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Abstract

This thesis addresses the control of systems governed by nonlinear partial
differential equations, combining mathematical modelling, optimisation, and
neural-network tools within a unified framework. The primary application is
thin liquid films flowing over flexible surfaces, where the film and the under-
lying wall affect one another. A central question is how external actuation
should be applied so that the film evolves in a controlled and predictable way.
To study this, the thesis develops mathematical frameworks for PDE control
together with numerical and neural-network approaches that support actuator
placement and feedback design. The neural-network methods provide flexible
representations for control strategies and help to incorporate the governing
equations into the optimisation process. The work is organised in two parts:
the first focuses on open-loop control of thin-film systems, and the second in-
troduces actuator-design and feedback-control techniques using neural-network
tools.

The first part of the thesis develops a PDE-constrained optimisation frame-
work for open-loop control of thin-film flow over a flexible substrate. The
model couples a nonlinear lubrication equation with an elastic-damping equa-
tion for the wall, capturing the interaction between the film and the flexible
surface. The system allows for film rupture and coalescence and includes a
global energy-dissipation law that reflects the physical structure of the prob-
lem. The control problem seeks a distributed forcing of the wall that drives
the film towards a desired state. Optimality conditions are derived at the
continuous level and solved numerically using finite-element discretisation and
implicit-explicit time integration. The numerical simulations show how wall
forcing can suppress instabilities, stabilise dewetting, and accelerate conver-
gence towards stable film shapes. This formulation provides a foundation for
PDE-constrained optimisation of thin-film systems.

The second part extends this framework to actuator design and feedback
control. A one-shot optimisation formulation is introduced, in which actuator
placement, control inputs, and state variables are optimised within a single
PDE-constrained problem. This avoids the nested and adjoint structures of
classical bilevel approaches. In the open-loop setting, physics-informed neural
networks are used as a trial space for the thin-film dynamics, with actuator
parameters trained alongside the control signal. Numerical experiments show
that the framework identifies suitable actuator locations and control inputs,
with finite-element simulations used for validation. In the feedback setting, the
Hamilton-Jacobi-Bellman framework is extended to include actuator design pa-
rameters. The value function is represented by a neural network whose training
jointly optimises the feedback law and the actuator configuration. This re-
moves the need for explicit HJB solvers or precomputed datasets. Numerical
experiments on the heat equation confirm that the learned controllers achieve
performance comparable to Riccati-based feedback whilst enabling flexible ac-
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tuator adaptation.

Overall, the thesis combines mathematical analysis, PDE modelling, and
learning-based optimisation. It develops open-loop control and actuator-design
tools for thin-film systems on flexible substrates and introduces a learning-
based feedback framework in a simplified PDE setting. The feedback method-
ology is demonstrated for the heat equation, indicating a possible direction for
future feedback control of thin-film flows.
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Chapter 1

Introduction

This chapter introduces the motivation for studying the control of systems

governed by partial differential equations, with particular focus on thin-film

flow over a flexible substrate. It outlines the main applications and briefly

reviews the mathematical background. The objectives and key contributions

of the thesis are then presented, followed by an overview of its structure and

chapter organisation.

1



Chapter 1. Motivation 2

1.1 Motivation

Partial differential equations (PDEs) are essential to numerous scientific and

engineering disciplines. One of the areas where they are beneficial is in fluid

dynamics, with a special interest in thin films [85, 87, 115]. A thin film is a

liquid whose height is markedly smaller than its typical length [136]. Thin-

film flows occur in many industrial and natural processes, including lubrica-

tion [159], coating and cooling [137], and biological transport [60]. In mechan-

ical systems, thin layers of lubricating liquid reduce friction between moving

parts [159]. Similarly, in biological systems, these mechanisms are observed

in mucus transport, tear films, and blood flow through narrow vessels [60].

Whilst much of the previous theoretical and experimental work on thin-film

flow has involved a rigid (flat) topography, many of the substrates which occur

in practice are complex and may be flexible.

The extension of thin-film flow over a flat substrate to the case of a flexible

topography introduces a coupled fluid-structure interaction. In this setting,

the evolving free surface and the deformation of the substrate influence each

other dynamically. This coupling generates complex flow patterns and surface

instabilities that are central to many physical systems [4]. Biological examples

include pulmonary flows [60, 101], where a viscous film coating the airways

interacts with the gas phase and the elastic airway walls. Moreover, similar

behaviour arises in blood flow through deformable vessels [20]. In engineering,

flexible materials are employed to manipulate fluid behaviour, for instance in

drag reduction [105], where wall deformation can lower hydrodynamic resis-

tance and energy consumption. Examples include bio-inspired elastic coatings

and adaptive hull surfaces designed to reduce skin friction on ships and under-

water vehicles [4]. Comparable coupling mechanisms also appear in geophysical

and industrial processes, such as ice sheets floating on oceans [146] and poly-

mer processing flows [94]. These examples motivate the mathematical study of

fluid-structure interaction systems, which give rise to coupled evolution equa-
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tions. In such settings, the dynamics of the fluid flow and the elastic deflection

of the flexible substrate are linked through the forces acting at the fluid-solid

interface, such as pressure and viscous stresses [4].

The behaviour of thin films over a flexible topography is typically described

by reduced models that couple the evolution of the film height with the re-

sponse of the substrate [4]. These models are typically derived from long-wave

approximations of the Navier-Stokes equations and capture the interplay be-

tween viscous, capillary, and elastic forces [113]. The resulting system is lead-

ing to nonlinear dynamics that are sensitive to both geometry and material

of the liquid and solid substrate properties. Even small variations in the wall

shape can lead to significant changes in the film profile or flow stability [115].

This sensitivity naturally leads to the question of how such flows can be con-

trolled.

Controlling thin-film flow over a flexible topography involves influencing

how the film spreads or settles by adjusting the substrate or applying external

actuation. For example, coating processes favour stable, flat film flows [152],

whereas applications in heat and mass transfer often require interfacial de-

formations [48]. Two main types of controls are commonly used: open-loop

control and feedback control [112]. In an open-loop control, the actuation pat-

tern is designed in advance – often based on the initial state of the film– and

then applied as the system evolves, without further modification [11]. This

approach provides insight into how actuation affects the coupled flow of the

fluid and the substrate, and is useful when the system is well understood or

operates under predictable conditions. However, open-loop control does not

account for variations or disturbances during system evolution [80]. This lim-

itation motivates feedback control, in which the input depends explicitly on

the evolving state.

Designing feedback laws for systems governed by PDEs is particularly chal-

lenging [154]. In feedback control, the input must continuously respond to

the evolving state of the system, which requires constructing a control law
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that depends on the entire spatial configuration [80]. For nonlinear or high-

dimensional systems, this task leads to an equation known as the Hamilton-

Jacobi-Bellman (HJB) equation, whose solution characterises the optimal feed-

back law [96]. In practice, solving the HJB equation directly is rarely feasible.

The equation becomes intractable as the number of spatial variables increases

or when the underlying dynamics are strongly coupled [80]. Moreover, the

performance of feedback control also depends on the nature of the actuation

itself [81]. Consequently, addressing these computational challenges is impor-

tant for practical applications that rely on optimal actuator placement, such

as vibration control in flexible structures, thermal regulation, and the control

of fluid flows [83, 121, 127].

In many controlled systems, particularly in thin-film flows, actuators may

correspond to localised forces or substrate deformations that shape the film

profile [10, 152]. Determining not only the optimal control signal but also

how and where the actuation is applied introduces a coupled design-control

problem [81]. The system should learn both an effective feedback law and the

location of the actuation that realises it most efficiently [83]. Addressing this

coupled problem requires flexible approaches capable of learning directly from

the governing PDEs.

Solving the control problems for PDEs is often demanding, especially when

the behaviour of the system changes over time or depends on complex geome-

tries, such as thin film flows over flexible topography [66]. Traditional methods

can become slow or difficult to use when the system has a large number of de-

grees of freedom or involves complex nonlinear PDEs [38]. In recent years,

neural networks have offered a new way forward. They can capture the be-

haviour of complex systems and learn how the dynamics evolve directly from

the governing physics [21]. This makes it possible to combine modelling, data,

and control in a single, flexible framework [134].

The challenges outlined above motivate the development of new mathemat-

ical and computational frameworks for controlling systems governed by PDEs,
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with particular attention to thin films moving over a flexible topography.

1.2 Objectives and Contributions

Objective of the Thesis

The main objective of this thesis is to develop mathematical and computational

frameworks for the control of nonlinear partial differential equation systems,

with particular emphasis on thin-film flow over a flexible wall. The study aims

to understand how the interaction between fluid flow and wall deformation

can be exploited to control and stabilise the film. It first aims to develop an

open-loop control framework in which distributed forcing acts on the flexible

wall to guide the film dynamics. This is then extended to actuator design,

to determine effective actuator locations and coordinate the control with the

mechanical response of the wall. Moreover, the thesis aims to develop learning-

based open-loop and feedback control strategies, using a one-shot framework

in which the actuator design and the control law are determined together

within a single process. Together, these objectives seek to unify mathematical

modelling, analysis, and computation within a coherent framework for the

control of thin-film systems.

Main Contributions

This thesis develops three main research contributions to the control of nonlin-

ear PDE systems, with thin-film flow over flexible substrates as the principal

application. In addition, the work brings together the essential background

in PDE-constrained optimisation and neural-network methods, which support

the following main contributions:

1. Open-loop control of thin-film flow over a flexible topography.

A PDE-constrained optimisation framework is developed for thin-film
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flow coupled to the deformation of an elastic substrate. The thin-film

model accommodates rupture and bubble coalescence and is provided

with a global energy-dissipation law. An optimal control problem is

formulated for distributed forcing acting on the substrate, and the first-

order optimality system is derived at the continuous level. A stable time

discretisation and a gradient-based optimisation scheme are employed

to compute the control. Numerical experiments show that the result-

ing strategy can steer the free-surface profile towards prescribed targets,

stabilise dewetting, and remain effective in rupture regimes.

2. One-shot actuator design for thin-film systems. A direct one-shot

optimisation framework is proposed that couples the state, control, and

actuator design variables within a single differentiable formulation. The

classical bilevel structure is reformulated as a single-level optimisation in

which all variables are optimised simultaneously. The approach avoids

explicit adjoint derivations, surrogate models, and nested iterations. A

computed example demonstrates that the framework identifies effective

actuator locations and produces control inputs that guide the free-surface

evolution to the desired state.

3. Learned feedback control with actuator design via value-function

approximation. The direct value-function learning approach is ex-

tended to design-actuator feedback-control problems governed by PDEs.

A one-shot, data-free formulation is introduced in which the value func-

tion and actuator parameters are optimised jointly within a single train-

ing stage. A neural approximation of the value function implicitly repre-

sents the feedback law, removing the need to solve the Hamilton-Jacobi-

Bellman equation explicitly. Applications to heat equations demonstrate

that the method can learn stabilising feedback controls and actuator lo-

cations with performance comparable to Riccati-based controllers.
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1.3 Outline of the Thesis

The thesis is organised into two main parts. Part I contains both founda-

tional material on PDE-constrained optimal control and novel results on the

open-loop control of thin-film flow over a flexible topography (Ch. 3), which

has been accepted for publication in the SIAM Journal on Applied Mathemat-

ics [6]. Part II combines a methodological overview of neural-network-based

approaches with new developments on actuator design and feedback control.

All chapters are self-contained and include their own introduction, develop-

ment, and concluding remarks.

Part I – Optimal control of thin-film flow on a flexible topogra-

phy. Chapter 2 reviews the foundations of PDE-constrained optimal control,

including admissible controls, functional differentiation, and weak optimality

conditions, together with standard numerical approaches. Chapter 3 develops

the open-loop control of thin-film flow over a flexible substrate by formulating

the coupled lubrication–elastic model and the associated optimality problem,

and by illustrating its behaviour through numerical examples.

Part II – Actuator design and learned feedback control. Chap-

ter 4 reviews neural-network-based approaches for PDE solution and control,

focusing on physics-informed neural networks as a link between analytical and

learning-based methods. Chapter 5 extends the thin-film control framework to

actuator design and introduces a one-shot formulation that determines actua-

tor placement and control inputs simultaneously. Chapter 6 develops a learned

feedback-control approach based on value-function approximation, combining

actuator design with a neural representation of the Hamilton–Jacobi–Bellman

equation.

Finally, Chapter 7 summarises the principal findings and outlines possible

directions for future work.



Part I

Optimal Control of Thin-Film

Flow on a Flexible Topography

8



Chapter 2

Introduction to Optimal Control

of PDEs

This chapter reviews the mathematical and numerical foundations of opti-

mal control problems governed by partial differential equations, using the one-

dimensional heat equation as a representative example. We present the contin-

uous and discrete formulations of the first-order optimality system. The anal-

ysis covers the functional framework, weak formulation, and derivation of ad-

joint equations. Finite-element discretisation in space is employed to obtain the

discrete system. Two numerical strategies are discussed. The optimise-then-

discretise and discretise-then-optimise approaches are highlighted, with their

equivalence demonstrated for linear-quadratic problems and their differences

in general settings. We then consider iterative methods for PDE-constrained

optimisation, focusing on the gradient-descent algorithm with backtracking

line search, and briefly compare it with all-at-once formulations.

9



Chapter 2. Introduction 10

2.1 Introduction

The objective of this chapter is to deliver a brief mathematical introduction

to control systems governed by PDEs. We focus on the linear one-dimensional

heat equation as a representative example, though the same framework extends

to a broad class of (nonlinear) PDEs. Most of the material presented here is

well-known and can be found in several textbooks. In particular, we mention [8,

40, 46, 66, 98, 112, 154, 155].

Let Ω ⊂ R be a bounded domain and let T > 0 denote the final time. We

define the space-time domain Q := Ω × (0, T ), where x ∈ Ω represents the

spatial coordinate and t ∈ (0, T ) denotes time. We then consider the linear

parabolic equation: find h : Q→ R such that


∂th− ∂xxh = f(x, t), (x, t) ∈ Q,

h = 0, (x, t) ∈ ∂Ω× (0, T ),

h(·, 0) = h0, x ∈ Ω,

(2.1)

where h(x, t) is the temperature and f is the control input. The symbols ∂t,

∂x and ∂xx denote differentiation with respect to time t and space x, and will

occasionally be abbreviated by ht, hx and hxx. The precise functional setting

for h and f will be introduced in Section 2.4.

If a control f(x, t) in (2.1) exists such that h = h̄ for some target state h̄,

the system is said to be exactly controllable. In practice, this is not always

achievable due to actuation limits, nonlinearities, geometric constraints or en-

ergy bounds (see, for example, [19, 55] for further details on controllability).

Instead, an optimal control problem can be formulated by minimising a cost

functional. This functional balances tracking a desired trajectory h̄ whilst pe-

nalising the control effort [112]. In general, this leads to a quadratic functional

of the form

J (h, f) = 1
2
∥h− h̄∥2L2(Q) +

α
2
∥f∥2U , (2.2)
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where α > 0 is a regularisation parameter ensuring well-posedness and pre-

venting singular (non-unique or unstable) controls by penalising large control

inputs [129, Sec. 2.2]. The precise definition of the norms and a control space

U depends on the chosen control design (for example, distributed, localised,

and boundary control). This will be discussed in the next section.

Thus, the full optimal control problem is

min
h,f
J (h, f) subject to (2.1). (2.3)

Control actions can be applied in either an open or a feedback (closed) loop [11,

112, pp. 73]. The former is prescribed in advance and applied without adjust-

ment during the evolution, whilst the latter depends on the current state and is

updated as the system evolves. In this part of the thesis, we focus on open-loop

control, whilst the feedback control will be addressed later in Part II.

The remainder of this chapter is organised as follows. Section 2.2 intro-

duces the control designs and admissible formulations. Section 2.3 recalls dif-

ferentiation in function spaces. Section 2.4 presents the functional setting and

the weak formulation of the heat equation. Section 2.5 derives the first-order

optimality system. Finally, Section 2.6 discusses solution strategies based on

discretisation and their numerical realisation.

2.2 Control Designs

Control problems for PDEs differ according to how the control enters the

system [8, 112]. The aim is to choose f so that the state h reaches a desired

temperature h̄ at the final time whilst limiting control effort. This balance is

described by the quadratic cost functional

J (h, f) = 1

2
∥h(T )− h̄∥2L2(Ω) +

α

2

∫ T

0

∥f∥2U dt, (2.4)

where the control space U depends on the actuation type [68].
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If heating or cooling can be applied throughout the domain, the control

enters the equation as a distributed source [112, Sec. 1.2]:

∂th− ∂xxh = f(x, t), f ∈ L2(Ω× (0, T )). (2.5)

This case is known as distributed control, with U = L2(Ω× (0, T )).

In many applications, the control acts on a subregion ω ⊂ Ω, leading to

the model

∂th− ∂xxh = χω(x) f(x, t), f ∈ L2(ω × (0, T )), (2.6)

where χω is the characteristic function of ω; here U = L2(ω). This setting is

referred to as localised control [81].

The control may also act through the boundary. For example, prescribing

a Neumann condition at x = L gives



∂th− ∂xxh = 0, x ∈ (0, L), t ∈ (0, T ),

h(0, t) = 0, −∂xh(L, t) = f(t), t ∈ (0, T ),

h(x, 0) = h0(x), x ∈ (0, L),

(2.7)

with f ∈ L2(0, T ) and U = L2(0, T ). This configuration is called boundary

control [155, Sec. 3.2].

In all the above formulations, it is also possible to impose limits on the

control to reflect actuator and physical constraints [69, Ch. 1]. In the un-

constrained setting, the control may take arbitrary values within the control

space U , which is often defined as a Lebesgue space or Hilbert space like

U = L2(Ω × (0, T )) [68]. In contrast, constrained formulations restrict their

range to satisfy fmin ≤ f(x, t) ≤ fmax, which defines the admissible set

Uad = { f ∈ U : fmin ≤ f(x, t) ≤ fmax}. (2.8)
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The above optimal control problems are then solved over Uad [8].

2.3 Differentiation in function spaces

This section reviews essential concepts from functional analysis and optimal

control that underpin the analytical treatment of PDE-constrained optimisa-

tion. The discussion follows mainly [155, Sec. 2.4-2.7], and similar material

can be found in [8, 40].

Directional derivative. Let U, V be Banach spaces. Denote by L (U, V )

the space of bounded linear operators from U to V . For a mapping F : U → V ,

the directional derivative of F at u ∈ U in direction g ∈ U is

δF (u; g) = lim
θ→0

F (u+ θg)− F (u)
θ

, (2.9)

if the limit exists in V for all g ∈ U .

Gâteaux derivative. The mapping F is said to be Gâteaux differentiable

at u if the directional derivative δF (u; g) exists for all g ∈ U and is linear and

continuous in g. In that case, there exists F ′
G(u) ∈ L (U, V ) such that

δF (u; g) = F ′
G(u)g. (2.10)

Fréchet derivative. The mapping F is Fréchet differentiable at u if there

exists F ′(u) ∈ L (U, V ) satisfying

F (u+g) = F (u)+F ′(u)g+r(u, g),
∥r(u, g)∥V
∥g∥U

→ 0 as ∥g∥U → 0. (2.11)

Fréchet differentiability implies Gâteaux differentiability, but not conversely [155,

Sec. 2.6].
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Gradients in Hilbert spaces. In Hilbert spaces, derivatives can be iden-

tified with elements of the space itself via the Riesz representation theorem.

Let U be a Hilbert space with inner product (·, ·)U . For a Fréchet differen-

tiable mapping F : U → R, the derivative F ′(u) ∈ U∗ corresponds to a unique

element ∇F (u) ∈ U such that

δF (u; g) = (∇F (u), g)U ∀g ∈ U. (2.12)

This element ∇F (u) is the gradient of F at u.

Example 1. Let U be a Hilbert space with inner product (·, ·)U and define

F (u) = ∥u∥2U . Then

δF (u; g) = 2(u, g)U , ∇F (u) = 2u. (2.13)

Hence, F is Fréchet differentiable with gradient 2u.

Adjoint operator. The concept of an adjoint operator links derivatives in

different spaces. For Hilbert spaces U and V , and any bounded linear operator

A ∈ L (U, V ), the adjoint operator A∗ : V → U is defined by

(Au, v)V = (u,A∗v)U ∀u ∈ U, v ∈ V. (2.14)

The adjoint A∗ provides a way to transfer information between dual spaces and

is essential in gradient representations for optimisation problems [155, Sec 2.7].

Example 2. Let S : U → H be a bounded linear operator between Hilbert

spaces and fix ud ∈ H. Consider E(z) = ∥Sz − ud∥2H . By the chain rule and

the definition of the adjoint,

δE(z;h) = 2(Sz − ud, Sh)H , ∇E(z) = 2S∗(Sz − ud), (2.15)
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where S∗ : H → U is the adjoint of S. This illustrates the role of adjoints in the

computation of gradients, a central step in PDE-constrained optimisation [155,

Theorem 2.20].

Convexity [155, Sec 2.4]. A functional J : U → R is convex if

J(λu1+(1−λ)u2) ≤ λJ(u1)+(1−λ)J(u2) ∀u1, u2 ∈ U, λ ∈ [0, 1], (2.16)

and it is strictly convex if equality holds only when u1 = u2.

The quadratic cost functionals considered in this chapter are strictly convex

in the control variable. Together with the linearity of the state equation, this

ensures that the corresponding optimal control problems are well posed. Well-

posedness of our problem in this chapter (2.3) is established in [112, Ch. 7]

for the distributed case and in [81] for the localised case. In the next section,

we define the functional spaces and derive the weak formulation of the heat

equation (2.1).

2.4 Functional setting and weak formulation

We consider a weak formulation of the state problem (2.1), wherein h and f

are considered independent variables. We start by establishing the functional

context for the problem considered, which can be found in most functional

analysis and control PDE books, for example [8, 40, 112, 158]. We introduce

the Hilbert spaces L̂ and V of functions depending on time t ∈ (0, T ), with

values in L2(Ω) and H1(Ω), respectively, where H1(Ω) denotes the Sobolev

space of functions in L2(Ω) with square-integrable first derivatives, together

with their associated norms:

L̂ := L2
(
0, T ;L2(Ω)

)
, ∥v∥2L :=

∫ T

0

∥v(t)∥2L2(Ω) dt, (2.17a)

V := L2
(
0, T ;H1(Ω)

)
, ∥v∥2V :=

∫ T

0

∥v(t)∥2H1(Ω) dt, (2.17b)
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The space L̂ is fit for f . A suitable space for the state variable h is then defined

by

W :=
{
v ∈ V : vt ∈ V∗ := L2

(
0, T ;H1(Ω)∗

)}
, (2.18)

provided with the norm

∥v∥2W := ∥v∥2V + ∥vt∥2V∗ .

Note that W ⊂ V . For v ∈ W , we have v ∈ C([0, T ];L2(Ω)) by a classical

embedding result [120, p. 473]. Then, for v, w ∈ W , the integration by parts

formula holds:

∫ T

0

⟨wt(t), v(t)⟩ dt = (w(T ), v(T ))− (w(0), v(0))−
∫ T

0

⟨vt(t), w(t)⟩ dt, (2.19)

where (·, ·) denotes the spatial L2(Ω) inner product. Here ⟨·, ·⟩ denotes the

duality pairing between V∗ and V , used to represent the action of the weak

time derivative ht (which belongs to V∗ ) on a test function v ∈ V ; if ht ∈ L2(Ω),

this coincides with the L2 inner product [40, 155, Sec. 2.1, Sec. 2.7].

To impose the initial conditions for h, we establish

Wv0 := {v ∈ W : v(0) = v0} , (2.20)

for any v0 ∈ L.

Now, we can outline the weak formulation of (2.1): given f ∈ L2(Q), find

h ∈ Wh0 such that

∫ T

0

⟨∂th(t), v(t)⟩ dt+
∫ T

0

(∂xh(t), ∂xv(t)) dt =

∫ T

0

(f(t), v(t)) dt ∀v ∈ V .

(2.21)

We write h(t) and v(t) instead of h(x, t) and v(x, t), so (hx(t), vx(t)) denotes

the spatial L2(Ω) inner product [112, Sec. 7.4]. This convention treats time

as the evolution variable and the solution values in a spatial Hilbert space,
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leading to a compact weak formulation [155, Sec. 3.4].

Formulation (2.21) relaxes differentiability requirements on the solution,

thereby ensuring existence and uniqueness in Sobolev spaces [40, 155, Sec. 2.2,

Sec. 2.3]. It forms the basis for numerical discretisation methods such as Finite

Element Method (FEM) [98, 135]. It also provides the natural framework for

deriving the first-order necessary optimality conditions, as we will discuss next.

2.5 Optimality conditions

We now derive the first-order optimality system using the Lagrangian func-

tional associated with the distributed control problem (2.3). This functional

L :Wv0 × L2(Q)×WvT → R, incorporates the cost (2.4) and the weak state

equation (2.21), and reads

L(h, f, p) = J (h, f) +
∫ T

0

(⟨∂th, p⟩+ (∂xh, ∂xp)− (f, p)) dt, (2.22)

where p ∈ WvT is the adjoint variable acting as a Lagrange multiplier for the

state constraint [40]. The Lagrangian reformulates the constrained optimi-

sation problem into an unconstrained one, so that necessary conditions are

obtained by differentiation with respect to h, p, and f . This formal approach

provides a systematic way to derive the adjoint equation and the optimality

system [155, Ch. 1, Ch. 6]. The next step is to compute the Gâteaux derivatives

of L with respect to h, p, and f .

The derivative with respect to p in direction δp ∈ WvT is

δpL(h, f, p; δp) = lim
ϵ→0

L(h, f, p+ ϵδp)− L(h, f, p)
ϵ

=

∫ T

0

(
⟨∂th, δp⟩+ (∂xh, ∂xδp)− (f, δp)

)
dt,

(2.23)

which is precisely the weak form of the state equation (2.1) as expressed in

equation (2.21).
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The derivative with respect to h in direction δh ∈ W0 is

δhL(h, f, p; δh) = lim
ϵ→0

L(h+ ϵδh, f, p)− L(h, f, p)
ϵ

= (h− h̄, δh)L2(Ω) +

∫ T

0

⟨∂tδh, p⟩ dt+
∫ T

0

(∂xδh, ∂xp) dt.

(2.24)

Using integration-by-parts,

∫ T

0

⟨∂tδh, p⟩ dt = (p(T ), δh(T ))L2(Ω) −
∫ T

0

⟨∂tp, δh⟩ dt, (2.25)

and applying Green’s identity (see [112, p. 382]) in space, subject to homoge-

neous Dirichlet boundary conditions

∫ T

0

(∂xδh, ∂xp) dt = −
∫ T

0

(δh, ∂xxp) dt, (2.26)

this expression becomes

δhL(h, f, p; δh) = (p(T ), δh(T ))L2(Ω) +

∫ T

0

(h− h̄− ∂tp− ∂xxp, δh) dt. (2.27)

The derivative with respect to f in direction δf ∈ L2(Q) is

δfL(h, f, p; δf) = lim
ϵ→0

L(h, f + ϵδf, p)− L(h, f, p)
ϵ

= (αf − p, δf)L2(Q). (2.28)

We now impose stationarity conditions of the Lagrangian by setting (2.23),

(2.27), and (2.28) to vanish for all admissible variations [8]. We then obtain
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the following optimality system in strong form:


∂th− ∂xxh = f in Q,

h = 0 on ∂Ω× (0, T ),

h(0) = h0 in Ω,

(2.29a)


−∂tp− ∂xxp = h̄− h in Q,

p = 0 on ∂Ω× (0, T ),

p(T ) = 0 in Ω.

(2.29b)

together with the control condition

f = 1
α
p in Q, (2.30)

in the unconstrained case, and in the constrained case, the variational inequal-

ity ∫
Q

(αf ∗ − p∗)(g − f ∗) dx dt ≥ 0 ∀g ∈ Uad. (2.31)

This structure is typical of parabolic optimal control problems. The state

equation (2.29a) evolves forward from the initial condition, the adjoint equa-

tion (2.29b) evolves backwards from its terminal condition, and the control (2.30)

links the two.

The continuous optimality system (2.29)-(2.30) is thus established. In prac-

tice, its numerical solution requires discretisation and optimisation techniques,

which we discuss next.

2.6 Numerical solution strategies

We now discuss strategies for numerical solutions. Two main approaches are

employed in PDE-constrained optimisation [36]. The optimise-then-discretise

strategy, where the continuous optimality system is first derived and then
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discretised. In contrast, the discretise-then-optimise strategy, where the state

equation and the cost functional are discretised first and optimality conditions

are then derived at the discrete level [112, Ch. 8].

For the spatial discretisation, we adopt the Finite Element Method (FEM) [98].

Let Vh ⊂ V and Uh ⊂ L2(Ω) denote finite-dimensional subspaces for the state

and control, respectively, and let {ϕ̂i}Ni=1 and {ψj}Nu
j=1 be their corresponding

basis functions. The discrete state, adjoint, and control are represented as

linear combinations of these basis functions with time-dependent coefficients:

hh(x, t) =
N∑
i=1

hh,i(t) ϕ̂i(x), (2.32)

ph(x, t) =
N∑
i=1

ph,i(t) ϕ̂i(x), (2.33)

fh(x, t) =
Nu∑
j=1

fh,j(t)ψj(x). (2.34)

The associated coefficient vectors are

h(t) = (hh,1(t), . . . , hh,N(t))
⊤, (2.35)

p(t) = (ph,1(t), . . . , ph,N(t))
⊤, (2.36)

f(t) = (fh,1(t), . . . , fh,Nu(t))
⊤, (2.37)

each collecting the nodal unknowns corresponding to the state, adjoint, or con-

trol, respectively. This corresponds to a standard Galerkin finite element dis-

cretisation in space. More precisely, by inserting the finite element expansions

into the weak formulation and then testing with the basis functions, one ob-

tains a system of ordinary differential equations for the coefficient vectors [98].

Therefore, the finite element matrices are defined by

Mij = (ϕ̂i, ϕ̂j)L2(Ω), Kij = (∂xϕ̂i, ∂xϕ̂j)L2(Ω),

Bij = (ψj, ϕ̂i)L2(Ω), Wij = (ψi, ψj)L2(Ω).

(2.38)
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where M ∈ RN×N is the mass matrix, K ∈ RN×N the stiffness matrix, B ∈

RN×Nu the control-to-state matrix, and W ∈ RNu×Nu is the control-space

mass matrix in the discrete cost functional.

In the optimise-then-discretise approach, applying the above discretisation

to the continuous optimality system (2.29)-(2.30), gives

M ḣ(t) +Kh(t) = Bf(t), (2.39a)

−M ṗ(t) +Kp(t) =M
(
h̄(t)− h(t)

)
, p(T ) = 0, (2.39b)

αW f(t) = B⊤p(t). (2.39c)

Equations (2.39) form a coupled forward-backward ODE system. A time dis-

cretisation, for instance backward Euler or Crank-Nicolson, yields the fully

discrete problem [98, Ch. 5].

In the discretise-then-optimise approach, one first discretises the state

equation and the cost functional. The discrete cost associated with (2.4) is

Jh(h, f) =
1
2

∫ T

0

(h(t)− h̄(t))⊤M(h(t)− h̄(t)) dt+ α
2

∫ T

0

f(t)⊤W f(t) dt, (2.40)

subject to (2.39a), where h̄(t) denotes the projection of the desired state onto

the finite element space. Since the problem is linear-quadratic and the same

Galerkin space is used for state and adjoint, the optimality system obtained

by differentiating Jh coincides with (2.39) [112, Sec.6.2.3]. However, this

equivalence does not hold in general [112, Ch.6]. If stabilisation techniques are

used (for example in advection-dominated problems), the discrete operators

for state and adjoint differ and the two strategies produce distinct optimality

systems [36]. For time-dependent problems, differences also arise from the

quadrature used to approximate time integrals in the cost, which affects only

the discretise-then-optimise formulation [112, Sec 8.1].

The choice between them depends on the specific control problem, the

desired accuracy, computational resources, and the availability of numerical
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tools. For example, the optimise-then-discretise strategy preserves strong con-

sistency with the continuous formulation and provides accurate adjoint ap-

proximations [36]. Also, it supports the mesh-independence principle whereby

discrete convergence reflects the continuous problem [40, Ch. 4]. Discretise-

then-optimise may yield symmetric linear systems that are favourable for iter-

ative solvers [135], but the adjoint accuracy is generally inferior [36]. Further

discussion can be found in [112, Chs. 6,8,9] and [40, Ch. 4].

2.7 Numerical methods

We now discuss two main strategies for the numerical solution of the optimal

control problem (2.3): the all-at-once approach, which solves the discrete opti-

mality system as a single coupled problem [112]; and iterative methods, which

eliminate the PDE constraint and minimise a reduced cost functional [66].

2.7.1 All-at-once methods

All-at-once methods, also referred to as one-shot approaches, treat the optimi-

sation problem by keeping the PDE constraint explicitly in the formulation.

All variables (the state, adjoint, and control variables) of the optimal control

problem (2.39) are treated simultaneously as independent variables within a

single large system [112, Sec. 6.1]. This avoids the repeated solution of the

state equation within an outer optimisation loop [66].

We recall the semi-discrete system (2.39) obtained after finite element dis-

cretisation in space, with matrices M , K, B, and W defined in (2.38). Apply-

ing a backward Euler scheme with time step ∆t gives, for each n = 1, . . . , Nt,



1

∆t
M(hn − hn−1) +K hn = B fn,

− 1

∆t
M(pn − pn+1) +K pn =M

(
h̄n − hn

)
,

αW fn = B⊤pn,

(2.41)
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with h0 prescribed by the initial condition and pNt = 0 by the terminal condi-

tion. For the unconstrained linear-quadratic problem, the optimality condition

is given by the algebraic relation

αW fn = B⊤pn.

If control constraints are imposed, this relation is replaced by the corresponding

discrete variational inequality, or equivalently by a projection formula [40].

In the all-at-once formulation, instead of solving (2.41) sequentially at each

time step, the state, adjoint, and control variables are coupled into a single

algebraic system. For one time step, this can be written as


1

∆t
M +K −B 0

0 αW −B⊤

−M 0 K − 1

∆t
M




hn

fn

pn

 =


1

∆t
M hn−1

0

M h̄n − 1

∆t
M pn+1

 , (2.42)

where M,K ∈ RN×N , W ∈ RNu×Nu , and B ∈ RN×Nu . A similar block struc-

ture arises when all time steps are assembled into a global system. For time-

dependent problems, however, the all-at-once formulation becomes increas-

ingly challenging, as all time levels must be coupled simultaneously. This

leads to systems whose dimension scales with the product of the number of

time steps, the spatial degrees of freedom, and the number of optimisation

variables [112, 130, Secs. 8.4 and 4.1]. This can be challenging because cou-

pling all time levels simultaneously yields an extensive algebraic system, often

exceeding the storage and computational limits of direct solvers and standard

computing resources [112, Sec. 8.4].

2.7.2 Iterative methods

In this approach, the PDE constraint is satisfied implicitly by considering the

state variable h as a function of the control variable f [66]. This effectively
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reduces the optimisation problem to minimising the following reduced cost

functional

Ĵ (f) = 1
2
∥h(f)− h̄∥2L2(Q) +

α
2
∥f∥2L2(Q), f ∈ U, (2.43)

which is only over the control variable f [112, Ch. 6]. Here h(f) is computed

by solving the state equation once f is available. Recalling the definition

of the gradient in a Hilbert space from Section 2.3, the reduced gradient is

characterised by the relation

Ĵ ′(f)v = (∇Ĵ (f), v)L2(Q) ∀v ∈ U. (2.44)

Moreover, as illustrated by Example 2 in Section 2.3, the adjoint variable

provides a convenient representation of the derivative of the reduced func-

tional [155, p. 74]. Using the optimality condition (2.30), we therefore obtain

the reduced gradient

∇Ĵ (f) = αf − p. (2.45)

Discretising (2.45) using the FEM as in Section 2.6, with matrices B and W

from (2.38), this becomes

∇Ĵh(f) = αW f −B⊤p. (2.46)

Given an initial guess f0 ∈ RNu , descent methods generate a sequence {fk}

by

fk+1 = fk + τkdk, k = 0, 1, 2, ... (2.47)

where dk is a descent direction depending on the gradient and τk > 0 a step

size chosen to ensure decrease of the cost [112, Ch. 8]. The simplest choice is

steepest descent, which sets

dk = −∇Ĵh(fk), (2.48)
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so that

fk+1 = fk − τk∇Ĵh(fk). (2.49)

The gradient points in the direction of maximum increase of Ĵh, and its neg-

ative therefore defines the steepest descent direction [40, Ch. 4]. Gradient

descent is globally convergent but only of first order, relying solely on gradi-

ent information [66]. Second-order schemes such as Newton or quasi-Newton

achieve faster local convergence, but at higher computational cost per itera-

tion [40, 112, Ch. 3,Ch. 4]. Thanks to their simplicity and robustness, gradient

methods remain widely used, particularly in large or nonlinear PDE control

problems [155, Ch. 2].

The step size τk in (2.49) can be defined by exact line search,

τk = argmin
τ>0

Ĵh(fk − τ∇Ĵh(fk)). (2.50)

For more general problems, exact line search is too costly, and inexact line-

search strategies are used instead [155, Sec. 2.12]. A widely used strategy is

the backtracking Armijo rule. Starting from τ = τ0, the step is reduced by

τ ← ρτ with ρ ∈ (0, 1) until

Ĵ (fk − τgk) ≤ Ĵ (fk)− c τ∥gk∥2L2(Q), gk = ∇Ĵ (fk), (2.51)

is satisfied for some c ∈ (0, 1) [112, Sec. 6.2]. Other approaches exist, such as

fixed step rules or the Barzilai-Borwein method [15, 40], which can accelerate

convergence in certain settings. In this thesis, the step size is selected using

a backtracking Armijo rule. Thus, each iteration consists of solving the state

equation (2.29a) for the current control, then the adjoint equation (2.29b),

computing the reduced gradient from (2.45), and finally updating the control

according to (2.49). A simple pseudocode for this iterative procedure is given

in Algorithm 1.
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Algorithm 1 Gradient descent with backtracking line search

1: Choose initial guess f 0 ∈ L2(Q).
2: for k = 0, 1, 2, . . . until convergence do
3: Solve the state equation (2.29a) for hk.
4: Solve the adjoint equation (2.29b) for pk.
5: Compute the gradient gk = αfk − pk.
6: Choose step length τk, for example, using backtracking Armijo rule.
7: Update the control fk+1 = fk − τkgk.
8: end for

Compared with the all-at-once formulation, gradient-based methods are of-

ten preferred for their simplicity, global convergence, and low memory require-

ments. They are particularly suitable for time-dependent problems, where all-

at-once systems can become prohibitively large, and for implementations that

reuse existing PDE solvers without modification. A more detailed discussion

of these approaches can be found in [66] and in the textbooks [40, 112].

2.8 Conclusion

In this chapter, we reviewed the basic framework for PDE-constrained optimi-

sation using the linear heat equation as a representative model. The functional

analytic tools, together with the weak and optimality system, were developed

in a setting where the state equation is linear and coercive. This structure also

enabled a clear presentation of the optimise-then-discretise approach, reduced

gradients, and gradient-based iterative methods without additional technical

complications.

In the next chapter, we turn to the optimal control of a nonlinear thin-film

flow over a flexible topography. This model is considerably more complex: it

couples multiple physical fields, involves nonlinear and higher-order differential

operators, and captures behaviours such as rupture and coalescence that are

absent in the heat equation. These features require a more careful analytical

and numerical treatment. In particular, deriving the optimality system leads

to coupled forward-backward nonlinear PDEs, and their discretisation must
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balance accuracy with stability in the presence of strong nonlinearities.

Nevertheless, the framework developed in this chapter provides the basis

for the analysis and numerical treatment in the next chapter. In particular,

the thin-film control problem follows the same overall structure, namely an

optimise–then–discretise formulation combined with a reduced-gradient strat-

egy, but extends these ideas to a significantly more complex PDE model. The

next chapter therefore builds on this framework and adapts it to the nonlinear

setting.



Chapter 3

Optimal Control the Thin-Film

Flow on a Flexible Topography

This chapter presents a mathematical model for the optimal control of thin-film flows

over a flexible topography influenced by an external force. Our thin-film model al-

lows for the rupture of films as well as the coalescence of bubbles. The objective is

to find the optimal distributed force acting on the topography that minimises the

differences between actual and desired thin-film profiles. A nonlinear lubrication

equation governing the fluid dynamics and appropriate functional settings for this

model are presented. It is also shown that this system satisfies a global energy-

dissipation law for a suitable energy functional. Optimality conditions are derived

for the solution of the minimisation problem of a specified cost function across a

time horizon. These conditions are formulated at a continuous level as system of

coupled, forward-backward PDEs, which are subsequently discretised for numerical

investigation. To ensure computational efficiency and stability, first-order Implicit-

Explicit (IMEX) time-stepping schemes are employed to handle the nonlinearities in

the model, and a reduced gradient descent algorithm is applied to obtain a numer-

ical approximation of the optimal control signal. Numerical results illustrate that

controlling the thin film, even during rupture, achieves a precise film profile. This

control strategy accelerates convergence towards a steady state, reduces instabilities,

stabilises dewetting processes, and meets the desired profile specifications.

28
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3.1 Introduction

Controlling thin-film flow has gained significant interest across a range of applica-

tions [47, 92, 119, 142, 161]. For example, coating processes favour stable, flat-flow

films [152], whereas applications in heat and mass transfer often require interfa-

cial deformations [48]. Motivation stems from the increasing number of thin-film

devices manufactured across diverse industries such as microelectronics, displays,

optical storage, and microfluidic devices [47, 92, 119, 141, 142]. Of particular inter-

est are inverted film configurations where the liquid resides on the underside of a

substrate [27]. Such configurations arise in liquid film coating in cooling towers [137],

environmental applications such as glacier hydrology and cave pattern morphogen-

esis [32], and biomedical applications such as microbicide epithelial coatings and

blood pattern analysis [75, 79]. In these inverted geometries, gravity destabilises

the film and control of the thin layer deposition process is required to achieve de-

sired free surface profiles [41]. However, efficient control of interfacial shape or

surface area has been largely unexplored until recently, with most efforts focusing

on varying external mechanisms like electric fields [7, 156], including a rigid topog-

raphy [52, 53, 139, 140, 157] or surfactants [26], rather than using mathematically

optimal or robust approaches [161].

The mathematical model of thin films is based on the lubrication approximation

simplified from the Navier-Stokes equations [136], resulting in a time-dependent PDE

for the height of the film. This model has been extensively studied for its ability to

facilitate accurate analytical and numerical calculations [5, 99, 113, 114]. This indi-

cates that the characteristic wavelengths of interfacial deformation are significantly

larger than the film thickness ratio [126, 152]. Additionally, when combined with

flexible topographies, further dynamics arise due to elastohydrodynamics [113, 114].

Craster and Matar’s review provides a comprehensive overview of these models [37].

Traditional models typically assume rigid substrates, but real-world applications

increasingly involve flexible topographies [114].

Our work develops a PDE-constrained optimisation approach for the control of

thin-film flows over a flexible topography. Our thin film model allows for the rupture

of films as well as the coalescence of bubbles. We focus on finding the distributed
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force influencing the flexible topography that minimises a cost function, for example,

the difference between the observed height of the thin film and some desired function.

The main contributions of this chapter are as follows:

1. We first present an appropriate functional setting for the PDE system consist-

ing of a thin-film equation coupled to a flexible substrate equation. We show

that this system satisfies a global energy-dissipation law for a suitable energy

functional. Next, we derive the optimality conditions at the continuous level.

To achieve this, we formulate an optimal control problem consisting of the

minimisation of a cost functional subject to the nonlinear evolution PDE for

the thin-film flow controlled by the bottom topography. First-order optimality

conditions are given by forward-backward, state-adjoint PDE system, closed

with an optimality condition for the control.

2. Our second main contribution is that we propose a stable time discretisation

for the optimality system. In particular, a careful treatment of the nonlin-

earity in the model (i.e., the disjoining-pressure term) is needed to balance

computational efficiency and stability. For this, we explore first-order Implicit-

Explicit (IMEX) time-stepping schemes, which decompose the nonlinear term

into a contractive (convex) and expansive (concave) component [117, 162].

This scheme can be combined with any spatial discretisation method. We

have employed standard continuous finite elements. Finally, gradient descent

is used as an iterative method to solve the resulting discrete PDE-constrained

optimisation problem [40, 112].

The structure of the rest of the chapter is as follows. Section 3.2 introduces

the model for the flow of thin films over a flexible topography and its weak form.

Section 3.3 shows the optimal control problem, the first-order necessary optimality

conditions, and the gradient descent scheme for the optimisation problem. Sec-

tion 3.5 presents the time discretisation using the IMEX time-stepping schemes and

the numerical results. Finally, Section 3.6 summarises the findings of this work.
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x

y

s(x, t)

H(x, t)h(x, t)

g

Figure 3.1: Illustration of a two-dimensional fluid flow on a flexible substrate,
where h(x, t) denotes the film thickness, s(x, t) is the shape of the topography, and
H(x, t) = h(x, t)+s(x, t) is the height of the one-dimensional free surface. The profile
of the topography is controlled by a forcing function f(x, t), which is represented by
the colour of the curve, where red indicates downward (positive) forcing and blue
indicates upward (negative) forcing. g is the gravity vector.

3.2 Model of thin-film flow over a flexible to-

pography.

In this section, we present a mathematical model comprising two coupled PDEs

that describe the evolution of the thin film and flexible substrate. Furthermore, we

show the model’s functional settings and weak form. The derivation of thin-film

flow models on rigid substrates is well known and is based on lubrication theory [18,

157]. The inclusion of the disjoining pressure and a non-inclined flexible substrate

is discussed in various forms in the literature [5, 37, 99, 113–115].

3.2.1 State equation

We consider a thin-film flowing on the underside of a flexible substrate; an abstract

sketch of this setup is illustrated in Figure 3.1. The coordinate system is defined by

(x, y), with x being the horizontal coordinate and y being the vertical coordinate.

We also define t as time. The force driving the flow is gravity g, which we take to

act on the increasing y direction to model a film hanging beneath a substrate. This

destabilised configuration generates the rich dynamics in which our control can play

a meaningful role.

The following system governs the evolution of a thin film over a flexible topog-

raphy, i.e.,

H(x, t) := h(x, t) + s(x, t), (3.1)
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where H(x, t) is the observed film height relative to a flat horizontal reference,

h(x, t) > 0 is the film thickness, and s(x, t) is the substrate topography height:

ht −
(
1
3h

3µx
)
x
= 0, (3.2a)

µ = ϕ′(h)− Bo

Ca
H− 1

Ca
Hxx, (3.2b)

st − c2sxx −
γ

Ca
(hxx +Boh) = f(x, t). (3.2c)

A derivation of the model equations is included in Appendix A.1. In equation (3.2a),

we introduced µ to reduce the fourth-order thin film PDE to a coupled system

of second-order equations1. Equation (3.2b) includes an interface potential ϕ(h)

capturing molecular interactions between liquid molecules and air [44, 114], which

is commonly taken as

ϕ(h) = −A
2 h

−2. (3.3)

This means there is a disjoining pressure Π(h) = −ϕ′(h) = Ah−3 in the model

to allow for the possibility of film rupture. Here, A is the dimensionless Hamaker

constant. The second term on the right of (3.2b) is associated with the action of

gravity, and the last term reflects the effect of surface tension. Furthermore, Ca and

Bo denote the capillary and Bond numbers, respectively. They represent the impor-

tance of viscous forces or gravitational forces compared to surface tension forces on

a fluid’s surface, respectively. See [86] for typical values these parameters can take

in real-life scenarios. Equation (3.2c) represents a one-dimensional force balance on

the topography, containing a damping term c2sxx arising from substrate tension,

and the term hxx + Boh which represents the pressure exerted on the substrate by

the film. This formulation also includes an external forcing term f , which enables

direct control of the substrate dynamics. The parameters c and γ are dimensionless

measures of the topography tension and film damping, respectively [5]

To place our model (3.2) in context, we discuss how it relates with other models

derived in the literature. In the absence of disjoining presuure ϕ′(h) = 0, and

when the substrate is flat (s ≡ 0) or rigid, equations (3.2a)-(3.2b) reduce to the

1Furthermore, when integrating µ using the finite element method, we find that the
highest derivative is of the first order when we apply test functions.
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well-established long-wave thin-film equation on a horizontal substrate, as used in

[62, 126] and [78, 157] in rigid substrates. Our wall equation (3.2c) extends existing

flexible-wall thin-film models by including an external force f(x, t), which allows the

wall to be driven actively rather than responding only to fluid stresses. When f ≡ 0,

our formulation reduces to a passive tension-damping membrane of the same type

used in the lubrication-scale models of Matar et al. [115]. Moreover, it may be

considered as a simplified limit of the general plate model of Alexander et al. [5]

when bending, inertia and foundation stiffness are neglected, leaving only tension

and damping.

The system is solved over a time interval t ∈ [0, T ], where T is the final time, and

in a finite domain of arbitrary length L, i.e. x ∈ Ω := [0, L]. The initial conditions

are specified by setting

h(x, 0) = h0(x), s(x, 0) = s0(x). (3.4)

Furthermore, homogeneous Neumann boundary conditions are applied at the domain

boundaries

hx = µx = sx = 0, at x = 0 and x = L. (3.5)

We now clarify the free-energy dissipation in our model (3.2). Understanding the

energy dissipation mechanisms is important for ensuring the stability and physical

relevance of the model. We begin by defining the total free-energy functional:

E(h, s) =
∫
Ω

[
ϕ(h)− Bo

2Ca
h2 +

1

2Ca
h2x +

c2

2γ
s2x +

1

Ca
(hxsx −Bohs)

]
dx, (3.6)

which consists of the molecular free energy ϕ(h)− Bo
2Ca

h2, surface free energy 1
2Ca

h2x,

elastic free energy c2

2γ s
2
x, and fluid–substrate interaction energy 1

Ca
(hxsx − Bohs).

The latter is particularly important for the problem studied here, and describes

how the combined variation of free surface and topography affects the energy– more

details are provided in Appendix A.2.

This free energy functional satisfies the following law (the full derivation is shown
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in Appendix A.2):

d

dt
E(h, s)︸ ︷︷ ︸

Change in energy

= −
(
1

3

∫
Ω
h3µ2x dx+

1

γ

∫
Ω
s2t dx

)
︸ ︷︷ ︸

Dissipation

+
1

γ

∫
Ω
fst dx︸ ︷︷ ︸

External work

,
(3.7)

where the terms on the right-hand side of (3.7) are the dissipation in the fluid and

substrate, and the work done by the external force on the substrate. Note that

bracket in the dissipation term is positive (since h > 0), hence, in the absence of

external work, the total free energy is non-increasing in time. We also note that the

Bond number Bo changes sign with g, but it affects only the potential-energy term

in (3.6) and not the dissipation. As a result, the system’s energy-decay property

holds for either orientation of gravity.

It is well known that a free-energy dissipation law such as (3.7) is critical in the

study of well-posedness of thin-film flow models, see for example, [22–24, 56, 93].

The well-posedness of system (3.2) is outside of the scope of this work. We believe

such a study could be applied to the natural weak formulation of the problem, which

we present next.

3.2.2 Weak form of the state equations

We consider a mixed weak formulation of the state system (3.2), wherein h, µ, and

s are considered as independent variables. The functional spaces used throughout

this chapter are the same as those introduced in Chapter 2 (see Section 2.4, equa-

tions (2.17), (2.18), and (2.20)). In particular, we use the Hilbert spaces L̂ and V,

defined in (2.17), which contain functions of t ∈ (0, T ) with values in L2(Ω) and

H1(Ω), respectively. A suitable space for the variables h and s is the space W,

defined earlier in (2.18), together with its subspaceWv0 , introduced in (2.20), which

allows one to strongly impose the initial conditions (3.4).

The weak formulation of (3.2) reads as follows (recall H = h+ s):
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Find (h, µ, s) ∈ Wh0 × V ×Ws0 , such that for t ∈ (0, T ],

⟨ht, v⟩+
1

3
(h3µx, vx) = 0, ∀ v ∈ H1(Ω), (3.8a)

(µ,w)− (ϕ′(h), w) +
Bo

Ca
(H, w)− 1

Ca
(Hx, wx) = 0, ∀ w ∈ H1(Ω), (3.8b)

⟨st, ψ⟩+ c2 (sx, ψx) +
γ

Ca
((hx, ψx)− (Boh, ψ)) = (f, ψ), ∀ ψ ∈ H1(Ω). (3.8c)

In (3.8a), the first term represents the duality pairing between the time derivative

and the test function, ⟨ht, v⟩. Here ⟨·, ·⟩ denotes the pairing between H1(Ω)∗ and

H1(Ω), that is, the natural extension of the L2(Ω) inner product when the time

derivative ht belongs to the dual space H1(Ω)∗ rather than to L2(Ω). The notation

(·, ·) is reserved for the standard L2(Ω) inner product [40, 155, Sec. 2.1, Sec. 2.7].

The system (3.8) can also be written as an aggregated space–time weak formu-

lation:

Find (h, µ, s) ∈ Wh0 × V ×Ws0 :∫ T

0

(
⟨ht, v⟩+ ⟨st, ψ⟩ − (ϕ′(h), w) + (

1

3
h3µx, vx)

)
dt (3.9a)

+A
(
(h, s, µ), (v, w, ψ)

)
=

∫ T

0
(f, ψ) dt, ∀ (v, ω, ψ) ∈ V × V × V,

where the bilinear form A takes all linear terms:

A((h, s, µ), (v, ω, ψ)) :=
∫ T

0

(
(µ,w) +

Bo

Ca
(H, w)− 1

Ca
(Hx, wx)

+(c2sx, ψx) +
γ

Ca
((hx, ψx)− (Boh, ψ))

)
dt.

(3.9b)

3.2.3 Boundedness of weak form and disjoining pressure

assumptions

We now discuss the boundedness of the weak formulation, in particular suitable

choices of the disjoining pressure ϕ′(h). First note that all the terms in the bilinear

form A(·, ·) can be shown to be bounded within the indicated function spaces (by

using Cauchy-Schwarz inequalities). Next, observe that the time derivative terms

⟨ht, v⟩ and ⟨st, ψ⟩ are bounded because ht, st ∈ H1(Ω)∗ and v, ψ ∈ H1(Ω). Further-
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more, the term (13h
3µx, vx) can be bounded as follows:

|(h3µx, vx)| ≤ ∥h||3L∞(Ω) ∥µx∥L2(Ω) ∥vx∥L2(Ω) ≤ C∥h∥3H1(Ω)∥µ∥H1(Ω)∥v∥H1(Ω) ,

(3.10)

for all h, µ, v ∈ H1(Ω), where in the last step we used the one-dimensional Sobolev

embedding.

Finally, to ensure that the term (ϕ′(h), w) is bounded, we assume for simplicity

that ϕ ∈ C1(R) and satisfies the Lipschitz condition

|ϕ′(ξ)− ϕ′(ζ)| ≤ CL |ξ − ζ|, ∀ ξ, ζ ∈ R. (3.11)

Using this property, one obtains (see Appendix A.3 for the full proof)

|(ϕ′(h), w)| ≤ CL

(
∥h∥L2(Ω) + C

)
∥w∥L2(Ω), ∀h,w ∈ L2(Ω) ⊃ H1(Ω), (3.12)

where the constant C can be written as C = CL|h⋆| + C∗∥1∥L2(Ω), with h⋆ an

arbitrary reference value.

The choice of potential ϕ(h) = −A
2 h

−2 introduced in (3.3) does not satisfy the

Lipschitz condition and is not bounded, which causes the model (3.2) to break down

when the film ruptures, i.e., h−1(x) → ∞ for some x ∈ Ω. A common approach in

the literature is to regularise ϕ(h). We adopt the approach proposed in [58] (see also

[117]) as follows:

ϕ(h) =


A

2ε4
h2 − A

ε2
if h < ε,

−A
2
h−2 if h ≥ ε.

(3.13)

The idea is to use a small ε > 0 to make ϕ(h) quadratic for h < ε, whilst keeping

its form as ϕ(h) = −A
2 h

−2 for h ≥ ε, ensuring that ϕ(h) has a minimum at h = 0.

The adopted approach also ensures that ϕ(h) and ϕ′(h) are continuous at all points,

particularly at h = ε. In practice, ε should be small enough to resolve the rupture

region whilst still ensuring numerical stability. Following [117], we set ε = 0.1 in our

computations.
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3.3 Optimal Control Problem

We formulate an optimal control problem for the thin film flow dynamics over a

flexible topography (3.8). Our goal is to find a distributed force f(x, t) that influ-

ences the topography s(x, t) as in (3.2c) so that the optimal solution approaches the

target state h̄(x). This optimal solution is either the height of the thin film h(x, t)

or the total observed surface H(x, t) = h(x, t) + s(x, t).

Formally, we seek a distributed force f(x, t) that minimises the cost function

J̄ (h, s, f):

J̄ (h, s, f) := 1

2

∥∥(h+ βs)(·, T )− h̄(·)
∥∥2
L2(Ω)

+
α

2

∫ T

0
∥f(·, t)∥2L2(Ω) dt, (3.14)

where β ∈ {0, 1} and α > 0 is a regularisation parameter. The first term in equa-

tion (3.14) measures the difference between the current state and the target state h̄,

whilst the second term, determines a penalty for the control energy. In the uncon-

strained control setting of this chapter, this control penalty is crucial for ensuring

the problem’s well-posedness [66]. We formulate the optimal control problem as:

min
(h,s,f)

J̄ (h, s, f) , subject to (3.8) . (3.15)

3.4 First-order optimality conditions

In this work, we follow an “optimise–then–discretise” approach, which is often ad-

vantageous because the resulting discrete problems remain closely aligned with the

continuous optimality system and tend to behave more robustly under mesh refine-

ment [40]. We begin by deriving first-order optimality conditions for (3.15). For

this, we define the Lagrangian

L((h, µ, s), f, (p, q, r)) := J̄ (h, s, f) +
∫ T

0
⟨ht, p⟩+ ⟨st, r⟩ dt

+

∫ T

0
(
1

3
h3µx, px)− (f, r)− (ϕ′(h), q)dt+A

(
(h, µ, s), (p, q, r)

)
.

(3.16)

The optimality conditions arise from stationarity conditions of this Lagrangian with

respect to state, adjoint, and control variables (see Sec. 2.5 for further details).
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Consequently, the adjoint problem consists in finding (p, q, r) ∈ Wh(T )×V ×Wβs(T )

solving

−
∫ T

0

(
⟨pt, v⟩+ ⟨rt, ψ⟩+ (ϕ′′(h)q, w)−

(
h2µxpx, v

)
+ (

1

3
h3px, wx)

)
dt

+A
(
(v, ω, ψ), (p, q, r)

)
=

∫ T

0
(r, ψ) dt, (3.17)

where WvT := {v ∈ W : v(T ) = vT }. The optimality conditions (3.17) can be ex-

pressed as a forward-backwards system. In other words, the optimal state variables,

(h∗, µ∗, s∗), and the corresponding optimal adjoint variables, (p∗, q∗, r∗), satisfy the

following strong form:



h∗t −
1

3

(
h∗3µ∗x

)
x
= 0,

µ∗ = ϕ′(h∗)− Bo

Ca
(H∗)− 1

Ca
(H∗

xx) ,

s∗t − c2s∗xx −
γ

Ca
(h∗xx +Boh

∗) = f∗,

(3.18a)



− p∗t + h∗2µ∗xp
∗
x +

1

Ca
(q∗xx + γr∗xx) +

Bo

Ca
(q∗ − γr∗)− ϕ′′(h∗)q∗ = 0,(

−1

3
h∗3p∗x

)
x

+ q∗ = 0,

− r∗t − c2r∗xx +
Bo

Ca
q∗ +

1

Ca
q∗xx = 0,

(3.18b)


h∗x = µ∗x = s∗ = p∗x = q∗x = r∗x = 0, on Ω× [0, T ],

h∗ = h0, s∗ = s0, on Ω× {t = 0},

p∗ = r∗ =
(
h̄− (h+ βs)

)
, on Ω× {t = T}.

(3.18c)

closed by the optimality condition

αf∗ − r∗ = 0. (3.19)

Since the control f acts directly through the substrate equation (3.2c), the station-

arity condition for the Lagrangian (3.16) with respect to f gives (3.19). Accordingly,

r∗ is the adjoint variable associated with the substrate dynamics.
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3.4.1 Reduced gradient approach

We solve the optimisation problem (3.15) by means of gradient descent. For this,

the system dynamics (3.2) are used to define a nonlinear map from f to h + βs,

leading to a reduced objective functional J expressed solely in terms of f :

J (f) = J̄ (h(f), s(f), f) = 1

2

∥∥(h+ βs)(f ; ·, T )− h̄(·)
∥∥2
L2(Ω)

+
α

2

∫ T

0
∥f(·, t)∥2L2(Ω) dt.

(3.20)

Here, (h + βs)(f ; ·, t) represents the solution of the system (3.2) for a given f .

Expressed in terms of the reduced objective functional, the optimal control problem

can be reformulated as follows:

min
f
J (f), subject to (3.2). (3.21)

It can be shown (see, e.g., Section 2.7.2), that the gradient of the reduced ob-

jective can be recovered from the optimality condition (3.19), that is,

∇J (f) := αf − r , (3.22)

where the adjoint variable r is to be computed from the forward-backward system

(3.18) which depends on f through the state equation. This gradient is the used in

the iteration

fk+1 = fk − λk∇J (fk), k = 1, 2, · · · (3.23)

where the stepsize λk is computed by backtracking. An elementary version of the

pseudocode for this iterative loop is outlined in Algorithm 2.
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Algorithm 2 Gradient descent with backtracking line search

Require: tol > 0, kmax, f
0, λ, k = 0;

1: while
∥∥∇J (

fk
)∥∥ > tol andk < kmax do

2: Obtain
(
hk, µk, sk

)
with fk from (3.18a).

3: Obtain
(
pk, qk, rk

)
with

(
hk, µk, sk

)
from (3.18b).

4: Evaluate the gradient ∇J
(
fk

)
from (3.19).

5: Update fk+1 = fk − λk∇J
(
fk

)
6: while J

(
fk+1

)
> J

(
fk

)
do

7: Obtain
(
hk+1, µk+1, sk+1

)
with fk+1

8: Evaluate the cost J
(
fk+1

)
9: if J

(
fk+1

)
> J

(
fk

)
then

10: λm = 0.5λk,m ≥ k
11: Update fk+1 = fk − λm∇J

(
fk

)
12: end if
13: end while
14: k := k + 1
15: end while

3.5 Numerical approximation and tests

3.5.1 IMEX-FEM discretisation of the model

For the computational treatment of the optimality conditions (3.18)-(3.19) derived

above at a continuous level are discretised in space using the standard FEM for

variables h, s, f , and µ, as well as the adjoint variables p, q, and r, subject to homo-

geneous Neumann boundary conditions. More details on the FEM formulation are

provided in Appendix A.4. For the time discretisation we need more careful treat-

ment as the nonlinearities in equations (3.9) and (3.17) require a particular choice

for the time-discretisation scheme to balance computational efficiency and stability

[162]. We explore first-order Implicit-Explicit (IMEX) time-stepping schemes, which

decompose the nonlinear term ϕ in (3.13) as:

ϕ(h; v) = ϕ+(h; v) + ϕ−(h; v), (3.24)

where ϕ+ and ϕ− denote the contractive (convex) and expansive (concave) compo-

nents of ϕ, respectively. The IMEX scheme treats the convex part implicitly and the

concave part explicitly. For the convex term ϕ+ = 1
2ε4
h2, the derivative ϕ′+(h) =

1
ε4
h

is linear. Treating it implicitly therefore requires only a linear solve at each time
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step, retaining computational efficiency whilst ensuring stability as h→ 0.

The time interval [0, T ] is divided into N smaller intervals 0 = t0 < t1 < · · · <

tN = T , with each sub-interval Ik+1 = [tk, tk+1] having a uniform time step ∆t =

tk+1 − tk for k = 0, 1, . . . , N − 1. The time discretisation for problem (3.9) is:

Find (hk+1, µk+1, sk+1) ∈ V × V × V such that for all (v, ω, ψ) ∈ V × V × V

(
hk+1 − hk

∆t
, v

)
+

(
sk+1 − sk

∆t
, ψ

)
−
(
ϕ′+(h

k+1); v
)
−
(
ϕ′−(h

k); v
)

+

(
1

3
(hk)3µk+1

x , vx

)
+A((hk+1, sk+1, µk+1), (v, ω, ψ)) = (fk+1, ψ),

(3.25)

for k = 0, 1, . . . , N − 1, where the initial condition is

(h, v) = (h0, v) and (s, ψ) = (s0, ψ) , ∀ v, ψ ∈ L2(Ω).

It can be shown that this scheme dissipates the total energy (3.6) using techniques

shown in [162].

For the adjoint problem (3.17), we introduce an IMEX time-stepping scheme to

discretise backwards in time:

Find (pk, qk, rk) ∈ V × V × V such that for all (v, ω, ψ) ∈ V × V × V

−
(
pk+1 − pk

∆t
, v

)
−
(
rk+1 − rk

∆t
, ψ

)
−
(
ϕ′′+(h

k+1)qk+1, w
)
−
(
ϕ′′−(h

k)qk, w
)

−
(
(hk)2µk+1

x pk+1
x , v

)
+

1

3

(
(hk)3pk+1

x , wx

)
− (rk+1, ψ)

+A
(
(pk, qk, rk), (v, ω, ψ)

)
= 0,

(3.26)

for k = 0, 1, 2, . . . , N − 1, where the terminal condition is:

(
pN , v

)
+
(
rN , ψ

)
−∆t

(
ϕ′′+(h

N ), qN
)
+

∆t

3

(
(hN )3pNx , v

)
+∆tA((pN , qN , rN ), (v, ω, ψ)) = (h̄N − (h+ βs)N , v).

(3.27)

3.5.2 Numerical tests

The results were generated using the forward-backward optimisation algorithm (Al-

gorithm 2) with a tolerance tol = 10−4 and initial guess f0 = 0. All simulations

were carried out using a space-time descritisation with n = 250 nodes, a time step
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∆t = 0.05, and the following fixed parameters: Ca = Bo = 1, c = 0.1, and the

regularisation parameter α = 10−6. We set γ = 0 in all simulations, which neglects

the pressure-coupling term from the substrate equation. The wall then responds

only to the actuation f(x, t) and its own elasticity, whilst still influencing the fluid

through its deformation, which appears in the observed surface height H = h + s.

We solve the system (3.18) on [0, L]. The initial conditions used in the numerical

simulations are, unless otherwise specified,

h0(x) = 1 + hA cos
(mπx

L

)
, s0(x) = 0, (3.28)

where the initial amplitude hA will generally be chosen between [0, 0.5] (with hA = 0

corresponding to a flat state), and the frequency parameter will be set to m = 1

unless otherwise specified. We note that the respective flow with a flat substrate

evolves to a nontrivial state whenever L > 2π, as predicted by linear stability anal-

ysis [62]. In addition to utilising the cost function and the norm of its gradient

to validate our solution, we also employ the L∞-norm as a measure of accuracy;

it is defined as maxt∈[0,T ]

∥∥(h∗(t) + βs∗(t))− h̄
∥∥
∞. For each example, three sets of

figures are presented. The first set of figures show the free-surface and substrate

evolutions in a symmetrically extended domain [−L,L]; this is done for illustrative

purposes and better visualisation of the results. More detailed results, including

the time evolution of the forcing f(x, t), are demonstrated in the rest of the figures

in the computational domain [0, L]. Table 3.1 summarises the key parameters and

comparison between uncontrolled and controlled states for all numerical examples.

3.5.3 Non-rupture scenarios

In this section, we set β = 1 in (3.20) because our goal is to control the observed

surface, defined as H = h+ s.

Accelerated transition to desirable surface shape

In the first two examples, where no disjoining pressure is present (i.e. ϕ′ ≡ 0),

the uncontrolled dynamics are obtained by solving the forward problem (3.2) until

temporal variations in the free surface become negligibly small. In Example 1,
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we consider f = s = 0, so that (3.2) reduces to the classical thin-film equation

of Hammond [62], and the resulting quasi-steady profile is exported as the target

state h̄. In Example 2, we repeat the same procedure but over a prescribed, non-flat

substrate s(x), again integrating the uncontrolled system until the solution reaches a

quasi-steady regime. These quasi-steady profiles provide the reference states against

which the controlled evolution is compared.

Example 1

We begin the presentation by comparing the time required for uncontrolled and

controlled free surfaces to reach a quasi-steady state. For the uncontrolled case (i.e.,

s = f = 0), the forward system (3.2) has been resolved by Hammond [62] for L = 3π,

and reached a quasi-steady state after T = 900 time units. We aim to observe how

fast the optimal state H∗ approaches the target state h̄ when control is applied.

We apply the forward-backwards optimisation method using the algorithm in

Figure 2, where the control is applied over the time interval [0, T ], with final time

T = 5, using initial conditions (3.28) with hA = 0.5. For illustrative purposes,

snapshot plots spanning the domain [−L,L] are presented in Figure 3.2. The result

of this computation is demonstrated in Figures 3.3 and 3.4. The quasi-steady state

is exported as our target state h̄, shown in panel 3.3a. The optimal free surface

over topography, H∗, shown in panel 3.3b, successfully achieves this target state

fast. The plot in panel 3.3c illustrates how the optimal free surface, h∗, varies over

time. Panel 3.3d shows that the topography s∗ evolving from a flat state to an

optimally adjusted profile with unexpected peaks and troughs, whilst panel 3.3e

shows the control parameter f∗ exhibits oscillatory behaviour to shape the optimal

topography s∗. The cost function J (f∗) illustrated in panel 3.3f, decreases to zero

by the final time. Lastly, Figure 3.4a shows the infinity norm of the controlled

solution (h∗(t)+βs∗(t))− h̄ goes to zero much faster than the uncontrolled one, and

Figure 3.4b explores the impact of the regularisation parameter α on the solution,

showing that smaller values of α than 10−3 lead to negligible changes to the optimal

solution.

To verify that the controlled free surface H∗ is quasi-steady, we initialise a subse-

quent forward simulation with the terminal optimal states h∗(·, T ) and s∗(·, T ). As
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(a) t = 0 (b) t = 3 (c) t = 5

Figure 3.2: Example 1. Snapshots of the optimal solution, controlled to a desired
surface shape. The solution is extended symmetrically in the domain [−L,L].
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Figure 3.3: Example 1. (a) Target state h̄. (b-e) Evolution of the optimal surface
profile H∗, film height h∗, topography s∗, and control f∗, respectively. (f) Cost
function J (f∗) against number of iterations k.
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Figure 3.4: Example 1. L∞-norms for (a) the controlled and uncontrolled solutions,
and (b) various values of α.
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expected, the free surface remains unchanged, whilst the topography relaxes towards

a flat state.

Example 2

We extend the first example by solving the forward system (3.2) over a non-flat

topography, contrasting with the flat substrate examined previously. The uncon-

trolled system is solved with initial conditions comprising a flat surface profile (i.e.,

using hA = 0) and a substrate profile s0(x) = a
(
tanh

(
x+c1
d

)
− tanh

(
x−c2
d

))
, where

a = −0.25, c1 = −0.35L, c2 = 0.65L, L = 3π, and the topography steepness is

d = −0.2. The aim remains the same as in the first example in achieving the tar-

get state much faster than the uncontrolled one. A quasi-steady state for the free

surface is achieved at T = 900, and the optimal control solution is presented in

Figures 3.5 and 3.6. Panel 3.6a shows the target state, and panels 3.6b and 3.6c

illustrate the time evolution of H∗ and h∗, respectively. The smoothing changes in

amplitudes and phases of s∗ are highlighted in panel 3.6d, and the oscillatory forces

f∗ that influence s∗ are shown in panel 3.6e. Figure 3.7 demonstrates that both the

L∞ norm and the cost function converge to zero, although the convergence is slower

than the case with a flat initial topography.

Example 3

In this section, we consider a case where the free surface quickly transitions from

flat to a desired wave-like shape in a short time t = [0, 1], as shown in Figures 3.8

and 3.9. Using a computational domain of length L = 5, we start with an initially

flat surface by setting hA = 0 in (3.28). Without control, the surface remains

flat, but with control, it transforms into the desired wave-like shape as shown in

Figure 3.9a. The optimal solution of H∗ and h∗ are shown in panels 3.9b and 3.9c,

respectively. The topography s∗ changes from flat to an oscillatory profile, enabling

the desired wave-like target state. The control force f∗ oscillates in sync with the

topography changes, facilitating rapid adaptation, as seen in panel 3.9e. Figure 3.10

demonstrates the cost function decreases towards zero, achieving the minimum cost,

and the optimal control reaches the target surface.
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(a) t = 0 (b) t = 3 (c) t = 5

Figure 3.5: Example 2. Snapshots of the optimal solution, controlled to a desired
surface shape.
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Figure 3.6: Example 2. (a) Target state h̄. (b-e) Evolution of the optimal surface
profile H∗, film height h∗, topography s∗, and control f∗, respectively.
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Figure 3.7: Example 2.(a) L∞-norm for the controlled and uncontrolled solutions.
(b) Cost function J (f∗) against number of iterations k.
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(a) t = 0 (b) t = 0.5 (c) t = 1

Figure 3.8: Example 3. Snapshots of the optimal solution, controlled to a desired
surface shape. The solution is extended symmetrically in the domain [−L,L].
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Figure 3.9: Example 3. (a) Target state h̄. (b-e) Evolution of the optimal surface
profile H∗, film height h∗, topography s∗, and control f∗, respectively.
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Figure 3.10: Example 3. Cost function J (f∗) against number of iterations k.
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From non-flat to desired shapes

Example 4

The next example follows the work of [78] where a related (uncontrolled) evolution

equation for thin-film flow over topography was solved and a non-flat quasi-steady

state was achieved. We initiate our control problem using one of these non-flat states

as the initial condition by taking h0(x) = 1 + 10 exp
(
−(2x)2

)
, s0(x) = 0, and set

L = 10, Bo = 0. Our aim is to control the problem and flatten the surface (i.e., the

target state is h̄ = 1). The time evolution of the various system variables is shown

in Figures 3.11 and 3.12. Panel 3.12b shows that our optimal solution achieves a flat

state, whilst panel 3.12c displays deviations in h∗, indicating that the film height

alone does not attain the flat target state. Panels 3.12d and 3.12e reveal s∗ and f∗

adapting by T = 5 to counterbalance the variations in h∗, aligning H∗ = h∗+s∗ with

the target state. Figure 3.13 shows the L∞-norm for the controlled and uncontrolled

solutions over time, relative to the target state. The controlled solution moves

towards zero, whilst the uncontrolled solution stabilises at a non-zero value.

Example 5

We also carried out simulations aiming to retain the surface at a linear state, whilst

solving the nonlinear system (recall that this exhibits free-surface instabilities in

the uncontrolled case if L > 2π). The solution of the uncontrolled forward system

with initial conditions (3.28) and hA = 0.5, m = 3, L = 15
2 π results in nonlin-

ear instability, but our objective is to maintain the free surface at the linear initial

condition H(x, 0) = h0 + s0 (i.e., h̄ = H(x, 0)) throughout the simulation period

[0, T ], with final simulation time T = 10. The results of the computation are de-

picted in Figures 3.14, 3.15 and 3.16. Panel 3.15a shows the target state h̄, whereas

panel 3.15b presents H∗ maintaining its initial sinusoidal shape. Panel 3.15c de-

picts the free surface evolution, which naturally tends towards instability (non-flat

state). In contrast, it is adjusted by the changing topography in panel 3.15d, which

develops inverse undulations to h∗ to maintain H∗. The oscillatory behaviour of the

control f∗ is depicted in panel 3.15e. The cost function decreases as indicated in

panel 3.15f, reflecting progress towards the target state. Finally, Figure 3.16 shows
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(a) t = 0 (b) t = 3 (c) t = 5

Figure 3.11: Example 4. Snapshots of the optimal solution, controlled to a uniform
state. The solution is extended symmetrically in the domain [−L,L].

0 5 10
0

1

2

(a)

0 5 10
0

5

10

(b)

0 5 10
0

5

10

(c)

0 5 10
-2

-1

0

(d)

0 5 10
-0.6

-0.4

-0.2

0

(e)

Figure 3.12: Example 4. (a) Target state h̄. (b-e) Evolution of the optimal surface
profile H∗, film height h∗, topography s∗, and control f∗, respectively.
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Figure 3.13: Example 4. (a) L∞-norm for controlled and uncontrolled solutions.
(b) Cost function J (f∗) against number of iterations k.
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a brief increase in the infinity norm due to strong instability, before it returns to

near zero.

3.5.4 Rupture scenarios

In this section, we set β = 0 in (3.20), focusing on controlling h(x, t) rather than

the total surface H = h + s. This approach lets H rupture naturally, driven by

the interaction between the thin film h(x, t) and the underlying topography s(x, t),

providing a realistic representation of physical rupture. If we were to control H

directly, it could prevent rupture by limiting the film’s ability to interact with the

topography closely.

In the following examples, we aim to examine how thin-film flows evolve towards

a rupture state. We set a non-zero rupture function ϕ(h) as in (3.24), with ϕ+ =

1
2ε4
h2, ε = 0.1, and A = 0.03. We integrate the forward system (3.2) with f = s = 0

and using the initial conditions (3.28) with hA = 0.5, and within a spatial domain of

length L = 3π. The simulations are carried out over [0, T ], with T = 550, until the

temporal changes become sufficiently slow, and regard this limiting configuration as

a quasi-steady state. This numerically obtained quasi-steady profile is then used as

the target state h̄rupt for the corresponding optimal-control problem.

Example 6

In the first example, we assess how quickly the optimal free surface h∗ reaches

the target rupture state h̄ = h̄rupt, relative to the uncontrolled case. The optimal

solution is shown in Figures 3.17 and 3.18. whilst the uncontrolled solution neces-

sitated T = 550 to achieve a quasi-steady ruptured thin-film state h̄rupt, shown in

panel 3.18a, our controlled solution h∗ achieves the desired state within just T = 30,

as seen in panel 3.18b. Panel 3.18c depicts how the optimal thin-film flow over to-

pography H∗, including rupture effects, changes over time. The optimal topography

s∗, and the control function f∗ are illustrated in panels 3.18d and 3.18e, respectively.

The significant reduction in convergence time is highlighted in Figure 3.19. Both

L∞ norm of h∗ − h̄rupt and cost function approach zero, though more slowly than

in the non-rupture case.
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(a) t = 0 (b) t = 5 (c) t = 10

Figure 3.14: Example 5. Snapshots of the optimal solution, controlled to remain
at the initial surface shape. The solution is extended symmetrically in the domain
[−L,L].
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Figure 3.15: Example 5. (a) Target state h̄. (b-e) Evolution of the optimal
surface profile H∗, film height h∗, topography s∗, and control f∗, respectively. (f)
Cost function J (f∗) against number of iterations k.

10-1 100 101
0

0.2

0.4

0.6

Figure 3.16: Example 5. L∞-norm of controlled vs uncontrolled solutions relative
to h̄.
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(a) t = 0 (b) t = 15 (c) t = 30

Figure 3.17: Example 6. Snapshots of the optimal solution, controlled towards a
ruptured state. The solution is extended symmetrically in the domain [−L,L].
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Figure 3.18: Example 6. (a) Target state h̄. (b-e) Evolution of the optimal surface
profile H∗, film height h∗, topography s∗, and control f∗, respectively.
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Figure 3.19: Example 6. (a) L∞-norm of the variation h∗−h̄rupt. (b) Cost function
J (f∗) against number of iterations k.
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Example 7

In the final example, we start with an initially ruptured state, h0(x) = h̄rupt, and

show that our control can halt the rupture by allowing the bubbles to merge into

a single uniform surface, as shown in Figure 3.20. This demonstrates how control

can guide the system from rupture to a stable state. Figure 3.21 depicts h∗, H∗, the

flexible topography s∗ and control f∗, as well as the cost function which is seen to

reach its minimum faster compared to the previous example (cf. Figure 3.19b).

3.6 Conclusion

We have developed a mathematical framework for the open-loop optimal control

of thin-film flows over flexible topography, accounting for the rupture of films and

the coalescence of bubbles. The focus of this chapter has been on finding the dis-

tributed force influencing the flexible topography to minimise the cost function. We

have also established a functional setting for the coupled PDE system, comprising

a thin film equation and a flexible substrate equation. This demonstrates that this

system adheres to a global energy-dissipation law. Furthermore, we have derived

the optimality conditions by formulating the mathematical control problem as a

PDE-constrained optimisation problem to obtain the time-dependent forward and

backward PDE system and the optimality condition. We used a stable time discreti-

sation approach with IMEX schemes to address the model’s nonlinearity, such as

the disjoining-pressure term. This approach worked well in our numerical examples,

demonstrating its effectiveness in solving the optimisation problem.

The effectiveness of our optimal control problem was demonstrated through a

range of numerical examples, showing its ability to accelerate convergence to steady

states, stabilise dewetting processes, achieve specific profiles, and even reverse rup-

ture dynamics to restore uniformity. These results were achieved by allowing the

adjacent wall to take a flexible shape, thereby affecting the surface profile. This

non-standard approach provides a mechanism to control thin-film dynamics without

altering the fluid properties (e.g., surface tension, stresses). It offers a useful alterna-

tive for addressing challenges in thin-film control and complements existing control
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(a) t = 0 (b) t = 15 (c) t = 30

Figure 3.20: Example 7. Snapshots of the optimal solution, controlled from a
ruptured state to a uniform film thickness. The solution is extended symmetrically
in the domain [−L,L].
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Figure 3.21: Example 7. (a-d) Evolution of the optimal surface profile H∗, film
height h∗, topography s∗, and control f∗, respectively. (e) Cost function J (f∗)
against number of iterations k.
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approaches; previous studies have focussed on using thermal feedback [51, 150], fluid

injection and extraction [35, 57, 106, 149], or electric fields [153, 161].

The optimality system presented in this study was formulated as an open-loop

control problem, namely the controller design is independent of the system output.

This work can be extended to closed-loop control, also known as feedback control,

which influences the control input directly [11] and helps navigate the system along

the optimal path set by the open-loop control problem [110]. In thin film applica-

tions, feedback control not only stabilises contact line instabilities but also addresses

complex problems, such as optimising the placement of actuators and sensors to sup-

press or enhance waves on a thin film [51, 57, 149]. In addition, feedback control

using fluid injection and extraction techniques are employed to mitigate wave phe-

nomena in thin films and optimise actuator placement [72, 149]. The extension

of our work to feedback control and developing numerical methods for solving a

closed-loop control problem is left as future work.
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Actuator design and learned

feedback control
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Chapter 4

Neural Networks for Solving

and Controlling PDEs

This chapter reviews the use of neural networks for solving and controlling systems

governed by PDEs. It introduces the basic principles of neural networks and their

role as function approximators for PDE solutions. Particular attention is given

to Physics-Informed Neural Networks (PINNs). These networks incorporate the

governing equations directly into the training process. The chapter then outlines

extensions to PDE-constrained control, where neural networks represent the state

or control functions. It concludes with a discussion on data-driven discovery of

PDEs, showing how neural networks can learn governing equations directly from

observations.

58
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4.1 Introduction

Traditional numerical solution of PDEs has relied on schemes such as the finite

difference and the FEM [102]. Similarly, classical formulations of PDE-constrained

control typically involve analytical derivations of the optimality system followed by

iterative numerical optimisation [40]. Whilst these methods are robust for many

established problems, they encounter difficulties in high-dimensional domains or

systems with strong nonlinear coupling [25, 38]. These limitations motivate the use

of neural-network-based framework [3, 63, 88, 123].

Neural network methods for solving differential equations using continuous an-

alytical representations were developed by Lagaris et al. [97]. They proposed a

neural-network-based trial function for initial-boundary-value problems, constructed

so that the boundary and initial conditions are satisfied. As a result, the differential

equation can be reformulated as an optimisation problem over the network param-

eters, without introducing additional constraints during training. The network acts

as a differentiable global approximator. Its derivatives are computed using auto-

matic differentiation and are then used to minimise the PDE residual in the loss

function [16, 97, 134].

Building on this idea, several subsequent methods embed PDEs directly into

neural-network frameworks. The Physics-Informed Neural Networks (PINNs) intro-

duced by Raissi et al. [134] is trained by minimising a composite loss combining

data and PDE residuals. This enables forward simulation, parameter identifica-

tion, and control design within a single optimisation framework [38, 123, 134]. The

PINN approach has been applied to nonlinear PDEs and complex geometries where

mesh-based solvers are less effective, showing promise for high-dimensional prob-

lems [38, 167].

However, PINNs are not the only neural-network framework proposed for solving

PDEs. The Deep Ritz Method defines the loss through the energy functional [45],

whereas Galerkin-type approaches weight the residual with test functions, leading to

the Deep Galerkin Method [144]. Recent extensions, neural-weighted weak formula-

tions improve the accuracy of PDE discretisation schemes, yielding high precision for

quantities of interest even on coarse meshes [29, 30]. Neural surrogates, for example
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DeepONet [107], learn the mapping between inputs and PDE solutions, replacing

explicit solvers with efficient learned operators [59, 103, 165].

In this chapter, we focus on the PINN framework, which serves as a unifying

approach among many neural-network-based methods for solving and controlling

PDEs. PINNs combine the flexibility of neural networks with the structure of gov-

erning physical laws, providing a general basis for both forward simulation and

control applications. The formulations presented here follow established develop-

ments [67, 123, 132, 134], whilst comprehensive surveys of deep learning methods

for PDEs and control can be found in [65, 76, 148].

The remainder of this chapter is organised as follows. Section 4.2 recalls basic

neural network concepts. Section 4.3 introduces the PINN framework for PDEs.

Section 4.4 reviews classical PDE control, and Section 4.5 shows how PINNs can be

employed in control settings. Finally, Section 4.6 discusses data-driven discovery of

PDE models.

4.2 Neural Networks

Artificial neural networks are computational models inspired by the structure of

biological neural systems1. Neural networks rely on fundamental mathematical con-

cepts such as linear algebra, calculus, optimisation, and approximation theory, mak-

ing neural networks natural tools in applied mathematics [67]. They consist of layers

of connected neurons that apply weighted transformations followed by nonlinear ac-

tivation [38]. Several architectures exist, including recurrent networks, convolutional

networks, and deep networks with multiple hidden layers (see [38, 163] for more de-

tails). Among these, the feedforward neural network, also known as a multi-layer

perceptron, is the most widely used and forms the basis of the PINN framework [134].

In a feedforward network, the input variables (e.g. spatial and temporal coor-

dinates of a PDE) are passed forward sequentially from the input layer, through

one or more hidden layers (e.g. nonlinear transformations combining weighted in-

puts), to the output layer (e.g. the PDE solution or a parameter of interest) [163].

1This section outlines the basic principles of neural network structure, training, and
optimisation; see Higham and Higham [67] for an overview for applied mathematicians.
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Figure 4.1: A sketch of a feedforward neural network with one hidden layer.

The following subsection introduces the standard formulation of a feedforward net-

work, describing how inputs are propagated through successive layers of weighted

and biased transformations. This provides the foundation for discussing activation

functions, approximation properties, and training procedures in later sections.

4.2.1 Feedforward Neural Networks

A feedforward network is defined as a composition of affine maps and nonlinear

activation functions [163]. Here we adopt the general formulation and notation

presented by Higham and Higham [67]. Suppose the network has L̄ layers, with

layers 1 and L̄ being the input and output, respectively. Let layer ℓ contain nℓ

neurons; thus the input and output dimensions are n1 and nL̄. The network realises

a mapping

zθ : Rn1 → RL̄. (4.1)

For each layer ℓ = 2, . . . , L̄, we denote the weight matrix and bias vector by

W (ℓ) ∈ Rnℓ×nℓ−1 , b(ℓ) ∈ Rnℓ , (4.2)

where w
(ℓ)
jk is the weight applied by neuron j in layer ℓ to the output of neuron k

in layer ℓ − 1, and b
(ℓ)
j is the bias of neuron j in layer ℓ. The structure of such a

network is shown in Figure 4.1.

The input layer is

N 0(x) = x, x ∈ Rn1 . (4.3)
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For each hidden layer ℓ = 2, . . . , L̄− 1, the transformation is

N ℓ(x) = σ
(
W (ℓ)N ℓ−1(x) + b(ℓ)

)
, (4.4)

where σ : R → R denotes a nonlinear activation function, applied componentwise

when acting on vectors. The output of each neuron is obtained by applying this

function to the weighted sum of its inputs [38]. Finally, the output layer is typically

linear:

N L̄(x) =W (L̄)N L̄−1(x) + b(L̄). (4.5)

Thus, the full network is the composition

zθ(x) =
(
N L̄ ◦ N L̄−1 ◦ · · · ◦ N 0

)
(x), (4.6)

with parameter set θ = {W (ℓ),b(ℓ)}L̄ℓ=1.

The formulation above defines how a neural network maps inputs to outputs

through affine transformations and nonlinear activations. To understand its effec-

tiveness, it is essential to examine its ability to approximate general functions– a

property central to representing PDE solutions [76]. This leads to the following

universal approximation.

4.2.2 Approximation Theory and Activation

The universal approximation theorem, introduced by Cybenko [39] and further de-

veloped by Hornik et al. [74], guarantees that for any continuous function G : Ω→ R

on a compact domain Ω ⊂ Rn and any ε > 0, there exists a network zθ such that

sup
x∈Ω

∣∣∣zθ(x)−G(x)∣∣∣ < ε. (4.7)

The theorem also asserts that multilayer feedforward networks, even those with as

few as one hidden layer, include a class of universal approximators [74]. The validity

of this result depends on the activation function. Universal approximation requires

that the activation function is not a polynomial [100]. This theoretical foundation

motivates the use of nonlinear activation functions, discussed next, which allow
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networks to capture the complex and nonlinear behaviour of PDE-governed systems.

Activation Functions. As we discussed earlier, neural networks leverage

nonlinear activation functions to introduce complexity in the model [100]. Without

them, the network output is restricted to a linear transformation of the input, re-

gardless of the number of layers [73]. In the PDE setting, such a restriction would

prevent the network from capturing the nonlinear solution structures that arise in

most models of interest [61].

The activation function affects training behaviour and approximation quality,

making it a key design choice in PINN applications [38]. Commonly used activation

functions include the Rectified Linear Unit (ReLU), the hyperbolic tangent (tanh),

the sigmoid function, and the softplus function. Their definitions and plots are

found in Table 4.1 and Figure 4.2, respectively. The sigmoid and tanh activation

functions exhibit similar behaviour: the sigmoid maps inputs to the interval [0, 1],

whereas the tanh function spans [−1, 1] [77]. In contrast, ReLU and Softplus are

unbounded activations, allowing their outputs to grow without limit for large positive

inputs [29, 67], whilst both still approach zero as the input becomes increasingly

negative [67].

Name Definition Reference

ReLU ReLU(x) = max{0, x} [124]
Sigmoid σ(x) = 1

1+e−x [67]

Tanh tanh(x) = ex−e−x

ex+e−x [111]

Softplus ln
(
1 + exp(x)

)
[54]

Table 4.1: Common activation functions and their definitions.

In the PINN framework, activation functions play an additional role because

derivatives of the network output enter the loss functional [134]. Functions such as

tanh are often preferred for their infinite differentiability, whereas ReLU is less suit-

able for second- or higher-order derivatives due to its non-smoothness at zero [160].

Smooth choices such as sigmoid and tanh also provide the regularity required for

theoretical estimates of generalisation error in PINNs to hold [118]. When the out-

put is required to remain positive, activation functions such as sigmoid or Softplus

may be used. In practice, Softplus is often preferred when the quantity is posi-

tive but not bounded above, for example in enforcing non-negative parameters or
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ReLU Activation Function Tanh Activation Function

Sigmoid Activation Function Softplus Activation Function

Figure 4.2: Activation functions: ReLU, tanh, sigmoid, and softplus. This figure
illustrates the output curves for each activation function over a range of x values,
allowing for a visual comparison of their nonlinearity and range.

weights [30, 160]. The choice of activation function determines how the network

represents nonlinear relationships, but effective learning also depends on how its

parameters are adjusted [160]. Training provides this mechanism by optimising the

weights and biases to minimise a chosen loss function, typically through gradient-

based methods [67]. We next outline the basic principles of network training and

optimisation, which underpin all neural-network formulations used in this thesis.

4.2.3 Training and Optimisation

Training corresponds to adjusting the parameters θ so that the network output

approximates the target values as closely as possible [163]. Given a training set

{(xi,yi)}mi=1, the parameters are obtained by minimising a loss functional that mea-

sures the difference between predictions and targets yi,

J (θ) = 1

m

m∑
i=1

1
2 ∥zθ(xi)− yi∥2. (4.8)

Although other loss functions are possible, this quadratic form is standard in regres-

sion tasks and in PINN settings [132]. Parameters θ are updated using gradient-

based optimisation. We here consider the standard gradient descent, Stochastic
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Gradient Descent (SGD), and the Adaptive Moment Estimation method (Adam).

In gradient descent, the network parameters are updated iteratively to minimise

the loss function:

θt+1 = θt − λ∇θJ (θ), t = 1, 2, ... (4.9)

where λ > 0 is the learning rate. Each update occurs within an iteration, and

one complete pass of the training dataset through the model is referred to as an

epoch [123]. For large datasets, computing this full gradient at every iteration can

be computationally expensive [67]. SGD addresses this by estimating the gradi-

ent from a randomly chosen subset of the data, called a mini-batch, reducing the

computational cost per iteration [28], and given by

θt+1 = θt − λ∇θJB(θt), (4.10)

where LossB denotes the loss evaluated on a mini-batch B of collocation, boundary,

and initial points. This stochastic sampling reduces computational cost and often

improves convergence in practice [67].

Building on SGD, adaptive methods such as Adam [90] are widely used in this

thesis. At each iteration t, the gradient is computed using a mini-batch Bt,

gt = ∇θJBt(θt−1), (4.11)

where JBt denotes the loss evaluated on the mini-batch. Adam then updates ex-

ponentially weighted estimates of the first and second moments of the gradient.

Bias-corrected versions of these estimates are used to account for their initialisation

at zero. The parameter update procedure is summarised in Algorithm 3. Adam

provides robustness, low memory cost, and fast convergence, particularly in prob-

lems with noisy gradients or non-stationary objectives [89]. All such methods rely

on computing ∇θJ (θ) via backpropagation, a special case of Automatic Differenti-

ation (AD). AD applies the chain rule systematically through the network layers,

producing exact derivatives at machine precision with a single forward and back-

ward pass [16]. This is more efficient than finite-difference schemes, which require

multiple evaluations and suffer from truncation errors [132]. Accurate derivatives
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Algorithm 3 Adam optimiser [90]

Require: Step size α > 0, decay rates β1, β2 ∈ (0, 1), ϵ > 0
Require: Objective function J (θ), initial parameters θ0
Require: Mini-batch sequence {Bt}
1: Initialise first and second moment vectors: m0 ← 0, v0 ← 0
2: Initialise iteration index t← 0
3: while not converged do
4: t← t+ 1
5: Compute gradient:

gt ← ∇θJBt(θt−1)

6: Update biased moment estimates:

mt ← β1mt−1 + (1− β1)gt,

vt ← β2vt−1 + (1− β2)g2t
7: Compute bias-corrected estimates:

m̂t ←
mt

1− βt
1

, v̂t ←
vt

1− βt
2

8: Update parameters:

θt ← θt−1 − α
m̂t√
v̂t + ϵ

9: end while
10: return θt

are especially important in PINNs, where spatial and temporal derivatives of the

network output enter directly into the loss functional [123]. The overall training

procedure is summarised in Algorithm 4.

Algorithm 4 Training a feedforward neural network

1: Initialise parameters θ = {W (ℓ),b(ℓ)}Lℓ=1

2: for iteration k = 1, 2, . . . until stopping criterion (e.g. maximum iterations
or small gradient norm) is met do

3: Select batch (or mini-batch) of training points {(xi,yi)}
4: Forward pass: compute network output zθ(xi)
5: Evaluate loss J (θ)
6: compute gradient ∇θJ (θ) by AD
7: Update parameters using Gradient Descent, SGD, or Adam.
8: end for

Having introduced the basic structure and training of neural networks, we now

turn to their application in the solution of PDEs and its control through the PINN

framework.
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4.3 PINNs for Solving Nonlinear PDEs

Throughout this chapter, we link all topics by using the general form of a time-

dependent PDE:

∂th(x, t) = F
[
h, f

]
(x, t), (4.12)

for x ∈ Ω = (0, L) ⊂ R and t ∈ (0, T ], subject to the initial condition

h(x, 0) = h0(x), x ∈ Ω, (4.13)

and boundary condition

h(x, t) = g(x, t), (x, t) ∈ ∂Ω× (0, T ). (4.14)

Here h denotes the state variable, F is a spatial differential operator, and f represents

a prescribed parameter or control input.

Traditional numerical solvers approximate PDE solutions through spatial or tem-

poral discretisation [38, 98]. In contrast, the PINN method represents the solution as

a differentiable neural network trained to satisfy the governing equations and bound-

ary conditions [123, 134]. We illustrate the method for a general time-dependent

PDE (4.12) with the form

F
[
h, f

]
(x, t) = A[h](x, t) + f(x, t). (4.15)

Here h denotes the state variable, A[h] is a (possibly nonlinear) differential operator

acting on h(x, t), and f(x, t) denotes a forcing term. For example, in the thin-film

equation, A[h] = ∂x
(
hn∂xh

)
, represents a nonlinear fourth-order diffusion opera-

tor [126]. If A is independent of h, the formulation reduces to the linear case, such

as the heat equation. If A depends on h, the same framework also covers nonlinear

PDEs. This general form therefore yields both linear and nonlinear PDEs within a

unified framework.

The PDE then reads:

∂th+A[h] = f in Q := Ω× (0, T ), (4.16)
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subject to the initial and the Dirichlet boundary conditions (4.13)-(4.14).

In the PINN framework, the unknown solution h(x, t) is represented by a neural

network surrogate

h(x, t) ≈ hθ(x, t), (4.17)

with trainable parameters θ [160]. The core idea of the PINN framework is to

reformulate the solution of the differential equation (4.16), together with its ini-

tial and boundary conditions (4.13)-(4.14), as an unconstrained optimisation prob-

lem [134]. This is achieved by iteratively adjusting the network’s trainable parame-

ters θ (weights and biases) to minimise the following composite loss functional

JPINN(θ) = ωPDE JPDE(θ) + ωIC JIC(θ) + ωBC JBC(θ), (4.18)

where the weights ωPDE, ωIC, ωBC balance the contributions of the different terms [134].

The PDE term JPDE measures the mean squared residual of the PDE (4.16) at col-

location points in the domain by {(x(i), t(i))} ⊂ Q

JPDE(θ) =
1

N

N∑
i=1

∣∣∣∂thθ(x(i), t(i)) +A[hθ](x
(i), t(i))− f(x(i), t(i))

∣∣∣2. (4.19)

where derivatives are computed using automatic differentiation [16]. This avoids

mesh discretisation and yields exact derivatives at machine precision [38].

Similarly, the initial and boundary conditions are enforced in the least-squares

sense:

JIC(θ) =
1

N0

N0∑
j=1

∣∣hθ(x(j), 0)− h0(x(j))∣∣2, (4.20)

JBC(θ) =
1

Nb

Nb∑
k=1

∣∣hθ(x(k), t(k))− g(x(k), t(k))∣∣2. (4.21)

Training then amounts to solving the unconstrained optimisation problem

min
θ
JPINN(θ). (4.22)

By minimising the multi-objective loss function (4.18) via gradient-based optimi-

sation (e.g., Adam or SGD) [108], the network simultaneously learns the solution

that satisfies the PDE constraint and the given conditions [9]. The overall training
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Algorithm 5 PINN training algorithm

Require: Network hθ; loss weights ωPDE, ωIC, ωBC; training points for the
PDE, initial, and boundary conditions.

1: Initialise θ.
2: repeat
3: Evaluate JPDE,JIC,JBC from (4.19)-(4.21).
4: Form total loss JPINN(θ) using (4.18).
5: Update parameters θ using a gradient-based optimiser (e.g., Adam).
6: until stopping criterion is satisfied (loss tolerance or max epochs).

procedure is summarised in Algorithm 5.

The optimisation problem (4.22) is highly non-convex, and convergence depends

on the optimiser and learning rate [160]. The weighting coefficients ωPDE, ωIC, ωBC

should also be chosen carefully to maintain a balanced training process [38, 123].

A well-trained network yields a set of parameters θ such that hθ(x, t) serves as a

mesh-free, differentiable surrogate for the true solution h(x, t).

4.3.1 Case study: thin-film flow over a flexible topog-

raphy

We apply the PINN framework to solve the one-dimensional thin-film flow on a flex-

ible substrate, using the full-batch optimisation procedure described in Algorithm 5.

The governing equations are given by (3.2) with γ = 0 and ϕ(h) = 0, posed on

x ∈ [0, L] with no-flux boundary conditions (3.5). In this example we focus on the

forward problem and therefore set f(x, t) = 0. The initial conditions are prescribed

h(x, 0) = 1 + 0.5 cos
(
πx/L

)
,

s(x, 0) = 1 + 0.5 cos
(
3πx/L

)
.

(4.23)

We approximate the solution triplet (h, µ, s) using a fully connected neural

network with trainable parameters θ, and train it by minimising the composite

loss (4.18). The relative weights and training hyperparameters (Table 4.2) were se-

lected following small-scale tuning experiments. In particular, the penalty weights

were selected through empirical tuning. Larger weights were assigned to the bound-

ary conditions, since their enforcement was found to be important for stable training

and accurate solutions in this example. Smaller weights were sufficient for the initial
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Table 4.2: Hyperparameters employed in the PINN approach.

Quantity Value
Domain length L 3π
Final time T 5.0
PDE weight ωPDE 10.0
IC weights ωIC,h, ωIC,s 1.0, 1.0
BC weights ωBC,h, ωBC,s 10.0, 50.0
Collocation points Nr 20 000
IC points N0 2 000
BC points Nb 5 000
Network architecture [2, 64, 64, 64, 64, 64, 3]
Initial learning rate 10−3

Training epochs 15 000

conditions. We employ the Adam optimiser for 15,000 epochs. For comparison, we

also solve the system using a classical FEM. Although we did not perform an exact

runtime comparison here, the PINN training is slower than the FEM solve for this

example which is consistent with the literature [108].

Figure 4.3 shows the resulting FEM and PINN predictions for the film height

h(x, t), substrate deformation s(x, t), the combined free-surface height H(x, t), and

the corresponding L2 error. The agreement between the two methods is remarkable:

the PINN-based solution closely matches the FEM solution across all times. The

slightly larger error in H than in h may be attributed to the training setup. Since

H = h + s, the error in H combines the approximation errors arising from both

components. In addition, the larger penalty weight assigned to the substrate variable

may also affect this balance during training. The small errors further indicate that

the PINN model provides an accurate, mesh-free surrogate capable of capturing the

thin-film dynamics. Overall, this case study illustrates that the PINN framework

provides an accurate and efficient surrogate for nonlinear, coupled PDE systems,

successfully capturing the evolution of thin-film profiles on flexible substrates.

The above PINN framework can be applied beyond forward problems. Inverse

problems can be addressed by treating unknown parameters or operators as addi-

tional trainable variables, whilst control problems can be formulated by embedding

control functions directly into the network or the loss functional [123, 133, 134]. This

highlights the flexibility of PINNs in settings where traditional numerical solvers face

limitations, as we will discuss next.
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Figure 4.3: Comparison of FEM (solid) and PINN (dashed) solutions for h(x, t),
s(x, t), the combined field h+ s, and the corresponding L2 error over time.

4.4 Classical Optimal Control of PDEs

We briefly recall the standard formulation of PDE-constrained optimal control prob-

lems. The goal is to determine a control input f(x, t) that drives the system state

h(x, t) towards a desired target profile h̄(x) whilst penalising excessive control ef-

fort [66, 112]. A common quadratic cost functional is

Jclassical(f) =
1

2

∫ T

0

∥∥h(x, t)− h̄(x)∥∥2
L2(Ω)

dt+
α

2

∫ T

0
∥f(x, t)∥2L2(Ω) dt, (4.24)

subject to the governing PDE (4.16) and the initial and boundary conditions (4.13)-

(4.14). Here α > 0 is a regularisation parameter.

Optimality conditions follow from the Lagrangian formalism [155], introducing

an adjoint variable p(x, t) associated with the state equation. The first-order neces-

sary conditions couple the optimal state h∗, optimal adjoint p∗, and optimal control
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f∗ in the following system:

∂th
∗ +A[h∗] = f∗, h∗(x, 0) = h0(x), h∗|∂Ω = g, (4.25a)

−∂tp∗ +
(
DhA[h

∗]
)∗
p∗ = h∗ − h̄, p∗(x, T ) = 0, p∗|∂Ω = 0, (4.25b)

αf∗ + p∗ = 0. (4.25c)

Here DhA[h
∗] denotes the Fréchet derivative of the operator A[h] with respect to

h, evaluated at h∗ (cf. equation (2.11)), and (DhA[h
∗])∗ is its adjoint in the L2

inner-product sense.

Classical numerical methods typically solve this system iteratively through forward-

backward sweeps. Starting from an initial guess for the control, the state equation

is integrated forward in time, the adjoint equation backward, and the control up-

dated using the gradient condition [40]. Whilst theoretically well established and

widely used [69, 112, 155], such approaches can be computationally demanding, as

they require repeated PDE solves, careful mesh refinement, and full knowledge of

the governing operators and system states [76, 123, 134]. These limitations moti-

vate the development of neural-network-based approaches, which we discuss in the

next section. In particular, we show how the PINN framework can be adapted to

formulate and solve PDE-constrained optimal control problems directly.

4.5 PINNs for Controlling Nonlinear PDEs

The PINN framework provides an alternative approach to PDE-constrained optimal

control, as developed by Mowlavi and Nabi [123]. The central idea is to embed the

entire optimal control problem into a single learning process by representing both

the unknown state and control with neural networks. Specifically, they introduce

two networks:

h(x, t) ≈ hθh(x, t), f(x, t) ≈ fθf (x, t), (4.26)

which are trained simultaneously by minimising a composite loss functional.

This loss extends the standard PINN formulation (Section 4.3) by including
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Algorithm 6 A PINN-Based PDE Control Problem Training Procedure

Require: Networks hθh , fθf ; training points for PDE, initial, boundary, and
terminal conditions; weights α, ωT , ωPDE, ωIC, ωBC.

1: repeat
2: Compute PDE, initial, boundary, and terminal losses using (4.27).
3: Form total loss Jcontrol(θh, θf ).
4: Update parameters (θh, θf ) using a gradient-based optimiser (e.g.,

Adam).
5: until convergence criterion is satisfied.

additional terms for the control cost and terminal tracking objective:

Jcontrol(θh, θf ) = ωT
1

NT

NT∑
ℓ=1

∣∣hθh(x(ℓ), T )− h̄(x(ℓ))∣∣2
+ ωPDE

1

N

N∑
i=1

∣∣∣∂thθh(x(i), t(i)) +A
[
hθh

]
(x(i), t(i))− fθf (x

(i), t(i))
∣∣∣2

+ α
1

N

N∑
i=1

∣∣fθf (x(i), t(i))∣∣2
+ ωIC JIC(θh) + ωBC JBC(θh).

(4.27)

The remaining terms, corresponding to the initial, and boundary conditions, are

defined as in the Section 4.3. Training then corresponds to solving the unconstrained

optimisation problem

min
θh,θf

Jcontrol(θh, θf ), (4.28)

which is carried out using gradient-based methods such as Adam [89].

The physics-based terms ensure that (hθh , fθf ) satisfy the PDE constraints,

whilst the remaining terms guide the networks toward the optimal state and con-

trol [123]. Training, as shown in Algorithm 6, updates both parameter sets, θh

and θf , so that hθh(x, t) reproduces the system dynamics and fθf (x, t) yields the

optimal control input. This allows gradient-based training (such as with the Adam

optimiser) to be applied directly to both networks [14].

Compared with classical adjoint-based optimisation (Section 4.4), the PINN for-

mulation offers several advantages. It simplifies the optimisation routine by elim-

inating the need for complex analytical steps and iterative solution loops required

by classical adjoint methods [123, 160]. The mesh-free nature of PINNs allows col-

location points to be chosen flexibly, making the approach well suited for nonlinear
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or high-dimensional control problems where traditional discretisation techniques be-

come computationally demanding [25, 49, 108].

Beyond forward and control problems, the PINN framework can also be extended

to data-driven discovery, where the objective is to infer unknown operators or model

parameters directly from partial observations of the state.

4.6 Data-Driven Discovery of PDEs

Thus far, we have applied the PINNs setting in two contexts: solving forward prob-

lems, where the governing PDE and its operator F are fully known, and controlling

PDEs, where the PDE is specified but the optimal control input must be determined.

A further extension arises when the governing operator in the general form

∂th(x, t) = F
[
h, f

]
(x, t) (4.29)

is only partially known or completely unknown. In such cases, the PINN framework

can be adapted to infer F directly from data whilst still enforcing physical structure

through the loss functional. We adopt the formulations of Raissi [132], Raissi et al.

[134], which incorporate either parametric identification of unknown coefficients or

nonparametric discovery of the operator itself within the training objective.

Parametric discovery. Suppose f ≡ 0 and F is known up to a finite pa-

rameter vector ξ ∈ Rm, so that we write Fξ[h]. Given scattered measurements

{(ti, xi, hi)}Ni=1 and collocation points {(tjr, xjr)}Nr
j=1, we train a state network hθh

whilst simultaneously inferring ξ. In general, the prediction accuracy improves as

the number of measurements N increases, since the training loss is constrained by

more information about the underlying dynamics [134].

We then minimise

Jpar(θh, ξ) =
1

N

N∑
i=1

∣∣hθh(ti, xi)− hi∣∣2
+

1

Nr

Nr∑
j=1

∣∣∂thθh(tjr, xjr)−Fξ[hθh ](t
j
r, x

j
r)
∣∣2

+ ωIC JIC(θh) + ωBC JBC(θh).

(4.30)
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The first term enforces data fidelity, the second enforces the PDE residual using the

parametrised operator Fξ, and the remaining terms penalise deviations from initial

and boundary conditions as in Section 4.3. Training follows the same loop as in

Algorithm 6, now with parameter set (θh, ξ) and loss Jpar.

Nonparametric discovery. If F is fully unknown, it can be modelled directly

by a neural network FθF . Using the same data and collocation sets, we then learn

(θh, θF ) by minimising

Jnp(θh, θF ) =
1

N

N∑
i=1

∣∣hθh(ti, xi)− hi∣∣2
+

1

Nr

Nr∑
j=1

∣∣∂thθh(tjr, xjr)−FθF [hθh ](t
j
r, x

j
r)
∣∣2

+ ωIC JIC(θh) + ωBC JBC(θh).

(4.31)

Training again uses Algorithm 6, with parameters (θh, θF ) and loss Jnp.

A crucial validation step is to verify that the learned operator defines a consis-

tent dynamical system. Following Raissi [132], the identified operator is substituted

into the PDE, and the resulting trajectory hθh is simulated and compared with

reference data. Because FθF is represented by a neural network rather than an ex-

plicit formula, traditional solvers such as finite differences or finite elements cannot

be applied directly. Instead, automatic differentiation is used to evaluate deriva-

tives within FθF , and the level of agreement with the reference evolution provides a

practical validation of the discovery.

Conclusion

This chapter introduced the fundamental principles of neural networks and their use

in approximating solutions of PDEs. Particular emphasis was placed on the PINNs

framework, which embeds the governing physical laws directly into the training

process, offering a mesh-free framework for solving nonlinear PDEs. The frame-

work was then extended to PDE-constrained control problems, where both the state

and control functions are learned simultaneously within a unified optimisation set-

ting. Finally, the chapter discussed data-driven discovery of governing equations,
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demonstrating how PINNs can infer unknown parameters or even entire differen-

tial operators directly from sparse observations. Building on these foundations, the

next chapter applies the developed methodology to an actuator design optimisation

problem.



Chapter 5

Optimal Actuator Design for

Thin-Film Flow on a Flexible

Topography

In this chapter, we study actuator placement and control of thin-film flow over a

flexible substrate within a single optimisation framework. We propose a one-shot

formulation that allows the state, control, and actuator locations to be optimised

together. This removes the need for data generation or nested iterations and enables

gradient-based optimisation directly from the physical model. The numerical results

show that the learned actuator positions and control inputs drive the film surface

toward the target profile with reasonable accuracy. Comparison with finite-element

simulations confirms the validity of the solution and demonstrates the capability of

the proposed method for nonlinear time-dependent PDE control.

77
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5.1 Introduction

Many optimal control problems for PDEs involve not only finding an optimal control

input but also designing how and where the control acts. This motivates actuator

design, which can be formulated as a bilevel optimisation problem in which an

upper-level design (actuator placement or shape) interacts with a lower-level PDE-

constrained control problem [42, 81]. Such hierarchical formulations arise in actuator

and sensor placement [33], imaging [95], and network optimisation [34].

In this chapter, we address actuator design for thin-film flow over a flexible

substrate. Such a model is relevant to coating, environmental, and biomedical

applications [32, 75, 137]. The outer design problem determines actuator config-

uration, whilst the inner control problem minimises a PDE-constrained cost func-

tional. Although several studies have examined optimal control of thin-film sys-

tems [35, 72, 93, 110, 152], the coupled design-control setting has received little

attention.

Solving bilevel PDE-constrained problems remains computationally demanding.

Classical approaches typically either reformulate the lower-level optimisation prob-

lem through its first-order optimality conditions, thereby obtaining a single coupled

system, or use nested iteration schemes [12, 42, 70]. In the latter approach, the in-

ner problem is solved for each candidate design during the outer iteration [116, 143].

More recent work employs learning-based surrogates [64, 164]. These methods ap-

proximate the PDE solution operator or the control-to-state map, enabling efficient

gradient-based optimisation [59, 103, 165]. However, these methods often require an

additional surrogate-construction or training stage, or repeated PDE solves within

nested loops.

We propose a direct one-shot optimisation framework that couples the state,

control, and design variables within a single formulation. This approach avoids

explicit adjoint derivations or surrogate pretraining whilst remaining applicable to

general PDE-constrained design-control problems. Its effectiveness is demonstrated

for the open-loop control of thin-film flow over a flexible substrate.

The main contributions of this chapter are as follows:

1. A bilevel optimisation setting for thin-film flow over a flexible topography is
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introduced, where the actuator design forms the upper level and is evaluated

through the performance of the optimal open-loop control problem at the

lower level.

2. The bilevel structure is then reformulated as a single differentiable optimisa-

tion in which the state, control, and actuator positions are represented within

a unified framework.

3. The resulting one-shot approach allows all variables to be optimised simulta-

neously without explicit adjoint equations, surrogate models, or nested itera-

tions.

The remainder of this chapter is organised as follows. Section 5.2 introduces the

governing PDE and formulates the bilevel optimisation problem. Section 5.3 outlines

a supervised data-driven formulation, included to illustrate the existing treatment

of bilevel optimisation. Section 5.4 presents the proposed one-shot design-control

framework. Section 5.5 reports numerical results demonstrating the performance of

the framework, and Section 5.6 concludes the chapter.

5.2 Model and optimality conditions

In this section, we formulate the bilevel PDE-constrained control problem. We begin

by describing the governing thin-film equations and cost functional, followed by the

derivation of the optimality system obtained via the adjoint method. We consider a

two-dimensional thin-film flowing on the underside of a flexible substrate, described

by the coupled system:

ht −
1

3

(
h3µx

)
x
= 0, (5.1a)

µ+
Bo

Ca
H+

1

Ca
Hxx = 0, (5.1b)

st − c2sxx −
γ

Ca
(hxx +Boh) =

2∑
i=1

fi(t)χi(x;wi). (5.1c)

We recall all variables introduced in Chapter 3, where the state variables are the

film height h(x, t), the auxiliary variable µ(x, t), and the substrate deformation



Chapter 5. Model and optimality conditions 80

s(x, t), defining the free surface as H(x, t) = h(x, t) + s(x, t). Equation (5.1a) rep-

resents mass conservation of the film. Equation (5.1b) defines the auxiliary variable

through curvature and pressure contributions. For simplicity, we assume a vanishing

Hamaker constant A, introduced in equation (3.3), so that the disjoining-pressure

term is omitted from the model. Equation (5.1c) models the elastic response of the

substrate driven by actuator forcing.

In contrast to the distributed control setting considered in Chapter 3, the control

here is applied through two localised actuators centred at positions wi and driven by

time-dependent inputs fi(t). Each actuator acts on the substrate through a support

function χi(x;wi) of width 2δ. This function could be chosen, for example, as a

Gaussian or rectangular profile. The free-energy dissipation law and the functional

setting established in Sections. 3.2.1-3.2.2 for this extension model (5.1) remain valid.

The system is solved for t ∈ [0, T ] on a finite domain Ω = [0, L], subject to the

initial conditions

h(x, 0) = h0(x), s(x, 0) = s0(x), (5.2)

and homogeneous Neumann boundary conditions

hx = µx = sx = 0, at x = 0, L. (5.3)

We define the cost functional to balance matching a target state h̄(x) at the final

time and quadratic control regularisation,

J (h, s, {fi}, {wi}) =
1

2

∫
Ω

(
H(x, T )− h̄(x)

)2
dx+

α

2

∫ T

0

2∑
i=1

f2i (t) dt, (5.4)

where α > 0 is a regularisation parameter. The resulting bilevel problem consists of

an inner control optimisation over {fi(t)} for fixed actuator locations {wi}, and an

outer design optimisation over the actuator positions to minimise the overall cost

functional:

min
{wi}

min
{fi}
J (h, s, {fi}, {wi}) s.t. (h, µ, s) satisfy (5.1)-(5.3). (5.5)

To derive the optimality conditions, we introduce the Lagrangian associated with
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(5.5) [112]. With adjoint variables (p, q, r) for (h, µ, s) and H = h+ s, define

L(h, µ, s, {fi}, {wi}; p, q, r) :=
1

2

∫
Ω

(
H(x, T )− h̄(x)

)2
dx +

α

2

∫ T

0

2∑
i=1

fi(t)
2 dt

+

∫ T

0

[
⟨p, ht⟩ +

(
p, −1

3(h
3µx)x

) ]
dt

+

∫ T

0

(
q, µ+ Bo

Ca
H+ 1

Ca
Hxx

)
dt

+

∫ T

0

[
⟨r, st⟩ +

(
r, −c2sxx − γ

Ca
(hxx +Boh)

) ]
dt

−
∫ T

0

2∑
i=1

fi(t)
(
r, χi(·;wi)

)
dt,

(5.6)

where ⟨·, ·⟩ denotes the duality pairing in time and (·, ·) denotes the L2(Ω) inner

product for the remaining spatial terms. Imposing stationarity of (5.6) with respect

to all variables, and using the homogeneous Neumann boundary conditions (5.3)

to eliminate spatial boundary terms, yields the following forward-adjoint optimality

system:



h∗t − 1
3

(
h∗3µ∗x

)
x
= 0,

µ∗ + Bo
Ca
H∗ + 1

Ca
H∗

xx = 0,

s∗t − c2s∗xx −
γ
Ca

(
h∗xx +Boh

∗) = 2∑
i=1

f∗i (t)χi(x;w
∗
i ),

(5.7a)


− p∗t + h∗2µ∗xp

∗
x +

1
Ca

(
q∗xx + γr∗xx

)
+ Bo

Ca

(
q∗ − γr∗

)
= 0,(

−1
3h

∗3p∗x
)
x
+ q∗ = 0,

− r∗t − c2r∗xx + Bo
Ca
q∗ + 1

Ca
q∗xx = 0,

(5.7b)


h∗x = µ∗x = s∗x = p∗x = q∗x = r∗x = 0, on ∂Ω× (0, T ),

h∗ = h0, s∗ = s0, on Ω× {t = 0},

p∗ = r∗ = (H∗ − h̄), on Ω× {t = T}.

(5.7c)

The optimality condition for the controls is

αf∗i (t) =

∫
Ω
r∗(x, t)χi(x;w

∗
i ) dx, i = 1, 2, (5.8)
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and the gradient with respect to actuator locations is

∂J
∂wi

= −
∫ T

0
f∗i (t)

∫
Ω
r∗(x, t) ∂wiχi(x;w

∗
i ) dx dt, i = 1, 2. (5.9)

The system (5.7a) corresponds to the state dynamics, (5.7b) to the adjoint vari-

ables enforcing sensitivity of the cost functional, and (5.7c) to the boundary, ini-

tial, and terminal conditions. Together with the control and location conditions

(5.8)-(5.9), they form the complete optimality system. Although we do not use the

adjoint system in the proposed framework, we derive it here because it underpins

the supervised-learning approach discussed next. These adjoint equations are solved

offline for many sampled actuator locations to generate training data for a surro-

gate of the outer objective. By contrast, the direct one-shot formulation optimises

the state, control, and actuator locations simultaneously in a single differentiable

problem, without surrogate construction or repeated forward–adjoint solves.

5.3 Supervised-learning optimisation

We first review a data-driven approach based on supervised learning, where the

control is trained on datasets generated from sampled optimal trajectories [1–3, 83].

In this setting, the upper-level objective in equation (5.5) is approximated using

data obtained from offline solving, i.e., using precomputed solutions of the lower-

level control problems (5.7)-(5.8).

For any fixed actuator configuration w = {wi}, the inner control problem is

defined as

{f∗i }(t;w) = argmin
{fi}
J (h, s, {fi}, w) s.t. (h, µ, s) satisfy (5.1)− (5.3), (5.10)

whose solution requires a complete forward-adjoint solve of the optimality sys-

tem (5.7)-(5.8). The supervised surrogate then constructs a parametric map Dθ :

Ww → R that approximates the inner optimal cost J ∗(w). A set of actuator config-

urations {w(k)}Ns
k=1 ⊂ Ww is sampled, and for each sample the inner problem (5.10)
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Algorithm 7 Supervised surrogate for the outer objective

Require: sampling set size Ns; design domain :Ww.
1: for k = 1, . . . , Ns do
2: sample w(k) ∈:Ww

3: solve inner problem (5.10) (via (5.7)-(5.8)) to obtain {f ∗
i (·;w(k))}

4: set y(k) = J ∗(w(k)) using (5.11)
5: end for
6: train Dθ by (5.12)
7: compute w∗ by minimising Dθ as in (5.13)

is solved to obtain the corresponding label

y(k) = J
(
h∗(w(k)), s∗(w(k)), {f∗i (·;w(k))}, w(k)

)
. (5.11)

The network parameters θ are trained by supervised regression on the dataset

{(w(k), y(k))}Ns
k=1 via

min
θ

1

Ns

Ns∑
k=1

(
Dθ(w

(k))− y(k)
)2
, (5.12)

and the trained model is subsequently used to approximate the outer objective

w∗ ∈ arg min
w∈Ww

Dθ(w), (5.13)

with gradients ∇wDθ(w) computed by automatic differentiation [16]. The complete

procedure is summarised in Algorithm 7. A numerical example illustrating this

supervised-learning baseline is provided in Appendix B.1.

This surrogate-based formulation replaces repeated PDE solves at the upper

level with evaluations of the trained model. Although effective in principle, the

supervised-learning approach incurs high offline cost due to the repeated forward-

adjoint solves required for dataset construction [64]. In practice, one may reduce

this cost by employing model order reduction techniques to approximate the forward

PDE system [31, 131], as explained in Appendix B.2 for the thin-film dynamics (5.1)

over a flat substrate without forcing. If such reduced models were extended to the

entire optimality system, the overall supervised-learning framework would become

substantially more efficient.

To avoid the dependence on precomputed data and adjoint evaluations alto-

gether, we next introduce a direct differentiable optimisation framework that embeds
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the bilevel control problem into a single unified formulation.

5.4 Direct actuator design optimisation

We now reformulate the actuator design problem introduced in Section 5.2 as a

single-level PDE-constrained optimisation. To construct this formulation, the state

variables (h(x, t), µ(x, t), s(x, t)) and the control f = (f1(t), f2(t)) are approximated

by functions depending on finite sets of parameters:

(hθ, µθ, sθ) : Ω× [0, T ]→ R3, fη : [0, T ]→ R2, (5.14)

where θ and η denote vectors of optimisation parameters. These parameters may

correspond to different families of parametrised functions, such as polynomial, spec-

tral, neural, or reduced-order representations. The actuator centres are collected in

ω = (w1, w2) and are treated as additional optimisation variables. Based on these

parameterisations, we define the residuals of the governing PDE (5.1) together with

the initial and boundary conditions (5.2)-(5.3):

ePDE(θ, η, ω) :



∂thθ − 1
3∂x

(
h3θ ∂xµθ

)
= 0,

µθ +
Bo
Ca

(hθ + sθ) +
1
Ca

(∂xxhθ + ∂xxsθ) = 0,

∂tsθ − c2∂xxsθ − γ
Ca

(∂xxhθ +Bohθ)−
2∑

i=1

fη,i(t)χi(x;wi) = 0,

(5.15a)

eBC/IC(θ) :


hθ(x, 0)− h0(x) = 0, sθ(x, 0)− s0(x) = 0,

∂xhθ = ∂xsθ = ∂xµθ = 0 on ∂Ω.

(5.15b)

The residuals vanish when the parameterised fields exactly satisfy the PDE system

and its boundary and initial conditions. We then introduce a functional that com-

bines the original cost (5.4) with penalty terms involving the PDE, boundary, and



Chapter 5. Numerical results 85

initial residuals:

L(θ, η, ω) = λcostJ (hθ, sθ, fη, ω) + λPDE∥ePDE(θ, η, ω)∥2 + λBC/IC∥eBC/IC(θ)∥2,

(5.16)

where λcost, λPDE, λBC/IC > 0 are penalty weights balancing the importance of the

tracking objective and constraint satisfaction. Minimising this functional allows the

state, control, and actuator locations to be optimised simultaneously within a unified

framework. The single-level optimisation problem is then written as

(θ∗, η∗, ω∗) = arg min
θ,η,ω

L(θ, η, ω), (5.17)

where the parameter sets (θ, η, ω) act as joint optimisation variables and are updated

simultaneously using a gradient-based scheme, for instance the Adam optimiser [89].

Here, θ and η are the parameters of the functions looking to approximate the PDE

and the control solutions, respectively. The parameter ω updates the actuator posi-

tions according to the spatial gradients of χi(x;wi), moving each actuator toward the

region where it most effectively influences the objective. Gradients with respect to

(θ, η, ω) can be computed either analytically or automatically through differentiation

frameworks [16, 40, 66]. The optimisation loop is summarised in Algorithm 8. By

Algorithm 8 Direct differentiable one-shot optimisation framework

Require: Parameterised (hθ, µθ, sθ) and fη, initial actuator positions ω0,
learning rate ℓ

1: repeat
2: Sample collocation points {(xi, ti)}Ni=1 ⊂∈ Ω× [0, T ]
3: Evaluate (hθ, µθ, sθ, fη) and compute residuals ePDE, eBC/IC

4: Compute total loss L(θ, η, ω) from (5.16)
5: Evaluate gradients ∇θL, ∇ηL, and ∇ωL
6: Update (θ, η, ω) using a gradient-based scheme.
7: until convergence

embedding state approximation, control synthesis, and actuator placement within a

single optimisation process, the formulation determines all quantities simultaneously,

avoiding hierarchical loops and repeated PDE solves.
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5.5 Numerical results

The direct minimisation framework developed in the previous section is now applied

to the thin-film control problem. The parameterised trial functions (hθ, µθ, sθ) and

the control inputs {fi(t)} are represented by neural networks, providing mappings

for both the state and control variables. We refer the reader to Chapter 4 for more

details on PINNs.

We solve the problem (5.17) with initial conditions

h0(x) = 1 + 0.5 cos
(πx
L

)
, s0(x) = 0, (5.18)

and target state

h̄(x) = 1 + 0.5 cos

(
3πx

L

)
, (5.19)

and actuator function

χi(x;wi) = A exp

[
−(x− wi)

2

σ2

]
, A = 1, σ = 0.1L, i = 1, 2. (5.20)

Each actuator centre wi is optimised during training as described in Algorithm 8.

Here we use a Gaussian actuator profile rather than the rectangular support used in

Appendix B.1. This is because the actuator centres wi are optimisation variables in

the present one-shot formulation, so the loss must remain differentiable with respect

to wi for stable training. The numerical parameters were chosen empirically to ob-

tain stable training. In particular, λPDE was taken largest to enforce the governing

equations strongly, whilst most collocation points were placed in the interior to re-

solve the PDE residual across the space–time domain. A summary of key parameters

is given in Table 5.1.

Figure 5.1 shows the evolution of the total and component losses. All terms

decrease overall by several orders of magnitude, although the individual components

are not monotone throughout training. This is expected in PINN training, since the

different loss components are optimised simultaneously and a decrease in the total

loss does not require each individual term to decrease at every stage [123, 160]. The

PDE residual remains the largest contributor for most of training, reflecting the
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Table 5.1: Key neural-network parameters

Quantity Value / Description

Domain length L = 10
Final time T = 5
PDE parameters Ca = Bo = 1, c = 0.5, and γ = 0
Regularisation weight α = 10−3

Initial actuator centres w0
1 = 0.1L, w0

2 = 0.9L
Network architectures: State network: 2-327-3 (input-hidden-output);

Control network: 1-324-2.
Activations tanh (hidden), Softplus on hθ
Loss weights (λPDE, λBC/IC, λNeu, λCost) = (103, 1, 10, 10)
Collocation points (Nr, Nb, N0, Nc) = (2× 104, 5× 103, 5× 103, 1.5× 104)
Optimiser Adam, learning rate 10−3, 2× 105 iterations

100 101 102 103 104 105

Epoch

10−6

10−4

10−2

100

102



Total

PDE

Cost

IC

BC (Neumann)

Figure 5.1: Evolution of the total and individual loss components during training.

model’s continued enforcement of the governing equations. The cost and boundary

terms also decrease overall, indicating that the learned controls gradually refine the

state toward the target.

The interplay between the actuators, control signals, and resulting film dynamics

is summarised in Figures 5.2-5.5. The learned actuator centres shift inward to w∗
1 =

2.6 and w∗
2 = 7.04 (Figure 5.2). This is consistent with the supervised result in

Appendix B.1, in the sense that both approaches place the optimal actuator centres

away from the boundary and into the interior of the domain. We do not expect the

locations to coincide exactly, since the two examples use different PDE parameters,

actuator supports, and optimisation formulations. These positions align with the

x-locations where the substrate displacement s(x, t) reaches its largest values. The

corresponding control trajectories (Figure 5.3) show that f1(t) initially decreases
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Figure 5.2: Initial (dashed) and optimised (solid) actuator supports χi(x;wi).
The learned positions shift toward the central region, where they most effectively
influence the film dynamics.

before rising again after t ≈ 3, whereas f2(t) increases steadily throughout the

interval. These differing trends generate an uneven forcing on the substrate, which

in turn produces a coupled response in the state fields (Figure 5.4): the substrate

displacement s(x, t) bends downward on the left and upward on the right, whilst

the film thickness h(x, t) shows the opposite behaviour. The resulting free surface

H = h + s (Figure 5.5) approaches the target h̄(x) and nearly coincides with it

by t = T , demonstrating that the coupled design-control optimisation successfully

drives the system toward the target free-surface profile.

The optimised controls were inserted into an independent FEM solver of (5.1)

to verify that the resulting state matches the target configuration. The L2 error

between FEM solution and h̄ is shown in Figure 5.6, which presents that the FEM

solution converges toward the target state, whilst the L2 difference between the

PINN and FEM free surfaces remains below 10−1. This moderate gap is expected:

the PINN imposes PDE, boundary, and initial conditions as soft residual penalties

over randomly sampled collocation points [164], whereas FEM enforces them ex-

actly in a variational sense on a fixed mesh. Additional discrepancies arise from the

smooth activations (tanh, Softplus) that limit the sharpness of spatial gradients,

finite collocation density, and the non-adaptive fixed loss weights [38, 123]. Despite

these factors, both models yield the same qualitative behaviour and quantitatively

consistent trajectories of the free surface. The results confirm that the proposed

direct minimisation formulation can accurately capture the coupled film-substrate
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Figure 5.3: Learned control inputs f1(t) and f2(t) over time.
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Figure 5.4: Evolution of (top) film thickness h(x, t) and (bottom) substrate dis-
placement s(x, t) at selected times.

dynamics and synthesise effective control and actuator designs within a single dif-

ferentiable optimisation procedure.

Overall, the direct optimisation achieves stable convergence and physically con-

sistent control of the thin-film system.
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Figure 5.5: Evolution of the total free surface H = h+ s compared with the target
profile h̄(x) (dashed).
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Figure 5.6: Cross-validation with an independent FEM forward simulation. (a)
The FEM solution driven by the learned controls converges toward the target state.
(b) The discrepancy between the PINN and FEM free surfaces remains below 10−1,
confirming close agreement.
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5.6 Conclusion

This chapter presented a direct formulation for bilevel open-loop control problems, in

which the state, control, and actuator variables are optimised simultaneously within

a single objective. By embedding the governing PDE constraints as differentiable

residuals, the approach removes the need for adjoint equations, surrogate models,

and nested inner-outer iterations. The resulting one-shot framework provides a

unified treatment of control and design, enabling efficient optimisation over both

temporal and spatial variables.

The method was applied to the control of thin-film flow over a flexible substrate,

demonstrating stable convergence and physically consistent solutions. The learned

actuator positions concentrated in regions of dominant film-substrate interaction,

whilst the corresponding controls successfully guided the system toward the desired

surface profile. Comparison with finite-element forward simulations confirmed that

the proposed formulation captures the essential dynamics with high accuracy despite

the soft enforcement of the PDE constraints.

In contrast to the supervised data-driven strategy introduced in Section 5.3 and

illustrated in Appendix B.1, the present approach achieves comparable accuracy

without offline training or repeated adjoint solves. Whilst the formulation avoids

adjoint equations and surrogate data, it remains sensitive to the selection of loss

weights and collocation density. Future work will include a systematic comparison

with the supervised-learning approach illustrated in Appendix B.1 under matched

actuator supports, PDE parameters, and optimisation settings. It will also examine

strategies to adaptively weight the loss terms or to normalise gradients to mitigate

this issue (see [38, 160] and references therein). The framework therefore establishes

a computationally efficient foundation for coupled design-control optimisation, upon

which the next chapter builds to develop a feedback-based formulation for actuator

placement and control synthesis.



Chapter 6

Direct Learning feedback

control for actuator design

problems

This chapter develops a unified framework for learning feedback control laws and

optimising actuator locations in distributed dynamical systems. Starting from the

principles of feedback control, we extend the formulation to include actuator design,

where the placement of the actuator directly affects the closed-loop dynamics. The

value function is approximated by a neural network, enabling simultaneous learning

of feedback and actuator parameters in a single optimisation problem. The learn-

ing process is implemented through closed-loop rollouts, where both the control

policy and actuator positions are updated jointly to minimise the expected cost.

The framework is applied to two-dimensional diffusion systems discretised by spec-

tral methods, demonstrating accurate regulation and efficient actuator placement.

Comparisons with the analytical Riccati solution show that the proposed approach

achieves acceptable performance whilst improving robustness and flexibility under

joint optimisation.

92
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6.1 Introduction

Actuator design problems appear in applications such as vibration suppression with

piezoelectric devices [127] and active noise control in automotive and aerospace

systems [121]. These actuator design applications highlight the need for feedback

strategies that remain robust to model uncertainties and disturbances [11, 125].

Unlike open-loop strategies, feedback control achieves this objective by continuously

adjusting the control input according to the current system state [91].

Classical approaches to optimal control include Pontryagin’s Minimum Principle

and Dynamic Programming [17, 128]. Pontryagin’s Minimum Principle provides

necessary optimality conditions in the form of a coupled system for the state and

costate variables, which leads to a two-point boundary value problem [11]. This

approach is generally associated with open-loop control, where the control depends

on time and the initial condition, but not directly on the current state of the system.

By contrast, Dynamic Programming introduces the value function, which repre-

sents the minimum cost that can be achieved from a given state and time [43]. This

function satisfies the Hamilton-Jacobi-Bellman (HJB) equation, which is a nonlinear

partial differential equation posed in the time-state variables [46, 104]. The HJB

equation expresses the principle of optimality and characterises the optimal feedback

law [13]. Although this framework provides a general description of optimal feed-

back control, solving the HJB equation for systems arising from PDE discretisation

is generally computationally difficult because of the curse of dimensionality [82, 125].

Several approaches have been proposed to address the computational challenges

arising from high-dimensional HJB equations. Some key examples include polyno-

mial expansions [80], tensor decompositions [43], and sparse-grid discretisations [50].

Such methods provide low-dimensional surrogates, but remain limited to moder-

ate dimensions [125]. Recently, neural network methods have gained increasing at-

tention. For example, residual minimisation strategies approximate HJB solutions

directly [63, 145], whilst data-driven approaches learn feedback policies from nu-

merically generated trajectories [83, 138, 147]. Moreover, adaptive algorithms [125]

and Riccati-based structures [1] have been proposed to improve supervised learning

of value functions. However, most of these approaches rely on optimality systems,
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precomputed datasets, or nested optimisation loops.

A recent approach was proposed by Kunisch and Walter [96]. They showed that

the value function of a given dynamical system can be approximated directly by

a neural network. This approach is trained from on-policy trajectories and does

not require precomputed data. In this work, we extend this direct value-function

learning approach to actuator design feedback control problems [81, 83]. More pre-

cisely, we develop a formulation in which the value function and actuator design

parameters are optimised simultaneously within a single training loop. Gradients

are obtained by automatic differentiation through the closed-loop simulations rather

than by deriving a separate adjoint system (adjoint-free). The method does not rely

on a precomputed training dataset (data-free). In addition, the control and design

variables are updated together within a unified optimisation procedure rather than

through nested loops (one-shot).

The main contributions of this chapter are as follows:

1. The classical feedback and HJB formulation is extended to include actuator

design parameters, providing a unified theoretical foundation that links opti-

mal feedback control with actuator placement.

2. A single-level learning framework is proposed that jointly optimises the value

function and actuator configuration in a unified training process. This for-

mulation removes the nested structure of conventional bilevel designs and

eliminates the need for precomputed datasets.

3. A neural approximation of the value function is employed that implicitly en-

codes the optimal feedback law, allowing training without explicitly solving

the HJB equation.

4. The approach is applied to the heat equation and compared it with analytical

Riccati controllers, showing enhanced performance and robustness through

joint optimisation.

The remainder of this chapter is organised as follows. Section 6.2 reviews the

classical formulation of dynamic programming and the HJB PDE for nonlinear con-

trol systems. Section 6.3 extends this framework to control-affine systems arising
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from PDE discretisation and introduces the dependence of system dynamics on ac-

tuator locations. Building on this, Section 6.4 formulates actuator placement as

an optimisation problem over the value function, leading to a unified treatment of

control and actuator design. Section 6.5 presents a joint learning algorithm that

simultaneously trains the value-function network and optimises actuator locations

through closed-loop simulations. Section 6.6 reports numerical experiments illus-

trating the performance of the learned feedback laws. Finally, Section 6.7 concludes

the chapter.

6.2 Classical Feedback Formulations

We briefly recall the standard formulation of Dynamic Programming (DP), which

provides the theoretical foundation for feedback control design; see, e.g., [13, 17, 46,

91]. Consider a general nonlinear control system

ḣ(t) = F
(
t,h(t),u(t)

)
, h(t0) = h0, (6.1)

where h(t) ∈ Rd is the system state, h0 ∈ Rd is the initial condition, u(t) ∈ Rm

is the control, and F : [t0, T ] × Rd × Rm→Rd is a sufficiently smooth vector field

describing the dynamics. In the previous chapters, the symbol f was used to denote

the open-loop forcing term. In this chapter, we use u for the feedback control input.

Over the finite horizon [t0, T ], the performance index is defined as

J (u; t0,h0) = g
(
h(T )

)
+

∫ T

t0

[
ℓ
(
h(t)

)
+ β∥u(t)∥22

]
dt, β > 0, (6.2)

where ℓ : Rd → R and g : Rd → R are the running and terminal cost functions,

respectively, and β weights the control effort. For a fixed initial condition h(t0) = h0,

an optimal open-loop control u∗(t;h0) can be computed to minimise (6.2). This is

the open-loop setting studied in Chapter 5. In the present chapter, we move instead

to a feedback setting, where the control is sought as a function of the current state

and time. However, such open-loop solutions remain valid only for the prescribed

initial condition and are highly sensitive to disturbances or modelling errors [125].

To improve robustness, feedback control seeks a state-dependent law u∗(t,h) that
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adjusts according to the current state [91]. This shift leads to the introduction of

the value function and the HJB framework.

We define the value function V : [t0, T ]×Rd → R, which determines the optimal

feedback controls that minimise (6.2) for all admissible states and times t0 ≤ t ≤ T ,

as

V (t,h) = inf
u(·)
J (u; t,h). (6.3)

This function represents the minimum cost-to-go from the state h at time t up to

the terminal time T [91].

To derive the corresponding HJB equation, one applies the dynamic program-

ming principle over a short interval [t, t+∆t]. This gives

V (t,h) = inf
u(·)

{∫ t+∆t

t

[
ℓ(h(τ)) + β∥u(τ)∥22

]
dτ + V (t+∆t,h(t+∆t))

}
. (6.4)

By considering a first-order expansion of V (t+∆t,h(t+∆t)), and then dividing by

∆t and letting ∆t→ 0, we arrive at the following HJB equation; see [46, 91] for the

full derivation.

−∂tV (t,h)− min
u∈Rm

{
ℓ(h) + β∥u∥22 +∇hV (t,h)⊤F(t,h,u)

}
= 0, V (T,h) = g(h).

(6.5)

The minimisation term in the equation (6.5) defines the Hamiltonian

H(t,h,u,∇hV ) = ℓ(h) + β∥u∥22 +∇hV
⊤F(t,h,u), (6.6)

and the optimal feedback control is obtained from

u∗(t,h) = arg min
u∈Rm

H(t,h,u,∇hV ). (6.7)

Once ∇hV (·) is known, the feedback control can be recovered by solving an optimi-

sation problem in u [46].

These formulations provide the foundation for extending optimal feedback con-

trol to actuator design.
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6.3 Continuous-time Feedback Control

We consider a dynamical system whose evolution depends on the actuator configu-

ration w, and which is described by

ḣ(t) = A(h(t)) +B(w)u(t). (6.8)

Such systems arise from the spatial discretisation of PDE control problems, where

A(h) denotes the discretised system dynamics and B(w) ∈ Rd×Na is the input

operator associated with the actuator configuration w = (w1, . . . , wNa).

For a fixed location w, the performance of a control trajectory u(·) is measured

by

J (u; t,h, w) = g
(
h(T ;w)

)
+

∫ T

t

[
ℓ(h(τ ;w)) + β ∥u(τ)∥22

]
dτ, (6.9)

where h(τ ;w) evolves according to (6.8) with initial condition h(t) = h0. The

integration variable τ denotes time within the horizon [t, T ].

Following the dynamic programming principle (as in the previous section), the

minimum cost achievable from state h at time t defines the value function

V (t,h;w) = inf
u(·)
J (u; t,h, w). (6.10)

For each fixed w, this function satisfies the following HJB PDE equation

−∂tV (t,h;w) = min
u∈RNa

{
ℓ(h) + β∥u∥22 +∇hV (t,h;w)⊤[A(h) +B(w)u]

}
,

V (T,h;w) = g(h).

(6.11)

The minimisation term in (6.11) defines the Hamiltonian

H(h,u,∇hV ;w) = ℓ(h) + β∥u∥22 +∇hV (t,h;w)⊤[A(h) +B(w)u]. (6.12)

We now derive the optimal control u∗ that minimises this Hamiltonian, that is,

∂H

∂u
= 0. (6.13)
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Since H is quadratic in u, this condition gives the explicit feedback law [91]

u∗(t,h;w) = − 1

2β
B(w)⊤∇hV (t,h;w), (6.14)

which expresses the optimal control directly in terms of the gradient of the value

function. Substituting (6.14) into the system dynamics (6.8) yields the closed-loop

evolution:

ḣ(t) = A
(
h(t)

)
− 1

2β
B(w)B(w)⊤∇hV

(
t,h(t);w

)
, (6.15)

which shows how the actuator configuration w influences the dynamics through the

operator B(w).

6.4 Actuator Design through Value Function

The feedback law (6.14) characterises the optimal control for a fixed actuator lo-

cation w. In practice, however, the actuator placement also influences the system

dynamics and, consequently, the achievable performance. This motivates the op-

timisation of the configuration w itself to minimise the resulting closed-loop cost,

leading to

w∗ = argmin
w

{
inf u(·)J

(
u; t0,h0, w

)︸ ︷︷ ︸
V (t0,h0;w)

}
. (6.16)

The inner problem defines the value function for a fixed configuration w, as in (6.10),

whilst the outer optimisation selects the actuator configuration w∗ that minimises

the total cost.

Solving this bilevel structure is computationally expensive, as discussed in Chap-

ter 5, since each evaluation of the inner problem requires a full control solution.

Recent surrogate methods approximate the value function across actuator config-

urations to reduce this cost [83], yet they still rely on multiple control solves and

large datasets. To overcome these limitations, we propose a direct learning frame-

work that unifies control and design in one process. It jointly updates the feedback

law and actuator configuration through a single optimisation.
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We approximate the value function using a neural network representation1:

V (t,h;w) ≈ V NN(t,h; θ), (6.17)

where θ denotes the network parameters. The actuator configuration w is not an

explicit network input; it influences the approximation parametrically through the

system dynamics and cost, both dependent on B(w). The corresponding learned

feedback control is

uNN(t,h; θ, w) = − 1

2β
B(w)⊤∇hV

NN(t,h; θ), (6.18)

which provides a continuous-time mapping from the state h to the control input u.

Using this feedback control law, the inner optimisation in (6.16) can be elim-

inated by evaluating the cost functional (6.9) directly under the closed-loop dy-

namics (6.15). Consequently, the actuator design problem reduces to a single joint

optimisation over (θ, w):

(θ∗, w∗) = arg min
θ, w∈W

{
g
(
h(T )

)
+

∫ T

t0

[
ℓ
(
h(t)

)
+β ∥uNN(t,h(t); θ, w)∥22

]
dt

}
, (6.19)

subject to the closed-loop dynamics

ḣ(t) = A
(
h(t)

)
+B(w)uNN(t,h(t); θ, w), h(t0) = h0. (6.20)

Note that h(t) depends on the parameters θ and w, i.e., h(t) = h(t; θ, w). During

training, (θ, w) are updated jointly so that V NN remains consistent with the dynam-

ics induced by the current w. At convergence, V NN approximates the value function

associated with the optimal actuator configuration w∗, as we discuss in the next

section. Gradients of the objective with respect to (θ, w) are computed automati-

cally via differentiation through the closed-loop dynamics [16], removing the need

for manual derivation of adjoint equations.

1We refer the reader to Chapter 4 for a general discussion of neural network architectures,
training procedures, and optimisation methods, including automatic differentiation and the
Adam optimiser, which underpin the learning framework presented here.
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6.5 Joint Learning of Feedback Control and

Actuator Design

We now describe the training procedure for jointly learning the feedback control

law and actuator locations. The value-function parameters θ and actuator con-

figuration w are optimised jointly by minimising a discrete approximation of the

continuous-time cost (6.19). The cost is evaluated along trajectories generated by

numerically integrating the closed-loop dynamics over the time horizon.

We begin by defining the training set of initial conditions. Let

B =
{
(t

(i)
0 ,h

(i)
0 )

}Ntrain

i=1
(6.21)

denote a collection of Ntrain initial states from which the closed-loop system will be

simulated. During training, we draw a mini-batch from B, and for each element of

the batch we simulate the closed-loop dynamics.

The time interval [t0, T ] is discretised into N uniform time steps with step size

∆t = (T −t0)/N . For each initial condition (t
(i)
0 ,h

(i)
0 ) in the mini-batch, we generate

a discrete trajectory

{h(i)
n }Nn=0, h

(i)
0 = h

(i)
0 , (6.22)

where the superscript i indexes the sample in the batch and the subscript n denotes

the time step. At each time step, the feedback control is computed from the value-

network gradient via the discrete analogue of (6.18):

uNN,(i)
n = − 1

2β
B(w)⊤∇hV

NN(tn,h
(i)
n ; θ). (6.23)

This requires evaluating the neural network V NN and its gradient at the current

state h
(i)
n . The state is then advanced using the closed-loop dynamics,

h
(i)
n+1 = h(i)

n +∆t
[
A(h(i)

n ) +B(w)uNN,(i)
n

]
. (6.24)

Thus, both θ and w influence every trajectory: θ enters through the network gradi-

ent, and w enters through the actuator operator B(w).
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For each trajectory, the discrete approximation of the cost in (6.19) is

Ĵ
(
θ, w; t

(i)
0 ,h

(i)
0

)
= g

(
h
(i)
N

)
+

N−1∑
n=0

[
ℓ
(
h(i)
n

)
+ β∥uNN,(i)

n ∥22
]
∆t. (6.25)

Computing Ĵ therefore requires evaluating V NN and ∇hV
NN at all time steps along

the simulated trajectory. However, this is different from solving the HJB equation

directly. Here, the value function is approximated by a neural network and evaluated

only along the closed-loop rollouts generated from the training initial conditions,

rather than on a global discretisation of the full time-state domain.

Finally, the empirical loss over the mini-batch is

L(θ, w) = 1

B

B∑
i=1

Ĵ
(
θ, w; t

(i)
0 ,h

(i)
0

)
. (6.26)

The joint optimisation problem then is

(θ∗, w∗) = argmin
θ, w
L(θ, w). (6.27)

The optimisation is carried out using gradient-based updates (Adam optimiser [89])

on both θ and w, with gradients computed automatically through the closed-loop

dynamics via automatic differentiation [16].

Algorithm 9 outlines the joint learning procedure. At each iteration, the neural

feedback control (6.23) generates closed-loop trajectories according to the dynam-

ics (6.24). The discrete cost (6.25) is accumulated along each trajectory and averaged

over the mini-batch to form the empirical loss (6.26). Gradients of this loss with

respect to (θ, w) are then obtained by differentiating through the rollout equations,

and parameters are updated using Adam [16, 89]. This unified optimisation removes

the nested structure inherent in classical actuator design approaches.
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Algorithm 9 Joint training of feedback control and actuator configuration

1. Initialise network parameters θ and actuator positions wi ∈ [δ, L− δ].

2. Repeat until convergence:

(a) Sample a mini-batch of initial conditions {(t(i)0 , h
(i)
0 )}Bi=1.

(b) Generate closed-loop rollouts using equations (6.23)-(6.24).

(c) Evaluate the empirical loss L(θ, w) from (6.26).

(d) Compute gradients ∇θL and ∇wL via automatic differentiation.

(e) Update θ, w using Adam.

3. Return (θ∗, w∗).

6.6 Numerical results

We consider a prototypical example related to optimal actuator placement for a

heating system, following the modelling approaches in [81, 83]. For completeness,

we recall the underlying continuous model



∂th(x, t)− ν∆h(x, t) = χω(w)(x)u(t), in Ω× (0, T ],

h(x, t) = 0, on ∂Ω× (0, T ],

h(x, 0) = h0(x), on Ω.

(6.28)

where χω(w) denotes the actuator support depending on the configuration w. After

semi-discretisation in space, this system reduces to a finite-dimensional linear system

of the form

ḣ(t) = Ah(t) +B(w)u(t). (6.29)

where A denotes the semi-discrete diffusion operator and B(w) is the input operator

corresponding to actuators centred at positions w. This finite-dimensional system

is obtained by applying the finite element method to the heat equation (6.28).

The numerical experiments serve two purposes. First, we examine a one-dimensional

heat equation whose finite element discretisation reduces to a scalar system. This

provides a benchmark problem in which the optimal feedback and actuator location

are known analytically. This allows us to verify that the learned value function
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and actuators recover the exact solution. Second, we apply the method to a two-

dimensional heat equation to assess its behaviour on a higher-dimensional PDE

model.

In all cases, the discrete training objective is

Ĵ = g(hN ) +

N−1∑
n=0

β ∥un∥22∆t, (6.30)

with terminal cost g(h) = α
2 ∥h∥

2
2. The well-posedness of this control setting is

discussed in [81]. In all numerical experiments, the control objective is to regulate

the temperature field toward its equilibrium state. All examples follow the joint

optimisation procedure in Algorithm 9.

6.6.1 One-dimensional scalar test problem

As a first test, we consider the one-dimensional setting, in which the dynamics

in (6.29) reduce to a scalar equation obtained by applying a finite-element discreti-

sation with a single basis function, i.e. a piecewise linear hat function defined on

[0, 1]:

ϕ̂(x) =



2x, 0 ≤ x ≤ 1
2 ,

2(1− x), 1
2 ≤ x ≤ 1,

0, otherwise,

(6.31)

and modelling the actuator as an interval of half-width δ centred at w yields the

scalar system

ḣ(t) = Ah(t) +B(w)u(t), (6.32)

where A =M−1K (cf. equation (2.38)) and

B(w) =

∫ w+δ

w−δ
ϕ̂(x) dx, w ∈ [δ, 1− δ]. (6.33)

Here we intentionally use a single finite element basis function in order to obtain a

scalar benchmark problem. The aim is not to provide an accurate spatial approxi-

mation of the heat equation, but rather to construct a reduced setting in which the
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optimal feedback law and actuator location can be derived analytically. With this

choice, the semi-discrete system has a single degree of freedom and therefore reduces

to the scalar equation (6.32).

Since the dynamics are linear and the cost functional is quadratic, this problem

falls within the Linear Quadratic Regulator framework [91]. In this setting, the value

function is sought in quadratic form, and substitution into the HJB equation yields

a Riccati differential equation for the coefficient of that quadratic form [1, 154].

The resulting closed-form solution provides an analytic reference for validating the

learned value function and feedback law; further details are given in Appendix C.1.

For fixed w, the optimal-feedback problem with cost

Jw(u) =
α

2
h(T )2 +

β

2

∫ T

0
u(t)2 dt, (6.34)

reduces to solving the scalar Riccati equation. With the quadratic ansatz V (t, h;w) =

1
2P (t;w)h

2, one obtains the backward Riccati ODE (more details can be found in

Appendix C.1)

P ′(t) =
B(w)2

β
P (t)2 − 2AP (t), P (T ;w) = α. (6.35)

Introducing the variable Q(t;w) = 1/P (t;w) yields the linear ODE

Q′(t)− 2AQ(t) = −B(w)2

β
, Q(T ;w) =

1

α
, (6.36)

with explicit solution

Q(t;w) =
B(w)2

2Aβ
+
( 1

α
− B(w)2

2Aβ

)
e−2A(T−t). (6.37)

Evaluating the value function at t = 0 gives the optimal cost

J(w) = V (0, h0;w) =
h20
2
P (0;w) =

h20
2Q(0;w)

. (6.38)

Because J(w) is strictly decreasing in B(w)2, minimising (6.38) with respect to

w yields the closed-form optimal actuator location (more details are given in Ap-
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pendix C.1):

w∗ = 1
2 , (6.39)

together with the exact optimal trajectory and feedback law. This analytical solu-

tion provides a benchmark for assessing the accuracy of the learned value function,

feedback, and actuator update.

We now turn to the numerical results, where we apply the proposed joint learning

framework to recover the optimal feedback law and optimal actuator position in this

scalar setting. A learning-rate scheduler was also used during training to improve

convergence [160]. Training parameters are listed in Table 6.1. Figure 6.1 plots the

Domain Length L 1
Time horizon T 1
Time-step ∆t 0.01
Hidden layers [32, 32, 32, 32] (Tanh)
Epochs 2× 104

Learning rate (weights) 10−2

Learning rate (actuator w) 10−2

Scheduler decay 0.9 every 500 epochs
Cost weights α = 400, β = 0.1
Actuator domain w ∈ [L+ δ, L− δ]

Table 6.1: Neural-network training parameters

total loss L together with its control-cost and terminal-cost components on a log-log

scale versus epoch. The rapid initial decrease of the terminal loss shows effective

enforcement of the terminal condition h(T ) ≈ 0, whilst the slower refinement of the

control loss reflects optimisation of the feedback effort. By roughly 103 epochs all

curves become nearly flat, indicating convergence of both the neural approximation

and the actuator parameter w. Figure 6.2 demonstrates the evolution of the learned

actuator position w during training. The neural network was initialised with w = 0.1

and converged to w = 1
2 , which in exact agreement with the analytical result as in

equation (6.39). To verify that the learned controller reproduces the analytical LQR

solution, we compare the neural-network outputs with the corresponding closed-form

solutions. Figures 6.3-6.4 display the state h(t) and the control trajectories u(t) for

initial states h0 ∈ {0.0, 0.1, 0.2, 0.3, 0.4, 0.5}, respectively. The excellent agreement

shows that the network accurately reproduces both the dynamics and the optimal
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Figure 6.1: Training losses (total, control, and terminal) versus epoch on a log-
log scale during neural network training. The total-loss curve is partially obscured
where it nearly overlaps with the control-loss curve.

Figure 6.2: Evolution of actuator centre position w during neural network training.

feedback across this range of h0. Finally, Figure 6.5 plots the absolute error |h(T )|

versus initial conditions h0. Across a hundred h0 ∈ [0, 0.5], the error remains below

2 × 10−3, demonstrating that the neural-network controller achieves high-accuracy

regulation even when evaluated on a denser set of 100 initial conditions than the set

used during training.

6.6.2 Two-dimensional heat equation

We next consider the spatial discretisation of the two-dimensional heat equation,

which leads to a system of the form (6.29), posed on the unit square Ω = [0, 1]2 with

homogeneous Dirichlet boundary conditions. The spatial discretisation follows the
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Figure 6.3: State trajectories: neural-network (solid) vs. analytical (dashed) for
various h0.

Figure 6.4: Control trajectories: neural-network (solid) vs. analytical (dashed) for
various h0.
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Figure 6.5: Absolute final error |h(T )| vs. initial height h0.

sine-Galerkin scheme described in Appendix C.2. The basis functions are

ϕkℓ(x, y) = 2 sin(kπx) sin(ℓπy), 1 ≤ k, ℓ ≤ m, (6.40)

where m denotes the number of retained sine modes in each spatial direction (i.e.

mx = my = m). The semi-discrete state therefore has dimension d = m2. Pro-

jecting the heat equation onto this basis yields a finite-dimensional system of the

form (6.29), where the diffusion operator is diagonal, A = −ν diag(λkℓ), where ν > 0

is the diffusion coefficient, and λkℓ = (kπ)2 +(ℓπ)2. The domain contains Na square

actuators. Actuator j has centre wj = (wx,j , wy,j), and half-widths δx > 0, δy > 0.

The corresponding influence matrix Bj(wj) is computed via the modal integrals (see

Appendix C.2), and the full matrix is given by B(w) =
[
B1(w1), . . . , BNa(wNa)

]
.

Initial conditions for each trajectory in the training batch are generated as smooth

random combinations of the sine basis.

To prevent actuators from approaching the boundary, we apply a smooth penalty

to each centre wj = (wx,j , wy,j). For a single coordinate x ∈ [0, L] we use

p(x) =
4(

tanh
(
x−δx
0.1

)
+ 1

)(
tanh

(
L−δx−x

0.1

)
+ 1

) , (6.41)

and define pj(wj) = p(wx,j) p(wy,j). This function satisfies pj(wj) ≥ 1 and grows

smoothly as wj approaches the boundary, allowing gradient-based optimisation of

w.
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Table 6.2: Model and training parameters.

Parameter Symbol / Value

Domain Ω = [0, 1]2

Diffusion coefficient ν = 0.01
Time horizon T = 2
Basis size mx = my = 4
Actuator width δx = δy = 0.08
Terminal cost weight α = 100
Control cost weight β = 5× 10−3

Time step ∆t = 0.01
Training epochs 2× 104

Hidden layers [64, 64] (Tanh)
Optimiser Adam, learning rate 10−3

In the discrete cost function Ĵ given by equation (6.30), the running control

penalty is
Na∑
j=1

rj(w)uj(t)
2, rj(w) = β pj(w), (6.42)

This penalisation is introduced to discourage boundary-near actuator locations and

to ensure that the actuator support remains inside the admissible region during opti-

misation. The Riccati feedback from Appendix C.3 is used as the reference solution

for fixed actuator locations. All model and training parameters are summarised in

Table 6.2.

Single actuator. Figure 6.6 shows stable convergence of the loss over 2 × 104

epochs. Starting from w0 = (0.1, 0.1), the actuator migrates toward the centre

of the domain as shown in Figure 6.7, where it can most effectively influence the

dominant, slowly decaying temperature patterns. This central migration behaviour

agrees with the analytical result of the scalar LQR model in Appendix C.1, where

the optimal actuator position is shown to coincide with the domain midpoint. The

learned control in Figure 6.8 applies strong early action to suppress the initial dis-

turbance, followed by a gradual decay as the state stabilises. The neural policy

slightly deviates from the Riccati reference at later times due to finite-horizon train-

ing and limited network capacity, but the main transient dynamics are accurately

reproduced. Snapshots in figure 6.9 confirm this behaviour: the control quickly

redistributes heat away from the corners, smoothing the field. Figure 6.10 shows
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the time evolution of the state norm ∥h(t)∥22, which illustrates the overall energy

decay of the system. In the absence of control, diffusion causes a slow natural decay.

A fixed actuator provides limited improvement due to its suboptimal placement.

The learned actuator achieves the fastest decay by relocating toward dynamically

dominant regions, allowing stronger suppression of the slowest-decaying temperature

modes.

100 101 102 103 104
epoch

10−7

10−6

10−5

10−4
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ss

Control
Terminal
Total

Figure 6.6: Training loss evolution for the single-actuator case.
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Figure 6.7: The dashed square corresponds to the initial actuator position, and
the solid square corresponds to the learned position after training.
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Figure 6.8: Comparison between neural and Riccati control signals for the single
actuator.
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Figure 6.9: Snapshots of state evolution for the single actuator: (top) no control,
(middle) neural feedback, (bottom) Riccati solution. In the controlled cases (middle
and bottom rows), the black square marks the actuator support centred at the
learned position w∗.
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Figure 6.10: Temporal evolution of the energy norm ∥h(t)∥22 for the single-actuator
case. The blue curve shows the natural diffusion of the system. The orange curve
corresponds to feedback control using a fixed, non-optimal actuator location. The
green curve shows the performance achieved after jointly learning both the feedback
law and the actuator position.

Two actuators. The loss components as shown in figure 6.11 converge smoothly,

reflecting stable joint optimisation of the control and actuator parameters. With

initial centres at (0.1, 0.1) and (0.9, 0.9), the actuators shift toward (0.5, 0.35) and

(0.5, 0.65) as shown in Figure 6.12, achieving near-symmetric coverage of dominant

spatial modes. Figure 6.13 shows more uniform damping and faster energy dissipa-

tion of the resulting trajectories than the single-actuator case. The control signals

u1(t) and u2(t) seen in Figure 6.14 are initially symmetric, matching the rapid early

suppression in the snapshots. Both follow the Riccati reference closely, with mi-
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nor deviations at the final stage due to neural approximation. Figure 6.15 shows

the energy decay that confirms the learned configuration achieves the most efficient

stabilisation.

Figure 6.11: Training loss evolution for the two-actuator case.

Figure 6.12: Initial (dashed) and learned (solid) actuator positions for the two-
actuator case.

In both cases, the learned placements concentrate control authority in dynami-

cally influential regions, producing trajectories and energy decay comparable to the

optimal Riccati benchmark. The dual-actuator system achieves faster energy dissi-

pation and smoother transient behaviour, as the additional actuator extends spatial

coverage and enables simultaneous damping of multiple dominant modes.

6.7 Conclusion

This chapter introduced a direct learning framework for feedback-based actuator

design. By representing the value function with a neural network and optimising
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Figure 6.13: Snapshots of state evolution for the two-actuator case: (top) no
control, (middle) neural feedback, (bottom) Riccati solution.

Figure 6.14: Comparison between neural and Riccati control signals for the two
actuators.

Figure 6.15: Temporal evolution of the energy norm ∥h(t)∥22 for the two-actuator
case.
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the actuator positions jointly within the same cost functional, the approach elim-

inates the need for adjoint equations, nested iterations, or offline data generation.

The resulting one-shot formulation learns both the feedback law and the actuator

configuration directly from the governing dynamics and objective.

Numerical experiments on the heat equation confirmed that the learned feed-

back laws achieve performance comparable to that of Riccati-based solutions. The

actuator locations adapt automatically to dynamically influential regions, enhancing

stabilisation efficiency and spatial coverage.

We plan to extend this approach to nonlinear problems such as thin-film flow on

flexible topographies, as discussed in the previous chapters. Future work will also

focus on improving the optimisation procedure and exploring the stability, conver-

gence, and robustness of the learned feedback laws.



Chapter 7

Conclusions

This chapter summarises the main aims and findings of the thesis, which addressed

the control of thin-film flow over flexible substrates through PDE-constrained and

learning-based formulations. The key conclusions from both the open-loop and

feedback studies are highlighted, emphasising the integration of actuator design, op-

timisation, and neural-network representations. Finally, the chapter outlines several

directions for future research, including model extensions, adaptive optimisation,

and learning-based feedback for nonlinear systems.

115
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7.1 Summary and Discussion

In this thesis, the control of systems governed by nonlinear partial differential equa-

tions was studied, with a particular focus on thin liquid films flowing over flexible

surfaces. In such systems, the evolution of the free surface and the deformation of

the substrate are coupled, and this interaction creates an opportunity to influence,

stabilise, or reshape the film through suitable actuation. The work aimed to un-

derstand how the dynamics of nonlinear PDE systems can be influenced through

suitable actuation, and how mathematical models and optimisation frameworks can

be developed to support such control strategies.

We developed a coupled thin-film model that captures the main physical mecha-

nisms governing both the free-surface evolution and the deformation of the substrate.

The formulation includes surface-tension effects and disjoining pressure that allows

rupture. Moreover, it uses a mixed representation that makes the system suitable for

finite-element implementation. The model also satisfies a natural energy-dissipation

law, which reflects the physical consistency of the dynamics.

The first part of the thesis dealt with the open-loop control of thin-film flow

over flexible topographies. A mathematical framework for PDE-constrained control

was developed and analysed, demonstrating how the deformation of a flexible wall

can be influenced through distributed forces applied along the substrate. The opti-

mality conditions were derived at the continuous level to provide analytical insight

into the control structure. They were then implemented computationally through

spatial and temporal discretisation. The forward and adjoint PDEs were discretised

using finite elements and IMEX time stepping. The optimisation was then car-

ried out with gradient descent equipped with a backtracking line search. Numerical

experiments showed that wall flexibility can suppress dewetting instabilities, accel-

erate convergence to steady states, and guide the free-surface profile toward desired

configurations. These findings illustrate how a deformable substrate can influence,

stabilise, and guide thin-film evolution, a mechanism that is relevant to applications

such as coating flows and heat transfer control [48, 152].

The second part of the thesis extended the open-loop framework toward actua-

tor design and learned feedback control. The control problem was reformulated to
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optimise not only the input signals but also the placement of localised actuators that

most effectively influence the flow. To achieve this, a one-shot optimisation approach

was introduced, embedding the governing equations directly within the objective so

that actuator design and distributed control were treated simultaneously. This for-

mulation can be implemented using both standard numerical discretisations and

neural networks. Numerical experiments using physics-informed neural networks

(PINNs) showed that the method learned actuator locations and generated controls

that drove the free-surface profile toward the desired target state. This offers a prac-

tical and efficient way to unify actuator placement and distributed forcing within a

single optimisation stage, avoiding repeated solves and nested iterations.

Building on this framework, a learned feedback-control approach was developed

in which the value function of the Hamilton-Jacobi-Bellman equation was repre-

sented by a neural network. The trained network directly produced the feedback

law, eliminating the need for adjoint equations, precomputed datasets, or nested

optimisation. Numerical studies on a semi-discrete heat equation confirmed that

the learned feedback achieved stabilisation comparable to classical Riccati-based

solutions, with actuator positions adapting to the most influential regions. These

results demonstrate how neural value-function approximations can support model-

based feedback control in settings where analytical or adjoint-based methods become

computationally demanding.

Overall, the thesis shows how to combine modelling, optimisation, and learning

to advance the control of nonlinear PDE systems. These ingredients support a

unified view of the open-loop, actuator design, and feedback problems studied here.

The work progresses from distributed open-loop control to the joint design and

optimisation of actuators. It then advances to the synthesis of feedback laws learned

directly from the governing dynamics. This progression provides a coherent and

model-based route to controlling complex PDE systems.

7.2 Future Work

Future work will extend the one-shot actuator-design and feedback-control formula-

tions to higher-order thin-film models, such as the Benney [18] and weighted-residual
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equations [84]. These models incorporate inertial and curvature effects that are not

captured by the present lubrication framework. They also connect more directly with

existing feedback-control studies for thin films, for example [35, 71, 149, 151, 161].

In practice, this extension will require adapting the mixed formulation and the nu-

merical discretisation to the richer PDE structure. It will also require maintaining

stable optimisation in the presence of stronger nonlinear effects.

Future work will also examine adaptive weighting and gradient-normalisation

strategies for the PINN-based optimisation [38, 122]. These techniques aim to bal-

ance the different components of the loss, including the PDE residuals and boundary

terms, and may improve both the efficiency and the robustness of training. A prac-

tical approach is to monitor the residual terms during optimisation and adjust the

weights dynamically so that no single component dominates the learning process.

Another direction is to compare the one-shot optimisation approach with su-

pervised learning strategies. In the present setting, the one-shot method treats the

actuator locations, control inputs, and state variables as unknowns that are opti-

mised simultaneously. By contrast, supervised learning relies on a large collection of

precomputed solutions. Such a comparison would require a careful discretisation of

the governing PDE and the generation of a sufficiently accurate dataset for training.

This would provide a clearer assessment of the trade-offs between data-based and

model-based approaches in design-control problems.

An important direction for future work is to extend the analysis of the control

problems developed in this thesis. This includes deriving error estimates between the

infinite-dimensional problems and their semi-discrete and fully discrete approxima-

tions. It also involves studying the convergence of the discretisation and optimisation

schemes. It would also be of interest to establish further analytical results, including

second-order optimality conditions and stability properties. In the feedback setting,

additional analysis is needed to understand how errors in the approximation of the

value function affect the resulting closed-loop dynamics.

Future work should also address the computational complexity of the proposed

methods. In particular, it is important to study how the computational cost scales

with the spatial discretisation, the number of actuator parameters, and the size of

the neural network. This is especially relevant in the feedback framework, where the
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dimension of the discretised PDE remains a major challenge. Reduced-order models

and neural network approximations for high-dimensional value functions may pro-

vide a practical approach, but their effect on accuracy and computational cost re-

quires careful assessment. Such analysis would give a clearer picture of the practical

complexity of the framework and help determine to what extent the learning-based

approach alleviates the curse of dimensionality in practice.

——————————————
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[155] F. Tröltzsch. Optimal Control of Partial Differential Equations: Theory, Meth-
ods and Applications, volume 112 of Graduate Studies in Mathematics. Amer-
ican Mathematical Society, Providence, RI, 2010.

[156] D. Tseluiko and D. T. Papageorgiou. Wave evolution on electrified falling
films. Journal of Fluid Mechanics, 556:361–386, 2006.

[157] D. Tseluiko, M. G. Blyth, and D. T. Papageorgiou. Stability of film flow over
inclined topography based on a long-wave nonlinear model. Journal of Fluid
Mechanics, 729:638–671, 2013. doi: 10.1017/jfm.2013.331.

[158] K. G. van der Zee, J. Tinsley Oden, S. Prudhomme, and A. Hawkins-Daarud.
Goal-oriented error estimation for cahn–hilliard models of binary phase tran-
sition. Numerical Methods for Partial Differential Equations, 27(1):160–196,
2011.

[159] D. Wang, Y. Song, J. Tian, G. Haidak, et al. Research on the fluid film
lubrication between the piston-cylinder interface. AIP Advances, 8(10), 2018.

[160] S. Wang, S. Sankaran, and H. Wang. An expert’s guide to training physics-
informed neural networks. Preprint, 2023.

[161] A. W. Wray, R. Cimpeanu, and S. N. Gomes. Electrostatic control of the
navier-stokes equations for thin films. Physical Review Fluids, 7(12):L122001,
2022.

[162] X. Wu, K. G. van der Zee, G. Simsek, and E. Van Brummelen. A poste-
riori error estimation and adaptivity for nonlinear parabolic equations using
imex-galerkin discretization of primal and dual equations. SIAM Journal on
Scientific Computing, 40(5):A3371–A3399, 2018.

[163] Y. Wu, B. Sicard, and S. A. Gadsden. Physics-informed machine learning:
A comprehensive review on applications in anomaly detection and condition
monitoring. Expert Systems with Applications, 255:124678, 2024.

[164] R. Z. Zhang, X. Xie, and J. S. Lowengrub. Bilo: Bilevel local operator learning
for pde inverse problems. arXiv preprint arXiv:2404.17789, 2024.

[165] Y. Zhao and J. Han. Offline supervised learning vs online direct policy op-
timization: A comparative study and a unified training paradigm for neural
network-based optimal feedback control. Physica D: Nonlinear Phenomena,
462:134130, 2024.



BIBLIOGRAPHY 131

[166] Y. B. Zhou. Model reduction for nonlinear dynamical systems with parametric
uncertainties. PhD thesis, Massachusetts Institute of Technology, 2012.

[167] Y. Zhu, N. Zabaras, P.-S. Koutsourelakis, and P. Perdikaris. Physics-
constrained deep learning for high-dimensional surrogate modeling and uncer-
tainty quantification without labeled data. Journal of Computational Physics,
394:56–81, 2019.



Appendix A

Appendices of Chapter 3

A.1 Derivation of the thin film flow on a flex-

ible topography

We consider a Newtonian liquid film of typical thickness h0 flowing beneath a flex-
ible substrate over a horizontal length scale L = h0/ε, where ε := h0

L ≪ 1 is the
small aspect ratio. The coordinate system is defined by (x, y), with x being the
horizontal coordinate and y being the vertical coordinate. Substitute the scalings
from Table A.1 into the dimensional Navier-Stokes equations and the tangential
and normal stress balance conditions. Expanding the equations in powers of ϵ and
retaining leading-order terms yields:

px = uyy (A.1)

py =
Bo

Ca
(A.2)

ux + vy = 0 (A.3)

where p(x, y, t) and u = (u(x, y, t), v(x, y, t)) are, respectively, the pressure and
velocity of the fluid. All dimensionless quantities in this and subsequent equations
(Ca, Bo, etc.) are defined in Table A.2. The leading-order tangential stress and the
normal stress balance conditions at the free surface y = H(x, t) = h(x, t) + s(x, t)
are

uy = 0, (A.4a)

p = −Π(h)− 1

Ca
Hxx, (A.4b)

where the dimensionless disjoining pressure is written in terms of the potential ϕ as

Π(h) = −ϕ′(h) = Ah−3. (A.5)

The conditions on the wall y = s(x, t) are

u = 0, v = st, (A.6a)

st − c2sxx = f(x, t)− γp(x, s, t), (A.6b)

where the actuation pressure acting on the back of the wall appears in the nondi-
mensional wall equation as the forcing term f(x, t), obtained from pext = f . The
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Table A.1: Variable scaling (asterisks denote dimensional quantities).
Here, µ̄ is the viscosity and U0 is the characteristic velocity used in the scaling.

Dimensional variable Nondimensional scaling

x∗ x∗ = (h0/ε) x

y∗ y∗ = h0 y

u∗ u∗ = U0 u

v∗ v∗ = εU0 v

t∗ t∗ = h0/(εU0) t

p∗ p∗ = (µ̄U0/(εh0)) p

Π∗ Π∗ = (µ̄U0/(εh0))Π

p∗ext p∗ext =
pext

µ̄U0/(εh0)

kinematic condition
Ht + uHx = v, (A.7)

can be written in the form
ht + qx = 0, (A.8)

where q is the flux defined by

q(x, t) =

∫ s+h

s
u dy. (A.9)

To find u, we integrate (A.2) and use the condition (A.4b), which gives

p(x, y, t) = −Π(h)− 1

Ca
Hxx +

Bo

Ca
(y −H). (A.10)

Differentiating in x yields

px = −
[
Π(h) +

1

Ca
Hxx +

Bo

Ca
H
]
x
, (A.11)

which shows that px is independent of y and hence we can simply integrate equa-
tion (A.1) and use the boundary condition (A.4a). Then we integrate the result
once again and use the no-slip boundary condition (A.6a) to get the final result

u(x, y, t) = px (y − s)
(
1
2(y − s)− h

)
. (A.12)

Substituting the velocity into equation (A.9) gives the flux

q(x, t) =

∫ s+h

s
u dy = −h

3

3
px. (A.13)

Using equation (A.11) and equation (A.8), we obtain

ht +
1

3

(
h3

[
Π(h) +

1

Ca
Hxx +

Bo

Ca
H
]
x

)
x
= 0, (A.14)

which is the same as (3.2a), and (3.2b) is defined as the term in the square brackets.
To complete the coupling with the deformable substrate, we evaluate the pressure
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Table A.2: Nondimensional parameters. Here, ρ is the density, g is the gravity,
σ is the surface tension, A∗ is the dimensional Hamaker constant, γw is the wall
damping, and Tw is the wall tension.

Parameter Definition

Capillary Ca =
µ̄U0

σε3

Bond Bo =
ρgh20
σε2

Hamaker A =
A∗εh20
µ̄U0

Wall tension c2 =
σ + Tw
γwU0L

Film damping γ =
µ̄

ε2γ∗wh0

field (A.10) at the wall position y = s, which gives

p(x, s, t) = −Π(h)− 1

Ca
Hxx −

Bo

Ca
h. (A.15)

Substituting this expression into the wall equation (A.6b) yields the corresponding
evolution equation for the substrate deflection. In this step we neglect the term
γΠ(h), which is asymptotically small compared with the hydrodynamic loading.
The resulting relation coincides with the flexible-wall model presented in (3.2c) of
(3.2).

A.2 Free energy dissipation

Here we derive the identity (3.7). We recall the energy

E(h, s) =
∫
Ω

[
ϕ(h)− Bo

2Ca
h2 +

1

2Ca
h2x +

c2

2γ
s2x +

1

Ca
(hxsx −Bohs)

]
dx. (A.16)

The molecular energy term ϕ(h) represents forces between molecules in the liquid
film and the substrate, such as van der Waals forces. The film naturally moves
toward thicknesses where ϕ(h) is smallest. In the rupture examples we study, we
use ϕ′(h) = Ah−3 with A > 0, which represents attractive van der Waals forces.
For this choice, ϕ(h) → −∞ as h → 0, meaning the energy becomes lower when
the film gets thinner. This makes thinning energetically favourable, so rupture can
occur. The hydrostatic term − Bo

2Ca
h2 represents the effect of gravity. Since the film

hangs beneath the substrate and this term is negative, the energy decreases when
the film becomes thicker. Therefore, when Bo > 0, gravity encourages the film to
form thicker bulges rather than staying uniform. The capillary term 1

2Ca
h2x penalises

sharp slopes in the film surface, favouring smoother and flatter shapes. Finally, the
fluid-wall interaction energy 1

Ca
(hxsx−Bohs) couples the film and substrate together.

The cross-slope term hxsx reduces the energy when the film and wall tilt in the same
direction, encouraging them to deform together. The hydrostatic coupling −Bohs
is reduced when thicker parts of the film sit above downward bends in the wall,
representing the weight of the film pushing down on the substrate.
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The goal is to derive the rate of change of this energy in time

dE
dt

=
d

dt

∫
Ω

[
ϕ(h) +

1

2Ca
h2x +

c2

2γ
s2x +

1

Ca
hxsx −

Bo

2Ca
h2 − Bo

Ca
hs

]
dx. (A.17)

We apply the chain rule and integrate by parts on the terms involving spatial deriva-
tives, then apply the boundary conditions (3.5) to remove the boundary terms,
yielding

dE
dt

=

∫
Ω

[(
ϕ′(h)− 1

Ca
hxx −

Bo

Ca
h

)
ht −

c2

γ
sxxst +

1

Ca
(hxsx)t −

Bo

Ca
(hs)t

]
dx.

(A.18)
We use equations (3.2) to simplify the above expression, resulting in the dissipation
law

d

dt
E(h, s) = −

(
1

3

∫
Ω
h3µ2x dx+

1

γ

∫
Ω
s2t dx

)
+

1

γ

∫
Ω
fst dx. (A.19)

This equation represents the rate of change of the free energy. The first term on the
right-had side corresponds to the dissipation in the fluid, the second term represents
dissipation in the substrate, and the last term accounts for the work done by the
external force on the substrate. Thus, without external forces (i.e., f = 0), the total
free energy is non-increasing in time.

A.3 Boundedness of (ϕ′(h), w)

We prove that for any h,w ∈ L2(Ω),

|(ϕ′(h), w)| ≤ CL

(
∥h∥L2(Ω) + C

)
∥w∥L2(Ω), (A.20)

where CL is the Lipschitz constant of ϕ′ and C is a positive constant. Let h⋆ ∈ R
be any fixed reference value. We decompose

(ϕ′(h), w) = (ϕ′(h)− ϕ′(h⋆), w) + (ϕ′(h⋆), w). (A.21)

Using Lipschitz continuity of ϕ′,

|ϕ′(h(x))− ϕ′(h⋆)| ≤ CL |h(x)− h⋆|, (A.22)

and applying Hölder’s inequality gives

|(ϕ′(h)− ϕ′(h⋆), w)| ≤ CL∥h− h⋆∥L2(Ω) ∥w∥L2(Ω). (A.23)

Since h⋆ is a constant,

|(ϕ′(h⋆), w)| = |ϕ′(h⋆)| ∥w∥L1(Ω) ≤ |ϕ′(h⋆)| ∥1∥L2(Ω) ∥w∥L2(Ω). (A.24)

Combining both bounds,

|(ϕ′(h), w)| ≤
(
CL∥h− h⋆∥L2(Ω) + |ϕ′(h⋆)| ∥1∥L2(Ω)

)
∥w∥L2(Ω) (A.25)

≤
(
CL(∥h∥L2 + |h⋆|) + C∗∥1∥L2(Ω)

)
∥w∥L2(Ω). (A.26)

Thus the inequality (A.20) holds with

C = CL|h⋆|+ C∗∥1∥L2(Ω), (A.27)
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where h⋆ may be chosen arbitrarily.

A.4 IMEX-FEM discretisation

We discretise the spatial domain Ω ⊂ R into n − 1 elements with n nodes. The
variational space V = H1(Ω) is approximated by the finite-dimensional subspace
Vh ⊂ V spanned by the standard piecewise-linear hat functions {ϕ̂i}ni=1. The solu-
tions can therefore be characterised as linear combinations of ϕ̂i with real coefficients,
such that Fh(x, t) =

∑n
i=1 Fi(t) ϕ̂i(x). Here, F represents a vector that holds the

unknowns at each node and is one of the state, adjoint or control variables, i.e.
F = {h,µ, s,p,q, r, f}, with corresponding coefficients Fi = {hi, µi, si, pi, qi, ri, fi}.

We define the real n× n matrices

Mij =

∫
Ω
ϕ̂iϕ̂j dx, Kij =

∫
Ω
ϕ̂′iϕ̂

′
j dx,

M̂k
ij =

∫
Ω
m(hkh) ϕ̂iϕ̂j dx, K̂k

ij =

∫
Ω
m(hkh) ϕ̂

′
iϕ̂

′
j dx,

Ĉk
ij =

∫
Ω
m(hkh) ϕ̂

′
iϕ̂j dx.

The IMEX time discretisation uses uniform time steps tk = k∆t. All linear terms
are evaluated implicitly at tk+1, whilst nonlinear terms are evaluated explicitly at
tk. In particular, ϕ′+(h

k+1
h ) (implicit), and ϕ′−(h

k
h) (explicit), and likewise for ϕ′′±.

Here, m(h) can adopt nonlinear forms such as h2 or h3. We write the semi-discrete
optimality system in the following form:

(State) M
hk+1 − hk

∆t
+

1

3
K̂k

(
(hk)3

)
µk+1 = 0, (C.1)

Mµk+1 − A

ε4
M̂k+1

(
ϕ′+(h

k+1)
)
hk+1 − 1

Ca

(
K+BoM

)
Hk+1

(C.2)

=
A

ε4
M̂k

(
ϕ′−(h

k)
)
hk,

(C.3)

M
sk+1 − sk

∆t
+ c2Ksk+1 +

γ

Ca

(
K−BoM

)
hk+1 = Mfk+1,

(C.4)

(Adjoint) −M
pk+1 − pk

∆t
+ Ĉkpk +

(
Bo

Ca
M− 1

Ca
K− A

ε4
M̂k+1

(
ϕ′′+(h

k+1)
))

qk+1

(C.5)

+
γ

Ca

(
BoM−K

)
rk+1 =

A

ε4
M̂k

(
ϕ′′−(h

k)
)
qk,

(C.6)

1

3
K̂k

(
(hk)3

)
pk+1 +Mqk+1 = 0, (C.7)

−M
rk+1 − rk

∆t
+ c2Krk+1 − 1

Ca

(
BoM−K

)
qk+1 = 0, (C.8)

(Optimality) αMfk+1 −Mrk+1 = 0. (C.9)
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The forward problem is initialised with h0 and s0 from (3.28). The adjoint vari-
ables satisfy the terminal conditions obtained from the discrete optimality system,
namely

pN = rN = hN + βsN − h̄, (A.29)

with qN given by (C.7) at k = N .
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Appendices of Chapter 5

B.1 Supervised learning approach

To illustrate the supervised learning strategy discussed in Section 5.3, we consider
the same physical setting and the governing equations (5.1)-(5.3), with model pa-
rameters L = 10, Ca = 1, Bo = 0.1, c = 0.5, and γ = 0.1. In this approach, we use
offline data generated from the lower-level optimisation problems to approximate the
cost functional D(ω) = J (h∗, s∗, {f∗i }, ω), where (h∗, s∗, {f∗i }) are the optimal state
and control trajectories corresponding to each actuator configuration ω = (w1, w2).
Once the surrogate map D(ω) has been trained, the upper-level design problem
reduces to a direct minimisation of this learned cost surface with respect to ω.

The actuator profile is chosen as a rectangular function of width 2δ = 1,

χi(x;wi) =

{
1, |x− wi| ≤ δ
0, otherwise.

(B.1)

The film height and substrate displacement are initialised by

h0(x) = 1 + 0.5 cos
(πx
L

)
, s0(x) = 0, (B.2)

and the target state is given by

h̄(x) = 1 + 0.5 cos

(
3πx

L

)
. (B.3)

To construct the dataset, actuator centres (w1, w2) are uniformly sampled over
[0, L] with a non-overlapping condition |w1 − w2| > 2δ. For each configuration,
the lower-level optimal control problem (5.5) is solved for {f∗i (t)} using the adjoint
system (5.7)-(5.9), and the resulting cost J (h∗, s∗, {f∗i }, ω) is recorded. A total of
approximately 300 valid actuator configurations are obtained, forming the dataset

{(w(j)
1 , w

(j)
2 ),J (j)}300j=1.

Figure B.1 shows the computed cost landscape. The cost varies smoothly with
respect to the actuator positions, and regions of low cost are clearly identifiable.
These values serve as the reference data for the supervised regression stage.

A fully-connected neural network with two hidden layers of 64 neurons each and
tanh activations is trained to approximate D(ω). The mean-squared error between
predicted and computed costs is minimised using the Adam optimiser with learning
rate 10−3. Eighty percent of the samples are used for training and the remaining
for validation.

Figure B.2 presents the training and validation losses. The network achieves a

138
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Figure B.1: Distribution of the computed costs J (h∗, s∗, {f∗i }, ω) over the sampled
actuator locations (w1, w2). The low-cost region corresponds to actuator configura-
tions producing free surfaces close to the target.
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Figure B.2: Evolution of the training and validation losses during supervised
learning. Both losses decrease by roughly two orders of magnitude, although the
validation curve remains consistently above the training loss, suggesting moderate
generalisation error.

satisfactory fit within 104 epochs, although the convergence rate slows down at later
stages. The training was performed on a single GPU and required several hours,
highlighting the considerable offline cost of data generation and training.

The quality of the trained surrogate is assessed in Figure B.3, which compares
the true and predicted cost surfaces. The two landscapes share a similar topology
and location of minima, although small discrepancies are visible in the outer regions,
indicating limited extrapolation capability beyond the sampled domain.
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Figure B.3: Comparison of the true cost surface (left) and the ANN-predicted
surface (right). The predicted minimum closely matches the true optimum, though
slight deviations appear in less-sampled regions.
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Figure B.4: Optimal actuator supports obtained from the supervised learning
model. Each actuator acts over a compact region of width 2δ = 1 centred at (w∗

1, w
∗
2).

Minimising the surrogate surface in (5.13) yields

w∗ ≈ (w∗
1, w

∗
2) = (6.7, 3.2), (B.4)

obtained directly from the optimiser applied to the learned cost map Dθ(w).
This example demonstrates how supervised learning can approximate the upper-

level objective D(ω) using data generated from adjoint-based optimisation. The
method eliminates the need for online PDE solves during optimisation, but shifts
the computational burden to the offline stage, where a large number of high-fidelity
simulations must be performed. Even with several hundred samples, the learned
model exhibits limited accuracy outside the training range and remains expensive to
construct. Nevertheless, the results confirm that a moderately trained surrogate can
capture the general structure of the cost landscape and recover physically reasonable
actuator locations.

B.2 Model Order Reduction (MOR)

In this appendix, we illustrate the concept of MOR by attempting to reduce the
forward system (3.2). It is also worth mentioning that we follow [109, 166] to derive
the model reduction and extend it to our nonlinear problem.
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B.2.1 First Steps into MOR

The spatial discretisation of (3.2) leads to the following system of N nonlinear ODEs
(for simplicity, we have assumed ϕ′(h) = γ = 0, Bo = 1):

M ḣ = −1

3
K̂µ,

Mµ =MH+
1

Ca
KH,

M ṡ+ cKs =M f ,

h(0) = h0, s(0) = s0

(B.5a)

(B.5b)

(B.5c)

(B.5d)

where h,µ, s, f and H := h+ s are ∈ RN , and M,K and K̂(h) are ∈ RN×N .
The infinite-dimensional problem (3.2) is thus replaced by the finite-dimensional

system (B.5). In practice, however, the dimension N may still be large. Model
order reduction seeks a lower-dimensional approximation of dimension Nr, where
Nr ≪ N , whilst preserving the main features of the full system. Throughout this
discussion, Nr denotes the dimension of the reduced-order model..

Suppose a matrix Φ ∈ RN×Nr with its columns being orthonormal vectors.
This implies ΦTΦ = I ∈ RNr×Nr . In the case of Galerkin projection, the columns
{ϕ}Nr

i=1 of Φ establish a basis for an Nr-dimensional subspace, denoted as V Nr =
span {ϕ1, . . . , ϕNr} which is a subset of RN [166]. To initiate the derivation of the
projection-based reduced order model (ROM), we express states like h,µ, s, and f
as linear combinations of Nr basis vectors, bearing in mind that Nr ≪ N :

h ≈
Nr∑
i=0

h̃iϕi, µ ≈
Nr∑
i=0

µ̃iϕi,

s ≈
Nr∑
i=0

s̃iϕi, f ≈
Nr∑
i=0

f̃iϕi.

(B.6a)

(B.6b)

In matrix form:

h ≈ Φhr, µ ≈ Φµr,

s ≈ Φsr, f ≈ Φfr,

(B.7a)

(B.7b)

where Φ = [ϕ1, ϕ2, . . . , ϕNr ] ∈ RN×Nr , and

hr =
[
h̃1, h̃2, . . . , h̃Nr

]
∈ RNr×1, µr = [µ̃1, µ̃2, . . . , µ̃Nr ] ∈ RNr×1

sr = [s̃1, s̃2, . . . , s̃Nr ] ∈ RNr×1, fr =
[
f̃1, f̃2, . . . , f̃Nr

]
∈ RNr×1.

Here, hr, sr, µr and fr, also Hr := hr+sr are column vectors of size Nr that describe
the state of the system in a reduced form.

Substituting (B.7) into the system (B.5), we obtain:

MΦḣr = −
1

3
K̂(Φhr)Φµr,

MΦµr =MΦHr +
1

Ca
KΦHr,

MΦṡr + cKΦsr =MΦfr,

hr(0) = Φh0, sr(0) = Φs0,

(B.9a)

(B.9b)

(B.9c)

(B.9d)

This still gives a system of N equations in Nr unknowns. To obtain a closed reduced-
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order system, we project the equations onto the reduced subspace, which yields

Mrḣr = −
1

3
K̂r(Φhr)µr,

Mrµr =MrHr +
1

Ca
KrHr,

Mrṡr + cKrsr =Mrfr,

hr(0) = Φh0, sr(0) = Φs0,

(B.10a)

(B.10b)

(B.10c)

(B.10d)

where Mr = ΦT MΦ, Kr = ΦT KΦ, K̂r = ΦT K̂(Φhr)Φ ∈ RNr×Nr . Then, the
high-order solution is approximated as (B.7).

B.2.2 Proper Orthogonal Decomposition (POD)

The quality of ROM relies on the appropriate matrix Φ used for projection in (B.7).
In the context of POD model reduction, basis vectors are derived from samples
(termed snapshots matrix, H ∈ RN×Ns , Ns is the number of snapshots) of the full-
order model solutions from (B.5). The POD approach frames this as a minimisation
problem [109, 166]. Specifically, the Nr basis vectors, represented by Φ = {ϕi}Nr

i=1,
are determined to minimise the least-squares approximation errors across the Ns

snapshots

min
{ϕi}Nr

i

Ns∑
j=1

∥∥∥∥∥Hj −
Nr∑
i=1

(
HT

j ϕi
)
ϕi

∥∥∥∥∥
2

2

, (B.11)

such that ϕTi ϕj = δij , where δij is the Kronecker delta. Within the POD framework

for RN , the optimisation problem (B.11) targets an orthonormal basis {ϕi}Nr
i=1. The

aim is to narrow the differences between the snapshots and their projections on this
basis. It has been proven that the solution to (B.11) is directly linked to the singular
value decomposition (SVD) of H [109], which can be stated as:

H = ΦΣW T , (B.12)

where Φ ∈ RN×N , Σ ∈ RN×Nr , and W ∈ RNr×Nr . The POD basis are the first
Nr columns {ϕi}Nr

i=1 of the matrix Φ. If we selected Nr mode well that means it
is possible to do the evolution of (B.7) with only Nr-modes. The algorithm (10)
summarises the procedure.

Algorithm 10 Projection-based ROM

Require: Collect snapshot matrix H ∈ RN×Ns

1: Compute singular value decomposition [Φ,Σ,W ] = svd(H)
2: Define Φ = {ϕi}Nr

i=1.

3: Compute Mr, K̂r, and Kr.
4: Solve (B.10)
5: Obtain the high-order solution from (B.7)

B.2.3 Numerical Result

In our computational study of the Full Order Model (FOM), as defined by Equation
(B.5), we use initial conditions s0 = 1+0.1 sin

(
5πx
L

)
and h0 = 1+0.5 cos

(
2πx
L

)
. The
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parameters are f = 0, L = 5, N = 250, T = 5, Ca = c = 1, and dt = 0.05. The
FOM solution is shown in Figure B.5a.

For dimensional reduction, we employ the POD method, varying the basis size
Nr from the set {1, 3, 5, 7, 9, 11, 13, 15}. The errors are depicted in Figure B.5. We
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(a) FOM Solution with N = 250,
where the final state is constant
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Figure B.5: FOM solution and error analysis of the POD solutions.

quantify the fidelity using the L∞-norm, maxt∈[0,T ] ∥H(t)−Hr(t)∥∞. As Nr in-
creases, the L∞-error decreases, indicating that the POD approximation improves
as more modes are retained. Figure B.6a shows that the reduced model with Nr = 3
already captures the main behaviour of the full-order solution, although a visible
discrepancy remains. By contrast, the Nr = 7 approximation in Figure B.6c is much
closer to the FOM, with the corresponding error in Figure B.6d remaining signifi-
cantly smaller over the whole time interval. These results indicate that a relatively
small number of POD modes is sufficient to reproduce the dominant dynamics of
the system.

In summary, POD provides a robust, low-dimensional approximation of the
FOM, demonstrating its utility in complex simulations.
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Figure B.6: POD solutions with basis sizes Nr = 3 and Nr = 7 and their cor-
responding L∞-norm errors, effectively demonstrating low-dimensional approxima-
tions of the FOM.
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Appendices for Chapter 6

C.1 LQR closed-form optimal actuator posi-

tion

Consider the scalar system obtained by projecting a diffusion PDE onto a finite-
element basis with a single basis, i.e, a single piecewise linear hat function defined
on [0, 1]:

ḣ(t) = Ah(t) +B(w)u(t), t ∈ [0, T ], h(0) = h0, (C.1)

with quadratic cost

Jw(u) =
α

2
h(T )2 +

β

2

∫ T

0
u(t)2 dt, α, β > 0. (C.2)

For fixed w, the value function V (t, h;w) solves the HJB

Vt +AhVh −
B(w)2

2β
V 2
h = 0, V (T, h;w) =

α

2
h2. (C.3)

With the quadratic ansatz V (t, h;w) = 1
2P (t;w)h

2, the Riccati ODE is

P ′(t) =
B(w)2

β
P (t)2 − 2AP (t), P (T ;w) = α. (C.4)

Let Q = 1/P . Then

Q′(t)− 2AQ(t) = −B(w)2

β
, Q(T ) =

1

α
, (C.5)

with solution

Q(t) =
B(w)2

2Aβ
+
( 1

α
− B(w)2

2Aβ

)
e−2A(T−t). (C.6)

The optimal cost at (0, h0) is

J(w) = V (0, h0;w) =
h20
2
P (0;w) =

h20
2

1

Q(0)
. (C.7)

145
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Let the hat basis be

ϕ(x) =


2x, 0 ≤ x ≤ 1

2 ,

2(1− x), 1
2 ≤ x ≤ 1,

0, otherwise,

(C.8)

and model the actuator as a box of half-width δ centred at w ∈ [δ, 1− δ]: b(x;w) =
1[w−δ, w+δ](x). The scalar gain is

B(w) =

∫ w+δ

w−δ
ϕ(x) dx =


4δ w, w ≤ 1

2 − δ,
2δ − 2δ2, 1

2 − δ < w < 1
2 + δ,

4δ (1− w), w ≥ 1
2 + δ.

(C.9)

Writing J(w) = Φ(B(w)2) with

Φ(s) =
h20
2

[
s

2Aβ
+
( 1

α
− s

2Aβ

)
e−2AT

]−1

, (C.10)

one checks Φ′(s) < 0 for s > 0; hence sign J ′(w) = − signB′(w). Since B′(w) > 0
for w < 1/2, B′(w) = 0 at w = 1/2, and B′(w) < 0 for w > 1/2, it follows that J is
strictly decreasing on [ δ, 1/2 ] and strictly increasing on [ 1/2, 1− δ ]. Therefore,

w∗ = 1
2 (C.11)

is the unique minimiser. The optimal feedback is u∗(t, h;w) = −B(w)
β P (t;w)h.

C.2 Implementing the 2D Heat Equation

Consider the dynamic system as given in equation (6.29) on Ω = [0, L]2 with homo-
geneous Dirichlet boundary conditions. The state is expanded in a truncated sine
basis as

h(x, y, t) =

mx∑
k=1

my∑
ℓ=1

hkℓ(t)ϕkℓ(x, y), ϕkℓ(x, y) =
2

L
sin

(kπx
L

)
sin

(ℓπy
L

)
. (C.12)

Since −∆ϕkℓ = λkℓϕkℓ with

λkℓ =
(kπ
L

)2
+
(ℓπ
L

)2
, (C.13)

the semi-discrete dynamics are diagonal in modal coordinates:

ḣkℓ(t) = −ν λkℓ hkℓ(t) +
Na∑
j=1

B(k,ℓ),j(w)uj(t). (C.14)

Collecting all modes into h(t) ∈ Rd, with d = mxmy, yields

ḣ(t) = Ah(t) +B(w)u(t), A = diag
(
− ν λkℓ

)
. (C.15)
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Actuator influence. Each actuator j is modelled as a rectangular region centred
at wj = (wx,j , wy,j), with half-widths (δx, δy). Its modal influence coefficients are

B(k,ℓ),j(w) =

∫∫
Ωj

ϕkℓ(x, y) dx dy =
2

L
Ik(wx,j , δx) Iℓ(wy,j , δy), (C.16)

where

Ik(c, δ) =

∫ c+δ

c−δ
sin

(kπx
L

)
dx =

L

kπ

[
cos

(
kπ(c−δ)

L

)
− cos

(
kπ(c+δ)

L

)]
. (C.17)

Boundary penalty. To prevent actuators from approaching the domain bound-
aries, a smooth differentiable penalty is applied to each actuator centre wj . For a
single coordinate x ∈ [0, L], the penalty is defined as

p(x) =
4(

tanh
(
x−δx
ε

)
+ 1

)(
tanh

(
L−δx−x

ε

)
+ 1

) , ε = 0.05L, (C.18)

and the total penalty for actuator j is

pj(wj) = p(wx,j) p(wy,j). (C.19)

This function satisfies pj(wj)≥1 and grows smoothly near the boundaries, discour-
aging placements too close to the domain edges whilst maintaining differentiability
for gradient-based optimisation.

Time discretisation. An implicit-Euler step with time step ∆t gives(
I −∆t A

)
hn+1 = hn +∆tB(w)un, (C.20)

that is,

hn+1 = Ad hn+Bd(w)un, Ad = (I−∆t A)−1, Bd(w) = ∆t (I−∆t A)−1B(w).
(C.21)

Initial condition generation. Each training batch consists of B randomly
generated smooth initial conditions. For each sample i = 1, . . . , B, modal coefficients
are drawn as

h
(i)
kℓ (t0) = λ(i) ξ

(i)
kℓ

1

1 + k2 + ℓ2
, (C.22)

where ξ
(i)
kℓ ∼ N (0, 1) are samples taken from the standard normal distribution, and

λ(i) is a random scaling factor drawn uniformly from an interval [λmin, λmax] (typi-
cally [0, 1]). The decay factor (1+k2+ℓ2)−1 suppresses high-frequency modes, ensur-
ing spatial smoothness of h(x, y, 0) and simulating physically realistic temperature
profiles. These randomised yet smooth initial conditions promote generalisation of
the learned feedback law over diverse initial states.

C.3 Finite-horizon discrete LQR (Riccati)

For the discrete dynamics

hk+1 = Ad hk +Bd(w)uk, (C.23)
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and quadratic cost

J =
1

2
α ∥hN∥22 +

1

2

N−1∑
k=0

u⊤
k R(w)uk, R(w) = β diag

(
p(w)

)
, (C.24)

the Bellman principle with the quadratic ansatz Vk(h) =
1
2h

⊤Pkh gives the backward
Riccati recursion

PN = αI, Pk = A⊤
d Pk+1Ad−A⊤

d Pk+1Bd

(
R+B⊤

d Pk+1Bd

)−1
B⊤

d Pk+1Ad. (C.25)

The corresponding optimal feedback gain is

u∗
k = −Kk hk, Kk =

(
R+B⊤

d Pk+1Bd

)−1
B⊤

d Pk+1Ad. (C.26)

This Riccati feedback serves as the exact finite-horizon solution for a fixed actuator
layout w, and provides the benchmark reference in Section 6.6.
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