Metastability, Resets and Large

Deviations in Open Quantum Systems

Dominic Charles Rose

A thesis presented for the degree of
Doctor of Philosophy

School of Physics and Astronomy
University of Nottingham
United Kingdom
April 2019



Abstract

In this thesis we apply, and build upon, a comprehensive theory of metastability
in open quantum systems. We gain a full understanding of the long time
states and the dynamics between them in a 1D open quantum Ising model,
and a glassy, dissipative quantum East model: in order to do this, we develop
algorithmic approaches to conducting such analyses in generic models exhibiting
a metastability which can be considered classical. In addition, we provide an
extensive discussion of the use of symmetries in the numerical study of open
quantum systems, containing results of substantial use throughout this work.
We finish with a general set of results about the spectra of operators describing
the evolution of classical or quantum models undergoing stochastic resetting,
allowing a precise analysis of the effect of resets on metastability in the 1D

open quantum Ising model.
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Chapter 1
Introduction

Scale is a ubiquitous concept in physics. Commonly associated with the spatial
distances we are considering, from quantum field theories for microscopic
physics, up to general relativity for cosmology, scale plays an equally important
role temporally. The existence of processes occuring on distinct time-scales is a
basic assumption in many areas of science, allowing approximations that hide
so-called “fast” dynamics, in order to focus on the effects of dominant “slow”
dynamics relevant to the problem we wish to consider. These slower processes
may be obvious, for example, a weak interaction between two systems with
strong internal interactions; they may also be emergent, a result of the collective
behaviour of a system composed of many individual elements. Exploring new
avenues leading to this second, non-trivial situation acts as the focus of this
thesis.

Emergence of separate epochs in a systems evolution is associated with the
existence of states, or regions of states, which remain stable for long periods
of time: one can imagine snow landing on the top of a mountain, where it
remains until a perturbation triggers an avalanche. Such states, refered to as
metastable, are often present in models of many-body physics. A prototypical
example is that of the 2D Ising model, where interactions cause areas of aligned
spins to become extremely long lived at low temperatures. Metastability is
deeply understood in this classical context, with its mathematical origin and
tools for its analysis provided by a well established theory [1]. Recently, an
adaptation of this approach to the quantum regime has given insights into
emergent time-scales in open systems: those influenced by interactions with an
external environment [2].

Initially applied to small systems where metastability was a result of clear,



weak processes in the evolution, an analysis of time-scales emerging as a result
of collective dynamics remained open. We provide the first such study in
Chap. 4, an open quantum version of the 1D Ising model [3]: here, metastable
states resulted from competition between an applied magnetic field and nearest
neighbour couplings, each favouring states whose stabilities were amplified by
distinct environmental interactions [4]. Analysing this model required the use
of symmetry properties to extend numerical limitations. While symmetries are
common in open classical or quantum systems, they possess some subtleties
when compared with closed cases: for example, the presence of a symmetry
need not imply the existence of a conserved quantity. Numerical application of
symmetries in this context thus require modifications of the approaches used
in closed systems, which we discuss in Chap. 3.

A symmetry based approach again proved vital in developing techniques
for understanding metastability in a much more complex situation, an open
quantum generalization of a classical glass model [5]. Glasses provide the
most extreme example of non-trivial emergent time-scales, with the lifetimes
of metastable states at low temperatures stretching beyond the lifetime of the
universe. Metastability is thus no surprise in a quantum extension of glassy
physics; the particular model we consider consists of spins evolving according to
a uniform, “kinetically constrained” dynamics. These constraints cause isolated,
excited spins to live for extended times, providing a large number of metastable
states related by translations, one for each site. A comprehensive numerical
approach to constructing metastable states, and checking their accuracy, in
models with a complex long-time dynamics such as this, are discussed in Chap.
5, with and without symmetries. This is accompanied by an extensive analysis
of the resulting states for our example glassy system, demonstrating how
these techniques may be used to gain a strong understanding of the long-time
dynamics for a given metastable model.

When a system with multiple metastable states is viewed on large time-
scales, the evolution will consist of periods in which the state will remain
within individual metastable regions, interspersed by sharp transitions between
them. This intermittence results in a large, non-trivial variance in the value of
observables integrated over long, but finite, times: statistical results in such
situations are the realm of large deviation theory [6]. In Chap. 5, we expose
the connection between large deviations and metastability in open quantum

systems explicitly, demonstrating the potential for studying metastability in
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these models through the use of path sampling techniques [7, §].

We finish by considering how systems with metastability behave under the
effect of resets: transitions from any state to a specific state, occurring at
random times. Unsurprisingly, resets which happen infrequently enough for
the metastable dynamics to be distinguishable between them leave the system
metastable, but bias the stationary state towards the metastable phase which
the reset state relaxes to. This is shown very precisely as a consequence of a
much more surprising result: a completely general and exact relation between
the spectral properties of the master operators representing a model with,
and without, resets. Moreover, this result applies both to generic classical
stochastic processes, and arbitrary open quantum systems. We derive the
spectral relationship and discuss several results which follow in Chap. 6,
demonstrating its application to a variety of classical and quantum models,

including the metastable Ising model of Chap. 4.
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Chapter 2
Theoretical background

In this section we introduce the theoretical background common among later
chapters, beginning with an introduction to classical jump processes in Sec.
2.1. This provides an opportune setting to introduce a central concept of our
work, metastability, in a more intuitive setting; namely the thermal dynamics
of the 2D Ising model near a transition. While classical processes are only
directly relevant to Chap. 6, these provide a useful stepping stone towards open
quantum systems, where a decomposition of the dynamics into deterministic
coherent evolution separated by dissipative jumps occurs naturally.

The concept of open quantum systems is introduced in Sec. 2.2, from the
perspective of reducing a system-environment model to a description of the
system we are interested in. A commonly occurring form of evolution resulting
from this reduction, the Lindblad master equation, is then introduced as the
only possible equation possessing several desirable mathematical properties.
This exact description can be limiting computationally for large Hilbert space
dimensions, so we conclude this section by introducing quantum jump Monte
Carlo simulations, which provide both a useful intuitive picture and a powerful

dimensional reduction for numerical studies.

2.1 Classical jump processes

We begin by describing a classical jump process evolving according to a
continuous-time Markov chain. Such processes are necessary for the study
of stochastic evolution in systems with discrete state spaces, for example in
thermal dynamics of Ising spin models, but can also be relevant for dynamics

in continuous state spaces. Put simply, a jump refers to a substantial random



2.1. CLASSICAL JUMP PROCESSES

change to the system’s state which happens infrequently. This stands in con-
trast to diffusion, where the random changes to the state are small relative to
length-scales of interest, but constantly occurring.

We refer to the literature for a first principles derivation from the Markovian
property [9] (i.e. the Chapman-Kolmogorov equation), introducing this class
of models through the resulting master equation. We additionally focus on
discrete spaces for clarity, however the equations below can be adapted to the
continuous case by replacing probability distributions with densities and sums
by integrals. The evolution of the probability P(C,t) for the process to be in

the state or configuration C' at time ¢ is thus given by
a,P(C,t) =) W(C'— C)P(C',t) — R(C)P(C, 1), (2.1)
Cr#C
where W(C" — () is the transition rate from C’ to C' and
R(C)= ) W(C—C) (2.2)
c'#C

is the escape rate from C. Following the notation commonly used in physics [10],

this can be written more compactly as
Oy |P(t)) = LIP(t)), (2.3)

where

[P(1)) = P(C.1)[C) (2:4)

is the probability vector expressed in terms of ket states |C'), such that (C|C") =

(500/, and
L= > W(C—-)C)(C|-> RO)C)(C] (2.5)
C,C'#£C C

is the master operator, the generator of time evolution in the space of probability
distributions. Since Eq. (2.3) is linear in the probability distribution we may

write the time evolved probability distribution as
|P(t + At)) = 25 |P(t)). (2.6)

An additional piece of notation we will make regular use of is the so called

flat state

(1=l 27)

[
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2.1. CLASSICAL JUMP PROCESSES

The action of this dual vector is the 1-norm, (—|V) = ||V||;, and provides a
simple way of expressing probability normalization, (—|P) = 1.
Using the definition of the escape rate in Eq. (2.2) we see that (—| £ = 0.

This is the operator representation of probability conservation, as it implies
(=[Pt + A1) = (=|P(t)). (2.8)

From the perspective of linear algebra this also shows us that the flat state is a
left eigenvector of the master operator with eigenvalue 0. Much of our later
work will involve studying the spectra of master operators, so we take the time

now to discuss this in more detail.

2.1.1 Spectral theory of stochastic generators

In general, the master operator of a stochastic process is non-Hermitian, making
it more difficult to handle than the Hamiltonians considered in closed quantum
systems. Despite this, there is enough structure to stochastic generators for
several useful results to hold generically for their spectra.

A general non-hermitian operator need not be fully diagonalizable: instead,
it may only being reducible to a Jordan normal form in a basis of generalized
eigenvectors. For our later purposes it is sufficient to assume Jordan blocks
are not present, so we simply consider two sets of eigenvectors, right and left,
given by

Lry = N |ri), (2.9)
and
LIL =N (il (2.10)

respectively. Here eigenvectors with the same index ¢ share their eigenvalue \;.
These two sets of eigenvectors form a complete basis, are dual to each other,
and can be normalised in a such a way that (l;|r;) = 0;;.

Any vector can be expanded in a basis of either the left or right eigenmodes,
for example

Py =" (LIP)|r). (2.11)

1
The time evolution can then be expanded as

P(t+ A1) = Y (L] P(1)) 2™

2

ri). (2.12)

The general properties of stochastic generators relevant to their spectra are

as follows

Chapter 2 Dominic C Rose 6



2.1. CLASSICAL JUMP PROCESSES

1. The sum of each column is equal to 0.
2. All off-diagonal elements are non-negative real numbers.
3. All diagonal elements are negative real numbers (implied by 1 and 2).

As discussed in the previous section, property 1 corresponds to probability con-
servation, implying the existence of at least one left eigenvector with eigenvalue
0, the flat state (—|.

The first significant result for the spectrum follows from the Gershgorin
circle theorem [11], which combined with the above properties implies that all
eigenvalues of stochastic generators must have a non-positive real part. This
indicates that all coefficients in Eq. (2.12) either decay or remain constant.

Secondly, the exponent of a matrix with these properties has non-negative
elements, which combined with probability conservation implies the evolution
necessarily maps probability distributions to probability distributions. Since
the space of probability distributions is convex, the Brouwer fixed point theorem
thus implies the matrix exponential has at least one stationary probability
distribution with eigenvalue 1. We label this vector |P).

As this is true for all magnitudes of time evolution, linearisation thus implies
that this stationary state must also be an eigenvector of the generator with
eigenvalue 0. Further, since (—|Psx) = 1, orthogonality of the left and right
basis implies all other right eigenvectors must have zero 1-norm, i.e. they don'’t
contribute to probability normalization.

We thus gain an interpretation of right eigenmodes aside from |Py) as
dynamical modes which contribute to modifying the probability distribution,
without changing its norm, encoding a memory of the initial probability distri-
bution. These modifications then either decay at late times (Re();) < 0) or
contribute to an initial state dependent stationary distribution at infinite time
(Re(A;) = 0). The time-scales on which these decaying modes are relevant is
given by their lifetime 7; = 1/|Re()\;)|, with the largest of these scales being
referred to as the relaxation time.

The stochastic generator may be a reducible matrix (equivalently, the
Markov chain may be reducible), in which case the A; = 0 eigenspace may be
degenerate. If irreducible, there is a guaranteed unique stationary state, and

the above results follow from the Perron-Frobenius theorem [12].

Chapter 2 Dominic C Rose 7



2.1. CLASSICAL JUMP PROCESSES

2.1.2 Trajectories and Monte Carlo methods

While the spectrum of a stochastic generator contains information which answers
many questions about the stationary states and dynamics of a given model,
it is often inaccessible to analytical or numerical study in regimes of interest.
A prime example is many-body problems, where a system composed of many
identical subsystems results in configuration space exponentially large in the
number of subsystems. Even if some or all of the spectrum is accessible in
such a problem, a great deal of intuition can be gained from a consideration
of the individual trajectories of the system’s evolution: it is thus desirable
to have a way of generating trajectories. This generation is often achieved
through the use of methods based on random numbers, compared to conditional
probabilities calculated from the model, allowing generation of the stochastic
changes comprising a trajectory.

The class of models introduced at the start of this section describe the
evolution of a system against continuous time; jumps occur instantaneously
after varying periods of time. One standard algorithm to simulate classical
continuous time systems, commonly referred to as kinetic Monte Carlo, bares
a strong similarity to the approach we will use for simulating open quantum
systems discussed in Sec. 2.2.2. We introduce this algorithm here as a stepping
stone towards that discussion.

Kinetic Monte Carlo splits the evolution into two steps: first, the time
at which the next jump occurs is determined by comparing a random num-
ber with the probability distribution Pe(t) = R(C)e ) depending on the
current configuration; secondly, the new configuration is determined by com-
paring another random number to a partitioning of the interval [0, 1], given
by W(C — C")/R(C). This approach can be seen to replicate the dynamics
of the master equation by considering all trajectories of a given length 7' gen-
erated from configurations sampled from some initial distribution. The total
probability for states at the ends of these trajectories are given by sums over
the probabilities of all trajectories ending in those states: the corresponding
distribution then takes the form of a Dyson series for the evolution operator
over a time 7" with respect to its off-diagonal elements (the transitions), acting
on the initial distribution.

The above procedure describes a so-called rejection free algorithm, where
a change of configuration occurs whenever the time is updated. However,

determining both the change in time and configuration relies on the ability to
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2.1. CLASSICAL JUMP PROCESSES

calculate the escape rate every update: if there are too many configurations
to store — or too many distinct transition rates to efficiently calculate — the
escape rate at each step, this process can become infeasible. Requiring the
precise value of the escape rate (or other normalizing factors) can be avoided
through the use of algorithms that incorporate rejection. These methods rely
on generating changes of time and configuration without consideration of the
probabilities defining the system of interest: the correct statistical distributions
are reproduced by appropriate chances of accepting or rejecting the proposed
change. For example, acceptance can usually be related to a comparison of
probabilities or rates, evading the need to normalize the distributions, as we
will see next.

In the next section we introduce the concept of metastability, central to
much of our work, using dynamics generated by a rejection based approach —
the Metropolis-Hastings algorithm — as an example. Here an artificial discrete
time evolution is constructed to sample a chosen probability distribution P(C'),
guaranteed by changing configuration in a way that satisfies detailed balance;
that is, P(C'|C)P(C) = P(C|C")P(C"), ensuring P(C) is the stationary state
of the dynamics defined by P(C"|C).

A step begins by generating a new configuration C’ from the current
configuration C' with generation probability G(C’|C). In principle, if this
probability satisfies detailed balance, we may simply run a simulation generating
changes according to this distribution; in practice, such a generator would be
difficult to find and may provide poor sampling of the configuration space.
For the general case we must therefore correct this generating probability by
accepting the generated configuration according to an acceptance rate A(C’|C'),
such that the combined transition probability P(C'|C) = A(C'|C)G(C'|C)
satisfies detailed balance; when a change is rejected, the configuration remains
unchanged.

Substituting this decomposition into the detailed balance equation for a
given generating function GG, we find the following condition for the acceptance
ratio

AL'C) _ P(CG(C]C)

A(CI0Y ~ POCIONC) (2.13)

Any acceptance ratio satisfying this condition is valid; here we consider the

Metropolis choice

(2.14)

A(C')C) = min <1, a <C'>G<C’O'>) .

PO)G(C|C)

Chapter 2 Dominic C Rose 9



2.1. CLASSICAL JUMP PROCESSES

As mentioned earlier, a common advantage of rejection-full algorithms is
the removal of the need to calculate normalization factors, highlighted here
in the acceptance rate by the ratio of the probability distribution we seek to
sample; we merely need a function f(C) oc P(C) for all C.

The algorithm defined by these generation and acceptance rates defines
a master operator on the configuration space, and by construction we know
the stationary state at infinite time. On finite time-scales the dynamics this
algorithm generates may possess interesting properties, which can be understood
through the master operator spectrum as discussed in Sec. 2.1.1. An example of
a phenomenon which can be understood through the master operator’s spectral

structure, metastability, is discussed next.

2.1.3 Stochastic metastability and the Ising model

Generally in physical systems involving some form of dissipation removing
energy over time, the state will relax into a small region of the configuration
space, where it will remain for a substantial period of time. In a generic model
the time-scale for remaining in this region can be effectively infinite, and this
area of the configuration space can be associated with a stable stationary
state. Despite this, many models may appear to have achieved stationarity
for a significant time, only to eventually transfer to a new region and spend a
comparable time located there; such regions are referred to as metastable.

An easy regime to observe and understand metastability is that of equilib-
rium statistical mechanics: consider an energy landscape on the configuration
space which consists of two minima, seperated by a substantially higher energy
barrier. When the dynamics has difficulty overcoming this barrier — such as
the small local changes induced by thermal fluctuations at low temperatures —
the system will remain close to these local minima on short time-scales. The
regions around these minima can then be viewed as metastable, with transitions
between these regions regulated by the height of the barrier: trajectories possess
an intermittence of evolution within these regions, separated by occasional
sharp transitions between them.

A classic example of metastability — as with many phenomena — is the
2D Ising model [13]. Here we have a simple energy given by the classical

Hamiltonian

H(C) = _stisj — thi, (215)
(4,9 i

Chapter 2 Dominic C Rose 10



2.1. CLASSICAL JUMP PROCESSES

where: h is the strength of an applied magnetic field; J is the strength of the
spin-spin coupling, with (i, j) indicating this interaction is between nearest
neighbours; and C' here denotes the configuration of spins s; € {—1,1}, i.e.
down and up spins, on a square lattice. The configurations favoured by these
spins are determined by the relative values of the coupling, magnetic field and
the temperature T', according to how they influence the probabilities given by

the Gibbs distribution

S e PH(C)

where § = 1/T is the inverse temperature. In the thermodynamic limit, at zero

P(C) = (2.16)

field there exists a phase transition at 7" = 1, distinguished by the average value
of the magnetisation M = ). s;: for T > 1 the relevant configurations are
paramagnetic, with a mix of spin values giving an average of zero magnetisation,
while for T" < 1 the state favours all spins aligning up or down. Reintroducing
the field at T < 1 then results in one of these two states becoming uniquely
present in the stationary state of thermal dynamics, depending on the alignment
of the spins.

Phase transitions are often accompanied by metastability when we instead
consider a finite system size. At infinite size, when changes to the state are
local, i.e. single spin flips, it is improbable for the system to transition between
the all up and all down configurations most relevant at low temperatures. In
contrast, for finite systems it is feasible that enough correct spin flips could
occur to allow such a transition: the height of the barrier suppressing such
an event is governed by the system size, due to the distance (in spin flips)
between the states. These two metastable regions — the all up and all down
states and the configurations close to them — are no longer singled out by
the application of a small field: instead, the state aligned with it becomes
more favourable, while the overall energy landscape remains dominated by
interactions. We thus arrive at the picture described above: two metastable
regions corresponding to the all up and all down states, separated by a barrier
over states of intermediate magnetisation, with transitions influenced by the
system size and applied field. This is pictured in Fig. 2.1, using configurations
generated by the Metropolis-Hastings algorithm described in Sec. 2.1.2 as a
demonstration.

The understanding of metastability as intermittence in trajectories is ac-
companied by a corresponding behaviour in the statistics. Considering many

trajectories initiated at a local minimum, short time dynamics will produce
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2.1. CLASSICAL JUMP PROCESSES

t

Figure 2.1: Left: A sketch of the energy landscape for the 2D Ising model at a
non-zero applied field. The two wells, labelled 1 and 3, correspond to regions where
most spins are aligned up or down. The mostly up configurations are less energetically
favorable due to anti-alignment with the applied field. On short times a trajectory
will approach the closest minima; longer time-scales allow transitions between these
minima, via states such as configuration 2. Top right: Sample configurations of
the 2D Ising model at low temperatures as described in the text, representative of
states at minimal (1, 2) and intermediate (3) energies. Bottom right: A sketch
of the magnetisation over a trajectory evolving according to thermal fluctuations.
Time-scales for remaining within a minima are vast compared to the average time
for transitions between them, resulting in a sharp jumps when the system moves to

a different phase.

a probability distribution focused on the corresponding metastable region,
invariant under small changes in time; such a distribution is referred to as
a metastable state or phase. These phases are mixed on longer time-scales
determined by the barrier, resulting in an eventual stationarity consisting of
a probabilistic mixture of the metastable states. In the above example of
the 2D Ising model, the states consist of probability distributions over the
configurations close to the all up and all down states; the stationary state is a
mixture of these determined by the strength of the applied field, cf. Fig. 2.2.

From the discussion above, evolution in models exhibiting metastability is
clearly separated into distinct timescales: firstly, the system evolves towards
a local minima and remains nearby for a substantial time; secondly, these
metastable regions are mixed by transitions that are unlikely to occur relative
to those within a region. In Sec. 2.1.1 we demonstrated that time-scales in the

evolution of a system’s probabilistic description are related to eigenvalues of the
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2.1. CLASSICAL JUMP PROCESSES

Figure 2.2: Top: Illustrations of magnetisation probability distributions for the
two extreme metastable states P, and P, and the stationary state Py, for the
2D Ising model. These distributions are accompanied by their supports on the
phenomenological picture of the energy landscape. Bottom: The space of probability
distributions, represented by the grey oval, contracts down to a low-dimensional
metastable manifold after sufficient evolution. On much longer time-scales, states
on this manifold evolve towards the stationary state, consisting of a mixture of the

extreme states bounding this manifold.

master operator. It is therefore no surprise that the spectra of master operators
form the basis for a theoretical description of metastability, introduced by
Gaveau and Schulman [1,14-18].

To illustrate this theory in the simplest way possible, let us consider a
Markov process with a unique stationary state and a large gap between the
second and third eigenvalues, i.e., |Re(A2)| < |Re(A3)|. This gap results in a
simplification for the long time evolution of a probability |P(0)): for times ¢
such that 1/|Re(A3)] < t < 1/|Re(A2)|, we may approximate Eq. (2.12) as

|P(t)) = |Pss) + €2 (ly| Py) |ra) . (2.17)

These long-time states exist on a one dimensional metastable manifold (MM),
parameterized by (l2|Fp): the values of this coefficient are bounded by the
maximum and minimum values of (l5| on the space of probability distributions:
i.e., the maximum and minimum components of this vector in the configuration

max

basis ¢ and ¢, These two values define the so-called extreme metastable
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2.1. CLASSICAL JUMP PROCESSES

states (eMSs) on the boundary of the manifold:

|Py) = |Pys) + 5™ |ry)
‘P2> = ‘Pss> + CIQHin ‘T2> ) (218)

which play the role of our metastable phases. We may rewrite Eq. (2.17) in
terms of these phases, |P(t)) = pi(t) | P1)+p2(t) | ). The long time distribution
can therefore be understood as a time-dependent mixture of these two eMSs,
with eventual relaxation towards the stationary state at times ¢ > 1/|Re(\2)],
given by a pair of probabilities p$® and p5’ defined by
1

T Ac
= oY |P) + 05 | P)

|Pas) (e P) + e | ) ) (2.19)

where Acy = '™ — ™. Note that i < 0 as (I| is orthogonal to the
stationary state, which has purely positive components, so that the coefficients
P} and p5¥ (and the time evolving coefficients p;(t) and py(t) leading to it) can
be correctly interpreted as the probability weight of the two eMSs; the chance
for a system being observed to be in each metastable region at long times.
Transitions between these regions inducing relaxation can be understood
by constructing an effective evolution on this subspace: we project the master
operator onto the eMS, finding an effective master operator given in terms of

Az and the maximum and minimum components of (ls|

_)\2 _Cglax _0121’1in
J— ) 2.2
e () -

max
ch c

The off-diagonal elements correspond to the transition rates between the two
metastable regions; this emulates the barrier separating our long-lived states.
Lifetimes for these states are given by the negative inverse of the diagonal
elements, which in this simple case directly relate to the transition rates.

In Chap. 4 we will see that the adaptation of this theory to the case of
metastability between two phases in open quantum systems is nearly identical,
with the same principles applied instead to the spectra of quantum master
equations. The setup required to reach this spectral description, the theory of

open quantum systems, is introduced next.
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2.2 Open quantum systems

Consider a quantum system whose state space consists of a product of two
Hilbert spaces, corresponding to a subsystem of interest and an environment,
H =Hs x Hg [19,20]. Evolution on such a Hilbert space can be decomposed
into parts which act non-trivially on only one of either state space, denoted by
Hamiltonians Hg and Hg respectively, and an interaction term H; which has a

non-trivial action on both state spaces
H:HS®I+I®HE+H[2 (221)

for simplicity we will absorb the identities into Hg and Hg
Given a density matrix p for this overall system we can extract the state pg

of the subsystem through a partial trace over the environment

ps =Tru(p) =Y (e sl plei s |s;) (sel (2:22)
ijk
where |e;, s;) = |e;) @ |s;) and |e;), |s;) are a basis of the environment and

subsystem Hilbert spaces respectively.

An open quantum system consists of the evolution of a statistical description
of the subsystem, taking into account its interaction with the environment
without explicit consideration of the environments state. The time dependence
of these statistical properties, encoded in the density matrix, follows from the

Schrodinger equation and Eq. (2.22) as
ps = Tra(~ilH, 7]) = O(p), (2.23)

where O represents the map from the full density matrix to the time derivative
of the subsystem density matrix.

For an open quantum description we would require an equation equal to the
right side of Eq. (2.23) which only depends on the state of the subsystem, so
that its time evolution could be studied without knowledge of the environment.
Unfortunately there are few situations where such an equation can be found
exactly, and at best it in principle depends on the initial state of the environment.
In general an exact equation for the right hand side in terms of the subsystems
state would also be non-local in time, taking into account past states of the
subsystem, making analytical or numerical analysis difficult if not impossible.

In order to make progress on studying such systems, several approximations
can be made under assumptions on the properties of the environment and its

interaction with the subsystem [19,20].
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Firstly, it is common to take the interaction between the subsystem and
environment to be weak, i.e. small relative to the intrinsic energies of the
subsystem and environment. We also take the environment to be “large”
relative to the subsystem, i.e. the total energy of the bath is effectively infinite.
These assumptions allow us to make two approximations to the overall state;
we assume the effect of the interactions on the state of the environment is
negligible on the timescales appropriate for the subsystem evolution (i.e. Trg(p)
is time independent), and we assume the state of the system is separable. We
thus take p(t) = ps(t) ® pg, with the above approximations commonly referred
to as the Born approximation.

Secondly, while we have assumed that the state of the environment is in-
variant over time on average, the two-time correlations may be time dependent.
Therefore interactions of the subsystem with the environment may leave a
signature in the bath which influences future interactions. This would result
in the time evolution for the current state of the subsystem depending on its
past state, as opposed to solely its current state, in which case the system
is referred to as non-Markovian. We therefore assume that the timescale on
which the two-time correlations of the environment decay is small relative to
the timescale of substantial changes in the state of the subsystem, and approxi-
mate the subsystem evolution as time-local. This is often called the Markov
approximation, in reference to the environment being considered memoryless.

When we attempt to integrate out the environment degrees of freedom for a
given microscopic model, the above approximations can be applied to reach an
evolution equation for the subsystem density matrix which is a special case of
a general equation. Much of our later work starts from this equation, without
explicit derivation from a specific microscopic model. We therefore take the

time to introduce it mathematically next.

2.2.1 The Lindblad equation

We now consider the subsystem alone, using the term system for simplicity.
Suppose we desire a general form of evolution for a density matrix which
maintains the the properties expected of a state by quantum mechanics, namely
that the density matrix is hermitian, positive and has trace one. Further
suppose we require it to be Markovian. Then it can be shown that the most

general evolution obeying these requirements is of the form

W L) (2.24)
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where

£lo) = =il + 35 | 107] = 37101 (225)

is the Lindblad master operator, or Lindbladian [21,22]. Here H is a modified
Hamiltonian containing the original subsystem Hamiltonian and a Lamb shift
term of coherent effects resulting from environment interactions. The opera-
tors J; mediate the dissipative effects of the system-environment interaction,
inducing an eventual relaxation to a stationary density matrix. As we will see
next in Sec. 2.2.2, the real time effects of these operators can be viewed as
jumps, reminiscent of Sec. 2.1, with deterministic coherent evolution due to
the Hamiltonian occuring inbetween. We will therefore refer to the operators
J; as jump operators.

Similar to the classical case previously discussed in Sec. 2.1.1, since L acts
linearly on the density matrix, the evolution Eq. (2.24) can be understood in
terms of its eigenvalues and eigenmatrices. Many of the results in later chapters
are based on this spectral analysis, so we will discuss this in detail now.

Let us denote the eigenvalues of £ by A and order them such that Re(\g) >
Re(Aks1). As L is in general not Hermitian, it has right and left eigenmatrices
denoted by

L(Ry) = A\ Ry, (2.26)

and
LY(Ly) = MLy, (2.27)

respectively, where £ denotes the adjoint operator of the Lindblad operator
defined by Tr[OL(p)] = Tr[LT(O)p] for arbitrary operators O and p. We choose

to normalise these such that
Tr(LLRy) = O (2.28)

We note that, similar to the flat state in the classical case, the identity
matrix plays the roll of an obvious left eigenmatrix with eigenvalue 0. To
see this we note that it is simple to see from Eq. 2.25 that Tr[L(p)] = 0,
corresponding to the equation’s trace preservation under evolution. This can
be rewritten as Tr[LT(I)p]. Since this holds for any p it therefore follows that
LT(I) = 0.

We now introduce a representation of density matrices in the form of
stacking their rows one after another in a column, i.e. vectorizing the density

matrix. Useful numerically for exact evolution and diagonalization, it also
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provides a way to prove linear algebraic properties of the Lindblad equation.
By mapping the action of linear operators on an arbitrary density matrix into
this representation, we can construct the induced matrix representation of such
maps acting on the vectorized density matrices. It can be shown that this

induced representation takes the simple form
ApB — A® B, (2.29)

for generic operators A and B, where in a D dimensional Hilbert space p, =
P(i mod D), (i—i mod D), for i =1,.., D?. Applied to the Lindblad operator, this

mapping gives us the matrix

Ly = —i(H®I-I®H")
1
+5° [Jj ©J -5 (Nnei+ie Jij)] S (230)
J

Unlike the classical case, the Gershgorin circle theorem [11] does not prove
Re(Ax) < 0. Instead, this can be proven by first noting that evolution of
the magnitude of coefficients in an expansion of a density matrix in the right
eigenmodes (see below) is determined by the real part of the eigenvalue. Since
a hermitian basis of the eigenmatrices can be chosen, these coefficients must
lie between the maximum and minimum eigenvalues of the left eigenmatrices,
which must be finite if the Hilbert space is finite. For these upper and lower
bounds on the coefficients to hold for the time evolved density matrix, the real
part of the eigenvalues must therefore be non-positive, to induce a decay in the
magnitude of the coefficients. For infinite size systems, we assume this holds as
a limiting behaviour of finite systems.

The time evolution of the density matrix can now be written as

p(t) = €™ p(0). (2.31)

The Brouwer fixed point theorem, now on the convex space of density matrices,
then again implies we have at least one stationary density matrix of this
exponentiated operator, with eigenvalue 1. Since this holds for all times this
density matrix is thus also a right eigenmatrix of the Lindblad operator itself
with eigenvalue 0. As this stationary state is the dual matrix to the identity, it
follows from orthonormality that all other right eigenmatrices must have zero
trace, i.e. they don’t contribute to the total normalization of a density matrix

but merely modify its components, analogous to the classical case.
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Given all left and right eigenmatrices we can therefore perform a decompo-

sition of a given density matrix. Defining
e = Tr[Llp(0)] (2.32)
for an initial state p(0), the system’s state at time ¢ is then given by

p(t) = “lp(0)] = cre™ Ry, (2.33)

As in the classical case, the non-positivity of the real part of the eigenvalues
corresponds to the decay of dynamical modes over lifetimes of 7; = 1/|Re(\;)].
If there is a single eigenvalue with zero real part, all states evolve to a unique
density matrix at infinite time, while multiple eigenvalues with zero real part
results in initial state dependent stationary states.

The Lindblad equation provides a complete description of the evolution
for the system’s statistics, i.e. the time dependence of its density matrix, in
the same way a classical master operator provides a complete description of
time dependence for a probability distribution. In classical systems we can
alternatively perform stochastic simulations in which a specific configuration
of the system is evolved randomly, in such a way that the statistics of these
trajectories replicates the probability distribution.

Along with being numerically efficient, such an approach is often closer
to what is observed in experimental situations, thus providing a physical
perspective of the system’s dynamics. It is therefore desirable to construct
stochastic dynamics in the Hilbert space of pure states which reproduces the
statistical evolution of the Lindblad equation.

There are two approaches most commonly taken which correspond to
different experimental procedures; simulations based on continual diffusion,
and simulations based on coherent evolution interspersed with stochastic jumps.
This second approach, referred to as Quantum jump Monte Carlo (QJMC), is

introduced next.

2.2.2 Quantum jump Monte Carlo

Suppose we have an open quantum system coupled to the vacuum electromag-
netic field, with continual measurements taken of the field degrees of freedom.
Whenever the system interacts with the environment through the coupling,
a photon will be emitted into the electromagnetic field, and detected by the

measurement. This detection corresponds to the gain of information about the

Chapter 2 Dominic C Rose 19



2.2. OPEN QUANTUM SYSTEMS

state of the system. Since we haven’t measured the system directly the state
has not collapsed to a classical state, however we are aware it has interacted
with the environment, and as such know the pure state of the system must
have changed from the alternative result of its internal dynamics.

This concept can be used to derive a simulation scheme for the evolution of
the pure state of the system in a specific trajectory, in which coherent evolution
proceeds for a random time, before an emission is detected and the pure state
is updated accordingly. We refer to the literature for a detailed derivation of
this scheme’s validity [19,20,23], and discussion of its application to many-body
systems [24], and here simply outline the simulation procedure as used in our
research.

A simulation begins on the assumption that the system is in a pure state
|1)(0)). We adopt the statistical interpretation of the density matrix, i.e. we
consider a full density matrix to consist of a probability distribution (the
eigenvalues) over a basis of pure states (the eigenstates). As such if we wish
to find the evolution of statistics for a general density matrix, we initialize
trajectories from the different eigenstates in proportion with the eigenvalues.

Evolution between jumps is described by a modified, non-hermitian effective

Hamiltonian, given by

. N
He=H — %Z L, (2.34)
j=1
where N is the number of jump operators, with time evolution then given by
[Y(t)) = e~ Het [4)(0)). For a microscopically derived Hamiltonian, this would
modify the coefficient of the Lamb-shift term induced by interaction with the
environment, adding an imaginary part.

The non-hermiticity of this operator means that the evolution is not norm
conserving. Indeed by considering the time derivative of (¢(¢)|¢(t)) we can
show that the norm squared is monotonically decreasing. We can further show
that the integral of the norm squared to infinity is 1.

This squared norm serves as a probability density for the time at which a
jump occurs from a given initial state. To decide when a jump occurs, we thus
draw a random number between 0 and 1, then evolve until the norm drops
below this value.

After a jump has occurred a decision must be made as to which jump was

applied to the state. The correct choice of probability distribution to recover
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Figure 2.3: An outline of the basic quantum jump Monte Carlo algorithm. The
overall procedure is sketched in (a): periods of evolution mediated by Heg, interspersed
with jumps due to the action of the operators Ji. The period of evolution is calculated
as in (b), by comparison of a random number 71 with the function Py (¢) = || 1) |2,
resulting in a time #(r1) at which a jump occurs. When the system jumps, a second
random number ry is compared with the probability distribution P[i|i)] specified by

Eq. (2.35), as shown in (c).

the statistical evolution of the Lindblad equation is given by

SO PATIO)
535 (O} 5 [ ()

When a jump occurs we thus calculate these normalized probabilities, use them

Plily(t)] = (2.35)

to partition the interval [0, 1], then draw another random number to choose
which jump to apply. This jump is then applied to the evolved state, which is

then normalized so the process can be repeated
L)
O ATO)

After many runs of these trajectories, statistical properties of the evolved

() — (2.36)

density matrix can then be calculated from stochastic averages over these
trajectories. For example, the expectation value of an operator O at a time ¢

can be calculated as
[N
O =% > i) Owi(t)) (2.37)
i=1

where N is the number of trajectories and [¢;(t)) is the normalised state of the
1th trajectory at time ¢.

The full simulation procedure, illustrated by Fig. 2.3, is then

1. Given an initial density matrix p(0) with eigenvalues p; and eigenvec-
tors |¢;), we draw an initial state [1(0)) from these eigenvectors with

probabilities equal to the corresponding eigenvalues.
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2. Draw a random number r; € [0, 1]. Given a current state [¢(t;)) determine

when a jump occurs by solving || [t)(£i41)) ||2 = r1 for t;1, where |t (tii1))

is the unnormalized state
(tigr)) = el tHem |y (t,)) (2.38)

3. Draw another random number ry € [0, 1]. Given the time ¢;,1 at which
the next jump occurs from step 2, determine which jump occurs from Eq.

(2.35) by finding the minimum value of [ such that

S (@t e [Dtisr))
> (Wt J;Jj ¥ (tiv1))

To. (2.39)

4. Given the index [ of the applied jump from step 3, apply the jump to the

state and normalise to find the post-jump state

Ty |9 (ti1))

[U(tiv1)) = ——= - :
V@) LR ti))

(2.40)

5. Given each new state [¢(t;11)) we then repeat from step 2 until the

desired condition to end a trajectory is reached.

The bulk of the numerical processing in this procedure is contained in steps
2 and 3, as calculations for step 4 can be removed by storing the unnormalized
jumped states and expectations during step 3. Often the determination of
the jump applied in step 3 can be made more efficient by exploiting algebraic
relationships between the jump operators, an example of which will be seen in
Chap. 4.

Step 2 is usually the most demanding. The most precise approach, exact
calculation of the jump time using a root finder and matrix exponentiation,
is extremely computationally expensive. In contrast, approximate evolution
such as Runge-Kutta introduces both numerical error to the evolved state and
potential discretization error to the jump time. We instead consider a middle
ground where the evolution is kept exact, while the jump time is restricted to
a discrete set. Our approach requires some additional initialization relative to
integrators like Runge-Kutta: however, this is compensated by a reduction in
runtime for each trajectory, along with a reduced error.

We begin by exponentiating the effective Hamiltonian for some small time-
step At, getting a non-unitary evolution matrix Uy,,, where Ny is the number

of unitaries we will create. We construct a set of unitary evolvers for larger
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Figure 2.4: The binary search procedure used to locate the jump time. First, the

maximum number of the largest step-size evolver, Uy, is applied such that the norm

remains above the random number (the exact time corresponding to this random

number is indicated by the arrow). Next, a sequence of evolvers corresponding to half

the step size of the previous are applied one after another, comparing the norm to

the random number at each step: if the norm drops below the random number, the

evolution is rejected and the previous state is used, otherwise the state is accepted.

time-steps using even powers of each successive matrix, Uy = UZ, ,, for k €

{1,..., Ny}. This set of evolvers allows us to break down step 2 of the above

algorithm into a binary search, as follows

1. Draw a random number r € [0,1]. Given the current state [i(t;))

following the ¢th jump, we evolve repeatedly with the largest unitary

matrix, finding the first value of n such that

NUT [ (&) [| < 71 (2.41)

2. Beginning from the state |¢;) = Ul ! [40(¢;)) at time
t) =t; + 2N (n — 1)At, with k = 2:

11.

1il.

. Calculate Uy |¢g_1)-

If ||Uy|on-1) || < r1 set |¢p) = [¢r—1) and & = &1 Else set
|¢k> = Uy |¢k—1> and t~k = t~k_1 + oNu—kA¢t.

If k = Ny, set [{)(tip1)) = |ox) and t;4q = ii. Else increment k and

return to step i.
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This process, demonstrated in Fig. 2.4, consistently underestimates the
time at which the jump occurs; however, the smallest step can be tuned to
minimize this error. The largest step size should ideally be chosen to be slightly
smaller than one or two standard deviations below the average time between
jumps: this minimizes the number of times the evolvers need to be applied
to the state between jumps. These choices for largest and smallest step size
ensure the minimum average number of matrix multiplications in a trajectory,

for a desired accuracy of the time at which jumps occur.
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Chapter 3

Weak symmetries in open

quantum systems

One of the most common themes in physics is the use of symmetries: a trans-
formation under which the dynamics of a system is invariant. Understanding
such symmetries not only provides a deeper intuition for the system of interest,
but additionally acts as a powerful technical tool in their analysis; such trans-
formations indicate a redundancy in the description of the system. Removal
of this redundancy often results in simplifications that leave the model more
amenable to analytical or numerical study.

Symmetries in closed classical and quantum systems, where evolution of
the state is deterministic, are accompanied by a conserved quantity: a physical
observable which remains constant over time. These conserved quantities
partition the state space into subspaces, which evolution can not transition
between, with a reduced description applicable in each subspace. While a
similar reduction exists in open systems, such as those introduced in Chap. 2,
the mathematical structure is more complex: the presence of a symmetry may
not correspond to a conserved quantity; this is referred to as a weak symmetry.
Strong symmetries then refer to those with a corresponding conserved quantity.

In this chapter we discuss a particular representation of the Lindblad
equation which is tailored to its weak symmetries, and its use in numerical
or analytical studies. We begin with an introduction to the mathematics of
weak and strong symmetries in Sec. 3.1 [25,26], before introducing our weakly
symmetric representation of the Lindblad equation with examples in Sec. 3.2.
We then discuss two immediate applications of this representation: the block

diagonalization of the Lindbladian in Sec. 3.3, and the symmetry reduction of

25
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QJMC simulations in Sec. 3.4.

3.1 Weak and strong symmetries

In closed quantum mechanics, any physical transformation of a state must
leave its norm invariant for probability conservation; transformations such as
symmetries are therefore represented by unitary matrices, |¢)) — U [¢). For a
symmetry this transformation must leave the dynamics unchanged: the process
of transforming the state, calculating its time derivative, then reversing the
transformation, must be the same as simply calculating its time derivative.
Stating this process mathematically, we find the following condition for a

unitary transformation to represent a symmetry
U'HU = H < [H,U] = 0. (3.1)

This in turn implies that the expectation value of all functions of this operator
are invariant under time, i.e. U is conserved.
There are two distinct classes of symmetry which can obey the above

condition,

e Discrete symmetries consist of a discrete base set of unitary operators
{U1, Uy, ...}. The system is then invariant under the application of any
powers of these operators in any order. The simplest example is a
representation of the cyclic group of order n, defined by a single base
unitary U with the property U™ = [. This group commonly occurs in
the description of translation invariant systems with periodic boundary

conditions.

e Continuous symmetries consist of parametrized families of unitary trans-
formations U(6). For simplicity we consider one dimensional symmetries,
i.e. 6 is a real number. It can be shown that such a family of trans-
formations can in general be understood by the properties of a single
hermitian operator, known as the generator GG, related to the unitaries
by U(f) = e7"%. Since the system is by definition invariant for all 6, we
find [H,G] = 0; G is hermitian and conserved, thus providing a physical
observable with a time independent expectation value, referred to as a
conserved quantity. A trivial conserved quantity in quantum mechanics is

the identity matrix I, the conservation of which is simply the statement
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of probability conservation. The corresponding continuous symmetry is

the global phase invariance of quantum states, U(f) = e~%.

Since operators related to symmetries are conserved, the system evolution
can only transition between states which have the same expectation value of
these operators. From a linear algebraic perspective, this corresponds to the
Hamiltonian being block diagonal in the eigenbasis of the symmetry. Taking
|t;) to be an eigenvector of a symmetry U with eigenvalue )\;, the block

diagonalization of H follows from
UH |ii) = HU [¢5) = \iH [¢5) , (3.2)

i.e. H |1);) is also an eigenvector of the symmetry U with eigenvalue );. Studying
the spectra of a the set of base unitaries or generators defining a symmetry in
the discrete or continuous cases, respectively, thus allows us to partition the
state space.

In the open context we instead consider unitary transformations of the
density matrix p — UpUT. If we again consider a symmetry to leave the system

dynamics invariant, we have
ULU =L — [L,U] =0, (3.3)

where the symmetry superoperator U satisfies U(p) = UpUT, and U may belong
to a discrete or continuous symmetry. In the later case we also have the more
fundamental result [£,G] = 0 where G(p) = —i[G, p] and G is the generator
superoperator of the symmetry. For clarity we first discuss weak and strong
symmetries in the discrete case, before introducing the adaptation to continuous

symmetries.

3.1.1 Discrete symmetries

For open systems, time independence of an operator’s expectations is a conse-
quence of LT(U) = 0, however Eq. (3.3) does not imply the existence of any
operator satisfying this condition. In turn, a conserved quantity as defined
above does not imply the existence of a symmetry as defined in Eq. (3.3).
As such for open systems there is a general disconnect between symmetries
and conserved quantities of the dynamics. Symmetries defined by Eq. (3.3),
or by commutation with the generator superoperator for the continuous case,
without a corresponding conserved operator are referred to as weak symme-

tries. Strong symmetries thus refer to those for which a symmetry group has
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a corresponding conserved quantity. Such transformations possess a general
definition which implies both Eq. (3.3) and a conserved quantity: a group of
symmetry transformations satisfying the conditions [H, U] = 0 and [J;, U] = 0.

Intuition for the effects of these two types of symmetry can be gained from
considering their implications for the dynamical flow in the space of density
matrices, similar to the block diagonalization of the Hamiltonian above. This
will be based on the Hilbert subspaces given by the symmetry eigenspaces Hy;
for convenience we define I to be the identity matrix restricted to the kth
eigenspace of the unitary matrix U, acting as a projection operator onto this
space.

Strong symmetries. Here the Lindblad operator is invariant not only under
the application of the symmetry superoperator U/, but under the independent
left and right action of the state space unitary U. In other words, defining
Uy (p) = Up and Ug(p) = pUT, we have two commuting symmetries [£,U] =
[L,Ur] = [Ur,Ur] = 0. We therefore see that if M, is an eigenmatrix of Uy,
and Ug, L(M; ;) remains an eigenmatrix of these superoperators with the same
eigenvalues. These eigenvalues belong to the same set as those of U, with
different multiplicity: this follows from the matrix representation Eq. (2.29).
The Lindblad operator thus has the block diagonalization £, x(p) = [;L(1;pI) 1
such that £ =3, L;, with eigenmatrices of each block £;, restricted to the
subspace H; x Hy,

Dynamically, the Lindblad equation is thus restricted to mixing each block
I;pl}; of the density matrix within itself. The diagonal blocks must each
possess at least one stationary state, while off-diagonal blocks may also contain
stationary coherences. The eigenmatrices of these off-diagonal blocks are
correlated, due to hermiticity preservation: L;x(R') = L;;(R)!. This is
illustrated in Fig. 3.1(a).

Weak symmetries. We must now instead consider the spectrum of the
superoperator symmetry transformation ¢. The spectra of the unitary U follow
from that of U by using the matrix representation Eq. (2.29): the eigenvalues
of U belong to the same set as U, with different multiplicity, as in the strong
case. Specifically, given eigenvalues \; of U, we find the eigenvalues of U are of
the form \; ; = )\i)\;f; let A,, represent the set of distinct eigenvalues of U.

Suppose now we have an eigenmatrix M;, € H; x H;, of U with eigenvalue
Aj k. The matrix £(M; ;) remains an eigenmatrix with the same eigenvalue A, x,

however we may have £(M;;) ¢ H; x Hj: there may be other combinations of
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Figure 3.1: Diagrammatic representations of the flow induced on the blocks of the
density matrices in the symmetry eigenbasis, for (a) strong and (b) weak symme-
tries with three distinct eigenvalues. (a) All 9 blocks of the density matrix evolve
independently, with the diagonal blocks each possessing their own stationary density
matrix. (b) Here a weak symmetry associated to a superoperator with three distinct
eignevalues disconnects the dynamics of the density matrix into three independent
sets of blocks, indicated by different colors. The final stationary state is split between
the diagonal blocks. The specific structure considered here occurs in translation

invariance for a model with three sites.

A; and A\, which provide the same superoperator eigenvalue A;, thus £(M; ;)
may not even reside in a single pair of symmetry eigenspaces. We thus find

that a Lindblad operator with a weak symmetry has the block structure

Lo(p)= > > LLIpl)I,, (3.4)
Mok A

where £ =) L,, and L,, is restricted to the direct sum space

B.= P H;xH (3.5)
Aj?;jj\m

This structure results in a flow induced by the Lindblad equation on density
matrices distinct to that of a strong symmetry. Instead of every block in
the symmetry eigenbasis evolving independently, blocks associated with the
same eigenvalue of the superoperator are mixed together, cf. Fig. 3.1(b). For
example, the diagonal blocks are connected to each other but disconnected from
all others, with Ag = 1: physically we can imagine a system in a state with a
particular value of the conserved quantity, remaining constant until a jump
occurs, causing a transfer of that particular quantity with the environment

and changing its value in the system. This can be viewed as the origin of the
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lack of a corresponding conserved quantity. Therefore, we generically (in the
absence of any other strong symmetries) have a unique stationary state spread

across the whole eigenspace of the unitary U.

3.1.2 Continuous symmetries

For continuous symmetries the above discussion is modified by considering
the spectra of the generator G and its superoperator counterparts: in the
strong case, we make use of left and right generator superoperators defined by
Gr(p) = —iGp and Ggr(p) = ipG respectively; in the weak case, we consider
the generator superoperator G(p) = —i[G, p|]. The eigenvalues of G, and Gg
are the same as that of the generator GG; for G, eigenvalues are of the form
Aij = —i(A\; — Aj), where \; here represent eigenvalues of G.

Decomposition of the Lindblad operator into blocks is then conducted
according to the eigenspaces of G and eigenvalues of the above superoperators,
with the same resulting structure for the flow in the space of density matrices,

shown in Fig. 3.1.

3.1.3 Uses of strong symmetries

Beyond the block structure of the Lindblad operator as a whole, strong sym-
metries further imply that the Hamiltonian and jump operators are themselves
block diagonal in the symmetry eigenbasis. Labeling the blocks Hy, = I, HI},
and J; = I J;Ii, we find there is a simple relationship between these and the
blocks of the Lindblad operator: written in the matrix representation of Eq.
(2.29) we have

L = —i(H; @I, — ;@ HY)

1
+3 [Jm ® S =3 (J;].Ji,j © I+ 1;® J7, k)} . (3.6)

In this form it is transparent that L are themselves Lindblad operators,
simply on a reduced Hilbert space.

The above form allows for efficient numerical construction of the Lindblad
operator blocks, and opens up the potential for algebraic techniques to be
applied to these reduced operators. Considering the diagonal blocks, it is
further clear that for simulations based on QJMC we need only consider the
state restricted to a single eigenspace at any given time, run using the relevant

blocks of the Hamiltonian and jump operators. It is therefore desirable to find
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a similar construction in the case of weak symmetries. Unfortunately, while
the presence of a weak symmetry might be clear, the Hamiltonian and jump
operators of many models may not transform in any sensible way under this
symmetry: a simple example is a translation symmetry, as we will see in the next
section. This problem is resolved by the existence of a transformation which
renders the Hamiltonian and jump operators respectful of weak symmetries,
allowing the construction of an equation similar to Eq. (3.6) in Sec. 3.3, and

providing an enhanced QJMC algorithm covered in Sec. 3.4.

3.2 Weakly symmetric representations

For a generic Lindblad operator with a weak symmetry, there need not be
any useful relationship between the Hamiltonian and jump operators defining
the model, and the discrete unitary transformation U or continuous symmetry
generator G. Despite this, it has recently been shown [27] that if a weak
symmetry exists, there exists a non-unique transformation to a representation
of these operators which in some sense respects this symmetry. We refer to this
as a weakly symmetric representation of the Lindblad operator. Specifically, we
define this as any representation in which the Hamiltonian and jump operators
satisfy UT(H) = H and U'(J,,) = Ay, for the discrete case, or GT(H) = 0 and
QT(Jm) = 1A\, J,, for the continuous case: the Hamiltonian and jump operators
are eigenmatrices of the relevant symmetry superoperator.

The general proof of existence for such representations and their construction
in specific situations relies on the use of two invariance properties of the Lindblad
equation: allowing us to transform to an alternative Hamiltonian and set of jump
operators which describe the same statistical evolution. These transformations
are basis independent, i.e. they are distinct from a simple change of basis in a
given representation of the Hamiltonian and jump operators. The first of these
relates to unitary transformations of the set of jump operators, such that the

Lindblad equation is invariant under any transformation

where w;; is a unitary matrix. The second transformation relates to a shift in

the trace of each jump operator or the Hamiltonian, i.e. J; = J/ = J;+¢;I and

1
H—>H’:H+ZZ<02‘J¢—CZ~JJ)+M, (3.8)
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where the ¢; are complex and b is real.
We refer to Ref. [27] for the general proof and construction scheme, along
with some fundamental results that follow from its existence, here considering

some simple examples.

3.2.1 Example 1: discrete translations

Consider a general model with a Hamiltonian of the form H = ), H; and jump
operators labelled J;, with @ € {0,...,N — 1} and a unitary transformation
U such that UTH,U = H;_, and U'J;U = J;,_;. A simple example of such
a system would be a periodic chain of N particles, with nearest neighbour
interactions in the Hamiltonian and a set of single site jump operators; the
symmetry transformation corresponds to translations along the chain.

It is clear that the Lindbladian given by these operators would be invariant
under the superoperator transformation U, however, the jump operators stated
here are not eigenmatrices of this transformation. To reach a weakly symmetric
representation, in this case we can simply apply a discrete Fourier transform

to the set of jump operators. Defining
N-1
- km
Jo=Y_ N I, (3.9)
m=0

for k € {0,..,N — 1}, we find UT(J]) = €*™~.J! as required for a weakly
symmetric representation, where the index k£ can be interpreted as a quasi-

momentum.

3.2.2 Example 2: spin rotations

As a second example consider a simple single spin model described by a
Hamiltonian H = Ac., with jump operators J; = \/yo, and J, = /70, with
A and 7 some parametrization of the dynamics. While neither jump operator is
invariant under the one-parameter family of unitaries U(6) = e~%°= where the
generator G = o,, the superoperator G commutes with the Lindblad operator.

Here the unitary transformation on the jump operators is simply

Ji 1 1 1 Ji) oL
()30 )G () e

resulting in Gf(0y) = dioy, with eigenvalues Ay = =-1.
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3.3 Block diagonalizing the Lindblad operator

Once a model has been transformed into the weakly symmetric representation
as demonstrated above, the symmetry properties of the Hamiltonian and jump
operators can be used to efficiently construct blocks of the Lindblad operator,
similar to Eq. (3.6); we now use the weak representation to derive an analogous
formula for weak symmetries.

Let us assume we have a Lindblad equation which is already in the weakly
symmetric representation, with respect to some symmetry with eigenvalues \;,
labeling the superoperator eigenvalues A;. These may correspond to eigenvalues
of base unitary transformations for the discrete case, or of a generator for
the continuous case. As in the strong case, the Hamiltonian is simply block
diagonal, with blocks denoted by H; = I; HI;.

For the jumps, the definition of the weak representation tells us that, given
a symmetry eigenvector |¢;) € H; with eigenvalue \;, J;[¢;) remains an
eigenvector with a modified eigenvalue. A single eigenspace is thus mapped
to a single other — potentially different — eigenspace by the action of a given
jump operator. These operators can therefore be reduced to a single block per
eigenspace, like the Hamiltonian, with the distinction that these blocks may
be off-diagonal, c.f. Fig. 3.2. We denote those blocks .J; ; = Iy,(;)J;l;, where
the f;(7) are a set of functions which provide the index of the eigenspace that
H; is mapped to by a jump operator with eigenvalue A;: these are defined by
Ar ) = AjA; in the discrete case, and Ay,;y = A} + A; in the continuous case.
This block structure further implies that JZ-T J; are block diagonal, and can be

written as

T =Y g0 (3.11)
J

Given these properties and Eq. (3.4), we obtain the matrix representation

Ly = iy (Hi®Ie—LQHp o)+ Jiy® .
% i\
1
] T *
2 2 [‘] i tid @ L) + 1 ® Ji g5 i,fm(j)} ) (3.12)
1,J

which can be used to efficiently construct blocks of the Lindblad operator after
first constructing blocks for the Hamiltonian and jump operators.
Let us demonstrate this for the example of 1D translation invariance dis-

cussed above. Supposing we have some initial state with quasi-momentum k&
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(a) (©) (e)

H, Jo,0 Po
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Hy Jo,2 P2
(b) (A iyl
Jia Jo o pi
J1,2 J2o p3
T J21 Y

Figure 3.2: (a-d) Sketch of the block structure of the Hamiltonian and jump
operators, representative of a three site system with translation invariance. In this
case, there is one diagonal jump operator, and two operators which cycle the quasi-
momentum up or down by 1. (e,f) A diagonal density matrix p (e) is acted on by
the jump operator Jp, resulting in a diagonal matrix with blocks p;] = leipiJL
(f): colours represent which blocks in the original matrix contribute to those in the

jumped matrix.

and we act with the jump operator Ji/, we find simply that

Moy = € TR = TN (3.13)

and therefore have fi/(k) =k — k' mod N, i.e. each jump operator shifts the
quasi-momentum of the state by an amount indicated by its index. We can

then rewrite Eq. (3.12) in terms of the momentum eigenspaces

Ly = =iy (He®hem — L@ H ) + Y Jow @ Jfp
% ke k!
1
=3 [J,I’k, ikt @ Iy + I @ JT k,_mJg,k,_m} . (3.14)
kK’

where the subtractions in the indices are implicitly modulo N.

The effect of the jump terms, those of the form Jy i ® Jy s, now become
transparent: the action of a given term in the sum changes the left quasi-
momentum of the density matrix from &’ to & — k mod N, while the right
quasi-momentum is changed from & — m mod N to k¥’ — m + k mod N,
leaving the overall eigenvalue given by the action of U invariant. Physically,

the implication of this is most clear for the block acting on the diagonal of the
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density matrix, m = 0: given a state with support in a single quasi-momentum
eigenspace, action of the jump term shifts the state to a single different quasi-
momentum with each application. Quasi-momentum is therefore not conserved,
as expected, with time evolution mixing between blocks of the density matrix
associated to a given eigenspace of the unitary superoperator, while other terms
in Eq. (3.14) mix within each block of the density matrix (see Fig. 3.2 for
illustration).

While time evolution of the density matrix, involving a continuously repeated
application of this jump term, causes a spread across all diagonal blocks,
QJMC only considers single isolated jumps. Consequently, weak symmetries
impose almost the same dimensional reduction on QJMC simulations as their

counterpart strong versions.

3.4 Symmetry enhanced quantum jump Monte

Carlo

As mentioned previously, for a strong symmetry the conserved quantity must
not only be constant at the level of a statistical description like the density
matrix, but must be conserved within individual trajectories of the system’s
evolution. In the context of QJMC, given an initial pure state restricted to a
single eigenspace of the strong symmetry, we therefore need only ever consider
states in this eigenspace. This provides a substantial reduction in the processing
and memory requirements of QJMC simulations.

While less straightforward than the case of a strong symmetry, it turns
out that an equivalent dimensionality reduction can be achieved for weak
symmetries by using the weakly symmetric representation. Due to the block
structure of the Hamiltonian and jump operators, any pure initial state with
support on a single eigenspace will evolve within that space until a jump occurs.
After a jump the state again maintains support on a single eigenspace, however,
the state may have transitioned between eigenspaces, analogous to the mixing
of density matrices described above. This reduces the maximum Hilbert space
dimension required for trajectory simulations to that of the largest eigenspace,
providing a substantial computational improvement [27].

More precisely, recall that JiT J; is block diagonal in the weakly symmetric

representation. It follows that in this representation the effective Hamiltonian
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Figure 3.3: Sketch of the symmetrized QJMC algorithm. Jumps between or within
eigenspaces are seperated by periods of non-unitary evolution according to blocks of

the effective Hamiltonian.

is also block diagonal, with blocks simply given by
, P <
Hiy=Hj - B Z Jz‘T,jJi,ja (3.15)
i=1

and as such, the non-unitary evolution matrix is also block diagonal. Once the
time of the next jump has been determined using these blocks, we must decide
which type of jump occurs by calculating the expectation values of operators
J1J;. Since these are block diagonal, if the pure state i) is restricted to a
single eigenspace H;, the expectations reduce to the expectation of the block
(V| J;r’j Ji; [). Finally, once the jump type ¢ is determined, application of the
jump operator J; results in the mapping of a state in H; to a state in Hy,;,
as discussed earlier.

For clarity, the full modified version of the QJMC algorithm is given below,
illustrated in Fig. 3.3. This modification amounts simply to keeping track of
the current eigenspace and transitions between eigenspaces when jumps occur.

We initialize by first constructing a set of evolution operators, for the desired

time steps and for each subspace
Uy = e 2V M G e £1 . Ny, (3.16)

where Ny is the number of evolution matrices (per eigenspace) and At is the
smallest step size. Starting from an initial pure state |¢(tg = 0)) € H;, with

t = 0 we then generate trajectories as follows.

1. Draw a random number 71 uniformly from [0, 1]. Given the current state
|t(t;)) following the ith jump, we evolve repeatedly with the largest

unitary matrix, finding the first integer value of n such that

UL, [ () || < 71 (3.17)

7ji
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2. Beginning from the state |¢;) = U{f;l [1(t;)) at time
t = t; + 2N (n — 1)At, with k = 2:
i. Calculate Uy j, |pr—1)-

i, If HUk,ji Gr-1) || < r1 set |op) = |¢dr_1) and f, = I, Else set
|¢k> = Uk‘»ji |¢k—1> and Z?k = Ekz—l + INv—k A¢.

iii. If k = Ny, set [0(tir1)) = |é%) and t;4q = 2. Else increment & and

return to step i.

3. Draw another random number 75 € [0,1]. Given the time ¢;;; at which
the next jump occurs from step 2, determine the type of the jump by

finding the minimum integer value of [ such that

Sy (W) IL S T,
Zk <¢ (ti—i-l) ’ Jg,ji kaji

W) ro. (3.18)

Y(tiy1))

4. Given the index [ of the applied jump from step 3, apply the jump to the

state and normalize to find the post-jump state

W (ti)) = Jigo [¥(ti41)) 7 (3.19)

VA n) | T, s [5(E41))

and update the eigenspace index to ji+1 = fi(J;).

5. Return to step 1 until the desired condition to end a trajectory is reached.
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Chapter 4

Metastability in an open

quantum Ising model

With continuing advances in the control of experimental platforms used as
quantum simulators, such as ultracold atomic gases, Rydberg atoms and circuit
quantum-electrodynamics [28-34], a plethora of nonequilibrium phenomena of
open many-body quantum systems have been observed. Theoretical studies
have been achieved via the union of techniques developed for atomic-optics and
condensed matter systems, giving rise to many-body adaptations of quantum
jump Monte Carlo simulations [24], field theoretical methods [35-37], tensor
network simulations [38], and many others.

One question of interest addressed by theoretical studies of non-equilibrium
open many-body quantum systems has been the understanding of the phase
structure of the stationary state, given the possibility that these systems display
phase transitions—singular changes in the stationary state in the limit of large
system size—which may be distinct from those of equilibrium systems. The
aim of many such studies has been to characterise the phase structure of non-
equilibrium steady states via static order parameters, such as the magnetisation
in spin systems, and spatial correlation functions more generally, see e.g. [35-37].
However, even in the case where such transitions are not present, the dynamics
of these systems can be very rich and cooperative. One way to uncover this
dynamical complexity is via large-deviation methods (such as the so-called
“thermodynamics of trajectories”, see e.g. [39,40], or the related full-counting
statistics, see e.g. [41]), which allow to define and characterise dynamical phases
where order parameters are dynamic time-integrated observables, such as the

total count of emissions into the environment.
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-0.5 < M$> 0.5
Figure 4.1: (a) Real part of the spectrum of the master operator of the open
quantum Ising model defined in Sec. 4.2, for size N = 7, with spin interaction
V/k = 250 and transverse field 2/k = 50, where & is decay rate. Spectrum is plotted
in units of k. The two eigenvalues with largest real parts, A1 2, highlighted in grey,
correspond to the only eigenmodes that contribute to the dynamics at long times.
The large gap to the next eigenvalue, A3, causes metastability in the dynamics. (b)
The metastable manifold (MM) induced by the spectral structure of (a). System
states are represented by the average total magnetisation per spin in the x and z
directions. The MM (grey line) is bounded by two extreme metastable states p;
(purple dot) and po (green dot). The evolution from an initial state py of all spins
up (blue curve), undergoes a fast evolution for ¢ < 7/ = —1/A3 onto the MM. After
a long period of apparent stationarity (7' < t < 7 = —1/)2), the states on the MM

evolve towards the true stationary state pss (red circle) for ¢ > 7.

In this chapter we focus on a different aspect of open quantum many-body
systems, that of metastability of the dynamics. As discussed in Sec. 2.1.3,
metastability is a characteristic feature of the dynamics of slow relaxing systems,
namely, the partial relaxation into long-lived states before eventual decay to
the true stationary state: a consequence of separate timescales in the dynamics.
In such systems the transient dynamics will appear non-ergodic, in the sense
that different initial conditions will relax to different metastable states, before
ergodicity is eventually restored. Recall that in classical systems, metastable
behaviour typically occurs in two distinct situations: one is in the dynamics
near a (usually first-order) static phase transition [13], as discussed in Sec.
2.1.3, where metastable dynamics is intimately related to the existence of

static phases; the second one is in glass forming systems [42] where metastable
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behaviour is not obviously related to any static features, an example of which
we will see in Chap. 5 (see e.g. [43] for various viewpoints on this issue).
Here we focus on the first instance above for the case of a many-body
quantum system subject to dissipation where metastability can be traced back
to distinct features of its stationary properties, a transverse field Ising model
with on-site dissipative decay [3,37,38,44-49]. We study the dynamics of
this model by means of a recent theory for metastability in open quantum
systems [2]. This new approach is a generalisation to open quantum systems,
evolving according to a Lindblad master equation [20,21], of the method of
Refs. [1,14-16,50] for classical Markovian systems. This approach relies on
the fact that metastable behaviour necessarily results from a separation of
eigenmodes in the spectrum of the master operator generating the dynamics, as
demonstrated classically in Sec. 2.1.3, thus allowing one to investigate both the
structure of the metastable states and the long-time dynamics of the system
using a reduced number of parameters [2,51]. The metastable states form a
metastable manifold (MM), a convex subset of the system states (see Fig. 4.1,
details in Sec. 4.1) on which the long-time dynamics takes place [2]. In Ref. [2]
this approach was applied to few-body models more related to problems in
quantum information; here, we demonstrate the effectiveness of this approach for
a many-body system where metastability emerges cooperatively with increasing
system size. At moderate system sizes, the dissipative Ising model we consider
is also of particular interest as it can be realised experimentally through the use
of Rydberg atoms in optical lattices [3,44]. Another realization may be possible
using circuit QED [45], systems which are intrinsically open, however, it may
be difficult to control the exact nature of the interaction with the environment.
Previous work [3] on the dissipative quantum Ising model suggested a
bistable character to the stationary state of this system. Within a mean-field
approximation [3] this model has a region of its parameter space in which it
exhibits a strict first-order coexistence, terminating at a critical point, between
ferromagnetic and paramagnetic steady states. Related to this, dynamics of
this model in one dimension for finite size was shown to display pronounced
intermittency between periods of photon emission activity and inactivity in
quantum jump trajectories [3]. While the mean-field approximation is not
necessarily expected to be accurate even in the thermodynamic limit in one-
dimension [37,46,47], it does provide an idea of the basic phase structure of the

model. Mean field bistability often provides a signature for metastability, with
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eventual relaxation amongst the mean field stationary states lost as a result of
discarding noise in the approximations; as discussed in Sec. 2.1.3, the presence
of intermittence is also a typical signature of metastability. Using the methods
of [2] we demonstrate the relation between the ferromagnetic/paramagnetic
states that mean-field suggests are the metastable states of the dynamics of the
dissipative quantum Ising model at finite size. We show that these metastable
states are reached by short time dynamics in a way that is dependent on the
initial state (i.e., apparent but transient non-ergodicity). We further show
that the long-time, ergodicity restoring evolution within the MM is that of an
effective classical stochastic dynamics, even though the underlying many-body
system features quantum effects. This is in line with recent field-theoretic
studies of open spin lattices, which show the long time properties of similar
models are often classical [36,37].

The chapter is organized as follows. In Sec. 4.1 we briefly review the
spectral approach to metastability in open quantum systems, along with the
effective long-time description, giving a particular focus to the case when the
MM is one-dimensional as is the case for the dissipative quantum Ising model.
Section 4.2 is the central, providing an in-depth analysis of metastability in
the model. We begin in Subsec. 4.2.1 by returning to the mean-field approach
used in [3], but focusing on time-evolution instead of only steady state(s), and
discussing the effect of neglecting fluctuations from spatial correlations. We
then apply the spectral approach of Ref. [2] to the exact model of N = 7 spins,
and find a parameter regime where the system is metastable (Subsec. 4.2.2).
This is followed by characterisation of the MM in terms of the properties of
metastable phases (Subsec. 4.2.3). In Subsec. 4.2.4 we show how metastability
can be observed in the behaviour of expectation values and autocorrelations
of system observables. Finally, we demonstrate how the metastability in the
spin magnetisation and the effective dynamics within the MM manifests in
individual realisations of the system evolution through intermittency in activity

of quantum trajectories (Subsec. 4.2.5).

4.1 Metastable manifolds and effective evolu-
tion

In this section we review the theory for metastability in open quantum systems

with Markovian dynamics introduced recently in Ref. [2]. This theory is a
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natural extension of the spectral approach described in Sec. 2.1.3 for systems
determined by the classical Markov generators introduced in Sec. 2.1.1, to
systems evolving according to the Lindblad equation discussed in Sec. 2.2.1.

Recall the Lindblad equation Eq. (2.24), and the spectral theory of its
generator Eq. (2.25) in terms of left and right eigenmatrices. We assume
there is a large separation in the values of the real parts of the eigenvalues,
|IRe(An)| < |[Re(Amy1)], cf. Fig. 4.1, and denote the corresponding time scales
by 7 = —1/Re(\y,) and 77 = —1/Re(A41). If we consider times ¢ > 7’ then
we may neglect terms beyond the m-th in the sum in Eq. (2.33), and for t < 7,
we also have e ~ 1 for k < m; this reduced expansion defines the metastable
states of the system, see Fig. 4.1. Thus, the projection P onto the MM is given
by Pp = Tr(p)pss + D pes ke Ri, with ¢, = Tr(LLp). This MM is determined by
a subset in R™™! given by the coefficients {c;}7",, whose values are bounded
by the maximum and minimum eigenvalues of the relevant left eigenmatrices;
long time dynamics essentially takes place only inside this bounded, m — 1
dimensional space, and is effectively generated by projection of the master
operator on the MM, L.g = PLP.

4.1.1 Metastable manifold

The general structure for MMs is discussed in [2]. We will see in Sec. 4.2.2 that
for the open quantum Ising model the MM is 1-dimensional, that is, m = 2,
which is the case we now restrict to. The basis for the MM is given by pss and
Ry, but Ry lacks interpretation as a state of the system since Tr(Rz) = 0 due
to trace-preserving dynamics. Instead, we can make use of the convexity of
the MM (inherited from the convexity of the full space of density matrices) to
consider metastable states as a linear combination of the states at either end
of the MM, which we call extreme metastable states (eMSs) [2],

,51 = pss+crznaXR27 (41)
ﬁ2 = pss—i_cgﬁnRQv (42)

max min

where c5'** and c4"" are the maximum and minimum eigenvalues of the hermitian
Lo, respectively.

Expanding the projection in this basis, Pp = p1p1 + p2p2, and using p; =
1 — po (from convexity of the MM), the coeffcients p; o are given by the
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expectation values of the observables

P, = (Ly— ™)/ Acy, (4.3)
P2 == (—LQ + C?aXI)/ACQ, (44)
where Acy = c'®* — cin, These expectations are positive by construction,

p1,2 > 0, leading to the interpretation of any state on the MM as a probabilistic
mixture of the two eMSs. Thus, all metastable states can be understood by

analysing the properties of the two metastable phases p; and ps, as done in
Sec. 4.2.3.

4.1.2 Effective dynamics within metastable manifold

The evolution for times ¢ > 7 effectively takes place on the metastable manifold
towards the steady state [2]. The generator of this evolution, Loz = PLP, can
be now expressed in the basis of the eMSs, cf. Egs. (4.1-4.4), as

o )\2 _Cglax _Cénin
‘Ceff = . , 4.5
Acy < Cénax cmin ( )

yielding the dynamics of the probabilites p;, ps as dp/dt = Legp, where
pl = (p1,p2). Note that the entries in each column of L.z add to 0, as expected
for probability conservation. Moreover, since Ay < 0 and ¢ > 0, ¢f'" < 0
[as Tr(L}pss) = 0 by orthogonality of eigenmodes], the diagonal elements are
negative and the off-diagonal positive, which ensures positivity of the dynamics.
Thus, Leg is a generator of classical stochastic dynamics between two metastable
phases, p; and po.

Note that the dynamics induced by L.z between p; and ps satisfies detailed
balance: this suggests the coarse grained dynamics viewed on large timescales
appears to be in equilibrium, despite an underlying non-equilibrium dynamics.
The transition time from a metastable phase is given by the inverse of the
diagonal entry, e.g. (—cF*X\y)~1 = 7 (c®)~! for py; the ratio of stationary
probabilities is determined by the ratio of the off-diagonal terms, —c§in /cgax,
independent from 7, as expected since transition rates between phases are given

relative to the metastable timescale.

4.1.3 Observation of metastability

Metastability of the system dynamics can be seen in the behaviour of expectation

values and autocorrelations of system observables [2,52]; in Sec. 4.2.4 we
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focus on measuring a given spin magnetisation (or equivalently the probability
distribution of the magnetisation). The long-time statistics of these observables
should be effectively captured by the effective long-time description of Eq. (4.5):

for the expectation value of an observable O we arrive at

(O(t)) = o p(1), (4.6)

in terms of the expectations of the observable in each metastable phase, o; =
Tr(Op;).

Observation of metastability in the expectation value requires preparation of
an initial system state different from the steady state. When this is difficult to
achieve experimentally, metastability can be found in the time-autocorrelation
of measurements for a system observable initiated in the stationary state. When
time between measurements is greater than 7/, the state conditioned on the

initial measurement relaxes into the MM and

C(t) = (O(t)O(0)) = Tr(Oe*Opy)

{
Tr(Oe"POpy,), (4.7)

Q

where O is the superoperator representing measurement of the observable O.
As Ppss = pss, we have
C(t) =o' 1 O p,, (4.8)

where O;; = (POP),; = Tr[PO(p;)] and pL = (=™ /Acy, &9®/ Acy) is the
stationary probability of pg between the metastable phases. The components
O,; may be interpreted as the observable expectation in the phase p;, multiplied

by the probability of being in the phase p; at much later times.

4.2 Open quantum Ising model

We now apply the theory [2] reviewed in the previous section to a dissipative
quantum many-body system, an open version of the 1D transverse field Ising
model, consisting of a chain of N spin-1/2 particles with periodic boundary

conditions coupled to a external bath. The Hamiltonian is given by

N N
H=0Q) SS9 +Vv) S9suth, (4.9)
j=1

Jj=1

where (2 describes the transverse magnetic field and V' the interaction between

neighbouring spins. The spin operators SY) = %ag), where a = {z,y,2}. The
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jump operators mediating interactions between the bath and individual spins

are

J; = Ve SY = k(S —iSP), (4.10)

where the decay rate x is determined by strength of system-bath coupling, and
j = 1,..., N. This system can be realized using Rydberg atoms [44, 53], in
which case the jumps can be seen to be photon emissions from individual spins
into the environment. The properties of these jump operators imply that the
system dynamics are irreducible and the stationary state unique for all finite
N [54].

The order parameters we will consider are the magnetisations along each

axis,
1N
My=—Y SY. 4.11
v ()

We will find in Sec. 4.2.4 and Sec. 4.2.5 that the z component of the mag-
netisation in particular is sufficient to highlight metastable dynamics in this

system.

4.2.1 Time dependent mean-field approximation

We start our analysis by returning to the mean-field approximation studied
previously in [3], this time however focusing on the dynamics rather than just
the steady state. From the study of classical systems it is common for such
an approach to qualitatively give the short time dynamics leading to the MM,
since often long-time relaxation is non-perturbative and triggered by spatial
fluctuations that are dismissed at the mean-field level, see e.g. [42]. We therefore
expect this approximation to uncover properties of the exact dynamics for the
approach to the metastable regime (¢ < 7). In later subsections we consider
the whole dynamical regime by analysing the full spectral properties of the
exact problem.

In this subsection we proceed as follows: we consider an approximation of the
density matrix in the form of an arbitrary product state, i.e py = p;®V, where
p1 = 31 + xS, +yS, + zS.. Note that here z,y, z = (M,), (M,) , (M.). These
coefficients are time dependent, and we substitute this into the master operator,
proceeding to trace out all but one spin, i.e. dpy/dt = Try  nN[L(p)]. This

process gives a set of three non-linear differential equations on the coefficients
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given by
K
;= ——x—2V
iy 57 Yz,
y = —gy +2Vzz — Qz, (4.12)
z = —g(1—|—22)+9y.

The dynamics induced by these equations is highly oscillatory, with rotations
about the x-axis induced by the transverse field €2, see Fig. 4.2(a), and rotations
about the z-axis—weighted by the magnetisation (M.), thus no rotation in
the z = 0 plane, Fig. 4.2(c)—due to the spin-spin interaction with potential V.
These oscillations are eventually damped by the decaying terms proportional

to k.

Stationary solutions. The steady states of this system of equations are
found from the solution of £ = 0, y = 0 and 2 = 0, which gives rise to a 3rd
order polynomial in z, see [3]. There is either one or two stable real solutions
depending on the parameters chosen, with the set of parameters giving bistable
dynamics lying between two “spinodal” lines, see Fig. 4.2(g). Outside this
region the unique stationary state is ferromagnetic (z &~ —0.5) for small Q and
close to paramagnetic (x, y, z small) for large €; inside, one of the two stationary
states corresponds to a paramagnetic state while the other transitions smoothly
from ferromagnetic to paramagnetic with increasing 2. The two steady states
for specific parameters are shown on the flow diagrams in Fig. 4.2(a-c).

Asymptotic evolution. Since the mean-field approach is expected to capture
the short time evolution we anticipate the two steady states to be qualitatively
similar in properties to the eMS of the exact model. In order to compare
the mean-field approximation with the exact dynamics during the metastable
regime, we investigate the average asymptotic magnetisation, m., reached from
pure initial states p; sampled uniformly from the Bloch sphere, Fig. 4.2(g): i.e.,
the average magnetisation of the steady state reached according to Eq. (4.12)
(see also [55]). Outside of the bistable regime this is simply the magnetisation
of the unique mean-field steady state, my. Within the bistable regime, M,
is the linear combination obtained from adding up the area of the basins of
attraction for the two mean-field steady states, Figs. 4.2(d-f), multiplied by
their respective magnetisations.

For low €2 the basins are fairly even in size, giving a sharp transition at the

left spinoidal line from mg ~ —0.5 of the unique ferromagnetic steady state
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to Moo ~ —0.25, cf. Fig. 4.2(d-f). As Q increases the area of the basin for the
steady state with a lower magnetisation shrinks continuously, along with the
magnetisation of this state increasing, with the area of the basin vanishing at the
right spinoidal line, leading to a smooth increase of My, to my &~ 0. Confirming
the relation between the mean field dynamics and the exact evolution, we will
later see that the magnetisation, averaged over a uniform distribution of initial
density matrices, behaves during the metastable regime in a similar way to the

mean-field results above.

4.2.2 Spectral analysis of the master operator

Next we explore how the features of the mean-field treatment manifest in
the exact master equation dynamics. To this end, consider numerically a
system with N = 7 spins: we make use of translation invariance to first block
diagonalize the master operator, as discussed in Sec. 3.3, specifically (3.14).
Note we find both Ay and A3 to be real and thus drop the use of Re()\;).

For metastability we require separation in the real part of the spectrum
of the Lindbladian, and we find that for this system that a large gap occurs
between the second and third eigenvalues, so that m = 2 and the metastable
manifold is 1D, see Figs. 4.1(a) and 4.3(b). The parameter region of metastable
dynamics—light yellow wedge in Fig. 4.3(a)—is suggestive of identification
with the bistable region of the mean-field approximation, cf. Fig. 4.2(g), with
a stretching to lower values of the transverse field. The separation in the
spectrum is mainly due to the the spectral gap, — Ao, shrinking, Fig. 4.3(b,c),
while the third eigenvalue remains approximately constant. Metastability in
the dissipative Ising model is a collective phenomenon, since the ratio Az/\y
increases with size, as does the inverse of the gap —1/\q, see Fig. 4.3(d).

It remains an open question whether the gap strictly closes for some combi-
nation of parameters in the thermodynamic limit, as in the mean-field approxi-
mation. This would correspond to a phase transition in the stationary state of
the system. What the mean-field approximation predicts is that this would be
a transition between phases of different magnetisation, cf. the states at either
side of the bistable region, Fig. 4.2(g). Irrespective of whether there is a true
transition in the thermodynamic limit, or a smooth but sharp crossover, the
decrease of the gap with increasing size, Fig. 4.3(d), indicates that metasta-
bility is a consequence of the proximity to this transition/crossover point; the

system sizes accessible to numerics are far from large, therefore precluding a
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Figure 4.3: (a) The ratio of the real parts of the second and third eigenvalues
A3/ A2, plotted over a region of the parameter space 0 < V < 250 and 0 < Q < 100.
(b) The inverse gap —1/A2 plotted over the same region. (c) A cross section of plots
(a) and (b) for V' = 200. The dashed (purple) line is the ratio while the solid (blue)
line is the inverse gap. (d) The scaling of the maximum value of the ratio (purple

triangles) and inverse gap (blue circles) in this range of parameters with system size.

singular transition. Dependence on size, however, indicates that such a change
(whether a transition or sharp crossover) in the steady state magnetisation,
mss = Tr(M,pss), from the ferromagnetic state at small Q, mg ~ —1/2, to
the paramagnetic one at large Q, mg ~ Tr(M,pss) ~ Tr(M,ps) ~ 0, should

become very pronounced at large sizes. See Fig. 4.4(a).

4.2.3 Characterization of the metastable manifold

The metastable manifold in this region can be characterised by the properties
of two eMSs defined by Egs. (4.1,4.2), which we investigate below. These two
eMSs correspond to ferromagnetic (m; ~ —0.5) and paramagnetic (ms = 0)
states, see Fig. 4.4(c-d). Note that the values of m; and my resemble the
magnetisations of two stationary states in the mean-field approximation, cf.
Fig. 4.2(d-f).

We consider now the behaviour of the magnetisation in z-direction, (M.,),
during the metastable regime taken on average by pure initial states |1), see
Fig. 4.4(b), i.e. m = Tr(M.P|¢)(¢]), where the bar denotes average w.r.t.
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Figure 4.4: (a) Magnetisation of the steady state mgss. The approximate boundary
of the metastable region is indicated by the dashed white line. (b) The average
z magnetisation m in the metastable regime. In this and the following panels we
only show the area where metastability holds. (c-d) Expected z magnetisations

m; = Tr(M,p;) and (e-f) purities v; = Tr(5?) of the two metastable phases.

uniform sampling of |¢). For most of the parameter regime where metastability

~
~

is present we have m =~ 0, with a transition at small €2; this is analogous
to Moo in the mean-field case, cf. Fig. 4.2(g). Here the size of the basins of
attraction (given by %Trfjl and %TI‘PQ, respectively) are imbalanced towards
the paramagnetic phase for almost all of the metastable region, with a slight
increase in area of the ferromagnetic phase at smaller fields: this behaviour is
the same as that of the mean-field, suggesting the approximation captures the
phenomenology of both the metastable phases and their basins of attraction.
Note the contrast between the transition in m to the behaviour of the
magnetisation mgs of the steady state, cf. Fig. 4.4(a), which takes place for
large €2, outside the metastable parameter region. For the parameters where
s

metastability is present, pss consists mostly of the ferromagnetic phase, pi* ~ 1.

This shows that the short time evolution leads on average to the vast majority
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of initial states evolving to the paramagnetic metastable phase on short time
scales, while at longer times they decay into the mostly ferromagnetic stationary
state.

The two metastable phases differ also in purity v = Tr(p?), see Fig. 4.4(e-f),
with the ferromagnetic phase being almost pure (y; & 1), in contrast the
paramagnetic one almost completely mixed (75 &~ 1/2V). This is a consequence
of the two phases corresponding respectively to inactive and active periods
in the photon emission records [3]. The fluctuations in photon emissions per
unit time for the system in the paramagnetic phase cause it to be a mixture
of many different pure states: the large number of jumps causes these periods
in the trajectories to consist of many different states; in contrast, the relative
inactivity of the ferromagnetic phases leaves the state approximately pure. The
relation of the metastable phases to activity in quantum trajectories is further
studied in Sec. 4.2.5.

4.2.4 Expectations, correlations and effective low-dimensional

dynamics

After the initial relaxation, the system state is approximately stationary during
the metastable regime, before eventual relaxation into the steady state. As
discussed in Sec. 4.1.3, metastability can be observed in the two-step decay
of the expectation value (O(t)) and two-time correlation function (O(¢)O(0))
of an observable O measured on the system; here, we demonstrate that this is
indeed the case when the observable is the magnetisation M., Eq. (4.11).
Ezxpectation. We consider dynamics of two initial states: the “all up”
state pr = (|1) (1)®V, where o, [1) = [1), and the “all right” state p_, =
(|=) (=)®", where o, |—) = |—=). The expected values of the z-magnetisation,
(M., (t)), show a plateau in the metastable regime (7" < t < 7), see Fig. 4.5(a-b),
when the initial states evolve into mixtures of metastable phases, Fig. 4.5(e).
Subsequent evolution takes the magnetisation to that of the mostly ferromag-
netic stationary state at later times (¢ > 7). Meanwhile, the expected value of
the z-magnetisation, (M,), Fig. 4.5(c-d), displays oscillations for times ¢ < 7’/
suggestive of those present in mean-field model, cf. Fig. 4.2(a-c), which is
expected to qualitatively represent the short time dynamics. The long-time
behaviour is accurately captured by the effective dynamics Leg, cf. Eq. (5.18).
Both states evolve mostly into a paramagnetic metastable phase (M) ~ 0,

despite being very different initially, Tr(prp_) = 1/2V: this demonstrates the
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Figure 4.5: Results calculated for parameters of V/k = 250 and /k = 50. (a)
Time evolution of the average z-magnetisation, (M) for the initial state p;. The z-
magnetisations of the metastable phases py o are represented by the dashed lines. (b)
Same but for the initial state p_,. (c,d) Time evolution of the average = magnetisation,
(My), for pr and p_,. The average metastable values are given by dashed lines. (e)
Histogram of the probability of finding py, p—, and ps in each eMS during the
metastable regime, see Eq. (4.3), (4.4). (f) Time-averaged autocorrelation function
C(t) of the projective measurement related to M, in pss (see the main text). In
panels (a-d,f) the time is in log scale, with the two arrows indicating the time scales
7/ and 7. The exact dynamics is plotted as solid curves, and the effective dynamics

as dash-dotted lines.
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dominance of this metastable phase in the short time evolution, highlighted by
the initial state average magnetisation of m in Fig. 4.4.

Autocorrelation. Preparing specific initial states can be difficult experimen-
tally; in Fig. 4.5(f) we show how metastability is also observed in the autocorre-
lation C(t) of a measurement conducted on the steady state ps, see Eq. (4.7).
We consider the observable O = O; — Os, where O; is the sum of projec-
tions onto the M, = +£1/2N eigenspaces and Oy = |M, = —1/2) (M, = —1/2|,
so that the average of this observable gives the difference of probabilities of
P(M, = £1/2N) and P(M = —1/2). Non-zero values of the magnetisation
are used as N is odd. We choose the correlations of O, which can be obtained
from correlations of M, by post-selection, as they more clearly demonstrate
the metastability: these probabilities are each significant in only one of the two
eMS. The initial measurement of O perturbs the stationary state out of the
metastable manifold; the relaxation towards the MM features large oscillations

in the autocorrelation C(t), while relaxation at later times is well described by
Leg and C(t) is given by Eq. (5.19).

4.2.5 Intermittent dynamics of quantum trajectories

So far we have discussed the dynamics of the system described statistically by
the density matrix p(t), which is governed by the master operator (2.25), and
the related dynamics of observables on the system, such as the spin magnetisa-
tion (4.11). We saw in Sec. 2.1.3 that classical metastability in a statistical
description is accompanied by intermittence in the model’s stochastic trajecto-
ries. As in the classical case, one can instead consider quantum trajectories
given by an unravelling of the master equation, such as that discussed in Sec.
2.2.2, which corresponds to a particular experimental realisation of system
dynamics and a continuous measurement of the environment it is coupled to.
In this case, a quantum jump occurs when, say, the system jump operator J
flips the k-th spin from up-to down, cf. Eq. (4.10), which is accompanied by
the emission of a photon into the environment, which can be detected. In this
case, a measurement record up to time ¢ consists of information about which
spins emitted photons and the emission times, see Fig. 4.6(b-c).

The total number of photons emitted up to time ¢t for dynamics with a
unique steady state obeys the Central Limit theorem [56,57]. Moreover, both
the mean and the variance of the total number of emissions asymptotically

(t > 7) scale linearly in with time ¢, (for the case of the dissipative Ising
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model see [3]); we argue that this also holds in the metastable regime for
each of the metastable phases. For times ¢ well inside the metastable regime,
the statistics of an observable integrated over time such as the total emission
number A(t) is dominated by the contribution when the system state (averaged
over trajectories) is metastable. The total emission number can then be
approximated by the instantaneous rate u of photon emissions from the system
in its metastable phases, related to the magnetisation, p = Zjvzl Tr(JJJ-r Jip) =
Nk (Tr(M.p) + 3) [3]: the mean number of photons emitted in time 7/ < ¢ < 7
can thus be approximated by (A(t)) ~ t N & (pimy + poma + 3 ).

Consider the case of an initial state evolving into just one of the metastable
phases: the mean activity, k(t) = A(t)/t, of trajectories is given by the
magnetisation in the corresponding eMS, (k(t)) ~ Nk(mq + 3) or N&(ma + 3).
To understand the variance of the activity, A?k(t), we first look at the variance
of the total emissions, A%A(t): this must scale linearly for times ¢ in the
metastable regime, since the correlations of dynamics inside a metastable phase
can decay at most at times of order 7. The variance A?k(t) is thus inversely
proportional to ¢ at metastable timescales. If the metastable regime is long
enough, the fluctuations of activity around its mean value, N« (mLQ + %), are
small and trajectories can be classified as “active” (large k) or “inactive” (small
k). Emission record statistics for many initial states will be a mixture of these
active and inactive phases, since they would evolve exactly into a mixture of
the two eMSs, p1p1 + pa2po.

Now consider a coarse graining in time of the photon emission records,
where an emission record is divided into time bins of size t,;, and the emission
record is replaced by the activity of time bins; it is known that the time-bin
activity distribution can be bimodal for intermittent dynamics [3]. From the
arguments above it follows that for a t,;, well inside a metastable regime that
is long enough, the probability distribution of activity is indeed bimodal with
inactive dynamics corresponding to magnetisation of the ferromagnetic phase
my ~ —0.5 and the active dynamics corresponding to the paramagnetic phase
mo = 0, which is visible in Fig. 4.6(a). This demonstrates that the periods
of active and inactive dynamics (so called dynamical phases [39]) correspond
directly to the two metastable phases.

We now discuss the relation between intermittency and the effective dy-
namics. For times after initial relaxation t > 7’ the system dynamics p(t) can

be obtained as an average over classical trajectories generated by Leg, (4.5),
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between two metastable phases. Those classical trajectories are ergodic, i.e.
time-averaged state in a trajectory approaches the steady state pg for t — oo,
which requires the ratio of time spent in each of the metastable phases to
be given by p$*/ps = —cin/cax | of. Eq. (4.5). On the other hand, we know
that the emission record coarse-grained in time consists of active and inactive
periods with small fluctuations. As the activity of a long record approaches the
emission rate of the steady state, (k). = pis = Nr(mgs + 3), the probabilities
of the inactive and active dynamics are again given (approximately) by p® and
P53 (see Fig. 4.6(a)). Finally, the average length of active/inactive dynamics in
coarse-grained records cannot exceed the longest timescale 7 of the model. This
yields a direct relation between the classical trajectories and the coarse-grained
intermittent emission records, see Fig. 4.6(b-c).

The classical dynamics generated by L.g can be related back to the double-
well model discussed in Sec. 2.1.3, with the sketches of the relevant double
well potential shown in the insets of Fig. 4.6(b-c). The smaller spectral gap
—Xy for (c), leads to longer periods spent in two phases, analogous to a
higher barrier between the wells, and results in a longer equilibration time.
When the difference in probabilities between the metastable phases in pgs,
I3 — P = |5 + 0|/ Acy, is larger (b) the times spent in the two states
differ more, analogously to how the bigger difference in free energies of the two
wells makes time spent in the well of higher free energy shorter and hence less
of the equilibrium state is supported there.

The average over the ensemble of quantum trajectories also gives the
dynamics of the system state p(t). It is not generally known, if those trajectories
are ergodic, i.e. whether each time-averaged trajectory asymptotically gives
the steady state. If that was the case, as the supports of metastable phases
are approximately disjoint [2], one could expect the quantum trajectories to
be ergodic also inside those supports for 7/ < t < 7, which would lead to
the classical trajectories being coarse-graining of quantum ones. Indeed, one
recovers the effective dynamics up to fluctuations within the 7/ timescale when
considering the magnetisation of quantum trajectories, due to its relation to

the photon emission activity, see Fig. 4.6(b-c).
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4.3 An aside: phases of dynamical nuclear po-

larization

Intermittence results in a large variance in the value of observables integrated
over long but finite times, a common signature of a phase transition. Here we
take a moment to discuss the results of Ref. [58], which used this relationship
to justify the existence of a phase transition in a model of dynamical nuclear
polarization predicted by mean field theory, through the analysis of the variance
of its time-integrated magnetisation across a range of parameters.

The control and detection of magnetization arising from a polarized ensemble
of unpaired electron spins forms the basis of electron spin, or paramagnetic,
resonance (ESR/EPR): a powerful spectroscopy tool for studying paramagnetic
materials placed in a static external magnetic field. The underpinning key
principle for this technique is the application of oscillating magnetic fields close
to or at the electronic Larmor frequency (usually in the microwave regime) to
generate non-equilibrium distributions of populations and coherences between
quantum states that lead to detectable signals [59,60]. The evolution of systems
of isolated or only weakly coupled paramagnetic centres under the effect of these
fields is well understood. A more challenging problem is to predict the response
of strongly coupled electron ensembles to such perturbations, particularly in
samples in the solid state in which anisotropic components of the electronic
interactions are not averaged out by thermal motion. Insight into the dynamics
of strongly coupled, microwave driven electronic ensembles is also needed in
order to improve our understanding of dynamic nuclear polarization (DNP),
which is an out-of-equilibrium technique to enhance the sensitivity of nuclear
magnetic resonance (NMR) applications by orders of magnitude (see, e.g.,
Ref. [61-63]) — in particular, this concerns the cross effect and thermal mixing
DNP mechanisms [64-68].

Recently, a strongly interacting electronic ensemble under continuous mi-
crowave driving, subject to dissipation to the environment, has been studied
using a mean field theory based on a model of its dynamics in terms of a
Markovian master equation [58]. This revealed phase transitions between states
of high and low electronic polarisation as well as the emergence of a critical
point that displays Ising universality [55]. These features are controlled by
the distribution of the disordered electronic spin-spin interactions. The un-

covered mean-field transitions imply the emergence of metastable states and
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accompanying intermittent dynamics [3,4,69]. This was confirmed numerically
through QJMC simulations of small systems, as we discuss in this chapter:
we base this on the relation between intermittence and its associated variance
in observables, and the presence of a large variance near phase transitions.
These predictions complement those of conventional theoretical approaches,
based, e.g., on the so-called spin-temperature which, due to their restriction to
certain parameter regimes, would only predict a homogenous quasi-equilibrium
state [66,67,70-74].

4.3.1 Model

We model the evolution of the electron system within the framework of a
Markovian Lindblad master equation, see Eq. (2.24). For a system of N
electrons, the Hamiltonian H at high static magnetic field, in the rotating
frame approximation and in terms of the spin operators as defined for the Ising

model above, is given by

N
o = (€288 + ALSY) 433 Dy ST S
k=1 k<K’
- Z D;ck:/Sk . Sk/, (413)
k<k’

where S, = (S:Ek), Slgk), S,gk)). Here w; is the strength of the microwave field,
Ay are the offsets of the electron Larmor frequencies (detunings) from the
microwave carrier frequency, and Dy, Dy, are coefficients that parameterize
the strength of the anisotropic and isotropic parts of the spin-spin dipolar and
exchange interactions [60]. Depending on the degree of order and symmetries
within the sample structure, Dy and D}, can either be structured (e.g., for
crystals) or random (e.g., for glasses). In amorphous materials Ay are also
distributed due to the anisotropic interaction of the electrons with the static
field, leading to inhomogeneous broadening of the EPR line [60, 68].

Dissipative processes are modeled by the jump operators Sik), S™ and S,gk),

with rates 714 = %(1 Fp) and v, = 2R, respectively, where p = tanh QKST The
dissipation rates depend on the longitudinal (R;) and transversal (Rs) relaxation
rates of the electron spins as well as the thermal polarization p € [0, 1], which
depends on the average electron Larmor frequency wg and the temperature
T. Note, that throughout this section parameters will be expressed through p

and thereby acquire their temperature dependence. For typical experimental
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conditions (W-band, wg ~ 100 GHz, sample temperature between T' ~ 0 K
and T ~ 100 K), p is in the region of 1 — 0.01.

We now summarise the mean field results of Ref. [58]. First, all values
of Dy were fixed to D/(N — 1) with the average value of D, and all values
Ay = A. The factor of N — 1 accounts for the non-negativity of the coefficient,
avoiding a super-extensive growth of state energy. From this, a trace ansatz
such as that used in Sec. 4.2.1 results in a mean field phase diagram in the
A — D plane with a similarly shaped bistable region as that found in Ref. [3].
The introduction of disorder heavily modifies this structure: a mean field
approximation which incorporates disordered values of D, and Ay leads to a
behaviour which is reflected relative to the average value of A, see Ref. [58] for
details. It is this reflected behaviour with disorder which we seek to confirm

numerically next.

4.3.2 Fluctuations in numerical simulations

The mean-field treatment of Ref. [58] is of course not exact. Whether the
predicted qualitative phase structure survives away from mean-field depends
on the effect of fluctuations [46,54]. As shown in [3,4,69], phase coexistence
at the mean-field level can be an indication — away from the thermodynamic
limit — of the existence of long-lived metastable (rather than stationary) phases.
These competing phases come with an intermittent dynamics of slow switching
between them and a significantly longer relaxation time. While the value of the
polarization will fluctuate over time within these phases, it will take a distinct
average value in each phase.

We now show that this is indeed the case by investigating the numerically
exact polarization dynamics for a small system, Eqs. (4.13), by means of
quantum jump Monte Carlo simulations, see Sec. 2.2.2. In particular we monitor
the time dependence of the polarization p.(t) = —(2/N) >, Tr (Sék)p(t)) for a
variety of values of @’ = Ag/wi/n and V' = 3pDy/2w;/0: here Ag is the mean
of Ay, Dy is the standard deviation of Dy, and n = Ry/R;. For the set of
parameters we consider, multiple disorder realizations of the dipolar coupling
{Dyy}, with Dj},, = Dy are taken. These are independent and identically
distributed, sampled from a Gaussian distribution with variance defined by ¥'.
Different disorder realizations are handled as follows: we begin by taking a set
of random numbers from a Gaussian distribution of unit variance, defining the

realization. For a given value of b’ we then rescale all of these numbers by the
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associated value of the standard deviation D,. As it can be shown that the
probability density satisfies pi(x)dz = pp,(Doz)d(Dyr) where the subscript
represents the variance of the Gaussian, this rescaling provides us with an
equivalent set of numbers that were effectively drawn from a distribution with
standard deviation D).

The simulations for Fig. 4.7 are done using the QJMC algorithm (see Sec.
2.2.2) to calculate the trajectory of the pure state of the system over time. To
further increase the efficiency of these simulations over the general algorithm
previously presented, we take advantage of the algebraic properties of the jump
operators to reduce the cost of calculating which jump occurs. We first note that
for the parameters chosen, the vast majority of jumps will be dephasing caused
by the S *) operators; the probability of dephasing jumps is independent of the
state, since S é’“”sﬁ’“) = I. The total unnormalized probability of dephasing is
thus simply N times the norm of the state when a jump occurs. Meanwhile, for
spin flip jumps caused by SJ(rk) and S we have S(f)Sj(Fk) =1F S™: the total
unnormalized probability of either flips up or down can therefore be calculated
from the norm of the state and its total magnetisation.

In practice, this allows us to adopt the following procedure. We partition the
interval [0, 1] in three according to the relative probabilities of the three species
of jumps, and identify which type of jump occurs using a random number. Once
the sector in this which number resides is found, this sub-interval is partitioned
over the sites, calculating the necessary additional expectations: the random
number is shifted and rescaled to find which site the jump occurs on. For the
most common case of dephasing, this requires no further calculations, reducing
the potential calculation of 3N expectation values in the generic algorithm in
Sec. 2.2.2 to a single expectation value: the magnetisation, calculated for the
initial partition. In a system of N = 8 spins, this modification reduces the
average CPU time for a trajectory by a factor of 10.

All trajectories are initialized in the same state, the all up configuration,
data from a trajectory is only considered after sufficient time has elapsed that
there is no memory of the initial state (we can be certain such a time scale
exists for this finite system due to the results of [54]), i.e. after the relaxation
time. The remainder of the trajectory is then cut up into time periods T of
O(107%s), chosen such that short time fluctations are averaged out so that only
long time fluctuations influence the variance of the time integrated observable

(similar to the approach used in Sec. 4.2.5).
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Fluctuations due to metastability can be quantified by the probability
distribution of the time integrated polarization, P, = (1/t) f(f p.(t)dt'. Astis
increased in systems without metastability we expect a contracting distribution
with a single, approximately Gaussian peak around the stationary state value.
In the presence of metastability we instead expect a broadened, non-Gaussian
distribution. In particular for ¢ on the order of metastable phase lifetimes
one expects multiple peaks located near the average values of the different
metastable phases. While we lack the distinct metastable phases due to small
sizes and disorder, for t on the order of relaxation time, Fig. 4.7(a-c) shows
an intermediate regime in which the disorder averaged distribution is strongly
broadened and non-Gaussian. In Fig. 4.7(d) we plot the variance as a function
of v’ for several values of a’. We see a peak at intermediate values of ¢’ for all
curves, which is consistent with the expectation of a phase transition in the

thermodynamic limit.

4.4 Summary

We have applied the general theory of metastability developed recently in
Ref. [2] to the dynamics of an open many-body quantum system, namely the
open quantum Ising model with transverse field in the presence of site decay,
a model which could potentially be realised using Rydberg atoms. For this
system the origin and properties of the metastable dynamics is particularly
transparent: in a region of parameter space where interactions and transverse
field compete there is time separation in the dynamics, such that the two
leading eigenmodes of the master operator split from the rest. This means
that the metastable manifold to which an initial state decays at short times is
a one-dimensional simplex given by the convex combinations of two extreme
metastable states. These two states represent the two metastable phases of
the problem: an almost pure state of negative magnetisation in the z-direction,
and one mixed state of almost vanishing magnetisation. We have also shown
that the dynamics of this model at long times can be understood in terms of an
effective classical dynamics between two phases inside the metastable manifold,
which converges to the unique stationary state asymptotically.

We have further seen that the short time behaviour and the existence of
the long-lived metastable states are qualitatively captured by a straightforward

mean-field approximation to the dynamics, very much in the spirit of what
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one does in slowly relaxing classical systems. Additionally, we discussed how
metastability is directly related to fluctuating dynamics in individual realizations
of the system evolution, specifically in the form of intermittency of quantum
jump trajectories. The physical ingredients that give rise to metastability in
the model studied here are those that could also be responsible for the system
having a true stationary state phase transition in the thermodynamic limit.
But just like in the case of analogous classical problems, the dynamics we
uncovered (separation of timescales, transient relaxation to long-lived states,
intermittency due to switching between metastable phases) is not dependent
on that transition being present: metastability would occur in systems where
the transition is avoided either through finite size or due to other kind of
fluctuations.

The concrete application of the ideas of Ref. [2] to a many-body system
should pave the way for further studies of metastability in other systems with
even richer emergent collective dynamics, in particular systems where the
manifold of long lived states is higher dimensional, potentially allowing for

quantum mechanical evolution between these states.
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Chapter 5

Classical metastable manifolds

in open quantum systems

While the previous chapter focused on a simple case in which the metastable
manifold was described by a line, we now describe techniques for constructing
and analysing the metastable manifold when it is described by a higher dimen-
sional simplex. Often the focus of studies on nonequilibrium open many-body
quantum systems is a phase structure of the system stationary state, which can
be characterised for example by static order parameters such as magnetisation.
A question recently explored is whether such many-body systems can exhibit in
the thermodynamic limit bistability (or multistability) of the stationary state,
a topic covered both theoretically [69,75-77] and experimentally [78,79]. While
the properties of system dynamics frequently preclude such an occurrence at a
finite size [54], mean-field results often suggest multiple stationary states at
infinite size [3,37]. More sophisticated (albeit still approximate) techniques
such as variational approaches [46-48], infinite tensor network simulations [38§],
or a field-theoretical analysis [37], however, usually indicate existence of a
unique stationary state in the thermodynamic limit.

Regardless of the fate of the stationary state in the thermodynamic limit,
multiple stationary states in the mean-field approximation often indicate the
occurrence of metastability for finite-size systems, as seen in Chap. 4, i.e.
distinct timescales in the evolution of the probability over configurations space
of a classical model [1,14-16,50], or, for a quantum system, in the dynamics of
a density matrix [2]. These timescales correspond to a fast evolution towards a
set of long-lived metastable states, which is followed by a slow relaxation to the

final stationary state. In some cases there is a further hierarchy of timescales
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before the eventual final evolution to the stationary state [80].

As we have seen, metastability in classical systems with Markovian dynam-
ics [1,14-16,50] and open quantum systems [2,51] described by the Lindblad
formalism [20,21] requires a large separation in the eigenvalues of the master
operator governing the system evolution, defining a manifold of long time states
and the dynamics within it. The approach described in Sec. 2.1.3 and the
previous chapter is restricted to 1D MMs; in this chapter we develop numeri-
cal techniques to unfold higher dimensional sets of relevant states supporting
metastable dynamics in a general open quantum system, when the metastability
is classical: in this case, the metastable states can be understood as probability
distributions over the set distinct metastable phases.

Our spectral approach relies on the ability to diagonalise the system master
operator, which is usually possible only for moderate system sizes. However,
larger sizes may be required for metastability to become prominent in the
statistical description of a model. Fortunately, the probabilistic presence of
metastability is accompanied by a signature in the individual trajectories of
a systems evolution: as seen previously, and as we will see here, the classical
dynamics between the metastable phases can be observed as intermittence (3,4,
40| or dynamical heterogeneity [5,81] of system observables within a trajectory.
These trajectories correspond to individual runs of an experimental system, or
QJMC simulations [19,24] (see Sec. 2.2.2) which may be done at larger system
sizes than exact diagonalization, and average to return the dynamics described
by the master operator. We further show that metastable phases of these
dynamics may be extracted from trajectories through the use of large-deviation
methods such as the “thermodynamics of trajectories” [3,39,40,82,83], thus
allowing the study of metastability at much larger system sizes using QJMC
simulations.

We have seen that for classical and quantum systems, metastability is
often a consequence of proximity to a static first-order phase transition of the
stationary state in the thermodynamic limit [13], but this is not necessary.
In classical kinetically constrained models [42,43,84-87] the evolution of any
system component is conditioned on the state of other components, resulting
in glassy dynamics. This manifests both in dynamical heterogeneity and a
hierarchy of timescales, despite the absence of transitions in the static properties
of the constrained models. Quantum adaptations of these models have been

produced through the concept of Rokhsar-Kivelson points [88,89], leading to
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Figure 5.1: Metastable dynamics in the dissipative quantum East model:
(a) Spectrum of the dissipative quantum East model with N = 3 spins shows a
large separation —\Y¥ < —Af for p = 0.999, Q/k = 0.1, v/k = 0.0001. (b) The
corresponding dynamics of average site magnetisation is shown for random initial
states, with lines coloured according to the time along the curve in a log scale. After
the initial relaxation (yellow-green) the site magnetisation approaches a limited
region of values, which is well captured by the blue simplex of the magnetisation
of metastable phases (green and blue dots), before final relaxation (blue-purple)
to the unique stationary state (red circle), cf. Fig. 5.2. (c-d) QJMC trajectories
of the dissipative quantum East model with N = 6 spins, for the non-interacting
unconstrained case with p = 0 in (c), and for fully constrained case with p =1 in
(d), where dynamical heterogeneity is pronounced. Color indicates the number of
jumps J;, (5.24), of each spin (associated photon emissions), grouped for visibility
in 500 time bins. The other parameters in (c), (d) are given by Q/x = 0.12 and
~v/k = 0.0096.
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quasi-many body localization behaviour in closed quantum systems [90-92].
Recent open quantum generalisations of these models [5,40,81] are also known
to display dynamical heterogeneity; a model introduced in Ref. [5] acts as an
extensive case study of complex metastability in open quantum systems, which
we use to demonstrate the effectiveness of our techniques.

This chapter is organized as follows. In Sec. 5.1, we introduce the approach
to classical metastability in open quantum systems. We begin in Sec. 5.1.1
by describing how to numerically construct a classical MM, along with a
test to verify the classicality of metastable states in general open quantum
dynamics. In Sec. 5.1.3 we relate the classical system dynamics at large times
to intermittence in trajectories. Our approach is then applied to the dissipative
quantum East model in Sec. 5.2, with discussion of the approach accuracy in
Sec. 5.2.1, the properties of the classical MM in Sec. 5.2.2, and the features of the
classical long-time dynamics in Sec. 5.2.3. Finally, we describe a construction
of the classical MM using QJMC and large deviation methods in Sec. 5.3. We
note here that this chapter is based largely on a paper, Ref. [93], containing
rigorous mathematical backing for the algorithms presented here, and extensive
perturbation theory results for our dissipative quantum East model case study.

We will regularly reference the paper for results we do not present here.

5.1 Classical metastable manifolds

Recall that metastability results from a large separation in the real part
(indicated by the superscript) of the spectrum [2], A% > A\E | of the Lindblad
operator Eq. (2.25), see Fig. 5.1(a,b). As discussed in Chap. 4, for times
t > 1 = —1/ME_ | the terms beyond the m-th in the sum in (2.33) can
usually be neglected. Time dependence of the remaining terms can further
be neglected, e™ a1 for k < m, when the separation is big enough to have
—1/M\F <t < —1/A\E. In this case the system state is metastable and can be

approximated by the reduced expansion,

p(t) = p+ Y cre™ Ry = Pp(0), (5.1)
k=2
where P is the projection onto the low-lying eigenmodes of the master operator,
i.e. the MM, and A/ is the imaginary part of eigenvalue \;. Unlike Chap. 4,
we now consider the general case of m > 2.

The MM is convex as a linearly transformed convex set of initial states,
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and (m — 1)-dimensional as parametrised by the coefficients (ca, ..., ¢;,), see
Fig. 5.2(a), and cf. Fig. 5.1(b). At later times, ¢t > 7/, only the first m modes
contribute to the evolution, cf. Eq. (5.1), which thus takes place essentially
inside the MM and is generated by Lyn = PLP, see Fig. 5.2(b).

5.1.1 Constructing classical manifolds

In this chapter, we aim to study generic classical MMs, rather than just those
with two metastable phases as in Chap. 4. Therefore, let us first consider a
common classical regime for metastability: Markovian dynamics near a first
order phase transition. At the transition, a system will possess a structure of
multiple stationary states, corresponding to the dominant phases around the
transition point: mathematically, these phases are provided by a physical basis
of disjoint probability distributions over the right 0-eigenmodes. In turn, the
dual of this basis over the left 0-eigenmodes describes the basins of attraction
for these phases. The system has a probability of being in each of these phases
at infinite time, for a given initial condition, depending on its initial probability
of being located in the basin of attraction associated to each phase: the set
of long time states thus forms a simplex with vertices corresponding to each
distinct phase.

These phases and the corresponding basins remain when small changes to the
system cause stationary states to become weakly unstable: for example, when
the system parameters are moved a short distance from a transition, or when we
instead consider finite size systems. Under such conditions these phases become
metastable, with the basins describing the probability of being in a given phase
on metastable timescales; the MM of long time states inherits the simplex
structure of the stationary states, defined by the low-lying spectral structure.
Remarkably, any MM in classical Markovian dynamics can be approximated
by a simplex of approximately disjoint metastable phases [1,14,16], whether it
results from proximity to a phase transition, or due to another origin such as
the constrained dynamics of glassy systems.

For open quantum dynamics, in the case of m = 2 it is known that
there any metastable state is a probabilistic mixture of two almost disjoint
metastable phases [2,4]. In general, however, the structure of an MM is no
longer necessarily a simplex: in contrast to the classical case, where stationary
manifolds at transitions feature only disjoint phases [94], open quantum systems

may possess decoherence free subspaces (DFS) [95-97] and noiseless subsystems
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Figure 5.2: Example of metastable manifold: (a) The metastable manifold in
the open quantum East model of N = 3 spins with periodic boundary conditions,
illustrated by the coefficients (c2, ¢, ¢4) in Eq. (5.1). The blue lines show the simplex
of m = N + 1 = 4 metastable phases (found at the vertices), while the small green
dots indicate the projections of randomly generated pure states onto the MM. (b)
The long-time evolution inside the MM towards the stationary state (red circle)
for randomly selected initial states (also shown in Fig. 5.1b). In (a,b) the three
metastable phases degenerate in ¢4 (green dots) correspond to a 3-cycle of the
translation symmetry (as Lo, L3 gain a phase), while the top metastable phase (blue
dot) is invariant to the symmetry (and so is Ly), cf. Fig 5.1(b). Softness p = 0.999

and other parameters as in Fig. 5.1(a,b).
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(NSS) [98,99]. Thus, this more general structure will be inherited by the MM in
proximity to such a transition [2]. For a given highly dimensional MM it is not
easy however, to determine its structure from a general basis of 0-eigenmodes,
even directly at a phase transition (see e.g. [100], while the algebraic approach
in [101] cannot be generalised straightforwardly beyond the transition point).

In this chapter, we introduce a systematic approach for constructing the
set of phases which provide the best simplex approximation to the MM for
an open quantum system, and describe how to verify its accuracy, i.e. how
classical the systems MM is. If accurate, this provides us with a set of operators
defining metastable phases and the corresponding basins of attraction, which
allow a complete understanding of the long time dynamics. To achieve this,
we note that since the MM is convex, it necessarily contains all probabilistic
mixtures constructed from any set of m metastable states, defining a simplex
in the space of coefficients (cs, ..., ¢,). The main idea behind our approach,
sketched in Fig. 5.3, is to choose the set of m metastable states leading to the
simplex of the maximal volume, see Fig. 5.2, thus covering as much of the true
MM as possible. We then verify the classicality of this manifold by considering
errors in the operators defining basins of attractions for the metastable phases,
calculating a simple bound on the maximum distance of any metastable state
from a given simplex, see Eq. (5.8) below.

Maximal volume simplex. Recall that a standard choice of right and left
basis for the MM is given by the low-lying eigenmodes of £, Ry = pss, L1 = 1 for
k=1, and Ry, Ly, for k = 2,..., m. However, the eigenmodes Ry, k = 2,..,m,
do not represent physical states of the system as Tr(Ry) = 0 from the trace-
preservation (L; = 1) and orthogonality of the modes [Tr(L;Ry) = ;). In
contrast, any set of m metastable states p;(t),..., pi(t), by the truncation in
Eq. (5.1), provides an approximately positive basis in the space of metastable
states defined as .

=Pt Y Ry 1=1,.m, (5.2)
k=2
as long as p; are linearly independent. Furthermore, this set defines vertices of

a simplex in the space of coefficients, with the volume equal the determinant

of the corresponding basis transformation between Ry, ..., R,,, and py,..., pm
(O = cg), k,l=1,...m, (5.3)

'det C = det D, where D;_; 1 = cg) — c,(gl), k,l = 2,..,m, encodes the coefficients for

the simplex with the 1st vertex shifted to the origin
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so that gy = > 1" (C)i R, cf. Eq. (5.2). Indeed, the volume det C' # 0 for
linearly independent states.

In order to find a basis of metastable states corresponding to the maximal
simplex, we first note that the values of the coefficients ¢ in Eq. 5.1 are
bounded by the extreme eigenvalues of the left eigenmatrices, Ly, values which
must therefore be achieved by the m vertices of the maximal simplex. It is
thus reasonable to expect a good set of candidates for this simplex to consist of
the 2(m — 1) eigenvectors of the Ly associated to their extreme eigenvalues, for
k=2, ...,m: indeed, for extreme coefficient values achieved by a single vertex,
we show that the corresponding extreme eigenvector resides close to the vertex
in Ref. [93]. Some vertices must achieve multiple extreme values, since there
are only m metastable phases to achieve 2(m — 1) extreme values: the result
of Ref. [93] thus implies some extreme eigenvectors must be almost identical,
allowing us to reduce this set by clustering.

Despite the above result, the set of extreme eigenvectors may not be sufficient
to identify the vertices of the simplex. When extremes of the coefficients
are achieved by more than one vertex, the extreme eigenvectors may consist
of mixtures of the vertices achieving this extreme. This may occur as an
accidental degeneracy, or as we will see later, neccessarily occurs as a result
of a systems symmetries. Further, it is possible that some vertices of the
simplex may achieve no extreme values. Both of these issues may be addressed
by considering extreme eigenstates of multiple random rotations of the left
eigenmatrices: vertices missing the unrotated set of extreme eigenstates may
achieve an extreme coefficient value of a rotated basis uniquely, thus being
covered by an extreme eigenstate of the rotated basis. The resulting enlarged
set of candidate states may then be clustered in coefficients of the original basis,
providing a reduced set which is likely to contain all vertices, plus some of their
mixtures. The combination of candidates corresponding to the vertices can
then be identified as the combination providing the largest volume simplex.

To clarify the above, a generic approach to finding the vertices of the best

simplex approximation to the MM is as follows:

1. Diagonalize £ and construct a hermitian basis of the left and right

eigenmatrices for the m eigenmodes below the gap in the spectrum.
2. Construct a set of candidate states:

i. Apply a random rotation to the basis of left eigenmatrices Ly.
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ii. Diagonalize the resulting basis of matrices and store the eigenstates

associated to their extreme eigenvalues as candidates.

iii. Repeat for the desired number of random rotations.

3. Cluster the eigenvectors into a reduced set according to their relative
distance in the truncated space of coefficients for the unrotated left

eigenbasis, ¢ for k =2, ..., m.

4. Find vertices for the best simplex approximation as the combination of

the remaining candidates providing the simplex with the largest volume.

Our approach, sketched in Fig. 5.3, finishes by checking the consistency of our
assumption that the MM is classical.

Test of classicality. For low dimensional MMs, the classicality can be visibly
observed by projecting a randomly generated set of initial conditions on to
their metastable states, as done in Fig. 5.2(a) for an open quantum East model
of N = 3 spins, where the MM is 3-dimensional. The metastable states are
found well within the chosen simplex, confirming the classicality of the MM.

Were states found outside the simplex, it would be an indication that it
provides a bad approximation to the MM, indicating the existence of states
outside the basins of attraction for metastable phases. These basins are
understood through the new left basis dual to Eq. (5.2), given by the inverse

transformation to (5.3),
m

P=> (C L, (5.4)

k=1
which are orthogonal by construction

Te(Pep) = Y (C71),(C)y, = (CCT i = b (5.5)

n=1
We note that the normalization of these matrices is fixed: in the eigenbasis, we
have the freedom of choice to normalize either the left or right eigenmatrices,
as only Tr(L;Ry) = 0, is required; in contrast, there is no freedom left in
the normalization of the dual basis given by Eq. (5.4), as the trace of the
metastable states of Eq. (5.2) is fixed to 1. A given simplex thus defines a
unique dual basis, which we now use to understand the accuracy of the simplex.

The overlaps with these operators describe the probability of the system

being measured in the corresponding metastable phase,

P = Tr[Pp(0)], (5.6)

Chapter 5 Dominic C Rose 72



5.1. CLASSICAL METASTABLE MANIFOLDS

and are, by definition, the barycentric coordinates within the chosen simplex:
the positions between each vertex and the opposing side of the simplex. A

state within the metastable regime can thus be approximated as, cf. Eq. (5.1),
p(t) = Zpk:ﬁk' (5.7)
k=1

While Y;"  pr = 1 is guaranteed for all states by trace preservation of the
dynamics, for states outside the simplex, pr may be below 0 or above 1. The
distance a probability pp can be outside this range is bounded by the eigenvalues
of the Pk operators, as with the coefficients ¢, and eigenmatrices L; before.
Therefore, by checking the spectrum of the dual basis Eq. (5.4), we can
investigate how well the simplex approximates the MM.

In particular, consider the number of P eigenvalues below 0, normalised by
the dimension D of the system Hilbert space (e.g. D = 2V for a chain of N
spins-1/2),

m D
C=D"! Z Z max (—)\g), 0) : (5.8)

k=1 =1
where )\g) is the [-th eigenvalue of Py,. Geometrically, the eigenvalues below
zero determine how far a state could be away from the face of the simplex
opposite the associated phase: averaged over initial states, we would expect
this to dominate the eigenvalues above 1 in the average distance of states
outside the simplex, since to the surface area of the simplex they are relevant
for is much larger. Indeed, in Ref. [93], we show that 2C bounds from above
the average Li-distance of metastable states from the chosen simplex in the
coefficient space. Meanwhile, the maximal distance of any metastable state

from the simplex is bounded by twice

Coax = Zmax (|AR",0) = DC, (5.9)
k=1
where A" is the minimal eigenvalue of P,. Furthermore, the average and
maximal distance in the space of density matrices, are respectively bounded by
2C(1+ Cy) and 2 Crax (1 + Cain ), where

Cyv = max  min ||pg(t) — prllt (5.10)

1<k<m 0<t<oo

with p;(t) projecting onto g in the expansion (5.1), denotes the corrections to
the positivity (and stationarity) of the metastable phases in the trace-norm.

Note that for systems with metastability, not necessarily classical, by definition,
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we require Cypy < 1, and thus it will contribute in the higher order to the
bounds on the distance.

Therefore, when C of (5.8) and Cpax of (5.9) are small in comparison to
distances inside the simplex (rescaled by 2), which in L;-norm are bounded
exactly by 1, the MM is well approximated with the given simplex, and thus
is classical. This is demonstrated in our case study, the quantum East model
investigated in Secs. 5.2-5.3, where we find that long-lasting metastable phases
form a simplex of N + 1 metastable phases for N spins, with a strong bound
on the distance of states from the simplex, see Fig. 5.4.

Combined with the procedure for constructing the metastable phases, this
measure of accuracy completes the generic clustering based algorithm outlined
in Fig. 5.3. In general, we expect this to fail whenever the MM is not classical,
as is the case for quantum MM [2] featuring decoherence free subspaces [95-97]
or noiseless subsystems [98,99]: for example, qubit DFSs or NSSs amount to
Bloch-sphere structures in the coefficient space, rather than a simplex, see
also [102]. The approach we describe will also fail when the low-lying part of
the master operator spectrum is not sufficiently separated from the rest of the
spectrum, e.g. when the system size is insufficient for the effects of a phase
transition to induce a gap.

Utilising discrete symmetries. Constructing metastable manifolds via the
approach previously discussed is impeded by the presence of symmetries; how-
ever, the construction can also be augmented by utilising these symmetries. To
this end, we will now discuss how the discrete symmetries relate to the eigen-
matrices of the Lindblad operator. Consider the system dynamics £ obeying
a discrete symmetry on the super-operator level, a so called weak symmetry,
[£,U] =0, where Up = UpU' and U? = 1 for some d € N, see Refs. [25,26,94].
As we consider a unique stationary state, we are interested in the case when
the symmetry U is not itself conserved by the dynamics, £T(U) # 0, otherwise
there would be at least as many stationary states as the number n < d of
eigenspaces of U [26]. For example, in the open quantum East model with
periodic boundary conditions discussed in Sec. 5.2, U can be chosen as the
translation symmetry, in which case n = d = N equals the number of spins.

From [£,U] = 0 it follows that the master operator £ is block-diagonal
in the operator basis of eigenmatrices of U4. Therefore, the eigenmatrices
of £, R, and Lj, can be chosen as eigenmatrices of U, whose structure we

now briefly characterise. The superoperator U features at most d different
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eigenvalues, inherited from U: as U? = 1, we have eigenvalues et with
¢ = 2mk/d. Let Vi be the corresponding eigenspace of U spanned by \@/)](f)),
je = 1,..,dim(V;). The eigenmatrices of U with an eigenvalue €®? # 1
correspond to coherences between U-eigenspaces, e.g. Wy(f)x%(f)’ between V}, and
Vi, when 6¢ = ¢, — ¢y = 2m(k—1)/d. In particular, the eigenvalue 1 corresponds
to symmetric operators, i.e. linear combinations of operators supported on Vi,
|77/J](f)><’(/)j(;:)|, k=1,...,n. Due to the symmetry, the eigenmatrices of £ can also
be chosen as eigenmatrices of U, i.e., UT(Ly) = e @ L), and U(Ry) = % R,
in which case under the symmetry transformation p — U(p) the coefficients
simply gain a phase ¢, = Tr[Lyp] — e~ 9%

Coefficient degeneracy due to symmetry. One of the reasons our generic
algorithm considers random rotations is to compensate for cases in which
extreme values of the coefficients are achieved by multiple vertices: when these
extremes are degenerate in coefficients of the reduced eigenbasis. While unlikely
to occur in a generic model, it is not uncommon to end up with a basis of Ly
in which these eigenvalues are degenerate: a typical example would be models
with symmetries, such as the translation invariance present in the dissipative
quantum East model we consider in Sec. 5.2.

To see how symmetries result in degeneracies, first, let us note that if there
exists a low-lying invariant eigenmmatrix Ly, UT(L;) = Ly, its eigenvectors,
in particular the extreme eigenvectors, can be chosen as invariant states. The
metastable states originating from those invariant eigenvectors will also be
symmetric, and thus have O-coefficients for any asymmetric eigenmatrix L;,
UT(L;) # L;. As a result, the extreme states may correspond to mixtures of
asymmetric metastable phases, rather than a single symmetric phase: this is
demonstrated in the vertical coefficient ¢4 in Fig. 5.2, where the lower extreme
eigenvector may lie anywhere in the lower triangle.

Second, note that the asymmetric eigenmatrices U'(L;) = €% L;, where
€% £ 1, are necessarily not hermitian, since U1 (L)) = Ut (L;)]T = e ¥ L;, and
thus Lzr (which is also an eigenmatrix of £ due to the hermiticity preservation
in the dynamics) belongs to a different eigenspace of U. In order to consider
hermitian operators we can replace L; and L by LR® = (¢/#L;, 4+ e " Ll)/2
and L™ = (eI, — e L!)/2i, where € is an arbitrary phase [with the
corresponding transformation of R; and RlT into e ¥R, + ei‘pRlT and i(e ¥Ry —
e”‘f’R;r)]. Due to the free phase €, corresponding to rotation by the angle

@ of the new coefficients, the projection of the maximal simplex on the new
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coordinates can again lead to more than a single phase corresponding to the
extreme values of new coefficients: this is visible in the coefficient c3 in Fig. 5.2,
where the left extreme eigenvector may lie anywhere on the lower left edge of
the simplex.

Symmetry transformations of metastable manifold. While the degeneracies
discussed above are addressed by our generic algorithm, when symmetries are
present the number of combinations for which the simplex volume must be
checked can become substantial. However, the number of combinations can be
reduced substantially by making use of the symmetry: intuitively we would
expect a symmetry transformation of a metastable state to also be a metastable
state, allowing us to instead consider combinations of candidate state sets which
are invariant under transformations. To this end, we show in Ref. [93] that
for discrete symmetries, the vertices of a classical MM must be approximately
permuted under an action of the symmetry, with corrections on the order of
the simplex approximation’s accuracy, Eq. (5.9).

This allows us to enhance the generic algorithm, as sketched in Fig. 5.3.
After clustering near-identical candidate states, we can further group candidates
according to their transformations under symmetries, removing any duplicated
sets. These groups may further include vertices not covered by extreme eigen-
vectors of the current matrix basis: for example, in the case study of Sec. 5.2,
using symmetries as described here removes the need to consider randomly

rotated bases.

5.1.2 Disjointness of metastable phases in classical MM

In Sec. 5.1.1 we discussed when the metastable manifolds of open quantum sys-
tems, in the coefficient space of low-lying eigenmodes, can be well approximated
by a simplex, and how to construct the vertices of that simplex. When this is
the case any system state during the metastable regime, i.e., any metastable
state given by Eq. (5.1), can be approximated as a classical probabilistic mix-
ture of metastable phases corresponding to the vertices of the chosen simplex,
cf. Egs. (5.8) and (5.9).

As we now explain, the classical features of the metastable manifold go even
further. Namely, the metastable phases p1, ..., pm, are not only approzrimately
positive with their trace equal 1 [which directly follows from the expansion
in Eq. (5.1)], but can be shown to be approzimately disjoint in analogy to

the classical metastability and classical phase transitions [16]: that is, distinct
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metastable phases describe states restricted to distinct regions of the state
space.

In Ref. [93] we prove (in the leading order of corrections) that
Te[o(t)201(8)%] S 2 (Cunax + Cann) /2, (5.11)

where k1 =1,...,m, k # [, pi(t) is a metastable state that projects onto py in
the expansion in Eq. (5.1). We have two types of corrections: Cyny, Eq. (5.10),
denotes the corrections to stationarity in the metastability regime (which are
also corrections to the positivity of the metastable phases), and Cy.x bounds the
distance from the simplex of any state in the metastable manifold, cf. Eq. (5.9).
Since pg(t) is positive, the bound in Eq. (5.11) implies that the metastable
phases must be approximately disjoint.

Indeed, for the subspace H; defined as the space spanned by eigenstates of

the projections P, with eigenvalues equal or above 1 /2 we have

Tr[]lﬂk pl(t)] S 2(Cmax + CMM); (512)
Tr[]l'Hk pk(t)] Z 1— 2(Cmax + CMM), (513)

while |Tr[1y, pi(t)] — Tr(1y, pi)| < Cym. Here Hy, captures not only majority
of pr(t) [or px] support, but also its basin of attraction, i.e. the initial system
states which in the metastable regime are approximated by py. For derivation
see Ref. [93].

Finally, we note that a similar bound to Eq. (5.11) can be proven implying
the approximate orthogonality of metastable phases, but in that case the scalar
product, Trpx(t)p(t)] < Tr[pr(t)?]V2Tr[p(¢)?]}/2, will be not only small as a
consequence of classical metastability, but will also be reduced by the mixedness
of metastable phases (see Ref. [93]).

5.1.3 Effective classical dynamics and intermittence

The disjointness of these metastable phases relevant on large time scales, and
the eventual relaxation to a stationary state over these phases, is suggestive of
an effective classical dynamics of jumps between these phases. We now describe
this dynamics, and the corresponding signature in individual trajectories of a
systems evolution, in detail.

Effective long-time dynamics. The evolution for times t > 7/ = (—=Re\,11) !

effectively takes place on the metastable manifold towards the stationary
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state [2], as
p(t) = ps + Y cxe™ Ry = e“Pp(0)], (5.14)
k=1

cf. Eq. (2.33). We can project to find the evolution generator in this space
Ly = PLP. (5.15)

This generator can be now expressed in the basis of the metastable phases,
Eq. (5.3), yielding the dynamics in the barycentric coordinates approximating

the classical probabilities, p = (p1, .., Pm), Eq. (5.6),
dp/dt = Ly P = C'ACP, (5.16)

where (A)g := Apop for k, 1 =1,..,m is the diagonal matrix with the low-lying
eigenvalues of the master operator.

Entries in each column of Lyp add to 0, which corresponds to probability
conservation of the dynamics in the basis of metastable phases. By definition,
the long-time evolution, Eq. (5.15), transforms the metastable manifold onto
itself. This does not guarantee, however, that the simplex of metastable phases
is transformed onto itself, as the evolution may cause states to leave the simplex,
which will lead to the initial probability distribution acquiring negative values
at later times. Nevertheless, we first note that if the stationary state lays inside
any simplex, as all states approach it asymptotically, there exist a time when
all states are found within that simplex. Furthermore, if the maximal simplex
is a close approximation for the metastable manifold, we expect the reduced
master operator to be close to a generator of stochastic classical dynamics
between m metastable phases (for m = 2 see [4]). Sample evolutions given
by this effective operator and transformed into the ¢; coordinate system are
shown in Fig. 5.2(b).

Dynamics of observable averages and correlations. While the long time
evolution of the systems statistics is well described by Eq. (5.16), as we will see
below, the short time evolution will differ significantly. This allows metastability
to be observed in the behaviour of statistical quantities such as expectation
values or autocorrelations of system observables [2,4,52]. For the full evolution,

we have

©O)(t) = Tr[0p(t)] = Tr [0p(0)
= (O) + ch dy, e, (5.17)
K
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where O is a system observable, e.g. spin magnetisation, and we introduced
decomposition into the master operator eigenmodes, ¢ = Tr[Li p(0)], dx =
Tr(O Ry), cf. (2.33), with (O),, = di = Tr[O ps| being the stationary (static)
average. For separation in the master operator spectrum between the real parts
of A\, and A4 eigenvalues, at long times t > 7/, the exact dynamics (5.17)
should be accurately captured by the effective long-time dynamics taking
place in the metastable manifold, Eq. (5.15). In this case, the dynamics of an
observable O average depends on the evolution of the probability distribution

between the metastable phases, Eq. (5.6),

Q

(0)(t) (O)g + D crdye™

= o p(t) = ol v, (5.18)

where (0)r = Tr(Opy), k = 1, ..., m, are the averages of the observable in the
metastable phases, and pj, = Tr[Pyp(0)], see Fig. 5.8(f,g).

Observation of the metastability in expectation values requires preparation
of an initial system state different from the stationary state, something often
difficult to achieve in experimental settings. Nevertheless, for the system in
the stationary state, metastability can also be observed as double-step decay,
or a plateau, in the time-autocorrelation of a system observable. This is due to
the fact that the first measurement perturbs the stationary state causing its
subsequent dynamics. When time between measurements is greater than 7/,
the state conditioned on the initial measurement relaxes into the metastable

manifold and follows the effective dynamics between metastable phases,

Tr(Oew(’)pss) ~ Tr((’)emMMPOpSS)
= ol MM Qp, (5.19)

where O denotes the superoperator representing the measurement of the ob-
servable O on a system state, while O;; = Tr[P,0(p;)] and p,, is the stationary
distribution of pgs between the metastable phases [2,4].

Metastability in dynamics of trajectories. For systems exhibiting metastabil-
ity in the statistics, the individual evolutions of the system over time typically
exhibit intermittence (distinct periods of activity isolated in time) or dynamical
heterogeneity (distinct periods of activity isolated both in time and space) in the
emission measurement record or observables (see Fig. 5.2(c)). These features of

dynamics can be understood as a consequence of metastable phases differing in

Chapter 5 Dominic C Rose 80



5.2. DISSIPATIVE QUANTUM EAST MODEL

activity or observable averages, as follows. Course graining of quantum trajec-
tories in time on the timescales required for relaxation to metastable manifold,
leads to time-coarse-grained system state corresponding to a metastable phase
(or their probabilistic mixture if initialised in the superposition of supports of
metastable phases), and the coarse-grained trajectory corresponding to transi-
tions between these metastable phases. The timescales of those transitions are
exactly captured by the effective dynamics described above, by interpreting
Ly as a generator of classical stochastic dynamics, (5.16). In particular, the
(negative) inverse of the diagonal generator provides the effective lifetime of
metastable phases in classical metastable manifolds.

If the metastable phases differ in activity or observable averages, quantum
trajectories will inherit these macroscopic properties, leading to intermittence
or dynamical heterogeneity characterised by the timescales of the effective
dynamics, allowing for metastability to be observed not only on average,
cf. Egs. (5.18) and (5.19), but also in individual realisations in experiments.
This connection is further strengthened by the discussion of statistics of quantum

trajectories in Sec. 5.3.

5.2 Dissipative quantum East model

We now apply the techniques introduced above to the dissipative quantum East
model [5,40], a generalization of the classical East models studied in relation
to glass physics [42,43]. Such systems classically often exhibit multiple stages
of relaxation on different time scales, and we expect such behaviour to occur in
their quantum counterparts.

For the quantum model, first consider a system consisting of one 1/2-spin

with the Hamiltonian H and jump operators J~ and JT, see Eq. (2.25),

H = Q87 (5.20)
J = V&S,
Jt = /ST,

where S% and S* = S £45¥ are the spin operators. The Hamiltonian consists
of a transverse field causing oscillations in the |0)-|1) basis, while S~ can be

associated with the photon emission, and ST with photon absorption. This
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dynamics features a unique stationary state [5],

R cor e
— YH+K)“+2 Y+K)“+2
Ps= | Tmo  @noee | (5:21)

YOrRE R (yre) a0

expressed in the basis |0), |[1). The many body dynamics is defined using the
eigenstates of the resulting stationary state pgs, the unexcited and excited states
|u) and |e), defined so |u) and |e) approach |0) and |1) respectively, as the
coherent field 2 tends to 0. The probabilities of these states in the one-body
stationary state are its eigenvalues )\, and )., such that pg = A\, [u)u|+ . [e)e]
(see Ref. [93] for the formulas).

A many-body interacting quantum model is then constructed as follows [5,

81], in analogy to the classical East model. We define a constraint operator
Fj(p) = (1 =p)L; +ple)el;, (5.22)

where the subscript j represents the operators acting on j-th spin. The

constrained Hamiltonian for the interacting system is then defined as
N
H=Y QF (p)®S5], (5.23)
j=1

while the constrained jump operators are defined as

J7 = VaFiap) @Sy, (5.24)
Ji = VAFap) @S], (5.25)

where j =1,..., N, 57 and Sf are the spin operators for j-th spin, cf. (5.20),
and we have assumed periodic boundary conditions (i.e. N = 0 for the operator
indices). The constraint, parametrized by p, is absent when p = 0; for p = 1 it
is hard, i.e., dynamics of the spin j + 1 only occurs if the state of its neighbour
to the left, j-spin, features some probability of being in the excited state |e).
For intermediate values of 0 < p < 1, we refer to the constraint as soft.

For the hard constraint, this system possesses two stationary states: a
so called dark state disconnected from the rest of the state space where no

)®N

dynamics occurs due to no constraint being fulfilled, (Ju)u|)® ", and an active

state given by a product state of the stationary state of the single particle
QN

ss 7

system, p27, see also Ref. [93]. This follows directly from the construction
of the dynamics, as the constraint is chosen such that it commutes with the

stationary state of the single particle system, and as such the diagonal state
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is acted on as if the master operator were that of a non-interacting system.
Furthermore, the latter stationary state remains stationary for all values of p.

Despite this simple stationarity, at low temperatures (7/x < 1) and small
values of coherent field (|€2|/k < 1), the dynamics manifests a significant
change as p tends to 1, with jumps in trajectories becoming localized both
spatially and temporally [40], see Fig. 5.2(c,d): this is referred to as dynamical
heterogeneity. Note that this change in the dynamics is not related to any
static transition in the stationary state, with observables remaining analytic
due to the product stationary state p©V. In this section, we will unfold the
dynamical structure of the quantum East model using the approach towards
classical metastability in open quantum systems outlined in Sec. 5.1. In order
to motivate the usefulness of these numerical techniques, we first discuss the
approaches via a mean-field approximation and perturbation theory.

Mean-field theory. A common informative treatment of open many-body
quantum systems is mean-field theory, often resulting in the prediction of
multiple stationary states [3,37]. These stationary states can often be identified
with metastable phases in the finite-size system, with the mean-field describing
short time evolution into the metastable manifold [4], and long-time dynamics
neglected due to the lack of correlations acting as noise on this set of states.
It is known that mean-field is ineffective in the classical case (£2 = 0), as the
removal of spatial dependence in the state causes the constraint’s directionality
to be lost. This can also be argued in the quantum model: while the stationary
state of the quantum (and classical) East model is homogeneous, the dynamical
heterogeneity of trajectories suggests the long time dynamics taking place
between states which are not translationally symmetric, and thus cannot be
reproduced the homogeneous mean-field ansatz. As such, we will forgo a
mean-field treatment.

Perturbation theory. The dynamical heterogeneity is present in the East
model dynamics at low temperatures (y/x < 1), small values of coherent field
(I2]/k < 1), and constraint close to hard (p ~ 1, equivalent to |1 — p| < 1).
Such separation of scale in the dynamical parameters, motivates the use of non-
hermitian perturbation theory [103] for the dynamics with jumps J . featuring
the hard constraint, perturbed with respect to the low temperature, the weak
coherent field or the soft constraint. In Ref. [93] we derive the first, second, and
third-order corrections to the dynamics of the system consisting of any number

of spins, together with discussion of the finite size effects. Here we summarise
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those results, with further comparisons of the perturbative dynamics with the
findings of the approach introduced in Sec. 5.1 in the following sections.

The stationary states of jumps J; and hard constraint correspond to the
states which feature none, |0...0), or only isolated excitations |...010...), as such
states are dark to any jump operator J;, i.e. the action of the jump operators
is 0 on these states. This also leads to all coherences between such states being
stationary, so that they form a decoherence free subspace (DFS) [95-97]. Upon
perturbing, this DFS becomes a quantum metastable manifold and undergoes
slow dynamics at the timescales we now discuss [2].

Low temperature. Already in the first order, the perturbative dynamics
for v/k < 1 leads to the decay of the dark DFS towards states with any
excitations followed at least by two unexcited sites, i.e., |0...0), |...00100...), with
no coherences being stationary any longer. Therefore, the metastable manifold
15 classical in the perturbative regime of low temperatures. Furthermore, in
higher orders of 7, excitations are separated by a distance growing exponentially
with the order of the corrections, see Ref. [93]. Ultimately, this leads to only
two stationary states: the state without any excitations, |0...0), and the uniform
state with a single excitation, N~! Zj\;l |0...01;0...0), which approximate, in
the zero order of v, the two stationary states at p = 1. Softening of the hard
constraint, in the regime |1 — p| < 1, leads additionally to detailed balance
dynamics featuring removal and reintroduction of isolated excitations, with the
rates proportional to x(1 — p)? and (1 — p)?, respectively, which facilitates a
unique stationary state, see Ref. [93].

Weak coherent field. Here, the perturbation in €2 introduces both the Hamil-
tonian and the change of constraints, cf. Egs. (5.23) and (5.24). In Ref. [93] we
show there are no odd-order corrections in €2 to the dynamics. Furthermore,
the second-order corrections correspond to dephasing of all coherences in the
DFS, with probabilistic mixtures of the states of none, |0...0), or only isolated
excitations |...010...), remaining stationary, the first order-corrections to the
state structure introduce the rotation of |0) and |1) towards |u) and |e). There-
fore, we again conclude that the metastable manifold is classical. Although this
is analogous to the perturbative dynamics due to 7, the dynamics of excitations
can take place at earliest in the forth-order. Moreover, the stationary state,
cf. (5.21), which has probabilities A, =1 — X\, = 1 —v/k — 16Q*/x* + ... (see
Ref. [93]), suggests that the coherent field in the forth order may play an

analogous role to the temperature, but in the rotated basis |u), |e). Due to
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complexity of forth-order perturbation theory, we will instead investigate this
hypothesis using the approach of Sec. 5.1.

Finally, we note that the perturbations in the temperature, the coherent field,
or softness of the constraint, are local, cf. Egs. (5.23) and (5.24). Therefore, the
timescales of the resulting perturbative dynamics can be proportional to the
system size, which significantly limits the validity of the perturbation theory, to
YN < K, QN < k, and |1 — p|N < & (as /2 is the slowest eigenvalue of the
dynamics with J~ at the hard constraint). This system-size dependent regime

is not an issue for the numerical methods of Sec. 5.1, which we now discuss.

5.2.1 Accuracy of the simplex approximation

We begin by constructing the classical MM over a range of parameters and
testing the accuracy of the resulting simplex.

First, we check for what parameters there exist suitable gaps in the spectrum
to carry out the construction. This is done for N = 6 in Fig. 5.4(a,b) (which
is the system size discussed in the rest of the chapter). There exist gaps
between the 7th and 8th (here m = 7), and 10th and 11th eigenvalues (here
m = 10), for different ranges of parameters, including points outside the regime
of applicability for perturbation theory. In a certain region of parameters both
of these gaps occur: this will lead to a hierarchy of classical MMs [80], which
we discuss in the next Sec. 5.2.2.

With the presence of these gaps in the spectrum we can now apply the
computational approach discussed in Sec. 5.1 and sketched in Fig. 5.3. We first
consider 2(m — 1)r (m = 7,10) candidate states originating from the extreme
eigenstates of » random rotations of the left eigenmatrices, before clustering
those found near each other, and then generating cycles under the translation
symmetry (of possible length 1, 2, 3 and 6 for N = 6 spins). Finally, we choose
a maximal simplex formed by m metastable states solely chosen as the complete
approximate cycles of the representatives (e.g. for m = 7, it could be in general
chosen as cycles of length 1 and 6, or two cycles of length 2 and a single cycle
of length 3, etc.), which defines m metastable phases, the properties of which
we discuss in the next Sec. 5.2.2.

The dual basis to the chosen metastable phases can be directly used to
test the classicality of the metastable manifold. The probability operators Eq.
(5.4) need to be diagonalized, and their eigenvalues analysed as in Eqs. (5.8)

and (5.9), which provides us with an estimate of the simplexes accuracy. In
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Figure 5.4: Separation in master operator spectrum and classicality: (a-b)

The ratios of the master operator eigenvalues (the real parts) demonstrate two gaps

in the spectrum at m = 7,10 for N = 6 spins, which shows a hierarchy of MMs

in the quantum East model. (c-d) The classicality D=1 S35, S72 l[max(—)\g), 0) +
max()\,(cl) —1,0) > C > Cpax, see Eq. (5.8) and (5.9), of the MM construction for

m = 7 (c), and m = 10 (d), rescaled by the Hilbert space size D = 2°. Softness

p = 0.99.
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Fig. 5.4(c,d) we observe that the metastable manifold with m = 7 is well
approximated by 7 metastable phases for broad regime of low temperatures and
weak coherent fields, but with their values above a certain threshold (black line
with grey region below). This parameter regime directly corresponds to the large
separation at m = 7 in the master operator spectrum, cf. Fig. 5.4(a). Below
the threshold, the metastable manifold instead consists of m = 10 metastable
phases, cf. Fig. 5.4(d) (with the threshold denoted by white dashed line): these
remain metastable also above the threshold, but for a smaller range of values of
the field and temperature than in the case of m = 7. This is again a consequence
of the presence of the separation in the master operator spectrum at m = 10
for a smaller parameter regime than at m = 7, cf. Fig. 5.4(a,b). Nevertheless,
we can conclude that the existing metastable manifolds are classical for low
temperatures and weak coherent fields, except negligibly small values where,
at finite softness, both for m = 7 and m = 10 the separation in the spectrum
disappears, cf. Fig. 5.4(a,b). This is in the complete agreement with the
perturbation theory results derived in Ref. [93], which predict emergence of a
classical manifold from a quantum metastable manifold at small temperature
or weak coherent field (but not in the case of only softening the constraint,
cf. Ref. [93]). In the rest of this chapter, we will focus at the case when there
exists a gap in the master operators at m = 10 [below white dashed line in
Fig. 5.4(c)].

5.2.2 Metastable phases

We now discuss the properties of the metastable phases forming the classical
metastable manifold and their relation to the translation symmetry.
Metastable phases. In Fig. 5.5(a) we show the spin magnetisation along
z-axis for the metastable phases. For m = 7 (first two rows, above the white
dashed line), the metastable manifold consist of the state with all spins down
(no excitation), and six states with a single spin up (a single excitation). For
m = 10, the manifold additionally contains three states with two excitations
at maximally separated sites, i.e. followed by two empty sites [see third row
in Fig. 5.5(a)]. This is exactly the structure of the metastable manifold we
obtained in the first order perturbation theory for temperature (see Ref. [93]),
but now we have confirmed that the case of coherent field is analogous. As the
probability of a spin up or down seems to decrease with the stronger coherent

field, we also confirm (see the insets), that the spins in metastable phases
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are actually aligned with the rotated eigenbasis, |u) and |e), of the stationary
state, (5.21). Therefore, the metastable phases can be approximately viewed
as |uuuuuu), |euvuuu), |euueuu) and their translations, which are orthogonal
due to different number of excitations, or their positions in space, cf. Sec. 5.1.2.
These states are stable since the presence of an excited spin facilitates dynamics
on the spin to its right, in turn facilitating dynamics further along the chain:
the states which are metastable feature excitations as separated as possible,
thus relaxing the slowest.

The dynamics facilitated by these excitations cause photon emissions from
their right neighbour, resulting in the metastable state, an average over trajec-
tories in this phase, containing a mixture of many similar pure states with the
same excitations. We demonstrate this mixing by displaying the purity of the
metastable states in Fig. 5.5(b). The states with a single or double excitation
feature a purity slightly below 1, cf. Fig 5.2(d), with a lower purity for the state
with more excitations as a result of more emissions and thus greater mixing.
We have observed this behaviour in the first-order perturbative corrections due
to temperature, with purity lowered proportionally to v/k, while Fig. 5.5(b)
suggests it is also the case for the coherent field, contributing as Q*/x%.

Translation symmetry. The phases discussed above feature three groups
distinguished by the number of excitations; as mentioned previously, any
metastable manifold must be invariant under the systems symmetries. Further-
more, for any classical metastable manifold, the set of metastable phases must
be invariant under such symmetries, which simply permute the metastable
phases. In particular, the size of invariant subsets of metastable phases is
determined by the orders of the symmetry subgroups. In the case of the dis-
sipative quantum East model with translation symmetry due to the periodic
boundary conditions, N = 6 spins results in four subgroups, the group itself,
the identity, and subgroups of order 2 and 3. Indeed, in Fig. 5.5(a), for the
region of spectrum separation between the 10th and 11th eigenvalues (m = 10)
the subgroups of order 1, 6, and 3 correspond to the cycles of the metastable
phases with none, single, and double excitations, respectively. When the gap
between the 7th and 8th eigenvalues is also present (parameters above the
white dashed line), the metastable manifold with longer lived states (m = 7),
due to the cycles composing the m = 10 MM, necessarily includes only none or

a single excitations.
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5.2.3 Effective dynamics and comparison to the classical

East model

Classical stochastic dynamics. The long time-dynamics Ly taking place
between the phases discussed in Sec. 5.2.2, see Eq. (5.15), can be understood
by considering the master operator projected on the metastable manifold, (see
Eq. (5.16), see Fig. 5.6(a)).

In the previous Sec. 5.2.1, we have shown that the metastable manifold is
well approximated by m disjoint metastable phases, i.e. any metastable state
can be approximated by a probability distribution between the metastable
phases — its barycentric coordinates. Therefore, we expect the reduced mas-
ter operator to be close to a generator of stochastic classical dynamics on
these probability distributions: it should be be both positivity preserving and
probability conserving, the later of which is guaranteed by construction, see
Sec. 5.1.3.

Positivity of the dynamics corresponds in the stochastic generator to the
negativity of the diagonal elements and positivity of the off-diagonal elements.
Therefore, in order to quantify how close the effective master operator is
to positive dynamics on the simplex, we define a stochastic generator Ly},
constructed by replacing any negative off-diagonal components in Lyp by zero,
while simultaneously increasing the magnitude of diagonal elements to maintain
probability conservation (the columns summing to 0). We then calculate the
distance between the two operators, using the norm induced by the L;-norm
of probability distributions, ||X[|; = sup,sq p,=1 |XP|1, corresponding to the

maximal Li-norm among the columns in X. We thus consider

+ HEMM - Ll—\i_/IM}ll
wmlly + [ Sl
where we additionally rescale by the individual operator norms, in order to
obtain 0 < AT < 1. We plot A™ for the long-time dynamics in the dissipative

(5.26)

quantum East model in Fig. 5.6(b): we observe values much smaller than 1
across the entire metastable region of the parameter space, confirming the
effective dynamics is well approximated by stochastic classical dynamics.
Detailed balance in the effective dynamics. Reassured this is an accurate
classical description of the long time dynamics, we now demonstrate how this
construction may be used to study its physical properties. We seek to compare
with the classical East model (€2 = 0). In particular, the classical model features

detailed balance: there are no stationary currents between 2 configurations of
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Figure 5.6: Effective long-time dynamics: (a) Absolute values of the effec-
tive master operator entries in the basis of metastable phases for Q/k = 0.024,
~v/k = 0.0016 and m = 10. Diagonal elements are negative while off-diagonal are
approximately positive. The horizontal labels indicate the number of excitations
in a metastable phase, delineated by the vertical black lines. The horizontal lines
indicate the same for the vertical axis. (b) The distance to a positive stochastic
generator, Eq. (5.26), over (top) the metastable region of the parameter space and
(bottom) the classical Q/k = 0 cross section. (c) Absolute values of entries in
the similarity-transformed effective master operator £y, display the transposition
symmetry associated with the detailed balance. Furthermore, the diagonal elements
are negative while all the off-diagonal are positive. (d) The ratio of the total current
and total activity in the stationary state, see Egs. (5.29) and (5.30) confirms the

detailed balance being present within the metastable region.
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the classical system (spins up or down), i.e.,

(W)ij (pSS)j - (W)]z (Pss); = 0, (5.27)

where we denoted by VW the projection of £ onto probability distributions over
the classical configurations (indexed by ¢ and j), and pss denotes the stationary
distribution.

Detailed balance implies the existence of a similarity transformation which

renders the operator hermitian
W' = diag(Pss) /*W diag(Ps)"?, (5.28)

where hermiticity, W ~ W'T follows component wise from Eq. (5.27). To
check our effective description has detailed balance, we can apply this trans-
formation to Lyn, with P given by projecting the stationary state pV over
the metastable phases. Despite the underlying quantum dynamics caused by
coherent driving from the Hamiltonian, we observe that the effective dynamics
becomes approximately symmetric, see Fig. 5.6(c).

Furthermore, we can directly quantify how well the system satisfies detailed
balance: we consider the ratio of the total current J to the total activity K in

the stationary state associated to the effective master operator,

J = Z ‘(EMM)kl (ﬁss)l - (LMM)lk (f)ss)kl ) (5'29)

If the currents are negligible relative to the activity, the model essentially
has detailed balance. In Fig. 5.6(d), we indeed observe that the current
across all metastable parameters is small compared to the system’s activity; in
comparison, the classical East model also features approximate detailed balance
when restricted to the metastable manifold.

In perturbation theory, these results can be traced back to the fact that
dynamics between system configurations, in the leading order in v or (1 — p)?,
only introduces or removes one excitation at a time, or shifts a single excita-
tion. The result is the same ladder structure as the classical dynamics (for
homogeneous states), thus necessarily implying the detailed balance (while the
approximation worsens for larger 7), see Ref. [93] for details. Approximate de-
tailed balance also in the presence of a weak coherent field, Fig. 5.6(d), suggests

that a similar mechanism may be responsible for the long-time dynamics in

Chapter 5 Dominic C Rose 92



5.2. DISSIPATIVE QUANTUM EAST MODEL

2 /\'u

=

(a)  P2Po_q (b) B
0.05 21 103 0.05 == 10~

© ©

~ ~

<) 0 <5 0
0.00 107 0.00 107!

10
0.00 ~v/k  0.02 0.00 ~/k  0.02

Figure 5.7: Stationary state properties: (a) The free energy of the metastable
phases does not depend on the number of interactions, as the ratio of the stationary
probabilities between the state with a single excitation and the unexcited state, p1/po
approximately equals the ratio of the probabilities for a double excitation and a
single excitation pa/p1. (b) The ratio p;/po actually corresponds to the ratio of the
stationary probabilities in as single state dynamics, Eq. (5.21), of the excited state,
Ae, and unexcited state, A,. Both plots are shown over (top) the metastable region

of the parameter space and (bottom) the classical £2/xk = 0 cross section.

the quantum East model. This is indeed confirmed for the parameters chosen
in Fig. 5.6(a): the most probable transitions (yellow-light green) are associated
with the removal of the second excitation, or removal of a single excitation
towards the unexcited state; the less likely transitions (green) correspond to
a shift of a single excitation, the introduction of one excitation, or removal
of two excitations; the least likely transitions (blue) correspond to the the
introduction of two excitations simultaneously, or shift of two excitations [see
also Fig. 5.8(b,c)].

Non-interacting structure of the stationary state. Since the long-time dynam-
ics system possesses detailed balance, the stationary state of the effective master
operator is thermal: we now discuss the effective free energy function defining
this thermal stationary state. In the full classical East model, whose stationary
state is also a product state, the free energy is simply a function of the number
of excitations, but not their relative distance (i.e. it is not dependent on any
type of interactions). Due to the exponential form of a thermal distribution,
this can be tested by considering ratios of state probabilities: the exponents
only state dependence will be a linear function of the number of excitations.
We test this property in Fig. 5.7(a) for the quantum East model using the
distribution of the stationary state over the metastable phases, by comparing
the ratio of probabilities of finding the stationary state in one of the single or

double excited states, py/p1, to the ratio of finding it in the unexcited state or
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one of the single excitation states, p;/pg. We find that as in the classical East
model, in the quantum model interactions do not play a role in the free energy
of the metastable phases.

Furthermore, the free energy per excitation is directly determined by the
ratio of probabilities for excited and unexcited states in the single-site dynamics,
see Fig. 5.7(b). This is again the consequence of the product structure of the
stationary state, and the metastable states being approximated simply as states
with a single or double excitations, cf. Fig. 5.5(a), which appear as the leading
order corrections to the stationary state above the no-excitation contribution 2.
Therefore, the error of this non-interacting approximation of the free energy will

increase as with growing temperatures and coherent field values, cf. Fig. 5.7(b).

5.2.4 Effective lifetimes and dynamical heterogeneity

As mentioned previously in Sec. 5.1.3, the long-time dynamics between
metastable phases are directly related to quantum trajectories: lifetimes for
trajectories to remain identifiable with these phases, and the transition rates
between these distinct periods, are described by the effective master operator
of Eq. (5.16). We discuss this correspondence in detail now.

Lifetime of metastable phases. The effective lifetimes of the metastable
phases are given by the inverse magnitude of the diagonal elements of the
effective master operators, (5.16). By translation symmetry of the metastable
manifold, the lifetimes of states related by the symmetry must be the same,
i.e., we only have three different timescales: the lifetime 7y of the homogeneous
unexcited state, the lifetime 7; of six states with a single excitation, and the
lifetime 75 of three states with double excitations, which are shown for the
parameter regime leading to metastable dynamics in Fig. 5.8(a).

The unexcited state is the longest lived metastable phase. Note that this
metastable phase can only be can only be excited due to the softness of
constraint in H or J; (for any j = 1,..., N), cf. (5.24), which thus takes places
at the rate proportional to N(1—p)?(2?/k +) + ... [in the perturbative regime
|1 — p| < 1, see Ref. [93]], where the dependence of the rate on the system size

is due to the translation symmetry: the excitation can be introduced in any

2In the case of the classical model (Q = 0), in the perturbative regime, the metastable
manifold is known to consist of isolated excitations at any system size (see Ref. [93]), and thus
the free energy over metastable phases is again only the function of number of excitations,

and so we can expect, also in the quantum East model for larger system sizes
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of N spins. In contrast, the removal of a single excitation at j-th spin, again
requires the softness of constraint in J;~ (or in H, which however is of lower
order), and thus takes place at the faster rate x(1 — p)? + ..., leading to the
separation of timescales 71/79 ~ N(Q%/k% + v/k).

Furthermore, in the parameter region where two gaps are present in the
master operator spectrum [above the white dashed line in Fig. 5.8(a)], we know
from Sec. 5.2.2 that the hierarchy of metastable manifolds exists (m = 7, 10).
This is manifested in the distinct values of the lifetimes 7 and 7 of the
metastable phases with single and double excitations, respectively; with a
single gap in the master operator spectrum (m = 10, below the white dashed
line), their lifetimes are necessarily comparable. We note that the softness of
constraint causes the removal rate of an excitation from metastable phases
with a single excitation and double excitation to be the same (except from
the fact that two possible sites to decay in the double excited state), while
for hard constraint only the second excitation can be removed due to the
temperature of the coherent field (by flipping the unexcited spins between two
excitations which allows for the hard constraint to be fulfilled). When the
constraint is soft, the absence or presence of separation between 7 and 75 is
determined by the softness-induced and temperature-induced dynamics being
faster, respectively. In Fig. 5.8(a), the regime of smaller (greater) v and €2
below (above) the threshold corresponds to the former (latter) process being
the fundamental mechanism in relaxation of the metastable phase with double
excitation towards the stationary state.

Structure of effective stochastic dynamics generator. In Fig. 5.8(b,c) we
show examples of the effective master operator for two sets of parameters,
indicated by the crosses in Fig. 5.8(a), corresponding to the cases with a single
MM and the hierarchy of two MMs, respectively.

In both cases, a double excitation phase is most likely transformed into two
single excitation phases (equally likely due to the translation symmetry by 3
sites of the double excitation phase), with one excitation inducing relaxation
of the other. A single excitation phase is most likely transformed into no-
excitation phase, which in turn gets excited most likely with only a single
excitation (into one of six single-excitation phases). This ladder structure of
the effective classical dynamics supports detailed balance in the dynamics, as
we discussed in detail in Sec. 5.2.3.

Beyond those leading order transformations, however, shifts of a single
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excitations are possible due to two different mechanisms. In Fig. 5.8(c) we
observe that the shift a single excitation is possible to all sites except that
corresponding to the possible position of a second excitation, in which case the
second excitation is introduced instead. This indicates that the shift is actually
facilitated by the introduction of excitations and their subsequent decay, which
can be facilitated either by several excitations by the temperature/coherent
field or softness of constraint allowing for introduction of excitations directly in
unexcited sites. The uniform probability of shifts to different sites in Fig. 5.8(c),
suggest that the two processes contribute equally, while, in the case of two
MMS in Fig. 5.8(d), the larger values of the coherent field and temperature
dominate the latter process and only some shifts are possible. This is directly
supported by the perturbation results in the classical model, see Ref. [93]. We
note that due to small system size N = 6 and the translation symmetry of the
MM, there is no apparent directionality in the dynamics for both cases: we
would in general expect this to follow from the presence of the constraint to
the left, cf. Egs. (5.23) and (5.24), and is present in perturbation theory for
larger system sizes.

Nevertheless, in both cases, the unexcited metastable lifetime is much longer
than the metastable phases with a single or double excitations, so that in the
trajectories of the classical effective operator most time is spent in the unexcited
state. Excitations are thus present at isolated moments in time; these periods
are also isolated in space, due to the symmetry structure of the metastable
manifold (see also Ref. [93]). As we discuss next, this structure of the time and
space separation corresponds directly to dynamical heterogeneity observed in
photon emissions in the quantum East model also for larger system sizes [5,40].

Metastability in quantum trajectories as dynamical heterogeneity. We now
discuss how the spectral gaps in the master operators manifest in the emission
activity of individual experimental realisations of the evolution.

First, let us consider dynamics in the case of the state being (on average)
in one of the metastable phases. An excitation of site (j — 1) in a metastable
phase fulfils the hard constraint of the single spin dynamics of the j-th spin, cf.
Eqgs. (5.20), (5.23) and (5.24), thus enabling its relaxation towards the stationary
state (5.21). Therefore, for the system initialised in such a state, for times before
the effective dynamics in the metastable manifold takes place and the metastable
phase is changed, t < 7 = (—Re),,)"}, in an individual realisation of an

experiment (or quantum trajectories obtained in QJMC simulations), we can
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expect photon emissions to take place on the site j at the rate Tr[(J _)}J{ Pss| =
(1]pss|1) =~ Q?/k + v + .... This site will thus appear brighter for higher
temperature of coherent field values, see Fig. 5.8(d,e); phases will emit a
quantity of photons proportional to the number of excitations, distinguishing
them within a trajectory. In contrast, for the unexcited metastable phase, the
hard constraint in the dynamics is not fulfilled, and therefore, this phase will
appear dark in quantum trajectories, before softness in the constraint will allow
for the introduction of a single excitation, at t > 7.

At longer times, higher-order processes introducing several excitations or
exploiting softness of constraint will become non-negligible on average, con-
tributing to the long-time dynamics of the metastable phases by connecting
disjoint parts of system space. In individual quantum trajectories these pro-
cesses will take place separately and at fluctuating times, but will typically
be followed by the fast decay of excitations due to satisfied hard constraints
(on timescales t < 7') towards another metastable phase. Therefore, a time
coarse-graining of quantum trajectories will lead to the system transitioning
only between metastable phases. On the other hand, an average over tra-
jectories must return the evolution of the master operator, Eq. (2.25), while
projecting the averaged state onto the MM yields a probability distribution
over metastable phases evolving according to the classical stochastic generator,
Eq. (5.15). Therefore, the transitions in coarse-grained quantum trajectories
must be governed by the same effective generator. This is corroborated in
Fig. 5.8(b,c), where, correspondingly with the transition rates of the effective
stochastic generator, in the case of a single MM, mostly transitions between the
excited states and dark states are observed; meanwhile for two MMs, there is
also a significant presence of transitions between states with a single excitation
(excitation shifts).

We conclude that the classical trajectories over the metastable phases gener-
ated by Ly, Eq. (5.15), can be viewed as a result of temporal coarse graining
of quantum trajectories in the full dynamics. In particular, the dynamical
heterogeneity in the quantum trajectories, is the microscopic counterpart to
the classical stochastic jumps between the unexcited phase and the phases with
a single excitation, which can be directly identified with the dynamical phases
of none or a localised activity (photon emissions from the site neighbouring
with the excitation).

We have observed that the classical metastability of the system dynamics
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manifests itself also in the behaviour of individual quantum trajectories of the
system evolution, e.g. by the intermittence [4] or dynamical heterogeneity,
when the metastable phases are characterised by different dynamical behaviour.
Furthermore, as we show in Sec. 5.3, the above discussion can be generalised
to any set of classical metastable phases which differ in activity, and thus the
connection between time-coarse grained quantum trajectories and stochastic
dynamics of metastable phases is fully general.

Metastability in dynamics of observable averages. This dynamical hetero-
geneity induces a plateau structure in the model’s statistical properties, as
a result of the differing lifetimes of distinct metastable states. This can be
observed in the behaviour of statistical quantities such as expectation values or
autocorrelations of system observables [2,4,52], manifesting as a double-step
decay in the quantum East model for N = 6 sites.

As discussed in Sec. 5.1.3, plateaus in the decay of averages and correlations,
can be captured by the long-time effective dynamics in the metastable manifold,
for times ¢ > 7/ = (—Re\41) 7', see Egs. (5.18) and (5.19). We demonstrate
this in Fig. 5.8(f,g) for the total magnetisation m, = 1/N ). (S?), initialized
from the all up state. Indeed we observe an excellent agreement at long
times between the exact and effective dynamics, in the both cases with one
and two MMs, which correspond to one or two plateaus in the dynamics,
respectively. These plateaus exhibit the time regimes of system metastability,
and are consequently reproduced by the effective dynamics in the MM.

Physically, we note that the observable S, effectively counts the number of
excitations, and thus the initial decay corresponds to the removal of excitations
towards two isolated or a single excitation, which appear stationary in the
metastable regime. After the metastable regime, further relaxation towards
either the stationary state or metastable phases with no or a single excitation
takes place according to the long time effective dynamics. Interestingly, in
both cases, the exact dynamics features an additional (anomalous) plateau
at earlier times, which is not due to any further gap present in the spectrum
of the master operator, but results instead from the zero overlap of either
the observable or the initial state with many eigenmodes (not due to their
translational symmetry), cf. Egs. (5.1) and (5.17), resulting in an effective
gap in the eigenvalues of master operator which actually contribute to the

dynamics, and thus an effective metastability, see also Fig. 5.9.
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5.3 Thermodynamics of trajectories

In some systems the metastability can be a collective effect emerging as the
system size increases [4]. If large system sizes are required for prominent
metastability, exact diagonalization may be infeasible, a requirement for the
procedure to unfold classical metastable manifolds proposed in Sec. 5.1 and
applied to the dissipative quantum East model in Sec. 5.2. Here we introduce an
alternative numerical approach to classical metastable manifolds using quantum
jump Monte Carlo simulations [24] and biased sampling in the framework of so-
called thermodynamics of trajectories, based on large deviation theory. Applied
extensively in classical equilibrium statistical mechanics and stochastic systems
(for a detailed review see [6]), biased sampling can also be applied to open
quantum systems [3,39,40, 82].

Thermodynamics of trajectories. Consider a time-integrated observable
K (t) related to jumps in the system dynamics, e.g. the total number of jumps
K(t) occurring in a quantum trajectory of length t. If the probability of
observing a given value of K (t) is biased according to that value, not only the
typical trajectories, but also rare events, i.e. the tails/large deviations in the
probability distribution, can be studied. Here we will show that biasing of
quantum trajectories allows for accessing, via the average over time or over
trajectories, not only the stationary state, but also the metastable states.

Let P[K (t),t] be the probability of a trajectory of length ¢ having undergone
K(t) jumps. Since this is a time averaged observable in the large time limit,
we expect that the probability asymptotically takes a large deviation form
P[K (t),t]oce™*®) for the activity k = K(t)/t [39]. On the other hand, we
may bias the probability distribution, corresponding to a moment generating

function Z(s,t),

Z(s,t) = Y PIK(t),t]e W oce ), (5.31)
K(t)=0

which in the long time limit also takes the large deviation form with rate
function 6(s), related to ¢(k) via the Legendre transform. In particular, 6(s)
corresponds to the scaled cumulant generating function, log|Z(s,t)]/t and can
be found using the numerical and analytical techniques of large deviation theory

(see [7,8] for examples of classical numerical techniques).
Biasing on the ensemble of trajectories can be incorporated directly into the

master equation, (2.25), by introducing an additional factor in the dissipative
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—1076

Figure 5.9: Biased sampling for metastable phases: (a) The leading eigen-
value (rate function) 6(s) (light) of the biased master operator, Eq. (5.32), for the
quantum East model, and the corresponding activity k(s) (dark), plotted on a log
scale for negative values of s. Here bias is applied to total activity, i.e. all jump
operators. The inset shows a larger range of parameters on a linear scale. (b)
The projection of the stationary state of the biased dynamical onto the metastable
manifold: the dark state (dark), a single excited phase (light) and a two-excitation
phase (intermediate). The inset shows a larger range of parameters, along with the
distance between the state and its projection on the metastable manifold (dashed).
In (a,b) Q/k = 0.15, v/k = 0.0004 and p = 0.999, while 6(s) and pss(s) were obtained

by numerical diagonalisation of L.

part related to jump occurrence [3,39],
L) = —ill g +e* Y [ Lol -ruine] 6

= L(p)+ (e - 1) Z Jip JjT
J
so that
Z(s,t) = Tr (e*p), (5.33)

for the initial state p. The eigenvalue of L, with the largest real part corresponds
to 0(s), while for small s the associated eigenmatrix pg(s) is the stationary
state of the system with dynamics biased according to their activity, L pss(s) =
0(s) pss(s). In particular, values of s where the leading eigenvalue is not
unique lead to non-analyticities in 6(s), recognised as first-order dynamical
phase transitions [39], with the associated sharp changes in the rate function
derivative k(s) = —0s0(s) related to the activity in ps(s). This is analogous
to non-analyticities in the free energy in equilibrium statistical mechanics.
Therefore, if a dynamical phase transition occurs nearby s = 0, it is related to
coexistence of phases of different activity, k(s) ~ >, Tr[J] 17, pss(s)], and thus

Chapter 5 Dominic C Rose 101



5.3. THERMODYNAMICS OF TRAJECTORIES

typical trajectories (at s = 0) exhibit a sharp intermittence due to dynamical
phases pss(s) from either side of the transition differing in activity [3,39, 40, 82].

Biased sampling for metastable phases. As argued in the precious sec-
tion 5.2.4, the intermittence in quantum trajectories does not necessarily require
non-analyticities in eigenvalues of £, resulting in the thermodynamic limit, but
can instead occur due to the metastability present in the dynamics, see also [4].
This analogy goes even further and, as we prove in Ref. [93], in such a case,
biasing quantum trajectories according to the jump activity which distinguishes
the metastable phases, allows for the metastable phases to be obtained as the
stationary state, ps(s), of the biased dynamics, £,. The proof follows closely
the argument for the classical dynamics in [50], and relies on the almost degen-
erate non-hermitian perturbation theory, where 0Ls(p) = (e7* — 1) >, J;p JjT
is considered as a perturbation of the master operator £, cf. Eq. (5.32). Briefly,
by choosing the bias value s so that the perturbation is larger than the contri-
bution of slow modes, i.e. Ly in Eq. (5.15), but nevertheless much smaller
than the separation to the fast modes, the effective dynamics of metastable
phases can be neglected. In this case the perturbation to the steady state
of the biased dynamics, ps(s), simply corresponds to the metastable phase
with the highest or the lowest activity, for negative and positive s, respectively.

Furthermore, the rate function and its derivative can be approximated by

0(s) = (e*—1) 1r<r}€a<>7<n Tr (J J; pk> (5.34)
— o8 ]
k(s) = e max Tr (J J; pk> (5.35)

J

for negative s, while for positive s the maximum is replaced by the minimum.
We note that the smoothness of 6(s) is still guaranteed by non-negligible
contribution from Ly at the intermediate values of s.

This result is clearly confirmed in Fig. 5.9(a) where at the negative bias
(i.e. towards larger activity) two sharp transitions are found close to s = 0.
The corresponding activity equals zero, one or twice the value which can be
identified as total single spin activity proportional to Q?/k + 2 + ..., see
Eq. (5.21), and changes as the perturbation due to the bias becomes larger than
Am for m =7 and m = 10, which correspond, respectively, to the smaller MM
with only single excitations beyond the dark state, and the larger MM with also
double excitations being metastable. This is further supported by Fig. 5.9(b),
where in the decomposition between metastable phases, the stationary state of

the biased dynamics at s = 0 corresponds mostly to the dark metastable phase,
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Figure 5.10: Detailed biased sampling for unfolding classical metastable
manifolds: (a,c) The leading eigenvalue (rate function) 6(s) of the biased master
operator, (5.36), for the quantum East model, and the corresponding activity k(s),
plotted on a log scale as a function of bias for all jumps on a single site (a), s; = s,
or two sites (c), s;1 = s4 = s. (b,d) The projection of the stationary state of the
biased dynamics onto the metastable manifold at s = 0: the dark phase (dark), the
phase with a single excitation on the third or sixth site (light) and the phase with
two excitations on the third and sixth site (intermediate). In (a-d) /k = 0.15,
v/k = 0.0004 and p = 0.999, while 6(s) and pss(s) were obtained by numerical

diagonalisation of Ls.

while for a large enough negative bias can be characterised as the equal mixture
of six single-excitation metastable phases or the equal mixture of three double-
excitation metastable phases (here homogeneity follows from the translation
symmetry of L,). Interestingly, for larger values of the bias s [insets in Fig. 5.9]
another sharp transition is observed, when the corresponding stationary state
is found outside the metastable manifold. This sharp transition corresponds
directly to the effective metastability observed already in Fig. 5.8(f,g), and is a
consequence of the fact that the average activity in any system state is a linear
function of the average S, spin magnetisation, and therefore it perturbs only
some of the eigenmodes with an effective gap in the set of their eigenvalues.
The bias with respect to total activity leads to the translationally symmetric
operator L, (5.32), and thus its stationary state is homogeneous, and it

cannot distinguish the individual single- and two-excitation metastable phases.
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Dynamics can be biased instead with respect to activity of individual jumps,

which leads to the master operator
. s 1
Lulp) = —ilttgl+ X [ sl - Ul B30
J

where the (s); = s; are the values of individual biases. In particular, for local
dissipation, as in the dissipative quantum East model, cf. Eq. (5.24), L no
longer features translation symmetry, and thus it can allow for distinguishing
metastable phases differing spatially in the activity profile. This is demonstrated
in Fig. 5.10, where the bias is tuned away from 0 for one or two sites (first
and fourth, sj,s4 # 0). In the case of a single site being biased (a,b), the
stationary state of the dynamics with a large enough negative bias becomes
the corresponding metastable phase with a single excitation located to the left
of the biased site, so that the excitation can satisfy the hard constraint and
facilitate the activity on the site. In the case of the activity biased equally
on two sites (c,d), the stationary state first becomes an equal mixture of two
metastable phases with a single excitation (due to the translation symmetry of
L by 3 sites), while for a large enough negative bias it corresponds exactly to
the metastable phase with two excitation next to the two sites being biased.

In Figs. 5.9 and 5.10, in order to demonstrate that biasing the dynamics can
be used to distinguish metastable phases, we have used the exact diagonalisation
of the biased master operators in Egs. (5.32) and (5.36). It is known, however,
that biasing of the classical stochastic dynamics can be efficiently applied
directly to the generation of stochastic trajectories, with techniques such as
transition path sampling [7] and cloning [8]. If such techniques can generalised
to the quantum case via quantum jump Monte Carlo sampling, following
the discussion above, we conclude that they could be used to distinguish
metastable phases differing in activity, without the need of diagonalising the
master operators in Eq. (2.25) or Eq. (5.32).

Time-coarse-graining of quantum trajectories and effective stochastic dy-
namics. Finally, we note that the proof in Ref. [93] connecting the steady state
of the biased dynamics with metastable phases, provides a complementary
argument to the discussion in Sec. 5.2.4 of the connection between time-coarse
grained quantum trajectories and classical stochastic dynamics between the
metastable phases. Above we have argued that post-selecting trajectories
towards more (less) activity leads to the time-averaged state in the trajectories

given exactly by the metastable phase with an excitation (no excitation) to the
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left of the biased site. Moreover, it also follows that for the intermediate bias
values, the biased steady state corresponds to the mixture of metastable phases
exactly the same as in the case of biasing the effective classical dynamics inside
the metastable manifold with their average activity, i.e. magnetisation. In other
words, the corresponding rate functions coincide in the neighbourhood of s = 0
(with size given by the gap in the master operator spectrum), which implies that
the main contributions to the first two cumulants of the full jump statistics, i.e,
the average and variance, are well captured by the effective classical dynamics

between metastable phases [104], see Ref. [93] for the proof.

5.4 Summary

We have described a general set of techniques for achieving a complete under-
standing of classical metastability emerging from open quantum systems.

First, we described an approach based on the low-lying eigenmodes of the
dynamics, which provides the structure of the manifold of metastable states
relevant at long times, together with the effective dynamics within the manifold.
This was successfully applied to a quantum generalization of the classical East
model, commonly found in the study of glass physics, allowing us to show
that the metastable manifold was classical, and given by a hierarchy of states
characterized by the number of excited sites, similar to the classical East model.
Further, the long time effective dynamics of the model was shown not only to
be classical, but also to possess detailed balance, with the free energy depending
only on the number of excitations, not their distance: both properties also
found in the classical East model.

This approach requires diagonalization of the master operator describing the
dynamics, a difficult task in some models of interest; we discussed an alternative
to this technique based on the concept of biased trajectory sampling. While
biased sampling of quantum trajectories is difficult to achieve at present, we
demonstrated this method in principle, again using the dissipative quantum
East model: we found that appropriately biased ensembles of trajectories return,
to a good approximation, the metastable phases of the unbiased dynamics.
However, for this to allow for the study of systems with larger state spaces, the
development of efficient trajectory sampling for open quantum systems will be
required.

While these techniques allow to uncover the long time properties of open
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quantum systems exhibiting classical metastability, it is currently unknown
how to approach the systems exhibiting quantum metastability, e.g. with
metastable coherences [2], which will be addressed in future research. Such
methods, among others, will also inform the study of structure at first-order

phase transitions in open quantum systems.
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Chapter 6

Spectral properties of classical

and quantum reset processes

The dynamics of stochastic processes, such as animals foraging for food in the
wilderness or a person searching for car keys, often include random resets in
time, taking the form of returns to past locations where food was successfully
located or the last place a person remembers seeing their keys [105]. Recently,
there has been a renewed interest in these processes, due to the fact that they
can improve the efficiency of certain random search processes and algorithms
in terms of mean hitting or first-passage time [106-111]. Reset processes have
also been studied from a more physical point of view, as they provide a simple
model of nonequilibrium processes breaking detailed balance [112-115], as
well as of processes showing dynamical phase transitions in their relaxation
dynamics [116], mean first-passage time [117], or large deviations [118-120].

These studies follow many previous works in mathematics, in queuing theory
and in population dynamics, in particular, on stochastic processes involving
some form of random resets, variously referred to as failures, catastrophes,
disasters or decimations; see, e.g., [121-129]. Most of these works, as well as
those from physics mentioned above, make use of the correspondence that exists
between resets and renewals to obtain renewal representations of both time-
dependent and stationary distributions, in addition to first-passage statistics.
Modified Fokker—Planck and Feynman—Kac equations with additional source
and sink terms describing the evolution of these distributions and statistics
have also been obtained (see, e.g., [107,118,128]) and can be solved explicitly
for some simple models, including reset versions of Brownian motion [106] and
the Ornstein-Uhlenbeck process [130].
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In this chapter, we present a different approach to reset processes based
on the spectral properties of their generator or master operator. Our main
result is a relation between the spectrum of the generator of a reset process and
that of its reset-free counterpart. More precisely, we show that the real part
of the eigenvalues of the generator are shifted for all non-stationary modes by
the reset rate, while the corresponding eigenstates, representing the dynamical
modes, are not modified. We also provide explicit expressions for the stationary
state and current of reset processes involving weighted sums over the dynamical
modes, which are applied to two prototypical models, namely, the totally
asymmetric random walk in one dimension, related to queuing, and the one-
dimensional Brownian motion. The results obtained clearly explain how resets
can accelerate or even induce relaxation to a stationary state by opening a
spectral gap, and how non-zero stationary currents can be created without
having complex eigenvalues in the spectrum of the generator. These results can
also be combined with the spectral theory of classical metastability [1,14,16], or
quantum metastability discussed in earlier chapters, to demonstrate that weak
resetting can modify the weighting of metastable states without modifying
those states significantly.

While resets have been extensively considered in classical nonequilibrium
physics, a relatively unexplored area is the addition of resets to quantum
systems, either closed or interacting with an environment. This case has been
considered recently for a quantum walker subjected to continuous measurements
on a particular site, resulting in a random collapse of the wavefunction followed
by an evolution starting from the measured site [131,132]. We conclude our
study by generalising our spectral results to the type of open quantum systems
described in general by the Lindblad master equation, providing a natural link
with the recent extension of the spectral theory of metastability to quantum
systems [2]. We illustrate this generalization by computing numerically the
stationary state of a model of coherent hopping in one dimension realizing the
reset quantum random walker, and by applying our method to the dissipative
transverse field Ising model [3], previously considered in Chap. 4, providing a

demonstration of the effects of resets on metastability [4].
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6.1 Classical reset Markov processes

We first consider the classical jump processes introduced in Sec. 2.1. The reset
version of that process is constructed simply by adding new transitions at a
rate I' from every configuration to a target or reset state, denoted by Cy. The

generator of the reset process is thus given by

LN=L+T ) [C)(C|-T > [C)(C], (6.1)

C#Cy C#Co

where the additional terms can be absorbed into the old jump operators and
escape rate operator to give shifted transition and escape rates. Note that we

can add

0 =1T"|Co) (Col = T'|Ch) (Co (6.2)

to L' to obtain the simpler form

LN=L+T) |C)(C|-T> |C)(C]
C C
= L+T|Co) (—| =TI, (6.3)

where [ is the identity operator. In this form, it is clear that the reset adds
transitions from all states to Cj, contributing to an extra escape rate I' in the
diagonal, which keeps the conservation condition (—|£' = 0.

The dynamics generated by (6.3) is arguably the simplest form of reset pro-
cess. As defined, reset events are Poissonian with rate I', which is independent
of the state of the system at the time of the reset.

We study in this section the spectral properties of the reset process, deriving
the new eigenvalues, left eigenvectors and right eigenvectors of £ in terms of
those of L. The results are then used to obtain spectral representations of the
stationary state and current of the reset process, and to discuss the effect of

resets on metastable states.

6.1.1 Eigenvalues and eigenvectors

Recalling the spectral theory of Sec. 2.1.1, we begin our analysis with the right
eigenvectors by noting that, due to conservation of probability and the fact
that (—|r;) = 0 for all i # 1, we have

L r)y = (L+T|Co) (—| =TI) |ry)
=N =T1)|r) (6.4)
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for ¢ #£ 1. Consequently, the right eigenvectors of the reset process are the same

as those of the original process, while the eigenvalues are shifted down by I':

A=\ T, i# 1. (6.5)

1

This applies, as noted, to all modes except the stationary state, discussed below,
which is still such that A = 0.
To determine the left eigenvectors, we act from the left with the original

eigenmodes

(Ll £5 = {1l (£ + T[Co) {~| = TT)
= v =) (4l +T (1C) (-
= =) ({04 R ).

But by conservation of probability (—| L' = 0, we also have

;| " = (<li! + % <—y) cr (6.6)

for all i ## 1. Thus we see that the new left eigenvectors are given by

=+ S i 67

For i = 1, we have as before (Ij| = (—|.

6.1.2 Stationary state

The stationary state |PL) of the reset process, corresponding to |r] ), is obtained
from the results above by noting that the new left and right eigenvectors are
orthonormal to each other, so that (I[|PL) = §;;. Substituting this condition
in Eq. (6.7), we find

I (l;]Co)
li PF - — :
(tp5) = -5 (6.9
for ¢ # 1, and thus
D
I {l:|Co)
P = |P.) — S S eV P .
1P} = | Pes) 25 T [7:) (6.9)

We see that in addition to the stationary state of the process without resets,
the resetting stationary state contains a contribution of the dynamical modes,
weighted according to how significant they are in the evolution of the reset state

in the original dynamics (the overlaps ([;|Cy)), and the reset rates magnitude
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relative to the corresponding eigenvalue A;. This agrees with intuition: since
the eigenvalues are related to the lifetimes of the dynamical modes, if the
average time between resets is larger than the lifetime of a mode, it will not
make a significant contribution to the new steady state. We note that this
equation also has the expected limits of |P2) = |Py) and |PX) = |Cp).

This result applies for processes with a finite number D of states, but also
to infinite-dimensional processes, provided that they possess a well-defined
spectrum of eigenvalues with corresponding left and right eigenmodes. This
latter fact will be illustrated in the next section with the example of Brownian
motion.

We should also note that the result holds if the reset state |Cp) is replaced by
a reset probability distribution |FPy) over configurations, giving the probability
of reaching different states after a reset event. In this case, |Cy) in Eq. (6.9) is
simply replaced by the “mixed” reset state |Py). This follows since the reset
state is never referred to above as anything more than as a vector in state
space.

Finally we mention the modification resulting from a lack of ergodicity,
i.e., when L]r;) = 0 and (/;| £ = 0 for more than one pair of states, causing
an initial state dependence of the stationary state. Generically, we can still
choose a basis such that (1| = (—| and (l;|r;) = d;; within this null eigenspace,
allowing us to use nearly the same proof scheme as above. The reset rates
break the zero eigenvalue’s degeneracy and induces a unique stationary state,
with the remainder of the null eigenspace shifted to an eigenvalue of —I'. In Eq.
(6.9) the unique steady state |Py) is replaced by the state-dependent steady

state that would be reached from the reset state under the original dynamics.

6.1.3 Stationary current

The current associated with the stationary state |PL) of the reset process is

defined, for any given link or transition ¢ — ¢, by

Jg—m’ = <C|P51;> ‘CE’C - <C,|Psz> ‘CF (610)

cc'

where Egj is the (4,7) component of L. Substituting the expression of the

stationary state, found in Eq. (6.9), together with the expression of the generator
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L', we can decompose the current into three parts as

D
I (l;|Co) i
JCF—)C/ - JC—>C’ + — T — )\z ‘]c—>c’
+ T ({c|PL) derey — (€| Psy) Scoe) (6.11)
where
Jé%c/ = <C‘7’7;> ‘CC'C - <Cl|ri> Ecc“ (612)

The first term on the right-hand side of Eq. (6.11) is the current of the original
reset-free process, while the second is the weighted contribution of new currents
coming from the non-stationary modes of the original process. Finally, the
third term is the current coming from the reset transitions. From the signs
appearing in the last term, we see that there is a current loop from all the
states to the reset state Cy and then back from Cj to all other states, so that
Cy acts both as a sink and source.

From this result, it is clear that the reset process will violate the condition
of detailed balance, i.e., JU # 0, if the original process satisfies the condition of
detailed balance, i.e., J = 0. In this case, it is known that the original process
has a real spectrum, which implies from our results that the spectrum of the
reset process must also be real, even though J' # 0. This shows that currents
are not necessarily associated with complex spectra of the dynamical generator.
In fact, detailed balance is only a sufficient condition for the generator spectrum
to be real, not a necessary condition.

In principle, it is also possible to have a reset process satisfying detailed
balance (J' = 0) if the original process violates detailed balance (J # 0).
However, this is a rather peculiar case, requiring that the added reset transitions
with rate I' exactly counterbalance all the non-zero currents arising in the reset-
free process. In this case, the original process must again have a real spectrum

in order for the spectrum of the reset process to be real.

6.1.4 Metastability

We close this section by discussing the effect of resets on metastable states that
arise when the evolution of the probability distribution P(C,t) exhibits two
distinct time scales: a fast evolution towards long-lived metastable states, fol-
lowed by a slow relaxation to the final stationary state, as discussed extensively
in Sec. 2.1.3.
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We focus for simplicity on the one-dimensional metastable manifold case.

First, we note that we can rewrite Eq. (6.9) as

D
PD) =P =3 %

1=2

—~

ll|CO

i) (6.13)

’1|3’

As a result, we see that, if we consider T & |\y| < |\3], then the coefficients in
the sum for the terms ¢ > 3 are small compared to the coefficient for i = 2, so
we can truncate to only the first two terms:

[ (l5|Co)

‘Psz> ~ |Pss> - )\2 -T ’702> . (614)

Since the spectrum of the process with resets is simply a real shift by T,
values on this scale preserve the gap in the spectrum required for metastability,
as for I' &~ |\y| we still have Re(A2) — I' < Re(\3) — I'. Physically, this
regime corresponds to the average time between resets being comparable to
the lifetime of the metastable phases, in which the short timescale dynamical
modes represented by ¢ > 3 are averaged out and make negligible contribution
to the stationary state.

Using the definitions (2.18) of the eMSs with the modified left eigenmodes
from Sec. 6.1.1, the eMSs of the model with resets are given by

|P) =|P5) + 3™ |ry)
|PLY =|PLY + ™ |ry) (6.15)

where, since the modification to the left eigenmodes is simply a shift by the
flat state, the coefficients are now given by
I",min/max min/max r <12|CO>
c =c -_— 6.16
2 ; T, (6.16)
Substituting this and Eq. (6.14) into Eq. (6.15), we see that the eMSs with reset
are approximately equal to the original eMSs, as the effect of the modifications

to the steady state and left eigenmodes cancel. Applying Eq. (2.19) to the

model with reset and using |Pl') ~ |P,), we thus obtain

IPLY =~ (05 + Ap) |Pr) + (p5 — Ap) | P)
= |P.) +Ap|P) — Ap|By),

where
I (l5|Co)

Ap = 20
P = Aeo(T — o)

(6.17)
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We see that, depending on the overlap of the reset state with |ls), this coefficient
can cause a notable modification of the steady state mixture even for small
I'. This means physically that resets will make whichever eMS is closer to the
reset state more likely to occur in the stationary state, as expected. Finally,
the modified effective dynamics can be constructed simply by replacing the

coefficients and eigenvalues with the new ones in Eq. (2.20).

6.2 Classical applications

We apply in this section our formula (6.9) for the stationary state of the reset
process for two exactly-solvable models. The applicability of this formula is
obviously limited by the fact that it requires the full spectrum of the reset-free
process. For this reason, we expect it to be more useful for approximating the
stationary state than for calculating that state exactly, either by truncating
the sum involved to a limited number of modes or by expanding the sum
perturbatively in I". Moreover, while exact results can be hard to find, the
formula can be useful numerically when applied to processes in which the
resets break symmetries of the original, reset-free process. Such symmetries can
indeed be used to diagonalise the original process for system sizes much larger
than would otherwise be possible, with the resulting spectrum then being used
in (6.9) to derive the stationary state with resets. This is demonstrated later in
the context of adding resets to a closed quantum system, breaking time-reversal

symmetry.

6.2.1 Totally asymmetric random walk

The first model that we consider is a particle hopping on a one-dimensional
lattice of length L with periodic boundary conditions, so the states are |x) with
x€{1,2,...,L} and |L + 1) = |1). We take the particle to hop only to the

right with rate 7, so that the master operator is

L=7) |o+1) (|-l (6.18)

=1

This operator is translation invariant and can be diagonalized by discrete

Fourier transform, with left and right eigenvectors given by

L
1 27rn
|rn) = 5 e @ | ) (6.19)

:1::1
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and
L

(I = e B @D (g (6.20)

=1
respectively, where n € {0, ..., L — 1}. As before, these eigenvectors are normal-

ized such that (l,,|r;,) = 0pm. Moreover, the eigenvalues are given by
Ap = y(e72™/E 7)), (6.21)

We now add resets at rate I onto the reset site |1). The new eigenvalues
and eigenvectors can then be calculated exactly using the results of the previous

section, with Eq. (6.9) leading to

T
PY=——_3 6.22
(#lPL) = —Sule), (6.22)
where
1 L-1 ei%T":c
S =72 T (6:23)
n=0 y+I

Considering the sum Sy (z) on different sites, we find

__7 _

and so Sp(z + 1) = v/(y +TI')Sp(x) when x # L. Consequently,

(z|PL) = E(L)wsL(n. (6.25)

y\v+T

At this point, rather than explicitly calculate the sum Sp(1), we can just

normalise the stationary state to find

St(l) = ——— (6.26)

thus giving

T 1 v r—1
PL(z) = (x|PL) = < > : 6.27

7+T

This result is interesting because, while the infinite-size limit of the initial

model neither has a stationary state or the ability to reach one (the spectral

gap tends to zero), the infinite-size limit of the model with resets gains a gap

of exactly I', with the corresponding stationary state given by the limit of
Eq. (6.27), with probabilities

PL() = — (L)H, (6.28)

:W—F—F v+ T
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where normalization can be checked via the geometric series. In this way, we
see that resets localise the particle near the reset state, with a localisation
length of
1
€= ———.
In <u>
Y

(6.29)

6.2.2 Brownian motion

We now show how to apply our results to continuous-state models by seeing
them as the limit of a sequence of finite-dimensional models which have a
discrete spectrum and well-defined eigenvectors. We consider for this purpose
the reset Brownian motion in one dimension, first studied in [106] via a modified
Fokker-Planck equation.

The master, or Fokker-Planck operator in this case, without reset is the

Laplacian
d*p(z)
dx?

on the real line, with D as the diffusion constant and p(z) the probability

Lp(x) =D (6.30)

density. The spectrum of this operator is trivial, but it has no normalised
stationary state, nor is it possible to define the orthogonality relation between
left and right eigenfunctions. To address this problem, we restrict the system,
as commonly done in physics, to the finite interval [—L/2, L/2) with periodic

boundary conditions. The spectrum of this restricted model is simply given by

2 2
An——D(%?>, nez, (6.31)

with equal right and left eigenmodes, due to the Hermiticity of L, given by

1 j21mn

rp(r) = —=€e" 277 (6.32)

and normalised according to

L2
(rulrm) = /_ () rn () A = Sy (6.33)

LJ2

Since the spectrum exists and can be normalized appropriately, we may use
our results of Sec. 6.1. Adding resets at a rate I' to the position 0, and defining
the states |0) and (—| by (g|0) = ¢(0) and

L)2

(=1f) = (ol f) = f(z)dz, (6.34)

—L)2
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respectively, we find the new stationary state, which is now a probability density,

to be given by the sum

T 0 eiQTrT”x
r
L nz_:oo D () 4T
Taking the infinite-size limit, we then find
00 dl{? eik:c
Y(z)=T / B 6.36
Ps(7) 2 DI2 4T (6.36)

which can be solved using residues to give
1 /T
pr(r) = 5 56_\/%”'. (6.37)

This agrees with the result of [106] and is similar to the distribution (6.28)

found for the discrete random walk.

6.3 Open quantum systems with resets

We next consider adding resets to open quantum systems interacting with an
environment, as introduced in Sec. 2.2.

For the classical stochastic processes discussed in the previous sections,
reset occurred with equal probability from every state at times distributed
exponentially with rate I'. We can construct a similar kind of reset dynamics

for quantum open systems by adding jump operators
JE = VT ) (ol (6.38)

to the Lindbladian (2.25). Here |¢;) form a complete orthonormal basis, i.e.,
(¢ilp;) = 9, and |¢p) is the reset state. This modifies the Lindblad generator
to

Lr(p) = L(p) +Vr(p) — Tp, (6.39)
where

Ve(p) = T'Tr(p) [¢) (4] (6.40)

To check that this construction has state-independent resets, as desired, we
can consider the quantum jump Monte Carlo (QJMC) approach to simulating
individual trajectories of the system’s evolution (see, e.g., [23]). When the
system undergoes a stochastic dissipative change (a “jump”), the probability
of the change being a reset is

dim(H)

Pr(lo)) o< Y (ol JETIE o) =T (l9) (6.41)

k
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and is thus state independent as required.

To analyse the spectrum of the model with resets, we make the same
assumptions as in Sec. 6.1: we assume that the stationary state of the model
without resets is unique, and that it is diagonalizable (i.e., there are no non-
trivial Jordan blocks). The uniqueness of the stationary state implies Tr(R;) = 0
and hence

Lr(R) =W\ —-1)R; (6.42)

for i € {2,...,dim(#?)}. This shows, similarly to the classical case, that the
R;’s remain eigenmodes of the model with resets, with modified eigenvalues

AN =)\-T. (6.43)

For + = 1, we have again A\; = 0 and the stationary state Ry = pg, which we
calculate below using an analogous method to that of Sec. 6.1.1.
Next, we consider the corresponding left eigenmodes dual to the above. The

adjoint equation is given by
LL(p) = L1(p) + Vi(p) =T, (6.44)

where Vi(p) = T (4| p|¢) I. Note that the identity I remains an eigenmode

with eigenvalue 0, as expected. Inserting the original left eigenmodes, we find

Li(Ly) = (N — D)Ly + T (9] Ly [0) 1. (6.45)
Defini
o 1r = 1, + DLl (6.46)
k AZ — F )

we see that, since the identity is annihilated by the adjoint operator, we have
£} (LF) = (\p ~ D)LL, (6.47)

demonstrating that the new left eigenmodes are L}. It can be checked that
Tr(LZ-FTRj) = 0;; for j # 1 and for all 7, as expected, since Tr(R;) = 0. Finally,
requiring Tr(LZ»FTpES) = d;; for the new stationary state pl, gives the expansion
coefficients of that state in the original right eigenmode basis as
dim(#H)? +
Ly [¥)
r 0 J
= Pos — ——R; 6.48
Pss Pss Z /\j -T 7 ( )
7j=2
which, as can be checked, gives Lrpt, = 0.
The practical applicability of these results depends, as in the classical case,

on the system studied and whether, in particular, it has symmetries simplifying
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the spectral problem. There is an additional benefit in the case of closed
quantum systems coming from the fact that the Lindblad equation reduces
in that case to the von Neumann equation, allowing for much larger system
sizes to be studied compared to a direct spectral solution of the open quantum

problem. We demonstrate this next.

6.3.1 Coherent hopping on a chain

The first example that we consider to illustrate our results is a simple model of

coherent hopping on a closed periodic chain, described by the Hamiltonian

H =S (1) (] + ) {ar + 1]
(U L]+ 1L (1) (6.49)

and no jump operators, so that the reset-free system is closed. The dynamics
generated by this Hamiltonian is similar to that considered in [131,132]. The
main difference is that we consider state-independent resets whereas [131,132]
consider resets induced by continuously measuring the system’s state on a
particular site, leading to a single jump operator proportional to the projective
measurement on that site.

For closed quantum systems, the spectrum of the corresponding Lindblad
equation is given by all possible outer products of the eigenvectors and corre-

sponding differences of eigenvalues of H. Given

the matrices Ry = |ex) (ex| then provide the right eigenmodes of the Lindblad
equation

,C(Rkk/) = —i()\k — /\k’)RkkH (6.51)

with the corresponding left eigenmodes also given by Ly = |ex) (ex|. In this
context, our results at the start of Sec. 6.3 can be modified to handle degenerate
modes with £(R;) = 0, as is the case for closed quantum systems, analogously
to the procedure described at the end of Sec. 6.1.2. The resulting modification
to Eq. (6.48) for coherent dynamics contains a sum over the non-zero eigenvalue
modes as before, with the unique stationary density matrix replaced by a
diagonal matrix in the energy eigenbasis of probabilities for the reset state to

be measured in each eigenstate of the Hamiltonian.
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Figure 6.1: (a,b) Magnitude of the stationary density matrix on a log scale. (c,d)
Occupation probability for each site of the chain compared with the probability of a
classical hopping model with exponential distribution. Plots are for (a,c) I' = 1 and
(b,d) T' = 5.

Using the outer product structure of the eigenstates, we can rewrite this

sum more compactly as the matrix product
pl, = EAVET, (6.52)

where F is the matrix of eigenvectors defined by HE = EA with A;; = \;, and
AT has elements defined by
I (¢[e;) (eil¥)
AL = 6.53
TN = ) (6:53)
These matrices can be efficiently constructed numerically and used to calculate
the stationary state of a closed system after the addition of resets.

For the coherent hopping model we have

len) = Z T | (6.54)

and A\, = 2Qcos(2mn/L). Choosing resets to the state |0) for a chain of L = 2001
and hopping rate v = 1000 > I', the numerically calculated stationary state
is given for two different reset rates in Fig. 6.1. As expected, the magnitude
of the components of the stationary state decay away from the reset state
(Fig. 6.1(a,b)). In Fig. 6.1(c,d), we plot the probability for the system to be

Chapter 6 Dominic C Rose 120



6.3. OPEN QUANTUM SYSTEMS WITH RESETS

found in each site against the distance from the reset state. For comparison,
we also plot the probability for a classical random walk with resets, with
parameters fixed by equating the probability of the two distributions at the
reset state. We see that the coherent dynamics allows particles to move away
from the reset state at a faster rate than the dissipative dynamics, leading
to a crossing point beyond which there is a higher probability of locating the

particle in the coherent model compared to the dissipative model.

6.3.2 Open quantum Ising model

Here we return to the dissipative Ising model considered in Chap. 4, defined
by equations (4.9) and (4.10). Unlike the models previously considered, this
system is not exactly solvable without resets; however, it possesses a translation
symmetry, which can be used with Eq. (6.48) to numerically diagonalise the
model for larger system sizes than if we simply tried to diagonalize the symmetry-
lacking Lindblad equation with resets.

As we have seen in Chap. 4, this system exhibits a collective metastability
in a region of the parameter space. This metastability takes the form of
a decomposition of the system’s state after a long evolution into a linear
combination of a paramagnetic phase and ferromagnetic phase on either side of
the crossover. This is followed by an eventual relaxation to a particular mixture
of these two phases. We thus use this model to study the effect of adding resets
to a model with metastability explicitly, comparing the quantum generalization
of the results from Sec. 6.1.4 with the stationary states given by Eq. (6.48).

We start by studying the reset rate dependence of the system’s magnetisation

in the z direction: recall,

1 N
M= — i )
N ;:1 S (6.55)

Considering a system of N = 7 spins, in Fig. 6.2(a) we plot the magnetisation
of both the full reset stationary state given by Eq. (6.48) (solid lines) and
the approximate decomposition of the reset stationary state into the original
metastable phases given by Eq. (6.17) (dashed lines). This is done for two
different reset states, |¢1) = |[MT1T) and |v9) = [TL1I1LT), both of which
have a high probability of evolving into the paramagnetic state after a time in
the metastable regime.

Without resets the stationary state is dominated by the ferromagnetic phase.

However, for both reset states, there is a larger probability of evolving into the
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paramagnetic phase than the ferromagnetic phase on metastable timescales.
When the reset rate is increased, we expect the stationary state to become
more biased towards the paramagnetic phase. This is clearly demonstrated in
Fig. 6.2(a), with strong agreement between the exact result and the approxima-
tion for reset rates up to the order of |\y]. For I" beyond this scale, metastability
is lost and the approximation fails, with the magnetisation approaching that of
the reset states for large I'.

To quantify the agreement, we show in Fig. 6.2(b) the trace distance
between the truncated metastable state, as given by Eq. (6.17), and the full
reset stationary state, as given by Eq. (6.48). We can see that this distance is
close to zero up until I' = | \s|, after which it increases rapidly, demonstrating a
strong accuracy of Eq. (6.17) when the average time between resets is equal to
or longer than the metastable timescale, as assumed in Sec. 6.1.4. This change
in the stationary magnetisation for smaller reset rates corresponds directly
to the changing mixture of metastable phases in the stationary state. This
is seen in Fig. 6.2(c), which shows a higher probability of the system being
found in the paramagnetic phase as I' is increased. The same behavior can
also be seen at the trajectory level in the two plots of Fig. 6.2(d,e), which show
sample trajectories without resets and with resets to the state [1T111711) at a
rate I', respectively. As expected, we see that resets induce more periods of
paramagnetic phase dropping back into the ferromagnetic phase.

We note that it may be possible to conduct an experiment to study the
effect of resets on this Ising model (and similar many-body spin models) using
ultra-cold atoms confined in optical latices [44,53,133,134]. In such experiments,
the ||)-state is associated with the atomic ground state, while the |1)-state is
represented by a Rydberg nS-state. These states are coupled coherently by
laser, leading to Rabi oscillations at a frequency €2 and a detuning A relative
to the energy difference between the two states. Excited atoms at lattice sites
with position r; and r; interact via a van der Waals potential Vi; = Cg/|r; — 1,
where Cg is the dispersion coefficient characterizing the interaction strength.

Altogether this gives a Hamiltonian of the form
i i, 1
H:QZSJCJFAZSZJFQZWM, (6.56)
i 1 1#]
where n; = 1/21 + S¢. For sufficiently large lattice spacing a, the interaction

decays so rapidly that it can be approximated as a nearest-neighbour interaction.

Applying a laser detuning of the form A = —Cg/a® then leads for a periodic
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Figure 6.2: (a) Magnetisation in the z direction of the stationary state (solid)
compared with the metastable approximation (dashed) as a function of the reset
rate I'. (b) Probability of the two extreme metastable states as a function of I. (c)
Trace distance between the stationary state and the metastable approximation as a
function of I". (d-e) Sample trajectories of the magnetisation over time for I' = 0
(d) and I" = 0.05 (e). Purple lines are for resets to the “all up” state 11, while blue
lines are for resets to the “alternating” state wy. Arrows indicate the point where
I'= |\

chain to the Ising Hamiltonian (4.9), up to an overall energy shift that can
be discarded. Dissipation occurs naturally via photon-emitted decay of the
Rydberg states.

To simulate resets in this system, we can force it into a high magnetisation
state at random intervals determined externally from an exponential distribution.
While it is difficult in practice to place the system in a specific pure state with
high magnetisation reliably, the above results simply generalize to a probability
distribution of pure reset states (i.e., a reset “density matrix”). If such a
density matrix has a large positive expectation value for the magnetisation,
evolution after reset will have a high probability of leading to the paramagnetic
state on the metastable timescale, resulting in similar observations to those of
Fig. 6.2. These resets could be implemented via a strong laser pulse, such that
the system can be momentarily approximated as non-interacting and the pulse

modelled as instantaneous.
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6.4 Summary

We have developed in this work a general spectral approach to investigate
the properties of Markov processes that are reset to a fixed state at random
exponentially distributed times. Our main result shows that the spectrum of
the generator of a reset Markov process is globally shifted by the reset rate
compared with the spectrum of the corresponding reset-free process, except for
the stationary mode, which stays at zero. We have also provided an explicit
formula for the stationary distribution of the reset process, based on the
spectrum of the reset-free process.

This spectral approach can be applied not only to classical stochastic
processes but also, as we have shown, to closed and open quantum systems
modelled by Lindblad-type equations. In both cases, the approach provides a
natural way to study how resets can create a stationary state by opening a gap
in the spectrum and how it affects metastable states. This was illustrated using
various classical and quantum processes, including reset Brownian motion and
the transverse field Ising model reset to a paramagnetic or ferromagnetic state.

For future work, it would be interesting to develop a similar approach for
the large deviations of reset processes, based on the spectrum of the tilted
generator [118,119]. There does not seem to be, a priori, a direct extension of
our results for this generator, as the basic property used to prove our results,
namely, that the non-stationary eigenstates have zero norm, does not hold in
general for the eigenstates of the tilted generator. However, it might be possible
to obtain partial results when the addition of reset to the master operator
mixes only a small subset of the non-reset spectrum.

There also remains much work to be done on quantum systems, for which
resets can be induced either by measurements, as in [131,132], or through other
external perturbations. Some results on these systems have also been obtained
very recently in [135] for the stationary state of closed quantum systems with
reset, which form, as we have seen, a specific case of the quantum systems

considered here.
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Chapter 7
Conclusion

We have seen how metastability in open quantum systems can arise in a variety
of situations: from proximity to a suspected phase transition, as in the Ising
model of Chap. 4; to the constrained dynamics typical of glassy systems, such
as the quantum East model in Chap. 5. In the process, we made substantial
use of symmetries as discussed in Chap. 3, and we developed an extensive
numerical approach to complex classical metastability in Chap. 5. We further
saw how randomly occurring resets could bias a system towards a particular
metastable phase in Chap. 6, amongst several other general results about the
spectral properties of classical and quantum systems with resets.

There remain many avenues of research to be explored following this work.
In the more general realm of reset processes, very little is known about the
effect of resets on quantum systems, with only a handful of cases having
been considered [131,132,135]; similarly, it remains to be seen whether there
exist general spectral results when resetting for the modified master operators
which describe a systems large deviations. The discovery of efficient trajectory
sampling techniques for the study of large deviations in open quantum systems
remains an open problem, with a lack of detailed balance and the computational
time required per trajectory rendering current approaches time consuming.
Such sampling would allow for an alternative approach to constructing classical
metastable phases and the dynamics between them as discussed in Sec. 5.3,
however a general understanding of quantum metastable manifolds is yet to
be achieved, either through spectral techniques or sampling. An alternative
to large deviation based sampling could be the use of Markov state modelling,
a technique in which low-dimensional effective models are constructed from

an underlying classical stochastic dynamics: this would require a two-fold
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extension of these techniques, first to produce effective classical models from an
underlying open quantum dynamics, and secondly to produce effective quantum

dynamics. We hope to address many of the above questions in future work.
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