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ABSTRACT

Glioblastoma multiforme (GBM) is the most aggressive primary brain tumour
with an expected median survival of just 15 months post-diagnosis in spite
of treatment. GBMs are highly invasive, such that their cells can be found in
low densities far away from the apparent tumour edge indicated by magnetic
resonance imaging (MRI). It is this invasiveness that can limit the efficacy of
surgery. However, surgery acts as a unique opportunity for further local drug
delivery which is currently not exploited as a standard of care.

A local drug delivery polymer is in development at the Children’s Brain
Tumour Research Centre at the University of Nottingham; this biodegradable
polymer can be loaded with chemotherapy drugs and pasted onto the cavity
wall immediately following the surgical removal of the tumour bulk, to treat
the remaining GBM cells that could not be removed. The drug delivery dy-
namics through the polymer are not fully understood. We have developed
in vitro experiments and an analogous mathematical model to characterise
the dynamics of diffusion through the polymer. We noticed that the polymer
constructs swell during in vitro experiments, and our mathematical model
fits suggest a temporally decreasing diffusion coefficient of drug travelling
through the polymer. Together, these suggest that the polymer swelling in-
hibits drug diffusion over time.

In further collaboration with the Hounsfield Facility at the University of
Nottingham, we have gathered state-of-the-art microCT data of unswollen
polymer constructs. We have applied homogenisation of diffusion theory
to diffusive drug transport in the mixture of polymer particles and liquid
medium. The microCT data has been used for input geometries of the result-
ing cell problems, whose solutions define the homogenised tensor of diffusion
coefficients. We have found these solutions using a finite element method in
FEniCS. This theory allows us to quantify the rates of effective diffusion and
the effect of the internal geometries on this rate. The homogenised coeffi-
cients suggest that both channels of polymer and gaps of liquid medium are
present in the polymer constructs, such that the liquid channels are the pri-
mary mechanism by which drug would diffuse through the polymer in these

constructs. We see a significantly lower average diffusion rate in the direction



that the polymer constructs were packed into their moulds, highlighting the
importance of the method of application of this treatment and its subsequent
impact on the diffusion rate of chemotherapy drugs.

With the Precision Neurotherapeutics Innovation Program at the Mayo
Clinic, we have extended the Proliferation Invasion Hypoxia Necrosis An-
giogenesis (PIHNA) model, a PDE model that recapitulates the dynamics be-
tween angiogenesis and GBM growth at the tissue level. We show that the
original term that denotes the efficiency of the vasculature to provide nutri-
ents to the tumour can produce counter-intuitive behaviour in some cases, and
hence include a more realistic term. Unlike previous PIHNA publications, we
have allowed for different hypoxic and normoxic cell diffusion rates, as litera-
ture suggests the hypoxic cell rate is faster than its normoxic counterpart. We
linearised the PIHNA model to find an analytical expression to predict the
minimum possible wavespeed, and have shown that this minimal wavespeed
is reached if the diffusivity of normoxic cells is greater than or equal to that
of their hypoxic counterpart. However, when the hypoxic diffusion rate is
markedly faster than the normoxic diffusion rate, we see a faster numerical
wavespeed, suggesting that the hypoxic cells can drive the tumour growth.
We then apply this model to perioperative ischemia, a reduction in functional
blood vessels that can occur as a surgical complication, which has been seen
clinically to increase the chance of patients having a distally recurring tumour.
A distally recurring tumour returns with a different progression pattern such
that it appears far away from the original site (distant recurrence) or more
diffuse (diffuse recurrence) on MRI. We see in the PIHNA model that if a tu-
mour becomes hypoxic and necrotic at a fast enough rate due to the decrease
in nutrient availability caused by ischemia, and the ischemia is severe enough,
the tumour can reappear on simulated MRI far away from the expected local
recurrence location if it has a high enough migration rate and low enough
proliferation rate - giving a distant recurrence. This work therefore supports
the hypothesis that hypoxia can act as a driver for distantly recurring GBM,
and suggests conditions by which this can occur.

Ultimately, we plan to bring together the two themes of this thesis with a
tumour growth model similar to PIHNA that incorporates the local drug de-
livery polymer to test the potential efficacy of this treatment for brain tumour

patients.
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INTRODUCTION AND LITERATURE REVIEW

Cancer is one of the leading causes of death in England and Wales and it is
predicted that anyone born after 1960 has a 50% chance of developing cancer
in their lifetime [1, 45]. The need for novel therapies and treatment deliv-
ery techniques is as great as ever to counter the increasing longevity of the
average person. Unfortunately, this is not a simple task; not only are many
cancers able to spread throughout the body so are hard to target, they can
also be present in clinically undetectable densities. Even when tumours are
easy to access, a treatment will sometimes only destroy or remove a subset of
cancer cells at its most effective. The term cancer encompasses many diseases
of uncontrolled growth of abnormal cells. With all these factors in mind, it is
no surprise that cancer is yet to be cured despite many years of high quality
research. The research in this thesis focuses on the brain tumour Glioblas-
toma Multiforme (GBM), a grade IV glioma. The median life expectancy of
a GBM patient is only 15 months following diagnosis despite a combination
of resection, chemotherapy and radiation therapy as a standard of care for
this disease [132} [133]. At the Children’s Brain Tumour Research Centre (CB-
TRC), a novel local drug delivery system is being developed to treat GBM and
will be evaluated here through a combination of in silico and in vitro experi-
ments (Chapters [2] and [3). We then model GBM spread with the Proliferation
Invasion Hypoxia Necrosis Angiogenesis model, and apply it to investigate
how GBM recurrence patterns are affected by ischemia following resection
(Chapter |4)).

In this chapter, the history and development of cancer models will be intro-
duced, including statistical, analytical and computational models. We roughly
categorise the tumour models into avascular tumour models, vascular tumour
models, metastasis models, and tumour interactions with the immune system.
We will then focus on some literature pertaining to the research of this the-
sis, namely mathematical models of brain tumours, examples of local drug

delivery modelling and homogenisation of diffusion theory.



INTRODUCTION AND LITERATURE REVIEW

A cancer is defined as a disease caused by an uncontrolled division of ab-
normal cells in a part of the body. As this definition is so broad, it acts as an
umbrella term for many diseases and fails to describe the high level of com-
plex interactions that occur within each type of cancer. To eliminate cancer,
we must fully understand how it develops and continues to grow while out-
smarting the body’s natural defences against it. A widely used checklist of
characteristics for cancer was defined and subsequently updated by Hanahan
and Weinberg [56, 57]. They originally gave six hallmarks of cancer: evading
growth suppressors; enabling replicative immortality; activating invasion and
metastasis; inducing angiogenesis; resisting cell death; and sustaining prolifer-
ative signalling [56]. Since then, they have extended these hallmarks with two
more: deregulating cellular energetics and avoiding immune destruction [57].
They have also introduced two enabling characteristics for tumours: genome
instability and mutation, and tumour-promoting inflammation. It is often one
or more of the hallmarks that are targeted during tumour treatment. For ex-
ample, the drug bevacizumab inhibits angiogenesis [64], cytotoxic chemother-
apy drugs aim to stop replication of tumour cells [112], vaccine therapies aim
to facilitate the immune system to kill the tumour cells [34] and migrastatics
aim to stop invasion and metastasis [46]].

In the majority of cases, a tumour has four broad stages of growth: avas-
cular growth, angiogenesis, vascular growth and metastasis. Often, once a
cell has become cancerous, it divides into a small bundle of cancerous cells
that have access to ample nutrients through simple molecular diffusion and
their population can grow exponentially. As the nutrients move through the
bundle of cells, they are metabolised and their concentrations decrease; this
means that once the avascular tumour has reached a critical size, the concen-
tration of nutrients in the centre of the tumour is too low to sustain the cells,
which can lead to necrosis. In order to keep growing, the tumour enters its
angiogenic phase; it releases angiogenic growth factors such as vascular en-
dothelial growth factor. Once such a growth factor is released, it diffuses into
the surrounding tissue and can come into contact with endothelial cells (ECs);
these surround blood vessels. The ECs respond by degrading the basement
membrane surrounding the parent blood vessel, sprouting new blood vessels,
proliferating and directionally migrating chemotactically towards the source
of the angiogenic growth factor. Once a tumour is vascularised, its growth
is no longer limited by nutrient availability and its cells can use the blood

stream to transport themselves to a secondary focus in the body where they



1.1 STATISTICAL MODELS

can divide into a secondary tumour — a process known as metastasis. For
these reasons, angiogenesis is seen as a key therapeutic target. Due to the dis-
tinct mechanics of the tumour at different stages of its growth, mathematical
models of tumour growth can be roughly categorised into three groups: avas-
cular models (Section [1.2.1), angiogenesis and vascular models (Section
and metastasis models (Section [1.2.3). However, there are also models that
only consider established tumours that do not directly model vasculature or
access to nutrients. For example, there are models that look into the dynamics
between tumours and the immune system; these will be discussed in Section
Some of the earliest mathematical modelling of cancer was statistical work
on cancer death incidence. Such work aims to recreate population-level can-
cer incidence rates based on previous cancer victim data and carcinogenesis

theory; this will be discussed first.

1.1 STATISTICAL MODELS

One of the first statistical models of cancer was created by Armitage and
Doll in 1954 [8]. They aimed to fit a function to data regarding the number
of cancer incidences across different cancers and age ranges. Following the
proposition by Nordling that cancer is the result of seven mutations and that
the incidence rate occurs to the sixth power of time [102], Armitage and Doll
proposed that if each mutation occurs with probability per unit time p;, i =

1...7, then the incidence rate r is given by

r = kp1papapapspepst’, (1)

where k is a dimensionless constant and ¢ is time (or more specifically, age).
Naturally, Equation (1)) leads to

logr = 6logt + logkp1p2pspapspep7,

from which it is clear that, according to this model, the logarithm of the
incidence rate of cancer should be directly proportional to the logarithm of
the age and should increase six times as quickly. After comparing their model
to population data, they found that it was in line with some cancers but not
others. The model was reasonably accurate in predicting the incidence rate for
cancers of the stomach, oesophagus, pancreas, colon and rectum however, it
was not as good at predicting cancers of the lungs, bladder, prostate, ovary or

breast. The cause of the second set of cancers is attributed to lifestyle choices
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1.1 STATISTICAL MODELS

that exposed the cancer patients to carcinogens at unique times; this does
not follow the assumption of the model that each mutation was random and
equally likely to occur at any one time point, and was used as the reasoning
for the unconvincing fit to the data.

Armitage and Doll later showed that similar results could be obtained with
a two-step model for cancerous cells [g]. However, this model shows a better
fit for the cancers that they previously attributed to lifestyle choices. They
followed the suggestion by Platt [113] that exposure to a carcinogen could
create a subpopulation with a selective advantage over the normal cells; this
new population will grow exponentially with rate k (that has dimensions of
1/time and captures the advantage gained by the subpopulation) and will be
proportional to the dose of the carcinogen d;. This faster growing popula-
tion could then be subjected to a second discrete dose d; that leads to cancer.

Under these assumptions, the incidence rate for this model is given by
r = adydye

where « is a constant of proportionality. However, these two discrete events
do not have to be environmental, at least one of them can be a predisposed
genetic mutation.

This line of thought was followed in another statistical analysis of cancer pa-
tients carried out by Alfred and Knudson in 1971 [g]. They examined 48 cases
of retinoblastomas and agreed with Armitage and Doll’s view that the can-
cer, for retinoblastomas at least, was caused by two mutational events. They
split the retinoblastoma cases into the inherited, where there is one germinal
mutatiorﬂ and one seminal mutatiorﬂ and nonhereditary cases, where both
mutations leading to retinoblastomas are seminal. Although someone with
an inherited germinal mutation is predisposed to retinoblastomas, they will
only be affected if they have a seminal mutation at some stage. If this seminal
mutation does not occur, that person is known as an unaffected carrier. Those
that have one or more retinoblastoma(s) can be divided into unilateral and
bilateral depending on if the retinoblastoma(s) are in one or both eyes, respec-
tively. There are therefore 4 subclasses: unilateral hereditary retinoblastoma,
bilateral hereditary retinoblastoma, unilateral non-hereditary retinoblastoma

and bilateral non-hereditary retinoblastoma. However, the chance of someone

A germinal mutation is an inherited mutation in the DNA that is passed to offspring as well

as the progeny of all cells.
A seminal mutation occurs in a cell and is inherited by its progeny, but does not pass on to

offspring.
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1.1 STATISTICAL MODELS

having two seminal mutations in both eyes is very small, and consequently
bilateral non-inherited retinoblastomas did not appear in their dataset of only
48 patients. After taking into account literature on percentages of each of
these subclasses, they postulated and in turn found that the number of hered-
itary tumours per person could be well described by a Poisson distribution.
Moreover, they show that the data for unilateral and bilateral cases is best
described by a Poisson distribution with m = 3, and that the most commonly
occurring number of tumours per patient is also 3. In this paper, they calcu-
late reasonable estimates for both germinal mutation rates and the seminal
mutation rate. They therefore provided mathematical evidence that with just
two mutational events, retinoblastoma could be caused at the incidence rates
seen in the population.

Dewaniji et al. implemented a mathematical model of incidence and size of
colorectal adenomas to influence the screening process of this cancer using
similar poisson distribution processes to that of Knudson [39].

In 2015, Tomasetti and Vogelstein linked lifetime cancer risk within each
tissue to the normal total divisions of self-renewing cells involved in the main-
tenance of that tissue’s homeostasis [145]. They noted a 0.81 Pearson’s corre-
lation coefficient for a linear regression fit between the lifetime risk of each
cancer type and the total number of cell divisions of stem cells in the corre-
sponding tissue, alongside a coefficient of determination of 0.646. Their work
suggests that DNA replication is the major factor in cancer genesis. Along

with this correlation, they defined an Extra Risk Score (ERS) as
ERS = log,,(Incidence Rate) x log,,(Total Stem Cell Divisions).  (2)

They then used a k-means clustering algorithm with 2 clusters on the collec-
tion of ERS scores, and noted that this clustered the cancers into those known
to be caused by environmental factors and/or hereditary mutations, and those
caused by random mutations. This was noteworthy as the ERS score, which
does not directly take into account whether a tumour is caused by random
mutations or not, was the only input into the k-means algorithm.

For a review of mathematical modelling of somatic mutations, including

the heterogeneous somatic evolution within individual tumours, see [11].
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1.2 TUMOUR GROWTH MODELS

1.2 TUMOUR GROWTH MODELS
1.2.1  Avascular Tumour Models

Some of the earliest models of tumour growth consider only the avascular
growth stage. Modelling the complex dynamics of this early growth stage
then acted as a foundation to include even more complexity through the tu-
mour interactions with vasculature (Section [1.2.2). These early models for
avascular tumour growth tend to model the tumour with radial symmetry
and the radial growth of the tumour is assumed to only depend on one nu-
trient (usually oxygen). As is suggested by Byrne in a review article [22],
this type of modelling could have appealed to the pioneering mathematicians
due to the tumour’s shared characteristics (under the aforementioned assump-
tions) with other physical systems. One such system is the expansion of metal
when heated; models already existed for this and could be transferred to tu-
mour growth.

In 1955, Thomlinson and Gray modelled avascular tumours composed of
stratified squamous epithelium as cylinders due to the observation that these
tumors tend to grow as rods [144].

Thomlinson and Gray used their model to determine oxygen gradients
within human lung cancer tumours; these gradients were important to quan-
tify due to their effect on radiotherapy, anoxic regions were known to be less
effected by radiotherapy. Histological slices of tumour tissue revealed necrotic
cores of tissue in the centre of the tumour mass, and their sizes were quanti-
fied in this study to validate the oxygen consumption rates used in the model.

Early tumour growth models used exponential growth to explain tumour
growth rates. However, it was observed by Steel that this did not always
fit well to data [130]. Tumours only grow exponentially when they are not
limited by a resource.

In 1964, Laird used experimental data on mice, rat and rabbit tumour cell
populations to show that tumour growth limited by nutrient supply would
follow a Gompertzian growth function more closely than an exponential func-

tion [76]]. These functions follow the form

ﬂxt)

W(t) = Woea (1=, 3)
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1.2 TUMOUR GROWTH MODELS

which for small times reduce to an exponential expression at first order. For

large times, this expression has an asymptote at
A
W(t) = Woex, (4)

which can be considered a carrying capacity of the model and does not occur
for the exponential growth case.

Greenspan (1972) modelled the diffusion-limited growth of spherical tu-
mours [52]. Greenspan expanded on the work of Thomlinson and Gray by
including a concentration of chemical produced by the tumour that inhibits
proliferation of tumour cells. This paper looked at the varying model dy-
namics that would occur if this chemical was produced as a waste product of
living cells or through necrosis and described simple experimental data that
could provide evidence to support either case.

Greenspan also extended his work to look at the effect of asymmetric per-
turbations on the spherical shape of the tumour [53]. This model analyti-
cally considered a proliferating layer of cells on the surface of the tumour
with a necrotic core where the birth and death of the cells caused a pres-
sure gradient; this gradient led to the movement of the cellular material. In
this work, Greenspan modelled surface tension and showed that the tumor
could change shape or even pinch off into multiple tumors, depending on
the tumour growth and necrotic debris elimination rates. Even though the as-
sumption of radial symmetry was still present, this paper shows that thought
was being put towards the stability of the tumour’s shape. Many treatments
used Greenspan’s model as a base to include more dynamics in-line with
experimental data [35| 93| 94].

In 1985, Krug and Taubert applied the logistic growth model to experimen-
tal mouse model tumour population values and shown to provide a good fit
over time [71]. The logistic growth solution is given by

K

- K—Wo ,—rKt’
1+ W e

W(t) (5)

where now K is the carrying capacity of the model. This has been widely used
since in tumour growth models.

Another avascular tumour model worth noting is that of Ward and King
[150,[151], they modelled both living and dead cells of a spherically symmetric
tumour with a background of generic nutrient, and tracked the radial growth
over time. They showed that for later times, the tumour growth rate was

constant and they found this travelling wave speed analytically under certain
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1.2 TUMOUR GROWTH MODELS

conditions; they then showed that this had good agreement with numerical
simulations.

Cristini et al.’s nonlinear boundary-integral model of avascular carcinoma
growth suggested that a tumour would exhibit invasive fingering if it had
limited access to nutrients, but would always stay compact if it had an am-
ple supply through sufficient vasculature [31]. This was further backed up
by Gerlee and Anderson in a different mathematical setting [47]. They used
neural networks alongside a cellular automaton to describe the tumour evo-
lution during the avascular stage of growth. Each individual cell behaviour
was modelled as a response to environmental variables of glucose, oxygen
and hydrogen ion concentrations as well as the number of neighbours the cell
has. They found that the simulated background oxygen concentration was a
key factor in the growth dynamics of the simulated tumours as a whole. Low
oxygen led to a fingering growth pattern, with high oxygen leading to a ho-
mogeneous leading edge. This model simulated the avascular tumour growth
stage. As oxygen is depleted by the outer cells, the central tumour cells be-
come hypoxic and necrotic as they do not have access to sufficient nutrients.
This work was extended upon by Jeon et al., who modelled cellular invasion

on an off-lattice model [65]].

1.2.2  Angiogenesis and Vascular Tumour Models

Vascular tumours are more difficult to study biologically than avascular tu-
mours. Even in vitro, a vasculature network that is comparable to in vivo
dynamics is hard to create. As well as complying with the ethics associated
with tumour initiation and sacrificing of animals for in vivo experiments, the
tumours are less accessible and the growth dynamics are less reproducible
than the simpler avascular tumours. Due to these difficulties in data collec-
tion and the lack of early transferable research in other mathematical fields,
vascular tumour modelling did not begin until much later.

In 1985 the seminal paper by Balding and McElwain laid the foundations
for work on tumour-induced angiogenesis [10]. They modelled the diffusion
of an angiogenic growth factor as well as the formation and movement of
sprouts from existing vessels as a chemotactic response to the presence of
angiogenic growth factor. Interestingly, they noted that the process of angio-
genesis is analogous to fungal growth, and made use of a model by Edelstein

on the subject [40]. Balding and McElwain created this model to describe
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1.2 TUMOUR GROWTH MODELS

experiments within which tumour cells were implanted into mouse and rab-
bit corneas in vivo. These cells then encouraged new blood vessels to grow
from the limbus to the tumour. This model was based on experimental in vivo
mouse data from Muthukkaruppan et al, that implanted tumour fragments
into mice cornea and imaged the vasculature that grew towards them [g7].
Balding and McElwain assumed the capillary density p(x,t) (with units of
capillary length per unit area) can only increase by the movement of capillary

tips, so that
9p
ot
where n(x, t) is the tip density, v(x,t) < 0 is the tip velocity and d(p) = yp is

= -—nv—d,

the death rate of capillaries. Following Edelstein [40], they assumed that

on _ 9d(nv)
E - ax + ag, (6)

where o is the net rate of tip creation. They also used a chemotaxis term in
the equation for the flux of the cells.
After adding terms for tip creation and tip to branch anastomosis to Equa-

tion @, they were left with the following:

%P _
X = —mo—p @
on _ d(nv)
3 = oy Tacp—Ppnp (8)
(o) = — [ s ©)
\/E x/ V't
v(x,t) = s (10)

Vit

where the expression for chemoattractant (c) is found by solving the diffu-
sion equation on a semi-infinite domain assuming that initially there is no
angiogenic growth factor outside the tumour and there is a fixed concentra-
tion at the tumour’s edge. Balding and McElwain chose parameters that led
to similar model behaviour to that observed experimentally. The model can
produce a wave front of vascular activity that was described by experimen-
talists, be altered for varying response strengths and adjusted to reproduce
experimentally observed vessel lengths and tip speeds.

Of course, this angiogenic model has its limitations. As this model is con-
tinuous, there is no scope to give a detailed description at a microscopic level.
Furthermore, there is no distinction between the different types of blood ves-

sels and their morphology is ignored, only the concentration differences are
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1.2 TUMOUR GROWTH MODELS

modelled. Therefore, with this system, the difference between one large vessel
and many smaller vessels is indistinguishable.

Later research has avoided some of the limitations of the work by Bald-
ing and McElwain by using reaction-diffusion equations for nutrients cou-
pled with a cellular automaton that better captures the morphology; these are
known as hybrid models. For example, Stokes and Lauffenburger coupled
a probabilistic equation for endothelial cell movement with a deterministic
equation for the diffusion of angiogenic growth factor [131]. They produced
various two-dimensional predictions of sprouting from a parent vessel in re-
sponse to differing chemotactic response levels. Their model predicted a pos-
itive correlation between chemotactic response levels and the level of direc-
tional growth; this agreed with in vivo experiments. They also predicted that
a relatively large amount of random motion is necessary for vessel loops and
anastamosis to occurf]

Anderson and Chaplain proposed a model for angiogenesis [7], their work
added a haptotaxis term that allowed modelling of the interaction between
ECs and extracellular matrix (ECM) macromolecules. In this work, Anderson
and Chaplain proposed both a continuous and a discrete model for angio-
genesis, and stressed the different benefits of each. The continuum model
was good at capturing large-scale features and the discrete model, which was
based on the continuum model, was better at recreating smaller-scale fea-
tures such as capillary sprout branching. The results gained in this model
agreed with the results of Stokes and Lauffenburger [131], as well as an ear-
lier model proposed by Chaplain and Stuart [26], that a sufficient chemotactic
response was necessary to initiate the capillary network to deform and grow
towards the source of angiogenic growth factor. However, rather than only
having growth towards the source of the angiogenic growth factor, the hapto-
taxis term in the continuous model gave rise to local growth factor gradients
around the areas of high endothelial cell density that led to lateral growth in
the model.

Hahnfeldt et al. modelled the effects of the angiogenic inhibitors endostatin,
angiostatin and TNP-470 on tumour growth [55]. This work was carried out
both in vivo and in silico. Mice were given Lewis lung carcinoma cells and the
tumour dimensions were measured. After a period of growth, two groups

of mice were injected with either angiostatin or endostatin daily and a third

Vessel loops and anastamosis are important during angiogenesis, as they enable flow through

the new vasculature.
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1.2 TUMOUR GROWTH MODELS

group with TNP-470 every other day. The effects of these drugs on tumour
growth were then recorded.

The mathematical model proposed by Hahnfeldt et al. adds a time-
dependent carrying capacity for the tumour as a reflection of the maximum
tumour size that the vasculature can support. The carrying capacity is con-
trolled by the balance of pro-angiogenic and anti-angiogenic factors that come
from the tumour and administered inhibitors from the drug. Unlike other
models, the treatment is not added explicitly into the equation. For tumour
mass V(t) with carrying capacity K(t) and tumour growth rate A1, the growth

rate is given by a Gompertzian form

av %4
T —AVlog (E) . (11)
The carrying capacity is given by
Z—It( — — MK 4+ bV — dKV?/3 — eKg(t), (12)

where the first term is the spontaneous loss of functional vasculature, the
second and third terms correspond to the tumour’s capacity to promote and
inhibit vasculature respectively and the last is the inhibition of vasculature
due to treatment. The terms corresponding to the tumour’s influence on its
own vasculature were derived from the following clinical observation. Some-
times primary tumours were seen to release enough inhibiting agents that
they would cause tumours at a secondary focus to die (if they were nearby),
but the primary tumour would continue to grow [114]. It was later found
that the inhibiting agents were released and spread throughout the whole
tumour whereas promoting agents could only be found near their source —
suggesting they had a much shorter half-life [104]. To ascertain the effect of
this difference and the appropriate orders of magnitude for the second and
third terms in Equation (12), Hahnfeldt ef al. solved a diffusion-consumption
partial differential equation.

A quick analysis of the system (V,K) given by and leads to the
trivial fixed point (0,0) and the non-trivial fixed point that still depends on
time through the term g(f)

((b - Azd— eg(t)>3/2, <b - Azd— eg(t))3/2> .

Once their model was parametrised, Hahnfeldt et al. noted that it drew

attention to a principle of tumour growth; the tendency of a tumour in some
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1.2 TUMOUR GROWTH MODELS

cases to reach a plateau in its growth. Under enough treatment, the vascu-
larised tumour could reach a balance between the anti-angiogenic agents and
the angiogenic agents. This limits the vascular support available to the tu-
mour and would in turn create a limiting factor to tumour growth. The aim
of the anti-angiogenic treatment would be to reduce the asymptotic plateau
point of tumour growth to a clinically manageable level. Both TNP-470 and
Angiostatin treatments showed evidence of this plateau, which importantly
was irrespective of the initial size of the tumour.

McDougall, Anderson, Chaplain and Sherratt extended the previous work
of Anderson and Chaplain [7] to study the fluid flow through the pre-existing
vasculature [91]. They adapted modelling tools from the field of petroleum
engineering to study the rate of flow through the network, the amount of
fluid in the network at a given time and the amount of fluid that reaches the
tumour. This model was then applied to see how much of a chemotherapy
drug would reach a tumour. Their results emphasised the important role that
the tumour’s morphology plays in the delivery of both anti-angiogenic and
chemotherapeutic drugs. Following this work, there have been a variety of
extensions in this field [152, 86, 92]. A model, named the Dynamic Adaptive
Tumour-Induced Angiogenesis (DATIA) model, was developed; rather than
studying effects through a pre-existing vasculature, this model incorporated
fluid flow during the growth of new vasculature, and included shear-induced
capillary branching [92]. Another paper compared in silico and in vivo results
of retinal vasculature development in mice, to gain a mechanistic understand-
ing of this process [152]. This paper found the pruning of capillaries was an
important mechanism that allowed vasculature to provide oxygen more effi-
ciently throughout the network. Capillary pruning led to an increase in blood
flow through vessels that would otherwise be poorly supplied; these vessels
were then more likely to expand and receive a better bloody supply, to in turn
provide more oxygen.

Multi-scale models are used to model dynamics of many factors in spatio-
temporal tumour growth on differing scales of time and length. For a good
summary of such multi-scale models, see [36]. An example of such work was
carried out by Owen et al. [105], (based on a multi-scale model framework
also used in [2} 3]). They modelled four different layers, each representing a

different scale:
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e The subcellular level: as the name suggests, this is where the activity
within both normal and cancerous cells occurs. Such as the proteins

that regulate the cell’s cycle and VEGF production.

e The cellular level: this is the layer where the cell-cell dynamics are cap-

tured for both normal and cancerous cells.

e Diffusible species: this is the layer where extracellular oxygen and VEGF

are modelled.

e Vascular layer: the layer within which angiogenesis is modelled as well
as other key processes such as blood flow, nutrient source terms, drug

delivery and the loss of vessels (vessel pruning).

These four layers are coupled with each other in a variety of ways. Due
to the higher level of detail captured in these models when compared with
previous hybrid models of angiogenesis, they are much more computationally
intensive. These models tend to have a lot of parameters which cannot easily
be calibrated and a lattice assumption is not geometrically realistic. To avoid
this, there are also off-lattice models that can give rise to more geometrically-
realistic vascular networks [111].

Shirinifard et al. used the open-source cellular automata CompuCell3D
([142]) to compute the process of angiogenesis and its effect on tumour growth
[123]. The timescale of such simulations allowed for various morphologies to
form throughout the avascular growth phases. Unlike many of the models
considered in Section[1.2.1} they included pre-existing vasculature in the early
growth phase of the tumours. Once the tumour is too large to be supported
through the nutrients available from the pre-existing vasculature, the tumour
encourages vessels to grow towards it through angiogenesis. As expected,
the Shirinifard et al.’s simulations showed that angiogenesis provides more
nutrients to the tumour and allow for further tumour growth.

A multi-scale model proposed by Macklin et al. included ECM degradation
by matrix degrading proteolytic enzymes in a tumour invasion model along
with the DATIA model of tumour-induced angiogenesis [85]. By breaking
down the ECM, these enzymes provide room for further tumour growth and
aid in the attachment of cancerous cells to ECM macromolecules. Macklin et
al. showed in silico that if there is enough ECM degradation, the tumour is
protected by a halo of growth space that inhibits efficient angiogenic growth.

Instead of penetrating the tumour, the vasculature will instead encompass it.
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1.2.3 Metastasis Models

Metastasis is the process of secondary tumours developing away from the
primary cancer site. This often occurs through the transport of tumour cells
from the primary tumour mass to other sites in the body via blood or lymph
vessels. One of the earliest mathematical models of metastasis is from Saidel
et al. This group created an ODE birth-death model consisting of the follow-
ing: tumour cell count in the tumour, tumour surface area, invading tumour
cells on the inner vessel surface, arrested tumour cells in the pulmonary ves-
sels, and pulmonary metastatic foci [118]. Each of these quantities represents
a different stage of metastasis. This model was calibrated with experimental
data on fibrosarcoma metastasis and then used to look at the effects of trauma,
amputation, lung damage, inhibition of vascularisation, and inhibition of tu-
mour cell penetration of vessels on the metastatic dynamics, which had good
agreement against experimental data.

Shortly following this work was a stochastic model of metastasis from the
same research group [80]. Through a two-dimensional Markov processY they
introduced a probabilistic element into the modelling of metastasis. They
model the temporal probability of having no metastatic foci as well as the
probability of metastasis occurring, which depends on the clump size of the
cells that have entered pulmonary vessels. The experimental data used is
from a fibrosarcoma mouse model within which mice are given a tumour in
a femoral muscle region. Metastatic foci are classed as the number of macro-
scopically visible foci in the excised lungs of the mice. However, it is estimated
that it takes six days for a metastasis to become visible macroscopically, so
the true number of metastases could be higher than seen visually. To make
sure all metastases were macroscopically visible at the time of sacrifice, the
tumour-bearing limbs of the mice were amputated twelve days beforehand.

Markov modelling of metastases has since continued to be used. More
recently, a paper by Newton et al. has used Markov chain modelling to sim-
ulate disease progression pathways and their corresponding timescales when
starting in the lung [100]. They include 50 potential metastatic sites of the

body in their model and autopsy data from nearly 4000 patients to train the

Markov processes are random processes in which the future is independent of the past. Each
state has a probability distribution of moving to other states (including itself). The collection
of these probabilities across all states in the model is stored in a matrix known as the transition

matrix.
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transition matrix of the model. The probability of moving between each two
states in the transition matrix was not predefined, instead they let the model
fit the autopsy data. The probabilities that came from this fitting suggested
which metastatic sites have a higher probability of being a zero-order site (that
seeds to itself), a first-order site (that is directly reached by a metastasis) or a
second-order site (a site that is reached through multiple metastatic steps).
Scott et al. created a model to determine the likely mechanism of self-
seeding, a process where a tumour sheds cells into the vasculature which later
return and promote further growth in the primary tumour [122]. Their model
consisted of logistically growing tumours at primary and secondary sites that
stochastically shed tumour cells into the vasculature. Two mechanisms of self-
seeding were tested: the tumour cells shed from the primary tumour, enter the
vasculature, and return to the primary site; or the tumour cells leave the vascu-
lature to a secondary site, where they populate, shed, and some return to the
primary site. The authors found regions in parameter space that promoted
primary tumour growth (through the creation of more loci), and compared
these with estimated return probabilities for the two mechanisms along with
Fermi estimates®} The model suggested that the only possible mechanism for
self-seeding that promoted growth in the primary site is through the interme-
diary second site, rather than directly through circulating tumour cells in the

vasculature.

1.3 TUMOUR GROWTH AND THE IMMUNE SYSTEM

For a cancer to grow successfully, it needs to evade or overcome the immune
system. However, as the cancer cells are mutated host cells, sometimes the
immune system does not recognise the cancer as foreign. The immune sys-
tem does have the potential to stop a cancer from spreading and there are
various mechanisms to prevent, repair or eliminate cells with mutations, as
well as immunotherapies that aim to encourage the immune system to attack
cancerous cells.

Early immune-tumour mathematical models used ODE approaches to

model cancer and the immune system [38, 73, [72]. A seminal paper by

Named after Enrico Fermi, who estimated the energy of a nuclear blast within an order of
magnitude after dropping pieces of paper during the shockwave. This refers to estimating
something through best guesses of its constituent components multiplied together and track-

ing the overall error.
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Kirschner and Panetta modelled the immune-tumour interactions alongside
immunotherapy [69]. They found a stable limit cycle between the antigenic-
ityﬁ of a tumour and the tumour itself. The authors suggested this stable
limit cycle could be an explanation for tumour recurrence, which occurred
on long timescales for tumours with low antigenicity. When including im-
munotherapy, they found a tumour-free state could be achieved if the therapy
was applied early enough and in a sufficient dose.

Owen and Sherratt spatially modelled the dynamics between macrophages
and an avascular tumour [107]. They showed spatial inhomogeneities were
produced by the macrophage’s ability to selectively kill tumour cells. How-
ever, the macrophages were not able to stop the tumour progression. Owen
et al. modelled macrophages that could deliver drugs to hypoxic cell regions
[106] through an extension of the aforementioned model from Ward and King
[150, 151]. Owen et al. found that the presence of engineered macrophages,
that chemotactically moved to hypoxic regions through a chemoattractant pro-
duced by cells experiencing hypoxia, could displace the tumour cells from
hypoxia towards the outside of the spheroid, and in turn make them more
vulnerable to other therapies that target highly proliferative cells, such as
chemotherapy.

Work by Matzavinos, Chaplain and Kuznetsov modelled the dynamics be-
tween tumour-infiltrating cytotoxic lymphocytes and small tumours that are
yet to become vascularised [go]. Such tumours were considered to be in an
equilibrium with the immune system, and it is the dynamics of this equilib-
rium that the authors sought to understand. Four quantities were modelled
spatially: tumour-infiltrating cytotoxic lymphocytes, tumour cells, complexes
and chemokines, and a linear stability analysis was undertaken which showed
a stable limit cycle exists between tumour-lymphocyte complexes, tumour
cells, and tumour-infiltrating cytotoxic lymphocytes. The authors suggest that
the model could suggest observed heterogeneities of cytotoxic lymphocytes
in solid tumours and that understanding these dynamics could lead to more
effective anti-cancer vaccinations.

It is proposed that there are certain abilities that a cell must express before
it can evade the immune system; these are known as the immune hallmarks
of cancer [24], and follow a similar idea to the landmark paper on the hall-

marks of cancer by Hanahan and Weinberg [56]]. There have been a number

Antigenicity in this context is the extent to which tumour cells present antigens that can be

recognised by the immune system.

23



1.3 TUMOUR GROWTH AND THE IMMUNE SYSTEM

of papers that have modelled a tumour’s interaction with the immune system
with kinetic theory [12, 13} [14]. The models found in these papers do not ex-
plicitly model the vascularisation of the tumour or even its access to nutrients,
but instead focus on how the tumour cells acquire their abilities that hinder
the immune system and the competition with the immune system that the
cancerous cells undergo.

One application of kinetic theory towards cancer and the immune system
was carried out by Belloquid et al. [14]. The cells were split into eight different
groups known as functional subsystems, each group corresponded to a type
of cell or a cell showing a specific ability. Each functional subsystem has m

different states. For state u;,
O=u <upy<...<upy 1 <uy=1

It is assumed that as u; increases for the cells in each functional subsystem, so
does the expression of that cell’s ability. The ability is captured by the discrete

probability distribution function
fii(t), i=1,...,8, j=1,...,m,

where the subscript ij corresponds to the functional subsystem i and particles

in state u j- The distribution function follows the ODE

Yi®) _ L1016 = GA® + A - DA - LAG.  6)

The net flux J;;[f](t) is split into

e Cij[f](t) - the net flux due to conservative interactions (also called lo-
cal interactions) that only modify the microscopic activity of interacting

cells, not the population size directly
e P;j[f](t) — the gain of particles from proliferation
e Djj[f](t) — the loss of particles due to destructive events

e L;j[f](t) - the relaxation of the immune system back to a healthy state,
once it can no longer detect the cancer (as the cancer is not there, or it

has become undetectable by the immune system).

Depending on the chosen parameter values in this model, for large times the
cancer will either die out, reach a plateau in its growth, or continue to grow

with no signs of slowing.
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The kinetic theory approach is reasonably well-suited to model cancer’s
accumulation of characteristics to overcome the immune system. It seems
like a similar approach could be undertaken to model the eight hallmarks
of cancer given in the extension of Hanahan and Weinberg’s hallmarks of
cancer [57]. Although the kinetic theory model by Belloquid has a lot of
parameters, identifying qualitative trends in such a model could be beneficial
in highlighting important interactions or pathways for therapeutic targeting.

Clinical interest in immunotherapy has continued to grow as have mathe-
matical models of such treatments. A comprehensive review of mathematical
models of immune therapies, as well as in combination with chemotherapy,
can be found by de Pillis, Eladdadi and Radunskaya [41].

1.4 GLIOMA MODELS

Gliomas derives its name from glial cellf} that were originally thought to be
the origin of this disease. Recent research has suggested that they could orig-
inate from glial progenitor cells or even neural stem cells [23]. Although they
can metastasise, gliomas are less likely to do so when compared to other can-
cers; this is due to the blood brain barrier (BBB) which only small molecules
can pass through [108, 10g]. The most aggressive form of glioma is glioblas-
toma multiforme (GBM), that has a short median survival time when com-
pared with many other types of cancer of only 15 months [132]. GBMs usu-
ally kill a patient from a combination of factors, including but not limited to:
herniation in the brain caused by high pressure, systemic decline caused by
the progressive degeneration of brain function, brain-stem tumour invasion,
or radiation damage [127]. GBMs typically contain highly migratory cells,
that spread out across the brain; this high level of cell motility limits the ef-
ficacy of surgical resection as not all of the tumour can be removed or even
seen. Murray [96] proposed the following spatiotemporal model for tumour

cell density:

% =V -(DVc) + pc, (14)

where c(x, t) is the tumour cell density at position x and time ¢, p is the net
growth rate of cells and D is the net diffusion coefficient which models the

random tumour cell movement over the whole population.

Glial cells are found in the peripheral nervous system, they provide support to neuronal cells,

maintain homeostasis and create myelin.
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Radial growth models similar to the avascular growth models discussed
in Section made use of Murray’s proposal with diffusion and prolifera-
tion coefficients estimated from clinical data and observations [20, [146, [154].
Burgess et al. compared different combinations of proliferation and diffusion
coefficients on the density and spread of gliomas [20]. Two proliferation co-
efficients were estimated from observed doubling times of tumour volumes;
a rapidly proliferating tumour, p = 0.012/day and a slowly proliferating tu-
mour, p = 0.0012/day. Burgess tracked the detectable tumour margin to find
an average growth velocity, v (cm/day). Fisher’s approximation for the mini-

mum wavespeed of outward growth for large times for Equation (14),

02

= @/ (15)

was then used with the previously estimated proliferation coefficients to give
D = 0.0013cm?/day for the high migration rate and D = 0.00013cm?/day
for the slow migration rate. This approximation is only valid for large times
where the assumed radial growth of the tumour is dominated by its linear ap-
proximation. Burgess et al. also tested Murray’s reaction-diffusion equation
for tumours with all combinations of high and low D and p. Using only
these two parameters, it was shown by Woodward that the model supports:
that gliomas cannot be cured through resection alone due to their diffuse na-
ture; maximal surgical resections are most beneficial to the patient’s survival
(under an assumptions that patient death occurs at a set tumour size); and
that patient-specific measurement of diffusion and proliferation rates might
better predict survival rates than histological analysis [154].

Murray’s governing equation (Equation (14)) was extended by Swanson et
al. [136] to take into account the different diffusivity between white and grey

matter. They proposed a diffusion coefficient

D) D, if there is grey matter at position x
X) =
D, if there is white matter at position x.

This, along with detailed 3D brain scans from the Brainweb database [28,
29, 74} [75], allowed Swanson et al. to create detailed simulations of tumour
growth which could then be compared to MRI scans. The goal of such a model
is to look past the MRI resolution and predict where the rest of the tumour
might be; armed with this prediction, clinicians could be better informed

when choosing future treatment plans. Swanson has coined this model the
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Proliferation Invasion (PI) Model. Later, Swanson ef al. added an extra term

to account for chemotherapy [138]

% = V- (D(x)Ve) + pc — G(t)c.

Swanson’s group also modelled surgical resection by setting the tumour
density at the resection bed to zero at the time point of resection. From a
modelling point of view, a tumour resection does not stop the tumour growth,
only delays it. If there is already substantial growth in the model beyond the
resection cavity at the time point of resection, the resection does not affect
the growth dynamics at this leading edge. The benefit of resection to an in
silico patient’s survival is simply that the tumour takes time to re-establish
itself to the assumed radial tumour size that causes death in that patient. It
is widely accepted by neurosurgeons and mathematical oncologists alike that
a maximal extent of resection is most beneficial for a patient’s survival. The
decrease in pressure due to tumour resection leads to a relaxation of the brain
that partially reduces the size of the cavity and can decreases symptoms (see
Figure [1)), it is also important that neurological function is not lost as a result
of surgery; the affect of treatment on quality of life is not taken into account
in these models, but naturally is a serious consideration for clinicians.

By assuming the tumour densities that appear on different standard-of-care
MR modalities, T1-weighted with Gadolinium contrast (T1Gd) and T2, Swan-
son can calibrate D and p in the PI model using two pre-treatment time points
to determine the predicted growth of a patient-specific brain tumour. Neal
and Swanson have looked at 3D anatomical and 1D spherical growth simu-
lations [98]. To compute patient-specific D and p rates, linear radial growth
is assumed for the volumetric spherical equivalent of an anatomical tumour.
At each time point, the T1Gd and T2 volumes are computed through manual
segmentation of the MRI slices and are then reduced to spheres, of which a
radius is computed. The tumour velocity is calculated as the difference in
these radii over time and used in Equation (15). The (T1Gd—T2) radial value
from one time point is used against stored PI simulations to give a value for
D/p. Together, these calculate the individual D and p for the patient. These
radii are also computed from MRI slices during treatment. A metric used to
evaluate treatment efficacy is known as the “Days Gained” metric. With the

assumed linear radial growth, the simulated radius r(t) is given by

r(t) = mt +7r(tpre) (16)
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Figure 1: T1-weighted MRI scans with Gadolinium contrast to illustrate the
spread of a GBM. (A) Presurgical scan with the GBM (arrow) sur-
rounded by fluid. (B) Postsurgical scan showing resection, notice
the change between the original tumour site and the resection site
(arrow). (C) Six months later with tumour reoccurrence (arrows). (D)
Another resection at the primary and secondary sites. (E) 3 months
later showing re-occurence of the tumour at the edge of the second

resection site. This figure is adapted from [62].

where 7(t,.) is the radial size of the tumour at the second pre-treatment scan,
t is the time in days from the first pre-treatment scan and m is the gradient
computed from the two different simulated radii at each of the pre-treatment
scans. A simple rearrangement of Equation (16) at time f( gives

o = r(ty) — r(tpre).

m

Now assume that t( is the time in Equation at which 7(fg) = rpost, Where
Tpost is the tumour radius after treatment. We can use this to find the time
along the extrapolated linear growth line at which the radius was the same as
it is after treatment (see Figure [2). This along with the fact that Days Gained
is equivalent to tpost — to, gives

T'post — r(tpre)

Days Gained = typ54 — ———.

If used literally, this metric assumes that if the equivalent radius, calculated
from the mass conservation of the anatomical tumour, is the same post-
treatment as it was sometime before treatment then the tumour itself is equiv-

alent — effectively resetting the tumour to a previous state. This would be a
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Figure 2: The assumed linear radial tumour growth is extrapolated as the
untreated virtual control from the two imaging time points, and
compared to the actual radial value with treatment from patient
MRI data. The difference in time between the time of the patient
MRI with treatment and the corresponding time point along the un-
treated virtual control line with the same radius is the “Days Gained”

value. This figure is taken from [98]].

dangerous assumption as the tumour could in fact be more aggressive, more
resistant to therapy or have migrated further around the brain; these prop-
erties would make the tumour much harder to treat. In reality, this metric
is used as a measure of treatment response, and not to say that a specific
patient will survive for that number of days more than they would have with-
out treatment. For this metric to be calculated, there needs to be at least two
pretreatment scans for the patient, which does not always occur.

The Days Gained metric was also used to determine whether a tumour was
undergoing pseudoprogressiorﬁ This process was carried out using Kaplan-
Meier analyses to find a statistically significant Days Gained value that would
retroactively discriminate between patients who had progressed or pseudo-
progressed for both progression-free survival and overall survival times [98]].

The PI model was specifically designed to be simple, with only two param-
eters that can be calibrated on a patient basis. A byproduct of this simplicity

is that the model overlooks other mechanisms of the growth of a tumour.

Pseudoprogression occurs when a tumour appears larger or denser in post-treatment scans
and can be misinterpreted as progression, which can diminish the apparent efficacy of the
treatment regime. This can be due to tumour inflammation or an hypoxic microenvironment

caused by treatment.
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Extensions of the PI model have been created to capture other phenomena:
the Proliferation Invasion Hypoxia Necrosis Angiogenesis (PIHNA) model
[140] incorporates angiogenesis and its effects on tumour growth, PIHNA
with Oedema (PIHNA-E) [59] goes one step further to include the oedema
created by the presence of the tumour and the Proliferation Invasion Recruit-
ment (PIR) model [89] ties in the ability of tumour cells to recruit otherwise
healthy cells, through an increase in platelet derived growth factor.

PIHNA models five quantities of interest: normoxic cell density (c), hypoxic
cell density (&), necrotic cell density (1), vascular cell density (v) and angio-
genic factor concentration (2). The governing equations for the PIHNA model
are given by the following five PDEs:

Rate of change

of normoxic Net diffusion of Net prolifera_tion Conversion Conversion Conversion
cell density NOrmoxic of normoxic of hypoxic of normoxic of normoxic
glioma cells glioma cells to normoxic to hypoxic togc\ro\tlc

dc = — nc

% = V- (D(1-T)Ve)+ pc(1—-T) + qhV —Bc(1-V)— a,

Rate of change

of hypoxic Net diffusion of Conversion Conversion chor?c};er;%gi
cell density hYPOXIC of hypoxic of normoxic to necrotic
A glioma cells to normoxic to hypoxic
oh S — nh
Fr V- (D(1-T)Vh)— ~hV  +Bc(1-V)— ochh(l—V)—Hxn?
Rate of change Contact necrosis
of necrotic Conversion . ofall
cell density of hypoxic living cells
fa/\ to necrotic ,Th_)\
n T nict+n+vo

Rate of change

of vessel Net liferati Conversion
M oo g LR
/-5\ vasculature g
0 a no
— = V- (D(1-T)Vv) — v1-T)+ ap—
= (DA-T)V0) ~ppo(l-T)+  alg

Rate of change
of angiogenic

factor Net consumption and

concentration Net diffusion of Net Prodgction decay of angiogenic factor
angiogenic factor of angiogenic factor
oa V- (DVa) + d.c+o4h . v(1-T) A
- = . a C — 0 — — wao — Ad
ot ¢ h i K, +a

where V =v/(v+c+h), T = (c+h+n+v)/Kand K is the carrying capac-
ity of the model. The PIHNA model has been repeatedly used in suggesting
possible mechanisms for clinically observed phenomena [140, 54, [139]. An
example of this is PIHNA suggests that observed clinical tumour grade pro-

gression can be caused simply by an increase in tumour size or a function
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of time, rather than a phenotypic change in the kinetics of the tumour cells
themselves [140]. Although PIHNA can describe more phenomena than the
PI model, it does so at the cost of many more parameters. Such a model with
many parameters can be hard to calibrate due to lack of data that is either
available or even possible to produce.

Work by Engwer, Hillen et al. is furthering Swanson and Murray’s approach
in another direction to PIHNA, they have created a fully anisotropic model
of the brain [42]. Their work makes use of Diffusion Tensor Imaging (DTI);
this is an MR modality that creates a complex tensor image of the movement
of water molecules in the brain. DTI has been used by Engwer and Hillen
to inform the diffusion tensors in the model instead of fixing the diffusion
coefficient within different tissues, the tensor’s direction and magnitude are

used. An uncommon diffusion tensor is also derived from first principles
V- (V(D(x)c)) =V - (D(x)Vc)+ V- (V(D(x))c).

This operator can be split up into the Fickian term for diffusion, and a hapto-
tactic term that depends on the gradient of the diffusion tensor rather than a
velocity field. Together, the diffusion tensor and the haptotactic term describe
where the cancer cells are likely to move to. Engwer, Hillen et al. use logistic
growth to give the governing equation

%: V- (V(D(x)c)) + pc (1—%). (18)
The validation of this model is carried out by Swan against the PI model with
exponential growth. Swan shows that the fully anisotropic diffusion opera-
tor with DTI-guided diffusion tensors can more accurately simulate patient-
specific tumour geometries for nine of ten patients in an in silico study in both
two and three spatial dimensions, where accuracy is defined using the Jac-
card Index [134]. Underlying structures can be obscured or destroyed by the
tumour in DTI imaging. To mitigate this, Swan showed that using a reflec-
tion of the DTI data from the opposite hemisphere to the tumour hemisphere
increased the accuracy of the tumour growth predictions.

Other research has also included DTI in models of brain tumour growth,
as well as the mass effect caused by the growth of the tumour displacing the
brain [27, 160, g5]. These models often make use of finite element theory to
model the complex geometries of both the tumour and the brain throughout
the growth of the tumours.

PDE models certainly are the most widely used when it comes to predict-

ing in vivo growth of GBMs post diagnosis. However, there have been cellular
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1.5 MODELLING LOCAL DRUG DELIVERY TO BRAIN TUMOURS

automata and agent based models exploring the early stages of the tumour’s
growth, which sometimes follow this growth to the tissue level stage [66]. In
in vitro conditions, an establishing GBM population forms branches as it in-
vades into surrounding regions. Sander et al. modelled this branching process
seen in GBM growth with a lattice based model [121]. By using chemotactic
movement as well as homotypic attraction between cells, they showed that
qualitatively similar branching to that seen in in vitro experiments could be

recreated in silico.

1.5 MODELLING LOCAL DRUG DELIVERY TO BRAIN TUMOURS

Unfortunately, conventional systemic drug delivery is inadequate for brain
tumours due to the BBB; only small lipid-soluble molecules are likely to pass
through it. To account for this, clinicians have to administer a relatively
high drug concentration to the rest of the body. With systemic chemother-
apy comes the well known symptoms of hair loss and the inhibition of nail
growth as well as any other highly proliferative cell phenotypes such as im-
mune and stem cells. These symptoms are due to the indiscriminate nature
of such chemotherapy drugs, leading any susceptible proliferating cell that it
encounters towards an apoptotic pathway.

With local drug delivery to the brain, the simplest administration oppor-
tunity is during resection when the brain is exposed. This opportunity has
been capitalised on by a local drug delivery implant called Gliadel. Gliadel
wafers are a polymeric biodegradable delivery system that are loaded with
a lipophilic drug called carmustine, which has been shown to increase the
median survival time of GBM patients in a phase III clinical trial by 2 months,
which is notable due to the 15 months median survival for the disease [153].
Six to eight Gliadel wafers are applied immediately post resection around the
cavity wall. The Gliadel treatment relies on passive diffusion out of the wafer
and is currently in clinical use but is not a standard-of-care treatment. When
Gliadel is applied, it is usually during sub-total resection, when the visible
tumour could not completely be removed.

Gliadel wafers, and other potential polymeric matrices such as PLGA con-
structs have been mathematically modelled both in vitro and in vivo [19, 44].
Polymeric matrices can hold drugs in a variety of ways: simply mixed in with
the polymer as is the case with Gliadel, through encapsulation within micro-

spheres [147], or through conjugation between the polymer and drug. The
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release of the drug also depends on the properties of the polymer and can oc-
cur through: diffusion (which is the case with Gliadel), surface erosion, bulk
erosion or be controlled by swelling; it could even be a combination of these.

Siepmann et al. have modelled drug release from PLGA microparticles, that
depends on the microparticle degradation [125], using a combination of par-
tial differential equations and Monte-Carlo simulations. They validated their
work with experimental data of PLGA microparticles releasing Fluorouracil
into phosphate buffer solution. This in vitro release data showed three phases
of drug release: an initial burst release, followed by a sustained release and
then a final burst release due to the degradation of the PLGA microparticles.
Due to the complexity of the PLGA degradation process, in that it is hard
to predict which bonds in the microparticles break and in which order, a
Monte-Carlo technique was applied over time to randomise the degradation
within microparticles, which themselves were discretised into independent
PLGA units. This mathematical model was able to accurately recreate the full
release profile of the Fluorouracil over time, which was particularly notable
due to the three different release phases in the data.

Shortly before Siepmann et al. published their work, Wang et al. carried
out an investigation into PLGA microparticle drug release and continuously
measured the release rate of octreotide acetate into an acetate buffer using
high powered liquid chromatography [149]. They complemented this with
scanning electron microscopy to study the surface of PLGA microparticles at
different time points of release. They noted that, after 24 hours, the surface
pores had almost entirely closed on the microparticles. The release rate of
the drug varied throughout time and decreased as the PLGA permeability
decreased. There was also evidence of swelling in the particles and a skin
that covered the surfaces of the particles, limiting the release of the drug.

Drug diffusion has been modelled analytically by Siepmann et al. from au-
tocatalysing PLGA /PEG microspheres based on empirical data [124]. They
showed that the diffusion rate of drug from within microparticles increased
with the particles’ radii and suggested this relationship was due to the auto-
catalysing effects within the microparticles. Saltzman has characterised the
diffusion of drugs through various polymers as well as their diffusion and
elimination in brain tissue [119, 120].

As well as polymeric matrices, convection-enhanced delivery has been pro-
posed to treat GBM with phase I/1I clinical trials [78, |148] and in vivo simula-

tions based on in vitro observations have been carried out [79]. This treatment
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involves infusion of chemotherapy drugs through a catheter inserted into the
brain. This delivery technique is theoretically more beneficial than polymeric
matrices for larger treatment regions; making use of convection from the ex-
tracellular space can move drug much farther from the location that the drug
is administered than passive diffusion alone. Convection enhanced delivery
is yet to be realised clinically for the treatment of GBM as has yet to produce

a convincing phase III clinical trial.

1.6 HOMOGENISATION THEORY

Homogenisation is a process by which an assumed small scale building block
of a material is analysed and generalised across the material as a whole. In
the case of diffusion, this process smoothly combines diffusion coefficients of
inherent composite materials within this building block to give a predicted
effective diffusion tensor across the material as a whole. This theory relies on
the assumption that the assumed building block is sufficiently small that it
can become an independent scale of interest to that of the whole material.
Asymptotic expansions are taken of terms within a governing PDE and
only the first two scales of interest are considered: the scale of the whole ma-
terial, and the small scale of the assumed building block. Homogenisation
theory has been used for both diffusion and fluid flow and applied to vari-
ous imageable materials such as bone, soil and concrete [33} |63, To1]. This
theory has also been applied to poroelastic media [21, 30] as well as cells in
a tissue [99, 61]. More specifically, homogenisation has been applied to both
the propogation of action potentials through cardiac cells [67], as well as cal-
cium dynamics within the cytoplasm of a cell, where Goal et al. coupled a
homogenised domain with a nonhomogenised domain [49]. This theory has
also been used to study the diffusive transport of ligands into the extracellular
space and their subsequent binding to the receptors on the surface of cells [87].
Using this theory, the extent to which different periodic structures affect the
overall diffusion of a material can be quantified, even when the proportions of
the composite materials are equal between the assumed building blocks [16].
One clear benefit of this theory is the vast reduction in computational
expense that it allows for. By assuming the periodic building block on
a small epsilon scale, simulations only run on this small geometry to
compute the macro-scale quantity of interest; this quantity is then applied

on simulations of the macro-scale. This theory also reduces computational
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expense in simulating rapidly changing values across a material as a whole,
as numerical mesh sizes do not necessarily have to be as small to capture the
dynamics of the microscale. The asymptotic analysis that this theory requires
can also shed light on the dominating terms within model equations. This
theory can also be used to predict how future formulations of the material
of interest would behave were its microstructure adapted somehow into

different shapes, patterns or sizes [16].

The following three chapters in this thesis consist of the creation, adapta-
tion, and application of mathematical models to GBM growth and treatment.
The next chapter in this thesis (Chapter |2) focuses on the novel local drug
delivery system, a biodegradable polymer, in development at the Children’s
Brain Tumour Research Centre through the combination of in vitro experi-
ments and analogous mathematical models on the polymer macroscale. We
find that the polymer swells throughout its delivery lifespan, and that after
including this swelling in a mathematical model, the best fit to the data from
our mathematical model gives a diffusion coefficient within the polymer that
slows down over time; suggesting that the observed polymer swelling can
slow down macroscale diffusion of drug from the polymer delivery system.

In the third chapter (Chapter [3), we apply homogenisation of diffusion the-
ory to microCT geometries of the novel polymer to look at the microscale of
the polymer drug delivery system and analyse how its internal structure can
play a role in drug diffusion dynamics. We see that different regions of the
polymer express different diffusion dynamics, and that fluid channels present
in unswollen polymers are important for the release of drugs.

In the final research chapter of this thesis (Chapter [4)), we explore adapta-
tions to the Proliferation Invasion Hypoxia Necrosis Angiogenesis (PIHNA)
model, a previously published mathematical model that aims to reproduce
the angiogenic dynamics of GBM growth. We will apply our adapted PIHNA
model to vascular ischemia, which was observed to correlate with different re-
currence patterns in brain tumours when it occurred following surgery [143].
The PIHNA model suggests that the ischemia leads to a local decrease in cell
density such that the tumour can first appear on imaging outside of this is-
chemic region. We provide conditions on the simulated tumour populations

that facilitate this behaviour.
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MODELLING DRUG DIFFUSION THROUGH PLGA/PEG
POLYMER CONSTRUCTS

In this chapter, we describe experiments and a mathematical model to char-
acterise the diffusion of drugs from a construct of poly(lactic-co-glycolic acid)
(PLGA) incorporated with poly(ethylene-glycol) (PEG). PLGA/PEG is a pro-
posed local chemotherapy drug delivery system for the treatment of glioblas-
toma multiforme (GBM), an aggressive brain tumour. The mathematical
model is calibrated alongside in vitro experiments in collaboration with the
Children’s Brain Tumour Research Centre (CBTRC). The author of this work
carried out the experimental design, data collection and data analysis of
these experiments at the CBTRC. From our experiments, we found that the
PLGA/PEG polymer swells throughout its treatment timescale and our cali-
brated mathematical model suggests that this swelling slows down the drug
diffusion rate through PLGA/PEG over time; this is an important consider-
ation for using this polymer as a chemotherapy treatment for GBM going

forward.

2.1 BACKGROUND

Although there are a wide variety of clinically approved chemotherapy drugs
for cancer treatment, the vast majority act by altering the structure of DNA,
so that when the cell tries to proliferate during the mitotic phase of the cell
cycle, it instead follows an apoptotic pathway and dies; drugs that act in this
way are known as cytotoxic. A standard of care cytotoxic chemotherapy drug
used for GBM is Temozolomide (TMZ). TMZ is an example of an alkylating
agent that alters the DNA'’s structure through the addition of an alkyl group
so that when the cell enters its mitotic phase and tries to proliferate, it instead

follows an apoptotic pathway. Although TMZ indiscriminately alkylates cells,



2.1 BACKGROUND

it only has a major impact on cells with a proliferative phenotype, as they
enter the mitotic phase more often.

Drug delivery is an important consideration for all drugs; TMZ is usually
ingested orally [103]. Due to its aforementioned effects on rapidly dividing
cells, a chemotherapy drug will impact the growth of tumours as well as hair
and nail follicles, and the skin. However, for brain tumours such as GBM, the
orally ingested drugs have to be given in larger doses so that a therapeutic
quantity will reach the tumour through the blood-brain barrier (BBBY| This
larger dose of chemotherapy drug has to be finely tuned so that it does not
become too toxic in other parts of the body. The necessity for a large dose
can be bypassed by using a molecularly smaller chemotherapeutic drug that
could move through the BBB with ease, or by direct application to the brain;
the CBTRC has proposed that the latter could be achieved through the use of
a drug-loaded PLGA /PEG construct applied immediately following surgical
removal of the bulk of the tumour, known as resection [115} [129].

PLGA/PEG is a biodegradable polymer that can deliver chemotherapy
drugs through a variety of mechanisms such as: simple bulk diffusion of
drug through the polymer; conjugation, where a covalent bond is created be-
tween the drug and the polymer, which has to be broken before the drug can
start diffusing; and degradable microspheres of polymer, in which the drug
is encapsulated inside the spheres, which have to degrade before the drug
can diffuse out of the polymer [147]. The experiments and subsequent model
considered here use PLGA/PEG constructs that consist of particles sintered
together, where bulk diffusion is the only mechanism of drug release present.
There are three different scales of interest for the polymer: the microscale,
mesoscale and macroscale. The microscale is where a drug can be conjugated
in some way to the polymer. At the mesoscale, the polymer clumps into irreg-
ular structures with gaps between them (see Chapter [3); this is the scale on
which degradable microspheres can be created. The macroscale is concerned
with drug release from PLGA/PEG into an external material such as fluid or
brain tissue, and is the scale that we will focus on in this chapter. Due to the
invasive nature of resection, the application of PLGA/PEG can usually only
happen at one time point and it is therefore vital that the release dynamics
from PLGA/PEG are well understood both in vitro and in vivo.

The BBB is a natural barrier that inhibits the free movement of larger molecules both to and

from the brain and is useful in stopping pathogens from reaching the brain
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Inserting drug-releasing polymers into the cavity left post resection is not a
new concept. There are currently Gliadel wafers in clinical use that release a
cytotoxic chemotherapy drug called carmustine into the brain. Gliadel wafers
were approved following a successful phase III clinical trial [153]; the trial
showed a two month average increase in survival time with Gliadel. These
wafers do not stick to the cavity wall, and are manufactured in a set shape that
cannot be easily altered. In contrast, PLGA/PEG adheres well to brain tissue
[115] and can be formed into any irregular shape at the time of application,
as it has been designed to sinter at body temperature.

To examine the diffusion dynamics of drug moving through PLGA /PEG,
we carried out in vitro experiments using a variety of set ups, of drug moving
through or from within the PLGA/PEG constructs. Following the experi-
mental outline and results, we present an analogous one dimensional spatial-
temporal mathematical model to represent these experiments. This model
uses partial differential equations to simulate the dynamic movement of drug

through a system containing various materials.

2.2 1IN VITRO EXPERIMENTS

The first experiment considered is the diffusion of theophylline from inside a
PLGA /PEG construct into water, where we have tracked the theophylline con-
centration in the water over time. In the second experiment, a theophylline
concentration is added on top of an initially theophylline-free PLGA /PEG
construct with distilled water underneath; we track theophylline as it diffuses
through the PLGA/PEG construct and into the distilled water below. In the
third experiment, we place theophylline concentrations above and below an
initially theophylline-free PLGA/PEG construct and track the theophylline
concentrations above and below over time. These experiments will be re-
ferred to as Experiment 1, Experiment 2 and Experiment 3, respectively. Theo-
phylline was chosen for these experiments due to its molecular similarities to
TMZ.

For all of our experiments, samples of medium are analysed for their theo-
phylline concentration using ultraviolet-visible (UV-vis) spectrophotometry.
UV-vis spectrophotometry records the intensity of wavelengths in the ultra-
violet spectral range that travel through a sample. The spectrophotometer is

calibrated to zero with a sample of distilled water and subsequently returns
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values based on the UV light intensity of the impurities (in our case theo-
phylline) in the subsequent samples.
The intensity of the pure water, Iy, and the intensity of the sample I are

used to calculate the absorption A using the relationship

A= lOglO (%) . (19)

The more impurities that are present in a sample, the lower I will be. The
intensity I can also be no larger than Iy. Therefore, A > 0 and A increases
as the concentration of interest, Iy, increases. In fact, the Beer-Lambert Law
states that

A =a(A)bC (20)

where a(A) is the wavelength-dependent absorptivity coefficient, b is the path
length taken by the lightwaves and C is the concentration. Therefore, we can
find a linear relationship between absorption values and known concentra-
tions; this is known as a calibration curve (despite it being a straight line).
Using a range of known theophylline concentrations, we can create a calibra-
tion that we then use to convert the sample absorptions to the true concentra-
tions of the samples. Figures[3and |4/ show calibration curves for theophylline
across our experiments. The curves are all calculated using least squares re-
gression and we consistently see R? > 0.99 for each repeat across all samples,
from which it is clear that a linear relationship gives a good fit to each cali-
bration curve.

To ensure independence between replicates within each experiment, each
replicate has its own theophylline solution with its own calibration curve. In
total we created six theophylline solutions with their respective calibration
curves; this is because Experiment 1 was carried out at a different time to
Experiments 2 and 3. Figures [3 and [4] show these curves with their respec-
tive equations and R? values. The spectrophotometer outputs the absorption
values across a range of wavelengths and we chose to store the absorption
values and calibration curves at 242nm, as this wavelength gave a consistently
clear signal on the spectrophotometer across the range of concentrations of
interest in the experiments. We also ran calibration samples of Experiment
1 through the UV-Vis spectrophotometer three times to ascertain the consis-
tency of the machine. We present the results of these in Table 1}, where we see

very consistent absorption values output by the spectrophotometer.
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Figure 3: Three calibration curves for theophylline for solutions used in Exper-
iment 1. Known concentrations (C) of 1, 0.5, 0.25, 0.125 and 0.0625
(mg/mL) were each run once through the UV-vis Nanodrop ma-
chine and gave the corresponding absorptions (A). The linear equa-
tions for the least squares error are shown, each has an R% > 0.99.

This is clearly a linear relationship.

40



2.2 IN VITRO EXPERIMENTS 41

—_
N

X Replicate A
X Replicate B
Replicate C

—
\o}

© O
o o =

Absorption Value (A)
o
~

—— Aa = 1313104 +0.0113
—— Ap = 1.3645Cp +0.009
Ac =1.2997C¢ + 0.0132

0 0.2 0.4 0.6 0.8 1
Concentration (C) (mg/ml)

o
N

Figure 4: Calibration curves for the three repeats in Experiments 2 and 3.
Known concentrations (C) of 1, 0.5, 0.25, 0.125, 0.0625 and 0.03125
(mg/mL) were each run once through the UV-vis Nanodrop ma-
chine and gave the corresponding absorptions (A). The equation of

each calibration curve is given, each has R? > 0.999.
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2.2.1 PLGA/PEG Particle Preparation

The PLGA/PEG was prepared in a ratio of 93.5:6.5, PLGA:PEG, by weight
using PLGA 85:15, lactide:glycolide and PEG 400. The PLGA is mixed with
the PEG on a hot plate at 80-90°C; this was carried out by hand with a poly-
tetrafluoroethylene (PTFE)-coated spatula. The mixture was then allowed to
cool until it hardened and sheets of the polymer were blended into particles
using a coffee grinder. The particles were then sieved to select for particle
diameters between 100-200pm.

These particles were later mixed with a theophylline solution of 2mg/ml
(see Experiment 1) or distilled water (see Experiments 2 and 3). In all of the
following experiments, 0.25g of PLGA /PEG was mixed with 0.2ml of solution,
for each replicate. This creates a paste that can be moulded into any shape

and sintered at 37 degrees Celsius.

2.2.2  Experiment 1 - Theophylline Release from PLGA/PEG

This experiment was designed to track the theophylline concentration re-
leased over time from PLGA/PEG constructs into water. We only track the
concentration of theophylline in the water compartment as we are unable with
our techniques to track the theophylline concentration within the PLGA/PEG
without destroying the integrity of the experiment.

In each of the three replicates of this experiment, a PLGA/PEG paste was
created by mixing 0.2ml of a 2mg/ml theophylline solution with 0.25g of
PLGA /PEG particles, prepared as described in Section The three pastes
were then filled into the bottom of three wells and left in a humidified closed
container at 37°C for 2 hours to sinter. Once sintered, a 1ml volume of dis-
tilled water was added to each well, which was then sealed with an adhesive
film, and the concentration was recorded over time through intermittent sam-
pling. Between sampling time points, the well plate was kept in humidified
conditions at 37 degrees Celsius on a rocker, which we assume creates well-
mixed fluid volumes. A schematic of the experiment can be seen in Figure
o}

A calibration curve was determined for each theophylline solution as previ-
ously described, see Figure|s| Each curve has an R? > 0.99 and we quantified
the consistency of the spectrophotometer in Table
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. Fluid
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Figure 5: A schematic of the initial experimental setup for Experiment 1 - theo-
phylline concentration is within the PLGA /PEG construct. This con-
centration is subsequently released from the polymer into the fluid
compartment. We track the concentration within the fluid compart-

ment over time.
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Figure 6: Release data for theophylline from the PLGA/PEG polymer over
time. The release from all three replicates shows a higher concen-
tration than expected, suggesting again that solvent is being lost. A

schematic of the experimental setup is shown in Figure
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We label the three replicates 1, 2 and 3. The concentrations of the sam-
ples taken from the fluid compartment of the three replicates over time can
be seen in Figure [ Samples from each replicate were taken over a period
of 147 hours, with a total of 28 time points, denoted T;(«) for « = 1,...,28,
with corresponding mean concentrations Cg,, (T7) across the three replicates.
Only 2ul was taken as a sample from each replicate at each time point to min-
imise the volume reduction in the fluid compartment over the course of the
experiment. The theophylline concentrations show a fast initial release from
the PLGA /PEG constructs, followed by a slowly increasing concentration that
starts to level off.

Due to there being an initial 0.2ml of a 2mg/ml concentration within the
PLGA/PEG that has had 1ml of fluid added to it, we would expect an equi-
librium concentration of around 0.33mg/ml if there were no water or drug
lost from the system during sintering or throughout the experiment. How-
ever, all three repeats significantly surpassed this concentration and contin-
ued to increase throughout the experiment, with the largest concentrations
of 0.537mg/ml, 0.558mg/ml and 0.519mg/ml seen at the end time point in
Replicates 1, 2 and 3, respectively. This larger-than-expected concentration is
not due to an increase in theophylline in the system, rather a decrease in the
solvent available to dilute it. We became aware in earlier preliminary exper-
iments that this was occurring, and took steps to minimise the decrease in
solvent as well as to account for it. We measured evaporation of water from
the well plate during the experiment as well as swelling of the polymer in a

separate experiment. We will explain these further in Section

2.2.3 Experiment 2 - Theophylline Diffusion through PLGA/PEG

The second experiment was designed to determine how quickly theophylline
would travel through a cylinder of PLGA/PEG. A theophylline concentration
was added on top of a PLGA/PEG disc with water below, see Figure m The
concentration of theophylline was then measured over time in both the top

and bottom water compartments.

Netwell Inserts

To keep our PLGA/PEG scaffolds fixed in place during this experiment, we
used Netwell well plate inserts. These are polystyrene inserts with a mesh

of polyester on the bottom to allow for filtration, among other purposes.
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Figure 7: A schematic for the initial setup for Experiment 2 - theophylline
concentration is initially in the top fluid compartment above a
PLGA /PEG construct suspended over water. Diffusing theophylline
travels through the polymer into the lower fluid compartment, con-

centrations in both fluid compartments are tracked over time.

We used Netwells with a 15.6mm diameter and a mesh size of 74um; this
size was chosen to allow free movement of drug without allowing our
PLGA /PEG particles of diameter 100-200um through.

A 1.3ml volume of distilled water was added to well plates of radius
22.4mm. Three Netwell inserts each containing a PLGA /PEG disc (prepared
in situ according to Section were added to the well plates. Concurrently,
a 0.7ml solution of theophylline with concentration Img/ml was added on
top of each PLGA/PEG disc. These fluid volumes were chosen to mitigate
effects of initial fluid movement between the Netwell and well plate, caused
by a combination of capillary effects and gravity. An adhesive film was stuck
over the top of each Netwell. The well plates were then kept in humidified
conditions within an airtight container at 37°C. The experimental setup
was placed on a rocker that we used throughout the experiment, which we
assume well-mixes the fluid volumes.

A total of 23 time points were taken for each repeat over a 51 hour pe-
riod and run through a UV-Vis spectrophotometer (Nanodrop) in one session.
Time points will be denoted T,(B) for B = 1,...,23, with corresponding mean
concentrations Cdata(Tzﬁ ). A calibration curve was also created for each repli-
cate, A, B and C, using the corresponding theophylline solution used in each
replicate (Figure [4).

This experiment showed a clear decrease in the concentration in the top
compartment and a clear increase in the concentration in the bottom compart-
ment for all three repeats. However, we would expect the concentrations to

level out to the same concentration as the system reached equilibrium. We did
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Figure 8: Concentrations of theophylline in each repeat of Experiment 2. Sim-

ilar behaviour occurs in each replicate, the concentration in the top

compartment decreases over time, whereas the bottom increases.

Both concentrations level off in all repeats, but to different values.

not observe this in our data. The observed concentrations approach different

values at large times, see Figure

As in Experiment 1, we observe higher concentrations than expected, which

would either suggest that theophylline is being created or solvent is being lost.

As there are no mechanisms by which theophylline is created, we looked for

other effects in the experiment that could remove solvent from the system, see

Section
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Figure 9: A schematic of the setup for Experiment 3, where theophylline con-

centration starts in both the top and bottom compartments.
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Figure 10: Subfigure [10a| shows the concentration over time of the top com-

partments for this experiment. Subfigure shows the bottom

compartments. Although all concentrations increased over time,

the top compartments consistently increased more than the bottom,

suggesting that more solvent was lost from the top compartment
relative to its volume.

2.2.4 Experiment 3 - Theophylline Entering PLGA/PEG

As a final experiment, to observe penetration of theophylline into the
PLGA /PEG polymer, we added 0.35mg/ml concentrations of theophylline to

the top and bottom fluid compartments with the same experimental setup

as Experiment 2. We then tracked these concentrations over time at the

same time points as Experiment 2, and denote the average concentration as

Cduta(T:f) :

Although we would expect to see a decrease in measured concentrations
over time, the trends in our data do not show an overall decrease. Intu-

itively, drug should be entering the initially drug-free PLGA /PEG polymer
y g g y g poly
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constructs. We have evidence that it passed through to some degree in Ex-
periment 2. Any decrease in drug concentration due to drug entering the
polymer construct is eclipsed by other effects. The data shows that the top
compartments consistently had a larger increase in concentration than the
bottom, suggesting that they lost a larger proportion of their fluid volume
compared with the bottom compartment. Again, as in Experiments 1 and 2,
it is clearly important that we track these other effects in this experiment, we

will discuss this in the next section.

2.2.5 Accounting for Other Effects

We looked for effects that the Netwell could have on the movement of theo-
phylline; these were important to minimise for the validity of the experiment
and subsequent mathematical model fitting. Although no inhibition of theo-
phylline through the Netwell was observed, there was capillary action as well
as gravitational effects that would quickly balance the volumes within the
top and bottom fluid compartments. Our experiments that used Netwell in-
serts therefore started with these balanced volumes of 0.7ml in the top fluid
compartment and 1.3ml in the bottom. These volumes minimise drug concen-
tration being dragged through PLGA /PEG constructs through fluid flow.

Following preliminary experiments, concentrations were observed that
were much higher than would be expected if water was conserved in the
system. We visually noticed that the PLGA/PEG constructs swell over time,
and assumed that there would be some evaporation of the water over time.
We wanted to account for the evaporation through loss of mass from our well
plate. We did this by taking the initial mass of the experimental setup and
measuring it throughout the experiment. There was a loss of mass from the
system with each time point taken, more than the amount taken through sam-
pling. Interestingly, the loss of mass that we attribute to evaporation of water
correlates much more strongly with the number of time points taken than it
does with the length of time that the experiment has been running (Figure
[11). In this figure, we present the mass lost after accounting for the known
loss due to sampling.

We ran an experiment to test the stability of the theophylline concentration
over time and saw no change in the values of three independent repeats at the
wavelength that we use for UV-Vis (242nm); this allowed us to store samples

and run them through the UV-Vis spectrophotometer in one session. We also
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Figure 11: These four subfigures show mass lost from each well plate in Ex-
periments 1 ((a) and (b)) and 2 and 3 ((c) and (d)) after accounting
for known loss due to sampling; this correlates much better with
the number of time points taken ((a) and (c)) than with the time
course of the experiments ((b) and (d)). This shows that it is the
measuring of the system itself that causes the loss of weight from

the system.

ran samples of PLGA /PEG in water over time, to check for any other signals
that might be produced. We observed none.

We also noticed that the polymer was swelling in vitro, as at the end of
preliminary experiments the constructs were larger; this led to a further ex-
periment to gather data on the rate at which this swelling would occur. The
mechanism for PLGA/PEG swelling is hydrolysis. As the name suggests,
hydrolysis is the breaking of compounds by water. The polymer swelling
is important to consider since it removes water from the system that would
otherwise be available as solvent for the drug, increases the concentration of

drug in the system, and alters the domain sizes. Three separate PLGA /PEG
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Figure 12: The mean and range of the PLGA/PEG swelling data is shown

against the power fit swelling equation used in the model,
29.82¢0-2808,

cylindrical constructs of 6mm diameter and 12mm length were placed in ex-
cess distilled water. We tracked the increase in the mass of these PLGA /PEG
replicates, and their increase in diameter and length over time. The polymer
constructs were placed on tissue paper for 10 seconds before being measured,
to allow for the release of excess water. We present the volume increase along
with a power fit in Figure |12} We see the best fit to the percentage volume in-
crease of the PLGA /PEG constructs of 29.82t92808 with an R? value of 0.9677.
A power fit was chosen as it gave a good fit to the data, goes through the ori-
gin, and previous work has done the same for the mass of swelling polymers
[17]-

The data allows us to estimate the PLGA /PEG volume fraction over time,
which along with the volume fraction that fills with water makes up the total
construct. We do this using the measured volume and weight of PLGA/PEG
constructs, a PLGA density from the literature of 1.2825g/ml [128]E] and a PEG
density value from the literature of 1.1118g/ml [116P] We first compute the
density of PLGA/PEG from the initial mass of PLGA and PEG that we used

The temperature associated with this density is not given. However as PLGA is a solid, the

change in density with temperature is often considered negligible.
PEG is a liquid and its density value was calculated using linear interpolation of the published

density values for various temperatures to find the density at 37 degrees Celcius.
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Figure 13: The mean and range of the PLGA/PEG volume fraction data is

shown against the power fit swelling equation, Q(t) = Q(0) —
0.1057004668 with R? = 0.89.

to make the constructs along with the aforementioned densities for PLGA and
PEG, we have

_ mprcaspec(0)  mprgaspec(0)
PPLGA/PEG = Vprga,peg(0) — meca(0) + mrec(0) = 1.2698g/ml, (21)
OPLGA PPEG

where p is density, m is mass and V is volume. We then divide the measured
PLGA /PEG mass values from the data by this density to find the PLGA /PEG
volume over time during swelling. This value is then divided by the volume of
the construct at the respected times to find the dynamic PLGA/PEG volume
fraction, Q(t)

. mPLGA/PEG(t)/pPLGA/PEG
Q(t) N Vconstruct(t) . (22)

This calculation relies on the assumptions that the construct does not con-
tain excess water when weighed. We present our estimated PLGA /PEG vol-
ume fraction in Figure where we found a power fit of Q(t) = Q(0) —
0.105710-04665 to fit the data with R = 0.89.

We now present the two-domain mathematical model that is analogous to

Experiment 1.
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2.3 TWO-DOMAIN MATHEMATICAL MODEL FOR EXPERIMENT 1

Consider the domain x(f) € [0,x,,4(Ty)] that consists of subdo-
mains [0, xprga/pec(t)] and [xprgaspec(t), Xprcaypec(t) + X f1uia(t)], where
Xend(T) = xprgaspec(t) + Xf14ia(t) and T} represents data time points. Let

the drug concentration C(x, t) be a solution of the governing equation

oC d aC
=5 (pengs), 3)
where
Dprcaspec(t)  if x € [0, xprga/pec(t)]
D(x,t) = | (24)
Dfluid OtheI'WISQ.

We have xprga,pec(t) and x4(t) depend on simulated time as these
subdomain lengths change due to swelling, which is a continuous process.
We assume that swelling acts as a moving internal boundary, increasing
xpLca/peG(t) and decreasing xj,4(t) at the same rate. On the other hand,
Xend(T}') only depends on the data time points, as this point only moves due
to sampling and evaporation, which we model as discrete events following
our observed correlation between evaporation and data time points in Figure
Therefore, x,,4(T}) is constant between data time points.

As we assume no theophylline or solvent leaves the system between data
time points, zero flux boundary conditions are employed on the ends of the
domain

dC(0,t dC(x,,4,t
Dprcay/pec(t) ng ) Dfluid% = 0.

We also add the interface condition

C(x;LGA/pEG(t)/t) =(1- Q(t))c(x??_LcA/pEGG)/t)/ (25)

where 1 — Q(#) is the water volume fraction within the PLGA /PEG constructs
(Q(t) defined as in Equation (22)) and the subscripts — and + denote the
point on the domain as approaching from the left and right, respectively. This
is included to ensure that the theophylline concentrations in water are equal
between the PLGA/PEG and fluid subdomains. We also assume continuity
of flux across this internal interface.

The initial condition is given by

C(x(0),0) = H(xprga,pec(0) — x(0))Co, (26)

where H is a Heaviside function and Cj is the initial drug concentration in
the PLGA /PEG, the only concentration initially in the system. See Figure
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Figure 14: A schematic of the setup for Experiment 1, where theophylline con-
centration starts in the PLGA/PEG, marked with the model do-

main.

for a schematic of the initial condition of the model marked with subdomain
labels.

Sampling removes fluid volume and drug concentration from the system
at each data time point Tf, and evaporation removes fluid solvent that we
have assumed also occurs at each data time point due to our supporting data
shown in Figure These are therefore included in the model as discrete
events occurring at the times when t = T}' for some a. During this time,
we remove some of the fluid subdomain to represent sampling, denoted x;,
and some to represent evaporation, denoted x,; this transforms x,,,;(T}') into
Xena (T4 1), such that

xend(TiX—H) = xend(TiX) — Xe — Xs, (27)

which updates the domain from x(T¢™) € [0,x,,4(T¥)] to 2(T¢H!) €
[0, Xeng(TET1)]. Sampling also removes concentration from the system,
whereas evaporation only removes water, which increases the theophylline
concentration at each data time point. In terms of the model this leads to an

update to the concentration at each time point T}'. We have

Xen (Tochl) A Xend (T7)
[ ey, myas= [
0 0

/xend(Terl ) +Xs
X

end(Terl)

C(x (T, T ) dx (28)
C(x (T, T dx,

where we use C and £ to denote the updated concentration and domain, re-
spectively.

The now smaller fluid subdomain contains a higher concentration of drug
which is equal throughout, as this subdomain is assumed to be well-mixed

due to the rocker used in the experiment. The simulated concentration in
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the PLGA/PEG subdomain is unaffected by the data time point, and along-
side the increased concentration in the fluid subdomain becomes the initial
condition for the model until the next data time point where this process is

repeated. The concentration that is added to the new smaller fluid subdomain

is given by
1 xend(TiXJrl)-‘rxe
le=—"011 / . C(x (T, T dx. (29)
xfluid(Tl ) Xend(T7 )
So we have
é(}?(Trx—l—l) Toc—i—l) o C(X(qu'l), Ti"*l)) if £ € [O, xI;LGA/PEG(TiH—l)]
1 741 - o 3
C(X(T{XH), Ti"ﬂ)) +1, if%é]0, xPLGA/PEg(TiXH)}

(30)
We assume that the movement of the internal boundary at xp;4,pec(f) can
be described by the power fit to the PLGA/PEG volume time series data
during swelling described in Section Due to the fixed radius provided
by the sides of the well that Experiment 1 was contained within, the measured
percentage volume change is equivalent to the percentage height change in
the model. We also assume that Q(t) follows the power fit to the PLGA /PEG
volume fraction derived from the data also described in Section which
is only possible with our assumption that the volume changes are equivalent

between experiments.

2.3.1  Numerical Scheme for the Two-Domain Model

The numerical scheme for this model makes use of finite element theoryf in
space and finite difference theory in time and is implemented in Matlab 2017a.
In the interest of equation readability, in this section PLGA/PEG subscripts
will be denoted P.

At each simulated time point, the one-dimensional space x(t) is partitioned
into two sets of points, one set for each subdomain with each point denoted
x;i(t) for i = 1,2,...,m. The PLGA/PEG subdomain, [0,x (t)], is discre-
tised to the set of points 0 = xq,x1,...,X; = xp (t) and the fluid subdomain
(X} (£), Xenq) is discretised to x3 (t) = X141, X140, ..., Xm = Xeng(TF). Time is
also discretised, so that t is partitioned into t = 08 . N where t" = nt

for fixed T and n = 1,...,N. The constant time step, 7, is chosen in such

4 For an accessible introductory book on these methods, see Larson and Bengzon [77]
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a way that there exists a t" = T} for some n and all « = 1,...,28. As a re-
minder, 28 is used in this case as it is the total number of data time points
in this experiment. To solve Equation (23)), a suitable weak form needs to be
derived. To do this, the basis functions for the discretised space, known as
hat functions, take the following form:
x4 (") .
T i x (1) € [ (1), (1)
— St —x(t" .
Ni(#") = FUEE i) € (), xiaa (1) 6

0 otherwise.

The basis of hat functions is convenient as each one is only non-zero on one
point along the discretisation of x, so each hat function can be linearly scaled
to represent a point within a function. Therefore, a linear combination of hat
functions can be used to describe a function, in our case C. Multiplying each
side of Equation by a continuous test function V}, and integrating over the

domain with respect to x gives

Xend aC Xend a aC
/0 e Vydx = /0 e (D(x(t))ax> Vj, dx

As Vj, is arbitrary, we can choose it to be an arbitrary basis function, Nj. The

integral of the diffusion term can then be split across the subdomains to give

Xend 8 aC azc

xp-i-xﬂmd 0%C
+ Dfluid/ 552 N dx
xp

The right hand side terms can be integrated by parts to give
Xend a aC ac xp aC aNh
/0 &(D( )ax)thx_DP{a ] ax dx ©

xP+xflmd XPerflmd aC aNh
_Dfluzd/ 55 dx

aC
+Dr1uid {a Nh}

xp

The continuity of flux, continuous test function space and Neumann bound-
ary conditions lead to cancellation of the non-integral terms. In order to make
full use of the test function space we are working in, we can re-express C as a
linear combination of hat functions N; (of which there are m) and coefficients
C]-, i.e.

m
C=) GCiN;.
j=1
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Using this, Equation becomes
m aC Xend m xXp aN aN
1 , = | — %
]; o | NNy ];c]( Dp/o T dx
xp+xfiuid INj IN;,
— Dfuia /xp Ox dx dx>

Discretising the time derivative with a backwards Euler approach gives the
approximation for the first term of Equation at the nth time step (for time
interval T)

m aCn Xend m CVl — Cn_l

Z — / N]'Nh dx ~ Z EE— /N]Nh dx.

~ Jt Jo = T -

j=1 j=1 ]
Re-expressing this problem in condensed matrix notation across all test basis

functions gives

n
+ D(x(t"“))A”“) il = MTC”,

Mn+1
("%

where M will be referred to as the mass matrix and A is the stiffness matrix.

The entries of these matrices are given by

Xend Xend
Mij = NlN] dx and Azj = / NZ/N]/ dx, (32)
X0 X0
where subscript i = 1...m refers to each test basis function, subscript

j = 1...m refers to each basis function in the decomposition of C and N’
represents the spatial derivative of N. These two integrals are computed for
each interval [x;_1, x;. 1] using Gaussian quadrature; this uses the roots of the
Legendre polynomial, v, to find points X that are then used in a weighted
sum to accurately evaluate the integrals. The points X; are computed for
each interval [x;, x;11]. As the hat functions are linear, only two Legendre
roots need to be computed. So to find the integrals within [x;, x;,1], we com-
pute two X ; values and combine these with the Legendre roots. We find each

X using

X, — xi(1—yi) +xip1(1+yx))
l,k - 2

Using a Chebyshev-Gauss weighting function, the weights wy can also be

for x € [x;, x;11],k=1,2. (33)

found for each nodd’] As our basis functions are linear, the two roots are

The Legendre roots and weights can be found on a normalised interval and then scaled up
to each interval at every instance. In this way the roots only need to be found once (or just
taken from a reference table such as [84]]). Although in the case for this numerical scheme,
the integrals can easily be computed by hand, it is a good platform to expand upon if we

were to ever decide to introduce more complex basis functions.
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Yk = ++/3/3 and the weights are equal at wy = 1 for k = 1,2 [84]. However,
we have left them as wy to show the theory in a more general form.

As each hat function N; is only non-zero across an interval [x;_1, x; 1], the
matrices given in Equation are sparse. The non-zero terms in the mass

matrix are given by

Xend Xi Xit1
M= [ " NiN;dx = / NN dx + / NN dx
X0 Xi—1 Xi
2 2 2 2
_y Wi (Xi—1, — Xi—1) n wi(xip1 — Xik)
- 7
k=1 Xi — Xi—1 k=1 Xit1 — Xi
Xend Xi Xit1
M1 = Mij1, = N;i 1N;dx = / N; 1N;dx +/ N; 1N;dx
X0 Xi—1 Xi

=04 i wie (i1 — Xip) (Ximpk — Xi)
k=1 Xit1 — Xi

The non-zero terms in the stiffness matrix are given by

B Yend B Xi P Ykl
Ai,i = Ni Ni dx = Ni Ni dx + Ni Ni dx
X0 Xi—1 Xi

4

gm0 & w1y
k=1 Xi —Xi—1 k=1 Xit1 — X

Xend , / Xi / , Xit1 , /
Aiir1 = Aiy1,i = / NiNjdx = / N; 1 Nj dx +/ N; 1 Nj dx
X0 Xi-1 Xj

R S TOIE)
k=1 Yi+1 X

In our simulations, the difference between adjacent points in the discretised
space is known as the step size, hi(t). When computing the mass matrix and
stiffness matrix on the whole domain, it is convenient to find each of these
matrices on each subdomain and couple them all together; this is strongly
enforced (directly imposed on the matrices) and allows us to add the interface
condition (Equation (25)) into the model.

To create the mass matrix for the whole domain, the mass matrices corre-
sponding to each subdomain, Mp of size I x I and Mg,y of size (m —1) x
(m — 1) are collated into a block diagonal matrix, M. They must be coupled
together within this block diagonal matrix to properly define our problem.
This is done through a translation of the non-zero entries in the top row of
Miq to the bottom row of Mp and the top row of Mgy, is replaced with
zeros. This row of zeros can then be filled with a new equation to couple the
domains. We input —1/h(t) and 1/h(t) at positions M;1; and Mj 141 in
the block diagonal matrix; this couples the time scales of each subdomain to-

gether and sets them equal. The stiffness matrix, A, is created in a similar way
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to M but instead of coupling together the subdomains so that they are equal,
we add —1/h(t) at Aj1; and (1 — Q(t))/h(t) at Ajyq 41 so that Equation (25)
is included in the model.

To include evaporation and sampling, which occurs when t" = T for
« =1,...,28, we reduce the domain lengths and update the concentration
according to Equations (27), and (30), and continue the numerical scheme
until the next data time point. We use the inbuilt trapezium rule trapz.m func-
tion in Matlab 2017a to calculate the mass of drug in the fluid subdomain
which we then use to find I.. This process is repeated until the desired end

point of the simulation.

Conservation of Mass for Deforming Continuum Bodies

An immediate concern for the numerical scheme with a moving time-
dependent mesh is whether or not it conserves mass between simulated time
points; in this small aside, we will use a more generalised example to show
that it does.

Consider an arbitrary shape moving through RN space with velocity field
v. Throughout time, we track a small element of the shape, which we will
denote P(t). Conservation of mass with flux j and normal n, along with a

source term s, gives the equation

d
“ dt — / —j-ndt / dt.
dt /P(t)u aP(t) Jomat P(t)S (34)

Using a combination of Reynold’s Transport Theorem and the Divergence

Theorem we can re-express the previous equation as

' codt = -V -jdt dt,
/P(t)quuV v /P(t) V-j +/P(t)s (35)

where in this instance 1 represents the material derivative of u. The material

derivative of u is given by (for N = 1)

i = lim u(x(t+ot),t+ot) —u(x(t),t)

6
5t—0 ot (36)

As we have chosen an arbitrary element, we can generalise Equation to

hold across the whole domain to give

u+uV-v=-Vj+s. (37)
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The question now is, can we discretise this equation using a finite element
method to conserve mass regardless of the moving mesh? First, we re-express

u as a sum of coefficients u;j and basis functions N;
n
u = Z uij, (38)
j=1
and then integrate Equation (37) over the whole domain; this gives

n
N, +u~N-Vvdt:/ —V’dt+/ sdt. (39)
/cu(t)]§<] D)+ N w(t) ) w() 3

The chain rule now gives
n .
0N+ Ny + N Vodt = [ —Vjdt+ [ sdt. o
];/w(t) jiNG T MG UG oy I ot (40)

Although basis functions N; move spatially, their value does not change. Con-
sider an arbitrary basis function Nj from time t* to time t* + df, we can see
that it has a zero material derivative. We define
x(t)—xj1(t)
xj(t)—xj_1(t)

‘()t) if x € [xj, xj41]

if x € [xj_1, %]

0 otherwise.

Now consider a linear mapping from x(t*) to x(+* + t), such that each point
x;j(t) maps to each point x;(t + ét). Each point in x(t*) is mapped to a
unique point in x(#* + Jt), which by extension holds true for Nj(x(t*),t*)
and N;(x(t* + ot),t* + 6t). Clearly, outside of the interval [x; 1 (t*), xj;1(t*)],
which maps to [x;_1(t* + dt), xj11(t* + 6t)], the material derivative of the ba-
sis function is zero as the basis functions are zero. Inside the interval, the
mapping ensures that at each point in x, Ni(x(t*),t*) = N;(x(t* + dt), t* + ot)
and so the material derivative is zero here, too. The material derivative of the

basis functions then vanishes, which gives the following:

u‘N'Jru-N-Vvdt:/ —V'dt+/ sdi (41)
];/w(t) J w(t) J w(t)

and we can use the Divergence Theorem and Reynold’s Transport Theorem

in the other direction to give

d/ 1
“a u-N-dtz/ _Vjdt+ [ sdt, (42)
dt w(t)]; I~ w(t) ]

w(t)
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which is the original conservation of mass equation,

d
— dt = —Vjdt dt,
dt /w(t) ! /w(t) yar /w(t) ? 43)

where we have used Equation (38). So we have shown that it is indeed possi-
ble to discretise the equation with a moving mesh and still conserve mass, as
long as there is a sufficient mapping within the domain.

We ran three simulations of the two-domain model with various effects and
found the total mass of drug over time. The first simulation only had swelling,
the second with swelling and evaporation, and the third with swelling, evap-
oration and sampling. We present the mass of drug in the system at time ¢,
divided by the initial mass of drug in the system in Figure |15 More precisely,

we have

o) = b Clr (44)
[ %ena(0) ! 44
IN C(x,0)dx

which we would expect to remain as 1 as long as we do not intentionally

take drug out of the system. As expected, we see that drug mass is lost only
once sampling is included in the model, as the simulated sampling method
removes mass from the system at each data time point. We see that this result
persists across all constant and time-dependent diffusion coefficients. We have
also calculated ®(t) for the three-domain model (see Section [2.5|for the model

definition) and see the same results persist.

2.3.2  Two-Domain Model Input Values Derived from In Vitro Data

To initiate the model, we need to find values for the initial concentration (Cp),
the initial widths of the subdomains (x1,s(0) and xprca,/pec(0)), and the
subdomain widths lost due to sampling (xs) and evaporation (x).

We know the initial volumes of the fluid volume (1ml = 1000mm3), as well
as the radius of the well-plate (11.2mm). Using these, a simple volume equa-
tion for a cylinder yields the estimated domain length that we use.

_ 1000

11.227
To calculate the initial length of the PLGA /PEG construct, we use the initial
total mass of the PLGA/PEG powder and fluid, alongside the PLGA/PEG
density calculated in Section and the initial fluid volume fraction, Q(0).
This gives

X f1uid (0) = 2.5375mm. (45)

450(1 — Q(0 0)/1.2698
xprca/pec(0) = ( Q(l)l.;?r( )/ ) _ 0.9599mm (46)
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Figure 15: We present ®(t) as defined in Equation (44) for three simulations
with various effects included in the two-domain model (see Figure
legend). Swelling and evaporation do not contribute to loss of drug,

whereas sampling does only at each data time point.

Each sample takes away 2ul of fluid, a similar calculation then yields

Xs = 0.00508mm. (47)

T 11.2%n
We use the gradient of the best fit to the evaporation data to find the fluid lost
per time point, in this case we have

. 29%

11.227t

The initial concentration is given by the total drug in the construct, divided
by the total volume of the PLGA /PEG construct at the initial time point

2 x 2000

~ 450(1 — Q(0)) + 4500(0)/1.2698

We use the power fit in Section for the swelling, which extends the

PLGA/PEG subdomain, as well as the power fit for Q(¢). We present snap-

= 0.00761mm. (48)

Co

= 1.0574mg/ml (49)

shots of an example simulation with these input values in Figure

2.4 TWO-DOMAIN MODEL FITTING TO EXPERIMENT 1

We have used three different functional forms of diffusion within the
PLGA /PEG construct to see which gives the best fit to the in vitro data. Con-
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Figure 16: Snapshots of a two-domain simulation for Experiment 1. Dy =
10mm?2/hour, « = 10%375 /hour, B = 101> mm?2/hour. Notice that
the internal boundary (red) moves to the right as the PLGA/PEG

swells. The right hand side external boundary moves inwards as

evaporation, swelling, and sampling reduces the level of fluid in

this subdomain. Domain lengths and initial conditions were taken

from Section m

stant diffusion Dp;ga/pec(t) = D1(t) = Dy, exponentially decreasing dif-

fusion Dp;ga/peg(t) = Da(t) = Dpe ™, and exponentially decreasing to a
lower limit Dp;ga/peg(t) = D3(t) = (Do — B)e * + B. To incorporate the
assumed well-mixed fluid compartment, we set Dy = 1mm? /s, which is
notably faster than the diffusion rates we see as best fits in the PLGA /PEG

construct. In total, we have a maximum of three parameters to fit, Dy, « and

B. We ran a variety of simulations across Dy, « and  and used a Euclidean-

norm regression between the simulated data points, which are the average

63



2.4 TWO-DOMAIN MODEL FITTING TO EXPERIMENT 1

concentrations within the fluid subdomain at each t = T{“ and the actual data

points, Cya,(T7), as our error measurement. We have

xend(TiX) 2
28 [ [ o C(x, TY) dx
12 — xprca/peG(TT) e T ) (50)
,X;l Xf1uid (T1) ana (1) >

The broad parameter scan was carried out on a log scale for Dy, a and
B, we used Dy € [1071,10*]mm?/hour, « € [107!,10%]/hour, and B €

09125 in their intervals. These

[107%,10')mm? /hour all with increments of 1
ranges were chosen to be large so that we could isolate the global error mini-
mum in the parameter space. For D;(t), we only fit Dy, for the exponentially
decreasing diffusion D,(t), we fit Dy and «, and for D5(t), we fit all three
parameters.

We show an example simulation in Figure |16, with the input values from
Section In this figure we see the three boundaries: two external bound-
aries and one internal boundary. The internal boundary moves to the right
due to swelling of the PLGA/PEG construct, and the right-most external
boundary moves left due to evaporation and sampling at each Ty. Initially,
the concentration is all contained in the PLGA/PEG construct. Over time,
the concentration moves out towards the fluid domain, and is discontinuous
across the internal boundary due to the interface condition, Equation 25, Due
to the fast diffusion rate for the fluid subdomain in the model, the concentra-
tion is close to constant at each time point.

We find a best fit from all three functional forms of the time-dependent dif-
fusion coefficient, and compare their errors (Equation to see which func-

tional form performs the best. The best fits are given by

Dy =Dy = 0.56mm? /hour, [? = 0.17mg/ml (51)

Dy(t) = Doe™™ = 5.6 % mm?2 /hour, L? = 0.13mg/ml (52)

Ds(t) = (Dg — B)e ™ + B = (4.2 — 0.032)e 178" 4 0.032 mm? /hour,  (53)
L? = 0.078mg/ml.

We therefore see that the best fit across all three functional forms is given
by Ds(t), which suggests that the diffusion is time-dependent and goes to a
lower limit for Experiment 1. We have presented the best fits of the simulated
data points against the mean data points with their ranges in Figure the

time is presented on a log,, scale for visual clarity.
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Figure 17: The best fits of the constant diffusion, D; (blue), exponentially de-
creasing diffusion, D,(t) (red) and exponentially decreasing dif-
fusion with a lower limit, D3(t) (yellow) are shown against the
average data (black) with the error bars as the range of all three ex-
perimental replicates. The exponentially decreasing diffusion with
a lower limit gives the best fit to the data. Inset used as a visual aid

to see the model fits more clearly.
2.5 THREE-DOMAIN MATHEMATICAL MODEL FOR EXPERIMENT 2

Consider the domain [—xj’rlm- 4(t), Xeua(t)| that comprises subdomains of fluid
and PLGA /PEG. These subdomains are given by

o [—xbu(0).0],
* [0,xprca/pEG(t)] and

. [xPLGA/PEG(t)r xprGa/peG(t) + x}luid(t)] :

where x,,4(t) = xprcaspec(t) + x}luid(t). We distinguish the two fluid sub-
domains as fluid subdomain 4 and fluid subdomain b, with corresponding

superscripts on their subdomain lengths. As in the two-domain setup, let the
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drug concentration C be a solution of the governing equation, Equation (23),

where now
Dfluid ifx e [_x?luid(t)’o}
D(x,t) = { Dprgaspec(t) if x € [0, xprga/pec(t)] (54)
Df1yia if x € [xprga/pEG(t), Xena(t)]-

We assume that nothing can leave the system between data time points, so

zero flux boundary conditions are employed on the ends of the domain

E)C(—xbl art) 0C (Xppa(t), t
D1 ai == Dfluid—( egi( LY _ 0.

We also add the interface condition between the PLGA /PEG polymer and the

fluid subdomains, so that

(1-Q(1)C(07, 1) =C(07, 1), (55)

and also, as in Experiment 1,

C(xELGA/pEG(t)/t) =(1- Q(t))C(x;LGA/PEG(t),t), (56)

where 1 — Q(#) is the water volume fraction within the PLGA /PEG constructs
and Q(t) is defined in Equation (22).

The initial condition for Experiment 2 is given by

C(x(0),0) Co if x(t) € [xprcasrec(t), Xena(t)] (57)
0  otherwise.

where Cj is the initial drug concentration. See Figure|18|for a schematic of the
model with the subdomain labels marked. We assume a cylindrical domain
so that we can apply our one-dimensional model to the experiment. As in the
two-domain model, we have to simulate sampling, evaporation and swelling.
We do this using the same method as the two-domain model except we also
have to remove fluid from subdomain b and consider the swelling dynamics.
We assume that swelling is a bulk process, which removes the same amount
of fluid from subdomains a and b throughout time. This is complicated by the
fixed internal boundary where the PLGA/PEG construct is attached to the
Netwell insert, which does not allow swelling towards subdomain b. Under
these assumptions, the external boundary at subdomain 4 moves away from
the PLGA/PEG construct at a constant rate of Xp;;4,/prc/2 and the external
boundary at subdomain b moves towards the PLGA/PEG construct at the
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Figure 18: A schematic of the setup for Experiment 2, where theophylline con-
centration starts in the top fluid subdomain a4, marked with the
subdomain labels. We assume this cylindrical domain to apply our

one-dimensional three-domain model.

same rate. To remedy this in the model, and in the subsequent numerical
method to solve the model, we transform x(t) to a moving frame of reference,
%(t). We have

x(t) = x(t) — xprca,pec(t)/2, (58)
which gives
x(t) = x(t) — Xprca,pec(t) /2. (59)

In %, the ends of the domain are fixed in space between data time points. The
origin in the transformed domain is in the centre of the PLGA /PEG construct,
such that the previously fixed internal boundary at the Netwell now moves
towards subdomain b at rate —Xp;a/prc/2. From now on, we only consider
the transformed frame of reference and drop the ¥ notation. To clarify, the

subdomains are now given by

[—x?luid(Tf)/ —xprca/pec(t)/2], (60)
[—xprcaspec(t)/2,xprcaspec(t)/2] and (61)
[¥prcaspEG(H) /2, Xp1LGA/PEG(£) /2 + X1ia (TR)): (62)

In this new frame of reference, the inclusion of evaporation and sampling
is much like the two-domain model. At time point t = Tzﬁ 1 for some B, we
update the domain from x to £ such that the end points become

20 (TP = x@ (TP) — Ex, — x,, (63)

end end

. 1
x?luid(Ter )= x?luid(Tzﬁ) — (1= E)xe — x5, (64)
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where x; and x, are the domain lengths lost to sampling and total evaporation
per data time point, respectively. We say that this transforms the domain as a
whole, whose internal subdomains are continuously changing due to swelling,
from x(Tf H) to JE(TZﬁ H). We include a new parameter, E € [0,1], into these
relationships as we do not know the proportion of evaporation that occurred
in each fluid compartment. As before, sampling also removes concentration

from the system, whereas evaporation does not, which in the model leads to

xend(TﬁJrl) A A 1 1 R xend(Tz‘B) 1 1
/ (T/S+1)C(x(T§+ )/TZﬁJr )dz :/xb (Tﬁ)c(x(T§+ )/TzﬁJr ) dx (65)
fluml fluid\*2

Xen (T‘B+1)+xs
_/ T (T, TE dx,
xend(Tf+)

7x1h[1uid(Tﬁ+l) Clx(TP™Y TP 4
_/ b (T —, (T ) )
where C and £ are the updated concentration and updated domain, respec-
tively.

The updated fluid subdomains are shorter, and the concentrations within
them are higher as evaporation removes fluid but not drug. The simulated
concentration in the PLGA/PEG subdomain is unaffected at the data time
point, and alongside the new concentrations in the fluid compartments be-
come the initial condition for the model until the next data time point where
this process is repeated. The concentrations that are added to each fluid sub-

domain are given by

Xon (Tﬁ )+Ex,
- %/ ?T;H) Clx(TE), T8 dx (66)
X fluid end "2
and o
b 1 ?luld(Tﬁ )

Cle(T8™h), T8 dx, (67)

fluzd(Tﬁ—H) flmd(TﬁH) (1—E)x,

for fluid domain a and fluid domain b, respectively. So we have

Clx(TF™), T¥™)) + 1! if x € fluid b,

M, T = { o (TEY), TEY) if x € PLGA/PEG,  (68)
Clx(TF™), T8)) + 19 if x € fluid a,

which acts as the condition to continue the model to the next data time point.

We assume that the swelling rate is the same as the power fit to the
swelling data described in Section and Q(t) follows the power fit to the

68
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PLGA /PEG volume fraction derived from the data also described in Section
[2.2.5}

2.5.1 Numerical Scheme for Three-Domain Model

There are many similarities between the two-domain and three-domain nu-
merical schemes. As in Section we denote PLGA/PEG subscripts as P
in this section.

For each time, the one-dimensional space x(t) is partitioned into three sets
of points, one set for each subdomain. We use the same basis functions as
described by Equation (31). Multiplying each side of Equation by a test
function Vj, a continuous function, and integrating over the domain with

respect to x gives

Xend  9C Xend J oC
/ S Vidx = / . <D(x(t))ax) V, dx

flmd x Fluid

As V}, is arbitrary, we can choose it to be an arbitrary basis function, Nj,. The

integral of the diffusion term can then be split across the subdomains to give

Xend 0 aC —xp/2 azc xp/2 aZC
— D
/ ax (D( ) ox )th" Df““”’/ B a2 N dx + P/—xp/z a2 Nndx

fluzd
xp/2+xfluzd aZC
+ D / — N, dx
fluid 2 axz h

Each of these terms can now be integrated by parts which leads to the follow-

ing across the whole domain:

Yend 9 aC ac /2 ~x2/29C dNj,
/_ y» 3r (D(x)g) Ny dx =D g [a Nh] n _Dfluid/_xb 5y dx X
fluid fluid
JCp/Z xp/2
B Dp/ p/2 9C aNh dxy
—xp)2 Cxp/2 OX dx

oC
+Dp {ax Nh]

xP/z

xP/2+xflmﬂl aC aNh
—Dyyyi dx

The continuity of flux, continuous test function space and Neumann bound-
ary conditions lead to cancellation of the non-integral terms. In order to make

full use of the test function space we are working in, we can re-express C as a
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linear combination of hat functions N; (of which there are m) and coefficients
C]', i.e.
m
C=)_ CN;
j=1
Using this, Equation (23) becomes

" 9C; [Xend Ui —xp/2 9C 9N,
j , _ { _ . =T
= ? /_ , N]Nh dx = ;C]( Dfluzd/ ) 9% dx dx

X fluid j X fluid
xp/2 9N;
— D / F _]aﬂ dx
_xp/2 OX dx
xp/ 24244 ON; ON],
— Doy — I g
fluld /xp/z ax dx x)

Discretising the time derivative with a backwards Euler approach gives the
approximation for the first term of Equation at the nth time step (for time

n__ ~n—1
T j

Re-expressing this problem in condensed matrix notation across all test basis

interval T)

m oC:" m

functions gives

n
+ D(x(t))A”H) Cn+1 — MTCn,

(Mn+1

where M will be referred to as the mass matrix and A is the stiffness matrix,
and C? is the initial condition of the model (Equation for Experiment 2
and for Experiment 3). The entries for these matrices are calculated in the
same way as previously described in Section However, as we now have
three subdomains with a total of two interface conditions, the coupling of the
mass matrices for each subdomain is slightly more involved. We use the same
basic method of coupling together matrices as outlined for the two-domain
model. This technique ensures that the three properly defined problems on
each subdomain are coupled together appropriately.

At each data time point, we implement Equations (63)-(65) and to re-
move the sampling and evaporation volumes, and set the concentration in the
fluid domains for the scheme to continue to the next data time point. The

scheme continues in this fashion until the desired end time point is reached.
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2.5.2  Three-Domain Model Input Values Derived from in vitro Data

As we did for the two-domain model, we need to find the initial widths of the
subdomains (lefluid(o) and x?luid(o)) and (xprga/pec(0)), and the subdomain
widths lost due to sampling (x;) and evaporation (x,).

We know the initial volumes of the fluid subdomains (0.7ml in x;’fl 4ig and
1.3ml in qum. ;), as well as the radius of the well-plate (7.8mm). Using these, a

simple volume equation for a cylinder yields the initial domain lengths that

we need:
. 700
*f1ia (0) = 55— = 3.6623mm, (69)
and 1300
x?lm. (0) = —gr- = 6:8015mm. (70)

To calculate the initial length of the PLGA /PEG construct, we use the initial
total weight of the PLGA /PEG powder (0.25g) and fluid (0.2g), alongside the
calculated PLGA /PEG density from Section and the initial fluid volume
fraction, Q(0). This gives

xprca/pec(0) = 450((1 = Q(O;)S;FNQ(O)/ 1.2698) _ 1.9744mm  (71)

Each sample takes away 2ul of fluid, a similar calculation then yields

2

= el 0.0105mm. (72)

Xs

We use the gradient of the best fit to the evaporation data to find the fluid lost

per time point, in this case we have

8.08
Xe = o — = 0.0423mm. (73)

We use the power fit in Section for the swelling, which extends the
PLGA/PEG subdomain, as well as the power fit for Q(t).

2.6 THREE-DOMAIN MODEL FITTING TO EXPERIMENT 2

We use the same functional forms of diffusion as we did for the two-domain
model fit, D1(t) = Dy, D2(t) = Dge™ ™, and D5(t) = (Do — B)e~* + B. We also
have to fit the proportion of evaporation within each fluid subdomain, E. We
slightly decreased the parameter range of Dy, « and B compared with Section
to limit the computational expense of our parameter search. We used Dy &
[1071,102Jmm? /hour, « € [107!,10']/hour, and B € [1072,10'|mm? /hour all
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with increments of 10%12°. For E, we use 11 values, 0,0.1,0.2,...,1. For the
error, we use an analogous term to that presented for the fitting to the two-
domain model (Section [2.4). We find the average across each simulated fluid

subdomain at each simulated time point, ¢ = Tf forall p =1,...,23, which

xend(Tﬁ)
f ’ C(x, Tf) dx

are given by

‘ua _ xPLGA/PEG;Tﬁg)/Z - (74)
* fluid(TZ)
and
—XpLGA/PEG/2 8
C(x, Ty) dx
—xb,ia(T9) ?
b — fluid\*2 ( )
L PA— : 75
* fluid(T2)
We express the error as
) 23 52 5\2
L* = 2 <‘ua - Cgata(TZ )) + (:ub - Csata(T2 )) 4 (76)
p=1

and minimise this expression to find the optimal parameter set for each func-

. . . b
tional form of diffusion, where C;at . and C Jata

centrations across the three replicates for subdomain 4 and subdomain b, re-

are the mean data point con-

spectively.
We find that the best fits of the model to our in vitro data for Experiment 2

are achieved for

D;(t) = Dy = 0.75mm? /hour , E = 0, L* = 1.02mg/ml, (77)
D (t) = Dpe™™ = 5.6e % mm? /hour ,E = 1,L? = 0.74mg/mland  (78)
Ds(t) = (Do — B)e ™ + B = 7.5 4! 1 0.32mm? /hour, E = 1,

L? = 0.71mg/ml. (79)

As in Experiment 1 with the two-domain model, we see that the minimum
error is achieved across all three functional forms of diffusion for D3(t). How-
ever, compared to Experiment 1 these errors are much larger and there is less
relative difference in the error between the best fit for D,(f) and D3 ().

We present the simulation concentration data points against the actual data
points in Figure |19, As can be seen in this figure, the simulated concentration
in the fluid subdomain b is consistently less than the data across all functional
forms of diffusion.

The fit of the model to the data for Experiment 2 suggests that there is

more solvent lost than we measured. As we measured the weight of the
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Figure 19: The best fits of the constant diffusion (blue), exponentially decreas-
ing diffusion (red) and exponentially decreasing diffusion with a
lower limit (yellow) are shown against the average data (black) with
the error bars as the range of all three experimental repeats. The ex-
ponential diffusion with a lower limit gives the best fit to the data,
followed closely by the exponential diffusion. Constant diffusion

gives the worst model fit to the data.

well-plate during the experiment, we know that more water did not leave
the system as a whole. It must be the case that water left the experimental
setup or was used elsewhere. Water that evaporated but condensed onto the
well plate or onto the sides of the Netwell was not measured, and could be
a possible cause for this discrepancy. We include an extra parameter in the
model to consider this extra water loss, denoted as xy; and assume it occurs
at each data time point with the measured evaporation, x,. We ran another
parameter scan with parameters as described in Section and included

values of xp € [0.05,0.20)mm with an increment of 0.0lmm. Following the
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Figure 20: The best fits of the constant diffusion (blue), exponentially decreas-

ing diffusion (red) and exponentially decreasing diffusion with a

lower limit (yellow) are shown against the average data (black) with

the error bars as the range of all three experimental repeats. With

the extra water loss fitting, the exponentially diffusing coefficient

with a lower limit gives the best fit. Constant diffusion still gives
the worst model fit to the data.

parameter scan, we find the best fits to the data for Experiment 2 with the

extra water loss, xyy, are given by

D; = 0.75mm?/hour , E = 0.1, xyy; = 0.14mm, L? = 0.91mg/ml,
D> (t) = 4.2¢7%3'mm? /hour , E = 0.3, xyy;, = 0.15mm,
[? = 0.54mg/ml,
Ds(t) = (10 — 0.56)e*42! 1 0.56mm? /hour, E = 0.4, xyy; = 0.19mm,
[? = 0.42mg/ml.

(80)
(81)

(82)

Again, we see that D3(t) gives the best fit to the data. We present the simu-

lated data points for the best fits for all functional forms of diffusion against

the actual mean data points in Figure The model fit suggests that xyy, is

larger than domain length lost for measured evaporation in this experiment

across all time-dependent functional forms of diffusion, suggesting that in

future experiments it is important to measure this extra loss.
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Figure 21: A schematic of the setup for Experiment 3, where theophylline con-
centration starts in both the top and bottom compartments, marked
with the subdomain end points. We assume that the domain can be
modelled as a cylinder so that we can apply our one-dimensional

three-domain model.
2.7 THREE-DOMAIN MATHEMATICAL MODEL FOR EXPERIMENT 3

The three-domain model setup for Experiment 3 is almost identical to the
model setup for Experiment 2 (Section [2.5). The only difference is the initial
condition, C(x(0),0). As in this experiment the drug concentration began in

both fluid subdomain a and fluid subdomain b, we have

Co if x is in a fluid subdomain,
C(x(0),0) = (83)
0  otherwise.
where Cj is the initial drug concentration of 0.35mg/ml. See Figure [21{for the
initial assumed model domain. As in the model to describe Experiment 2, we
transform the domain so that we have fixed external boundaries.
The numerical scheme for this model is exactly the same as the model setup

for Experiment 2 and is found in Section [2.5.1}
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Experiment 1 | Experiment 2 | Experiment 3 | Units

xprca,pec(0) 0.95 1.97 1.97 mm

X1ia(0) 2.54 3.66 3.66 mm

x?lmd(O) - 6.80 6.80 mm
C(xprcasrec(0),0) 0 1 0.35 mg/ml
C(x71,4(0) ,0) 1.06 0 0.35 mg/ml
C(xflelid(()) ,0) - 0 0 mg/ml

Xe 735x107% | 423x1072 | 4.23x1072 mm

X 508x107% | 1.05x1072 | 1.05x 1072 mm

Table 2: Initial conditions for the lengths and concentrations of the domains in
the model, as well as the reduction in domain length per time point

due to evaporation.

2.8 MODEL VALIDATION THROUGH EXPERIMENT 3

The experimental setup and subsequent model setup for Experiment 3 are
extremely similar to those for Experiment 2. The only difference is the initial
placement of the drug, which in Experiment 3 is in a lower concentration
across both fluid subdomains, whereas in Experiment 2 it is only initially in
fluid subdomain a. We therefore decided to use the diffusion and water loss
parameter fits of Experiment 2 against the data of Experiment 3 to see if the
time-dependent exponentially decreasing diffusion coefficient with a lower
limit, D3(t), has the best fit.

As can be seen in Table [3, the best fit to the data for Experiment 3 was
given by D,(t) for the case with extra water loss. This further suggests that
there is some slowing of the diffusion dynamics over time in the PLGA /PEG
constructs, as well as extra water loss. However, due to the initial condition,
the dynamics for Experiment 3 are dominated much more by the water lost
through evaporation, swelling and any other water-loss mechanisms. We have
shown the best-fit simulated data points against the mean data points for
Experiment 3 and their range in Figure 22, We see that the extra water loss in
subdomain a leads to a quickly increasing simulated concentration. We also
do not see a good fit for subdomain b towards the start of the experiment. It
is also curious that the best fit to this Experiment is given by D;(t) and not

D3(t), this could be due to the differences in extra water loss between these
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Parameter Set Units
Dy | 075|075 | 56 | 42 | 75 | 10 | mm?/hour
o - - 1018|013 | 042 | 042 1/hour
Do - - - - 1032 0.56 | mm?/hour
E 0 0.1 1 0.3 1 0.4 1
xwr | - (014 - 015 - |0.19 mm
L* | 056 | 046 | 0.53 | 0.28 | 0.54 | 0.37 | mg/ml

Table 3: The optimal parameter sets from calibration to Experiments 2 were
used to validate against Experiment 3. We see that the minimal L2
error occurs in the cases of extra water loss for time-dependent dif-
fusion, certainly not constant diffusion; suggesting that diffusion is
time dependent in these experiments. Unlike the model fitting for
Experiments 1 and 2 (both with and without the extra water loss), we
see that D(t) fits best in these cases.

experimental fits. We would need to conduct more experiments to extensively

validate our parameter sets.

2.9 RESULTS AND DISCUSSION

From our in vitro experiments, it is clear that PLGA /PEG swells in water. Our
mathematical model suggests that drug diffusion through the PLGA/PEG is
time dependent and decreases throughout its treatment lifespan. We have
observed no clear differences in the diffusion dynamics between the release
of drug that was present during the polymer sintering process and diffusion
of drug through the pre-sintered polymer but we do see varying rates in our
best model fits. Although the optimal diffusion parameters do differ between
the experiments, it is unclear as to whether or not this is significant due to
the higher than expected concentrations in Experiments 2 and 3, despite ac-
counting for variables such as evaporation and swelling in the model, as well
as fitting for extra water lost in Experiment 2.

We have found that the PLGA /PEG polymer swells and the drug dynamics
slow down over time. These effects, which appear related, are important
considerations in drug diffusion dynamics for the PLGA/PEG construct in
clinical use. Over the proposed timescale of treatment of 2-3 weeks, the time-
dependent diffusion of the PLGA /PEG makes it somewhat harder to give a
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0.7 . .
Fluid b Fluid a
0.65 o Mean Data ® Mean Data
| Data Range | Data Range x
0.6 o Dy + D! x
0.55

Concentration (mg/ml)

10 20 30 40 50
Time (hours)
Figure 22: The best fit of the exponentially decreasing diffusion (red) is shown
against the average data from Experiment 3 (black) with the error
bars as the range of all three experimental repeats. This was the

best fit to the data from the previous calibrations, as can be seen
from Table

sustained constant dose to a cancerous tissue region. With this treatment, we
want to be able to treat as many cancerous cells as possible. We need to get
a therapeutic dose to the cancerous region for the whole treatment window,
which is hard to achieve if the release slows down over time.

We also note that our initial values for our drug diffusion, Dy, are high
relative to reported theophylline diffusion values through water [51]. Faster
dynamics than expected could be due to the rocking of the experiment having
an impact on the movement of the drug. This is why we have refrained from
making quantitative judgements of our computed diffusion rates and instead
focused on qualitative results of the drug diffusion slowing down over time.
To get a more accurate handle on the quantitative rates, we would have to
create another iteration of our experimental design. Even though the rocker
would have increased the rate at which diffusion occurred, this effect was

constant between data time points throughout all experiments.
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2.10 FUTURE WORK

There are many assumptions in our model that we used to simulate our in
vitro experiments. Some of our assumptions could be explored further to
allow for a more accurate mathematical model or an experimental setup that
is more aligned with in vivo conditions. We have assumed, for example, that
the volume increase observed in our swelling data will be the same as in
Experiments 1, 2 and 3. However, the radial swelling observed in the swelling
data cannot occur in our other experiments due to the radial boundary of the
well plate, and PLGA /PEG constructs adhere to other surfaces. In the future,
we could measure swelling of PLGA /PEG constructs that are inhibited by a
radial boundary to test the validity of our assumption as well as provide a
water volume fraction in the PLGA/PEG under these circumstances (Q(t) in
the model). It might be that the inhibition of radial swelling instead creates a
denser PLGA/PEG construct, which decreases Q(t) more than we observed
in the swelling data, and could further explain the time-dependent diffusion
observed in our model fitting.

Our model could easily be adapted to include a one dimensional layer of
brain. In the future, we could create more in vitro experiments to include
a layer of mouse brain and see how quickly theophylline diffuses into the
brain. If we were to include some fluid flow, we could test the importance of
adherence of the PLGA /PEG constructs to the brain and the effects of a fluid
gap between them.

It is not yet clear whether the retardation of drug diffusion over time is an
important consideration in the efficacy of the treatment when compared with
a constant diffusion coefficient. Although we have not observed this directly
in our experiments, the swelling of a thicker PLGA/PEG paste might inhibit
drug diffusion before it can be fully released. In which case, the drug would
be held in the polymer construct until it degraded sufficiently. In the future,
we would like to include our PLGA/PEG model within a tumour growth
model. We could use such a model to test various PLGA/PEG geometries,
thicknesses and formulations to study treatment efficacy in silico.

The faster-than-expected rate that our calibrated one-dimensional model
has given for the initial diffusion through the PLGA/PEG polymer has hin-
dered our ability to make quantitative assessments of the diffusion dynamics.
In future work, we would redesign our in vitro experiments so that the rocker

was not included, to see for certain whether it was the increasing factor in the
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diffusion rates. Such a design would ideally incorporate UV-vis spectropho-
tometry to directly measure the concentrations within the set up throughout

time.



HOMOGENISATION OF DIFFUSION APPLIED TO
PLGA/PEG POLYMER CONSTRUCTS

In this chapter, we will introduce homogenisation of diffusion theory in one
spatial dimension, before describing it in N dimensions. The one-dimensional
theory leads to an analytical homogenised diffusion coefficient, whereas N-
dimensional theory (N > 1) needs to be solved numerically.

We apply the theory in three dimensions to a novel chemotherapy drug de-
livery polymer under development at the Children’s Brain Tumour Research
Centre as a brain tumour treatment with finite element simulations. The in-
ternal structure and drug diffusion dynamics through this polymer are not
fully understood. We use microCT scans of the polymer, which on this small
scale consists of polymer clumps and gaps between them, as domains in these
finite element simulations. The simulated homogenised diffusion values are
then used to test variability within and between polymer replicates, as well
as to analyse the structure of these polymers.

Results show that the homogenised diffusion coefficients correlates strongly
with polymer density, with fluctuations caused by polymer’s structure.
Asymptotic analysis of the homogenised diffusion coefficients suggest that
both polymer channels and gap channels exist throughout the polymer struc-
ture. It is important that the density and structure of the polymer is consid-

ered in future patient applications to keep the treatment consistent.

3.1 BACKGROUND

Homogenisation of diffusion is a process that finds an equation for the large
scale diffusion behaviour of a composite material. Once derived, this equation
leads to an effective diffusion tensor for diffusion through the composite mate-
rial, that is computed using the diffusion coefficients of substances diffusing

through the constituent materials and the constituent materials’ small-scale
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structures. A comprehensive book by Pavliotis and Stuart gives the theory of
homogenisation for a variety of mathematical equations [110]. In this chapter,
we focus only on homogenisation of diffusion for partial differential equa-
tions.

As we have already discussed in Chapter the drug delivery sys-
tem is a polymer called poly(lactic-co-glycolic acid)/poly(ethylene glycol)
(PLGA/PEG) that can be loaded with chemotherapy drugs and applied di-
rectly to a cavity wall created after a tumour has been surgically removed.
Diffusion dynamics of chemotherapy drugs through PLGA/PEG have not
been quantified on a small scale. The brain tumour that this treatment is
being developed for is called glioblastoma multiforme (GBM), it is the most
aggressive primary brain tumour with only a 15 month expected survival post
diagnosis despite treatment [132}[133]]. Surgical removal of the tumour, known
as a resection, is part of the standard of care for these tumours but does not
act as a cure [132, [133]. This is because GBMs typically have a very diffuse
leading edge, so that the tumour cells disperse within the healthy tissue as
the tumour grows. These cells are often hard to remove as doing so would
remove too much healthy tissue and could limit brain function. It is these
tumour cells, on the leading edge of the tumour, that chemotherapy drugs
released from PLGA/PEG would treat [115].

For the PLGA/PEG treatment, consistency both between and within pa-
tients is important. To be most effective, this treatment should give a dose to
the remaining tumour cells in the brain that is consistent and predictable. So
ideally a small region of the polymer should have the same drug delivery dy-
namics as the rest. This could also allow for the tailoring of the polymer thick-
ness to optimise the spatial delivery of the chemotherapy drug dose within
patients. For example, an area with high tumour cell density post resection
might have a thicker application of the PLGA/PEG paste than an area with

only a few tumour cells remaining.

3.2 THEORY

In this section we look at the assumptions of homogenisation of diffusion

theory, before stating the theory in 1 and then N dimensions.
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3.2.1 Assumptions

To begin with, periodic assumptions are made on the PLGA /PEG so that the
material can be split into small equivalent blocks. Note that this forces the
diffusion to be periodic also. Although not strictly necessary for the theory,
we shall assume that our periodic structures are symmetric about all centre
axes; this assumption ensures the preservation of any channels through the
composite material.

We also assume that the periodic structures in the PLGA /PEG are on a suf-
ficiently small scale, such that submaterials of the PLGA /PEG constructs and
subsequently their corresponding drug diffusion coefficients change rapidly
on the scale of the PLGA /PEG construct as a whole. More precisely, the so-
lution is assumed to have some average behaviour with small zero-average
fluctuations on a sufficiently small scale.

The final assumption is that the small scale and large scales can be consid-

ered independent.

3.2.2  Homogenisation in One Spatial Dimension

Start with a simple Fickian diffusion equation in one spatial dimension

oC 0 x\ oC

A o <D () a) ‘ (84)
where the assumption of the diffusion depending on the small scale behaviour
has been used for some sufficiently small €. For homogenisation to apply, C
has to have some average behaviour with small fluctuations of order €.

Consider two variables on different length scales that are assumed indepen-
dent: z = x and ¢ = x/e. We then have that

Clx 1) = C(z(x), ¢ (x),1). (85)

With the use of the chain rule

9 9 19
%= 92 o (86)

Equation becomes

200 (50 25) 00 (52)
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Now make use of the assumption that C has some average behaviour with

small zero average fluctuations within each periodic subdomain. Set

C(z,¢&,t) =C(z,t) + ew(z, 1), (88)

where w({) and its ¢ derivative are periodic, with fol wd¢ = 0 (zero average).

Also note that the average behaviour, C (z,t), has no dependence on the small

scale, ¢. Expanding C and w into their power series solutions gives

C=Co+eCy+0(e?), (89)
w = wy + ewy + O(e?). (90)

We can substitute the power series solutions and Equation into our latest

governing equation, Equation (87); this leads to an equation of the form
Ae 1 + B’ 4+ O(e) = 0. (91)

Equating coefficients of € shows that both A = 0 and B = 0. We ignore higher

order epsilon terms as we assume they are negligible. The A = 0 equation is

Collecting terms of order €” gives our B = 0 equation:

aCO . 0 8w1 8w0 8C1 0 aCO aZUO
ama (P (5w w) e (R w) o

The zero average assumption on w and independence of C with respect to

given by

¢ also hold on each of the terms in their respective power series expansions.

To make use of this, integrate Equation (93] across the periodic microdomain
with respect to ¢. The periodicity of both w; and its derivative with respect to
¢ cause the dw;/9¢ term of Equation (93) to vanish. The periodicity of both
D(¢) and wy with respect to ¢ along with the independence of C to ¢ cause
the dwg/0dz and 0C;/0z terms to vanish, too. We are then left with

aC() 19 E)Co awo
5 :/0 3 <D(§) (g + a—g)) dg. (94)

This equation will become our new homogenised equation and is completely
in terms of Cy except for the dwy/d¢ term. Fortunately, we can derive an
expression for dwy/d¢ in terms of Cy by solving the e~! equation, Equation
(92). We start by integrating Equation with respect to ¢; this gives

0 0
D) (%2 + 52) = ata) )
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which rearranges to

dwy  a(z) 9Cy

% D@ e 0

for an unknown, a(z). We can fix our unknown «(z) using the periodicity

condition on wy,

Low
|| Gede = w(1) —w(0) =0 ©7)
Using the above equation w1th our expression for dwg/d¢ gives
L/ a(z) 8C0>
= — — | dg¢. 8
b (5 %) 9
So .
090Gy (P11 B
a(z) = == (/0 5d5> , (99)

where we have used the independence of the variables to move those that do
not depend on ¢ outside the integral. We are then left with our expression for
owy/9d¢ in terms of Cy

awo . 1 11 BCO
a—g = <B (/ —dg) — 1> az (100)
Equation now simplifies Equation to give the homogenised version

of Equation (84)
Co ., f82C0
ot b 0z2 "’

1 . -1
Df — (/Olﬁdg) :e</0 ﬁdx) : (102)

This effective diffusion is the harmonic average of the spatially-dependent dif-

(101)

where

fusion coefficients. If all diffusion coefficients, D, are equal across the domain,
the effective diffusion reduces to D.

A species diffusing in one spatial dimension has to travel through every
subdomain of constituent material in order to reach the other side. Most real-
world problems would not have this simple structure and must be modelled

in higher spatial dimensions.

3.2.3 Homogenisation in N Spatial Dimensions

It is not possible for a homogenised diffusion tensor to be found analyti-
cally on domains of dimension higher than one (that are not reducible to

one dimension). Therefore, the diffusion tensor must be found numerically.

85



3.2 THEORY

The theory for higher dimensions is otherwise a generalisation of the one-

dimensional case. Start with the equation

=V (D@ve). (103)

Assuming again that there are two independent variables z = x and { = x/e.
We will note our small e-scale subdomain S, that exists in an N-dimensional
space. Expand C into its mean field approximation and a smaller variable on
the € scale

C=C+ew, (104)

with C independent of &, w is a periodic function of ¢ with zero average.
Expand C and w into their power series solutions and equate orders of €.

Collecting and equating terms of € ! gives
Ve (D()[Vewo + V:Co)) = 0. (105)

The terms of €” give

% = V(D(§)[Vewr + V2(Cr +wo)]) + D(§) V2 [Vewo + V.Col.  (106)

Terms of higher order of epsilon are considered negligible and ignored from
the model. We can solve Equation using the ansatz

wo = W(g) - V:Co, (107)

where
W(g) = (Wll WZ/ ey WN)T/

with N the dimension of the space. Using this ansatz simplifies Equation
(105) to the point where it can be solved numerically as a set of cell problems,

the process for which can be seen clearly using the summation convention.

Ansatz (107) becomes
20Co
= W,—;

which when substituted into Equation gives

Ve (D(g) {vg (WZ%SO) + VZCOD = 0.

Noting that Cy is independent of the small ¢ scale and the definition of the

gradient operator leads to the following;:

AW, 3C, acol )

7

Ve <D(§)

a(j] aZi aZ]
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where j = 1,..., N. Again using the assumption that Cy is independent of ¢
leads to
oW;

2Co
Equating coefficients of dCy/dz; leads to the set of cell problems given by

Ve (D(O)[VeWi(8) +e]) =0, (109)

subject to periodic boundary conditions on each W;(¢), inherited from those

+ (51]

assumed on w. We have denoted ¢; as the unit vector in the direction of i.
Now assuming that W(¢) is known (see Section for how this is found).
Integrating Equation (106) across a whole periodic domain, S, causes the first

two terms to vanish due to the periodic assumptions on D and w; this gives

aCO / D(&)V:[Vzwy + V2Col dE.
Now substitute Ansatz 8)) for wy into the above; this leads to
aaio = DeffVZCo, (110)
where
eff = / D(Z)(ej + VW) - e dg. (111)

This is often presented in the equivalent form
D/ = / D(&)(ei + VeWy) - (e + Ve W) dE, (112)

the extra term does not contribute to the integral by construction, assuming
that the structure has reflectional symmetry across all axes going through the
centre of the structure; see for example [5) 16].

The effective diffusion tensor, D¢/f, is an NxN matrix. If the assumed peri-
odic structure is invariant to any 77/2 rotation, D*/f is a scalar multiple of the
identity matrix. If there is reflectional symmetry across all axes going through
the centre of the structure, then D*/f is a diagonal matrix with possibly differ-
ent entries. The periodic blocks of PLGA/PEG that we use have reflectional
symmetry and will therefore give diagonal matrices for their effective diffu-

sion tensors.

3.3 SOLVING NUMERICALLY
3.3.1  Numerical Scheme

To compute the effective diffusion, the cell problem given by Equation (109)

needs to be solved numerically. We have done this with a continuous galerkin
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finite element method using periodic shape functions. Multiply Equation
(109) by a continuous and periodic linear finite element test function V and

integrate with respect to ¢ over one periodic domain
|, Ve(D@)VaW, (@) + )V g =0, (113
which gives
[D(VeW; +¢/)V]s — /S D(VW; +¢)) VgV dg = 0. (114)

Subsequently, due to the periodic assumptions on D, W and V,the boundary

terms vanish to give

/SDvgw,--vgwg - —/SDej-vgwg. (115)

Although it does not change the effective diffusion values, solutions W;
presented here will be normalised so that they have 0 integral over the domain.
This allows for uniqueness in the solution and is consistent with our previous
assumptions. For all of our numerical solutions we used the open source
finite element software FEniCS, making use of the DOLFIN library [6)} 81, 82].

Homogenisation Examples

In this section we show some homogenisation examples. These are used to
illustrate the differences between homogenisation theory and intuitive aver-
ages that one might expect should be used to find effective diffusion coef-
ficients. Figures |23 and [24] compare some intuitive averaging ideas against
the homogenised coefficient for specific test cases. In these 2D cases, effec-
tive diffusion simulations are run on a square of a composite material with
area 1, containing a centralised square of a submaterial with area 1/4. The
diffusion coefficient through the material presented in red is varied, with the
other (blue) submaterial’s diffusion coefficient fixed at 1. As you can see, the
effective diffusion does not follow the harmonic average (as it would in 1D) or
the volume weighted average in either test case. The geometry of the periodic
composite material is extremely important for the effective diffusion dynam-
ics. We see in Figure 23| that there is little sensitivity to a change in the relative
diffusion (D,,;) between the inner material (red) and the outer material (blue),
as the outer material connects the outside of the periodic domain. Conversely,

in Figure 24, varying D,,; makes a large difference to the effective diffusion, as
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Figure 23: Some intuitive options for diffusion as the diffusion coefficient in
the inner square with 1/4 area of the whole square (red in inset) is
varied with the outer geometry diffusion coefficient fixed at 1. The
volume-weighted average (blue), the harmonic average (red) and
the actual effective diffusion (yellow) are shown. As the internal
submaterial (red) is surrounded by the external submaterial (blue),

it cannot have a large effect on the effective diffusion.

in this case the submaterial that we vary the diffusion coefficient of connects
the periodic microstructure.

In general, with two submaterials A and B within a composite material,
if we see continuing sensitivity in the effective diffusion to a decrease in
D4/Dp = D, < 1, then channels of submaterial B do not exist through-
out the periodic domain; if we do not see continuing sensitivity, there do exist
channels of submaterial B. If we see continuing sensitivity of the effective
diffusion to an increase of D,,; > 1, this implies there are channels of subma-
terial A throughout the periodic domain; if we do not see this sensitivity, then
there are not channels of submaterial A throughout.

The shape used in Figure [23|is one used in Bourgat’s paper [16], where
various different internal two-dimensional geometries were tested and it was
shown that a change in this geometry, while keeping relative areas the same,

can change the effective diffusion coefficient. Simulations for various diffu-
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Figure 24: Some intuitive options for diffusion as the diffusion coefficient in
the outer square with 3/4 area of the whole square (red in inset) is
varied with the inner geometry diffusion coefficient fixed at 1. The
volume-weighted average (blue), the harmonic average (red) and
the actual effective diffusion (yellow) are shown. As the external
submaterial (red) connects the sides of the assumed periodic shape,
changing its associated diffusion coefficient has a large effect on the

effective diffusion value.

sion coefficients and microstructure geometries of D?/f can be seen in Figure

The choice of the assumed periodic domain within the PLGA/PEG is im-
portant and must be carried out in a systematic way. This is reinforced in
Figure 26| A circle and square are chosen as two-dimensional internal geome-
tries and their areas are increased from 0 to 1, at which point they consume
the assumed periodic square. As the areas are increased, the internal circle
touches the periodic boundary and creates channels of its material through
the structure. Whereas the internal square will not touch the boundary until
its area is 1. This difference in behaviour results in different D°/f values be-
tween the two periodic microstructures. In Figure [26| we set the diffusion of
the internal shape (the circle or square) to a tenth and ten times that of the

external material, respectively.
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Figure 25: Simulations run in 2D of a unit square of diffusion 1 with centred
internal geometries (square, circle and diamond) of relative area
1/4. The internal diffusion was varied and an upper asymptotic
limit is clearly visible in the results; this is because there are no
channels of the internal submaterial through the unit square. The
crosses on the diagram show Bourgat’s results, which our results

agree with.

Homogenisation in Practice

Using imaging techniques such as microCT, it is possible to isolate cubes of
the PLGA/PEG microstructure and choose them as the periodic domain of
the construct as a whole. However, choosing an appropriate epsilon scale and
volume of the microstructure that will accurately represent the construct is not
a trivial task. We want to include the maximum data that our computational
power will allow, so that we are using representative blocks of the PLGA /PEG
constructs in each simulation.

To create our periodic microstructure, we initially reflected each of our cho-
sen data samples in the x, y and z directions to preserve any underlying
structure, such as channels of a submaterial. However, this leads to an eight
times increase in computational expense as compared with a simulation on
a data sample. As we want to maximise the amount of data we can use for
each simulation and we have an upper limit on the amount of computational

power we can use, we have chosen instead to reduce our periodic cell problem
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Figure 26: Results of simulations of a unit square with internal geometries

of a circle and a square whose area are increased with each simu-
lation until it becomes the whole unit square. The differences in
the effective diffusion values seen here are due to the creation of
channels through the composite material that occur earlier with the
circle than they do the square. We have simulated cases where the

internal geometry is 10 and the external geometry 1 and vice versa.

to a smaller problem with zero Dirichlet and zero Neumann boundary con-
ditions that does not require the data samples to be reflected into a periodic
geometry. I will now show that the solution to the reflected cube of data can

be reconstructed by this Dirichlet-Neumann problem.

3.3.2 From Periodic Boundary Conditions to Zero Dirichlet and Zero Neumann

Let us first remind ourselves of the cell problems that we are solving
Ve - (D(E)[VeWi(§) +e]) =0, (116)

such that each W; is periodic in every dimension, i = x,y,z. In the reflected
cubes, we have reflected symmetry in our materials and subsequently their
diffusion values, D(&). If W;(¢) is a solution to Equation for § = x/e,
we can show that —W;(—x;/€,x;/€) and W;(x;/€e,—x;/€) (j # i) are also

92



3.3 SOLVING NUMERICALLY 93

solutions to Equation (116). Showing that the solution to Equation (116) is
odd in the dimension of i and even for the other dimensions.
Let us show this with an example case. Breaking down Equation (116)) for

i = x, we have

o (20 (5, 1)) o (P07 ) vag (PG ) =0

Now if we set the ansatz W1 (8, Gy, ¢z) = —Wi(—Cx, Cy, Gz), we have

_ix (D({;’) (aw1<—éx,§y,¢z)+1))_i(D(g)awa—@x,éy,éz))

aé agx a(?y aéy
d an(_sz Cyr gz) .
s (D) g

from which it is clear that Wy (—Cx, §y, §z) is also a solution.
In a similar fashion, setting Wi (¢x,&y,¢z) = Wi(8x, —Cy,Cz) in Equation
(116) leads to
0 3W1(€x, —Cy, gz) )) d ( an(C:xr —ny, gz)>
2 (D +1))+-—= (D
s (P© ("5 7z, \PO 5,
d an(‘:XI_‘;{yr 62))
+— (D =0,
s (PO™ 5
and W1(8x, —Gy,C-) is a solution. Clearly the same holds for Wi (¢x, &y, ¢2) =
Wi (&x, Cy. —¢;) due to the symmetry of the problem. So we see that the so-

lution is odd in ¢y, and even in ¢, and ¢;. This extends to the other values
of i such that the solution is odd in the direction of i and even in the other
directions.

As the solution to cell problem i is odd and sums to zero in the direction
of §;, it must be 0 on the plane §; = 0.5, where we have let 1 be the domain
length. Also, as the solutions in {; and ¢y are even and sum to zero, there must
be zero flux on the planes ¢; = 0.5 and ¢ = 0.5. We can use these conditions
as boundary conditions on the original domain of data. As we are still im-
plicitly encapsulating the periodic boundary conditions in the problem, any
channels of a submaterial through the composite material are still preserved
in the solutions to the new Dirichlet-Neumann setup. Formally, the problem

is reduced to the following cell problems:

Ve (D(§)[VeWi(8) +e]) =0, (118)
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where ¢, € [0,0.5], ¢, € [0,0.5] and &, € [0,0.5]. Subject to the boundary

conditions

Wi(gi = 0) = W;(¢; = 0.5) =0, (119)
OW;(§j=0) oW;({;=05)
ac; = ac; =0 and (120)
IW;(E =0) _ aWi(& =05) _
o = oF, =0. (121)

Of course, after we have computed the solution on this smaller domain, we
need to find the effective diffusion tensor on the whole reflected domain. As
the smaller domain is an eighth of the reflected domain, we have eight cubes
to consider and convert each of their integrals into an expression of the cube
at [0,1/2] x [0,1/2] x [0,1/2].

Numerical Scheme for the Dirichlet Neumann Cell Problem

As in the periodic case, we have used a continuous galerkin finite element
method to solve our cell problem. Multiply Equation by a continuous
linear finite element test function V' that satisfies our required boundary condi-
tions (Equation — (121)) and integrate with respect to ¢ over the domain
of size [0,0.5] x [0,0.5] x [0,0.5]

[, Ve(D@IVeW)() +e) vz =, (122)

which gives
[D(VEW + ) V]s — /S D(V W + ¢;) V¢V dE = 0. (123)
The boundary terms still vanish as they did in the periodic case, but it is not
so trivial as to why. As the test function satisfies the boundary conditions,
it is zero along the zero-Dirichlet boundary, leading to that boundary term

being zero. The zero-Neumann boundaries are handled by the zero-Neumann

properties of W; along the respective boundaries. We then have

/S DV W; - VgV dE = — /5 De;j - VgV dg, (124)
so the numerical scheme is relatively unchanged. As before, we define this

problem in FEniCS, which gives our numerical solution.

Verification of the Dirichlet Neumann Cell Problem

We need to show that the solution to the cell problem for the zero Dirichlet
and zero Neumann cell problem leads to the same solution as the periodic

case.
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3.3 SOLVING NUMERICALLY

We want to be able to recreate the periodic solution by only using the so-
lution to the Dirichlet Neumann cell problem. To do this, we need to find
expressions for all parts of a cube with dimensions [0,1] x [0,1] x [0,1] in
terms of the integral for the cube at [0,0.5] x [0,0.5] x [0,0.5], for all nine en-
tries in the effective diffusion tensor, where now the off-diagonal entries are
non-zero. In other words, we have to construct the integral from the reflected

cube
DY/ — / / / &) (ei + VW) - e dE,d¢, de; (125)

this can be split into the eight smaller domains
pYf 05 05 (05
Pij” = / / / D(8)(ei + VeW;) - ¢;d.dCydSy
05 (05
* / / / )(ei + VeWi) - ¢ dG-dCydEy
05 (1
/0 /O /0 D(&)(e; + VW) - e;dEdE,dey

1
| | D@) e+ VW) - ¢ dee, e

5J05
1 0.5 ,0.5
" /0.5 /0 /o D(&)(ei + VgWi) - ¢ d-dG,d¢
1 05 r1
L [ D@+ W e e
1 5

+/ /1 /00. D(§)(ei + VeWi) - ¢jdG-dGydS

0.5 /0.5

/05/05/05 )(ei + VeWi) - e;dS.dg,dC .

Let us name these domains Vi1, V15 ... Voo to correspond to the regions
[0,0.5]x]0,0.5]x[0,0.5], [0,0.5]x[0,0.5]x][0.5,1], ...,[0.5,1]x][0.5,1]x[0.5,1]. We
also define Ij11, I112 . . . I22s for the corresponding integrals. So that a subscript
1 corresponds to the region [0,0.5] and subscript 2 corresponds to the region
[0.5,1] of the corresponding direction.

We have to convert each of the latter seven integrals in terms of the first,
so that we can use our solution that we have computed for the Dirichlet Neu-
mann problem on each of the eight subdomains.

We have shown in Section that if we are solving the ith cell problem,

the solution W; is odd in the direction of ¢; and even in the other directions.
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3.3 SOLVING NUMERICALLY

Therefore we also know that our solution to the Dirichlet Neumann cell prob-

lem, which we call W;, has the following properties for each i = 1,2,3:

;

Wi(&x, &y, 82) in V111,
Wi(Gx, Gy 1= 82)(—1)% in V112,
Wi(&x, 1 — &y, &) (—1)% in Vip1,
i(Gr 1 =8y 1—82)(=1)%(=1)% in Vin,
Wi( )
Wi( (—
(1 (—

>

Wi (Cx, éy/ ) = (126)

i(1—¢x, 8y, 82) (1) in V11,
1—&y, &y 1— 1)%(=1)%  in Vayy,
Wi(1 = 8x, 1=y, &) (=1)%1(=1)% in Vo,
—Wi(1—¢&y,1—-¢,, 1) in Vap.

Using these equalities in the different regions in question leads to a variety

1

Cz)
)

of results. Without loss of generality, let us focus on the e; cell problem. So

we are now only looking at Deff where j = [x,y, z]. We have

I = /V D(¢)(ex + ngx(fjx, (;(yr gz)) - €j dgzd(?yd(;Iw (127)

Expanding the dot product leads to

Sy D@ (14 W80, 8y, &) ) dCdEydes, ifj = x,
1= 3 f, D@ (W@ 8y &) ) dEdgyde,,  ifj=y,  (128)
Sy D@ (- WalEr 8 82)) dEdydls, i j=2z.

We need to convert all the other integrals into I;1;. We have, from the expres-
sion for 11, along with Equation

fvnz D(¢) (1 + %Wx(éx, Cy,l — CZ)) dézdé‘ydéx, if j=x,

1112 - fVllz D(é’) <%Wx (éx; éy; 1— (zz)) dgzdéydgx/ 1f] =Y, (129)
- fvm D(¢) <a%zwx(gxr Gy, 1— CZ)> dg-dgydlsx, if j = z.
If we introduce a change of variables ¢, = 1 — &;, we see that d¢, = —d¢,.

Under this transformation, the z domain [0.5, 1] transforms to [0.5,0]. Noting
that also the integral from 0.5 to 0, is the negative of the integral from 0 to 0.5,

gives us a transformation from Vi, to Vi11, and we have

Sy D@ (14 2 Wi(@0, 8, 80)) dEtdgyde, ifj =,
Iz = q [y, D c)(gwucy,éz)) delde,de,  ifj=y, (130
— S D@ (2 We(G0 8y, 80)) dEidgydee, i j =z
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This is equal to I11 in the j = x and j = y cases, but the negative of ;17 in the
] = z case.

Expanding this reasoning to all of the integrals, we see that for j = x, the
integrals are always equal to I1;. For the j = y and j = z cases, they are equal
to 1111 half of the time (including I;1; itself) and are equal to —I;1; for the other
half. Therefore, as expected the off-diagonal entries to the effective diffusion
tensor vanish to 0 in the whole unit cube. The diagonal effective diffusion
values in the tensor for the periodic cube are equal to 8 times their counterpart
in the Dirichlet Neumann cell problem in each respective direction.

To check the validity of this further, a number of simulations have been run
on reflected unit length cubes with periodic boundary conditions to compute
their effective diffusion tensors. We have also computed the effective diffusion
tensors on each respective original cube of voxel data using our Dirichlet-
Neumann approach. When we compared the solutions we did indeed note a
factor of 8 between them. We used DOLFIN within FEniCS with the DOLFIN

python library to compute these solutions [6, 81 82].

3.3.3 Solving in Parallel

Even with the reduction in domain size through the Dirichlet-Neumann cell
problems (Equations — (121)), running simulations on our whole mi-
croCT domains is not possible for the computational power that we have.
However, we could further increase the size of our simulation domains by
running our FEniCS code in parallel instead of serial.

To run homogenisation of diffusion simulations in parallel, the input mesh
needs to be partitioned into smaller meshes. Each unique process is assigned
a subdomain to create a mesh and subsequently compute the homogenisation
solution on. Once computed, the solutions on the partitioned meshes can be
reconstructed to create the solution for the original input mesh.

Although FEniCS has inbuilt parallel solvers such as PETSc and inbuilt
mesh partitioning for solving in parallel, we ran into complications in apply-
ing the microCT geometries to each partitioned mesh. A tetrahedral unit cube
mesh of N x N x N smaller cubes has 6 degrees of freedom per small cube,
such that the unit cube will have 6N° degrees of freedom in total. In FEniCS,
the global index numbering of each degree of freedom in the mesh partitions
is not necessarily the same as the global indices as they would have been if

the mesh was created whole. We therefore needed to find a map between the
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local degrees of freedom indices for each partitioned mesh, / for [ =1... M,
and the global degrees of freedom indices as they would have been if the
mesh was created whole, g for ¢ = 1...6N5.

We created a matrix of global coordinates (xg, g, z¢) for g =1.. .6N? corre-
sponding to each degree of freedom. Each (xg, y¢, z¢) coordinate was coupled
with its corresponding global degree of freedom index, g, to give a list of
(xg, Ye, zg,g) vectors. We then imported this matrix into FEniCS and com-
pared each local coordinate (x;,y;,z;) within each mesh partition with coordi-
nates from the list of (xg, Ye,Zg, ©). Once a match is identified between ! and
g, the corresponding g value is stored.

As mentioned previously, the number of degrees of freedom for the whole
mesh can become quite large. For example, if we take an 100x100x100 sample
of microCT data, we will have 6,000,000 degrees of freedom in our solver. It
was therefore important to optimise our FEniCS code so that the map creation
did not take an unreasonable amount of time. There are two main steps taken
that reduce this computational time. The first of these is a simple deletion of
(%¢,Yg,2g,8) from the global coordinate matrix once the corresponding local
coordinate has been found, so that in the next iteration of the loop there
is one less coordinate to check for a match against. The second is to put
a bounding box around each mesh partition so that we only need to check
coordinates within said box. This is carried out simply by looking for the
local maxima and minima in each direction within each local process and
isolating the coordinate list to that box.

To give an example of the run times that these mappings have, running
an 100x100x100 cube to find this map takes around 10 hours across 16 CPUs
(with 16 processeq’). The mapping is then stored, along with the mesh and
its partitions, and takes less than a second to reapply. So once we have found
the map, we are no longer limited by it in future simulations.

As long as the size of the data sample and the number of processes used are
fixed, we can use the same stored map for different data samples. This works
as the map does not rely on the diffusion coefficients themselves, which are
applied alongside the map.

Once the unforeseen issues with the map had been solved, we still needed

to solve the cell problems. Direct solvers create massive inversion problems

We have checked that our solutions do not depend on the number of processes used. We
have run simulations with 50 processes and seen that the solutions are produced slower than
with 16 processes (simulation speeds were slower by around 20%) but give the same effective

diffusion results.
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that the server we were using did not have enough memory to solve. For-
tunately, iterative solvers and preconditioners can be used to circumvent the
memory issues associated with direct solvers. Our stiffness matrices in the fi-
nite element scheme are positive semi-definite and symmetric, and it is there-
fore appropriate to use a conjugate gradient solver with an algebraic multigrid
(AMG) preconditioner (we used Hypre BOOMERAMG). Although now with
an iterative solver there is some error in the solution, by reducing the relative
residual norm to a satisfactory value, this error can be minimised. We found
the standard relative tolerance in FEniCS of e—5 to be satisfactory for our
solutions. We also found good convergence once we set the Hypre BOOMER-
AMG strength threshold to 0.8 and the maximum number of iterations to 8,
and set these parameters as such for our simulations. We checked that itera-

tive solvers converged to solutions of direct solvers for small domains.

3.4 DATA COLLECTION AND PREPARATION

In collaboration with the Hounsfield Facility at Sutton Bonington Campus
at The University of Nottingham, we created a proof-of-concept PLGA /PEG
polymer following the preparation outline given in Section with 200mg
of polymer powder and 160mg of distilled water. This sample was prepared
within a cylindrical mould of 6mm diameter and 12mm depth. Once the scan
was created, we received a 16-bit .raw data file with the intensities of a cube
of data of 3.75 micron resolution. For this proof-of-concept, we focused on a
cube of data with 385x385x376 data points in the x, y and z directions and
therefore lengths of 1.44375mm by 1.44375mm by 1.41mm, respectively.

Once we confirmed that we could get a high quality microCT scan of our
data that was feasible to use as a domain within simulations, we created
three more PLGA /PEG constructs under the same conditions, with 600mg of
polymer powder and 480mg of distilled water. For these scans, we collected
larger cubes of 1251x1251x1252 data points and a higher resolution of 2.75 mi-
crons in all dimensions. Therefore these cubes are 3.44025mm by 3.44025mm
by 3.443mm in total. However, as described in the previous section, we do
not have the computational power to compute effective diffusion tensors over
these whole cubes of data.

By plotting the intensities into histograms for each scan, we see that they
are a double peak. We use the local minimum value between these peaks for

each polymer sample to binarise the data into data points of polymer and
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Figure 27: Histograms of microCT intensities of each individual voxel in the
preliminary sample of 385 x 385 x 376 and the three replicate sam-
ples of 1251 x 1251 x 1252. There is a clear double peak in the
intensity values. The minimum between these peaks was used as a

cutoff to binarise the data.

gaps; these gaps will be filled with fluid in a treatment setting. The minimum
for the preliminary data is 1.5325 x 10* and for repeats 1, 2 and 3 the minima
are 1.6335 x 10%, 2.0295 x 10* and 2.0375 x 10%, respectively. We present the
histograms of intensity values in Figure

Once we have the binarised data, we wanted to choose 100x100x100 cubes to
compute homogenised diffusion tensors on, as this is one of the largest sizes
that we could simulate. We also wanted these cubes to cover the microCT
data as a whole. Choosing the cubes to cover the data is not trivial, since
the dimensions of our cubes of data are not divisible by 100. Therefore, we

chose cubes on which to run our simulations such that they would cover the
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Figure 28: Here we see the density histogram for the preliminary data once it
has been binarised and split into 100 x 100 x 100 cubes.

data with minimal overlap between them. For our preliminary data sample of
385x385x376, we have used 64 cubes with overlap of 5 data points in the x and
y directions, and 8 in the z direction. For the three repeats of 1251 x 1251 x
1252, we have 132 cubes of size 100 x 100 x 100. With these repeats, there
are 12 overlapping regions between cubes in each dimension which does not
divide equally in the x or y direction. An overlap of 5 data points is slightly
too large, with 4 being too small. As we wanted to represent all of our data,
we created the overlaps such that the cubes would still cover the data, and in
this case have 11 overlapping regions of 5 data points, with the last being only
4. In the z direction the overlapping region is consistently 5 data points.

Once we have chosen these cubes, we calculated their density distributions
for both the preliminary sample (Figure and the three replicates (Figure
[29). We see a spread of density values across these histograms and reason-
able agreement between the density distributions for the three replicates The
first replicate has the lowest density values and is slightly more spread out,
whereas the other two are slightly more compact with the second replicate
having the highest density values overall.

We also wanted to run detailed scans on a variety of cubes, to see the
asymptotic behaviour of their effective diffusion values. Due to the large
number of cubes in our replicates, we did not have the timescale required
to do this on every cube. However, we wanted to create a subset of cubes
that would highlight the range of density values of each polymer, as well
as its distribution. We found a subsample of our 100 x 100 x 100 cubes by

plotting the histogram of density values of these cubes against each bin’s
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Figure 29: Here we see the density histograms for all three replicate samples
once they have been binarised and divided into 100 x 100 x 100

cubes.

probability. After creating a cumulative density function of the bins for each
histogram, we took a random sample of 300 values in the interval [0, 1] and
found the first bin each value belonged to. With this method, we created
a random sample of 300 cubes that follows the density distribution of each
polymer sample. Once these cubes have been found, we ran 6 simulations
across the relative diffusion coefficients D,,; = 10 fori = —3,-2,-1,1,2,3,

where D, = Dprga/pec/ Dfiuid-

3.5 PARAMETER VALUES

The relative value between the gap diffusion coefficient and the PLGA /PEG
diffusion coefficient, D,,, is really the important quantity in question, as mul-
tiplying both diffusion coefficients by the same constant multiplies the result-
ing effective diffusion by the same constant. In most cases, we wanted to
keep the results as general as possible, so we have not included any explicit
parameter values in our results. If we were to apply this to a specific drug,
with a known diffusion coefficient through water (or another fluid), we could

set Dfyyiq to that value.
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3.6 STATISTICAL METHODS

To test whether there are any statistically significant differences between the
effective diffusion values in different directions for each 100 x 100 x 100 cube,
we have employed two statistical tests; the first is the Wilcoxon Signed Rank
(WSR) Test, and the second is the Kolmogorov-Smirnov (KS) Test.

The WSR Test looks for significance in the median value of two sets of
paired data. In our case we have pairs of the effective diffusion coefficients in
each dimension within each cube of data. For each 100 x 100 x 100 sample
cube, we pair the (Dyxy, Dyy), (Dyy, Dz;) and (Day, D:;) effective diffusion val-
ues. We will denote Dy, as x, Dy, as y and D, as z. We then run a Wilcoxon
Signed Rank Test on these paired distributions to test whether the medians of
the distributions are significantly different or not.

The WSR Test takes two sets of paired values, say (x;,y;) fori =1,...,n,
and calculates their absolute differences |x; — y;|. The test then ranks these dif-
ferences in order of increasing magnitude, each pair given rank R; = 1,...,n.
The sign of the difference is also recorded, which we denote sgn(x; — y;). The

test then calculates what is known as the test statistic, defined as

W =Y (sgn(x; —v)R). (131)
i=1

Under the null hypothesis, the distribution of x — y has a zero expected value

and variance given by

nn—1)2n—1)
6 7

which for large enough n converges to a normal distribution. In such a case,

V=

(132)

the null hypothesis is rejected if
|z| > zo where z = W/VV, (133)

for some critical value zg. To explain further, a positive value of W would
mean that there is a preference towards values of x being higher. Conversely,
a negative value for W would mean that there is a preference for y. The WSR
test calculates whether the value of W that we find is significantly non-zero.
We have three pairs for each of the six values of D, that we use in our
asymptotic analysis for each repeat. Therefore, we carry out a total of 18
WSR Tests to look for significance between median effective diffusion values

of directions for the preliminary data and for each replicate.
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The KS test is used to test significance between two cumulative distribu-
tions. For our application, this test has the null hypothesis that the distribu-
tions of paired effective diffusion values are taken from a single distribution.
We want to see if the distributions of effective diffusion values are distinct
enough that they can be considered significantly likely to be from separate
distributions. For two cumulative distributions, C; ,(w) and C,,(w), where
w takes the range of data values of the sample distributions and # is the size

of the sample, the KS test calculates
Ky = sup [Cy(w) — Con(w)]- (134)
w

The null hypothesis, that the paired distributions of effective diffusion values

are taken from the same distribution, is rejected at level w if

2
Ky > c(a) n—z, where ¢(a) = vV —0.5Ina. (135)

3.7 RESULTS
3.7.1  Results of Preliminary MicroCT Data

Running simulations on the 64 cubes of 100 x 100 x 100 data points from the
preliminary scan for the effective diffusion with the water diffusion coefficient
set to 1 and the PLGA /PEG diffusion coefficient set to 0.001 led to the results
in Figure Here we can see the effective diffusion values for each direction
within each of the 64 samples against its density value.

It is clear to see that there is a relationship between the effective diffusion
values and the density that holds across all dimensions, with fluctuations off
of this line due to the geometry of the submaterials within each of the 64
cubes. Although the data appears to follow a linear relationship, we know
that the diffusion values cannot become negative for high density values and
that it will become equal to the PLGA/PEG diffusion coefficient when the
density reaches 1. Therefore, with this constraint, a linear relationship is not
suitable.

For the preliminary PLGA/PEG construct, we ran an asymptotic analysis
on all 64 chosen cubes of data. For each of these cubes of data, we ran 6
simulations, and set D,,; = Dp;ca/peG/ Drinia = 10’ for i = —3,—-2,—-1,1,2,3.
We did not run this analysis for D,,; = 1 as in this case the effective diffusion

is 1 for every cube; this value has been subsequently added into our Figures
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(a) Effective diffusion against density for (b) Effective diffusion calculated for vari-
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sity and effective diffusion coefficients,
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with variations seen due to the individ-  than 1.5 times the interquartile range

ual geometry of the sample cubes.
The results suggest that channels of

both PLGA/PEG and fluid commonly

exist in the data samples.

Figure 30

for reference’] The results of these simulations are presented in Figure as
box plots.

We observed evidence of a lower limit in the median effective diffusion val-
ues of our sample cubes across all three spatial dimensions as D,,; becomes
small. As we see a lower limit in this region, it suggests that there are fluid
channels readily available for drug concentrations to diffuse through in the
average case. There are some cubes however that continue to decrease log lin-
early as D,,; becomes small, suggesting that there are not always fluid chan-
nels available as the diffusion through the composite material is still limited
by the slow PLGA /PEG diffusion.

On the other hand, for the larger values where the diffusion through the
PLGA/PEG is faster than the fluid, we see continued sensitivity for increas-
ing D,,; in the median effective diffusion values for all spatial dimensions.
This sensitivity suggests that the diffusing species can travel through the fast
polymer and is not inhibited by the relatively slower fluid, suggesting that

We have checked that D,,; = 1 yields an effective diffusion value of 1 for some sample cubes

to verify our code is working as expected.

from the median and shown as a dot.
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Figure 31: The cube of microCT data with the lowest effective diffusion value

for D, = 0.001 in the x and z direction from the preliminary data
set. Fluid is shown in blue with polymer in red. Clearly there are
no fluid channels available so the concentration is forced to travel
through the PLGA/PEG, and the low effective diffusion value re-
flects this.

channels of PLGA/PEG are also prevelant. Therefore, we see evidence of
fluid channels and PLGA /PEG channels throughout our preliminary sample
construct.

Looking into this further, we found the sample cube from our preliminary
dataset with the lowest effective diffusion for D,,; = 0.001, that did not follow
the trend of the other cubes for low values of D,,;, we see that it does indeed
lack fluid channels that cross the cube completely; this means that the diffus-
ing species is forced to travel through the slower polymer channels and this is
reflected in the effective diffusion value. See Figure31|for the geometry of this
preliminary data cube that we use to solve our Dirichlet-Neumann equation
on.

We also ran WSR and KS statistical tests on this preliminary data. We ran
each combination of pairs of each x, y and z effective diffusion coefficients
within each value of D,,;. We see some significance in the x median being
lower than the other two directions, given by the WSR test for p < 0.05 (Figure
32). However, the KS test did not lead to any significance in the differences

between any two distributions. We present these p values in the Appendix

(Sections [B.2]and [B.3).

3.7.2  Results of MicroCT Replicates

We ran simulations on the samples of 300 cubes of the 2197 cubes of

100 x 100 x 100 from the three replicates of microCT data (chosen according
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Figure 32: Results of the WSR Test on the significance between the differences
in medians of pairs of effective diffusion values for various values

of D,,;. The medians can be seen in Figure We see some signifi-

cance emerging between medians of both (x,y) and (x,z), but not

(v, 2).

to Section [3.4). We set the water diffusion coefficient to 1 and the PLGA /PEG
diffusion coefficient to 0.001, such that D,,; = 0.001. We can see from Figure
that the density of these cubes correlates with the computed effective dif-
fusion values. However, there is not a perfect correlation due to fluctuations
caused by the geometry of the cubes as was observed in the preliminary data
sample.

Let us take a look at the cube with the most discrepancy within its effec-
tive diffusion values, we see that this occurs in Replicate 2. We present this
cube in Figure 35/ and we see that it has a PLGA/PEG density of 0.304. The
effective diffusion values in the x, y and z directions are given by 0.607, 0.604
and 0.244, respectively (to 3 significant figures) for D,,; = 0.001. Looking at
the geometry of the cube, it is clear to see why the diffusion would be con-
siderably slower in the z direction than the x and y; it is due to the bunching
of PLGA/PEG towards the top of the cube that slows the diffusion rate in
the vertical direction, z. However, in the x and y directions there is a lot of
available fluid which is relatively faster to travel through, leading to a higher
effective diffusion rate in these directions.

We have also run simulations on a sample of 300 cubes from our 2197 cubes
within each replicate. These cubes were chosen without replacement follow-
ing the distribution of the density values, using the inbuilt Matlab 2017a func-

tion datasample.m Pl For each cube we have run 6 simulations, each with a

We chose to sample 300 cubes for this analysis as is it was impractical to run the same analysis
on all 2197 of them. This was due to the computational expense created by the combination

of the number of simulations necessary and the access to computational power.
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Figure 33: Effective diffusion results of each sample cube within each repeat
plotted with its density. The diffusion of the PLGA/PEG is set to
0.001 and water diffusion set to 1. There is a clear relationship
between density and the effective diffusion, with variation due to

the geometry of the polymer.

different value of D,,; = 0.001,0.01,0.1, 10, 100, 1000 (as before we did not run
simulations with D,,; = 1 as we know that the effective diffusion is 1 in this
case). We present the results in boxplots in Figure showing the median
value across all samples within each replicate and the interquartile range. We
see no evidence of an upper limit in the median effective diffusion values
for high values of D,,;, showing that for relatively high PLGA /PEG diffusion
values the diffusion is not inhibited by the lower diffusion through the fluid;
therefore, there exist PLGA /PEG channels through the composite material as
expected. We also see that there is evidence of a lower effective diffusion limit
in the median effective diffusion values, showing that for low PLGA/PEG
values, the diffusing species is not forced to go through this slow material

and in turn suggesting that there are also channels of fluid that are avail-
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Figure 34: An asymptotic analysis of the three repeats, looking at the x, y
and z-directional effective diffusion behaviour. The results are pre-
sented as box plots. The average behaviour is similar across all
directions and between repeats. Sensitivity in the effective diffu-

sion is seen for high values of D,,;, but not for low.

able to diffuse through. So we see that there are both PLGA/PEG and fluid
channels present within our samples and the median behaviour suggests that
these both occur commonly. Another point worth noting is that the median
qualitative behaviour is similar across the different directions.

Although there exist channels of both PLGA/PEG and fluid on average,
we do see evidence in the z direction of an asymptotic upper limit in some
cases across all three repeats, which suggests that some cubes do not have
PLGA /PEG channels in every direction. We see evidence of this also in the x
and y directions for the first sample. This can be seen by looking at the lowest

values in Figure [34] for high values of D,,;.

109



3.7 RESULTS

[

Figure 35: Here we see a sample cube of PLGA/PEG (red) and fluid (blue)

on which we run effective diffusion simulations. This specific cube

gave the largest discrepancy between directional effective diffusion
values, for D,,; = 0.001 across the three replicates. The effective
diffusion in the z direction is slower due to the dense volume of
PLGA /PEG at the top of the cube, which the concentration diffuses
through slowly. Note that this cube does not have a channel of
PLGA /PEG in the z direction.

We used the WSR Test to find whether the difference between the medians
of our effective diffusion values are significant between pairs (x,y), (x,z) and
(y,z). We see significance (p < 0.05) across all three replicates in the pairs
(x,z) and (y,z) for all values of D,,;, except (y,z) in Replicate 1 (which had
p = 0.0505). We do not see significance in general for the pair (x,y). We
do however see significance for high D,,; values in (x,y) for Replicate 1. We
present the significant and non-significant combinations in Figure [36] with
their associated p values in the Appendix (see [B.2). These results show that
there is in general a significant difference between the median z value and the
medians for x and y across all calculated D, values. As can be seen in Figure
the median for the z groups is lower compared to x and y, which we
see is a significant result. We attribute this to the packing of the PLGA/PEG
polymers into their moulds, that occurred in the z direction.

Using the KS Test to look for significance between pairs of distributions of
our directional effective diffusion values, we see that there is significance in
Replicates 2 and 3 for the distribution of pairs (x,z) and (y,z) but not for
(x,vy), across all values of D,,;. We use p < 0.05 as a threshold for significance
and present the p values in the Appendix (see [B.3). Replicate 1 did not show
significance for any combination of pairs across all D,,; values. However, the
significant values were found only in pairs (x,z) and (y, z), which agree with
the significance found in the WSR test for the difference in the medians of

these pairs.
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Figure 36: Results of the WSR Test on the significance between the differences
in medians of pairs of effective diffusion values for various values
of D,,. The medians can be seen in Figure 346 We see significant
trends between medians of both (x,z) and (y,z), but not (x,y).

Replicates marked as row headings 1, 2 and 3.

Together, the two statistical tests applied to the three replicates suggest that
there are significant differences between the effective diffusion values in the z

direction and the other two directions.

38 DISCUSSION AND FUTURE WORK

We have shown that the geometry of the periodic microstructure of a material
can affect its effective diffusion. In both our 2D and 3D examples, we saw
that if a channel of a submaterial with a high relative diffusion rate exists
across a particular direction, it gives sensitivity of the effective diffusion to
the composite material in that direction. However, this does not hold in 1D
as the presence of a submaterial immediately means the concentration has to
travel through it; it is for this reason that the effective diffusion in one spatial
dimension can be reduced to the harmonic average, as we have shown.
Using the microCT data of the PLGA/PEG microstructures as input ge-
ometries in our homogenisation simulations led to variation of the effective
diffusion within 100 x 100 x 100 data samples. However, the various effec-
tive diffusion values found correlate well with the PLGA /PEG density within
each sample, with the geometry leading to fluctuations between the effective

diffusion values in each direction.
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Figure 37: KS Test results, showing significantly different distributions within
Replicate 2 and Replicate 3 for pairs of distributions (x,z) and
(y,z) across all values of D,,. We do not see significance in any
other combination of replicate and paired distribution. Replicates

marked as row headings 1, 2 and 3.

As the density of the polymer affects the diffusion of drugs through it, it
will be of vital importance in any in vivo setting that the density of the poly-
mer is known for the sake of treatment consistency and predictability. It is
important that the density is not only known for the PLGA/PEG construct
as a whole, but that it is known and consistent within each PLGA /PEG con-
struct. The large effective diffusion and polymer density variation is worth
considering further. Due to toxicity concerns for high chemotherapy drug
concentrations and sub-optimal treatment for concentrations that are too low,
it will be important for this therapy that there is a consistent and predictable
drug concentration reaching the cavity wall. In the case that there is a low
density polymer area hitting part of the wall, this area would have a higher
effective diffusion and therefore could release more drug to the corresponding
area of the brain than a PLGA /PEG dense region would.

We have seen that the z direction effective diffusion values have a statis-
tically significant lower median than the y and x counterparts across three
replicates (using WSR Tests), and had a statistically significant distribution
difference in two of our three replicates (using KS Tests). We attribute these
differences to the packing of the PLGA/PEG polymer into their moulds, and
suggest further studies are needed to find the effects of packing into brain

cavities. If the diffusion rate in the direction of packing is significantly lower
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than the other directions, the drug movement towards the tumour cells could
be inhibited and limit the efficacy of treatment.

Now that we have simulated the effective diffusion from these three repli-
cates, and seen that channels of fluid and PLGA/PEG exist throughout each
polymer, we would like to run some more microCT scans of the polymer
once it has been kept in water over time. In Chapter [2, we have shown ex-
perimental data of PLGA/PEG swelling over time and our results suggest
that this process inhibits the diffusion of theophylline. Running homogenisa-
tion of diffusion simulations on swollen PLGA/PEG constructs could show
us the dynamics of this inhibition over time. We would expect, in a swollen
PLGA /PEG construct, to see sensitivity in the effective diffusion for low D,
values, as the fluid channels are cut off by the swelling process.

Once the swelling dynamics are fully understood, we would include in
silico PLGA /PEG treatment in a mechanistic cancer growth model such as the
model presented in Chapter |4t We could then gain insight into the efficacy of
a homogeneous PLGA /PEG construct, such that it has the same density and
structure throughout, against an inhomogeneous PLGA /PEG construct, that
has varying density and structure. We could then deduce whether or not the
homogeneity of the polymer is an important factor in the drug delivery and

subsequent treatment, or if there is another factor that dominates.
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A MATHEMATICAL MODEL FOR BRAIN TUMOUR
GROWTH APPLIED TO VASCULAR ISCHEMIA

4.1 INTRODUCTION

Glioblastoma multiforme (GBM) is the highest grade glioma from the World
Health Organisation and is the most aggressive type of primary brain tumour
[83]. It is uniformly fatal with an average survival time from diagnosis of
only 15 months with standard of care treatment [132]. The standard therapy
regime for this disease is a combination of resection, radiation and chemother-
apy [132, [133]. Magnetic Resonance Imaging (MRI) is the standard imaging
modality for GBMs and is used routinely to monitor tumour growth and
development throughout the progression of the disease. Different MRI se-
quences such as gadolinium-enhanced T1-weighted (T1Gd) and T2-weighted
(T2) are used to identify the gross tumour volume. Neither sequence directly
shows the tumour, rather they show abnormalities in the brain that are caused
by the presence of a tumour. T1Gd shows gadolinium that has leaked into
brain tissue, and T2 shows water that has done the same, which is known
as edema. Gadolinium does not permeate through an intact blood brain bar-
rier (BBB), so in a healthy brain one would only expect to see gadolinium
on a T1Gd MRI in large blood vessels or other blood rich regions such as
the sagittal sinus. A dense mass of GBM cells causes the breakdown of the
BBB through the creation of immature and improperly-formed blood vessels,
which can then allow gadolinium through. There are also areas of edema
that show on a T2 MRI where the BBB allows excess water through but has
not broken down enough to allow gadolinium through; it has been shown
that infiltrating tumor cells also exist in lower densities in these regions [32].
However, these MRI sequences together do not show a complete picture. Infil-
trating tumour cells also exist beyond the resolution of these MRI sequences.

In fact, malignant glioma cells have been cultured from histologically normal



4.1 INTRODUCTION

healthy tissue at a distance of 4cm from the gross tumour volume identified
by MRI scans [126].

A maximal surgical resection removes the tumor bulk but cannot remove
all of the tumor cells due to their infiltrative nature. An unfortunate clinical
expectation following surgery is tumor recurrence, which usually presents on
the edge of the resection cavity [25]; this is known as a local recurrence. Occa-
sionally, the tumour will recur on T1Gd MRI in a different region of the brain,
away from the primary site, or the growth will become much more spread
out on T2 MRI relative to T1Gd MRI, these cases are known as distant and
diffuse recurrences respectively [25]. In a retrospective study by Thiepold et
al. it was shown that, following resection in a group of GBM patients, those
who had also suffered from perioperative ischemia, defined as an inadequate
blood supply to a part of the brain following resection, were more likely to
have a distantly and/or diffusely recurring GBM [143]. A disruption in nor-
mal vasculature can occur following resection in GBM patients leading to an
ischemic event; this affects a patient’s tumour in much the same way it affects
the healthy tissue. By reducing available nutrients to the tumour, the tumour
is forced towards a hypoxic phenotype and becomes necrotic if the reduction
is sustained. Thiepold attributed the observed difference in recurrence pat-
terns to the hypoxic conditions caused by the reduction in vasculature [143].
These conditions could have affected the glioma cells in some way

Hypoxia has been shown to induce more migration in gliomas [68, 156].
There is also evidence that glioma cells follow a dichotomy of migration and
proliferation [48] and evidence of a lower proliferation marker for cells that
exist in hypoxic regions of GBMs [18]. Tumours in hypoxic conditions release
angiogenesis-promoting factors to encourage vessels to grow towards them
that can then provide nutrients [50, [70, [157]. This process also occurs in nor-
moxic conditions at a lower level [157]. Necrosis occurs in the vast majority
of GBMs and presents in the core of the tumour [83].

Reaction-diffusion equations have been used extensively to describe the
tissue-level growth of GBMs; a simple reaction-diffusion equation, termed
the Proliferation Invasion model, can be calibrated with patient-specific T1Gd
and T2 MRI sequences and subsequently used to look past the MRI resolution
to where the remaining tumour cells might be [136} (141, [137]. We present this
model and its applications in more detail in Section

Due to the unstructured nature of vasculature around the bulk of the tumor,

and the breakdown of the BBB in this region, predicting the distribution of
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drugs aimed at treating the tumor is a nontrivial problem. Fairly recent work
has coupled rodent vasculature quantified through optical imaging with a
computational model of blood flow, drug diffusion and vessel permeability to
understand which parameters drive the drug extravasation into surrounding
tissue [15]. The model suggests that all parameters play a role and interact
nonlinearly to produce the observed drug concentrations. This work acts as
a proof of principle for a similar approach for patient data, in the case that
highly detailed structural data of vasculature is available

The Proliferation Invasion Hypoxia Necrosis Angiogenesis (PIHNA) model,
which we will present a variation of in this chapter (and is also presented in
its original form in Section[1.4), has been used to study different mechanisms
of tumour development. The PIHNA model shows similar growth and pro-
gression patterns to those seen in patient tumours [140]. However, a change
in the vasculature in the published formulation of the model has little effect
on the dynamics of the tumour growth; in reality, a high level of nutrients pro-
vided by a high vascular density would lead to more normoxic cells within
the tumour than a low nutrient case. We will introduce our formulation of the
PIHNA model in this chapter that will contain a new term based on nutrient
provided by the vasculature and consumed by the tumour. We also allow for
different ratios of hypoxic cell diffusion rates to normoxic cell diffusion rates,
which have previously been the same.

We carry out a travelling wave analysis on the PIHNA model to determine
which parameters drive the outward growth of the tumour as a whole, and
compare these analytical results with numerical simulations. We then apply
the new formulation of PIHNA to vascular ischemia, and propose a mech-
anism by which a tumour can recur distantly post-resection using 2D simu-
lations on a realistic brain geometry, which could further explain the results

seen by Thiepold et al. [143].
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4.2 ALTERATIONS TO THE PIHNA MODEL

To simulate glioblastoma growth and spread, we have adapted a previously
established tumour growth model — the PIHNA model [140] (see Section [1.4).

This model simulates five different species and their interactions:

c — the density of normoxic tumour cells,

h — the density of hypoxic tumour cells,

n — the density of necrotic cells,

v — the density of vascular endothelial cells,

a — the concentration of angiogenic factors.

The dimensions of ¢, k,v and n are cells/mm? of tissue. The angiogenic
factor, a, is a diffusing concentration with dimensions ymol/ mm? tissue.

Previous PIHNA publications have set the migration rate of the hypoxic cell
density, denoted Dj, to be the same as the migration rate of the normoxic cell
density, denoted D.. However, hypoxia has been shown to promote migration,
so we have allowed for this to be varied in the model [68, 156]. Normoxic cells
proliferate with rate p and migrate with rate D, whereas hypoxic cells do not
proliferate and migrate with rate Dj. Cells convert between normoxic and
hypoxic phenotypes depending on the ability of the local vascular density to
provide nutrients at their location; hypoxic cells in the model become necrotic
if they remain in such a region. When any other cell type meets a necrotic
cell, they become necrotic with rate ;.

Angiogenic factors are created by the presence of normoxic and hypoxic
cells, decay naturally and are consumed through the creation and presence of
vascular cells (v). Angiogenic factors are only consumed by vasculature and
not tumour or necrotic cells. Unlike vascular cells, tumour cells are assumed
to not have the appropriate receptors to consume angiogenic factors. Necrotic
cells are dead and despite some of them being dead vascular cells, it is
assumed that the vascular cell receptors become inactive once the vasculature
is dead so the necrotic tumour and necrotic vascular cells are treated as the
same cell type. The degradation of necrotic cells over time is not considered
in the model. The PIHNA model could easily become more complex with
the addition of more of these mechanisms, but in the spirit of creating a
minimal model that can recreate observed phenomena, we have not extended
the PIHNA model in these directions.
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The governing equations for the PIHNA model are

Change Net )
of normoxic Net diffusion of proliferation  Conversion  Conversion ~ Conversion
cell density normoxic of normoxic of hypoxic of normoxic ~ of normoxic
PNy glioma cells glioma cells 5 normoxic 0 hypoxic to necrotic
Jdc — NN — nc
% = V- (D(1-T)Vc)+pc(1—-T)+ qhV —ppc(1-V)— e (136)
Change .
of hypoxic Net diffusion of Conversion  Conversion %‘f)rﬁ‘}/,e;g;??
cell density hypoxic of hypoxic of normoxic to necrotic
glioma cells 0 normoxic to hypoxic
oh et — nh
Pl V- (Dy(1-T)Vh)— qhV  +Bc(1-V)—(ayh(1-V)+ tn (137)
Change Contact necrosis
of necrotic Conversion . ofa
cell density of hypoxic living cells
A~~~ to necrotic /—(/ﬁ
on —— n(c+h+ov
g - ahh(l - V) + WHT (138)
Change c )
of vascular Net proliferati onversion
cell density Net diffusion of of vasculature. % herote
P vasculature —
ov a no
Pl V-(Dv(l—T)Vv)—i-yK +av(l—T)— Uy~ (139)
m
Change
of angiogenic N ) ’
factor . A . et consumption o
. Net diffusion of Net production . -
concentration angiogenic factor  of angiogenic factor angiogenic factor Decay
oa T — a =
T V- (D,Va) + éc.c+éyh —apg _Hlv(l —T) —wav— Aa (140)
m
where
V =V(c,h,v), (141)
and
T=(c+h+n+v)/K (142)

The term V is called the vascular efficiency and it models the relationship
between the vasculature and its effect on the tumour. We let V take values
in [0,1] such that it affects the switching rates between the populations ¢, h
and n. A value of V(c,h,v) ~ 0 corresponds to a very inefficient vasculature
that cannot provide sufficient nutrients to the local tumour population; this
would increase the conversion of normoxic cells to hypoxic cells and in turn
necrotic cells. A high V(c,h,v) = 1 should lead to a tumour of predominantly
normoxic cells (c). It is appropriate to have an expression for V(c, h,v) that
is sensitive to a change in vasculature (v), as a low or high vascular density
would lead to a limited or ample nutrient supply to the tumour, respectively.
It is worth noting that, regardless of the efficiency of the vasculature, necrosis

eventually takes hold due to the contact necrosis in the model.
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The expression for T defined in Equation is a spatiotemporal measure
of the relative density of the cells in a region. It is used to limit growth and
migration and used as a threshold to determine which densities would appear

on different MRI sequences. The equation for T is given by

Ka—T:V-((1—T)(DCVC—|—Dth—i—DnVn—l—DUVv))—l—(l—T) (pc—{— He v),
ot K, +a

from which it is clear that at T = 1, the reaction and diffusion terms vanish,
which implies T is restricted by the upper bound of 1 (as long as T(x,0) < 1).
Since T is a sum of non-negative densities and K > 0, T > 0. We therefore
have that T € [0, 1].

Following the literature [135], we have assumed that a total relative cell
density of at least 80% is visible on a T1Gd MRI, and a total relative density
of at least 16% is visible on a T2 MRI. In the PIHNA model, this translates to
T > 0.8 being visible on a T1Gd and T > 0.16 being visible on a T2.

Different D. and p values lead to different density profiles on the leading
edge of the tumour. A high D, and a low p will lead to a very diffuse tumour
that has a more infiltrative leading edge; diffuse tumours will have a much
higher T2 radius than the T1Gd radius. Whereas a low D, and a high p
gives a very nodular tumour that grows with a sharper leading edge; nodular
tumours have comparatively similar T1Gd and T2 radii. By construction the
T1Gd radius is always less than or equal to the T2 radius, which agrees with

patient data [58].

4.2.1  Original Vascular Efficiency

The expression for V(c, h,v) in the original formulation of PIHNA [140] is

v

T oicin (143)
This version of V is contained in the range [0, 1] as is appropriate. Clearly as
v increases, so does V. However, as ¢ and h increase, V becomes insensitive
to a change in v. For high levels of ¢ + h relative to v, the tumour population
dominates the function, so that an increase or reduction in v does not have
much of an effect on the function V, see Figure We wanted to improve
this term with a founding in biological mechanisms.

We propose a new vascular efficiency function based on nutrient consump-
tion of a tumour that has the ability to cover a wider range of V values for

large ¢ + h values than the original vascular efficiency term in Equation (143).
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Figure 38: The original vascular efficiency function (Equation (143)) in blue as
¢ + h increases, with the constraint of v + ¢ + h + n = K shown in
red (with n = 0). Each line is for a fixed value of c + h. (a) Asc+h
increases from 0 to K, the sensitivity to a change in vasculature
decreases in the lower regions of v. (b) Focuses on the region of v

that we see in the vast majority of simulations throughout time.

This new term is based on a transport equation for nutrient extravasation from
vessels and consumption by tumour cells and calibrated through published

imaging data of glucose consumption ratios of tumour to healthy tissue.

4.2.2  Nutrient-Based Vascular Efficiency

The new vascular efficiency term uses a reaction-transport equation to model
the nutrient consumption by the cells. However, we do not include a nutri-
ent explicitly in the model, as we assume a quasi-steady state and limited
diffusion. Using this reaction-transport equation for the movement and con-
sumption of nutrient, f[f} the derivation of the vascular efficiency term goes

as follows:

?9_{ =V - (D¢Vf) + pso(foiood — f) — 1e(De, p)cf — 1 (Dp)hf, (144)

where p is the permeability of the blood brain barrier to nutrient, s is the

surface area of a vascular endothelial cell divided by its volume, fyy,4 is the

1 We denote this as f to represent fuel for the cells, to avoid reusing n which is already assigned

to necrotic cells.
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concentration of nutrient in the blood which is assumed fixedP} . is the rate
of nutrient consumption by normoxic cells and 7, is the nutrient consumption
rate by hypoxic cells. We have let 77, depend on the diffusion (D) and prolif-
eration (p) rates of normoxic cells, as these processes require energy. A larger
D, and p will require more energy as the tumour cells migrate and proliferate
relatively quickly. Similarly, we have set 7, to depend on the value of Dy, as
faster migrating tumour cells require more energy and in turn more nutrient.

Now if we assume that in the timescale of interest, the nutrient concentra-
tion rapidly reaches steady state, and that the nutrient is consumed much

faster than it diffuses, we can eliminate those terms to be left with

0 =0+ psv(foicod = f) = e(De, p)cf — nu(Dy)hf (145)
and rearrange to get

[ v
fblood B v+ 1e(De,p) ety (Dy)h ™ (146)

ps
We assign this expression as the new vascular efficiency, V, as it corresponds

to the ability of the vasculature to provide nutrients to the tumour. This term
is similar to that seen in the original formulation of PIHNA (Equation (143)).
The key difference is the parameters in front of the hypoxic and normoxic
cell densities; these parameters can increase the sensitivity of the term to a
change in ¢ + h, see Figure Although nutrient is consumed by the vascu-
lature, we assume this occurs from the blood inside the vessels and does not
change fy004- The nutrient-based vascular efficiency term can be thought of
as an extension of the original, where in the original V the rate of uptake of
normoxic and hypoxic cells was always equal to the rate at which nutrient

extravasates from the vessels.

Calibrating the Nutrient-Based Vascular Efficiency

To estimate the parameters 7., 175, and ps, we used Fludeoxyglucose (FDG)
Positron Emission Tomography (PET) data from a paper by Delbeke et al. [37].
FDG is analogous to glucose and can be picked up on PET scans. Although
hypoxia is by definition a lack of oxygen, we have chosen glucose as an esti-
mate for our generic nutrient, due to the availability of imaging data that we

could use to parametrise our vascular efficiency term.

It is well known that nutrient concentrations in blood (such as glucose concentration) fluctu-
ates throughout a single day, however we are interested in modelling tumour growth over
many days and months, so only consider the average nutrient concentration across these daily

fluctuations.

121



4.2 ALTERATIONS TO THE PTHNA MODEL

= < 08
= =
+ +
S 5 0.6
< <
z z
7} n 04
o L
= =
2 2 02
L L L ) 0 L L L )
K/4 K/2 3K/4 K 0 K/4 K/2 3K/4 K
\ \"

(a) (b)

Figure 39: Nutrient-based vascular efficiency (Equation [146) term for lowest
(a) and highest (b) simulated p and D, (and in turn Dj). There

is a larger range of V to low levels of v than in the original term

Equation Subfigure (b) shows a vasculature that is less able
to support the tumour than subfigure (a), which corresponds with

the tumour in subfigure (b) requiring more nutrients.

We note that to parametrise our nutrient-based vascular efficiency term, we
only need to consider the ratio between 7. : ps and #;, : ps. As both of these
expressions are in the same units of mm?3/cell/year, their ratio is dimension-
less. Delbeke presents the uptake ratios between tumour and healthy tissue
within both white and grey matter. To make use of these values, we assume
that in a homeostatic healthy brain, the rate of glucose being used by healthy
tissue that is not vasculature is equal to the rate of glucose entering from the
vasculature. We do not, however, model healthy tissue in the current formu-
lation of the PIHNA model. For the benefit of this section, let us introduce

unaffected healthy tissue ug, with glucose uptake rate #,, we assume

psvo = 17y (o — o), (147)

where vy is the initial background vascular cell density in the PIHNA model,
and u is the healthy tissue density. We then have ps = 1, (1y/vg — 1), which
will always be positive in PIHNA simulations as vasculature takes up a small
percentage of brain volume compared to other tissue. We assume that in
healthy white matter tissue there is 3% vasculature and in grey there is 5%,
so we let vy /ug = 0.03 in white matter and vy /1y = 0.05 in grey matter; these
values fall within realistic values for cerebral blood volume [155]. Now the

ratios of glucose uptake rates by tumour to the glucose uptake rates by healthy
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tissue given by Delbeke can be considered as various values of P. = 7./#, and

P, = 1,/ 1y in the model. So Equation [146]is now expressed as

v
V = - E (148)
1u(uo/vg—1)

and the 7, terms cancel to give

We noted that in the work by Delbeke et al.[37] there was a spread of relative
tumour uptake values for high grade gliomas within cortical and white matter
tissue across 20 patients. As an approximation, we attributed these differences
to the nutritional demands of the individual high grade gliomas. We assign
normoxic cells with high (low) D, and high (low) p in the PIHNA model with
the higher (lower) glucose uptake rates from the literature, which also vary
between white and grey matter. We assign hypoxic cells with high (low) D
high (low) glucose uptake rates in the same manner as the normoxic cells.
The values in between the extremes are assigned using a log linear scale, due
to the large range of D., D;, and p values used in PIHNA simulations. The
ratios P¥, ch , Pﬁ” and Pg are then given by

logy (Dg'fx> +logy <pn%>

S (D, ) = Gl — (Gl — Gl 2 L (aso)
logy, (—Dcmiﬂ +logy (pmm)
and
, , , ¢+ 10g10(Dy,.../ Dp)
PY3(Dy) = G, — (G — Gzii)logglgDh Vit (151)
10 max min

where we use the extremes of tumour to normal tissue uptake ratios in white
matter (taken as G;'. = 1.66 and Gy;,, = 4.5) and the extremes of observed
uptake ratio in grey matter (taken as Giﬂ.n = 0.5 and Gy, = 2) as the min-
imum to maximum glucose uptake ratios G,;;, and Guux. Note that in the
1D PIHNA model we only model white matter and the 2D PIHNA model in-
cludes both white and grey. The maximum and minimum D, Dj, and p values
are equal to the maximal and minimal rates that we run in our simulations,
see Table [yl This along with the values of vy/ug give the parametrisation of

the nutrient-based vascular efficiency term.

4.3 THE PIHNA MODEL IN ONE SPATIAL DIMENSION

Assuming radially symmetric tumour growth, the PIHNA model can be

solved in just one spatial dimension. This does not take into account the
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Definition Value/Range Units Source
D, Diffusion rate of normoxic cells 1 — 1000 r}?e—rg; [58]]
D, Diffusion rate of hypoxic cells (0.1 — 100) D, I}I,lergrz [58, 88]*
p | Proliferation rate of normoxic cells 10 — 100 1/year [58]]
Switchi te f
B Wi 1.ng e ron.n 0.10 — 0.50 1/year [140]"
normoxia to hypoxia
Switchi te f
y witching rate from 0.05 1/day (0]
hypoxia to normoxia
Switchi te £
” witching rate from 018 1/year (0]
hypoxia to necrosis
Xy, Rate of contact necrosis log(2)/50 1/day [117]
D, | Diffusion rate of endothelial cells 0.18 I}r,le—rgﬁ [T70]
D, | Diffusion rate of angiogenic factors 3.15 r;le—rg [140]
5. Normoxic cell production rate 277 % 10-13 ﬁmOl (0]
of angiogenic factors cellxyear
5, Hypoxic cell production rate 592 5 10-10 ﬁmOI (0]
of angiogenic factors cellxyear
Angi i lat
" ngiogenesis vasculature log(2) /15 1/day (0]
production rate
C e f anei .
] onsumption of angiogenic v umol/cell | o]
factors per cell
Natural d t
A aviral decay ate 15.6 1/day | [140]
of angiogenic factors
Rate of 1 of angi i
o ate of removal of angiogenic Ao . 1d (0]
factors by vasculature cellxday
K Maximal cell density 2.4 x 108 cells [140]
Glucose consumption ratio for
p¥ 1.66 — 4.5 - 371
normoxic cells in white matter
Glucose consumption ratio for
PY 1.66 — 4.5 - 371"
hypoxic cells in white matter
< Glucose consumption ratio for
P 05-2 - 371"
normoxic cells in grey matter
< Glucose consumption ratio for i
ps 052 - 371

hypoxic cells in grey matter

Table 4: Parameter definitions and values for the PIHNA model. *Parameters
that we have added/altered in this formulation of PIHNA.
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full anatomy of the brain, but it is useful to run simulations in order to gain
insight into the model behaviour. In all PIHNA simulations (including in two
spatial dimensions), the tumour and necrotic cell densities spread outwards.
A peak in normoxic cell density leads and is followed by a peak in hypoxic
cell density and then a zone of necrosis, as can be seen in Figure |40l We will
show with these simulations how a change in vasculature can have little effect
on the behaviour of the tumour when we use the original vascular efficiency
term (Equation (143)) and compare it to our nutrient-based vascular efficiency
term (Equation (146)).

The PIHNA model is simulated with radial symmetry such that we solve
for the radius r of a sphere, with zero-flux boundary conditions at the end
points, r = 0 and r = r,,;. The initial condition is the same as previous

publications of the PIHNA model and is given by
c(r,0) = 1000e~ 100", (152)

to simulate a small initiating population of normoxic tumour cells decreas-
ing away from the core of the tumour. We also have i(r,0) = 0, n(r,0) = 0,
v(r,0) = vg and a(r,0) = 0. We run the PIHNA simulations with the parame-
ters found in Table |4

As previously described, a high D./p will lead to a diffuse tumour, and a
low D./p will lead to a nodular tumour. As the necrotic cell density is always
increasing in the model and encourages all other cell types to become necrotic
when they meet (with rate ), there is a steady state in the model behind the
wave of (¢, h,v,n,a) = (0,0,0,N,0). The vasculature increases slightly at the
leading edge of the tumour, but dies towards the necrotic core. As previous
variations of the PIHNA model have shown, this patterning is similar to that

seen clinically [140].

4.3.1  Comparing Vascular Efficiencies

To show the effect of a change in vasculature in the model for the original and
nutrient-based vascular efficiency terms, we compare simulations with a very
small initial vascular density of 0.1% of the carrying capacity (vop = 0.001K)
and a relatively large 10% of the carrying capacity (vg = 0.1K).

We present snapshots of full simulations of the model with the original
vascular efficiency and with the nutrient-based vascular efficiency for these

extreme initial vasculature cases in Figures 40/ and respectively. In these
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Figure 40: Snapshots of two simulations with the original vascular efficiency.
D, = 1mm/year, p = 10/year and D;, = 10D.. Notice the simula-

tion with the lower vasculature grows outward faster.

simulations, we have D, = 1lmm/year, p = 10/year, D;, = 10D, and g = 0.1p,
which are the lowest values of D, and p that we have simulated. The change
in the vascular efficiency term does not appear to affect the rate of outward
growth of the presented simulations, but does affect the proportion of the cell
density that is normoxic, hypoxic, and necrotic.

In Figure |40| and Figure we noted that the extremely low vasculature
(vp = 0.001K) leads to a faster growing tumour than the higher level (vy =
0.1K). We wanted to understand the mechanism behind this, which led to a
wavespeed analysis in Section [4.3.2]

To look further at the sensitivity in the model to the nutrient vascular ef-
ficiency term compared with the original, we have computed the total nor-
moxic, hypoxic and necrotic cell populations and divided them by the sum of
these populations. We computed the populations using an integral of the cell

densities over the whole sphere (with the inbuilt trapz.m function in Matlab
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Figure 41: Snapshots of two simulations with the nutrient-based vascular effi-
ciency. D, = Imm/year, p = 10/year and Dj = 10D,. Notice the
simulation with the lower vasculature grows outward faster.

2017a) for all combinations of our minimum and maximum p and D, values.

Let us introduce the proportion of tumour that is normoxic cyrp, as

A7 forg”d cr? dr

Cprop = , 1
PP 4 [Tt (¢ + i+ m)r2 dr (153)
the hypoxic proportion
" 47t [ hr? dr (154)
= 1
prop 47t [ (c + h 4 n)r2 dr >4

and the necrotic proportion

47t [ nr? dr (155)
. 1
47t [1 (e + b+ n)r2 dr 2

Nprop =

We present cp in Figure 42| for the original vascular efficiency term (Equa-
tion (143)) and for the nutrient-based vascular efficiency term (Equation (146)).
We also present the analogous analyses for /i, in Figure l43|and 71,0 in Fig-
ure We wanted to show these proportions against the radial size of the
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tumour, rather than time, due to the noticeable differences in the tumour
wavespeed for various values of vy (which we look into further in Section
. We were also aware that if we choose a T1Gd or T2 threshold, that the
difference in initial vasculature would affect our results. So for the benefit
of this analysis, we instead use T = (c +h +n)/K = 0.5 as the threshold to
compare these different simulations.

We would expect that for a higher initial vasculature, the vasculature would
provide more nutrients to the tumour such that ¢y, would be higher, hy,p
would be lower and 7,,,, would be higher. However, there is also the consid-
eration that these populations are competing for space in the PIHNA model,
and that the high initial background vasculature is taking up 10% of the avail-
able space that the tumour can grow into. For the original vascular efficiency
term, there is little difference between the low and high initial vasculatures
for some cell density proportions and D and p values. In most simulations,
the nutrient-based vascular efficiency term leads to a larger difference in cyop,

hprop and nyr.p between the two initial vasculatures.
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(b) Nutrient-Based Vascular Efficiency

Figure 42: Here we present ¢y, for simulations with the extreme values of

D. and p with D;, = 10D, and B = 0.1p with a low initial vascular

density (vp = 0.001K) and high initial vascular density (vg = 0.1K).

We see that (b) the nutrient-based vascular efficiency gives rise to a
larger difference in cpyp than the original term (a), suggesting that
the change in vasculature has a larger impact than for the original

vascular efficiency term.
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Figure 43: Here we present /o, for simulations with the extreme values of
D. and p with D;, = 10D, and B = 0.1p with a low initial vascular

density (vp = 0.001K) and high initial vascular density (vg = 0.1K).

We see that the nutrient-based vascular efficiency gives rise to a
larger difference in iy, than the original term, suggesting that

the change in vasculature has a larger impact than for the original

vascular efficiency term.
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Figure 44: Here we present 11, for simulations with the extreme values of
D. and p with D;, = 10D, and B = 0.1p with a low initial vascular
density (vp = 0.001K) and high initial vascular density (vg = 0.1K).

We see that the nutrient-based vascular efficiency gives rise to a

larger difference in 7,,, than the original term, suggesting that

the change in vasculature has a larger impact than for the original
vascular efficiency term.
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In conclusion, the nutrient-based vascular efficiency is a product of a
reaction-transport equation with some realistic uptake ratios found in the lit-
erature [37]. We see more sensitivity in the normoxic and hypoxic tumour cell
populations to a change in the initial vasculature with this new term and do
not see biologically unrealistic changes for varying initial vasculatures. We
therefore will use the nutrient-based vascular efficiency term preferentially
over the original.

As we have previously mentioned, there is a difference in the speed of the
outward growth in our 1D simulations with a change in the initial vasculature
for both the original and nutrient-based vascular efficiency terms. Tumours
in simulations with higher initial vasculatures grow more slowly than their
counterparts with lower initial vasculatures. We were interested to see why
this was, whether it was a hypoxia mediated effect, a more direct effect of the
vasculature, or something else. We therefore found an analytical expression
to predict the minimum wavespeed for the PIHNA model and to see which
parameters played a role in this rate of tumour growth. We present the deriva-
tion of this analytical expression in the next section, and go on to show under

which conditions this wavespeed is achieved through numerical simulations

in Section [4.3.3]

4.3.2 Travelling Wave Analysis

In a similar fashion to the well-established minimum wavespeed of Fisher’s
Equation [43] that has been used for the Proliferation Invasion tumour growth
model, we wanted to find an analytical expression for the tumour wavespeed
in the PIHNA model. We start by linearising the model around the leading
edge of the wave, that has the initial condition of (c, h,n,v,a) = (0,0,0, vy, 0)

(¢c,h,n,v,a) = (0,0,0,v9,0) + (¢, h, i, 0,d). (156)

Note that |¢| < 1, |[I| < 1, |ii]| < 1, || < 1 and |d| < 1.

132



4.3 THE PTHNA MODEL IN ONE SPATIAL DIMENSION

Substituting in Equation (156) into the PIHNA model (Equations (136) —

(140)) and discarding non-linear terms leads to the following equations:

oF ~

5=V (De (1= ) Ve) +pe (1= 22) +77V(0,0,0) (157)
— B&(1—V(0,0,0p))

oh .

=V ( (1 _ _> ) — Y1V (2,0,0) (158)
+ (BE — ayh)(1—V(0,0,70))

aa_’t’ = (1~ V(0,0,00)) + a2 (159)

ARG AD I T IR T

%z V - (D,Va) + 6.6 + o1 — qy (1—?>ﬁ—wvoﬁ—/\ﬁ. (161)

The equations for ¢ i and 7i decouple from the system. We will analyse these

three equations to look for travelling wave solutions of the form

(& h,it) = (¢,h, 1) exp(A(x —st)), (162)

where s is the wavespeed. Substituting Equation (162) into Equations (157) -

gives rise to the following set of equations

_$A¢ = D, (1 - %) A%+ p (1 . %) c— B(1—V(0,0,0))c (163)
+9V(0,0,v9)h

—sAh =D (1~ f) A2+ B(1—V(0,0,00))c — 7V(0,0,00)7  (164)
—a,(1—-V(0,0,v9))h

—sAft = a,(1 — V(0,0,00))ft + an%ﬁ. (165)

Rearranging the equations into the matrix form of

N
SOy
Il

A

(166)

|

gives A as

an sSA+D:(1—-2)A%2+p(1—%) —B(1—-V(0,0,09))
ax | = B(1—V(0,0,00))
asy 0
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a12 YV (0,0,00)
ap | = |sA+ Dy (1— %) A2 —yV(0,0,09) — ay(1 — V(0,0,v))
az) a(1—V(0,0,09))

as 0

a3 | = 0

as3 SA + a2

The determinant of A needs to be 0 in order to give non-trivial solutions to

the set of equations. The determinant of A is given by

(40

134

det(A) = (SA + a%) [ (m + D, (1 - ?) A2 4 p (1 - f) —B(1- V(0,0,vo))> X

(sA + D, (1 - %) A2 — 4 V(0,0,v0) — o (1 — V(0,0, vo))> -
B(1—V(0,0,v9))yV (0,0, vo)}.

Setting det(A) = 0 leads to either

&n0p

A= —
1 K (167)

or

(A + D (1—f>/\2+p<1—%) ~B(1-V(0,0,%))) x

(sA + Dy, (1 - %’) A2 — 4 V(0,0,00) — ax(1 — V(0,0,00) ) (168)
= B(1—V(0,0,99))7V (0,0, 7).

With the original vascular efficiency term, Equation (143), we have

0
V(0,0,09) = vojo =1 (169)

The same holds for the nutrient-based vascular efficiency term (Equation

(144))
“ V(0,0,00) = Yo —1
(0,0,00) = UO'+'OXWi;?XWh o (170)

So for both cases, we have cancellation in Equation (168)); this becomes

<sA+DC (1—f> Az—i—p(l—%)) (sA-I—Dh (1—f) A2—7> —0, (171)

which we can find the eigenvalues for as functions of the wavespeed, s. We

have four more values of A, given by

—s /52 —4Dep (1 B)° s\ /s 44Dy (1- )
)\213 = and )\4/5 = 70 .
K 2Dy, (1- %)
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The first set of quadratic A solutions are both negative as s > 0 by assumption.
Due to positive restrictions on the state space (negative populations do not
make any biological sense), a spiral approach around the point (0,0,0, v, 0)
cannot occur. Therefore, we need the discriminant of the set of quadratic A3

solutions to be greater than or equal to 0. In other words,

2
5% — 4D.p (1 — %) > 0. (172)

Therefore, we have a minimum wave speed of

= 2/D0p (1~ ). 173

The model will follow this minimum wavespeed if the eigenvalue A, at this
minimum gives the smallest possible negative eigenvalue of Ay345. If there
is another value of s that will produce smaller negative values from another
eigenvalue, we will see a solution emerging with a larger wavespeed. The
first eigenvalue, A1, does not affect the wavespeed of our simulations, as there
is no proliferation or migration associated with the necrosis that can drive the
tumour growth. A natural next step is to see if our simulations follow this

minimum wave speed; we run this analysis in the next section.

4.3.3 Wavespeed Verification

To calculate the wavespeed in numerical simulations, we focused on the av-
erage growth rate per 0.5cm radial growth visible on a simulated T2 MR
sequence (thresholded at T = 0.16) to look at the overall wavespeed values of
each simulated tumour as it grows. We chose this over the simulated T1Gd
MRI as the lower cell densities converge to the wavespeed earlier in simula-
tions than the higher densities. We are particularly interested in the effect on
the wavespeed of hypoxic cells, especially the change in their migration rate
compared with normoxic cells (Dj,/D,), which we have added to the PIHNA
model for the first time.

Running simulations with D;, < D., we see convergence of the tumour
wavespeed towards the predicted value, see Figure However, if we
compute the wavespeed for simulations where D;, > D., we see that the
wavespeed can be faster, and continues to increase for larger D, /D, values;
this can be seen in Figure From these observations, we can deduce that
if the hypoxic cell migration is much faster than the normoxic cell migra-

tion, the hypoxic cell population drives the outward growth of the tumour in
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the PIHNA model. This behaviour intuitively agrees with the biological cell
movement patterns that the model is trying to capture; cells moving faster
dominate the growth outwards as they search for nutrients.

The mathematical reasoning behind the switch from the predicted mini-
mum wavespeed to the faster wavespeed can be seen from the eigenvalues
and their corresponding eigenvectors. As previously mentioned, the least
negative eigenvalues correspond to the wavespeed behaviour of the simu-
lated tumours. The least negative eigenvalues of the diffusing tumour cells

are given by

~s /5 4D (1 ) —s = |/ 4D (1)

T ) 7o A G ) B

with the smallest negative eigenvalue for the minimum wavespeed given by

S .
D W |1 —
min 2D, ( — %0) (174)

In simulations, we see that A5 can become even smaller than A,,;, for large
enough Dy, /D, and we see a corresponding switch in the wavespeed of tu-
mour growth at the point when the magnitudes of A5 and A, switch, see
Figure |45| for an example. We have also computed the corresponding eigen-
vectors for all of our eigenvalues, which we shall denote V; for each A;. These

are given by the the following expressions, up to a proportional constant:

0 1 —y
Vi=10|,V25=|0| and Vi5= |sAy5+ (DAj5+p) (1-F) |- (175)
1 0 0

The eigenvector V; does not contribute to the wavespeed dynamics as the
normoxic population cannot approach along this line (as there is no normoxic
or even hypoxic component). Focusing on the eigenvectors corresponding
to the least negative eigenvectors, V, and V5, we see that they influence the
dynamics of the model. By plotting the normoxic cell density across space
against the hypoxic cell density across space for a fixed time point where
each simulation has converged to a stable wavespeed, alongside V, and Vs,
we can see which eigenvector is influencing the dynamics of the model. We
present two simulations with their corresponding V, and V5 eigenvectors in
Figure one for D;,/ D, = 10~! and another for D;,/D, = 10'. For D;,/D, =
107!, where the wavespeed follows the predicted minimum value, we see

that the model follows (c,h) = (0,0) along the eigenvector V,, whereas for
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Figure 45: As Dy, /D, is increased for this example with D, = 10> mm? /year
and p = 10! /year, we see an increase in the converged numerical
wavespeed at the same point that A5 becomes less negative than
Amin. At which point A3 diverges to follow the same trend as As.
Wavespeeds taken as the average speed between 8.5 and 9cm of
growth on simulated T2 MRI (16% total cell density threshold).
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Figure 46: For D, /D, = 1071, we see the dynamics follow V; (black) near
(¢c,h) = (0,0), which corresponds to the predicted minimum
wavespeed, s,,i,. For Dj,/D. = 10!, the dynamics shift towards
Vs (pink), corresponding with the faster numerical wavespeed
we have observed. Notice also that V5 differs between the sim-
ulations whereas V, remains fixed. Here D. = 10°mm?2/ year,
p = 109 /year. Eigenvectors shown correspond to the eigenval-
ues of Figure |45|at very large T2 sizes to ensure convergence (29.5
- 30cm of growth).

D, /D. = 1071, the approach is along V5. We also see that V5 differs between
simulations. As Dj,/ D, is increased, the gradient of V5 becomes positive and
thus enters the biologically realistic quadrant, where it affects the dynamics.
As we discussed in the introduction to this chapter, we are interested in sim-
ulating perioperative ischemia, a reduction in bloody supply that can occur
as a surgical complication, as this has been shown clinically to lead to distant
and diffuse recurrences. We hope to gain further insight into these dynamics
through our adapted PIHNA model. To gain a more realistic understanding
of the PIHNA model, we ran these simulations in 2D on a realistic brain ge-
ometry. We present the 2D model as well as simulations of tumour resection,
subsequent ischemia and tumour recurrence patterns in the next section and
suggest how the tumour wavespeed calculated in this section might tie into

this behaviour.
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4.4 THE PIHNA MODEL IN TWO SPATIAL DIMENSIONS

The two dimensional simulations of PIHNA follows the group of Equations
(136) — with the nutrient vascular efficiency term, which as a reminder

is given by

__f v
viehe)= folood v + m(Dc,p);JSrnh(Dh)h' (176)

The model equations are run on a two-dimensional slice of a realistic brain

geometry from the Brainweb Database [28)} 29, [74) [75], which spatially differen-
tiates physiological structures such as white matter, grey matter, cerebrospinal
fluid (CSF) and anatomical boundaries of the brain. This geometry is an aver-
age of multiple MR scans on a single patient to create a brain geometry with
Imm accuracy on and between MR slices. We have run our simulations on
the white and grey matter, not allowing for any growth of the tumour into
the CSF or past the boundaries of the brain.

Analogous to the 1D PIHNA model, we initiate the simulation with a small
exponentially decreasing normoxic cell population from a point with coordi-
nates (xg, yo)

c(x,0) = 100067100122, (177)

where R? = (x — x9)? + (y — o). Across simulations seen here, all tumours
are seeded in a fixed location seen in Figure

The initial vascular cell densities are heterogeneous between white and grey
matter and are set to 3% and 5% of the carrying capacity, K; these values fall

within the values for cerebral blood volume found from the literature [155].

0.03K if x € white matter
v(x,0) = (178)
0.05K if x € grey matter.
All other spatio-temporal variables are initially set to zero. There are no-flux
boundary conditions on the outer boundary of the brain for all variables as
well as on the CSE.

We present the total cell densities that are visible on simulated T1Gd and
T2 in Figure |47 for two example simulations: one for high D, and low p which
is considered a diffuse tumour, and the other for low D, and high p which
is nodular. We also present the breakdown of these total cell densities for
the nodular case in Figure The dynamics of the growth are similar to
the one-dimensional PIHNA simulations, in that the normoxic cell density is

located on the periphery of the tumour, followed by the hypoxic cell density
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(a) High p and low D, - nodular tumour. (b) Low p and high D, - diffuse tumour.

Figure 47: Simulated T1Gd area of 27tcm? shown in red with T2 in yellow. T2
is relatively much larger than T1Gd for a diffuse tumour than a
nodular tumour. The black square is the tumour seeding location
for all 2D simulations seen in this chapter (position (x(100), y(150))
on brain slice number 85 on the Brainweb Atlas). The individual
densities and angiogenic factor concentration are shown in Figures

and |49| at the same time point.

and necrotic cell densities as you travel towards the centre of the tumour. The
angiogenic factors are concentrated mostly near the hypoxic cells, as is the in-
crease in vasculature. We present the individual cell densities and angiogenic
factor concentrations in Figures 4§ and [49| The nodular tumour in Figure
has a clear necrotic core at this point of growth on simulated T1Gd, whereas
the diffuse tumour in Figure [49|does not develop as much necrosis or hypoxia.
Both simulations show a high level of normoxia spreading ahead of the other

cell densities.
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0.06

0.04

0.02

(e) a/Km

Figure 48: Here we show the various densities as fractions of K and the an-
giogenic factor concentration (divided by Kjs) of a nodular 2D PI-
HNA simulation (D, = 10mm2/year, p = 100/year, D, = 10D,
B = 0.1p). The normoxic cell density leads the outward growth,
followed by the lower hypoxic and necrotic cell densities. The vas-
cular cell density increases slightly above the initial condition and
decreases towards the centre of the tumour. The angiogenic factors
are most concentrated around the hypoxic cell population. Brain

outline shown in white.
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Figure 49: This is an example of a diffuse tumour (D, = 100mm?/year,

p = 10/year, Dy = 10D, B = 0.1p). As in the one dimensional
PIHNA simulations, the normoxic cell density leads the outward
growth, followed by the much smaller hypoxic and necrotic cell
densities. The vascular cell density increases in the tumour location
The angiogenic factors are most concentrated around the hypoxic

cell population. Brain outline shown in white.

Using the PIHNA model, we have simulated a resection that occurs once

2

the tumour has grown to an area of 7rcm” on simulated T1Gd imaging. Post

resection, zero-flux boundary conditions are added to the created cavity wall
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Figure 50: The tumour undergoes resection that removes the T1Gd imageable
tumour cell density (assumed at 80% of the maximum cell den-
sity) as well as the surrounding tissue. In this illustrative example,
the tumour without ischemia reestablishes to a T1Gd imageable
density (T > 0.8) next to the resection cavity wall, a local recur-
rence. The tumour with ischemia instead establishes outside of the

ischemic region and would appear as a distant recurrence.

so that regrowth into the resection cavity is not possible. Every resection is
the same, in that the same region of brain geometry is removed. The resection
geometry removes all T1Gd imageable tumour for every simulation. We add
subsequent ischemia through a transient reduction in the vasculature term, v,
to a region adjacent to the resection cavity wall. We have modelled ischemia
as a reduction only at the time point of resection, the vessels then continue
to follow the model equations. In the simulations seen here the reduction in
vasculature is either 90% or 99%.

We run many simulations for different values of D, (1 — 1000mm?/year)
and p (10 — 100/ year), as well as B (0.1p — —0.5p), which is the switching rate
from the normoxic cell density towards hypoxic cell density.

Recurrence location of a tumour is classified as the reappearance of the
tumour on T1Gd MR scans as is done clinically [158]. We do not however
implement a distance requirement away from the primary focal point of the

tumour for a recurrence on simulated T1Gd MRI to be classified as distant. In-
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stead, if a tumour initially reappears outside of the simulated ischemic region

above a certain thresholded size (47rmm?

simulated T1Gd area) before appear-
ing anywhere else, it is classified as distant. Whereas if it appears within the
ischemic region along the cavity wall above the same threshold before any-
where else, it is classed as a local recurrence. We define a mixed recurrence
when the tumour appears on simulated T1Gd MRI both inside and outside

the ischemic region before the size threshold within either region is reached.

4.4.1 Individual tumour kinetics affect recurrence location following perioperative

ischemia

Extending on the paper by Thiepold et al., that suggests distant recurrence
can occur through ischemia and subsequent hypoxia [143], the PIHNA model
suggests that tumour kinetics also play a role. By varying individual tumour
kinetics (D, and p with D, = 10D.) and the maximal rate at which tumour
cells become hypoxic and in turn necrotic (), with a fixed vascular ischemia
post resection, we are able to show differing tumour recurrence locations,
see Figure Recurrence location is classified as the first reappearance of a
tumour on T1Gd MR imaging as described in the previous section.

PIHNA simulations suggest that following resection and a subsequent prox-
imal ischemic event, tumours with higher diffusion rates and lower prolifer-
ation rates are more likely to recur distantly. In general, the more diffuse a
tumour is, the more likely it is to recur distantly in this simulated setting. We
present the recurrence locations in Figure Such tumours remain in lower
cell densities within the ischemic region and appear outside on simulated
T1Gd imaging as they continue to increase their cell density outside of the
ischemic region. We see this behaviour across different levels of ischemia and
it becomes more apparent as the severity of the ischemia is increased, as well
as the maximal switching rate from normoxia to hypoxia, p.

Higher tumour cell diffusion rates give distant recurrences. However, as
expected, there are more local recurrences in the parameter space overall with
the lesser of the two simulated levels of ischemia. This is because more of the
simulated tumours are able to proliferate to a T1Gd imageable density within
the ischemic region before they do outside, as the ischemia of a 90% reduction
is slightly more favourable than the 99% ischemic reduction.

An increase in 8 leads to more sensitivity in the tumours to ischemia, which

causes them to become less proliferative in the ischemic region. They are
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Figure 51: Recurrence location classified for various D, p, f and levels of is-
chemia for D;, = 10D.. We see that the higher level of ischemia
and higher values of B lead to a larger proportion of distant recur-
rences in D, and p parameter space. Higher migration rates, D,,
and lower proliferation rates, p, lead to more distantly recurring

simulated tumours.

therefore more likely to become denser, and therefore imageable on simulated

T1Gd MRI, outside of the ischemic region and be seen as a distant recurrence.

4.4.2 Faster Hypoxic Diffusion Rates Promote Distant Recurrence

Following this initial analysis, we also varied the hypoxic diffusion rate rela-
tive to the normoxic counterpart, D,/ D.. Along with the simulations where
Dj, = 10D, described in the previous section, we have set D), /D, = 1 (see Fig-
ure |52) and Dy, /D, = 100 (see Figure . We see that the higher the D;, /D,

value, the more distantly recurring tumours occur for a fixed ischemia level
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Figure 52: Recurrence location classified for various D, p, f and levels of

ischemia for D;, = D.. We see that the higher level of ischemia and

higher values of  lead to a larger proportion of distant recurrences

in D, and p parameter space. Higher migration rates, D., and lower

proliferation rates, p, lead to more distantly recurring simulated

tumours.

and value of B. The effect of an increase in Dj, /D, is more pronounced for

B = 0.5p than B = 0.1p. In fact, we see that almost the entire D, p parameter

space consists of distantly recurring tumours for D;, = 100D, and B = 0.5p.

In other words, the faster hypoxic cell migration rate (relative to the nor-

moxic cell migration rate) promotes distantly recurring tumours in silico. We

saw in the one-dimensional PIHNA model that the numerical wavespeed of

simulated tumours increases as D; /D, is increased (Section [4.3.3), and we

propose that this wavespeed increase caused by the hypoxic cells plays a role

in the higher proportion of distantly recurring GBMs that we observe in our

two-dimensional simulations for higher Dy, /D, values.
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4.5 DISCUSSION AND FUTURE WORK

102

10"
100 10’ 10° 108

DC (mmz/year)
(b) 99% ischemia reduction, g = 0.1p.

10%9 *

p (1/year)

101 o090 000 0 009
10° 10 102 10°
DC (mmz/year)

(d) 99% ischemia reduction, f = 0.5p.

Figure 53: Recurrence location classified for various D, p, f and levels of is-
chemia for D;, = 100D.. We see that the higher level of ischemia

and higher values of B lead to a larger proportion of distant recur-

rences in D, and p parameter space. Higher migration rates, D,,

and lower proliferation rates, p, lead to more distantly recurring

simulated tumours.

4.5 DISCUSSION AND FUTURE WORK

In this chapter, we wanted to extend the PIHNA model and use it to suggest

key drivers of both outward tumour growth and distally recurring tumours

following ischemia. We have found and implemented a new nutrient-based
vascular efficiency term for the PIHNA model calibrated with FDG PET data.

We have found an analytical minimum wave speed for the PIHNA model

and shown numerically that this predicted wave speed is attained when nor-

moxic cell diffusion is greater than or equal to the diffusion of hypoxic cells.

However, due to the evidence indicating that hypoxia mediates migration

[68] [156], we have varied the migration rate of hypoxic cells compared with
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normoxic cells in our iteration of the PIHNA model. In the case that the hy-
poxic cells diffuse reasonably faster than the normoxic cells, we see that the
outward growth of the tumour is faster than the predicted minimum value.

Mathematically, the increase in simulated wave-speed corresponds to a
switch in the least negative eigenvalue as Dy, /D, is increased, which causes
a different eigenvector to dominate the behaviour of the PIHNA model. Bi-
ologically, this suggests that the faster migration of hypoxic cells can drive
the growth of the whole tumour, as they migrate towards nutrient-rich envi-
ronments and convert back to normoxic cells. The model does not predict
that the wavespeed is affected by the proportions of hypoxic and normoxic
cells. However, a reduction in vasculature ahead of the wave does increase
the wavespeed of the tumour due to spatial effects present in the minimum
predicted wavespeed, which is a limitation of the model. It would be interest-
ing to see the effect of healthy tissue on the wavespeed of a simulated PIHNA
tumour, as in reality that is what the tumour is growing into.

Through mathematical modelling, we have found a possible mechanism for
distant GBM recurrence. If ischemia levels are high enough and the tumour
has an invasive phenotype, it can remain unimageable on simulated T1Gd
MRI as it travels through the ischemic region (using our assumed threshold
of 80% total cell density). Once it reaches healthy intact vasculature, it will
return to a normoxic phenotype and proliferate to an imageable density out-
side of the ischemic region before it does so next to the cavity wall. From an
imaging standpoint, this would be a distant recurrence. We found that the
recurrence location is sensitive to the severity of the ischemia. Some tumours
that recurred distantly for a simulated 99% reduction in vasculature are local
for a 90% reduction. Tumours had to have very high diffusion coefficients to
recur distantly for a 90% vasculature reduction. We also see that the switching
rate from normoxic cells to hypoxic cells plays a role in this behaviour, increas-
ing this rate leads to more distantly recurring tumours within the parameter
range of D, and p that we have used.

We have also varied the proportional constant between the hypoxic and nor-
moxic cell diffusion, Dy, / D., and looked at its effect on the recurrence patterns
observed in simulations. The larger this proportional constant, the more dis-
tantly recurring tumours were found in the same D, and p parameter space.
It is curious that we see the D; /D, value drive distant recurrences as well
as the tumour wavespeed, and falls to future work to study this relationship
further.
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The geometry that we have used here for the resection and subsequent
ischemia is fairly simple, we used it to see whether or not we could see local
and distant recurrence patterns in the PIHNA model. Now that we have seen
distant recurrences in the model, and the dependence of this behaviour on D,
p, B and ischemia reduction, we have a platform for further exploration. For
example, we have not altered the switching rate from hypoxia to normoxia,
7. In future work we could vary this parameter also, to determine its effect
on the recurrence location of the tumour as well as the wave-speed effects
for varying Dy, /D.. We have also not introduced various tumour seeding
locations and different regions of ischemia and resection.

The PIHNA model has yet to explain why a diffuse recurrence might occur,
which has also been seen clinically to be promoted by ischemia. However,
we do see in simulations that the ischemic region selects for hypoxic cells
that lead to a less proliferative tumour within this region. This causes an
increase in the T2/T1Gd ratio with ischemic events compared to the same
simulation without ischemia, because the region that would have been visible
on T1Gd has been reduced to below this threshold. If the tumour were to
remain hypoxic following an ischemic event, it could remain more diffuse, in
a clinical sense of a large T2 volume relative to T1Gd. It falls to future work
to run the analogous set of simulations without ischemia, and to compare
their T2 to T1Gd area ratio with the 2D ischemia simulations presented here.
There are other mechanisms that might also explain diffuse recurrences: an
evolutionary bottleneck caused through a low-nutrient selection pressure, a
post-ischemia delay for the cells to return to normoxia or a switching off from

hypoxia back to normoxia.
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CONCLUSION

In this thesis, we have looked at the applications of several mathematical mod-
els to the growth and proposed treatment of glioblastoma multiforme (GBM),
a deadly primary brain tumour. We have developed a mathematical model to
characterise the diffusion dynamics of PLGA /PEG, a polymer in development
as a local drug delivery material for the treatment of GBM. To calibrate the
model and to analyse these drug diffusion dynamics, we designed and imple-
mented in vitro experiments at the Children’s Brain Tumour Research Centre
(CBTRC). We were trained by the CBTRC in how to collect and analyse the
data, such that we could run experiments without their assistance. We also
investigated these dynamics further using homogenisation theory; this work
was the product of collaboration with the Hounsfield Facility. Our results
show that there are significantly lower median values and significantly differ-
ent distributions between the direction in which the polymers were pushed
into their moulds, and the other directions; this is a potential concern for
the clinical application of the polymer as the drug diffusion would be inhib-
ited in the direction of the tumour cells in a patient. We have seen that the
PLGA /PEG constructs swell in water, and that the macro-scale mathematical
model analogous to the in vitro concentration experiments fit the data best
when diffusion through the PLGA /PEG is inhibited over time. We have also
seen that there are micro-scale channels of fluid through the PLGA /PEG that
facilitate drug diffusion before swelling has taken place. In the future we
would like to gather data on swollen PLGA /PEG microstructures, to see the
effect of swelling on these fluid channels. We suspect that these fluid chan-
nels close during the swelling process, and act as the mechanism that inhibits
drug release over time.

In collaboration with the Precision Neurotherapeutics Innovation Progam,
we have modelled GBM growth and spread using the previously published
Proliferation Invasion Hypoxia Necrosis Angiogenesis (PIHNA) model. Fol-
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lowing some adaptations to the PIHNA model, we have found an expression
for the wavespeed of the tumour that is reached for large times and shown
that an hypoxic cell density that is reasonably more migratory than its nor-
moxic counterpart can drive the outward growth of simulated tumours above
the minimum wavespeed expression. This wavespeed can be explained by
studying the eigenvalues and eigenvectors of the linearised system, as the rele-
vant parameters are varied. A clinical observation that perioperative ischemia
leads to significantly higher rates of distal recurrence patterns within a cohort
of GBM patients led us to apply the PIHNA model to perioperative ischemia,
and suggested parameters that drive clinically-analogous recurrence patterns
that follow this surgical complication. We found that simulated tumours with
high migration and low proliferation rates led to distant recurrence, and this
was promoted further by an increase in the ratio between hypoxic cell migra-
tion and normoxic cell migration as well as an increase in the switching rate
between cell densities.

Ultimately, we aim to bring together the two threads of this thesis with a
model incorporating a tissue-scale PDE model of GBM growth such as PI-
HNA, with a local drug delivery treatment such as PLGA/PEG constructs to
investigate the PLGA /PEG treatment efficacy in silico. Such a model would
have to incorporate the time dynamics of the PLGA/PEG swelling and in-
hibition of drug diffusion. We plan to adapt the PIHNA model presented
in this work, including the same numerical scheme, to include a subdomain
of PLGA/PEG as well as another variable of drug concentration. This con-
centration would diffuse out of the polymer, kill tumour cells that it came
into contact with once they tried to proliferate, and be cleared out of the
brain with some rate. Once the model was created, we would use it to vary
the PLGA/PEG shape, initial drug concentration, and the tumour kinetics to
analyse efficacy of the polymer treatment for various in silico patients. We
would expect that the polymer treatment would be most effective for those
with nodular tumours, as the released drug (that likely would penetrate only
a few millimeters into the tissue) would be able to access and kill the majority

of the tumour cells in these cases.
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MODELLING DRUG DIFFUSION THROUGH PLGA/PEG
POLYMER CONSTRUCTS

A1 PLGA/PEG SWELLING MASS DATA

To calculate the PLGA/PEG volume fraction and subsequent water volume
fractions used in the model, we made use of the swelling volume data pre-
sented in the main body of this thesis. We also used swelling mass data at the
same time points that we collected volume data for, this was not presented
and we present it here. We did not fit an equation to this data as we did not
need to use it directly in the model. See Figure [54] for the mean data and

range of the replicates.
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HOMOGENISATION OF DIFFUSION APPLIED TO
PLGA/PEG POLYMER CONSTRUCTS

B.1 SAMPLE CUBES FOR REPLICATES

Here we show the histograms for the sample of 300 100 x 100 x 100 cubes
taken from the total number of 2197 cubes for each replicate of our microCT
data.

B.2 WILCOXON SIGNED RANK TEST SIGNIFICANCE VALUES

In the main body of this thesis, we presented effective diffusion values for
cubes of PLGA/PEG microCT data. Each cube provides a unique effective
diffusion value in x, y and z directions. We ran Wilcoxon Signed Rank (WSR)
Tests on pairs of directions across all cubes to look for significance between
their medians. However, to provide clear figures to see the significant rela-
tionships that we saw, we did not present the p values of these tests and only
presented whether the relationship was significant or not (with a p value less
than 0.05). For the preliminary dataset, we saw some significance between
medians of the effective diffusion values (x,y) and (x,z) but not for (x,y).
The full set of p values, analogous to Figure [32|is given by

For the three replicates of microCT PLGA/PEG data, we saw significance
between the medians of (x,z) and (y,z) across all replicates. The p values

resulting from the WSR tests can be seen below.

B.3 KOLMOGOROV-SMIRNOV TEST SIGNIFICANCE VALUES

As also presented in the main body of this thesis were the significant and

non-significant results of the Kolmogorov-Smirnoff (KS) Test. We again did
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Figure 55: Results of the WSR Test on the significance between the differences
in medians of pairs of effective diffusion values for various values
of D,,;. The medians can be seen in Figure We see some signifi-

cance emerging between medians of both (x,y) and (x,z), but not

(v, 2).

not present the p values themselves and do so here. For the preliminary
data-set, we did not see any significant values, see Figure [56| For the three
replicates, we saw consistent significance between the (x,z) and (y,z) pairs

within two replicates, see Figure
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Figure 56: Results of the KS Test on the significance between the differences
in cumulative distributions of pairs of effective diffusion values

for various values of D, for the preliminary dataset. We see no

significant pairs.
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Figure 57: Results of the WSR Test on the significance between the differences
in medians of pairs of effective diffusion values for various values
of D,,;. The medians can be seen in Figure We see some signifi-

cance emerging between medians of both (x,y) and (x,z), but not

(v, 2).
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Figure 58: Results of the KS Test on the significance between the differences
in medians of pairs of effective diffusion values for various values
of D,,;. The medians can be seen in Figure We see some signifi-

cance emerging between medians of both (x,y) and (x,z), but not

(v, 2).
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A MATHEMATICAL MODEL FOR BRAIN TUMOUR
GROWTH APPLIED TO VASCULAR ISCHEMIA

C.1 PIHNA NON-DIMENSIONALISATION

In our case, it is useful to non-dimensionalise our equations so that when we
change parameters/scales, we have a robust solver that is independent of the
changes. We will denote each non-dimensionalised parameter with a hat. The

variables are transformed to

¢=c/K
h=h/K
n=n/K (179)
9 =v/K
a=a/Ky,
The time, ¢, and space, x, are transformed to
F=tx df= £
=txpand £ = x * . (180)
D,

The diffusion coefficients are divided through by the diffusion of the normoxic

cells
Dc - Dc/Dc
Dh - Dh/Dc
D, = D,/D, (181)

D, = D,/D..



C.2 PIHNA 2D NUMERICAL SCHEME

Many terms are divided through by the proliferation rate, p. These parame-

ters are
p=p/p
B=B/p
Y=7/p
ap =uay/p (182)
A= Aa/p
fi=npul/p
&y = ‘Xn/P

The last of the parameters are transformed to

. K
c=0c Ko 10 (183)
. K
5, =6 8
= 5 (184)
. K
K =K/K (186)
K, = Ky /Ky (187)

C.2 PIHNA 2D NUMERICAL SCHEME

All PIHNA simulations in one spatial dimension are solved using the inbuilt
Matlab partial differential equation solver, pdepe.m. The two-dimensional
simulations on the brain slice seen in this chapter are solved using another
scheme that we will describe here.

The PIHNA model is a set of reaction diffusion equations. We solve this by
splitting up the reaction and diffusion operators and solving them separately
using Godunov operator splitting; this involves fractional time stepping. The

model is solved on an MRI slice of Imm accuracy in both x and y.

Godunov Operator Splitting

The 2D PIHNA simulations are solved using Godunov Operator Splitting. We

have a set of equations of the form

u; = A(u) + B(u) (188)
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C.2 PIHNA 2D NUMERICAL SCHEME

where A and B are the diffusion and reaction operators, respectively. The

vector u is shorthand for the collection of populations in the model. We have

c o
h hy

u= |n| and us = |n;| . (189)
v vy
| a] | at |

Say we have two separate numerical schemes for solving each individual

operator from time step n to n + 1, given by
uTl =u" + AtA(u") and ut! = u" + AtB(u"), (190)

then the Godunov splitting method says to apply the first scheme to an inter-
mediary time point, u"**, and then apply the second to get to the next time

point. Using the above generic schemes, this Godunov splitting gives
u,"* = u" + AtA(u") and subsequently ufﬁlB =u""™" + AtB(u"). (191)

This process is then repeated until the desired end time point is achieved.
We use this principle to solve our PIHNA model but with more complicated

schemes that we will now explain.

Solving Diffusion Terms

To solve the diffusion terms for the normoxic and hypoxic cells, the vascula-
ture and the angiogenic factors, we have used the Crank-Nicholson method
alongside a Locally One Dimensional (LOD) Method. The LOD method was

used to reduce computation time. The diffusion operator is given by

[V - (De(1—T)Ve)
V - (Dy(1 - T)Vh)

Au) = 0 : (192)
V- (Dy(1—-T)Vo)
L v * (Dava) ]
The Crank-Nicholson method is given by
a'tt = a4 % [AF(u""*) + AF(u")], (193)

where F is the net flux. We can re-express Equation using

u"t* =u" + Au (194)
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to give
w= % [F(Au) + 2F(u")], (195)

where we have used that
F(u"™) = F(Au) + F(u"). (196)

Now we have an implicit method for Au given by Equation (195). We
can solve this by computing the net flux, F, which is done with the LOD
technique. We first remove the boundaries and consider the fluxes between
the non-boundary interfaces. For our spatial discretisation x = 0... M and
y = 0...N, we use the LOD technique to split up the (M, N) matrices into a
(1, MN) vector. Information is not lost as we still keep track of neighbouring
cells in each dimension.

The net flux is then computed along the interfaces between voxels for each
population individually. Voxels are classified into origins and terminuses, and
incoming and outgoing fluxes are computed; a voxel can be both an origin

and a terminus. Discrepancies along interfaces between neighbouring voxels

with different T = (c + h + n + v) /K values is remedied using an average, T.

The net flux on each interface is given by

Origin _ utermmus

F=D(1-1) 2 , (197)
where
D
Dy,
D = . 198
0 (198)
Dy
and D, is solved using
uorigin . uterminus
F=D , (199)

Ax?
as the diffusion of the angiogenic factors is not multiplied by (1 — T) as the

other diffusion coefficients are in the model. The vector D is also taken as
the average of the voxels adjacent to each interface, but as we do not have
any inherent diffusivity differences between voxels, as other formulations of
PIHNA have done [140, 59|, the average is just the same as each neighbouring
cell. Note that there are no necrotic terms here. They are also excluded from

u in this section as the necrotic cells do not diffuse.
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We then input this flux into an inbuilt conjugate gradients solver in Matlab

(pcg.m) that iterates the equation

Au— %AtP(Au) — AtF(u") (200)

until it converges to find Au. We then simply update to the intermediary time
step

u*=u"+ Au (201)

Reaction Terms

Once the diffusion terms have been computed to time point n 4 %, we then

use u™* in another solver that computes the reaction terms to get to u™*1,

To solve these reaction terms, we use the Runge-Kutta TR-BDF2 method. The
TR-BDF2 method uses the trapezoidal rule (TR), followed by the backward
differentiation formula of order 2 (BDF2). It further splits up the time step,
so now we will go from u"+* to u"*(1+*)/2 and finally to u"*!. The reaction

operator is given by

pc(1=T)4+vhV — Bc(1 =V) —a, %
—YhV + Be(1 = V) — ayh(1 = V) — a2
B(u) = aph(1-V)+ ocn”(C“LThH) : (202)
me”+av(1 —T) —a,¢
| Occ+ Oph — quig9(1—T) — wav — Aa |

Km+a
The TR-BDF2 method is given by
At
n+(14+%)/2 _ o ndx | 2F n+x n+(14+%) /2
u ut (B(u )+B<u )) (203)
1
u'tl = 3 (411”“1“)/2 —u" + AtB(u”H)) : (204)

As we had for the diffusion terms, this is an implicit method and needs to be
solved by a non-linear solver. We use the Newton Method to solve this. For
the first part of the TR-BDF2 method, we rearrange Equation (203) and set it

equal to a function, G(u""*, '+ (14%)/2) This gives

At At
ko n+(14%)/2) otk 2 n+* [ n+(14%)/2\ . n+(1+4%)/2
G(u ,u ) u +4B(u )—|—4B<u ) u
(205)
The corresponding Jacobian, ], for this solver is given by
_ At (140 /2)
Je = 1 J (u ) I, (206)
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where [ is the identity vector and | is the Jacobian

) = A5 (207)

Explicitly, the Jacobian | is

[ p(1=T) = pft = B(1 = F) + PeF! + hE, = nft
—yhF.+ B(1 — F) — BcF. + ahF,

Jin = —aphF +ang

[

a
—HaiFK, K
a (%
I o +alg, 2k

—o% +v(V +hE)) + BcF]
—YV — YhF| — BcF, — ap(1 = V) + ayhF — an %
Jio = ap(1—F) — aphF) + ay

a 0
_lua—l—KmK
a v
I ont+ang ok

C C
PR T &ng
h
— / h
Jizg = | —anhF; + ay C+K+U

a 0 (%
“HaFKk, K ~ %nx

a v
quﬂz+ﬁ K

—p% + YhE, + BcF,
—hF), — BcF), + ayhE]
Jia= —aphFy + ay g

yaKlm_—Ea B :uKma—i—a% B ‘X”%
—qu(lr) g5t IH g Ak — wa

_ 0 -
0
Jis = 0
WORota — MV oy
| A —quo(l— T)ﬁ + quav (K;;)z —wo |

The Newton Method iterates the set of equations

Jod" = —G (un—i—*’ un+(1+*)/2> (208)
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for each variable until the difference between two 6"* iterations is lower
than a tolerance in that variable. Once the satisfactory 6" ** is found across all

variables, it is used to update the solutions to

un+(1+*)/2 _ un+* + 5n+* (209)

and we move on to the second step of the TR-BDF2 scheme.
The second part of the scheme follows the same procedure as the first. A

Newton solver is also used and the corresponding equations are given by

C (un+1,un+(1+*)/2, un+1> _ % <4un+(1+*)/2 a4 AtB(un+1)> _ gt
(210)
and
Jo = S 1(B(u") ~ I @11)

Once the appropriate §"T17*/2 has been found, it is used to update the solu-

tion to the next time step

n+1 n+(1+x)/2 + gnt(14x)/2.

u =u (212)

This whole process of the diffusion and reaction steps is repeated for each

time step until the desired end point of the simulation.
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