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Abstract

The work presented in this thesis is divided into two main parts: strong zero modes in
quantum spin chains with open boundaries and large deviations in classical spin systems.
The results concerning the strong zero modes are presented in chapters 2 and 3, while
chapter 4 contains the results about large deviations in systems of many, but independent,
classical degrees of freedom. These two distinct classes of problems in spin chains are both
about aspects of slow relaxation to equilibrium in many-body systems.

Nowadays slow dynamics and non-ergodicity in many-body quantum systems are receiv-
ing much attention due to their notable technological potential for storing and processing,
for very long times, the quantum information encoded in boundary degrees of freedom.
In the first part of the work presented in this thesis we mainly focus on quantum spin
chains with open boundaries, which can display coherence times for edge spins, that di-
verge with the system size, as a consequence of the emergence, in the thermodynamic limit,
of conserved local quantities, called strong zero modes. First, we discuss the fate of these
coherence times when dynamics becomes dissipative. Understanding the behavior of these
long correlation times in open quantum systems, undergoing Markovian (memoryless) dy-
namics, would allow for the possibility of exploiting the protected information encoded in
the boundary spins for applications in quantum devices in realistic non-equilibrium set-
tings. Second, we study one possible simple generalization of the transverse field Ising
model to a class of ladder spin systems with plaquette interactions in the presence of a
transverse field. Also for these systems one can explicitly construct the strong zero mode
operators and understand the behavior of the consequential long coherence times for the
edge degrees of freedom under isolated (unitary) dynamics. This is possible because the
models we consider, while appearing complex superficially, can be brought to simple forms
by exploiting an extensive number of conserved quantities they possess.

The results presented in chapters 2 and 3 are closely related, even if they focus on
different models and investigate different aspects of their dynamics. Nevertheless, the
underlying concept they are based on is the same one, that is, an eigenstate phase transition
for the strong zero modes that has interesting consequences for the full energy spectrum.

In the second part of the thesis we focus on a different type of phase transitions. Here
we address the issue of dynamical large deviation phase transitions from a disordered
phase to an ordered one, in classical systems which consist in a collection of independent
Ising spins evolving stochastically. Surprisingly, by reweighing trajectories accordingly to
a certain type of time-integrated observable, even a system of independently evolving spins



can display some critical behavior, at the fluctuation level, in trajectory space in the large
size and long time limit. By making use of the tilted generator techniques we study the
statistics of two particular time-integrated observables. Their associated tilted generators
have an exact Kramers-Wannier duality and they look like, up to a sign and an additive
constant, some specific well known quantum Hamiltonians. In this sense, the dynamical
large deviation phase transitions we observe in these classical stochastic systems translate
in ground state quantum phase transitions taking place at the self dual point of the tilted
generators we study.
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Introduction

In this thesis we focus on the theoretical investigation into novel aspects of nonequi-
librium dynamics in classical and quantum many-body spin systems. A central problem
addressed by this work, of current fundamental and practical relevance, is that of relaxation
to stationarity. Combining approaches from statistical and condensed matter physics we
investigate, in the first part of this thesis, the breaking of ergodicity and some of its witness
measures, such as strong zero modes, in the dynamics of closed and open quantum systems;
this establishes connections to the nonequilibrium dynamics of highly excited states. In
the second part of the thesis we focus on the statistical mechanics approach, adapted and
based on dynamical large deviation methods, for studies of trajectory ensembles. Among
its many applications, in particular this approach allows to investigate the existence of
dynamical phase transitions in nonequilibrium processes.

The first chapter of this thesis is a general introduction to the main topics explored
throughout the thesis such as the transverse field Ising model, Lindblad formulation for
open quantum systems and large deviation theory.

In the second chapter we present novel results concerning the fate of coherence times for
edge spins of many-body quantum systems in the presence of dissipation and we show how,
in principle, the latter can enhance characteristic correlation times beyond those of purely
unitary cases. Long coherence times, or long relaxation time-scales, can arise in several
different scenarios, for instance many-body localisation, prethermalisation or metastabil-
ity, but in this thesis we will study many-body quantum spin chains with open boundaries
which can display coherence times for edge spins that diverge exponentially with system
size. These long times arise as a consequence of the presence of almost conserved opera-
tors, the so-called strong zero modes. Thus, this phenomenon provides a useful platform for
storing and protecting the information encoded in the many-body quantum states for very
long times with possible applications in future quantum technologies. However, in actual
applications, these effects, so far only established in isolated unitary systems, must face
the presence of thermal environments affecting the many-body quantum time-evolution;
while in general these induce decoherence and loss of information, we show that particu-
larly simple environments can actually increase the edge spin correlation times by orders
of magnitude as compared to the unitary case. Our research is mainly focused on the
transverse field Ising model but we show how our findings are expected to apply also to
interacting spin chains and we further generalize the notion of strong zero modes to the
case of Markovian dissipative quantum dynamics.



In the third chapter we present novel exact results about the observation of long coher-
ence times for edge spins in a class of spin-1/2 ladder models with plaquette interactions,
which generalize the transverse field quantum Ising model to a quasi two-dimensional
model. Also for this class of models the long coherence times appear as a direct conse-
quence of the existence of a strong zero mode, i.e. an operator which commutes with the
Hamiltonian up to exponentially small corrections in the size of the system. We explic-
itly construct this operator for the quantum ladder models in terms of almost Majorana
fermionic operators. However, it is also possible to exploit an extensive set of symmetries
to break up the complex ladder Hamiltonian into the direct sum of several, more tractable,
Ising models with quasi-random transverse field. The realization of the transverse field
profile is determined, in each of the symmetry sector, by the choice of the values of the
conserved quantum numbers. On one hand, this mapping is of interest as it provides a
further example in which quasi-randomness can emerge in clean quantum models from the
presence of an extensive number of conserved quantities. On the other, it can actually
be used to properly understand the behavior of the infinite temperature autocorrelator,
measuring the coherence times of the edge spins in the infinite temperature state, for the
original disorder-free ladder model. Like in other models, long edge-spin coherence times
are to be expected in the parameter regime where the full ladder model exhibits a strong
zero mode; surprisingly, however, it can also happen that, even if the full ladder does not
support a strong zero mode, many symmetry sectors of the Hamiltonian do and therefore
long correlation times can still be displayed.

In the fourth chapter we present counterintuitive results about rare emergent collective
behavior in non-interacting spin systems. We show indeed how it is possible to observe
surprisingly large fluctuations towards ordered behavior in a system of many independent
degrees of freedom evolving stochastically. To formalize this statement, we make use of
large deviation theory where these large fluctuations present themselves in the form of
dynamical phase transitions. Specifically, we consider a set of non-interacting spins under-
going single spin-flip dynamics at infinite temperature. We study in detail two examples
of time-integrated plaquette observables. To unravel their statistics, we make use of tilted
generator techniques. For our observables, these generators have an exact and explicit
Kramers-Wannier (spin-plaquette) duality. We use this duality to locate the critical point
at which the dynamical phase transitions occur. In the first case, the plaquette operator
measures the degree of ordering between consecutive spins and is thus introducing a vir-
tual one-dimensional geometry. The corresponding dynamical order parameter presents
Ising critical behavior. In the second case, the plaquette observable considers spins as if
they were arranged in a two-dimensional triangular lattice. In this case, the corresponding
dynamical order parameter undergoes a discontinuous (first-order) transition; we provide
numerical evidence for this by implementing an efficient trajectory sampling scheme which
exploits the non-interacting nature of the spin dynamics. These results shed light on new
aspects of dynamical transitions in trajectory ensembles. In particular, they go beyond the
conventional paradigm of observing these phase transitions only in interacting many-body
dynamics.



Chapter 1

Background material

This introductory chapter presents the main topics on which is based the research
work addressed in this thesis and is organised in the following way: in the first part we
describe the transverse field Ising chain since this model, and its properties, are recurrent
throughout all the problems presented in this thesis; in the second part, we describe the
Lindblad formulation for open quantum systems that is used in chapter 2, and in the third
part, we present a simple and short introduction to the large deviation formalism used in
chapter 4.

1.1 Transverse Field Ising Model (TFIM)

In this section we describe the transverse field Ising model and its most important
features since we will study this model from several perspectives and we will make use of
its properties across all chapters of this thesis.

The one-dimensional transverse field Ising model [1, 2] of size L with open boundary
conditions is described by the quantum mechanical Hamiltonian

-1 L
Hypivg = —JZUfoH — hZUf, (1.1)
i—1 =1

where 0;.3 , with 8 = x,vy, 2, are the Pauli matrices acting at site ¢, the coupling constant
J describes the magnetic interaction between consecutive spins and h is the transverse
magnetic field acting in the = direction. Each spin has two possible orientations that are
described by an up state |1),, indicating the spin has a positive magnetisation, and by a
down state ||),, indicating a negative local magnetisation. The magnetisation operator
for each spin is the Pauli matrix o7, the up state corresponding to the eigenvalue +1,
o7 1), = [1),, whereas the down state corresponds to the eigenvalue —1, o7 []), = —|{),.
The 2%-dimensional Hilbert space is therefore C2®L, where C? is the space spanned by
the two states (|1),,[});) on each site <. The Pauli matrices o represent the quantum
degrees of freedom and act non trivially only on the spin states at site ¢, that is, o =

191®..0100°®1Q...®1and [of,0}] = 2i6; jea. o°.
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The transverse field Ising model Hamiltonian (1.1) describes a chain of length L of two-
level systems with nearest neighbour interaction in the presence of an external transverse
magnetic field h. By definition, quantum phase transitions are identified by the points of
nonanalyticity in the ground state energy functions, thus, we are interested in studying
the ground state energy of this Hamiltonian as a function of the couplings h and J. The
ground state of the transverse field Ising model Hamiltonian depends on the ratio h/J,
therefore we can identify two different cases: the regime where h/J < 1, known as the
ferromagnetic or ordered phase, and the quantum paramagnetic phase where h/J > 1.
It is known that for this model the ground state energy has only one critical point at
h = J where the Hamiltonian exhibits a second order quantum phase transition at zero
temperature 7' = 0 between these two distinct phases.

In the h/J > 1 phase, the term describing the effects of the transverse field dominates
the nearest neighbour interaction term. At J = 0, the ground state is the tensor product
of the state of each individual spin | =),

0) =111~ (1.2)
where

RTIR (13)

\/§ 0y ’%>z = _0-?7

are the two eigenstates of the first Pauli matrix o7 associated with the eigenvalues +1. In
this limit the ground state is a polarised state, with all spins orientated in the 4+x direction,
known as a quantum paramagnet state. In the case of very small, but not zero, values of
the interaction coupling J, most of the spins will point in the +x direction.

In the h/J < 1 phase, the first term on the right side of equation (1.1) dominates, and
in particular, at A = 0, the spins have either all positive or all negative magnetization. In
this case, the Hamiltonian is diagonal in the basis of the eigenstates of o7 and there are
two degenerate ground states

1) = H 1) or |)= H i (1.4)

=) =

where all spins point respectively in the +2z or —z direction.
The parity operator defined as
P=]]or (1.5)
i

is the generator of an exact global Z, symmetry of the transverse field Ising model Hamil-
tonian. This symmetry, which in the ordered phase, maps one ground state onto the other,
is spontaneously broken as the system will choose only one of the two states (1.4) as its
ground state. For very small values of the transverse magnetic field h there will still exist
degeneracy of the ground state where in one state most spins, but not all spins, will be



pointing in the 42z direction while in the other state most of the spins will point in the —z
direction.

For these two opposite limits of the ratio h/J, the properties of the respective ground
states are qualitatively different reflecting the fact that the ground state energy can not
be everywhere a smooth function of the couplings h and J. Indeed in the following section
1.1.1 we will see that h = J is the critical point of the ground state energy function.
For simplicity and without loss of generality, from now on we will mainly focus on the
case where J > 0, which correspond to a ferromagnetic coupling, rather than on the
antiferromagetic exchange characterized by J < 0. We will also consider the transverse
magnetic field strength to be non-negative, i.e., h > 0.

1.1.1 Exact spectrum of TFIM with periodic boundary conditions

In this section we outline the main points of the formalism used to diagonalise the
transverse field Ising model Hamiltonian with periodic boundary conditions. The ex-
act spectrum of the Ising chain in a transverse field is obtained by first performing the
Jordan-Wigner transformation, that maps spin-1/2 operators in spinless fermions, and by
successively performing the Bogoliubov transformation, that maps the Fermi operators,
violating the fermion conservation number, into a set of fermionic operators that have a
definite fermion number. The Jordan-Wigner transformation is a non-local transformation
that depends on the boundary conditions. In this section we will focus on periodic bound-
ary conditions [1-4], that is, we use the identification o7, = o, meaning that we add a
term, connecting the first and last spins, to the Hamiltonian of equation (1.1) which now
becomes

L L
HTFIM:—JZUfo+1—hZOZc. (16)
i=1 i=1
The exact spectrum of the transverse field Ising model Hamiltonian can be obtained
straightforwardly also for open and antiperiodic boundary conditions as shown in [5,6].

We start from the transverse field Ising model Hamiltonian of equation (1.6) and by
performing an unitary canonical transformation, that consists in rotating the spin axes of
7/2 around the y-axis, we change coordinates

of = —0;, 0] =07, (1.7)
so that we now rewrite the Hamiltonian as
L L
HTFIM = —JZO’?O’&l—i—hZUf. (18)
i=1 i=1

This Hamiltonian can be expressed in terms of raising o;" and lowering o; operators defined
at each site ¢ as

1
Uj:§(0f+lo-zzj)7
1
T =_(c% —id?
g; 2<Oz ZO_@)?

(1.9)
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with N
 _ _
o, =0, +0;,
z __ .+

i — 0y

N (1.10)

o o, —0;,0; .

These operators are referred to as hard-core bosons as they satisfy fermionic anticommu-
tation relations on the same site

{0707} =0, {of,07}=1, (1.11)
while they satisfy bosonic commutation relations on different sites

[aii,ajﬂ =0, [aii,aﬂ =0 Vi#j. (1.12)

The transverse field Ising model Hamiltonian in terms of the ladder operators reads

L

L
Hypy = —J Y (07 +07) (0,1 +0741) + 20 _ofo; —hL. (1.13)

i=1 i=1

By performing the conventional Jordan-Wigner transformation, that brings spin-1/2 oper-
ators into spin-less fermionic operators for many-sites problems,

i—1
¢ = H exp (imo) o} ) o7,
j=1

, (1.14)
i—1
ol = Hexp (—imooy) o,
j=1
with inverse
1—1
0, = exp (—i?TZC}Cj) Ci
j=1
i (1.15)
o =exp (im Z c;r-cj) e
j=1
the Hamiltonian can be rewritten in the form
L L
HTFIM = —JZ <CIC¢+1 — CiC;r_i_l + CICL_l — Cici+1> -+ th C,}LCZ‘ — hL, (116)
i=1 =1

where ¢; and cj» are respectively Fermi annihilation and creation operators that now satisfy
proper anticommutation relations

{ci,c;} =05, {c,¢}t=0, {c},c}} =0, Vi#£j. (1.17)

11



The Hamiltonian of equation (1.16) is quadratic in Jordan-Wigner fermions and therefore it
can be diagonalised exactly using standard methods [2-4]|. The last term in equation (1.16)
is a constant energy shift which we will neglect from now on. We will also neglect the term
proportional to —J(exp(im ZZL cle)(cher + b el) + exp(—im ZZL cle)(epel + cpey)) due to
the periodic boundary conditions. This latter correction term can be ignored as it becomes
negligible in the thermodynamic limit of infinite size systems.

We introduce the Fourier transformation to the momentum space

1 —ikr;
ap =—= Y cje "I
VIS

1 (1.18)
T T ikr;
Clk — T = Z C,] e J 3
VL%
with inverse
1 Lo
cj = —Zakel ",
VL%
1 Z R (1.19)
T —ikr;
cg=—=) ae ",
VL2
Substituting these transformed operators in equation (1.16) we obtain
Hypmg = 2 Z —iJ sin(k) [aLaT_k - a_kak} + (h — Jcos(k)) [a,tak — a_kaT_k}
k
(1.20)

“aX et (M) s (),

where the wave numbers k& = mm /L, with m an odd number in the interval 0 < m < 2L—1,
satisfy the periodic boundary conditions [6].
We now perform the Bogoliubov transformation

< ay > _ (cos(gbk) isin(gbk)) ( by, ) (1.21)
aT_k ZSIH(¢I€) COS(¢I€) bT_k ’ .
that maps the pair (ak,aik) into a new pair of fermionic operators (bk,btk). This is an

unitary transformation where the angle ¢ is determined by the relation

sin k

Using this canonical transformation we can express the transverse field Ising model Hamil-
tonian (1.20) in terms of the new set of fermionic operator (b, b’ ,) and obtain the final

form
M b NS
Hrpmvn = —JZ [(1 — j) + 43 sin’ (5)] (bzbk — b—kbik> ; (1.23)
k

12



where the ground state energy for periodic boundary conditions is

2L—-1 A 2 h mi

1/2

(1.24)

In the ground state of the Hamiltonian (1.23) all fermionic states are empty, and in order
to create excited states, single-particle states must be occupied. In such a case the gap
between the excited states and the ground state is

AE = Ey(J,h) — Eo(J, h) = 2J [(1 — %)2 + 4% sin? (g)] " , (1.25)

with the minimum energy gap, obtained for the first excited state with £ =0
AE=2J|1-h/J|. (1.26)

This energy gap closes at h = J that is the critical point of the one dimensional spin-1/2
transverse field Ising model at which the second order zero temperature quantum phase
transition takes place in the limit L — oo.

1.1.2 Duality in the TFIM

The classical two-dimensional Ising model has a Kramers-Wannier duality (7, 8|; the
strong coupling expansion of the partition function on a graph coincides with the weak
coupling expansion on the dual graph, that is, any phenomenon taking place at high
temperature is transformed into an analogous low temperature phenomenon. Due to the
mapping between the two-dimensional classical model and the one dimensional quantum
Ising model (see appendix D), it is expected that the existence of this duality symmetry
would have consequences also for the transverse field Ising model Hamiltonian. In general
duality symmetries are very informative as they help to make estimate of the value of the
critical field at which a phase transition might occur thus they help to locate the critical
points.

The duality transformation in the quantum case is defined in the following way |[2]

T _z _Zz
Ty = 00,41,
i
z_|| T
Ti_ Jka
k=1

where the operators TZ-B, with 8 = x,y, z, are defined on the dual lattice and they satisfy
the same algebra as the Pauli operators aiﬁ belonging to the primal lattice

(1.27)

2 =1, {7 =0, [T.a 76} = 200, jeapy T, Vi, (1.28)

R

13



This non-local transformation maps sites on the original lattice onto bonds on the dual
lattice and sites on the dual lattice into links on the original lattice. The dual lattice is
obtained by putting a node at the center of each cell in the original lattice, thus, for this
model a dual site is place halfway between two sites on the original lattice.

Using the duality symmetry (1.27) we can rewrite the transverse field Ising model
Hamiltonian

L L
Hrypra (J,h) = =Y ojoi, —hY of
=1 =1

L L
. h . (1.29)
=—J (Z i T 7 Zﬂ' Ti+1>
i=1 i=1
= JHTFIM (h/‘]v 1) )
implying that the ground state energy of the system satisfies the relation
Eo(J,h) = JEy(h/J,1) . (1.30)

Similarly to what happens in the classical case, the duality transformation involved in the
quantum model relates the ferromagnetic and paramagnetic phases and suggests that the
critical point at which the quantum phase transition occurs is the self dual point J = h.

1.2 Lindbladians and open quantum systems

In this section we discuss, in a short and schematic manner, the derivation of the
Lindblad master equation describing the non-unitary and irreversible evolution of Marko-
vian quantum open systems [9-14]. In physics being able to exhaustively describe the
time evolution of systems is of fundamental importance for deciphering their properties.
In particular, the study of the dynamics of open quantum systems has a wide range of
applications including those in quantum optics, quantum information, chemical physics,
condensed matter and statistical physics [11,14-16].

We consider an isolated multipartite quantum system undergoing unitary dynamics.
This closed system is composed by a subsystem, that we are interested in studying and
which is described by a time-independent Hamiltonian Hg, and, the rest, identified as the
external environment F of the subsystem S and characterized by a Hamiltonian Hg. In
general, the subsystem S and the environment £ interact with each other, this interaction
being described by a Hamiltonian Hgp.

The Hilbert space H of the whole system is the tensor product of the Hilbert spaces of
the subsystem Hg and of the environment Hpg

H=Hs@Hg, (1.31)
with dimension equal to the product of the dimensions of Hg and Hpg,

dimH =dimHg - dimHg . (1.32)

14



The whole system undergoes a unitary evolution governed by the total Hamiltonian
Hiow = Hs + Hp + Hsp, (1.33)

with equation of motion, known as the Liouville-von Neumann equation, for the global
density matrix operator pio

d )
Eptot = —1 [Htotaptot] ) (1~34)

where we set the Planck constant & equal to 1.

It is convenient to consider the interaction picture where the time evolution of the
operators in the Hilbert space H is generated only by the system and the environment
Hamiltonian Hg 4+ Hfr and not by the Hamiltonian of the whole system Hi; as it happens
in the Heisenberg picture. We are looking for approximate solutions, through a perturbative
approach, for the above equation of motion and the interaction picture helps us to better
describe the dymanics of the system. In this interaction picture, the corresponding Liouville
von-Neumann equation, describing the time evolution of the total density matrix, assumes

the form
d

olt) = —i[H(®), p(t)] (1.35)

where the interaction picture Hamiltonian operator,
H(t)=U'HgpU, (1.36)

and the interaction picture density matrix operator,
p(t) = Ulpioi U, (1.37)

are obtained from their corresponding Schrédinger picture operators, Hgg and piot, by
means of an unitary trasformation with evolution operator

U = e {Hs+Hp)t (1.38)

Formally integrating both terms of equation (1.35) we obtain

p@zﬂ@—%ﬁﬂ%ﬂ%ﬁ- (1.30)

Substituting this equivalent integral form in equation (1.35) yields to

Gott) = =i H(0.p(0)] = [ [10). [1105), o) s (1.40

At this point we perform a first approximation which is known as the Born approximation.
In the setting of this approximation we assume that the system (5) - environment (E)
coupling is weak and that the environment is large, so that the environment is only slightly
affected by changes taking place in the system. In formulae this translates as

p(t) = ps(t) @ pe(0), (1.41)

15



meaning that the density matrix of the total system at time ¢, p(t), can be expressed as
the direct product of the density matrix describing the system S at time ¢, pg(t), with the
density matrix of the environment that is really never changing since the latter is always
in the equilibrium thermal state that we denote with pg(0). In other words, we assume
that the environment state is decoupled from the system state, thus, we have

G0(0) = =i 1H(0).p5(0) © ()] = [ [0 [H(3) pss) @ pp(O) ] 5. (142)

We are interested in studying the time evolution of the open quantum system S and to
that end we eliminate the degrees of freedom related to the external environment E by
considering the reduced density matrix

ps = trep. (1.43)

This reduced density matrix, obtained as the partial trace taken over the environment
degrees of freedom, contains the full statistical information one needs for studying and
describing observables O belonging to the system S, as the expectation value of these
observables is defined as

<O> = If’l"s (Opg) . (1.44)
That being said, we perform the partial trace and we get
d t
apS@) = _/ ire |:H(t)> [H(S), pS<$) ® pE(O)] ds ) (145)
0

where we assumed that
tre [H(t), ps(0) @ pp(0)] =0, (1.46)

since Hgp, in H(t) = UTHgpU, can be always defined such that equation (1.46) holds.

The continuation of the description of the standard procedure for deriving from equa-
tion (1.45) the quantum master equation in Lindblad form can be found in appendix A
and it follows that of |9,14]. Here we briefly outline the next approximations within this
approach. The second approximation, in the microscopic derivation of the Lindblad gen-
erator starting from the Hamiltonian dynamics, is the Markov approximation. In this
approximation it is assumed that characteristic decay times 7z of correlation functions in
the external environment F take place on shorter timescales with respect to the relaxation
time of the system 75 (A.4). As a result of taking this approximation, the evolution of the
state of the system does not depend anymore on the initial state. Next, in the rotating
wave approximation all the non-secular terms can be neglected ensuring that the Redfield
equation, that is, the quantum master equation obtained after taking the Born-Markov ap-
proximation, does preserve positivity of the density matrix (A.14). This set of assumptions
and approximations eventually leads to the quantum master equation

 pslt) = Los(t) (1.47)
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with Lindblad generator [cf. (A.23)]
Lps(t) = —i [H, ps(t +Z( ps(EL ~ 3 { L ps(1)} ) (1.48)

where the operators L, are referred to as jump operators and H = Hg + Hps |cf. (A.20),
(A.23)]. The first term on the right side of the equation describes the coherent part of the
evolution, whereas the terms in the sum represent the dissipator of the master equation
which encodes the consequences of the existence of a large external environment weakly
interacting with the system.

In chapter 2 we assume that the above derivation of the Markovian quantum master
equation can be done for the quantum systems we investigate. Thus, we use the structure
of the Lindblad generator (1.48) by writing Hamiltonians H and jump operators L, specific
to the systems and to the settings we study [c¢f. (2.1), (2.8), (2.9), (2.17)].

1.3 Large deviations in classical problems

In recent years there has been a growing interest in understanding and controlling
dynamical large fluctuations as they play an essential role in characterizing the dynami-
cal behavior of equilibrium and out of equilibrium classical and quantum systems. Such
exciting intellectual effort has a lot of applications in many branches of science including
topics such as glassy systems, multifractals, chemical reactions, transport phenomena, pro-
tein folding, exclusion processes, disordered media, stochastic models of gene expression,
chaotic systems, atmospheric and climate models and finance (detailed references can be
found in [17-21]).

Large deviation theory deals with the exponential decay of probabilities of observing
rare events in stochastic processes in a certain scaling limit. The scaling limit can be that
of long observation times over which a stochastic system is studied, a large number of
degrees of freedom characterizing the stochastic process under investigation, as well as, a
small noise perturbing a system with stochastic dynamics [21,22].

In this section we discuss a very simple, but yet very explicative, example of large
deviation results that will give an immediate intuition of what large deviation theory is
about. There are several, but strictly related, different points of view, depending on the
mathematical or physical background contexts and applications, of describing what is the
theory that studies large deviations [21]. In this thesis we will focus on the physical point
of view which argues that large deviation theory is the rigorous mathematical language of
statistical mechanics, thus, we will study the large deviation formalism through a statistical
mechanics approach where we will investigate ensembles of trajectories of the dynamics
in the context of the thermodynamics method developed by Ruelle, Lanford, Ellis and
Oono [21,23,24].
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1.3.1 An example of large deviation results

The basic example of large deviation theory that we consider in this section consists
in tossing N coins. These represent N independent and identically distributed random
variables following a Bernoulli distribution where, for each of the N coins, we associate the
number 1 to heads and the number 0 to tails. When flipping a single coin, the probability
to obtain head or tail is %, with associated variance o2 = i, meaning that each coin can take
the value 0 or 1 with equal probability. When tossing N coins, we can define a sequence
p = (p1,p2,-..,pn) where each component p;, with ¢ = 1,2,..., N, represents a coin and
can assume the value 0 or 1.

In particular, we are interested in studying the fraction of 1’s enclosed in the sequence

p and defined as the sum of the random variables p;,

1 N
Ry = N ;pi, (1-49)

in the limit of a large number of coins. The first thing that comes to someone’s mind is to
apply the law of large numbers and the central limit theorem, and as expected, the result
is that, when tossing a large number of coins, on average, half of coins will display their
head side and the remaining half will display their tail side.

What we are interested in studying is not this well known behaviour but rather in-
vestigating the probability of finding a certain atypical fraction of heads in the vector p,
different from the standard fraction %, as for example, the probability of having a very
large or very small fraction of 1’s or even the probability of having only 1’s in the sequence
p. The limitation of the central limit theorem is that, it describes well only the fluctuations
around the average, whereas we are interested in studying the probability of observing rare
events far away from the mean, as for example having all the components of the vector p
equal to 1’s or 0’s.

In this specific simple case under investigation, we can perform the exact combinatorial
analysis where the probability 7(Ry = r) that the fration of heads Ry assumes a value r,
with 7 a rational number that can take one of the values in the set {0, &, 2, 2 . %, 1},

y N N N?
has the form
1 N!

") = SN NN — )

For large N we can perform a scaled analysis by taking the Stirling approximation N! &
NVNe=N that leads to the following exponential form for the probability distribution

m(Ry =71) < e NGO (1.51)

with
G(r) =log2+rlogr+ (1 —r)log(1—7r). (1.52)

Every time a probability distribution takes the form of that of equation (1.51), we say
that it follows a large deviation principle, with G(r) being the large deviation function.
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One important feature of the large deviation function G(r), describing the whole range of
fluctuations, is that its form is different, except around the mean, from the parabolic shape
G(r) ~ (T;U’Q)Q, where p represents the mean and o? the variance, predicted by the central
limit theorem for independent and identically random variables distributed according to
a Gaussian distribution and describing fluctuations only of the mean. In this sense we
can say that large deviation theory is an improvement of the law of large numbers and
of the central limit theorem since it describes the probability of large fluctuations and
not only the probability of small fluctuations around the average. The large deviation
function G(r) of equation (1.52) is positive and convex for all the values of r in the set
{0,+,2,2,..., %21 1}, with an unique zero, as one would expect, at r = 1/2. The
exponential form of equation (1.51) means that the probability of observing a fraction of
I’s in the sequence p different from the typical one, so for r # 1/2, will decay exponentially
fast for increasing the number N of coins and for large IV, the only sequence with a not zero
probability to be observed, is the one associated to the zero of the function G(r) located
at r = 1/2, that is, half of the entries of p are 1’s and half 0’s.

In equation (1.51) the symbol < represents the asymptotic logarithmic equality meaning
that the dominant behavior of the density probability 7(Ry = r) is a decaying exponential
in V and the rate of decay is controlled by the large deviation function G(r) which is a
not everywhere zero function. The equivalent and more precise way (but still not enough
precise, for a strictly more precise mathematical definition c¢f. (37-40) in [21]) of referring
to the large deviation principle is by considering the limit

) 1
1\}1_1}1;0 N logm(Ry =1) = G(r). (1.53)
If this limit exists, then the probability 7(Ry = r) of the random variable Ry satisfies a
large deviation principle with G(r) being the large deviation function which in this context
we refer as the rate function. This definition of the large deviation principle clarifies the
use of the approximation used in equation (1.51). The exact probability distribution can

be expressed as
m(Ry = 1) = e NG Fo) (1.54)

where o(IN) contains correction terms which are sub-linear in N, that is,

o(N)

lim —% log 7(Ry = 1) = G(r) — lim — Q). (1.55)

N—o0 N—oo
meaning that the limit of equation (1.53) is the appropriate needed limit to consider for
preserving the exponential scaling law of 7(Ry = r) in equation (1.51).

For this specific example of N random bits, which describes a very simple model,
it is possible to perform the above exact combinatorial calculations but in general, in
many stochastic processes, the statistics of certain stochastic observables one would like to
study are not known and in these cases one has to perform simulations. In general, when
performing a simulation and considering a certain scaling limit, for example that of a large
number of coins if we refer to the above example, it is very difficult to obtain the large
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deviation form presented in equation (1.51), as for increasing N the probability decays
exponentially fast with NV, so in these cases one has to tackle the problem of numerically
evaluating the large deviation probabilities and of obtaining the large deviation form by
implementing, appropriate and efficient, importance sampling algorithms.

1.3.2 Large deviation theory as mathematical language of equilib-
rium statistical mechanics

Large deviation functions are everywhere in physics, in particular large deviation theory
is the mathematical language of equilibrium in statistical mechanics. From this point
of view, the entropy functions and the variational principles, that is, maximum entropy
principle of microcanonical ensembles and minimum free energy principle of canonical
ensembles, encountered in the study of thermodynamic systems in equilibrium, based on
the statistical method and on the language of the Gibbs ensembles, correspond in the large
deviation theory to special rate functions and contraction principles. Furthermore, from the
large deviation techniques can be derived the equivalence between the microcanonical and
canonical ensembles in the thermodynamic limit [25] and the appearance of the Legendre-
Fenchel transform connecting the canonical free energy and the microcanonical entropy [21].

In the Gibbs ensembles theory, the macroscopic states of matter are determined by the
properties and by the motion of their microscopic constituents. An isolated macroscopic
system is characterized by a large number of elementary components, its volume N and
the total energy E. Fixing the value of these quantities allows one to identify a macrostate
of the system. At the microscopic level there are many distinct states, called microstates,
that correspond to the same macrostate.

The microcanonical ensemble is the set of all microstates with fixed energy E and
volume N which describes the properties of a isolated system in equilibrium. One im-
portant consequence of the Liouville theorem, asserting that the density of the accessible
microstates of a system is constant, is that one can compute explicitly the number of
microstates which is proportional to the volume of the state space

Number of microstates = Q(E, N). (1.56)

The link between the entropy S(FE), a thermodynamic property of the system, and the
number of microstates Q(E, N), a microscopic feature of the system, is defined by the
Planck equation

S(F)=klogQ(E,N), (1.57)

where k is the Boltzmann constant (see |25] for a precise mathematical definition of the
statistical weight Q(E, N)).

In the large size limit, the counting factor Q(F, N) follows a large deviation form as
the one of equation (1.51), with large deviation function equal to the entropy density s(E)

Q(E,N) = eNsB/k (1.58)
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where the symbol =< implies the limit presented in equation (1.53). Since log Q(E, N) is an
increasing function of Q(E, N) as the system evolves towards equilibrium, this is equivalent
of saying that, the equilibrium macrostate is the one maximizing the entropy.

The canonical ensemble describes a macroscopic system with, fluctuating and not
uniquely determined energy, and fixed temperature 7', in equilibrium with a thermal en-
vironment. In this case we can define the canonical partition function as the Laplace
transform of parameter 8 = 1/kT of the fuction Q(E, N)

Z(B,N) =Y _ Q(E,N)e ", (1.59)

Unlike the microcanonical ensemble where all microstates have equal probability to be
occupied, in the canonical ensemble, the microstates are characterized by different energies
so they have different probabilities of occupation and the partition function indicates the
probability of occupation of a microstate depending on its energy.

In the large size limit the partition function follows a large deviation principle with
large deviation function which is equal to the Helmoltz free energy density f(5) = F(5)/N

Z(B,N) = e PN/B) (1.60)

It is precisely this large deviation structure of the equilibrium statistical mechanics, e.g.
equations (1.58) and (1.60), that is responsible for obtaining the Legendre-Fenchel trans-
form connecting the free energy density f(f) and the entropy density s(u)

s(u) = inf [Bu — S(3)] (1.61)

with w = E//N and where “inf” stands for “infimum of”.

In general we are interested in studying out of equilibrium systems, such as transport
phenomena, glassy systems and open quantum settings, and since in these cases we do not
have a complete theory of nonequilibrium statistical mechanics to apply, large deviation
techniques can be utilised in order to study the properties of nonequilibrium systems. In
these cases, spatio-temporal correlations emerge and the interesting behavior of the dynam-
ics of the nonequilirium systems under investigation is not anymore in the configurations
as in the thermodynamic case but in the trajectories. For this reason, a thermodynamics
of trajectories base on large deviation techniques has been developed and is the one we are
going to exploit in the cases we study in chapter 4.

1.3.3 Stochastic Dynamics and Large Deviations

In this section we establish our notation and review the basics of dynamical large
deviation methods. In chapter 4 we focus on classical stochastic systems with continuous-
time Markovian dynamics. Our notation is similar to that of, for example, Refs. [19,26-28|.
The state of the system is described by a vector |P;) collecting the probabilities P,(C) of
observing the state in a given configuration C' at time ¢

[P) = R(C)[C). (1.62)
C
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In classical stochastic dynamics such a vector evolves according to a master equation (ME)
0 |P) = WIF) . (1.63)

The classical stochastic generator W contains information about transition probabilities
and the escape rate from a given configuration. Explicitly it reads,

W= Y W)l - ZR (1.64)
C,C'+£C

where W(C' — ") is the transition rate from C to C" and R(C) = > 0, W(C — (') is
the escape rate from C. The dynamics encoded in the ME (1.63) is realised by means of
stochastic trajectories. Starting from configuration C, the system survives in this state for
a random time At, which is distributed exponentially according to S(At) = R(C)e F(OAL
and then jumps into a new configuration according to the rates W(C — ).

As such, a trajectory of total time ¢ consists in a sequence of configurations, w; =
(Co = Cy, — C, — -+ = (), and waiting times for jumps between them, where
0 <t <ty <t3 <---<t, <t are the times at which the change of configuration
occurs, and (Y is the initial configuration. Between the time of the last jump %,, and the
final time ¢ of the trajectory, the configuration remains unchanged (i.e., “survives” in Cy, ).
The evolution of the probability state vector |P;) can be recovered by averaging over all
stochastic trajectories.

To investigate the emergence of ordered dynamical phases and of strong spatio-temporal
correlations it is necessary to investigate the full probability of time-integrated observables
[20-22, 28]. We represent observables as vectors,

=>_0(C)(c], (1.65)
C

where O(C) is the value of the observable in configuration C. Given that classical observ-
ables are diagonal in the configuration basis, this is equivalent to representing observables
as matrices O and multiplying on the left by the flat state

(=1=>_{cl, (1.66)
c
so that (O] = (—|O.
We consider dynamical observables defined as time-integral of configuration operators
over a trajectory

Olewr] = /Ot 4t (0| (1.67)

where Cy is the configuration of the state at time ¢’ in a stochastic realisation w;. Note
that while O is a static observable (a function only of the configuration), O is a dynamical
observable, a functional of the trajectory and extensive in time (and in space if O is space-
additive).
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For each realisation of the process, i.e. for each trajectory w;, there is associated a value
of the time-integrated observable, Ofw;]. Its probability distribution can thus be written
as

(0) =D P(wi)d (Olwi] — 0) (1.68)

where P(w;) is the probability of trajectory w; to occur. For long times this probability
distribution obeys a large deviation (LD) principle [20-22, 28|

m(0) =< e WO/ (1.69)

The so-called large rate function (o), which is the analog of an entropy density in the
ensemble of trajectories, is a function of the intensive order parameter o = O/t and gives
information about the exponential decay of the probability of observing a large deviation
far away from the typical value of 0. Indeed, this function is positive ¢(0) > 0, and equal
to zero only at the typical outcome of the observable.

The moment generating function (MGF) for the observable, Z;(s), defined as

Zy(s) =Y m(0)e, (1.70)
(@]

also obeys a large principle for large times [20-22, 28]
Zy(s) < !0, (1.71)

where 6(s) is the scaled cumulant generating function (SCGF). Its derivatives evaluated
at s = 0 give the cumulants of O scaled by time. The large deviation function 6(s) is
the analog of a free energy density for the ensemble of trajectories and s is a parameter
conjugate to the observable 0. This parameter has a role akin to the temperature in this
dynamical large deviation setting and it can be seen as a parameter modifying the original
probability of the observables. Tuning this parameter allows one to explore the tails of the
distribution m;(O).

The SCGF 6(s) contains the full statistical information about the observable O, indeed
the n—th scaled cumulant of the observable is

fom) o
= o00)] (1.72)

s=0

where ((-)) indicates cumulant. Interesting phase behaviours in trajectory space are encoded
in the analytic properties of the SCGF and its singularities are indicative of dynamical
phase transitions. The rate function ¢(0) and the SCGF 6(s) are related by a Legendre-
Fenchel transform [20-22, 28]

0(s) =supfos — p(0)] . (1.73)

o
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For finite s, the SCGF 6(s) encodes information about large fluctuations of the stochastic
dynamics. More precisely, for a given s, 6(s) provides a way to investigate the trajectories
of the process giving an atypical time-average value of (0), [29] identified by the relation

(0)s = 0'(s). (1.74)

The SCGF 6(s) can be obtained by means of tilted operators techniques [17,20-22,
28,30, 31]. In particular, it is the largest eigenvalue associated with a deformation of the
original stochastic generator W, which for observables of the form (1.67) reads,

Wo= >, W(C—C) (=) [REO)-so@)][C)(C].  (LT5)
C,C'£C C

In chapter 4 we make use of the notions mentioned in this section in order to investigate the
presence of collective dynamical phase transitions, from a disordered phase to an ordered
phase, for a set of stochastic independently evolving spins.
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Chapter 2

Enhancing correlation times for edge
spins through dissipation

This chapter is the first of two chapters that together make up the first part of the
thesis on strong zero modes. Spin chains with open boundaries, such as the transverse
field Ising model, can display coherence times for edge spins that diverge with the system
size as a consequence of almost conserved operators, the so-called strong zero modes. In
this chapter, we discuss the fate of these coherence times when the system is perturbed in
two different ways. First, we consider the effects of a unitary coupling connecting the ends
of the chain; when the coupling is weak and non-interacting, we observe stable long-lived
harmonic oscillations between the strong zero modes. Second, and more interestingly, we
consider the case when dynamics becomes dissipative. While in general dissipation induces
decoherence and loss of information, here we show that particularly simple environments
can actually enhance correlation times beyond those of the original unitary case. This
allows us to generalise the notion of strong zero modes to irreversible Markovian time-
evolutions, thus defining conditions for dissipative strong zero maps. Our results show how
dissipation could, in principle, play a useful role in protocols for storing information in
quantum devices. The work discussed in this chapter appeared in the publication:

“Enhancing correlation times for edge spins through dissipation”
L. M. Vasiloiu, F. Carollo and J. P. Garrahan
Physical Review B 98, 094308 (2018).

2.1 Introduction

Recent results have demonstrated the possibility of observing in many-body quantum
chains with open boundary conditions coherence times for edge spins that diverge exponen-
tially with the size of the system [32-37]. One of the interests in this phenomenon stems
from the possibility of storing and protecting the information encoded in quantum states
for very long times, with possible applications in future quantum technologies [38-40)].
From this perspective, for the applicability of long coherence times for boundary degrees of
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freedom - so far only established in isolated (unitary) quantum systems [32,33] - the effect
of the inevitable interaction of the system of interest with the surrounding environment
must be considered. This is the problem we address in this chapter.

Acting as a source of dissipation and noise, the interaction of a system with an envi-
ronment usually leads to suppression of truly quantum features in the system and to the
emergence of classical-like behavior. However, in some instances it has been shown that
engineered system-environment couplings can actually enhance or even generate quantum
correlations, such as entanglement [41-50]. While robustness of coherence times for edge
spins has been extensively studied in the presence of interactions or of integrability-breaking
terms and also in the presence of disorder in the Hamiltonian [32,33,51], less is known about
their behavior under irreversible open quantum dynamics [9,10,12,13,40,52-54]. In par-
ticular, it is not clear whether under Markovian (memory-less) dynamics these long edge
time-correlations can be observed and general conditions for their existence are not known.
Understanding the behavior of these time-correlations in open quantum systems would
allow for the possibility of exploiting the protected information encoded in edge spins for
applications in quantum devices also in realistic non-equilibrium settings.

Long coherence times of edge spins are due to the presence of almost conserved operators
- the so-called strong zero modes (SZM) [32-37]. The simplest example is that of the
transverse field Ising model (TFIM) with free boundaries where the SZMs operators can
be written down explicitly in compact form |32,34]. For finite sized systems, the SZMs
are coupled by the dynamics but their evolution happens on very slow time-scales, so that
initial information stored in the edge spins is preserved for times which are exponential in
the system size [32].

In this chapter we consider the effect of two different perturbations away from the op-
timal conditions for the dynamical protection of the SZMs, which we analyze separately.
One can think of two possible scenarios. The first one, illustrated in Fig. 2.1(a), consists of
connecting the two ends of an open chain via a unitary perturbation. Figure 2.1(b) illus-
trates our main result in this case: when the Hamiltonian perturbation is non-interacting
(in a way we specify in the following section) we observe macroscopic coherent oscillations
between the two SZMs, occurring on faster time-scales than those of the TFIM with free
boundaries [cf. Fig. 2.1(c)|, as the two ends are, in this case, directly connected.

More interestingly, we then address the case in which the system undergoes a dissi-
pative Markovian dynamics induced by the presence of an external environment weakly
interacting with it. Not only we show that Markovian quantum dynamics can sustain finite
yet long correlation times, but also that suitably engineered - but still relatively simple -
environments can increase coherence times by orders of magnitude with respect to original
TFIM scenario. Figure 2.1(c) illustrates this result. In fact, these correlation times diverge
with system size with a faster exponential rate in the dissipative case than in the purely
coherent case of the TFIM with free boundaries.

Indeed, as we will show, specific type of dissipations can induce fast decoherence ef-
fects affecting solely one of the two localized operators: the coherent slow oscillations of
the TFIM are suppressed but the information stored in one of the two edges is protected
for much longer time-scales than the original unitary ones. In particular, even a small
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Almost conserved operators
localized at the edges

102 ¢ (1) 10° 1010

Figure 2.1: (a) Pictorial representation of a quantum spin chain featuring almost conserved
operators, (¢1,¢r), localized at the two edges, perturbed either by weakly closing the chain
(blue arrow) or by dephasing one edge (red box). (b) L = 50, h = 0.2J: Behavior in time of
the infinite temperature time-correlations of the z-magnetization of the first spin Co(t), given by
Eq. (2.7), when the edges of the original free boundary TFIM are joined through a non-interacting
Hamiltonian perturbation (A # 0). Coherent oscillations between the two strong zero modes take
place on faster time-scales than those of the free boundary case (A =0). (¢) L=8, h=0.2J: In
the presence of dephasing (I' = 1, @ = 1/8) acting only on one edge of the free boundary TFIM
(A = 0) oscillations between the strong zero modes are suppressed; however the correlation time
for the spin at the edge is doubled in order of magnitude with respect to the original TFIM with
free boundaries. In the plot time is represented on a log-scale.

perturbation, such as dephasing on the last site of the chain, can double in order of mag-
nitude the correlation time for the first spin in the TFIM with free boundary conditions
[see Fig. 2.1(c)|]. While for finite systems these correlations will eventually decay, in the
thermodynamic limit they can persist for infinitely long times also in the presence of dis-
sipation.

We mainly focus on the TFIM |[1,2,5,6] allowing for numerical diagonalization of large
system size and amenable analytical considerations; nonetheless, we expect our findings to
be very general and we show how they apply also for a dissipative interacting spin chain
featuring almost conserved operators - the XYZ chain [33,55].

Finally, we introduce the conditions for the existence of strong zero maps, which gener-
alize the notion of SZMs to irreversible Markovian quantum dynamics. These are obtained
exploiting the possible presence of symmetry sectors in the dynamical generator of the
open quantum dynamics [56,57].
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2.2 Strong zero modes in the TFIM

The simplest many-body system where the emergence of long correlation times for the
edge spins can be observed is the TFIM (see section 1.1 for a general description of the
model) with free boundary conditions [1,5,6]. It consists of a chain of two-level systems
described by the Hamiltonian (here and in what follows we set h = 1)

L-1 L
H=-J]Y oioj,—hY of, (2.1)
i=1 i=1

where Jf, with 8 = x,y, z, represents the § Pauli matrix corresponding to the i-th site.
The parameter J embodies the strength of magnetic interactions between neighboring
sites, while h is a transverse magnetic field in the = direction. This Hamiltonian describes

non-interacting fermions. Indeed, by introducing the Majorana operators
i—1 i—1
A B
vi = of Ha,f, v, = o H oy, (2.2)
k=1 k=1

such that {7,\,7)} = 20x,yd; ;, the Hamiltonian can be written as

L-1 L
H=—~i] Yy 7Py —ih )y ~ia?. (2.3)
=1 =1

Introducing the parity operator [cf. (1.5)]

P=1]]o7. (2.4)

it is immediate to check that [H, P] = 0, implying that the eigenvectors of the Hamiltonian,
as well as its eigenvalues, can be divided into even and odd sectors. Interestingly, in the
magnetically ordered phase |h| < |J|, the even and odd parts of the Hamiltonian spectrum
become identical exponentially fast in the system size L. This can be shown by introducing
the so-called SZMs [32-37]

L—i

Lop\t Lo .,
¢ =C)_ (j) WoL=C> (3) Vi (2.5)
i1 i=1

where the constant C* = [1 — (h/J)*]/[1 — (h/J)*"] normalizes the operators in such a
way that ¢7 =1 First of all, one notices that ¢, and ¢; anticommute with the parity
operator P, and almost commute with the Hamiltonian H,

[H, ¢1/1] = £2iCT (b)) 7)1, (2.6)
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i.e., these commutators decay exponentially with system size. Therefore, with |¢;) being
an even (odd) eigenvector of the Hamiltonian associated to the eigenvalue ¢;, one has
that ¢1]v;) is a vector which is odd (even) under parity transformation. Then, because
I[H, ¢1]|| = 0 for large L, one has

H¢1|@/J¢> ~ € ¢1|¢i> )

showing that ¢; becomes, in the thermodynamic limit, an eigenvalue associated to both an
even and an odd eigenvector. These two vectors are mapped one onto the other by the
action of the SZM.

To state these properties more concisely, a SZM is an operator that almost commutes
with the dynamical generator of the system, [H, ¢1] = [, where the norm of the correction
operator, ||8.] < e ¢, with ¢ a positive constant, is exponentially decaying with the size
L of the system. In addition, the SZM is an operator that also anticommutes with the
generator of a spin-flip symmetry, {P, ¢} = 0, where [H, P] = 0, and has finite norm,
¢1 = 1.

The above mentioned properties of the Hamiltonian have remarkable practical conse-
quences: since the SZM operators are localized at the two ends of the chain when |h| < |J],
the information in the boundary sites can be stored for times which are exponentially long
in the system size [32]. Even more interestingly, this can actually be observed at high-
temperatures as witnessed by the (infinite temperature) time-correlations

1 ) )
Cxl(t) := 2—LTr (e ot o} | (2.7)

as we now explain.

2.3 Weak bond in the ring geometry for the TFIM

While the nice properties discussed in the previous section are completely lost when
considering the same model in the ring geometry (i.e. the system is made translationally
invariant through periodic boundary conditions), a question one may ask is what occurs
in intermediate regimes that interpolate between the free boundary case with its long
coherence times, and the ring geometry where they are absent. To this aim we introduce
a Hamiltonian perturbation Hy to the free boundaries TFIM Hamiltonian of Eq. (2.1),
consisting of a term directly coupling the ends of the chain, as illustrated in Fig. 2.1(a);
the unitary time-evolution is then governed by H = H + \H,, First, we consider a non-
interacting perturbation H, = —iJyP~1: in this situation, for small )\, as we display
in Fig. 2.1(b), the time-correlations C(¢) manifest stable macroscopic oscillations. This
feature emerges from the fact that the Hamiltonian perturbation connects harmonically
the modes ¢1,r, now with a finite (i.e. not decreasing with the system size) frequency that
is isolated from the region of the spectrum that becomes dense in the large L limit, [see
Fig. 2.2].
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Figure 2.2: Eigenvalues x(\) of the dual of the Liouvillian map, defined by £5[X] := i[H, X], as
a function of A for a non-interacting perturbation Hy = —iJvfyf‘ (J=1,h=0.2 and L = 30).
Here the observables X are linear in Majorana fermions 'yf /B For small A we observe two finite
frequencies wy = +2\J, that are isolated from the region of the spectrum that becomes dense
as L — oo, which are responsable for the stable macroscopic oscillations of the time correlation
function Cuo(t) between the two strong zero modes as displayed in Fig. 2.1(b). As A approaches
1, the frequencies w) enter in the continuous region of the spectrum and the coherent oscillations
fade away.

Thus, while correlations of all other modes are rapidly washed out by destructive in-
terference, the two SZMs display stable long-lived oscillations with frequency wy = 2AJ.
When \ =~ 1, w, enters in the continuous region of the spectrum and the stable oscilla-
tions fade away. Completely different is the scenario in which boundary sites of the Ising
chain are connected through the Hamiltonian H),, = —Jojo07; in this case, the first-order
perturbation correction vanishes and thus the modification to the evolution comes as a
second-order map determining a decay of the correlation function C, () [see Fig. 2.3]|.

2.4 Dissipative dynamics in the open chain TFIM and
enhancement of correlation times

The results of the previous section concern instances of unitary quantum dynamics,
thus describing a system which is perfectly isolated from its thermal surrounding. This
situation is an idealized one and, in order to account for more realistic settings, one needs
to consider open quantum evolutions [9,10,12,13,52|. For simplicity, we will consider in
this section the case of an environment weakly interacting with the system. Usually, such
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Figure 2.3: Behavior of the time correlation function C (%) in the unitary case ( h = 0.1.J) when
joining the edges of the chain through the Hamiltonian H}, = —Jojof with a small perturbative
parameter A = 0.1. In this case, we see that C(t) decays instead of undergoing macroscopic
oscillations as shown in Fig. 2.1(b). For increasing system sizes the characteristic time of this
decay increases, however it does not show an exponential dependence on L.

interaction leads to loss of quantum coherence and of quantum correlations. However, as
we now discuss, certain open quantum dynamics can still feature long correlation times for
edge spins as a consequence of the existence of SZMs.

In the following we will consider a dissipative perturbation of the original free boundary
TFIM, and not anymore the Hamiltonian perturbation of the previous section (namely, in
what follows A = 0).

In the Markovian regime, the irreversible evolution of system observables is generated
by X, = £L*[X,] where £* is the dual of the Lindbladian map £ [9,10,12|, which generates
the dynamics of the state of the system, p, through p = L[p| (see section 1.2). The dual
map has the following structure

LX) = i[H, X] + Y (L,ZXLk - % {LLLk,X}> . (2.8)

In the generator above, the first term represents the coherent part of the dynamics while
the terms in the sum encode noisy effects due to the environment. We now assume that the
presence of the environment induces decoherence in the spin chain, which can be described

by Lindblad operators

with I'; being the dephasing rate at site ¢. As one would expect, when dephasing acts
uniformly on the whole system, I'; = T, the spin-chain cannot sustain correlation times
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Figure 2.4: Transverse field Ising model with free boundaries (A = 0) subject to dephasing on a
fraction « of the chain starting from the last site. In both panels, we specify the characteristic
time-scale of the edge correlation in the original TFIM, 7rpras o (J/R)® [¢f. (18) in [32]], where
Trrryv is the first instance when C(t) = 1/e in the unperturbed TFIM with free boundaries. (a)
For a = 1 the infinite temperature time-correlation Cw (¢) decays much faster than in the original
TFIM case (the plot is for h = 0.2J, L = 8 and different I'). When I > 1 the time-scales of the
decay of C(t) are dominated by the Zeno effect and the presence or not of a strong zero mode
is irrelevant. (b) In the presence of dissipation only on a small portion of the chain, o < 1, we
observe that C(t) can decay later than in the unitary TFIM with free boundaries (data shown
for the same parameters J, h and L as in (a) with I' = 1 and different «.)

that grow with system size [see Fig. 2.4(a)|]. Nevertheless, with " small, the presence of
SZMs of the coherent case, leads to correlations times for the boundary spins which, while
finite, are longer than those where SZMs are not present (for instance when h = J). When
I' > 1 the physics changes, and time-correlations increase irrespective of the presence or
the absence of SZMs in the unitary case. This corresponds to a quantum Zeno regime, with
characteristic decay time given by 7, ~ I'/(2h?), which can be obtained straightforwardly
from second-order perturbation theory.

A very different scenario emerges when one considers dissipation only on a fraction «
of the chain starting from the rightmost site,

=0 1< L(l —«
{Fi:F i;LEl—a; (2.10)
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Figure 2.5: Behavior of the logarithm of the characteristic time of the correlation functions Coo ()
as a function of x = Llog(J/h). In the unitary case of the TFIM with free boundaries the scaling
is characterized by slope equal to one (log 7 ~ ). Remarkably, the presence of dephasing affecting
the last site of the chain, enhances the scaling of log 7 which clearly shows, in this case, a behavior
log 7 =~ 2x, meaning that correlation time is doubled in order of magnitude with respect to the
TFIM case. In the plot we fix J =1 and explore different values of L, h and T".

as illustrated in Fig. 2.4(b). Also in this dissipative case we see that characteristic decay
times for C(t) are exponentially large with the size of the system. This is a surprising
result suggesting that SZMs and infinitely long time-correlations can be observed in open
quantum dynamics.

However, there is a much more interesting effect that we can observe: not only, as we
already pointed out, SZMs can exist in dissipative settings, but, strikingly, the character-
istic decay time of time-correlations associated to their existence can be enhanced by the
presence of an external environment. This is clearly displayed in Fig. 2.4(b): decreasing
the portion of the chain affected by dephasing - which we denote by a € [0,1], ¢f. (2.10)
- we can see that the time-correlations Cy(t) stay almost invariant for larger times and,
interestingly, for certain values of o these can be much greater than the characteristic time
Tremg o (J/h)Y [ef. (18) in [32]], where Trpy is the first instance when Ci(t) = 1/e in
the unperturbed TFIM with free boundaries.

In order to understand this feature we consider the extreme case in which only the last
site of the chain is subject to dephasing. Notice that this represents, in the large L limit,
a perturbation to the unitary time-evolution of the TFIM with free boundaries which is
infinitely far apart from the SZM ¢; which is instead localized around the first edge. In
this scenario, considering a small transverse field h, the effective “slow” dynamics of the
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Figure 2.6: Behavior of the logarithm of the characteristic time of the correlation functions Cu ()
as a function of x = Llog(J/h). In the unitary case the scaling is characterized by slope equal
to one (logT ~ x). Remarkably, the presence of dephasing affecting uniformly the whole chain
described by Lindblad operators Ly = —iﬁaza}i 41, enhances the scaling of log 7 which clearly
shows, in this case, a behavior log 7 = 2z, meaning that correlation time is doubled in order of
magnitude with respect to the unitary case. In the plot we fix J = 1 and explore different values
of L, h and I.

SZMs is given, at the largest order in h, by the following system of differential equations

#(0)= by ) ) e

Computing the eigenvalues of the matrix in the above equation one finds AL = —I" £

\/F2 —4.J2 (h/J)?"; for increasing L one always reaches a regime where I' > (h/J)* and
thus we can expand the square root in order to obtain a prediction for the characteristic
decay time

N +2Llog%. (2.12)
Noticing that for the case of the unperturbed TFIM with free boundaries one expects
log 7rrrv o< Llog(J/h), we immediately see how Eq. (2.12) predicts, for the dissipative
perturbation under investigation, a characteristic time for the edge correlation function
C(t) which is doubled in order of magnitude with respect to the unperturbed evolution.
In Fig. 2.5 we show how the prediction in Eq. (2.12) is confirmed by numerical results.
While it is remarkable that a small modification of the dynamics affecting a site far

apart from the first edge can have such a strong effect on C(t), the same scaling of the

log T ~ log
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correlation times can also be found for a dissipative dynamics affecting the whole chain
and described by jump operators given by ofo},, for k=1,2,...L — 1 [see Fig. 2.6]. We
also notice that different types of unitary perturbation on the rightmost site of the chain,
such as an extra transverse field proportional to ot or a longitudinal field proportional
to agL), can sustain and even enhance the time-correlations of the original TFIM with free
boundaries. It is however surprising that such an enhancement can also be achieved by
means of specific dissipative perturbations, both extremely localized or extended through
the whole chain.

2.5 Dissipative strong zero maps

In this section we now proceed to a formal definition of SZMs in dissipative contexts.
This is achieved by promoting the notion of SZM from an operator acting on vectors to that
of a map acting on operators. Let us consider a Lindblad generator £ as in equation (2.8)
and assume that it commutes with a map implementing a discrete symmetry transformation
on the system operators. Given the generator S of the symmetry, the map can be written as
7s[X] = SXS; thus if the operator X is even under this transformation one has 7,[X] = X,
while if it is odd one has 7w [X] = —X. The fact that the Lindblad operator commutes
with the transformation £* o my = 75 0o L* means that one can divide eigenmatrices and
eigenvalues of £ into even and odd sectors.

If there exists a map ¥ such that

1. commutes, up to exponentially small corrections in system size, with the Lindblad
generator

L oV[X]~ Vo L*X], VX, (2.13)
2. anti-commutes with the parity transformation

Vormg=—mgo WU, (2.14)

then we can show that the even part of the spectrum of the Lindblad operator L is ex-
ponentially (in system size) close to the odd part. Indeed, considering X, to be an even
eigenmatrix of £, namely

T‘-S(X“F) = X+ ) E*[X-i-] = 6-l-)(-i- ) (215)

one has that W[X ] is an odd operator under the transformation, s 0 W[X,] = —U[X ],
and, because of the almost commutation of ¥ with £, also

cr [\If[)g]} ~ \p[z*[xg} — e, VX,
This shows that W[X,] is, in the thermodynamic limit, an odd eigenmatrix of £ with

eigenvalue €., meaning that the odd and even parts of the spectrum of the Lindblad oper-
ator are indeed paired. In order for the above derivation to be meaningful it is important
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Figure 2.7: Time correlation function Cu(t) for the XYZ chain (L = 8) with J, = 0.2, J, =
0.3, J, = 1 in the unitary case as well as with dephasing I' = 1 on the right boundary. Also for
this interacting Hamiltonian we see that the presence of dephasing enhances the characteristic
correlation time for the first spin. In the inset, we display a portion of the complex spectrum
of the Lindbladian superoperator for the XYZ chain (L = 6) with J, = J, = 0.1 and J, = 1
crosses represent eigenvalues from the odd sector while squares are from the even one. We found
the largest distance between corresponding eigenvalues in the two sectors to be of order 1074,

that ||U[X]|| = || X]|, VX or, at least, that the norm ||WU[X]|| is neither zero nor divergent
for all operators X. As a consequence of this pairing, with dissipative quantum dynamics
(and not just coherent dynamics), correlation times of system observables which diverge
exponentially with system size can be observed at infinite temperature.

For example, considering the operator W[1] where 1 is the identity, one has

ST (e (o) o) ~ o ((q; Eaatl] )T\Ifm)
= 2iLTr <(\11[1]>T\1/[1]> : (2.16)

In the examples of the previous section, the strong zero map is given by W[X] = ¢, X or
equivalently by W[X] = X ¢/, and S = P.

2.6 Strong Zero Map in an interacting system

The construction of the dissipative strong zero maps (DSZMs) of the previous section is
generic and does not depend on the specific model, once the conditions listed in the previous
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section are met. So far, however, we have only discussed the case of the TFIM which is
in effect a system of non-interacting fermions. To show the more general applicability, we
now study the case of an XYZ chain with open boundaries which, in contrast to the TFIM,
corresponds to an interacting system.

The Hamiltonian we consider is

L—-1
HXYZ = Z Z J5050£+1 s (217)
k=1 B=z,y,z

with couplings Jz which in principle can be different for the three components g = z,y, 2.
Furthermore, we consider dissipative dynamics, Eq. (2.8), with dephasing acting on the
last site of the lattice, that is, with jump operators (2.9) with I'; = I'd; 1.

Figure 2.7 shows the comparison between the boundary correlation function Cy(t) for
the case where dynamics is unitary generated by Eq. (2.17) and the case where there is
dephasing on the last site. From Ref. [33] we know that in the unitary case, the existence
of a SZM in the XYZ model, ¢xyz, gives rise to long coherence time (see black curve in
Fig. 2.7), for analogous reasons to what occurs in the TFIM case. From the explicit ex-
pression of ¢xyz given in [33], we know that this operator anti-commutes with the parity
operator P (which is also a symmetry of the Lindblad generator), and almost commutes
with the Lindblad generator. Thus, the conditions listed in the previous section are met
and the map Uyyz[X]| = ¢xyzX is, also in this case, a good DSZM. The corresponding
correlator in the dissipative case is shown as the red curve in Fig. 2.7. Due to the existence
of a DSZM, as in the TFIM case (cf. Fig. 2.4), we expect the existence of long correlation
times, as it is indeed shown in Fig. 2.7. We further notice that also in this case the char-
acteristic life-time of the autocorrelator for the first edge spin is actually enhanced due to
dissipation at the opposite edge. The inset to Fig. 2.7 shows moreover that the complex
spectrum of the Lindbladian is paired (approximately for the finite system shown, but the
splitting will vanish exponentially in system size) between even and odd eigenstates of L.

2.7 Discussion

In this chapter we have considered the stability of strong zero modes in quantum chains
with open boundaries. Our central result is that local dissipation can significantly enhance
the correlation time of boundary spins. On the one hand this is surprising, as dissipation
often acts to suppress memory of initial states as it tends to open up relaxation channels
beyond those existing in its absence. We find that for both the non-interacting transverse
field Tsing model and for the interacting XYZ model, dephasing at one end of an open
chain increases the correlation time of spins at the opposite end. This observation led us
to define disspative strong zero maps, corresponding to superoperators that play the role
in the case of dissipative (and Markovian) dynamics of the strong zero mode operators
present in the unitary case.
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Chapter 3

Strong zero modes in a class of
generalised Ising spin ladders with
plaquette interactions

This chapter is the second of two chapters that together make up the first part of the
thesis on strong zero modes. In this chapter we study a class of spin-1/2 quantum ladder
models with generalised plaquette interactions in the presence of a transverse field. We
show that in certain parameter regimes these models have strong zero modes responsible
for the long relaxation times of edge spins. By exploiting an infinite set of symmetries
in these systems, we show how their Hamiltonians can be represented, in each symmetry
sector, by a transverse field Ising chain. Due to the presence of an extensive number of
conserved quantities, even if the original system has no disorder, most of these symmetry
sectors feature a quasi-random transverse field profile. This representation of the ladder
system in terms of a disordered Ising chain allows to explain the features of the edge
autocorrelation function of the original system. Furthermore, we find what appears to be
a novel mechanism for slow decorrelation: even in parameter regimes where the full ladder
model does not possess an obvious strong zero mode, some of the initial information stored
in the edge spins can be preserved for long times as a consequence of the existence of
strong zero modes within individual symmetry sectors. The work discussed in this chapter
appeared in the publication:

“Strong zero modes in a class of generalized Ising spin ladders with plaquette interactions”
L. M. Vasiloiu, F. Carollo, M. Marcuzzi and J. P. Garrahan
Physical Review B 100, 024309 (2019).

3.1 Introduction

Many-body quantum systems can display slow relaxation and long correlation times
due to collective dynamical effects. Slow dynamics and non-ergodicity in quantum sys-
tems is receiving much attention nowadays both from the experimental and the theoret-
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ical side within physics. From a practical perspective, the existence of long time-scales
in the dynamics is of interest as it can be related to the possibility of maintaining long
coherence times for localised degrees of freedom in many-body systems, with the techno-
logical potential for storing and processing quantum information encoded in many-body
states [35,38-40,58,59]. On the other hand, the behavior displayed by these systems is con-
nected with topics of fundamental interest in physics such as prethermalization [37,60-62],
phase transitions [33] and the existence of topological phases of matter [34, 36, 63].

Long relaxation time-scales can arise in a variety of physical scenarios. Concrete exam-
ples include many-body systems in the presence of disorder leading to many-body localisa-
tion [64-74| and metastability in open quantum systems [75-77|. In this thesis we focus on
another area where long timescales emerge, quantum systems with free boundaries with so-
called strong zero modes (SZMs) [32-37]. Namely, a SZM is an operator which commutes
with the dynamical generator up to exponentially small corrections in the system size, the
paradigmatic example [32] being the one-dimensional transverse field Ising model (TFIM)
with free boundaries [1,5]: in the ferromagnetic phase, one can explicitly construct the SZM
operators in an iterative manner and express them as a sum of Majorana fermions [32].
The existence of a SZM operator implies the slow relaxation of certain boundary modes,
for example giving rise of coherence times that grow exponentially in system size for edge
spins in the TFIM [32,34]. SZMs can also be related to a slow logarithmic-in-time growth
of the entanglement entropy |78]|. More recently, the possibility of observing SZMs in open
settings has also been discussed [40, 54|, which connects to the more general question of
protection of coherences from dissipation [53,56,57|. For instance, as seen in chapter 2,
properly engineered dissipation can increase edge coherence times in spin chains with open
boundaries beyond those of the non-dissipative case.

In this chapter we consider SZMs in a simple generalisation of the TFIM. We consider
a class of ladder spin systems with plaquette interactions. Figure 3.1 describes the class of
models we study. The arrangement for an “M-leg ladder” is that of M parallel chains of
length L with a qubit on each site. The interactions are along the z direction involving the
product of all sites within one rung of the ladder and the ones on the rung immediately
next to it, see the shaded regions in Fig. 3.1 (details are given in section 3.2). The system
is also subject to a magnetic field on each site in the transverse direction.

In section 3.3 we show how to explicitly construct the SZMs in these systems. As
we shall see, similarly to what happens in other models [32,33], the normalisation of the
SZMs diverges as the strength of the transverse field approaches a critical value for which
the ladder models display a quantum phase transition. We then tackle the same class
of systems from a different perspective: we identify an extensive set of symmetries of the
ladder Hamiltonians which allows us to block-diagonalise them, with each symmetry sector
described by a one-dimensional TFIM. Due to the presence of the symmetries, most sectors
in general will manifest quasi-randomness in the transverse field. This is another example
of how a clean system can mimic the presence of spatial disorder in the Hamiltonian due
to a large set of conserved quantities, cf. Refs. [79,80]. We exploit this quasi-random
picture to explain the behavior of the autocorrelations of the edge spins in the infinite
temperature state. In addition, the block structure of the Hamiltonian—together with the
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Figure 3.1: Quantum M-leg ladder model with plaquette interactions. Spins UZ i» located at the
vertices of an L x M lattice (i =1,...,L;k=1,..., M), are subject to a transverse field in the x
direction. Interactions (along the z direction) between spins are given by the product of all spin
operators o7, in two neighbouring rungs of the ladder. Concretely, each plaquette is associated
with 2M spins and the interaction is given by the product H£4:1 07 1 Oiy1 g WO such plaquette
interactions are shown as the shaded areas in the sketch.

quasi-randomness of the effective transverse field in the various sectors—makes apparent
how it is possible to observe the existence of SZMs only in certain symmetry sectors.
Interestingly, in certain parameter regimes this can lead to the long coherence times for
the edge spins even when the full system does not possess a SZM. This appears to be a
novel mechanism for obtaining long correlation times.

3.2 M-leg spin-1/2 ladder

In this section we define the class of models we study. We consider spin systems which
consist of a lattice of M parallel chains of L sites each, arranged in such a way that the
1-th sites of all the chains lie on a segment which is perpendicular to the chains themselves,
cf. Fig. 3.1. Each site of this lattice carries a spin-1/2 degree of freedom, and we use the
notation aﬁf . for the local Pauli matrix in the direction ;o acting on the i-th site of the k-th
chain.

As stated in the introduction 3.1 of this chapter, the Hamiltonian of the system is a
generalisation of the TFIM Hamiltonian (1.1) which we define in the following way

L—-1 L
H=-JY ZiZi —h» S, (3.1)
=1 =1
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with

M
Zi = HUZ‘ZJ@; (3'2)
k=1
and
M
st =3"at,. (33)
k=1

where the field strength h and coupling strength J are non-negative. The term propor-
tional to h represents the uniform transverse magnetic field, while the terms in the first
sum appearing in Eq. (3.1) represent longitudinal magnetic plaquette interactions between
neighboring rungs of the ladder—as illustrated in Fig. 3.1. Notice that the TFIM is recov-
ered when M = 1.

For the whole M-leg ladder model we can define a parity operator

F=11117w (3.4)

i=1 k=1

which implements a discrete Zs spin-flip symmetry. When M > 1, however, one can also
decompose such a parity operator into the product of single chain parity operators

L
i=1
with F = Hk .Fk
One can easily check that
[H, Fr] =0 Vk, (3.6)
so that
[H,F] =0. (3.7)

This implies that an eigenstate |p) of H can be chosen to be a simultaneous eigenvector
of all the Fy,

Frlp) = Bele) , with 8, = £1,

and we can decompose the Hilbert space into parity sectors ]P’g, with 5 = (61, B2y Bm)s
which are mapped onto themselves by the action of the system Hamiltonian.

3.3 Strong zero modes in M-leg ladders

After having introduced the class of models we consider in section 3.2, we will now
proceed to show that they feature, in certain parameter ranges, SZMs. We first review the
definition of a SZM [32-34|, and then explicitly construct the SZMs for the M-leg ladders.

A SZM V is an operator which almost commutes with the Hamiltonian, ||[H, V]| ~ €,
with a correction term e;, which is exponentially decaying with the size L of the system.
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Usually, such an operator is also required to anticommute with a parity operator P, com-
muting with the Hamiltonian [P, H] = 0. When this is the case, the SZM is an operator
that maps an eigenstate of the Hamiltonian in one of the two parity sectors into an eigen-
state in the other sector. The two mapped states are split in energy by €, and since this
mapping occurs across the energy spectrum this guarantees the existence of long coherence
times.

For general M-leg ladder models, however, due to the presence of a larger number of
parity sectors, Pz, the situation is more subtle. Indeed, as we show below, SZM operators
for this class of systems obey

{U,F.}=0,Vk. (3.8)
In terms of the parity operator for the whole system, F, one then has

(W, F]=0  Meven
(3.9)
(0, F} =0 Modd.

While the commutation/anticommutation relations of the SZM with F are not of help
to understand the action of the SZM on eigenstates of the Hamiltonian, the properties
expressed in Eq. (3.8) can be used to show that it connects eigenstates and eigenvalues of
the Hamiltonian in the parity sector Pz with those of P_z. To show this, lets assume |¢)
to be an eigenvector of the Hamiltonian associated to an eigenvalue A, belonging to the
parity sector Pz. One then has that the vector V) is an eigenvector of the Hamiltonian:

H¥p) = ApWlp) + O(er), (3.10)

where we have used the fact that the SZM commutes with the Hamiltonian up to terms of
order €7 exponentially small in system size. In addition, exploiting the anticommutation
relations of the SZM with the parities F; one has that

o ‘90> - _quj |90> 7ij’

showing indeed that V|p) € P_z Summarizing, this means that for large system sizes
the spectrum of the Hamiltonian H gets paired up between corresponding parity sectors
]P’g > P—E' For explicit examples we refer to section 3.3.1.

After having discussed the consequences of the existence of the SZM on the spectral
properties of the ladder Hamiltonian we now provide its explicit form, from which we can
recover the properties described in the previous discussion. As in the case of the TFIM [32],
for general M-leg ladder models the SZM can be written as a sum of operators

L
=>4y, (3.11)
j=1

where the 1); are given by
h j—17-1
P; = <3) 15 2. (3.12)
i=1
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Notice that the terms 1; appearing in the SZM are almost Majorana operators for M # 1:
while they anticommute, {1;,¢;} = 0 for i # j, for ¢ = j the anticommutator is not a
multiple of the identity (vet commutes with any other term ).

The first and most important property to be shown is that this operator ¥ almost
commutes with the Hamiltonian. To do this we note that the Hamiltonian can be split
in two parts: one describing the magnetic interaction between spins around plaquettes,
Hy x Zj Z;Zjt1, and the other describing the effects of the transverse magnetic field
Hy Zj S7. Thus, we can write the commutator of the Hamiltonian with the SZM in the
following way

|
M) =

[H, W] ([Ho, 951 + [Hy, 45])

<.
I
—

(3.13)

T

= (Ajy1+Bj)+ By,
1

<.
Il

where we introduced the quantities [Hy, V;] = A; and [H;, V] = B;, and used [Hy, V4] =
Ay = 0. We show in section 3.3.2 that this is a telescoping series, namely A;; +B; = 0,Vj,
therefore the only contribution to the commutator comes from the term By with norm
|Br|| = 2Jak, where a = Mh/J. This thus proves that the operator defined in Eq. (3.11)
almost commutes with the Hamiltonian up to a factor that scales as a”. When a < 1 the
correction to the commutator becomes exponentially small with system size.

The almost commutation of the SZM with the ladder Hamiltonian can be used to show
the slow relaxation of coherences for the edge spins. Indeed, when o < 1, one can notice
from Eq. (3.12) that the SZM is highly localised around the first rung of the ladder. In
particular, when h < J, one has that the SZM is ¥ ~ Z; up to corrections of order h:
thus exploiting the fact that this SZM almost commutes with the Hamiltonian one can
show (in the same way as it happens for the TFIM [32]) that the infinite temperature
autocorrelation function

1
Cuo(t) := mTr (Z1(t)Z)) =~ 1, (3.14)
up to times of the order 7 ~ a~*. We will discuss the behaviour of the autocorrelation in
detail in the section 3.6.

3.3.1 Pairing due to the SZM

In this section we provide some examples regarding the pairing of the spectrum due to
the existence of SZMs. For M = 1 we recover the usual one dimensional TFIM, where the
SZM VU (¢f. Eq. (2.5)) anticommutes with the parity operator F (3.4) (¢f. Eq. (2.4)) and
it maps the spectrum in the odd sector to that in the even sector up to corrections expo-
nentially small in system size [32]. If |¢.) is an eigenvector of the Hamiltonian associated
with the eigenvalue A, belonging to the parity sector P, then one can show that W|p, ) is
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an eigenvector of the Hamiltonian associated with an eigenvalue A_, exponentially close in
system size to A\, belonging to the parity sector P_

Hlpy) =M loy), HYpy) =AU py),

~7:|90+> = |<P+>a FU |80+> =-Vv ‘90+> .

For M = 2 the Hamiltonian commutes with the single chain parity operators F; and
F> meaning that we can organize its eigenstates in four sectors P, P, [ P_, P__. Given
an eigenstate of the Hamiltonian |pg, g,) belonging to a parity sector Pg, 3, with f; = =+,
and corresponding to an eigenvalue Ag, 3,, one can show that the SZM W is mapping
this vector onto an eigenstate of the Hamiltonian belonging to the parity sector P_g, _g,.
Indeed, exploiting the anticommutation relations of the SZM with F; we have that

‘Fl\lj |¢61752> = _61\1/ |9051752> )
FoV |0p, ,) = B2V [08,,8,)

and because of the almost commutation relation of the SZM with the Hamiltonian we have
that HU [@gs, 5,) = Ag, 8,V |¢s,,5,). The latter relation shows that Ag, g, is exponentially
close to an eigenvalue in the parity sector P_g, _g,.

When M > 2 the number of parity sectors increases as 2 but with the same steps
illustrated above one can show that the SZM pairs the spectrum of H in the sector ]P’g with
that in P Fi

(3.15)

3.3.2 Derivation of the SZM for the ladder system

In this section we first derive the compact expression of the SZM for the ladder model
following the iterative procedure used in [32,33] and then we show that the correction
term to the commutator of the SZM with the system Hamiltonian is exponentially small
in system size.

In order to obtain a compact expression for the SZM we start by noticing that the Hamil-
tonian can be split in two parts

~

-1

M
—J H O kO ks (3.16)
1 k=1

7

and

L M
Hy=-hY Y ol (3.17)
=1 k=1
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such that H = Hy + H;. We set the zeroth order contribution to the SZM to be ¥; =
12, 0}, since it commutes with Hy, [Ho, ¥1] = 0. ¥; does not commute with H; though

M M
[Hy, V4] ZQih(U%HUik*'szg H Ol k
k=2

k=1,k£2
M
y z
+0i3 H Ul,k)a
k=1,k£3

therefore we need to find a correction of order h to the SZM that cancels [Hy, ¥;] when
commuted with Hy; ¥o = (h/J) ( M aik> 1, 05 works fine since

[H(], \1’2] - — [Hl, \Ijl] .

Now the commutator of ¥y with H; will generate a contribution of order h? which can be
canceled by a third correction to the SZM of order h?. Following this pattern it is easy to
show that if the SZM has the following compact form

U = Z (%)j_l ﬁ (i o;?fk) ﬁlaik, (3.18)

then the norm of the error term to the commutator decays exponentially with system size,
namely || [H, V] || ~ o’ where o = Mh/J.

In order to prove this last statement and the form of Eq. (3.18) we write the commutator,
as mentioned in the main text, as a telescoping series

~

1
[H,¥] = ) (Aj+Bj)+ B, (3.19)
1

J
and we now show that A, = —B;,Vj, meaning that the only contribution to the com-
mutator comes from the term Bj. We start by evaluating the term B; = [H;, V;]. Using
the fact that Pauli matrices on different sites act on different spin states we can see that

the only non zero contribute to this commutator is the one when o) and o7, act on the
same site, that is ¢ = j

- () 11 (350)

=1 n=1
M M
X z
Z%k ; H%n :
k=1 n=1

On the other hand when we evaluate the term A, = [Hy, ¥;11], we observe that all
the plaquette terms of H, commute with W, except the j—th plaquette

X
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J@fﬁz;;;“

Ajpr = [Ho, V] = < ) [HUZ ’ﬁiafn]

therefore
Aj+1 + Bj == 0, VJ

To show that the norm of By decays exponentially with system size we note that, from all
the terms of Hj, only the one at site (j, k) gives non zero contribute

hZaj o U

and knowing that [|[A, B] || < 2[|A|||| B]| and [ ¥;]| < (h/J) ™" MI~" we get
1Bl = [ [H, 9} | = || [Hy, Wr] || = 2Ta",

[Hly

with a = Mh/J.

3.4 Norm of ¥V and relation to phase transitions

An important property for the SZM is that it must be normalisable. Indeed, if this
were not true it would not be possible to give a meaning to the manipulations described
in the previous section. In this section we prove the conditions under which the SZM
operator has finite norm, i.e., the sum in Eq. (3.11) converges. We will also show that the
point at which the norm of the SZM becomes unbounded, the ground state of the system
undergoes an Ising-type phase transition. This seems to provide further evidence of the
relation between existence of SZM and the occurrence of phase transitions in quantum
Hamiltonian systems [33].

To compute the norm of the SZM, ¢f. Eq. (3.11), we make use of the anticommutation
relations, {t;,¢;} = 0, Vi # j, and we express the square of the SZM as W2 = 37 42,

with
B 26-1) i1
w=(5) e

k=1

Since all terms in U2 commute among themselves we can compute the norm as

1 — 2L 1/2
U = 2| =
el = I = (=2
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Figure 3.2: Phase transition in the ladder model for different values of M. The order parameter is
the expectation value in the ground state of the product of the magnetization operators along the
z direction for the single rungs of the ladder, (Z;). When M = 1 (TFIM case) the transition occurs
at h. = J. For general values of M the transition is shifted to h, = J/M. We show here results
for M =1,2,3 obtained by means of infinite time-evolving block decimation algorithms [81-84].

From the above equation it is clear that the SZM is normalisable for & < 1. On the other
hand, one can show that the ladder model undergoes a quantum phase transition when
the transverse field approaches the critical value h. = J/M, corresponding to o = 1.

The order parameter for an M-leg ladder system is the expectation value in the ground
state of the product of operators along the z direction for a rung of the ladder, (Z;) (which
generalises the order parameter of the TFIM). In Fig. 3.2 we plot the order parameter as
a function of magnetic field for different values of M: we see that the point at which the
eigenstates pairing due to the SZM disappears is the same value of the transverse field for
which the quantum phase transition in the ground state of the Hamiltonian takes place [33].

3.5 Quasi-random Ising chains from the ladder model

In this section we show how the Hamiltonian for the ladder model can be decomposed
into a direct sum of Ising Hamiltonians with a transverse field that can mimic the presence
of randomness in the chain. In order to achieve this, in the spirit of [79], we characterize an
extensive set of conserved quantities which we can then use to decompose the Hamiltonian
in the various blocks identified by the conserved charges.

The first step thus consists in finding the above mentioned symmetries of the Hamilto-
nian. This can be achieved by directly inspecting the operator S? = (S%)2 + (S¥)? + (57)2,
proportional to the total angular momentum in each rung of the ladder, and also the square
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of the magnetization along the z direction (S¥)2. One can check that

[S?,H] =0, Vi,
9 _ (3.21)

[(S7)?, H] =0, Vi.
The existence of these conserved quantities allows us to represent the original ladder Hamil-
tonian in a simultaneous eigenbasis of S? and (S;T”)2 in the various symmetry sectors iden-
tified by the quantum numbers of S? and (S7)?%.

We thus need to identify these values and to understand the action of the Hamiltonian
on their eigenstates. From the definition of S¥ and S? it is clear that we are dealing with
the coupling of M spin-1/2 systems along each vertical column characterized by the index
i. Therefore, the possible eigenvalues s? of S? are

s7=40(0+1), (3.22)

where the factor 4 comes from the fact that we have defined S? in terms of Pauli matrices
and not in terms of spin operators. Moreover (i, < ¢ < lax, Where (. = M /2, while
lin = 0 if M is even and f,;, = 1/2 if M is odd. For a fixed irreducible representation
of the total angular momentum where S? = 4/({ + 1) one can also recover the possible
quantum numbers of (S¥)? noticing that the eigenvalues of the magnetization along the z
direction, s7, belong to the set [—20, =20 4+ 2,...,2¢ — 2, 2/].

Thus, in the sector identified by the choice (s7, (s¥)?) for the conserved quantum num-
bers, the ith rung of the ladder can be represented by means of a two-level system with
states |[+), |—) defined such that

SilE) =silE),  STlE) =+£s7lE), (3.23)

if s7 # 0. In turn, when s¥ = 0 (only possible for M even) the dimension of the irreducible
representation of the angular momentum is one and the rung is described by a single state
|0), such that S¥|0) = 0.

In order to complete the mapping from the ladder to the chain, we need to understand
the action of Z; in the reduced space for the rung i identified by a choice of the conserved
numbers. From the fact that Z; anticommutes with S”, one easily gets

while, if s7 = 0 then Z;|0) = +£|0), where the sign depends on the symmetric/antisymmetric
property of the singlet |0). These considerations thus point to the fact that for a choice of
the conserved quantum numbers (s?, (s¥)?) the single rung operators are mapped onto

79

St =si1" Zi=1 it s7 #£0 ;

7

3.24
SP=0, Zi=+1  ifsT=0, (3.24)

where 7/* are auxiliary Pauli matrices.
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The last thing that one needs to clarify in order to show how the ladder Hamiltonian
can be reduced to an Ising model one with quasirandom potential, is the multiplicity of the
different values of the Hamiltonian quantum numbers. Such an information can be recov-
ered from the Clebsch—Gordan decomposition series [85]. Indeed, we need to iteratively
compose M spin-1/2 systems and to consider all the irreducible representations arising
from this procedure; the above mentioned series takes into account the fact that, each time
a spin-1/2 system is added to an irreducible representation, we obtain two irreducible rep-
resentations, one with dimension increased by one and the other with dimension decreased
by one with respect to the original representation.

The Clebsch—Gordan series is the following

%)
, M+1-2k/M+1
2®M:€B(M—+1< ; ))W“‘z’“)’
k=0

where L%J is the integer floor function and (z) is the binomial coefficient; it shows the
dimension of the irreducible representations in the Clebsch—Gordan reduction of S? (bold-
face factor on the right side of the above equation) together with their multiplicity given
by the first factor in the direct sum.

The dimension of the representation and the value s? = 4(({+1) are connected through
the relation ¢ = (M — 2k)/2; therefore we can say that the eigenvalue s? = 4¢(¢ + 1) of S?

appears with a multiplicity x,

Ke

_2£+1<M+1)
— 37 L1\ M—-2 :
M+ 1\ H5=%

We can also recover all possible values of |s7|: these are in the form |s¥| = M — 2k,
with 0 <k < L%J and can appear with a multiplicity vy;_or that can be derived from the

multiplicity of the irreducible representations in the following way

; (3.25)

VM—2k =

b M+1—2m(M+1)

M+1 m

m=0

namely, to find how many times the value M — 2k can appear for |s¥|, we need to count
all possible irreducible representations containing that specific value. An explicit example
is provided in the appendix B.

In the next subsections we use these findings to map the Hamiltonian of the system into
an Ising-like Hamiltonian for a generic symmetry sector identified by fixing the quantum
numbers s? and (s¥)? for all rungs in the ladder. The two cases, M odd and M even,
present a substantial difference so that we will treat them separately.

3.5.1 Block decomposition of the ladder Hamiltonian for M odd

When the number of spins on each rung M is odd, for any choice of the conserved
quantities S? and (S¥)?, columns in the ladder behave like two-level systems, cf. Eq. (3.24).
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Figure 3.3: Mapping of the ladder model for even M with (S%)? = 0 in one rung. The representa-
tive operators, appearing in the Hamiltonian, for each rung are Z; and S¥; when (S%)% # 0 (red
color) these operators are mapped into operators proportional to Pauli matrices 77 and 7;*. On
the other hand, when (S¥)? = 0 (blue color) then one has the mapping S¥ — 0 and Z; — =+1.
The Hamiltonian in this sector is simply recovered by substituting the operators Z; and S with
the appropriate quantities, see Eq. (3.28).

Therefore, by fixing for each rung i a choice of the values (s?, (s¥)?), the ladder Hamiltonian
can be mapped onto an Ising-like Hamiltonian

L—-1 L
H=-J> 777 — Y h7, (3.26)
=1 =1

where 7/ are the Pauli matrices at site i, and h; is a transverse magnetic field that has

now become site dependent, according to the choice made for (s¥)2. Specifically, one has

This means that if one randomly selects the values of the conserved quantities for the
whole ladder (out of the available possibilities), the resulting Hamiltonian will be an Ising
one with uniform coupling constant J and with a transverse magnetic field that in general
looks random in space. The values of h; are distributed independently on each site, and
the probabilities follow from the multiplicities of the different values

Plh; = h (M — 2k)] = L”Aj—% . (3.27)
ijo VM —2k

For an explicit example we refer to appendix C.

3.5.2 Block decomposition of the ladder Hamiltonian for M even

When the number of spins M on each rung is even, the situation is slightly more
complicated than the one for M odd. While also for this case, fixing for each rung the
values (s2,(s?)?), the ladder Hamiltonian is formally mapped onto an Ising Hamiltonian

7 7
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[cf. Eq. (3.26)], unlike the M odd case, now the site dependent transverse magnetic field
h; can assume also the value 0, when s7 = 0. Moreover, also Z; needs to be treated with
some extra care: this operator can be mapped onto a Pauli matrix at site 7, 77, when
s? # 0, whereas it is mapped into £1 when s¥ = 0; the sign must be consistent with
the symmetric or antisymmetric property of the state of the rung with zero magnetization
along the x direction. Apart from this, the probability of obtaining a given value of (s¥)?
when randomly choosing a sector for the ith rung is still described by Eq. (3.27).

To better understand how the mapping works in this case we now discuss a simple
example: let us consider the case where the value (s¥)? is zero only at one site, namely
s; = 0, and s7 # 0Vj # . The ladder Hamiltonian is thus mapped onto the following

Hamiltonian, see Fig. 3.3,

i—2 L-1 i—1
T z,z z,z T
H= JZTj Ty —J Z TiTi+1 ZhﬂTj
Jj=1 J=1

j=i+1
L
=Y Tk (T 4 I (3.28)
j=i+1

It is clear here that the transverse field for the site ¢ is turned off, and the sign in front of
the last term in the above equation is determined by the symmetry property of the state
associated to the zero eigenvalue of S: an antisymmetric state will result in a minus sign
while a symmetric one will lead to a plus. Eq. (3.28) also shows that, in this sector, the
ladder system is broken up into two separate chains that are disconnected by the i-th site.

Notice that, contrary to the odd case where all sectors have the same dimension 2%
(corresponding indeed to the dimension of a TFIM) in the M even case, the dimension of
each sector varies. This can be understood by looking at relations (3.24): whenever one
has (s¥)? = 0 on a rung then the dimension of the sector is reduced of a factor 2. As an
example in a sector with exactly n rungs assuming a zero value of the magnetization along
the z direction, the dimension is 2L,

3.6 Long coherence times of boundary spins

In the previous section we have shown how the ladder Hamiltonian assumes a block
diagonal form and how, in each of these blocks, it can be represented as an Ising-like
Hamiltonian with values of the transverse field that depend on the conserved quantum
numbers identifying the chosen sector. In addition, we have characterized the probabilities
associated with these different values of the transverse field in the case in which a set of
conserved quantities for each rung of the chain is randomly picked; practically speaking a
random selection of a set of these conserved quantum numbers can mimic the presence of
disorder in the transverse field profile of an open boundary Ising model, with probabilities
for the single site fields h; given by relation (3.27).

Even in the case of inhomogeneous transverse field, as for ordered Ising models, it is
possible to construct a SZM operator ¥; one way to proceed is to apply the usual iterative
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procedure [32-34]. On the other hand it is also possible to obtain the representation of
SZM for the chosen set of conserved quantities directly from Eq. (3.11) exploiting the same
relations in Eq. (3.24) used to obtain the Hamiltonian.

Collecting all fixed choices for the quantum numbers (s?, (s¥)?) into a vector & which

now uniquely identifies the symmetry sector of the Hamiltonian, we can write the SZM W

in the sector as
L

“h
Z TJZ %Tk (3.29)
7j=1

We can now make two interesting observations: ﬁrst, we notice that the condition for the
existence of this SZM is less restrictive than the condition implied by Eq. (3.20) for the
existence of the SZM in the ladder. Indeed, in this sector one just needs

e-RII(5) <

=1k

which can be true even if @« = Mh/J > 1, namely, the norm of the SZM U3 in the sector is
finite even if the norm of the SZM of Eq. (3.11) diverges. One can thus have sectors where
a SZM can be defined even if the full system cannot support one. This is illustrated in
Fig. 3.2: the region labelled I corresponds to a < 1 where the overall system has a SZM,;
the region labelled II corresponds to o > 1 but where some sectors have normalisable SZM
operators (3.29); region III is where no sector has SZMs.

The second observation concerns only M even. In this case, the value of (s¥)? can
be zero for some rungs of the ladder and this results in the presence of a SZM even in a
finite system, i.e., the operator strictly commutes with the Hamiltonian without taking
the thermodynamic limit. For instance, if the the first rung of the ladder with (s?)? = 0
is the m-th one, then, since S — 0 in this sector, the exact SZM is still given by relation
(3.29), but with the sum over the rungs that runs only up to the m-th term. In addition,
looking at the term By, of equation (3.13) the substitution S, — 0 also indicates that the
SZM must exactly commute with the Hamiltonian, see section 3.3.2.

These considerations also suggest the general behavior that should be displayed by the
infinite temperature autocorrelation function (3.14). Indeed, we can think of the autocor-
relator as given by the sum of contributions from all different sectors:

Z dlmﬁTr( hapreitfors) (3.30)

M
where 1 = (Z,CL OJ van—ok)¥ is the total number of symmetry sectors in which the ladder
Hamiltonian can be represented as an Ising-like Hamiltonian, while dimg is the dimension
of the sector.
Exploiting a perturbative argument where one considers o < 1, similarly to what is
done in [86], we can observe that in each sector the expected behavior of the autocorrelator
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Figure 3.4: Infinite temperature edge autocorrelation from exact diagonalization for M odd. (a)
Here we have taken J = 1 and h = 0.2 and compared the behavior of the infinite temperature
time correlation functions for the edge spin operator Z; |c¢f. Eq. (3.14)] in the ladder model with
M = 3 for different system sizes. Increasing the length L of the ladder we see how the correlation
time increases exponentially. At later times we expect these to approach a zero value with chaotic
oscillations that should be damped for larger and larger system sizes. (b) For J =1, h = 0.5 and
same L as in (a) the infinite temperature time correlators decay at earlier times compared with
those in (a) since in this regime only some sectors of the ladder Hamiltonian possess a SZM |cf.
Fig. 3.2]. (¢) When J = 1 and h = 1.1 there is no sector featuring the presence of a SZM and this
results in an almost immediate decay of the correlation functions (data shown for the same values
of L as in (a)). Sectors I, II, III, correspond to those of Fig. 3.2. In the plot time is represented
on a log-scale.
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Figure 3.5: Infinite temperature edge autocorrelation from exact diagonalization for M even. In
this case we have considered J = 1 and h = 0.05 and compared the behavior of the infinite
temperature time correlation functions for the edge spin operator Z; [¢f. Eq. (3.14)] in the ladder
model with M = 2 for different system sizes. The value of the autocorrelator is not decaying to
zero but actually saturates to a finite value. For the chosen parameters (a < 1), the remaining
oscillations around this value decrease for increasing system sizes. In the inset we display the
behavior of the infinite temperature time correlation functions when J = 0.05, h = 0.05 (resulting
in @ = 2) and L as in the main figure. In this case, the autocorrelator saturates to a smaller value
than in the previous case and the oscillations around this value are not affected by increasing the
size of the system. In the plot time is represented on a log-scale.

is given by
1 L L
s Tr (e“HﬁTfe_”Hwa> ~ cos (tQ3) , (3.31)
where
L
Oz =27 [ (h/ ) (3.32)
k=1

is a frequency (exponentially small in the system size) that depends on the profile of the
transverse field. In the M odd case, this frequency is never zero for finite systems, and the
sum of all possible sectors can be understood as an average over the possible realizations of
the transverse field profile. One therefore expects a flat behavior of the total autocorrelator
up to time-scales of the order a~* followed by a decay due to the average over all sectors.
Indeed, after this time scale, one expects the oscillations due to the different frequencies
of all the sectors to eventually become dephased. This trend is shown in Fig. 3.4(a):
even if the considered system sizes are small, we see how the edge spins correlation times
increase with the system size. After staying almost constant for times of order a~*, the
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autocorrelator, rather than displaying stable oscillations as in the TFIM, decays to zero.

In Fig. 3.4(b) we display the same curves for a different value of the ladder transverse
field h. In particular, we choose a value of h for which there is no SZM W for the whole
ladder system, i.e., the sum in Eq. (3.11) diverges. However, we consider a h small enough
such that it is possible to obtain, in some symmetry sector, the SZMs Vg (3.29). This
has non-trivial consequences: while the absence of the SZM ¥ would imply that the full
information stored in the boundary spins is rapidly lost, W3 has the capability of preserving
some of this information—mnamely the amount assigned to its sector—for long times. In
some parameter regimes this can lead to long coherence times arising from the contribution
to the full autocorrelator in Eq. (3.30) of the sectors manifesting SZMs W5. Given that not
all sectors contribute, the correlator C..(t) stabilizes for long times around values smaller
than those of the case a < 1, and then eventually decays for finite systems. Also in this
regime, decay times show an exponential dependence on the number of rungs L in the
ladder. On the other hand Fig. 3.4(c) shows that, for values of the ladder transverse field
h for which none of the sectors can sustain a SZM, the edge spins coherence time has no
dependence on the system size and decay is fast.

A different behavior is observed when M is even. In this case, the fact that in many
sectors (23 = 0 prevents the autocorrelator to fully decay to zero and converging instead
to a finite value. When a < 1, the SZM has a large overlap with the edge operator Z;
and the saturation value of the autocorrelator to be very close to 1, as shown in Fig. 3.5.
Furthermore, even when o > 1, because of the presence of exactly conserved SZMs in
several sectors, the autocorrelator does not decay to zero either, but in contrast to o < 1
the decay to the asymptotic value is fast and size independent. Compare also the amplitude
of the oscillations around the asymptotic value which seem to decrease with size for a@ < 1,
cf. Fig. 3.5 and its Inset.

The mapping of Eq. (3.24) can be used to investigate the features of the correlation
functions for larger system sizes than those shown in Figs. 3.4 and 3.5 obtained by exact
diagonalization. Figure 3.6 shows the correlation functions of the boundary spin operator 77
{cf. Eq. (17) in [32]} from sampling Ising models with random transverse fields compatible
with the distribution of M = 3, ¢f. (3.27). In Fig. 3.6(a) one can observe - in addition
to the features already discussed in Fig. 3.4 - what appears to be plateaus due to the
distinct lifetimes of the SZMs in the various symmetry sectors. Figure 3.6(b) shows that
for a larger value of h (h; = h|s?|), the infinite temperature time correlation functions still
have a system size dependence. In this case rather than via plateaus they appear to decay
logarithmically: this would correspond to the fact that in this regime not all sectors have
SZMs (3.29) and their lifetimes are shorter than those in the regime of Fig. 3.6(a). Lastly,
Fig. 3.6(c) shows the autocorrelation in a regime similar to that of Fig. 3.4(c). Here none
of the sectors have SZMs and decay to zero is fast and size independent, as expected.
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Figure 3.6: Infinite temperature edge autocorrelation from sampling from sector sampling for
M =3. (a) Also in this case we have taken J =1 and h = 0.2 (h; = h|s?|) and compared the
behavior of the infinite temperature time correlation functions for the edge spin operator 7§ [cf.
Eq. (3.24)] for different system sizes. For this choice of the parameters, where all the Ising models
with random magnetic field over which the sampling is carried out have a SZM, by increasing
system size it becomes more and more apparent the formation of a staircase like function. (b)
For J =1, h = 0.5 and same L as in (a), a logarithmic decay of the infinite temperature time
correlators can be observed which might be due to the fact that the above staircase like function
shrinks. (¢) When J =1, h = 1.1 and L as in (a) none of the Ising models with random magnetic
field has SZM and the correlation functions which decay almost immediately do not display any
size dependence. Sectors I, 11, III, correspond to those of Fig. 3.2. In the plot time is represented
on a log-scale.
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3.7 Discussion

In this chapter we have studied strong zero modes in a class of spin ladders with
plaquette interactions. Like in other models, the presence of SZM implies long coherence
times for boundary degrees of freedom, and thus provide a general mechanism for long
timescales in quantum many-body systems. Our results here are an addition to the growing
list of findings in this area [32-34,36,37,40,54,78,86]. We were able to obtain the explicit
form of the SZM operators - and understand the behaviour of edge correlators - because
the models we consider, while appearing complex superficially, can be brought to simple
and (almost) solvable forms by exploiting the large number of symmetries they possess.
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Chapter 4

Trajectory phase transitions in
non-interacting spin systems

This chapter contains the results of the second part of the thesis which deals with large
deviations. In this chapter we show that a collection of independent Ising spins evolving
stochastically can display surprisingly large fluctuations towards ordered behaviour, as
quantified by certain types of time-integrated plaquette observables, despite the underlying
dynamics being non-interacting. In the large deviation (LD) regime of long times and large
system size, this can give rise to a phase transition in trajectory space. As a non-interacting
system we consider a collection of spins undergoing single spin-flip dynamics at infinite-
temperature. For the dynamical observables we study, the associated tilted generators
have an exact and explicit spin-plaquette duality. Such setup suggests the existence of a
transition (in the large size limit) at the self-dual point of the tilted generator. The nature
of the LD transition depends on the observable. We consider explicitly two situations: (i)
for a pairwise bond observable the LD transition is continuous, and equivalent to that of
the transverse field Ising model; (ii) for a higher order plaquette observable, in contrast,
the LD transition is first order. Case (i) is easy to prove analytically, while we confirm
case (ii) numerically via an efficient trajectory sampling scheme that exploits the non-
interacting nature of the original dynamics. The work discussed in this chapter appeared
in the publication:

“Trajectory phase transitions in non-interacting spin systems”
L. M. Vasiloiu, T. Oakes, F. Carollo and J. P. Garrahan
Physical Review E 101, 042115 (2020).

4.1 Introduction

Phase transitions [1,87-91] occur when a physical system undergoes a sudden structural
change as a reaction to an infinitesimal variation of a suitable control parameter across
a critical value. The abrupt modification of the macroscopic properties of the system is
reflected in a non-analytic behaviour of an order parameter [87-89]. In classical equilibrium
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the parameter driving the phase transition is an intensive field conjugate to the order
parameter, such as the inverse temperature or a chemical potential, while in quantum
phase transitions it is a coupling constant in the Hamiltonian, such as the strength of
an external field or of the interactions. More recently, the notion of phase transition
has been extended to include also critical phenomena taking place in large fluctuations
of nonequilibrium processes, e.g. [24, 26, 30,92-101| (see [20-22, 28] for reviews). In this
scenario, sudden changes in the spatio-temporal structures of the system (trajectories) are
witnessed by a non-analytic behaviour in free-energy or entropy-like functionals describing
the statistics of an appropriate time-integrated observable.

Similarly to what happens in equilibrium statistical mechanics, where the emergence of
a phase transition is more likely expected in the presence of interactions and of an infinite
number of degrees of freedom, one would expect to observe these large deviation (dy-
namical) phase transitions uniquely in many-body interacting dynamics. However, there
are noticeable counterexamples to this paradigm provided by several recently investigated
single-particle models where a dynamical phase transition occurs without the need of in-
finitely many degrees of freedom [18,31,102-105].

In this thesis, we consider a complementary setting: we show that it is possible to
observe large deviation phase transitions, from a disordered phase to an ordered one, in
systems of many, but independent, degrees of freedom. We focus specifically on the case
of independently evolving Ising spins. This rather counterintuitive result says that the
probability of observing an ordered dynamical fluctuation, in a system evolving in a non-
interacting manner, can be surprisingly large. This is a statement about the spontaneous
dynamical synchronization of the independent elementary constituents at the fluctuation
level.

In this chapter we present examples of these LD transitions by exploring fluctuations in
a class of dynamical observables that correspond to time-integrated plaquette operators.
For these, the associated tilted generators that encode their LD behaviour (see section
4.2 for definitions) have an explicit Kramers-Wannier duality. In the LD formulation,
this duality is an exact mapping between weak tilting (corresponding to close to typical
behaviour) and strong tilting (corresponding to far from typical behaviour), cf. weak-strong
coupling in the more standard context of dualities. The dualities are very informative, as
they can help to locate the critical point (at the self-dual point) in the presence of a phase
transition, something we exploit in the examples we consider.

We study two cases in detail. In the first one, the transition to the ordered dynamical
phase is continuous and the critical behaviour of the dynamical order parameter is of Ising
type. This can be shown analytically as the calculation reduces to solving the transverse
field Tsing model. In the second example we consider the transition is discontinuous (first-
order). Here we can demonstrate the duality analytically, and thus determine the self-
dual point at which the transition occurs exactly, but we confirm the existence of a LD
transition numerically. We achieve this by devising an efficient trajectory sampling scheme
which relies on the non-interacting nature of the dynamics.

The dynamical phase transitions discussed here seem to point to the existence of a far
more general class of trajectory transitions in the large size and long-time arising not due
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to the complexity of the underlying dynamics but of the properties of the time-integrated
observable that is probed.

This chapter is organised as follows. In section 4.2 we define the model and dynamical
observables we consider. In section 4.3 we prove the duality of one of the cases we consider.
Sections 4.4 and 4.5 presents the main results of this chapter. Finally, in section 4.6 we
give our conclusions.

4.2 Model and Observables

In this section we introduce the specific class of models that we study in this chapter.
We consider systems which consist of NV non-interacting Ising spins. For each spin, the state
space is spanned by two configurations: an up state |1) indicating the spin has a positive
magnetisation and a down state ||) indicating instead a negative local magnetisation.
The magnetisation operator for each spin is the Pauli matrix %, i.e. 0% |T) = |1) and
o%|}) = —|J). The basis state |C) for a configuration C' of the whole system can thus be
written as a tensor product of the state of each individual spin.

The probability vector |P;) evolves according to a non-interacting thermal dynamics

N

N
W:7+Z loF — (1 —ny)] +7_Z(0; - n;) (4.1)
=1 =1
where cri+ /= is the ladder operator flipping the i-th spin up/down. The operator n is
the number operator, defined as n = oto~, taking values 0 or 1 for a spin down or up,
respectively. We denote the rate for the up transition |[|) — [1) by ~; and the rate for
the down transition |1) — |}) by 7_. The shape of the generator, which is a separate sum
over spins without any interaction terms, makes explicit the fact that the spins evolve in a
completely independent way. The dynamics (4.1) is “thermal” as it obeys detailed balance.
The stationary state is therefore an equilibrium state, which given the non-interacting
nature of the dynamics takes the form of a product state,

_ oN T+ V-
ear) = o, (2 20, (42)

where the “temperature” is defined in terms of the ratio of the rates, T = 1/log (v_/v4)
(assuming v, < v_). That is, this corresponds to the equilibrium state of a collection of
non-interacting spins in a magnetic field of unit strength at temperature 7.

When v, = v_ = 7, up and down transitions have the same probability. In this case,
which is the one we consider below, the generator further simplifies to

N

W= (or - 1), (43)

=1
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Figure 4.1: Left: Geometrical illustration of 24 non-interacting spins. We represent them as
randomly distributed in space as without interactions there is no notion of a geometrical arrange-
ment. Their dynamics is described by the generator of Eq. (4.3). Right: When considering an
observable we induce a particular geometry. For Eq. (4.10) this corresponds to one dimensional
sequence, corresponding to the red solid lines connecting the spins. For Eq. (4.11) it is that of a
triangular lattice geometry where triplets of spins defining the local plaquettes sit on the vertices
of upward-pointing triangles (shaded blue). Here we are representing only a subsection of these
lattices therefore we do not describe their corresponding boundary conditions.

where of = o + o, is the first Pauli matrix acting on the i-th spin. For this case, the
equilibrium state of the system is an equal superposition of all states, i.e. the T" = oo state

ead =2 (3104 510,) = 27 1), (4.0

We term the dynamics generated by (4.3) an infinite temperature dynamics. Note that
in this case the generator is Hermitian and the left and right eigenvectors coincide (up to
normalisation).

For a collection of independently evolving Ising spins, as expected, typical trajectories
are uncorrelated and lack of any structure. We are interested in studying large fluctuations
of time-integrated observables which represent a measure of “order” in the spin configura-
tion. We will consider what we call in general a plaquette operator over the spins, of the
general form

Oplaquette(C) = Zpu(o) . (4.5)
o
Here p,, are N operators (we always consider periodic boundary conditions)
pu(C) =05, of -0, (4.6)

formed by the product of m spins. We call the product (4.6) a plaquette. Each spin in the
system belongs to m plaquettes. This means the following: for each configuration of spins
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C = {07}iL, there is a corresponding set of values of the plaquettes {p,} =, which is unique
(or almost unique, up to symmetries) and therefore a 1-to-1 correspondence between spins
and plaquettes. The corresponding dynamical order parameters that we consider then take
the form,

Optagutie = / S puCt)). (4.7)

We consider in detail two specific plaquette operators, as they illustrate the range of
behaviour that we expect to see more generally. The first one corresponds to m = 2 and
we call it a bond operator. It is a sum of the simplest plaquettes formed by the product

of two spins,
N-1

Obond = Y 070741 + 0307 . (4.8)
i=1
It measures the degree of ordering between consecutive spins. The last term is a “boundary
condition” connecting the first and last spins. Each term in (4.8) is a local plaquette p,,,
and the set of them obeys the conditions above: there are N plaquettes; each plaquette
is composed of m = 2 spins and each spin belongs to exactly m = 2 plaquettes; for
each arrangement of the plaquettes there is a unique arrangement of spins, up to a global
up-down symmetry in the spins (a consequence of m being even).
The second operator we consider below is the sum of plaquettes with m = 3 formed by
triplets of spins, or triangular plaquettes

O = Y oiojof, (4.9)

where the sum is over triplets of sites (7, j, k) involved in the triangular plaquette A, chosen
such that the 1-to-1 condition above is obeyed. Note that by defining the observables we
are introducing a certain geometrical arrangement of the otherwise unstructured ensemble
of N spins. For Oyongq the corresponding arrangement is that of a one dimensional chain
with periodic boundaries, where the observable is defined in terms of the bonds between
nearest neighbouring spins. For Orp, it is that of a two-dimensional triangular lattice,
and the plaquettes are upward pointing triangles of nearest neighbours (as in the classical
triangular plaquette model, see Refs. [106-109]). For Orp we also obey the conditions
above: there are as many upward pointing triangles as spins, and since there is no up-
down symmetry, plaquette arrangements and spin configurations are 1-to-1 (for periodic
boundary conditions in at least one direction, see e.g. [108]). The arrangements for the
two observables are illustrated in Fig. 4.1.
The corresponding dynamical order parameters are

t N
Orma = [ Y 2007 (1), (410
0 i=1

62



where ¢ runs through the spins and we identify site N + 1 with site 1, and

Orp = /0 dt' Y o (t)oi(t)o(t). (4.11)

i,j,kEA

These trajectory observables probe spontaneous fluctuations in the dynamics displaying
the two different kinds of order in the spin patterns.

The associated tilted generators Wy, cf. (1.75), which encode the LD statistics of these
observables, are

N N
W bona = Z (07 = 1)+ SZ OO (4.12)
i=1 i=1
and
N
W rp = Z (6f —1)+s Z oiojor, (4.13)
i=1 irj k€A

These two deformed operators look respectively like (up to a sign and an additive con-
stant ) the 1D Transverse Field Ising Model (TFIM) with periodic boundary conditions
(PBC) [1,6] [¢f. (1.6)]

N N
Hrprg = —Jzafof+1 —hZU?, (4.14)
i=1 i=1
and the 2D Quantum Triangular Plaquette Model (QTPM) [109-111], ¢f. Fig. 4.1
N
Horpn = —J Y ojoiop—hY ol (4.15)
ij ke i=1
The identification being
Ws bond = —Hrrmn — N, (4.16)
Wsrp = —Hgrpm — N, (4.17)
with
J=s and h=1. (4.18)

These two models have an exact Kramers-Wannier duality. This duality is well known for
the TFIM [1] (see section 1.1.2), and we prove it for the QTPM in section 4.3. Duality
symmetries like this one are very informative. They often help to locate the critical point at
which a phase transition occurs in the large size limit. For the models above, the self-dual
point is at J = |h|. This is known to be the phase transition point of the TFIM and, as we
show below, also a transition point for the QTPM. As we discuss below, the duality has
important consequences for the scaled cumulant generating function (SCGF) 6(s) (1.70)
that is the largest eigenvalue associated with the deformation of the original stochastic
generator W (4.3) and therefore for the statistics of trajectories of the non-interacting spin
system.
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Figure 4.2: Geometrical illustration of the QTPM with periodic boundary conditions for 16 spins
(grey triangles). The spins aiﬁ are positioned at the vertices of upward-pointing triangles A of the
original lattice. In the dual problem (blue triangles), the dual spins TZTB are located at the vertices
of downward-pointing triangles V, which are at the centers of the original plaquettes, on the dual

lattice.

4.3 Duality of the Quantum Triangular Plaquette Model

In this section we prove the duality of the Quantum Triangular Plaquette Model
(QTPM). To do this we make use of the generalization in higher dimensions of the Kramers-
Wannier duality [7] of the classical Ising model in 2D [112]|. This method uses the mapping
between the D-dimensional classical statistical mechanical models and the d-dimensional
quantum Ising models where D = d+ 1, D > 1 [1] (see appendix D); this technique allows
us to show the duality of the QTPM in its classical form for simplicity.

The 2d QTPM is described by a plaquette spin model, defined in terms of Ising spins,
on a regular triangular lattice, with Hamiltonian

Hqrpm = —Jzaf0§0§ — hZUf, (4.19)
A ;

where af, with 8 = x,y, z, are the local Pauli matrices in the direction  acting on the i—th

site. The interaction, embodied in the parameter J, occurs between triplets of spins, which
for simplicity we denote as 07, 03, 03, positioned at the vertices of upward-pointing triangles
A, while h is a transverse magnetic field in the x direction. We consider a system whose
linear size is an integer power of two and periodic boundary conditions [108,109,113,114],
cf. Fig. 4.2.

The energy function of the corresponding 3D classical model has the form

PE = —KZ sPshsh — . Z shsh (4.20)
A b

where s¢ = +1, with o = A, b are Ising variables corresponding to the i—th site. The
first sum in the right-hand side of (4.20) is over all triangular plaquettes A in the xy
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plane, where K represents the magnetic interaction among the dynamic variables SZA,
while the second sum is over all the bonds b in the z direction with coupling constant J,,
cf. Fig. 4.3. The mapping relations between classical and quantum coupling constants are
the conventional ones [1,112]: K = aJ, ¢ 2’ = tanh (ah) and T = 1/(Ma), where a is
the lattice spacing, M is the number of sites in the z direction of the classical model, and
T is the temperature in the quantum model. The mapping between the quantum and the
classical model becomes exact in the scaling limits: a — 0, M — oo and T" — 0. The

partition function of the 3D classical model is

Z = Z e PF
{s}

R T

{s}
(4.21)
= Z H (COShK + 575555 sinh K>
{st L &

X H (cosh J. + stsb sinh Jz) ] .
b

By defining the face variables ko = 0,1, the bond variables k, = 0,1 and the constants
c¢o = cosh K, ¢; = sinh K, dy = coshJ, and d; = sinh J,, we can express the partition
function as

7 - ZZZ{[H% (spspss)™ ] [Hdkb ” (1.22)

{s} kan kp

We can note that if an Ising variable s{' is raised to an even power then we obtain a factor
2 in the partition function Z, originated from the sum over all the spin configurations,
otherwise we get a factor 0. This can be expressed in formulae by rewriting the partition
function Z as a constrained sum Z/ over the k variables

Z=2"3" <H c;m> (H dkb> : (4.23)

knskp

where NN is the total number of sites. Since every site of the original lattice belongs to
3 triangular face terms and to 2 bond terms, the restriction on the partition function
is equivalent to ask that the sum of all 5 kaj, variables has to be an even number for
each site. In order to solve this constraint dual variables are introduced. The dual spins
s* are positioned at the centers of the triangular prisms of the original prismatic lattice,
cf. Fig. 4.3. For each site 7, belonging to the original lattice, 3 vertical bonds, of the dual
lattice, bisect the 3 neighboring spacelike faces A of the site 7. Thus, each bisecting bond
b of the dual lattice is given by the relation ka = (1 —s*bs *b) Each spacelike face Vv of
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Figure 4.3: Geometrical illustration of plaquette A = SIAS2A83A and bond b = s%s} interactions on
the original lattice (gray triangles) in the classical 3D model. In the dual problem (blue triangles),
the spins are located on the dual lattice at the vertices of downward-pointing triangles V. The
blue prism is the geometrical illustration of the plaquette and bond interactions on the dual lattice
in the classical 3D model.

the dual lattice is pierced by a vertical bond b between two spins of the original lattice,
thus the plaquette on the dual lattice is set by k, = 3 (1 — s*/s*ys*}), ¢f. Fig. 4.3. The
constraint on the variables kx ; is fulfilled since the 6 dual lattice sites around one site on
the original lattice meet the condition

ka,+kn, +kng + ko, + ki, =

1 xb _xb 1 *b _xb
5(1—5134>+§<1—3255)+

1 1 4.24
= (1 — s*%s*%) + = (1—s"s"ys%) (4.24)
2 2

1
+ ) (1—s*{s*7s"¢) =0 (mod?2).

In order to calculate the dual constant couplings (K,.J.) it is useful to rewrite ¢, =
ksinh K + (1 — k) cosh K by using the fact that ¢; has been defined for a face A of the
original lattice that is pierced by a Ising bond b in the dual problem

1 xb xb 1 — xb xb
Chp = %coshl{+ %Sinhl{
1
= oe¥ (1 + 5705 e*QK) (4.25)

1 _ ejzs*l{s*g
v/ 2sinh 2.J,
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with J, determined by e 2K = tanh J,. By defining tanh K = e¢~2’* we obtain

dg, = kpsinh J, 4+ (1 — k) cosh J,
1 P (4.26)

= —%¢ 19253
V 2sinh 2K

Using the results of equations (4.25) and (4.26), we can write, for the 3D classical model,
the relation between the partition function of the original lattice Z(K, J,) and dual lattice
Z(K, J.)

Z(K,J,) =

(sinh 2J~Z) : <sinh 2f<) _% Z2(K, 1), (4.27)

1
Vol(G)
and the duality relation for the coupling constants

sinh 2J, sinh 2K = 1, (4.28)

where the size of the gauge group Vol(G) = 1 because if the linear size of the system
is an integer power of two and the system has periodic boundary conditions in at least
one direction of the lattice, the ground state is unique, thus one dual spin configuration
corresponds to one spin configuration in the original lattice [108].

The corresponding 2d quantum model has the same duality

Hgrem = —JZUfaéagf — hZaf

A
= —JZTf — hZTfTZZT?‘f, (4.29)
i v

sinh 2J sinh 2h = 1,

where Tf, with g = x,y, z, are the dual Ising spins.

This Kramers-Wannier duality shows that if the QTPM has a phase transition at zero
temperature then the transition should take place at the self dual point J/h = 1.

4.4 Large deviations of the bond order parameter

The one dimensional spin-1/2 TFIM is one of the most studied models in physics. It
allows for amenable analytical considerations and it has direct experimental realisations [1,
55]. Onme of its prominent features is an exact duality between an ordered and a disordered
phase, which has been proved in [7,8]. Here we discuss the consequences of this duality in
the TFIM with PBC for the SCGF 0(s). We denote as Ey (J, h) the ground state energy
of the TFIM Hamiltonian with PBC Hyppy (J, h) [5,6] (cf. (1.24)), where

2! N2 b mmy ]
Eo(J, h) = sz_:o [(1 J) + 4 sin <2N>] : (4.30)
modd
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and perform the duality transformation introduced in section 1.1.2

HTFIM(‘]7 h) = HTFIM(h7 J)

which for the ground state energy means
Eo(J,h) = J Eg(h/J,1). (4.32)

As seen in the previous section, the associated tilted operator describing the statistics
of the observable Oyonq is given by (4.16). The SCGF is therefore

0(s) = —Ep(s,1) — N, (4.33)
and the duality relation (4.32) gives
0(s) =s60(1/s)+ N(s—1). (4.34)

If we take the derivative with respect to s of (4.33) we get the average of the order
parameter, (Opona)/t, ¢f Eq.(4.10). In Fig. 4.4(left) we plot it for a range of system sizes.
We observe a second order phase transition at the self dual points, which are s = 1 and,
because of a Z, symmetry, also s = —1. Finite size effects are present for the smaller sizes
shown, N = 6,10, but for N = 50 and beyond the SCGFs show convergence, with the
exception of points close to the transition, as expected.

Using the relation between the SCGE and the rate function as defined by Eq. (1.73) we
plot the rate function in Fig. 4.4(right). The transitions that can be seen in the observables
appear as a broadening of the rate function. This broadening is due to the transition
between two different dynamical phases of the model. The rate function being broader
than the corresponding Gaussian (dashed line), with variance given by the second scaled
cumulant of the observable, shows that the fluctuations associated with the order detected
by (4.10) are more pronounced that one could have anticipated from the non-interacting
nature of the dynamics.

4.5 Large deviations of the triangular plaquette order
parameter

4.5.1 Sampling LDs with transition path sampling

The same relation as in Eq. (4.34) holds also for the SCGF of the TPM, but unlike
the TFIM, this model is not exactly solvable. In order to numerically access the statistics
of the triangular plaquette observable (4.11) in the trajectories of the non-interacting spin
system we employ the method of transition path sampling (TPS) [115], as adapted for
the study of LDs, see e.g. [27,98,116]. The basic idea behind TPS is similar to that of
Markov chain Monte Carlo but applied to trajectories rather than configurations [115].
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Figure 4.4: Continuous LD transition for bond observable. (a) Order parameter (0)s =
(Opond)/(Nt) = 0'(s)/N as a function of the counting field s, ¢f. Egs. (1.74) and (4.10). There
is a continuous transition of the 2D Ising type at the self-dual points s = 1 (to a ferromagnetic
phase with finite positive magnetization) and s = —1 (to an antiferromagnetic phase with finite
negative magnetization). Around s = 0 we observe a linear trend in (0)s, while for s > 1 (s < 1) it
saturates asymptotically to its minimum and maximum values. Here we display (o) with appro-
priate scaling for different system sizes by means of Eq.(4.30). Inset, susceptibility as a function of
s illustrating a finite size scaling around the critical points s = 1 and s = —1. The hydrodynamic
limit, given by 6(s) ~ fol dx {\/1 — 2scos(2mx) + 82 — 1}, is represented by the dot-dashed black
lines. (b) Rate function ¢(0) for the observable Opona (4.10) for different system sizes. We com-
pare this function with the Gaussian LD rate function accounting for the Gaussian fluctuations of
the noninteracting spin system. This has zero mean and variance o2 = §”(0) = 0.5 (back dashed
curve). The existence of a singularity of this observable is manifested in the broadening of ¢(0),
with respect to the Gaussian distribution, as well as in the existence of non-analytic points in the
higher derivatives of ¢(0), indicating that fluctuations of the order parameter are correlated. Also
in this case the hydrodynamic limit is represented by the dot-dashed black line.

For the case of LDs, it amounts to an importance sampling method that helps overcome
some of the exponential (in size and time) cost of sampling the rare event. TPS is well
suited for dynamics that is reversible - like the infinite temperature dynamics we study
here - for reasons we explain below. Other numerical methods for LDs include sampling
exponentially rare trajectories via “cloning” (also known as splitting) [117], variational
approximations to rate functions [118|, or tensor network methods to directly estimate
SCGFs [119,120].

TPS [27,98,115] does a biased random walk in trajectory space (just like normal Monte
Carlo does in configuration space) by starting from a seed trajectory and updating it
by proposing modifications to it. These are accepted or rejected according a Metropolis
rule, that is, with probability of acceptance min (1, eSAO), where AQ is the change in the
observable of interest in the case of LD studies, cf. Eq. (1.70). A key aspect of TPS is
how to propose trajectories. In two commonly used approaches, such as “shooting” or
“shifting” [115], the proposed update to the trial trajectory begins by selecting a given
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time 7., during the previous trajectory. Starting from the configuration at 7., in the old
trajectory, a new section of trajectory is produced ending at either the end of the trajectory
tmax = t (in the case of forward dynamics) or at the start of the trajectory ¢ = 0 (in the
case of reversible dynamics). In either case, the new section of trajectory is bounded only
by configuration at 7., since the configurations at either ¢ = 0 or ¢, can be changed.
This is a desired property of TPS methods, since the initial and final configurations will
typically be sampled using the original dynamics, i.e. they will be representative of the
s = 0 distribution of trajectories.

The drawback of the above ways of proposing trajectories comes in the convergence
(in terms of TPS iterations) of the bulk of the trajectory. Since the acceptance rule is
exponential in the change AQ, smaller updates are accepted exponentially (in time) more
frequently. The consequence is that the ends of the trajectories converge more quickly that
its bulk, which gets updated very rarely. This means that the decorrelation of TPS moves
takes a number of iterations that increases exponentially both in time and system size.

4.5.2 Improvement to TPS trajectory proposal and acceptance

To sample the desired trajectory ensemble (O(w)e *°@)) we use a modified form of
the TPS method that takes advantage of the non-interacting nature of our spin dynamics.
We do two things that allow to overcome the exponential in time and size cost of TPS
equilibration.

First, since the dynamics is non-interacting we can propose a new trajectory from an
old one by only changing the dynamics of a single spin. This guarantees that the change
AQ will be of order 1 in terms of system size, rather than order N as usual (while still for
the moment extensive in time). This obvious trick already represents a significant speed
up to the acceptance of TPS moves. Of course, this is only possible in a non-interacting
case as the one we are considering.

The second improvement is to propose only changes in a single spin trajectory which
are localised in time. Specifically, rather than using 7. as the only point along the spin
trajectory defining the change, we also introduce a window of variable time for the new
section of trajectory, whose maximum is Tyindow = Teut + Tiim, Where Ty, is uniformly
sampled from 1 < 7y, < 0.2 7ax. The boundary conditions imposed at the two edges of
the window are dictated by the orientation of the spins at the times 7., and Twindow- That
is, the orientation of the spin in the new trajectory at Teu(Twindow) has to match up with
the orientation that it had at 7.y (7window) in the old trajectory. Since each spin can take
only one of two values, this limitation does not impose too much of an extra computational
cost. This cost of discarding trajectories that do not satisfy the boundary conditions of
the time window is compensated by the ability of these windows to equilibrate (in the TPS
sense) the whole trajectory faster. The reason is that between the two improvements AQ
becomes order 1 in both the space and time extent.

Fig. 4.5 shows a schematic of how a new trajectory is produced by modifying only the
chosen window Tyindow Of the selected spin trajectory rather than the usual update to part
of the trajectory for the whole system as used in other typical TPS methods [115].
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Figure 4.5: WTPS trajectory proposal scheme. This schematic shows a system of four spins s;,
where ¢ = 1,2,3,4. The many-body trajectory is composed of four individual spin trajectories
which are independent due to the non-interacting underlying dynamics (black solid lines indicate
the original trajectory). Each spin is either up or down. The proposed trajectory changes a single
spin only, ¢ = 2 in the sketch. The change starts at time 7.yt and ends at Tywindow as described in
the main text. Only for the selected spin a new part of the trajectory is created between 7., and
Twindow (red solid line).

4.5.3 Trajectory umbrella sampling and choice of alternative dy-
namics

In order to efficiently sample trajectories for value of s across the LD transition, ex-
pected to occur at the self-dual points s = £1, we need further enhancements to the
efficiency of the TPS scheme. We achieve this by means of umbrella sampling in trajectory
space [27,121-124].

We are trying to calculate quantities like

(Aw)e @) =3 " P(w) Aw) O, (4.35)

by sampling trajectories in the exponential tilted ensemble, where TPS deals with the
exponential factor in the expression above. The idea of umbrella sampling is to exploit the
identity,

= (A(w)e* @ eI ¢ | (4.36)



where

G(w) =log P(w) — log Pret(w) . (4.37)

Equation (4.36) means that we can estimate (4.35) by means of a “reference” dynamics
different from the original dynamics and adjusting through the exponential of G to account
for the change in measure over the trajectories [27,121-124]. Chosen judiciously, the
reference dynamics may reduce the sampling error due to the exponential weighting in
(4.36). There is an optimal choice for this reference, that of the dynamics obtained via a
generalised Doob transformation [99,125,126]. This optimal choice is in general impossible
to implement explicitly (as it requires the diagonalisation of the tilted generator) and one
has to resort to tractable approximations.

For the specific model we are investigating, we choose dynamics to maintain the inter-
esting nature of a collective phase transition for a set of stochastic independently evolving
spins. The plaquette observable we are considering, cf. (4.6), may suggest a reference dy-
namics that contains interactions. But to really emphasise that this collective behaviour
emerges from the non-interacting nature, we chose a reference dynamics which is also
non-interacting.

Specifically, we choose dynamics generated by (4.1), where the reference dynamics
differs from the original one in that v, # v_. That is, we use “temperature” as the control
parameters of the trajectory umbrella sampling. The exponent G of the reweighing factor
is easy to calculate in terms of the original dynamics rate, v, and those of the reference,
v+. In order to sample (4.36) we ran TPS with the reference dynamics, under the proposal
rules described in the previous subsection, and with acceptance criterion where sAQ is
replaced by sAO + AG [27,121-124)].

4.5.4 First order transition in triangular plaquette order

In Fig. 4.6(left) we show the results of sampling the average of the observable (4.11)
using the TPS scheme described above for system sizes N = 8,16, 32,64, 128,256 (full
lines). For comparison we also show the results from exact diagonalisation (E.D.) of small
sizes, L = 8,16 (dashed lines). For increased system size it is clear that the order parameter
tends towards becoming discontinuous at the self-dual points s = 1 and s = —1. This
indicates that the trajectory transition is of the first-order kind, between a dynamically
disordered phase for |s| < 1, and dynamical phases with triangular plaquette order for
|s| > 1.

In Fig. 4.6(right) we show the corresponding rate function. We observe that the latter
has broader tails than as compared to a Gaussian rate function (i.e., a parabola) with
the same average and variance. We see that the first-order nature of the transition is
reflected in a linear behaviour of the rate function for values of the observable which lie in
between the extreme values across the discontinuous jumps of the SCGF at s = +1. The
linear behaviour of the rate function correspond to a Maxwell construct for the first-order
transitions of the SCGF. This becomes exact in the N — oo limit, and the slope which
coincides with the critical s-field values (s = —1 and s = 1), shown for comparison in
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Figure 4.6: LD transition for the triangular plaquette observable. (a) Discontinuous phase tran-
sition of time-averaged value of the TPM-like plaquette observable at s = 1 and s = —1. Data
obtained by utilizing the method discussed in Sec. 4.5 are shown for various system sizes. As
a further numerical tool to improve the analysis of the data we used multistate Bennett accep-
tance ratio (MBAR) [127,128]. Also for this model we observe linear regime around s = 0 and
asymptotic behavior beyond the critical point s > 1 and s < —1. Inset, susceptibility as a func-
tion of s illustrating a finite size scaling around the critical points s = 1 and s = —1. (b) Rate
function (o) for the observable Orp (4.11) for different system sizes. This is also compared with
the Gaussian fluctuations of the noninteracting spin system. In this case such Gaussian LD rate
function has zero mean and variance o2 = 6”(0) ~ 0.34 (back dashed curve). The existence of a
first-order phase transition is manifested in the linear behaviour of ¢(0) in the region delimited
by the values across the first-order jumps in the SCGF of the left panel. The rate function is thus
much broader than the corresponding Gaussian, indicating the higher likelihood of trajectories
with plaquette order. The slope of the linear parts is given by the critical values s = +1, shown
as the dot-dashed lines for comparison.

Fig. 4.6(right) as the dot-dashed lines. The broadness of the rate function indicates the
enhanced probability of the triangular plaquette order in the dynamics.

Operators similar to (4.13) have been considered before in the context of quantum
codes [110] and of “fractons” [111]. The first order transition we find numerically at the self-
dual point via our augmented TPS scheme is also compatible with the results of Ref. [110].

4.6 Discussion

In this chapter we have investigated the dynamical fluctuations of a collection of in-
dependent spins evolving stochastically. We have shown that despite the non-interacting
nature of their dynamics, the statistics of time-integrated interacting observables can be
non trivial, and give rise to correlated behaviour at the fluctuation level. We considered
two examples of a general class of plaquette observables, showing that in the large number
of spins limit they give rise to both continuous and first order LD transitions.
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Our findings here fit with recent results for few body problems [18,102] where singu-
larities in long-time trajectory ensembles were not a consequence of interactions in the dy-
namics in the large size limit (like in most other systems displaying LD transitions [20,28])
but of the properties of the dynamical observables probed. We focused on spin systems
and observables where tilted generators displayed a duality symmetry, which we exploited
to identify precisely the location of the dynamical transitions. Our approach here directly
generalises to other plaquette observables for which their tilted generators will have duali-
ties. These cases will display similar dynamical transitions at their self-dual points.

We expect the kind of behaviour we uncovered in this chapter to be more widespread.
Our results suggest that a large collection of non-interacting degrees of freedom can have
atypical fluctuations where the system dynamically synchronises and behaves cooperatively
for long times. Furthermore, such rare events would correspond to dynamical singularities
in the ensemble of trajectories, making them much more likely than the non-interacting
nature of the dynamics would indicate.
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Conclusions

In this thesis we investigated two main topics: strong zero modes in quantum chains
with open boundary conditions and large deviations in non-interacting classical spin sys-
tems.

In the first part we have seen that in certain quantum spin chains with open boundaries
the emergence in the thermodynamic limit of conserved local quantities, called strong zero
modes, results in infinitely long coherence times for the edge spins. In particular, we have
investigated the behavior of these coherence times when the spin chain weakly interacts
with a large external environment. Our main result is that, in specific dissipative settings,
the correlation times of the boundary spins are significantly enhanced by the presence
of the environment. This observation allowed us to generalise the notion of strong zero
mode operators in systems undergoing unitary dynamics to that of strong zero maps in
systems with dissipative and Markovian dynamics. Overall this result is surprising, since
often dissipation suppresses the memory of initial states, and the stability of strong zero
modes might be useful for applications in quantum technologies in realistic non-equilibrium
settings. Next, we constructed strong zero modes for a class of closed, isolated ladder spin
systems with plaquette interactions in the presence of a transverse field that are a simple
generalization of the transverse field Ising model and posses an extensive set of symmetries.
Precisely these symmetries are responsible for the emergence of quasirandomness in most
symmetry sectors of the clean quantum ladder system. Furthermore, we observed an
interesting mechanism for slow decorrelation; even in parameter regimes where the strong
zero mode for the full ladder model is absent, some of the initial information stored in the
edge spins can still be preserved for long times as a consequence of the existence of strong
zero modes within individual symmetry sectors.

In the second part of the thesis we have shown that, by reweighing trajectories accord-
ingly to a certain type of time-integrated observable, a collection of spins undergoing single
spin-flip dynamics at infinite-temperature can display large fluctuations towards ordered
behavior. In the large deviation regime of long times and large system size, this can give
rise to singularities in trajectory space. We studied in detail two examples of a general
class of plaquette observables that in the limit of a large number of degrees freedom give
rise to both first and second order large deviation transitions. Our results suggest that
the probability of observing a spontaneous dynamical synchronization of the independent
elementary constituents, at the fluctuation level in trajectory space, can be surprisingly
large.
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The results presented in this thesis lead also to many open questions. Concerning the
research presented in the first part, an interesting direction for future studies would be
to explore the existence of strong zero modes or related slow operators in more complex
quantum plaquette models, in particular those closer to systems with fractons [129]. In
addition, it would be interesting to investigate the existence of possible classical analogous
of the strong zero modes. It would be also interesting to probe that local dissipation
enhances the correlation times in experiments realized by means of trapped ions or Rydberg
atoms [130-134]. Regarding the research of the second part of the thesis it would be relevant
to extend the investigation of the spontaneous dynamical synchronization at the fluctuation
level to other systems by considering more complex time-integrated plaquette observables
than the ones we considered in this thesis and for which the associated tilted operators
have an explicit Kramers-Wannier duality.
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Appendix A

Markovian quantum master equation

In this appendix we continue the derivation of the quantum master equation in Lindblad
form [9-14] started in section 1.2. As seen in the main text, the first approximation we
perform is the Born approximation (1.41) that leads to the differential equation [cf. (1.45)]

Gos(t) = = [ s [HO.11(6).ps()© ps0)] s (A1)

for the reduced density matrix pg (1.43) under the assumption trg [H(t), ps(0) ® pg(0)] =
0 [¢f. (1.46)]. Formally integrating both sides of the above equation from ¢ to s we obtain

pss) = pstt) = = [ ([0, [ ) ps(w) @ pe)aw])as. (22

showing that the difference pg(s) — ps(t) is of the second order in Hgg. This observation
allows us to approximate, and so to substitute, pgs(s) in equation (A.1), without violating
the Born approximation, with pg(t),

Gost) = = [ rs[HO. 1) ps(t) © pp(0)] ] s, (A3

obtaining an equation for the density matrix operator that is local in time given that
now the time evolution of the state of the system at time ¢ depends only on the state of
the system at time t. This form of the equation of motion is not of the Markovian type
equations as it still contains a dependence of the initial state of the system at t = 0.

The second approximation we encounter in this perturbative approach is the so-called
Markov approximation. The foundation of this approximation lies in the assumption that
characteristic decay times 75 of correlation functions in the external environment E take
place on shorter timescales when compared to the timescales 79 over which the state of the
open quantum system S undergoes relevant and appreciable changes. In other words, the
memory of the environment, that translates into fast decaying correlation times, is much
shorter than the timescales we are interested in investigating. This assumption allows us
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to substitute s with t — s and send the upper limit of the integral to infinity

Gos(t) = = [ " trs[HOL (= 9, ) pu(0)] s, (A4)

and in this way we obtain the Born-Markov quantum master equation known also as
the Redfield equation. The Redfield equation does not always preserve positivity of the
density matrix thus is necessary to implement a further approximation known as the secular
approximation in order to neglect, as we will see below, the fast oscillating degrees of
freedom.

We consider the most general form of the interaction Hamiltonian Hgg in the Schédinger
picture

HSE = ZSCM®EO{7 (A5)

where S, = SI is a general Hermitian operator acting only on the Hilbert space Hg while
E, = E! indicates a general Hermitian operator acting only on the environment Hp. In
particular we define the operators S, (w) that are eigenoperators of the system Hamiltonian
Hs associated to the frequency w [9,10, 14]

[Hs, Sa (w) ] = —wS, (w) ,

A.6
[Hsg, St (w)] = 4+wSa (W) , (4-6)
and that in the interaction picture have the form
eiHStSa w e—iHst — e—itha W),
(@) (@) o

eiHstSL (w) efiHSt — €+iwt5'l (w) ’

whereas the environment operators in the interaction picture FE,(t) are related to their
analogous operators in the Schédinger picture E, by

E,(t) = et g e~ tHet (A.8)

The Hamiltonian Hgg describing a weak interaction between the system and the environ-
ment can thus be written in the interaction picture as follows

H(t) =Y 'S () @ Bi(t) = Y 'S, (w) ® Ealt). (A.9)

a,w a,w

Introducing this expression of the interaction Hamiltonian in the interaction picture into
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the Redfield equation (A.4) we obtain

d

Gost) == [ tre(HWH( =) (ps(0) © p2(0)  H(t = 5) (ps(t) @ pp(0)) H(D) ds +

- / "t (H() (05() @ pi(0)) H(E — 5) + (ps(0) @ pi(0)) H(t — $)H(1)) ds

= I (w) (= SL(W) S5 (@) ps(t) + S5 () ps(t)SE (&) )+

a, ww!
SO eI () (+ Sa (@) ps(t)Sh (@) — ps(B)S) (@) Sa (@) )
o, ww!
(A.10)
where have defined the factors
Tos () = / et (B (1) By (1 — ) pi(0) ) s
0 (A.11)

@)= [ e (B, ) B - 9) p6(0)) s,

with pg(0) a stationary state of the environment, thus such that [Hg, prp(0)] = 0. The
environment correlation functions defined as

(EL(t) By (t = 5)) = tri(BL (1) B3 (t = 5) pi(0) ) (A12)
are homogeneous in time since pg(0) does not change with time
(EL(t) By (t — 5)) = (EL (s) E5 (0)) , (A-13)

meaning that the quantities I'np (w), T} (w) are time independent.

In equation (A.10) the fast oscillating terms ¢~ with w’ # w, can be neglected
under the Markovian approximation, that is for 7¢ > 7, since they oscillate very rapidly

during the typical time scale of the system evolution, which leads to

Cps(t) = 32 3" T () (= 1 () 85 (@) ps(t) + 55 (@) ps()SE () )+
op (A.14)
DD Tas (@) (+ 5 @) ps()S] () = ps(t)S] (@) Sa (@) )
a,f w

We can decompose the operators I',s (w) into real and imaginary parts in the following
way

1 .
Paﬁ (w) = 57&5 (w> + Mg (w) ’ (A15)
such that the non Hermitian part is obtained as
1 *
Nap (W) = % (Tap (W) —Tig (W) , (A.16)
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while the Hermitian part is

Yag (W) = Tap (W) + 155 (W) - (A.17)

Using these definitions we can separate the Hermitian part of the dynamics from the non
Hermitian part and obtain

pst) = —i[Hus ps (] + 30 3 e () (S5 () ()8, (@)~ 505 () S5 () ps (1)}
a,f w
(A.18)
known as the first standard form of the Lindblad generator £. The linear superoperator
L, named this way since when acting on a operator results in a new operator, is a trace,
hermiticity and positivity preserving map. It appear in the superoperator form of the local
in time Markovian quantum master equation for the state of the system

d

%Ps( ) = Lps(t). (A.19)

The operator

Hps = Z Zﬁaﬁ w) s (W) (A.20)

is Hermitian and since [Hpg, Hg| = O, its role is to renormalize the system energy levels
due to system interaction with the environment. This Hamiltonian contribution to the
dynamics is known as Lamb shift Hamiltonian. The Schrodinger picture master equation
can be obtain from the first standard form by adding the system Hamiltonian Hg to H .
In addition, it can be shown that the matrices 7,5 (w) are always positive meaning that
they can be diagonalised by means of an unitary trasformation U |9]

Urep (W)U = (A.21)

0 e 0
dy (w) - 0
0 0
0 dN (w)
Finally the diagonal form of the master equation is

d

ps(t) = i [Hs + Hys, ps(0)] + 3 (La (@) ps ()L () = S{LL (@) L () ps(1)} )

(A.22)
In some physical systems of interest there will be only one frequency w that is relevant, so
in these cases the quantum master equation can be written as

d

oiPs(t) = —i[Hs + His, ps(t)] + Z ( aps(t)L}, — —{LT Lo, ps(t )}) (A.23)
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where the operators L, are referred to as jump operators. The first term on the right
side of the equation describes the coherent part of the evolution, that is the Hamiltonian
dynamics, whereas the terms in the sum represent the dissipator of the master equation
which encodes the consequences of the existence of the environment and its effect on the
system.

The Lindblad superoperator is not Hermitian therefore left and right eingenmatrices
do not coincide [52,56]. In particular, its eigenvalues \,, are in general complex with
Re()\,;,) <0, with at least one zero eigenvalue \g = 0. The corresponding right eigenmode
to the zero eigenvalue is the stationary state pgs of the time evolution

Lpss =0, (A.24)

while the other eigenmatrices with Re()\,,) # 0 are decaying modes for which
1
tr(Lp(t)) = tr( [Hs + Hys, p(t)) + ) (Lap(t) L], = 5{ L1 La, p(t)})) =0. (A2

The statement of the probability conservation is given in terms of the left eigenmatrix
associated to the zero eigenvalue \y = 0,

LN(1)=i[Hs+ Hps, 1]+ Y (LQLL — %{LLLQ, 1}) =0, (A.26)

where £ is the dual of the superoperator £ and 1 is the identity operator.
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Appendix B

Examples for the Clebsch—Gordan
decomposition series

In this appendix we present two explicit examples, one for M odd and one for M even,
for the Clebsch—Gordan decomposition series.
For M = 3 spin-1/2 systems the series is

2@3:é(4—4%(®> .

k=0

—1(4)+2(2),

which means that by composing three spins 1/2 we will obtain one irreducible represen-
tation of dimension 4 (i.e., s? = 4((¢ + 1) where £ = 3/2 and s? = —3,—1,1,3) and one
irreducible representation of dimension 2 (i.e., £ = 1/2,s¥ = —1, 1) with multiplicity 2. In
terms of the quantum numbers (s?, (s¥)?) associated to the conserved quantities we will
obtain 4 doublets.

When composing M = 4 spins 1/2 the decomposition series gives

-5 (0) e

k=0

=1(5)+3(3)+2(1),

one irreducible representation of dimension 5 (i.e., s? = 4¢(¢ + 1) where | = 2 and s? =
—4,-2,0,2,4 ), one irreducible representation of dimension 3 (i.e., £ = 1,s7 = —2,0,2)
with multiplicity 3 and one irreducible representation of dimension 1 (i.e., [ = 0,s¥ = 0)
with multiplicity 2. In terms of the quantum numbers (s?,(s?)?) associated with the

conserved quantities we will obtain 5 doublets and 6 singlets.
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Appendix C

Probability for the random transverse
field

In appendix B we provided the multiplicities and dimension of all irreducible repre-
sentations one can obtain when combining M spin 1/2 systems for both M even and M
odd cases. Here we want to explicitly write all possible values of |s¥| = M — 2k and their
multiplicities vp_o [¢f. Eq. (3.25)] for M = 3 and M = 4.

When composing M = 3 spins 1/2 the values that |s¥| = M — 2k can assume are |s¥| =3
with multiplicity 3 = 1 and |s¥| = 1 with multiplicity v, = 3.
For M = 4 the values assumed by |s7| = M — 2k with their multiplicities are |s7| = 4 with
vy = 1, |s7| = 2 with v» = 4 and |s¥| = 0 with vy = 6. This information allows one to
calculate the probability for the random transverse magnetic field. For instance for M = 3
[c¢f. Eq. (3.27)] , ;

Plh; =3h] = 7 Plh; = h| = 7

there is probability 1/4 to have the value 3h and probability 3/4 to have the value h while
for M =4

1 4
Plhi =4h) = —, Plhi=2h] = —,
11 11

6

Plh: = 0] = —

lhi = 0] = 77

there is probability 1/11 to have the value 4h, 4/11 to have the value 2h and 6/11 to have
the value 0 for h;.
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Appendix D

Mapping from 1d TFIM to 2D classical
Ising model

In this appendix we discuss the mapping between the two-dimensional classical Ising
model and the one dimensional quantum transverse field Ising chain. Using the trans-
fer matrix method it can be shown that classical model in the time continuum limit is
equivalent to the quantum model [1,112,135]. This mapping can be generalized to higher
dimensions, that is, D-dimensional classical statistical mechanical models can be mapped
into d-dimensional quantum Ising models where D = d + 1, D > 1 and vice versa and is
the one used in section 4.3. As seen in section 1.1.1 the one-dimensional transverse field
Ising model is described by the Hamiltonian

L L
HTFIM = —JZO’;O’Z-Z_H - hZO'f . (Dl)
i=1

=1

The classical Ising model is defined on a two-dimensional lattice illustrated in figure D.1,
where to each site 77 = (7,1) is associated a dynamical variable s*(77) = £1 and it has the
partition function

Z= Y e (ZIZT[KISZ(LZ)SZ(%LLZ)+K73Z(i,l)sz(i,l+1)}> . (D.2)

{s*(f)==1} i=1 I=1

where the first sum is over all possible configurations of the spins, the spatial K, and
temporal K, coupling constants are different and each site interacts only with nearest
neighbors.

Defining the length L, = M.a = 1/T, with a the lattice spacing, M, the number of sites
in the 7 direction and T temperature of the quantum model, we can write the quantum
partition function of the transverse field Ising model with periodic boundary conditions as
a transfer matrix associated with imaginary time evolution over a temporal lattice spacing

Z = Tr (exp (—Hrpn/T)) = Tr (exp (—aHrr)) ™" (D.3)
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Figure D.1: Schematic of the two-dimensional lattice on which the classical Ising model is defined.
The x coordinate is a schematic of the one dimensional direction on which is defined the transverse
field Ising model, while the 7 direction represents an imaginary time. The operator e ¢Hrrm jg
the transfer matrix from one row to the next, where a is the lattice spacing. We denote with ¢
the coordinates of a site along the z direction while we denote with [ the coordinates along the
direction.

We are interested in the scaling limit for which @ — 0 and M, — oo at fixed M,;a =1/T.
In this limit we can write the above exponential of the transverse field Ising Hamiltonian
(using Lie-Trotter product formula [11]) as

exXp (_aHTFIM) = T1T2 -+ O(a2) (D4)
with
L
T = exp(ahz o), (D.5)
i=1
and
L
Ty = eXp(aJZ 0707, ) - (D.6)
i=1

By inserting a resolution of the identity 1 in the basis of o7,

1=)> e} {witl, of Hei) =@il{wi}) . wi==1, (D.7)
{pi}

between each 717, term in (D.3), we transform the transfer operators 7) and 75, into
transfer matrices. In particular we have

T {pi}) = exp (CLJZ%%H) {ei}) (D.8)

i=1
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since T is diagonal in the o7 basis. We label the M, time steps in the partition func-
tion (D.3) by the index [ and thus we can rewrite it as

7=3 T[UeONTTs ot +1)}) (D.9)
{ps())} I=1

where we rewrote the states [{¢;}) as [{i;(0)}). The transfer operator T is off-diagonal in
the o7 basis

~

{o O T Hesll + 1Y) = [T HaD} exp (ahof) il + 1)}) (D.10)

=1

but we can note that the right side of the above equation consists in a product of terms
where the operator of acts only on a single Ising subspace at site ¢ thus

(plexp (ahof) |¢") = Aexp (Boy') (D.11)
where ¢, ¢’ = +1 with
A? = cosh (ah) sinh (ah) , (D.12)
and
B — tanh (ah) , (D.13)

that leads to

=D e (ZZ aJoi(1)pin )+Bsoi(l)<pi(l+1)]> . (D.14)

{eiD)} i=1 I=1

In the last step we neglected an overall normalization factor associated with powers of AXM~,
This partition function has the same structure as the one of the classical model (D.2) with
aJ = K,, B=K,, L =N, and M, = N, and is anisotropic as the coupling constants
are different in the z and 7 directions. This is not an issue since the mapping from the
one dimensional quantum Ising model to the two dimensional classical model becomes
quantitatively precise at the critical point J = h where the coupling B in the 7 direction
can be absorbed in a rescaling of the spatial directions.
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