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Abstract

Noise and vibration transmission within payload and passenger compart-

ments is a major issue for modern transport vehicles. To ensure the quality

of their products, manufacturers in the transport industry are simultane-

ously trying to optimise the mechanical and the vibroacoustic performance

of structural assemblies. In the same time, current research in most indus-

tries focuses on materials that offer low density along with superior dynamic

and static performance. This goal has led to increasing use of sandwich

structures and composite materials in general, whose high stiffness-to-weight

ratio along with the tailoring of their properties make them quite appealing.

This property, though, comes with a significant cost in their vibroacoustic

behaviour, being responsible for high noise and displacement resonant vi-

brations. Prompted by that, elevated quality and quantity of research is

about modelling the behaviour of these materials, along with conventional

ones, using time and cost-efficient computational methods. These methods

are used to reach the goal of enhanced stiffness, weight and vibration per-

formance. Using efficient tools developed for the aforementioned methods,

it has been demonstrated that judiciously designed periodic structures can

induce vibration attenuation and stop-band behaviour in specific frequency

ranges (so-called band gaps or stop bands). The mechanisms that generate

band gaps, though, usually do not leave the structure’s stiffness unaffected,

which renders it incapable of bearing loads.

In this work the potential of the application of banded schemes on load

bearing structures is examined. Special care is taken so that the designs

are easy-to-manufacture and plausible to be industrialised. For this to be

achieved several steps are followed with each one preparing the ground for

the next one. Firstly, the necessary computational tools are developed us-

ing periodic structure theory, wave finite element method and commer-

cially available finite element software package and the effect of the pre-

stress on acoustic and damping performance of composite monolithic and



2

sandwich laminates is examined. It is shown that pre-stress (both ten-

sion/compression and pressure) must be taken into consideration when a

structure is designed to achieve vibroacoustics targets and produce reliable

predictions. Then, having developed the initial form of mathematical and

programming tools, the banded behaviour of sandwich beams is calculated.

Three different case studies are considered, with the first one being non-

structural and the rest two being capable of bearing loads. This part of

the work proves that unconventional but easy-to-manufacture core archi-

tectures can demonstrate banded behaviour, which makes it a lightweight

and easily industrialised solution with possible high-volume applications.

A rig is designed and manufactured, and a vibration experimental setup is

developed consisting of an electrodynamic shaker and a single-point laser

vibrometer. This setup is used to validate the numerical and finite element

calculations. It is also demonstrated that band gaps can be achieved in

load bearing structures, an observation which leads to the third part of the

work. Having developed a more efficient version of computational tools, the

master script, a way to examine numerous solutions is aimed for. Hence, a

multi-disciplinary optimisation algorithm is developed which uses the mas-

ter script and optimisation method to calculate the optimal solution for the

geometry of a banded structure. An optimal geometry of a one-dimensional

composite beam with additive manufactured stiffener is acquired, whose

banded behaviour is experimentally verified.

In brief, this research produces designs and manufactures specimens of

one-dimensional band gap structures capable of being load-bearing part

of a structure. This is achieved by developing efficient multi-disciplinary

optimisation tools and experimentally validating the results by developing

a vibration testing setup.
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Chapter 1: Introduction

According to the Oxford Dictionary, vibration is defined as an oscilla-

tion of the parts of a fluid or an elastic solid whose equilibrium has been

disturbed, where oscillation is defined as regular variation in magnitude or

position about a central point. Most of the times vibration is undesirable

and it consists one of the main issues transport vehicles’ industry deal with,

especially the noise and vibration transmission within payload and pas-

senger compartment. Vibrations can inconveniently be caused by many

sources, such as unbalanced rotating masses, airborne vibration or even

natural phenomena, such as earthquake. Across the years humans have

tried to overcome these problems using several methods, e.g. vibration iso-

lators, damping treatment, mass dampers and active control. Each one of

those solutions have their advantages and disadvantages which need to be

considered before their application.

Figure 1.1: Typical vibration isolators, used to isolate vibrating parts from

the structure, such as a car’s internal combustion engine.

Typical vibration isolators, like the ones shown in Fig. 1.1, are usually

made from a plastic material with high damping properties. The use of

these parts is to isolate the vibrations from the structure by reducing the

resonant frequency and adding damping to the structure to decrease the vi-

bration amplitude near the resonance frequency area. This kind of isolators

are widely used in automotive applications to isolate the power unit vibra-

tion from the chassis avoiding this way the deterioration of the passengers’

3
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comfort with research focusing on optimisation of the isolators efficiency

[12, 13]. Nevertheless, this method requires low stiffness which leads to

high static displacements and decreased robustness, a characteristic that

is crucial for the structural integrity of the assembly. Additionally, as it

can be seen in Fig. 1.2, which illustrates the displacement transmissibility

of a single degree system, as damping increases the vibration amplitude

increases in high frequencies. Displacement transmissibility is the ratio of

the absolute displacement of the mass over the displacement of the base on

which the spring is connected, which essentially shows the degree that the

mass’ displacement is decreased compared to the base’s.

Figure 1.2: Displacement transmissibility graph of a mass-damper-spring

system, like the isolator seen above. γ is the damping coefficient and Ω the

ratio of the frequency ω over the resonant frequency ωr. [1]

Staying on the principle of using damping to limit the harmful effects

of vibrations, layers of material with enhanced damping properties, such as

viscoelastic materials (e.g. polyvinyl butyral [PVB]) are applied on a surface

either constrained or unconstrained (see Fig. 1.3). During the vibration

these layers are transformed due to shear strain (constrained) or extension

(unconstrained) and thanks to their nature, which demonstrates hysteretic

behaviour in cyclic loading, mechanical energy is dissipated in the form of

heat. The advantage of this vibration damping method is that the only
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Figure 1.3: Schematic representation of constrained and uncon-

strained damping layers and their operating principle (retrieved from

http://en.vibratec.se/constrained-free-layer-damping/).

limit is the available size of the layer and it is widely used in aerospace and

automotive industry [14]. On the other hand, the nature of damping layers is

also responsible for the major disadvantage which is the dependency of their

efficiency on temperature and humidity. Additionally, in some applications

relatively large mass is added using damping layers and on top of that, their

performance is not ideal at low frequencies. Nevertheless, research focuses

on improving the application of damping layers [15, 16] and employing other

methods to enhance the damping of a structure, especially in frequencies

where damping layers struggle [17, 18].

Going over damping layers and vibration isolators and thanks to the

advance of the technology, engineers have turned their attention to active

noise and vibration cancelling using actuators to attenuate or even annihi-

late the propagation of the vibration in the structure. These systems consist

of sensors which ’read’ the sound or vibration source and send signals to

actuators to produce the 180o out of phase excitation signal resulting in

destructive interference. This technology has been employed for some time

now in aerospace [19] where inertial actuators are used while similar tech-

nology is observed in automotive industry, where smart panels with piezo-

electric actuators following the same principle [20, 21] are utilised. Active

vibration control mechanisms, though, consist usually of very expensive and

complicated systems which increase significantly the cost and mass of the
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structure. Additionally, the complexity of the systems makes it difficult to

design and manufacture a highly reliable system with no need of regular

service or replacement.

In general the application of vibration isolation measures should be char-

acterised by simplicity of design and mechanism, endurability, high static

stiffness and wide range of working frequency band. This combination is

quite difficult to achieve without adding significant mass to the structure.

In this scope it has been demonstrated that judiciously designed periodic

structures can induce vibration attenuation and stop-band behaviour in spe-

cific frequency ranges (so-called band gaps or stop bands, Fig. 1.4) [22]. This

periodic structures characteristics are taken advantage off during the design

to enhance vibration isolation using simple design with the use of limited

or none additional mass or simple lightweight mechanisms in most cases. In

this work, banded load-bearing structures with no need of additional mass

or mechanisms are examined.

There are two major mechanisms that have been identified to gener-

ate band gap behaviour in periodic structures: Bragg scattering and local

resonance. Bragg scattering is observed when a structure exhibits peri-

odic impedance mismatches and the waves are scattered at the borders of

the unit-cell (the part of the structure that is periodically repeated). This

scattering can be caused by means of inclusions, and geometrical or mate-

rial inconsistencies, and leads to the interaction of the reflected waves with

the incoming ones. When specific circumstances are met, this interaction

causes the partial or complete annihilation of wave propagation [23, 24]. It

can easily be shown that the frequency at which the band gap is observed

depends on the length and the material/geometrical mismatch of the unit

cell of the periodic structure [25]. This leads to the need for prohibitively

large dimensions to achieve low frequency band gaps.

Therefore, researchers’ focus was shifted to local resonances [26], where

a solid core material with relatively high density is usually preferred, sup-

pressed by an elastically soft material. When this sub-wavelength inclu-

sion/addition resonates, it exhibits behaviour that cancels the propagation



CHAPTER 1. INTRODUCTION 7

Figure 1.4: The structural response of a band gap mass-spring structure

and the examination of the effect of the number of periodic unit cells on

vibration attenuation in band gap region (the band gap is observed between

the two dashed vertical lines) [2].

of waves, giving rise to effective negative elastic constants or group velocities

at certain frequency ranges which are significantly lower than those observed

in Bragg scattering. Liu et al. [27] examined the transition between the two

band gap production mechanisms and there has been research on coupling

of the two mechanisms [8, 28]. This design has been implemented in numer-

ous applications, one of them being the hexagonal chiral lattice examined

in [29]. Several physical properties were examined and their influence on

the banded behaviour of the lattice was studied, with the writers suggesting

the use of the considered lattices in novel phononic meta-materials.

Recently an additional mechanism of band gap generations is gaining

interest. This mechanism is called inertial amplification and has been pro-

posed as band gap generator by Yilmaz et al. [30, 31]. In this approach

inertial forces are enhanced between two points in a periodic cell of a struc-

ture. This way anti-resonance frequencies are generated, where the en-

hanced inertia cancels the elastic forces. The solution has been examined
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in various applications, where it offered wide low-frequency band gaps. In

[32] Acar et al. produced numerical and experimental results examining the

application of the inertial amplification mechanism in a two-dimensional

solid structure. In the same scope Yuksel et al. [33] optimised the shape

of phononic band gap structure implementing inertial amplification mecha-

nism and produced wide band gap below 1 kHz. These applications, though,

compromised the structural integrity of the final result. Then, in [34, 35]

researchers applied the inertial amplification mechanism on load-bearing

structures without compromising their stiffness by adding the mechanism

on the structure. Nevertheless, in both cases examined in these works the

application resulted in additional mass or compromised structural integrity.

Another way to categorise band gaps is their application, where the char-

acterisation of phononic refers to the periodic structures where elastic wave

propagation is cancelled, while photonic refers to the electromagnetic coun-

terpart of them. Additional explanation is provided in Sec. 2.3.

As a whole, research on all types of band gaps has been increasing. The

majority of the researchers, though, focus on structural parts with high

frequency band gaps or non-structural ones with low frequency band gaps.

As described above and in the literature review (Sec. 2), the nature of the

band gap generating mechanisms renders the low-frequency stop bands in

load-bearing structures quite difficult to achieve. Hence, researchers devel-

oped a significant number of methodologies, whether they are optimisation

algorithms or mathematical tools with improved efficiency and their ap-

plications are limited to non-structural parts. Additionally, the produced

designs have quite complex geometry which renders the manufacture of large

batches costly and nearly impossible. The presented work is aiming to cover

the gap in literature.

1.1 Aim and objectives

The aim of this thesis is to examine the application of band gap theory

on load-bearing structures which are easy-to-manufacture. By the term



CHAPTER 1. INTRODUCTION 9

”easy-to-manufacture” the objective to achieve a design which consists of

low cost materials and require the smallest possible number of processes

to manufacture is stated. As mentioned above, the novelty lies on the fact

that there has not been any research on banded structures that contribute to

the vibration attenuation and forming a load-bearing part of the structure.

Additionally, the work presented in this thesis tried to keep the design

limitations on a level that allows the industrialisation of the solution thanks

to easy-to-manufacture geometry. The objectives are listed below:

• Development of an algorithm to examine the wave propagation charac-

teristics of periodic structures using periodic structure theory (PST).

• Examination of the effect of pre-stress on the acoustic and damping

performance of a composite structure.

• Designing and setting up an experimental method to test the vibration

behaviour of small composite structures.

• Examination of both non-structural and load-bearing sandwich com-

posite structures.

• Development of an efficient multi-disciplinary optimisation framework

capable of simultaneously optimising static stiffness, mass and band

gap behaviour of a composite structure.

1.2 Publications

During this PhD study two conference papers (with one of them being peer-

reviewed) and two journal papers were published, and one journal paper is

currently under review.

The conference papers are:

• T. Ampatzidis and D. Chronopoulos, Wave propagation in pressurised

composite structures with frequency band gap behaviour, 2016 Leu-

ven Conference on Noise and Vibration Engineering, 19-21 September

2016, Leuven, Belgium.
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• T. Ampatzidis and D. Chronopoulos, Parametric study of control of

frequency banded behaviour of periodic pressurised composite struc-

tures, 24th International Congress on Sound and Vibration, ICSV

2017, 2017, pp. 17 (peer reviewed).

and the journal publications are listed below:

• T. Ampatzidis and D. Chronopoulos, Acoustic transmission proper-

ties of pressurised and pre-stressed composite structures, Composite

Structures, vol. 152, pp. 900-912, Sep. 2016.

• T. Ampatzidis, R. K. Leach, C. J. Tuck, and D. Chronopoulos, Band

gap behaviour of optimal one-dimensional composite structures with

an additive manufactured stiffener, Composites Part B: Engineering,

vol. 153, pp. 26-35, Nov. 2018.

• T. Ampatzidis, D. Chronopoulos, Mid-frequency band gap performance

of sandwich composites with unconventional core geometries, Compos-

ite Structures (Under review).

Part of the work here contributed in the following publication:

• D. Chronopoulos, I. Antoniadis, and T. Ampatzidis, Enhanced acous-

tic insulation properties of composite metamaterials having embedded

negative stiffness inclusions, Extreme Mechanics Letters, vol. 12,

2016.

1.3 Thesis outline

The thesis is organised as follows: in Chapter 2 existing literature on topics

related to this project is presented, which consist of acoustic and damp-

ing performance of composite periodic structures and banded behaviour

of periodic sandwich and hybrid composite structures with additive man-

ufacturing (AM) stiffener. In this way the existing approach of vibration

isolation methods is presented and the gap in the literature is identified. In

Chapter 3 the complete methodology used in this work is presented in detail,
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which consists of mathematical equations, programming scripts and exper-

imental setup design. Chapter 4 is the first section presenting the proposed

innovative work, where the effect of pressure and pre-tension on damping

and acoustic performance of composite monolithic and sandwich structure

is presented. In this part of the work the initial form of the used tools is

developed. Using these computational tools and developing more efficient

versions of them in Chapter 5, the first study case of a stop band structure

is examined comprising of sandwich formations which cannot be considered

as structural element. The second case study of the chapter consists of load-

bearing sandwich structures. Three unconventional core architectures are

presented, with two of them implemented in load-bearing composite sand-

wich beams and validated against experimental results. Having applied the

efficient tools, the potential of their implementation in a multi-disciplinary

optimisation algorithm is presented in Chapter 6. This optimisation method

examines the banded behaviour along with the structural performance of

the case study. The algorithm is used to produce an optimal solution for

a hybrid composite load-bearing structure with AM stiffener. Finally, in

Chapter 7 the conclusions of the project are drawn, and future work is

proposed.



Chapter 2: Literature review

2.1 Wave propagation calculation methods

for composite structures

2.1.1 Analytical methods

Before the rapid evolution of the computing power, wave propagation and

vibration analysis relied on analytical methods. This kind of methods can

be found in classical publications [36, 37], where analytical formulas used

to predict the wave propagation characteristics of numerous different struc-

tures are written in detail. Most of these methods could not be applied

to composite structures due to the unique anisotropic mechanical charac-

teristics of them. The barrier was the calculation of the stiffness matrix

of a layered structure, since the different orientation and thickness of each

layer demanded a method to determine its macroscopic behaviour, taking

into account the contribution of all the constituents. This is where classical

laminate plate theory (CLPT) [38] comes in the picture, a method which

was developed as an extension of the Kirchhoff-Love’s theory for isotropic

panels and can be applied on thin orthotropic plates. When CLPT is formu-

lated, there are some assumptions that need to be accepted a priori. These

are listed below:

• Straight lines perpendicular to the midsurface remain straight after

deformation.

• These lines, which are called transverse normals, do not elongate.

• The transverse normals rotate so that they remain perpendicular to

the midsurface after the deformation.

In other words, the first two assumptions ensure the independence of the

transverse displacement from the thickness of the plate and the transverse

12
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normal strain, while the third assumption ensures zero transverse shear

strains. Additionally, in order for the CLPT to be applied, the following

assumptions and restrictions have to be covered:

• The layers of the laminate are perfectly bonded together (assumption).

• The material of each layer is linearly elastic and has three planes of

material symmetry (restriction).

• Each layer is of uniform thickness (restriction).

• The strains and displacements are small (restriction).

• The transverse shear stresses on the top and bottom surfaces of the

laminate are zero (restriction).

Figure 2.1: Force and moment resultants on a plate element.

The displacement field is formulated as follows:

u(x, y, z, t) = u0(x, y, t)− z
∂w0

∂x
,

v(x, y, z, t) = v0(x, y, t)− z
∂w0

∂y
,

w(x, y, z, t) = w0(x, y, t),

(2.1)

where u0, v0 and w0 are the displacements of the mid-plane of the plate and

t is time. After the relevant calculations that are presented and explained
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in detail in [38], the equations of motion of the plate are expressed as:

δu0 :
∂Nxx

∂x
+
∂Nxy

∂y
= ρs

∂2u0
∂t2

,

δv0 :
∂Nxy

∂x
+
∂Nyy

∂y
= ρs

∂2v0
∂t2

,

δw0 :
∂2Mxx

∂x2
+ 2

∂2Mxy

∂x∂y
+
∂2Myy

∂y2
= ρs

∂2w0

∂t2
,

(2.2)

where N and M are forces and moments respectively as shown in Fig. 2.1

and ρs is surface density. The expression of the forces and moments as a

function of the panel’s displacements needs to be introduced. This equation

is the one that follows:
Nxx

Nyy

Nxy

 =


A11 A12 A16

A12 A22 A26

A16 A26 A66



ε
(0)
xx

ε
(0)
yy

γ
(0)
xy

+


B11 B12 B16

B12 B22 B26

B16 B26 B66



ε
(1)
xx

ε
(1)
yy

γ
(!)
xy

 (2.3)

and
Mxx

Myy

Mxy

 =


B11 B12 B16

B12 B22 B26

B16 B26 B66



ε
(0)
xx

ε
(0)
yy

γ
(0)
xy

+


D11 D12 D16

D12 D22 D26

D16 D26 D66



ε
(1)
xx

ε
(1)
yy

γ
(!)
xy

 , (2.4)

where ε and γ are logarithmic and shear strain respectively, Aij are called ex-

tensional stiffness matrices, Dij bending stiffness matrices and Bij bending-

extensional coupling stiffness matrices. CLPT is an important method for

vibration analysis as it offers a solution to the problem of the complicated

calculation of the macroscopic behaviour of a composite structure.

CLPT’s limitations start when high elastic modulus to shear modulus

ratios are present. Additional and more advanced methods were needed to

be developed to overcome these restrictions, with First-order shear deforma-

tion theory (FSDT) being one of them. FSDT [39] is based on the transverse

shear deformation of the panel and can be used for the prediction of the dis-

persion characteristics at higher frequencies. The displacement field needs

to be reformulated due to this new assumption and it is expressed as follows:

u(x, y, z, t) = u0(x, y, t) + zφx(x, y, t),

v(x, y, z, t) = v0(x, y, t) + zφy(x, y, t),

w(x, y, z, t) = w0(x, y, t),

(2.5)
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It can be seen now that FSDT has five degrees of freedom, with two of them

being the φx and φy, which correspond to the rotations along x and y axis.

After the relevant calculations the equations becomes

δu0 :
∂Nxx

∂x
+
∂Nxy

∂y
= ρsü0 + J1φ̈x,

δv0 :
∂Nxy

∂x
+
∂Nyy

∂y
= ρsv̈0 + J1φ̈y,

δw0 :
∂Qx

∂x
+
∂Qy

∂y
= ρsẅ0,

δφx :
∂Mxx

∂x
+
∂Mxy

∂y
−Qx = J1ü0 + J2φ̈x,

δφy :
∂Myy

∂y
+
∂Mxy

∂x
−Qy = J1ü0 + J2φ̈y,

(2.6)

where J1, J2 the first and second moments of inertia respectively. These

equations have similar solutions to CLPT, with the main difference being

the order of the determinant, which in this case is fifth (5x5).

Many researchers have used this kind of classical theories producing

satisfying outcomes, such as Leppington et al. [40, 41] who modelled the

radiation efficiency and the vibroacoustic response under a reverberant field.

Others [42, 43] have mathematically improved the existing equations and

examined the vibrational behaviour of laminated plates. In the first work

Alieldin et al. introduced a FSDT model to investigate the mechanical be-

haviour of the composite laminates and functionally graded plates where

three different approaches were followed to produce a single layer function-

ally graded equivalent to the composite one. As for the second one, Thai

et al. produced a simple FSDT with smaller number of unknowns than the

original one. Kurtze and Waters [44] were the first to examine the wave

dispersion of thick sandwich structures by developing a model where the

core was treated as incompressible, which kept them from modelling the

deformation of the panel in the thickness sense. Dym and Lang [45], using

the kinematic assumptions of [46] developed a structural model for an in-

finite sandwich panel deriving the five equations of motion corresponding

to the symmetric and antisymmetric motion of the panel. Sokolinsky et al.

[47] developed a consistent higher-order shear deformation theory (HSDT)

taking into account the core’s shear deformation.
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A method to calculate vibroacoustic response of periodic structures is

the transfer matrix (TM) method. T, as the TM is usually written, is a

function of excitation frequency, ω, and is commonly used to relate the force

and displacement on the input to the output of the structure. The starting

point of this analysis is the definition of the TM, which is T(ω) = K−ω2M.

This leads to the following equation:FO

UO

 = T(ω)

FI

UI

 , (2.7)

where F and U are the force and displacement matrix, and T is the TM,

and the subscripts O and I stand for output and input respectively. Using

Bloch wave boundary conditions and after the necessary calculations the

TM method gives the eigenvalue problem:

[T(ω) − λI]

FI

UI

 = 0, (2.8)

where I is the identity matrix. This eigenvalue problem is easily solved by

inputting the ω values to get λ. TM method is quite similar to the finite

element (FE) method described later with the main difference being that

TM is not limited to using FE and can be used with other formulations and

analytical solutions, like in [48].

Researchers needed to develop a way to examine high frequency vibroa-

coustic in a more reliable and effective way. Wang et al. [49, 50] used FSDT

to construct a structural model of an infinitely long sandwich panel in which

the vibroacoustic response within a statistical energy analysis (SEA) con-

text was calculated. SEA is a statistical method developed to examine the

wave propagation in mid- and high frequencies, as it can be seen in Fig. 2.2.

The SEA development started in 1960s when engineers needed a method

to predict the vibroacoustic behaviour of large structures, a need which

essentially coincides with the rapid developments in the airspace industry

[51]. SEA is also a statistical method, as it is implied by its name, and its

main advantage is that it can take into account large numbers of resonant

modes to calculate the vibroacoustic response. The deterministic methods
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Figure 2.2: SEA and FEM analysis strategy in aerospace research area [3].

rely on the first low-frequency modes, so having the capacity of large num-

ber of modes is the reason why SEA is preferred for mid- to high frequency

studies. SEA’s equations used in this investigation are described in Sec.

3.2.

2.1.2 Finite Element(s) methods

As computational power increased and computational time significantly

decreased, efficient numerical methods started to gain ground in vibroa-

coustic analysis. Wave propagation has been an object of intense research

with numerous numerical methods being developed during the last decades.

Finnveden [52] examined hollow beam structures and presented a method

of calculating the modal density and group velocity using as input the wave

propagation characteristics of the examined thin-walled schemes. In [53],

the authors used spectral finite element (SFE) method to predict the wave

propagation characteristics, overcoming the thresholds of CLPT in high

frequencies. More specifically, CLPT fails to predict the generation of new

structural waves as frequency gets higher, while SFE method can and offers

a more precise wave dispersion analysis at higher frequencies. In [54] the

phase constant surfaces of periodic composite and stiffened structures were
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examined taking advantage of the periodicity using PST and FE. In that

work, an expression for the computation of the radiation efficiency was pre-

sented and the sound transmission loss (STL) was expressed through the

radiation and mechanical impedances of the structures. In [55] and [56],

the authors used a multi-layer analytical model based on Mindlin theory to

calculate the dispersion characteristics of layered structures. In this work,

though, the symmetric mode of motion was not naturally expressed. The

same authors [57] came back presenting an approach for taking into account

the symmetric wave motion for thick panels.

Another quite useful and efficient method of examining wave propaga-

tion is the Wave Finite Element Method (WFEM), firstly introduced in

[58] by Mead. Its main aspect is that it takes advantage of the periodicity

of the structure and using existing classical literature’s PST equations [37]

managed to examine a structure’s wave propagation by modelling only a

small periodic part of it using FE for its analysis. In this way the calcula-

tion of the wavenumbers and eigenvectors was achieved with considerably

lower cost of time than in other methods. Therefore, having acquired the

wavenumbers, a complete examination of the vibroacoustic behaviour of a

periodic structure can be done. Following the principles of a conventional

Figure 2.3: Finite elements mesh of 1D waveguide. [4]

FE analysis, the equation of the motion of the section (Fig. 2.3) is[
K− ω2M

]
q = f, (2.9)

where K and M are the stiffness and mass matrices respectively, f is the

vector of the nodal forces and q the vector of the nodal degrees of freedom
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Figure 2.4: DOFs of two-dimensional model of periodic structure.

(DOFs). Damping can also be included in the analysis either with K being

complex or as a viscous damping matrix C.

According to Floquet’s theorem, the equations that relate the displace-

ments on the edges to the ones on the sides of the modelled unit cell are

the following [58]:

qR = e−iεxqL, qT = e−iεyqB,

qRB = e−iεxqRL, qLT = e−iεyqLB, qRT = e−iεx−iεyqLB,
(2.10)

where the terms εx = kxLx and εy = kyLy are referred to as ”phase con-

stants”, B and T stands for bottom and top (see Fig. 2.4), Lx, Ly are

the periodic element’s length in the x and y directions and kx, ky are the

wavenumbers. The complete vector of the local DOFs can be ordered as

followed

q =
[
qTI qTB qTT qTL qTR qTLB qTLT qTRT

]T
. (2.11)

In order to write the propagation relation in Eq. (2.10) in matrix form, the

transform matrix R is considered, which is given by the following equation
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[54]:

q =



I 0 0 0

0 I 0 0

0 Ie−iεy 0 0

0 0 I 0

0 0 Ie−iεx 0

0 0 0 I

0 0 0 Ie−iεx

0 0 0 Ie−iεy

0 0 0 Ie−iεx−iεy



x = Rx, (2.12)

where I is the unit matrix. In this way, the equation becomes

q = Rq′, (2.13)

where

q′ = x =
[
qI qB qL qLB

]T
. (2.14)

The equations for the one-dimensional case including damping are shown

in Sec. 3.1.

In search for more efficient methods, Mace et al. [4] developed a conden-

sation method for the WFEM. The dynamic stiffness matrix D = K−ω2M

is partitioned as in equation 2.15 in order to reflect the influence of internal,

left and right nodes on the wave propagation (no external forces are acting

on the interior nodes):
D̃II D̃IL D̃IR

D̃LI D̃LL D̃LR

D̃RI D̃RL D̃RR




qI

qL

qR

 =


0

fL

fR

 . (2.15)

After the condensation, equation 2.15 can be written asDLL DLR

DRL DRR

qL

qR

 =

fL

fR

 , (2.16)

where

DLL = D̃LL − D̃LID̃
−1
II D̃IL, DLR = D̃LR − D̃LID̃

−1
II D̃IR,

DRL = D̃RL − D̃RID̃
−1
II D̃IL, DRR = D̃RR − D̃RID̃

−1
II D̃IR.

(2.17)
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Using a slightly different form of Floquet’s theorem, the equation that re-

lates the displacements on the two edges of the section is [5]:

qR = λqL, fR = −λfL, (2.18)

where λ = e−ikLx , with k being the wavenumber. Equation 2.16 is rear-

ranged:

λ

qL

fL

 = T

qL

fL

 , (2.19)

where

T =

 −D−1LRDLL D−1LR

−DRL + DRRD−1LRDLL −DRRD−1LR

 (2.20)

is the TM. The transfer matrix T depends only on the dynamic stiffness of

the section. In [4, 59] the eigenvalues of T were calculated and the wave

propagation curves were derived. The two-dimensional equations are shown

in Sec. 3.1.1.

Figure 2.5: Schematic representation of the examined beams in [5]. The

procedure of building the unit cell model is depicted.

WFEM has been found quite useful by researchers as it is presented in the

following sentences, since, as mentioned above, it allows to examine the vi-

broacoustic behaviour of a periodic structure by analysing only a small part

of it. Besides its use for periodic structures, which can be found in existing

literature in engineering applications (airplane’s fuselage, space rockets, ship
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etc.), the method can also be applied for the examination of different ma-

terials’ acoustic behaviour. Mead used WFEM in several applications and

theoretical examinations of wave propagation, the majority of which were

summarised in [60]. WFEM has also been used recently in one-dimension [5]

and two-dimension analyses [61] offering a quick and reliable method to ex-

amine wave propagation. Using FE for the structure’s modelling has given

researchers the ability to broaden the potentials of the method, calculating

loss factors [62] with the help of existing theories like the modal energy

strain method [63]. In addition to that, Manconi et al. [64] calculated the

effect of the pre-stress on the loss factor and wavenumbers of structures us-

ing two dimensional WFEM. Chronopoulos et al. [65] used wave dispersion

results of WFEM to calculate a dynamic stiffness matrix for a honeycomb

orthotropic sandwich panel, the results of which were validated experimen-

tally. Additionally, the same authors in [66] and [67] using WFEM and

SEA computed the broadband vibroacoustic response of composite shells

and thick layered panels. Another use of WFEM is the examination of the

potential band gaps in periodic structures, as described in detail in the next

section. Domadiya et al. [5] used WFEM to model two different periodic

beams to examine the band gaps and had their results validated against

actual experiments. Additional work on band gaps is described in Sec. 2.3.

Since the development of the method, researchers have also focused on the

improvement of the mathematical tools that are used to acquire the wave

dispersion curves. Droz et al. [68] proposed a mathematically improved

version of the WFEM and calculated the wave propagation and band gaps

in a periodically stiffened plate, while Waki et al. [69] examined numerical

issues of the method.

2.2 Damping enhancement methods

Composite structures offer high stiffness to weight ratios which makes them

ideal choice for lightweight structures, but not for their vibroacoustic per-

formance. Nevertheless, they exhibit superior damping behaviour compared
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to metals, due to their various energy dissipation sources: viscoelastic na-

ture of the matrix, interphase damping mechanism, damping due to damage

(matrix cracks, fibres broken etc.), viscoplastic damping and thermoplastic

damping [70]. Another advantage is that they can offer far more design

versatility as damping capacity, along with other specific properties, can be

tailored to meet specific structural requirements [71, 72]. Jaber et al. [73]

exploited this property and examined the vibrational energy flow in carbon

fibre composite structures. More specifically, a car roof was examined with

different material case studies: steel and different carbon fibre layups. It

was shown that the damping performance, and hence the vibrational energy

flow, was affected by the layup of the composite structure and the boundary

conditions.

If this is not enough, though, additional measures have to be taken

to reach the required damping levels. As mentioned in Chapter 1, one of

the major methods to do this, is the use of damping layers. Some of the

areas of applications of damping layers on metallic structures are in the

aerospace [74] and automotive industry [75] where research focuses on the

effective minimal application of the layer [76]. Assarar et al. [77] exam-

ined the potential of using the damping layer as interleaf into the carbon

fibre laminates. The laminates that were produced demonstrated improved

damping performance with high variability depending on frequency. In [78],

Duvigneau et al. examined the solution of granular materials as damping

enhancement. More specifically, the damping behaviour of sand caused by

collisions and frictions between the individual particles was examined as

a noise reduction treatment on an internal combustion engine’s oil pan.

The original oil pan was modified so that sand could be added in a floor

compartment and the new solution was tested in vibrations using both elec-

trodynamic shaker and impact hammer. The results were compared with

the original oil pan design, and they showed promising vibration damping

behaviour between 500-2000 Hz. It was stated that the damping might be

enhanced with design optimisation of the lower compartment, which was

kept flat for the experiment purposes.
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Figure 2.6: Hybrid composite pyramidal truss sandwich panel (and its unit

cell) examined in [6], presenting enhanced damping capacity.

Researchers have been also looking for innovative ways of enhancing damp-

ing. In [79], Syam et al. shifted the eigenfrequency of a structure using

strut-based lattice formations. The design was manufactured using the AM

method and was tested to prove that shifting the eigenfrequency is a method

to avoid vibrations. Nevertheless, the design had a negative effect in the

static integrity of the structure. In [18], Salari-Sharif et al. presented a novel

damping mechanism exhibited by 3D woven lattice materials. In this work

the writers focused on the high-frequency excitations, examining a 3D wo-

ven lattice which offered structural stiffness along with enhanced damping

performance in the high-frequency range. The material presented demon-

strated impressive behaviour in the high-frequency range, where damping

was enhanced in large level, where traditional damping materials offer low

damping capacity as frequency gets higher. Additionally, a significant disad-

vantage of the specific material was the challenging manufacturing method

and the complex geometry which made manufacturing quite cumbersome.

In [6, 80, 81], Yang et al. developed hybrid composite pyramidal truss sand-

wich panels and examined their performance using multiple damping con-

figurations (see Fig. 2.6). Both theoretical and experimental examinations

were completed with the development of numerical models helping with the

first part. It was proven that the specific structure offers increased damping

performance with the potential of providing stiffness to the assembly.

All the above solutions were proved to enhance the damping of the struc-
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ture but with added complexity or cost, whether this is actual manufactur-

ing cost or additional mass.

2.3 Periodic structures and band gap engi-

neering

As mentioned above, periodic formations can be found in numerous struc-

tures, such as airplanes fuselage, train, buildings etc. Hence engineers

started quite early to examine the possibility to take advantage of the peri-

odicity and develop efficient methods to examine the vibroacoustic perfor-

mance of them. The first work done on a one-dimensional lattice was that

of Newton [82], where a formula for the velocity of the sound was sought.

Therefore a simple lattice consisting of equal masses spaced equally along

the direction of propagation was used to represent homogenous material, as

depicted in Fig. 2.7. In this way, Newton assumed that the masses were

the particles of a continuous medium and the springs were their bonds,

since there was gap in knowledge of the continuous body mechanics and

partial differential equations at that time in history. Mathematical tools

continued to be the main issue research focused on in 18th and 19th cen-

turies, with scientists like John Bernoulli and his son Daniel, Taylor and

Euler working on offering solutions to them. In the 19th century, one of the

most important studies was Floquet’s mathematical work [83], in which the

one-dimensional Mathieu’s equations were studied as part of the theory of

differential equations with periodic coefficients. Floquet’s work was followed

by that of Rayleigh [84], who developed a similar form to Floquet’s theo-

rem, which transforms the periodic system to a linear system with constant,

real coefficients. As periodic structures examination got deeper, it was dis-

covered and demonstrated that judiciously designed periodic structures can

enhance the vibration attenuation through the mechanisms of band gaps.

In the 20th century, Leon Brillouin examined thoroughly in his book [37]

the band gap of elastic waves, providing explanations of mathematical and

practical importance, where PST was first introduced. Some years later
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Figure 2.7: One-dimensional periodic model examined by Newton repre-

senting the mechanics of the particles of a continuous body.

Mead [60, 85, 86] introduced the WFEM which is based on PST, as men-

tioned before. Thanks to these methods, along with the vast improvement

of computer capacity over the last decades, researchers have nowadays the

ability to predict the vibroacoustic and dynamic performance of several ap-

plications in relatively short times. This enabled the increase of the number

of researcher examining the application of banded structures.

In Sec. 1, I referred to band gap categories according to the generating

mechanism. In this paragraph, though, the relevant categories according to

the application are presented. There are two major kinds of band gaps: the

photonic band gaps which refers to electromagnetic application and their

frequency band lies on that of the light waves, and the phononic band gaps

which refers to the mechanical application and their frequency band lies

in the acoustic frequencies. Structures and mechanisms that demonstrate

photonic band gaps, usually called photonic crystals, are used in controlling

the propagation of light waves. This characteristic of theirs is of utmost

importance in fields such as optics and laser technology, and this is why

extensive research is focusing on their development. Most of the research

described in this thesis is on phononic band gaps, which is the topic of the

presented investigation. In addition to the aforementioned categories an-

other kind of gap has been introduced, the phoxonic band gap, which is the

simultaneous existence of photonic and phononic band gaps, a characteristic

that has lots of potentials in vibration absorption. This kind of structures

have been studied in [87, 88, 89, 90].

In the following paragraphs, more examples of phononic band gap works
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are added to the ones presented in Sec. 1, along with some representative

examples of research on photonic band gaps. In [91], Khelif et al. exam-

Figure 2.8: A schematic representation of a phononic crystal, made of a

square lattice of finite cylinders deposited on a homogeneous plate. All the

dimensions are less than 1 mm. [7]

ined the potentials of the two-dimensional phononic crystal with tuneable

banded behaviour, while in [92] the same author studied the effect of lo-

calised defect modes in a full acoustic band gap in a two-dimensional lattice

of steel cylinders immersed in water. A snowflake-like structure was ex-

amined, and the authors highlighted its potential application in developing

planar circuits for interacting optical and acoustic waves. In [93], both the-

oretical and experimental studies of guiding and bending acoustic waves

in highly confined waveguides forms were presented. Moreover, a binary

two-dimensional phononic crystal constituted by a square array of circular

parallel steel cylinders in water was examined. In [94] and [95], Benchabane

et al. and Khelif et al., respectively, examined phononic crystals which ex-

hibited elastic band gaps. In the latter work a parametric analysis was also

completed examining the influence of the physical characteristics of the crys-

tal on the banded behaviour. In [96], Bresco et al. designed, fabricated and

measured a one-dimensional optomechanical crystal exhibiting both pho-

tonic and phononic band gap in high frequency. This kind of structures can

be used in the field of cavity optomechanics which focuses on the interac-

tion between electromagnetic radiation and mechanical vibrations of matter.

In [97], square and hexagonal (honeycomb) lattice phononic crystals were

shown to produce band gaps, while in [98] a square-lattice phononic crystal

slab consisting of a single layer of spherical steel beads in a solid epoxy ma-
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trix was studied, focusing on the propagation of the acoustic waves through

it. In [99] experimental measurements of acoustic transmission through a

solid-solid two-dimensional binary composite media were completed, while

the same researchers examined in [100] the propagation of acoustic waves

in two different types of two-dimensional composite medium. In [7] the

theoretical study of the band structure of a phononic crystal (Fig. 2.8)

consisting of a periodic array of cylindrical dots deposited on a thin plate

of a homogeneous material was presented. In [101], the tuneability of two-

dimensional square lattice sonic crystals was examined so that the potential

of controlling the band gaps was studied.

Several review reports have been produced on the banded structures

research. Troia et al. [102] reported the latest technology on photonic crys-

tals with applications in healthcare, defence and security to name a few.

In [103], Pennec et al. recorded and analysed the existing research on two-

dimensional phononic crystals up until the year the report was written. A

comprehensive report was also produced by Hussein et al. [22] on phononic

materials and structures recording their historic origins and the research

and applications of them. Lu et al. [104] wrote a short report on phononic

crystals and acoustic metamaterials, where a short description of the history

of the research on metamaterials was presented. In [105] Armenise et al.

reported in short existing modelling methods and applications of photonic

and phononic band gap structures. Ma et al. [106] produced a comprehen-

sive report on the latest technology of the acoustic metamaterials and their

applications.

In this thesis, the focus is limited to low and mid-frequency phononic

band gaps demonstrated mostly by load-bearing structures. As part of the

work presented in this thesis takes advantage of the geometrical liberty

provided by AM technology, it seems proper to write some words on the use

of AM in band gap research. In the next section the importance and wide

use of this technology in banded structures research is described.
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2.4 Band gap and additive manufacturing

Figure 2.9: 3D printed band gap structure as examined in [8].

Structures that exhibit band gap behaviour tend to be of significantly com-

plex geometry and cannot be realised using conventional manufacturing

techniques. Therefore, AM technologies attract an increasing number of

researchers. AM eliminates several design limitations and is currently in

extensive use in research and industry for small-scale production with a

wide variety of manufacturing operations. AM researchers take advantage

of the freedom in design that can be attained with relatively low cost by

avoiding the manufacturing cost of additional tools. Matlack et al. [8]

(see Fig. 2.9) examined the broadband vibration absorption of AM meta-

structures exhibiting local resonance, while Qureshi et al. [107] modelled

and manufactured a cantilever-in-mass metamaterial to achieve wave atten-

uation. Claeys et al. [108] examined, both numerically and experimentally,

several versions of a vibroacoustic metamaterial with local resonances and

compared the two sets of results, while Warmuth et al. [109] used AM

methods to manufacture a 3D single phase phononic band gap material

with cellular design exhibiting a wide stop band at high frequencies. Bi-

lal et al. [110] experimentally observed the trampoline phenomenon on

the band gap behaviour of AM metamaterial plates. The trampoline phe-

nomenon is observed when the effective stiffness of the plate supporting the

pillars of the metamaterial is reduced and the effect of it is broadening the

band gap. The wide variety of designs that can be produced using AM

methods has led to the opportunity for researchers to examine 3D band

gaps in complex structures [9, 111]. This wide use of AM led researchers

to examine the effect of the property variability of AM on the experimental
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results [112, 113], where a better agreement was obtained between analysis

and experimental results by considering uncertainties in the resonators and

the host structure. In [114] and [115], Jensen and Kook focused on the

band gaps of coupled acoustical-mechanical systems, producing experimen-

tal results using 3D printing to evaluate their analytical models. Reynolds

et al. [116] also used 3D printing to reproduce and validate their simulation

model. The specimen consisted of an acoustic metamaterial with hollow

spheres which act as local resonators.

2.5 Band gap optimisation

Figure 2.10: A representative result of the phononic band gap optimization

is shown as examined in [9].

Having developed efficient tools to examine the banded behaviour of the

structures and having great design freedom thanks to AM technology, as

seen in the previous section, researchers applied optimisation schemes on

their band gap designs. Efficient and accurate optimisation schemes are es-

sential when determining design solutions and researchers use several meth-

ods. The optimal design of an Euler-Bernoulli simple band gap beam, made

of linearly elastic material, has been recently examined [117], where the au-

thor used a bound optimisation method which optimised the gap between

natural frequencies. Hussein et al. [23, 118, 119] optimised the band gap

behaviour of periodic layered structures, where methods to achieve band

gap behaviour within specific frequencies were developed. More specifically,

Hussein et al. employed a multi-objective genetic algorithm that generates
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a population of possible solutions and searches for the optimum one. This

method was tailored so that several objectives were examined, such as the

percentage of the band gaps in specific frequencies, low frequency band gaps

and control of the speed of energy propagation in the structure. Jensen and

Sigmund [120] optimised the band gap behaviour of phononic structures us-

ing topology methods. Langley et al. [121] used a quasi-Newton algorithm

with 30 random-start runs to obtain the optimal vibration absorption of

the structure, while Wormser et al. [9] optimised the phononic band gap

behaviour of cellular structure using gradient based methods. To the au-

thors’ knowledge and by the time this thesis is written, all the optimisation

methods for phononic band gap behaviour focus solely on tailoring the band

gap.

2.6 Sandwich structures

Figure 2.11: Sandwich beam with periodic honeycomb core and unit cell,

as examined in [10].

Significant part of this research consists of sandwich structures where band

gap schemes are examined, including both structural and non-structural

solutions. Hence, it seems proper to dedicate a section of this thesis’ liter-

ature review on sandwich structures and band gaps. A sandwich structure
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is formed when two thin facings or skins are bonded on a lighter core that

is used to keep them together and apart. This formation offers increased

bending and torsional stiffness with minimal added mass as lightweight core

materials are used in most of these cases (e.g. aluminium or aramid hon-

eycomb, balsa wood or foam) [122]. The first application of lightweight

structural sandwich parts was first seen in aircrafts in the 1940s since they

reduced the weight and increased the payload and flight distance [123].

Since then sandwich structures have been a major part of load bearing

structures and applications can be found in many industries such as civil

transportation [124, 125, 126] and architecture [127]. Nowadays research has

focused on examining the static behaviour of innovative solutions of sand-

wich formations, like a cylinder with orthogonal corrugated trusses [128],

with orthogonal grids [129] or with beams with rapid prototyping cylinders

as core [130]. Research also focused on corrugated cores [131, 132, 133].

Figure 2.12: Graphic representation of a sandwich beam with internal

resonators [11].

Taking advantage of the band gap mechanisms, researchers examined the

possibility of having sandwich structures exhibiting stop bands. Ruzzene

et al. [10, 134] (see Fig. 2.11) examined theoretically the behaviour and

control of sandwich beams and plates with auxetic core. It has been proven

that photonic band gaps could be attained with a periodic lattice core [135]

and in [136, 137] high-frequency band gaps were exhibited by sandwich

phononic crystal plates. Local resonance mechanisms have also been ex-
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amined as band gap generators in sandwich structures [11] (Fig. 2.12),

where Sharma et al. focused on the interaction and control of the band

gap and how to tune the characteristics to achieve specific stop bands. In

[138] Jiang et al. examined theoretically and experimentally a phononic

crystal of periodic circular cavity sandwich plates attaining low-frequency

stop bands, and in [139] Badran et al. developed a lighter model to simulate

the dynamic behaviour of sandwich structures. Guo et al. [140] examined

theoretically the banded behaviour of a sandwich structure using two pe-

riodically alternating viscoelastic materials as core achieving low-frequency

stop bands. Also, the effect of damping on the band gap was examined

and in [141] Sheng et al. manufactured the same structure to examine it

experimentally. In [142, 143] the effect of the banded behaviour of a sand-

wich plate with locally resonant structure on the transmission of the sound

was examined proving that a band gap offers significantly enhanced sound

transmission loss. A thorough review of the current research on sandwich

structures was produced by Birman and Kardomatea [144].

For all the aformentioned cases the band gap is achieved with a cost in

complexity or additional mass.

2.7 Conclusion

In this chapter a brief overview of the existing literature on research method-

ologies of wave propagation of periodic structures and band gap engineering

is provided. The presented work covers several areas of research so this

chapter includes representative examples of studies on the specific areas.

First, some of the existing mathematical tools and how researchers devel-

oped these methods are presented. Then recent work on damping methods

is described, with some studies on the properties of composite materials

and others on innovative methods of damping enhancement. After that,

the state of the art in the periodic structures and band gap engineering is

described, which is the main part of this work. The next part focuses on

band gap engineering and how AM technology boosted the limits of engi-
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neers in periodic structures. Additionally, several examples of band gap

optimisation studies are presented. Finally, a brief account of research on

sandwich structures with banded behaviour is developed.

During this literature examination, it was noticed that no work has been

completed on band gap schemes able to be part of load-bearing structures.

Furthermore, the majority of the designs that are produced are of complex

geometry, which makes the industrialisation of the designs quite costly. In

addition to this, it is only in the last years that researchers validate the the-

oretical calculations of the band gap phenomena with experimental results,

an area that AM technology has helped a lot to develop. Hence the main

focus of this work is to develop a multi-disciplinary optimisation algorithm

which produces the optimal solution concerning band gap and static stiffness

performance and which is also easy-to-manufacture. Additionally, develop-

ing an experimental setup and validating the vibroacoustic performance is

also an essential part of this work.



Chapter 3: Methodology

In this chapter the methodology that is used during this work is pre-

sented in detail. The first part presents the PST and the equations that

calculate the wave dispersion curves along with the loss factor. Then the

SEA model and how the energy analysis quantities are derived is shown.

After that the structure of the MATLAB script produced in this research is

presented, followed by the optimisation scheme. Finally, the experimental

method for measuring vibrations is described.

3.1 Periodic structure theory

Figure 3.1: Several schemes of periodic structures.

The PST used in this work is presented in detail elsewhere [54]. A generic

structure with 1D periodicity is considered. A unit cell is extracted from the

structure (see Fig. 3.1) and its behaviour modelled with the FE method. A

steady-state free harmonic vibration of frequency ω is considered in what

follows and all response quantities are represented by complex amplitudes,

so that

q(t) = qeiωt , (3.1)

where t is time and the degrees of freedom q can be partitioned into interior

(I), left (L) and right (R) (see Fig. 3.2). According to Floquet’s theorem,

the equation that relates the displacements on the sides of the modelled

35
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Figure 3.2: The employed FE model for investigation of 1D wave propaga-

tion.

unit cell is the following [58]:

qR = e−iεxqL, (3.2)

where the term εx = kxLx is referred to as ’phase constant’, Lx is the

periodic element’s length in the x direction and kx is the wavenumber. The

complete vector of the local degrees of freedom can be ordered as follows

q =
[
qTI qTL qTR

]T
. (3.3)

The equation of motion for the cell including damping [145] is given by[
K + iωC− ω2M

]
q = f, (3.4)

where K, M and C are the stiffness, mass and damping matrices respec-

tively and f is the vector of the nodal forces. Eq. (3.4) can be used when

proportional damping is available [146], where damping is expressed as a

linear combination of the mass and stiffness matrices, that is,

C = α1M + α2K, (3.5)

where α1 and α2 are real scalars. In the case of structural damping [62, 145],

the equation of motion becomes[
K + iC− ω2M

]
q = f, (3.6)
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and the structural damping matrix C is given by

C =
ne∑
i=1

Kiηi, (3.7)

where ne is the number of the FEs of the unit cell, Ki is the stiffness matrix

of the ith element and ηi is the loss factor of the corresponding element. Eq.

(3.6) can be written as [
K(1 + iη)− ω2M

]
q = f. (3.8)

In this work (more specifically in Chapter 5 and 6 where damping is in-

cluded in the calculations), the focus is not on the accuracy of the model of

damping, since the main aim of the wave propagation analysis is to examine

the existence of the band gap. In order to write the propagation relation in

Eq. (3.1) in matrix form, a transformation matrix R is considered, which

is given in the following equation:

q =


I 0

0 I

0 Ie−iεx

x = Rx. (3.9)

In this way, the equation becomes

q = Rq′, (3.10)

where

q′ = x =
[
qI qL

]T
. (3.11)

In the absence of external forces (free wave propagation), it is written:

RHf = 0, (3.12)

where RH denotes the complex conjugate (Hermitian) transpose of R. The

resulting homogenous equations in the reduced set of degrees of freedom are

then given by [
K′ + iωC′ − ω2M′

]
q′ = 0, (3.13)

and [
K′(1 + iη)− ω2M′

]
q′ = 0, (3.14)
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Figure 3.3: Representation of the modelled internally pressurised periodic

segment with its edges 1, 2, 3 and 4

where

K′ = RH(εx)KR(εx), M′ = RH(εx)MR(εx), C′ = RH(εx)CR(εx).

(3.15)

When a set of phase constants εx is specified, a quadratic eigenvalue problem

is formed for Eq. (3.13), the solution method of which is described elsewhere

[147]. Eq. (3.14) gives a standard eigenvalue problem with eigenvalues

λ = ω2 indicating the frequencies at which a wave can propagate in the

structure when a given phase is specified between the edges of the cell. It

is noted that in Chapter 5 and 6, only the real part of the eigenvalues is

examined since the target of the examination is the band gap behaviour.

3.1.1 The two dimensional WFEM

A laminate of Ll,x length and Ll,y width is considered and a FE model of

a small segment of the laminate is considered. This segment’s length is dx,

while its width is dy (Fig. 3.3). The segment is meshed using commercially

available FE software. The vector of the DOFs q of the segment is given in

terms of DOFs by [61]

q =
[
qT1 qT2 qT3 qT4

]T
, (3.16)

where T denotes the transpose and qn is the vector of nodal DOFs of all

the element nodes which lie on the nth corner of the element [61]. Following

the same logic, the vector of nodal force is given by

f =
[
fT1 fT2 fT3 fT4

]T
. (3.17)
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Conventional FE methods is then used to get the M and K matrices of the

segment. Assuming time-harmonic behaviour and neglecting damping the

equation is

[K− ω2M]q = f. (3.18)

Using Floquet theorem for a rectangular segment and taking edge 1 as

reference the equation becomes

q2 = λxq1, q3 = λyq1, q4 = λxλyq1, (3.19)

where

λx = e−ikx dx, λy = e−iky dy, (3.20)

with λx and λy being the phase constants and kx and ky being the wavenum-

bers. Thus

q = ΛRq1, ΛR =



I

λxI

λyI

λxλyI,


(3.21)

with I being the identity matrix. Assuming no external excitation, equilib-

rium at node 1 should give zero sum of nodal forces,

ΛL



f1

f2

f3

f4


= 0, ΛL =

[
I λ−1x I λ−1y I λ−1x λ−1y I

]
. (3.22)

Dynamic stiffness D is introduced, which is

D = K− ω2M. (3.23)

In case of damping, viscous or structural damping can be taken into account

by the addition of viscous or structural damping matrices C or KI . Then,

the dynamic stiffness matrix is given by the following equations:

D = K + iωC− ω2M, and D = K + iKI − ω2M. (3.24)

Following the analysis in [61] and substituting Eq.(3.21) and Eq.(3.22) in

Eq.(3.18) the equation becomes

D(ω, λx, λy)q1 = 0. (3.25)
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If the segment dynamic stiffness matrix is partitioned to

D =


D11 D12 D13 D14

D21 D22 D23 D24

D31 D32 D33 D34

D41 D42 D43 D44

 , (3.26)

then the eigenproblem of Eq.(3.25) can be written in the following form

[(D11 + D22 + D33 + D44) + (D12 + D34)λx + (D21 + D43)λ
−1
x

+ (D13 + D24)λy + (D31 + D42)λ
−1
y + D14λxλy + D41λ

−1
x λ−1y

+ D32λxλ
−1
y + D23λ

−1
x λy]q1 = 0.

(3.27)

In [54] and [61] different methods were presented for solving the eigenprob-

lem of Eq.(3.27). In this work the method used in [67] is preferred being

faster and easier to implement in calculation tools. In [67] the frequency

and the wavenumber towards the y direction are kept fixed and for each set

of ω, ky the kx values are calculated. In addition to this, by interpolating

the known results, values for intermediate ω, kx and ky can be found. For a

set of fixed ω, ky the non-linear eigenproblem of Eq.(3.27) is reduced to

(A2λ
2
x + A1λx + A0)q1 = 0, (3.28)

where

Ai =


D14λ

2
y + (D12 + D34)λy + D32, i = 2

(D13 + D24)λ
2
y + (D11 + D22 + D33 + D44)λy + D31 + D42, i = 1

D23λ
2
y + (D21 + D43)λy + D41, i = 0.

(3.29)

This quadratic eigenproblem can be converted [67] into an ordinary linear

generalized eigenproblem, by introducing a new vector z = λxq1−A0 0

0 I

q1

z

 = λx

A1 A2

I 0

q1

z

 . (3.30)

Then the wavenumbers are calculated as follows:

kx =
log(λx)

−i dx
and ky =

log(λy)

−i dy
. (3.31)
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Stress stiffening

In this work two different scenarios of pre-stressed structure are examined,

as described in detail in Chapter 4 and 5. In these cases, a pre-stress stiffness

matrix Ks is calculated. Considering that a static analysis has been solved,

the updated stiffness matrix K is calculated [148]:

K = K0 + Ks, (3.32)

where K0 is the original element stiffness matrix and:

Ks =

∫∫∫
GT τG dx dy dz, (3.33)

where G is a matrix of shape function derivatives and τ is a matrix of the

current Cauchy (true) stresses σ in the global Cartesian system.

The updated matrix K is then used in WFEM to get the wavenumbers

and eigenvectors of the pre-stressed structure.

3.1.2 Loss factor

As it is written in Sec. 3.1.1 damping can be included in the dynamic stiff-

ness matrix D in WFEM. In Chapter 4 of this work, though, our attention

is focused on the real part of the propagating waves, which are not affected

by the damping of the material. The behaviour of loss factor under different

scenarios is examined, which is a measure of the damping performance of a

structure.

A physical interpretation of the loss factor is expressed as follows [149]:

η =
1

2π

Wd

Um
=

1

2π

energy dissipated per cycle

maximum strain energy
. (3.34)

Following the analysis in [62], the loss factor ηj as a function of the frequency

is calculated:

ηj(ω, T, φ) =
V∗jK

”
ω,TVj

V∗jK
′

ω,TVj

, (3.35)

where ∗ stands for the Hermitian transpose, T for the temperature, K”
ω,T

and K
′

ω,T for the imaginary and real part of the stiffness matrix, respectively,

Vj is the displacement vector associated with the jth propagating wave
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and is obtained from the wave mode q1j [61] and the components of the

wavenumber kxj and kyj, that is:

Vj =
[
qT1j e−ikxjLxqT1j e−ikyjLyqT1j e−ikxjLxe−ikyjLyqT1j

]T
. (3.36)

In our case temperature is not accounted for. So

ηj(ω, φ) =
V∗jK

”
ωVj

V∗jK
′

ωVj

. (3.37)

Also, it is used, along with Ks to calculate the loss factor ηs(j) of the pre-

stressed structure [64]:

ηs(j)(ω, φ) =
V∗jK

”
ωVj

V∗j(Kω + Ks(ω))Vj

. (3.38)

3.2 Computation of the energy analysis quan-

tities

3.2.1 Calculation of the modal density

Modal density is defined as the average number of modes per unit frequency.

Using a formula that has been used elsewhere [56, 150], an equation is

produced which expresses the modal density of each propagating wave type

w for each angle φ as a function of the propagating wavenumber and its

corresponding group velocity cg

nw(ω, φ) =
Akw(ω, φ)

2π2|cg,w(ω, φ)|
, (3.39)

whereA is the area of the examined panel and the group velocity is expressed

as

cg(ω, φ) =
dω

dk(ω, φ)
. (3.40)

Then, the modal density after having been angularly averaged is given as a

function of frequency:

nw(ω) =

∫ π

0

nw(ω, φ) dφ. (3.41)
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3.2.2 Calculation of the radiation efficiency

In order to calculate the radiation efficiency σ(k(ω)) the set of asymptotic

formulas given in [40] is used. Mode shapes of sinusoidal form can be as-

sumed for continuous structures so that any FE discretization errors to

be avoided. Working in a SEA context, energy equipartition amongst the

resonant modes is assumed so that:

σrad(ω) =
1

n(ω)

∫ π

0

σ(κ(ω, φ))n(ω, φ) dφ. (3.42)

For a periodic discontinuous structure the assumption of sinusoidal mode

shapes is no longer valid, which means that the radiation efficiency should

be calculated from the WFEM derived wave mode shapes. Therefore, the

radiation efficiency expression given in [54] can be used. In the next sec-

tion the equations used to calculate the STL, modal density and radiation

efficiency are presented.

3.2.3 Calculation of the STL of a panel by an SEA

approach

The STL (or TL) is considered to be a property of great importance which

is crucial to examine and quantify the characterisation of the vibroacoustic

performance of a structure. The theoretical system examined in this work

consists of two reverberant chambers separated by the modelled panel which

is attached to a rigid baffle. Any flanking transmission is neglected in the

SEA model. In Fig. 3.4 a graphical representation of the model is depicted,

along with the energy balance of the subsystems of the SEA approach [51],

where E1 and E3 are the acoustic energy of the source room and the receiving

room respectively and E2 is the vibrational energy of the panel. Pin is the

injected power in the source room, P1d, P2d and P3d are the power dissipated

by each sub-system and P13 is the non-resonant transmitted power between

the rooms. Considering each wave type w = a, b, c...n propagating within
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Figure 3.4: Representation of the considered SEA model and all the energy

and power exchanges between the systemts of the model.
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the panel as a separate SEA subsystem:

P12 =
n∑

w=a

P12,w

P23 =
n∑

w=a

P23,w

, (3.43)

where P12 and P23 stand for the power flow between the rooms and the

panel. The STL is then calculated by the equation:

STL = 10 log10

(1

τ

)
, (3.44)

where τ is the transmission coefficient which represents the ratio between

the transmitted and the incident sound powers. τ can be written as the

sum of the resonant and the non-resonant transmission coefficient

τ =
P23 + P13

Pinc
=

n∑
w=a

P23,w

Pinc
+
P13

Pinc
, (3.45)

where Pinc is the acoustic power incident on the panel, which for a rever-

berant sound field can be expressed as:

Pinc =
〈p21〉A
4ρc

, (3.46)

where 〈p21〉 is the mean-square sound pressure. Using the calculations made

in [67] the resonant coefficient for each wave type w is examined. Assuming

no energy exchanges between different wave types within the panel, the

energy balance of a structural wave subsystem can be expressed as:

P12,w = P2d,w + P23,w. (3.47)

The power dissipated is:

P2d,w = E2,wωη2,w, (3.48)

with η2,w being the structural loss factor of the wave type w. The loss factor

is a known property of most isotropic materials and can be calculated in

layered structures if each layer’s loss factor is known [151]. In this work, as

shown in Sec. 3.1.2 the loss factor is calculated as a function of frequency

for both non-stressed and pre-stressed analyses. The vibrational energy of

the panel due to wave type w was written as:

E2,w = ρsA〈υ2w〉, (3.49)
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where ρs is the mass per unit area, A is the total area of the panel and 〈υ2w〉

is the mean-square panel vibration velocity due to wave type w. The power

flow P12,w can be written using the SEA reciprocity rule as:

P12,w = ωη12,ωn1

(
E1

n1

− E2,w

n2,w

)
= ωη21,wn2,w

(
E1

n1

− E2,w

n2,w

)
, (3.50)

where n1 and n2,w are the modal density of the source room and of the

wave type w respectively and η21,w is the coupling loss factor between the

receiving room and the wave type w which is written as:

η21,w = η23,w =
ρcσrad,w
ρsω

, (3.51)

where ρ is the acoustic medium density of the room. The total acoustic

energy of the source room is:

E1 =
〈p21〉V
ρc2

, (3.52)

where V is the volume of the room. Following the analysis in [67], the total

transmission coefficient of the panel t is expressed as:

τ =
n∑

ω=a

τω +
P13

Pinc
, (3.53)

where

τw =
8ρ2c4πσ2

rad,wn2,w

ρsω2A(ρsωn2,w + 2ρcσrad,w)
. (3.54)

The non-resonant transmission coefficient τnr = P13/Pinc for a diffused

acoustic field is written as:

P13

Pinc
=

∫ 2pi

0

∫ θmax

0

4Z2
0σ(θ,φ,ω)sinθcos

2θ

|iωρs+2Z0|2
dθ dφ

π(1− cos2θmax)
, (3.55)

in which θ and φ are the incidence angle and the direction angle of the

acoustic wave respectively, and Z0 = ρc/cosθ is the acoustic impedance of

the medium. The term θmax is the maximum incidence angle, accounting for

the diffuseness of the incident field. In this work θmax = π/2 is considered.

The term σ(θ, φ, ω) is the corrected radiation efficiency term, which is used

to account for the finite dimensions of the panel by accounting for the

radiation of the mass controlled non-resonant modes, and it is calculated
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using a spatial windowing correction technique presented in [152], where the

equations after the relevant variables changes are:

Z = jρωLy

∫ 2

0

∫ 2

0

(2− u)(2− ut)K(u, ut)Fn(u, ut)dudut, (3.56)

where

K(u, ut) =
e−j

ωLl,x
2c

√
u2+u2

r2√
u2 + u2

r2

(3.57)

and

Fn(u, ut) = e−j
ωLl,x

2c
(ucos(φ)+

ut
r
sin(φ)) (3.58)

In Eq.(3.53) the total transmission coefficient of the panel is expressed

merely as a function of its SEA quantities and independently of the room

dimensions and modal energies. In the following chapter the script that

transfers all the equations mentioned so far to MATLAB and ANSYS is

presented.

3.3 Script’s structure

The methodology described in the previous sections is transferred in MAT-

LAB and ANSYS environments through a master script generated specif-

ically for this purpose which combines newly developed scripts with em-

bedded existing tools [153]. The master script takes as input the geometry

of the unit cell of the examined structure as produced in the FE software

and gives as output the wave propagation characteristics of the periodic

structure (Figure 3.5). The steps are described in detail below:

• The geometry of the unit cell of the examined structure is produced in

.txt file of ANSYS script language. This file also includes the material

properties of the structure and these properties are assigned to each

element of the cell to represent the actual structure.

• A simple and quick modal analysis is solved using ANSYS through the

script so that mass, damping and stiffness matrices can be calculated.

Using FE software to retrieve mass and stiffness matrices allows the

user to simulate complex geometries.
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• The matrices are retrieved by the script and moved to the folder-in-

use.

• Then the matrices need to be converted to form MATLAB sparse

matrices. For this step a freeware converter script is incorporated

in the script [153] in order to convert the ANSYS matrices format

(Harwell Boeing, HB) to MATLAB format.

• After having the matrices in MATLAB format, the mathematical

script of the PST equations is run. This script can solve both one-

and two-dimensional case studies.

• Finally, the wave propagation curve is calculated and plotted. In this

step additional post-processing scripts can be implemented, such as

the one that is used in Chapter 4 to calculate the acoustic performance

of periodic structures.

Figure 3.5: Flow diagram of the master script used to acquire wave prop-

agation characteristics of the examined structures. The text boxes with

dashed lines are ANSYS processes while the rest of them are MATLAB

ones.

The script offers the chance to examine different structures quickly, since the

only thing that the user needs to produce is the geometry and the material
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properties file as all the rest is automated and included in the master script.

A process that normally takes more than five minutes if done manually and

includes the risk of human errors, with this script is completed in at least

one tenth of the time. In addition to this, its automated nature allows the

user to implement it in optimisation algorithms along with post-processing

scripts, such as band gap calculation as presented in the following section.

3.4 Optimisation

Figure 3.6: Flow chart of the optimisation method. The method takes

advantage of the fast calculation of wave propagation thanks to the master

script and finds the optimal solution quicker than the full method when the

whole model has to be solved.

The optimisation method (see Fig. 3.6) that is employed to calculate

the optimal structure design is described below. The set of parameters can

be expressed as

p = {β1, β2, . . . , βn} , (3.59)

where n is the number of parameters examined. The design values may

be considered to be constrained (e.g. βi ∈ [βi,min, βi,max]). The considered

variables are the mass m, the bending stiffness b s, the band gap’s width b g

and the mid-point frequency of the band gap b gm f (aiming for band gaps at

frequencies as low as possible) of the stiffened plate. Examples of parameters

βi would be any geometrical characteristic of the stiffener or the plate itself,
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such as thickness, that affects the considered variables. In order to have

faster convergence and avoid the generation of multiple solutions, gradient

based optimisation is preferred with optimising an objective function. The

objective function for the specific structure is

F (p) =a3 ×m3 + a2 ×m2 + a1 ×m+ a0 + b3 × b s3 + b2 × b s2 + b1 × b s+ b0

+ c3 × b g3 + c2 × b g2 + c1 × b g + c0 + d3 × b g3m f + d2 × b g2m f+

d1 × b gm f + d0,

(3.60)

where ai, bi, ci and di are the coefficients given by the design cost functions

(for example see Fig. 6.2 in Chapter 6). Adjusting these coefficients the

designers are given the ability to apply polynomial curves to available cost

data forming the cost functions of the optimisation, as can be seen in Chap-

ter 6 (see Fig. 6.2). Additionally, this type of objective function renders its

differentiability and the calculation of its partial gradients efficient. Higher

order polynomial or exponential fitting functions may be applied without

loss of accuracy. The gradient of F (p) can, therefore, be computed as

∇F (p) =

{
∂F (p)

∂βi

}T
. (3.61)

By definition: b g = f2 − f1, b gm f = f1+f2
2

and fi = ωi

2π
, λi = ω2

i , where f1

and f2 are the frequencies at the lower and upper bound of the band gap.

Thus,

∂b g

∂βi
=
∂f2
∂βi
− ∂f1
∂βi

=
1

2π

∂ω2

∂βi
− 1

2π

∂ω1

∂βi
=

1

2π

(
∂
√
λ2

∂βi
− ∂
√
λ1

∂βi

)
, (3.62)

∂b gm f

∂βi
=

1

2

(
∂f1
∂βi

+
∂f2
∂βi

)
=

1

4π

(
∂ω1

∂βi
+
∂ω2

∂βi

)
=

1

4π

(
∂
√
λ1

∂βi
+
∂
√
λ2

∂βi

)
.

(3.63)

Taking advantage of the chain rule of differentiation, the following equations

are formed:
∂
√
λi

∂βi
=
∂
√
λi

∂λi

∂λi
∂βi

=
1

2
√
λi

∂λi
∂βi

, (3.64)

where the partial derivatives of the eigenvalues are calculated based on the
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following techniques, given elsewhere [154, 155]:

∂λi
∂βi

=

−xT
(
λ2i

∂M
∂βi

+ λi
∂C
∂βi

+ ∂K
∂βi

)
x

xT (2λiM + C)x
, (3.65)

where x = q′ =
[
qI qL

]T
is the eigenvector. In this work, the partial

derivatives of K, M and C are calculated considering a perturbation of

0.1% of the examined parameter βi, a percentage that was the result of a

convergence analysis. Thus:

∂K

∂βi
=

Kp −K0

βi,p − βi,0
,

∂M

∂βi
=

Mp −M0

βi,p − βi,0
,

∂C

∂βi
=

Cp −C0

βi,p − βi,0
, (3.66)

where Kp, Mp and Cp are the perturbed stiffness, mass and damping ma-

trices, βi,p is the perturbed considered parameter and βi,0 the unperturbed

parameter. The mass, stiffness and damping matrices M, K and C of the

unit cell can also be formed by assembling the local mass, stiffness and

damping matrices of individual FEs, which can be calculated analytically

[156]. It is, therefore, evident that when the expressions of the partial

derivatives for every local mass, stiffness and damping matrix ∂m
∂βi
, ∂k
∂βi

and

∂c
∂βi

are known, then the expressions for the global matrices ∂M
∂βi
, ∂K
∂βi

and ∂C
∂βi

can be derived simply by assembling the expressions of the local matrices

together. Therefore:

∂λi
∂βi

=

−xT
(
λ2iR

H ∂M
∂βi

R + λiR
H ∂C
∂βi

R + RH ∂K
∂βi

R

)
x

xT (2λiRHMR + RHCR)x
. (3.67)

The calculation of ∂b s
∂βi

, ∂m
∂βi

depends on the geometric and material prop-

erties of the case study for which the optimisation method is applied. A

constrained nonlinear interior point optimisation algorithm using Newton’s

method [157] is employed to compute the optimal parameter vector p that

minimises F (p). It should be noted that the optimisation used in this

work leads to results in significantly shorter times compared to those that

examine the whole finite periodic structure, since it only needs the unit

cell’s wave propagation characteristics. Furthermore, the adaptability of

the optimisation method allows the examination of any type of band gap

mechanism (Bragg scattering, local resonance, inertial amplification and/or
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combination of them). On the other hand, when boundary conditions are

applied to the structure PST fails to include their effects on the dynamic

and stop band behaviour. In the following section the experimental setup

that is used to validate the numerical and FE calculations is presented.

3.5 Experimental setup

To validate the dynamic behaviour of the examined structures, a vibration

experimental setup is designed and developed. After the necessary market

research, an electrodynamic shaker (TBS K2007E1) is used to excite the

specimen with the signal produced and analysed by a Polytec VIB-E-400

Junction Box using a fast Fourier transform (FFT) capacity. A single point

laser vibrometer (Polytec PDV-100) is used to measure the displacement

at several points on the specimen. An impedance head (PCB 288D01) is

mounted on one edge of the specimen and provides the measurement of the

input force on the mounting point of the specimen. The impedance head is

then bolted on to the moving head of the shaker.

Figure 3.7: The design of the vibration experiment rig with key dimensions

(in mm).
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Having decided on the equipment, a rig had to be designed to accommodate

the shaker. This rig had to be of considerable weight to avoid resonances

in the frequency bands of interest and portable at the same time. The rig

is designed so that the shaker can be mounted on all sides of it in order to

accommodate the different sizes and shapes of the specimens and allow to

excite the specimens without obstructing the use of the laser vibrometer.

The main mounting points are situated on the two vertical beams in the

middle of the rig, which offer adjustability along the vertical axis and stiff

mounting points to accommodate the vibrational loading. Besides that, the

shaker can be mounted on every side of the rig, since the grooves allow

the fixing of specifically acquired nuts. The final design of the rig is shown

in Fig. 3.7, with its weight being 15.3 kg. The laser vibrometer and the

electrodynamic shaker can be seen in Fig. 3.8 and 3.9 respectively and

the final setup in Fig. 3.10. In Fig. 3.11 the process of the experiment is

described in detail. The experimental setup allows to examine specimens

smaller than 600 mm in frequency range from 0 Hz to 9 kHz.

Figure 3.8: Polytec PDV-100 sin-

gle point laser vibrometer.

Figure 3.9: TBS K2007E1

electrodynamic shaker with in-

ternal amplifier, along with the

impedance head (PCB 288D01).

Having presented the development of the mathematical and numerical

tools along with the experimental setup, the main work of this study is

presented. In the next chapter the first application of the tools is described,

where the vibroacoustic performance of pre-stressed composite structures is

presented.
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Figure 3.10: View of the vibration setup, including: 1) the rig made of

aluminium profiles, 2) the TBS K2007E1 electrodynamic shaker along with

the impedance head (PCB 288D01) , 3) the Polytec VIB-E-400 Junction

Box and 4) the Polytec PDV-100 single point laser vibrometer.

Figure 3.11: Graph of the vibration experiment process: 1) The Junction

Box (A) generates the signal to excite the shaker (B). 2) The impedance

head (C) gives as output the force acted on the specimen. 3) The laser

vibrometer (E) measures the velocity, hence the acceleration of the specimen

(D). 4) The desktop PC (F) handles the data and generates the relevant

graphs as seen in the next sections.



Chapter 4: Acoustic trans-

mission properties of pressurised

and pre-stressed composite struc-

tures

4.1 Introduction

Pre-stress is the state where a constant load causes internal stresses to

develop in the structure. This phenomenon is observed on an aircraft’s wing,

where there are several constant loads applied on it during a flight, such as

the engine and its own weight and the lift force. Additionally, another

common pre-stress scenario is the one observed in pressure vessels, where

the internal pressure that is acted from the enclosed fluid on the vessel’s

walls causes strain on the walls. Therefore, it is important to examine the

effect of the pre-stress on the acoustic and damping performance of the

structure.

The first part of the work presented in this thesis consists of the ex-

amination of the effect of pre-stress, namely tension and pressure, on the

wave propagation and acoustic and damping behaviour of composite mono-

lithic and sandwich laminates. Using the core equations presented in 3.1.1,

3.1.2 and 3.2 and developing the initial version of the master script pre-

sented in 3.3 the crucial scenarios of pre-stress and pressurised structures

are examined thoroughly.

55
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Figure 4.1: The examined laminate with a periodic cell of it, where its nodes

and dimensions’ symbols can be seen.

4.2 Numerical results

Two different representative composite laminates, a monolithic and a sand-

wich, are examined. These choices cover the majority of composite struc-

tures where sandwich is used to increase bending stiffness while monolithic

one is used for its high tensile properties. Both are simulated under a

scenario in which the plates are tensioned and compressed. The sandwich

laminate is additionally examined in a different case where internal pressure

is applied in its core, as it is shown in Fig. 4.13. The mechanical character-

istics of each material used in the models are listed in Table 4.1, where Ei

is the modulus of elasticity in direction i, vij is the Poisson’s ratio for i and

j being the directions of extension and contraction, respectively, ρ is the

density and Gij is the shear modulus of elasticity in direction j on the plane

whose normal is in direction i. ANSYS 14.0 is used during the FE mod-

elling. Linear 8-node ANSYS SOLID45 solid elements are chosen for the

segment’s meshing, which comprises of a 3D displacement field and three

degrees of freedom per node (translations in the x, y, and z directions) [148].

This choice is dictated by the orthotropic nature of the materials. The max-

imum element size is kept below one tenth of the length of the minimum

structural wave propagating in the frequency range of the analysis so that

any interpolation errors are avoided.



CHAPTER 4. PRE-STRESSED COMPOSITE STRUCTURES 57

Table 4.1: Material properties

Material I Material II Material III

ρ = 1 870 kg/m3 ρ = 1 550 kg/m3 ρ = 110 kg/m3

Ex = 60e9 Pa Ex = 48e9 Pa Ex = 145e6 Pa

Ey = 60e9 Pa Ey = 48e9 Pa Ey = 145e6 Pa

Ez = 40e9 Pa Ez = 48e9 Pa Ez = 145e6 Pa

νxy = 0.25 νxy = 0.3 νxy = 0.45

νyz = 0.4 νyz = 0.3 νyz = 0.45

νxz = 0.4 νxz = 0.3 νxz = 0.45

Gxy = 3.6e9 Pa Gxy = 2.8e9 Pa Gxy = 50e6 Pa

Gyz = 1.2e9 Pa Gyz = 1.0e9 Pa Gyz = 50e6 Pa

Gxz = 1.2e9 Pa Gxz = 1.0e9 Pa Gxz = 50e6 Pa

4.2.1 Monolithic laminate - Tensioned and Compressed

In this part three different scenarios of the monolithic laminate are exam-

ined: the first one consists of the laminate with no force applied on it, the

second one with T = 100 N tensile force applied in x direction and the

third one with T = −100 N compressive force in x direction. The force

represents a constant load acting on the laminate which could be a weight

of a part of a structure. Its dimensions are Ll,x = 2.5 m, Ll,y = 1.5 m its

length and width, and h = 0.002 m its thickness (Fig. 4.1). Material I

(Table 4.1) is used in the analysis which represents a fibrous material with

high mechanical properties. The flexural wavenumbers in x direction of all

three scenarios are presented in Fig. 4.2. It can be seen that tension de-

creases the magnitude of the wavenumber, while compression increases it.

This essentially means that a larger number of waves per unit distance are

observed in the compressive load scenario where the structure is weakened

and a smaller number of waves in the tensile load where the structure is

stiffened, compared with the one that is not pre-stressed. This is explained

by the weakening and stiffening which make the wave propagation easier

and harder, respectively. The same trend is noticed in the loss factor be-
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haviour in Fig. 4.3. This can be explained by the fact that in the first case

the structure is stiffened, with the strain energy associated with the tension

increased (in comparison with the bending one) resulting in decreasing of

the loss factor (see Eq.(3.34)). Eq. (3.38) also explains this behaviour since

Ks consists of real positive numbers when the laminate is tensioned (thus

stiffened) and real negative numbers when the laminate is compressed (thus

softened). In Manconi’s work [64] on loss-factors of pre-stressed structures,

results of the same nature were acquired examining pre-stressed beams and

cylinders. It should be noted that these differences are normalized as fre-

quency gets higher, with ∼ 1 kHz being the frequency where the values tend

to become equal. This can be explained by the fact that as the frequency

gets higher the mass term dominates and the effect of the pre-stress gets

lower. The same behaviour is noticed in most of the rest of the graphs. In

Fig. 4.4 the modal densities of the three scenarios are depicted. It can be

seen that, although both pre-stressed cases exhibit different behaviour than

the non-stressed one, their results are identical in tensioned and compressed

laminate. On the other hand, in Fig. 4.5 it is seen that in tensioned case

the radiation efficiency is higher than in non-stressed case, while in com-

pressed case the opposite is obvious, with radiation efficiency having lower

values. This behaviour below the incidence can be explained by the relation-

ship between the radiation efficiency and the wavenumber [40] where as the

wavenumber gets higher the radiation efficiency gets lower. As mentioned

before, these differences are normalized as frequency gets higher. In Fig.

4.6 the TL of the three scenarios are shown. Again, in tensioning case the

TL is lower that the non-stressed in low frequencies. In compressive case,

though, there is no significant difference compared to the non-stressed.

4.2.2 Sandwich laminate

A sandwich laminate with the same dimensions as the monolithic one (length

Ll,x = 2.5 m, width Ll,y = 1.5 m) is modelled. Material II is used for the

skin and Material III for the core. The core’s thickness is hc = 0.0127 m

and the skins’ one is hs = 0.0012 m (Fig. 4.7).
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Figure 4.2: Comparison of the bending wavenumber (x-direction) of the

monolithic laminate: (-) non-stressed, (x) pre-stressed, tensile force T =

100 N in x direction, (o) pre-stressed, compressive force T = −100 N in x

direction
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Figure 4.3: Comparison of the loss factor of the monolithic laminate: (-)

non-stressed, (x) pre-stressed, tensile force T = 100 N in x direction, (o)

pre-stressed, compressive force T = −100 N in x direction
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Figure 4.4: Comparison of the modal density of the monolithic laminate:

(-) non-stressed, (x) pre-stressed, tensile force T = 100 N in x direction, (o)

pre-stressed, compressive force T = −100 N in x direction
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Figure 4.5: Comparison of the radiation efficiency of the monolithic lami-

nate: (-) non-stressed, (x) pre-stressed, tensile force T = 100 N in x direc-

tion, (o) pre-stressed, compressive force T = −100 N in x direction
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Figure 4.6: Comparison of the transmission loss of the monolithic laminate:

(-) non-stressed, (x) pre-stressed, tensile force T = 100 N in x direction, (o)

pre-stressed, compressive force T = −100 N in x direction

Figure 4.7: Representation of the sandwich laminate under consideration

and its dimensions’ symbols.
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Figure 4.8: Comparison of the bending wavenumber (x-direction) of the

sandwich plate: (-) non-stressed, (x) pre-stressed, tensile force T = 100 N

in x direction, (o) pre-stressed, compressive force T = −100 N in x direction

Tensioned-Compressed

As in Sec. 4.2.1 three different scenarios are examined, with no force applied

on the sandwich laminate and both tension and compression, T = ±100 N.

In Fig. 4.8 the wavenumbers are depicted. In this case the same behaviour

as in Fig. 4.2 is noticed, but the differences are of smaller scale due to the

increased bending stiffness of the sandwich scheme. In Fig. 4.9 the loss

factors are depicted. Again it is shown that the same behaviour as in Fig.

4.3 is noticed in sandwich laminate occasion. As it is written in 4.2.1, this

is explained by the change in strain energy of the laminate. In Fig. 4.10,

4.11 and 4.12 the modal density, radiation efficiency and TL distributions

are shown. In these cases the differences between the three scenarios are

quite insignificant, which is attributed to the smaller scale of wavenumber

change than the monolithic one. Also, it should be noted that all three of

them are characterised by smoother curves than the monolithic laminate

ones.
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Figure 4.9: Comparison of the loss factor of the sandwich plate: (-) non-

stressed, (x) pre-stressed, tensile force T = 100 N in x direction, (o) pre-

stressed, compressive force T = −100 N in x direction
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Figure 4.10: Comparison of the modal density of the sandwich plate: (-)

non-stressed, (x) pre-stressed, tensile force T = 100 N in x direction, (o)

pre-stressed, compressive force T = −100 N in x direction
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Figure 4.11: Comparison of the radiation efficiency of the sandwich plate:

(-) non-stressed, (x) pre-stressed, tensile force T = 100 N in x direction, (o)

pre-stressed, compressive force T = −100 N in x direction
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Figure 4.12: Comparison of the transmission loss of the sandwich plate: (-)

non-stressed, (x) pre-stressed, tensile force T = 100 N in x direction, (o)

pre-stressed, compressive force T = −100 N in x direction
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Figure 4.13: Representation of the internally pressurised sandwich laminate.

As it is shown, the pressure is asked on the skins of the sandwich.

Internally pressurised

The second case of the sandwich laminate consists of internal pressure in

the core, as it is shown in Fig. 4.13. Two different pressures, p = 1 MPa

and p = 10 MPa are applied. It is noted that this load case is theoretical.

In all the curves it can be seen that the first pressure scenario’s results are

quite close to the non-pressurised one’s, as opposed to the second pressure

scenario’s ones. More specifically, in Fig. 4.14 the wavenumbers of the three

scenarios are depicted. In this case, in low frequencies the wavenumbers

of the high pressurised sandwich are significantly different than the low

pressurised and the non-pressurised. The same behaviour is noticed in Fig.

4.15. Having Eq.(3.34) in mind, this behaviour can be explained, since

when internal pressure is applied to the sandwich laminate’s core, its strain

energy is increased, thus the loss factor is decreased. Also, the pressure

in the second pressure scenario is significantly higher, and so is the strain

increase which leads to even lower loss factor. Another behaviour that is

noticed is that in the higher-pressure scenario the loss factor remains lower

than the non-pressurised all over the frequency range, with the difference

diminishing as the frequency gets higher, though. In Fig. 4.16, 4.17 and

4.18, the same behaviour is noticed in modal density, radiation efficiency

and TL dispersion curves. In these results it should also be noted that the

higher pressure depicts different numerical results from the non-pressurised

and the low-pressure scenario through almost the whole frequency range
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Figure 4.14: Comparison of the bending wavenumber (x-direction) of the

sandwich plate: (-) non-pressurised, (x) pre-stressed, internal pressure p =

1 MPa, (o) pre-stressed, internal pressure p = 10 MPa
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Figure 4.15: Comparison of the loss factor of the sandwich plate: (-) non-

pressurised, (x) pre-stressed, internal pressure p = 1 MPa, (o) pre-stressed,

internal pressure p = 10 MPa
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Figure 4.16: Comparison of the modal density of the sandwich plate: (-)

non-pressurised, (x) pre-stressed, internal pressure p = 1 MPa, (o) pre-

stressed, internal pressure p = 10 MPa

that is examined. This can be explained by the fact that the pressure

seems to be quite high and the geometrical characteristics of the architecture

are changed. It is noted that this load case is purely theoretical and no

structural limitations are considered. Finally, in Fig. 4.19 and 4.20 the

tensioned and pressurised results of the sandwich plate are compared. It

can be seen that p = 1 MPa pressure and 100 N tensile force have almost

identical effect on the loss factor and TL of the plate. More particularly,

both scenarios’ maximum TL reduction is ∼ 2.8 dB (15%) and at the same

frequency (∼ 950 Hz), while pressurised sandwich’s loss factor reduction is

∼ 0.03 (33 %) and the tensioned one’s is ∼ 0.02 (21 %) at low frequencies.

On the other hand, p = 10 MPa pressure affects largely both magnitudes.

Concerning TL, the maximum decrease is ∼ 10 dB (43 %) and it should

be noted that it is observed at different frequency (∼ 650 Hz) than the

other two scenarios. As for the loss factor, the decrease is quite large, with

∼ 0.07 (88%) being the largest one at low frequencies. This behaviour of the

pressurised and tensioned sandwich laminates raises some concerns about
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Figure 4.17: Comparison of the radiation efficiency of the sandwich plate:

(-) non-pressurised, (x) pre-stressed, internal pressure p = 1 MPa, (o) pre-

stressed, internal pressure p = 10 MPa
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Figure 4.18: Comparison of the transmission loss of the sandwich plate:

(-) non-pressurised, (x) pre-stressed, internal pressure p = 1 MPa, (o) pre-

stressed, internal pressure p = 10 MPa
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Figure 4.19: Comparison of the transmission loss of the sandwich plate: (-)

non-stressed, (x) pre-stressed, internal pressure p = 1 MPa, (o) pre-stressed,

internal pressure p = 10 MPa, (+) pre-stressed, tensile force T=100N

the vibroacoustic performance of pre-stressed structures which has not been

widely examined. Another aspect that draws the attention is the fact that

the high-pressure scenario demonstrates altered TL behaviour, where the

coincidence controlled zone seems to have been moved.

4.3 Concluding remarks

The effect of pre-stress on the wave propagation and acoustic transmission

properties of pressurised and pre-stressed composite structures is examined

in this chapter. The monolithic laminate is examined in both tension and

compression, while the sandwich laminate is examined in internal (core)

pressure scenarios, too, along with the tension and compression ones. The

loss factor and important SEA quantities are calculated, namely the modal

density, the TL and the radiation efficiency of the panels following the

calculation of their dispersion characteristics.

It is noticed that pre-stress affects the loss factor and the wave disper-

sion curves, which results in the alteration of the modal density, radiation

efficiency and TL behaviour. The main conclusions that are drawn are listed

below:

• It is shown that the tension and compression of the laminates alter the
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Figure 4.20: Comparison of the transmission loss of the sandwich plate: (-)

non-stressed, (x) pre-stressed, internal pressure p = 1 MPa, (o) pre-stressed,

internal pressure p = 10 MPa, (+) pre-stressed, tensile force T = 100 N

wave dispersion and loss factor in low frequencies, with the monolithic

laminate case depicting more significant alterations in the results.

• In the internal core pressure of the sandwich, it is shown that if the

pressure is high enough, quite significant alteration in vibroacoustic

behaviour can be achieved, potentially in a wide range of frequencies.

These observations lead to the conclusion that it is of fundamental impor-

tance to take into consideration the effect of pre-stress during the design of

a structure in order to achieve the vibration behaviour targets. This also

means that the design can actually exploit this effect to enhance damping

performance without any additional countermeasures. Additionally, pre-

stress can consist of a way to actively control vibration performance using

a loading electronic device [158].

Having developed the initial tools for the study of wave propagation in

periodic structures, the focus of this work turned to band gap case stud-

ies. In the following chapter the band gap behaviour of non-structural and

structural sandwich beams is examined.



Chapter 5: Banded behaviour

of one-dimensional composite

sandwich structures

5.1 Introduction

Sandwich structures are widely used today as a mean to achieve high stiff-

ness to weight ratio. This useful characteristic renders the acoustic and

vibration performance of these structure poor and unfavourable [45]. One

way to overcome this poor performance is to take advantage of the band

gap phenomenon. As it is known by the existing literature [23, 24] a change

in the impedance of the structure is the cause of band gap behaviour, due

to the wave reflection and cancellation of the propagating waves by the re-

flecting ones. This change, also called impedance mismatch, can be a stiff-

ness or mass local inconsistency, where in case of periodic structure leads

to vibration absorption and band gap behaviour. Having this in mind, in

this chapter two case studies of sandwich beams which demonstrate band

gap behaviour due to impedance mismatches are presented. For both case

studies examined simple low-cost designs are under consideration, offer-

ing lightweight easy-to-manufacture solutions which can be incorporated in

high-volume products.

5.2 Case study 1: Non-structural composite

sandwich beams

The first case that is examined in this chapter consists of an infinite compos-

ite sandwich beam with periodically hollow core as shown in Fig. 5.1. The

proposed core architecture consists of a non-structural solution, a prop-

71
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erty that limits the range of its potential applications. Nevertheless, it

consists of a very simple low-cost method to attenuate vibration in parts

like interior vehicle trims with no extra cost, whether this is about mass

or money. The mechanical characteristics of each material used in the

models are listed in Table 5.1. In Fig. 5.2 z axis is depicted. ANSYS

14.0 is used during the FE modelling. Linear 8-node ANSYS SOLID45

solid element is chosen for the segment’s meshing, which comprises of a

3D displacement field and three DOFs per node (translations in the x, y,

and z directions) [148]. All three models have the same core thickness

(hc = 10 mm) and skin thickness (hs = 1 mm) and four different ratios are

tested (Ratio = (hollow core length)/(cell length) = Lh/Lb,x), along with

homogenous core one (Ratio = 0) . The sandwich cell is Lb,x = 16 cm long

and each element is Le = 1 cm. The beam’s width is 2 cm. The scenario of

pressure on the skins of the structure in the hollow part of the core is also

examined, as a continuity of the work with previous chapter.

Figure 5.1: Infinite beam with periodic cell.

Figure 5.2: Left: Geometry of infinite beam. Right: Pressure applied in

the hollow part of the core.
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Table 5.1: Material properties

Material I Material II

ρ = 1 870 kg/m3 ρ = 110 kg/m3

Ex = 60e9 Pa Ex = 145e6 Pa

Ey = 40e9 Pa Ey = 145e6 Pa

Ez = 60e9 Pa Ez = 145e6 Pa

νxy = 0.4 νxy = 0.45

νyz = 0.4 νyz = 0.45

νxz = 0.25 νxz = 0.45

Gxy = 1.2e9 Pa Gxy = 50e6 Pa

Gyz = 1.2e9 Pa Gyz = 50e6 Pa

Gxz = 3.6e9 Pa Gxz = 50e6 Pa

5.2.1 Results

In Fig. 5.3 and 5.4 the wavenumbers of all the ratios without any pres-

sure applied are depicted. As it is expected ([10], [27] and [28]), banded

behaviour is noticed on the graphs of the periodically hollow core beams.

This can be explained by the hollow core part of the beam which acts as

source of impedance mismatch which is responsible for the creation of band

gaps. For the same reason it can be seen that the band gap frequencies

change significantly as the ratio changes, since the source of the impedance

mismatch alters characteristics. As the cause of the banded behaviour is

the reflected waves due to the impedance mismatch that cancel the prop-

agating ones, as the length of the hollow core changes, so the wavelength

of these waves changes. This results in changes of the band gap frequency.

It is worth noting that the third band gap of Ratio = 2/8 is significantly

smaller than the other cases examined. Additionally, another aspect worth

mentioning is the second band gap of Ratio = 3/8 and 4/8, whose type

seems to be of local resonance. An explanation is that the part of the core

acts as resonator and we have coupled Bragg-scattering and local resonance

band gaps, but it is out of scope of the current research. In Table 5.2 the

results of the pressurised beams are presented. It should be noted that
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Figure 5.3: Graphs of the flexural waves of the first three Ratios with no

pressure applied on the skins.
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Figure 5.4: Graphs of the flexural waves of the last two Ratios with no

pressure applied on the skins.

a structural integrity check is done using FE analysis for every examined

situation so that to be sure that the beam can withstand the stress of the

pressure applied on its skins. For this reason 1 MPa pressure is not exam-

ined for Ratio = 1/2 since it led to very high stress values. Going through

the results it can be seen that pressure affects the band gap frequency in

most of the cases, but it does not offer any significant control in the specific

examined structure. Nevertheless, it is confirmed that pressure has effect

on wave propagation as it is shown in Sec. 4, and on banded behaviour

in this case, which might lead to practical applications in future research.
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Additionally, further research might lead to stiffer and more durable ma-

terials which will increase the pressure capacity of the structure and hence

potential band gap control.

Table 5.2: Band gaps frequencies, in Hz

1st 2nd 3rd

Ratio=1/8

no pressure 664.2− 955.1 1422− 2192 2687− 3433

p = 10 kPa 664.2− 955.1 1422− 2192 2687− 3433

p = 100 kPa 664.4− 955.2 1422− 2192 2687− 3433

p = 1 MPa 665.6− 956.2 1426− 2194 2690− 3436

Ratio=1/4

no pressure 385.2− 837 1018− 1980 2624− 2746

p = 10 kPa 385.2− 837.2 1018− 1980 2624− 2746

p = 100 kPa 385.6− 838.3 1018− 1981 2624− 2748

p = 1 MPa 388.5− 849.7 1022− 1987 2628− 2759

Ratio=3/8

no pressure 251.5− 593.1 916.2− 1344 1981− 2642

p = 10 kPa 251.6− 593.1 920.5− 1344 1981− 2642

p = 100 kPa 252.3− 596.1 921.2− 1346 1982− 2643

p = 1 MPa 259− 621.9 927.7− 1358 1995− 2652

Ratio=1/2

no pressure 183.3− 479.2 762.5− 900.9 1859− 2569

p = 10 kPa 184.8− 481.9 763.8− 902.6 1860− 2572

p = 100 kPa 197.6− 505.6 775.9− 917.8 1871− 2593

p = 1 MPa NA NA NA

5.2.2 Conclusion and further work

In this section a parametric study of frequency banded behaviour of an

infinite periodic pressurised composite sandwich beam is examined. Both

the length of the hollow part of the core and the pressure applied on its

skins are considered as the parameters in the analyses. It is proven that the

length of the hollow core plays a significant role in the wave propagation
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and hence the frequencies of the band gaps. On the other hand, the pres-

surised beams do not have notable different banded behaviour concerning

the flexural vibration that is the one examined in this work. Nevertheless,

the behaviour pressurised beams exhibit allows the space for promising po-

tentials as a method to actively control banded behaviour of structures and

further research on the specific case is due.

The core-no core design demonstrated banded behaviour in all the differ-

ent alternative designs that are modelled. Nevertheless, the examined beam

cannot be considered as structural since there is no continuous part of the

core to handle the shear loading of the two skins during bending. This

observation leads to the next section, where two load-bearing composite

sandwich beams are numerically and experimentally examined.

5.3 Case study 2: Mid-frequency band gap

load-bearing composite sandwich struc-

tures with X-shaped and H-shaped cores

Having examined the core-no core solution, the potential of passive vibration

cancellation through banded behaviour in sandwich structures is verified.

Nevertheless, the under-study structure cannot be part of any load bearing

mechanism, since the periodical absence of core does not offer consistent

handling of the shear stresses between the two skins during any loading

applied on the beam. Hence, the next step is to examine load bearing

sandwich structure with banded behaviour. In this case study the two novel

core schemes are examined, which demonstrate flexural band gap lower than

5 kHz, where the highest sensitivity of the human ear lies [159].

5.3.1 Proposed core architecture

The fundamental principle to save energy consumption and manufactur-

ing cost is weight reduction. Additionally, the manufacturability of the

structure must always be part of the design process in order to enable the
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industrialisation of the design. Having these two principles in mind two

one-dimensional cases are developed and numerically and experimentally

examined in this section. Taking advantage of the unconventional geome-

try of the core, no additional mechanism is required avoiding extra mass.

The work is based on lessons that were learnt in Sec. 5.2 where a simple

design of a sandwich beam with periodically hollow core acting as band gap

generator is employed. The core-no core design is simulated and paramet-

rically examined, where it presented banded behaviour in all the different

alternative designs that were modelled. Nevertheless, the examined beam

could not be considered as structural since there is no continuous part of

the core to handle the shear loading of the two skins during bending.

Figure 5.5: Geometry of the core of the scheme 1 and 2 unit cells.

Taking into consideration all the above, several alternatives are tested

using the master script. All designs are conceived to combine core incon-

sistency in x-axis and structural integrity. Symmetry along both x- and

y-axes is sought in line with manufacturability and the examined solutions

follow the dimensions of the commercially available materials. The schemes

that are presented here have part of their cores continuous along x axis, a

characteristic which renders them load bearing elements of a structure. The

load bearing part of the core in bending loads is shown in different shade in

Figure 5.6. To compare the load bearing capacity of the two schemes with

the respective solid core beams, a three-point-bending beam simulation is
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Figure 5.6: Skin and core of scheme 1 and 2 specimen.

Table 5.3: Material properties and Schemes characteristics.

Scheme 1 Scheme 2 Both Schemes

0.5 mm Skin, 5 mm Core 1 mm Skin, 3 mm Core

Cured Carbon Fibre Cured Carbon Fibre PVC Foam

ρ = 1 600 kg/m3 ρ = 1 420 kg/m3 ρ = 100 kg/m3

Ex = 50 GPa Ex = 55 GPa E = 75 MPa

Ey = 50 GPa Ey = 50 GPa G = 27.75 MPa

Ez = 20 GPa Ez = 20 GPa η = 4%

νxy = 0.4 νxy = 0.4

νyz = 0.4 νyz = 0.4

νxz = 0.25 νxz = 0.25

Gxy = 1.2 GPa Gxy = 1.2 GPa

Gyz = 1.2 GPa Gyz = 1.2 GPa

Gxz = 3.6 GPa Gxz = 3.6 GPa

η = 1% η = 1%

considered using the FE models from Sec. 5.3.2. The setup can be seen in

Fig. 5.7, where the beam is supported on both edges of one side and a force

F = 5 N is applied on the opposite edge on the middle point. The bending
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stiffness is then calculated using the equation:

k = F/δz, (5.1)

where δz equals with the vertical displacement at the point of the force

application. The results show that both schemes sacrifice a relatively small

percentage of the original bending stiffness (see Table 5.4).

Figure 5.7: Schematic representation of the cantilever beam simulation

used to compare bending stiffness.

Table 5.4: Bending stiffness.

Scheme 1 Scheme 2

Proposed core Solid core Proposed core Solid core

δz 0.479 mm 0.417 mm 0.335 mm 0.275 mm

Bending stiffness 10.44 kN/m 11.99 kN/m 14.93 kN/m 18.18 kN/m

Difference 12.94 % 17.91 %

The core schemes can be easily manufactured using 2D automated cut-

ting machine which puts no limitations to high-volume production. Both

beams have carbon fibre as skin material and polyvinyl chloride (PVC) foam

as core material with different geometrical characteristics in both skin and

core, see Table 5.3. The geometry of both schemes’ core architecture is

depicted in Fig. 5.5. Both schemes’ geometry is symmetrical along x and y

axis and scheme 1 is along the diagonal, too. The two architectures can be

used to incorporate internal resonators to enhance the vibration absorption
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behaviour. Additionally, another aspect that could be examined is the ac-

tive control of vibrations using the necessary smart elements in the hollow

parts of the cores. Both concepts are out of the scope of this work and are

considered part of the future work.

5.3.2 Experimental and numerical validation

Numerical analysis

A FE model of each unit cell is built for both schemes, and the results of the

wave propagation analysis are compared with unit cells of continuous, solid

core sandwich beams with the same material properties (Table 5.3). The

model of scheme 1 unit cell is comprised of 176 elements, 48 of which are

used to model the core, while the model of scheme 2 unit cell is comprised

of 168 elements, 40 of which are used to model the core. In the case of

the regular sandwich structure unit cell, the same number of elements are

used for both of them (192 in total, 64 of which are used to model the

core). In Fig. 5.8 and 5.9 the results of the wave propagation analysis are

presented. As it can be seen in the graphs (shaded area), flexural band gap

Figure 5.8: Flexural wave propagation of scheme 1 (.) and regular sandwich

beam (x). The shaded area represents the bending band gap.

is observed at the frequency band 2 271 − 2 603 Hz for the scheme 1 and

1 701−2 299 Hz for the scheme 2. In order to examine the flexural behaviour
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Figure 5.9: Flexural wave propagation of scheme 2 (.) and regular sandwich

beam (x). The shaded area represents the bending band gap.

of both schemes 10-cell beams are tested using both FE method and a laser

vibrometer and electrodynamic shaker setup to experimentally validate the

FE analysis. The results are examined in the following paragraph.

FE and experimental results

Figure 5.10: Left: The points that are examined in the experimental pro-

cedure and FE analyses. The point of excitation is marked as ’X’. Right:

the points that are measured during the vibration experiment.
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Following the same procedure as for the unit cells FE models, 10-cell FE

models of both schemes and regular sandwich beams with the same materi-

als are produced. The same number of elements per unit cell is used, so the

model of scheme 1 beam is comprised of 1760 elements, 480 of which are

used to model the core, while the model of scheme 2 beam is comprised of

1680 elements, 400 of which are used to model the core. In the case of the

regular sandwich beam structures, the same number of elements are used

for both of them (1920 in total, 640 of which are used to model the core).

The core schemes are manufactured using two PVC foam sheets which

are cut in the specific geometries, as seen in Fig. 5.11. After shaping

the core schemes, the carbon fibre stripes are cemented on both sides of

them using a two-part epoxy adhesive (Permabond ET500). Concerning

the experimental procedure the specimen is excited between 800 Hz and

3 000 Hz, since the experiment focused on the band gap region. The points

where the acceleration is measured by the single point laser vibrometer can

be seen in Fig. 5.10. The mounting point of the impedance head, hence the

excitation point, is marked as ’X’ in the same figure. The points’ number

is indicative of the unit cell’s repetition.

Figure 5.11: The two core schemes as manufactured. The cores are then

cemented on cured carbon fibre sheets.

In Fig. 5.12 and 5.13 the FEA and experimental results of all the measured

points of both schemes 1 and 2 are presented. Firstly and most importantly,

it can be observed that in both cases experimental and FEA results corre-

late, with only some anomalies for the point 2 graphs which are explained

by the fact that it is the closest to the excitation point. Figures 5.14 and
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Figure 5.12: Frequency response function (FRF) of FEA (-o) and experi-

mental results (–) of all the measured points of scheme 1. The points of the

line connecting the FEA graphs consists of the middle value of the band

gap.
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Figure 5.13: FRF of FEA (-o) and experimental results (–) of all the

measured points of scheme 2. The points of the line connecting the FEA

graphs consists of the middle value of the band gap.

5.15 exhibit the correlation of the experimental and FEA results, where the

local divergence is less than 3 %. Secondly, both schemes 1 and 2 experi-

ments demonstrate banded behaviour, as predicted in the numerical results

in 5.3.2. The stop band is quite clear in the predicted frequency bands,
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Figure 5.14: Scheme 1 experimental (–) and FEA (-o) results of point 10.

Figure 5.15: Scheme 2 experimental (–) and FEA (-o) results of point 10.

and the vibration absorption becomes more apparent as the point’s number

increase. This happens because as the wave propagates through the unit

cells, it interacts with the reflective ones and weaken it. Therefore, the wave

passes weakened through each unit cell and the amplitude loss adds up as it

goes through the beam. Eventually it gets significantly weakened which is

translated in absorption of the beam vibration. This observation coincides

with the theory of band gap on periodic structures and it has been dis-

cussed in existing literature [2, 5]. It is noted that due to the large number

of unit cells anti-node could not be avoided when measuring the response,
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Figure 5.16: FEA of scheme 1 at 2430 Hz (displacements in meters).

Figure 5.17: FEA of scheme 2 at 2000 Hz (displacements in meters).

as observed at ∼ 1.9 kHz and ∼ 1.4 kHz in Figures 5.14 and 5.15, respec-

tively. In Fig. 5.16 and 5.17 the displacement profiles of schemes 1 and 2,

respectively, are presented, where the aforementioned observation is graph-

ically represented. This behaviour must be taken into consideration during

the design of the application of the banded structure so that to achieve the

optimum vibration isolation. Another issue that must be considered is the

boundary conditions of the structure which will probably alter the banded

behaviour. Furthermore, further work could concern the incorporation of

local resonant structures in the parts of the core that are hollow, employing

both band gap mechanisms.
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5.4 Concluding remarks

In this section two novel core architectures able to induce wave stop bands

while not being detrimental for structural bending stiffness are presented.

The two designs are developed following weight reduction and manufac-

turability criteria to produce a low-cost and profitable solution. The main

conclusions that are drawn are listed below:

• Firstly the numerical results of the wave propagation of the two core

schemes demonstrate that both of the examined beams exhibit stop

band of the flexural wave below 5 kHz. This low frequency stop band

has not been observed in load-bearing structures without additional

mass or significant compromise of structural integrity.

• Secondly, agreement is observed in the FE analysis and experimen-

tal results. This agreement validates the banded behaviour of the

proposed core schemes.

The two schemes, hence, consist of a load bearing solution of passively

annihilating vibrations in specific frequency bands.

In this part of the work the master script (see Sec. 3.3) is developed.

This script allows the quick examination of the wave propagation of a pe-

riodic one- and two-dimensional structure. Having this script in function,

the development of a multi-disciplinary optimisation algorithm is rendered

possible. This algorithm and a case study examined using it is presented in

the following chapter.



Chapter 6: Band gap behaviour

of optimal one-dimensional com-

posite structures with addi-

tive manufactured stiffener

6.1 Introduction

The script that is developed in the previous chapters offers the ability to

examine the wave propagation of one- and two-dimensional structures time-

efficiently. Nevertheless, in case the optimal solution is searched, the only

way to acquire it is to examine as many cases as possible and compare the

results of them. In Sec. (5.3) the geometry of the case study did not allow

many alternatives, mainly because of the nature of the structure (constant

core thickness allong x and y axis). Nevertheless, in case a more complex

geometry is examined that method can be very time consuming and nearly

non-feasible. This is why an automatic optimisation method needs to be

used. This led to this chapter’s work, where a gradient-based optimisation

algorithm is developed and applied on the case study of a composite beam

with AM stiffener.

The novelty of the work presented in this chapter is:

• An optimal design of a band gap structure is obtained, so that it serves

both as a stiffener and band gap production mechanism, constituting

a structural part.

• The optimal design of the structure is obtained by applying a devel-

oped computationally efficient unit cell based optimisation scheme.

• The developed multi-disciplinary design optimisation scheme uses scalar-

88
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isation for simultaneous mass and vibration minimisation and static

stiffness maximisation. Several starting points are used and paramet-

ric analysis is completed to evaluate the optimal solution.

More specifically, the multi-disciplinary optimisation of vibration attenua-

tion through band gap and static structural performance of a one-dimensional

composite structure with powder bed fusion of polyamide 12 (PA12) mate-

rial additions is examined. As in the previous case studies, the structure is

modelled using FE method and PST is used for predicting its wave prop-

agation characteristics. A constrained non-linear optimisation method is

used for the optimal geometric characteristics to be acquired. The optimal

solution is realised using a powder bed fusion (laser sintering) method and

is tested using the laser vibrometer and electrodynamic shaker setup to val-

idate the FE model. The band gap behaviour of a thin composite beam

Figure 6.1: Schema of periodic beam and unit cell.

with AM stiffener is examined and optimised using the scheme described

in Sec. 3.4. In this case, the Bragg scattering mechanism is targeted and

the absolute band gap is examined. A thin plate of carbon fibre is used

as a substrate structure and the stiffener is manufactured using the powder

bed fusion method and PA12 material with an EOS Formiga P100 machine.

The stiffener is cemented to the plate using a two-part epoxy adhesive (Per-

mabond ET500). It is noted that the design under examination is used as

a demonstration of the use of the methodology and it is not the only design
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to exhibit band gap. The parameters that are examined are the thickness

of the stiffener tst and the length of the top of the wedge-like shape of the

stiffener ltop (see Table 6.1 and Fig. 6.1). The mechanical properties of the

materials are given in Table 6.2. Structural damping of both materials (loss

factor η) is modelled. Since the host structure’s characteristics are constant,

only the stiffeners’ design variables m and b s are investigated.

Table 6.1: Case study optimisation variables and parameters.

Optimised variables Parameters

Mass, m Length of the top side, ltop

Bending stiffness, b s Thickness of the stiffener, tst

Band gap’s width, b g

Band gap’s mid-point frequency, b gm f

0 0.01 0.02 0.03 0.04
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st
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Figure 6.2: Cost functions used in the optimisation method.

6.2 Numerical results

The examined parameters are constrained such that ltop ∈ [0.005 m, 0.025 m]

and tst ∈ [0.005 m, 0.020 m]. The calculations of ∂b s
∂βi

, ∂m
∂βi

need the equations

that give b s and m. For the calculation of the mass m = mst the formulas

for volume calculation of a frustum of a pyramid and of a trapezoidal struc-

ture are used, so that mst = ρPA12(2Vtr − Vfr), where Vtr = Lx(lbot + ltop)
tst
2
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Table 6.2: Material properties

Cured Carbon Fibre PA12

ρ = 1 870 kg/m3 ρ = 900 kg/m3

Ex = 40 GPa E = 1 600 MPa

Ey = 40 GPa ν = 0.3

Ez = 5 GPa η = 4%

νxy = 0.4

νyz = 0.4

νxz = 0.25

Gxy = 1.2 GPa

Gyz = 1.2 GPa

Gxz = 3.6 GPa

η = 1%

and Vfr = tst
3

(B1 +B2 +
√
B1B2) (see Fig. 6.3 for labels, where B1 and B2

are the bottom and top areas of the frustum, respectively). The mass of

the stiffener mst and its partial derivatives in terms of the parameters, tst

and ltop, are calculated as follows:

Figure 6.3: Pyramid frustum (left) and trapezoid (right).

mst = tstρp[Lx(ltop + lbot)−
l2bot + l2top + lbotltop

3
], (6.1)
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Figure 6.4: Wave numbers of the numerical analysis of the beam with

geometric characteristics given by the optimal parameters. The shaded

area represents the band gap.

∂mst

∂tst
= ρp[Lx(ltop + lbot)−

l2bot + l2top + lbotltop

3
], (6.2)

∂mst

∂ltop
= ρptst[Lx −

2ltop + lbot
3

]. (6.3)

The bending stiffness of the stiffener b s, along with its partial derivatives

are given of the following equations:

b sst = Ept
3
st

3ltop + lbot
12

, (6.4)

∂b s

∂tst
= Ept

2
st

3ltop + lbot
4

,
∂b s

∂ltop
=
Ept

3
st

4
. (6.5)

The FE model of the unit cell consists of 468 8-node hexahedral elements

(144 of which are used to model the carbon fibre strip and 324 the stiff-

ener). The design cost functions employed to inform the relationship be-

tween b g, b gm f ,m and b s and the induced design cost, are shown in Fig.

6.2. It is noted that the costs in these functions is a way to express the

penalty of each outcome so that the objective function is generated accord-

ing to these. The cost functions are based on the aim of a lightweight

structural design with a wide band gap at low frequencies. The bending
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stiffness cost curve is chosen bearing in mind that while large values of stiff-

ness are desired, values that are too high may contradict the aims of the

final design of the structure adding cost that can be avoided. Nevertheless,

it should be noted that the main aim of this work is to provide an opti-

misation tool which can be adapted to different applications and the cost

functions are arbitrarily chosen based on my experience. When the method

is tailored for a specific application, the cost functions can be formulated

by the designers accordingly. In this case, the cost functions chosen for the

examined structure lead to the objective function (SI units are used during

the optimisation):

F (p) =3.167× 105 ×m3 − 9.890× 103 ×m2 + 1.503× 102 ×m− 0.4573

− 3.701× 10−6 × b s3 + 1.743× 10−3 × b s2 − 2.046× 10−1 × b s

+ 8.102− 3.214× 10−9 × b g3 + 1.870× 10−5 × b g2

− 2.970× 10−2 × b g + 15.314 + 1.358× 10−11 × b g3m f

− 6.296× 10−8 × b g2m f + 2.630× 10−4 × b gm f + 8.642× 10−2,

(6.6)

where the gradient of F (p) is

∇F (p) =

{
∂F (p)

∂tst

∂F (p)

∂ltop

}T
. (6.7)

The optimisation is calculated using several starting points with steps of

2 mm and together with the parametric analysis results this is considered

as the optimal design (see Fig. 6.6). The optimal values of the parameters

are found to be: ltop = 5 mm and tst = 19.8 mm, which gives: b g = 920 Hz,

b gm f = 6 950 Hz, m = 24.4 g (of the unit cell of the stiffener) and b s =

44 Nm2 (of the stiffener). The propagating wave numbers for the optimal

design are shown in Fig. 6.4, where the absolute band gap is observed.

6.3 Parametric analysis of the hybrid struc-

ture

A parametric analysis is performed to examine the effect of the two design
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Figure 6.5: Parametric analysis results of further cases with tst out of the

optimisation limits, tst ∈ [0.021 m, 0.030 m] and ltop ∈ [0.005 m, 0.025 m].
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variables on the band gap behaviour of the structure. For this reason,

several solutions are acquired between the optimisation procedure limits

(ltop ∈ [0.005 m, 0.025 m] and tst ∈ [0.005 m, 0.020 m]), with a step of

0.001 m between the solutions. It is observed that between tst = 0.008 m and

tst = 0.017 m, there is no significant band gap (b g < 200 Hz). In view of this

observation, a further parametric analysis is completed; this time examining

design variables tst ∈ [0.021 m, 0.030 m] and ltop ∈ [0.005 m, 0.025 m]. In
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regards to parameters tst and ltop (tst ∈ [0.005 m, 0.030 m] and ltop ∈

[0.005 m, 0.025 m]).

Fig. 6.5, it is shown that for a given tst, as ltop is increased, the band

gap mid-point frequency is increased; however, the band gap width gets

smaller. On the other hand, for a given ltop, it is seen that the band gap

is increasing and its mid-point frequency is staying almost constant; but

this behaviour changes after a specific value of tst (which varies) and both

band gap, and its mid-point frequency, decreases. Having acquired full

solutions in parametric analysis, a graph of the cost function’s values (Eq.

(6.6)) is generated (see Fig. 6.6). It is observed that the result of the

optimisation lies on the area that includes the global optimum. It is noted

that the values of the objective functions that are larger than 20 are the

cases for which a very narrow band gap is observed. This becomes apparent

in Fig. 6.7, where the relations between the optimised variables m, b s, b g

and b gm f with regards to parameters tst and ltop are presented. In these

graphs, it can also be observed that there are several combinations of tst

and ltop which lead to significantly wider band gaps at lower frequencies

but with much higher mass, compromising the objective function outcome.

This behaviour highlights the significance of the cost functions and the

designers’ input during the design of a structure which may aim for higher

band gap without penalising the additional mass required. Furthermore,
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additional options can be added to the methodology so that Pareto fronts

are calculated, offering the designers numerous alternative solutions.

6.4 Finite element analysis and experimen-

tal results

FE harmonic analysis is undertaken using the same FE model as that for

the unit cell of the wave propagation analysis and examining three differ-

ent lengths of the hybrid beam. Previous research on bang gap behaviour

of periodic structures has shown that the effect of the number of the unit

cells must be considered. Jensen [2] showed analytically that the level of

vibration attenuation depends on the number of unit cells; an effect that

was also demonstrated experimentally elsewhere [5]. More specifically, it

was shown that the band gap becomes more distinguishable (meaning the

vibration attenuation is higher) as the number of unit cell repetitions in-

creases. To check this behaviour in the specific case study, FE models with

468 8-node hexahedral elements per unit cell and for three different cases

are examined: 5-cell, 10-cell and 15-cell beams. In Fig. 6.8, a representation

of the simulation of the experiment for the 5-cell case is shown, where the

excitation and response locations can be seen (no boundaries are applied).

Similar conditions are used for the 10- and 15-cell case simulations, with

the excitation force always applied on one edge of the carbon fibre strip and

the response is measured on the top of the stiffener, on the other end. The

results are shown in Fig. 6.9, where the effect of the number of the unit

cells on the vibration attenuation of the band gap can be observed.

The geometry resulting from the optimisation process is manufactured

and dynamically tested (Fig. 6.10) to validate the FE analysis results. A 5-

cell beam is preferred, due to the limitation of the mass of the specimen that

the shaker can excite and on the AM machine production size. It is noted

that the experimental results do not include the band gap observation due

to an insufficient number of the unit cells. The specimen is excited between

1 kHz and 8.5 kHz, using the experimental setup described in 3.5. The
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Figure 6.8: Representation of simulation of the experiment. The same logic

is followed in all beam simulations, with the excitation force being asked

always on the lowest, middle point of one edge and the response on the

highest, middle point of the opposite edge.

Figure 6.9: FRF of FEA of hybrid composite beam with: (-.) 5 unit

cells, (–) 10 unit cells, (- -) 15 unit cells. The shaded area represents the

numerically calculated band gap.

points where the single point laser vibrometer measured the response can

be seen in Fig. 6.11. As can be seen in the same figure the points’ number

is indicative of the unit cell’s repetition.

In Fig. 6.12 to Fig. 6.14, the results for several points along x-axis are

shown. The FRF graphs of the experimental and FE results of the three
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Figure 6.10: Experimental setup of the vibration testing. The setup is

specifically designed and manufactured to accomodate small specimens for

vibration testing.

Figure 6.11: The points at which the FRF graphs are presented. Each

point’s number is indicative of the number of the unit cells.

points show convergence, with minor deviations in some high frequency

resonant modes. Point 1 (Fig. 6.12) has the most significant deviations,

while point 3 (Fig. 6.13) and point 5 (Fig. 6.14) exhibit better convergence

with the FE results. The highlight of the experimental results is the absence

of resonant modes in the calculated band gap area, as it is expected from a
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Figure 6.12: Experimental and FEA results of the FRF of point 1 where

(–) is FRF of experimental results and (- -) is the FEA results.

Figure 6.13: Experimental and FEA results of the FRF of point 3 where

(–) is FRF of experimental results and (- -) is the FEA results.

band gap structure. Nevertheless, as discussed above, 5 cells are not enough

to make the vibration attenuation distinguishable in this frequency band.

6.5 Concluding remarks

In this work, an efficient multi-objective scheme using scalarisation is pre-

sented for optimising the static, dynamic and mass characteristics of a one-

dimensional composite structure having an additive manufactured stiffener.

Additionally, an experimental evaluation of the FE model of the case study

is presented. The presented computational scheme gives the ability to adapt

the optimisation criteria to specific applications. Furthermore, a parametric
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Figure 6.14: Experimental and FEA results of the FRF of point 5 where

(–) is FRF of experimental results and (- -) is the FEA results..

analysis is completed offering a valuable insight of the stop band behaviour

of the structure with regards to the parameters.



Chapter 7: Conclusions and

Future Work

7.1 Conclusions

The main aim of this work is to examine the potential of band gap appli-

cation on easy-to-manufacture load-bearing structures. In order to thor-

oughly examine this case, three main steps are taken with each one of them

addressing slightly different subject. Nevertheless, each step consists of a

continuation of the previous one, with all three of them contributing to the

main aim. More details are presented below.

• In Chapter 4 the initial methodology tools are developed and used to

calculate the effect of the pre-stress and pressure on the vibroacous-

tic behaviour of monolithic and sandwich composite structures. It is

proven that pre-tension and pre-compression of both monolithic and

sandwich laminates affect significantly the damping and acoustic be-

haviour, with the results being more obvious in the former occasion.

The same is proven for the internally pressurised sandwich structure,

too. All these conclusions are very useful since pressurised and pre-

stressed structures are met in the most cases of structures (pressure

vessel, aircraft wings etc.) and it is important to include these param-

eters during the design to achieve the targets. It is also shown that

WFEM is a quick, reliable way to examine the vibroacoustic behaviour

of pre-stressed structures.

• In Chapter 5 the banded behaviour of two different case studies of

sandwich structures are examined. The first section consists of sand-

wich composite beams with periodically hollow cores, which demon-

strates banded behaviour in low frequencies (below 1 kHz). It is shown

that by designing sandwich with simply periodically hollow core can

101
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produce banded behaviour without the need of additional mechanism.

Nevertheless, this type of beam cannot be utilised in structural parts,

a realisation which leads to the second section of the chapter.

• In the second section of the same chapter, two novel core architectures

of load-bearing composite sandwich beams are examined. In this part

of the work the experimental setup is designed, manufactured and

used for the examination of the vibroacoustic response of the beams.

It is proven, both numerically and experimentally, that the exam-

ined schemes consist of structural solutions with banded behaviour in

frequencies less than 5 kHz, where the human ear sensitivity peaks.

This is a significant conclusion, since passive vibration annihilation is

achieved on a load-bearing composite beam without the use of any

additional mechanism which increases the structure’s mass and com-

plexity. Additionally, the proposed core architecture can be easily

manufactured using a two-dimensional automated cutting machine.

• In the same section the master script is developed (see 3.3) which

allows the user to examine a complex periodic structure quickly using

a unit-cell-based scheme. This automated algorithm is used to develop

an optimisation algorithm used in the following chapter.

• Staying on the structural parts, in Chapter 6 a multi-disciplinary op-

timisation algorithm using scalarisation is developed. The algorithm

obtains the optimal solution by using the computationally efficient

unit-cell-based optimisation scheme and can optimise the dynamic,

static and mass characteristics of a structure. In this work it is used

on a composite beam with additive manufactured stiffener, the vi-

bration behaviour of which is also experimentally verified. The main

advantage of the algorithm is that it can be adapted to the needs of the

design targets of any application, since the cost functions that dictate

the optimisation procedure and results are easy to edit accordingly.
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7.2 Contribution to knowledge and potential

industrial applications

As a continuation of the previous section, the contributions to knowledge

and potential industrial applications of the work of each chapter is presented

here, along with their limitations.

• In Chapter 4 the work examines the vibroacoustic behaviour of pre-

stressed structures, namely tension/compression and internal pres-

sure. These scenarios are quite common in real life where pre-stressed

structures or parts of structures are met, such as on an airplane or

wind turbines. Hence it is important to predict the effect of the

stresses on the vibroacoustic behaviour in order to achieve the op-

timum design concerning product life, mass and cost. The work is

limited to two-dimensional case studies without the effect of boundary

conditions, though, with further development of the method needed

to capture more complicated geometries. Additionally, the work is

purely theoretical with the existing material properties limiting the

potential of application of internal pressure of that magnitude.

• In Chapter 5 the focus is shifted to sandwich structures with band gap

behaviour. As mentioned in 2.6 sandwich architectures are used vastly

in aerospace, automotive and civil engineering, whether they consist

part of the load-bearing structure or just decorative function. This is

why in the first part of this chapter the case study consists of non-

structural architecture of sandwich with numerous stop bands, which

can be very useful for applications where stiffness is not required, such

as cover panels, floor panels etc. This limitation is not applicable in

the second part of the chapter where structural schemes of sandwich

structures with banded behaviour are examined. These solutions can

be part of load-bearing frames where vibration isolation of bending

loads is needed. Nevertheless, in order to use them in parts where

vibration is handled there is the need of examination of the response
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to fatigue loads and cycle life. Additionally, the same limitation with

the first chapter concerning boundary conditions effect is met, along

with the fact that here the work is limited to one dimension.

• Chapter 6 presents an optimisation method of banded behaviour of

structural parts , where the existing work is non-existent. The indus-

trial application of this methodology is not limited in specific sectors,

as the engineers are given the freedom to apply their own requirements

by forming the cost functions according to their wills. Additionally,

for the same reason the methodology is not limited to specific fre-

quency bands, band gap mechanisms or even materials/geometries.

Nevertheless, there is one important limitation which is the one that

holds the examined geometry to specific geometrical limits and does

not provide several solutions and their optimal results, as mentioned

in the next section. Additionally, as above, the work is limited to one

dimension and free-free case study.

7.3 Future work

In each part of this study further work can be done so that to reach the

next level of research.

• In Chapter 4 the finding that both pre-stress and pressure affect the

vibroacoustic behaviour of composite structures is very significant.

WFEM could be used in real-life case scenarios where periodic struc-

tures are met, like an airplane wing or a pressure vessel, to simulate

the pre-stressed behaviour of the whole structure. This way pre-stress

can be used as a mean to achieve the same damping target with less

weight. Also, this effect of pressure and pre-stress can be used as ac-

tive vibration control method. Additionally, high pressures seem to

alter significantly the vibroacoustic behaviour which can be used in

the future where stronger materials will be available.

• In Chapter 5, both case studies show that band gaps can be achieved
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using unconventional core architectures. For both cases the obvious

further work that can be done is to examine the potential of the same

or similar solution in two-dimensional structures. In the first case

study it is also shown that pressure slightly alters the frequency stop

band, which means that with a different geometry or stronger materi-

als pressure can be a means of control of banded behaviour. Further-

more, since in both case studies there are hollow core parts, these can

be taken advantage to incorporate additional band gap mechanisms,

e.g. internal resonators.

• In Chapter 6 the most apparent further work is to apply the algo-

rithm in two-dimensional case studies, too. In addition to that, the

nature of the algorithm is that so it can be tuned to calculate addi-

tional characteristics of the examined structure, such as acoustic and

damping performance (STL, loss factor etc.). Furthermore, since as

it is observed in the parametric analysis, there are several results and

parameters combinations which might consist of a desired solution ac-

cording to the specific needs of the application. Hence, a useful tool

which would give the engineer the total number of these solutions

(e.g. Pareto fronts) could consist one of the next steps. Additionally,

the software could be possible to examine a family of several initial

solutions and generate their optimal results.

Collectively, the work that is on the banded behaviour of the structures

deals with one-dimensional solutions. One major step to bring this research

a step forward is to examine two-dimensional solutions and even curved or

other geometries, with no limits. This can lead to an integrated software

package which, along with a design package, could focus on the examination

and development of structures demonstrating banded behaviour. This will

dictate the adaptation of the method to simulate finite structures and curved

two-dimensional solutions.

In conclusion, the band gap structures are continually gaining increas-

ing interest among the researchers and engineers and lately industrial ap-

plications are designed. Therefore, further decisive steps have to be taken
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towards solutions that can be used by a wide number of industry sectors.



Bibliography
[1] D. Thorby, Structural dynamics and vibration in practice : an engi-

neering handbook. Elsevier/Butterworth-Heinemann, 2008.

[2] J. S. Jensen, “Phononic band gaps and vibrations in one- and two-

dimensional mass–spring structures,” Journal of Sound and Vibration,

vol. 266, no. 5, pp. 1053–1078, 2003.

[3] A. Peiffer, “Full frequency vibro-acoustic simulation in the aeronau-

tics industry,” in ISMA2016, (Leuven), 2016.

[4] B. R. Mace, D. Duhamel, M. J. Brennan, and L. Hinke, “Finite ele-

ment prediction of wave motion in structural waveguides,” Acoustical

Society of America, vol. 117, no. 5, pp. 2835–2843, 2005.

[5] P. G. Domadiya, E. Manconi, M. Vanali, L. V. Andersen, and A. Ricci,

“Numerical and experimental investigation of stop-bands in finite and

infinite periodic one-dimensional structures,” Journal of Vibration

and Control, vol. 22, no. 4, pp. 920–931, 2016.

[6] J. Yang, J. Xiong, L. Ma, B. Wang, G. Zhang, and L. Wu, “Vibra-

tion and damping characteristics of hybrid carbon fiber composite

pyramidal truss sandwich panels with viscoelastic layers,” Composite

Structures, vol. 106, pp. 570–580, 2013.

[7] Y. Pennec, B. Djafari-Rouhani, H. Larabi, J. O. Vasseur, and A. C.

Hladky-Hennion, “Low-frequency gaps in a phononic crystal consti-

tuted of cylindrical dots deposited on a thin homogeneous plate,”

Physical Review B - Condensed Matter and Materials Physics, vol. 78,

p. 104105, 2008.

[8] K. H. Matlack, A. Bauhofer, S. Krödel, A. Palermo, and C. Daraio,
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