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Abstract

In this thesis we consider the numerical approximation of the convection-diffusion-
reaction equation. One of the main challenges of designing a numerical method
for this problem is that boundary and interior layers typically present in the
convection-dominated case can lead to non-physical oscillations in the numerical
approximation, often referred to as Gibbs phenomena. The aim of this thesis is to
develop a numerical method that eliminates Gibbs phenomena in the numerical
approximation.

We consider a weak formulation of the partial differential equation of interest in
Lq-type Sobolev spaces, with 1< q <∞. We then apply a non-standard, non-linear
Petrov-Galerkin discretization, that is applicable to reflexive Banach spaces such
that the space itself and its dual are strictly convex. Similar to discontinuous
Petrov-Galerkin methods, this method is based on minimizing the residual in a dual
norm. By replacing the intractable dual norm by a suitable discrete dual norm gives
rise to a non-linear inexact mixed method. This generalizes the Petrov-Galerkin
framework developed in the context of discontinuous Petrov-Galerkin methods to
more general Banach spaces, paving the way for designing finite element methods
in non-standard function spaces. This, in particular, permits the selection of
a solution space in which the best approximation of the solution has desirable
properties.

For the convection-diffusion-reaction equation, we obtain a generalization of a
similar approach from the L2-setting to the Lq-setting and discuss the choices we
have made regarding the continuous and discrete test spaces and the corresponding
norms. A key advantage of considering a more general Banach space setting is
that, in certain cases, the oscillations in the numerical approximation vanish as q
tends to 1, as we will demonstrate using a few simple numerical examples.

We furthermore demonstrate that the approximations obtained with our scheme
qualitatively behave like the Lq-best approximation of the analytical solution in
the same finite element space. We use this observation to study more closely in
which cases the oscillations in the numerical approximation vanish as q tends to
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1. To this end, we investigate Gibbs phenomena in the context of the Lq-best
approximation of discontinuities in finite element spaces with 1 ≤ q <∞. Using
carefully selected examples, we show that on certain meshes the Gibbs phenomenon
can be eliminated in the limit as q tends to 1. We then use these results to design
the underlying meshes of the finite element spaces employed for our numerical
scheme for the convection-diffusion-reaction equation such that Gibbs phenomena
in the numerical approximation are eliminated.

While it is classical in the context of finite element methods to consider the
solution of the convection-diffusion-reaction equation in the Hilbert space H1

0 (Ω),
the Banach Sobolev space W 1,q

0 (Ω), 1< q <∞, has received very little attention
in this context. However, it is more general allowing for less regular solutions and,
moreover, it allows us to consider the non-linear Petrov-Galerkin method that forms
the centre of this research. In this thesis, we therefore also present a well-posedness
theory for the convection-diffusion-reaction equation in the W 1,q

0 (Ω)-W 1,q′

0 (Ω)
functional setting, 1/q+ 1/q′ = 1. The theory is based on directly establishing
the inf-sup conditions which are essential to the analysis of the non-linear Petrov-
Galerkin method. Apart from a standard assumption on the advection and reaction
coefficients, the other key assumption pertains to a subtle regularity requirement
for the standard Laplace operator.
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H−1/2(∂Ω) Space of traces of functions in H(div,Ω).

Bq′,q′,1−1/q′ Besov space.

Bq,q,−1/q Dual space of Bq′,q′,1−1/q′ .



xviii Notation

Duality Mappings

J φ
V Duality mapping on a Banach space V with weight φ.

JV Normalized duality mapping on a Banach space V , i.e., duality map-
ping with weight φ(t) = t.

RV Riesz map on a Hilbert space V . Maps each v ∈ V onto its Riesz
representer.

Jq Duality mapping on Lq (Ω) with weight φ(t) = tq−1.

J̃q Normalized duality mapping on Lq (Ω).

J
W 1,q

0
Duality mapping on W 1,q

0 (Ω) with respect to the norm |·|W 1,q(Ω) with
weight φ(t) = tq−1.

Discretisation

h Discretisation parameter: mesh or grid size.

Uh, Un, Vm Finite dimensional subspaces of U and V , respectively, where the
subscript h usually refers to the mesh size of a finite element space
and the subscripts n and m correspond to the dimension of the space
Un and Vm, respectively.

Pp Space of polynomials of degree p.

p, pn, pm Polynomial degrees. The subscripts n and m indicate polynomial
degrees corresponding to Un and Vm, respectively.

Ωh Triangulation of Ω, i.e., a subdivision of Ω into disjoint open elements
κ such that Ω = ⋃

κ∈Ωh
κ.

∂Ωh Collection of element boundaries ∂κ for all κ ∈Ωh.

H1 (Ωh) Broken analogue of H1 (Ω), i.e., space of all functions on Ωh that are
in H1 (κ) restricted to each κ ∈Ωh.

H(div,Ωh) Broken analogue of H(div,Ω).

H1/2(Ωh) Space of elementwise traces of functions in H1 (Ω).

H−1/2(Ωh) Space of elementwise traces of functions in H(div,Ω).

JuhK, {{uh}} Jump and average, respectively, across and interelement boundary.



Chapter 1

Introduction

The term Gibbs phenomenon originally refers to the effect that the partial sums of
the Fourier series approximating a function with a jump discontinuity exhibit over-
and undershoots near the discontinuity. The phenomenon is named after Willard
Gibbs who described it in 1899 [74], though it had already been discovered earlier
by Henry Wilbraham in 1848 [167]. It also occurs in the best approximation by
spline functions in the L2-metric [147] and is one of the main challenges in the
numerical approximation of partial differential equations (PDEs) whose solutions
contain sharp features such as shocks or thin layers. In [150] it is shown in one
dimension that the best approximation of jump discontinuities by polygonal lines
on a uniform grid in one dimension does not lead to Gibbs phenomenon in L1.
More precisely, it is shown that the overshoot of the best approximation in Lq,
1< q <∞, is an increasing function of q that tends to 0 as q tends to 1.

The motivation of this thesis is to exploit the Gibbs-reducing property of
Lq-type spaces in the numerical approximation of PDEs using finite element
methods (FEMs). A similar idea has already been pursued for numerical methods
in Lq by Guermond [82]. Indeed, in [82], Guermond points out that there are
only very few attempts to approximate PDEs directly in L1, despite the fact
that first-order PDEs and their non-linear generalizations have been extensively
studied in L1. The existing numerical methods to achieve this include the ones
outlined in the articles by Lavery [117–119], the re-weighted least-squares method
of Jiang [104, 105] and the methods outlined in the series of articles by Guermond
et al. [82, 83, 86, 84, 85]. In the context of approximating solutions containing
discontinuities and underresolved interior and boundary layers, the numerical
results for existing L1-methods suggest that such features can be approximated as
sharply as a given mesh permits without exhibiting spurious over- or undershoots.
This property clearly gives them an enormous advantage over traditional finite
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element methods yielding approximations in subspaces of L2(Ω). Indeed, it is
well-known that even seemingly simple examples such as the transport equation or
convection-dominated diffusion equations require extra care in the design of the
method, with the standard Galerkin finite element method being unstable, and
alternative methods often requiring so-called stabilization and/or shock-capturing
techniques [e.g., 106–108, 148].

More recently, a novel approach to designing finite element methods in a very
general Banach space setting has been introduced in [137]. This approach is
rooted in the so-called Discontinuous Petrov-Galerkin (DPG) methodology [60]
and extends the concept of optimal test norms and functions from Hilbert spaces
to more general Banach spaces yielding a scheme that can be interpreted as a non-
linear Petrov-Galerkin (NPG) method. At least in an abstract sense, this approach
outlines how to design a numerical method that leads to a quasi-best approximation
of the solution in a space of choice, provided the continuous problem is well-posed
in a suitable sense. In this thesis we apply this abstract approach to the convection-
diffusion-reaction equation in a W 1,q

0 (Ω)-W 1,q′

0 (Ω) setting, where 1/q+1/q′ = 1,
and study the effect this has on the numerical approximation of boundary layers1.
We will see that as q → 1, the Gibbs phenomenon can be eliminated entirely
on certain types of meshes. We will also consider alternative choices of meshes
for which this is not the case and consider how this can be overcome. In the
context of this investigation, two further problems arise that are studied in this
thesis: characterizing Lq (Ω)-best approximation of discontinuous functions in finite
element spaces and well-posedness of the convection-diffusion-reaction equation in
W 1,q

0 (Ω)-W 1,q′

0 (Ω).
The problem of characterizing the Lq (Ω)-best approximation of discontinuous

functions in finite element spaces naturally arises from the fact that the non-linear
Petrov-Galerkin method considered in this thesis leads to a quasi-best approxima-
tion of the solution. Indeed, we will see that in the limit as the diffusion parameter
ε approaches zero, our method yields a quasi-best approximation of the solution
in Lq (Ω); moreover, the approximation using our scheme still closely resembles
the Lq (Ω)-best approximation of the solution if 0 < ε ≪ 1. On coarse meshes,
approximating a thin layer is numerically, at least, very similar to approximating
a jump discontinuity in the analytical solution. Hence, we study the Lq (Ω)-best
approximation of discontinuous functions in finite element spaces2 using carefully
selected examples in one and two dimensions in order to understand in which

1The results related to this can also be found in the preprint [95].
2The results related to this can also be found in the preprint [94].
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cases our scheme eliminates over- and undershoots in the approximation as q → 1.
For certain meshes in two dimensions and certain non-uniform meshes in one
dimension, we show a result similar to [150] for the best approximation in Lq by
piecewise linear functions on these meshes; i.e., we show that the maximal over- or
undershoot is an increasing function of q that vanishes as q → 1. However, there
exist meshes both in one and two dimensions such that the (maximal) overshoot
tends to some value α > 0 as q → 1. Nonetheless, we demonstrate that if the
location of the discontinuity is known, a mesh can be constructed in such a way
that the overshoot vanishes. In [135], it is shown that Gibbs phenomena occur in
the best approximation of a function containing a jump discontinuity by a trigono-
metric polynomial in the L1-metric. This confirms that the choice of the finite
dimensional approximation space crucially determines whether Gibbs phenomena
can be eliminated by considering the best approximation in L1.

While it is classical to consider the convection-diffusion-reaction equation in
the Hilbert space H1

0 (Ω) in the context of finite element methods, the more
general W 1,q

0 (Ω)-W 1,q′

0 (Ω) setting, where 1 < q < ∞ and 1/q+ 1/q′ = 1, has so
far received little attention in this context. In this thesis we therefore present a
well-posedness theory for the convection-diffusion-reaction equation in W 1,q

0 (Ω)-
W 1,q′

0 (Ω). In contrast to classical well-posedness results for elliptic differential
operators in this setting, cf., e.g., [75], our theory is based on directly establishing
the inf-sup conditions and explicitly determining an inf-sup constant. Apart from
a standard assumption on the advection and reaction coefficients, the other key
assumption pertains to a subtle regularity requirement for the standard Lapla-
cian. In the context of finite element methods (FEMs), well-posedness of the
convection-diffusion-reaction variational problem is traditionally established by
proving coercivity and continuity of the underlying bilinear form in H1

0 (Ω). Due
to the Lax-Milgram theorem this then implies well-posedness of the continuous
problem and its discrete counterpart. The concept of coercivity, however, requires
that the trial and test spaces should be the same.3 This is not always possible or
desirable, e.g., in the context of Petrov-Galerkin methods or mixed methods, or if
the continuous problem itself is stated in a non-symmetric manner such as in the
W 1,q

0 (Ω)-W 1,q′

0 (Ω) setting. A generalization of the Lax-Milgram theorem originally
due to Nečas [140] replaces the coercivity requirement by two inf-sup conditions
which can be formulated for Banach spaces with distinct test and trial spaces. A

3Moreover, the concept of coercivity is a notion relevant only in Hilbert spaces [69, Sec-
tion A.2.4].
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version of this theorem for approximations in finite dimensional subspaces is due
to Babuška [9].

The remainder of this chapter is organized as follows: We give an overview of
the results presented in this thesis in Section 1.1. To this end, we summarize the
results regarding the Lq-best approximation of discontinuous functions in finite
element spaces, the well-posedness of the convection-diffusion-reaction equation in
W 1,q

0 (Ω)-W 1,q′

0 (Ω), and the non-linear Petrov-Galerkin method for the convection-
diffusion-reaction equation in Sections 1.1.1, 1.1.2, and 1.1.3, respectively. Finally,
in Section 1.2, we give an overview of the structure of this thesis.

1.1 Summary of Results

Throughout this thesis, the convection-diffusion-reaction equation serves as a model
problem that we study in detail in order to design the non-linear Petrov-Galerkin
method in such a way that Gibbs phenomena can be eliminated in certain cases.
This very simple example forms an ideal starting point for developing a method that
addresses oscillations in the numerical approximation as it allows us to consider
a linear equation with smooth right hand side while still encountering oscillatory
approximations. Moreover, it paves the way for applying the results and ideas
presented here to a much larger class of PDEs, i.e., so-called singularly perturbed
problems.

Loosely speaking, singularly perturbed problems are differential equations that
depend on a small positive parameter ε such that their solutions approach a
discontinuous limit as ε → 0, cf., [148]. In other words their solutions typically
form thin layers. There is a wide range of problems that fit into this category
and typically the equations obtained in the limit as ε→ 0 are interesting PDEs
in their own right. Certainly the most prominent example of this are the Navier
Stokes equations that reduce to the Euler equations in the limit as the viscosity
parameter tends to zero. Burgers’ equation is another excellent example. Indeed,
Burgers himself originally [25] studied a version of the equation that included a
second-order viscosity term in order to introduce a very simple model that captures
two main features of gas dynamics: viscosity and a non-linear hyperbolic term.
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1.1.1 The Lq-Best Approximation of Discontinuities in Fi-
nite Element Spaces

In this section, we give an overview of the results related to the Lq best approxi-
mation of discontinuous functions in finite element spaces presented in Chapter 4.
To motivate the best approximation problem we analyse in Chapter 4, we consider
the following simple convection-diffusion problem: find u such that

−εu′′ +u′ = 0 in (0,1), u(0) = 1, u(1) = 0. (1.1)

We seek an approximation of the analytical solution in a finite dimensional space
that consists of continuous piecewise linear polynomials defined on a given mesh. If
ε≪ 1, then the second-order term is completely dominated by the first-order term
and away from the outflow boundary the solution is essentially given by the solution
to the advection problem obtained by setting ε to zero. For the above problem this
means that u≈ 1 away from the outflow boundary. Due to the Dirichlet boundary
conditions, a boundary layer forms near the outflow boundary, located at x= 1. If
the diameters of the elements near the boundary layer are large compared with ε,
the layer is fully contained within these elements and, in the above problem, u≈ 1
in the rest of the domain. Numerically, this essentially means that we approximate
the problem (1.1) with ε= 0 while still retaining the boundary conditions at both
ends. Clearly, the analytical solution for the above problem with ε = 0 and the
boundary condition only imposed on the inflow part of the boundary is u≡ 1. This
motivates us to consider the best approximations of u≡ 1 by continuous piecewise
linear finite element functions satisfying the boundary conditions given in (1.1).

Figure 1.1 shows the Lq-best approximation of u≡ 1 by a continuous piecewise
linear function uh satisfying uh(0) = 1 and uh(1) = 0 on a uniform mesh consisting
of four elements with q = 2 and q = 1.2. Here, we can see that in both cases
over- and undershoots are present in the approximation, but the magnitude of
these oscillations is significantly smaller for q = 1.2. This example illustrates the
phenomenon of reducing oscillations in the approximation as q → 1 that we shall
investigate in Chapter 4 of this thesis.

1.1.1.1 Problem Statement

Let u≡ 1 and consider the following (constrained) best approximation problem:

uh = arg min
vh∈Uh

∥u−vh∥Lq((0,1)d), d= 1,2, (1.2a)
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Figure 1.1 Lq-best approximation to u ≡ 1 by a piecewise linear function uh
satisfying uh(0) = 1 and uh(1) = 0 on a uniform mesh consisting of four elements
with q = 2 and q = 1.2.

subject to

uh(0) = 1, uh(1) = 0 if d= 1,
uh(0, ·) = 1, uh(1, ·) = 0 if d= 2,

(1.2b)

where Uh is a finite element space consisting of continuous piecewise linear poly-
nomials on a given mesh. In one dimension, instead of just u(x) ≡ 1, we also
consider the Lq-best approximation of u(x) = sgn(x) on (−1,1) by a continuous
piecewise linear function uh satisfying −uh(−1) = uh(1) = 1. We use this example
to establish the link between our work and [150].

1.1.1.2 Main Results

The main result of Chapter 4 consists of the precise analysis of very simple ex-
amples that illustrate the behaviour of Lq-best approximations of discontinuities
by continuous piecewise linear polynomials on coarse meshes. We have further-
more included some numerical examples that confirm the theoretical analysis and
illustrate how the observed behaviour in simple model examples applies to more
general scenarios. In particular, we demonstrate that the over- and undershoots
observed in Lq-best approximations for 1 < q < ∞ decrease as q → 1. Whether
these oscillations disappear entirely depends on the mesh used to define the finite
dimensional approximation space.

In one dimension, we consider the approximation problem (1.2) with d= 1, as
well as u(x) = sgn(x) on Ω = (−1,1). For both examples, we consider a general
two-element mesh on (0,1) which is mirrored at the origin to create a four-element
mesh on (−1,1) for the second example. Hence, the four-element mesh is symmetric
with respect to the origin. For any q > 1, we observe an overshoot in the best



1.1 Summary of Results 7

approximation. For q = 1 it depends on the relative sizes of the two elements in
(0,1) whether any overshoot is present. The difference between the two examples is
that for the first example, i.e., u≡ 1 on (0,1), the L1-best approximation is unique,
whereas for the second example, i.e., u= sgn(x) on (−1,1), there exists a whole
family of L1-best approximations. This non-uniqueness of the best approximation
in certain cases is due to the fact that L1(Ω) is not strictly convex. Furthermore,
we prove for the first example with an N element mesh that there exists an L1-best
approximation with no over- or undershoot if either a grading-type mesh condition
is satisfied or a stronger, simple element-size condition is fulfilled. A very useful
consequence of the grading-type mesh condition is that it is possible to design a
mesh in such a way near the discontinuity that the element-sizes are allowed to be
arbitrary away from the discontinuity without leading to oscillations. To illustrate
this, we consider two three element meshes and determine the corresponding
L1-best approximations.

The final theoretical result concerns the solution to (1.2) with d = 2 on four
different meshes. We show that on two of these meshes even the L1-best approxi-
mation contains overshoots, whereas on the remaining two meshes the over- and
undershoots vanish as q → 1. For one of the first two meshes we furthermore
precisely characterize the Lq-best approximation for all 1 ≤ q <∞.

We also include numerical experiments in Section 4.5 illustrating that the
observations remain the same if u is a more general smooth function and that the
over- and undershoots cannot be eliminated by refining the mesh for certain classes
of meshes.

1.1.2 Well-posedness of the Convection-Diffusion-Reac-
tion Equation in W 1,q

0 (Ω)-W 1,q′

0 (Ω)

In this section we state the main result of Chapter 5 regarding the well-posedness
of the convection-diffusion-reaction equation in W 1,q

0 (Ω)-W 1,q′

0 (Ω). In addition
to the theoretical result stated in this section, we present numerical experiments
for Galerkin’s method in Chapter 5 considering the approximation of irregular
solutions u /∈H1

0 (Ω). The article [93] contains a proof of the discrete analogue of
the inf-sup condition under certain assumptions which implies that the discrete
system stemming from Galerkin’s method is well-posed.
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We consider the following linear elliptic model problem: find u such that

−ε∆u+b ·∇u+ cu= f in Ω,
u= 0 on Γ = ∂Ω,

(1.3)

where ε, b : Ω →Rd, and c : Ω →R are the (positive) diffusion parameter, convection
field and reaction coefficient, respectively, and f : Ω → R is a given source term.
Multiplying by a smooth test function and integrating by parts, yields the following
variational problem: find u ∈W 1,q

0 (Ω) such that

Bε(u,v) =
∫

Ω
fvdx ∀v ∈W 1,q′

0 (Ω) , (1.4)

where

Bε(u,v) = ε
∫

Ω
∇u ·∇vdx−

∫
Ω
u∇· (bv)dx+

∫
Ω
cuvdx. (1.5)

In Chapter 5 we present a well-posedness theory for the above variational
problem that relies on directly proving the inf-sup conditions. Our proof relies
on two assumptions. One is the q-version of the standard Friedrich’s positivity
assumption,

c(x)− 1
q

∇·b(x) ≥ c0, a.e. in Ω,

cf., e.g., [33, 139]. The second assumption relates to the regularity of the solution
to the standard H1

0 (Ω)-Poisson problem. It requires that the solution to the
Poisson problem is in the Sobolev space W 1,r

0 (Ω) with r > 2 if the right hand side
is in the dual space of W 1,r′

0 (Ω), where 1 = 1/r+ 1/r′. In other words, higher
regularity in the right hand side leads to higher regularity in the solution. It can be
proven to hold for any r > 2 for certain classes of Lipschitz domains, e.g., domains
with C1 boundary or convex Lipschitz domains. However, there exist bounded
Lipschitz domains that only satisfy this condition for r ∈ (2, r0), where the exact
value of r0 > 2 depends on the domain.

Under the above assumptions, we prove the following result in Chapter 5:

Theorem 1.1. Let 1 < q < ∞, U := W 1,q
0 (Ω) and V := W 1,q′

0 (Ω). Under the
above assumptions on Ω, b and c, the variational problem (1.4) is well-posed. In
particular, the bilinear form Bε defined in (1.5) is bounded, i.e.,

Bε(w,v) ≤M∥v∥V ∥w∥U
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and satisfies the following inf-sup conditions: there exists γ > 0 such that

inf
w∈U

sup
v∈V

Bε(w,v)
∥w∥U∥v∥V

≥ γ, (1.6a)

and

∀v ∈ V,
(
∀w ∈W, Bε(w,v) = 0

)
⇒ (v = 0). (1.6b)

Both M and γ are positive constants that may depend on ∥c∥L∞(Ω), ∥b∥L∞(Ω), ε
and c0.

The bound for the inf-sup constant γ obtained in Chapter 5 is not robust in ε.
However, it can be assumed that the estimate is not optimal, since the scaling in ε
for q = q′ = 2 is less favourable than in the standard proof when q = q′ = 2.

1.1.3 The Non-linear Petrov-Galerkin Method for the
Convection-Diffusion-Reaction Equation

The main goal of this thesis is to develop a non-linear Petrov-Galerkin method
for the convection-diffusion-reaction equation that can be used to eliminate un-
wanted oscillations in the numerical approximation under certain circumstances.
In this section, we summarize the results concerning the design of this method.
The abstract theory used for this and related Petrov-Galerkin methods for the
convection-diffusion equation are presented in detail in Chapter 6. In Chapter
7, the non-linear Petrov-Galerkin method for the convection-diffusion equation
is introduced and certain choices in the design of the method underpinned by
numerical experiments.

1.1.3.1 Problem Statement

The approach to generalizing the DPG framework to general Banach spaces
introduced in [137] is based on residual minimization. To this end, the authors
consider the abstract problem: find u ∈ U such that

Bu= f in V ′,

where U and V are Banach spaces, B : U → V ′ is a continuous, bounded-below
linear operator, and the right hand side f is in the dual space V ′. The associated
residual minimization problem for a given finite dimensional subspace Un ⊂ U , e.g.,
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a finite element space, of dimension n is defined as follows:

un = arg min
wn∈Un

∥f −Bwn∥V ′ .

It can be shown that the solution un is a quasi-best approximation of the analytical
solution u, in the sense that

∥u−un∥U ≤ M

γ
inf

wn∈Un

∥u−wn∥U ,

where M is the continuity constant of B and γ the bounded-below constant of B.
In [137] it is shown that the minimization problem can be reformulated yielding

the following non-linear mixed system: find (r,un) ∈ V ×Un such that

⟨JV (r),v⟩V ′,V + ⟨Bun,v⟩V ′,V = ⟨f,v⟩V ′,V , ∀v ∈ V,

⟨Bwn, r⟩V ′,V = 0, ∀wn ∈ Un,
(1.7)

where JV is a so-called duality mapping. Duality mappings will be introduced in
detail in Chapter 3. They are a generalization of the Riesz map RV to general
Banach spaces with the main difference that they are non-linear mappings unless
V is a Hilbert space. To turn the above mixed system into a practical method,
V is additionally replaced by a finite dimensional subspace Vm of dimension m.
As a result the minimization problem is no longer solved exactly. However, if the
spaces Un and Vm are chosen in a suitable way, one can obtain a well-posed fully
discrete mixed system that retains the quasi-best approximation property of un
with a modified constant.

The aim of this thesis is to apply this abstract framework to the convection-
diffusion-reaction equation (1.3) with the corresponding bilinear form (1.5). The
resulting method is a generalization to the W 1,q

0 (Ω)-W 1,q′

0 (Ω)-setting of the method
introduced for the H1

0 (Ω)-setting in [39], where the DPG framework is applied to
the convection-diffusion-reaction equation without introducing broken test spaces.
Related Petrov-Galerkin formulations are studied in [23, 24, 40, 47, 56].

1.1.3.2 Summary of Results

In Chapter 7 of this thesis we study how the mixed method (1.7) and its fully
discrete counterpart can be applied to the convection-diffusion-reaction equation
(1.3). In particular, we study the choice of the space V , the corresponding norm
∥ · ∥V , and the discrete space Vm. The norm ∥ · ∥V on the space V determines the
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operator JV in (1.7) and thus crucially determines the resulting method. As in
the special case q = 2 investigated in [39], we introduce weakly imposed boundary
conditions on the inflow boundary in the space Vm to address robustness issues.
We demonstrate in one dimension, how this choice of boundary conditions affects
the approximation and compare this approach with the case when a weighted norm
on V is employed.

The main focus of our numerical investigation is eliminating Gibbs phenomena
in the finite element approximation. Indeed, we will see that the numerical
approximation generated by our method qualitatively behaves like the Lq (Ω)-best
approximation of the analytical solution. Thus, the Gibbs phenomenon can be
eliminated by taking the limit q → 1 provided that the L1 (Ω)-best approximation
does not exhibit Gibbs phenomena. The results in Chapter 4 (see also [94]) show
that this depends on the mesh that is chosen. In one dimension only certain non-
uniform grids have the property that the L1 (Ω)-best approximation contains over-
and undershoots, whereas in higher dimensions this can even occur on structured,
uniform meshes. We will demonstrate for two-dimensional examples that it is
possible to use the insights from Chapter 4 to modify the mesh in order to eliminate
Gibbs phenomena as q → 1.

1.2 Structure of the Thesis

The thesis is structured as follows. We start in Chapter 2 with an overview of
existing numerical methods for the convection-diffusion-reaction equation. In
Chapter 3, we continue with introducing a few concepts related to Banach and
Hilbert spaces that are necessary to define the non-linear Petrov-Galerkin method
for the convection-diffusion-reaction equation. In the same chapter we will also
give precise definitions of the function spaces used in this thesis. In Chapter 4 we
consider the Lq-best approximation of discontinuous functions in finite element
spaces and determine Lq-best approximations for carefully selected examples both
theoretically and computationally. Then, in Chapter 5, we prove a well-posedness
result for the convection-diffusion-reaction equation in W 1,q

0 (Ω)-W 1,q′

0 (Ω), state
the corresponding well-posedness result for Galerkin’s method and consider numer-
ical experiments for Galerkin’s method considering the approximation of irregular
solutions u /∈H1

0 (Ω). Chapter 6 contains an introduction to the DPG method as
well as its extension to more general Banach spaces introduced in [137]. Further-
more, Petrov-Galerkin methods for the convection-diffusion-reaction equation are
discussed that are conceptually closely related to the non-linear Petrov-Galerkin
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method considered in this thesis. The concepts introduced in Chapter 6 are then
applied to the convection-diffusion-reaction equation in Chapter 7. Certain choices
in the design of the method are underpinned by numerical experiments and further
numerical experiments demonstrate how the scheme in conjunction with suitably
designed meshes can be used to eliminate unphysical oscillations. Finally, in
Chapter 8, we discuss the results presented in this thesis regarding their success,
as well as their limitations and use this to point towards future research directions
regarding this topic.



Chapter 2

Overview of Numerical Methods
for the Convection-Diffusion-Re-
action Equation

The convection-diffusion-reaction equation has been used time and again as a
prototype for singularly perturbed problems in the development of numerical
methods for PDEs modelling fluid dynamics. Even though it is a seemingly
simple linear second-order PDE, its numerical approximation proves to be very
challenging. If the diffusion parameter is very small, thin boundary layers may
occur in the analytical solution even if the domain, the right hand side and the
boundary conditions are smooth. Without introducing additional stabilization
terms, standard discretization techniques typically lead to approximate solutions
exhibiting unphysical oscillations in the vicinity of these layers. This is often linked
to the fact that the discretization of the differential operator does not preserve
certain properties of the operator, such as maximum and comparison principles or
(inverse) monotonicity.

The aim of this section is to provide a brief overview of the most impor-
tant discretization methods employed for the numerical approximation of the
convection-diffusion(-reaction) equation and the strategies used to avoid oscillatory
approximations. To this end, we first briefly discuss finite difference (FD) methods
in Section 2.1 and finite volume (FV) methods in Section 2.2. We then cover a
wide range of finite element techniques in Section 2.3 including streamline-upwind
Petrov-Galerkin (SUPG) methods, discontinuous Galerkin finite element methods
(DGFEM), discontinuous Petrov-Galerkin (DPG) methods and L1-methods. A very
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detailed introduction to numerical methods for singularly perturbed problems can
be found in the monograph [148], though DPG and L1-methods are not included.

We will see that the existing numerical methods essentially rely on two different
approaches to eliminating unwanted oscillations: adding additional diffusion terms
and employing flux limiters. L1-methods are an exception to this and instead
rely on changing the metric used for the approximation. DPG methods also do
not explicitly use either of the two strategies, but instead focus on optimizing the
choice of discrete spaces. Our approach builds on ideas coming from L1-methods
and DPG methods.

2.1 Finite Difference Methods

We start by summarizing important concepts related to FD methods for singularly
perturbed problems based on several relevant chapters in [148] and Chapter 2
in [124]. FD methods are based on replacing the derivatives in the PDE by
difference quotients, where the function is evaluated at the grid points on a given
mesh. The key idea is to define the difference quotients in such a way that they
converge to the exact derivatives as the mesh size tends to zero; this property
of the FD approximation is referred to as consistency. The order of accuracy of
the approximation can be obtained by employing Taylor’s theorem. To achieve
convergence of the method another property of the approximation is needed, namely
stability. The discretization of the PDE by FDs defines a discrete differential
operator. For the approximation to be stable, the inverse of this operator has to be
bounded uniformly in the mesh size; otherwise the operator approaches a singular
operator as the mesh size tends to zero.

For singularly perturbed problems, both stability and consistency are not
necessarily easily achievable. On equidistant meshes, the consistency error may
blow up in the vicinity of thin layers. Even in the absence of layers, stability may
still be an issue. Indeed, the discretization of the simple one-dimensional problem
−εu′′ +u′ = 0 on (0,1) is unstable if the first-order derivative is approximated
by a difference approximation centred around the point where the derivative is
approximated, e.g.,

u′(xi) ≈ u(xi+h)−u(xi−h)
2h ,

where 0 = x0 <x1, . . . ,< xN−1,< xN = 1, xi−xi−1 = h for i= 1, . . . ,N , and h= 1/N .
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The simplest remedy is to approximate the first-order derivative by a difference
approximation that is biased towards the upwind direction, i.e., in the direction
that is upstream according to the flow direction determined by the dominant
first-order term. The resulting schemes are called upwind schemes and the simplest
(first-order) upwind approximation for the above PDE is given by

u′(xi) ≈ u(xi)−u(xi−h)
h

.

Upwinding typically introduces a certain amount of artificial diffusion to the
FD scheme. We will encounter the concept of upwinding again in the form of
numerical fluxes both in the context of FV methods and DGFEM. More generally,
the introduction of some amount of artificial diffusion in the discretization of the
PDE is a common theme for most numerical schemes for singularly perturbed
problems. Numerous upwind FD schemes have been proposed, cf., e.g., [1, 14, 78,
121, 122, 159]; however, some of these schemes still suffer from poor approximation
properties in the vicinity of layers. This has led to the introduction of the concept
of uniform convergence, i.e., convergence that is independent of the diffusion
parameter ε. A uniformly stable and first-order uniformly convergent scheme that
is second-order consistent for fixed ε is given by the Il’in-Allen-Southwell scheme,
cf., [4, 100]. Uniformly convergent schemes of higher order can, for example,
be constructed according to the HODIE (High Order Differences with Identity
Expansion) framework, cf., [64, 127]. Alternatively, instead of equidistant meshes,
certain types of graded meshes, cf., e.g., [10, 16, 113, 165], or certain piecewise
equidistant meshes, so-called Shishkin meshes, cf., [131, 71], can be used to obtain
uniform convergence results. The design of these meshes relies on a priori knowledge
of the problem; a strategy to circumvent this is adaptive mesh generation, where
information from the approximate solution on a given mesh is used to iteratively
adapt the mesh to be more suitable for the problem at hand.

2.2 Finite Volume Methods

Since their introduction in the 1970s, numerous variants of FV methods have
been developed for the approximate solution of PDEs predominantly stemming
from applications in gas and fluid dynamics. In this section we will summarize
some of the most important concepts related to FV methods applied to the
convection-diffusion-reaction equation, cf., e.g., [30, 31, 128, 160, 120, 134, 148].
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Very detailed introductions to FV methods for hyperbolic equations can be found
in the monograph by LeVeque [123] and the review paper [133].

To illustrate the idea of FV methods for the convection-diffusion-reaction
equation, we start with the PDE in conservative form, i.e.,

∇· (−ε∇u+bu)+ cu= f in Ω, u= g on ∂Ω. (2.1)

FV methods are based on the integral form of the PDE and the application of the
divergence theorem. We integrate (2.1) over a control volume ω ⊂Ω and obtain

∫
ω

∇· (−ε∇u+bu)dx+
∫
ω
cudx =

∫
ω
f dx.

This is similar to a weak formulation in the sense that it can be obtained by using
a function that is 1 in ω and 0 in Ω \ω as a test function instead of φ ∈ C∞(Ω).
Application of the divergence theorem yields

∫
∂ω

(
−ε ∂u

∂n
+b ·nu

)
dx+

∫
ω
cudx =

∫
ω
f dx. (2.2)

In order to define a FV method, we consider a subdivision Ωh of Ω into disjoint
cell domains κ such that Ω̄ = ⋃

κ∈Ωh
κ̄. The approximation space Uh is chosen as a

set of functions that are smooth restricted to each cell κ ∈Ωh. Usually, piecewise
constant functions scaled with |κ|−1 representing the approximate cell average of u
are used. If we consider (2.2) with ω = κ for κ ∈Ωh and replace u by uh ∈ Uh, we
note that the terms in the boundary integral are in general not well-defined since uh
is allowed to be discontinuous across cell boundaries. Hence, ∂nu is replaced by a
finite difference approximation depending on the values of uh in neighbouring cells
and b ·nu by a numerical flux function depending on the traces of the restriction
of uh to each cell. More details concerning the numerical fluxes follow below.

In one dimension the definition of a cell as some subinterval of the domain is
very straightforward, whereas in two (or more) dimensions there are multiple ways
to define a mesh or a cell. The review paper [133] focuses on quadrilateral and
triangular meshes in two dimensions. In addition to the shape of the elements
in a mesh, the points that are associated with the unknowns can be chosen in
different ways and the cells over which the averages are taken. A FV method
employing a secondary mesh to define the integration cells is called a cell-centred
FV method. If instead the original grid is used to define the integration cell, it is
called a cell-vertex method.
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2.2.1 Numerical Flux Functions

Numerical flux functions appear in the context of FD methods (see e.g. [144])
and DGFEMs (e.g. [89]), as well as in the context of FV methods, cf., above. A
numerical flux function is a function H(u+,u−,nκ) that maps the interior state
u+ of a cell/an element κ and the exterior state u− to a flux in direction nκ, where
nκ usually denotes the outward unit normal vector to the boundary of κ.

If F(u) = (f1,f2, . . . ,fd), d ≥ 1, such that each fi : Rm → Rm is a C1(Ω)-
function, then the following two properties are generally required for a numerical
flux function corresponding to the differential operator ∇·F :

1. Consistency: A numerical flux function H(u+,u−,nκ) is called consistent
if

H(u,u,nκ) = F(u) ·nκ.

2. Conservation: A numerical flux function H(u+,u−,nκ) is called conser-
vative if at any point on the boundary between two neighbouring cells or
elements κ and κ′,

H(u,v,nκ) = −H(v,u,−nκ) for all x ∈ ∂κ∩∂κ′.

Consistency ensures that the numerical flux and the true flux are identical for
functions that are continuous across element boundaries and thus is exact for any
continuous function. Conservation guarantees that there are no sinks or sources at
inter-element boundaries.

In order to ensure stability of the approximation, it is usually required to
employ a numerical flux function that is biased towards the upwind direction, i.e.
towards the incoming characteristics. Again for F(u) = bu, the upwind flux is
given by

H(u+,u−,nκ)
∣∣∣
∂κ

=
b ·nκu

− if b ·nκ < 0,
b ·nκu

+ otherwise.
(2.3)

For general F the following two are examples of upwind fluxes:

1. The Lax-Friedrichs Flux

HLF(u+,u−,n) = 1
2
(
[F(u+)+F(u−)] ·n−α(u− −u+)

)
,
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where α is the largest eigenvalue in absolute value of the Jacobi matrix
A(u,n) or an estimate thereof. Here,

A(u,n) :=
d∑
i=1

niAi(u), Ai(u) = ∇ufi(u).

2. The Vijayasundaram Flux

HV(u+,u−,n) = A+(û,n)u+ +A−(û,n)u−,

where the positive and the negative part of the Jacobian A(û,n) is denoted by
A+(û,n) and A−(û,n), respectively, evaluated at some average û between
the states u+ and u−.

Note that the Lax-Friedrichs flux is always consistent whereas the Vijayasundaram
flux is only consistent for linear conservation laws and non-linearities that satisfy
F(u) = A(u,n)u. Both fluxes reduce to the upwind flux (2.3) if F(u) = bu. For
more details on numerical flux functions we refer to [115], for example.

Numerical flux functions can also be considered as approximate Riemann solvers.
The Riemann problem is the conservation law with a specific choice for the initial
data, namely a piecewise constant function with one jump discontinuity at some
point in space. A numerical flux function essentially seeks to approximate the
solution of the Riemann problem with the states in the two neighbouring elements
as the piecewise constant function with a jump discontinuity at the inter-element
boundary.

2.2.2 High Resolution Methods

The order of accuracy of a FV method relies on the choice of numerical fluxes
on the cell boundaries. While the upwind flux (2.3) can only lead to first-order
accurate approximations, second-order accuracy can, for example, be achieved by
employing the so-called Lax-Wendroff flux function. However, methods like this
fail near discontinuities yielding non-physical oscillations.

To overcome this problem so-called TVD (total variation diminishing) schemes
were introduced, cf. [88]. The total variation for a function u that assumes the
constant value ui restricted to the ith cell is given by

TV(u) =
N∑
i=1

|ui−ui−1|
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and a method is TVD if

TV(ūn) ≤ TV(ūn+1),

where ūn denotes an approximation at the n-th time step, n≥ 0. TVD methods
have the property that they are monotonicity preserving, i.e., the scheme applied to
a monotone function yields a function with the same monotonicity. TVD methods
often rely on so-called slope or flux limiters which – as the name suggests – limit
the magnitude of the flux in a suitable way. A strict imposition of the TVD
condition may lead to a loss of accuracy at solution extrema. In fact, Gudonov’s
barrier theorem states that linear monotonicity preserving schemes can be at most
first-order accurate, cf., e.g., [77, 76]. So-called ENO (essentially non-oscillatory)
schemes and TVB (total variation bounded) schemes, cf., [151] were developed to
overcome this problem. These schemes allow the total variation to increase to a
limited extent such that the order of accuracy is maintained uniformly throughout
the domain. These methods rely on higher order recovery steps, i.e., instead
of reconstructing a piecewise linear approximation to the solution from the cell
averages of the neighbouring cells, a polynomial of a higher degree is chosen using
the cell averages not only of the direct neighbours of the cell but a sequence of
connected cells (stencil) to define the polynomial. TVB methods rely on a fixed
choice for the stencil, cf., [151], while ENO methods use an adaptive strategy
for choosing the stencil, i.e., the stencil yielding the polynomial with the least
oscillation is chosen. An extension of ENO methods are weighted ENO (WENO)
methods where a weighted average of the polynomials of a fixed degree obtained
from all possible stencils is computed. The weights are determined with the help
of a smoothness indicator. For a review of WENO methods we refer to [152] and
and for a recent survey of WENO methods in the context of finite volume methods
and DG methods we refer to [153].

2.3 Stabilized Finite Element Methods

Finite element methods (FEM) are based on considering the restriction of the
weak formulation of a PDE to a finite dimensional subspace consisting of piecewise
polynomials defined on a mesh. More precisely, we seek a solution uh of a variational
problem posed in a finite dimensional function space, the trial space, and use test
functions from (potentially) another finite dimensional function space, the test
space. The resulting methods are called Galerkin methods if the test and the
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trial space are identical and Petrov-Galerkin methods otherwise. If the finite
dimensional space is a subspace of the original function space of the variational
formulation, it is called a conforming FEM and a non-conforming FEM otherwise.
DGFEM are in generally non-conforming and convergence is achieved by penalizing
the deviation from a conforming solution in the discrete variational form as we will
see later on. FEMs are particularly well suited for approximating elliptic PDEs
(see, e.g., [19]). The key advantage of FEMs is their high degree of flexibility in
terms of coping with complicated geometries, general boundary conditions and
non-linearities. Furthermore, the formulation of the problem in a variational setting
allows for the use of very powerful analytical tools to derive a priori and a posteriori
error bounds.

One of the major challenges in the numerical approximation of PDEs is the
efficient and accurate resolution of singularities, discontinuities, and sharp layers
present in the analytical solution. Discontinuities commonly occur in solutions of
non-linear hyperbolic equations or linear hyperbolic equations when the initial data
is discontinuous. Sharp layers are typical for the solutions to singularly perturbed
problems such as the convection-dominated convection-diffusion-reaction problems.
To illustrate the key problems which may develop with a loss of ellipticity and
how these can be addressed in the context of FEMs, we consider the convection-
diffusion-reaction equation, cf., (1.3).

First we introduce the standard finite element approximation of the convection-
diffusion-reaction equation in Section 2.3.1. In Section 2.3.2 we illustrate the
need for stabilization for convection-dominated problems and in Section 2.3.3 we
discuss a few stabilization techniques. The content of both sections can be found
in [116, 148], for example. We will mainly focus on the Galerkin least squares
method and the SUPG method, cf., [109]. For more stabilization techniques we
refer to [148], for example.

2.3.1 Standard Finite Element Approximation

We recall the variational problem (1.4) with q = 2: find u ∈H1
0 (Ω) such that

Bε(u,v) = ℓ(v) for all v ∈H1
0 (Ω) , (2.4)

where

Bε(u,v) := ε
∫
Ω

∇u ·∇vdx+
∫
Ω

b ·∇uvdx+
∫
Ω
cuvdx, ℓ(v) :=

∫
Ω
fvdx,
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for b and c as before and f ∈ L2 (Ω). This bilinear form is coercive under suitable
assumptions on b and c. Hence, the Lax-Milgram theorem implies well posedness.

In order to define the finite element approximation of (2.4), we assume that
a subdivision Ωh of Ω into disjoint open element domains κ is given such that
Ω̄ = ⋃

κ∈Ωh
κ̄. Furthermore, Vh is defined as the space of continuous piecewise

polynomials on Ωh, i.e., functions that are continuous and whose restriction to any
element κ is a polynomial of degree pκ ≥ 1. The space Vh,0 is the subspace of Vh
defined by,

Vh,0 = {v ∈ Vh : v|Γ = 0}.

We can now define the following finite dimensional problem: find uh ∈ Vh,0 such
that

Bε(uh,vh) = ℓ(vh) for all vh ∈ Vh,0. (2.5)

2.3.2 Loss of Stability

The standard FEM yields good results even for relatively coarse meshes as long
as diffusion remains dominant, i.e., as long as ε is sufficiently large relative to the
size of |b|. If, however, convection is strongly dominant (i.e., ε≪ |b|), the solution
of (2.4) typically possesses small subregions, containing interior and boundary
layers, where the derivatives of the solution are very large and thus the solution
varies rapidly. These layers may become significantly smaller than the mesh size
for very small ε. In this case they cannot be resolved properly which may lead
to spurious oscillations in the numerical solution. This causes a severe loss of
accuracy and stability rendering the classical Galerkin method (2.5) inappropriate
unless the mesh is sufficiently fine to fully resolve the layer. Choosing the mesh
size sufficiently small to resolve the layers, however, is computationally expensive
and becomes infeasible in higher dimensions and for systems of PDEs.

The loss of stability as ε decreases can be demonstrated by considering a
stability estimate for the problem (1.4). By standard arguments, we obtain

Bε(u,u) ≥ ε∥∇u∥2
L2(Ω).

If u is the solution of (1.4), we furthermore have

Bε(u,u) = ℓ(u) ≤ C∥f∥L2(Ω)∥∇u∥L2(Ω),
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where we used the Cauchy-Schwarz inequality and the Poincaré inequality. Com-
bining both finally yields the stability estimate

ε∥∇u∥L2(Ω) ≤ C∥f∥L2(Ω). (2.6)

Thus, as ε approaches zero we lose control of the gradient of u and layers can
occur.

2.3.3 Continuous Stabilized Finite Element Methods

To obtain the desired stability properties, we consider the problem from a different
perspective: we seek a solution that minimizes the residual. To this end consider
the abstract linear problem

Bu= f in Ω.

Measuring the residual Bu− f in the L2 (Ω)-norm gives rise to the following
minimization problem: find u ∈ V such that

F (u) = min
v∈V

F (v),

where

F (v) := ∥Bv−f∥2
L2(Ω).

The corresponding first-order optimality condition for this problem is

(Bu,Bv)L2(Ω) = (f,Bv)L2(Ω).

Considering the least squares or energy norm ∥ · ∥E = ∥B(·)∥L2(Ω), we see that the
bilinear form (Bu,Bv) is always symmetric and coercive and we obtain the stability
estimate ∥u∥E ≤ ∥f∥L2(Ω) which is much stronger than the stability estimate (2.6).

In order to combine the stability of the least squares approximation with the
standard Galerkin FEM, we replace the test function in the Galerkin method by
vh+ δBvh, where the parameter δ is chosen for maximal accuracy. This can be
considered as a Petrov-Galerkin method where the test and the trial space are no
longer identical. Let Vh again denote the finite element space and consider the



2.3 Stabilized Finite Element Methods 23

following problem: find uh ∈ Vh such that

(Buh,vh+ δBvh)L2(Ω) = (f,vh+ δBvh)L2(Ω) for all vh ∈ Vh,

where δ may not be constant as it is usually chosen elementwise to obtain maximal
accuracy.

Returning to the original problem (2.4), we see that in this case we have
restricted to an element κ

Bvh = −ε∆vh+b ·∇vh+ cvh in κ.

For linear finite elements, i.e., pκ ≡ 1 for all κ ∈Ωh, the term −ε∆vh is zero in each
element κ and if additionally c= 0 the stabilization term reduces to δb ·∇vh. This
term adds an additional diffusion term, namely (b ·∇uh, δb ·∇vh)L2(Ω). Since a loss
of diffusion led to the instability in the first place, it can be expected that this term
by itself has a stabilizing effect. The method obtained by simply adding this term
and considering the test functions vh+ δb ·∇vh is called the streamline diffusion
FEM or streamline upwind Petrov-Galerkin (SUPG) method, cf., [97, 109].

More generally, consider the following finite dimensional problem corresponding
to (2.4): find uh ∈ Vh such that

Bε(uh,vh)+
∑
κ∈Ωh

δκ(Lεuh,η(vh))L2(κ) = ℓ(v)+
∑
κ∈Ωh

δκ(f,η(vh))L2(κ), (2.7)

where Lε is the differential operator corresponding to Bε, η is some chosen operator
and it is assumed that the parameter δ restricted to an element κ takes the constant
value δκ. For η(vh) = b ·∇vh we recover the SUPG method and for η(vh) =Lεvh the
Galerkin least squares method. Other choices are also possible (see, e.g., [92, 148]).
The choice of the parameter δκ is crucial for the performance of the SUPG method,
see e.g., [90] for a hp-version of the method.

In more than one space dimension, the choice η(vh) = b · ∇vh in the SUPG
method ensures that no diffusion is added in the crosswind direction, i.e., orthogonal
to the streamline direction determined by b, which allows for higher accuracy than
adding diffusion in all directions. However, this may not be sufficient to avoid
spurious oscillations along sharp layers. Indeed, it can be shown that the discrete
maximum principle fails for the SUPG method and thus oscillations can be observed
near sharp layers, [107]. Therefore, numerous techniques have been developed to
overcome this problem, typically introducing another diffusion term, cf., [106–108].
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These methods are sometimes referred to as discontinuity capturing or shock
capturing methods. The crucial difficulty is to choose the direction and magnitude
of the added diffusion in such a way that the accuracy of the resulting FEM is
preserved while ensuring stability. Owing to Godunov’s barrier theorem, a linear
method satisfying a discrete maximum principle can be at most first-order accurate.
Thus, shock capturing techniques often rely on non-linear stabilization terms.

Other strategies for selecting stabilizing terms include variational multiscale
methods (VMS), residual-free bubbles, local projection stabilization and continuous
interior penalty methods. Variational multiscale methods are based on splitting
the infinite dimensional solution space into coarse (resolvable) and fine (unresolv-
able) scales, cf., [96, 99, 98]. The finite dimensional space is chosen to represent
resolvable scales and its orthogonal complement represents the unresolvable scales.
Eliminating the projection of the solution onto the fine scale space from the varia-
tional formulation yields an operator acting on the approximate solution uh and an
operator acting on the right hand side. The former operator defines the stabilizing
term and the latter operator a modification to the right hand side. Except in some
specific cases, these operators have to be approximated to yield a fully discrete
method. The VMS framework can also be used to derive a class of stabilized
methods, so-called differentiated residual methods, cf., [148], that coincides with
the SUPG method in a special case, cf., [98, 162]. The residual-free bubble method
is closely connected with the SUPG method and VMS methods. Similar to VMS
methods it is based on considering the variational form in a larger or enriched
space and eliminating additional unknowns. The difference is that this larger space
is still a finite dimensional subspace and not the whole space. The SUPG method
can be derived as a special case of the residual-free bubble method [11, 22, 149].
Local projection stabilization, cf., e.g., [148, 129], was introduced with the aim
to remove terms from other stabilization techniques that introduce couplings of
dependent variables without any physical counterpart and to avoid asymmetry
that is not inherent to the PDE. The idea is to only add terms that improve
the stability property of the equation and omit terms that are merely present for
consistency of the formulation. The price for this is a consistency error that can in
certain cases be improved to retain the same convergence rate as for the SUPG
method by introducing a suitable projection of the stabilizing term, cf., [148].
The continuous interior penalty method relies on imposing boundary conditions
weakly and adding stabilizing terms that penalize jumps in the gradient across
inter-element boundaries, cf., e.g., [28, 26, 29].
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Finally, it should be noted that convergence of FEMs and properties of the
resulting approximation can be improved by adapting both the polynomial degrees
of the finite element functions and the underlying meshes to a given problem. For
example, it is possible to employ Shishkin meshes that were originally introduced
in the context of FD methods. Furthermore, many adaptive methods relying on a
posteriori estimators have been introduced, cf., e.g., [164, 3, 12].

2.3.4 Discontinuous Galerkin Finite Element Method

In contrast to the finite element approaches we have considered so far, DGFEMs
rely on enforcing continuity weakly across inter-element boundaries. For hyperbolic
problems this can be done using numerical flux functions (cf. Section 2.2.1). This has
the advantage that some upwinding is already included in the formulation leading
to better stability properties compared to continuous finite element approximations.

DGFEMs were initially introduced independently for first-order hyperbolic
problems (cf. [146]) and for second-order elliptic problems (cf. [166, 7]). The review
paper [46] provides an overview of the development of DGFEMs and [8] contains a
unified analysis of several DGFEMs for second-order elliptic problems. The success
of DGFEMs for singularly perturbed problems is a result of employing upwind
fluxes for the first-order term. Therefore, we will focus on the formulation for this
term as described in [15, 91, 89], for example. For an introduction to DGFEMs we
refer to [63, 32].

The main idea of DGFEMs is to consider an elementwise variational formulation
and impose boundary conditions weakly at the element boundaries. To make this
precise, we consider the advection-reaction equation

b ·∇u+ cu= f in Ω,

u= g on Γ−,

where Γ− := {x ∈ ∂Ω : b ·n(x) ≤ 0} denotes the inflow part of the boundary.
We multiply this equation by a smooth test function v and integrate over an

element κ ∈Ωh. Finally, we obtain by integrating by parts:
∫
κ
(b ·∇u+ cu)vdx = −

∫
κ
u∇· (bv)dx+

∫
κ
cuvdx+

∫
∂κ

b ·nκuv
+ ds=

∫
κ
fvdx,

(2.9)

where nκ again denotes the unit outward normal vector to ∂κ and v+ denotes
the interior trace of v, i.e., the trace taken from within κ. If it is not clear from
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the context which element κ ∈Ωh the quantity v+ corresponds to, we will add a
subscript denoting the element, e.g., v+

κ .
In order to obtain a discretization for the problem from the above equation,

we first need to introduce the finite element space. In contrast to the standard
FEM, we consider elementwise defined functions that are not necessarily continuous
across inter-element boundaries, but when restricted to any element κ ∈ Ωh the
functions are polynomials of degree pκ ≥ 0. More precisely, we define the finite
element space Wh by

Wh = {v : v|κ ∈ Ppκ , κ ∈Ωh},

where Ppκ denotes the space of polynomials of degree pκ on κ. Note that this
time we also include piecewise constant functions, whereas the lowest order basis
functions for the continuous FEM are piecewise linear functions. Wh is a subspace
of the infinite dimensional space

H1(Ωh) := {v ∈ L2 (Ω) :Ω → R : v|κ ∈H1(κ) for all κ ∈Ωh}.

Furthermore, we denote by v− (or v−
κ in case of ambiguity) the exterior trace of v,

i.e., v−(x) = v+
κ′(x) if x ∈ ∂κ∩∂κ′ and we replace v−(x) by appropriate boundary

conditions if x ∈ ∂κ∩Γ.
We can now discretize (2.9) by replacing the analytical solution u by the finite

element approximation uh ∈ Wh and the test function v by vh ∈ Wh. Since the
approximation uh may be discontinuous across inter-element boundaries, we need
to replace b ·nκu by a numerical flux function H(u+

h ,u
−
h ,nκ) (see Section 2.2.1).

With the simple upwind flux (2.3), we obtain the following DG finite element
approximation by summing over all elements κ ∈Ωh: find uh ∈Wh such that

∑
κ∈Ωh

(∫
κ
(b ·∇uh+ cuh)vhdx

−
∫
∂−κ∩∂Ω

b ·nκu
+
h v

+
h ds+

∫
∂−κ\∂Ω

b ·nκ(u+
h −u−

h )v+
h ds

)

=
∫
Ω
fvhdx−

∑
κ∈Ωh

∫
∂−κ∩∂Ω

b ·nκgv
+
h ds ∀vh ∈Wh,

(2.10)

where ∂−κ := {x ∈ ∂κ : b · nκ(x) ≤ 0} denotes the inflow part of the element
boundary.

In order to derive the DGFEM formulation for second-order elliptic PDEs,
the underlying PDE is typically rewritten as a first-order system by introducing
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auxiliary variables. For this system an elemental weak formulation is then derived
and appropriate numerical flux functions are introduced yielding the so-called flux
formulation. Finally, the underlying primal formulation is obtained by eliminating
the auxiliary variables. The interior penalty method for Poisson’s problem can be
formulated as follows: find uh ∈Wh such that

∑
κ∈Ωh

∫
κ

∇uh ·∇vhdx+
∑
F∈Fh

∫
F

(ϑ{{∇uh}} · JvhK−{{∇vh}} · JuhK+σJuhK · JvhK)ds

=
∫

Ω
fvhdx,

where Fh denotes the set of faces on the mesh Ωh and the average and jump
operators on these faces are defined by

{{∇wh}} := 1
2
(
∇w+

h +∇w−
h

)
, JwhK := w+

h n+
κ +w−

h n−
κ ,

respectively, for a face shared by two adjacent elements κ+ and κ− with unit
outward normals n+

κ and n−
κ , respectively. If the face is contained in Γ and κ+

is the adjacent element, u−
h is replaced by the boundary conditions, {{∇vh}} is

replaced by ∇v+
h and JvhK by v+

h . Common choices for ϑ are −1 and 1 yielding the
symmetric and the non-symmetric interior penalty method, respectively. Note that
the formulation relies on penalizing jumps across inter-element boundaries and
the penalty parameter σ has to be chosen sufficiently large to ensure convergence.
Other DGFEM formulations are possible and we refer to [8] for more details. A
DGFEM for the convection-diffusion-reaction equation can be obtained by adding
the above weak form scaled by ε to (2.10).

Similar to the SUPG method, DGFEMs typically do not satisfy a discrete
maximum principle. At very sharp layers, DGFEMs must therefore be modified by
adding some dissipation in a way that does not reduce the formal order of accuracy.
For this purpose limiters may be introduced to control the oscillations, see e.g.,
[45] or, for a brief overview of WENO limiters, [153]. Another possibility is using
shock capturing terms in a similar fashion as for the SUPG method, cf., [44], for
example. Furthermore, adaptive methods can also be applied to DGFEMs.

2.4 Discontinuous Petrov-Galerkin Methods

Within the last decade, cf., [60], the discontinuous Petrov-Galerkin (DPG) method
has experienced a great deal of development, though the name was already used
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in a similar sense a few years earlier [17, 18, 36, 37]. The idea behind the DPG
methodology is to construct a test space for a given finite dimensional trial space
that is optimal in the sense that it realizes the discrete inf-sup condition with
the same constants as the continuous inf-sup condition. Computing the optimal
test space relies on solving another infinite dimensional problem, more precisely
it relies on inverting the Riesz map on the test space. In general, this can only
be done approximately and to this end another finite dimensional space has
to be introduced. This space is typically chosen to allow discontinuities across
inter-element boundaries. Note, however, that this space is only needed for the
approximate inversion of the Riesz map and the approximate solution to the PDE
is still sought in a continuous finite element space. The DPG method has been
applied to a wide range of problems including the convection-diffusion equation
[23, 24, 40, 56], as well as Burgers’ equation and the compressible Navier-Stokes
equations [38]. Recently, a generalization to Banach spaces has been suggested
[136]. In [40] a connection between the VMS framework and the DPG framework
has been established implying a close connection between the DPG methodology
and stabilized methods. There is, however, a remarkable achievement in the special
case that the optimal test space can be computed exactly, that sets the DPG
method apart from other stabilized methods: for diffusion-dominated equations
the optimal L2-convergence rate under global h-refinement of a FEM is O(hp+1),
where h is the mesh size and p the polynomial degree, whereas for convection
dominated equations the optimal rate is only O(hp+1/2). Indeed, Peterson has
demonstrated that this rate cannot be improved for DGFEM [143]. The so-called
ideal DPG method can be shown to outperform DGFEM and SUPG methods
for the transport equation at the improved rate O(hp+1), cf., [53]. In Chapter 6,
we will consider the DPG methodology in more detail, as well as its extension to
Banach spaces.

2.5 Methods for Approximating PDEs in L1

In [82], Guermond points out that there are only very few attempts to approximate
PDEs directly in L1 despite the fact that first-order PDEs and their non-linear
generalizations have been extensively studied in L1(Ω). The existing numerical
methods which seek an approximation directly in L1(Ω) include the ones outlined
in the articles by Lavery for a FV discretization [117–119], the reweighted least-
squares method of Jiang [104, 105] and the methods outlined in the series of articles
by Guermond et al. considering a finite element approach [82, 83, 86, 84, 85]. These
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methods are derived in the context of first-order PDEs and the residual is minimized
in an L1 sense, though examples of singularly perturbed problems are considered
as well. In the context of approximating solutions containing discontinuities and
underresolved interior and boundary layers, the numerical results for existing
L1-methods suggest such features can be approximated as sharply as a given mesh
permits without exhibiting spurious over- or undershoots. This thesis expands
on these methods by considering more general residual minimization problems in
dual norms leading to an approach that is applicable to a wider range of PDEs
including second-order PDEs.





Chapter 3

Preliminaries

This chapter contains fundamental definitions and results, mainly from functional
analysis, that we will use throughout this thesis. The chapter is organized as
follows: we start by introducing concepts related to Banach and Hilbert spaces in
Section 3.1; in Section 3.2 we list precise definitions of the main function spaces
we consider; Section 3.3 contains an introduction to duality mappings and Section
3.4 contains a characterization of best approximation in Banach spaces that is
closely linked with duality mappings. In Section 3.5 we introduce the closed range
theorem and some of its implications; Section 3.6, finally, provides a brief overview
of a very general concept of graph spaces and trace operators.

3.1 Banach Spaces and Hilbert Spaces

In this section we define a few concepts from functional analysis and state some
very useful results. For more details we refer to [6, 42, 41, 43, 21], for example. We
restrict ourselves to real valued vector spaces and all definitions and results are only
stated in this special case. In Section 3.3, we will use the concepts summarized here
in order to introduce the duality mapping that we need to define the Lq (Ω)-version
of the Petrov-Galerkin methods introduced in Chapter 6. We start with some basic
concepts in Banach spaces in Section 3.1.1. Then we introduce Hilbert spaces in
Section 3.1.2, as well as the Riesz Representation Theorem that provides us with
the Hilbert space equivalent of the duality mapping, the Riesz map.

The concepts related to Banach and Hilbert spaces are certainly very useful
beyond the definition of the duality map and the formulation of Petrov-Galerkin
methods in Lq (Ω)-type spaces. In particular, FEMs are based on weak formulations
of PDEs in Hilbert spaces.
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3.1.1 Banach spaces

Definition 3.1 (Banach space). A normed vector space that is complete is called
a Banach space.

Definition 3.2 (dual space and duality pairing). Let V be a normed vector space
with norm ∥ · ∥V . Its dual space V ′ is defined as the set of all continuous linear
operators from V to R and the dual norm ∥ · ∥V ′ is defined as

∥ℓ∥V ′ := sup
v∈V,v ̸=0

|ℓ(v)|
∥v∥V

.

Furthermore, the duality pairing ⟨·, ·⟩V ′,V between V and V ′ is given by

⟨ℓ,v⟩V ′,V := ℓ(v) ℓ ∈ V ′,v ∈ V.

Note that the dual space V ′ equipped with the norm ∥ · ∥V ′ as defined above is
always a Banach space, cf., [42, Theorem 3.2-4].

Definition 3.3 (Orthogonal complement). Let V be a Banach space and let U be
a subspace of V . The (topological) orthogonal complement of U , denoted by U⊥, is
defined as

U⊥ := {v′ ∈ V ′ : ⟨v′,v⟩V ′,V = 0 for all v ∈ U}.

Definition 3.4 (uniformly convex spaces). A normed space V is called uniformly
convex if for any ε ∈ (0,2] there exists δ > 0, such that for any v,w ∈ V , v ̸= w,
with ∥v∥V = ∥w∥V = 1 and ∥v−w∥V ≥ ε we have

∥∥∥1
2(v+w)

∥∥∥
V

≤ 1− δ.

Definition 3.5 (strictly convex space). A normed space V is called strictly convex
if for v,w ∈ V , v ̸= w, ∥v∥V = ∥w∥V = 1, we have ∥λv+ (1 −λ)w∥V < 1 for all
λ ∈ (0,1).

Definition 3.6 (reflexive space). Let V be a Banach space. We can define a linear,
injective isometry IV : V → V ′′ := (V ′)′ by

⟨IV (v),v′⟩V ′′,V ′ := ⟨v′,v⟩V ′,V for v ∈ V,v′ ∈ V ′.

IV is referred to as the natural embedding of V into its bidual V ′′ and the space V
is called reflexive if IV is surjective.

Theorem 3.7 (cf., [41]). Every uniformly convex space is strictly convex.
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Theorem 3.8 (Milman-Pettis, cf., [21, 43]). A uniformly convex Banach space is
reflexive.

The following corollary that follows from the Hahn-Banach theorem is very
useful.

Corollary 3.9 (cf., [21, Corollary 1.3]). Let V be a Banach space. For every
v0 ∈ V there exists ℓ0 ∈ V ′ such that

∥v0∥V = ∥ℓ0∥V ′ and ⟨ℓ0,v0⟩V ′,V = ∥v0∥2
V .

Later on we will need several notions of differentiability in Banach spaces.
Therefore we recall the following three definitions.

Definition 3.10 (Gâteaux derivative). Let X and Y be two Banach spaces and
let D ⊆X be open. The function F :D → Y is Gâteaux differentiable at x0 ∈D if
there exists a continuous linear operator ∇F (x0) :X → Y such that

lim
t→0

F (x0 + tx)−F (x0)
t

= ∇F (x0)x for every x ∈X.

Definition 3.11 (Fréchet derivative). Let X and Y be two Banach spaces and let
D ⊆ X be open. The function F : D → Y is Fréchet differentiable at x0 if it is
Gâteaux differentiable at x0 and

lim
t→0

sup
∥x∥X=1

∥∥∥∥∥F (x0 + tx)−F (x0)
t

−∇F (x0)x
∥∥∥∥∥
Y

= 0.

Definition 3.12 (subdifferential). Let V be a Banach space. A function F : V →R
is called subdifferentiable at a point v ∈ V if there exists v′ ∈ V ′, called sub-gradient
of F at v, such that

F (w)−F (v) ≥ ⟨v′,w−v⟩V ′,V for all w ∈ V.

The set of all sub-gradients of F at v is denoted by ∂F (v) and the mapping ∂F :
V → P(V ′), where P(V ′) denotes the power set of V ′, is called the subdifferential
of F .

3.1.2 Hilbert Spaces

Definition 3.13 (Hilbert space). An inner product space V with inner product
(·, ·)V is a Hilbert space if it is complete with respect to the norm ∥ · ∥V induced by



34 Preliminaries

the inner product, i.e., the norm that is defined as

∥v∥V :=
√

(v,v)V for all v ∈ V.

Theorem 3.14 (Riesz representation theorem). Let V be a Hilbert space with inner
product (·, ·)V and the induced norm ∥ · ∥V . For any continuous linear functional
ℓ ∈ V ′, there exists a unique wℓ ∈ V such that

⟨ℓ,v⟩V ′,V = (v,wℓ)V for all v ∈ V.

Furthermore,

∥ℓ∥V ′ = ∥wℓ∥V ,

and the Riesz map RV : V → V ′ given by

RV (v) := (·,v)V , w ∈ V,

is a linear isometric isomorphism, i.e., RV is linear, bijective, and

∥RV (v)∥V ′ = ∥v∥V .

3.2 Function Spaces

In this section we introduce the function spaces that will be used throughout this
thesis; for more details we refer to [6], for example.

3.2.1 Continuously Differentiable Functions

Definition 3.15 (The spaces Ck(Ω)). Let Ω ⊂ Rd, d≥ 1 be open. We denote by
C0(Ω) the set of all continuous functions on Ω. Furthermore, for any integer k ≥ 1
we denote the space of all functions that are k times continuously differentiable
over Ω by Ck(Ω). The space of infinitely continuously differentiable functions is
given by

C∞(Ω) :=
∞⋂
k=0

Ck(Ω).
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Definition 3.16 (support of a function). The support of a real-valued function
f :Ω → R, denoted by suppf , is the closure of the set of points in x ∈Ω such that
f(x) is non-zero, i.e.,

suppf := {x ∈Ω : f(x) ̸= 0}.

Definition 3.17. For k ∈ N∪ {∞} we define the subspace Ckc (Ω) ⊂ Ck(Ω) of
Ck(Ω)-functions with compact support in Ω as follows

Ckc (Ω) := {f ∈ Ck(Ω) : suppf ⊂Ω is compact}.

For k = ∞, we also write

D(Ω) := C∞
c (Ω).

Definition 3.18 (Space of distributions). The dual space of D(Ω) is called the
space of distributions and is denoted by D ′(Ω).

Equipped with the supremum norm,

∥f∥C0(Ω̄) := sup
x∈Ω̄

|f(x)|,

the space C0(Ω̄) is a Banach space.

3.2.2 Sobolev Spaces

Definition 3.19 (Lq(Ω) spaces). We define the Lebesgue spaces Lq(Ω) for 1 ≤
q ≤ ∞ as

Lq(Ω) :=
{
v :Ω → R : ∥v∥Lq(Ω) <∞

}
,

where

∥v∥Lq(Ω) :=
(∫

Ω
|v(x)|q dx

)1/q
for 1 ≤ q <∞,

∥v∥L∞(Ω) := esssup
Ω

|v|

= inf
 sup

x∈Ω\N
|v(x)| : N ⊂Ω has Lebesgue measure 0

 .
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The spaces Lq(Ω) are Banach spaces for all 1 ≤ q ≤ ∞ and the space L2 (Ω) is
a Hilbert space with inner product

(v,w)L2(Ω) =
∫
Ω
v(x)w(x)dx.

Definition 3.20 (Sobolev spaces W k,q (Ω)). We define the Sobolev spaces W k,q(Ω)
for k = 0,1,2, . . . and 1 ≤ q ≤ ∞, as the space of all real-valued functions such that
all weak derivatives up to order k lie in Lq(Ω); more precisely, we have that

W k,q (Ω) :=
{
v :Ω → R : ∂

|α|v

∂xα
∈ Lq (Ω) ,0 ≤ |α| ≤ k

}
,

where α denotes a multi-index of length |α|. These spaces are Banach spaces
equipped with the norms

∥v∥W k,q(Ω) :=
 ∑

|α|≤k

∥∥∥∥∥∂|α|v

∂xα

∥∥∥∥∥
q

Lq(Ω)

1/q

for 1 ≤ q <∞,

∥v∥W k,∞(Ω) := max
|α|≤k

∥∥∥∥∥∂|α|v

∂xα

∥∥∥∥∥
L∞(Ω)

.

Furthermore, the associated semi-norms are given by

|v|W k,q(Ω) :=
 ∑

|α|=k

∥∥∥∥∥∂|α|v

∂xα

∥∥∥∥∥
q

Lq(Ω)

1/q

for 1 ≤ q <∞,

|v|W k,∞(Ω) := max
|α|=k

∥∥∥∥∥∂|α|v

∂xα

∥∥∥∥∥
L∞(Ω)

.

We denote by W 1,q
0 (Ω) the subspace of W 1,q (Ω) containing all functions in W 1,q (Ω)

that are zero on the boundary of Ω in the sense that their trace is zero. Furthermore,
we denote the dual space of W 1,q

0 (Ω) by W−1,q′ (Ω), where 1/q+1/q′ = 1.

We note that W 0,q (Ω) = Lq (Ω).

Definition 3.21 (Sobolev spaces Hk (Ω), H1
0 (Ω) and H−1 (Ω)). For q = 2 we

write

Hk (Ω) :=W k,2 (Ω) ,H1
0 (Ω) :=W 1,2

0 (Ω) and H−1 (Ω) =W−1,2 (Ω) .

The spaces Hk (Ω), H1
0 (Ω) and H−1 (Ω) are Hilbert spaces.
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We conclude this section by quoting a Sobolev embedding theorem. There are
multiple results concerning the embedding of Sobolev spaces into other function
spaces with higher regularity or integrability, collectively referred to as Sobolev
embeddings, cf., e.g., [6]. Here, we only state one special case that will be used for a
crucial step in the proof of an inf-sup condition for the convection-diffusion-reaction
equation in W 1,q

0 (Ω)-W 1,q′

0 (Ω), cf. in Chapter 5.

Theorem 3.22 (Sobolev embedding). Let Ω ⊂ Rd, d≥ 1, be an open and bounded
Lipschitz domain. Let 1 ≤ q <∞, then the embedding

Id :W 1,q (Ω) → Lr (Ω)

is continuous if r ≤ q∗, where q∗ is the Sobolev conjugate of q defined by

1
q∗ = 1

q
− 1
d
.

Moreover, the embedding is compact if r < q∗ and the same results hold with
W 1,q (Ω) replaced by W 1,q

0 (Ω).

3.3 Duality Mappings

One of the key ingredients used to extend concepts from Hilbert spaces to more
general Banach spaces both in [136] and [93] is replacing the Riesz map with
so-called duality mappings. In general, duality mappings are non-linear maps
that share certain properties with the Riesz map. If the underlying space is a
Hilbert space, any duality mapping is linear and the Riesz map is one possible
choice for the duality mapping. In this section we will give a precise definition
of duality mappings, summarize a range of very useful properties and list some
relevant examples.

Definition 3.23.

1. A weight function is a continuous and strictly increasing function φ :R+ →R+

such that φ(0) = 0 and limt→∞φ(t) = +∞.

2. Let V be a Banach space and φ a weight function. Denote by P(V ′) the
power set of V ′. Then the multivalued map J φ

V : V → P(V ′), defined by

J φ
V (v) :=

{
v′ ∈ V ′ : ⟨v′,v⟩V ′,V = ∥v∥V ∥v′∥V ′ ,∥v′∥V ′ = φ(∥v∥V )

}
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is called a duality mapping of weight φ.

Due to Corollary 3.9 (cf., e.g.., [21, Corollary 1.3]) the set J φ
V (v) is non-empty.

If we choose φ(t) = t as a weight function we obtain the so-called normalized
duality map. In many cases this choice is the simplest and most convenient one.
In fact, some books only introduce the duality mapping for this choice of φ, cf.,
eg., [21, 51, 169]. As we will see later, however, φ(t) = tq−1 is in some cases a
more suitable choice for Lq-type spaces. If q = 2 this choice coincides with the
normalized duality map. Furthermore, note that we have JV (v) = {RV (v)} if
JV is the normalized duality map and V is a Hilbert space due to the Riesz
Representation theorem, cf. Theorem 3.14.

3.3.1 Properties Duality Mappings

In the following Proposition we summarize a few properties of the duality map for
Banach spaces with particular structures.

Proposition 3.24. Let V be a Banach space and denote by J φ
V : V → P(V ′) the

duality map of weight φ on V . Then the following statements are true:

1. V ′ is strictly convex if and only if J φ
V is single valued, cf., [51, Prop. 12.3]. In

this case we define the duality map JφV : V → V ′ such that J φ
V (v) = {JφV (v)}

for all v ∈ V .

2. If V is strictly convex, then J φ
V (v)∩J φ

V (w) = ∅ for all w ̸= v. In particular,
J φ
V is injective.

3. V is reflexive if and only if J φ
V is surjective in the sense that for every v′ ∈ V ′

there is a v ∈ V such that v′ ∈ J φ
V (v), cf., [43, Theorem 3.4, Chapter II].

4. If V is a reflexive Banach space and J φ
V is a duality mapping of weight φ,

then (J φ
V )−1 is a duality mapping on V ′ of weight φ−1, cf., [43, Cor. 3.5,

Ch. II].

The main implication of the above proposition is that in a strictly convex and
reflexive space V with a strictly convex dual space V ′, the duality mapping is
bijective and its inverse can be identified with a duality mapping on the dual space
V ′ with the inverse weight φ−1.

The following theorem is a special case of Theorem 4.4 in [43, Chapter I] and
states that the duality map on V can be characterized using the subdifferential of
the norm on V . This is a key property of the duality map that will allow us to
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derive the duality map for some specific Banach spaces in the special case that the
subdifferential is essentially the Gâteaux or Fréchet derivative of the norm.

Theorem 3.25 (Asplund, cf., [43, Ch. I, Theorem 4.4]). Let V be a Banach space
and define FφV : V → R by FφV (·) := ψ(∥ · ∥V ), where ψ(s) :=

∫ s
0 φ(t)dt and φ is a

weight function. Then for any v ∈ V , we have

J φ
V (v) = ∂FφV (v),

where ∂FφV (v) denotes the subdifferential of FφV at v.

The result that finally allows us to compute duality maps is the following.

Proposition 3.26 (cf.,[169, Proposition 47.19]). Let V be a Banach space and
define FφV : V → R by FφV (·) := ψ(∥ ·∥V ), where ψ(s) :=

∫ s
0 φ(t)dt and φ is a weight

function.

1. If V ′ is strictly convex, then ∇FφV (v) exists as a Gâteaux derivative and
∇FφV (v) = JφV (v) for all v ∈ V .

2. If V ′ is uniformly convex, then ∇FφV (v) exists as a Fréchet derivative and
∇FφV (v) = JφV (v) for all v ∈ V .

Note that due to Theorem 3.7 uniform convexity of V ′ implies strict convexity
of V ′ and due to the Milman-Pettis theorem, cf. Theorem 3.8, V ′ and hence also
V are reflexive in this case. Furthermore, if FφV is Gâteaux differentiable, Theorem
3.25 guarantees that the duality map is single valued which implies strict convexity
of the dual space V ′ due to Proposition 3.24.

3.3.2 Examples of Duality Mappings on Sobolev Spaces

First, consider V = Lq (Ω) , 1< q <∞ with the norm

∥v∥Lq(Ω) =
(∫

Ω
|v|q dx

)1/q
.
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Let us denote the duality mapping on Lq (Ω) with weight φ(t) = tq−1 by Jq. In
this case ψ(s) =

∫ s
0 φ(t)dt= 1

qs
q and thus we can compute

⟨Jq(v),w⟩Lq′(Ω),Lq(Ω) = d
dt

(
1
q

∥v+ tw∥qLq(Ω)

)∣∣∣∣∣
t=0

= d
dt

(
1
q

∫
Ω

|v+ tw|q dx

)∣∣∣∣∣
t=0

=
∫
Ω

|v|q−1sgn(v)wdx.

Note that φ−1(t) = tq
′−1 for q such that 1 = 1/q+ 1/q′ and therefore J−1

q′ = Jq.
Moreover, we have for all v ∈ Lq (Ω)

∥Jq(v)∥Lq′(Ω) = ∥v∥q−1
Lq(Ω), ⟨Jq(v),v⟩Lq′(Ω),Lq(Ω) = ∥v∥qLq(Ω).

Similarly, we can compute the normalized duality map J̃q on Lq (Ω), i.e., the
duality map with weight φ(t) = t, and obtain

⟨J̃q(v),w⟩Lq′(Ω),Lq(Ω) = ∥v∥2−q
Lq(Ω)

∫
Ω

|v|q−1sgn(v)wdx.

Comparing the expressions for Jq and J̃q, we can see that it may be useful, in
particular for the computational implementation, to use Jq instead of the normalized
duality mapping in order to avoid the additional scaling ∥v∥2−q

Lq(Ω).
As a second example consider the space W 1,q

0 (Ω) equipped with the (semi-)
norm |v|W 1,q(Ω). In the same way as before we can compute the duality map of
weight φ(t) = tq−1 and obtain

⟨J
W 1,q

0
(v),w⟩Lq′(Ω),Lq(Ω) =

∫
Ω

d∑
i=1

|∂iv|q−1sgn(∂iv)∂iwdx.

The corresponding normalized duality map is given by

J̃
W 1,q

0
(v) = |v|2−q

W 1,q(Ω)JW 1,q
0

(v).
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Remark 3.27 (q-Laplacian). Let 1 ≤ q < r <∞ and x ∈ Rd, d≥ 1. In this case we
have the following norm equivalence on the finite dimensional space Rd:

∥x∥lq =
 d∑
i=1

|xi|q


1
q

≤ d
1
q − 1

r

 d∑
i=1

|xi|r


1
r

= d
1
q − 1

r ∥x∥lr ,

∥x∥lr ≤ ∥x∥lq .

As a result
(∫

Ω
∥∇v∥q

l2 dx
)1/q

defines a norm on W 1,q
0 (Ω) that is equivalent to |v|W 1,q(Ω) and the corresponding

duality mapping for q > 2 is given by
∫
Ω

∥∇v∥q−2
l2 ∇v ·∇wdx,

which is also the weak form of the q-Laplacian.

3.4 Characterization of Lq-Best Approximation

In this section we describe a characterisation of best-approximation in Banach
spaces and more specifically the Lebesgue spaces Lq(Ω), 1 ≤ q <∞. This charac-
terisation will be used in Chapter 4 to determine the best Lq-approximation for
specific examples.

We now quote the following theorem, cf., [154, Theorem 1.1].

Theorem 3.28 (Characterisation of best approximation). Let U be a Banach space,
Uh ⊂ U a closed subspace and u ∈ U . The following statements are equivalent:

1. uh = arg min
wh∈Uh

∥u−wh∥U .

2. There exists a functional r′ ∈ ∂ (∥ · ∥U )(u−uh) which annihilates Uh, i.e.,

⟨r′,wh⟩U ′,U = 0 for all wh ∈ Uh.
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Remark 3.29. The subdifferential ∂ (∥ · ∥U )(·) can be characterized as follows, cf.,
e.g., [43, Chapter 1, Proposition 3.4]. For any w ∈ U ,

∂ (∥ · ∥U )(w) :=
{w′ ∈ U ′ : ⟨w′,w⟩U ′,U = ∥w∥U , ∥w′∥U ′ = 1} if w ̸= 0,

{w′ ∈ U ′ : ∥w′∥U ′ = 1} if w = 0.
(3.5)

This characterisation allows us to translate the above formulation of Theorem 3.28
directly into the formulation found in [154]. In [137], the same theorem is stated
in terms of the so-called duality mapping, which can also be easily translated into
the above formulation.

First we will use Theorem 3.28 to characterize best approximants in subspaces
of Lq(Ω), 1< q <∞. To this end, we determine the subdifferential ∂

(
∥ · ∥Lq(Ω)

)
(w)

for an arbitrary w ∈ Lq(Ω) and 1 < q < ∞. Note that in this case the norm is
Gâteaux differentiable; indeed, we can compute for w ̸≡ 0:

∂
(
∥ · ∥Lq(Ω)

)
(w)(v) = d

dt

(∫
Ω

|w+ tv|q dx
) 1

q

∣∣∣∣∣∣
t=0

= ∥w∥1−q
Lq(Ω)

∫
Ω

sgn(w)|w|q−1vdx,

where

sgn(w(x)) =


−1 if w(x)< 0,

1 if w(x)> 0,
0 if w(x) = 0,

hence ∂
(
∥ · ∥Lq(Ω)

)
(w) = ∥w∥Lq(Ω)sgnw|w|q−1 by the canonical identification of an

element in the dual space of Lq (Ω) with a function in Lq′ (Ω), where 1 = 1/q+1/q′.
The following Corollary is an immediate consequence of this by setting w =

u−uh.

Corollary 3.30. Let U := Lq (Ω), 1< q <∞, and Uh ⊂ U a closed subspace. The
function uh ∈ Uh is an Lq-best approximation of u if and only if∫

Ω
sgn(u−uh)|u−uh|q−1vhdx = 0 ∀vh ∈ Uh.

Next we will use (3.5) to characterize best approximations in subspaces of
L1(Ω). Note that in this case the subdifferential ∂

(
∥ · ∥L1(Ω)

)
(w) is in general

not single valued for an arbitrary w ∈ L1 (Ω). Since the dual space of L1 (Ω) is
isomorphic with L∞ (Ω), any w′ ∈

[
L1 (Ω)

]′
can be identified with some ψ ∈L∞ (Ω)
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such that

w′(v) =
∫
Ω
ψvdx.

From (3.5), we deduce that w′ ∈ ∂
(
∥ · ∥L1(Ω)

)
(w) if and only if the corresponding

ψ ∈ L∞ (Ω) satisfies the following properties

1. ∥ψ∥L∞(Ω) = 1.

2.
∫
Ω
ψwdx = ∥w∥L1(Ω).

It is easy to see that any ψ such that ψ = sgn(w) if w ̸= 0 and |ψ| ≤ 1 almost
everywhere satisfies the above conditions. Conversely, the first property implies
|ψ(x)| ≤ 1 almost everywhere and the second property implies that ψ(x) = 1 almost
everywhere on {w(x)> 0} and ψ(x) = −1 almost everywhere on {w(x)< 0} since

∥w∥L1(Ω) =
∫
Ω

|w|dx =
∫
Ω
ψwdx =

∫
Ω∩{w(x)>0}

ψ|w|dx−
∫
Ω∩{w(x)<0}

ψ|w|dx.

It is important to note, that the only condition on ψ on the set {w(x) = 0} is
that |ψ| ≤ 1 almost everywhere. The following Corollary characterizing L1-best
approximations is a direct consequence of this by setting w = u−uh.

Corollary 3.31. Let U := L1 (Ω) and Uh ⊂ U a closed subspace. The function
uh ∈ Uh is an L1-best approximation of u if and only if there exists a function
ψ0 ∈ L∞(Ω ∩ {u(x) = uh(x)}), |ψ0| ≤ 1, almost everywhere, such that for all
vh ∈ Uh,

0 =
∫
Ω∩{u(x)>uh(x)}

vhdx−
∫
Ω∩{u(x)<uh(x)}

vhdx+
∫
Ω∩{u(x)=uh(x)}

ψ0vhdx,

or, equivalently, for all vh ∈ Uh,

0 =
∫
Ω
ψvhdx,

where ψ = sgn(u−uh) on {u(x) ̸= uh(x)} and ψ = ψ0 on {u(x) = uh(x)}.

Note that in the case that u and uh only agree on a set of measure zero, the
choice of ψ0 ∈ [−1,1] becomes irrelevant.
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3.5 Closed Operators and the Closed Range The-
orem

Closed operators are a generalization of continuous operators. Even though we
mostly work with continuous operators in the context of FEM, it is sometimes useful
to consider a closed operator corresponding to a given PDE instead. The closed
range theorem for closed operators is a powerful tool for proving well-posedness of
weak formulations of linear PDEs. In this section, we will first introduce bounded
and closed operators and then state the closed range theorem. Finally, we will
state two theorems commonly used for the well-posedness analysis in the context
of FEMs that are essentially a reformulation of the closed range theorem in a more
specific setting. The first one can be applied to the bilinear form representing the
weak formulation of a PDE in the infinite dimensional setting and the second can
be applied to the discrete setting, i.e., the finite dimensional approximation of a
variational problem in the context of FEM.

The concepts in this section are well-known and can be found in many books
either on functional analysis or FEMs such as [142, 20, 6, 69].

Definition 3.32 (Domain and Graph of an Operator). Let U and V be two normed
spaces and let B be a linear operator B :D(B) → V , where D(B) ⊂U is a subspace.
We call D(B) the domain of B and the Graph of B, denoted by G(B), is defined as

G(B) := {(u,Bu) : u ∈D(B)} ⊂ U ×V.

Proposition 3.33 (Bounded Linear Operators). Let (U,∥ · ∥U ) and (V,∥ · ∥V ) be
two normed vector spaces and let B : U → V be a linear map. Then the following
statements are equivalent

1. B is continuous.

2. B is continuous at 0.

3. There is a C > 0 such that ∥Bu∥V ≤ C∥u∥U for all u ∈ U .

Definition 3.34 (Closed Operator). Let U and V be two normed spaces. A linear
operator B :D(B) → V is called closed if its graph G(B) is a closed subspace of
U ×V .

Definition 3.35 (Adjoint Operator). Let U and V be two normed spaces. The
adjoint or transpose B′ : V ′ → U ′ of a continuous linear operator B is defined by
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the identity

⟨v′,Bu⟩V ′,V = ⟨B′v′,u⟩U ′,U ∀u ∈ U,v′ ∈ V ′.

The above definition of the adjoint operator can be extended to closed operators
B :D(B) → V such that D(B) is dense in U , i.e., D(B) = U .

If U and V are Hilbert spaces and we denote by RU and RV the Riesz maps on
U and V , respectively, we can define an adjoint B∗ : V →U as B∗ :=R−1

U ◦B′ ◦RV .
Furthermore, we obtain the following identity

(B∗v,u)U = ((R−1
U ◦B′ ◦RV )v,u)U = ⟨(B′ ◦RV )v,u⟩U ′,U

= ⟨RV v,Bu⟩V ′,V = (v,Bu)V .

Remark 3.36. The term adjoint operator is commonly used for both the adjoint
B′ in the context of Banach spaces and for B∗ in the context of Hilbert spaces.
To avoid confusion, we have introduced a different notation for the two different
operators. In [142] this problem is solved by calling B′ the transpose rather than
the adjoint of B.

Theorem 3.37 (Closed Range Theorem for Closed Operators). Let U and V be
normed spaces and B : U ⊂D(B) → V , D(B) = U (i.e. the domain of B is dense
in U), be linear and closed. The following conditions are equivalent to each other:

(i) R(B) is closed in V .

(ii) R(B) = N (B′)⊥

The following theorem is a reformulation of the Closed Range Theorem for the
continuous linear operator B induced by a given bilinear form b : U ×V ′ → R via
the definition

⟨Bu,v⟩V ′,V := b(u,v) ∀v ∈ V,

if B is additionally injective.

Theorem 3.38 (Banach-Nečas-Babuška). Let U and V be Banach spaces; addi-
tionally assume that V is reflexive. Let b : U ×V → R be a continuous bilinear
form and ℓ ∈ V ′. Furthermore, consider the problem: find u ∈ U such that

b(u,v) = ℓ(v) ∀v ∈ V. (3.6)
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Then, (3.6) is well-posed for all ℓ ∈ V ′ if and only if

∃γ > 0, inf
w∈U

sup
v∈V

b(w,v)
∥w∥U∥v∥V

≥ γ, (3.7a)

∀v ∈ V, (∀w ∈ U,b(w,v) = 0) ⇒ (v = 0). (3.7b)

Moreover, we have the a priori estimate:

∀ℓ ∈ V ′, ∥u∥U ≤ 1
γ

∥ℓ∥V ′ .

There are two steps to understanding how the above theorem is linked with the
Closed Range Theorem. The less obvious step is to prove that boundedness below
of B is equivalent to closedness of R(B) for continuous and injective operators. It is
then easy to see that boundedness below of B is equivalent to the inf-sup-condition
(3.7a). The second and more obvious step is to realize that, if V is reflexive,
(3.7b) is equivalent to N (B′) = 0 implying surjectivity of B due to the Closed
Range Theorem. Note that we only need reflexivity in this last step. The Closed
Range Theorem itself can still be applied if V is not reflexive, e.g., V = L1 (Ω) or
V = L∞ (Ω).

Theorem 3.39 (Babuška, 19711). Let U , V be Banach spaces with corresponding
finite dimensional2 subspaces Uh and Vh with dimUh = dimVh. Furthermore,
assume that V is reflexive. Let b : U ×V → R be a bilinear form that satisfies
Theorem 3.38. Let b additionally satisfy the following discrete inf-sup-condition:
there exists a constant γh > 0 such that

inf
wh∈Uh

sup
vh∈Vh

b(wh,vh)
∥wh∥U∥vh∥V

≥ γh > 0.

Then there is a unique uh ∈ Uh satisfying

b(uh,vh) = ℓ(vh) ∀vh ∈ Vh,

1This result is originally due to Babuška, but is only stated for U,V Hilbert in the original
paper [9]. A more general version that includes both Theorem 3.38 and Theorem 3.39 as special
cases can be found in [142], for example, as “The Generalized Lax-Milgram Theorem”.

2The result can also be proven for closed subspaces Uh and Vh that are not necessarily finite
dimensional, cf., [142, Theorem 6.6.1]. In this case an additional condition is necessary to ensure
surjectivity of B : Uh → Vh instead of the condition dimUh = dimVh.
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and

∥u−uh∥U ≤
(

1+ M

γh

)
inf

wh∈Uh

∥u−wh∥U , (3.8)

where M is a constant such that |b(u,v)| ≤M∥u∥U∥v∥V for all u ∈ U , v ∈ V .

Remark 3.40. If U and V are Hilbert spaces, the estimate (3.8) can be improved
by applying the following result: if U is a Hilbert space and P : U → U a linear
projection (i.e., P 2 = P ), then ∥I−P∥ = ∥P∥, cf., [161]. The improved a priori
estimate is then

∥u−uh∥U ≤ M

γh
inf

wh∈Uh

∥u−wh∥U .

Remark 3.41. The result can also be sharpened in the more general Banach setting
by introducing a geometric constant, cf., [136].

3.6 Graph Spaces and Trace Operators

In order to handle boundary conditions and function values on inter-element
boundaries in the context of FEM, we need the concept of traces of functions in
Sobolev spaces. To this end, we are interested in extending many concepts from
L2 (Ω)-type spaces to Lq (Ω)-type spaces for an arbitrary q ∈ (1,∞). Therefore we
introduce a very general concept of traces in this section, mainly based on the first
chapter of [102].

Choose a pair q,q′ ∈ R such that 1 < q < ∞ and q′ = q/(q− 1) and let L :
Lq (Ω)m → D ′(Ω)l be a first-order linear operator defined as follows:

(Lv)i :=
d∑

k=1
∂k

 m∑
j=1

Bijkvj

+
m∑
j=1

Cijvj , i= 1, . . . , l,

for given B ∈W 1,∞ (Ω)l×m×d and C ∈ L∞ (Ω)l×m.

Definition 3.42 (Graph space). The graph space of L is defined as

W q(L,Ω) := {v ∈ Lq (Ω)m : Lv ∈ Lq (Ω)l}.

We can then equip the graph space with the graph norm

∥v∥L,q := ∥v∥L,q,Ω := q

√
∥v∥q

Lq(Ω)m +∥Lv∥q
Lq(Ω)l ,
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and the graph semi-norm

|v|L,q := |v|L,q,Ω := ∥Lv∥
Lq(Ω)l .

Example 3.43 (W 1,q (Ω)). If we take m = 1, l = d, Bijk = δik and Cij = 0, we
obtain Lv = ∇v and recover the Sobolev space W 1,q (Ω) as a graph space with the
usual norm and semi-norm.

Example 3.44 (W q(div,Ω)). If l = 1, m= d and L = div, then

W q(L,Ω) =W q(div,Ω) = {v ∈ Lq (Ω)m : divv ∈ Lq (Ω)}.

Example 3.45 (Scalar advection-reaction). If we choose m = l = 1, we can set
B = b ∈ W 1,∞ (Ω)d and C = c ∈ L∞ (Ω) and obtain Lv = ∇ · (bv) + cv. If we,
alternatively, set B = b and C = −∇ · b + c, we obtain3 Lv = b · ∇v+ cv. In the
latter case we also identify W q(L,Ω) with the graph space

W q(b,Ω) := {v ∈ Lq (Ω)d : b ·∇v ∈ Lq (Ω)}.

Definition 3.46 (Formal Adjoint). The formal adjoint L∗ of the operator L can
be defined as

L∗ : w 7→ −
d∑

k=1

m∑
j=1

Bjik∂kwj +Cjiwj .

Remark 3.47. In the above definition, we make sense of the expression by using
the following convention

d∑
k=1

m∑
j=1

Bijk∂kvj +
m∑
j=1

Cijvj

=
d∑

k=1
∂k

 m∑
j=1

Bijkvj

+
m∑
j=1

Cij −
d∑

k=1
∂kBijk

vj .
In order to define traces, we introduce the Besov space4 Bq′,q′,1−1/q′(∂Ω) ⊂

Lq (∂Ω) and its dual Bq,q,−1/q(∂Ω), q′ ∈ (1,∞). For Lipschitz domains, the space
3We have to be slightly careful with giving meaning to the expression b ·∇v for v ∈ W q(L,Ω), cf.,

[102, Remark 1], but this can easily be done by identifying b ·∇v +cv with ∇· (bv)+(−∇·b+c)v.
4These Besov spaces are sometimes also called fractional-order Sobolev spaces with the

notation W 1−1/q′,q′ (∂Ω).
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Bq′,q′,1−1/q′(∂Ω) can be characterized as follows

Bq′,q′,1−1/q′
(∂Ω) = {v ∈ Lq

′
(∂Ω) : ∃w ∈W 1,q′ (

Rd
)

: v = w|∂Ω}.

If Ω is bounded with Lipschitz boundary, there exists an extension operator
EΩ,Rd : W 1,q′ (Ω) → W 1,q′ (

Rd
)

such that (EΩ,Rdv)|∂Ω = v [157]. We can thus
define the surjective trace operator

TW 1,q′(Ω) :W 1,q′
(Ω) →Bq′,q′,1−1/q′

(∂Ω),v 7→ (EΩ,Rdv)|∂Ω.

Now set B(n)i := (∑d
j=1Bijnj)i. For v ∈W 1,q (Ω) and w ∈W 1,q′ (Ω)l,

⟨B(n)v,w⟩∂Ω = ⟨Lv,w⟩Ω −⟨v,L∗w⟩Ω,

where ⟨v,w⟩Ω :=
∫
Ω vwdx.

We can now define a continuous linear operator

TL :W 1,q (Ω) →Bq,q,−1/q(∂Ω)l,v 7→ ⟨B(n)v, ·⟩∂Ω,

which can by density of W 1,q (Ω) in W q(L,Ω) be extended to a continuous linear
operator TL :W q(L,Ω) →Bq,q,−1/q(∂Ω)l. This allows us to define the trace space
of W q(L,Ω) as W q(TL,∂Ω) := ImTL and equip it with the minimal-extension norm

∥v∥TL,q := inf
w∈W (L,Ω)q,TLw=v

∥w∥L,q.

By construction of the norm on ∥ ·∥TL,q the operator norm of TL is 1 if we consider
TL as an operator from W q(L,Ω) to W q(TL,∂Ω).

We can furthermore define the functions with zero trace as the closure of D(Ω)
with respect to the graph norm, i.e., W q

0 (L,Ω) = D(Ω) and indeed W q
0 (L,Ω) =

kerTL, cf., [102, Theorem 9].





Chapter 4

Gibbs Phenomena in the Lq-Best
Approximation of Discontinuities
in Finite Element Spaces

4.1 Introduction

This chapter investigates the Gibbs phenomenon in the context of the Lq-best
approximation of discontinuous functions in finite element spaces by considering
a few carefully selected simple examples that can be analysed in detail. Saff and
Tashev show in [150] that in one dimension the best approximation of a jump
discontinuity by polygonal lines leads to Gibbs phenomena for all 1< q <∞ that
vanish as q → 1; this is the starting point of our investigation.

We consider several meshes in one and two dimensions and show that on certain
meshes the over- and undershoots can be eliminated in the limit q → 1 as in
the case considered by [150]. However, there exist meshes in both one and two
dimensions that do not satisfy this property. The aim of this chapter is to illustrate
which properties the underlying mesh must satisfy to allow us to predict whether
the oscillations vanish in the Lq-best approximation of discontinuous functions as
q → 1.

4.1.1 Motivation

To motivate the best approximation problem we analyse in this chapter, we consider
the following simple convection-diffusion problem: find u such that

−εu′′ +u′ = 0 in (0,1), u(0) = 1, u(1) = 0. (4.1)
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The analytical solution to this problem is given by

u(x) = 1− e− 1−x
ε

1− e− 1
ε

;

in particular, there is a boundary layer near x= 1 for small ε. In two dimensions,
we consider a rather straightforward extension of the one-dimensional example to
two dimensions: find u such that

−ε∆u+∂xu= 0 in (0,1)2, u(0, ·) = 1, u(1, ·) = 0, ∂nu= 0 if y = 0 or y = 1,
(4.2)

where n denotes the unit outward normal vector on the boundary of the domain.
We seek an approximation of the analytical solution in a finite dimensional

space that consists of continuous piecewise linear polynomials defined on a given
mesh. In one dimension, we are interested both in uniform and non-uniform
meshes. In two dimensions we consider predominantly uniform and structured
meshes, although we include one example of an unstructured mesh.

If ε≪ 1, then the second-order term is completely dominated by the first-order
term and away from the outflow boundary the solution is essentially given by the
solution to the advection problem obtained by setting ε to zero. For the above
problems this means that u ≈ 1 away from the outflow boundary. Due to the
Dirichlet boundary conditions, a boundary layer forms near the outflow boundary.
If the diameter of the elements near the boundary layer is large compared with ε,
the layer is fully contained within these elements and, in the above problems, u≈ 1
in the rest of the domain. Numerically, this essentially means that we approximate
the problems (4.1)/(4.2) with ε = 0 while still keeping the boundary conditions
at both ends. Clearly, the analytical solution for the above problems with ε= 0
and the boundary conditions only imposed on the inflow part of the boundary is
u≡ 1. This motivates us to consider the best approximations of u≡ 1 by linear
finite element functions satisfying the boundary conditions given in (4.1) and (4.2),
respectively.

Figure 4.1 shows the Lq-best approximation of u ≡ 1 by a piecewise linear
function uh satisfying uh(0) = 1 and uh(1) = 0 on a uniform mesh consisting
of four elements with q = 2 and q = 1.2. We can see that in both cases over-
and undershoots are present in the approximation, but that the magnitude of
these oscillations is significantly smaller for q = 1.2. This example illustrates the
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Figure 4.1 Lq-best approximation to u ≡ 1 by a piecewise linear function uh
satisfying uh(0) = 1 and uh(1) = 0 on a uniform mesh consisting of four elements
with q = 2 and q = 1.2.

phenomenon of reducing oscillations in the approximation as q → 1 that we shall
investigate in this chapter.

Most of this chapter will be concerned with the precise and very technical
analysis of specific situations. Before we delve into this, let us look at the simplest
example in order to understand why the over- and undershoots in the Lq-best
approximation of discontinuities reduce as q → 1. To this end, we consider an
approximation uh to u≡ 1, where uh is a piecewise linear function on a two-element
mesh on (0,1) satisfying uh(0) = 1 and uh(1) = 0. If h is the length of the second
element, the free parameter in the approximation is uh(1 − h) = 1 + δ. Three
different choices for δ are shown in Figure 4.2. Clearly, the error with δ < 0 is
always larger than the error with δ = 0. Hence, we can assume δ ≥ 0. Whether
δ = 0 or some δ > 0 yields the better approximation is, however, less obvious.
Roughly speaking, replacing δ = 0 with a small δ > 0 increases the overall area that
contains an error while at the same time decreasing the area where the pointwise
error is close to 1. Therefore, we can expect that in certain situations there exists a
δ > 0 that yields an approximation with a smaller error than δ = 0. This argument
clearly fails for δ ≥ 1, hence we would always expect δ < 1.

The error in the Lq-norm is determined by integrating |u−uh|q over the whole
interval. As q ≥ 1 increases, areas containing larger pointwise errors are weighted
increasingly more heavily compared to areas containing smaller pointwise errors.
This can be seen by looking at the graph of xq for different values of q ≥ 1 as shown
in Figure 4.2 on the right. As q increases the graph becomes flatter away from 1
such that the range of values for the pointwise error that contribute comparatively
little to the Lq-error increases. At the same time the graph becomes steeper close
to 1 implying that the contribution of pointwise errors close to 1 to the Lq-error
increases. This suggests, that we can expect δ2 > δ1 if uh,i = 1+δi, i= 1,2, are the
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Figure 4.2 Left: Possible approximations to u≡ 1 by a piecewise linear function uh
satisfying uh(0) = 1 and uh(1) = 0 on a uniform mesh consisting of two elements
such that uh(0.5) = 1+ δ. Right: xq for x ∈ [0,1] and several values of q ≥ 1.

Lqi-best approximations for some 1 ≤ q1 < q2. Indeed, we will later see that the
overshoot is an increasing function in q. Moreover, for q > 1, δ = 0 never yields
an Lq-best approximation and for q = 1 only if the resulting area where uh < u is
sufficiently small. Furthermore, the conjecture δ < 1 will also be confirmed and a
plot of the overshoot for large q suggests that δ → 1 as q → ∞. In fact, it is easy
to see that δ = 1 yields an L∞-best approximation. Indeed, any δ ∈ [−1,1] yields
an L∞-best approximation since for |δ| ≤ 1 the maximal error never exceeds 1, but
is always 1 independently of the precise value of δ due to the boundary condition
at x= 1.

The observation that for larger q it is ‘better’ to commit small errors in the entire
domain than a very large error in one element, is similar to the observations made
by Guermond, Marpeau and Popov in [86] in the context of residual minimization
in L1. The authors observe that the L1-minimizer commits a large error in one
cell and no error in all other cells in contrast to the L2-minimizer that spreads the
error over all cells. They furthermore observe that this corresponds to selecting a
sparse residual vector in the discrete setting which reflects the sparsity property of
discrete L1-minimizers [65, 66].

4.1.2 Problem Statement

We consider a subdivision Ωh of the domain Ω = (0,1)d, d= 1,2, into n disjoint
open simplicial elements (i.e., subintervals when d= 1 and triangles when d= 2) κi,
i= 1, . . . ,n, such that Ω̄ = ⋃n

i=1 κ̄i and define Uh to be the standard finite element
space consisting of continuous piecewise linear polynomials on the mesh Ωh. Let
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u≡ 1 and consider the following (constrained) best approximation problem:

uh = arg min
vh∈Uh

∥u−vh∥Lq((0,1)d) (4.3a)

subject to

uh(0) = 1, uh(1) = 0 if d= 1,
uh(0, ·) = 1, uh(1, ·) = 0 if d= 2.

(4.3b)

Note that the constraint can be removed by using a Dirichlet lift argument as
commonly employed in the context of finite element methods and restricting the
space Uh to the functions that are zero on the part of the boundary where boundary
conditions are employed.

In one dimension, instead of u(x) ≡ 1, we also consider the Lq-best approxi-
mation of u(x) = sgn(x) on (−1,1) by a continuous piecewise linear function uh

satisfying −uh(−1) = uh(1) = 1. We use this example to establish the link between
our work and [150].

There is a related body of literature studying the L2-projection onto finite
element spaces, such as [13, 67, 48]. These works are mostly concerned with the
stability of the projection operator in subspaces (e.g., Lq(Ω), W 1,q(Ω), H1

0 (Ω)).

4.1.3 Summary of Results

The main result of this chapter consists of the precise analysis of very simple
examples that illustrate the behaviour of Lq-best approximations of discontinuities
by continuous piecewise linear polynomials on coarse meshes. We have further-
more included some numerical examples that confirm the theoretical analysis and
illustrate how the observed behaviour in simple model examples applies to more
general scenarios. In particular, we demonstrate that the over- and undershoots
observed in Lq-best approximations for 1< q <∞ decrease as q→ 1. Whether these
oscillations disappear entirely depends on the mesh used to define the underlying
finite dimensional approximation space. In one dimension, Gibbs phenomena can
be eliminated on uniform meshes both for a boundary discontinuity and a jump
discontinuity present in the interior of the domain. For non-uniform meshes it
depends on the relative sizes of the elements. In two dimensions, we show that
there exist uniform and structured meshes for which Gibbs phenomena are not
eliminated. But, we also include examples of meshes in two dimensions on which
the over- and undershoots vanish as q → 1. Furthermore, we will illustrate that
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there exist infinitely many L1-best approximations in certain cases which is due to
the fact that L1(Ω) is not strictly convex.

The first example we consider is the approximation problem (4.3) with d =
1. The following theorem precisely characterizes the Lq-best approximation for
all 1 ≤ q < ∞ for any two-element mesh on (0,1). Note that in this case, the
approximation problem only has one degree of freedom due to the boundary
conditions. Furthermore, we prove for an N -element mesh that there exists an
L1-best approximation with no over- or undershoot if either a grading-type mesh
condition is satisfied or a stronger, simple element-size condition. The precise
result is given below.

Theorem 4.1 (Lq-best approximation of a boundary discontinuity).

1. Consider the mesh given by the subdivision of (0,1) into the two intervals
(0,1 −h) and (1 −h,1) with h ∈ (0,1). For 1 ≤ q < ∞, the solution of the
approximation problem (4.3) with u≡ 1 and d= 1 is given by a continuous
piecewise linear polynomial uh that satisfies the boundary conditions and
uh(1−h) = α, where α is defined as follows

(a) If q = 1,

α =
 1 if h≤ 0.5

√
2h if h > 0.5.

(4.4)

(b) If 1< q <∞, then α > 1 and

0 = −(1−h)α2q(α−1)q−1 −h(αq+1)(α−1)q +h.

2. Let the mesh be given by a subdivision of the interval (0,1) into N ≥ 2
intervals (xi−1,xi), i = 1, . . . ,N , with 0 = x0 < x2 < · · · < xN−1 < xN = 1.
The length hi of the ith subinterval is given by hi = xi −xi−1, i = 1, . . .N .
Define

ϑN := 0,

ϑ2
i := 1

2

(
1−

(
2(1−ϑi+1)2 −1

) hi+1
hi

)
, i=N −1, . . . ,1,

M := max
(

{0}∪
{
i ∈ {1, . . . ,N −1} : ϑi ≥ 1− 1√

2

})
.
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Then

hi ≥ (2(1−ϑi+1)2 −1)hi+1, for i=M,M +1, . . . ,N −1, (4.5)

is a sufficient condition for the existence of an L1-best approximation uh of
u≡ 1 with uh(0) = 1 and uh(1) = 0 satisfying uh(xi) = 1 for all i= 1, . . . ,N−1.
Hence, uh contains no over- or undershoots.

3. Let the mesh be given by a subdivision of the interval (0,1) into N ≥ 2
intervals (xi−1,xi), i = 1, . . . ,N , with 0 = x0 < x2 < · · · < xN−1 < xN = 1.
The length hi of the ith subinterval is given by hi = xi −xi−1, i = 1, . . .N .
Then hN ≤ mini=1,...,N−1hi is a sufficient condition for the existence of an
L1-best approximation uh of u ≡ 1 with uh(0) = 1 and uh(1) = 0 satisfying
uh(xi) = 1 for all i= 1, . . . ,N −1.

Remark 4.2. Note that in the second part of Theorem 4.1, condition (4.5) essentially
states that elements cannot be too small compared to their neighbouring element
closer to the discontinuity. Furthermore, there are no conditions on the size of
the elements contained in (0,xM−1) if M > 0. Moreover, it is always possible
to ensure M > 0 by selecting hM sufficiently large in comparison to hM+1 such
that ϑM > 1 − 1/

√
2. This means that the mesh can be designed in such a way

that it is allowed to be arbitrary away from the discontinuity without leading to
oscillations. This observation is particularly useful if more than one discontinuity
is to be approximated.

Remark 4.3. With very similar arguments as in the proof of the final part of Theorem
4.1, it is easy to see that if hN > hN−1, but hN−1 ≤ hi for all i= 1, . . . ,N −2, then
every L1-best approximation must contain over- or undershoots. Moreover, there
exists an L1-best approximation with overshoot only at the node xN−1 and no
further over- or undershoots, i.e., uh(xi) = 1 for i= 1, . . . ,N −2 and

uh(xN−1) =
√

2hN
hN +hN−1

.

The value at uh(xN−1) follows from the first part of the theorem by rescaling the
interval.

Figure 4.3 shows α specified in Theorem 4.1 for two different ranges of q and
three different choices of h. The plot shows that α < 2 for all 1 ≤ q <∞ and that
α decreases as q → 1 for all three choices of h. Furthermore, we can see that the
behaviour as q → ∞ is very similar for all choices of h, but that there are clear
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Figure 4.3 Theorem 4.1: Values for α for different ranges of q and three different
choices of h.

differences as q → 1. For h = 0.25 and h = 0.5, α approaches 1 as q → 1, hence
the overshoot vanishes as q → 1, whereas for h= 0.75 it approaches

√
2h≈ 1.2247,

hence the overshoot does not vanish. This is consistent with the results obtained
for the L1-best approximation, cf., (4.4).

In order to illustrate the graded mesh condition in part two of Theorem 4.1,
we consider the following example consisting of two three-element meshes violating
the sufficient condition in part three of Theorem 4.1 such that one of the meshes
satisfies (4.5), whereas the other mesh violates this condition as well.

Example 4.4 (Two three-element meshes). Consider the following two three-
element meshes on (0,1): for the first one we choose h1 = 0.1 and h2 = h3 = 0.45,
i.e., the mesh consists of the subintervals (0,0.1), (0.1,0.55) and (0.55,1); For the
second mesh we choose h1 = 0.1, h2 = 0.5 and h3 = 0.4, i.e., the mesh consisting
of the subintervals (0,0.1), (0.1,0.6) and (0.6,1).

In the first case, (4.5) is violated. Moreover, there is no L1-best approxima-
tion without over- or undershoots and the unique L1-best approximation satisfies
uh(0.1) ≈ 0.9931 and uh(0.55) ≈ 1.0247.

The second mesh satisfies (4.5). Hence, there exists an L1-best approximation
with no over- or undershoots.

The corresponding proof is presented in Section 4.2.4. In Section 4.5.2, we
furthermore include a numerical illustration of the behaviour of the Lq-best ap-
proximation. We will demonstrate that for the latter mesh the overshoot does
indeed not vanish entirely as q → 1.

The second best-approximation problem we analyse is the best approximation
of u(x) = sgn(x) on (−1,1) on a mesh consisting of exactly four elements that is
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symmetric with respect to x= 0. The main difference to the result in part one of
Theorem 4.1 is that there exists a whole family of best approximations if q = 1.
For q > 1, we observe the same behaviour as before.

Theorem 4.5 (Lq-best approximation of a jump discontinuity). Consider the mesh
given by the subdivision of (−1,1) into the four intervals (−1,−h), (−h,0), (0,h)
and (h,1) with h ∈ (0,1). For 1 ≤ q <∞, the Lq-best approximation of u= sgn(x)
on (−1,1) by a continuous piecewise linear function uh on the above mesh such
that −uh(−1) = uh(1) = 1 can be characterized as follows.

1. If h≤ 0.5, there exists an L1-best approximation for any β ∈ [−1,1] such that
uh(0) = β and −uh(−h) = uh(h) = 1. Conversely, any L1-best approximation
satisfies −uh(−h) = uh(h) = 1 and uh(0) ∈ [−1,1].

2. If h > 0.5, then for any β ∈ [−1,1], uh satisfies

uh(−h) = α := −
√

2h−β(
√

2h−1),
uh(0) = β,

uh(h) = γ :=
√

2h−β(
√

2h−1),

defining an L1-best approximation. Conversely, any L1-best approximation
satisfies uh(0) ∈ [−1,1] and is of the above form.

3. The unique Lq-best approximation with 1 < q < ∞ is given by −uh(−h) =
uh(h) = α and uh(0) = 0, where α satisfies

0 = −(1−h)α2q(α−1)q−1 −h(αq+1)(α−1)q +h,

and α > 1.

4. In the limit q → 1 the Lq-best approximation converges to the L1-best ap-
proximation with uh(0) = 0 for any h ∈ (0,1). The corresponding L1-best
approximation is anti-symmetric and satisfies

−uh(−h) = uh(h) =
 1 if h≤ 0.5,

√
2h if h > 0.5.

We again observe that the presence of over- and undershoots in the L1-best
approximation depends on the choice of mesh. Furthermore, there exists a whole
family of L1-best approximations in this case which is possible since L1 is not
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Figure 4.4 Four different meshes on (0,1)2.

strictly convex and therefore minimizers are not necessarily unique. We recover
uniqueness if we define the minimizer as the limit as q → 1 of the Lq-minimizer.
Moreover, it follows from the proof of Theorem 4.5 that the L1-best approximation
is unique if the subdivision of the interval is no longer symmetric, as we will see in
Section 4.3.

In order to see how this result relates to the work in [150], it first has to be
noted that there are two major differences between our investigation and [150]:

1. The interval in [150] is subdivided into 2n subintervals of equal length. In
contrast to this, we only consider the special case that (−1,1) is subdivided
into 4 subintervals and instead allow the subdivision to be non-uniform but
still symmetric with respect to the center of the interval.

2. We consider bounded domains with fixed boundary conditions, which are
relevant to finite element approximations, whereas the investigation in [150]
considers the limit n → ∞ for the interval [−nh,nh] (ergo essentially an
infinite domain) with no boundary conditions.

In [150] it is shown that for a uniform subdivision of the interval [−nh,nh], the over-
and undershoots disappear as n→ ∞ and q → 1. The last point in Theorem 4.5
shows that, on a fixed mesh, we recover the result that the over- and undershoots
disappear as q → 1 for h≤ 0.5, which includes the case of a uniform mesh. However,
if h > 0.5, the over- and undershoots do not disappear as q → 1.

The final theoretical result concerns the solution to (4.3) with d= 2 on the four
meshes shown in Figure 4.4. Note that the discrete space Uh has only one degree of
freedom on Mesh 1, corresponding to the value at the midpoint, and Uh has three
degrees of freedom on the other meshes, corresponding to the values at the three
nodes on the line x= 0.5. For the first mesh, we analyse the Lq-best approximation
for all 1 ≤ q < ∞ and show that the solution contains an overshoot that does
not disappear as q → 1. For Mesh 2, we show that any L1-best approximation
must contain over- or undershoots and characterize an L1-best approximation.
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Furthermore, we prove that there exists an L1-best approximation on Meshes 3 and
4 without over- or undershoots. Finally, we demonstrate numerically in Section
4.5.3.1 that the Lq-best approximation on Meshes 2, 3 and 4 indeed approaches
the L1-best approximation characterized in the theorem below.

Theorem 4.6 (Lq-best Approximation of a Boundary Discontinuity in Two Di-
mensions).

1. The unique solution to the best approximation problem (4.3) on Mesh 1 for
q = 1 is given defined by uh((0.5,0.5)) = α, where α satisfies

α > 1 and 0 = 2α3 −5α+2,

hence α≈ 1.3200.

2. The unique solution to the best approximation problem (4.3) on Mesh 1 for
1< q <∞ is defined by uh((0.5,0.5)) = α, where α satisfies α > 1 and

0 = (α−1)q−1
[
4α3q+4(1− q)α2 +(q−6)α+2

]
−α(q+4)+2.

3. If q > 1, the Lq-best approximation to (4.3) contains over- or undershoots on
all four meshes.

4. If q = 1, there exists a solution to (4.3) on Mesh 2 such that uh((0.5,1)) =
uh((0.5,0.5)) = 1 and uh((0.5,0)) = α, where α satisfies

α > 1 and 0 = −3α3 +8α−4,

hence α≈ 1.2723. Furthermore, uh((0.5,1)) = uh((0.5,0.5)) = uh((0.5,0)) = 1
does not define an L1-best approximation.

5. If q = 1, there exists a solution to (4.3) on Meshes 3 and 4 such that
uh((0.5,1)) = uh((0.5,0.5)) = uh((0.5,0)) = 1.

Theorem 4.6 shows that, on Meshes 1 and 2, the Lq-best approximations
exhibit an overshoot for all q, including q = 1, while on Meshes 3 and 4 the L1-best
approximation does not contain any over- or undershoots.

Figure 4.5 shows the parameter α defining the Lq-best approximation on Mesh 1
for two different ranges of q. The plot shows that α< 2 for all q and that α decreases
as q → 1, where it approaches 1.32. This is consistent with the result in Theorem
4.6 obtained for the L1-best approximation. To confirm the theoretical results,
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we have also determined the Lq-best approximation numerically by implementing
(4.29) using FEniCS [5]. The solution to the resulting non-linear system can be
approximated using a Newton iteration if q is sufficiently close to 2. Note that
this solver is not robust in q and stalls or diverges for q close to 1 and for q ≫ 2.
The left plot in Figure 4.5 shows numerically determined approximations of α for
selected values of q which confirm the theoretical results.

We also include further numerical experiments in Section 4.5 illustrating that
the observations remain the same if u is a more general smooth function and that
the over- and undershoots cannot be eliminated by refining the mesh.

4.1.4 Characterization of Best Lq-Approximation

For convenience, we quote Corollaries 3.30 and 3.31 as stated in Section 3.4. These
two Corollaries state a useful characterization of L1- and Lq-best approximations,
respectively, in closed subspaces. Throughout this chapter we will use these
characterizations to determine Lq-best approximations in finite element spaces.

Corollary 4.7. Let U := Lq (Ω), 1< q <∞, and Uh ⊂ U a closed subspace. The
function uh ∈ Uh is an Lq-best approximation of u if and only if∫

Ω
sgn(u−uh)|u−uh|q−1vhdx = 0 ∀vh ∈ Uh. (4.7)

Corollary 4.8. Let U := L1 (Ω) and Uh ⊂ U a closed subspace. The function
uh ∈ Uh is an L1-best approximation of u if and only if there exists a function
ψ0 ∈ L∞(Ω ∩ {u(x) = uh(x)}), |ψ0| ≤ 1, almost everywhere, such that for all
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vh ∈ Uh,

0 =
∫
Ω∩{u(x)>uh(x)}

vhdx−
∫
Ω∩{u(x)<uh(x)}

vhdx+
∫
Ω∩{u(x)=uh(x)}

ψ0vhdx, (4.8)

or, equivalently, for all vh ∈ Uh,

0 =
∫
Ω
ψvhdx,

where ψ = sgn(u−uh) on {u(x) ̸= uh(x)} and ψ = ψ0 on {u(x) = uh(x)}.

Note that in the case that u and uh only agree on a set of measure zero, the
choice of ψ0 ∈ [−1,1] becomes irrelevant.

4.1.5 Outline of the Chapter

The remainder of this chapter is organized as follows: Sections 4.2, 4.3 and 4.4
contain the proofs of Theorems 4.1, 4.5 and 4.6, respectively. We conclude with
several numerical examples in Section 4.5 illustrating the effect of mesh refinement
in one and two dimensions and showing the behaviour of the Lq-best approximation
as q → 1 in one dimension, as well as on structured and unstructured meshes in
two dimensions.

4.2 Best Approximation of a Boundary Discon-
tinuity in One Dimension

In this section we consider the best approximation problem (4.3) in one dimension
and provide a proof of Theorem 4.1. We split this into three parts: Sections 4.2.1
and 4.2.2 contain the proof of the first part of the theorem, where the former
addresses the case q = 1 and the latter the case 1< q <∞; Section 4.2.3 contains
the proof of the second and third part of the theorem. Finally, Section 4.2.4
contains the analysis of Example 4.4.

In the first part of Theorem 4.1, we consider the mesh consisting of the two
subintervals (0,1 −h) and (1 −h,1). The best approximation uh of u ≡ 1 by a
continuous piecewise linear function satisfying the boundary conditions uh(0) = 1
and uh(1) = 0 is determined entirely by the value it takes at the point x= 1−h.



64 Lq-Best Approximation of Discontinuities in Finite Element Spaces

1−h h

0 1

φ0 φ1

1−h h

0 1

α

Figure 4.6 Proof of Theorem 4.1: Hat functions φ0 and φ1 (left). Approximation
uh with α > 1 (right).

Thereby, we can write uh = φ0 +αφ1, where α is to be determined and

φ0 =


(1−h)−x

1−h
in [0,1−h],

0 else,
φ1 =


x

1−h
in [0,1−h],

1−x

h
in [1−h,1].

Figure 4.6 shows the two functions φ0 and φ1 as well as an approximation uh

of u≡ 1 with α > 1. To eliminate the constraint by introducing a Dirichlet lift in
the best approximation problem (4.3), we could define the subspace Uh as the span
of φ1 and redefine u= 1−φ0 and uh = αφ1. Note, however, that u−uh remains
the same. The main consequence of this observation is, that (4.7) and (4.8) do not
have to be satisfied for wh = φ0 due to the boundary condition constraint.

4.2.1 L1-Best Approximation

In this section we give a proof of the first part of Theorem 4.1 for the case q = 1.
More precisely, we show that the L1-best approximation of u ≡ 1 on (0,1) by a
continuous piecewise linear function uh satisfying the boundary conditions uh(0) = 0
and uh(1) = 1 is given by uh = φ0 +αφ1, where

α =
 1 if h≤ 0.5,

√
2h if h > 0.5.

(4.9)

Proof. Using the characterization of the best approximation given in Corollary
(4.8), to determine the best approximation, we distinguish between two cases:

1. The set {x ∈ (0,1) : (u− uh)(x) = 0} has measure zero. (For continuous
piecewise linear functions this set has to consist of a finite number of points).
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This means that ψ = sgn(u−uh) everywhere except on a set of measure zero
and is thus uniquely defined almost everywhere.

2. The set {x ∈ (0,1) : (u− uh)(x) = 0} has positive measure, i.e., the set
contains an interval of positive length. This means that ψ is not uniquely
defined on a set with positive measure.

Starting with the second case, we observe that this can only be true if α = 1
and thus u= uh in (0,1−h). In this case ψ = sgn(u−uh) = 1 in (1−h,1) and we
compute

∫ 1

1−h
ψφ1dx=

∫ 1

1−h

1−x

h
dx= h

2 .

Assuming −h/(1 −h) ∈ [−1,1], we can choose ψ0 = −h/(1 −h) in (0,1 −h) and
obtain

∫ 1−h

0
ψφ1dx= − h

1−h

∫ 1−h

0
(x+1)dx︸ ︷︷ ︸

=(1−h)/2

= − h

1−h

1−h

2 = −h

2 .

Obviously, adding both integrals yields zero for this choice of ψ0. Therefore, by
Corollary 4.8, α= 1 is an L1-best approximation provided that −h/(1−h) ∈ [−1,1].
This is the case if and only if h≤ 1−h⇔ h≤ 1/2, hence proving (4.9) for h≤ 1/2.

If on the other hand h > 1/2 ⇔ 1 −h < h, α = 1 does not yield an L1-best
approximation. Indeed,

∫ 1

0
ψφ1 dx≥ h

2 − 1−h

2 > 0,

since ψ = 1 in (0,1−h) and ψ ≥ −1 in (1−h,1).
Next we consider the first case; this implies that α ̸= 1 and ψ = sgn(u−uh)

almost everywhere in (0,1). If α < 1, we have u−uh > 0 everywhere in (0,1) and
since φ0 > 0 everywhere in (0,1), we also have

∫ 1

0
sgn(u−uh)φ1dx > 0.
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Therefore, uh = φ0 +αφ1 cannot be an L1-best approximation if α < 1. This leaves
the case α > 1. Now, u−uh < 0 in (0, α−h

α ) and u−uh > 0 in (α−h
α ,1); we compute

∫ 1

0
sgn(u−uh)φ1dx= −

∫ 1−h

0

x

1−h
dx−

∫ α−h
α

1−h

1−x

h
dx+

∫ 1

α−h
α

1−x

h
dx

= −1−h

2 − h(α2 −1)
2α2 + h

2α2 = 2h−α2

2α2 .

This integral becomes 0 for α =
√

2h. Note that this only yields an L1-best
approximation if h > 1/2. Indeed, if h ≤ 1/2, then α =

√
2h ≤ 1, but we have

assumed α > 1.
We have therefore shown that α= 1 is the only L1-best approximation if h≤ 1/2

and α =
√

2h is the only L1-best approximation if h > 1/2.

4.2.2 Lq-Best Approximation

In this section we give a proof of the first part of Theorem 4.1 for the case 1< q <∞.
More precisely, we show that the Lq-best approximation of u ≡ 1 on (0,1) by a
continuous piecewise linear function uh satisfying the boundary conditions uh(0) = 0
and uh(1) = 1 is given by uh = φ0 +αφ1, where α > 1 and

0 = −(1−h)α2q(α−1)q−1 −h(αq+1)(α−1)q +h.

Proof. Corollary 4.7 implies that we seek α such that
∫ 1

0
sgn(u−uh)|u−uh|q−1φ1 dx= 0.

Again, we have to split the integral on each element into the parts where u−uh > 0,
u−uh < 0 and u−uh = 0. We consider three cases

(a) α < 1, (b) α = 1, (c) α > 1.

If α < 1, we have u−uh > 0 everywhere in (0,1) and thus both sgn(u−uh)|u−
uh|q−1 > 0 and φ1 > 0 in (0,1). Therefore, we have

∫ 1

0
sgn(u−uh)|u−uh|q−1φ1 dx > 0,
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hence α < 1 is not possible. If α= 1, we have u−uh = 0 in (0,1−h) and u−uh > 0
in (1−h,1). Thus,

∫ 1

0
sgn(u−uh)|u−uh|q−1φ1 dx=

∫ 1

1−h
sgn(u−uh)|u−uh|q−1φ1 dx > 0,

hence α= 1 is not possible. We can therefore assume α > 1. In this case u−uh < 0
in
(
0, α−h

α

)
and u−uh > 0 in

(
α−h
α ,1

)
. We compute

∫ 1

0
sgn(u−uh)|u−uh|q−1φ1 dx

= −
∫ 1−h

0

(
(α−1)x

1−h

)q−1
x

1−h
dx

−
∫ α−h

α

1−h

(
α−h

h
− αx

h

)q−1 1−x

h
dx+

∫ 1

α−h
α

(
αx

h
− α−h

h

)q−1 1−x

h
dx

= −(1−h)(α−1)q−1

q+1 − h(αq+1)(α−1)q
α2q(q+1) + h

α2q(q+1)

= −(1−h)α2q(α−1)q−1 −h(αq+1)(α−1)q +h

α2q(q+1) .

Hence, the Lq-best approximation can be determined by finding α > 1 satisfying

0 = −(1−h)α2q(α−1)q−1 −h(αq+1)(α−1)q +h,

existence of which is guaranteed since the Lq-best approximation always exists.

4.2.3 Sufficient Conditions on General Meshes

In this section we provide a proof of the second and third parts of Theorem 4.1.
To this end, let the mesh be given by a subdivision of the interval (0,1) into N ≥ 2
subintervals (xi−1,xi), i= 1, . . . ,N , with 0 = x0 < x2 < · · ·< xN−1 < xN = 1. The
length hi of the ith subinterval is given by hi = xi−xi−1, i= 1, . . .N . In order to
prove the second part of Theorem 4.1, we show that the following conditions are
sufficient for the existence of an L1-best approximation uh of u≡ 1 with uh(0) = 1
and uh(1) = 0 satisfying uh(xi) = 1 for all i= 1, . . . ,N −1:

hi ≥ (2(1−ϑi+1)2 −1)hi+1 for i=M,M +1, . . . ,N −1, (4.10)
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where

ϑN := 0, (4.11)

ϑ2
i := 1

2

(
1−

(
2(1−ϑi+1)2 −1

) hi+1
hi

)
, i=N −1, . . . ,1, (4.12)

M := max
(

{0}∪
{
i ∈ {1, . . . ,N −1} : ϑi ≥ 1− 1√

2

})
. (4.13)

We then show that the much simpler condition hN ≤ mini=1,...,N−1hi implies (4.10)
which proves the third part of Theorem 4.1.

Proof. Define uh such that uh(0) = 1, uh(1) = 0 and uh(xi) = 1 for all i= 1, . . . ,N−1.
Furthermore, denote by φi the hat function that is 1 at xi and 0 at xj , j ̸= i, for
i= 1, . . . ,N −1.

For α ∈ (0,1], define ψα(x) as follows:

ψα(x) =



(−1)N−i+1 x ∈ (xi−1,xi−1 +ϑihi), for all i=M +1, . . .N,
(−1)N−i x ∈ (xi−1 +ϑihi,xi) for all i=M +1, . . .N,
(−1)N−M+1α x ∈ (xM−1,xM−1 + ϑ̃MhM ) if M > 0,
(−1)N−M x ∈ (xM−1 + ϑ̃MhM ,xM ) if M > 0,
0 otherwise,

where

ϑ̃2
M = 2

1+α
ϑ2
M = 1

α+1

(
1−

(
2(1−ϑM+1)2 −1

) hM+1
hM

)
.

We claim that there exists α ∈ (0,1] such that

∫ 1

0
ψα(x)φi(x)dx= 0 ∀i= 1, . . .N −1, (4.14)

if (4.10) is satisfied. First we show that ψα is well defined. For this we require
ϑi to be well defined, i.e., we require ϑi ∈ [0,1], for all i = M,. . . ,N − 1. This is
trivially true for ϑN . Otherwise, for i≥M ,

ϑ2
i ≥ 0 ⇔ hi ≥ (2(1−ϑi+1)2 −1)hi+1.



4.2 Best Approximation of a Boundary Discontinuity in One Dimension 69

Furthermore, ϑi+1 < 1−1/
√

2 for i≥M by definition of M and therefore

(1−ϑi+1)2 >
1
2 ⇒

(
2(1−ϑi+1)2 −1

)
> 0 ⇒ ϑ2

i <
1
2 ⇒ ϑi < 1.

Next, note that ϑN = 0 implies ψα(x) = 1 = sgn(u−uh) on (xN−1,xN ) and that
∥ψα∥L∞((0,1)) = 1. Thus, proving (4.14) immediately implies that uh is an L1-best
approximation of u≡ 1.

For all i= 1, . . . ,N −1 it holds that
∫ 1

0
ψα(x)φi(x)dx=

∫ xi

xi−1
ψα(x)φi(x)dx+

∫ xi+1

xi

ψα(x)φi(x)dx. (4.15)

With this in mind, we now consider (4.14) for i >M . In this case

∫ xi

xi−1
ψα(x)φi(x)dx= (−1)N−i+1hi

2
(
2ϑ2

i −1
)
, (4.16)∫ xi+1

xi

ψα(x)φi(x)dx= (−1)N−i+2hi+1
2

(
1−2(1−ϑi+1)2

)
, (4.17)

Hence (4.15) becomes zero if and only if

0 = hi
2
(
2ϑ2

i −1
)

− hi+1
2

(
1−2(1−ϑi+1)2

)
⇔ ϑ2

i = 1
2

(
1−

(
2(1−ϑi+1)2 −1

) hi+1
hi

)
.

which is the definition of ϑi.
Next, we consider i=M . We have already established ϑ2

M ≤ 1/2. With α > 0,
this implies ϑ̃M < 1. Furthermore, (4.17) still holds with i=M , whereas we obtain

∫ xM

xM−1
ψαφidx= (−1)N−M+1((α+1)ϑ2

M −1)hM2 .

Hence (4.15) becomes zero for i=M if and only if

0 = hM
2
(
(1+α)ϑ̃2

M −1
)

− hM+1
2

(
2(1−ϑM+1)2 −1

)
⇔ ϑ̃2

M = 1
1+α

(
1−

(
2(1−ϑM+1)2 −1

) hM+1
hM

)
,
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which is the definition of ϑ̃M . Finally, we have to show that there exists α ∈ (0,1]
such that

0 =
∫ 1

0
ψαφM−1dx=

∫ xM−1

xM−2
ψαφM−1︸ ︷︷ ︸

=0, since ψα(x)=0 for x<xM−1

+
∫ xM

xM−1
ψφM−1dx

= (−1)N−M+1(α− (α+1)(1− ϑ̃M )2)hM2 .

The last expression becomes zero if and only if

(1− ϑ̃M )2 = α

1+α
⇔ ϑ̃M = 1√

1+α

(√
1+α−

√
α
)
.

Hence, we need α such that

(√
1+α−

√
α
)

=

√√√√(1− (2(1−ϑM+1)2 −1) hM+1
hM

)
. (4.18)

For α > 0, g(α) =
√

1+α−
√
α, is a strictly decreasing function of α and thus

bijectively maps (0,1] onto [
√

2− 1,1). The equation (4.18) therefore has a unique
solution α ∈ (0,1] if and only if
√√√√(1− (2(1−ϑM+1)2 −1) hM+1

hM

)
∈ [

√
2−1,1) ⇔ ϑM ∈

[
1− 1√

2
,

1√
2

)
.

By the definition of M , we have ϑM > 1− 1√
2 and ϑM+1 < 1− 1√

2 ⇒ ϑM < 1√
2 . This

shows that (4.10) is indeed a sufficient condition for the existence of an L1-best
approximation such that uh(xi) = 1 for all i= 1, . . . ,N −1, which finishes the proof
of part two of Theorem 4.1.

Next, we show that hN ≤ mini=1,...,N−1hi implies that (4.10) is satisfied. Let
ϑi for i= 1, . . .N −1 be defined as in Lemma 2. We first show that if ϑi is real and
ϑi < 1−1/

√
2 for some k ≥ 1 and all i≥ k, then the following holds:

hi
2
(
2(1−ϑi)2 −1

)
≤ hi+1

2
(
2(1−ϑi+1)2 −1

)
for all i≥ k. (4.19)

Indeed, by the definition of ϑi, we have

hi+1
2

(
2(1−ϑi+1)2 −1

)
= hi

2 (1−2ϑ2
i ).



4.2 Best Approximation of a Boundary Discontinuity in One Dimension 71

Hence, (4.19) is equivalent to

hi
2
(
2(1−ϑi)2 −1

)
≤ hi

2 (1−2ϑ2
i ) ⇔ ϑi(ϑi−1) ≤ 0,

which is true since ϑi ∈ (0,1) for i≥ k. Next, note that if we apply (4.19) recursively,
we obtain

hk
2
(
2(1−ϑk)2 −1

)
≤ hN

2 . (4.20)

In order to prove that (4.10) is satisfied, first note that (4.10) reduces to
hN−1 ≥ hN for i=N −1 since ϑN = 0. Now assume for the sake of contradiction
that for some j > 0 and all i= j,j+1, . . .N −1, ϑi < 1−1/

√
2 and assume (4.10)

holds for i= j+1, . . .N −1 but not for i= j. In this case, we have

hN ≤ hj <
(
2(1−ϑj)2 −1

)
hj+1

by (4.20)
≤ hN ,

which is a contradiction.

Remark 4.9. There is a more direct proof of the third part of Theorem 4.1 by
defining ψ(x) ≡ (−1)jhN/hN−j on (xN−j−1,xN−j) for j = 1, . . . ,N−1 and showing
that

∫ 1

0
ψφidx= 0, for i= 1, . . . ,N −1.

However, the proof given above shows that the condition hN ≤ mini=1,...,N−1hi is
always stronger than (4.10).

4.2.4 A Three-Element Mesh in One Dimension

To illustrate the graded mesh condition in part two of Theorem 4.1 we consider
Example 4.4. More precisely, we consider two three-element meshes on (0,1). For
the first one we choose h1 = 0.1 and h2 = h3 = 0.45, i.e., the mesh consists of the
subintervals (0,0.1), (0.1,0.55) and (0.55,1). For the second one we choose h1 = 0.1,
h2 = 0.5 and h3 = 0.4, i.e., the mesh consisting of the subintervals (0,0.1), (0.1,0.6)
and (0.6,1). We will check the condition (4.5) for both meshes. We will see that
for the first mesh the condition is violated but it is satisfied for the second mesh.
In the latter case, we already know that there exists an L1-best approximation
without over- or undershoots. In the former case, it is a priori unknown whether or
not such an L1-best approximation exists, since it is an open problem whether (4.5)
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h1 h2 h3

0 1

φ2φ1

h1 h2 h3

0 1

α

β
α

β

Figure 4.7 Example 4.4: Hat functions φ0 and φ1 (left). Possible approximations
uh (right).

is also a necessary condition. We show that in this case there is indeed no L1-best
approximation without over- or undershoots and that the L1-best approximation
is unique and satisfies uh(0.1) ≈ 0.9931 and uh(0.55) ≈ 1.0247.

Proof. First we consider the mesh with h2 = h3 = 0.45. Figure 4.7 shows the basis
functions φ1 and φ2 in Uh associated with the two degrees of freedom of the best
approximation problem on the left. The free parameters in the approximation
problem are uh(h1) = α and uh(h1 +h2) = β. Two potential approximants uh are
shown in Figure 4.7 on the right.

We obtain from (4.12) that ϑ3 = ϑ2 = 0, yielding the following sufficient condi-
tions for the existence of an L1-best approximation without over- or undershoots:
h2 ≥ h3 and h1 ≥ h2. The second condition is violated. Moreover, it is easy to
show that there is indeed no L1-best approximation without over- or undershoots.
Indeed, if uh(0.1) = 1 and uh(0.55) = 1, then u−uh > 0 in (0.55,1) and zero ev-
erywhere else. In this case, the condition for uh to be an L1-best approximation
(4.8) with vh = φ2 for this choice of uh can only be satisfied if ψ ≡ −1 in (0.1,0.55)
since h2 = h3. However, if ψ ≡ −1 in (0.1,0.55), (4.8) with vh = φ1 is not satisfied
for any ψ such that |ψ| ≤ 1 in (0,0.1) since h1 < h2. Moreover, the same is true
for any choice of hi, i= 1,2,3, such that h2 = h3 and h1 < h2. Hence, h1 ≥ h2 is
indeed a necessary condition for the existence of an L1-best approximation without
any over- or undershoots in this case.

The condition (4.8) with vh = φ1 implies that u−uh must change sign within
(0,0.55). Hence, the only two possible options are
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1. α < 1 and β > 1,

2. α > 1 and β < 1.

In the first case the approximation uh intersects u≡ 1 at the two points h1 +λ1h2

and h1 +h2 +λ2h3, where λi ∈ (0,1), i= 1,2. From (4.8) we obtain

∫ 1

0
sgn(u−uh)φ1 dx= 1

2(h1 +h2)− (1−λ1)2h2,∫ 1

0
sgn(u−uh)φ2 dx= h3(1−λ2)2 +h2λ

2
1 − 1

2(h2 +h3).

Setting both integrals to 0, we can determine λ1 and λ2,

λ1 = 1−
√

1
2
h1 +h2
h2

= 1−
√

22
6 ,

λ2 = 1−
√

1
2
h2 +h3
h3

−λ2
1
h2
h3

= 1−

√
6
√

22−11
18 .

This allows us to determine α and β:

β = 1
1−λ2

=
√

18
6
√

22−11
≈ 1.0247, α = 1−βλ1

1−λ1
≈ 0.9931. (4.21)

If α > 1 and β < 1, uh intersects u ≡ 1 at precisely one point h1 +λ3h2 with
λ3 ∈ (0,1). We can compute,

∫ 1

0
sgn(u−uh)φ1 dx= −1

2(h1 +h2)+(1−λ3)2h2,∫ 1

0
sgn(u−uh)φ2 dx= 1

2(h2 +h3)−λ2
3h2.

Setting the second integral to zero yields λ3 = 1. However, the first integral is
non-zero for λ3 = 1. Hence, it is impossible to satisfy (4.8) with α > 1 and β < 1
on this mesh. The only L1-best approximation is therefore given by (4.21).

For the second mesh, we again have ϑ3 = 0 and (4.10) with i= 2 becomes h2 ≥ h3,
which holds for h2 = 0.5 and h3 = 0.4. For i= 2, we obtain from (4.12) ϑ2

2 = 0.1.
Hence, ϑ2 > 1 − 1√

2 and there is no condition on h1 according to Theorem 4.1.
Therefore, there exists an L1-best approximation without over- or undershoots.
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Figure 4.8 Proof of Theorem 4.5: Basis for Uh

4.3 Over- and Undershoots at Jump Discontinu-
ities

In this section we consider the Lq-best approximation of u(x) = sgn(x) in (−1,1) as
an example of a jump discontinuity in the interior of the domain and provide a proof
of Theorem 4.5. We split this into three parts: in Section 4.3.1, we consider the first
part of Theorem 4.5, i.e., we consider the case where the L1-best approximation
does not exhibit Gibbs phenomena. In Section 4.3.2, we consider the case where
the L1-best approximation does exhibit Gibbs phenomena (part two of Theorem
4.5); finally, in Section 4.3.3 we consider the Lq-best approximation for 1< q <∞
and the limit as q → 1 (parts three and four of Theorem 4.5).

For this example, Ω = (−1,1) and u(x) = sgn(x) ∈ L1(Ω). We seek an Lq-
best approximation of this function by a continuous piecewise linear function on
the mesh consisting of (−1,−h), (−h,0), (0,h) and (h,1). We fix the boundary
conditions at −1 and 1, i.e., uh(1) = u(1) = 1 and uh(−1) = u(−1) = −1. The finite
dimensional approximation space Uh is given by the span of the hat functions φi,
i= 1,2,3, depicted in Figure 4.8.

The condition for uh to be an L1 best-approximation in Corollary 4.8 can be
written as follows: there exists ψ : (−1,1) → [−1,1] such that

∫ 1

−1
ψφidx= 0, for i= 1,2,3, (4.22)

and ψ(x) = sgn((u−uh)(x)) on {x ∈ (−1,1) : u(x) ̸= uh(x)}.
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4.3.1 L1-Best Approximation without Over- or Under-
shoots

In this section we provide a proof of the first part of Theorem 4.5. More precisely,
if h≤ 0.5, a continuous piecewise linear function uh on the mesh shown in Figure
4.8 such that −uh(−1) = uh(1) = 1 is an L1-best approximation of u(x) = sgn(x)
if and only if uh(0) = β, with β ∈ [−1,1] arbitrary, and −uh(−h) = uh(h) = 1.

Proof. We first show that uh must satisfy −uh(−h) = uh(h) = 1. For the sake
of contradiction assume uh(−h) < −1. In this case u−uh > 0 on (−1,−h) and
u−uh > 0 in (−h,−h+ δ) with h ≥ δ > 0 and u−uh < 0 in (−h+ δ,0). Thus,
ψ = sgn(u−uh) almost everywhere and we obtain

∫ 1

−1
sgn(u−uh)φ1 dx=

∫ −h

−1
φ1 dx︸ ︷︷ ︸

=(1−h)/2

+
∫ 0

−h
sgn(u−uh)φ1 dx > 1−h

2 −
∫ 0

−h
φ1 dx︸ ︷︷ ︸

=h/2

≥ 0,

since h ≤ 0.5 ⇒ 1 − h ≥ h. This is a contradiction since the condition (4.22)
is violated. Note that we can use the same argument with opposite sign for
uh(−h)>−1. Hence, we have proven that uh(−h) = −1. Due to the symmetry of
the problem, it can easily be seen that the argument for uh(h) = 1 is identical.

If −uh(−h) = uh(h) = 1, then uh(0) ̸∈ [−1,1] implies ψ = sgn(u− uh) and
sgn(u−uh) = −sgn(uh(0)) on (−h,h) and hence

∫ 1

−1
ψφ2 dx=

∫ h

−h
ψφ2 dx= −sgn(uh(0))h ̸= 0.

Again, (4.22) is violated which implies uh(0) ∈ [−1,1].
Next we establish, that −uh(−h) = uh(h) = 1 and uh(0) = β is indeed an L1-

best approximation of sgn(x) for any β ∈ [−1,1]. To this end, we distinguish the
following three cases:

(a) uh(0) = 1, (b) uh(0) ∈ (−1,1), (c) uh(0) = −1.

All three cases are shown in Figure 4.9a-c, where uh(0) = 0 was chosen as an
example for the second case. In the first case, u−uh = 0 in (−1,−h) and u−uh < 0
in (−h,0). We compute

∫ 1

−1
ψφ1 dx=

∫ −h

−1
ψ0φ1 dx−

∫ 0

−h
φ1 dx.︸ ︷︷ ︸

=h/2
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(a) uh(0) = 1 (b) uh(0) = 0 (c) uh(0) = −1 (d) h > 1/2

Figure 4.9 L1-best approximation of sgn(x), cf., Theorem 4.5.

This integral is equal to zero for ψ0 ≡ h/(1−h) on (−1,−h) which is a valid choice
provided h≤ 1−h. Next, we compute

∫ 1

−1
ψφ2 dx= −

∫ 0

−h
φ2 dx︸ ︷︷ ︸
h/2

+
∫ h

0
ψ0φ2 dx.

Note that u−uh = 0 in [0,h]; it is easy to see that this integral becomes zero if
and only if ψ0 ≡ 1 in [0,h]. The remaining integral then becomes

∫ 1

−1
ψφ3 dx=

∫ h

0
φ3 dx︸ ︷︷ ︸
h/2

+
∫ 1

h
ψ0φ3 dx.

This integral is zero for ψ0 ≡ −h/(1−h) in [h,1] which is again a valid choice if and
only if h≤ 1−h. Therefore, we have that case (a) defines an L1-best approximation
if h≤ 1−h⇔ h≤ 1/2.

Due to the symmetry of the problem, it is easy to see that the third case, i.e.,
uh(0) = −1 also defines an L1-best approximation if h ≤ 1 −h. This leaves the
second case. As in the first case, u−uh = 0 in [−1,−h] and u−uh < 0 in [−h,0].
This implies that we have to require h ≤ 1 −h in order to find ψ0 such that the
integral involving φ1 becomes zero. Furthermore, note that – again due to the
symmetry of the problem – the same applies to the integral involving φ3. Finally,
since u−uh < 0 in [−h,0] and u−uh > 0 in [0,h], we can compute

∫ 1

−1
ψφ2 dx= −

∫ 0

−h
φ2 dx+

∫ h

0
φ2 dx= 0.

Thus, any choice of uh(0) ∈ [−1,1] defines an L1-best approximation if h ≤ 1/2.
This completes the proof.
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Remark 4.10. Note that we have shown that there is a whole family of L1-best
approximations with no over- or undershoots for this particular example if h≤ 1/2.
The situation is quite different if we instead consider a non-symmetric subdivision
of the interval (−1,1) into (−1,−h1), (−h1,0), (0,h2) and (h2,1) with h1 ≠ h2.
The integral involving φ2 then implies that the case −1< uh(0)< 1 does not yield
an L1-best approximation; the case uh(0) = 1 is an L1-best approximation if and
only if h1 < h2 ≤ 1/2, and the case uh(0) = −1 is an L1-best approximation if and
only if h2 < h1 ≤ 1/2.

4.3.2 L1-Best Approximation with Over- and Undershoots

In this section we provide a proof of the second part of Theorem 4.5. More precisely,
if h > 0.5, we show that a continuous piecewise linear function uh on the mesh
shown in Figure 4.8 such that −uh(−1) = uh(1) = 1 is an L1-best approximation
of u(x) = sgn(x) if and only if

uh(−h) = α := −
√

2h−β(
√

2h−1), (4.23a)
uh(0) = β, (4.23b)
uh(h) = γ :=

√
2h−β(

√
2h−1), (4.23c)

with β ∈ [−1,1] arbitrary.

Proof. We start by showing that there exists ψ as in Corollary 4.8, such that
uh as defined in (4.23) satisfies (4.8) with vh = φ1. In order to determine ψ(x),
we have to find the points where uh intersects u. Note that uh cannot intersect
u in (−1,−h) or (h,1) unless it is identical with u in all of (−1,−h) or (h,1),
respectively. Hence, if α ̸= −1, either ψ ≡ 1 or ψ ≡ −1 on (−1,−h) and u−uh has
to change sign within (−h,0) in order to obtain

∫ 1

−1
ψφ1 dx= 0.

In other words, u and uh intersect at a point −hϑ, ϑ ∈ (0,1). In order to determine
ϑ in the case that ψ ≡ 1 on (−1,−h), we compute

∫ 1

−1
ψφ1 dx=

∫ −h

−1
φ1 dx+

∫ −ϑh

−h
φ1 dx−

∫ 0

−ϑh
φ1 dx

= 1−h

2 +
(
h

2 − ϑ2h

2

)
− ϑ2h

2 = 1−2ϑ2h

2 = 0.
(4.24)
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Note that the above integral is zero if and only if ϑ = 1/
√

2h. To consider the
case ψ ≡ −1 on (−1,−h), we simply multiply the right hand side of (4.24) by −1
and arrive at the same value for ϑ. Since two out of the three parameters ϑ, α
and β uniquely determine the third, it is easy to see that, since ϑ is now uniquely
determined, α and β must satisfy (4.23a).

So far we have considered α ̸= −1. If α = −1, we claim that β = −1 as well,
cf., (4.23a). For the sake of contradiction assume α = −1 and β >−1. In this case
u−uh = 0 in (−1,−h) and u−uh < 0 in (−h,0). Since |ψ| ≤ 1, we have

∫ 1

−1
ψφ1 dx=

∫ −h

−1
ψ0φ1 dx−

∫ 0

−h
φ1 dx≤

∫ −h

−1
φ1 dx−

∫ 0

−h
φ1 dx < 0,

since h > 0.5. This is a contradiction. The case β <−1 is analogous with opposite
signs.

If β = −1, (4.24) implies that choosing

ψ0 =
 ±1 in (−1,−ϑh),

∓1 in (−ϑh,0),

yields
∫ 0

−1
ψ0φ1 dx= 0.

In summary, we have so far shown that in order to satisfy (4.8) with vh = φ1, α and
β must satisfy (4.23a). Conversely, we have also seen that for any α,β satisfying
(4.23a), (4.8) is satisfied with vh = φ1.

Due to the symmetry of the problem, the proof that β and γ must satisfy
(4.23c) and that for any such choice (4.8) is satisfied with vh = φ is completely
analogous.

It remains to be shown that |β| ≤ 1 and that (4.8) is also satisfied with vh = φ2.
For the sake of contradiction, assume β <−1. We have already established that
α, β and γ satisfy (4.23) and that u and uh intersect at −ϑh and ϑh. Thus, we
obtain

∫ 1

−1
ψφ2 dx= −

∫ −ϑh

−h
φ2 dx+

∫ 0

−ϑh
φ2 dx+

∫ ϑh

0
φ2 dx−

∫ h

ϑh
φ2 dx

= 2
(∫ ϑh

0
φ2 dx−

∫ h

ϑh
φ2 dx

)
= h

(
1−2(1−ϑ)2

)
= 0

⇔ (1−ϑ)2 = 1
2 ⇔ ϑ= 1− 1√

2
.
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On the other hand, we require ϑ= 1/
√

2h for the other integrals to become zero.
So,

1√
2h

= 1− 1√
2

⇔ h=
(

1√
2−1

)2
> 1.

This is a contradiction, since h ∈ (0,1). For β > 1, the sign of u−uh on (−h,h)
is exactly opposite compared to the case β <−1; therefore, it is easy to see that
β > 1 also leads to a contradiction.

If on the other hand β ∈ [−1,1], we obtain, using the symmetry of φ2,

∫ 1

−1
ψφ2 dx=

∫ −ϑh

−h
φ2 dx−

∫ h

ϑh
φ2 dx︸ ︷︷ ︸

=0

+
∫ ϑh

0
φ2 dx−

∫ 0

−ϑh
φ2 dx︸ ︷︷ ︸

=0

= 0.

Note that the above computation also applies to the cases β = 1 and β = −1 since
it corresponds to a valid choice for ψ0 in each case.

4.3.3 Lq-Best Approximation

In this section, we prove the third and fourth part of Theorem 4.5. More precisely,
we show that a continuous piecewise linear function uh on the mesh shown in Figure
4.8 such that −uh(−1) = uh(1) = 1 is an Lq-best approximation of u(x) = sgn(x)
for 1< q <∞ if and only if −uh(−h) = uh(h) = α and uh = 0, where α satisfies

0 = −(1−h)α2q(α−1)q−1 −h(αq+1)(α−1)q +h

and α> 1. Furthermore, we show that in the limit q→ 1 the Lq-best approximation
converges to the L1-best approximation as defined in (4.23) with β = 0, for any
h ∈ (0,1), i.e., the corresponding L1-best approximation is anti-symmetric and
satisfies

−uh(−h) = uh(h) =
 1 if h≤ 0.5,

√
2h if h > 0.5.

Proof. We use the characterization of the Lq-best approximation in Corollary
4.7. Due to the uniqueness of the Lq-best approximation for 1< q <∞ and the
symmetry of the problem, we may assume that the Lq-best approximation is an
odd function. This means that uh(0) = 0 and −uh(−h) = uh(h) = α for some α ∈ R.



80 Lq-Best Approximation of Discontinuities in Finite Element Spaces

It is easy to see that
∫ 1

−1
sgn(u−uh)|u−uh|q−1φ2 dx= 0

for any choice of α and that
∫ 1

−1
sgn(u−uh)|u−uh|q−1φ3 dx= 0 ⇔

∫ 1

−1
sgn(u−uh)|u−uh|q−1φ1 dx= 0.

To determine for which α the latter two integrals become zero, note that this is
the same situation as in the example presented in Sections 4.2.1 and 4.2.2, only
mirrored. Therefore, we again obtain that α satisfies

0 = −(1−h)α2q(α−1)q−1 −h(αq+1)(α−1)q +h.

This completes the proof of the third part of Theorem 4.5.
Since uh is an odd function, for any 1 < q < ∞, the limit as q → 1 must be

an odd function as well and must therefore be zero at x = 0. Since the L1-best
approximation is uniquely determined by the value it takes at zero according to
the first two parts of Theorem 4.5, this completes the proof. Therefore, in the
limit we obtain the solution in Figure 4.9b if h≤ 1/2. The corresponding L1-best
approximation for h > 1/2 is shown in Figure 4.9d.

4.4 Best Approximation of a Boundary Discon-
tinuity in Two Dimensions

In this section we consider the best approximation problem (4.3) with d= 2 and
provide a proof of Theorem 4.6. Hence, we consider the function u≡ 1 on (0,1)2. We
consider the four meshes shown in Figure 4.10 and determine the best approximation
of u by a continuous function uh that is a linear polynomial on each of the triangles
and takes the following values in the four corners: uh(0,0) = uh(0,1) = 1 and
uh(1,0) = uh(1,1) = 0. For all meshes except the first one, we additionally fix the
boundary conditions uh(0,0.5) = 1 and uh(1,0.5) = 0.

The free parameter of the best approximation problem for the first mesh is
α = uh(0.5,0.5); there are three free parameters for each of the remaining meshes.
For Meshes 2-4, we denote by v1 the continuous piecewise linear function that is 1
at the node (0.5,0) and 0 at all other nodes; by v2 the continuous piecewise linear
function that is 1 at (0.5,0.5) and 0 at all other nodes; and by v3 the continuous
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Figure 4.10 Four different meshes on (0,1)2, cf., Figure 4.4.

piecewise linear function that is 1 at (0.5,1) and zero at all other nodes. The
coefficients defining the solution uh are denoted as follows

u(0.5,0) = α, u(0.5,0.5) = β, u(0.5,1) = γ.

We split the proof of Theorem 4.6 into three parts: in Section 4.4.1, we prove
the first part of the theorem, i.e., we consider Mesh 1 with q = 1; in Section 4.4.2
we continue with part two of the theorem and consider Mesh 1 with 1 < q < ∞;
Section 4.4.3 finally contains a proof of part three, four and five of the theorem,
i.e., we show that the Lq-best approximation contains over- or undershoots on all
four meshes if q > 1 and consider q = 1 for Meshes 2, 3 and 4.

4.4.1 L1-Best Approximation

In this section we prove the first part of Theorem 4.6. More precisely, we show that
if we consider Mesh 1, the L1-best approximation is unique and uh((0.5,0.5)) = α,
where α satisfies

α > 1 and 0 = 2α3 −5α+2,

hence α≈ 1.3200.

Proof. We again use the characterization of the L1-best approximation in Corollary
4.8. The space Uh is the span of the continuous function vh that is a linear
polynomial on each element, zero at the boundary of the domain and 1 at the
centroid (0.5,0.5). We will use the reference triangle τ̂ as depicted on the left in
Figure 4.11 for all computations. To this end, we define the affine transformations
ξi : τi → τ̂ , i= 0,1,2,3 that are each composed of a scaling by 0.5, a rotation and a
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(0,0)

(0,1)

(1,0)

τ̂

(0,0)

(1,1)

(1,0)

α

u≡ 1

− +

(0,0)

(0,1)

(1,0)

(1,1)

Figure 4.11 Proof of Theorem 4.6: Reference element τ̂ (left). The function uh
with α > 1 and the intersection with u marked by red lines (centre). The mesh
with the area where (u−uh)< 0 coloured in blue and the area where (u−uh)> 0
coloured in green (right).

translation. On τ̂ we define the basis functions φ̂0, φ̂1 and φ̂2 as

φ̂0 = 1−x−y, φ̂1 = x, φ̂2 = y,

in the coordinates of the reference element τ̂ . Note that ξi(vh|τi) = φ̂0 for all
i= 0,1,2,3.

We consider the following two cases:

1. The set {(x,y) ∈ (0,1)2 : (u−uh)(x,y) = 0} has measure zero.

2. The set {(x,y) ∈ (0,1)2 : (u−uh)(x,y) = 0} has positive measure.

The second case is only possible if α = 1. In this case we have uh = u in τ3 and
uh < u in τi, i= 0,1,2. Noting that the τi and τ̂ are similar and that the area of τ̂
is precisely twice the area of any τi, we obtain that

2∑
i=0

∫
τi

ψvhdx =
2∑
i=0

∫
τi

sgn(u−uh)vhdx = 3
2

∫
τ̂
φ̂0dx

= 3
2

∫ 1

0

∫ 1−y

0
(1−x−y)dxdy = 1

4 .

On the other hand,
∫
τ3
ψvhdx ≥ −

∫
τ3
vhdx = −1

2

∫
τ̂
φ̂0dx = − 1

12 ,
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where ψ(x,y) is arbitrary on τ3 with −1 ≤ ψ(x,y) ≤ 1. Hence, for any choice of ψ,
we have

3∑
i=0

∫
τi

ψvhdx ≥ 1
4 − 1

12 > 0.

This shows that α = 1 does not yield a best approximation on this mesh.
We can furthermore rule out the case α < 1; indeed, in this case u−uh > 0 in

the whole domain (0,1)2 and since vh > 0 in (0,1)2, we have
∫

(0,1)2
ψvhdx =

∫
(0,1)2

sgn(u−uh)vhdx> 0.

The only remaining case is α > 1; in this setting we have u−uh < 0 in τ3 and thus
∫
τ3
ψvhdx =

∫
τ3

sgn(u−uh)vhdx = −1
2

∫
τ̂
φ̂0 dx = − 1

12 .

In the remaining three triangles, u−uh changes sign within the element. This
is illustrated in Figure 4.11. Furthermore, u−uh = 0 on a set of measure zero,
hence ψ = sgn(u−uh) almost everywhere. In order to determine the sections of
each element where u−uh is positive and negative, respectively, we will consider
ξi(u−uh) for i= 0,1,2.

Due to the symmetry of the approximation problem, we can assume
∫
τ0

sgn(u−uh)vhdx =
∫
τ2

sgn(u−uh)vhdx.

We compute

ξ0(u−uh) = 1−αφ̂0 − φ̂1 = −(α−1)+(α−1)x+αy. (4.25)

Thus,

ξ0(u−uh)> 0 on
{

(x,y) ∈ τ̂ : y > α−1
α

(1−x)
}
,

ξ0(u−uh)< 0 on
{

(x,y) ∈ τ̂ : y < α−1
α

(1−x)
} (4.26)
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and
∫
τ0

sgn(u−uh)vhdx = 1
2

∫
τ̂
φ̂0 dx−

∫ 1

0

∫ α−1
α (1−x)

0
φ̂0 dydx

= 1
12 −

∫ 1

0

∫ α−1
α (1−x)

0
(1−x−y)dydx

= 1
12 − 1

6

(
α−1
α

)(
α+1
α

)
.

Similarly,

ξ1(u−uh) = 1−αφ̂0 = −(α−1)+αx+αy. (4.27)

Thus,

ξ1(u−uh)> 0 on
{

(x,y) ∈ τ̂ : y > α−1
α

−x
}
,

ξ1(u−uh)< 0 on
{

(x,y) ∈ τ̂ : y < α−1
α

−x
} (4.28)

and
∫
τ1

sgn(u−uh)vhdx = 1
2

∫
τ̂
φ̂0 dx−

∫ α−1
α

0

∫ α−1
α −x

0
φ̂0 dydx

= 1
12 −

∫ α−1
α

0

∫ α−1
α −x

0
(1−x−y)dydx

= 1
12 − 1

6

(
α−1
α

)2(α+2
α

)
.

Finally,

∫
(0,1)2

sgn(u−uh)vhdx =
3∑
i=0

∫
τi

sgn(u−uh)vhdx

= 1
6

[
1−2

(
α−1
α

)(
α+1
α

)
−
(
α−1
α

)2(α+2
α

)]

= − 1
6α3

(
2α3 −5α+2

)
.

The polynomial 2α3 −5α+2 has three roots αi, i= 0,1,2, where

α0 ≈ −1.7623, α1 ≈ 0.43232, α2 ≈ 1.3200.

Only α2 satisfies the condition α > 1 and therefore α ≈ 1.3200 yields the only
L1-best approximation.
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(a) Refinement for which the overshoot in the L1-best
approximation remains constant.

−1+1

(b) Possible choice for sgn(0)

Figure 4.12 Remark 4.11: Uniform refinement of the mesh preserving the structure.

Remark 4.11 (Uniform refinement). If the mesh is refined uniformly, keeping
the same structure as shown in Figure 4.12a, it is easy to see that an L1-best
approximation is given by u(xi,yj) = α, with α as specified in Section 4.4.1, if
the node (xi,yj) is connected with the boundary x = 1, and u(xi,yj) = 1 at the
remaining interior nodes. Indeed, in this case we can choose ψ = ψ0 on the set
{x : u(x)−uh(x) = 0} as shown in Figure 4.12b. This shows that the overshoot in
the L1-best approximation remains constant under this type of mesh refinement.

4.4.2 Lq-Best Approximation

In this section we prove the second part of Theorem 4.6. More precisely, we
show that the unique solution to (4.3) on Mesh 1 for 1 < q < ∞ is defined by
uh((0.5,0.5)) = α, where α satisfies

α > 1 and 0 = (α−1)q−1
[
4α3q+4(1− q)α2 +(q−6)α+2

]
−α(q+4)+2.

Proof. Corollary 4.7 implies that we seek α such that
∫

(0,1)2
sgn(u−uh)|u−uh|q−1vhdx = 0. (4.29)

Again, we have to split the integral on each element into the parts where u−uh > 0,
u−uh < 0 and u−uh = 0. We consider the three cases

(a) α < 1, (b) α = 1, (c) α > 1.
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If α < 1, we have u−uh > 0 everywhere in (0,1)2 and thus both sgn(u−uh)|u−
uh|q−1 > 0 and vh > 0 in (0,1)2. Therefore, we have

∫
(0,1)2

sgn(u−uh)|u−uh|q−1vhdx> 0.

If α = 1, we have u−uh = 0 in τ3 and u−uh > 0 in τi, i= 0,1,2. Thus,

∫
(0,1)2

sgn(u−uh)|u−uh|q−1vhdx =
2∑
i=0

∫
τi

sgn(u−uh)|u−uh|q−1vhdx> 0.

We can therefore again assume α > 1; in this case u−uh < 0 in τ3 and we compute
∫
τ3

sgn(u−uh)|u−uh|q−1vhdx = −1
2

∫
τ̂
(ξ3(uh−u))q−1φ̂0 dx

= −1
2

∫
τ̂
(α−1)q−1φ̂q0 dx = − (α−1)q−1

2(q+1)(q+2) .

Next, consider τ0 and τ2; using the symmetry of the problem and equations (4.25)
and (4.26), we obtain

∫
τ2

sgn(u−uh)vhdx+
∫
τ0

sgn(u−uh)vhdx

= 2
∫
τ0

sgn(u−uh)vhdx

=
∫
τ̂

sgn(ξ0(u−uh))|ξ0(u−uh)|q−1φ̂0 dx

=
∫ 1

0

∫ 1−x

α−1
α (1−x)

(−(α−1)+(α−1)x+αy)q−1(1−x−y)dydx

−
∫ 1

0

∫ α−1
α (1−x)

0
((α−1)− (α−1)x−αy)q−1(1−x−y)dydx

= 1
α2q(q+1)(q+2) − (α−1)q(αq+1)

α2q(q+1)(q+2) .
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Finally, we consider τ1; using equations (4.27) and (4.28), we obtain
∫
τ1

sgn(u−uh)vhdx

= 1
2

∫
τ̂

sgn(ξ1(u−uh))|ξ1(u−uh)|q−1φ̂0 dx

= 1
2

∫ α−1
α

0

∫ 1−x

α−1
α −x

(−(α−1)+αx+αy)q−1(1−x−y)dydx

+ 1
2

∫ 1

α−1
α

∫ 1−x

0
(−(α−1)+αx+αy)q−1(1−x−y)dydx

− 1
2

∫ α−1
α

0

∫ α−1
α −x

0
((α−1)−αx−αy)q−1(1−x−y)dydx

= α−1
2α3q(q+1) + 1

2α3(q+1)(q+2) − (α−1)q(α2q+(2− q)α−2)
2α3q(q+1)(q+2) .

Combining all integrals, we obtain

∫
(0,1)2

sgn(u−uh)vhdx =
3∑
i=0

∫
τi

sgn(u−uh)vhdx

= −
(α−1)q−1

[
4α3q+4(1− q)α2 +(q−6)α+2

]
−α(q+4)+2

2α3q(q+1)(q+2) .

Hence, the Lq best approximation can be determined by finding α > 1 satisfying

0 = (α−1)q−1
[
4α3q+4(1− q)α2 +(q−6)α+2

]
−α(q+4)+2.

4.4.3 Lq-Best Approximation on Meshes 2, 3 and 4

In this section we prove parts three, four and five of Theorem 4.6. More precisely,
we show the following:

• If q > 1, the Lq-best approximation to (4.3) contains over- or undershoots on
all four meshes.

• If q = 1, there exists a solution to (4.3) on Mesh 2 such that uh((0.5,1)) =
uh((0.5,0.5)) = 1 and uh((0.5,0)) = α, where α satisfies α > 1 and 0 = −3α3 +
8α−4. Furthermore, uh((0.5,1)) = uh((0.5,0.5)) = uh((0.5,0)) = 1 does not
define an L1-best approximation.
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• If q = 1, there exists a solution to (4.3) on Mesh 3 and Mesh 4 such that
uh((0.5,1)) = uh((0.5,0.5)) = uh((0.5,0)) = 1.

Proof. To see that the first point (part three of Theorem 4.6) is true, note that if
there are no over- or undershoots, i.e., uh((0.5,1)) = uh((0.5,0.5)) = uh((0.5,0)) = 1,
we have u−uh = 0 in (0,0.5)× (0,1) and u−uh > 0 in (0.5,1)× (0,1) and hence

∫
(0,1)2

sgn(u−uh)|u−uh|q−1vidx> 0 for all i= 1,2,3 and 1< q <∞,

which contradicts Corollary 4.7.
Furthermore, it is easy to see that for the second and third mesh, α= β = γ = 1 is

an L1-best approximation, again using the characterization in Corollary 4.8. Indeed,
we have ψ = sgn(u−uh) whenever u(x) ̸= uh(x) and we can choose ψ = ψ0 ≡ 1
otherwise. In this case, for each of the three nodes (0.5,0), (0.5,0.5) and (0.5,1),
we have that ψ = −1 on exactly half of the connected elements and ψ = 1 on the
remaining connected elements. Note that

∫
τi

vj dx = 1
24 ∀i, j,

and thus the terms with ψ = −1 and ψ = 1 cancel each other. This proves the
third point (part five of Theorem 4.6).

The second point (part four of Theorem 4.6) is more interesting. The above
argument could now only be applied to v2 which is 1 at the node (0.5,0.5). First
consider the node (0.5,1); the connected elements are τ5, τ4 and τ7, cf., Figure
4.10b. If β = γ = 1, we have that u−uh = 0 in τ4 and τ5 and u−uh > 0 in τ7. If
we choose ψ ≡ −1 on τ4 and ψ ≡ 0 on τ5, we obtain

∫
(0,1)2

ψv3 dx =
∫
τ7
v3 dx−

∫
τ4
v3 dx = 1

24 − 1
24 = 0. (4.30)

Note that this is independent of α. Considering v1 shows that there is no L1-best
approximation with α= β = 1. Indeed if α= β = 1, u−uh > 0 in τ2 and τ3, and
u−uh = 0 in τ0. For any choice of ψ in τ0 such that |ψ| ≤ 1, we have

∫
(0,1)2

ψv1 dx ≥ −
∫
τ0
v1 dx+

∫
τ2
v1 dx+

∫
τ3
v1 dx

= − 1
24 + 1

24 + 1
24 = 1

24 > 0.

We will now show that there is an L1-best approximation with β = γ = 1 and
α > 1. We have already established that (4.30) is independent of α; this leaves
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the integrals involving v1 and v2. We have u−uh > 0 in τ6 and τ7, u−uh < 0 in
τ0, u−uh = 0 in τ1 and τ4, and u−uh changes sign within τ2 and τ3. Therefore,
ψ = sgn(u−uh) in τi, i= 0,2,3,6,7. Moreover, we have already fixed ψ ≡ −1 in τ4.
In τ1, we now define ψ as follows

ψ ≡ −
∫
τ3 sgn((u−uh)(x̃))v2(x̃)dx̃∫

τ1 v2(x̃)dx̃
.

Since
∫
τ3 v2 dx =

∫
τ1 v2 dx, ψ clearly satisfies |ψ| ≤ 1 in τ1 and the above choice is

therefore a valid choice. On τ1, we then compute with this choice for ψ

∫
τ1
ψv2 dx = −

∫
τ1

∫
τ3 sgn((u−uh)(x̃))v2(x̃)dx̃∫

τ1 v2(x̃)dx̃
v2(x)dx = −

∫
τ3

sgn(u−uh)v2 dx.

Hence,
∫

(0,1)2
ψv2 dx =

∑
i=6,7

∫
τi

v2 dx−
∑
i=0,4

∫
τi

v2 dx

+
∫
τ3

sgn(u−uh)v2 dx−
∫
τ3

sgn(u−uh)v2 dx = 0;

this is again independent of α. Finally, we consider v1 to determine α. Let again
ξi be the linear transformation that maps τi onto τ̂ ; we have u−uh > 0 on τ0.
Furthermore,

ξ2(u−uh) = 1−αy, ξ3(u−uh) = (1−α)x+y.

Thus,

ξ2(u−uh)> 0 on
{

(x,y) ∈ τ̂ : y < 1
α

}
,

ξ2(u−uh)< 0 on
{

(x,y) ∈ τ̂ : y > 1
α

}

and

ξ3(u−uh)> 0 on {(x,y) ∈ τ̂ : y > (α−1)x} ,

ξ3(u−uh)< 0 on {(x,y) ∈ τ̂ : y < (α−1)x} .
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Therefore, noting that the area of τ̂ is four times the area of τi for any i= 0, . . .7,
we compute

∫
τ2
ψv1 dx =

∫
τ2

sgn(u−uh)v1 dx = 1
4

∫
τ̂
ydxdy− 1

2

∫ 1

1
α

∫ 1−y

0
ydxdy

= −α3 +6α−4
24α3 ,

∫
τ3
ψv1 dx =

∫
τ3

sgn(u−uh)v1 dx = −1
4

∫
τ̂
xdxdy+ 1

2

∫ 1
α

0

∫ 1−x

(1−α)x
xdxdy

= 2−α2

24α2

and
∫
τ0
ψv1 dx =

∫
τ0

sgn(u−uh)v1 dx = − 1
24 .

Putting all three integrals together yields
∫

(0,1)2
ψv1 dx = 1

24α3 (−3α3 +8α−4).

Hence, α > 1 has to satisfy the equation

0 = −3α3 +8α−4.

Three roots of the above polynomial are α0 ≈ −1.8414, α1 ≈ 0.56913 and α2 ≈
1.2723. Only the third root satisfies α > 1 and therefore defines an L1-best
approximation.

4.5 Numerical Examples

In this section we consider selected examples of meshes for which we have determined
the solution of the best approximation problem (4.3) numerically by interpreting
the condition (4.7) as a variational problem that can be implemented using standard
finite element techniques. Here, we have used FEniCS [5] for the implementation.
In Section 4.5.1 we illustrate that the overshoot in the Lq-best approximation does
not vanish if the mesh is refined and that these observations even apply if u is a
more general smooth function.
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Figure 4.13 Left: max(uh) for q = 2 and several refinements as shown in Figure
4.12a. Right: uh with 100 elements.

In Section 4.5.3 we illustrate that the Lq-approximation on the three meshes
considered in Section 4.4.3 (second half of Theorem 4.6) converges to the L1-best
approximation characterized in the theorem. Furthermore, we show how the
understanding of these special cases can be applied to predict the behaviour of the
Lq-best approximation on a more general mesh.

4.5.1 Refinement of the Mesh

4.5.1.1 Gibbs Phenomenon on Meshes in Two Dimensions

We start with Mesh 1 depicted in Figure 4.10 and the refinement shown in Figure
4.12a that preserves the structure of the mesh. We have already shown in Remark
4.11 that for q = 1 there exists an L1-best approximation such that the overshoot
remains constant as we refine the mesh. Indeed, Figure 4.13 shows the maximum
value of uh for this example with q = 2 and for several refinements of the mesh,
as well as the approximation uh for a mesh with this structure consisting of 100
elements. We can clearly see that the maximum value remains constant under
this type of refinement which suggests that the maximum overshoot also remains
constant for q ̸= 1, as well as in the limit q → 1.

4.5.1.2 Gibbs Phenomenon on Meshes in One Dimension

Next, we consider a one-dimensional example such that u is not piecewise linear
and compute the Lq-best approximation numerically. Let u(x) = 1+0.1sin(2πx)
on (0,1) and consider the Lq-best approximation uh with uh(0) = 1 and uh(1) = 0
on four different grids: two uniform grids with 5 and 100 elements, respectively,
and two meshes where all elements are the same size except the last one which
is twice the size of the others. Again we consider a mesh with 5 elements and
one with 100 elements. Note that the latter two meshes violate the conditions
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Figure 4.14 Maximal nodal error in the Lq-best approximation of u(x) = 1 +
0.1sin(2πx) with uh(1) = 0 for different values of q and four different meshes. Two
of the meshes are uniform meshes consisting of 5 and 100 elements, respectively.
The remaining two meshes satisfy the condition in Remark 4.3 and again consist
of 5 and 100 elements, respectively.

in parts two and three of Theorem 4.1, but satisfy the condition in Remark 4.3.
We therefore expect the overshoot to vanish as q → 1 in the first two cases and to
decrease but still be present in the last two. Remark 4.3 and the observations for
the previous example suggests that for u≡ 1, we could expect the overshoot to be
the same both when 5 and 100 elements are employed on both the uniform and
the non-uniform meshes.

Figure 4.14 shows the maximum error at the nodes in all four cases for several
values of q. We observe that the overshoot indeed decreases as q → 1. Furthermore,
we see that the overshoot is very similar for the coarse and fine meshes in both
cases which confirms that the overshoot does not disappear under mesh refinement.
However, the overshoot is not identical for 5 and for 100 elements in both cases
which can be attributed to the fact that u is not constant. Furthermore, note that
the overshoot for the non-uniform mesh is consistently larger than for the uniform
mesh, which suggests that it does not disappear entirely as q → 1. Note that on the
non-uniform mesh when u≡ 1 and q = 1, the overshoot would be 2

3
√

3−1 ≈ 0.15;
see Remark 4.3.

4.5.2 (Vanishing) Overshoot in One Dimension

To illustrate the graded mesh condition in part two of Theorem 4.1, we consider
two three-element meshes on (0,1). For the first one we choose h1 = 0.1 and
h2 = h3 = 0.45, i.e., the mesh consists of the subintervals (0,0.1), (0.1,0.55) and
(0.55,1), cf., Example 4.4. For the second one we choose h1 = 0.1, h2 = 0.5 and
h3 = 0.4, i.e., the mesh consisting of the subintervals (0,0.1), (0.1,0.6) and (0.6,1),
cf., Example 4.4. We have seen in Section 4.2.4 that for the first mesh condition
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Figure 4.15 Example 4.4: Lq-best approximations on two three-element meshes on
(0,1) with h1 = 0.1 and two different choices for h2. Left: best approximation with
q = 2 and q = 1. Right: maximal nodal error for several values of q.

(4.5) is violated but it is satisfied for the second mesh. In the latter case, there
exists an L1-best approximation without over- or undershoots. In the former case,
we have shown in Section 4.2.4 that there is no L1-best approximation without
over- or undershoots. Moreover, we have shown that the L1-best approximation is
unique and satisfies uh(0.1) ≈ 0.9931 and uh(0.55) ≈ 1.0247.

Figure 4.15 shows the Lq-best approximation on both meshes for q = 2 and
q = 1 on the left and the maximal nodal error on both meshes for several values
of q on the right. The approximations for q > 1 were again obtained using the
implementation of the best approximation problem in FEniCS. We can clearly see,
that the maximal overshoot is always larger on the first mesh. In both cases it
decreases as q → 1, but the overshoot only vanishes completely on the second mesh.
However, even on the first mesh the maximal overshoot is very small for q = 1.
Note that, if h2 and h1 as chosen for the first mesh were swapped, the maximal
overshoot for q = 1 would be uh(0.55)−1 = 0.2792 according to Remark 4.3 and
thus significantly larger than the overshoot we can observe. This shows that the
effect of an element being too small and causing the L1-best approximation to
contain over- and undershoots is much weaker away from the discontinuity than
near the discontinuity.

4.5.3 (Vanishing) Overshoot in Two Dimensions

4.5.3.1 Overshoot on Meshes 2, 3 and 4 from Section 4.4.3

Figure 4.16 shows the best approximations for q = 2 and q = 1.1 for three of the
meshes we have considered in Section 4.4.3. Even just a comparison of these two
cases for each of the meshes illustrates clearly how the overshoot gradually vanishes
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(a) Mesh 2, q = 2 (b) Mesh 3, q = 2 (c) Mesh 4, q = 2

(d) Mesh 2, q = 1.1 (e) Mesh 3, q = 1.1 (f) Mesh 4, q = 1.1

Figure 4.16 Lq-best approximation of a boundary discontinuity in two dimensions
on Meshes 2,3 and 4, cf., Figure 4.10/4.4.

on Mesh 3 and Mesh 4. On Mesh 2, the overshoot vanishes away from the boundary
y = 0; this is consistent with the L1-best approximation described above that only
exhibits an overshoot at the node (0.5,0) and no overshoot at all other nodes.

Figure 4.17 shows the maximum overshoot for all three meshes for different
values of q. The overshoot for q = 1 is taken from the theoretically determined
L1-best approximations discussed in that section. All remaining values have been
determined numerically with an implementation in FEniCS [5]. The plot shows
that for the third and fourth mesh, the overshoot indeed disappears as q → 1,
whereas for the second mesh it decreases but does not vanish.

4.5.3.2 Overshoot on Unstructured Meshes

As a final example, we consider the unstructured mesh shown on the left in Figure
4.18. From the computations for the previous examples, we deduce that the L1-
best approximation exhibits no overshoot if for every interior node (xi,yi) that is
connected to the boundary x= 1 through one edge, the area of all triangles whose
boundaries contain the node (xi,yi) and at least one node on the boundary x= 1
is smaller than the area of all remaining triangles whose boundaries contain the
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Figure 4.17 Values for α for different ranges of q on Meshes 2,3 and 4, cf., Figure
4.10/4.4.

(a) Mesh A (b) q = 2 (c) q = 1.2

Figure 4.18 Lq-best approximation on an unstructured mesh.

node (xi,yi). Furthermore, the numerics for Mesh 2 (cf., Figure 4.10) shown in
Figure 4.16 suggest that the overshoot disappears for q → 1 away from the nodes
violating this condition on the area of connected elements.

The interior nodes connected to the boundary are labelled 1,2, . . .7 in Figure
4.18. It is easy to see that for the nodes 1,4 and 7 the total area of all triangles
touching both the node and the boundary x= 1 is smaller than the total area of
all remaining triangles touching the node, whereas this condition is violated for the
nodes 2,3,5 and 6. Thus, we expect that the overshoot vanishes at the nodes 1,4
and 7 as q → 1, while at the nodes 2,3,5 and 6 it reduces but does not disappear
entirely. Figure 4.18 shows the Lq-best approximation on the unstructured mesh
for q = 2 and q = 1.2 in the centre and on the right, respectively. Here, we clearly
observe that the approximation for q = 2 exhibits overshoots at all nodes connected
to the boundary x= 1 with larger overshoots at the nodes 2,3,5 and 6. At these
nodes the overshoot is reduced but still clearly visible for q = 1.2. On the other
hand at the nodes 1,4 and 7 the overshoot has nearly vanished for q = 1.2.
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(a) Mesh B (b) Mesh C
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Figure 4.19 Overshoot in the Lq-best approximation on unstructured meshes. See
Figure 4.18 for Mesh A.

Figure 4.19 shows two further unstructured meshes which have been designed
in such a way that for every interior node (xi,yi) that is connected to the boundary
x= 1 through one edge, the area of all triangles whose boundaries contain the node
(xi,yi) and at least one node on the boundary x = 1 is smaller than the area of
all remaining triangles whose boundaries contain the node (xi,yi). The difference
between the two meshes is that the distance between the boundary x= 1 and the
vertical line containing all nodes connected to this boundary is smaller in Mesh
C than in Mesh B. Figure 4.19c shows the maximum value of uh for different q
and Meshes A, B and C. This illustrates that the overshoot decreases on all three
meshes as q → 1. The overshoot on Mesh C is always smaller than the overshoot
on the other two meshes and the overshoot on Mesh A is always larger than on
the other two meshes. This illustrates that if the area of the elements connected
to the boundary is decreased in comparison the area of the remaining elements,
then the overshoot is reduced for any q and decreases more rapidly as q → 1. This
is consistent with the theoretical results in one dimension illustrated at the start
of this chapter in Figure 4.3.



Chapter 5

The
Convection-Diffusion-Reaction
Equation in Non-Hilbert Sobolev
Spaces: A Direct Proof of the
Inf-Sup Condition

5.1 Introduction

In this chapter we prove the inf-sup conditions for the convection-diffusion-reaction
problem in a non-symmetric Sobolev-space setting; in particular, we consider the
W 1,q

0 (Ω)-W 1,q′

0 (Ω)-setting, 1 < q < ∞, 1/q+ 1/q′ = 1. This setting is not only
useful for the approach to eliminating unwanted oscillations near layers that is
discussed in later chapters of this thesis, but it also allows more irregular solutions,
if, e.g., the right-hand side is not in H−1(Ω) but in W−1,q′ (Ω) for some 1< q < 2.
Apart from a standard assumption on the advection and reaction coefficients, the
other key assumption pertains to a subtle regularity requirement for the standard
Laplacian. All results presented in this chapter are published as part of the article
[93]. A proof of an elementary stability result of Galerkin’s method in that setting
is furthermore given in [93].

In the context of FEMs, well-posedness of the convection-diffusion-reaction
variational problem is traditionally established by proving coercivity and continuity
of the underlying bilinear form in H1

0 (Ω). Due to the Lax-Milgram theorem this
then implies well-posedness of the continuous problem and its discrete counterpart.
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The concept of coercivity, however, requires that the trial and test spaces should
be the same.1 This is not always possible or desirable, e.g., in the context of
Petrov-Galerkin methods or mixed methods, or if the continuous problem itself is
stated in a non-symmetric manner such as in the W 1,q

0 (Ω)-W 1,q′

0 (Ω)-setting.
A generalization of the Lax-Milgram theorem originally due to Nečas [140],

cf., Theorem 3.38, replaces the coercivity requirement by two inf-sup conditions
and can be formulated for Banach spaces with distinct test and trial spaces. A
version of this theorem for approximations in finite dimensional subspaces is
due to Babuška [9], cf., Theorem 3.39. It is important to note that the inf-sup
conditions in the continuous formulation do not imply an inf-sup condition in the
discrete setting. In fact, for the convection-diffusion-reaction equation in W 1,q

0 (Ω)-
W 1,q′

0 (Ω), discrete well-posedness is established under much stronger assumptions
than in the continuous setting in [93].

In the remainder of the introduction we specify the weak formulation of the
underlying problem, stipulate the assumptions and announce our main results.

5.1.1 Problem Statement

We consider the following model problem: find u such that

−ε∆u+b ·∇u+ cu= f in Ω, (5.1a)
u= 0 on Γ = ∂Ω, (5.1b)

where ε > 0, b : Ω → Rd, and c : Ω → R are the (positive) diffusion parameter,
convection field and reaction coefficient, respectively, and f : Ω → R is a given
source.

Multiplying (5.1a) by a test function v ∈C∞
c (Ω) and integrating by parts yields

the bilinear form

Bε(u,v) = ε
∫
Ω

∇u ·∇vdx−
∫
Ω
u∇· (bv)dx+

∫
Ω
cuvdx. (5.2)

This allows us to state the following variational problem for some q ∈ (1,∞): find
u ∈ U :=W 1,q

0 (Ω) such that

Bε(u,v) =
〈
f,v

〉
V ′,V

∀v ∈ V :=W 1,q′

0 (Ω) , (5.3)

1Moreover, the concept of coercivity is a notion relevant only in Hilbert spaces [69, Sec-
tion A.2.4].
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where f is allowed to be any element in V ′ =W−1,q(Ω). Furthermore, we endow
U and V with the following norms

∥u∥qU := c0∥u∥qLq(Ω) + ε∥∇u∥qLq(Ω), (5.4a)

∥v∥q
′

V := c0∥v∥q
′

Lq′(Ω) + ε∥∇v∥q
′

Lq′(Ω), (5.4b)

with c0 given by Assumption 5.3 below.
The proof of well-posedness of this problem with q= 2 is well known, see, e.g., [69,

Section 3.1]. Furthermore, well-posedness of the problem for q ̸= 2 in smooth
domains (e.g., domains with C1- or C1,1-boundary) is also well-established [75].
For q ≠ 2 and general Lipschitz domains on the other hand, even simply proving
well-posedness of the Poisson problem is far more challenging. It is no longer
sufficient to require that Ω is a bounded Lipschitz domain. In fact, if d≥ 3, then
for any q > 3 there exists a Lipschitz domain Ω and a right-hand side f ∈ C∞(Ω̄)
such that the solution to the Poisson problem is not in W 1,q (Ω), cf., [103]; in two
dimensions the same result holds for q > 4.

The novelty of our approach is that we provide a direct proof of the inf-sup
conditions for the convection-diffusion-reaction equation illustrating that the so-
called duality map, cf., Section 3.3, is invaluable as a replacement for the Riesz
isometry in the context of Banach spaces.

Furthermore, our proof only relies on standard assumptions on b and c, and
W 1,r-regularity of the standard H1

0 -Poisson problem for all r up to q′. The latter
assumption can be interpreted as an assumption on the domain Ω for a given q, or,
for a given bounded Lipschitz domain Ω it restricts the values that can be chosen
for q. Another important technique in our proof (for the second inf-sup condition) is
a bootstrapping argument involving repeated use of elliptic regularity and Sobolev
embeddings to gain sufficient regularity. The proof of the discrete inf-sup condition
in [93], as needed for the stability of Galerkin’s method, furthermore assumes a
diffusion-dominated case and the W 1,q′-stability of the H1

0 -projector.

5.1.2 Assumptions

We now present the assumptions in detail. One of the main assumptions we rely
on is (adjoint-) regularity of the standard H1

0 (Ω)-Poisson problem.

Assumption 5.1 (Regularity for Laplacian). Let 1< q < 2. For each r ∈ (2, q′],
there is a stability constant Cr,Ω, such that for all g ∈ W−1,r (Ω) ⊂ H−1(Ω) :=
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[H1
0 (Ω)]′, the unique zg ∈H1

0 (Ω) that solves the problem
∫
Ω

∇w ·∇zg dx = ⟨g,w⟩
W−1,r(Ω),W 1,r′

0 (Ω)
∀w ∈H1

0 (Ω) ,

satisfies the a priori estimate:

∥∇zg∥Lr(Ω) ≤ Cr,Ω∥g∥W−1,r(Ω); (5.5)

hence zg ∈W 1,r
0 (Ω).

Remark 5.2. Assumption 5.1 holds for any 1< q < 2 if Ω has a C1 boundary, cf.,
e.g., [75, 103, 81]. It is also true for any q if Ω is a convex Lipschitz domain, cf.,
[2, 73, 132]. The latter result can be extended to Lipschitz domains that satisfy an
exterior ball condition [101]. For bounded Lipschitz domains, there exists 1< q0 < 2
such that the assumption holds for all q ≥ q0, where q0 ≤ 3/2 if d≥ 3 and q0 ≤ 4/3
if d = 2. The precise value for q0 depends on the domain Ω. It is possible to
construct counterexamples for any q < 3/2 if d ≥ 3 and for any q < 4/3 if d = 2.
For more details we refer the reader to [103]. For 1< q ≤ 2 it is possible to obtain
higher regularity for the solution, i.e., zg ∈W 2,q (Ω), provided the right-hand side
g is in Lq (Ω).

Similar to the analysis of the advection-reaction equation [33, 139], we also
need some requirements on the advective field and the reaction coefficient.

Assumption 5.3 (Friedrich’s positivity assumption). Let 1<q <∞. The advective
field b ∈ L∞(Ω)d satisfies ∇·b ∈ L∞ (Ω), the reaction coefficient c ∈ L∞(Ω), and
there exists a constant c0 > 0 such that

c(x)− 1
q

∇·b(x) ≥ c0, a.e. in Ω. (5.6)

5.1.3 Main Results

We can now state the main result of this chapter, the proof of which is given in
Section 5.3. We prove the inf-sup conditions in the continuous case under the
assumptions stated in the previous section. To this end, we have the well-posedness
in the continuous case.

Theorem 5.4. Let 1< q <∞. If Assumption 5.1 holds and additionally Assump-
tion 5.3 is satisfied, then the variational problem (5.3) is well-posed. In particular,
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the bilinear form Bε defined in (5.2) is bounded, i.e.,

Bε(w,v) ≤M∥v∥V ∥w∥U (5.7)

and satisfies the following inf-sup conditions: there exists γ > 0 such that

inf
w∈U

sup
v∈V

Bε(w,v)
∥w∥U∥v∥V

≥ γ, (5.8a)

and

∀v ∈ V,
(
∀w ∈ U, Bε(w,v) = 0

)
⇒ (v = 0). (5.8b)

Both M and γ are positive constants that may depend on ∥b∥L∞(Ω), ∥c∥L∞(Ω), c0,
and ε.

Remark 5.5. The proof of (5.8a) given in Section 5.3 shows the following estimate
for γ:

γ ≥
min

(
C2

1
2εc2/q′

0
, ε

1−2/q′

2

)

2Cq′,Ω(c0CqF,q + ε)1/q′
ε−1/q +C2

1c
−1
0 ε−12

1
q − 1

q′
. (5.9)

Here, CF,q is the constant in the Poincaré-Friedrichs inequality in W 1,q (Ω), Cq′,Ω

is the constant given in Assumption 5.1 for r = q′ and

C1 = Cq′,Ω

(
∥b∥L∞(Ω) +CF,q∥c∥L∞(Ω)

)
.

For very small ε the dominating term in the numerator scales like ε1− 2
q′ . Note

that this is equal to 1 for q = q′ = 2. The denominator scales like ε−1; the overall
scaling for very small ε is therefore ε2− 2

q′ . For very small c0 the lower bound for
the inf-sup constant γ scales like c0. It can be assumed that this estimate is not
optimal, since the scaling in ε and c0 for q = q′ = 2 is less favourable than in the
standard proof when q = q′ = 2.

5.1.4 Outline of the Chapter

The rest of the chapter is organized as follows. In Section 5.2, we present several
necessary preliminaries, in particular, we present well-posedness results for the
Poisson problem in the W 1,q

0 -W 1,q′

0 (Ω) setting, fundamental properties of duality
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mappings, and a brief discussion on difficulties in proving the continuous inf-sup
conditions. We then present in Section 5.3 the proof of Theorem 5.4, relying heavily
on the preliminaries in the preceding section. Section 5.3 discusses in the following
order: the proof of the continuity of Bε, the first inf-sup condition, and finally, the
second inf-sup condition. Finally, we state the discrete analogue of the inf-sup
condition in Section 5.4 and present numerical experiments for Galerkin’s method
considering the approximation of irregular solutions u /∈H1

0 (Ω).

5.2 The Poisson Equation and the Advection-
Reaction Equation in Lq (Ω)

In the context of finite element methods the analysis of variational formulations
of PDEs is traditionally undertaken in subspaces of L2 (Ω) such as H1

0 (Ω). Even
though we are considering a formulation in more general Sobolev spaces that
are no longer Hilbert spaces, we are still using many standard techniques that
have been developed for the numerical analysis of finite element methods. In
this section we focus on illustrating how concepts and techniques that rely on a
Hilbert space setting with identical test and trial spaces can be extended to our
more general setting. To this end, we first consider the Poisson problem in the
W 1,q

0 (Ω)-W 1,q′

0 (Ω)-setting as a simplified model problem, which will be crucial
later when dealing with the full convection-diffusion-reaction problem.

As part of the proof of the inf-sup-conditions, we will construct a very specific
functional in W−1,q′ (Ω) that is an example of a duality mapping, cf., Section 3.3.
Duality mappings have proven to be a very useful concept for mimicking certain
techniques that rely on properties of Hilbert spaces in more general Banach spaces.
In some sense duality mappings are a suitable non-linear replacement for the Riesz
map. This becomes particularly evident in the context of residual minimization
problems; see, for example, [138].

Finally, we conclude this section by explaining how we intend to include the
lower order terms in the convection-diffusion-advection equation. The next sections
will then focus on the rigorous proof of Theorem 5.4.

5.2.1 The Poisson Problem in the W 1,q
0 (Ω)-W 1,q′

0 (Ω)-setting

The goal is to extend the well-posedness proof of the Poisson problem to the
convection-diffusion-reaction equation provided that Assumption 5.1 holds. As-
sumption 5.1 implies the following well-posedness result for the Poisson problem.
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Proposition 5.6 (Well-posedness of the Poisson problem in Banach Sobolev
spaces). Let 1< q < 2. If Assumption 5.1 holds, then for every f ∈W−1,q(Ω) there
exists a unique uf ∈W 1,q

0 (Ω) that satisfies the Poisson problem:
∫
Ω

∇uf ·∇vdx = ⟨f,v⟩
W−1,q(Ω),W 1,q′

0 (Ω)
∀v ∈W 1,q′

0 (Ω).

Furthermore, uf satisfies the a priori estimate

∥∇uf∥Lq(Ω) ≤ Cq′,Ω∥f∥W−1,q(Ω).

Although the above well-posedness result is known (cf. [103]), a proof of the
corresponding inf-sup conditions using the duality map is given in [93], where it is
also demonstrated that when d= 1, Assumption 5.1 is not needed.

Combining Proposition 5.6 again with Assumption 5.1 immediately implies the
following general regularity result; this will be required in the proof of Theorem 5.4
instead of Assumption 5.1 directly.

Corollary 5.7 (Elliptic regularity for Laplacian in Banach Sobolev spaces). Let
1 < q < 2 and q ≤ r ≤ q′. If Assumption 5.1 holds, then for all g ∈ W−1,r (Ω) ⊂
W−1,q (Ω), the unique solution ug ∈W 1,q

0 (Ω) that solves the problem
∫
Ω

∇ug ·∇vdx = ⟨g,v⟩
W−1,r(Ω),W 1,r′

0 (Ω)
∀v ∈W 1,q′

0 (Ω)

satisfies the a priori estimate:

∥∇ug∥Lr(Ω) ≤ Cr,Ω∥g∥W−1,r(Ω);

hence ug ∈W 1,r
0 (Ω). The constant Cr,Ω = Cr′,Ω (r ̸= 2) is the same as in Assump-

tion 5.1, and C2,Ω = 1.

Proof. This result is a direct consequence of Assumption 5.1 and Proposition 5.6.
Suppose r ∈ (q,2), then apply Proposition 5.6 (replacing q by r and f by g) to obtain
that ug ∈W 1,r

0 (Ω) ⊂W 1,q
0 (Ω); by duality Cr′,Ω = Cr,Ω. Suppose that r = 2, then

use the standard H1
0 -Poisson problem with right-hand side g ∈H−1(Ω) to obtain

that ug ∈ H1
0 (Ω) ⊂ W 1,q

0 (Ω) and ∥∇ug∥L2(Ω) ≤ ∥g∥H−1(Ω). Suppose r ∈ (2, q′),
then apply Assumption 5.1 (replacing zg by ug) to obtain that ug ∈ W 1,r

0 (Ω) ⊂
H1

0 (Ω) ⊂W 1,q
0 (Ω).

Let us recall that for q = 2 well-posedness follows immediately from the Lax-
Milgram Theorem since both continuity and coercivity are obvious in this case.
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The same approach is obviously no longer applicable if q ̸= 2 since it requires the
trial and test spaces to be identical. We thus apply a generalized Lax-Milgram
Theorem (or BNB Theorem [69, Chapter 2]) that is originally due to Nečas [140], cf.,
Theorem 3.38. A version of this theorem for approximations in finite dimensional
subspaces was derived by Babuška [9], cf., Theorem 3.39.

For the Poisson problem with q = 2, i.e.,

b(u,v) :=
∫
Ω

∇u ·∇vdx, U = V :=H1
0 (Ω) , ∥ · ∥U := | · |H1(Ω),

the inf-sup condition (3.7a) is immediate since in this case

sup
v∈V=U

b(u,v)
∥v∥V

≥ b(u,u)
∥u∥U

= ∥u∥2
U

∥u∥U
= ∥u∥U .

The key observation here is that b(u,u) is equal to the square of the norm on U .
For q < 2, we can no longer use u itself as a test function. But if we suppose

that there exists a vu such that

b(u,vu) = |u|q
W 1,q(Ω), (5.10a)

|vu|W 1,q′(Ω) ≤ C|u|q−1
W 1,q(Ω), (5.10b)

we would again immediately obtain an inf-sup condition.

Remark 5.8. Later we will instead use ṽu such that

b(u, ṽu) = |u|2W 1,q(Ω),

|ṽu|W 1,q′(Ω) ≤ C|u|W 1,q(Ω).

Note that if vu satisfies (5.10a) and (5.10b), we can define ṽu = |u|2−q
W 1,q(Ω)vu.

The question now is whether it is possible to construct such a test function
vu ∈ W 1,q′

0 (Ω) for any u ∈ W 1,q
0 (Ω). Let us start with the right-hand side of

(5.10a). As a first step we determine a ξ :Ω → Rd such that

|u|q
W 1,q(Ω) =

∫
Ω

d∑
i=1

|∂iu|q dx =
∫
Ω

∇u ·ξ dx.

If we divide each summand by ∂iu, we can see that ξ has to be of the form

ξi = |∂iu|q−1sgn(∂iu).



5.2 The Poisson Equation and the Advection-Reaction Equation in Lq (Ω) 105

Ideally, we would like to construct vu ∈W 1,q′

0 (Ω) such that ∇vu = ξ, which, however,
seems to be impossible in general. Instead, we identify ξ with ℓξ ∈W−1,q′ (Ω) as
follows

⟨ℓξ,w⟩
W−1,q′(Ω),W 1,q

0 (Ω) =
∫
Ω

∇w ·ξ dx.

It is easy to check that we have ξi ∈ Lq
′ (Ω) and as a consequence ℓξ ∈W−1,q′ (Ω).

Furthermore, we can compute ∥ℓξ∥W−1,q′(Ω) = |u|q−1
W 1,q(Ω) using the duality of the

spaces Lq (Ω) and Lq
′ (Ω). We can now define vu as the solution to the following

Poisson problem:
∫
Ω

∇w ·∇vudx = ⟨ℓξ,w⟩
W−1,q′(Ω),W 1,q

0 (Ω) ∀w ∈W 1,q
0 (Ω) .

Note that the existence of vu ∈H1
0 (Ω) is due to the well-posedness of the Poisson

problem in H1
0 (Ω). The higher regularity of vu then follows from Assumption 5.1

and the a priori estimate in Assumption 5.1 implies (5.10b). Furthermore note
that by definition ℓξ(u) = |u|q

W 1,q(Ω), which implies (5.10a).
If we instead use

ξ̃i = |u|2−q
W 1,q(Ω)|∂iu|q−1sgn(∂iu),

we can analogously define a linear functional ℓξ̃ and a test function ṽu that satisfies
the conditions in Remark 5.8.

Let us recall the duality mapping with weight φ(t) = tq−1 on the space W 1,q
0 (Ω)

from Section 3.3.2:

⟨J
W 1,q

0
(v),w⟩Lq′(Ω),Lq(Ω) =

∫
Ω

d∑
i=1

|∂iv|q−1sgn(∂iv)∂iwdx.

We can now clearly see that ℓξ is nothing but the duality mapping J
W 1,q

0
. Moreover,

we have ℓξ̃ = J̃
W 1,q

0
, where J̃

W 1,q
0

(v) = |v|2−q
W 1,q(Ω)JW 1,q

0
(v) is the normalized duality

mapping on W 1,q
0 (Ω). This illustrates how duality mappings can serve as a useful

tool in Banach spaces.

5.2.2 Lower Order Terms

We now aim to extend the result we have seen for the Poisson problem to the
convection-diffusion-reaction equation. For q = 2, well-posedness again follows from
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the Lax-Milgram Theorem due to the continuity and coercivity of the underlying
bilinear form.

Let us take a brief look at the well-known proof of coercivity for the bilinear
form Bε under Assumption 5.3 with q = 2:

Bε(u,u) = ε
∫
Ω

∇u ·∇udx−
∫
Ω
u∇· (bu)dx+

∫
Ω
cu2 dx

= ε
∫
Ω

∇u ·∇udx− 1
2

∫
Ω

(∇·b)u2 dx+
∫
Ω
cu2 dx

≥ ε
∫
Ω

∇u ·∇udx+ c0

∫
Ω
u2 dx

= ε∥∇u∥2
L2(Ω) + c0∥u∥2

L2(Ω).

(5.11)

As for the Poisson problem, coercivity also immediately implies the inf-sup condition
(3.7a).

For q ̸= 2, we have already seen how the Laplace operator can be treated;
thereby, we will now focus on the lower order terms. In (5.11), there are two steps
that are applied to the lower order terms: the first one is rearranging everything
by integration by parts such that Assumption 5.3 can be applied and the second
one is the rather trivial observation that the resulting term can be bounded by
the square of the L2 (Ω)-norm of u. If q ̸= 2, we again have the problem that we
cannot simply test with u itself. The idea is to start from the end and mimic the
steps in the proof for the Poisson problem by constructing a test function v such
that ∫

Ω
uvdx = ∥u∥2

Lq(Ω), ∥v∥Lq′(Ω) = ∥u∥Lq(Ω).

Due to the duality of the spaces Lq (Ω) and Lq
′ (Ω) this construction actually

becomes easier than for the Poisson problem. Either by using the abstract concept
of duality mappings or by explicitly constructing v, we can see immediately that v
must be defined as

v := J̃q(u) = ∥u∥q−2
Lq(Ω)|u|q−1sgn(u),

cf., Section 3.3.2.
It is easy to verify that v ∈ Lq

′ (Ω). However, to use v as a test function we
require v ∈W 1,q′

0 (Ω). It turns out, that this is not true for q < 2, but it is the case
for q > 2 (a proof of this will be given in Section 5.3.3). This suggests to prove the
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following inf-sup conditions on the adjoint instead:

inf
v∈V

sup
w∈U

Bε(w,v)
∥w∥U∥v∥V

≥ γ, (5.12a)

∀w ∈ U, (∀v ∈ V, Bε(w,v) = 0) ⇒ (w = 0). (5.12b)

This is equivalent to (5.8) (for an elementary proof, see, e.g., [130, Prop. A.2]). In
particular, the inf-sup constant γ is the same.

Another observation is the following. We need to be able to mimic the steps in
the proof of coercivity in the Lq-setting:

b ·∇v|v|q
′−1sgn(v) = 1

q′ ∇· (b|v|q
′
)− 1

q′ (∇·b)|v|q
′
. (5.13)

The last issue that has to be resolved is that we have two different test functions
— one for the Laplace operator and one for the advection operator. In order to
obtain an inf-sup condition for the full bilinear form we thus consider a linear
combination of both functions and additionally estimate the Laplace term tested
with the second test function and the advection-reaction term with the first. The
rather technical details of this are presented in the next section.

5.3 Proof of Theorem 5.4: Well-posedness of the
Convection-Diffusion-Reaction Equation in
W 1,q

0 (Ω)

In this section we now present a rigorous proof of Theorem 5.4. We start by
showing continuity of the bilinear form Bε in Section 5.3.1. Sections 5.3.2 and
5.3.3 then contain all necessary estimates for the two test functions introduced
in Sections 5.2.1 and 5.2.2, respectively. In Section 5.3.4 we consider a linear
combination of the two test functions and combine all of the estimates to conclude
the proof of the inf-sup condition (5.12a). We then finish the proof of Theorem
5.4 in Section 5.3.5 by proving the second inf-sup condition (5.12b). For this last
step we employ a so-called bootstrap argument that is more commonly used in the
PDE literature, cf., Remark 5.11 below.
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Remark 5.9. If q = 2 it is possible to obtain ε-independent estimates for the inf-sup
constant and the continuity constant if we choose a different norm on V , namely

∥v∥Ṽ := ∥v∥V +∥∇· (bv)∥U ′ ,

where we consider ∇· (bv) ∈ L2 (Ω) as an element in U ′ =H−1(Ω) ⊃ L2 (Ω) with
its norm on U ′ given by

∥∇· (bv)∥U ′ = sup
u∈U

⟨∇ · (bv),u⟩U ′,U

∥u∥U
(5.14)

A proof of this result is presented in [164, Section 4.4.1]. There are essentially three
steps to the proof: firstly, it is easy to prove that the continuity constant with
respect to the norms ∥·∥U and ∥·∥Ṽ is independent of ε; secondly, an ε-independent
estimate for the inf-sup constant can be proven using the norm (5.4a) on V ; thirdly,
it is then possible to bound the term (5.14) from above as well without losing
robustness of the inf-sup constant. The first and the third step can easily be
extended to q ≠ 2. However, the generalization of the second step to Banach spaces
remains an open problem.

5.3.1 Continuity of the Bilinear Form

In order to prove continuity of the bilinear form (5.7), we apply the Hölder inequality
and obtain

Bε(w,v) = ε
∫
Ω

∇w ·∇vdx−
∫
Ω
w∇· (bv)dx+

∫
Ω
cwvdx

≤ ε∥∇w∥Lq(Ω)∥∇v∥Lq′(Ω) +
∥c∥L∞(Ω)

c0
c0∥w∥Lq(Ω)∥v∥Lq′(Ω)

+
∥b∥L∞(Ω)

c
1/q′

0 ε1/q
ε1/q∥∇w∥Lq(Ω)c

1/q′

0 ∥v∥Lq′(Ω)

≤

max
(

1,
∥c∥L∞(Ω)

c0

)
+

∥b∥L∞(Ω)

c
1/q′

0 ε1/q

∥w∥U∥v∥V .

Here we chose to integrate the advection term by parts and then apply the Hölder
inequality. This is a rather arbitrary choice, but note that some ε-dependence of
the continuity constant cannot be avoided even if the advection term is estimated
in its current form.



5.3 Proof of Well-posedness 109

5.3.2 A Test Function for the Laplace Operator

We now start with proving the inf-sup condition (5.12a) by establishing estimates
for a test function that is tailored for the diffusion part of the bilinear form. Let
uv ∈W 1,q

0 (Ω) be the unique solution to the problem
∫
Ω

∇uv ·∇zdx =
〈
J̃
W 1,q′

0
(v), z

〉
W−1,q(Ω),W 1,q′

0 (Ω)
∀z ∈W 1,q′

0 (Ω) .

Hence, by definition

ε
∫
Ω

∇uv ·∇vdx = ε
〈
J̃
W 1,q′

0
(v),v

〉
W−1,q(Ω),W 1,q′

0 (Ω)
= ε∥∇v∥2

Lq′(Ω). (5.15)

Next we look at the advection-reaction term; to bound these terms we integrate
by parts, and employ Hölder’s inequality, the Poincaré-Friedrichs inequality:

∥w∥Lq(Ω) ≤ CF,q∥∇w∥Lq(Ω) ∀w ∈W 1,q
0 (Ω), (5.16)

and the a priori estimate for ∇uv (5.5). Thereby, we get
∣∣∣∣−∫

Ω
uv∇ ·(bv)dx+

∫
Ω
cuvvdx

∣∣∣∣= ∣∣∣∣∫
Ω

(b ·∇uv)vdx+
∫
Ω
cuvvdx

∣∣∣∣
≤ ∥b∥L∞(Ω)∥∇uv∥Lq(Ω)∥v∥Lq′(Ω) +∥c∥L∞(Ω)∥uv∥Lq(Ω)∥v∥Lq′(Ω)

≤
(

∥b∥L∞(Ω) +CF,q∥c∥L∞(Ω)

)
∥∇uv∥Lq(Ω)∥v∥Lq′(Ω)

≤ Cq′,Ω

(
∥b∥L∞(Ω) +CF,q∥c∥L∞(Ω)

)
∥∇v∥Lq′(Ω)∥v∥Lq′(Ω).

To simplify the notation we define

C1 = Cq′,Ω

(
∥b∥L∞(Ω) +CF,q∥c∥L∞(Ω)

)
.

Using Young’s inequality gives

∣∣∣∣−∫
Ω
uv∇· (bv)dx +

∫
Ω
cuvvdx

∣∣∣∣ ≤
(
ε

2∥∇v∥2
Lq′(Ω) + C2

1
2ε ∥v∥2

Lq′(Ω)

)
. (5.17)

Remark 5.10. The above definition of the test function uv relies on the fact that
ε is a constant scalar. The generalization to more general elliptic operators is
not entirely trivial and would require a generalization of Assumption 5.1 and
Proposition 5.6 such that both apply to the more general operator. With this, it
should then be possible to extend the proof to the more general setting by adjusting
(5.15) such that the more general elliptic operator replaces ε on the left hand side
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and a suitable constant, most likely the corresponding ellipticity constant, replaces
ε on the right hand side.

5.3.3 A Test Function for the Convection-Reaction Oper-
ator

We now consider the second test function introduced in Section 5.2.2 to obtain
a lower bound for the advection-reaction term. As we have already mentioned,
we require W 1,q

0 (Ω)-regularity for the test function and hence we first have to
prove J̃q′(v) ∈ W 1,q

0 (Ω). By definition J̃q′(v) ∈ Lq (Ω); we will now show that
∇J̃q′(v) = ∥v∥2−q′

Lq′(Ω)|v|q′−2∇v ∈ [Lq (Ω)]d. Indeed, since v ∈W 1,q′

0 (Ω), we deduce
that

∥∇J̃q′∥qLq(Ω) = ∥v∥(2−q′)q
Lq′(Ω)

∫
Ω

∣∣∣|v|q
′−2∇v

∣∣∣q dx

= ∥v∥(2−q′)q
Lq′(Ω)

∫
Ω

|v|(q
′−2)q|∇v|q dx

≤ ∥v∥(2−q′)q
Lq′(Ω) ∥|v|(q

′−2)q∥
L

q′−1
q′−2 (Ω)

∥|∇v|q∥Lq′−1(Ω)

= ∥v∥(2−q′)q
Lq′(Ω)

(∫
Ω

|v|q
′
dx
) q′−2

(q′−1)
(∫

Ω
|∇v|q

′
dx
) 1

(q′−1)

= ∥v∥(2−q′)q
Lq′(Ω) ∥v∥(q′−2)q

Lq′(Ω) ∥∇v∥q
Lq′(Ω) = ∥∇v∥q

Lq′(Ω) <∞,

(5.18)

where it is essential that q′ > 2. Now we can apply (5.13) to obtain

−
∫
Ω
J̃q′(v)∇· (bv)dx+

∫
Ω
cJ̃q′(v)vdx

= ∥v∥2−q′

Lq′(Ω)

∫
Ω

|v|q
′−1sgn(v)(cv−∇· (bv))dx

= ∥v∥2−q′

Lq′(Ω)

∫
Ω

|v|q
′−1sgn(v)

(
cv− (∇·b)v−b ·∇v

)
dx

= ∥v∥2−q′

Lq′(Ω)

∫
Ω

|v|q
′
(
c− 1

q
∇·b

)
− 1
q′ ∇· (b|v|q

′
)dx

≥ c0∥v∥2
Lq′(Ω) −

∥v∥2−q′

Lq′(Ω)
q′

∫
∂Ω

(b ·n)|v|q
′
ds= c0∥v∥2

Lq′(Ω).

(5.19)
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Next, we have to bound the diffusion term when testing with J̃q′(v). Here, we
observe that

∫
Ω

∇(J̃q′(v)) ·∇vdx = ∥v∥2−q′

Lq′(Ω)

∫
Ω

|v|q
′−2∇v ·∇vdx ≥ 0; (5.20)

thereby, we can disregard this term in the inf-sup analysis.

5.3.4 Combining the Estimates

We now combine all the above estimates and prove a lower bound for the bilinear
form when testing with a linear combination of the two test functions above, i.e.,
we test with

wv := uv +βJ̃q′(v),

where β is a constant to be chosen. Combining the estimates (5.19), (5.20), (5.15)
and (5.17), we obtain

Bε(wv,v) ≥ ε∥∇v∥2
Lq′(Ω) +βc0∥v∥2

Lq′(Ω)

−
(
ε

2∥∇v∥2
Lq′(Ω) + C2

1
2ε ∥v∥2

Lq′(Ω)

)
.

If we now choose β = C2
1c

−1
0 ε−1, we have

Bε(wv,v) ≥ C2
1

2ε ∥v∥2
Lq′(Ω) + ε

2∥∇v∥2
Lq′(Ω)

≥ min
 C2

1

2εc2/q
′

0
,
ε1−2/q′

2

(c2/q′

0 ∥v∥2
Lq′(Ω) + ε2/q′

∥∇v∥2
Lq′(Ω)

)

≥ 1
2 min

 C2
1

2εc2/q
′

0
,
ε1−2/q′

2

∥v∥2
V . (5.21)

To conclude, we now only need to estimate ∥wv∥U . According to Proposition 5.6
we have

∥∇uv∥Lq(Ω) ≤ Cq′,Ω∥J̃
W 1,q′

0
(v)∥W−1,q(Ω) = Cq′,Ω∥∇v∥Lq′(Ω).
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Thus, recalling the Poincaré-Friedrichs inequality (5.16), we obtain

∥uv∥U =
(
c0∥uv∥qLq(Ω) + ε∥∇uv∥qLq(Ω)

)1/q

≤
(
c0C

q
F,q + ε

)1/q
∥∇uv∥Lq(Ω)

≤ Cq′,Ω

(
c0C

q
F,q + ε

)1/q
∥∇v∥Lq′(Ω)

≤ Cq′,Ω

(
c0C

q
F,q + ε

)1/q
ε−1/q′

∥v∥V .

Similarly, using (5.18), gives

∥βJq′(v)∥U = β
(
c0∥J̃q′(v)∥qLq(Ω) + ε∥∇J̃q′(v)∥qLq(Ω)

)1/q

≤ β
(
c0∥v∥q

Lq′(Ω) + ε∥∇v∥qLq(Ω)

)1/q

≤ C2
1c

−1
0 ε−121/q−1/q′

∥v∥V .

Dividing (5.21) by ∥wv∥U and using the above estimates finally yields the inf-sup
condition (5.12a). We refer the reader to (5.9) for the final estimate of the inf-sup
constant γ.

5.3.5 The Second Inf-Sup Condition

The final step is the proof of the second inf-sup condition (5.12b). To this end,
assume there exists 0 ̸= w ∈W 1,q

0 (Ω) such that

0 = Bε(w,v) = ε
∫
Ω

∇w ·∇vdx−
∫
Ω
w∇· (bv)dx+

∫
Ω
cwvdx

= ε
∫
Ω

∇w ·∇vdx+
∫
Ω

b ·∇wvdx+
∫
Ω
cwvdx ∀v ∈W 1,q′

0 (Ω).

The idea is to use the above equation to gain sufficient regularity in order to test
with w itself. A priori this is not possible since W 1,q

0 (Ω) ̸⊂ W 1,q′

0 (Ω) for q′ > q.
We will consider w as a solution to a Poisson problem and then use the regularity
of the right-hand side in order to employ Corollary 5.7 and the Sobolev embedding
theorem, cf., Theorem 3.22, to gain higher regularity for w. We then iterate this
until we have gained sufficient regularity.

Given that b ·∇w+cw ∈ Lq (Ω), we can consider w as the solution of a Poisson
problem with right hand side g = b ·∇w+ cw. Denote by q∗ the Sobolev conjugate
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of q given by

1
q∗ = 1

q
− 1
d
.

Furthermore, let s be the dual exponent to q∗, i.e., 1 = 1/q∗ +1/s. Then q′ is the
Sobolev conjugate to s. Indeed,

1
q∗ = 1

q
− 1
d

⇔ 1− 1
s

= 1− 1
q′ − 1

d
⇔ 1

q′ = 1
s

− 1
d
.

Thus we obtain from the Sobolev embedding theorem that W 1,s
0 (Ω) ⊂ Lq

′ (Ω) and
therefore Lq (Ω) = [Lq′ (Ω)]′ ⊂ [W 1,s

0 (Ω)]′ =W−1,q∗ (Ω).
Suppose that q∗ ≥ q′, then Corollary 5.7 with r = q′ can be used (indeed

Lq(Ω) ⊂W−1,q∗(Ω) ⊂W−1,q′(Ω)) to obtain w ∈W 1,q′

0 (Ω), and we can select v =w

as a test function.
Otherwise, for q∗ < q′, by Corollary 5.7 with r = q∗, we obtain w ∈W 1,q∗

0 (Ω).
We subsequently observe that w satisfies a Poisson problem with a right-hand side
b ·∇w+ cw ∈ Lq

∗ (Ω) and we can define iteratively

1
ri+1

= max
(

1
q′ ,

1
ri

− 1
d

)
, r1 := q∗.

We then obtain iteratively w ∈W
1,min{ri,q

′}
0 (Ω) and b · ∇w+ cw ∈ Lmin{ri,q

′} (Ω).
Note that

1
ri

= max
(

1
q′ ,

1
q

− i

d

)
.

Thus if we choose an integer i ≥ d/q− d/q′, we observe that w ∈ W 1,q′

0 (Ω) and
hence we can choose v = w as a test function.

Therefore, 0 = Bε(w,w) = ε∥∇w∥2
L2(Ω) + c0∥w∥2

L2(Ω) and thus w = 0, which is
a contradiction.

Remark 5.11. The idea of exploiting the Sobolev embedding multiple times itera-
tively is often referred to as a bootstrapping argument. These types of arguments
are commonly used to obtain improved integrability or regularity in the context of
elliptic partial differential equations. One example is the proof of Lemma 9.16 in
[75]. There the same argument is used locally to improve a previously obtained
Lq-estimate (cf., [75, Theorem 9.13]) to an Lq

′-estimate. The fact that we can
apply this argument globally, i.e., on the whole domain Ω, in our case is due to the
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regularity assumption on the domain (Assumption 5.1). For sufficiently smooth
boundaries (e.g., C1 or C1,1), local estimates can often be turned into global
estimates by combining them with boundary estimates (see, e.g., [75, Chapter 6]
in the context of Schauder estimates).

Remark 5.12 (The case q > 2). Theorem 5.4 can be analogously proven for q > 2.
Indeed, instead of proving the inf-sup condition on the adjoint, we can prove
the inf-sup condition directly. The steps of the proof in Sections 5.3.1 and 5.3.2
are identical with q and q′ swapped and the constant C1 has to be adjusted
slightly to account for the fact that the advection term is not symmetric. To
imitate the argument in Section 5.3.3, note that this time J̃q(w) ∈ W 1,q′ (Ω) for
any w ∈ W 1,q (Ω), since q > 2 by the same argument as before and we can thus
again apply (5.13) to obtain

−
∫
Ω
w∇· (bJ̃q(w))dx+

∫
Ω
cJ̃q(w)wdx =

∫
Ω

(b ·∇w)J̃q(w)dx+
∫
Ω
cJ̃q′(w)wdx

= ∥w∥2−q
Lq(Ω)

∫
Ω

(
c|w|q − 1

q
(∇·b)|w|q + 1

q
∇· (b|w|q)

)
dx

≥ c0∥w∥2
Lq(Ω) +

∥w∥2−q
Lq(Ω)
q

∫
∂Ω

(b ·n)|w|q ds= c0∥w∥2
Lq(Ω).

To prove the second inf-sup condition, we observe that for v ∈W 1,q′ (Ω) we have
cv−∇· (bv) ∈Lq′ (Ω) and we can apply the same bootstrap argument as in Section
5.3.5 after swapping q and q′.

5.4 A Finite Element Method in W 1,q
0 (Ω)-W 1,q′

0 (Ω)

In this section, we consider the (Bubnov-) Galerkin approximation for a (finite-
element) space Uh ⊂W 1,∞

0 (Ω): find uh ∈ Uh such that

Bε(uh,vh) =
〈
f,vh

〉
W−1,q(Ω),W 1,q′

0 (Ω)
∀vh ∈ Uh. (5.22)

In Section 5.4.1 we quote a well-posedness result presented in [93] and the corre-
sponding additional assumption concerning the stability of the H1

0 (Ω)-projector.
We then consider illustrative numerical examples in Sections 5.4.2 and 5.4.3. To
this end, we first consider an example with smooth right-hand side on a square
domain with a smooth solution to show optimal convergence rates in the W 1,q (Ω)
norm. Secondly, we will illustrate why it is useful to consider a non-Hilbert setting
for the convection-diffusion equation by considering examples in two and three
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dimensions with right-hand sides with very low regularity. Note that Assumptions
5.1 and 5.13 are satisfied since all domains are convex Lipschitz domains.

5.4.1 Stability of Galerkin’s Method

It is well-known that the stability of the (Bubnov)-Galerkin approximation (5.22)
with q = 2 degenerates as ε → 0, cf., Section 2. Similarly, for q ≠ 2, stability is
only proven in the diffusion dominated case in [93]. The proof in [93] relies on the
assumption that the H1

0 (Ω)-projector onto the chosen h-parametrized family of
finite-dimensional subspaces is stable in the following sense.

Assumption 5.13 (Stability of H1
0 (Ω)-projector). Let q′ > 2 and Uh ⊂W 1,∞

0 (Ω)
be a finite-dimensional subspace. The H1

0 (Ω)-projector Ph :H1
0 (Ω) → Uh is uni-

formly stable in W 1,q′(Ω), i.e., there is a stability constant CP ≥ 1, independent of h,
such that for all z ∈ W 1,q′

0 (Ω) ⊂ H1
0 (Ω), the unique H1

0 (Ω)-projection Phz ∈ Uh

that solves the discrete problem
∫
Ω

∇vh ·∇(Phz)dx =
∫
Ω

∇vh ·∇zdx ∀vh ∈ Uh,

satisfies the a priori bound:

|Phz|W 1,q′(Ω) ≤ CP |z|W 1,q′(Ω).

The validity of Assumption 5.13 has been proven in the following settings: If Ω
is a bounded interval in R, a convex polygonal domain in R2, or a convex polyhedral
domain in R3, Assumption 5.13 is known to hold for all q′ > 2 for standard finite
element spaces on quasi-uniform meshes, see [145, 87] and [20, Chapter 8], and
certain graded meshes, see [61, 125]. Furthermore, the assumption is valid for all
q′ > 2 if Uh is a spectral space of d-variate polynomials of fixed degree on a (finite
union of) star-shaped domain(s), see [62].

Under the above assumption the following result was established in [93].

Theorem 5.14. Let 1 < q < 2, b ∈ L∞(Ω)d, ∇ · b ∈ L∞(Ω) and c ∈ L∞(Ω). If
Assumption 5.1 and Assumption 5.13 hold, then the following discrete inf-sup
condition holds true:

sup
vh∈Uh

Bε(wh,vh)
|vh|W 1,q′(Ω)

≥ γ̂|wh|W 1,q(Ω) for all wh ∈ Uh,
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where

γ̂ ≥
(
εC−1

P C−1
q′,Ω −CF,q′(∥b∥∞ +CF,q∥c∥∞)

)
, (5.23)

with CF,q and CF,q′ the Poincaré-Friedrichs constants for W 1,q
0 (Ω) and W 1,q′

0 (Ω),
respectively (see (5.16)).

Note that it can be guaranteed that the constant γ̂ in (5.23) is strictly positive.
Indeed, this is true if the convection-diffusion-reaction problem is sufficiently
diffusion-dominated, i.e., the advection and the reaction coefficients are sufficiently
small compared to the diffusion parameter ε. From this perspective, Theorem 5.14
is an elementary result: It is reasonable to believe that (5.23) is a suboptimal
result, and to conjecture that the discrete inf-sup condition holds true for any
choice of the parameters (although not robustly).

Recall from (5.4a) that ∥·∥U is a norm on W 1,q
0 (Ω) equivalent to, e.g., | · |W 1,q(Ω).

By standard arguments (see, e.g., [69, Chapter 2]), Theorem 5.14 implies that in
the diffusion-dominated case, Galerkin’s method is a stable and convergent method
in the W 1,q

0 (Ω)-W 1,q′

0 (Ω)-setting. In particular, the following a priori bound holds

∥uh∥U ≤ 1
γ̂

∥f∥W−1,q(Ω), (5.24)

as well as the following a priori error estimate

∥u−uh∥U ≤
(
1+ M

γ̂

)
inf

wh∈Uh

∥u−wh∥U .

This last result can be sharpened, by invoking the error estimate due to Stern [158]:

∥u−uh∥U ≤ min
{

2| 2
q −1|M

γ̂
, 1+ M

γ̂

}
inf

wh∈Uh

∥u−wh∥U .

To illustrate the results for Galerkin’s method, we verify the bound in (5.24) by
performing several numerical experiments in two- and three-dimensional domains
on convection-diffusion problems, for which the solution is not in H1

0 (Ω) but
in W 1,r

0 (Ω) for suitable r < 2. These numerical experiments show that Galerkin’s
method is indeed stable for the anticipated values q ≤ r.
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Figure 5.1 Eriksson-Johnson model problem with ε= 1: error in the W 1,q (Ω)-norm
for q = 1.5,2,3,5, with the polynomial degree chosen uniformly as p= 1,2,3,4, on
a uniform triangulation of the domain.

5.4.2 Convergence Rates for a Simple Example in Two Di-
mensions

In order to illustrate the quasi-optimality estimates given at the end of Section 5.1.3,
we consider the following simple example (which is essentially the Eriksson–Johnson
test case, but with a reaction term):

∂u

∂x
− ε

(
∂2u

∂x2 + ∂2u

∂y2

)
+u= f(x,y) in (0,1)2,

u= 0 on x= 1,y = 0,1, u= sin(πy) on x= 0,

where

f(x,y) = exp(r1(x−1))− exp(r2(x−1))
exp(−r1)− exp(−r2)) sin(πy),

with

r1 = 1+
√

1+4π2ε2

2ε , r2 = 1−
√

1+4π2ε2

2ε .

Note that the exact solution of this problem is also given by f(x,y). Figure 5.1
shows the error in the W 1,q (Ω)-norm for q = 1.5,2,3,5, ε = 1, and with the
polynomial degree chosen uniformly as p= 1,2,3,4, on a uniform triangulation of
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the domain. Here, we observe the optimal rate of convergence O(hp), as the mesh is
uniformly refined for each fixed p. This illustrates that in the diffusion-dominated
case and sufficiently smooth right-hand side the underlying finite element method
performs similarly to the case when q = 2.

5.4.3 Examples with Rough Right-hand Sides

To motivate looking at the W 1,q (Ω)-W 1,q′(Ω)-setting instead of the standard
H1

0 (Ω)-setting, we consider examples with rough right-hand sides, viz. Dirac delta
distributions, both in two and three dimensions.

To this end, consider the problem

−∆u+∂x1u+u= δ0 in Ω = [−0.5,0.5]d, d= 2,3,
u= 0 on ∂Ω.

For the weak formulation to be well-defined, we require that δ0 ∈
[
W 1,q′(Ω)

]′
. In

other words, we require W 1,q′(Ω) ⊂ C0(Ω). According to the Sobolev embedding
result (see, e.g., [6]), we have for any bounded Lipschitz domain Ω ⊂ Rd that
W 1,q′(Ω) ⊂ C0(Ω) if q′ > d. Thus we require q′ > 2 for d= 2 and q′ > 3 for d= 3
or, equivalently, q < 2 for d= 2 and q < 1.5 for d= 3. Furthermore, the solution u
is not in W 1,q (Ω) for q ≥ 2 in two dimensions and q ≥ 1.5 in three dimensions.

Indeed, it is well-known, see, e.g., [70], that the fundamental solution of the
Poisson problem contains a singularity of the form 1/|x| in three dimensions and
ln(|x|) in two dimensions. Thus the fundamental solution is not contained in
W 1,q (Ω) for q ≥ 1.5 in three dimensions and for q ≥ 2 in two dimensions. The
same applies to the convection-diffusion equation; near the origin the singularity
of the fundamental solution behaves like O(1/|x|) for d= 3 and like O(ln(|x|)) for
d= 2, cf. [72, 68, 114].

We can thus only expect convergence of |uh|W 1,q(Ω) to a finite value if q < 2
for Ω ⊂ R2 and if q < 1.5 for Ω ⊂ R3 and should observe divergence otherwise.
This is illustrated for the 2D-case in Figure 5.2 and for the 3D-case in Figure
5.3. These figures plot |uh|W 1,q(Ω) for the finite element method using linear finite
elements on a mesh (triangles in 2D, or tetrahedra in 3D) of mesh size h. In
two dimensions, we can observe that |uh|W 1,q(Ω) diverges for q = 2,3,5. For q = 2,
i.e., the borderline case, divergence is very slow; the values converge for q = 1.5.
Similarly, in three dimensions, we clearly observe divergence for q = 1.5,1.7,2, while
the values converge for q = 1.3.
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Figure 5.2 Two-dimensional test case: Convergence (q = 1.5) and divergence
(q = 2,3,5) of |uh|W 1,q(Ω) for linear finite-element approximations uh. The irregular
exact solution u is not in W 1,r

0 (Ω) for any r ≥ 2.
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Figure 5.3 Three-dimensional test case: Convergence (q = 1.3) and divergence
(q = 1.5,1.7,2) of |uh|W 1,q(Ω) for linear finite-element approximations uh. The
irregular exact solution u is not in W 1,r

0 (Ω) for any r ≥ 1.5.





Chapter 6

Minimum Residual Methods in
Banach Spaces

The key observation that makes it possible to extend the DPG methodology to
general Banach spaces is the equivalence with a residual minimization problem, cf.,
[39] and [55] for the DPG method. In this chapter, we will see that, in the context
of Banach spaces, the Riesz map can be replaced by a duality mapping, cf., Section
3.3, but due to the non-linearity of the duality mapping we lose the concept of an
optimal test space which is used in the context of DPG methods, cf., [59]. The
extension to Banach spaces was first introduced in [136] and we will repeat the
main concepts in this chapter. We will furthermore describe the DPG framework
in the classical Hilbert space setting based on [34] and the very concise summary
of the method in [55]. For more details we refer to [79, 60, 55]. As mentioned in
the introduction to this thesis, the method for the convection-diffusion-reaction
equation that we will consider in Chapter 7 is a generalization of the scheme
discussed in [39]. Conceptually, this method is closely related to DPG methods
with the main difference that only continuous finite element spaces are considered
in [39].

This chapter is structured as follows: we start by introducing the ideal Petrov-
Galerkin method in the Hilbert space setting in Section 6.1, as well as its equivalent
formulation as a residual minimization problem. We then continue with the
residual minimization problem in a more general Banach space setting in Section
6.2; in Section 6.3 we discuss the concept of the optimal test norms both in
Hilbert and in Banach spaces. Then, in Section 6.4 we introduce a fully discrete
or practical version of the ideal Petrov-Galerkin method in Section 6.1 and the
residual minimization method in Section 6.2. Section 6.5 focusses on the choice
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of broken test spaces in the practical Petrov-Galerkin approximation. Finally, we
conclude in Section 6.6 by presenting an overview of Petrov-Galerkin methods
applied to the convection-diffusion-reaction equation that have been developed
within this framework.

6.1 An Ideal Petrov-Galerkin Method

Let U and V be two Hilbert spaces and b : U ×V → R a continuous bilinear form
that satisfies the following inf-sup conditions:

inf
w∈U

sup
v∈V

b(w,v)
∥w∥U∥v∥V

= γ > 0, (6.1a)

{v ∈ V : b(w,v) = 0,∀w ∈ U} = {0}. (6.1b)

For a given right-hand side ℓ ∈ V ′, we consider the problem: find u ∈ U such that

b(u,v) = ℓ(v) ∀v ∈ V.

Introducing two finite dimensional subspaces Un ⊂ U and Vn ⊂ V with dimUn =
dimVn, we obtain the finite dimensional problem: find un ∈ Un such that

b(un,vn) = ℓ(vn) ∀vn ∈ Vn,

which is well-posed if b satisfies the discrete inf-sup condition,

inf
wn∈Un

sup
vn∈Vn

b(wn,vn)
∥wn∥Un∥vn∥Vn

≥ γn > 0, (6.2)

cf., [9, 142].
The main idea of the DPG method is to choose a test space Vn ⊂ V for a given

trial space Un ⊂ U that guarantees that the continuous inf-sup condition (6.1a)
implies its discrete version (6.2). This is obviously not true in general since the
supremum is taken over a smaller space in the discrete inf-sup condition. However,
if we choose the test space in such a way that it contains test functions that, for a
given un ∈ Un, realize the supremum taken over the whole space V , the discrete
inf-sup condition follows immediately.

Indeed, if we define B : U → V ′ as the linear operator corresponding to b, i.e.,
⟨Bu,v⟩V ′,V = b(u,v), u ∈ U , v ∈ V , and let RV : V → V ′ denote the Riesz map
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corresponding to the inner product on V , we can define Vn =R−1
V BUn and obtain

γ∥un∥U ≤ sup
v∈V

b(un,v)
∥v∥V

= ∥Bun∥V ′ = ∥R−1
V Bun∥V

= (R−1
V Bun,R

−1
V Bun)

∥R−1
V Bun∥V

=
⟨Bun,R−1

V Bun⟩V ′,V

∥R−1
V Bun∥V

= b(un,R−1
V Bun)

∥R−1
V Bun∥V

= sup
vn∈Vn

b(un,vn)
∥vn∥V

.

In this sense Vn =R−1
V BUn is the optimal test space. We can also recover Vn by

starting with a residual minimization problem, i.e.,

un = arg min
wn∈Un

HV (wn),

HV (wn) := 1
2∥Bwn− ℓ∥2

V ′ = 1
2∥R−1

V (Bwn− ℓ)∥2
V .

(6.3)

It can be shown that this minimization problem is equivalent to ∇HV (un) = 0,

(R−1
V (Bun− ℓ),R−1

V Bwn) = 0 ∀wn ∈ Un. (6.4)

We thus obtain the Petrov-Galerkin scheme with optimal test functions by rewriting
the above as

⟨Bun,vn⟩V ′,V = ℓ(v), vn :=R−1
V wn, wn ∈ Un. (6.5)

Alternatively, we define r :=R−1
V (ℓ−Bun) and rewrite (6.4) as a mixed problem:

find (r,un) ∈ V ×Un such that

(r,v)V + b(un,v) = ℓ(v) v ∈ V, (6.6a)
b(wn, r) = 0 wn ∈ Un. (6.6b)

In Section 6.4, we will see that this formulation can be used to implement the
practical method both in Banach and Hilbert spaces.

6.2 Residual Minimization in Banach Spaces

In this section, we consider the residual minimization approach in more general
Banach spaces and demonstrate how this can be used to extend the ideal Petrov-
Galerkin method to Banach spaces. This idea was first introduced in [136]. In this
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context, a duality mapping replaces the Riesz map and we lose the concept of an
‘optimal’ test space since this is a non-linear map unless the problem is set in Hilbert
spaces. Note that a best approximation problem can be formulated in any Banach
space. However, we need strict convexity for uniqueness of minimizers, cf., e.g.,
[156, 136]. The closed range theorem is still applicable in general Banach spaces
and provides conditions for well-posedness of linear problems. Its reformulation in
terms of inf-sup conditions only requires reflexivity of the test space to describe
the kernel of B′ by (6.1b).

If we now assume that U and V are Banach spaces, we can again consider a
residual minimization problem similar to (6.3),

un = arg min
wn∈Un

HV (wn),

HV (wn) := ψ(∥Bwn− ℓ∥V ′),

where ψ(s) =
∫ s
0 φ(t)dt and φ is a weight function as defined in Section 3.3. A

typical choice would be ψ(t) = tq/q, 1< q <∞. If V ′ is strictly convex, we know
that the duality mapping JφV ′ is single valued and JφV ′ = ∇(v′ 7→ ψ(∥v′∥V ′)).

In this setting, i.e., if V ′ is strictly convex, it can be shown that the residual
minimization problem is equivalent to ∇HV (un) = JφV ′(ℓ−Bun) = 0. If V is
additionally reflexive, as well as being strictly convex, we obtain the following
non-linear Petrov Galerkin formulation: find un ∈ Un such that

⟨JφV ′(ℓ−Bun),Bwn⟩V ′′,V

=
〈
Bwn,

(
Jφ

−1

V

)−1
(ℓ−Bun)

〉
V ′,V

= 0 ∀wn ∈ Un.
(6.7)

Here, we used JφV ′ =
(
Jφ

−1

V

)−1
by means of canonical identification, cf., Proposi-

tion 3.24. Introducing an auxiliary variable r =
(
Jφ

−1

V

)−1
(ℓ−Bun), this can be

reformulated as a mixed method: find un ∈ Un and r ∈ V such that

⟨Jφ
−1

V (r),v⟩V ′,V + ⟨Bun,v⟩V ′,V = ⟨ℓ,v⟩V ′,V ∀v ∈ V, (6.8a)
⟨Bwn, r⟩V ′,V = 0 ∀wn ∈ Un. (6.8b)

Note that Jφ
−1

V is a non-linear map unless V is a Hilbert space. If V is a Hilbert
space and we select ψ(t) = t2/2, we have that Jφ

−1

V =RV and recover the mixed
method (6.6).
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6.3 The Optimal Test Norm

In applications, we are often more interested in minimizing the error in the
approximation with respect to the norm on U rather than minimizing the residual.
In other words, we usually want to choose the norm on V in such a way that we
ultimately control the error ∥u−un∥U . With this in mind, employing the inf-sup
condition (6.1a) and continuity of B, we deduce that

∥u−un∥U ≤ 1
γ

sup
v∈V

b(u−un,v)
∥v∥V

= 1
γ

∥ℓ−Bun∥V ′ ≤ M

γ
∥u−un∥U ,

where M is the continuity constant of the bilinear form b. Hence, in order to control
∥u−un∥U , we require γ and M as close to one as possible and independent of
certain problem specific parameters (the scaling of the diffusion term, for example,
in case of the convection-diffusion-reaction equation). The optimal test norm is a
concept introduced in the context of DPG methods [170], but unlike the concept
of optimal test functions and spaces it can easily be extended to Banach spaces.
The optimal test norm is defined as the norm on V such that M = γ = 1 and is
given by

∥v∥opt := sup
u∈U

b(u,v)
∥u∥U

= ∥B′v∥U ′ .

Indeed,

sup
v∈V

b(w,v)
∥v∥opt

= sup
v∈V

(B′v)(w)
∥B′v∥U ′

= sup
g∈U ′

g(w)
∥g∥U ′

= ∥w∥U .

Conversely, we have the optimal constants M = γ = 1 for any given test norm, if
we endow U with the so-called energy norm,

∥u∥E := sup
v∈V

b(u,v)
∥v∥V

.

Ideally, we want to select the norm on U in order to approximate the solution
in the desired norm and then work with the optimal test-norm. However, the
optimal test-norm is a dual norm which is, in general, not computable. Thus, we
have to replace the optimal test-norm with an equivalent norm that is computable.
The difficulty here is to obtain equivalence constants, i.e., constants γ and M , that
are independent of problem parameters.
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In the context of the convection-diffusion-reaction equation, Broersen and
Stevenson work directly with the optimal test norm in [23], whereas the analysis
presented in [56] and [40] relies on robust estimates for γ and M by looking at the
adjoint problem. Extending any of the robust estimates from Hilbert subspaces of
L2 (Ω) to Banach spaces Lq (Ω), 1< q <∞, is highly non-trivial and to the best
of our knowledge remains an open problem.

6.4 The Inexact Method

So far, we have not yet obtained a method that can be implemented. The mixed
methods (6.6) and (6.8) are still infinite dimensional problems since they rely on
the whole test space V . In the Petrov-Galerkin formulation (6.5) this is hidden in
the inversion of the Riesz-map RV . This can in general only be done approximately.

The inversion of the Riesz operator corresponds to solving the following auxiliary
variational problem: given wn ∈ Un, find v ∈ V such that

(v,z)V = b(wn, z) ∀z ∈ V.

Choosing a finite dimensional subspace Vm ⊂ V with dimVm ≥ dimUn, we can
approximate the solution of the above problem by solving the following finite
dimensional problem: find vm ∈ Vm such that

(vm, zm)V = b(wn, zm) ∀zm ∈ Vm.

Again, we can equivalently consider a mixed formulation of the method and then
generalize it to Banach spaces. More precisely, we obtain the following fully discrete
mixed problem: find (rm,un) ∈ Vm×Un such that

⟨Jφ
−1

V (rm),vm⟩V ′,V + ⟨Bun,vm⟩V ′,V = ⟨ℓ,vm⟩V ′,V ∀vm ∈ Vm, (6.9a)
⟨Bwn, rm⟩V ′,V = 0 ∀wn ∈ Un, (6.9b)

where Jφ
−1

V =RV if V is a Hilbert space.
Replacing V by a finite-dimensional subspace we obviously lose the best ap-

proximation properties. The question of quantifying this ‘loss’ was addressed in
[80] for Hilbert spaces by introducing the concept of a Fortin-operator and was
later extended to Banach spaces in [136]. For well-posedness of the inexact method
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we require the existence of a bounded projection operator Π : V → Vm such that

⟨Bwn,v−Πv⟩V ′,V = 0 ∀wn ∈ Un,v ∈ V. (6.10)

The norm of Π then enters into the a priori estimate and quantifies the ‘loss’ due
to the inexactness, i.e., we can obtain an a priori estimate of the form

∥u−un∥ ≤ C inf
wn∈Un

∥u−wn∥, C = (∥Π∥+∥I−Π∥)M
γ

.

Remark 6.1. The constant C can be improved both in the Hilbert setting, where
we can obtain C = ∥Π∥M/γ, cf., [79], and in the Banach setting, where we would
have to introduce geometric constants for the improved estimate, cf., [136].

6.5 Breaking Spaces and Forms

So far we have only considered an abstract bilinear form defined on two given Banach
or Hilbert spaces without specifying the type of spaces we typically encounter.
Another key concept of the DPG method is to consider a broken test space V , e.g.,
the space of functions that are in H1 (κ) restricted to each element κ ∈Ωh, where
Ωh is a subdivision of the domain Ω into a finite number of elements κ such that
Ω = ⋃

κ∈Ωh
κ̄. The idea is that if the inner product can be localized to elements,

the inversion of the Riesz map can be done elementwise. This step justifies the
‘D’ in the name of the method. Note that in contrast to DGFEMs, the ‘D’ does
not refer to approximating the solution in a discontinuous trial space, but only
to choosing a discontinuous test space. This section is based on [34] and we will
see under which circumstances the broken formulation inherits the well-posedness
from its unbroken analogue. We mainly consider the Hilbert space setting, but we
will comment on the extension to Banach spaces — or more precisely Lq (Ω)-type
Sobolev spaces — whenever possible.

6.5.1 Breaking Spaces

Let Ω ⊂ Rd, d≥ 1 be open and bounded with Lipschitz boundary. Denote by Ωh
a disjoint partitioning of Ω into open elements κ with Lipschitz boundaries ∂κ
such that Ω = ⋃

κ∈Ωh
κ. Furthermore, denote by ∂Ωh the collection of element

boundaries ∂κ for all κ ∈Ωh. We define the broken Sobolev spaces H1 (Ωh) and
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H(div,Ωh) by

H1 (Ωh) = {u ∈ L2 (Ω) : u|κ ∈H1 (κ) ,κ ∈Ωh} =
∏
κ∈Ωh

H1 (κ) ,

H(div,Ωh) = {σ ∈ L2 (Ω)d : σ|κ ∈H(div,κ),κ ∈Ωh} =
∏
κ∈Ωh

H(div,κ).

On each element we have trace operators T κ
grad and T κ

div such that

T κ
gradu= u

∣∣∣
∂κ

∀u ∈H1 (κ) ,

T κ
divσ = σ|∂κ ·nκ ∀σ ∈H(div,κ).

Here nκ refers to the unit outward normal to ∂κ.

Remark 6.2. We have to be slightly careful what we mean by this notation, since
σ
∣∣∣
∂κ

as such is not well-defined. For more details on trace operators we refer to
Section 3.6 of this thesis and [102], for example.

We can use these operators to define continuous linear maps T h
grad :H1 (Ωh) →∏

κ∈Ωh
H1/2(∂κ) and T h

div : H(div,Ωh) → ∏
κ∈Ωh

H−1/2(∂κ) by performing the
above operation elementwise. Both maps are continuous and surjective.

These trace operators can now be used to define interface functions. Note that
functions in the range of T h

grad and T h
div are generally multivalued on parts of the

interface f ⊂ ∂κ+ ∩∂κ− that are shared by two elements κ± ∈ Ωh. In order to
avoid this problem, we define the interface functions as the image of T h

grad
∣∣∣
H1(Ω)

and T h
div
∣∣∣
H(div,Ω)

, i.e.,

H1/2(∂Ωh) :=
û ∈

∏
κ∈Ωh

H1/2(∂κ) : ∃u ∈H1 (Ω) : T h
gradu= û

 ,
H−1/2(∂Ωh) :=

σ̂ ∈
∏
κ∈Ωh

H−1/2(∂κ) : ∃σ ∈H(div,Ω) : T h
divσ = σ̂

 .
We then equip these spaces with the quotient norms,

∥û∥H1/2(Ωh) := inf
u∈H1(Ω)∩

(
T h

grad

)−1
û

∥u∥H1(Ω),

∥σ̂∥H−1/2(Ωh) := inf
σ∈H(div,Ω)∩(T h

div)−1
σ̂

∥σ∥H(div,Ω).
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Note that kerT Ω
grad = H1

0 (Ω) and kerT Ω
div = H0(div,Ω), where H0(div,Ω) is the

closure of C∞
c (Ω) with respect to the H(div,Ω)-norm. With this in mind one can

show the following equivalences:

v ∈H1
0 (Ω) ⇔ ⟨σ̂,v⟩h = 0 ∀σ̂ ∈H−1/2(∂Ωh), (6.11)

σ ∈H0(div,Ω) ⇔ ⟨σ ·n, û⟩h = 0 ∀û ∈H1/2(∂Ωh). (6.12)

Remark 6.3. So far all concepts can be extended to subspaces of Lq (Ω), 1< q <∞,
instead of L2 (Ω). We simply have to choose the right subspace of Lq (∂κ) in order
to replace H1/2(∂κ). For details regarding the definition of trace operators and
spaces in a very general setting we refer to Section 3.6 of this thesis or, for more
details, to [102].

Remark 6.4. One very useful property of the two trace spaces H1/2(∂κ) and
H−1/2(∂κ) is that they are dual to each other. This in particular implies the
duality of the norms, i.e.,

∥σ̂∥H−1/2(∂κ) = sup
u∈H1(κ)

⟨σ̂,Tgradu⟩H−1/2(∂κ),H1/2(∂κ)
∥u∥H1(κ)

= sup
û∈H1/2(∂κ)

⟨σ̂, û⟩H−1/2(∂κ),H1/2(∂κ)
∥û∥H1/2(∂κ)

,

∥û∥H1/2(∂κ) = sup
σ∈H(div,κ)

⟨Tdivσ, û⟩H−1/2(∂κ),H1/2(∂κ)
∥σ∥H(div,κ)

= sup
σ̂∈H−1/2(∂κ)

⟨σ̂, û⟩H−1/2(∂κ),H1/2(∂κ)
∥σ̂∥H−1/2(∂κ)

.

Moreover, even though H1/2(∂Ωh) and H−1/2(∂Ωh) are no longer dual to each
other in general, they inherit the duality of the norms in the following sense

∥σ̂∥H−1/2(∂κ) = sup
u∈H1(Ωh)

⟨σ̂,T h
gradu⟩H−1/2(∂Ωh),H1/2(∂Ωh)

∥u∥H1(Ωh)
, (6.13)

∥û∥H1/2(∂Ωh) = sup
σ∈H(div,Ωh)

⟨T h
divσ, û⟩H−1/2(∂Ωh),H1/2(∂Ωh)

∥σ∥H(div,Ωh)
. (6.14)

In order to extend this to q ̸= 1, consider the trace operators T q′

grad :W 1,q′ (Ω) →
Bq′,q′,1−1/q′(∂Ω) and T q

div : W q(div,Ω) → Bq,q,−1/q(∂Ω). Now, T q′

grad surjectively
maps onto Bq′,q′,1−1/q′(∂Ω) for any 1< q′ <∞, cf., e.g., [102, Example 6]. Since
Bq,q,−1/q(∂Ω) is the dual of Bq′,q′,1−1/q′(∂Ω), we require T q

div to be surjective onto
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Bq,q,−1/q(∂Ω) in order for the two trace spaces to be dual to each other. The
proof of the required result for q = 2 follows from the existence of a solution to
the Neumann problem for Laplace’s equation, cf., [50, Theorem 1,Chapter IX]. In
general Lipschitz domains, the Neumann problem is solvable for boundary data in
Lq (Ω) if q ∈ (1, q0) for some q0 > 2, where the exact value of q0 depends on the
regularity of the boundary. This result is sharp, cf., [111, 112]. However, if Ω is a
bounded convex or semiconvex Lipschitz domain, it can be shown that q0 = ∞, cf.,
[168].

6.5.2 Breaking Variational Forms

This section is based on Section 3 in [34]. We will see that none of the concepts rely
on Hilbert spaces and we can thus state everything in Banach spaces. Let U0 and
V denote two Banach spaces; let V be reflexive and let V0 be a closed subspace of
V . In all the applications V will be a broken space and V0 its unbroken analogue.
Furthermore, assume that the norm on V0 is localizable, i.e., we can define a norm
on V such that the following norm equivalence holds:

c1∥v∥V ≤ ∥v∥V0 ≤ c2∥v∥V ∀v ∈ V0. (6.15)

We consider a continuous bilinear form1 b0 : U0 ×V → R with continuity constant
∥b0∥ satisfying the inf-sup condition

c0∥w∥U0 ≤ sup
v∈V0

|b0(w,v)|
∥v∥V0

≤ sup
v∈V0

|b0(w,v)|
c1∥v∥V

∀w ∈ U0, (6.16)

where the second inequality is a direct consequence of the first due to the localiz-
ability of the norm.

If furthermore,

Z0 = {v ∈ V0 : b0(w,v) = 0 for all w ∈ U0} = {0}, (6.17)

we obtain well-posedness of the problem: find u ∈ U0 such that

b0(u,v) = ℓ(v) ∀v ∈ V0,

1To be more precise, we usually consider a bilinear form b0 : U0 × V0 → R and a localized
version bh

0 : U0 ×V → R with bh
0 |U0 = b0 which is normally given by an elementwise evaluation of

the bilinear form b0.
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for a given ℓ∈ V0
′. Existence of a solution can still be obtained if Z0 ̸= {0} provided

that the data ℓ satisfies the compatibility condition ℓ(z) = 0 for all w ∈ Z0.
In order to obtain a ‘broken’ version of the bilinear form, we have to introduce

another Banach space Û and a bilinear form b̂ : Û × V → R. With respect to
applications, we can think of Û as an interface-flux space and V a broken Sobolev
space.

The bilinear form b : (U := U0 × Û)×V → R ,

b((w,ŵ),v) := b0(w,v)+ b̂(ŵ,v),

inherits the continuity from the bilinear forms b0 and b̂, if we equip U with the
following norm:

∥(u, û)∥U = q
√

∥u∥qU0
+∥û∥q

Û
, (6.18)

where 1< q <∞. We now consider the problem: find (u, û) ∈ U such that

b((u, û),v) = ℓ(v) ∀v ∈ V.

We furthermore assume

V0 = {v ∈ V : b̂(ŵ,v) = 0 for all ŵ ∈ Û} (6.19)

and there is a positive constant ĉ such that

ĉ∥ŵ∥Û ≤ sup
v∈V

b̂(ŵ,v)
∥v∥V

∀ŵ ∈ Û . (6.20)

Remark 6.5. Note that the last assumption is often difficult to prove for applications.

Theorem 6.6. Under the above assumptions, we obtain

cq∥(w,ŵ)∥ ≤ sup
v∈V

|b((w,ŵ),v)|
∥v∥V

,

where cq is defined by

1
cqq

= 1
(c0c1)q + 1

ĉq

(
∥b0∥
c0c1

+1
)q
.

Here q is the same q as in (6.18). Moreover, Z0 = {v ∈ V : b((w,ŵ),v) = 0 ∀w ∈
U0, ŵ ∈ Û}.
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Before we prove the above theorem, let us look at a simple example that has
been analysed in detail in [54] and is also included in [34].

Example 6.7 (Poisson problem). Consider the bilinear form b0 : U0 ×V0 → R,
where U0 = V0 =H1

0 (Ω),

b0(u,v) =
∫
Ω

∇u ·∇vdx =
∑
κ∈Ωh

∫
κ

∇u ·∇vdx.

We now equip the broken test space V :=H1 (Ωh) with the norm

∥v∥V =
√ ∑
κ∈Ωh

∥v∥2
H1(κ) =

√√√√ ∑
κ∈Ωh

(∫
κ
v2 dx+

∫
κ

∇v ·∇vdx
)
.

This is just the H1 (Ω)-norm evaluated elementwise and hence (6.15) is trivially
satisfied with constants c1 = c2 = 1. Note that b0 is well defined on all of V if we
choose the second representation. Coercivity of the bilinear form b0 implies both
(6.16) and (6.17). Furthermore, we define Û :=H−1/2(∂Ωh) and

b̂(û,v) = −⟨û,v⟩∂Ωh
.

Then, (6.11) implies (6.19) and (6.13) implies (6.20) with ĉ= 1.

Proof of Theorem 6.6. The proof in [34] can easily be extended to Banach spaces.
To make this obvious, we repeat the details here. First, we have to bound ∥w∥U0

and ∥ŵ∥Û . The inf-sup conditions (6.16) and (6.17) imply

c0c1∥w∥U0 ≤ sup
v∈V0

|b0(w,v)|
∥v∥V

≤ sup
v∈V0

|b0(w,v)+ b̂(ŵ,v)|
∥v∥V

≤ sup
v∈V

|b((w,ŵ),v)|
∥v∥V

,

where we used V0 ⊂ V in the last step. Next, (6.20) implies

ĉ∥ŵ∥Û ≤ sup
v∈V

|b̂(ŵ,v)|
∥v∥V

=≤ sup
v∈V

|b((w,ŵ),v)− b0(w,v)|
∥v∥V

≤ ∥b0∥∥w∥U0 + sup
v∈V

|b((w,ŵ),v)|
∥v∥V

.
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Now we can combine both estimates and obtain

∥(w,ŵ)∥qU = ∥w∥qU0
+∥ŵ∥q

Û

≤
(

1
c0c1

sup
v∈V

|b((w,ŵ),v)|
∥v∥V

)q
+
(

1
ĉ

(
∥b0∥
c1c0

+1
)

sup
v∈V

|b((w,ŵ),v)|
∥v∥V

)q
.

Finally, for Z := {v ∈ V : b((w,ŵ),v) = 0 for all w ∈ U0 and ŵ ∈ Û}, we have

v ∈ Z ⇐⇒ b0(w,v) = 0 for all w ∈ U0 and b̂(ŵ,v) = 0 for all ŵ ∈ Û

⇐⇒ b0(w,v) = 0 for all w ∈ U0 and v ∈ V0 ⇐⇒ v ∈ Z0.

Here we used the definition of Z0 as well as (6.19).

Remark 6.8. If V is defined as some broken space of the form V = V (Ωh) =∏
κ∈Ωh

V (κ), T : V → T V is a trace operator with kerT = V0, and b̂(ŵ,v) =
⟨ŵ,T v⟩(T V )′,T V , then (6.20) is trivially satisfied with ĉ= 1 if we select Û = (T V )′

with the dual norm.

6.5.3 Coding the DPG Method

We will now look at some details of the implementation of the DPG method.
For more details we refer to [110]. Consider the inexact version of the mixed
formulation (6.6): find (rm,un) ∈ Vm×Un such that

(rm,vm)V + b(un,vm) = ℓ(vm) vm ∈ Vm, (6.21a)
b(wn, rm) = 0 wn ∈ Un, (6.21b)

where Un and Vm are finite element spaces that are chosen such that a Fortin-
projector exists. The easiest way to implement the DPG method is to use this
formulation and implement it directly. This has one major disadvantage compared
with standard finite element methods or even DGFEMs: the introduction of the
auxiliary unknown rm leads to a substantial increase in degrees of freedom.

The mixed problem (6.21) generates a matrix equation of the form:
 G B

BT 0

R
U

=
F

0

 , (6.22)
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which yields the following system for U

BTG−1BU =BTG−1F. (6.23)

Solving the above system for U is considerably cheaper than solving (6.22) provided
that inverting G is cheap. If Vm is a discontinuous space, the matrix G generated by
(rm,vm)V becomes block-diagonal and inverting G is equivalent to solving a series of
small, local problems. Implementing (6.23) thus becomes equivalent to computing
the approximation of the optimal test functions by solving local problems and then
constructing the finite element matrices using these test functions.

Remark 6.9. In the Lq (Ω)-setting, we have to solve a series of small, local non-
linear problems instead, provided we choose the ‘correct’ weight for the duality
mapping. This will become clear in the next chapter, where we will look at the
convection-diffusion equation both in the Hilbert and the Banach setting in detail.

6.6 Petrov-Galerkin Methods for the Convec-
tion-Diffusion-Reaction Equation

In this section we consider the Petrov-Galerkin methods for the convection-
diffusion(-reaction) equation in [23, 24, 39, 40, 47, 56]. The approaches rely on
different strong and weak formulations of the PDE, as well as on different choices
of the trial and test spaces and the corresponding norms that are employed on the
continuous and discrete level. We will first summarize the different formulations of
the convection-diffusion(-reaction) equations and comment on the choices made
in each of the aforementioned articles. We will then consider the formulation in
[40] as an example in more detail and comment on the potential to extend this
approach to an Lq (Ω)-setting. The approach in [39] will be considered in more
detail in Chapter 7, where it is extended to Lq-type Banach spaces.

6.6.1 Comparison of Several Petrov-Galerkin Methods

Despite being a seemingly simple equation, there are several formulations of the
convection-diffusion-reaction equation that differ both in their strong form and
their weak form. One choice we have to make is whether to consider the advective
part in conservative form (∇·(bu)) or non-conservative form (b ·∇u). Furthermore,
we have to choose the boundary conditions on the domain boundary ∂Ω.
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In this section we consider two strong versions of the convection-diffusion-
reaction equation. The first one is in conservative form with a flux boundary
condition on the inflow boundary Γ− := {x ∈ ∂Ω : b · n(x) ≤ 0} and Dirichlet
boundary conditions on the outflow boundary Γ+ := ∂Ω \Γ−:

−ε∆u+∇· (bu)+ cu= f in Ω, (6.24a)
u= u0 on Γ+, (6.24b)

(bu− ε∇u) ·n = σ0 on Γ−. (6.24c)

The reason for choosing the above boundary condition is to obtain robust estimates,
cf., [40]. In the earlier paper [56], robust estimates were achieved for the same
equation with Dirichlet boundary conditions everywhere by introducing a weighted
test norm with non-constant, problem specific weighting.

The second version of the convection-diffusion-reaction equation is the same
as in the previous section, i.e., in non-conservative form with Dirichlet boundary
conditions everywhere:

−ε∆u+b ·∇u+ cu= f in Ω, (6.25a)
u= u0 on ∂Ω. (6.25b)

This formulation is used in [47, 23, 24, 39].
In the context of DPG methods, the second-order convection-diffusion-reaction

equation is often reformulated as a first-order system. It is then possible to obtain
various weak formulations from the first-order system by multiplying the system
by test functions and integrating none, both or one of the equations by parts.

In order to simplify things a little, we now assume u0 ≡ 0 and c≡ 0. Introducing
σ = ε∇u, (6.24) can be reformulated as the following first-order system:

ε−1σ −∇u= 0 in Ω, (6.26a)
∇· (bu−σ) = f in Ω, (6.26b)

u= 0 on Γ+, (6.26c)
(bu−σ) ·n = σ0 on Γ−. (6.26d)

There is some arbitrariness in the definition of σ. Broersen and Stevenson [23, 24]
prefer σ :=

√
ε∇u due to the fact that — ignoring boundary conditions — the

first-order system then reduces to the advection-reaction equation in the limit
ε→ 0.
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Starting with either the first-order system (6.26) or its analogue derived from
(6.25) with σ =

√
ε∇u, several weak formulations can be obtained by multiplying

the two equations by test functions and integrating none, both or one of the
equations by parts. If none of the equations are integrated by parts, we obtain
the so-called strong or trivial form of the equation, and if both are integrated by
parts, we obtain the ultra-weak formulation. The underlying operators of these two
formulations are formally adjoint to each other and thus they are simultaneously
well- or ill-posed, cf., [52]. With respect to well-posedness, both formulations only
differ in allowing for different regularity in the solution and the right hand side.

If we only integrate (6.26b) by parts, the first-order system can be reduced
to the classical or primal weak formulation that we have seen in the previous
section by eliminating σ again. In this case, the weak formulation for σ and
u is referred to as the (primal) mixed formulation and, in [24], the mild-weak
formulation. If instead only (6.26a) is integrated by parts we obtain the dual
mixed formulation. In [52] it is shown that all of the weak formulations mentioned
here are simultaneously well- or ill-posed using the theory for closed operators,
cf., Section 3.5. Moreover, proving well-posedness for any of the formulations is
essentially reduced to well-posedness of the classical weak formulation. The same
idea is applied to the Maxwell equations in [34].

The Petrov-Galerkin methods in [23, 56, 40] rely on an ultra-weak formulation
of the convection-diffusion equation, the method in [24] relies on the primal mixed
or mild-weak formulation, and the methods in [47, 39] rely on the classical weak
formulation. On the infinite dimensional level, trial and test spaces are chosen
as subspaces of L2 (Ω) with the minimal regularity that is required for the weak
formulation to be well-defined. The norms are chosen canonically according to the
spaces employed, though various weightings of the individual terms are used.

In [39, 47] only continuous finite element functions are considered; in [24, 56, 40]
discontinuous functions are chosen in the test space and continuous functions in
the trial space; finally, in [23] both test and trial functions are allowed to be
discontinuous.

All of the approaches aim to achieve robustness in the diffusion parameter ε
employing the following strategies some of which have already been mentioned.

1. A weak formulation that reduces to a weak formulation of the convection-
diffusion equation in the limit as ε→ 0, cf., [23, 24].
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2. Using the optimal test norm, cf., [24]. Note that in [24] the optimal test
functions are computed analytically in certain special cases, whereas in other
cases an approximation of the optimal test norm is introduced.

3. A weighted test-norm with non-constant, problem specific weighting, cf.,
[56, 39].

4. Modified boundary conditions, cf., [39, 40, 47].

6.6.2 A DPG Method for the Ultra-Weak Formulation

Let us now look at the DPG method in [40] in more detail. We again assume
Ω ⊂ Rd to be open and bounded with Lipschitz boundary. Denote by Ωh a
disjoint partitioning of Ω, d≥ 1, into open elements κ with Lipschitz boundaries
∂κ such that Ω = ⋃

κ∈Ωh
κ. Furthermore, denote by ∂Ωh the collection of element

boundaries ∂κ for all κ ∈Ωh. We multiply (6.26) by test functions τ and v and,
assuming sufficient regularity, integrate by parts on each element yielding

∑
κ∈Ωh

∫
κ
u(∇·τ −b ·∇v)dx+

∑
κ∈Ωh

∫
κ

σ · (ε−1τ +∇v)dx

+
∑
κ∈Ωh

∫
∂κ\Γ+

τ ·nuds+
∑
κ∈Ωh

∫
∂κ\Γ−

σ ·vnds= ℓ((v,τ )).
(6.27)

The right hand side is now given by

ℓ((v,τ )) =
∫
Ω
fvdx−

∫
Γ−
σ0vds.

Ignoring the boundary integrals in (6.27), we need the following regularity assump-
tions:

u ∈ Lq (Ω) , σ ∈ [Lq (Ω)]d, v ∈W 1,q′
(Ωh) , τ ∈W q′

(div,Ωh).

Note that we are using broken test spaces. We then need to replace u and σ on
the interface by additional unknowns û and σ̂ that are taken from the trace space
of the graph space of the operator A corresponding to the first-order system (6.24)
subject to the boundary conditions. The operator A is given by

A(u,σ) =
∇· (bu−σ)
ε−1σ −∇u

 .
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For q= 2, the space for (û, σ̂) is a subspace of H1/2(∂Ωh)×H−1/2(∂Ωh), cf., Section
6.5.1. We thus obtain the bilinear form

BUε ((u,σ, û, σ̂),(v,τ )) :=
∑
κ∈Ωh

∫
κ
u(∇·τ −b ·∇v)dx

+
∑
κ∈Ωh

∫
κ

σ · (ε−1τ +∇v)dx

+
∑
κ∈Ωh

∫
∂κ\Γ+

τ ·nûds+
∑
κ∈Ωh

∫
∂κ\Γ−

σ̂ ·vnds.

In order to define the inexact mixed method, we now only need to choose the
test norm on V =W 1,q′ (Ωh)×W q′(div,Ωh). In [40] the following mesh dependent
norm is suggested for q = q′ = 2:

∥(v,τ )∥2
V =

∑
κ∈Ωh

(
min

(
ε

|κ|
,1
)

∥v∥2
L2(κ) + ε∥∇v∥2

L2(κ) +∥b ·∇v∥2
L2(κ)

)

+
∑
κ∈Ωh

(
∥∇·τ∥2

L2(κ) +min
(

1
ε
,

1
|κ|

)
∥τ∥2

L2(κ)

)
. (6.28)

This norm can trivially be generalized for q′ ≥ 2,

∥(v,τ )∥q
′

V =
∑
κ∈Ωh

(
min

(
ε

|κ|
,1
)

∥v∥q
′

Lq′(κ) + ε∥∇v∥q
′

Lq′(κ) +∥b ·∇v∥q
′

Lq′(κ)

)

+
∑
κ∈Ωh

(
∥∇·τ∥q

′

Lq′(κ) +min
(

1
ε
,

1
|κ|

)
∥τ∥q

′

Lq′(κ)

)
,

and we can compute the corresponding duality mapping with weight φ(t) = tq
′−1:

⟨JφV (r,ρ),(v,τ )⟩V ′,V =
∑
κ∈Ωh

(
min

(
ε

|κ|
,1
)∫

κ
|r|q

′−2rvdx

)

+
∑
κ∈Ωh

ε
∫
κ

d∑
i=1

|∂ir|q
′−2∂ir∂ivdx

+
∑
κ∈Ωh

∫
κ

|b ·∇r|q
′−2(b ·∇r)(b ·∇v)dx

+
∑
κ∈Ωh

∫
κ

|∇ ·ρ|q
′−2(∇·ρ)(∇·τ )dx

+
∑
κ∈Ωh

min
(

1
ε
,

1
|κ|

)∫
κ

|ρ|q
′−2ρ ·τ dx,
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which reduces to the inner product corresponding to the norm (6.28) if q′ = 2. For
suitably chosen discrete spaces Vm and Un, the mixed method (6.9) is then given as:
find (un,σn, ûn, σ̂n) ∈ Un and (rm,ρm) ∈ Vm such that for all (wn,ζn, ŵn, ζ̂n) ∈ Un

and all (vm,τm) ∈ Vm

⟨JφV (rm,ρm),(vm,τm)⟩V ′,V +BUε ((un,σn, ûn, σ̂n),(vm,τm)) = ℓ(vm,τm),
BUε ((wn,ζn, ŵn, ζ̂n),(rm,ρm)) = 0.

Since the spaces for un and σn only need to be Lq (Ω)-conforming, we can
choose piecewise polynomials of degree pn that are not continuous across inter-
element boundaries. For q = 2, the trace variables ûn and σ̂n can be chosen as
traces of H1 (Ω)- and H(div,Ω)-conforming elements, respectively, i.e., we can
choose the traces of piecewise polynomials of degree pn that are continuous across
inter-element boundaries for ûn and the traces of Raviart-Thomas functions of
degree pn (RTpn) for σ̂. For Vm we can use an enriched space, i.e., we can use
spaces of piecewise polynomials of degree pm = pn+∆p with ∆p≥ 1. For rm we can
choose H1 (Ωh)-conforming elements and H(div,Ωh)-conforming elements for ρm.
The choice of the discrete spaces is adapted to the L2 (Ω)-setting, but —at least
as far as the implementation is concerned— can also be used for Lq (Ω)-setting.
However, to the best of our knowledge, the discrete stability is an open problem.





Chapter 7

The Non-linear Petrov-Galerkin
Method for the
Convection-Diffusion-Reaction
Equation

Consider the following minimization problem: find un ∈ Un such

un = arg min
wn∈Un

∥f −Bwn∥V ′ ,

where U and V are Banach spaces, Un ⊂U a finite dimensional subspace, B :U → V ′

an invertible and bounded linear operator. In Chapter 6, we have seen that this
is equivalent to the following non-linear mixed system: find (r,un) ∈ V ×Un such
that

⟨Jφ
−1

V (r),v⟩V ′,V + ⟨Bun,v⟩V ′,V = ⟨f,v⟩V ′,V , ∀v ∈ V,

⟨Bwn, r⟩V ′,V = 0, ∀wn ∈ Un,
(7.1)

where Jφ
−1

V is a duality mapping of weight φ−1 on V . The above system depends
on the whole space V , but can be turned into a fully discrete system by replacing
V with a suitable finite dimensional subspace Vm. It can be shown that under
certain assumptions, the solution un is a quasi-best approximation of the analytical
solution u, in the sense that

∥u−un∥U ≤ C inf
wn∈Un

∥u−wn∥U ,
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where the constant C depends on the continuity constant of B, the inf-sup constant
of B, geometric constants corresponding to the spaces U and V and a constant
stemming from a Fortin-type condition on the spaces Un and Vm.

In this chapter we study how the mixed method (7.1) and its fully discrete
counterpart can be applied to the convection-diffusion-reaction equation. In
particular, we study the choice of the space V , the corresponding norm ∥ · ∥V , and
the discrete space Vm. The norm ∥ · ∥V on the space V determines the operator
Jφ

−1

V in (7.1) and thus crucially determines the resulting method. As in the special
case q= 2 investigated in [39], we introduce weakly imposed boundary conditions on
the inflow boundary in the space Vm to address robustness issues. We demonstrate
in one dimension, how this choice of boundary conditions affects the approximation
and compare this approach with the case when a weighted norm on V is employed.

The main focus of our numerical investigation is eliminating Gibbs phenomena
in the finite element approximation. Indeed, we will see that the numerical
approximation generated by our method qualitatively behaves like the Lq (Ω)-best
approximation of the analytical solution. Thus, the Gibbs phenomenon can be
eliminated by taking the limit q → 1 provided that the L1 (Ω)-best approximation
does not exhibit Gibbs phenomena. The results in Chapter 4 (see also [94]) show
that this depends on the mesh that is selected. In one dimension only certain non-
uniform grids have the property that the L1 (Ω)-best approximation contains over-
and undershoots, whereas in higher dimensions this can even occur on structured,
uniform meshes. We will demonstrate for two two-dimensional examples that it
is possible to use the insights from Chapter 4 to modify the mesh in order to
eliminate Gibbs phenomena as q → 1.

7.1 Designing the Non-linear Petrov-Galerkin
Method for the Convection-Diffusion-Reac-
tion Equation

The main focus of this chapter is to apply the abstract approach described in
Sections 6.2-6.4 to the scalar convection-diffusion-reaction equation in a W 1,q (Ω)-
W 1,q′ (Ω) setting. To this end, consider the following model problem:

−ε∆u+b ·∇u+ cu= f in Ω, (7.2a)
u= 0 on Γ = ∂Ω, (7.2b)
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where ε, b : Ω → Rd and c : Ω → R are the (positive and constant) diffusion
parameter, the convection field and the reaction coefficient, respectively, and
f :Ω → R is a given source term. Multiplying by a test function v ∈ C∞

c (Ω) and
integrating by parts yields the bilinear form

Bε(u,v) = ε
∫
Ω

∇u ·∇vdx−
∫
Ω
u∇· (bv)dx+

∫
Ω
cuvdx. (7.3)

This allows us to state the following variational problem: find u ∈ U :=W 1,q
0 (Ω)

such that

Bε(u,v) = ⟨f,v⟩V ′,V ∀v ∈ V :=W 1,q′

0 (Ω) . (7.4)

In Chapter 5 (see also [93]), a proof of an inf-sup condition is given, where the norms
on U and V are weighted versions of the standard norms W 1,q (Ω) and W 1,q′ (Ω),
respectively. Furthermore, this proof requires certain regularity assumptions on the
solution to the Poisson problem and that the convection field b and the reaction
coefficient c satisfy c− ∇ · 1

qb ≥ c0 > 0. The continuity constant and the inf-sup
constant that are established for the bilinear Bε in Chapter 5 depend on the
problem specific parameters. It should be noted that the estimates in Chapter 5
can be expected to be sub-optimal since sharper bounds are known for q = 2.

7.1.1 Choices for the Test Norm

The choice of the norm for the space V crucially defines the method described in
Section 6.4. To this end, we endow V with the following norm

∥v∥q
′

V := α∥v∥q
′

Lq′(Ω) + ε∥∇v∥q
′

Lq′(Ω) + |Ω|1/2

∥b∥L∞(Ω)
∥(ω(x))1/q′

b ·∇v∥q
′

Lq′(Ω), (7.5)

where α≥ 0 is a constant ω(x) is a positive and smooth weighting function. It is
well known that for q = 2 and ω(x) ≡ const ≥ 0 the above choice of norm on V

does not yield a robust formulation, i.e., M/γ depends on the problem parameters.
Here, M denotes the continuity constant of the bilinear form and γ its inf-sup
constant. The inf-sup constant for 1< q <∞ obtained in Chapter 5 corresponds to
the choice ω(x) ≡ 0 and α= c0, where c0 is the constant in the Friedrichs positivity
assumption, c− 1

q∇ · b ≥ c0. As mentioned above, the continuity and inf-sup
constants are not parameter independent and can be expected to be suboptimal.

One approach to address the robustness issue is to introduce a non-constant
weighting function, cf., [56, 39]. For example, we may require ω(x) to be of
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magnitude O(ε) near the inflow boundary but O(1) elsewhere. We will show the
effect of this by considering a simple one-dimensional example on Ω = (0,1) with
the inflow boundary at 0. For this example ω(x) = x+ε has the desired properties;
for comparison, we will also consider ω(x) ≡ 0 and ω(x) ≡ 1.

7.1.2 Weak Boundary Conditions on r

Alternatively, the robustness issue can be addressed by changing the boundary
conditions on r; this has been considered in different ways in [47, 39]. In [40], the
boundary conditions on u were modified instead. We will now present the approach
in [39] and extend it for 1 < q < 2. The idea is to relax the boundary condition
on the test space on the inflow part of the boundary. The reasoning behind this
is that in the mixed method we essentially approximate the adjoint equation in
the test space in order to approximate the residual or the optimal test functions.
Underresolved layers at the inflow boundary —which is the outflow boundary for
the adjoint equation— then pollute the solution to the primal problem in the
inexact method.

Instead of W 1,q′

0 (Ω), we consider the modified test space V =W 1,q′

0,Γ+
(Ω), where

q′ = q/(q−1), and

W 1,q′

0,Γ+
(Ω) :=

{
v ∈W 1,q′

(Ω) : v
∣∣∣
Γ+

= 0
}
,

Here,

Γ− := {x ∈ ∂Ω : b ·n(x) ≤ 0}, Γ+ := ∂Ω \Γ−,

where n(x) denotes the unit outward normal at a point on the boundary ∂Ω. The
modified bilinear form (cf., [39]) is given by

B̃ε(u,v) := ε
∫
Ω

∇u ·∇vdx+
∫
Ω

(b ·∇u)vdx− ε
∫

Γ−

∂u

∂n
vds. (7.6)

The boundary term is merely the term that is picked up from the integration
by parts if v is non-zero on the inflow boundary. Note, however, that the term
ε
∫
Γ−

∂u
∂nvds is a variational crime if we assume u ∈ W 1,q

0 (Ω). As noted in [39],
the correct way of including this term would be to introduce it as an additional
unknown on the boundary and the inclusion of ε

∫
Γ−

∂u
∂nvds can be viewed as a

discrete elimination of this unknown, cf., [39, 23].
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7.1.3 The Inexact Method for the Convection-Diffusion-
Reaction Equation

The key step for implementing the inexact method (6.9) for any specific problem
is determining the duality mapping Jφ

−1

V . We choose the weight function φ−1(t) =
tq

′−1 and compute the duality mapping, similar to Section 3.3.2; thereby, we get

⟨Jφ
−1

V (v),w⟩V ′,V =
∫
Ω

|v|q
′−1sgn(v)wdx

+ ε
∫
Ω

d∑
i=1

|∂iv|q
′−1sgn(∂iv)∂iwdx

+
∫
Ω
ω(x)|b ·∇v|q

′−1sgn(b ·∇v)b ·∇wdx.

For a given right hand side ℓ ∈ V ′, we solve the following non-linear system:
find (un, rm) ∈ Un×Vm ⊂ U ×V such that

⟨Jφ
−1

V (rm),vm⟩V ′,V +Bε(un,vm) = ℓ(v) for all vm ∈ Vm, (7.7a)
Bε(wn, rm) = 0 for all wn ∈ Un. (7.7b)

One can easily implement (7.7) in, e.g., FEniCS [5, 126] using standard H1 (Ω)-
conforming Lagrange finite elements for both Un and Vm. The spaces Un and Vm

are chosen over a common mesh. For Un a global polynomial degree pn is chosen
and for Vm we choose an enriched finite element space with polynomial degree
pm = pn+∆p, ∆p≥ 1. To consider the weak boundary conditions on r introduced
in the previous section, we simply replace Bε with B̃ε and adjust the space Vm to
only satisfy Dirichlet boundary conditions on the outflow boundary.

7.1.4 The Limit Case ε= 0

Since we are interested in the convection-dominated case, i.e., ε ≪ ∥b∥L∞(Ω), it
makes sense to consider the limit ε → 0. Simply setting ε = 0 in (7.3) does not
yield a well-posed problem unless we only consider boundary conditions on the
inflow boundary Γ−. However, even the ill-posed problem with Dirichlet boundary
conditions on the whole boundary ∂Ω is of interest, since this is essentially the
problem that is approximated numerically on coarse meshes when ε≪ ∥b∥L∞(Ω),
cf., the discussion in [82]. On a discrete level we can think of imposing boundary
conditions for the approximation un on Γ+ simply as considering an approximation
problem in a smaller subspace of U .
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When ε= 0, there are two different weak formulations of the convection-reaction
equation depending on whether

∫
Ω(b ·∇u)vdx is integrated by parts or not. The

two cases differ in the regularity of the trial and test spaces which is reflected in
the norms chosen on U and V . Thus, in each case the residual is measured in a
different norm and (quasi-)best approximation of the analytical solution is achieved
in a different space. Both weak formulations can be extended to weak formulations
of the convection-diffusion-equation by adding the diffusion term and accounting
for different boundary conditions and regularity requirements. If ε > 0, we require
u ∈W 1,q

0 (Ω) in both cases and the two weak formulations are formally equivalent.
However, the differences observed in the limit case ε= 0 can be reflected in the
choice of the norm on W 1,q

0 (Ω) by choosing the weighting of the terms ∥w∥Lq(Ω),
∥∇w∥Lq(Ω) and ∥∇·bw∥Lq(Ω) accordingly.

We show that for the first choice the exact mixed method is equivalent to the
formulation used in [82] and that in the second case a quasi-best approximation
in Lq (Ω) can be computed by determining the optimal test norm. We use this
to interpret certain choices of the test norm for the convection-diffusion-reaction
equation.

7.1.4.1 Residual Minimization in Lq (Ω)

Both weak formulations for the convection-reaction equation are obtained by
multiplying the convection-diffusion-reaction equation (7.2) with ε= 0 by a smooth
test function and integrating over the domain Ω. This immediately yields the first
possible choice for the weak formulation: find u ∈W q

0,Γ−
(b,Ω) such that

B̂0(u,v) =
∫
Ω

(b ·∇u)vdx+
∫
Ω
cuvdx ∀v ∈ Lq

′
(Ω) .

Here, the bilinear form B̂0 is well defined for v ∈ Lq
′ (Ω) and u in the graph space

W q
0,Γ−

(b,Ω) := {w ∈ Lq (Ω) : b ·∇u ∈ Lq (Ω) and u= 0 on Γ−}

endowed with the norm

∥u∥q
W q

0,Γ−
(b,Ω) = ∥u∥qLq(Ω) +∥b ·∇u∥qLq(Ω).

The associated residual minimization problem is

un = arg min
wn∈Un

∥B̂0(wn, ·)−f∥Lq(Ω);
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this was considered in [82]. In general, method (6.9) yields a formulation for
solving the residual minimization problem inexactly. However, since in this case
JφV ′ = Jq, we can avoid the inexactness by directly implementing (6.7); this is
exactly the approach considered in [82] where a regularization is introduced to
compute (6.7). The norm on V =Lq

′ (Ω) corresponds to the choice of the test-norm
for the convection-diffusion-reaction equation given in (7.5) with ω(x) ≡ 0 and
α = 1 since this yields the Lq′ (Ω)-norm if ε is set to zero. This suggests that this
choice of ω(x) and α corresponds to the natural extension of this bilinear form to
the case ε > 0. Moreover, the equivalence of the exact minimum residual method
and the approach in [82] for ε = 0 together with ε weighting of the norm of the
gradient suggest that for this choice of the test norm, our scheme closely resembles
the approach in [82] for 0< ε≪ 1.

7.1.4.2 Best-Lq Approximation

Next, we can integrate the convection term by parts in order to obtain the second
weak formulation. To this end, we note that

∫
Ω

(b ·∇u)vdx = −
∫
Ω

∇· (bv)udx+
∫
∂Ω

(b ·n)uvds.

The boundary term on Γ− vanishes since u = 0 on Γ− (for non-zero boundary
conditions this term would be absorbed into the right hand side by inserting the
boundary condition). For v in the graph space

W q′

0,Γ+
(b,Ω) := {w ∈ Lq

′
(Ω) : b ·∇w ∈ Lq

′
(Ω) and w = 0 on Γ+},

the boundary term also vanishes on Γ+ and we obtain the bilinear form

B0(u,v) = −
∫
Ω
u∇· (bv)dx+

∫
Ω
cuvdx,

which is well-defined for u ∈ Lq (Ω). In this case we can compute the optimal test
norm

∥v∥opt := sup
u∈Lq(Ω)

B0(u,v)
∥u∥Lq(Ω)

= ∥B0(·,v)∥(Lq(Ω))′ = ∥−∇· (bv)+ cv∥Lq′(Ω).

Choosing the optimal test norm, allows us to obtain the Lq-best approximation in
a given finite dimensional space Un. It is easy to see that the optimal test norm is
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bounded from above up to a constant by the graph norm

∥w∥q
′

W q′
0,Γ+

:= ∥w∥q
′

Lq′(Ω) +∥b ·∇w∥q
′

Lq′(Ω).

In [139] this formulation of the convection-reaction equation is analysed in detail
and an inf-sup condition is established assuming c− 1

q∇·b ≥ c0 > 0. This implies
that the optimal test norm is up to a constant also bounded from below by the
graph norm. In other words, the graph norm is equivalent to the optimal test
norm. The graph norm can be obtained from (7.5) by choosing ω(x) ≡ 1, α= 1 and
setting ε to zero. This suggests that this choice of α and ω(x) yields the natural
extension of this formulation to the convection-diffusion-reaction equation. The
dependence of the inf-sup constant in [139] on c0 suggests that the equivalence
constants can be improved by choosing α = c0.

7.2 Numerical Examples

In this section we consider a range of numerical test cases to illustrate the per-
formance of our proposed numerical scheme. To this end, in Section 7.2.1 we
demonstrate that in the diffusion-dominated regime optimal convergence rates are
achieved and moreover that in the convection-dominated regime the convergence
rate is as expected. We also study the effect of different choices of the discrete test
space Vm on the convergence rates. In Section 7.2.2, we then compare different
choices for the test norm on V and the boundary conditions as described in Sections
7.1.2 and 7.1.1 for a one-dimensional example. Furthermore, for the same example
we study for which choices of V , ∥ · ∥V and Vm we can observe vanishing over- and
undershoots as q → 1 and whether the method is robust in ε. In Section 7.2.3 we
consider three two-dimensional examples, where for certain selected meshes the
overshoots disappear as q → 1; this behaviour can be predicted by considering
L1-best approximations of discontinuities.

The four examples we are using in this section are given below. They consist
of one simple one-dimensional example and three two-dimensional examples each
with solutions containing boundary layers for small ε. The solution to the last
example additionally contains an interior layer.

Example 7.1.

−εu′′ +u′ = 0 in (0,1), u(0) = 0, u(1) = 1.
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The analytical solution is given by

u(x) =
exp

(
−1
ε

)
− exp

(
x−1
ε

)
exp

(
−1
ε

)
−1

.

Example 7.2 (Eriksson-Johnson model problem).

∂u

∂x
− ε

(
∂2u

∂x2 + ∂2u

∂y2

)
= 0 in (0,1)2,

u= 0 if x= 1,y = 0,1, u= sin(πy) if x= 0.

The analytical solution is given by

u(x,y) = exp(r1(x−1))− exp(r2(x−1))
exp(r1)− exp(r2) sin(πy),

where

r1 = 1+
√

1+4π2ε2

2ε , r2 = 1−
√

1+4π2ε2

2ε .

Example 7.3 (Boundary Layer in the Corner of the Domain).

b ·∇u− ε∆u= b2h1(x)+ b1h2(y) in (0,1)2,

u= 0 on ∂Ω,

with b = (b1, b2)T , b1,2 > 0 and

h1(x) = x−
1− exp

(
b1x
ε

)
1− exp

(
b1
ε

) , h2(y) = y−
1− exp

(
b2y
ε

)
1− exp

(
b2
ε

) .
The analytical solution is given by

u(x,y) = h1(x)h2(y).

Since b1,2 > 0, the outflow boundary is defined by the two lines x= 1 and y = 1. For
small ε we can observe a boundary layer at the outflow boundary and in particular
near the corner (x,y) = (1,1).
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Figure 7.1 Example 7.2 with ε = 1 and q = 1.2. Convergence for pn = 1 and
∆p= 1,4,7.

Example 7.4 (Interior and Boundary Layer).

b ·∇u− ε∆u= 0 in (0,1)2,

u= (δ−x)+

δ
on ∂Ω,

with (δ−x)+ = max(0, δ−x), δ ≪ 1 and b = (2,1)T .
For this example, a boundary layer develops at Γ+ ∩{y > 0.5} and an interior

layer along the line y = 0.5x if δ is smaller than the mesh size.

7.2.1 Convergence Tests

We start with investigating the convergence of the proposed method with weak
boundary conditions on the inflow boundary in the space Vm, i.e., formulation
(7.4) with B̃ε from (7.6), and the norm (7.5) with ω(x) ≡ 1 and α= 1. To this end,
we first consider the convergence of the method for Example 7.2 with ε= 1. We
consider a uniform mesh with element size h. The space Un consists of piecewise
polynomials of degree pn, while space Vm consists of piecewise polynomials of
degree pm = pn+∆p on the same mesh with ∆p ≥ 1. Figure 7.1 shows that for
q = 1.2 the error is essentially independent of the choice of ∆p and hence there is
no benefit to enriching the space of the residual rm beyond pm = pn+1. Figure
7.2 shows that we obtain the expected optimal convergence rates for different
polynomial degrees pn under uniform h-refinement.
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Figure 7.2 Example 7.2 with ε= 1 and q = 1.2, for pn = 2,3,4,5 and ∆p= 2. Left:
Lq(Ω)-norm, Right: W 1,q (Ω)-norm

Figure 7.3 Lq (Ω)-error for Example 7.2 with ε= 10−4 and pn = 1.

Next, we consider the same example with the same finite element spaces for
ε= 10−4. Figure 7.3 (left) shows that again both for q = 1.01 and q = 1.2 the error
does not improve as ∆p is increased beyond ∆p= 2; for q = 1.01, however, we can
observe that the error is larger for ∆p= 1. Note that we did not observe this in
the diffusive regime. The plot on the right shows that in the convection-dominated
regime we obtain a convergence rate of approximately O(h

1
q ) as h tends to zero; this

is consistent with the approximation error bound of the piecewise linear interpolant
of a jump discontinuity.

7.2.2 Convection-Diffusion in 1D

In this section we consider different choices for V , ∥ ·∥V and Vm and show how this
affects the approximation to the solution u of Example 7.1. To this end, in Section
7.2.2.1, we investigate how the choice of α, ω(x) and the boundary conditions in
Vm affect the approximation un. In Section 7.2.2.2 we consider one specific choice
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for the test norm and show that the oscillations vanish entirely as q → 1. Next, in
Section 7.2.2.3, we investigate the choice of the finite element space Vm more closely.
We have seen that increasing ∆p has no significant effect on the convergence rates;
however, we will see that this does indeed affect certain qualitative properties of
the solution. Finally, we demonstrate that the method is robust in ε in Section
7.2.2.4

7.2.2.1 Comparing the Choices for the Test Norm and the Boundary
Conditions

We start by comparing different versions of the non-linear Petrov-Galerkin method.
In order to ensure that the space Vm is sufficiently large we use piecewise polynomials
of degree pm = 10 as the basis, while Un consists of piecewise linear polynomials.
We split the interval (0,1) uniformly into 8 elements. We consider three different
choices for the weighting function ω(x) as mentioned in Section 7.1.1, namely
ω(x) = x+ ε, ω(x) ≡ 1 and ω(x) ≡ 0. We combine this with two different choices
of boundary conditions on r, i.e., zero Dirichlet boundary conditions on the whole
boundary and weak boundary conditions on the inflow boundary as described in
Section 7.1.2. This creates six test cases; we first consider these six test cases for
ε= 10−3 with α= 1 and q = 2,1.01. Secondly, we consider all six test cases with
ε= 10−6, α= 0,1 and q = 2,1.01. The solution un for each of the cases is shown in
Figure 7.4.

We can see in Figures 7.4a, 7.4c and 7.4e that for q = 2 and Dirichlet boundary
conditions on the whole boundary for r, the approximation un only resembles the
analytical solution if ω(x) = x+ ε. Introducing weak boundary conditions on r

on the inflow boundary resolves this issue for ω(x) ≡ 1 but the approximation
with ω(x) ≡ 0 only shows improvement if α = 0. These observations are the same
for ε= 10−3 and ε= 10−6. This indicates that we can circumvent constructing a
non-constant function ω(x) – which can be challenging for complicated geometries
– by introducing weak boundary conditions on r on the inflow boundary. These
observations are consistent with the results for a very similar problem studied in
[39]. Furthermore, note that ω(x) = 0 and α= 1 most closely resembles the method
introduced in [82]. In [82] it is demonstrated for a different (two-dimensional)
example that the approximation for q = 2 can be very inaccurate.

If we now consider q = 1.01, cf., Figures 7.4b, 7.4d and 7.4f, we observe a
different behaviour of the approximation. If ε= 10−3, the approximations are all
very similar and much closer to the analytical solution with close to no undershoots;
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we will investigate the phenomenon of vanishing undershoots more closely both in
one dimension and two dimensions later on. If ε= 10−6, the approximation with
Dirichlet boundary conditions on the whole boundary and ω(x) ≡ 0 or ω(x) ≡ 1
again leads to a very poor approximation to the analytical solution. This again
points to robustness issues that for q = 1.01 are only visible for much smaller ε
than for q = 2. An interesting observation is that for α = 1, the combination of
weak inflow boundary conditions on r and ω(x) ≡ 0 is not distinguishable from
other choices of ω(x) for q = 1.01 whereas, for q = 2 it is significantly different. The
improvement of the approximation as q → 1 for ω(x) ≡ 0 and α = 1 resembles the
results presented in [82].

In conclusion, choosing the boundary conditions as described in Section 7.1.2
allows us to avoid constructing a non-constant weighting function ω(x). Close to
q = 1, the results are very similar for ω(x) ≡ 1 and ω(x) ≡ 0, whereas close to q = 2,
ω(x) ≡ 1 clearly yields a significantly better approximation of the solution.

The choice of α does not seem to have a big impact on the approximation except
in the case ω(x) ≡ 0 and q = 2, where choosing α = 0 improves the approximation
compared to α= 1. If ω(x) ≡ 1, then both for α= 1 and α= 0, the dominant term
in the norm on V is essentially ∥∇u∥Lq′(Ω) since ∥b ·∇v∥Lq′(Ω) and ∥∇v∥Lq′(Ω) are
the same up to a constant in one dimension. If ω(x) ≡ 0, then α= 0 implies that
V is endowed with the W 1,q′

0 (Ω)-norm , whereas for α = 1 the Lq′ (Ω)-term is the
dominant term in the norm on V due to the ε-weighting of the gradient. Since
α= 0 yields a better approximation in this case, this suggests that for q = 2 it is
favourable to choose a stronger norm on V that is either dominated by the norm
of the gradient or the streamline term ∥b ·∇v∥Lq′(Ω).

7.2.2.2 Vanishing oscillations as q → 1

The examples in Figure 7.4 already illustrate that the undershoot in the approximate
solution nearly vanishes for q = 1.01. We will now investigate in more detail how
the undershoot depends on q if we choose ε= 10−5, ω(x) ≡ 1, α= 1 and impose
weak inflow boundary conditions on rm. To this end, we choose a large space
Vm with polynomial degree pm = 10 and piecewise linear polynomials for Un. We
split the interval into 8 elements and compute the approximate solutions (rm,un)
for several choices of q. Figure 7.5 shows un on the left and rm on the right. A
close-up of the undershoot and a plot min(un) vs. q is shown in the centre of the
figure. We can see that the undershoot decreases monotonically as q approaches 1.
In contrast to this, we can see that the oscillations in the residual rm increase as
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(b) ε = 10−3, q = 1.01, α = 1
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(c) ε = 10−6, q = 2, α = 1
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(d) ε = 10−6, q = 1.01, α = 1
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(e) ε = 10−6, q = 2, α = 0
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(f) ε = 10−6, q = 1.01, α = 0

Figure 7.4 Example 7.1: Solution un for q = 2 and q = 1.01 using different norms,
i.e., different weighting functions ω(x), and either Dirichlet boundary conditions
for r on the whole boundary (strong bc) or weak boundary conditions on r on the
inflow boundary and Dirichlet conditions on the outflow boundary (weak bc).
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Figure 7.5 Example 7.1 with ε = 10−5: Numerical approximations un (left) and
rm (right) with a uniform mesh consisting of 8 intervals using piecewise linear
polynomials for un and polynomials of degree pm = 10 for rm for varying values of
q. Top centre: Zoom-in showing over- and undershoots. Bottom centre: |min(un)|
vs q.

q′ → ∞ which suggests that a large space Vm may be necessary. This is the next
aspect of the method we will investigate.

7.2.2.3 The Choice of the Space Vm

In [137], it has been shown that the inexact method is well-posed if a Fortin
projector, cf., (6.10) exists. It is easy to see that dim(Vm) ≥ dim(Un) is a necessary
condition. Finding a sufficient condition or in other words finding a compatible
pair (Un,Vm) is highly non-trivial. In [139], certain special cases for the convection-
reaction equation are considered. The observations in Section 7.2.1 suggest that
for ∆p≥ 2, the Fortin condition is typically satisfied. We now investigate how the
choice of Vm affects the undershoot for q close to 1. To this end, we consider two
different strategies of enlarging Vm: global p-enrichment and uniform h-refinement.
We again consider ε = 10−5, ω(x) ≡ 1, α = 1 and impose weak inflow boundary
conditions on rm.

p-enrichment: In terms of implementation, the simplest choice for the space
Vm such that dim(Vm)> dim(Un) is a finite element space over the same grid with
the polynomial degree increased globally by some integer ∆p. Figure 7.6 shows
how the overshoot reduces as we increase ∆p. The difference in rm for varying pm
is barely visible even though we have used a finer mesh for plotting in order to
capture the behaviour of the higher modes and yet it has a significant effect on the
approximation un.
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Figure 7.6 Example 7.1 with ε= 10−6 and q = 1.01, q′ = 101: Numerical approxi-
mations un (left) and rm (right) with a uniform mesh consisting of 8 intervals using
piecewise linear polynomials for un and varying polynomial degrees pm for rm.
Top centre: Zoom-in showing over- and undershoots. Bottom centre: |min(un)| vs
pm. Right: Projection of rm onto the space of piecewise linear functions with a
uniform mesh consisting of 16 intervals using piecewise linear polynomials for un
and varying polynomial degrees pm for rm

Figure 7.7 Example 7.1 with q = 1.01, q′ = 101: Numerical approximations un
(left) and rm (right) with a uniform mesh consisting of 8 intervals using piecewise
linear polynomials for un and piecewise linear polynomials for rm on a refined mesh
consisting of NV intervals. Top centre: Zoom-in showing over- and undershoots.
Bottom centre: |min(un)| vs NV .

h-refinement: This time both Un and Vm consist of piecewise linear polynomi-
als. To ensure that dim(Vm)> dim(Un), we choose a refinement of the underlying
mesh of the space Un to construct the space Vm. This is the only numerical
experiment in this chapter that cannot be implemented in FEniCS; instead, e.g.,
the C++ library Hermes2D [155] can be used. Figure 7.7 shows how the overshoot
reduces as we refine the mesh for Vm; the difference in rm is again barely visible
despite the significant effect on the approximation un.
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Figure 7.8 Example 7.1 with q = 1.01, q′ = 101: Numerical approximations un (left)
and rm (right) with a uniform mesh consisting of 8 intervals using piecewise linear
polynomials for un and polynomials of degree pm = 10 for rm for varying values of
ε. Top centre: Zoom-in showing over- and undershoots. Bottom centre: |min(un)|
vs ε.

7.2.2.4 Robustness in ε

As a final experiment in one dimension, we study how ε affects the undershoot in
the approximation. We continue with the same setting as in the previous section,
but keep Vm fixed as the space of piecewise polynomials of degree pm = 10 on the
same mesh as used for Un and vary ε instead. Figure 7.8 shows that, although
the undershoot is not the same for all ε leading to an under resolved layer, the
undershoot seems to be approximately the same for all ε≤ ε0 for some ε0. This
can be traced back to the inflow boundary conditions on rm — which are scaled
with ε — if we look at rm on the right in Figure 7.8. The method therefore seems
to be robust in ε.

7.2.3 Vanishing Oscillations in Two Dimensions

In this section we explore whether the under- and overshoots in the approximation
still vanish as q → 1 if we apply the method to two-dimensional problems. To this
end, we consider the Examples 7.2, 7.3 and 7.4 on different meshes for ε= 10−6.
We consider ω(x) ≡ 1, α = 1 and impose weak boundary conditions on rm as
described in Section 7.1.2. In one case we will also consider α = 0 to compare the
approximations for both choices of α. We will see that the overshoots disappear on
certain meshes, but remain present on others. We will furthermore demonstrate
that the approximation qualitatively behaves like the Lq(Ω)-best approximation of
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(a) Mesh 1 (b) Mesh 2 (c) Mesh 3 (d) Mesh 4

Figure 7.9 Four different meshes on the unit square

(a) Interpolant of the
analytical solution

(b) Approximation with
q = 2

(c) Approximation with
q = 1.01

Figure 7.10 Approximation of the analytical solution of Example 7.2 (Eriksson-
Johnson model problem) on Mesh 2 (see Figure 7.9) for ε= 10−6.

the analytical solution and thus we can apply the observations in [94] to (a) predict
on which meshes the overshoot will disappear as q → 1 and (b) design meshes that
have this property in specific situations.

7.2.3.1 The Eriksson-Johnson Model Problem

We consider the Eriksson-Johnson Model Problem (Example 7.2) on the four
different meshes depicted in Figure 7.9. Note that these are the same meshes that
are investigated in Chapter 4 (see also [94]).

First, we compare the approximations on Mesh 2 and Mesh 3 for q = 2 and
q = 1.01 with the interpolant of the analytical solution in Un. Figure 7.10 shows
the approximations on Mesh 2; for q = 2 we clearly observe overshoots near the
boundary layer (centre) compared to the interpolant of the analytical solution (left).
On the other hand, for q = 1.01 we can see that the approximation approaches the
interpolant of the analytical solution. Figure 7.11 shows the approximations on
Mesh 3; in this case we can see that the overshoot is nearly the same for q = 2 and
q = 1.01. From Chapter 4 we note that this is the qualitative behaviour that the
Lq-best approximation exhibits.
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(a) Interpolant of the
analytical solution

(b) Approximation with
q = 2

(c) Approximation with
q = 1.01

Figure 7.11 Approximation of the analytical solution of Example 7.2 (Eriksson-
Johnson model problem) on Mesh 3 (see Figure 7.9) for ε= 10−6.

With this in mind, we have numerically computed the Lq(Ω)-best approximation
of the analytical solution for several choices of q and have also computed the finite
element approximations with ω(x) = 1 and both, α = 1 and α = 0, with weak
boundary conditions imposed on rm on the inflow boundary for the same values of
q. Figure 7.12 shows the maximal error between the interpolant of the analytical
solution and the approximation for the Lq(Ω)-best approximation as well as the
error between the interpolant and the numerical approximations for α = 1 and
α = 0. We can clearly see that the overshoot observed for our proposed scheme
is very similar to the overshoot in the Lq(Ω)-best approximation. Therefore,
understanding for which meshes discontinuities/layers are captured as sharply
as the grid allows by the L1(Ω)-best approximation can serve as an indicator
regarding whether the over- and undershoots disappear as q → 1. This is the
subject of Chapter 4, where the Lq-best approximation of discontinuous functions
is analysed in detail in certain cases.

7.2.3.2 Boundary Layer in a Corner of the Domain

In this section we consider Example 7.3 with b = (2,1)T . We will see that on Mesh
2 in this case the overshoot does not disappear as q → 1 for our method. This is
due to the layer not only appearing along an edge of the unit square but also near
the corner (x,y) = (1,1). With this in mind, we suggest an alternative mesh that
is only a slight modification of Mesh 2 for which the overshoot disappears. Figure
7.13 shows the two versions of Mesh 2 that we have used and the corresponding
approximations for q = 2 and q = 1.01 along the line through the interior nodes
closest to the boundary y = 1. We can see that on Mesh 2, the overshoot near
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Figure 7.12 Example 7.2: max(un− û), where û is the interpolant of the analytical
solution u in the space Un, for the Lq(Ω)-best approximation and the finite element
approximations with α = 1 and α = 0. See Figure 7.9 for Meshes 1-4.

the corner does not disappear as q → 1, whereas it does reduce significantly away
from the corner. For the modified version of Mesh 2, the overshoot disappears
everywhere as q → 1.

To understand the improvement when using this modified mesh, we focus
on the interior node closest to the corner (x,y) = (1,1). Figure 7.14 shows all
elements connected to this node. The elements with either a node or an edge on
the boundary are marked in green; the elements separated from the boundary
are blue. From [94] we can infer that the L1-best approximation does not exhibit
overshoots if the volume of the green area is smaller or equal to the volume of the
blue area. This is obviously violated on Mesh 2 with the green area being three
times as large as the blue area. The modified version of the mesh is designed to
satisfy this condition by changing the mesh as indicated in Figure 7.14.

7.2.3.3 Example with an Interior Layer

In this section we consider Example 7.4 and demonstrate that a mesh can be
constructed such that the over- and undershoots both near the boundary layer and
the interior layer can be eliminated as q → 1. To this end, Figure 7.15 shows the
approximation to Example 7.4 for q = 2 and q = 1.1 on two different meshes. The
first mesh is designed such that the overshoot at the boundary layer disappears
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(a) Mesh 2 (b) Exact solution u and approxima-
tion un along red line as indicated in
Figure 7.13a for q = 2 and q = 1.01

(c) Modified version of Mesh 2 (d) Exact solution u and approxima-
tion un along red line as indicated in
Figure 7.13c for q = 2 and q = 1.01

Figure 7.13 Example 7.3 with b = (2,1)T : Mesh and approximation for ε= 10−6

with pn = 1 and pm = 8.

Figure 7.14 Modification of Mesh 2: Elements connected to the boundary are
marked in green, elements separated from the boundary in blue.

as q → 1; this is already clearly visible for q = 1.1. Along the interior layer, the
overshoot also reduces significantly, but some over- and undershoots are still present
for q = 1.1. The second mesh is additionally designed to align with the interior
layer in such a way that we can expect the over- and undershoots to disappear as
q → 1. We can see, that this mesh even nearly eliminates the overshoot along the
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(a) Mesh A (b) Approximation with
q = 2 on Mesh A.

(c) Approximation with
q = 1.1 on Mesh A.

(d) Mesh B (e) Approximation with
q = 2 on Mesh B.

(f) Approximation with
q = 1.1 on Mesh B.

Figure 7.15 Example 7.4 with ε= 10−6.

interior layer for q = 2 and for q = 1.1 all over- and undershoots along both layers
have essentially vanished.

Figure 7.16 shows the approximations for q = 2 and q = 1.1 if b is not perfectly
aligned with the mesh, i.e., b = (2,1.2)T and b = (2,1.06)T . The difference between
these two choices for b is that in the latter case the layer is still contained in
between the two lines parallel to the line (x,y) = t(2,1), whereas in the former
case it is not. In both cases, we clearly observe overshoots along the interior layer
for q = 2 which are reduced for q = 1.1. Both, for q = 2 and q = 1.1 the overshoot
reduces slowly the closer b is to (2,1)T . For b = (2,1.06)T and q = 1.1 the overshoot
is barely visible in Figure 7.16, but comparing the maximum and minimum values
of the approximations reveals that the over- and undershoots are similar to the
case b = (2,1.2) in magnitude.

7.3 Concluding Remarks

The numerical results presented in this chapter demonstrate that our proposed
numerical scheme can be used to eliminate Gibbs phenomena in the numerical
approximation in the limit as q → 1 provided the mesh is suitably designed. In
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(a) Approximation with q = 2
and b = (2,1.2)T on Mesh B.

(b) Approximation with q = 1.1
and b = (2,1.2)T on Mesh B.

(c) Approximation with q = 2
and b = (2,1.06)T on Mesh B.

(d) Approximation with q = 1.1
and b = (2,1.06)T on Mesh B.

Figure 7.16 Example 7.4 with ε = 10−6, b = (2,1.2)T (top) and b = (2,1.06)T
(bottom) on Mesh B, cf., Figure 7.15.

practice one would therefore aim to apply this method either for a fixed q sufficiently
close to 1 such that over- and undershoots become negligible or to apply this method
directly with q = 1. In the latter case some of the theory is no longer applicable,
in particular minimizers are not necessarily unique. The crucial ingredient to
make this method feasible in practice is an efficient non-linear solver that is either
directly designed for the case q = 1 or robust in q as q → 1. Since uniqueness is in
general lost as q → 1, it can be assumed that such a solver incorporates a selection
principle for choosing the ‘right’ solution. Generally speaking, the closer q is to 2
the easier it is to solve the non-linear system. So another possible strategy would
be to use adaptive mesh refinement together with suitable mesh design strategies
with the aim of creating a mesh that allows for the oscillations to become negligible
for q much closer to 2.

Another challenge in terms of computational feasibility is the increased number
of degrees of freedom. The DPG methodology addresses this problem by using
broken test spaces in order to reduce inverting the Riesz map to approximately
inverting the Riesz map locally on each element. A similar strategy could be
applied to our proposed scheme, though extra care must be taken due to the added
complexity stemming from the non-linearity of the duality mapping. Furthermore,
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the number of additional degrees of freedom can likely be reduced considerably by
adaptively constructing the test space. Some strategies of addressing the above
mentioned challenges are also outlined as areas of future research in Section 8.2.

It should be noted that it is well known that higher-order monotonicity preserv-
ing methods can be expected to be non-linear, cf., e.g., [27]; thus, the non-linear na-
ture of our approach by no means diminishes its potential. In [27], Burman and Ern
analyse a non-linear shock-capturing scheme for the convection-diffusion-reaction
equation that relies on adding two stabilization terms – a linear least-squares term
and a non-linear shock-capturing term – to the standard Galerkin finite element
formulation. They are able to rigorously establish a discrete maximum principle
guaranteeing the absence of unphysical oscillations in the numerical approxima-
tion. Hence, our proposed scheme and the shock capturing scheme in [27] aim to
provide a remedy for the same problem and agree in the fact that in both cases
a non-linear scheme is deemed necessary. However, they differ fundamentally in
the approach to designing a method. Our scheme relies on a very general residual
minimization approach, that is in principle applicable to any (linear) variational
problem – provided a robust formulation in suitable spaces is known. In Section 8.3
we will furthermore demonstrate its potential for non-linear hyperbolic equations
for which an L1-setting is very natural for the analysis of the underlying PDE
problem. The key advantage of this approach is that the scheme naturally follows
from a robust formulation of the variational problem. In the case of the convection-
diffusion-reaction equation, the robust formulation is an open problem and hence
the design of the scheme had to be guided by numerical experiments instead. The
approach in [27] on the other hand follows a long tradition of designing problem-
specific stabilization and shock-capturing terms and has the clear advantage that
computational feasibility is achieved more easily, while for our scheme this remains
an open problem. The difficulty of this approach lies in designing the appropriate
problem-specific stabilization terms relying on user-specific constants.



Chapter 8

Conclusions and Future
Directions

The goal of this work has been to design a non-linear Petrov-Galerkin method for
the convection-diffusion-reaction equation that can eliminate unphysical oscillations.
To this end, we have considered a generalization of the DPG framework based on
residual minimization that was originally introduced in [137]. At least in an abstract
sense, this approach outlines how to design a numerical method that leads to a quasi-
best approximation of the solution in a space of choice, provided the continuous
problem is well-posed in a suitable sense. In this thesis we have focussed on applying
this method to the convection-diffusion-reaction equation in W 1,q

0 (Ω)-W 1,q′

0 (Ω)
addressing questions regarding the inf-sup conditions and the well-posedness of the
continuous problem (cf., Chapter 5), the Lq-best approximation of discontinuities
in finite element spaces (cf., Chapter 4), the extension of the DPG framework to
more general Banach spaces (cf., Chapter 6), and, finally the design of the method
for the convection-diffusion-reaction equation (cf., Chapter 7). In this chapter
we summarize the achievements presented in this thesis in Section 8.1. Then, in
Section 8.2 we will outline several research questions that naturally arise from the
results presented in this thesis. Finally, in Section 8.3, we present some preliminary
results for one of these research questions, namely the extension of the method to
non-linear PDEs.

8.1 Accomplishments

• Characterization of Lq-best approximations: In Chapter 4, we have
investigated Gibbs phenomena in the Lq-best approximation of discontinuities
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within finite element spaces. Using selected examples, we have proven that the
Gibbs phenomenon can be eliminated as q → 1 on certain meshes. However,
we have seen that there exist non-uniform meshes in one dimension that
lead to Gibbs phenomena even if q = 1. In two dimensions, even some
uniform, structured meshes lead to Gibbs phenomena if q = 1. Nonetheless,
the magnitude of the oscillations decreases as q → 1 on all meshes.

The computational examples presented in Chapter 4 confirm the theoretical
results. Moreover, we have seen that similar observations can be made
for more general examples. Furthermore, we have demonstrated that the
Gibbs phenomenon cannot be eliminated on certain meshes under mesh
refinement. For the final computational example, we have been able to
establish a link between the structure of the mesh near the discontinuity and
the magnitude of the overshoot at the nodes. This observation suggests that
the oscillations can be eliminated in the limit as q tends to 1 if the mesh
structure near the discontinuity is suitably adjusted. Indeed, this has been
used to design meshes for the non-linear Petrov- Galerkin method for the
convection-diffusion-reaction equation presented in Chapter 7.

• Well-posedness of the convection-diffusion-reaction equation: In
Chapter 5 we have presented a well-posedness theory for the convection-
diffusion-reaction equation in W 1,q

0 (Ω)-W 1,q′

0 (Ω), 1 < q < ∞, based on di-
rectly proving the inf-sup conditions. The significance of this for the non-linear
Petrov-Galerkin method is that the continuity constant and the inf-sup con-
stant associated with the variational problem determine the scaling of the
constant in the quasi-best approximation result that has been proven for the
method in [137]. Hence, estimating these constants is an important step in
the analysis of the method. Even though the estimates obtained in Chapter 5
can be expected to be suboptimal, they form an important first step towards
establishing sharp estimates.

• Generalization to Banach spaces of concepts related to broken
spaces and broken variational forms: While the generalization of the
minimum residual framework of the DPG method to Banach spaces was
first introduced in [137], this work does not include considerations regarding
broken test spaces and broken variational forms as described in Section
6.5.1. Hence, the generalization to Banach spaces of the variational formu-
lation in broken spaces and the generalization of the related result showing
under which circumstances the broken variational formulation inherits well-
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posedness from its unbroken counterpart are original to this thesis, laying
important groundwork for future research regarding the use of discontinuous
test spaces.

• Design of a method for the convection-diffusion-reaction equation:
In Chapter 7, we have demonstrated how to design a finite element method for
the convection-diffusion-reaction problem that in the convection-dominated
case yields solutions that qualitatively behave like the Lq(Ω)-best approxima-
tion of the analytical solution. The choice of the norm on the test space, in
our case W 1,q′

0 (Ω), determines the corresponding duality mapping on the test
space and thus crucially determines the method. Hence, we have considered
various choices for the test norm. Moreover, we have considered both Dirichlet
boundary conditions in the test space as well as weakly imposed boundary
conditions following the strategy suggested in [39] to improve robustness of
the method. In one dimension, we have compared the different choices for the
test norm, as well as the two choices for the boundary conditions regarding
robustness in the diffusion parameter and the Gibbs-reducing property of
the method as q → 1. This led to a scheme that in the convection-dominated
case yields solutions that qualitatively behave like the Lq(Ω)-best approxi-
mation of the analytical solution. For this scheme, we have demonstrated
convergence at the optimal rates numerically and compared different choices
of the discrete test space. Furthermore, we have discussed the limit case
where the diffusion parameter is zero and established the connection to the
method for approximating first-order PDEs by Guermond, cf., [82].

An important implication of the connection to the Lq (Ω)-best approximation
is that on meshes where the L1(Ω)-best approximation does not contain any
over- and undershoots, these can also be avoided by taking q → 1 in our
proposed method. Indeed, the final two examples presented in Chapter 7
demonstrate that it is possible to adjust meshes to specific situations in order
to eliminate over- and undershoots. Hence, we can use the insights from
Chapter 4 to design suitable meshes. Note that even in one dimension the
over- and undershoots will not disappear for certain non-uniform meshes.
Roughly speaking, meshes where the elements near the discontinuity or layer
present in the analytical solution are smaller than at a distance from those
features are more favourable. Additionally, it is desirable that all interior
nodes that are closest to such a feature are aligned roughly in parallel with
the feature; for further details, we refer to Chapter 4. This is similar to the
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observations used to design the modified version of the computational mesh in
the final two examples. This suggests that if the mesh is refined in a suitable
way near the layer, we can eliminate over- and undershoots. Note, however,
that even though we modified the mesh in the final example in a way that
resembles refinement towards the boundary layer, the boundary layer clearly
remains underresolved, even on the modified mesh. It is therefore not at all
necessary to resolve the layer to eliminate the oscillations in this case.

8.2 Future Work

It is the nature of research that every discovery and every achievement opens a
door to more unanswered questions. In this section we outline several areas of
work that very naturally arise from the research presented in this thesis.

• A robust inf-sup condition: We point out in Remark 5.5 that the bound
for the inf-sup constant in Chapter 5 is not robust in the diffusion parameter
ε. Moreover, the dependence on ε, for ε≪ 1, is less favourable than in the
bound for the case q = 2 relying on the standard coercivity proof.

Indeed, cf., Remark 5.9, if q= 2 it is possible to obtain ε-independent estimates
for the inf-sup constant and the continuity constant if we choose the following
norms for the trial space U =H1

0 (Ω) and the test space V =H1
0 (Ω)

∥u∥U := c0∥u∥L2(Ω) + ε|u|H1(Ω)

∥v∥V := c0∥v∥L2(Ω) + ε|v|H1(Ω) +∥∇· (bv)∥U ′ ,

respectively, where we consider ∇ · (bv) ∈ L2 (Ω) as an element in U ′ =
H−1(Ω) ⊃ L2 (Ω) with its norm in U ′ given by

∥∇· (bv)∥U ′ = sup
u∈U

⟨∇ · (bv),u⟩U ′,U

∥u∥
=
∫
Ω∇· (bv)udx

∥u∥U
.

A proof of this result is presented in [164, Section 4.4.1]. There are essentially
three steps to the proof: firstly, it is easy to prove that the continuity constant
with respect to the norms ∥ · ∥U and ∥ · ∥V is independent of ε; secondly, an
ε-independent estimate for the inf-sup constant can be proven using the norm
∥ · ∥U on V ; thirdly, this estimate can be used to obtain an ε-independent
estimate for the inf-sup constant with respect to the norm ∥ · ∥V as well.
The first and the third step can easily be extended to q ̸= 2. Generalizing
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the second step, however, is more challenging since this step relies on the
standard estimate for the coercivity constant. In Chapter 5 we have been
able to obtain an estimate for this inf-sup constant for q ̸= 2; however, the
resulting constant is ε dependent and suboptimal even for q = 2. Hence, it
remains an open problem to improve this estimate of the inf-sup constant
such that it is optimal for q = 2.

• Non-linear solvers: As noted in Remark 3.27, the duality mapping
J
W 1,q′

0
essentially defines the q′-Laplace operator. More generally, the duality

mappings on subspaces of Lq′ (Ω) have non-linear structures similar to the
q′-Laplace operator. Hence, inverting the duality mapping approximately
becomes more difficult as q′ → ∞, i.e., when q → 1, which is the scenario
that we have been considering in this thesis. Developing efficient non-linear
solvers for these operators with large q′ is therefore crucial for making the
method feasible in practice.

• Adaptivity in the trial space: Our method is given as a non-linear mixed
system of the following form: find (rm,un) ∈ Vm×Un such that

⟨JV (rm),vm⟩V ′,V + ⟨Bun,vm⟩V ′,V = ⟨f,vm⟩V ′,V , ∀vm ∈ Vm,

⟨Bwn, rm⟩V ′,V = 0, ∀wn ∈ Un,

where JV is a so-called duality mapping. If V is a Hilbert space, then JV is
simply the Riesz map. Solving the first line for rm is essentially equivalent
to approximately inverting JV yielding rm ≈ r = J−1

V (f −Bun). Thus, rm
represents the error in the residual. In the Hilbert space setting, the variable
rm has already successfully been employed as an error estimator to drive
adaptivity, cf., e.g., [57, 39]. This approach can be generalized to the more
general Banach space setting if the global error represented by rm can be
related to a local error in a suitable way.

• (Adaptive) mesh design: In Chapter 7 we have seen that the structure
of the mesh near discontinuities and thin layers crucially determines whether
unphysical oscillations can be eliminated as q → 1 using our method. Hence,
strategies have to be developed for designing suitable meshes and automating
this process. In Chapter 7 we have used a priori knowledge of the specific
problem, i.e., the location of the layer, to design a mesh. Generally, the
location of the layer may not be known a priori, or, in the case of a non-linear
time dependent problems, may change with time. This suggests incorporating
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requirements on the structure of the mesh near layers into adaptive refinement
strategies in order to eliminate Gibbs phenomena in more general situations.

• More general characterizations of Lq-best approximations: We have
been able to employ the results regarding Lq-best approximations presented
in Chapter 4 in order to design meshes in Chapter 7 that lead to a finite
element approximation with vanishing oscillations as q → 1. Hence, obtaining
generalizations of the results in Chapter 4 would be useful for developing
strategies to design meshes that ensure that our method can be used to
eliminate oscillations. In one dimension we have been able to formulate a very
general sufficient condition on the mesh guaranteeing vanishing oscillations,
cf., Theorem 4.1. To the best of our knowledge, it remains an open problem
whether this condition is also necessary. Furthermore, the results in two
dimensions are restricted to very specific examples.

• Choosing the test space adaptively: In Chapter 7, we have seen that
the choice of the discrete test space is not only crucial for well-posedness
of the discrete problem, but also for eliminating over- and undershoots in
the limit q → 1. We usually choose a test space Vm for a fixed trial space
Un such that Un ⊂ Vm, where Vm is obtained by increasing the polynomial
degree on each element by ∆p≥ 1. In one dimension, we have shown that
similar results can be achieved by uniformly refining the mesh to obtain Vm

from Un.

In the context of linear Petrov-Galerkin methods for transport or convection-
diffusion equations, various strategies have been employed to construct Vm
from Un, including global p-enrichment (e.g., [39]), Shishkin type sub-meshes
(cf., [141]) or combinations of p-enrichment and h-refinement (cf., e.g., [49]).
Cohen, Dahmen and Welper, cf. [47], go a step further by introducing a
double adaptivity approach where the trial space is refined adaptively and
within each refinement step the space Vm is constructed adaptively. The main
advantage of this approach is that the inner adaptivity loop circumvents the
necessity of a priori satisfying a Fortin condition, cf., [58], which is in general
difficult to guarantee.

The numerical examples presented in Section 7.2.2.3 furthermore suggest that
the Gibbs-reducing property of our scheme usually requires a larger space
Vm than is required for satisfying a Fortin-condition when q = 2, potentially
leading to a substantially larger number of degrees of freedom. Hence, it
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is essential to develop methods for constructing discrete spaces Vm with a
minimal number of degrees of freedom without losing the Gibbs-reducing
property of the method. It can be expected that the ideal choice for Vm
is highly dependent on the specific problem which suggests using adaptive
strategies for designing the space, such as a generalization of the double
adaptivity approach (cf., [47, 58]) to Banach spaces.

• Discontinuous test space: As obtained in Chapter 6, the test space V
and its discrete counterpart Vm are chosen such that they contain functions
that are discontinuous across inter-element boundaries in the context of DPG
methods. This warrants the introduction of additional unknowns on the
interface in the variational formulation and yields a well-posed discrete system
if the spaces satisfy suitable conditions. The main advantage of this is that
the matrix associated with approximately inverting the Riesz map becomes
block-diagonal and hence cheap to invert, cf., Section 6.5.3. Formally, it is
easily possible to extend this approach to Lq-type Banach spaces and, as
pointed out in Section 6.5.3, approximately inverting the duality mapping
reduces to solving a series of local non-linear problems in this case which
would increase the efficiency of the method immensely. Hence, this is a very
natural extension of the work presented in this thesis.

• NPG for non-linear equations: The results in Chapter 5 illustrate the
potential of our scheme for the approximation of more challenging, non-linear
PDEs with analytical solutions that contain sharp layers or discontinuities. In
Section 8.3, we will present a few preliminary results concerning an extension
of the method to non-linear operators.

8.3 Extending the Non-linear Petrov-Galerkin
Method to Non-linear Problems

In this section, we present preliminary results for an extension to non-linear
problems that is again based on residual minimization. For some results regarding
the Hilbert-space DPG method for non-linear equations, see [35].

Let U and V again be two reflexive and strictly convex Banach spaces. We
start with the following abstract non-linear variational problem: find u ∈ U such
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that

N (u,v) = ⟨ℓ,v⟩V ′,V ∀v ∈ V, (8.1)

where N : U ×V → R is a semi-linear form such that N (w, ·) : V → R is linear for
all w ∈ U . We can therefore define a non-linear operator N : U → V ′ by

⟨N(w),v⟩V ′,V := N (w,v), v ∈ V,w ∈ U.

Thus, (8.1) is equivalent to the following problem: find u ∈ U such that

N(u) = ℓ in V ′.

Given a finite dimensional subspace Un ⊂ U we define the following minimization
problem: find un ∈ Un such that

un = arg min
wn∈Un

∥ℓ−N(wn)∥V ′ .

This is of course equivalent to minimizing HV : U → R given by

HV (w) = ψ (∥ℓ−N(w)∥V ′) ,

where ψ(t) =
∫ t
0 φ(s)ds for a weight function φ. Setting the derivative of HV to

zero yields the following fully non-linear Petrov-Galerkin method:

0 =H ′
V (un)(wn) = ⟨JφV ′(ℓ−N(un)),−N ′(un)(wn)⟩V ′′,V ′

= ⟨−N ′(un)(wn),
(
Jφ

−1

V

)−1
(ℓ−N(un))⟩V ′,V ∀wn ∈ Un,

where JφV ′ : V ′ → V ′′ again denotes the duality mapping on V ′ with weight φ.
Introducing an auxiliary variable r = ℓ−N(un) and restating the problem as a
mixed problem we obtain the following: find (r,un) ∈ V ×Un such that

⟨Jφ
−1

V (r),v⟩V ′,V + ⟨N(un),v⟩V ′,V = ⟨ℓ,v⟩V ′,V ∀v ∈ V,

⟨N ′(un)(wn), r⟩V ′,V = 0 ∀wn ∈ Un.
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Figure 8.1 Numerical approximation of (8.4) for varying values of q.

Considering a finite dimensional subspace Vm ⊂ V yields the corresponding inexact
mixed method: find (rm,un) ∈ Vm×Un such that

⟨Jφ
−1

V (rm),vm⟩V ′,V + ⟨N(un),vm⟩V ′,V = ⟨ℓ,vm⟩V ′,V ∀vm ∈ Vm, (8.3a)
⟨N ′(un)(wn), rm⟩V ′,V = 0 ∀wn ∈ Un. (8.3b)

Note that both equation (8.3a) and equation (8.3b) are now non-linear in (rm,un).
As a first example we will consider the following version of Burgers’ equation:

∂x

(1
2u

2
)

= 0 in Ω = (−1,1), u(−1) = 1, u(1) = −1, (8.4)

and the corresponding variational problem: find u ∈ L2q (Ω) such that

−
∫
Ω

1
2u

2∂xvdx+
∫
∂Ω

H(u+,u−,n)vds= 0 ∀v ∈W 1,q′
(Ω) ,

where H(u+,u−,n) is a numerical flux function such as the Lax-Friedrichs flux, cf.,
Section 2.2.1. Note that for this problem a steady state solution (i.e., a solution such
that ∂tu= 0 which we have already omitted in the above formulation) only exists
for certain choices of the boundary conditions including the boundary conditions
given above. A first numerical test is shown in Figure 8.1. We can see that the
oscillations disappear as q approaches 1, which illustrates the potential of our
method for non-linear problems.
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