆F
(0)
RWC(ω) respectively. To obtain ∆F

(0)
RWC,dep(ω) in the form given in (A.6.13),

we have changed the order of integration and redefined the integration variable

of the inner integral to obtain f(s) that is manifestly odd in s.
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By integration by parts, integrating 1/s2, we may write ∆F
(0)
RWC,ind(ω) as

∆F
(0)
RWC,ind(ω) =

χ(t0)

π2

∫ ∞
t0+δ

du
χ(u)

u− t0
− 1

π2

∫ ∞
t0

duχ(u)

∫ ∞
u−t0

ds
χ′(u− s)

s

+
1

π2

∫ t0+δ

t0

duχ(u)

∫ ∞
u−t0

ds
χ′(u− s)

s
. (A.6.14)

Boundedness and smoothness of χ then implies that the last term is O(δ). To

isolate the divergent part, we integrate the first term in (A.6.14) by parts to

obtain a term proportional to ln δ, a finite integral term and an O(δ) integral.

Collecting the result, we have

∆F
(0)
RWC,ind(ω) = − [χ(t0)]2

π2
ln δ − χ(t0)

π2

∫ ∞
t0

duχ′(u) ln(u− t0)

− 1

π2

∫ ∞
t0

duχ(u)

∫ ∞
u−t0

ds
χ′(u− s)

s
+O(δ). (A.6.15)

Next, we shift our attention to (A.6.13). Introducing a temporary cutoff in the

lower limit of s-integral followed by addition and subtraction of (cos(ωs)/s2)sf ′(0)

under the integral, the term can be written as

∆F
(0)
RWC,dep(ω) = − 1

π2
lim
ε→0+

{∫ ∞
ε

ds
f(s)

s2
−
∫ ∞
ε

ds
cos(ωs)

s
f ′(0)

−
∫ ∞
ε

ds cos(ωs)
f(s)− sf ′(0)

s2

}
. (A.6.16)

Integration by parts of the first term, integrating s−1, gives

∫ ∞
ε

ds
f(s)

s2
= −f ′(0) ln ε−

∫ ∞
ε

ds

(
sf ′(s)− f(s)

s2

)
ln s+O(ε), (A.6.17)

where the first and last terms arise from the expansion of f(ε)/ε around ε = 0.

Using small argument form of cosine integral Ci(|ω|ε) (see Eq. 6.6.6 of [72]), the

second term in (A.6.16) yields a term that cancels −f ′(0) ln ε in (A.6.17). This
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allows us to take the limit ε→ 0+ and obtain

∆F
(0)
RWC,dep(ω) = − [χ(t0)]2

π2
(γ + ln |ω|)− 1

π2

∫ ∞
0

ds
f(s)− sf ′(s)

s2
(s) ln s

+
1

π2

∫ ∞
0

ds cos(ωs)
f(s)− sf ′(0)

s2
. (A.6.18)

Combining (A.6.15) and (A.6.18) then gives F
(0)
WC(ω) = −([χ(t0)]2/π2) ln(|ω|δ) +

FNW(ω) + F
(0)
RWC(ω) +O(δ).

Now, consider the wall creation version of (3.3.14) together with (3.3.17),

which are denoted F
(1)
WC(ω) and ∆F

(1)
WC(ω) respectively. Since we are taking the

limit δ → 0, we may assume δ < 2d a priori. From (3.3.31), it follows that

G4(2d + r) = 0 for r ≥ 0. Substituting this into (3.3.17) gives us terms whose

upper bound of absolute value proportional to

∣∣∣∣∫ 2d

2d−δ
dr

G4(2d− r)
r

∣∣∣∣ = O(δ). (A.6.19)

Thus, terms containing G4 contribute at most O(δ). From (3.3.30), we firstly

obtain G3(2d) = H1(2d) + O(δ) where H1(y) is given by (3.3.38). Next, substi-

tuting (3.3.30) into (3.3.17) gives us the integrals in (3.3.35) plus double integrals

which are O(δ). To show the latter, however, one needs to be careful not to do

the outer r-integral term-by-term unless the inner u-integral is finite. Collecting

the results, we get F
(1)
WC(ω) = F

(1)
RWC(ω) +O(δ).

Finally, consider the wall creation version of (3.3.15) denoted F
(2)
WC(ω). Using

(3.3.30), we obtain F
(2)
RWC(ω) as given in (3.3.36) plus some remainder O(δ). The

response function as presented in (3.3.33) then follows when we collect all O(δ)

terms together.



Appendix B

Supplement for Moving Wall

Analysis

In this appendix, we derive the late time transition rate (4.2.19).

B.1 Finite Switch-On Time (Hint or H
no
int)

We start by considering a detector that is switched on at a strictly finite τ0. The

detector may interact either via (2.2.1) or (2.2.13). For the latter, ignore the

analysis of Ḟ
(2)
MW(ω, τ).

Consider first Ḟ
(0)
MW(ω, τ). Substituting the collapsing star trajectory (4.2.16)

into (4.2.12) and letting h(τ) = (1 + eaτ )−1, we have

Ḟ
(0)
MW(ω, τ) = −ω

π
Θ(−ω) +

1

π2

∫ ∆τ

0

ds cos(ωs)

(
1

s2
−Xτ (s)

)
+

1

π2

∫ ∞
∆τ

ds
cos(ωs)

s2
, (B.1.1)

where

Xτ (s) =
ah(τ)e

as
2

s(1 + h(τ)(eas − 1))
1
2 ln(1 + h(τ)(eas − 1))

. (B.1.2)

86
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Adding and subtracting an integral that has an integrand identical to the second

term of (B.1.1), including the factor π−2, but integrates from s = ∆τ to s =∞,

we obtain

Ḟ
(0)
MW(ω, τ) = −ω

π
Θ(−ω) +

1

π2

∫ ∞
0

ds cos(ωs)

(
1

s2
−Xτ (s)

)
+

1

π2

∫ ∞
∆τ

ds cos(ωs)Xτ (s). (B.1.3)

Focusing on s > 0 that we are concerned with, partially differentiating Xτ (s)

with respect to τ or h shows that Xτ (s) for fixed s monotonically decreases as

τ increases. The upper and lower bounds of Xτ (s) are thus given by X−(s) and

X+(s) respectively where

X−(s) = lim
τ→−∞

Xτ (s) =
1

s2
, (B.1.4)

X+(s) = lim
τ→∞

Xτ (s) =
a

2s sinh
(
as
2

) . (B.1.5)

Consider the limit τ → ∞ of Ḟ
(0)
MW(ω, τ). From the upper bound of Xτ (s),

which is given by (B.1.4), it follows that the last term in (B.1.3) is O(1/∆τ).

Adding and subtracting X+(s) under the first integral in (B.1.3), and using the

fact that cos(ωs)[X+(s)− 1/s2] is an even function of s, we have

Ḟ
(0)
MW(ω, τ) = −ω

π
Θ(−ω) +

1

2π2

∫ ∞
−∞

ds cos(ωs)

(
1

s2
−X+(s)

)
− 1

π2

∫ ∞
0

ds cos(ωs) (Xτ (s)−X+(s)) +O

(
1

∆τ

)
. (B.1.6)

Since Xτ (s) − X+(s) → 0 pointwise in a monotone manner for s ≥ 0, the

magnitude of the third term in (B.1.6) decreases as τ increases and eventually

vanishes in the limit τ →∞.

Deforming the integration contour of the second term in (B.1.6) to a contour

C in the complex s plane along the real axis but with a dip into the lower
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half-plane near s = 0,

Ḟ
(0)
MW(ω, τ) = −ω

π
Θ(−ω) +

1

2π2

∫
C

ds
cos(ωs)

s2
− a

4π2

∫
C

ds
cos(ωs)

s sinh
(
as
2

) + o(1).

(B.1.7)

Writing cos(ωs) = 1 − (1 − cos(ωs)), the integral factor of the second term in

(B.1.7) becomes a sum of two integrals, one with the integrand s−2 and while

the other (1−cos(ωs))s−2. Setting the dip to be an anticlockwise semicircle with

radius r > 0, we find that the former vanishes. To calculate the latter, deform

C back to being a contour on the real line, integrate the integral by parts and

use the identity
∫∞

0
sin(ax)/x dx = (π/2) sgn(a). Collecting the results, we find

that the first two terms of (B.1.7) combine to give ω/2π.

To evaluate the third term of (B.1.7), consider the integral factor

I(ω) =

∫
C

ds
cos(ωs)

s sinh
(
as
2

) . (B.1.8)

While the integrand of I(ω) has a singularity at s = 0, the integrand of ∂I/∂ω,

obtained by differentiating I(ω) with respect to ω under the integral, is regular

on the real line. Deforming C in ∂I/∂ω back to being a contour on the real

line and using 3.981.1 of [73], we find that ∂I/∂ω = −(2π/a) tanh(πω/a). By

integrating ∂I/∂ω with respect to ω, it follows that

I(ω) = −2 ln
(

cosh
(πω
a

))
+ I0, (B.1.9)

where I0 is independent of ω. To determine the value of I0, notice that it is

the value of I(ω) when ω = 0. Hence, consider I(0) and deform C so that it is

the large R limit C1 + C2 + C3 where C1 runs from s = −R to s = −R − iπ/a

along Re{s} = −R, C2 runs from s = −R − iπ/a to s = R − iπ/a along

Im{s} = −π/a and C3 runs from s = R− iπ/a to s = R along Re{s} = R. The

contributions from C1 and C3 are both O(1/(R sinh(aR/2))) and hence vanish as
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R→∞. Parametrising C2 as x− iπ/a for x ∈ (−∞,∞) and using the identity

sinh(x− iπ/2) = −i cosh(x), we find that

I(0) = −a
π

∫ ∞
−∞

dx

(1 + a2x2/π2)(cosh(ax/2))

+
ia2

π2

∫ ∞
−∞

x dx

(1 + a2x2/π2)(cosh(ax/2))
. (B.1.10)

The imaginary part of (B.1.10) vanishes since the integrand is odd. The real part

can be evaluated using 3.522.8 of [73] after a change of variable to y = ax/π,

giving I(0) = −2 ln 2. Combining the results above, we find that, as τ →∞,

Ḟ
(0)
MW(ω, τ) =

a

2π2
ln
(

1 + e
2πω
a

)
+ o(1). (B.1.11)

Let us now look at Ḟ
(1)
MW(ω, τ). To keep the analysis neat, we shall not write

w′(τ) and ∆tret(τ) explicitly. For reference, we note here that

w′(τ) =
1

1 + eaτ
, (B.1.12)

w′′(τ) = − aw′(τ)

1 + e−aτ
, (B.1.13)

∆tret(τ) = τ + 2d+
1

a
ln
(
1 + e−aτ

)
(B.1.14)

for the collapsing star trajectory (4.2.16). In the case where τ0 ≥ −2d, we have

∆tret(τ) > ∆τ for all τ ∈ (τ0,∞). This implies that we may set ε = 0 under the

integral of (4.2.13). Since
∣∣ cos(ωs)

√
w′(τ)w′(τ − s)

∣∣ ≤ 1 and s+ ∆tret(τ − s) ≥

∆τ in this case, it follows that

∣∣∣Ḟ (1)
MW(ω, τ)

∣∣∣ ≤ − 1

π2∆τ
ln

(
1− ∆τ

∆tret(τ)

)
, (B.1.15)

which is valid for any finite τ . Implementing L’Hôpital’s rule to the right hand

side of (B.1.15), it follows that Ḟ
(1)
MW(ω, τ) = O(1/∆τ) in the limit τ →∞.
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In the case of −∞ < τ0 < −2d, there exists τc such that ∆τ = ∆tret(τ) when

τ = τc and ∆τ > ∆tret(τ) when τ > τc. Since we are interested in the late time

limit τ →∞, the latter will eventually necessarily be satisfied. Starting at some

τ such that ∆τ > ∆tret(τ), we integrate (4.2.13) by parts, integrating the factor

(s−∆tret(τ)− iε)−1 in the integrand, and take the limit ε→ 0+ to obtain

Ḟ
(1)
MW(ω, τ)

=
1

π2

(
cos(ω∆τ)

√
w′(τ)w′(τ0)

∆tret(τ) + w(τ)− w(τ0)
ln(∆τ −∆tret(τ))− w′(τ)

∆tret(τ)
ln(∆tret(τ))

)
+

1

π2

√
w′(τ)

(∫ ∆τ

0

dsRe{q1(τ, s)} ln |s−∆tret(τ)|

+
1

2

∫ ∆τ

0

dsRe{q2(τ, s)} ln |s−∆tret(τ)|

+ ω

∫ ∆τ

0

dsRe{q3(τ, s)} ln |s−∆tret(τ)|
)

− 1

π

√
w′(τ)

(∫ ∆tret(τ)

0

dsRe{iq1(τ, s)}+
1

2

∫ ∆tret(τ)

0

dsRe{iq2(τ, s)}

+ ω

∫ ∆tret(τ)

0

dsRe{iq3(τ, s)}
)
, (B.1.16)

where

q1(τ, s) =
e−iωs(w′(τ − s)) 3

2

(s+ ∆tret(τ − s))2
, (B.1.17)

q2(τ, s) =
e−iωs

s+ ∆tret(τ − s)
w′′(τ − s)√
w′(τ − s)

, (B.1.18)

q3(τ, s) =
ie−iωs

√
w′(τ − s)

s+ ∆tret(τ − s)
. (B.1.19)

The boundary terms in (B.1.16) clearly vanish as τ →∞. For the integral terms,

observe that, using (B.1.12) – (B.1.14), we have

|q1(τ, s)| = |iq1(τ, s)| ≤ 1

4d2
, (B.1.20)

|q2(τ, s)| = |iq2(τ, s)| ≤ a

2d
, (B.1.21)

|q3(τ, s)| = |iq3(τ, s)| ≤ 1

2d
, (B.1.22)
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uniformly in τ for s ≥ 0. Each of the first three integrals in (B.1.16) then is

bounded in magnitude by a τ -independent constant times

J(τ) =
√
w′(τ)

∫ ∆τ

0

ds | ln |s−∆tret(τ)||

=
√
w′(τ)

[
4−∆τ + ∆tret(τ) ln ∆tret(τ)

+ (∆τ −∆tret(τ)) ln(∆τ −∆tret(τ))
]
, (B.1.23)

while each of the last three integrals is bounded in magnitude by a τ -independent

constant times

K(τ) =
√
w′(τ)

∫ ∆tret(τ)

0

ds =
√
w′(τ)∆tret(τ). (B.1.24)

As τ → ∞, both J(τ) and K(τ) are exponentially suppressed by the prefactor√
w′(τ), implying that each integral term in (B.1.16) vanishes at late times.

Combining all the results above, it follows that Ḟ
(1)
MW(ω, τ) vanishes in the limit

τ →∞ for any finite τ0.

Finally, consider Ḟ
(2)
MW(ω, τ). With the change of variable s → r = s/∆τ ,

(4.2.14) reads

Ḟ
(2)
MW(ω, τ) =

2∆τ
√
w′(τ)

π2∆tret(τ)

∫ 1

0

dr cos(ωr∆τ)

√
w′(τ − r∆τ)

∆tret(τ − r∆τ)
. (B.1.25)

Since w′(τ − r∆τ) ≤ 1 and ∆tret(τ − r∆τ) ≥ 2d, it follows that the integral

factor in (B.1.25) is bounded by a τ -independent constant. At late times, the

factor ∆τ/∆tret(τ) converges to unity while w′(τ) vanishes exponentially. Hence,

Ḟ
(2)
MW(ω, τ) = o(1) as τ →∞.

Combining the results, we see that only Ḟ
(0)
MW(ω, τ) has a non-vanishing con-

tribution (B.1.11) to the transition rate at late times when τ0 is strictly finite,

regardless of which interaction Hamiltonian governs the detector-field interac-

tion. The result (4.2.19) hence follows.
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B.2 Asymptotically Early Switch-On Time (Hno
int)

Now, consider a detector interacting via (2.2.13) and is switched on in the asymp-

totic past. Using the fact that the last term in (4.2.12) is O(1/∆τ) as τ0 → −∞,

it follows that Ḟ
(0)
MW(ω, τ) is now given only by the first two terms of (B.1.3).

Since the last term in (B.1.3) vanishes as τ →∞ when τ0 is finite, the late time

limit of Ḟ
(0)
MW(ω, τ) is again given by (B.1.11).

For Ḟ
(1)
MW(ω, τ), we can always choose to split the integration interval of

(4.2.13), which is now [0,∞), into [0, τ − τ ′) ∪ [τ − τ ′,∞) where τ ′ < τ is

some arbitrary constant. Choosing τ ′ < −2d, in particular, and start analysing

at τ such that τ − τ ′ > ∆tret(τ), we may then use similar method as above to

show that the contribution from the interval [0, τ − τ ′) vanishes at late times.

The contribution from the other interval [τ − τ ′,∞) is given by

∆Ḟ
(1)
MW(ω, τ) =

1

π2

∫ ∞
τ−τ ′

ds
cos(ωs)

√
w′(τ)w′(τ − s)

(s−∆tret(τ))(s+ ∆tret(τ − s))
, (B.2.1)

where we have set ε = 0 since the integrand has no singularity. From the in-

equality ∆tret(τ − s) ≥ 2d, it follows that s + ∆tret(τ − s) ≥ s + 2d. Together

with
∣∣ cos(ωs)

√
w′(τ)w′(τ − s)

∣∣ ≤ 1, we have

∣∣∣∆Ḟ (1)
MW(ω, τ)

∣∣∣ ≤ − 1

π2(2d+ ∆tret(τ))
ln

(
1− ∆tret(τ)

τ−τ ′

1 + 2d
τ−τ ′

)
, (B.2.2)

which implies that ∆Ḟ
(1)
MW(ω, τ) vanishes as τ →∞.

Combining the results, we see that (4.2.19) remains valid in the case of

asymptotically early switch-on time when the detector interacts via the normally-

ordered interaction Hamiltonian Hno
int given by (2.2.13).
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