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Abstract

A ray-based dynamical model is developed to propagate light in passive optical fibres. The

developed model provides an efficient way to investigate light propagation in the presence

of boundary deformations in optical fibre waveguides using concepts of ray billiards and

wave-chaos theory. The light propagation is modelled using the phase space transport,

where the phase space method is a standard tool of tracing rays in enclosed cross-sectional

boundaries. In the developed model, the light propagation is achieved using coarse-grained

phase spaces and Ulam’s method is adopted for the numerical discretisation. The phase

space is divided into rectangular regions or pixels, and a bundle of rays are traced as

ensembles from one pixel to the next. The coarse-graining transforms the process of

tracing individual light trajectories into a probabilistic way of mapping power from one

region of the phase space to another. On this basis, a finite operator model, a form

of Frobenius-Perron operator, is developed to propagate light in 3D fibres. The finite

operator deterministically distributes power in the pixelated phase space.

The aim of this work is to investigate chaotic and regular ray propagation deformed optical

fibres primarily for applications in mid-infrared (MIR) photonics using MIR transparent

glasses. However, the model developed here is generally applicable to any deformed

unstructured and step-index fibres. The finite operator method enables the calculation of

the net accumulation of power in the core in the step index fibres due to the propagation

of any arbitrary input light distributions. Using the model, it is possible to investigate

the variation of the accumulated power in the core with the variations in any structural

deformations of the fibre, variations in the refractive indices of core and cladding media,

and the variations in any input light distribution. The study sheds light on ways in which

pump power absorption in rare-earth (RE) doped active fibres can be improved. In this

thesis, the investigation is carried out to find ways of improving the captured power in

an undoped core in passive fibres, and the variations in the propagation mechanisms are

characterised from a given input light distribution by varying the structural features of

the step index fibre. On the basis of the results, the future extension of the method to

study pump power absorption in active fibres is briefly discussed. The finite operator

method overcomes previous limitations of light propagation models in asymmetric optical

fibres.
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List of symbols

• f0 = an initial light distribution in the phase space

• f̄0 = an initial light distribution in the Laplace domain

• fm = a light distribution in the mth reflection

• f̄m = a light distribution in the mth reflection in the Laplace domain

• g(s, p, z) = a function that transforms the 3D coordinates after one reflection

• h(s, p) = a function that transforms the 2D coordinates in the phase space after one

reflection

• Ij = the intensity in the jth pixel

• l2D = distance traversed by a ray in a 2D cross-sectional plane of the fibre after 1

reflection

• m = reflection number

• M = total number of reflections

• n̂ = a unit vector in the direction normal to the boundary

• ni = refractive index of an incident medium i

• nt = refractive index of a transmitted medium t

• nc = refractive index of the core

• ncl = refractive index of the cladding

• N = number of pixels along horizontal and vertical axes of the phase space of an

unstructured fibre. In the case of the step index fibre, it is the number of pixels

along an axis in the phase space for the cladding boundary.

• Ne = number of pixels along an axis in the core exterior phase space of the step

index fibre.
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• Ni = number of pixels along an axis in the core interior phase space of the step

index fibre.

• p = momentum of a ray at the point where the ray hits the fibre boundary

• px = component of the ray momentum along the x-axis

• py = component of the ray momentum along the y-axis

• pz = component of the ray momentum along the z-axis

• p̂ = a unit vector in the direction of the 2D cross-sectional component of a 3D ray

• p̄i = direction vector of a 3D ray in a medium with refractive index ni

• pi = direction vector of the 2D cross-sectional component of a ray in a medium with

refractive index ni

• p̄clad = momentum of a 3D ray in the cladding medium

• p̄core = momentum of a 3D ray in the core medium

• pclad = momentum of a 2D ray in the cladding medium

• pcore = momentum of a 2D ray in the core medium

• r = scaling factor for the boundary

• rTE = Fresnel’s reflection coefficient for TE polarisation

• RTE = Fresnel’s reflectance at the core-cladding dielectric boundary for TE polari-

sation

• R = reflection and transmission matrix at the boundaries of the fibre

• s = position defined by the arc length at the boundary

• smax = circumference of the boundary of the unstructured fibre; in the case of the

step index fibre, it is the circumference of the cladding boundary

• score = position defined by the arc length in the core boundary

• Sr(φ) = radius of the boundary
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• tij = the mapping probability of power from pixel j to pixel i

• t̂ = a unit vector in the direction tangential to the boundary

• TTE = Transmittance for TE polarisation

• T2D = 2D finite operator for a light distribution in the phase space

• T̄2D = 2D finite operator in the Laplace domain

• T3D = 3D finite operator for light distribution in the fibre

• T̄3D = 3D finite operator in the Laplace domain

• T̄β = the finite operator for the simplified toy model in the Laplace domain.

• T̄tr = a 2D transport operator in the Laplace domain in the phase space for trans-

ferring (s, p) coordinates

• w(s, p̄i) = a weighting function at the core boundaries of the fibre

• ẑ = unit vector along the axial direction of the fibre

• ∆z = distance of propagation of a ray along axial direction the fibre after each

reflection.

• φ = polar angle from the origin

• ε = degree of deformation in the boundary

• χ = angle between p̂ and the unit vector n̂

• θ = angle of the ray direction vector with the axial direction of the fibre

• ϕ(s, p) = a 2D phase space transformation after one reflection

• β = a variable in the Laplace domain corresponding to z

• µ(Ij) = the power in the jth pixel

• ρ(x, y, px, py) = a light distribution at the input face of the fibre

• σx,y = variance of a Gaussian distribution along x or y direction at the input face

of the fibre
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• Φ2D = the net transfer of flux in the core in 2D as M → ∞ reflections in the step

index fibre.

• Φ3D = the net transfer of flux in the core in 3D as M →∞.

• Φ̄M
3D = the net power accumulation in the core in 3D after M reflections
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Glossary

• 2D two dimensional

• 3D three dimensional

• ARC Asymmetric resonant cavity

• IC Invariant curve

• MIR Mid-infrared

• NA Numerical aperture

• PL Photoluminescence

• RT Ray tracing

• SIF Step index fibre

• SOS Surface of section

• TIR Total internal reflection

• WG Whispering gallery
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Chapter 1

Overview

1.1 Introduction

An efficient ray-based dynamical model, termed as the finite operator model, is developed

to investigate the propagation of light in deformed step index fibres (SIF). The model

incorporates aspects of wave chaos theory in optical billiard systems to develop a novel

numerical method to propagate light distributions through 3D SIF. This research was

motivated from the use of these optical fibres for applications in mid-infrared (MIR) pho-

tonics, where better simulation methods are required to study the mechanism of light

propagation in non-standard optical structures. Optical fibres transparent to MIR fre-

quencies are investigated extensively in the author’s research group, and the model de-

veloped in this thesis can be applied to the design and fabrication of deformed active

and passive optical fibres. The developed optical fibres will be used for applications in

remote sensing, spectroscopy, and the generation, transmission, and amplification of MIR

light [1].

The propagation of light through deformed fibres is modelled using phase space transport.

The phase space used, also known as the Poincaré surface of sections (SOS) [2], is a

standard tool for the investigation of billiard-like ray dynamical systems. This phase

space is a portrayal of all possible states of a dynamical system and is a convenient tool

1



2 Chapter 1. Overview

to study the behaviour of rays trapped inside deformed boundaries. Various calculations

can be undertaken on this multidimensional space and this method is widely used in the

investigation of quantum mechanical phenomena in classically chaotic systems.

The propagation of light in optical fibres is studied usually in terms of modes. In cylin-

drical optical fibres, or any symmetrical waveguides, the modes of propagation are very

well-defined with smooth wave-functions and whose intensity profiles are also very well-

understood. When asymmetries are introduced in the fibre, the wave functions are not

so distinct, and form speckled intensity patterns due to interference of many wavefronts

propagating from different qausi-random directions. In this thesis, the investigation is

carried out on large multimode fibres where it is assumed that λ → 0 for all operating

wavelengths concerned. The analysis of modes in the speckle regime can be analysed us-

ing methods like Gaussian statistics for ergodically guided modes using concepts like local

density of states [3]. The spectral and spatial properties of modes in speckle regime can

be found in the imprints of their intensity patterns. However, mode analysis of complex

chaotic wavelets are beyond the scope of the model described here. Instead, the focus is

given on properties that have been averaged over many modes (or frequencies) and these

averaged quantities free of interference effects are well described by ray-tracing in the

limit λ→ 0.

In this thesis, a finite operator method is developed that involves the coarse-graining of

a two-dimensional phase space. The process allows an ensemble of rays to be propagated

in SIFs in the presence of a core-cladding dielectric boundary that separates the two

dielectric media. Simply ray-tracing in such structures is an inefficient process because

the number of rays increases exponentially with the number of reflections upon hitting

the dielectric boundary; the power in each ray is split between a transmitted ray and

a reflected ray, and this causes an exponential rise in the number of rays needed to be

traced. The finite operator model developed here provides an efficient numerical solution

to this problem without running out of computing memory.

In addition, this method allows the net accumulation of power in the core to be measured
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at the end of propagation for any light distribution in the fibre. The difference in the

power entering the core, and the power leaving the core can be measured after each

reflection using the finite operator method and the total power accumulating in the core

can be obtained after the transmission of light through a fibre with infinite length. In this

thesis, this measurement is done for SIFs with various boundary deformations, various

input distributions, and after changes in the refractive indices of the core and cladding

media. Using the finite operator model, non-standard optical step index fibres can be

designed, and the input excitations can be modified to excite specific regions in the fibre

to maximise the net power accumulation in the core. The explicit calculations are for

loss-less, no-gain SIFs but the underlying approach also applies to fibers with gain and

loss in the propagation.

1.2 Aims and Objectives

The aim of the work described in this thesis is to develop a ray-based model to propagate

light through deformed optical step index fibres for applications in MIR photonics using

MIR transparent glasses.

The objective is to obtain a measurement for the net accumulated power in the core after

light propagation through the fibre. Investigations are carried out by introducing various

deformations in the fibre boundaries and input light distribution to see the changes in the

net accumulation of power in the core.

1.3 Thesis layout

The thesis consists of nine chapters. This first chapter gives an overview of the project,

the aims and objectives, and the layout of the thesis. In chapter 2, the background

behind the concepts used to build the finite operator model is presented. Chapter 2 will

explore the field of ray-dynamical systems, and survey the devices investigated in the past
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that exploited ray-based analysis. It will discuss the motivations behind investigating

appropriate ray-dynamical analysis for modelling classical chaotic phenomena because

wave-based approaches find such systems too complex to solve. In addition, the chapter

will also indicate other forms of the finite operator being applied to dynamical systems

to study wave chaos.

In chapter 3, the analysis of this thesis is started with the investigation of the phase space,

or surface of section (SOS) patterns of rays in deformed boundaries. The patterns formed

by ray-tracing inside an enclosed boundary, or cavity, can be classified as either regular

or chaotic in the phase space. The variation of these patterns and the rise of chaotic

trajectories as the boundary deformation is increased are investigated.

In chapter 4, the model to propagate light through 3D optical fibres using the finite

operator method is introduced. The operator is discretised by coarse-graining the phase

space. Ulam’s method is adopted to coarse-grain the phase space, and the finite operator

is formed that is able to transport any arbitrary light distribution through a fibre having

any deformed cross-sectional boundary. The finite operator is applied to unstructured

optical fibres in chapter 4, and a comparison is made between the finite operator method

and the ray-tracing method in illustrating the SOS light distribution. Due to the SOS

being coarse-grained, a numerical artefact is introduced in the dynamical model called

diffusion. The SOS obtained by the ray-tracing method, where there is no diffusion,

and that obtained by the finite operator method are compared with each other in an

unstructured fibre to investigate the effect of diffusion artefacts in the system.

In chapter 5, the finite operator is extended to the case of SIFs. SIFs consists of the core

and cladding cross-sectional boundaries each of which can be deformed to increase the

chaotic propagation of light. Separate SOSs are created for each boundary and the finite

operator is expanded to take account of the light propagating in different dielectric media

and reflecting at different dielectric boundaries. The ray-tracing method is numerically

intractable in the SIF owing to the exponential rise in the number of rays to be traced.

The finite operator method provides an efficient solution to this problem, and makes
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modelling the propagation of light through a deformed SIF tractable.

In chapter 6, pixlated light distributions in the SOS are propagated in the SIF in a 2D

setting using the finite operator model. The properties of the constructed finite operator is

investigated in relation to the changes in various modelling parameters. Diffusion artefacts

introduced by the discretisation limits the number of reflections that can be carried out

by the finite operator. The diffusion over successive bounces can be minimised by finer

pixelation and the analysis of identifying a steady state that adheres to the physical

phenomenon is explored.

In chapter 7, a method to calculate the net accumulation of power in the core in SIF is

introduced by using the finite operator model. The model allows the power going into and

coming out of the core to be monitored after each reflection, and enables the measurement

of the net power accumulated in the core after light propagation through the fibre. In this

chapter, the procedure to calculate the net power accumulation in the core is presented

with the help of a simplified “toy model”. The procedure is then extended to SIFs with

circular core and circular cladding boundaries. These structures are chosen because the

propagated light distribution in their SOSs does not suffer from diffusion artefacts. The

results obtained in these diffusion-free dynamical systems are then extended to systems

with diffusion, such as the propagation of light in deformed SIFs. The net accumulation

of power is estimated by considering the limiting conditions imposed by diffusion.

In chapter 8, a survey is done by changing the various modelling parameters and the

design of the fibre to investigate the relationship between those changes and the net

accumulation of power in the core. The investigation also includes variations in the

input excitation to the fibre, that is then propagated using the developed method. These

modelling parameters will be useful for the design of optical fibres and investigation

highlights how they can be potentially used to optimise the net power accumulation in

the core of non-standard SIFs.

The explicit calculations in this thesis are limited to passive optical fibres. However, the

method of calculating the power accumulation in the core can be extended to model light
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propagation in optical media with gain. The optical fibre can be made active, and the

propagation of amplified light can be modelled using the finite operator method. The

scope for further research on this and other topics using the finite operator method is

briefly discussed in chapter 8, where concluding remarks are also made on the achieve-

ments described in this thesis.



Chapter 2

Background

2.1 Introduction

A finite operator model is developed in this thesis to propagate light in deformed optical

fibres. Light is modelled as rays and ray-dynamical systems are explored to develop an

efficient numerical method of propagating light through optical fibres, independent of

the operational wavelength. The model incorporates chaotic ray behaviour, introduced

due to deformations in the cross-sectional boundaries of the fibre. The finite operator

model allows for the propagation of both regular and chaotic light through any deformed

unstructured or step index fibre (SIF).

The investigation is aimed towards modelling the transmission of light in rare-earth (RE)

ion doped active optical fibres for the potential development of bright mid-infrared (MIR)

light sources, and MIR sensors. A brief outline of the relevant on-going MIR photonics

research, specifically using MIR transparent chalcogenide glasses, is discussed in section

2.2. Analysis of deformed optical fibres incorporates aspects of quantum and wave chaos

theory, and the on-going research in the field is discussed in section 2.3. An operator based

approach is adopted in the model to propagate a given light distribution in the fibre after

successive reflection, called the Frobenius Perron operator (FPO). The application of

such operators numerically, after discretisation, in other dynamical systems is discussed

7
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in section 2.4.

2.2 Mid-infrared photonics

The emerging field of mid-infrared (MIR) photonics for spectroscopy and sensing moti-

vates the investigation of deformed optical fibres in this thesis. At MIR frequencies, the

vibrational states of various molecular species can be detected using MIR spectroscopy.

Identification of the “fingerprint” response of the vibrational states enables the sensing

of materials for applications in explosives and narcotics detection for security purposes,

pollutants detection in the environment for maintaining air quality [4,5], and MIR radar

for air collision avoidance systems [6].

Towards the development of all-optical MIR transparent systems for spectroscopy, new

optical fibres have been developed that are transparent at MIR wavelengths, based on

the chalcogenide glasses (ChGs) [7–9]. These optical fibres can be used, for example, for

delivering light from a source to a sample containing the MIR-active molecular species,

and collecting MIR signal from the sample and delivering it to a dectector. In addition,

optical systems based exclusively on MIR operational frequencies also need to be compact

and robust for remote and non-intrusive sensing applications. Standard silica glass fibres

are unsuitable for MIR transmission because the propagation losses in these fibres are

prohibitively large at these wavelengths [10]. Alternative methods such as Raman spec-

troscopy, which is currently the industrial standard, provide compact silica based optical

systems for spectroscopic applications, but suffer from low power, scattered signals, and

require very sensitive detection. MIR spectroscopy can provide manifold improvements

from the existing standard because the signals coming from the sample are potentially

much stronger compared to those used in Raman spectroscopy. However, bright MIR light

sources and amplifiers are still in the developemental phase, and this presently creates a

limitation in building compact and/or remote MIR light delivery systems that are essen-

tial for robust and versatile measurements. Therefore, optical systems operating entirely
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at MIR wavelengths are highly desirable, and could potentially give rise to a myriad of

new MIR photonic applications. A perspective into the state of the art research and de-

velopment being caried out in MIR photonics, and the possibilities of MIR spectroscopy

in imaging and remote sensing has been discussed in detail by Seddon [1].

At the author’s university, the Advanced Materials Research (AMR) group, in collabo-

ration with George Green Institute for Electromagnetics Research (GGIEMR), has been

engaged in testing and developing very high purity, active and passive, ChG optical fibres

for applications in MIR spectroscopy. One targeted use of ChG fibres in MIR spectroscopy

is in the detection of biological samples [11], and MIR multispectral imaging can be used

for effective real-time screening of early stage cancer, which can pontentially open up a

new chapter in MIR healthcare photonics [12]. The ChGs are stable chemically, and can

be drawn into fibres. The optical loss performance depends on the purity of the extruded

fibres. Passive ChG optical fibres have been demonstrated to have low loss owing to

the development of advanced purification processes within the AMR group [13–15]. The

ChGs are amorphous glasses that are transparent in the 2.5 ∼ 25µm wavelength range

depending on their compositions. They are based on selenium (Se), sulfur (S) and tel-

lurium (Te) which are in the group 6 in the periodic table; various compositions of glass

are possible with one or more of these three chalcogens covalently bonded with elements

such as As, Ge, Ga, Sb, and P [16].

Figure 2.1 shows a comparison of the transmission spectrum in the infrared region between

various bulk ChG glasses, SiO2 and fluoride (ZBLAN) glasses. It shows a cut-off in

transmission above 4µm for SiO2 and 8µm for ZBLAN. ChGs based on sulfides, selenides,

and tellurides have a wide transmission range for IR. It should be noted that each peak

transmittance shown in figure 2.1 is limited by the loss due to Fresnel reflections at the

surfaces of the glass which are large for the ChGs owing to their high refractive indices [17].

ChGs not only exhibit a high refractive index but are also highly non-linear optical mate-

rials. A particularly fertile ground for research and development in ChGs is in their highly

non-linear optical properties, and most prominently, the non-linearity was exploited re-
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Figure 2.1: Figure from Sanghera et al. [8], comparing the transmittance of bulk glass
samples of silica, ZBLAN (a heavy metal fluoride glass), with chalcogenide glasses based
on sulfides, selenides,and tellurides.

cently to make a wide supercontinuum (SC) generator [18]. The SC generation of MIR

spectra in ChGs has enabled ultra-wide band light sources that are brighter, more ef-

ficient, and more compact than hitherto attainable MIR sources [19–22]. Apart from

non-linearity, ChGs also have a low multi-phonon relaxation rate which enables them to

host rare-earth (RE) ions for use as fibre lasers [23]. The model developed in this thesis

is aimed at helping the development of more efficient RE-ion doped active fibres for MIR

signal sensing, and amplification. Although only passive fibres are modelled in this thesis,

the finite operator model can be easily extended to active optical fibres with deformed

boundaries. The deformation introduces chaotic light propagation that improves fibre

performance, and is dealt with using concepts from quantum-wave theory. Investigations

of chaotic waves are undertaken using ray-dynamical models, and a few concepts and

devices relating to this research field are introduced in the following section.

2.3 Chaotic ray dynamics

Dynamical modelling of, billiard-like, rays confined within prescribed boundaries origi-

nates from the field of quantum and wave chaos theory [24–26]. Chaotic light trajectories
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in deformed cavities or boundaries behave analogously to point masses following the rules

of classical mechanics. Quantum chaos is the study of the wave-like motion of subatomic

particles, electromagnetic light, and acoustic waves etc, which exhibit chaotic behaviour,

and aspects of these systems can be very well described by modelling ray-billiards. The

aim of the study of quantum chaos is to understand the interference behaviour of waves in

the geometrical limit (wavelength λ → 0). In this project, light propagating chaotically

in deformed optical fibres is investigated, where concepts from the study of quantum and

wave chaos systems are applied.

The research in quantum chaos has led to the emergence of various sub-fields such as

periodic orbit theory [27], random matrix theory [28], and dynamical localization [29,30].

The origins of this type of investigation can be related to experiments done by Chladni

who, as described by Rees [31], in order to visualise sound waves, set up grains of sand on

vibrating plates and used high-amplitude sound waves to form nodal lines on the plates.

He documented this work in his book Die Akustic, published in 1802, and after two

centuries, modern studies of the equivalent of nodal lines in wavefunctions were set up on

microwave resonators [24], dielectric optical cavity resonators [32], and electrons trapped

in the potential well of atomic nuclei [33]. Light trapped in optical cavities produce similar

patterns as Chladni plates and microwave cavities, and are commonly used as dynamical

systems for the study of various wave-chaos phenomena. Applications in the field of

quantum and wave chaos include the design of optical cavities [32], modelling complex

atomic nuclei [33], quantum dots [34], Rydberg atoms [35], cold atoms [36], acoustics [37],

microwaves [38], surface waves [39], and elastodynamics [40].

In the following subsection, the application of quantum and wave chaos theory in 2D asym-

metric resonant optical cavities is briefly discussed, where investigation of ray-dynamical

systems has enabled the implementation of directional emitting devices. In this thesis,

the method of applying a smooth deformation to the fibre boundary has been adopted

from such studies. In subsection 2.3.2, the ongoing research being carried out on deformed

active optical fibres is discussed where concepts from wave-chaos theory have been applied

to fibre propagation in an attempt to improve pump power absorption in fibre lasers.
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2.3.1 Chaos analysis in deformed optical microcavities

A particularly rich field in quantum chaos research is in the development of devices re-

lated to optical microcavities [41]. Like a tuning fork, these have a size-dependent resonant

frequency spectrum. Because of the microscale volume the resonant frequencies are dis-

tributed more sparsely than macroscale resonators. Two parameters for measuring the

performance of these resonators are their Q factor (which can be related to loss) and

volume [32].

An optical cavity resonator has a set of modes each with its own resonant frequency ωi

with resonance width δω = 1/τ , where τ is the lifetime of photons in the mode. Sub-

stantial deformation of the resonator shape results in partially chaotic dynamics, and

causes frequency-independent broadening of the so-called whispering gallery resonances

and highly directional emission. Solutions of the wave equation for asymmetric cavity

resonators (ARCs) have been developed by Nöckel et al. [42] that relate to the ray op-

tics model, and also reveal a frequency-dependent effect of the chaos characteristics of

quantum chaos systems. With small deformations of the ARC, the lifetime of the res-

onance is significantly shortened, but for larger deformations (∼ 10%) there are some

resonances which have longer lifetimes than predicted by the ray-chaos model because

of a phenomenon called dynamical localization [29, 43]. Directional emission from ARCs

has been studied extensively [44–46], and has applications in optical WDM systems for

filtering, switching, lasing [47], modulation, and spectroscopy [44,48,49].

2.3.2 Chaos analysis in deformed optical fibres

Experimental analysis done on erbium doped fibre amplifiers (EDFAs) by Doya et al.

[3,50–52] suggests that light is absorbed more effectively from side-pumping in deformed

optical fibres than in symmetric ones. This is because the chaotic rays are able to uni-

formly distribute the pump power inside the fibre through chaotic propagation, and fill

up any caustic regions that would otherwise have remained in a circular geometry. Side-
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pumping in double-clad fibres (DCFs), with core doped in Er3+, has the advantage that

it leaves the fibre end open for splicing. In geometries investigated by Leproux et al. [51],

gain in deformed EDFAs after propagation along a 40cm length of the fibre of 17dB was

observed at 1530nm, as opposed to just 2dB observed in the circular counterpart. Mod-

elling results by Kouznetsov et al [53,54] indicate that a break from the circular symmetry

in the inner cladding of double-clad fibres results in a significant increase in the the pump

power coupling efficiency.

Optical fibre amplifiers (specifically EDFAs) are widely used in long-haul optical links to

restore power in the transmitted signals. Snitzer et al. [55] proposed fibres with double

cladding to overcome the challenges of coupling of high pump power into a doped core.

To reduce the high pump power required in such fibre amplifiers, the inner cladding is

required to be designed to allow the optimum pump power absorption. Towards that

end, the inner cladding shape was deliberately made asymmetrical, and the pump power

propagation and absorption were modelled by invoking principles from wave and quantum

chaos theory. The light was modelled as rays and the absorption of pump power in such

deformed multimode fibres was investigated within the framework of wave chaos.

The interference of chaotic rays uniformly scattered around the fibre due to boundary

deformations form speckled-patterns or scars [56]. Scarring was first discovered in a

quantum chaos problem [57] and scarred modes have been investigated in rectangular

and semi-stadium like resonant cavities. Scars have been found in light propagation in

many deformed cavities, except for elliptical boundaries which do not show such scar-

ring [58]. Analysis of scars has other applications such as in semiconductor ballistic

quantum dots [59, 60], photoionization of Rydberg atoms [61], and microwave systems.

In fibre amplifiers, these scar-like modes can be selectively amplified to enhance the per-

formance of the fibre amplifier [62–64], and also to study mode behaviour using mixed

dynamical systems [65]. Deformations studied in their analysis included modelling fibre

cross-sections as truncated disks, inducing abrupt asymmetries in the light propagation.

The investigation reported in [65] focused on the statistical and spatial characteristics of

scar modes in the propagation.
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The deformations introduced in the optical fibres studied in this thesis are smooth, where

a deformation parameter is defined which can introduce a gradually increasing chaotic

behaviour in the light propagation, similar to what was used in the study of ARCs dis-

cussed in the previous subsection. In addition, the analyses carried out here are geared

towards obtaining the accumulation of power in the core after propagating a given input

excitation, rather than the investigation of the modal distribution of scars. Although only

passive optical fibres are considered in this thesis, such calculations can easily be extended

to active optical fibres doped with RE ions in the fibre core.

2.4 Operators of the Frobenius-Perron type

The phase space method is used to analyse the rays in the fibre and classify them by regular

or chaotic motion, similar to the analysis done for asymmetric microcavities discussed in

subsection 2.3.1. In a SIF, there are multiple boundaries and phase spaces are constructed

for each boundary, and each dielectric media, to track rays propagating through the fibre.

The SIF confines the light by total internal reflection (TIR). It consists of a core medium

with refractive index nc that is surrounded by a less dense cladding medium with refractive

index ncl. The phase space registers the rays as they hit these boundaries after each

reflection, and distributes the propagated power through the available phase space.

However, ray tracing in the SIF becomes intractable very quickly because of the ray

splitting of power between refracted and reflected rays upon hitting the core-cladding

dielectric boundary; thus the total number of rays to be traced increases exponentially. A

large number of rays must be traced for many reflections in order to see the propagated

light distribution along the fibre reaching a steady state, and the exponential growth

in the number of rays due to the dielectric boundary creates a significant computational

burden. Therefore, in order to analyze the ray distribution for many reflections, a method

called the Ulam’s method is explored which involves the construction of a finite Frobenius-

Perron operator (FPO) [66], which is termed here as the finite operator, based on Ulam’s
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conjecture [67]. The Frobenius-Perron theorem [68] applies to this operator which has

positive and real elements, and is a square dimensional matrix.

According to Ulam’s method, the SOS is divided into separate regions and a probabilistic

approach is adopted to the measurement of the dynamics. On this basis, a finite approx-

imation of the operator is used iteratively to distribute the power in the SOS. The SOSs

of other maps such as the Chirikov standard map [69], random interval map [70], and the

Arnold cat map [71] have been investigated using the finite approximation of the FPO.

The eigenvalue spectrum of the finite FPO has also been investigated extensively [72–79]

to analyze the dominant characteristics of the distribution. The spectral decomposition

of a finite operator formed by making rectangular grids in the phase space of an optical

microcavity was invesigated recently by Kullig et al. [80]. In the work described in this

thesis, this approach was being developed independently for the analysis of deformed SIFs

since 2014.

2.5 Chapter summary

In this chapter, the background of the research relevant to this thesis has been discussed.

The research was motivated by the experimental programme at Nottingham for the de-

velopment of optical fibre amplifiers and sensors for aiding MIR photonic applications.

A ray-based model is explored in this thesis for deformed fibres, where concepts from

quantum-wave chaos theory are investigated to develop efficient numerical methods to

propagate light in deformed optical fibres. Other applications of such ray-based mod-

elling concepts were highlighted in this chapter, such as asymmetric optical resonators

for making directional micro-emitting devices and deformed EDFAs for improved pump

power absorption. Lastly, the light is propagated in this thesis using a type of operator,

called the Frobenius-Perron operator, and the application of such operators was discussed

in section 2.4. The operator developed in this thesis will be discretised by modelling prop-

agation numerically using a finite number of rays in the fibre. In the following chapter, this
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analysis is initiated with the investigation of mixed chaotic and regular SOS patterns in

deformed unstructured optical fibres. The finite operator model based on coarse-graining

the SOS will then be discussed in chapter 4.



Chapter 3

Ray-tracing in mixed phase spaces

3.1 Introduction

A ray optical method of analysis is used throughout this thesis to model light propagation

in optical fibres. The ray-tracing method is a tool for modelling the billiard-like dynamics

of rays inside a boundary. In this chapter, the investigation of light in mixed phase spaces

are carried out in two dimensional, perfectly reflecting, deformed boundaries. The anal-

ysis is undertaken to model light in the cross-section of unstructured optical fibres, and

is relevant to the development of the finite operator model introduced in the following

chapter. The patterns in the phase space investigated in this chapter classify the propa-

gation of rays into regular and chaotic motion. A phase space showing these two types of

motion simultaneously is called a mixed phase space. The efficacy of the finite operator

model will be determined by the interplay between the chaotic and regular ray motion in

deformed optical fibres.

Rays bouncing around in symmetrical boundaries would show a regular motion in the

phase space. Examples of symmetric boundaries include circles, ellipses, and equilateral

triangles. Any deformation introduced in the boundary, resulting in the breakdown of

symmetry, causes rays to bounce around chaotically, and rays appear in the phase space

as random patterns. An example of a highly asymmetric enclosed boundary is a stadium-

17
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Figure 3.1: Tracing a ray in a unstructured fibre cross-section. The position is tracked by
the arc length s, and the direction is measured by measuring the angle of incidence χ at
the boundary.

like shape, also known as a Bunimovich stadium [57], and it consists of parallel straight

lines closed off by semicircles at the ends. The phase space of the Bunimovich stadium is

entirely chaotic. The phase space of most generic shapes, however, is mixed and consists

of partly regular and partly chaotic motion. The reason for the motion of rays to be

classified in this way is because only the regular motion in the phase space is integrable,

i.e. it is possible to determine symmetries in the regular motion. Determining symmetries

of motion allows for conventional Eikonal or Gaussian optical methods of analysis to be

applied to determine exact wave solutions to these motions. Chaotic rays in the phase

space, on the other hand, are not integrable and wave solutions are difficult to find.

This has prompted in the past the requirement for dynamical methods to be applied to

determine a measure of these motions [71,81].

In this chapter, the ray-tracing method is applied to propagation of light in unstructured

optical fibres. A ray of light undergoes many reflection as it propagates through the

fibre. In the ray-tracing method, the ray is tracked using the boundary phase space.

It involves tracking the position and direction of the ray when it hits the boundary of

the fibre. Figure 3.1 shows the cross-section of an unstructured fibre where a ray is

specularly reflected at the boundary. The incident angle is given by χ, and it can be used

to indicate the direction of the ray. The momentum of the ray is given by sinχ, and in a

specular reflection, since the incident angle is equal to the reflected angle, the momentum
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is conserved. The position of the ray at the point of reflection is tracked by the boundary

arc length s. As shown in figure 3.1, this arc length is measured by finding the angle φ

counter clockwise from the origin. As φ varies from 0 to 2π, the arc length s also varies

from 0 to the total circumference smax. The relationship between φ and s is determined

by using the equation defining the boundary.

The position and momentum of the ray can be represented together in the phase space.

The phase space is represented using the area-preserving Birkhoff coordinates (s, p) [82],

where p = sinχ. It is also known in literature as the Poincaré surface of section (SOS),

and it is a space created to capture a snapshot of the rays as they pass through a section

in space. In general, the position and momentum coordinates can be quantities other

than s and sinχ respectively for other dynamical systems [69, 71]. In the case of ray-

dynamical systems, the phase space is used to track rays in an enclosed boundary, and

this allows various investigations to be made on the trapped light distribution [32,80]. The

phase space with (s, sinχ) coordinates serves as a map from which it can be determined

whether a particular trajectory is regular or chaotic. Deformations are introduced in the

boundary which allows a subset of rays to reflect on the boundary in a chaotic manner.

The analysis of ray trajectories with the phase space method has been used extensively

in the past [83–85] for investigating 2D asymmetric cavity resonators.

The rays are registered in the phase space when they are reflected at the boundary of the

fibre. Figure 3.2 shows the (s, sinχ) coordinates being registered in the phase space as a

ray reflects in a clockwise manner in the fibre cross-section. Note that sinχ is taken to be

positive for rays reflecting in a counter-clockwise manner in the fibre cross-section, and

this convention is followed throughout this thesis.

In the following section, various phase space patterns of mixed trajectories in deformed

unstructured fibre are investigated. First, the phase space of a circular cross-section

is analysed. Then, the cross-section is gradually deformed to see the emergence of the

chaotic motion among rays. The phase spaces shown in the following section are obtained

simply by ray-tracing from different initial conditions within a 2D enclosed boundary.
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Figure 3.2: Registering the motion of a ray in the phase space. The phase space consists of
the normalised arc length s/smax as the horizontal axis, and sinχ as the vertical axis. The
phase space points are shown for a ray undergoing four successive clockwise reflections in
the fibre cross-section.

3.2 Investigation of phase space patterns

An investigation is carried out in this section on the mixed phase spaces of deformed

boundaries described using the quadrupolar equation. The 2D case of billiard-like ray

trajectories in a deformed boundary will describe the cross-section of a dielectric rod with

the momentum in the z-direction decoupled. The boundary is deformed here using the

quadrupolar equation [86] and is given by

Sr(φ) =
r√

1 + ε2

2

(1 + ε cos 2φ) (3.1)

where, Sr is the radius at φ, ε is the deformation factor, r is the scaling factor, and (φ)

is the polar angle from the origin. The pre-factor is inserted so that the area of the

cavity remains constant and equal to π, when the value of ε is varied. While using the

quadrupolar equation, an important assumption in considering the shape is its convexity.

A convex enclosed boundary means that there is only one boundary point for each angle,

i.e. there is a one-to-one correspondence between φ and s. The quadrupole equation

becomes non-convex for ε > 0.2.
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In this chapter, the pre-factor to normalise the cross-sectional area is suppressed as there is

just one medium when modelling the cross-section of the unstructured fibre. In chapters

5, 6, and 7, the pre-factor to normalise the cross-sectional area is re-applied and it is

further assumed that r = 1 when investigating SIFs where there are different core and

cladding dielectic media present.

3.2.1 Relationship between s and φ for the quadrupolar equation

As shown in figure 3.1, φ is the polar angle from the origin and s is the corresponding arc

length of the boundary. Equation 3.1, after suppressing the prefactor, is given by

Sr = 1 + ε cos(2φ) (3.2)

Setting ε = 0, in equation 3.2 reduces the boundary to a circular billiard. In Cartesian

coordinates equation 3.2 breaks down to,

x = Sr cos(φ) (3.3)

and,

y = Sr sin(φ) (3.4)

After substituting equation 3.2 into equations 3.3 and 3.4, and then differentiating equa-

tions 3.3 and 3.4 with respect to φ, one obtains

dx

dφ
= −(1 +

ε

2
) sinφ− 3ε

2
sin 3φ, (3.5)

and

dy

dφ
= (1− ε

2
) cosφ+

3ε

2
cos 3φ. (3.6)
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The relationship between s and φ is given by the following differential equation

ds

dφ
=

√
(
dx

dφ
)2 + (

dy

dφ
)2. (3.7)

After substituting equation 3.5 and 3.6 into equation 3.7 and integrating with respect to

φ, one obtains

s =

∫ φ

0

√
(
5ε2

2
+ 1 + 2ε cos(2φ)− 3ε2

2
cos 4φ)dφ. (3.8)

The equation 3.8 may be integrated numerically to find the s value for every φ.

The axes of the phase space are now defined in relation to the quadrupolar equation. In

the following sections, the phase space of boundaries defined by the quadrupolar equation

is investigated with different values of ε. With ε = 0, the boundary is circular. As the

value of ε increases the boundary becomes more deformed and the phase space becomes

more chaotic. The various regular and chaotic patterns in the phase space are investigated

and the expansion of the chaotic region replacing the regular regions, as ε increases, is

observed.

3.2.2 The phase space of a circular boundary

The phase space, or surface-of-section (SOS), of a circular boundary consists of sinχ

preserving horizontal straight lines. These straight line regular motions consist of periodic

and quasi-periodic paths around the boundary. Periodic motions are registered in the

phase space as fixed points with period number Np, whose value signifies the number of

bounces before which the ray returns to the same coordinates again in the phase space.

Two examples of periodic motion are shown in figure 3.3(a).

Another regular motion of the rays involves a quasi-periodic motion around the boundary.

The line formed in the phase space for quasi-periodic motion consists of an infinite number

of points. In this type of motion, the rays return back in close vicinity to the initial starting

coordinates and trace out a continuous horizontal line in the phase space as shown in figure
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(a)

(b)

Figure 3.3: (a)Periodic motion, and (b) quasi-periodic motion of rays in a circular bound-
ary and the corresponding state representation in the phase space (SOS).



24 Chapter 3. Ray-tracing in mixed phase spaces

Figure 3.4: The phase space of a circular boundary for various initial conditions. It
consists of momentum preserving regular motion.

3.3(b). When sinχ = 0, the rays are at normal incidence with the boundary and Np = 2.

Except for normal incidence, leading to Fabry-Pérot type 2-bounce reflections, the rays

always form a caustic region in the middle as they go around the boundary. The caustic

region is an empty circular envelope at the centre formed by rays tangentially crossing by.

Figure 3.4 shows the total phase space of a circular boundary for various initial conditions.

It has a series of horizontal lines some of which have discrete points along them for periodic

motion, and others of which have an infinite number of points for quasi-periodic motion.

3.2.3 Phase space with 5% deformation

With ε = 0.05, in equation 3.2, the phase space is mostly regular with the emergence of

a small chaotic region. Figure 3.5 shows the fixed points for reflections corresponding to

a period of Np = 2. Unlike the circular boundary, there are only a finite number of fixed

points for rays with zero momentum (sinχ = 0). There is a stable fixed point at s for the

value of φ = π
2
, 3π

2
and sinχ = 0, which corresponds to a periodic vertical 2-bounce by

the trajectories in the boundary as shown in red in figure 3.5. The reason that this point

is termed as “stable” is because it hosts the largest amount of regular trajectories in its
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Figure 3.5: Stable (red) and unstable (green) fixed points corresponding to periodic verti-
cal and horizontal bounce (Np = 2) respectively inside the boundary at normal incidence.

vicinity, as shown in figure 3.6(a). On the other hand, there is an unstable periodic fixed

point at s(φ = 0, π); sinχ = 0 corresponding to a horizontal 2-bounce as shown in green

in figure 3.5. Trajectories near the unstable fixed point are chaotic and fill a 2D region in

the phase space as shown in figure 3.6(b). The chaotic region for ε = 0.05 forms a thin

layer in-between a continuum of regular region, and covers a finite area in the phase space.

The quasi-periodic curves that encircle the fixed points in a concentric manner are also

termed as invariant curves (ICs). As one moves further away from the fixed points, the

ICs, instead of encircling one fixed point start to span the phase space horizontally with

all possible s values enveloping more than one fixed point in the phase space. Various

quasi-periodic regular motions are illustrated in figure 3.7.

Since the deformation is very small with ε = 0.05 there are a lot of fixed points in the

phase space still remaining. In contrast, there is an infinite number of fixed points in the

phase space of the circular boundary. Some of the fixed points that host a relatively large

number of periodic and quasi-periodic trajectories around them are shown in figure 3.7.

The stable periodic fixed points at s(φ = π/2, 3π/2); sinχ = 0 host the largest family

of regular motion around them, the collection of which looks like an island in the phase

space. There is always a fixed point at the centre of each island. Figure 3.7(a) shows the

largest island around the stable fixed point. There are other fixed points in the phase

space such as the one shown for Np = 4 in figure 3.7(b). Islands are formed around the

fixed points and consist of the quasi-periodic motions that encircle them. As one probes
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(a)

(b)

Figure 3.6: (a) Various quasi-periodic trajectories around the stable fixed points at s(φ =
π/2, 3π/2), sinχ = 0. (b) Chaotic region around the unstable fixed point at (s(φ =
0, π), sinχ = 0).
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 3.7: (a) Quasi-periodic regions around the stable fixed point at s(φ =
π/2, 3π/2); sinχ = 0 that form the largest island of concentric rings. (b) Fixed point
at s(φ = π/4, 3π/4); sinχ = ±0.67, 0.5.. with Np = 4. (c) Quasi-periodic islands are
formed around the fixed points of (b).(d) As trajectories move further away from the
fixed points, ICs are formed which envelope multiple islands and the trajectories span all
around the boundary with all possible values of s, but within a finite range of sinχ. (e)
Triangular (CCW) and inverted triangular (CW) fixed points with Np = 3. (f) Fixed
points in the form of star (CCW) with Np = 5 (g) Quasi-periodic star (CCW) and in-
verted start (CW) around fixed points (h) Quasi-periodic (star-like) trajectories that form
islands in the phase space.



28 Chapter 3. Ray-tracing in mixed phase spaces

Figure 3.8: The phase space of all the trajectories with boundary deformation of ε = 0.05

further away from the fixed points the quasi-periodic motion starts having a complete set

of s values and envelope multiple islands as shown in figure 3.7(d). Other fixed points

such as triangular motion with Np = 3 in figure 3.7(e), and star-like motion with Np = 5

in figure 3.7(f) and (g) can be found which have a conjugate nature to them (i.e. they

can also form in an inverted manner around the boundary). Quasi-periodic islands are

also formed in their vicinity, as shown in figure 3.7(h) for the star-like periodic motion.

In figure 3.8, the complete phase space pattern is shown for the boundary, and it shows

that only the chaotic region in the vicinity of the unstable fixed point covers a 2D area,

whereas the rest of the phase space is covered with a continuum of 1D regular patterns

formed by periodic and quasi-periodic trajectories.

3.2.4 Phase space with 12% deformation

As the boundary deformation increases, the area of the 2D-chaotic region expands. The

regular regions always originate from fixed points at the centre of the islands and show

periodic ray motion in the boundary. A series of quasi-periodic motion encircles the fixed

points and it degenerates to the chaotic sea as the distance from the fixed point becomes

too large. With the increase in ε island regions shrink and the fixed points can host a
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(a) (b)

Figure 3.9: The phase space of all the trajectories with boundary deformation of ε = 0.12

smaller range of quasi-periodic motion in their vicinity.

The fixed point that hosts the largest family of quasi-periodic motion, and hence the

largest island of regular motion is termed as the stable fixed point. Various other fixed

points can be found scattered in the chaotic sea, but as ε increases their number and

the size of the islands they can host decreases. For ε = 0.12, there is no IC among the

regular motion that spans for all s. All the regular integrable regions in the phase space

are shown in figure 3.9(a). Figure 3.9(b) shows the complement of figure 3.9(a) which is

the chaotic sea.

3.2.5 Variation of the phase space with the boundary deforma-

tion

This section summaries the analyses of sections 3.2.3, and 3.2.4 and presents the mixed

phase spaces of the deformed boundary for different values of ε. Figure 3.10 shows the vari-

ation of the SOS patterns with the change in the boundary deformation of a quadrupolar

boundary. With no deformation the phase space shows a series of momentum preserving

straight lines for different initial condition and consists of only regular motion as shown

in figure 3.4. With a slight deformation of 1%, the phase space changes dramatically

as shown in figure 3.10(a). The change is mainly for small values of | sinχ| with the
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(a) (b)

(c) (d)

Figure 3.10: The phase space of the quadrupolar equation for various deformations. The
chaotic region expands as the deformation increases.

emergence of islands around the stable fixed points for s(φ = π/2, 3π/2); sinχ = 0 as

identified in the previous section. Thus with the introduction of a very small deforma-

tion, the infinite number of fixed points for sinχ = 0 is reduced to just the stable ones

at s(φ = π/2, 3π/2) and the unstable ones at s(φ = 0, π). The phase space is still very

regular with a few other islands emerging for higher value of | sinχ|. For | sinχ| > 0.75,

the ICs become denser as they form whispering galleries, and the reflecting rays closely

follow the curvature of the boundary.

For ε = 0.03, the islands hosted by the stable fixed points expand. More island structures

emerge around other fixed points in the phase space and the ICs close to the whispering

gallery are pushed outwards. The chaotic region originating from the vicinity of the
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unstable fixed point is still not visible, and the phase space is still dominated by regular

motion. With ε = 0.05, a thin layer of chaotic region emerges as was shown in figure

3.8. Figure 3.10(c) shows the phase space with ε = 0.07, where the chaotic region has

expanded to occupy a larger area in the phase space. The chaotic region pushes the ICs

towards the extreme values of | sinχ| and causes them to disintegrate into islands. There

are more islands now that envelope the fixed points than there are ICs with a continuous

values of s.

With ε = 0.09, the chaotic region have expanded substantially and occupy a larger area

of the phase space than regular regions. Even the islands have started to shrink and

degenerate into the chaotic region, and there are no ICs that span for all s. The regular

region and the chaotic region in the phase space for ε = 0.12 were shown in figures 3.9(a)

and 3.9(b) respectively. They further confirm the trend of increasing deformation resulting

in an expansion of the chaotic region by the degeneration of regular region in the phase

spaces.

3.3 Chapter summary

In this chapter, the fibre cross-sectional boundary was modelled using quadrupolar equa-

tion, where the deformation parameter, ε was used to produce smooth deformations in

the fibre boundary. Light distribution in the fibre cross-section was modelled as a ray-

billiard system, and the 2D phase space was constructed to monitor ray movement inside

the boundary after each reflection. The deformations in the fibre boundary allowed some

rays to take chaotic paths, while others remained in various types of regular motion.

These paths can be distinguished from each other in the constructed 2D phase space.

Various mixed phase spaces using the quadrupolar boundary distortions have been inves-

tigated in this chapter. The various phase space patterns of the deformed boundary were

related to their corresponding paths inside the boundary. The chaotic region is formed by

rays having random momenta in the phase space and occupies a 2D region of the phase
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space with a finite area. This area expands as the boundary deformation increases. The

regular regions are confined to 1D fixed points and invariant curves (ICs) for periodic and

quasi-periodic trajectories respectively and some sub-set of these regular motions form is-

lands embedded in the chaotic sea. The regular regions in the mixed phase space diminish

as the boundary deformation increases.

In the following chapter, the finite operator model will be developed based on coarse-

graining mixed phase spaces. The operator model provides a more efficient way of tracking

a large number of rays inside the cross-sectional boundary for many reflections than brute

force ray-tracing. The finite operator model will also enable the propagation of rays in

3D in both unstructured and step index fibres.



Chapter 4

The finite operator model

4.1 Introduction

In this chapter, a finite operator model is developed that is able to efficiently propagate

light through deformed optical fibres. The model is a more numerically efficient method of

ray-tracing, where a light distribution can be tracked after each reflection as it propagates

along the fibre, and for a large number of reflections. The model is applied, in this chapter,

to unstructured fibres with both circular and deformed cross-sectional boundaries. In

chapter 5, the finite operator model developed here is extended to deformed step index

fibres.

4.2 Formation of the light propagating operator

In this section, an operator method based on ray-dynamical method is developed to

propagate light in deformed optical fibres. The formulation discussed here describes how

the analysis of a light distribution propagating in the fibre in 3D can be reduced to a 2D

cross-section of the fibre, so that it can be represented in the phase space. The propagation

of the light can then be visualised as an evolution of an intensity distribution in the phase

33
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space. In this chapter, the analysis is developed for deformed unstructured fibres but the

operator method can equally be applied to circular or deformed step index fibres as will

be discussed in chapter 5, and 7.

In this section, 3D rays are propagated using the phase space transport, and for now, only

a single boundary of the unstructured fibre is sufficient. Let the direction vector of a ray

be given by normalized Cartesian components px, py, and pz, and let the axis of the fibre

be along the z-axis. Rays are confined in the fibre by total internal reflection (TIR) above

a certain value of pz, and so the outer boundary can be treated as perfectly reflecting

(ignoring evanescent fields in this ray analysis). Figure 4.1 shows a three-dimensional ray

path in the fibre cavity, which travels a distance of ∆z along the z-axis and traverses a

distance of l2D in the cross-sectional plane. Here,

pz = cos θ, (4.1)

and above the critical incident angle, θcritical, the rays are confined in the fibre by TIR. Let

another unit vector, p̂, be defined in the cross-sectional plane of the fibre which represents

the transverse component of the 3D ray. The momentum of the ray in 2D when it hits

the boundary is then defined as

p = t̂.p̂ = sinχ. (4.2)

3D ray dynamics in any circular or deformed optical fibre can be simplified to the analysis

of 2D phase space transport, as shall now be described.

Let a power distribution of a beam of light arriving directly from the input face of the

fibre to the curved boundary be denoted by

f0(s, p, z, pz), (4.3)

where f0 = 0 for z < 0. Let

(s, p)→ ϕ(s, p) (4.4)
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l2D

∆z

θ
p̂

ẑ

t̂

Figure 4.1: A ray in 3D in an unstructured fibre. The ray makes an angle of θ with the
z-axis and travels a distance of ∆z along the fibre after one bounce. p̂ is a vector along
the direction of the 2D component of the ray and t̂ denotes an unit vector tangential to
the boundary.

be a transformation of the phase space coordinates after tracing a ray for one reflection.

The four variable phase space mapping from one boundary point to the next, between

mth and (m+ 1)th reflection, is given by


(sm, pm)

zm

(pz)m

→


(sm+1, pm+1)

zm+1

(pz)m+1

 =


ϕ(sm, pm)

zm + ∆z(sm+1, pm+1)

(pz)m

 . (4.5)

pz is conserved between each reflection, and the dynamics along the z-axis is trivial.

Between each reflection, z changes according to

∆z(s, p) =
pz√

1− p2
z

l2D(s, p). (4.6)

where, ∆z(s, p) is related to the 2D chord length l2D traversed by the rays in between

reflections, as shown in figure 4.1. As a result, the power distribution function evolve

according to

fm+1(s, p, z, pz) = fm(ϕ−1(s, p), z −∆z(s, p), pz). (4.7)

Since the pz component is conserved between reflections, it is henceforth suppressed in

the notation. An operator, called the Frobenius-Perron operator (FPO), T3D, acting on
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fm would, in 3D, simply map the distribution as

fm+1(s, p, z) = T3Dfm(s, p, z), (4.8)

where T3D, acting on an arbitrary function g(s, p, z), is defined by

T3Dg(s, p, z) = g(ϕ−1(s, p), z −∆z(s, p)). (4.9)

For each (s, p, z) on the 3D fibre curved surface, there is a unique path starting from

the z = 0 cross-section and having a fixed number of reflections. This enables a way to

estimate the long-term light distribution as propagated in the fibre by simply analysing a

2D distribution for a constant pz value. A Laplace transformation is applied on equation

4.8, to exploit the trivial relationship between z and pz. The Laplace transform is chosen

over the Fourier Transform because the light distribution is initiated from z = 0 plane, and

the problem becomes akin to an initial value problem. Also, the formulation described

here is equally applicable to light propagation when gain or loss media are included.

Although, only passive optical fibres are dealt with in this thesis, the method can also be

applied to optical fibres with gain.

The Laplace transform of fm(s, p, z) is defined as

L{fm(s, p, z)} =

∫ ∞
z=0

e−βzfm(s, p̄, z)dz, (4.10)

and the transformation applied to equation (4.8) is given by

L{T3Dfm(s, p, z)} ≡ T̄3Df̄m(s, p, β). (4.11)

Using the shifting theorem, we get

T̄3Df̄m(s, p, β) = e−β∆z(s,p)f̄m(ϕ−1(s, p), β). (4.12)

Let, a 2D transfer operator T̄2D be defined, so that T̄2D operating on an arbitrary 2D
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phase space distribution h(s, p̄) is given by

T̄2D.h(s, p) = h(ϕ−1(s, p)). (4.13)

Therefore, equation 4.12 is now expressed as

T̄3Df̄m(s, p, β) = e−β∆z(s,p)T̄2Df̄m(s, p, β), (4.14)

where

T̄3D = e−β∆z(s,p)T̄2D. (4.15)

Equation 4.15 enables a linear correspondence between the light distribution in 3D with

its 2D components. T̄2D is independent of β, and it operates only on a 2D cross-sectional

component of the 3D light distribution that can be analysed in the phase space. Along

the z-axis, the behaviour of f̄m for β → 0 in the Laplace domain provides information

about the behaviour of fm for z →∞.

Therefore, the cross-sectional phase space analysis of the 3D fibre is sufficient to model

the propagation of the light distribution with the help of T̄2D, and measuring the corre-

sponding distance of propagation, ∆z, after each reflection at particular pz. However, T̄2D

is an infinite dimensional operator. So, in order to propagate light using this method, a

discretization scheme is developed in the phase space to turn T̄2D into a finite operator,

as will be discussed in section 4.3. This is a more efficient alternative to ’brute force’ ray-

tracing, because the formation of the discretized finite operator only requires ray-tracing

for one reflection. Once the mapping of all possible trajectories is done in the phase space

for one reflection, the operator, T̄3D, can be applied to a light distribution iteratively to

obtain the distribution for all subsequent reflections.
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4.3 The pixelation of the phase space

The finite operator is obtained by the pixelation of the phase space. The phase space

of the enclosure defined by the quadrupolar equation was investigated in chapter 3. The

deformation parameter, ε, was used to smoothly deform the boundary. The quadrupolar

boundary models the 2D cross-sectional boundary of an unstructured fibre. In this section,

the phase space is coarse-grained to form the finite 2D operator, T̄2D. The pixelation

scheme converts the process of tracing individual rays into mapping of a flow of power

from one region of the phase space (a pixel) to another. The process of mapping of power

is performed using an ensemble of rays.

The 2D phase space is divided into pixels and transformed into an intensity map. Since

the boundary is perfectly reflecting for all values of pz considered (i.e. those for which

TIR occurs), the total power in the system remains unchanged. The number of rays

incident upon a particular pixel determine its light intensity. When the phase space is

pixelated, rays in an ensemble, uniformly distributed in each pixel, are traced simultane-

ously until they hit the boundary again. The transfer of intensity from one pixel to the

next is obtained by calculating the fractional power in the rays of the initial ensemble

that are now incident over multiple other pixels in the phase space. The fractional pow-

ers indicate the mapping probabilities from one pixel to the next after a reflection, and

form discrete probability distributions arranged columnwise in the T̄2D matrix. These

discretised probability distributions are also called Markov chains (as the phase space is

a representation of all possible states, in terms of position and momentum, of a classical

ray distribution) [87], and will be discussed further in the following subsection.

The pixelation is done as a first step towards optimising the process of ray tracing in the

phase space. When the phase space is pixelated, and the mapping probabilities from one

pixel to the next are calculated by ray tracing for the first reflection, all the subsequent

reflections can be predicted using those mapping probabilities, without the need to trace

rays beyond the first reflection.
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The phase space is mixed, and so the one dimensional regular invariant curves (ICs) in

it can only be approximated with a finite resolution. As the area of the pixel decreases,

the resolution with which the phase space patterns can be discerned increases. However,

there are some pixelation artefacts introduced, notably in the form of diffusion, which can

be diminished, but not eliminated, when the area of the pixel approaches the limit of zero.

Due to diffusion, the chaotic region and the regular regions in the pixelated phase space

can interact. In ray tracing, the initial condition of a ray in the phase space determines

its motion as either quasi-periodic or chaotic, and the two regions can never overlap. In

the pixelated version, there are a range of initial conditions chosen from each pixel and

they may result in either chaotic or period motion or both. The ability to distinguish

between them diminishes at sub-pixel level. Therefore, the intensity of pixel may overlap

both regular and chaotic regions of the phase space.

The pixelation is done to make more efficient the simulation of evolution of intensity

distribution around the boundary of the fibre for many reflections, through the formation

of finite dimensional T̄2D. The phase space is coarse-grained in this way to allow the

development of a numerically efficient algorithm that can produce a smooth intensity

distribution. An investigation is done on the variation in the intensities depicted in the

phase with the area of the mapping pixels. The evolution of the pixelated intensity map

is observed and compared with that of the ’brute-force’ ray-traced version to see the

effects of diffusion. As long as a fine coarse graining is used, it is shown that the diffusion

artefacts can be kept minimal for a few hundreds of reflections, and fortunately, it is found

that the intensity distribution reaches a steady state distribution within this window.

4.3.1 Calculation of the 2D finite operator

In this subsection, the construction of the two dimensional finite operator is described by

using a very crudely pixelated phase space of an unstructured fibre cross-section. The

cross-sectional boundary of the fibre is defined here, for instance, by the quadrupolar

equation given by equation 3.2 with ε = 0.05. Rays are traced inside this boundary and
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the power transferred by the rays around the boundary is represented in the pixelated

phase space as an intensity distribution. The 2D finite operator, T̄2D, contains all the

probabilities of power being deterministically transferred from each pixel to the next for

one reflection.

When the area of a phase space is divided into N×N pixels, it results in a finite operator,

T̄2D, in the form of a N2×N2 dimensional matrix. Entries in a column of this matrix are

probabilities of mapping power from a corresponding pixel. The procedure to calculate

the discrete mapping probabilities, or Markov chain, from a given pixel and subsequently

forming a column of the T̄2D matrix is described here, using a very coarse-grained phase

space with N = 5. In the actual modelling, described in the following subsection and

subsequent chapters, the phase spaces have finer pixelations with much higher values of

N .

The phase space with 5 × 5 pixels is shown in figure 4.2. In order to obtain a Markov

chain for a particular pixel, let, for instance, a pixel in row 4 and column 3 in this phase

space be initialised. A set of 100 rays, uniformly distributed in this pixel, are initiated

and traced for one reflection. The points are registered in the phase space again when

they hit the boundary after one reflection. The points are first converted to rays at the

boundary as shown in figure 4.3(a), and there are 10 ray positions corresponding to 10 s

values as each position has rays going in 10 different directions. The rays are then traced

to the next point of reflection as shown in figure 4.3(b) and 4.3(c) and the new position

and momentum of the rays are registered in the phase space. The rays in the same phase

space after one reflection are shown in figure 4.3(d).

As shown in figure 4.3(d), the rays from the initial pixel have now spread to other pixels

in the phase space after a reflection at the boundary. The number of rays that landed

in each pixel after the reflection are counted and given as a fraction of the total number

of rays traced. If the total power among the initialised rays is equal to one, then the

fractions represent the power incident at each pixel after one reflection. These fractions

also signify the mapping probabilities of the initialised pixel. The process of calculating
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Figure 4.2: A phase space of the cross-sectional boundary of an unstructured fibre is
divided into 5× 5 pixels. The pixel with row 4 and column 3 is initialised with a uniform
set of 10× 10 rays. These rays are traced deterministically to determine the probabilities
of power being transferred from this pixel to other pixels after one reflection.

the mapping probabilities is described as follows.

Figure 4.2 shows a pixel initialised in a 5× 5 pixelated phase space. Let the total power

initialised among the rays add up to 1. The rays form an ensemble and take the shape

of the rectangular pixel. In matrix form, representing the phase space in figure 4.2, the

power distribution amongst the pixels is given by



0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 0 0


. (4.16)

After ray tracing, the rectangular ray bundle scatters, and redistributes among other

pixels in the phase space. Again, in a matrix form representing the phase space shown in
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(a) (b)

(c) (d)

Figure 4.3: Transfer of phase space points after 1 reflection of rays. (a) Phase space points
in figure 4.2 is converted into rays at the boundary. These are the starting points for ray
tracing and each position contains 10 rays heading in different directions. (b) Ray tracing
each initial ray until it reflects again at the boundary.(c) The positions where the rays
have ended up at the boundary again after one reflection. (d) The new phase space after
one reflection of the rays from the pixel.
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figure 4.3(d), the power distribution among the pixels after a reflection becomes



0 0 0 0 0

0 0 0 0 0

0.01 0 0 0 0.05

0.58 0.16 0 0 0.01

0.08 0.11 0 0 0


.

(4.17)

The matrices 4.16 and 4.17 rearranged in a vector form become Markov chains. This

point-to-point probability mapping is called the Ulam’s method [67]. The approach was

reported recently by Kullig et al [80], but was being developed independently by the

author during the period of this PhD. The T̄2D stores such Markov chains column-wise.

To describe the column-wise arrangement of individual Markov chains, a simple pixelated

phase space, with N = 2, is again taken. The resulting phase space now only has four

pixels. Let the first pixel in the phase space be populated with an arbitrary number of

initial conditions (a rectangular array of ray positions and momenta). Let, the resulting

Markov chain be denoted by the vector ḡ1
0 and it lists the initial the power/probability

distribution of the phase space. It is given by

ḡ1
0 =



1

0

0

0


(4.18)

where, the subscript of ḡ denotes the reflection number, and the superscript denotes the

index of the pixel.

T̄2D operating on any Markov chain, or a general distribution, f̄0, produces a new distri-

bution f̄1 after one reflection. This iterative process can be written as

f̄1 = T̄2Df̄0. (4.19)
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.

The T̄2D would redistribute the power and result in a new vector ḡ1
1, which is given by

ḡ1
1 = T̄2D.ḡ

1
0 =



0.1825

0

0.8175

0


.

(4.20)

Likewise, populating the second pixel in the phase space and ray-tracing for a reflection

yields ḡ2
1 from ḡ2

0, where ḡ2
0 is given by

ḡ2
0 =



0

1

0

0


.

(4.21)

The T̄2D-matrix redistributes the power to generate ḡ2
1 given by

ḡ2
1 = T̄2D.ḡ

2
0 =



0

0

1

0


.

(4.22)

The process is repeated for all the pixels in the phase space and the generated vectors in

the form of Markov chains arranged column-wise gives

(
ḡ1

1 ḡ2
1 ḡ3

1 ḡ4
1

)
= T̄2D.



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


=



0.1825 0 0.8125 0.08

0 0 0 0

0.8175 1 0.1875 0.92

0 0 0 0


.

(4.23)

The set of ḡi0 vectors concatenated together is an identity matrix and the matrix multi-
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plication with an identity matrix is the matrix itself. Therefore, T̄2D for a 2× 2 pixelated

phase space is given by

T̄2D =



0.1825 0 0.8125 0.08

0 0 0 0

0.8175 1 0.1875 0.92

0 0 0 0


.

(4.24)

In general, the mapping probability tij of power from the jth pixel to one of the ith spread

pixel in a N ×N pixelated phase space is given by

tij =
µ(Ij ∩ ϕ−1(Ii))

µ(Ij)
, (4.25)

where µ(Ij) is the power contained in the jth pixel. The mapping probabilities from each

pixel are arranged in the form of a Markov chain, and the concatenated chains form the

columns of T̄2D such that

T̄2D =



. · · · t1j · · · .

... · · · ... · · · ...

ti1 · · · tij · · · tiN2

... · · · ... · · · ...

. · · · tN2j · · · .


N2×N2.

(4.26)

After the formation of T̄2D, any arbitrary distribution in the pixelated phase space can

be propagated for any number of reflections by applying the T̄2D iteratively on the distri-

bution. Raising T̄2D to the mth power and applying it on an initial distribution yields the

distribution in the phase space after m reflections. This process is represented as

f̄m = T̄m2D.f̄0 (4.27)

This approach provides an efficient method to find the ray distribution without using
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ray-tracing beyond the first reflection.

4.3.2 Eigen-analysis of the finite operator

Once the finite T̄2D matrix is formed using the pixelated phase space, it can be analysed

to investigate the model of propagating a light distribution with it. For the investigation,

a 300 × 300 pixelated phase space is chosen for a cross-sectional boundary defined by

the quadrupolar equation 3.2 with ε = 0.11. A N2 × N2 dimensional T -matrix, with

N = 300, was formed and its eigen-analysis was performed. The complete set of l = N2

eigenvalues and the eigenvectors of the matrix can be calculated by MATLAB’s in-built

function ’eig()’ which returns three matrices, V ,D, and W .

[
V D W

]
= eig(T̄2D) (4.28)

where, V is a matrix consisting of columns of the right eigenvectors of T̄2D, W is likewise

the matrix of the set of left eigenvectors, and D is a diagonal matrix with eigenvalues

of the matrix along its diagonal. Usually, the eigenvalues in D are not sorted in the

descending order of magnitude when eig() is called. So D was subsequently sorted with

the ’sort()’ function to create the matrix Ds where

Ds = sort(D,′ descend′) (4.29)

so that λ0 > λ1 > ... > λl, and the matrix is in the form

Ds =



λ0 0 . .

0 λ1 . .

. . . .

. . . λl


. (4.30)
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The left and right eigenvectors can also be sorted accordingly, and their dot product gives

a diagonal matrix A given by

A = W T .V =



a0 . . . .

. a1 . . .

. . a2 . .

. . . . .

. . . . al


. (4.31)

The diagonal values of A can be used to scale either the left or right eigenvectors so that

their corresponding dot product is equal to 1, i.e. the left and right eigenvectors now form

orthonormal pairs. Here, the right eigenvector V is scaled with the diagonal values of A

to get Vscaled so that

VscaledW
T = W TVscaled = I (4.32)

where I is an identity matrix.

The T̄2D entries are sparse, and the numerical eigen-decomposition becomes more compu-

tationally burdensome as the size of the matrix grows with the use of smaller pixel sizes.

The MATLAB function ’eigs()’ is used instead to calculate on the largest few eigenval-

ues and eigenvectors using in-built iterative algorithms. Table 4.1 shows the 20 largest

eigenvalues of T̄2D, and figure 4.4 illustrates their position in the complex plane. The

largest eigenvalue is equal to 1, and so the rest of the eigenvalues can be placed inside a

unit circle in the complex plane. The 20 leading eigenvalues of this particular illustrative

matrix are all close to 1 in magnitude. There are 9 eigenvalues very close to the leading

eigenvalue of 1, as shown by the inset to figure 4.4.

The characteristics of the T̄2D matrix suggest that after a large number of reflections the

operated upon light distribution would converge to a scalar multiple of the eigenvector

corresponding to the leading eigenvalue. The reason why this is so can be explained

by defining the initial light distribution as the sum of components projected towards the
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Eigenvalue No. Value

1 1
2 0.999890343712320
3 0.999841165337592
4 −0.999790923161595
5 0.999723240684048
6 −0.998931451038312
7 0.998889378394276
8 0.997478882194225
9 0.996943060464375
10 0.995952295198011
11 0.995336317309704
12 −0.000023417335205 + 0.993894382012134i
13 −2.34173352053613× 10−5 − 0.993894382012134i
14 −0.993814849707936
15 −0.495775412924573 + 0.858053754867045
16 −0.495775412924573− 0.858053754867045i
17 0.495768645163316 + 0.858031790860874i
18 0.495768645163316− 0.858031790860874i
19 0.495185670435853 + 0.858069652798561i
20 0.495185670435853− 0.858069652798561i

Table 4.1: A list of 20 leading eigenvalues for a T -matrix of a pixelated phase space with
N = 300 of the quadrupolar cross-section with ε = 0.11.

eigenvector space of the matrix. The initial distribution projected on the right eigenvector

space can therefore be given by

f̄0 = c0v0 + c1v1 + c2v2 + ...+ clvl , (4.33)

so that

f̄0 = V.c, (4.34)

where, c = [c0, c1, c2, ..., cl] is a column vector of the coefficients characteristic to f̄0, and

v0, v1..., vl are the columns of V . The coefficients can be calculated by noting that

f̄0 = Vscaled.W
T f̄0, (4.35)
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Figure 4.4: 20 largest eigenvalues of the T̄2D-matrix for the phase space with ε = 0.11

and c is simply defined by

c = W T f̄0. (4.36)

Therefore, f0 is a linear combination of the scaled right eigenvector

f̄0 = Vscaled.c. (4.37)

When the T̄2D matrix is applied on f̄0 for m reflections, the light distribution can be

expressed in terms of a linear combination of eigenvalues and eigenvectors of the matrix

multiplied with the coefficients ci of the initial light distribution as

T̄m2Df̄0 = c0λ
m
0 v0 + c1λ

m
1 v1 + ...+ clλ

m
l vl. (4.38)

Except for the largest eigenvalue, all other eigenvalues have a magnitude less than one;

so it is apparent from equation 4.38 that eventually in the iterative process only the first

term would remain as the value of m increases. Thus, the light distribution reaches a

steady state where the final distribution is simply the leading eigenvector of T̄2D scaled

by the coefficient of the initial light distribution having a component towards the leading

eigenvector. Figure 4.5 shows some of the leading eigenvectors of T̄2D analysed in this

section. It is observed that the leading eigenvector of the T̄2D is a uniform distribution in
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the phase space. Therefore, it can be deduced that any light distribution propagated by

the T̄2D matrix would eventually result in an uniform distribution in the phase space.

The contribution of the other leading eigenvectors is also significant in the evolution of

the light distribution, especially for those whose corresponding eigenvalues are very close

to 1. These eigenvectors linger in the evolution for many reflections and present their

characteristic features of the structures in the phase space, mainly the regular regions.

Figure 4.5(b)-(h) reveals some of those regular regions. Figure 4.5(b) shows a thin regular

region at the vertical ends of the phase space corresponding to the whispering gallery

motion with the boundary. Figure 4.5(c)-(h) shows various eigenvectors that pick up the

island patterns characteristic of the particular phase space.

The contributions of the eigenvectors, apart from the leading one, are required to be

preserved in the overall propagated light distribution. Thus, the number of reflections

undertaken needs to be truncated before the components corresponding to these eigen-

vectors are extinguished from the evolution during the iterations. An understanding of a

suitable truncation point in the evolution needs to be developed. A comparison between a

ray-traced pixelated phase space with the finite operator iterated phase space is made in

the next section to take a step towards this direction. The following section investigates

the effect of decreasing the pixel sizes in order to make the operator iterated phase space

more similar to the ray-traced one.

4.4 A comparison of the pixelated phase space with

the ray-traced one

The intensity map in the phase space can be produced by ray-tracing as well as by the

finite operator method. This provides us a way to compare the distribution between the

two processes. The advantage of the operator method is that, after the formation of the

matrix, T̄2D, it takes very little computational effort to produce the intensity after m
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.5: Leading eigenvectors of the T̄2D with ε = 0.11
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number of reflections, where m can be very large. The propagated intensity distribution

is smooth and the resolution can be adjusted by altering the individual pixel size. The

ray-tracing method is cumbersome owing to the numerical root-solving methods to be

applied for each reflection, and because a large number of rays are required. Unless a very

large number of rays are traced in the phase space, the resulting intensity distribution

tends to be “spiky” owing to inhomogeneous distribution of rays. A large number of initial

conditions are required to smooth out the overall distribution as it evolves dynamically

in the phase space.

In this section, an investigation is carried out on how the pixel mapping method using

the finite operator provides a faithful depiction of the intensity map. The phase space

investigated is mixed and consists of 1D regular regions and a 2D chaotic sea. The mod-

elling of the 1D regular regions in the form of invariant curves (ICs) by a 2D rectangular

pixel introduces some obvious artefacts. The ray tracing method does not suffer from

this problem because each ray is traced from an initial condition and, depending on that

condition, a ray will always maintain either regular or chaotic motion in the phase space.

When the phase space is pixelated, and subsequently propagated by the FPO method,

the power distributed among the pixels can be in both regular and chaotic regions. Hence

the intensity leaks between the two regions in a pixelated phase space overlap. This was

evident in the characteristics of the constructed T̄2D presented in section 4.3.2 where the

leading eigenvector turned out to be a uniform distribution covering the entire phase space.

This means that diffusion between the integrable and non-integrable regions in the phase

space results ultimately in the elimination of the regular regions from the phase space.

Therefore, the pixelation artefact creates an upper limit on the number of reflections m

that can be made on the basis of the mapping probabilities.

However, the upper limit of m can be increased by reducing the pixel area. This also

increases the convergence of the leading eigenvalues close to the unit circle. In this section,

the effect of changing the pixel size on the diffusion process is investigated. It is found that

the effect of diffusion which occurs as a result of the pixelation artefact can be minimised,

and thus the value of m for which the evolution can be observed can be increased.
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Figure 4.6: Intensity map of an initialised pixel.

4.4.1 Evolution of the intensity from a pixel

In this sub-section, the evolution of intensity originating from a single pixel is investigated

and a comparison is made between ray-tracing and the finite operator methods. For the

investigation, the phase space for ε = 0.11 is chosen, and it is divided into 50 × 50

pixels; the pixel areas are relatively large and such a coarse pixelation is only used for the

illustrative analysis of this sub-section. In an intensity map representation of the phase

space, an initialised pixel is shown as in figure 4.6. A pixel in the chaotic region of the

phase space is arbitrarily chosen. For the ray-tracing method, the power in the pixel is

divided among an ensemble of rays, and for the finite operator method the Markov chain

is formed and operated on by the corresponding 2500× 2500 T̄2D matrix, as discussed in

sub-section 4.3.1.

The distribution is iterated for only a couple of reflections. The first reflection yields, by

construction, the same result for both methods. Figure 4.7(a) and (b) shows the rays and

the corresponding intensity distribution in the pixels for the first reflection. When the

next reflection occurs, the initial conditions after the first reflection are traced again until

they hit the boundary in the ray-tracing method. The distribution is then pixelated again

to form the second intensity map as shown in figure 4.7(c). In the finite operator method,

the Markov is chain formed after the first reflection corresponding to the intensity map
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in figure 4.7(b) and is iterated using T̄2D matrix to produce the second distribution, as

shown in figure 4.7(d). The finite operator method redistributes the intensity by using

the pixel mapping probabilities, whereas the ray-tracing method retraces the same set of

rays, specularly reflecting around the boundary, and calculates the fractional power in

each pixel based on the number of incident rays. A comparison between figure 4.7(c) and

(d) shows that the intensity map of the finite operator method is more spread out than

that of the ray-traced method. This trend continues for all the subsequent reflections and

after many iterations the intensity map between the two methods may look substantially

different.

A 50 × 50 pixel phase space is rather coarse, and it is re-emphasised that this is only

shown to exaggerate the differences in the intensity map between the two methods after

only the second reflection. When a finer pixelation is done, the ray-traced and the finite

operator map are comparable to each other after a larger number of reflections. Figure

4.8 illustrates this by presenting the intensity map consisting of 300× 300 pixels evolved

from the same initialisation of a pixel in the chaotic region. The initialised pixel was

iterated for 50 reflections by both methods.

Figure 4.8(a) shows the map produced by ray-tracing method and 4.8(b) shows the map

produced by the finite operator method. After 50 reflections, the power from a single

pixel has spread out almost uniformly to all parts of the chaotic sea, revealing the regular

islands embedded in it. Since a pixel in the top-half of the phase space with positive

momenta was initialised (corresponding to rays reflecting in a counter-clockwise manner

around the boundary), the intensity distribution is brighter there than in the bottom

half. The distribution in the chaotic sea produced by ray-tracing is grainy showing a lot

of spikes, whereas that produced by the finite operator method is very smooth.

Therefore, some subset of rays follow each other closely for a long time during their

evolution in the phase space, while others move further apart during the same time. The

result is that the intensity map produced by ray-tracing requires a lot of initial conditions

to be included in order to make it smooth. The number of reflections to be observed also
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(a) (b)

(c) (d)

Figure 4.7: (a) First iteration of a traced ray ensemble. (b) shows the coarse-grained
structure where the map is turned into 50× 50 pixel array. Due to the finite area of the
pixels, the fine structure of the ray ensemble are coarse-grained on the mapped pixels.
(c) Second iteration of the ray ensemble by tracing individual rays and then forming the
pixelated phase space. (d) shows the same pixel distribution of (b) propagated twice by
the finite operator.
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(a) (b)

Figure 4.8: Differences are illustrated in the phase space distribution between a ray en-
semble traced from a pixel (a) and an intensity from the same pixel iterated by the finite
operator (b) in a boundary defined by the quadrupolar equation with a deformation of
ε = 0.11. The distribution has evolved from an excited pixel in the chaotic region of the
phase space after 50 reflections (in a 300 by 300 pixel phase space). The circles highlight
some of the regions where the phase space differ between the two methods.

plays a contributing factor in this choice because, with more reflections the rays are going

to spread themselves more uniformly in the chaotic sea and so more initial conditions are

required to be included to avoid the graininess. These factors contribute to additional

computational effort. Although, the ray-tracing method maintains the separation of rays

between integrable and non-integrable regions, the fact that a large number of rays is

required in the calculation makes the method numerically very prohibitive. Therefore,

the finite operator method is employed where such problems are overcome completely at

the cost of diffusion artefacts.

The intensity map produced by the finite operator method is considerably faster to pro-

duce numerically. The pixel area is made sufficiently small to minimise the rate of diffusion

from the pixelation artefact within the observation window, i.e for the first 50 reflections.

The circles in figure 4.8 point out the important difference at the border between the

chaotic sea and the regular islands between ray-tracing and the finite operator method.

The islands have been partially eroded by the diffusion process, but overall the finite

operator method provides a very smooth estimation of the intensity distribution that is

not achievable by the ray-tracing method.
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4.4.2 Evolution of a Gaussian spot

The previous subsection has shown the evolution of a density originating from a single

pixel. A case can now be considered where the rays with unequal weights or power, spread

out over multiple pixels, can be be propagated them in the pixelated phase space. In this

section, a Gaussian intensity distribution is initialised in the phase space and observed for

the same duration of 50 reflections. Also, the Gaussian is arranged to approximately cover

a regular island in the phase space. The regular island excited corresponds to Np = 4 in

a quadrupolar boundary with ε = 0.11, and the trajectories are reflecting in a counter-

clockwise manner around the boundary; figure 3.7(c) shows the corresponding motions

but in differently deformed boundaries. The diffusion of the intensity out of the regular

region in the FPO method is investigated and compared with the ray-traced phase space.

Figure 4.9 shows the intensity map at the 48th reflection when the excited Gaussian spot

has circulated around the boundary for 12 times (but observed for up to 50 reflections).

The ray-traced version, shown in figure 4.9(a) shows the power in the regular island

remaining trapped. In contrast, the map produced by the finite operator, in figure 4.9(b),

shows a diffused spot as a result of artefacts inherent the finite operator method. The

peak at the fixed point is more diminished and the intensity at the edges has spread more

out of the regular island than that in ray-tracing method. The leading eigenvectors of the

T̄2D-matrix have been investigated in section 4.3.2, and out of the first 20, eigenvectors

12, 13, and 14 correspond to these regular islands; figure 4.5(f) and (g) shows two out of

three of the corresponding eigenvectors.

4.4.3 Calculation of the power distribution by altering the pixel

area

The power distribution is calculated separately for all pixels/rays reflecting in clockwise

(CW) and counter-clockwise (CCW) manners. The CCW section of the phase space

consists of all the trajectories having a positive momenta and occupy the top-half of the
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(a) (b)

Figure 4.9: Evolution of a Gaussian spot initialised in a regular island with Np = 4 and
observed at the 48th reflections in the pixelated phase space. (a) The ray-traced version
shows the intensity in the regular region remaining trapped. (b) The version produced
by the finite operator method shows the same spot with much of its intensity diminished
as a result of diffusion, which is an artefact of the pixelation.

map. A comparison is made between ray-tracing and the FPO method on how much of

an excited initial distribution from the CCW region is transferred to the CW region over

the number of observed reflections. The cases discussed in section 4.4.1 and 4.4.2 are used

to calculate the power in the CCW region. Figure 4.10 shows the resulting plots, where

three separate T̄2D matrices with varying pixel sizes are also constructed and compared

with the ray-traced result.

Creating finer pixelation in the phase space results in the power in the CCW region

calculated using the FPO method to become closer to that of the ray-traced method.

Thus as N is increased from 100 to 300, the power distribution follows more closely to

the ray-traced curve.

4.5 Chapter summary

In this chapter, the finite operator model was developed for the analysis of light in optical

fibres. The 3D finite operator, T̄3D, was developed and expressed in terms of its con-

stituent 2D component T̄2D, and an exponential factor along the direction of propagation
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Figure 4.10: Total power calculated in the top half of the SOSs after each reflection for
the evolution of (a) the initialised pixel in the chaotic sea in figure 4.6, (b) the Gaussian
spot discussed in section 4.4.2. The result using brute-force ray-tracing is indicated using
dashed line, and the results using the finite operator method is shown by the solid lines.
In the latter case, three different sizes of T̄2D have been used with N = 100, 200, &
300 respectively. Ray-tracing allows the power calculation to be made with no diffusive
artefacts, and the results using T̄2D indicate lower diffusion as N increases.

containing information about the distance traversed between each reflection. The prop-

erties of the 2D finite operator were investigated in this chapter using the cross-sectional

boundary of an unstructured fibre, and in presence of fibre deformations.

The mixed phase of the deformed unstructured fibre was then coarse-grained to form

the 2D finite operator, T̄2D. The development of this operator provides an alternative

to ray-tracing which produces a smooth intensity distribution in the phase space that is

not possible with ray-tracing, although the separation between the regular and chaotic

regions in the phase space becomes less distinguishable by this. However, the advantage

gained is the ease with which the evolution of any distribution that can be observed for

a large number of reflections. The phase space was divided into N × N pixels and each

pixel was then filled with a set of uniform distributed ray ensemble. They were traced

numerically and registered again in the phase space after one reflection. The pixel mapping

probabilities were calculated by finding the fraction of the rays that landed in each pixel

after one reflection. These mapping probabilities were arranged in a Markov chain and the

process was repeated for each pixel in the phase space to form the T̄2D matrix. With the

help of this, the intensity distribution in the phase space after the subsequent reflections
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was evaluated. This helped alleviate the considerable computational burden associated

with ray-tracing.

The properties of the constructed finite operator T̄2D were analysed using eigen-decomposition.

The largest eigenvalue is equal to one and the leading eigenvector corresponding to this

eigenvalue was shown to be a uniform distribution in the phase space. This means that

the diffusion process introduced as an artefact of the rectangular pixelation completely

engulfs all the features of the mixed phase space. So the iterations by the T̄2D using the

mapping probabilities can only provide a finite window, in terms of the number of reflec-

tions, in which the evolution can be observed before the pixelation artefacts take over.

There are other leading eigenvectors of the matrix that pick up various characteristic

features of the phase space and as long as their contributions to the overall evolutionary

density is preserved the iterations can be continued.

To highlight the essential differences in the intensity map between ray-tracing and the

finite operator model, the two methods were applied using the same initial conditions and

the evolution of light was observed for the same number of reflections. It was established

that as the pixel area in the operator model was decreased the resulting phase space

distribution became more comparable to the ray-traced distribution. In the limit of

the pixel area becoming zero, the operator becomes infinite dimensional and the model

essentially is indistinguishable from ray-tracing.

In the following chapters, the finite T̄2D is extended for the step index fibre (SIF). The

SIF introduces more than one boundary for which the phase space map is required to be

constructed. The finite operator method is more suitable for the analysis of the SIF than

the ray-tracing method because, in the SIF, the number of rays to be traced increases

exponentially after each reflection when traced in presence of a reflecting and refracting

in dielectric media. Each time a ray hits the dielectric interface, a reflected ray and a

transmitted ray is created and the number of rays required to be traced increases expo-

nentially. This puts a severe limitation on the ray-tracing method. The finite operator

model overcomes this limitation as only one reflection is required to calculate the map-
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ping probabilities and all subsequent reflections can be calculated without any significant

additional computational effort.



Chapter 5

Formation of the pixelated phase

space for step-index fibres

5.1 Introduction

In this chapter, the finite operator method is extended to model light propagation in 3D

step index fibres (SIF). The finite operator based on the ray-dynamical system was devel-

oped in chapter 4 to model light distribution in the phase space of deformed unstructured

fibres. The phase space was formed using the cross-sectional boundary of the unstructured

fibre. In the case of SIF cross-section, there are multiple core and cladding boundaries.

In this chapter, a phase space will be formed for each boundary of the SIF that will show

the evolution of a light distribution as it propagates through the SIF. Simply ray-tracing

in the SIF with multiple core and cladding dielectric media is very challenging, because

each ray hitting the core boundary will multiply in number by two with the formation of

a reflected ray and a transmitted ray, and the total number of rays to be traced increases

exponentially after each reflection. An example of a ray propagating through a deformed

SIF and multiplying in number is shown in figure 5.1. As will be discussed in this chapter,

the finite operator model extended for the SIF provides an efficient way of solving this

problem.

62
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Figure 5.1: Rays modelled in 3D in the step index fibre.

Individually traced rays have no area associated with them in the phase space. So, when

constructed by the ray-tracing method, the phase space patterns could potentially be

of infinite resolution. In chapter 4, the phase space was coarse-grained and the power

transferred from one region in the phase space to another was modelled using pixel-

mapping. The phase space was essentially turned into an intensity map of the light

that tracked rays at the boundary after each reflection. The resolution of the intensity

distribution was determined by the area of each pixel. The finite operator was constructed

for evaluating the intensity distribution iteratively as the trajectories reflected inside the

fibre boundary. Numerically, this operator is in the form of a matrix denoted by T̄3D which

redistributes the intensity in the phase space after each reflection, and whose dimensions

increase with finer phase space pixelation. In chapter 4, it was shown that it was also

possible to make a 2D operator, T̄2D by separating the 2D cross-sectional components

of 3D rays in the fibre. This allowed the light distribution to be visualised in the phase

space. In this chapter, the finite T̄2D matrix is constructed for the deformed SIFs. The

analysis of the full 3D operator, T̄3D, for the SIF will be discussed in chapter 7.
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5.2 Representation of 3D rays in the phase space for

step index fibres

In this section, the 3D rays are represented in terms of their 2D cross-sectional components

in the SIF in order to track their evolution in the phase space while they are propagating

along the fibre. In the case of an unstructured fibre in chapter 4, there was only one

cross-sectional boundary present and the phase space was formed assuming the boundary

was perfectly reflecting. In the SIF, the core has a higher refractive index, nc, than

that of the cladding, ncl, and so light rays in the core medium may also undergo total

internal reflections (TIR). In the finite operator model, any arbitrary initial input light

distribution, f0(s, p, z, pz) is propagated in the SIF for a particular pz, where pz is defined

in section 4.2, chapter 4. If there is air surrounding the fibre, then the light distribution

with pz ≥ 1/ncl will be trapped in the SIF by TIR at the cladding-air interface. The

momentum of each ray must be defined in the different propagating media, and in a 3D

space. The position of the ray must be tracked using the inward and outward facing core

boundaries in addition to the cladding boundary in the SIF. In the following subsection,

the momentum and position of the rays are defined again for SIFs.

5.2.1 Representation of position and momentum in 3D

The momentum of a ray is now defined when it is propagating in a medium with a specific

refractive index, and is taken on the 2D cross-sectional plane of an optical fibre as shown

in figure 5.2. Let, the momentum of a ray propagating in 3D in a medium ni, and having

a direction vector p̄i be denoted by p̄i, where

p̄i = t̂.p̄i, (5.1)

= ni sin θ sinχ, (5.2)
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Figure 5.2: 3D rays in the fibre. The momentum of the 3D ray is given by p̄i = t̂.p̄i in
a propagating media with refractive index ni. For pz = 0, the momentum of the ray is
given by pi = t̂.pi.

where the angles (θ, χ), and the unit vector tangential to the boundary t̂ are shown in

figure 5.2; i denotes either the cladding or core medium in which the ray is propagating.

In terms of pz the momentum of the ray is given by

p̄i = ni
√

1− p2
z sinχ. (5.3)

At the core-cladding dielectric interface of the SIF, the momentum at the incident medium

i is equal to the momentum in the transmitted medium t according to Snell’s law, and so

p̄i = p̄t. (5.4)

The component of the momentum in the z-direction, pz, is also conserved. Figure 5.3(a)

shows the range of momentum between the phase spaces to be created between the core

and cladding boundary where the value of refractive index scales the range of momentum

a ray can have in different propagating media. In the updated notation, in cases where

the analysis of the light distribution is limited to the 2D cross-section of the fibre with

pz = 0, and only T̄2D is used to propagate the light, the bar notation on the momentum

is suppressed and the 2D momentum is simply given by

pi = ni sinχ (5.5)
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(a) (b)

Figure 5.3: (a) The vertical axis of the phase space distinguishing the momenta of rays
between the core and cladding media. The refractive index of the cladding is ncl, which
is lower than the refractive index nc of the core. Rays having a momenta in the regions
labelled A are partially reflected and partially transmitted when incident at the core
boundary, whereas rays in region B can only exist in the core medium and have momenta
that results in total internal reflection upon hitting the core boundary. (b) The horizontal
axis of each phase space is normalised with the circumference of the cladding boundary
smax; s′ is the circumference of core boundary given as a fraction of the circumference of
the cladding boundary.

to distinguish from calculations in 3D.

Therefore, the momentum of a ray in the cladding medium and registered in the cladding

boundary phase space is denoted by p̄clad. The momentum of a ray that hits the core

outward-facing boundary, or the core exterior boundary is still in the cladding medium,

and so will still be denoted by p̄clad. In the core medium, any ray that hits the core

interior boundary will be denoted by p̄core. Figure 5.3(a) shows the modification of the

momentum axes of the phase space for 3D rays in terms of pz, and ncl and nc.

In figure 5.3(a), the regions denoted by A are the range of p̄clad for which the rays are

partially reflected and partially transmitted from cladding medium to the core medium

and vice versa, and p̄core = p̄clad. A ray originating from the core medium, upon hitting

the core boundary, will be completely reflected if the incident angle χ is greater than the

critical angle χc. Region B is the range of |p̄core| for which rays incident at the boundary

from the core medium are total internally reflected and cannot reach the cladding medium.

The rays in the core medium, having a momentum in the range ncl
√

1− p2
z < p̄i ≤
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Figure 5.4: Formation of the separate phase spaces for the SIF cross-section with pz = 0.
The core refractive index is nc which is higher than that of the cladding, ncl, so pcore >
pclad. The cladding boundary is assumed to be perfectly reflecting so as to keep the total
power in the system invariant.

nc
√

1− p2
z, will be total internally reflected. Therefore, separate phase spaces are required

for the core exterior boundary in the cladding medium and the core interior boundary in

the core medium because the ranges of momenta a ray may have in different dielectric

media are different.

The horizontal s-axes of the core phase spaces are different from that for the cladding one

owing to the smaller core boundary arc length. Here, the respective arc lengths s of each

boundary are represented as a fraction of the circumference of the cladding boundary smax

as shown in figure 5.3(b). The total arc-length of the cladding is normalised to unity, and

the circumference of the core as a fraction of that of the cladding is denoted by s′.

Figure 5.4 shows the formation of three different phase spaces for the SIF for pz = 0. The

cladding phase space only shows rays being reflected off the the cladding boundary as the

total power is assumed to be contained in the fibre. The core exterior phase space shows

rays from the cladding medium (green) being reflected off the core boundary and also

rays that are transmitted out of the core (blue). The core interior phase space shows rays
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transmitted into the core medium from the cladding medium (green), and also rays in the

core medium being either partially or totally reflected from the core boundary (blue).

5.2.2 Division of power at the core-cladding interface

A scalar approximation is adopted in order to describe the division of power between the

transmitted ray and the reflected ray when one is incident on the core-cladding dielectric

boundary. Fresnel’s equation for the TE polarisation is used to find the reflectance and

transmittance of the rays travelling in and out of the core boundary, and the reflection

coefficient is given by

rTE =
ni cosχi − nt cosχt
ni cosχi + nt cosχt

, (5.6)

where χi is the incident angle and χt is the angle of transmission. The reflectance, RTE,

is obtained by using equation 5.6 and, after simplifying, it is given by

RTE =

∣∣∣∣a− ba+ b

∣∣∣∣2 , (5.7)

where

a =
√
n2
i − sin2 χt − n2

tp
2
z(1− sinχ2

t ), (5.8)

b = nt

√
(1− p2

z)(1− sinχ2
t ). (5.9)

The power in the transmitted ray is obtained using the transmittance and is given by

TTE = 1−RTE . (5.10)

In the following section, the formation of T̄2D for the SIF is discussed, and during this

initial discussion pz = 0 and suppressed, and pi = p̄i. The discretisation scheme will

also be discussed, where each of the three phase spaces of the SIF will be discretised and

ray ensembles from each pixel will be traced, similar to the case of unstructured fibre
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discussed in chapter 4. The difference is that, ray ensembles from one boundary can now

transfer power to the phase space of another boundary, and the total power is spread over

all the three phase spaces of the SIF.

5.3 Formation of the coarse-grained phase spaces for

step index fibres

In this section, the construction of the finite 2D operator, T̄2D, is undertaken by pixe-

lating the phase space. Its formation can be described in a 2D setting, and ignoring the

z-directional components of the rays. The columns of T̄2D consist of Markov chains, that

calculate the mapping probabilities between one pixel and others. The mapping proba-

bilities are obtained by tracing ray-ensembles from each pixel and from each phase space

of the SIF. The rays are assumed to be trapped in the cladding boundary by TIR, and

so, only the inward-facing cladding boundary is considered. The core-cladding interface

forms a dielectric boundary where rays are partially transmitted and partially reflected.

This results in an inward facing and an outward facing core boundary.

Here, the SIF is modelled to have core and cladding refractive indices similar to those as

one would find in typical chalcogenide glasses [17]. The core refractive index is chosen

to be equal to 2.70, and the cladding refractive index is taken at the slightly lower value

of 2.55. Using the ray-tracing method, any general shape of the SIF can be modelled.

Therefore, a deformed SIF cross-section is taken, where the core is elliptical and centred

at (0.1, 0.3), with (0.4, 0.2) as major and minor axes lengths respectively. In addition, the

axis of the core is rotated by a angle of 3π/4. The core is surrounded by the cladding

with a quadrupolar boundary defined as in equation 3.1 with ε = 0.05. The corresponding

cladding phase space was shown in figure 3.8, chapter 3.

The phase space is divided into rectangular grids which serve as pixels when they are

transformed into an intensity map as shown in figure 5.5 and 5.6. Each phase space
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is crudely divided into 10 × 10 pixels for the illustrations in this subsection. To form

a column of the T̄2D matrix, a ray ensemble originating from the cladding boundary is

excited by choosing initial conditions within a pixel in the cladding phase space, as shown

in figure 5.5(a). A total of 100 rays is initialised and their initial positions at the cladding

boundary are shown in figure 5.5(b). These rays are traced until they hit the boundaries

again. In the case of the SIF, rays hit the core boundary as well as the cladding boundary

as shown in figure 5.5(c). After a reflection, it is required to form the respective phase

spaces and register the rays according to their positions, momenta, and the propagating

media. The momentum of a ray in the cladding medium is denoted as pclad, and that in the

core medium as pcore. The rays hitting the cladding boundary are reflected with the same

momentum pclad; this is registered again in the cladding SOS, as shown in figure 5.5(d).

The rays that hit the core boundary are partially reflected and partially transmitted.

The reflected rays at the core boundary are registered in the core exterior SOS with their

momenta denoted by pclad as they remain in the cladding medium, as shown in figure

5.5(e). The transmitted rays have the same positions on the boundary but a different

momenta from the reflected rays, and they are registered in the core interior phase space.

Their momenta are denoted by pcore since they are now in the core medium. Figure 5.5(f)

shows the resulting core interior phase space. The momentum in the core interior phase

space ranges within ±nc, whereas that in the core exterior phase space ranges within

±ncl, but both phase spaces are divided into the same number of pixels.

Notice, that the total number of rays to be traced for the next reflection has increased

by this method. Each new transmitted ray must be traced in addition to its reflected

counterpart after each reflection. This eventually creates a limitation on the number of

reflections that can be observed using the ray-tracing method as the number of initial

conditions increases exponentially with the number of reflection steps considered. The

intractability resulting from this increasing number of rays prompts one to use the finite

operator method instead, where mapping probabilities from pixel-to-pixel are calculated,

and the total number of pixels in the phase space remains constant. Figure 5.6 shows the

pixelated versions of the phase spaces of figure 5.5, where the intensity of each pixel is



5.3. Formation of the coarse-grained phase spaces for step index fibres 71

(a) (b)

(c) (d)

(e) (f)

Figure 5.5: Formation of the phase space for the step-index fibre. (a) Initial conditions
where a pixel in the cladding SOS is initialised, (b) the cross-section of the fibre showing
the initial positions of the rays corresponding to the initialised pixel, (c) the rays are
traced until they hit the boundary again and the phase spaces are constructed after the
reflection, (d) the cladding phase space for rays reflecting at the cladding boundary (e)
the core exterior phase space showing rays hitting the core and being reflected, and (f)
the core interior phase space showing the rays hitting the core and being transmitted
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(a) (b)

(c) (d)

Figure 5.6: Pixelated phase space of the step-index fibre.

determined by the number of rays incident on them after tracing the ray ensemble. In

the next subsection, the finite operator for the pixelated phase spaces is constructed, and

it is shown to provide a more efficient way to propagate ray distributions in the fibre.

5.3.1 Formation of the extended finite operator

In this subsection, the finite operator matrix blocks consisting of the pixel to pixel mapping

probabilities, are constructed for the SIF. Each of the cladding, core exterior, and core

interior phase spaces could be divided equally into N × N pixels such that the total

number of pixels becomes equal to 3N2. An initial light distribution f0 in the phase space

spread around the boundaries of the SIF is propagated by the 2D finite operator T̄2D for
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m reflections as

fm = T̄m2D.f0, (5.11)

where fm is the light distribution in the phase spaces after the mth reflection.

The light distribution, fm, is split into three parts corresponding to the three phase spaces

of the SIF. The iterative propagation of the light distribution by the finite operator is

given by 
fc

fe

fi


m+1

=


T̄cc T̄ce T̄ci

T̄ec T̄ee T̄ei

T̄ic T̄ie T̄ii

×

fc

fe

fi


m

, (5.12)

where subscripts c, e, and i refer to the cladding, core exterior, and core interior phase

space, or SOS, respectively. The T̄2D is expressed as having sub-matrix blocks where each

block registers mapping probabilities of pixels from one boundary to itself or another.

Therefore, the T̄cc block represents the mapping probabilities to pixels in the cladding

phase space from other cladding pixels, T̄ic represents mapping probabilities of core in-

terior phase space pixels coming from the cladding phase space pixels, and so on. Note

that the mapping probabilities are calculated by ray-tracing from individual pixels for one

reflection, as described in chapter 4, section 4.3.1, but here in the case of multiple bound-

aries, some T̄2D sub-block matrices have all-zero entries, such as T̄ee, T̄ci, and T̄ie. This is

because, for instance, a pixel from the core exterior phase space can be only mapped on

to pixels in the cladding phase space after one reflection.

When each of the phase spaces are divided differently, the dimensions of the sub-blocks

of T̄2D are not equal. Table 5.1 shows the T̄2D with its sub-block matrices with their

respective dimensions if the cladding, core exterior, and interior phase space are divided

into N ×N , Ne ×Ne, and Ni ×Ni pixels respectively.

With the formation of the finite 2D operator, T̄2D, for the SIF boundaries, it is now possi-

ble to model successive reflections of a propagating light distribution using the pixelated

phase spaces. T̄2D only accounts for cross-sectional components of rays propagating in 3D.

In addition to the formation of T̄2D, it is also required to measure the distances traversed
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Cladding to Cladding Outer Core to Cladding Inner Core to Cladding
(N2 ×N2) (N2 ×N2

e ) (N2 ×N2
i )

Cladding to Outer Core Outer Core to Outer Core Inner Core to Outer Core
(N2

e ×N2) (N2
e ×N2

e ) (N2
e ×N2

i )

Cladding to Inner Core Outer Core to Inner Core Inner Core to Inner Core
(N2

i ×N2) (N2
i ×N2

e ) (N2
i ×N2

i )

Table 5.1: Arrangement and dimensions of the extended T̄2D for the SIF.

by each ray along the z-axis, and therefore construct the full 3D finite operator, T̄3D . The

analysis of T̄3D is deferred to chapter 7, where its construction is discussed in the context

of calculating the net power accumulation in the core after an arbitrary light propagation

in a SIF.

In chapter 4, f0 was defined as a light distribution just after reflection at the curved

boundary of the fibre at the cross-sectional plane with z = 0. In the following section,

a method is developed that constructs f0 from an arbitrary distribution incident on the

xy plane. The light distribution incident on a xy plane inside the fibre media is to be

transferred to the curved boundaries of the fibre so that it can be illustrated in the phase

space. This allows modelling of light sources at the input face of the fibre that can be

propagated using the phase space transport.

5.4 Excitation at the input face of the fibre

In this section, a method to trace light from the input face of the fibre to the curved

boundaries is developed. This is an additional step towards the formation of an initial

light distribution in the phase space originating from an incident source. The resulting

phase space light distribution can then be propagated by using the finite operator method

as discussed in the previous section.
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Considering only an unstructured fibre at the moment; the light distribution at the curved

boundary of the fibre is denoted by

f0(s, p̄i, z, pz) (5.13)

where p̄i is the momentum for non-zero pz in the phase space in a medium with refractive

index n. f0 is constructed using a light distribution from the input face of the fibre. Let

the light distribution on the xy-plane at z = 0, incident on the fibre,be denoted by

ρ(x, y, px, py), (5.14)

which varies with the spatial coordinates (x, y) and the directional components (px, py)

of the rays. Figure 5.7 shows a light source directed in an unstructured fibre and a ray is

related from a point source in the xy-plane to the curved boundary. The px, py, and pz

f0(s,p,z,pz)i

Figure 5.7: A light source is modelled at the input face of the fibre. The light distribution
ρ(x, y, px, py) incident on the xy-plane of the fibre is traced to the fibre curved boundary
to form f0(s, p̄i, z, pz).

are components of the unit direction vector of the ray and are given by

pz = cos θ, (5.15)

py = sin θ sinφ, (5.16)

px = sin θ cosφ. (5.17)

The 2D phase space distribution can be evaluated for each pz at a time. For a particular
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z

Figure 5.8: The light sources on the xy-plane arriving at the curved boundary along a
chord l2D from the fibre input face having constant pz.

(s, p̄i, pz) in the phase space, the contribution of all source points in the xy-plane lies

along a 2D chord, l2D in the fibre as shown in figure 5.8. The integral of f0 along z is

then given by ∫ ∞
0

f0(s, p̄i, z, pz)dz =

∫
l2D

ρ(x, y, px, py)dl, (5.18)

where

dz =
pz√

(1− p2
z)
dl. (5.19)

For a particular pz, a light source ρ in the xy-plane is normalised such that

∫
ρ(x, y, px, py)dxdydpxdpy = 1 (5.20)

inside the fibre. Let, the refractive index of the unstructured fibre be ni = 2.55, and since

pz is constant, the directional components of each ray is constrained by

p2
x + p2

y = 1− p2
z. (5.21)

A light source for example, invariant of px, and py, is shown in figure 5.9 and the resulting

rays emanate in the form of a cone from every point from the input face.

Let pz = 0.9, and allow the fibre boundary to be deformed using the quadrupolar equation

defined by equation 3.1 with r = 1. The pixelated phase space is constructed from
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Figure 5.9: Rays emanating in the form of a cone when the value of pz is fixed for each
source point inside the fibre cross-section. The direction of each ray is uniformly weighted
to model the source.

ρ(x, y, px, py) by integrating all point sources in the xy-plane along cross-sectional chords

to obtain the distribution f0(s, p̄i, z, pz) at the curved boundary. The transformation

from (x, y, px, py) to (s, p̄i, z, pz) is made, where the light distribution from the input face

is transformed into a distribution in the boundary phase space, with the total power in

the input distribution being equal to the total power in the phase space.

In the following subsection, a phase space distribution f0 is constructed for a unstructured

fibre from an arbitrary uniform light source in the xy-plane for a particular pz. The

changes in the phase space distribution is investigated when the boundary of the fibre is

deformed. The model is then extended to the case of step index fibres, and the changes in

the phase space from the same arbitrary input in the xy-plane are investigated in relation

to the boundary deformations.

The input distribution is mapped into a pixelated phase space. Each chord length is

generated by choosing (s, p̄i) from the mid-point of the phase space pixel. Figure 5.10(a)

shows an array of chords, each having a different value of p̄i, originating from a single

s position. Figure 5.10(b) shows the variation of the chord lengths for each p̄i from a

particular s, as the boundary is deformed. The variation of the chord length, l2D, over

p̄i is the same for each s when ε = 0, but with non-zero ε, it depends on both s, and p̄i.

So, when the light distribution in the input face is kept uniform, the phase space shows

variation in the light distribution in relation to the variation of l2D.
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Figure 5.10: Variation of chord length with boundary deformation. Each chord is gener-
ated by choosing (s, p̄) from the mid-point of a phase space pixel. (a) The chords for each
p̄, at an arc length along the curved boundary s. (b) Variation of the chord length, l2D,
with p̄ at a particular s. The l2D variation over p̄ is the same for each s when ε = 0, but
with non-zero ε, it depends on both s, and p̄.

5.4.1 A uniform light source model at the fibre input face

In this section, an artificial light source is modelled that illuminates the input face of

the fibre uniformly. This is done to show the variation in the transferred power from the

input face to the curved boundaries with the variation in the length of propagation for

the first reflection. The variation is also shown when the fibre cross-sectional boundaries

are deformed. The analysis in this section will shed light in the way in which the input

source launching criteria may be designed in an experimental setup in future. A simple

model of the input source is taken where power emanating in any direction of propagation

is invariant, and the magnitude of intensity at the input face is also invariant of (x, y)

in the input cross-section. As will be discussed using figure 5.13, in deformed SIFs, a

uniform distribution at the input facet maps non-trivially to the phase spaces, and the

input light source is required to be carefully designed.

Figure 5.11 shows the phase space distribution of f0(s, p̄i, pz) resulting from a uniform

distribution at the input face of the fibre. The distribution is altered when boundary

deformation is introduced and the variation is dependent on the changes in the chord

length. Therefore, figure 5.11(a) shows the phase space of a circular boundary where the

variation in p̄i is the same for all s. Figure 5.11(b) and (c) shows the power distribution in
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the phase space for deformed boundaries with ε = 0.05, and ε = 0.11 respectively, where

the distribution varies with chord length for both s, and p̄i variation.

(a) (b) (c)

Figure 5.11: The light distribution in the phase space of the unstructured fibre resulting
from a uniform distribution at the fibre input face, for (a) ε = 0, (b) ε = 0.05, and (c)
ε = 0.11.

This analysis is extended to the boundaries of the SIF, with the formation of the additional

core interior and exterior phase spaces. The light sources from the input face is incident on

the pixels of each of the three phase spaces of the SIF, and the resulting light distribution

is obtained. Figure 5.12 shows SIFs with circular core and cladding boundaries with the

core positioned at the origin in the fibre cross section. The refractive index of the core is

nc = 2.70, and that of the cladding is ncl = 2.55. Figure 5.12(a) shows a small core size,

with radius, rc = 0.2828, and a core area of 8% relative to the total SIF cross-section. In

this case, most of the power from the input cross-sectional face ends up in the cladding

boundary and the intensity in the cladding phase space is higher. In figure 5.12(b) a

larger core with rc = 0.8 is used where the intensity in the core interior phase space now

is higher than that in the cladding phase space. In each case, the cladding phase space

shows a cut-off valley for low |p̄clad| due to a shadow created by the core boundary. The

phase spaces with circular boundaries show no variation along s-axis, and the valley is

rectangular in shape.

Figure 5.13 shows the constructed phase spaces with various deformations in the SIF

cross-sectional structure. In figure 5.13(a), the core and cladding boundaries are circular,

but the core is placed in an off-centred position in the fibre at (0.1, 0). The resulting light
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(a)

(b)

Figure 5.12: Uniform distribution at the input face of the step index fibre. (a) Incident
light at the boundaries of the fibre with small core, with rc = 0.2828, shows more power
being transferred to the Cladding SOS rather than the core interior SOS. (b) Incident
light at the boundaries of the fibre with a larger core, with rc = 0.8, results in more power
initialised in the core interior SOS instead. In circular SIFs, the input distribution varies
with momenta, p̄i, of the media i=core,clad, but not with s.
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distribution from a uniform distribution from the input face is shown in the boundary

phase spaces. The cladding SOS shows a non-linear cut-off valley in the places where

l2D was cut short due to the presence of the core. In figure 5.13(b), the core is made

elliptical, with the centre at the origin, and the resulting phase space is constructed. Here

the core interior and exterior phase space shows non-linear patterns due to l2D depending

on both s, and p̄i. The cladding SOS shows the non-linear cut-off valley created due the

core’s shadow. In figure 5.13(c), the phase space is created with an elliptical core centred

at (0.1, 0.3), and figure 5.13(d) shows the created phase space of a SIF with a deformed

cladding boundary (quadrupolar boundary with ε = 0.05) in addition to the core being

elliptical and off-centred.

In this subsection, the variation in the phase space due a uniform distribution the input

face of the fibre is discussed with both deformed and circular SIFs. In the following

subsection, the formation of f0(s, p̄i, z, pz) is investigated when the input distribution at

the fibre input face is changed from a uniform distribution to a Gaussian distribution.

5.4.2 Gaussian distributions at the fibre input face

In this section, the light distribution at the input face is changed to a Gaussian distribution

from a uniform distribution of the previous subsection, which is more similar to a practical

light source. The changes in the phase space of the deformed SIF are observed with

the changes in the mean position and size of the Gaussian distribution. The case of

the deformed SIF cross-section, as shown in figure 5.13(d), is used to obtain the input

distribution in the phase space in this section.

Figure 5.14 shows examples of Gaussian distributions incident at the input face of the SIF

with the deformed core and cladding boundaries. In figure 5.14(a) a Gaussian distribution,

G1, is incident directly into the core. The mean position of the Gaussian peak is made

the same as the centre of the core, and it is at (0.1, 0.3). The variances of the Gaussian

along both x and y directions are equal (σx = σy = 0.2).
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(a)

(b)

(c)

(d)

Figure 5.13: Variation in the phase space distribution from a uniform light distribution
at the input face of the fibre with (a) the core moved to an off-centred position at (0.1,0),
(b) the core made elliptical with major and minor axis given by a = 0.4, and b = 0.2,
and its axis rotated by 135◦, (c) the elliptical core then moved to an off-centred position
at (0.1, 0.3), and (d) the cladding boundary is also deformed in addition to the core by
using ε = 0.05 and R = 1 in the quadrupolar equation 3.1.
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(a)

(b)

Figure 5.14: Gaussian distributions incident at the input face of the fibre, and the resulting
phase space distribution at the curved boundaries after the first reflection. In (a) a
Gaussian distribution, G1, incident directly into the core is modelled, where the mean
position of the Gaussian beam is (0.1, 0.3), the same as the centre of the core. The variance
of the Gaussian is the same along both x and y axes, and is equal to σx = σy = 0.2. In
(b) a Gaussian distribution, G2, is placed away from the core, at a mean position of
(−0.3,−0.5), and with σx = 0.2, and σy = 0.4.

The resulting phase spaces are shown, that is the light distributions, after arriving at the

curved boundaries and once reflected. Very little light reaches the cladding phase space

in the first reflection, and most of the excitation in the core is transmitted out of the

core and ends up in the core exterior phase space as transmitted light. The TIR region

of the core is excited partially by this input distribution, as shown by the resulting core

interior phase space. The light trapped here will remain permanently throughout the

light propagation.

In figure 5.14(b), a Gaussian, G2, is incident upon the input face in the same SIF but

away from the core. Here, the Gaussian is centred at (−0.3,−0.5), with variance along

the x axis is σx = 0.2, and the variation along the y-axis σy = 0.4. The resulting phase

spaces are shown. Any light incident at the core boundary is transmitted into the core

medium, as shown by the core interior phase space, and very little gets reflected off the
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boundary, as shown by an almost empty core exterior phase space.

The propagation of these Gaussian distributions from the input face of the SIFs can

be conveniently undertaken using the finite operator model. Obtaining a model for the

phase space distribution resulting from the light incident on the input cross-sectional face

of the fibre provides insight as to how the source must be designed to excite the fibre.

In the following chapter, the properties of the two dimensional finite operator T̄2D are

investigated to better understand the dominant patterns in the phase spaces of deformed

SIFs, similar to the analysis done for unstructured fibre in section 4.3.2, chapter 4.

5.5 Chapter summary

In this chapter, the finite operator method has been extended to model SIFs. Additional

phase spaces were made to include the inward and outward facing boundaries of the

core. The finite operator enables efficient simulation of light propagation in SIFs and the

same calculations are numerically prohibitive when the ray-tracing method is used. The

method to construct the 2D finite operator, T̄2D, was shown by calculating the mapping

probabilities. After its formation, successive reflections at the boundaries of the fibre can

be carried out for any arbitrary input and its evolution can be visualised in the pixelated

phase spaces.

In addition, a model was also presented to obtain a light distribution in the phase space

from a source at the input face of the fibre. The model allowed light distribution at

the boundaries of the fibre to be related to the distribution that entered the fibre and

showed how changes in the boundary deformations affected the light reaching the curved

boundaries.

In the following chapter, the properties of T̄2D for SIFs will be investigated with pz = 0,

i.e. on a 2D setting. The changes in the leading eigenvectors of T̄2D are observed with the

changes in resolution of the pixelated phase spaces and the properties of the SIF cross-

sectional structure. The formation of the full 3D finite operator, T̄3D, will be discussed
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in chapter 7, where the calculations will also include the distances traversed by the rays

along the z-axis. In chapter 7, the net accumulation of power in the core in SIFs will be

be calculated using the finite operator model, after 3D light propagations, and modelling

parameters that effect such measurements will be investigated.



Chapter 6

Properties of the 2D finite operator

for step-index fibres

6.1 Introduction

The formation of the finite operator, T̄2D, as described in the previous chapter, enables

the visualisation of successive reflections of arbitrary light distributions in the pixelated

phase spaces of the step-index fibre (SIF). In this chapter, the properties of the T̄2D will

be investigated, where it only suffices to consider the 2D components of the propagating

rays. Densities obtained by iterating with the full 3D finite operator, T̄3D, that accounts

for both the cross-sectional and axial components of the rays propagating in the fibre will

be discussed in chapter 7.

The properties of T̄2D will be analysed using its eigen-decomposition, as was done on the

finite operator for the unstructured fibre in chapter 4. The evolution of the light intensity

propagated by the finite operator eventually converges to its leading eigenvector after a

large the number of iterations, as dictated by the Frobenius-Perron theory [68]. As was

shown in chapter 4, the finite approximation undertaken by the pixelation of the phase

space creates some non-physical artefacts in the dynamical system in the form of diffusion.

Although the finite operator captures most of the dominant physical attributes of the light

86
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propagation, these diffusion artefacts result in a non-physical steady-state. Therefore,

before the phase space evolution converges towards the leading eigenvector, successive

iterations performed by the operator must be truncated at some point before diffusion

artefacts takes over. Truncation preserves the contributions of the smaller eigenvectors of

the 2D finite operator on the overall evolution of the light distribution and a steady state

distribution can be obtained that adheres to the physical dynamics.

In this chapter, the effect of diffusion in the phase space transport is investigated in

SIFs, and an observation window is established in terms of the number of reflections

before which the phase space evolution is taken over by the diffusion artefacts. The

eigen-spectrum of the T̄2D for a deformed SIF is investigated. In subsection 6.2.2, the

eigen-decomposition of the T̄2D for the SIF is carried out to investigate the contribution

of the leading eigenvectors on the steady state distribution. The leading eigenvectors vary

with the resolution of the pixelated phase space. So, in subsection 6.3.1, the variation in

the properties of T̄2D is investigated by varying the resolution of the phase space for a

given input distribution. Lastly, in subsection 6.3.2, the variation in the properties of T̄2D

is observed by varying the refractive index contrast between the core and cladding media

of the SIF.

6.2 The phase space transport

A simple arbitrary light propagation using the 2D finite operator suffices to explain the

dynamical behaviour in the pixelated phase spaces of the SIF. Propagation of a light

distribution within the SIF with cross-sectional properties described in section 5.3 is

chosen. Here, a finer coarse-grained phase space is chosen with N = Ne = Ni = 300

as the size of pixels with N = 10 is too large to discern any phase space pattern; the

resulting discretised T̄2D has dimensions of 3N2 × 3N2. Figure 6.1(a) shows the initial

light distribution chosen for the propagation, which consists of uniformly exciting all the

pixels in the cladding SOS. The distribution from the cladding is spread to other parts
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of the phase space as observed for successive reflections in figures 6.1(b)-(e). The colour

maps show the power distribution in various parts of the phase spaces and locate the

various regular and chaotic regions that are formed in the dynamical system as the light

distribution is reflected within the boundaries of the fibre.

The propagation of the initially uniform distribution from the cladding is limited to 500

reflections for now in order to observe the dynamics in the transient state. During the

transient state of the evolution, the intensity from the cladding phase space is propagated

to other phase spaces over successive reflections. At steady state, a mixed phase space

distribution will be formed where power is divided between the chaotic sea, and various

regular regions. This is seen in figure 6.1(e), where the steady state is nearly reached

and the area coloured by yellow/green is the chaotic region and those regions coloured

red/blue are the various regular regions. Therefore, the addition of the core boundary

allowed the intensity from the cladding phase space to flow towards the empty core phase

spaces and eventually fill out all the available regular and the chaotic regions.

6.2.1 Leaky resonance

The steady state distribution has not been reached in figure 6.1 after 500 reflections

because of the presence of a phenomenon termed here as leaky resonance. The steady

state of the evolution itself will be discussed in more detail in conjunction with the eigen-

analysis of the finite operator, T̄2D in section 6.2.2. Figure 6.1(b) shows the phase space

distribution after the 10th reflection where the distribution is seen to have spread into all

three parts of the phase space. Outlines of the regular islands start to appear after 50

reflections, as shown in figure 6.1(c). Note that the cladding phase space, or SOS, patterns,

formed for the deformed cladding boundary defined with the quadrupolar equation having

ε = 0.05, are similar to the phase space in figure 3.8 in chapter 3 for higher |pclad|

range. In the presence of the core, however, the regular regions in the cladding SOS

for the lower |pclad| range have disappeared and have been replaced by a chaotic sea,

but the regular regions for higher |pclad| range have remained unchanged. Even within
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(a)

(b)

(c)

(d)

(e)

Figure 6.1: Evolution of an initial light distribution in the pixelated phase space of the
step-index fibre. (a) The cladding SOS is uniformly excited initially. The evolution of the
initial light distribution is shown after (b) 10, (c) 50, (d) 100, and (e) 500 reflections
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the scattered region, the power is seen to oscillate among some quasi-regular islands

around s = 0.25smax, 0.75smax; pclad = 0. After 100 reflections, figure 6.1(d) shows that

the intensity in the chaotic sea has settled down and the embedded regular islands have

become more clearly visible. In the cladding SOS, the regions in red for high |pclad| are

permanent regular regions and on the other hand the two regions in blue for |pclad| ≈ 0

as transient or pseudo- regular regions. The embedded blue/red islands seen in the core

exterior and interior SOS in figure 6.1(d) are also part of the transient regular regions in

the evolution. The reason for differentiating the regular regions in this way will become

clear after the phenomenon of leaky resonance has been discussed.

Figure 6.1(e) shows the evolution of the distribution after 500 reflections. The decay of

intensity from the various regular regions has resulted in shrinkage of the area occupied

by them. The phase spaces now show fewer distinct regular regions and an expanded

chaotic sea. Notice that between the 100th and the 500th reflection, the intensity in the

pseudo-regular regions has decayed more rapidly than that in permanent ones, indicating

different underlying mechanisms of decay between the two types of regions.

The decay from permanent regular regions occurs because of diffusion and is an artefact

of the pixelation of the phase spaces. In figure 6.1(e), at higher |pclad| the permanent

regular regions in the cladding SOS have lost very little of their intensity and the trajec-

tories corresponding to these regular regions do not hit the core boundary. These include

the regular islands in the cladding SOS corresponding to the whispering gallery motion

with the cladding boundary, and four periodic islands whose corresponding motion was

described in section 3.2.3, figure 3.7(c) in chapter 3.

The pseudo-regular region in the cladding SOS corresponds to the vertical 2-bounce re-

flection in the unstructured fibre cross-sectional boundary as discussed in section 3.2.3,

chapter 3 with figure 3.6(a). However, in the SIF, these trajectories pass through the core

medium and therefore the corresponding pseudo-regular counterpart regions also appear

in both the core exterior and interior SOS as is more visible in figure 6.1(d). The intensity

leakage from the pseudo-regular regions is a part of the physical dynamics in the system



6.2. The phase space transport 91

and occurs because of reflections occurring at the core-cladding dielectric boundary.

The power in those trajectories which correspond to the pseudo-regular regions are scat-

tered because of the regular round-path as will be described now. A group of rays starting

from the vicinity of s = 0.25smax; pclad = 0, in the cladding boundary reaches the core

boundary and gets partially reflected and partially transmitted. The reflected power ap-

pears in the core exterior SOS and the transmitted power appears in the core interior

phase space. The rays getting reflected are scattered from the regular path and the power

in the scattered rays end up in the chaotic sea. Upon the second reflection, the rays

transmitted into the core hit the core boundary again and this time the core interior

phase space shows the power scattered in the reflected rays and the core exterior phase

space shows the power in the transmitted rays. Again the transmitted rays remain in

the regular path and the reflected rays end up in the chaotic sea. Upon the third reflec-

tion, the transmitted ray then reaches the cladding boundary again at the core exterior

(s = 0.75smax; pclad = 0) where it is completely reflected. The reverse path taken up by

the rays remaining in regular motion also results in two more scattering events at the

core-cladding dielectric boundary. Eventually, after enough reflections, the power car-

ried by these rays in regular motion through the core will be completely scattered into

the chaotic sea. So the pseudo-regular regions appearing in the evolution of the light

distribution occur due to this process of leaky resonance.

If the iterations are continued indefinitely the power trapped in all regular regions would

eventually leak out and only a chaotic sea will be seen, uniformly distributed in all the

phase spaces. However, as opposed to being a diffusion artefact, the leaky resonance is a

real phenomenon and the rate of scattering of power from them depends on the refractive

index contrast between the core and cladding media. The objective here is to obtain a

steady state by minimising the diffusion artefacts in the pixelated phase while allowing

the power trapped in leaky resonant regions to scatter completely.

The observation window is set in terms of a number of reflections at the end of which

an effective steady state is reached in the physical dynamics. In figure 6.1, the modelling
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parameters chosen do not allow this to happen because some permanent regular regions

in the cladding phase space are decaying significantly due to diffusion, whereas the rate at

which the leaky resonances in the system is decaying is very slow. Before the observation

window could be set, the power from the permanent resonant regions have decayed already

and the phase space distribution is significantly distorted. There are two ways to prevent

this distortion. The first, which for a given fibre may be the only way, is to decrease the

rate of diffusion by decreasing the individual pixel areas in the phase spaces. This results

in a larger, and more computationally demanding, T̄2D. The second way is more case

specific and involves changing the refractive index contrast between the core and cladding

media so that the leaky resonances decay faster. This changes the fibre model, but from a

modelling perspective, changing the refractive indices of the core and cladding is a more

convenient way to determine the observation window for a given phase space pixelation.

In the following section, the phenomenon of leaky resonance is investigated more exten-

sively with the help of the eigen-analysis of T̄2D. In section 6.3, the contributions of the

leading eigenvalues and eigenvectors are observed and possible changes in such modelling

parameters to overcome the competing decay rates are explored.

6.2.2 Eigen-decomposition of the 2D finite operator

The characteristics of the light distribution propagated in phase space are also evident

in the properties of the eigen-spectrum of T̄2D. The process of numerically obtaining the

eigen-decomposition of the T̄2D was discussed in section 4.3.2 chapter 4, and the same

procedure is used for the eigen-decomposition of T̄2D constructed for the SIF. The eigen-

decomposition is carried out for T̄2D constructed for the cross-section shown in figure

5.5(b) with core refractive index as nc = 2.70, and ncl = 2.55 . Figure 6.2 shows the 20

leading eigenvalues of the matrix in the complex plane. The largest eigenvalue is equal

to one, and the other eigenvalues are inside the unit circle in the complex plane with

magnitudes less than, but close to, one. The largest 6 eigenvalues and their corresponding

eigenvectors are all real-valued. Figure 6.3 shows the 1st (E1), 2nd (E2), 3rd (E3), 4th (E4)
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and 5th (E5) eigenvectors of the T̄2D matrix, and apart from the leading eigenvector E1,

they correspond to the various regular regions in the phase space of the SIF cross-section

as will be detailed in the following sub-subsection.

Figure 6.2: Leading eigenvalues of T̄2D constructed for the SIF with cross-section shown
in figure 5.5(b) and the phase space is pixelated with N = Ne = Ni = 300. The cladding
and core refractive indices are given by ncl = 2.55, nc = 2.70.

Regular motion of rays represented in eigenvectors of the finite operator

Apart from E1, the distribution of the next four leading eigenvectors correspond to the

permanent resonances of the phase space. Most of them are in the cladding SOS and occur

due to regular motion of trajectories unscattered by the presence of the core boundary.

These regular motions can occur in a counter-clockwise (CCW) or clockwise (CW) manner

around the cross-section. Therefore, (E2, E3), and (E4, E5) occur in pairs indicating the

corresponding motion in CCW and CW directions respectively [80]. Figure 6.4 shows

this more clearly, where E2 and E3 are added together in figure 6.4(a) where only a CW

motion remains, and subtracted in 6.4(b) where only the CCW motion remains. The

same addition and subtraction is shown for the (E4, E5) pair in figures 6.4(c) and (d)

respectively.
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(a)

(b)

(c)

(d)

(e)

Figure 6.3: Five leading real eigenvectors of T̄2D for the SIF structure shown in figure
5.5(b), whose phase space is pixelated with N = 300 with corresponding eigenvalues
shown by the inset in figure 6.2. The eigenvector corresponding to the largest eigenvalue
is a uniform distribution throughout the entire phase space.
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(a)

(b)

(c)

(d)

Figure 6.4: (a) CCW and (b) CCW permanent resonances shown by the eigenvector
pairs E2 and E3. (c) CW and (d) CCW resonance counterparts between E4 and E5
eigenvectors.
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Figure 6.5: 6th leading eigenvector corresponding to a leaky resonance in the T -matrix
constructed with N = Ne = Ni = 300, ncl = 2.55, nc = 2.70.

The leaky resonance is reflected in the sixth leading eigenvector E6, as shown in figure

6.5. As discussed in section 6.2.1, this resonance can only be temporary since the rays in

this resonance are scattered continually by the core. There is more than one eigenvector

that corresponds to the leaky resonance. For instance, the eigenvectors corresponding

to the 7th, 8th, 9th, and 10th eigenvalues (shown in blue in figure 6.2) are all variants of

E6 and the eigenvalues are complex conjugates of each other. Figure 6.6 shows E9 and

E10 eigenvector pairs, whose corresponding eigenvalues are complex conjugates. The real

parts of both E9 and E10 are identical as shown in figure 6.6(a), but their imaginary parts

are shifted in phase as shown in figure 6.6(b) and (c) with their intensity peaks found

at different spots in their conjugate phase space distribution. This is also true for any

island-like regular regions in the phase space, and a similar phenomenon for the case of a

permanent resonance in the cladding is shown for eigenvectors E11 and E12 in figure 6.8.

The evolution of an arbitrary light distribution in the pixelated phase space, as shown

in figure 6.1 revealed the various permanent regular regions in the phase space. In the

cladding SOS, the island-like permanent regular regions also occur as CW-CCW pairs,

as shown in figure 6.7. The eigenvectors for this motion occur at the 15th and 16th rank

among the largest eigenvalues. The CW eigenvector is shown in figure 6.7(a), formed by

adding eigenvectors E15 and E16, and the CCW counterpart is shown in figure 6.7(b),

formed by subtracting eigenvectors E15 and E16 respectively. Figure 6.8 shows other

complex eigenvectors E11 and E12 occurring as conjugate pairs for the same permanent

islands in the cladding phase space. The imaginary parts of the eigenvectors E11 and E12



6.2. The phase space transport 97

(a)

(b)

(c)

Figure 6.6: Phase variant eigenvectors corresponding to leaky resonances. (a) Real part of
the 9th leading eigenvector (Real E9). The real part of both E9 and E10 which have con-
jugate eigenvalues are identical, but their imaginary parts differ. Peaks in the imaginary
part of (b) E9 and (c) E10 are phase shifted complements. The eigenvectors correspond
to T̄2D with N = Ne = Ni = 300, nc = 2.70, and ncl = 2.55.

are shown in figures 6.8(b) and (c) respectively, and indicate the phase associated with

the resonant peaks in these periodic islands.

Steady state distribution using the 2D finite operator

According to the finite operator method, after a large number of iterations is performed

using T̄2D, the distribution would converge towards the leading eigenvector E1 with eigen-

value equal to one; this is explained through equation 5.11 which was discussed in section

5.3.1. Therefore, all the permanent and leaky resonances in the pixelated phase space
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(a)

(b)

Figure 6.7: (a) Addition of the 15th and 16th eigenvectors of the T̄3D reveals the CCW
permanent regular islands in the cladding SOS. (b) The subtraction of the same pair of
eigenvectors reveals the CW counterpart.

are subjected to decay. There is a limited number of reflections that can be observed for

the evolution of the light distribution in the pixelated phase space. After a finite num-

ber of reflections, the contributions of the leading eigenvectors that characterise physical

phenomena in the phase space are retained once the transients have settled down. How-

ever, the permanent resonances of the system decay by diffusion as a result of pixelation

artefacts when the iterations are continued.

In other words, the permanent resonances are retained only within a limited observation

window. The leaky resonances are subject to natural scattering process by reflections at

the core boundary, and with enough iterations, the intensities trapped in leaky resonances

would extinguish in the chaotic sea. A complication arises when the contrast between the

core and cladding refractive indices is so low that the rate of reflective scattering is lower

than the rate of diffusion. This means that the permanent resonances are scattered

faster than the leaky resonances. This is apparent in the eigen-analysis of T̄2D, where

the eigenvalue corresponding to E6 of a leaky resonance is higher than the eigenvalue of

E11 associated with a permanent resonance. As a result, the permanent resonances, as
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(a)

(b)

(c)

Figure 6.8: Phase variant eigenvectors corresponding to permanent island resonances. (a)
Real part of 11th leading eigenvector. Imaginary part of (b) 11th and (c) 12th eigenvectors
which are phase-shifted complements.
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shown by the eigenvectors of figures 6.7 and 6.8, decay faster during the propagation of a

light distribution, than the leaky resonances shown by the eigenvectors in figures 6.5 and

6.6. Therefore, it is not possible to create an observation window in which the dominant

permanent resonances are retained but the leaky resonances have relaxed.

The only way to overcome this distortion in the phase space is to increase the resolution

of the pixelated phase space. This will in effect decrease the rate of diffusion while

maintaining the rate of decay of the leaky resonance. In the eigenspace, the contribution

of E11 would become greater than the contribution of E6, as the corresponding eigenvalue

of E11 will becomes greater than that of E6. Therefore, by increasing the resolution,

a observation window can be formed, at the end of which the finite operator method

would be able to produce a steady state with all the transients relaxed and all permanent

resonances maintained. This is studied further in the next section.

6.3 Variation of the phase space resolution and re-

fractive indices of the fibre

In the finite operator method, when T̄2D is constructed using a SIF cross-section it captures

the resonant features of the SIF phase spaces. Resonant patterns appear among the

leading eigenvectors of T̄2D as investigated in the previous section. The presence of a core

in the cladding medium causes scattering of some regular regions in the cladding phase

space and results in an expansion of the chaotic sea.

The decay of power from permanent regular regions occurs due to diffusion, whereas the

decay in leaky resonances, as discussed in the previous section, occurs due to a physical

scattering process by the core medium. The two mechanisms of decay can be controlled

by altering different modelling parameters. Firstly, the rate of diffusion by the pixelation

artefact is controlled by changing individual pixel area; a finer pixelation leads to a slower

rate of diffusion from the regular regions in the phase space. Secondly, the rate of scatter-
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ing of the leaky resonances is affected if the refractive indices of the core and cladding are

altered. A higher refractive index contrast between the core and cladding would result in

more scattering at each reflection at the core boundary and the leaky resonances would

decay faster.

Although changing the refractive indices of the SIF requires the fabrication of a new

fibre, the parameters are easily alterable in the modelling. In order to change refractive

indices in a post-process step, it is important to distinguish between light distribution

incident at the boundaries of the fibre and the distribution leaving the boundaries. Let

any distribution leaving the boundary be denoted with a ’-’ sign and any distribution

arriving at the boundary be denoted by a ’+’ sign. Let, R be a reflection and transmission

function at the boundaries that converts an incident light distribution, f̄+
m, after the mth

reflection into a distribution f̄−m, that leaves the boundaries such that

f̄−m = Rf̄+
m. (6.1)

Let, a transport operator T̄tr, be defined which takes the distribution in the mth reflection

to a distribution incident at the boundaries for (m+ 1)th reflection, so that

f̄+
m+1 = T̄trf̄

−
m. (6.2)

In terms of the transport and reflection operators, and the momentum pi, equation 4.14

in chapter 4 is given by

f̄−m+1(s, pi, β) = T̄3Df̄
−
m(s, pi, β) (6.3)

= e−β∆z(s,pi)RT̄trf̄−m(s, pi, β), (6.4)

where,

T̄2D = RT̄tr. (6.5)

In this chapter, ∆z(s, pi) = 0 for all rays as pz = 0, and the phase spaces are only showing



102 Chapter 6. Properties of the 2D finite operator for step-index fibres

rays confined in a 2D cross-section of the fibre. Rays having z-directional components for

non-zero pz will be discussed in chapter 7 which will involve the full 3D finite operator,

T̄3D. Here, defining a light distribution in terms of incident and reflected parts respectively

allows R to be isolated and various phase space distributions can be observed by varying

the refractive indices of the SIF media, which only affects R. Therefore, the rate of

scattering of the leaky resonances can be altered in the present modelling without affecting

the rate of decay by diffusion. The process does not require the calculation of a new T̄tr

each time and so the computationally burdensome process of ray-tracing required for

construction can be avoided. Therefore, it is easy in the finite operator method to alter

the refractive indices nc, and ncl of the core and cladding respectively to investigate the

effect on the resulting phase spaces. In section 6.3.2, the variation of the rate of scattering

from leaky resonances is investigated with the variation of ncl, while keeping nc constant.

However, as discussed in subsection 6.2.2, the only way to obtain an observation window

when there is a weak decay rate in the leaky resonances is to make the rate of decay

associated with diffusion even weaker. This is only possible by finer phase space resolution

which requires the alteration of individual pixel size and the re-evaluation of T̄2D. When

using the smaller pixel size, the dimensions of T̄2D increase, and its formation requires

more computational effort because more ray-tracing is involved. In the following section,

the analysis is done for two different phase space resolutions with N = Ne = Ni to make

the rate of diffusion due to pixelation artefact weaker than the rate of decay of leaky

resonances in the SIF.

6.3.1 The effect of a finer resolution in the coarse-grained phase

space

In subsection 6.2.2, the eigen-decomposition of T̄2D with N = Ne = Ni = 300 revealed

that the magnitude of the eigenvalue corresponding to the leaky resonance was larger than

the eigenvalue corresponding to a permanent resonance. This meant that the permanent

resonance diffused into the chaotic sea faster than the decay of leaky resonance during
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the evolution of the distribution. It is desirable that the effects of the diffusion artefacts

remain weaker than that of the leaky resonances so that the latter diminishes completely,

and an approximate steady state can be reached. Once the steady state is reached, the

finite operator iterations can be halted to minimise further diffusion, and this forms the

observation window.

To that end, the pixel count was increased by setting N = Ne = Ni = 800, and fig-

ure 6.9 shows the comparison between the phase spaces with lower (figure 6.9(a)) and

higher (figure 6.9(b)) resolutions. The phase space is shown after 2000 reflections from

an excitation of an uniform distribution in the cladding, which is a continuation of the

evolution of the distribution presented in figure 6.1 in section 6.2. Figure 6.9(a) shows

that the leaky resonance corresponding to the eigenvector E6 in figure 6.5 has scattered

completely, along with the permanent island resonances corresponding to eigenvectors

E11 and E12 of figure 6.8. However, when the resolution is increased, figure 6.9(b) shows

that the permanent island resonances are retained with the leaky resonance fully decayed.

Therefore, the iterations can be truncated at this stage so as to retain an approximate

steady state distribution and form the observation window before pixelation artefacts take

over. This comparison further augments the assumption that the leaky resonances have a

different scattering mechanism than that of the permanent resonances in the phase space

of the SIF.

6.3.2 Controlling the leaky resonances by changing the cladding

refractive index of the fibre

In the previous subsection, the rate of diffusion in the dynamics was altered by changing

the resolution of the pixelated phase space. In this section, the resolution is kept constant

but the refractive index contrast between the core and cladding is varied. This directly

affects the rate of decay in leaky resonances without affecting the permanent resonances

in the system. The resolution of the phase space is kept constant by setting N = Ne =

Ni = 300, and the geometric features of the SIF cross-section are as detailed in section
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(a)

(b)

Figure 6.9: The phase space distribution from a uniform excitation in the cladding SOS
after 2000 reflections with (a) N = Ne = Ni = 300 and (b) N = Ne = Ni = 800. The
higher resolution allows the permanent island resonances in the cladding phase space to
be retained while the leaky resonances decay completely.

6.2. Only the cladding refractive index of the SIF is varied, and for each case the effect

on the eigen-spectrum of the T̄2D matrix is investigated.

Four different values of ncl are investigated. The refractive index of the core is kept con-

stant at nc = 2.70, and the eigenvalues of T̄2D are evaluated. The differences are observed

in the eigen-spectrum of T̄2D as the refractive index of cladding is varied. In the first

example, the refractive index contrast between the core and cladding is kept very low by

setting ncl = 2.65. The leading eigenvalues of the corresponding T̄2D are shown in figure

6.10(a). The cladding refractive index is higher than the case studied with ncl = 2.55 in

section 6.2 and the eigenvalue spectrum in the complex plane is comparable to that shown

in figure 6.2. The presence of eigenvalues 19− 22, and the shifts in the positions of eigen-

value 4 and 5, are among the major differences between the eigenvalues shown in figure

6.2.2 and those shown in figure 6.10(a). The five leading eigenvalues shown by the inset

in figure 6.10(a) correspond to the permanent non-island regular regions in the cladding

phase space, identical to those shown in figure 6.3. The permanent island resonances in
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the cladding phase space and the leaky resonances of the system were identified in section

6.2.2. In this example, the eigenvalues of the leaky resonances are greater in magnitude

than the eigenvalues of the permanent island resonances of the system. Figure 6.10(a)

shows the dominant eigenvalues of the leaky resonances in blue, and those corresponding

to the permanent island resonances in red. The 6th largest real eigenvalue corresponds

to the leaky resonance, whereas the 11th largest eigenvalue corresponds to a permanent

island resonance. Also, the contribution of the phase variant eigenvalues 7-10 of the leaky

resonance are larger than the contributions of the corresponding phase variant eigenvalues

13-15 of the permanent island resonance. Therefore, the rate of scattering by the core is

weaker than the rate of diffusion when ncl = 2.65. As a result, the observation window

cannot be accurately determined as the distribution becomes significantly distorted before

the transients of the evolution could settle; a higher resolution is necessary in the phase

space by lowering the pixel size to prevent this degeneracy.

The weak scattering by the core when ncl = 2.65 has allowed more variants of the leaky

resonance to linger for longer during the evolution. Eigenvectors E17-22 are all variants

of E6, and figure 6.11(a) and (b) reveals real valued eigenvectors E17 and E18. Figure

6.11(c) and (d) shows the imaginary part of the phase variant eigenvectors E18 and E19.

Therefore, lowering the core-cladding refractive index contrast allows more variant regular

motion in that region of the phase space and their contribution to the dynamics in the

overall phase space increases. E6-10, and more variants E17-22 are all eigenvectors of

leaky resonances, and E11-16 are the eigenvectors of the permanent island resonances in

the cladding phase space. In comparison, in the case of ncl = 2.55 in figure 6.2, E18-21

eigenvectors were more localised in the vicinities of E7-10 respectively.

In the next example, ncl is set to 2.30, and the scattering rate of leaky resonance increases

as the dielectric contrast between the core and cladding is larger. The resulting eigenvalues

are shown in figure 6.10(b). In this case, the leading eigenvalues 6-9 now correspond to

the permanent island resonances in the cladding phase space and the eigenvalues of the

leaky resonance have been relegated to eigenvectors 12-16. Real and imaginary parts of

E6 are shown in figure 6.12(a) and (b) respectively and real and imaginary parts of E12
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Figure 6.10: Variation of the eigenvalues of T̄2D with the change in cladding refractive
index. The refractive index of the core is nc = 2.70 and the cladding refractive index
is varied to investigate the scattering of leaky resonances. In (a) ncl = 2.65 and index
contrast with the core is very low, resulting in larger contribution of the leaky resonances
than the permanent ones. In (b), ncl = 2.30, and the permanent resonances have larger
contribution than leaky resonances. In (c) ncl = 2.00 and in (d) ncl = 1.50 the contri-
butions of the leaky resonances disappear from the largest eigenvalues. The resolution is
kept constant by setting N = Ne = Ni = 300.
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and E13 are shown in figure 6.12(c) and (d) respectively, to show the respective phase

variants of the permanent island and leaky resonances. Moreover, the leading eigenvalues

17-20 now correspond to a different set of phase variant permanent resonances in the

cladding phase space. The eigenvector associated with these eigenvalues corresponds to

permanent whispering gallery resonances in the cladding phase space for |pclad| ≈ ncl. On

the other hand, the five largest eigenvalues still correspond to the same eigenvectors as

shown in figure 6.3. In this example, since the refractive contrast between the core and

cladding is high enough for leaky resonances to scatter faster than the rate of diffusion,

it is possible to create an observation window after the transients have relaxed, without

changing the chosen resolution of the pixelated phase space.

In the third example, the refractive index contrast is increased further by setting ncl =

2.00. The leading eigenvalues of T̄2D are shown in figure 6.10(c) and there are two major

changes in the spectrum that result from this higher index contrast. Firstly, a regular

region formed by the total internal reflection (TIR) in the core medium has emerged, as

discussed in section 5.2 and shown as region B in figure 5.3(a). In the complex plane

in the inset of figure 6.10(c) the eigenvalues 4-5 now correspond to the regular TIR

region of the core interior phase space. This pair of eigenvalues also forms CW-CCW

independent motion around the core and the sum and difference of the associated phase

space eigenvectors are shown in figure 6.13(a) and (b). In previous cases of lower refractive

index contrasts between the core and cladding media, the area of this TIR region was very

small and the eigen-analysis was unable to resolve any resonance in this region owing to

the diffusion artefact. The power trapped in this region was also minute compared to the

power trapped in other permanent resonances of the phase space. In this case, the higher

index contrast expanded the TIR region of the core and the intensity trapped by region

has now become significant enough for T̄2D to pick up resonances there.

Secondly, the rate of scattering of trajectories by the core is so high that the leaky reso-

nances are not seen among the largest eigenvectors any more; their eigenvalues are lower

down in magnitude in the unit circle than the 20 leading ones shown in figure 6.10(c).

Eigenvalues 6-11, and 16-20 are all contributions of the permanent resonant islands in
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the cladding phase space. Therefore, there is no need to increase the resolution of the

phase space and the observation window is obtainable. Figure 6.13(c) and (d) shows real

and imaginary parts of the new phase variant eigenvectors E16 and E17 respectively, that

were less prominent before. Eigenvalues 12-15 in figure 6.10(b) are the whispering gallery

resonant regions in the cladding phase space, and they have also increased in prominence

in the dynamics compared to the previous example where they appeared as eigenvalues

in the range 17-20 in figure 6.10(b).

In the final example, the refractive index of the cladding is set to ncl = 1.50. Such a large

refractive index contrast between the core and cladding is viewed as not realistic, but is

used in the modelling to show the effect on the phase space dynamics. The TIR region

in the core interior phase space has expanded more and the corresponding eigenvalues

4 and 5 have increased in magnitude as shown in figure 6.10(d). The addition of the

corresponding real eigenvectors results in the CW independent motion as shown in figure

6.14(a) and the distribution includes the regular regions of the cladding phase space as

well. The CCW counterpart obtained by subtracting E4 and E5 is shown in figure 6.14(b).

The leading eigenvalues shown in figure 6.10(c) and (d) all correspond to the permanent

resonances of the system, and leaky resonances have become insignificant as they decay

very rapidly.

In summary, the variation in the refractive index of the cladding was investigated and the

resulting changes in the dynamical system in the phase space of the SIF were outlined

in this subsection. Changing the cladding refractive index by keeping the core refractive

index constant has resulted in a change in the amount of scattering of rays by the core.

The resolution of the pixelated phase space was kept constant while the refractive index

contrast between the core and the cladding was varied. A higher refractive index contrast

caused more scattering and the power trapped in leaky resonances decayed faster. Both

permanent and leaky resonances in the system eventually decay if the dynamical system

is allowed to evolve, but in order to evaluate the observation window, the leaky resonances

must have a higher rate of decay than the permanent resonances. This was achieved by

varying the refractive index contrast between the core and cladding of the SIF for a fixed
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pixelation.

6.4 Chapter summary

In this chapter, the evolution of the light distribution was investigated in a deformed SIF.

It was possible to vary the characteristics of the dynamical system in the intensity map by

varying the modelling parameters involved. In this chapter, the two parameters varied in

the model were the resolution of the pixelated phase space, and the refractive index of the

cladding medium to change the refractive index contrast between the core and the cladding

in the SIF. These changes affected the dynamical system in two different ways. Firstly,

the increase in phase space resolution decreased the rate of diffusion in the dynamics

and thus increased in the observation window within which the phase space evolution

can be observed. Secondly, for the same resolution, increasing the contrast between the

refractive indices of the core and cladding media resulted in a faster scattering of leaky

resonances, and the diffusion-free steady-state was reached within a smaller number of

reflections. Faster convergence allowed the observation window to be set shorter and the

diffusion artefacts that slowly engulf the permanent resonances in the mixed phase space

to be avoided. Tweaking these parameters allow for better modelling outcomes, and in

the following chapter these results will be used towards the measurement the captured

power in the core using the finite operator model.

The finite resolution of the pixelated map causes diffusion in the regular regions of the

phase space, owing to the finite area of the pixels. In the limit the pixel area goes to zero

leading to an infinite resolution in the phase space, the diffusion artefact would cease to

exist and the operator method would become identical to ray tracing. The resulting T̄2D

for a zero-pixel-area would however be of infinite dimension. Numerically, the resolution

has to be finite and so all regular regions in the pixelated phase space are subject to

diffusion artefacts. This means that the resonant power trapped in the regular regions of

the phase would eventually escape into the chaotic sea and the steady state phase space
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(a)

(b)

(c)

(d)

Figure 6.11: More phase shifted variant eigenvectors of leaky resonances become promi-
nent with ncl = 2.65, nc = 2.70 due to low scattering rate by the core.
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(a)

(b)

(c)

(d)

Figure 6.12: The eigenvectors of the permanent island resonances in the system has be-
come more prominent than leaky resonances. Phase shifted (a) real part and (b) imaginary
part of E6. The eigenvectors of the leaky resonances have relegated and (c) shows the
real part of E12 and (d) shows the phase shifted imaginary part of E13, in the system
withncl = 2.30, nc = 2.70.
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(a)

(b)

(c)

(d)

Figure 6.13: Higher refractive index contrast caused the TIR region of the core interior
phase space to expand and as a result E4 and E5 pairs correspond to the permanent
resonance in the core interior SOS. (a) CW and (b) CCW counterparts of the E4 and
E5 pair. The higher refractive index contrast allows the contribution of more variants
of the permanent island resonance in the cladding. Such contributions include the phase
variant (c) real E16 and complementary (d) imaginary E17, in the system with ncl = 2.00,
nc = 2.70.
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(a)

(b)

Figure 6.14: The permanent resonant region in the core interior SOS expands further as
the refractive index contrast between the core and cladding increases, with ncl = 1.50,
and nc = 2.70.

after an indefinite number of iterations by the finite operator would result in a uniform

distribution in the phase space. In order to prevent this, the iterations are truncated

before too much power escapes from the regular regions and an approximate steady state

distribution is obtained when the intensity is stabilised in the chaotic sea. Therefore, the

observation window is created, in terms of a number of reflections, for which the iterations

by the finite operator are carried out. A complication which arises during this process is

when there are slowly decaying physical resonances in the dynamics.

One particular phenomenon, discussed in this chapter, that causes interference with the

evaluation of the observation window was the leaky resonances. The power trapped

in leaky resonances is scattered by the core dielectric boundary upon each successive

reflection, which is a physical phenomenon and is not related to the diffusion artefact.

The decay from leaky resonances depends on the refractive index contrast between the

core and cladding. If this contrast is very low, the decay rate is slower and the leaky

resonances linger in the dynamics and mimic leakages from permanent resonances. Since

the decay of leaky resonances are not related to phase space pixelation, the resolution
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was increased in the phase space by making smaller pixel sizes in order to slow down the

diffusion decay rate while keeping the decay of leaky resonances constant. This caused

the power in the leaky resonances to decay first, i.e. before the diffusion artefacts started

distorting the regular regions. The leaky resonances are a part of the transient stage of

the dynamics and their slow decay requires a long observation window. However, for a

given resolution (pixel size) there is a finite number of reflections that can be carried out

before which the diffusion artefacts start becoming prominent. The observation window

is created by terminating the number of reflections carried out to limit diffusion, and

this window can only be expanded by finer resolution. If the relaxation rate of the leaky

resonances is slow, the finer resolution allows enough iterations to be performed before

setting an observation window by truncation.

On the other hand, as mentioned earlier, the decay rate of the leaky resonances is itself

varied by changing the refractive index contrast between the core and cladding while

keeping the rate of diffusion in the overall phase space to be constant. Changes in the

eigen-spectrum of the associated T̄2D were observed. It was shown that, as the refractive

index contrast increased, the contribution of the leading eigenvectors corresponding to

leaky resonances diminished from the overall distribution. The resolution of the phase

space remained unchanged, and for a constant rate of diffusion it allowed the observation

window itself to be shortened for a particular phase space resolution as the refractive

index contrast increased.

Therefore the finite operator model facilitates the alteration of one or more modelling

parameters in order to change the dynamics of the light distribution in the SIF. It provides

fresh insight into how the light distribution in deformed fibres can be evaluated. In the

following chapter, the concept of the observation window introduced in this chapter is

applied in context of the measurement of the net accumulation of power in the core. The

analysis of the finite operator is extended to 3D, with the application of the finite T̄3D

on various light distributions. The variation of the accumulation of power in the core is

investigated in relation to the various deformations applied to the boundaries of the core

and cladding in the SIF.



Chapter 7

The net power accumulation in the

core in step-index fibres

7.1 Introduction

In this chapter, a method to calculate the net accumulation of power in the core is

developed for step index fibres (SIFs) with circular core and cladding cross-sectional

boundaries. The finite operator method is applied to 3D SIFs to calculate the net power

accumulation in the core after propagation along an arbitrarily long length of the fibre.

The finite operator applied to optical fibres was developed in chapter 4, where an operator

T̄3D was defined that enabled the propagation of a light distribution, fm(s, p, z, pz) through

successive reflections, m, at the boundaries in a pixelated phase space. The definition of

momentum, p, was modified in chapter 5 to p̄i, so that rays propagating in 3D and in

different dielectric media in the SIF can be modelled. The finite operator model applied

to 3D rays also provides a numerically efficient way to measure the power captured in the

SIF core as will be described in this chapter.

The finite operator can be constructed to model light propagation in any SIFs with

circular or deformed cross-sectional boundaries. The properties of the 2D operator were

investigated in chapter 6 and the evolution of light distribution was visualised using the

115
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pixelated phase spaces. It was found that the rectangular pixelation of the phase spaces

caused diffusion artefacts in the dynamics and distorted the regular regions in the mixed

phase spaces. So the iterations by the operator were required to be truncated in order and

it was concluded that the rate of diffusion must be minimised by making finer phase space

pixelation. Finer pixelation however makes the problem more computationally intensive.

In this chapter, a quantitative measure of the diffusion process will be described in sec-

tion 7.2 in context of the power accumulation in the core of SIFs. The net transfer of

power into the core is affected by the diffusion artefacts and will be measured after each

reflection at the boundaries. Because of diffusion, a method to estimate the net power

accumulation in the core after a limited number of reflections will be developed. To aid

such estimations, special cases will be investigated, such as a toy model which restricts

rays in a 2D axial cross-section of the fibre discussed in section 7.3.1, and SIFs with cir-

cular core and cladding boundaries, discussed in section 7.3.2. Diffusion is absent in the

toy model and, in the circular core/cladding SIF. These diffusion-free dynamical systems

will serve as a benchmark for the calculation of the net accumulation of power in the core

for more generic SIFs with deformed core/cladding boundaries. The estimation of the net

power accumulation in the core of a deformed SIF is discussed in section 7.3.3.

7.2 Diffusion measurement

The finite operator method allows one to monitor flux transfer across the core boundary to

capture the power carried by rays moving in to and coming out of the core. The detailed

calculation is set out in the next section but here a simplified version of the power transfer

problem is discussed using only the 2D finite operator, T̄2D, to establish limitations placed

by diffusion in the rectangularly pixelated phase space.

Power enters the core when an distribution incident on the core exterior boundary is

transmitted through. Power leaves the core when a distribution incident on the core

interior boundary is transmitted out. These combine to provide the net transfer of power
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into the core. The procedure is illustrated in this section for the special case of β = 0,

and therefore in an effectively 2D setting in which

T̄3D → T̄2D.

The transmittance and reflectance matrix, R, defined in section 6.3, consists of 3×3 block

matrices and is given by

R =


1 0 0

0 Rext(s, p̄clad) Tint(s, p̄core)

0 Text(s, p̄clad) Rint(s, p̄core)

 (7.1)

where Rext and Text are respectively the reflectance and transmittance functions at the

core exterior boundary, and Rint and Tint are likewise the reflectance and transmittance

functions respectively at the core interior boundary, all of which are dependant on the

coordinates (s, p̄i) (with i = core/clad).

The net transfer of power from the cladding to the core at the mth reflection in this

simplified 2D problem is then given as

∆Φm
2D = 〈w, fm〉, (7.2)

where

w(s, p̄i) =


0 on cladding SOS

Tint on core exterior SOS

−Text on core interior SOS

(7.3)

and fm(s, p̄i) is the density of rays arriving at the corresponding boundary. The cumulative
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transfer of power, up to and including M reflections, is given by

ΦM
2D =

M∑
m=0

∆Φm
2D,

=
M∑
m=0

〈w, T̄m2Df0〉. (7.4)

The quantity of interest in applications is the net transfer of power over the entire length

of the fibre. The limit

Φ2D = lim
M→∞

M∑
m=0

ΦM
2D, (7.5)

is related to this quantity but is not the same, as will be discussed more fully in the next

section, because it orders power transfer by the number of bounces rather than distance

z along the fibre. It is used in this section, however, to illustrate the limitations placed

on simulations by diffusive effects. The approach to Φ2D is emphasised as a limit in (7.5)

for two reasons.

1 The limit exists even though its formal geometric sum

Φ2D = 〈w, (I − T2D)−1f0〉 (7.6)

is ill-defined because the largest eigenvalue of T2D is equal to 1. The geometric sum

can be regularized, as w is necessarily orthogonal to the subspace corresponding to

unit eigenvalue, but this procedure requires further discussion, as provided in the

next section.

2 More importantly from a practical point of view, unphysical diffusion artefacts may

dominate the formal limit M →∞ when the core or cladding is deformed. In such

applications, M is therefore restricted to values for which diffusion has a sufficiently

small impact. Estimation of appropriate bounds for M is the subject of the rest of

this subsection.

The effects of diffusion will be illustrated using two types of SIF. The first is the SIF with
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circular core and circular cladding with insignificant diffusion to serve as a benchmark.

The second is the deformed SIF which is intended to be representative of generic problems

where diffusion plays a more prominent role. The benchmark SIF has a circular core

positioned non-concentrically in a circular cladding so that the dynamics has significant

chaotic components. Here diffusion artefacts are confined to horizontal bands of pixels

situated at the borders between chaotic and regular regions of core and cladding SOSs as

will be discussed in the following subsection.

7.2.1 Propagation in a step-index fibre with circular core and

cladding boundaries.

Figure 7.1(a) shows the first example of a SIF where the outer cladding boundary is a

unit circle, and the core is circular with radius r = 0.2828, centered at (0.1, 0.3). The area

of the core is 8% of the cross-sectional area of the cladding. The refractive index of the

core is taken to be nc = 2.70 and that of the cladding medium is taken to be ncl = 2.55,

typical of MIR-transparent chalcogenide glasses.

As shown in figure 7.1(b), a light distribution originating only from the cladding boundary

and uniformly distributed in the cladding SOS is taken as an initial excitation. The light

distribution reaches a steady state after 450 iterations. The light distribution propagating

in the fiber is shown in the SOSs for the 30th (marked as 1), 100th (marked as 2), and the

450th (marked as 3) reflection. When the steady state is reached, the SOSs show three

distinct regions. The cladding SOS and the core interior SOS form two disconnected

regular regions, and there is a chaotic sea that spans all three SOSs.

These distinct regions exists for any initial light excitation, but the intensity trapped in

these regions varies according to where the light was initially excited. The chaotic region

occurs because of the trajectories scattered by the core (regions in green). The trajectories

with higher value of |p̄clad|, which do not interact with the core, remain in the regular

region of the cladding SOS (regions remaining red). Only scattered trajectories appear in
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Figure 7.1: (a) An SIF cross-section with circular core and cladding boundaries. (b)
Initially, an arbitrary uniform light distribution was excited from the cladding SOS and
allowed to propagate in the fiber. SOS distributions are shown for the propagation after
(1) 30th, (2) 100th, and (3) 450th reflections.
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the core exterior SOS and these are seen to be completely chaotic. The core interior SOS

shows a regular region for trajectories with |p̄core| ≥ 2.55/2.70 (regions shown in blue in

the core interior SOS), and a chaotic region for lower |p̄core| (shown in green). This regular

region occurs for trajectories that can be trapped in the medium with higher index due

to total internal reflection (TIR) and the region expands as the refractive index contrast

between the core and the cladding medium increases. In figure 7.1, with the excitation

only from the cladding SOS, the regular region in the core interior SOS is empty as it is

not accessible by the trajectories coming in from the cladding medium. Owing to a sharp

separation between the regular and chaotic regions in the circular SIF that is aligned with

the pixelation scheme, the diffusion artefacts do not cause leakage in the intensity trapped

in the regular regions.

7.2.2 Propagation in a deformed step-index fibre

In the second example of a deformed SIF, the propagation is more significantly affected by

diffusion and the number of reflections cannot be made arbitrarily large. To illustrate this,

the initial excitation from the cladding SOS is also propagated in a deformed SIF. Figure

7.2(a) shows the example of the deformed fibre with an elliptical core centred at (0.1, 0.3),

with (0.4, 0.2) as its major and minor axes respectively, and the major axis oriented at an

angle of 135◦. The core has the same cross-sectional area as the core of the circular SIF

in the previous example. The outer cladding boundary is also slightly deformed, and the

deformation is introduced by defining the boundary with the quadrupolar equation and

using ε = 0.05. The resulting SOSs are mixed with the regular regions forming a complex

network of invariant curves (ICs) embedded in a chaotic sea as shown in figure 7.2(b).

The distribution is propagated for 103 reflections.

The light distribution is shown at four different stages in its evolution through the fiber

in figure 7.2(b). At 30 reflections (marked as 1) the distribution is seen to be spreading in

the available regular and chaotic regions of the SOSs. After 100 reflections (marked as 2),

the trajectories have largely filled up the chaotic sea (regions shown in green), and there
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Figure 7.2: (a) A deformed SIF cross-section. (b) the evolution in the fiber of a uniform
distribution launched from the cladding SOS. The SOS distributions are shown after (1)
30th, (2) 100th, (3) 450th, and (4) 1000th reflections.
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are other regions in the SOSs occupied by various regular trajectories (shown in red in

the cladding SOS, and in blue in the core interior SOS) for high |p̄core|. The light trapped

in the regular regions of the cladding never hit the core, and likewise the regular regions

of SOS(i) are not accessible to the trajectories arriving from the cladding. Therefore, no

trajectories enter the regular region of the core interior boundary SOS as the initialization

was only from SOS(c). Embedded in the middle of the chaotic sea are the short-lived leaky

resonances where trajectories bounce in the SIF cross-section, around s/smax = 0.25 and

s/smax = 0.75 and p̄clad = 0 and taking a path via the core medium. These pseudo-regular

transient regions are scattered by weak reflections at the core cladding boundary and the

intensity associated with them decays into the chaotic sea after successive reflections. By

450 reflections (marked as 3), the intensity trapped in leaky resonances has significantly

relaxed into the chaotic sea, although some remnants still exist.

After 450 reflections, the transient dynamics in the SOSs have settled down, and distinct

chaotic and regular regions have appeared. As the iterations are carried on further, for up

to 1000 reflections (marked as 4), the edges of the regular regions are gradually starting

to diffuse into the chaotic sea. Due to diffusion, the number of reflections performed by

the finite operator must be truncated in order to prevent the leakage of power from the

regular regions into the chaotic sea. In the following subsection, a quantitative measure

of the rate of diffusion in the system is presented. The measurement is also essential to

the aim of developing a method to obtain the net power accumulation in the core, which

will be discussed in section 7.3.

7.2.3 2D net power accumulation in the core

The evolution of ΦM
2D with M is shown in figure 7.3(a) for the benchmark problem of

the SIF with circular core and cladding boundaries (the cross-section and the propagated

light for this example was shown figure 7.1). It is seen that ΦM
2D has effectively converged

to its asymptotic value of Φ2D ≈ 0.146 after the order of 100 reflections. Increasing pixel

dimensions from N = 200 to N = 1000 leads to some convergence of this value towards a
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limit, but does not qualitatively change the picture.

Figure 7.3: (a) ΦM
2D calculated for SIF with circular core and cladding boundaries in figure

7.1.(b) ΦM
2D calculated for the deformed SIF in figure 7.2

In figure 7.3(b) an equivalent calculation for a more generic example with deformed core

and cladding is shown. Here the border between regular whispering gallery regions and

chaotic regions is no longer horizontal in phase space (see Fig. 7.2) so there is diffusive

transport between the two. Unlike for the benchmark problem, ΦM
2D does not reach a

simple plateau here, but continues to drift upwards even after the initial transients have

died out for M between about 30 and about 100. Furthermore there is a marked difference

between the calculations with N = 200 and with N = 1000, with the former showing

significantly more drift. This is because diffusion due to pixelation allows power to enter

the invariant and totally internally reflected whispering gallery regions. This is an non-

physical effect which can be postponed to higher reflection numbers, but not eliminated,
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by using finer pixelation. In practice, therefore, it is essential to restrict the calculations

to values of M where these diffusion artefacts are not dominant. For the simulations

illustrated in figure 7.3, calculations of flux become inaccurate once M is larger than a

few hundred, for example.

7.3 The net power accumulation in the core in 3D

In this section, the net accumulation of power in the core is measured for light propagation

in 3D SIFs. A simplified version of this calculation was shown in Sec. 7.2 which revealed

that diffusion artefacts restricted the use of the iterated power distributions to within a

few number of reflections. Therefore, it is required to establish methods to estimate the

net accumulation of power in the core, along the entire fibre length, while being faced

with this limitation. This is done first for a toy model and for the special case of the non-

concentric circular core and cladding SIF geometry that are not significantly affected by

such artefacts, allowing the illustration of the proposed truncation procedure in a benign

setting before application to more general problems.

The net transfer of flux to the core over the fibre’s entire length can be written in terms

of the function w defined in (7.3) as

Φ3D =

∫ ∞
0

〈w, f(z)〉dz, (7.7)

where arguments (s, p̄i) in densities are suppressed such as f(s, p̄i, z) in this section. In

the Laplace domain,

Φ3D = lim
β→0
〈w, f̄(β)〉.

Since only a finite number of reflections can be performed by the finite operator, it is

necessary to define

Φ̄M
3D(β) =

M∑
m=0

〈w, f̄m(β)〉,
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and

ΦM
3D =

M∑
m=0

∫ ∞
0

〈w, fm(z)〉z. (7.8)

= Φ̄M
3D(β)

∣∣
β=0

(7.9)

= ΦM
2D. (7.10)

The last line states that for finite M the definition of ΦM
2D given in (7.4) is recovered in the

limit β → 0. However, the distinction between 2D and 3D versions must be maintained

because

lim
β→0

lim
M→∞

Φ̄M
3D(β) 6= lim

M→∞
lim
β→0

Φ̄M
3D(β).

In other words

Φ3D 6= Φ2D. (7.11)

In practical terms, the importance of the order of limits means that, if M is truncated

to make allowance for diffusion artefacts. It must be ensured that β remains sufficiently

large so that the truncation does not matter, but at the same time small enough to

approximate (7.7) sufficiently well. Such considerations are first applied to the toy model

discussed in the following subsection. In subsection 7.3.2, Φ3D will be calculated for the

SIF with circular core and cladding boundaries where light propagation suffers minimally

from diffusion. Finally, in subsection 7.3.3, the calculation will be applied to the deformed

SIF where diffusion is very prevalent in the phase space and M -truncation is required.

7.3.1 A toy model

Using a toy model, the relevance of the order of limits in (7.11), and the corresponding

impact of truncating M are illustrated. The transfer operator of the toy model is by

definition a finite matrix and there is no diffusion mechanism.

The model consists of a 2D waveguide, illustrated in Fig. 7.4. The SOSs here are zero-

dimensional, so there are no (s, p̄i) coordinates and the entire boundary of core or cladding
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Figure 7.4: A toy model consisting of a 2D waveguide for z-propagation along the fibre.

is described by canonical coordinates (z, pz). pz is suppressed in the notations and, in

addition, attention is given to densities that are symmetric about the middle axis of the

waveguide so that the cross-sectional SOSs each consist of a single point. The transfer

matrix reduces to the 3× 3 matrix

T̄3D(β)→ T̄toy(β) =


0 Re−βb Te−βb

e−βb 0 0

0 Te−βa Re−βa

 . (7.12)

Here, T and R are respectively the reflectance and transmittance of a ray hitting the core-

cladding boundary and ∆z = a and ∆z = b are the vertical displacements experienced

of a ray traversing the core or the region between core and cladding. All of these would

depend on pz, but in all calculations performed, pz is conserved and so they are effectively

fixed for the rest of this discussion.

The net transfer of flux to the core is once again represented by (7.7) except that w is

now a finite vector

w =

[
0 T −T

]
. (7.13)

(The symbols such as Φ3D and Φ2D are reused here even though the underlying geometries

are now respectively two-dimensional and one-dimensional.) Since there are no diffusion
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artefacts in this model, the limit M →∞ may be passed directly, allowing the geometric

sum to be written as

Φ3D = lim
β→0
〈w, 1

1− T̄toy(β)
f̄0〉. (7.14)

The gap between Φ3D and Φ2D in (7.11) is directly explained in this context by representing

the right-hand side of (7.14) using a basis of eigenvectors of T̄toy(β). The gap is in

particular determined by the leading eigenvector λ0(β), which has the limit

lim
β→0

λ0(β) = 1. (7.15)

It is noted that w is necessarily orthogonal to the corresponding eigenvector, denoted by

u0(β), in this limit:

lim
β→0
〈w, u0(β)〉 = 0. (7.16)

Using l’Hôpital’s rule, it is therefore found that the contribution of this leading eigenvector

to (7.14) is of the form

δΦ = const.× 〈w, u
′
0(0)〉

λ′0(0)
,

where the primes indicate a derivative with respect to β, evaluated at β = 0. Note that

in an analogous evaluation of the truncated sum ΦM
3D = ΦM

2D, there is no contribution

from this leading eigenvector in the limit β → 0, because of (7.16) (whereas all other

eigenvectors contribute identically). Therefore this leading-eigenvector contribution is

the origin on the gap

Φ3D − Φ2D = δΦ

in (7.11) that arises from the exchange of limits β → 0 and M →∞.

The ramifications of this gap will now be explored for calculations of the net transfer of

flux when M is truncated. The concrete calculations are performed for the special case

f̄0 = [1, 0, 0], so that the initial distribution illuminates the cladding boundary only, and

for a = 0.2, b = 0.5, R = 0.7 and T = 0.3. To reiterate, Φ3D denotes the plateau of Φ̄M
3D

reached when M → ∞ first, before letting β → 0. The limits taken the opposite way
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Figure 7.5: (a) Variation of ΦM
3D with a finite M . ΦM

3D converges to Φ3D as β decreases,
provided M is large enough. Otherwise it converges to Φ2D as shown by the dashed line.
(b) Variation of the converged ΦM

3D with β where increasing M from 103 to 106 ensures
convergence towards Φ3D as β → 0.

would result in Φ̄M
3D converging to Φ2D instead. The procedure to obtain Φ3D for finite

M is shown in figure 7.5. Φ3D in the toy model can be related to the distance traversed

along the z-axis in the fibre and is equal to a/(a+ 2b). This ratio is related to the width

of the core medium compared to that of the cladding medium and is found by the Taylor

series expansion of equation 7.14 after imposing the proper limits. However, Φ2D = 1/3

and results directly from the uniform leading eigenvector of T̄toy. Figure 7.5(a) shows the

variation of ΦM
3D for a finite but large M . Φ̄M

3D is calculated for ever decreasing β values

while allowing M to be arbitrarily large as diffusion is not an issue here.

With M = 105, Φ̄M
3D converges to Φ3D for β = 10−1, 10−2, and 10−3. Φ̄M

3D does not converge

to Φ3D for too large β when β = 1, and on the other hand, for β = 10−4 or less, M is

required to be even larger to get to Φ3D. Therefore, for a finite M , Φ̄M
3D would converge
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towards Φ2D instead of Φ3D as β decreases as indicated by the dashed line. Figure 7.5(b)

shows the variation of the converged Φ̄M
3D with the variation of β. As β decreases, the

inset in figure 7.5(b) shows Φ̄M
3D rising up to Φ2D and deviating from Φ3D when M is not

large enough. Increasing the order of M from 103 to 106 allows the proper convergence

to occur to Φ3D = 1/6 instead.

7.3.2 Step index fibres with circular core and cladding bound-

aries

In this subsection, Φ3D is obtained for light propagation in an SIF with circular core and

circular cladding boundaries. The calculations here are carried forward for the example

of the SIF with circular core and cladding discussed in subsection 7.2.1. In particular,

Φ2D = 0.1460 was obtained as a plateau in figure 7.3(a) while discussing the effects of

diffusion, and it was concluded that M could be made arbitrarily large as the SOSs of

the circular SIF suffers minimally from diffusion. Owing to the pixelated SOSs, T̄3D is a

3N2×3N2 matrix and quite a few of its leading eigenvalues in the complex plane are very

close to the unit circle, including the maximum eigenvalue equal to one. This complicates

the passing of the limit M →∞ directly and using equivalent expression like equation 7.6

as it becomes ill-conditioned even though diffusion is not significant here. Therefore, Φ3D

is calculated using the procedure laid out in the previous subsection for the toy-model

allowing M to have finite values.

A similar result ensues and figure 7.6(a) shows Φ̄M
3D converging towards Φ3D for β = 10−1,

10−2, 10−3, and 10−4 when M is truncated at 105. Smaller β requires M to be set to

a larger value, otherwise ΦM
3D converges to Φ2D as shown by the dashed line. Figure

7.6(b) shows the convergence of ΦM
3D with different values of β. Increasing M allows ΦM

3D

to converge to Φ3D as β decreases. As with the toy model, plots of Φ3D(β) for fixed M

appear to approach a value near Φ3D = 0.0642 as β decreases, but increase sharply towards

Φ2D = 0.1460 for the very smallest values of β as the sum in equation 7.8 becomes sensitive

to the truncation in M . The physical result is therefore calculated by extrapolating to
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Figure 7.6: (a) Φ̄M
3D variation within a finite but large M in the SIF with circular core-

cladding boundaries. (b) Variation in ΦM
3D convergence as β is varied. Increasing M allows

Φ̄M
3D to converge towards Φ3D as β → 0.

β = 0 from values of β that are large enough that equation 7.8 is insensitive to M .

7.3.3 Step index fibres with deformed core and cladding bound-

aries

Having established a procedure that enables, in problems without significant diffusion, to

estimate Φ3D, using moderate truncations in M , it is now applied to deformed SIFs, where

diffusion is present. Plots of Φ̄3D(β), as a function of M for fixed β and as a function of

β for fixed M , are shown in Fig. 7.7. This is the analogue of Figs. 7.5 and 7.6 for the

deformed fibre geometry and initial condition illustrated in Fig. 7.2.

The main difference from previous calculations is that, because there is diffusion, there
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Figure 7.7: (a) Variation of ΦM
3D with M . Diffusion creates upward slopping in the SOSs

and requires M to be limited to a few hundreds of reflections. (b) Variation of ΦM
3D

with β, where M is limited to 5 × 102 as shown in the inset and Φ3D is estimated using
extrapolation as indicated by the dashed line.



7.4. Chapter summary 133

is no clear asymptote to a fixed value Φ2D as M increases for fixed values of β (see

Fig. 7.7(a)). Instead Φ̄3D(β) continues to drift upwards as power diffuses out of the whis-

pering gallery region of the cladding SOS and into the whispering gallery region of the

core interior SOS. Nevertheless, the extrapolation procedure illustrated in Fig. 7.7(b) pro-

ceeds as in previous examples. M is fixed at values large enough that there is convergence

to an effective steady state (as determined from Fig. 7.3, for example), but small enough

that diffusion does not dominate. The value at β = 0 is extrapolated from values of β to

that are moderately small but not so small that Φ̄3D(β) becomes sensitive to M . In the

figure, the result is shown as an estimate Φ3D = 0.0672 for the power flux transferred to

the core.

7.4 Chapter summary

A finite operator model has been used to model transport of power between core and

cladding in optical step-index fibres. The model is based on a ray-tracing description of

power transport and uses a coarse graining of phase space obtained by pixelating surfaces

of section to reduce the problem to finite matrix calculations. By monitoring the transport

of power flux across boundaries between core and cladding, the formalism can naturally

be adapted to provide the net transfer of power between core and cladding, which is of

prime interest in applications.

The method can in particular be applied to deformed geometries with chaotic ray dy-

namics and complex borders between trapped and mixing regions of phase space. In the

general case, however, diffusion artefacts brought about by the coarse graining of phase

space limit the accuracy of the simulation for a given pixel size. A procedure was es-

tablished to extract physically realistic estimates of power transfer in the face of these

limitations and this has been benchmarked using simpler geometries that are not diffusion

dominated.

It is to be noted that, although applied to lossless, gainless models in this thesis, the
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underlying formalism can be adapted to treat light propagation in fibres with gain and/or

losses, and it offers a numerically robust basis in which to design optical fibres for amplifier

and fibre sensing applications.



Chapter 8

Optimisation of step-index fibres for

better power accumulation in the

core.

8.1 Introduction

Having established the method to calculate the power accumulation in the core, Φ3D, after

propagation of arbitrary light distributions through deformed step-index fibres (SIFs), it

is now possible to investigate how the calculation varies when the design of the fibre is

changed. In addition to the fibre design, the input excitation is also varied to see the

changes in Φ3D.

In this chapter, the variation in the net accumulation of power in the core in the step-

index fibres (SIFs) is investigated with the changes in the modelling parameters. The

variations include, changing the position and the cross-sectional area of the core in the

SIF, the refractive index contrast between core-cladding media, the input excitation, and

the z-directional momentum component of the propagated light distribution, pz. To see

the changes in the net accumulation of power in the core as a result of such variations,

135
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examples of SIFs with only circular core and cladding boundaries are chosen, so as to

minimise the diffusion artefacts in the system.

8.2 Input excitations in the phase spaces

Two arbitrary light distributions in the SIF phase space are shown in figure 8.1. These

excitations serve as the two extremes of the power distribution in the SIF, where, in figure

8.1(a), with I1, all the power is in the core initially, and in figure 8.1(b), with I2, there

is no power initially in the core. With I1, power escapes partially from the core after

propagation and the net power accumulation in the core, Φ3D, represents the power that

is remaining the core. After propagating I2, Φ3D is the total transfer of power from the

cladding medium to the core. Any other input distribution will be between the two such

extremes. Note, that the propagation of I2 was shown in chapter 7 for SIFs with both

circular and deformed core/cladding boundaries (see Fig. 7.1 and 7.2).

Figure 8.1: Initial arbitrary excitations in the phase space of SIFs. (a) An initial uniform
excitation in the core interior SOS. (b) An initial uniform excitation in the cladding SOS.
Any possible input excitation will be between these two extremes.



8.3. The net power accumulation in the core in the SIF 137

8.3 The net power accumulation in the core in the

SIF

Having defined the two arbitrary input distributions in the previous section, the variation

of power accumulation in the core with the design of SIFs, and with the variation in the

propagated input distribution will now be discussed. In chapter 7, it was shown that the

calculation of the power accumulated in the core can be done in both 2D and 3D settings.

The 2D calculation was done only to investigate the effects of diffusion in the system. In

this chapter, only SIFs with circular core and circular cladding boundaries will be inves-

tigated which are affected minimally from diffusion. This allows more flexibility with the

modelling parameters and provides a dynamical system where the number of reflections

carried out by the finite operator are not limited. Moreover, the variations investigated

here also applies to SIFs with deformed boundaries. The discussion is started in the

following subsection using the 2D setting, and the results are applied in the subsequent

section for the full 3D analysis.

8.3.1 Calculations in 2D

As discussed in chapter 7, when Φ̄M
3D is calculated with β = 0, it converges to Φ2D.

An example of a circular core and cladding SIF was discussed in chapter 7 with core

radius, rc = 0.2828, and centred at (0.1, 0.3) in a unit circular cladding, where the input

excitation, I2, was propagated (see Fig. 7.1). Figure 7.3(a) showed the resulting Φ2D,

which is found to be invariant of any changes in the core/cladding refractive index contrast

or changes in the z-component of the momentum of rays, pz. However, when the input

excitation is changed to I1 (see Fig. 8.1(a)), changes in the core/cladding dielectric

properties affected the plateau value of Φ2D. Figure 8.2(a) shows the changes in Φ2D when

the refractive index of the cladding is changed while keeping that of the core unchanged.
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Since the total-internal reflection (TIR) region in the core, is within the range

ncl
√

1− p2
z ≤ |p̄core| ≤ nc

√
1− p2

z, (8.1)

more power gets trapped in the TIR region in the core as ncl decreases, and Phi2D plateau

is seen to increase.

The properties of the dielectric boundary is also affected by pz, which is the axial com-

ponent of the momentum of rays in the fibre. Increasing pz has the same effect on the

calculated Φ2D, as shown in figure 8.2(b), although its effect is less prominent (because of

the sq. root relation).

8.3.2 Calculations in 3D

The main objective is to obtain Φ3D by propagating arbitrary input excitations in the

SIF. The calculation of Φ2D serves only as an indication of the diffusion effects (which

is insignificant, in the case studied here), and shows the relative changes in the area of

the TIR region of the core as ncl and pz are varied. Thus, Φ3D is also calculated after

propagating the input distributions, I1 and I2, and figure 8.3 shows the variation of Φ̄M
3D

with β obtained after M = 105 iterations for each β. Here, ncl = 2.55, and pz = 0.75.

It is calculated with a finite operator, T̄3D, after having the phase space pixelated with

N = Ne = Ni = 50. The inset in figure 8.3 shows the deviation as Φ̄M
3D becomes sensitive

to the finite value of M , as β → 0.

Because of the deviation at β → 0, special procedure was required to find Φ3D, as discussed

in chapter 7. The cause of the deviation, as β → 0 is also evident when the eigen-spectrum

of the finite operator, T̄3D, is studied. Figure 8.4 shows the spectrum of the finite operator,

T̄3D. The figure only shows the leading 20 eigenvalues of T̄3D for non-zero β in the complex

plane. All eigenvalues of the finite operator lie within the unit circle and, as the value

of β decreases, the leading eigenvalues approach the unit circle. Figure 8.4(a) shows the

eigenvalues of T̄3D with β = 1, and the leading eigenvalue is λmax = 0.89, as shown by
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Figure 8.2: Variation in Φ2D from input excitation I1 (see Fig. 8.1(a)), with the variation
in the properties of the core-cladding dielectric boundary. (a) The TIR region of the core
interior SOS expands when cladding refractive index decreases compared to that of the
core, and more of the initial excitation gets trapped in the core during propagation. (b)
The same trend is seen when the value of pz of the input distribution is increased although
the variation in the plateau is less prominent.
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Figure 8.3: Φ̄M
3D variation with β, from initial excitations I1 and I2 (see Fig. 8.1). The

circular boundaries of the core and cladding in the SIF allows M to be very large, and
so here M = 105. The inset shows the sensitivity in Φ̄M

3D as β becomes small for having a
finite M , and results in the deviation towards Φ2D (Φ2D is not shown in the inset).

the inset. λmax, is well separated from the other eigenvalues in this case. In figure 8.4(b)

the spectrum is shown with β = 0.1, and the inset shows three of the largest eigenvalues

that have moved closer to the unit circle. In figure 8.4(c), with β = 0.01, the inset shows

the leading eigenvalues coming very close to each other and with λmax almost on the unit

circle (here λmax = 0.998). The leading eigenvalue of T̄2D is equal to one, and the figure

suggests that as β → 0, T̄3D is essentially turned into T̄2D.

Variation of Φ̄M
3D with the pixel area

A finer pixelation allows a more accurate estimation of the captured core power after

propagation. Figure 8.5 shows the calculation of the Φ̄M
3D with two different values of N .

Figure 8.5(a) shows Φ̄M
3D calculated with β = 0.04, one curve for N = 50, and the other

for N = 1000. Input distribution I2 was used, and the figure shows a small change in the

plateau reached as a result of the change in pixelation. Figure 8.5(b) shows the variation

of ΦM
3D with β, plotted for each of the two values of N . The difference in the Φ̄M

3D between

the two curves increases as the value of β decreases. The value of Φ3D is estimated by

the procedure described in chapter 7, and repeated here with the help of figure 8.5(c),
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Figure 8.4: 20 leading eigenvalues of T̄3D, constructed for the SIF cross-section with
circular core and cladding shown in figure 7.1(a), by pixelating the phase space with
N = Ne = Ni = 50. In (a) β = 1, in (b) β = 0.1, and in (c) β = 0.01. As β → 0 the
leading eigenvalues of T̄3D approaches the unit circle. The leading eigenvalue converging
to unit causes the deviation in the calculated Φ̄3D as β → 0.
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when N = 1000. As β becomes smaller, the finite M causes the curve of Φ̄M
3D to deviate

up towards Φ2D. Increasing M causes this deviation to occur at smaller values of β, as

shown by the curve with M = 2 × 104, in comparison to the one with M = 103. The

value of Φ3D at β = 0 is obtained by extrapolation of the curve as shown by the dashed

line and is equal to 6.464%.

Variation of Φ̄M
3D with refractive index contrast

Variation in the net power accumulation in the core, Φ̄M
3D, is now investigated with the

variation in the cladding refractive index. The excitation from the core interior SOS, I1

(see Fig. 8.1(a)), is used. Figure 8.6 shows the results, with N = 50, pz = 0.75, and

nc = 2.70. Figure 8.6(a) shows Φ̄M
3D calculated with β = 10−4, and varying ncl. Compared

to figure 8.2(a), the plots fall down and converge to Φ3D, instead of Φ2D, when non-zero

values of β are used. Φ̄M
3D variation with β is also plotted in figure 8.6(b) where decreasing

ncl results in a larger Φ3D at β = 0.

Variation of Φ̄3D with pz

Next, pz is varied while keeping other modelling parameters unchanged. Figure 8.7(a)

shows the variation of Φ̄M
3D with the M for upto 105 reflections, with β = 10−4. The

dashed lines show the Φ2D plateau that would have been reached if β was set to zero.

With a non-zero value of β, the Φ̄M
3D converges to Φ3D instead. Figure 8.7(b) shows the

variation of Φ̄M
3D with β, where increasing pz increases the TIR region of the core and

allows the core to trap more power from the initial excitation.

8.3.3 Dependence on the cross-sectional area of the core

In this subsection, the variation in Φ̄M
3D is investigated with the variation in cross-sectional

area of the core. The SIF boundaries investigated remain circular as before. In order to

scatter more regular trajectories from the cladding SOS, the core is now placed very close
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Figure 8.5: Φ̄M
3D variation in the SIF with circular core and cladding boundaries (see Fig.

7.1) with phase space pixelation. Here ncl = 2.55, nc = 2.70, pz = 0.75, and the input
excitation is I2 (see Fig. 8.1(b)). (a) Φ̄M

3D is calculated with a particular non-zero β
(β = 0.04), where the converged value, at the end of M = 103 reflections, is slightly
different for different N (lower for N = 1000, than that for N = 50). This variation
is due to diffusion that exists minimally in the system. (b) Variation of Φ̄M

3D with the
variation of β, showing the difference between the systems with two different pixlation
increasing as beta decreases. (c) Φ3D is calculated with the system with finer pixelation
(with N = 1000), and for larger M , the deviation in Φ̄M

3D occurs for lower β (Φ̄M
3D deviating

at β ∼ 0.06 for M = 103, whereas it deviates at β ∼ 0.0005 for M = 2 × 104). Φ3D is
estimated by extrapolated dashed line.
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Figure 8.6: Φ̄M
3D evaluated for β 6= 0 when the fibre is excited with I1, and allowing the

refractive index of the cladding, ncl, to vary. (a) Variation in Φ̄M
3D for different values of

ncl, and β = 10−4 (see Fig. 8.2(a) for the same plot, but with β = 0 instead). With
decreasing ncl the plateau of Φ̄M

3D increases. In (b) the variation of Φ̄M
3D is shown with the

variation in β, where Φ3D at β = 0 increases as ncl decreases. A decrease in ncl increases
the area of the TIR region of the core and more power remains trapped in that region.
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Figure 8.7: The variation in Φ̄M
3D with pz. (a) Φ̄M

3D is evaluated for different values of pz,
with β = 10−4 (see Fig. 8.2(b) for the same plot, but with β = 0 instead), when the
fibre is excited with I1. (b) The variation of Φ̄M

3D with β is plotted for different pz. As pz
increases the area of the TIR region of the core phase space increases and more power is
trapped in the core.
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to the cladding boundary in the SIF. The cross-sectional area of the core is varied and the

core boundary is placed 0.05 units away from the cladding boundary as shown by figure

8.8(a). The cladding boundary is a unit circle, and the centre of the circular core is varied

with the help of Xc along the x-axis, where Xc = 1− 0.05− rc. Figure 8.8(a) shows three

examples of non-concentric fibre cross-sections where the core radius is varied; rc = 0.3 in

(1), rc = 0.6 in (2), and rc = 0.8 in (3), and Xc changes accordingly. Figure 8.8(b) shows

the resulting Φ̄M
3D calculated with a non-zero β (β = 0.1), from an excitation I2 (see Fig.

8.1). Since the excitation only enters the chaotic region of the core interior SOS, figure

8.8(b) shows Φ̄M
3D converging, in each case, to a value comparable to the cross-sectional

area of the core. The difference is because of the TIR region in the core interior SOS that

remains empty for any excitation from the cladding coming into the core. In addition to

that, a thin layer of regular region in the cladding SOS remains as a result of whispering

galleries that remain un-scattered by the core (the gap of 0.05 units between the core

and the cladding boundary allows for this to happen; see Fig. 7.1). If the fibre allowed

the propagated light distribution to be completely chaotic, then Φ3D would converge to

the cross-sectional area of the core. The converged value of Φ̄M
3D is taken in the limit

β → 0. Figure 8.8(c) shows the variation of Φ̄M
3D with β. It shows Φ3D at β = 0 increasing

according to the area of the core, indicating more power being accumulated in the larger

core cross-section for a given propagation.

Figure 8.9 shows the variation of Φ̄M
3D in the limit β → 0, for the changes in the modelling

parameters, such as pz, ncl, and the cross-sectional area of the core. It shows the varia-

tions when the input excitation I2 is used, and summarises the analyses in this chapter.

Figure 8.9(a) shows the variation of Φ̄M
3D with the core size as was investigated in this

subsection, but with excitation I2 instead of I1. As the core cross-sectional area increases,

the accumulated power in the core increases and an approximately linear relationship is

observed. Next, the refractive index contrast between the core and the cladding is varied

by changing ncl, and it results in a decrease in Φ3D as ncl decreases when I2 is propagated,

and is shown in figure 8.9(b). The area of the core is kept at 8% of the total cross-sectional

area of the fibre. Next, the variation of Φ̄M
3D is observed by changing the position of the
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Figure 8.8: Variation in Φ̄M
3D with the cross-sectional area of the core. (a) The increase

in core size relative to the fibre cross-section, where three cases are shown (9%, 36%,
and 64%) (b) Variation in Φ̄M

3D with the cross-sectional area of the core, calculated with
β = 0.1, and initial excitation I2 (see Fig. 8.1(b)). (c) Φ̄M

3D variation with β; Φ3D at
β = 0 are comparable to the area of the core in each case (8.28%, 31.74%, and 58.02%
respectively).
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Figure 8.9: (a) Variation in Φ3D with the cross-sectional area of the core. Φ3D increases
almost linearly with the core area. (b) With excitation I2, and increasing the refractive
index of the cladding, ncl, a decrease in Φ3D is observed. (c) Moving the core closer to
the cladding boundary, as Xc increases, the chaotic region expands and more power is
accumulated in the core. (d) Increasing pz has the same effect on Φ3D as decreasing ncl.

core. The cross-sectional area core in this case is kept at 16%, which is arbitrary. Fig-

ure 8.9(c), shows that, as the Xc increases, the origin of the core is moved closer to the

boundary of the cladding. More rays are scattered by the core as a result and the area

of the chaotic region increases. This results in more power being accumulated through

the chaotic region in the core. Finally, figure 8.9(d) shows the variation in Φ̄M
3D with pz,

where an increase in pz results in less power being accumulated by the core. This is due

to the expansion of the TIR region of the core and shows the same effect as decreasing ncl,

although the change is less prominent because p̄core has a square-root relationship with

pz.
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8.4 Chapter summary

In this chapter, the finite operator model was applied to circular SIFs and variations

in the power accumulated in the core, Φ̄M
3D, was investigated by varying the modelling

parameters. For a given SIF structure, the refractive index of the cladding medium was

varied while that of the core medium remaining unchanged, to see the variation in the

calculated Φ3D. Also for the same SIF structure, different light excitations were propa-

gated through the fibre, such as I1 and I2 as shown in figure 8.1, to see the variation in

Φ̄M
3D. Φ̄M

3D variation was also investigated with the variation in the momentum component

of the rays along the fibre axis, pz. In addition, the variation of Φ̄M
3D was also observed

by varying the cross-sectional area of the core, and the position of core in the cladding

medium. The analysis indicate that the area of the regular regions in the phase spaces

of the SIF can be altered by the fibre design, and the excitation at the input can also be

varied, to optimise the power accumulation in the core.

In the investigations carried out in this chapter, only circular-boundary-SIFs were chosen.

So diffusion artefacts had minimal effect in light propagation, and there was isolation

maintained between the chaotic and regular regions that was not affected by the number

of reflections carried out. This allowed M to be set to large numbers, which is not possible

for SIFs with deformed boundaries. However, for deformed SIFs, the variations in Φ̄M
3D

with the design parameters of the fibre still applies.



Chapter 9

Conclusions and suggestions for

future work

9.1 Summary of thesis achievements

A finite operator model has been proposed in this thesis to propagate light in deformed

optical fibres. The model incorporates ray-dynamical systems which were investigated

using the surfaces of section method. A method to extend and discretise mixed phase

spaces in any SIF was developed to account for rays bouncing around in different core-

cladding boundaries and different propagating media. Using the finite operator method,

the power accumulated in the core was obtained after light propagation in an infinite

length of the fibre in SIFs with both circular and deformed boundaries. It was found

that the diffusion artefacts due to the discretisation of the phase space imposed an upper

limit on the number of reflections that could be performed on any given light distribu-

tion in deformed SIFs. The diffusion artefacts were a direct consequence of the leading

eigenvector of the finite operator, and it made an offset in the total accumulated power

calculations. So the calculations were made by eliminating the contributions of the leading

eigenvector from the overall modelled light propagation. The results were benchmarked

using well-understood equivalent dynamical systems where diffusion artefacts weren’t an

150
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issue.

9.2 Applications

The finite operator model was developed here to help design fibre lasers, sensors and

amplifiers operating in the MIR frequencies, as discussed in chapter 2. In chapter 7,

results indicate that even with passive media simply applying slight deformations in the

fibre resulted in a better accumulation of power in the core in optical step-index fibres,

owing to the chaotic dynamics uniformly distributing the power in the fibre. The chaotic

propagation can be smoothly controlled using the boundary deformations.

SIFs, with asymmetric cross-sections but longitudinally invariant structures, having mixed

phases were studied in this thesis. Experiments can be designed where the propagation

of light launched from the input end of the fibre can be controlled using the numerical

aperture (NA), similar to those carried out by Mortensen [88] and based on modelling

results by Doya [3] in addition to Kouznetsov et al [53, 54]. NA is controlled by the

parameter pz in the finite operator method. Depending on its value, rays will propagate

either chaotically or periodically and this can be verified by looking at the intensity

profile captured at the output end. The measurement of the power captured in the core

will prove whether the chaotic propagation will improve the pump power efficiency in

active deformed air-clad step-index fibres and double-clad fibres.

The finite operator model can also be used to calculate the length of propagation of light

along the fibre. In experiments involving photoluminescence (PL) emissions from RE-

ions doped in fibre, such measurements can facilitate the modelling of “settling down”

distances. In the finite operator method, the measurement of the steady state distribution

is made in terms of the number of reflections it takes for the phase space transients to settle

down, and therefore, parameters such as pz, and distances traversed along the direction

of propagation, ∆z after each reflection can be used to obtain the distances propagated

by the emitted light distribution along the fibre.



152 Chapter 9. Conclusions and suggestions for future work

In addition, the method can also be used to model active fibres. Selective gain can

be introduced in the propagating media to model the amplification of the propagating

trajectories. This will help design RE-ion doped fibre lasers by optimising pump power

absorption in the core. The model incorporates uniformly distributed chaotic trajectories,

and structural deformations in the fibre can be deliberately imposed to improve the pump

power absorption. Investigation of active fibres is left for future work but is outlined briefly

in the following section.

9.3 Future work with active optical fibres

The finite operator model developed here provides a template for modelling SIFs with

gain. Amplification of the light propagating in the core medium could be applied, and

the model could be used to study the effects of changing the fibre deformation, complex

refractive indices (also representing loss and/or gain), and input light distribution on the

propagated distribution. Figure 9.1 shows the core interior SOS of a deformed SIF where

the light distribution in the elliptical core is amplified as it propagates along the fibre. The

example used here is of the deformed SIF cross-section shown in figure 7.2, but with the

refractive index of the cladding set to 1.8 (although the fibre is impractical to fabricate,

the TIR region of the core is exaggerated as a result and the example serves to illustrate

where the gain takes place most predominantly).

The propagated light distribution having the longest path through the total internal

reflection (TIR) region in the core experiences the largest gain. In other words, a narrow

band of trajectories having the lowest momenta inside the TIR region is amplified and

the leading eigenvector of the finite operator, T̄3D reflects this phenomenon as illustrated

in figure 9.1. Therefore, the finite operator model offers a numerically robust method to

model optical fibre amplification and could potentially be used to design optimised fibre

sensors and amplifiers.
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Figure 9.1: Introducing a gain medium in the core boundary causes amplification of a
whispering gallery band in core interior SOS.
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[45] J. U. Nöckel, A. D. Stone, G. Chen, H. L. Grossman, and R. K. Chang, “Directional

emission from asymmetric resonant cavities,” Optics Letters, vol. 21, no. 19, p. 1609,

oct 1996. [Online]. Available: https://www.osapublishing.org/abstract.cfm?URI=ol-

21-19-1609
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