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Abstract

Additive manufacturing (AM) encompasses a set of technological advancements that enable

objects to be produced in an incremental layer-by-layer material deposition process. The ad-

vantages of such techniques include a more flexible production chain and the capacity to manu-

facture highly customised products. The manufacturing process takes place within an enclosed

build container, referred to as a ‘build volume’, which should be fully utilised to achieve more

efficient production times and reduce costs. This requirement is at the core of cutting and pack-

ing problems, which are well-known combinatorial problems that have been algorithmically

addressed by the operations research community. This study devotes particular attention to the

understanding of three-dimensional irregular packing (3DIP) problems, i.e., the task of arran-

ging arbitrary three-dimensional geometries. It is motivated by the necessity for more precise

and well-informed terminology and categorisation criteria in this problem domain. The thesis

also investigates the properties of existing 3DIP algorithms and the performance patterns with

respect to build volume utilisation and the feature space. These topics have been scarcely ad-

dressed in the literature due to the amount of available data and relevant features on this problem

domain. The primary objective of this work is to contribute to more efficient AM processes by

assessing how volume utilisation can be maximised within the machine at every build. First, the

research assists in the characterisation of 3DIP problems by introducing new measurements for

assessing part complexity. Experiment results demonstrate that such metrics are suitable for de-

scribing entrant geometric features in non-convex three-dimensional objects. Second, this study

extends the existing taxonomy for cutting and packing and provides the most significant bench-

mark for 3DIP in the literature, which is aligned with the challenging requirements observed in

the AM environment. Third, it evaluates some of the most commonly used packing approaches

based on the deepest bottom left with fill heuristic. Lastly, this thesis presents one of the first

reported applications of algorithm selection to 3DIP problems, mapping the problem instance

features, including the newly proposed ones, to the best packing algorithm. The results confirm

the potential of the algorithm selection approach to deliver increased build volume utilisation in

AM processes.
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Chapter 1

Introduction

Additive manufacturing (AM), also known as 3D printing, is an umbrella term for a set of tech-

nologies that facilitate the production of highly complex parts in an incremental layer-by-layer

material deposition process. In most AM technology variants, this process takes place within

the machine in an enclosed build container, referred to as a ‘build volume’. This differs from

conventional production, which is mostly based on subtracting (where raw material is iteratively

removed), moulding (casting soft material within a mould), and forming processes (forces are

applied to shape the material) (Hague et al., 2004; Gibson et al., 2014). The benefits of AM

include a more flexible supply chain that quickly connects the mechanical design stage to the

production (Cotteleer and Joyce, 2014; Achillas et al., 2017) and the ability to compose custom-

isable parts (Tuck et al., 2008).

AM was initially developed in the 1980s for prototyping physical models to provide insights

into a product before committing to final manufacturing processes (Jacobs, 1992). However,

in recent years, AM has been adopted for the manufacture of end-use products in areas such

as aerospace and the production of industrial, automotive and medical equipment. AM has

significant potential for adoption in applications that are characterised by high per-unit revenues

and that involve high degrees of geometric complexity or customisation (Tuck et al., 2008).

As a parallel manufacturing process, AM enables the simultaneous production of differ-

ent geometric parts in a single build volume (Ruffo and Hague, 2007). This gives rise to a build

volume packing problem during the machine setup process, which requires a computational solu-

tion (Nyaluke et al., 1996; Hur et al., 2001). Baumers et al. (2013, 2017a) have demonstrated

that solving this problem effectively during AM execution significantly affects the manufactur-

ing cost. The process requirement to fully utilise the available build volume can be mapped to

cutting and packing (C&P) problems, which are well-known combinatorial optimisation prob-

lems discussed by the operational research (OR) community (Dyckhoff, 1990; Wäscher et al.,

2007).
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In the field of OR, considerable research has been conducted on C&P algorithms. Three-

dimensional irregular packing (3DIP) problems are combinatorial optimisation problems in

which a set of arbitrary volumetric items must be placed into given containers, or build volumes,

in such a way that the total empty space (between the items) is minimised (Wäscher et al., 2007).

Such optimisation problems are classified as NP-hard problems (Garey and Johnson, 1979). One

factor that increases the inherent difficulty of such problems is the presence of non-overlapping

constraints between the geometries involved.

A wide variety of packing approaches have been discussed in the literature, and choosing

the most suitable technique often depends on the technology employed, the material used and

the production constraints (Ikonen et al., 1997; Hur et al., 2001; Canellidis et al., 2006). Some

algorithms, for example, address the free arrangement of geometries within the build volume,

which may result in configurations in which one item is located on top of other items. Such

methods are suitable for relatively unconstrained techniques such as laser sintering (LS), for

which support structures are not required (Gibson et al., 2014). On the other hand, other techno-

logy variants such as resin vat and metallic powder bed processes, require adjustments to allow

for support structures.

Another factor to consider when selecting an appropriate packing algorithm are the char-

acteristics of the problem to be addressed. This is explored in the algorithm selection problem

described by Rice (1975), which aims to investigate relationships between problem features and

algorithmic performance. Algorithm selection has been successfully applied to several com-

binatorial optimisation problems, including scheduling (Beck and Freuder, 2004; Burke et al.,

2006; Smith-Miles, 2009) and the travelling salesman problem (Pihera and Musliu, 2014; Kot-

thoff, 2014), both of which have been explored by the Automated Scheduling Optimisation and

Planning (ASAP) research group at the University of Nottingham. However, far too little has

been published on the application of algorithm selection to 3DIP problems for reasons that in-

clude:

• There are a limited number of numeric features for characterising 3DIP problems that can

capture elements such as shape complexity and demand variation in the context of AM

applications;

• Few representative datasets currently exist, i.e., few problem instances are available for

benchmark packing procedures. This occurs because such instances are often selected or

designed according to the characteristics of the introduced algorithms and not the other

way around (Jaeggi et al., 2008; Egeblad et al., 2009);

• The computational costs of processing, or labelling, a single 3DIP instance are consider-

ably high. As a result, no significant amount of data on algorithm performance has been
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published, which inhibits an unbiased analysis of the prospective relationship between

problem features and algorithms in the 3DIP-domain.

A solution to the aforementioned issues would support the development of approaches to

practical packing problems and contribute reducing production costs and time when manufactur-

ing large demands (Baumers et al., 2013, 2017a). Additionally, addressing those points would

pave the way for research on the application of complementary techniques such as concurrent

optimisation and data science to 3DIP, particularly in the AM environment.

1.1 Aims and scope
The main purpose of this thesis is to enable an increased understanding of the main charac-

teristics of 3DIP problems by introducing descriptive features and a taxonomy that can help

researchers and AM practitioners to correctly address such problems using suitable techniques.

Also, this study demonstrates the implementation of an automatic algorithm selection pipeline

for solving complex 3DIP problems aligned with challenging AM requirements, which appears

for the first time in the literature. In summary, this research contributes to the following research

directions:

• Expanding on knowledge related to 3DIP problems within the AM sector by:

– introducing and analysing features that can support 3D printing by quantifying de-

grees of part complexity;

– proposing a more informed and precise taxonomy for C&P problems;

– generating a new comprehensive dataset for 3DIP that contains industrial-like parts,

which will be a useful tool for better benchmarking of 3DIP solutions.

• Enabling the identification of the most suitable algorithmic approaches for 3DIP problems

and how such methods relate to corresponding problem features through:

– experimental analysis of the practicality of three of most commonly used 3DIP ap-

proaches;

– contributing what, to the best of the authors’ knowledge, is the first report in the

literature of an algorithm selection pipeline for 3DIP problems. Thus, the study

provides recommendations regarding classifiers, configuration settings and relevant

features that should not be omitted in future reports in this domain.

Achieving the above requires an interdisciplinary approach involving a wide range of tech-

niques within the context of OR and Data Sciences including:
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• implementation of optimisation algorithms;

• application of mathematical and statistical models;

• preprocessing and classifying data using a machine learning library;

• AM technologies (e.g. the representation and parsing of geometries using non-structured

data).

1.2 Contributions of this thesis
This thesis introduces new approaches and features for quantifying shape complexity of three-

dimensional geometric models that are suitable for AM processes. It also provides a practical

method for calculating the Spies ratio, which is one of the currently used metrics in this context.

The motivation for carrying out such a study is to generate and analyse data to support well-

informed decision systems capable of quickly identifying the best packing approaches for cer-

tain classes of problems within the current C&P taxonomy. The current categorisation for such

problems, however, does not sufficiently address the variants for objectives and constraints ob-

served in AM. Another complication factor is the sometimes ambiguous terminology employed

by researches in this domain. This work proposes a new taxonomy for cutting and packing,

which is aligned but not restricted to AM requirements. Also, a more comprehensive dataset

was made publicly available to facilitate and encourage more research in this field.

To date, most of the existing body of research on 3DIP within the AM sector has employed

variants of the deepest bottom-left heuristic. However, there has been only limited discussion

on the effects that different algorithm parameters and degrees of freedom for part rotation have

on performance. This research provides valuable insights into the most common packing ap-

proaches, especially regarding the integration of genetic algorithms, which has been the domin-

ant solution technique.

Past research has introduced new algorithmic solutions which arguably perform better for

certain classes of packing problems. For example, wall-building heuristics have been said to res-

ult in higher volume utilisation for the demands of many parts with few different specifications.

The identification of the most suitable algorithm for a new instance is at the core of algorithm

selection problems and has found fertile soil for several combinatorial optimisation problems.

However, this technique has not been applied to 3DIP and is first reported in the literature in

this thesis. Experiments were conducted to support a series of recommendations for machine

learning classifiers, parameter settings and essential features. As a result, the generation of the

most extensive dataset comparing the performance of two of the most popular 3DIP approaches.
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1.3 Publications and presentations
During the course of researching this thesis, the following papers have been published:

• Chapter 2

– Araújo, Luiz JP, Ender Özcan, Jason Atkin, Martin Baumers, Christopher Tuck, and

Richard JM Hague. “Toward better build volume packing in additive manufactur-

ing: classification of existing problems and benchmarks.” Proceedings of the Solid

Freeform Fabrication Symposium (2015): 401-410.

• Chapter 3

– Araújo, Luiz JP, Ender Özcan, Jason AD Atkin, and Martin Baumers. “A part com-

plexity measurement method supporting 3D Printing.” In NIP & Digital Fabrication

Conference, vol. 2016, no. 1, pp. 329-334. Society for Imaging Science and Tech-

nology, 2016.

– Araújo, Luiz JP, Ender Özcan, Jason AD Atkin, and Martin Baumers. “Analysis

of irregular three-dimensional packing problems in additive manufacturing: a new

taxonomy and dataset.” International Journal of Production Research (2018): 1-15.

In addition to the above published papers, the following have been submitted or their pre-

paration for submission is near conclusion:

• Chapter 4

– Araújo, Luiz JP, Panesar, Ajit, Ender Özcan, Jason AD Atkin, and Martin Baumers,

and Ashcroft, Ian. ‘An experimental analysis of Deepest Bottom Left with Fill pack-

ing methods for Additive Manufacturing’. Submitted to International Journal of

Production Research.

• Chapter 5

– Araújo, Luiz JP, Ender Özcan, Jason AD Atkin, and Martin Baumers. ‘An ex-

perimental investigation of a machine-learning-based algorithm selection for three-

dimensional irregular packing’. In preparation.

The conducted work has been presented at the following events and universities:

• 26th Annual International Solid Freeform Fabrication (SFF) Symposium - An Addit-

ive Manufacturing Conference, University of Texas, Austin, United States of America

(08/10/2015)
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• 32nd International Conference on Digital Printing Technologies (NIP) - Printing for Fab-

rication, University of Manchester, United Kingdom (14/09/2016)

• ‘Perspectives on the utilisation of machine learning for three-dimensional irregular pack-

ing’, presentation at Innopolis University, Russia (29/05/2018)

1.4 Structure of the thesis
The structure of this thesis is summarised in Figure 1.1 to help the reader follow how this in-

terdisciplinary work is aligned with the research directions discussed in Section 1.1. Chapter 2

reviews the literature concerning part complexity features, taxonomies for C&P, the character-

istics of commonly used packing approaches, the algorithm selection problem and a summary

of some classification models in machine learning. Chapter 3 contributes to the domain know-

ledge of 3DIP by introducing new part complexity features appropriate for AM applications.

Moreover, it improves the existing taxonomies for C&P, which supports a precise categorisation

of 3DIP problems and literature. Finally, a comprehensive 3DIP dataset aligned to the realistic

characteristics of AM applications is made publicly available. Such a resource is timely, as it

can contribute to development of algorithmic solutions for challenging 3DIP instances. Chapter

4 presents an experimental investigation of the usefulness and the pitfalls of deepest bottom

left algorithms, which have been at the core of most of the packing approaches applied in AM.

Chapter 5 demonstrates the first implementation of machine-learning-based algorithm selection

to 3DIP problems. The application of the entire pipeline provides insights on essential aspects,

including the efficiency of classification models, parameter settings and the relative importance

of 3DIP features through different feature selection methods. The final chapter summarises the

contributions of this thesis and presents directions for future research.
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Figure 1.1: Research directions related to 3DIP problems approached in this work.



Chapter 2

Background and related work

This section presents the literature on the following topics, which are essential for understanding

three-dimensional packing problems: the most common occurrences of 3DIP problems in the

industry, three-dimensional geometry features, alternatives for categorising C&P problems and

available benchmarks. It is equally important to be aware of the main algorithmic approaches

in this domain and their strengths and weaknesses, which are mostly observed through exper-

imentation. Finally, it surveys work on the application of algorithm selection to combinatorial

optimisation problems and on several machine learning classifiers commonly utilised to identify

patterns between search space and algorithm performance.

2.1 Occurrences of 3DIP problems in the industry
Three-dimensional irregular packing problems arise in several industrial applications and vary

widely with regard to constraints and objectives. This thesis focuses on the occurrence of such

problems, solutions to them and their relevant features in the context of AM processes. Over the

past two decades, several studies have stressed that the application of 3DIP algorithms to maxim-

ise build volume utilisation during operations has significant potential for improving production

time and costs (Baumers et al., 2016a). Such computation methods are particularly useful for

AM technologies, such as LS, that allow a relatively unconstrained layout configuration for the

parts within the machine and do not require supporting structures (Gibson et al., 2014).

Another example of an AM technology that benefits from the application of C&P al-

gorithms to achieve increased build volume utilisation is stereolithography (SLA). Two distin-

guishing characteristics of SLA are the necessity for supporting structures - as the powder alone

cannot hold in place the upwardly deposited layers - and the existence of restrictions on the su-

perposition of parts (Jacobs, 1992). Packing solutions used in these applications aim to arrange

parts in placement configurations with horizontal projections that maximise the effectively used

surface area of the build platform (Canellidis et al., 2006, 2013), while also minimising the build

volume height, which affects the estimated production time (Baumers et al., 2013).
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The systematic application of 3DIP algorithms to industrial environments began in the

1980s, at the same time as the birth of AM (Hull, 1986; Udy et al., 1988). However, the first

studies focussed on the design layout of engineering components to address the need for more

complex mechanical assemblies and small circuits (Szykman and Cagan, 1995; Kolli et al., 1996;

Cagan et al., 2002). Packing algorithms used in this domain often have multiple objectives, in-

cluding optimising the centre of gravity and aligning the objects (Wong and Hernandez, 2012;

Sherwani, 2012). Functional constraints connected to a specific technology, such as policies on

the minimum distance between any pair of components, cannot be ignored (Grignon and Fadel,

2004).

3DIP problems commonly occur in computational simulations of granular particle move-

ment, a field of study with diverse applications in the physical and chemical and engineering

industries (Rémond and Gallias, 2004). Most of these studies consider the arrangement of

simple geometries such as spheres and rectangles (Song et al., 2006; Al-Raoush and Alsaleh,

2007; Fraige et al., 2008), although recent methods have been developed to handle irregular-

shaped particles (Jia and Williams, 2001; Lee et al., 2003). Nevertheless, the latter techniques

suffer from performance degradation due to computationally expensive operations for detecting

overlaps between complex surfaces (Lee et al., 2009).

The arrangement of objects into larger containers, which can themselves be arbitrarily

shaped, is an essential requirement in most transportation systems (Fasano, 2004; Eisenbrand

et al., 2005). For example, the Automated Transfer Vehicle (ATV) is a set of standards provided

by the National Aeronautics and Space Administration (NASA) that support the cargo trans-

portation to the International Space Station. Such standards define norms about the number of

items, the accommodation rules and the balancing constraints for each launch and for each com-

partment of the ATV carrier (Fasano, 2003). In the OR literature, such problems are commonly

referred to as three-dimensional non-convex domain loading problems (Boccia et al., 2011).

2.2 Representations of rigid three-dimensional solids
The mostly commonly used file format for describing three-dimensional solids in the layered

manufacturing industry is STL, which is a facet-based (mesh) representation that approximates

surfaces and solid 3D geometries (Wan, 1999). Alternative formats have also been introduced in

response to recent advances in manufacturing, such as additive manufacturing file format (AMF)

and 3D manufacturing format (3MF). Specifications regarding the material, colour, texture and

other physical properties of the parts are provided in these formats (Rengier et al., 2010; Ambrosi

and Pumera, 2016).

In addition to the file format, geometry representation plays an essential role in the design

and performance of the packing approach. For example, the mathematical model proposed by
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Udy et al. (1988) represents each object as the volume defined by precisely twelve edges. As

a result of this constraint, the approach is limited to simple shapes. Another example is the

algorithm implemented by Skiena (1997) for validating the geometric feasibility of the positions

of two given geometries. Such an algorithm was shown to have a complexity of O(n3m3), where

n and m are the respective numbers of edges, which means that its performance degrades quickly

as the number of faces and edges increases.

Geometries have also been represented by raster models which discretise a three-

dimensional space and enumerate the set of points that belong to its interior. This approach was

adopted by Cagan et al. (1998), whoce packing algorithm used octrees to decompose the models

and enable efficient intersection testing. The discretisation of complex parts into a rectangular

three-dimensional grid results in a geometric representation in which each object is denoted by

a collection of voxels (unit values in a three-dimensional grid) (Min, 2004; Tiwari et al., 2010;

Zhang and Zhou, 2012). Despite the fact that a certain degree of information and precision is

lost, raster representations allow a quicker feasibility check during the packing process.

Complex objects have also been represented as the result of successive union and intersec-

tion operations between regular objects (Fasano, 2004; Stoyan et al., 2004, 2005). Mathematical

tools for automatically describing geometries in this fashion have been successfully applied to

two-dimensional problems (Stoyan and Ponomarenko, 1977; Bennell et al., 2010). However, the

extension of such techniques to three-dimensional packing and their feasibility in terms of com-

puter efficiency have not been systematically addressed (Egeblad, 2008). A drawback of this

approach for geometry representation is the requirement for a pre-processing stage that parses

each intended part to a data structure describing the set of regular objects, their position and

rotation and the sequence of union and intersection operations (Scheithauer et al., 2005).

2.3 Features of three-dimensional geometries
It is reasonable to affirm that the complexity of the requested parts is among the aspects that af-

fect packing efficiency. Quantifying the complexity of three-dimensional geometries, therefore,

provides interesting indications that can support the choice of packing approach. Nevertheless,

measuring shape complexity is a challenging and sometimes subjective task as it depends on

the particular problem domain (Psarra and Grajewski, 2001). For example, in an architectural

context, complexity is connected to quantifying the accessibility between space segments or

areas (Hillier and Hanson, 1984; Hiller, 1996) and the characteristics of the perimeter (Rowe

and Banham, 1977). From a computer graphics perspective, by contrast, complexity is related

to the proportion of the surface area that is visible (Benedikt, 1979).

One approach for quantifying shape complexity is the Spies ratio (SR) (Spies, 1957), which

is the ratio between the volume of the three-dimensional geometry and the volume of its minimal
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constraining primitive (e.g. cylinder or cuboid). The intuition behind the SR is the quantification

of the unutilised space when an object is reduced to its envelope. The efficiency of packing

algorithms that reduce parts to their respective bounding boxes is affected by the alignment

between these entities, which also results in different values for SR as illustrated in Figure 2.1.

(a) Spies ratio equal to 23% (b) Spies ratio equal to 15%

Figure 2.1: Illustration of how the alignment affects the value of the Spies ratio (Spies, 1957).

Some of the available shape complexity measurements collect attributes of the file used

to share the geometries (Valentan et al., 2011). Such metrics are mostly based on the STL (an

abbreviation of ‘stereolithography’) format (Wan, 1999), as the additional information in newer

formats (e.g. elasticity and colour) has little or no effect on the layout configuration of the part

within the build chamber. The relationship between attributes in the STL model and optimal

manufacturing in rapid prototyping was first investigated by Valentan et al. (2006, 2008), who

compared a series of metrics to understand shape complexity. These features are shown as

follows:

• The number of faces (triangles)

• The ratio between the volume of the part and the number of faces

• The ratio between the volume of the part and the surface area

• The ratio between the volume of the bounding box of the part in its original orientation

(i.e., no rotation applied) and the volume of the part

Alternative complexity measurements were also generated through non-linear combina-

tions of basic data in the STL model. Valentan et al. (2011) compared the previous measure-

ments (Valentan et al., 2006, 2008) with a new indicator obtained by equation 2.1:
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surface area∗number of facets
volume of the bounding box of the part in its original rotation

(2.1)

One advantage of using easily accessible data in the STL model for assessing geometry

complexity is the avoidance of additional processing effort to compute feature values. However,

Valentan et al. (2006, 2008, 2011) have admitted that such data is unable to capture or measure

degrees of non-convexity and concavity, which are essential characteristics for assessing man-

ufacturing quality. Another disadvantage of most of these metrics is their dependence on the

original orientation of the model, which is often provided by a human operator.

Psarra and Grajewski (2001) introduced a complexity measurement to quantify the presence

of concavities in two-dimensional perimeters, which is useful in an architectural context. This

metric assesses the ‘connectivity’ of each pixel p laying on the perimeter P. Two perimeter pixels

are said to be connected if the line between these pixels is entirely within the polygon defined by

the perimeter. The mean connectivity value of a polygon is the mean of the connectivity values

of all the pixels on P. The connectivity value of a pixel (CVp) and the mean connectivity value

of a polygon (MCV ) are given in equations 2.2 and 2.3, respectively.

CVp =
number of perimeter pixels that are connected to p

|P|
(2.2)

MCV = ∑
p∈P

CVp

|P|
(2.3)

Another complexity measure is the v-value, also introduced by Psarra and Grajewski

(2001), which captures the variation of CV among the perimeter locations. An advantage of

using both the MCV and the v-value measurements is that they can detect which areas of the

perimeter contribute to higher complexity.

2.4 Taxonomies for cutting and packing problems
The first classification of C&P problems was presented by Dyckhoff (1990), who proposed

representing problems as four-tuples in the form α/β/γ/δ to capture elements relevant for

C&P. In Dyckhoff’s notation, problems are categorised according to their dimensionality (α),

the kind of assignment or requirements regarding the selection of items and containers (β ), the

quantity and shape of the containers (γ), and the multiplicity of types of required objects (δ ).

The values for each category in the four-tuple notation are listed with their original terminology

as follows.

• Dimensionality (α)

– One-dimensional (1)
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– Two-dimensional (2)

– Three-dimensional (3)

– N-dimensional with N > 3 (N)

• Kind of assignment (β )

– All objects and a selection of items (B): a subset of items that optimises an objective

function is selected and then distributed among available large objects

– A selection of objects and all items (V ): all items have to be assigned to a proper

selection of large objects

• Assortment of large objects (γ)

– One object (O)

– Identical figure (I): all large objects have the same dimensions

– Different figures (D): large objects have different dimensions

• Assortment of small items (δ )

– Few items of different figures (types or models) (F)

– Many items of many different figures (M)

– Many items of relatively few different (non-congruent) figures (R)

– Congruent figures (C)

Despite its importance for the study of C&P, the taxonomy introduced by Dyckhoff (1990)

has several weaknesses (Wäscher et al., 2007). First, it ‘does not necessarily result in homo-

geneous problem categories’ and contains a ‘partially inconsistent’ categorisation Wäscher et al.

(2007, p.1112). In addition, Wäscher et al. noticed that Dyckhoff’s coding scheme was ‘not

self-explanatory from the view point of an international (English-speaking) community or re-

searchers’ Wäscher et al. (2007, p.1111). For example, the kind of assignment defining the

selection of a subset of items is denoted by the symbol B, shorthand for the German word ‘Be-

ladeproblem’, while the second assignment is assigned as ‘V’ after the word ‘Verladeproblem’.

Wäscher et al. (2007) addressed the identified issues by introducing refined terminology and

categorisation criteria, which are summarised as follows.

• Dimensionality

– One-dimensional
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– Two-dimensional

– Three-dimensional

• Kind of assignment

– Output (value) maximisation: a subset of the small items of maximal value (usually

the volume) has to be assigned

– Input (value) minimisation: all small items are assigned

• Assortment of small items

– Identical small items

– Weakly heterogeneous assortment: the demand for each item type (items of identical

shape and size) is relatively large

– Strongly heterogeneous assortment: only few elements are of identical shape and

size; the demand for each item type is equal to one (Wäscher et al., 2007, p.1115)

• Assortment of large objects

– One large object

∗ All dimensions fixed

∗ One or more variable dimensions

– Several large objects

∗ Identical large objects

∗ Weakly heterogeneous assortment

∗ Strongly heterogeneous assortment

Wäscher et al. (2007) have also identified three main categories of packing problems that

are frequently found in the literature and that receive considerable attention in this thesis: (i) the

knapsack problem, which pertains to the arrangement of a subset of small items that maximise

the total value within a larger object with limited capacity; (ii) the open dimension or strip

packing problem, which addresses the minimisation of an open dimension (e.g. height) of a

single large object in such a way that it accommodates the entire demand for small parts; and

(iii) the bin packing problem, which addresses the minimisation of the number of large objects

(or bins) necessary to accommodate the entire demand for small objects.

Wäscher et al.’s taxonomy was a significant improvement of the previous typology and is

the most widely accepted in the C&P literature. However, as in Dyckhoff’s classification, some
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of the categories still depend upon on ambiguous linguistic terms such as ‘few’ or ‘many’ to

describe the variation of both small and large objects. Moreover, Wäscher et al. did not offer

an encoding scheme which could aid researchers to quickly represent objectives, constraints and

other characteristics of a particular problem. Such an encoding would be timely, as it would en-

able researchers to quickly and easily access literature on a particular category of C&P problem.

The taxonomies proposed by Dyckhoff and Wäscher et al. have contributed to the stand-

ardisation of the C&P terminology, which is helpful considering the fact that many researchers

approaching such problems belong to different fields and often refer to similar problems using

different denominations. Nevertheless, there are still inconsistencies in the terminology used

in this area. For example, Egeblad (2008) has noted that while the term ‘knapsack packing’ is

commonly utilised in the OR literature, ‘container loading’ and ‘multi-pallet loading’ have been

systematically employed to describe the same problem in work on industrial applications.

Jia et al. (2007) have observed that the geometric characteristics of the parts are among the

aspects that affect the packing density obtained by packing algorithms. In this regard, Dyck-

hoff’s (1990) typology separate parts according to their shape, being either regular (forms that

can be described by a few parameters such as rectangles or spheres) or irregular. Wäscher et al.

(2007) discriminated between items according to the variation in demand, this either weakly or

strongly heterogeneous. A more detailed classification for two- and three-dimensional rectan-

gular geometries is provided by Pisinger and Egeblad (2006), who categorised parts into five

groups:

• Flat: the width and height of a rectangle is larger than its depth

• Long: the depth is larger than both the width and the height

• Cube: the three axes are of equal dimensions

• Uniform: the largest dimension is no more than 200% of the smallest

• Diverse: the largest dimension is up to 50 times larger the smallest

It can be noted that according to the above classification criteria objects can belong to more

than one category. Another drawback is that aspects connected to irregular packing problems,

such as convexity, shape complexity and multiplicity of demands, are ignored.

2.5 Algorithmic approaches to 3DIP problems
C&P problems are multidisciplinary optimisation problems that have been extensively addressed

by studies in the area of OR since the 1960s (Art, 1966). From a computer science perspective,

Fowler et al. (1980) and Fowler et al. (1981) have demonstrated that C&P problems belong to
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the class of NP-hard problems (Garey and Johnson, 1979), which means that their solution time

scales up at least as fast as a exponential rate as the size of the input increases (Woeginger, 2003).

One aspect that adds a layer of complication is the presence of a large number of geometrically

complex parts. Hence most of the 3DIP algorithms use heuristics or rules of thumb to guide

the search for satisfactory solutions in acceptable time (Hochbaum, 1996). A brief overview

of general strategies for solving 2D Irregular Packing problems can provide insights into how

3DIP can be addressed, even though the latter are considerably more complex. Bennell and

Oliveira (2009) have classified 2D packing approaches according to the performed task and

representation for solutions, which are summarised as follows:

• Build partial solutions: methods which incrementally construct the solution, piece by

piece

– Placement rules: heuristics that define how parts are placed, such as policies for

orthogonal translation

∗ Bottom Left: fixed translation sequence (Art, 1966)

∗ Floating placement: the position where a piece is attached is determined by a

heuristic procedure

– Pieces sequencing: methods which aim to identify the best order in which parts

should be packed

∗ Random

∗ Fixed rule (e.g. pieces with the largest dimension on the x-axis are placed first

(Art, 1966))

∗ Dynamic selection

• Improve complete solutions: procedures which interactively perturb the initial solution

until termination criteria are satisfied

– Layout representations: solutions are represented by sequences of pieces to be pro-

cessed by a placement rule

– Physical layout: the layout solution is explicit, i.e., it contains information on the

location and orientation for each piece

Packing algorithms often combine different techniques from the categories shown above

(Bennell and Oliveira, 2009). For example, a particular procedure may improve a complete

solution represented as a sequence of parts while also using a placement rule (e.g. the bottom-

left heuristic) to process the sequence (Egeblad et al., 2007). The following sections use Bennell
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and OliveiraâĂŹs criteria and categorise packing algorithms according to the contribution and

the main component of the particular study.

2.5.1 Exact methods

The spectrum of approaches for addressing packing problems includes exact methods for local

or near-global optimisation, including mathematical programming and geometric calculus (Scott

and Kilgour, 1969; Visscher and Bolsterli, 1972). These methods have been used to arrange

similar geometry primitives like spheres or cubes within rectangular spaces. However, as some

authors note, relatively few studies have applied exact methods to 3DIP problems (Stoyan et al.,

2005; Chernov et al., 2010; Paul and Anand, 2012). One reason for this is that ‘three-dimensional

packing problems can be problematic to conventional gradient-based optimisation methods due

to discontinuities and/or severe nonlinearities in their objective function spaces’ (Szykman and

Cagan, 1995, page 309). The following topics are noteworthy in the existing methods that

describe 3DIP problems as mathematical models (Udy et al., 1988; Scheithauer et al., 2005;

Stoyan et al., 2004, 2005; Chernov et al., 2010): (i) the geometry representation, (ii) the detection

of geometric feasibility, (iii) the optimisation objective and (iv) the limitations of this approach.

These are discussed in the following paragraphs.

As mentioned in Section 2.2, geometry representation affects the efficiency of packing ap-

proaches, particularly given the number of variables and constraints in these problems. Most of

the literature on this type of approach addresses convex primitives such as spheres or cylinders

(Scheithauer et al., 2005), convex mesh objects (Stoyan et al., 2005), or the decomposition of

non-convex objects into convex ones (Stoyan et al., 2004; Chernov et al., 2010). A common

aspect of these methods is the existence of a considerable number of inequalities that increase

in accordance with the number of parts (n), including the components that form each part de-

composition (see Section 2.2). For example, the number of inequalities in the models described

by Stoyan et al. (2004) and Chernov et al. (2010) is larger than n!, which makes these models

unfeasible for problems of ‘practical interest’ (Stoyan et al., 2004, page 11).

The second aspect is the validation of geometric intersection, which is undoubtedly

the most computationally expensive component used in processing three-dimensional objects

(Scheithauer et al., 2005). One example of a mathematical tool for intersection testing is the

no-fit polygon (NFP), which constructs a space around a polygon in within which a second geo-

metry cannot be placed without resulting in overlap (Bennell and Song, 2008; Bennell et al.,

2010). Figure 2.2 illustrates the construction of the NFP area (defined by the thick border) of

the two-dimensional object P in relation to Q, i.e., P does not overlap with Q, provided that its

reference point is not within the NFP.
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Figure 2.2: Example of the no-fit polygon (NFP) of a 2D object P in relation to Q.

Another mathematical tool for verifying geometric feasibility is the Φ-function, which re-

turns the distance between two objects (in this context, called ‘Φ-objects’). The signal of the

value returned by the Φ-function indicates whether the two objects overlap, have tangent bound-

aries after being translated, or result in feasible placement (Stoyan and Yaskov, 1983; Stoyan

et al., 2004, 2005). Other methods for overlap detection model geometries as the intersection of

a fixed number of hyperplanes (Udy et al., 1988).

The main disadvantage of using the aforementioned functions to test for geometric feasib-

ility is the computational cost (Bennell and Song, 2008). Dowsland et al. (2002) have studied

the computational cost required for NFP calculations and have found that “several hours are

quoted for problems of around 500 (two-dimensional) pieces” Dowsland et al. (2002, page 373).

Despite the reduced amount of time required to construct Φ-functions compared to NFP (Stoyan

et al., 2005), this function is still unfeasible for problem instances with more than five parts

(Stoyan et al., 2004).

A third aspect to consider when addressing 3DIP problems with exact methods is the ob-

jective function. Several methods following this approach aim to minimise the volume height

required to accommodate the entire demand for parts (Udy et al., 1988; Stoyan et al., 2004, 2005;

Scheithauer et al., 2005; Chernov et al., 2010). Another recurring similarity is the adoption of

decision variables that determine the values and directions for translation vectors (one per part),

which are applied simultaneously with the current placement configuration (Stoyan et al., 2004,

2005; Scheithauer et al., 2005; Chernov et al., 2010; Paul and Anand, 2012).

Another disadvantage of using exact methods for 3DIP problems is the extreme complex-

ity of these models, due to a high number of variables and constraints (Stoyan et al., 2004;

Chernov et al., 2010). Moreover, additional restrictions related to part rotation are still problem-

atic (Stoyan et al., 2004, 2005) and, in some models, considered an ‘open problem’ (Scheithauer

et al., 2005). Another limitation is the need for promising starting positions, which can pose a

barrier to finding effective local optimal solutions. For example, Udy et al. (1988) used an initial

configuration provided by a human expert, whereas this process is automated in other methods
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by incorporating a placement heuristic (Stoyan et al., 2004, 2005; Chernov et al., 2010).

The major drawback of exact methods is that they cannot handle large number of geomet-

ries (considering non-convex objects as compositions of convex primitives) (Fasano, 2004). For

example, the mathematical models proposed by Stoyan et al. “do not permit to obtain a proved

optimal solution (...) for problems of medium size (number of parts greater than five) in accept-

able time” (Stoyan et al., 2005, page 10). In another work, the same authors have suggested

that such a method is recommended provided that the number of parts is ‘less than 250 and if

the polytopes (geometries) are sufficiently different’ (Stoyan et al., 2004, page 25). Finally, the

number of parts also considerably affects the number of operations and the processing costs.

In the case of Φ-functions, for example, the number of computations grows in a degree-two

polynomial rate function for each pair of objects (Scheithauer et al., 2005).

2.5.2 Packing approaches which build partial solutions

This section reviews the main approaches that incrementally construct solutions, including

placement policies, notably the deepest bottom left (DBL) heuristic, search algorithms com-

bined to a placement policy, and wall-building approaches.

Placement policies
A placement policy is a simple strategy which describes how the parts are accommodated, one

at a time, within the available space. Most 3DIP algorithms use variants of the placement policy

known as the bottom-left (BL) heuristic (Ikonen and Biles, 1997; Canellidis et al., 2006; Gogate

and Pande, 2008; Canellidis et al., 2010, 2013). BL was first introduced by Art (1966) for solving

the problem of arranging two-dimensional irregular polygons within a rectangular sheet with the

smallest width possible. Such a procedure arranges a sequence of parts at the bottom-left-most

available position within the available space. After being inserted, each part is then orthogonally

slid towards the origin when no overlap is detected.

Dowsland et al. (2002) divide the variants of the BL heuristic into two classes: with hole

filling and without hole filling (traditional BL). Although the former method results in more

efficient use of the available space, it also leads to a significantly long processing time (Dow-

sland et al., 2002). BL variants can also be categorised according to the number of dimensions

contained in the problem. While the majority of published work addresses two-dimensional

problems, relatively few studies have extended the BL, notably the deepest bottom left with fill

(DBLF) method proposed by Karabulut and Murat (2004), to the three-dimensional domain.

DBLF interactively translates objects, one at a time, towards the origin while it maintains a list

of internal spaces to be filled using later geometries.

Methods employing the DBLF suffer from a high computational runtime required for veri-

fying geometric feasibility during the placement of each part (Burke et al., 2004). Real-world
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parts produced by AM means often involve complex entrant features and require expensive val-

idations (Milenkovic and Schmidl, 2001; Dowsland et al., 2002; Dean et al., 2006; Bennell and

Song, 2008). The integration of functions for testing geometric feasibility such as the no-fit poly-

gon and Φ-functions, discussed in Section 2.5.1, require expensive computational processing

before packing (Dowsland et al., 2002).

The volume density achieved by BL-based methods, including DBLF for three-dimensional

problems, depends on the sequence and orientations in which parts are processed, among other

aspects (Ikonen and Biles, 1997; Bennell and Oliveira, 2009). In the original implementation

of the BL (Art, 1966), parts are sorted in increasing order of width (dimension on the x-axis),

increasing value of area and the decreasing wasted area on the left of the part when packed.

The sorting criteria area selected to tackle the objective function to be addressed. For example,

the First-Fit Decreasing Height algorithm packs parts in decreasing order of heights (Koulamas,

1998).

Baumers et al. (2013) presented an example of DBLF algorithm applied to AM to investig-

ate models for predicting energy consumption and production costs in laser sintering processes.

Their packing algorithm packed items in decreasing order of priority, with the largest objects

processed first. This method yielded promising results regarding the maximisation of the util-

ised surface area of the build platform and helped the authors to demonstrate that the full use of

available machine capacity has an impact on process efficiency. Another use of DBLF algorithm

for AM was demonstrated by Wu et al. (2014), who employed one such method to examine how

certain packing configurations affect surface quality, the volume of supporting structures, and

build volume utilisation (Li and Zhang, 2013). Wu et al. analysed the product quality and the ex-

pected manufacturing costs of the generated set of solutions to support robust decisions through

Pareto-based heuristics.

Search algorithms integrated to a placement policy

The sequence of parts and their orientations in which they are arranged within the build volume

play an important a role in packing efficiency (Ikonen and Biles, 1997; Bennell and Oliveira,

2009). Such configurations are often contained in a data structure referred to as a ‘packing plan’

which is inserted into a placement heuristic (Ikonen et al., 1996; Ikonen and Biles, 1997; Gogate

and Pande, 2008). Identifying which packing plan leads to maximum volume utilisation is a

challenging task due to the large search space that results from the many available permutations,

which grows at a factorial rate, and the exponential number of rotations (Velleman, 2006).

Much of the literature on 3DIP applied to AM combines BL-based heuristics with search

algorithms, particularly metaheuristics. These are high-level search algorithms that return sat-

isfactory solutions in reasonable runtime. One of the first examples of such an approach was
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undertaken by Ikonen et al. (1996) to investigate the advantages of implementing genetic al-

gorithms for part packing in rapid prototyping machines (GARP) (Ikonen et al., 1996, 1997;

Ikonen and Biles, 1997; Ikonen et al., 1998). Genetic algorithms (GA) are population-based

meta-heuristics inspired by the natural process of reproduction, involving the survival of the fit-

test individuals in a population, which evolves over several generations (John, 1992). To solve

packing problems, each individual encodes a packing plan while its fitness function measures

the resulting volume density and penalises overlaps between the geometries (Ikonen et al., 1997,

1998). Several methods have been published that extend the GARP approach (Ikonen et al.,

1998). For example, Hur et al. incorporated a pre-processing stage to locally optimise the height

of each part individually before packing “for achieving the minimum build height [to] reduce

build time” (Hur et al., 2001, page 237). Gogate and Pande (2008) adopted a similar approach

for maximising the weighted sum of the build volume height, metrics for the staircase effect, the

volume of support structures and the total surface area in contact with the support structures (Al-

exander et al., 1998; Lan et al., 1997; Byun and Lee, 2006). Other methods have implemented

discretised geometric representations (e.g. voxelised objects or octrees) to enable evaluation of

more candidate solutions (Tiwari et al., 2010; Ravindran, 2003).

The studies mentioned above focus on 3DIP applied to LS technology, which allows

higher degrees of freedom for placement layouts. Another AM technology that uses packing

algorithms is Stereolithography (SLA), as illustrated in work conducted by Canellidis et al.

(2006, 2010, 2013). These GARP methods reduce three-dimensional packing problems to the

two-dimensional domain and integrate a pre-processing stage to maximise the utilisation of the

printing platform and minimise the volume of supporting structures, which are attributes partic-

ularly relevant in SLA manufacturing. A summary of GARP approaches is presented in Table

2.1.

Another example of a meta-heuristic used to improve placement policies is Tabu Search

(TS), which has largely been used for solving regular one- and two-dimensional packing prob-

lems (Lodi et al., 2004; Gendreau et al., 2008; Crainic et al., 2009). Tabu Search uses a local

search procedure to explore the solution space beyond local optimum by discouraging the test-

ing of previously-visited solutions (Glover, 1986). This meta-heuristic has been noted to be a

more aggressive local optimum search strategy than GA, as it moves the best available solution

at each iteration, devoting significant computational effort to exploring regions where solutions

are good (Glover, 1989). However, its performance is highly sensitive to parameter settings, and

it is “not unusual to see the performance of a procedure dramatically improve after changing

the value of one or two key parameters” (Gendreau and Potvin, 2010, page 41). As a result,

parameter tuning such a metaheuristic for 3DIP problems within AM can be costly.
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Vanek et al. (2014) have employed TS to solve 3DIP problems within manufacturing ap-

plications. This method first divides the input objects into smaller parts or segments. These

segments are processed in sequence by a placement heuristic known as height field based pack-

ing, or Tetris packing (Sander et al., 2003), after the game Tetris. Tabu search is then used to

find the sequence of segments that results in the optimised objective function, considering the

minimisation of support material and a bounding box volume that accommodates all the seg-

ments and number of segments. The main drawback of this method is that the segments must be

manually assembled to form the whole parts in the post-processing stages.

The application of metaheuristics including TS and GA shown in this section differ from

those in the next section in the sense that this approach interactively improves the directives

given to the DBLF heuristic, in the form of packing plans, instead of perturbing partial solutions

(e.g. by translation and rotation).

2.5.3 Packing approaches which improve partial solutions

The 3DIP approaches presented in this section have similarities with perturbative heuristics,

which are optimisation algorithms that interactively improve complete solutions via local moves

(or perturbations) towards global optima (Szykman and Cagan, 1995). In the context of packing

problems, these algorithms commonly represent current solutions as the explicit definition of the

position and rotation of each part within the container, which may result in geometric overlap

(Cagan et al., 1998). A recurring characteristic of these methods is that the mechanism for

perturbing layout configurations is implemented by translating, rotating or swapping parts in the

current complete solution.

Szykman and Cagan (1995, 1997) employed simulated annealing to optimise a randomly

generated initial configuration applied to three-dimensional component packing. Simulated an-

nealing is an optimisation method introduced by Kirkpatrick et al. (1983) and inspired in the

physical annealing process used in metallurgy. In this process, metal is submitted to controlled

heating and cooling until the particles in the material reach an equilibrium state (Černý, 1985).

The SA algorithm follows this physical analogy by continuously accepting improved configura-

tions, occasionally also accepting (with a gradually decreasing probability) a candidate solution

with a worse measure for the objective function. Cagan et al. (1998) extended the SA-based

methodology presented in previous work (Szykman and Cagan, 1995, 1997) to arrange more

complex geometries. This addressed the problems of costly and time-consuming collision detec-

tion by representing each geometry as an octree (Carlbom et al., 1985), a voxel-like hierarchical

data structure that allows quick geometric feasibility verification. The method was validated with

instances comprising of up to seven arbitrarily shaped components within a non-rectangular con-

tainer. Further literature has implementing more elaborate move operators (Zhang et al., 2002)
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and alternative strategies for coping with the high computational cost for collision detection (Li

et al., 2007, 2010).

Another example of the use of metaheuristics to progressively improve complete 3DIP

solutions is the guided local search (GLS) method, which is a penalty-based search optimisation

algorithm that improves exploration by escaping local minima (Voudouris et al., 2010). Guided

local search algorithms implement an evaluation function, which incorporates a penalty value

that changes dynamically according to the characteristics of the latest local optimum to direct the

search towards unexplored regions (Glover and Kochenberger, 2003). This method has been sys-

tematically employed by Egeblad et al. to solve 3DIP problems (Egeblad et al., 2007; Egeblad,

2009; Egeblad et al., 2009, 2010). Guided local search algorithms interactively improve an ini-

tial placement configuration obtained by the DBLF heuristic with regard to geometry overlap

and build volume height, which is a feature that affects volume density and manufacturing time.

A special component of these algorithms is an efficient procedure for perturbing a part in the cur-

rent solution through orthogonal translations to minimise the resulting overlap (Egeblad, 2009).

Empirical results have demonstrated an improved packing density using GLS over earlier 3DIP

approaches (Ikonen et al., 1997; Stoyan et al., 2005).

A significant amount of work has been conducted on 3DIP algorithms that interactively

perturb convex particles and mimic the physical shaking of non-overlapping particles (Lee et al.,

2009). After generating a random feasible initial state, these algorithms perform successive

perturbation to the parts, one at a time. Each part is translated towards a random direction,

which is biased to the bottom of the container to simulate the downward movement generated

by gravitational force. Similar 3DIP approaches have been applied to particle simulation (Jia

and Williams, 2001; Rémond and Gallias, 2004). Interestingly, Lee et al. (2009) and Lutters

et al. (2012) have demonstrated that in these methods larger particles tend to rise to the top in a

phenomenon called the ‘Brazil nut’ effect (Rosato et al., 1987; Cleary and Sawley, 2002; Fraige

et al., 2008).

The task of packing Tetris-like items into non-rectangular containers has been addressed

by Fasano (Fasano, 2003; Fasano, Giorgio and Novelli, 2003; Fasano, 2004, 2008). To address

this task, each part is modelled as a combination of smaller rectangles that have a fixed relative

distance between them. A perturbative heuristic is then employed to interactively include, swap

or remove items from the current subset of parts. After the perturbation, each subset is given

to a mixed integer programming model. Unlike earlier models for three-dimensional regular

packing (Chen et al., 1995; Fasano, 1999; Padberg, 2000; Fischetti and Luzzi, 2003), Fasano’s

formulation includes constraints to model practical aspects such as fixed position, orientation of

the items and static balancing.
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2.6 Available datasets for 3DIP
In the context of algorithm implementation, benchmark datasets are defined to reflect common

problems and assess the usefulness of methods. Compared to the number of datasets for regular

packing problems, there is a limited number of datasets available for 3DIP problems aligned

with realistic AM features (Egeblad, 2009; López-Camacho et al., 2014). These are presented

in Table 2.2. Most of the 3DIP datasets shown consist of only a few parts, 13 at most, even

though AM processes often require the manufacturing of large numbers of items in a single

build operation (Hopkinson and Dickens, 2003). Furthermore, these datasets present similar

attributes with regard to quantities of instances, STL models, and facets of parts and contain

little or no information on the complexity of such geometries (Araújo et al., 2018).

Table 2.2: Datasets for 3DIP problems.

Reference Short- AM # of # of STL # of # of
handa instances models parts facets

Ikonen et al. (1997) I1997 LSb 1 7 7 12 - 52
Stoyan et al. (2005) S2005 n/a 3 7 7 - 25 4 - 18
Canellidis et al.
(2006)

C2006 SLAc 1 7 14 620 -
447,578

Gogate and Pande
(2008)

G2008 LS 1 9 9 8 - 2,600

Canellidis et al.
(2010)

C2010 LS 1 13 13 828 -
100,948

Baumers et al.
(2013)

B2013 LS 8 5 5 - 100 12,712 -
107,806

Wu et al. (2014) W2014 LS 1 12 12 124 - 33,520
Araújo et al. (2018) A2018 LS 2,343 350 6 - 2,000 4 - 447,578

a Shorthand is assigned to each benchmark to aid the reader throughout this thesis.
b Laser Sintering c Stereolithography

A general benchmark for applying of 3DIP within AM should incorporate shapes with fea-

tures that realistically reflect AM product geometry. As shown in Figure 2.3, this realism is

lacking in several benchmarks encountered in the literature (Ikonen et al., 1997; Stoyan et al.,

2005; Gogate and Pande, 2008). This is a significant drawback of these benchmarks, as the

ability to producing complex objects is regarded as a prime motivation for adopting AM (Hague

et al., 2003). The reasons for the use of visually simple representations of the composition of

parts in the available datasets are related to the high computational costs required by packing

algorithms. Several authors have noted that solutions often have long runtimes when hand-

ling 3D geometries due to the complexity of validating geometric feasibility (Scheithauer et al.,

2005; Lee et al., 2009; Bennell et al., 2010). However, algorithms that implement strategies
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for shape simplification, such as reducing parts to their respective bounding boxes instead of

the original definitions, overcome difficulties associated with collision detection of non-convex

parts (Baumers et al., 2013; Canellidis et al., 2006; Wu et al., 2014).

(a) I1997 (Ikonen et al., 1997) (b) S2005 (Stoyan et al., 2005)

(c) C2006 (Canellidis et al., 2006)

(d) G2008 (Gogate and Pande, 2008)

(e) B2013 (Baumers et al., 2013) (f) W2014 (Wu et al., 2014)

Figure 2.3: Available benchmarks for 3D AM build volume packing.

Another aspect that 3DIP benchmarks should address is the possibility of different quantity

requirements for each of the shapes, which limits the usefulness of the typology in Wäscher et al.

(2007). This aspect is contained in the above definition of demand. Typically, in AM processes,

especially those using LS, individual builds include large numbers of identical items to maximise

process efficiency (Hopkinson and Dickens, 2003). This means that studies focusing on the

insertion of single units of each geometry into the available build space (Hur et al., 2001) may

not be reflective of real-world applications. This aspect is addressed in other studies (Stoyan



2.6. AVAILABLE DATASETS FOR 3DIP 27

et al., 2005; Baumers et al., 2013) which model variation in demanded quantity, as illustrated in

Table 2.3.

Table 2.3: Characteristics of the demands in (Stoyan et al., 2005) and (Baumers et al., 2013)

Benchmark Profile Number Quantity of Demand
of models available parts Mean Standard deviation

Stoyan et al. (2005)
A 7 7 1 0
B 7 12 1.71 0.88
C 7 25 3.57 1.29

Baumers et al. (2013)

A 5 ∞ ∞ n/a
B 5 25 5 0
C 5 15 3 0
D 5 5 1 0
E 1 ∞ ∞ n/a
F 2 ∞ ∞ n/a
G 2 ∞ ∞ n/a
H 1 1 1 0

Table 2.3 shows that the mean and the standard deviation for the demand in each profile fall

within a narrow range of values, provided that the infinite availability of parts is accepted even

though this is not the case in the realistic scenarios. Other 3DIP benchmarks (Ikonen et al., 1997;

Canellidis et al., 2006; Gogate and Pande, 2008; Wu et al., 2014) are equally limited with regard

low demand variation, being characterised by the request for a single part for each model. Such

lack of variation in demand requirements becomes evident when we categorise all the instances

in the existing 3DIP benchmarks, being labelled as ‘few items assortments’ by Dyckhoff (1990)

or ‘strongly heterogeneous’ according to Wäscher et al. (2007).

It is also noteworthy that only a few benchmarks have been applied more than once in

studies on 3D packing. Table 2.4 presents the subset of studies which employed more than one

of the datasets mentioned above. It is apparent from Table 2.4 that the lack of an extensive

amount of data comparing different packing methods is one of the challenges for determining

the ‘best’ algorithm for a particular input. Therefore, this study attempts to produce valuable

resources to support decision-making during the development of 3DIP solutions and shine new

light on the primary attributes of 3DIP problems in practical circumstances.

Table 2.4: Example of studies on 3DIP applied to AM and relevant shared datasets

Reference I1997 S2005 G2008 Own
Dickinson and Knopf (1998) X
Egeblad et al. (2009) X X X
Wu et al. (2014) X X

When addressing hard combinatorial optimisation problems such as C&P, researchers face
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the challenge of identifying the best algorithm. For this task, several aspects must be considered,

which include (but are not limited to) shape complexity, demand variation, availability of parts,

characteristics of the available build volume number. Therefore, it is desirable that test datasets

contain a large number of cases representing a diversity of scenarios so that they can better

support algorithms that tackle unrepresentative data and lead to unbiased results. Moreover,

adding meaningful domain features can improve understanding of the problem and support more

efficient data science techniques in this domain (Smith-Miles, 2009; Kotthoff, 2016).

2.7 Algorithm selection for combinatorial optimisation problems
Solutions to combinatorial optimisation problems commonly adopt one of the following

strategies: improvement of the state-of-art algorithms or customisations that aim to address real-

istic constraints and objectives related to a particular problem domain (Kotthoff, 2016; Araújo

et al., 2018). One limitation of these approaches is duplicated work for solving instances for

which existing methods can obtain similar or better performance. Furthermore, newly proposed

algorithms are likely to have lower performance for certain classes of instances due to different

assumptions about the problem (Kotthoff, 2016; Wolpert and Macready, 1997).

Combining various algorithms into a framework to identify the most suitable algorithm for

a new instance is at the core of the algorithm selection problem, which was first described by

Rice (1976). Implementing an algorithm selection workflow begins with the extraction of the

problem features, followed by prediction of which algorithm in a portfolio is likely to result in

maximum performance. An essential part of such a computational tool is learning the functions

that match feature space to algorithm performance, which is mostly based on past observation.

Generating such mapping functions has been described for as a challenging or, as Rice puts it

in his seminal work, ‘nebulous’, task (Rice, 1976; Muñoz et al., 2013). Preliminary work on

algorithm selection used hand-crafted decision rules provided by experts and statistical models.

Methods based on such mechanisms, notably expert systems, gained enormous popularity in the

1980s and 1990s (Jackson, 1998). By contrast, recent developments in algorithm selection em-

ploy data science techniques capable of automatically processing and analysing large amounts of

data (Leyton-Brown et al., 2002). Moreover, most of the recent literature is dedicated to offline

algorithm selection, i.e., the identification of the best algorithm occurs before solving the new

instance (Kotthoff, 2016). Kotthoff has also observed that a clear reduction in the use of online

methods, due to the inherent complexity and computational cost of this category of applications.

Although algorithm selection techniques date back to the 1970s (Rice, 1976), they have

only recently gained increasing popularity, mainly as a result of due solver competitions for

propositional satisfiability (SAT) and constraint satisfaction problems (CSP) (Kotthoff, 2016).

Xu et al. (2008) introduced a framework called SATZilla, which was used to select the most
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suitable SAT solver from a portfolio for a given input problem. A similar approach was adopted

for CSP by O’Mahony et al. (2008), for which they won the 2008 Constraint Solver Competition.

For a detailed survey of algorithm selection approaches, we refer to Kotthoff (2014). Table 2.5

presents examples of selected studies that employ algorithm selection to solve combinatorial

optimisation problems. The learning techniques employed and the category, i.e. whether the

training took place online or offline, are also displayed.

Table 2.5: Algorithm selection on combinatorial optimisation problems in the literature.

Problem Reference Learning models Prediction

Planning
De La Rosa et al. (2008);
De La Rosa et al. (2011)

Decision tree online

Domshlak et al. (2010) Naive Bayes classifier online
Garbajosa et al. (2014) Classifier ensemble online

Scheduling

Terashima-Marín et al.
(1999)

Genetic algorithms offline

Petrovic and Qu (2002) Case-based reasoning offline
Burke et al. (2003b) Reinforcement learning online
Beck and Freuder (2004) Hand-crafted rules offline
Cicirello and Smith
(2005)

Reinforcement learning online

Burke et al. (2006) K-nearest neighbour offline
Smith-Miles (2009) Decision tree, neural net-

works, self-organizing maps
offline

Burke et al. (2012) Reinforcement learning offline

Travelling
salesman
problem

Kanda et al. (2010, 2011) K-nearest neighbour, decision
tree, SVM, Naive Bayes

offline

Smith-Miles and van
Hemert (2011)

Decision tree, neural network
and self-organizing map

offline

Pihera and Musliu (2014) ML classifiers offline
Kotthoff et al. (2015) Classification, regression,

pairwise regression
offline

Vehicle routing
problem

Caseau et al. (1999) Genetic algorithms offline

2D Bin
Packing

Burke et al. (2010) Genetic programming online
López-Camacho et al.
(2014)

K-Nearest neighbour online

Burke et al. (2010) presented one of the first studies on the application of learning tech-

niques for C&P, which aimed to minimise the length of a two-dimensional sheet to accommod-

ate the entire demand of rectangular polygons. The authors used genetic programming (GP) to

automatically generate evaluation functions that ranked pieces and vertices and indicated how
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packing should proceed. Genetic programming is a computational optimisation method for cre-

ating and evolving programs or functions using a process based on the biological evolution of

individuals, similar to GA. One of the main elements that distinguishes GP from GA is the

search space, which in GP consists of programs that run on solutions instead of assessing dir-

ectly on solutions as in GA. A similar approach was developed by Pillay (2012) for solving the

one-dimensional bin packing problem.

Another application algorithm selection for C&P was proposed by López-Camacho et al.

(2014) to address one and two-dimensional bin packing problems. Such a method runs a GA

that uses a set of 23 problem features to select one of six existing packing heuristics (Bennell

and Oliveira, 2009). This technique belongs to a class of search methods referred to as hyper-

heuristics, which are algorithms that search through a space of heuristics to select those that are

most useful for generating solutions (Burke et al., 2003a, 2013). However, the use of hyper-

heuristic methods has been restricted to one and two-dimensional packing Burke et al. (2009,

2010).

To date, the limited number of algorithm selection techniques published (including pre-

dictive statistical models and hyper-heuristics) apply only to regular packing. Some factors

contribute to the lack of studies on the benefits of such computational methods for solving 3DIP

problems, including the challenges for fulfilling prerequisites of learning models (Kotsiantis

et al., 2006; Smith-Miles, 2009; Kotthoff, 2016):

• the consideration of a limited number of features that appropriately characterise the 3DIP-

domain;

• the scarce availability of data representing non-similar instances and real-world scenarios;

and

• the intensive computational effort required to labelling a significant number of 3DIP in-

stances.

Interestingly, arguments in favour of using particular packing algorithms for addressing

specific problem features are mostly supported by intuitions and display little or no statistical

rigour, although there are a few exceptions (Allen et al., 2009). For example, some studies

that employ wall-building (WB) algorithms have affirmed that such methods are suitable for

problems involving several parts with few part types (Abdou and Elmasry, 1999; Pisinger, 2002;

Araújo and Pinheiro, 2010; Bortfeldt and Gehring, 1998; Gehring H., 1997). The use of data

science techniques for algorithm selection has been of great value in numerous fields, such as

bioinformatics (Daly, 2009), medical diagnosis (Davatzikos et al., 2005; Tourassi et al., 2012),

and image recognition (Bartlett et al., 2005). Because these computational tools are not restricted
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to a particular problem domain, it is expected that their application to 3DIP problems should lead

to general performance improvements and an enhanced understanding of this problem domain.

2.8 Classification models in Machine Learning
For algorithm selection, it is essential to correctly predict which predictive statistical model will

result in the best performance for unseen instances (Rice, 1975). Machine learning (ML) tech-

niques are often employed for this task. Machine learning is a field within artificial intelligence

that uses algorithms and models that generalise from existing (i.e., training) data to new settings

or unseen observations (i.e., testing data) in the domain (Kotsiantis et al., 2006).

Machine learning techniques can generally be separated into three categories, depending

on the characteristics of the data used during the learning process, i.e., training phase (Marsland,

2011). Supervised learning methods use previously labelled training data, i.e., observations that

contain the correct outcome (Kotsiantis, 2007); unsupervised learning uses models that learn

from unlabelled data (Murty et al., 2000); reinforcement learning entails interactively assessing

the predicted outcomes obtained from unlabelled instances and tuning the parameters of the

learnt model (Sutton and Barto, 2018).

An important aspect of ML is the learning task. Some algorithms are trained to predict

a continuous-valued output (regression problems), while some are trained to predict a discrete

number of values (classification problems) (Marsland, 2011). However, these categories are not

mutually exclusive as classification algorithms can be utilised to predict a continuous value in the

form of the probability of an instance belonging to one class label, while regression algorithms

can be used to predict a value that falls within ranges of values (Criminisi et al., 2011). This

section focuses on supervised ML methods for classification that have been used for algorithm

selection applied to several combinatorial optimisation problems, including 2D packing (see

Table 2.5).

2.8.1 Decision tree
Decision trees are classification and regression models that represent decision rules as hierarch-

ical data structures (trees) that recursively partition the data (Murthy, 1998). These data struc-

tures are comprised of decision nodes, which include the root (topmost decision node) and a set

of leaf nodes that correspond to classification decisions (Leo et al., 1984). At each node, the

algorithm partitions the dataset by applying a threshold-based splitting rule on a feature (Shai

and Shai, 2014). Figure 2.4 presents an example of a decision tree for determining a suitable

packing algorithm for certain 3DIP features. In this example, if the number of parts is 4 and the

mean demand is 2.7, then the DBLF heuristic should be used for packing.

At each node, one feature and a threshold value are selected to optimise a particular impurity

metric (Murthy, 1998). The most commonly used impurity metrics in binary decision trees are
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Figure 2.4: Example of a decision tree for determining the recommended packing algorithm
(decision) given 3DIP features.

as follows.

• Gini index indicates the probability of misclassification. It quantifies how mixed the

classes are in the two resultant branches (Leo et al., 1984) and ranges from 0 (repres-

enting perfect separation where all the samples belonging to the same category) to 0.5 (a

split that results in fifty-fifty classification).

• Entropy attempts to maximise the mutual information in the decision tree and ranges from

0 (where all samples of a node belong to the same class) to 1.0 (representing a uniform

class distribution) (Hunt et al., 1966). The entropy E of a split is given in equation 2.4,

where pi is the probability of class i in the training data.

E = ∑
i
−pi log2 pi (2.4)

It is also worth mentioning that such an algorithm results in a reasonable time complexity

for decision trees containing features with discrete values. In this case, the complexity is O(m∗
n2), where m is the size of the training set and n is the number of features (Luckert and Schaefer-

Kehnert, 2016). A characteristic of decision trees is that they tend to overfit based on the training

data, leading to poor generalisability. One strategy to address this issue is to limit the depth of

the tree, a technique referred to as pruning.
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2.8.2 Random forest
A random forest (RF) is a classifier that generates an ensemble of decision trees, each of which

casts a vote for the predicted output label (Breiman, 2001). To achieve diversity, each tree in

the RF is trained using a random sample from the original data (known as a bootstrap sample)

(Breiman, 1996). Then, determination of the splitting rule for each node of the decision tree is

limited to a randomly selected subset of features (Marsland, 2011). This approach is adopted

to add a degree of randomness to the learning process and to mitigate the overfitting effect that

tends to occur with decision trees (Zadrozny and Elkan, 2001). Figure 2.5 illustrates the training

of an RF that produces three decision trees.

Figure 2.5: Training of an RF with three decision trees (Breiman, 2001).

2.8.3 Naive Bayes
Naive Bayes methods are statistical classification methods that uses Bayes’ theorem to predict

the probability that a certain observation belongs to a particular class (Murphy, 2012). Naive

Bayes classifiers are said to be ‘naive’ in the sense that they assume independence between the

predictors, i.e., class-conditionally independent features (Leung, 2007). This classifier calcu-

lates the probability P(X |C) that an instance X with features x1,x2, ...,xn belongs to class C, as

follows:

P(X |C) =
n

∏
i=1

P(xi|C) (2.5)

The probability P(xi|C) can easily be estimated from the training set. Finally, the NB

classifier assigns to X the class label that maximises equation 2.5. Naive Bayes classifiers are

simple to implement and lead to competitive accuracy scores if the conditional independence

assumption holds. These classifiers are often recommended for processing data streaming and

large datasets as they requires less training time than other classifiers (Langley et al., 1992;

Smola and Vishwanathan, 2008).
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2.8.4 K-nearest neighbours
K-nearest neighbours (KNN) algorithms classify unlabelled instances using their nearest neigh-

bours in the training set. This approach requires the following set of parameters: (i) the distance

function to measure the similarity between observations, (i) the number of neighbours [k] to be

considered, (iii) a weighting function to quantify the relevance of found neighbours, and (iv) an

evaluation method of how to identify the label given the set of neighbours (e.g. majority vote)

(Marsland, 2011). These elements are illustrated in Figure 2.6.

Figure 2.6: Main elements in KNN algorithms

KNN is one the first and most commonly used ML methods for pattern classification due

to its straightforward implementation and competitive results (Cover and Hart, 1967). How-

ever, using this method for large datasets with an extensive number of features requires expens-

ive computation, often involving dimensionality reduction prior to training (Andoni and Indyk,

2006).

2.8.5 Logistic regression
Logistic regression (LR) is a method that uses a statistical model to describe the relationship

between a dichotomous dependent variable, for which only two possible outcomes are possible,

and a set of independent variables (Cox, 1958; Kleinbaum and Klein, 2010). This method gen-

erally uses the logistic function (Pearl and Reed, 1920) to identify a fitted linear combination

of the independent variables and output the corresponding probability of a sample belonging to

one of the output classes (Walker and Duncan, 1967). An important element in LR is the use

of a loss function to measure the fit between the mathematical model and the actual data. The

parameters of the model are adjusted using optimisation techniques, such as the gradient des-

cent algorithm (Rumelhart et al., 1986), to minimise the loss function. In many of these models,

the loss function is described as maximum likelihood (Albert and Anderson, 1984). Despite
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their time efficiency, LR has several disadvantages, including a tendency to overfit the model, a

high sensitivity to outliers and the requirement for an appropriate estimation of the sample size

(Peduzzi et al., 1996).

2.9 Summary
This chapter presents relevant work on 3DIP problems in the AM sector and approaches that

have been reported in the literature. Its purpose is to provide the reader with an understanding of

the context of the present study. First, the chapter provided an overview of the existing variables

and measurements for characterising three-dimensional geometries that are relevant for AM.

Concerning the available benchmark data on 3DIP problems, there is an apparent need for more

observations and studies on the 3DIP-domain within AM to support better decision-making.

The first research direction investigated in this work aims to fill the gap in provided resources

regarding tools and data to promote the development of algorithms for applications in this field.

The review of existing taxonomies demonstrates developments in understanding of the pos-

sible objectives and constraints in C&P. These classification criteria are essential to aid research-

ers and practitioners to appropriately identify the problem under investigation and devise solu-

tion methods. However, this chapter shows that there is a need for more explicit terminology

and classification criteria. This requirement is satisfied by the introduced taxonomy yielding

unambiguous categorisation criteria and a terminology which is familiar to AM practitioners.

Most state-of-art approaches for solving 3DIP problems combine search algorithms with

variants of the BL heuristic (Art, 1966). The performance of such a strategy depends on the

sequence, orientation of the parts, and parameters of the search algorithm. However, there has

been little consideration of the choice of algorithm parameters and how these choices affect

performance with regard to volume utilisation. Furthermore, empirical results on algorithm

selection for 3DIP problems are scarce in the literature (Allen et al., 2009). This study includes

the experimental analysis of the main algorithmic approaches for 3DIP reported in the literature.



Chapter 3

Introducing features, a taxonomy and a dataset
for 3DIP in AM

Three-dimensional irregular packing (3DIP) problems are combinatorial optimisation problems,

in which a set of arbitrary volumetric items must be placed into containers, or build volumes,

in such a way that the total empty space is minimised (Wäscher et al., 2007). These optim-

isation problems are classified as NP-hard problems (Garey and Johnson, 1979). In addition

to overcoming the computational challenge inherent in 3DIP problems, a number of ancillary

issues must be addressed when proposing practical solutions for AM. These include, but are not

limited to, the following:

• Identification of the characteristics and features of 3DIP problems which are the most

pertinent for the construction and tailoring of solution algorithms in this domain.

• An identification of the problem class based on the existing taxonomies from the sci-

entific literature and the technological requirements of a particular AM system. This will

normally require relating the problem under investigation to precedents from the OR lit-

erature, which proposes methods for efficient solutions.

These issues are recurring and, if not met adequately, are liable to lead to misidentification

of problems or the choice of a poorly performing algorithm for a particular instance. This section

introduces new features of 3DIP problems that are relevant for AM applications and extends the

existing general C&P taxonomies (Dyckhoff, 1990; Wäscher et al., 2007). To support the devel-

opment of packing solutions and enable performance comparisons, this chapter also assembles

a new and more realistic 3DIP benchmark with an enriched set of features.

3.1 Part complexity measurement methods to support 3D printing
Previous research on the evaluation of part complexity, sometimes referred to as shape complex-

ity, has been applied to areas other than 3D printing, such as architecture (Psarra and Grajewski,
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2001) and design (Turner and Penn, 1999). In this section, a shape complexity used in ar-

chitectural applications is extended to support the complexity measurement within 3D printing

processes. By discussing the proposed complexity measure in the context of those measures that

have already been identified in the literature, the authors expect to lay the groundwork for future

research into irregular packing.

The proposed metrics for measuring the characteristics of given 3D parts are a 3D version of

MCV and v-value and a practical approach for calculating SR. The MCV measure, mentioned in

Section 2.3, assesses two-dimensional geometries by evaluating the connectivity between areas

on their perimeters (Psarra and Grajewski, 2001). This research extends (Psarra and Grajewski,

2001) this measure to a 3D situation, by considering the way in which the voxelisation can affect

the areas that are connected by the algorithm and the effects of the granularity of the voxelisation

upon the value of the metric. An optimisation method for calculating the minimum bounding

box of a part is also proposed to support the calculation of the Spies Ratio (SR) (Spies, 1957).

3.1.1 Calculation of MCV and v-value

The first step of the MCV calculation is to rasterise the geometric model of the part into a 3D

voxel grid with an appropriate resolution, considering performance and execution time. This

process is called voxelisation (Min, 2004). In contrast to the original approach (Psarra and Gra-

jewski, 2001), which calculates the connectivity between areas on the perimeter, this technique

calculates the connectivity between voxels on the surface.

Following the discretisation process, the connectivity value (CV) of each voxel belonging

to the surface of the part is calculated. This value is the percentage of other surface voxels that

can be connected to the one in question by a Bresenham’s line (Bresenham, 1965), such that

all voxels on that line belong to the interior of the shape. A voxel with a low CV has poor

interconnectivity to other portions of the part. The MCV of a part is then formed by calculating

the mean of the CV values of all the surface voxels. For fully convex parts, the MCV is equal to

1. Entrant features reduce the MCV value, so the more concave the shape, the closer the MCV

will be to 0.

The resolution of the voxelisation has a significant effect upon performance, in terms of

both runtime and accuracy. To visualise the differences in this regard, Figure 3.1 illustrates an

example of part used by Baumers et al. (2013), which was voxelised using a grid of 20, 100

and 200 parts, respectively. It was found that low resolution led to fast but imprecise MCV

calculations, as might be expected from the visualisation. However, high resolution resulted in

computationally expensive processing. For example, tests conducted on a 3.40GHz Intel PC

with 8.00 GB RAM showed that resolutions above 100 voxels resulted in a runtime of over

5 minutes per part for MCV calculation. The calculations of the CV and MCV metrics for
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Figure 3.1: An example from (Baumers et al., 2013) rasterised in resolutions of 20, 100 and
200 voxels.

voxel pairs and parts, respectively, enable the extension of the auxiliary metric v-value, which

describes the variation of connectivity through the surface of the part. This measure is obtained

by adding together the standard deviation of the CV values of all the voxels on the surface of the

part.

3.1.2 Using local search to calculate the Spies ratio
Certain non-trivial characteristics of a part, such as the volume of the minimum bounding box

(MBB), the maximum and minimum dimension of any of the axes, the projected area on the

building platform and the volume of supporting structures, depend upon the part’s orientation.

MBB can be obtained the product of the height, width and depth of the part after being rotated.

This study presents a practical approach for determining the orientation of parts in order to

calculate the SR (Spies, 1957). The objective is to determine the rotation of the original object

about the x, y and z-axes that minimises the MBB without modifying its structure.

This study uses the steepest ascent hill climbing with random restart (SAHC) (Sean, 2009),

which is a greedy local search metaheuristic that can often eventually reach global optimum for

problems with relatively small search space (Selman and Gomes, 2006). SAHC starts with a
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random solution, determines a neighbourhood around the solution (the set of solutions that can

be reached with a single change) and iteratively changes the current solution to the best one in its

current neighbourhood. Each solution in the SAHC implementation is represented by an array

containing the rotation on the x, y and z-axes. The neighbourhood of a solution corresponds to

a small variation of the angles (±1◦) on all the axes. The SAHC which is used is presented in

Algorithm 1.

Algorithm 1: Pseudo-code of the steepest ascent hill climbing with random restart

1 currentSolution = randomSolution();
2 bestSolution = currentSolution;
3 while not termination criterion do
4 bestNeighbour = NULL;
5 for each solution sol in the neighbourhood of (currentSolution) do
6 if bestNeighbour == NULL or evaluate(sol) > evaluate(bestNeighbour) then
7 bestNeighbour = sol;
8 end
9 end

10 if evaluate(bestNeighbour)> evaluate(currentSolution) then
11 currentSolution = bestNeighbour ;
12 if evaluate(bestNeighbour) > evaluate(bestSolution) then
13 bestSolution = bestNeighbour;
14 end
15 end
16 else
17 currentSolution = randomSolution();
18 end
19 end
20 return bestSolution;

The starting random solution (line 1) is a tuple (rx,ry,rz) with the rotation around the x

(rx), y (rx) and z-axes (rx), which range between 0◦ and 360◦. The neighbourhood of a solution

(line 6) is the set of tuples that can be obtained by either adding or subtracting 1◦ to at least

one element of the original tuple. Evaluating a candidate solution (lines 7, 11 an 12) returns

−1 ∗MBB (as a minimisation objective function), where MBB is the minimum bounding box

of the part after being rotated using rx,ry and rz. The algorithm terminates when it exceeds a

previously defined number of tested solutions.

3.1.3 Experimental design
The following datasets, which have all been used in previous 3D printing publications and have

been named according to their first author’s last initial and the years in which they appear, were
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evaluated: I1997 from Ikonen et al. (1997); S2005 from Stoyan et al. (2005); C2006 from

Canellidis et al. (2006); G2008 from Gogate and Pande (2008); B2013 from Baumers et al.

(2013); and W2014 from Wu et al. (2014). It can be observed in Figure 3.2 that the objects range

from simple convex polygons (e.g. Stoyan2005) to elaborate parts with holes and entrances (e.g.

Baumers2013).

Figure 3.2: Datasets I1997 (Ikonen et al., 1997), S2005 (Stoyan et al., 2005), C2006 (Canel-
lidis et al., 2006), G2008 (Gogate and Pande, 2008), B2013 (Baumers et al., 2013) and W2014

(Wu et al., 2014).

Table 3.1 shows the calculated values of the MCV, the v-value, the SR (Spies, 1957), the

metric proposed by Valentan et al. (2011), the volume and dimensions of the minimum bounding

box achieved by the SAHC, the number of facets, the surface area and the volume of the parts.

The SAHC used in these experiments was terminated after it had visited a certain number of can-

didate solutions and returning the best solution at that time. Preliminary experiments conducted
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on a 2.16 GHz 64-bit Pentium with 8 GB of memory showed that up to 10,000 evaluations can

be performed within five minutes, which is a reasonable amount of time for part assessment

according to interviewed AM specialists.

3.1.4 Results and discussion
The results allow for an improved understanding of the correlations between different part com-

plexity metrics. For example, Figures 3.3a and 3.3b illustrate the relation between the MCV and

the v-value of a simple and complex part. The simple convex part has a high MCV and low

v-value, while the complex part has a low MCV and a comparatively high v-value. The other

two pairs of figures (Figure 3.3c and 3.3d, Figure 3.3e and 3.3e) show parts with the same MCV

and different v-values. The part in Figure 3.3c has a lower v-value than the part in Figure 3.3d,

which means a smaller variation of connectivity over the surface of the part and, consequently,

lower complexity. The same applies to the parts shown in Figures 3.3e and 3.3f, which illustrates

how the MCV and v-value metrics interact to indicate a higher degree of part complexity.

(a) I1997-1-1; MCV = 1.00; V-
Value = 0.00

(b) C2006-10. MCV = 0.22; V-
Value = 0.20

(c) I1997-c2-4. MCV = 0.32; V-
Value = 0.08

(d) C2006-11. MCV = 0.32; V-
Value = 0.23

(e) C2006-13. MCV = 0.32; V-
value = 0.09

(f) C2006-14. MCV = 0.32; V-
value = 0.20

Figure 3.3: Comparison between a part with high MCV and low v-value to another with low
MCV and comparatively high v-value; and comparisons between parts sharing the same MCV

but different v-values.

The second observation from the data in Table 3.1 concerns the relationship between the
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Part MCV V-value SR Valentan Vol. MBB Facets Surface Volume

I1997-1-1 1.00 0.00 1.00 48.00 4.00 12 16.00 4.00
I1997-2-1 1.00 0.00 1.00 172.00 0.18 12 2.58 0.18
I1997-2-2 0.75 0.10 0.56 148.35 5.19 24 17.81 2.88
I1997-2-3 0.69 0.18 0.38 405.04 0.77 28 4.28 0.30
I1997-2-4 0.36 0.08 0.39 489.01 5.73 52 20.88 2.22
I1997-2-5 0.94 0.15 0.52 366.56 0.31 20 2.96 0.16
I1997-2-6 0.74 0.15 0.42 411.10 0.58 20 5.00 0.24
I1997-2-7 0.28 0.06 0.12 1061.21 10.50 48 27.71 1.25
S2005-1 1.00 0.00 0.73 14.93 240.00 14 187.68 176.00
S2005-2 1.00 0.01 0.17 10.33 429.63 4 192.88 74.67
S2005-3 1.00 0.00 0.83 14.55 144.00 10 174.59 120.00
S2005-4 1.00 0.00 0.65 21.83 192.00 16 170.11 124.67
S2005-5 1.00 0.00 0.42 23.44 320.00 18 173.59 133.33
S2005-6 1.00 0.00 0.50 10.42 294.00 8 191.40 147.00
S2005-7 0.86 0.16 0.30 23.18 513.71 16 220.92 152.50
C2006-1 0.19 0.08 0.14 18269.28 202730.78 17718 29440.74 28552.36
C2006-2 0.43 0.11 0.17 10431.58 118113.17 10394 20624.27 20549.98
C2006-3 0.43 0.11 0.17 10407.18 117966.54 10370 20624.30 20550.63
C2006-4 0.56 0.11 0.02 297226.88 1945215.98 75432 131365.20 33338.64
C2006-5 0.15 0.08 0.09 15633.79 131076.30 12498 14709.57 11759.15
C2006-6 0.18 0.06 0.07 13990.58 27808.22 6552 4427.49 2073.46
C2006-7 0.46 0.10 0.37 1733.93 1474.44 1420 659.05 539.73
C2006-8 0.20 0.08 0.08 10245.34 345621.17 9698 29844.34 28249.97
C2006-9 0.38 0.12 0.10 31920.49 666950.26 100948 20355.35 64373.44
C2006-10 0.22 0.20 0.07 148936.88 82525.65 50910 16474.17 5631.24
C2006-11 0.36 0.23 0.19 8323.79 486592.01 14353 52233.99 90068.93
C2006-12 0.22 0.11 0.08 32060.56 640822.91 30004 57384.79 53703.78
C2006-13 0.31 0.09 0.23 799.04 9953.23 620 2958.71 2295.75
C2006-14 0.31 0.20 0.16 223892.84 490003.69 447578 40348.61 80659.79
G2008-1 1.00 0.00 0.75 2454.55 27.91 1088 47.05 20.85
G2008-2 0.66 0.16 0.28 2101.98 27.92 524 31.36 7.82
G2008-3 1.00 0.00 0.26 866.84 27.62 250 25.32 7.30
G2008-4 1.00 0.00 0.30 286.61 55.86 118 40.62 16.72
G2008-5 1.00 0.00 1.00 72.00 1.00 12 6.00 1.00
G2008-6 1.00 0.00 0.78 760.72 27.92 332 50.20 21.91
G2008-7 1.00 0.00 0.78 596.59 19.94 248 37.65 15.65
G2008-8 1.00 0.00 0.52 5215.85 26.79 2600 28.19 14.05
G2008-9 1.00 0.00 0.50 70.63 1.00 8 4.41 0.50
B2013-1 0.45 0.17 0.19 3806.47 504085.52 12712 28939.36 96645.28
B2013-2 0.33 0.15 0.54 7768.05 30971.08 16000 8056.92 16594.99
B2013-3 0.35 0.20 0.23 33761.81 7565.57 26892 2216.72 1765.66
B2013-4 0.44 0.18 0.25 60785.56 81645.58 107806 11625.39 20618.17
B2013-5 0.41 0.09 0.44 57649.74 3015.40 59294 1277.93 1314.38
W2014-1 0.46 0.13 0.18 48919.81 11064.83 33520 2845.49 1949.74
W2014-2 0.81 0.13 0.49 8162.00 13647.05 22776 2374.04 6624.74
W2014-3 0.78 0.15 0.94 861.41 27000.00 3555 6148.68 25375.45
W2014-4 0.91 0.15 0.41 4642.77 2876.30 7350 753.48 1192.83
W2014-5 0.76 0.11 0.37 332.62 18124.40 706 3188.20 6767.17
W2014-6 0.70 0.15 0.38 3582.17 17636.75 10960 2183.87 6681.77
W2014-7 0.71 0.11 0.76 1255.94 26994.03 4730 5420.57 20414.48
W2014-8 0.86 0.12 0.64 76.37 2814.30 124 1116.93 1813.62
W2014-9 0.20 0.11 0.15 833.71 14272.39 892 1979.49 2117.90
W2014-10 0.87 0.13 0.66 74.43 4724.65 144 1612.59 3119.68
W2014-11 0.61 0.21 0.45 1973.88 5685.25 3172 1584.00 2545.48
W2014-12 0.83 0.18 0.40 5474.86 3016.10 6966 951.77 1211.00

Table 3.1: Table 3: Features of the parts from datasets I1997 (Ikonen et al., 1997), S2005
(Stoyan et al., 2005), C2006 (Canellidis et al., 2006), G2008 (Gogate and Pande, 2008), B2013

(Baumers et al., 2013) and W2014 (Wu et al., 2014).
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MCV, the v-value, the additional part complexity measurement techniques and the basic charac-

teristics of parts. The correlations between each pair of features are presented in Table 3.2.

MCV V-value SR Valentan VMBB Facets Surface Volume
MCV n/a -0.42 0.75 -0.26 -0.27 -0.25 -0.38 -0.41

V-value -0.42 n/a -0.36 0.28 0.21 0.32 0.24 0.40
SR 0.75 -0.36 n/a -0.34 -0.39 -0.25 -0.44 -0.37

Valentan -0.26 0.28 -0.34 n/a 0.71 0.70 0.72 0.33
VMBB -0.27 0.21 -0.39 0.71 n/a 0.38 0.93 0.64
Facets -0.25 0.32 -0.25 0.70 0.38 n/a 0.36 0.52

Surface -0.38 0.24 -0.44 0.72 0.93 0.36 n/a 0.64
Volume -0.41 0.40 -0.37 0.33 0.64 0.52 0.64 n/a

(*) Strong correlations (≥0.7) are shown in bold.

Table 3.2: Correlations between pairs of part features.

It can be observed that the MCV measure presents a low negative correlation to the metric

used in Valentan et al. (2011) and a low negative correlation to various more basic metrics, which

show moderate with high positive correlations to each other. The correlation values between the

MCV and all the other features is also reported in Table 3.2. The lack of a high (positive or

negative) correlation with another metric, except possibly the SR, indicates that the use of the

MCV with this set of features does not result in data redundancy. Despite the comparatively high

correlation between the SR and the MCV, the MCV appears to be more successful in expressing

non-convexity. For illustrative purposes, Figure 3.4 shows two pairs of parts with similar values

of SR but different MCV values. The parts in Figures 3.4a and 3.4b have a relatively low ratio

between the volume and the MBB but the low mean of connectivity on the surface and shape

convexity is better captured by the MCV, which is 1 for the convex part. The same applies to the

second pair of parts, shown in Figures 3.4c and 3.4d.

These results show that the MCV and the extended v-value work well in capturing higher

complexity and irregularity. Additionally, the results indicate that the combined use of the MCV

along with existing metrics does not result in data redundancy. This, therefore, provides new

information which can be of potential advantage for heuristic and hyper-heuristic based packing

methods, since the information on the parts and state can be used to improve packing decisions.

It is expected that such improvements would further enhance the efficiency and cost performance

of 3D Printing technologies.

3.2 Analysis of irregular three-dimensional packing problems in
additive manufacturing: A new taxonomy and dataset

This section introduces an extended taxonomy that addresses the limitations of existing typolo-

gies (Dyckhoff, 1990; Wäscher et al., 2007). This extension is formulated based on a review



3.2. ANALYSIS OF IRREGULAR THREE-DIMENSIONAL PACKING PROBLEMS IN ADDITIVE

MANUFACTURING: A NEW TAXONOMY AND DATASET 44

(a) S2005-2. SR = 0.17; MCV = 1.00 (b) C2006-2. SR = 0.17; MCV = 0.43

(c) G2008-3. SR = 0.26; MCV = 1.00 (d) B2013-4. SR = 0.25; MCV = 0.44

Figure 3.4: Comparison between parts with the same SR but different MCV values.

of the categorisation criteria for packing problems and the classifications of 3DIP problem in-

stances encountered in AM. It also introduces a new dataset, which covers a wide variety of

features and contains instances that more closely simulate real-world scenarios than existing

datasets. We discuss the outcomes of our analysis and identify the links between our analysis

and AM technology operations.

3.2.1 An alternative taxonomy for packing problems

To address the limitations of the existing taxonomies, this section presents a taxonomy for 3DIP

problems that is comprised of a terminology and categorisation criteria for problems and in-

stances, which can be used to realistically describe 3DIP problems found in AM. A taxonomy

is a useful resource for researchers and practitioners since ambiguous terminology and impre-

cise classification criteria can lead to miscommunication. The terms nesting and packing, for

example, have sometimes been used interchangeably, although nesting is normally associated

with a pattern in which some larger objects envelope one or more smaller objects. To eliminate
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this ambiguity, we introduce a consistent terminology (illustrated by the example in Figure 3.5),

which is in accordance with the usual nomenclature employed in the AM community:

• Model: A comprehensive definition of an object such that the construction of multiple

objects of that type is possible by referring only to the definition. In an AM context, a

model is usually representation as a three-dimensional mesh in the STL format (or similar)

(Gardan, 2016). From a digital model in this format, it is possible to calculate the volume,

surface area and the number of triangles, or faces, of the object.

• Part: A part or item is a single physical instantiation of a model. Extant taxonomies

(Dyckhoff, 1990; Wäscher et al., 2007) used the term ‘small item’ instead.

• Multiplicity: Quantities of parts to be produced per model.

• Demand profile: Additional information describing a client’s requirements regarding

parts, such as the due date or profit values.

• Container: The geometry and dimensions of the volume available to accommodate the

requested parts. In AM, this corresponds to the specifications of the available space within

the AM system and can be associated with build speed and cost parameters.

• Build: A group of parts produced simultaneously by an AM system at a particular time in

a single operation. The assignment of a part to a particular build is constrained by volume

capacity and geometrical non-overlapping conditions.

• Time horizon: Estimated length of time necessary to complete production, which can be

continuous or discretised into equal time intervals.

• Problem instance: Refers to a single input problem and includes information on one or

more containers or parts, multiplicity, and demand profile. Sometimes, it also includes a

planning horizon, which requires the specification of the due dates for the requested parts.

• Dataset: A set of problem instances for assessing and comparing solutions.

3.2.2 Categorisation of three-dimensional irregular packing problems
The proposed categorisation criteria and notation refine the most recent taxonomy (Wäscher

et al., 2007) and capture 3DIP problems using four-tuples D|C|B|A. Although there are simil-

arities with the α/β/γ/δ format proposed by Dyckhoff (1990), this formulation is intended to

address the aforementioned issues with the previous taxonomies, with the addition of includ-

ing further information regarding AM-related objectives and features of the problem. Table 3.3

summarises the encoding scheme described in this section.
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Figure 3.5: Terminology for 3DIP integrating terms used in the context of AM.

Table 3.3: Summary of the four-tuple D|C|B|Ato describe 3DIP problems.

Element Description Values
D Dimensionality of the problem 1, 2, 2+1 or 3
C Criteria for optimisation Ou, Si, Cp or T p
B Build volume types O f , Oo, I or H
A Attributes/features of the assortment of parts ll, hl, lh, hh
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The first element in the four-tuple (D) denotes the dimensionality of the problem, which

is usually three-dimensional (‘3’) due to the nature of packing problems in AM. Some methods

(Canellidis et al., 2006, 2009), however, reduce the input problem to a two-dimensional instance

where the XY-projection of items must be arranged on the build platform or substrate. Dyckhoff

(1990) used the notation 2+1 to refer to the dimensionality of this kind of problem; in AM

operations this is applicable to technology variants that require sacrificial support structures,

such as material jetting, resin vat processes and material extrusion.

The optimisation criterion (C) identifies one of the following objectives: output maximisa-

tion (Ou), single input minimisation (Si), time-minimisation parallel production (T p) or cost-

minimisation parallel production (Cp). Output maximisation (Ou) describes the objective of

packing the subset of items that maximises the total volume of packed parts. This optimisation

criterion applies to 3DIP variants involving a single build volume, an unspecified time horizon

and a demand for parts that is higher than the container capacity. Single input minimisation (Si)

describes problems that address a single hypothetical container with one or more variable-length

dimensions, where the objective is to find a configuration for packing items that minimises the

container’s variable dimensions. In practical cases, this problem occurs when it is known that

the entire set of parts can be accommodated within the container (Wäscher et al., 2007), which

is not always the case. The optimisation criteria of cost-minimisation parallel production (Cp)

and time-minimisation parallel production (T p) apply to more complex scenarios where mul-

tiple builds are necessary to manufacture the parts required, which is defined by demand. For

problems where the containers have the same estimated building cost, Cp is equivalent to the

minimisation of the number of builds, i.e., the classic Bin Packing Problem (Wäscher et al.,

2007). For the time-minimisation parallel production criterion, the due time and completion

time of parts is more important (Tavakkoli-Moghaddam et al., 2005). This criterion involves the

minimisation of one or more of the following variables: the makespan (time necessary to man-

ufacture the entire demand), the total tardiness, and the earliness. Tardiness and earliness are

computed by calculating the difference between the completion time and due time of required

parts. The solution to this type of problem requires a combination of scheduling and 3DIP tech-

niques. To date, few studies have addressed this class of problems (Lawler et al., 1993; Iori and

Martello, 2010).

The third element of the D|C|B|A notation (B) is a descriptor of the attributes of the con-

tainer or containers in the problem. It is proposed that this specification should correspond to one

of the following: one container with fixed dimensions (O f ), one container with open Z-height

or variable-length dimensions (Oo), multiple identical containers (I) or multiple heterogeneous

containers (H). It is also assumed that the standard shape of the large object is rectangular, if it is

two-dimensional, or cuboid, if it is three-dimensional, as is usual in build volume specifications.
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The last element (A) is optional when specifying 3DIP problems, since it characterises the

instance rather than the problem class, and adds information that might support the choice of

a suitable solution method. It is proposed that Avaries according to the demand variation and

average part complexity, assuming one of the following four permutations: low demand variation

+ low mean complexity (ll), high demand variation + low mean complexity (hl), low demand

variation + high mean complexity (lh), high demand variation + high mean complexity (hh), or

simply A to describe the presence of multiple instances with different characteristics or unknown

feature values.

This study also proposes that the issue of subjective evaluations of ‘low’ and ‘high’ be ad-

dressed by determining the characteristics of the problem instance (A) using the relative standard

deviation (RSD) of the multiplicities, which is a measure of the ratio of the standard deviation to

the mean of demand quantities. Low demand variations are here defined as those that have RSD

values equal to or less than 0.5; high variations have RSD values of greater than 0.5. Another

factor to be considered is complexity, which is an inherently multi-faceted notion with many

conceivable metrics based on interpretations (Gell-Mann, 2002). The Spies ratio (SR) is a tra-

ditional complexity measure used in manufacturing, which is obtained by dividing the volume

of the geometric part by the volume of the primitive that contains it (Spies, 1957). Section 3.1.2

showed a practical computation-based method to calculate the SR by dividing the volume of the

part by the volume of its minimum bounding box, as optimised using a local search algorithm.

This complexity metric ranges between approximately 0 for complex parts and 1 for entirely

convex primitive geometries.

The mean connectivity value (MCV) is a complexity metric that has been applied in empir-

ical work in the field of AM (Araújo et al., 2016; Baumers et al., 2016b). Originally proposed

to capture complexity in architecture (Psarra and Grajewski, 2001), this metric can support AM

processes by analysing geometries according to the frequency and regularity with which concav-

ities and entry features occur. For specifying part assignment, a lower complexity measurement

exhibits an MCV less than or equal to 0.5, while a high complexity measurement has an MCV

in the interval (0.5,1]. Table 3.4 presents the values for A based on demand variation and mean

complexity and the conventional approaches that can be used to solve each category.

3.2.3 A new dataset for 3DIP problems in AM

The new dataset1, which we will refer to as A2018, was created to provide an extensive number

of packing problems that better reflect realistic scenarios in AM. In this dataset, each instance

is provided in two formats: extensible markup language (XML) files and serialised Java objects.

1http://www.cs.nott.ac.uk/~psxlja/dataset

http://www.cs.nott.ac.uk/~psxlja/dataset
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Table 3.4: Features of the assortment of parts (A) based on relative standard deviation (RSD)
of demands and mean connectivity value (MCV).

A Demand
variation

Mean
complexity

Common solution

Low demand variation +
low mean complexity (ll)

RSD ∈
[0,0.5]

MCV ∈
[0,0.5]

Iterative application of placement heuristics such
as Deepest Bottom Left (Baumers et al., 2013).

Low demand variation +
high mean complexity

(lh)

RSD ∈
[0,0.5]

MCV ∈
(0.5,1]

Parts can be simplified into regular (often rectan-
gular) geometries and then solved by exact meth-
ods (Stoyan et al., 2005).

High demand variation +
low mean complexity

(hl)

RSD
> 0.5

MCV ∈
[0,0.5]

This type of problem has not been systematically
addressed in the literature.

High demand variation +
high mean complexity

(hh)

RSD
> 0.5

MCV ∈
(0.5,1]

Reduction of the parts to their minimum bounding
boxes and application of wall-building heuristics
(Canellidis et al., 2006).

Furthermore, each instance contains the description of the container(s), set of models and de-

mands, parts and respective due dates. Together, the representation of the input problems and the

achieved configuration of parts as XML files and in Java source code provides a valuable tool for

use in the early stages of developing problem solutions, as it contains a much larger number of

real-world geometries than are available in existing datasets. The parts in the proposed dataset

are analysed with respect to the features presented in Section 3.2.1. Figure 3.6 shows histograms

of the number of faces and the MCV for the 435 models in A2018.

Figure 3.6a shows that dataset A2018 contains more models than any other dataset, which

are also characterised by a significant number of facets (more than 10,000). All value ranges

for the number of faces and the MCV are presented in Figure 3.6b. Existing datasets have a

limited number of instances, each containing a small number of parts (typically < 20). The new

dataset, by contrast, meets many of the challenges of solving 3DIP problems, since the models

they contain possess a wide range of all characteristics as illustrated in Figure 3.6c and Figure

3.6d. Moreover, the 2,343 instances in A2018 cover the entire range of values for mean and

relative standard deviation of both MCV and SR as presented in Figures 3.6e and 3.6f.

3.2.4 Illustration of the use of the dataset for assessing packing approaches

This section illustrates the usefulness of the new dataset (A2018) in the assessment of various

3DIP techniques by performing a computational experiment using a subset of 13 randomly selec-

ted instances, as detailed in Table 3.5. These are solved by employing two well-known packing

heuristics. The first method is the DBLF (Karabulut and Murat, 2004). The algorithm employed

in the experiment used the native orientation of parts; no additional rotations were applied to

the geometries. The second technique is a wall-building method (WB) (Pisinger, 2002), which
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(a) Number of models in relation to number of
faces.

(b) Number of models in relation to MCV.

(c) Number of instances in relation to number
of models.

(d) Number of instances in relation to number
of parts.

(e) Number of parts per mean and RSD of
MCV.

(f) Number of parts per mean and RSD of SR.

Figure 3.6: Histograms of features for models and instances in the new dataset.
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Table 3.5: A sample of 13 instances from A2018 and their respective features.

Instance A # of # of RSD of Mean RSD of Mean RSD RSD of Mean #
parts models demands MCV MCV SR of SR volumes of faces

A2018:0004 ll 9 8 0.294 0.421 0.344 0.248 0.867 1.040 2794.9
A2018:0007 ll 12 9 0.354 0.471 0.517 0.289 0.815 1.025 2892.3
A2018:0008 ll 13 5 0.308 0.487 0.528 0.312 0.774 0.902 8117.4
A2018:0009 ll 14 4 0.319 0.316 0.286 0.253 0.895 0.872 4724.3
A2018:0010 lh 15 14 0.240 0.527 0.339 0.372 0.537 0.521 1004.7
A2018:0015 hh 20 8 0.600 0.597 0.561 0.486 0.380 0.898 4231.6
A2018:0020 lh 25 8 0.492 0.590 0.344 0.337 0.656 0.792 9902.5
A2018:0021 lh 26 14 0.493 0.511 0.436 0.393 0.633 0.922 2681.2
A2018:0023 lh 28 8 0.319 0.519 0.531 0.239 0.972 1.291 6823.2
A2018:0026 hl 31 13 0.582 0.438 0.539 0.221 0.687 0.853 6791.3
A2018:0028 hh 33 8 0.599 0.76 0.298 0.356 0.820 1.759 7510.2
A2018:0046 hh 51 25 0.643 0.523 0.522 0.376 0.626 0.957 6267.2
A2018:0051 hl 56 38 0.533 0.421 0.583 0.299 0.650 0.997 4794.8

arranges the bounding boxes of geometries by rotating them orthogonally into horizontal and

vertical layers until the container is filled (Araújo and Pinheiro, 2010).

For this experiment, each instance was solved using two approaches which address two

of the most recurrent AM problems. The first problem relates to the AM technology variant

stereolithography (Jacobs, 1992) and is denoted as 2+1|Ou|O f |A according to the classifica-

tion presented in section 3.2.2, amounting to a two-dimensional cutting problem of the vertical

projection of parts with the objective of maximising the used area over the horizontal building

platform of one single machine. The second problem concerns the operation of the AM tech-

nology variant LS (Gibson et al., 2014) and is represented by the notation 3|Ou|O f |A. This

allows for the unconstrained positioning of parts in three-dimensional space and aims to max-

imise the volume utilisation within a single machine with fixed proportions. The first instance

(A2018:0004) was solved by a DBLF algorithm according to the constraints and objectives of

2+1|Ou|O f |ll problems. Table 3.6 presents the build volume utilisation (BVU) and running

time (in seconds) obtained by employing the DBLF and WB algorithms for the selected in-

stances and problems. Figure 3.7 illustrates the graphical visualisation output obtained from

the different packing algorithms for the same instances and problems and allows to observe, for

example, how DBLF can arrange parts within ‘open regions’ of larger objects.

At this point, it is appropriate to investigate possible correlations between the features of

instances, the key performance indicators of the algorithms and the characteristics of the packing

problem addressed. Table 3.7 shows the correlations with the performance indicators BVU and

running time of DBLF and WB.

The use of correlation coefficients provides useful insights regarding the relationship

between the variables in the problem. For example, the calculations show a strong correlation
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Table 3.6: Build volume utilisation (BVU) and running time for two packing approaches: the
deepest bottom left with fill (DBLF) (Karabulut and Murat, 2004) and a wall-building based

method (WB) (Araújo and Pinheiro, 2010)

2+1|Ou|O f |A 3|Ou|O f |A
DBLF WB DBLF WB

Instance BVU Time (s) BVU Time (s) BVU Time (s) BVU Time (s)
A2018:0004 0.159 154.4 0.166 0.5 0.181 707.8 0.166 3.9
A2018:0007 0.073 19.6 0.150 1.4 0.108 190.9 0.150 14.6
A2018:0008 0.062 1226.2 0.086 0.4 0.062 19878.6 0.079 1.9
A2018:0009 0.125 994 0.185 0.5 0.125 2317.4 0.148 0.2
A2018:0010 0.127 155 0.199 3.2 0.173 1786.2 0.194 2.5
A2018:0015 0.123 826.8 0.237 2.0 0.228 2041 0.237 87.6
A2018:0020 0.065 19743.4 0.116 1.0 0.065 217498.8 0.116 1.4
A2018:0021 0.037 1004.7 0.515 3.7 0.037 3595.3 0.515 105.8
A2018:0023 0.132 11670.4 0.499 1.0 0.140 36818.7 0.502 1200a

A2018:0026 0.199 2306.8 0.239 1.2 0.214 37915.7 0.270 1200a

A2018:0028 0.379 15990.6 0.396 2.5 0.396 99380.9 0.396 1200a

A2018:0046 0.426 18905.4 0.547 1.4 0.484 151196.7 0.619 1200a

A2018:0051 0.347 5203 0.328 1.7 0.370 13290.4 0.360 1200a

aTime limit for the WB.

Table 3.7: Correlations between instance features, key performance indicators of packing
algorithms and characteristics of the problems.

DBLF WB
2+1|Ou|O f |A 3|Ou|O f |A 2+1|Ou|O f |A 3|Ou|O f |A
BVU Time BVU Time BVU Time BVU Time

# of parts 0.78 0.56 0.74 0.4 0.64 0.18 0.70 0.81
# of models 0.62 0.16 0.61 0.07 0.42 0.25 0.49 0.53

RSD of demand 0.59 0.48 0.62 0.47 0.45 0.24 0.51 0.55
Mean MCV 0.24 0.55 0.28 0.48 0.26 0.45 0.25 0.21

RSD of MCV 0.09 -0.12 0.16 -0.19 0.21 -0.1 0.27 0.37
Mean SR 0.04 0.1 0.18 0.13 0.19 0.61 0.19 -0.22

RSD of SR -0.03 0.08 -0.18 -0.06 0.01 0.52 -0.04 0.15
RSD of volume 0.46 0.41 0.39 0.14 0.42 -0.02 0.38 0.53
Mean # of faces 0.17 0.69 0.09 0.72 -0.02 -0.47 0 0.36

Moderate and strong correlations (greater than 0.5) are shown in bold.
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(a) Solution achieved by DBLF for
A2018:0046 under 2+1|Ou|O f |hh

(b) Solution achieved by WB for A2018:0046
under 2+1|Ou|O f |hh

(c) Solution achieved by DBLF for
A2018:0046 under 3|Ou|O f |hh

(d) Solution achieved by WB for A2018:0046
under 3|Ou|O f |hh

Figure 3.7: Examples of solutions found by the DBLF and WB algorithms in the experiment.
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between the running time of DBLF and the mean number of faces in the problem, regardless

of whether the problem is 2+ 1|Ou|O f |A or 3|Ou|O f |A. This simple observation reinforces

the argument that the collision detection between faces of irregular parts contributes to the poor

performance of DBLF. Other insights obtained from the experiment are that there is a strong

correlation between the BVU and the number of parts for different models and that the variation

of demand is high regardless of the approach used for packing. The results and conclusions

drawn here have been generated for illustration only. They are presented for the purpose of

demonstrating the potential uses of the dataset for observing patterns between the features of the

instances, the characteristics of the problem and the solution method.

3.2.5 Discussion

As previously identified, the quality of packing is important for managing costs. Hence, the

selection of a packing approach affects the production performance frontier of AM (Schmenner

and Swink, 1998). In order to choose which approach to use, it is important to identify which

characteristics of the problem are important and which solution methods have been successfully

applied to such problems in the past. By proposing the extended taxonomy for 3DIP problems

in AM, including a consistent terminology, a comprehensive notation and refined categorisation

criteria, this work supports the development of theory on the efficient operation of highly flexible

digital manufacturing technologies. As a central research resource in both operations manage-

ment and OR, formal theory of this kind consists of propositions that are not limited to particular

contexts but are generally applicable (Glaser and Strauss, 1967). By updating the existing tax-

onomy for 3DIP, we provide AM researchers with the vocabulary to apply existing 3DIP theory

to the emerging field of AM in order to determine features of relevance. Our updated taxonomy

can also enable OR and algorithm experts to identify potential applications for their research.

The increased capacity to flexibly manufacture complex and diverse geometries makes it

necessary to manage complexity in manufacturing control structures. This study aims to elimin-

ate some of the subjectivity introduced through the adoption of linguistic criteria, such as those

proposed by Dyckhoff (1990) and Wäscher et al. (2007), to categorise parts. Instead, this ap-

proach is based on the evaluation of measurable features of digital geometric models and the

information systems that support manufacturing. This is timely since digital manufacturing pro-

cesses, such as AM, are based on virtual representations of products and processes, thereby cut-

ting across the engineering and operations functions (Slansky, 2008). Alongside the popularisa-

tion of the notion of ‘Industrie 4.0’ (Kagermann et al., 2011), the ubiquity and cost-effectiveness

of information processing, and, with it, networked production facilities drawing on real-time

information, means that reactive and flexible processes are becoming central in manufacturing
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(Schwab, 2017). An example of such an application is the use of hyper-heuristics to automat-

ically generate and evolve packing heuristics for three-dimensional regular packing problems

(Allen et al., 2009). It is well-known that heuristic optimisation techniques often deliver var-

ied performances, depending on the instances to which they are applied. This phenomenon is

observed in our experiments. For example, for the 3|Ou|O f |A problem, DBLF performs better

than WB in two instances, A2018:4 and A2018:51, whereas the situation is reversed in the all

other instances.

There is a growing number of studies on the use of data science techniques to map instance

features to the best performing algorithm to solve problems (Ross, 2005; Kotthoff, 2014). Using

the features of unseen instances and the discovered mapping, the best performing heuristic can

be selected automatically to solve the given problem. Another strand of ongoing research which

may be of major benefit for solving this type of problem is on the use of hyper-heuristics to mix

and control multiple heuristics to exploit their relative strengths (Burke et al., 2013). Machine

learning, which uses algorithms designed to learn from data in order to make predictions, is

another methodology that can be applied to 3DIP. Machine learning has been adopted in flexible

manufacturing technologies for a variety of purposes, ranging from specifying predictive main-

tenance scheduling, the generation of demand forecasts, to manufacturing process monitoring

and optimisation (Joseph et al., 2014).



Chapter 4

An experimental analysis of Deepest Bottom
Left with Fill packing methods for Additive
Manufacturing

The DBLF algorithm has been the basis for most of the approaches that address 3DIP problems

in the AM sector (Karabulut and Murat, 2004; Canellidis et al., 2006; Gogate and Pande, 2008;

Canellidis et al., 2009, 2013; Araújo et al., 2018). However, there has been no comprehensive

investigation of the effects that different degrees of freedom for rotation have on the performance

of the DBLF heuristic, which can be assessed by observing the resulting algorithm runtime

and volume density. This chapter investigates the usefulness of the DBLF algorithm by: (i)

discussing the main DBLF-based approaches and their strengths and weaknesses for use in AM;

(ii) investigating trade-offs between computational runtime and packing efficiency (z-height);

and (iii) demonstrating through the experiments the effects that variations in the constraints and

input parameters for DBLF have on packing performance.

4.1 DBLF-based approaches: Brute force search, DBLF Decreas-
ing and Genetic Algorithms

This section discusses the uses of three selected strategies for DBLF and their advantages and

disadvantages. Presented in increasing order of number of occurrences in the literature, these

strategies are (i) brute force search, (ii) deepest bottom left with fill decreasing (DBLFD), and

(iii) genetic algorithm with DBLF. Each approach is discussed in detail in the following sections.

4.1.1 Brute force search

Brute force algorithms exhaustively search through all possible candidates to find globally op-

timum solutions. Therefore, their algorithmic computational cost can be gauged by assessing
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the size of the search space (Schaeffer et al., 1993). In the context of DBLF algorithms, the car-

dinality of the search space is the number of possible packing plans for the given input, which

depends on the number of parts and allowable orientations per part. For instance, for the prob-

lem of packing a set of ‘n’ parts where part orientations arising from angle increments of ‘θ ’

are allowed, the attainable ‘b’ angular states about the x, y and z-axes that give rise to a part ori-

entation are captured by Equation 4.1. For example, 90◦ increments result in 4 possible angular

states (0◦,90◦,180◦,270◦).

b =

1, if θ = 0

b360
θ
c, otherwise

(4.1)

The cardinality of the solution space can, therefore, be estimated by equation 4.2, which

reflects the runtime of the brute force algorithm based on n and b.

f (n,b) = n!×b3n (4.2)

The brute-force complete search method yields the best packing sequence with the min-

imum volume height after investigating each candidate in the search space. For inputs of size n

and for a constant b, it requires O(n! bn) time, which is not practical even for very small values

of b. Hence, solving 3DIP problems using brute-force search is not and amenable strategy for

problems containing a large number of demanded parts as in most of the real-world instances.

4.1.2 DBLF Decreasing

Deepest bottom left with fill decreasing is a strategy to manage the large search space of pack-

ing plans by sorting the parts in decreasing order of a particular numeric feature. It extends the

standard DBLF by adding a preliminary task in which parts are sorted in decreasing order of

volume; the sequence of parts is then processed using DBLF. Another particularity of the imple-

mented approach is that three different orientations per part, which are shown in Figure 4.1, are

tested while the standard DBLF uses only the native (i.e. original) orientation. This mechanism

mitigates the effect of poor native orientations achieved during the part design and explores a

more extensive area of the search space (see equation 4.2).

4.1.3 A Genetic Algorithm combined with DBLF

Ikonen et al. (1998) used the acronym GARP to refer to methods that integrate genetic algorithms

(GAs) with the DBLF heuristic for rapid prototyping, which has been one of the dominant

strategies for applying 3DIP in AM (Ikonen et al., 1996, 1997, 1998; Hur et al., 2001; Canellidis

et al., 2006, 2009, 2013; Araújo et al., 2015). GAs are evolutionary algorithms (population-

based metaheuristics) that mimic the process of evolving a population throughout the selection
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(a) Original model and
first possible orientation.

(b) Second possible ori-
entation for the given part.

(c) Third possible orienta-
tion for the part.

Figure 4.1: Three orientations per part, as in the implemented DBLFD.

and combination of the fittest individuals (John, 1992).

The characteristics of an individual are represented by a data structure called a chromo-

some, which consists of an array of values or genes. In GARP, a chromosome encodes a se-

quence and sometimes (depending on the solution design) the orientation in which parts are

processed by the DBLF heuristic, to create a data structure also known as ‘packing plan’ (Gog-

ate and Pande, 2008). The assessment of the quality of an individual (fitness) is measured by the

resulting volume density, which is reflected by factors such as the z-height of the build volume

constructed by DBLF given the packing plan. The fitness has its maximum when the parts are

perfectly assembled with no gaps between them, resulting in a build volume with minimum

z-height.

Parameter tuning is highly recommended when applying metaheuristics to any problem

domain, although this has not been done for 3D packing studies in AM (Grefenstette, 1986).

Approaches using GA within this context have explored only a restricted range of parameter

values, which have been selected in an arbitrary manner or using limited rationalisation (see

Table 2.1). The GA components that have been used in such studies, which are also employed

in the experiments shown in section 4.2, are explained below.

Chromosome: A chromosome is an array of genes with a length (L) that is equal to the

number of parts (n). Each gene is a 4-tuple comprised of the id of the part and the rotations

around the x, y and z-axis (rx, ry and rz respectively), as illustrated in Figure 4.2.

Crossover: Crossover is responsible for transmitting genetic characteristics from good in-

dividuals (parents) to the next generation (John, 1992). In GARP, order-1 crossover is often

used since this operator is suitable for combining individuals that are represented as non-binary

chromosomes and is commonly used for permutations (Poon and Carter, 1995). An aspect to

consider is the probability that crossover is applied and the strategy for selecting parents. Based
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Figure 4.2: Chromosome in the current GA implementation.

on the parameters used in reported GARP solutions and suggestions in the literature, the fol-

lowing values are used for crossover probability (CP): 0.5, 0.75 and 1.0 (Srinivas and Patnaik,

1994).

Selection: Individuals with higher fitness values have higher probability of being select to

generate new individuals. Three parent selection schemes appear in GARP solutions and are

used in section 4.2 (Goldberg and Deb, 1991):

• Roulette wheel or fitness proportionate selection: the probability of selecting an individual

is proportionate to the fitness

• Ranking selection: sorts a population with size p in decreasing order of fitness and then

applies proportional selection (similar to roulette wheel described above) based on the

‘new’ fitnesses of the individuals with values 1/2, 1/3, ..., 1/(p+ 1); particularly useful

for distinguishing individuals with similar fitness values

• Tournament: selects the best individual from a randomly selected group of individuals,

typically comprised of 2 or 4 elements

Mutation: Mutation adds genetic diversity to the population by changing the value of each

gene with mutation probability (MP) (John, 1992). Three different schemes have been used in

GARP:

• Insert (Sivanandam and Deepa, 2007): the gene is moved to a random position in the

chromosome

• Creep (Sivanandam and Deepa, 2007): different values are assigned to the rx, ry and rz of

the gene
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• Insert and creep: the gene values for rx, ry and rz are changed, and then the gene is

randomly moved to a different position in the chromosome. This scheme is used in the

experiments shown in section 4.2.

Concerning MP, two commonly used values are tested: 1/L and 0.01.

Fitness function: The fitness function maps how well the individual meets the problem

objective. In this work, this function focuses on solutions to the three-dimensional strip pack-

ing (3DSP) problem, which aims for minimum build volume height. The fitness function is

calculated by the equation 4.3.

f =
H∗

H +PEN
(4.3)

where, H∗ corresponds to the optimal minimum height, H is the resulting build volume

height, and PEN is the penalty value added to prioritise solutions in which all the parts are

packed. In real-world instances, H∗ is often unknown and can be replaced by a strictly positive

constant, and PEN is needed in cases where some part orientations result in x-y cross-sections

that exceed the bounds of the container. In this implementation, PEN is set to 10 times the

optimal value if at least one part is not packed, and 0 otherwise. This results in a fitness value

( f ) of between 0 and 1. Good packing configurations attain values closer to 1, while poor

configurations approach 0. For example, where all the parts can be perfectly assembled with no

loss of space, then H = H∗ and PEN = 0, resulting in fitness value of 1.0.

Replacement strategy: This is the strategy to replace individuals of the current population

by the offspring. Two replacement strategies are used the experiments presented in section 4.2:

• Generational replacement with elitism: (i) copies the best two individuals of the cur-

rent population to the pool of individuals which will constitute the population of the next

generation, (ii) successively combines individuals, and (iii) copying the offspring to next

generation until its population is complete

• Steady state: instead of generating a new population, the best two individuals among the

two selected parents and the offspring are copied back to the population

Termination criteria: These criteria limit the computational costs of GA. The GA method

implemented in this study stops and returns the best individual (solution) found at a point when

at least one of the following conditions is satisfied:

• the best individual is above the acceptable threshold, i.e., its fitness is within the interval

[0.99,1] (Safe et al., 2004)

• the algorithm ends if there is no improvement of the best individual after 1,400 (calculated

after preliminary tests) consecutive evaluations
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Determining appropriate termination criteria depends on the problem domain and intended

search length (Safe et al., 2004). Preliminary tests conducted by the authors showed that solu-

tions with a fitness within the interval [0.9,1] have satisfactory results. Regarding the second

criterion, no further improvement to the best individual was observed after approximately 1,400

consecutive evaluations (about 35 minutes runtime) for population up to 200 in size. This is a

reasonable amount considering that the runtime for one single evaluation is at most 1.5 seconds.

Parameter sets: A parameter set is comprised of the definition of the population size, CP,

the parent selection scheme, MP and the replacement strategy. Table 4.1 summarises the para-

meters and values that have been tested in the existing GARP solutions and that are employed

in the experiments shown in section 4.2.

Table 4.1: Summary of the parameter values used in the existing GARP methods.

Parameter Values
Size of population (p) 100, 200
Crossover probability (CP) 0.5, 0.75 and 1.0
Mutation probability (MP) 1/L a, 0.01
Parent selection scheme Roulette wheel, ranking, tournament-2 b and tournament-4 c

Replacement strategy Generational with elitism, steady state
a L: Length of chromosome; b Tournament of 2 individuals; c Tournament of 4 individuals

4.2 Experimental design
This section proceeds from the description of the three DBLF approaches in Section 4.1 and

focuses on a series of experiments to compare their algorithmic performances. Also presented

here are the benchmark problem instances and their properties, evaluation methods and targeted

observations.

4.2.1 Problem instances used in the experiments
Three problem instances were generated to investigate the packing performance of DBLF-based

approaches since the 3DIP dataset, shown in section 3.2, was not available at the time. The first

two instances, Cutcube1 with four parts and Cutcube2 with 11 parts, are generated by slicing

a three-dimensional cube using bounded regions of non-orthogonal planes. The third instance

is a Somacube (Peter-Orth, 1985) comprised of seven polycube parts. Figure 4.3 illustrates the

problem instances arranged in their best packing solution, which is known.

The instances1 shown in Figure 4.3 are comprised of relatively few parts: 4, 11 and 7 for

the Cutcube1, Cutcube2 and Somacube, respectively. The parts considered here pose a greater

challenge from a packing perspective than the bounding box approximations. While they do not

1Available at http://www.cs.nott.ac.uk/~psxlja/dblf

http://www.cs.nott.ac.uk/~psxlja/dblf
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(a) Cutcube1 (4 parts) (b) Cutcube2 (11 parts) (c) Somacube (7 parts)

Figure 4.3: The number of parts and optimal packing configuration for the three instances.

represent AM parts designed for industrial applications, they approximate the levels of complex-

ity found in reality. Using instances with intermediate levels of complexity and known optimal

packing arrangements is useful for comparing the effectiveness of DBLF-based approaches for

packing AM parts in reasonable runtime. Underlying this approach, of course, is the acknow-

ledgement that obtaining the optimal packing for a random set of AM parts, as pursued in some

studies, is an unfathomable task. Therefore, having known optimal packing configurations is

a distinct advantage for benchmarking (Szykman and Cagan, 1995). The experiments for the

present study also use the original STL models for the parts to prevent the loss of information

that would result from using alternative primitive representations.

4.2.2 Experiments

In this section, we describe our experiments comparing the three DBLF approaches shown in

section 4.1 and the effects that different algorithm parameters have on performance regarding

volume utilisation and runtime.

Estimation of the runtime for brute force search. For each instance-θ , randomly selected

packing plans were processed by the DBLF heuristic to calculate their average runtime. A

sample size of 35 was used, except in the case of instance Cutcube1 with no part rotation which

has search space comprises only 24 elements, to enable statistical analysis on the results (Royall,

1986).

Parameter tuning for the GA approach. Studies presenting GARP techniques often fail

to analyse how different values for GA parameters affect packing performance. Moreover, lim-

ited rationalisation is given regarding the choice of these parameters, which is unfortunate since

parameter tuning is an essential task while applying heuristics to any problem domain (Smit and

Eiben, 2009). In this experiment, 96 parameter sets were generated from combinations of the
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GA parameters shown in Table 4.1. For each parameter set, GA was executed 35 times to ascer-

tain the average runtime and obtained build volume height when solving the Cutcube2 instance

with angle increment of 90◦. As a result, the parameter set that maximises the average fitness

withing reasonable runtime is selected for further testing.

Comparing the GA approach to DBLFD. This experiment analyses the relationship

between different degrees of freedom for part rotation and packing efficiency. Using the para-

meter set selected previously, the GA is executed 35 times to solve each instance and angle

increment, which we will refer to in the following as an instance-θ pair. The average runtime

and build volume height are calculated and compared to the deterministic result obtained from

the DBLFD method.

4.3 Results and discussion
4.3.1 Testing for brute force search

As explained above, 50 packing plans were randomly generated for each instance-θ , except in

the case of Cutcube1-0 as its search space is comprised of 24 elements. Table 4.2 shows the

mean runtime per instance and part, as well as the number in non-convex parts in each instance.

Table 4.2: Estimated runtime for the brute force per instance-angle increment.

Instance Number of parts Number of non-convex parts Mean time (seconds)
Per instance Per part

Cutcube1 4 1 0.031 0.008
Cutcube2 11 0 0.058 0.005
Somacube 7 7 1.445 0.206

The results confirm the intuition that the runtime per instance depends on the quantity and

complexity of the parts processed. The runtime to solve Cutcube1 is lower than Cutcube2 due

to a lower number of parts. On the other hand, the mean runtime per part of Cutcube1 is higher,

mainly because of the presence of one non-convex part. The Somacube instance, which has the

most non-convex parts, had the highest mean runtime for both instance and parts. The mean

runtime per instance and equation 4.2 enables an estimation of the time necessary to investigate

each element in the search space.

Brute force search often requires an unreasonable amount of time for most of instances-

θ , especially those with a large number of parts or higher degrees of freedom regarding part

rotation. For example, processing every candidate solution in the search space of packing plans

for Cutcube2-90 would require approximately 1.62∗1017 years, according to Equation 4.2. This

reinforces the argument that approximate methods capable of giving results quickly and with
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reduced computational cost are preferable to the brute force algorithm when addressing real-

world packing instances. More interesting, however, is the observation that instances comprised

of higher mean shape complexity (in terms of the number of faces) can require higher runtime

than instances with more parts. For example, the average runtime for processing the Somacube

instance (see Table 4.2) is higher than the average runtime for solving Cutcube2, regardless the

angle increment2. These findings demonstrate the importance of adopting simpler boundary

representations for implementing DBLF approaches (Stroud, 2006).

4.3.2 Parameter tuning for GA-based approach
The mean runtime and build volume height are used to compare the 96 different sets of parameter

configurations generated from combinations of GA parameter values as shown in Table 4.1.

First, each attribute was analysed separately with respect to its effects on the performance (see

Table 4.3).

Table 4.3: Comparing the mean and standard deviation of GA parameters separately.

Parameter Value Runtime Fitness
Average (s) SD Average SD

Crossover probability
0.5 55.9 19.3 0.2309 0.1296
0.75 84.2 30.2 0.2673 0.1227

1 111.84 39.2 0.3010 0.1059

Mutation probability
0.011 84.07 37.9 0.2628 0.1245
1/L 83.8 38.5 0.2699 0.1218

Population size
100 81.1 37.2 0.2627 0.1244
200 86.8 39.0 0.2700 0.1219

Selection scheme

Ranking 86.1 40.1 0.2637 0.1238
Roulette wheel 81.9 36.7 0.2651 0.1243
Tournament 2 84.0 37.7 0.2715 0.1213
Tournament4 83.7 38.2 0.2652 0.1234

Replacement strategy
Generational 87.5 40.5 0.2726 0.1211
Steady state 80.3 35.4 0.2602 0.1249

It can be observed from Table 4.3 that GA parameters do not strongly affect the mean

runtime and mean build volume height, except for CP. Increasing the value of CP from 0.5 to

1.0 results in a noticeable improvement (> 10%) in build volume z-height at a modest increase

in computational cost. It is of note that generational GA with elitism produced marginally better

results compared to steady state implementation. Figure 4.4 shows that build volume height

decreased as the time spent on the search increased, which was expected. The first cluster of

parameter sets with mean times of less than 65 seconds is entirely comprised of configurations

2Data available at https://github.com/ljonata/ExperimentalAnalysisDBLF

https://github.com/ljonata/ExperimentalAnalysisDBLF
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Table 4.4: Comparing three selected parameter sets (33, 35 and 47).

Parameter Crossover Mutation Population Selection Replacement Mean
set probability probability scheme strategy fitness
33 1 1/L (0.090) 200 Tournament-2 Generational with elitism 0.2426
35 1 0.011 200 Tournament-2 Generational with elitism 0.2860
47 1 0.011 200 Tournament-4 Generational with elitism 0.2880

with CP equal to 0.5, while the group of parameters between 65 and 105 seconds is predom-

inantly comprised of configurations with CP equal to 0.75 (33 out of 42 parameter sets). The

graph stresses the two parameter sets that resulted in highest mean fitness: 35 and 47. Table 4.4

presents the attributes and the mean fitness obtained by the parameter sets 35, 47 and 33, which

is formed by the best individual parameters extracted from Table 4.3.

Figure 4.4: Scatter graph summarising the mean fitness and runtime for each parameter set.

The three parameter configurations (sets) shown in Table 4.4 share the same values for the

probability of crossover, size of population and replacement strategy. The parameter configura-

tion identified by the ID 35 was chosen for further experiments, since the tournament-2 selection

method yielded better mean results than the tournament-4 method (see Table 4.3).

4.3.3 Comparing DBLFD and GA-based packing methods
The mean fitness and mean runtime are reported in Figure 4.5, together with the result from

DBLFD. The data obtained from this experiment reinforces the need to adopt simpler primitive

representations when aiming to minimise computational effort.

Although the Somacube instance is comprised of fewer parts than Cutcube2 (7 and 11,

respectively), the higher complexity, i.e., non-convexity of parts, resulted in considerable higher
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Figure 4.5: Mean fitness and runtime obtained for each instance-θ

runtime. While the mean runtimes for all Cutcube1-θ and Cutcube2-θ are less than 140 seconds,

all the Somacube-θ configurations have mean runtime over 2,000 seconds. Interestingly, for

most of the instance-theta pairs (except for Cutcube2-0, Somacube-180 and Somacube-90),

the DBLFD heuristic produced more competitive results than the GA approach. This finding

suggests that the former method is a viable alternative, as it simpler to implement and has a

more reasonable runtime than the popular GA approach with angle increments less than 90◦.

The effects of part orientation on mean fitness and the importance of ‘good’ initial orient-

ation of the parts can also be observed in Figure 4.5. For configurations with non-orthogonal

rotation (θ = 120◦ or θ < 90◦), initial populations were comprised of several packing plans that

resulted in non-packable parts. This was due to horizontal projection of the parts exceeding

the bounds of the container. This observation indicates that local search methods should be run

before proceeding with the packing process to ensure that each part fits within the container

(Canellidis et al., 2006, 2009, 2013).

4.3.4 Discussion on packing for real-world problems
This study provides evidence that shape complexity affects computational runtime to a greater

extent than the number of parts. As shown in the first experiment, instances with a smaller

number of parts exhibiting higher degrees of non-convexity require greater computational effort

than those with higher quantity requirements but simple geometries. For example, the mean

runtime for solving a Somacube instance is greater than in Cutcube2, despite its fewer number

of parts (see Table 4.2). This implies that high-resolution voxelised representations (Min, 2004),

which bear a resemblance the non-convex polycubes contained in the Somacube instance, are

likely to result in higher runtimes compared to convex hull envelopes. Therefore, the results
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underline the importance of the adoption of simple boundary representations in the early stages

of packing solution development. This is of special significance in AM, since the adoption

of AM is often justified by the necessity to manage highly complex or non-convex product

geometries (Baumers et al., 2017b).

Another observation that can be made from these experiments concerns the limitations of

DBLF in obtaining configurations with no waste of space between objects (when such configur-

ations exist) due to the fixed order in which geometric operations (translation and rotation) are

performed. For example, the use of brute force search for solving Cutcube1-0 fails in achieving

a ‘no-waste’ configuration despite the small number of parts, which have been designed to be

perfectly assembled. As shown in Table 4.5, the best build volume height achieved by DBLF

(depicted in Figure 4.6) was 118.32mm. This demonstrates a need for placement heuristics that

are more flexible regarding the identification, translation and rotation of the processing part. Ad-

vantageous strategies would be to temporarily allow infeasible states and to adopt more efficient

methods of detecting eventual geometry overlaps.

Table 4.5: Results of DBLF after processing the 24 possible packing plans for Cutcube1-0.

Best height (mm) Worst height (mm) Mean height (mm) The standard deviation of height
118.32 190.31 144.03 23.86

Figure 4.6: The best out of 24 possible packing plans of Cutcube1-0 with no rotation allowed.

The above experiments and the comparison of the performance from GA an DBLFD can be

used to stress the necessity to optimise the orientation of each part individually before running
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the packing algorithm. Incorporating this task into the process is likely to prevent both parts

remaining unpacked. It would also prevent part rotations that lead to technically problematic

solutions due to large horizontal sections, which are avoided in practice (to avoid part deforma-

tion and curling). Therefore, it would be practical to integrate such an orientation determination

step within the design software that generates the final to-be-manufactured model instead deleg-

ated the task to a human machine operator. The results discussed in this section have a number

of additional implications for AM practice:

• Simplifying part representations can lead to quicker determination of satisfactory build

configurations. This is essential in some practical situations, such as when cost estimates

or price quotations are required instantaneously.

• Similarly to other combinatorial optimisation problems, parameter tuning can heavily in-

fluence the entire functioning and performance regarding runtime and volume utilisation

of packing approaches. However, most of GARP techniques in the literature omit this

critical preprocessing stage and use arbitrary values for parameters and rotation. The

incorporation of such task into the AM workflow can, therefore, improve the packing out-

come and thereby reduce manufacturing costs in AM (Ruffo and Hague, 2007; Baumers

et al., 2017a).

• As shown in the experiment comparing GA to DBLFD, higher degrees of freedom for part

rotation does not necessarily result in a gain of performance concerning volume density

for packing algorithms. Instead, it occurs in additional computational effort due to the

exponential increase of the search space. The use of orthogonal rotation, therefore, seems

a reasonable approach for this domain.

Products that have been designed for AM are particularly likely to feature high levels of

complexity (Hague et al., 2003), which, together with orientation in build, affects manufacturing

parameters, such as surface roughness, the area of contact with the build platform and supporting

structures. Therefore, pre-processing of the parts in the digital design environment would allow

the simulation and prevention of losses associated with orientation-related issues during the

manufacturing step (Peko et al., 2018).



Chapter 5

An algorithm selection approach to
three-dimensional irregular packing

Techniques that identify matching patterns between the feature space and algorithm perform-

ance are at the core of the algorithm selection problem introduced by Rice (1976). Over the last

decade, algorithm selection methods have become increasingly popular for solving a range of

complex optimisation problems, including propositional satisfiability, scheduling and the trav-

elling salesperson problem (Monostori, 2003). However, to the best of the author’s knowledge,

the viability of an algorithm selection approach for solving 3DIP problems has not been reported

in the literature. This chapter focuses on the use of machine-learning-based algorithm selection

for 3DIP problems that have the objective of promoting efficiency in single-build manufacturing

(Kotsiantis et al., 2006). An empirical analysis of the results using several learning models, para-

meter sets and data transformations is also presented. The algorithm selection solution tailored

for 3DIP provides valuable insights to support the development of more effective algorithms

suitable for practical problems aligned with AM requirements (Xu et al., 2008; Mittelmann,

2015).

5.1 An algorithm selection pipeline to 3DIP
This section presents an algorithm selection pipeline applied to realistic 3DIP problems for the

first time in literature. This pipeline uses the 3DIP dataset introduced in chapter 3 and two of the

most commonly used approaches for solving 3DIP problems: a wall-building-based algorithm

and the deepest bottom-left decreasing heuristic seen in chapter 4.

Firstly, the 3DIP instances are solved using the aforementioned methods and labelled with

the algorithm that delivers higher volume utilisation. This constitutes an extended dataset to

be publicly available to the community. The data is then preprocessed to transform raw data

into a clean data that enables machine learning models to obtain better results. It also prevents

that numeric features with high magnitude values dominate others in the objective function.



5.1. AN ALGORITHM SELECTION PIPELINE TO 3DIP 70

After, different predictive models and parameter sets are compared and used to evaluate the

most relevant features in this domain. The results allow valuable insights regarding the packing

approaches and confirm the usefulness of the introduced features and methods in this study. The

methodology is summarised in Figure 5.1.

Figure 5.1: The methodology for implementing an algorithm selection for 3DIP problems.

5.1.1 The three-dimensional irregular knapsack problem
Three-dimensional irregular knapsack (3DIK) problems are packing problems in which a subset

of items must be placed in containers in such a way that the utilised volume within the container

is maximised (Wäscher et al., 2007). These problems are analogous to the task of choosing

the subset of parts that maximises the utilised volume within the manufacturing build volume

given an exceeding number of parts (Dickinson and Knopf, 2002; Baumers et al., 2013). Three-

dimensional irregular knapsack is encoded by the tuple 3/B/O/ in Dyckhoff’s typology (Dyck-

hoff, 1990), and 3|Ou|O f |A in Araújo et al.’s extended taxonomy for C&P problems (Araújo

et al., 2018).

Algorithms for tackling 3DIK problems are particularly valuable for AM technologies that

permit a relatively unconstrained layout configuration for the parts within the build chamber,

such as LS (Mueller, 2012; Gibson et al., 2014). One characteristic of 3DIK is that it results in

a bounded output variable, which is the percentage of the effectively utilised volume capacity.

This differs from the unbounded results observed in other kinds of packing problems, such as the
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three-dimensional strip packing problem, which aims to minimise build-volume height (Wäscher

et al., 2007; Araújo et al., 2018).

5.1.2 Instances and features
This study uses the 3DIP dataset introduced in chapter 3, which consists of instances generated

to resemble realistic AM requirements regarding parts and demands. Each 3DIP instance is

represented in the dataset by an entry or row. This dataset is comprised of a comprehensive set

of 2,343 entries and the 32 features shown below with their corresponding labels:

• Number of parts (num-parts)

• Number of models (num-models)

• Mean of demands (number of parts divided by the number of models) (mean-demand)

• Relative standard deviation (RSD) of the demands (rsd-demand)

• Mean of the file size (bytes) of models (mean-file-bytes)

• RSD of the file size (bytes) of models (rsd-file-bytes)

• Mean of the values for Mean Connectivity Value (MCV) of the parts (mean-MCV)

• RSD of the MCV of the parts (rsd-MCV)

• Mean v-value of the parts (mean-v-value)

• RSD of the v-value of the parts (rsd-v-value)

• Mean Spies ratio (SR) of the parts (mean-SR)

• RSD of the SR of the parts (rsd-SR)

• Mean of MCV multiplied by SR of each part (mean-MCVSR)

• RSD of MCV multiplied by SR of each part (rsd-MCVSR)

• Mean Minimum Bounding Box (MBB) volume of the parts (mean-vol-MBB)

• RSD of the MBB volume of the parts (rsd-vol-MBB)

• Mean number of faces of the parts (mean-num-facets)

• RSD of the number of faces of the parts (rsd-num-facets)

• Mean surface area of the parts (mean-surface-area)
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• RSD of the surface area of the parts (rsd-surface-area)

• Mean volume of the parts (mean-volume)

• RSD of the volume of the parts (rsd-volume)

• Volume of the container (vol-container)

• Surface area of the container (surface-container)

• Mean of relative volumes of the parts, which is the volume of the part divided by the

volume of the container (mean-rel-volume)

• RSD of the relative volumes of the parts (rsd-rel-volume)

• Mean of relative surface (surface of the part divided by the surface of the container) of the

parts (mean-rel-surface-area)

• RSD of the relative surface of the parts (rsd-rel-surface-area)

• Mean of relative MBB volumes (MBB volume of the part divided by the volume of the

container) of the parts (mean-rel-vol-MBB)

• RSD of the relative MBB volumes of the parts (rsd-rel-vol-MBB)

• Mean of connectivity scores (MCV divided by max{v-value, 0.1}) of the parts (mean-

connectivity-score)

• RSD of the connectivity scores of the parts (rsd-connectivity-score)

An additional set of 27 features was generated to indicate the percentages of parts that

have a specific feature value within a discretised range of intervals, as presented in Procedure

2. Despite the fact the computational runtime required to calculate each feature is relevant, such

information is not within the scope of the current study. In total, each entry contains information

on 59 features.

After data collection, the data is processed before being passed on to the learning algorithm.

Data pre-processing is essential for cleaning and removing inconsistencies in the data. Although

it is a time-consuming task, it can contribute to better quality predictions and a rapid learning

rate (Kotsiantis et al., 2006). Furthermore, pre-processing influences the effectiveness of the

models by preventing large magnitude features dominating the objective function. For example,

while the number of facets of the parts in the 3DIP dataset ranges from 4 to 447,578 units, MCV

and SR range between 0 to 1. Three data pre-processing strategies are tested in this study. These

are listed below:
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Algorithm 2: Pseudocode compute and feature values.

1 List of intervals = [ [0, 0.2] , (0.2, 0.4] , (0.4, 0.6] , (0.6, 0.8] , (0.8, 1.0] ]
2 for each interval in List of intervals do
3 Add feature Percentage of parts with Mean Connectivity Value in interval
4 Add feature Percentage of parts with V-value in interval
5 Add feature Percentage of parts with Spies Ratio in interval
6 Add feature Percentage of parts with relative volume in interval
7 Add feature Percentage of parts with relative Minimum Bounding Box volume in

interval
8 end
9 Add feature Percentage of parts with relative volume > 1.0

10 Add feature Percentage of parts with relative MBB volume > 1.0

• Z-score, or standard: removes the mean and scales the values to the unit variance (Kotsi-

antis et al., 2006; Shalabi et al., 2006)

• Min-max: scales the feature values to the interval [0, 1] (Kotsiantis et al., 2006; Shalabi

et al., 2006)

• Quantile: non-linear transformation based on the quantile functions to map the feature

values to a uniform distribution with values in the interval [0, 1] (Bolstad et al., 2003)

5.1.3 Portfolio of packing algorithms and performance indicators
This initial study considers a portfolio with two deterministic packing algorithms for predicting

the best performing algorithm based on the features of a given problem instance. The first

algorithm is the WB approach presented by Araújo and Pinheiro (2010), which builds either

one horizontal or vertical layer that maximises the total packed volume at each recursive call

targeting the available space. The second algorithm is the DBLFD algorithm described in chapter

4. A preliminary overview of the solutions generated by both algorithms reveal that while WB

arranges clusters of similar parts within the build volume, DBLFD can arrange different items

close to each other, arranging smaller objects within the concavities of larger parts. Figure 5.2

illustrates the solutions obtained for one particular instance.

The aforementioned algorithms are used for solving all the instances in the 3DIP dataset.

For each instance, the algorithms generate an output containing the specifications for the position

and rotation of the packed parts within the container. From the set of packed parts, it is possible

to extract the following performance metrics:

• Build volume utilisation (BVU), which is the ration between the total volume of packed

parts and the volume of the container
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(a) BVU = 0.3529; # of packed parts = 270; runtime = 2.1s

(b) BVU = 0.6380; # of packed parts = 247; runtime = 1053.4s

Figure 5.2: Solutions from the (a) WB and (b) DBLFD algorithms for the instance 1319 from
the A2018 dataset (Araújo et al., 2018).
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• Sum of the volume of the packed parts

• Number of packed parts

• Mean of the Mean Connectivity Value (MCV) of the packed parts

• Standard deviation of the MCV of the packed parts

• Mean of the V-values of the packed parts

• Standard deviation of the V-values of the packed parts

• Mean of the Spies ratio (SR) of the packed parts

• Standard deviation of the SR of the packed parts

• Mean of the number of faces of the packed parts

• Standard deviation of the number of faces of the packed parts

• Mean of the volume of the packed parts

• Standard deviation of the volume of the packed parts

• Runtime for solving the instance

Finally, each entry in the dataset is labelled with the indicators shown in Table 5.1.

Table 5.1: Additional indicators utilised as output for predictions.

Indicator Value
Delta BVU BVU(WB) - BVU(DBLFD)
Flag WB +1 if BVU(WB) ≥ BVU(DBLFD); 0 otherwise
Flag DBLFD +1 if Flag WB = 0; 0 otherwise
Flag Low BVU +1 if BVU(WB) < 35% and BVU(DBLFD) < 35%; 0 otherwise

Many algorithm selection methods for combinatorial optimisation evaluate the performance

of algorithms by comparing the runtime it takes each algorithm to achieve a certain objective

value when solving a given instance (Hutter et al., 2015). By contrast, this study prioritises

BVU as the objective and hence the performance indicator for packing approaches, given the

economic relevance of full utilisation of productive capacity. Moreover, both algorithms tested

in our algorithm selection approach demonstrated acceptable runtimes for typical AM processes.

In fact, ‘the lead times for tooling and fixturing are often longer than the time to the fabricate

the product itself’ (Conner et al., 2014, page 66). The authors have made the generated data on
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algorithm performance publicly available 1 in order to support and promote the development of

computational tools for 3DIP in AM applications (Wuest et al., 2016).

5.1.4 Modelling and setting of parameters
Identifying the most appropriate machine learning model and finding its best parameter setting

are extremely complex and computationally expensive tasks (Thornton et al., 2012). However,

they are extremely beneficial for improving the performance of the ML algorithm. Identifying

what is ‘appropriate’ is itself challenging and might vary according to the evaluation criteria,

e.g., accuracy and precision rates. Furthermore, some stakeholders might favour learning al-

gorithms capable of generating interpretable models or data structures. Table 5.2 presents some

of the most commonly used classification models and parameter settings for the optimisation

problems presented in Table 2.5.

A commonly used model selection method is the repeated k-fold cross-validation method,

which is useful as it attributes a robust assessment score to the models (Arlot and Celisse, 2010).

First, the k-fold cross-validation (CV) procedure splits the dataset into k folds. Each fold is used

once to calculate an assessment metric (e.g. accuracy), while the remaining k− 1 folds form

the training data for the assessed model. The CV score is calculated as the mean of the score

values associated with each fold (Kohavi and Others, 1995). This procedure is then repeated

several times, with each repetition performing a random split to mitigate the influence of biased

splits. This process leads to the selection of a model with a high generalisation capability, i.e., a

classifier able to properly fit new data (Arlot and Celisse, 2010; Krstajic et al., 2014).

The classifiers exhibited in Table 5.2 accept a wide range of parameters which can signific-

antly affect the predictive performance. This study implements an exhaustive grid search with

repeated k-fold to select the parameter set from all possible combinations (Krstajic et al., 2014).

Finally, Procedure 3 presents the algorithm for generating data, which yields the following at-

tributes: data pre-processing strategy; classification model; parameter setting; number of folds

(k); the name of the performance metric; mean and standard deviation of the performance metric

collected through 30 repetitions; and mean and standard deviation of the training time.

5.1.5 Feature selection
Selecting the most relevant features ensures more accurate classification models and the gener-

ation of data structures that are easier to interpret (Kotsiantis et al., 2006). Moreover, pruning

irrelevant or redundant features reduces the computational cost (Gu et al., 2012). However,

identifying the subset that optimises the chosen performance metric is becomes more challen-

ging and computationally expensive as the number of features increases (Chandrashekar and

Sahin, 2014). Hence most feature selection methods are heuristic in nature, and are classified

1http://www.cs.nott.ac.uk/~psxlja/algo-selec/

http://www.cs.nott.ac.uk/~psxlja/algo-selec/
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Table 5.2: Summary of the main classifiers employed for algorithm selection.

Classifier Parameters and their settings Sample source(s)
Gaussian Na-
ive Bayes

Non-specified prior probabilities of the predicted classes
in the testing dataset

Kanda et al. (2010);
Geschwender et al.
(2016)

Logistic
Regression

• Regularisation: L1 (Lasso) or L2 (Ridge), which are
strategies for generating less complex models and pre-
vent over-fitting
• Regularisation strength (C−1): a sequence of 10 num-
bers equally spaced on a log scale between 1 and 104

Pise and Kulkarni
(2016); Kotthoff
et al. (2015); Ilany
and Gal (2016)

Decision Tree
(CART)

• Splitting criterion at each node: Gini impurity (like-
lihood of an observation being incorrectly labelled) or
Entropy (index to measure how much information is en-
coded in a particular decision)
• Maximum depth: None (nodes are expanded until all
the observations in the leaves are homogeneous), 1, 2, 3,
4, 5 or 6

Smith-Miles (2009);
Kanda et al. (2010);
King et al. (2013,
2015)

Decision
tree with
AdaBoost

• Number of estimators: 10, 50, 100
•Maximum depth: None

Davami and Suk-
thankar (2015)

Random
Forest

• Number of trees: 1, 10, 50, 100 or 150
• Criterion: Gini impurity or Entropy
•Maximum depth: None, 1, 2, 3, 4 or 5

King et al. (2013,
2015)

K-nearest
neighbours

• Number of neighbours: 5, 10, 50
•Weights: Uniform (simple majority vote of the k nearest
neighbours) or distance (weights are proportional to the
inverse of the distance from the query observation)

Burke et al. (2006);
Kanda et al. (2010);
López-Camacho
et al. (2014)

Multi-layer
Perceptron

• Number of hidden layers: 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 20,
30, 40, 50

Smith-Miles (2009);
King et al. (2013,
2015)

according to two general strategies: filtering techniques, which iteratively drop less important

features (Hall, 1999; Molina et al., 2002), and wrapper methods, which add the best or remove

the worst feature at each interaction (Blum and Langley, 1997).

The most appropriate feature selection approach often depends on the characteristics of

the data (e.g. the presence of outliers), the classification model and the domain of the problem

to be addressed. Furthermore, there is no consensus on any one technique that performs best

for all fields and models (Piramuthu, 2004). Therefore, this study assesses three widely used

supervised feature selection methods:

• Removing the features with below-threshold value variance (John et al., 1994; Collins and

Liu, 2003)
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Algorithm 3: Generating data on the classifiers and parameters.
1 List of data preprocessing = [ Z-score, Min-max, Quantile Transformer ]
2 List of classifiers = [ Logistic Regression, Decision Tree, Random Forest, K-Neighbours,

Multi-layer Perceptron, AdaBoost ]
3 List of kfolds = [ 5, 10 ]
4 List of scores = [ accuracy, precision, ROC AUC ]
5 foreach data preprocessing in List of data preprocessing do
6 foreach classifier in List of classifiers do
7 foreach kfold in List of kfolds do
8 foreach score in List of scores do
9 Run Grid Search for (data transformation, classifier, score) with Repeated (30

times) K-fold (#fold = kfold) cross-validation
10 Collect tuples: data preprocessing, classifier, parameter setting, kfold, score,

mean score, standard deviation (SD), mean time, and SD of time
11 end
12 end
13 end
14 end

• Removing the features with the lowest Fisher score, which is defined as the ratio of vari-

ance between classes to variance within classes (Gu et al., 2012; Aggarwal, 2014).

• Recursive feature elimination with repeated CV (RFECV): removes the least important

features at each recursive call (Varma and Simon, 2006; Yan and Zhang, 2015)

5.2 Experimental results
This section presents the results of the algorithm selection approach described in Section 5.1.

First, the standalone performance for each packing algorithm and the oracle performance, which

constitutes the upper bound of the algorithm selection technique, are computed. Second, data

pre-processing strategies, classification models and parameter settings is assessed againts the

benchmark. Third, the outcomes from different feature selection methods are examined for

patterns among the most relevant 3DIP features. Next, the selected predictive models are eval-

uated for gained volume utilisation, which is a useful indicator for operations management in

AM. Lastly, easily interpretable decision rules are generated to provide insights into the main

elements in the 3DIP domain.

5.2.1 Standalone algorithm performance and oracle performance
The WB and DBLFD algorithms were assessed to identify if an algorithm performs better than

the other based on BVU. Both algorithms were run on all 2,000 benchmark entries. The results

show that WB performed better than DBLFD on the 1,214 (60.7%) entries, while DBLFD per-

formed better on the remaining 786 (39.3%). A between-class imbalance is a recurrent property
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in real-world data which increases the complexity of implementing classification models (Jap-

kowicz, 2000). Table 5.3 compares the performances of WB and DBLFD, assuming that each

algorithm is run on its own over all the problem instances. Not only is WB the best choice for

packing in AM, but it is also proved faster than DBLFD, taking 32.7 sec as opposed to 5,969 sec

to obtain a result an average BVU of 0.43.

Table 5.3: Number of instances with higher BVU, mean and standard deviation of both BVU
and runtime.

Algorithm Instances with Build volume utilisation Runtime
higher BVU Mean Standard deviation Mean (seconds) Standard deviation

WB 1,214 (60.7%) 0.43 0.19 32.7 129.3
DBLFD 786 (39.3%) 0.39 0.19 5,969.0 15,312.6

When dealing with imbalanced data, and considering the significant cost of false posit-

ives when predicting Flag DBLFD, metrics other than accuracy are more suitable for assessing

classification models (Han and Kamber, 2001). Moreover, some applications require a high

precision rate (ratio between true positive observations and positive predictions) for the minor-

ity class (Chawla et al., 2002). This study focuses, therefore, on classifiers that result in high

precision for the Flag DBLFD indicator, given that false positives require considerable runtime

and lead to lower BVU. An alternative metric is the computed area under the receiver operat-

ing characteristic curve (ROC AUC), which is a technique for summarising trade-offs between

true positive and false positive error rates that occur during classification (Swets, 1998; Bradley,

1997). This metric is also more suitable than precision for assessing multi-class classification,

which is convenient for handling more than two packing algorithms (Hand et al., 2001).

An interesting insight can be derived from the fact that the indicator Flag Low BVU can

be observed in 32.3% (646) of the problem instances. This result reinforces the need for the

inclusion of more packing algorithms to address instances for which both WB and DBLFD

deliver results below the adopted threshold (35%). The characteristics of such instances are

investigated in Section 5.2.5.

Having discussed the evaluation of the algorithms individually, it is appropriate to use a

metric which can assess how the algorithm selection approach performs when embedding the

chosen algorithms. One option is the oracle performance measure (Wagner et al., 2018), which

provides the theoretical optimal performance of an algorithm selection procedure. The oracle

performance for the given portfolio and set of instances can be calculated as follows (Xu et al.,

2008):

oracle(A, I) =
1
|I|∑i∈I

maxa∈ABVU(a) (5.1)

Where A is the set of algorithms (portfolio), I is the set of 3DIP instances (Araújo et al., 2018)
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and BVU(a) is the build volume utilisation obtained by algorithm a. The calculated oracle

performance is 0.46 with a standard deviation of 0.18 assuming that the best algorithm is chosen

for each problem instance.

5.2.2 Analysis of features
Feature selection using only variance and Fisher score often leads to a suboptimal subset as these

functions analyse each feature independently (Gu et al., 2012). As a result, the comparison

between ranked lists generated by the criteria mentioned above not rarely exhibits disjunctive

sets, as illustrated in Table 5.4. Fisher score is often preferable as it quantifies how useful a

particular feature is for discriminating samples in different classes (He et al., 2005).

Table 5.4: Highest variances and Fisher scores among the features.

Highest variances Highest Fisher scores
Feature Value Feature Value
Volume of the container 2.153E+15 Percentage of parts with relative

volume in (0.6,0.8]
35.41

Surface of the container 2.547E+11 RSD of demand 4.151
Mean of MBB volume of the parts 1.842E+11 Percentage of parts relative volume

in (0.4,0.6]
3.988

Mean file size of the parts (bytes) 6.986E+10 Mean V-value 0.842
Mean volume of the parts 5.841E+09 Mean SR 0.645
Mean of surface area of the parts 1.670E+08 Mean relative volume 0.614
Mean of number of faces of the parts 4.186E+07 RSD of volume 0.587
Mean of mean connectivity score of the parts 4.598E+05 RSD of relative surface area 0.502
Number of parts 3.636E+05 RSD of surface area 0.502
Mean of demand 1.791E+04 RSD of MCV 0.338

As mentioned in Section 5.1.5, another feature selection method tested in this study is

RFECV, which iteratively removes the feature with less relevance for the employed classifier. In

order to select such a classifier, preliminary experiments were conducted to assess the methods

shown in Table 5.2 using all combinations of data preprocessing, number of folds and parameter

settings. Table 5.5 presents the three classifiers with the highest mean accuracy, mean precision

and mean ROC AUC scores after 30 runs.

Table 5.5: Models with the highest mean accuracy, mean precision and mean ROC AUC
indicators.

Preprocessing Classifier Folds Parameters Shorthand
Highest mean
accuracy

Z-score Logistic
Regression

10 C: 1.0; penalty: L1 LR1

Highest mean
precision

Min-max Random
Forest

10 criterion: entropy, max
depth: 1, # estimators: 150

RF

Highest mean
ROC AUC

Min-max Logistic
Regression

10 C: 10,000.0; penalty: L1 LR2



5.2. EXPERIMENTAL RESULTS 81

Having selected LR1, LR2 and RF, RFECV shows how the predictive metric varies ac-

cording to the number of features, as shown in Figure 5.3. In this experiment, for consistency,

accuracy is the adopted metric for the three classifiers.

(a) LR1 (C:1.0; penalty: L1) (b) LR2 (C:10,000.0; penalty:
L1)

(c) RF (Entropy; max. depth:1;
# estimators: 150)

Figure 5.3: Accuracy per number of features during the recursive feature elimination with
cross-validation.

As shown in Figure 5.3, it is not necessary to use the entire set of 59 features to achieve

the best accuracy. The highest accuracy for the LR1, LR2 and RF classifiers is 71.42% (18

features), 71.35% (23 features) and 67.99% (features), respectively. One interesting observation

is that the five feature ranking schemes (variance, Fisher, RFECV for LR1, RFECV for LR2 and

RFECV for RF) that are generated show very different variations of the most relevant features,

as illustrated in Figure 5.4.

One strategy to further analyse the most relevant features in 3DIP is to use the 18 features

selected using RFECV for LR1, as the results of this scheme showed the highest accuracy. The

set of 18 features, in order of relevance beginning with the most relevant, are: percentage of

parts with relative volume in (0.6, 0.8], mean SR, mean MCV*SR, number of parts, number of

models, RSD of volume, mean demands, mean surface area, mean volume, mean relative sur-

face area, surface of container, percentage of parts with SR in [0.0, 0.2], percentage of parts with

relative volume in (0.2, 0.4], percentage of parts with MCV in (0.8, 1.0], RSD of relative MBB

volumes, RSD of relative volumes, RSD of connectivity scores and RSD of SR. The objective

is to analyse how the use of this subset of features affects the performance of all the models and

parameters shown in Table 5.8.

Next, the performance of classifiers using the reduced 18 features is compared to the full set

of features for accuracy, precision and ROC AUC. As is evident from Table 5.6, feature selection

leads to an effective dimensionality reduction, consistently resulting in higher predictive ability

for all the classification models based on any indicator.
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Figure 5.4: Parallel coordinates graph comparing feature ranking using variance and Fisher-
based criteria and RFECV for LR1, LR2 and RF. The 10 more relevant features for RF are

highlighted for the purposes of illustration.

Table 5.6: Performance variation after feature selection.

Model
Variation after feature selection(a)

Accuracy (%) Precision (%) ROC AUC (%) Time(b)

AdaBoost +0.706 +1.930 +1.005 -0.163
Decision Tree +0.266 +0.251 +0.441 -0.016

Gaussian Naive Bayes +0.286 +7.316 +1.078 -0.001
K-Neighbors +2.040 +6.259 +0.617 -0.001

Logistic Regression +1.830 +4.162 +0.697 -1.237
Multi-layer Perceptron +1.523 +4.521 +1.958 -0.125

Random Forest +0.763 +0.803 +1.092 -0.057
(a) Score with 18 selected features - score utilising the full set of features.

(b) Training time in seconds.

Table 5.6 shows that more precise and quicker predictive models can be obtained using the

reduced set of features. The findings also reinforce the relevance of the features and methods

introduced in Section 3.1. In fact, the ‘new’ adopted metrics, namely, MCV, v-value, SR and

functions of these features (connectivity score and MBB volume) constitute 7 out of the 18 most

relevant features and cannot be ignored when categorising and reporting 3DIP problems.
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5.2.3 Data pre-processing, model selection and estimation of parameters
We have compared the performance of a number of combinations of methods and settings dur-

ing training using the generated data for algorithm selection, joining pre-processing techniques,

classifiers, parameter settings, the number of folds for cross-validation based on accuracy, pre-

cision and ROC AUC.

Table 5.7: Analysis of the predictive performance for each tested combination of methods.

Method Setting Accuracy Precision ROC AUC
Mean S.D. Mean S.D. Mean S.D.

Transformation
Min-max 67.646 0.138 76.463 0.291 66.562 0.147
Quantile 66.187 0.278 64.303 1.058 65.768 0.139
Z-score 67.581 0.156 76.680 0.299 66.562 0.132

Classifier

AdaBoost 69.033 0.261 65.188 0.529 70.070 0.860
Decision Tree 66.666 2.074 64.079 5.776 64.429 2.569

Gaussian Naive Bayes 67.137 0.699 72.485 5.820 66.295 0.375
K-Neighbors 67.937 1.119 67.964 6.773 67.895 1.154

Logistic Regression 70.904 0.936 69.285 1.990 72.529 1.694
Multi-layer Perceptron 70.275 1.625 68.186 4.762 71.725 2.915

Random Forest 68.117 2.010 69.620 5.638 68.806 3.907

Cross-validation 5-fold 66.965 0.744 72.909 5.359 66.276 0.408
10-fold 67.311 0.611 72.055 6.221 66.318 0.390

(a) The highest mean score for each metric for each combination are displayed in bold.

Table 5.7 shows that min-max transformation resulted in higher mean accuracy and ROC

AUC, resulting in a slightly lower mean precision when compared to the z-score transformation.

Logistic Regression models for classification produced higher mean accuracy and ROC AUC

than AdaBoost, decision tree, Gaussian naive Bayes, k-neighbours, LR, multi-layer perceptron

and RF. Interestingly, Gaussian naive Bayes achieved the highest mean precision, suggesting that

the 18 features used are weakly correlated. Cross-validation 5- and 10-fold settings achieved

similar results, although 10-fold cross-validation produced slightly higher accuracy and ROC

AUC. For this reason and because it is a common practice in most of the ML literature, this study

adopted 10-fold cross-validation (Arlot and Celisse, 2010). Overall, as shown in Table 5.7, all

the tested classifiers shown yield accuracy values that are consistently higher than the percentage

of the majority class (60.7%). This observation is relevant as it confirms the usefulness of

classification models in algorithm selection for 3DIP.

As previously mentioned, the performance of a classifier depends, among other aspects, on

the parameter setting. Table 5.8 compares the performance of each classifier with various para-

meter settings, with the highest scores for mean accuracy, precision and ROC AUC displayed

in bold. Only two configurations dominate the rest for all three predictive metrics: KNN with

number of neighbours equal to 50 and RF using entropy as an impurity metric and 150 for the
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number of estimators.

An alternative strategy for model selection is to observe how often an individual classifier

delivers the highest value based on the predictive metrics. The parallel coordinate graph presen-

ted in Figure 5.5 provides insights into the general performance of LR and RF classifiers. It can

be observed, for example, that LR models are among those that result in the highest accuracy and

ROC AUC scores. However, K-nearest neighbour models present the highest precision scores,

being particularly useful for avoiding false positives when predicting instances to be solved by

the DBLFD algorithm.

(a) Logistic Regression (b) K-nearest neighbours

Figure 5.5: Parallel coordinates graph highlighting the higher precision obtained by several
K-nearest neighbour models.

The following combination of algorithm choices and parameter settings are used in the next

sections, unless mentioned otherwise. Min-max is used as the data pre-processing method. For

the classifiers and their settings, the following ML models are used, based on the fact that each

classifier and setting ranks first for each indicator:

• LR3: Logistic Regression with C= 2.782 using 10-fold cross-validation and an L2 penalty,

which results in the highest accuracy at 72.06%

• KNN1: K-nearest neighbours with 50 neighbours using 10-fold cross-validation and uni-

form weights, which yields the highest precision at 77.05%

• MLP1: Multi-layer Perceptron with 50 hidden layers and 5-fold cross-validation, yielding

the highest ROC AUC at 74.02%
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Table 5.8: Average performance of each classifier grouped by parameter values.

Model Parameter Value
Mean Mean Mean

accuracy (%) precision (%) ROC AUC (%)

AdaBoost
Number of
estimators

10 68.77 65.64 69.04
50 69.36 65.42 71.02

100 68.97 64.50 70.16

Decision Tree

Criterion
Entropy 66.66 64.13 64.63

Gini 66.68 64.03 64.23

Maximum
depth

1 67.70 71.81 61.11
2 67.92 65.79 65.34
3 67.66 66.01 66.53
4 66.93 64.42 66.30
5 67.41 65.15 66.02
6 67.36 64.01 65.80

None 61.69 51.37 59.92

K-nearest
neighbours

Number of
neighbours

10 68.49 68.03 68.10
5 66.44 60.03 66.57
50 68.88 75.83 69.02

Weights
Distance 67.91 66.91 68.02
Uniform 67.97 69.02 67.77

Logistic
Regression

C

1.0 71.00 69.89 72.23
2.782 71.00 69.60 72.48
7.742 70.88 69.20 72.51

21.5442 70.90 69.22 72.58
59.948 70.83 69.02 72.55
166.810 70.88 69.15 72.60
464.158 70.88 69.15 72.60

1291.549 70.88 69.15 72.60
3593.813 70.81 68.99 72.56
10,000.0 70.88 69.15 72.60

penalty
L1 70.90 69.26 72.54
L2 70.91 69.31 72.52

Multi-layer
Perceptron

Number of
hidden layers

1 65.45 53.50 64.09
2 68.97 65.69 68.61
3 70.04 67.36 70.68
4 70.37 69.57 71.26
5 70.49 70.07 71.96
6 70.73 70.39 72.23
7 70.80 70.32 72.54
8 70.91 70.39 72.69
9 70.96 70.21 72.98
10 70.95 70.28 73.00
20 71.09 69.62 73.45
30 71.09 69.35 73.52
40 71.05 68.86 73.60
50 70.96 69.00 73.53

Random Forest

Criterion
Entropy 68.14 69.81 68.84

Gini 68.10 69.43 68.78

Maximum
depth

1 67.11 69.00 65.48
2 67.67 70.60 67.93
3 68.05 71.07 69.32
4 68.64 71.38 70.08
5 69.11 71.12 70.51

None 68.11 64.55 69.52

Number of
estimators

1 64.96 60.36 62.16
10 68.38 70.46 69.30
50 69.01 72.23 70.69

100 69.11 72.47 70.90
150 69.14 72.58 70.98

(*) The highest average scores for each parameter are shown in bold.
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The classifiers above are used to validate the algorithm selection approach, along with the

previously selected classifiers (LR1. LR2 and RF1).

5.2.4 Assessing the contribution of the portfolio for volume utilisation
This section focuses on the usefulness of the portfolio with regard to BVU compared to the

‘winner- takes-all’ approach. For each 3DIP instance, the three selected classifiers were trained

with the remaining data and used to predict the packing algorithm that would deliver the highest

BVU. Table 5.9 shows the BVU obtained by DBLFD and WB, the best algorithm and the pack-

ing algorithm predicted by each classifier for a subset of instances. The last two rows present the

mean and standard deviation of BVU for each algorithm, the optimal algorithm selection and

the BVU obtained from each classifier.

Table 5.9: Comparing the performance of DBLFD, WB and the ML algorithms used for pre-
dicting the best packing heuristic in terms of BVU on the benchmark problem instances (Due
to the large number of instances only 10 of them are provided for the purposes of illustration).

Instance
BVU of BVU of Classifier

DBLFD (%) WB (%) LR1 LR2 RF1 LR3 KNN1 MLP1
# 0 18.96 18.96 x x x x x x
# 1 13.29 18.86 X x X X x X
# 2 08.59 08.58 x x X x x X
# 3 18.10 16.62 X X X X X X
# 4 12.65 25.09 X X X X X X
... ... ... ... ... ... ... ... ...
# 1995 80.19 45.78 X X X X X X
# 1996 78.29 39.92 X X X X X X
# 1997 94.78 70.41 X X X X X X
# 1998 52.62 41.71 X X X X X X
# 1999 80.88 74.81 X X X X X X

Mean BVU
(%)

39.15 43.52 45.00 44.88 44.49 44.99 44.88 44.91

SD of BVU 19.03 19.20 19.84 19.85 19.62 19.83 19.85 19.62
* Performance of classifiers resulting in correct (X) or incorrect (x) prediction of the best

performing packing heuristic for a sample of 10 benchmark instances.

Table 5.9 shows that the mean BVU values obtained by the classifiers LR1, LR2, RF1, LR3,

KNN1 and MLP1 are 45.00%, 44.88%, 44.49%, 44.99%, 44.88%, 44.91%, respectively, where

BVU is averaged over 2,000 problem entries. All those values are consistently higher than the

standalone performance of each packing heuristic on the benchmark instances, with DBLFD

and WB returning mean BVU values of 39.15% and 43.52%, respectively. The performance

of the best performing algorithm, i.e., LR1 (45.00%), is competitive against the performance of
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the oracle, which returned a mean BVU of 46.98%, as discussed in Section 5.2.1. This result

confirms the potential of the proposed algorithm selection approach for delivering increased

volume utilisation in 3DIP applications.

5.2.5 Decision rules for algorithm selection
Classification and regression trees are procedures that generate predictive models describing

easily interpretable rules to formalise the acquired knowledge. Such methods use heuristics

that perform feature selection at each level of the tree, which helps researchers understand the

underlying dataset (Guyon and Elisseeff, 2003). Based on the benchmark data discussed in

Section 5.2.3, Gini index and maximum depth of the two are features that result in highest

accuracy for decision trees. This configuration is used to generate models that can (i) identify

the characteristics that favour either the WB or the DBLFD algorithm, and (ii) distinguish the

features that indicate poor performance (< 35%) for both algorithms. Figure 5.6 presents the

resulting decision trees.

The decision trees illustrate how features that capture part complexity are, along with de-

mand variation, relevant for predicting the best packing algorithm. For example, relative stand-

ard deviation of connectivity score (rsd-connectivity-score) was the best splitting variable (Gini

equal to 0.395) of a node with depth 2 in the decision tree. A second observation that can be

made from Figure 5.6a is that low mean demand favours the WB algorithm, while higher val-

ues for that feature favours the DBLFD approach. Regarding instances for which both WB and

DBLFD result in low (< 35%) BVU, Figure 5.6b shows that MCV, SR and number of parts

play an essential role in the identification of such instances. For future development of packing

algorithms, this data could be used increase the overall performance of the portfolio.

5.3 Discussion
The experiments conducted in this study indicate that, as with other combinatorial optimisation

problems, 3DIP can benefit from the use of algorithm selection methods (Burke et al., 2010;

Pillay, 2012; López-Camacho et al., 2014). To date, studies on algorithm selection for C&P have

largely been restricted to one- and two-dimensional problems dealing with simple rectangular

objects. This is one of the first studies that illustrates the viability of algorithm selection for the

3DIP domain, incorporating ML and supporting intelligent planning and scheduling in AM. As a

side benefit, this study also contributes to an enhanced understanding of the main characteristics

of 3DIP problems.

The first experiment demonstrates the advantage of WB algorithms over the DBLFD heur-

istic with regard to BVU and runtime (George and Robinson, 1980; Pisinger, 2002; Karabulut

and Murat, 2004; Araújo and Pinheiro, 2010). This outcome was primarily determined by the

simplified boundary representation for complex 3D geometries, which allows rapid geometric
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(a) Generated rules for algorithm selection for a portfolio consisting of the WB and the
DBLFD algorithms.

(b) Characteristics of instances with poor performance for the portfolio.

Figure 5.6: Decision trees for algorithm selection and complex instances.

feasibility testing and efficient geometric transformations such as rotation and translation. This

study also draws attention to the high cost associated with false positives when predicting in-

stances to be solved using the DBLFD heuristic, which can result in considerably higher runtime

and lower volume utilisation. This result suggests that evaluation metrics other than accuracy
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rate are more suitable for assessing the quality of the classifiers to be integrated into the al-

gorithm selection approach.

Most of the studies on algorithm selection for combinatorial optimisation problems (see

Section 2.7) offer little or no justification for the use of a particular learning model or parameter

settings. The approach taken here and the data made publicly available as part of this study aim

to support researchers and practitioners in the 3DIP domain.

This study addresses the observation made by some authors that WB algorithms are more

suitable for weakly heterogeneous demands (Abdou and Elmasry, 1999; Gehring H., 1997; Pi-

singer, 2002; Wäscher et al., 2007; Araújo and Pinheiro, 2010; Bortfeldt and Gehring, 1998).

This study identifies precise decision rules that support such an affirmation, diminishing ambi-

guity in 3DIP categorisation. Moreover, it emphasises that part features like the volume of the

bounding box and part complexity play a crucial role in predicting algorithm performance and

in recognising instances with expected low BVU for both WB and DBLFD algorithms.

From an operations management perspective, the use of algorithm selection for 3DIP is

attractive due to its capacity to increase BVU in AM processes. For example, the results reported

in this study demonstrate that the use of an LR classifier led to an average BVU of 45.00%

BVU, which is 1.48% higher than that achieved by using only the WB algorithm (43.52%).

Although this increase might not seem impressive, the reader must consider that better results

can be obtained when integrating alternative packing algorithms into the portfolio. This finding

illustrates the potential of such a method to increase efficiency in manufacturing. Future research

on packing methods could, therefore, focus on instances that resulted in low efficiency in the

portfolio implemented in this thesis (Leyton-Brown et al., 2003).



Chapter 6

Conclusions and future work

This chapter summarises the key contributions of the thesis, presents the most important results,

and suggests directions for future research.

6.1 Summary
The main objective of this study is to promote more efficient AM processes by enabling in-

creased volume utilisation during the configuration stage of production. In order to achieve this

objective, multifaceted research was conducted which required a range of skills in areas includ-

ing operations research, computer graphics, software development and data science. The results

obtained during the research push the boundaries of existing knowledge in the 3DIP domain,

particularly within AM and address certain practical issues that can arise when manufacturing

high-value and complex objects (see section 6.2).

The use of packing algorithms to improve AM processes is not a new concept. The first

studies date back to the 1990s and were motivated by the economic benefits that can be achieved

by fully utilising the available space (Ikonen et al., 1996). A variety of approaches for solv-

ing C&P problems have since been introduced, each of which has advantages and drawbacks.

However, most of these methods have addressed regular packing problems and are not entirely

aligned with contemporary requirements regarding part complexity and high demand such as

those found in AM processes. Some solutions capable of packing arbitrary three-dimensional

geometries have been published, but these have considered fewer and less complex parts than

are considered here. Algorithms for both two and three-dimensional problems mostly imple-

ment heuristics or metaheuristics to cope with the high computational effort required to process

a large number of parts or highly convoluted objects. In summary, there is a wide variety of

packing algorithms, and identifying the best alternative is not straightforward, since it depends

on the characteristics of a particular problem.

Despite the potential practical benefits of analysing the relationship between the efficiency

of packing algorithms and classes of 3DIP problems, a study of this kind has not yet appeared in
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the OR literature. The reasons for this gap include the consideration of an insufficient number

of features to describe the kind of three-dimensional objects that are relevant for AM, the some-

times ambiguous categorisation and terminology in the existing C&P taxonomies, and the lack

of a significant amount of data on algorithm performance for realistic problem instances. These

issues are addressed in Chapter 3, in which two new features for part complexity are introduced

and a practical method for complexity measurement is proposed; an extended C&P taxonomy is

also presented to address the limitations of the previous categorisations. Finally, a comprehens-

ive dataset has been made publicly available to stand as a useful resource for future practitioners

and researchers to analyse packing algorithms across a wider variety of problems. To increase

its usefulness for the research community and save users’ time, the features of the data have

been calculated.

Using the enhanced knowledge on the 3DIP-domain obtained from the extended taxonomy

and the new data, the research investigates how the performance of 3DIP algorithms can vary ac-

cording to problem features. This is aimed at demonstrating the strengths and pitfalls of existing

3DIP algorithms for solving realistic instances. The first research direction is an examination

of the usefulness of DBLF-based methods, which serves as the basis for several, if not most,

existing 3DIP algorithms. The integration of genetic algorithms and placement policies, some-

times referred as GARP, occupy a special position among packing approaches for 3DIP. Chapter

4 demonstrates that, contrary to what might be presumed, higher degrees of freedom for part

rotation during packing do not translate into significantly gains in volume utilisation. One of the

conclusions is that when employing a DBLF-based algorithm, individual optimisation of each

part is recommended before packing.

The second research direction concerns the implementation of machine-learning-based al-

gorithm selection for 3DIP problems, discussed in Chapter 5. To the best of the author’s know-

ledge, this study stands as the first work in the literature on the relationship between the 3DIP

search space and packing performance. An additional outcome is the generation and sharing

of a large amount of data, which others can use to evaluate their own approaches or for de-

veloping their own classification models and feature selection techniques for the 3DIP domain.

This work focuses, therefore, on offering resources to enable more precise and well-informed

decision-making during the modelling task that occurs in the early stages of an AM process.

The results obtained during the research enabled a performance comparison of three-

dimensional irregular packing algorithms based on DBLF and wall-building and DBLFD heur-

istics. Although heuristics are fast, the other approaches, such as metaheuristics with DBLF em-

bedded are slower and require significant computational effort for collision detection between
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non-rectangular objects. For example, although GA can successfully contribute to the identifica-

tion of suitable packing sequences for DBLF and yield improved results, its use as a population-

based metaheuristic requires additional computational effort due to the need to process multiple

candidate solutions during the search, as discussed in Chapter 4. Chapter 5 demonstrated that

WB resulted in higher BVU for the majority of benchmark in- stances, which can be attributed

to the capability of the WB heuristic to accommodate rotation of the bounding boxes of parts.

6.2 Key results

This section summarises the key results achieved in this thesis, which contribute to an increased

comprehension of problems and algorithmic performance in the 3DIP domain.

New features for part complexity. It is reasonable to assert that part complexity is among

the main aspects that influence packing efficiency, and this is confirmed by the results in this

thesis. This study resulted in two complexity measurements to quantify degrees of non-convexity

for three-dimensional objects: mean connectivity value (MCV) and v-value. A practical method

for calculating a third commonly considered measure, the SR, was also proposed. The compar-

ison of these metrics to the existing ones demonstrated that the new features successfully meas-

ure higher complexity and irregularity, while they does not result in data redundancy. Moreover,

the use of the proposed measurements resulted in higher accuracy of the most of the predictive

models presented in Chapter 5.

An extended taxonomy for cutting and packing. Notwithstanding their undisputed rel-

evance for C&P research in the field of OR, the existing taxonomies contain ambiguous and sub-

jective criteria for some classes of problems, as discussed in Section 2.4. This inhibits straight-

forward identification of the proper literature and solutions for particular 3DIP problems. The

extended taxonomy proposed in this thesis addressed the limitations of the previous taxonomies,

resulting in a taxonomy that facilitates categorisation of packing problems. Moreover, the new

taxonomy allows the description and representation of variants that have not been commonly

addressed in the literature and are recurrent in AM processes. For example, while the three-

dimensional irregular bin packing problem with distinctive containers has not been addressed in

the literature, for the best of the authors’ knowledge, it occurs within manufacturing environ-

ments with different 3D printing machines.

A comprehensive 3DIP dataset aligned with AM requirements. Among the factors that

inhibit the identification of the most suitable algorithm for a particular 3DIP problem, are the

limited number of available datasets and the limited heterogeneity of the feature values within

those datasets. Also, most of the datasets appear to be generated for the purpose of presenting
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features that are suited to the proposed packing algorithm and do not apply to different ap-

proaches. The dataset introduced in Section 3.2.3 is by far the largest that has been made avail-

able to researchers in the 3DIP domain. Furthermore, it emulates the challenging real-world AM

requirements and incorporating a wide range of feature values and industrial-like parts.

Assessment of the main DBLF-based methods within the AM sector. As shown in this

thesis, most of the solutions for 3DIP problems combine a placement policy, notably the DBLF

heuristic, with a search algorithm which aims to identify suitable sequences and orientations for

the parts. A recurring characteristic of DBLF implementation is the use of orthogonal part rota-

tion or no part rotation at all. This study examined the usefulness and feasibility of DBLF with

higher degrees of freedom for part rotation. This investigation included a comparison of three se-

lected strategies (brute force search, DBLF decreasing and a genetic algorithm) which provides

valuable insight into parameter settings for such procedures. Contrary to intuition, higher de-

grees of freedom for part rotation, i.e. smaller angle increments for rotation, do not translate

into gained volume utilisation. On the other hand, the use of orthogonal rotation by the DBLF

heuristic demonstrated to yield reasonable results regarding runtime and volume utilisation.

The application of an algorithm selection pipeline to 3DIP. Algorithm selection has

been widely used to improve problem-solving for several combinatorial optimisation problems.

This technique uses significant amounts of data on historical algorithm performance and data

science techniques to predict the most suitable algorithm for a particular problem. To the best

of the author’s knowledge, this thesis presents the first application of such an approach to the

3DIP domain. The reported results illustrate how the use of algorithm selection for challenging

3DIP instances achieve better BVU than the ‘winner-takes-all’ method often adopted in the C&P

literature. The findings of this thesis reinforce the potential of such a method for commercial

applications. This work also illustrates that the use of data science, particularly ML techniques,

are certainly viable in AM and opens up new research directions in the area.

Identification of the most relevant 3DIP problem features for algorithm selection. An

additional benefit that can be gained from the algorithm selection method implemented in this

research is the identification of the most relevant 3DIP problem features. The experiments us-

ing different feature selection methods demonstrated that the features introduced in this study

are among those that contribute to higher accuracy when predicting the most suitable 3DIP al-

gorithm. As a result, such measurements cannot be omitted by studies on 3DIP problems and

techniques. Moreover, the decision trees generated during the experiments facilitate the gener-

ation of decision rules regarding algorithm selection for 3DIP that are easily understandable by

stakeholders and practitioners.
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6.3 Future work
This thesis concludes with recommendations for future work, although these do not exhaust the

possible research directions due to the applied nature of the subject.

Implement a multi-objective approach for packing density and surface quality. One

research direction that was partially explored during the research was the concurrent optim-

isation of surface quality and BVU. Several authors have demonstrated that build orientation,

followed by layer thickness, plays a major role in surface quality (Tumer et al., 1996; Byun and

Lee, 2006; Vetterli et al., 2014). Moreover, experiments reported in the literature provide evid-

ence that, for several AM technologies such as laser sintering, large vertical areas contribute to

high surface roughness due to the stair case effect (Bacchewar et al., 2007). Figure 6.1 illus-

trates an output from the software developed by the author to calculate overall surface quality for

a packing configuration. However, further analysis is necessary to demonstrate the presence of

trade-offs between the minimisation of vertical surfaces and the maximisation of build volume

and to analyse the prospective benefits of adopting a multi-objective approach to AM processes

(Li and Zhang, 2013).

Figure 6.1: Rendering from the software developed during the research for measuring the
overall surface roughness of a packing configuration.

Include stochastic algorithms in the portfolio. A useful property of the algorithms used

in the algorithm selection pipeline shown in Section 5.1.3 is a deterministic output measured by

the resultant build volume utilisation. However, most of the packing approaches reported in the

literature combine stochastic search algorithms and placement policies. While the addition of

such methods to the portfolio can lead to increased efficiency, it also adds a degree of complexity

to the pipeline.

Test of layout configurations in real-world operations. The research conducted for this
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thesis provides satisfactory outcomes of several computer simulations and insights into 3DIP

features. However, practical problems are likely to be encountered in real-world applications.

For example, layer thickness is a machine parameter that, to some extent, affects the DBLF

procedure during the sliding of each object. In addition, packing algorithms often ignore the

fact that smaller parts cannot be manufactured within enclosed empty spaces of larger objects,

as this would inhibit access to the contained components during post-production.

Commercial exploitation. Follow-up research is already planned to investigate the reduc-

tion of manufacturing cost for components of helicopter engines. Moreover, the use of the MCV

complexity measurement developed during this research enables the detection of critical regions

in mechanical parts, which is an additional business requirement for the planned research.
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