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Abstract

If G is a none trivial group and t is an element distinct from G then r(t) =
gthgit = 1,k > 1, g € G\{1}, l; € Z\{0} is said to be an equation
over (G. There has been much research aimed to investigate solvability of such
equations over groups and these researches adopted two main approaches. The
first considers the properties of G. The other direction which we are following here
is to put restrictions on 7(¢). The results obtained in this direction was of length
restriction at first. More resent more results have been proved and the concept
of isolated t—exponent has been introduced and used to study a generalised form
of equations of unlimited length. In this study we investigate r(t) which has the
generalized form wytwyt2wstBw,t!t where w; = Giat™ i gig.... AR g, with
gix € G\{1}, k; > 1, m; ; # 0.

In Chapter 1 we introduce the concept of equations over groups and we give some
of the known results the geometric method of proof is explained. We also state
our main theorem and the main lemma which will be proved in the following
chapters and some technical lemmas are proved.

In Chapter 2, Chapter 3, and Chapter 4 the Cases I, II, III are discussed and the
distribution is shown. In Chapter 5 the main lemma is proved and the proof of

the main theorem is completed.
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Chapter 1

Introduction

1.1 Definitions and previous results

A polynomial equation of degree n over a field K is always solvable in a suitable
extension K’ of degree at most n over K [1]. There has been much research aimed
at finding a corresponding result for groups. In order to put the problem we are

studying in context we need to give some definitions.

Definition 1. Let G be a non trivial group and let t be an element distinct from
G. Consider r(t) = gith....git™, k > 1, g € G\{1}, I; € Z\{0}, an element in
the free product Gx <t >. Then r(t) =1 is said to be an equation over G.

We say that this equation has a solution over G if there is an embedding ¢ from
G into a group H and an element h € H such that ¢(gi)h!*.....¢(gx)h'* = 1 in H.
We define the length of r(t) to be |ly| + ..... + |lx| and the exzponent sum as I +

An equation is called singular if its exponent sum is equal to zero, otherwise it is

called non-singular.

There has been two approaches to this problem. The first considers the prop-

erties of G. Research in this direction include the following:

Theorem 1. [12] Any equation of length at most 6 over a torsion-free group has

a solution.

Theorem 2. [13] Any equation over a locally indicable group G has a solution

over (.
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Locally indicable group is a group with each of its non-trivial finitely gener-
ated subgroups admits an epimorphism into the infinite cyclic group. Note that
any locally indicable group is torsion-free. One of the main conjectures in this

direction is the following;:
Conjecture 1. Any equation over a torsion-free group G has a solution over G.

The other direction is to put restrictions on r(t) such as the following theo-

rems.

Theorem 3. [1] If the length of an equation is equal to its exponent sum of t

then the equation has a solution.
Theorem 4. [3] Any non-singular equation of length at most 5 has a solution.
The following conjecture is the main conjecture in this direction:

Conjecture 2. Any non-singular equation over any group G has a solution over

G.

And in this direction results where obtained only for r(¢) for limited length.
More recent other results have been found. The next theorem follows from results
that were proven in ([1],[6]-[9]).

Theorem 5. let r(t) = g1t ... .gxt" € Gx <t >, k> 1, I; € Z\{0} where :
(i) |gi| > 2, (1 <1 <k), where |g;| refers to the order of g; in G
(i) Iy + I+ ... + 1k # 0 (i.e the equation r(t) =1 is non-singular )
(i) 1 # 11| for i # j
Then r(t) = 1 has a solution over G.
The next two theorems are proved in [10]

Theorem 6. Let G be a group and let v(t) = with. .. .wt where w; =
Giat™ 1 gig.. AR g o with g, € G\{1}, k; > 1, m;; # 0, such that the
next condition holds:

(*) for 1 < i <k, |l;] is distinct from |l;| when i # j and is distinct from my,,
for any u,v.

Then the equation r(t) = 1 has a solution over G if k > 6.



CHAPTER 1. INTRODUCTION 6

Lemma 1. If Vi, 3j # i such that w; = w;-d, then it can be assumed that r(t)

has one of the following forms (modulo cyclic permutation and inversion):

Al wthrwt2wtBwtawt!s A3 wthwt2wtsw a1l

A2 wthwtwtBwtiw 1t A4 wth w2 tBwttw s

Bi(a) wthwt2wtBotlaptls Bi(a) wthwt2utBwtlavtls
B1(b) wthwtzwtBytlay=1es BA(b)  wthwtzytbwtlay =1t
B2(a) wthwtw syt B5(a) wthwtutw 1ttt
B2(b) wthwtzw oty B5(b)  wthwtRotBwHlay s
B3(a) wthw twtbytlipts B6(a) wthw tlzythwtlats
Bli(a) wthw tRwtBute™  B6(b) wthw tRotBwtlie T s

Definition 2. A subword of the word w = git™ ....t"™ g, w € Gx < t >,
k> 1is a word of the form g,t™» g, 1t ... .t"Ptr=1g, . where p € {1, ...k} and
r € {0,..k —p}. A subword is a proper if (p,r) # (1,k — p), and an initial if
p =1, and terminal if r = p — k.

Theorem 7. Let G be a group and let r(t) = with....wits (k > 5) where w; =
Giat™ 1 gig . AR g o with g, € G\{1}, k; > 1, m;; # 0. Assume that
condition (*) holds and in addition, the following conditions holds:

(**) No w; is a conjugate of an element of G of order 2.

(***) No w; is proper initial or end subword of any wi' fori # j.

Then the following statements are true:

(1) let r(t) be given by one of the 16 forms listed in the previous lemma. Then
r(t) = 1 has a solution over G if one of the following holds:

(1) r(t) is of the form Al or A4.

(2) r(t) is of the form A2 and none of the following sets of relations holds:

(i) i =1+l =13+15 and I3 =1, + 15,

(1)) Iy =13+ Uy, lo =11 + 1y and I3 =1y + 5,

(111) I3 =lo + 1y =11 + 15,

() Iy =la+ 15 =13+ 1.

(3) r(t) is of the form A8 and neither of the following sets of relation holds:
(i)lo=1+I3andlo+1,+15=0

(i) Iy =lo+ 15 and l; + 134+ 1, =0

(4) r(t) is of the form B1-B6.
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(II) If r(t) is not one of the 16 forms listed in the previous lemma, i.e. Ji such
that w; # wjil for alli # j, then r(t) = 1 has a solution over G.

This has been used in [10] to improve Theorem 5 when & > 5 and we get the

following corollary:

Corollary 1. Let r(t) = g1t got2 gsti3gstlagstls € Gx <t >, I; € Z\{0} where:
(1) lg;) > 2, (1 <i<5).
(i) || # |l fori # 3.

Then r(t) = 1 has a solution over G.

In our work we studied r(¢) in the form described in Theorem 7 when k = 4
under some similar conditions, in particular we assume condition (*) in Theorem

6 holds. We will state our main results after the next section.

1.2 Method of proof

The proof method applied here is a geometric approach and it is an analogue to
the one used in [10] which is originally was used in [7]. We will use van Kampen
diagrams with some amendment. A van Kampem diagram over any group , say
G =< X | R >, is a finite connected planar graph whose edges are directed and
labelled by elements of X in such away that each face is a disk whose boundary
label belongs to R. The boundary of the whole graph is itself a relation in G [11].
The converse is also true [2], if w = 1in G =< X | R > then there exist a van
Kampen diagram whose boundary label is w. It is this fact we will use.

In order to show that r(¢) = 1 has a solution over G it is enough to show that
the map G — H =< G,t|r(t) > given by g — ¢, Vg € G is injective. The
method of our proof uses a contradiction argument. We assume that r(t) = 1 has
no solution over GG, this means that the map is not injective, which means by [2]
that there is a free product diagram K over H whose boundary is a simple closed
curve with an element gy € G\{1} as it’s label.

The diagram corresponding to 7(t) = w1 wot2wstw,th will have two different
type of regions. The first type of region is the one whose boundary label is some

+1

cyclic permutation of r(¢)™' and they are called r(t)-regions. The second type

are G-regions whose boundary label is a word in G' which yield the identity.
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We will amend the diagram in a certain way such that all the regions are given
by Figure 1.2(i). The first amendment is to contract each maximal t-segment
to a point and we label the corresponding corner by [; or m,, as appropriate.
Secondly we place a new vertex in the interior of each G—region, including the
infinite external region of K. Then we create new edges between the newly added
vertex and each vertex of the region and we delete all the old edges which forms
the boundary of the region. Finally we label the new vertex with element of G

that corresponds to the deleted edge, see Figure 1.5.

Following those steps we obtain a tessellation D of the 2-sphere, whose regions

Figure 1.1: Amendment to G—regions

have corners labelled with some cyclic permutation of 7(¢)*!, reading around the
region from any vertex.

We will refer by t-vertices to vertices which are labelled with powers of t, while
g-vertices is used to refer to vertices labelled with elements of G. By convention,
i is written in place of [; at the corners of the diagrams, and ¢ for —{;. Other
powers of t which are not one of [;, 1 < i < 4 will be denoted by letters such as
k or k' and will be referred to as 7-powers.

Given a region A, we will refer to the four vertices with corner labels l1, s, [3, 4
within A with vy, v, v3, vy respectively. The segment (4,7 + 1) is called an edge
and we say that the edge (7,7 + 1) splits if at least one of the g- or t-vertices
on that edge (i, i+1 are not included) has degree > 3, and we will refer to that
vertex by wu;,1 subscript mod4. When we say that d(u;.1) = 2 then we mean
that there is no split on the edge (7,74 1). For simplicity we will draw the figures
as in Figure 1.2(ii). We will label the line segment which gives us the chain of
g—vertcies and t—vertices corresponding to w; simply by w;.

The sum of the corner labels of a t—vertex is 0 since < ¢ |> is one of the free
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(i)

Figure 1.2: amendment

factors and the product of the directed corner labels at the g—vertices must be
the identity in G except for the vertex labeled by go. The degree of a vertex v is
defined to be the number of edges incident at v. It will be denoted by d(v) and the
label of v will be denoted by I(v). While the degree of a region A is the number
of its vertices with degree greater than 2 and it will be denoted by d(A). Let vq
be the vertex of the amended G-region whose label is gg. A boundary region is a
region which has vy as one of its vertices, otherwise it is called interior. We will
refer to a boundary region by A,.

We may assume the following:

(1) D is minimal with respect to the number of regions;

(2) subject to (1) the number of interior vertices of D of degree 2 is maximal.
This is essential in proving the following lemma which in an analogous to one

proved in [9].

Lemma 2. (i) ii and ii can not be a sublabel of any vertex label in D.
(ii) d(v;) > 2 for 1 <i<A4.
(111) d(A) > 4 for any region A of D.

Proof. (i) If ii or 7 is a sublabel of any vertex label in D then the diagram is
not reduced and it would be possible to cancel two regions which contradict the
assumption of the minimality of D.

(ii) This follows from (i) along with the assumption that | [; |#| {; | when i # j.



CHAPTER 1. INTRODUCTION 10

(iii) This follows from (ii) and the fact there are four of v;. O

The curvature of a region A in D is given by c¢(A) = c(dy,ds.....dy) =
(2 —m)m + 27?217’;10[%_ where m = d(A) and the d; are the degree of vertices,
1 <7 < m. The total curvature of D is the sum of the curvatures of each region
and it is denoted by ¢(D). It can be shown that ¢(D) = 47 as follows: Let V =
the number of vertices in D, E = the number of edges and F' = the number of

regions. Then:

= 27V +27F —2rE=2n(V —E+ F) =4nx

This means that D must have regions of positive curvature. For each positively
curved region A of D, we distribute ¢(A) to a neighbouring region Ain a Sys-
tematic way. We subtract curvature from positive regions and add it to some
neighbouring negative regions and we let c*(ﬁ) = c(ﬁ) plus all positive curva-
ture A receives minus all the positive curvature A distribute. This process is a
purely numerical reassignment and the diagram itself remains unchanged. Then
a7 < [ (A)] + S[e*(Ag)] where the first sum is taking over interior regions A
and the second sum is taking over boundary regions Ay. When this is done, we

prove our main lemma:
Lemma 3. If A is an interior region of D then c*(ﬁ) <0.

After proving this lemma it is only remains to prove that Y ¢*(Ag) < 47 and
we only need to prove that ¢*(4) < i—’;, ko = d(vg) for each boundary region and
this complete the proof since then ¢(D) < ko(c*(Ag)) < ko(i—g) = 4m. The proof

of this lemma will follow in the next chapters.

Remarks 1. (i)For a region of degree = 4:

c(3,3,3,3) = 2,
¢(3,3,3,4) = T,
c(3,3,4,4) =T,
o(3,4,4,4) = T,
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Figure 1.3: Bridge move

c(4,4,4,4) = 0.

(i1) For a region of degree = 5:
(3,3,3,3,3) = &
c(3,3,3,3,4) =
c(3,3,3,3,5) =
¢(3,3,3,3,6) = 0.

(11i) Any region of degree > 6 has curvature < 0.

3
us
6?
T
157

Definition 3. [6] Let v be some vertex of D and suppose it is labeled xy and we
know that x = 1. Then we can change D by a bridge move as shown in Figure

1.3

Lemma 4. [10] If w; = w;, i # j, no vertez label of D can have a proper sublabel
wiwj*l. Also if w; = w;l, 1 # j, no vertex label of D can have a proper sublabel

w;Wsj .

Proof. 1f such label is allowed then a bridge move as in Figure 1.3(i) can be per-
formed to increase the number of degree 2 vertices without changing the number

of regions, which is a contradiction. An example is given in Figure 1.3(ii). [
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1.3 Statement of results

Before we state our results we need the following definition:

Definition 4. Let w = gitF'.....t™ g, w € Gx < t >. Then w is strongly
cyclically reduced if g, # gk_l. If either g1 # g, ' or g1 = gy but t,,, # t;ni_l then

we say that w is cyclically reduced. Note that strongly cyclically reduced implies

cyclically reduced but the opposite is not always true.

In our work we studied the equation r(t) = wit"... .wit" where w; =
Giat™ 1 gig..... AR g o with g, € G\{1}, k; > 1, m;; # 0 when k = 4. The

following lemma is important in our main theorem:

Lemma 5. Let r(t) = withwot2wstBw . If w; € {wt v} w,v € Gx < t >
1 <i <4 then it can be assumed that r(t) has one of the following forms (modulo

cyclic permutation and inversion):

Case(I):

(al) wthwtzytsyth (b1) wthvtwtBytl
(a2) wtrwtzotBy=14, (b2) wthvt2wtlsy=tl
(a3) wthw ltzytly=1th (b3) w2~ sy~ 1l
Case(1l):

(al) wtrwtwtuth

(a2) wthwt2w 1Byt
(a3)  wthw Hlwtlspth
Case(I1):

(a1) wtrwt2wtBwtl
(a2) wthwt2wtw 1t
(a3) wtrwtw w1

(af) wthw 2wttt

Proof. Clearly it can be assumed that the numbers of w*! is at least the same
of v* in wy’s. Since w; € {w*,v¥}, 1 < i < 4 then we either have two of
the w;’s are in {w,w™'} and the other two are in {v,v"'}; or exactly three

of the w;’s are in {w,w™'}; or {wy,wq, ws,ws} C {w,w™'}. Any other form
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that is not in the list can be rewritten using cyclic permutation and inver-
sion to be one. For example if 7(t) = w™Hthwt2wtvt! then taking the in-
verse yields r(t) = t~ly=1t7 w2y~ "lyw and a cyclic permutation gives
r(t) = w it 2w "t Myt and replacing w with w™! and v with v=! we
have wt 2wt~ "1w=¢"ut~5 which with relabelling is of the form (a2) in Case
II. O

The main theorem that we prove is the following:

Theorem 8. Let r(t) = withwat2wstBw it where w; = g™t 4™ 0ki-1 gt™iki
and assume that the following condition holds:

(A1) for 1 <i <k, |l;| is distinct from |l;| when i # j and is distinct from m,,
for any u,v.

(A2) Each w; is cyclically reduced as a word in the free product.

(A8) No w; is a proper subword of w; fori # j.

Then the following statements are true:

(I)Let r(t) be given by one of the 13 forms listed in Lemma 5 (modulo cyclic
permutation and inversion). Then r(t) = 1 has a solution over G if one of the
following holds:

(1) r(t) is of the forms (al) or (a3) or of the forms (b1)-(b3) in Case 1.

(2) r(t) is of the form (a2) in Case I and the following does not hold:

(*)li =1+ and Iy = £ml3, m € N and m > 2.

(3) r(t) is of the forms (al)-(a3) in Case II and wv? # 1 and v w? # 1.

(4) r(t) is of the forms (a3) or (a4) in Case III.

(5) r(t) is of the form (al) in Case III and the following does not hold:

(FF)w = git™ got™2.... g 1t™ 17t no> 2 is even, 92% =1,9,= g,ﬂp, 1<p<n
;ip_l, I<p<n-1

(6) r(t) is of the form (a2) in Case III and the condition (**) in (5) does not
hold and none of the following sets of relations holds:

(*) 1y =1y + 1y and ly = mls, m € N and m > 2.

(**) lo =1, + 13 and I3 = mly, m € N and m > 2.

(*¥%) Iy = 1y + 14, I3 = myly, my € {2,3} or ly = mals, my € {2,—-3}.

(F¥¥¥) 1y = Iy + I3 and ly = mqls, my € {2,3} orly = mayly, my € {2, —3}.

(II) If r(t) is not one of the forms listed in Lemma 5 then r(t) has a solution

over (.

and m, =m
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Remark 1. e Note that r(t) has a solution under the restriction 6(*) if and
only if it has a solution under the restriction 6(**). Similarly r(t) has a
solution under the restriction 6(***) if and only if it has a solution under

the restriction 6(****). The symmetry is proved later in Lemma 6.

e In Theorem 8(II) since r(t) is not one of the forms listed in Lemma 5 then
Ji,j, i # 4, 1 < i, < 4 such that w; # wi', p # i, 1 < p < 4 and
w; # w;tl, p # j. This implies that when constructing D there will be no

region of degree < 6 since neither w; or w; can be a piece. Thus ¢(D) < 4m.

Remark 2. In the light of Theorem 8, if r(t) is given by one of the forms listed
in Lemma & and provided that the conditions (A1), (A2), and (A3) given in The-
orem 8 hold then the question of whether or not the equation r(t) = 1 has a

solution remains open in the following cases:

o r(t) = wthwtvtbo= [} =1, + 1, and l; = +mlz, m € N, m > 2.

o r(t) = wthwtwtBotls, or r(t) = wthwtPw et or r(t) =

+1

wttwHtwtBut!t when wor =1 or V2w = 1.

1

o r(t) = wthwt2wtBwt™ when w = git™ got™....g, _1t™"1g; ", n > 2 is even,
2
%

g -1 1<p<n-1.

=1,9,= g;_lp, 1<p<nandm,= My 1

o r(t) = wthwt2wtBw =t with one of the following holds:
-w = gltmlggtm....gn_ltm"—lgfl

;Epfl, I1<p<n-1

-l =141y and Iy =mli3, m € N and m > 2.

-lo =1+ 13 and l3 =mly, m € N and m > 2.

-ly =11+ ly, I3 =myly, my € {2,3} orly = mols, my € {2, —3}.

-l =1+ 13 and ly = myls, my € {2,3} or I3 = maly, my € {2, —3}.

: 2 _ -1
, n > 2 is even, gn = L, gp = 9nps

1<p<nandm,=m

In order to prove this theorem we need the following lemmas.

Lemma 6. The following relations are symmetric:
(i) Each of the pairs ly = ly+1ls and ly =1y +l3; and ly =1 + 1y and Iy =1y + 3
when r(t) = wttwtwtw 1,

(i1) Each of the pairs ly = I3+ 1y and lo = I3+ 1ly; Iy =1y + 1y and Iy = 11 + 13;
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lo =21y and 1y = 2ly; and Iy = 1, +1y and |y = ly+ 15 when r(t) = wthwt2wtBvts.
(111) Fach of the pairs ly = lo+1y and l3 =lo+14; and ly =11+ 13 and Iy =1, + 13
when r(t) = wthwtzuthBytls

(iv) Iy = 2l3, ly = 2ly, I3 = 21y and l; = 2ly when r(t) = wthvt2wtBots,

(v) I3 = li+ly, Iy = lo+ls, Iy = ly+l3 and ly = [+ when r(t) = wttvt2wtlo =1,
(vi)li +1lo+14=0,11+lb+13=0,lb+13+1y =0 and ly + 15+ 14 = 0 when

r(t) = wth oty =1,

Proof. (i) Let r(t) = wthwt?wtw " with [} = Iy + ly. Then without any
loss we can replace w with w™! and r(t) = wthw 2w Hwt taking the
inverse gives 7(t) = t 4wt Bwt 2wt hw and cyclic permutation gives r(t) =
wt~2wt"Mwt 4wt~ which can be rewritten as r(t) = wthwt2wtBw 4 and
in which I = I} + I} is equivalent to Iy = Iy + 1, and [} = I}, + [% is equivalent to
lo =1 + 1y

(ii) Let r(t) = wtwt2wtvt"4. Then writing w™! in place of w and v~! in
place of v gives 7(t) = wthw 2wty Taking the inverse yields
r(t) = t vt Bwt 2wt 1w and cyclically permutation this we has 7(t) =
wt 2wt~ wt 4ot which can be rewritten as 7(t) = wthwt2wtBvts and in
which all the pairs are equivalent.

(iii) Let r(t) = wthwt2vtBoth4. Then without any loss we can replace w’s with
v’s and this yields r(t) = vthot2wtBwtt. By cyclic permutation this gives
r(t) = wtBwthothot’? which we rewrite as r(t) = wthwt2vthsvt's and in which
the given relations are equivalent.

(iv) Let r(t) = wtltvt2wtvt. Then the pairs are symmetric by the following:
first rewrite w’s as v’s and vice versa and we get r(t) = vthwt2vtBwtd. Then a
cyclic permutation gives r(t) = wt2vtBwtivt!t in which the pairs [, = 2I3 with
ly = 2ly, ly = 214 with [3 = 2y, I3 = 21, with Iy = 2ly, and [y = 2ly with [} = 215.
(v) Let r(t) = wthot2wtBo=14. Then without any loss we can write v~}
for v and this gives r(t) = wtho 1t2wtButd. By cyclic permutation we have
r(t) = wtbvthwtho=#2 in which the pairs I3 = [} + {4 and I} = Iy + [3; and
ly = ly+13 and I, = [, + 1, are equivalent. Now consider 7(t) = wttvt!2wtBy=1¢k4,

L and cyclic per-

Then taking the inverse gives r(t) = t Myt Bw -2y~ 1¢ ™
mutation yields r(t) = w1t 2o~ w1t~ 4yt~ Now replacing v with v=! and
w with w™! yields r(t) = wt~2vtwt~ly~1¢~5 in which the pairs I3 = I} + Iy

and [4 = [y + I3; and [; = 5 + [3 and [y = [ + 4 are equivalent.
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(vi) Let 7(t) = wtvt2w =ty ~1¢4. Then the pairs [y +lo+1, = 0 and lp+I3+1, = 0
;and Iy + 1l + 13 = 0 and I3 + 13 + 1y = 0 can be seen symmetric by the
following: first we replace the w’s and the v’s by their inverses and we get
r(t) = w ity 1t2wtBeth. Then a cyclic permutation gives the desired equation
r(t) = wtBvtw 1thy~12 . While to see the symmetry in the pairs Iy +ly+1y = 0
and Iy + 1o+ 13 =0;and o + I3+ 14, = 0 and [; + I3+ I, = 0 we first take the
inverse and this gives r(t) = t 4ot Bwt~2y~1¢"hw =L, Then a cyclic permutation
gives 7(t) = wt~2y~ 1ttt and replacing v with v~! yields the desired

equation r(t) = wt~ 2ot w1ty =1, O

The following Lemma is important when considering possibilities of labellings

of positive regions in D.

Lemma 7. The following cannot be a interior vertex label in D:
(i) wP orvP, p > 1.

(i1) w?w; or v?vy where wy and vy are subwords of w**

+1

and v*=" respectively.

Proof. (i) If p =1 then w = 1 a contradiction to assumption. If p > 2 then the
statement is true because w is a cyclically reduced word by condition (A2) and
so wP # 1. In particular w? and v? can never be a labelling in D.

(i) w?w; # 1 when w; = w*! and this follows by (i). If w; is a proper subword
of w*! and if w # gt™g~! then w?w; = 1 implies that 2(I(w)) = l(w;) < l(w)
which is a contradiction, where [(w) is the free product length, since there is no

-1

cancelation in the ¢ terms. While if w = gt™g~" then w? = gt*"¢g~! = w; ' which

:I:lt:l:e

is a contradiction since w; € {g*!, g }. Similarly v?v; can not be a vertex

label in D. n

It is possible however to have vv v, where v, and v, are proper subwords of v*!

and ww,w, where w; and w, are proper subwords of w*!

Lemma 8. Let w = ¢it™ ....t"1g,, w # gt™ g~ be a cyclically reduced word
and assume that the edge (i,7) has the labelling shown in Figure 1.4(i) where w;
is a subword of w. Ifi,7 and j' are in {ly,ls, 13,14} then there must be a split on
the edge (i,j) and the split occurs in the last g- or t-vertex before the right-hand
end of the edge (i,7).

Proof. since i, and j" are in {l;, 1 < i < 4} then there is a split since w? # 1 and

w; # w~!. Assume that the split does not occur in the last g- or t-vertex before
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the end of the edge and assume that the segment from the split u to the end of the
edge is labeled by 6. Note that since j' € {ly,ls,13,1;} then w = wyw] = 61w/

and since j € {l,ls, (3,14} then w = wyf, where w/, w!, wy are subwords of w. So

w = 01w = w,0 is not cyclically reduced, a contradiction. O]
\h ‘\ i
1 0 u 0 ]\
v

i & g t"

n

\h g, 2, j’/ \h g " tml@j/
J\ lkgj 1 tMn-1 @J
(ii) (iii)
Figure 1.4: Lemma8

Lemma 9. Let wy,0 and w be as in Lemma 8 and let i,j,5' € {l;;,1 <i <4} in
Figure 1.4(i). If 05 in Figure 1.4(i) is also a subword of w, or a subword of w™*
provided that h & {1y, 12,153,014}, then either there is another split on the edge (i, j)
as shown in Figure 1.4(ii)-(iii) or w has one of the following forms:

(i) w=(git™)°g", B> 1, gf = 1.

(1) w = git™ got™....g, 1t 1g7 T, n > 2 ds even, g% =1, 9=0,p, 1<p<n
andmp:m;ip_l, 1<p<n-1

Proof. Let 63 be a subword of the cyclically reduced element w. If h €
{I1,15,13, 14} and w # git™g; ' then by the previous lemma there is another
split on the last g- or t-vertex as shown in Figure 1.4(ii)-(iii). Now assume h is a
T—power. First let u be a g-vertex or a t-vertex that does not involve [; and let
0" be the label of the segment from the left end of the edge to u. If the only split
occurs in the last g-vertex then [(63) > [(0')+1 = [(g1t™ ... 4" 1) +1 = [(w) + 1

which is a contradiction since [(f3) is a subword of w. If the only split occurs
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in the last t-vertex then (63) > 1(0') +2 = [(g1t™ ......9m, ) + 2 = l(w) + 1
which is again a contradiction. Now let u be a t-vertex that involves i’ where

i" € {l1,l2,13,14}. Then it can be assumed that u is given by Figure 1.5(i) other-
~1

wise the above argument still applies. Then w = g™ got™2....g,—1t™""1g; = and
the possible orientations are given in Figures 1.5(ii)-(iii).
In Figure 1.5(ii) g1 = g2 = g3 = ....gn_1 = g; * and m; = my = .... = m,,_; and

Figure 1.5: Lemma9

sow = (git™)Pg; !, B> 1and ¢ = 1. In Figure 1.5(iii) g1 = g, "1, 92 = 9,1, -

and m,,_q = ml_l7 Mypy_3 = m;l.... If n is odd then this yields that Mngt = —Mnt1

which is a contradiction. If n is even and n = 2 then w = g;t™g; ! with ¢ = 1
which is the form in (i) of this Lemma. If n is even and n > 2 then this yields

-1

that gn = g%l and g, = g,j}p, l<p<nandmy,=m,_, ,

1 <p<n—1which
is the second form in the statement of the lemma. O

For example w = gt™ got™2gstm2g, 't~ g Mgt g2 = 1 is a cyclically re-

duced word in the form (ii) described in Lemma 9, see Figure 1.6.

Remark 3. Let w be a cyclically reduced word that is not one of the forms(i)-(ii)

in Lemma9 and i,5 € {l1,ls,13,14} with orientation as shown in Figure 1.7 in

1

which only w*' is involved in the labelling of w. If u is the only split occurring



CHAPTER 1. INTRODUCTION 19

Figure 1.6: Example

on the edge (i,7) then both h and h' must be T—powers since otherwise there is

another split by Lemma9.

Figure 1.7: Exactly one split

Lemma 10. Ifr(t) = wyt".....t%—1w, 1t k > 1 and w; = citPic; ', 1 < i < k—1
where ¢; = gi1t" .. Gi g, ¢ > 1, that is w; is not strongly cyclically reduced with

its core a power of t. Then r(t) has a solution over G.

Proof. The proof is immediate as ¢ = 1 implies that w; = c;c; ' = 1 and so it is a
solution for such equation. In particular if w = (¢;t™)%g; ! and 5 =1 then t = 1

is a solution for case III for r(t) = witwat2wstBw,t! in our main theorem. [

Lemma 11. If w = (g;t™)%g;", > =1 and B > 1 then t = 1 is a solution for

case I1I of r(t) = with wyt2wstBw,t in our main theorem.

Proof. If 8 = 1 then t = 1 is a solution as in the above lemma; and ¢ = 1 is
a solution for (a3) and (a4). But ¢ = 1 is a solution for (al) as this implies
r(1) = wwww = ((91)°g7 )" = (90)** = ((1)*)*** = 1. Moreover t = 1 is a
solution for (a2) as this implies 7(1) = wwww™ = w? = ((g1)%g;")? = (q1)¥ 2 =
((g)*)7t =1 O

In the next chapters we will prove our main Theorem. In Chapter2 we study

case I, in Chapter3 we study case II and in Chapterd we study case III.



Chapter 2

Case I:

Up to cyclic permutation and inversion r(¢) is one of the following subcases:

(al)  wthwtlutbyth (bl)  wthotwtBytl
(a2)  wthwtzyty 1, (b2)  wthotlwtyth
(a3)  wtlrw=Hlzytlsy 1k (b

3)  wthotl =y 1k
Observe that t = 1 is a solution for case I(a3). We consider the rest case by

case as follows.

2.1 Casel (al)

First assume that d(u;) = 2, 1 < i < 4. Figure 2.1 shows the only possible
labelling in this case.
Then checking shows that d(v;) = d(v;) = 3, i # j yields a contradiction to

-l
|

Wl
IS
1

Figure 2.1: All possible labellings case I (al).
(A3) (it is sometimes referred to by labelling contradiction), so at most we have

d(v;) = 3 for one of 1 <i < 4. If d(v;) = 3 then I(v;) = 214, see Figure 2.2(i). If
d(vy) = 3 then [(vy) = 123, see Figure 2.2(ii). If d(v3) = 3 then I(v3) = 432, see

20



CHAPTER 2. CASE I: 21

Figure 2.2(iii). If d(v4) = 3 then [(v4) = 341, see Figure 2.2(iv). Note that when
d(v;) = 3,1 <i <4 then this yields a split as shown.

! | 2/ 1 2 1 2 1 2
304 1]4 304 14 34 i 3|4 14
Sn 5n
30 o 30
A, A A, A i A A
Sn Sm
B _ 30 30
2 2! 23 207 NE 21 213 211
4 A, 4 v 3 4 3 3
(i) (i) (iii) (iv)

Figure 2.2: d(vy) > 4.

Now assume that d(u;) > 3 for exactly one 1 < i < 4. Let d(u;) > 3
then either d(ve) > 4 or d(vs) > 4. If d(uy) = d(vq) = d(vs) = d(v4) = 3
then I(v;) € 14{1,2,3,4,k} and I(v3) = Il(v4) = 432, see Figure 2.3(i). If
d(uy) = d(vi) = d(vo) = d(v4) = 3 then I(vy) = 123 and either [(v;) = 14k,
I(vq) € 34{1,4,2,3,K'} ; or I(vy) = 141, I(v4) € 34{1,4,2,K'} ; or I(vy) = 142,
[(vy) € 34{1,4,3,K'} ; or I(vy) = 143, l(v4) = 34{4,2,3,K'}; or I(vy) = 144,
I(v4) € 34{1,2,3,k'} and each choice of I(v4) yields a split, see Figure 2.3(ii).
Let d(ug) > 3 then either d(vs) > 4 or d(v4) > 4. If d(ug) = d(vy) = d(va) =
d(v4) = 3 then I(v4) = 413 and either I(vy) = 121 and I(v,) € 23{1,2,4,k'} ; or
I(vy) € 12{4,3} and I(v9) € 23{2,3,k'} ; or I(vy) = 122 and I(v;) € 23{1,3,4,k'}
sorl(vy) = 12k and I(v) € 23{1,2, 3,4, k'}, see Figure 2.3(iii). If d(uy) = d(vy) =
d(ve) = d(v3) = 3 then [(vy) € 21{1,4,2, 3, k} and I(vy) = I(v3) = 234, see Figure
2.3(iv).

Let d(ug) > 3 then either d(vy) > 4 or d(v4) > 4. If d(uz) = d(v3) = d(v3) =
d(v4) = 3 then I(v4) = 413 and either I(vy) = 12k and I(v3) € 32{3,4,1,2,k'} ;
or l( o) = 122 and I(v3) € 32{3,4,1,k'} ; or I(vy) = 123 and I(v3) € 32{3,4,2,k'}
r l(vy) = 124 and I(v3) € 32{3,1,2,k'} ; or l(vo) = 121 and I(v3) €
32{4,T 2,k'}, see Figure 2.3(v). If d(uz) = d(vi) = d(v2) = d(v3) = 3 then
[(vi) = l(vo) = 124 and I(v3) € 32{3,4,1,2,k'}, see Figure 2.3(vi).
Finally let d(us) > 3 then either d(vy) > 4 or d(vy) > 4. If d(uy) = d(vy) =
d(v3) = d(v4) = 3 then l(vy) = 214 and I(v4) = 412 and I(v3) € 43{2,3,1,4,k'},
see Figure 2.3(vil). If d(uy) = d(vy) = d(v3) = d(v4) = 3 then I(vy) = 123
and either [(v3) = 433 and I(v4) € 41{4,2,k'}; or I(vs) = 432 and I(v4) €
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414{3,4,1,k'} ; or I(v3) = 431 and I(v4) € 41{3,4,1,2,k'} ; or I(v3) = 434 and
I(vy) € 41{3,1,2,K'} ; or I(v3) = 43k and I(v,) € 41{3,4,1,2,k’} and each choice
of I(v4) yields a split, see Figure 2.3(viii).

2 | / | / 1 2 1 2
3|4 114 3[4 114 3|4 1 3|4 1
5 S5z Sm Sn
30 30 30 30
A A A A
S »—— ———
2]3 1 2 | 1 2)3 )3
N 4 v 3 4
(i) (ii) (iii) (iv)
—0
— — — _ — A —
1 2 1 A 2 * 1 o 1 ! 2
3|4 i 304 1|4 4 114 4 ! s
Snm Sn s Sm!
30 30 30
A 30 A s A -
— o —®
23 R 21 213 2] 3 1 3 {;
I | i ¥ 3

v) (vi) (vii) (viii)
Figure 2.3: d(u;) > 3.

Note that Figures with {(v;) = 214 are symmetric to Figures with [(v3) = 432
and Figures with [(vo) = 123 are symmetric to Figures with [(v3) = 341 by
Lemma 6(iii). Moreover none of these labellings can coincide and each posi-
tive region has exactly one of them. Thus it is enough to consider regions with
I(vi) = 214 and I(v,) = 123 and the argument applies to other regions by sym-

metry. The distribution is shown case by case.

A is given by Figure 2.2(i):
Here d(v4) € {4,5} since otherwise ¢(A) < ¢(3,4,4,6) = 0. Then check-
ing the labelling shows that {(vy) forces the edge (4,1) in A; to split other-
wise [(v4) will have the sublabel 3412 which contradicts I(vy) = 214. Thus
(A1) < ¢(3,3,3,3,3,4) = . Add ¢(A) < ¢(3,4,4,4) = T to c(Ay).

A is given by Figure 2.2(ii):
Let d(vs) = 4. Then this forces the edge (4,1)
[(v3) = 4321 which yields a contradiction with l( ») = 123 and hence ¢(A3) <
¢(3,3,3,3,3,4) = . Add ¢(A) < ¢(3,4,4,4) = T to ¢(A

in Ag to split otherwise

c(Asz). Now let d(vs) > 5.



CHAPTER 2. CASE I: 23

Then d(v;) = 4 and ¢(A) < ¢(3,4,4,5) = {5 and this forces the edge (3,4) in
A, to split otherwise {(v;) = 2143 which yields a labelling contradiction. Thus

c(Ag) < ¢(3,3,3,3,3,4) = =Z. Add ¢(A) < = 10 ¢(Ay).

A is given by Figure 2.3(ii):
If d(vs3) = 4 then this forces the edge (4,1) in A; to split otherwise there is
a labelling contradiction and we add c(A) < ¢(3,3,3,3,4) = § to c(ﬁg) <
c(3,3,3,3,4) = . If d(vs3) = 5 then this also forces the edge (4,1) in As to split
except for [(v3) = 43241 and ¢(A) < ¢(3,3,3,3,5) = &. In the former case we
add ¢(A) to 0(33) < ¢(3,3,3,3,3,5) = 7. In the latter case [(v3) = 43241 forces
the edge (1,2) in A to split and we add ¢(A) to ¢(Ay) < ¢(3,3,3,3,3,5) = =
A is given by Figure 2.3(vi):
Here d(v4) € {4,5} forces the edge (4,1) in A; to split otherwise I(vy) yields
a labelling contradiction. Thus c¢(A;) < ¢(3,3,3,3,3,4) = - Add ¢(A) <
c(3,4,4,4) = T to c(A,).

A is given by Figure 2.3(vii):
Here d(v;) € {4,5} forces the edge (1,2) in A, to split otherwise [(v3) yields
a labelling contradiction. Thus 0(31) < ¢(3,3,3,3,3,4) = & Add ¢(A) <
c(3,4,4,4) = T to ¢(A,).

A is given by Figure 2.3(viii):
Let d(vy) = 4. Then this forces the edge (4,1) in A, to split otherwise
there is a labelling contradiction and we add c(A) < ¢(3,3,3,3,4) = ¢ to
0(32) <¢(3,3,3,3,3,4) = %*. Now let d(v4) = 5. Then this also forces the edge
(4,1) in As to split except for I(vq) = 21434 and ¢(A) < ¢(3,3,3,3,5) = &. In
the former case we add ¢(A) to ¢(Ay) < ¢(3,3,3,3,3,5) = == In the latter case

-~

I(v4) = 21434 forces d(V) > 4 and we add ¢(A) to ¢(Ay) < ¢(3,3,3,4,5) = 7.

Assume now that A € {ﬁl, 32, 33, 34}. If A is receiving from exactly one
region then we see from above that c*(ﬁ) < 0. Moreover checking all possibilities
shows that (up to symmetry) only two regions may send their positive curva-
ture to the same A, namely A to A, in Figure 2.3(ii) with A to A, in Figure

2.3(viii) may coincide. Other regions cannot be placed on the same region as
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for example A to A; in Figure 2.2(i) cannot coincide with A to A; in Figure
2.3(vi) as they use the same edge, it also cannot coincide with A to A, in Figure
2.3(vii) as in the last mentioned figure the edge (1,2) splits. However when the
two regions coincide A is forced to have at least 2 vertices of degree > 4 and 2
edges that have at least one split and receives at most § from each region and

~

thus ¢*(A) <¢(3,3,3,3,4,4) +2(5) = 0.
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2.2 Case I (a2)

Figure 2.4 shows the possible labellings in this case.
First assume that Iy —lo — Iy # 0. If d(u;) = 2 for 1 < i < 4 then ¢(A) <

1 2,
204 1

IS

Figure 2.4: All possible labellings case I (a2).

c(4,4,4,4) = 0. Now assume that exactly one d(u;) > 2. If d(u;) > 2 then
d(vy) > 4 and d(vs) > 4; If d(uz) > 2 then d(v3) > 4 and d(vy) > 4; If d(u3) > 2
then d(vy) > 4 and d(vy) > 4; If d(uy) > 2 then d(vy) > 4 and d(vq) > 4. In each
case, ¢(A) < ¢(3,3,3,4,4) = 0.

Next assume that {; — s — 4 = 0. In this case we do further amendment to D by
deleting all vertices of degree 2 labelled by (vv~!)*! and all edges incident to such
vertices, see Figure 2.5(i). This introduces the following corner labels: (24)*! and
(33....3)*! (m times for some m > 2), which will be denoted by 3*!. Applying
these changes a new type of region A has been introduced. Figure 2.5(ii) shows
an example of such regions. Observe that since 3¥! cannot be a vertex label then
for a maximal m, d(y2) > 2 and d(y4) > 2. Observe also that A has 4m + 4
vertices. We further assume that [; # +mls3, m € N,m > 2.

Figure 2.5
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Lemma 12. (i) No vertex of (the amended) D has a sublabel 24.
(ii) No vertex of D has a sublabel 412.

(i1i) If ly = £mls, m € N, then Iy # £m'ly, m' € N.

() d(y2) > 3 and d(ys) > 3 for a mazimal m.

Proof. (i) Every sublabel of the form 24 is changed by the amendment in Figure
2.5(i)and this transforms 24 to (24).

(i) If D has a sublabel 412 then using a bridge move if necessary, it can be
assumed that 412 is a vertex label in D in which case the previous part of this
lemma applies.

(iii) Letting lo = +ml3, m € N and Iy = £m/l3, m’ € N implies l; = Iy + I, =
+m/l3 which is a contradiction to assumption.

(iv) d(y2) > 3 and d(y4) > 3 by the maximality of m. O

Remark 4. Observe that some labelling cannot occur since they yield the excep-
tional case l; = +mls, m € N, m > 2. For example 13%, (24)5*. So from here
on contradiction means either a labelling contradiction or a contradiction to the

assumption ly # +mls.

Let A be a region in the amended diagram and assume 3 is maximum. Assume

now that d(z;) > 3. If d(z2) = 2 then [(z9) = 1(24) otherwise there is a contra-
G0N} 1

diction. But I(z3) = 1(24) implies that {(z) involves ww™' as a proper subword

which is a contradiction and so d(x2) > 3, see Figure 2.6(i).

Similarly assuming d(z4m_1) > 3 with d(@4m_s) = 2 forces [(z4m_2) = 1(24) oth-
erwise there is a contradiction. but this forces I(z4,,_1) to have ww™! as a proper
subword which is a contradiction and so d(z4,—2) > 3, see Figure 2.6(ii).

Assume now that d(z;) > 3,7 = 2mod4 for any 2 < i < 4m — 2. If in addition

x X 4m-2
2 " X 4m

o G
Figure 2.6: d(z;) > 3,4 € {1,4m — 1}.

d(z;_1) = 2 then either d(z;) > 4 as in Figure 2.7(i) or I(z;) = 213* which in turn
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forces d(x;11) > 3, see Figure 2.7(ii). While if d(z;41) = 2 then either d(z;) > 4
as in Figure 2.7(i) or I(x;) = 143% which in turn forces d(z;_;) > 3, see Figure
2.7(i).

x X X, X i X i X, X iyl
~+| )
R N
e LA AT, RS ENT

Figure 2.7: d(x;) > 3,1 = 2mod4.

Assume now that m > 2 and d(z;) > 3,7 = 0mod4 for any 4 < i < 4m — 4.
If in addition d(x;_1) = 2 then [(z;) = 1(24)w which forces d(z;) > 4 as in
Figure 2.8(i). While if d(x;11) = 2 then either d(z;) > 4 as in Figure 2.7(i) or
I(z;) = 3%(24)2 which in turn forces d(z;_;) > 3, see Figure 2.8(ii).

\‘ ‘\/e < vgtim -
/4 Mww » 2\ 4 M(m) M o

() (ii)

Figure 2.8: d(x;) > 3,7 = 0mod4.

Finally assume that m > 2 and d(z;) > 3, i = 1mod2 for any 3 < i <
4m — 3. Then d(z;_;) > 3 and d(z;41) > 3 since each of 13 and (24)3* yields a

contradiction to the assumption and 1(24) and (24)1 forces the proper sublabel

1

ww™" which is a contradiction, see Figure 2.9.

Figure 2.9: d(x;) > 3,7 = 1mod?2.
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Lemma 13. (i) d(z,) = 2 forces d(x1) = 2 and either d(ys) > 4 or I(ys) = 413*.
(ii) d(x4m_1) = 2 forces either d(yy) > 4 or l(yy) = 123%.
(117) d(x9) = d(Tam—1) = 2 with d(ys) = d(y1) = 3 yields a contradiction.

Proof. (i) Letting d(x2) = 2 forces I(z5) = 1(24) which in turn forces d(z;) = 2
and this implies I(y;) = 41w. If in addition d(y;) = 3 then I(ys) = 413* otherwise
there is a labelling contradiction.

(ii) Letting d(z4m—1) = 2 forces (y;) = 12w. If in addition d(y;) = 3 then
I(y;) = 123* otherwise there is a labelling contradiction.

(i) d(z3) = d(@am—1) = 2 with d(ys) = d(yn) = 3 forces I(y;) = 413F and
I(31) = 123% by (i)-(ii) in this lemma. These labelling however implies that
Iy = +mls, m € N and I, = +m/l3, m’ € N which is a contradiction by Lemma
12(i). O

Assume now that A is a region in the amended diagram with 3 is maximum,
m > 2 and assume c¢(A) > 0. Then d(y2) > 3 and d(y4) > 3. We proceed on
a case-by-case basis: d(y1) = d(ys) = 2; d(y1) = 2 and d(ys) > 3; d(y1) > 3,
d(ys) = 2; d(y1) > 3 and d(ys) > 3.

d(y1) = d(ys) = 2:
Note that d(y;) = 2 implies I(y;) = 23* and d(ys) = 2 implies I(y;) = 43* which

yield a contradiction by Lemma 12(iii) .

d(y1) =2 and d(ys) > 3:
Then d(y;) = 2 implies (y;) = 23* which forces d(4m_1) > 3 which in turn
forces d(z4m—2) > 3 as in Figure 2.6(ii) and hence d(A) > 5. Then d(z;) = 2,
1 < i < 4m — 3, d(ys) = 2. Note that in this case d(x4,-2) = 3 forces
I(Z4m_2) = 213* which with I(y;) yields a contradiction by Lemma 12(iii) and
50 d(Zm_2) > 4. This forces d(y;) = 3 which in turn implies I(y;) = 413* by
Lemma 13(i) and c¢(A) < ¢(3,3,3,3,4) = §, see Figure 2.10(i).

d(y1) > 3 and d(ys) = 2:
Then d(ys) = 2 implies I(y;) = 43* which forces d(z1) > 3 which in turn forces
d(zy) > 3 as in Figure 2.6(i). Hence d(A) > 5. This implies that d(z;) = 2,
3 < i< 4m—3,d(ys) = 2. Moreover if d(z;) = 3 then I(x,) = 413* which



CHAPTER 2. CASE I: 29

with [(ys) yields a contradiction by Lemma 12(iii) and so d(x2) > 4. This implies
d(y,) = 3 and then I(y;) = 123* by Lemma 13(ii), see Figure 2.10(ii).

Figure 2.10: d(y;) = 2 or d(ys) = 2.

d(y1) > 3 and d(ys) > 3:
Then d(A) > 4. First let d(z;) = 2,1 < i < 4m — 1. Then d(y1) = d(ys) = 3
yields a contradiction by Lemma 13(iii). Thus A has at least one vertex of degree
> 4 and c(A) < ¢(3,3,3,4) = 7, see Figures 2.11(i)-(iii). Now let d(z;) > 3 for
some 1 < 7 < 4m — 2. Then either this forces at least one more split or z; is
as in one of Figures 2.7(i) or 2.8(i). In the former case the further split implies
d(A) > 6. In the latter case d(z;) > 4 and letting d(y1) = d(y5) = 3 yields a

contradiction by Lemma 13(iii) and so ¢(A) < ¢(3,3,3,4,4) = 0.

Figure 2.11: d(y;) > 3 and d(y;) > 3.

Assume next that m = 1. Then d(ys) > 3, d(y4) > 3 and d(y3) > 3. By
Lemma 12(iii) d(y;) = d(ys) = 2 yields a contradiction. Moreover by the above
discussion letting only d(y;) = 2 or only d(ys) = 2 forces at least 2 more splits
and this implies d(A) > 6. Thus d(y;) > 3 and d(ys) > 3 and this implies
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d(A) > 5 and d(x;) = 2, 1 < i < 4m — 1. Moreover letting d(y,) = d(ys) = 3
yields a contradiction by Lemma 12(iii). Thus d(y5;) > 4 or d(y;) > 4
c(A) <¢(3,3,3,3,4) = ¢, see Figures 2.12(i)-(ii).

This complete the description of positive regions in this case and we show the

and

Figure 2.12: m = 1.

distribution case by case.

A is given by Figure 2.10(i):
Note that I(ys) = I(Z;) = 413% forces d(Z,_;) > 3. Note further that
d(ys) > 3 otherwise there is a contradiction with /(y;) by Lemma 12(iii). Thus

~ o~

c(A) <¢(3,3,3,3,3,4) = FF. Add c(A) <¢(3,3,3,3,4) = § to c(A).

A is given by Figure 2.10(ii):
Note that I(y;) = (Z;) = 123* forces d(Z;41) > 3. Note further that
d(y1) > 3 otherwise there is a contradiction with I(ys) by Lemma 12(iii). Thus
¢(A) < ¢(3,3,3,3,3,4) = 5. Add ¢(A) < ¢(3,3,3,3,4) = T to c(A).

A is given by Figure 2.11(i):
Note that I(y) = [(F;) = 123* forces d(Z;41) > 3. Note further that
d(y1) > 3 otherwise there is a contradiction by Lemma 12(iii). Moreover ei-
ther d(ys) > 3 or d(7;) > 3 and we have d(y2) > 3 and d(y;) > 3. Thus

~

(D) < ¢(3,3,3,3,3,3,4) = 2=, Add ¢(A) < ¢(3,3,3,4) = T to ¢(A).

A is given by Figure 2.11(ii):
Note that I(ys) = I(Z;) = 413% forces d(Z,_;) > 3. Note further that
d(ys) > 3 otherwise there is a contradiction by Lemma 12(iii). Moreover ei-
ther d(z1) > 3 or d(Zum-1) > 3 and we have d(y2) > 3 and d(ys) > 3. Thus
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¢(A) < ¢(3,3,3,3,3,3,4) = 2=, Add ¢(A) < ¢(3,3,3,4) = T to ¢(A).

A is given by Figure 2.11(iii):
Then d(A) > 6 since d() > 3, d(f1) > 3, at least one of d(7s) or d(z,) is > 3
and at least one of d(7;) or d(Zym_1) is > 3. Thus ¢(A) < ¢(3,3,3,3,4,4) = =.

~

Add c(A) <¢(3,3,4,4) =  to c(A).

A is given by Figure 2.12(i)-(ii):
The same argument used in Figure 2.11(i)(ii) applies here and we add c¢(A) <

~

0(3, 3,3,3, 4) = % to C(A) < 0(3, 3,3,3,3,3, 4) — —Tﬂ

If A is receiving from exactly one region then by the above discussion c(A) <
0. Now assume that A receives positive curvature from k neighbouring regions
A;, as shown in Figure 2.13(i), where k > 2 arranged in an anti-clockwise way
around OA.

Looking at Figures 2.10-2.12 we can categorise the regions in Types 1-3 according

(i)

Figure 2.13

to their intersection points with ﬁ, see Figure 2.14. Type la occurs in Figure
2.11(iii); Type 1b occurs in Figure 2.11(ii) and Figure 2.12(ii); Type lc occurs in
Figure 2.11(i) and Figure 2.12(i); Type 2a and Type 2b occur in Figure 2.10(ii)
according to the labelling of I(z5); and Type 3a and Type 3b occur in Figure
2.10(i) according to the labelling of [(x4m,—2).

If A e {As,....;,A;_1} then A is one of the following types: Type 1, Type 2a,
Type 3a, see Figure 2.14. While if A € {A;, Ay} then A is one of the types:
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Type 2b, Type 3b. Note that successive A;, A;y1 cannot be incident at the same

T ~t z z ~t
2 B 342 S I g
oo T o w1

(24) (24)
Type 1a Type 2a Type 3a
v
1 A
3“ ~t ’ ~7 x n +
o i ‘Y 342 6 1 6 4\
: ! T S b0
Type 1 b Type 2b Type 3 b
\%) vy
~t =
3.2 2 4
1 ! 1
Type 1 ¢
Figure 2.14

vertex of A. That is because in a Type 1 region when d(y;) or d(ys) is of degree
3 then the labelling forces at least one w-split and when the degree > 4 then this
forces 214 to be a sublabel of a vertex in ﬁ, see Figure 2.13(ii). Moreover Type
1b and Type 1c can never coincide since this yields a contradiction by Lemma
13 (iii). Also Type 1 can not be incident at the same vertex of A with regions of
Type 2 or Type 3 since the last mentioned types force the end point vertex to be
of degree 3 with one further split. Moreover Type 2 or Type 3 regions can never
coincide since there is a labelling contradiction by Lemma 13 (iii).

Note further that Type 2 or Type 3 regions send < £ and Type la regions send
< % while Type 1b and Type 1lc regions send < 7. However, for Type 1b and
Type lc regions the contribution of vi and v, when d(v;) = 3 is < 2(%) with a
further 7 which gives a total HT“ while for Type la regions d(vy) > 4 and this
allows d(v2) = 2 and the contribution is < 2T + 2% + 2 = 1T and so it is enough
to consider Type la with c¢(A;) < % and that the two end point are of degree
> 4. This estimation works as well for regions of Type 2 or Type 3 as each
contribute with one vertex of degree > 4 and two vertices of degree > 3. So as
an estimation we can assume that A; sends < % and that each one of A; forces

2 vertices of degree > 4. Thus for k > 1, A contains at least 2k + 2 vertices of
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degree > 2 at least 2k are of degree > 4 and it receives at most k(%). So, (D)
< (2 — (2k +2))7 + 2(25) + 2Kk(2) + (k)(%) which implies that ¢*(A) < 0 when
k> 2.

Observe in this case that when A;, 1 < i < k is sending positive curvature to A
then there is no curvature sent across the left-hand adjacent edge and the most
sent by A; as estimated above is < Z. Note further that A, sends at most -
Thus, for later use, the average curvature sent to A can be assumed to be % per

edge.
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2.3 Case I (bl)

First assume that d(u;) = 2, 1 < i < 4. Then Figure 2.15 shows all possible
labellings in this case. Note that letting d(v,) = d(v3) = 3 yields a labelling

2 3
74 1

W

—1
W
=

Figure 2.15: All possible labellings case I (bl).

contradiction and d(vq) = d(v4) = 3 also yields a labelling contradiction, so at
most two of the vertices have degree 3. First let d(vy) = d(v2) = 3. Then
I[(vi) = 313, I(v2) = 424 and A is given by Figure 2.16(i). Now let d(vq) =
d(v3) = 3. Then I(vy) = 424, I(v3) = 131, see Figure 2.16(ii). Assume now that
d(v3) = d(v4) = 3. Then I(v3) = 131, I(v4) = 242, see Figure 2.16(iii). Finally
let d(vy) = d(vi) = 2. Then l(vy4) = 242, I(v;) = 313, see 2.16(iv).

Next let only one d(v;) = 3,1 <4 < 4. First let d(vy) = 3. Then I(v;) = 313, s
Figure 2.16(v). If d(vo) = 3 then I(vy) = 424, see Figure 2.16(vi). If d(v3) = 3
then I(v3) = 131, see Figure 2.16(vii). If d(v4) = 3 then I(v4) = 242, see Figure
2.16(viii).

Now assume that d(u;) > 3 for exactly one 1 < i < 4. First let d(uy) > 3. If
d(v;) = 3 for all 1 <4 < 4 then this forces [(vy) = I(v3) = 113 and I(v) = I(v ) =
424, see Figure 2.17(i). If d(vy) > 4 then I(vo) = I(v4) = 424 and [(v3) = 131, s
Figure 2.17(ii). If d(ve) > 4 then I(vy) = I(v3) = 113 and I(v4) € 24{1,3,4,1
see Figure 2.17(iii)-(iv). If d(vs) > 4 then I(vy) = l(v4) = 424 and I(v;) €
13{1,2,4,2,4}, see Figure 2.17(v)-(vi). If d(v4) > 4 then I(v;) = I(v3) = 131 and
I(vo) = 424, see Figure 2.17(vii).

3}

Now let d(ug) > 3. If d(v;) = 3 for all 1 < ¢ < 4 then this forces [(v;) =
[(v3) = 113 and I(vy) = I(v4) = 242, see Figure 2.18(i). If d(vy) > 4 then
[(vo) = l(v4) = 242 and I(v3) = 131, see Figure 2.18(ii). If d(vy) > 4 then
I(v1) = I(v3) = 113 and I(v4) = 242, see Figure 2.18(iii). If d(v3) > 4 then [(vq) =
[(v4) = 242 and I(vy) € 31{1,2,4,2,4}, see Figure 2.18(iv)-(v). If d(v4) > 4 then
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Figure 2.17: d(uy) > 2
I(v1) = I(v3) = 131 and I(vq) € 24{1,2,3,1,3}, see Figure 2.18(vi)-(vii).

Now let d(uz) > 3. If d(v;) = 3 for all 1 < i < 4 then this forces I(vy) =
I(v3) = 313 and (vq) = I(v4) = 422, see Figure 2.19(i). If d(vy) > 4 then [(vq) =
[(vq) = 422 and I(v3) € 31{2,3,4,2,4}, see Figure 2.19(ii)-(iii). If d(vy
then [(vy) = I(v3) = 313 and I(v4) = 242, see Figure 2.19(iv). If d(v3
then I(vq) = I(v4) = 422 and [(v;) = 313, see Figure 2.19(v). If d(v4) > 4 then

~—

(AVARAY
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Figure 2.18: d(ug) > 2

I(v1) = l(v3) = 313 and I(vo) € 42{1,2,3,1,3}, see Figure 2.19(vi)-(vii).
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Figure 2.19: d(ug) > 2

Now let d(uy) > 3. If d(v;) = 3 for all 1 < i < 4 then this forces I(vy)
I(v3) = 313 and [(vq) = I(v4) = 424, see Figure 2.20(i). If d(v;) > 4 then I(v5)
I(vy) = 227 and I(vy) € 13{2.3,4,2,4}, see Figure 2.20(ii)-(iii). If d(vs) > 4
then I(vy) = I(v3) = 313 and I(v4) € 42{1,3,4,1, 3}, see Figure 2.20(iv)-(v). I
d(v3) > 4 then I(vy) = I(v4) = 424 and I(v;) = 313, see Figure 2.20(vi). If
d(vy4) > 4 then l(vy) = I(v3) = 313 and [(vy) = 424, see Figure 2.20(vii).

—
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In particular Figure 2.16(i) is symmetric to Figures 2.16(ii)-(iv); Figure 2.16(v) is
symmetric to Figures 2.16(vi)-(viii); Figure 2.17(i)is symmetric to Figure 2.18(i),
Figure 2.19(i) and Figure 2.20(i); Figure 2.17(ii)is symmetric to Figure 2.17(vii),
Figures 2.18(ii)-(iii), Figure 2.19(iv)-(v) and Figure 2.20(vi)-(vii); Figure 2.17(iii)
is symmetric to Figure 2.17(v), Figures 2.18(iv) and 2.18(vi), Figures 2.19(ii)
and 2.19(vi) and Figures 2.20(ii) and 2.20(ii)(iv); Figure 2.17(iv) is symmetric
to Figure 2.17(vi), Figures 2.18(v) and 2.18(vii), Figures 2.19(iii) and 2.19(vii)
and Figures 2.20(iii) and 2.20(iii)(v) . Thus it is enough to consider one of each

symmetric figures and the other figures are done by symmetric argument.

A is given by Figure 2.16(i):
Here I(v;) = 313 which forces d(u) > 3 and I(v,) = 424 forces l(a\) > 3. Ifin
addition d(u) = 2 then d(vy) = 3 implies that [(V,) = 244 but the sublabel 42
would force w™'w as a proper sublabel of [(7) which is a contradiction. Moreover
d(¥,) = 3 implies [(¥;) = 133 but the sublabel 13 would force ww™! as a proper
sublabel of l(/ﬂ\) which is a contradiction. Thus ¢(As) < ¢(3,3,3,3,4,4)
and we add c¢(A) < ¢(3,3,4,4) = % to (D).

- _T

3

A is given by Figure 2.16(v):
In this case at least one of d(vy) or d(v4) = 4. Let d(vg) = 4. Then checking
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all possible labellings shows that d(;?\) > 3 and so ¢(A;) < ¢(3,3,3,3,3,4) = -5
Add c¢(A) < ¢(3,4,4,4) = § to ¢(Ay).  Otherwise d(vy) = 4 and check-

ing shows that d(u) > 3 and hence c(A;) < ¢(3,3,3,3,3,4) = —%. Add

-~

c(A) <¢(3,4,4,4) = 1z to c(Ay).

A is given by Figure 2.17(i)-(ii):
Similarly to the argument used for Figure 2.16(i) (vy) = 424 forces d(u) > 3
and [(v3) = 13T forces [(@) > 3. If in addition d(%) = 2 then d(¥3) = 3 implies
that [(V3) = 311 but the sublabel 13 would force v='v as a proper sublabel of I(u)
which is a contradiction. Moreover d(Vy) = 3 implies [(¥;) = 244 but the sublabel

1

24 would force vv~! as a proper sublabel of (5) which is a contradiction. Thus

o(As) < ¢(3,3,3,3,4,4) = - and we add ¢(A) < ¢(3,3,4,4) = § to c(Ay).

A is given by Figure 2.17(iii):
In Figure 2.17(iii) d(vy) € {4,5} and checking all possible labelling shows that
d(@) > 3 and so ¢(A3) < ¢(3,3,3,3,3,4) = =. Add ¢(A) to ¢(Ay).

A is given by Figure 2.17(iv):
Here [(v3) forces d(a\) > 3 and I(v4) € 24{1,3,1,3} each forces d(u) > 3. More-
over if d(u) = 2 then d(v3) = 3 forces (v3) = 311 and again the sublabel 13

1

would force ww™" as a proper sublabel of [(u) which is a contradiction. So

0(34) <¢(3,3,3,3,3,4) = %" and we add ¢(A) < § to 0(34) <c(3,3,3,3,3,4) =

-

Now assume A € {31, 32, 33, 34}. If A is receiving from exactly one region
then by the above discussion ¢*(A) < 0. If A is receiving from two or more
regions then checking Figures 2.17- 2.20 shows that at most 2 positive regions
can send their curvature to the same A and the only possibilities for such regions
are: A; in Figure 2.16(v) with A in Figures 2.16(vi); A, in Figure 2.16(v) with
A4 in Figures 2.16(viii). In these cases the two positive regions send at most 2(%)
and force two vertices of degree > 4 at least two edges to have one split and so

-~

o(A) < =, and hence c*(A) < ¢(3,3,3,3,4,4) +2(%) = 0.
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2.4 Case I (b2)

First assume that d(u;) = 2. Figure 2.21 shows all possible labellings in this case.
Then d(v;) = d(v;) = 3,1 <i,j <4,1i# j yields a contradiction. Thus if A is a

2 3
114 1|4
A
203 213
1 4

Figure 2.21: All possible labellings case I (b2).

positive region then at most one of v; has degree 3. If d(v;) = 3 then I(v,) = 314,
see Figure 2.22(i). If d(vy) = 3 then I(vy) = 324, see Figure 2.22(ii). If d(v3) = 3
then [(v3) = 132, see Figure 2.22(iii). If d(v4) = 3 then I(v4) = 421, see Figure
2.22(iv).

ny _ il _ _ _
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O] = (i) (iv)
(iii)

Figure 2.22: d(u;) = 2.

Now assume that exactly one d(u;) > 3. First assume that d(u;) > 3. Then
d(uy) = d(v1) = d(v4) = 3 and exactly one of d(vy) and d(v3) is 4. If d(vs) = 3
then [(vy) = 324, see Figure 2.23(i). If d(v3) = 3 then I(v3) = 132, see Figure
2.23(ii). Moreover [(vy) = l(v4) = 14{1,2,3,4,k}. Now let d(ug) > 3. Then
d(ug) = d(vy) = d(vy) = 3 and exactly one of d(v,) and d(v3) is > 4. If d(v3) =3
then [(v3) = 132, I(vy) = 312 and I(vo) € 24{1,2,3,4, k}, see Figure 2.23(iii). If
d(vy) = 3 then I(vy) = 142, I(vy) = 241 and I(vy) € 31{1,2,3,4,k} , see Figure
2.23(iv). Now let d(us) > 3. Then d(us) = d(ve) = d(v3) = 3 and exactly one
of d(v4) and d(vy) is > 4. If d(vy) = 3 then I(v4) = 142, see Figure 2.23(v).
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If d(vy) = 3 then I(v,) = 314, see Figure 2.23(vi). Moreover [(vy) = I(v3) =
32{1,2,3,4,1,k}. Finally let d(us) > 3. Then d(us) = d(v3) = d(v4) = 3 and
exactly one of d(vy) and d(vy) is > 4. If d(vy) = 3 then I(vy) = 324, I(v4) = 423
and [(v3) € 13{3,4,1,2, k}, see Figure 2.23(vii). If d(v;) = 3 then I(v;) = 314,
I(v3) = 134 and [(v4) € 42{3,4,1,2,k}, see Figure 2.23(viii).

Recall that [(v;) € {314,123,432,214} are all symmetric by Lemma6(v). Note

3
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Figure 2.23: d(u;) > 3 for exactly one i.

further that none of these labelling can coincide and that in each positive region
there is exactly one of them. Thus it is enough to do the distribution when

I(v1) = 314 and a symmetric argument applies for the other regions.

A is given by Figure 2.22(i):
Note that d(u) > 3 and at least one of d(vy) and d(vy) is = 4. If d(vo) = 4
then d(@) > 3 since d(@) = 2 implies I(v2) = 3241 which yields a contradiction
with I(v1) = 314 and so d(A,) > 6. Add ¢(A) to ¢(As) < ¢(3,3,3,3,3,4) = —T.
Otherwise d(v4) = 4 and this forces d(u) > 3 since otherwise I(v4) = 1423
which yields a contradiction with I(v;) = 314 and so d(ﬁl) > 6. Add

-~

c(A) <¢(3,4,4,5) = 1z to c(A1) <¢(3,3,3,3,3,4) = —§.

A is given by Figure 2.23(vi):
Note here that all possible labelling for v3 forces d(w) > 3. Moreover checking the
possible labels for v4 shows that when d(v4) = 4 then either d(u) > 3 or [(v4) =
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3142 which contradict I(v;) and that when d(v4) = 5 then either d(@) > 3 or
I(v4) = 3142w which also contradicts I(v1). Thus ¢(Ay) < ¢(3,3,3,3,3,4) = —z
and we add c¢(A) < ¢(3,3,3,3,4) = § to c(Ay).

A is given by Figure 2.23(viii):
Note here that I(vy) forces d(u) > 3. Moreover checking the possible la-
bels for vy shows that I(v4) forces d(u) > 3 when d(v4) € {4,5} otherwise
there is a contradiction. Thus 0(32) < ¢(3,3,3,3,3,4) = —% and we add
c(A) < ¢(3,3,3,3,4) = T to ¢(Ay).

Assume now that A € {31, 32, 33, 34} in Figures 2.22 and 2.23. If A receives
from exactly one positive region then by above discussion c*(ﬁ) < 0. Now assume
A receives from two or more regions. Then checking shows that A receives at most
from 2 positive region a maximum of £ each and that at least two of its edges have
at least one split each and each of the positive regions forces at least one vertex
of degree > 4 and these regions (up to symmetry) are, A=A, in Figure 2.22(i)
with A = A, in Figure 2.23(vi); and A = A, in Figure 2.23(vi) with A=A, in

-~

Figure 2.23(viii). However this implies that ¢*(A) < ¢(3,3,3,3,4,4) +2(§) = 0.
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2.5 Case I (b3)

Figure 2.24 shows all possible labellings in this case.
First assume that d(u;) = 2. Then d(v;) =d(v;) =3, 1 <4,j <4,i# j yields a

3 2
14 114
A
213 2(3
4 1

Figure 2.24: All possible labellings case I (b3).

contradiction. Thus if A is a positive region then at most one of v; has degree 3.
If d(vy) = 3 then [(vy) = 214, see Figure 2.25(i). If d(vy) = 3 then [(vy) = 321,
see Figure 2.25(ii). If d(vs) = 3 then [(v3) = 432, see Figure 2.25(iii). If d(v4) =3
then [(vy) = 431, see Figure 2.25(iv).

Now assume that exactly one d(u;) > 3. First assume that d(u;) > 3. Then

~ A
At Biams o M 3 2 3 2 3 A ame o
14 ‘ 1]4 14 14 1]4 1]4 1 ! 14
A
N
A A o A . IO A - A
4 6 /6 /6 ml6
2[3 2)3 2]3 ; 2]3 213 203 203 203
4 A 1] p 4 V /e 1 4 Vv /6 1 4 1
A
@ 3

(ii) (@iv)

Figure 2.25: d(u;) = 2.

d(uy) = d(vy) = d(v4) = 3 and exactly one of d(vq) and d(v3) is 4. If d(vy) = 3
then [(ve) = 321, see Figure 2.26. If d(v3) = 3 then [(v3) = 432, see Figure
2.26(ii). Moreover l(vy) = l(v4) = 14{1,4,2,3,k}. Now let d(us) > 3. Then
d(ug) = d(vy) = d(vy) = 3 and exactly one of d(v,) and d(v3) is > 4. If d(v3) =3
then [(vs) = 432, see Figure 2.26(iii). If d(v4) = 3 then [(v4) = 431, see Figure
2.26(iv). Moreover I(v;) = I(vy) = 21{1,2,3,4,k}. Now let d(uz) > 3. Then
d(ug) = d(v9) = d(vs) = 3 and exactly one of d(v4) and d(vy) is > 4. If d(v4) =3
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then [(vy4) = 431, see Figure 2.26(v). If d(vy) = 3 then [(vy) = 214, see Figure
2.26(vi). Moreover I(vy) = I(v3) = 32{2,3,4,1,2, k}. Finally let d(u4) > 3. Then
d(ug) = d(v3) = d(v4) = 3 and and exactly one of d(vy) and d(vq) is > 4. If
d(vy) = 3 then I(vy) = 321, see Figure 2.26(vii). If d(vy) = 3 then [(v;) = 214,
see Figure 2.26(viii). I(vo) = I(v3) = 43{2,3,1,4, k}.

l l A 2 3 2
17 174 i 174 114 ! 1 an 1
A L B A -l A - -l A |
6 /6
YE 1 213 2 | 2]4 E 2 203 2
4 T 1 4 Twe 1 4 ) 4 I 1
@) (i) (iii) (iv)
2 ii i
1 3 A mWe 2 E A 2 3 A 2 3 2
! 1[4 114 ! 14 4 174 4 174
A L <l A | A _ _ A ~
/6 6
2,3 203 243 2.3 3 2)3 E 1 203
N 1 u v ;'A
. u
) u (vi) (vii) 4 (viii) u

Figure 2.26: d(u;) > 3.

Observe that the labellings I(vy) = 214, I(ve) = 321, I(vs) = 432 and
[(v4) = 431 are symmetric by Lemma 6(vi) and in each positive region we have
exactly one of these labellings and no two of these labelling can occur together.
Thus it is enough to show the distribution when d(v;) = 214 and a symmetric

distribution work for the other labels.

A is given by Figure 2.25(i):
Note that I(vy) forces d(w) > 3. In addition if d(ve) = 4 then d(u) > 3 unless
[(vy) = 3214 which however contradicts [(vy) = 214. Thus d(vs) = 4 implies that
c(Ay) < ¢(3,3,3,3,3,4) = —% and we add c(A) < ¢(3,4,4,4) = ¥ to o(Ay). If
d(vy) > 5 then d(vy4) = 4 and this forces d(i) > 3 unless [(v4) = 1432 which
however contradict I(vy) = 214. Thus ¢(A;) < ¢(3,3,3,3,3,4) = —& and we add
co(A) < ¢(3,4,4,5) = & to c(Ay).

A is given by Figure 2.26(vi):
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Then the labellings force d(u) > 3 and d(ﬁ) > 3. If d(v4) = 4 then d(u) > 3
unless [(v4) = 1432 which however contradicts I(vy) = 214. Thus d(v4) = 4 im-
plies that c(ﬁl) <¢(3,3,3,3,3,4) = —% and we add c(A) < ¢(3,3,3,3,4) = %
to c(Ay). If d(vy) = 5 then ¢(A) < ¢(3,3,3,3,5) = % and either d(u) >
or I(v4) = 14323 which forces d(/ﬂ\) > 3. In the former case we add c( ) to
o(Ay) < ¢(3,3,3,3, 3 5) = —5 In the latter case we add c¢(A) to ¢(Ay) <

30
c(3,3,3,3,3,5) =

w

30

A is given by Figure 2.26(viii):
Then the labellings force d(u) > 3 and d(ﬁ) > 3. If d(vq) = 4 then d(u) > 3
unless [(ve) = 1432 which however contradict I(vy) = 214. Thus d(vy) = 4 im-
plies that ¢(A,) < ¢(3,3,3,3,3,4) = —% and we add c¢(A) < ¢(3,3,3,3,4) = %
to c(Ag). If d(vs) = 5 then ¢(A) < ¢(3,3,3,3,5) = = and either d(@) > 3

15
or I(ve) = 43213 which forces d(ﬂA) > 3. In the former case we add c( ) to
o(As) < ¢(3,3,3,3,3,5) = —2%. In the latter case we add ¢(A) to o(A3) <
(3,3,3,3,3,5) = -5,

Assume now that A € {31, 32, 33, 34} in Figures 2.25 and 2.26. If A receives
from exactly one positive region then by above discussion c*(&) < 0. Now assume
A receives from two or more regions. Then checking Figures 2.25-2.26 shows that
only two regions can send their curvature to A at the same time and this forces A
to have at least 2 edges that split and the most received is 2(§) and each region
forces at least one vertex of degree > 4. These regions (up to symmetry) are ﬁl in
Figure 2.25(i) with Ay in Figure 2.26(viii); A, in Figure 2.26(i) with A, in Figure
2.26(vi): A; in Figure 2.26(vi) with Az in Figure 2.26(viii): and A, in Figure
2.26(vi) with A in Figure 2.26(viii). However ¢*(A) < ¢(3,3,3,3,4,4)+2(%) = 0.
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Case 11

Up to cyclic permutation and inversion r(¢) is one of the following subcases:
o (al) wthwt2wtBytls
o (a2) wthwt2w Hhyth

o (a3) wthw 2wyt

We assume further that w*!v? and v*!'w? can not be a vertex labelling in D. Let
A be a region of positive curvature corresponding to one of these subcases. Then
A is given by Figure 3.1(i). This is because v is not a piece so the (3,4) edge

must split.

3.1 Case II (al)

Figure 3.1(ii) shows all possible labellings in this case.

there is a labelling contradiction at vo. Let [(vy) = 314. Then [(vy) € 12{1,4}.
If I(v;) = 314 and I(vy) = 121 then either [(v3) = 23k and I(v,) € 42{2,3,k}; or
I(v3) = 234 and [(vy) = 42k; or l(v3) = 232 and I(v4) = 42k, see Figure 3.2(i). If
[(v1) = 314 and I(vy) = 124 then I(v3) = 134 and I(v4) = 421, see Figure 3.2(ii).
Let I(vy) = 212. Then [(vy) = 324 and either [(v3) € 13{4,1} and I(v4) = 41k;

or I(v3) = 13k and (v,) € 41{1, 3, k}, see Figure 3.2(iii). Let {(v;) = 312. Then
I(vy) = 324, I(v3) = 132 and [(v4) = 423, see Figure 3.2(iv).

45
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2 3]
1 2, _
4 1 4 112 |4
A A
Y
3 2 3 213 |1
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1 4

(0] (ii)

Figure 3.1: Positive region of case II

2 AL 3 2 3 N 2 3
4 1|4 1]y 114 1 | 2 34 1[2
Ay BUE 107 4 ‘ 1|2 107
] 30 A A, 30 A 105 30 A
1 30 A 1
A —
= 3 2|+ - -
‘4l 4.3 2 1 213 2 3
5 VA = = 3 2= = —
2 As 1 1 4 . “a3 1 4

(i) (i) (iii) (iv)

Figure 3.2: d(v;) =3,1<i<4
Assume now that d(v;) > 4, for exactly one of 1 < i < 4. If d(vy) = d(vq) =
d(v3) = 3 then either I(vy) = 314, l(vo) = 121, and I(v3) € 23{2,4,k} , see Fig-
, I(vy) = 124, and I(v3) = 134 , see Figure 3.3(ii);
or l(vy) = 212, I(vy) = 324, and I(v3) € 13{4,1,k}, see Figure 3.3(iii); or
I(v1) = 312, I(vy) = 324, and I(v3) = 132, see Figure 3.3(iv).
If d(v;) = d(vo) = d(v4) = 3 then either I(v;) = 314, I(vy) = 121, and

2 3, 2 3 ! ! 2/ 2
1|4 4 14 4 ‘ 12 4 12
Sn 5m S5n 5m
A 30 A 9 30 A 30 A 0 0 A
—eV - —ey
" W
A I JEREY€ 25
2 1 1 4 1 4 1 4

@ (i) (iii) (iv)

Figure 3.3: d(v4) > 4.

I(vy) € 42{2,3,k} , see Figure 3.4(i); or l(vy) = 314, I(v3) = 124, and (v,) = 421

, see Figure 3.4(ii); or I(vy) = 212, I(vq) = 324, and [(vy4) € 41{1, 3, k}, see Figure
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3.4(iii); or I(vy) = 312, I(vq) = 324, and [(v4) = 423, see Figure 3.4(iv).
If d(vi) = d(v3) = d(v4) = 3 then either I(v;) = 214, I(v3) € {13{1, 2,3,4

1 /P 5 2 3

()

W
(5]
W

1

Ny
>
BN
o
(98]
~
o

S
30 A W, 30 A 30 A v 30 A

(ii) (iii) @iv)

Figure 3.4: d(v3) > 4.

,k},23{1,2,3,4,k}}, and I(v4) = 412, see Figure 3.5(1)-(iii); or I(v;) = 314,
€ {23k,134}, and I(v4) € 42{1,4,2,3,k}, see Figure 3.5(iv) and (v);

o~
—~
<
w
~—

)
) = 314, l(v3) = 234, and I(vy) € 42{4,2,3,k}, see Figure 3.5(iv);
or I(vy) = 314, I(v3) = 232, and I(v4) € 42{1,4,3,k}, see Figure 3.5(iv);
) = 314 I(v3) = 233, and I(v4) € 42{1,2,3,k}, see Figure 3.5(iv);
)

\_/

(v3) = 231, and I(v4) € 42{4,2,k}, see Figure 3.5(vi); or
2, I(v ) € {23k, 233}, and I(v4) € 41{1,2,3,k, 3}, see Figure 3.5(vii)-
(viii); or I(vy) = 212, I(v3) = 234, and [(v4) € 41{1,2,k,3}, see Figure
3.5(vii)-(viii); or I(vy) = 212, I(vs) = 234, and Il(v4) € 41{1,3,k}, see Fig-
ure 3.5(vii); or (v, 231 1{1,3
ure 3. 5(Vii)' or [(vq
212, I(v3) = 134, and I(v4) € 41{1,2,k}, see Figure
(v3) = 131, and [(vy) € 41{2, 3, k}, see Figure 3.5(vii);
or l(vl) = ?15, I(vs) = 132, and I(v4) € 41{1,3,k}, see Figure 3.5(vii); or
, [(v3) = 134, and I(v4) = 413, see Figure 3.5(ix); or I(v;) = 312,

l( ) 234 and [(v4) € 423, see Figure 3.5(x); or I(vy) = 312, I(v3) = 132,

(vy) € 42{3,4,1,2,k}, see Figure 3.5(xi)-(xii); or I(v;
and [(vy) € 42{4,1,2,k}; or I(v1) = 312, I(v3) = 232, and I(v4

=312, I(v3) = 233, and I(v4) € 42{1,2,k}; or I(v;) = 312, I(v3) = 234, and
l( ) 42{2,4,k} , see Figure 3.5(xii).
o) = d(v3) = d(vy) = 3 then either I(vy) = 121, I(v3) = 234, and
{41{4, 3, k},423}, see Figure 3.6(i)-(ii); or I(vy)
1)
1)

S~
Il
wl
—_
N
o~
/
<
w

and [
and [

€ {41{3,4,2,3,k},42{1,2,3,k}}: or I(vy) = 121, i(vs) = 231,

d(v
(v4) €
(v
(vq) € {41{3,4,2,k},42{1,2,k}; or l(vo) = 121, I(vs) = 231, and
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214 1 2[4 14 204 14 4 1[4
Sn 51 - Sn Sn
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- — 4 — —
—
3 ! 3 2|1 BE 21 3 21
1 / 2 V 1 2 1 2 | 1
) B (if) (iii) (iv)
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— e l‘ v 0 L0 g A — I
0 0
_ | < _
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(ix) (x) (xi)
Figure 3.5: d(vq) > 4.

I(vy) € {41{4,3,k},42{2,3,k}; or l(vy) = 121, I(v3) = 232, and I(v4) €
{41{3,4,2,3,k},42{1,3,k}, see Figure 3.6(iii); or I(vy) = 124, I(v3) = 134,
and [(v4) € {413,421}, see Figure 3.6(iv)-(v); or I(vy) = 1

13k, and I(v4) € {41{4,1,3,k},421}, see Figure 3.6(vi); or I =1

[(v3) = 131, and I(v4) € {41{4,3,k},421}; or I(vy) = 124, I(v3) = 13
and [(vy) € {41{4,1,k},421}; or I(vy) = 124, I(v3) = 133, and I(v,)

{41{1, 3, k}, 421}, see Figure 3.6(vi); or I(vo) = 321, I(v3) = 231 I
{41{3,4,1,2, k},42{4,1,2, 3, k}, see Figure 3.6(vii)-(ix); or I(vy) = 324, [
13k, and I(v,4) € {41{2,4,1,3, k},423}, see Figure 3.6(x)-(xii); or
I(v3) = 134, and I(v4) € {41{3,4,1,k},423}, see Figure 3.6(x)-(xii);
324, I(v3) = 131, and I(v4) € {41{2,4,3,k},423}, see Figure 3.6(x)-(xii); or
I(vy) = 324, I(v3) = 132, and I(v4) € {41{4,1,k},423}, see Figure 3.6(xi)-(xii

or I(vy) = 324, l(v3) = 133, and I(vy) € {41{2,1,3,k},423}, see Figure 3.6(x)-

(xii).
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Note that by Lemma 6(ii) the labels 314 and 423, 214 and 321, 121 and
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Figure 3.6: d(vy) > 4.

212, and 124 and 312 are symmetric. Note that every positive region has at
least one of these labels. Checking shows that, by the above named symmetries,
Figures 3.2(i)-(ii) are symmetric to Figures 3.2(iii)-(iv), Figures 3.3(i),(ii), (iii)
and (iv) are symmetric to Figures 3.4(iii),(iv),(i) and (ii) respectively and Fig-
ures 3.5(i),(ii), (iii),(iv),(v),(vi),(vii),(viii),(ix),(x),(xi) and (xii) are symmetric to
Figures 3.6(ix),(viii),(vii), (xi),(xii),(x),(iii),(i),(ii),(iv),(v) and (vi) respectively.
Note further that the label 314 contradicts the labels 423 and 214 and the label
324 contradicts the labels 413 and 123. So from the first two pairs of symmetries
it is enough to consider the regions with labels 314 and the regions with labelling
321 and the same argument applies to the other labellings. Thus we only need to
show the distribution in Figures 3.2(i)-(ii), Figures 3.3(i)-(ii) and Figures 3.4(i)-
(i) . Also we need to show the distribution for Figure 3.5 when the labelling 423
does not occur and we will do the distribution for Figure 3.6 when 413 is a vertex
labelling; other regions in these figures are symmetric to one of the considered
regions. Thus we consider all Figure 3.5 except for 3.5(iii), (x) and (xi) which

are symmetric to Figures 3.6(vii), (iv) and (v). In what follows we will show the
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distribution for the above named figures one by one.

A is given by Figure 3.2(i):
¢(A) <¢(3,3,3,3,3) = 4 and o(A3) < ¢(3,3,3,3,3,3,3) = —o~ since [(vy) and
[(v3) forces at least one spht each and the edge (3,4) must spht as well. Add
(D) to ¢(As).

A is given by Figure 3.2(ii):

Either d(uy) > 4 or l(uy) = vyvw; where at least one of vy or w; is a proper sub-
word. If d(us) > 4 then c(A) < ¢(3,3,3,3,4) = 35 and o(A5) < ¢(3,3,3,3,3,4) =
2= Add ¢(A) to ¢(As), see Figure 3.7(i) [we note here that once all the distri-
bution of curvature has been completed, checking all possibilities shows that A’
never send positive curvature to 35] Now Let d(uy) = 3. If wy is a proper sub-
word of w then ¢(As) < ¢(3,3,3,3,3,3,3) = —* and again add ¢(A) to o(As),
see Figure 3.7(ii). If w; = w then vy is a proper subword of v and this implies
d(ﬁ4) > 6, see Figure 3.7(iii). Moreover either d(%) > 4 or the edge (1,2) in Ay
splits. If in addition d(v) > 4 then 0(34) < ¢(3,3,3,3,4,4) = =" and we add
¢(A) to ¢(Ay), see Figure 3.7(iii). If d(¥) = 3 then checking the possible labelling
shows that the edge (2, 3) in As must split and 0(35) <¢(3,3,3,3,3,3,3) = _égﬂ.
Add ¢(A) to 0(35), see Figure 3.7(iv).

(]
w |
(N
@
(¥
W
(S
bl

1 4 1 4 1 4 1 4
\4 S=n ! \4 10 ! 4 ! \4 10 & !
30 V242 30 3
3 30
w A 10n
A>1V Wy w A /‘\/ wl, lé)nA N2 v, A
V v k vy vV /k v,
T
43 2 443 EIVY , 4 240 443 240
. . 1 .
! @ 4 ! (ii) 4 )\é 1 (i) 4 1 (iv) 4
N
v

Figure 3.7: I(vy) = I(v3) = 314 and [(vy) = I(v4) = 124.
A is given by Figure 3.3(i):
Add ¢(A) < ¢(3,3,3,3,4) = T to ¢(A3) < ¢(3,3,3,3,3,3,3) = T as in Figure
3.2(i).

A is given by Figure 3.3(ii):
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First assume [(u4) does not involve I;, 1 <14 < 4. If § is a proper subword of w**
or a proper subword of v then d(ﬁg,) > 6 and so 0(35) <¢(3,3,3,3,3,4) = ’3—50”.
Add ¢(A) to 0(35) in Figure 3.8(i). Otherwise, that is § = w*! or § = v, v,
is a proper subword of v. Moreover either d(%) > 4 or the edge (1,2) in Ay
splits and we add ¢(A) to c(£4) <¢(3,3,3,3,3,4) = 7, see Figure 3.8(i). Now
assume [(u4) involve I;; 1 < i < 4. Then l(uy) = kikoi* and I(v4) involves a
T—power since otherwise there is a contradiction to (A3). If d(v4) = 4 then
checking possible labellings show that this forces the edge (1,2) in 31 to split
and (A1) < ¢(3,3,3,3,3,4) = =2 and we add ¢(A) to (A1), see Figure 3.8(ii).
If d(v4) = 5 then ¢(A) < ¢(3,3,3,3,5) = 25. Moreover if neither (4, 1)A0r (1,2)
in Ay splits and all other vertices are of degree 3 then (V) = 241 and [(v) = 134
and this in turn forces I(v4) = 421K’k which forces d(Ag) > 6. In this case we
add c(A) to 0(86) < ¢(3,3,3,3,3,5) = B, see Figure 3.8(iii) [we note here that
once all the distribution of curvature has been completed, checking shows that
A, in Figure 3.5(iii) never sends positive curvature to Ag]. Otherwise, that is
there is at least one split or at least one vertex of degree > 4, we add ¢(A) < %—g

~

to ¢(Ay) < ¢(3,3,3,4,5) = 22X, see Figure 3.8(iv).

- » 3643% LY, - .
1 P 1 42 |1 i
2 3/ 2 ! 3, el | 3% > 4 3/
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v, k, Ky k
-
4,3 2,7 4)3 27 443 2T 4,3 20T
15 : @ ) ! (i) ¢ ! (iif) ¢ (iv) 4

Figure 3.8: d(v4) > 4.

A is given by Figure 3.4(i):
Add ¢(A) < ¢(3,3,3,3,4) = T to ¢(A3) < ¢(3,3,3,3,3,4) = .

A is given by Figure 3.4(ii):
If wy is a proper subword of w*! then ¢(As) < ¢(3,3,3,3,3,3,3) = == and add
¢(A) to ¢(As) in Figure 3.9(i). Otherwise, that is w; = w*!, if {(us) does not

involve [;, 1 < i < 4 then 0 is either a proper subword of w*! or a proper subword
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of v and ¢(A5) < ¢(3,3,3,3,3,4) = 227, Add ¢(A) to ¢(A,), see Figure 3.9(i). If
I(ug) = kokyi* then (A3) implies [(v3) involves a 7—power and letting d(vs) = 4
forces a split on A; and 0(33) < ¢(3,3,3,3,3,4) = _3—%” and we add c(A) to
c(As), see Figure 3.9(ii). If d(vs) = 5 then ¢(A) < ¢(3,3,3,3,5) = = I As has
at least one further split or another vertex of degree > 4 then add ¢(A) < % to
c(A3) < ¢(3,3,3,4,5) = 227 see Figure 3.9(iii). Otherwise A is given by Figure
3.9(iv) in which (¥) = 431 and l(%) = 241 and this in turn forces I(vy4) = 413K’k
and forces d(Ag) > 7. Add ¢(A) to ¢(Ag) < ¢(3,3,3,3,3,3,5) = =2, We note
here once all the distribution of curvature has been completed, checking shows

that in this case A; in Figure 3.6(iv) never sends positive curvature to Ag.
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Figure 3.9: d(v3) > 4.

A is given by Figures 3.5(i)-(ii),3.5(iv) and 3.5(viii):
Then ¢(A3) < ¢(3,3,3,3,3,4) = 227, Add ¢(A) to ¢(Ay).

A is given by Figure 3.5(vii):
Add ¢(A) to ¢(Ay) < ¢(3,3,3,3,3,3,3) = =% since I(vy) and I(v4) forces at least

one split each on 81.

A is given by Figure 3.5(v):
Then I(vy) € 42{1,4,2,3,k}. Let I(vy) € 42{1,4,2,3}. If 0 is a proper sub-
word of w*!, that is I(vq) € 42{1,4,2}, then add ¢(A) < 3% to c(Ay) <
(3,3,3,3,3,3,3) = =30%; otherwise if § = w*! or ¢ is a proper subword of
v then d(A;) > 6 and we distribute the curvature to d(A,) as follows: if
I(v4) € 42{1,4,2} then either d(?f/:) >4orl (%) forces at least one split the edge

(1,2) or Ay and so ¢(Ay) < ¢(3,3,3,3,3,4) = =2%: or if I(v,) = 423 then either

30
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d(;?\) > 4 or d(¥) > 4 or at least one of the edges (1,2) or (2,3) splits in A4 and so
o(Ag) < ¢(3,3,3,3,3,4) = 220, Add ¢(A) to ¢(A4) as shown. If [(vy) = 42k then
note that in A; either d(v") > 4 or the edge (4, 1) splits or [(v") € {143, 24k}. In
the first two cases add ¢(A) to 0(31) <¢(3,3,3,3,3,4) = ’S—Eg“, see Figure 3.10(ii).
In the last case if d(@) > 4 then add ¢(A) to ¢(A;) < — & S0 assume otherwise; if
I(v"") = 143, see Figure 3.10(iii), then this implies that at least 2 of vy, v3 and vy
are proper subwords of v=1. If vy is not a proper subword then v5 is and we add
c(A) to 0(32) <¢(3,3,3,3,3,4) = ’3—? (which, by checking the possibilities once
all the distribution of curvature has been completed, never receive positive cur-
vature from 31 nor 37) If vy is a proper subword then d(ﬁl) > 7 and we either
have v is a proper subword and we again add ¢(A) to ¢(Ay) (which, by checking
the possibilities once all the distribution of curvature has been completed, never
receive positive curvature from 31 nor 37 but 87 may compensate to ﬁl) or
vy = v~! and we add ¢(A) to ¢(A;) < ¢(3,3,3,3,3,3,3) = 2%, Observe here
that once all the distribution of curvature has been completed, checking shows

that if 82 is positive then it is the regions in Figures 3.6(iii) and it never send

positive curvature to A], see Figure 3.10(iii). If [(v") = 24k then this implies

I(¥) = 13w which in turn implies that d(V) > 4 otherwise this forces ww™' in

[(v") which is a contradiction and we add ¢(A) to c(ﬁl) <¢(3,3,3,3,3,4) = X,

see Figure 3.10(iv).

A is given by Figure 3.5(vi):

If wy is a proper subword of w then we add c¢(A) < 3% to 0(34) <

(3,3,3,3,3,3,3) = =%, Otherwise, that is wy = w, if I(v4) € 42{2,4} then

0 is a proper subword of w* and I(us) = wivw, and we add ¢(A) < 3T to

o(As) < ¢(3,3,3,3,3,3,3) = —0~ , see Figure 3.10(v). While if I(v4) = 42k then

using the same argument as for Figure 3.10(ii)-(iv) we add ¢(A) < 2% to o(Ay)
or ¢(Ay), see Figure 3.10(vi).

A is given by Figures 3.5 (ix) and 3.5(xii):
Then ¢(A;) < ¢(3,3,3,3,3,4) = = and we add ¢(A) to o(As).

A is given by Figure 3.6(iv):
Then [(uy) = vvjve where both v; and vy are proper subwords of v. Moreover
similarly to Figure 3.8(i) either d(/A\?) > 4 or the edge (1,2) in Ay splits and we
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Figure 3.10: d(vy) > 4.

=57

add ¢(A) < 3 to ¢(Ay) < ¢(3,3,3,3,3,4) = 7.
A is given by Figure 3.6(v):
Add ¢(A) < 22 to ¢(Ay) or ¢(As) as in Figure 3.7(ii)-(iv) for region in Figure

3.2(ii).

A is given by 3.6(vii):
In Figure if w; is a proper subword of w then add ¢(A) < 2% to (D) < o
Figure 3.6(vii). Otherwise v; is a proper subword of v and either d(v') > 4
or I(v') = 24w which forces the edge (1,2) in As to split and so 0(35) <
¢(3,3,3,3,3,4) = 227 Add ¢(A) < 5 to ¢(As) in Figure 3.6(vii).

n

Now assume that A € {ﬁl,ﬁg,ﬁg, 34, 35,36}. If A receives from exactly
one region then by the above dissolution ¢*(A) < 0. Now assume A receives from
two or more regions. First consider the regions that send curvature only through
whole edges, so A e {31,32, As, 36} and we denote such regions by Type A.
Then checking all regions of this type (up to symmetry) shows that A receives

from at most two. If these regions occur at adjacent edges then the shared vertex
and at least two edges

must be of degree > 5 and each region sends at most %
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in A have splits and hence ¢*(A) < ¢(3,3,3,3,3,5) + 2(%5) < 0. These regions
are given by A =A;in Figure3.9(iii) with A =A;in Figure 3.5(iv), A=A,in
Figures 3.10(iii), (iv) or (vi) with A = A3 Figure 3.5(iv) or (viii). If they occur

at non-adjacent edges and this forces one of the following: either two vertices of

21

5o and at least one edge in A has a

degree > 5 and each region sends at most

o~

split and hence ¢*(A) < ¢(3,3,3,5,5) + 2(?,)—75) < 0, this case is given by regions in
Figure 3.9(iii) with Figures 3.8(iv); or they force two vertices of degree > 4 and
5m

each region sends at most 35 and at least two edges in A have splits and hence
¢*(A) < ¢(3,3,3,3,4,4) +2(3) = 0. This case is given by A = Ay in Figures
3.9(ii) or (iv) with A = A; in Figures 3.8(ii) or (iv): A = Az in Figure 3.9(iii)
with A = A in Figure 3.8(ii); A = A, in Figure 3.8(ii) with A = Ag in Figure
3.8(iii) or in Figure 3.9(iv); A = Ag in Figure 3.8(iii) with A = A, in Figure
3.8(iv); A = A, in Figure 3.8(iv) with A = Ag in Figure 3.9(iv) or in Figure
3.9(iv); A = A, in Figures 3.10(iii),(iv) or (v) with A = A, 3.5(ix); A = A in
Figure 3.10(iv) with A = A, in Figure3.10(iv): A = A, in Figure 3.10(vi) with
A = A, in Figure3.10(vi).

Now consider regions that send curvature through a part of an edge so
A € {34,£5}, we indicate them as Type B. Then such a region sends < g—g
unless it is A in Figures 3.7 which send < lé)—gr. Checking Figures 3.2- 3.10 (up to
symmetry) shows that £5 can never receive positive curvature from A and 34 at
the same time; and similarly 34 can never receive positive curvature from A and
35 at the same time (this explains the zero in Figure 3.11). Moreover, two Type
B regions are adjacent on the same edge only if the shared vertex is of degree > 5.
That is only possible when a 7—power is involved in the labelling of 35 or £4 in
Figures 3.8 or 3.9 respectively. Note further that if a Type B region is adjacent
to a positive region of Type A then the shared vertex must be of degree > 5 ex-
cept for regions in Figure 3.8(iii) with Figures 3.7(ii), 3.6(iv) or 3.6(v). Moreover
when compensating to 34 or 35 then this either forces at least one further split
on A as in Figure 3.7(iv) for example or it forces at vertex of degree > 4 as in
Figure 3.7(i) for instance. Thus if A is receiving from at least one Type A region
such that c*(ﬁ) < 0 and we place regions, say A;, of Type B on the edges of A
such that one region occurs per edge then each one of A; either contributes by
< 2+ (=1+ %) = 0 when it forces a further split or by < 2+ (5 — &) =0
when it forces a vertex degree to be > 4 so we can ignore such occurrence since it
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~

does not increase ¢*(A). If A; are occurring more than once per edge then there
are two cases; either no 7—powers are involved in the labelling of A; as for A
in Figure 3.2(ii) for example or there is possibly a 7—power as for A in Figure
3.3(ii) when A = As. In the former case checking all such regions shows that
the only possibilities are regions in Figure 3.6(vii) with Figures 3.5(v) or 3.5(vi)
where they can occur in the same time on the edge (4, 1) in which case A =A;in
Figure 3.5(v) or Figure 3.5(vi) with A = A, in Figure 3.6(vii) when [(v,) = 442;
or the edge (3,4) in which case A = A in Figure 3.6(vii) with A = A in Figure
3.5(v). They, however, send at most g—g each and force at least one further split
and so the most they contribute to c*(&) < FF +2(5%) = 0 and hence we can
ignore such occurrence, see Figure 3.11(i). In the latter case when 7—powers may
occur regions may occur more than twice per edge. Let (i,7) be an edge in A
on which k, k > 3 regions are placed. Let (,7) be an edge in A on which k,
k > 3 regions are placed. Then there are two possible setting as shown in Figure
3.11(ii)-(iii). In Figure 3.11(ii) note that when A; and A, are both positive and
sending their curvature to A then the shared t-vertex is of degree > 5 and each
of A; and A,y is sending < ?,’—g while in Figure 3.11(iii)if A, is sending positive
curvature to A then it sends < g—g and forcing a vertex of degree > 4 while A,
is sending no positive curvature to A. Thus for A;, 3 < i <k — 2 regions placed
on the edge (i, ), two consecutive regions either send < 2(2%) and force a vertex
of degree > 5 so the net contribution is < ‘;—g +(—1+ %)TF < 0; or send < 3—’6 and
force a vertex of degree > 4 so the net contribution is < g—g + (=1 + %)71’ = 0.
Therefore we can ignore the regions Az, Ay, ....Ar_5 and the curvature they may
send as this will not increase c*(ﬁ) This leaves the case when k& = 3. In this case
the situation is as in Figure 3.11(i) and for ¢(Ay) 4+ ¢(Ag) < 4F and the same
argument used above works here and we can again ignore such occurrence as it
does not increase ¢*(A). So let B < c(Ay) + ce(Ag) < 27 This implies that Ay
or A is sending A and hence is one of the Figures 3.7(ii)-(iii), note that Figure
3.7(iv) send < % but its the only Type B region which can be placed on (1,2).

In Figure 3.7(ii) checking shows that A = A5 does not receive from A; nor Ay.
If A is receiving any positive curvature through the half edge (ws,2) from one
region then this forces d(v,) > 4 and the most received is < 5% and the net
contribution to c*(ﬁ) is < 0. If in addition A s receiving any positive curvature
through the edge (2,3) then the only possible region is A in Figure 3.3(ii) but

this forces d(v2) > 5 and the most received is < 2(25) and so the net contribution
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is<(2-2)4+2(3%)<0.

In Figure 3.7(iii) if A = A4 receives through the half edge (3, k) then d(v3) < 4
and the net contribution trough the edge (3,4) is < (=1+2)7+(3—2)7+5+% = 0.
If in addition A is receiving through the edge (2, 3) then the this forces d(vs3) <5
and the most received across the two regions adjacent to v3) is 2(25) and so the
net contribution is < (2 — 2) + 2(25) < 0. Moreover if A is sending positive
curvature to A = £4 then A plays the role of 36 in Figure 3.8(iii) and the most
it send is 2= and it forces d(v,) > 5. Also if A is receiving through the edge (1,2)

then the most it send is 2% and so the net contribution is < (2 — %) 4+ 2(3%) < 0.

A A, B3 Aa s Ax
sn 0 sm Sn T 2E 2n Sm
30 30 30 0 | 30 0 |0 0 30

S, L]y il | HE
Ld A d A4 L4 L d L d \d
i L J i hl¢hz¢ by ' h4¢ hp—lj/ th/j'\
0] (i)
A A, A Ay s Ax
L ST 5T S
30 0 |30 0 30 0 30
oI T i
o~ . . . . . -
MY hod np V0N

Figure 3.11
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3.2 Case II (a2)

In this case r(t) = wthwt2w=Bvt! and Figure 3.12 shows all possible labellings
for d(A) = 5.
Assume first that d(v;) = 3, 1 < ¢ < 4. Then d(vq) = d(ve) = 3 forces

3 2
1 2
4 113 |4
A
13 2)2 [T
" 2
4 1

Figure 3.12: All possible labelling.

[(v1) € {213,214}. If I(vy) = 213 then I(vo) = 221 and either I(v3) € 43{2, k}
and [(v4) € 41{1,k} ; or l(v3) € 43{4,3} and I(v4) = 41k; or I(v3) € 341 and
I(v4) = 413 so I(v4) forces a split on A, see Figure 3.13(i). If I(vy) = 214 then
I(vo) = 122 and either [(v3) = 13k and I(v,) € 43{2,3,4,k} ; or I(v3) = 134 and
[(v4) = 431; or I(v3) = 131 and I(v4) = 43{2,3,k} so [(v3) forces a split on As,
see Figure 3.13(ii).

Now assume that exactly one vertex is of degree > 4. If d(vy) = d(vq) = d(v3) =
3 then either I(v;) = 213, I(vy) = 221 and I(v3) € 43{2,3,4,1, k} forcing a split
on A, see Figure 3.13(iii); or I(v1) = 214, I(vs) = 122 and I(vs) € 13{1,4,k},
see Figure 3.13(iv).

If d(v;) = d(vy) = d(v4) = 3 then either I(v;) = 213, I(vy) = 221 and
I(v4) € 41{1,3,k} forcing a split on A, see Figure 3.13(v) : or i(v;) = 211,
I(vo) = 122 and I(v4) € 43{1,2, 3,4, k}, see Figure 3.13(vi).

If d(vi) = d(vs3) = d(v4) = 3 then I(vy) € {213,213,214,214}. Let I(v;) =
213, see Figure 3.14(i)-(ii). Then either I(v3) = 132 and I(v4) € 41{1, 3,4, k,2};
or l(v3) = 43k and I(v4) € 41{1,4,k,2}; or I(v3) = 434 and [(v,4) € 41{1,k,2}; or



CHAPTER 3. CASEII 29

3 2/

4 3 4 14 4 3
1 | 2 EE: I ! 2
4 ‘ 13 _4 P a 4 ‘ 13

5n 5n
30 A 30 A
-1 3 207 —
]
1 2
3 2], 3 2],
4 1 4 1
@ (ii) (i)
3 % , T _
3 2
4 14 1 23 .
i 4 ‘ 1 4 1
30 A 5n Sn
— 30 A 30 A
! —
3 27 _
3 2
1 v 2 3 242 y 1

(iv) W) (vi)
Figure 3.13: d(v;) =3,1 <i < 4.

I(v3) = 431 and I(v4) € 413; or I(v3) = 433 and [(vy) € 41{4, k,2}; or I(v3) = 432
and [(v4) € 41{1,4,k}. Let I(v;) = 213, see Figure 3.14(iii)-(iv). Then either
I(v3) = 132 and I(v4) € 43{1,2,3,4,k}, see Figures 3.14(iii); or I(v3) = I(v4) €
43{1,2,3,4,k}, see Figure 3.14(iv). Let I(v;) = 214 , see Figures 3.14(v)-(vii).
Then I(vs) € {13{3,4,2,k},43{2,1,3,4,k}} and I(vy) = 4T2. Let I(v;) = 217,
see Figure 3.14(viii)-(x). Then either {(v3) = 13k and I(v4) € 43{2,3,4,k}; or
[(v3) = l(vy4) = 431; or I(vs) = 133 and I(v4) € 43{2,4,k}; or [(v3) = 131 and
I(v4) € 43{2,3,k}, see Figure 3.14(viii); or I(v3) = 132 and I(v4) € 43{3,4, k},
see Figure 3.14(ix); or I(v3) = I(vy4) € 43{1,2,3,4, k}, see Figure 3.14(x).

If d(vy) = d(vs) = d(v4) = 3 then I(vy) € {122,221}, Let l(vy) =
122 | see Figure 3.15(i)-(ii).  Then either I(vs) = 13k and I(v4) €
{41{1,2,3,3,k},43{2,3,4,1,2,k}}; or I(v3) = 134 and I(v,) € {41{1,2,k},431};
[(v3) = 134 and I(v4) € {413,43{2,3,4,2,k}; I(vz) = 131 and I(v4) €
{41{3,2,k},43{2,3,1,2,k}, see Figure 3.15(i); I(v3) = 132 and I(v4) €
{41{3,1,k},43{3,4,1,2,k}, see Figure 3.15(ii). Let I(vy) = 221, see Figure
3.15(iii). Then either I(v3) = 43k and [(v4) € {41{1,3,2, k},43k}; or I(v3) = 434
and [(v4) € {41{1,3,2,k},434}; or I(v3) = 431 and I(v4) € {413,431}; or
I(v3) = 433 and I(v4) € {41{1,2,3,k},433}; or I(vz) = 431 and I(v4) €
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Figure 3.14: d(vy) > 4.

{41{2,1,k},431}; or I(vs3) = 432 and [(v4) € {41{1,3, k},432}; or I(v3) = 432

and [(vy) € {41{2,3,k},432}.

Ll

2,1
¢ 2 2
(ii) (iii)

Figure 3.15: d(vy) > 4.

This complete the description of positive regions and we will proceed by show-

ing the distribution for the positive regions case by case.

A is given by Figures 3.13(i), 3.13(v):
Then d(A;) > 7 and ¢(A;) < ¢(3,3,3,3,3,3, 3) = 5% and we add ¢(A) to c(Ay).

_?fg” and we add

A is given by Figures 3.13(ii), 3.13(iv):
Similarly to above d(A3) > 7 and ¢(As) < ¢(3,3,3,3,3,3,3) =

c(A) to ¢(As).

A is given by Figure 3.13(iii):
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>)

We have d(A;) > 6 with d(vs) > 4 and we add ¢(A) < 2 to ¢(Ar) <
¢(3,3,3,3,3,4) = ==

A is given by Figure 3.13(vi):
We have d(A;) > 6 with d(vs) > 4 and we add ¢(A) < 2 to c(Ag) <
¢(3,3,3,3,3,4) = ==

A is given by Figure 3.14(i):

As in Figure 3.13(i) we add ¢(A) to ¢(A) < ¢(3,3,3,3,3,3,3) = =101,

A is given by Figure 3.14(ii):
In this case I(v3) € {132,43{3,4,k}}. If I(v3) € {132,433} then [(uy) = vwiws
and at least one of w; and w, is a proper subword of w*!. If w; is a proper subword

of w™! then add ¢(A) < 3% to c(£5) < ¢(3,3,3,3,3,3,3) = = otherwise w; is a

proper subword of w*! and add ¢(A) < 2% to o(Ay) < ¢(3,3,3,3,3,3,3) = =,

see Figure 3.16(i). If I(v3) € 43{4,k} then checking all possible labellings for
vy when d(v5) € {4,5} shows that at least the edge (1,2) in A, splits or the
edge (1,2) in Ay splits. In the former case we add c(A) < % to c(§2)
c(3,3,3,3,3,4) = —S_Egr and in the latter case we add c(A) < 2% to c(As)

30
c(3,3,3,3,3,4) = _3—%”, see Figure 3.16(ii).

<
<

(i) (i)
Figure 3.16: d(vy) > 4.

A is given by Figure 3.14(iii):
Then I(vy4) € 43{3,1,2,4,k}. First let d(vy) = 4. Then this implies c(A) <
2 and I(vy) € 222{1,1,3,3,4,4,k} and this except for [(vy) = 2221, forces
d(A;) > 6 with at least one vertex of degree > 4 and we add ¢(A) to ¢(As) <

(3,3,3,3,3,4) = 2. While if I(vs) = 2221 then this forces d(As) > 6 with at
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least one vertex of degree > 4 and we add ¢(A) to c(ﬁ;;) <¢(3,3,3,3,3,4) = 2.

, see Figure 3.17(i). Now let d(vy) = 5. Then ¢(A) < 25 and I(v,) forces one more
split on at least one of A, or Ay except for l(vy) € {22221, 22212}, If [(vy) forces

one more split on A, then add c(A) to 0(32) <¢(3,3,3,3,3,5) = 30 ; if not and

I(v5) forces one more split on Az then add ¢(A) to ¢(As) < ¢(3,3,3,3,3,5) = =3

30

otherwise if [(vq) = 22221 then this forces d(Ag) > 6 and we add c(A) + ¢(Ay) <
& to C(AG) <¢(3,3,3,3,3,5) = =~ , see Figure 3.17(ii) and if [(v,) = 22212 then
this forces d(Ag) > 7 and we add ¢(A) +¢(As) < 3 to (A7) < ¢(3,3,3,3,3,5) =

—8m

=~ » see Figure 3.17(iii).

o (i )
Figure 3.17: d(vy) > 4.

A is given by Figure 3.14(iv):

Then I(vs) = I(v4) € 43{3,4,1,2,k}. First let d(vy) = 4. Then ¢(A) < 3% and
[(v3) = l(vy4) € 43{3,4,1,k} implies I(vy) € 221{2,3,4,k} and I(v3) = I(v4) =
432 implies [(vy) € 221{2,3,4,4,k} and this except for I(vy) = 2212, forces
d(ﬁg) > 6 with at least one vertex of degree > 4 and we add ¢(A) to c(ﬁg) <
(3,3,3,3,3,4) = =%, While if I(vo) = 2212 then this forces d(A3) > 6 with at
least one vertex of degree > 4 and we add ¢(A) to C(Ag) < ¢(3,3,3,3,3,4) =
==, see Figure 3.18(i)-(ii). Now let d(vy) = 5. T}en this implies ¢(A) < 2%
and [(vq) forces one more split on at least one of Ay or Az except for I(vy) €
2214{1,2} which is only possible when I(v3) = I(v4) € 43{4, 1, k} otherwise there
is a labelling contradiction. If [(vo) forces one more split on A, then add C(A) to
c(ﬁg) <¢(3,3,3,3,3,5) = 30 ; if not and [(vy) forces one more split on A then
add ¢(A) to ¢(As) < ¢(3,3,3,3,3,5) = =% otherwise I(vy) € 2214{1, 2} and this
forces d(Ag) > 6 and we add c(A)—l—c(ﬁ ) < &% to c(Ag) <¢(3,3,3,3,3,5) = ¢
, see Figure 3.18(iii).
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Figure 3.18: d(vy) > 4.

A is given by Figures 3.14(v) and 3.14(viii):
As in Figure 3.13(vi) [(v3) forces at least one split on A; and we add c(A) < T
to ¢(As) < ¢(3,3,3,3,3,4) = 221

A is given by Figures 3.14(vi):
In this case we at least have w; be a proper subword of w~"! or ws be a proper sub-
word of w. In the former case we add ¢(A) < 2% to c(As) < ¢(3,3,3,3,3,3,3) =
=% and in the latter case we add ¢(A) < 3% to o(Ay) < ¢(3,3,3,3,3,3,3) = =
see Figure 3.18(iv).

A is given by Figure 3.14(vii):
In this case I(v3) € 43{2,1,3,4,k}. If I(v3) = 432 then [(uy) = vwiwy, see
Figure 3.19(i). If w; is a proper subword of w™! then we add c¢(A) < 2T to

30
c(As) < ¢(3,3,3,3,3,3,3) = =32% otherwise w, is a proper subword of w™! and
s0 ¢(Aq) < ¢(3,3,3,3,3,3,3) = “107 we add ¢(A) < 3T to (Ay). If I(vy) # 432

then checking all the possible labelling when d(vq) € {4,5} implies [(vy) forces
one more split on at least one of 32 or 33. If [(vq) forces one more split on 32
then add ¢(A) to ¢(As) < ¢(3,3,3,3,3,4) = =2 if not then I(v,) forces one more
split on Az then add ¢(A) to ¢(A3) < ¢(3,3,3,3,3,4) = =2, see Figure 3.19(ii).

730
A is given by Figure 3.14(ix):
Then [(vy) € 43{3,4,k}. 1If I(v4) = 433 then l(us) = wvvywy, see Fig-
ure 3.20(i). If w; is a proper subword of w then we add c(A) < 2T to

30
c(Ay) < ¢(3,3,3,3,3,3,3) = =20% otherwise vy is a proper subword of v. Also
[(v4) forces one more split on As and so 0(35) < ¢(3,3,3,3,3,3,3) = _égﬂ
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Figure 3.19: d(vy) > 4.

we add ¢(A) < 2% to o(As). If I(vs) € 43{4,k} then checking all the pos-
sible labelling when d(ve) € {4,5} implies I(ve) forces one more split on at
least one of Ay or As. If I(vs) forces one more split on A, then add ¢(A) to
c(ﬁg) <¢(3,3,3,3,3,4) = ’3—5(’)“; if not then [(vq) forces one more split on A; then

add c¢(A) to 0(33) < ¢(3,3,3,3,3,4) = =%, sce Figure 3.20(ii).

3 2/ 3 2/
34 14 4 K
~ 5n 2n
- 30 A 30 A
il — .
Wy
B T - b
243 201 yE 201

0
Figure 3.20: d(vy) > 4.

A is given by Figure 3.14(x):
Then [(v3) = l(vy) € 43{3,4,1,2,k}. If [(v3) = (v4) = 432 then I(u4) = vwiwy,
see Figure 3.21(i). If wy is a proper subword of w™" then add ¢(A) < 2% to
0(35) <¢(3,3,3,3,3,3,3) = _318” otherwise wy is a proper subword of w and we
add c¢(A) < 3% to o(Ay) < ¢(3,3,3,3,3,3,3) = =" If I(vs) = I(vy) # 432 then
checking all the possible labelling when d(vy) € {4,5} implies [(vy) forces one
more split on at least one of 32 or 33. If [(vy) forces one more split on 32 then
add ¢(A) to ¢(Ay) < ¢(3,3,3,3,3,4) = 2% if not then [(vs) forces one more split

on Az then add c¢(A) to ¢(As) < ¢(3,3,3,3,3,4) = =2 see Figure 3.21(ii).

A is given by Figure 3.15(i):
Then I(v5) and I(vs) forces at least one split on Az each and so d(As) > 7 and
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Figure 3.21: d(vy) > 4.

c(A3) < ¢(3,3,3,3,3,3,3) = =107 Add ¢(A) to ¢(As).

A is given by Figures 3.15(ii)-(iii):
Then I(vy) forces at least one split on Ay and so d(A;) > 6 with one vertex of
degree > 4. add ¢(A) < 2 to o(As) < ¢(3,3,3,3,3,4) = 3.

Now assume that A € {Al,Ag,A3, A4, A5, AG,A7} If A receives from ex-
actly one region then as we see from above c (A) < 0. Now assume A receives
from two or more regions. First consider regions that compensate through a whole
edge, say Type A. Then A € {81, Ao, Ag, A, 37} and checking all Type A re-
gions shows that A receives from at most two Type A regions namely; A= 32 in
Figure 3.15(ii) with A = A, in Figure 3.17(ii) or in Figure 3.18(i)-(ii) ; A = A,
in Figure 3.16(ii) with A = Ay in Figure 3.16(ii); A = A, in Figure 3.16(ii) with
A = A, in Figure 3.20(ii); A = A, in Figure 3.16(ii) with A = Ay or A = A,
in Figure 3.21(ii); A = A, in Figure 3.17(i)-(ii) with A = Ag in Figure 3.17(iii)
or with A = Ay in Figure 3.18(i)-(ii) or with A = Ag in Figure 3.18(iii) or with
A = Ay or A = Ay in Figure 3.19(ii); A = Ag in Figure 3.17(iii) with A = A,
in Figure 3.18(i)-(ii); A = A; in Figure 3.17(iii) with A = A4 in Figure 3.18(iii);
A = A, in Figure 3. 18(1)-(ii) with A = Ay in Figure 3.18(1)-(ii); A = A, in
Figure 3.18(i)-(ii) with A = A, or A = Ay in Figure 3.19(ii); and A = A, or
A = A, in Figure 3.19(ii) with A = A, in Figure 3.15(iii). In each case the region
A is forced to have at least 2 vertices of degree > 4 with 2 edges split and receives
at most 3% from each region and hence ¢*(A) < ¢(3,3,3,3,4,4) +2(5F) = 0.
Now con31der the regions that compensate through a part of an edge, Type B
regions Then A € {A4, As} and the most A can receive from one region of Type

B is 5T, Moreover checking all regions of Type B shows that A4 can never receive
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positive curvature from A and 35 at the same time and that £5 can never receive
positive curvature from A and 34 at the same time. In addition checking shows
that at most 2 region of this Type B can can be placed together on the same edge
namely regions : A, in Figure 3.16(i) when I(v3) = 132 with A4 in Figure 3.16(i)
when I(v3) = 433; and A, in Figure 3.16(i) when {(vs) = 433 with A, in Figure
3.20(i) ; can be placed on the edge (2,3). However placing this Type B region at
the edge (i,7) on A yields the situation given by Figure 3.11(i). Assuming that
¢*(A) <0, then Type B regions contribute at most by < 2(3%) + (=1 + 2F) = 0

and so we can ignore such occurrence since it does not increase ¢*(A).
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3.3 Case II (a3)

In this case r(t) = wthw=t2wtBvt! and Figure 3.22 shows all possible labellings
for d(A) = 5.
First assume that d(v;) = 3 for 1 < ¢ < 4. Then d(v;) = 3 implies

2 3

2 1

4 11 [3
—

3 204 |2

1 2

1 4

Figure 3.22: All possible labelling.

I(v;) € {311,113}. Let I(v;) = 311. Then this forces I(vo) = 422 and either
I(v3) € 13{2,2,4,4} and I(vy) = 42K"; or I(v3) = 13k and [(v4) € 2{1, 1,3,3,k'},
see Figure 3.23(i). Let I(v;) = 113. Then this forces I(vy) = 224 and either
I(v3) € 13{2,2,4,4} and I(v4) = 42K'; or I(v3) = 13k and I(v,4) € 42{1,1,3,3,k'},
see Figure 3.23(ii).

Now assume that exactly one vertex is of degree > 4. If d(vy) = d(vq) = d(v3) =3
then either I(vy) = 311, I(vy) = 422 and I(v3) € 13{2,2,4,4,k}, see Figure
3.23(iii); or I(vy) = 113, I(ve) = 224 and I(v3) € 13{2,2,4,4,k}, see Figure
3.23(iv).

If d(vy) d(ve) = d(v4) = 3 then either I(v;) = 311, I(vo) = 422 and
I(vq) € 42{1,1,3,3,k'}, see Figure 3.23(v); or I(v;) = 113, I(vy) = 224 and
I(vy) € 42{1,1,3,3,k'}, see Figure 3.23(vi).

If d(vi) = d(v3) = d(v4) = 3 then again I(v;) € {311,113}. If I(v;) = 311
then either I(v3) = 13{2,4} and I(vy) € 42{1,2,3,4,k'}; or I(v3) € 13{2,4}
and [(vy) € 42{1,2,3,4,k'}; or I(v3) = 13k and I(v4) € 42{1,1,2,3,3,4,k'},
see Figure 3.24(i) ; or I(v3) = 131 and I(vy4) € 42{1,1,2,3,3,4,k'}, see Figure
3.24(ii) ; or I(vs) = 13{2,4} and I(vy) € 42{1,3,4,%,2}; or I(v;) € 13{2,1}
and [(vy) € 42{1,3,4,k',2}; or I(v3) = 13k and I(v4) € 42{1,1,3,3,4, k", 2}, see
Figures 3.24(iii) and 3.24(iv); or I(v3) = 131 and I(v4) € 42{1,1,3,3,4, k', 2}, see
Figures 3.24(iii)-(v).
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Figure 3.23: d(vy) = d(vq) = 3

If dvy) = d(v3) = d(vy) = 3 then I(vo) € {422,224}, 1If I(vy) = 422

2 3 2 3 2 ’f 1 2 1 2
4 11 4 11 4 K 214 1]3 24
Sz S5m 5n 5m = 5w
30 A 30 A 30 A 30 A wy A
— — e . —s — v
W2
P
3 | 2 4 E 24 3 22 1]3 22 143
1 . 2 T T f ‘¢ 2 1
@ (i) (iif) @iv) V)

Figure 3.24: d(vy) > 4.

then either I(v3) € 13{2,4} and l(v4) € {42{1,3,k'},422}; or I(v3) = 13{2,4}
and I(v4) € {42{1,3,k'},422}, see Figure 3.25(i); or I(v3) = 13{3,k,1} and
I(vy) € {42{1,1,3,3,k'}, 422}, see Figures 3.25(i)-(iii). If I(v) = 224 then either
I(v3) € 13{2,4} and I(v4) € {422,42{1,3,k'}}; or I(v3) = 13{2,4} and I(v,) €
{422,42{1,3,K'}}; or I(v3) € 13{3,1,k} and I(v4) € {422,42{1,1,3,3,k'}}, see
Figure 3.25(iv).

In Figures 3.23(i), 3.23(iii) and 3.25(i) the labelling forces d(ﬁg) > 7 and we
add ¢(A) < I to c(A3) < =Z. While in Figures 3.23(ii), 3.23(vi) and 3.24(iii) the
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(i) (i) (iii) (iv)
Figure 3.25: d(vy) > 4.

labelling forces d(ﬁl) > 7 and we add ¢(A) <
3.23(iv) and 3.25(ii) the labelling forces d(A;) > 6
degree > 4 and we add ¢(A) < % to (A ) < . Whereas in Figures 3.23(v),
3.24(i) and 3.24(iv) the labelling forces d(Ag) >
degree > 4 and we add c(A) < % to o(As) < . Similarly in Figures 3.24(ii)
and 3.25(iv) the labelling forces d(A,) > 6 with at least one vertex of degree > 4

and we add c¢(A) < § to C(AQ) < =°. Finally in Figures 3.24(v) and 3.25(iii)

Z to o(Ay) < . Also in Figures

6 with at least one vertex of

6 with at least one vertex of

[(usg) = vwiw;y and either w; is a proper subword of w and we add c¢(A) < & to
0(35) < . Otherwise w; is a proper subword of w and we add c¢(A) < ¢ to
C(A4) S _Tﬂ-

Now assume that A € {31, 32, 33, £4, 35} If A receives from exactly one
region then as we see from above c*(ﬁ) < 0. Now assume A receives from two
or more regions. First consider regions that compensate through a whole edge,
say Type A. Then A € {31, As, 33} and checking all regions of Type A shows
that A receives from at most 2 regions of this type namely; Apin F igure 3.24(ii)
with A, in Figure 3.25(iv). However the region A must have at least 2 vertices
of degree > 4 with 2 edges split and receives at most 5 from each region and
hence ¢*(A) < ¢(3,3,3,3,4,4) +2(3%) = 0.

Now consider the regions that compensate through a part of an edge, Type B.

o
30"

Moreover checking regions of Type B shows that A, can never receive positive

Then A € {As, A} and the most can be received from one Type B region is

curvature from A and Aj at the same time and that Ay can never receive positive
curvature from A and Ay, at the same time. Moreover we never have more than

one Type B region sending positive curvature through the same edge and so the

1— 21

) < 0 and so we can ignore such occurrence

net contribution is < ‘g—g + (
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since it does not increase c*(A).
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Chapter 4

Case 111

In this chapter we study the Case(III) and up to cyclic permutation and inversion
r(t) is one of the following subcases:

(al)  wtrwt2wtwth

(a2)  wthwt2wtBw =1t

(a3)  wthrwtl2w w1l

(ad)  wthtw 2wty

Note that ¢ = 1 is a solution for (a3) and (a4) so we only have (al) and (a2)
to consider. In addition if w = (gt¥)?g~1, B > 1 then t = 1 is a solution for
the subcases (al) and (a2) by Lemma 11. Thus in the following we assume
w # (gt*)Pg~!. We further assume that w # git*1 got*2....gr_1t*-1g7", n > 2 is
even, 92% =1, 9 =90 1<p<nandk,=—k,p1,1<p<n-—1asbhy
Lemma 9 a second split on the edge might not occur if w is of this form, however

this is essential in the proof.

4.1 Case III(al)

Figure 4.1(i) shows all possible labellings in this case. Note that if i and j are both
from {ly,12,13,14} and both are in the same direction, then the vertex sublabel
(i7) forces 2 splits on each of the edges (i — 1,7) and (j,j + 1) by Lemma 9. An
illustration is given in Figure 4.1(ii). First assume that d(u;) =2 for 1 <i < 4.
Then the possible positive regions (up to cyclic permutation and inversion) and
the distribution of curvature is shown in Figures 4.2(i)-(v). Now assume that
d(u;) > 3 for exactly one 1 < i < 4 as shown in Figure 4.2(vi)-(vii). Then the

71
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i 1

() (i)
Figure 4.1: All possible labellings case III (al).

labels £ and k must be 7—powers, otherwise there are at least two splits on the
edge by Lemma9 and ¢(A) < 0. Figures 4.2(vi)-(vii) show the possible positive
regions and the distribution in this case.

Let A € {A1, Ay, Ag, Ay} If A is given by Figures 4.2(i),(ii),(iii) or (vi) then
d(ﬁ) > 8 and at least two of its edges have two splits. Therefore A receives
positive curvature from at most two regions and so c*(&) <c(3,3,3,3,3,3,3,3)+
2L — 0. Assume otherwise and that A is given by Figure 4.2(iv) or 4.2(v) or A =
A in Figure 4.2(vii). Then A receives from at most two positive region. If d(A) >
7 then c*(ﬁ) <¢(3,3,3,3,3,3,4)+2({5) < 0; orif d(ﬁ) = 6 then either A receives
from exactly one region and c*(ﬁ) <¢(3,3,3,3,3,4) + {5 < Oor A is forced to
have at least two vertices of degree > 4 and ¢*(A) < ¢(3,3,3,3,4,4) + 2({3) <0.
Finally if A = A, in Figure 4.2(vii) then d(ﬁ) > 7 and it receives positive
curvature from at most two regions, so c*(ﬁ) <¢(3,3,3,3,3,3,3) +2(55) <0.
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4.2 Case III(a2)

Figure 4.3(i) shows all possible labellings in this case.
Consider the sublabel (ij) as shown in Figure 4.3(ii). Checking shows that if

4 3
2 3
1 2
4] 2 1[4 11424
A
103,23 201033
2 1
1 4
3 4

(ii)

@
Figure 4.3: All possible labellings case 111 (a2).

(ij) € S = {11,12, 13,13,21, 22,23, 23,41,42, 43,43, 41,42, 43,43, 14, 11,12,
2

S
14,24,21,22, 24,34, 31, 32, 34, 34, 31, 32, 34} then the corner edge e of Figure
4.3(ii) has at least two splits by Lemma 9.
First assume that (ij) € S occurs as a corner label of each vertex of degree 3
in A that does not involve 7—power. Then the possible positive regions are the
same as in case (al) and the distribution is done in the same way in Figure 4.2.
Now assume otherwise, that is if d(v,) = 3 and [(v,) = pij then (ij) ¢ S, for some
1 <p<4andd(u)=2for1 <i<4 If p=1then d(vy) =3 implies I(v;) €
{214,214,312,312}; if p = 2 then d(vq) = 3 implies I(vy) € {124,124,321, 321};
if p = 3 then d(v3) = 3 implies I(v3) € {132,231}; and if p = 4 then d(v4) = 3
implies {(v,) € {142,241}
Assume that d(v,) = 3 for two values of 1 < p < 4. If d(v;) = d(vy2) = 3
then either I(v;) = 214 and [(vy) = 124, or I(v;) = 231 and [(vy) = 132; if
d(vy) = d(v3) = 3 then I(vo) = 321 and I(v3) = 231; if d(v3) = d(v4) = 3
then there is a contradiction; and if d(vy) = d(v4) = 3 then [(v;) = 214 and
I(vq) = 412; if d(vy) = d(v3) = 3 then either I(v;) = 312 and [(vy) = 132,
or I(vy) = l(ve) = 312; and if d(vy) = d(v4) = 3 then either {(v;) = 124 and
I(vq) = 142, or I(vo) = I(v4) = 241.
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Now assume that the above holds for three values of 1 < p < 4. Then there are
two possibilities. Either d(v;) = d(ve) = d(v4) = 3 in which case [(v;) = 214
and [(vo) = I(v4) = 124; or d(vy) = d(vy) = d(v3) = 3 in which case I(v;) =
I(v3) = 231 and I(vy) = 132. It follows that if d(v,) = 3,1 < p < 4 then there is
a contradiction

Note that in each region exactly one of € {214,214,312,312} can occur, maybe
more than once. Note further that regions with vertex label 214 are symmetric
to regions with vertex label 312; and regions with vertex label 214 are symmetric
to regions with vertex label 312 by Lemma 6(i). It therefore suffices to consider
only the cases b + Iy —ly =0and [y + 14 — I, =0

4.2.1 Figures with a vertex label 214

In this subsection we assume that Iy +14—1; = 0 and that Iy # £ml3, m € Nym >
2. In this case we further amend D by deleting all vertices of degree 2 labelled by
ww™! with corner sublabels 24 and 33 as in Figure 4.4(i) . This introduces the
following corner labels: (24)*! and (33....3)*! (m times for some m > 1), which
will be denoted by 3%, Applying these changes creates a new type of region A.
Figure 4.4(ii) shows an example of such a region. Observe that A has 4m + 4
vertices. Observe further that I, # £mls implies d(ys) > 3.

%

©) (ii)

Figure 4.4

Lemma 14. (i) No vertex of (the amended) D has a sublabel 24.
(ii) No vertex of D has a sublabel 412.
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Proof. (i) Every sublabel of the form 24 is changed by the amendment in Figure
4.4(i)and this transforms 24 to (24).
(ii) If D has a sublabel 412 then using a bridge move if necessary, it can be
assumed that 412 is a vertex label in D in which case the previous part of this
lemma applies.

]

Let A be a region in the amended diagram and assume 3 is maximum. Assume
now that d(z1) > 3, see Figure 4.4(ii). Then (by Lemma 9) either there is another
split on the edge (ysz2) as in Figure 4.5(i) or each of [(y5) and [(x2) involves a
T-power as in Figure 4.5(ii). If there are two splits on the edge (ysz2) then
d(z5) > 3 since otherwise I(x3) € 1{3%, (24)} which yields a contradiction since
it forces ww™! to be a proper sublabel of z} in Figure 4.5(i). Note that d(z3) > 3
in Figure 4.5(ii) since it involves a T-power.

Now assume that d(z4,_1) > 3. Then similarly to the above either there is

XX % X X
5y JL J1 777777777 yS/f o S
@) (ii)

Figure 4.5: when d(x;) > 3

another split on the edge (24,—2,y1) which in turn forces either d(z4,_2) > 3 as
in Figure 4.6(i) or I(z4m_2) = 13* as in Figure 4.6(ii) in which [(z4m,_,) = 13*

1 which forces d(x4y,_4) > 3 when

forces d(x4m-3) = 2 and S0 l(z4—3) = ww™
m > 2; or both {(y;) and [(x4,,_2) involve a T-power which forces d(x4,_2) > 3
and d(y;) > 3, see Figure 4.6(iii).

Now consider z; for i = 1mod2, 2 < i < 4m — 2 and m > 2. Then d(z;) > 3
implies either both of I(x;_1) and I(z;41) involve 7—powers and so both of the
vertices are of degree > 3 or there are two splits on the edge (z;_1z;11). In the
latter case d(x;11) > 3 otherwise it forces ww™! to be a proper sublabel of ),
{xj, 25} = {@;, 27} , see Figure 4.7.

Now let d(z;) > 3 for some i = 2mod4 and assume d(z;_1) = d(z;11) = 2 as
shown in Figure 4.8. First assume m > 2. Let ¢ # 2 and ¢ # 4m — 2. Then either
d(z;) > 4 as in Figure 4.8(i) or I(z;) = 3¥1{4,4} which in turn forces d(z;_5) > 3
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Figure 4.6: when d(x4y,_1) > 3
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(@) (ii)

Figure 4.7: d(z;) > 3 where i = 1 mod 2

as shown in Figure Figure 4.8(ii)-(iii). Now let i = 2. Then again either d(z,) > 4
or I(z;) € 3*1{4,4} which forces I(ys) = 4{2,4}w. Observe that for i # 4m — 2
I(z;) = 3%14 also forces either d(z;45) > 3 or I(zi42) = (24)3 and so d(z,43) > 3,
that is, there is at least one split between x;,; and y; and that is illustrated in
Figure 4.8(ii). Now let i = 4m — 2. Then either d(z;) > 4 or I(x;) € 3*1{4,4}
which again forces d(z4m_4) > 3, see Figures 4.8(v). Assume now that m = 1.
Then either d(z1) > 4 or I(z1) = 3¥1{4, 4}, see Figure 4.9.

Assume now that d(z;) > 3 where i = 0 mod4. Then d(x;_1) = d(z;11) = 2
forces either d(z;) > 4 as in Figure 4.10(i) or I(x;) = 3*(24)4 which in turn forces
d(zi—9) > 3 and either d(z;42) > 3 as in Figure 4.10(ii) or d(z;43) > 3 as in
Figure 4.10(iii).

Remark 5. Observe that some labelling cannot occur since they yield the excep-
tional case ly = £ml3, m € N, m > 2. For example 155*,4§i,41§if So from
here on contradiction means either a labelling contradiction or a contradiction to

the assumption ly # £mls.

Lemma 15. Let A be the region in Figure 4.4 and assume 3 is mazimum. Then
(i) if lo = £mls, m € N, then l; # £m/ly, m' € N.
(i) if d(yz) = d(ya) = 2 then d(ys) = 4.
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Figure 4.8: d(x;) > 3 where i = 2mod4, m > 2
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Figure 4.9: d(x;) > 3 where i =2mod4, m =1
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Figure 4.10: d(x;) > 3 where i = 0 mod4

(117) if d(ys) = d(z1) = d(x2) = d(x3) = 2 then d(ys) > 4. Moreover if d(zy) =
d(zy) = d(x3) = 2 and d(ys) = 3 then there are at least two splits on the edge
(y3,y5) and 1(ys) = 413%.

() if d(xgm-3) = d(T4m—2) = d(T4m_1) = 2 then d(y;) > 4.

(v) Let m > 2 and let d(x;) > 3 fori =1 only or any 3 < i < 4m — 2 only; if in
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addition d(ys) = 3 then there is at least one further split on the edge (ys,x;11) or
two splits on the edge (ys,ys).

(vi) Let m > 2 and let d(x4m—2) = 3. Then this forces at least one split on
segment (Ys, Tam—2). Moreover if there is exactly one split then it is T4pm—y4 and

d(xgm—4) > 4 and either d(ys) > 4 or there are at lest 2 splits on the edge (ys, ys).

Proof. (i) Letting I, = +mls, m € N and l; = £m/l3; m' € N implies
ly = 1; — ly = £m"15 which is a contradiction.

(ii)) d(y2) = d(ys) = 2 then d(ys) # 2 and d(ys) = 3 forces l(y3) €
{12,21,2(24), (24)2}3 which implies I, = mls which is a contradiction.

(i) If d(ys) = d(z1) = d(z3) = d(zs) = 2 then I(x3) = 1(24) and so d(ys) = 3
implies I(ys) = {4,(24),1}41 and each yields a labelling contradiction. If
d(x1) = d(z2) = d(z3) = 2 and d(y;) = 3 and there is only one split on the
edge (y3,s5) then I(ys) = 41k which is a contradiction and the only possible la-
belling is {(ys) = 413*.

(iv) If d(z4m—3) = d(Zam—2) = d(Tam—1) = 2 then {(z4m_2) = 1(24). If in addition
d(y1) = 3 then either d(y,) = 2 and this implies [(y;) = 12{4, (24),1} or d(y2) > 3
and this implies {(y;) = 12{1,2, (24), 3*!, k} and each yields a contradiction.

(v) Let m > 2 and assume d(ys) = 3. If d(z;) > 3, ¢ € {1,3} then as in Figures
4.5 and Figure 4.7 this forces at least one more split on the edge (ys,z;11). If
d(x;) > 3 for some i > 4 only then d(z1) = d(x2) = d(z3) = 2 and by (iii) of this
Lemma this forces 2 splits on the edge (ys3,ys).

(vi) Let m > 2 and let d(2zgm_s) = 3. If d(@4m—3) = 2 then I(z4m,_s) € 351{4,4}
and this in turn forces d(x4,—4) > 3 as in Figure 4.8(v). Moreover if d(z4,—5) = 2
then either d(z4m_s) > 4 as in Figure 4.10(i) or I(z4m_s) = 3%(24)4 as in Fig-
ure 4.10(ii) which in turn forces a further split at z4,-¢. In addition when
d(x4m—4) > 4 then either there is at least one more split on the edge (24,4, y5) or
2 splits one the edge (ys, ys) or d(ys) > 4 by Lemma 15(iii). If d(x4m-5) > 3 then
as in Figure 4.7 this forces at least 2 splits on the edge (z4—4,ys5). If d(x4m_3) >3
then as in Figure 4.7 this forces either there are at least 2 splits on the edge

(Tam—2, Tam—4) or one split with d(z4,_4) > 3. O

Now assume that A is a positive region in the amended diagram and that m >
2. Recall that d(ys) > 3. We proceed on a case-by-case basis: d(y;) = d(y3) = 2;
d(y1) = 2, d(ys) > 3; d(y1) > 3, d(y2) = d(ys) = 2; d(y1) > 3, d(y2) > 3,
d(ys) = 2; d(y1) = 3, d(y2) = 2, d(ya) = 3; d(y1) = 3, d(y2) = 3, d(ya) = 3.
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d(y1) =d(ys) = 2: N
Letting d(y;) = 2 implies I(y;) = 23%. This forces 2 splits on the edge (yi,ys3)
by Lemma 9 and forces (x4, 2) to involve one of the sublabels 14 or 12 which
in turn forces d(gm_2) > 3. Assume d(y4) = 2. Then I(y3) € 3{1,(24),2} and
by Lemma 15(i) I(ys) € 3{1, (24)} with [(y;) = 23* yields a contradiction. Thus,
(1) = U(ys) = 23. If d(x4m_2) = 3 then by Lemma 15(vi) this forces either
c(A) < ¢(3,3,3,4,4) = 0 or d(A) > 6. Thus d(z4m-2) = 3 implies ¢(A) < 0.
So let d(zgm—2) > 4. If d(x;) = 2 for all 1 < ¢ < 4m — 3 then d(y;) > 4
and c(A) < ¢(3,3,4,4) = %, see Figure 4.11(i). If d(x;) > 3 for i = 1 or any
3 < i < 4m — 3 then ¢(A) < 0 by Lemma 15(iii). If d(z2) > 4 then again
¢(A) <0, so let d(x3) = 3. This forces I(x3) = 143 and d(y;) = 3 which forces
I(ys) = 441 and c(A) < ¢(3,3,3,3,4) = ¢, see Figure 4.11(ii). While if d(ys) > 3
then it must be one split on the edge (ys3,y5) and d(z;) =2 for all 1 <i <4x —3
otherwise d(A) > 6. This however forces d(ys) > 4 and d(z4,_2) > 4 by Lemma

15(vi) and hence c¢(A) < ¢(3,3,3,4,4) = 0.

d(y1) =2, d(ys) = 3:
If d(y3) > 3 then from the above case we see that d(A) > 5 and either d(A) > 6
or d(Tam—2) >4 and d(y5) > 4 so ¢(A) < ¢(3,3,3,4,4) = 0 by Lemma 15(vi).

d(y1) = 3, d(y2) =d(ys) = 2:
Letting d(y2) = d(ys) = 2 forces d(y3) > 4 by Lemma 15(ii). If in addi-
tion d(z;) =2 for all 1 <i <4m —1 then d(y;) > 4 and d(y5) > 4 by Lemma
15(iii)-(iv). Thus c¢(A) < c¢(4,4,4) = 5 , see Figure 4.11(iii). Now let
d(x;) > 3 for some i € {1,4m — 1} orany 3 <i<4m —3. If i = 1mod2 then
this forces at least one further split as in Figures 4.5,4.6, 4.7 and at least one of
d(yy) or d(ys) is of degree > 4 by Lemma 15(iii)-(iv) and so ¢(A) < ¢(3,3,3,4,4) =
0. If i = 0mod2 then this forces either d(z;) > 4 as in Figures 4.8(i) and
4.10(1) with d(y1) > 4 and d(y5) > 4, by Lemma 15(iii)-(iv), which implies
c(A) < ¢(4,4,4,4) = 0; or it forces at least one further split with d(y;) > 4
and at least one of d(y;) and d(ys) is of degree > 4, by Lemma 15(iii)-(iv), and
c(A) <¢(3,3,3,4,4) = 0. If only d(z3) > 3 then d(y,) > 4 by Lemma 15(iv) and
at most one of d(y;) and d(x2) can be of degree > 4 and c¢(A) < ¢(3,4,4,4) = ¥ or
c(A) <¢(3,3,4,4) = %, see Figures 4.12(i)-(iii). Suppose that only d(z4m,—2) > 3.
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Figure 4.11: m > 2

If d(z4m—2) =3 then this forces either d(A) > 6 or d(A) = 5 with at least
d(ys) > 4 and d(y;) > 4 and so ¢(A) < 0 by Lemma 15 (vi). If d(z4y—2) >4
then d(y;) > 4 by Lemma 15 (vi) and the this forces d(y;) = 3 which implies
I(y1) = 3%24 and ¢(A) < ¢(3,4,4,4) = Z, see Figure 4.12(iv).

wR
NIEN

(ii) (iii)
Figure 4.12: m > 2 and only d(y3) > 3.

d(y1) = 3, d(yz2) > 3, d(y4) = 2:
Note that if I(y;) or [(ys) only involves [;;, 1 < i < 4 then there are at least 2
splits on the edge (y1,y3) by Lemma 9. Note further that when there is exactly
one split then both of (y;) and I(y3) involve a T—power by corollary following
Lemma 14 and this would force d(ys) > 3 since otherwise [(ys) = 3k and this
forces d(y4) > 3 which is a contradiction. Thus d(A) > 4. First let d(z;) = 2
for all 1 < ¢ < 4m — 1. Then d(y;) > 4 by Lemma 15(iv) and d(y;) > 4 by
Lemma 15(iii). If there are 2 splits on the edge (y1,ys) then this forces d(ys3) = 2
otherwise ¢(A) < ¢(3,3,3,4,4) = 0, see Figure 4.13(i). If there is only one
split on the edge (y1,3) then d(ys3) > 3 and c¢(A) < ¢(3,3,4,4) = %, see Figure
4.13(ii). Next let d(z;) > 3 for some 1 <4 < 4m — 1 so d(A) = 5. Then the only

possible split resulting in a positive region is x5 since ¢ = 1 mod 4 always forces
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at least one further split as in Figures 4.5,4.6 and 4.7. Also i = 2mod4, 1 # 2
forces at least one further split as in Figures 4.8(ii) and 4.10(ii) or d(z;) > 4 as in
Figures 4.8(i) and 4.10(i) with at least one of d(y;) > 4 and d(y5) > 4 by Lemma
15(iii)-(iv) and so ¢(A) < ¢(3,3,3,4,4) = 0. If i = 2 then the possibilities are
shown in Figure 4.13(iii)-(iv).

>

MT“’#

Q) (ii) (i (i)
Figure 4.13: m > 2, d(y4) = 2 and d(yz) > 3.

d(y1) = 3, d(y2) = 2, d(ya) = 3
As in above case we either have 2 splits on the edge (ys,ys) or we have exactly
one split and d(y3) > 3. Let d(x;) = 2,1 <i < 4m—1. Then this forces d(y;) > 4
by Lemma 15(iv) and either I(ys) = 413* (and this forces at least 2 splits on the
edge (ys3,y5)) and we have the two cases d(y3) > 3 or d(y3) = 2; or d(y5) > 4 in
which case we only have d(y3) > 3 if there is only one split on the edge (ys,ys),
Figures 4.14(i)-(iv) shows the positive regions in this case. Note that in Figure
4.14(ii) d(ys) = 2 forces I(ys) € 3{1,2,(24)}. However I(y5) = 413 = 23*
and all the labelling, except I(y3) = 32 and [(ys) = 413, yield a contradiction
by Lemma 15(i). Now let d(z;) > 3 for some 1 < ¢ < 4m — 1. This implies
d(A) = 5. Then at most only d(xs) > 3 or only d(z4,_2) > 4, otherwise we have
d(A) > 6 or d(x;) > 4 as in Figures 4.8(i) and 4.10(i) and d(y,) > 4 by Lemma
15(iv), so ¢(A) < ¢(3,3,3,4,4) = 0. Let d(z3) > 3. Then d(y;) > 4 by Lemma
15(iv), see Figures 4.14(v)-(vi). Note that in Figure 4.14(v) similarly to Figure
4.14(ii) I(y3) = 32 and I(z5) = 143~ otherwise there is a contradiction by Lemma
15(i). Moreover I(z5) = 143" forces I(ys5) = 423* which yields a contradiction to
assumption ly # mls. Thus in Figure 4.14(v) ¢(A) < 0. Finally let d(z4,,—2) > 3.
Then d(z4m—2) = 3 forces either d(A) > 6 or ¢(A) < ¢(3,3,3,4,4) = 0 as in
Lemma 15(vi). If d(z4y,-—2) > 4 then d(ys) = d(y1) = 3 which implies I(y5) =
413* = 23* and hence there are 2 splits on the edge (y3,y5) and d(y3) = 2 since
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otherwise d(A) > 6. Also I(y;) = 243* which implies I(ys) = 31. This however

yields a contradiction to our assumption.

a4
Bu

(i) &y

(iv)

Figure 4.14: m > 2, d(y2) = 2 and d(y4) > 3.

d(y1) > 3, d(y2) > 3, d(y4) > 3:

If there are 2 splits in each of the edges (y1,y3) and (y3,ys) then d(A) > 6. If
there are 2 splits on the edge (y1,y3) and only one split on the edge (ys, y5) then
d(A) =5 and d(x;) = 2 for all 1 <4 < 4m —1 which implies d(y;) > 4 by Lemma
15(iv) and d(ys) > 4 by Lemma 15(iii) and hence ¢(A) < ¢(3,3,3,4,4) = 0. If
there is exactly one split on the edge (y1,y3) and 2 splits on the edge (ys,ys)
then d(A) =5 and d(x;) = 2 for all 1 <4 < 4m — 1 which implies d(y,) > 4 by
Lemma 15(iv). Moreover d(ys) = 3 implies I(y;) = 413* and d(ys) = 2 implies
I(y3) = 3k" and c(A) < ¢(3,3,3,3,4) = I, see Figure 4.15(i).

If there is exactly one split on both edges (y1,y3) and (ys,ys) then d(A) > 4. If
d(ys) > 3 then d(z;) = 2 for all 1 < ¢ < 4m—1 which implies d(y;) > 4 by Lemma
15(iv) and d(ys) > 4 by Lemma 15(iii) and hence ¢(A) < ¢(3,3,3,4,4) = 0. If
d(ys) = 2 then I(y3) = 3k” and letting d(z;) = 2 for all 3 < i < 4m — 3 implies
d(y1) > 4 by Lemma 15(iv) and d(y5) > 4 by Lemma 15(iii) and hence ¢(A) <
c(3,3,4,4) = %, see Figure 4.15(ii). Now let d(x;) > 3 for some 1 < i < 4m — 1.
Then d(A) = 5. If i # 2 then d(z;) > 4 and either d(y,) > 4 by Lemma 15(iv) or
d(ys) > 4 by Lemma 15(iii) and hence ¢(A) < ¢(3,3,3,4,4) = 0. If i = 2 then
d(yy) > 4 by Lemma 15(iv). This implies d(z,) = d(ys) = 3 and so [(x3) = 1437,
I(ys) € {44k, 42k} and c¢(A) < ¢(3,3,3,3,4) = £, see Figure 4.15(iii).

This complete the description of the positive regions when m > 2. Assume

now that A is a positive region in the amended diagram and that m = 1 and recall
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Figure 4.15: m > 2, d(y2) > 2 and d(y4) > 3.

that d(ys) > 3. Then d(ys3) > 3 since m = 1 and we proceed on a case-by-case
basis: d(y1) = 2; d(y1) > 3, d(y2) = d(ya) = 2; d(yr) = 3, d(y2) = 3, d(ya) = 2;
d(y1) = 3, d(y2) = 2, d(ya) = 3, d(y1) = 3, d(y2) > 3, d(ya) = 3.

d(yy) = 2:

This implies I(y;) = 23% which forces two splits on the edge (y1y3) by Lemma
9 and forces I(x3) to involve one of the sublabels 14 or 12 which in turn forces
d(x9) > 3. Hence d(A) > 5. This forces d(y4) = d(z1) = 2, otherwise ¢(A) <
0. The positive regions in this case are shown in Figure 4.16. Observe that
d(zy) = 3 forces I(x3) € {14w,12w} which forces I(x5) = 143F since 123% =
43* a contradiction to assumption. Observe further that l(x9) = 143% implies
I(y1) = 23. In addition note that in Figures 4.16(1)-(ii) d(ys) = d(z5) = 3 and if
I(z) = 143 then this implies I(ys) € {441,44(24)} which yields a contradiction
to the assumption. While if I(z;) = 143~ then I(y;) = 424.

3" 3

Figure 4.16: m =1

d(y1) = 3, d(y2) = d(ya) = 2:
This forces d(ys3) > 4 by Lemma 15(ii). If d(x;) = 2, 1 < i < 3 then d(y;) and
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d(ys) are both > 4 by Lemma 15(iii)-(iv), see Figure 4.17(i). Now let d(z1) >
3. If there are 2 splits on the edge (ys,x2) then d(x2) > 3 as in Figure 4.5(i)
and d(A) > 6. If there is only one split then both of I(y5) and [(z2) involve
T—powers, d(z3) = 2 and d(y1) = d(z2) = d(ys) = 3. Checking all possible
labellings shows that I(y;) = 243%. This implies I(z5) € {14k, 12k}. However
I(z5) = 12k = 4k is a contradiction to (Al). Thus I(z5) = 14k, I(yy) = 243 and
c(A) <¢(3,3,3,3,4) = § , see Figure 4.17(ii). Now let d(z;) = 2 and d(x2) > 3.
Assume d(xz3) = 2. Then checking shows that at least one of d(y;), d(x2) and
d(ys) is > 4 otherwise there is a labelling contradiction, see Figures 4.17(iii)-(viii).
If d(z3) > 3 then only one split can occur and both of {(y;) and d(z3) involve
T—powers and d(y,) = d(z,) = d(ys) = 3 which forces I(y;) € {24k, 2Tk, 2(24)k}
and all, except [(y;) = 24k, yield a contradiction to (A1) , see Figure 4.17(ix).
Finally if d(z1) = d(23) = 2 and d(x3) > 3 then [(x3) = 13* which forces at least

2 splits on the edge (z2,y1) and I(y;) € 24{k,2,4}, see Figure 4.17(x).

4 4
3 A g 3 A1 I
A +—
23 2k
,Q =
4 4
(viii) (i) (x)

Figure 4.17: m =1

d(y1) > 3, d(yz2) > 3, d(ys) = 2:
If there are 2 splits on the edge (y1,ys) then d(x;) = 2,1 < i < 3 which
implies d(y;) > 4 by Lemma 15(iv) and d(y;) > 4 by Lemma 15(iii) and
c(A) < ¢(3,3,3,4,4) = 0 so assume there is only one split. Then both of I(y,)
and [(y3) involve T—powers. If d(x;) = 2,1 < i < 3 then d(y;) > 4 by Lemma
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15(iv) and d(ys) > 4 by Lemma 15(iii), see Figure 4.18(i). If d(x;) or d(z3) is
> 3 then this forces at least one more split and d(A) > 6. If d(x2) > 3 then at

most one of the vertices is of degree > 4, see Figure 4.18(ii)-(v).

Figure 4.18: m =1

d(y1) > 3, d(yz2) = 2, d(y4) > 3:
A similar argument to the above yields the possibilities shown in Figure 4.19.

d(y1) > 3, d(yz2) > 3, d(ya) > 3:
Then d(A) > 5. This forces that there is exactly one split one each of the edges
(y1,ys) and (ys3,ys5) and that d(x;) = 2, 1 <7 < 3. This however forces both d(y;)
and d(ys) to be > 4 by Lemma 15 (iii)-(iv) and so ¢(A) < ¢(3,3,3,4,4) = 0.

Figure 4.19: m =1

This complete the description of the positive regions in this case. Therefore
if ¢(A) > 0 then A is given by Figures 4.11- 4.19. We treat each A in turn. The

distribution is as follows.

Notation:

The vertices in A or A corresponding to the vertices y;, x; in A will be denoted
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@\i; &?j or {Ji) 5;‘-
Note:
When adding ¢(A) to more than one region then we divide it equally on the

regions unless it was stated otherwise.

A is given by Figure 4.11(i):
First let d(ys) = 4. Then I(ys) = 1414 and it forces at least 2 splits on A (by

Lemma 9), see Figure 4.20. Moreover letting d(xy,, o) = 4 forces l(x4y,_o) €

~

214{1, 2, 3% , (24), k}. Add ¢(A) < ¢(3,3,4,4) = T to ¢(A) < ¢(3,3,3,3,4,4) =
", see Figure 4.20. (Note that c(A;) < 0 and it sends no positive curvature

to A nor A). If d(z4m_2) > 5 then ¢(A) < ¢(3,3,3,3,4,5) = 0%, Add

Figure 4.20: m > 2, d(y;) = 2.

c(A) < ¢(3,3,4,5) = I to ¢(A), see Figure 4.21(i)-(i).

Now let d(ys) > 5 and d(z4y,—2) =4. Then ¢(A) < ¢(3,3,4,5) = . If
HZam—2) € 214{1,(24),3*} then these labelling forces at least 2 splits on A
of Figure 4.11(i) (by Lemma 9). Also, l(y;) forces at least 2 more splits on

A (by Lemma 15(iii)) forcing d(A) > 7. Add c¢(A) to ¢(A) < F* as in Fig-
ure 4.21(iii). If I(24m_o) = 214k then this forces at least one split on A with
d(Z2) > 3 and one split on A. Moreover i > 2 and either d(jy) > 3or () = 23
which forces d(Zym-2) > 3. In addition either d(z3) > 3 or d(Z2) > 4. Thus

~ ~ ~

c(A) <¢(3,3,3,4,5) = 5 and ¢(A) < ¢(3,3,3,3,4,4) = ZF. Add ¢(A) to ¢(A)
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and ¢(A) as shown in Figure 4.21(iv). Now let I(z4_2) = 2142. If d(73) > 3 then

1

Figure 4.21: m > 2, d(y;) = 2.

o(A) < ¢(3,3,3,3,4,5) = =87 Add ¢(A) to ¢(A) as in Figure 4.22(i). Now let
d(s) = 2. Then I(73) € 3~ {k; 2} 1 U(7s) = 37k then d(7s) > 3 and ¢(A) < =13
as in Figure 4.22(ii). Add ¢(A) to ¢(A). Otherwise if [(73) = 23~ then this forces
either d(Z;) > 3 or d(Js) > 4. Thus ¢(A) < ¢(3,3,4,4,5) = 2. Add ¢(A) to
c(ﬁ), see Figure 4.22(iii).

Finally let d(y5) > 5 and d(24,—2) > 5. Then ¢(A) < ¢(3,3,5,5) = 2 and we
add c(A) to ¢(A) when d(A) > 5 in which case ¢(A) < ¢(3,3,3,5,5) = S
Now let d(ﬁ) = 4. Then A is as in Figures 4.22(iv)-(v) and d(y3) > 4
(by Lemma 15 (ii)). If I(24m_o) forces at least 2 splits on A then add ¢(A)
to ¢(A) as in Figure 4.22(iv). Otherwise if d(z4m—2) = 5 then (z4m_2) €
{21414,21424,21441,2144(24)}. If I(24,_2) = 21414 then either d(7s) > 4 or

I(5) = 244. In the former case add ¢(A) to ¢(A) < ¢(4,4,5,5) = = In the lat-

ter case 1(7s) forces at least 2 splits on A and forces I (%4: ,) > 3. Hence ¢(A) <
¢(3,3,3,3,3,5) = 5. Add £ of ¢(A) to ¢(A) < ¢(3,4,5,5) = == T and 37 of ¢(A)
to ¢(A), see Figures 4.22(v)-(vi). Now let I(z4m_s) € {21424, 21441,2144(24)}.
Then d(y5) > 4 and add ¢(A) to c(ﬁ) < =2 as in Figure 4.22(v). If d(24p,—2) > 6
then ¢(A) < ¢(3,3,5,6) = 2% and (D) < ¢(3,4,5,6) = = and we add ¢(A) to

A is given by Figure 4.11(ii): N
In this case note that [(z,) = 143 forces 2 splits on each of A and A. Note
further that [(ys) forces at least 3 splits on A as in Figure 4.5(1). Add
c(A) < ¢(3,3,3,3,4) = I to ¢(A) < ¢(3,3,3,3,3,3,3,3) = 27, see Figure
4.23(1).
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Figure 4.22:

A is given by Figure 4.11(iii):
In this case c(A) < c¢(4,4,4) = Moreover letting d(ys) = 4 forces
I(ys) € {14114, (24)414,441{2, 3*, 4,k}} while letting d(y;) = 4 forces
() € {121{T, 3%, 4, (24), k}, 124{1, 2,3*, (24), k}, 12(24){1, 3+, (24), 4}}.
First let d(ys) = 4 and assume [(ys) € {1414, (24)414, 441{2,4}} . Then I(ys)
forces at least 2 splits on A. We also have at least 3 vertices of degree > 3
on the edges (¥1,¥s), (¥3,7s) and so c(ﬁ) <¢(3,3,3,3,3,4,4) = ’2” Add ¢(A)
to ¢(A), see Figure 4.23(ii).
Now let d(ys) = 4 and [(ys) = 1(Z;) € 441{k,3%}. Then we have 2 cases: T; # To
and T; = Ty. If Z; # Iy then labelling forces at least two splits or one split of
degree > 4 and c(ﬁ) < ¢(3,3,3,4,4,4) = 5. Add c¢(A) to c(ﬁ), see Figure
4.23(iii)-(iv). Now let ; = 5 then we have 2 cases d(y1) = 4 and d(y;) > 5.
If d( 1) = 4 then letting I(y;) € {121{1, 3*, (24)}, 124{1, 3%, (24)}, 12(24){T,
E}} orces at least 2 splits on A and again d(A) > 7. If I(y;) = l(z;) €
{1 T{4,k}, 124{2,k}, 12(24){4, k}} then there are 2 cases T; # Tum_o and
Tj = Tym—2. If T; # Tym_o then this forces at least two splits or one split of
degree > 4 and ¢(A) < ¢(3,3,3,4,4,4) = . Add ¢(A) to c(A), see Figure
4.23(v)-(vi). Now let Z; = Zyz_o. Then m = m + 1 and we proceed by studying

us
R
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Figure 4.23: m > 2

each labelling of y5 in turn.

First let I(ys) = 441k. If I(y;) involves a T—power then d(&) > 7. Add ¢(A) to
¢(A), see Figure 4.24(i). If I(y,) = 1214 then this forces 2 splits on A’ and 3 on
A" and either I(7;) = 23~ or d(7,) > 3. If d(3;) = 2 then there are at least 2
splits on each of A and A" (by Lemma 9)and so c(ﬁ) <¢(3,3,3,3,4,4) = =,

c(A) < ¢(3,3,3,3,3,4) = & and ¢(A") < ¢(3,3,3,3,3,4) = , see Fig-
ure 4.24(ii). Now let d(7i) > 3. Then again ¢(A) < ¢(3,3,3,3,4,4) = =,
c(A') < ¢(3,3,3,3,3,4) = & and c(A") < ¢(3,3,3,3,3,4) = 4, see Figure

)
4.24(ii).  Add ¢(A) to ¢(A) + ¢(A') + ¢(A") as shown in Figures 4.24(i)-(iii).

Next assume [(y;) = 1242. Then again ¢(A) < =F and I(y;) forces 2 splits on A/
and 3 on A”. Moreover if m" = 1 then d(y4) > 3 and d(A’) > 6 and if m’ > 2 then
either d(y4) > 3 and d(A’) > 6 or d(y4) = 2 and this implies I(y;) € 3~ {k,2}.
If I(y}) = 37k then d(y;) > 3 and so d(A') > 6 and if I(y}) = 372 then
I(y;) = 12w which either forces a split on the segment (y,y3) or d(y}) > 4 and
hence c(A") < ¢(3,3,4,4,4) = =*. Also ¢(A") <¢(3,3,3,3,3,4) = . Add ¢(A)

to ¢(A)+ c(A)+ c(A"), see Figure 4.24(iv)-(v). Similarly letting I(y;) = 12(24) 4

forces ¢(A) < = and [(y;) forces 2 splits on A" (by Lemma 9) and 3 on A" (as

in Figure 4.6). Hence c¢(A’) < < and ¢(A”) < ZF. Add ¢(A) to c(A)+ c(A)+

c(A"), see Figure 4.24(vi)-(vii).
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Next let I(y5) = 4413%. Note that I(ys) forces at least 2 splits on A and at least

Figure 4.24: m > 2

2 splits on A and hence C(A) . If I(y1) involves a 7-power then this forces

<
at least one split on A and ¢(A) < = Add ¢(A) to o(A)+ c(z) as shown in
Figure 4.25(i). Now let I(y1) € {1214, 1242, 12(24)4}. If d(gs) > 4 or d(7s) > 3
then ¢(A) < T Add ¢(A) to ¢(A)+ ¢(A)+ ¢(A). If d(7s) = 3 then ¢(A) < 0.
Add ¢(A) to (D) + c(A') + ¢(A"), see Figures 4.25(ii)-(iii).
Now let d(y;) > 5. Then ¢(A) < ¢(4,4,5) = 2. Moreover, letting I(ys) = 441k

forces ¢(A) < ¢(3,3,3,3,4,5) = =X, Add c(A) to ¢(A), see Figure 4.25(iv).

Now let I(ys) = 4413%. If d(7s) > 4 then ¢(A) < ¢(3,3,4,4,5) = =57, Add i
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-~
~ o~

of ¢(A) to ¢(A) and add the remaining 5% to ¢(A), see Figure 4.25(v). Now let

d(ys) = 3. Then I(y5) € {44{1,3*,(24), k},24{4, 3%, k}} each forces at least 2
splits on A. If I(73) € {44{3%, k},24{3%, k}} then the labelling forces d(7,;) > 3

o~

so ¢(A) < ¢(3,3,3,3,4,5) = 5%, Add 5% of ¢(A) to c(ﬁ) and add the remaining

hence c(ﬁ) <c(3,3,3,3,3,3,4) = 5. Also c(ﬁ) <¢(3,3,3,4,5) = —3_?671" Add %

~

of ¢(A) to ¢(A) and add 2 to ¢(A) and add the remaining 2 0 ¢(A), see Figure
4.25(vii).

Now let d(ys) = d(Z;) > 5 and d(y,) = d(Z;) =4. Then ¢(A) < 25 If

Figure 4.25: m > 2.
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() € {121{1, 3%, (29) :
l(y1) = UZT;) € {1214,1242,12(24)4} with T; # Zym-—o then this forces at least
one split on A and so ¢(A) < ¢(3,3,3,3,4,5) = =% Add ¢(A) to c(ﬁ), see
Figure 4.26(1)-(ii). If {(y) = I(z;) € {1214,1242,72(24)4} and Z; = Zym_o then
add 2% of ¢(A) to ¢(A) < ¢(3,3,3,4,5) = = and add 3= to ¢(A’) and add the
remaining 3% to ¢(A”) , see Figure 4.26(iii).

Now let d(y5) =d(7;) > b and d(y;) = d(fc\j/)\ > 5. Then ¢(A) < §%. I T; # Ty
then Either d(A) > 6 or d(ys) > 4. Thus, c¢(A) < ¢(3,3,4, 5,/5\) = =17 Add ¢(A)
to ¢c(A). Now let z; = o, If d(ys) > 4 then add c¢(A) to ¢(A) < ¢(3,3,4,5,5) =

=57, see Figure 4.26(iv). If d(¥5) = 3 then either d(gy) > 3or I(y;) € {441,442}

In the former case ¢(A) < ¢(3,3,3,3,5,5) = =0T, Add ¢(A) to c¢(A), see Figure
4.26(v). In the latter case letting l(y5) = 4411, (2 )} forces at least 3 splits on A
and hence c(A) < ¢(3,3,3,3,3,5) = =2 and ¢(A ) ¢(3,3,3,5,5) = 2F. Add 3%
of ¢(A) to ¢(A) and add the remaining 3—’6 to C(A) see Figure 4.26(vi). Whereas
letting [(75) = 442 forces at least 2 splits on A. If in addition d(y5) > 4; or if
d(@ﬁl ,) = 3; orif d(gv4 ,) = 2 with m > 2 then C(A) <¢(3,3,3,4,5) = =F and
add 2% of ¢(A) to ¢(A) and add the remaining 3 to ¢(A) as in Figure 4.26(vi).
Otherwise I(7,~ ,) = 137, I(y5) = 442 and m = 1. Hence A is as A in Figure
4.45(iil) and we describe the distribution later.

~—

kY, T24{1, 3%, (24),k}, 12(24){1, 3%, (24),k}} or
1

A is given by Figure 4.12(i): N
Note that [(zy) forces at least 2 splits on each of A and A, see Figure
4.27. First let d(3) > 3. Then ¢(A) < ¢(3,3,3,3,3,4) = ==, Add ¢(A) <

6
c(3,4,4,4) = % to c(A), See Figures 4.27(i). Next let d(y3) =2. Then
1(73) € 37{2,2}. However, [(7;) = 23 yields a contradiction as it forces ww™" on
1(74). Thus 1(73) = 23~. If in addition d(y;) = 4 then I(y;) = I(£;) € {121{T, 3*,

4, (24), kY, T24{T, 2,3*, (24), k}, 12(24) {1, 3%, (24), 4}}. If i(3) € {121{1, 3*,
(24), k}, T24{T, 3%, (24), k}, 12(24){T, 3%, (24)}}. Then the labelling forces at
least one split on A and ¢(A) < ¢(3,3,3,3,3,4) = = Add ¢(A) to ¢(A), see Fig-
ures 4.27(ii). Otherwise if I(y;) = 1(z;) € {1214, 1242, 12(24)4} with T; # Tam_2
then this also forces at least one split and add ¢(A) to c(ﬁ) <¢(3,3,3,3,4,4) =

—, see Figures 4.27(iii). Whereas letting 7; = Zys_» implies m = m, d(y1) > 4,
c(A) <0, ¢(A") £ 5. Add ¢(A) to ¢(A'), see Figures 4.27(iv). Next as-

sume d(y;) > 5. Then d(ys) = 4 and ¢(A) < ¢(3,4,4,5) = 3=, Moreover,
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Figure 4.26: m > 2.

d(ys) = 4 forces I(ys) € {142{1,2, 3%, k}, (24)42{1, 3%, k},442{1, 3*, (24), k, 4} }.
All these labellings except for I(ys) € {1421,(24)421} forces at least one split
on A and ¢(A) < ¢(3,3,3,3,3,4) = =2 Add ¢(A) to ¢(A), see Figure 4.27(v).
It I(ys) € {1421, (24)421} then these labellings forces at least 2 splits on E and
¢(A) < =57 Add ¢(A) to ¢(A), see Figure 4.27(vi).

A is given by Figure 4.12(ii):
In this case d(ys) = 3 implies I(y5) € {441, 44(24), 4§A4}. If I(y5) € {441,44(24)}
then these labelling forces at least 2 splits on A and c(ﬁ) <¢(3,3,3,3,3,4) = ’3—?,
see Figure 4.28(i)-(ii). Add c¢(A) < ¢(3,4,4,4) = % toAc(i). Now let

I(ys) = 424. Then this forces as well at least 2 splits on A. If in addition

d(;y\\?)) > 3 then ¢(A) < ¢(3,3,3,3,3,4) = ¢ and add ¢(A) to ¢(A), see Fig-
ure 4.28(iil). Now let d(7;) = 2. Then m > 2 and 1(j,) € 3{k,1,2,(24)}.

If Z(E/A\?)) = 3k then ¢(A) < ¢(3,3,3,3,3,4) = =2r and add ¢(A) to ¢(A), see

Figure 4.28(iv). If 1(3,) € 3{1,2,(24)} then either there is another split on
A or I(y;) involves one of {(24),2} and d@l) > 4. In the former case add

-~

c(A) to c¢(A) < —%, see Figure 4.28(v). In the latter case if d(ys) = 4 then

I(ys) € {31(24){1,2, (24)},312{1,2, (24)}} each forces at lest 2 splits on A’. In
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v) (vi)

Figure 4.27: m > 2.

addition d(y;) = 4 forces I(y) € {121{3*,k}, 124{2,3%}, 12(24){3*,k}}. If
d(y) = 4 and I(y;) € {1213*,1243*,12(24)3%} then this labelling forces at least

~

2 split on A and ¢(A) < ¢(3,3,3,3,4,4) = ¥, Add ¢(A) to ¢(A), see Figure

4.28(vi). If d(y1) = 4 and I(y;) € {121k, 1242,12(24)k} then this labelling forces
at least one more split on A’ and ¢(A’) < ¢(3,3,3,3,3,4) = _3—?. Add ¢(A) to
¢(A), see Figure 4.28(vii). While if d(y1) > 5 then ¢(A) < ¢(3,4,4,5) = &

and ¢(A') < ¢(3,3,3,4,5) = X Add ¢(A) to ¢(A). Now let d(ys) > 5 then

~

c(A) < ¢(3,4,4,5) = %X and c(ﬁ) <¢(3,3,3,4,5) = _3—:?. Add ¢(A) to c(ﬁ), see

=30
Figure 4.28(viii).

A is given by Figure 4.12(iii): N
Note that [(z) forces at least 2 splits on A. On the other hand I(ys) €
{441, 44(24),424} also forces 2 splits on A. If I(ys) € {441,44(24)} then add
c(A) < HF to ¢(A) and ¢(A), see Figure 4.29(i)-(ii). If I(y5) = 424 then send
X to E and using a sir/r\lilar argument to the one used in 4.28(iii)-(viii) send the

remainder of ¢(A) to A, A or A, see Figure 4.29(iii). In this case note that
143~ = 23~ and so if d(7,) = 2 then 1(7,) = 23~

A is given by Figure 4.12(iv):
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@) (i) (iii)

Figure 4.29: m > 2.

Then ¢(A) < ¢(3,4,4,4) = 2Z. Similarly to Figure 4.11(iii) letting d(ys) =

4
forces 1(ys) € {1414, (24)414,441{2, 3*, 4,k}}. If I(y;) € {1414, (24)411,
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44T{2,4}} then these labelling forces at least 2 splits on A, see Figure 4.30(i),

and so c¢(A) < ¢(3,3,3,3,4,4) = =X, Add ¢(A) to ¢(A) as shown. Now let

lys) = U(7;) = 4413%. 1f 7, # Ty then [(ys) forces at least one split of degree
> 4 on A and ¢(A) < ¢(3,3,4,4,4) = =2, see Figure 4.30(ii). Add c¢(A) to

30

¢(A) as shown. Now let Z; = Z». Then I(ys) forces at least 2 splits on A, see
Figure 4.30(iii). If in addition d(73) > 3 then d(A) > 6 while if d(3,;) = 2 then
(D) < ¢(3,3,4,4,4) = 2T as if d(A) = 5 then d(7,) > 4. Add ¢(A) to ¢(A),
see Figures 4.30(iii)-(iv). Next let I(ys) = U(Z;) = 441k. If Z; # Ty then I(ys)
forces at least 2 split on A and ¢(A) < ¢(3,3,3,3,4,4) = %, see Figure 4.30(v).
Add ¢(A) to ¢(A) as shown. If Z; = Ty then I(ys) forces at least one split with
d(s) > 4 or d() > 3, see Figure 4.30(vi), and ¢(A) < ¢(3,3,4,4,4) = —2x. Add
¢(A) to ¢(A) as shown.

Now assume d(ys) > 5. Then d(ys) = d(z4m—2) = 4and ¢(A) < ¢(3,4,4,5) = £

(iv) v)

Figure 4.30: m > 2.

If [(Zgm_s) = (24)1{2,4}w then d(z4n_3) > 5 and ¢(A) < 0. This is because
I(Z4m_2) = (24)12w yields a contradiction with I(y) = 243% and I(z4m_s) =
(24)14w yields a labelling contradiction. If I[(24,_) = 21{2, 4}w then checking all
possible labellings shows that [(z4m_o) € {212{2, 3%, k},214{1,3*,k}}. Letting
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(Tam_2) € {212{2,3%},2143%} then this labelling forces at least 2 splits on A,
see Figure 4.31(i), and ¢(A) < ¢(3,3,3,4,5) = —x. Add ¢(A) to ¢(A) as shown.
Whereas letting [(z4m_2) € {212k, 214{1, k}} forces at least 1 split on A. More-

over I(yy) = 243* forces 2 splits on A and hence ¢(A) < ¢(3,3,3,3,3,4) = 2=

Add ¢(A) to ¢(A), see Figure 4.31(ii).

@ (i)
Figure 4.31: m > 2.

A is given by Figure 4.13(i):
In this case c(A) < ¢(3,3,4,4) = % and [(y3) € 3{1,2,(24)}. Note that 7 > m+1
and that either d(g3) > 3 or [(73) = 3k otherwise there is a contradiction. More-
over as in Figure 4.11(iii) letting d(ys) = 4 forces I(ys) € {1414, (24)414,441{2,
3, 4, k}}. If I(ys) € {1414, (24)414, 441{2,4}} then these labelling forces at
least 2 splits on 3, see Figure 4.32(i), and hence c(ﬁ) <¢(3,3,3,3,3,4,4) = ’TQW
Add ¢(A) to ¢(A) as shown. Now let I(ys) = I(7;) = 4413%. If 2; # Ty
then this forces at least one split of degree > 4, see Figure 4.32(ii), and

~ -~

c(A) £¢(3,3,3,4,4,4) = 5*. Add ¢(A) to ¢(A) as shown. Now let 7; = Z5. Note

that [(ys) forces at least 2 splits on A. Moreover, [ (y5) = 4413* forces I(y3) = 31
which also forces 2 splits on A, see Figure 4.32(iii), and since either d@},) >3 or

1@3) = 3k. Then ¢(A) < ¢(3,3,3,3,3,3,4) = 5. Add ¢(A) to ¢(A), see Figure
4.32(iii)-(iv). Now let I(ys) = I(Z;) = 44Tk. Then ¢(A) < ¢(3,3,3,3,4,4) = =
Add ¢(A) to c(ﬁ), see Figure 4.32(v).

Next let d(ys) > 5. If in addition d(y;) = d(Z;) = 4 then ¢(A) < ¢(3,3,4,5) = &
and each of the possible labellings of y; forces at least d(Z;4+1) > 3 or d(Zj12) > 3
or 1(Z;12) = (24)3* and d(Z;43) > 3 except for I(y;) € {122{2,4},123%{2,4}}
with y; = Z; = Zum_o or I(y1) = 123%(24) which in turn forces I(ys) = 32. In the

former case if y; forces a split then c(ﬁ) <¢(3,3,3,3,4,5) = %. Add ¢(A) to
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Y;
+
|

(iii)

(iv)

Figure 4.32: m > 2

¢(A) in Figure 4.13(i). Now assume l(y1) = [(Tum_2) € {122{2,4},1235{2,1}}.
First let I(ys) € 3{1,(24)}, see Figure 4.33(i). Then d(7,) > 3 otherwise it is
23+ a contradiction. Moreover d(73) = 2 forces both of d(g;) and d(7) to be
> 3 and d(y3) = 3 forces at least one of d(yy) and d(7) to be > 3. Thus
o(A) < ¢(3,3,4,4,5) = =X Add ¢(A) to ¢(A), see Figure 4.33(i). Next let
I(ys) = 32, see Figure 4.33(ii). If d(7,) = 2 then this implies 1(7,) = 23~
which forces at least 2 splits on A. Moreover at least one of d(3s) and d(J)
is > 3. Thus ¢(A) < ¢(3,3,3,3,4,5) = =31 Add ¢(A) to ¢(A), see Fig-
ure 4.33(ii). If d(y2) > 3 then the same argument for Figure 4.33(i) applies

) to c¢(A). In the latter case, that is I(y;) = 123%(24),
then d(y;) > 3. If I(ys) forces w-split or d(ys) > 3 or d(y2) > 3 then
c(A) < ¢(3,3,3,3,4,5) 5%, Add ¢(A) to ¢(A). If none of the above holds

then d(ys3) > 4 and c(&) < ¢(3,3,4,4,5) = = Add ¢(A) to c(ﬁ) Now let
d(y1) = d(;) > 5 then ¢(A) < ¢(3,3,5,5) = 4 and ¢(A) < ¢(3,3,3,5,5) = 7.

30
Add ¢(A) to ¢(A) in Figure 4.13(i).

here and again add c(A

A is given by Figure 4.13(ii):
When d(y5) = 4 then the labelling possibilities are as in Figure 4.13(i) and sim-
ilarly we add c(A) < ¢(3,3,4,4) = § to ¢(A) < (3,3,3,3,3,4,4) = =% if the
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Figure 4.33: m > 2

labelling forces at least 2 splits on A in Figure 4.13(ii). Also when I(ys) = 44Tk

then c(ﬁ) <¢(3,3,3,3,4,4) = 5F and we add ¢(A) to c(ﬁ) in Figure 4.13(ii).
If I(ys) = 1(Z;) = 4413* then there are 2 cases: d(ys) = 3 and d(ys) = 4. If
d(ys) = 3 then I(y3) = 31k which forces at least one split on A, see Figure
4.34(i). Moreover, if m > 2 then I(ys) forces d(@) > 3 and at least one of d@l),

d(j//g\\z) and d(j/yA\S) is > 3. While m = 1 forces d(;y\\l) and d(j/yA\S) to be > 3. Thus

~
o~

add c(A) to ¢(A) < ¢(3,3,3,3,3,3,4) = =227 see Figure 4.34(i)-(ii). If d(y3) > 4

30 7

then ¢(A) < ¢(3,4,4,4) = g—’or, see Figure 4.34(iii). In this case letting m > 2

forces either d(%l) > 3 fori e {47% — 1, 4m — 2}; or d@l) > 4 and add ¢(A) to
o(A) < ¢(3,3,4,4,4) = ==, see Figure 4.34(iii). Whereas m = 1 forces d@?)) >3

and add ¢(A) to ¢(A) < ¢(3,3,3,3,4,4) = =7, sce Figure 4.34(iv).

Now let d(ys) > 5. If d(y;) = 4 then checking all possible labellings shows
that [(y;) either forces at least one of d(Z;41) or d(Z;42) to be > 3 or both
= 2 and hence [(Tj,2) = (24)3% and d(Z;43) > 3 ; or l(y;) € 12k{2,4} with

Y1 = Tj = Tym—2. In the former case c(&) < ¢(3,3,3,3,4,5) = =27, Add ¢(A)

to ¢(A) in Figure 4.13(ii). In the latter case first let d(7i) > 3. Then as in
Figure 4.35(1) ¢(A) < ¢(3,3,4,4,5) = =57, Add ¢(A) to ¢(A). Now let d(7y) = 2.
Then [(7;) = 3%2 which forces at least 2 splits on A, see Figures 4.35(ii)-(iii).

-~

If in addition d(73) > 3 then add ¢(A) to ¢(A) < ¢(3,3,3,3,4,5) = =% in

Figure 4.13(ii). Now let d(75) = 2. Then there are 2 cases: either {(75) = 37k
or (73) = (1) = 372. If [(§3) = 3~k then this forces at least 1 more split on

A and ¢(A) < ¢(3,3,3,3,4,5) = =7 Add ¢(A) to ¢(A), see Figure 4.35(i).

Now let 1(75) = I(71) = 23~ then this forces I(y;) = 12k4. If d(g5) > 4 then
c(A) < ¢(3,3,4,4,5) = 2T Add ¢(A) to ¢(A), see Figure 4.35(iii). If d(7s) = 3

then either it forces at least one split on the edge (ys, ;) or I(ys) = 441 which
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Figure 4.34: m > 2
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-~

however yields a contradiction with [(y;). Thus ¢(A) < ¢(3,3,3,3,4,5) =
Add ¢(A) to ¢(A) in Figure 4.13(ii). If d(y;) > 5 then ¢(A) < ¢(3,3,5,5)
and ¢(A) < ¢(3,3,3,5,5) = 297, Add ¢(A) to ¢(A) in Figure 4.13(ii).

_ 4
30

Figure 4.35: m > 2

A is given by Figure 4.13(iii):
Checking the possible labellings shows that as in Figure 4.11(ii) ¢(A) < F,
)

143, I(ys) = 32 and I(ys) = 441. Add ¢(A) to ¢(A) < ¢(3,3,3,3,3,3,3) = =% in

l([L’Q) =

Figure 4.13(iii).
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A is given by Figure 4.13(iv):
In Figure 4.13(iv) I(ys) € {441,44(24),424} and these labelling forces at least 2
splits on A, see Figure 4.36(1).~M0reover [(x) forces more 2 splits on A. Add

c(A) < ¢(3,3,3,3,4) = I to ¢(A) < ¢(3,3,3,3,3,3,3) = ~197 as shown.

A is given by Figure 4.14(i):
Assume first that y5 = &; # To. Then [(ys5) forces at least d(Z;—1) > 4 and add
¢(A) < ¢(3,3,3,3,4) = % to ¢(A) < ¢(3,3,3,3,4,4) = =207 see Figure 4.36(ii).
Assume now that y; = Z; = Zo. If d(y;) = 4 then I(y;) € {121{T, 3%, 4, (24),
k}, 124{1, 2,3%, (24), k}, 12(24){1, 3%, (24), 4}}. It () € {121{1, 3%, (24), k},
124{1, 3%, (24), k}, 12(24){1, 3*, @ k}} then this forces at least 1 split on
A and ¢(A) < ¢(3,3,3,3,3,4) = ==. Add ¢(A) to ¢(A), see Figure 4.36(iii). If
l(y) = U(T;) € {1214,1242, 12@ 4} and T; # Tym - then this forces at least one
split of degree > 4 and c(ﬁ) < ¢(3,3,3,3,3,4) = =T and again add ¢(A) to ¢(A)
in Figure 4.14(i). If Z; = Z4s_o then we use the same argument used in Figures
4.24(ii)-(vii) for Figure 4.11(iii) and add ¢(A) to ¢(A”) < ¢(3,3,3,3,3,4) = =X
in Figure 4.14(i). Note that ¢(A) < ¢(3,3,3,4,4) = 0 since d(A) > 5 and letting
d(A) = 5 forces d(73) > 4. Now let d(y;) = 5 then ¢(A) < 2r_ If in addition
d(75) > 4 then ¢(A) < ¢(3,3,3,4,5) = —2r. Add c(A) to ¢(A) in Figure 4.14(i).
If d(G5) = 3 and d(Zi) > 3 then add ¢(A) to ¢(A) < ¢(3,3,3,3,3,5) = ==
in Figure 4.14(i). If d(g5) = 3 and d(ga) = 2 then I(y5) € {441,241} which
forces at least 2 splits on A | see Figure 4.36(iv). Also, I(ys) forces 2 more splits
on A and hence ¢(A) < c(3 3,3,3,3,3,3) = =% The maximum sent to A is

30
¢(A) 4 ¢(A) < 24+ 28 = 2% see Figure 4.36(iv).

30’

A is given by Figure 4.14(ii):
First assume d(y;) = 4. Then () = I(F;) € 121{1, 3*, 4, (24), k}.
If I(yy) € T21{T, 3%, (24)} or I(y;) = 12Tk with Z; # T4m_» then this labelling
forces at least 2 splits on A and c(ﬁ) < ¢(3,3,3,3,3,3,4) = ’ég’”,

see Figure 4.37(1). Add c(A) < ¢(3,3,3,4) = 7 to ¢(A) as shown.

If [(y1) = 121k with Z; = Z47_o then either this forces 2 splits on A and add
¢(A) to ¢(A) as above or this forces exactly one split and this forces d(7;) > 3,

see Figure 4.37(ii)-(iii). If in addition y5 = Z; # T2 then this forces at least
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Figure 4.36: m > 2

one split on A and we add ¢(A) to c(ﬁ) < ¢(3,3,3,3,3,3,4) = ’:,13”, see Fig-
ure 4.37(ii). While if y5 = Z; = 75 then we have one of the following three
cases for Figure 4.37(iii): either d(y2) = d(ys) = 2 and this forces d(y3) > 4; or
d(y3) = 3 which forces at least one of d(y2) or d(ys) to be > 3; or d(y3) = 2
which forces I(y3) = 37k, otherwise there is a contradiction with (y3) = 32, and
this forces both of d(y,) and d(7) to be > 3. In the first case if d(y5) > 4 then
o(A) < ¢(3,3,3,4,4,4) = =" and add ¢(A) to ¢(A) in Figure 4.37(iii) whereas
if d(ys) = 3 then this forces at least 2 splits on A plus 2 other splits forced by

I(ys) on A and so ¢(A) < ¢(3,3,3,3,3,3,3) = == and we add F of ¢(A) to

c(A) < ¢(3,3,3,3,4,4) = =197 and we add T to ¢(A) in Figure 4.37(iii). In the
second and third cases we add c¢(A) to c(ﬁ) <¢(3,3,3,3,3,3,4) = % in Figure
4.37(i).

Now let I(y;) = 1214. Then there are 2 cases: y; = T; # Tum-2, see Figures

4.37(iv)-(v), and y; = T; = Tym—2, see Figures 4.37(vi)-(vil). If y1 = T, # Tum—2

then this forces at least one split on A and either ys = Z; # 7 and we add c(A)

~

to c(A) <¢(3,3,3,3,3,3,4) = ’ég”, see Figure 4.37(iv); or y5 = T; = T3 and then
either d(yy) > 3 or d(ys) > 4 otherwise there is a labelling contradiction and we

~

add % of ¢(A) to ¢(A) < ¢(3,3,3,3,4,4) = 5% and we add the remaining % to
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A" as [(y;) forces at least 3 splits on A” and so c(A”) < ¢(3,3,3,3,3,4) = =,
see Figure 4.37(v). If y; = ¥} = Zym_o then whether d(y1) = 2 or d(71) > 3 we
always have c(A"”) < < by the same argument in Figures 4.25(ii)-(iii) and we
add § of c¢(A) to ¢(A”) in Figure 4.37(v)-(vii). This leaves % of ¢(A) to deal with.

-~

If y5 = T; # 75 then add the remaining % of c¢(A) to c(A) < ¢(3,3,3,3,4,4) = F*
so assume ys = ; = Zo. If d(y;) = 2 then this forces at least 2 splits on A
and at least d(y3) > 3 or d(ys) > 3. If both d(y3) > 3 and d(ys) > 3, or if
d(y3) = 2 and there are 2 splits on the edge (s, ys) then add the remainder

-~

z of c(A) to c¢(A) < ¢(3,3,3,3,3,3,4) = 5* in Figure 4.37(vi). If d(y3) = 2

and there is exactly one split on the edge (¥3,¥s) then add the remaining % of

~

c(A) to c(A) < ¢(3,3,3,3,4,4) = F* when d(ys) > 4; or add the remaining

~ ~

7 of ¢(A) to c(A) < ¢(3,3,3,3,3,4) = % and c(A) < ¢(3,3,3,3,3,3,3) = F

3
when d(ys) = 3 since this forces I(5) = 24k which in turn forces at least 2

splits on A. If d(73) > 3 and d(74) = 2 then checking the labelling shows
that this forces d(ys) > 4 and d(ys) > 4 and we add the remaining % of c(A)

to c(ﬁ) < ¢(3,3,3,3,4,4) = = in Figure 4.37(vi). Now suppose d(y1) > 3.
Then d(A) > 5. If d(A) = 5 then we have d(Js) > 4, d(Tp) = d@s) = 2,

~ ~

d(ys) > 4, d(y1) > 4 and so c(A) < ¢(3,4,4,4,4) = 57 and if d(A) > 6 then

~ ~

c(A) <¢(3,3,3,3,3,4) = F*. We add § of ¢(A) to ¢(A) in Figure 4.37(vii). This
leaves & of c(A) to deal with. But [(y;) and I(y3) force at least 2 splits each on
A’ and either d(y4) > 3 or I(y4) = 23~ which forces m’ > 2 and more 2 splits on
A'. Thus ¢(A’) <¢(3,3,3,3,3,3,4) = 5* and we add the remaining § of ¢(A) to
¢(A') in Figure 4.37(vii).

5. Then c¢(A) < ¢(3,3,3,5) = &5
First let d(Z;4+1) > 3. Then d(ﬁ) > 6. If in addition y5 = T; # Ty then add c¢(A)

—~

to ¢(A) < ¢(3,3,3,3,3,3,5) = 337, see Figure 4.38(i). If y5 = &; = T then we

have either at least vertices of degree > 3 on the segment (¥, ¥5) and we add ¢(A)

o~

to c(A) <¢(3,3,3,3,3,3,5) = % in Figure 4.38(ii); or there are exactly three

vertices of degree > 3 on the segment (1, y5) and this forces d(g2) = d(74) = 2,

~

d(71) > 3 and d(73) > 4. Then we add c¢(A) to c(A) < ¢(3,3,3,3,4,5) = =27

30
see Figure 4.38(il). Now let d(Z;41) = 2. If Tj19 # ¥ then either d(Z;42) > 3 or

I(y1) = (24)1214, see Figures 4.38(iii)-(iv). In the former case as above add c¢(A)

-~

to ¢(A) < ¢(3,3,3,3,4,5) = =337, see Figure 4.38(iii). In the latter case I(y;)

forces at least 3 splits on A” and ¢(A") < ¢(3,3,3,3,3,3,3) = 5 and we add § of

Now assume d(y;) = d(T;) =
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Figure 4.37: m > 2

¢(A) to ¢(A”) in Figure 4.38(iv). This leaves 2% of ¢(A) to deal with. But either
there are at least 4 vertices of degree > 3 on the segment (71, 7s) and we add the
remaining curvature < % to ¢(A) < ¢(3,3,3,3,3,5) = == in Figure 4.38(iv); o

there are exactly 3 vertlces of degree > 3 on the segment (yl, ys) and so d(y3) > 4

and we add the remaining curvature < % to c(&) < ¢(3,3,4,4,5) = = when

of the remaining curva-

3

430
ture to c(A) < ¢(3,3,3,4,5) = _3—%” and é—g to c(A) < ¢(3,3,3,3,3,3,3) = 5
when ys = 7; = T with d(y5) = 3, see Figure 4.38(iv). If Z;,o = 7; then there

ys = T; # Ty or when d(ys) > 4, whereas we add

are 2 cases regarding d(7;). First if d(7;) = 2 then (7)) = 23 which forces 2
splits on A and we have at least one of d(ys) > 3 or d(yy) > 3 and we add

c(A) < 25 to c(A) < ¢(3,3,3,3,4,5) = =% when y; = 7; # T or when

d(y5) > 4, whereas we add Z& of ¢(A) to C(A) < ¢(3,3,3,3,3,5) = = and &

to C(A) <¢(3,3,3,3,3,3,3) = 5* when y5 = 7; = T with d(ys) = 3, see Figure
4.38(v). Now let d(71) > 3. Then either there are at least 5 vertices of degree

> 3 on the segment (71, 75) and we add ¢(A) to c(ﬁ) <¢(3,3,3,3,3,3,5) = ’égﬂ;

or there are exactly 4 vertices of degree > 3 on the segment (1, ¥s5) and we add

c(A) to (D) < ¢(3,3,3,3,4,5) = =B% or I to ¢(A) < ¢(3,3,3,3,3,5) = 2 and
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g—g to c(g) <¢(3,3,3,3,3,3,3) = _?18” as above; or there are exactly 3 vertices
of degree > 3 on the segment (¥1,75) and so d(y3) > 4. Checking the possible
labelling shows that in the last case I(y;) € {2121w, 4121w, (24)121w}, d(7;) > 4
and we add ¢(A) to c(ﬁ) < ¢(3,4,4,4,5) = =37 when ys = T; # T or when
d(ys) > 4, whereas we add T of ¢(A) to o(A) § ¢(3,3,4,4,5) = 2¥ and 3¢ to
c(ﬁ) <¢(3,3,3,3,3,3,3) = Tﬂ when y5 = Z; = Ty with d(y5) = 3, see Figure
4.38(vi). Note that A” in Figures 4.38(v)-(vi) never sends positive curvature to
A

Now assume d(y;) = d(Z;) > 6. Then ¢(A) < ¢(3,3,3,6) = g*. Similarly to the

Y

T

(v)

Figure 4.38: m > 2

above discussion we add c¢(A) to ¢(A) < ¢(3,3,3,3,3,6) = = when y5 = T; # 7y,
or d(Zj41) > 3, or 3 < d(Tj42) # d(y1), or when there are at least 4 vertices of
degree > 3 on the segment (¥1,7s5). If none of the above holds then d(y3) > 4
and we add ¢(A) to c(ﬁ) < ¢(3,3,4,4,6) = 307 When d(ys) > 4. While we add
T of ¢(A) to ¢(A) < ¢(3,3,3,4,6) = 2 and T to o(A) < ¢(3,3,3,3,3,3,3) = ==
when d(y5) = 3.

A is given by Figure 4.14(iii):
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Note that I(ys) € 3{1,2,(24)} and m > m + 1. If d(j5) = 2 then
I(J5) = 37k otherwise there is a contradiction. First let d(y;) = 4 then

I(y)) € {121{1,3%,4,(24), k},124{1,2,3%, (24), k},12(24){1, 3%, (24),4}}. If

() € {121{1, 3%, (24), k}, 124{1, 3%, (24),k}, 12(24){1, 3%, (24)}} then
this forces at least one split and c¢(A) < ¢(3,3,3,3,4,4) = =7 in fact A
0

30 7

is given in Figure 4.23(v). Add ¢(A) < ¢(3,3,4,4) = ¥ to ¢(A) in Figure

4.14(iii) (with the understanding that A is as in Figure 4.23(v)). Next let
I(y)) = U(z;) € {1214,1242,12(24)4}. If Z; # Tum_o then this also forces at

least one split and add c¢(A) to c(ﬁ) < ¢(3,3,3,3,4,4) = =%, in fact A is

given in Figure 4.23(vi). Now let Z; = Zym—_o. If in addition d(ys) = 4 then
I(ys) = (%) € {1,2,(24), 3%, k}4Tw which forces at least one more split on A
except for I(ys) = 1(z;) € {1,2,(24), k}413* with Z; = Z,. In the former case

add ¢(A) to c(ﬁ) < ¢(3,3,3,3,4,4) = =3¢, A is given in Figures 4.23(ii)-(iv).

In the latter case if d(J5) > 4, A is given in Figure 4.25(v), or if d(75) = 3

with d(7s) > 3 ,A is given in Figure 4.25(vi), then ¢(A) < ¢(3,3,4,4,4) = 2,

Moreover ¢(A") < ¢(3,3,3,3,3,4) = 2, A" is given in Figure 4.25(ii)-(iii). Add

c(A) to c(ﬁ) + ¢(A”) in Figure 4.14(iii). While if d(y5) = 3 with d(ys) = 2 then
¢(A) < 0 and ¢(A) < ¢(3,3,3,3,4,4) = =197 Add ¢(A) to ¢(A) + ¢(A), A

30

is given in Figure 4.25(viii). Now let d(ys) > 5. Then c¢(A) < 1%, ¢(A) < Hx

Y
and ¢(A”) < ZE. Add 2% of ¢(A) to c(&) and & to ¢(A”) in Figure 4.14(iii).
Finally let d(y;) > 5. First let d(ys) = 4. If I(ys) forces at least one split

on Aj\ or if d(@%) > 4 or if d(gg)) = 3 with d(g//\4> > 3 then add C(A) S ';g

to ¢(A) < ¢(3,3,4,4,5) = =F in Flgure 4.14(iii) otherwise add 2% of ¢(A) to
¢(A) < =% and add the remaining 4% (A) < =X in Figure 4. 14(111) Now let

d(ys) > 5. Then add ¢(A) < £ to c(A) < =% in Flgure 4.14(iii).

A is given by Figure 4.14(iv):
First let d(y;) = 4. Then I(y;) as for Figure 4.14(iii).
one split then add c(A) < ¢(3,3,4,4) = 3 to ¢(A) < ¢(3,3,3,3,4,4) = 7
in Figure 4.14(iv). Otherwise I(y;) = Z(@) e {1214,1242,12(24)4} with
T, = Tum_o. If d(ys) = 4 then I(ys) € k41{1,2,3*,4,(24)} cach forces at
least a split on A except for I(ys) = U(Z;) = k4T3*. In the former case add
c(A) to ¢(A) < ¢(3,3,3,3,4 4) =* in Figure 4.14(iv). In the latter case if

3
d(7s) = 2 then I(73) € 37{1,1,2,2,k}. If [(§5) € 37{2,1,1, k} then this forces

If I(yy) forces at least
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d(A) > 6 by a similar argument to the one used in Figure 4.35(ii) for Figure

4.13(iii) and add c(A) < ¢(3,3,4,4) = T to ¢(A) < ¢(3,3,3,3,4,4) = =1z

in Figure 4.14(iv). If 1(J3) = 23~ then either d(7;) > 3 and again add
c(A) < ¢(3,3,4,4) = T to ¢(A) < ¢(3,3,3,3,4,4) = =7 or I(53) = 1(i) = 23~

30

and A is given in Figure 4.36(v). In the latter case we have c(A”) < ’3%”, A"

is in fact given in Figure 4.25(iii). If d(y3) > 4 then c(A) < ¢(3,3,4,4,4) =

and we add ¢(A) to c(ﬁ) + ¢(A”) while if d(y3) = 3 then I(g5) = 414 and
add ¢(A) to ¢(A) < ¢(3,3,3,3,3,3,3) = =X and c(A”). If d(75) > 3 then
c(A) < ¢(3,3,4,4,4) = == and again we use ¢(A”) < 22T of Figure 4. 25(111)
Add ¢(A) to C(A) and C(A”). If d(ys) > 5 then ¢(A) § ;—g and if d(A) > 6
then add ¢(A) to ¢(A) < ¢(3,3,3,3,3,5) = =%* while if d(A) = 5 then it is
given by A in Figures 4.33(i) or (ii). If it is given by 4.33(i) then add c(A) to
o(A) < (3,3, 4,4 ,5) = 37 or if it is given by 4.33(ii) then add c(A) to A or
to ¢(A) and C(A) according to d(ys) > 4 or d(ys) = 3. Now let d(y;) > 5.
Then c(A) < I If d(g3) = 2 with I(3) € 37{2,1,1,k} then as above add
c(A) to C(A) < ¢(3,3,3,3,4,4) = 5% in Flgure 4.14(iv). If I[(g3) = 23~ then
again either d(y;) > 3 and add c( ) to c( ) < ¢(3,3,3,3,4,4) = =% or
1(73) = 1(71) = 23~ and then add ¢(A) to ¢(A) < = when d(ys) > 4 and add

o(A) to ¢(A) < 2= and ¢(A) < —~ when d(75) = 3, see Figure 4.36(v). If

d(7s) > 3 then ¢(A) = ¢(3,3,4,4,5) = =32, Add ¢(A) to ¢(A).

A is given by Figure 4.14(vi):
Then c¢(A) < ¢(3,3,3,3,4) = 5. If [(z1) = 143 then this forces at least 2
splits on each of A and Z, see Figure 4.39(i). Also this implies I(y;) = 44k.
Let I(21) = 1437, Then this also forces at least 2 splits on cach of A and A,
see Figure 4.39(ii). Also this implies I(ys) = 42k. In each case add c(A) to

(A) <¢(3,3,3,3,3,3,3) = = as shown in Figure 4.39.

A is given by Figure 4.15(i):
If y5 = &; # 75 then c(ﬁ) < ¢(3,3,3,3,3,4) = 22X, Add ¢(A) < I to c(ﬁ), see
Figure 4.40(i). Now let y5 = T; = Z. If d(y1) = 4 then all the possible labelling
forces at least one split on A unless y, = T; = Tum—2 and [(y1) € {12k4,12k2}.
In the former case c(A) < ¢(3,3,3,3,3,4) = 2. Add ¢(A) < Z to c¢(A), see
Figure 4.40(ii). In the latter case either I(7;) = 23% or d(7;) > 3. First let
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Figure 4.39: m > 2

I(7.) = 23%. Then this forces at least 2 splits on A. If in addition d(73) > 3
or d(7s) > 3 then ¢(A) < ¢(3,3,3,3,3,4) = =2 Add ¢(A) to ¢(A), see Figure
4.40(iii). While if d(73) = d(74) = 2 then I(73) = 23~ which forces I(y;) = 12k4
and [(7;) = 413~ otherwise there is a labelling contradiction. If in addition
d(ys) = 3 then I(y5) = 441 and this yields a contradiction with [(y;) = 12k4. So
d(7s) > 4 and ¢(A) < 0. Moreover I(7;) forces at least 2 splits on A” and I(y;)
forces at least one split and hence ¢(A”) < ¢(3,3,3,3,3,4) = 5. Add ¢(A) to

c(A"), see Figure 4.40(iv). Now let d(y1) > 3. If in addition there are at least 2
more vertices on the edges (¥1,¥s3) and (:l//\g, yy) of degree > 3 then d(ﬁ) > 6 and
add c¢(A) to c(ﬁ) <¢(3,3,3,3,3,4) = =~ in Figure 4.15(i). Otherwise d(y3) and
d(yy) are both > 4, see Figure 4.40(v ), and so ¢(A) < 2r. Add ¢(A) to ¢(A)

as shown. Now let d(y;) = 5. Then ¢(A) < 2. If d(A) 2 6 then add c(A) to

C(&) < ¢(3,3,3,3,3,5) = . If d(ﬁ) = 5 then A is as in Figure 4.40(iv) or

Figure 4.40(v). If A is as in Figure 4.40(iv) and d(/y}) > 4 then add ¢(A) < 2% to
c(A) < ¢(3,3,3,4,5) = 2. If d(s) = 3 then c(A) < ¢(3,3,3,3,3,3,3) = =10,

in fact A is given in 4.36(iv). Add ¢(A) to C(A). If A is as in Figure 4.40(v) then
(D) < ¢(3,3,4,4,5) = = Add ¢(A) to ¢(A) as shown.

A is given by Figure 4.15(ii):
Letting d(y5) 4 forces I(ys) = U(7;) € KAT{T, 2,3%,4, k, (24)}. If l(y5) €
k4T{T,2, 4, %, (24)} then this labelling forces at least 1 split on A and so ¢(A) <
¢(3,3,3,3,4,4) = 507, Add ¢(A) < F to ¢(A) in Figure 4.15(ii). Now let I(ys5) =
I(z;) = kA13%. If T; # T then the labelling forces at least one split of degree
>4 and ¢(A) < ¢(3,3,3,4,4,4) = 5. Add ¢(A) to ¢(A) in Figure 4.15(ii). N
let z; = 5. If in addition d(y,) = 4 then I(yy) = I(F;) € 12K {T,2,3%,1, k, (2

(2 4)}
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Figure 4.40: m > 2

and this labelling except for I(y1) = I(Z;) € 12k'{2,4} with T; = T4z _» forces at

least one split on A and so c(&) < =%, Add ¢(A) to ¢(A) in Figure 4.15(ii)

when the labelling forces a split. If I(y;) = I(Z;) € 12k'{2,4} with Z; = Z4m-o
then there are 2 possibilities for d( ), see Figures 4.41(i)-(ii). First let d(y1) = 2.

~

If in addition d(ys3) > 3 or d(ys) > 3 then c(A) < ¢(3,3,3,3,4,4) = 5*. Add
¢(A) to ¢(A), see Figure 4.41(1). If d(7s) = d(fs) = 2 then I(J3) = 372. If

d(ys) > 4 then ¢(A) < ¢(3,3,4,4,4) = 22 and ¢(A”) < ¢(3,3,3,3,3,4) = 2=,

Add ¢(A) to ¢(A) + ¢(A"), see Figure 4.41(1). If d(g5) = 3 then ¢(A) < 0 and
c(A) < ¢(3,3,3,3,3,3,3) = =107 Also ¢(A") < ¢(3,3,3,3,3,4) = 227, Add ¢(A)
t0 ¢(A) + ¢(A"), see Figure 4.41(i). Now let d(@1) > 3. T d(71) = 3 then I(71) =
423* which in turn forces at least one of d(73) and d(7s) to be > 3 | see Figure

4.41(ii). Tt also forces at least 2 splits on A” and ¢(A”) < ¢(3,3,3,3,3,4) = 2.

Using the previous argument depending on d(ys) we add ¢(A) to ¢(A) + ¢(A”)

-~

if d(f5) > 4 or to c(A) + c(A) if d(fs) = 3, see Figure 4.41(ii). If d(7) > 4

-~ -~ ~

then ¢(A) < ¢(3,3,4,4,4) = =% when d(75) = 3 and add ¢(A) to ¢(A) + ¢(A),
see Figure 4.41(iii). Whereas ¢(A) < ¢(3,4,4,4,4) = = when d(y5) > 4 and

add ¢(A) to ¢(A) in Figure 4.41(iii). Now let d(y;) > 5. If d(A) > 6 then add

-~

¢(A) to ¢(A) < ¢(3,3,3,3,4,5) = =27 so let d(A) = 5. If d(g5) > 4 then add
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c(A) to ¢(A) < ¢(3,4,4,4,4) = _§8“ whereas if d(ys) = 3 then add ¢(A) to

c(A) < ¢(3,3,4,4,4) = = and ¢(A) < =%, see Figure 4.41(iv).
Finally let d(ys) > 5. Flrst let d(y;) = 4. Then ¢(A) < £, If d(ﬁ) > 6 then add
c(A) to o(A) < ¢(3,3,3,3,4,5) = =17 in Figure 4.15(ii). If d(A) = 5 then A is as
in one of the Figures 4.41(i)-(iii) and we add ¢(A) to ¢(A) < ¢(3,3,4,4,5) = 2
in Figure 4.15(ii) when d(75) > 4 or d(71) > 4. Whereas we add 2% of C(A)
to ¢(A) < ¢(3,3,3,4,5) = 2% and I to ¢(A") < ¢(3,3,3,3,3,4) = 2 in
Figure 4.15(ii) when d(y1) = d(y5) = 3 . If d(y1) > 5 then ¢(A) < 4 and

— 30
¢(A) <¢(3,3,3,5,5) = 5. Add ¢(A) to ¢(A) in Figure 4.15(ii).

Figure 4.41: m > 2

A is given by Figure 4.15(iii):
In Figure 4.15(iii) similarly to Figure 4.39 [(z2) forces at least 2 splits on each
of A and A and I(yy) forces at least 2 spits on A. Hence add c¢(A) < 5 to
c(z) < =0 in Figure 4.15(iii).

A is given by Figure 4.16(i):
I(z1) = 143~ and I(ys) = 424. Checking all possible labellings shows that I(y3) =
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31k. As used before I(z1) and I(ys) forces sElits on A and A. Add o(A) < BF

to ¢(A) < ¢(3,3,3,3,3,3,3) = % and ¢(A) < ¢(3,3,3,3,3,3,3) = %, see
Figure 4.42(i).

A is given by Figure 4.16(ii):

[(21) = 143~ and I(y5) = 424. Add ¢(A) < 2= to ¢(A) < ¢(3,3,3,3,3,3,3) = =20
in Figure 4.16(ii).

A is given by Figure 4.16(iii):

I(ys) € {441,442,424} and each forces at least 3 splits on A and ¢(A) <
c(3,3,3,3,3,4) = 2=. Add ¢(A) < T to A, see Figure 4.42(ii).

A is given by Figure 4.16(iv):
I(z3) = 143* forces at cast 2 splits on A and [(y;) forces at least 2 more splits
on A. Thus ¢(A) < ¢(3,3,3,3,3,4) = 2x. Add ¢(A) < 2 to ¢(A), see Figure
4.42(iii).
A is given by Figure 4.17(i):

4
Sm 4
10m /

2 sz
30
30 _ A
5«%
4

Figure 4.42: m > 2

The same argument used in Figure 4.11(iii) applies here.

A is given by Figure 4.17(ii):
Observe that [(z5) = 14k’ forces at least one split on A and d(Z») > 3, see Figure
4.43(i). Moreover I(y;) forces at least 2 splits on A and forces d(7;) > 3 otherwise

there is a contradiction. Add ¢(A) to ¢(A) < ¢(3,3,3,3,3,3,3) = == as shown.
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A is given by Figure 4.17(iii):
d(ys) = d(x2) = 3 forces (z2) = 143~ and I(y;) = 424 and ¢(A) < 3. Note that

as in Figure 4.42(i) this forces ¢(A) < ¢(3,3,3,3,3,3,3) = =3*. On the other

hand [(z,) forces at least 2 splits on A with d(Z,) > 3, see Figure 4.43(ii), and

hence c¢(A) < ¢(3,3,3,3,3,4) = %*. Add ¢(A) to ¢(A) 4 ¢(A) as shown.

A is given by Figure 4.17(iv):
d(y) = d(zs) = 3 implies I(z5) = 143* which forces at least 2 splits on A and
l(y1) = 243 which also forces at least 2 splits on ﬁ, see Figure 4.43(iii). Thus

¢(A) <¢(3,3,3,3,3,3,3,3) = =%, Add ¢(A) to ¢(A) as shown.

A is given by Figure 4.17(v):
d(yy) = d(ys) = 3 forces I(y;) € 44{1,(24)} and I(y;) = 243. First let d(z,) = 4.
Then checking all possible labelling shows that [(z5) € {1432,1432,143k}. If
[(zq) € {14§2, 14§k} then this forces at least 2 splits on A, see Figures 4.43(iv)-

(vi), and ¢(A) < ¢(3,3,3,3,3,3,4) = =27 or if I(x,) = 1432 then this forces at

30 A
least 2 splits on A, see Figures 4.43(vii), and c(ﬁ) <¢(3,3,3,3,3,3,4) = %.
On the other hand ¢(A) < ¢(3,3,3,3,3,4) = = since I(ys) forces at least 2

splits on A, Add ¢(A) to ¢(A) + ¢(A) or ¢(A) + ¢(A) as shown in Figures
4.43(iv)-(vi). Now let d(z2) > 5. Then ¢(A) < Z&. If d(Z;) > 3 for at least one

1 <i<4m—1 then ¢(A) < ¢(3,3,3,3,3,5) = 2= while letting d(7;) = 2 for all

1 <i<4m—1forces d(f;) > 4 and ¢(A) < ¢(3,3,3,4,5) = == We also have

o~ ~ o~

¢(A) <¢(3,3,3,3,3,4) = 2. Add ¢(A) to ¢(A) + ¢(A), see Figure 4.43(viii).

A is given by Figure 4.17(vi):
c(A) < %Aand I(ys) € {441,44(24), 424} forces at least 2 splits on A and we add

o~

c(A) to ¢(A) < ¢(3,3,3,3,3,4) = 22¢ in Figure 4.17(vi).
A is given by Figure 4.17(vii):
I(z5) = 143F forces at least 2 splits on A and this implies d(A) > 6. Add ¢(A)

to ¢(A) < 2 in Figure 4.17(vii).

A is given by Figure 4.17(viii):
d(y1) = 3 implies {(y;) = 243 which forces at least 2 splits on A. If d(z5) = 4 then
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Figure 4.43: m > 2

I(x) € 143{1,2,2,4,k, (24)}. Letting I(x5) € 143{1,2, k, (24)} forces d(F;) > 3,
see Figure 4.44(i), and I(z,) € 143{2,4} forces d(T,) > 3, see Figure 4.44(ii).

Thus c(A) < ¢(3,3,3,3,3,4) = =2%. Add ¢(A) to ¢(A) as shown. Now let

30
d(z2) > 5. Then ¢(A) < 25 and as in Figure 4.43(vii) ¢(A) < ¢(3,3,3,4,5) = 2.

Add ¢(A) to ¢(A) in Figure 4.17(viii).

A is given by Figure 4.17(ix):
Note that [(x5) = 371k forces I(ys5) = 424 which yields a contradiction with I(y;).
Thus l(z3) = gllc which forces I(y;) € 44{1,(24)}, see Figure 4.45(i). This la-

belling forces ¢(A) < ¢(3,3,3,3,3,3,3) = =27. Add ¢(A) to ¢(A) as shown.

A is given by Figure 4.17(x):
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Figure 4.44: m > 2

Checking all possibilities shows that I(y;) € 24{k,2,4}. First let I(y,) = 24k.
Then I(ys) € 44{1,(24)} and I(z2) :~1§. This labelling forces c¢(A) <

c(3,3,3,3,3,3,3) = =27 Add ¢(A) to ¢(A), see Figure 4.45(ii). If I(y,) = 242

30
then d(ys) = 3 yields a labelling contradiction. Now let I(y1) € 24 4. Then

I(y1) = 424 and I(x5) = 13~ and each forces at least 2 splits on A, sce Figure
4.45(iii). Moreover m > 2 and either d(z,z ,) > 3 or l(z,z ,) = 137. In the
latter case l(§477:1_2) forces d(%@%_?)) > 3. Thus C(K) <¢(3,3,3,3,3,3,3) = =2~
Add ¢(A) to c(g) in Figures 4.45(iii). Note that in this case A can receive extra

3% if A coincide with A in Figure 4.26(vi). However this forces d(y;) > 5 and

¢(A) < 2 and the sum is at most 57 and again we add the sum to ¢(A), see

Figure 4.45(iii).

Figure 4.45: m > 2

A is given by Figure 4.18(i):

The same argument applied in Figure 4.13(ii) works here.
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A is given by Figure 4.18(ii):
Then d(y1) = d(z2) = d(y5) = 3 forces l(22) = 143~ and I(ys) = 424. Then as in

Figure 4.46(i) this labelling forces ¢(A) < ¢(3,3,3,3,3,3,3) = =197 4(3,) > 3 and

o(A) < ¢(3,3,3,3,3,3,3) = =107 Add ¢(A) < ¢(3,3,3,3,3) = 297 t0 ¢(A) +¢(A)

3

as shown.

A is given by Figure 4.18(iii):

d(y1) = d(z2) = 3 forces, as in Figure 4.46(i), ¢(A) < ¢(3,3,3,3,3,3,3) = ==,

Add ¢(A) < ¢(3,3,3,3,4) = 3% to ¢(A) in Figure 4.18(iii).

A is given by Figures 4.18(iv)-(v):

Add ¢(A) < ¢(3,3,3,3,4) = I to ¢(A) < ¢(3,3,3,3,3,4) = =T in Figures

4.18(iv)-(v) by a similar argument to the one used in Figures 4.43(iv)-(vi) for
Figure 4.17(v).

A is given by Figures 4.19(i)-(ii):
The same argument used in Figure 4.14(i) and Figure 4.14(iv) respectively ap-

plies here.

A is given by Figure 4.19(iii):

Note that d(y;) = d(z2) = d(ys) = 3 implies that ¢(A) < ¢(3,3,3,3,3,3,3) =

0= and ¢(A) < ¢(3,3,3,3,3,3,3) = 5% as I(z;) forces at least 2 splits on A

and A, (ys) forces at least 2 splits on A and I(ys) forces at least 2 splits on A.

Add ¢(A) to ¢(A) + ¢(A), see Figure 4.46(ii).

A is given by Figure 4.19(iv):
¢(A) < 3% and as in Figure 4.19(iii) ¢(A) < ==, Add ¢(A) to ¢(A).

A is given by Figure 4.19(v):

Then ¢(A) < 2% and ¢(A) < 2%, Add ¢(A) to ¢(A).

A is given by Figure 4.19(vi):
Assume first d(x;) = 4. Then I(z1) € 3¥14{2,2,4,(24),k} and each of these
labelling forces at least one split on A as in Figure 4.44 for Figure 4.17(viii). Thus
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o(A) <¢(3,3,3,3,3,4) = 2. Add ¢(A) to ¢(A) in Figure 4.19(vi). Now assume
d(x1) > 5. Then as in Figure 4.43(viii) for Figure 4.17(x) c(ﬁ) <¢(3,3,3,4,5) =

2x. Add ¢(A) to ¢(A).

Figure 4.46: m > 2

Assume now that A is one of 3, ﬁ, A, Z, A’ A" in Figures 4.11- 4.46. Check-
ing shows that if A receives from exactly one region then c¢*(A) < 0. So assume
that A receives from more than one region. A is given by Figure 4.48. Recall
that:

e a w—split on A forces at least one other split;

e a split on A on a vertex labeled by 1 or (24) either forces at least one other

split or it is of degree > 4;

e cither d(y3) = 2 and forces at least one split on each side of y3 or d(y3) = 3

and forces at least one split on one side of y3 or d(y3) > 4;

o cither d(7s) > 4 or I(J5) € {143%,24{4,k},44{1,(24), k},23¥4} which

forces at least one split on ﬁ;
e cither d(¥;) > 4 or it forces at least one split on A;

o If 3, u, v and v’ are as in Figure 4.47 in which d(v) > 2 and if the edge

(v, V') is labeled by w*! then we never sends curvature through the segment

(v, u).

In what follows many observations follow from checking, that is, a check of

Figures 4.11- 4.46 and we do this often without explicit mention. First consider
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Figure 4.48: A

the regions that compensate through a segment (;,7;), 2 < j < i < 4m — 2.
Then there are four types of these regions, see Figure 4.49 . Examples of these

1
I v T 1 | 4 o 1 @4 24
Type 1 Type 2a Type 3a Type 4a
A N A VAN
1 / 4 4 | 1 1 4
Type 2b Type 3 b Type 4b
3 | 2 J_. 3 | 2 L
1 | o4 4 ' 1
Type 2 ¢ Type 3¢

Figure 4.49: regions that compensate through a segment (7;,7;)

types are as follows.

e Type 1: A in Figure 4.23(ii)-(vi) ;

>

e Type 2: A in Figure 4.28(vi) when I(z5) = 3-1(24)w (Type 2a); or A in

Figure 4.28(ii)(Type 2b); or A" in Figure 4.24 (vi)(Type 2c¢);
e Type 3: A in Figure 4.30(i) when I(z5) involves the sublabel (24)1 (Type

o~

2a); or A in Figure 4.27(vi) when d(ys) = 1421 and d(y3) involves the
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sublabel 3(24) (Type 2b); or A’ in Figure 4.24(iii) when [(ys) = (24)31w
(Type 2c).

e Type 4: the only example is A” in Figure 4.38(iv).

Note that a region of Type2 sends at most § to A while a region of Type3 sends at
most & to A unless it is A in Figure 4.21(ii) where it is of Type 3a and sends < ;—g
but it forces a vertex of degree > 5. Furthermore a region of Type3 can never be
adjacent to a region of Typel since Type3 (b) and (c) regions force 2 splits on the
adjacent edge as for example in in Figure 4.27(vi) and Figure 4.24(iii). A region
of Type3 (a) can not be adjacent to a Typel region since this forces 412 in the
labelling of the shared vertex. In addition a region of Type2 can only be adjacent
to a region of Typel if it is Type2b or Type2c and either the shared vertex z; is
of degree > 5, see Figures 4.50(i)-(ii). Note that A; in Figures 4.50(i)-(ii) always
forces at least 2 splits on the adjacent edge and that the maximum curvature it
5

can send to A is 35+ Moreover a check shows that the maximum curvature A,

may send to A is 132_07r and it forces A3z to send no positive curvature to A because
of the split ;1. Note that Type2a and Typel cannot be adjacent as this forces
the sublabel 412 in the labelling of the shared vertex which is a contradiction. In
addition a region of Type 4 sends at most & to A and it can never be adjacent to
Type 3 regions as it forces at least two splits on the adjacent edge and it can be
adjacent to Type 1 or Type 2 regions only if the shard vertex is of degree > 5.

On the other hand Typ22b and Type2c forces splits on the adjacent edges and

® (i)
Figure 4.50: A receives from more than one region

a check shows that regions of Type2 and Type3 can only be adjacent and send
positive curvature to the same A if Type2 follows Type3 as shown in Figure 4.51.
Note that in Figure 4.51 Az always forces at least 2 w-splits on the next edge

as shown. Moreover in Figures 4.51 (ii)-(vii) A receives no positive curvature
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from A; either because there is a split or by checking in the case of Figure 4.51
(iv). In Figure 4.51 (i) checking shows that A; may send positive curvature only
if d(Z;_1) = 2, Ti_o = U5, d(y5) > 5 and the most A; sends is g—g in this case;
moreover this forces at least 2 w-splits on the edge (U3, 7s).

Moreover two regions of Typel can never share a vertex Z; as this forces 214 in

Figure 4.51: A receives from more than one region

the labelling which is a contradiction, see Figure 4.52(i). In addition if A; is a

region of Type 1 then the most it sends to A is 5 and between two consecutive
regions either there is at least one split or at least d(y;) > 4 in A; and d(ys) > 5
in Ay, see Figure 4.52(ii)-(v). Observe further that A** will send no positive
curvature to A since it would have to be of Type 3 which cannot be placed here
as discussed before. Moreover A* in Figure 4.52(iii) never sends positive curvature
to A and this can be seen by the following. Note that we have d(z;—1) = 2. If the
sublabel involved is (24) then it is has to be Type4b which can not be placed here
so assume otherwise. If d(ys) = 3 then I(y;) = 413% which forces at least 2 splits
on A* and either d(A*) > 6 or ¢(A*) < ¢(3,3,3,4,4) = 0 as d(A*) = 5 forces
both d(y:) and d(y?) > 4 unless I(y2) = I(ys) = 413, see Figure 4.53(i). In this



CHAPTER 4. CASE III 121

case however A* is A in Figure 4.14(i) and it sends the positive curvature to A*
and A’ in Figure 4.53(i) and never sends any positive curvature to A. If d(ys) = 4
then [(ys) = 413*w and again all possible labelling forces either 2 splits on A* and
¢(A*) < 0 as above; or it forces exactly one split and I(ys) = 413%k, see Figure
4.53(ii)-(iii), and this implies that either ¢(A*) < ¢(3,3,3,4,4) = 0 when there is
another split; or both d(y}) and d(y;) are > 4, c(A*) < ¢(3,4,4,4) = § and A*
is given by A in Figure 4.13(ii) or in Figure 4.14(iv) or Figure 4.18(i) or Figure
4.19(ii). If A* is A in Figure 4.13(ii) or Figure 4.18(i) then, as shown in Figure
4.53(ii), this forces d(yi) > 5 and by checking the distribution done in Figure
4.35 we see that A* sends the positive curvature to A* and no positive curvature
to A, see Figure 4.53(ii). If A* is A in Figure 4.14(iv) or Figure 4.19(ii) then,
as shown in Figure 4.53(iii), this forces either d(y*) > 5 or I(y7) = 12(24)3*. If
d(y}) = 4 then we see from Figure 4.14(iv) or Figure 4.19(ii) that A* sends the
positive curvature to A*, and if d(y) > 5 then it sends to A* or A, In Figure
4.52(iv) checking shows that A* never sends positive curvature to A. In Figure
4.52(v) ¢(A*) < 0 and it sends no positive curvature to A.

By the above discussion it can be seen that through three consecutive edges of

lﬂ Kﬂ K

1Y o v 1 4

@) (ii) (iii)

Iy
X,

;e/' S .
AN/ vy A,
IR W% 1 a»\f

1 [en) ! T
(@iv) )

Figure 4.52: A receives from more than one region

Figure 4.53: c*(ﬁ) distribution
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A and from regions of Typel, Type2, and Type3 we have one of the following:
e three regions sending at most % each;

e if not three then two adjacent regions of the three regions sending a sum of
< §; or at most a sum of 1;—0” as in Figure 4.50 but this forces d(z;) > 5;

e two but not adjacent regions of the three regions sending a sum of < 2:,?—5 as

in Figure 4.52 but forces at least one vertex of degree > 5;

e only one of the regions is sending 7 and the other two send no positive

curvature to A.

Observe that only a region of Type 1 can send > g—g and that the possibilities
are as shown in Figure 4.54. In Figures 4.54(i)-(ii) As is sending up to 5 but A,
and Ay sends no positive curvature to A. Moreover if A is sending any positive
curvature to A then it is either of Type 2 or Type 4 and sends at most %. In
addition if Aj is sending positive curvature to A then it is of Type 3 and either it
is sending at most F or it forces further splits and then Ag will send no positive
curvature to 3, see Figure 4.54(ii). Note that in Figure 4.54(ii) A7 is of Type 3
as well and it has the same possibilities as Ag. If Az is given by Figure 4.54(iii),
in which case it forces no splits on the next vertex and it is labelled by 1@,
then Az plays the role of A in Figure 4.14(i) when I(y;) = (24)123% and send
<32 to 3, A4 and A, send no positive curvature to A and Ajs as in Figures 4.54
(i) and (ii). Note that this forces d(v) > 5 so Ay is on of the cases 4.54 (vii),(viii)
or (ix).
If A; is forcing one vertex of degree > 5 then as shown in Figures 4.54(iv)-(ix)
127

Ajz is sending < =5 and Ay is sending < 3—’6

ures 4.54(vi)-(vii) where d(v) > 5 while Ay does not send any since in Figures

to A only if it is given by Fig-

4.54(iv),(vi) and (ix) it would have to be of Type 3 to send positive curvature to
A but Type 3 regions cannot be adjacent to Type 1 regions and it would have to
be of Type 1 in the other cases which is not possible. Moreover Ajs is as in Figures
4.54(i)-(ii) whereas A; in 4.54(iv),(vi) and (ix) is as in Figure 4.54(i) sending < %
while in (iii),(v),(vii),(viii) plays the role of A in Figure 4.54 (vi),(vii),(viii) and
(xi). If A is forcing 2 vertices of degree > 5 then the most it can send is 35 and
it is either as in Figure 4.54(vi) or it forces no splits as in Figure 4.52(x) when

d(y1) > 5. Observe that A, is as in Figures 4.54(iii)-(iv) never sends positive
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curvature to A and that A; and Aj are as in Figures 4.54(i)-(ii).
Checking shows that a region of Typel, Type2, and Type3 that sends cur-

(xi)

Figure 4.54: A receives from more than one region

vature to A forces the two end vertices to be of degree > 4 except when
I(ys) = 413* as for example A in Figures 4.14(i)-(ii) and A in Figure 4.15(i):
or when I(ys) € 44{1,(24)} as for instance in A in Figures 4.28(i)-(ii). Figure
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4.55 shows these possibilities and the maximum curvature that can be sent in
these cases. Note that in Figure 4.55(1) either d(v) > 4 or it forces a further split.
Also in Figures 4.55(ii)-(iii) {(ys) forces at least 2 splits on the edge (ys,v) and
we can, for our estimation, ignore the splits and assume that d(v) > 4. We can
assume in Figure 4.52(iv) as well that only one split of degree > 4 in place of the
two splits.

Thus when estimating c*(ﬁ) we can assume that half of the vertices forced by
the regions of Typel, Type2, and Type3 are of degree > 4. We can also assume
that the maximum curvature sent from regions of Typel, Type2, and Type3 is
% per edge otherwise the maximum is either 17” but a vertex of degree > 5 is
forced but this is less than our estimation.

Now consider the regions that compensate through the segment (ys,Z;),

A] mA'
Y Vo NE f a ]
02H ! )

=

i @4 0

—_
(S}
=

=

@ (i) (iii)
Figure 4.55: A receives from more than one region

2 < j < 4m — 2 in Figure 4.48. The maximum curvature sent by such re-
gions is . If a region of this type is sending > 5 then it is only given by Figures
4.32(111)—( v) or 4.34(i)-(ii). In both cases A is forcmg at least one w-split on the
next edge (Z;,7;11) and it forces at least 2 w-splits on the edge (¥3,¥5) so no
positive curvature can be sent through these edges. If a region of this type is

sending at most 2%, as for example Figures 4.25(i)-(ii) and Figures 4.28(iii)-(v),

307
then it is either as above or it has the same possibilities as a Type2 region in the
way in which it is adjacent to a Typel region or a Type2 region except when it
is given by Figure 4.56 in which case A4 plays the role of A in Figure 4.13(i) or
Figure 4.18(i) with I(y;) = 4413* and A plays the role of A in Figure Figure
4.14(iv) or Figure 4.18(ii). However Ay and Ajz never send any positive curvature
to A and A; in Figure 4.56(i) send < & while in Figure 4.56(ii) A3 is forcing a
vertex of degree > 5 and send < g—g which is less than our estimation, see Figure
4.56. Moreover these type of regions either forces the two end vertices to be of
degree > 4 as in Figures 4.25(i) or one of the end vertices is of degree > 4 while

the other one is of > 3 but it forces another split. So (when maximizing ¢*(A))
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Figure 4.56: A receives from more than one region

we can ignore the splits and assume this type of regions forces at least 2 vertices
of degree > 4 when sending positive curvature to A and that the estimation with

5 per edge works for this Type.

Now consider the regions that compensate through a segment (7;,71), 2 < 1 <
4m — 2. Then there are 2 possibilities for d(y1). If d(y;) = 2 then A is the region
in Figure4.37(vii) with (y;) = 32. This however sends < 5 and forces one of the
end vertices to be of degree > 4, at least 1 split per edge on the adjacent edges
and so no positive curvature can be sent through these edges to A. If d(in) >3
then A is given by A in Figures 4.22()-(iii) or A’ in Figures 4.24(ii)-(iii) when
I(ys) has the sublabel 23 or A in Figure 4.43(iv) for instance. A region of this
type that compensate to A may send up to . If A is of this type and it sends
a positive curvature > g—g then A is one of the positive regions in Figure 4.20 or
Figure 4.21(i) or Figures 4.22(i)-(iii). This implies that A never receives positive
curvature through the edge (71, ¥s3) as it is split in case of Figures4.20 and Figures
4.22(1)-(iii) and by checking in case of Figure 4.21(i). Also A forces at least 2
vertices of degree > 4. Moreover either it does not receive through the segment
(Zi—2,7;) or d(z;) > 5. Note that the only positive region that can share ; is a
region of Type2, see Figure 4.57, and the most positive curvature sent to A from
A; and A, is 132—0”. However it forces d(z;) > 5. If A is of this type and it sends a
positive curvature < g—’or then A either forces 2 vertices of degree > 4 as in Figures
4.22(v) for example or forces one vertex of degree > 4 and one vertex of degree
3 which in turn forces at least 2 splits on the adjacent edge as for example A in
Figures 4.29(i)-(ii) with [(ys) involves the sublabel 32. So as above when such
a region is sending positive curvature to A we can ignore the splits and assume

this type of regions forces at least 2 vertices of degree > 4.

Now consider regions that compensate through the edges (¥1,¥3) and (Y3, ¥s).
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(ii)

Figure 4.57: A receives from more than one region

Let A be a region of this type that compensate to A. Checking shows that if
d(y3) = 2 then A receives through the segment (71, 75) only if I(73) € {23,13%).
If [(73) = 23 then, as A in Figures 4.21(iii)-(iv) for example, this forces at least
3 splits on A and no positive curvature can be received through the segment
(U5, %;) and the most that can be received from A is Z& (note that when d(7;) = 2
then I(7;) = 23~ and there is no positive curvature can be sent across this). If
1(J3) = 13F then, as A in Figures 4.45(ii)-(iii), this forces at least 3 splits on A
and no positive curvature can be received through the edge (Z47_2, 1) or the edge
(Z2,75) and the most that can be received from A is 5. Now let d(¥3) = 3 then at
least one of the edges (¥1,¥3) and (U3, ¥5) has a split and hence A receives through
at most one of them. Let A receives through the edge (Y1, 3), for instance as A”
in Figure 4.24(v), A in Figure 4.25(vii) when I(ys) = 4413 and l(§5) = 24w or A
in Figure 4.31(ii) when I(y;) = 243~ and l(§4%—2) € 212{2,3*}. Then the most
51

curvature received is 5. Moreover checks shows that no positive curvature can

be received through the edge (T4m-2,71). Let A receives through the edge (U3, ¥s)

as for example A” in Figure 4.24(iii), A in Figure 4.25(vii) when I(ys) = 4413~

and 1(55) — 14w or A in Figure 4.31(ii) when I(y;) = 243 and l(iﬁld) = 2143*.

Then the most curvature received is g—g. Moreover no positive curvature can be

received through the edge (ys,71). Now let d(y3) > 4. If A receives through the

edge (71, 73), for example A in Figure 4.42(ii) when I(z) involves the sublabel 3T

5m
30"

Moreover when d(y;) € {3,4} then no positive curvature can be received through

and A” in Figure 4.24(v) when d(y;) > 4, then the most curvature received is

the edge (ZTym_2,91). If A receives through the edge (U3, Us), for example A in
Figure 4.25(vii) when [(y;) = 4413~ and A” in Figure 4.24(iii) when d(y}) > 4,
then the most curvature received is 5¢. Moreover when d(3s5) € {3,4} no positive

curvature can be received through the edge (¥s, 7).
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By the previous discussion we can see when A receives cross the edges (T4m—2, V1),
(¥1,3), (U3,¥s) and (ys,2>) then it is at most § per edge and this will force at
least 2 vertices of degree > 5, in particular 7, and 75, and the other vertices are
of degree > 4.

Therefore if A is a region that receives from N regions of Typel, Type2, Type3
and Type4 then this forces at least % of the N + 1 vertices are of degree > 4

and the most received is N(%). If A is receiving through the other four edges

then the most received is 4(%), and this forces at least 1 vertex of degree > 4,

2 vertices of degree > 5 and increases the degree of at least one vertex, T;, to
> 5, see Figure 4.58. Thus such a region will have N + 4 vertices of which %
of degree > 4 and 3 of degree > 5 and receives at most (N + 4)(%) and hence

(A <2—(N+4)r+ (B2 + (5H)E +3(2) + (N + 4)%Awhich implies

that ¢*(A) < 0 for N > 2. Assume now that N < 2 that is d(A) < 6. Then
the only case where 2 regions can compensate to the same A is shown in Figure

4.58(ii) where Ay is as A in Figure 4.22(iii), ¢(A;) < 25, A, is as A in Figure

4.34(iii), ¢(A2) < 3 and o(A) < ¢(3,3,4,5,5) = == Thus ¢*(A) < 0.

@) (i)

Figure 4.58: m > 2

4.2.2 Figures with a vertex label 241

Assume now that [y — Iy + [y = 0 with the assumption I3 # +myly, my € {2,3}
and [y # mals, my € {£2,—3}. First assume d(u;) = 2 for all 1 < i < 4 and
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let d(v;) = 3 for all 1 < i < 4. Then checking all the possible labelling shows
that this yields a contradiction. Now assume exactly three of d(v;), 1 < i < 4
are 3. First let d(vy) = d(vy) = d(vs) = 3. Then letting d(v,) = 3 implies
I(vy) € {314, 314,214}. If I(v,) = 314 then this forces I(vy) = 124 but d(v3) = 3
yields a contradiction; if I(v;) = 314 then this forces I(vo) = 124 and I(v3) = 133;
if [(v1) = 214 then this forces I(ve) = 324 and [(v3) = 331 however this yields
a contradiction to the assumption I3 # 2l4. Now let d(vy) = d(vs) = d(v4) = 3.
Then checking the possible labellings shows that there are two possibilities; either
I(vo) = 124, I(v3) = 133 and I(v4) = 244; or I(vy) = 324, I(v3) = 332 and
I(v4) = 142. Now let d(v3) = d(v4) = d(v;) = 3. Then this forces I(v3) = 332,
I(v4) = 142 and I(v;) = 314 otherwise there is a labelling contradiction. Now
let d(v4) = d(v1) = d(ve) = 3. Then checking the possible labelling shows that
there are three possibilities; either I(v4) = 441, I(vy) = 214 and [(vy) = 324;
or l(vy) = 142, I(vy) = 314 and I(vy) = 124; or I(v4) = 244, I(v;) = 314 and
I(vo) = 124. This yields the seen cases shown in Figure 4.59.

Now assume exactly two of d(v;), 1 < ¢ < 4 are 3. If d(v;) = d(vy) = 3 then

A, Sn -
4 | 3/ 4 () 2 3 4N 2 A 3,/
2 ‘ ¢ 2 ‘ 14 ! 12 e ': 114
A 10 T 51
Ay 15 “A A, 3 15x 1571 S0 15
-~ 30 = 1 30A 30 A —1— <o 30 A |
3 03 2,175 3 43 201 ) 13 ‘ )by 243 l 21
1 4 N 1 . n 3 lox 4 3 4
() As 34 (i) 30 ¢ (i)
A (iif)
A _
V,
_ 3lvI 7 I A _ 10w
i A 3 2 3/ IV
4T 1 1[4 1[4 1] 4 2[4 ' 1]4
| 1 S5n
157 157 30 15n
1 3A . _ 0 A = 30 A
3.3 2|3 213 | 207 3103 217
3 | 4 1 v NG 1T 4
W i) 379, (vii)

Figure 4.59: d(u;) =2 forall 1 <i <4

either I(vy) € {314,314} and I(vy) = 124; or I(vy) = 214 and [(vy) = 324. If
d(vy) = d(v3) = 3 then either (vy) = 124 and I(v3) = 133; or I(vy) = 324 and
l(v3) € {332,331}, see Figure 4.60. If d(v3) = d(v4) = 3 then either [(v3) = 332
and [(v4) = 142; or I(v3) = 133 and I(v4) = 244. If d(v;) = d(v4) = 3 then either

N h
S

Vyq



CHAPTER 4. CASE III 129
o A
— ﬂ _ 51 B E vl
] 3/ 4 3/ ) VA
4 1]4 4 1 4 1[4
10 Sz R S5m
— 30 10n 30 10 30
30 A | 3 5 A el oA 130_
3 1 3 1 3 2] 3
1 VAN T T EE]
0) 3% %, ! (ii) % $ !
(iii)
- f — —
2 |4 1 1 1 12 414 12
ERd 10
10 © 10 ©
01 T34 w2 %
3,3 ‘ 1 2)3 \ 2.3 143 23
T X 3 4 3 v
(iv)3° ) (vi)

Figure 4.60: d(u;) =2 for all 1 <i <4

I(v1) = 214 and [(vy) = 441; or I(v;) = 314 and I(v4) = 142; or I(v;) = 314 and
[(v4) = 244, see Figure 4.61. If d(vy) = d(v3) = 3 or d(vy) = d(v4) = 3 then the
AR 3 4 3 T ¢% s D 3 \4 3/
14 1 2Ty ) 414 4 1% T4 20 0z 4
51 5m 5m 10n 57 30
— 107 e 107 -_— 3 e
2. a2 0 A e a5 2 R O A
2 2 3103 2 13 2,3 2)3 211 303 2] 1
3 [ 1 4

O] » (ii) (i) )

(iv)

Figure 4.61: d(u;) =2 for all 1 <i <4

possible labellings are given in Tables 4.1, 4.2 respectively, see Figure 4.62, 4.63.
Assume now that only one of d(v;), 1 < i < 4 is 3. If d(vy) = 3 then

I(vi) € {314,314,214}; if d(vy) = 3 then I(vo) € {124,324,324}; if d(v3) = 3

Vi V3 Vi V3 Vi V3 Vi V3
314 | 332 || 314 | 331 | 314 | 133 || 314 | 233
214 | 133 | 214 | 233 | 214 | 332 || 214 | 331

Table 4.1: d(vy) = d(v3) =3

then I(v3) € {133,233,332,331} and if d(vy,) = 3 then I(vy) € {142, 244,441},

Next assume that exactly one d(u;) > 3. First let d(u;) > 3. Then this forces
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Vo V4 V2 Vg4 V2 Vyq Vo Vyq
124 | 441 || 124 | 142 || 124 | 244 || 324 | 441
324 | 142 || 324 | 441 || 324 | 142 || 324 | 441
Table 4.2: d(vy) = d(v3) =3
2 3/ 5 3/ 4 3 2 /
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Figure 4.62: d(u;) =2 forall 1 <i <4
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Figure 4.63: d(u;) =2 forall 1 <i <4

[(vy) and [(v5) to involve T—powers. Suppose d(v;) = 3 for all 1 < i < 4. Then
checking all possible labellings shows that I(v,) = 14k, I(vy) = 124, I(v3) = 133
and [(v4) = 24k’. Suppose now that exactly one vertex of A is of degree > 4. If
d(vy) > 4 then either I(vy) = 124, I(v3) = 133 and I(v4) = 24K’; or I(vy) = 324,



CHAPTER 4. CASE III 131

I(v3) = 331 and I(v4) = 44k’. Whereas if d(vy) > 4 then [(v;) = 14k and either
I(vs) € {133,233} and [(vy) = 24k’; or I(v3) = 331 and I(v,) = 44k’. In addition if
d(v3) > 4 the I(vy) = 14k, I(vo) = 124 and [(v4) € {24k, 44k'} while if d(v4) > 4
then I(v,) = 14k, I(vo) = 124 and [(v3) = 133, see Figure 4.64.

Next let d(ug) > 3. Then [(v;) and I(vy) involve 7—powers. Suppose d(v;) = 3

k | k. X J k : | k k | K/ k | k/
2 4 = 4 = 214 2 1] 4
4 14 1] 15 14
sn 10m Sz sn sn Sn L
20 30 30 30 3
ELU B S 4= A S 2 s
| _ B _ P
3p2 R 32 2! 1,3 2.3 33 2.1 343 L2
1 SV oy . 1 4 3 4 1 4 2 (!
. ‘2 (ii) i <v>
(i) (iii) (iv)
k | K/ k | Kk / K | K/ 4 | K/
474 1] 4 an 1] 4 414 1] 4 2 1]4
Sn S Sn Sn
30 2z 30 30 30
< A L 30 ’;0< A = A A >
143 2 303 ! 207 13 2|7 303 2.7
3 Vo4 ysn 4 T (L 1 smy 4
) ! 30 ! 30 Y%
i) (vii) (viii) (ix)

Figure 4.64: d(u;) >3

for all 1 < i < 4. Then checking all the possible labellings shows that I(v,) = 31k,
I(vy) = 24K, I(v3) = 332 and I(v4) = 421. Suppose now that exactly one vertex
of A is of degree > 4. If d(vy) > 4 then I(vy) = 24K, I(v3) = 332 and [(v,) = 421
while if d(vy) > 4 then either I(v,) = 31k, I(v3) = 332 and I(v4) = 421; or
I(vi) = 31k, I(v3) = 133 and I(v4) = 442. Also, if d(v3) > 4 then I(v;) = 31k,
[(vy) = 24K and [(v,) = 421 while if d(vy) > 4 the either [(vy) = 31k, I(vy) = 24K’
and [(v3) € {332,331}; or [(vy) = 31k, I(ve) = 24k" and I(v4) = 332, see Figure
4.65.

Next let d(usz) > 3. Then [(vy) and [(v3) involve T—powers. If d(v;) = 3 for
all 1 < i < 4 then I(v)) = 214, I(vs) = 32k, I(v5) = 31K and I(vy) = 441. If
d(vy) > 4 then either I(vy) = 32k, I(v3) = 32k" and I(v4) = 142; or I(vy) = 32k,
[(v3) = 33K and I(vy4) = 244; I(vy) = 32k, I(v3) = 31K and I(v4) = 441; or
[(vo) = 32k, I(v3) = 32k and I(v4) = 142; or I(vy) = 32k, I(v3) = 33k’ and
I(vq) = 244; or I(vo) = 32k, l(v3) = 31k and I(v4) = 441. If d(vy) > 4 then
either I(vy) = 214, I(v3) = 31k and I(v4) = 441; or I(v;) = 314, I(v3) = 32K
and [(v4) = 142; or I(vy) = 314, I(v3) = 33k’ and I(v,4) = 244. If d(v3) > 4 then
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Figure 4.65: d(uy) > 3

I(v1) = 214, I(vy) = 32k and I(v4) = 441. While if d(v4) > 4 then [(v;) = 214,
l(ve) = 32k and [(vs) € {32k, 33k, 31k'}, see Figures 4.66.

Finally let d(us) > 3. Then I(v3) and I(v4) involve 7—powers and if d(v;) = 3
for all 1 < i < 4 then either I(vy) = 314, [(vo) = 124, I(v3) = 13k and I(v4) = 44K’
or I(vy) = 214 and I(vy) = 324, I(v3) = 33k and I(v4) = 41K". If d(vy) > 4 then
either I(vy) = 124, l(v3) = 13k and I(v4) € {41k, 44Kk'}; or I(vy) € {324,324},
[(v3) = 33k and I(v4) € {41k, 44K'}. If d(vy) > 4 then either I(v;) = 214,
I(v3) € {13k,23k,33k} and I(v4) = 41K’ ; or I(vq) = 314, I(v3) € {13k, 23k, 33k}
and [(v4) = 44K'. If d(v3) > 4 then I(vq) = 214, I(v2) = 324 and [(v4) = 41K
or [(vy) = 314, I(vy) = 124 and I(v4) = 44K’. While if d(v4) > 4 then either
[(vi) = 314, I(vy) = 124 and I(v3) = 13k or I(vy) = 214, I(vo) = 324 and
[(v3) = 33K/, see Figures 4.67 and 4.68.

This complete the description of positive regions in this case. Note that when
d(u;) =2, d(uj11) =2, 1 <i <4 then d(v;) = 3 implies that I(v;) forces at least
2 splits on the adjacent edges as in Figure 4.1(ii) except when [(v;) = 214. We
will use this fact in what follows often without explicit mention. Distribute ¢(A)

as shown in Figures 4.59- 4.68. We consider each A case by case.

A is given by Figure 4.59(i):
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Figure 4.66: d(u3) > 3
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Figure 4.67: d(u4) > 3
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Figure 4.68: d(uy) > 3

Here [(vy) forces at least two splits on each of A; and A, and I(vs) forces at
least two splits on each of 33 and 34 (this follows from the note made im-
mediately above). Moreover letting d(vy) = 4 forces l(v4) = 244k which in
turn forces at least one more split on each of 31 and 34. This implies that
(A1) < ¢(3,3,3,3,3,3,4) = =57 and ¢(A,) < ¢(3,3,3,3,3,3,4) = =157 Add

30 30
c(A) < 27 to ¢(Ar) and ¢(Ay). Now let d(vq) > 5. Then ¢(A) < B¢
c(A)) < ¢(3,3,3,3,3,5) = =% and ¢(Ay) < ¢(3,3,3,3,3,3,5) = 5. Add a

third of ¢(A) (< 3% )to each of ¢(Ay) and ¢(A,) and send the remaining < i
to Ay or Ay as follows. If d(¥;) = 3 then [(Vy) = 23k which in turn forces an-
other split on A, and add the remaining to 0(32) <¢(3,3,3,3,3,3,3) = =0 if
d(¥,) = 4 then I(,) either forces at least one split on A, and add the remaining
to c(ﬁz) <¢(3,3,3,3,3,3,4) = _§8” or it forces at least one split on A, and add

the remainder to 0(33) <¢(3,3,3,3,3,3,4) = _ég’”; otherwise d(vy) > 5 and add

the remainder to 0(32) <¢(3,3,3,3,3,5) = ’3—?. We note here that once all the

distribution of curvature has been completed, checking all the possible labellings

for d(v4) € {4,5} shows that A; and A4 do not receive any positive curvature

through their edges (4, 1) and (1, 2) respectively.

A is given by Figure 4.59(ii):
Letting d(v,) = 4 forces I(v4) = 314k which in turn forces at least one more split

on A,. Moreover 0(34) <¢(3,3,3,3,3,3,3,3) = % since each of [(v3) and [(vy)
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forces at least 2 splits on Ay. Add 2 of ¢(A) to ¢(A4) and add the remaining,
W}ECh is < 3—3 to C(A1) < 6(3 3,3, 3, 3 3,4) = 18” when d(vy) = 4; and < :23_7(; to
c(Ar) <¢(3,3,3,3,3,5) = 30 T when d(vy) > 5.

A is given by Figure 4.59(iii):
Let d(vy) = 4. Then this forces I(v4) = 312k which in turn forces at least one
more split on A,. Moreover C(Ag) < (3 3,3,3,3,3,3,3) = =2 since each of
I(v) and [(v3) forces at least 2 splits on Az. Add 2 of ¢(A) to ¢(As) and add
the remaining curvature, which is < 2% to o(Ay) < c(3 3,3,3,3,3,4) = =T when

30
d(vi) = 4; and < 28 to ¢(Ay) < c(3,3,3,3,3, 5) = =~ when d(v;) > 5.

A is given by Figure 4.59(iv):
First let d(vo) = 4. Then this forces [(vo) = 124k which in turn forces at least one
more split on each of Ay and As. This implies that ¢(Ay) < ¢(3,3,3,3,3,3,4) =
=2* and c(A3) < ¢(3,3,3,3,3,3,4) = =7 Add ¢(A) < BT to ¢(A,) and

30 30

(Ag)‘ Now let d(vs) > 5. Then ¢(A) < 27 ¢(Ay) < ¢(3,3,3,3,3,5) = 2=

and 0(83) < ¢(3,3,3,3,3,5) = =, Add a third of ¢(A) (< 35 ) to each of

¢(Ay) and ¢(A;) and add the remainder < i to (A1) or ¢(Ay) as follows. If
I(¥,) = 413 then it forces at least two splits on A, and we add the remaining

curvature to 0(34) < ¢(3,3,3,3,3,3,3,3) = _§87r. If d(v4) = 4 then it is ei-

ther forces at least one more split on 34 and we add the remaining curvature to

0(34) < ¢(3,3,3,3,3,3,4) = ’ég”; or forces at least one more split on A, and

we add the remaining curvature to 0(31) < ¢(3,3,3,3,3,3,4) = _:}8”. Other-

wise d(¥4) > 5 and ¢(Ay) < ¢(3,3,3,3,3,5) = == and we add the remaining

curvature to 0(34). We note here that once all the distribution of curvature has

been completed, checking all the possible labellings for d(vy) € {4,5} shows that
A, and Ay do not receive positive curvature through their edges (1,2) and (4,1)

respectively.

A is given by Figure 4.59(v):
If d(vs) = 4 then this implies [(v3) = 331k which forces at least one more split
on each of Az and A, and so ¢(Az) < —T and o(Ay) < =27, Add C(A) < o
to ¢(As) and ¢(Ay). If d(v3) > 5 then c(A) <21 (Ay) < B and ¢(A,) < 2T

307 30

and we add a third (< %) of ¢(A) to each of ¢(A3) and ¢(A;) and add the

remaining curvature (< %) to ¢(Ay) if d(¥;) = 3 ( which implies {(¥;) = 31k
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and this forces at least one further split on A;) or if d(¥;) = 4 with at least one
split on Ay or d(¥;) > 5: otherwise, that is d(¥;) = 4 with at least one split on
32, add the remaining curvature to 0(32). We note here that once all the distri-
bution of curvature has been completed, checking all the possible labellings for
d(vs) € {4,5} shows that A; and A, do not receive positive curvature through
their edges (2,3) and (1, 2) respectively.

A is given by Figure 4.59(vi):

Let d(v3) = 4. Then I(v3) = 1321 otherwise there is a contradiction. Moreover
letting d(¥,) = 3 forces (V) € 23{2,3, k} which in turn forces at least one split
on Ay or Ag, see Figures 4.69(i)-(iii); and letting d(¥) = 4 forces either at least
one split on Ay or on Ay or I(Vy) € 23{34,11}, sce Figures 4.69(iv)-(vi). In
addition d(v,) = 3 forces [(¥4) = 413 and d(v,) = 4 forces either at least one split
on Ay or on Ay or 1(¥,) = 4122, see Figures 4.69(vii)-(ix).

First assume [(v3) = 1321, see Figure 4.70(i). Then this forces at least two

@ (i) (iii)

(vii) (viii) (ix)

Figure 4.69: {d(v2),d(v4)} € {3,4}

splits on As and ¢(A) < ¢(3,3,3,4) = 2% If in addition d(V,) = 3 then

o(As) < ¢(3,3,3,3,3,3,3) = =% and ¢(A;) < ¢(3,3,3,3,3,4) = =T and we

30 30
add ¢(A) < 27 to ¢(Az) and ¢(A3). Now let d(v3) = 4. If this forces at least

one split one A, then c(ﬁg) < ¢(3,3,3,3,3,3,4) = =" and so add ¢(A) to

¢(A\y) ; otherwise if d(¥,) = 4 and forces at least one split one Az then ¢(Az) <

¢(3,3,3,3,3,4,4) = =27 and add ¢(A) to ¢(A3) ; while if I(¥,) € 23{34, 11} then
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o(Ay) < ¢(3,3,3,3,3,4) = = and c(A3) < ¢(3,3,3,3,4,4) = —~ and we add 2%

of ¢(A) < 2% to ¢(Ay) and we add the remaining ¢ to c¢(A3). Now let d(v,) > 5
Then ¢(A,) < ¢(3.3.3.3,3,5) = 5" and (D) < c(3 3,3,3,4,5) = =27 we add
LF of ¢(A) to C(Ag) and the remamder 5 to C(Ag)

Now assume d(v3) =5. Then c¢(A) < 0(3,3,3,5) = & Chefking all pos-
sible labellings shows that [(v3) forces at least one split on Aj or on Ay.

If I(v3) forces at least 2 splits on As then the distribution is exactly as above.

Now let I(v3) force exactly one split on As, see Figure 4.70(ii). Suppose d(v2) =

3. Then either [(V,) forces at least 2 splits on A, and we add c¢(A) to
c(Ay) < ¢(3,3,3,3,3,3,3,3) = =207 or (V) = 23k which forces c(A,) <

30
(3,3,3,3,3,3,3) = =" and c(A3) < ¢(3,3,3,3,3,5) = = and we add ¢(A) to

¢(Ay) and ¢(As). Now suppose d(v2) = 4. Then as above [(Vy) either forces at

least one split on A, and we add c(A) to 0(32) < ¢(3,3,3,3,3,3,4) = —égw; or

it forces at least one split one 83 and we add ¢(A) to 0(83) <¢(3,3,3,3,4,5) =

=% or 1(V2) € 23{34,11} and so o(As) < ¢(3,3,3,3,3 4) = = and

0(33) < ¢(3,3,3,4,5) = ZE. Add T of ¢(A) < 2 to C(Ag) and 2% to

¢(As) and we send the remaining curvature < 4 to ¢(A;) or ¢(A,) as fol-

30
lows. If d(Vs) = 3 then I(V4) = 413 and c(Ay) < ¢(3,3,3,3,3,4) = 57 and

we add the remaining < 3% of ¢(A) to ¢(Ay). Whereas if d(V,) = 4 then

o(A1) < ¢(3,3,3,3,3,4) = = and we add the remaining < 57 of ¢(A) to o(Ay).
If d(v4) > 5 then add the remamAmg < 2 to o(Ay) < c(3 3 3,3,3,5) = ==,
Next suppose d(V2) > 5. Then ¢(A;) < =2* and o(A3) < —x and we add 3% of
c(A) to C(AQ) and 3% of ¢(A) to 0(83) and add the remalnder to C(Al) or C(A4)

as above. Now suppose [(v3) does not force any splits on 33. Then it forces at

least one split on A,. First let [(v3) forces at least 2 split on A, , see Figure

4.70(iii). Then we add c¢(A) to ¢(Ay) < ¢(3,3,3,3,3,3,5) = —T when either

[(V4) = 413 or d(v4) = 4 with at least one split on A4 while we add c(A) to
o(A1) < ¢(3,3,3,3,3,3,4) = —=" when d(vV4) = 4 with at least one split on A;.

Otherwise either [(V,) = 4122 and we add ¢(A) to ¢(Ay) < ¢(3,3,3,3,4,5) = =

or d(¥;) > 5 and we add c¢(A) to ¢(Ay) < ¢(3,3,3,3,5,5) = =3 Now let

[(v3) force exactly one split on A4, see Figure 4.70(iv). We use a similar argu-

ment to the above applied to ¥4, Ay and A;. Add ¢(A) to ¢(Ay) < =33 when

d(¥,) = 3 and when d(¥,) = 4 with at least one split on Ag; or add ¢(A) to

0(31) < =27 when d(v,) = 4 with at least one split on Ay; or add 3% of ¢(A)
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to ¢(Ay) < ¢(3,3,3,3,3,4) = =2 and 2% to o(Ay) < ¢(3,3,3,4,5) = 2= when

I(v4) = 4122 and send the remaining 3 4” to ¢(As) < ¢(3,3,3,3,3,4) = = (

note that d(ve) > 4 or it forces at least one split on A,) ; or add 3% of ¢(A)
to c(A;) < == and 3% of ¢(A) to ¢(Ay) < =8 when d(¥;) > 5 and add the

30
remaining to C(Ag) < 0(37 3,3,3,3,4) = 22X,
Now assume d(v3) > 6, see Figure 4.70(v). Then c(A) < ¢(3,3,3,6) = 4T Usmg
the same above argument we add 5% of ¢(A) to C(Ag) < 0(3 3 3,3,3,4) = 2F and

add the remaining 2% either to c(A4) < ¢(3,3,3,3,3,5) = =% when I(v4) = 341;
or to c(A ) < 0(3,3,3,3,3,4) ’5” when d(vy) >4 .

v A ‘'~ CH \-CH
AN _ AN A - AN A —
2 3/ 2 | 3/ 2 3/
104 114 1[4 i 1] 4 I Ta
157 151tA 15n
0 A - --= <ofoo- 30 B ----- o> ~--f-—- 30
— 2 : — 2 _
2y |7 LM i
1 ; 4 N2 ki1 Y 4;2A 1 452/\
A
0 a (i) - i *
A A
\7CH ‘- CH
417 A _ ,417 A -
2 ! 3/ 2 3/
14 14 14 1]4
15w 15n
< & = - 30 >
213 207 213 207
k/17 AN 1 4 22
. 3/7°% 3 ™A
@iv) V2 ) V2

Figure 4.70: I(vq) = I(v4) = 124

A is given by Figure 4.59(vii):
Add 4 of ¢(A) to (A1) < ¢(3,3,3,3,3,3,3,3) = =207 If d(vs) = 4 then [(vs) =
133k and add the remaining, which is 2% to c(ﬁ <¢(3,3,3,3,3,3,4) = ==27; or
1)

) 30
if d(vs) > 5 then add the remaning 2% to c(Ay) < ¢(3,3,3,3,3,5) = =

A is given by Figure 4.60(i)-(ii):
Note that d(¥,) = 3 implies ((¥2) € 23{2,3, k} which forces d(A;) > 7. Thus
c(As) < ¢(3,3,3,3,3,4) = 227, Also ¢(A)) < ¢(3,3,3,3,3,4) = =225, If d(vy) = 4
then add 3% of ¢(A) < ¥ to each of c(ﬁ ) and c(ﬁl). If d(v4) > 5 then add 3%
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of ¢(A) < I% to ¢(A,) and the remaining Z to o(Ay).

A is given by Figure 4.60(iii):
Letting d(¥,) = 3 forces [(¥,) € 31{1,3,k} which forces d(A;) > 7 and so
c(As) < ¢(3,3,3,3,3,4) = =, ¢(As) < ¢(3,3,3,3,3,4) = 2. If d(vs) = 4
then add 2% of c(AA) < 1 to each of ¢(Ay) and c(Aﬁg). If d(v3) > 5 then add 3%
of ¢(A) < L& to ¢(A;) and the remaining 2% to ¢(As) .

A is given by Figure 4.60(iv):
Here d(Vy) = 3 implies [(v,) € 32{1, 2,4, k} which forces d(&g) > 7 and so
c(A3) < ¢(3,3,3,3,3,4) = 2, ¢(A4) < ¢(3,3,3,3,3,4) = = If d(v4) = 4 then
add 25 of ¢(A) < 4 to each of ¢(As) and ¢(A,). If d(vy) > 5 then add 2 of
c(A) < I to 0(33) and the remaining 2= to 0(34).

A is given by Figure 4.60(v)-(vi):
Add ¢(A) < T to ¢(Ag) < ¢(3,3,3,3,3,3,3,3) = =21,

A is given by Figure 4.61(i):
Observe that d(v,) = 3 forces [(V4) € 41{1, 3, 3,4, k} and d(¥,) = 4 forces either at
least one split on A; or on Ay or [(V4) € 41{22, 34, 34}. First let d(v;) = 4. Then
c(A) < T Tf d(Wy) > 4 or I(W4) € 41{1,3,3,k} then ¢(A,) < ¢(3,3,3,3,3,4) =
= while if I(v4) = 414 then o(A1) < ¢(3,3,3,3,3,4) = == In the former
case add 3T of ¢(A) to 6(34) and in the latter case to c(ﬁl) and add the re-
maining curvature, which is < g—g when d(vy) = 4 and < ?,)—g when d(vy) > 5, to
o(A3) < ¢(3,3,3,3,3,4) = =2 since I(vs) forces at least 2 splits on As. Now let
d(vy) > 5. Then ¢(A) < ;—g and by exactly the same above argument we add %
of ¢(A) to 0(31) or to 0(84) and < 3% to 0(83) when d(vs) = 4 whereas we add
< 2 of ¢(A) < F to ¢(Ay) or ¢(A,) and add the remaining Z to ¢(As) when

d(vy) > 5.

A is given by Figure 4.61(ii):

Add ¢(A) < B to c(Ay) < =27

A is given by Figure 4.61(iii):
Observe that d(¥,) = 3 implies [(¥;) € 31{1,2, k} which forces d(A;) > 7 and so
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o(A1) < ¢(3,3,3,3,3,4) = 2= Add 3% of ¢(A) to ¢(A;) and add the remaining
to ¢(Ay) < ¢(3,3,3,3,3,4) = 2.

A is given by Figure 4.61(iv):
As used in Figure 4.59(vi), either ¢(A;) < ¢(3,3,3,3,3,4) = =% or ¢(Ay) <
) to c(A

30
(3,3,3,3,3,4) = 2¢. Add 2% of ¢(A 1) or ¢(A4) and add the remaining
to c(As) < ¢(3,3, 3 3 3,4) = —5“.

A is given by Figure 4.61(v):

Add ¢(A) < T to ¢(A)) < =27,

A is given by Figure 4.62:
Note that [(v3) forces at least 2 splits on each of 83 and A,. First let d(vy) = 4 and
d(vy) = 4. Then add 3 of ¢(A) < 0 to each of ¢(A3) < ¢(3,3,3,3,3,4) = =
and c¢(A;) < ¢(3,3,3, 3 3,4) = T’T, or if d(v4) > 5 and d(vy) = 4 then add
omoof C(A) < & to c(As) < ¢(3,3,3,3,3,4) = =2 and add the remaining

30 — 30

Z to C(A4) < (3,3,3,3,3,5) = % or if d(vq) = 4 and d(va) > 5 then

add 22 of ¢(A) < I to c(Ay) < ¢(3,3,3,3,3,4) = == and add the remain-

6

ing 2T to ¢(A3) < ¢(3,3,3,3,3,5) = So o if d(va) 2 5 and d(v) > 5
thin add %—g of ¢(A) < ‘ég to each of C(A3) < ¢(3,3,3,3,3,8) = —3_? and
c(Ay) < ¢(3,3,3,3,3,8) = 5. We note here that once all curvature distri-

butions has been completed, A in Figures 4.62(v)-(viii) may receive extra I
from A; when d(v4) > 5 and d(vy) > 5 [if Ay is A in Figure 4.78(vi)] and in
this case we send < g—g of the curvature sum to C(A4) and we send the remaining

curvature < 2% to ¢(A3). Observe further that again in Figures 4.62(v)-(viii)
when d(vs) > 5 then A may receive extra 2% from A, [ as in Figure 4.85(i)] and
in this case [(vy) forces splits on As and we send < g—g of the curvature sum < g—g
to ¢(As) and send the remaining curvature to ¢(A,). Note that the last mention

cases cannot occur in the same time.

A is given by Figures 4.63(i) and 4. 63(iii)'
Addc(A)glo—”toc(A)<c(3 3,3,3,3,4) = 22X and ¢(

== when d(vy) = d(v3) = 4; or add 3% of ¢(A) S = to ¢(
= and add the remaining 3” to C(A4) <¢(3,3,3,3,3,5) =

only ; or add 3% of ¢(A) < IF to c(Ay) < ¢(3,3,3,3,3,4)

1) <¢(3,3,3,3,3,4) =
)§0(333334)—

8 when d(v,) = 4
ﬁ and add the

A
A

I w‘
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remaining 27 to c(A1) < ¢(3,3,3,3,3,5) = == when d(vs) = 4 only; or add
o(A) < 3 to ¢(A)) < ¢(3,3,3,3,3,5) = =T and ¢(Ay) < ¢(3,3,3,3,3,5) = 2=

when both d(vy) and d(v3) are > 5.

A is given by Figure 4.63(ii):
First let d(vi) =4. Then I(v;) € {3141
€

there is a contradiction. Assume [(v;)

142,3143 ,3144,314k} otherwise
14{1,2}. Then this forces at least

c(3,3,3,3,3,4) = _3—50” and

) <
< % to ¢(A1) and ¢(A,), see Fig-

.3
314
two splits on each of 31 and 32, (ﬁ

)

c(As) < ¢(3,3,3,3,3,4) = 227, Add ¢(A

ure 4.71(i).
Now assume [(v;) = 314 3, see Figure 4.71(ii)-(vi). Then this forces at least two
splits on A,. Let d(vs) = 4. Then [(v3) = 132k a
one split on As. If d(V,) = 3 then [(V5) € 32{1,2,k} and this in turn forces at
least one split on each of A, and Ag, SO c(ﬁg) <¢(3,3,3,3,3,3,3) = ’10” Add
c(A) < % to ¢(A,), see Figure 4.71(ii). let d(¥,) = 4. Then I(%,) forces at least
one split on Ay; or at least one split on Az, otherwise (V) = 423 3. TfI(V,) forces
at least one split on Ay or if [(¥2) = 4233 then ¢(A,) < ¢(3,3,3,3,4,4) = ==
Add c(A) < 2T to (D), see Figure 4.71(ii)-(iii). If I(¥,) forces at least one
split on Ay then C(Ag) <¢(3,3,3,3,4,4) = =% . Add ¢(A) < B to c(Ay), see
Figure 4.71(iv). Now let d(¥;) > 5. Then c(AQ) < ¢(3,3,3,3,4,5) = 0. Add
c(A) < 8 to (A7), see Figure 4.71(v). Now let d(vs) > 5. Then ¢(A) g 5 and
we have the same labelling possibilities for d(vs) as above. Therefore we add c(A)
to c(ﬁg) < =% when (V) forces at least one split on A, or when (V) = 4233;
or when d(%,) > 5. Also when d(¥,) = 4 and [(¥) forces at least one split on A;
we add 2% of ¢(A) to o(A3) < ¢(3,3,3,4,5) = =% and we add the remaining 5%
to C(Ag) § ¢(3,3,3,3,4,4) = =07, see Figure 4.71(Vi).

Next assume [(v;) = 3144, see Figure 4.72. Then this forces at least two splits

on A;. Let d(vs) = 4. Then I(vy) = 132k which forces at least one split on Aj.
Let d(V,) = 3. Then [(¥,) = 4Tk and this forces at least one split on Ay, so
(A1) < ¢(3,3,3,3,3,3,3) = 2207 Add ¢(A) < 207 t0 ¢(A,), see Figure 4.72(i).
Let d(vy) = 4. Then [(v4) forces at least a split on A;: or a split on A, otherwise
1(¥,) € 41{22,34}. If 1(¥,) forces at least one split on Ay or if [(¥,) € 41{22, 34}
then ¢(A;) < ¢(3,3,3,3,4,4) = 0%, Add ¢(A) < £ to c¢(Ay), see Figure 4.72(i)-

(ii). If [(vy) forces at least one spht on A, then c(A4) < ¢(3,3,3,3,4,4) = 307

32k and this in turn forces at least
2
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Figure 4.71: l(vq) = l(v4) = 214.
Add ¢(A) < 197 to ¢(A,), see Figure 4.72(iii). Now let d(¥4) > 5. Then
c(A)) < ¢(3,3,3,3,4,5) = =107 Add ¢(A) < 97 to ¢(A,). Now let d(vs) > 5.
Then ¢(A) < % and we have the same labelling possibilities for V4 as above.
Therefore add ¢(A) to 0(31) < =30 when [(v4) forces at least one split on NE

or when [(V,) € 41{22,34}; or when d(v;) > 5. When d(V,) = 4 and [(V,) forces

at least one split on A, we add 2 of ¢(A) to o(Ay) < ¢(3,3,3,4,5) = —Zxand
we add the remaining curvature to 0(31) < ¢(3,3,3,3,4,4) = _58”, see Figure
4.72(iv).

Finally when d(v;) = 4 assume [(v;) = 314k, see Figures 4.73- 4.75. Then

4 = = = —
_ _ 1 4 1 4
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i — p— In
A - < T
on A 27
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1 4

@

(i)

(iii)

Figure 4.72: l(vq) = l(v4) = 214.

(iv)

NI
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this forces at least one split on each of A; and A,. Let d(v;) = 4. Then
I(vs) € 132{2,k'} and ¢(A) = Z. First let [(v3) = 1322. Then this forces at least

2 splits on Ay. Checking the possible labelling shows that d(¥,) = 3 forces [(¥4) €
AT{T, 4, k} and d(%,) = 4 forces at least one split on A; or Ay. If I(¥,) € 41{T, k}

then this forces at least one split on A, and 0(34) <¢(3,3,3,3,3,3,4) = %.

Add ¢(A) to ¢(Ay), see Figure 4.73(i). If [(¥4) = 414 then this forces at least

-~

two splits on A; and c(ﬁl) < ¢(3,3,3,3,3,3,4) = _ég”. Add ¢(A) to c(Ay),

see Figure 4.73(ii). If d(v4) = 4 and it forces at least one split on A; then

-~

o(A1) < ¢(3,3,3,3,4,4) = =197 Add ¢(A) to ¢(Ay). If d(¥4) = 4 and it forces at

30
least one split on Ay then ¢(Ay) < ¢(3,3,3,3,3,4,4) = =27, Add ¢(A) to ¢(Ay).
Finally if d(v4) > 5 then add ¢(A) to 0(84) < ¢(3,3,3,3,4,5) = =7,

Next let I(v3) = 132K, see Figure 4.73(iii)-(vi). Then this forces at least one

split Ay. If d(¥,) = 3 then 1(¥,) € 41{1,3,4, k"}. Letting 1(v,) € 41{T, K"} forces

at least one split on each of A, and 34, SO 6(31) <¢(3,3,3,3,3,4) = ’3—53’ and

c(As) < ¢(3,3,3,3,3,4) = 227, Add ¢(A) to ¢(Az) and ¢(A,), see Figure 4.73(iii).
Whereas letting [(v,) = 413 forces at least two split on A4 and so 0(34) <

(3,3,3,3,3,3,4) = =57 Add ¢(A) to ¢(Ay), see Figure 4.73(iv). If 1(v,) = 414

30 °

then this forces at least two splits on A; and so 0(31) <¢(3,3,3,3,3,3,4) = ’ég’”.

Add ¢(A) to ¢(Ay), see Figure 4.73(v). Let d(v4) = 4. Then either it forces at

least one split on A, and 0(34) <¢(3,3,3,3,4,4) = _gg”; or it forces at least one

split on Ay and ¢(As) < ¢(3,3,3,3,4,4) = —%; or [(vy) € 41{22,34}. In the

first case add c(A) to ¢(A4). In the second case add ¢(A) to 0(33). Otherwise,
that is I(¥,) € 41{22,34}, if d(¥;) > 4 or there are another split on the edge

(3,4) in A, in Figure 4.73(vi) then ¢(A;) < ¢(3,3,4,4,4) = =% and we add

3(c(A)) < 3 to c(ﬁl) WherAeas if d(%l) = 3 then l(/A\h) involves a T-power and it

forces at least one split on Ay, ¢(A;) < 0 and (V) forces at least two splits on
A;. This forces ¢(A1) < ¢(3,3,3,3,3,3,3) = =97 and we add 5(c(A)) < 2 to

30
c(ﬁl). The same above argument works with Y4, Ay and A, We add 3% of ¢(A)
to §4 when d(@) > 4 or when there is another split on the edge (1,2) in A4 and
to Ay when d(@) = 3, see Figure 4.73(vi).
Now let d(v3) > 5, see Figure 4.74. Then ¢(A) < IF. First suppose d(v4) = 3.

Then (V) € 41{1,4,3}. If (V) € 41{1, 4} then this forces at least 2 splits on A,

and ¢(A;) < ¢(3,3,3,3,3,3,4) = =27 and add ¢(A) to ¢(Ay), see Figure 4.74(i).

3
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Figure 4.73: [(v2) = I(v4) = 214.

Now let [(¥;) = 413. Then this forces at least two splits on A,. If in addition
d(v3) = 5 then checking all possible labellings shows that [(v3) forces at least one
split on A, or on £3. In the former case 0(84) <¢(3,3,3,3,3,3,5) = _§§” and we
add ¢(A) to ¢(A,), see Figure 4.74(ii). In the latter case if d(¥5) = 3 then I(¥,) =
23{2, k} which forces at least one split on As and ¢(A3) < ¢(3,3,3,3,3,5) = ==
so we add ¢(A) to c(Ag), see Figure 4.74(iii); while if d(vy) = 4 then checklng
possible labelling shows that either [(v,) forces at least one split on A; and again
we add ¢(A) to ¢(As) < ¢(3,3,3,3,4,5) = =2 or it forces at least one split on
As and we add ¢(A) to ¢(Ay) < ¢(3,3,3,3, 4 4) _58”, see Figure 4.74(iii)-(iv);
or d(¥3) > 5 then ¢(As) < ¢(3,3,3,4,5) = =3 and ¢(A;) < c(3 3,3,4,5) = 2.
Add ¢(A) to ¢(As) and ¢(As) and ¢(A,) < c(3 3,3,3,3,5) = = as shown in Fig-
ure 4.74(v). Now assume d(vs) > 6, see Figure 4.74(vi). Then C(A) < 5% and we
add 37 to 0(84) < ¢(3,3,3,3,3,6) = —=. We add the remaining 2% to C(Ag) and
¢(As) as follows. We add Z to c(A2) < ¢(3,3,3,3,3,4) = 22* when d(v,) = 3
(which forces (¥2) € 23{2, k} which in turn forces at least one more split on A,)
or when d(vy) = 4 and it forces at least one split on A,; otherwise either [ (Va)
forces at least one split on Az and we add Z to c(A3) < ¢(3,3,3,4,6) = =T or
d(V,) > 5 and we add 2% to o(Ay) < ¢(3,3, 3 4 ,b) = 2.

Now suppose d(vy) > 4, see Figure 4.74(vii). If the labelling forces at least
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Figure 4.74: I(vq) = l(v4) = 214.
one split on A; then c¢(A;) < == and we add ¢(A) to ¢(A1), so suppose oth-
erwise. Let d(v4) = 4. If the labelling forces two splits on A, then 0(84) <
¢(3,3,3,3,4,5) = _ég”. Add ¢(A) to 0(34). Suppose now that the labelling forces
exactly one split on 34, see Figure 4.75(i), then 0(34) <¢(3,3,3,4,5) = ’3—%” and

o~

1(%4) € AT{2K,3k’, 3K’} which forces a split on A;. Moreover either d(v,) > 4
and (A1) < ¢(3,3,4,4,4) = = or d(;r/:l) = 3 and l(%) involves a T-power which
forces a split on El and so c(il) < ¢(3,3,3,3,3,4) = 2. Add & o/f; c(A) to
¢(A4) and add the remaining < 2 to ¢(A;) when d(;r/:l) > 4 or to ¢(A;) when
d(§) = 3 as shown. This leaves [(V,) € 41{22,34} and then by the same argument
used in Figure 4.73(vi) we can assume that either ¢(A;) < ¢(3,3,4,4,4) = ==
or c(il) < ¢(3,3,3,3,3,3,3) = =30 and we send 3% to ¢(Ay) or c(il), see
Figures 4.75(ii)-(iv). This leaves 3= to deal with. If d(V,) = 3 then this im-
plies 1(¥5) € 23{1,2,3,k} and each forces at least one split on A, and so
c(ﬁg) <¢(3,3,3,3,3,4) = _3—?. Add the remaining curvature % to 0(32), see
Figure 4.75(ii). If d(v2) = 4 and [(v,) forces at least one split on A, then again
add the remaining curvature to ¢(A,) in Figure 4.75(ii). If I(¥,) forces at least
one split on Ay then ¢(A;) < == and add the remaining curvature to )

see Figure 4.75(iii). If [(Vy) € 23{11,34,34} then each forces at least two splits
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30
involves a 7-power and ¢(A;) < ¢(3,3,3,3,3,4) = =& Add the remaining 2% of
c(A) to 0(32) or C(Eg) as appropriate, see Figure 4.75(iv). If d(ve) > 5. Then
o(Ay) < ¢(3,3,3,4,5) = 3. Add the remaining 25 of ¢(A) to ¢(A,) as above.
Finally letting d(¥,) > 5 implies ¢(A;) < 3” see Figure 4.75(v), and we

on A, and either we have d(%g) > 4 and c(ﬁg) < ¢(3,3,4,4,4) = =T or l(§2)

= = 730
add %Z; to C(Al)- /]\By the above argument add the remining curvature to
C(A2> < S or C(£> < 2% when d(v,) € {3,4}. Otherwise add 2& to
0(32) < ¢(3,3,3,4,5) = _3%”. This leaves f. If d(§4) > 4 or if As has extra

split then ¢(Ag) < ¢(3,4,5,5) = 5% and add & to ¢(Ag). If d(¥,) = 3 then
c(As) < ¢(3,3,5,5) = 2 and we dlstrlbute C(A) + o(As) < 3 as in Figure
4.62(v)-(viii) in which A plays the role of As.

Next assume d(vq) > 5, see Figures 4.76-4.81 . First let d(v3) = 4. Then I(v3) €
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Figure 4.75: l(vq) = l(v4) = 214.
132{2,1, k}. First suppose [(v3) = 1322, see Figures 4.76(i)-(iii). Then this forces

at least two splits on Ay. If d(¥y) = 3 then [(¥4) € 41{1, 4, k}. We add ¢(A) < I
to ¢(Ag) < ¢(3,3,3,3,3,3,4) = % when l(v4) € 41{1,k}, see Figure 4. 76()
otherwise [(v4) forces at least two sphts on Ay, so C(A ) <¢(3,3,3,3,3,5) = =&
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—5m

and c(A) < ¢(3,3,3,3,3,4) = 2% Add I of ¢(A) to ¢(A,) and add the
remaining 2% to c(Ay), see Figure 4.76(ii). If d(vy) > 4 then add c(A) to
o(Ay) < c(3 3 3,3,4,4) = =0, see Figure 4.76(iii).

Now suppose [(v3) = 1321, see Figures 4.76(iv)-(vi).

Then this forces at least

two splits on Ag. If d(¥,) = 3 then [(¥y) € 23{2,3,k} which all except
[(¥,) = 233, forces at least one split on Ay and we add ¢(A) < & to
(D) < ¢(3,3,3,3,3,3,4) = = when (V) # 233, see Figure 4.76(iv).

If [(Vo) = 233 then this forces at least two splits on A, and we add c(A)
to ¢(Ay) and ¢(As) as in Figure 4.76(v). If d(¥,) > 4 then add c¢(A) to
o(As) < ¢(3,3,3,3,4,4) = 0%, see Figure 4.76(vi).

Now suppose [(v3) = 132k, see Figures 4.77-4.78. Then this forces at least one
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Figure 4.76: I(vq) = l(v4) = 214.

split on each of Az and A,. Let d(v4) = 3. This forces either two splits on A, 50
o(Ay) < ¢(3,3,3,3,3,3,4) = —2* and we add ¢(A) to ¢(A4) as in Figure 4.77(i);
or forces one split on each of A, and A; so 0(34) < ¢(3,3,3,3,3,4) = ’S—EST
and c(A;) < ¢(3,3,3,4,5) = 2= and we add c¢(A) to ¢(Ay) and ¢(A;) as in
Figure 4.77(ii); or I(¥4) = 414 and this forces two splits on A; so c(ﬁ )
c(3,3,3,3,3,5) = =1, We add 5 of ¢(A) to ¢(A)) a

we add the remaining curvature < 2% to c(Ay) or ¢(As) as follows: if d(v,) =

see Figures 4.77(iii).
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then checking shows that {(¥,) forces at least one split on Ay and we add the
3 =2x. If d(vy) = 4 then it
either forces at least one split on Az and we add the remaining curvature to
0(33) <¢(3,3,3,3,4,4) = _égﬁ;
the remaining curvature to 0(32) =< c(3,3,3,4,5)

remaining curvature to 0(32) < ¢(3,3,3,3,3,4) =

or it forces at least one split on 82 and we add
=7 or (V) € 23{34,34}

30
which forces at least 2 splits on Ag and either d(v3) > 4 and we add the re-
maining to ¢(As) < ¢(3,3,4,4,4) = =T or d(v3)
a T-power which would forces a further split on 33 and add the remaining to

30
c(As) < ¢(3,3,3,3,3,3,3) = —o~ as in 4.71(v). If d(¥3) > 5 then add the re-

>||

= 3 and so 1(53) involves

maining to ¢(A ) < ¢(3,3,3,4,5) = 2.
Now let d(v4) = 4. Then this forces either C(A4) < ¢(3,3,3,3,4,4) = =" as in
Figure 4.77(iv); or forces C(Al) < ¢(3,3,3,3,4,5) = =33" as in Figure 4.77(v);

-3

51 and either ¢(Ay) < ¢(3,3,4,4,4) =

—5m
30

or forces c(ﬁl) < ¢(3,3,3,4,5) = =X
orc(i4) < ¢(3,3,3,3,3,4) =
[(vy) < 41{22, 34} where we can compensate 2%

or c(A4) < ¢(3,3,3,3,3,3,3) = =% and we Send the remaining to Ay or Aj as

in Figure 4.77(iii), see Figure 4.78(i).

2= and we distribute as in Figure 4.77(vi); or

T t0 ¢(Ay) < ¢(3,3,4,4,4) = 2

(iv)

v)

Figure 4.77: l(vo) = l(v4) = 214.

(vi)

Finally if d(v4) > 5 then ¢(Ay) < ¢(3,3,3,4,5) = 2. Add & to ¢(Ay)
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and send the remaining 5% to c(ﬁg) , ¢(Ag) or C(Eg) as in Figures 4.78(ii)-
(vi). Note that in Figure 4.78(ii) I(V,) forces at least one split on As and
that d(¥.) € {3,4} and so ¢(A3) < ¢(3,3,3,3,3,4) = =7,

4.78(iii) (V) forces at least two splits on A, and that d(%,) € {3,4} and so
c(As) < ¢(3,3,3,3,3,5) = == In Figure 4.78(iv) d(v) = 4 and it forces only
one split on A,. Then either d(%) > 4 and ¢(A3) < ¢(3,3,4,4,4) = 2=
l(§3) involves a T—power and C(Eg) < ¢(3,3,3,3,3,4) = 2 . In Figure 4.78(v)
similarly to above either d(§3) > 4 and ¢(As) < ¢(3,3,4,4,4) = 2= or 1(53)
involves a 7—power and C(Eg) < ¢(3,3,3,3,3,3,4) = =2%. In Figure 4.78(vi)
d(¥,) > 5 and either d(vy) > 4 and ¢(A,) < ¢(3,4,5,5) = 57 ; or d(vy) = 3
and c(Ay) < ¢(3,3,5,5) = 3 50 (D) + & < 2% s distributed as in Figure
4.62(vii)-(x) in which A plays the role of A,.

Now let d(vs) > 5. Then ¢(A) < 3.

Also in Figure

or

First assume d(v3) = 5. Then we pro-
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Figure 4.78: l(vq) = l(v4) = 214.

ceed by considering the splits that I(v3) may force on As or A,. Suppose [(v3)
forces two splits on Ag, see 4.79(i), then add ¢(A) to 0(83) < =2, Now suppose
[(v3) forces only one split, see 4.79(ii)-(vi). If in addition I(Vy) forces at least one

split on Az then again add ¢(A) to ¢(As) < = | see Figure 4.79(ii); If 1(V,)
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does not force any splits then either [(V,) = 233 or d(¥;) > 4. In the former

case (V) forces at least two splits on Ay and we add c¢(A) to ¢(Ay) < =X see

Figure 4.79(iii). In the latter case if d(vy) = 4 then it either forces one split on
Ay or 1(¥;) = 23{11,34,34}. In the first case add c¢(A) to ¢(As) < =% and
o(Ay) < —x as in Figure 4.79(iv); in the second case cither d(;r/:g) > 4 and add
c(A) to 0(33) < =X or d(§3) = 3 and add ¢(A) to C(§3) < =%, see Figure
4.79(v). If d(¥) > 5 then add ¢(A) to c(A3) < ¢(3,3,3,5,5) = 297, see Figure
4.79(vi).

Next suppose that {(vs) forces no split on Ay but I(v,) forces at least two splits

2 3 2 3 2 3
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Figure 4.79: l(vq) = l(v4) = 214.

on A, see Figure 4.80(i). Then we add ¢(A) to 0(33) < =% Otherwise if 1(V2)
forces at least two splits on A, then we add c(A) to 0(32) < =2, see Figure
4.80(ii).

Assume now none of the above occur. If [(v3) forces splits on A4 then using a sim-
ilar argument to the above we distribute the curvature to 0(34), 0(31) and 0(84)
similarly to Figures 4.76(i)-(iii) and Figure 4.77. If I(v,) forces at least two splits

on Ay , see Figure 4.80(iii), then add ¢(A) to ¢(Ay) < ¢(3,3,3,3,3,8) = =11,

Otherwise if [(v4) forces at least two splits on Ay, see Figure 4.80(iv), then we

~

add c(A) to c(Ay).

If none of the above holds then [(v3) forces no splits on As nor Ay and this
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Figure 4.80: [(vq) = I(v4) = 214.

implies I(v3) € {13214, 13242} otherwise there is a contradiction. So assume now
that I(vs) € {13214, 13242} and that neither [(V,) nor [(¥,) forces two splits on
ﬁi, 1 <i<4. Ifd(vy) =5 then a similar argument toAthe above can be used
for I(v;) and we distribute the curvature to ¢(Ay), ¢(A), ¢(Ay),c(Ay) unless
I(v1) € Sop = {31412,31421,31422,3144 3} where these are the only labels that
forces no splits on A; nor on As. So let I(v1) € Sy or d(vy) > 6.

First suppose [(v3) = 13214. Then d(v;) > 6 otherwise there is a contradiction;
and ¢(A) < ¢(3,3,5,6) = 2=, Observe that I(vs) forces at least two splits on
A, First let d(vy) = 3. Then [(v,) = 41k which forces at least one split on

A4 If in addition d(@) > 4 then ¢(Ay) < ¢(3,3,3,4,5) = == and so add ¢(A)

to ¢(A,) while if d(@) = 3 then add c¢(A) + 0(34) < 35 to ¢(A)), see Figure
4.81(i). Note that in this case A4 plays the role of A in Figure 4.68(ii) and that

1(54) = 23k which forces a split on A/, so ¢(A}) < ¢(3,3,3,3,3,3,5) = =T Now

30
let d(v4) > 4. Then either [(v4) forces at least one split on A4 and we add ¢(A) to

0(34) < =25 or I(vy) forces no splits , see Figure 4.81(ii): in this case if d(?i/:4) =3

then [ (54) = 332 which yields with other labelling the exception case I3 = 3l so
this is a contradiction and we let d(§4) > 4. Then A, is A in Figure 4.83(vii) and
the sum of curvature is < 5. Add 27 of the sum to ¢(A}) < ¢(3,3,3,3,3,4) = X
and distribute the remaining ?,’—g as in Figure 4.83 | see Figure 4.81(ii).

Now let I(v3) = 13242. Then either d(vy) > 6 or I(v;) = 31422. In the former
case a similar argument to the above works here as [(v3) forces at least 2 splits
on Aj. In the latter case I(vy) forces at least two splits on Aj and by similar
argument we send 2% to c(Ay) or to ¢(A) and ¢(As) if needed and add Z to
0(34) or to ¢(A]) and C(E4) if needed, see Figures 4.81(iii)-(iv).

Now let d(v3) > 6. Then d(vy) = 5 and applying the same above argument we

SIS
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send ¢(A) < 2% to ¢(A,), see Figures 4.81(v)-(vi).

We note here once all the curvature distribution has been completed that 34 in
Figures 4.81(iii)-(iv) might receive positive curvature from Ay if d(v4) > 5 and A,
plays the role of A in Figures 4.81(iv) or (vi)in which case either the edge (4, 3)
splits in Ay or d(§4) > 4 and so ¢(Ay) < ¢(3,4,5,5) = 35 Then the curvature

~

sum added to c¢(Ay) is $le(A) + ¢(A))] < 5 and we add c(&) + 5 =3 to
c(A}) < ¢(3,3,3,3,3,5) = ==, We note further that As in Figure 4.81(iv) may
play the role of A in Figure 4.81(iii)-(iv) when d(v2) > 5 and either the edge

(2,3) splits in Ay or d(%) > 4 s0 ¢(Ay) < ¢(3,4,5,5) = 35 and the curvature
sum added to c(ﬁg) is [c(A) + 0(33)] < 47 and we add c(&) T

30
c(A}) < ¢(3,3,3,3,3,5) = ==

T i g
4 5 §T 4 B ?T 4 3 37 ji‘,/
4 ik L4 12 L4 \ 117 3
—1 2 2n 2z ) 2z ‘
1 f A B vy |30 A 30|
R 2; e 2 2
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3 3 . Vs 3 /\\/2
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Figure 4.81: l(vq) = l(v4) = 214.
A is given by Figures 4.63(iv),(vi) and (viii):
Add 1(c(A)) < & to e(A;) <¢(3,3,3,3,3,4) = =, 1 <i < 4.
A is given by Figures 4.63(v) and (vii):
Add 1(c(A)) < Z to each of ¢(Ag) < ¢(3,3,3,3,3,4) = =& and ¢(A;) <

%
c(3,3,3,3,3,4) = =
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A is a positive region with only one vertex of degree = 3:
If the labelling is not 214 then we distribute as in Figure 4.2(v) unless [(v;) €
{314,314} where we add ¢(A) < 3% to (A1), see Figure 4.82. Observe that when
d(vy) = 4 then I(v4) involves a 7-power which forces at least one split on A; and
so ¢(A1) < ¢(3,3,3,3,3,3,4) = =27 and when d(v4) > 5 then ¢(A) < 2% and
o(A)) < 2
If I(v;) = 214, i € {1,2,4} then the distribution is given in Figure 4.83 (in

3 4 A 3

:‘ ol
N
=
~

]
(8]

=

Figure 4.82: I(vq) € {314, 314}.

which A is given up to anti-clockwise rotation). First assume I(v,) = 214.
If d(vo) = 4 then I(vo) € {321{1,2,k},324{1,2,3,4,k},324{1,2,3,4,k}}. If
[(v2) does not involve a 7-power then it forces at least two splits either on

A, or on Ay and we add c(A) < 3 to 0(32) < ¢(3,3,3,3,3,4) = =X or to

c(As) < ¢(3,3,3,3,4,4) = =197 see Figures 4.83(i)-(ii). If I(vy) involves a 7-

30
power then it forces at least one split on each of Ay and Asz. If in addition

d(vs) = 4 and [(v3) forces at least one split on A; then we add c(A) < 3 to

o(As) < ¢(3,3,3,3,4,4) = —o~ , see Figure 4.83(ii); otherwise I(v3) € S; =
{233{4,4},2311, 3323, 333{1, 2}, 3313, 133{4,4},1322} each forces at least two

splits on A4 and we add c(A) < 3 to c(Ay) < ¢(3,3,3,3,4,4) = 0%, see

Figure 4.83(iv). If d(vs) > 5 then add ¢(A) < 2% to ¢(As) < ¢(3,3,3,4,5) = 27,
If d(vy) > 5 then ¢(A) < 2 and d(vs) = d(v4) = 4. If in addition I(vs) forces at

least one split on A then add c(A) to 0(33) <¢(3,3,3,4,5) = _3—%”, see Figures

4.83(v) otherwise [(vs) € S; and add ¢(A) to 0(84) < ¢(3,3,3,3,4,4) = =2¢

30
see Figure 4.83(vi). Note that when d(vy) > 5 then A may receive extra 2= from

32 and [(vy) in this case forces at least 2 splits on 32 and we add the sum g‘—g

to 0(83) < ¢(3,3,3,3,3,3,5) = =% when [(v3) forces at least one split on As
as in Figure 4.83(vi) or we add 2= to c(A3) < ¢(3,3,3,3,3,5) = =T and Z to

~ 30
c(Ay) <¢(3,3,3,3,3,4) = 2 otherwise, Figure 4.83(vii).
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Next assume [(vy) = 124. Then a similar argument to the above works here with

I '
o) (i) f (iii) "~ (iv) .

»

! ! T
™) }\ i) (vii) 30
Figure 4.83: I(v;) =214, i € {1,2,4} .

d(vs) = 4 which implies I(v3) € {1313,132{1,2,k},133{2, 3,4, k}}. If I(v3) does
not involve a 7-power then we add ¢(A) < 3% to c(As) < ¢(3,3,3,3,3,4) = = or

to 0(84) < ¢(3,3,3,3,4,4) = ==. If I(v2) involves a 7-power then we distribute

to ¢(Ay) < ¢(3,3,3,3,4,4) = 2% when d(vy) = 4 and I(v4) forces at least one
split on 34; or we add ¢(A) < g—g to c(ﬁl) <¢(3,3,3,3,4,4) = _318“ when [(vy) €

Sy = {4414,4424,444{1,2},2411, 14443, 3},244{3,3}} (each forces at least two
splits on Ay); or d(v4) > 5 and we add ¢(A) < 2 to o(As) < ¢(3,3,3,4,5) = 2
Now let d(vs) > 5. Then this forces ¢(A) < 2 and d(vy) = d(vq) = 4. If I(vy)
forces at least one split on A, then add c(A) to 0(34) < ¢(3,3,3,4,5) = 5xX
otherwise [(v4) € S and add ¢(A) < 2% to c(A)) < ¢(3,3,3,3,4,4) = ==

Next let I(v4) = 142. Then again a similar argument to the above works here with
d(vy) = 4 which implies I(v;) € {312{1,2,k},314{1,2,3,4,k},314{1,2,3,4,k}}.
If {(v;) does not involve a T-power then we add c¢(A) < 2 to ¢(A;) <

30

(3,3,3,3,3,4) = 2% or to 0(34) < ¢(3,3,3,3,4,4) = =%, If I(vy) involves

a T-power and d(v,) = 4 such that I(vs) forces at least one split on A, then

add c¢(A) to c(ﬁl) < ¢(3,3,3,3,4,4) = =0, otherwise either I(vy) € S3 =

{1214,1242, 3211, 3243,324 3,321 1, 3243, 3243} each forces at least two splits on
Az and we add ¢(A) < 2 to c(A3) < ¢(3,3,3,3,4,4) = %5 or d(vz) > 5 and
we add ¢(A) < 2% to 0(32) < ¢(3,3,3,4,5) = 5%, Now let d(vy) > 5. Then this

forces ¢(A) < 2% and d(vy) = d(vs) = 4. If I(vy) forces at least one split on A,
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¢(3,3,3,4,5) = 5. Otherwise I(vy) € S3

) <
<¢(3,3,3,3,4,4) = =Lr,

then we add ¢(A) < 2% to c(ﬁ
and we add ¢(A) < gg to c(As)

This completes the cases when d(u;) =2, 1 <1i < 4.

A is given by Figures 4.64(i):
In Figure 4.64(i) add 2% of ¢(A) < 8 to 0(84) < ¢(3,3,3,3,3,3) = =~ and
we add the remainder to c(Ay) or ¢(As) as follows. If d(¥,) = 3 then [(¥,) €

23{1,2,4, k} each forces at least one split on Ay and ¢(A3) < ¢(3,3,3,3,3,3,3) =

—* and add ¢(A) to c(ﬁg) ; if d(ve) > 4 and forces at least one split on 0(32)

then add ¢(A) < 3 to c(Ay) < ¢(3,3,3,3,3,4) = =2 while if it does not force

30

any split on 6(32) then again add c(A) to c(ﬁg) <c¢(3,3,3,3,3,4) = *3_50”_

A is given by Figures 4.64(ii)-(vi):
Then ¢(Ay) < ¢(3,3,3,3,3,3,3) = =% and we add ¢(A) < 2 to ¢(Ay). Note

30
that in Figures 4.64(v)-(vi) A may receives extra 2= from A, 1f Ag plays the role

of A in Figure 4.67(iii) but this forces d(v2) =5 and 2 splits on Ay in Figures
4.64(v)-(vi) and we add the extra 2= to As.

A is given by Figures 4.64(vii):
First let d(vs) = 4. Then I(v3) € 133{2,3,4,4,k}. If [(v3) € 133{2,4,4,k} then
this forces at least one split on A, and so 0(34) <¢(3,3,3,3,3,4) = ’5“. Add

c(A) < gg to ¢(A,), see Figure 4.84(i). If I(vs) = 1333 then this forces two

splits on Ay and so ¢(As) < ¢(3,3,3,3,3,4) = 2r. Add ¢(A) < 2 to o(As),

see Figure 4.84(ii). Now let d(v3) = 5. Then ¢(A) < 2. If I(v3) forces at least

one split on A, then add ¢(A) to ¢(Ay) < =T see Flgure 4.84(iii); or if I(v3)

forces two splits on Az then add c¢(A) to 0(83) < =2, see Figure 4.84(iv). If

I(v3) forces only one split on Ay then I(v3) and I (53) involve T-powers and either
d(¥2) > 4 so we add ¢(A) to ¢(As) < ¢(3,3,3,4,5) = 2r | see Figure 4.84(v);
or d(ve) = 3. If d(vy) = 3 then either this forces at least one split on Az and we
add ¢(A) to ¢(As) < ¢(3,3,3,3,3,5) = =37 see Figure 4.84(vi); or I(¥,) forces

30
at least two split on Ay and we add ¢(A) to ¢(Aq) < ¢(3,3,3,3,3,3,3) = ’égﬂ,

see Figure 4.84(vii). Now assume [(v3) does not force any splits on As. Then
I(v3) € {1333{4,4},13312} in which case checking possible labellings shows that
cither there is a further split on Ay or d(@) > 4 and add ¢(A) to ¢(Ay) <
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c(3,3,3,4,5) = _3—?, see Figure 4.84(viii).

3 T 3 1 3 2T
T 3 T !
® (i) (i)

K | K/ 3 | k / K | k

174 4 14 4 14
2n 2z
A 30 A 30 A
2n
0 - 3 J 21 3 J 2|7
1 = " = e
T v 7 I v 2 I v 2
(iv) V3
) (vi)

X | k T | K/ N | K/
1 12 1 174 4[4 1[4
2 2n 2n
A 30 L é730 A é730 A

A A
3 2|7 Va4 3|3 -~ V42 13 217
1 1 £ /T 4 &, /|1 4

(i) (v
Figure 4.84: d(u;) > 3.

A is given by Figures 4.64(viii):
A similar argument to above works here. If d(vs) = 4 then this implies
I(v3) = 1313 which forces two splits on both of ¢(A3) and ¢(A,). Add ¢(A) < z

to ¢(Ay) < ¢(3,3,3,3,3,3,4) = 3 as in Figure 4.84(i). Also d(vs) = 5 ei-

ther forces at least one splits on 0(84); or two splits on c(ﬁg); or one split on
¢(As), or I(vsy) € {13124, 13142} each forces at least two splits on A}. In the
first case and we add c¢(A) < 25 to o(Ay) < (3,3, 3A,3,3, 5) = =2 as in Figure
4.84(iii). In the second case we add ¢(A) < 2% to ¢(As) < ¢(3,3,3,3,3,5) = ¢

as in Figure 4.84(iv). Note that in this case A may receives extra g—g from

Ay if Ay plays the role of A in Figure 4.67(iv) and we add the sum < = to

0(34) < ¢(3,3,3,3,3,5) = =, In the third case either d(v,) > 4 and we add
¢(A) < & to c(A3) < ¢(3,3,3,4,5) = 2% as in Figure 4.84(v); or d(v2) = 3.

If d(¥,) = 3 then either it forces a split on As and we add c(A) < Z to
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o(As) < 0(3 3,3,3,3,5) = == as in Figure 4.84(vi); or d(v,) = 3 and it forces two
splits on A, and we add C(A) < %—g to C(Az) <¢(3,3,3,3,3,3,3) = ’?{8” as in Fig-
ure 4.84(vii). In the forth case, that is I(v3) € {13124, 13142}, see Figure 4. 84(ix),
if d(§4) > 4 then we add c¢(A) to ¢(Ay) < ¢(3,3,3,4,5) = —x: While if d( 1) =3
then A4 plays the role of A in Figures 4.67(vi) or 4.67(viii) and this forces further
two splits on A} and we add ¢(A) to ¢(A}) < ¢(3,3,3,3,3,3,3,5) = = and we

T30
distribute ¢(A,) as in Figures 4.67(vi) or 4.67(viii).

A is given by Figures 4.64(ix):
A similar argument to the argument used in Figure 4.64(i) to distribute the re-

maining 3% to A, and A; can be applied here to distribute c(A) to ¢(A;) and
c(Asg).

A is given by Figures 4.65(i)-(ii):

A similar argument to the one use in Figure 4.64(i)-(ii) where we send 2% to
o(As) < c(3 3,3,3,3,3,3) = =0=. In Figures 4.65(i) we add the remaining 3” to
¢(Ay) < == when d(¥,) > 4 or When 1(¥4) € 41{1, 3, k} which forces at least one

split on C(A4) while we add the remaining 2% to c(A ) <¢(3,3,3,3,3,3,3) = 3¢

when d(v;) = 3 and [(v4) = 414 which forces at least two splits on c¢(A).

A is given by Figure 4.65(iii):
We add ¢(A) < 2% to c(A3) < ¢(3,3,3,3,3,4) = ==,

A is given by Figure 4.65(iv):
Add ¢(A) < 3% to ¢(Ag) < ¢(3,3,3,3,3,3,3,3) = =201,
A is given by Figure 4.65(v):
First let d(vs) = 4. Then I(vs) € 332{1,3,4,4,k}. If I(vy) € 332{1,4, 7k}
then this forces at least one split on Ay and we add ¢(A) < % to o(A3) <
¢(3,3,3,3,3 4) =, see Figure 4.85(i); if I(v3) = 3323 then this forces at least
two splits on A4 and we add ¢(A) to ¢(Ay) < ¢(3,3,3,3,3,4) = ==,
4.85(ii). Now let d(vs) = 5. Then ¢(A) < 25, If I(v3) forces at least one split on
As then again add c¢(A) to ¢(A3) < 0(3,3,3,3,3, 5) = 2, see Figure 4.85(iii).
Suppose otherwise. If I(vs) forces at least two splits on A, then add ¢(A) to

o(Ay) < ¢(3,3,3,3,3,5) = ==, see Figure 4.85(iv); if not but I(vs) forces only

see Figure
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one split on Ay then add ¢(A) to ¢(A4) < ¢(3,3,3,3,3,5) = == when d(vy) = 3

with I(¥,) € 41{1,3,k}; or to ¢(A4) < ¢(3,3,3,4,5) = =27 when d(¥,) > 4; or
add ¢(A) to ¢(A)) < ¢(3,3,3,3,3,3,3) = 2 when d(¥,) = 3 with I(v,) = 414

which forces at least two splits on Ay, see Figures 4.85(v)-(vii). Now assume [(vs)
does not force any splits on A,. Then I(vs) € 332{T1,12,43,43} cach forces at
least two splits on A, see Figure 4.85(viii)-(ix). If {(¥,) forces two splits on A4 or
two splits on A; then add c(A) to 0(34) or c(&l) as appropriate. Otherwise add
¢(A) to ¢(A4) and distribute the sum as follows. If d(¥4) = 3 and it forces only
one split on Ay then [(¥,) = 4Tk, see Figure 4.85(viii), and either d(@) >4 and
we add ¢(A) to 0(84) < ¢(3,3,3,4,5) = 5% or l(§4) involves a T-power, in which
case Ay plays the role of A in Figures 4.68(i)-(iii), and forces at least one split on
A and ¢(A)+c(Ay) < a& and ¢(A)) < ¢(3,3,3,3,3,3,3) = 3. Add the sum to
¢(A}). Now let d(¥,) > 4. If [(¥4) forces one split on A, then we add ¢(A) < 2 to

2 3
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Figure 4.85: d(ug) > 3.
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o(Ay) < 0(3 3,3,4,5) = 5 as in Flgure 4.85(viii); while if it does not force any
splits on A, then C(A4) § 0(3, 3,4,5) = & when d(v4) = 3 and we distribute the
sum c(A) +c(ﬁ4) < 9% as in Figure 4. 62( )-(viii) in which A plays the role of Ay
or ¢(Ay) < ¢(3,4,4,5) = 2% when d(v4) > 4 and ¢(A)) < ¢(3,3,3,3,3,4) = 2
and we distribute the sum C(A) +c(Ay) < 2% as in Figure 4.83(vi)-(vii) in which

A plays the role of A,

A is given by Figures 4.65(vi)-(viii):
Add ¢(A) < Z to ¢(As) < ¢(3,3,3,3,3,3,3) = —o%. Note that in Figure 4.65(vii)
A may receive extra —” when d(v4) = 5 and Al plays the role of A in Figure
4.68(i) and we add the extra 5 to C(AQ) < ¢(3,3,3,3,3,5) = £ as this forces 2

splits on A2.

A is given by Figure 4.66(i):
Add ¢(A) < W7 16 ¢(A,) < ¢(3,3,3,3,3,3,3) = =101,

A is given by Figure 4.66(ii):
Let d(vy) = 4. Then this forces I(v;) € 312{1, k} which forces at least one split
on A, and we add c(A) < 2T to c(Az) < ¢(3,3,3,3,3,4) = =22 see Figure

30 = 30 7
4.86(i). Moreover letting d(vi) = 5 implies ¢(A) < 25 If I(vy) forces at least
one split on A, then add ¢(A) < = to o(Ay) < ¢(3,3,3,3,3,5) = =5, see

Figure 4.86(ii). Suppose otherwise. If I(v;) forces at least two splits on A,

then add c(A) to 0(31) < c(3 3,3,3,3,5) = =*. Note that in this case A

may receive extra 25 from A, if A, plays the role of A in Figure 4. 68(ii) and

the sum ¢ is sent to (A1), see Figure 4.86(iii); if I(vy) forces only one split

on A; then add c(A) to o(Ay) < ¢(3,3,3,4,5) = 2% when d(v4) > 4 or when
d(¥y) = 3 with 1(vy) = 41{1,4, k}, see Figures 4.86(iv)-(v); and add c(A) to
c(Ay) < ¢(3,3,3,3,3,3,3) = =7 when d(¥,) = 3 with I(%,) = 41{3,3} which

forces at least 2 splits on 34, see Figure 4.86(vi); Now assume [(v;) dose not

force any splits on A;. Then I(v;) € {31213,31232} each forces at least two
splits on A}, Add ¢(A) to ¢(Ay) < ¢(3,3,3,4 5) % when d(vz) > 4 or add
c(A) + (D) < 3 1o ¢(A}) < ¢(3,3,3,3,3,5) = When d(vz) = 3, see Figure
4.86(vii). Note that when d(v2) = 3 A; plays the role of A in Figure 4.68(ii) or
Figure 4.68(vi).
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Figure 4.86: d(u3) > 3.

A is given by Figures 4.66(iii)-(iv), Figures 4.66(vi)-(viii):
Add ¢(A) to 0(34) < ¢(3,3,3,3,3,3,3) = =*. Note that in Figure 4.66(vi) A
may receive extra 25 form Ag which plays the role of A in Figure 4. 66(X11) but
this forces d(vy) > 5 in Figure 4.66(vi) and we distribute the extra 2= to A; which
would be forced to have 2 splits.

A is given by Figure 4.66(v):

A similar argument to the one used in Figure 4.86 with d(v,) = 4 forces I(v) €
314{1,2,3,4, k} which all, except {(v;) = 3144, forces at least one split on A, and
we add ¢(A) < 35 to (D) < ¢(3,3,3,3,3,4) = = as in Figure 4.86(ii). When
I(v1) = 3144 then this forces at least two splits on A; and we add c¢(A) < s
to 0(31) < ¢(3,3,3,3,3,4) = _3—?, see in Figure 4.87(i). Moreover d(vy) = 5
forces ¢(A) < 25 and either it forces at least one split on Ay so we add c(A) to

o(Ay) < ¢(3,3, 3 3,3,5) = =3" as in Figure 4.86(iii): or it forces two splits on A,
so we add ¢(A) to on (A, ) < ¢(3,3,3,3,3,5) = F as in Figure 4.86(ii). Note
that in this case A can receive extra 5o from Ag 1f Ay plays the role of A in
4.66(xii) and we add the sum < 3% to C(Ag) or it forces exactly one spht on A
and as in Figures 4.86(iii)-(vi) we add c¢(A) to ¢(A;) < ¢(3,3,3,4,5) = =Z or to
o(Ay) <¢(3,3,3,3,3,3,3) = —0%; or I(vy) € 314{11,43} cach forces at least two

splits on A} and we add ¢(A) to ¢(Ay) < ¢(3,3,3,4,5) = 2= when d(@) >4
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or add ¢(A) 4 ¢(Ay) < 3 to C(A’) ¢(3,3,3,3,3,5) = 2% when d(v,) = 3, see
Figure 4.87(ii). Note that when d(VQ) = 3 (that is only p0551b1e if [(vy) =31411)
then A, plays the role of A in Figure 4.66(xii).

@) (ii)
Figure 4.87: d(u3) > 3.

A is given by Figure 4.66(ix):
A similar argument to the one used in Figure 4.59(vi) can be used here and we add
¢(A) < Fto o(Ay) < ¢(3,3,3,3,3,3,3) = =~ when d(vy) = 3 or when d(vy) = 4
with at least one split on Ay; and we add C(A) to c(Ay) < ¢(3,3,3,3,3,4) = 3=

otherwise.

A is given by Figure 4.66(x):

Add ¢(A) < 3% to ¢(A)) < ¢(3,3,3,3,3,3,3,3) = —201,
A is given by Figure 4.66(xi):

Add ¢(A) < 3% to ¢(Ay) < ¢(3,3,3,3,3,3,4) = =1
A is given by Figure 4.66(xii):

First let d(v4) = 4. Then I(v4) = 1414 which forces at least 2 splits on each

of Ay and A, and we add c(A) < 3 to 0(34) < ¢(3,3,3,3,3,3,4) = =

30
see Figure 4.88(i). Now let d(v4) = 5 then ¢(A) < 25 If I(vy) forces at least
one split on Ay and we add ¢(A) to ¢(Ay) < ¢(3,3,3,3,3,5) = = see Figure

4.88(ii). Suppose otherwise. If I(v4) forces at least two splits on A; then add

c(A) to ¢(Ay) < 0(3 3,3,3,3,56) = 5. In this case note that A may receive

extra 35 from Ayif Ay plays the role of A in Figure 4.66(v) and we add the sum
< to ¢(Ay), see Figure 4.88(iii). If I(v4) forces only one split on A; then add

c(A) to c(ﬁl) < ¢(3,3,3,4,5) = 22° when d(v;) > 4 or when d(v;) = 3 with
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I(¥,) € 31{1,2,4, k} which forces at least one split on Ay, see Figure 4.88(iv)-(v):
or add ¢(A) to ¢(Ay) < ¢(3,3,3,3,3,3,3) = ~9% when d(¥,) = 3 with [(¥,) = 313
which forces at least 2 splits on Ay, see Figure 4.88(vi). If I(v4) dose not force
any splits on A; then I(v4) € 1412{3,3} each forces at least two splits on A,
see Figure 4.88(vii). Similarly to above argument if d(v}) > 4 then add ¢(A) to
o(Ay) < ¢(3,3,3,4,5) = 2%, while if d(v}) = 3 then there are two cases. We
add the sum c(A) + 0(84) < 37 to ¢(A]) < ¢(3,3,3,3,3,5) = F* in which case
d(v}) = 3 and A, plays the role of A in Figure 4.66(v) while we add 2 to each

of ¢c(A}) < ¢(3,3,3,3,3,5) = 2= and A, in which case d(v)) = 3 and A4 plays

the role of A in Figure 4.66(vi).
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Figure 4.88: d(u3) > 3.

A is given by Figure 4.66(xiii):
We use similar distribution as in Figure 4.88. Letting d(v4) = 4 forces [(v4) €
241{1,2,k} and we add ¢(A) < 2% to ¢(Ay) < ¢(3,3,3,3,3,4) = =% when
I(v4) € 24T{2, k} which forces at least one split on A, as in Figure 4.88(i); and
add ¢(A) to c(ﬁl) < ¢(3,3,3,3,3,4) = = otherwise as the labelling would force
at least two splits on Ay, see Figure 4.89(i). Now let d(v,) = 5. Then if [(v,) forces
at least one split on Ay we add ¢(A) to ¢(Ay) < == as in Figure 4.88(ii). Suppose
—8n

otherwise. If I(vy) forces two splits on A; then we add ¢(A) to c¢(A) < =~ asin
Figure 4.88(iii); while if {(v4) forces one split on A; then we add ¢(A) to ¢(A;) or
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¢(A) as in Figures 4.88(iv)-(vi). Note that d(,) = 3 implies I(¥,) € 31{1,2,4, k}
each forces at least one split on A. If [ (v4) does not force any splits on A4 nor
on A; then I(vy) € 241{23,23,31,31} each forces at least two splits on A/, see
Figure 4.89(ii). If d(v}) > 4 then add c¢(A) to ¢(Ay) < ¢(3,3,3,4,5) = ==
while if d(v}) = 3 (which only occur when I(v4) = 24123) we add the sum
¢(A) + ¢(Ay) < 3 to ¢(A)) < ¢(3,3,3,3,3,5) = = where A, plays the role of

30
A in Figure 4.68(iii).
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Figure 4.89: d(usz) > 3.

A is given by Figure 4.66(xiv):
Again we use the same distribution as above. Letting d(v,) = 4 forces l(v4) €
441{2,3,3,4,k} and we add ¢(A) < 2% to c(Ay) < ¢(3,3,3,3,3,4) = == when
I(vs) = 44T4 as this forces 2 splits on A; as in Figure 4.89(i); or add it to
0(34) < ¢(3,3,3,3,3,4) = ¢ otherwise as in Figure 4.88(i) since the labelling
forces at least one split on Ay. Also d(vy) = 5 forces ¢(A) < 2 and we add ¢(A)
to c(Ay) < ¢(3,3,3,3,3,4) = = if I(vy) forces at least one split on Ay as in
Figure 4.88(ii). Suppose otherwise. If [(v4) forces two splits on A then we add
c(A) to ¢(Ay) < ¢(3,3,3,3,3,4) = = as in Figure 4.88(iii); while if I(vy) forces
one split on A; then we add ¢(A) to ¢(A;) or ¢(Ay) as in Figure 4.88(iv)-(vi).
Note that d(v;) = 3 implies (V) = 31{1,2,4,3,k}. If I(v4) does not force any
splits on A; then I(v4) € 441{21,22, 34,34} which forces at least two splits on
Al each, see Figure 4.89(iii). Checking shows that d(v/;) > 4 and we add ¢(A) to

c(Ay) < ¢(3,3,3,4,5) = 2=

A is given by Figure 4.67(i):

c(A) < 13?—5. Add g—g to 0(31) < ¢(3,3,3,3,3,3,3) = _ég’f and add the re-

maining to 0(32) or 0(83) as follows. If d(Vy) = 3 then [(Vy) = 23k” which
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in turn forces at least one more split on Ag and we add the remaining 3“ to
o(Ay) < ¢(3,3,3,3,3,3,3) = 0%, If d(v3) = 4 and forces at least one split on
As then we add the remaining 3% to c(A3) < ¢(3,3,3,3,3,4) = . Otherwise

add the remaining 2% to C(Ag) < 0(3 3,3,3,3,4) = 2~

A is given by Figure 4.67(ii):

c(A) < HF.Add 35 to C(Ag) < ¢(3,3,3,3,3,3,3) = 5% and add the remaining
% to C(Ag) or c(Al) as follows. If d(V;) = 3 then this implies {(v;) € 31{1,k"}
which in turn forces at least one more split on 32 and we add the remaining g—g
to c(ﬁg) <¢(3,3,3,3,3,3,3) = 5= If d(v;) = 4 such that (v;) forces a split on
A, then we add the remaining 5§ s to C(Al) <¢(3,3,3,3,3,4) = _5”. Otherwise,
that is d(vy) = 4 and I(v;) forces a split on A, or d(¥;) > 5, we add the remaining

5 to ¢(Ag) < ¢(3,3,3,3,3,4) = 21

A is given by Figure 4.67(iii):
A similar argument as the one used in Figure 4.86 is applied here. letting d(v,) =
4 implies I(v;) € 214{T,2, k} each forces at least one split on A; and we add
c(A) < 2 to o(A1) < ¢(3,3,3,3,3,4) = =2 or two splits on Ay and we add

30 7

c(A) to ¢(As) < ¢(3,3,3,3,3,4) = =, see Figure 4.90(i). Moreover letting

d(vi) = 5 implies ¢(A) < 2= and either there is at least one split on A, and

again we add ¢(A) to ¢(Ay) < ¢(3,3,3,3,3,5) = = or two splits on A, and we

add ¢(A) to ¢(As) < ¢(3,3,3,3,3,5) = % as in Figure 4.90(i); or [(vy) forces
no splits on A, and exactly one split on A, and we distribute ¢(A) as shown
in Figures 4.90(ii)-(iv); or I(v;) € 214{14,24,41} each forces at least two splits
on Af, see Figure 4.90(v). In the last case if d(@) > 4 then we add ¢(A) to
o(Ay) < ¢(3,3,3,4,5) = = while if d(/A\h) — 3 then A, plays the role of A
in Figures 4.64(v)-(vi) and we add 2% to ¢(A}) < ¢(3,3,3,3,3,5) = =~ and

30
¢(A1) < 25 as in Figures 4.64(v)-(vi).

A is given by Figures 4.67(iv):
As above letting d(vy) = 4 implies I(v,) € 314{1,2,3,4,k} each forces either at
least one split on A; and we add ¢(A) < 2 to o(Ay) < ¢(3,3,3,3, 3 4) = 3=,
or two splits on A and we add c(A) to C(Ag) <¢(3,3,3,3,3,4) = =X as Figure
4.90(i). Moreover letting d(vy) = 5 implies ¢(A) < 25 and either there is at least

one split on A; and again we add ¢(A) to c(ﬁl) < ¢(3,3,3,3,3,5) = *3_%”; or
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Figure 4.90: d(uy) > 3.

two splits on Ay and we add c(A) to 0(32) < ¢(3,3,3,3,3,5) = 2 as in Figure
4.90(i); or I(vy) forces no splits on A; and exactly one split on Ay and we dis-
tribute ¢(A) as shown in Figures 4.90(ii)-(iv); or I(vy) € 314{12,21,22, 43} each
forces at least two splits on A, see Figure 4.90(vi). In the last case if d(%l) >4
then we add ¢(A) to (A1) < ¢(3,3,3,4,5) = = while if d(@l) = 3 (can only
occur when [(v;) = 314271 ) then A, plays the role of A in Figure 4.64(viii) and

we add the sum c¢(A) + c(ﬁl) < 3% to ¢(A)) <¢(3,3,3,3,3,5) = .

A is given by Figures 4.67(v)-(viii):
Add ¢(A) < 2 to o(Ay) < ¢(3,3,3,3,3,3,3) = :;—g”. Note that in Figures
4.67(vi) and 4.67(viii) A may receive extra 2% from A; but that forces d(vy) > 5

and [(vy) forces splits on A, and we add the extra é—’or to 0(34) <¢(3,3,3,3,3,5) =

—8m
30 °

A is given by Figure 4.68(i):
First let d(vo) = 4. Then I(vy) € 324{1,2,3,4, k} each forces either at least one
split on A; and we add c(A) < g—g to 0(33) <¢(3,3,3,3,3,4) = _3—%”; or two splits
on A, and we add c¢(A) to 0(32) < ¢(3,3,3,3,3,4) = =X, see Figure 4.91(i).
Now let d(vy) = 5. Then ¢(A) < 25, If I(v,) forces at least one split on A or
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two splits on Ay then again add c¢(A) to ¢(As) < ¢(3,3,3,3,3,5) = = or to
o(As) < ¢(3,3,3,3,3,5) = 2 as in Figure 4.91(i). Note that when d(vy) = 5
and [(v,) forces at least one split on Ay then A may receive extra 2% from A, if
A, plays the role of A in Figure 4.65(vii) and this forces further Spht on Az and
we add the sum < 4% to C(Ag) < ¢(3,3,3,3,3,3,5) = =5o=. This last argument
applies to the next 2 Figures 4.68(ii)-(iii).
Suppose otherwise. If [(vy) forces exactly one split on A; then we add c(A) to
A, or A; as shown in Figures 4.91(ii)-(iv). If I(v3) forces no splits on As then
I(vo) € 324{22, 43} each forces at least two splits on A}, see Figure 4.91(v). In
the last case if d(v3) > 4 then we add ¢(A) to C(Ag) < c(3 3,3,4,5) = 2%; while
if d(%) = 3 (can only occur when [(v,) = 32443 ) then Ay plays the role of
A in Figure 4.65(vii) and we add 25 to ¢(Af) < ¢(3,3,3,3,3,5) = == and we
distribute ¢(A) as in Figure 4.65(vii).
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Figure 4.91: d(uy) > 3.

A is given by Figure 4.68(ii):
As above letting d(ve) = 4 implies I(v;) € 321{1,2, k} each forces either at least
one split on Az and we add ¢(A) < gg to ¢(As) < ¢(3,3,3,3, 3 4) = 2% or
two splits on Ay and we add ¢(A) to ¢(As) < ¢(3,3,3,3,3,4) = =57 as in Figure

4.91(i). Moreover letting d(vy) = 5 implies ¢(A) < 2% and elther l( o) forces at
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least one split on Ay or two splits on A, and again as in Figure 4.91(i) we add

c(A) to c(Ag) < ¢(3,3,3,3,3,5) = =T or to ¢(Ag) < ¢(3,3,3,3,3,5) = oI

Note that when I(vg) forces two splits on A, then A may receive extra 2
from Ay if Ag plays the role of A in Figure 4.66(vii) and we add the sum
< £ to o(Ay) < ¢(3,3,3,3,3,5) = X, If I(vs) forces exactly one split on
Aj then we add ¢(A) to Ay or Ay as shown in Figures 4.91(ii)-(iv); otherwise
I(vy) € 321{23,31, 32} each forces at least two splits on A}, see Figure 4.91(vi).
In the last case if d(§3) > 4 then we add ¢(A) to ¢(As) < ¢(3,3,3,4,5) = =,
while if d(¥s) = 3 (can only occur when [(vs) = 3213{T,2} ) then A; plays
the role of A in Figure 4.66(ii) and we add the sum c(A) + c(ﬁg) < T to

30
c(A}) < ¢(3,3,3,3,3,5) = =2z

A is given by Figure 4.68(iii):
As above letting d(vy) = 4 implies I(vq) € 324{1,2,3,4,k} each forces either at
least one split on Az and we add c(A) < 2 to o(As) < ¢(3,3,3,3, 3 4) 2=,
two splits on Ay and we add ¢(A) to C(Ag) <¢(3,3,3,3,3,4) = =X as in Figure
4.91(i). Moreover letting d(vy) = 5 implies ¢(A) < 2% and elther l( o) forces at
least one split on A or two splits on A, and again as in Figure 4.91(i) we add
c(A) to c(Ag) < ¢(3,3,3,3,3,5) = 2T or to ¢(As) < ¢(3,3,3,3,3,5) = oI

Note that when [(vq) forces two splits on A, then A may receive extra %—0

from Ay if Ay plays the role of A in Figure 4.89(ii) and we add the sum
< 3 to o(As) < ¢(3,3,3,3,3,5) = . If I(vy) forces exactly one split on
As; then we add c¢(A) to Ay or Ay as shown in Figures 4.91(ii)-(iv); otherwise
I(vy) € 324{11,12,43} each forces at least two splits on Aj, see Figure 4.91(vii).
In the last case if d(%) > 4 then we add ¢(A) to ¢(As) < ¢(3,3,3,4,5) = 3,
while if d(/Axfg) — 3 (can only occur when I(vy) = 3241{1,2} ) then A plays
the role of A in Figure 4.66(xiii) and we add the sum c(A) + 0(83) < 3 to

(A < ¢(3,3,3,3,3,5) = =,

or

A is given by Figures 4.68(iv)-(viii):
In Figures 4.67(iv)-(ix) add ¢(A) < 2% to C(Al) < ¢(3,3,3,3,3,3,3) = ="
Note that A may receive extra 2—” from Ay if Ay plays the role of A in Figure
4.86(vii) and we add the extra § gg to C(Ag) < ¢(3,3,3,3,3,5) = =% as in this

case d(vy) = 5 and Ivy) forces 2 splits on Ay.
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A is given by Figure 4.68(ix):
Add ¢(A) < 2 to (A1) <¢(3,3,3,3,3,4) = 2,

A is given by Figures 4.68(x):

Add ¢(A) < 3% to ¢(A)) < ¢(3,3,3,3,3,4) = 21

A is given by Figures 4.68(xi):

Add ¢(A) < 3% to ¢(Ag) < ¢(3,3,3,3,3,3,3) = =Lom,

Let A € {KZ, ﬁi, ALALY 1 <@ <4 and assume that A is receiving positive
curvature from exactly one region. Then as shown in the discussion of Figures
4.59- 4.68 that c*(ﬁ) < 0. Also A never receives curvature across a split edge or
across more than three edges. Now assume that A s receiving positive curvature
from two or more neighbouring regions. If 214 is a vertex labelling of some (¥;)
then A may receive from 2 adjacent edges and the cases are as follows. (In what
follows checking means checking Figures 4.59- 4.90).

First let I(vq) = 214. Then checking shows that d(ﬁ) > 6. Let d(&) > T.
Then A would have 2 edges which split with at least one edge having 2 splits.

t 5—3 across each of the other two edges and so

Then either it receives at mos
c*(ﬁ) < ¢(3,3,3,3,3,3,3) + 2(2—8) = 0; or it receives up to 15—” from 2 neigh-
bouring regions but this would force at least one vertex of degree > 4 and so
c*(ﬁ) < ¢(3,3,3,3,3,3,4) + 2% = 0. An example for the former case is when
A = A, in Figure 4. 70(iv) and [(¥;) = 233, then A, may receive < 2% from As
if it is the region in Figure 4.61(i ) and it may receive § o from A. An example
for the latter case is when A = A, in Figure 4.71(v) Wthh can receives up to
7“ from each of A and 33 but this forces at least one more split on 82; another
example is A = A, in Figure 4. 73(iv) where it receives < £ from A and it may
receive at most 2% from Ay if it plays the role of A in Flgure 4.67(1).

Now let d(A) = 6. Then either A has 2 edges with one split each or one edge
with 2 splits. In the former case the only example is A= 34 in Figure 4.77(iv)
where it may receive < % from A and < 2 from A; when d(v4) = 4 which forces
one split on A, and then H(Ay) < (3, 3 3 3,4,4) + ?Or + 22 < 0. In the latter
case A receives across exactly 2 edges or across 3. If A receives across exactly 2
edges then this either forces one vertex of degree > 5 and the most received is no

more than 5% 5 in total and ¢ (A) <¢(3,3,3,3,3,5) + g—g + 2—3 = 0; or it forces one

3
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vertex of degree > 4 and one vertex of degree > 5 and it may receive < & + 3%
and so C*(ﬁzl) <¢(3,3,3,3,4,5) + :7,)’6 + Z < 0. An example of the ﬁrst case is
when A = A, in Figure 4. 80(iii) which receives < 3% from A and it can as well
receive < 3% from A, if Ay plays the role of A in Flgure 4.60(i) with d(vs) > 5;
and another example is A = A, in Figure 4.70(v) with d(¥;) > 5 which receives

< 2% from A and can receive < 3% from As. An example of the second case is

~

A = A4 in Figure 4.76(iii) Wthh receives < g—g from A and may receive < %
from A, if A plays the role of A in Figure 4.80(ii) which forces d(¥,) > 4, and
another example is A=A, in Figure 4.80(ii) which receives < 4” from A and
may receive < o from Ag if Ag plays the role of A in Figure 4. 61( ). Now let A
receives across 3 edges. Then placing the third positive region is only possible in
the last three examples immediately above but this forces the degree 5 vertex to
increase to degree > 6 and the third reglon would send at rnost 5 and so in the
first example ¢*(Ay) < ¢(3,3,3,3,3,6) + 3 +22 4+ % =0andin the other two
*(Ag) < ¢(3,3,3,3,4,6) + 4m 4 In | 31 <0

Now let [(vy) = 214. Then checking shows that d(ﬁ) > 5. Let d(ﬁ) > 7. Then
either A receives at most 2(5”) across 2 edges and c*(ﬁ) <¢(3,3,3,3,3,3,3) +

2(3T) = 0; or A receives up to B

25 across 2 edges but this would force at least one
vertex of degree > 4 and ¢ (A) § ¢(3,3,3,3,3,3,4) + 27 = 0. Examples for the
first case are when A = A, in Figure 4.63(ii), then A; may receive s from each
of A and Ay; and when A = A, in Figure 4. 72(iv) which may receive 57 from
A4 but this forces at least one more edge to split and A may send up to When
d(v4) > 5 or d(¥4) = 4 and forces a split on A. Examples for the second case are
A = A, in Figure 4. 61(iii) which may receive 3% from A and Z& from A, which
forces at least one vertex of degree > 4; and A Al in Figure 4 73( ) which may
receive 47 from A and A4 may send up to 3% if it is A in Figure 4.66(i).

Now let d(A) = 6. Then either it has one Vertex of degree > 5 and in this case it
receives at most from 2 region a sum < g—g and so c*(ﬁ) <¢(3,3,3,3,3, 5)—1—% =0;
or it has one vertex of degree > 4 and one vertex of degree > 5 and in this case
A may receive from two or three regions. An example for the former case is
when A = A, in Figure 4.70(v) which can receive at most < 2% through the
edge (4 1) only if d(v4) > 5 with < 3% from A, and another example is when

A = A, in Figure 4. 61(iii) which may receive < 3% from A and < 3% from A,
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if it forces a vertex of degree > 5. In the latter case if A receives from 2 re-

gions then it may receive up to ¥ and H(A) < ¢(3,3,3,3,4,5) + L

for example A= Al in Figure 4.77( ) which may receive from 2 regions, namely

< 0 as

7—” from A and 3—” from A7; and another example is when A = 31 in Figure
4 80(11) which may receive from 2 regions, namely < 4” from A and < 7” from
A4. If A receives from32 regions then checking shows that this is only pos&ble
in the last example and a third region (A} in Figure 4.80(iv)) can be placed such
that it send positive curvature to A = 31. In this case either A = ﬁl receives
extra < ”
4 and hence c*(ﬁl) < ¢(3,3,3,3,4,5) + 55 + &= + 2 < 0 (if A] as in Figure
4.83(i) for example); or it receives extra < 3% and this forces d(vs) > 6 which

and at least one vertex is forced to increase from degree 3 to degree

implies that A sends < 2= (if A} as in Figure 4.59(v) for example) and hence
*(A) < ¢(3,3,3,3,3,6) + 20 4 Ir 1 31

Now let d(A) = 5. Then the only example is A = A4 in Figure 4. 85(Viii) which

receives 2% o from A and may receive 2% = from A1 when d(v,) = 5 and A1 plays the

role of A in Figure 4.90(ii) and so ¢ (A) < ¢(3,3,3,5,5) + 2(35) < 0.

Finally let [(v,) = 214. Then checking shows that d(A) > 6. Let d(A) > 7.
Then either it receives a sum < 2(2%) and so *(A) < ¢(3,3,3,3,3,3,3) +2(32) =

0; or it receives a sum < g—g + ™ and this forces at least one vertex of degree > 4

30
and hence ¢*(A) < ¢(3,3,3,3,3,3,4) + 3% 4+ I < 0. An example for the former
case is A = A, in Figure 4.60(iii) Wthh can receive < 2% from each of A and
A;. Also an example for the latter case is when A = A, in Figure 4.83(i) with
I(v1) = 124 which can receive <3 5” from A and < % 7“ from Al
Now let d(A) = 6. Then elther it has at least one vertex of degree > 5
and in this case it receives from 2 or 3 regions a sum < % and so c*(ﬁ) <
c(3,3,3,3,3,5) + ?,)—g = 0; or receives from 2 regions a sum < 10” , but this forces
at least 2 vertices of degree > 4 and so ¢*(A) < ¢(3,3,3,3, 4 4) =0 In
the former case if A receives from 2 positive regions then an example for this is
when A = A in Figure 4.64(i) which can receive < 5 from A, only if it forces a
vertex of degree > 5 with < 5” from A, and another example is when A = Ag in
Figure 4.80(i) when [(v2) = 2 34 can receive < 3% from each of A and A,. Also
if A receives from 3 regions then the only example when A = Ag and d(ve) > 4
in Figure 4.80(i) in which case 3 = A; receives from A, and A in Figure 4.60(i)

at most < —” each plus < 3% from A. An example for the latter case is when
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A = A, in Figure 4.78(ii) which can receive < 2% from each of A and A, when
d(¥5) > 4 and forces one split on As.

Suppose now that 214 is not a vertex labelling in A. If A receives 1??—0” from
a neighbouring region then this forces at least 2 edges to have two splits each
and this leaves one further edge through which A receives at most 130—0” and so
c*(ﬁ) <¢(3,3,3,3,3,3,3,3) + 2(1:?—;) = 0. If A receives up to § from a neigh-
bouring region then this forces at least 1 edge to split and one edge to have two
splits and at least one vertex of degree > 4 and it receives at most from 2 regions.
So ¢*(A) < ¢(3,3,3,3,3,3,4) + 2(%) = 0. Otherwise the most A receives is < b
and this forces at least 2 splits on one edge and a vertex of degree > 4. If A
receives across two edges then this forces at least another vertex to have degree
> 4 and hence ¢*(A) < ¢(3,3,3,3,4,4) + 2(3%) = 0. If receives across exactly
3 edges then this would force the same situation as above with the third region
sends at most ?’s—g and at least one of the shared vertices increases the degree from

4to > 5 and so ¢*(A) < ¢(3,3,3,3,4,5) + 2(35) + 55 = 0.
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Let D be the tessellation of the 2-sphere presented in Chapter 1 or an amended
version of D given in Sections 2.2 and 4.2.1 and assume that we make all the
curvature distributions from each positive interior region A to its neighbouring
region A as described in Chapters 2-4. Then as shown c*(ﬁ) < 0 and Lemma 3 is
proved. Tt is now left to prove that if Ag is a boundary region then Y ¢*(Ag) < 4.
Recall that a boundary region of D is a region that contains the distinguished
vertex vg and let d(vo) = ko. As discussed in Chapter 1 to prove Y ¢*(Ag) < 47 it
is only needed to prove that ¢*(4Ag) < i—g for each boundary region. Note that the
curvature is sent from interior regions and so a boundary region can not receive

curvature cross the edges incident to vy. Note the following:

s

e in amended D the average curvature sent per edge is § as estimated in
Sections 2.2 and 4.2.1.

e in D without the amendment there are two types of distribution. First
regions that receives through a part of an edge used in Chapter 3 for some
figures in Cases II(al), II(a2) and II(a3). However in these cases if v,
coincide with an existing g-vertex then no positive curvature can be sent
cross the edges incident to vy and otherwise in these cases curvature sent
through an edge can be ignored as the net contribution is < 0 as shown
in the discussion for Figure 3.11. So we need only consider regions that

receives through a whole edge. Then checking all Cases I, II, III shows that

15m
30

except in some incidents in Case III(al) and Case III(a2) where the sum

the maximum sum added to any region is < across at most three edges

172
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of positive curvature sent to one region is < 2?” across 2 edges. However in
the former case the region must be of degree > 6 and in the latter case the
region must be of degree > 8. Moreover when the region is of degree < 5

and it receives curvature from neighbouring regions then it receives < 2(%).

First let Ay be a boundary region in amended D. Then d(Ag) > 3. Assume
that ky < 2. This implies that d(Ag) = 3 and so Ay never receives positive
curvature from neighbouring regions and:
if kg = 1 then ¢(D) = ¢*(Ap) < c(ko, 3,3,3) =27 < 4172;
if ko = 2 then ¢*(Ag) < c(ko,3,3,3) =m < i~
So assume from now on that ky > 3 and so d(Ag) > 4. First let d(Ag) = 4. Then
Ay may receive at most % from one region and this forces at least one vertex of
degree > 4 and hence:
c*(Ao) < clko,3,3,4) + 5 =2(3) <
Now let d(Ag) = 5. Then ¢(4Ay) <
from two regions and hence:

C*(Ao) < C(k)o,?),?),?), 3) -+ 2(%) = i_g — 2?” < %‘
Assume now that d(Ay) > 6. Note that the argument used in Sections 2.2 and
4.2.1 that shows that c*(ﬁ) < 0 for A interior region still holds if ny > 1 of the

g-vertices of A are changed to vq or if vy is added to A as an extra vertex. That

LY
ko
c(ko, 3,3,3,3) and Ay may receive at most

is because the curvature has been sent between two t—vertices except for some
figures in the Subsection 4.2.1 but even there the occurrence of vy has no effect
on the estimation done. Indeed the valency of g—vertices of degree > 3 is not
needed to offset the curvature that Aj receives. Therefore ¢*(Ay) < 0.

Finally let Ay be a boundary region in D without the amendment. Then A
contains at least 4 t—vertices and d(Ag) > 4. Assume kg < 2 and d(Ag) = n:

if ko =1 then ¢(D) = ¢*(Ag) < ¢(1,3,3,...,3) + T =n[2—n+2(1 + %) + ]
=712-n+2+ %+ =74 -5+ 3] < <dn =1

if ko = 2 then ¢*(Ag) = ¢(2,3,3,.....,3) + (&) = 7[2 — n +2(2) + 2]
=712-n+% 43 =n)2—-2+3] §2—%<27r:i—:.

Now assume kg > 3. Then d(Aq) > 5. If d(Ap) = 5 then again it receives < 2(%)
and:

c*(Ag) < c(ko,3,3,3,3) +2(F) < i—g.

Now let d(Ag) > 6. Then it may receive < 2?” from neighbouring regions. Let vg

coincide with n; g—vertices. Then d(Ay) =n > ny + 4 and hence:
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C*<A0) S C(k?(), k?(], 3, 3, 3) + 2%
=2-n)r+2r(B+ 25 + &
(2 —n) + 2=t g 4 g ) g 2

ko
_H+M+%+2(n_m)+§]

3
W[%—%+%]<i—g.

IA
)

|
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